

[image: e9780486140780_cover.jpg]






Dover Books on Mathematics

HANDBOOK OF MATHEMATICAL FUNCTIONS: WITH FORMULAS, GRAPHS, AND MATHEMATICAL TABLES, Edited by Milton Abramowitz and Irene A. Stegun. (0-486-61272-4)

 



ABSTRACT AND CONCRETE CATEGORIES: THE JOY OF CATS, Jiri Adamek, Horst Herrlich, George E. Strecker. (0-486-46934-4)

 



MATHEMATICS: ITS CONTENT, METHODS AND MEANING, A. D. Aleksandrov, A. N. Kolmogorov, and M. A. Lavrent’ev. (0-486-40916-3)

 



REAL VARIABLES WITH BASIC METRIC SPACE TOPOLOGY, Robert B. Ash. (0-486-47220-5)

 



PROBLEM SOLVING THROUGH RECREATIONAL MATHEMATICS, Bonnie Averbach and Orin Chein. (0-486-40917-1)

 



VECTOR CALCULUS, Peter Baxandall and Hans Liebeck. (0-486-46620-5)

 



INTRODUCTION TO VECTORS AND TENSORS: SECOND EDITION-TWO VOLUMES BOUND AS ONE, Ray M. Bowen and C.-C. Wang. (0-486-46914-X)

 



FOURIER ANALYSIS IN SEVERAL COMPLEX VARIABLES, Leon Ehrenpreis. (0-486-44975-0)

 



THE THIRTEEN BOOKS OF THE ELEMENTS, VOL. 2, Euclid. (0-486-60089-0)

 



THE THIRTEEN BOOKS OF THE ELEMENTS, VOL. 1, Euclid. Edited by Thomas L. Heath. (0-486-60088-2)

 



AN INTRODUCTION TO DIFFERENTIAL EQUATIONS AND THEIR APPLICATIONS, Stanley J. Farlow. (0-486-44595-X)

 



DISCOVERING MATHEMATICS: THE ART OF INVESTIGATION, A. Gardiner. (0-486-45299-9)

 



ORDINARY DIFFERENTIAL EQUATIONS, Jack K. Hale. (0-486-47211-6)

 



METHODS OF APPLIED MATHEMATICS, Francis B. Hildebrand. (0-486-67002-3)

 



BASIC ALGEBRA I: SECOND EDITION, Nathan Jacobson. (0-486-47189-6)

 



BASIC ALGEBRA II: SECOND EDITION, Nathan Jacobson. (0-486-47187-X)

 



GEOMETRY AND CONVEXITY: A STUDY IN MATHEMATICAL METHODS, Paul J. Kelly and Max L. Weiss. (0-486-46980-8)

 



COMPANION TO CONCRETE MATHEMATICS: MATHEMATICAL TECHNIQUES AND VARIOUS APPLICATIONS, Z. A. Melzak. (0-486-45781-8)

 



MATHEMATICAL PROGRAMMING, Steven Vajda. (0486-47213-2)

 



FOUNDATIONS OF GEOMETRY, C. R. Wylie, Jr. (0-486-47214-0)

 


See every Dover book in print at 
www.doverpublications.com





[image: e9780486140780_i0001.jpg]






Copyright

Copyright © 1950, 1960, renewed 1977, by H. C. Corben and Philip Stehle. All rights reserved.

 


 


 


 


 


Bibliographical Note

This Dover edition, first published in 1994, is an unabridged, slightly corrected and enlarged, republication of the work first published by John Wiley & Sons, New York, 1960 (fourth printing, 1966; original edition, 1950).

 


 


Library of Congress Cataloging-in-Publication Data

Corben, H. C. (Herbert Charles)

Classical mechanics / H.C. Corben, Philip Stehle.—2nd ed. p. cm.

Originally published: 2nd ed. New York : Wiley, 1960.

Includes bibliographical references and index.

9780486140780

1. Mechanics, Analytic. I. Stehle, Philip. II. Title.

QA805.C75 1994

531—dc20

94-17085 
CIP

 


Manufactured in the United States by Courier Corporation

68063008

www.doverpublications.com




PREFACE

“Classical mechanics” denotes the theory of the motion of particles and particle systems under conditions in which Heisenberg’s uncertainty principle has essentially no effect on the motion and therefore may be neglected. It is the mechanics of Newton, Lagrange, and Hamilton and it is now extended to include the mechanics of Einstein. When coupled with classical electromagnetism, its principles become the basis for more accurate and more general physical theories, and its applications provide the structure for almost all modern developments in technology outside of nuclear and solid state phenomena.

In the ten years since the first edition of this book was published, the subject has been applied with enormous effort to problems in space technology, accelerator design, plasma theory, and magnetohydrodynamics as well as to the older but currently very active fields of vacuum and gaseous electronics, aerodynamics, elasticity, and so forth. In this second edition we have therefore included some applications to problems not usually taught in physics departments, for example, the theory of space-charge limited currents, atmospheric drag, the motion of meteoritic dust, variational principles in rocket motion, transfer functions, and dissipative systems. Some special applications which are of current interest in more basic physics research are also treated, for instance, spin motion and rotating coordinate systems, noncentral forces, the Boltzmann and Navier-Stokes equations, the inverted pendulum, Thomas precession, and the motion of particles in high energy accelerators, a chapter which had to be completely rewritten to give some account of recent work in this field. Since so many treatises on relativity theory are available, the emphasis in our discussion of this subject is on aspects not treated in detail elsewhere.

At the same time this book is an attempt to present classical mechanics in a way that shows the underlying assumptions and that as a consequence indicates the boundaries beyond which its uncritical extension is dangerous. The presentation is designed to make the transition from classical mechanics to quantum mechanics and to relativistic mechanics smooth so that the reader will be able to sense the continuity in physical thought as the change is made.

The place of classical mechanics in the scheme of present-day physics is discussed and the idealizations made in describing a system in terms of classical concepts are analyzed. The problem of central motion is treated with more than the usual emphasis on scattering problems such as the nature of a cross section, the Rutherford formula, and the transformation between center-of-mass and laboratory coordinate systems. The transformation theory of mechanics has been based more directly on the variational principles, and the section on perturbation theory has been amplified.

The simplified index notation adopted does not distinguish between convariant and contravariant indices since this is not necessary for most of the development. Where such a distinction is useful, as in demonstrating the connection between Newton’s and Lagrange’s form of the equations of motion, the analysis is given in an appendix. Other purely mathematical and specialized topics, such as group theory and molecular vibrations, linear vector spaces, and quaternions, have also been removed from the body of the text to appendices.

Complementing the theory of the motion of particles under the influence of applied forces is the theory of classical fields, such as electricity, magnetism, and gravitation, in which the applied forces are seen to arise from a distribution of charges, currents, and masses. The techniques used in classical field theory are described here because they are of general interest, being applicable to any situation in which the transport of energy and momentum may be described in terms of one or more functions of position and time. Even the wave functions of modern physics satisfy this condition, so that they could be included in classical field theory even though wave mechanics is the very antithesis of classical mechanics. However, such developments lie outside of the scope of this book.

A number of exercises, many of them not previously published, are included. Some of these emphasize the need for visualization of the basic phenomena involved in solving problems in theoretical physics, whereas others stress the more formal aspects of theory. At the end of nearly every chapter is given a list of references to books and other published literature where additional relevant material may be found.

H. C. CORBEN 
PHILIP STEHLE

August, 1960
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1 KINEMATICS OF PARTICLES

1. INTRODUCTION

The sciences of physics and chemistry are concerned with the interactions between inanimate material systems. Although chemistry is related chiefly to the interactions between atoms to form molecules, physics is primarily the study of the motion induced in one system of matter by the presence of other systems and of the characterization and measurement of such states of motion by a human observer.

The situations of interest to the physicist are among the least complicated of all known phenomena. This fundamental simplicity of the subject matter allows the science to reach and even demand a degree of precision in both theory and experiment not known elsewhere. Sometimes this precision can be realized, however, only by the introduction of complexities of theory and experiment which mask the very simplicity that made it possible.

The aim of theoretical physics is to provide and develop a self-consistent mathematical structure which runs so closely parallel to the development of physical phenomena that, starting from a minimum number of hypotheses, it may be used to accurately describe and even predict the results of all carefully controlled experiments. The desire for accuracy, however, must be tempered by the need for reasonable simplicity, and the theoretical description of a physical situation is always simplified for convenience of analytical treatment. Such simplifications may be thought of as arising both from physical approximations, i.e., the neglect of certain physical effects which are judged to be of negligible importance, and from mathematical approximations made during the development of the analysis. However, these two types of approximations are not really distinct, for usually each may be discussed in the language of the other. Representing as they do an economy rather than an ignorance, such approximations may be refined by a series of increasingly accurate calculations, performed either algebraically or with an analog or digital computer.

More subtle approximations appear in the laws of motion which are assumed as a starting point in any theoretical analysis of a problem. At present the most refined form of theoretical physics is called quantum field theory, and the theory most accurately confirmed by experiment is a special case of quantum field theory called quantum electrodynamics. According to this discipline, the interactions between electrons, positrons, and electromagnetic radiation have been computed and shown to agree with the results of experiment with an over-all accuracy of one part in 109. Unfortunately, analogous attempts to describe the interactions between mesons, hyperons, and nucleons are at present unsuccessful.

These recent developments are built on a solid structure which has been developed over the last three centuries and which is now called classical mechanics. Figures 1-1 and 1-2 illustrate how classical mechanics is related to other basic physical theories. A line connecting two boxes indicates that the branch of theoretical physics to which the arrow points is a particular case of the branch from which the line originates. The solid lines indicate special cases from a mathematical point of view; i.e., they lead from a theory to one of its applications. The dashed lines, on the other hand, refer to particular cases that may be obtained by neglecting one or the other of the three basic effects that have been discovered since the development of nonrelativistic classical theory-radiative effects, quantum effects, and relativistic effects. For some situations (e.g., quantum effects in atomic theory) one of these may be of dominant importance, whereas for others (e.g., celestial mechanics) the same effect may be completely negligible.

A theory that describes the motion of a particle at any level of approximation must eventually reduce to nonrelativistic classical mechanics when conditions are such that relativistic, quantum, and radiative corrections can be neglected. This fact makes the subject basic to the student’s understanding of the rest of physics, in the same way that over the centuries it has been the foundation of human , understanding of the behavior of physical phenomena.

Classical mechanics accurately describes the motion of a material system provided that the angular momentum of the system with respect to the nearest system which is influencing its motion is large compared with the quantum unit of angular momentum [image: e9780486140780_img_295.gif] = 1.054 × 10—27 gram-cm2/sec. Some examples are given in Table 1-1. Clearly, in all but the last case the existence of a smallest unit of angular momentum is irrelevant, and the error introduced by using the approximation of classical mechanics will be small compared with both unavoidable experimental errors and other errors and approximations made in describing theoretically the actual physical situation. However, classical mechanics should not be studied only as an introduction to the more refined theories, for despite advances made during this century it continues to be the mechanics used to describe the motion of directly observable macroscopic systems. Although an old subject, the mechanics of particles and rigid bodies is finding new applications in a number of areas, including the fields of vacuum and gaseous electronics, accelerator design, space technology, plasma physics, and magnetohydrodynamics. Indeed, more effort is being put into the development of the consequences of classical mechanics today than at any time since it was the only theory known.

[image: e9780486140780_i0002.jpg]

fig. 1-1. The basic physical theories known in 1926 with some applications made possible within their framework.



[image: e9780486140780_i0003.jpg]

Fig. 1-2. The basic physical theories discovered, apart from classical electromagnetic theory, since 1904.



TABLE 1-1






	System
	Approximate Angular Momentum (Units of [image: e9780486140780_img_295.gif])


	Earth moving around the sun
	1064


	Steel ball 1 cm radius rolling at 10 cm/sec along a plane
	1029


	Electron moving in a circle of radius 1 cm at 108 cm/sec
	108


	Electron moving in an atom
	0, 1, 2 . . .



Throughout all but the last chapters of this book we are concerned with nonrelativistic classical mechanics. This theory is applicable to the motion of systems which not only possess an angular momentum large compared with [image: e9780486140780_img_295.gif] but are moving with relative velocities small compared with that of light (c = 2.99776 × 1010 cm/sec). In Chap-ter 16, however, we give an introduction to the special theory of relativity, which is capable of describing situations in which this restriction on the velocity does not necessarily hold.

In addition, none of the above theories is applicable to the description of the interaction between systems separated by distances comparable to Gm/c2, where m is the largest mass and G is the gravitational constant (G = 6.670 × 10-8 dyne-cm2/gram2). For a proton and an electron this distance is extremely small (~10—52 cm) and many unknown properties of the interaction between these particles already occur at very much larger distances (~10—13 cm). For a planet inter-acting with the sun, the critical distance is 1.47 km, so that although Mercury is much farther from the sun than this, there exists in its motion a very small anomaly that cannot be described even by relativistic classical mechanics but which is adequately explained by the general theory of relativity.


2. DEFINITION AND DESCRIPTION OF PARTICLES

The simplest mechanical system is one which may be represented in the mathematical scheme of mechanics by a point. Such a system is called a particle. How good a representation this is for a particular system can be determined only when we come to consider a more complicated representation of the system and can estimate the effects due to features neglected in the particle treatment. Intuitively it is plausible that it will be a good approximation for a given body provided that this body is small compared with its distance from other bodies and provided that the motion of the body as a whole is only slightly affected by its internal motion. Thus a particle is a body whose internal motion is irrelevant to its motion as a whole, so that it may be represented by a mass point having no extension in space.

A particle is described when its position in space is given and when the values of certain parameters such as mass, electric charge, and magnetic moment are given. By our definition of a particle, these parameters must have constant values because they describe the internal constitution of the particle. If these parameters do vary with time, we are not dealing with a simple particle. The position of a particle may, of course, vary with time.

We may specify the position of a single particle in space by giving its distances from each of three mutually perpendicular planes. These three numbers are called the cartesian coordinates of the particle. Since three mutually perpendicular planes meet in three mutually perpendicular lines, we may also consider the cartesian coordinates of a particle as the displacements in the directions of these three lines needed to move the particle from the point of intersection of the three lines to its actual position. These coordinates will be denoted by x1, x2, x3, or in general by xi (i = 1, 2, 3). To avoid the use of indices in particular problems, we shall also use the letters x, y, z as coordinates.

The coordinate system introduced in this way plays the role of the observer of the particle in the mathematical scheme. The unessential features of the observer have been completely removed, only an extreme simplification of the observer’s measuring implements in the form of a set of coordinates being left. The very complex relationship between the particle and the observer which is to be described mathematically is reduced to the relationship of a point to a set of coordinates. In this way we tend almost to forget the observer entirely. In quantum mechanics and relativity theory the role of the observer himself is stressed considerably more.

The coordinates xi may be considered as the components of a vector, the radius vector r of the particle


(2.1)


[image: e9780486140780_i0005.jpg]


where ei is the unit vector along the i coordinate axis. Sometimes these vectors are denoted by i, j, k respectively.

We now introduce a notation that makes many formulas simpler in appearance and easier to understand. Whenever an italic index appears twice, it is to be summed over the entire range of the index. Greek indices are not to be summed unless a summation is explicitly indicated. We shall usually reserve such indices for numbering individual particles in many-particle systems. In this notation (2.1) becomes simply

(2.2)


[image: e9780486140780_i0006.jpg]


If N particles are present, the position of each one is specified by its radius vector, that of the ρth particle being denoted by rρ. The 3N = f’ quantities xρi (i = 1, 2, 3; ρ = 1, 2, . . . , N) specify the configuration of the entire system. For many purposes it is more convenient to regard the f’ quantities xρ,i as the cartesian coordinates of a single particle which is located in an f’-dimensional space. (For reasons which will be explained in Sec. 10, coordinates [image: e9780486140780_i0007.jpg] are frequently used, mp being the mass of the pth particle.) This f’-dimensional space is called the unconstrained configuration space of the system.

Very often it is not convenient to describe the position of even a single particle in terms of rectangular cartesian coordinates referred to a particular set of coordinate axes. If, for example, the particle moves in a plane under the influence of a force which is directed toward a fixed point in the plane and which is independent of the azimuthal angle θ, it is usually more convenient to use the plane polar coordinates


(2.3)


[image: e9780486140780_i0008.jpg]


or if the force is spherically symmetrical it is natural to use the spherical coordinates


(2.4)


[image: e9780486140780_i0009.jpg]


These coordinates are also used if the particle is constrained to move on a fixed circle or fixed sphere, respectively.

Sometimes it is useful to look at the motion of the particle from the point of view of a set of coordinates in uniform motion in the x direction with velocity v


(2.5)


[image: e9780486140780_i0010.jpg]


or from a uniformly accelerated system


(2.6)


[image: e9780486140780_i0011.jpg]


In general, each transformation of the coordinate system xi to a new set qm may be expressed as a set of three equations of the form

(2.7)


[image: e9780486140780_i0012.jpg]


For the stationary coordinate systems (2.3) and (2.4), the relations between xi and qi do not involve the time t.

If equations (2.7) are such that the three coordinates qm can be expressed as functions of the xi, we have

(2.8)


[image: e9780486140780_i0013.jpg]


The qm are as effective as the xi in describing the position of the particle. The qm are called generalized coordinates of the particle. The generalized coordinates may themselves be rectangular cartesian coordinates [as in (2.5), (2.6)] or they may be a set of any three variables, not necessarily with the dimension of length, which between them specify unambigously the position of the particle relative to some set of axes.

To obtain the necessary and sufficient conditions that equations (2.7) ay be solved for the qm at a fixed value of time to give a set of equations of the form (2.8), we consider a small displacement of the particle defined by changes δxi in the xi, with t held fixed:


(2.9)


[image: e9780486140780_i0014.jpg]


(This is, according to our notation, the sum of three terms!) Equation (2.9) is a set of inhomogeneous linear equations for the δqm which can be solved if and only if the determinant of the coefficients does not vanish:


(2.10)


[image: e9780486140780_i0015.jpg]


This determinant is called the Jacobian determinant of the x’s with respect to the q’s and is denoted by [∂(x1, x2, x3)]/[∂(q1, q2, q3)]. The determinant |∂qm/∂xi| is the reciprocal of that appearing in (2.10).

If the inequality (2.10) is satisfied., we may write


(2.11)


[image: e9780486140780_i0016.jpg]


and the integration of these equations yields the q’s as functions of the x’s. It is not necessary to make this integration, as (2.7) can be solved to yield (2.8) directly provided that (2.10) holds.

The idea of the last few paragraphs can be generalized to the case of N particles. The 3N = f’ coordinates xρ,i may be considered as functions of f’ parameters qm and perhaps time:


(2.12)


[image: e9780486140780_i0017.jpg]


If the Jacobian determinant does not vanish, i.e.,


(2.13)


[image: e9780486140780_i0018.jpg]


the qm can be expressed as functions of the xρ,i and time:


(2.14)


[image: e9780486140780_i0019.jpg]


The q’s are now as effective as the x’s in describing the configuration of the system.

In the case of a system of many particles it is often necessary to introduce the generalized coordinates because of the presence in a particular problem of a number—sometimes a very large number—of constraints which prevent the coordinates from changing independently of each other. These constraints may take the form of k relations:


(2.15)


[image: e9780486140780_i0020.jpg]


Thus, for example, the coordinates of the N particles in a rigid structure are not independent, there existing 3N—6 such relations between them (see Sec. 47). Any relation of the form (2.15) between the particle coordinates and, possibly, the time is called a holonomic constraint , whether it be due to the properties of the system itself (as in the case of a rigid body) or to the conditions under which the system is interacting with its environment (e.g., a bead moving along a smooth wire). If the time t appears explicitly in the equation describing a given constraint, that constraint is said to be moving (as when, in the case of the bead on the wire, the wire is forced to move in some specified manner relative to the observer). If t does not appear explicitly in one of the equations (2.15), that constraint is said to be fixed, or workless.

The advantage of generalized coordinates now appears in the fact that it is possible to introduce these coordinates in such a way that the constraints (2.15) become trivial. There are f’ coordinates and k constraints. Let the last k of the generalized coordinates qf+1, qf+2, · · · , qf+k (f + k = f’ = 3N) be defined by the equations


(2.16)


[image: e9780486140780_i0021.jpg]


and let the other f generalized coordinates be defined by


(2.17)


[image: e9780486140780_i0022.jpg]


Again the Jacobian determinant of the transformation from the 3N = f’ variables xρ,i; to the f’ variables qf+s qm must not vanish. The equations of constraint are now simply


(2.18)


[image: e9780486140780_i0023.jpg]


and the configuration of the system depends in a nontrivial way only on the rest of the q’s, i.e., the f variables q1, q2, · · · , qf.

The number f = 3N — k is called the number of degrees of freedom of the system. The configuration of the system may be represented by the position of a point in an f-dimensional space which is called the configuration space of the system.

There exists another type of constraint which involves conditions only on infinitesimal changes in the coordinates in a way which cannot be integrated to yield relations such as (2.15) between the coordinates themselves. The classic example of this kind of constraint is a sphere constrained to roll without slipping on a plane. Five coordinates are needed to specify the configuration of this system, two to locate the center of the sphere and three to give the orientation of the sphere about its center (Sec. 47). There are two constraints: both components of the velocity of the point of contact of the sphere with the plane must vanish. These constraints are of a differential character. Their nonintegrability means that the sphere can be given any orientation at any position of the center by a displacement which does not violate the constraints, and so no relation between the coordinates can exist. We shall have no occasion to discuss this nonholonomic type of constraint.


3. VELOCITY

The coordinates describing a system of particles may vary with time. Consider a system consisting of a single particle. It is described by the values of its cartesian coordinates xi at each value of the time t. The rate at which the coordinates change with time gives the velocity of the particle. Denoting the cartesian components of velocity by vi, we have


(3.1)


[image: e9780486140780_i0024.jpg]


This may be written in vector notation as


(3.2)


[image: e9780486140780_i0025.jpg]


If the system consists of N particles, the cartesian components of the velocity of each particle may be defined as above:


(3.3)


[image: e9780486140780_i0026.jpg]


The quantities vρ,i may be considered the cartesian components of a vector in the f’-dimensional unconstrained configuration space of the system.

Velocity may be described in terms of the generalized coordinates of Sec. 2. From (2.12) we see that


(3.4)


[image: e9780486140780_i0027.jpg]


where f replaces f’ because we assume the constraints to have been eliminated in the manner of Sec. 2. Then


(3.5)


[image: e9780486140780_i0028.jpg]


If desired, these equations can be solved for the [image: e9780486140780_i0029.jpg] in terms of the [image: e9780486140780_img_7819.gif]ρ.i even though the number of equations may be greater than the number of unknowns, since the equations are not independent but must satisfy the constraints.

The cartesian components of velocity are seen to be linear functions of the generalized velocity components no matter how the generalized coordinates are defined. This means that it is easy to express velocities in generalized coordinates. The term ∂xρ,i/∂t appears only when there are moving constraints on the system or in the rare cases where it is convenient to introduce moving coordinate axes.


4. ACCELERATION

The velocity components of a system of particles may vary with time. The rate of change of the velocity components gives the acceleration components only when the coordinates are cartesian:


(4.1)


[image: e9780486140780_i0030.jpg]


If there is only one particle in the system, the acceleration is represented by a vector:


(4.2)


[image: e9780486140780_i0031.jpg]


If there is more than one particle, the aρ,i may be considered the cartesian components of a vector in the unconstrained configuration space of the system.

Acceleration components may be given in terms of the generalized coordinates. From (3.5) we obtain


(4.3)


[image: e9780486140780_i0032.jpg]


If the x’s do not depend explicitly on the time, which is the usual situation, (4.3) reduces to


(4.4)


[image: e9780486140780_i0033.jpg]


The cartesian acceleration components are not linear functions of the second derivatives of the generalized coordinates alone, but depend quadratically on the generalized velocity components as well. This quadratic dependence on the generalized velocity components disappears only if all the second derivatives of the x’s with respect to the q’s vanish, i.e., only if the x’s are linear functions of the q’s. The terms quadratic in the velocity components, which enter whenever the coordinate curves qm = const are not straight lines, represent effects like the centripetal and Coriolis accelerations.

Higher derivatives of the coordinates with respect to time could be named and discussed. This proves unnecessary because the laws of mechanics are stated in terms of the acceleration. Even the computation of the components (4.3) of the acceleration in terms of generalized coordinates can become tedious for relatively simple problems. The advantage of introducing generalized coordinates would then seem to be counterbalanced by the algebraic complexity of the acceleration components which are to be inserted in the dynamic law F = ma. Fortunately, a method due to Lagrange, and discussed in Chapter 6, makes it possible to avoid this difficulty and to write down equations of motion in terms of generalized coordinates without ever having to compute the second time derivatives of these coordinates.


5. SPECIAL COORDINATE SYSTEMS

We may apply the results of the last section to the commonly used special coordinate systems defined by (2.3) and (2.4). In order to describe the motion of a particle in a plane, it may be convenient to introduce the plane polar coordinates r, θ defined by (2.3), r being the length of the radius vector to the particle and θ the angle between the radius vector and the x axis. If the particle is not confined to a plane, but is subjected to forces which possess cylindrical symmetry, i.e., are independent of θ, it is convenient to supplement (2.3) with the extra coordinate


q3 = z


The set of coordinates q1, q2, q3 is then called a cylindrical coordinate system (see Fig. 5-1). (The symbols r, θ are often replaced by p, φ to avoid confusion with the quantities r, θ used for spherical polar coordinates.)

When solved for x and y, equations (2.3) give


(5.1)


[image: e9780486140780_i0034.jpg]


The velocity components are found by differentiating (5.1) :


(5.2)


[image: e9780486140780_i0035.jpg]


The terms in [image: e9780486140780_img_7769.gif] give the velocity toward or away from the origin, and those in [image: e9780486140780_i0036.jpg] give the velocity around the origin. Equations (5.2) may he solved for [image: e9780486140780_img_7769.gif] and [image: e9780486140780_i0037.jpg] :


(5.3)


[image: e9780486140780_i0038.jpg]


The acceleration components are found by differentiating (5.2). The result is

(5.4)


[image: e9780486140780_i0039.jpg]


This is seen to involve terms quadratic in the velocity components, as was shown would be the case in (4.4). The various terms can be identified. Those in the first parentheses give the acceleration in the


[image: e9780486140780_i0040.jpg]

Fig. 5-1. Cylindrical coordinates.



r direction, and those in the second give the acceleration in the θ direc-tion. The r acceleration consists of two parts, that due to the second derivative of r and that due to the centripetal acceleration. The latter arises because the curves of r = const are not lines but circles, and the motion of a particle along a circle with constant speed is an accelerated motion since the direction of the velocity changes continually. The θ acceleration also consists of two parts. The first is due to the second derivative of θ, and the second is the Coriolis acceleration. The latter arises for two reasons: because the linear speed is given by [image: e9780486140780_i0041.jpg], which changes as r changes even if [image: e9780486140780_i0042.jpg] is constant, and because even a constant velocity vector has a component in the θ direction which changes as θ changes.

For a particle moving under the influence of a force which possesses spherical symmetry, i.e., is directed towards a fixed point and depends only on the distance of the particle from the point, it is convenient to introduce the spherical coordinates defined by (2.4). When solved for the x’s, these yield (see Fig. 5-2)

(5.5)


[image: e9780486140780_i0043.jpg]


The geometrical significance of these coordinates is the following: r is the length of the radius vector of the particle; θ is the angle between


[image: e9780486140780_i0044.jpg]

Fig. 5-2. Spherical polar coordinates.



the radius vector and the z axis, or the complement of the latitude of the particle; φ is the angle between the plane containing the radius vector and the z axis and the plane containing the x axis and the z axis, or the longitude of the particle.

The velocity components are found by differentiating (5.5):


(5.6)


[image: e9780486140780_i0045.jpg]


Equations (5.6) may be solved for [image: e9780486140780_img_7769.gif], [image: e9780486140780_i0046.jpg], φ in terms of the coordinates x, y, z :


[image: e9780486140780_i0047.jpg]


The acceleration components could be found by differentiating (5.6), but this would lead to a multitude of terms; as has been pointed out, it will not be necessary to perform this differentiation.

On rare occasions the analysis is simplified by the introduction of elliptical coordinates or parabolic coordinates to specify the position of a particle.

Elliptical coordinates in the plane are defined by a one-parameter family of confocal ellipses and a one-parameter family of confocal hyperbolas, the latter having the same focuses as the ellipses. Through any point in the plane there pass one and only one ellipse and one and only one hyperbola. The values of the parameters for these two curves are the coordinates of the point. Parabolic coordinates in the plane are defined by two one-parameter families of parabolas with the origin as common focus. One family opens to the right and one to the left. The values of the parameters which give the two parabolas intersecting at a point give the parabolic coordinates of that point.

The equations describing these coordinates are given in Exercises 4, 5, and 6 at the end of this chapter and the coordinate systems are discussed in more detail in Sec. 64, where we consider the problems to which they are especially applicable—the motion of a particle under the influence of two fixed centers of force, and the motion of a particle near one such attracting center in the presence of an external uniform field.


6. VECTOR ALGEBRA

In this section we are concerned with coordinate transformations of a simpler type than those discussed in Sec. 5. We consider a rectangular cartesian set of coordinate axes relative to which the position of a point is (x1, x2, x3) and imagine the axes rotated about the origin to a new orientation, the coordinates of the point relative to this new set of axes being ([image: e9780486140780_i0048.jpg]). Once the rotation is specified, the relations between the xi and the [image: e9780486140780_i0049.jpg] become known:


(6.1)


[image: e9780486140780_i0050.jpg]


For this type of coordinate transformation, which is of the general form (2.7), the xi are linear functions of the [image: e9780486140780_i0051.jpg], and vice versa; i.e., equations (6.1) are of the form


(6.2)


[image: e9780486140780_i0052.jpg]


where the Sij are a set of constants. Thus, for example, the reader may verify that if the rotation from the x’s to the x’s were through an


[image: e9780486140780_i0053.jpg]

Fig. 6-1. Rotation of the coordinate axes through an angle θ in the (1-2) plane.



angle θ about the 3 axis, the transformation equations would be (see Fig. 6-1)


(6.3)


[image: e9780486140780_i0054.jpg]


Although a detailed discussion of the transformation (6.2) is given in Appendix II, we should draw attention here to the fact that (6.2) is of basic significance in defining a vector. If three quantities have the values a1, a2, a3 when referred to the xi axes, and the values [image: e9780486140780_img_257.gif]1, [image: e9780486140780_img_257.gif]2, [image: e9780486140780_img_257.gif]3 when referred to the [image: e9780486140780_i0055.jpg] axes, and if


(6.4)


[image: e9780486140780_i0056.jpg]


i.e., if the three quantities transform under a rotation of the axes in the same way that the coordinates xi transform, then the set of quantities is called a vector.

It is usual to represent a vector by a boldface symbol, a, or by a symbol with an arrow over it, [image: e9780486140780_i0057.jpg]Any relation of the form a=b

between two vectors, if true in one coordinate system, is automatically true in any other coordinate system obtained from the first by a rota-tion about the origin. We may therefore write relations between vectors without specifying the orientation of the axes to which the vectors are referred. We give below a review of vector algebra with which the student should be familiar.

Given two vectors a and b, their scalar product is defined to be


a . b = |a| |b| cos θ


where |a| is read “length of a,” and where θ is the angle between the positive senses of the two vectors. In cartesian components,


(6.5)


[image: e9780486140780_i0058.jpg]


Scalar multiplication is commutative and distributive; i.e.,

(6.6)


[image: e9780486140780_i0059.jpg]


As the name implies, the result of the scalar multiplication of two vectors is a scalar. The scalar product is sometimes known as the inner product.

The vector product of two vectors, a and b, is defined by


(6.7)


[image: e9780486140780_i0060.jpg]


where the symbols are as above and e is a unit vector in the direction perpendicular to the plane of a and b, drawn in the sense which makes the triple of vectors a, b, e a positive or a right-handed one.

From the definition it follows that the vector product is not commutative. Rather


(6.8)


[image: e9780486140780_i0061.jpg]


The distributive law holds:


(6.9)


[image: e9780486140780_i0062.jpg]


The associative law does not hold, for in general


a x (b x c) ≠ (a x b) x c


In terms of cartesian coordinates


(6.10)


[image: e9780486140780_i0063.jpg]


and the other components are obtained by cyclically permuting the indices 1, 2, 3.

Two kinds of triple products occur. The first is


(6.11)


[image: e9780486140780_i0064.jpg]


This is a scalar, and it gives the volume of the parallelepiped with a, b, c as edges. It is clearly unchanged by a cyclic permutation of a, b, c. It is positive if the vectors taken in this order form a right-handed triple, and negative if they form a left-handed one.

The second kind of triple product is


(6.12)


[image: e9780486140780_i0065.jpg]


The result is a vector in the plane of b and c. The order of multiplication is important.

Many formulas of vector analysis become simpler if one introduces the symbols ∈ijk. These quantities are defined in cartesian coordinates by


(6.13)


[image: e9780486140780_i0066.jpg]


when i, j, k is [image: e9780486140780_i0067.jpg] permutation of 1, 2, 3.

Interchanging any pair of indices changes the sign of the quantity, so that the value of the symbol is zero if any two indices are alike. There are two identities which the reader should verify:


(6.14)


[image: e9780486140780_i0068.jpg]


(6.15)


[image: e9780486140780_i0069.jpg]


The vector product of two vectors can be expressed in terms of the ∈’s. Thus, if


c = a × b


then

(6.16)


[image: e9780486140780_i0070.jpg]


This shows that ci changes sign when the order of a and b is reversed, since this is equivalent to interchanging m and n on ∈.

The first of the two triple products becomes


(6.17)


[image: e9780486140780_i0071.jpg]


The second triple product becomes


(6.18)


[image: e9780486140780_i0072.jpg]


which coincides with (6.12).

We shall also be concerned with vector quantities, such as electric and magnetic field strengths, which depend on position and time in such a manner that the first and second partial derivatives of their components with respect to xi, t may be defined. In cartesian coordinates we define the differential operator


[image: e9780486140780_i0073.jpg]


by its components


[image: e9780486140780_i0074.jpg]


and use (6.5) and (6.16) to define


[image: e9780486140780_i0075.jpg]


The identities (6.14) and (6.15) may then be used to deduce relations such as the following. Operating on ∂k(anbm) by both sides of (6.14), we have


∈ikl∈imn∂k(anbm) = ∂k(albk) − ∂k(akbl)


i.e.,


[image: e9780486140780_i0076.jpg]


Vector analysis is useful in physics because it de-emphasizes the unimportant question as to which way the axes are pointing, and makes it possible to formulate the laws of physics in a manner which is automatically independent of any preferred direction in space. We should also expect these laws to be independent of whether we choose a right-handed or a left-handed system of axes, since such a choice is purely a matter of convention. However, under a transformation from right-to left-handed axes (e.g., a simple interchange of x1 and x2), not all vectors transform in the same manner. Vectors which transform in the way that the displacement vector transforms are called polar vectors (e.g., if [image: e9780486140780_i0077.jpg] , then, for a polar vector, [image: e9780486140780_i0078.jpg] )- If, then, a and b are two polar vectors, the relation a = b, if true for a right-handed set of axes, is automatically true if left-handed axes are used.

[image: e9780486140780_i0079.jpg]

Fig. 6-2. Reflection of vectors in a mirror. The polar vector r perpendicular to the mirror is reversed in direction but the axial vector c = a × b is unchanged, if c is defined by (6.7).



There is another class of vectors, called axial vectors, which do not transform under reflection in the same way that polar vectors transform. This may be seen by referring to (6.7), in which an asymmetry between left- and right-handedness was introduced in the definition of the vector product


c = a × b


To illustrate the difference in transformation properties between the vector c defined in this way and the vector r denoting the position of a point, we imagine a mirror placed in a plane parallel to that defined by the vectors a and b and such that the vectors c and r point toward the mirror. When examined in such a mirror, a right-handed system of axes becomes a left-handed system (see Fig. 6-2). The mirror image [image: e9780486140780_i0080.jpg] of r is then a vector antiparallel to r, but since a and b are parallel to the mirror they are unchanged by reflection. If defined as in (6.7), the vector product of the reflections of a and b is therefore the same as a × b itself; hence, unlike r, the axial vector c does not change when examined in the mirror. We should therefore not expect to encounter equations in which a polar vector is equated to an axial vector, for the meaning of the equation would depend on whether we were using a right- or left-handed set of axes. Examples of axial vectors which we shall encounter later include the angular velocity vector and magnetic field strength.

The vector product a × b could alternatively be defined by (6.7), with a, b, c forming a right-handed triple if right-handed coordinates were used and a left-handed triple if left-handed coordinates were used. This definition would allow (6.16) to hold with ∈imn given by (6.13) in either case. With this definition, however, the relation c = a × b between three vectors could not hold if c were a polar vector, for the validity of the equation would depend on the “handedness” of the coordinate system that was used.

The set of nine quantities that may be formed by taking the products in pairs of the components of two vectors


(6.19)


[image: e9780486140780_i0081.jpg]


is called the outer product of the vectors a and b. Such a set transforms according to the rule


[image: e9780486140780_i0082.jpg]


or


(6.20)


[image: e9780486140780_i0083.jpg]


Any set of quantities Tij which transforms according to (6.20) is called a tensor, even if these quantities cannot be expressed as in (6.19) as the outer product of two vectors. For further discussion of the transformation properties of tensors, the reader is referred to Appendix I.


7. KINEMATICS AND MEASUREMENT

Physics is a science of measurable quantities, and whereas the experimentalist is primarily concerned with making such measurements the theoretician must shape his calculations so that they ultimately lead to a quantitative description of phenomena that can be observed. One important way of developing a theory so that it begins to run parallel to experiment is to define some of the variables which appear in the theory in terms of experiments which could be performed, at least conceptually. This operational viewpoint, emphasized chiefly by Mach and Bridgman, already applies to discussions of kinematics, or the description of motion, before we even concern ourselves with the forces causing that motion. Use of the words “distance” and “time” implies an understanding of how these quantities are to be measured.

Although the explicit recognition of this idea was not necessary for the growth of nonrelativistic classical mechanics, it is generally thought to be essential for an understanding of the reasons why this theory is unable to describe atomic phenomena or the motion of fast particles. Indeed, we take the measurement of time and distance so much for granted that a discussion of how such measurements are made would appear at first sight to be pedantic. It is well known that in order to measure distances we agree on a standard length, give it a name, and compare all other lengths and distances to this standard. Thus, for example, a particular bar of 90% platinum and 10% iridium has been set up at Sèvres so that at 0°C the separation of two marks on this bar is called the international prototype meter. More accurately, the meter has been defined as 1,533,164.13 times the wavelength of a particular red line in the spectrum of cadmium at normal temperature and pressure.

In comparing a length to a copy of the standard bar we say that two objects at rest relative to each other are of the same length when their end points can be brought into coincidence, each to each. Of course if the object to be measured is moving parallel to the measuring stick, it is necessary to add that they are of the same length if their end points can be brought into coincidence at the same time. (We cannot measure the length of a moving train by noting the position of the engine and, some time later, that of the caboose I) Thus, in general, the measurement of length is intimately related to the problem of determining whether two events at different places are simultaneous. In nonrelativistic kinematics we do not raise this question, but assume an absolute time by which simultaneity is automatically defined.

Similarly, in comparing two lengths, or measuring the distance between two objects, it is necessary for some signal to pass between the two objects and the observer. Although the signal need not be sufficiently energetic to materially disturb a macroscopic object, the effect such a signal could produce during the measurement of the position of an electron may not always be ignored, as it is in classical mechanics.

Although a standard interval of time cannot be preserved in the same way as a space interval, similar considerations apply to the measurement of time. The basis of such measurements is the occurrence of some regular periodic process, such as the rotation of the earth. Thus the second may be defined by the statement that the earth rotates through 2π radians relative to the stars in 86,162 . . . sec. As long as we are satisfied with an accuracy of one part in 105,. this definition is sufficient and within this limit the regularity of the earth’s rotation agrees with that of other periodic processes—the oscillation of a crystal, or some frequency characteristic of a particular atom. As time develops, however, tidal forces will cause the earth to slow down relative to a clock based on atomic vibrations so that time intervals are more accurately defined in terms of an atomic clock, which is not subject to such vagaries. Measurement of time intervals with an accuracy of one part in 1011 is presently possible by such high stability oscillators, and frequency differences of very narrow line-width gamma rays are being measured with an over-all accuracy that is even greater.

As in the case of length measurements, it is assumed in nonrelativistic classical theory that the magnitude of a time interval is independent of the motion of the observer who measures it, and that signals used in measuring time intervals between two events do not disturb those events. Again these assumptions are denied by the theories of relativity and quantum mechanics respectively. It may be that there are other assumptions about the nature of measurement made throughout all of theoretical physics that are not valid in the realm of high energy and nuclear phenomena.
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EXERCISES

1. A particle is constrained to move with constant speed in the circle r = a. Find the cartesian and polar coordinates of its velocity and acceleration.

2. A particle is constrained to move with constant speed on the ellipse


aijxixj = 1 (i,j = 1, 2)


Find the cartesian and polar components of its acceleration.

3. In Exercise 2 introduce as a generalized coordinate the angle θ between the radius vector of the particle and the major axis of the ellipse, and find the velocity and acceleration in terms of θ.

4. A possible pair of coordinates of a point with cartesian coordinates (x, y) is furnished by the two roots of the equation


[image: e9780486140780_i0084.jpg]


Show that these roots q1, q2 satisfy the inequalities


q1 ≥ e1 ≥ q2 ≥ e2


Also show that the curves q1 = const form a family of confocal ellipses, that the curves q2 = const form a family of hyperbolas confocal with the ellipses, and that curves of these two families form an orthogonal net.

5. A possible pair of coordinates of a point with cartesian coordinates (x, y) is furnished by q1 and q2 defined by the equations


x = cosh q1 cos q2, y = sinh q1 sin q2


Show that these are also a set of elliptic coordinates, and find q1, q2 as functions of [image: e9780486140780_i0085.jpg] , [image: e9780486140780_i0086.jpg] .

6. A possible pair of coordinates of a point with cartesian coordinates (x, y) is furnished by


[image: e9780486140780_i0087.jpg]


Show that the curves q1 = const form a family of parabolas with the origin as focus and opening to the left, and that the curves q2 = const form a similar family opening to the right.

7. Prove that


(a X b) • (c X d) = (a • c)(b • d) - (a • d)(b • c)


8. Show that the component of a vector a in the direction orthogonal to a vector b is


[image: e9780486140780_i0088.jpg]


9. Prove the following identities:

(a) ∇(a • b) = (a • ∇)b + (b • ∇)a + a X (V X b) + b X (V X a)

(b) ∇ • (a X b) = b • (V X a) - a • (V X b)

(c) ∇ X ∇φ = 0

(d) ∇ X (∇ X a) = ∇(∇ • a) − V2a

10. A system of orthogonal axes [image: e9780486140780_i0089.jpg] rotates about the [image: e9780486140780_i0090.jpg] axis with constant angular velocity ω relative to the orthogonal system xj, the x3 and [image: e9780486140780_i0091.jpg] axes being coincident, and the two systems having a common origin. Determine relations of the form (2.7) between measurements made in these coordinate systems of the components of the position of a particle relative to the origin.

11. The transformation [image: e9780486140780_i0092.jpg] describes a reflection in the origin. Draw a diagram to illustrate how two radius vectors r1, r2 and their vector product r1 × r2 transform under this reflection.

12. Show that under double reflection in two mirrors, one in the x-z plane and the other in the x-y plane, an axial vector transforms in the same way as a polar vector.

13. Show that the vector product of two axial vectors is an axial vector, and that the vector product of an axial vector with a polar vector is a polar vector.

14. The maximum acceleration of a train is a and its maximum retardation β. Show that it cannot run a distance a from rest to rest in a shorter time than


[image: e9780486140780_i0093.jpg]


15. A body moving in a straight line with uniform acceleration passes two consecutive equal spaces, each of length a, in times t1, t2. Show that its acceleration is


[image: e9780486140780_i0094.jpg]


16. A car is moving with constant velocity v. Find the velocities of the points on the tread of the tire which are at distance y from the road (y ≤ 2r; r = radius of wheel).





2 THE LAWS OF MOTION

8. MASS

In order to understand the motion of a system of particles it is necessary to consider the environment of that system—potentially all of the other particles in the universe—and learn how that environment influences the motion of the system in question. We begin by considering two particles which influence each other’s motion but which move in such a manner that we may reasonably expect all the other matter in the universe to have a negligible effect on their relative motion. Thus, for example, we may imagine two masses connected by a small spring and free to move on a smooth horizontal table. We should expect that the matter in the earth would not affect the motion of the masses in the plane of the table, and that extraterrestial matter would be too far away to have anything but a negligible effect. It is found that under such conditions, if aA and aB are the accelerations of the two particles A, B, then these vectors are parallel and in the opposite sense, and that the ratio of the magnitudes of aA and aB is a constant for a given pair of particles. This ratio is called the ratio of the masses of the two particles


(8.1)


[image: e9780486140780_i0095.jpg]


It is also found that, if mass C is allowed to interact with A in the absence of B, not only is it true that aA and aC are parallel and in the opposite sense but that [image: e9780486140780_i0096.jpg] is identical with the ratio [image: e9780486140780_i0097.jpg] determined by comparing A and B in the absence of C and C and B in the absence of A.

Thus with each particle there may be associated a mass that has a unique meaning no matter how many stages it goes through in being compared to another and which may therefore eventually be compared with a standard mass of platinum called the international prototype kilogram, which is preserved in Sores. If in an experiment the vectors aA and aB were found not to be parallel, the two particles would be considered as not acting on each other alone, and the discrepancy would be attributed to the influence of another particle or system.

Thus, somewhat arbitrarily, the mks (meter-kilogram-second) system of units for length, mass, and time has come into being, with its alternatives the cgs system (centimeter-gram-second) and the British system based on feet, slugs, and seconds. It is of course meaningless to write down a physical quantity without noting the units in terms of which it is expressed.

In many problems it is convenient to abandon these arbitrary units and to introduce new units which are especially suited to the problem and which are sometimes called natural units. Thus we may take one mass appearing in the problem as the unit of mass, and similarly one length and one interval of time may be taken as the units of length and time respectively. Other physical quantities appearing in the problem may then be expressed in terms of these units, with a consequent simplification of many of the equations. At the end of the calculation it is then usually necessary to express the result in terms of one of the standard systems of units.


9. MOMENTUM AND FORCE

The momentum of a particle acted upon by mechanical, gravitational, or electrostatic forces is defined to be the product of its mass and its velocity


(9.1)


[image: e9780486140780_i0098.jpg]


The force F acting on a particle is defined by the rate of change of momentum it produces:


(9.2)


[image: e9780486140780_i0099.jpg]


Although introduced here as a definition, this statement is usually referred to as Newton’s second law of motion. If the mass of the particle is constant in time, then


(9.3)


[image: e9780486140780_i0100.jpg]


where a is the acceleration vector. Thus in this case the force on the particle may be defined by


(9.4)


[image: e9780486140780_i0101.jpg]


Thus if F = 0, the velocity of the particle is constant, a result known as Newton’s first law of motion.

From the definition (9.2) of F, it follows that since p is a vector, so also is F. Thus, if the force F is the sum of two forces F1 and F2, this sum must be understood as a vector sum. This constitutes the parallelogram law for the composition of forces.

As stated above, the parallelogram law is a trivial mathematical fact. It acquires physical significance in those cases where the force between two particles is independent of the presence of other particles. Consider a system of three particles p, σ, τ. The force on particle p when σ is present and τ is absent we denote by F(σ→ρ), and similarly for F(τ→ρ) Then, with both σ and τ present,


(9.5)


[image: e9780486140780_i0102.jpg]


the usual parallelogram law. The law is valid only when the various forces are independent. This independence does exist for most of the forces met with in mechanics, such as gravitation and the forces between charged particles. It does not exist between polarizable molecules moving in electric fields, for the induced electric moment of a molecule depends on the field at the location of the molecule, and this depends on the location of other molecules and the fields at those locations. The forces between nuclear particles may be of this many-body character rather than simple two-body forces.

The equations of motion of a particle, as (9.2) and (9.4) are called, are a set of ordinary differential equations of the second order. If the forces are given as functions of position and time, the values of the coordinates and of the velocity components at a given time to determine the solution of the equations uniquely and thus determine the whole future course of the motion. The combination of initial coordinates and initial velocity components is termed the initial state of the system. The future states of a system are determined by the state at any given time and by the equations of motion.

When two particles exert forces on each other, as they are made to do in the measurement of their mass ratio, we have,


(9.6)


[image: e9780486140780_i0103.jpg]


Thus when two particles exert forces on each other, these forces are equal in magnitude and opposite in direction. This is the third law of Newton that action is equal and opposite to reaction.

The total momentum of a system of particles is defined to be the sum of the momenta p, of the individual particles constituting the system:


(9.7)


[image: e9780486140780_i0104.jpg]


The total or resultant force F is then given by


(9.8)


[image: e9780486140780_i0105.jpg]


where Fp is the force acting on the pth particle. If the resultant force F vanishes, the total linear momentum is constant.

If the forces acting on the particles of the system are additive, i.e., if (9.5) is valid, we may divide the force Fρ acting on the pth particle into two parts: an internal force due to other particles in the system, (Fρint), and an external force due to influences outside the system, (Fρext):


(9.9)


[image: e9780486140780_i0106.jpg]


From Newton’s third law of motion it follows that the forces Fρint, if summed over all the particles, cancel in pairs, so that


[image: e9780486140780_i0107.jpg]


and (9.8) may be written


(9.10)


[image: e9780486140780_i0108.jpg]


If the forces are not additive, we may define the total external force acting by (9.10). Thus the rate of change of the total linear momentum of a system is equal to the total external force acting on the system.

If a system consists of N particles, the pth particle having mass mp and radius vector rρ, then the radius vector r of the center of mass of the system is defined by


(9.11)
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where


[image: e9780486140780_i0110.jpg]


is the total mass. If the masses do not vary with time, it follows from (9.7), (9.10), and (9.11) that


(9.12)
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The total momentum of a system of particles is its total mass multiplied by the velocity of its center of mass. From (9.12) the center of mass of the system moves as though it were a particle of mass equal to the total mass of the system, acted on by the resultant of the external forces acting on the system. A special case of this result is that the center of mass of an isolated system moves with constant velocity.

These results are absolutely essential if the theory is to be consistent. We have defined a particle as a system whose internal constitution is irrelevant to its “motion as a whole.” We now define the “motion as a whole” to be the motion of the center of mass. Under circumstances where the system can be treated as a particle, it must still be possible to treat it as a composite system without changing the conclusions. Equation (9.12) shows that this is indeed the case.


10. KINETIC ENERGY

The resultant force acting on a particle is defined by (9.2), the mass of the particle being assumed constant:


(10.1)
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Scalar multiplication of both sides of (10.1) by dr yields


(10.2)
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The quantity on the left of (10.2) is called the increment of work done by the force F in the displacement dr. The quantity on the right is the differential of a function of the velocity called the kinetic energy of the particle. Thus between two points A and B the work done on the particle by the resultant force acting on it may be said to appear as kinetic energy of the particle:


(10.3)
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If F • dr is negative, i.e., if the displacement takes place against the force, the particle is said to do work and the kinetic energy of the particle decreases.

The kinetic energy of a system of particles is the sum of the individual kinetic energies of the particles. The total kinetic energy of an isolated system of particles is not necessarily constant. Even though the sum of the forces acting on the system is zero, in finding the change in kinetic energy the forces are multiplied by various dr, and the sum of these products does not vanish in general.

The kinetic energy of a system of particles can be represented in the unconstrained configuration space of the system:


(10.4)
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This expression becomes considerably simpler if we introduce new rectangular coordinates [image: e9780486140780_i0116.jpg] by the equation


(10.5)
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Then


(10.6)
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and the masses have been eliminated. Thus we can say that our system is represented by a single particle of unit mass whose position is described by cartesian coordinates [image: e9780486140780_i0119.jpg]. The separation of two neighboring points in this configuration space ds is given by


(10.7)
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This is related to the kinetic energy, and we may write it as


(10.8)
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This equation is independent of the coordinate system used and can be taken as the definition of the arc length in the configuration space of the generalized coordinates qm (cf. the remarks in Sec. 2).


11. POTENTIAL ENERGY

If the value of the force which a particle would experience at any point of a region of space is given, a force field is said to exist in that region. The value of the force at a given point may vary with time. If it does, we speak of a varying or an unsteady field.

In many physical problems the force has the characteristic that, at a given value of time, the line integral of the force around a closed path vanishes:


(11.1)
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Because this integral must be evaluated at a given time, it says nothing about what happens in the actual displacement of a particle around a closed path unless the field is a steady one and the time does not appear explicitly in (11.1).

An immediate consequence of (11.1) is that the integral
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evaluated at a fixed time is independent of the path of integration and therefore defines a function of r, the potential energy V.

(11.2)
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Here V(r0, t) may be considered as a constant of integration; it is an arbitrary number, and [image: e9780486140780_img_8750.gif] F(r, t) • dr = 0, where the integration is taken over any closed path at constant t.

Differentiating (11.2) with respect to r, remembering that the time is treated as a constant, we obtain


(11.3)
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We introduce the vector operation V with cartesian components defined by


(11.4)


[image: e9780486140780_i0126.jpg]


Thus


(11.5)
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Then (11.3) can be written as


(11.6)
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Since this holds for arbitrary dr, we can conclude that


(11.7)
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The vector ∇V is called the gradient of V.

Vector fields which can be expressed as the gradient of a scalar function are termed irrotational or lamellar fields. A lamellar field which is independent of the time is called a conservative field. The reason for this name is that in such a field the quantity T + V, the kinetic energy plus the potential energy, is constant in time or is conserved.

(11.8)
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Thus if V does not contain the time explicitly, the quantity on the left in (11.8) is constant in time.

The argument just given for the case of a single particle can be generalized to fit the case of many particles. If the sum of the integrals around closed paths at a particular value of t vanishes, there exists a function of the coordinates of the various particles such that


(11.9)
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where ∇ρ is the gradient operator operating on rρ only, leaving all the other r’s unchanged. Since (11.9) is to hold for any set of drρ it follows that


(11.10)
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In the case of many particles also, if V does not contain the time explicitly, then


(11.11)
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and the sum is constant. If V does contain the time explicitly, then as in (11.8)


(11.12)
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The remake made about many-body forces in Sec. 9 may be illustrated by use of the potential function for a system of particles. If the force on a given particle of the system can be represented as the sum of the forces that would act on the particle if the other particles were to act one at a time, and if each of these forces is derivable from a potential, the potential function of the system can be represented as a sum of functions each of which depends on the coordinates of two particles only:


(11.13)
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From the point of view of general dynamic theory there is no need to restrict the potential to be of this form. Any differentiable function of the coordinates is admissible, and even the condition of differentiability can be weakened if the utmost generality is desired. Thus a function V(r1, r2, . . . , , rN, t) is a possible potential function even when it cannot be expressed in the form (11.13). With a potential of this more general form it is impossible to give a unique meaning to “the force on the pth particle due to the σth.”


12. CONSERVATION OF ENERGY

In an isolated system the sum T + V of the kinetic and potential energies is not necessarily constant. There may be forces acting which do not fulfill (11.1) or its analog for the case of many particles. Among such forces we can name friction and the radiation damping of charged particles. Some examples of this type of force are discussed in Chapter 5.

If, however, the system is isolated, it is believed that the total energy of the system is constant. This total energy may include the thermal motion of particles (which is connected with the mechanical motion through friction), light waves and other electromagnetic fields (connected with the mechanical motion through the electric charge), and mechanical mass (which represents a form of energy according to the theory of relativity). If the hitherto known forms of energy are not conserved in an isolated system, it is usually taken as an indication of a new form of energy rather than as a violation of the principle of the conservation of energy. The neutrino in the theory of beta decay is an outstanding example of this interpretation of conservation laws.


13. ANGULAR MOMENTUM

If Aρ is a vector passing through the point rρ, the vector rρ × Aρ is called the moment of the vector Ap about the origin of the vector rρ.

The moment of the momentum of a system of particles about a given point is called its angular momentum about that point. We show below that, if the total momentum is zero, the angular momentum is independent of the point about which the moments are taken.

Let us take the reference point to be the origin, and let rρ, and pρ be the radius vector and the momentum of the ρth particle respectively. Then the angular momentum of the ρth particle about the origin is


(13.1)
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The total angular momentum of a system of particles about a point is the sum of the individual angular momenta taken about that common point:


(13.2)
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Let us denote by a prime moments taken about a fixed point with radius vector a (= const) rather than about the origin. Then


(13.3)
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and


(13.4)
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which proves the theorem since j is independent of a if the total momentum vanishes.

From the definition (13.2) of angular momentum it follows that
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since [image: e9780486140780_i0141.jpg] × [image: e9780486140780_i0142.jpg] = 0. Thus


(13.5)
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or the rate of change of the angular momentum about a point is equal to the sum of the moments of the forces about that point.

If, as in (9.9), we may break up the force Fp on the pth particle into two parts,


(13.6)
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we may show that under certain conditions the second term vanishes; i.e., the rate of change of the angular momentum of a system about a point is equal to the sum of the moments of the external forces about that point.

We shall prove this theorem here only where the force on a particle of the system is the sum of the forces the particle would experience if the other particles acted one at a time, and where the force between a pair of particles acts along the line joining them.

If the force on particle p due to particle σ acts in the line joining them, it can be represented as


(13.7)
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since the vector rσ — rρ is the line segment joining the particles. Furthermore, since


(13.8)
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we must have


(13.9)
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Thus, since Fρint = [image: e9780486140780_i0148.jpg] ,


(13.10)


[image: e9780486140780_i0149.jpg]


since rρ × rρ = 0. By (13.9) this may also be written
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by relabeling the indices. This is the same as (13.10) except for a change in sign; hence
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thus proving the theorem. The extension of this result to more general conditions will be considered later (Sec. 34).

A particular consequence of this theorem, when supplemented by (9.12), is that the necessary conditions for the equilibrium of a system are


(13.11)
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and


(13.12)
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More generally, if these conditions are satisfied the total momentum and total angular momentum of the system are both constants of the motion. Thus if the external force Fρext acting on the pth particle is always parallel to the vector rρ joining that particle to a fixed origin (as, for example, the force which the sun exerts on the individual particles of the earth), then the total angular momentum of the system about that origin is a constant. It also follows that if a system is completely isolated, i.e., F,ρext = 0 for each particle in the system, the total momentum and total angular momentum of the system are both constants of the motion.


14. RIGID BODY ROTATING ABOUT A FIXED POINT

If a system of particles were to move subject to the constraint that each particle remained at a fixed distance from the origin, it would be required that
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for each value of ρ, i.e., the velocity of each particle would be at right angles to its radius vector. This condition may be expressed thus:


(14.1)
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where the axial vector ωρ so introduced is called the angular velocity of particle p about the origin, although it is not possible to define it uniquely for a single particle.

If the system is such that the distance between any two particles p, σ is constant, i.e.,


(14.2)
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then the system is called a rigid body. The definition is usually restricted to the cases for which there are at least three non-collinear particles present.

For a rigid body rotating around a fixed point, it follows from (14.1) and (14.2) that

(14.3)


[image: e9780486140780_i0157.jpg]


In order to satisfy this equation for each pair of particles it is necessary that


(14.4)
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where ω is independent of ρ, and [image: e9780486140780_img_1108.gif]ρ, is an undetermined number. From (14.1) we may then write


(14.5)
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since the extra term in (14.4) involving the unknown [image: e9780486140780_img_1108.gif]ρ, gives no contribution. The vector ω is now the angular velocity of the rigid body as a whole.

We shall denote the angular momentum of a rigid body rotating with one point fixed by the vector σ, defined as in (13.1) and (13.2):


(14.6)
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Thus, from (14.5),

(14.7)
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This equation may be alternatively written in the form


(14.8)
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where


(14.9)
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In (14.8) and (14.9), summation on the singly repeated indices (j and k respectively) is automatically implied.

The quantities Jij depend on the distribution of mass in the body and the set of them is called the inertia tensor of the body with respect to the origin. The elements J11 = A, J22 = B, J33 = C are called the moments of inertia of the body about the three axes, for example,
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and the negatives of the other components F = —J23, G = – J31, H = —J12 are called the products of inertia with respect to the axes, for example,
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We note from (9.12) that if the point in the rigid body which is held fixed is also the center of mass of the body, then the resultant of the external forces acting on the body is zero and the total momentum of the body is zero. Thus, from Sec. 13, the angular momentum σ is independent of the point about which the moments are taken.

The kinetic energy of a rigid body rotating with one point (the origin) held at rest is


(14.10)
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Written out in detail, this becomes


(14.11)
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15. A THEOREM ON QUADRATIC FUNCTIONS

In terms of a set of rectangular cartesian coordinates, the kinetic energy, angular momentum, and inertia tensor of a system of particles may be written thus:


(15.1)
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These important physical variables have in common the property that any one of them may be written as a quadratic function of the position or velocity components:


(15.2)
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where α, β assume the range of values 1 to 6. For a given p, the first three of the quantities Qρ,α are the position coordinates xρ,i of the ρth particle, and the second three of the Qρ,α are the corresponding velocities:


(15.3)
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The set of quantities Aαβ are independent of p, and are chosen to yield whichever of the quantities (15.1) X is to represent. Thus, for example, for X = T we require Aij = 0 (i or j = 1, 2, 3) and Ai+3, j+3 = [image: e9780486140780_i0171.jpg] δij.

