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PREFACE TO THE SECOND EDITION

ERRORS and inaccuracies noticed in the first edition have been removed in the second edition. Certain sections have been subjected to minor revision. The most important changes have been made in the introductory portion of the section on special functions and in Chapter IV. A new appendix to Chapter VI, devoted to the method of finite differences for the equation of heat conduction, has been written.

The authors consider it their pleasant duty to express their gratitude to V. I. Smirnov, for the large number of valuable hints, and to A. G. Sveshnikov for help in preparing the second edition.

A. Tikhonov
A. Samarskii


PUBLISHER’S NOTE

THE READER may be interested to know that an English translation of a companion volume to the present work will be published in Autumn, 1963, entitled A Collection of Problems on Mathematical Physics, by B. M. Budak, A. A. Samarskii, and A. N. Tikhonov*

It contains many problems with detailed instructions and solutions and its aim is to give students the opportunity of gaining elementary skill in solving problems in the principal classes of the equations of mathematical physics.



* [Reprinted by Dover, 1988, under the title A Collection of Problems in Mathematical Physics (ISBN 0-486-65806-6).]


PREFACE TO THE FIRST EDITION

THE PRESENT book was written as a textbook for students of physics.

The domain of problems of mathematical physics is closely related to the study of different physical processes, phenomena studied in hydrodynamics, the theory of elasticity, electrodynamics, etc., belong to this domain. The mathematical problems arising in these cases contain many common elements and constitute the subject-matter of mathematical physics.

The method of investigation characterizing this branch of science is mathematical in its essence. But the formulation of problems of mathematical physics, being closely connected with the study of physical problems, has its specific features.

The domain of problems relating to mathematical physics is unusually extensive. In the present book we consider problems of mathematical physics leading to partial differential equations.

We have tried to select and describe topics classified under typical physical processes; for this reason the arrangement of topics corresponds to the principal types of equations.

The study of each type of equation begins with the simplest physical problems leading to equations of the type considered. Special attention is paid to the mathematical formulation of problems, rigorous accounts of the solution of the simplest problems and physical interpretation of the results obtained.*

Problems are given in each chapter mainly for the purpose of developing technical skill. Some problems are themselves of interest to physics.

But the simplest problems forming part of the fundamental course cannot give a complete idea of the variety of problems or of the role and position of mathematical physics. Because of this, appendices are given at the end of each chapter. These appendices give examples of the application of the methods described in the main text for the solution of different problems of physics and technology. A number of examples beyond the scope of the problems considered in the main text are also given. The selection of such examples could undoubtedly vary greatly.

The book contains only a part of the material constituting a course of methods of mathematical physics. The theory of integral equations and variation methods are not included in the book. The approximate methods described are not quite complete.

We considered that it was advisable to confine ourselves to the material dealt with here in order to reduce the delay in publication of the book.

The lectures delivered for over ten years at the Faculty of Physics of the Moscow State University form the basis of the book. The subject-matter of these lectures was partly reflected in the syllabuses published in 1948–9. In the present book the material of the syllabuses was enlarged and subjected to a thorough revision.

We are glad to be able to express our gratitude to our students and colleagues, A. V. Vasileva, V. B. Glasko, V. A. Il’in, A. V. Lukyanov, O. I. Panych, B. L. Rozhdestvenskii, A. G. Sveshnikov and D. N. Chetaev, without whose help we would hardly have been able to prepare the book for the press within a short period, and also to Yu. L. Rabinovich who read the manuscript and made a number of valuable observations.

A. Tikhonov
A Samarskii



* During lectures in the course of mathematical physics we do not confine ourselves to an abstract explanation of the physical interpretation of the results explained. Where possible, we demonstrate the mathematical conclusions on specific physical models.


CHAPTER I

CLASSIFICATION OF PARTIAL
DIFFERENTIAL EQUATIONS

MANY problems of mathematical physics lead to differential equations with partial derivatives. Differential equations of the second order are the ones that occur most frequently. In the present chapter we shall consider the classification of these equations.

§ 1. Classification of partial differential equations of the second order

1. Differential equations with two independent variables

We give the necessary definitions

A relation between an unknown function u(x, y) and its partial derivatives inclusive of those of the second order* is called a partial differential equation of the second order with two independent variables x, y:



[image: images]

An equation for a larger number of independent variables is written similarly.

The equation is called linear with respect to the highest derivatives if it has the form



[image: images]

where a11, a12, a22 are functions of x and y.

If the coefficients a11, a12, a22 depend not only on x and y but, like F1, are functions of x, y, u, ux, uy, then the equation is called quasi-linear.

The equation is called linear if it is linear with respect to the higher derivatives uxx, uxy, uyy, as well as with respect to the function u and its first derivatives ux, uy:



[image: images]

where a11, a12, a22, b1, b2, c, f are functions of x and y only. If the coefficients of equation (2) do not depend on x and y, it is a linear equation with constant coefficients. The equation is called homogeneous, if f(x, y) = 0.

By means of a transformation of variables



[image: images]

which allows an inverse transformation, we obtain a new equation equivalent to the initial equation. The question naturally arises: how should ξ and η be selected so that the equation with these variables has the simplest form?

At ihis point we answer this question for equations linear with respect to higher derivatives of the form (1) with two independent variables x and y:



[image: images]

Transforming the derivatives to new variables, we obtain



[image: images]

Substituting the values of the derivatives from (3) in equation (1) we have



[image: images]

where



[image: images]

and the function [image: images] does not depend on second derivatives. It should be noted that if the initial equation is linear, i.e.



[image: images]

then F has the form



[image: images]

i. e. the equation remains linear.*

Let us select the variables ξ and η such that the coefficient [image: images] is equal to zero. We consider an equation with partial derivatives of the first order



[image: images]

Let z = φ(x, y) be any particular solution of this equation. If ξ = φ(x, y), the coefficient [image: images] will obviously be equal to zero. Thus the problem of selecting new independent variables mentioned above is related to the solution of equation (5)

We shall prove the following lemmas.

1. If z = φ(x, y) is a solution of the equation



[image: images]

the relation φ(x, y) = C is the general integral of the ordinary differential equation



[image: images]

2. If φ(x, y) = C is the general integral of the ordinary differential equation



[image: images]

then the function z = φ(x, y) satisfies equation (5).

We shall prove the first lemma. Since the function z = φ(x, y) satisfies equation (5), the equation



[image: images]

is an identity, for it is satisfied for all x, y in the domain where the solution is given. The relation φ(x, y) = C is the general integral of the ordinary differential equation, if the function y defined from, the implicit relation φ(x, y) = C satisfies equation (6).

Let



[image: images]

be this function; then



[image: images]

where the brackets and the subscript y = f(x, C) denote that in the first portion of equation (8) the variable y should be replaced by f(x, C). Hence it follows that y = f(x, C) satisfies equation (6), because



[image: images]

and the expression in square brackets is equal to zero for all values of x, y not for y = f(x, C) only.

We shall prove the second lemma. Let φ(x, y) = C be the general integral of equation (6). We shall prove that



[image: images]

for any point (x, y). Let (x0, y0) be any given point. If we prove that at this point equation (7) is satisfied, then from the arbitrariness of (x0, y0) it will follow hence that equation (7) is an identity and the function φ(x, y) is a solution of equation (7). Let us pass an integral curve of equation (6) through the point (x0, y0), putting φ(x0, y0) = C0 and considering the curve y = f(x, C0). It is obvious that y0 = f(x0, C0). For all points of this curve we have:



[image: images]

Putting x = x0 in the last equation, we obtain



[image: images]

which was to be proved.*

equation (6) is called the characteristic for equation (1), and its integrals are called characteristic integrals.

Putting ξ = φ(x, y), where φ(x, y) = const, is the general integral of equation (6), we get the coefficient of uξξ equal to zero. If ψ(x, y) = const, is another general integral of equation (6) independent of φ(x, y), then, putting η = ψ(x, y), we get the coefficient of uηη also equal to zero.

equation (6) breaks up into two equations:



[image: images]
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The sign of the expression under the radical sign determines the type of the equation



[image: images]

We shall call this equation at the point M an equation of the



[image: images]

The relation



[image: images]

can easily be verified. The invariance of the type of equation under transformation of variables follows from this. Thè equation can belong to different types at different points of the domain of definition.

Let us consider the domain G, at all points of which the equation has one and the same type. Two characteristic curves pass through each point of the domain G. For equations of the hyperbolic type the characteristics are real and different, for equations of the elliptical type they are complex and different, and for equations of the parabolic type both characteristics are real and coincide.

Let us deal with each of these cases separately.

1. For an equation of the hyperbolic type [image: images] and the right-hand sides of equations (9) and (10) are real and different. The general integrals φ(x, y) = C and ψ(x, y) = C define the real families of characteristic curves. Putting



[image: images]

we reduce equation (4), after division by the coefficient of uξη’ to the form



[image: images]

where



[image: images]

This is the so-called canonical form of equations of the hyperbolic type.* The second canonical form is often used. Let us put
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i. e.



[image: images]

where α and β are new variables. Then



[image: images]

As a result equation (4) takes the form



[image: images]

2. For equations of the parabolic type [image: images], equations (9) and (10) coincide and we obtain one general integral of equation (6): φ(x, y) = const. In this case let us put



[image: images]

where η(x, y) is any function independent of φ. With this selection of variables the coefficient



[image: images]

since [image: images]. Hence it follows that



[image: images]

After dividing equation (4) by the coefficient of uηη we obtain the canonical form for the equation of the parabolic type



[image: images]

If uξ does not enter the right-hand side, this equation will be an ordinary differential equation with ξ as a parameter.

3. For an equation of the elliptical type [image: images] and the right-hand sides of equations (9) and (10) are complex. Let



[image: images]

be a complex integral of equation (9). Then



[image: images]

where φ* is the complex conjugate of φ and will be the general integral of the conjugate equation (10). Let us change to complex variables, putting



[image: images]

An equation of the elliptical type is then reduced to the same form as a hyperbolic equation.

In order to avoid dealing with complex variables we introduce new variables α and β of the type



[image: images]

so that



[image: images]

In this case



[image: images]

i. e.



[image: images]

equation (4), after division by the coefficient of uαα takes the form†



[image: images]

Thus, depending on the sign of the expression [image: images] the following canonical forms of equation (1) occur:



[image: images]

2. Classification of equations of the second order with several independent variables

Let us consider a linear equation with real coefficients



[image: images]

where a, b, c, f are functions of x1, x2, …, xn.

Let us introduce new independent variables ξk, putting



[image: images]

Then



[image: images]

where



[image: images]

Substituting the expressions for the derivatives in the initial equation we obtain



[image: images]

where



[image: images]

Let us consider the quadratic form



[image: images]

whose coefficients are equal to those of aij of the initial equation at some point [image: images].

Carrying out a linear transformation of the variables y



[image: images]

we obtain a new expression for the quadratic form



[image: images]

where



[image: images]

Thus the coefficients of the second derivatives in equation (12) transform like the coefficients of the quadratic form (13) under a linear transformation. As is well known, by choosing the linear transformation correctly the matrix [image: images] of the quadratic form may be reduced to the diagonal form, in which



[image: images]

The number of coefficients [image: images], positive, negative and equal to zero, is the same for any linear transformation which reduces (13) to the diagonal form.

We shall call equation (12) at the point M0 an equation of the elliptical type, if all n coefficients [image: images] are of the same sign; of the hyperbolic type (or normal hyperbolic type), if n – 1 coefficients [image: images] have the same sign and one coefficient is opposite in sign to them; of the ultrahyperbolic type, if among [image: images] there are m coefficients of one sign and n – m of the opposite sign (m, n – m > 0) ; of the parabolic type if some of the coefficients [image: images] are equal to zero.

Selecting new independent variables ξi such that at the point M0



[image: images]

where [image: images] are coefficients of the transformation reducing the quadratic form (13) to the canonical form (e. g. putting [image: images]), we find that at the point M0 the equation is reduced to one of the following canonical forms, depending on the type:



[image: images]



[image: images]

Here we shall not dwell on a more detailed division of equations of the parabolic type into elliptically parabolic, hyperbolically parabolic equations, etc.

Thus, if equation (12) at some point M belongs to a certain type it can be reduced to the corresponding canonical form at this point.

Let us consider in greater detail the problem of whether the equation can be reduced to the canonical form in some neighbourhood of the point M, if at all points of this neighbourhood the equation belongs to one and the same type.

To reduce the equation in some region to the simplest form, the non-diagonal forms of which are equal to zero, we would have to subject the functions ξi(x1, x2, …, xn) (i = 1, 2, …, n) to the differential relations [image: images], for k ≠ l. The number of these conditions, equal to [image: images] exceeds n – the number of functions ξ to be determined for n > 3. For n = 3 the nondiagonal elements, generally speaking, could be made equal to zero, but the diagonal elements may be different.

Consequently, for n ≥ 3 the equation cannot be reduced to the canonical form in the neighbourhood of the point M. For n = 2, the single non-diagonal coefficient can be made equal to zero and the condition of equality of the two diagonal coefficients satisfied, as was done in section 1.

If the coefficients of equation (12) are constant, then reducing (12) to the canonical form at one point M, we obtain an equation reduced to the canonical form in the entire domain of definition of the equation.

3. Canonical forms of linear equations with constant coefficients

In the case of two independent variables a linear equation of the second order with constant coefficients has the form



[image: images]

There is a characteristic equation with constant coefficients corresponding to it, and the characteristic curves are straight lines



[image: images]

With the help of the appropriate transformation of variables, equation (14) reduces to one of the simple forms:



[image: images]



[image: images]
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To simplify further we introduce a new function v in place of u:



[image: images]

where λ and μ are constants as yet undetermined. Then



[image: images]

Substituting the expressions for the derivatives in equation (15) and dividing by eλξ + μη, we obtain



[image: images]

We select the parameters λ and μ such that two coefficients, those of the first derivatives, for example, become equal to zero (λ = –b1; μ = –b2). As a result we obtain



[image: images]

where γ is a constant depending on c, b1 and b2; and f1 = fe–(λξ + μη). Performing similar operations for the cases of (16) and (17), we arrive at the following canonical forms for equations with constant coefficients:



[image: images]



[image: images]
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As mentioned in sub-section 2, the equation with constant coefficients in the case of several independent variables



[image: images]

is reduced, with the help of linear transformation of variables, to the canonical form for all points simultaneously in the domain of its definition. Introducing in place of u the new function v



[image: images]

and choosing in λi the necessary manner, we can further simplify the equation, giving canonical forms similar to the case n = 2.


Problems on Chapter I

1. Find the domains of hyperbolicity, ellipticity and parabolicity of the equation



[image: images]

and reduce them to the canonical form in the domain of hyperbolicity.

2. Reduce the following equations to the canonical form;



[image: images]

3. Reduce to the canonical form and write in its simplest form the equation



[image: images]

4. Introducing the function v = ueλx + μy and choosing the parameters λ and μ suitably, simplify the following equations with constant coefficients:



[image: images]





* We use the following notations for the derivatives:



[image: images]

* It should be noted that if the transformation of variables is linear, then [image: images] = F, for the second derivatives ξ and η in the formulae (3) are equal to zero and [image: images] does not get additional terms from the transformation derivatives.

* The relation established between equations (5) and (6) is equivalent to the well-known relation (see Stepanov, Course of Differential Equations, 1937, p. 287; Smirnov, Course of Higher Mathematics, vol. II, 1948, p. 78) between a linear equation with partial derivatives of the first order and a system of ordinary differential equations. This can be verified by resolving the left part of equation (5) into a product of two linear differential expressions.

** This terminology is taken from the theory of curves of the second order.

* In order that it should be possible to introduce new variables ξ and η by means of the functions φ and ψ, it is necessary to verify the independence of these functions. A sufficient condition for this is that the corresponding functional determinant should be non-zero. Let the functional determinant
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at a certain point M be made equal to zero. Then the rows are proportional, i. e.



[image: images]

This, however, is impossible because



[image: images]

(here we consider a11 ≠ 0, which does not restrict the generality of the statement). Thus the independence of the functions φ and ψ is established.

† Such a transformation is permissible only if the coefficients of equation (1) are analytical functions. Actually if [image: images], the right-hand sides of equations (9) and (10) are complex; consequently the variable y should have complex values. The solution of such equations can be considered only when the coefficients aik(x, y) are defined for complex values of y. In reducing an equation of the elliptical type to the canonical form we confine ourselves to the case of analytical coefficients.


CHAPTER II

EQUATIONS OF THE HYPERBOLIC TYPE

EQUATIONS with partial derivatives of the second order of the hyperbolic type occur most frequently in physical problems connected with vibration processes. The simplest equation of the hyperbolic type
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is usually called the wave equation. In the present chapter as well as in the following ones we shall confine ourselves to the consideration of a class of linear equations.

§ 1. Simplest problems leading to equations of the hyperbolic type. Formulation of boundary problems

1. Equation of small transverse vibrations of a string

Every point of a string of length l can be specified by the value of its coordinate x. The process of vibration of a string may be described by giving the position of the points of the string at different moments of time. To define the position of the string at the moment t it is enough to give the components of the displacement vector of the point x at the moment t{u1 (x, t), u2 (x, t), u3 (x, t)}.

We consider the simplest problem of vibrations of a string, assuming that the displacements of the string lie in a plane (x, u) and that the displacement vector u is perpendicular at any moment to the axis x. The process of vibration may then be described by a function u(x, t) characterizing the vertical displacement of the string. We shall consider the string as a flexible elastic thread.Mathematically this means that the tension in the string is always directed along the tangents to its instantaneous profile (Fig. 1). This condition implies that the string does not resist bending.

The tension produced in the string due to elasticity can be calculated from Hooke’s law. We shall consider small vibrations of the string and neglect the square of ux as compared with unity.
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FIG. 1



Using this condition, we calculate the elongation experienced by the segment of the string (x1, x2). The length of the arc of this segment is
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Thus, within the limits of accuracy assumed, no elongation of the segments of the string occurs in the process of vibration. Hence, from Hooke’s law it follows that the tension T at any point does not vary with time. We shall show that the tension is independent of x also, i.e.
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The projections of the tension on the axes x and u (denoted by Tx and Tu) are
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where a is the angle made by the tangent to the curve u(x, t) with the x-axis.

Tensile forces, external forces and forces of inertia act on the segment (x1x2). The sum of the projections of the tensile forces on the x-axis should be equal to zero (we are considering transverse vibrations only). Since the forces of inertia and external forces are by assumption directed along the u-axis
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Since x1 and x2 are arbitrary it follows that the tension does not depend on x, i.e. for all values of x and t
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To derive the equation of transverse vibrations of a string we use Newton’s second law. The component of momentum of the element (x1, x2) along the u-axis is
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where [image: images] is the linear density of the string. Let us equate the change of momentum during the time interval ∆t = t2 – t1
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to the impulse of the forces acting, consisting of the tension T0ux at the points xx and x2, and external forces which we shall consider as distributed continuously with the density (load) f(x, t) per unit length. As a result we obtain the equation for transverse vibrations of the element of a string in the integral form
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To pass over to the differential equation we assume the existence and continuity of second derivatives of u(x, t).† Thus, after the mean value theorem is applied twice, formula (3) assumes the form
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where
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Dividing by ∆x ∆t and passing to the limit when x2 → x1, t2 → t1, we obtain the differential equation for transverse vibrations of a string
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FIG. 2
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For the case when density is constant, [image: images] = const., and this equation is generally written in the form
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where
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is the density of the force referred to unit mass. In the absence of an external force we obtain a homogeneous equation
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describing free vibrations of a string. This equation is the simplest example of an equation of the hyperbolic type.

If a concentrated force f0(t) (Fig. 2) is applied at the point x0(x1 < x0 < x2) equation (3) can be written as



[image: images]

Since the velocities of points on the string are finite, the integrals on the left-hand side of this equation tend to zero as x1 → x0 and x2 → x0 and equation (3) assumes the form
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Using the mean value theorem, dividing both sides of the equation by ∆t and passing to the limit when t2 → t1 we obtain
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Thus at the point of application of the concentrated force the first derivatives are discontinuous and the differential equation (4) loses its meaning. At this point two conditions must be fulfilled.
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The first of these expresses the continuity of the string, the second determines the kink in the string at the point x0.

2. Equation of longitudinal vibrations of rods and strings

Equations for longitudinal vibrations of strings, rods and springs are obtained in a similar way. Let us consider a rod of length e. Longitudinal vibrations may be described by a function u(x, t) representing the displacement at the moment t of a point having the coordinate x* in the equilibrium position. In deriving the wave equation we shall assume that the tension produced by the displacement follows Hooke’s law.

Let us calculate the elongation of the element (x, x + ∆ x) at the moment t. The coordinates of the ends of this element at

time t have the values
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and the strain is
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Passing to the limit when ∆ x → 0, we see that the strain at the point x is determined by the function ux(x, t). By Hooke’s law the tension T(x, t) is
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where k(x) is Young’s modulus at the point x.

Using Newton’s law for the change in momentum of the segment (x1, x2), we obtain the integral wave equation
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where f(x, t) is the density of the external force per unit length.

Let us assume the existence and continuity of second derivatives of the function u(x, t). Applying the mean value theorem and making the limiting transition* for ∆ x = x2 – x1 → 0 and ∆ t = t2 – t1 → 0, we arrive at the differential equation of longitudinal vibrations of a rod**
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If the rod is homogeneous, this equation can be written as follows:
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where
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3. Vibrational energy of a string

Let us find the energy of transverse vibrations of a string E = K + U, where K is the kinetic and U the potential energy. An element of the string dx moving with a velocity ut has the kinetic energy
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The kinetic energy of the whole string
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The potential energy of transverse vibrations of a string, which has the form u(x, t0) = u0(x) at t = t0, is equal to the work which must be done in deforming the string from the equilibrium position to the position u0(x). Let the function u(x, t) give the profile of the string at the instant t.
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The element dx under the action of the resultant of the tensile forces
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moves a distance ut(x, t) dt in the time dt. The work done on the element during this interval is equal to the force multiplied by the distance moved. For the whole string the work done is
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Integrating with respect to t from 0 to t0, we obtain:
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It is not difficult to determine the significance of the last term in this equality. In fact, T0ux|x = 0 is the tension at the end of the string x = 0; ut(0, t) dt is the displacement of this end, and the integral
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represents the work done in displacing the end x = 0. The term corresponding to x = l has a similar significance. If the ends of the string are fastened, the work done on the ends of the string is equal to zero (u(0, t) = 0, hence ut (0, t) = 0). Consequently, during the displacement of a string fastened at the ends from the equilibrium position to the position u0(x) the work done does not depend on the method of bringing the string to this position and is equal to
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the potential energy of the string at the moment t = t0 with the opposite sign. Thus, the total energy of the string is
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The expression for the potential energy of longitudinal vibrations of a rod can be obtained in an exactly similar way. It can also be obtained from the formula for the potential energy of an elastic rod
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Hence it follows directly that:
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4. Derivation of the transmission line equation

The passage of electrical current along a wire with distributed parameters is characterized by the current strength i and the potential v which are functions of the position of the point x and of the time t. Considering a segment of length ∆ x, we can write the fall in potential on the element equal to the sum of the electromotive forces
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where R and L are the resistance and the coefficient of self-induction per unit length of the wire.

The charge flowing into an element of the wire ∆ x in time ∆ t
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is equal to the sum of the charge stored on the element ∆ x and the amount lost because of imperfect insulation:
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where C and G are the capacitance and the leakage conductance per unit length. The losses are assumed to be proportional to the potential at the point of the wire considered.

From formulae (18), (19) and (20) we obtain the equations
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the system of telegraphic equations* or transmission line equations.

To obtain an equation for the function i, let us differentiate the first equation (21) with respect to x the second one with respect to t, multiplying it by C.

Carrying out the calculation assuming that the coefficients are constant we find:
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Replacing vx by its value from the second equation (21), we obtain the equation which defines the current strength in the wire
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The equation for the potential has a similar appearance
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equation (22) or (23) is called the telegraphic equation. If the insulation losses can be neglected and if the resistance is very small [image: images], we arrive at the well-known wave equation
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5. Transverse vibrations of a membrane

A plane film which does not resist bending or shear is called a membrane. Let us consider a membrane stretched on the plane contour C. We shall study the transverse vibrations of the membrane, in which the displacement is perpendicular to the plane of the membrane.

Let ds be the element of arc of some contour taken on the surface of the membrane and passing through the point M(x, y). Tensile forces Tds act on this element. The vector T, due to the absence of resistance to bending and shearing, lies in the tangent plane to the instantaneous surface of the membrane and is perpendicular to the element ds. Moreover, the absence of resistance to shearing implies that the magnitude of T is independent of the direction of the element ds. Hence it follows that the magnitude of the tensile force vector T = T(x, y, t) is not a function of x, y and t. These properties of the vector T serve as the mathematical expression of the absence of bending resistance and shearing strength.

We shall study small vibrations of the membrane, neglecting squares of the first derivatives of ux and uy. If follows at once from this condition that Th(x, y, t), the projection of the tensile force on the surface (x, y) is equal to the absolute value of the tensile force. In fact, for any orientation of the arc ds the angle γ′ between the vector T and the plane (x, y) does not exceed the angle γ formed by the normal to the surface of the membrane at the point (x, y) with the axis z. Hence
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and
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The vertical component of the tensile force is
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Let us mark out on the surface of the membrane an element of area, the projection of which on the plane (x, y) is the rectangle ABCD with sides parallei to the axes of coordinates (Fig. 3). The total tensile force acting on this element is
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FIG. 3
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Due to the absence of displacement along the axes x, y, the projection of T* on these axes is equal to zero.
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Similarly
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Using the mean value theorem and taking into account that the area ABCD can be chosen arbitrarily, we obtain
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i.e. the tensile force T is independent of x and y and can depend only on t.

The area of any element of the membrane at the moment of time t is, in our approximation,
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Therefore no extension occurs in the vibration process. Hence it follows, from Hooke’s law, that the tensile forces are independent of time. We have thus established that the tensile force does not depend on the variables x, y and t



[image: images]

Let us derive the equation for vibrations of the membrane. Let Sx be the projection of some segment of the membrane on the plane (x, y) and C1 the boundary of S1. Equating the change in momentum in the vertical direction to the impulse of the vertical components of the tensile forces and the externally acting forces with a density of f(x, y, t), we get the equation for vibrations of the membrane in the integral form
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where [image: images](x, y) is the surface density of the membrane and f(x, y, t) the density of the external force.

To obtain the differential equation we assume that the function u(x, y, t) has continuous second derivatives. With the help of Ostrogradskii’s theorem* the contour integral can be transformed into a surface integral
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and the integral equation of vibrations reduces to the form
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Making use of the mean value theorem, the arbitrary choice of S1 and of the time interval (t1, t2), we conclude that the integrand is identically equal to zero. Thus we arrive at the differential equation for vibrations of the membrane
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For a homogenous membrane the equation may be written in the form
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where F(x, y, t) is the force density per unit mass of the membrane.

6. Equations of hydrodynamics and acoustics

The functions v1(x, y, z, t), v2(x, y, z, t), v3(x, y, z, t), components of the velocity vector v at the point (x, y, z) at the moment t, are used to characterize the motion of a liquid. The density [image: images](x, y, z, t), the pressure p(x, y, z, t) and the density of the externally acting forces F(x, y, z, t) (if any) per unit mass, are also quantities characterizing the motion.

Let us consider some volume of the liquid T and calculate the forces acting on it. Neglecting frictional forces due to viscosity, i.e. considering an ideal liquid, we obtain an expression for the resultant of the pressures in the form of a surface integral
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where S is the surface of the volume T, n is the unit vector of the external normal. Ostrogradskii’s formula gives
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In calculating the acceleration of any particle of the liquid the displacement of the particle has to be considered. Let x = x(t), y = y(t), z = z(t) be the equation of the trajectory of this particle. The time derivative of the velocity is



[image: images]

where
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Such a time derivative is called a total derivative. The equation of motion of the liquid expresses the usual relation between the acceleration of the particles and the forces acting on them.
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where the last integral is the resultant of external forces applied on the volume T. Hence, because the volume T is arbitrary, we obtain the equation of motion of the ideal liquid in Euler’s form
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Now we derive the equation of continuity. If there are no sources or sinks inside T, the change in the amount of liquid contained inside T in unit time is equal to the flux through the boundary S
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The transformation of the surface integral to a volume integral gives
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Since this equation is valid for an arbitrary volume T, the equation of continuity follows
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or
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We should add the thermodynamic equation of state to equations (36) and (38). We write it in the form
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Thus we obtain a system of five equations for five unknown functions vx, vy, vZ, p and [image: images]. (If the equation of state had contained the temperature, it would be necessary to add the equation of heat transfer.) Thus the system of equations
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represents a complete system of equations of hydrodynamics.

We apply the equations of hydrodynamics to the study of sound propagation in a gas. We make the following assumptions: (1) external forces are absent; (2) the process of sound propagation is adiabatic, therefore Poisson’s adiabat serves as the equation of state
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where [image: images]θ and p0 are the initial density and the initial pressure, cp and cv are the specific heats at constant pressure and constant volume; (3) the vibrations of the gas are small so that higher powers of the velocities, velocity gradients and the density may be neglected.

We call the quantity s(x, y, z, t), equal to the relative change in density, the condensation of the gas
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whence
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With these assumptions the equations of hydrodynamics take the form
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since
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where the second and higher order terms have been neglected. Introducing the notation [image: images] we rewrite system (42) in the following form
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Applying the divergence operator to the first equation of (42) and changing the order of differentiation, we get
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where
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is the Laplace operator. Using the second equation of (42′) we get the wave equation
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or
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From this and (40) we get an equation for the density
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We now introduce the velocity potential and show that it satisfies the same equation (43) as the condensation.

From the equation
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it follows that
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where v(x, y, z, 0) is the initial distribution of velocities. If initially the velocity field can be derived from a potential
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then the following relation holds:
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This means that there is a velocity potential U(x, y, z, t) for all t. A knowledge of the velocity potential is sufficient to define the entire motion
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Substituting these values in the equation of continuity
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we get the equation for the potential
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It is possible to obtain equations of the form (48) for the pressure o and the velocity v. Often this equation is called the equation pf acoustics.

In solving problems for two-dimensional and one-dimensional cases Laplace’s operator in equation (48) has to be replaced by the operator [image: images] + [image: images] and by [image: images] respectively.

In the case of vibrations of a gas in a confined region, certain boundary conditions must be given at the boundary. If the boundary is a solid impermeable wall, the normal component of the velocity is zero, which leads to the conditions



[image: images]

The constant
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has the dimensions of velocity and, as will be shown later, it is the velocity of propagation of sound.

Let us calculate the velocity of sound in air at normal atmospheric pressure. In this case γ = [image: images], [image: images]0 = 0.001293 g/cm3, p0 = 1.033 kg/cm2, hence
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7. Boundary and initial conditions

For the mathematical description of a physical process it is necessary to lay down sufficient conditions to determine the process uniquely.

Differential equations have generally speaking an infinite number of solutions. Therefore in the case when the physical problem is reduced to a partial differential equation, it is necessary to supplement that equation with certain additional equations in order to specify the process uniquely.

In the case of an ordinary differential equation of the second order the solution may be defined by initial conditions, i. e. by giving the values of the function and its first derivative for the “initial” value of the argument. Other forms of additional conditions are also found, where, for example, the values of the function are given at two points. Different forms of additional conditions are also possible for a partial differential equation.

Let us consider first the simplest problem of transverse vibrations of a string fixed at the ends. In this problem, u(x, t) gives the deviation of the string from the x-axis. If the ends of the string 0 ≤ x ≤ l are fixed then the “boundary condition”
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must be fulfilled.

In addition, the “initial conditions”, i. e. the shape and the velocity of the string at the initial moment t0
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are given. Thus the additional conditions consist of boundary and initial conditions where φ(x) and ψ(x) are given functions of x. We shall show later that these conditions define the solution of the equation for vibrations of the string uniquely
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If the ends of the string move according to the given law, the boundary conditions assume another form
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where μ1(t) and μ2(t) are the given functions of time t. The problem of longitudinal vibrations of a string or a spring can be formulated in the same way.

Other types of boundary conditions are also possible. Let us consider, for example, the problem of longitudinal vibrations of a spring, one end of which is fixed (point of suspension) and the other is free. The law of motion of the free end is not given and is often an unknown function. At the point of suspension x = 0 the displacement
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at the free end x = l the tension of the spring
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is zero (there are no external forces), so that the mathematical formulation of the condition of the free end has the form
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If the end x = 0 moves according to a certain law μ(t) and at x = l the force is given as [image: images](t) then
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The condition for elastic attachment is also typical, let us say for x = l



[image: images]

In this case the end x = l may be displaced, but elastic forces at this end give rise to a tension tending to bring back the displaced end to its former position. The rigidity of attachment is characterized by the coefficient a.

If a point of elastic attachment is displaced and its deviation from the initial position is given by the function θ(t), the boundary condition assumes the form
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where
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It should be noted that in the case of rigid attachment (α large) when even small displacements of the end produce large tensile forces, the latter boundary condition passes over to the first when μ(t) = θ(t). In the case of loose attachment (α small), when large displacements of the end produce weak tensile forces, the boundary condition passes over to the condition of the free end.

We shall speak of three principal types of boundary conditions:

boundary condition of thef irst type u(0, t) = μ(t) – displacement given,

boundary condition of the second type ux(0, t) – v(t) – force given,

boundary condition of the third type ux (0, t) = h [u(0, t) – θ(t)] – elastic attachment.

The boundary conditions on the second end x = l are given in the same way. If the functions on the right-hand side are equal to zero, the boundary conditions are called homogeneous.

On combining the different types of boundary conditions enumerated, we get six types of the simplest boundary problems.

A more complex boundary condition exists, for example, in the case of elastic attachment not subject to Hooke’s law, when the tension at the end is a non-linear function of the displacement u(l, t) so that
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This boundary condition, unlike those considered above, is non-linear. Relations between the displacements and the tensile forces at different ends of the system are also possible. For example, in problems on the vibration of a ring, when x = 0 and x = l represent one and the same physical point, the boundary conditions assume the form
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i. e. they are reduced to the requirements of continuity of u and ux. The derivatives with respect to t can also enter the boundary conditions. If the end of the spring experiences a resistance from the medium proportional to its velocity the boundary condition assumes the form
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If a load of mass m is attached to the end x = l of the spring then the following condition must be fulfilled at that end
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We shall confine ourselves below to a consideration of the three simplest types of boundary conditions, dealing principally with an example of the first type of boundary condition and noting only incidentally peculiarities associated with the second and third conditions.

Let us foimulate the first boundary value problem for equation (52):

Find the function u(x, t) satisfying the equation
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and the boundary and initial conditions:
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If boundary conditions of the second or third type are taken at both ends, the corresponding problems are called second or third boundary value problems. If the boundary conditions at x = 0 and x = l are of different types, such boundary problems are called mixed without making a more detailed classification.

We now turn to a consideration of the limiting cases of this problem. The effect of boundary conditions at a point M0 sufficiently removed from the boundary for which they are given, is felt only after a sufficiently long time.

If we are interested in the phenomenon over a small interval of time, when the effect of the boundaries is still insignificant then it is possible to consider the limiting problem with initial conditions for an infinite region, instead of the complete problem.

Find the solution of the equation
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with the initial conditions
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This problem is often called Cauchy’s problem.

If, however, we study the phenomenon near one boundary, and the effect of the boundary condition on the second boundary is not important during the interval of time in which we are interested, then we arrive at the formulation of the problem for a semi-infinite straight line 0 ≤ x ≤ ∞, when in addition to the differential equation the following conditions are given
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The nature of the phenomenon, for times sufficiently long after the initial time t = 0, is completely defined by boundary conditions, because the effect of initial conditions weakens due to friction inherent in any real system. Problems of this type are encountered frequently in cases where the system is excited by a periodic boundary condition acting over a long period. Such “steady state problems” are formulated as follows:

Find the solution of the differential equation for 0 ≤ x ≤ l and t > – ∞ with the boundary conditions
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The steady state problem for the semi-finite straight line is formulated similarly.

8. Reduction of the general problem

In solving a complex problem it is natural to try to reduce its solution to the solution of simpler problems. We do this by representing the solution of the general boundary problem as a sum of the solutions of a number of particular boundary-value problems.

Let ui(x, t) (i = 1, 2, …, n) be functions satisfying the equations
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if
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and the additional conditions
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It is obvious that a superposition of the solutions
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satisfies a similar equation with the right-hand side
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and additional conditions similar to (65) with
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The principle of superposition applies obviously not only to this special problem but to any linear equation with linear additional conditions. We shall make use of this property repeatedly.

The solution of the general boundary problem
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may be represented as a sum
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where u1, u2, u3, u4 are solutions of the following particular boundary problems
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We consider this formal reduction in order to specify particular boundary-value problems constituting the fundamental stages in the solution of the general problem. A similar reduction may be carried out for limiting cases of the general boundary problem.

9. Formulation of boundary-value problems for the case of several variables

We have considered in detail the formulation of boundary problems for the case of one independent geometrical variable x (and time t). If the number of geometrical variables is n > 1 (e. g. n = 3), the first boundary problem is formulated in an exactly similar way:

It is required to find a function u (M, t) = u(x, y, z, t) defined within the given region T with the boundary ∑ satisfying within T the equation



[image: images]

the boundary condition on ∑
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(μ(x, y, z, t) is a function given on ∑) and the initial conditions
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The resolution of the general boundary problem into a number of simpler ores is made as in the preceding case. Limiting boundary problems for an infinite region, half-space, etc., can also be formulated.

10. Uniqueness theorem

In solving boundary problems:

1. It is necessary to verify that there are sufficient additional conditions to give a unique solution. This is done by proving the uniqueness theorem.

2. It is necessary to verify that the additional conditions do not over-define the problem, i. e. there are no incompatible conditions among them. This is done by proving the theorem of existence. Proof of the existence of a solution is usually closely associated with a method of finding the solution.

We shall prove the following uniqueness theorem :

Only one solution of the following equation can exist
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satisfying the initial and boundary conditions
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It is assumed here that the function u(x, t), together with its second derivatives, is continuous in the segment 0 ≤ x ≤ l at t ≥ 0 and that [image: images](x) > 0, k(x) > 0 are continuous functions. Let us suppose that two solutions of the problem exist
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and consider the difference
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The function v(x, t) obviously satisfies the homogeneous equation
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and the homogeneous additional conditions
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We shall prove that the function v(x, t) defined by the conditions (78) is identically equal to zero.

We consider the function
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and show that it does not depend on t. (The function E(t) is the total energy of the string at the time t.) We shall differentiate E(t) with respect to t, carrying out the differentiation under the sign of the integral, which is possible because second derivatives are continuous
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Integrating the first term of the right-hand side by parts we get
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On substituting the values at x = 0 and x = l the expression vanishes by the boundary conditions [from v(0, t) = 0 it follows that vt(0, t) = 0 and similarly for x = l]. It follows that
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i. e. E(t) = const. The initial conditions give
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since
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Using formula (81) and remembering the positive sign of k and [image: images] we conclude that
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whence we get the identity
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Using the initial condition we find
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from which it follows that
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Hence if there are two functions u1(x, t) and u2(x, t) satisfying all conditions of the theorem, then u1(x, t) ≡ u2 (x, t).

For the second boundary problem the function v = ux – u2 satisfies the boundary conditions
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and again the first term on the right-hand side of formula (80) vanishes. The rest of the proof of the theorem remains unchanged.

For the third boundary problem the proof requires some modification. Considering as before two solutions u1 and u2, we obtain equation (77) for their difference v(x, t) = u1 – u2, with the boundary conditions
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The limit term in equation (80) becomes
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Integrating dE/dt between the limits zero and t, we get:
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It follows from the differential equation and the initial conditions that
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Since the function under the integral in equation (79) cannot be negative E(t) ≥ 0, hence
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and consequently
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Thus the uniqueness theorem is proved for the third boundary problem.

The method of proving the uniqueness theorem given here is based on properties of the total energy and is widely used in proving uniqueness theorems in various domains of mathematical physics, e. g. in the theory of electromagnetic fields, the theory of elasticity and hydrodynamics.

The proof of the uniqueness of other boundary problems will be given later when the respective problems are considered.

Problems


1. Prove that the equation of small torsional vibrations of a rod has the form
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where Θ is the angle of rotation of the section of the rod at the position x, G the shear modulus, and J the moment of inertia of unit length of the rod about its axis. Give a physical interpretation of the boundary conditions of the first, second and third types for this equation.

2. An absolutely flexible uniform thread is attached at one end and is in a vertical equilibrium position under the action of gravity. Derive the equation of small vibrations of the string.

Answer :
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where u(x, t) is the displacement of the point, l the length of the thread and g the acceleration due to gravity.

3. A heavy uniform thread of length l, attached by the upper end (x = 0) to the vertical axis, rotates about this axis with a constant angular velocity ω. Derive the equation for small vibrations of the thread about its vertical position of equilibrium.

Answer :
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4. Derive the equation for transverse vibrations of a string in a medium of which the resistance is proportional to the first power of the velocity
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5. Derive the boundary conditions for the equation of longitudinal vibrations of an elastic rod (spring) in the case when the upper end of the rod is fixed and a load P is attached to the lower end if,

   (a) the equilibrium position is taken to be the state of stress of the rod under the action of a stationary load P suspended from the lower end (statical extension);

   (b) the equilibrium position is taken be the unstressed state of the rod (e. g. at the initial instant a support is removed from under the load and the rod begins to stretch).

6. Write down the equation and the boundary conditions determining the process of torsional vibrations of a rod with pulleys attached to both ends.

Answer : At x = 0, x = l boundary conditions of the form
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must be fulfilled.

7. At some point x = x0 of the string (0 ≤ x ≤ l) a load of mass M is suspended. Derive equations for the vibration of the system.

8. At the end x = l of an elastic rod, attached elastically at the point x = 0, a load of mass M is suspended. Write down the equation and the boundary conditions for longitudinal vibrations of the rod, assuming that in addition an external force acts on it. Consider two cases:

   (a) the force is distributed along the rod with a density f(x, t);

   (b) the force is concentrated at the point x = x0 and is equal to F0(t)

9. Consider the process of small vibrations of an ideal gas in a cylindrical tube. First derive the fundamental equations of hydrodynamics and then assuming the process to be adiabatic, derive the differentia equation for: (1) the density [image: images], (2) the pressure, p (3) the velocity potential φ, (4) the velocity v, (5) the displacement u of the particles. Give examples in which boundary conditions of the first, second and third types for these equations are realized.

10. Show the similarity between processes of mechanical, acoustic and electrical vibrations.

11. Give examples of boundary conditions of the first, second and third types for the telegraphic equations.

12. Consider the process of longitudinal vibrations of a non-homo – geneous rod (k = k1 at x < x0, k = k2 at x > x0) and derive the boundary condition at the junction of the non-homogeneous portions of the rod (at x = x0).

13. Give a physical interpretation of the boundary condition
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14. Give an example of a mechanical model for which the equation is
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§ 2. Method of propagating waves

1. D’Alembert’s formula

We begin a study of the methods of constructing solutions of boundary-value problems for equations of the hyperbolic type with a problem of an infinite string, with initial conditions
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We transform this equation to the canonical form containing a mixed derivative. The equation of the characteristics
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breaks up into two equations
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the integrals of which are the straight lines
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Let us introduce as usual the new variables
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Calculating the derivatives
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we see that the equation of vibrations of the string may be reduced to the form
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Let us find the general integral of the last equation. Obviously for any solution of the equation (3)
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where f*(η) is some function of the variable η only. Integrating this equation with respect to η for a fixed ξ we get
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where f1 and f2 are functions of the variables ξ and η only. Conversely, for any differentiable functions f1 and f2 the function u(ξ, η) determined by the formula (4) is a solution of the equation (3). Thus formula (4) is the general integral of equation (3), and the function
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is the general integral of equation (1).

Let us assume that a solution of the boundary-value problem exists. Then it is given by formula (5). We determine the functions f1 and f2 so that the initial conditions are satisfied:
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Integrating the second equation we get
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where x0 and C are constants. From the equations
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we find
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Equations (8) hold for any value of the argument.*

Substituting the values found for f1 and f2 in (5) we get
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or
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We obtained formula (9), called D’Alembert’s formula, by assuming the existence of a solution to the problem. This formula proves the uniqueness of the solution, for if a second solution of the problem (1)–(2) existed it would be represented by formula (9) and would coincide with the first solution.

It is easy to verify that formula (9) satisfies the equation and the initial conditions (assuming that the function φ can be differentiated twice and the function ψ once). Thus the method proves both the uniqueness and the existence of a solution of the problem.

2. Physical interpretation

The solution u(x, t) is equal to the sum of the two functions:
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The first of these terms u1(x, t) represents the process of propagation of the initial displacement for zero initial velocity (ψ(x) = 0); the second term u2(x, t) corresponds to the case where vibrations are produced by the initial velocity (e. g. an impulse) with zero initial displacement. The function u(x, t) can be represented geometrically as a surface in the u, x, t space (Fig. 4a). A cross-section of this surface defined by the plane t = t0 and given by the formula u = u(x, t0) represents the profile of a string at the moment t0. The section u(x0, t) represents the motion of the point x0.

The function u(x, t) defined by the formula u = f(x – at) is called a propagating wave* in physics. The profiles of displacement, defined by this function at different times t, may be represented by the following method. Let us suppose that an observer moves parallel to the axis x with the velocity a (Fig. 4b).
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FIG. 4



If at the initial time t0 = 0 the observer occupied a certain position x = 0, then at the time t he would have moved a distance at to the right. Let us introduce a moving system of axes moving with the observer, putting
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Then in the new system of coordinates (x′, t′) the function u = f(x – at) will be defined by the formula
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i. e. the observer will at all times see the unchanged profile f(x′) coinciding with the profile f(x) which he saw at the initial moment.

Thus the function f(x – at) represents the unchanged profile f(x′) moving to the right the with velocity a (propagating wave).

If we consider the “phase space” (x, t) then the function u = f(x – at) retains a constant value on the lines



[image: images]

The surface u = f(x – at) is a cylindrical surface with generators parallel to the line x = at.

Let the function f(x) differ from zero only in the interval
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FIG. 5



(x1, x2). The lines x – at = x2 and x – at – x1 represent the forward and backward fronts of the propagating wave f(x – at). These lines divide up the phase space (x, t) into the regions I, II and III.

The regions I and III consist of points (x, t) corresponding to those points of the string x, which at the given moment t lie respectively in front of and behind the wave propagating to the right (Fig. 5).

The function f(x + at) represents a wave propagating to the left with velocity a. All that has been said regarding the wave propagating to the right applies to it also. The function u1(x1, t), representing the propagation of the initial displacement φ(x) for zero initial velocity (ψ(x) = 0), is given by formula (10) as a sum of two waves propagating to the right and to the left with a velocity a, the initial form of both the waves being defined by the function (φ(x)/2 equal to half the initial displacement φ(x).

As the first example we consider the propagation of an initial displacement, in the form of an isosceles triangle. This form is obtained if the string is plucked at the centre of the segment
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FIG. 6



(x1, x2) holding it at the points x1 and x2. On Fig. 6 we give the successive positions of this string after periods
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If the successive positions of the string after sufficiently small intervals of time are drawn, then a motion picture representing the propagation of the initial displacement may be formed.

If characteristic curves are drawn on the phase plane (x, t) through the ends of the segment (P(x1, 0), Q(x2, 0)), (Fig. 7) the plane is divided into the regions I,V, where at time t the displacement has not yet arrived, the region III which the displacements have already passed, and the regions II, IV, VI where the displacements are taking place.

As the second example we consider the case when the initial displacement is zero and the initial velocity differs from zero only in the segment (x1, x2) where it assumes the constant value
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In this case formula (9) becomes
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The function u(x, t) in this case also is given as a superposition of two waves. ψ(x) is the integral of ψ(α) and represents the profile of the wave going to the left:
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It is convenient to choose x0 = x1. The auxiliary function
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To obtain the function u(x, t) we must take the difference of the waves propagating to the left and the right defined by the function ψ(x). Figure 9 shows the successive positions of these waves and their difference after a time interval [image: images] For [image: images] the profile of the displacement represents a trapezium extending uniformly with time. If ψ(x) is not a constant, the main features of the problem remain unchanged. The phase plane (Fig. 7) shows the regions which the displacements have not yet reached (I and V), where these displacements have reached the maximum value (III) and where they are developing (II, IV and VI).

If the initial disturbance occurs in several segments the picture of propagation of vibrations may be obtained by adding the displacements corresponding to the effect of the different segments. These two examples enable us to picture the propagation of vibrations in the general case.
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FIG. 7



As a third example we consider the problem of vibrations of a string set in motion by a concentrated impulse. By striking the string on the segment (x, x + ∆ x) with some object (a hammer), we apply an impulse I to this segment equal to the change
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FIG. 8



in momentum of the hammer at the moment of striking. The initial velocity of points of the string in the interval ∆ x is equal to v. Assuming the initial velocity v to be constant on ∆ x, we find that the change in momentum is
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where [image: images] is the linear density of the string. Thus we must solve the problem of vibrations of a string with the initial velocity
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and zero initial displacement.

The displacement produced in this way is a trapezium whose lower side has length 2 at + ∆x and upper side a length 2at – ∆ x (for t > ∆ x/2a). The quantity I|∆ x = I0 can be called the impulse density. When ∆ x → 0 we obtain the following picture: the displacements are equal to zero everywhere outside the interval (x – at, x + at) and inside it are equal to I/2a [image: images]. Conventionally one says that these displacements are produced by the point impulse I.
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FIG. 9



Let us consider the phase plane (x, t) and draw two characteristics
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through the point (x0, t0) (Fig. 10). They define the two angles a1 and a2, called respectively the upper and lower characteristic angles for the point (x0, t0).

The aetion of the point impulse at the point (x0, t0) produces a displacement equal to I/2a[image: images] inside the upper characteristic angle, and zero outside it.

Let us now deal with the question of the region in which the solution is uniquely defined by the initial conditions given in some segment PQ of the straight line t = 0.

Formula (9) shows that to determine the function u at some point M(x, t) of the phase plane (x, t) (Fig. 7) it is sufficient to know the initial conditions in the segment PQ, where P, Q are points of the axis with the coordinates x – at and x + at. The triangle MPQ, formed by the segments MP and MQ of the characteristics drawn from the point M and by the segment PQ of the axis x, is called the characteristic triangle of the point M.

If the initial conditions are given only in a segment PQ,
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FIG. 10



but not outside it, these initial data define a unique solution inside the characteristic triangle based on the segment PQ.

3. Continuity of solutions

The solution of equation (1) is defined uniquely by the initial conditions (2). We shall prove that the solution changes continuously with a continuous variation of the initial conditions.

For any interval of time t0 and any limiting error ε, a δ (ε, t0) can be found such that two solutions of the equation (1) u1 (x, t) and u2 (x, t) will differ by less than ε; in the time interval t0
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provided the initial values
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differ by less than δ :
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The proof of this theorem is simple. The functions u1(x, t) and u2(x, t) are related to the initial values by the formula (9) so that
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whence we obtain, because of the inequality (11):
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which proves our statement, if we put
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Any physically defined process must be characterized by solutions depending continuously on the initial conditions. If this condition were not satisfied, two essentially different processes could correspond to almost identical initial conditions (the difference between which could lie outside the limits of accuracy of measurement). Processes of this type cannot be considered definable (physically) by such initial conditions. From the preceding theorem it follows that the process of vibration of a string is defined not only mathematically but also physically by the initial conditions.

If the solution of the boundary problem depends continuously on initial conditions, it is often said that the boundary problem has been formulated correctly.

We shall give an example of a problem which does not satisfy the above condition.

The function u(x, y) which is a solution of Laplace’s equation
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is defined uniquely by the conditions *
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Let us consider the functions
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satisfying Laplace’s equation. The function u(2)(x, y) depends on λ as on a parameter. The initial values
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differ as little as desired for sufficiently large values of λ. But the solution u(2)(x, y) may become as large as desired for any
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FIG. 11
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FIG. 12



fixed value of y. Hence the solution does not depend continuously on the additional conditions and the boundary-value problem has been formulated incorrectly.

We observe the following fact. It is obvious that the function u(x, t) defined by the formula
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can be a solution of equation (1) only if the function ψ(x) is differentiable and the function φ(x) can be differentiated twice. It is clear from what has been said that the functions shown in Figs. 11 and 12 cannot be a solution of equation (1) because they cannot be differentiated twice everywhere. We can show that no solution of the wave equation satisfying the conditions (2) exists if the functions φ(x) and ψ(x) do not have the necessary derivatives. We know that if a solution of the wave equation exists it must be represented by formula (9). If the functions φ, ψ are not differentiable a sufficient number of times then formula (9) defines a function which does not satisfy equation (1), i. e. no solution of the problem exists.

But if these initial conditions are slightly altered, replacing φ and ψ by differentiable functions φ′(x) and ψ′(x), then there will be a solution of equation (1) corresponding to these new initial functions. In the course of the proof of the theorem in this section we have proved that functions defined by formula (9) depend continuously on the initial functions φ and ψ (irrespective of whether these functions are differentiable or not). Thus if the functions φ and ψ are not differentiable a sufficient number of times the function defined by formula (9) is the limit of solutions of the wave equation with somewhat smoothened initial conditions.

4. Semi-infinite region and the method of extending initial data

Let us consider the problem of the propagation of waves in a semi-infinite region x ≥ 0. This problem is of particular importance in the study of processes of reflection of waves from a boundary and is formulated as follows:

Find the solution of the wave equation
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satisfying the boundary condition
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and the initial conditions
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We consider first the homogeneous boundary condition
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i. e. the problem of the propagation of the initial disturbance on a string with a fixed end x = 0 (or free end).

Let us note the following two lemmas on the properties of the solution of the wave equation defined in an infinite region.

1. If the initial data in the problem of the propagation of waves in an infinite region are odd functions with respect to some point x0, then the corresponding solution at this point x0 is zero.

2. If the initial data are even functions with respect to some point x0, then the derivative with respect to x of the corresponding solution at this point is zero.

We shall prove Lemma 1. Let us take x0 as the origin of coordinates, x0 = 0. In this case the conditions of oddness of the initial data are
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The function u(x, t) defined by formula (9), at x = 0 is
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since the first term is equal to zero because of the oddness of φ (x), and the second is equal to zero because the integral of an odd function between limits symmetrical with respect to the origin is always equal to zero.

Lemma 2 is proved similarly. The conditions of evenness of the initial data have the form
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We note that the derivative of this even function is an odd function
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From formula (9) it follows that
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since the first term is equal to zero because φ′(x) is odd and the second term because ψ(x)* is even.

With the help of these two lemmas the following problems can be solved.

It is required to find the solution of the equation (1) satisfying the initial conditions
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and the boundary condition
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(first boundary problem).

Let us consider the functions &(x) and ψ(x) which are odd continuations of φ(x) and ψ(x).
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The function
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is determined for all x and t > 0. Because of Lemma 1
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Moreover this function satisfies the following initial conditions at t = 0:
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Thus, considering the function obtained u(x, t) only for x > 0, t > 0 we obtain a function satisfying all conditions of the problem.

Returning to the former functions, we can write
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In the region t < x/a the effect of the boundary conditions is not felt and the expression for u(x, t) coincides with solution (9) for an infinite straight line.

Similarly, if at x = 0 we have a free end
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then, taking the even extension of the functions φ(x) and ψ(x)
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we get the solution of the wave equation
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or
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satisfying the initial conditions (2) in the region x > 0 and the boundary condition
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Later, in the solution of other problems we shall often have to use the method of extension of the initial data defined for some part of an infinite region to the whole region. For this reason we state the following results.

To solve the problem for a semi-infinite region with the boundary condition u(0, t) = 0 the initial data have to be extended as an odd function on the entire region.

To solve the problem for a semi-infinite region with the boundary condition ux (0, t) = 0 the initial data have to be extended as an even function on the entire region.

We consider two examples. Let the initial data in a semi-infinite region, fixed at x = 0, differ from zero only in the interval (a, b), 0 < a < b in which the initial displacement given by the function φ(x) is represented by an isosceles triangle and ψ(x) = 0. The solution of this problem will be obtained if the initial data are extended oddly to the infinite straight line. The process of wave propagation is shown in Fig. 13. In the beginning the process occurs as in an infinite region. The initial displacement breaks up into two waves moving in opposite directions with constant velocity and this continues till the half-wave moving left reaches the point x = 0 (Fig. 13). At this moment a half-wave with “inverse phase” approaches from the left side (x < 0) (in which similar processes occurred) towards x = 0. Then reflection of the half-waves from the fixed end occurs. This is depicted in detail in Fig. 13. The resulting profile of the reflected wave is cut off, the displacements disappear and then they appear below (with negative phase) and finally the reflected half-wave will move to the right behind the half-wave already propagating there with the same velocity. Thus during the reflection of a wave from a fixed end of a string its phase changes sign.
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FIG. 13
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FIG. 14



Let us now consider the second example. Let the initial deflection on a semi-infinite string x ≥ 0, fixed at x = 0, be zero everywhere, and the initial velocity ψ(x) be different from zero only in the interval (x1, x2) (0 < x1 < x2). ψ(x) = const, there.

Let us extend the initial data oddly. Displacements similar to those shown in Fig. 14 propagate from each interval (x1, x2) and (–x1, –x2). As can be seen from this figure, in the initial stage in the region x > 0 the process occurs as on an infinite string. Reflection from the fixed end occurs next and finally a wave with a profile in the shape of an isosceles trapezium moves to the right with constant velocity.

Reflection from a free end can be studied similarly, only the initial data have to be extended evenly, so that the reflection of the wave occurs with no change of phase.

We have considered problems with uniform boundary conditions
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or
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In the general case of non-uniform boundary conditions the solution can be written in the form of a sum, each term of which satisfies only one of the additional conditions (either boundary or initial).

Now we solve a problem with zero initial conditions and the given boundary conditions
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Obviously the boundary condition gives rise to a wave propagating along the string towards the right with velocity a, which suggests the analytical form of the solution
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We determine the function f from the boundary condition
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whence
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so that
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But this function is defined only in the region x – at ≤ 0 since μ(t) is defined only for t ≥ 0. In Fig. 15 this region is shown by the shaded portion of the phase plane. To find [image: images](x, t) for all values of the arguments we extend the function μ(t) to negative values of t, putting μ(t) = 0 for t ≤ 0. Then the function
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FIG. 15
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is defined for all values of the arguments and satisfies the zero initial conditions.

The sum of this function and the function (12) defined at the beginning of this section represents the solution of the first boundary problem for the homogeneous wave equation
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The solution of the second boundary problem may be formed similarly. For the third boundary problem see sub-section 7, p. 73.

We have considered here only solutions of the boundary problem for the homogeneous wave equation. For the solution of the non-homogeneous equation see sub-section 8.

5. Problems for a finite segment

Let us consider the boundary problems for a finite segment (0, l). We shall try to find the solution of the equation
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satisfying the boundary conditions
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and the initial conditions
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Let us consider first the case of homogeneous boundary conditions
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We shall investigate the solution of this problem by assuming the possibility of the following representation:
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where Φ and ψ are functions to be determined. The initial conditions
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define the values of Φ and ψ in the interval (0, l).

To satisfy the zero boundary conditions, we impose the condition of oddness with respect to the points x = 0, x = l on the functions Φ(x) and ψ(x):
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Comparing these equations we get
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and similarly for ψ(x), i. e. Φ and ψ are periodic functions with a period 2l.

It is not difficult to see that the conditions of oddness with respect to the origin of coordinates and the conditions of periodicity define the extension of Φ(x) and ψ(x) in the entire region –∞ < x < ∞. Substituting these in formula (9) we obtain the solution of the problem.
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FIG. 16



In Fig. 16 the phase plane (x, t) and the plane (x, u), in which the initial displacement and its extension are given, are shown together. Bands within which the displacement differs from zero (see Fig. 7) are marked off by shading on the phase plane. The signs plus and minus in these bands indicate the sign (phase) of the displacement (in the form of an isosceles triangle). Using this diagram the profile of the displacement of the string at any moment t can be visualized easily. Thus at the moment t = 2l/a we shall obtain displacements coinciding with the initial displacements. The function u(x, t) is thus a periodic function t with the period T = 2l/a.

Let us now consider the problem of the propagation of the boundary condition. We shall investigate the solution of the equation
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with the zero initial conditions
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and the boundary conditions
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From the results of sub-section 4 it follows that when t < l/a, the function
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is the solution.

But this function does not satisfy the boundary condition
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Let us consider the “reflected” wave going left and having the deflection [image: images] at x = l. Its analytical expression is given by the formula
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It is easy to verify that the difference of the two waves
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is the solution of the equation for t < 2l/a.

Continuing this process further we obtain the solution in the form of a series
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containing only a finite number of terms different from zero. With each new reflection the argument is reduced by 2l/a, the function [image: images](t) = 0 for t < 0. It can be proved directly that the boundary conditions are fulfilled. Let us put x = 0 and separate from the first sum the term with n = 0, μ(t). The remaining terms of the first and second sums, corresponding to identical values of n, cancel in pairs. This shows that u(0, t) = μ(t).

Replacing n, by n – 1 and changing the limits of summation we convert the first sum to the form
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Now putting x = l, we verify directly that the terms of the first and second sums cancel.*

Formula (14) has a simple physical significance. The function
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represents a wave excited by the boundary condition at x = 0, independently of the effect of the end x = l, as if the string were infinite (0 < x < ∞). The following terms represent subsequent reflection from the fixed end x = l (second sum) and from the end x = 0 (first sum).

Similarly, the function
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gives the solution of the homogeneous equation with the zero initial conditions u(x, 0) = 0, ut(x, 0) = 0 and the boundary conditions u(0, t) = 0 and u(l, t) = μ(t). We shall not dwell on the proofs of the uniqueness of the solution and of the continuous dependence of the solution on the initial and the boundary conditions.

6. Dispersion of waves

We have seen that the equation
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has a solution in the form of a propagating wave of any shape. Let us investigate the class of equations with partial derivatives having solutions in the form of waves of any shape. We confine ourselves to a consideration of the class of linear equations of the second order with constant coefficients
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Our problem is to determine relations between the coefficients which must be satisfied if the equation has a solution of the type
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where f is an arbitrary function and a a constant.

Substituting (16) in (15) we get the differential equation
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which the profile of the wave must satisfy. It has a solution for an arbitrary f only in the case when all its coefficients are equal to zero.



[image: images]

If the equation has a solution in the form of a wave of arbitrary shape, we say that dispersion is absent. For absence of dispersion it is necessary and sufficient that the conditions (17) should be satisfied.

The wave velocity
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is determined from the first relation.

For an equation of the hyperbolic type [image: images] two velocities of wave propagation are possible. The requirement of compatability of all three relations for both values of a gives
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Hence a solution in the form of propagating waves with two possible velocities exists only for an equation of the type
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If a22 ≠ 0, equation (18) is the equation for vibrations of a string in a moving system of coordinates. Putting
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we get the equation
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which coincides with the equation for vibrations of a string if γ = a12/a22.

In this case we have



[image: images]

where
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Equations of the elliptical type [image: images] do not admit solutions in the form of waves with real velocities.

For equations of the parabolic type (a12 – a11a22 < 0) solutions in the form of waves with real velocities are also impossible. The degenerate case is an exception, when equation (15) reduces to an ordinary differential equation.

In the parabolic case we have [image: images] and [image: images] = [image: images], c = 0, and also the equation [image: images], we can write
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The original equation may be written in the form
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and it becomes an ordinary differential equation
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if the new variables ξ and η are introduced
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since
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Thus the initial equation in this case has a solution in the form of an arbitrary function of the variable
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Thus a propagating wave solution is possible only for the simplest wave equation in a fixed or moving system of coordinates.


In physics the concept of dispersion of waves is usually introduced somewhat differently.

Consider a harmonic wave
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where ω is the frequency, k = 2 π/λ the wave number and λ the wavelength.

The velocity with which the phase of the wave
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is propagated is called the phase velocity and is obviously equal to



[image: images]

If the phase velocity of the harmonic wave depends on the frequency we speak of dispersion.

An impulse or signal of arbitrary form may be formed by the superposition of harmonic waves of the type (*) (by resolution into Fourier’s integral). If the phase velocity depends on the frequency, the harmonic components of the signal are displaced with respect to one another, and as a result the profile of the signal is distorted.

This means that dispersion in the sense of the definition given on p. 69 also takes place.

Conversely, if the equation has a solution in the form of waves of arbitrary shape, the phase velocity of the harmonic wave is determined from the first equation of (17) and does not depend on the frequency.

Thus, the term “dispersion of waves” in the sense used by us coincides with the condition of dependence of velocity on frequency.



Let us take the problem of finding the class of equations (15) having a solution in the form of damped waves
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where μ(t) is some function of t.

Substituting this expression in equation (15) we get:
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Since f is arbitrary the coefficients of all terms are equal to zero. That is, μ(t) satisfies an ordinary differential equation with constant coefficients and must have the form
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Equating the coefficients to zero we obtain the relations for the determination of a and k:
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Eliminating a and k from equations (19) we find conditions of compatibility. The first equation shows that solutions in the form of damped waves are possible only for an equation of the hyperbolic type. The damping decrement k is found from the second relation. Substituting next the value of k in the third equation we get a relation between the coefficients
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When this is satisfied a solution of the equation in the form of damped waves exists.

Example. The telegraphic equation
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does not have a solution in the form of a propagating wave, if only G or R differ from zero. Let us see if it has any solution in the form of a damped wave The velocity of damped waves is determined from the first equation of (19)
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From the second equation we determine the damping decrement
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The compatibility condition (19) gives
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or
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When this is fulfilled equation (15) has a solution in the form of a damped wave



[image: images]

where f is an arbitrary function.

The absence of distortion of waves during propagation along a cable is of particular importance for long-distance telephone communication. If the signal is transmitted without distortion, then the acoustic effect to be transmitted can be reproduced without distortion by means of amplification. If dispersion takes place then the purity of transmission breaks down independently of the quality of the telephone apparatus. The question of dispersion for long-distance telegraphic communication has a similar significance.

7. The integral wave equation


In deducing the differential wave equation (5) in § 1 we started from the law of conservation of momentum which led us to the wave equation in the integral form (3). To pass from the integral equation to the differential we assumed that the function u(x, t) has second derivatives. Any assumption restricting the class of functions considered to those with a certain property, implies a refusal to study functions not possessing this property. Thus in passing from the integral wave equation to the differential equation we exclude from consideration vibrations not satisfying the requirement of double differentiability.

We shall show that the whole theory can be developed for the class of continuous piecewise differentiable functions starting from the integral wave equation
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This equation may be generalized. Let us consider the region G bounded by the piecewise smooth curve C in the plane (x, t) and show that for this region there is an integral relation
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For a homogeneous region this formula reduces to
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If the curve C is the boundary of a rectangle with sides parallel to the coordinate axes, formula (23) concides with formula (22). If the curve C consists of pieces parallel to the axes, the region G can be represented as the sum of rectangles. Summing up the contour integrals corresponding to the different rectangles we find that terms relating to the internal boundaries cancel out, because integration is carried out in opposite directions and the remaining terms will give formula (23). Further, let the curve C contain the arcs [image: images] which are not parallel to the axes and are not lines of discontinuity of the function under the integral. We can take a network with sides parallel to the coordinate axes and consider cells of the network intersecting the region G. Let G* denote the ensemble of these cells and C* the boundary of the region G. Formula (23) is applicable to G*. Passing to the limit as the dimensions of the network tend to zero, it is not difficult to verify the validity of formula (23) for the limiting curve C.
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FIG. 17



The first terms of formula (23) applied to the region G* consist of terms of the type
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where ϕ(x, t) is a continuous function and [image: images]n is an arc of contour C* approximating the arc [image: images] (Fig. 17).

Let t = tn(x) be the equation of the curve [image: images]n and t = t(x) is the equation of the curve [image: images]. It is obvious that tn(x) converges uniformly to t(x) and
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which proves the validity of the limiting transition.†

If the curve C contains arcs which are lines of discontinuity of the function under the integral, formula (23) retains its validity if we take for the values of the function under the integral its limiting values from the internal side of the region G. Thus the validity of the integral formula (23) is proved.

Let us consider the following problem:

Find the function u(x, t) defined and piecewise smooth in the region – ∞ < x < ∞ satisfying the equation
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and the initial conditions
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where φ(x) is a piecewise smooth function and ψ(x) and f(x, t) are piecewise continuous. Here C is an arbitrary piecewise smooth contour lying in the region t ≥ 0. We shall show that this problem has a unique solution given by D’Alembert’s formula.

Let us assume that the function u(x, t) represents a solution of our problem. Consider the triangle ABM based on the axis t = 0, with its vertex at the point M(x, t) and with sides which are segments of the characteristics x – at = const, and x + at = const. (Fig. 18) and apply formula (23′) to it. The equation dx/dt = a holds along the segment AM so that
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Along the segment MB we have dx/dt = –a, so that
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Hence the expression under the integral along the characteristics is a complete differential. Carrying out the integration along the segments BM and MA we get:
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FIG. 18
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so that formula (23′) assumes the form:
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or
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Thus if a solution of the problem exists it is uniquely defined by its initial values. In the case of a homogeneous equation (f = 0) this formula coincides with D’Alembert’s formula.

It is not difficult to verify by direct substitution that a function of type
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where f1 and f2 are piecewise smooth functions, and f3 is a piecewise continuous function, satisfies the equation (22) and therefore equation (23′). Solutions of the examples considered in sub-section 4 are piecewise smooth functions and come within the scope of the theory.

Next we consider the first boundary problem in a semi-infinite region. We shall look for the solution of the equation (23) at some point M(x, t) for t > x/a since in the region t < x/a (under the characteristic curve x = at) the effect of the boundary conditions is not felt and the solution is given by formula (24). Let us apply formula (23′) to the quadrilateral MAA′B in which MA, MB and A A′ are segments of the characteristics (Fig. 19). Carrying out the integration along the characteristics MA, A A′ and BM we get:
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Substituting here the coordinates of the points M, A, B and A′ we have
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or
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For f = 0 this formula coincides with formula (13) of § 2, sub-section 4. The second boundary-value problem as well as problems for a finite segment can be solved by a similar method.
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FIG. 19



While studying the first boundary-value problem we saw that the two initial conditions
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and the one boundary condition
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are sufficient to determine the solution completely. It follows that there is a relation connecting the functions φ, ψ, μ and v, where v(t) = ux(0, t). Differentiating formula (25) with respect to x and putting x = 0, we get
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where for simplicity we put f = 0. Using formula (26) the third boundary problem may be reduced to the first boundary problem.

8. Propagation of discontinuities along characteristic curves

In this section we consider discontinuities of derivatives of solutions of the equation (23). We shall show that only members of families of characteristic curves
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can be lines of discontinuity of the functions u(x, t) satisfying equation (23).

Let some differentiable curve defined by the equation



[image: images]

be a line of discontinuity of the derivatives of a continuous, piecewise differentiable function u(x, t). Let us assume that x(t) is an increasing function. Let us apply formula (23′) to the rectangle ABCD (Fig. 20):
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and also to the curvilinear triangles Δ1 = BAD and Δ2 = BDC
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where the brackets ( )l,2, show that the limiting values have to be taken inside the triangles Δ1 and Δ2. Subtracting the first equation from the sum of the second and third we get:
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FIG. 20
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or, because the arc DB is arbitrary
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where the brackets denote the magnitude of discontinuity of the function
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across the curve x = x(t).

Let us take the derivative of u(x, t) with respect to t along the line of discontinuity of the derivatives of u(x, t)



[image: images]

where we take the limiting values of the derivatives from Δ1 and from Δ2. The difference of the right-hand sides for i = 1 and i = 2 gives
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Comparing this equation with the previous one (27) and assuming that at least one of these discontinuities [image: images] is different from zero, we see that these equations are true simultaneously only if the determinant of the coefficients is equal to zero:
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or
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Thus the lines of discontinuity of the derivatives of the solution of the wave equation are characteristic curves.



Problems


1. Draw the profile of the string for different moments of time in the following cases:

I. Infinite String

   (a) the initial velocity is equal to zero (ψ(x) = 0) and the initial profile of the string is given in the form of Fig. 21;

   (b) the initial displacement is equal to zero, and the initial velocity has a constant value ut(x, 0) = ψ0 on the portion of the string (x1, x2), and is equal to zero outside this portion;

   (c) the initial conditions have the form
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II. Sefni-infinite String

   (d) the initial velocity is equal to zero (ψ(x) = 0) and the initial displacement is given in the form of a triangle shown in Fig. 21. The end of the string is assumed to be fixed;

   (e) the same problem for a string with a free end x = 0;

   (f) the initial conditions have the form
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        the end of the string x – 0 is fixed;

   (g) a similar problem for a string with a free end x = 0. The profile of the string for all the problems (a)–(g) shoud be drawn for the times
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Mark the zones corresponding to the different stages of the process for the problems (a)–(g) on the phase plane (x, t).

2. Find the solution of the problem (la) for all values of the variables x and t (formulae expressing the function u(x, t) are different for different zones of the phase plane).