We now write


(15.4)
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or in abbreviated notation


(15.5)
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where the Xα denote the position (r ≡ xi) and velocity of the center of mass and the Rρ,α denote the position (rρ ≡ rρ,i) and velocity of particle ρ relative to the center of mass. Thus from (9.11)


(15.6)
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so that (15.2) becomes


(15.7)
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Any one of the quantities (15.1) may therefore be broken into two parts, one proportional to the total mass m of the system and determined by the position and velocity of the center of mass, the other specifying the distribution and velocity of the particles with respect to the center of mass. Thus the kinetic energy becomes


(15.8)
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the kinetic energy that would be attributed to a particle of mass m moving with the center of mass, together with a term giving the kinetic energy of motion relative to the center of mass. Similarly,


(15.9)
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where the first term denotes the angular momentum about the origin again associated with a particle of mass m moving with the center of mass. The second term is identical with σ defined in (14.6) provided that the origin is taken at the center of mass. In that case, as already noted, σ is independent of the point about which moments are taken. In this manner the total angular momentum j of a system of particles may be broken unambigously into two parts:


(15.10)
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where


(15.11)
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is called the orbital angular momentum, and


(15.12)
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is the spin angular momentum or angular momentum about the center of mass.

If the resultant external force on the system passes through the center of mass, the angular momentum σ about the center of mass will remain constant throughout the motion. If, in addition, the external force on each particle of the system is directed toward a fixed point and the internal forces are along the lines joining the particles, then, as we have seen at the end of Sec. 13, j is a constant. Under the combined conditions it then follows that l and σ are separately constants of the motion. In the case of the earth’s motion, these independent constants of the motion relate respectively to the year and to the day. In the case of the motion of an electron in a hydrogen atom it is only approximately true that l and σ are separately constants since a moving electron has a small electric dipole moment which allows the electric field of the proton to exert a torque on it (see Sec. 92). However, the spin of the electron cannot be represented in terms of its structure by a classical expression such as (15.12).

Returning to (15.7), we may allow X to denote the moment of inertia C of a system about the z axis. In this case A11 = A22 = 1 and all other Aαβ vanish. Thus


(15.13)
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where C0 is the moment of inertia about the axis in the z direction which passes through the center of mass and m(x12 + x22) is the moment of inertia about the z axis itself that a particle of mass m would have if placed at the center of mass. The moment of inertia about an axis through the center of mass is therefore less than that about any parallel axis.


16. INERTIAL AND GRAVITATIONAL MASSES

The familiar condition (13.12) for the static equilibrium of a system allows two weights wA, wB to be compared by a balance with arms of unequal lengths lA, lB:


(16.1)
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Since the weights are the forces exerted by gravity on the masses (wA = mAg, . . .) and gravity is assumed not to vary across the balance, we have

(16.2)
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The masses compared in this manner are sometimes referred to as gravitational masses, in contrast to the inertial masses defined by (8.1). According to Newton’s law of gravitation, the gravitational attractive force between two masses mA, mB separated by a distance r is


(16.3)
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where G is the gravitational constant, and mA, mB are the gravitational masses. If, however, the masses of two particles attracting each other by gravity are compared by the method of Sec. 8—i.e., taking the ratio of their accelerations—then it is the masses appearing in the equation F = ma which are compared. A priori there is no reason for these to be identical with the masses appearing in (16.3).

However, it has not proved possible to distinguish experimentally1 between these two apparently different types of masses. In Newtonian theory we accept this result as an empirical fact and refer to the mass of a body without specifying which method is to be used to measure it. One important feature of the general theory of relativity is that from this point of view the distinction between the two types of masses loses its meaning so that they become automatically identical.
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EXERCISES

1. A gun is mounted on a hill of height h above a level plain. Assuming that the path of the projectile is a parabola, find the angle of elevation α for greatest horizontal range and given muzzle speed V.
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What physical effects are neglected in the above approximation?

2. With the same assumptions as in Exercise 1, show that if a projectile is thrown over a double inclined plane from one end of the horizontal base to the other and if it just grazes the summit in its flight, its angle of projection is


tan—1 (tan θ + tan φ)


where θ, φ are the slopes of the faces and the motion is in a vertical plane through the line of greatest slope.

3. Again with the same assumptions as in Exercise 1, if a bomb bursts on contact with level ground and pieces of it fly off in all directions with speeds up to v ft/sec, find at what distance from the bomb a man is in danger from flying metal.

4. Show that for a satellite of mass m moving with velocity v in a circular orbit of radius r about an attracting center of mass M,
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where v0, is the escape velocity, and l is the orbital angular momentum.

5. Show that the acceleration of a thin circular ring, rolling without sliding down a plane of inclination α to the horizontal, is [image: e9780486140780_i0187.jpg] g sin α and that the least coefficient of friction necessary to prevent sliding is [image: e9780486140780_i0188.jpg] tan α.

6. A reel of thread whose rim and spindle are of radii a and b respectively rests on a rough horizontal table. The loose end of the thread passes under the spindle and leads off at an angle α above the horizontal (α < [image: e9780486140780_i0189.jpg] π). Show that the least tension in it will, in general, wind or unwind the thread according as α is less or greater than a certain value. When a has this critical value, show that there will be no motion unless the tension exceeds a critical value.

7. A garden roller of external radius a is pulled along a rough horizontal path by a force F which acts at a point on its axle and is inclined at an angle α with the horizontal. Find the relation that exists between F and the weight of the roller if the resultant force on the path is at right angles to F, and show that the acceleration of the roller is then
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where k is the radius of gyration of the roller about its axis.

8. Show that three particles can be found which, when placed one at each end and one at the center of a nonuniform rod, form a system equimomental with it.

 



9. Find the center of mass of each of the following bodies: (a) a hemisphere of radius a; (b) a hollow right circular cone of height h, half angle θ; (c) a solid right circular cone of height h, half angle θ; (d) the half of an ellipsoid lying on one side of a plane containing two principal axes; (e) that part of a parabola bounded by the latus redum; (f) that part of a paraboloid of revolution bounded by the plane containing the latus rectums.

10. A system of particles moves in a uniform gravitational field g in the z direction. Show that g can be eliminated from the equations of motion by a transformation of coordinates given by
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(This is an example which forms the basis for the “principle of equivalence” in general relativity. The principle states that the gravitational field at any point in space and time can be eliminated by a suitable coordinate transformation.)

11. A particle moves under the influence of gravity in a curve lying in a vertical planes Find the shape of curve which makes the potential energy proportional to the square of the arc length from a level point of the curve. This gives the path of a truly isochronous pendulum. Find the maximum amplitude of a seconds pendulum if g = 980 em/sec1.

12. A particle of mass m confined to the x axis experiences a force — kx. Find the motion resulting from a given initial displacement x0 and initial velocity v0. Show that the period is independent of the initial conditions, that a potential energy function exists, and that the energy of the system is constant.

 



13. A mass approaches the solar system with a velocity υ0, and if it had not been attracted toward the sun it would have missed the sun by a distance d. Use the laws of conservation of energy and angular momentum and the law of gravitation to compute its closest distance of approach a to the sun. Neglect the gravitational attractions of the planets and assume the sun fixed.

(Ans. a = (d2 -f- d02)½ — d0, where d0 = GM/υ02 and M is the mass of the sun.)





3 CONSERVATIVE SYSTEMS WITH ONE DEGREE OF FREEDOM

17. THE OSCILLATOR

A system with a single degree of freedom has its configuration specified by the value of a single coordinate and its velocity specified by the time derivative of that coordinate. (For the present we assume that only one value of the coordinate corresponds to a given configuration. This is not so when the system consists of a particle confined to a closed curve if the arc length along the curve is chosen as the coordinate, a choice that we shall make later.) We call such a system an oscillator when in the course of the motion the initial configuration and the initial velocity (i.e., the initial state of the system) recur after a finite time interval. Since the future course of the motion is completely determined by the initial state and the equations of motion, the initial state, if it recurs once, will recur an infinite number of times separated by equal time intervals. The time interval between two successive occurrences of the same state we call the period of the motion. We have assumed that the forces entering the equations of motion do not depend explicitly on the time.

We investigate oscillators in the case where the force is derivable from a potential which is independent of the time.

The particle which, having only one degree of freedom, is constrained to move on a curve may be located by its distance along the curve away from some fixed point. Distances to one side of the point will be positive, those to the other side negative. Calling this coordinate x, we see that the kinetic energy of the particle is


(17.1)
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and that the potential energy is some function of x alone:


(17.2)
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According to (11.8) the sum of the kinetic energy and the potential energy is a constant E:


(17.3)
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Equation (17.3) alone is enough to find the coordinate x as a function of the time. For


(17.4)
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and so


(17.5)
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If V(x) is known the integral can be evaluated, so we have here the general solution of the one-dimensional conservative problem.

The question we wish to discuss is: When is the motion given by (17.5) an oscillatory one? On physical grounds the answer is clear. The particle starts from x0 with velocity [image: e9780486140780_img_7819.gif]0. If it is to return to x0, the velocity must be reversed at some point, and so [image: e9780486140780_img_7819.gif] must vanish once. This is not sufficient, for the original value of [image: e9780486140780_img_7819.gif]0 must also be repeated; thus another reversal of [image: e9780486140780_img_7819.gif] and another vanishing of [image: e9780486140780_img_7819.gif] are called for. There is one other requirement which is also obvious. At neither of the places where [image: e9780486140780_img_7819.gif] vanishes may the force vanish. Otherwise the particle would remain at rest at that place.

The places where [image: e9780486140780_img_7819.gif] vanishes we call the turning points of the motion. Let these points be x = x′ and x = x″. From (17.4) we then obtain


(17.6)
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These two equations serve to determine x’ and x”. For x’ < x < x”, V(x) must be less than E since T is never negative. If there are more than two values of x satisfying (17.6), two adjacent ones must be chosen which satisfy the condition just stated. If there are not two values of x satisfying (17.6), there is no oscillation. The requirement that the force does not vanish at the turning points means that dV/dx must not vanish there. This is equivalent to saying that the roots of (17.6) must be single roots.

The absence of oscillation when a double root occurs can be seen analytically from (17.5). For oscillations to take place, any value of x in the interval x′ < x < x″ must be reached in a finite time interval; i.e., the integral in (17.5) must converge for all such points. Now the integrand becomes infinite at x = z’ and x = x”. This infinity of the integrand is integrable provided that the infinity is not too severe a one, i.e., if in the neighborhood of the turning point, say x’, the integrand becomes infinite as (x - x’)—p, where p < 1. For p ≥ 1 the integral becomes infinite also. If dV/dx is finite for x = x’, then p = J; whereas, if dV/dx vanishes at x’, p is at least unity and may be greater, depending on how many other derivatives vanish also.

Nearly all the above information can be obtained from an inspection of a graph of V(x). Three cases are shown in Fig. 17-1. In (a) the
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Fig. 17-1. Oscillator potentials.



potential has a single minimum. Oscillations will take place with an amplitude which increases as the energy E increases. In (b) the potential has a double minimum. In this case, if the energy E is below the barrier between the two minima, oscillations may take place on either side of the barrier. For E greater than the barrier height there will be oscillations across the whole width of the potential well. If E has exactly the value corresponding to the top of the barrier, the motion will not be oscillatory but the particle will stick at the top. An infinitesimal energy change will make the motion oscillatory. In (c), if the energy E is less than the barrier height and the particle is to the left of the barrier, there will be oscillation. Otherwise there will not be.

The character of the motion in the potential with a double minimum shows up one unsatisfactory feature of classical mechanics. An infinitesimal change in the energy can cause a large change in the character of the motion. This sensitivity is due to the fact that a classical particle moves under the influence of the potential only in its immediate vicinity. In quantum mechanics this is not so, the form of the potential everywhere being effective in determining the state of the system.

Suppose that we have a classical particle oscillating about one of the two potential minima. We perturb the system in such a way that the energy changes only a very small amount per period. This is possible as long as the energy stays below the barrier energy. If the transfer of energy is sufficiently slow, the exact manner in which it takes place is unimportant. Such a perturbation is called adiabatic. As the barrier energy is approached, however, no finite rate of energy transfer is possible which does not need to be specified exactly, since the period becomes infinitely long, and thus a finite amount of energy must be given in an arbitrarily small fraction of a period. In the neighborhood of the barrier energy, then, we cannot make a change in the energy in an arbitrary way, no matter how slowly, without the result being dependent on the manner of transfer. It is impossible to go from oscillation about one minimum to oscillation across the entire width of the potential well by an adiabatic change.

The situation is perhaps even more clear if the energy is initially above the barrier energy. As the energy decreases, the particle will be confined to one side or the other of the barrier. To which side it is confined depends on the details of the energy transfer at the time the energy decreases below the barrier energy.


18. THE PLANE PENDULUM

[image: e9780486140780_i0199.jpg]

Fig. 18-1. Plane pendulum.



An important example of an oscillator is the harmonic oscillator of Exercise 12, Chapter 2. It has the property that its period is independent of the energy, or of the amplitude. Such an oscillator is called isochronous. Another important example is the plane pendulum. Its motion is isochronous for infinitesimal amplitudes and very nearly so for finite but small amplitudes.

The plane pendulum (Fig. 18-1) consists of a particle constrained to move in a vertical circle of radius l. (The physical pendulum which consists of many particles constrained to move in vertical circles around a common center is always representable by an equivalent simple pendulum of the kind described here.) We choose as coordinate the angle θ between the downward vertical and the radius vector of the particle measured from the center of the circle. The arc length a along the circle is


(18.1)
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The kinetic energy of the system is given by


(18.2)
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The potential energy is the gravitational potential energy which depends only on the height of the bob of the pendulum above the bottom of the circle:


(18.3)
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It is left to the reader to show that for vanishing amplitudes the motion is harmonic.

The analysis of the problem for finite amplitudes is simplified by introducing natural units. We measure all masses in terms of m, all lengths in terms of l, and time in terms of (l/g)½. Thus m, l, and g can be made equal to unity, giving


(18.4)
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The conservation of energy, which applies because V does not contain the time explicitly, tells us that


(18.5)
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or


(18.6)
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so that


(18.7)
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For the motion to be oscillatory this quantity must have two simple zeros, as it does if E < 2. Now let y = sin θ/2, so that


(18.8)
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Inserting this in (18.7) and simplifying, we obtain

(18.9)
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We investigate three separate cases: case a, where E < 2 and the motion is oscillatory; case b, where E = 2 and [image: e9780486140780_i0209.jpg] has a double zero, yielding a sticking solution; and case c, where E > 2, which corresponds to a nonoscillatory, nonsticking motion. Case c is periodic, however, because here the curve to which the particle is confined is closed. We call this a circulating motion, or libration.

Case a. E < 2. Let E/2 = k2, y/k = z. Then (18.9) becomes


(18.10)
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or


(18.11)
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The integral on the left of (18.11) is called an elliptic integral of the first kind. We shall discuss this integral briefly.

The function sin θ may be defined in the following way. If
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then
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The period η of the sine function is given by
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We proceed similarly with the integral in (18.11). Let


(18.12)


[image: e9780486140780_i0215.jpg]


Then the function sn (read ess-en) is defined by


(18.13)
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In (18.13) z also depends on k, the modulus of the function, although this dependence is not usually indicated explicitly. The inverse function is denoted by F,


u = F(φ, k)


where z = sin φ. The function F is tabulated as the incomplete elliptic integral of the first kind.2

The function sn is periodic, its period ζ depending on k:


(18.14)
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This function is the complete elliptic integral of the first kind. For k < 1 this period is real and finite.

The solution of the plane pendulum’s oscillating motion is thus


(18.15)
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expressed in natural units. In conventional units this is
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The period depends on the amplitude.

For small amplitudes, which correspond to small k values, the expression for the period may be expanded in a power series in k:


(18.16)
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Now k2 = E/2, and E is connected to the maximum value of θ, θ0 say, by (18.5) with [image: e9780486140780_i0221.jpg] put equal to zero. Hence for small θ0,


(18.17)
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and


(18.18)
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Again in conventional units, the period τ is given by
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The motion deviates from the isochronous only in the second order, and there with a small coefficient. Hence the motion is very nearly isochronous even for finite amplitudes.

Case b. E = 2. From (18.5) we see that all the energy is potential energy at the top of the circle, and here dV/dθ vanishes, so that this is a sticking motion. Equation (18.9) becomes


(18.19)
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so that


(18.20)
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In conventional units this is


(18.21)
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As t → ∞, y → 1, θ → π.

Case c. E > 2. The total energy is greater than the potential energy at the top of the circle, so that the kinetic energy is never zero and the particle never comes to rest. This is a circulating motion.

Let k2 = 2/E < 1. Then (18.9) becomes


(18.22)
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or


(18.23)
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In terms of the an function this is


(18.24)
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In conventional units


(18.25)
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The period decreases with decreasing values of k, or with increasing values of E. The acceleration of gravity does not cancel out of (18.25) completely since E depends on g. As E increases, the potential energy gets less important relative to the kinetic energy and the dependence of the motion on g diminishes.


19. CHILD-LANGMUIR LAW

An interesting application of the conservation of energy in one-dimensional motion is afforded by the law of space-charge limitation of a one-dimensional steady electric current in vacuo.3 If the particles that compose the current are all identical (usually electrons), with charge e and mass m, energy conservation for each one of them implies


(19.1)
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where φ is the electrostatic potential due to all of the others. In a sufficiently dense current beam it is a good approximation to regard φ as a function φ(x) of the distance x along the beam, φ then being the electrostatic potential at x due to all of the particles


(19.2)
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and ρ(x) being the charge density at a point inside the beam. We note also that the current density j is related to ρ(x) by


(19.3)
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and that for a steady current beam of constant cross section A


j = J/A


where J is the total current. j is therefore independent of x. Thus, from (19.2) and (19.3)
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and from (19.1)
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where φ0 is the potential at the point where υ = 0.

Thus, writing φ0 — φ = V, we have
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The solution of this corresponding to V = 0 at x = 0 is


(19.4)
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where


(19.5)
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Thus for a plane cathode and a parallel plane anode at a distance d from it, the space-charge limited current density is given by


(19.6)
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where V is the voltage difference, and


(19.7)
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is called the perveance of the beam. For a given voltage V, the current density that it is possible to achieve therefore increases as the spacing d decreases, and for a given V and d the space-charge limited current density is greater for electrons than for positive ions by a factor which is equal to the reciprocal of the square root of the mass ratio.

The above analysis completely neglects any motion transverse to the beam arising from thermal motion of the particles, or from their mutual electrostatic repulsion, or from collisions with the residual gas.


EXERCISES

1. Obtain an expression for the potential along a space-charge limited beam of particles emitted from the point at which φ = 0 with a velocity υ, current density j.

2. An oscillator moves under the influence of a potential function V given by


[image: e9780486140780_i0242.jpg]


Find the period of the motion as a function of the amplitude, and derive an approximate expression for the period of a simple pendulum as a function of the amplitude.

3. From (17.5) the period of an oscillator is
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If V(x) can be extended into the complex x plane, this integral may be taken around a contour surrounding the turning points, which are branch points of the integrand, and hence may often be evaluated by use of Cauchy’s residue theorem. Use this or some other method to find the period when


(a)
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(b)
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This is a special case of (62.3).





4 TWO-PARTICLE SYSTEMS

20. INTRODUCTION

It has been stressed that much of the art of theoretical physics consists in appraising a complicated physical situation and focusing attention on the interactions which dominate it. It is relatively useless to compute an effect which is almost negligible while other more important features of the problem are left untouched. Since macroscopic systems contain some 10” atomic particles, where n is of the order of 20 or 30, a great deal of simplification is necessary before a problem involving such a system can be handled. Fortunately, there exist a number of situations, chief among which are those described by celestial mechanics, in which the interacting systems are very small compared with their distances apart. Thus the internal structure of the sun and planets becomes of negligible importance in determining their relative motion, and it is sufficient to consider each planet as a single particle. Since the planets are small in mass compared with the sun, very little further error is introduced by neglecting their effects one on the other, and describing the motion of one planet around the sun by a two-particle theory. The results may then be used as a basis for a more accurate treatment of the problem, although the essential features of the motion already appear in this approximation.

The analogous situation of an electron in an atom may be treated in similar fashion, although here the approximation of a two-particle theory is less serious than the error introduced by applying classical mechanics to the problem. It might be thought that at least there is no error involved in treating an electron as a single particle, but that which is recorded in measuring equipment and termed “an electron” is known to have a very complex structure. Provided that electrons come no closer to each other than about 10-11 cm, however, this internal structure is unimportant, and the electrons may be treated as point particles.

Much information may also be obtained about atomic and subatomic systems by accelerating one system and measuring how it is scattered by another. In many cases such collisions may be adequately treated theoretically as two-particle problems.

Finally, we shall have occasion to discuss the motion of a pair of interacting particles when the effects of other matter cannot be neglected but when such effects may be accurately represented by known electromagnetic or gravitational fields.


21. REDUCED MASS

The center of mass of a two-particle system moves as a particle whose mass is the sum of the masses of the two particles and which is acted on by the sum of the external forces acting on the two particles. We restrict our discussion to those two-particle systems in which the external forces per unit mass on the two particles are the same, and in particular to the case for which both of these forces are zero. Our analysis requires modification for two charged particles in an external electric field.

A two-particle system has six degrees of freedom. Of these the center of mass represents three. The other three degrees of freedom can be treated as those belonging to a single particle acted on by appropriate forces. These forces are particularly simple if the restriction just made holds. The equations of motion of the particles are written


(21.1)
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Adding these equations gives the equation of motion of the center of mass
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Subtracting the second equation from the first after each has been divided through by the appropriate mp gives

(21.2)
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The last two terms cancel in the cases we are discussing. The first two terms on the right combine because F1int = – F2int, i.e., the internal force on one of the particles comes entirely from the other one. When we write r = r1 – r2 and F for Fiint, (21.2) becomes


(21.3)
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This can be written in the form


(21.4)
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where μ is called the reduced mass of the system and is given by


(21.5)
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μ is less than the smaller of the two masses m1 and m2.
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Fig. 21-1. Vectors introduced in studying the relative motion of two particles. Since it is common practice for r to denote the radius vector of particular interest in a problem, the meanings of r and R are different from those adopted in Sec. 15, where attention was focused on the motion of the center of mass.



The motion of the two-particle system may thus be broken down into the motions of two one-particle systems: The center of mass moves under the influence of the external forces which are assumed to be the same per unit mass on the two particles, and the relative motion is represented by the motion of a fictitious particle of mass μ acted on by the internal force F on the first particle.

Since the motion of the center of mass of the two-particle system does not enter into the second of these problems, in it the center of mass is considered to be at rest, and we speak of the “center-of-mass coordinate system.” This name is somewhat misleading as r is not the radius vector of particle 1 with the center of mass as origin, but with particle 2 as origin. (See Fig. 21-1.) The radius vector rc1, of particle 1 from the center of mass, is given by
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and rc2, that of particle 2 referred to the center of mass, is
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It is the use of r rather than rc1 as coordinate that brings with it the use of the reduced mass μ rather than the true mass m1.


22. RELATIVE KINETIC ENERGY

From the point of view of applications, the problem of the collision of two particles is of special interest. In such problems the only relevant forces are usually the mutual forces between the two colliding particles, and so the breakdown of the two-particle problem described in the preceding section can be applied. When a collision is studied experimentally, one of the particles is initially at rest while the other one approaches it. Analytically it is simpler to treat the motion relative to the center of mass of the two particles, since this center of mass moves with constant velocity and the kinetic energy and angular momentum associated with the center of mass are constant and can therefore be disregarded in studying the relative motion. We desire to find the connection between the laboratory coordinate system and the center-of-mass coordinate system.

Let the two particles have masses m1 and m2 respectively, and let their radius vectors in the laboratory system be denoted by r1 and r2 respectively. Initially let r2 be constant, say zero, and let r1 vary, with v, the velocity of particle 1, being parallel to the x axis.

(22.1)
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and

(22.2)
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The velocity of the center of mass is easily determined, for it is constant and may be found from the initial motion before any part of the collision has taken place.

(22.3)
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so that


(22.4)
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where the superscript 0 denotes the initial value.

Two things are of primary interest. The first is the initial value of the relative kinetic energy or the kinetic energy in the center-of-mass system. This is the part of the total kinetic energy produced in the laboratory which is available for any process occurring between the particles, since the kinetic energy associated with the motion of the center of mass must remain constant. The second is the angle of scattering. If the two particles composing the system do not coalesce to form a single particle, they must separate again after collision. The incident particle will in general have its velocity changed in the collision process. The angle between the initial velocity and the final velocity is the angle of scattering. It is measured in the laboratory coordinate system and calculated in the center-of-mass coordinate system. The transformation from one to the other is needed.

The total initial kinetic energy produced in the laboratory is [image: e9780486140780_i0259.jpg]m1v2. The initial kinetic energy of the center of mass is [image: e9780486140780_i0260.jpg] m[(m1/m)υ]2. The relative kinetic energy is the difference between these two:


(22.5)
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as might have been expected. If the two particles are equally massive, one-half of the initial kinetic energy is relative kinetic energy. In general, with m2 fixed initially in the laboratory coordinate system, the fraction of the kinetic energy which is relative is m2/(m1 + m2). It is thus advantageous to have the heavier particle at rest, a conclusion which is intuitively obvious.


23. LABORATORY AND CENTER-OF-MASS SYSTEMS

The angles of scattering in the two coordinate systems differ because the x components of the velocities differ whereas the y and z components do not. Figure 23-1 illustrates the situation. The subscript C refers to the center-of-mass system; subscript L, to the laboratory system. v’ is the velocity of the first particle after the collision has taken place. φ is the angle of scattering in the center-of-mass system, and θ is this angle in the laboratory system. vC’ and vL’ differ by the velocity of the center of mass.

The expression of θ in terms of φ in general involves the solution of a transcendental equation. The equations to be solved arise from taking transverse and longitudinal components in the velocity triangle of Fig. 23-1. They are


(23.1)
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Fig. 23-1. Scattering angles in laboratory and center-of-mass coordinates.



In two special cases the result is simple. The first is that in which the incident particle has a mass negligible in comparison with the mass of the other. In this case the center of mass is at the position of the second particle, and the two coordinate systems coincide. The second is that in which the two particles are equally massive and the final kinetic energy is equal to its initial value. Then


(23.2)
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and the velocity triangle in Fig. 23-1 is isosceles. It is then clear from elementary geometry that


(23.3)
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since vL’ is the diagonal of a rhombus and therefore bisects the angle between the two adjacent sides. This result is no longer valid if the relative kinetic energy is not conserved.


24. CENTRAL MOTION

One of the most frequently recurring problems in physics is that of two particles which exert forces on each other along the line joining them. In such cases the force on each particle is directed towards the center of mass of the system since that center must lie on the line joining the particles. In the center-of-mass coordinate system these forces are therefore directed toward a fixed point. This characteristic of the force leads to the name central force, and central motion is the motion of two particles about their center of mass under the influence of a central force.

In Sec. 21 it was seen that the relative motion of the two particles can be represented by the motion of a single particle of mass μ, the reduced mass of the system, acted on by the mutual force between the particles, which in the present case is directed toward or away from the origin. There are several theorems on central motion which do not depend on anything except the central character of the force.

Theorem a. Central motion takes place in a plane. This is physically obvious. The force vector and, therefore, the acceleration are parallel to the radius vector. Thus the radius vector, acceleration, and velocity lie in a plane, and the particle will never leave this plane because there is no component of the acceleration out of it. In Chapter 7 we shall see how this appears in the Lagrange treatment of the problem.

Theorem b. The orbital angular momentum is constant. The orbital angular momentum l is given by


(24.1)
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Thus


(24.2)
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We have assumed here that the particle has no intrinsic spin angular momentum σ or if it does that σ is independently conserved.

Theorem c. If the central force is independent of the time, the path of the particle, or the orbit, is symmetrical about an apse. (A point where the velocity vector is perpendicular to the radius vector is called an apse.) The proof of this theorem lies in the observation that the equations of motion are not changed if the sign of the time t is reversed so that the motion is reversed in direction. Since at an apse the radial velocity is zero, the effect of reversing the time when the particle is at an apse is simply to reverse the direction of the motion around the force center without affecting the radial motion. Thus the halves of the orbit on either side of the apse must be mirror images of each other in the line joining the apse to the origin. A corollary of this theorem is that there can be at most two apsidal distances, i.e., values of |r| corresponding to apses, since the two apses on either side of a given apse are symmetrically placed with respect to that apse, so that alternate apses are at equal distances from the origin.


EXERCISES

1. Show that the relative motion of two particles is not affected by a uniform gravitational field. Is the same true for a hydrogen atom (classical model) in a uniform electric field?

2. If θ and φ are the laboratory and center-of-mass scattering angles respectively, show that
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Show further that, if the relative kinetic energy of the two particles increases by an amount Q,
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3. Li7 is bombarded with deuterons of 10 Mev energy, yielding Be8 and a neutron. The reaction is exothermic with an energy yield of 14.5 Mev. Find the energy of the emergent neutron in the laboratory coordinate system as a function of the angle between its direction of emergence and the direction of the incident deuteron, this angle also being measured in the laboratory system. Make a polar plot of the result.

4. A particle makes an elastic collision with an equally massive particle initially at rest. Show that the final velocity vectors are mutually perpendicular.

5. A double star has its two components executing circular orbits. Express the mass ratio of the two components in terms of the radii of their orbits.

6. Two particles of masses m1, m2 approach each other with velocities υ1, υ2 so that if there were no interaction between them they would have missed each other by a distance d. Use the laws of conservation of energy and angular momentum to compute their closest distance of approach a if they move under their mutual gravitational attraction. Show that for m1 [image: e9780486140780_img_8811.gif] m2 the result reduces to that derived in Exercise 13 of Chapter 2.

{ Ans. a = (d2 + d02)½ – d0, where d0 = [(G(m1 + m2)/V2] and V is the initial relative velocity.}

7. Two particles connected by an elastic string of stiffness k and equilibrium length a rotate about their center of mass with angular momentum l. Show that their distance r1 of closest approach and their maximum separation r2 are related by
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where μ is their reduced mass, and r1 > a, r2 > a.

8. A particle moves in a circle under the influence of a central attractive force which is derived from the potential V = – k/rn (k > 0). Show that for n < 2 its total energy is negative, but that for n > 2 the particle has enough energy to escape.





5 TIME-DEPENDENT FORCES AND NONCONSERVATIVE MOTION

25. INTRODUCTION

In Sec. 11 it was noted that if a particle is moving under the influence of a force which is derivable from a time-independent potential V, the field of force is called conservative because throughout the motion E = T + V is conserved. On the other hand, if the potential depends on the time, net work is done by or on the particle by the external field as shown in (11.12) and the total energy of the particle is not conserved. However, the rate of increase of the energy of the particle is equal to the rate at which work is being done on it by the external force, and in this sense mechanical energy is conserved throughout the motion.

In many situations of interest, the force on a system cannot be derived from a potential at all. Examples of this type of force include friction and the resistance offered by a medium to the motion of an object through it, forces arising from radiation pressure and radiation damping, and the forces of jet propulsion. Since such forces are not derivable from an ordinary potential function or even from a generalized potential as discussed in Sec. 32, the motion cannot be described by a Lagrangian. In some of these examples, the action of the force leads to a degradation of energy to the form of heat, so that the mechanical energy is not conserved.

In this chapter we consider an example of a system subject to a potential which depends periodically on the time (the inverted pendulum) and four examples of systems in which the force cannot be derived from a potential.


26. THE INVERTED PENDULUM

If the support of a pendulum is caused to oscillate in an appropriate manner by an externally applied force, a configuration of stable equilibrium exists in which the pendulum remains upside down. The fact that this position is stable may be demonstrated by slightly displacing the pendulum and noting how it oscillates about the inverted position.

We consider here the case in which the support is caused to oscillate vertically with an angular frequency Ω, resulting in an acceleration α of the support which is periodic with period 2π/Ω. To an observer at rest with respect to the support, the resultant downward acceleration of gravity at any time is therefore G = g + α if α also is measured downward, and the equation of motion of the pendulum for small oscillations about the downward vertical is (cf. Sec. 18)


(26.1)
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where I is the moment of inertia about the axis. If α is sinusoidal


(26.2)
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the equation of motion for oscillations about the inverted position is


(26.3)
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For α0 = 0, the motion is clearly unstable, but a study of this equation, which is of the form of Mathieu’s equation, shows that sets of values of the parameters α0, Ω, l exist for which the motion is stable.

We write


(26.4)
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Thus for the inverted position of the pendulum a is negative, whereas for the normal position a is positive and equal to (2ω/Ω)2, where ω is the natural frequency of the pendulum. From (26.2), the amplitude x0 of the oscillations of the support is α0/Ω2 so that

(26.5)
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Using (26.4), we may write the equation of motion in the standard form of Mathieu’s equation:
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This equation is soluble in the form of an infinite series
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in which μ and the C2n are functions of the parameters a, q. If μ is either real or complex, the motion builds up exponentially and is therefore unstable. If, on the other hand, μ = iβ, where β is real, the motion is stable, and the dominant term n = 0 in the series solution behaves like


A’ cos βξ + B’ sin βξ


In the present case the fundamental frequency of the resulting motion is then βΩ/2.

Detailed discussions of the solutions of Mathieu’s equation are given elsewhere. 4 It can be shown that there exists an infinite set of regions in the a-q diagram for which the motion is stable, the first of these being shown in Fig. 26-1. The sign of q is related only to the phase of the applied oscillating force, hence it is irrelevant to the stability of the system. The sign of a, on the other hand, is very important in determining the stability. For q = 0, the motion is always stable for a > 0 (corresponding to the normal pendulum) and always unstable for a < 0 (corresponding to the inverted pendulum without oscillation of the support). We note that for q > 0.9 and a negative the motion will be stable if |a| is not too large, but if a is positive the motion is unstable. This may be demonstrated by operating an inverted pendulum in this region and then suddenly inverting it again so that it oscillates in the normal pendulum position. It is found that under these conditions the normal motion is unstable.
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Fig. 26-1. Stability diagram for Mathieu’s equation [image: e9780486140780_i0279.jpg] + (a – 2q cos 2ξ)θ = 0.




27. ROCKET MOTION

Let us consider a rocket of instantaneous mass M moving with velocity v, expelling propellant with a velocity c relative to the rocket.5 At a time Δt later, when an extra amount ( – ΔM) (>0) of propellant has been ejected, the velocity of the rocket is v + Δv and its mass is M + ΔM. The law of conservation of momentum then tells us that


(M + ΔM)(v + Δv) + (c + v)( – ΔM) = Mv


since the velocity of the propellant relative to the ground is c + v. Hence


[image: e9780486140780_i0280.jpg]


or


(27.1)
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where [image: e9780486140780_img_7744.gif] is the rate of increase of M, and so is negative. If in addition the rocket is subjected to forces such as drag which have a resultant F, and to the force – M vU of gravity (U = gravitational potential) the equation of motion becomes


(27.2)
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This is the equation of rocket motion which we consider first for the special case of free motion in one dimension (F = 0, U = canst, v antiparallel to c).

In this case (27.2) reduces to (27.1) which may be integrated to give


(27.3)
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where M0 is the mass of the rocket at the time when its velocity is zero. If the mass is known as a function of the time, the velocity and therefore the position may then be computed in terms of the time. In particular, if the rate of expulsion of propellant is uniform,
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where t0 = const, and the distance traveled in time t from rest is


(27.4)
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This is valid only up to the time (MF/M0)t0 at which the fuel, of initial mass MF, is exhausted. At this point the rocket has traveled a distance
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where ML = M0 – MF is the mass of the rocket without fuel, and the velocity is


(27.5)
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Unless the mass ML of the rocket when unfueled is very small compared with the mass M0 at take-off, the velocity reached can never be much larger than the exhaust velocity.

If the rocket is moving vertically upward in the gravitational field of the earth, assumed uniform, (27.2) becomes


(27.6)
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If [image: e9780486140780_img_7744.gif] is constant, so that the mass is decreasing linearly with time,


M = M0(1 – at) (aM0 = – [image: e9780486140780_img_7744.gif] > 0)


we have


(27.7)
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if υ = 0 when t = 0. The height reached at time t is then


(27.8)
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28. ATMOSPHERIC DRAG

If a macroscopic object moves through a region of space in which it is continuously bombarded by small particles, the motion of its center of mass is modified by a drag or lift force arising from the momentum transfer between the object and the particles. The resultant force depends on whether the collisions are elastic on the one hand, or such that the particles penetrate the object and become part of it on the other. For specular reflection, each particle imparts an impulse to the object in the direction normal to the surface at the point of collision, and the resultant drag then depends critically upon the shape of this surface. At the other extreme—the case in which the particles are absorbed by the object—the shape of the latter is not so important.

If A is the cross section of a body normal to the direction of its motion, the resultant drag force arising from its motion through a fluid is approximately proportional to the square of its velocity if the fluid motion is turbulent:


(28.1)
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Here p is the density of the fluid and CD is a coefficient which depends on the shape of the object and is a slowly varying function of v. For laminar flow, however, the force on a sphere of radius a is given by Stokes’ law


(28.2)
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where η is the viscosity of the fluid. It is therefore proportional to the first power of the velocity.

For a rocket moving vertically upward through the atmosphere, (27.6) gives, with (28.1),


(28.3)
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The atmospheric density p at height x is given approximately by


ρ = ρ0e – βx


where β – 1 ≈ 3 × 104 ft.

Equation (28.3) may be solved approximately by supposing that the effect of drag is small and expanding in powers of the coefficient CD. Thus for [image: e9780486140780_img_7744.gif] = const = – aM 0, we may substitute the solution (27.7), obtained by neglecting drag, into the last term of (28.3) to obtain with
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v0 being given by (27.7), x by (27.8). Thus v1 is obtained as a function of t.

More powerful methods of approximation will be discussed later in this book, although the development of digital and analog computers now makes it less important to obtain algebraic solutions to such problems, since in a practical case it is simpler and more accurate to solve equations such as (28.3) by machine.


29. THE POYNTING-ROBERTSON EFFECT

In this section we consider the motion of a meteoritic dust particle in the gravitational field of the sun, but take into account the effect of radiation pressure on the motion of the particle. Since the force due to radiation pressure is proportional to the area of the particle, whereas the gravitational force is proportional to the mass and therefore to the volume, the relative importance of radiation pressure increases as the radius of the particle decreases, until for particles of radius ∼10 – 4 cm the two forces are comparable.

We may make the simplifying assumption that the particle absorbs all the radiation that is incident upon it. If [image: e9780486140780_img_278.gif] ergs/sterradian/sec are emitted from the sun with a velocity c, the flux incident on the particle at a distance r from the radius of the sun is ([image: e9780486140780_img_278.gif]A)/(4πr2) ergs/ sec, where A is the cross section of the particle in the plane normal to the line joining it to the center of the sun. The particle therefore accretes mass at the rate [image: e9780486140780_img_7744.gif] = ([image: e9780486140780_img_278.gif]A)/(4πr2c2) grams/sec and acquires momentum at the rate [([image: e9780486140780_img_278.gif]A)/(4πr2c)]r per sec. Its equation of motion is therefore
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or


(29.1)
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In general, the radial force is dominant, and the effect of radiation pressure is simply to reduce the resultant attraction toward the sun. However, superimposed on this attraction is a small effective force in the direction of – v, and this force causes the particle to spiral in towards the sun. For


(29.2)
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this inward spiraling motion does not occur, since under these conditions the resultant radial force is in the direction away from the sun.

Spheres of density ρ and radius


(29.3)
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are therefore swept from the solar system by radiation pressure. As mentioned above, this critical radius depends on the density but using the value [image: e9780486140780_img_278.gif] = 3.78 × 1026 watts we find that it is of the order of 1 μ.

The assumption made in our analysis that the dust particle absorbs all of the radiation incident on it is not valid, but the motion of the particle would not be altered if some or even all of this energy were subsequently reradiated uniformly in all directions. However, the actual radiation pattern will depend upon the spin, thermal conductivity, and shape of the particle, and a nonisotropic pattern would lead to an extra thrust on the particle not included in the above analysis.6


30. THE DAMPED OSCILLATOR

We consider here the one-dimensional oscillator which is subject to a damping force which is proportional to the velocity and in the direction opposite to the velocity. The equation of motion is therefore


(30.1)
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Hence, on multiplying by [image: e9780486140780_img_7819.gif], we see that
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expressing the rate of decrease of the kinetic plus potential energy of the particle in terms of the rate at which work is done against the particle by the dissipative force.

Even though all quantities in (30.1) are real, we may look for a solution of the form


x = x0eαt


even though the resulting equation for a


mα2 + λα + k = 0


implies that α may be complex:


(30.2)
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If λ2 > 4km, α is in fact real, and the general solution of (30.1) is a sum of two terms corresponding to the two roots (30.2):


(30.3)
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Since both values of α are negative for λ > 0, the motion is damped, and since λ2 > 4km, there is no oscillatory motion. For the special case λ2 = 4km, the general solution in terms of the arbitrary constants A, B is
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The motion is then said to be critically damped. For λ2 < 4km, the solution continues to have the form (30.3), with A, B complex numbers such that the expression for x is real. Alternatively, we may now express the solution as
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where C, D are real constants. The oscillator therefore moves with angular frequency
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but its amplitude decreases by the factor
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during each period T. It will therefore decrease by a factor e during Q periods, where
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For 4mk [image: e9780486140780_img_8811.gif] λ2, the frequency is decreased only slightly by the damping, and
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Further discussion of dissipative systems is given in Sec. 46.


EXERCISES

1. A dust particle of radius 10 μ, density 5 grams/cm8 is left at a height of 80 km from the burning up of a meteor. Find the time for it to reach the ground if convection currents in the atmosphere are neglected.

2. Find the rate at which the earth is spiraling into the sun under the influence of the Poynting-Robertson effect.

(Ans. Approximately 5 × 10 – 4 cm per year!)

3. Write down and solve approximately the equation of motion of a rocket moving vertically upward, taking account of the variation of gravity.

4. An external force F0 cos Ωt is applied to the particle discussed in Sec. 30. Find the resulting steady state motion. Show the dependence of the amplitude and phase difference between the force and the velocity of the particle on the frequency of the applied force.

5. Discuss the case of a one-dimensional oscillator which is subject to a damping force equal to λx2. Find the effect of this force on the motion, neglecting powers of λ higher than the first.

6. Lunar tides on the earth cause a dissipation of kinetic energy of rotation by friction. Discuss the cause of the concomitant decrease of angular momentum.

7. Examine the analogy between simple, electric circuits and the types of motion discussed in Sees. 26 and 30 and Exercises 4 and 5.





6 LAGRANGE’S EQUATIONS OF MOTION

31. DERIVATION OF LAGRANGE’S EQUATIONS

In Chapter 2 the laws of motion were formulated in the language of vectors in a Euclidean three-dimensional space. The fact that these laws can be taken as statements in a 3N = f’ dimensional Euclidean space helps in the visualization of some properties of the system but does not contribute to the solution of a given problem, since the only change in the mathematics entailed by this point of view is a relabeling of the coordinates with a single index running from 1 to f’ instead of with two, perhaps i and p.

A problem in dynamics is usually given in the form of the question: What motion results from the action of specified forces acting on a system with specified constraints? The problem is thus to find a solution of the equation of motion


mρaρ = Fρ


starting from a given initial state, where Fρ is a given function of the coordinates and the time.

Elimination of the constraints by the method of Sec. 2 reduces the number of coordinates to the minimum, but these coordinates are not generally cartesian in nature. Writing down the components of the acceleration in generalized coordinates is tedious. We seek a form for the equations of motion which is valid in all coordinate systems and which involves only functions easily determined in generalized coordinates, namely functions of the coordinates and velocities.

A system of N particles is described by 3N cartesian coordinates xρ,i. This system is subject to k constraints, k < 3N. The 3N cartesian coordinates can then be expressed as functions of the f = 3N – k generalized coordinates qm. From Sec. 3 we obtain expressions for the cartesian velocity components.

(31.1)
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If now for purposes of differentiation we consider qm and [image: e9780486140780_i0310.jpg] as independent variables (which is certainly permissible since the coordinate differentials dqm which enter the [image: e9780486140780_i0311.jpg] do not depend on the qm), we obtain


(31.2)
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The equations of motion in cartesian coordinates are


(31.3)
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We now proceed to calculate the amount of work done by these forces in an arbitrary small displacement dxρ,i which is consistent with the constraints. This is given by


(31.4)
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When expression (31.3) is used for the Fρ,i, this becomes


(31.5)
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where use has been made of (31.2).

Equation (31.5) gives us an expression for the work done in an arbitrary small displacement, a quantity independent of any particular choice of coordinates, in terms of derivatives of a function with respect to the qm, [image: e9780486140780_i0316.jpg] , and t. The function occurring is the kinetic energy of the system T. Since T is a function of the [image: e9780486140780_img_7819.gif]ρ,i , it can easily be expressed in terms of the [image: e9780486140780_i0317.jpg] and the indicated differentiations carried out. Thus

(31.6)
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Now (31.4) may be written


(31.7)
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where


(31.8)
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may be called the generalized force components. The two expressions (31.6) and (31.7) must be equal for any displacement dqm, dt, and so the coefficients of dqm must be equal:


(31.9)
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These are the equations of motion in Lagrange’s form. The equality of the coefficients of dt is trivial.

It should be noted that the only forces Fρ,i which contribute to the generalized forces Qm defined by (31.7) are what we call the applied forces. The forces exerted by the constraints do not contribute to the Qm since they do not contribute to W. This arises from the fact that the displacements were chosen so that they did not violate the constraints. For example, in discussing the motion of a bead along a smooth wire, we should consider in (31.4) only those coordinate changes which are consistent with the condition that the bead remain on the wire, i.e., displacements that are normal to the constraining force. This force of constraint therefore does no work during the displacement. This is an important simplification because the forces exerted by the constraints are generally unknown and their discovery is necessary to solve the problem if the form (31.3) for the equations of motion is used.

If none of the constraints on the system involves the time and if a moving coordinate system is not introduced, the kinetic energy is a homogeneous quadratic function of the generalized velocity components. Equation (31.1) then becomes


(31.10)
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and thus


(31.11)
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where


(31.12)
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If there are moving constraints or if a moving coordinate system has been introduced, the kinetic energy T will involve terms linear in and terms independent of the generalized velocity components.

If the applied forces acting on the system are derivable from a potential function, the generalized force components are derivable from the same potential function expressed in terms of the generalized coordinates. If


(31.13)


[image: e9780486140780_i0325.jpg]


then from (31.7)


(31.14)
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Thus, if the system is in a lamellar force field, (31.9) can be written

(31.15)
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32. THE LAGRANGIAN FUNCTION

The equations of motion for a system in a lamellar field of force (31.15) suggest that the function T—V plays an important role. In generalized coordinates T depends on both the coordinates and the velocity components, whereas V depends only on the coordinates and perhaps the time explicitly. We may therefore introduce a term (d/dt) ( [image: e9780486140780_i0328.jpg] ) into (31.15) without changing it.

We define a function L by the equation


(32.1)
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and call it the Lagrangian function or, briefly, the Lagrangian. The equations of motion (31.15) then can be written as


(32.2)
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Knowledge of the Lagrangian alone is sufficient to predict the motion of a system in a lamellar field from a given initial state.

A Lagrangian exists if the system is in a lamellar field. This is not a necessary condition. A Lagrangian also exists if those forces Qm which are not derivable from a potential, Qm’ say, can be expressed in the form


(32.3)
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where M is a function of the coordinates and the velocity components. If this is the case, the Lagrangian is given by


(32.4)
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where V is the ordinary potential and M might be called a generalized potential. Such M functions are needed to describe the motion of a charged particle in an electromagnetic field.

The Lagrange equations of motion are a set of f ordinary differential equations of the second order. A complete solution will contain 2f arbitrary constants. These constants are usually taken to specify the state of the system at some initial time. Instead of giving the initial state of the system one might give the initial configuration and a later configuration. These conditions may not be self-consistent, because the second configuration may not result from the first one under the action of the given forces no matter how the initial velocity components are chosen.

One of the most useful devices for solving the Lagrange equations of motion is to discover the first integrals of the motion. A first integral of a set of differential equations is a function of the unknowns which contains derivatives of one order lower than the order of the differential equations themselves and which remains constant by virtue of the differential equations. Examples of such integrals are the energy and the momentum of isolated systems. The advantage of having an integral of the motion is that it reduces the order of the system of equations to be solved. Often a problem can be completely solved by using integrals of the motion without writing down the equations of motion. This was done in Chapter 3 by use of the energy integral. We proceed to investigate some of these integrals.


33. THE JACOBIAN INTEGRAL

In Sec. 12 the conservation of energy was discussed. If a system has a potential energy which does not depend on the time explicitly, the total mechanical energy of the system is constant. A theorem which reduces to the conservation of mechanical energy for most systems of interest is the following: In a system described by a Lagrangian which does not contain the time explicitly, the quantity


(33.1)
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is constant. The proof follows from (32.2).

(33.2)
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The quantity E is called the Jacobian integral of the motion.

In most systems of interest E represents the total mechanical energy of the system. Being of the form (32.1), the Lagrangian contains terms at most quadratic in the velocity components. Let us write L as


(33.3)
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where L2 is that part of L quadratic in the velocities, L1 is the part linear in the velocities, and L0 is the part independent of the velocities.

Then, by Euler’s theorem on homogeneous functions,


(33.4)
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so that


(33.5)
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Now if the system is described in a stationary coordinate system and if the potential is not of the generalized M type, the part L1 of the Lagrangian is zero, the part L2 is the kinetic energy, and the part L0 is the negative of the potential energy. A system with this type of Lagrangian is called a natural one. Thus in a natural system


(33.6)
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and represents the total mechanical energy. The mechanical energy of a natural system whose Lagrangian does not contain the time explicitly is constant.


34. MOMENTUM INTEGRALS

The Jacobian integral exists when the Lagrangian is independent of the time. When the Lagrangian is independent of a coordinate, another kind of integral exists which we call a momentum integral. The missing coordinate is called ignorable or cyclic.

Suppose that the Lagrangian does not contain qm explicitly. Then ∂L/∂qm is zero, and the corresponding Lagrange equation reduces to


(34.1)
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which gives upon integration


(34.2)
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where βm is a constant. In general, the quantity [image: e9780486140780_i0341.jpg] is called the m component of the momentum and is denoted by pm:


(34.3)


[image: e9780486140780_i0342.jpg]


Thus, if a coordinate qm is ignorable, the corresponding momentum pm is a constant. If the system is a natural one and if the coordinates are cartesian, the momenta defined by (34.3) are the same as those originally defined by (9.1), namely


(34.4)
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Momentum integrals may exist even though no coordinate is ignorable, since a change of coordinates may make a Lagrangian which contained only f—1 coordinates contain all f of the new coordinates. Similarly, on a fortunate change of coordinates, the new Langrangian may contain fewer coordinates than the old.

An example of an ignorable coordinate is given by a two-dimensional harmonic oscillator described in plane polar coordinates. Let the mass of the oscillator be m and the spring constant be k. Then in plane polar coordinates


(34.5)
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so that the Lagrangian is


(34.6)
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θ is an ignorable coordinate. Hence pθ = βθ = const.

(34.7)
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βθ is seen to be the angular momentum about the origin, and to remain constant throughout the motion. Another constant of the motion is provided by the Jacobian integral (33.6),


(34.8)
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Equations (34.7) and (34.8) can be solved for r and θ as functions of the time, the solution involving only the evaluation of two integrals.

If the system described above were given in terms of cartesian coordinates, there would be no ignorable coordinate, though both the energy and the angular momentum would still be conserved. In these coordinates


(34.9)
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so that the Lagrangian is


(34.10)
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It is not hard to show that the quantity


m (x[image: e9780486140780_img_7823.gif] — y[image: e9780486140780_img_7819.gif])


is constant as a consequence of the equations of motion. The existence of this integral is concealed by the unfortunate choice of coordinates.

In Sec. 13 the conservation of angular momentum was established for an isolated system of particles under the condition that the forces between any two particles of the system acted along the line joining the particles. We may now prove a more general theorem: the total angular momentum of an isolated system is conserved.

To prove this theorem we choose as one of the coordinates 0 of the system the angular position of one particular particle of the system about an axis. The angular positions of all the other particles of the system about this axis are then measured relative to the above particle, so that a displacement δθ causes the entire system to revolve about the axis through the angle δθ. The Lagrangian of the system will contain [image: e9780486140780_i0350.jpg] , and [image: e9780486140780_i0351.jpg] will be the component of the total angular momentum about one axis since ∂L/∂θ or Qθ is of the nature of a torque. Now, because the system is isolated, its angular position θ about an arbitrary axis cannot affect its motion, and so θ cannot appear in the Lagrangian and Qθ must be zero. Hence θ is an ignorable coordinate, and the angular momentum is


(34.11)
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This is true for any axis; therefore the total angular momentum is constant.

The distinction between this theorem and that of Sec. 13 lies in the way the angular momentum is defined. If “spin” angular momentum is present, the quantity [image: e9780486140780_i0353.jpg] may differ from l [image: e9780486140780_img_903.gif] n, where l is the “orbital” angular momentum defined in Sec. 15, and n is a unit vector in the direction of the above axis. Nonrelativistically, this difference is a constant if forces within the system are central in character. If noncentral forces are acting or relativistic effects are considered, only the total angular momentum is conserved (see Sec. 78).


35. CHARGED PARTICLE IN AN ELECTROMAGNETIC FIELD

In Sec. 32 we mentioned that a Lagrangian exists for systems in which the forces are not derivable from an ordinary potential but are expressible in the form


(35.1)


[image: e9780486140780_i0354.jpg]


where M is a function of the coordinates, velocities, and perhaps the time. Of particular interest are those cases where the forces Qm’ are those on a charged particle in an electromagnetic field, since these forces depend on the velocity and cannot, therefore, be derived from an ordinary potential.

The electric and magnetic fields in vacuo can be expressed in the form


(35.2)
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where A is the vector potential and φ the scalar potential. We use gaussian units so that c is the velocity of light in vacuo.

The force on a particle with charge e is given by the Lorentz formula


(35.3)
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To show how this can be derived from an M function we write down the equations of motion

(35.4)
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The part of E coming from the scalar potential φ is already in the required form, since it is derivable from an ordinary potential. Using a result of Exercise 9, Chapter 1,


v × (∇ × A) = ∇(v [image: e9780486140780_img_903.gif] A) — (v . ∇)A


we may rewrite (35.4) thus:


(35.5)
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The form of (35.5) suggests combining the total time derivatives on the left, to give


(35.6)
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With a total time derivative on the left and a partial derivative with respect to the coordinates on the right, this has the general form of a set of Lagrange equations


(35.7)
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and, with qj (j = 1, 2, 3) denoting the cartesian coordinates, (35.6) is identical with (35.7) if
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or, in vector notation,
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i.e., if


(35.8)
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The Lorentz force equation (35.4) may therefore be derived from this Lagrangian, the effects of the vector potential A on the motion of the particle being described very simply by the extra M function [cf. (32.4)]

[image: e9780486140780_i0364.jpg]


The subtraction of the M from the Lagrangian changes the momentum as defined by (34.3):


(35.9)
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Thus the momentum of a charged particle moving in an electromagnetic field is not defined as its mass times its velocity. If such a particle moves under the influence of vector and scalar potentials which are independent of a particular coordinate, then the momentum of the particle in that direction is a constant of the motion, momentum being defined by (35.9).
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EXERCISES

1. Write down the expressions for the kinetic energy of the following systems, using the minimum number of coordinates: (a) a free particle; (b) a particle constrained to remain on a sphere; (c) a particle constrained to remain on a circular cylinder; (d) a particle constrained to remain on a paraboloid of revolution.

2. A system is described by a Lagrangian L(qm, [image: e9780486140780_i0366.jpg], t) involving f coordinates. If k additional constraints


φs(q1 · · · qf, t) = 0 (s = 1 · · · k)


are imposed on the system, show that the Lagrange equations may be written


[image: e9780486140780_i0367.jpg]


where the λs(t) are unknown functions of t. The equations of motion together with the k equations of constraint provide f + k equations for the f + k unknowns, the qm and the λs. (The λ’s are known as Laprange multipliers.)

3. Write down the Lagrangian for a particle confined to a horizontal plane in cartesian coordinates. Introduce the additional constraint x2 + y2 = a2 by means of a Lagrange multiplier λ, and show that λ is proportional to the centripetal force exerted by the constraint upon the particle.

4. Show that in general the reaction on a constraint φ introduced with a Lagrange multiplier λ is given by


[image: e9780486140780_i0368.jpg]


5. An isolated system is described first in a fixed cartesian coordinate system and then in a uniformly moving one. Write down the Lagrangian for the system in both coordinate systems, and show that the equations of motion are identical. (The potential energy of an isolated system depends only on the relative positions of the particles and so only on the difference of coordinates.)

6. An isolated system is described first in fixed cartesian coordinates and then in a cartesian coordinate system which is rotating uniformly about the z axis with angular velocity ω. Write down the Lagrangian in both coordinate systems. If the motion of each particle of the system is constrained to be either parallel or perpendicular to the plane containing that particle and the z axis, show that the effect of the rotation is to modify the potential energy of the system. (Either of the above constraints is sufficient to eliminate the Coriolis force, which cannot be derived from a potential.)

7. Compare the values of the function [image: e9780486140780_i0369.jpg] — L in the stationary and moving coordinate systems of Exercises 5 and 6.

8. Show that, if the electromagnetic potentials φ and A are independent of the time, the Jacobian integral for the system of a charged particle in the electromagnetic field is the energy and is independent of A. (This reflects the fact that a magnetic field can do no work on a charged particle.)

9. It is remarked in Sec. 32 that the solution of the equations of motion cannot always be specified by giving the configuration of the system at two distinct times. Show that in the case of the harmonic oscillator this can be done except when the two times are separated by an integral number of periods. Show that, if the two times are separated by almost a period, the motion is very sensitive to the conditions given.

10. Show that the equations of motion derivable from a Lagrangian are unchanged if to the Lagrangian there is added the total time derivative of an arbitrary function of qm, t.

11. If F is a known function of the generalized velocities [image: e9780486140780_i0370.jpg] , discuss the applicability of the equations


[image: e9780486140780_i0371.jpg]


to the motion of a dissipative system, with particular reference to (29.1), (30.1), and (28.3). F is called the Rayleigh dissipation function.





7 APPLICATIONS OF LAGRANGE’S EQUATIONS

36. ORBITS UNDER A CENTRAL FORCE

Some of the properties of the motion of a particle under the influence of a force directed toward a fixed point were discussed in Sec. 24. Such a central force is not necessarily derivable from a potential, the only condition on it being that in spherical polar coordinates with the origin at the center of force the generalized forces Qθ, Qφ in the θ, φ directions should be zero. The kinetic energy expressed in terms of such coordinates is


(36.1)
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and the equations of motion are


(36.2)
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Since T does not depend on φ, the last of equations (36.2) may be integrated to yield


(36.3)
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where m is a constant. This is an angular momentum integral, and it gives the component of the angular momentum about the polar axis.

(In quantum mechanics this angular momentum component has to have the value of an integral multiple of [image: e9780486140780_img_8463.gif] = h/2π, where [image: e9780486140780_img_8463.gif] is Planck’s constant. This integer is denoted by m and is called the magnetic quantum number. In the classical case m can assume any value.)

Since the direction of the polar axis is arbitrary, all components of the angular momentum are constant and, therefore, so is the square of the length of this vector. This square is given by


(36.4)
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That this is a constant may also be verified directly:
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since from (36.1), (36.2), and (36.3) it follows that
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Thus pθ[image: e9780486140780_img_7767.gif]θ = m2 cos θ cosec8 [image: e9780486140780_i0378.jpg] and l2 is constant. Note that |m| ≤ l.

Sometimes it is more convenient to reorient the coordinate system so that l2 nas a simple form. If we choose the polar axis to lie in the plane of the orbit, i.e., if we choose the direction of the polar axis so that it intersects the orbit at some point, m vanishes, because at the point of intersection r and φ must be finite and sin θ vanishes. When we use this fact, the expression (36.1) for the kinetic energy becomes simplified because the term involving φ disappears. Thus


(36.5)
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This is the expression for the kinetic energy of a particle moving in a plane and described in plane polar coordinates.

The total orbital angular momentum now appears as the momentum p0, and it is a constant because T does not depend on θ:


(36.6)
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To obtain an equation for the orbit we eliminate the time between (36.6) and the first of equations (36.2) with (36.5) for T. From the former,


(36.7)
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The latter equation is


(36.8)
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Thus the equation of the orbit is


(36.9)
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This becomes simpler on the introduction of u = 1/r as the independent variable:


(36.10)
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In many cases occurring in nature, especially central gravitational and electrostatic forces, the central force on a particle may be derived from a potential function V. It then follows that V can depend only on r and, possibly, t, for if it were a function of θ or φ it would yield a force on the particle that would not be directed toward the origin.

In systems where the force Qr is derivable from a potential, more information can be obtained about the orbit without actually solving (36.10). If the potential energy is independent of the time, the total energy E = T + V is an integral of the motion. We can discuss the orbits in terms of E.

Using the angular momentum integral (36.6) in the radial equation of motion (36.8), we obtain


(36.11)
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This is precisely the radial equation of motion that would be obtained from the one-dimensional Lagrangian


(36.12)
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Thus the radial motion in a conservative central force problem is the same as the motion of a conservative one-dimensional system with a potential function V* given by


(36.13)
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V* depends on the angular momentum of the original system. The addition to the potential energy, l2/2μr2, is called the centrifugal potential. The negative of its gradient gives the centrifugal force. (Note that this result cannot be obtained by eliminating φ from the Lagrangian T — V directly by means of the angular momentum integral. The reason is that the operator ∂/∂r occurring in the radial equation of motion requires θ to be held constant, and not l. Thus ∂l/∂r ≠ 0, even though dl/dt = 0.)

When V(r) is known, V*(r) can be found for any value of l. The results of Sec. 17 may then be used to get a qualitative picture of the orbits. If the r motion is oscillatory, the particle is in a bound orbit about the origin. If the r motion is nonoscillatory, the orbit is not bounded and the particle goes to infinity. A sticking motion in the r direction always gives an orbit which approaches a circle asymptotically. As in Sec. 17, which of these orbits actually occur depends on the form of the potential and the value of the energy.


37. KEPLER MOTION

The most important instance of central motion is that under the influence of an inverse square law of force. This law comprises both gravitational and electrostatic forces; the electrostatic forces may be either attractive or repulsive, whereas the gravitational forces are always attractive.

An inverse square law of force is derivable from a potential


(37.1)
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so that we obtain the potential


(37.2)
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the constant having been chosen so that V(∞) vanishes. If the force is attractive, κ is negative; if the force is repulsive, κ is positive.

The equation for the orbit (36.10) becomes


(37.3)
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the right-hand side becoming a constant for this form of V. This equation can be integrated to give


(37.4)
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where e and θ0 are the constants of integration. θ0 represents the orientation of the curve. It is important in finding the motion resulting


[image: e9780486140780_i0392.jpg]

Fig. 37-1. Geometry of conic sections.



from given initial conditions, but for our purpose it is unimportant and will be taken to be zero. The shape of the orbit depends on the constant e. Equation (37.4) is the equation of a conic section. A conic section is the locus of a point whose distance from a given point, the focus, bears a constant ratio to its distance from a given line, the directrix. This ratio is e, the eccentricity of the conic. Figure 37-1 shows the geometrical situation. The focus is taken as the origin, and the directrix is a distance 8 to the left of the focus. Then we have


(37.5)
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the second equation being similar in form to (37.4).

The character of the orbit depends on the value of e. If e < 1, 1/r never vanishes and so r remains finite. This curve is an ellipse. If e = 1, 1/r vanishes when θ = 0 only; therefore, at θ = 0, r becomes infinite. This curve is a parabola. If e > 1, 1/r vanishes for two values of θ, hence r becomes infinite for two values of θ. This curve is a hyperbola. From (37.4) it is clear that, since u is essentially nonnegative, if κ is positive e must be greater than unity and the orbit must be a hyperbola. Furthermore, in this case e cos θ > 1, so that θ is confined to a range of values which is less than π in extent. Thus the hyperbola has the origin as an exterior focus. If κ is negative, e may be greater than unity, so that again the orbit is a hyperbola; but in this case the restriction on θ is that e cos θ < 1, which confines θ to a range of values which is greater than π in extent. Thus the hyperbola has the origin as an-interior focus. When κ is negative e may be unity or less than unity, giving parabolic and elliptic orbits respectively.

Most of the above information can be summed up in the physically obvious statement that when the force is repulsive the orbit is convex to the origin, whereas when the force is attractive the orbit is concave to the origin.

The Lagrangian for Kepler motion is

[image: e9780486140780_i0394.jpg]


Since L is independent of the time, the total energy


(37.6)
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is a constant of the motion.

For e < 1, the maximum and minimum values of r allowed by (37.5) are called the apsidal distances,
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respectively, their average


(37.7)
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being the major semiaxis of the ellipse. At an apsidal distance, [image: e9780486140780_img_7769.gif] = 0, and E may be most conveniently related to the parameters specifying the ellipse by evaluating (37.6) at one of these points. Setting r = r1 or r2 and [image: e9780486140780_img_7769.gif] = 0 in (37.6), and using the equation (37.4) for the ellipse, we obtain


(37.8)
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and


(37.9)
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Equation (37.8) is valid for elliptic or hyperbolic motion, although in the latter case it is necessary to set r = r2, the minimum apsidal distance. Thus for e < 1, it follows that E < 0, a result which corresponds to the fact that a particle moving in an ellipse does not have enough energy to escape to infinity. If E < 0, it follows from (37.8) that κ < 0, i.e., such elliptical motion can occur only under the influence of an attractive potential. Further, from (37.9), one notes that the energy depends only on κ and the major axis of the ellipse, i.e., all elliptical orbits with the same major axis about the same attractive center correspond to the same energy per unit mass in the case of gravitational attraction and the same energy per unit charge in the case of electrostatic attraction.

The magnitude of the angular momentum l is


(37.10)
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where [image: e9780486140780_i0401.jpg]is the rate at which the radius vector sweeps over the area of the ellipse. Thus [image: e9780486140780_i0402.jpg]= const, a result known for the motion of the planets as Kepler’s second law.

The area A of the ellipse is


(37.11)
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The period of the motion is then


(37.12)
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In the case of a planet of mass m in the solar system
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(G = gravitational constant, M = mass of sun) so that the factor (μ/κ)32 in (37.12) has almost the same value for each planet. Thus τ2 ≈ a3, a result known as Kepler’s third law.

The equation of the orbit and the angular momentum integral enable us to find the time dependence of the motion. Using (37.4), with θ0 = 0, we may write the angular momentum integral in the form dt/dθ = μ/(lu2) so that


(37.13)
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The period τ is twice the limit of t — t0 as θ → π, which yields (37.12).

The potential V* of the equivalent one-dimensional system is, from (36.13),


(37.14)
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This potential is illustrated in Fig. 37-2 for both signs of κ. If κ ≥ 0, there is no potential minimum and the orbits, being hyperbolas, are


[image: e9780486140780_i0408.jpg]

Fig. 37-2. Effective Kepler potentials.



unbounded. If κ < 0, there are bound orbits for negative values of E. The bound orbits are ellipses, the unbounded ones hyperbolas for E > 0, parabolas for E = 0.

The position and depth of the potential well in the right-hand side of Fig. 34-2 depend on the value of l. The value of r for which V* is a minimum is


(37.15)
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and the corresponding value of V7 is
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The smaller l is, the deeper the potential well and the closer it is to the origin. The product rminVmin7 = κ/2 is independent of both the angular momentum and the reduced mass of the system, depending only on the original potential V.

By choosing l and E sufficiently small, the motion can be confined within arbitrarily narrow limits. One would expect this argument to break down on the atomic scale because of the existence of a smallest unit of angular momentum. Let us take l = h; let μ be the reduced mass of the electron and proton; and let κ = —e2, where e is the charge on an electron. Then, from (37.15),
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This value of rmin is the radius of the first Bohr orbit in the hydrogen atom in the classical picture of the atom. The argument that the motion can be confined arbitrarily closely does indeed break down here, but the details of the failure are beyond the scope of this volume.

The motion of a satellite or a ballistic missile under the influence of the earth’s gravitational field is also described approximately by the equation of motion (37.3) but it is more convenient to express the equation of the orbit in terms of quantities measured at burn-out.7 Thus if γ is the angle to the local upward vertical made by the velocity vector at burn-out, and r0 is the distance of the burn-out point from the center of the earth, the orbit during free flight is described by the equation


(37.16)
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the oblateness and rotation of the earth being neglected. Here the orbit is described by r and θ coordinates as shown in Fig. 37-3, and α is twice the ratio of the kinetic to potential energy at launch. Equation (37.15) is of the form (37.5) which describes an ellipse, and for θ = 0 it gives r = r0. The equation also implies that
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as required. We leave to the reader to verify that
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where υ0 is the initial velocity.

The following theorem holds for motion in a Kepler field between any two points A and B: A projectile fired from A with the minimum
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Fig. 37-3. Parameters specifying an elliptic orbit in the field of the earth.
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Fig. 37-4. Geometrical construction for minimum energy orbit.



kinetic energy required to reach B must be projected so that its initial velocity vector bisects the angle between AB and the upward drawn vertical at A. A special case of this theorem occurs when A and B are close together on the horizontal surface of the earth. In this case the initial velocity vector lies at an angle of 45° to the horizontal.

The result may be established from (37.16) which describes the orbit, but it is simpler to use a geometrical construction as shown in Fig. 37-4. Let O be the center of the Kepler potential (e.g., the center of the earth) and let A and B be the two points in question, OAC being the upward drawn vertical at A. If S is the other focus of that ellipse which requires a minimum energy to pass through A and B, we have


OA + AS = 2a = OB + BS


or

(37.17)
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From (37.9)
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so that for minimum kinetic energy T at A it is required that a should also be as small as possible. From (37.17) since OA and OB are fixed, this implies that AS + BS should be a minimum, i.e., that the other focus S should lie on the line AB. Since it is a property of the ellipse that the tangent at any point of the ellipse bisects the angle between the lines joining that point to the focuses, the result follows. A more general optimization theorem for powered flight is given in Sec. 80.


38. RUTHERFORD SCATTERING

In Sees. 22 and 23 some preliminaries to a solution of scattering problems were discussed. We now wish to treat the scattering of particles caused by an inverse square law force. As in Sec. 22, one particle is initially at rest while the other has a component of velocity toward the first. This system is treated in the center-of-mass system, where it reduces to the motion of a particle of mass μ under the influence of a fixed force center, the scattering center.

In atomic and nuclear physics, where scattering experiments are made, the problem is not to find the orbit of a particular particle acted on by the scattering center. The details of the orbit are not observed, but only the initial and final velocities. Even these are observed only statistically in most cases; usually the distribution in angle of the scattered particles is observed when a great many particles are scattered. The problem is to predict this distribution.

The solution of collision problems is given in terms of a cross section. If there is a flux of N particles per unit area toward a force center and if n of these particles undergo the process in question, the cross section for that process σ is defined as


(38.1)
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The value of n must be large enough to preclude the possibility of large statistical fluctuations in the value of σ. The dimensions of σ are those of an area. In nuclear problems σ is expressed in units of 10—24 cm2, a unit which is called a barn.

The process of concern to us here is the scattering of the incident particle. This scatteríng requires two angles for its specification, one angle θ being the angle through which the particle is scattered, the other angle φ giving the orientation of the plane in which the initial and final velocity vectors lie. Thus we shall be interested in the cross section for scattering through an angle between θ and θ + dθ in a plane whose azimuth lies between φ and φ + dφ. The differentials of these two angles combine naturally into the differential of solid angle dω:


(38.2)
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The differential cross section σ(θ, φ) for scattering into the element of solid angle dω about the direction specified by the angles θ and φ is the cross section per unit solid angle, and therefore the cross section for this scattering is σ(θ, φ) dω.

If the force is a central one, the cross section is independent of φ, and we may write the cross section for scattering through the angle θ in any plane as


(38.3)
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The total scattering cross section σ is the cross section for scattering through any angle at all,


(38.4)
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In the present case this integral diverges; this means merely that the force between charged bodies of such long range that the path of an incident particle is deflected even at very large distances from the force center. This does not occur in nature because there every charge is more or less closely surrounded by a, charge of opposite sign which cuts down the range of the force.

We now wish to find σ(θ) when the force between the particles is an inverse square force.

The orbit of the particle will be a hyperbola. The direction of one asymptote of the hyperbola is given by the direction of the initial velocity v0. The direction of the other asymptote is determined by the initial speed υ0 and the collision or impact parameter γ γ is the distance from the force center S that the particle would pass if there were no force acting. The angle of scattering is the angle between the asymptotes. If ψ is the angle so marked in Fig. 38-1, the angle of scattering θ is given by


(38.5)
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If there is a flux of one particle per unit area in the direction of v0,
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Fig. 38-1. Rutherford scattering.



the cross section for the particle having a collision parameter between γ and γ + dy is the area of the ring of radius γ and width dy.

(38.6)
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Now if θ is known as a function of γ, the cross section 2πσ(θ) sin θ dθ for scattering through an angle between θ and θ + dθ is given by


(38.7)
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where the negative sign occurs because θ decreases as γ increases. Our problem thus reduces to finding θ as a function of γ.

The equation of the orbit is, from (37.4),


(38.8)
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The asymptotic directions are those directions for which r is infinite or for which u vanishes. Thus


(38.9)
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It now remains to find γ as a function of θ. Since the angular momentum is given by


(38.10)
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and the total energy E is


(38.11)
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it follows that


(38.12)
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by substituting for l in terms of υ0, κ, θ from (38.11).

Thus, from (38.7),
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or


(38.13)
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This is the famous Rutherford scattering formula.

Formula (38.13) was the basis for a series of experiments by Geiger and by Geiger and Marsden.8 In those experiments the incident particle was an alpha particle from naturally radioactive material, and the scattering center was a gold or silver nucleus. The mass ratio between the particles is so great that the laboratory and the center-of-mass coordinates system can be taken as coincident. The object of the experiment was not, of course, to check (38.13) but to see if the scattering produced by an atom is that resulting from a central force given by Coulomb’s law.

The cosec4 (θ/2) dependence was verified over a range of angles which made this quantity vary by a factor of 250,000, and the velocity dependent factor was varied by 10. The prediction of the Rutherford formula was fulfilled; thus strong evidence for the nuclear model of the atom was provided.


39. THE SPHERICAL PENDULUM

The spherical pendulum is a generalization of the plane pendulum in which the particle comprising the system is constrained to move on a sphere rather than on a circle. The force is not a central one but is constant in the vertical direction. We choose the mass of the particle and the radius of the sphere to be unity, and we measure time in such units that the acceleration of gravity is also unity (ef. Sec. 8).

Spherical coordinates are used to describe the particle. Because of the constraint, r = 1 and [image: e9780486140780_img_7769.gif] = 0. The expression for the kinetic energy is therefore


(39.1)
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and that for the potential energy is


(39.2)
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where the polar axis is taken in the downward direction and the constant is chosen so that the potential vanishes at the bottom of the sphere. The Lagrangian is thus


(39.3)
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This is a conservative, natural system.

The coordinate φ is ignorable. Hence


(39.4)
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The total energy is constant:


(39.5)
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φ can be eliminated by use of (39.4) to yield


(39.6)
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This is a differential equation for θ.

(39.7)
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If θ is not zero, we may make the substitution


(39.8)


[image: e9780486140780_i0441.jpg]


upon which (39.7) becomes


(39.9)
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The turning points of the θ motion are given by the zeros of (39.7) or (39.9). Equation (39.9) gives a cubic equation in z. We have
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There is thus one root between z = — ∞ and z = —1, which is of no interest since it means that θ is imaginary, and there are an even number of roots between z = —1 and z = +1, i.e., either none or two. Since the initial value of z does not make [image: e9780486140780_img_380.gif]2 negative, there must be one root, and so there are two real roots in this region. They may not be distinct.

These two real roots in the physical region give two horizontal circles on the sphere between which the motion takes place. If the root is double, the two circles coincide and the orbit is a circle. A spherical pendulum moving in a circular orbit is called a conical pendulum.

The equation for [image: e9780486140780_img_380.gif] (39.9) could be solved in terms of elliptic functions. We do not carry out the exact solution but look for an approximate one by means of a perturbation method. (A discussion of perturbation methods in general is given in Sec. 74.)

The idea of a perturbation method is this: We seek a system similar to the one of interest but enough simpler so that it can be solved exactly. The difference between the actual system and the simpler system is then treated as a small quantity, and the solution of the actual system is expressed as a power series in this quantity. Usually only the first two or three terms are retained. The simple system is called the zero-order approximation, and the solution linear in the difference terms is called the first-order, that quadratic in the difference terms the second-order, etc. We shall make only a first-order calculation here.

We take the zero-order system to be the conical pendulum. Its angle with the polar axis is a constant, θ0. Then in general


(39.10)
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where λ is a so-called parameter of smallness in powers of which the expansion is to be made. The θ equation of motion is


(39.11)
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and the angular momentum integral is


(39.12)
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Introduction of (39.12) into (39.11) gives


(39.13)
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We now insert the value (39.10) in (39.13), obtaining


(39.14)
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Expanding this in powers of λ and retaining only linear terms, we get


(39.15)


[image: e9780486140780_i0449.jpg]


Coefficients of the various powers of λ must vanish separately because this is to be an identity in λ. Thus


(39.16)
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and


(39.17)
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Equation (39.16) can be solved for β2 and the value inserted in (39.17). This yields


(39.18)
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θ1 executes harmonic oscillations:


(39.19)
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Thus the solution for θ is


(39.20)
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The pendulum oscillates about the value θ = θ0. The corresponding φ motion may now be found.

From (39.12) we see that


(39.21)
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Inserting the value (39.19) for θ1 and integrating, we obtain

(39.22)
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On the average φ has its unperturbed value, but it oscillates about this value with the angular frequency ω.

The orbit of the particle will be approximately an ellipse, but the major axis of the ellipse will precess in the direction of rotation.

Using .(39.20) and (39.22), we see that at t = 0,


θ = θ0 + λ, φ = 0


and at t = π/ω,
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Thus the azimuth φ increases by more than π/2 in the time that the particle goes from the outer limit to the inner limit of its motion. The φ motion gains on the θ motion, causing the advance of the major axis. The amount of advance per revolution can be found easily if θ0 is small. Then, at t = π/ω,


(39.23)
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The relative gain in φ is on the average [image: e9780486140780_i0459.jpg] sin2 θ0, so that in one revolution the gain is (3π/4) sin2 θ0. If we return to metric units in which the radius of the sphere is a, the last value can be written
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where dmax and dmin are the major and minor semiaxes of the ellipse respectively.


40. LARMOR’S THEOREM

A theorem concerning the motion of a system in a uniform magnetic field is of importance. Consider a system with a potential energy which is symmetrical about the z axis of a coordinate system, so that


(40.1)
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where ρ is the distance of a point from the z axis. If the system is placed in a magnetic field parallel to the z axis, an M function must be subtracted from the Lagrangian of the system. The vector potential of a uniform magnetic field is given by


(40.2)
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or in cylindrical coordinates


(40.3)
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Thus in this case


(40.4)
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From now on we drop the subscript from the B, since only the one component is present.

The Lagrangian of the system is now


(40.5)
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θ is an ignorable coordinate.


(40.6)
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Let

(40.7)
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This ω is called the Larmor frequency. Then


(40.8)


[image: e9780486140780_i0468.jpg]


We introduce a coordinate system rotating about the negative z axis with angular velocity ω,


(40.9)


[image: e9780486140780_i0469.jpg]


and in this coordinate system


(40.10)
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Thus in the rotating coordinate system, angular momentum about the z axis is conserved.

The Lagrangian may be expressed in terms of the rotating coordinate system:


(40.11)
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Thus ω enters only in the term [image: e9780486140780_i0472.jpg] — ω2, and, if ω is small compared to [image: e9780486140780_i0473.jpg], then ω can be neglected. A small magnetic field can thus be entirely eliminated from the problem by viewing the system from a rotating coordinate system.

The meaning of the word small depends on the mechanical system. Let us examine the situation in an atomic problem, the lowest state of the hydrogen atom according to the most elementary Bohr picture. The electron revolves in a circular orbit around the proton, the angular momentum being just h. The equations of motion are


(40.12)
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and


(40.13)
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Solving these equations for the radius of the orbit,

(40.14)
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Now a magnetic field which we should call large would cause the electron, traveling at the speed of the electron in the hydrogen atom, to travel in a circle whose radius is of the same order of magnitude as the r in (40.14). Thus the magnetic force on the electron must be equal in order of magnitude to the electrostatic force on the electron in the hydrogen atom:


(40.15)
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or


(40.16)
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To evaluate this we may break it up into familiar combinations of the fundamental constants


(40.17)
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where α is the fine structure constant e2/hc and r0 is the classical electron radius. The numerical result shows that the magnetic fields obtainable in the laboratory, so far about 106 gauss at most, are very small fields in the sense of Larmor’s theorem.

In larger scale systems where the charged particles describe larger orbits, the range of magnetic fields which can be considered as small is very much more restricted.


41. THE CYLINDRICAL MAGNETRON

As an illustration of the use of Larmor’s theorem we consider the cylindrical magnetron, a device in which electrons move in an axially symmetric electric field and in a uniform magnetic field parallel to the axis. Let the electrostatic potential energy be V(ρ) with V(0) = 0. The Lagrangian for the system is given by (40.5).

We introduce a coordinate system rotating around the negative z axis with the angular velocity ω given by Larmor’s theorem:


(41.1)
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In this system the z component of the angular momentum is constant:


(41.2)
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z is also an ignorable coordinate, so that i is constant. We can make this constant vanish by choosing a coordinate system moving in the z direction with the appropriate speed.

In the stationary system there is the Jacobian integral


(41.3)
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If we take as initial conditions that the kinetic energy is zero at ρ = 0 and that β = 0, which are appropriate if the electron is emitted from a cathode of small diameter, then E = 0.

For a given strength of magnetic field the maximum value of p which the electron can attain is given by


(41.4)
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with [image: e9780486140780_img_8164.gif] put equal to zero. If we denote this value of p by ρ*, (41.4) becomes


(41.5)
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Equation (41.5) may be looked at another way. ρ* may be the distance from the axis to the plate of the magnetron, and V(ρ*) may be an externally fixed potential energy. Then (41.5) is an equation for the magnetic field which will just allow electrons to reach the plate.

The magnetic field in this case is not small, since [image: e9780486140780_i0485.jpg] = —ω. In order to obtain Larmor frequencies of 1010 radians/sec a magnetic field of only the order of 1000 gauss is necessary.


EXERCISES

1. A particle of mass m is acted on by a force


Fx = – k1x, Fy = —k2y, Fz = 0


If initially [image: e9780486140780_img_380.gif] = 0, show that the motion is plane. Show that the force is noncentral unless k1 = k2. Find the orbit of the plane motion, and verify the fact that the rate of change of angular momentum is the torque. Find the ratios of k1 to k2 which make the motion periodic.

2. A particle of mass m with initial velocity v0 strikes a smooth sphere of radius a and mass M which is at rest. Find the cross section for scattering of the particle through an angle between θ and θ + dθ in the center-of-mass system. Find the average value of the logarithm of E1/E2, where E1 is the initial energy and E2 is the final energy in the laboratory system. Show that an approximate expression for this is given by 2m/M.

3. Find the differential scattering cross section of a scattering center described by a potential energy such that


V = 0 (r > a), V = —E0 (r ≤ a)


for particles of reduced mass μ. (The particle receives an impulse when crossing the sphere r = a. Otherwise it experiences no forces.)

4. Charged particles (electrons) are emitted from a source at the origin with a continuous energy spectrum. If the source is placed in a homogeneous magnetic field B in the z direction, and if only those particles which start out at an angle between θ and θ + dθ with the field are considered, show that particles of a given energy are focused at a point on the z axis. Evaluate the derivative ∂E/∂z, assuming θ fixed, and ∂E/∂θ at fixed z. (This principle is used in the construction of some beta-ray spectrometers. The resolving power of such an instrument is given by E/dE, where
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and where dθ is the angular range selected and dz is the effective extension along the z axis of the source and detector.)

5. Particles of charge e and mass m pass between segments of concentric cylinders of radius a, a + δ respectively, the angle of the segments being ψ. If there is a potential difference V between the cylinders, find the velocity which will permit a particle to travel in a circular orbit concentric with the cylinders. Show that all particles with this velocity starting out in the pencil of directions between —dα and +dα with the circular orbit will be brought to a focus at a point if ψ is properly chosen. Neglect the fringing field and treat δ as small. (This system is used as a velocity selector for ions in connection with accelerators of the van de Graaff type.)

6. Particles of charge e and mass m are emitted in various directions with various speeds in a uniform magnetic field B in the x direction and a uniform electric field E in the y direction, B > E (in gaussian units). Show that the paths of the particles for which [image: e9780486140780_img_7819.gif] = 0 are cycloids progressing in the e direction.

7. Show that, if a particle of mass m and charge e is moving in a uniform electric field, that field may be eliminated from the problem by viewing the system from a coordinate system which is under an acceleration a = eE/m relative to the system in which the electric field is E.





8 SMALL OSCILLATIONS

42. OSCILLATIONS OF A NATURAL SYSTEM

In this chapter we shall study the motion of a system when its configuration is close to a configuration of static equilibrium. A system of particles is in static equilibrium when all the particles of the system are at rest and the total force on each particle is permanently zero. Many systems which are not in static equilibrium may be reduced to equivalent systems which are. In Sec. 36 the motion of a particle in a plane under the action of a central force derivable from a potential was reduced to an equivalent one-dimensional problem with a potential including the centrifugal potential. This equivalent system may have a configuration of static equilibrium for a particular value of r, namely the r for which ∂V*/∂r vanishes. This “static” equilibrium really represents a motion of the particle about the force center in a circular orbit. The restriction to cases of static equilibrium is thus not as stringent as might at first be imagined.

The system of particles is described by f generalized coordinates qj. We first consider a natural system so that the kinetic energy is a homogeneous quadratic function of the generalized velocity components and the potential is independent of the time.

(42.1)
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The equilibrium values of the coordinates qj,0 must be such that


(42.2)
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where the subscript indicates that the derivative is to be evaluated at qj = qj.0.

If we restrict our attention to a small region in configuration space about the position of equilibrium, we may expand the potential in a power series and may neglect all but the first nonvanishing, nonconstant term:
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The first term on the right is a constant and may be chosen to be zero. The second term vanishes because of (42.2). The third term is the first one of interest. We introduce new coordinates with qj,0 as origin, so that qj — qj,0 becomes simply qj. Then we can write


(42.3)
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where the quantities Vij are constants and Vij = Vji. The Vij thus form a symmetric matrix.

The kinetic energy is already a positive definite quadratic form in the velocity components, and gij = gji. If we again restrict our attention to a small region of configuration space about the equilibrium configuration, the gij may be considered as constants, having the values they have at equilibrium. We put (gij)0 = Gij. Thus Gij is a symmetric matrix with constant elements and positive eigenvalues. Then


(42.4)


[image: e9780486140780_i0491.jpg]


Near the equilibrium configuration of the system the Lagrangian may therefore be written as


(42.5)
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Since the matrices G and V are constant, the equations of motion derived from the Lagrangian (42.5) are


(42.6)
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or, in matrix notation,


(42.7)
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This is a set of simultaneous differential equations with constant coefficients representing the motion of a set of coupled oscillators. Multiplication by the matrix G—1, the reciprocal of G, which always exists, transforms the equation to


(42.8)
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where


(42.9)
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The coupling between the oscillators then occurs through the off-diagonal terms of the matrix A, for in general A will not be diagonal.

We look for harmonic solutions of (42.8) of the form


(42.10)
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Note that in this equation q is a vector with f components. It may be imagined as a vector in f-dimensional space or as a definite linear combination of the components q1, q2, . . . qj corresponding to a set of simultaneous values for the various degrees of freedom. From (42.8) and (42.10) it follows that a simple harmonic motion of the vector q with angular frequency ω is possible if


(42.11)
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i.e., if q is an eigenvector of the operator A defined by (42.9) belonging to the eigenvalue ω2. From Appendix II these eigenvalues are the roots of the equation


det (Akj — ω2δkj) = 0


or, on multiplying by det Gik,


(42.12)
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The eigenfrequencies may therefore be determined directly from the matrices V, G which appear in the Lagrangian (42.5). The eigenvectors may be obtained directly from (42.11) or from the equivalent equation


(42.13)
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Since G and V are real symmetric matrices, it follows that the eigenvalues ω2 of A are real. To see this we take the conjugate complex of (42.13)


(42.14)
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so that
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from (42.13)
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from (42.14)



Since V and G are symmetric, it then follows that ω2 = ω*2, i.e., that ω2 is real since q*Gq ≠ 0, G being positive definite.

Each oscillation with a definite frequency is called an eigenvibration or normal mode of the system. During such a vibration the corresponding vector q changes only in length and not in direction, i.e., the mode consists of the simultaneous oscillation of several, possibly all, degrees of freedom, the ratios of the amplitudes of the displacements of the various degrees of freedom staying constant. If A is degenerate, there is an arbitrary choice of the normal modes that correspond to the same eigenfrequencies. New coordinates xi along the directions of the eigenvectors qi of A may be introduced to describe the system. The equations of motion for the xi then become


(42.15)
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These coordinates are called the normal coordinates of the system. If these eigenvectors are chosen as a set of basic vectors, the matrix A becomes transformed to a diagonal matrix (see Appendix II)


(42.16)
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where


(42.17)
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Equation (42.15) is then seen to follow directly from (42.8). This diagonalization procedure shows how appropriate linear combinations of the coordinates behave as uncoupled oscillators, each with its own characteristic frequency.

Equation (42.15) may be formally derived from the Lagrangian


(42.18)
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although this is not necessarily the same Lagrangian as (42.5) (cf. Exercises 1, 2).

If the determinantal equation is too involved to solve directly, the variational expression (Appendix II, Eq. 51) for the eigenvalues may be used. It becomes


(42.19)
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43. SYSTEMS WITH FEW DEGREES OF FREEDOM

(a) The Double Pendulum. As an example of the method derived in the last section, consider two pendulums of equal mass and length suspended from a nonrigid support in such a way that the displacement of one pendulum influences the potential energy of the other, and vice versa. Confining ourselves to small oscillations, we have


(43.1)
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where θi is the angle of the ith pendulum from the vertical, where ε is the coupling constant between the pendulums, and where natural units are used with m = l = g = 1. The sign and magnitude of ε will depend on the actual structure of the pendulum support.

The two matrices Gij and Vij may be identified:


(43.2)
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The determinantal equation for the eigenfrequencies is thus


(43.3)
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or


(43.4)
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Finally, if ε is small, we obtain


(43.5)
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In conventional units


(43.6)
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The normal modes of oscillation are now obtained from (42.13) with the values of ω2 from (43.4). These equations are


(43.7)
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Since they are compatible, either equation may be solved for the ratio θ1/θ2:


(43.8)
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Assuming ε to be positive, if the upper sign is chosen, the two pendulums oscillate together with an angular frequency less than that of one of the pendulums singly; if the lower sign holds, they oscillate in opposite directions at a frequency larger than the uncoupled frequency. The general oscillation is a superposition of these two modes of oscillation. The oscillation of either pendulum will in general show the phenomenon of beats.

(b) The Triple Pendulum, a Degenerate System. The double pendulum has two degrees of freedom and therefore two eigenfrequencies which are distinct. If a third pendulum is added coupled symmetrically to the others, the system becomes degenerate. If all pendulums are alike, we have, using natural units,


(43.9)
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The matrices Gij and Vij are identified to be


(43.10)
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so that the determinantal equation is


(43.11)
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Let 1 — ω2 = μ. Then (43.11) becomes


(43.12)
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The three roots of this cubic are


(43.13)
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The system is degenerate, two frequencies being equal.

To find the normal modes corresponding to these frequencies, we may solve any pair of the equations


(43.14)
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for, say, the ratios θ1/θ3, θ2/θ3. Using the single root of (43.11), we obtain


(43.15)
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This shows us that one eigenvector of the matrix Aij (which here is Vij since Gij is the unit matrix) has all three components equal:


(43.16)


[image: e9780486140780_i0524.jpg]


If the double root of (43.11) is used, all three of equations (43.14) are equivalent:


(43.17)
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We take as the second eigenvector one satisfying (43.17) and having its second component zero:


(43.18)
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The third eigenvector is chosen to satisfy (43.17) and to be orthogonal to x2|. Thus, if its components are (a, b, c), we must have


(43.19)
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The result is


(43.20)
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Any combination of the vectors x2| and x3| is again an eigenvector.

The normal coordinates of the system are


(43.21)
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The reader will readily verify that in these coordinates the Lagrangian of the system is


(43.22)
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The choice (43.18) for x2|, hence the resulting expression (43.20) for x3|, is arbitrary. In the case of a twofold degeneracy such as this, there is a one-parameter set of possible eigenvibrations. Any linear combination of x2| and x3| is again an eigenvibration. We can choose as eigenvibrations any two linear combinations of x2| and x3| (four parameters) subject to the restrictions that both be normalized and that the two be orthogonal (three conditions). There is thus one “degree of freedom” left in the choice of the eigenvibrations. In general, the choice of eigenvibrations with an n-fold degeneracy involves n(n — 1)/2 parameters.

(c) The CO2-like Molecule. We consider a system consisting of a particle of mass μ situated midway between two particles of mass unity. To specify the configuration of the system we introduce a set of cartesian coordinate axes with the z axis along the line joining the particles. The coordinates x1, y1 measure the displacement of the first of the two particles of unit mass away from the z axis, and z1 meae-ures the displacement along the z axis away from the position of equilibrium. x2, y2, z2 do the same for the other particle of unit mass, and x3, y3, z3 describe the particle of mass μ.

We place the origin of the coordinate system at the center of mass, in this case at the equilibrium position of the central (carbon) atom. In this system the linear momentum is zero


(43.23)
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and similarly for y and z, so that


(43.24)
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We shall consider the case in which the angular momentum about the center of mass is also zero. Since during a vibration the central atom is displaced only an infinitesimal distance from the center, only the other two atoms contribute a finite amount to the angular momentum and we may write


(43.25)
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where a is the equilibrium separation of the particles. Thus


(43.26)
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From (43.24), then,


(43.27)
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The kinetic energy of the system is


(43.28)
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and the potential energy is


(43.29)
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Here the force constant κ has been assumed to be the same in all directions perpendicular to the axis of the system. k is the force constant in the z direction between the carbon and one oxygen, and k’ is that of the force between the two oxygens. Insertion of (43.26) and (43.27) into (43.28) and (43.29) yields


(43.30)
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and


(43.31)
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Only four coordinates remain in T and V. The matrices G and V may be identified. They are


(43.32)
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and


(43.33)
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Equation (42.12) for the eigenfrequencies has the form


(43.34)
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where


(43.35)
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The determinant is the product of three factors, two of them linear in ω2 and one quadratic.

Two of the eigenfrequencies are identical and are given by


(43.36)
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The corresponding eigenvibrations involve x1, y1, and therefore, by (43.26) and (43.27), x2, y2 and x3, y3 also. Since a degeneracy exists, the choice of the eigenvibrations is arbitrary to a certain extent. A possible choice would be to take vibrations lying in two mutually per-pendioular planes, the xz plane and the yz plane. Thus the first eigenvector can have components


(43.37)
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where the first three components are the coordinates of one of the particles of unit mass, the second three those of the other, and the third three those of the central particle. Similarly,


(43.38)
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Neither e1| nor e2| involves any angular momentum of the system,. A linear combination of e1| and e2| with proper phase can, however, involve angular momentum. Using the complex time factor eiwt, the unit vectors
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represent rotations of the system about the z axis in opposite directions. Thus linear combinations of degenerate eigenvibrations may have the nature of rotations. This fact is of importance in the theory of molecular spectra. It leads to a coupling between the rotational and vibrational states of motion of a molecule.

The other two eigenfrequencies of our system are determined by the equation


(43.39)
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the roots of which are


(43.40)
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The corresponding eigenvectors are


(43.41)
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and


(43.42)
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These two frequencies being nondegenerate, the corresponding eigenvectors are uniquely determined.

Figure 43-1 shows the eigenvibrations of the system.

[image: e9780486140780_i0552.jpg]

Fig. 43-1. Eigenvibrations of CO2.



For a discussion of the application of group theory to similar analysis for more complicated molecules, the reader is referred to Appendix III.


44. THE STRETCHED STRING, DISCRETE MASSES

As an example of a system with many degrees of freedom we take a light string loaded at equal intervals by equal masses. Consider a length l = (n + 1)a of a string for which coordinates x0 · · · xn+1 label the equilibrium positions of the ends of the segments. Equal masses µ are located at positions x1 · · · xn (xρ – xρ – 1 = a).

We shall consider both transverse and longitudinal motion of the


[image: e9780486140780_i0553.jpg]

Fig. 44-1. Massless string with uniformly spaced masses (transverse oscillations).



masses, since much of the analysis is applicable to either situation. First of all, if the displacements are transverse (Fig. 44-1) the potential energy comes from the tension of the string. Let the transverse displacements of the masses be ψ0 · · · ψn+1 with ψ0 = ψn+1 = 0. The potential energy associated with one segment is then the tension, K, times the extension of the segment; the total potential energy is the sum over the segments. Thus


(44.1)
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where the term within [ ]½ has been expanded in terms of (ψρ — ψρ – 1)/a.

If the displacements are longitudinal (Fig. 44-2), the potential energy comes from the elasticity of the string. Let the force required to stretch a length a of the string an amount ψ be F = K’ψ/a. Then
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Fig. 44-2. Massless string with equal masses spaced uniformly at equilibrium (longitudinal oscillations).



if the longitudinal displacements are ψ0’ · · · ψn+1’, the potential energy per segment is [image: e9780486140780_i0556.jpg] (K’/a)(Δψ’)2, and for the entire string is given by


(44.2)
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which is formally identical with (44.1) though the symbols have distinct meanings. We drop the primes and consider either situation. For either transverse or longitudinal oscillations the kinetic energy is


(44.3)
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The matrices G and V may be identified. G is a multiple of the unit matrix. V is a matrix with diagonal elements and with elements lying on either side of the principal diagonal. Thus (42.12) for the eigenfrequencies becomes


(44.4)
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If n is large a direct solution of this equation becomes difficult.

Except for the first and last row, each row is obtained from the one above it by stepping it over one space. Thus each ψρ is related to ψρ – 1 in the same way, except for ρ = 0, n + 1. We know that the time dependence will be harmonic with angular frequency ω. We assume


(44.5)
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where finally either real or imaginary parts of all expressions are to be taken. Then


(44.6)


[image: e9780486140780_i0561.jpg]


Insertion of this form of ψρ into the equation (42.12) for the eigenvectors of the problem leads to
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or


(44.7)
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The values of ω2 thus depend on φ, the phase difference of the motion of adjacent masses.

The values permitted to φ depend on the conditions placed on the ends of the string. For fixed end points, we take


(44.8)
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The equation for ψ0 may be satisfied by taking


ψ0 = A sin ωt


so that


(44.9)
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To satisfy (44.8) for ψn+1 we must have


sin (n + 1)φ = 0, (n + 1)φ = mπ


where m is an integer, so that


(44.10)
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The eigenfrequencies are given by


(44.11)
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The n values of m (m = 1, 2, · · · , n) give all possible values of the frequency, although any integer m is permissible. The eigenvectors have components


(44.12)
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The particles all lie on a sine curve whose wavelength depends on the value of m and thus on the frequency ωm|.

The solution just obtained is a standing wave. By changing the boundary conditions we can get traveling wave solutions. Let us choose ψ0 = ψn and ψ1 = ψn+1, These are known as periodic boundary conditions because we can imagine the string to be duplicated indefinitely on either side, and with these boundary conditions the motion of each duplicate would be the same.

The periodic boundary conditions are satisfied by ψρ given by (44.9) provided


(44.13)
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so that


(44.14)
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The eigenfrequencies are now, by analogy with (44.11),


(44.15)
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This differs from (44.11) in two respects. The range of m is reduced by one because our new boundary condition gives ψn in terms of ψ0 whereas before ψn was free. More important, in this case the string must contain an integer number of whole wavelengths of the oscillation whereas before an integer number of half wavelengths would do. Thus m multiplies 2π rather than π in the argument of the cosine.

This traveling wave solution is not exactly in the form of an eigenvibration as we have used the term, because when real variables are employed the time dependence is not described by a factor common to all ψρ. Instead we have


ψ0 = Ae – iωt = |A|eiθe – iωt


as ψ0 must share the periodic motion, and thus


(44.16)
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Remembering that ρ measures distances along the string in units of a, we may write this as


(44.17)
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which is the usual form for a traveling wave. The phase velocity υp is thus


(44.18)
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which, for m [image: e9780486140780_img_8810.gif] n, becomes independent of m


(44.19)
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obtained from expanding (44.15) and (44.18).

The group velocity of a wave is defined by


(44.20)
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From (44.15) and (44.17) we have
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Thus


(44.21)
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This becomes zero for ka = π or m = n. The corresponding frequency, the maximum, is therefore known as the cutoff frequency. At this frequency adjacent masses move oppositely.

Values of m > n can occur. We see what they mean if we consider ρ as a continuous variable. If m’ = m + nN, then from (44.16) we see that


[image: e9780486140780_i0579.jpg]


However, ψρ has meaning only for integer p, so that the 2πρN in the argument contributes nothing. If we want to draw a sine curve through the points (ρa, ψρ), we can make it have as many oscillations as we wish between the points pa. The range 0 < m < n yields the longest wavelengths possible.


45. REDUCTION OF THE NUMBER OF DEGREES OF FREEDOM

Consider a system, described by a quadratic Lagrangian, whose eigenfrequencies and eigenvibrations are known. We inquire about the effect on this system of a constraint which is independent of the time and which does not alter the equilibrium configuration of the system. Let us describe the configuration of the system by the normal coordinates xi. The Lagrangian is then given by (42.18).

The new constraint may also be described in terms of the normal coordinates:


(45.1)
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We expand φ in a Taylor series and retain only the linear terms.

(45.2)
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The constant term must vanish because the equilibrium configuration, xi = 0 for all ι, must satisfy the constraint. Hence the equation of constraint may be written


(45.3)
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where
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The effect of the constraint (45.3) is most easily found when the variational definition of the eigenfrequencies and eigenvectors is used. According to (42.19), the unconstrained eigenfrequency ωk is determined from


(45.4)
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(45.5)
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where the expression (42.18) has been used for the Lagrangian. The conditions for determining the kth constrained eigenfrequency are the same except for the addition of the constraint (45.3) to the set of equations (45.5).

If the vector a is parallel to an eigenvibration, say the mth, then in the normal coordinate system of the unconstrained problem the vector a has only one nonzero component, the mth. In this case (45.3) cannot affect the definition of any of the other eigenvectors because these eigenvibrations are mutually orthogonal, and therefore none of them has an m component. Equation (45.3) is automatically satisfied for all but the mth eigenvibration. The normal coordinate xm is frozen, but none of the others is affected.

If the vector a is not parallel to an eigenvibration, then (45.3) is independent of all of (45.5) and may affect any of the eigenvibrations. The effect of (45.3) is to restrict the variations in x allowed in finding the maximum in (45.4). In general, then, this maximum will be lower than it was without the constraint. Denoting the kth constrained eigenfrequency by [image: e9780486140780_i0586.jpg] , we see that


(45.6)
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We can say more than this. [image: e9780486140780_i0588.jpg] is found by adding an equation of the type (45.3) to the set of equations (45.5) used to determine ωk2 and then varying the vector a to obtain the minimum. This minimum occurs when a is the kth eigenvibration. However, we are not free to vary a to obtain the minimum, and so we must have


(45.7)
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Combining (45.6) and (45.7), we see that


(45.8)
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The constrained eigenfrequencies lie between the unconstrained ones. If two or more of the unconstrained eigenfrequencies are equal, i.e., if the unconstrained system is degenerate, there will be at most one fewer constrained eigenfrequencies of that frequency. Thus a single constraint can reduce the multiplicity of a degenerate eigenfrequency by at most one. It does not necessarily reduce it at all. In general, only those eigenfrequencies are affected which have a component in the direction of the constraining vector a.


46. LAPLACE TRANSFORMS AND DISSIPATIVE SYSTEMS

In the study of oscillations in linear coupled systems, the method of Laplace transforms is particularly useful. Although applicable to systems such as those discussed already in this chapter, the method finds its widest application in the many problems of engineering importance in which the individual elements of a coupled system are subject to linear dissipative forces and driven by an externally applied periodic force. Without discussing Laplace transforms in detail, we shall summarize the chief relevant results of this analysis and apply these to the problem of linear dissipative coupled oscillators.

If f(t) is a function of the time t which is single-valued for t ≥ 0, the Laplace transform of f(t) is defined by


(46.1)
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where the real part of the complex variable s is large enough [Re (s) > σ] to make this integral absolutely convergent. The inverse transformation is then given by


(46.2)
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with t ≥ 0, where we require c > σ, since F(s) is defined only for Re (s) > σ. It then follows on integration by parts that


(46.3)
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where, if there is a discontinuity in f(t) at t = 0, f(0) is to be defined as the limit of f(t) as t → 0 from positive values. Similarly,


(46.4)
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or in general


(46.5)
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where
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Thus, on taking the Laplace transform of any linear differential equation of the form


(46.6)
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we have


(46.7)
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giving F(s) explicitly in terms of s and the initial values of f(t) and its first N – 1 derivatives. The function f(t) is then given for t > 0 by (46.2), which becomes


(46.8)
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The integral is evaluated by determining the poles of the integrand, i.e., the solutions of the characteristic equation


(46.9)
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For each such root s = sk (k = 1 · · · N) there will be a term in f(t) proportional to [image: e9780486140780_i0601.jpg] , as may be seen by direct inspection of (46.6). The coefficients of these terms are given by (46.8) when the initial conditions are specified.

An equation of the form


(46.10)
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between two dependent variables f(t), e(t) does not of course provide enough information to give a solution, but using the above method we may write


(46.11)
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where F(s), E(s) are the Laplace transforms of f(t), e(t) respectively. If initially f(t) and its first N – 1 derivatives vanish, we have


(46.12)
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where in this particular case
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G(s) is called the open-loop transfer function from e(t) to f(t). It describes the response f(t) of the system to the external stimulus e(t).

We may also consider the case in which the external driving force or other stimulus in (46.10) is replaced by the difference between e(t) and f(t). This could be realized in an electrical network by feeding a signal from the response back into the stimulus in such a way that it is subtracted from e(t). The system then receives a stimulus only when the output differs from the input. The transfer function H(s) so obtained between e(t) and f(t) is called the closed-loop transfer function


(46.13)


[image: e9780486140780_i0606.jpg]


where we leave to the reader to verify that


(46.14)
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The wide application of these concepts to the synthesis of electrical and mechanical networks reaches far beyond the scope of this book. However, transfer functions are also often used in the solution of problems in theoretical physics, although they are rarely referred to as such.

The extension of this analysis to a system of coupled linear oscillators which are subject to damping and driving forces is direct. The equations of motion (42.6) now assume the form


(46.15)
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where the matrix Λij describes the damping of the system and the ei(t) represent the external forces. The Laplace transformation of this equation is


AQ = B


where the elements of the operator A and the vector B are known functions of s if the ei(t) are prescribed


(46.16)
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and the Ei(s) and the components Qj(s) of Q are the Laplace transforms of ei(t), qj(t) respectively. The solution is therefore given by


Q = A – 1B


where
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provided that the reciprocal matrix exists. If the reciprocal matrix does not exist, we have


(46.17)
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a direct generalization of (42.12), to which it reduces in the special case A = 0, s = iω. The solutions of (46.17) correspond to the eigenfrequencies of Sec. 42, but in the present case the “normal modes” are damped.
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EXERCISES

1. Show how the Lagrangian (42.5) leads to the equations of motion (42.13) by virtue of the transformations (42.16), (42.17).

2. Show that for Gij = δij the Lagrangians (42.5), (42.18) are identical.

In each of the following exercises, find the eigenfrequencies and normal modes of small oscillations, sketch graphs of the normal modes, and understand physically why certain eigenfrequencies do not depend on parameters which appear in the exercises or are less than or greater than other eigenfrequencies.

3. A string of length 4a is held tight with a tension K, both ends being held fixed, and three particles, each of mass m, are placed at distances a from each other and from the ends. Investigate small transverse oscillations of the system.

[image: e9780486140780_i0612.jpg]


4. Two particles, each of unit mass, are connected by a spring of strength k to each other and by springs of unit strength to two fixed supports, the whole system lying in a straight line. Investigate small longitudinal oscillations of the system.
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5. Two unit masses are coupled by springs of unit strength to a mass m. Investigate small longitudinal oscillations without imposing any conditions on the momentum of the system.
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Compare these results with those for the CO2-like molecule [Sec. 43(c)].

6. A uniform horizontal rectangular plate rests on four similar springs at the corners. Investigate small oscillations for which the plate remains rigid.

7. A uniform bar of length 3l/2 is suspended by a string of length l. Investigate small oscillations in one plane.





9 RIGID BODIES

47. DISPLACEMENTS OF A RIGID BODY

In Sec. 14 a rigid body was defined as a system of at least three non-collinear particles which move so that the distance between any two of them stays constant throughout the motion. This is an idealization of the situation that occurs in practice, in which the separations of the various atoms in a solid oscillate about equilibrium values that are determined by the interatomic forces. However, it is an idealization that is unimportant when discussing the motion of the solid as a whole.

The number of coordinates needed to describe the configuration of a rigid body is six. To see this, consider three non-collinear particles of the body. These particles have three coordinates apiece, but there are three constraints, so that there is a total of six free coordinates. Any other particle of the body also has three coordinates, but its distances from the first three particles are fixed, so none of the additional coordinates are free. The six coordinates may be thought of as the three coordinates of any point in the body and the three coordinates needed to give the orientation of the body about that point. Thus the N particles in a rigid body are subjected to 3N – 6 constraints, leaving six degrees of freedom for the body as a whole.

We may consider a set of cartesian coordinate axes to be a part of a rigid body. During a displacement of the body, this set of axes will retain its cartesian character. If we consider a second set of cartesian coordinate axes, fixed in space, that coincides with the body system before the displacement, we can describe the displacement by giving the connection between the space coordinates of a point and the body coordinates of that same point, in other words, by giving the transformation from the space system to the body system. This transformation will be a linear one because of the cartesian nature of the coordinates.

Let us denote the coordinates of a particle of the body referred to the body coordinate system by [image: e9780486140780_i0615.jpg] , and the coordinates of the same particle referred to the space coordinate system by xi. Before the displacement the two coordinate systems coincide. Afterwards we must have


(47.1)
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where the STij and ai are constants specifying the displacement. The ai are the space coordinates of the origin of the body system. The STij specify the orientation of the body coordinate axes relative to the space coordinate axes. ST is introduced here instead of S itself in order that our notation will agree with that of Equation (6.2). The ai are independent, but the STij are subject to conditions imposed by the rigid character of the displacement. The distance of any particle of the body from the origin of the body coordinate system must be the same when measured in either coordinate system. Thus


(47.2)
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and so


(47.3)
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This is the condition for the matrix S to be orthogonal. There are nine elements in S, and (47.3) provides six conditions, since for any matrix A the product A AT is symmetric. There are therefore three free parameters in S.

The orthogonal matrix S with three rows and three columns possesses one eigenvalue of unity. That it has one real eigenvalue follows from the fact that the eigenvalue equation is a cubic in the unknown with real coefficients. That the real eigenvalue is ± 1 follows from the fact that an orthogonal matrix does not change the length of vectors. It is +1 because a right-handed set of axes remains right-handed during a displacement. The eigenvector corresponding to the eigenvalue unity remains unchanged during the part of the displacement described by S. This part of the displacement is called a rotation, and the eigenvector is the axis of the rotation.

In the above discussion we applied a rotation S about an axis through the common origin of the body and space coordinate systems and then a translation a to the body. Let us now apply the rotation S about an axis through the point whose radius vector is w and then apply a translation b to the body. We obtain


(47.4)
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or


(47.5)
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This is the same displacement as the one described by (47.1) if


(47.6)
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or


b – a = (ST – I)w


For a given w, this determines b uniquely. However, this does not determine w in terms of a, b, and S because the determinant of the coefficients of the wi vanishes. Let n be a unit vector in the direction of the axis of the rotation. Then


(47.7)
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so that


(47.8)
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Thus b – a is perpendicular to the axis of rotation, and so the difference in the effect of the rotation S about two parallel axes is a translation in the plane perpendicular to these axes.

In (47.6), w can be chosen so that the components of the translation b in this plane are zero. The condition is that


(47.9)
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Eliminating b between (47.9) and (47.6) yields


(47.10)
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Again, in (47.10) the determinant of the coefficients of the wi vanishes, but so does that of the a, so that (47.10) is not a meaningless equation for arbitrary a. Equation (47.10) does not determine the vector w uniquely, for if w is a solution so is w + αn, where n is the unit vector of (47.7). If we require that w be orthogonal to n, namely that


(47.11)
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then (47.10) and (47.11) determine w completely. Geometrically this means that only the new axis of rotation is important, no one point on the axis being distinguished.

The result of this analysis is that the most general displacement of a rigid body is a rotation around an axis plus a translation parallel to the axis. This result is due to Chasles.

The general displacement of a rigid body involves both rotation and translation. The most interesting mechanical applications, however, involve rotation alone. This comes about because in problems of interest either one point of the body is constrained to remain fixed, or the motion is separable into a motion of the center of mass and a rotation about the center of mass. In the latter situation the translation is that of a particle, the center of mass, and the rigid body character enters only into the motion relative to the center of mass. Thus from now on we neglect the translation and confine our attention to displacements given by


(47.12)
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We call systems whose displacements are described by (47.12) rigid rotators.

The rotations of a rigid body about a fixed point constitute a group; i.e., the result of two successive rotations is a rotation; to every rotation there corresponds an inverse rotation; there is a rotation which leaves the body unchanged; rotations obey the associative law. These follow from the properties of the orthogonal matrices which represent the rotations: the product of two orthogonal matrices is orthogonal; every orthogonal matrix has an inverse since its determinant is ± 1; the unit matrix is orthogonal; matrices in general obey the associative law. The rotations themselves constitute the abstract three-dimensional rotation group. The 3 ×3 orthogonal matrices form a representation of the group. This representation may be described most conveniently in terms of the Euler angles described in the next section.

An alternative representation of the rotation group is provided by the group of quaternions of unit norm. This representation and its expression in terms of the homogeneous parameters of Euler and the Cayley-Klein parameters, as well as its relation to the orthogonal matrices Sij and to the Pauli spin matrices, are described in Appendix IV.


48. EULER’S ANGLES

One way of describing the most general rotation of a rigid body about a point is in terms of the following three rotations, taken in the order given:



	Rotation through an angle φ about the 3 axis.

	Rotation through an angle θ about the new 1 axis (OK).

	Rotation through an angle ψ about the new 3 axis (3).


These rotations are shown in Fig. 48-1. Once the convention is decided upon, these three Euler angles φ, θ, ψ specify unambiguously the configuration of the body by specifying the directions of the three


[image: e9780486140780_i0628.jpg]

Fig. 48-1. Euler’s angles.



orthogonal axes, [image: e9780486140780_i0629.jpg] which are fixed in the body.

The orthogonal matrix S of (47.12), which gives the transformation from the fixed space coordinate system to the body coordinate system, may be expressed directly in terms of the Euler angles. Let z be a vector fixed in the body and described in the body coordinate system by the components [image: e9780486140780_i0630.jpg] . Then

(48.1)


[image: e9780486140780_i0631.jpg]


The displacement takes place in three steps, each step being a rotation about a coordinate axis. Thus

(48.2)


[image: e9780486140780_i0632.jpg]


Each of these three matrices is a simple generalization to three dimensions of the matrix given in Appendix II.

(48.3)


[image: e9780486140780_i0633.jpg]


so that


(48.4)


[image: e9780486140780_i0634.jpg]


It is possible to find the axis of rotation and the angle of rotation, x, directly from S. The axis of rotation is the direction of the eigenvector whose eigenvalue is unity. It is thus determined by the equations


(48.5)


[image: e9780486140780_i0635.jpg]


If this eigenvector were introduced as a coordinate axis, the matrix S would have a form similar to one of those in (48.3), and we would have


(48.6)


[image: e9780486140780_i0636.jpg]


The value of the trace of a matrix is independent of the coordinate system, so that in any case


(48.7)


[image: e9780486140780_i0637.jpg]



49. KINEMATICS OF ROTATION

The motion of a rigid body with one point fixed is described by giving the matrix S as a function of the time. The rate of change of the components of a vector fixed in the body is found by differentiating the first of equations (48.1)


(49.1)


[image: e9780486140780_i0638.jpg]


or, in matrix notation,


[image: e9780486140780_img_7776.gif]z + S[image: e9780486140780_img_380.gif] = 0


where z has the components zi, the components relative to axes fixed in space of a vector which is fixed in the body. Multiplying by ST we have


(49.2)


[image: e9780486140780_i0639.jpg]


where


(49.3)


[image: e9780486140780_i0640.jpg]


Differentiating STS = 1 with respect to time, we have


ST[image: e9780486140780_img_7776.gif] = – [image: e9780486140780_img_7776.gif]TS = —(ST[image: e9780486140780_img_7776.gif])T


so that Ω = – Ω , or Ω is antisymmetrical. We write it thus


(49.4)


[image: e9780486140780_i0641.jpg]


or


Ωij = εijkωk


so that


(49.5)


[image: e9780486140780_i0642.jpg]


Equation (49.2) becomes


(49.6)


[image: e9780486140780_i0643.jpg]


Thus the ωi introduced by (49.4) are the components of the angular velocity vector in the space coordinate system [cf. (14.5)]. The components of this same vector relative to axes fixed in the body may be found by transforming the vector [image: e9780486140780_img_380.gif] to the body coordinate system. Thus, from (48.1) and (49.2)


S[image: e9780486140780_img_380.gif] = – SΩz = [image: e9780486140780_i0644.jpg]


where

(49.7)


[image: e9780486140780_i0645.jpg]


We leave it to the reader to verify that [image: e9780486140780_i0646.jpg] is also antisymmetric. We may therefore write


(49.8)


[image: e9780486140780_i0647.jpg]


so that, from (49.6),


(49.9)


[image: e9780486140780_i0648.jpg]


which is the same result as (49.6) expressed in terms of the components in the body coordinate system.

The angular velocity components may be expressed in terms of S, ST from (6.15) and (49.4) as follows:


(49.10)


[image: e9780486140780_i0649.jpg]


It is possible to derive relations between the angular velocity components and the rate of change of the Eulerian angles by studying Fig. 48-1. Since in that figure the direction cosines of the 3 axis and the OK axis relative to the space axes are respectively (sin θ sin φ, – sin θ cos φ, cos θ) and (cos φ, sin φ, 0), the components of the angular velocity of the body along the space axes are immediately seen to be


(49.11)


[image: e9780486140780_i0650.jpg]


Equivalent expressions for [image: e9780486140780_i0651.jpg] , the components of the angular velocity vector referred to the body axes 1, 2, 3, may also be obtained in a similar manner. They are


(49.12)


[image: e9780486140780_i0652.jpg]


As an example of (49.7) we may consider


[image: e9780486140780_i0653.jpg]


where Sψ is given by (48.3). It then follows that


(49.13)


[image: e9780486140780_i0654.jpg]


corresponding to rotation about the [image: e9780486140780_i0655.jpg] axis with an angular velocity ψ. Similarly,


(49.14)


[image: e9780486140780_i0656.jpg]


Using these equations we are able to derive (49.12) analytically. The angular velocity vector has components referred to axes fixed in the body given by


(49.15)


[image: e9780486140780_i0657.jpg]


where the dashes represent elements that may be obtained from the condition that [image: e9780486140780_i0658.jpg] is antisymmetric. This result agrees with (49.12).

The introduction of the angular velocity has been much more involved than that of the linear velocity. The reason for this is not difficult to find. The linear displacement of a body, a translation, is representable by a vector. The velocity is then the derivative of this vector with respect to the time. Angular displacements are representable by vectors, but the angular velocity vector may not always be obtained from an angular displacement vector by simple differentiation. Suppose that there were functions Λi of the Euler angles such that the angular velocities were their time derivatives:


(49.16)


[image: e9780486140780_i0659.jpg]


Then


(49.17)


[image: e9780486140780_i0660.jpg]


Comparing (49.17) with (49.12) we see that


(49.18)


[image: e9780486140780_i0661.jpg]


But then we would have


(49.19)


[image: e9780486140780_i0662.jpg]


and so no such functions Λi exist. This result is a general one and in no way depends on the particular parameters used to describe rotations. The angular velocity components are nonintegrable combinations of the time derivatives of the parameters of the rotation group. They are frequently called the derivatives of quasi coordinates. (See Sec. 77.) This result is intimately connected with the fact that the rotations describing the orientation of the body do not commute, so that not only the magnitudes of the rotations, but also their order, must be given for the orientation to be specified.

The above analysis may also be used to relate the velocity and acceleration of a moving point with respect to the body axes with its velocity and acceleration relative to the space axes. Let us consider a particle which is not necessarily fixed with respect to either set of axes and denote its position vector relative to body and space axes by [image: e9780486140780_i0663.jpg] , r respectively. Thus [cf. (48.1)]


[image: e9780486140780_i0664.jpg] = Sr


so that


[image: e9780486140780_i0665.jpg]


or


(49.20)


[image: e9780486140780_i0666.jpg]


Using the results


[image: e9780486140780_i0667.jpg]


we have then


(49.21)


[image: e9780486140780_i0668.jpg]


If we choose the axes of the two coordinate systems to coincide instantaneously, ST = I and the components of the acceleration of the particle relative to the body axes are given as the sum of four terms


(49.22)


[image: e9780486140780_i0669.jpg]


where ω is the angular velocity of the body system relative to the space system and [image: e9780486140780_i0670.jpg], r denote distances measured with respect to body and space systems respectively.

The first of equations (49.22) states that the velocity of the particle relative to the rotating body axes is equal to its velocity relative to the space axes minus the velocity relative to the space axes of the point in the body axes instantaneously occupied by the particle. It is merely a statement of the law of composition of relative velocities. It may alternatively be written


(49.23)


[image: e9780486140780_i0671.jpg]


since the vector to the particle is the same relative to the two sets of axes and instantaneously possesses the same components.

The second of equations (49.22) may, using the first, be written


(49.24)


[image: e9780486140780_i0672.jpg]


giving the acceleration in the space system in terms of quantities measured in the body system. When we multiply throughout by the mass of the particle, the left-hand side becomes the force if the space axes form an inertial system, for which the coordinates may be taken as cartesian. In nonrelativistic mechanics, with which we are here concerned, an inertial system is one which is at rest with respect to, or moving with constant velocity relative to, the average position of the distant stars.9

Thus, for example, if ω denotes the angular velocity of the earth relative to this system, (49.24) gives the mass times acceleration of the particle relative to the earth as the sum of the four terms






	m[image: e9780486140780_i0674.jpg] =
	the mass times the acceleration relative to the inertial system, i.e., the external force


	– 2mω × [image: e9780486140780_i0675.jpg]=
	the Coriolis force in a direction at right angles to ω and to the velocity of the particle relative to the earth


	– m[image: e9780486140780_img_8039.gif] × [image: e9780486140780_i0676.jpg]=
	in this case a practically negligible term, since ω is approximately constant


	– mω × (ω × [image: e9780486140780_i0677.jpg]) =
	the centrifugal force



For a particle at the equator moving in the plane of the equator, for example, the ratio of the magnitudes of the Coriolis and centripetal forces is approximately 4.4 × 10 – 5ν, where v is its velocity in centimeters per second.