3. Determine the displacement at some point x0, t0 using the phase plane (x, t) and the plane (x, u) in which (Fig. 21) the initial displacements (ψ = 0) are given, for the case of an infinite string and for a semi-infinite string with a fixed (or free) end.
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FIG. 21



4. At the mouth of a long cylindrical tube filled with gas there is a piston moving according to the law x = f(t) with a velocity v = f′(t) < a. The initial displacement and the velocity of gas particles is zero. Find the displacement of the gas in a section with coordinate x. Consider the case of the motion of the piston with a constant velocity c < a. What can be said about the solution of the problem if, beginning from a certain moment, the velocity of the piston is v > a? (See Appendix 5.)

5. Let a wave u(x, t) = f(x – at) run along an infinite string. Taking the state of the string at the moment t = 0 as the initial state solve the wave equation under the corresponding initial conditions.

(Compare with problem la.)

6. An infinite elastic rod is made up of two rods joined at x = 0 with the characteristics
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(a) Let the wave
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approach from the region x < 0. Find the coefficients of reflection and transmission of the wave at the junction (x = 0). Determine under what conditions the reflected wave is absent.

(b) Solve a similar problem of the initial local displacement
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and the initial velocity is zero.

7. Let a load of mass M be suspended from some point of the string x = x0 and let the wave
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approach from the region x < 0.

Find the transmitted and the reflected wave.

8. A semi-infinite tube (x > 0) filled with an ideal gas has at one end (x = 0) a freely moving piston of mass M. At the moment t = 0 the
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FIG. 22



piston is given an initial velocity v0. Find the process of wave propagation in the gas if the initial displacements and the initial velocity of the gas particles is zero.

Hint. Consider the solution of the equation of vibrations in the region x > 0. Use the boundary condition
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(p0 is the initial pressure of the gas, S the cross-section of the tube, γ = cp/cv) and the initial conditions at the boundary u(0, 0) = 0, ut(0, 0) = v0.
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9. An infinite string having a concentrated mass M at the point x = 0 is in equilibrium. At t = 0 the mass M is given an initial velocity v0.

Prove that for t > 0 the string has the shape shown in Fig. 22 where u1(x, t) and u2(x, t) are determined by the formulae
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Hint. Use the condition
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10. Solve the problem of propagation of electrical waves in an infinite wire when
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and for any initial conditions.

Answer :
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If
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then
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11. Find the solution of the integral wave equation for a semi-infinite string for boundary conditions of the third kind.

12. A membrane is attached at the end x = 0 of a semi-infinite rod producing a resistance proportional to the velocity ut(0, t) to longitudinal vibrations of the rod. Find the process of vibration if the initial displacements are given and ut(x, 0) = ψ(x) = 0.



§ 3. Method of separation of variables

1. Equation of free vibrations of a string

The method of separation of variables, or Fourier’s method, is one of the most widely used methods of solving partial differential equations We shall apply this method to the problem of vibrations of a string fixed at both ends. The solution of this problem will be examined in exhaustive detail and later on in the book we shall refer to this section to avoid repetition of the proofs.

We look for the solution of the equation
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which satisfies the homogeneous boundary conditions
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and the initial conditions
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Equation (1) is linear and homogeneous, so that the sum of solutions is also a solution of this equation. If there is a sufficiently large number of particular solutions we can try to find the required solution by summing them with certain coefficients.

The principal auxiliary problem can be stated as:

Find the solution of the equation
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not identically equal to zero, which satisfies the homogeneous boundary conditions
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and can be represented in the form of the product
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where X(x) is a function only of the variable x and T(t) is a function only of the variable t.

Substituting the assumed form of the solution (4) inequation (1) we get



[image: images]

or, after division by XT,
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In order that function (4) may be a solution of the equation (1), equations (5) and (6) must be satisfied identically, i. e. for all values of the independent variables 0 < x < l, t > 0. The right-hand side of equation (6) is a function only of the variable t, and the left-hand side only of x. Fixing, for example, some value of x and varying t (or conversely) we find that the right- and left-hand sides of equation (6) remain constant
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when their arguments are changed. Here λ is a constant which may be positive or negative but which we take with a minus sign for convenience in subsequent treatment.

From relation (7) we obtain differential equations for the functions X(x) and T(t)
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The boundary conditions (2) give
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It follows that the function X(x) must satisfy the boundary conditions
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since otherwise we would have
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and we are looking for a non-trivial solution. There are no additional conditions for the function T(t) in the auxiliary problem.

In the course of the determination of the function X(x) we have formulated the simplest eigen-value problem:

It is required to find values λ, called eigen-values for which non-trivial solutions called eigen-functions, of the following problem exist :
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and also to find these solutions. The problem thus formulated is called Sturm-Liouville’s problem.

We consider separately the cases when the parameter λ is negative, zero or positive.

1. When λ < 0 the problem does not have non-trivial solutions. The general solution of the equation is
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The boundary conditions give:
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i.e
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But in the case considered a is real and positive so that eα – e–α ≠ 0. Hence



[image: images]

and consequently



[image: images]

2. Also when λ = 0 there are no non-trivial solutions. In this case the general solution of the equation is
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The boundary conditions give
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i. e. a = 0 and b = 0 and consequently
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3. When λ > 0 the general solution of the equation contains imaginary powers and may therefore be written as
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The boundary conditions give
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If X(x) is not identically equal to zero, D2 ≠ 0 hence
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or
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where n is an integer. Consequently non-trivial solutions of the problem are possible only for the values
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These eigen-values have corresponding eigen-functions
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Thus only for values of λ equal to
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are there non-trivial solutions
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which can be determined up to an arbitrary factor which we shall put equal to unity. To each of these values of λn there corresponds a solution of equation.(9)
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where An and Bn are coefficients to be determined.

Returning to the problem (l)–(3), we see that the functions
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are particular solutions of the equation (1) satisfying the boundary conditions (2) which can be represented in the form of a product (4) of two functions, one of which depends only on x, the other on t. These solutions can satisfy the initial conditions (3) of our initial problem only for particular cases of the initial functions φ(x) and ψ(x).?

Now we look for a solution of the problem in the general case. Because of the linearity and homogeneity of equation (1) a sum of the particular solutions
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also satisfies this equation and the boundary conditions (2). We shall consider this problem in greater detail a little later (see sub-section 3 of this section). The initial conditions give:
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From the theory of Fourier’s series it is known that the arbitrary partially continuous and partially differentiable function f(x) given in the interval 0 ≤ x ≤ l can be expanded in a Fourier series



[image: images]

where*
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If the functions φ(x) and ψ(x) satisfy the conditions of expansion into Fourier series, then
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Comparison of these series with the formula (18) shows that in order to satisfy the initial conditions we must put
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These equations define the function (17) completely and give the solution of the problem.

We have defined the solution in the form of an infinite series (17). If the series (17) diverges or the function defined by this series is not differentiable then naturally it cannot represent a solution of our differential equation.

In the present sub-section we confine ourselves to a formal construction of the solution. The conditions under which the series (17) converges and represents the solution will be investi gated in sub-section 3.

2. Interpretation of the solution

Let us give an interpretation of the solution obtained. The function un (x, t) can be written as
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where
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Each point x0 of the string executes harmonic vibrations
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with the amplitude
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This type of motion is called a standing wave. The points x = m(l/n) (m = 1, 2, …, n – 1) at which sin (π n/l) x = 0, remain stationary during the entire process and are called nodes of the standing wave un (x, t). The points x = (2m + 1) l/2n (m = 0, 1, …, n – 1) at which sin π (n/l) x = ±1 vibrate with the maximum amplitude an and are called antinodes of the standing wave.

The profile of the standing wave at any moment is a sine wave
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where
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At the moment t when cos ωn(t + δn) = ±1 the displacement reaches maximum values and the velocity is zero. At the moments t when cos ωn (t + δn) = 0, the displacement is zero and the velocity is maximum. The vibration frequencies of all points of the string are identical and are equal to
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The frequencies ωn are called eigen-frequencies. For transverse vibrations of the string a2 = T/[image: images] and hence
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The energy of the nth standing wave (nth harmonic) for the case of transverse vibrations of the string is
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since
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Using the expressions for αn, ωn and also the equation T = a2[image: images] we get
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where M = l[image: images] is the mass of the string.

We usually detect the vibrations of a string by the sound emitted. Without dwelling on the process of propagation of sound waves in air and the perception of sound it may be said that the sound of the string is a superposition of “simple tones” corresponding to the standing waves into which the vibration can be resolved. This resolution of the sound into simple tones is not a mathematical operation. The simple tones may be separated experimentally with the help of resonators.

The pitch of a tone depends on the frequency of its vibrations. The intensity is determined by its energy and hence by its amplitude. The lowest tone which can be formed by the string is determined by the lowest eigen-frequency ω1 = [image: images] and is called the fundamental tone. The remaining tones with frequencies which are multiples of ω1 are called overtones. The timbre of the sound depends on the presence of overtones in addition to the fundamental tone and on the distribution of energy over the harmonics.

The lowest tone emitted by a string and its timbre depend on the method of excitation, which determines the initial conditions
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and hence the coefficients An and Bn. If A1 = B1 = 0, the lowest tone will correspond to the frequency ωn, where n is the smallest for which An or Bn are different from zero.

Let us make the string vibrate by pulling it to one side and releasing it without initial velocity. In this case
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and
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since
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The subsequent coefficients, generally speaking, are considerably smaller than A1, since the function sin (π n/l)ξ alternates in sign for n ≥ 2. In particular, if φ(x) is symmetrical with respect to the centre, A2 = 0. Thus if the string is made to vibrate by pulling it to one side (φ(x) > 0) the lowest tone usually has an energy greater than the energy of the other harmonics.

The string can be made to vibrate in other ways. For example, if the initial function is odd with respect to the centre of the string then
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and the lowest tone corresponds to the frequency
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If the sounding string is touched exactly at the centre, its sound changes charply and it sounds an octave above its fundamental tone. This method of varying the tone is often used in playing the violin, the guitar and other string instruments and is called flageolet. This phenomenon is perfectly comprehensible from the point of view of the theory of vibration. At the moment of contact with the centre of the string we stop the standing waves having antinodes at this point and retain only the harmonics having nodes at this point. Thus only the odd harmonics remain and the lowest frequency will be
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If the string is touched at a distance of one-eighth its length from an end, the pitch of the fundamental tone is raised three times, since only harmonics having nodes at the point x = l/3 are retained.

The formulae
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determining the frequency and correspondingly the period of the fundamental vibration, account for the following laws of vibration of strings first discovered experimentally.

1. For a string of uniform thickness and uniform tension the period of vibration of the string is proportional to its length.

2. For a given length of the string the period is inversely proportional to the square root of the tension.

3. For a given length and tension the period is proportional to the square root of the linear density of the string.

3. Representation of an arbitrary vibration as a superposition of standing waves

In sub-section 1 we considered the problem of free vibrations of a string fixed at the ends and proved the existence of standing wave solutions. A formal scheme of representing an arbitrary vibration as an infinite sum of standing waves was developed. In this sub-section we justify this formal solution. In the first instance we consider the generalization of the principle of superposition, well known for finite sums, to the case of an infinite series.

Let L be a linear differential operator so that L(u) is equal to the sum of derivatives of the function u (ordinary or partial) with coefficients that are functions of independent variables.

Let us prove a lemma (generalized principle of superposition).

If the functions ui(i = 1,2, …, n, …) are particular solutions of a linear and homogeneous differential equation L(u) = 0 (ordinary or partial), then the series u = [image: images] is also a solution of this equation, if calculation of the derivatives of u figuring in the equation L(u) = 0 can be performed by differentiation term by term.

If the derivatives of u figuring in the equation L(u) = 0 can be calculated by differentiating the series for u term by term, then because of linearity of the equation
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This proves that the function u satisfies the equation. As a sufficient condition for the possibility of differentiation term by term we shall constantly make use of the condition of uniform convergence of the series
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obtained after differentiation*.

We return to our boundary problem. First of all we should verify the continuity of the function
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whence it will follow that u(x, t) continuously adjoins its initial and boundary values. It is sufficient to prove the uniform convergence of the series for u(x, t) since the general term of this series is a continuous function and the uniformly converging series of continuous functions defines a continuous function. Using the inequality
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we deduce that the series
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is a majorant for the series (32). If the majorant series (33) converges then the series (32) converges uniformly, i. e. the function u(x, t) is continuous.?

To verify that ut (x, t) adjoins its initial values continuously, the continuity of this function has to be proved. It suffices to prove the uniform convergence of the series
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or the convergence of the majorant series
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Finally to verify that the function u(x, t) satisfies the equation, i. e. that the generalized principle of superposition is applicable, we have to prove the possibility of double differentiating the series for u(x, t) term by term. For this it is sufficient to prove the uniform convergence of the series
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which has
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as a majorant series except for a coefficient of proportionality. Since
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where?
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our problem reduces to a proof of the convergence of the series
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We use the well-known* properties of the Fourier series. If the periodic function F(x) with the period 2l has k continuous derivatives, and the (k + 1)th derivative is piecewise continuous then the numerical series
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where an and bn are Fourier coefficients, converges. If we have to expand the function f(x) given in the interval (0, l) in a series in sin (π n/l) x then the previous requirements must be fulfilled for the function F(x) obtained for the odd extension of f(x). In particular, for the continuity of F(x) it is necessary that f(0) = 0, since otherwise the odd extension has a discontinuity at the point x = 0; similarly at the point x = l one must have f(l) = 0 since the extended function is continuous and periodic with a period 2l. The continuity of the first derivative at x = 0, x = l holds automatically for the odd extension. In general, for the continuity of even derivatives of the extended function we must have
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The odd derivatives are automatically continuous.

Thus, for the convergence of the series
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we require that the initial displacement φ(x) should satisfy the following conditions.

1.° The derivatives of the function up to the second order should be continuous, the third piecewise continuous and besides.
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For the convergence of the series
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the following requirements should be imposed on the initial velocity ψ(x).

2.° The function ψ(x) is continuously differentiable, has a piecewise-continuous second derivative and besides
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Thus we have proved that any vibration u(x, t) with the initial functions φ(x) and ψ(x) satisfying the requirements 1° and 2° can be represented in the form of superposition of standing waves. The conditions 1° and 2° are sufficient conditions for the methods of proof adopted here.


A similar problem was solved in sub-section 5, § 2, by the method of propagating waves. The solution was
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where ϕ and ψ are extensions of the initial functions φ(x) and ψ(x) given in the segment (0, l), which are odd with respect to 0 and l. The functions ϕ and ψ were shown to be periodic with a period 2l and therefore may be represented by the series
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where φn and ψn are coefficients of the Fourier functions ϕ(x) and ψ(x). Substituting these series in formula (42) and making use of the theorem of the sine and cosine of a sum and difference, we get
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which agrees with the expression obtained by the method of separation of variables.

Consequently formula (43) is valid with the same assumptions as formula (42) (see sub-section 1, § 3) which was obtained under the condition that the function ϕ(x) is continuously differentiable twice and the function ψ(x) once.

For this to be true the functions φ(x) and ψ(x) must satisfy the following conditions
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in addition to the conditions of differentiability.

Thus, conditions 1° and 2° which are sufficient for our proof of the method of separation of variables are more stringent than those sufficient to ensure the existence of a solution.

In justifying the possibility of representing the solution as a superposition of standing waves we used the method of proving the convergence of the series. The method can easily be applied to a number of other problems, although it imposes stricter restrictions than necessary on the initial functions.



4. Inhomogeneous equations

Let us consider the inhomogeneous wave equation
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with the initial conditions
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and the homogeneous boundary conditions
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We shall find a solution expressed as a Fourier series in x?
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To find u(x, t) it is necessary to determine the function un(t). Let us represent the function f(x, t) and the initial conditions as Fourier series:
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Substituting the trial solution (48) in equation (45)
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we see that it is satisfied if all the coefficients of the expansion are equal to zero, i. e.
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We have obtained an ordinary differential equation with constant coefficients for un(t). The initial conditions give
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whence it follows that



[image: images]

These additional conditions completely determine the solution of the equation (50). The function un(t) can be written as



[image: images]

where
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si the solution of the non-homogeneous equation with zero initial conditions* and
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is the solution of the homogeneous equation with the given initial conditions. Thus the required solution is
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The second sum represents a solution of the problem of free vibrations of a string with the given initial conditions and was investigated earlier. The first sum represents forced vibrations of a string under the action of an external force with zero initial conditions. Using expression (49) for fn(t) we find
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where
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We want to determine the physical significance of this solution. Let the function f(ξ, τ) differ from zero only in a small neighbourhood of the point M0 (ξ0, τ0):
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The function [image: images] f(ξ, τ) represents the density of the force; the force applied to the region (ξ0, ξ0 + Δξ) is
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and
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is the impulse of this force during the time Δτ. If the mean value theorem is applied to the expression
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we have
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where
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In formula (57), going to the limit when Δξ → 0 and Δτ → 0, we get
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which can be considered as the effect of the instantaneous impulse of magnitude I.

If the function (I/[image: images]) G (x, ξ, t — τ) represents the effect of a concentrated impulse, then it is immediately obvious that the effect of the continuously distributed force f(x, t) must be represented by the formula
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which coincides with the formula (55).

The function giving the effect of a concentrated impulse for the infinite string was considered in the previous section. It is a piecewise-constant function equal to I/2a [image: images] within the upper characteristic angle for the point (ξ, τ) and zero outside this angle. The function giving the effect of the concentrated impulse for the string with fixed ends (0, l) may be obtained from the corresponding function for the infinite string by odd extension with respect to the points x = 0 and x = l.
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FIG. 23



Let us consider a moment t sufficiently close to τ, when the effect of reflections from the ends x = 0 and x = l is still not felt. The impulse function is shown in the graph given in Fig. 23. We expand this function (putting I = [image: images]) into a Fourier series in sin (πn/l) x.

The coefficients of the Fourier series will be
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Hence we obtain the formula
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which coincides with formula (56) found by the method of separation of variables.

For the values t ≥ τ when the effect of the fixed ends begins to be felt, it is cumbersome to construct the impulse function using characteristic curves; but the representation as a Fourier series is still valid.

We shall investigate the solution of the following problem without discussing the conditions of applicability of the formula obtained.


Let us consider a non-homogeneous linear equation with constant coeffcients
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and the initial conditions
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Its solution is given by the formula
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where U(t) is the solution of a homogeneous equation



[image: images]

with the initial conditions
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Calculating the derivatives of u(t) by the differentiation of the right-hand side with respect to t, we find
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Substituting these derivatives in equation (1*) we get:
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i. e. the equation is satisfied. It is obvious that the initial conditions (2*) are also fulfilled.

We can give a graphic physical interpretation of the function U{t) and the formula (3*). Usually the function u(t) represents the displacement
of some system and f(t) the force acting on this system. Let our system be in a state of rest for t < 0, and let the force be represented by the function fε(t) (> 0) which is different from zero only in the interval of time 0 < t < ε. The impulse of this force will be denoted by
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Let uε(t) be the function corresponding to fε(t) considering e as a parameter and putting I = 1. It can be shown that when ε → 0 there is a [image: images] independent of the method of selecting fε(t) and that this limit is equal to the function U(t) defined above
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if we put U(t) = 0 for t < 0. Thus the function U(t) can naturally be called the function of the effect of an instantaneous impulse.

Considering the formula (3*) and applying the mean value theorem we get
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Passing to the limit when ε → 0, we see that there is a limit
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which proves our statement.

Now let us represent the solution of a non-homogeneous equation using U(t) as the function of the effect of the instantaneous impulse. Dividing the interval (0, t) by the points τi into equal parts
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we represent the function f(t) in the form
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where
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Then the function
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where ui(t) are solutions of the equation L(ui) = fi with zero initial data

If m is sufficiently large then the function ui(t) may be considered as the function giving the effect of the instantaneous impulse with the intensity
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so that
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i.e. we arrive at the formula
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which shows that the effect of the continuously acting force may be represented by the superposition of the effects of instantaneous impulses.

In the case considered above [image: images] satisfies the equation (50) and the conditions un(0) = [image: images](0) = 0. For the impulse function U(t) we have:
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so that
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Hence (3*) we obtain the formula (52)
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The integral representation (3*) of the solution of the ordinary differ ential equation (1*), obtained above, has the same physical significance as formula (59) which gives an integral representation of the solution of the homogeneous were equation of vibrations.



5. First general boundary problem

Let us consider the first general boundary problem for the wave equation:
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with the additional conditions
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Let us introduce a new unknown function v(x, t) putting



[image: images]

so that v(x, t) represents the deviation of the function u(x, t) from some known function U(x, t) .

This function v(x, t) will be defined as the solution of the equation
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with the additional conditions
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Let us choose the auxiliary function U(x, t) in such a way that
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a simple choice would be
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The general boundary problem for the function u(x, t) is thus reduced to a boundary problem for the function v(x, t) with zero boundary conditions. The method of solution of this problem is described above (see sub-section 4).

6. Boundary problems with stationary inhomogeneities

Boundary problems with stationary inhomogeneities form a very important class of problems. Here the boundary conditions and the right-hand side of the equation do not depend on time
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In this class it is natural to look for the solution as a sum



[image: images]

where [image: images](x) is the “stationary state” defined by the conditions
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and v(x, t) the deviation from the stationary state. It is easy to see that the function [image: images](x) is
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In particular, if f0 = const. then
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The function v(x, t) obviously satisfies the homogeneous equation
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with the homogeneous boundary conditions
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and the initial conditions
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This v is a solution of the simplest boundary problem considered in sub-section 1 of the present section.

In deriving the wave equation for a string we did not consider the effect of the force of gravity. From what has been said above it follows that instead of considering the force of gravity (and generally forces independent of time) explicitly we can simply take the deviation from the stationary state.


Let us solve the simplest problem of this type with zero initial conditions :
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In this case we obtain the following problem for the function v(x, t)



[image: images]

There is no need to use the explicit analytical expression for [image: images](x) in solving this problem. We can obtain the solution directly in terms of ul, u2 and f0(x).

The expression for v(x, t) according to formula (17) is
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where
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is the eigen-function of the following boundary problem
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From the initial conditions it follows that
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and



[image: images]

The following method is very convenient for calculating this integral. Using equation (8) we find
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Let us substitute this expression in the formula for An and integrate by parts twice
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whence, considering the equation and the boundary conditions for [image: images](x), we find:
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or
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In particular, for the homogeneous equation (f0(x) = 0) we have
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It is convenient to use this method for calculating the Fourier coefficients for boundary conditions of the second and third kind and also for the boundary-value problems for an inhomogeneous string
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if the eigen-functions and eigen-values are known.



7. Steady state problems

As was shown above, the problem of the vibration of a string with arbitrary boundary conditions may be reduced to the solution of an inhomogeneous equation with zero boundary conditions.

But this method often complicates the problem when the solution may be found directly.

In studying the effect of the boundary conditions it is important to find some particular solution (of a homogeneous equation) satisfying the given boundary conditions, because calculation of the effect of the initial conditions is reduced to a solution of the same equation with zero boundary conditions.

If the boundary conditions act for a sufficiently long time, then due to friction inherent in a real physical system, the effect of the initial conditions decreases. Thus we arrive naturally at a steady state problem.

To find the solution of the equation
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with the given boundary conditions
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The term aut on the right-hand side of the equation represents friction which is proportional to the velocity.

Let us consider first the problem with periodic boundary conditions:
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It is more convenient later on if we write the boundary condition in the complex form
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If



[image: images]

satisfies the equation (61) with the boundary conditions (62) and (63) then u(1) (x, t) and u(2) (x, t) — its real and imaginary parts — satisfy separately the same equation (because of its linearity), the condition (63) and the boundary conditions at x = l
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Thus we look for a solution of the problem
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Putting
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and substituting this expression in the equation we get the following problem for the function X(x):
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[image: images]

From equation (66) and the boundary condition (67) we find:
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The condition at x = l gives
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so that
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where X1 (x) and X2 (x) arc the real and imaginary parts of X(x).

The required solution is
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where
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Passing to the limit when a = 0 we find that
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and correspondingly



[image: images]
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The functions u(1) (x, t) and u(2) (x, t) are obviously solutions of the equation



[image: images]

satisfying the boundary conditions
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For a = 0 the solution of the problem does not always exist. If the frequency of forced vibrations coincides with the eigenfrequency ωn of the vibrations of the string with fixed ends
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then the denominator in the formulae for u(1) and u(2) becomes zero and the solution of the steady state problem does not exist.

This fact has a simple physical significance: when resonance sets in, no steady state exists. The amplitude increases without limit as t increases.

When friction is present (a ≠ 0) a steady state is possible for any ω.

It f(t) is a periodic function which can be represented as a series
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where 2π/ω is the period and An and Bn Fourier coefficients then the solution of the problem for the case a = 0 is
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provided none of the frequencies ωn coincide with the eigenfrequencies of the string with fixed ends.

If f(t) is a non-periodic function then by resolving it into a Fourier’s integral, it is possible to obtain a solution in the integral form by a similar method.

It should be noted that the solution of the steady state problem with a = 0 is not determined uniquely if no additional conditions are imposed. By adding to the solution any combination of standing waves



[image: images]

where An and Bn are arbitrary constants we obtain a function satisfying the same equation and the same boundary conditions.

To obtain a unique solution of the problem (I) for a = 0, we introduce the additional condition of “vanishing friction”.

We say that the solution of the problem (II) satisfies the condition of “vanishing friction” if it is a solution of the problem (I) when a → 0.

The problem can be solved similarly if the end x = l is fixed and the boundary conditions are given for x = 0.

The solution of the general steady state problem
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is determined as a sum of two terms each of which satisfies inhomogeneous boundary conditions at one end and zero boundary conditions at the other.


We shall prove the uniqueness of a bounded solution of the steady state problem for equation (61). We assume the continuity of the solution together with its derivatives up to the second order in the region 0 ≤ x ≤ l, — ∞ < t < t0 inclusively, if the boundary conditions
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are defined for —∞ < t < t0.

Let u1(x, t) and u2(x, t) be two bounded solutions of problem (I), then
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The difference of these functions
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is bounded (|v| < 2M), satisfies the equation (61) and the homogeneous boundary conditions
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The Fourier coefficients for the function v
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satisfy the equation
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since the second derivatives of the function v(x, t) are continuous for 0 ≤ x ≤ l.

The general solution of equation (*) is
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where [image: images] and [image: images] are roots of the characteristic equation,
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Only two cases are possible: (1) the roots are real and negative, (2) the roots are complex and have a negative real part. Hence it follows that any solution (**) of equation (*) is either identically equal to zero, or increases in absolute value without limit when t → —∞. In our case |vn| < 4M for and hence vn = 0 for all n.

Thus
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8. Concentrated force

Let us consider the problem of vibrations of a string under the action of a concentrated force applied at the point x = x0. If the force is distributed over a certain region (x0 — ε, x0 + ε) then the solution is found from formula (55). Making the limiting transition when ε → 0, the solution of the given problem may be obtained.

On the other hand, while deducing the equation of vibrations we saw [see (8), sub-section 1, § 1] that at the point x0 where the concentrated force is applied, the first derivative becomes discontinuous but the function itself remains continuous. The solution of the problem u(x, t) of vibrations of a string under the action of a force concentrated at the point x0 may be represented by two different functions:
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These functions should satisfy the equation
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the boundary and initial conditions
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and the connecting conditions at the point x = x0 consisting of the condition of continuity of the function u(x, t) :
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and of the condition relating the magnitude of the discontinuity with the force f(t) acting at the point x0:
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There is no need to worry about satisfying the initial conditions. If we find the particular solution of the equations (76) satisfying the boundary condition (77) and also (78) and (79), then by adding to it a solution of the homogeneous wave equation we can always satisfy the given initial conditions.

Let us consider the particular case
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and find the steady state solution satisfying the boundary conditions. We look for the solution in the form
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From equation (76) it follows that:
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The functions X1 and X2, moreover, should satisfy the boundary conditions
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which follow from (77) and the connecting conditions
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which follow from (78) and (79).

From equation (80) and conditions (81) we find:
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the connecting conditions (82) give:
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Determining the coefficients C and D from these we obtain:
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A similar solution is obtained when f(t) = A sin ωt.

Thus we have the solution for the case f(t) = A cos ωt or f(t) = A sin ωt. If f(t) is a periodic function with period 2π/ω
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then obviously
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If the function f(t) is not periodic then by representing it as a Fourier integral the solution may be obtained in integral form by a similar method.

Resonance arises if one denominator in the functions (83) is equal to zero
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i.e. if the spectrum of frequencies of the exciting force contains one of the natural frequencies of vibration.

If the point of application of the force x0 is one of the nodes of the standing wave corresponding to free vibration with the frequency ωm, then
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The numerators of the corresponding terms for u become zero and resonance does not occur. If the point of application of the force acting with a frequency ωm is an antinode of the corresponding standing wave with the frequency ωm, then
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and the resonance phenomenon is a maximum.

9. General scheme of the method of separation of variables

The method of separation of variables is applicable not only to the wave equation of a homogeneous string utt = a2uxx but also to the more general wave equation



[image: images]

Let us consider, for example, the first boundary problem for equation (84)
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Here k, q and [image: images] depend on x and are positive (k > 0, [image: images] > 0, q ≥ 0).* Let us solve this problem by the method of separation of variables. To find the particular solutions we investigate the auxiliary problem:

Find a non-trivial solution of equation (84) satisfying the boundary conditions
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and which can be represented in the form of a product
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Substituting the proposed form of the solution in the equation and using the boundary conditions we get, after separation of variables:
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We get the following eigen-value problem for the function X(x):

Find the values of λ called eigen-values for which non-trivial solutions of the problem
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exist, and determine the corresponding eigen-functions.**

Let us formulate the fundamental properties of the eigenfunctions and the eigen-values of the boundary-value problem (87) and (88).

1. There is a denumerable set of eigen-values λ1 < λ2 < …… < λn … which correspond to non-trivial solutions of the problem — the eigen-functions X1 (x), X2 (x), …, Xn(x) ..

2. When q ≥ 0 all the eigen-values of λn are positive.

3. The eigen-functions form an orthogonal set with the weight [image: images](x) on the segment 0 ≤ x ≤ l:
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4.(V. A. Steklov’s Theorem of Expandability.) If the arbitrary function F(x) is continuously differentiable and satisfies the boundary conditions F(0) = F(l) = 0, it can be expanded into a uniformly and absolutely converging series of eigen-functions {Xn(x)}:
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The proof of the statements 1 and 4 is usually based on the theory of integral equations and we shall not give it here. In the present sub-section we shall deal with the proofs of the properties 2 and 3.

Before giving proofs of these properties we shall derive the formula known as Green’s formula. Let u(x) and v(x) be arbitrary functions which can be differentiated twice in the interval a < x < b and having a continuous first derivative in the segment a ≤ x ≤ b. Let us consider the expression
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Integrating this equation with respect to x from a to b, we get Green’s formula
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Now we can prove property 3. Let Xm (x) and Xn (x) be two eigen-functions corresponding to the eigen-values λm and λn. Putting u = Xm (x), v = Xn (x) and remembering the boundary conditions (88) we have*:
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whence, using equation (87) we get:
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Thus, if λn ≠ λm we have the condition
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expressing the orthogonality with the weight [image: images](x) of the eigen-functions Xm (x) and Xn (x). We shall now prove that each eigen-value corresponds to only one eigen-function† (except for a constant multiplier). Any eigen-function is defined uniquely as the solution of a differential equation of the second order from the value of the function itself and its first derivative at x = 0 Assuming the existence of two functions [image: images] and [image: images] which correspond to the same value of λ and become zero at x = 0 and taking the function
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we see that this function satisfies the same equation (87) and the same initial conditions as the function [image: images](x);
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This proves that X*(x) = [image: images](x) and
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It should be noted that in the course of the proof we have used the condition [image: images]′(0) ≠ 0 which is fulfilled, since the solution of the linear equation (87) defined by the initial conditions
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is identically equal to zero and thus cannot be an eigen-function.

Because of the linearity and homogeneity of the equation and the boundary conditions it is obvious that if Xn (x) is an eigen-function for the eigen-value λn, the function AnXn (x) (An is an arbitrary constant) is also an eigen-function for the same λn. It was proved above that this completely exhausts the class of eigen-functions. Eigen-functions differing only by a factor are considered essentially the same. To remove ambiguity in the selection of the factor, the eigen-functions may be subjected to the normalization requirement
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If some function Xn(x) does not satisfy this requirement it can be “normalized” by multiplying by a coefficient An,
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Thus the eigen-functions {Xn (x)} of our boundary problem (87—88) form an orthogonal and normalized system
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Let us pass on to the proof of the property 2. We shall prove that λ > 0 when q ≥ 0. Let Xn (x) be an eigen-function corresponding to the eigen-value λn, so that
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Multiplying both parts of this equation by Xn (x) and integrating with respect to x from 0 to l, we obtain:
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or
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since the function Xn (x) is assumed to be normalized. Integrating by parts and using the boundary conditions (88) we obtain:
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whence it follows that
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Since k(x) > 0 and q(x) ≥ 0.

Leaving aside the proof of the theorem of expandability, we shall deal briefly with the calculation of the coefficients of expansion.

It is easily seen that
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Multiplying both sides of the equation
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by [image: images](x) Xn (x), integrating with respect to x from 0 to l and remembering the orthogonality of the eigen-functions we obtain the expression given above for the coefficients Fn (Fourier coefficients).

Let us now return to the partial differential equation. The function T(t) satisfies the equation
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without any additional conditions. Because of the positive sign of λn (as proved) its solution has the form
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where An and Bn are undetermined coefficients. Thus the auxiliary problem has an infinite number of solutions of the form
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Finally we consider the problem with given initial conditions. We look for a solution in the form
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The formal method of satisfying the initial conditions (86) is based on the theorem of expandability [4] and is carried out exactly as in the case of the homogeneous string. From the equations
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FIG. 24
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we find that
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where φn and Ψn are the Fourier coefficients φ(x) and Ψ(x) on resolving into a system of functions {Xn (x)} which are orthogonal with the weight [image: images](x) We have considered only the general scheme of the method of separation of variables and have not given conditions for its applicability.

V. A. Steklov’s work on establishing this method is fundamental.*

Problems


1. Find the function u(x, t) describing the vibration of a string (0, 1) fixed at the ends and excited (Fig. 24) by pulling it at the point x = c so that u(c, 0) = h (see Appendix I).

2. A string fixed at the ends is pulled at the point x = c with a force F0. Find the subsequent vibrations of the string if at the initial moment the force ceases to act.

3. Find the function u(x, t) describing the vibration of a string (0, 1) fixed at the ends and excited by an impulse K distributed on the segment (c — δ, c + δ): (a) uniformly, (b) according to the law v0 cos [image: images] (see Appendix I).

4. Find the function u(x, t) describing the vibrations of a string (0, l) fixed at the ends and excited by an impulse K applied at the point x = c (see Appendix I).

5. Prove that the energy of different harmonics is additive for vibrations with the boundary conditions u = 0, ux = 0. Consider also the case of the boundary condition ux + hu = 0 (all series are to be assumed to converge uniformly). Calculate the energy of the different harmonics in the problems 1, 2, 3, 4.

6. A spring fixed at one end at the point x = 0, is stretched by a load of mass M suspended at the point x = l. Find the vibrations of the spring if at t = 0 the load falls off and no further forces act on the end x = l.

7. One end of the rod is fixed and a force F0 acts on the other. Find the vibrations of the rod if at t = 0 the force ceases to act.

8. Find the vibrations of a spring, which has one end fixed and has a load of mass M suspended from the second end at the initial moment. The initial conditions are zero.

9. A homogeneous string has the ends x = 0 and x = l fixed and mass M is attached at the point x = c. Find the deflection of the string u(x, t) if: (a) at the initial moment the string is pulled at the point x = c a distance h from the equilibrium position and released without initial velocity, (b) the initial deflection and initial velocity are zero (see Appendix III).

10. Find the vibrations of a spring with free ends under uniform initial tension (give a model of this problem).

11. Find the vibrations of a spring whose ends are attached elastically with identical coefficients of rigidity (i. e. ux + hu = 0 at x = 0 and x = l) if the initial conditions are arbitrary.

Investigate the solution for small h ((“loose” attachment) and large h (“rigid” attachment) and calculate the corresponding corrections to the eigen-values for a string with free and fixed ends.

12. Find the vibrations of a string u(x, t) with fixed ends, if the vibrations occur in a medium which gives a resistance proportional to the velocity. The initial conditions are arbitrary.

Answer :



[image: images]

13. An insulated electrical wire of length L with the characteristics L, R, C and G = 0 is charged to some constant potential v0. At the initial moment one end of the wire is earthed and the second remains insulated. Find the distribution of potential in the wire.

Answer :
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14. A string with fixed ends vibrates under the action of a harmonic force distributed with a density f(x, t) = Φ(x) sin ωt. Find the deflection u(x, t) under arbitrary initial conditions. Investigate the possibility of resonance and find the solution in the case of resonance.