50. THE MOMENTAL ELLIPSOID

In order to discuss the dynamics of a rigid body, as opposed to the kinematic description of its motion, it is necessary to return to (14.8), (14.9), and (14.10), which relate the spin angular momentum σ, the angular velocity ω, the kinetic energy T, and the inertial tensor J of a rigid body rotating about a fixed point. In terms of the matrix notation described in Appendix II, these equations may be written:


(50.1)


[image: e9780486140780_i0678.jpg]


with


(50.2)


[image: e9780486140780_i0679.jpg]


The transformation law (II.36) for the tensor J then becomes


(50.3)


[image: e9780486140780_i0680.jpg]


The components of J in the space coordinate system are not constant, because in this system the values of the x’s change with time. For this reason it is convenient to work in the body coordinate system when discussing the motion of rigid rotators.

The inertia tensor [image: e9780486140780_i0681.jpg]is symmetric and therefore its matrix has three real eigenvalues, and the corresponding eigenvectors are mutually orthogonal. If these three vectors are introduced as the coordinate axes of the body coordinate system, then [image: e9780486140780_i0682.jpg] is diagonal when referred to these axes, i.e., the products of inertia vanish in this coordinate system. From the definition (14.9) of Jij, it follows that the diagonal elements of J are positive for any coordinate system, so that the eigenvalues A, B, C of J are positive.

The directions of the eigenvectors of J are called the principal axes of the rotator relative to the fixed point. In this system, the kinetic energy can be written:


(50.4)


[image: e9780486140780_i0683.jpg]


and the angular momentum has components [image: e9780486140780_i0684.jpg] . If the angular velocity happens to be along one of the principal axes, the angular velocity and angular momentum are therefore parallel to each other.

Associated with a symmetric matrix [image: e9780486140780_i0685.jpg] there is a quadratic form, and a quadric surface defined by


(50.5)


[image: e9780486140780_i0686.jpg]


which, if J is the inertia matrix, is necessarily an ellipsoid. This surface is called the momental ellipsoid because the moment of inertia of the rotator about an axis through the fixed point is easily expressed in terms of this ellipsoid. The moment of inertia I about an axis is defined by the equation


(50.6)


[image: e9780486140780_i0687.jpg]


If sp denotes the distance of the ρth particle of the rotator from the axis, then


(50.7)


[image: e9780486140780_i0688.jpg]


Now let x be parallel to ω. Then, from (50.5) and (50.1),


(50.8)


[image: e9780486140780_i0689.jpg]


Insertion of this in (50.6) then yields


(50.9)


[image: e9780486140780_i0690.jpg]


Thus the moment of inertia about an axis is the square of the reciprocal of the distance from the origin to the momental ellipsoid in the direction of the axis.


51. THE FREE ROTATOR

The motion of a rigid rotator with no forces acting can be described geometrically by use of the momental ellipsoid just discussed. In such a motion the angular momentum and the kinetic energy must both remain constant. These conditions suffice to determine the motion. From (50.1) we have


(51.1)


[image: e9780486140780_i0691.jpg]


The momental ellipsoid is defined by (50.5) as


(51.2)


[image: e9780486140780_i0692.jpg]


Let us find the equation of the plane tangent to the momental ellipsoid at the point where the instantaneous axis cuts the ellipsoid. Here x = ω/(2T)½ and the equation of the tangent plane is


(51.3)


[image: e9780486140780_i0693.jpg]


where r is the radius vector of a point in the tangent plane. Equation (51.3) can be written


(51.4)


[image: e9780486140780_i0694.jpg]


which shows that the equation of the tangent plane depends only on the kinetic energy and angular momentum, and this plane is therefore fixed in space. Since the point I of tangency between the ellipsoid and the plane is on the instantaneous axis, this point of the ellipsoid has zero velocity and the momental ellipsoid rolls without sliding on the tangent plane. This result, first pointed out by Poinsot, is illustrated in Fig. 51-1.

The motion of the rotator can now be visualized. The center of the ellipsoid is fixed and the ellipsoid rolls on a fixed plane. There are three parts to the general motion: (1) rotation about the instantaneous axis, (2) precession of the instantaneous axis about the direction of the


[image: e9780486140780_i0695.jpg]

Fig. 51-1. Poinsot’s representation of the motion of a free rotator. The fixed tangent plane is at right angles to the angular momentum and the momental ellipsoid is in contact with it instantaneously at point I.



total angular momentum S, (3) nutation, or change in angle between the instantaneous axis and the angular momentum. The frequency of nutation is twice the frequency of rotation.


52. EULER’S EQUATIONS OF MOTION

The rate of change of angular momentum of a rigid body about a point is the moment M of the applied forces about that point. Thus for a rigid rotator we may write


(52.1)


[image: e9780486140780_i0696.jpg]


As always, [image: e9780486140780_i0697.jpg] must be measured in an inertial coordinate system, which here means the space system.

In the space system, however, the inertia tensor itself is not constant, and so it is advantageous to use the body coordinate system representation of J. The simplest body coordinate system is that which coincides with the space system instantaneously, so that S = 1 although [image: e9780486140780_img_7776.gif] ≠ 0. We have, since [image: e9780486140780_i0698.jpg] is constant,


[image: e9780486140780_i0699.jpg]


or


(52.2)


[image: e9780486140780_i0700.jpg]


by (49.3). Thus


(52.3)


[image: e9780486140780_i0701.jpg]


by use of (49.5).

Combining (52.1) and (52.3), we obtain


(52.4)


[image: e9780486140780_i0702.jpg]


The only vector which appears differentiated in (52.4) is ω, and [image: e9780486140780_i0703.jpg] since S = 1 instantaneously and Ωω vanishes. Thus (52.4) may be written in the body coordinate system. For simplicity we choose the principal axis system and obtain, since J is diagonal,


(52.5)


[image: e9780486140780_i0704.jpg]


These are the celebrated Euler equations of motion.

The Euler equations can be integrated in the case where all the force moments are zero, yielding an analytical description of the motion represented by Poinsot’s geometrical construction. They also give immediate information about the steady motion of a rotator, when all the [image: e9780486140780_i0705.jpg] are zero. Let us consider a symmetric rotator, i.e., one with two of its principal moments of inertia equal, and inquire what torques are needed to obtain a steady motion. Suppose that A = B. Then M3 = 0 and there can be no torque about the unique axis of the rotator. Since A = B, the inertia matrix is degenerate and any axis through the fixed point perpendicular to the unique axis is also a principal axis. We choose the 2 axis of the space system in such a direction that ω2 = 0. Then M1, the torque about the 1 axis, must also vanish. The only permissible torque is that about the 2 axis, and it must have the magnitude given by the second of equations (52.5):


(52.6)


[image: e9780486140780_i0706.jpg]


This is a possible situation for a heavy top which is symmetric and which has its center of mass on the unique axis. This situation is the opposite of that of the free rotator. There the angular velocity vector preceseed about the constant angular momentum vector. Here a moment of force is applied which makes the angular momentum vector precess about the constant angular velocity vector. If all three principal moments of inertia are equal, the angular velocity and angular momentum vectors are necessarily parallel, and, if the former is to be constant, the latter must also be constant and there can be no applied force moments.

The equations of motion for a rigid rotator can be written in Lagrangian form, the Euler angles being used as coordinates. This proves to be practical only if the rotator has two equal principal moments of inertia. If this is so, the kinetic energy can be written as


(52.7)


[image: e9780486140780_i0707.jpg]


where the expressions (49.12) have been inserted in (50.4).

Many applications of this method are discussed in detail in the references listed at the end of this chapter, and one application—to the motion of a spinning particle in an electromagnetic field—is developed in Chapter 16.
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EXERCISES

1. Derive (49.11) from (49.3), (48.2).

2. If successive rotations S, T are equivalent to a rotation U = TS, and if ΩS = ST[image: e9780486140780_img_7776.gif], ΩT = [image: e9780486140780_i0708.jpg] = [image: e9780486140780_i0709.jpg] , and [image: e9780486140780_i0710.jpg] = SΩSST, show that


ΩU = ΩS + STΩTS


and


[image: e9780486140780_i0711.jpg]


Hence show that, if the elements of ΩS, ΩT are constant, the elements of ΩU are constant in general only if ΩT commutes with [image: e9780486140780_i0712.jpg] . Interpret this physically.

3. A particle is projected downward from a point h above the equator (a) radially in the space coordinate system, (b) radially in the earth coordinate system. Assuming that the particle moves with constant speed v, find the angles of incidence on the surface of the earth in the two cases and sketch both paths in both coordinate systems. Show that this cannot account for the east-west effect of cosmic radiation.

 



4. A uniform solid circular cylinder of radius a rests on a horizontal plane, and an identical cylinder rests on it touching it along the highest generator. If no slipping occurs, show that as long as the cylinders remain in contact


[image: e9780486140780_i0713.jpg]


where θ is the angle which the plane containing the axes makes with the vertical. Show also that the path of a point on the axis of the upper cylinder may be written


[image: e9780486140780_i0714.jpg]


relative to horizontal and vertical axes through the initial position of the point.

5. Two smooth fixed rods Ox, Oy in a vertical plane slope downward from O at angles 45° to the vertical. Equal uniform rods AC, BC are smoothly hinged at C, and the other ends A, B slide by means of rings on the fixed rods. Obtain the equations of motion and find the times of small oscillations about equilibrium.

6. A uniform right circular cone of semivertical angle a rolls without sliding on a plane inclined at an angle β with the horizontal, being released from rest with the line of contact horizontal. Prove that the cone will remain in contact with the plane provided that


9 tan β < cot α + 4 tan α


7. A uniform, thin, hollow circular cylinder of mass M and radius b moves on a smooth horizontal plane. A second uniform, thin, hollow cylinder of mass m and radius a(<b) rolls, without slipping, on the inner surface of the first cylinder. Show that


[image: e9780486140780_i0715.jpg]


where θ is the angle between the vertical plane and the plane containing the axes of the cylinders, and the motion starts from rest with θ = θ0.

8. Three similar uniform straight rods AB, BC, CD, each of length 2l, mass M, smoothly hinged at B and C, lie on a smooth horizontal table. A light inextensible taut string attached to the mid-point of BC passes perpendicularly over a smooth edge of the table and carries a particle, also of mass M, at the end of the portion which hangs vertically. Initially all three rods are in a straight line parallel to the edge of the table. Apply Lagrange’s equations to show that the time required for the free ends A and D to meet is


[image: e9780486140780_i0716.jpg]


9. A body is rotating about its center of mass under no forces, and A, B, C (A > B > C) are the principal moments of inertia at the center of mass. If initially ω3 is positive and ω1 negative and if σ2 = 2BT (σ = angular momentum, T = kinetic energy), show that


[image: e9780486140780_i0717.jpg]


where


[image: e9780486140780_i0718.jpg]


What happens when t increases indefinitely?

10. Investigate the motion of a symmetrical top (A = B) in a gravitational field, one point on the axis of the top being held fixed. Show that the total energy E and the angular momenta pφ, pψ about the vertical axis and about the symmetry axis of the top are constants of the motion, and without solving the equations of motion determine the general nature of the motion from the condition that [image: e9780486140780_i0719.jpg] .





10 HAMILTONIAN THEORY

53. HAMILTON’S EQUATIONS

We turn now to an investigation of the beautiful superstructure on Lagrangian theory built chiefly by Sir W. R. Hamilton (1805 – 1865) though not without important contributions from Poisson (1781 – 1840), Jacobi (1804 – 1851), and, later, Lie (1842 – 1899) and many others. This development yields a deeper insight into the equations of motion of a mechanical system which can be described by a Lagrangian, making it possible to write these equations in a very elegant form (53.6) or in terms of a very simple principle (57.4). Furthermore, contact transformations (Sec. 58), the partial differential equation of Hamilton and Jacobi (61.7), and perturbation theory (Sec. 74) which emerge from this analysis are sometimes of practical use in obtaining approximations to the solutions of complicated dynamic problems. Perhaps most important of all, however, is the fact that the generalization of Hamilton’s ideas to the theories of relativity, quantum mechanics, and statistical mechanics is fundamental to these branches of theoretical physics.

As usual, we shall restrict ourselves to the consideration of a system which is described by a Lagrangian L which is a function of the generalized coordinates qj, the generalized velocities [image: e9780486140780_i0720.jpg] , and the time t:


(53.1)


[image: e9780486140780_i0721.jpg]


For a single particle referred to rectangular cartesian coordinates xi and acted upon by a force derivable from a potential function V(xi) we have already obtained


[image: e9780486140780_i0722.jpg]


so that


[image: e9780486140780_i0723.jpg]


the component of momentum in the j direction. We therefore adopt the definition (34.3) for the more general problem.

(53.2)


[image: e9780486140780_i0724.jpg]


is the generalized momentum corresponding to, or conjugate to, the generalized coordinate qj. It is not necessary, of course, that the momenta pj should have the dimensions MLT—1 any more than it was necessary that the coordinates qj should all be lengths. However, the product of any momentum and its conjugate position coordinate must be of dimensions ML2T—1, which are the dimensions of angular momentum or of the dynamic variable “action” defined later (57.10).

With the definition (53.2), Lagrange’s equations (32.2) may be written in the form


(53.3)


[image: e9780486140780_i0725.jpg]


We suppose that it is possible to solve equations (53.2) for the [image: e9780486140780_i0726.jpg] explicitly as functions of the qj, pj, t, and thus to use the variables qj, pj, t rather than qj, [image: e9780486140780_i0727.jpg] , t to specify the system. Hence if δ denotes the increment in any function of the variables qj, pj, t or qj, [image: e9780486140780_i0728.jpg] , t due to infinitesimal changes in these variables, we have


[image: e9780486140780_i0729.jpg]

using (53.3)



or


(53.4)


[image: e9780486140780_i0730.jpg]


We have already seen in (33.1) the importance of the quantity


(53.5)


[image: e9780486140780_i0731.jpg]


which in a system described by a Lagrangian not involving the time explicitly is the Jacobian integral. For a natural system (33.6), this integral is the total energy of the system. Even in the more general case in which L involves t and the system is not necessarily natural, the combination (53.5) plays an important role. Since variations in the velocities [image: e9780486140780_i0732.jpg] do not appear on the right-hand side of (53.4), H may be written as a function of the q’s and the p’s and the time. To obtain this function H(q, p, t), the [image: e9780486140780_i0733.jpg] are eliminated between (53.2) and (53.5). This function H(q, p, t) is called the Hamiltonian of the system. It is to be stressed that the Hamiltonian is always to be written thus, so that, for example ∂H/∂qi means that the other q’s, all the p’s, and t are to be held fixed in the differentiation; the [image: e9780486140780_i0734.jpg] are not involved in the process explicitly. This is in contrast to the situation in Lagrange’s equations where the p’s are not explicitly involved, but the Lagrangian is always a function of the q’s, the [image: e9780486140780_i0735.jpg] , and t.

Then we have


[image: e9780486140780_i0736.jpg]


so that, since the variations δqj, δpj, δt are mutually independent, it follows by comparison with (53.4) that


(53.6)


[image: e9780486140780_i0737.jpg]


and


(53.7)


[image: e9780486140780_i0738.jpg]


Equations (53.6) are called Hamilton’s canonical equations, and the variables qj, pj are said to be canonically conjugate. Hamilton’s equations constitute a set of 2f differential equations of the first order to give the 2f variables qj, pj as functions of the time t and 2f arbitrary constants. Whereas the f Lagrange’s equations (32.2) (of the second order) describe the motion of the system by the motion of a representative point in f-dimensional configuration space, the 2f canonical equations describe the motion in terms of that of a representative point in a 2f-dimensional space specified by the f variables qj together with the f variables pj. Such a space is called the phase space of the system. Boltzmann and Gibbs, in particular, have applied this concept extensively to the kinetic theory of gases and to statistical mechanics. On the other hand, the variables pj describe the state of motion of the system, but do not specify its configuration. The state of motion may thus be represented by a point in an f-dimensional space pj, which is called the momentum space of the system. Equations analogous to those of Lagrange, describing the motion of the system in terms of that of a representative point in momentum space, are derived in Sec. 60.

The complete solution of the f Lagrange equations of motion requires 2f constants for its specification. These constants may be taken to be the values of the coordinates and the velocities at some time t0. Giving the velocities is equivalent to giving the values of the coordinates at time t0 + δt in addition to those at t0. We may say, then, that the complete specification of a solution of Lagrange’s equations requires the values of the coordinates at two times. (These times need not be infinitesimally separated.) With Hamilton’s equations the situation is quite different. We may consider the coordinates and momenta as being the independent elements describing the system. The velocities are then derived from Hamilton’s equations. A state of motion is described completely by giving the values of the f coordinates and the f momenta at one time t0.

There are other ways of obtaining first-order equations of motion from the second-order Lagrange equations. One way is to introduce the [image: e9780486140780_i0739.jpg] as new variables in the Lagrange equations. If [image: e9780486140780_i0740.jpg] = ui, then [image: e9780486140780_i0741.jpg] and we have 2f first-order equations. The form of the equations is, in general, not such as to lead to interesting results in a simple way.

Through each point in configuration space there is an f-fold infinity of possible paths of a given system moving under given forces. Through each point in momentum space there is, similarly, an f-fold infinity of possible paths. On the other hand, through each point in phase space there is, for a given problem, only one path, which we call the trajectory of the system. The 2f canonical equations of the first order require, for their complete solution, the specification of 2f arbitrary constants. Once a point in phase space is prescribed, 2f such constants are given, and there is no more freedom of choice. We may say that the aggregate of values of qj, pj at a certain instant specifies the state of the system at that instant. When the state is given at any time, it may then be determined for all times, both later and earlier, for which the Hamiltonian is known.

According to the Heisenberg uncertainty principle, it is fundamentally impossible to give a coordinate and its conjugate momentum precise values at a common time, since measurement of the one interferes with measurement of the other. In quantum mechanics it is therefore necessary to adopt a different definition of the state of a system, although one which reduces to the above definition for situations in which the effects of the uncertainty principle are negligible.

The rate of increase of H along the trajectory of the system is


[image: e9780486140780_i0742.jpg]


or


(53.8)
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If L does not contain t explicitly, neither does H, and then, as already indicated, H is a constant of the motion


H(qj, pj) = E


If L is expressible as in Sec. 33 as the sum of terms L2, L1, L0, respectively quadratic and linear in [image: e9780486140780_i0744.jpg] and independent of [image: e9780486140780_i0745.jpg] , then, from (53.5),


[image: e9780486140780_i0746.jpg]


The part of L linear in [image: e9780486140780_i0747.jpg] does not contribute to the value of H but of course does modify the definition of pj, hence the form of H as a function of qj, pj, t.

Writing L2 = T, L0 = — V, where T, V are the kinetic and potential energies of the system, we have H = T + V. Usually the terms quadratic in qj do not involve t explicitly, so that under these conditions (53.8) becomes


(53.9)
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which is the relation derived earlier (11.12).

We note that, from (53.3) and (53.6),


(53.10)
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Thus, if a particular coordinate does not appear explicitly in L, it does not appear explicitly in H. Such coordinates are called cyclic or ignorable, (Sec. 34).

It might at first be imagined that, since the canonical equations are of the first order, they represent great mathematical simplicity when compared with the second-order equations of Lagrange. In a particular problem, however, the kinetic and potential energies are given, or can be found, so that there is usually little difficulty in writing down the Lagrangian for the problem. Once this is done, in order to set up the Hamiltonian it is necessary to (i) obtain pj from (53.2); (ii) solve the equations derived under (i) to derive the [image: e9780486140780_i0750.jpg] ; (iii) substitute these [image: e9780486140780_i0751.jpg] in both terms of (53.5) to obtain H. When this has been carried out, the first set of equations (53.6) reproduces the equations derived under (i) and the second set of equations (53.6) yields the equations of motion. To solve these we may eliminate pj between both equations (53.6), and the resulting equations are then nothing but Lagrange’s equations. The fact that Hamilton’s equations are of the first order does not make them easier to integrate as they stand. The advantage lies in their simple form and in the properties of the variables qj, pj in terms of which they describe the behavior of the system. In particular, it is sometimes possible to choose some of these so that their values do not change during the motion of the system.


54. HAMILTON’S EQUATIONS IN VARIOUS COORDINATE SYSTEMS

To illustrate the form of Hamilton’s equations, we consider a system consisting of a particle moving under the influence of a potential which is independent of the velocity, so that the momentum pi conjugate to the coordinate qi is [image: e9780486140780_i0752.jpg] .

(a) Cylindrical Coordinates. See Sec. 5.
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In these coordinates the kinetic energy of a particle is


[image: e9780486140780_i0754.jpg]


so that


(54.1)
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p, is a linear momentum. It is the component of linear momentum along a line through the origin and lying in the 1-2 plane. p, is also a linear momentum, the 3 component of the linear momentum of the particle. pφ is an angular momentum, the 3 component of the angular momentum of the particle. We have


[image: e9780486140780_i0756.jpg]


Hamilton’s equations are


(54.2)
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pφ is a constant if V is independent of φ, and now, if pφ is zero, p, is a constant if V is also independent of p. Potential functions which are independent of φ are said to possess cylindrical symmetry. These coordinates are particularly applicable to problems which possess such symmetry.

(b) Spherical Coordinates. See (5.5).
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The kinetic energy of the particle is


[image: e9780486140780_i0759.jpg]


so that


(54.3)
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pτ is the linear momentum along the radial direction. pθ is the angular momentum about an axis through the origin and perpendicular to the plane containing the particle and the x3 axis. Since here the value of the Hamiltonian is the energy E = T + V, to obtain H we must express T in terms of coordinates and momenta using (53.2). Thus


(54.4)
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Hamilton’s equations are now
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which are just the solutions of (54.3) for the velocities, and


(54.5)
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If V is independent of φ, pφ is a constant. If V is also independent of θ, and if pφ vanishes, pθ is a constant (cf. Sec. 36).

(c) Rotating Coordinates. If a set of rectangular axes [image: e9780486140780_i0764.jpg] , is rotating with angular velocity ω about the z axis of a set of rectangular coordinates x, y, z, so that the origins and the z, [image: e9780486140780_i0765.jpg] axes coincide,
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The kinetic energy of a particle relative to x, y, z is


[image: e9780486140780_i0767.jpg]


Hence, in the presence of forces independent of the velocities,


(54.6)
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In terms of these momenta, the Hamiltonian is simply


[image: e9780486140780_i0769.jpg]


and the equations of motion are
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If V is a constant, the equations of motion for the coordinates are


[image: e9780486140780_i0771.jpg]


giving the expressions for the Coriolis and centripetal accelerations derived in Sec. 49.


55. CHARGED PARTICLE IN AN ELECTROMAGNETIC FIELD

We saw in Sec. 35 that the motion of a charged particle in an electromagnetic field is described by the Lagrangian


(55.1)
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If cartesian coordinates are used to describe the vectors v and A, the momenta can be written as


(55.2)
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The velocities are thus easily expressed in terms of coordinates and momenta


(55.3)
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which yields the Hamiltonian


(55.4)
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The canonical equations are then (55.3) together with


(55.5)
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Equation (55.5) is identical with (35.6) and thus leads to the Lorentz force equation (35.3).

If φ and A do not involve t explicitly the Jacobian energy integral exists. We see that (55.4) may then be written in the form


(55.6)
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so that E is easily interpreted as the sum of the kinetic and electrostatic potential energies of the particle. The effect of the vector potential on the equations of motion appears in the definition of the momentum p, which is not, in general, a vector in the direction of the velocity. It is not surprising that the vector potential A does not appear in the Jacobian integral (55.6), for the magnetic field, derived from A, does not contribute to the energy of the particle.

The above formulation of the problem is not by any means the only one, although for most purposes it is the most convenient. In Sec. 58, for instance, we give a formulation in which the momenta pj turn out to be mvj — (e/c)xi ∂jAi. The fact that this differs from (55.2) is of no physical significance, any more than in the case of rotating coordinates (54.6) where the momenta [image: e9780486140780_i0778.jpg] were not just [image: e9780486140780_i0779.jpg] . The momenta are defined as [image: e9780486140780_i0780.jpg] and therefore depend on the choice of L. As we shall see in Sec. 58, the Lagrangian describing a given dynamic system is not unique, hence the momenta pj are not unique either.

If we write the kinetic energy as
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from (55.5), i.e., as the difference between the total energy and the electrostatic potential energy, we can write similarly
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for the “kinetic momentum” as the difference between the total momentum and what we might call the electromagnetic momentum. The kinetic momentum is, of course, related to the kinetic energy in the usual way
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but it is not canonically conjugate to the position coordinate; i.e.,
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As in the case of the equivalent Lagrangian treatment (Sec. 35), the Hamiltonian (55.4) contains terms which refer either to the particle or to the coupling between the particle and the electromagnetic field. There are no terms which refer to the field alone. Such terms could be incorporated into (55.4) to yield not only the equation of motion (55.5) but also Maxwell’s equations. We do not attempt to treat such terms here; cf., however, Chapter 15.


56. THE VIRIAL THEOREM

We define the quantity λ = pjqj, which for any system for which the coordinates and momenta stay finite must also remain bounded. From Hamilton’s equations we have
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so that


(56.1)
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For a periodic system the left-hand side vanishes if T is chosen to equal the period. For a nonperiodic system for which λ is bounded, the left-hand side tends to zero as T → ∞. In either case, we have


(56.2)
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where the brackets denote the time average values of the included quantities, taken from a certain instant until (if ever) the representative point in phase space returns to its initial position.

The quantity


(56.3)
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is a generalization of the virial function introduced into the kinetic theory of gases by Clausius. Thus


(56.4)
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For a system of N particles, the right-hand side of (56.4) becomes


(56.5)
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where the bar denotes the process of averaging not only over the time but also over the N particles of the system. On the other hand, for such a system (56.3) becomes
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where I arises from the contribution to [image: e9780486140780_img_7767.gif]ρ, due to the interparticle forces, and the last term, integrated over the surface of the containing vessel, represents the contribution from the pressure P. Since n is the unit normal to the surface, directed inward, it follows that


(56.6)
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where V is the total volume. Comparison of (56.5) and (56.6) yields
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where θ is the absolute temperature ( [image: e9780486140780_i0794.jpg] ).

The departure of the equation of state from that of the perfect gas law is therefore seen to be associated with the term I which comes from the interparticle forces.

For the special case of a single particle moving in a potential φ(r), (56.4) becomes


〈υ〉 = —〈p · [image: e9780486140780_img_7769.gif]〉 = 〈[image: e9780486140780_img_7767.gif] · r〉


or


2〈T〉 = 〈r · ∇φ〉


For φ = Kr—n, this becomes


(56.7)
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so that for a planet moving around the sun, a satellite moving around the earth, or an electron in a classical orbit in a hydrogen atom (n = 1) the average value of the kinetic energy is [image: e9780486140780_i0796.jpg] of the average value of the potential energy. In particular, for a circular orbit, the time averaging process is no longer necessary and the total energy E = T + φ is minus the kinetic energy. In general, from (56.7), we have
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so that for n > 2 the total energy is positive.


57. VARIATIONAL PRINCIPLES

The equations of motion of a system in Lagrangian or Hamiltonian form are differential equations. As such, they describe the temporal development of the system from instant to instant. In this section we show that the motion of the system can be described as that motion which makes a certain integral have a stationary value.

It was noted in Sec. 53 that the path of the system in configuration space is completely specified by giving the values of the coordinates at two times. We now take these two times to be t1 and t2, with a finite interval between them. Thus if we are given the values qi(t1) and qi(t2) (i = 1, 2, · · · , f), the Lagrange equations of motion determine the functions qi(t) for all t. [It can happen that no path of the system going through the point qi(t1) in configuration space goes through the point qi(t2). For example, this is the situation for a harmonic oscillation if t2 — t1 is an integral number of periods and if q(t2) ≠ q(t1). We exclude such cases.]

Suppose that we are given a set of functions qi(t) which take on the prescribed values at t = t1 and at t = t2. This means that we are given a curve A in configuration space connecting the initial and final configurations of the system. With this curve we may associate the quantity


(57.1)


[image: e9780486140780_i0798.jpg]


where L is the Lagrangian of the system, as the integrand is a known function of t. Φ is a functional of the qi, being determined by the functional dependence of the qi on t, and may be written as Φ[qi · · · qf]. Now consider a curve B defined by the set of functions qi(t) + δqi(t) At each time t this second curve differs from the first by δqi(t) which we take to be a small quantity (cf. Fig. 57-1). With curve B we associate


(57.2)
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where the times at which the two configurations are specified are also varied. Then the difference ΔΦ = ΦB — Φ can be evaluated by


[image: e9780486140780_i0800.jpg]

Fig. 57-1. Path A in configuration space and a neighboring curve B.



expanding the integrand of ΦB in a Taylor series, keeping only linear terms in the δqi. We obtain


[image: e9780486140780_i0801.jpg]


The second term in the integral may be integrated by parts since [image: e9780486140780_i0802.jpg] = d δqi/dt. This yields


(57.3)
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The variation in Φ receives contributions from the entire curve through the integral, and from the variation of the curve at the end times and from variations of the end times themselves. If we do not vary the end times (Δt1 = Δt2 = 0) or the curve at the end times [δqi(t1) = δqi(t2) = 0], then


(57.4)
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If now ΔΦ = 0 for arbitrary δqi(t), then the quantity in braces vanishes, so that Lagrange’s equations are satisfied. Conversely, if Lagrange’s equations are satisfied ΔΦ vanishes for arbitrary δqi(t). Thus we may say that the actual path in configuration space between two configurations qi(t1) and qi(t2) at times t1 and t2 respectively is that which makes the time integral of the Lagrangian stationary with respect to variations of the path which vanish at the end points. This statement is known as Hamilton’s principle.

We return now to the general expression (57.3). The integral vanishes for the actual path and only the end point variations remain. It is convenient to introduce the total variation Δqi at the end points:


(57.5)


[image: e9780486140780_i0805.jpg]


Here δqi and [image: e9780486140780_i0806.jpg] are evaluated at t1 or at t2. Then (57.3) becomes


(57.6)
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or


(57.7)
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Equation (57.7) contains Hamilton’s principle, but it is useful also because it gives an explicit expression for ΔΦ even when Δq, Δt do not vanish. We shall use this expression extensively in the following discussion of the principle of stationary action.

If the path between times t1 and t2 satisfies Lagrange’s equations, the functional Φ, obtained by integrating the Lagrangian along this path, becomes just a function of the end points:


Φ = φ[qj(t1), t1, qj(t2), t2]


This function φ is called Hamilton’s principal function for the path. It is the value of the functional Φ obtained by integrating along the curve that makes Φ an extreme, i.e., along the actual path of the system.

For particular cases, Hamilton’s principle remains valid when a wider class of curves is considered. Thus, if a particular coordinate qi is cyclic, the corresponding momentum pi is a constant of the motion, and the contribution to expression (57.7) from variations in this coordinate is


(57.8)
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This term vanishes even for curves which commence from the configuration for which the cyclic coordinate has been changed by Δqi, provided that the curves end on the configuration in which this same coordinate has been changed by the same amount, i.e., for all curves for which the total change in qi is the same. Thus, if there exist a number of cyclic coordinates, it is not necessary to specify that the initial and final values of these coordinates should be the same for each curve considered in order that Hamilton’s principle should apply; it is sufficient to state that the total change in each coordinate is the same for each curve.

Similarly, if H does not involve t explicitly we have H = E, and (57.7) becomes, for vanishing Δqi,


(57.9)
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If the total time required to get from one configuration to the other is specified, the right-hand side of this expression vanishes. This may be stated: Given an initial and final configuration of a system described by a Hamiltonian which is independent of the time, and given the time required for the system to change from one configuration to the other, the path of the system in configuration space is that along which Φ is stationary.

If H does not depend on t, i.e., for conservative systems, it is convenient to introduce another integral which is characteristic of the path of the dynamic system. We define [image: e9780486140780_img_8721.gif] by


(57.10)
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Like Φ, [image: e9780486140780_img_8721.gif] is a functional of the qj, and in evaluating the integral the values of qj, [image: e9780486140780_i0812.jpg] as functions of t must be known; i.e., the integral depends on the equation to the curve, expressed parametrically in terms of t. Equation (57.10) may be written
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If we restrict the variation in [image: e9780486140780_img_8721.gif] to curves along each of which H is constant, it follows that


(57.11)
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by (57.7). If now we consider only those curves for which the initial and final configurations are the same (Δqj = 0) and only those curves which are characterized by the same value of the energy E = H(ΔH = 0), it follows that


(57.12)


[image: e9780486140780_i0815.jpg]


This result is known as the principle of stationary action.

If, as in (32.1), L = T — V, where T is quadratic in the velocities and V is independent of the velocities, then


(57.13)
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where T is the kinetic energy of the system. The principle of stationary action may then be stated: Given the initial and final configuration of a system which is described by a Hamiltonian which is independent of the time, and given the energy of the system, the path of the system in configuration space is that along which the integral of the kinetic energy is stationary, when compared with that along neighboring curves which satisfy the given conditions.

In the application of Hamilton’s principle to conservative systems, the class of curves considered is such that the time to move along each is the same, although the energies associated with them can differ. In the principle of stationary action, which is applicable only to conservative systems, the times required to move along the curves considered may be different, but the energy, defined by E = [image: e9780486140780_i0817.jpg] — L, is the same for each curve. As given above, this principle merely states that [image: e9780486140780_img_8721.gif] is stationary for the actual motion of the system. For conditions under which the principle may be refined to a principle of least action—a statement that [image: e9780486140780_img_8721.gif] is a minimum for the actual motion—the reader is referred elsewhere.10 Sometimes, however, the statement in italics following (57.13) is referred to loosely as a least action principle.

If the path of the system between times t1 and t2 is given, the functional [image: e9780486140780_img_8721.gif], like Φ, becomes an ordinary function of the end points and times. As indicated above, the introduction of [image: e9780486140780_img_8721.gif] is useful only for systems for which H, hence L, does not contain the time explicitly. For such systems the momenta pj, derivable from L, may be expressed as functions of the coordinates and their time derivatives, without involving t explicitly, and the integral


[image: e9780486140780_img_8721.gif] = ∫pj dqj


becomes a function depending only on the coordinates of the end points,


[image: e9780486140780_img_8721.gif] = S[qj(t1), qj(t2)]


when the integration in [image: e9780486140780_img_8721.gif] is taken along the actual path of the system. The function S is called the action for the path. Thus, for H = E = [image: e9780486140780_i0818.jpg] — L = const,
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or


φ[qj(t1), t1, qj(t2), t2] = — E(t2 — t1) + S[qj(t1), qj(t2)]


For given initial conditions, we have then, writing t2 = t,


(57.14)
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When the system is conservative, Hamilton’s principal function may therefore be separated into a function of the coordinates and a linear function of the time.

The configuration space of the system is described by generalized coordinates qi. It is sometimes convenient to consider the arc length along a curve in configuration space. For a system consisting of more than one particle this arc length has no immediate interpretation in physical space. A natural definition is given by the kinetic energy. We define the element of arc ds by the equation


(57.15)
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as though our system consisted of a single particle of unit mass. Then11


(57.16)
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and


S = ∫(2T)½ ds


If the system is conservative, Hamilton’s principle may be written


(57.17)
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As stated here, Hamilton’s principle and the principle of stationary action have the advantage of being independent of the coordinate system used to describe the system, but have the disadvantage of referring to the configuration at two distinct times rather than to the state of the system at a single time. It is possible to avoid this by asserting that the motion of a dynamic system is describable by the development of a contact transformation in time, i.e., by taking the subject of the next section as fundamental and deriving from it the form of the equations of motion. This order of procedure is advantageous in a quantum theory but in classical particle mechanics Hamilton’s principle seems preferable.


58. CONTACT TRANSFORMATIONS

According to Hamilton’s principle, the path of a system in configuration space between two fixed points and two fixed times is that which makes the time integral of the Lagrangian stationary:


(58.1)
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The content of (58.1) is not changed if the coordinates q are replaced by other coordinates [image: e9780486140780_i0825.jpg] . This leads to the known invariance of Lagrange’s equations under coordinate transformation. There is a much larger class of transformations which also do not affect the content of (58.1) but which change the value as well as the form of the Lagrangian. These more general transformations are called contact transformations.

Let L([image: e9780486140780_i0826.jpg] ) and [image: e9780486140780_i0827.jpg] be two Lagrangians involving the same number f of degrees of freedom. If the q and q are related so that a path in q space giving a stationary value to the time integral of L corresponds to a path in [image: e9780486140780_i0828.jpg] space giving the time integral of [image: e9780486140780_i0829.jpg] a stationary value, then these two Lagrangians can be regarded as giving two different descriptions of the same system. This correspondence will hold provided that


(58.2)
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because under the conditions of Hamilton’s principle the total time derivative cannot contribute to the variation of the time integral.

In (58.2) [image: e9780486140780_i0831.jpg] depends only on barred coordinates and L only on unbarred coordinates, in addition to the time. Differentiating (58.2) yields


(58.3)
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where the momenta have their usual definitions. Equating coefficients of [image: e9780486140780_i0833.jpg] and [image: e9780486140780_i0834.jpg] shows that


(58.4)
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These equations provide the necessary and sufficient conditions that L and [image: e9780486140780_i0836.jpg] describe the same system. The reader may verify that equating coefficients of δqi, [image: e9780486140780_i0837.jpg] , and δt leads to nothing new.

If H and [image: e9780486140780_img_7718.gif] are constructed from L and [image: e9780486140780_i0838.jpg] according to the usual prescription (53.5), we see that


(58.5)
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The value of the barred Hamiltonian differs from the unbarred only if φ depends explicitly on the time.

Equations (58.4) and (58.5) are conveniently combined into


(58.6)
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It can happen that φ([image: e9780486140780_i0841.jpg] ) does not depend explicitly on all of its arguments so that certain differentials are missing from the right side of (58.6). At first this seems to lead to the impossible conclusion that certain momenta vanish. However, we should interpret this as implying the existence of relations between the barred and unbarred coordinates independent of any momenta. If there are n ≤ f such independent relations


(58.7)


[image: e9780486140780_i0842.jpg]


then the equations between the differentials dq and [image: e9780486140780_i0843.jpg]


[image: e9780486140780_i0844.jpg]


can be solved for n of the differentials, leaving 2f — n independent differentials on the left side of (58.6). In this way the number of independent differentials on the left can be reduced to the number which appear on the right or to f, whichever is larger. In either case, then, the equating of coefficients can be carried out. We give an example.

Example 1. Take f = 2 and take φ = [image: e9780486140780_i0845.jpg] . Then


dφ = q1 dq1


and three differentials are missing on the right side of (58.6). Assume therefore that n = 2 and write


[image: e9780486140780_i0846.jpg]


so that (58.6) becomes


[image: e9780486140780_i0847.jpg]


Equating coefficients of differentials yields


[image: e9780486140780_i0848.jpg]


which can be solved for [image: e9780486140780_i0849.jpg] and [image: e9780486140780_i0850.jpg] in terms of q1, q2, p1, p2. The solution is especially simple if [image: e9780486140780_i0851.jpg] = q1, [image: e9780486140780_i0852.jpg] = q2. Then


[image: e9780486140780_i0853.jpg]


The function φ does not determine the functions gl, but only their number, and does not therefore provide a convenient description of a point transformation. This can be done easily, as is shown in the next section. We see, however, that all transformations derived in this way, i.e., all contact transformations, leave both the Lagrangian and Hamiltonian forms of the equations of motion unchanged, as both follow from Hamilton’s principle which is unchanged. φ is called a generator of the transformation.

We give two more examples as illustrations of contact transformations.

Example 2. Let the Lagrangian be that of a charged particle in an electromagnetic field (55.1)


[image: e9780486140780_i0854.jpg]


where φM is the scalar potential of the field. Taking


(58.8)
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so that


[image: e9780486140780_i0856.jpg]


we see that only the three unbarred coordinates are involved and we may choose f = 3 relations (58.7) which we take to be [image: e9780486140780_i0857.jpg] = r. Then we obtain


[image: e9780486140780_i0858.jpg]


The barred Hamiltonian is


(58.9)


[image: e9780486140780_i0859.jpg]


which differs from H in value by the last term, which is ∂φ/∂t. Lagrange’s equations are unchanged as no coordinate change has been made.

Example 3. The harmonic oscillator is described by the Hamiltonian

(58.10)


[image: e9780486140780_i0860.jpg]


We make a contact transformation generated by


(58.11)


[image: e9780486140780_i0861.jpg]


which does depend explicitly on all the barred and unbarred coordinates and which therefore specifies the transformation uniquely. Then, from (58.4),


[image: e9780486140780_i0862.jpg]


Thus


[image: e9780486140780_i0863.jpg]


where v = ω/2π is the frequency of the oscillation. The transformation therefore throws the Hamiltonian into an exceptionally simple form, when expressed in terms of [image: e9780486140780_i0864.jpg] , actually making [image: e9780486140780_i0865.jpg] a cyclic variable and the Hamiltonian a constant times [image: e9780486140780_i0866.jpg] . The equations of motion are then easily integrated.

[image: e9780486140780_i0867.jpg]


The new position coordinate [image: e9780486140780_i0868.jpg] , conjugate to p, is v times the time. Thus the expressions for q, p become


[image: e9780486140780_i0869.jpg]


where a = (2E)½/ω. In Sec. 62 we shall show how the generating function (58.11) is obtained.

Contact transformations possess the properties which characterize a group.

(i) The result of two successive contact transformations is a contact transformation. Let


[image: e9780486140780_i0870.jpg]


and


[image: e9780486140780_i0871.jpg]


Adding, we obtain


[image: e9780486140780_i0872.jpg]


Since, on adding, the terms in [image: e9780486140780_i0873.jpg] , cancel, the right-hand side does not depend on the [image: e9780486140780_i0874.jpg] . The generator of the resultant transformation is the sum of the generators of the separate transformations expressed as a function of the initial and final coordinates.

(ii) The associative law holds. The proof is left to the reader.

(iii) The identity transformation is a contact transformation and its generator is zero.

(iv) There exists an inverse to every contact transformation. Exchanging the roles of the barred and unbarred variables merely changes the sign of the generator.

Any differentiable function φ(qi, qj, t) may be regarded as the generator of a contact transformation. Our result may then be stated thus: The form of the canonical equations is invariant with respect to the group of contact transformations. For this reason contact transformations are sometimes referred to as canonical transformations. Just as Hamilton’s principle was seen to lay no stress on the particular coordinate system adopted, so here Hamilton’s equations are seen to lay no stress on the particular coordinates and their conjugate momenta employed. We are attempting to formulate the laws of motion of dynamic systems relative to some observer, who is characterized by means of a coordinate system. It is satisfactory to discover that the form of the equations which describe this motion does not single out one particular observer but is the same over a wide set (actually a nonenumerable infinity) of such observers, and over a wide choice of coordinates and momenta for each observer.


59. ALTERNATIVE FORMS OF CONTACT TRANSFORMATIONS

The defining equation (58.2) for a contact transformation is not always the most convenient to use. It becomes awkward when some of the new coordinates are functions of the old coordinates but not of the old momenta. In this case the [image: e9780486140780_i0875.jpg] are not independent of the dqi and (58.6) becomes difficult to interpret. This difficulty can be eliminated by using one of three alternative forms of generator for contact transformations.

Let


(59.1)


[image: e9780486140780_i0876.jpg]


Differentiating (59.1), we obtain with the use of (58.6)


(59.2)


[image: e9780486140780_i0877.jpg]


which shows that ψ is a function of [image: e9780486140780_i0878.jpg] , pj, t. Rewriting this, we get


(59.3)


[image: e9780486140780_i0879.jpg]


ψ([image: e9780486140780_i0880.jpg] ) thus generates a contact transformation according to


(59.4)
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(59.5)
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Similarly, we may write


(59.6)
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where φ generates a contact transformation according to


(59.7)
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(59.8)
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and lastly


(59.9)
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where ψ’ generates a contact transformation according to


(59.10)
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(59.11)


[image: e9780486140780_i0888.jpg]


The last form is particularly convenient for writing a coordinate transformation as a contact transformation. For let


(59.12)


[image: e9780486140780_i0889.jpg]


Then according to (59.10),


(59.13)


[image: e9780486140780_i0890.jpg]


The new coordinates are functions of the old coordinates only. The new momenta are linear combinations of the old momenta. The identity transformation is obviously generated by


[image: e9780486140780_i0891.jpg]


which gives


[image: e9780486140780_i0892.jpg]


since qi = [image: e9780486140780_i0893.jpg] . However, [image: e9780486140780_i0894.jpg] = 0 does not lead only to the identity transformation. Then ψ’ of (59.12) also yields φ = 0. φ = 0 (or = const) merely states that the dq’s and the [image: e9780486140780_i0895.jpg] are not independent, hence functional relationships between the q’s and [image: e9780486140780_i0896.jpg] must exist; indeed, enough must exist to define a coordinate transformation.

As an example of the coordinate transformation (59.12) we may take the familiar case of spherical polar coordinates. Let


[image: e9780486140780_i0897.jpg]


Then


ψ’ = pxr sin θ cos φ + pyr sin θ sin φ + p,r cos θ


and


[image: e9780486140780_i0898.jpg]


Thus


px2 + py2 + pz2 = p2 = pr2 + r—2pθ2 + r—2 cosec2 θpφ2


Cf. (54.4).

In the special case in which the functions fj are linear inhomogeneous functions of the qk,


(59.14)
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where the Sjk and bj are constants, the transformation is a linear coordinate transformation. For the momenta this yields


(59.15)
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The momenta then also transform linearly. The generator of this transformation is


(59.16)


[image: e9780486140780_i0901.jpg]


If bj = 0, the qj, pj are transformed linearly and homogeneously into the [image: e9780486140780_i0902.jpg] .


60. ALTERNATIVE FORMS OF THE EQUATIONS OF MOTION

Starting from a Lagrangian L([image: e9780486140780_i0903.jpg] ), we may write down Lagrange’s equations of motion in configuration space and Hamilton’s equations in phase space. There is a contact transformation which interchanges the roles of coordinates and momenta, namely that generated by


(60.1)
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from which


[image: e9780486140780_i0905.jpg]


One would expect, therefore, that it is possible to write equations of Lagrange’s form in momentum space.

To accomplish this we proceed as in the previous section, where we went from a generator [image: e9780486140780_i0906.jpg] to a generator [image: e9780486140780_i0907.jpg] by (59.6). We write


(60.2)


[image: e9780486140780_i0908.jpg]


The arguments of K are necessarily those written, as may be seen by differentiation and use of the Lagrange equations in the q’s. Inserting this form of L in Hamilton’s principle yields


(60.3)


[image: e9780486140780_i0909.jpg]


The equations of motion in this form are of little practical use in classical problems because the Lagrangian [image: e9780486140780_i0910.jpg] is generally a simpler function of [image: e9780486140780_i0911.jpg] than of q. Their quantum analog is useful.

Finally there exists a curious form of the equations of motion somewhat like Hamilton’s equations. Write


(60.4)


[image: e9780486140780_i0912.jpg]


where the arguments of F are necessarily those given. Hamilton’s principle then leads to


(60.5)


[image: e9780486140780_i0913.jpg]


The nature of the independent variables, velocities and forces, makes these equations appear of little practical value. We note the identity
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EXERCISES

1. A particle is free to slide inside a smooth straight tube which is held at an angle α to the horizontal and constrained to move parallel to itself with an acceleration α in the direction of the projection of the tube onto a horizontal plane. Write down and solve Hamilton’s equations for the motion of the particle, and show that they are equivalent to the solution of the problem by elementary methods.

2. Examine the motion of a particle in a potential field


[image: e9780486140780_i0915.jpg]


where pφ is the angular momentum of the particle around the z axis. Interpret physically the conclusion that pθ = const (equation 54.5).

3. Similarly, examine the motion of a particle in a potential field


[image: e9780486140780_i0916.jpg]


(equation 54.2).

4. Show by comparison of (54.6) and (55.2) the result of Sec. 40 that a small constant magnetic field B may be eliminated from the problem of the motion of a charge e by viewing the particle from a coordinate system which is rotating with the Larmor frequency ω = eB/2mc. What is the physical significance of the terms neglected by the provision that the field be small?

5. Show that if the variables qr are cyclic (r = 1 . . . l < f) and if


[image: e9780486140780_i0917.jpg]


is expressed thus


[image: e9780486140780_i0918.jpg]


then


[image: e9780486140780_i0919.jpg]


thereby reducing the problem to one of f — l degrees of freedom. R is known as Routh’s function.

6. A particle is projected vertically upward in an elevator which is moving upward with acceleration a. Treating the gravitational field of the earth as a known function of height, write down the Hamiltonian for the motion of the particle (a) relative to the earth, (b) relative to the elevator.

7. The minimum potential energy of a uniform flexible cable of fixed length held between two fixed supports in a uniform gravitational field is achieved in a configuration which satisfies a variational principle. Set up the integral to be minimized with the constraint on the length included by means of a Lagrange multiplier. Find and solve the equation for the curve. Use the horizontal coordinate x as independent variable.

8. A system described by a Lagrangian L(qi, [image: e9780486140780_i0920.jpg], t) (i = 1, 2, . . . , f) is subjected to the constraint g(q1, . . . qf) = 0, ∂g/∂qf ≠ 0. Show that the equations obtained from (57.4) (with ΔΦ = 0) by eliminating δqf are not identical with those obtained from the Lagrangian L(qi, qf(qi), [image: e9780486140780_i0921.jpg], [image: e9780486140780_i0922.jpg](qi), t) (i = 1, 2, . . . , f – 1). Which are the equations of motion and why?

9. A particle moves in one dimension under a potential V = Kxn. Using [image: e9780486140780_img_7767.gif] = – (∂V/∂x), eliminate x to find the F function (60.4) and thus show that equations (60.5) reduce to the usual equations of motion.

10. Construct the function (60.4) for the simple harmonic oscillator, and write the corresponding equations of motion.

11. A harmonic oscillator is described by the Lagrangian L = [image: e9780486140780_i0923.jpg] m(x2 – ω2x2). Construct the momentum space Lagrangian K(p, [image: e9780486140780_img_7767.gif]) and write out the equations of motion.

12. A particle moves vertically in a uniform gravitational field g, the Lagrangian being L = [image: e9780486140780_i0924.jpg] – g2. Construct the momentum space Lagrangian K(p, [image: e9780486140780_img_7767.gif]). (Hint: Add a total time derivative such as [image: e9780486140780_i0925.jpg] d/dt(λz2) = λz[image: e9780486140780_img_380.gif] to the Lagrangian.)





11 THE HAMILTON-JACOBI METHOD

61. THE HAMILTON-JACOBI EQUATION

A contact transformation derived from a generating function which depends explicitly on the time not only results in a transformation in the phase space of a system and the functional form of the Hamiltonian, but also changes the value of the Hamiltonian. Thus on contact transformation from the variables q, p to [image: e9780486140780_i0926.jpg] , we have according to (58.5)


(61.1)


[image: e9780486140780_i0927.jpg]


The variables appearing on the right-hand side of this equation must all be transformed into the barred variables according to (58.4), namely


(61.2)


[image: e9780486140780_i0928.jpg]


The canonical equations of motion are now


(61.3)


[image: e9780486140780_i0929.jpg]


We now consider one way in which to make the canonical equations (61.3) easy to integrate—to choose φ so that the new Hamiltonian [image: e9780486140780_i0930.jpg] is independent of the [image: e9780486140780_i0931.jpg], and t. These new coordinates and momenta are then constants of the motion which we write thus:


(61.4)


[image: e9780486140780_i0932.jpg]


The αj, βj are 2f constants, the specification of which is sufficient to describe the 2f initial conditions of the motion.

Since [image: e9780486140780_i0933.jpg] is independent of [image: e9780486140780_i0934.jpg], and t, it must be a constant, and for definiteness we take this constant as zero.12 From (61.2) we write


φ = [image: e9780486140780_img_1092.gif](qj, αj, t)


with


(61.5)
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and


(61.6)
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The condition (61.1) now becomes


(61.7)


[image: e9780486140780_i0937.jpg]


where in the Hamiltonian the momenta have been expressed in terms of the derivatives of φ by means of (61.5).

Equation (61.7) is known as the Hamilton-Jacobi partial differential equation. It is an equation of the first order, but, in all cases of interest, of the second degree, in the f + 1 independent variables q, t. A complete integral of this equation requires for its specification f + 1 constants, but since only derivatives of φ appear in (61.7) it follows that one of these constants is additive. The other f constants may be taken as the αj. Thus, if we can find a complete integral of (61.7) involving f arbitrary constants, none of which is an additive constant, the equations of motion of the dynamic system are simply (61.6); i.e., the partial derivative of φ with respect to any one of these constants is itself a constant.

Since [image: e9780486140780_i0938.jpg] = 0 and the [image: e9780486140780_i0939.jpg] are constants of the motion, it follows that the new Lagrangian


[image: e9780486140780_i0940.jpg]


is also zero. Hence, from (58.2),


[image: e9780486140780_i0941.jpg]


Thus φ is Hamilton’s principal function for the motion. It is the value of the function φ of (57.1) obtained by integrating along the actual path of the system. φ may be regarded as a function of the end coordinates and times of the motion, and the change in it due to infinitesimal changes in these is given by (57.7).

[image: e9780486140780_i0943.jpg]


Writing H, pj, qj for the values of these quantities at time t, and [image: e9780486140780_i0944.jpg] for their values at t = t1, and restricting the variation in t at the end points so that [dt]t2 = [dt]t1 = dt, we have


[image: e9780486140780_i0945.jpg]


which reproduces (58.6). The principal function between time t1 and t is therefore the generating function of the contact transformation from the initial values of the coordinates and momenta to the values of the coordinates and momenta at time t. The state of the system at any time is thus obtained from the initial state by the contact transformation generated by the principal function up to that time.

In the special case in which the Hamiltonian is independent of the time, we saw in Sec. 57 that it was convenient to introduce the action S, which is related to the principal function φ for a path starting on an arbitrary but definite configuration and ending on the configuration at time t. By (57.14)


(61.8)
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apart from an arbitrary additive constant. We should expect that substitution of this expression into the Hamilton-Jacobi equation should lead to a simplification of that equation for a system described by a Hamiltonian that does not involve the time explicitly, and that the constant E in (61.8) should then represent the constant total energy for a natural system (33.6).

(61.9)
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where


(61.10)


[image: e9780486140780_i0948.jpg]


and the time variable has been separated out of the H—J equation. The function S is then the generator of a time-independent contact transformation, which, in the many cases in which H does not involve t, is sufficient for the purpose. Since φ is a function of the qj, t, and f arbitrary constants αj, we see from (61.10) that the extra constant E introduced into (61.8) cannot be independent of the αj, for otherwise φ would contain f + 1 arbitrary constants. There is therefore some relation


(61.11)
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the explicit form of which depends on the manner in which the f constants αj have been chosen.

A symmetrical way of choosing the relation (61.11) is


[image: e9780486140780_i0950.jpg]


so that equations (61.6) become


[image: e9780486140780_i0951.jpg]


These f equations describe the path of the system parametrically as functions of the time. Sometimes it is more convenient to derive the equation of the path itself, without reference to the particular time at which any given point on the path is occupied. To do this we choose as the form of (61.11)


E = αf


Then equations (61.6) become


(61.12)


[image: e9780486140780_i0952.jpg]


The first f—1 equations then describe the path, and the last equation tells what point on the path is occupied at any given time. We note that it is not necessary to solve for φ or S explicitly in any given problem, since only derivatives of these functions appear in the equations of motion, (61.6) or (61.12). This fact usually simplifies the analysis considerably.

It is easily verified without the use of transformation theory that the equations of motion, (61.5) and (61.6), and the H — J equation (61.7) are consistent with the canonical equations. Differentiating (61.6) with respect to the time,


[image: e9780486140780_i0953.jpg]


and, differentiating the H—J equation with respect to αj,


[image: e9780486140780_i0954.jpg]


Since ∂φ/∂qk = pk, these equations are consistent with the canonical equation [image: e9780486140780_i0955.jpg] = ∂H/∂qk. We leave to the reader to verify the consistency of the equations with [image: e9780486140780_img_7767.gif]k = – ∂H/∂qk by differentiating (61.5) with respect to the time and (61.7) with respect to qj.

Reference to Sec. 59 shows that it is possible to formulate similar Hamilton-Jacobi theories in terms of ψ, ψ’, φ’. Since ψ and φ’ are expressed in terms of the pj, the differential equations for these generators to make the new Hamiltonian vanish are


[image: e9780486140780_i0956.jpg]


or


[image: e9780486140780_i0957.jpg]


Since in general the Hamiltonian involves qj in a much more complicated manner than it does pj, these equations are of little interest. The function ψ’(pj, [image: e9780486140780_i0958.jpg] , t), however, will generate a contact transformation so that [image: e9780486140780_i0959.jpg] = 0 if


[image: e9780486140780_i0960.jpg]


where, in H, pj is replaced by ∂ψ’/∂qi according to (59.10). Then, as before, [image: e9780486140780_i0961.jpg] and [image: e9780486140780_i0962.jpg] are constants, since [image: e9780486140780_i0963.jpg] = 0, and the rest of the above theory follows. It is obvious that this formulation merely repeats what has been given above, since, from (59.9),


[image: e9780486140780_i0964.jpg]


i.e., the functions ψ’ and φ merely differ by an additive constant.

If H does not involve t, we may write


(61.13)
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as in (61.8), with


[image: e9780486140780_i0966.jpg]


Indeed, this result is valid even if the [image: e9780486140780_i0967.jpg] and [image: e9780486140780_i0968.jpg] are not constants. Then


(61.14)
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Thus starting with the function ψ’, by means of a contact transformation we may pass to a system for which the Hamiltonian is zero and the new coordinates and momenta are constants of the motion, with ψ’ determined by (61.13) and (61.14).

If the time does not appear in H, there is another simple transformation which is of great interest, and which also leads to the Hamilton-Jacobi equation (61.14). This is a time-independent transformation generated by S’(qj, [image: e9780486140780_i0970.jpg]) alone, such that as before the [image: e9780486140780_i0971.jpg] are constant, but now the new Hamiltonian is not zero but equal to its original value: [image: e9780486140780_i0972.jpg] = H(q, p). As a consequence the [image: e9780486140780_i0973.jpg] are not constants. This transformation, generated by the time-independent part of ψ’ in (61.13), leads naturally to action and angle variables discussed in the next two sections.


62. ACTION AND ANGLE VARIABLES—PERIODIC SYSTEMS

To illustrate the ideas which follow, let us consider the special case of a system with one degree of freedom described by a Hamiltonian H(q, p) which does not contain the time explicitly. We may apply the contact transformation generated by S’(q, p) so that, from (59.10),


(62.1)
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Let us choose S’ so that [image: e9780486140780_i0975.jpg] is a constant of the motion, [image: e9780486140780_i0976.jpg]= J say. Then, when we write [image: e9780486140780_i0977.jpg]= w, it follows that w is a cyclic coordinate and


(62.2)
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with


(62.3)
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Since [image: e9780486140780_i0980.jpg] and J are both constants, v is also. Thus the cyclic coordinate w conjugate to the constant of the motion J increases linearly with the time:


(62.4)
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If, for instance, J has the dimensions of action (energy × time), it follows that w is dimensionless, v is a frequency, and w increases by unity in time v—1.

The constant new coordinates [image: e9780486140780_i0982.jpg] of the last section were given by
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or, for the case considered here, with one degree of freedom
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The new coordinate [image: e9780486140780_i0985.jpg], which in the present section we have called w, is given by
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From (61.13) it follows that
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or
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by (61.4) which reproduces (62.4). The arbitrary constant δ is nothing but the constant of integration α of the last section. The time-dependent generator ψ’ leads to a time-independent new coordinate [image: e9780486140780_i0989.jpg]. The time-independent part of ψ’ generates a transformation which leads to a new coordinate which increases linearly with time.

Let us suppose now, as would be the case in many systems, that q and p are periodic functions of the time, of period τ, and let us evaluate the action over one period. This is a constant of the motion, and we shall choose J equal to it


[image: e9780486140780_i0990.jpg]


the integration proceeding over the values of q from time t to time t + τ. Of course, in order to evaluate this integral, it is necessary to know the value of p as a function of q by solving the equation H = E.

During one period of the motion, w increases by an amount


[image: e9780486140780_i0991.jpg]


The change in w during a complete period is unity, and, as it has been shown that w increases by unity in time v—1, it follows that v = τ—1 is the frequency of the periodic motion. For such a problem J is called the action variable and w the corresponding angle variable.

The transformation has been generated by S’(q, p) = S’(q, J), where S’ corresponds to the time-independent part of ψ’ in (61.13). The generating function could be equally well expressed as S(q, [image: e9780486140780_i0992.jpg]) = S(q, w) with


(62.5)
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from (59.9). Then, instead of (62.1), we have
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Since, by definition, J is the increase in S’ during one period, it follows from (62.5), by taking the increase of both sides over a period, that S is a periodic function of w with period 1.

Thus, for example, for the simple oscillator discussed in Sec. 58,


(62.6)
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where a = (2E)½/ω. Thus


(62.7)
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The generator of the transformation to angle variables is


S’ = ∫(2E — ω2q2)½ dq


or
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The angle variable w is given by
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so that dw = (ω/2πp) dq, a result that follows directly from (62.4), provided that v is the frequency. The momentum is


[image: e9780486140780_i0999.jpg]


In terms of the constant a, which is the amplitude of the motion,
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or


q = a sin 2πω


Thus J is simply ω times the area enclosed in the corresponding circular motion, and w is (2π)—1 times the phase angle. w increases by unity for each complete oscillation of the system.

We note that these results are identical with those derived at the end of Sec. 58. There the generating function is expressed in terms of q, w, and it corresponds to S above. If we express S’ in terms of q, w, we have
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i.e.,
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Thus, from (62.5),
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This is the mysterious generating function (58.11) which was introduced earlier without any apparent reason. It is, of course, periodic in [image: e9780486140780_i1004.jpg], with period unity. More simply, since E = [image: e9780486140780_i1005.jpg] cosec2 2πω, the function S is obtained from S = ∫ (2E — ω2q2)½ dq, with E expressed in terms of q and w, and w kept constant during the integration.

It should be re-emphasized that the introduction of action and angle variables does not assist us in the solution of a problem as simple as this, for before J could be found it was already necessary to know p as a function of q (62.6). Furthermore, since the Hamiltonian is quadratic in p, the expression for p in terms of q is double-valued, corresponding, of course, to the two possible directions of the velocity when the oscillator is at a particular point. In evaluating (62.6), the positive sign of the square root was taken as q increased, the negative as q decreased. Indeed, the graph of p against q is the path of the system in phase space, and as the system oscillates the representative point in phase space traverses an ellipse. The integral J is clearly the area of this ellipse.

More generally, if the motion of a periodic system of one degree of freedom is represented by a closed curve in phase space, the action variable corresponding to this motion is the area enclosed by the curve. Such a motion is called a libration or oscillation. Thus, for the anharmonic oscillator (see Chapter 3),
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For this to be represented by a closed loop in phase space, there must exist two values x’, x” of x between which E > V and at which E = V. Furthermore, dp/dx must also be infinite at x = x’, x = x”. The last condition is satisfied provided that x’, x” are single roots of the equation


V(x) = E


The motion is then a libration, and, since p dq = p dx = 2T dt, the expression p dq is positive throughout the motion. The loop in phase space is then traversed in the clockwise sense. Other possible types of motion of the oscillator have been discussed in Chapter 3. One other possibility is of special interest here. It may happen that the potential function V(x) is itself a periodic function of x. If, then, E > V for all values of x, the system assumes another form of periodicity. Without loss of generality, we may choose the variable q = q(x) so that the period of V is 2π; i.e.,


V(q) = V(q + 2π)


Then clearly


p(q) = p(q + 2π)


so that the momentum is periodic in q. The path in phase space is then no longer a loop but a periodic curve, but nevertheless for this case, too, we may define an action variable. The integration in (62.6) is then over values of q corresponding to the period of p, i.e., from q0 to q0 + 2π. Such a motion is called a rotation. As an example, we note that for the plane pendulum discussed in Sec. 18 the equation for p, as a function of θ may be written
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It is therefore periodic in θ, and, if E > 2mgl, the motion is a rotation. The action associated with the motion is then


[image: e9780486140780_i1008.jpg]


and the corresponding angle variable is w = θ/2π, which clearly increases by unity during each period.

Action and angle variables are of particular interest in quantum theory. According to the original treatment of the latter, the values which J may assume for a periodic system are not arbitrary but are limited to be integral multiples of Planck’s constant h; i.e.,


J = nh


where n is an integer. Thus, for example, the energy of a harmonic oscillator is not arbitrary but is limited by (62.7) to the values E = nhv. For a detailed discussion of this, and indeed for an exhaustive treatment of action and angle variables in classical and quantum theory, we refer the reader to a treatise by Professor Born.13

It may be noted that the state of a system with one degree of freedom may be specified by the complex number


(62.8)
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where a is a real constant. To every point in phase space there corresponds a point in the z plane, and vice versa. The Hamiltonian H(q, p) may be expressed in terms of z and its complex conjugate z* by means of the relations


(62.9)
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The canonical equations may be written


(62.10)
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where aH (q, p) = H’(z, z*) and in the differentiation the variables z, z* are treated as independent. The second canonical equation is then just the complex conjugate of the first.

For a motion of libration, the action variable


J = [image: e9780486140780_img_8754.gif] p dg


evaluated along a closed curve in phase space taken in the clockwise sense may be written as a contour integral
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evaluated in the usual counterclockwise sense. Thus


(62.11)
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where Im denotes “imaginary part of.” The contour of integration in the z plane corresponds, of course, to the closed curve in the p — q plane through the relations (62.9).

If E is the energy of the particle,


H’(z, z*) = aE


so that z* may be expressed as a function of aE and z:


(62.12)
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In general, z* does not appear as a single-valued function of z, so that the integrand in (62.11) possesses one or more branch points (cf. Exercise 3, Chapter 3). In the example given below, however, z* may be made a single-valued function by appropriate choice of the parameter a.

We shall consider the case of the simple oscillator described by


(62.13)
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Then, using (62.9),
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If we choose a = ω-1 , this becomes


(62.14)
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The Hamiltonian equations of motion are then


[image: e9780486140780_img_380.gif] = —iωz


and its conjugate complex, or


z = Ae—iωt


where |A| = E½/ω from (62.13). The representative point in the complex plane thus moves in a circle of radius E½ω—1 with angular velocity ω. The action variable for this motion is, from (62.11),
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in agreement with (62.6).

If we have a periodic system that is slightly disturbed by some external force, we may under certain conditions still introduce action and angle variables and use them to estimate the rate of change of the amplitude of the resulting almost periodic motion. We shall write the Hamiltonian of the system as H = H[q, p, a(t)], where the effect of the external force is exhibited by the explicit dependence of H on t through a(t), and the fact that this effect is small implies that å is small. At any given instant throughout the motion we shall suppose that, if the external influence were suddenly removed ([image: e9780486140780_i1019.jpg] = 0), the system would become truly periodic, with action and angle variables J and w introduced as above. One would think that the action variable J derived in this way would depend on the instant at which the external force were supposed removed, but it may be shown that,14 provided a(t) is unrelated to the period of the system,


[image: e9780486140780_i1020.jpg]


where ΔJ is the change in J in the time interval Δt. In the limit of infinitesimal [image: e9780486140780_i1021.jpg], then, the change in J goes to zero even over an extremely long interval of time for which Δa = [image: e9780486140780_i1022.jpg] Δt is finite. The type of external influence considered above, which is sufficiently slow so that the change in energy of the system per period is small compared with the energy itself, and which does not produce resonance, is known as an adiabatic change, and the resulting invariance of J is known as adiabatic invariance.

For a simple harmonic oscillator, we have, from equations (62.7) et seq.,
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so that, since J is an invariant for adiabatic changes, the amplitude of the oscillation is proportional to ω—½ for such changes. If the frequency of oscillation is slowly increased by an external influence, the amplitude then slowly decreases. This result may be derived more directly thus: If
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where ω is a given slowly varying function of time, and if we look for a solution of the equations of motion of the form


q = a sin ∫ ω dt


then, neglecting terms involving second time derivatives of a,
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so that
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or


a ∼ ω—½


Action and angle variables are therefore useful for finding the rate of change of the amplitude of the motion under the influence of an adiabatic perturbation.

For a simple pendulum the length of which is being increased adiabatically, or for any other oscillator the natural frequency of which is being slowly increased, the total energy of the oscillator is proportional to a2ω2 and thus to ω. According to quantum mechanics the energy is (n + [image: e9780486140780_i1027.jpg] ) hω, where n is an integer, and therefore also is proportional to ω for an adiabatic change which keeps n constant.


63. SEPARABLE MULTIPLY-PERIODIC SYSTEMS

It is relatively easy to generalize the ideas of the previous section to systems with more than one degree of freedom. Introducing a time-independent generating function S’(qj, [image: e9780486140780_i1028.jpg] ), we suppose that it has been chosen so that the [image: e9780486140780_i1029.jpg] are constants:
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Then, if H is independent of the time, we have, writing [image: e9780486140780_i1031.jpg] = wj,


(63.1)
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As before,


(63.2)


[image: e9780486140780_i1033.jpg]


Thus the ωj are cyclic, [image: e9780486140780_i1034.jpg] = [image: e9780486140780_i1035.jpg] (Jj), and, as [image: e9780486140780_i1036.jpg] , Jj are constants of the motion,


(63.3)
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where νj, δj are constants.

All the above relations hold independently of any periodicity properties of the dynamic system in question, but they are of little interest unless it is possible to choose the constants Jj so introduced as equal to the action variables of the system. We shall therefore suppose that for each degree of freedom there exists an interval to < t ≤ to + Tj over which the integral


(63.4)
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may be determined, the value for each j being independent of to. This condition is satisfied if, for instance, qj and pj are periodic functions of the time, with period Tj:
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The motion is then one of libration. If, on the other hand, the motion is one of rotation, pj is a periodic function of qj and the integral in (63.4) is to be taken over this period. In order to evaluate each term in (63.4) each p must be known in terms of the corresponding q, a condition that by (63.1) is satisfied if S’ is separable:


S’ = ΣSk’(qk)


During the motion of the system, the Jj remain constant, so that changes in the angle variables ωj arise only from changes in the coordinates qk, i.e., from (63.1)

(63.5)
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Thus, from (63.3),


(63.6)
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giving an expression for the frequencies of the motion that may be computed if S’ is known as a function of the q’s and J’s.

If the frequencies are commensurable, the system will return to its initial state after some finite time T where


T = njTj (not summed)


and the nj are integers. If we integrate (63.5) over this complete period of the system, we obtain


(63.7)
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From (63.3), the left-hand side is equal to


vjT = njνjTj (not summed)


Thus, for each j, νjTj = 1, i.e., νj is in fact the frequency with which the motion of the jth degree of freedom repeats itself.

If the frequencies are not commensurable, strictly speaking T is infinite, i.e., the system will never return exactly to its initial state. However, for large T the system comes back to a state which is arbitrarily close to that from which it departed, so that in this case (63.7) contains an error that may be made as small as desired.

The function S’ is not completely defined as a function of the qk, for each one of the terms in the sum


(63.8)
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is defined only when the time over which the integration is to extend is specified. Over a complete period T of the system, the generating function S’ increases by an amount [image: e9780486140780_i1044.jpg] nkJk, even although after that time all the q’s and p’s have returned to their initial values. During this time, however, the alternative generating function


(63.9)
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increases by an amount
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Thus S is periodic with the period T.

The ambiguity in S’ as a function of qk also reveals the fact that S is multiply-periodic. If the kth term in
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is taken over mk extra periods of the motion of qk, and at the same time ωk in (63.9) is replaced by ωk + mk, the value of the function S is unaltered, i.e.,


(63.10)
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for all integers mk. Since this is valid for any value of k, S(qk, ωk) is in this sense multiply-periodic in ωk with fundamental period unity.

It may happen that S’ is not separable when expressed in terms of the variables qj but may become separable when expressed in terms of some other variables: [image: e9780486140780_i1049.jpg] = [image: e9780486140780_i1050.jpg] (qκ). For this reason the choice of a coordinate system is of great importance in dealing with such problems. The coordinate transformation above corresponds to the momentum transformation (59.10) with ψ’ = [image: e9780486140780_i1051.jpg] + g(q)
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so that
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since the second term on the right-hand side gives no contribution. Hence


(63.11)
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These integrals may be evaluated only if the pj are known as functions of the qj, and the [image: e9780486140780_i1055.jpg] as functions of the [image: e9780486140780_i1056.jpg] . Thus, if the H — J equation is separable and if f integrals of it are known, the sum of the action variables is invariant under a coordinate transformation which leaves the equation separable.

If, independently of any initial conditions, the fundamental periods Tj are mutually incommensurable, it may be shown that all transformations which leave the H — J equation separable are of the form
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i.e., each new coordinate is a function of a particular old coordinate. The generator of such transformations is
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It then follows that (63.11) is valid for each j, and the phase integrals Jj are invariant with respect to all transformations which leave the H — J equation separable.


64. APPLICATIONS

In the following applications, equation numbers on the right-hand side of the page refer to the general equations of the text of which the equality is a particular case.

(a) Central Motion. A particle moves in the field of a fixed center of force, the potential being V(r) (cf. Sec. 36). Using spherical coordinates,
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(32.1)
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(54.3)



The Hamiltonian does not involve t, so we have
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(61.9)



with


S = S(r, θ, φ, αj) (j = 1, 2, 3)


The H — J equation is separable, for if we write


S = Sr(r) + Sθ(θ) + Sφ(φ)


we have
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or
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The right-hand side of this equation is a function of φ alone, the left-hand side a function of r and θ. But r, θ, φ are independent variables. Each side of this equation must, therefore, be a constant, and we write
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(61.10)



The constant m here introduced is the same as that specified earlier (36.3), and it may be regarded here as one of the constants αj. The H—J equation may now be written
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and, as before, each side must be equal to a constant l2. Thus we may write
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(61.10)


[cf. (36.4)], hence
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(61.10)


The three momenta are then given explicitly as functions of r, θ, φ, and three constants m, l, E, and then S is given by


S = ∫(pr dr + pθ dθ + pφ dφ)


The equations of motion then follow in any one of the following three ways:

1. Express the momenta above in terms of the velocities by (53.2). This gives three differential equations which are, of course, Lagrange’s equations and are not in an integrated form.

2. Use the relations
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(61.12)



The evaluation of these integrals is facilitated by choosing the axes so that m = 0 [cf. (36.5)]. The problem is then one of two degrees of freedom, with φ = β1 = const. Thus
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where


I1 = ∫(E — V*)—[image: e9780486140780_img_8531.gif] dr, I2 = ∫r—2(E — V*)—[image: e9780486140780_img_8531.gif] dr


and where
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is the potential function (36.13) for the one-dimensional problem equivalent to the radial motion.

3. For general orientation of axes (m ≠ 0) the problem is one of three degrees of freedom, and there exist three first integrals of the equations of motion, expressible in terms of the coordinates and momenta thus:
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These three constants—the angular momentum about the polar axis, the total angular momentum, and the energy—correspond here to the three constants αj in the complete integral of the H — J equation. As written above, each constant expresses a relation between one coordinate alone and the corresponding momentum. The problem is thus broken into three equivalent one-dimensional problems for the φ, θ, r motions respectively, corresponding to the fact that the variables in the H — J equation are separable. Attention has already been drawn to this in Sec. 36 for the case of the radial motion. In the case of the θ motion, the equation


pθ2 + m2 cosec2 θ = l2


may be regarded as giving a Hamiltonian Hθ such that
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If Hθ = V* — V = l2/2µr2, constant as far as variations of θ are concerned, it is easily verified that these canonical equations are satisfied. The potential energy of the centrifugal force when expressed as a function of θ and pθ may therefore be regarded as the Hamiltonian which describes the θ motion.

If the system is periodic, the action variables may be evaluated as follows:


Jφ = [image: e9780486140780_img_8750.gif] pφ dφ = m [image: e9780486140780_img_8750.gif] dφ


and, as the integration is over a complete range of φ from 0 to 2π,


Jφ = 2πm


The condition that pθ be real is that
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where, since the angular momentum about a particular axis cannot exceed the total angular momentum,


m ≤ l


Thus


(64.1)
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the positive sign of the square root being taken as θ increases from θmin = sin—1 (m/l) to θmax = π — θmin, the negative sign as θ decreases. Hence
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Writing sin2 θ = u, we have
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Replacement of u by v – 1 in the integral changes the sign and interchanges l and m, so that J is a function of (l – m). Furthermore, for m = 0,
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Thus


Jθ = 2π(l – m)


Finally


(64.2)
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if the potential V and the constants E and l2μ – 1 are such that the radial motion is periodic.

In the special case of a potential V = κ/r, the condition that the integrand should vanish is


2μEr = μκ ± (μ2κ2 + 2μEl2)½


These two roots are both positive only if both κ and E are negative, i.e., for an attractive potential with the particle having insufficient energy to escape to infinity. The radial motion is then periodic, and
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with
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The value of this integral is15 Jr = – 2πl + (2πμκ / ( – 2μE)½) so that


(64.3)
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giving the energy in terms of the action variables, hence the Hamiltonian in terms of these variables. The frequencies of the r, θ, φ, motion are then given by (63.2)


[image: e9780486140780_i1082.jpg]


but since the energy depends only on the sum Jr + Jθ + Jφ, these frequencies are all equal to


(64.4)
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The orbit is closed in the special case considered here, and the frequencies of the r, θ, and φ motion are identical.

Systems possessing two or more commensurable frequencies are called degenerate. The degeneracy vθ = vφ arises as a general consequence of the central nature of the force; that vr also assumes the same value is a consequence of the special form V = κ/r of the central force.

Thus, for an electron of charge – e moving in the field of a nucleus of charge Ze, we have κ = – Ze2 and (64.3) becomes


[image: e9780486140780_i1084.jpg]


where


J = Jr + Jθ + Jφ


If the generating function S is expressed in the form of the function S’(qj, Jj) of Sec. 63, we have


S’(r, θ, φ, Jr, Jθ, Jφ) = ∫(pr dr + pθ dθ + pφ dφ)


where
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Thus, for example, (63.6) gives, for vφ,
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which reduces to the result (64.4).

It was postulated by Bohr and Sommerfeld that the action variables are not arbitrary but may assume only values of the form


Jr = nrh, Jθ = nθh, Jφ = nφh


where nr, nθ, nφ are integers and h is Planck’s constant. This additional assumption imposed on classical mechanics was successful in describing the observed energy levels of an electron in an atom, at least approximately. Here, for instance, one obtains for the energy levels of a hydrogen-like atom
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where


n = nr + nθ + nφ


Coupled with the condition E = hv for the frequency of light emitted when an electron makes a transition from one energy level to another, this leads to
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for the frequency spectrum, where n1 and n2 are integers. For n1 = n [image: e9780486140780_img_8811.gif] 1, n2 = n + 1, the frequency associated with the change of n by an integer is


[image: e9780486140780_i1089.jpg]


which is identical with (64.4). Thus, in the limit of large quantum numbers n, the frequency of the light emitted when n changes by unity is the same as the frequency of the electron in its orbit. This result is a particular case of the correspondence principle of Bohr.

(b) The Problem of Two Centers of Gravitation. We turn now to the problem of the motion of a particle under the influence of forces
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Fig. 64-1. Elliptic coordinates.



toward two fixed centers, the forces being inversely proportional to the square of the distance of the particle from these centers; i.e.,


V = κ[(x – c)2 + y2] – ½ + κ’[(x + c)2 + y2] – ½


where 2c is the distance between the centers. We consider only the two-dimensional problem, the initial conditions of the motion being such that the particle remains in a plane. We introduce elliptic coordinates q1, q2 (see Fig. 64-1), defined by
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The equations q1 = const and q2 = const then represent respectively ellipses and hyperbolas whose focuses are at the centers of force. Then
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and the kinetic energy is
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Hence
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(53.2)



and
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The Hamilton-Jacobi equation is, then,
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(61.9)


or
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The equation is therefore separable, and we may write


S = S1(q1) + S2(q2)


where
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The equations of motion are
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(61.12)


As usual, the first of these equations gives the time at which a point on the orbit is occupied; the second gives the equation to the orbit.
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These integrals are of the elliptic type.

The analysis of this problem by the Hamilton-Jacobi method is considerably simpler than the direct integration of Lagrange’s equation of motion. This results essentially from the fact that the H – J equation, when expressed in terms of the elliptic coordinates, is separable.

Two special cases are of interest.

Case 1. κ’→ – κ, c → 0, 2cκ → μ (finite). The problem is then that of the motion of a particle in the field of a dipole of strength μ and axis along the x axis. We write q2 = θ and introduce


r = c cosh q1


Then as c → 0, cosh q1 → ∞, so that also


r → c sinh q1


Then x = r cos θ, y = r sin θ, and the elliptic coordinates reduce to plane polar coordinates. The equation to the orbit becomes
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and the time at which a point on it is occupied is given by


t + β = ∫(2Er2 + α1)—½r dr


In this limit, the momenta become


[image: e9780486140780_i1102.jpg]


(note that p1 is conjugate to q1= ln r + const, not to r).

These results may, of course, be obtained independently by starting from first principles:
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so that
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Thus
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or
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as before.

Case 2. The special case c → ∞, κ’/4c2 → F (finite). In this limit the motion is that of a particle in a Coulomb field upon which i8 superimposed a uniform parallel field. The solution should then describe approximately the motion of a charged electron around a nucleus under the influence of a uniform external electrostatic field, as in the Stark effect.

We shall first move the origin to the point occupied by the center κ and, for convenience in generalizing this case to three dimensions, replace the variable x by z; i.e.,
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Let us now take the limit c → ∞, replacing q1, q2 by q1c – ½, q2c – ½ respectively. Then
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the parabolic coordinates introduced earlier (Exercise 6, Chapter 1). If we wish to consider this motion in three dimensions, these coordinates are easily generalized to
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Thus
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so that the surfaces q1 = const are paraboloids of revolution about the z axis which intersect a plane containing the z axis in parabolas with focus at the origin. This origin is now the center of the force of potential κr – 1, and the center κ’ has been moved to a distance large compared with the separation of the particle from the origin and its strength correspondingly increased so that it produces a uniform field F in the z direction, of potential – Fz. For definiteness we shall take F as positive.

The kinetic energy is
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so that
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Hence
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and the H – J equation is separable:
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Hence
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Thus
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with
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We shall be interested in the case in which the particle is bound to the center of force (E < 0), so that for it to move into the region z > 0 the central force must be attractive (κ < 0). Without performing the above integrations we may learn something about the nature of the motion from the conditions f1(q1) ≥ 0, f2(q2) ≥ 0. Writing q2 = s, J32/4π2 = α, we have
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so that d2f1/ds2 = 0 for s = s0 = (α/F)[image: e9780486140780_img_8531.gif]. This is a minimum of df1/ds, at which point df1/ds = 2E -f- 3α[image: e9780486140780_img_8539.gif]F[image: e9780486140780_img_8532.gif]. Hence if
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f1 has two turning points, and initial conditions may be chosen (corresponding
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Fig. 64-2. The range of values available to variable q1 when J3 ≠ 0.



to choice of α1) so that the graph of f1 against s is as indicated in Fig. 64-2. The particle, once confined between the limits q1min ≤ q1 ≤ q1max, will remain within these limits. We leave to the reader to verify that the function f2 always possesses one and only one maximum, so that, as its value at this maximum must be positive, q2 also is confined between limits q2min ≤ q2 ≤ q2max. In this motion, then, since J3/2π, the angular momentum about the axis of F, is different from zero, the particle executes a rotation about this axis. Its path is thus confined to the interior of a ring symmetrical about the line through the force center parallel to the direction of F, the cross section of the ring being bounded by parabolas as indicated in Fig. 64-3. Note that the nonvanishing of J3 implies that q1min and q2max are both greater than zero.

For J3 = 0, the motion takes place in a plane parallel to the field F. It then follows that for f2 ever to be positive, —α — 4κ > 0, and then 0 ≤ q2 ≤ q2max, where


(q2max)2 = F—1{E + [E2 – (α1 + 4κ)F]½}


The graph of f1 against q12 has a minimum at q12 = – E/F, and at that point f1 = α1 – E2/F. For the particle to be bound near the
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Fig. 64-3. Cross section of region in which particle may move (Ja ≠ 0).



origin it is necessary that α1 > 0, and, if the parallel field is not too large (F < E2/α1), then q1 is also bound between limits 0 ≤ q1 ≤ q1max. The motion is then confined to the region bounded between the parabolas q1 = q1max and q2 = q2max.
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EXERCISES

1. A homogeneous bar is free to slide on a smooth vertical plane which is constrained to rotate with constant angular velocity w about a vertical axis fixed in the plane. Describe the motion (a) by using Lagrange’s equations, (b) by using the method of Hamilton and Jacobi.

2. Write down the Hamilton-Jacobi equation for the motion of a charged particle in a uniform magnetic field.

3. Show that the H—J equation for a particle moving in a lamellar field of force may be written
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where
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and h is a constant of dimensions of action. If V is independent of t, this becomes
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with


ψ = e – iEt/hu(r)


If h = h/2π, these equations, with the underlined nonlinear terms absent, become formally Schrödinger’s fundamental equations of wave mechanics.

4. Evaluate the integrals (64.1) and (64.2) by contour integration.

5. Develop the problem of two centers of gravitation by using Lagrange’s equations.

6. Write down the action variables J1, J2, J3 for the motion of a particle of mass m in a central field upon which is superimposed a uniform parallel field. If the central field is a Coulomb attraction (κ = – Ze2) and the uniform field is an electric field E(F = – eE), show that the energy of the particle is, to terms of first order in E,
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(Born, loc. cit., p. 212.)

7. Show directly that, if during the small oscillations of a simple pendulum the thread is slowly drawn up through the point of support, the action variable associated with the motion is invariant. Use this result to estimate the rate of change of the amplitude of the oscillations.

8. Show that for a particle of mass m moving in a circle with speed v([image: e9780486140780_img_8810.gif]c) under an attractive force to a fixed center such that the potential energy at a radius r is g(e – κr/r) (g, κ constants), the Bohr theory gives, for a fixed n, two states or none according as κ is less than or greater than
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Show further that if κ > (2mg)/(en2h2), both states have positive energy, but that if κ < (2mg)/(en2h2) one state is bound and the other has positive energy. Discuss the case κ → 0 and derive the condition on the parameters such that nonrelativistic theory is applicable.

9. A neutral particle of mass m moves in a circle under its gravitational attraction to a fixed center of mass M. Find the Bohr radii of the orbits and assuming ordinary densities determine the order of magnitude of the largest central mass M such that the inner orbit of a circulating neutron would lie outside it. Estimate the temperature above which such a system would be unstable.

(Ans. ~100 grams, 10 – 13 °K!)





12 INFINITESIMAL CONTACT TRANSFORMATIONS

65. TRANSFORMATION THEORY OF CLASSICAL DYNAMICS

We have seen that the form of the equations of motion of a system is unchanged if the set of variables q, p describing the state of the system is replaced by another set of variables [image: e9780486140780_i1127.jpg] connected with the original set by contact transformation. The functional form of the Hamiltonian in general changes when this replacement is made, and the value of the Hamiltonian changes if the contact transformation depends upon the time.

Any function f(q, p, t) has a value determined by the state of the system at a given time. Before we can call this a dynamic variable, however, we must prescribe how this function is to transform under contact transformation. The most convenient prescription is that the value of f must not change. Thus under the contact transformation [image: e9780486140780_i1128.jpg] → q, p we say that if f is a dynamical variable


(65.1)
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According to this prescription the Hamiltonian is not a dynamical variable when time-dependent transformations are considered. This is reasonable because we have seen that the Hamiltonian of any system can be made to vanish. The kinetic energy, however, is a dynamical variable.

If a system is described in a fixed coordinate system, the useful dynamical variables (kinetic energy, momentum and angular momentum, etc.) do not depend explicitly on the time. When this same system is described in a moving coordinate system these quantities may become explicitly time-dependent, hence we cannot omit the explicit time dependence of dynamical variables.

It is difficult to discuss the effects of finite contact transformations on dynamical variables, just as it is difficult to discuss the change in value of a function when the argument is changed by a finite amount. We therefore consider infinitesimal contact transformations (ICT’s) in which the new variables q, p differ from the old variables [image: e9780486140780_i1130.jpg] by small quantities whose products are negligible in a limiting process. Thus we write


(65.2)
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Inserting this into the defining equation for a contact transformation (58.6) yields


(65.3)
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Because only the differentials of the qi, the pi, and t appear on the left side of (65.3), the right side is necessarily a function of these variables, which we denote by – εX(q, p, t). Here ε is a small parameter and the minus sign is introduced for future convenience. Thus


(65.4)
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(65.5)
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X(q, p, t) is called the generator of the ICT. It is a function of the coordinates and momenta of the system and of the time, hence of the state of the system at the time t. We may take X(q, p, t) to be a dynamical variable. If q, p and [image: e9780486140780_i1135.jpg] are related by a finite contact transformation, we may say that the ICT’s generated by X(q, p, t) and by [image: e9780486140780_i1136.jpg] t) respectively are the same ICT described in two different coordinate systems. It will be shown immediately below that the z component of the angular momentum generates a rotation of coordinates about the z axis. In any other coordinate system this same component of angular momentum will generate a rotation about this same axis although the description of the rotation will be different. We examine some specific examples of ICT’s.

Example 1. Let X be the Hamiltonian H of the system, and let us write ε = δt. Then
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Hence, from Hamilton’s equations


(65.6)
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This therefore represents a transformation from the variables qj, pj at time t to the variables qj + δqj, pj + δpj at time t + δt, and the motion of the system during this interval of time may be regarded as an ICT generated by the Hamiltonian. The motion of the system may then be regarded as a succession of ICT’s. If H is independent of the time, the generator of the successive transformations remains constant; ; if H depends on the time, the new generator at time t + δt is just [image: e9780486140780_img_292.gif] + δH, i.e., the new Hamiltonian at that later time, since δH is defined as (∂H/∂t) δt.

Example 2. We may consider a set of particles described by rectangular cartesian coordinates xp, yp, zp, and let
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Then,


[image: e9780486140780_i1140.jpg]


or


(65.7)
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for each particle. This transformation, generated by the x component of the momentum, therefore corresponds to a translation of the coordinate system parallel to itself by a distance ε in the positive x direction.

As is to be expected, the momentum components are unchanged by this transformation.

Example 3. Let X be the negative of the orbital angular momentum of the system of particles about the z axis:
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Then
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Thus, for each p, i.e., for the coordinates and momenta of each particle,


(65.8)
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It is clear from Fig. 65-1 that the first set of equations (65.8) corresponds
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Fig. 65-1. Rotation about negative z axis through a small angle ε.



to the rotation of the axes through a small angle ε about the positive z axis. In addition, from the second set of equations (65.8), we see that the momenta px, py transform under an infinitesimal rotation about the z axis in the same way that the coordinates x, y transform.

The transformation theory of dynamics has been developed starting from the more elementary theory based directly on Newton’s laws of motion. The language of the transformation theory provides a very simple and general characterization of classical dynamic systems from which the forms of the equations of motion can be deduced.

We assume that the state of our system at a time t is specified by giving the values of f coordinates and f momenta at this time. It is a matter of indifference what set of coordinates and momenta is used, all sets connected by contact transformation being considered equivalent for this purpose. (The numerical values given to the coordinates and momenta do, of course, depend on the coordinates and momenta chosen.) The contact transformations involved here are time-independent because we are considering the state at the fixed time t.

If qi(t1) pi(t1) describe the state of the system at time t1 and if qi(t2), pi(t2) do the same at time t2, we assume that these two sets of variables are related by a contact transformation. Let the generator of this transformation be φ. Thus


(65.9)
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We investigate the consequences of this description of a dynamic system in terms of contact transformations.

The time interval t2—t1 may be broken up into n equal intervals Δt such that n Δt = t2—t1, and n may be made arbitrarily large. Thus we may treat Δt as small and neglect powers of Δt greater than the first. The second assumption above says that the state at time t + Δt is related to the state at time t by contact transformation. We take this transformation to be infinitesimal. It is generated by


(65.10)
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In the limit n → ∞, then,


(65.11)
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because the generator of the resultant of several contact transformations is the sum of the generators of the separate contact transformations.

Equation (65.11) is similar in form to (57.1) and we may calculate the variation of φ as we did that of φ in (57.6):


(65.12)
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When Δt1 = Δt2 = 0, (65.12) should reproduce (65.9). It does this only when the coefficients of the δqi vanish, i.e., when Lagrange’s equations are satisfied, and when


(65.13)
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Equations (65.13) are a necessary adjunct to Lagrange’s equations because the latter are second-order equations in the coordinates alone whereas the state is described by the coordinates and momenta. Equations (65.13) relate the velocities [image: e9780486140780_i1151.jpg] to the qi and pi which define the state.

The expression for Δφ may be written


(65.14)
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where H = piqi – L as usual, and again Hamilton’s equations follow from this definition and from Lagrange’e equations as in Sec. 57.

The form of the equations of motion can thus be deduced from rather general statements about the transformations in phase space which give the state of a system at one time in terms of the state at another time. Nothing can be concluded about the form of the Lagrangian or Hamiltonian needed to describe a specific system except that (65.13) must be soluble for the velocities. The assignment of a specific Lagrangian to a system can be justified only by comparing the solution of the resulting equations of motion with the observed motion of the system.


66. POISSON BRACKETS

At the beginning of the last section it was pointed out that the functional form of a dynamical variable depends upon the set of coordinates and momenta used to describe the state of the system. We now determine what change in functional form is caused by an ICT.

Let the dynamical variable in question be Y(q, p, t) and let X(q, p, t) be the generator of the ICT so that


(66.1)
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Because the contact transformation is infinitesimal, the change in the functional form will also be small. This change is defined by


(66.2)
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where the identity of the arguments is to be noted.

The ICT in question is that described in (65.2). Expanding [image: e9780486140780_i1155.jpg] (q, p, t) in a Taylor series, keeping only the linear terms and using (66.2), we see that


(66.3)
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Now using (66.1), we obtain


(66.4)
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The quantity in parentheses in (66.4) is called the Poisson bracket of the two dynamical variables Y(q, p, t) and X(q, p, t). It is usually denoted by (Y, X). Thus


(66.5)
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The invariance of the Poisson bracket of two dynamical variables under ICT is readily shown. Let the ICT be generated by Z(q, p, t). From (65.1) it follows that
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and from (65.2) and (65.4) that
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Similar expressions exist for the derivatives with respect to [image: e9780486140780_i1161.jpg] . With f replaced by X and then by Y and neglecting terms of order ε2, it then appears that


(66.6)
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The omission of the arguments in (66.5) is thus justified and the Poisson bracket of two dynamical variables is a dynamical variable with a value independent of the variables used to describe the state of the system.

Poisson brackets have the following properties:


(66.7)
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The last equation is known as Jacobi’s identity. Some consequences of it are developed in Sec. 67.

From the definition of Poisson brackets it follows that


(66.8)
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and also that


(66.9)
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If X is an algebraic function of some set of q’s and p’s, it is possible to find its derivative with respect to any q or p by purely algebraic means using (66.7), (66.8), and (66.9).

Nowhere in this section has the time been varied. The δY that has been found is that due to the change in the canonical coordinates and momenta produced by an ICT, these new coordinates and momenta being considered a new description of the same state. In Example 1 of Sec. 65 it was shown that the ICT generated by the Hamiltonian of the system could be regarded as a transformation from the coordinates and momenta at time t to those at time t + dt in the same coordinate system in phase space. Now (66.2) no longer holds because (a) qi, pi do not describe the same state as [image: e9780486140780_i1166.jpg] , and (b) the two times are not equal. We can regard the transition from [image: e9780486140780_i1167.jpg] , t to qi, pi, t + dt as taking place in two steps. In the first step the canonical coordinates and momenta are changed to their new values; in the second step the time is changed. Our analysis holds for the first step and we must add the effect of the second. If dY(q, p, t) is the entire change in the value of Y, then
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or


(66.10)
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Here the symbol [image: e9780486140780_i1170.jpg] stands for that function of q, p, t which has the value of the partial time derivative of the value of Y.

Equation (66.10) allows the equations of motion to be written in an elegant form. Let Y be one of the coordinates, i.e., Y = qi. Then clearly [image: e9780486140780_i1171.jpg] = 0 (naturally this means not that [image: e9780486140780_i1172.jpg] = 0 but that ∂qi/∂t = 0) and we have


(66.11)
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Similarly, with Y(q, p, t) = pi, we obtain


(66.12)
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As an example, let H be the Hamiltonian of a charged particle in an electromagnetic field,


(66.13)
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where Pi is the kinetic momentum introduced in Sec. 55. The Poisson bracket of any two functions of the coordinates only vanishes, so


(66.14)
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in accordance with (66.11). Similarly,


(66.15)
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agreeing with (66.12)

The Poisson bracket of two kinetic momenta is


(66.16)
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which does vanish if A is a constant (or is a gradient) so that the magnetic field is zero. This may be written as


(66.17)
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From (66.10) we can also draw the following conclusion. If Y is a dynamical variable which does not depend explicitly on the time, so that [image: e9780486140780_i1180.jpg] = 0, then Y is a constant of the motion if and only if its Poisson bracket with the Hamiltonian vanishes. We may write (66.5) in this case with X = H as


(66.18)
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by use of the first of equations (66.7). Thus we may say that Y(q, p) is a constant of the motion if and only if the form of the Hamiltonian is invariant under the ICT generated by Y.

This statement provides a way of connecting the symmetry of a system directly to integrals of the motion of the system. Here we apply this to Examples 2 and 3 of Sec. 65. In Sec. 67 we shall use this method to derive some less obvious results.

Example 2. Let X(q, p, t) = – px = — [image: e9780486140780_i1182.jpg], p so that (65.7)
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for each particle p. If now H is of the form


H = T(pρ) + V(rρσ)


with


rρσ2 = (xρ – xσ)2 + (yρ – yσ)2 + (zρ – zσ)2


the system possesses a potential energy which depends only on the distances rρσ between the various particles. But these distances may also be written
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so that rρσ, hence V, is the same function of the barred variables as it is of the unbarred. Since pρ, is invariant under the transformation, we have
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the Hamiltonian being the same function of [image: e9780486140780_i1186.jpg], as it is of q, p. Thus δH = 0, and px, the total momentum in the x direction, is a constant of the motion. A similar result applies, of course, for py, pz. Thus, if a system of particles is acted upon only by internal forces which depend on the separations of the particles, the total momentum of the system is constant. This result is, of course, quite elementary, and it has been established in Sec. 13.

In general, any momentum pk is a constant if H is invariant under the ICT generated by pk:
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i.e., under infinitesimal change of the coordinate qk. Clearly, if H does not involve qk explicitly it is so invariant, and the generator of the transformation, i.e., the momentum pk conjugate to the cyclic coordinate qk, is, as has been shown previously, a constant of the motion.

Example 3. With X(q, p, t) = – lz, the new coordinates and momenta are given by (65.8). Hence
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to terms of first order in ε. Hence, as before, rpσ, and thus any function V(rpσ), is the same function of the [image: e9780486140780_i1189.jpg], as it is of xp, xσ, [image: e9780486140780_img_903.gif] [image: e9780486140780_img_903.gif] [image: e9780486140780_img_903.gif] Similarly,
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to terms of order ε, so that any kinetic energy function T(pp) is the same function of the new variables as it is of the old. Hence for any Hamiltonian of the form


H = T(pp) + V(rpσ)


again δH = 0, so that the angular momentum about any axis is a constant of the motion.

For the case of a single particle referred to rectangular cartesian coordinates, the definitions (66.4) and (66.5) of the Poisson bracket of two dynamical variables become


(66.19)
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The Poisson bracket of two components of orbital angular momentum l = r × p follows from this definition as


(ly, lz) = lx


or in general


(66.20)
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Similarly,


(66.21)
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may be derived from (66.19) or from (66.9), and if l2 is the square of the total orbital angular momentum


(66.22)
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From (66.8), two dynamical variables X and Y can be simultaneously introduced as coordinates or momenta only if their Poisson bracket vanishes or if it is unity. In the latter case X and Y form a canonically conjugate pair. Thus from (66.20) no two components of the angular momentum of a particle or a rigid body can be taken as canonical momenta, for in general the Poisson bracket of two angular momenta does not vanish.

One component of angular momentum may be used as a canonical momentum, and indeed in the discussion of central motion [Sec. 64(a)] the z component of angular momentum lz = pφ was so used, along with its canonically conjugate coordinate, the azimuthal angle φ. The momentum pφ introduced in that connection is another canonical momentum, but it is not one of the other components lx, ly.

Consider a set of dynamical variables Yj(q, p, t) which constitute the components of a vector in configuration space. The index j refers to the coordinate curve along with qj is measured. The vectorial character of the Yj(q, p, t) specifies the way in which the components transform under a coordinate transformation. They must transform in the same way that the coordinate differentials transform.16 A coordinate transformation is a special kind of contact transformation, and we have established how dynamical variables transform under ICT. It is interesting to combine these two approaches to the transformation of vectors.

An infinitesimal coordinate transformation is generated by a dynamical variable X(q, p) linear in the momenta. Then, according to (65.4),
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so that


(66.23)
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If [image: e9780486140780_i1197.jpg] are the components in the barred system of the vector whose components in the unbarred system are Yj(q, p, t), then


(66.24)
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This is the geometric approach.

The ICT generated by X(q, p) causes a change in the functional form of any component Yj(q, p). According to (66.1), (66.2), and (66.5)


(66.25)
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Now if the old and new coordinates are of the same kind and if the old and new components depend on their arguments in the same way so that their physical meanings are similar, then


(66.26)
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Under these circumstances and only then we have, by comparing (66.24) and (66.25),


(66.27)
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This result is especially simple when the system consists of a single particle referred to cartesian coordinates and X(q, p) is taken to be a component of angular momentum:


(66.28)
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Then


(66.29)
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which is a constant. Then, if the Yi are the components of a vector satisfying (66.26),


(66.30)
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For example,


(ly, lz) = lx, (lx, lz) = – ly


since the angular momentum does satisfy (66.26).

This theorem is more useful when applied to a system of particles. Let the Yi be the three-dimensional cartesian components of a vector which depends additively on vectors defined for each particle of the system, and let X be the total k component of angular momentum. Then we again obtain (66.30). Examples of such vectors are the total linear momentum of the system and the magnetic moment of the system due to the motion of charged particles. A vector which does not satisfy (66.26) is, for example, the magnetic field B impressed on the system by external currents. This does satisfy (66.26) in the special case where B is constant and lk is the component of l in the direction of B.


67. JACOBI’S IDENTITY

If the total rate of change dX/dt of a variable X along the path of a dynamic system is zero, then X is called a constant of the motion. If now X(qj, pj) is such a constant, it follows that


(67.1)
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i.e., the Poisson bracket of any constant of the motion with the Hamiltonian vanishes. From Jacobi’s identity (66.7), with Z = H:


((X, Y), H) + ((Y, H), X) + ((H, X), Y) = 0


It is therefore possible from any two constants of the motion X, Y to find a third constant (X, Y), for, since (X, H) = 0, (Y, H) = 0, it follows that


(67.2)
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Thus the Poisson bracket of two constants of the motion is itself a constant of the motion.

In many instances the constant so found is quite trivial; for instance, given that [image: e9780486140780_img_7767.gif]k = 0, [image: e9780486140780_img_7767.gif]l = 0 for particular values of k and l, (67.2) merely shows, from the fundamental bracket expressions (66.8), that zero is also a constant of the motion.

Sometimes, however, the third constant of the motion derived from Jacobi’s identity is not immediately obvious. Thus, from (66.17), when a charged particle moves in an electromagnetic field, the Poisson bracket of the velocities in two perpendicular directions is proportional to the magnetic field strength in the third orthogonal direction. We notice that this relation couples the properties of the particle, on the one hand, with properties of the field, on the other, the coupling depending on the magnitude of the electric charge. If, then, vx and vy are constants of the motion, so is Bz(x, y, z, t).

This result may be seen from the equations of motion, for
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Hence
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so that, using Maxwell’s equations,
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we have
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Hence, since Bz is a function of x, y, z, t,
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and B, is constant along the path of the particle. Similar results hold, of course, for cyclic permutation of x, y, z.

From the Poisson bracket relations (66.19) and (66.20) involving the components of the orbital angular momentum of a particle, application of Jacobi’s identity leads to the following results:



	If py, lz, are constants of the motion, so is px. (See Fig. 67-1.)

	If ly, lz are constants of the motion, so is lx.


In result 1, the force on the particle must have no component in the y direction and its line of action must intersect the z axis. Unless the particle is moving in the x-z plane, the force must therefore be parallel to the z axis. Thus it has no component in the x direction, so px is a constant of the motion. If the particle is constrained to move in the x-z plane, the system has one less degree of freedom. In this case the Poisson bracket relations of Sec. 66 are no longer applicable, since then lx ≡ lz, ≡ 0, py ≡ 0, y ≡ 0, ly = zpx – xpz. Then
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as before, but we can say nothing about Poisson bracket expressions of the form (py, lz), etc. In this case, if px and ly are constants, so is pz,
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Fig. 67-1. If py, lz are constants of the motion, so is pz.



for then the force has no component in the x direction, and it must pass through the origin. Hence, unless the particle is constrained to move along the z axis, the force on it can have no component in the z direction, and p, is a constant. If the particle is constrained to move along the z axis, we have a further reduction of the number of degrees of freedom and none of the above relations are applicable.

In result 2, ly and lz are constants, so that the force on the particle must intersect the y and z axes. Thus, unless the particle is in the y – z plane the force on it must also intersect the x axis, so that lx is also a constant of the motion. If the particle is constrained to move in the y – z plane, it has one less degree of freedom as before, and the Poisson bracket relation is no longer applicable.


68. POISSON BRACKETS IN QUANTUM MECHANICS

In the previous section, and indeed throughout this book, we have mentioned special cases of problems in which, for example, a coordinate and the corresponding momentum were both zero. In classical mechanics we do not inquire into the consistency of such conditions; this would require a closer examination of the physical processes involved when an observation on a system is made. In quantum mechanics such questions have been partially answered, and there it emerges that such special cases have no meaning, for it is physically impossible to measure both x and px simultaneously with arbitrary precision and, in particular, to specify that for a given system both of these variables are zero.

The chief interest of Poisson brackets lies in the fact that, if in classical mechanics the Poisson bracket of two dynamical variables vanishes, then according to quantum mechanics these variables may be simultaneously observed. Thus, for example, a coordinate qk and any momentum pl (l ≠ k) other than the one conjugate to qk may be observed at the same time with arbitrary precision. If, on the other hand, the Poisson bracket of two variables does not vanish (e.g., vx and vy in the presence of a field, or lx and ly), these two variables may not be observed simultaneously. In quantum mechanics, dynamical variables are described by operators, which may be represented by matrices. The quantum Poisson bracket of two operators X and Y is then defined by


(68.1)
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Hence, if the matrices X, Y commute, the Poisson bracket of X and Y vanishes. The condition that quantum mechanics should include classical mechanics as a valid approximation for all but atomic phenomena is that the form of any Poisson bracket relation in classical theory should remain unchanged in quantum theory when the definition (68.1) is adopted instead of (66.4), (66.5). Hence, if the Poisson bracket of two variables in classical mechanics is zero, the operators representing these variables in quantum theory commute. This is interpreted physically as implying that these variables may he simultaneously observed.


EXERCISES

1. Verify Jacobi’s identity [last of equations (66.7)].

2. Show that (xi, lj) = [image: e9780486140780_img_8714.gif]ijkxk, either from the definition (66.5) or more simply from (66.9).

3. A particle is free to slide under gravity in a fixed, smooth, curved tube which lies in a vertical plane. Are equations (66.20) and (66.21) applicable to its motion (a) when the origin lies in that plane; (b) when it lies outside of the plane of the tube?

4. When applied to the coordinates and momenta of a particle, the quantum Poisson bracket definition (68.1) becomes
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Show that, if pk is the operator – i[image: e9780486140780_img_295.gif](∂/∂xk), this yields
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which are formally identical with (66.8).





13 FURTHER DEVELOPMENT OF TRANSFORMATION THEORY

69. NOTATION

The state of a dynamic system is defined by the values of the coordinates and momenta of the system. The coordinates and momenta enter the theory in a very symmetrical way, the difference in sign between the two sets of canonical equations alone distinguishing between them. It is convenient to introduce a notation which reflects this symmetry. Let us denote the variables q1, p1, q2, p2, ··· , qf, pf by z1, z2, . . . , z2f. Any dynamical variable can be written as a function of the z’s and the time. Greek indices will be used to label the z’s and will have the range from 1 to 2f.

Hamilton’s equations may now be written in the form


(69.1)
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where Aαβ is the 2f × 2f matrix


(69.2)
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A couples the canonically conjugate variables with the characteristic sign difference. From (69.2) we see that


(69.3)
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where, as in Appendix II, the transpose is denoted by the symbol T. The equations describing any ICT have the form of (69.1)


(69.4)


[image: e9780486140780_i1220.jpg]


if [image: e9780486140780_img_8714.gif]X(z, t) is the generator of the transformation. We shall use matrix notation and not write out all indices explicitly. Thus (69.4) will be written


(69.5)
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It is interesting to note that the equations of motion (69.1) can be regarded as Lagrange equations resulting from a Lagrangian in phase space,


(69.6)
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This Lagrangian is linear in the “velocities” z. It differs in value from the ordinary Lagrangian only by a total time derivative, for
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The Poisson bracket of two dynamical variables becomes simply


(69.7)
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70. INTEGRAL INVARIANTS AND LIOUVILLE’S THEOREM

A contact transformation is a transformation among the z’s which leaves the form of the equations of motion invariant. Let the [image: e9780486140780_i1225.jpg] be the new coordinates, which are functions of the old coordinates and the time. We define the matrix M by


(70.1)
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The determinant of M is the Jacobian of the transformation. If this is a contact transformation, the old and new Lagrangians differ by a total time derivative. Thus
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Using (69.6) for L, we obtain

Now
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or, in matrix notation,
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so that, using the antisymmetry of A, we have


(70.2)
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For this to be a perfect differential the derivatives with respect to z of the coefficients of dz must form a symmetric matrix; i.e.,
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is symmetric under interchange of i and k. Thus
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Thus finally


(70.3)


[image: e9780486140780_i1233.jpg]


is the condition for a contact transformation. This condition on M was derived by Poincaré and has been used by Courant and Snyder in discussing high energy accelerators. (See Chapter 17.) Matrices satisfying (70.3) are called symplectic. The other cross derivatives in (70.2) involve differentiation with respect to the time and serve to determine [image: e9780486140780_i1234.jpg].

Taking the determinant of both sides of (70.3), we see that


(70.4)
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since det A = 1 and det MT = det M. If M describes a contact transformation which can be continuously obtained from the identity, then


(70.5)
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However, any contact transformation can be obtained as a succession of infinitesimal transformations. Let the generator of a given contact transformation be [image: e9780486140780_i1237.jpg] . Then
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is the generator of the identity transformation for λ = 0 and the generator of the given transformation for λ = 1, and so exhibits the given contact transformation as developing from identity. Finally, then, we may conclude that the Jacobian determinant of any contact transformation is unity. This is known as Liouville’s theorem.

In an ordinary coordinate transformation the sign of the Jacobian is irrelevant, as it can be changed by merely interchanging the labels on two of the new coordinates, an operation which interchanges two columns of the determinant. This cannot be done in M, however, because the rows and columns in M are paired, each coordinate being tied to its conjugate momentum by the form of A which is constant. Thus here interchanges of columns must occur in pairs and no sign change results.

We may consider a set of points in phase space at a given time. These points then represent a set of possible initial conditions of the system, or equivalently may be taken as the representative points of a set of similar systems which do not interact with each other. Such a set of systems is called an ensemble. It is important in statistical mechanics where the time average of a function of the state of a system is assumed to be equal to the average of that same function over a suitable ensemble. Similar considerations arise in electron and ion optics where the behavior of a beam of particles in an external field is to be studied.

In all problems where a family of possible trajectories of a system is of interest rather than a particular trajectory, the idea of an integral invariant is important. Let


(70.6)
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be an r-dimensional integral over some part of phase space Ωr. If the value of Ir is unchanged as the points z of Ωr move along their trajectories, then I, is an integral invariant of the system. If Ωr is a closed manifold (e.g., the surface of a hypersphere), the integral invariant is relative; otherwise it is absolute.

We consider two integral invariants which are of particular importance. Let F(z) in (70.6) be unity and let us integrate over a finite f-dimensional volume V of phase space. Then


(70.7)
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is an absolute integral invariant. To prove this we only need to use the result (70.5) that the Jacobian of a contact transformation is unity. Then if new coordinates [image: e9780486140780_i1241.jpg] obtained from the original zα by contact transformation are introduced, [image: e9780486140780_i1242.jpg] . Further, the new limits of integration are just the old limits expressed in the new coordinates, so that the value of If = V is invariant under contact transformation. The coordinates at any other time are obtained from the zα by contact transformation, and so V is constant in time.

This result can be derived in a more illuminating way. We may consider the phase points of an ensemble distributed in phase space with a density p(z). The velocity [image: e9780486140780_img_380.gif] of a phase point is given by (69.1). The number of phase points being constant, the density p must satisfy an equation of continuity,


(70.8)
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From (69.1) it follows that


(70.9)
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because Aαβ is antisymmetric and ∂2H/(∂zα ∂zβ) is symmetric. Hence


(70.10)
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and the density of phase points does not change along the trajectory, establishing Liouville’s theorem once again.

As the second integral invariant we take


(70.11)
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where the integral is over any closed path in phase space. The invariance of this under arbitrary contact transformation follows immediately from the definition (58.6). For the path given in (70.11) there is no time integration, so that


(70.12)
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Again because the coordinates and momenta at one time are connected with those at any other time by contact transformation, the invariance of I1 follows. I1 is a relative integral invariant. It is equivalent to an absolute invariant


I2 = ∫ dpj dqj


over region Ω2 bounded by the curve defining (70.11). The action integrals introduced in (63.4) are special cases of I1 where the path of integration involves only one coordinate and its conjugate momentum, and consists of a period of this motion.


71. LAGRANGE BRACKETS

The Lagrange bracket of two dynamical variables is defined as follows:


(71.1)
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The partial differentiation with respect to X and Y implies that 2f – 2 other dynamical variables have been defined and are to be kept constant during the differentiation. In the notation of the last section this may be written


(71.2)
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The Lagrange bracket of two coordinates or momenta is
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or in detail


(71.3)
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It is relatively easy to show directly that the Lagrange bracket is invariant under contact transformation. Alternatively we may proceed as follows:

If the Xα are a set of dynamical variables, then
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Thus the matrix of Lagrange brackets is, except for sign, the reciprocal of the matrix of the Poisson brackets. The invariance of one implies the invariance of the other. We saw in Sec. 66 that Poisson brackets are invariant under contact transformation, and so the invariance of the Lagrange bracket is established.


72. CHANGE OF INDEPENDENT VARIABLE

Up to this point we have treated the time t on quite a different basis from the space coordinates qj, but it is possible to formulate classical dynamic theory without doing this. It has, of course, been natural to develop classical mechanics in a manner which treated the time variable quite differently from the other independent variables, and to give special attention to Hamiltonians which are independent of the time, because of the obvious distinction between time and space variables in our common experience. Nevertheless, the formulation given in this section is not of mere academic interest, for it leads to the generalization of the mechanics so far developed to the special theory of relativity (Chapter 16) in which it is seen that the distinction between space and time variables in fundamental physical theory is not so sharp as our experience might suggest.

Let us consider then the coordinates qj and the time t as functions of some other parameter τ which labels the path of the system in configuration space, and let us denote differentiation with respect to τ by a prime. The variable τ could, for instance, be the distance along the path from some fixed point on it, but we do not specify τ beyond stating that there is a 1:1 correspondence between the set of values of τ and the set of points on the path of the system.

The functional Φ, whose variation vanishes according to Hamilton’s principle, may be written


(72.1)
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This definition is symmetrical in the coordinates and the time except for the sign of the last term and the fact that H is given as a function of the q’s, p’s, and t. If we introduce the momentum h conjugate to t by


(72.2)
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then (72.1) becomes


(72.3)
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When Φ as given by (72.3) is varied to obtain the equations of motion, the variation must be consistent with (72.2).

Equation (72.3) itself is entirely symmetrical in the f + 1 quantities pj, h and in the f + 1 quantities qj, t. The time is reduced to the role of a coordinate, the negative of the energy to that of its conjugate momentum. The only asymmetry lies in (72.2). If, now, (72.2) is solved for a momentum, p1 say, so that the equation reads


(72.4)
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p1 can be eliminated from (72.3). This yields


(72.5)
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and there is no constraint on the variation applied to obtain the equations of motion. Now let τ = q1. Hamilton’s principle applied to (72.5) will lead to the equations of motion in canonical form, but with q1 as the independent variable and with P as the Hamiltonian.

(72.6)
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For this device to be useful, P must be a single-valued function. Otherwise the requirement that there be a 1:1 correspondence between values of q1 = τ and points on the path in configuration space is not satisfied. The advantage to be gained by changing the independent variable is sometimes important. In conservative systems (∂H/∂t = 0) it permits us to reduce the number of degrees of freedom by one, for ∂H/∂t = 0 implies ∂P/∂t = 0, so that the first line of (72.6) is a set of equations for the trajectory without regard to when the system occupies a particular point on the trajectory. The second line of (72.6) furnishes this latter information. In the special theory of relativity it is advantageous to be able to treat the coordinates of a particle and the time on the same footing. This can be done by using the proper time as an independent variable.

The symmetry of (72.3) is emphasized if t, h are denoted by qf+1, pf+1 respectively. Allowing μ to run from 1 to f + 1, we might write
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This is misleading because the constraint (72.2) must be maintained, but this can be incorporated in Φ with a Lagrange multiplier λ(τ), so we write


(72.7)
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It is clear that these two functionals are identical if and only if


(72.8)
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We may define a Lagrangian [image: e9780486140780_i1262.jpg] by


(72.9)
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Lagrange’s equations are then


(72.10)
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A Hamiltonian [image: e9780486140780_i1265.jpg]may be defined by


(72.11)
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so that Φ may be written


(72.12)
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From this follow the equations of motion in canonical form:


(72.13)
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73. EXTENDED CONTACT TRANSFORMATIONS

The developments of the last section have shown that it is possible to write the Lagrangian and Hamiltonian forms of the equations of motion with an arbitrary independent variable τ and with f + 1 coordinates qμ, f + 1 momenta pμ, subject to the constraint


(73.1)
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This constraint is satisfied identically by solutions of the equations of motion if the initial conditions satisfy it. It is natural, therefore, to introduce a contact transformation by


(73.2)


[image: e9780486140780_i1270.jpg]


The only difference between this and (58.6) is that the time variable is no longer unchanged. Such a transformation is called an extended contact transformation.

Extended contact transformations suggest a generalization of Poisson brackets. Let us denote such a generalized bracket with braces, and define it by


(73.3)
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The generalized Poisson bracket of a dynamical variable X with the Hamiltonian [image: e9780486140780_i1272.jpg]is given by


(73.4)
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Here there cannot arise a term ∂X/∂t because a dynamical variable may be a function only of the coordinates, momenta, and time.

Integral invariants may be defined in the generalized (2f + 2)-dimensional phase space, but as the motion is subject to the constraint (72.2) the representative point is restricted to a (2f + 1)-dimensional subspace of the qμ, pμ space. In this 2f + 1 space, with qj, pj, t as coordinates, a point represents the state and time of the system. We define generalized absolute and relative integral invariants in this 2f + 1 space in the same way as they were defined for 2f space in Sec. 70. We note, however, that an integral Iτ, over an r-dimensional domain of this space does not necessarily involve an integration over points associated with the same value of the time.

By analogy with (70.12), it is clear that


(73.5)
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is a generalized relative integral invariant. If any closed curve is drawn in 2f + 1 space, and dynamic paths of the system are drawn through each point of this curve, the expression (73.5) has the same value for any closed curve drawn on and around this tube of paths. If the closed curve is drawn in the 2f-dimensional subspace t = const, the result reduces to the one obtained earlier.

We shall conclude by examining several applications of these transformations which also transform the variable t.

Example 1. Let
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the Hamiltonian for a simple harmonic oscillator in one dimension. We have seen that we may choose our units of mass and time so that [image: e9780486140780_i1276.jpg].This change of units may be represented by a contact transformation generated by
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where λ1 and λ2 are suitably chosen constants. For from equations analogous to (73.2) [cf. (59.4)], we have
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so that the equation H + h = 0 becomes
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When this is compared with the transformed equation [image: e9780486140780_i1280.jpg] + [image: e9780486140780_i1281.jpg] = 0, we have, for λ1 = (mk) – 39, λ2 = (m/k)½,
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Example 2. If the Hamiltonian does not involve t explicitly, then in the above formulation t is an ignorable coordinate, and its conjugate momentum h is a constant of the motion. Let us consider for simplicity such a Hamiltonian for a particle with one degree of freedom


H = H(q, p)


and introduce the contact transformation defined by
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Then
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This transformation therefore interchanges the roles of position and time and of energy and momentum. The equation


H(q, p) + h = 0


may be written
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and, if this equation is solved for [image: e9780486140780_i1286.jpg], we write its solution thus:
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Hence [image: e9780486140780_i1288.jpg] is the transformed Hamiltonian, and therefore [image: e9780486140780_i1289.jpg] is an ignorable coordinate. The existence of the energy integral for systems whose Hamiltonians do not contain the time explicitly can thus formally be expressed as the existence of a momentum integral h, h being conjugate to the ignorable coordinate t. Thus, from (72.6),
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where H = E.

Thus,
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giving the time at which any point on the orbit is reached in the form of the equation (61.12) derived from Hamilton-Jacobi theory.


74. PERTURBATION THEORY

It was pointed out in the very beginning of this book that the systems dealt with in classical mechanics are highly idealized, many complicating features being ignored in the expectation that they are unimportant. It is frequently necessary, however, to take some complications into account, to improve the description of the system, with the result that there is no known way to obtain an exact solution of the less idealized problem. If the added features produce small effects, it may be possible to obtain the necessary solutions to a sufficient accuracy by approximation methods. The systematic methods of obtaining approximate solutions are the subject of perturbation theory. Classical perturbation theory reaches its highest development in celestial mechanics. Here the highly idealized model of the solar system consists of a set of noninteracting planets moving in the gravitational field of the sun. Complicating features to be introduced are the interactions of the planets among themselves, the existence of moons, etc. Our purpose here is to outline some methods that may be used in such problems and to give some elementary examples.

The idealized system is described by a Lagrangian [image: e9780486140780_i1292.jpg] . t). The equations of motion derived from this Lagrangian are assumed to be solvable for arbitrary initial conditions. The real system is described by a Lagrangian [image: e9780486140780_i1293.jpg] ; t); the same coordinates appear in L0 and L. We write


(74.1)
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and call U the perturbation. U is usually a function of the coordinates and the time only, but we do not restrict it in this way.