15. Solve problem 14 assuming that vibrations occur in the medium with resistance proportional to the velocity. Find the steady vibrations forming the main part of- the solution for t → ∞.

16. A vertical elastic rod of length l is attached rigidly at its upper end to a freely falling lift which, having attained the velocity v0, stops instantaneously. Find the vibrations of the rod, assuming that its lower end is free.

17. Solve the equation
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with zero initial conditions and the boundary conditions
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where b, A and B are constants.

18. Solve the differential equation
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with zero initial conditions and the boundary conditions
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where A, B and C are constants.

19. To a homogeneous string with rigidly attached ends x = 0 and x = l a harmonic force is applied
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acting from the moment t = 0 at the point x = c (0 < c < l). Find the deflection of the string u(x, t) assuming the initial conditions to be zero.

20. Solve the problem of vibrations of a non-homogeneous rod of length l with fixed ends, composed of two homogeneous rods, joined at the point x = c(0 < c < l)if the initial deflection is
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and the initial velocities are zero.

21.Find the steady vibrations of a spring one end of which is fixed and which has a force acting on the other end
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22. Find the steady vibrations of an inhomogeneous rod consisting of two homogeneous rods joined at the point x = c if one end of the rod is fixed and the second moves according to the law
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§ 4. Problem with data on characteristics

1. Formulation of the problem

We shall consider a number of problems which are developments of the first boundary-value problem for the wave equation. For simplicity we shall study the phenomena near an end, considering the other end to be removed to infinity, i. e. as an initial problem we shall take the problem for a semi-infinite straight line. .

The wave equation ut′t′ = a2uxx is symmetrical with respect to the variables x and t if we put a2 — 1, i. e change the time-scale introducing the variable t = at′. But the additional conditions introduce asymmetry in the mathematical interpretation of x and t; in the initial conditions (at t = 0) two functions u(x, 0) and ut (x, 0) are specified while in the boundary conditions (at x = 0) only one function u(0, t) is given.

As pointed out in § 2, sub-section 7, there is a relation
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which holds for an arbitrary value of z. Hence it follows that at x = 0 and t = 0 all these functions cannot be given independently. Only three conditions are arbitrary which indicates that a symmetrical formulation of additional conditions is impossible.

The additional conditions may be given either on the lines x = 0, t = 0 (we have dealt with problems of this type before) or on some curves in the phase plane. For example, the boundary values may be given on some curve C1 (x = f1 (t)); but in order that the problem may be soluble the curve C1 must satisfy certain conditions besides being sufficiently smooth.

Let us consider the vibrations of a gas in a tube with a movable boundary (movable piston) The velocity of displacement of the boundary, moving according to the law x = f1 (t), cannot be completely arbitrary. It should not exceed the velocity of sound a [image: images]. A geometrical consequence of this is that the curve C1 (x = f1 (t)) should lie above a characteristic curve passing through the intersection of C1 with the line t = 0 on which initial values are given (Fig. 25). If even at one point the line C1 lies below the characteristic x = at, the value of the function f1 (t) will be determined by the initial conditions and can not be given arbitrarily. The physical significance of this is that when the gas moves with the velocity exceeding the velocity of sound the equation of acoustics loses its validity and nonlinear equations of gas dynamics* have to be used.

The initial conditions may be given not only on the axis t = 0, but also on some line C2 (t = f2 (x)) which must satisfy the requirement |f′(x)| < 1/a. Problems of this type can be solved easily with the help of the integral wave equation (see § 2, sub-section 7).

Since it is not our aim to give a complete list of all possible boundary problems, let us consider in further detail the problem of determining the solution from data on characteristics. This boundary problem is often called Goursat’s problem. A problem with data on characteristics is of great interest from the point of view of physical applications. It occurs, for example, in the study of processes of absorption and desorption of gases (see Appendix V), drying processes (see problem 2) and many other problems.
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FIG. 25



2. Method of successive approximations

Let us consider the simplest problem with data on characteristics
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The additional conditions are given for the straight lines x = 0 and y = 0 which are characteristics of equation (1). Let us assume that the functions φ1 (x) and φ2 (y) are differentiable and satisfy the connecting condition φ1 (0) = φ2 (0). Integrating equation (1) with respect to x and y successively we get:
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or
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Thus for the simplest equation not containing the first derivatives of ux, uy of the required function, the solution can be represented in an explicit analytical form (2). The uniqueness and the existence of the solution follow directly from formula (2).

We now look for a solution of the general linear equation of hyperbolic type
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under the additional conditions given on the characteristics x = 0, y = 0
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where φ (x) and φ(y) satisfy the conditions of differentiability and conjugation. We shall assume the coefficients a, b and c to be continuous functions of x and y.

Formula (3) shows that the functions u(x, y) satisfy the integral-differential equation
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We use the method of successive approximations for its solution. As zero approximation let us take the function
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Then (4) gives the following expressions for the successive approximations:
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Let us point out incidentally that
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We shall prove the uniform convergence of the sequences
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To do this we consider the differences
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Let M be the upper limit of the absolute values of the coefficients a(x, y), b(x, y), c(x, y) and H the upper limit of the absolute values of z0 and its derivatives
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on varying x and y within some square (0 ≤ x ≤ L, 0 ≤ y ≤ L). Let us find upper bounds for the functions zn, [image: images]. It is obvious that
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Let us assume that the relations exist
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where K > 0 is some constant number whose value we shall specify below. Using these and the formula for the (n + l)th approximation we get after a series of simplifications all of which increase the inequality:
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if we put



[image: images]

The terms on the right-hand sides of these equations are, except for a multiplier, the general terms of the expansion of e2KLM. These estimates show that the sequence of functions
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converge uniformly to limiting functions which we denote by
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Passing to the limit the formulae (5) and (6) become
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Hence the following equations hold



[image: images]

and we have established that the function u(x, y) satisfies the integro-differential equation
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and alc?o the initial differential equation (3) as can be verified directly by the differentiation of (4) with respect to x and y. The function u(x, y), satisfies the additional conditions also. Let us now prove the uniqueness of the solution. Assuming the existence of two solutions u1(x, y) and u2 (x, y), we see that their difference
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obeys the homogeneous integro-differential equation
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Further, denoting by H1 the upper bound of the absolute values
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for 0 ≤ x ≤ L, 0 ≤ y ≤ L and repeating the estimate made for the functions zn (x, y) we verify that the inequality
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holds for any value of n. Whence it follows that
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which proves the uniqueness of the solution of the problem with data on characteristics.

If the coefficients a, b and c are constants then the equation (3) can be simplified by substituting
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to the form
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For C1 = 0 we obtain the simplest equation (1), the solution of which is given by the formula (2).

If C1 ≠ 0 the solution of the problem for equation (8) can also be obtained in an explicit analytical form by a method to be described in § 5.

Problems


1. Air is blown (with a velocity v) through a tube (x > 0) filled with a substance containing moisture. Let v(x, t) be the concentration of moisture in the absorbing substance,’ u(x, t) the concentration of free vapour. Derive an equation for the functions u(x, t) and v(x, t) describing the process of drying, if: (1) the process is isothermal, and (2) the isotherm of drying has the form u = γv, where γ is the constant of the isotherm (see also Appendix V).

2. Hot water is passed with a velocity v along a tube (x > 0). Let u be the temperature of water in the tube, v the temperature of the walls of the tube, u0 the temperature of the surrounding medium. Derive the equations for u and v, neglecting the temperature distribution over the section of the tube and the walls and considering that there is a drop in temperature at the boundaries water-wall and wall-medium and heat transfer takes place according to Newton’s law (see Chapter III, § 1).



§ 5. Solution of general linear equations of the hyperbolic type

1. Conjugate differential operators

Let us establish some auxiliary formulae required for representing solutions of boundary problems in integral form. Let
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[a(x, y), b(x, y), c(x, y) are differentiable functions] be a linear differential operator corresponding to a linear equation of the hyperbolic type. Multiplying [image: images][u] by some function v, let us write the different terms in the form



[image: images]

Summing up the different terms we get
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where



[image: images]
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Two differential operators are called conjugate if the difference
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is the sum of the partial derivatives with respect of x and y of some expressions H and K.

The operators [image: images] and [image: images] considered here are obviously conjugate.

If [image: images][u] = [image: images][u] then the operator [image: images][u] is called selfconjugate.

The double integral of the difference v [image: images][u] — u [image: images][v] over some region G bounded by a piecewise smooth contour C is
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where u and v are arbitrary doubly differentiable functions (Green’s formula).

2. Integral form of solution

We shall use formula (6) for the solution of the following problem:

Find the solution of the linear equation of the hyperbolic type
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satisfying the initial conditions on the curve C,
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(un is the derivative along the direction of the normal to the curve).

The curve C is given by the equation
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where f(x) is a differentiable function. Let us impose on the curve C the condition that any characteristic curve of the families y — x = const, and y + x = const, should intersect the curve C not more than once (for this it is necessary that |f′(x) < 1). Formula (6) for the curvilinear triangle MPQ bounded by the arc PQ of the curve C and the segments of the characteristics MP and MQ (Fig. 26) gives:
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FIG. 26
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Let us transform the first two integrals taken along the characteristics MQ and MP. Taking into consideration that
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and using the formulae (4) and (5) we get:
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and similarly
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Hence and from formula (6) it follows
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This formula is an identity which is true for any sufficiently smooth functions u and v.

Let u be a solution of equation (7) with the given initial conditions. The function v depends on the point M and satisfies the following requirements:
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and
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From the conditions on the characteristic curves and the last equation we find:
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where s0 is the value of s at the point M. As we saw in § 4, equation (9) and the values of the function v on the characteristic curves MP and MQ completely define it in the region MPQ. The function v is often called Riemann’s function.

Thus, formula (8) for the function u satisfying equation (7) assumes the following final form:
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This formula solves the given problem, since expressions under the sign of the integral along PQ contain functions known on the arc C. The function v was defined above and the functions
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can be calculated from the initial data.

Formula (10) shows that if the initial data are known on the arc PQ they define the function completely in PMQ if the function f(x, y) is known on this region.

Formula (10), obtained by assuming the existence of a solution, determines the solution from the initial data and f(x, y). This proves the uniqueness of the solution (cf. D’Alembert’s formula, Chapter II, p. 45).

It may be shown that the function u defined by the formula (10) satisfies the conditions of the problem, but we shall not do this here.

3. Physical interpretation of Riemann’s function

We want to find the physical significance of the function v(M, M′). To do this we look for the solution of the inhomogeneous equation
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with zero initial conditions on the curve C. Using formula (10) we see that the required solution is
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Let us suppose that f1(M) is equal to zero everywhere except in the small neighbourhood Sε of the point M1 and satisfies the normalization condition
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The preceding formula in this case becomes



[image: images]

and using the mean value theorem we get
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where [image: images] s some point of the region Sε.

Contracting the ε-neighbourhood Sε at the point M1 (ε → 0) we find:
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The function f1, as we saw in a number of examples, is usually the force density and the variable y the time. The expression
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is the impulse of the force. Hence, by virtue of formula (11) we conclude that v(M, M1) is the function giving the effect of a concentrated impulse applied at the point M1.

The function v(M, M1) = v(x, y; ξ, η) was defined as a function of the parameters M(x, y) satisfying the equation
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in the coordinates ξ, η of the point M1, with the additional conditions (9a).

Let us consider the function
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which is a function of the parameters M1(ξ, η) and satisfies the equation
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in the coordinates x, y of the point M, and also the additional conditions
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From these conditions we find
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Equation (17) and condition (18) completely define the function; u is the quadrilateral MP1M1Q1 bounded by the segments of the characteristics MP1 MQ1 and MP1 M1Q1 (Fig. 27).
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FIG. 27



Applying formula (6) to the quadrilateral MP1M1Q1 we find:
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Using formulae (4) and (5) for K and H and the conditions (9a) on the characteristic curves for the function v, we can calculate the first two integrals of the right-hand side
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as was done while deducing formula (10).

Similarly using equations (4′), (5′) and the conditions (19) for the function u(M, M1) on the characteristic curves we find:
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Summing up these equations we get
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or
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since
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Thus we see that the function giving the effect of the impulse concentrated at the point M1 may be defined as the solution of the equation
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with the additional conditions (18).

4. Equations with constant coefficients

As the first example of application of formula (10) let us consider the problem of the equation of vibrations of a string with initial conditions:
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In formula (10) the arc PQ is a segment of the axis y = 0. The operator
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is self-conjugate since



[image: images]

As a = 0 and b = 0 the function v on the characteristic curves MP and MQ is equal to unity. It follows that
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for any point M′ inside the triangle PMQ.

Next, remembering that in our case
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we substitute in formula (10) and get the equation:
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Noting that P = P(x — y, 0), Q = Q(x + y, 0), where x and y are coordinates of the point M = M(x, y) and using the initial conditions we have:
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Returning to the variables x and t we obtain the formula
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which we have already met in sub-section 7, § 2.

As the second example we shall consider the equation with constant coefficients
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The substitution
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allows reducing the equation (21) to a simpler form
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with the additional conditions
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if the parameters λ and μ are chosen suitably, putting
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In order to find the function U(x, y) from the initial data and equation (25) we calculate Riemann’s function v(x, y, ξ, η).

The function v should satisfy the conditions
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We shall look for v in the form



[image: images]

where
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On the characteristic curves MP and MQ the variable z vanishes so that v(0) = 1. Further, the left-hand side of equation (27) is transformed as follows:
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FIG. 28
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Differentiating the expression for z2 twice, with respect to x and y, we get
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Hence from formula (30) we find
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The equation for v assumes the following form:
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with the condition v(0) = 1. The solution of this equation is a Bessel function of zero order (see Supplement, Part I, § 1)
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or
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We shall now make use of formula (10) which in our case becomes



[image: images]

to find u(x, y).

Let us first calculate the integral over the segment PQ (η = 0):
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Using the initial conditions (22′, 23′) we find:
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whence, because of (24), (22′) and (23′),
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which gives the solution of the problem.

Let us consider the particular case a = 0, b = 0, i. e. the equation
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From formula (35) we obtain at once
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Putting c1 = 0 and y = at we arrive at D’Alembert’s formula
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giving the solution of the simple wave equation
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under the initial conditions



[image: images]

Problems on Chapter II


1. Solve problem 1 from § 4 assuming that initially the concentration of moisture is constant along the entire tube and a current of dry air is being supplied at the inlet.

2. Solve problem 2 from § 4, taking the initial temperature of the system to be equal to u0 and the temperature at the end of the tube to be constantly maintained at v0 > u0.

3. Solve the system of telegraphic equations (see § 1 [21]):
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for an infinite line under the initial conditions
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Hint. Reduce the system of equations (§ 1 [21]) to an equation of the second order for one of the functions i(x, t) or v(x, t) , for example
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with the initial conditions
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and then use the formula (35).

4. Investigate the solution of the telegraphic equation obtained [formula (35)] for the case of small G and R. Consider the limiting case G → 0, R → 0 and obtain D’Alembert’s formula for the solution of the simple wave equation.




APPENDICES TO CHAPTER II



I. Vibrations of strings of musical instruments

A vibrating string excites vibrations of the air which are perceived by the ear as sound. The intensity of the sound is characterized by the energy or the amplitude of the vibrations, the tone by the period of the vibrations and the timbre by the ratio of the energies of the fundamental tone and of the overtones.* We will not dwell on the physiological processes of perception of sound and the transmission of sound through air, but shall characterize the sound of the string by its energy and period and the distribution of energy over the overtones.

Transverse vibrations of strings are usually excited in musical instruments. We distinguish three types of stringed instruments: bowed string, plucked string and struck string. In struck string instruments (e. g. piano) the vibration is excited by a blow which imparts an initial velocity without initial deflection. In plucked stringed instruments (e. g. harp, guitar) the vibrations are excited by imparting a certain initial deflection without initial velocity.

Free vibrations of a string excited by any method may be represented in the form (see Chapter II, § 3).
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As an exercise to § 3 we set problem 1, which involves the simplest theory of excitation of plucked string instruments. The solution of this problem shows that if the initial deflection of the string is represented by a triangle with the height h at the point x = c (Fig. 29) then,



[image: images]

The energy of the nth harmonic is
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and is proportional to 1/n2.

In problem 4 of § 3 we consider the simplest theory of excitation of a string by striking a blow with impulse K at the point c. The solution of this problem is
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Thus when the string is excited by a blow concentrated in a small interval of length δ, the energies of the different harmonics (for which δ is small compared to the distance between the nodes)
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FIG. 29



will differ only slightly. The tone emitted by the string will be saturated with overtones. This conclusion is easily verified experimentally. If a stretched string is struck with the blade of a knife the string tinkles: the sound is saturated with overtones. In a piano the string is excited by a blow of a hammer wrapped in leather. Such an excitation can be represented approximately by one of the following schemes:

1.The string is excited by imparting a constant initial velocity v0 in the interval (c — δ, c + δ). This case corresponds to a plane, rigid hammer having a width 26 and striking at the point c. The process of vibration is described by the function (see problem 3, § 3)
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and the energies of the different harmonics are
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2. The string is excited with an initial velocity
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This case corresponds to a rigid, convex hammer of width 2δ. Such a hammer excites the maximum initial velocity at the centre of the interval 2δ. This can be described schematically by the function given above. The vibration excited has the form (see problem 3, § 3)
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and the energies of the harmonics are
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3. The hammer exciting vibrations in a string is not ideally rigid. In this case the vibrations are not determined by the initial velocity but by a force varying with time. We get an in homogeneous equation with the force F(x, t) given. For example, the force might be
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The solution of this equation for t > τ is
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These examples show that the width of the interval over which the blow is delivered and the duration of the blow have a very considerable effect on the energy of the high overtones. Moreover the presence of the factor sin(n π/l)c shows that if the centre of the blow of the hammer occurs at a node of the nth harmonic the energy of the corresponding harmonic is zero.

The presence of high overtones (beginning from the 7th) disturbs the harmonicity of the sound and causes the feeling of dissonance.* The presence of low overtones, on the other hand, produces a fulness of sound. In a piano the position of the hammer is selected close to the end of the string between the nodes of the 7th and 8th overtones in order to reduce their energy. By adjusting the width and rigidity of the hammer an attempt is made to increase the relative energy of the low (3rd and 4th) overtones. Old types of pianos with a sharp, even a tinkling sound, used narrow, rigid hammers.



II. Vibrations of rods

In courses of methods of mathematical physics fundamental importance is given to equations of the second order. But a large number of problems of the vibrations of rods, plates, etc., lead to equations of a higher order.

As an example of equations of the fourth order let us consider the problem of natural vibrations of a tuning fork, which is equivalent to the problem of vibrations of a thin rectangular rod clamped at one end. The study of the vibrations reduces to a solution of the equation
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This equation occurs in many problems on the vibrations of rods, in the calculation of the stability of rotating shafts and also in the study of the vibration of ships.
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FIG. 30



We shall give an elementary derivation of equation (1). Let us consider a rectangular rod of length l(0 ≤ x ≤ l) of height h and width b (Fig. 30). We consider an element of length dx. After bending the end sections of this element of the rod, assumed to be plane, form an angle dφ. If the deformations are small and the length of the axis of the rod does not change on bending (dl = dx), then
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A layer of material at a distance η from the axis of the rod y = 0 changes its length by the amount ηdφ (Fig. 31). According to Hooke’s law the tensile force acting along the layer is
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where E is the Young’s modulus of the material. The total bending moment of the forces acting in the section x is
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where
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is the moment of inertia of the rectangular section about a horizontal axis through the centre of mass of the section. Let us denote by M{x) the moment acting on the left-hand portion of the rod at each section. At the section x + dx the moment of tensile forces is equal to ’(M + dM). The excess moment ’dM is balanced by the moment of the tangential forces,
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FIG. 31
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Hence, from equation (2) we obtain the magnitude of the tangential force
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Equating the resultant force acting on the element
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with the product of the mass of the element and its acceleration
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where [image: images] is the density of the rod, S is the area of the crosssection (we neglect the rotating motion), we obtain the equation of transverse vibrations of the rod
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The boundary conditions for the fixed end x = 0 are that the rod should be stationary and the tangent horizontal
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At the free end the bending moment (2) and the tangential force (3) should become zero, whence it follows that
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To define the motion of the rod completely, the initial conditions — initial deflection and initial velocity — must be given.
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Thus the problem is i educed to a solution of the equation (1) with the boundary conditions (4), (5) and the initial conditions (6).

We shall solve the problem by the method of separation of variables, putting
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Substituting the suggested form of the solution in (1) we have:
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We obtain an eigen-value problem for the function Y(x)
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The general solution of equation (8) is
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From the conditions Y(0) = 0, Y′ (0) = 0 we find C = —A, D = —B. Hence it follows that
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The conditions Y″(l) = 0 and Y′″(l) = 0 give
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This homogeneous system has non-trivial solutions A and B if the determinant of the coefficient is zero. Equating this determinant to zero we obtain the transcendental equation for the eigen-values



[image: images]

Since cosh2 x — sinh2 x = 1 this equation may be written in the form
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The roots of equation (10) can be calculated numerically*
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The last formula gives the value of μn correct up to the third decimal place, beginning from n = 3 and correct up to the sixth decimal for n ≥ 7.

Let us now find the natural frequencies of the tuning fork. The equation
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is satisfied by the trigonometric functions
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with the frequency
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The frequencies vn of the natural vibrations are proportional to the squares of μn. Since
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the second natural tone is higher than the fundamental tone by more than two and a half octaves, i.e. higher than the sixth harmonic of the string when the fundamental tone is the same; the third natural vibration is higher than the fundamental tone by more than four octaves. For example, if the tuning fork has a fundamental frequency of 440 vibrations per second (accepted standard for a′ — “la” notes of the first octave) the next natural frequency of the tuning fork will be 2757.5 vibrations per second (between c′′ = 2637.3 and f′′= 2794.0 — between the notes “me” and “fa” of the fourth octave of the uniformly moderated scale), the third natural frequency of 7721.1 vibrations per second is already beyond the limits of the scale of the properly musical sounds.

When vibrations of the tuning fork are excited by a blow, not only the first but also the higher harmonics are present, which explains the metallic sound at the initial moment. But in course of time the higher harmonics are damped rapidly and the tuning fork emits a pure note of the fundamental tone.



III. Vibrations of a loaded string

1. Formulation of the problem

Let us consider the problem of vibrations of a string (0,l) fixed at the ends, at certain points of which x = xi (i = 1, 2, … …, n) are placed concentrated masses Mi.

The conditions at the point xi may be obtained in two ways. If a concentrated force Fi (t) is applied at the point xi (i = = 1, 2, …, n) then the following relations must be satisfied
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In this case Fi is the force of inertia. Substituting in formula (2)
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we get
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Another derivation of condition (3) is also possible. Let us distribute the mass Mi over the region (xi — ε, xi + ε) with the constant density δi and use the equation of vibrations for the non-homogeneous string
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where [image: images] is the density of the string. Let uε (x, t) be the solution of this equation.

Integrating equation (4) with respect to x within the limits xi — ε and xi + ε and making the limiting transition for ε → 0 we shall obtain the condition (3) for the function u(x, t) = [image: images]. We shall not deal with the justification for the limiting transition.

Let us formulate our problem completely:

Find the solution of the equation of vibrations
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which satisfies the boundary conditions
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the conjugation conditions (3) at the points x = xi



[image: images]

and the initial conditions
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where φ(x) and Ψ(x) are given functions.

2. Natural vibrations of a loaded string

We shall deal first with the investigation of the natural frequencies and the profile of the standing waves for the loaded string. To do this we must find a solution of the given problem which can be represented in the form of a product
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Substituting this expression in equation (5) and using the boundary conditions we obtain after separation of variables
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and
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The conjugation conditions give:
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Taking equation (10) into consideration, we rewrite the latter relation in the form
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Thus for the function X(x) we get the following eigen-value problem
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The distinctive feature of this boundary-value problem is that the parameter λ enters not only the equation but also the additional conditions.

Let us derive the orthogonality conditions of the eigenfunctions
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As was shown in Chapter II (see § 3), the eigen-functions for the boundary problem
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are orthogonal with the weight [image: images] for the interval (0, l):
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Distributing each mass Mi with a constant density δi over some interval xi — ε < x < xi + ε, where ε > 0 is a small number, we arrive at the problem of natural vibrations of a non-homogeneous string with the density [image: images]ε(x). Let λεn and (Xεn(x)} be eigen-values and eigen-functions of this problem. The orthogonality condition must be fulfilled
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Separating in equation (15) the integrals over the regions (xi — ε, xi + ε) and making the limiting transition when ε → 0, we shall obtain the orthogonality relation*
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We again leave the question of justifying this transition.

The condition of orthogonality (16) may also be obtained from the equation and the conditions (11)–(13). Let Xm (x) and Xn (x) be the eigen-functions of the problem (1) corresponding to the eigen-values λm and λn satisfying the equations
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Let us multiply the first equation by Xn (x), the second by Xm (x) and subtract the second equation from the first. Integrating the equation obtained successively over the regions (0, x1); (x1, x2); …; (xk, l) and adding we have:
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putting x0 = 0, xk+1 = l. Carrying out the integration in each term of the sum and combining terms corresponding to the substitutions x = xi — 0 and x = xi + 0 we obtain a sum of terms of the type
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The substitutions for x = 0 and x = l in this case give zero because of the boundary conditions.

To calculate Ai we make use of the conjugation conditions
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Rewriting Ai in the form
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and using formula (13) we find
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Now equation (17) may be written as
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If λm ≠ λn, the condition of orthogonality (16) follows immediately from this.

The norm of the eigen-functions Xn (x) is determined from the formula
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We shall not give proofs of the existence of an infinite number of eigen-values and eigen-functions, the positive sign of the eigen-values, the theorems of expandability. This boundary problem like problems of the usual type considered by us in § 3 of Chapter II is reduced to a certain integral equation which in this case is an integral equation in Stieltje’s integrals.

It is obvious that in the expansion of some function f(x) into a series
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the coefficients of expansion will be defined by the formula
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The problem with initial conditions given in sub-section 1, is solved by the usual method of separation of variables. The problem of the vibration of a rod (or beam) with concentrated masses is extensively applied in physics and technology. Poisson himself solved the problem of longitudinal motion of a load suspended by an elastic thread. A. N. Krylov showed* that the theory of the indicator of a steam engine, the torsional vibrations of a shaft with a flywheel at the end, different types of “vibrating” valves, etc., can be reduced to this problem. A study of the torsional vibrations of a thread with a mass suspended from the end (e.g. a small mirror) is important for the theory of many measuring instruments.

A problem of this type has assumed particular importance in connection with the study of the stability of vibrations of the wings of an aeroplane. To solve this problem it is necessary to calculate the characteristic frequencies of the wing (beam of variable section), loaded with masses (motors). This problem also occurs in the calculation of the natural frequencies of antennae with concentrated capacities and self-inductances (see in this connection the appendix on the analogy between mechanical and electromagnetic vibrations).

We shall not deal here with the approximate methods of finding eigen-values and functions which are similar to the approximate methods of finding the corresponding quantities for a non-homogeneous string.

3. String with load at the end

The problem of vibrations of a homogeneous string, one end of which (x = 0) is fixed and to the other end (x = l) of which is attached a load of mass M, is of considerable practical interest.

In this case the condition at x = l assumes the form
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and we obtain the following equation for the amplitude of the standing waves
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with the boundary conditions
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Hence we find that
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where λn is determined from the equation
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The condition of orthogonality of the function {Xn(x)} becomes
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Let us calculate the norm
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Using equation (20) we get
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The problem with initial data is solved by the usual method.

4. Corrections for eigen-values

Let us calculate the corrections for eigen-frequencies in the case of large and small loads M. We shall consider the case when the load is suspended from the end of a string. Two limiting cases are possible.

1. M = 0. The end x = l is free. The eigen-values are determined from the formula
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2. M = ∞. The end x = l is firmly attached: u(l, t) = 0. The eigen-values are determined from the formula
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We shall be interested in the case of small M(M → 0) and large M(M → ∞).

1. M small. Let us find the correction to the eigen-value [image: images] putting
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where ε is some number. Substituting (21) in equation (20) and neglecting M2 and higher powers of M we get
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i.e. the eigen-values of the loaded string when M → 0 increase, approaching the eigen-frequencies of a string with a free end.

2. M is large. Choosing 1/M as the small parameter we put
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Equation (20) gives
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Here we have neglected terms containing 1/M2 and higher powers of 1/M.

Thus
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i. e. on increasing the load the eigen-frequencies decrease, approaching the eigen-frequencies of a string with fixed ends.



IV. Equations of gas dynamics and theory of shock waves

1. Law of conservation of energy

The equations of acoustics (see § 1) were obtained on the assumption that the velocities of motion in the gas and the changes in pressure were small which allowed linearizing the equations of hydrodynamics.

In problems arising in the study of the flight of rockets and high-speed aeroplanes, in the theory of ballistics, explosion waves, etc., one has to deal with hydrodynamic processes characterized by high velocities and pressure gradients. In this case the linear approximation of acoustics is unsuitable and it is necessary to use the non-linear equations of hydrodynamics. Since this type of motion is found in practice in gases, it is usual to refer to hydrodynamics of high velocities as gas dynamics.

The equations of gas dynamics in the case of one dimensional motion of a gas (in the direction of the axis x) are
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Thus the equations of gas dynamics are equations of motion of an ideal compressible liquid in the absence of external forces. Viscosity is neglected.

Let us derive the law of conservation of energy. The energy of unit volume is
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where the first term is the kinetic energy, the second the internal energy. Here ε obviously denotes the internal energy of unit mass.

For an ideal gas ε = cvT, here cv is the specific heat at constant volume, T the temperature. Let us calculate the change in energy in unit time
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Differentiating the first term and using equations (1) and (2) we get
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To transform the derivative [image: images] we go back to the first law of thermodynamics expressing the law of conservation of energy
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where dQ is the amount of heat received (or given off) by the system from outside, p dτ is the work done in changing the volume by the amount dτ(τ = l/[image: images] is the specific volume).

If the process is adiabatic (there is no heat exchange with the medium) then
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and
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Using this equation we have
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where
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is the heat function or the heat content of unit mass.

The derivative [image: images] satisfies the equation
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because of (9) and (11).

Taking into account equations (2), (5), (6), (10), (12) we obtain the law of conservation of energy in the differential form



[image: images]

To determine the physical significance of this equation we integrate it over a certain region (x1, x2)
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The left-hand side represents the change in energy in unit time in the interval (x1, x2) — the right the energy flux from the region considered in unit time.

If the effect of thermal conductivity cannot be neglected the equation of conservation of energy becomes
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where x is the coefficient of thermal conductivity.

2. Shock waves. Conditions of dynamic compatibility

With high velocities, motions are possible in which discontinuities in the distribution of hydrodynamic quantities (pressure, velocity, density, etc.) occur on some surfaces moving in space. These discontinuities are usually called shock waves.

On the surface of discontinuity (the front of the shock wave) the conditions of continuity of flow of matter, energy and momentum (Hugoniot’s conditions) must be fulfilled. Let us derive these conditions.

We convert equation (2) to a form more convenient for our purposes. Multiplying (1) by v and adding to (2) we obtain
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Let us now rewrite the equations of continuity and conservation of momentum and energy in the form
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We consider the line x = a(t), the “path” of the discontinuity on the plane (x, t). If AC is some arc of the line of discontinuity x = a(t), where A and C are points with the coordinates x1, t1 and x2 = x1 + Δx; t2 = t1 + Δt respectively, we construct the rectangle ABCD with sides parallel to the coordinate axes.

Writing the law of conservation of matter in the integral form



[image: images]

we have on the left the change in mass in the interval (x1, x2) in the time interval (t1, t2), and on the right the amount of matter flowing out from the interval (x1, x2) in the time (t1, t2). If the functions [image: images] and [image: images] v are continuous and differentiable everywhere inside ABCD, equation (15) is equivalent to equation (1′). In our case this is not so.

Using the mean value theorem for each term separately we get
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where x*, x**, t*, t** are the mean values of the arguments of x and t.

Passing to the limit when Δx → 0 {x2 → x1) and Δt → 0 (t2 → t2) and denoting by the index 1 values of the functions above the curve x = a(t) (behind the shock wave front) and by the index 2 values of the functions below this curve (before the front) we get
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where
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is the velocity of the shock wave.

In a coordinate system moving with the shock wave where
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denote the velocities of particles before and behind the front of the shock wave respectively. Equation (16) obtained above may be rewritten as
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This equation expressed the continuity of the flow of matter through the front of the shock wave.

Writing in integral form the law of conservation of momentum we have
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where on the right we have the sum of the impulse of the forces (pressures) acting and the flux of momentum. Passing to the limit when Δx 0 and Δt → 0 we obtain the law of conservation of the flux of momentum on the front
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or
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The equation of conservation of energy on the front is obtained similarly
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which after simple transformations assumes the form
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or, because of condition (16)
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Thus on the shock wave front the following equations (conditions of dynamic compatibility or Hugoniot’s conditions) must be fulfilled.
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From the first two equations (16) and (17) we express ux and u2 in terms of of p and [image: images]:
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whence
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Next, substituting this expression in equation (18) we find the relation between the values of the energy on both sides of the front
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and
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Let us consider an ideal gas for which



[image: images]

i.e.
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Using formula (19), after simple transformations we arrive at the equation of Hugoniot’s adiabatic
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or
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From this formula any one of the quantities p1, [image: images]1, p2, [image: images]2 may be determined if the three others are known.

The shock wave always moves with respect to the gas from regions of higher pressure to those of lower pressure: p2 > p1. Hence it follows that the density of the gas behind the front is greater than the density before the front.

Formula (20) expresses the relation between p2 and [image: images]2, when p1 and [image: images]1 are given. The function for given p1 and [image: images]1 is a monotonic increasing function tending to a finite limit when (p2/p1)→ ∞ (shock wave of large amplitude)
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This formula gives the maximum discontinuity in density (thickening) which may exist on the front of the shock wave. For a diatomic gas γ = 7/5 and the maximum thickening is 6
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Using equations 16’, 17 and 20 and putting p1 = 0 we find:
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If the shock wave moves through a stationary gas (v1 = 0) the velocity of propagation of the shock wave is
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i.e. it increases in proportion to the square root of p2.

Let us now consider the simplest problem of the theory of shock waves which admits of an analytical solution. In a cylindrical tube a > 0 infinite on one side and closed with a piston on the other (x = 0) there is a gas at rest with the constant density [image: images]1 and at the constant pressure p1. At the initial moment t = 0 the piston starts moving with the constant velocity v in the positive direction of the axis x. A shock wave, which coincides with the piston at the initial moment and then .moves away froin it with the velocity U > v, is formed in front of the piston. Between the piston and the front of the shock wave a region 2 develops in which the gas moves with the velocity of the piston. Before the front (region 1) the gas is in an unexcited state: [image: images] = p1, p = P1 (v = 0).

Using conditions (16), (17) and (18) on the front it is easy to determine the velocity of the front as well as the magnitude of the discontinuity, the density and the pressure.

Let us introduce the non-dimensional quantities
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where [image: images] is the velocity of sound before the front (in the unexcited region 1). Then the conservation equations can be written in the form
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Eliminating [image: images] and [image: images]r from these we obtain the quadratic equation for the determination of ω:
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Since ω < 1; ([image: images]2 > [image: images]1) as discussed above, we select the smaller root
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From equations (24) and (28) we find
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Returning to the original quantities we find that
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Since the velocity of the shock wave is constant, the position of the front at the moment t is
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In the limiting case v/c1 [image: images] 1 (shock wave of high intensity), from formulae (31)–(33) we find the limiting relations
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obtained earlier.

If v/c1 [image: images] 1 (wave of low intensity) the terms [image: images] may be neglected:
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3. Weak discontinuities

The motion of a shock wave on whose front the quantities p, [image: images], v have discontinuities was discussed above. This kind of discontinuity is called strong.

Motions in which the first derivatives of the quantities p, [image: images], v suffer discontinuities, while these quantities themselves remain continuous are also possible. Such discontinuities are called weak.

In § 2, sub-section 8, the motion of discontinuities of this type was considered and it was established that these discontinuities propagate along the characteristic curves. We started from the equation of acoustics in that case. But a similar result is true for non-linear problems of gas dynamics also.

It can be shown that a surface of weak discontinuity propagates with respect to the gas with a velocity equal to the local velocity of the sound.

Let us consider a small neighbourhood of the weak discontinuity and take the mean values of hydrodynamical quantities in this neighbourhood A weak discontinuity, may be considered as a small disturbance on the background of mean values which satisfies the equation of acoustics and must propagate with the local velocity of sound.?