The system may be described in terms of a Hamiltonian rather than a Lagrangian. With pj = [image: e9780486140780_i1295.jpg], the unperturbed Hamiltonian is formed from L0 in the usual way. If the perturbation U depends on the velocities, the perturbed momenta pj’ depend on the coordinates and velocities differently from the unperturbed momenta:


(74.2)
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The perturbed Hamiltonian is then


[image: e9780486140780_i1297.jpg]


The perturbing Hamiltonian, V, is defined by


(74.3)
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There are two principal ways in which perturbation theory may be formulated. If the unperturbed system is a separable multiply-periodic system, we may inquire about the change in the periods of the motion produced by a perturbation. The quantum theoretical analog of this is the question of the amount by which energy levels are shifted by a perturbation. For a general system whose state of unperturbed motion is described by a set of initial conditions or constants of integration of the unperturbed Hamilton-Jacobi equation, we may inquire about the rate at which this previously constant state is made to change by a perturbation. The quantum analog of this is the calculation of transition probabilities produced by a perturbation. Following the nomenclature of quantum mechanics, we call these stationary state theory and time-dependent perturbation theory respectively.

Perturbation theory involves an expansion in a power series, the terms in the series becoming, it is hoped, rapidly smaller. In order to identify the various orders of magnitude it is useful to introduce a parameter λinto the Lagrangian, or Hamiltonian, writing it


L = L0 + λU, H = H0 + λV


λ = 0 gives the unperturbed motion; λ= 1 gives the perturbed motion. All quantities are expanded in a power series in λ, and the highest power of λ retained is called the order of the perturbation calculation.


75. STATIONARY STATE PERTURBATION THEORY

The unperturbed system is described by action and angle variables Jk0, wk0, so that the Hamiltonian H0 depends on the Jk0 alone. The V, however, is a function of the angle variables as well, so that


(75.1)
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is dependent on both sets of variables. A contact transformation which introduces new action variables Jk is needed, H being a function of the Jk only. Because V is small, the contact transformation is near identity and is most conveniently described by a generating function S’(w0, J). We assume


(75.2)
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which reduces to the generator of the identity transformation for λ = 0.

According to (75.2),


(75.3)
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This value for Jk0 may be inserted in (75.1) and a power series expansion in λ may be made:


(75.4)
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The new action variables Jk are to be so defined that all time-independent dynamical variables are periodic functions of the new angle variables wk as they are of the old angle variables wk0. (The wk0 are not linear functions of the time in the presence of the perturbation, but the dependence of the dynamical variables on the Jk0, wk0 is not affected by this.) Thus the new and old angle variables must differ by a periodic function with unit period. From (75.2)


(75.5)
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∂S1/∂Jk, ∂S2/∂Jk, · · · are thus periodic functions of the wk0 with unit period, and they can be chosen to have vanishing mean values, as this merely changes wk by an additive constant. Thus S1, S2 may be chosen to be periodic functions of the wk0 with unit period.

Coefficients of powers of λ in (75.4) may be equated separately. This yields a set of equations


(75.6)
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(75.7)
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etc. In (75.6) the first term on the right has zero mean value as a function of the wk0 and the left side is independent of these variables.

Hence averaging (75.6) over one period of the wk0, we obtain


(75.8)
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where the average is over one period of the wk0 and is therefore equal to the time average over the unperturbed trajectory of the system.

We may now split V into its average value and an oscillating part W with zero mean:


(75.9)
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Equation (75.6) now reads


(75.10)
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This equation may be solved for S1, thus giving the first term in the equation for the new action variables.

Looking now at (75.7), we see that the first term on the right is known, as is the last, and that the second term has vanishing mean value. Equation (75.7) therefore may be averaged to give


(75.11)
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S2 is then obtained by solving


(75.12)
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obtained from (75.7) and (75.11), the braces meaning that only the oscillating part of the enclosed function is to be taken.

The approximation may be carried further. It clearly becomes more and more difficult to calculate the successive terms. A more fundamental difficulty presents itself. Let S1, W be expanded in a Fourier series in wk0
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(75.13)
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where the τk are a set of integers. Then (75.10) becomes an algebraic equation for the Fourier coefficients


(75.14)
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which is soluble for S(τk) only if the quantity


(75.15)
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A system satisfying this condition is termed nondegenerate. Perturbation theory can be applied to degenerate systems provided that the coordinates are chosen in such a way that W(J, τk) = 0 for those τ’s which make (75.15) untrue. Under these circumstances S(τk) is indeterminate and may be chosen to vanish.

As an example of the use of this perturbation theory, consider the problem of a particle of charge – e moving in a Coulomb field and in a uniform magnetic field. The magnetic field is taken as the perturbing influence.
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so that
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Here
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The first quantity needed is the average value of V over the unperturbed Kepler orbit. This can be calculated in any variables, but must eventually be expressed as a function of the action variables.
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In this particular problem the perturbation (to first order in A) is not a function of the angle variables at all
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so that the only frequency to be changed is the frequency about the field direction
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which is the exact solution. One could include the A2 term which was neglected in the above analysis.

As a second example take a special case of the problem discussed in Sec. 64. A particle moves under the influence of an inverse square law force and a constant force in the plane of the orbit, so that Jφ‘ = 0. We have
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From (64.3)
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This average depends on the orientation of the major axis of the ellipse relative to the applied field. For a general orientation we find, using (37.4),


[image: e9780486140780_i1323.jpg]


The integral involving sin φ vanishes because the numerator is odd and the denominator is even in φ. The integral involving cos φ is finite. In fact,
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by use of (37.12) and (37.9). Expressing everything in terms of action variables, using (37.12) and (64.3),
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The correction to the Hamiltonian H0 is not a function of Jτ + Jθ only, so that the perturbed radial and rotational frequencies are not equal. We see that
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If cos θ0 > 0, H1(J) < 0, and the physical situation is as shown in Fig. 75-1. In this situation the perturbed value of νθ is greater than the perturbed value of ντ so that the major axis of the orbit precesses in the direction of increasing θ0. It is therefore possible to consider
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Fig. 75-1. Kepler motion perturbed by a uniform field in the orbit plane. The major axis precesses away from the field direction.



this a periodic system for time intervals over which θ0 does not change appreciably, but not over long time intervals.


76. TIME-DEPENDENT PERTURBATION THEORY

Let the Hamiltonian of the system be expressed as the sum of two terms as in (74.3). Instead of using action and angle variables which are derived from a time-independent form of the Hamilton-Jacobi equation we use the full, time-dependent theory. The generator of the contact transformation from constant coordinates and momenta, q0 and p0, to the variables used to describe the system originally, q and p, is a complete integral of the Hamilton-Jacobi equation:


(76.1)
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We make the transformation in two steps. The generator of the first step, [image: e9780486140780_i1329.jpg] yields a contact transformation connecting variables [image: e9780486140780_i1330.jpg] with the coordinates q. We choose φ0 so that in the absence of the perturbation the [image: e9780486140780_i1331.jpg] are constants; i.e., φ0 is taken to be a complete integral of the Hamilton-Jacobi equation formed with H0,


(76.2)
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the [image: e9780486140780_i1333.jpg] being the integration constants. The second step is generated by [image: e9780486140780_i1334.jpg] , which yields a contact transformation between the coordinates q0 which are truly constants and the slowly varying variables [image: e9780486140780_i1335.jpg] . Thus the entire generator φ is given by


(76.3)


[image: e9780486140780_i1336.jpg]


The contact transformation generated by φ0 (a) replaces the q, p by q, [image: e9780486140780_i1337.jpg], and (b) replaces the Hamiltonian H(q, p, t) by H + ∂φ0/∂t = V, which must be expressed as a function of the barred variables. The equations of motion for the barred variables are then


(76.4)
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Equations (76.4) are exact, but usually not exactly soluble. The usefulness of (76.4) comes about if V is small. The the barred variables are slowly varying functions of the time and these equations can be integrated by successive approximation. Instead of using the canonical set of variables [image: e9780486140780_i1339.jpg], [image: e9780486140780_i1340.jpg], it is sometimes convenient to use 2f functions of them, Cα (α = 1,2, · · · , 2f) which do not constitute a set of canonical variables. Then


(76.5)


[image: e9780486140780_i1341.jpg]


which is a form first derived by Poisson. Using the fact that the matrix of the Lagrange brackets is the negative reciprocal of that of the Poisson brackets, (76.5) may be rewritten in Lagrange’s form:


(76.6)
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Both (76.5) and (76.6) reduce to (76.4) when the Cα form a canonical set of variables.

Still another way to formulate the theory is to consider the contact transformation generated by a function which is a power series in the parameter λ:


(76.7)
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The functions φ(k) cannot be considered as the generators of a sequence of contact transformations as were the φ0 and φ1 of (76.2) because the arguments here are all the same. Let us assume that the power series is rapidly convergent at λ = 1, so that φ(n+1) [image: e9780486140780_img_8810.gif] φ(n). Then under the transformation generated by φ we have


(76.8)
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We expand the right-hand side in powers of λ:


(76.9)
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This yields, since φ does not depend explicitly on the momenta,


(76.10)
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If [image: e9780486140780_i1347.jpg] = 0, φ is the solution of the exact Hamilton-Jacobi equation. We may make [image: e9780486140780_i1348.jpg] as small as we wish by making the coefficients of sufficiently many successive powers of λ vanish. Thus [image: e9780486140780_i1349.jpg] is of order (λV)3 if

(76.11)
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Equations (76.11) are a set of differential equations for the φ(k). They can be solved successively because the right side of each equation depends on known quantities only once the preceding equations have been solved. Thus if equations (76.11) are solved, [image: e9780486140780_i1351.jpg] is zero to second order, and (φ(0) + φ(1) + φ(2) is the second approximation to the solution of the problem. It is usually impractical to carry the calculation out to terms higher than the second.

Instead of applying the contact transformation generated by (φ(0) + φ(1) + φ(2) + . . . + φ(n)), we may apply that generated by (φ(1) + φ(2) + . . . + φ(n)), omitting φ(0). If this is done,
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and we have introduced new variables which, to within terms of order (n + 1), obey equations of motion derived from the unperturbed Hamiltonian.

The first-order term φ(1) is easily understood. It is the integral of the negative of the perturbation over the unperturbed trajectory. Since
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if L = L0 – V (which is true if the V does not depend on the momenta), a first approximation to φ is naturally
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taken along the trajectory determined by L0 alone. The higher order terms are more complicated.


77. QUASI COORDINATES AND QUASI MOMENTA

In discussing the motion of a rigid body, it was found convenient to introduce the components wj of the angular velocity. It was shown in Sec. 49 that these quantities are not “velocities,” i.e., time derivatives of coordinates, but are nonintegrable linear combinations of velocities. In this section and the next, we wish to develop some properties of such quantities.

Let us consider a dynamic system whose configuration is specified by the f coordinates qj. We define f independent linear combinations of the velocities


(77.1)
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where the αjk are functions of the coordinates. The case of interest is that in which


(77.2)
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for some j, k, l, which means that the wj are not total time derivatives of any coordinates. It is customary to write, however,


(77.3)
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and to call dθj the differentials of quasi coordinates. dθj is not a differential, and θj is an undefined symbol.

Because the wj are independent, (77.1) may be solved for the velocities. We write the solution:


(77.4)
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The matrix β is the reciprocal of the matrix α:


(77.5)
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If F(q) is a function of the coordinates, its differential may be expressed in terms of the dθj,
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which suggests defining the symbol ∂F/∂θl by


(77.6)
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Thus, in particular,


(77.7)
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a definition that may be obtained directly from (77.4).

Let the Lagrangian of the system be L(q, [image: e9780486140780_i1363.jpg] , t). The [image: e9780486140780_i1364.jpg] ’s may be replaced by the ω’s, yielding


(77.8)
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Writing


(77.9)
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we have
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so that Lagrange’s equations become


(77.10)
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which may be written as


(77.11)
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with


(77.12)
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If the θj exist, γjkl = 0 and equations (77.11) are just the usual Lagrange’s equations in the new variables.

The σl introduced in (77.9) resemble momenta. They do not constitute a set of momenta in the usual sense unless the θj exist. To see this, it is sufficient to evaluate the Poisson bracket of two σ’s,


(77.13)
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which vanishes only when the γlij vanish. It is possible to define some quasi momenta which act as though they were canonically conjugate to the quasi coordinates. Let


(77.14)
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so that


dθj dπj = dqk dpk


Extending the definition (77.7) in an obvious way, we have
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along with
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so that with these definitions


(θi, πj) = αikβkj = δij


Equations formally resembling Hamilton’s equations may also be written. If H is the Hamiltonian corresponding to the Lagrangian L,
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However, H = pj [image: e9780486140780_i1376.jpg]—L so that
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from which it follows that


(77.15)
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These equations are not very useful because the differentials of the quasi momenta are not especially interesting quantities, although the ωj are.

The quantities σj are related to the momenta pk as the dπj are to the dσk, and are of interest even though they do not constitute a set of canonical momenta. We may replace the p’s in the Hamiltonian with the σ’s, just as the [image: e9780486140780_i1379.jpg] in the Lagrangian were replaced by ω’s. Thus


(77.16)
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so that
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With the use of (77.10) and (77.12), this yields


(77.17)
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These equations are not in canonical form unless the γjkl vanish.

The σ’s may replace the p’s in any dynamical variable:


(77.18)
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The ICT generated by X can be written
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(77.19)
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These equations are of the same form as (77.17), as was to be expected since H also generates an ICT.


EXERCISES

1. Verify (77.17) and (77.19) in detail.

2. For the case of a rigid body referred to space axes, comparison of (49.11) and (77.13) shows that γjkl = —εjkl. Obtain the matrix βij connecting the space components of ω with the Euler angles and verify this conclusion directly from (77.12).

3. Obtain the matrix βij connecting the body components of ω with the Euler angles from (49.12), and show that now γjkl = εjkl.

4. Show that
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14 SPECIAL APPLICATIONS

78. NONCENTRAL FORCES

In the definition of a particle given in Sec. 2, the only part of the description of a particle which could depend upon the time was taken to be its position. We now want to relax this restriction and consider a particle with an “intrinsic” angular momentum or spin, σ, independent of the orbital motion of the particle but which may be subjected to torques. In particular, we are interested in a spin of constant magnitude with which is associated a magnetic moment μ:


(78.1)
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This particular system is interesting because it is a reasonable classical analog to the quantum-mechanical electron of the Dirac theory. There the electron has a spin h/2 which vanishes in the classical limit so that the analogy is not exact in the sense of the correspondence principle, but nonetheless certain features of interest emerge from a classical model.

The components of σ in a fixed cartesian coordinate system are quantities of the kind denoted by σj in the last section. They are connected to the structure of the particle and the angular velocities in a way which we shall see below. For simplicity, the particle is assumed to possess spherical symmetry so that the inertia tensor may be taken to be a multiple of the unit tensor and denoted by the number J.

As the Lagrangian for our particle, assumed charged, we may take


(78.2)
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in which the two last terms describe the kinetic energy associated with the spin and the coupling of the spin to an external magnetic field B respectively. The momentum of the orbital motion is


(78.3)
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as in (55.3). The spin is given by


(78.4)
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Thus


(78.5)
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The Hamiltonian corresponding to [image: e9780486140780_i1392.jpg] is

(78.6)
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From this Hamiltonian we can see that the orbital motion is that of a charged particle in an electromagnetic field with an additional force given by
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If we restrict our attention to particles with small J and in weak fields so that the angular velocity is very much larger than the Larmor angular velocity, ω » gB, then the extra force may be written


(78.7)
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which is the usual expression for the force on a dipole. It vanishes if B is constant.

The equation of motion for the spin follows from (77.17). [image: e9780486140780_i1396.jpg] contains only the x’s, the p’s, and the σ’s, so [image: e9780486140780_i1397.jpg]= 0 and thus


[image: e9780486140780_i1398.jpg] — ω × σ = 0


Using (78.5), this becomes


(78.8)
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the familiar expression for the torque on a magnet in a magnetic field.

The vector σ appears in [image: e9780486140780_i1400.jpg] combined with the vector B. Therefore [image: e9780486140780_i1401.jpg] will have no simple transformation properties under a rotation of the axes to which the positional coordinates and momenta are referred unless at the same time the axes to which σ is referred are also rotated. The former axes are rotated by the ICT generated by a component of the orbital angular momentum, say ls. The coupled rotation is generated by a component of the total angular momentum j = l + σ, say js, given by


(78.9)
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Using Sec. 66 and (77.19) with [image: e9780486140780_i1403.jpg] = jz, we see that


(78.10)
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which is the coupled rotation of space and spin axes about the negative z direction through the angle ε.

As an example, we may consider the case in which B is the magnetic field due to a dipole μ’ fixed at the origin. Thus
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so that
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This corresponds to a vector potential
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We shall suppose that the direction of the dipole μ’ is fixed, and take this as the z direction. Then
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Under the transformation generated by jz [equation (78.9)] each of these terms is invariant if φ is symmetrical about the z axis. Thus jz, the sum of the orbital and spin angular momenta about the z axis, is a constant of the motion.

For the special case μ = 0, the motion is that of a charged particle in the field of a fixed magnetic dipole. This is of special interest in the study of cosmic radiation incident upon the magnetic field of the earth or sun.

We may also consider the more general problem in which the position and orientation of neither dipole is fixed. If we neglect any interaction not arising from the dipole moments (e = 0) and characterize the two particles by the suffixes 1, 2, the Hamiltonian may be written


(78.11)
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where


(78.12)
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and [image: e9780486140780_img_531.gif] is is a unit vector in the direction of the relative separation of the particles. This Hamiltonian is invariant under the ICT generated by
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i.e., the total angular momentum (orbital and spin) about the z axis. This transformation corresponds to (78.10) for each particle. We leave to the reader to verify that these changes leave [image: e9780486140780_i1412.jpg] invariant.

Under certain conditions the Hamiltonian (78.11) is also invariant under the ICT generated by


X = (σ1 + σ2)2


i.e., the square of the total spin angular momentum of the two particles. Under such conditions it follows that X is a constant of the motion. Since σ1 and σ2 are of constant length, this result is equivalent to stating that the angle between σ1 and σ2 stays constant throughout the motion. We have
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so that
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The term σ1 • σ2 in X12 [equation (78.12)] is clearly invariant under the transformation. X12 is invariant if any two of σ1, σ2, r are parallel, or if the components of σ1 and σ2 in the direction of r are equal. In particular, if σ1 and σ2 are initially parallel or antiparallel, the magnitude of their sum, the total spin angular momentum, remains constant.

These results are of particular interest in the attempt to understand the properties of the deuteron in terms of an interaction between proton and neutron which includes, in addition to central forces, a noncentral or “tensor” interaction of the form of X12. Because of the coupling between spin and orbital motion so postulated, the orbital angular momentum of the system is then no longer a constant of the motion; instead, we must use the total angular momentum and magnitude of the spin as a starting point for prescribing the properties of the system.


79. SPIN MOTION

In this section we discuss the equation of motion (78.8) of a spinning particle under the influence of an externally applied magnetic field B:


(79.1)
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This equation describes with remarkable accuracy the precession of the spin of an elementary particle, and is therefore of basic significance in the theory of electron and nuclear magnetic resonance, since classical mechanics is applicable to many situations in which such resonances are measured.

We note first, from (79.1), that


[image: e9780486140780_i1416.jpg]


so that a magnetic field cannot change the magnitude of the spin angular momentum of a particle. The equation is really concerned with the way in which the direction of the spin changes for different forms of B.

In many situations it is easier to understand the consequences of (79.1) if we introduce a coordinate system which is rotating about the particle with a constant angular velocity Ω. From (49.22) we may then write


(79.2)
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where ∂/∂t denotes the rate of change with respect to the time as seen in this rotating system. The vector σ, however, continues to denote the spin angular momentum relative to the inertial coordinate system with respect to which (79.1) is valid. Hence


(79.3)
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i.e., in the rotating system the spin processes as if the particle were being acted upon by an effective magnetic field
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In the special case B = const, we may choose


(79.4)
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and note that if the coordinate system is rotating at just this rate the spin vector appears in that system to be at rest (cf. Fig. 79-1). This


[image: e9780486140780_i1421.jpg]

Fig. 79-1. Precession of spin in a uniform magnetic field for g positive.



result may also be seen directly from (79.1).

In many problems concerning magnetic spin resonance it is necessary to study the equation governing the spin motion for the case in which the externally applied field B consists of a constant field B0 upon which is superposed a relatively small rotating field B1, so that (79.3) may be written
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Since any convenient constant value may be chosen for Ω, we shall now choose it so that in the rotating system the rotating field B1 is


[image: e9780486140780_i1423.jpg]

Fig. 79-2. Spin motion in uniform field plus rotating field (inertial system).



independent of the time. If, for example, B1 is rotating about the axis of B0 with angular velocity —ω, we simply choose Ω = —ω, to obtain


(79.5)
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(cf. Figs. 79-2, 79-3). Since B0 and ω are parallel and B1 is perpendicular to each of them the magnitude of the effective field Beff is therefore
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or


(79.6)
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In this rotating system the spin precesses about the constant effective field Beff with the constant angular frequency ωeff. If the angle φ between σ and Beff is sufficiently large (> [image: e9780486140780_i1427.jpg]π— θ) the component of σ in the direction of B0 can therefore become negative during part of the motion, and if θ = [image: e9780486140780_i1428.jpg]π (ω = ω0) a spin initially parallel to B0 will
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Fig. 79-3. Spin motion in uniform field plus rotating field, as seen from system in which rotating field is at rest.



precess about B1, becoming successively antiparallel and parallel to B0 during its motion.

In the same way that the effect of a single uniform field was shown in (79.4) to disappear in an appropriately chosen rotating coordinate system, so also the effect of the constant Beff field in our singly rotating coordinate system may be removed by transforming to a doubly rotating system. Such a set of coordinates would rotate around the direction of Beff with an angular velocity —ωeff the spin direction remaining constant in this system.


80. VARIATIONAL PRINCIPLES IN ROCKET MOTION

We consider a rocket moving in a gravitational field which is described by the potential U(r, t) under the influence of a thrust of arbitrary direction and magnitude. Thus if xi (i = 1,2,3) denotes the position of the rocket at time t, we have [cf. (27.2)]


(80.1)
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with


(80.2)
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the vector ci denoting the exhaust velocity relative to the rocket. Thus


(80.3)
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where c = |c| is the magnitude of the exhaust velocity. We shall assume that c is a constant.

We write


(80.4)
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where αi is a unit vector in the direction of the exhaust velocity. Hence from (80.3)


(80.5)
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where Mj, Mi are the final and initial masses and t is the time of flight. For a given origin and destination of the rocket then, the ratio Mj/Mi is a maximum if the trajectory is such as to make the integral
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have a minimum value.

This is a variational problem in which the integrand is a function of xi(t’), t’, and the second derivatives [image: e9780486140780_img_7821.gif]i(t’) of the coordinates of the rocket. The resulting Euler-Lagrange equation is


(80.6)
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From (80.4),
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so that


(80.7)
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This is a differential equation for the unit vector αi showing how the direction of the thrust should be programmed to make Mj/Mi a maximum, when compared with neighboring paths with the same end points.

For the special cases of zero gravity and of a constant gravitational field, (80.7) reduces to


[image: e9780486140780_i1439.jpg] = 0


which, coupled with the fact that α¡ is a unit vector, implies that each component of αi is constant, i.e., the direction of the thrust is constant throughout the motion. Thus, for this optimum programming of the thrust vector the attitude of the rocket may change but the angle between the thrust vector and the major axis of the rocket must be varied by gimbaling or other means so as to preserve a thrust direction constant in space.

Since αi is a unit vector, i.e., αiαi = 1, we have [image: e9780486140780_i1440.jpg] so that, from (80.7),

(80.8)
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Since for a Kepler field [U = —(κ/r) (κ > 0)] we have


(80.9)
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it follows from (80.8) that


(80.10)
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where [image: e9780486140780_img_531.gif] is a unit vector in the direction of the local upward vertical. Hence


[image: e9780486140780_i1444.jpg]


or


125°16’ ≥ ψ ≥ 54°44’


where ψ is the angle between [image: e9780486140780_img_531.gif] and the direction of thrust. Thus for chemically propelled rockets, for which the magnitude c of the exhaust velocity is basically limited, the optimum thrust direction for motion in the field of the earth always lies outside of the cone which has an axis along the local vertical and a semiangle 54°44’ (see Fig. 80-1). However, although in principle this result is also valid for a rocket projected almost vertically, the orbit that would arise from following this program would then intersect the earth’s surface after take-off I

[image: e9780486140780_i1445.jpg]

Fig. 80-1. Optimum thrust direction for propelled rocket moving in the field of the earth. The thrust should lie outside of the cone in order that |α . [image: e9780486140780_img_531.gif]| ≤ 1 / √3.




81. THE BOLTZMANN AND NAVIER-STOKES EQUATIONS

The theorem of Liouville discussed in Sec. 70 refers to the density of representative points in the 2f-dimensional phase space of the system described by the Hamiltonian H(zα, t). Thus if the system under consideration consists of a gas of N interacting point particles, the space to which the theorem applies is the 6N-dimensional phase space of the whole system, a space usually referred to as Γ space in the theory of statistical mechanics. The necessity for considering this multidimensional space arises from the fact that in general the Hamiltonian of the system is a function of all of the coordinates and all of the momenta of the N particles.

In this section we consider a theorem that is valid in the much simpler six-dimensional phase space, called the μ space, of a single particle. In such a space the system (a viscous gas) may be represented by N points, each point corresponding to the position and momentum of one of the particles in the system. As time develops, these N points trace out paths in μ space, and if no particles are created or destroyed we may write down a law expressing the conservation of these points which is analogous to the differential form for the law of conservation of electric charge in ordinary three-dimensional space.

If f is the density of representative points in μ space and if μm (m = 1 [image: e9780486140780_img_903.gif] [image: e9780486140780_img_903.gif] [image: e9780486140780_img_903.gif] 6) denotes the coordinates in μ space (μ1, μ2, μ3 ≡ r, μ4, μ5, μ6 ≡ p), we have


(81.1)
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(81.2)
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The similarity of this equation to (70.10) lies in the fact that each is expressing a law of continuity, but here the continuity refers to the number of particles in a system, rather than, as with (70.10), to the number of systems that are under consideration.

Equation (81.2) is one form of the Boltzmann equation. In applications of this equation to problems involving a large number of particles it is usually convenient to divide [image: e9780486140780_img_7767.gif]i into two parts, that due to externally applied fields, which are assumed to be known, and that arising from collisions of the particles with each other and with the walls of the container. For further study of this basic equation of statistical mechanics the reader is referred to the books listed at the end of this chapter.

If (81.2) is integrated over momentum space, the last term becomes an integral of the normal component of the current of particles over the bounding surface of the space. Since no particles enter or leave momentum space, such integrals are zero. Hence defining the spatial density n of particles by


(81.3)


[image: e9780486140780_i1448.jpg]


we have


(81.4)
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where


(81.5)
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so that [image: e9780486140780_i1451.jpg] is the average velocity of the particles that are in the neighborhood of the point xi. Equation (81.4) merely expresses the law of conservation of particles in coordinate space.

Multiplication of (81.2) by pj and by p2, followed by integration over momentum space, leads to the equations


(81.6)
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(81.7)
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The right-hand sides of these equations are obtained by integrating by parts and setting integrals over the surface of momentum space equal to zero. As in (81.5), the bar over a variable denotes its value averaged over momentum space, in the sense defined by


(81.8)
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If there are no magnetic fields present and the particles all have the same mass m, we may write p = mv, p = F so that (81.6) and (81.7) become


(81.9)
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(81.10)
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We may imagine the volume of the gas divided up into a large number of cells, each of linear dimensions ε, where ε is greater than the range of forces between individual molecules. All collisions would then occur between molecule pairs that were in the same cell. Since momentum is conserved during a collision, the net force on all the molecules in a given cell would be unaltered by a collision between two of their number, and in the limit ε → 0 the term [image: e9780486140780_i1457.jpg] on the right-hand side of (81.9) would represent the average external force per unit volume. Thus, for very short range forces between the particles we may greatly simplify the analysis by neglecting the effects of collisions on the right-hand side of (81.9), whereas for long range forces, such as occur in plasmas and liquids, transfer of momentum between different cells during collisions must be considered.

From (81.4), (81.9) we have, by eliminating ∂n/∂t,


(81.11)
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where


(81.12)
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D denotes differentiation along the path of a particle moving with the average velocity [image: e9780486140780_i1460.jpg]:
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and ρ = nm is the mass density. The average of the diagonal elements of pij is called the mean pressure


(81.13)
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On the other hand, it is found experimentally that


(81.14)
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where η is the viscosity of the gas. In general η could be a function of position. To understand (81.14) in a particular case, we note that in the coordinate system moving with the neighboring part of the gas ([image: e9780486140780_i1464.jpg] = 0) we would have from (81.14) for flow in the z direction
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and since the right-hand side is the tangential force per unit area due to transport of molecules, this reduces to the usual definition of viscosity for a gas. In a liquid, however, long range intermolecular forces may produce a major contribution to the viscosity which is not included here.

We therefore assume that pij may be written thus:


(81.15)
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where λ may be a scalar function of position (called the dilatation viscosity) and p also is a scalar. Equation (81.15) reduces to (81.14) for i ≠ j, and is the most general symmetrical tensor that can be constructed as a linear function of the first derivatives of the [image: e9780486140780_i1467.jpg] with respect to the xj.

Comparison of (81.15) with (81.13) yields
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where
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is the bulk viscosity.

For monatomic gases, κ = 0, a result known as Stokes’ relation, and in this case p, the thermodynamic pressure, becomes identical with the mean pressure [image: e9780486140780_i1470.jpg].

From (81.11), (81.15), for κ = 0, λ = —(2μ/3) = const, we have then the Navier-Stokes equation:


(81.16)
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15 CONTINUOUS MEDIA AND FIELDS

82. THE STRETCHED STRING

In this chapter we want to formulate the problem of describing the motion of a continuous medium and by extension the problem of describing fields such as the electromagnetic field. This does not imply that there is a mechanical model for the electromagnetic field, but only that the mathematical methods suitable for treating continuous mechanical media can be used to describe fields also. We begin with the simplest continuous medium, the stretched uniform string with only longitudinal displacements taken into account.

In Sec. 44 we studied the system consisting of a light string loaded at uniform intervals a with equal masses μ. The longitudinal displacement of the pth particle is ψρ, and the kinetic and potential energies were found to be


(82.1)


[image: e9780486140780_i1472.jpg]


Here ψ0 = ψn+1 = 0 if the string has fixed ends, or ψ0 = ψn, ψ1 = ψn+1 if periodic boundary conditions are applied. If n is allowed to approach infinity and a to approach zero so that nα = l, a constant, T and V become integrals over the length of the string,


(82.2)
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where ψ is now a function of two continuous variables, x and t, and where σ = lim μ/a is the linear density of the string.

The equations of motion for the discrete mass problem are obtained from the Lagrangian T — V = L by use of Hamilton’s principle. Under periodic boundary conditions these equations were seen in Sec. 44 to have traveling wave solutions of the form


(82.3)


[image: e9780486140780_i1474.jpg]


where


(82.4)
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The equations of motion for the continuous string are obtained in a similar way. Hamilton’s principle may be written


(82.5)
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Here the variation is to consist of a change in the dependence of ψ on x and on t, this change to vanish at t = t1, t2 and to be the same (perhaps zero) at x = 0, l.

We carry out the calculation of the variation for a general Lagrangian L which is the integral of a Lagrangian density [image: e9780486140780_i1477.jpg](ψ, ψx, ψt) over x. Here ψx = ∂ψ/∂x, [image: e9780486140780_img_903.gif] [image: e9780486140780_img_903.gif] [image: e9780486140780_img_903.gif] . Then


(82.6)
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and


(82.7)
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The second step involves integration by parts, the integrated terms vanishing by hypothesis. Because δψ its arbitrary except at the boundaries, the vanishing of ΔΦ implies that


(82.8)
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This partial differential equation is the equation of motion of the medium. It is the limiting form of the n ordinary differential equations describing the motion of the string with discrete masses as n → ∞.

 



For the particular Lagrangian density


(82.9)
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of (82.5), this partial differential equation is


(82.10)
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which is the one-dimensional wave equation. It possesses traveling wave solutions of the form


(82.11)
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with


(82.12)
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as may be verified by direct substitution. These solutions are the limiting forms of (82.3), (82.4) as α → 0. This is a necessary condition for the reasonableness of our description of the continuous medium.

The motion of the string has associated with it an energy density, an energy flux, and a momentum density. The energy density, U, is the sum of the kinetic energy per unit length and the potential energy per unit length


(82.13)
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The energy flux, S, is the rate at which the string to the left of a point x does work on the string to the right of x. This is the force exerted by the left part of the string on the right part times the velocity of the string at x, i.e.,


(82.14)
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The momentum density, G, is the product of the density of the string and the velocity. The density is affected by the amount the string has been stretched in the neighborhood of the point x


(82.15)
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so that


(82.16)
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The part of G which is linear in ψ, namely σ ∂ψ/∂t, arises from the equilibrium density of the string, and will average to zero over any long time interval. The other part of G depends on the density change, and if the quantities ∂ψ/∂x and ∂ψ/∂t are related as in a traveling wave, it will not have a vanishing average. Thus with a wave of the form

(82.11),
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In field theories there is nothing analogous to the equilibrium density of the string. Since this term vanishes either in the mean or completely, we ignore it henceforth and let


(82.17)
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G is positive for a wave traveling to the right, negative for one traveling to the left.

The energy flux and the momentum density are proportional to each other


(82.18)
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v being the phase velocity of the wave as given by (44.18). The time average of the energy density is related to the time average of the energy flux


(82.19)
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which is easily seen for a wave of the form (82.11). It is true for any wave which is a superposition of waves of this form with different ω’s, for the time average of the product of two sines with different frequencies vanishes. All the waves in the superposition must be traveling to the right. Waves traveling to the left give rise to a minus sign in (82.19) and a mixture of waves in two directions would result in cancellations in [image: e9780486140780_i1493.jpg] but not in [image: e9780486140780_img_362.gif] so that (82.19) would not be true. Thus in a standing wave [image: e9780486140780_i1494.jpg] = 0 but [image: e9780486140780_img_362.gif] ≠ 0.


83. ENERGY-MOMENTUM RELATIONS

In the simple problem of the longitudinally vibrating string the expressions for the energy density, energy flux, and momentum density can be obtained directly from their definitions. They can also be obtained from the Lagrangian density in a way which can be applied to more complicated systems.

To see how this can be done we return to Hamilton’s principle for discrete systems and look at the total variation of the functional Φ as given by (57.7):
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If X is a cartesian coordinate of the center of mass of the system, choose the variation of the coordinates to be
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The momentum P conjugate to X is the component of the total linear momentum of the system in the direction of X
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and thus for this variation


(83.1)
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The energy of the system is the coefficient of —Δt in ΔΦ, and the X component of the linear momentum is the coefficient of ΔX. Δt describes a displacement of the entire system in time, and ΔX describes a rigid displacement of the entire system in space.

If H, and therefore L, does not contain the time explicitly, then Φ is not changed by making a change Δt at both t1 and t2, so that with ΔX = 0, H must have the same value at these times and energy is conserved. If L is not changed by the translation ΔX, then if the same translation is made at times t1 and t2, Φ is not altered and P must have the same value at these times and linear momentum is conserved. In the continuum case we identify the coefficient of —Δt as the energy, and the coefficient of a translation ΔX as the linear momentum. If [image: e9780486140780_i1499.jpg] does not depend explicitly on t or on X, then by the same arguments energy and momentum are conserved.

From (82.6), we may calculate the variation ΔΦ produced by varying ψ as a function of x and t, by varying the boundaries x1 and x2, and by varying the end times t1 and t2. We omit all terms which lead to (82.8).

(83.2)
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where we have introduced the total variation


(83.3)
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and where the partial integration terms left over from (82.7) have not been integrated. The form of (83.2) suggests the usefulness of the quantity


(83.4)
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because then (83.2) becomes, if Δψ = 0,


(83.5)
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with ξx = x, ξt = t.

Equation (83.5) is valid for any variation of the boundaries if ψ is not changed on the boundaries. In particular, let us choose the Δξ, independent of x and t so that they represent displacements of the entire system in the space and time directions. These displacements are comparable to those occurring in (83.1). Then, if Δξx = 0,


(83.6)
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The first term vanishes under either periodic or fixed boundary conditions. The second term is to be identified with—[image: e9780486140780_i1505.jpg] in the discrete system. This integral is over the spatial extent of the system and the integrand may be identified with the energy density, except for sign:


(83.7)
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If Δt is chosen to vanish outside the spatial interval x2’ — x1’, which is now taken to be less than the length of the system, ΔΦ still has the form (83.6) but the first integral now no longer must vanish. The second integral
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gives the decrease in the energy within this space interval during the time t2 — t1. The first integral can now be interpreted as the energy flow at the ends integrated over this time. Thus we are led to consider — Txt as an energy flow:


(83.8)
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If now we put Δξt = Δt = 0, we obtain

(83.9)
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By reasoning similar to that above we conclude that there is a momentum density given by


(83.10)
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and a momentum flux (force) given by


(83.11)
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The quantities Tμv constitute the energy-momentum tensor of the medium (or of the field). It will be generalized to three-dimensional systems in the next section. The reader may readily verify that for the Lagrangian density [image: e9780486140780_i1512.jpg] of (82.9) these results for U, S, G agree with those obtained earlier. F is not the force exerted by one part of the string on the other part, but is a force on the wave, producing a rate of change of the momentum of the wave.

Conservation of energy and momentum are consequences of the relations


(83.12)
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which when written out in detail are


(83.13)
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If either is integrated over such a large range of x that F or S vanishes at the end points, or if periodic boundary conditions are applied and the x integration is over one period, then there results


(83.14)
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which are the conservation laws for total linear momentum and energy. Equation (83.12) is a consequence of the equation of motion


(83.15)
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because ∂ψμ/∂ξv = ∂2ψ/∂ξμ ∂ξv = ∂ψv/∂ξμ.


84. THREE-DIMENSIONAL MEDIA AND FIELDS

The method developed in the last two sections can be generalized immediately to three dimensions. Let the configuration of the system be described by the r functions ψα(x, y, z, t). The dynamic properties of the system are described by a Lagrangian density [image: e9780486140780_i1517.jpg](ψα, ∇ψα, ψα), which we assume not to depend on the coordinates or time explicitly. Hamilton’s principle leads to equations of motion


(84.1)
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There is one such equation for each ψα coming from the independent variations δψα. Here ψjα = ∂ψα/∂xj.

Equation (94.1) has a remarkable symmetry between the space coordinates and the time. It is unchanged on multiplying the coordinates and the time by arbitrary numerical factors. This suggests introducing coordinates xμ in space-time by


(84.2)


[image: e9780486140780_i1519.jpg]


with α a parameter to be chosen later. Then (84.1) becomes


(84.3)
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This form is especially useful when formulating a relativistic theory If [image: e9780486140780_i1521.jpg] is invariant under Lorentz transformation and if a = ic, where c is the velocity of light, then (84.3) is a manifestly covariant equation.

The functional φ of (82.6) is generalized to


(84.4)
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The variation of φ is to be calculated when the ψα are varied in their dependence on xμ, when the end times are varied, and when the spatial boundary is varied. The integration is taken between two times, t1 and t2, which is not a relativistically invariant statement but which could be altered so as to become so at the expense of some mathematical complexity. Because our variations are not described relativistically, there is no point in treating the time and the space variables symmetrically. Let n be the outward normal to the spatial boundary surface S, and let dσ be a surface element of that surface. Then


(84.5)
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The second term in the first integral may be integrated by parts using the relation


∇ • (λv) = v • ∇λ + λ∇ • v


and the third term is integrated by parts in the usual way:


(84.6)
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φ is to vanish if there are no variations on the boundaries, so the coefficient of δψα in the first integral of (84.6) must vanish. This gives (84.1).

We now introduce the total variation of ψα on the boundaries. This is more complicated in three dimensions than it was in one dimension because the components ψα describing the field may undergo linear transformations among themselves if the system is rotated relative to the coordinate system to which the components refer. This variation must be included along with those arising from the change in the values of the coordinates when the system is displaced.

Let the new coordinates of a point differ from the old by Δxk, where


(84.7)
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The ak represent a rigid translation of the system, the ωkl a rigid rotation of the system about the origin. Only the rotation produces a mixing of the field components. Let this mixing be described by


(84.8)
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Then the total variation in ψα may be written as


(84.9)
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Equation (84.6) may be rewritten dropping the terms which lead to the equations of motion (84.1). Thus


(84.10)
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The form of this equation suggests introducing the tensor


(84.11)
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in terms of which (84.10) becomes, with Δψα = 0,


(84.12)
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If the volume integral is taken over all space, the coefficient of Δt should be the negative of the energy of the field. Thus


(84.13)
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We may take — T44 to be the energy density in the field. Then (84.12) can be interpreted when the volume integral is extended over only a part of the field. Taking Δxk = 0, hence δRψα = 0,


(84.14)
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The first term is the decrease in the energy contained in V between times t1 and t2, which vanishes if V contains the whole field so that energy is conserved. The surface integral can be interpreted as the energy flux through the surface S during this time interval. Thus we may take—Tl4 to be the flux of energy in the l direction. These assignments are not unique because the value of an integral does not in general determine the value of the integrand at every point.

If the displacement of the system is a translation, the coefficient of Δxk = ak should be the total linear momentum in the k direction, Pk. There again δRψα = 0 and we have, putting Δt = 0,


(84.15)
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By an argument similar to that used above, T4k may be taken as the density of the k component of linear momentum and Tlk as the l component of the flux of the k component of momentum, i.e., as the lk component of the stress. The tensor Tμν, is called the stress-energy tensor of the field.

Finally, let us consider a rigid rotation of the system. Let


(84.16)
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so that Δθj is the infinitesimal angle of rotation of the system about the j direction. Then from (84.8)


[image: e9780486140780_i1535.jpg]


Keeping only variations resulting from the rotation and allowing the volume integral to include the entire field, (84.12) becomes


(84.17)
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The j component of angular momentum, Jj, is the coefficient of Δθj. Letting Jjεjkl = Mkl, we see that


(84.18)
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The first two terms 11’P exactly what one would expect for an angular momentum, being analogous to x1p2 — x2p1 = l3 in the case of a particle. The last term is dependent on the transformation properties of the field variables. In quantum theory this term is referred to as “spin” angular momentum of the field. For a scalar field (only one component) it vanishes.


85. HAMILTONIAN FORM OF FIELD THEORY

In the last three sections we have shown how a field theory can be formulated in terms of a Lagrangian, or a Lagrangian density. The analogy with particle mechanics can be carried further and the equations of motion can be written in Hamiltonian form, the analogs of canonically conjugate variables being defined. This form of the theory can be made relativistic throughout. We do not do this here as it involves rather more development of the formal aspects of relativity theory than is made in this book.

The starting place for this discussion is the end point part of the variation ΔΦ. In this section we shall always take the volume integrals occurring to be over the entire field so that the surface integrals vanish. From (84.10), then, we write


(85.1)
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where the terms coming from the coordinate variations have been dropped. This expression is similar in form to the corresponding one in particle mechanics, (57.6). Denoting the momentum canonically conjugate to ψα(x) by πα(x), we see that by analogy with (53.2),


(85.2)
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If (85.2) can be solved for the ψα, then the quantity


(85.3)
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may be expressed in terms of ψα(x), πα(x), and their gradients. [The gradient of πα(x) does not occur in most systems of interest.] The Hamiltonian is then


(85.4)
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H is a functional of the field. H differs from the energy calculated in the last section only in its form; it must be expressed as a functional of these argument functions before it can be called the Hamiltonian, just as in particle mechanics H(q, p) differs from the energy only by this requirement of form.

The equations of motion follow from the variation of H, as in particle mechanics:


(85.5)
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where, as always in this section, surface terms are dropped. Using the above expression for [image: e9780486140780_i1543.jpg] and the Lagrangian field equations we obtain


(85.6)
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Identifying coefficients of the independent variations δψα, δπα, we obtain


(85.7)
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The derivative δH/δπα(x) is called a variational derivative. Equations (85.7) are the field equations in Hamiltonian form.

A dynamical variable X of the field is a functional of the field. We consider only those functionals which can be written in the form


(85.8)
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The Poisson bracket of two such variables is defined by


(85.9)
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Let X be the value of a component ψα at a point x’. This can be written in the form (85.8), namely


X = ∫d3xδ(x — x’)ψα(x)


where δ(x — x’) is the three-dimensional Dirac delta function. Similarly, let


Y = ∫d3xδ(x — x”)πβ(x)


With these definitions of X and Y, we see that
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This is usually written in the form


(85.10)
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This is the analog of (qj, pk) = δjk.

In its relativistically covariant form this theory can serve as the basis for the quantum theory of fields. It is important to use a covariant form there because of the infinities which appear, and which can be interpreted only on the basis of their formal transformation properties.


EXERCISES

1. A string fixed at both ends is plucked at its middle. Find the fraction of the initial potential energy associated with each of the three lowest frequencies which are excited.

2. Write down the Lagrangian describing the transverse motion of a uniform stretched membrane, using polar coordinates. Hence find the equations of motion of a circular membrane.

3. A system is described by the Lagrangian density
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Find the field equations. Evaluate the stress-energy tensor, and find the Hamiltonian of the system.

4. If X is a dynamical variable of a field and H the Hamiltonian, show that
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5. Evaluate the angular momentum tensor Mkl for a system whose Lagrangian density is
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where the ψk (k = 1, 2, 3) transform like the components of a vector under rotations.





16 INTRODUCTION TO SPECIAL RELATIVITY THEORY

86. INTRODUCTION

Throughout this volume it has been stressed that the equations of motion which were developed are limited in their range of validity. In this chapter we investigate the generalization of the preceding theory which it is necessary to introduce in order to describe the behavior of systems which are moving with very large velocities relative to the observer. It is found, for example, that, if a particle is moving with a velocity v, the theory developed so far in this book yields results which for v « c, the velocity of light, are in accordance with observation, whereas for v of order c the results are completely at variance with the results of experiment. It is therefore necessary to develop a more general theory which, when applied to problems in which v « c, leads to results experimentally indistinguishable from those obtained earlier, but which for v ~ c yields an essentially different set of mechanical laws. Such a theory is the special theory of relativity. So successful has this been in describing phenomena associated with extremely high velocities that half a century after its inception it is referred to as classical mechanics, the theory which we have outlined earlier being called nonrelativistic classical mechanics.

As has been pointed out, there are other restrictions on the range of validity of the latter, some of which have been resolved by quantum mechanics, but we cannot discuss these here. There also exists, of course, a generalization of relativity theory to include observers who are accelerated relative to each other. This also we omit.

Numerous books and articles on relativity theory have been written (see references at the end of the chapter), so that all that we propose to include here is a brief and rather formal discussion of the theory. Readers unacquainted with relativity theory should consult one of the references cited, for we do not feel that their introduction to the theory should be through the necessarily condensed discussion presented here.


87. SPACE-TIME AND THE LORENTZ TRANSFORMATION

If we consider a particle with position vector r relative to a cartesian coordinate system O, the force on it is given, according to Newton’s nonrelativistic classical dynamics, by


(87.1)
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If we consider another cartesian coordinate system [image: e9780486140780_img_332.gif], moving with constant velocity v relative to O, the position vector [image: e9780486140780_i1554.jpg] of the particle relative to [image: e9780486140780_img_332.gif] appears to be given by


(87.2)
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so that
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Thus the force on the particle appears to be the same relative to the two observers O, [image: e9780486140780_img_332.gif], and, on account of (87.2), Newton’s equation (87.1) retains its form for all observers moving with constant relative velocity.

On the other hand, if we consider Maxwell’s equation for the scalar potential φ, for example, at points not occupied by electric charges


(87.3)
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we note that under the transformation (87.2) the form of the equation is completely destroyed (see Exercise 1 at the end of this chapter). In order to reconcile optical theory with the Galilean transformation (87.2), then, it is necessary to suppose that some special coordinate system (the ether) exists with respect to which Maxwell’s equations assume the particularly simple form corresponding to (87.3). Furthermore, since c denotes the velocity of light relative to this special system, the velocity of light relative to an observer who is moving with respect to the ether should, by (87.2), be different from c. The earth must be moving relative to the ether, so that this absolute motion of the earth should cause the velocity of light to an observer on the earth to be different in different directions. The experiment of Michelson and Morley, designed to detect this difference, and accurate enough to detect it if it were present, verified instead the hypothesis that the velocity of light is the same for all observers moving with constant relative velocity. This would imply that for all such observers the form of (87.3) should be the same, i.e., (87.3) should be covariant with respect to the group of coordinate systems moving with constant relative velocity. We have seen, however, that Maxwell’s equations are not covariant with respect to the group of transformations (87.2). Einstein was therefore led to the idea that the intuitively obvious Galilean transformation (87.2) (or with v in the z direction)


(87.4)
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requires modification. Instead, we may retain the covariance of Maxwell’s equations by supposing that space and time coordinates as measured by two observers moving with constant relative velocity ν in the z direction may be related thus:


(87.5)
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where γ = (1 – β2) – ½, β = υ/c. For under this transformation the form of (87.3) is preserved. Moreover, (87.5) may be solved for the unbarred coordinates thus:
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which may be obtained from (87.5) by interchanging corresponding barred and unbarred coordinates and reversing the sign of ν. Like (87.2), this transformation is therefore symmetrical between the two observers, each agreeing that the other is moving in the z direction with velocity of magnitude v. Equation (87.5) is known as the Lorentz transformation. It involves the velocity of light explicitly as a fundamental constant, the same for each observer of the group. For υ « c, υz « c2t, however, it reduces, as it must do, to the Galilean transformation (87.4). Many experiments have decided in favor of (87.5) rather than (87.4) as the correct transformation equations between inertial systems. But now Newton’s equation (87.1) is not covariant with respect to the Lorentz transformation. Are we to say, then, that there is a special coordinate system with respect to which (87.1) holds, but that for an observer moving with constant velocity relative to this special frame (87.1) takes on an unusually complicated form? (See Exercise 4 at the end of this chapter.) We must either do this or modify the fundamental equation of mechanics so that it, too, is covariant with respect to Lorentz transformations. The theory of relativity adopts the latter program, and it is the purpose of this chapter to study such a modification of the theory of dynamics. Clearly, this implies that the velocity of light should appear explicitly in the equations of mechanics.

In addition to the above, the Lorentz transformation differs from the Galilean transformation in that it involves a transformation of time intervals as well as space intervals. It is therefore convenient to introduce the concept of an event which is specified by four coordinates x, y, z, t which locate it in space and time. The time between two events may therefore be different for different observers. The Lorentz transformation is then easily shown to leave invariant the quantity


ds2 = c2 dt2 – dr2


where ds is called the interval or the proper time between the two nearby events, (r, t) and (r + dr, t + dt). Except for the relative sign of c2 dt2 and dr2, the Lorentz transformation therefore bears a strong resemblance to a rotation. The relative sign may formally be changed by introducing an imaginary time coordinate ict. This is a purely formal device and does not make the Lorentz group equivalent to a real rotation group.

We denote the coordinates x, y, z, ict by x1, x2, x3, x4 respectively, or by xµ (µ = 1, 2, 3, 4). Then


(87.6)
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the summation convention applying as before. The introduction of the negative sign in (87.6) is purely a matter of convenience; as we shall see, it has the effect of making the interval along the space-time path of a particle real.

In (47.12) it was shown how a three-dimensional rotation could be represented by a 3 × 3 orthogonal matrix S with

(87.7)
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Described in terms of the coordinates xµ, a Lorentz transformation may be represented by a 4 × 4 orthogonal matrix S of a special kind. Thus if we take, by analogy with (11.35),


(87.8)
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it is easily verified that S satisfies (87.7) (hence is called a proper Lorentz transformation) and that
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This is, of course, identically the rotation (11.35), with the additional information that time coordinates are the same for two observers at the same point with axes pointing in different directions. Had we taken S33 = – 1 instead of +1, the transformation would yield the above rotation together with a reflection in the 1-2 plane. For such a transformation det S = – 1, and the transformation is called improper.

Another transformation which is formally similar to (87.8) is given by
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so that
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If we write γ = cosh θ = (1 – β2) – ½, tanh θ = υ/c = β, this is identically the Lorentz transformation (87.5). Thus


(87.9)
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represents a transformation without rotation to axes moving with constant velocity υ in the positive z direction. If υ < c, θ is real. In general, a Lorentz transformation between relatively moving axes is represented by an orthogonal matrix whose elements with only one index 4 are purely imaginary, the others being real.

The transformation (87.5) may also be written
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If we write
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then


(87.10)
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If barred variables refer to the observations on a particle made by a particular observer [image: e9780486140780_img_332.gif] and unbarred to those of O on the same particle, it follows that if uz is the z component of the velocity of the particle relative to O, then [image: e9780486140780_img_363.gif]z is the z component of the velocity of the particle relative to [image: e9780486140780_img_332.gif]. These quantities are related by (87.10), which becomes, for u2υ « c2,


(87.11)
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the familiar law of composition of velocities in nonrelativistic mechanics. The latter law is a good approximation to the Lorentz transformation provided that the z velocity of the moving point relative to O multiplied by the velocity υ of [image: e9780486140780_img_332.gif] relative to O in the z direction is small compared with the square of the velocity of light. For relative velocities which do not satisfy this condition, however, (87.11) is to be replaced by (87.10).

The covariance of any set of equations with respect to a group of transformations can be proved by writing the equations as vector or tensor equations, the vectors or tensors being defined by their transformation properties under the group in question. Thus the Lorentz covariance of Maxwell’s equations may be proved by introducing the quantities


(87.12)
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and


(87.13)
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which are a vector and tensor respectively for Lorentz transformations, A, φ being the vector and scalar electromagnetic potentials. The reader may verify that


(87.14)
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since
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Under the Lorentz transformation characterized by S, the electromagnetic field strengths (87.13) transform thus (cf. Appendix I):
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This is the condition that the set of quantities fµν, form a tensor with respect to the group of Lorentz transformations. For S given by (87.9), we have


(87.15)
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In general, if the velocity of [image: e9780486140780_img_332.gif] relative to O is v, the transformation yields


(87.16)
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where the symbols [image: e9780486140780_img_8741.gif], ⊥ denote directions respectively parallel to and perpendicular to v. Thus components of E and B in a particular direction are the same for two observers moving with constant relative velocity in that direction. Components of electric and magnetic fields in a perpendicular direction, however, are mixed by the transformation. In particular, if the sources of the fields are at rest relative to [image: e9780486140780_img_332.gif] ([image: e9780486140780_i1579.jpg] = 0), then
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i.e., O observes a magnetic field in the plane perpendicular to the relative velocity.

The covariance of the mechanical equations of motion is also assured if they can be written as vector equations in the four-dimensional space-time manifold. We now examine the form these equations assume for the motion of a single particle and investigate their transformation properties.


88. THE MOTION OF A FREE PARTICLE

In nonrelativistic mechanics, the time was an invariant under all transformations of interest and the position was described by a vector, the radius vector r. The velocity was then dr/dt. Relativistically, however, dt is not an invariant but is proportional to a component of the radius vector of an event, with cartesian components xµ. In the last section, however, we showed that the interval ds between two neighboring events is an invariant, and if two such events lie on the path of a particle in space-time we may define the four-velocity uµ of the particle by


(88.1)
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A dot now denotes differentiation with respect to ds, the interval along the path of the particle in space-time.


ds = c dt(1 — β2)½


where β = (1/c)|dr/dt| is the speed v of the particle divided by that of light. For υ « c, we note that the infinitesimal interval between two events on the path of the particle is, apart from the constant factor c, simply the time interval between those events.

From (87.6) we see that


(88.2)
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so that the four-velocity is a unit vector. The negative sign shows that u4 never vanishes, but the other three components may. uµ is therefore called a time-like vector. A vector λµ with λμλμ > 0 is called space-like, and, if λμλμ = 0, λμ is a null-vector.

The nonrelativistic velocity, or three-velocity, is given by


(88.3)
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and therefore has no simple transformation properties under the Lorentz group. Note that u4 = ic dt/ds = iγ. The nonrelativistic acceleration has no simple transformation properties either.

The three-momentum p can be generalized to a four-vector. If this is done, the equations of motion can be expressed in a covariant form which reduces to the nonrelativistic form for small velocities. Let us write


(88.4)
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For small velocities the three space components of pµ are to be the nonrelativistic momentum mυx, mυy, mυz. In the system in which the particle is at rest, only p4 does not vanish. If we now transform to a system moving in the —z direction, the particle will appear from that frame to be moving in the +z direction.

(88.5)
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or

(88.6)
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Now if β [image: e9780486140780_img_8810.gif] 1, we must have p3 ≈ mυz and so, neglecting terms in (υ/c)2, we obtain
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Therefore the quantity E must be given by


(88.7)
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In the moving coordinate system the value of p[image: e9780486140780_img_773.gif]4 is given by
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The second term of this expansion, which is the first nonconstant term, is the nonrelativistic kinetic energy of the particle. The first term is independent of the velocity and is called the rest energy of the particle. Thus p4 is, to within the constant i/c, the total energy of the particle. The arbitrary additive constant in the nonrelativistic expression for the energy has a definite value mc2 in relativistic mechanics. Thus the momentum and total energy of a particle together form a four-vector.

For large velocities the components of the momentum are


(88.8)
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Defining the mass m[image: e9780486140780_img_771.gif] of the moving particle as the ratio px/υz = py/υy = pz/υz, we obtain


(88.9)
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The mass increases with the velocity, becoming infinite as v → c.

The machinery for writing down the equations of motion exists already in the formulation of Sec. 72. There Hamilton’s principle was stated with an arbitrary parameter as the variable of integration. We choose this parameter to be s, the invariant interval. We must further assume an invariant Lagrangian [image: e9780486140780_i1592.jpg]. Then the momenta
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where the dot signifies d/ds, are the components of a four-vector. Hamilton’s principle may be written, in terms of the generalized configuration space (cf. Sec. 88),


Δ∫pµ dqµ = 0


so that, for a single particle,


Δ∫pµdxµ = Δ∫(p · dr — E dt) = 0


If we postulate


(88.10)
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then


(88.11)
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which agrees with (88.8).

The equations of motion are


(88.12)


[image: e9780486140780_i1596.jpg]


in this case. Thus the free particle has constant momentum and energy.


89. CHARGED PARTICLE IN AN ELECTROMAGNETIC FIELD

The motion of a particle in a potential field has a meaning in relativity only for a limited class of potentials. The Lagrangian describing the motion must be an invariant under Lorentz transformations, and a potential V which depends on the distances between particles is not so invariant. The combination of scalar and vector potentials which enters into the Lagrangian for a charged particle in an electromagnetic field can, however, be brought into the desired form. We recall from (35.8) that the combination which enters is e[(v/c) A – φ], which can be replaced by the form euµAµ, which is an invariant and which for small velocities approaches the old value. Thus we postulate for our Lagrangian


(89.1)
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The momenta conjugate to the coordinates xµ are


(89.2)
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The equations of motion are


(89.3)
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Elimination of pµ between (89.2) and (89.3) yields


(89.4)
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These may be written in three-vector notation as


(89.5)


[image: e9780486140780_i1601.jpg]


Thus our Lagrangian describes the Lorentz force on the charged particle and the work done by an electric field in moving a charge.

The time may be restored to its privileged position by introducing instead the Lagrangian


(89.6)
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so that
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which leads directly to the first of equations (89.5). The second of
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these equations may be obtained from the first by taking the scalar product of each side with v.

In discussing the motion of a single particle we may define, by analogy with Sec. 13, an angular momentum tensor


(89.7)
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the space components of which describe the angular momentum about the origin:


(L28, L31, L12) = (r × p)


If an external magnetic field is acting on the particle, we note that the angular momentum so defined is not the same as r × m[image: e9780486140780_img_771.gif]v, but rather we may write


(89.8)
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where


(89.9)
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(89.10)
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The space components of (89.9) denote the angular momentum of the particle about the origin, and they vanish when the particle is at rest or when its velocity is parallel to the radius vector. The corresponding components of (89.10), on the other hand, are functions only of the position of the particle, and they denote the angular momentum resident in the electromagnetic field due to the presence of the particle of charge e in the external magnetic field described by the vector potential A. The electric field due to the charge combines with the external magnetic field to produce a Poynting vector which in general leads to a contribution (e/c)r × A to the angular momentum.


90. HAMILTONIAN FORMULATION OF THE EQUATIONS OF MOTION

In general, we may pass to the Hamiltonian formulation of the equations of motion of a particle by defining


(90.1)


[image: e9780486140780_i1609.jpg]


so that


(90.2)
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As a particular example, the Hamiltonian for a particle moving in an electromagnetic field may be written, by (89.1) and (90.1), thus:
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The equations of motion (90.2) yield
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i.e.,


[image: e9780486140780_i1613.jpg]


and
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i.e.,
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as before (89.4).

Another method of writing the Hamiltonian that is often employed is


(90.3)
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with the Hamiltonian equations
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Substituting the first of these equations back in the Hamiltonian, we have
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so that the momentum equations follow as before. This Hamiltonian may be derived from the Lagrangian (89.6).

The Hamilton-Jacobi equation for the motion of a particle is


(90.4)
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If its complete solution is written in the form Φ(xµ, αμ), the equations of motion are
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where the αμ, βµ are a set of eight constants.