As an example we shall consider the escape of gas into vacuum (wave rarefaction). Let the gas filling the halfspace x > 0 be at rest at the initial moment t = 0 and have constant values of the density [image: images] and the pressure p0 in the entire region x > 0. At t = 0 the external pressure applied to the plane x = 0 is taken off and the gas begins to move. A weak discontinuity occurs (wave of rerefaction) propagating with the velocity of sound c0 in the positive direction of the axis x. On the forward front of the gas x = x1(t), at t = 0 there is a discontinuity of density and pressure. But this discontinuity disappears immediately after the beginning of motion.

From the conditions of continuity of the fluxes of matter and momentum at x = x1 (t)
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where [image: images] are limiting values from the left at the point x1 (t and [image: images] are limiting values from the right at the same point we obtain
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from the equations
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For an adiabatic process the equation of state for an ideal gas has the form
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We shall look for the solution of the problem in the form
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where
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Calculating the derivatives
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where f = [image: images], v or p and substituting the results in equations (1) and (2) we get
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Let us multiply the first equation by (v — ξ) and add it to the second
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or
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Whence we have.
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where c is the local velocity of sound in the adiabatic process.

Since we are considering the motion of a weak discontinuity in the positive direction of the axis x, in the preceding formula the negative sign has to be chosen, i. e.
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Substituting this solution in equation (36) we obtain
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or, what is the same
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Using the equation of state (35) we find
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and after integration of equation (38)
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From the latter formula [image: images] can be expressed in terms of v:
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Here
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denotes the velocity of sound at v = 0 (in a gas at rest). Formula (39) can also be rewritten as
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Substituting expression (40) for [image: images] in the equation of state (35) we find



[image: images]

From equations (41) and (37) we obtain the formula
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which defines the dependence of v on x and t. Then substituting expression (43) for v in formulae (40) and (42) we get the dependence of [image: images] and p on x and t explicitly. All the quantities are dependent on x/t. If the distances are measured in units proportional to t, the pattern of motion does not change. Such motion is called self-model motion.

Let us find the velocity of the forward front v1 (t).

Putting p = 0 in equation (42) we have
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It follows that the velocity of escape of the gas into the vacuum is finite. For diatomic gases γ = 7/5 and
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Expression (44) for the velocity of the left front x = x1(t) may also be obtained from the equation of conservation of matter
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Introducing the variable
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we get
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Next, substituting the expression for [image: images] from (40) and putting
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we have
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where
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After calculating the integral (46) we shall get
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i.e.
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whence it follows that
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Thus the problem of escape of a gas into a vacuum is solved.

We have confined ourselves to simple problems of gas dynamics. For a more detailed discussion of the problems touched upon here we refer the reader to specialized literature.*



V. Dynamics of the absorption of gases

1. Equations describing the process of absorption of a gas

Let us consider the problem of absorption of a gas.** A mixture of gas and air passes through a tube (the axis of which we take as the x-axis) filled with an absorbent. Let a(x, t) denote the quantity of gas absorbed by unit volume of the absorbent and u(x, t) the concentration of gas in the pores of the absorbent in the layer x.

We write the equation of conservation of matter, assuming that the velocity v is sufficiently large so that the process of diffusion does not play an essential role in the transfer of the gas. Let us consider the absorbing layer from x1 to x2 in the time interval from t1 to t2. Evidently, for the layer we can write the equation of conservation of matter as
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which after division by Δx Δt and passing to the limit when Δx → 0 and Δt → 0 assumes the form
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The left-hand side of the equation* represents the amount of gas flowing into the section Δx in time Δt, and the right-hand side the change in the amount of gas contained in that section in the same time. To this conservation equation we must add the equation of the kinetics of absorption



[image: images]

where β is the so-called kinetic coefficient, y the concentration of the gas in “equilibrium” with the quantity a of gas absorbed.

The quantities a and y are connected by the equation
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which is characteristic of the absorbent.

The curve a = f(y) is called the absorption isotherm. If
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then the isotherm is called Langmuir’s isotherm. The simplest form of the function f corresponds to the so-called Henry’s isotherm which is valid in the region of small concentrations
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where 1/γ is Henry’s coefficient.

In this case we have following problem: find the functions u(x, t) and a (x, t) from the equations (neglecting [image: images] in (2))
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Let us eliminate the function a (x, t) by differentiating the first equation with respect to t
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or
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We determine the initial condition for u by putting t = 0 in the first equation
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whence we find
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The problem of finding the function u (x, t) reduces to the integration of the equation
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with the additional conditions
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The characteristic curves of this equation are the lines



[image: images]

Thus the additional conditions in this problem are given on the characteristic curves. The problem is formulated similarly for the function a (x, t) 
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It should be noted that similar equations occur in connection with a number of other problems (for example the process of drying with a current of air, heating a tube with a current of water, etc.).*

The solution of equation (9) may be obtained in an explicit form by the method described in § 5 and is given by the formula
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where x1 = β x/v, t1 = β t/y is a non-dimensional variable, I0 is a Bessel function of the first kind of zero order from an imaginary argument.

Using asymptotic formulae for the functions I0 we can obtain an asymptotic representation for the solution for large values of arguments.

2. Asymptotic solution

We have studied above the process of absorption of a gas subject to Henry’s absorption isotherm, which connects the amount of absorbed matter a with the equilibrium concentration by a linear relation
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Let us consider an absorption isotherm of the general form
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If the non-dimensional variables



[image: images]

are introduced, then the system (2, 6, 7, 8) assumes the form
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with the additional conditions
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We are interested in the asymptotic behaviour of functions representing the solution of the system (14).

We shall assume the following regarding the function f1(z):

1. fl (z) is an increasing function and f1 (0) = 0.

2. f1 (z) has a continuous derivative for all values of z, 0 ≤ z ≤ 1.

3. A ray going from the origin of coordinates to the point (1, f1(1)) lies below the curve f1 (z) in the interval 0 ≤ z ≤ 1 (Pig. 33). This always happens for convex isotherms.

Introducing the notation for the reciprocal function
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we shall look for the asymptotic solution of the problem in the form of a propagating wave
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where σ is the rate of propagation of the wave which is to be determined.

This means that at large distances (when x → ∞) or after a large interval of time (when t → ∞)
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The concentrations [image: images] and v must satisfy the equilibrium condition
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when x = ∞ or t = ∞.

Then from condition (16) it follows that:
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From condition (17) it follows that:
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Conditions (19) signify that when t → ∞ (ξ → —∞) saturation should be established everywhere.

Substituting the proposed form of the solution in equation (14) we get
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From (21) and (20) we conclude that
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Then from equations (19) it follows that
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or in the original variables
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From (22) and (23) we find
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After integration we have
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where ω(φ) is any integral on the left-hand side and ξ0 the constant of integration. Hence the required function φ(ξ) is determined except for an unknown constant ξ0:
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Let us see if the function ω–1 can be determined φ and Ψ if the functions ξ and ∞ satisfy the conditions imposed when ξ → ∞ and ξ → –∞. We shall show that the derivative
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i. e.
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is a monotonic decreasing function φ. The denominator in (29) is
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The first term is the abscissa of the point belonging to the ordinate φ, lying on the line from the origin of coordinates to the
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FIG. 33



point (1, f1(1)) (Fig. 33). Since we have imposed the condition that the curve φ = f1 (z) lies above this line,
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and consequently,
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Moreover
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Hence it follows that
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For the reciprocal function we have
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Further, because of equation (29) we have
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Thus all the conditions (19) and (20) are satisfied and it is proved that the system of equations has a solution in the form of a propagating wave containing an undetermined constant ξ0.

To determine ξ0 we integrate the first equation with respect to t1 from 0 to t0 and with respect to x from 0 to x0:
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This equation expresses the law of conservation of matter. Passing to the limit when x0 → ∞ and using the initial conditions for [image: images] and v:
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Let us assume that for large values of t the solution of our problem approaches the functions [image: images] and [image: images] found above in the form of propagating waves.

If we determine ξ0 from the condition
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then this will be the value of ξ0 which corresponds to the functions [image: images] (x, t) and [image: images] (x, t) .

Let us transform our integral 00 00 00
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Let us denote by φ* the value of ω–1 (ζ1) when ζ = 0
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It is easy to see that if φ = ω–1 (ζ) is the reciprocal function for ζ = ω(φ) then (Fig. 34)
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It follows that instead of the limiting equation (31) we can write
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FIG. 34



Let us pass to the limit when t0 → ∞. Then
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To calculate the limit of the expression
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let us use equation (25). Expanding f–1 (φ) = F(φ) into a series near the point φ0 = f1(1) we get
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whence
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where the dots denote terms of a higher order than (φ — φ0).

From requirement 3 for the function f1 it follows that
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From equation (33) we find the form of φ when ξ → –∞
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where A and k > 0 are constant.

From (34) it follows that
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Making the limiting transition when t0 → ∞ in formula (32’) and taking (32”) and (32"’) into consideration we get:
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The profiles of the waves ([image: images], [image: images]) are thus completely determined.

Langmuir’s isotherm is a case of particular interest. Let us find the asymptotic solution for the process of absorption of a gas subject to Langmuir’s isotherm.

Equation (25) assumes the form
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where [image: images] is the wave velocity. From (36) we find:
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where
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It is obvious that when cp varies from 0 to [image: images], ω(φ) varies from —∞ to + ∞. We choose A so that
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i.e. such that
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Under this condition
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or
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The value of ξ0 is defined by the formula
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and does not depend on p = u0/y, i. e. on the given concentration.

 The required asymptotic solution has the form:



[image: images]

where ω–l (ξ) in the reciprocal function for ω(φ).
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FIG. 35



Figure 35 gives the results of the numerical integration of equations (14) for Langmuir’s isotherm by the method of finite differences. These graphs are given for the values 0 < t ≤ t1 = 10. When t = t1 the results of numerical integration coincide with the asymptotic solution within 1 per cent. For the values t > t1 asymptotic formulae may be used.



VI. Physical analogies

While considering phenomena in different fields of physics we often discover certain common features. As a result in the mathematical formulation of the problems we obtain the same equations describing different physical phenomena. As the simplest example we take the equation
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describing oscillatory processes of the simplest systems: mathematical pendulum, oscillation of a load under the action of the elastic force of the spring, electrical oscillations in a simple circuit with inductance and capacity, etc. The similarity in the equations for different physical processes allows the drawing of inferences regarding the properties of unfamiliar phenomena from the study of a more familiar phenomenon. Thus the study of some acoustic phenomena may be facilitated by a preliminary consideration of electrical networks.

The propagation of electrical vibrations in systems with distributed constants is described by the telegraphic equations
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where C, G, L, R are the capacity, the leakage, the inductance and the resistance of the system. If the resistance and leakage of the current can be neglected, then the usual wave equations are obtained for the potential and the current strength
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and equations (1) assume the form
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While solving the problem of propagation of sound we arrive at the equations
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where v is the velocity of the vibrating particles, [image: images] the density, p the pressure and τ = p0γ the coefficient of elasticity of air.

The similarity of equations (2) and (3) allows us to establish a correspondence between acoustic and electrical quantities. Pressure corresponds to the potential difference, and the velocity of particles to the current. The density, which determines the inertial properties of the gas, corresponds to the inductance of the electrical circuit, and 1/τ, i.e. the reciprocal of the coefficient of elasticity, corresponds to the capacity of the electrical circuit. This correspondence can also be established from expressions for the kinetic and the potential energy for electrical and acoustic systems.

Returning to equations (1) we can introduce acoustical analogues of resistance and leakage. Acoustical resistance has to be taken into account in those cases where considerable friction of the gas against the walls of the vessel is present during the motion of the gas. In analogy with electrical resistance which is defined as the ratio of the voltage to the current, it is possible to introduce acoustic resistance defined by the ratio of the pressure to the current in the medium. The latter is proportional to the velocity of gas particles.
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In those cases where the motion of a gas in a porous medium is considered, it is necessary to introduce a quantity similar to leakage in electrical circuits. This quantity denoted by P is called the porosity.

A mechanical analogy of the telegraphic equation is the equation of longitudinal vibrations of a rod, which like equations (2) may be written in the form
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where T is the tension of the rod, v the velocity of the vibrating points, [image: images] the density and k the coefficient of elasticity of the rod.

Comparing this equation with equation (2) we can establish the analogy between mechanical and electrical quantities. Thus, by establishing the correspondence between electric potential and the tension, the current and the velocity of the particles we shall find that the reciprocal of the coefficient of elasticity corresponds to the capacity and the density to the inductance.

Thus a consideration of similar dynamical problems leads to the establishment of correspondence between a number of electrical, acoustical and mechanical quantities.

This correspondence may be illustrated by the following table.*
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The arguments developed above enable us to obtain some information on. the nature of the phenomena in a number of acoustical problems before solving the problem itself.

Thus the problem of the movement of air in a porous medium for simple harmonic waves leads to the equations**
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where u is the mass velocity of air through the medium, p the pressure, [image: images] the density, [image: images]m the effective density of air which may be greater than [image: images], since particles of the substance may vibrate together with the air, P the porosity, c and ω the velocity and the frequency of sound, r the resistance to the current, characterizing the fall of pressure in the material. Putting r = RA; [image: images]m = LA; γP/[image: images] c2 = CA we get our equations in the form
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These equations are quite similar to the equations of propagation of electrical oscillations in wires. Therefore in analogy with the characteristic impedance of the wire
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we can at once write the expression for the resistance, called the characteristic impedance of the porous material
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taking G = 0. The expression for the characteristic impedance indicates damping of the waves propagating in a porous material.

The analogy established between electrical and acoustic phenomena enables replacing the study of a number of acoustical problems by a consideration of the equivalent electrical circuits.

The method of analogy has lately found wide application in analogue devices in which an equivalent electrical circuit is constructed for solving an equation corresponding to some physical process.



† By assuming the double differentiability of functions, we imply that we consider only functions possessing this property. Such an assumption does not mean that functions satisfying the integral equation of vibrations and not having second derivatives do not exist. Such functions exist and are of considerable practical interest. For further details see § 2, sub-section 7.

* The geometrical variable x chosen here is called Lagrange’s variable. In Lagrange’s variables each physical point of the rod is characterized by one and the same geometrical coordinate x during the entire process. A physical point occupying the position x at the initial moment (in the state of equilibrium) is situated at any subsequent moment t at a point with the coordinate X = x + u(x, t). If we fix some geometrical point A with the coordinate X, then at different moments of time at this point there will be different physical points (with different Lagrange coordinates x). Euler’s variables X, t – where X is the geometrical coordinate, are also frequently used. If U(X, t) is the displacement of a point with the Eulerian coordinate X, the Lagrangian coordinate is
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An example of the use of Euler’s coordinates is given in sub-section 6.

* In what follows we shall omit details connected with limits discussed while deriving the equation of transverse vibrations of a string.

** The vibrations have to be small enough for Hooke’s law to be applied. In the general case T = k(x, ux) ux and we arrive at the quasilinear equation



[image: images]

* These equations are approximate from the standpoint of the theory of the electromagnetic field, since they do not take into account electromagnetic vibrations in the medium surrounding the wire.

* See V. I. Smirnov, A Course of Higher Mathematics, vol. II, 1948, p. 196.

* In formula (5) the functions of f1 and f2 are defined ambiguously. If a constant C1 is substracted from f1 and added to f2, then u does not change. In formula (8) the constant C is not determined by φ and ψ but we can omit it without changing the value of u. On adding f1 and f2 the terms ±C/2 cancel out.

* Another notation [image: images] is also frequently used in physics.

* These conditions mathematically define the solution of Laplace’s aquation uniquely. Infact, giving uy(x, 0) is equivalent to giving vx(x, 0) where v(x, y) is a function harmonically conjugate to u(x, y). This defines uniquely the analytical function, the real part of which is the function u(x, y), correct except for a constant (see Chapter IV, § 1, sub-section 5).

* These two lemmas are a consequence of the fact that if the initial conditions are even (or odd), then for t > 0 the function u(x, t), given by D’Alembert’s formula, possesses the same property. (We leave this to the reader to prove.) Geometrically it is obvious that the odd continuous function and the derivative of the even differentiable function are equal to zero for x = 0.

* The initial conditions can also be verified directly since the arguments of all the functions are negative for t = 0.

† Since dx = 0 on the vertical sides of the open polygon [image: images]n, in this formula t = tn(x) is the equation of the horizontal sides of the curve [image: images]n.

* Generally periodic functions with the period 21 are considered
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If the function F(x) is odd then an = 0, so that
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If the function F(x) is given only in the interval (0, l) we can extend it oddly and carry out the expansion in the interval from –l to + l which leads us to formulae (19) and (20).?

* See V. I. Smirnov, Course of Higher Mathematics, vol. II, 1937.

* See for example, V. I. Smirnov, A Course of Higher Mathematics, vol. II, 1937.

* See paragraph in small type at the end of this section.

* The first terms of these sums correspond to the static deflection which can be determined from the magnitude of the force
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by the functions



[image: images]

* The case when k(x) at some points becomes zero is considered separately (see Appendix).

** For [image: images] = [image: images]0 = const., k = k0 = const., we obtain the boundary problem of natural vibrations of a system with fixed ends:
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investigated in § 2.

* The derivatives [image: images] and [image: images] are continuous everywhere in the segment 0 ≤ x ≤ l, including the points x = 0 and x = l, since equation (87) gives:
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The existence of the derivative [image: images] at x = 0 and x = l follows from this.

† This property of the first boundary-value problem is based on the fact that two linearly independent solutions of a differential equation of the second order cannot become zero at one and the same point. This statement relates to the boundary-value problem with zero boundary conditions. For other boundary conditions (e. g. X(0) = X(l), X′(0) = X′(l)) two different eigen-functions may exist, corresponding to the same eigen-value.

* Communications of the Kharkov Mathematical Society, 2nd series, vol. 5, Nos. 1 and 2 (1896), and also Fundamental Problems of Mathematical Physics, vol. 1 (1922).

* See Appendix IV, p. 163.

* Rayleigh, Theory of Sound, vol. I, Gostekhizdat, 1940.

* For example, if the fundamental frequency (first harmonic) of 440 vibrations per second corresponds to “la” of the first octave, then a frequency seven times larger corresponds to “so” of the fourth octave. The interval la–so, the so-called small 7th, is dissonant and unpleasant to the ear.

* For calculation of the roots of equation (10) see Rayleigh, Theory of Sound, vol. I, chap. VIII, 1940.

*R. Courant and D. Hilbert, Methods of Mathematical Physics; vol. I, chap. VI.

* A. N. Krylov, Some Differential Equations of Mathematical Physics, chap. VII, Publ. Acad, of Sciences, U.S.S.R., 1932.

* See N. E. Kochin, I. A. Kibe’ and N.V. Roze, Theoretical Hydromechanics, part II, chap. I, Gostekhizdat, 1948; L. Landau and E. Lifshitz, Mechanics of Continuous Media, chap. VII, Gostekhizdat, 1944; Ya. B. Zeldovich, Theory of Shock Waves and Introduction to Gas Dynamics, Publ. Acad, of Sciences, 1946; L. I. Sedov, Propagation of strong explosion waves, Prikladnaya Matematika i Mekhanika (Applied Mathematics and Mechanics), 10, No. 2 , 1946.

** A. N. Tikhonov, A. A. Zhukhovitskii and Ya. L. Zabezhiuskii, Absorption of gas from a current of air by a layer of granular material, Zhur. Fiz. Khim. (Journal of Physical Chemistry), 20, No. 10, 1946.

* For the system of equations (2′) and (6) one initial condition is sufficient, since the axis t = 0 becomes the characteristic curve. For further details regarding this see the remark on p. 178.

* While passing over to equation (2′) we neglected the term ui. But we can show that we arrive at the same equation if we introduce the variables: 
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i.e. time at the point x is reckoned from t0 = x/v, the moment of arrival of the stream of the gas–air mixture at this point. We have
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FIG. 36



and equation (2) assumes the form
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The initial conditions (7) and the equations (2) and (6) give
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In the region between the straight line t = 0 and the axis ξ we obtain the problem of determination of the function u from the initial conditions (7′) (Cauchy’s problem). It is obvious that in this region the function u(x, t) ≡ 0 (and also a ≡ 0). From equations (2′) and (6) it can be seen that at τ = 0 the function u(x, t) has a discontinuity, while the function a(x, t) remains continuous. Thus, at τ = 0 the function u is determined from equation (2′) when a(x, 0) = 0. Determining, as was done on p. 177 (see formulae (10) and (12)), the values of u(x, 0) and a(0 , t) we obtain for the functions u(x, t) and a(x , t) problems with data on characteristics.

* See, for example, G. Olson, Dynamical Analogies, Foreign Languages Publishing House, 1947.

** See V. V. Furduev, Electro-acoustics, Gostekhizdat, 1948.


CHAPTER III

EQUATIONS OF THE PARABOLIC TYPE

SECOND order partial differential equations of the parabolic type are most often encountered in a study of heat conduction and diffusion. The simplest equation of parabolic type
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is usually called the equation of heat conduction.

§ 1. Physical problems leading to equations of parabolic type Formulation of boundary-value problems

1. A linear problem of heat conduction

Let us examine a homogeneous rod of length l, thermally insulated along the surface and sufficiently thin so that at any instant it is possible to assume that the temperature is constant at all points of a cross-section. If the ends of the rod are maintained at the constant temperatures u1 and u2 then a linear distribution of temperature is established along the rod (Fig. 36).
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FIG. 36
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At the same time heat flows from the warmer to the cooler end of the rod. The amount of heat flowing through a cross-sectional area S in unit time, is given by the experimental formula
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where k is the coefficient of thermal conductivity, depending on the material of the rod.

The value of the heat flow is considered positive, if the heat flows in the direction of increasing x.

The process of propagation of heat in the rod may be described by a function u(x, t) representing the temperature of a section x at a time t. Let us find the equation that the function u(x, t) must satisfy. In order to do this, we formulate the physical laws which define the processes.

1. Fourier’s Law. If the temperature of a body is nonuniform, heat currents arise in it, directed from points of higher temperature to points of lower temperature.

The amount of heat flowing through section x in the time interval (t, t + dt) is equal to
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where
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the density of heat flow, equals the amount of heat flowing through an area of 1 cm2 in unit time. This law represents generalization of formula (2). It can also be given in the integral form
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where Q is the amount of heat flowing through section x in the time interval (t1, t2). If the rod is heterogeneous, then k is a function of x.

2. The amount of heat which must be given to a homogeneous body in order to increase its temperature by Δu is equal to
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where c is the specific heat, m is the mass of the body, [image: images] is its density, V is the volume.

If the change of temperature is a function of x, or if the rod is heterogeneous, then
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3. Inside the rod heat may be produced or absorbed (e. g. by the passage of current, as the result of a chemical reaction, etc.). The generation of heat may be characterized by the density of the heat sources F(x, t) at the point x at time t.* As a result in a length of rod (x, x + dx) in a time interval (t, t + dt), there is an amount of heat generated
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or in integral form
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where Q is the amount of heat generated in a length of rod (x1, x2) for a time interval (t1, t2).

The equation of heat conduction is obtained by calculation of the balance of heat in a given length (x1, x2) for a given time interval (t1, t2). Applying the principle of conservation of energy and making use of formulae (5), (7) and (9) we can write down the equality
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which is the equation of heat conduction in integral form.

In order to obtain the equation of heat conduction in differential form, let us assume that the function u(x, t) has continuous derivatives uxx and ut.*

Making use of the mean value theorem, we obtain the equality
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which, with the help of the mean value theorem, can be transformed to the form
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where, t3, t4, t5 and x3, x4, x5 are intermediate points of the interval (t1, t2) and (x1, x2).

Hence, after dividing throughout by the product Δ x Δ t, we find
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All these considerations refer to the arbitrary intervals (x1, x2) and (t1, t2). Proceeding to the limit as x1, x2 → x and t1, t2 → t we obtain the equation
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called the equation of heat-conduction.

Let us examine some special cases.

1. If the rod is homogeneous, k, c, [image: images] are constant, and the equation is usually written in the form



[image: images]

where a2 is a constant, called the coefficient of heat conduction. If the sources are absent, i. e. F(x, t) = 0, then the equation of heat conduction takes the simple form
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2. The density of the heat sources may depend on the temperature. In the case of a heat exchange with the surrounding medium, obeying Newton’s law, the amount of heat which is lost by the rod, per unit length and time is equal to
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whére θ(x, t) is the temperature of the surrounding medium, h is the coefficient of heat exchange. Thus, the density of the heat sources,* at the point x at time t, equals
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where F1 (x, t) is the density of other sources of heat.

If the rod is homogeneous, then the equation of heat conduction with lateral heat exchange has the following form
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where [image: images] is a known function.

3. The coefficients k and c, as a rule, are slowly varying functions of temperature. Therefore the assumption made above about the constancy of these coefficients is possible only on condition that small temperature changes are considered. The study of conduction processes for large changes of temperatures leads to the non-linear equation of heat conduction, which for heterogeneous media is
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(see Appendix III).

2. Equation of diffusion

If a region is filled non-uniformly by a gas, then diffusion takes place from points, of higher concentration to points of lower concentration. This phenomenon also takes place in solutions, if the concentration of the solute is not constant throughout the volume.

Let us examine the process of diffusion in a hollow tube, or in a tube filled with a porous medium, assuming that at any moment of time the concentration of the gas (solution) in a section of the tube is the same. Then the process of diffusion may be described by a function u(x, t) which represents the concentration at section x at time t.

According to Nernst’s law the mass of gas flowing through section x in the time interval (t, t + dt) is equal to
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where D is the coefficient of diffusion, S is the cross-sectional area of the tube.

By definition of the concentration, the quantity of gas in a volume V equals
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hence we find that the change in the mass of gas in a section (x1, x2) of the tube due to a change in concentration of Au equals



[image: images]

where c(x) is the coefficient of porosity.*

Let us form the equation for the conservation of the mass of gas in a section (x1, x2) in a time interval (t1, t2)
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Hence, as in 1, we obtain the equation
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which is the equation of diffusion. It is completely analogous to the equation of heat conduction. In deducing this equation we assumed that there were no sources of matter in the tube and that diffusion across the surface of the tube was absent. Taking account of these effects leads to equations similar to equations (14) and (15).

If the coefficient of diffusion is constant, then the diffusion equation takes the form
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where
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If the coefficient of porosity c = 1, and the coefficient of diffusion is constant, the diffusion equation has the form
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3. Conduction of heat in space

The process of conduction of heat in space may be characterized by the temperature u(x, y, z, t) which is a function of x, y, z and t.

If the temperature is not constant, heat currents are produced, directed from points of higher temperature to points of lower temperature. The amount of heat flowing through an area dσ at the point (x, y, z) in a time interval (t, t + dt) is defined according to Fourier’s law by the formula
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where k is the coefficient of thermal conductivity of the body,* n is the normal to an element of surface dσ in the direction of heat flow. As is well known
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so it is possible to write
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Hence it follows that the flow of heat carried away per unit time and unit area is equal to
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where q =— k grad u is a vector for the density of heat flow.

For the amount of heat flowing out of a given surface S in a time interval (t1, t2) we have:
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or
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where n is the outer normal. The amount of heat necessary to change the temperature of points of the body by Δ u(x, y, z) = u(x, y, z, t2) — u(x, y, z, t1) equals
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Finally, denoting the density of the heat sources by F(x, y, z, t) we obtain an expression for the amount of heat liberated by a volume V in a time interval (t1, t2)
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Now we construct the equation for the balance of heat in a given elementary volume V, the surface of which we denote by S. It is obvious that
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Assuming twofold differentiation of the function by the variables x, y, z and once with respect to t, and also the continuity of these derivatives in the region being examined, let us transform the relations (19), (20) and (21). Using Ostrogradskii’s relation
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and using the mean value theorem for a function of several variables, we obtain



[image: images]

After dividing by V Δ t the conservation equation takes the form
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where all values lie inside the region being examined, viz. at some mean point of the volume V for a mean value of time in the interval (t1, t2).

This equality holds for an arbitrary volume V inside the body. Contracting the volume to a point with coordinates x, y, z and proceeding to the limit as t1, t2 → t, we obtain*
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where because of the continuity of the derivatives all values are taken at the one point.

Substituting q from formula (18) we obtain the equation of heat conduction
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or
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If the medium is homogeneous the equation is usually written in the form
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where a2 = k/c [image: images] is the coefficient of heat conduction, or
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where [image: images] is the Laplace operator.

4. The formulation of boundary-value problems

To find a unique solution of the equation of heat conduction it is necessary to add initial and boundary conditions.

The initial condition, in contrast to the equation of hyperbolic type, consists only of the given value of the function u(x, t) at the initial time t0.

The boundary conditions may differ in their dependence on the thermal condition at the boundaries. Let us examine three basic types of boundary conditions.

1. The temperature is given at the ends of the rod
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where μ(t) is a function given for a certain interval t0 ≤ t ≤ T, where T is the period of time for which the process is investigated.

2. At the boundary a derivative value is given
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We get this condition if the value of the heat flux Q(l, t) flowing across the end section of the rod is given
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whence ∂u/∂x (l, t) = v(t), if v(t) is a known function, represented for a given flux Q(l, t) by the formula
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3. At the boundary a linear relation between the derivative and the function is given
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This boundary condition corresponds to the heat exchange according to Newton’s law between the surface of the body and the surrounding medium, whose temperature θ is known. Making use of the two expressions for the heat flux flowing through the end x = l,
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and
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we obtain the mathematical formulation of the third boundary condition in the form
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where λ = h/k is the coefficient of heat exchange, and θ(t) is a certain given function. For the end x = 0 of the rod (0, l) the third boundary condition has the form
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The boundary conditions at x = 0 and x = l may be of different types so that the number of different boundary-value problems is large.

If the medium is heterogeneous and the coefficients of the equation are discontinuous functions, then the interval (0, l) in which the solution of the problem is sought is divided by the points of discontinuity of the coefficients into several parts within which the function u satisfies the equation of heat conduction, and the conditions of connection at the boundaries.

In the simplest case these conditions are deduced from the continuity of the temperature and the continuity of the heat flow
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where xi are points of discontinuity of the coefficients.

In addition to the problems described here limiting cases of them are frequently encountered. Let us examine the process of heat conduction in a very long rod. In the course of a small interval of time the effect of the conditions at the boundary is very slight in the central part of the rod and the temperature is determined basically by the initial distribution of temperature. In this case the precise length of the rod does not have any significance because a change in length of the rod does not substantially influence the temperature of the part of interest to us; in problems of this type one usually considers that the rod has infinite length. Thus the problem (Cauchy’s problem) of the distribution of temperature along an infinite straight rod with initial conditions may be stated:

Find the solution of the equation of heat conduction in the region —∞ < x < ∞ and t ≥ t0 which satisfies the condition
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where φ(x) is a given function.

Similarly, if the section of the rod, whose temperature interests us, is located near one end and is far from the other, then in this case the temperature is determined essentially by the thermal condition of the near end and by the initial conditions. In problems of a similar type one usually assumes that the rod is semi-infinite and the coordinate varies within the limits 0 ≤ x ≤ ∞. Let us illustrate by an example the formulation of the chief boundary-value problem for a semi-infinite rod :

Find the solution of the equation of heat conduction in the region 0 < x < ∞ and t0 ≤ t, which satisfies the condition
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where φ(x) and μ(t) are given functions.

The problems quoted above are limiting cases of the main boundary-value problems. Other limiting cases are possible which neglect the initial conditions. The effect of the initial conditions is diminished in the course of time, and after a long time the temperature of the rod is determined by the boundary conditions. In this case one may usefully assume that the experiment continues for an infinitely long time and the system reaches a steady state independent of the initial conditions.

Thus we arrive at a steady state boundary-value problem, when we have the solution of the equation of heat conduction for 0 ≤ x ≤ l, and —∞ < t, which satisfies the conditions
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Depending on the nature of the boundary condition there are other possible forms of steady state problems.

One very important steady state problem for a semi-infinite rod (l = ∞) is the following: solve the equation of heat conduction for 0 < x < ∞, t > —∞, with the boundary condition
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where μ(t) is a given function.

Most often steady state problems occur in a system with periodic boundary conditions.
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(see Appendix I to Chapter III).

It is natural to assume that after the lapse of a large interval of time the temperature of the rod for practical purposes also varies according to a periodic law with the same frequency. We never obtain an exactly periodic solution because the effect of the initial conditions, although they diminish in the course of time, do not reduce to zero; to allow for this effect in view of the errors of observation would not be meaningful. When considering a periodic solution we neglect the effect of the initial data.

The statement of boundary-value problems outlined above refers not only to the equation with constant coefficients. By the words the equation of heat conduction we understand any of the equations of the preceding paragraphs.

Besides the linear boundary-value problems outlined above, there are also problems with non-linear boundary conditions, e. g. of the form
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This boundary condition corresponds to the radiation according to the Stefan-Boltzmann law from the end x = 0 in a medium of temperature θ(t).

We will examine in detail the first boundary-value problem for a restricted region.

We shall describe the solution of the first boundary-value problem by a function u(x, t) which possesses the following properties:

(1) u(x, t) is finite and continuous in a closed region
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(2) u(x, t) satisfies the equation of heat conduction in an open region
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(3) u(x, t) satisfies the initial and boundary conditions, viz.
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where φ(x), μ1 (t), μ2 (t) are continuous functions satisfying the conditions of connection at the boundaries
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and
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necessary for the continuity of u(x, t) in a closed region.
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FIG. 37



Let us examine the plane of phase points (x, t) (Fig. 37). In our problem we seek a function u(x, t), defined inside the rectangle ABCD. This region is defined by the statement of the problem because the process of the conduction of heat is investigated in a rod 0 ≤ x ≤ l, for a time interval t0 ≤ t ≤ T, in the course of which the temperature of the end is known to us. Let t0 = 0; we assume that u(x, t) satisfies the equation only for 0 < x < l, 0 < ≤ T, but not at t = 0 (side AB) nor at x = 0, x = l (sides AD and BC), where the values of this function are directly given by the initial and boundary conditions. If we required that the equation be satisfied, for example, at t = 0, then as well we would require that a derivative φ″ = uxx(x, 0) exist. This requirement would confine the range of physical phenomena under consideration, excluding from investigation those functions for which it is not fulfilled. Condition (3), without the assumption of the continuity of u(x, t) in the range 0 ≤ x ≤ l, 0 ≤ t ≤ T (i. e. in the closed rectangle ABCD) or some other condition replacing this assumption, loses meaning.* In fact let us examine the function v(x, t) defined in the following form
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where C is an arbitrary constant. The function v(x, t) obviously satisfies condition (2) and also the boundary conditions. Nevertheless this function does not describe the distribution of temperature in a rod with initial temperature φ(x) ≠ C and boundary temperatures μ1 (t) ≠ C and μ2 (t) ≠ C, because it is discontinuous at t = 0, x = 0 x = l.

The continuity of the function u(x, t) in the region 0 < x < l, 0 < t < T follows from the fact that the function satisfies the differential equation. Thus, the requirement of the continuity of u(x, t) at 0 ≤ x ≤ l, 0 ≤ t ≤ T, in essence concerns only those points where the boundary and initial values are given. In the following we shall imply by the words the solution of the equation, which satisfies boundary conditions a function which satisfies conditions (1), (2), (3).

Similarly other boundary-value problems may be set, among them problems on an infinite rod and steady state problems.

All those problems mentioned above are relevant to examples with several independent geometrical variables. In these problems the initial temperature at t = t0 and the boundary conditions on the surface of the body are given. Also it is possible to examine problems for an infinite region.

In connection with each problem the following points arise:**

(1) the uniqueness of the solution of the given problem,

(2) the existence of a solution,

(3) the continuous dependence of the solution on additional conditions

If the given problem has several solutions then the words the solution of the problem do not have a definite meaning. Therefore before speaking about the solution of a problem, it is necessary to prove its uniqueness. For most purposes condition (2) is essential because the proof of the existence of a solution usually gives a method of calculating the solution.

As was noted earlier (see Chapter II, § 2, sub-section 3) a process is termed physically definite if for a small change of the initial and boundary conditions the solution is only changed a little. It may be proved that the process of conduction of heat is defined physically by the initial and boundary conditions.

5. The maximum value principle

We shall examine the equation with constant coefficients
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As we saw, this equation on substituting



[image: images]

reduces to the form
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Let us prove the following property of the solutions of this equation which we will call the maximum value principle.

If the function u(x, t), finite and continuous in the closed region 0 ≤ t ≤ T and 0 ≤ x ≤ l, satisfies the equation of heat conduction
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at points of the range 0 < x < l, 0 < t ≤ T, then the maximum and minimum values of the function u(x, t) occur either at the initial time or at points of the boundary x = 0 or x = l.

The physical significance of this theorem is obvious; if the temperature at the boundary or at the initial time does not exceed a certain value M, then inside the body it is not possible to produce a temperature greater than M.