In the above example of a particle in an electromagnetic field, [image: e9780486140780_img_8460.gif] is equal in value to—[image: e9780486140780_i1621.jpg] mc, so that the constant which appears on the right-hand side of (90.4) is proportional to the rest energy. The H—J equation is then
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i.e.,


(90.5)
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Unlike the nonrelativistic equation, this is not linear in the term ∂Φ/∂t. In general it is not separable, and the motion is more easily determined directly from the Lagrangian equations. For the special case of a free particle, φ = 0, A = 0, and thus pµ = const. The complete solution of (90.5) is then


Φ = xpx + ypy + zpz — Et


with the four constants px, py, pz, E thus introduced connected with the constant m in the H—J equation by


(90.6)
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The rest energy mc2 thus plays the role here that E played in nonrelativistic theory, and E is now just another momentum coordinate. The relation (90.6) is analogous to the relation (61.11) with the constants αi replaced here by the constants pµ. The equations of motion
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now become


(90.7)
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with


Φ = pµxµ


and, from (90.6),


(90.8)
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In evaluating ∂Φ/∂pµ in (90.7) it is, of course, necessary to take account of (90.8). Thus we may write
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so that, for example,
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i.e.,
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as the integrated expression for the momentum in the x direction as a function of position and time. The result is, of course, quite trivial; we have presented it here to illustrate how the H – J equation may be extended to relativistic problems. The contact transformation generated by Φ is to new coordinates which are the old (constant) momenta and new momenta which are the initial values of the original coordinates.

We note that because of the nonlinearity of (90.4) in ∂Φ/∂t the solution (90.5) is quite ambiguous with regard to the sign of E as well as of px, py, pz. We have chosen (90.5) to conform to the nonrelativistic treatment, but we could have equally well reversed the sign of E throughout. In classical mechanics we may say that no significance is to be attached to the case E < 0 for a free particle, and that, because of the continuity of the motion, if E is positive initially it remains so throughout the motion. In quantum mechanics it is necessary to examine the solutions with negative E, because there transitions between different energy levels occur, even transitions from states for which E > 0 to states for which E < 0 and vice versa. When applied to the electron, such transitions have been interpreted by Dirac as corresponding physically to the annihilation and creation of a particle-antiparticle pair.


91. TRANSFORMATION THEORY AND THE LORENTZ GROUP

The Hamiltonian equations of motion (90.2)


(91.1)
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are invariant under the generalized contact transformation


(91.2)
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so that


(91.3)
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Following Sec. 59, we could, of course, write the generator of the transformation as a function of either of pµ, xµ and either of p[image: e9780486140780_img_771.gif]µ, x[image: e9780486140780_img_773.gif]µ:
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(91.4)
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In fact, formally the relations are identical with those which occur in the nonrelativistic theory of time-independent contact transformations. Thus [image: e9780486140780_img_8460.gif] itself is invariant under such transformations.

To paraphrase Sec. 59, any generating function ψ’ which is linear in the p[image: e9780486140780_img_773.gif]µ


(91.5)
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with


ƒµ = ƒµ(xγ), g = g(xγ)


yields a coordinate transformation


(91.6)
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If the ƒµ arc linear inhomogeneous functions of the xν, then


(91.7)
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where the Sµν bν are constants. If the constants Sµν are such that


(91.8)
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i.e., SST = 1, then, as indicated in (87.7), equation (91.7) describes a rotation and translation of the space-time axes, without any other change. The group of transformations generated in this way from the inhomogeneous generating functions fµ is called the inhomogeneous Lorentz group, and the transformation (91.7) is called an inhomogeneous Lorentz transformation. For bµ = 0, corresponding to a pure rotation of the axes, the transformation is called a homogeneous Lorentz transformation.

The generating function of the transformation is


(91.9)
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Thus


(91.10)
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Of the two terms on the right-hand sides of these equations, the first is intimately connected with the homogeneous part of the Lorentz transformation of the coordinates, and the second is independent of any coordinate change. Addition of a term of the type ∂gl∂xµ to the momentum pµ is therefore always possible without any corresponding coordinate transformation. This ambiguity in the definition of the momentum has already been noted in the nonrelativistic theory. We note that for a particle in an electromagnetic field the four-velocity
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is invariant under the transformation


(91.11)
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The electromagnetic field strengths


[image: e9780486140780_i1644.jpg]


are then also invariant under the transformation. Such a transformation of the potentials is called a gauge transformation. We see from the above that to every gauge transformation there corresponds a contact transformation generated by a function of the coordinates such that if both are applied simultaneously the four-velocity is invariant.


92. THOMAS PRECESSION

The problem of a charged particles possessing an intrinsic angular momentum or spin σ and with a magnetic moment µ moving in an electromagnetic field is of interest in atomic theory. The problem arises in connection with the coupling between the spin and the orbital motion of an electron in an atom. The classical discussion given here is useful in setting up the quantum-mechanical form of the problem. The special theory of relativity has a large effect even for the slowly moving orbital electrons.

We consider only problems in which the orbital motion of the particle is unaffected by the magnetic moment. This means that eE, where E is the electric field intensity, is large compared with (µ [image: e9780486140780_img_903.gif] ∇)B, B being the magnetic intensity at the position of the particle. This condition is not relativistically invariant, and so we are restricted to frames of reference moving slowly with respect to each other and to the particle. As we are interested in the case of closed orbits, there is an inertial frame with respect to which the particle has zero average velocity, and, if the speed of the particle in this frame is small compared with that of light, the above restrictions can be maintained.

Let N be the inertial frame in which the average velocity of the particle vanishes, the particle having coordinates xµ in this frame, and let P be the inertial frame in which the particle is instantaneously at rest. In P the particle has coordinates x[image: e9780486140780_img_773.gif]µ. We choose the axes in N and P so that P is moving in the 3 direction in N, and so that the spatial axes of the two systems are parallel. Then the x[image: e9780486140780_img_773.gif]µ are derived from the xµ by a Lorentz transformation S.

(92.1)
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(92.2)
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Here v is the speed of the particle in N. Its speed in P is zero.

Looked at in frame P, the particle has a magnetic moment µ[image: e9780486140780_img_773.gif] with which is associated a vector potential A[image: e9780486140780_img_773.gif] given by


(92.3)
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The fourth component of the potential four-vector iφ[image: e9780486140780_img_773.gif] is zero. Looked at from N, this particle has associated with it a potential (A, iφ) given by


(92.4)
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We evaluate Aµ when v/c [image: e9780486140780_img_8810.gif] 1 and its square is negligible. Then γ = 1 and we obtain

(92.5)
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Recalling that β represents a velocity in the 3 direction, we may write


(92.6)
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since r = within our approximation. This is the potential of an electric dipole ε, where


(92.7)
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Thus a moving magnetic dipole has associated with it an electric dipole whose moment is given by (92.7).

The magnetic and electric dipole moments can be combined into an electromagnetic moment represented by a skew-symmetric tensor or six-vector, µµν. We have, since € vanishes in the rest system P,


(92.8)
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In the system N the tensor µ is obtained from [image: e9780486140780_i1653.jpg][image: e9780486140780_img_773.gif] by the transformation


(92.9)
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Thus


(92.10)


[image: e9780486140780_i1655.jpg]


where the components of the vector ε are given by (92.7).

The angular momentum σ[image: e9780486140780_img_773.gif] in the frame P is an axial vector like µ and is therefore also represented by a skew-symmetric tensor µ, of form similar to that of (92.8). In the frame N this becomes


(92.11)
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The vector τ is given by


(92.12)
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In terms of the four-velocity [equation (88.1)], equations (92.7) and (92.12) may be written in the following forms, which reveal the covariance of these relations:


(92.13)
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We must now write down the relativistic analogues of equations (78.1), (78.8), namely:


(92.14)
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The most natural generalization of the former is


(92.15)
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for this is a relation between two tensors which reduces to the correct equation in the rest system of the particle. The generalization of the equation which describes the spin motion, however, is more complicated. By general arguments based primarily on the law of conservation of angular momentum, it has been shown17 that the equation which is consistent with (92.13) and reduces to (92.14) in the nonrelativistic limit is


(92.16)
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where


(92.17)
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Indeed, if (92.13) holds, we have from (92.16)
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and from (92.17)
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Hence, subtracting,
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i.e., (92.13) continues to hold throughout the motion. The value g = e/mc for the ratio of the magnetic moment to the spin is correct for electrons and µ mesons (within about 0.1 %). It is not correct for protons and neutrons. Additional effects in these cases are ascribed to the meson field associated with the nuclear particles. The amount by which the magnetic moment of a particle differs from (e/mc)σ is usually referred to as its anomalous magnetic moment.

For the special case g = e/mc, it follows from (92.17) that S[image: e9780486140780_img_775.gif]µν = 0 if the particle obeys the Lorentz force equation (89.4). Equation (92.16) for the spin motion then assumes the specially simple form


(92.18)
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However, even for this special case, the term [image: e9780486140780_img_7776.gif]µν in (92.16) does not vanish identically, because the magnetic and electric dipole moments of the particle may interact with inhomogeneous magnetic and electric fields to produce a small force on the particle which is not included in the Lorentz force equation (89.4). It might be expected that the appropriate generalization of (89.4) would be


(92.19)
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since the extra term so introduced is relativistically covariant and reduces to the correct nonrelativistic limit [equation (78.7)]. As it stands, however, (92.19) leads immediately to the conclusion that σkl[image: e9780486140780_img_7711.gif]kl = 0, or in the nonrelativistic limit σ (dB/dt) = 0. There is no experimental or theoretical reason for such a condition so that extra terms must be added to (92.19). It may be shown that the simplest self-consistent form which the equation of motion can assume is


(92.20)
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However, except in the presence of extremely strong fields these extra terms are negligible.

Equation (92.16) for the spin motion possesses an integral


σµνσµν = const


i.e.,


(92.21)
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where σ0 is the magnitude of the spin vector in the system in which the particle is at rest. For a longitudinally polarized particle (v [image: e9780486140780_img_8741.gif] σ) it follows that σ = σ0, whereas if the spin of the particle is normal to its velocity we have


σ = γσ0 = (1 — β2)—½)


Although we may refer to uµν, as the magnetic and electric moment tensor, it must be remembered that the expression


V = — µ · B — ε · E


can be written in the form


(92.22)
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hence is an invariant quantity. It cannot therefore denote the energy of interaction of the dipole moments with the external field, and indeed we note that (92.19) may be written thus:


(92.23)
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The effective magnetic and electric moments are therefore gσ/γ and gτ/γ. For a longitudinally polarized particle the magnitudes of these become gσ0/γ and 0, tending to zero as the energy increases. For v ⊥ [image: e9780486140780_img_1005.gif] the magnitudes of the effective moments are µeff gσ0 and εeff = (v/c)σ0.

We now investigate the spin motion described by the first of equations (92.18) when the particle is in a bound orbit. The equation is not in the form required to describe precessional motion, namely
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On the average, however, if the change in the spin vector is small in one period of the orbital motion, we show that (92.18) has this form. We write


(92.24)
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where we have used the nonrelativistic equation of motion and have assumed the magnetic field to be weak (cf. Sec. 40). We average both sides of this equation over a revolution of the particle in its orbit, assuming that σ[image: e9780486140780_img_775.gif] is so small that σ can be treated as a constant for this length of time:


(92.25)
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The remaining terms have vanishing averages. 〈E · v〉 = 0 because in a complete revolution the force binding the particle into a periodic orbit does no work. 〈(d/dl)(σ ·v)v) = 0 because (σ · v)v is, for the constant σ assumed here, a periodic function of the time. Thus on the average (92.18) becomes

(92.26)
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The average rate of precession of the spin is thus given by


(92.27)
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From straightforward relativistic considerations we should have expected the second term of (92.27) to contain E × v/c without the factor [image: e9780486140780_i1677.jpg], since E × v/c is the magnetic field measured by an observer moving with velocity v through an electric field E. Therefore we write


(92.28)


[image: e9780486140780_i1678.jpg]


where


(92.29)
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to within terms quadratic in v/c. ωτ is called the Thomas precession; we proceed to show that it has a purely kinematic origin.

The reference frame N introduced earlier may be considered to be the laboratory frame. Since the particle of interest is a charged particle in a field, it is accelerated, and so the frame P which is the rest frame of the particle at one instant is no longer the rest frame after a time ∂t. The new rest frame we denote by P’. P’ is moving with velocity ∂v relative to N. We seek the transformation from N to P’. Since ∂v is infinitesimal relative to v, and v is taken to be infinitesimal relative to c, and since products of v and δv are of concern, terms up to and including (v/c)3 must be treated correctly. This means that γ—1 cannot be neglected. Thus the transformation matrix S carrying N into P must be written
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and the matrix S1 carrying P into P’ may be written
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where β2, β3 are the components of δv/c, which is taken to lie in the 2-3 plane. Thus


(92.30)


[image: e9780486140780_i1682.jpg]


where in each matrix element only the leading term in v/c has been retained. The matrix (92.30) shows that a rotation has taken place as well as a translation to moving axes, since there is a nonvanishing 23 element in the matrix. Rotations take place both before and after the transformation to moving axes.

To investigate these rotations we write S1S as the product of rotations and a transformation to moving axes:


(92.31)
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Thus

(92.32)
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Comparison of (92.32) with (92.30) shows that the angles δθP and δθN must be given by


(92.33)
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δθP and δθN are themselves of the first order in v/c. It is therefore permissible to add them to obtain the total angle of rotation to this approximation:


(92.34)


[image: e9780486140780_i1686.jpg]


In general, then, there will be an angular velocity ωτ given by


(92.35)


[image: e9780486140780_i1687.jpg]


in agreement with (92.29).

A vector characterizing a particle which appears constant to an observer in the instantaneous rest frame P appears to an observer in another frame N to be precessing with the Thomas frequency ωτ. Thus the effect of the torque applied to the spin angular momentum vector σ must be estimated by the difference between the actual precession and Thomas precession rather than by the total precession alone. 18
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EXERCISES

1. Show that under the Galilean transformation
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the equation
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becomes
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2. Show that under the Lorentz transformation
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the equation
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is invariant in form.

3. Show that the Lorentz transformation may be written vectorially thus:
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where n is a unit vector in the direction of v.

4. Find what Newton’s equation F = mr[image: e9780486140780_img_776.gif] becomes under the Lorentz transformation of Exercise 2.

5. Show that according to (89.4), (92.18), for a particle of gyromagnetic ratio g = e/mc moving in a magnetostatic field, the magnitudes of v, σ, and the angle between v and σ are each separately constants of the motion.

6. When a particle of charge e is placed in the equatorial plane at a distance r from a fixed magnetic dipole of strength µ, the extra angular momentum resident in the electromagnetic field is (e/cr)µ. Show this result:

(a) By evaluating the space components of (89.10).

(b) By computing the torque on the particle as it is brought in from infinity along a radius.

(c) By computing
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for the final configuration.

7. Prove that the transformation specified by


Sij = — (2µiµj + δij) (µiµi = – 1, µi = const)


is orthogonal and improper. Show that the Lorentz transformation which this describes relates the observations of an inertial observer O to those which O would make on reflection in a point which is moving relative to O with the uniform four-velocity µi,. Examine the special case in which the point about which reflections are made is at rest relative to O.

8. Compute the rate of precession of the spin of a particle with an anomalous magnetic moment in a uniform field B.

9. Discuss the motion of a free particle according to Eq. (92.20).





17 THE ORBITS OF PARTICLES IN HIGH ENERGY ACCELERATORS

93. INTRODUCTION

The acceleration of charged particles to very high energies has been a problem of interest for many years. The study of the orbits in accelerators has made great advances recently and promises to make more. It is impossible to give a detailed account here of all that has been done but the general formulation of the problem is an example of the application of classical mechanics where the sophisticated methods developed in the last few chapters are indispensable.

We concern ourselves only with accelerators in which the particles to be accelerated are confined in space by an external magnetic field and in which the energy gain per turn is small. This latter restriction means that before the energy of the particle changes appreciably the particle will have made many revolutions in the machine. Thus the acceleration is an adiabatic process and the orbit problem can be studied at a fixed energy.

In this chapter we discuss the general problem of equilibrium orbits, then the betatron oscillations about these orbits in the linear approximation for both weak and strong focusing accelerators, and finally the acceleration process and the associated synchrotron oscillations. We do not discuss the very important and interesting problems connected with the effects of imperfections on the orbits, nor do we enter into the design details of actual accelerators.19


94. EQUILIBRIUM ORBITS

We are concerned with the trajectories of charged particles in time-independent magnetic fields. A trajectory which returns to its starting point with its initial velocity after one revolution is called an equilibrium orbit. (Neither a trajectory which merely intersects itself nor one which closes smoothly after more than one turn is classed as such an orbit.) A particle accelerator must provide such orbits and others which stay in the neighborhood of such orbits.

Because even relativistically the Lorentz force is perpendicular to the velocity, the kinetic energy of the particle is constant and there is no variation in the relativistic mass m[image: e9780486140780_img_771.gif] = m(1 — υ2/c2) – ½ We may therefore deduce the correct equations of motion from the Lagrangian


(94.1)
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in which m[image: e9780486140780_img_771.gif] is to be treated as a constant. This Lagrangian will not suffice when energy changes are allowed for. According to (94.1) the momenta p conjugate to the coordinates r are given by


(94.2)
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A trajectory between two points P1 and P2 is determined by the principle of stationary action to be a curve connecting these two points for which the quantity
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has a stationary value when comparison is made with curves with the same end points and traversed with the same energy. Here the energy is the kinetic energy T of the particle so that a common energy implies a common velocity. If τ is the time interval required to go from P1 to P2 along a given curve, we have


(94.3)
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Now let the end points P1 and P2 coincide at P so that we are considering a closed curve Γ. This curve will be a possible trajectory if it can be chosen so that it givers [image: e9780486140780_img_8721.gif] a stationary value. It will in general not be an equilibrium orbit because it need not have a continuous tangent at P. We have


(4.4)
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The surface integral is evaluated over a surface bounded by r and is equal to — εΦ, Φ being the magnetic flux through Γ.

Because the period of revolution τ appears explicitly in [image: e9780486140780_img_8721.gif] and because the speed of the particle is not to be varied, the circumference C of the curve Γ is an important parameter. We write


(94.5)
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where ΔC is the variation in the circumference and Δs means variation due to a change of shape of Γ without change of circumference. Now ΔC = υ Δτ so that by (94.4)


(94.6)
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A necessary condition for the existence of a closed trajectory through P is the existence of a closed curve Γ through P which encloses a stationary amount of flux for a given circumference. This will occur whenever the magnetic field is bounded, as it always is in practice.

Now with Δs[image: e9780486140780_img_8721.gif] = 0 we obtain from (94.4)


(94.7)
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where p is the momentum [image: e9780486140780_i1703.jpg] of the particle. dΦ/dC depends only on the distribution of magnetic field in space so that for any magnetic field leading to a stationary value of the flux for a given circumference there is a momentum p for which Γ is a trajectory.

The above variations have all been made with a fixed point P on the curve. We may vary P, keeping the circumference constant and the shape such as to enclose a stationary amount of flux until the enclosed flux is stationary with respect to this variation also. If the magnetic field is continuous, this will occur when r is a smooth curve everywhere along its length. This curve will then be an equilibrium orbit for some momentum.

All actual accelerators in existence are designed to have a plane of symmetry to which the magnetic field is perpendicular. A particle whose initial position and velocity lie in this plane will remain there. Equilibrium orbits will exist in this plane; these are the equilibrium orbits of primary importance.

A trajectory which remains in the neighborhood of an equilibriur orbit for the same momentum is said to represent betatron oscillatio about that orbit. These oscillations may be in the symmetry pla (radial oscillation) or perpendicular to it (vertical oscillations). Only if the oscillations obey linear equations of motion are these usually separable.

A given magnetic field will allow for equilibrium orbits with a range of circumferences, hence with a range of momenta. During the acceleration cycle of the machine it is necessary to have equilibrium orbits for particles of all momenta from that of injection to the final momentum. If the machine can accommodate only a narrow range of momenta, it is necessary to make the field increase with time during the cycle. This increase is slow enough in practice to be treated adiabatically. It is possible to design an accelerator which does contain equilibrium orbits for particles of all momenta of interest at one field setting. The cyclotron and the fixed field alternating gradient (FFAG) synchrotron accomplish this. The equilibrium orbits in the FFAG synchrotron become very complicated as the included momentum range increases. It is usually necessary to determine them by numerical integration of the equations of motion for various initial conditions. (It is not advantageous to make the variations described above numerically because this involves considering curves which are not trajectories of any kind. Numerical integration of the equations of motion leads to possible trajectories only, though in general not to equilibrium orbits. These are found by successive approximation.)

The momentum appropriate to a given equilibrium orbit is


(94.8)


[image: e9780486140780_i1704.jpg]


The momentum compaction α is defined by


(94.9)
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where C is the circumference of the equilibrium orbit of a particle of momentum p. If the equilibrium orbits are circles so that B is constant along the orbit,
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so that in this special case


(94.10)
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where R is the radius of the circular orbit.

The field index n is defined for a general field by


(94.11)
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where p is the radius of curvature of the equilibrium orbit. n is generally a function of position. If n is independent of p, then
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When the equilibrium orbits are circles, p = R and a = 1 — n.

To find the rotation frequency of a particle in an equilibrium orbit it is necessary to use the relativistic relation between velocity and momentum:
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Then


(94.12)
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and


(94.13)
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where E is the total energy of the particle including the rest energy. If α = 1 (as it nearly is in the low energy cyclotron) the rotation frequency is nearly constant for small p but is decreasing. For α < 1 the frequency decreases more rapidly with increasing p. For α > 1 the frequency increases with increasing p up to the point where p2 = (α — 1)m2c2, after which it decreases again. The energy Et at which this reversal takes place is called the transition energy. It plays an important role in the acceleration process. By making α a function of p the transition energy can be made arbitrarily high.


95. BETATRON OSCILLATIONS

In the last section we saw that there exist closed orbits in a stationary magnetic field which are not equilibrium orbits because the velocity vector does not return to its original direction. These orbits are a special case of orbits executing betatron oscillations about an equilibrium orbit. In general, with both radial and vertical betatron oscillations present the orbits need not ever close exactly. If they remain in the neighborhood of an equilibrium orbit, the betatron oscillations are stable.

To discuss these betatron oscillations we introduce the coordinate system illustrated in Fig. 95-1. P is a point not too far from the equilibrium orbit Γ. P0 is the point of Γ nearest P. (This is unique only when P is less than the radius of curvature from Γ. Hence the restriction
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Fig. 95-1. Coordinates used in discussion of betatron oscillations.



“not too far.”) If e, is the unit vector tangent to Γ at P0, ex the principal normal, and e, the binormal, then ex × e, = ez, and the radius vector r to P may be written as


(95.1)
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where r0(8) is the radius vector of P0 from an arbitrary origin. 8 is the distance of P0 from an arbitrary point on Γ measured along Γ. z, x, s form a right-handed coordinate system.

The Frenet formulas for any smooth curve are


(95.2)
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Here κ is the curvature and τ the torsion of the curve. For plane curves τ = 0.

The momenta conjugate to z, x, 8 may be found by use of a generating function ψ’ as in (59.12), as we are dealing with a point transformation


ψ’ = p · r(z, x, s)


Thus


(95.3)
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The curvilinear nature of the coordinates shows up only in ps. From now on we consider only plane curves, i.e., equilibrium orbits in an accelerator with a plane of symmetry, so that τ = 0.

The components of the vector potential are obtained from A by a set of equations like (95.3) with A replacing p. The Hamiltonian becomes


(95.4)
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Because we are more interested in the geometry of the orbits than in the time dependence of the motion we change the independent variable from t to s by the method of Sec. 72. H is time-independent so that the momentum h conjugate to H is constant. We solve


H + h = 0


for p, and write the solution as


G(z, x, pz, px, s) + ps = 0


G is then the new Hamiltonian with s as the independent variable. From (95.4) we obtain


(95.5)
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The sign has been chosen to make ps positive. The momentum p used in previous sections is given by


(95.6)
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The equations of motion are now, with ’ ≡ d/ds,


(95.7)
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G is a periodic function of s. The equations refer explicitly to the equilibrium orbit. They are useful only insofar as (1) the equilibrium orbit is known, and (2) the oscillations are of small amplitude so that G may be expanded and only quadratic terms kept. In FFAG synchrotrons neither of these conditions is satisfied. The radial apertures are large and large amplitude betatron oscillations are possible, and, as mentioned before, the equilibrium orbits are very complicated. We do not enter into the discussion of betatron oscillations in FFAG accelerators.

The form of G shows that Az and Ax are needed only to terms linear in the coordinates, whereas A8 must be expanded to quadratic terms to get the quadratic part of G. We may write


(95.8)
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The coefficients are periodic functions of s. The special forms of Az, Ax may be obtained from a general linear form for each by a gauge transformation, i.e., by adding a gradient to A. Then


(95.9)
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are the components of the magnetic field tensor. These must satisfy Maxwell’s equations


∇ × B = 0


The components of Bmn are given in curvilinear coordinates. The corresponding vector components are20

(95.10)
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The only Maxwell equation to give useful information is (∇ × B), = 0 because nothing has been specified about the dependence of the coefficients on 8 other than their periodicity. We obtain


(95.11)
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which can be used to eliminate c. Furthermore,
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using (94.11) and putting p = 1/κ. Thus, inserting (95.8) in (95.5) and using these results we get


(95.12)
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after expanding the square root.

If G is independent of s so that Q, a, b, and κ are constants, G is simply the Hamiltonian for two coupled harmonic oscillators, which can be separated into two independent oscillators. The effective mass of the oscillators is p. If we now imagine p to increase slowly owing to accelerating fields of some sort, the magnetic field will be increased in proportion to keep the radius constant, so that a, b, and Q will be proportional to p. The effective Hamiltonian for one of the oscillators is of the form
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This oscillator has an action integral given by (62.6) which we write as


(95.13)
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where A is the amplitude of the oscillation. An action integral is an adiabatic invariant so that an adiabatic increase in p leads to a corresponding decrease in A2. Thus


(95.14)
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This adiabatic damping is a very useful effect for it means that the aperture of an accelerator required to accommodate the necessary amplitude of betatron oscillation at injection will be more than ample at the final momentum, and a very well-defined beam can be produced. This result remains valid when the Hamiltonian G is a periodic function of 8.

In G the terms involving Q describe a longitudinal magnetic field whereas the term involving b describes a tilt of the symmetry plane of the magnetic field. Both of these are present in an actual accelerator but only because of imperfections, so we shall put them equal to zero. The vertical and radial oscillations are therefore uncoupled.


96. WEAK FOCUSING ACCELERATORS

Weak focusing accelerators are those for which n is not very different from a constant along the orbit. It may be a constant as in a cyclotron or it may differ from a constant primarily because of the presence of field-free regions (straight sections) and the associated fringing field regions. We take the simplest situation, namely n’ = 0.

The Hamiltonian (95.12) reads


(96.1)
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the irrelevant term —p having been dropped and all momenta being measured in units of p. The vertical and radial oscillations are harmonic. We see that


(96.2)
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To have both motions stable, both ωz2 and ωz2 must be positive so that


(96.3)
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The magnetic field must decrease with radius. Equation (94.13) shows that the rotation frequency of the particle in the accelerator decreases with increasing momentum.

If νz and νx are the numbers of complete vertical and radial betatron oscillations per revolution respectively, we have


(96.4)
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The limiting case n = 0 is instructive. Here νz = 0 because motion along a uniform field is independent of the field. νx = 1, which means that all the orbits in the symmetry plane are circles and are therefore equilibrium orbits. There are thus equilibrium orbits for a given momentum anywhere in the symmetry plane. This is undesirable because any slight field inhomogeneity will cause the orbit to migrate. This can be described by saying that the betatron frequency is resonant with the rotation frequency and that the field inhomogeneity provides a periodic impulse to the particle at the rotation frequency, thus resulting in an indefinitely growing amplitude of the betatron oscillation. This is not the only resonance which can occur in practice.


97. STRONG FOCUSING ACCELERATORS

The necessity to make both the vertical and radial betatron oscillations stable puts very strong limits on the field index n if n is to be a constant along an equilibrium orbit. This then makes the momentum compaction a small so that a large radial aperture is needed to accept an appreciable momentum range. By making n vary along the orbit, however, the stability of both kinds of betatron oscillations can be achieved in many ways and the momentum compaction can be increased, reducing the required radial aperture. We again restrict ourselves to accelerators with a plane of symmetry and to small amplitudes of oscillation. This excludes the FFAG synchrotrons which have been much studied but whose consideration would take us too far.21

Under our assumptions, there is no coupling between the vertical and radial betatron oscillations so that we may confine our attention to the vertical oscillations alone. For these the Hamiltonian is

(97.1)
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Both n and κ may be functions of s. The motion may be most easily visualized if κ is regarded as a constant and all the s dependence is put onto n, which does not affect the analysis at all since only the product nκ2 appears. The equations of motion are


(97.2)
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leading to the second-order differential equation


(97.3)
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The field index n(s) is a periodic function of s. In the presence of imperfections the period is C, the circumference of the equilibrium orbit, but in a perfect machine the period is L = C/N, where N is the number of identical units of which the accelerator is constructed.

According to Floquet’s theorem, a complete set of solutions of a differential equation of the form (97.3) can be written as


(97.4)
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where w(s) is a real function of s with period L. The z ± (s) are bounded for large positive and negative s when ψ(s) is real. A complex or imaginary ψ leads to unbounded z(s), hence to unstable orbits. A real solution in the stable case is thus


(97.5)
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The functions ω and ψ satisfy the equations

(97.6)
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These imply a suitable normalization for w (which has the dimensions of l½). The mathematical problem here is the same as that met in discussing the motion of a particle in a periodic, time-independent one-dimensional potential in quantum mechanics. The bounded solutions here are the allowed eigenfunctions there. The well-known band structure of the energy eigenvalues in the quantum problem corresponds to bands of possible betatron frequencies here (cf. also Sec. 26).

A convenient way to study the solutions of this problem is to introduce the 2 × 2 matrix relating z(s), z’(s) with z(s0), z’(s0). Such a matrix exists because (97.3) is linear and of second order. This matrix M(s, s0) must be sympletic as defined in (70.3). For a system with one degree of freedom this condition is simply det M = 1. Let X(s) be the 2 component vector whose components are z(s), pz(s) = z’(s). Then

(97.7)
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It may be verified by use of (97.3) and (97.6) that


(97.8)
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where ω0 = ω(s0), [image: e9780486140780_img_903.gif] [image: e9780486140780_img_903.gif] [image: e9780486140780_img_903.gif] , and ψ = ψ(s) — ψ(s0).

If s = s0 + L, then ω0 = w and ω0’ = w’ so that M(s, s — L) ≡ M(s) is given by


(97.9)
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with
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Actually µ is independent of s, for if s’ ≠ s,
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so that


tr M(s’) = tr M(s) or cos µ’ = cos µ


Therefore we write


(97.10)
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The motion can be regarded as a pseudoharmonic one with amplitude Aw and phase ψ(s) = ∫s ω—2 ds. µ is the phase advance of the oscillation per period L, so the number of complete oscillations per circumference ν is


(97.11 )
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The condition for stability is that µ be real, hence that


(97.12)
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We assume the inequality sign to hold so that we are not on the boundary of the stable region.

To use the inequality (97.12) we must specify n(s), i.e., consider some particular model. Following Courant and Snyder, we take the case of a machine with circular equilibrium orbits of radius R in which


(97.13)
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there being N repetitions of this pattern around the machine. For vertical oscillations, then


(97.14)
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with


(97.15)
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where φ = [image: e9780486140780_i1752.jpg] , ψ = [image: e9780486140780_i1753.jpg] . Equations (97.15) are obtained directly from the solution of the stable and unstable harmonic oscillator.

In this model the stability condition is

(97.16)
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The region of stability is shown in Fig. 97-1. Not every point in this region is stable when account is taken of effects neglected here. The effect of imperfections with period C rather than L is to crosshatch the stability region with lines of instability, N in each direction. In addition, there are coupling resonances and resonances due to nonlinear effects which introduce instabilities. We cannot enter into these here.

Because the Hamiltonian G depends explicitly on the independent variable s there is no Jacobian integral of the motion. It is easily verified, however, that there is an integral of the motion given by


(97.17)
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with


(97.18)
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For each value of a and A, (97.17) defines an ellipse in phase space whose area is independent of s. [The area is proportional to the product of the principal semiaxes, hence to (product of eigenvalues) —½ = (det U)—½ = 1. See Appendix II.]
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Fig. 97-1. Region of stability for radial and vertical oscillations. (Courtesy Courant and Snyder.)



The ellipse (97.17) has its greatest semiaxes in the z direction when w’ = 0, w = wmax. If we set the amplitude at this point equal to the effective aperture a of the accelerator for these oscillations, we see that the area [image: e9780486140780_i1758.jpg] of the ellipse is given by


(97.19)
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[image: e9780486140780_i1760.jpg] is called the admittance of the accelerator for vertical oscillations. It is an important factor in determining the intensity of beam obtainable because the number of particles an injector can supply increases with the range of initial conditions acceptable by the accelerator.


98. ACCELERATION AND SYNCHROTRON OSCILLATIONS

So far we have considered only the motion in pure magnetic fields so that the energy of the particle is constant. We now consider some mechanisms of acceleration. In an FFAG accelerator or a cyclotron the magnetic field is constant in time and the acceleration must be produced by separately supplied electric fields oscillating with a frequency which is some harmonic of the frequency of rotation of a particle in an equilibrium orbit. This frequency ωrf must change with time as the rotation frequency depends on the particle’s energy. In nonfixed field accelerators the changing magnetic field itself induces an electric field in the correct direction to accelerate the contained particles. In the betatron this is the only accelerating field used.

Suppose the magnetic field to be constant along the orbit, the radius of which is then


(98.1)
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If the field changes slowly we have


[image: e9780486140780_i1762.jpg]


Let us keep the orbit radius unchanged. There is a change dΦ, in the flux enclosed by the orbit and a change dE in the particle energy:
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Using the relativistic relations
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we obtain


(98.2)
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Thus if the orbit radius is to remain unchanged while the magnetic field is increased, the flux through the orbit must change by twice the amount that it would change if the field were uniform over the interior of the orbit. For high energy particles this means (1) there is a large volume of magnetic field, hence a large stored energy, and (2) the highest field attainable is not available at the orbit so the orbit radius must be large. This difficulty does not arise if separate accelerating fields are supplied. Then the magnetic field can be confined to the neighborhood of the orbit and the induced electric field is very small.

We now consider the acceleration to be produced entirely by oscillating electric fields acting across one or more gaps around the orbit. We assume the relative change of momentum per revolution to be very small so that the discrete impulses given to the particle can be averaged out and the acceleration can be considered continuous. The action of several gaps is now equivalent to the action of a single effective gap across which there is a voltage:


(98.3)
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V(t) is rapidly varying. It affects the particle only when the particle is in the gap, however, and if ωrf(t) is nearly a harmonic of the rotation frequency of the particle in its orbit, the effect of V on the particle will change only a little from turn to turn. Thus if the value of [image: e9780486140780_i1767.jpg] + ψ when the particle is in the gap is φ, we may regard φ as a continuous, slowly varying function of the time. Then


(98.4)
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where ωrf is the hth harmonic of the frequency ωs of a particle in the synchronous equilibrium orbit and ω(E) is the rotation frequency of a particle of energy E.

The energy gain is described by


(98.5)
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The pair of equations (98.4) and (98.5) specify φ and E as functions of t when ωrf(t) is given. It is convenient to change the variable so that these equations become of Hamiltonian form. Define W by


(98.6)
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Then we obtain


(98.7)
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which are derivable from the Hamiltonian


(98.8)
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If ωrf is constant, H is time-independent and describes oscillations in φ known as synchrotron, oscillations. For sufficiently small amplitude these oscillations are harmonic. The existence of a stable phase about which oscillations can take place was first noted by Veksler and by McMillan.22 This led to the development of all frequency-modulated accelerators, i.e., accelerators in which the momentum change is sufficiently large to affect the rotation frequency seriously.

From (98.7) we see that when ωrf is constant there is a W which makes φ a constant. Assuming constant ω(W) means constant W (which is true everywhere except at the transition energy), the second of equations (98.7) then shows that φ = 0 or π. If ωrf changes adiabatically, then again there is an ω(W) which makes φ constant but which now implies a slowly changing W. Then φ is no longer 0 or π. For sufficiently small V0, φ may differ considerably from these values without invalidating our adiabatic hypothesis. Whether the stable oscillations take place about φ0 [image: e9780486140780_img_8819.gif] 0 or about φ1 [image: e9780486140780_img_8818.gif] π depends upon the first two terms of H.

We may expand the first two terms of H about W0, which is defined by


0 = ωrf — hω(W0)


at some particular time. Then


(98.9)
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The constant terms are immaterial. If (dω/dW)0 > 0 the stable oscillations take place about φ0 [image: e9780486140780_img_8819.gif] 0; above the transition energy where (dω/dW)0 < 0 they take place about φ1 [image: e9780486140780_img_8818.gif] π.

When the amplitude of oscillation of φ is small, the cosine in H may also be expanded. Below the transition energy, then, H becomes


(98.10)
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The frequency Ω of these oscillations is therefore given by


(98.11)
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where η is defined by (94.13) and ω0 = ωsc/υ is the frequency of a particle traversing the equilibrium orbit at the speed of light. Now eV0 cos φ0 [image: e9780486140780_img_8810.gif] E and in strong focusing accelerators |η| [image: e9780486140780_img_8810.gif] 1 so that Ω2 [image: e9780486140780_img_8810.gif] w02. The synchrotron oscillations are of very low frequency compared to the betatron oscillations. There is therefore very little coupling between the two modes of oscillation.

Associated with the synchrotron oscillation is a radial oscillation because the particle executing the synchrotron oscillation has a variable momentum and is thus not in a single equilibrium orbit at all times. In weak focusing accelerators the amplitude of this radial oscillation or change of radius of the equilibrium orbit with energy may be large, requiring such machines to have much more radial than vertical aperture. In strong focusing machines the large momentum compaction makes this change of radius much smaller.

The variables φ, W are canonically conjugate. If they are taken as cartesian coordinates in a phase plane, then Liouville’s theorem states that the density of phase points in the neighborhood of any given phase point cannot change provided that there is no coupling between the synchrotron and other degrees of freedom. The range of φ is restricted to 2π, say from — π to π, while 0 ≤ W ≤ ∞. This is illustrated in Fig. 98-1. The synchrotron oscillations discussed in the last few paragraphs are represented by small ellipses centered on the line φ = 0 or on a parallel line. The acceleration process carries these ellipses slowly up the W axis until the final energy is reached.

In a conventional accelerator the range of W available to a particle at any one time is very narrow. In an FFAG accelerator the range of W available is essentially from W = 0 to W = Wf, the final value. There may be particles present represented by phase points anywhere in the shaded area of the phase plane shown in Fig. 98-2. Suppose there are particles present represented by phase points everywhere except for a narrow band at the top, from Wf — Δ to Wf. (These particles may have struck a target or have otherwise been lost.) We may now apply a radio-frequency voltage in such a way that a particle in region A of Fig. 98-2 would lose energy. The region A would then move down into the occupied part of the phase plane. Because of Liouville’s theorem some of the phase points below the line Wf — Δ must move above it, there being no other place to go. In this manner some particles outside of A are accelerated. The actual history of an accelerated particle may be complicated but the result is assured.
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Fig. 98-1. Synchrotron oscillations in φ-W plane [W defined by (98.6)].
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Fig. 98-2. φ-W plane for FFAG machine.



It is essential for this mechanism that the lower limit of W available in the accelerator be essentially zero. Otherwise particles could be lost out of the bottom of the diagram and none need be squeezed out the top. It is therefore not applicable to variable field accelerators.





APPENDIX I

RIEMANNIAN GEOMETRY

The configuration space of a dynamic system that is specified by f generalized coordinates is not in general a Euclidean space. By this we mean that there does not always exist a system of coordinates in terms of which the distance between any two neighboring points in the space is given simply by the sum of the squares of the coordinate differentials. A simple example of this occurs in the motion of a single particle on the surface of a fixed sphere. There exist no cartesian coordinates on the surface of a sphere and the space of two dimensions is said to be curved. Such spaces may be described in terms of Riemannian geometry rather than Euclidean geometry.

We denote by qm (m = 1 [image: e9780486140780_img_903.gif] [image: e9780486140780_img_903.gif] [image: e9780486140780_img_903.gif] f) a set of coordinates which define a point in configuration space, and consider another set of coordinates [image: e9780486140780_i1778.jpg] which are known functions of the qm:
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Infinitesimal changes dqm in the qm define infinitesimal changes [image: e9780486140780_i1780.jpg] in the [image: e9780486140780_i1781.jpg] by


(1.1)
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(the summation convention being adopted). Quantities λm which transform according to the law


(1.2)
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are called the contravariant components of a vector. If the contravariant components of a vector are given in one coordinate system, then (1.2) gives them in any other coordinate system. However, there are components of vectors which do not transform according to (1.2). As an example, let
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where φ is a scalar function of the coordinates qm. Then
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or


(1.3)
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Quantities which transform according to (1.3) are called the covariant components of a vector. Contravariant components of a vector are labeled by superscripts and covariant components by subscripts.

If λm and µm are the covariant and contravariant components of two vectors respectively, the quantity λmµm is a scalar, or an invariant. For


(1.4)
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In (1.4) the independence of qm from ql for l ≠ m has been used. The symbol δlm is called a Kronecker delta; it has the value +1 when m = l, 0 otherwise. The summation convention is always applied to indices one of which is contravariant, the other covariant, because of the invariant significance of this combination.

The square of the length of a vector is a scalar. In particular let us consider the quantity (dr)2. In cartesian coordinates this is given by


(dr)2 ≡ ds2 = (dx1)2 + (dx2)2 + (dx3)2


If generalized coordinates qm are used, we have


(1.5)
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where


[image: e9780486140780_i1789.jpg]


The quantity gmn is called the metric tensor, which is here given in terms of its covariant components, as will appear immediately. Using other generalized coordinates [image: e9780486140780_i1790.jpg] , (1.5) is written


[image: e9780486140780_i1791.jpg]


Now, using (1.1) and the invariance of ds2, we obtain


[image: e9780486140780_i1792.jpg]


Identifying coefficients of products of coordinate differentials, we obtain


(1.6)


[image: e9780486140780_i1793.jpg]


Thus each index on g is treated like the covariant index of a vector, resulting in the term covariant component of the metric tensor. In general, quantities amn which transform according to (1.6) are called the covariant components of a tensor of the second order. The generalization to an arbitrary order is obvious.

The square of the length of any vector with contravariant components λm is defined to be


(1.7)


[image: e9780486140780_i1794.jpg]


So far we have given no connection between the covariant and the contravariant components of a vector. This is done by use of the metric tensor. We have seen by (1.4) that λmλm is a scalar. This scalar we identify with the square of the length of the vector. Now let λm = µm + νm, λm = µm + νm, in which we assume that the connection between λm and λm is a linear one. Then


λmλm = gmnλmλn


so that


(I.8)
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Equation (1.8) must hold for arbitrary µm and νm, and so we must have


(1.9)
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This is the fundamental connection between the two kinds of components of a vector. In cartesian coordinates the gmn are Kronecker deltas δmn, and the two kinds of components are equal.

Equation (1.9) may be solved for the µn in terms of the µm. We write this solution as


(1.10)
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thereby defining the quantities gnm. These are termed the contravariant components of the metric tensor. Clearly,


(1.11)
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The reader may verify the fact that gmn transforms according to the law


(1.12)
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Quantities which transform according to (I.12) are called the contravariant components of a second-order tensor. The generalization to higher orders is clear, as is that to mixed tensors with some covariant and some contravariant indices. It is worth noting that the quantities δlm are the mixed components of a tensor with the property that


(1.13)
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This is not the case for δml or δml, which are merely the particular forms of the metric tensor in cartesian coordinates.

The metric tensor can be used to raise or lower indices. Thus for any tensor hba we have


[image: e9780486140780_i1801.jpg]


which is a straightforward generalization of (1.9) and (1.10), the rule for raising and lowering the indices on vectors.

We now apply the ideas developed in this appendix to the problem of specifying the velocity and acceleration of a particle in arbitrary generalized coordinates. Except in the case of cartesian coordinates, the coordinates themselves do not form the components of a vector since they do not transform like the components of a vector. The velocity, however, is a vector.

The generalized velocity components are taken to be [image: e9780486140780_i1802.jpg] . That these are the components of a vector is evident from their transformation properties. If the [image: e9780486140780_i1803.jpg] are another set of coordinates,


(1.14)
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which is the transformation law for a vector given in terms of its contravariant components.

The case of the acceleration is more difficult, since the acceleration in curvilinear coordinates involves terms like the centripetal acceleration and the Coriolis acceleration. We now show how these appear automatically.

The generalized acceleration components cannot be taken to be the second time derivatives of the generalized coordinates because these quantities do not transform like the components of a vector. From (I.14)


(I.15)
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The second term on the right spoils the transformation properties of the [image: e9780486140780_i1806.jpg] .

There is another quantity which fails to transform like a tensor because of a term similar to that in (1.15). The proper combination of [image: e9780486140780_i1807.jpg] and this other quantity will then transform like a vector. To find this other quantity we use the transformation equation for the metric tensor:
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Then


(I.16)
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Two similar equations can be obtained from (I.16) by changing indices cyclically:
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Now subtract (I.16) from the sum of the last two equations:


(1.17)
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The quantity in parentheses fails to transform like a tensor by a term similar to the one in (1.15). These parenthesized quantities appear so often that they are given a name and a symbol. We define the symbol [mn, r] by


(1.18)
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and call it a Christoffel symbol of the first kind. The Christoffel symbol of the second kind is defined by


(1.19)
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Equation (1.17) may now be written as


(1.20)
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which may be solved for the second derivative, yielding


(1.21)
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Inserting this into (I.15) we obtain, after some simplification,


(1.22)
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This shows that the quantities


(1.23)
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are the contravariant components of a vector.

In cartesian coordinates the Christoffel symbols all vanish because the gmn are constants in such a coordinate system. Thus the vector we have just obtained has the second time derivatives of the cartesian coordinates as components and is properly identified with the acceleration vector. In curvilinear coordinates the terms involving the Christoffel symbols give exactly such terms as the centripetal and Coriolis accelerations.

As an example, we consider the transformation from rectangular cartesian coordinates in two dimensions (q1 = x, q2 = y) to polar coordinates ([image: e9780486140780_i1818.jpg] = r, [image: e9780486140780_i1819.jpg] = θ). Thus


[image: e9780486140780_i1820.jpg]


with
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All of the unbarred Christoffel symbols vanish and in the barred set of coordinates
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all others vanishing.

The components of the acceleration vector are then given by (I.23):


[image: e9780486140780_i1823.jpg]


Similarly, if spherical coordinates [image: e9780486140780_i1824.jpg] = r, [image: e9780486140780_i1825.jpg] = θ, [image: e9780486140780_i1826.jpg] = φ are introduced to describe the motion of a particle in three dimensions, we have


ds2 = dr2 + r2 dθ2 + r2 sin2 θ dφ2


so that


(1.24)
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The only nonvanishing Christoffel symbols are those involving [image: e9780486140780_i1828.jpg] , namely,
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and from (1.23) we obtain


(1.25)
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For a particle moving under the influence of no external forces, i.e., in a straight line with uniform velocity, these acceleration components all vanish, although in this case the quantities [image: e9780486140780_i1831.jpg], [image: e9780486140780_i1832.jpg] , [image: e9780486140780_i1833.jpg] , obtained by differentiating the coordinates twice with respect to the time, do not vanish.

We see, however, that even in the above simple cases the task of evaluating the Christoffel symbols is tedious. Fortunately, the method of Lagrange allows one to write down the equations of motion for a dynamic system in terms of generalized coordinates without requiring that the Christoffel symbols which characterize the space of those coordinates be evaluated.

To see this for a single particle, we note that the kinetic energy of a particle is [image: e9780486140780_i1834.jpg] , where ds, the infinitesimal element of distance traveled, is given by (I.5):


ds2 = grs dqr dqs


so that
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Hence


(1.26)
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where in the last line the symmetry of [image: e9780486140780_i1837.jpg] in m and s has been used to interchange m and s in the first term inside the parentheses. From (31.9) and (1.18) we see that (1.26) may be written thus
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or


(1.27)
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where the acceleration vector al is given by (1.23). Thus the generalized force vector Ql is related to the acceleration of a single particle by a relation of the form force equals mass times acceleration, even when curvilinear coordinates are used. The Lagrangian formulation of the equations of motion thus eliminates the necessity of calculating the values of the Christoffel symbols explicitly. Alternatively, this formulation provides a convenient method of computing the Christoffel symbols of the second kind, if so desired, which is much simpler than the direct method used in (1.24), (1.25).

In discussing the motion of a number of particles of different mass, we have


[image: e9780486140780_i1840.jpg]


where dsρ is the infinitesimal element of distance traveled by particle [image: e9780486140780_i1841.jpg] . It is then convenient to define, for each particle, the vector Xi,p = [image: e9780486140780_i1842.jpg] in order that the individual masses no longer appear explicitly in the expression for the kinetic energy:


[image: e9780486140780_i1843.jpg]


The analysis then proceeds as for a single particle of unit mass.

We have considered in this appendix only those transformations which relate two coordinate systems statically, i.e., in which the [image: e9780486140780_i1844.jpg] are functions solely of the qm, and do not depend explicitly upon the time. We have seen in Sec. 43 that such explicit time dependence adds extra terms to (1.15), and these terms also spoil the transformation properties of [image: e9780486140780_i1845.jpg] . It is possible to treat this situation formally by writing qf+1 = t, so that (I.1) is unaltered in form


[image: e9780486140780_i1846.jpg]


but now refers to a transformation in f + 1 dimensions. Nonrelativistically, [image: e9780486140780_i1847.jpg] = qf+1 = t. However, the complete description of such transformations is possibly only within the framework of the general theory of relativity.
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APPENDIX II

LINEAR VECTOR SPACES

A vector in n-dimensional space is defined in a given cartesian coordinate system by n numbers in a definite order, the components of the vector. We shall denote such a vector by a letter such as x, or by a letter with subscript followed by a vertical line, as xm|. Letters with subscripts that are not followed by a vertical line, as xi, xm|i, denote vector components. The summation convention will apply only to indices that label components, i.e., to subscripts not followed by a line.

The sum of two vectors is defined to be the vector whose components are the sums of the corresponding components of the individual vectors. Thus

(II.1)


[image: e9780486140780_i1848.jpg]


The product of a number and a vector is defined to be the vector whose components are those of the original vector multiplied by the number. Thus

(II.2)
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A space in which the sum of two vectors and the product of a number and a vector are defined in this way is called a linear vector space. We consider only those numbers and vectors which are real.

We introduce a set of n vectors ei with components given by

(II.3)


[image: e9780486140780_i1850.jpg]


These vectors are said to be a set of basic vectors for the space. According to the notation just adopted, these vectors should be denoted by eil rather than by ei. The index in this particular case does, however, refer to a particular coordinate direction, so here only we leave off the vertical line. This is necessary so that the summation convention will work out properly and enable us to retain the great simplicity gained by its use.

Any vector can be written as a sum of basic vectors with appropriate coefficients:


(II.4)


[image: e9780486140780_i1851.jpg]


The xi are the components of x along the coordinate directions, as is seen from the form (II.3) of the e’s.

The inner or scalar product of two vectors is defined by the equation

(II.5)
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This is a straightforward generalization of the scalar or dot product of two three-dimensional vectors (cf. Sec. 6). Thus the scalar product of two of the basic vectors is given by


(II.6)
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The length of a vector is defined to be


(II.7)
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The quantity xixi is, of course, nonnegative, and so the length defined in this way is always real and is taken to be positive. Some properties of the scalar product are


(II.8)


[image: e9780486140780_i1855.jpg]


All of these follow from the definition (II.5) and the definition of a linear vector space.

The m component of a vector is the scalar product of the vector with the mth basic vector. Using (II.4) and (II.6), we obtain


(II.9)
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The basic vectors ei are linearly independent, by which we mean that a linear combination of the ei vanishes only when the coefficients of the individual ei vanish separately. In an n-dimensional space any n + 1 vectors are linearly dependent. Therefore any vector can be expressed in terms of any set of n linearly independent vectors. Let αj| be such a set and let x be a nonzero vector. Then


(II.10)
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for suitable xj, not all of which vanish. The vectors αj| are said to span the space. They are in general not as convenient as the ej because there is no simple expression such as (II.9) for the “components” xj.

In three dimensions, if a and b are two vectors, the cosine of the angle θ between them may be written as


[image: e9780486140780_i1858.jpg]


The cosine so defined is never greater than unity in absolute value. We wish to show that the n-dimensional generalization of this, namely


(II.11)
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also is never greater than unity in absolute value. This result may be written as


(II.12)
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in which form it is known as Schwarz’s inequality. To prove this we note that


[image: e9780486140780_i1861.jpg]


The equality sign holds only when the components of x are proportional to those of y. In this case cos θ = ± 1 and the vectors are parallel or antiparallel. If (x, y) = 0, then cos θ = 0 and the vectors are said to be orthogonal.

Another inequality follows from Schwarz’s. It is the so-called triangular inequality, and it can be written


(II.13)
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To prove this we evaluate (x + y, x + y)


[image: e9780486140780_i1863.jpg]


where Schwarz’s inequality has been used. When the square root of both sides is extracted, the result follows.

An operator in a vector space is a quantity which, applied to a given vector, yields another vector. An operator A is called linear when it satisfies the equations


(II.14)
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for any vectors x and y and for any number λ. Operators will be denoted by capital letters.

The sum of two operators is defined by the equation


(II.15)
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which must hold for every x. The product of two operators is defined by


(II.16)
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which must hold for every x. The order of addition does not matter, but the order of multiplication does. Equation (II.16) implies that the operator AB applied to x produces the same effect as first applying operator B and then applying operator A to the resulting vector. This is not necessarily the same as applying A and then B. Thus in general


ABx ≠ BAx


If these two quantities are equal for every x, then A and B are said to commute. The product of operators is associative.


(AB)Cx = A(BC)x = ABCx


so that no parentheses are needed.

The operator I is defined by the equation


(II.17)
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for all x. This operator is called the identity operator.

We say that two operators A and B are equal if Ax = Bx for all x. This enables us to write down relations between operators without writing down the vector on which the operator operates each time.

If two operators A and B are such that


AB = I


then


BAB = B


and so


(BA)Bx = Bx


Any vector y may be written as Ba for suitable x. For let


ajl = Bej


so that

[image: e9780486140780_i1868.jpg]


If the ajl are linearly dependent, the left side vanishes for some nonvanishing set of xj, which is impossible because the right side cannot vanish for nonvanishing xj. The aj are therefore linearly independent and span the space, so that any vector y may be expressed in terms of them, as was to be proved. Hence


BAy = y


for any y and so


BA = I


Two operators related in this way are said to be reciprocals of each other, or one is the inverse of the other. Not all operators have inverses, those not having them being called singular. The inverse of A is denoted by A—1. A and A—1 commute.

We shall denote the transpose of an operator A by A and define it by the equation


(II.18)
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for all x and y. The transpose of the product of two operators A and B is the product of their transposes in reverse order. For


((AB)τx, y) = (x, (AB)y)


and


(x, ABy) = (Aτx, By) = (Bτ Aτx, y)


so that


(II.19)
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A similar result holds for more factors. If A = Aτ, the operator is said to be symmetric.

An operator A is said to be orthogonal if


(II.20)
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An orthogonal operator has the important property that


(II.21)
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If A is orthogonal, then Aτ = A-1 and A and Aτ commute.

Let A be a linear operator, and let the vector resulting from the application of A to x be y. Thus


(11.22)
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This vector equation may be written in terms of the components of the vectors x and y in a particular coordinate system with the unit vectors ei as a basis. We obtain in this way a representation of the operator A. This representation will depend on the basic vectors chosen as well as on the operator itself. Let


y = ejyj, x = ejxj


Since A is a linear operator, (11.22) becomes


ejyj = Aeixj


Scalar multiplication of both sides by ei yields


(11.23)


[image: e9780486140780_i1874.jpg]


The quantity (ei Aej) does not depend on the vector x but only on the operator A and the basic vectors. It thus gives the representation of the operator we desire. We write


(II.24)
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so that equation (11.23) can be written as


(II.25)
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Equation (11.25) is equivalent to (II.22) and is said to be (II.22) in the representation defined by the basic vectors ei.

The numbers Aij form an n X n array called a matrix with the first index labeling the rows and the second index labeling the columns; thus
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The numbers Aij are called the components or elements of the matrix given above. We are thus led to consider a matrix as the representative of a linear operator in terms of a set of basic vectors. The elements of the matrix with two equal indices are called the diagonal elements. If only diagonal elements of a matrix are different from zero, the matrix is said to be in diagonal form or to be diagonal.

The representative of the identity operator is a diagonal matrix independent of the choice of basic vectors. Since by definition


x = Ix


we have


xi = Iijxj, Iij = δij


Thus the form of this matrix is


[image: e9780486140780_i1878.jpg]


for any set of basic vectors. This matrix is called the unit matrix.

The sum of two operators A and B was defined in (11.15). The representative of the sum of two operators can be found. If A + B = C,


Cej = (A + B)ej = Aej + Bej


Scalar multiplication by ei on both sides gives
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The matrix Cij is called the sum of the matrices Aij and Bij. The representative of the sum of two operators is the sum of their representatives.

The product of two operators A and B was defined in (II.16). The representative of the product of two operators can be found. If C = AB, let


y = Bx, z = Ay = ABx


Then


yj = Bjkxk, zi = Aijyj


so that


[image: e9780486140780_i1880.jpg]


The definition of the product of two matrices is that


(11.26)
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and so we see that the representative of the product of two operators is the product of their representatives.

The rule for multiplying matrices is unlike that for numbers. Each element of the product matrix is the sum of products of elements of the two matrices, those of a row in the first matrix and those of a column in the second matrix. Thus
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The order of multiplication is essential, as the product may depend on the order of the factors, so that the commutative law does not hold in general. If the order of two matrices does not affect their product, they are said to commute. The associative law of multiplication does hold for matrices.

Since an operator and its representative follow the same rules for multiplication and addition, which are the only manipulations we shall be making with operators, there is no need to have separate symbols for the two quantities. We shall therefore use capital letters to denote both linear operators and their representatives in terms of a particular set of basic vectors. If more than one set of basic vectors is in use, they will be distinguished by bars, and the representatives will be similarly distinguished.

The vector equation y = Ax, when written out in terms of a particular representation as in (II.25), is a set of n linear equations giving the y’s in terms of the x’s. Such a set of equations can be solved for the x’s in terms of the y’s provided that the determinant of the coefficients does not vanish. (This determinant is the Jacobian of the transformation from the x’s to the y’s; cf. Sec. 2.) The solution can be written as


(11.27)
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The matrix A—1ij is that matrix which, when multiplied by the matrix Ajk, yields the unit matrix and is therefore the matrix inverse to A. The inverse matrix can be expressed in terms of the elements of A by use of the theory of determinants. A determinant can be expanded in terms of the minors of any row or column. Denoting the cofactor of the element Aij by aij—the cofactor is the minor prefixed by (—1)i+j— we have
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Thus
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so that, as AijA—1jk = δik, we may write the matrix inverse to A as


(11.28)
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If det A vanishes, there is no matrix inverse to A. Thus a singular operator is one whose representative has a zero determinant.

The transpose Aτ of an operator A was defined by (II.18), namely by


(Aτx, y) = (x, Ay)


When written out in a particular representation this becomes


yiAτijxj = xjAjiyi


Thus


(II.29)
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and the representative of the transposed operator is the transposed matrix, i.e., the original matrix with its rows and columns interchanged.

An operator A is called symmetric if Aτ = A. The representative of a symmetric operator is a symmetric matrix, a matrix which is unchanged when the rows and columns are interchanged, so that Aij = Aji.

An operator A is called orthogonal if AτA = I. Written out in a particular representation, this becomes


(II.30)
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If each column of A is considered to be a vector, these n vectors are of unit length and are mutually orthogonal, according to (11.30). The same holds for the rows of A. Hence the names “orthogonal” matrix and “orthogonal” operator.

The basic vectors ei form a complete, orthonormal set of vectors, i.e., a set of n mutually orthogonal vectors of unit length in terms of which any other vector may be described.

Any complete orthonormal set of basic vectors is equivalent to any other. Changing from one set to another is equivalent to making a rotation of the coordinate system.

Let us call the original orthonormal set of basic vectors ei, and let us introduce a new orthonormal set of vectors [image: e9780486140780_img_275.gif]j. The conditions of orthogonality are


(II.31)
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All vectors are now to be represented in terms of the new basic vectors [image: e9780486140780_img_275.gif]j. Therefore we write


(II.32)
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The coefficients Sji; form a matrix. Each column of this matrix consists of the components of one of the old basic vectors in the new representation, and so we should expect S to be an orthogonal matrix. We verify this by evaluating the scalar product


(II.33)
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Thus (II.32) may also be written


(II.34)
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Fig. II-1. Change of representation.



As an example of a change of representation (Fig. II-1) let n = 2. The old basic vectors are e1, e2, whereas the new ones are [image: e9780486140780_img_275.gif]1, [image: e9780486140780_img_275.gif]2. Then


[image: e9780486140780_i1894.jpg]


so that [image: e9780486140780_img_275.gif]1, [image: e9780486140780_img_275.gif]2 are obtained from e1, e2 by a rotation through the angle θ in the direction from 1 to 2. The matrix S and its transpose are thus given by


(11.35)
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Matrix multiplication will show that SSτ = I = SτS.

A vector x may be given in either representation. Denoting its components in the new representation by barred quantities, we have
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Thus
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or in matrix form


(II.36)
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The scalar product of two vectors is not changed when a change in basic vectors is made. As in (11.21)
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An orthogonal transformation thus preserves the lengths of vectors and the angle between vectors, as it must if it is to represent a rotation of coordinates.