The proof of the theorem is indicated by the converse. Let us denote by M the maximum value of u(x, t) at t = 0 (0 ≤ x ≤ l) or at x = 0 or at x = l (0 ≤ t ≤ T)* and let us assume that at some point (x0, t0) (0 < x0 < l, 0 < t0 ≤ T) the function u(x, t) reaches its maximum value equal to
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Let us compare the terms of equation (35) at the point (x0, t0). Since at the point (x0, t0) the function attains its maximum value then necessarily
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Further, since u(x0, t) reaches a maximum value at t = t0 then***
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Comparing the terms of the right- and left-hand sides of equation (35) we see that they are different. Nevertheless this argument still does not prove the theorem, because the right- and left-hand sides may both be equal to zero, which would not by itself involve an inconsistency. We quoted this argument in order to distinguish more clearly the basic concept of the proof. To complete the proof, let us find a point (x1, t1) at which [image: images] ≤ 0 and [image: images] > 0. In order to do this we examine the auxiliary function
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where k is some positive number. It is obvious that
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and



[image: images]

Let us choose k > 0 so that kT is less than ε/2T, i. e. k < ε/2T; then the maximum value of v(x, t) at t = 0 or at x = 0, x = l will not exceed M + ε/2, i. e.
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since for these arguments the first term of formula (38) does not exceed M, and the second does not exceed ε/2.

By virtue of the continuity of the function v(x, t) it must reach its maximum value at some point (x1, t1). It is obvious that
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Therefore t1 > 0 and 0 < x < l, since at t = 0 or at x = 0, x = l the inequality (39) holds. Comparing the symbols of the right- and left-hand sides of equation (35) at the point (x1, t1) we obtain
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and
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Thus, at the point (x1, t1) equation (35) cannot be satisfied since the values of the various terms on the right and left side are continuous. In this manner, the first part of the theorem is proved.

Similarly the second part of the theorem may be proved for a minimum value. However this does not require a separate proof because the function u1 = —u has a maximum value where u has a minimum.

Let us derive some conclusions from the maximum value principle. First of all, we prove a uniqueness theorem for the first boundary value problem.

6. Uniqueness theorem

If the two functions u1 (x, t) and u2 (x, t), defined and continuous in the region 0 ≤ x ≤ l, 0 ≤ t ≤ T, satisfy the equation of heat conduction
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with the identical initial and boundary conditions
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then u1 (x, t) = u2 (x, t)*

In order to prove this theorem, we examine the function
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Since the functions u1 (x, t) and u2 (x, t) are continuous at
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the function v(x, t), equal to their difference, is continuous in this same region. As the difference of the two solutions of the equation of heat conduction in the region 0 < x < l, t > 0, the function v(x, t) is also a solution of the equation of heat conduction in this region.

Thus, let us apply the maximum value principle to this function, viz. it reaches its maximum and minimum value either at t == 0 or x = 0 or x = l. However, we have
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Therefore
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i. e.
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Hence it follows that the solution of the first boundary-value problem is unique.

Let us prove some further consequences of the maximum value principle.

1. If two solutions of the equation of heat conduction u1 (x, t) and u2 (x, t) satisfy the conditions
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then
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for all values
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In fact the difference v(x, t) = u2 (x, t) — u1 (x, t) satisfies the conditions under which the maximum value principle was established and moreover
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Therefore
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because otherwise the function v(x, t) would have a negative minimum value in the range 0 < x < l, 0 < t ≤ T.

2. If three solutions of the equation of heat conduction
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satisfy the conditions



[image: images]

then the same inequalities are fulfilled, i.e. for all x, t at 0 ≤ x ≤ l, 0 ≤ t ≤ T.

This statement is the application of result 1 to the functions
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3. If two solutions of the equation of heat conduction u1 (x, t) and u2 (x, t) satisfy the inequality
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then
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is identical, i.e. it holds for all x, t
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This statement follows from result 2 if it is applied to the following solutions of the equation of heat conduction
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The question of a continuous dependence of the solution of the first boundary-value problem on the initial and boundary values is answered by the result 3. If in a certain physical problem, instead of the solution of the equation of heat conduction fitting the initial and boundary conditions
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we substitute a solution u(x, t) corresponding to other initial and boundary values which are defined by the functions φ*(x), μ1*(t), μ2*(t), not distinguishable within the limits of a given degree of accuracy ε from the functions φ(x), μ1 (t), μ2 (t):
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then the function u1 (x, t) will be indistinguishable from the function u(x, t) within the same limits of accuracy
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The above theorems for the first boundary-value problem for a finite region in two- or three-dimensional space may be proved by repetition of the arguments used above.

Similar theorems hold for problems in an infinite region and in steady state problems. In these cases, however, the proofs require modification and some additional conditions have to be imposed in order to determine a unique solution.

7. Uniqueness theorem for an infinite region

In the solutions of problems for an infinite one-dimensional region there is a further restriction on a solution, i.e. there exists an M such that |u(x, t)| < M for all —∞ < x < ∞ and t ≥ 0.

If u1 (x, t) and u2 (x, t) are continuous, bounded functions within the range of the variables (x, t) and which satisfy the equation of heat conduction
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and the condition
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then
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Let us examine, as is usual, the function
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The function v(x, t) is continuous, satisfies the equation of heat conduction, is finite in the entire region
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and satisfies the condition
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The principle of maximum value, which we used in the proof of the uniqueness of the problem for a section, is inapplicable, because in an infinite region the function v(x, t) may nowhere attain a maximum value. In order to use this principle, let us examine the region
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where L is a large number, which subsequently we shall increase indefinitely, and the function
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The function V(x, t) is continuous, satisfies the equation of heat conduction, and moreover possesses the following properties:
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Using the principle of maximum value in the region |x| ≤ L we have
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Let us fix certain values of (x, t) and let L increase indefinitely. Proceeding to the limit as L → ∞, we obtain
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which proves the theorem.

§ 2. Method of the separation of variables

1. A homogeneous boundary-value problem

Let us turn to the solution of the first boundary-value problem of the equation of heat conduction
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with initial condition
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and boundary conditions
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We begin the study of the general first boundary-value problem with the solution of the following simple problem (I):

Find the solution of the homogeneous equation
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which satisfies the initial condition
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and the zero boundary conditions
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For the solution of this problem let us examine, as is customary in the method of the separation of variables, the subsidiary problem:

Find the solution of the equation
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not identically equal to zero, which satisfies the homogeneous boundary conditions
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and which has the form
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where X(x) is a function only of the variable x, and T(t) is a function only of the variable t.

Substituting the assumed form of the solution (6) in equation (4) and dividing both sides of the equality by a2XT, we obtain:
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where λ is a constant, since the left-hand side of the equality depends only on t and the right-side only on x.

Hence it follows that
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The boundary conditions (5) give:
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Thus, we obtain an eigen-value problem for the function X(x)
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examined in the solution of the wave equation in Chapter II (see § 3, sub-section 1). It was shown that only for certain values of the parameter λ equal to
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do non-trivial solutions of equation (8) exist. These are
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The solution of equation (8′) corresponding to these values λn is
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where Cn are coefficients not determined for the present.

Returning to the fundamental subsidiary problem we see that the functions
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are particular solutions of equation (4), satisfying zero boundary conditions.

We return now to the solution of problem (I). First we construct the formal series
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The function u(x, t) satisfies the boundary conditions because all terms of the series satisfy them. Since we require that the initial conditions be fulfilled, we obtain:
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i.e. Cn are the Fourier coefficients of the function φ(x) analysed in the interval (0; l):
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We will show that the series (15) with coefficients Cn, defined by formula (17), satisfies all the conditions of problem (I). In order to do this, it is necessary to prove that the function u(x, t), defined by series (15) is differentiable, satisfies the equation in the region 0 < x < l, t > 0 and is continuous at points of the boundary of this region (at t = 0, x = 0, x = l).

Since equation (4) is linear, then by virtue of the principle of superposition the series, consisting of partial solutions, will also be a solution if it converges, and if it is possible to differentiate it twice with respect to x and once with respect to t (see lemma of Chapter II, § 3, sub-section 3). Let us show that at t ≥ [image: images] > 0 ([image: images] is any auxiliary number) the series for the derivatives
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converge uniformly. Actually
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Furthermore, the function φ(x) must satisfy additional requirements. Let us assume in the first place that φ(x) is bounded, |φ(x)| < M; then
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whence it follows that
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and similarly
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In general
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Let us examine the convergence of the major series {an}, where
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According to D’Alembert’s criterion, this series converges because
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Hence it is possible to differentiate the series (15) any number of times in the region t ≥ [image: images] > 0. Further, applying the principle of superposition, we deduce that the function defined by this series equation (4). By virtue of the arbitrary nature of [image: images], this holds for all t > 0. In the same way it can be proved that for t > 0 the series (15) describes a continuous function.*

If the function φ(x) is continuous and has a nearly-continuous derivative and satisfies the conditions φ(0) = 0 and φ(l) = 0, then the series
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defines a continuous function at t ≥ 0.

Actually, from the inequality
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the uniform convergence of series (15) at t ≥ 0, 0 ≤ x ≤ l at once follows, if it is remembered that for a continuous function φ(x) with a piecewise continuous derivative the series of moduli of Fourier coefficients converges if φ(0) = φ(l) = 0.**

Thus the problem of finding a solution of the main boundary-value problem for a homogeneous equation with zero boundary conditions and with a continuous piecewise differentiable initial condition is completely solved.

2. The source function

Let us transform the solution (15) substituting the integrals for Cn
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The rearrangement of the order of summation and integration is always valid at t > 0, because the series in brackets converges uniformly in ξ for t > 0.***

Let us define
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Using the function G(x, ξ, t), it is possible to represent the solution u(x, t) as
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The function G(x, ξ, t) is called an instantaneous point source function, or in more detail the function of the temperature effect of an instantaneous point source of heat. (It is often called Green’s function.)

We shall show that the source function G(x, ξ, t), considered as a function of x, represents the distribution of temperature in the rod 0 ≤ x ≤ l at the time t if the temperature at the initial time t = 0 equals zero and if at this time a certain amount of heat is instantaneously liberated at the point x = ξ (the exact amount will be calculated later) and the ends of the rod are maintained at zero temperature.

The expression “the amount of heat Q liberated at the point ξ” means, as usual, that we are concerned with the heat liberated in “a small” interval around the point ξ under consideration. The change of temperature φε (ξ) produced by the liberation of heat around the point is equal to zero outside the interval (ξ — ε, ξ + ε) in which the heat is liberated, and inside this interval φε (ξ) is assumed to be a positive, continuous and differentiable function for which
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The left-hand side of this equation represents the amount of heat producing a change of temperature φε (ξ). The process of distribution of temperature is defined by formula (19):
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Let us perform now a limiting transition for ε → 0. Taking into consideration the continuity of G for t > 0, the equality (20) and assuming the theorem of mean value for the fixed values x, t we have:
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where ξ* is a certain mean point of the interval (ξ — ε, ξ + ε). Because of the continuity of the function G(x, ξ, t) at ξ with t > 0 we obtain:
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Hence it follows that G(x, ξ, t) represents the temperature effect of an instantaneous point source of output Q = c [image: images], located at time t = 0 at the point ξ of the interval (0, l).

Let us note the following property of the function G(x, ξ, t): the function G(x, ξ, t) ≥ 0 for any x, ξ, t > 0. We examine the original function φε (x) which possesses the properties described above, and the solution (21′) corresponding to it. From the positive nature of the initial and boundary conditions and from the maximum value principle it follows that
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for all 0 ≤ x ≤t and t > 0. Hence, using formula (21′) we have:
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Proceeding to the limit as ε → 0, from (21′) we obtain the inequality
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which it was required to prove.

This result has a simple physical meaning. But to determine it directly from formula (19) would be difficult, because G(x, ξ, t) is represented by an infinite series.

3. Boundary-value problems with discontinuous initial conditions

The theorem stated above refers to the solutions of the equation of heat conduction which are continuous in the closed region 0 ≤ x ≤ l, 0 ≤ t ≤ T. These conditions of continuity are very stringent. Let us examine the simple problem of the uniform cooling of a heated rod with the ends at zero temperature. Additional conditions have the form
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If u0 ≠ 0 then the solution of this problem must be discontinuous at the points (0, 0) and (l, 0). This example shows that the conditions outlined above of the continuity of the initial value and the conditions of the junction of it with the boundary values exclude significant useful cases from consideration. Nevertheless formula (19) also gives the solution of the boundary-value problem in this case.

Thus, if we wish to make use of the results of the theory, beyond the apparent limits of its applicability, then we must generalize the theory stated above in order to cover the main problems. In applications one often makes use of formulae of limited applicability without specifying the limitations. A consistent basis for all formulae would be very cumbersome and often it would distract the attention of the investigator from the quantitative and qualitative aspects of the physical nature of the process.

Nevertheless we consider it necessary, at least for the simplest examples, to give the basis of a mathematical system adequate for the solution of the main problems.

Let us examine the boundary-value problems with partly-continuous initial values, not assuming that the initial function is connected with boundary conditions. This class of additional conditions is sufficiently common for practical needs and sufficiently simple for the statement of the theory. Our object is to prove that the same formula (19) gives a solution of this problem. We carry out the investigation in several stages, first proving a preliminary theorem.

The solution of the equation of heat conduction



[image: images]

continuous in the closed interval (0 ≤ x ≤ l, 0 ≤ t ≤ T) and satisfying the conditions
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where φ(x) is an arbitrary continuous function reducing to zero at x = 0, x = l, is uniquely defined and is represented by the formula
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This theorem was proved above with the additional assumption that φ(ξ) has a partly-continuous differential coefficient.

Let us remove this condition. We examine the sequence of functions with partly-continuous differential coefficients φn (ξ) (φn (0) = φn (l) = 0), converging uniformly to φ(x). (By the nature of φn (x) it is possible to select, for example, functions which represent broken lines, coinciding with φ(x) at the points l · k/n, k = 0,1,2, …, n.) The functions un (x, t) defined by formula (19) from φn (x) satisfy the condition of partly-continuous differentiability. These functions converge uniformly and describe in the limit the continuous function u(x, t). Actually, for any ε it is possible to find n(ε) such that
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because these functions by definition converge uniformly. Hence by the maximum value principle it follows also that
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and proves the uniform convergence of the series of functions un (x, t) to a certain continuous function u(x, t).

If, having fixed the point (x, t), we proceed to the limit under the integral sign, then we find that the function
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is continuous in the closed interval 0 ≤ x ≤ l, 0 ≤ t ≤ T and satisfies conditions (2). By virtue of the first footnote on p. 217, it is easily seen that it also satisfies equation (4). The proof of the theorem is completed.

Formula (19) gives a unique continuous solution of the problem under consideration.


Let us turn to the proof of the uniqueness theorem for the case of a partly continuous initial function φ(x), with zero boundary conditions. We prove that the function, continuous in the region t > 0, satisfying the equation of heat conduction,
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in the region 0 < x < l, t > 0 with zero boundary conditions
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and initial condition
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is defined identically if

(1) it is continuous at the points of continuity of the function φ(x),

(2) it is bounded in the closed region 0 ≤ x ≤ l, 0 ≤ [image: images] ≤ [image: images]0, where [image: images]0 is an arbitrary positive number.

Let us assume that such a function exists. It is obvious from the preceding theorem that it may be described in the range t > [image: images] by the formula
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for any [image: images] > 0 where
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Let us perform a limiting transition in this formula as [image: images] → 0, keeping x and t constant. We show that* the transition is possible under the integral sign and therefore the function u(x, t) may be represented in the form of the integral
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which is well defined.

Let x1, x2, …, xn be points of discontinuity of the function φ(x). Assuming x0 = 0 and xn+1 = l (Fig. 38) and assuming the closed interval Ik(xk + δ ≤ x ≤ xk+1 — δ) (k = 0, 1, …, n), where δ is a certain fixed sufficiently small number it is easily seen that the function under the integral sign of (19′) converges
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FIG. 38



uniformly to the function under the integral sign of (19) in every interval Ik(k = 0, 1, 2, …, n). In the intervals [image: images]k(xk — δ ≤ x ≤ xk + δ) (k = = 1, 2, 3, … n), [image: images]0(x0 ≤ x ≤ x0 + δ), and [image: images]n+1 (xn+1 — δ ≤ x ≤ xn+1) the expressions under the integral sign in (19) and (19′) are bounded by a certain number N for any [image: images](0 ≤ [image: images] ≤ t0) because of an assumed boundedness of the function u(x, t) and because of the continuity of G(x, ξ, t) at 0 ≤ ξ ≤ l, t > 0. Dividing the difference of the integrals (19) and (19′) into 2n + 3 integrals, given by Ik(k = 0, 1, …, n) and [image: images]k(k = = 0, 1, …, n + 1), we see that this difference may be made smaller than a given number ε, if
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so that
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and if t is chosen so small that
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so that
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Hence the inequality follows
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proving the validity of the transition to a limit under the integral sign. Thus, if a function u(x, t) exists, satisfying the conditions of the theorem, then it is represented by the form (19), proving the uniqueness of such a function.



Let us prove now that formula (19) represents a solution of equation (4) satisfying conditions (2) for any partly-continuous function φ(x) and is continuous at all points of the continuity of φ(x).

We prove this theorem by two methods. We prove that it is true if φ(x) is a linear function
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Let us examine the series of auxiliary functions (Fig. 39)
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where α is determined from the condition of continuity of the function φn (x) at the point x = l (1 — 1/n)
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The functions un (x, t), determined with the help of formula (19) for φn (x), are continuous solutions of the equation of heat conduction with zero boundary conditions and initial conditions
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Because
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then by the maximum value principle
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The function U0 (x) = cx is a continuous solution of the equation of heat conduction.

By virtue of the maximum value principle
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because this inequality holds at x = 0, x = l and t = 0. Thus un (x, t) is a monotonic increasing series bounded above by the function U0 (x), whence it follows that this series converges. It is easily seen that
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FIG. 39
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since the transition to a limit under the integral sign is valid. By virtue of the first footnote on p. 217 this function satisfies the equation and the zero boundary conditions at t > 0. Let us show that this function is continuous at t = 0 for 0 ≤ x ≤ l. Let x0 < l. Let us choose n so that x0 < l [image: images]. In this case φn (x0) = U0 (x0). In view of this
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and
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we conclude that there exists a limit
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not depending on the manner in which x → x0 and t → 0. Hence the continuity of u(x, t) at the point (x0, 0) follows. This function is bounded because it does not exceed U0 (x). Thus for φ(x) = cx, the theorem is proved.

By the replacement of x with l — x we see that the theorem is true for
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Hence it follows that it is true for any function of the type
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because a similar function may be obtained by the addition of (2′) and (2″). Further, it follows also that the theorem is correct for any continuous function without the assumption that φ(0) = φ(l) = 0. Actually, it is possible to represent any function φ(x) of such a type in the form
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where the component in the square brackets is a linear function, and ψ(x) is a continuous function, reducing to zero at the ends of the section: ψ(0) = ψ(l) = 0. Since we are already satisfied that for each component the theorem is applicable, hence it follows that the theorem is correct for φ(x).

Let us turn now to a proof of the theorem for an arbitrary partly-continuous function φ(x). Formula (19) in this case defines a solution satisfying the equation and the zero boundary conditions.

Let the point x0 be any point of the continuity of the function φ(x). Let us show that for any ε it is possible to find δ(ε) such that |u(x, t) — φ(x0)| < ε, if |x — x0| < δ(ε) and t < δ(ε). By virtue of the continuity of the function φ(x) at the point x0 there exists an η(ε) such that
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whence
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Let us construct subsidiary continuous differentiable functions [image: images] and [image: images]:
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In the interval |x — x0| < η(ε) the functions φ and φ satisfy only the conditions (a) and (b) and in other respects are arbitrary. Because of the inequalities (23)
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Let us examine the functions
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Because of the continuity of the functions [image: images] and [image: images] the functions [image: images] and [image: images] are continuous at the point x0, i.e. a δ(ε) can be found such that
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whence
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Because function G(x, ξ, t) is positive from formula (24) it follows that
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Hence we obtain the inequality
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or
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which it was required to prove. The boundedness of the function |u(x, t)| follows from (25) and from the boundedness of the functions [image: images] and u(x, t). Hence the theorem is proved.

4. The inhomogeneous equation of heat conduction

Let us examine the inhomogeneous equation of heat conduction
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with initial condition
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and boundary conditions
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We shall search for a solution u(x, t) as a Fourier series in sin (πn/l) x
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In order to find the function u(x, t) it is necessary to find the function un (t). Let us represent the function f(x, t) as a series
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where



[image: images]

Substituting the assumed form of the solution in the original equation (1) we have:
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This equation will be satisfied if all the coefficients in the bracket equal zero, i. e.
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Making use of the initial condition for u(x, t)
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we derive the initial condition for un (t):
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Solving the ordinary differential equation (29) with the zero boundary condition (30),* we find:
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Substituting expression (31) for un (t) in formula (27) we obtain the solution of the original problem in the form
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Using expression (28) for fn (τ) let us transform the solution (32):



[image: images]

where
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coincides with the source function defined by formula (18).

Let us consider the physical significance of this solution
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We assume that the function f(ξ, τ) differs from zero in a sufficiently small neighbourhood round the point M0 (ξ0, τ0)
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The function F(ξ, τ) = c [image: images] f(ξ, τ) represents the density of the heat sources. The total amount of heat, liberated in the section (0, l) equals
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Let us apply the mean value theorem to the expression
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where
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Proceeding to the limit as Δξ → 0 and Δτ → 0, we obtain the function
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which may be interpreted as a function giving the effect of an instantaneous source of heat located at the point ξ0 at time τ0.

If the function Q/c [image: images] G(x, ξ, t—τ), which represents the effect of a single instantaneous centred source, is known, then it is possible to express the effect of the sources distributed continuously with density F(x, t) = c [image: images] f(x, t), by formula (33).

Thus, the temperature effect of the heat sources acting in the region (ξ0, ξ0 + Δξ) (τ0, τ0 + Δτ), is given by the expression
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If the sources are distributed continuously, then, summing the effects of the sources acting over the entire region 0 ≤ ξ ≤ l, 0 ≤ τ ≤ t, we obtain after a limiting transition as Δ ξ → 0 and Δτ → 0



[image: images]

Thus, having understood the physical significance of the source function G(x, ξ, t), it is possible at once to write down expression (33) for the function which gives the solution of the inhomogeneous equation.

Knowing the formal solution of the problem it is possible to investigate the conditions of applicability of this formula. We will not carry out this investigation.

We have considered the non-homogeneous equation with zero initial conditions. If the initial condition differs from zero, then the solution of the homogeneous equation with the given initial condition u(x, 0) = φ(x), found in sub-section 1 should be added to this solution.

5. The first general boundary-value problem

Let us examine the first general boundary-value problem for the equation of heat conduction:

Find the solution of the equation
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with additional conditions
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Let us introduce a new unknown function v(x, t)
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representing the deviation from a certain known function U(x, t).

This function v(x, t) will be defined as the solution of the equation
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with additional conditions
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Let us choose the auxiliary function U(x, t) so that
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for example*
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Thus, the determination of the function u(x, t), which gives the solution of the general boundary-value problem, reduces to a determination of the solution v(x, t) of the boundary-value problem with zero boundary conditions. The method of finding the function v(x, t) is given in sub-section 4.

This formal system for solving problems with inhomogeneities in the equation and boundary conditions is not always the most suitable. Difficulties arise in determining the auxiliary function v(x, t).

In particular, for problems with fixed inhomogeneities it is best to find a time independent solution and the deviation from this solution.**

Let us consider, for instance, the problem of a finite rod (0, l), whose ends are maintained at the constant temperatures u0 and u1:
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We shall look for a solution in the form of a sum
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where [image: images](x) is time independent, and v(x, t) is the deviation from this temperature.

The functions [image: images](x) and v(x, t) satisfy the conditions
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Hence we find:
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The function v(x, t), satisfying an initial condition and homogeneous boundary conditions, may easily be found by the method of separation of variables.

Problems


1. Derive an equation for the process of heating a homogeneous thin wire with a constant electric current, if there is heat exchange between its surface and the surrounding medium.

Answer : ut = a2uxx — hu + q, where h and q are certain constants.

2. Derive the equation of diffusion in a medium, moving uniformly in the direction of the x-axis with speed w. Examine the case of a single independent variable.

Answer : ut = Duxx — wux (D the coefficient of diffusion).

3. Starting from Maxwell’s equation, assuming Ex = Ez = 0, Hz = 0 and neglecting displacement currents, prove that in a homogeneous conducting medium the component of the electromagnetic field Ey satisfies the equation
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where σ is the conductivity of the medium, c the speed of light. Derive the equation for Hx.

4. Give a physical interpretation of the following boundary conditions in problems of heat conduction and diffusion:
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5. Solve the problem of the cooling of a homogeneous rod with its ends at zero temperature, assuming the absence of heat exchange at the surface.

Answer :
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6. The initial temperature of a rod is u(x, 0) = u0 = const, for 0 < x < l. The temperature of the ends is kept constant u(0, t) = u1; u(l, t) = u2 for 0 < t < ∞. Find the temperature of the rod if heat exchange at the surface is absent. Find the steady state temperature.

7. Solve problem 6 for the following boundary conditions: one end is kept at a constant temperature, the other end is thermally insulated.

8. Solve problem 1 for the heating of a thin homogeneous wire with a constant electric current, if the initial temperature, boundary temperature, and also the temperature of the surrounding medium equal zero.

9. A cylinder of length l is filled with air at the pressure and temperature of the surrounding medium, and has one end open at t = 0. A gas diffuses into the cylinder from the surrounding atmosphere, where its concentration equals u0. Find the quantity of gas diffusing into the cylinder in a time t, if the initial concentration of the gas in the cylinder equals zero.

10. Solve problem 9 on the assumption that the left end of the cylinder is enclosed by a semi-permeable membrane.

11. Solve the problem of the cooling of a homogeneous rod thermally insulated along the surface, if its initial temperature u(x, 0) = φ(x), and a heat exchange occurs at the ends with a medium of zero temperature. Examine the special case φ(x) = u0.

12. Solve problem 11 assuming that the temperature of the surrounding medium equals U0.

13. Solve problem 11 assuming that a heat exchange occurs at the surface with a medium whose temperature:

(a) equals zero,

(b) is constant and equal to u1.

14. Find the steady state temperature of a rod, neglecting heat exchange at the surface and assuming, that one end is thermally insulated and that a heat flow which changes harmonically with time, is supplied to the other end.

15. Solve problem 14 assuming that one end of the rod has zero temperature, and the temperature of the other end changes harmonically with time.

16. The rod (0, l) consists of two homogeneous parts of equal cross-section, touching at the point x = x0 and having characteristics a1, k1 and a2, k2 respectively. Find the steady state temperature in such a rod, if one end of the rod (x = 0) is maintained at zero temperature and the temperature of the other end varies sinusoidally with time.

17. The left end of the composite rod of problem 16 is maintained at a temperature equal to zero, and the right end at a temperature u(l, t) = u1 the initial temperature of the rod being equal to zero. Find the temperature u(x, t).

18. Find the temperature u(x, t) of a rod, whose initial temperature equals zero, and whose boundary conditions have the form
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where A, B and α > 0 are constants.



§ 3. Problems in an infinite region

1. The source function for an infinite region

In the preceding section we obtained an expression for the instantaneous point source function in a finite segment (0, l) in the following form.*
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If the point source corresponds to an amount of heat Q, then the process of distribution of temperature is characterized by a function
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From what has been said about propagation of heat in an infinite region, it is clear that the function G(x, ξ, t) should be the limit of the function (1) for a finite segment when both ends recede to infinity. To calculate this limit let us transform formula (1) so that the ends of the segment have coordinates (—l/2, l/2). This is achieved by introducing new coordinates x′ and ξ′
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The source function of an instantaneous point source of magnitude Q = c [image: images], located at the point ξ′ of the segment (—l/2, l/2) has the form



[image: images]

Let us transform the products of the sines. If n is even, i. e. n = 2m then
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If n is odd, i.e. n = 2m + 1, then
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Thus,
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where the strokes at the side of the sum ″ (or ′) indicate that the summation is carried out only over even (odd) values of n.

We shall find the limit of the first sum as l → ∞. It may be written in the form
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where
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The sum (3) tends to the integral of the function f1 (λ) over the interval 0 ≤ λ < ∞. When l → ∞, then Δ λ → 0. Performing a limiting transition to the integral, we have:†
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Similarly, the second sum may be written as
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where
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Going to the limit we get
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Combining these results, we have:
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Thus
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Let us calculate the auxiliary integral
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which depends on the two parameters α and β. We fix the value of α and denote this integral by I(β). Then we calculate the derivative
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by differentiation under the integral sign. Integrating by parts, we obtain:
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Thus for I(β) we get a differential equation which can be solved by separation of variables
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whence
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When β = 0 we find the value of the constant
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since
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Hence
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Applying formula (9) to the integral (7) we get an expression the source function for an infinite region
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This function is often called the fundamental solution of the equation of heat conduction.

By direct examination one can satisfy oneself that the function
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represents the temperature at the point x at the time t, if an amount of heat Q = c [image: images] is liberated at the initial time t = t0 at the point ξ.

(1) The function G(x, ξ, t — t0) satisfies the equation of heat conduction in the variables (x, t),* as may be verified by direct differentiation.

(2) The total amount of heat found on the x-axis for t > t0 equals
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since
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Thus, the total amount of heat is constant. The function G(x, ξ, t — t0) depends on the time only through the argument θ = a2 (t — t0) so that it is possible to write it as
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In Fig. 40 the graph of G is given as a function of x for different values of θ. Almost the entire area bounded by this curve lies in the interval
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where ε is an arbitrary small number, provided θ = a2 (t — t0) is sufficiently small. The magnitude of this area, multiplied by c [image: images], equals the amount of heat injected at the initial time. Thus, for small values of t — t0 > 0, almost all the heat is concentrated in a small region around the point ξ. It follows that at time t0 all the heat is injected at the point ξ.

Considering the temperature at the fixed point x = ξ + h as a function of time. When h = 0, i.e. at x = ξ, we obtain:
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Thus the temperature at this point, where heat is liberated, becomes infinitely high for small θ.

If x ≠ ξ, i.e. h ≠ 0, then the function G is a product of two factors
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The second factor is less than unity: for large θ it ≈ 1, for small θ it ≈ 0. Hence it follows that Gx≈ξ = Gx=ξ for large θ; Gx≠ξ [image: images] Gx=ξ for small θ. The smaller h is, i.e. the nearer x to ξ, the larger is the second factor. Graphs of the function Gx=ξ and Gx≠ξ (h2 < h1) are given in Fig. 41.
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FIG. 40



It is easy to see that
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Expanding near the limit, we find:
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Formula (10′) shows that at any point x the temperature, produced by an instantaneous point source acting at the initial time t = 0 differs from zero for any time t > 0 no matter how small.

This means that heat is propagated with infinite speed contradicting the molecular-kinetic theory of heat. Such a contradiction arises because in deriving the equation of heat conduction we make use of phenomenological ideas about the propagation of heat, not allowing for the inertia in the motion of the molecules.
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FIG. 41



2. The propagation of heat in an infinite region

The problem of the conduction of heat in this case is set in the following way:

Find the bounded function u(x, t) (—∞ < x < ∞, t ≥ 0) satisfying the equation of heat conduction
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and the initial condition
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We shall, as before, restrict the initial condition by requiring continuity* of the function u(x, t) at t = 0.

It is easy to find an analytical representation of the solution. Let an auxiliary function [image: images] be everywhere equal to zero, except in a small interval (ξ0 — δ, ξ0 + δ) in which it coincides with φ(x). In order to change the initial temperature from zero to φ(x) it is necessary to inject an amount of heat into the interval (ξ0 — δ, ξ0 + δ)
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The temperature at the point x at time t > 0, will equal
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where [image: images] is an intermediate value in the interval (ξ0 — δ, ξ0 + δ).

Dividing the entire line into small intervals and using the principle of superposition, we may represent u(x, t) as a sum of components of type (13). This sum tends as δ → 0 to the integral
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or
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This function must represent the solution of the problem.

The arguments outlined above are not, of course, proofs. Let us examine the conditions of applicability of this formula.

We show that the formula
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called Poisson’s integral, represents for t > 0 a bounded solution of the equation of heat conduction, tending to φ(x) for t = 0 at all points of the continuity of this function, provided φ(x) is bounded, |φ(ξ)| < M.

Let us prove a preliminary lemma (the generalized principle of superposition).

If the function U(x, t, α) in the variables (x, t) satisfies the linear differential equation
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for any fixed value of the parameter α, then the integral
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is also a solution of the same equation L(u) = 0, if the derivatives appearing in the linear differential operator L(U) can be calculated by means of differentiation under the integral sign.

The linear differential operator L(U) represents the sum of the derivatives of the function U with certain coefficients depending on x and t. Differentiation of the function u, by hypothesis, can occur under the integral sign. The coefficients also can be brought under the integral sign. Hence it follows that
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i.e. that the function u(x, t) satisfies the equation L(u) = 0.

We recall the sufficient conditions for differentiation under the integral sign.

The function
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with finite limits a and b is differentiable under the integral sign if [image: images] (x, α) is a continuous function of the variables x and α in the region of variation (see V. I. Smirnov, Kurs vysshei matematiki (Course of Higher Mathematics), vol. II, chap. III, § 3, 1950).

It is easily seen also that the function
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with finite limits a and b is differentiable under the integral sign for these conditions on the function f(x, a) and an arbitrary, bounded (and everywhere integrable) function φ(α). If the limits of integration are infinite then the uniform convergence of the integral, obtained as a result of differentiation of the function under the integral by the parameter, is also necessary (see above reference).

These remarks hold also for a multiple integral.

The principle of superposition holds for the linear equations L(u) = 0. Thus the function
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which is a sum of a finite number of solutions is also a solution of the equation. If we have a solution u(x, t, α) depending on a parameter α then the integral sum
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is a solution. The lemma proved above gives the conditions for which the limit of the sum (15), i.e. the integral
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is a solution of the equation L(u) = 0. From this point of view it is natural to call the lemma, the generalized principle of superposition.

Let us investigate the integral (14′). We show, firstly, that if the function φ(x) is bounded, |φ(x)| < M, then the integral (14′) converges and represents a bounded function. In fact
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since
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We show further that the integral (14′) satisfies the equation of heat conduction for t > 0. It is sufficient to prove that the derivatives of this integral for t > 0 can be calculated by means of differentiation under the integral sign.

In the case of finite limits of integration this is valid, because all the derivatives of the function
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for t > 0 are continuous. In order to differentiate under an integral sign with infinite limits it is sufficient that the integral, which is obtained after differentiation under the integral sign be uniformly convergent. Let us carry out this investigation using as example the first derivative with respect to x.

In order to prove the differentiability of the function (14) with respect to x and also of the equality
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it is sufficient to prove the uniform convergence of the integral on the right-hand side; moreover, for differentiation at the point (x0, t0) it is sufficient to prove the uniform convergence of the integral in some region of the variables containing the values (x0, t0), for example in the region
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A sufficient condition for the uniform convergence of the integral (similar to the condition for the uniform convergence of a sum) is the existence of a positive function F(ξ), not dependent on the parameters (x, t), which dominates the function |Gx (x, ξ, t) φ(ξ)|:



[image: images]

for which the following integrals converge:
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The number x1 is some number greater than [image: images].

Let us determine the absolute value of the expression under the integral sign in the formula for [image: images] :
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for any |[image: images]| ≤ x and t1 ≤ t ≤ t2. It is easy to deduce the convergence of the integral (15″) from the function F(ξ). The integral
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converges, because the factor under the integral is of the type (a ξ + b) e–cξ2. Hence we deduce that
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The theorem may be proved for higher derivatives in the some way. Thus we have proved that the function (14′) satisfies the equation of heat conduction.

Finally we prove the result
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at all points of the continuity of the function φ(x).

Let φ(x) be continuous at a certain point x0. We must prove that
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i. e. given ε > 0, it is possible to find δ(ε) such that
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if
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Because the function φ(x) is continuous at the point x0, there exists η(ε) such that
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when
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Dividing the range of integration, let us represent u(x, t) as a sum of three components:
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where
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The main component of this sum u2 may be written as
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The integral I1 can be calculated explicitly
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where
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Because |x — x0| < η, the upper limit is positive, and the lower negative, and for t → 0 the upper limit tends to + ∞ and the lower to — ∞. Hence it follows that
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Thus, it is possible to find δ, as that
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when
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We show that the remaining integrals: I2, u3 and u2 are small. Let us investigate the integral I2:
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From the equalities (20) we see that for
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the following inequality holds
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Making use of inequality (18), and also the fact that
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whatever x′ and x″ may be, we obtain:
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where the new variable a is defined by formula (21). We also find that
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and similarly
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because if x → x0, then x2 — x > 0, and x1 — x < 0, and if t → 0, then in the final terms of (24) and (25) the lower limit and upper limit respectively tend to + ∞ and — ∞. Hence it is possible to assign δ2 so that
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when
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Making use of the results established above we obtain:
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when
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where δ is the smallest of the numbers δ1 and δ2.