The matrix representing an operator depends on the basic vectors defining the representation as well as on the operator. We may find the connection between two representatives of the operator:
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Hence

(II.37)
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For consistency in the theory it must follow that two successive changes in representation are equivalent to a single change. First we show that, if the transformation matrices are S and U respectively, the transformation matrix for the single equivalent transformation is US. We then show that this product matrix is also orthogonal. Let


ei = [image: e9780486140780_img_275.gif]jSji, [image: e9780486140780_img_275.gif]j = [image: e9780486140780_img_275.gif]kUkj


Then


[image: e9780486140780_i1902.jpg]


That the product of two orthogonal matrices is again orthogonal follows from the rule for taking the transpose of a product (II.19). If SτS = I and UτU = 1,

(11.38)
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Every orthogonal matrix has an inverse, since every matrix has a transpose and the transpose of an orthogonal matrix is its inverse. This result can be seen in another way. The rule for the multiplication of two n X n determinants is formally the same as that for two n-dimensional matrices, and the value of a determinant is not affected by interchanging rows and columns. Thus
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But


[image: e9780486140780_i1905.jpg]


Therefore


(II.39)
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If the plus sign holds, the transformation is called proper; if the minus sign holds, it is called improper. Hence an orthogonal matrix cannot be singular and therefore has an inverse.

There are two scalar quantities of importance associated with the representative of a linear operator which are invariant under an orthogonal transformation. (Actually there are n such quantities, but usually only two of them are of interest individually.) These are the determinant of the matrix representing the operator, and the sum of the diagonal elements of the matrix. The latter is called the spur or trace of the matrix and is denoted by tr A. If (II.37) gives [image: e9780486140780_img_256.gif] in terms of A and S, then


(11.40)
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Also


(II.41)
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Thus both det A and tr A are invariant under orthogonal transformations.

We have introduced orthogonal transformations as coordinate transformations. The vectors such as x are not affected by such a transformation, but their components are changed. Orthogonal transformations can be looked at in another way: All the vectors in the n-dimensional space are rotated by application of the operator, the coordinate system remaining unchanged. This is the viewpoint we adopt when discussing the displacements of a rigid body. There the body rotates, carrying with it vectors fixed in the body. The relation between these vectors in the original and final positions of the body is that given by an orthogonal transformation. There is a difference in the two viewpoints, however, because a rotation of the coordinate system through an angle θ about an axis has the same effect as a rotation of all the vectors through an angle—θ about the same axis.

The result of operating on a vector with a linear operator is in general to change the length and direction of the vector. Corresponding to a given operator A there are certain vectors, however, which are not changed in direction by application of the operator although they are generally changed in length. For such a vector x we have the equation


(II.42)
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The vector x is called an eigenvector of the operator A, and the number a is called the eigenvalue corresponding to this eigenvector.

Writing (11.42) out in terms of a particular representation, we obtain


A¡jxj = αxi


or


(II.43)
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This is a set of homogeneous linear equations for the components xj and can be solved only if the determinant of the coefficients vanishes:


(II.44)
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a must be a root of an nth degree algebraic equation:


[image: e9780486140780_i1912.jpg]


The roots of (II.43) may be complex even if all the elements of A are real. So, although the operator A has n eigenvalues and n corresponding eigenvectors, these may not be the kind of vectors we have been considering, because we have restricted ourselves to real quantities. We can, however, show that all the eigenvalues of a real symmetric operator are real, and, since real symmetric operators are the ones in whose eigenvalues we shall be primarily interested, this is sufficient. Suppose that a is a complex eigenvalue of the real symmetric operator A and x the corresponding eigenvector with complex components. Then, denoting the complex conjugate of a quantity by *, we have


Ax = αx

Ax* = α*x*


because A is real. Scalar multiplication of the first with x* and the second with x gives


(x*, Ax) = α(x*, x)

(x, Ax*) = α*(x, x*)


Because A is symmetric, the left-hand sides of these equations are equal, and (x*, x) = (x, x*), so that


. α = α*


and α is real. All the components of the eigenvectors may also be taken as real.

There are n eigenvalues and eigenvectors associated with every linear operator. These n eigenvalues may not all be distinct. If there are multiple eigenvalues, the operator is said to be degenerate. The various eigenvectors of an operator will be denoted by xl|, where l runs from 1 to n, and the corresponding eigenvalues will be denoted by αl|. Thus


(II.45)
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Note that according to our notation the index l is not summed!

The eigenvectors of a symmetric operator corresponding to distinct eigenvalues are orthogonal to each other. Let


Axl| = αl|xl|

Axm| = αm| xm|


Then

(11.46)
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Because A is symmetric, the left sides of these equations are equal. Thus


(αl| — αm|)(xl|, xm|) = 0


and, if the first factor is different from zero, the second factor must vanish. This proves the theorem.

Equations such as (11.42) do not determine the length of the vector x, but only its direction. We are free to choose this length in the most convenient manner, which is to make the vector a unit vector. An eigenvector with length unity is said to be normalized.

If a symmetric operator has all distinct eigenvalues, its normalized eigenvectors form a complete orthonormal set. If there exist multiple eigenvalues, the eigenvectors can be so chosen that they again form a complete orthonormal set. Suppose that there are m identical eigenvalues. Then of the n homogeneous linear equations (II.43) with this value of α there are only n — m which are independent. These together with the normalization condition give n — m + 1 independent conditions on the n components. There is thus an (m — 1)-fold infinity of solutions. We pick one solution arbitrarily, say x1|. If we now require that any other solution of the equations corresponding to the same eigenvalue be orthogonal to x1|, there is only an (m — 2)-fold infinity of solutions. We pick one, x2|, and then require the next solution corresponding to this eigenvalue to be orthogonal to x1| and x2|. Proceeding in this way we get m normalized and mutually orthogonal eigenvectors corresponding to the eigenvalue of m-fold degeneracy. All these vectors are orthogonal to any eigenvector corresponding to a different eigenvalue. Hence we have an orthonormal set. This set is not a unique one because of the arbitrary choices involved in finding the eigenvectors corresponding to multiple eigenvalues.

Since the eigenvectors of a symmetric operator can be chosen to form a complete orthonormal set, they can also be chosen as the basic set of vectors of a cartesian coordinate system. In this coordinate system the matrix of the operator assumes an especially simple form.

Let the linear operator A, which is symmetric so that its eigenvalues are all real, have the n real eigenvectors xi|, and let these eigenvectors be normalized and, if the operator A is degenerate, also orthogonalized. Then


(xi|, xj|) = δij


We now choose these xi| as a new basic set of vectors:


[image: e9780486140780_img_275.gif]i = xi|


The transformation from the old to the new coordinate system is given by the orthogonal operator S:


ei = [image: e9780486140780_img_275.gif]jSji, [image: e9780486140780_img_275.gif]i = ejSτji = Sijej


Since


xi| = xi|jej


where xi|j denotes the jth component of the ith eigenvector, we have


Sij = xi|j, Sτij = xj|i


The rows of S are the eigenvectors in the original coordinate system.

The operator A has a matrix [image: e9780486140780_img_256.gif]ij in the barred coordinate system which, because of (II.46) is given by


(11.47)
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The representative of A is thus a diagonal matrix when the eigenvectors are chosen as the basic vectors, and the elements appearing along the diagonal are the eigenvalues of the operator. We speak of this as a representation in which A is diagonal.

The problem of finding the eigenvalues and eigenvectors of an operator is equivalent to finding a representation in which the operator is diagonal. For, if the eigenvectors are known, the transformation matrix S can be constructed with these vectors as rows, and the new representation gained is the one in which A is diagonal, whereas, if the representation in which A is diagonal is known, the diagonal elements are the eigenvalues and the coordinate directions are the directions of the eigenvectors.

The two invariants under orthogonal transformations (11.40), (II.41) are now seen to be connected with the eigenvalues of the operator A. Det A is the product of the n eigenvalues, and tr A is their sum. Tr A is the coefficient of (—α)n – 1 in (II.44), and det A is the constant in this equation. The coefficients of all the other powers of α are also invariant. Since the coefficient of αn is unity, there are n nontrivial invariants.

The representative of a linear operator A is known when all the scalar products (ei, Aej) are known, the ei being any set of basic vectors. This representation is equally well known if the scalar product (y, Ax) is known for all vectors x and y, for these vectors may be expressed as combinations of the basic vectors. The scalar product (y, Ax) is a bilinear form in the components of x and y


(y, Ax) = Aijyixj


and so we may say that the representative of a linear operator is associated with a bilinear form, knowledge of one giving the other. If the operator A is symmetric, it is sufficient to know the scalar products


(x, Ax)


for all x. Then


(x, Ax) = Aijxixj


is a quadratic form in the components of x. We frequently meet with symmetric operators given by a quadratic form, such as the kinetic energy of a system.

The algebraic process of diagonalizing a symmetric matrix can be given a geometrical meaning with the aid of quadratic forms. The equation


(II.48)


[image: e9780486140780_i1916.jpg]


is the equation of a quadratic surface, an ellipsoid or a hyperboloid, in n dimensions. If the representation of A is diagonal, only squared terms appear in (II.48), the cross terms having zero coefficients, and the quadratic surface is then said to be referred to principal axes. If the surface is an ellipsoid, the coordinate axes of the representation in which A is diagonal meet the surface at right angles. In two dimensions the ellipsoid would be an ellipse, and the principal axes would be the lines along the major and minor axes respectively. The eigenvectors of an operator A lie along the principal axes of the quadratic surface defined by (II.48).

The eigenvalues of the operator are connected with the semiaxes of the surface. Written in standard form, the equation of such a surface is


[image: e9780486140780_i1917.jpg]


where for definiteness all the terms have been taken as positive, giving an ellipsoid. The hyperboloid can be treated similarly. Now, when A is diagonal, (II.48) can be written


αi|xixi = 1


Thus


[image: e9780486140780_i1918.jpg]


where the αi are the semiaxes of the quadric.

If two of the eigenvalues of A are equal so that A is degenerate, two of the semiaxes are equal and the quadric is one of revolution. This gives a geometrical interpretation of the freedom of choice of the eigenvectors in such a situation. Any pair of mutually orthogonal lines in the plane of a pair of equal semiaxes forms a pair of semiaxes. Thus any such pair may be chosen as the directions of eigenvectors. If more than two eigenvalues are equal, the freedom of choice is greater yet.

A quadratic form is called positive definite if the coefficients are such that the value of the form is positive for all nonzero vectors x. It is called indefinite if the value can have either sign. An operator with only positive eigenvalues is associated with a positive definite form, and the corresponding quadric is an ellipsoid. If the operator has eigenvalues of both signs, the form is indefinite and the quadric is a hyperboloid. If the eigenvalue zero appears, the quadric is cylindrical.

From the point of view of quadratic forms a new definition of the eigenvalues of an operator can be given. This definition is useful for the computation of eigenvalues when solution of the determinantal equation (11.44) is difficult. Consider a representation in which A is diagonal. Then, if the eigenvalues of A are numbered in a decreasing sequence, we have


[image: e9780486140780_i1919.jpg]


since α1| is the largest eigenvalue. The equality sign holds only when the vector x is x1|. We may thus define α1| by the equation


(II.49)
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where the symbol maxz means maximum as x is varied.

The kth eigenvalue can be obtained in a similar way, if use is made of the fact that xk| is orthogonal to all the eigenvectors with smaller values of k. Thus


[image: e9780486140780_i1921.jpg]


so that


(II.50)
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The maximum of the quantity on the left is greater than or equal to αk|, being of course α1|. If, however, we maximize this quantity subject to the conditions that x be orthogonal to k — 1 vectors yj|, then this maximum will in general be less than α1|. The smallest value of the maximum will occur when the yj| are linear combinations of the first k — 1 eigenvectors, since then xi = 0 for i < k and all the terms in the sum on the right of (II.50) will vanish. Thus we may write


(II.51)
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APPENDIX III

GROUP THEORY AND MOLECULAR VIBRATIONS

In this appendix we discuss the degeneracy inherent in the eigenvibrations of systems possessing symmetries. The systems of interest are polyatomic molecules.

Consider a polyatomic molecule containing some identical atoms. There may exist rotations of the molecule or reflections of the molecule whose effects are to replace each atom by an identical atom. The


[image: e9780486140780_i1924.jpg]

Fig. III-1. The molecule X3.



equilibrium configuration of the molecule is unchanged by such operations. They are called symmetry operations and are denoted by Sα (α = 1, 2, [image: e9780486140780_img_903.gif] [image: e9780486140780_img_903.gif] [image: e9780486140780_img_903.gif] , h). The symmetry operations of a molecule constitute a group. We are concerned here only with those molecules which have symmetry operations in addition to the identity operation.

As an example take the molecule X3 consisting of three X atoms which, at equilibrium are at the corners of an equilateral triangle as shown in Fig. III-1. This molecule admits six symmetry operations if we exclude reflections in the plane of the molecule. There are rotations about an axis through the center of the triangle normal to the plane of the molecule through the angles 0, 2π/3, and 4π/3. In addition, there are reflections in lines through the center of the triangle and through each of the corners in turn.

Let the atoms of the molecule be displaced a small amount from their equilibrium positions. This displacement is described by the vector x in the configuration space of the molecule. If a symmetry operation Sα is now carried out, the atoms will be near an equilibrium configuration of the molecule. The displacement of the atoms from equilibrium after the symmetry operation is described by the vector y in configuration space. x and y are linearly related. We write this as


(III.1)


[image: e9780486140780_i1925.jpg]


In this way we obtain a representation of the symmetry group by a set of linear transformations. If a coordinate system is introduced, (III.1) can be written out in components and the D(α) become matrices. The D(a) are real orthogonal transformations. If rectangular coordinates are used, the matrices resulting are real orthogonal matrices.

Successive symmetry operations result in successive linear transformations, whose resultant is described by a matrix which is the matrix product of the matrices of the individual linear transformations. Thus the product of two symmetry group elements corresponds to the product of the representative matrices. If Sγ = SβSα, then D(γ) = D(β)D(α).

If in the space R of the vectors x and y (the configuration space of the molecule) it is possible to introduce a subspace RI and its complement RII (so that R = RI + RII) in such a way that no symmetry operation applied to a vector in RI gives it a part lying in RII or applied to a vector in RII gives it a part lying in RI, then the representation D in the space R is completely reducible. If a coordinate system is introduced in such a way that the basis vectors lie entirely in RI or in RII, then the matrices D(α) will split into two blocks along the diagonal. The representation is then reduced and the subspaces RI and RII are invariant subspaces. If no such subspaces (except RI = R or RII = R) exist, the representation is irreducible.

Two irreducible representations of a group are equivalent if the matrices constituting the two representations can be made identical by an appropriate choice of coordinate systems. The basis vectors of the coordinate systems which make the matrices identical define equivalent directions in the spaces of the two representations.

The number of inequivalent irreducible representations Dλ(α) of a group depends only on the group and is finite. Any representation can be reduced; i.e., a coordinate system can be introduced in the vector space of the representation D(a) in such a way that the matrices D(α) all split into blocks along the diagonal, each block corresponding to some irreducible representation Dλ(α). In this reduction an irreducible representation may occur more than once. The lth occurrence of the λth irreducible representation is labeled by λl. We choose coordinates so that all the matrices of equivalent irreducible representations are alike. Thus the matrix Dλl(α) has elements independent of l.

A displacement vector x may be written as a sum of vectors, one in each invariant subspace:


(III.2)
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The potential energy due to such a displacement then may be written


(III.3)


[image: e9780486140780_i1927.jpg]


The summation convention holds for i, j, which have ranges depending on λ, μ.

The potential energy is not affected by a symmetry operation, which changes no relative distances within the molecule. Thus


(III.4)
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Equating coefficients of the x’s in (III.3) and (III.4), we obtain


(III.5)


[image: e9780486140780_i1929.jpg]


This may be written out in matrix notation. The matrices Dλ(α), Dμ(α) are square but not necessarily of the same number of dimensions. The matrix Vλlμm has as many rows as Dλ(α) and as many columns as Dμ(α). Equation (III.5) becomes


(III.6)
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or, because the matrices Dλ(α) are orthogonal,


(III.7)
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where the indices λ, l, μ, m on V are suppressed.

Schur’s lemma in the theory of groups states that any matrix which commutes with all the matrices of an irreducible representation is a multiple of the unit matrix, and that any matrix V which satisfies (III.7) for λ ≠ μ vanishes.

From Schur’s lemma we can immediately conclude that: (1) the potential energy matrix contains no elements connecting displacements in inequivalent irreducible subspaces; (2) the potential energy matrix connects only displacements in equivalent directions in equivalent irreducible subspaces, and all displacements in such directions are coupled with equal coefficients. The same argument applies to the kinetic energy matrix. Thus, only oscillations involving displacements in equivalent directions in equivalent irreducible subspaces can be coupled in the Lagrangian of the molecule, and all couplings between displacements in equivalent irreducible subspaces are equal.

From this statement it follows that:

 



1. A given eigenvibration involves only displacements in equivalent directions in a set of equivalent irreducible subspaces.

2. There are as many eigenvibrations of a given frequency as there are dimensions in one of the corresponding set of irreducible subspaces, because of the equality of the coupling between displacements in all such subspaces.

3. The determinantal equation (42.12) for the eigenfrequencies breaks into factor determinants. There are as many distinct factor determinants as there are sets of nonequivalent irreducible subspaces in configuration space. Each factor determinant appears once for each dimension of the set of equivalent subspaces.

4. Each factor determinant has as many rows and columns as there are members of the corresponding set of equivalent subspaces.

The problem now remains to reduce the representation of the symmetry group which is obtained in the configuration space of the molecule. It is possible to discover the number of degeneracies and their multiplicity without actually finding a coordinate system which reduces the representation. This is accomplished by finding how often each irreducible representation of the symmetry group occurs in the representation obtained in configuration space. We state without proof the relevant theorem (III.9) from the theory of groups and illustrate the method by applying it to the molecule X3Y whose prototype is ammonia.

Two elements Sα, Sβ of a group are in the same class if there exists an element Sγ of the group such that


(III.8)
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If the group is abelian, i.e., commutative, each element is in a class by itself. The identity element is always alone in its class.

The trace of a representative matrix D(α) is denoted by χ(α). χ(α) is independent of the coordinate system used to determine the matrix D(α), and is the same for all D(a) representing elements in the same class. The set of numbers χ(α) is called the character of the representation. The character of a reducible representation is the sum of the characters of the irreducible representations contained within it. This is obviously true in the coordinate which reduces the representation, but the character is independent of the coordinate system.

The characters of two irreducible representations Dλ(α), Dμ(α) of a group satisfy an orthogonality relation


(III.9)


[image: e9780486140780_i1933.jpg]


where h is the order of the group, i.e., the number of elements in the group. [Equation (III.9) holds only for real orthogonal representations. In the more general case of representation by unitary transformations the left side must be written [image: e9780486140780_i1934.jpg]

If the reducible representation D(α) contains the λth irreducible representation nλ times, then for the character of this reducible representation we may write


[image: e9780486140780_i1935.jpg]

Fig. III-2. The X3Y molecule.



(III.10)
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Applying (III.9), then,


(III.11)
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By this means we may determine how often each irreducible representation occurs in any given representation, and thus we can find the number of degenerate eigenvibrations of a molecule and the multiplicities of the degeneracies.

As an example consider the molecule X3Y whose structure is shown in Fig. III-2 and whose symmetry group is that of the molecule X3 mentioned earlier. The group has six elements. Its multiplication table is readily determined and is as follows:


[image: e9780486140780_i1938.jpg]


This group is identical with the permutation group on three things, the rotations being cyclic permutations, the reflections being interchanges of pairs. The irreducible representations are well known. There are three of them because there are three classes, hence three independent values of χ(α) for a given representation. There can thus be at most three orthogonal sets of χ’s.

The three irreducible representations may be chosen as


[image: e9780486140780_i1939.jpg]


The corresponding characters are


[image: e9780486140780_i1940.jpg]


The semicolons separate the various classes.

The representation of the symmetry group in the molecule’s configuration space of twelve dimensions may be chosen as follows:


[image: e9780486140780_i1941.jpg]
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Here the submatrix Rα describes the rotation or reflection of the displacement vector of a given atom, and the supermatrix on the left describes the interchange of atoms among themselves. The first three rows and columns of the supermatrix involve the X atoms, the fourth involves the single Y atom.

The character of the configuration space representation is seen to be


χ(α) = {12; 0, 0; 2,2,2)


Application of (III.11) now yields


n1 = 3, n2 = 1, n3 = 4


Included in all the above considerations have been the rigid displacements of the molecule as well as displacements involved in vibration only. The former could have been excluded by using a six-dimensional configuration space obtained by constraining the molecule to have no translation of the center of mass or rotation about it. It is easier to investigate the behavior of the rigid motions under the symmetry operations. The translations and the rotations do not get mixed by symmetry operations and can therefore be discussed separately.

The three components of the rigid translation form a polar vector and thus transform under all the symmetry operations according to the matrices Rα. The three components of an infinitesimal rotation form an axial vector and therefore transform under S1, S2, and S3 according to R1, R2, and R3, but under S4, S5, and S6 according to — R1, — R2, and — R3. The character for translations is thus


Xt(α) = {3; 0, 0; 1, 1, 1}


and for rotations


Xr(α) = {3; 0, 0; —1, —1, —1}


The translations thus account for one irreducible representation with λ = 1 and one with λ = 3; the rotations account for the representation


[image: e9780486140780_i1943.jpg]

Fig. III-3. Eigenvibrations of X3Y.



λ = 2 and one with λ = 3. The vibrations therefore are described by displacements which lie in two one-dimensional irreducible subspaces λ = 1 and in two two-dimensional subspaces λ = 3. Of the six eigenvibrations, then, two are nondegenerate, and there are two pairs which are doubly degenerate.

Six possible displacements of the atoms of this molecule which do not contain any rigid motion are shown in Fig. III-3. Those illustrated in (a) and (b) are invariant under all symmetry operations and occupy the two subspaces of irreducible representation D1(α). Those illustrated in (c) and (d) become mixed with each other, as do those shown in (e) and (ƒ), under symmetry operations. They are displacements in the two irreducible subspaces of two dimensions. The displacements (c) and (d) get mixed with the same coefficients as (e) and (ƒ) so that. (c) and (e) are in equivalent directions in their respective subspaces, as are (d) and (ƒ).

We may now apply the rules of p. 367 to this example and see geometrically what is involved.

1. A given eigenvibration may involve linear combinations of displacements (a) and (b) or (c) and (e) or (d) and (ƒ).

2. Eigenvibrations which are linear combinations of (a) and (b) are nondegenerate. Eigenvibrations which are linear combinations of (c) and (e) are degenerate with eigenvibrations which are the same linear combinations of (d) and (ƒ).

3. There are two distinct factor determinants in the determinantal equation, one appearing once, one twice.

4. Each factor determinant has two rows and two columns.

 



It is possible by group theoretic means, therefore, to obtain considerable information about degeneracies without actually solving the small oscillation problem provided symmetries exist.
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APPENDIX IV

QUATERNIONS AND PAULI SPIN MATRICES

We have seen in Sees. 47 and 48 how the rotation of a rigid body about a point may be specified by an orthogonal operator or by the Euler angles of the rotation. An alternative method of representing rotations by means of quaternions was developed by Sir W. R. Hamilton, and although it is not used widely in classical mechanics it is closely related to that introduced by W. Pauli for describing the spin of a particle in quantum mechanics.

The radius vector r of a point in a rigid body is carried over into the vector [image: e9780486140780_i1944.jpg] by a rotation of the body through the angle θ about an axis passing through the origin in the direction of the unit vector n. θ is positive if n is in the direction of advance of a right-hand screw rotated through the angle θ about n. We seek an expression for [image: e9780486140780_i1945.jpg] in terms of r, n, θ.

We break the vector r up into three parts as shown in Fig. IV-1. The first part a is parallel to the axis of rotation. The second part b is perpendicular to the axis of rotation and to [image: e9780486140780_i1946.jpg] — r. The third part c is parallel to [image: e9780486140780_i1947.jpg] — r. We have


a = (r n)n


(IV.1)


[image: e9780486140780_i1948.jpg]


Then


(IV.2)


[image: e9780486140780_i1949.jpg]


It is readily verified that the first of equations (IV.2) holds with the values given by (IV.1). The displaced vector [image: e9780486140780_i1950.jpg] is given by


(IV.3)


[image: e9780486140780_i1951.jpg]


If r is parallel to n, then (IV.3) shows that [image: e9780486140780_i1952.jpg] = r, which is true also if θ is zero. If r is perpendicular to n, then [image: e9780486140780_i1953.jpg] = cos θr + sin θ(n × r),


[image: e9780486140780_i1954.jpg]

Fig. IV-1. Effect on radius vector of rotation about an axis.



which is the well-known formula for rotations in a plane. In terms of components (n = e3) it is


(IV.4)
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Equation (IV.4) for rotations in the 1-2 plane can be expressed in complex form. Let


z = x1 + ix2


Then


(IV.5)
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where (IV.4) has been used. Thus we may write


(IV.6)
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where this last form of writing is used to make this equation resemble one we shall derive later—(IV.16).

A rotation in the plane is specified by a single parameter θ, and its effect on a vector is described by a complex number of unit modulus. To specify a rotation in space requires three parameters, and we attempt to describe the effect of a spatial rotation on a vector by a hypercomplex number of unit norm. A hypercomplex number is one of the form


α0 + αiei


α0 and the αi are real numbers; the ei are generalizations of the square root of —1. If there are three such e’s, so that i = 1, 2, 3, then the hypercomplex number is called a quaternion, and the ei obey the rules of multiplication:


(IV.7)
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where the εijk are the antisymmetric coefficients introduced in Sec. 6. These hypercomplex numbers do not obey all the laws of the algebra of complex numbers. They add like complex numbers, but their multiplication is not commutative.

The product of two quaternions, p and q, is given by


(IV.8)
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The product qp differs from pq only in the sign of the last term, so that, if pi = αqi, where α is any real number, p and q commute.

The form of a quaternion suggests consideration of the quaternion as a combination of a scalar q0 and a vector with components qi. If we write


(IV.9)
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then


(IV.10)
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so that, if r = r0 + r, we have


(IV.11)
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The analogy to ordinary complex numbers is enhanced by this view. A general quaternion may be written


(IV.12)
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where n is a unit vector. q0 is the analog of the real part; q1, that of the imaginary part. The product of n with itself must be taken in the sense of quaternions, and since n has no scalar part, n2 = —n · n = —1, so that n is analogous to the imaginary [image: e9780486140780_i1964.jpg].

With every quaternion, q, we associate another, q*, its conjugate, defined by

(IV.13)
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The product


(IV.14)
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is a real positive number called the norm of the quaternion.

A rotation about an axis in the direction of n through the angle θ we now describe by a quaternion whose vector lies in the direction of n, and whose scalar and vector parts are suggested by the last part of (IV.6):


(IV.15)
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Hence qq* = 1, and q is a quaternion of unit norm. If the vector r of (IV.3) is now taken to be a quaternion r with zero scalar, we find that


(IV.16)
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the last step coming from (IV.3). The effect of a rotation is thus completely specified by the quaternion q.

The components of the quaternion, q0, q1, q2, q3, which are subject to the condition that the sum of their squares is unity, are the homogeneous parameters of Euler. In a cartesian coordinate system they are given by


(IV.17)
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where cos α, cos β, cos γ are the direction cosines of the axis of rotation.

That the quaternions constitute a representation of the rotation group follows from the equation of transformation (IV.16). For, if p and q are two quaternions of unit norm representing two rotations, and if q is applied first, then


(IV.18)
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where the identity (pq)* = q*p*, the proof of which is left to the reader, has been used. Also if qq* = 1, pp* = 1, then


(pq)(pq)* = pqq*p* = pp* = 1


so that pq has norm unity. The unit quaternion exists, every quaternion of unit norm has an inverse of unit norm, and quaternions obey the associative law of multiplication. The representation is double-valued, for both q and — q represent the same rotation.

For some purposes it is convenient to introduce the quantities σj in place of the ej, the σ’s being defined by


(IV.19)
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where i = [image: e9780486140780_i1972.jpg]. The advantage lies in the fact that


[image: e9780486140780_i1973.jpg]


without the minus sign of (IV.7). The rest of (IV.7) becomes


(IV.20)
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This shows that the σ’s anticommute:


(IV.21)


[image: e9780486140780_i1975.jpg]


The σ’s are known as the Pauli spin operators. They are used to describe the spin of the electron in quantum mechanics.

The rotation of a rigid body with time is represented by having the homogeneous parameters functions of time. The quaternion q is written q(t), and the value of r(t) at any time t is expressed as


(IV.22)
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where r0 is the initial value of r, and q(0) = 1.

To find the velocities of particles composing the body we Consider the displacement that takes place in the very short time dt, where powers of dt higher than the first are neglected. In the time dt, q will depart very little from unity and can be written, in view of (IV.15), as


(IV.23)
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Thus


(IV.24)


[image: e9780486140780_i1978.jpg]


or


(IV.25)
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The vector ω has the magnitude dθ/dt and lies along the direction of the axis of rotation. This axis is the instantaneous axis of rotation of the body. Its direction is not necessarily constant. The vector character of ω follows from (IV.22), for, if two successive small displacements about nonparallel axes are made, then from (IV.22)

(IV.26)
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This result is in contrast with that for finite rotations. The difference lies in the fact that the quaternions representing infinitesimal rotations commute, since the noncommutative part involves differentials of order higher than the first, whereas quaternions representing finite rotations do not necessarily commute.

The angular velocity vector ω may be found as a function of q and [image: e9780486140780_i1981.jpg]. Differentiating (IV.22) with respect to the time we have, since [image: e9780486140780_img_7769.gif]0 vanishes,

(IV.27)
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Now


(IV.28)
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so that


(IV.29)
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Now the only parts of r and [image: e9780486140780_i1985.jpg] which do not commute are the vector parts entering the vector product. Hence, denoting the vector part of the quaternion [image: e9780486140780_i1986.jpg] by [image: e9780486140780_i1987.jpg] , we have

(IV.30)
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Thus, comparing (IV.30) with (IV.25), we see that

(IV.31)
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The three rotations described in Sec. 48 to specify the Eulerian angles may be represented by three quaternions

(IV.32)
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Hence


(IV.33)
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or


(IV.34)
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These components are the same in both coordinate systems Because the vector part of the quaternion lies along the axis of rotation.

By use of (IV.19) a quaternion may be written as a 2 X 2 matrix. The customary representation of the Pauli spin operators is by the matrices
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Thus we may write


(IV.35)
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The hypercomplex number q is specified by two complex numbers, a and β.

From (IV.35) we see that
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Thus if q represents a rotation, the parameters α and β must satisfy


αα* + ββ* = 1


In this case the parameters α and β are called the Cayley-Klein parameters of the rotation. Insertion of (IV.34) in (IV.35) yields the connection between them and the Euler angles.
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Astronomy

BURNHAM’S CELESTIAL HANDBOOK, Robert Burnham, Jr. Thorough guide to the stars beyond our solar system. Exhaustive treatment. Alphabetical by constellation: Andromeda to Cetus in Vol. 1; Chamaeleon to Orion in Vol. 2; and Pavo to Vulpecula in Vol. 3. Hundreds of illustrations. Index in Vol. 3. 2,000pp. 6[image: e9780486140780_img_8539.gif] x 9¼.

Vol. I: 0-486-23567-X 
Vol. II: 0-486-23568-8 
Vol. III: 0-486-23673-0

 


EXPLORING THE MOON THROUGH BINOCULARS AND SMALL TELESCOPES, Ernest H. Cherrington, Jr. Informative, profusely illustrated guide to locating and identifying craters, rills, seas, mountains, other lunar features. Newly revised and updated with special section of new photos. Over 100 photos and diagrams. 240pp. 8¼ x 11.

0-486-24491-1

 


THE EXTRATERRESTRIAL LIFE DEBATE, 1750-1900, Michael J. Crowe. First detailed, scholarly study in English of the many ideas that developed from 1750 to 1900 regarding the existence of intelligent extraterrestrial life. Examines ideas of Kant, Herschel, Voltaire, Percival Lowell, many other scientists and thinkers. 16 illustrations. 704pp. 5[image: e9780486140780_img_8540.gif] × 8½.

0-486-40675-X

 


THEORIES OF THE WORLD FROM ANTIQUITY TO THE COPERNICAN REVOLUTION, Michael J. Crowe. Newly revised edition of an accessible, enlightening book re-creates the change from an earth-centered to a sun-centered conception of the solar system. 242pp. 5[image: e9780486140780_img_8540.gif] × 8½.

0-486-41444-2

 


ARISTARCHUS OF SAMOS: The Ancient Copernicus, Sir Thomas Heath. Heath’s history of astronomy ranges from Homer and Hesiod to Aristarchus and includes quotes from numerous thinkers, compilers, and scholasticists from Thales and Anaximander through Pythagoras, Plato, Aristotle, and Heraclides. 34 figures. 448pp. 5[image: e9780486140780_img_8540.gif] × 8½.

0-486-43886-4

 


A COMPLETE MANUAL OF AMATEUR ASTRONOMY: TOOLS AND TECHNIQUES FOR ASTRONOMICAL OBSERVATIONS, P. Clay Sherrod with Thomas L. Koed. Concise, highly readable book discusses: selecting, setting up and maintaining a telescope; amateur studies of the sun; lunar topography and occultations; observations of Mars, Jupiter, Saturn, the minor planets and the stars; an introduction to photoelectric photometry; more. 1981 ed. 124 figures. 25 halftones. 37 tables. 335pp. 6½ x 9¼.

0-486-42820-8

 


AMATEUR ASTRONOMER’S HANDBOOK, J. B. Sidgwick. Timeless, comprehensive coverage of telescopes, mirrors, lenses, mountings, telescope drives, micrometers, spectroscopes, more. 189 illustrations. 576pp. 5[image: e9780486140780_img_8540.gif] × 8¼. (Available in U.S. only.)

0-486-24034-7

 


STAR LORE: Myths, Legends, and Facts, William Tyler Olcott. Captivating retellings of the origins and histories of ancient star groups include Pegasus, Ursa Major, Pleiades, signs of the zodiac, and other constellations. “Classic.”—Sky & Telescope. 58 illustrations. 544pp. 5[image: e9780486140780_img_8540.gif] × 8½.

0-486-43581-4


Chemistry

THE SCEPTICAL CHYMIST: THE CLASSIC 1661 TEXT, Robert Boyle. Boyle defines the term “element,” asserting that all natural phenomena can be explained by the motion and organization of primary particles. 1911 ed. viii+232pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-42825-7

 


RADIOACTIVE SUBSTANCES, Marie Curie. Here is the celebrated scientist’s doctoral thesis, the prelude to her receipt of the 1903 Nobel Prize. Curie discusses establishing atomic character of radioactivity found in compounds of uranium and thorium; extraction from pitchblende of polonium and radium; isolation of pure radium chloride; determination of atomic weight of radium; plus electric, photographic, luminous, heat, color effects of radioactivity. ii+94pp. 5[image: e9780486140780_img_8540.gif] × 8½.

0-486-42550-9

 


CHEMICAL MAGIC, Leonard A. Ford. Second Edition, Revised by E. Winston Grundmeier. Over 100 unusual stunts demonstrating cold fire, dust explosions, much more. Text explains scientific principles and stresses safety precautions. 128pp. 5[image: e9780486140780_img_8540.gif] × 8½.

0-486-67628-5

 


MOLECULAR THEORY OF CAPILLARITY, J. S. Rowlinson and B. Widom. History of surface phenomena offers critical and detailed examination and assessment of modern theories, focusing on statistical mechanics and application of results in mean-field approximation to model systems. 1989 edition. 352pp. 5[image: e9780486140780_img_8540.gif] × 8½.

0-486-42544-4

 


CHEMICAL AND CATALYTIC REACTION ENGINEERING, James J. Carberry. Designed to offer background for managing chemical reactions, this text examines behavior of chemical reactions and reactors; fluid-fluid and fluid-solid reaction systems; heterogeneous catalysis and catalytic kinetics; more. 1976 edition. 672pp. 6[image: e9780486140780_img_8539.gif] x 9¼.

0-486-41736-0 $31.95

 


ELEMENTS OF CHEMISTRY, Antoine Lavoisier. Monumental classic by founder of modern chemistry in remarkable reprint of rare 1790 Kerr translation. A must for every student of chemistry or the history of science. 539pp. 5[image: e9780486140780_img_8540.gif] × 8½.

0-486-64624-6

 


MOLECULES AND RADIATION: An Introduction to Modern Molecular Spectroscopy. Second Edition, Jeffrey I. Steinfeld. This unified treatment introduces upper-level undergraduates and graduate students to the concepts and the methods of molecular spectroscopy and applications to quantum electronics, lasers, and related optical phenomena. 1985 edition. 512pp. 5[image: e9780486140780_img_8540.gif] × 8½.

0-486-44152-0

 


A SHORT HISTORY OF CHEMISTRY, J. R. Partington. Classic exposition explores origins of chemistry, alchemy, early medical chemistry, nature of atmosphere, theory of valency, laws and structure of atomic theory, much more. 428pp. 5[image: e9780486140780_img_8540.gif] × 8½. (Available in U.S. only.)

0-486-65977-1

 


GENERAL CHEMISTRY, Linus Pauling. Revised 3rd edition of classic first-year text by Nobel laureate. Atomic and molecular structure, quantum mechanics, statistical mechanics, thermodynamics correlated with descriptive chemistry. Problems. 992pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-65622-5

 


ELECTRON CORRELATION IN MOLECULES, S. Wilson. This text addresses one of theoretical chemistry’s central problems. Topics include molecular electronic structure, independent electron models, electron correlation, the linked diagram theorem, and related topics. 1984 edition. 304pp. 5[image: e9780486140780_img_8540.gif] × 8½.

0-486-45879-2


Engineering

DE RE METALLICA, Georgius Agricola. The famous Hoover translation of greatest treatise on technological chemistry, engineering, geology, mining of early modern times (1556). All 289 original woodcuts. 638pp. 6¾ x 11.

0-486-60006-8

 


FUNDAMENTALS OF ASTRODYNAMICS, Roger Bate et al. Modern approach developed by U.S. Air Force Academy. Designed as a first course. Problems, exercises. Numerous illustrations. 455pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-60061-0

 


DYNAMICS OF FLUIDS IN POROUS MEDIA, Jacob Bear. For advanced students of ground water hydrology, soil mechanics and physics, drainage and irrigation engineering and more. 335 illustrations. Exercises, with answers. 784pp. 6[image: e9780486140780_img_8539.gif] x 9¼.

0-486-65675-6

 


THEORY OF VISCOELASTICITY (SECOND EDITION), Richard M. Christensen. Complete consistent description of the linear theory of the viscoelastic behavior of materials. Problem-solving techniques discussed. 1982 edition. 29 figures. xiv+364pp. 6[image: e9780486140780_img_8539.gif] x 9¼.

0-486-42880-X

 


MECHANICS, J. P. Den Hartog. A classic introductory text or refresher. Hundreds of applications and design problems illuminate fundamentals of trusses, loaded beams and cables, etc. 334 answered problems. 462pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-60754-2

 


MECHANICAL VIBRATIONS, J. P. Den Hartog. Classic textbook offers lucid explanations and illustrative models, applying theories of vibrations to a variety of practical industrial engineering problems. Numerous figures. 233 problems, solutions. Appendix. Index. Preface. 436pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-64785-4

 


STRENGTH OF MATERIALS, J. P. Den Hartog. Full, clear treatment of basic material (tension, torsion, bending, etc.) plus advanced material on engineering methods, applications. 350 answered problems. 323pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-60755-0

 


A HISTORY OF MECHANICS, René Dugas. Monumental study of mechanical principles from antiquity to quantum mechanics. Contributions of ancient Greeks, Galileo, Leonardo, Kepler, Lagrange, many others. 671pp. 5[image: e9780486140780_img_8540.gif] x 8½

0-486-65632-2

 


STABILITY THEORY AND ITS APPLICATIONS TO STRUCTURAL MECHANICS, Clive L. Dym. Self-contained text focuses on Koiter postbuckling analyses, with mathematical notions of stability of motion. Basing minimum energy principles for static stability upon dynamic concepts of stability of motion, it develops asymptotic buckling and postbuckling analyses from potential energy considerations, with applications to columns, plates, and arches. 1974 ed. 208pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-42541-X

 


BASIC ELECTRICITY, U.S. Bureau of Naval Personnel. Originally a training course; best nontechnical coverage. Topics include batteries, circuits, conductors, AC and DC, inductance and capacitance, generators, motors, transformers, amplifiers, etc. Many questions with answers. 349 illustrations. 1969 edition. 448pp. 6½ x 9¼.

0-486-20973-3

 


ROCKETS, Robert Goddard. Two of the most significant publications in the history of rocketry and jet propulsion: “A Method of Reaching Extreme Altitudes” (1919) and “Liquid Propellant Rocket Development” (1936). 128pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-42537-1

 


STATISTICAL MECHANICS: PRINCIPLES AND APPLICATIONS, Terrell L. Hill. Standard text covers fundamentals of statistical mechanics, applications to fluctuation theory, imperfect gases, distribution functions, more. 448pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-65390-0

 


ENGINEERING AND TECHNOLOGY 1650-1750: ILLUSTRATIONS AND TEXTS FROM ORIGINAL SOURCES, Martin Jensen. Highly readable text with more than 200 contemporary drawings and detailed engravings of engineering projects dealing with surveying, leveling, materials, hand tools, lifting equipment, transport and erection, piling, bailing, water supply, hydraulic engineering, and more. Among the specific projects outlined-transporting a 50-ton stone to the Louvre, erecting an obelisk, building timber locks, and dredging canals. 207pp. 8[image: e9780486140780_img_8540.gif] x 11¼.

0-486-42232-1

 


THE VARIATIONAL PRINCIPLES OF MECHANICS, Cornelius Lanczos. Graduate level coverage of calculus of variations, equations of motion, relativistic mechanics, more. First inexpensive paperbound edition of classic treatise. Index. Bibliography. 418pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-65067-7

 


PROTECTION OF ELECTRONIC CIRCUITS FROM OVERVOLTAGES, Ronald B. Standler. Five-part treatment presents practical rules and strategies for circuits designed to protect electronic systems from damage by transient overvoltages. 1989 ed. xxiv+434pp. 6[image: e9780486140780_img_8539.gif] x 9¼.

0-486-42552-5

 


ROTARY WING AERODYNAMICS, W. Z. Stepniewski. Clear, concise text covers aerodynamic phenomena of the rotor and offers guidelines for helicopter performance evaluation. Originally prepared for NASA. 537 figures. 640pp. 6[image: e9780486140780_img_8539.gif] x 9¼.

0-486-64647-5

 


INTRODUCTION TO SPACE DYNAMICS, William Tyrrell Thomson. Comprehensive, classic introduction to space-flight engineering for advanced undergraduate and graduate students. Includes vector algebra, kinematics, transformation of coordinates. Bibliography. Index. 352pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-65113-4

 


HISTORY OF STRENGTH OF MATERIALS, Stephen P. Timoshenko. Excellent historical survey of the strength of materials with many references to the theories of elasticity and structure. 245 figures. 452pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-61187-6

 


ANALYTICAL FRACTURE MECHANICS, David J. Unger. Self-contained text supplements standard fracture mechanics texts by focusing on analytical methods for determining crack-tip stress and strain fields. 336pp. 6[image: e9780486140780_img_8539.gif] x 9¼.

0-486-41737-9

 


STATISTICAL MECHANICS OF ELASTICITY, J. H. Weiner. Advanced, self-contained treatment illustrates general principles and elastic behavior of solids. Part I, based on classical mechanics, studies thermoelastic behavior of crystalline and polymeric solids. Part 2, based on quantum mechanics, focuses on interatomic force laws, behavior of solids, and thermally activated processes. For students of physics and chemistry and for polymer physicists. 1983 ed. 96 figures. 496pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-42260-7


Mathematics

FUNCTIONAL ANALYSIS (Second Corrected Edition), George Bachman and Lawrence Narici. Excellent treatment of subject geared toward students with background in linear algebra, advanced calculus, physics and engineering. Text covers introduction to inner-product spaces, normed, metric spaces, and topological spaces; complete orthonormal sets, the Hahn-Banach Theorem and its consequences, and many other related subjects. 1966 ed. 544pp. 6[image: e9780486140780_img_8539.gif] x 9¼.

0-486-40251-7

 


DIFFERENTIAL MANIFOLDS, Antoni A. Kosinski. Introductory text for advanced undergraduates and graduate students presents systematic study of the topological structure of smooth manifolds, starting with elements of theory and concluding with method of surgery. 1993 edition. 288pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-46244-7

 


VECTOR AND TENSOR ANALYSIS WITH APPLICATIONS, A. I. Borisenko and I. E. Tarapov. Concise introduction. Worked-out problems, solutions, exercises. 257pp. 5[image: e9780486140780_img_8540.gif] x 8¼.

0-486-63833-2

 


AN INTRODUCTION TO ORDINARY DIFFERENTIAL EQUATIONS, Earl A. Coddington. A thorough and systematic first course in elementary differential equations for undergraduates in mathematics and science, with many exercises and problems (with answers). Index. 304pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-65942-9

 


FOURIER SERIES AND ORTHOGONAL FUNCTIONS, Harry F. Davis. An incisive text combining theory and practical example to introduce Fourier series, orthogonal functions and applications of the Fourier method to boundary-value problems. 570 exercises. Answers and notes. 416pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-65973-9

 


COMPUTABILITY AND UNSOLVABILITY, Martin Davis. Classic graduate-level introduction to theory of computability, usually referred to as theory of recurrent functions. New preface and appendix. 288pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-61471-9

 


AN INTRODUCTION TO MATHEMATICAL ANALYSIS, Robert A. Rankin. Dealing chiefly with functions of a single real variable, this text by a distinguished educator introduces limits, continuity, differentiability, integration, convergence of infinite series, double series, and infinite products. 1963 edition. 624pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-46251-X

 


METHODS OF NUMERICAL INTEGRATION (SECOND EDITION), Philip J. Davis and Philip Rabinowitz. Requiring only a background in calculus, this text covers approximate integration over finite and infinite intervals, error analysis, approximate integration in two or more dimensions, and automatic integration. 1984 edition. 624pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-45339-1

 


INTRODUCTION TO LINEAR ALGEBRA AND DIFFERENTIAL EQUATIONS, John W. Dettman. Excellent text covers complex numbers, determinants, orthonormal bases, Laplace transforms, much more. Exercises with solutions. Undergraduate level. 416pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-65191-6

 


RIEMANN’S ZETA FUNCTION, H. M. Edwards. Superb, high-level study of landmark 1859 publication entitled “On the Number of Primes Less Than a Given Magnitude” traces developments in mathematical theory that it inspired. xiv+315pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-41740-9

 


CALCULUS OF VARIATIONS WITH APPLICATIONS, George M. Ewing. Applications-oriented introduction to variational theory develops insight and promotes understanding of specialized books, research papers. Suitable for advanced undergraduate /graduate students as primary, supplementary text. 352pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-64856-7

 


MATHEMATICIAN’S DELIGHT, W. W. Sawyer. “Recommended with confidence” by The Times Literary Supplement, this lively survey was written by a renowned teacher. It starts with arithmetic and algebra, gradually proceeding to trigonometry and calculus. 1943 edition. 240pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-46240-4

 


ADVANCED EUCLIDEAN GEOMETRY, Roger A. Johnson. This classic text explores the geometry of the triangle and the circle, concentrating on extensions of Euclidean theory, and examining in detail many relatively recent theorems. 1929 edition. 336pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-46237-4

 


COUNTEREXAMPLES IN ANALYSIS, Bernard R. Gelbaum and John M. H. Olmsted. These counterexamples deal mostly with the part of analysis known as “real variables.” The first half covers the real number system, and the second half encompasses higher dimensions. 1962 edition. xxiv+198pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-42875-3

 


CATASTROPHE THEORY FOR SCIENTISTS AND ENGINEERS, Robert Gilmore. Advanced-level treatment describes mathematics of theory grounded in the work of Poincaré, R. Thom, other mathematicians. Also important applications to problems in mathematics, physics, chemistry and engineering. 1981 edition. References. 28 tables. 397 black-and-white illustrations. xvii + 666pp. 6[image: e9780486140780_img_8539.gif] x 9¼.

0-486-67539-4

 


COMPLEX VARIABLES: Second Edition, Robert B. Ash and W. P. Novinger. Suitable for advanced undergraduates and graduate students, this newly revised treatment covers Cauchy theorem and its applications, analytic functions, and the prime number theorem. Numerous problems and solutions. 2004 edition. 224pp. 6½ x 9¼.

0-486-46250-1

 


NUMERICAL METHODS FOR SCIENTISTS AND ENGINEERS, Richard Hamming. Classic text stresses frequency approach in coverage of algorithms, polynomial approximation, Fourier approximation, exponential approximation, other topics. Revised and enlarged 2nd edition. 721pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-65241-6

 


INTRODUCTION TO NUMERICAL ANALYSIS (2nd Edition), F. B. Hildebrand. Classic, fundamental treatment covers computation, approximation, interpolation, numerical differentiation and integration, other topics. 150 new problems. 669pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-65363-3

 


MARKOV PROCESSES AND POTENTIAL THEORY, Robert M. Blumental and Ronald K. Getoor. This graduate-level text explores the relationship between Markov processes and potential theory in terms of excessive functions, multiplicative functionals and subprocesses, additive functionals and their potentials, and dual processes. 1968 edition. 320pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-46263-3

 


ABSTRACT SETS AND FINITE ORDINALS: An Introduction to the Study of Set Theory, G. B. Keene. This text unites logical and philosophical aspects of set theory in a manner intelligible to mathematicians without training in formal logic and to logicians without a mathematical background. 1961 edition. 112pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-46249-8

 


INTRODUCTORY REAL ANALYSIS, A.N. Kolmogorov, S. V. Fomin. Translated by Richard A. Silverman. Self-contained, evenly paced introduction to real and functional analysis. Some 350 problems. 403pp. 5[image: e9780486140780_img_8540.gif] x 8½

0-486-61226-0

 


APPLIED ANALYSIS, Cornelius Lanczos. Classic work on analysis and design of finite processes for approximating solution of analytical problems. Algebraic equations, matrices, harmonic analysis, quadrature methods, much more. 559pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-65656-X

 


AN INTRODUCTION TO ALGEBRAIC STRUCTURES, Joseph Landin. Superb self-contained text covers “abstract algebra”: sets and numbers, theory of groups, theory of rings, much more. Numerous well-chosen examples, exercises. 247pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-65940-2

 


QUALITATIVE THEORY OF DIFFERENTIAL EQUATIONS, V. V. Nemytskii and V.V. Stepanov. Classic graduate-level text by two prominent Soviet mathematicians covers classical differential equations as well as topological dynamics and ergodic theory. Bibliographies. 523pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-65954-2

 


THEORY OF MATRICES, Sam Perlis. Outstanding text covering rank, nonsingularity and inverses in connection with the development of canonical matrices under the relation of equivalence, and without the intervention of determinants. Includes exercises. 237pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-66810-X

 


INTRODUCTION TO ANALYSIS, Maxwell Rosenlicht. Unusually clear, accessible coverage of set theory, real number system, metric spaces, continuous functions, Riemann integration, multiple integrals, more. Wide range of problems. Undergraduate level. Bibliography. 254pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-65038-3

 


MODERN NONLINEAR EQUATIONS, Thomas L. Saaty. Emphasizes practical solution of problems; covers seven types of equations. “. . . a welcome contribution to the existing literature. . . .”—Moth Reviews. 490pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-64232-1

 


MATRICES AND LINEAR ALGEBRA, Hans Schneider and George Phillip Barker. Basic textbook covers theory of matrices and its applications to systems of linear equations and related topics such as determinants, eigenvalues and differential equations. Numerous exercises. 432pp. 5[image: e9780486140780_img_8540.gif] x 8½

0-486-66014-1

 


LINEAR ALGEBRA, Georgi E. Shilov. Determinants, linear spaces, matrix algebras, similar topics. For advanced undergraduates, graduates. Silverman translation. 387pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-63518-X

 


MATHEMATICAL METHODS OF GAME AND ECONOMIC THEORY: Revised Edition, Jean-Pierre Aubin. This text begins with optimization theory and convex analysis, followed by topics in game theory and mathematical economics, and concluding with an introduction to nonlinear analysis and control theory. 1982 edition. 656pp. 6[image: e9780486140780_img_8539.gif] x 9¼.

0-486-46265-X

 


SET THEORY AND LOGIC, Robert R. Stoll. Lucid introduction to unified theory of mathematical concepts. Set theory and logic seen as tools for conceptual understanding of real number system. 496pp. 5[image: e9780486140780_img_8540.gif] x 8¼.

0-486-63829-4

 


TENSOR CALCULUS, J.L. Synge and A. Schild. Widely used introductory text covers spaces and tensors, basic operations in Riemannian space, non-Riemannian spaces, etc. 324pp. 5[image: e9780486140780_img_8540.gif] x 8¼.

0-486-63612-7

 


ORDINARY DIFFERENTIAL EQUATIONS, Morris Tenenbaum and Harry Pollard. Exhaustive survey of ordinary differential equations for undergraduates in mathematics, engineering, science. Thorough analysis of theorems. Diagrams. Bibliography. Index. 818pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-64940-7

 


INTEGRAL EQUATIONS, F. G. Tricomi. Authoritative, well-written treatment of extremely useful mathematical tool with wide applications. Volterra Equations, Fredholm Equations, much more. Advanced undergraduate to graduate level. Exercises. Bibliography. 238pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-64828-1

 


FOURIER SERIES, Georgi P. Tolstov. Translated by Richard A. Silverman. A valuable addition to the literature on the subject, moving clearly from subject to subject and theorem to theorem. 107 problems, answers. 336pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-63317-9

 


INTRODUCTION TO MATHEMATICAL THINKING, Friedrich Waismann. Examinations of arithmetic, geometry, and theory of integers; rational and natural numbers; complete induction; limit and point of accumulation; remarkable curves; complex and hypercomplex numbers, more. 1959 ed. 27 figures. xii+260pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-42804-8

 


THE RADON TRANSFORM AND SOME OF ITS APPLICATIONS, Stanley R. Deans. Of value to mathematicians, physicists, and engineers, this excellent introduction covers both theory and applications, including a rich array of examples and literature. Revised and updated by the author. 1993 edition. 304pp. 6[image: e9780486140780_img_8539.gif] x 9¼.

0-486-46241-2

 


CALCULUS OF VARIATIONS, Robert Weinstock. Basic introduction covering isoperimetric problems, theory of elasticity, quantum mechanics, electrostatics, etc. Exercises throughout. 326pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-63069-2

 


THE CONTINUUM: A CRITICAL EXAMINATION OF THE FOUNDATION OF ANALYSIS, Hermann Wey!. Classic of 20th-century foundational research deals with the conceptual problem posed by the continuum. 156pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-67982-9

 


CHALLENGING MATHEMATICAL PROBLEMS WITH ELEMENTARY SOLUTIONS, A. M. Yaglom and I. M. Yaglom. Over 170 challenging problems on probability theory, combinatorial analysis, points and lines, topology, convex polygons, many other topics. Solutions. Total of 445pp. 5[image: e9780486140780_img_8540.gif] x 8½. Two-vol. set.

Vol. I: 0-486-65536-9 Vol. II: 0-486-65537-7

 


INTRODUCTION TO PARTIAL DIFFERENTIAL EQUATIONS WITH APPLICATIONS, E. C. Zachmanoglou and Dale W. Thoe. Essentials of partial differential equations applied to common problems in engineering and the physical sciences. Problems and answers. 416pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-65251-3

 


STOCHASTIC PROCESSES AND FILTERING THEORY, Andrew H. Jazwinski. This unified treatment presents material previously available only in journals, and in terms accessible to engineering students. Although theory is emphasized, it discusses numerous practical applications as well. 1970 edition. 400pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-46274-9


Math—Decision Theory, Statistics, Probability

INTRODUCTION TO PROBABILITY, John E. Freund. Featured topics include permutations and factorials, probabilities and odds, frequency interpretation, mathematical expectation, decision-making, postulates of probability, rule of elimination, much more. Exercises with some solutions. Summary. 1973 edition. 247pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-67549-1

 


STATISTICAL AND INDUCTIVE PROBABILITIES, Hugues Leblanc. This treatment addresses a decades-old dispute among probability theorists, asserting that both statistical and inductive probabilities may be treated as sentence-theoretic measurements, and that the latter qualify as estimates of the former. 1962 edition. 160pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-44980-7

 


APPLIED MULTIVARIATE ANALYSIS: Using Bayesian and Frequentist Methods of Inference, Second Edition, S. James Press. This two-part treatment deals with foundations as well as models and applications. Topics include continuous multivariate distributions; regression and analysis of variance; factor analysis and latent structure analysis; and structuring multivariate populations. 1982 edition. 692pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-44236-5

 


LINEAR PROGRAMMING AND ECONOMIC ANALYSIS, Robert Dorfman, Paul A. Samuelson and Robert M. Solow. First comprehensive treatment of linear programming in standard economic analysis. Game theory, modern welfare economics, Leontief input-output, more. 525pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-65491-5

 


PROBABILITY: AN INTRODUCTION, Samuel Goldberg. Excellent basic text covers set theory, probability theory for finite sample spaces, binomial theorem, much more. 360 problems. Bibliographies. 322pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-65252-1

 


GAMES AND DECISIONS: INTRODUCTION AND CRITICAL SURVEY, R. Duncan Luce and Howard Raiffa. Superb nontechnical introduction to game theory, primarily applied to social sciences. Utility theory, zero-sum games, n-person games, decision-making, much more. Bibliography. 509pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-65943-7

 


INTRODUCTION TO THE THEORY OF GAMES,J. C. C. McKinsey. This comprehensive overview of the mathematical theory of games illustrates applications to situations involving conflicts of interest, including economic, social, political, and military contexts. Appropriate for advanced undergraduate and graduate courses; advanced calculus a prerequisite. 1952 ed. x+372pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-42811-7

 


FIFTY CHALLENGING PROBLEMS IN PROBABILITY WITH SOLUTIONS, Frederick Mosteller. Remarkable puzzlers, graded in difficulty, illustrate elementary and advanced aspects of probability. Detailed solutions. 88pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-65355-2

 


PROBABILITY THEORY: A CONCISE COURSE, Y. A. Rozanov. Highly readable, self-contained introduction covers combination of events, dependent events, Bernoulli trials, etc. 148pp. 5[image: e9780486140780_img_8540.gif] x 8¼.

0-486-63544-9

 


THE STATISTICAL ANALYSIS OF EXPERIMENTAL DATA, John Mandel. First half of book presents fundamental mathematical definitions, concepts and facts while remaining half deals with statistics primarily as an interpretive tool. Well-written text, numerous worked examples with step-by-step presentation. Includes 116 tables. 448pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-64666-1

 


A TREATISE ON ELECTRICITY AND MAGNETISM, James Clerk Maxwell. Important foundation work of modern physics. Brings to final form Maxwell’s theory of electromagnetism and rigorously derives his general equations of field theory. 1,084pp. 5[image: e9780486140780_img_8540.gif] x 8½. Two-vol. set. Vol. I: 0-486-60636-8 Vol. II:

0-486-60637-6

 


MATHEMATICS FOR PHYSICISTS, Philippe Dennery and Andre Krzywicki. Superb text provides math needed to understand today’s more advanced topics in physics and engineering. Theory of functions of a complex variable, linear vector spaces, much more. Problems. 1967 edition. 400pp. 6½ x 9¼.

0-486-69193-4

 


INTRODUCTION TO QUANTUM MECHANICS WITH APPLICATIONS TO CHEMISTRY, Linus Pauling & E. Bright Wilson.Jr. Classic undergraduate text by Nobel Prize winner applies quantum mechanics to chemical and physical problems. Numerous tables and figures enhance the text. Chapter bibliographies. Appendices. Index. 468pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-64871-0

 


METHODS OF THERMODYNAMICS, Howard Reiss. Outstanding text focuses on physical technique of thermodynamics, typical problem areas of understanding, and significance and use of thermodynamic potential. 1965 edition. 238pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-69445-3

 


THE ELECTROMAGNETIC FIELD, Albert Shadowitz. Comprehensive under- graduate text covers basics of electric and magnetic fields, builds up to electromagnetic theory. Also related topics, including relativity. Over 900 problems. 768pp. 5[image: e9780486140780_img_8540.gif] x 8¼.

0-486-65660-8

 


GREAT EXPERIMENTS IN PHYSICS: FIRSTHAND ACCOUNTS FROM GALILEO TO EINSTEIN, Morris H. Shamos (ed.). 25 crucial discoveries: Newton’s laws of motion, Chadwick’s study of the neutron, Hertz on electromagnetic waves, more. Original accounts clearly annotated. 370pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-25346-5

 


EINSTEIN’S LEGACY, Julian Schwinger. A Nobel Laureate relates fascinating story of Einstein and development of relativity theory in well-illustrated, nontechnical volume. Subjects include meaning of time, paradoxes of space travel, gravity and its effect on light, non-Euclidean geometry and curving of space-time, impact of radio astronomy and space-age discoveries, and more. 189 b/w illustrations. xiv+250pp. 8[image: e9780486140780_img_8540.gif] x 9¼.

0-486-41974-6

 


THE VARIATIONAL PRINCIPLES OF MECHANICS, Cornelius Lanczos. Philosophic, less formalistic approach to analytical mechanics offers model of clear, scholarly exposition at graduate level with coverage of basics, calculus of variations, principle of virtual work, equations of motion, more. 418pp. 5[image: e9780486140780_img_8540.gif] x 8½.

0-486-65067-7
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