Thus, we have shown that the function
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is bounded and satisfies the equation of heat conduction and the initial condition.

If the initial value is given not at t = 0 but at t = t0, then the expression for u(x, t) takes the form
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The uniqueness of the solution obtained for the continuous function φ(x) follows from the theorem proved in § 2, sub-section 3. If the initial function φ(x) has a finite number of points of discontinuity, then the integral (14″) represents a bounded solution of equation (1), continuous everywhere except at the points of discontinuity of the function φ(x).*

Let us examine the following problem as an example.

Find the solution of the equation of heat conduction, if the initial temperature (at t = t0 = 0) has constant but different values for x > 0 and x < 0, namely
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Making use of formula (14′) we obtain the solution of the problem
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because
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and
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In particular, if
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then
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The profile of the temperature at a time t is given by the curve
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where z represents the coordinate of the point of interest measured in units of 2 [image: images](a2t). The construction of this curve does not present difficulty because the integral
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usually called the error integral, often occurs in the theory of probability and there exist detailed tables for it.

Formula (28) for arbitrary T1 and T2 becomes
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Hence the temperature is constant all the time at the point x = 0 and equals half the sum of the initial values from the right and left, since ϕ(0) = 0.

The solution of the inhomogeneous equation
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with zero initial conditions
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obviously must be represented by the formula
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as follows from the physical significance of the function G(x, ξ, t) (see sub-section 4, § 2). We will not discuss this formula, and the conditions which must be imposed on the function f(x, t).

3. Boundary-value problems for a semi-infinite straight line

As we have already noted in § 1, sub-section 4, in those cases where the distribution of temperature near one end of the rod is of interest to us and the effect of the other end is negligible, it is assumed that this end is at infinity. This leads to the problem of heat conduction
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for a semi-infinite region x > 0 for values of t > 0, satisfying the initial condition
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and the boundary condition which, depending on the character of the boundary region, takes one of the following forms:
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or
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We give a detailed investigation only of the first boundary-value problem
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In order that there should be a unique solution, it is necessary to impose certain conditions at infinity. We require as an additional condition that the function u(x, t) be everywhere bounded
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where M is a certain constant. Hence the initial function φ(x) must also satisfy the condition
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The solution of the problem can be represented as a sum
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where u1(x, t) represents the effect of the initial conditions, and u2 (x, t) the effect of the boundary condition. These functions can be defined as the solutions of equation (11), satisfying the conditions



[image: images]

and
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It is obvious that the sum of these functions will satisfy conditions (30). Let us prove two lemmas concerning the function u(x, t) defined by Poisson’s integral
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1. If the function ψ(x) is an odd function, i.e.
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then the function (31)
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reduces to zero at x = 0,
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It is assumed that the integral, defining the function u(x, t), converges, which is true if ψ(x) is bounded. The function under the integral sign in the integral
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is odd with respect to ξ, since it is the product of an odd function and an even one. The integral of the odd function with limits, symmetrical with respect to the origin of coordinates equals zero; hence
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which proves the lemma.

2. If the function ψ(x) is an even function i.e.
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then the derivative of the function u(x, t) from formula (31) equals zero at x = 0
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for all t > 0.

In fact
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since at x = 0 the function under the integral sign is odd, if ψ(ξ) is even.

The function u (x, t) may now be found. We introduce an auxiliary function U (x, t) defined in the infinite region — ∞ < < x < ∞ and satisfying the equation, and also the conditions
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Making use of the first lemma, it is possible to determine this function from an initial function ψ(x) corresponding to φ(x) for x > 0 and an odd function for x < 0 i.e.
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so that
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Considering the value of the function U (x, t) only in the region of interest to us, x ≥ 0 we obtain:
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Making use of the definition of ψ(x) we have
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on substituting ξ′ = —ξ in the first integral and using the equality
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Adding the two integrals together, we obtain the function
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in a form not containing the auxiliary function. We observe that at x = 0 the expression in brackets reduces to zero and u1 (0, t) = 0.

Making use of lemma 2 it is easy to show that the solution of the equation of heat conduction with a homogenous boundary condition of the second kind [image: images] (0, t) = 0 and the initial condition [image: images] (x, 0) = φ(x) is represented by
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Let us apply the formula obtained to the problem of the cooling of a uniformly heated rod, whose end is kept at zero temperature. We have to solve the equation of heat conduction, with the conditions
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Because the initial condition is given not at t = 0 but at t = t0, in place of formula (32) we have;
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Dividing the integral into two components and introducing the variables
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we obtain:



[image: images]

or
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where
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is the error integral.

Let us now determine the function u2 (x, t) which represents the second part of the solution of the first boundary-value problem.

Let
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The function
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is a solution of the equation of heat conduction, satisfying the conditions
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Hence it follows that the function
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is the required solution because it satisfies the required conditions
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We can represent v(x, t) in the form
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where
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is a solution of the same problem as v(x, t), but with μ0 = 1.

By definition the function U (x, t) has meaning only for t ≥ t0. Let us extend the definition of this function assuming
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It is obvious that this definition gives the correct value of the function U (x, t) at t = 0 and a function thus defined will satisfy the equation of heat conduction for all t at x > 0. The boundary value of this function (at x = 0) is a step function, equal to zero for t < t0 and equal to unity for t > t0. The function U (x, t) is an auxiliary link in the determination of the function u2 (x, t).

Let us examine a second auxiliary problem. Find the solution of the equation of heat conduction for the following initial and boundary conditions:
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By direct examination one can see that
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In general if a bounded function μ(t) is given in the form of a step function
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then, by complete analogy, we obtain the solution of the boundary-value problem II in the following form:
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Making use of the mean value theorem, we obtain:
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We can now find a solution u (x, t) of the equation of heat conduction with a zero initial condition and boundary condition
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where μ(t) is an arbitrary partly-continuous function. An approximate solution of this problem is easily obtained in the form (37), if the function μ(t) is replaced by a step function. Passing to a limit we obtain that the limit of the sum (38) equals
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since for x > 0
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Thus the solution u2 (x, t) of the second problem must equal
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We shall not discuss the validity of the limiting transition and the conditions of applicability of this formula in relation to the function μ(τ).

One is easily satisfied that
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Thus the solution being sought in the case of the arbitrary function μ(t) may be described in the form
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or
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We note that in the process of obtaining formula (40) we nowhere made use of the special properties of the equation of heat conduction, except its linearity, nor did we make use of the analytical form of the function U (x, t), but only the fact that is satisfies the boundary and initial conditions
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or



[image: images]

It is obvious that if we are dealing with the solution of any linear differential equation with a boundary condition
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with zero initial conditions and zero additional conditions, if such occur (for instance at x = l), then the solution of this problem may be represented in the form
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where U (x, t) is the solution of a similar boundary-value problem with
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The principle formulated here, called Duhammel’s principle, shows that the fixed boundary value presents the fundamental difficulty in solving boundary-value problems. If the boundary-value problem with a fixed boundary value is solved, then the solution of the boundary-value problem with a variable boundary condition is represented by formula (41). One uses this principle in solving a great many boundary-value problems. One finds a solution only for a fixed boundary condition, and remembers that the solution of the boundary-value problem with variable μ(t) is given by formula (41).

The sum of the functions
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gives a solution of the first boundary-value problem for a semi-infinite region for a homogeneous equation.

Making use of formula (29) sub-section 2, § 3, and the principle of odd extension of a function it is easily shown that the solution of the inhomogeneous equation
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with a zero initial and zero boundary condition [u(0, t) = 0] is given by the formula
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The sum
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gives the general solution of the first boundary-value problem
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§ 4. Steady state problems

If the process of heat conduction is investigated long after the initial time, then the effect of the initial conditions in practice is not observable. In this case the problem becomes one of finding the solution of the equation of heat conduction which satisfies the boundary conditions of one of three types, given for all t > —∞. If the rod is finite then boundary conditions are given at both ends. For a semi-infinite rod only one boundary condition is given.

Let us examine the first boundary-value problem for a semi-infinite rod:

Find the bounded solution of the equation of heat conduction in the region x > 0, satisfying the condition
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where μ(t) is a given function. Let it be assumed that the functions u(x, t) and μ(t) are bounded everywhere, i.e.



[image: images]

As will be shown below (see the small type), the function u(x, t) is well defined. The most common boundary condition is
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This problem was investigated by Fourier and was applied to a determination of the temperature oscillations of the earth.*

Let us write the boundary condition in the form
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From the linearity of the equation of heat conduction it follows that the real and imaginary part of any complex solution of the equation of heat conduction each satisfies the same equation.

If a solution of the equation of heat conduction, satisfying relation (2’) is found, then its real part satisfies relation (2) and the imaginary part the relation
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Thus let us consider the problem
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Its solution will be sought in the form
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where α and β are undefined constants.

Putting expression (4) in equation (3) and the boundary condition, we find:
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hence
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For u(x, t) we have:
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The real part of this solution
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satisfies the equation of heat conduction and the boundary relation (2). Formula (6) depending on the choice of sign defines not one, but two functions. But only the function corresponding to the minus sign is bounded. Thus, we obtain the solution of the problem
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The steady state problem for a finite segment can be solved similarly:
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Rewriting the boundary condition as
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we look for a solution in the form
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Putting this expression in equation (8) we obtain an equation for the function X(x)
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with additional conditions
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Solving it we get the function X(x)
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where X1 and X2 are its real and imaginary parts. For the function û(x, t) we obtain the expression
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Separating the real part we find the solution of the steady state problem
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We will not give an explicit expression for X1 and X2, although this can easily be done.

If the function u(t) is a superposition of harmonics of different frequency, then the solution may be obtained as a superposed solution, corresponding to the separate harmonics.


Let us prove the uniqueness of the steady state problem for a semi-infinite region. We shall proceed from the formula
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which represents any bounded solution of the equation of heat conduction in terras of its initial value u(x, t0) and boundary value u(0, t) = μ(t) in the region x ≥ 0, t ≥ t0.

Let us prove that
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provided
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for any t. Actually,
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where
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The result (16) follows, if x and t are fixed and t0 —∞. If in formula (15) x and t are fixed and we let t0 → —∞ then u(x, t) will equal the limit of the first component T1 and we obtain the formula (17) proving that two
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different solutions of our problem are not possible. It can also be proved that for any bounded partly-continuous function μ(t) formula (17) represents the solution of the required problem.

The steady state problem can be investigated for a finite segment (0 ≤ x ≤ l) similarly. This problem without the conditions of boundedness has many solutions, because the function
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for any n is a solution with zero boundary values. But such a solution becomes infinite for t → —∞, and it is not difficult to prove the uniqueness of the bounded solution.



Problems on Chapter III


1. Find the source function for:

(a) a semi-infinite rod with boundary conditions of first and second type and with no heat exchange at the surface;

(b) an infinite rod with heat exchange at the surface;

(c) a semi-infinite rod with heat exchange at the surface and with boundary conditions of the first two types.

2. Find the source function for a semi-infinite rod thermally insulated along the surface for the third boundary-value problem [the boundary condition is of the form [image: images] — hu(0, t) = f(t)].

Answer :
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3. Solve the equation of heat conduction for cases (a), (b), (c) in problem 1, if:

(1) at the point x = ξ0 there is a source of heat Q = Q(t), in particular Q = Q0 = const.;

(2) there is an initial distribution of temperature u(x, 0) = φ(x), in particular
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(3) the heat sources are distributed with density f(x, t) over the entire rod, and the initial temperature equals zero; examine, in particular, the case f = q0 = const, (stationary source).

4. A semi-infinite rod thermally insulated along the surface was heated uniformly to a temperature
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The end of the rod, starting at time t = 0, is maintained at zero temperature
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Find the temperature of the rod u(x, t) and, making use of the tables of the error integral
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construct a graph in x over the interval 0 ≤ x ≤ l of the function u(x, t) for t = l2/16a2, t = l2/2a2, t = l2/a2.

Hint. It is useful to introduce the dimensionless variables
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5. The end of a semi-infinite cylinder opens at the initial moment t = 0 to the atmosphere where the concentration of a certain gas equals u0.

Find the concentration of the gas in the cylinder u(x, t) for t > 0, x > 0, if the initial concentration u(x, t) = 0. Making use of the tables of the error integral, find the time at which the concentration of the gas reaches 95 per cent of the external concentration in a layer, which is at a distance l from the end of the cylinder. Find the law of motion of the front of constant concentration.

6. A heat current kux (0, t) = q(t) is supplied to the end of a semi-infinite rod, whose initial temperature was equal to zero. Find the temperature u(x, t) of the rod, if:

(a) the rod is thermally insulated at the surface;

(b) heat exchange occurs at the surface of the rod (according to Newton’s law) with a medium of zero temperature.

Examine the special case q = q0 = const.

7. The end of a semi-infinite rod is maintained at the constant temperature u0; heat exchange occurs at the surface of the rod with a medium whose steady temperature equals u1. The initial temperature of the rod equals zero. Find u(x, t) the temperature of the rod.

8. Solve problems 6a, 6b, assuming that u(x, 0) = u0 = const.

9. Find the steady temperature along a semi-infinite rod thermally insulated along the surface, at the end of which

(a) there is an assigned temperature u(0, t) = A cos ωt;

(b) there is an assigned heat current Q(t) = B sin ωt;

(c) a heat exchange occurs according to Newton’s law with a medium whose temperature varies according to the law v(t) = C sin ωt.

10. Making use of the method of images, construct the source function for a finite rod thermally insulated along the surface with boundary conditions of first and second types.

11. An infinite rod consists of two homogeneous rods, touching at the point x = 0 and possessing the characteristics a1, k1 and a2, k2 respectively. The initial temperature
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Find the temperature u(x, t) of the rod for the case where the surface is thermally insulated.



 

APPENDICES TO CHAPTER III



I. Temperature waves

The problem of propagation of temperature waves in the earth was one of the first examples of the application of the mathematical theory of heat conduction, developed by Fourier, to the study of natural phenomena.

The temperature at the surface of the earth, as is well known, is characterized by daily and yearly periodicity. Let us turn to the problem of propagation of periodic temperature oscillations in the earth, which we will consider as a homogeneous region 0 ≤ x ≤ ∞. This is a typical steady state problem, since after repeated changes of the temperature at the surface, the effect of the initial temperature will be less than the effect of other factors, which we have already neglected (e.g. the inhomogeneity of the earth). Thus we have the following problem:*

Find the bounded solution of the equation of heat conduction
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satisfying the condition
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This problem was examined in Chapter III. Its solution has the form (see Chapter III, § 4, (7))
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On the basis of this solution we can give the following properties of temperature waves in the earth. If the temperature of the surface varies periodically for a long time, then a temperature oscillation of the same period is also established in the earth whereupon:

1. The amplitude of the oscillation decreases exponentially with depth A(x) = [image: images], (Fourier’s first law).

2. Temperature oscillations in the earth are out of phase with those at the surface. The time lag δ of the maximum (minimum) temperature in the earth compared with that at the surface is proportional to the depth
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(Fourier’s second law).

3. The depth of penetration of the temperature waves into the earth depends on the period of oscillation at the surface. The relative change of temperature amplitude equals
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This formula proves that the smaller the period, the less the depth of penetration of the waves. For temperature oscillations of periods T1 and T2 the depths x1 and x2, at which the same relative change of temperature occurs, are connected by the relation
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(Fourier’s third law). Thus, for example, comparison of daily and yearly oscillations, for which T2 = 365T1, shows that
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i.e. that the depth of penetration of yearly oscillations of the same amplitude at the surface would be 19.1 times greater than the depth of penetration of the daily oscillations.

As an example let us quote the results of observations on yearly temperature oscillations at the station of Gosh in Priamur*:
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These results show that the amplitude of yearly oscillations at a depth of 4 m is only 13.3 per cent of the value at the surface which is equal to 19.5°.

On the basis of these results it is possible to find the coefficient of thermal conductivity of the earth
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from which we find that the coefficient of thermal conductivity of the earth equals
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The time lag of the maximum temperature at a depth of 4 m is 4 months.

However, one must realize that the theory developed here refers to the conduction of heat in dry earth or rock. The presence of moisture complicates the temperature phenomena. For example on freezing a liberation of latent heat occurs, not accounted for by this theory.

Thermal conductivity is one of the characteristics of a body, important for a study of its physical properties and also for various technical calculations. A study of temperature waves in rods provides one method for determining thermal conductivity.

A periodic temperature u(t) is maintained at the end of a sufficiently long rod. We expand this function as a Fourier series
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where T is the period, and considering the temperature waves corresponding to each component, we obtain the temperature u(x, t) for any a; as a periodic function of time. Its nth harmonic equals
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or
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This formula shows that if we measure the temperature at any two points x1 and x2 over a complete period and determine the coefficients an (x1), bn (x1), an (x2), bn (x2) by harmonic analysis, it is possible to determine the coefficient of thermal conductivity, a2 of the rod.

Periodic oscillations of temperature in the rod can be produced, for example, in the following way. Let us place one end of the rod in an electric oven, and let us switch on and switch off a current for equal intervals of time. As a result of such a periodic heating periodic oscillations of temperature are established in the rod after a certain time; measuring the temperatures u(x1, t) and u(x2, t) at any two points x1 and x2 over a complete period by means of a thermocouple and subjecting u1 and u2 to the analysis described above, it is possible to determine a2 the coefficient of thermal conductivity of the material from which the rod is made. In order to apply the theory, the rod must be thermally insulated along the surface and also a temperature control must be applied at the other end of the rod in order to be able to use the theory of temperature waves in a semi-infinite rod. In order to use the theory of temperature waves in a semi-infinite rod one must be satisfied that the temperature at the free end of the rod is constant. This is controlled by means of an additional thermocouple.



II. The effect of radioactive decay on the temperature of the earth’s crust

All that we know about the internal thermal state of the earth is deduced from a few facts obtained from observations at its surface. The essential information about the thermal state of the earth’s crust consists of the following. Daily and yearly oscillations of temperature occur in a relatively thin surface layer (of the order 10–20 m for yearly oscillations). Below this layer the temperature changes very slowly with time.

Observations in mines and holes made in the upper 2–3 km of the earth’s crust, show that the temperature increases with depth by an average of 3°C per 100 m.

The first calculations made at the end of the last century, aimed to give a theoretical explanation of the observed geo thermic gradient but encountered insurmountable difficulties.* These calculations aimed to give a description of the cooling of the earth. The initial temperature must have been of the order T0 = 1200°C (the fusion temperature of rock), and the surface temperature of the order 0°C which must here been approximatly the same for the entire period of existence of life on the earth. The simplest quantitative theory of cooling of the earth leads to the equation of heat conduction
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in the semi-space 0 < z < ∞ for these initial and boundary conditions:
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The solution of this problem was considered in § 3 of the present chapter and was given by the formula
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The gradient of this function for z = 0 equals
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Substituting here the known values of the geothermic gradient γ = 3 × 10–4 °C/cm, T0 = 1200°C, and also the value of a2 = = 0.006 cm2/sec, corresponding to the experimentally determined mean coefficient of thermal conductivity of granite and basalt, we obtain a value for the time of cooling t = 0.85 × 1015 sec = = 27,000,000 years. Such an estimate of the age of the earth is in complete disagreement with geological observations. The approximate nature of the theory under consideration (neglecting the curvature of the earth, the variability of the coefficient of thermal conductivity, the uncertainty of the value of T0), cannot, of course, change the order of magnitude of the value found for the age of the earth, which according to recent data is estimated to be approximately 2 × 109 years.

The physical picture of the thermal state of the earth was subjected to substantial revision after the discovery of the phenomenon of radioactive disintegration. Radioactive elements, scattered in the earth’s crust, produce heat during disintegration, so that the equation of heat conduction must have the form
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where A is the volume density of the heat sources. On the basis of many measurements on the radioactivity of rocks and the heat produced by it the accepted value is
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This value includes the heat produced by uranium, thorium and potassium together with their products of disintegration.

Let us assume that the density of radioactive sources inside the earth’s sphere is constant and equal to the value A, found for the upper layers of the earth’s crust. In this case the total amount of heat produced in the earth per unit time will equal
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We make a second assumption that the temperature of the earth is falling in spite of the radioactive heat produced. In this case the flow of heat across unit surface
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where k and [image: images] are the coefficient of heat conduction and the geothermal gradient at the surface of the earth.

Hence we obtain a value for [image: images] at z = 0
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where R = 6.3 × 103 km is the radius of the earth and k = 0.004 is the mean value of the coefficient of heat conduction of sedimentary rocks.

Thus the geothermal gradient, calculated on the assumption that the distribution of radioactive elements is constant and that the temperature of the earth is not rising, exceeds the observed value
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by two orders of magnitude.

Thus we reject the hypothesis of a uniform distribution of radioactive elements and assume that the radioactive elements are distributed in a layer of thickness H at the surface of the earth. Neglecting the curvature of the earth, we obtain an equation for a steady temperature
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with boundary conditions
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It is obvious that the solution of this problem is
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since this function is continuous together with the first derivative at z = H and satisfies the boundary conditions of the problem.

Assigning a value of the gradient of this function at z = 0,
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and comparing it with the observed value
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we find that
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Let us estimate the effect of the hypothesis of a steady temperature on the value of the geothermic gradient. We consider the solution of the equation of heat conduction
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with zero initial and boundary conditions
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The solution of this problem is represented, as we saw in § 3, by the integral
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where G is the source function for a semi-infinite region
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Let us calculate the value of the gradient at z = 0 substituting the value of the function f:



[image: images]

Thus
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where



[image: images]

Let us calculate the integral
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from which
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We note that
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since c [image: images]a2 = k, the limit of the first component in the square brackets equals zero, and the limit of the second component equals H.

Let us calculate the difference between [image: images] and its limiting value for
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The value σ0 is small:
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Expanding the function, appearing in formula (1) in series we obtain
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i. e. [image: images] differs from its limiting value by 4 per cent.

It is easy to calculate the function w(z, t) for z > 0 and to show that for z ≥ H, w(z, t) still does not attain its limiting value for t equal to the age of the earth* (although, as we have agreed, the gradient at the surface is practically equal to its limiting value).

The above are of course only estimates; however, taking into consideration the very steady rate of radioactive disintegration, unaffected by temperatures and pressures available to us, we arrive at the conclusion that the concentration of radioactive elements must decrease with depth. A physical theory explaining the law of decrease of concentration of radioactive elements with depth, has not yet been given.



III. The method of similarity in the theory of heat conduction

The method of similarity is very useful for the solution of a class of problems on heat conduction. At an example let us consider two problems.

1. The source function for an infinite region

The equation of heat conduction remains invariant under a transformation of the variables
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i.e. if the scale of length changes by k, then the time scale should change by k2.

We will look firstly for a solution of the equation of heat conduction
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with initial conditions
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By the change of scale indicated above the initial condition (3) also remains invariant, therefore the function u(x, t) satisfies the equality
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for any values of x, t, and k.

Assuming
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we obtain:
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Thus, u depends only on the argument
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Calculating the derivatives of u from formula (6)



[image: images]

substituting in the equation of heat conduction (2) and dividing by the factor u0/4t, we obtain:
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with additional conditions



[image: images]

corresponding to the initial condition for function u.

Integrating equation (8) we have:
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Here the lower limit was chosen so that the first condition (9) would be fulfilled. In order to satisfy the second condition (9), one must assume
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Thus
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where
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(the error integral). If the initial value has the form
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then
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Let us turn now to the solution of the second auxiliary problem, where the initial values are
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In this case
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The initial temperature u0 corresponds to an amount of heat
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If
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then
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The source function for an instantaneous point source should be the limit of the function u(x, t) as x2 — x1 → 0.

A limiting transition in formula (14) gives:
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since on the right side of formula (14) there is a difference whose limit is the derivative in (15).

Differentiating, we find:



[image: images]

i.e. u(x, t) = G(x, x1, t) the source function of an instantaneous point source.

2. Boundary-value problems for the non-linear equation of heat conduction

Let us consider the equation
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We want to find the solution of this equation, satisfying the boundary condition
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and the initial condition
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In this case the transformation (1) also does not alter equation (17) and the additional conditions (18) and (19). Hence it follows that
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Using this expression, we obtain the equation for f
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with additional conditions
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In those cases where the function f cannot be determined analytically, it may be found by means of numerical integration.

On very general assumptions regarding the functions k and c [image: images] equation (21) has a unique solution satisfying conditions (22). However, we will not give a proof of this.

Let us consider as an example equation (17) in which k(u) = = k0 + k1 (u) is a linear function, and c [image: images] is a constant. Altering the time scale and the scale of u, we obtain the equation
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FIG. 42



with initial and boundary conditions
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Assuming
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we obtain equations for f
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Figure 42 shows results of the numerical integration of equation (25) for different values of α.



IV. A Problem of freezing

It is possible to produce a change in the physical state of a body by a change of temperature, for example by changing the temperature through the point of fusion we get a transition from a liquid phase to a solid phase. As the phase transition is taking place the temperature remains constant, and latent heat of fusion is liberated. Let us find the additional conditions which must be fulfilled at the surface of separation of the solid and liquid phases.*

We consider a plane problem in which the plane x = ξ(t) is the surface of separation. After a time t, t + Δ t, the boundary x = ξ is displaced from the point ξ = x1 to the point ξ = x2 = = x1 + Δ ξ. Also the mass [image: images]Δ ξ solidifies (or melts if Δ ξ < 0) and a corresponding amount of heat λ [image: images]Δξ is liberated.

In order to achieve a heat balance, this amount of heat must be equivalent to the difference in the amounts of heat, passing through the boundaries ξ = x1 and ξ = x2, i.e. must fulfill the condition



[image: images]

where k1 and k2 are the coefficients of heat conduction of the first and second phases, and λ is the latent heat of fusion.

Passing to a limit as Δ t → 0, we obtain a relation at the boundary of separation in the following form:
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This relation holds for the process of solidification (where Δ ξ > 0 and dξ/dt > 0) and also for the process of fusion (where Δξ < 0 and dξ/dt 0); the direction of the process is determined by the sign of the left-hand side.

Let us consider the freezing of water, where the temperature of the phase transition equals zero. We shall consider a mass of water x ≥ 0 bounded on one side by the plane x = 0. At the initial time t = 0 the water has a constant temperature c > 0. If a constant temperature c1 < 0 is maintained at the surface x = 0, then the boundary of freezing x = ξ will move into the liquid.

The problem of the distribution of temperature inside the frozen water and of the speed of propagation of the boundary of freezing reduces to the solution of the equations
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with additional conditions
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and conditions at the solid-liquid boundary
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where k1, [image: images] and k2, [image: images] are the coefficients of heat conduction and thermal conductivity of the solid and liquid phases respectively.

We shall look for a solution of the problem in the form
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where A1, B1, A2, and B2 are constants for the present undefined and ϕ is the error integral
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Satisfying conditions (3) and (4), we obtain:
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from condition (3) and
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from condition (4). The latter conditions must hold for any values of t. This is possible only if
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where α is some constant. Relation (5) gives the law of motion of the boundary of freezing.

For the constants A1, B1, A2, B2 and α the expressions
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are obtained.

In order to find the constant α, it is necessary to make use of the relation (1)
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The solution of this transcendental equation gives a value for α. There must be at least one solution for c1 < 0, c > 0 because a change in α from 0 to ∞ the left-hand side of the equation changes from —∞ to + ∞*, and the right-hand side from 0 to —∞. If c is equal to the temperature of fusion (c = 0) then expressions (6) and (7) defining the coefficients take a simpler form:
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and
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Putting α/2a2 = β. we can rewrite equation (7′) in a form such that:
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FIG. 43



where the constant D is defined by the expression
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Using the graph of the function [image: images] , given in Fig. 43, it is easy to determine the value of a graphically.

The solution of the problem on freezing may also be obtained by means of the method similarly, given in Appendix III to this chapter. The problem on freezing is in a sense a limiting case of a non-linear boundary-value problem, examined in Appendix III. In fact, the coefficients of heat conduction and specific heat in the problem on freezing are partly-continuous functions, and moreover, at u = 0, the specific heat has an infinitely high value. It is possible to obtain this case as a limiting one for ε → 0 in which the latent heat is not produced instantaneously, but over a certain interval –ε, +ε, in which the condition
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must be fulfilled.

However it is possible to solve this problem directly, using the method of similarity. It is easy to verify that all the conditions of the problem remain invariant if the length scale is increased k times, and the time scale k2 times. This means that the solution of the problem depends on the argument x/ [image: images] t, i.e. that
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Hence, in particular, it follows that the motion of a zero isotherm will be described by the equation
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where a is the value of the argument, for which
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To find the function f we have the equations
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Therefore the function f(z) has the following form:
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To determine the constants A1, B1, A2, B2 we must utilize conditions (3) and (4) from which formula (6) results. Condition (7) determines a. Thus the analytical part of the solution is the same by both methods.

The considerations stated here show that it is possible also to solve the problem of freezing in those cases where the latent heat is produced not at a fixed temperature but over some range of temperatures. Similarly it is possible to solve the problem if it has not one, but several critical temperatures which occur at the phase changes in the process of transition from one crystalline structure to another, for example in the recrystallization of steel.



V. The Einstein – Kolmogorov equation

Microscopic particles, existing in free suspension in a medium, perform a random motion called the Brownian movement. Let us define the probability of finding a particle which starts from point M0 at time t0 in a small region ΔV around the point M at time t by the function
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The probability is considered here in the sense that if over some small interval t0 + Δt a sufficiently large number of particles N (whose mutual interaction is negligibly small) start from a point M0, then the concentration of these particles as Δ t → 0 at the point M at time t will equal W(M, t; M0, t0).

We meet a similar phenomenon in the diffusion of a gas in any medium (for example, air). The function W(M, t; M0, t0) represents the source function.

It is obvious that
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and that if the initial concentration of the particles at a certain moment of time t0 equals φ(M), then the concentration u(M, t) of these particles at a time t > t0 will equal



[image: images]

where the integral is taken over all space.

From the latter relation it follows that*
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for any value t0 < θ < t. This latter equation is called the Einstein-Kolmogorov equation.

We show that if certain conditions are imposed on the function W(M, t; M0, t0) the solution of the Einstein-Kolmogorov equation satisfies some partial differential equation of the parabolic type. We consider the case where the position of the point M is denoted by the single coordinate x. Let us assume that the function W(x, t; x0, t0) satisfies the following conditions:
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If in time τ the particle passes from the position ξ to the position x then [image: images] is the average speed of the particle. Thus, the first condition implies the existence of a finite average speed for the motion of the particles.
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The value (x – ξ)2 does not depend on the direction of displacement of the point x relative to the point ξ. The mean value of the square of the difference after a time
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is usually taken as a measure of the irregular motion over this interval of time. Condition 2° implies the assumption of a linear dependence of the mean square on the time for small τ,
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The function W(x, t + τ; ξ, t) is the source function of a point source and for small values of τ it must rapidly decrease when |x – ξ| → ∞, and increase when |x – ξ| is small.

In order to obtain the Einstein-Kolmogorov differential equation let us multiply both sides of equation (4) by an arbitrary function ψ(x) which reduces to zero along with its derivative at the boundaries of the region of integration, and let us integrate over this region:
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Now we expand the function on the right-hand side in a Taylor’s series in (x – ξ):
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where ξ* is an intermediate value lying between x and ξ. Dividing by τ, after simple rearrangement we have:
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Assuming that ψ″′ (x) is bounded
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and remembering that
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we obtain:
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From condition 3° it follows that this expression tends to zero as τ → 0. Therefore, passing to a limit as τ → 0 and using conditions 1 °, 2 ° we obtain:
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We integrate by parts on the right side, and use the fact that the function ψ reduces to zero together with its derivative at the boundary of the region of integration, and obtain as a result:
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Because this relation must hold for an arbitrary function ∞(x) we get the Einstein-Kolmogorov differential equation for the probability function W(x, t; x0,t0)
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This is an equation of parabolic type, similar to the equation of heat conduction, and may be written in the form



[image: images]

where
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From equation (9) it is apparent that the value B has a physical meaning as the coefficient of diffusion. If the process under consideration is homogeneous in space and time, i.e. if the function W depends only on the difference ξ = x – x0 and θ = t – t0, then the coefficients A and B do not depend on x and t, and are constants. Equation (8) in this case is an equation with constant coefficients
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If the function W depends only on |x – ξ|, i.e. if the probabilities of displacement to the right and left are equal, than obviously A must equal zero. Analytically this follows from formula (5) because the function under the integral sign is odd.

In this case equation (8) is the simple equation of heat conduction
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VI. The δ-function

1. Definition of the δ-function

As well as continuously distributed physical quantities (mass charge, heat sources, mechanical impulse and so on) one often has to deal with point quantities (point mass, point charge, point source of heat, concentrated impulse, etc.). It should not be forgotten that these concepts are “limiting forms”, although they are often used in physics as independent concepts, omitting the corresponding limiting transition.

Having in view the physical aspect of the problem, let us consider the potential at the point M (see Chapter IV, § 5) of a unit of mass, concentrated inside some volume T surrounding the point M0. We take any sequence of functions {[image: images]n} ([image: images]n > 0), each of which equals zero outside a sphere [image: images] of radius εn with centre at the point M0 where εn → 0 as n → ∞, and for which, beginning with a certain n,
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Considering the series of functions
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which are potentials of a mass distributed with density [image: images]n, and performing a limiting transition as n → ∞, we obtain:
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This result obviously does not depend on the choice of sequence {[image: images]n}. Although the sequence {un} converges to 1/r, nevertheless the sequence {[image: images]n} does not have a limit. “The limiting form”, corresponding to the sequence {[image: images]n} is called the function [image: images](M, M0).

A fundamental relationship defining the δ-function is the following formal operator relation:
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where f(M) is an arbitrary continuous function of the point M. Remembering that as n → ∞ the functions [image: images]n tend uniformly to zero in any region not containing the point M0, and increase indefinitely in the vicinity [image: images] of the point M0, one sometimes defines the δ-function formally by means of the relations
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and
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Relation (5) is an obvious result of formula (3) for f = 1.

By examination of sequences of functions in different problems one is led to consider various definitions of convergence.

We say that the sequence of functions
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converges uniformly in the interval (a, b), if for any ε > 0 it is possible to assign N such that for n, m > N, for any x in (a, b) the condition
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is fulfilled.

We say that the sequence (6) converges in the mean to a limit in the interval (a, b) if for any ε > 0 it is possible to assign N such that for n, m > N
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We say that the sequence (6) converges weakly in the interval (a, b) if for any continuous function f there exists a limit
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In the consideration of converging sequences one usually introduces the limiting elements of the sequences. In the case of uniform convergence the limiting element belongs to the same class of functions as the members of the sequence. This does not always hold for convergence to a mean and weak convergence.

If the limiting element does not belong to the class of functions under consideration, then limiting elements may be introduced extending the original class. Moreover extension is understood as the combination of the original and limiting elements. For example, extensions occur in the theory of real numbers, where irrational numbers are introduced as the limiting elements, defined by a class of equivalent sequences of rational numbers.

Speaking of the limiting elements in the case of slow convergence, we say that the two sequences {un} and {vn} have the same limiting element if these sequences are equivalent, i.e. if the sequence {un – vn} converges weakly to zero:
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We shall define the sequence of positive function {δn} to be a normalized local sequence at the point x0, if the function δn equals zero outside the interval (x0 – εn, x0 + εn), where
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and
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It is obvious that the sequence {δn} converges weakly. The limiting element of the sequence {δn} is usually called the δ-function of the point x0.

If the limiting element u of a weakly convergent sequence {un} comes from the class of functions un then the integral of the product of some function f(x) and the element u is equal to the limit
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It is obvious that for the 6-function of the point x0 the equality
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holds. This relation is often mistaken for the definition of the δ-function.

2. Expansion of the δ-function in a Fourier series

The δ-function can be defined as a limiting form of another series, equivalent in the sense of weak convergence to the series δn (x) consisting of local normalized functions of the point x0.

Let us consider the series of functions
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or in complex form
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defined in the interval (–l, l).

It is obvious that for any function g(x), expandable as a Fourier series in (–l, l), the following limit relation holds
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This shows that in the class of continuous functions {g{x)}, expandable in a Fourier series, the series δn (x0, x) defined above is equivalent in the sense of weak convergence to the series [image: images]n(x0, x) i.e that
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if this equality is considered from the point of view of weak convergence.

From the same point of view the equality
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holds, where {φn (x)} is a complete orthogonal and normalized set of functions, given in some interval (a, b), and also the equality
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We show that in the calculation of the integrals containing the δ-function, one can use series (9), and interchange the order of integration and summation.

Let us consider the function g(x), expandable in a Fourier series, and the integral
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Substituting in place of δ(x, x) the expression in formula (9), let us perform an integration of the series, term by term. As a result we obtain:
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where
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Comparison of formula (11) with the equality
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shows that the integration of the series for the δ-function leads to the correct result.

Thus, in the class of continuous functions, expandable in a Fourier series, the series of partial sums
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is equivalent to the normalized local sequence {δn}.

Other representations of the δ-function are also based on the use of certain functional sequences, equivalent in the sense of weak convergence to the sequence {δn}.

3. The application of the δ-function to the construction of the source function

Let us consider the following problem:
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Corresponding to the function φ(x) there is a unique solution of the problem
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Let us assume that the operator [image: images] can be represented in integral form
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where G(x, ξ, t) is the kernel of the operator [image: images].

In order to find the kernel G(x, ξ, t), let us assume:
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Replacing φ(x) in formula (16) by the δ-function, we obtain:
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i.e. G(x. x0, t) is the solution of problem (13) with the initial condition (14′) here.

Let us represent the δ-function in the form of a Fourier series
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and try to find the kernel G in the form of the sum
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every component of which must satisfy the equation of heat conduction. It follows that
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From the initial condition we at once obtain:
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Thus we obtain the kernel G
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in a form agreeing with the one derived in § 3. The solution of problems (13)–(15) is given by formula (16), where G(x, x0, t) is a function defined by formula (19).

By a similar method it is possible to find an expression for the source function in an infinite region. Function G in this case will be defined by the conditions
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We use the expansion of the δ-function as a Fourier integral
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and look for G(x, x0, t) in the form
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From equation (20) we find:
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Assuming t = 0 and comparing formulae (23) and (21), we obtain
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Thus,
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This integral was calculated in § 3 of Chapter III, giving:
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Hence it follows that the solution of the problem of heat conduction in an infinite region can be expressed by the formula
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A discussion of the limits of applicability of formulae, obtained by the method of the δ-function, requires a separate investigation.

As a further example let us consider the inhomogenous equation
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where F(x, t) is the density of heat sources. If at the point x = ξ at time t = t0 an instantaneous source of heat of magnitude Q0 is established, then
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We look for the solution of the inhomogenous equation
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with zero initial condition
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Using the integral presentation
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we seek a function u(x, t) in the form
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Substituting these expressions in equation (27), we obtain an equation for uλ(t):
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with initial condition
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As is well known, the solution of the inhomogeneous equation
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has the form
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In our case
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Thus,
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where
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is the source function for an instantaneous point source.

A similar method of constructing the source function is often used in theoretical physics.*



* If, for example, the heat is generated as the result of the passage of an electric current of strength I through the rod, whose resistance per unit length equals R, then F = 0 · 24I2R.

* By differentiating the function u(x, t) we, generally speaking, may lose a series of possible solutions which satisfy the integral equation but not the differential equation. Nevertheless, in the case of the equation of heat conduction, by differentiating the solution we do not lose solutions because it can be proved that if a function satisfies equation (10) then it certainly must be differentiable.

* Since in our approximation the distribution of temperature is not considered over a cross-section, the effect of the surface sources is equivalent to the effect of the volume sources of heat.

* The coefficient of porosity is the ratio of the volume of the pores to the total volume V 0 equal in our case to Sdx.

* We are examining a homogeneous isotropic body.

* We assume the normal in this formula, as also in (19), to be external.

* We assume F(x, y, z, t) is continuous in the region under consideration.

* Later boundary-value problems will be set with discontinuous boundary and initial conditions. For these problems the boundary conditions will be specified precisely.

** Compare with Chapter II, § 2.

* If the continuity of u(x, t) in the closed interval 0 ≤ x ≤ l, 0 ≤ t ≤ T were not assumed, then the function u(x, t) might not reach its maximum at any point, and furthermore the discussion would not be applicable. By virtue of the theorem that any continuous function reaches its maximum value in a closed region, we may be certain that: (1) the function u(x, t) reaches a maximum value on boundary or at t = 0 which we denote by M; (2) if u(x, t) were at one point greater than M, then there would exist a point (x0, t0) at which u(x, t) would reach a maximum value exceeding M; u(x0, t0) = M + ε(ε > 0) where 0 < x0 < l, 0 < t0 ≤ T.

** Sufficient conditions for the function f(x) to have a minimum at the point x0 in the interval (0, l) are the following [image: images]. Thus if at the point x0, f(x) has a maximum value then (1) f′(x0) = 0 and (2) it is impossible that f″(x0) > 0, i.e. f″ (x0) ≤ 0.

*** It is clear that if t0 < T then [image: images] = 0, but if t = T then [image: images] ≥ 0.

* In sub-section 3, § 2, this theorem will be strengthened and the requirement of continuity at t = 0 removed.

* In the proof that series (15) satisfies the equation ut = a2uxx at t > 0 only the restrictions on the Fourier coefficients Cn are used, which in particular would hold for any bounded φ(x).

** See Chapter II, § 3, sub-section 3.

*** The series ∑αn, where αn is defined by formula (15′) for q = 0 is the major of the series in brackets.

* The theorem proved below is a particular case of Lebesgue’s theorem concerning the possibility of transition to a limit under the integral sign, if a series of functions Fn(x) converges almost everywhere to a limiting integrable function F(x) and if this series is bounded by the integrable function. This proof is quoted in order to avoid introducing many concepts. If use is made of these ideas then by complete analogy it is possible to prove the theorem that the solution of the equation of heat conduction u(x, t), which satisfies the zero boundary conditions, is defined

(1) if u(x, t) ≤ F(x) where F(x) is a certain integrable function and

(2) if almost everywhere
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where φ(x) is a given simple integrable function.

* See the footnote on p. 99.

* See Chapter II, § 3, sub-section 5.

** See Chapter II, § 3, sub-section 6.

* We insert a suffix l in the function Gl(x, ξ, t) in order to distinguish it from the source function G(x, ξ, t) for an infinite region, with which we shall be concerned in this section.

† In formula (4) we obtained improper integrals on the right side as the limits of the integral sums, taken over the entire infinite segment (0, ∞). For proof of this transition it is necessary to show that it does not contradict the usual definition of an improper integral
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We will show that if the continuous function f(λ), given for 0 ≤ λ < ∞, is such that for some division of the axis (0, ∞) into the equal segments (α ≤ Δλi ≤ β) the integral sum
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converges for any choice of [image: images], then the improper integral exists
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Let us prove that the following sequence has a limit
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which does not depend on the way μk tends to infinity. First we examine the case μk = λk. The difference
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similarly
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where [image: images] and [image: images] are the greatest and least values of f(λ) in the interval (λi, λi + 1). From the convergence of the integral sum for the chosen sequence λk it follows that for any ε there exists N(ε) such that for k > N(ε)
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Hence from the relations (*) and (**) it follows that
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Because any integral sum converges it follows that f(λ) tends to zero as λ tends to infinity. Hence
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where λk and λk+h are points of the given sequence near to the points. μn and μn+l.

This proves the existence of the improper integral
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Now we prove that the integral sum converges that to improper integral
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We consider the difference
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by a suitable choice of Δλi and λk each sum on the right side may be made less than ε/3, which proves our statement.

In our case
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The integral sum, formed by division into the equal parts λi — λi –1 = Δλ, satisfies the inequalities
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On the basis of D’Alembert’s principle it is easy to see that the sum converges. Taking the ratios of successive terms we get,
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* In fact
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i. e.
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* As we saw in sub-section 7, § 1, the solution of the equation of heat conduction is well defined by its initial conditions if it is bounded. Therefore in the formulation of the theory we introduce this restriction.

* Making use of the method stated in sub-section 3, § 2, one can be satisfied that the function u(x, t) is well defined by the given conditions.

1 This description of the solution of the first boundary-value problem with zero initial conditions is given here for the sake of comparison with the solution of the same problem obtained in Chapter V, § 4, by another method.

* See Appendix I.

* Kh. S. Carslaw, The Theory of Heat Conduction, chap. III. Gostekhizdat, 1947.

* M. I. Sumgin, S. P. Kachurin, N. I. Tolstikhin, V. F. Tumel’, General Solid State, chap. V, Publ. Acad, of Sciences, U. S. S. R., 1940.

* Kh. S. Carslaw, The Theory of Heat Conduction, chap. III. Gostekhizdat, 1947.

* A. N. Tikhonov: Concerning the Effect of Radioactive Disintegration on the Temperature of the Earth’s Crust, Publ. Acad, of Sciences S. S. S. R., Branch of Maths, and Nat. Science, 1937, pp. 431–59.

* F. Frank and R. Mises, Differential and Integral Equations of Mathematical Physics, chap. III, Gostekhizdat, 1937.

* For the asymptotic description of the function 1 — ϕ(z) as z → 0 see p. 745.

* M. A. Leontovich, Statistical Physics, chap. VI, Gostekhizdat, 1944; A. N. Kolmogorov, Analytical methods of the theory of probability. Advances in Mathematical Sciences, no. V, 1938.

* See the similar account of the theory of the δ-function and numerous examples of its application in the book by D. D. Ivanenko and A. A. Sokolov, Classical Field Theory, chap. I, Gostekhizdat, 1949.


CHAPTER IV

EQUATIONS OF ELLIPTIC TYPE

In a study of a variety of steady state problems, (oscillations, heat conduction, diffusion and others) one often arrives at equations of elliptic type. The most common equation of this type is Laplace’s equation
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The function u is said to be harmonic in the domain T, if it is continuous in this region together with its derivatives up to second order and if it satisfies Laplace’s equation.

§ 1. Problems reducible to Laplace’s equation

1. Steady heat flow. Statement of boundary-value problems

Let us consider a steady heat flow. In Chapter III it was shown that the temperature of a non-steady heat field satisfies the differential equation of heat conduction



[image: images]

If the process is steady, then a time independent distribution of temperature u(x, y, z) is established, which satisfies Laplace’s equation
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In the presence of a source of heat we obtain the equation
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where F is the density of the heat sources, and k is the coefficient of thermal conductivity. The inhomogeneous equation of Laplace is often called Poisson’s equation.

Let us consider some volume T, bounded by the surface ∑. The problem of a steady distribution of temperature u(x, y, z) inside the volume T is formulated in the following way:

Find the function u(x, y, z) satisfying the equation
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inside T and the boundary condition, which may have one of the following forms :
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where f1, f2, f3, h are given functions, [image: images] is the derivative with respect to the outer normal to the surface ∑.*

The physical significance of these boundary conditions is obvious (see Chapter III, § 1). The first boundary-value problem for Laplace’s equation is often called Dirichlet’s problem, and the second problem Neumann’s problem. If there exists a solution in the region T0, external to the surface ∑ then the corresponding problem is called the external boundary-value problem.

2. Potential flow in a Fluid. Potential of a steady current and an electrostatic field

As a second example let us consider the potential of a fluid flow without sources. A steady flow of incompressible fluid (density [image: images] = const.) occurs inside a given volume T with boundary ∑ with a characteristic velocity v(x, y, z). If the fluid flow is irrotational, then the velocity v is a vector derivable from a potential, i. e.
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where φ is a scalar function, called the velocity potential. If sources are absent, then
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Substituting here expression (3) for v, we obtain:
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or
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i.e. the velocity potential satisfies Laplace’s equation.

Let a steady current of volume density j(x, y, z) exist in a homogeneous conducting medium. If there are no volume sources of current in the medium, then
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The electric field E is related to the current density according to Ohm’s law
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where λ is the conductivity of the medium. Since the process is steady, the electric field is irrotational,* i.e. there exists a scalar function φ(x, y, z) such that
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Hence on the basis of formulae (6) and (7) we deduce that
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i.e. the potential of the electric field of a steady current satisfies Laplace’s equation.

Let us consider the electric field of a stationary charge. From the steady nature of the process, it follows that
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i.e. the field is a potential field and



[image: images]

Let [image: images](x, y, z) be the volume density of the charges, in a medium with a dielectric constant ε = 1. Proceeding from the fundamental law of electrodynamics
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where T is some volume, S is its boundary surface, ∑ ei is the sum of all the charges inside T, and using Ostrogradskii’s theorem
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we obtain:
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Substituting expression (8) for E, we have:
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i. e. the electrostatic potential φ satisfies Poisson’s equation. If there are no volume charges ([image: images] = 0) then the potential φ should satisfy Laplace’s equation
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The main boundary-value problems for the processes under consideration are the three types outlined above. We will not give here any other boundary-value problems. Some of these problems will be considered in the appendices.

3. Laplace’s equation in a curvilinear system of coordinates

Let us investigate the expression for the Laplacian operator in an orthogonal curvilinear system of coordinates. In place of the cartesian coordinates x, y, z let us introduce the curvilinear coordinates q1, q2, q3 by means of the relations
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solving for x, y, z it is possible to write
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Assuming q1 = C1, q2 = C2, q3 = C3 where C1, C2, C3 are constants, we obtain three sets of coordinate surfaces:
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Let us consider an element of volume in the new coordinates, bounded by three pairs of coordinate surfaces (Fig. 44). Along the edge AB q2 = const., q3 = const.; along AD q1 = const., q2 = const.; along AC q1 = const., q3 = const. The direction – cosines of the tangent to AB, AD, and AC are proportional to
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FIG. 44



The orthogonality of the curvilinear system leads to relations
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Let us calculate an element of length in the new coordinates
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Removing the brackets and using the orthogonality relation (17), we obtain:
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where
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Along each edge of an elementary volume only one coordinate varies, therefore according to formula (19) we shall have for the length of these edges
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so that an element of volume equals
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Let us consider now some vector field A(x, y, z). Let us calculate div A, defined by the familiar relation of vector analysis
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where S is a surface, bounding some volume vM, containing the point M under consideration. Let us apply this formula to an element of volume dv, described in Fig. 44.

Making use of the mean value theorem, it is possible to express the change in flux of the vector A between opposite faces, for example from the right to the left face, in the form
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Formula (21) gives:
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Similarly the flux changes across the two other pairs of opposite faces can be calculated
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Substituting in formula (23)
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and using formula (22), we obtain an expression for the divergence in orthogonal curvilinear coordinates
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Let us assume that the field A is derivable from a potential, i.e.
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Then
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Substituting (29) in (27) for A1, A2 and A3, we obtain an expression for the Laplacian operator
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Thus Laplace’s equation Δ2u = 0 in orthogonal curvilinear coordinates q1, q2, q3 is written in the following way:
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Let us consider two special cases.

1. Spherical coordinates. In this case q1 = r, q2 = θ, q3 = φ and the transformations (15) take the form
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We calculate ds2.
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after removal of the brackets and simplification we find:
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i.e.
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Substituting the values H1, H2, H3 in formula (31), we obtain Laplace’s equation in spherical coordinates
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or finally
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2. Cylindrical coordinates. In this case q1 = [image: images], q2 = φ, q3 = z:
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so that



[image: images]

Laplace’s equation in cylindrical coordinates takes the form
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If the unknown function u does not depend on z, then equation (33) simplifies to
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4. Some particular solutions of Laplace’s equation

The solutions of Laplace’s equation, possessing spherical or cylindrical symmetry, i.e. depending only on one variable r or [image: images], are of great interest.

The solution of Laplace’s equation u = U(r), possessing spherical symmetry, will be determined from the ordinary differential equation
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Integrating this equation, we find:
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where C1 and C2 are arbitrary constants. Assuming, for example, C1 = 1, C2 = 0, we obtain the function
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which is often called the fundamental solution of Laplace’s equation in three dimensions.

Similarly, assuming
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and using equation (33) or (34) we find a solution, having cylindrical or circular symmetry (in the case of two independent variables) in the form
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Choosing C1 = –1 and C2 = 0 we shall have:
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The function U0([image: images]) is often called the fundamental solution of Laplace’s equation in a plane (for two independent variables).

The function U0 = 1/r satisfies the equation Δu = 0 everywhere except at the point r = 0 where Δu becomes infinite. Except for a factor of proportionality it is the field of a point charge e, located at the origin of coordinates; the potential of this field equals
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Similarly, the function ln [image: images] satisfies Laplace’s equation everywhere except at the point [image: images] = 0 where it becomes infinite and except for a factor it agrees with the field of a line charge (see in detail § 5, sub-section 2), the potential of which equals
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where e1 is the charge density per unit length. These functions are of great importance in the theory of harmonic functions.

5. Harmonic functions and analytic functions of the complex variable

A very common method of solution of Laplace’s equation in two-dimensional cases uses functions of a complex variable.

Let
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be some function of a complex variable z = x + iy, where u and v are functions of the variables x and y. The greatest interest lies in the so-called analytic functions for which the derivative exists



[image: images]

The increment Δz = Δx + i Δy, obviously, may tend to zero in several ways. For each way that Δz tends to zero, generally speaking, a value of its limit may be obtained. But if the function w = f(z) is analytic, then the limit [image: images] does not depend on the choice of path.

The necessary and sufficient conditions for a function to be analytic are the so called Cauchy-Riemann relations.
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The necessity of these relations may be proved in the following way.

Let w = u + iv = f(z) be an analytic function. Calculating the derivatives
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and using the equality of the values dw/dz, determined from these two relations, we obtain:
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from which follow the Cauchy-Riemann relations. We will not give a proof of the sufficiency of these conditions.

In the theory of functions of a complex variable it is proved that a function, analytic in some region G of the plane z = = x + iy, has in this region derivatives of all orders and may be expanded in a power series. In particular, the functions u(x, y) and v(x, y) have continuous derivatives of second order with respect to x and y.

Differentiating the first equality of (37) with respect to x, and the second with respect to y, we obtain:
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Similarly, changing the order of differentiation we find:
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Thus the real and imaginary part of the analytic function, satisfies Laplace’s equation. Generally it is said that u and v, satisfying the Cauchy-Riemann relations, are conjugate harmonic functions.

Let us consider the transformation
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from some region G of the plane (x, y) to a region G′ of the plane (u, v), so that a given point of the region G′ has a corresponding point in the region G and, conversely, a given point of the region G has a corresponding point in the region G′.

Let
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be a twofold continuously differentiable function, given inside the region G.

Let us show how the Laplacian operator of the function [image: images] transforms.

We calculate the derivatives of the function
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from which we obtain:
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If u and v are conjugate harmonic functions, then the transformation (38) is equivalent to the transformation realized by the analytic function
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In this case because of the Cauchy–Riemann relations for the functions u and v the relations
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are fulfilled.

Formula (39) takes the form
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or
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It follows that the function U(x, y) harmonic in the region G transforms into the function [image: images], harmonic in the region G′, provided | f′ (z) |2 ≠ 0.

6. The inversion transformation

In a study of harmonic functions one often uses the inversion transformation. A transformation is said to be an inversion in a sphere of radius a, if to any point M there is a corresponding point M’ lying on the same line through the origin of coordinates as the point M, whose radius-vector r’ is connected to the radius-vector of the point M by the relation
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Furthermore we shall assume a = 1. It is always possible to satisfy this condition by a change of the scale of length.

Let us show that a harmonic function of two independent variables u([image: images], φ) by an inversion transformation becomes the harmonic function
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In fact, the function u([image: images], φ) and similarly the function [image: images] as functions of the variables [image: images] and φ satisfy the equations
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and
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Changing to the variables [image: images] and φ, we obtain:
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from which it follows that [image: images] satisfies the equation [image: images] since
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Changing to the case of three independent variables, let us show that the function



[image: images]

satisfies Laplace’s equation [image: images], if u(r, θ, φ) is an harmonic function in its variables [image: images].

Transformation (44) is often called Kelvin’s transformation.

It is easy to satisfy oneself by direct differentiation, that the first component in the Laplacian operator reduces to the form
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so that
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or
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Noting that
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we find that v satisfies the equation [image: images], since
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or
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§ 2. General properties of harmonic functions

In the present section we give an integral representation of harmonic functions which is fundamental to an investigation of their general properties. One of the most important results of this integral relation is the maximum value principle, frequently used both in the proof of the uniqueness theorem and in the solution of boundary-value problems. We also give a mathematical statement of internal and external boundary-value problems for Laplace’s equation, and prove the uniqueness and stability of the solutions.

1. Green’s formula. Integral representation of a solution

In a study of equations of elliptic type we will often use Green’s theorems, which are a direct consequence of Ostrogradskii’s relation.

Ostrogradskii’s relation in the simplest case has the form



[image: images]

where T is some volume, bounded by a sufficiently smooth surface ∑, R(x, y, z) is an arbitrary function, continuous on and inside ∑ and possesing continuous derivatives inside T, γ is the angle between the direction of the z-axis and the outer normal to ∑. One may easily demonstrate the validity of this relation, by performing an integration with respect to z.

One usually writes Ostrogradskii’s relation in the form
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where dτ = dxdydz is an element of volume, [image: images] are the angles of the outer normal n to the surface ∑ with the coordinate axes, P, Q, R are arbitrary differentiable functions.*

If P, Q, R are considered as components of some vector A = Pi + Qj + Rk, then Ostrogradskii’s relation may be written in the following way:
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where
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and
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is the component of the vector A along the outer normal.

Let us proceed now to the derivation of Green’s formulae.

Let u = u(x, y, z) and v = v(x, y, z) be functions, continuous together with their first derivatives inside T + ∑ and having continuous second derivatives in T.

Putting
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and using Ostrogradskii’s relation, we arrive at Green’s first relation
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where [image: images] is the Laplacian operator, [image: images] is the derivative with respect to the direction of the outer normal.

If one considers the relation
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then it is possible to express Green’s theorem in the form



[image: images]

Interchanging the functions u and v, we have
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Subtracting equation (4) from (3′), we obtain Green’s second theorem
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The region T may be bounded by several surfaces. Green’s formulae are applicable where the surface integrals are taken over all surfaces bounding the region T.

As we saw (§ 1, sub-section 4), the function U0(M) = 1/r, where [image: images] is the distance between the points M(x, y, z) and M0 (x0, y0, z0), satisfies Laplace’s equation.

Let u(M) be an harmonic function, continuous together with its first derivatives in the region T + ∑ and having second derivatives in T. Let us consider the function v = 1/rMM0, where M0 is some interior point of the region T. Because this function has a discontinuity at the point M0 (x0, y0, z0) inside T, it is impossible to apply Green’s second theorem directly to the functions u and v in the region T. However, the function v = 1/rMM0 is bounded in the region T – Kε by the boundary ∑ + ∑ε where Kε is a sphere of radius ε with centre at the point M0 and with surface ∑ε (Fig. 45).

Applying Green’s second formula (5) to the functions u and v = 1/r in the region T – Kε, we obtain:
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On the right-hand side of this relation only the last two integrals depend on ε. Calculating the derivative with respect to the outer normal to the region T – Kε on ∑ε, we find that
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FIG. 45
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from which
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where u* is the average value of the function u(M) on the surface ∑ε. Let us transform the third integral
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where [image: images] is the mean value of the normal derivative [image: images] on the sphere ∑ε. Substituting expressions (7) and (8) in (6) and taking account of the fact that ∇2(1/r) = 0 in T – Kε we have:
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We now let the radius ε tend to zero, and obtain:

(1) [image: images], since u(M) is a continuous function, and u* is its mean value in a sphere of radius ε with centre at the point M0;

(2) [image: images], since from the continuity of the first derivatives of the function u(M) inside T the same is true of the normal derivative
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in the neighbourhood of the point M0;

(3) according to the definition of a definite integral
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Collecting these results together, we arrive at the fundamental integral formula of the theory of harmonic functions
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In the application to the harmonic function u(M) (∇2 u = 0) formula (10) gives:
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Thus, the value of a harmonic function at any interior point of a region is expressed by the value of this function and its normal derivative on the surface of the region. Note that we have assumed the continuity of u and its first derivative on the boundary. We note immediately that each of the integrals
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where μ and v are continuous functions, is a harmonic function. In fact, since the functions under the integral sign and all their derivatives are continuous inside the surface ∑, then derivatives of the functions (12) of any order may be calculated by differentiating under the integral sign. Since, moreover, the functions
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satisfy Laplace’s equation with respect to the variables M(x, y, z) and because of the generalized principle of superposition (see the lemma on p. 244), the functions (12) also satisfy Laplace’s equation with respect to the variables x, y, z.

An important result follows: any harmonic function is differentiable any number of times* inside the region of harmonic variation. We note also that a harmonic function is analytic (it is expandable in a power series) at any point M0 of the region T. It is possible to show this by considerations, based on the same integral representation (11).

Similar formulae hold for harmonic functions of two independent variables. Let S be some region of a plane (x, y), bounded by the contour C, and n the direction of the normal to this contour, external with respect to the region S. Assuming [image: images], where [image: images] is the distance from the point P on S to the point M0, lying inside S and using considerations similar to those which have been used above, we obtain in place of formula (10):
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where M0 is any fixed point within the region S.

If u(M) is a harmonic function, then it follows that
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2. Some fundamental properties of harmonic functions

Let us determine some very important properties of harmonic functions:

1. If v is a function, harmonic in the region T, bounded by the surface ∑, then
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where S is any closed surface, lying entirely within the region T. In fact, substituting in Green’s first formula (3) some harmonic function v(∇2 v = 0) and the function u ≡ 1, we obtain at once formula (13). Prom formula (13) it follows that the second boundary-value problem [image: images] may have a solution only on condition
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This property of harmonic functions can be interpreted as a condition of the absence of sources inside the region T.

2. If the function u(M) is harmonic in some region T, and M0 is any point, lying inside T, then there is a relation
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where ∑a is a sphere of radius a with centre at the point M0, lying entirely within the region T (the mean value theorem).

This theorem proves that the value of a harmonic function at some point is equal to the mean value of this function on any sphere ∑a with centre at M0, if the sphere ∑a does not go outside the region of harmonic variation of the function u(M)

Let us apply formula (11) to a sphere Ka with centre at the point M0 and with surface ∑a:



[image: images]

Taking into consideration that
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and also
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(the direction of the outer normal to ∑a coincides with the direction of the radius), we obtain the required result:*
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In the case of two independent variables there is a similar theorem:
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where Ca is a circle of radius a with centre at point M0.

3. If the function u(M), defined and continuous in the closed region T + ∑, satisfies the equation ∇2 u = 0 inside T, then maximum and minimum values of the function u(M) are attained on the surface ∑ (the principle of maximum value).

Let us assume that the function u(M) attains a maximum value at some interior point M0 of the region T, so that u0 = u(M0) ≥ u(M), where M is any point of the region T. Let us surround the point M with a sphere [image: images] of radius [image: images], lying entirely within the region T. Since, by hypothesis, u(M0) is the maximum value of the function u(M) in T + ∑, then [image: images]. Using the mean value formula (14) and substituting U(M) everywhere under the integral by u(M0), we obtain:
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If it is assumed that u(M) < u(M0) at even one point M of the sphere [image: images] then obviously in place of the sign ≤ we will have the sign <, which gives a contradiction. Thus, over the entire surface [image: images], u(M) ≡ u(M0).
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If [image: images] is the minimum distance from the point M0 to the surface ∑ then u(M) ≡ u(M0) for all points, lying inside [image: images]. It follows from the continuity of u that at the points M*, which belong to the common part of [image: images] and ∑, u(M*) = u(M0). This proves the theorem, since we have shown that the maximum value of u(M0) is reached at points of the boundary M*.

One is easily satisfied that if the region T is connected and if a maximum value is reached even at only one interior point M0, then u(M) ≡ u(M0) over the entire region. Let M(0) be any other point of the region T. We join the point M(0) to the point M0 by a broken line L (Fig. 46), whose length we denote by l. Let M1 be the point at which the line L leaves [image: images]. At this point u(M1) = u(M0). Let us describe about this point a sphere [image: images] of radius [image: images], touching ∑ and let M2 be the point at which L leaves [image: images]; at this point u(M2) = u(M0). Carrying this procedure further, we find that after not more than [image: images] spheres where [image: images] is the minimum distance from L to ∑ one of these spheres encloses the point M(0), from which it follows that u(M(0)) = u(M0). Because of the arbitrary nature of and the continuity of u(M) in the closed region T + ∑, we deduce that u(M) ≡ u(M0), everywhere including the points of the boundary. Thus, only harmonic functions which are constant can reach their maximum value at interior points of the region.

An identical theorem may be proved for a minimum value.

Conclusion 1.

If the functions u and U are continuous in the region T + ∑ harmonic in T and if
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then
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In fact the function U – u is continuous in T + ∑, harmonic in T and
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Because of the principle of maximum value
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from which our statement follows.

Conclusion 2.

If the functions u and U are continuous in the region T + ∑ harmonic in T and if
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then
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From the conditions of the theorem it follows that the three harmonic functions –U, u and V satisfy the relations
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Applying conclusion 1 twice, we derive that
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or
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3. Uniqueness and stability of the first boundary-value problem

Let a region T be given, bounded by the surface ∑. The first boundary-value problem in region T for Laplace’s equation consists of the following.

It is required to find a function u such that

    (a) within the region T it satisfies the equation ∇2 u = 0;

    (b) it is defined and continuous in the closed region T + ∑ including the boundary;

    (c) it takes an assigned value on the boundary ∑.

In condition (a) the harmonic nature of the function inside region T is assumed. The harmonic requirement on the boundary is unnecessary, because it entails additional restrictions for the boundary values.

The condition of continuity in the closed region (or any condition replacing it) is necessary for uniqueness. If one neglects this condition, then it is possible to consider any function, equal to a constant C inside T and the given function f on the boundary, as the solution of the problem, since it satisfies conditions (a), (c).

Let us prove the uniqueness theorem:

The first internal boundary-value problem for Laplace’s equation has a unique solution.

Let us assume that there exist two different functions u1 and u2 which are the solutions of the problem, i.e. there exist functions, continuous in the closed region T + ∑, satisfying inside the region Laplace’s equation and having the same value f on the surface ∑.

The difference between these functions u = u1 – u2 possesses the following properties:

    (1) ∇2 u = 0 inside the region T;

    (2) u is continuous in the closed region T + ∑;

    (3) u | ∑ = 0.

The function u(M) is continuous and harmonic in the region T and equals zero on the boundary. As is well known, any continuous function reaches its maximum value in a closed region. We must show that u ≡ 0. If the function u [image: images] 0, and at one point u > 0, then it reaches a positive maximum value inside the region T, which is impossible. In precisely the same way is proved that the function u cannot assume a negative value inside T. Hence it follows that
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Let us proceed to a proof of the continuous dependence of the solution of the first boundary-value problem on the boundary conditions. Let us recall that a problem is said to be physically defined if a small change of the additional conditions, determining the solution of the problem (in our case of the boundary conditions), produce a corresponding small change in the solution.

Let u1 and u2 be continuous functions in T + ∑ and harmonic inside T, for which the modulus of the difference of the boundary values does not exceed ε > 0. We show that
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everywhere in the region under consideration.

This statement follows immediately from conslusion 2, p. 323, because of the fact that U ≡ ε is a harmonic function.

Thus, we have proved the continuous dependence of the solution on the boundary conditions and the uniqueness of the first internal problem.

4. Problems with discontinuous boundary conditions

Often first boundary-value problems arise with discontinuous boundary conditions. No function, continuous in a closed region, can be the solution of this problem. Therefore we have to give a statement of the first boundary-value problem applicable to this case.

Suppose we are given a partly-continuous function f(P) along the curve C, bounding the region S. It is required to find the function u(M): (1) harmonic inside region S; (2) continuously adjoining the boundary values at points of continuity of the latter; (3) bounded in the closed region S + C.

We note that the additional requirement of boundedness refers to the neighbourhood of points of discontinuity of the function f(P).

Let us prove the following theorem:

The solution of the first boundary-value problem with a partly continuous boundary condition is unique.

Let u1 and u2 be two solutions of the given problem. The difference
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    (1) is a harmonic function inside S;

    (2) continuously adjoins a zero value on the boundary, with the exception of points of discontinuity of f(P), at which it may have a discontinuity;

    (3) is bounded in S + C; | v | < A.

Let us construct the harmonic function
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where ε is an arbitrary positive number, D is the diameter of the region, ri is the distance from the point M under consideration to the ith point of discontinuity Pi. The function U(M) is positive, because all the components are greater than zero.

Let us construct at any point of discontinuity Pi a circle Ki of radius δ, choosing δ so that every component
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on the corresponding circumference Ci exceeds A, i. e. so that ε ln [image: images]. The function v is continuous in the closed region [image: images]

In this region because of the maximum value principle U dominates the function v:
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Having fixed an arbitrary point M in the region S and letting ε → 0 we obtain:
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hence
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since v does not depend on ε, or
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which it was required to prove.

5. Isolated singular points

Let us consider the singular points of a harmonic function. Let P be an isolated singular point, lying inside the region of harmonic variation of the function u. Two cases seem possible:

    (1) the harmonic function is bounded in the neighbourhood of the point P:

    (2) the harmonic function is not bounded in the neighbourhood of the point P.

We have already met singular points of the second type (for instance, ln 1/r) . The following theorem proves that the first type of singular point does not exist.

If a bounded function u(M) is harmonic inside the region S, with the exception of the point P, then it is possible to define a value u(P) such that the function u(M) is harmonic everywhere inside S.

Let us consider a circle Kα of radius α with centre at the point P, lying entirely within S, and let us consider a harmonic function v inside it coinciding with the function u on the circumference Cα of the circle Kα.*

We form the difference
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which

    (1) is harmonic everywhere inside Kα, except the point P, at which w is not given,

    (2) adjoins continuously the zero boundary conditions on Cα.

    (3) is bounded in the closed region Kα + Cα (| v | < A).

As in the proof of the previous theorem (sub-section 4) let us form a positive harmonic function
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Here ε is an arbitrary positive quantity, α is the radius of the circle Kα, r is the distance from the point M under consideration to the point of discontinuity P.

Let us construct a circle Kδ with centre at the point P, choosing its radius δ so that on its circumference the value U exceeds A, and let us consider the region Kα – Kδ. The function w is continuous in the closed region δ ≤ r ≤ α and on the boundary of this region the inequality | w | ≤ U holds. Because of the maximum value principle the positive function U dominates the function w
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Fixing an arbitrary point M of the region Kα, not coinciding with P, and performing a limiting transition as ε → 0, we obtain:



[image: images]

hence,



[image: images]

Thus, the function u coincides with function v every where in the region S, with the exception of the point P. Assuming u(P) = = v(P) we obtain the function u ≡ v, harmonic everywhere inside the region S. Hence the theorem is proved.

Similarly the theorem may be proved for the case of three dimensions, where the function [image: images] may be taken as the majorant function.

In the proof of the theorem in this section we assumed that the function u was bounded in the neighbourhood of the point P. But these same considerations hold if it is assumed that the function u in the neighbourhood of the point P satisfies the inequality
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where ε(r) is an arbitrary function, tending to zero as r → 0, i.e. in the neighbourhood of the point P the function u(M) grows more slowly than log [image: images].

Thus, if the function u(M) is a harmonic function inside the region S, with the exception of the point P, in the neighbourhood of which it grows more slowly than [image: images] as M → P, then this function is bounded in the neighbourhood of the point P, and it is possible to define a value u(P) such that the function u is harmonic over the entire region S.

Similarly in the case of three independent variables : if a harmonic function u(M) in the neighbourhood of an isolated singular point P grows more slowly than 1/r,



[image: images]

then it is bounded in the neighbourhood of this point, and it is possible to define a value u(P) such that the function u (M) will be harmonic at the same point P.

6. Regularity of a harmonic function at infinity

An harmonic function in three variables u(x, y, z) is said to be regular at infinity if
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for r ≥ r0.

Let us prove that if the function u is harmonic outside some closed Surface ∑ and tends uniformly to zero at infinity, then it is regular at infinity.

The condition of uniform convergence to zero at infinity implies that there exists a function ε* (r) such that
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where r is the radius-vector of the point M.

Performing a Kelvin transformation
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we have that the function v is harmonic everywhere inside the surface ∑’, into which the surface ∑ transforms with the exception of the origin of coordinates where it may have an isolated singular point.

From (20) it follows that in the neighbourhood of the origin, the inequality
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holds for function v, where
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On the basis of the last theorem of sub-section 5 the function v(r’, θ, φ) is bounded and harmonic for r’ ≤ [image: images]:
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from which it follows that
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Because of the harmonic nature of function v at r’ = 0 it is possible to write:
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where
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Hence, calculating the derivatives [image: images] and taking into consideration the bounded nature of the first derivatives of function v in the neighbourhood of the point r’ = 0, we obtain:
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Similar results hold for the derivatives [image: images] and [image: images].

7. External boundary-value problems. Uniqueness of the solution for two- and three-dimensional problems

Miscellaneous external boundary-value problems exist for two and three independent variables.

Let us consider a three-dimensional case. Let T be a region extending to infinity, bounded by some surface ∑ The first external boundary-value problem consists of the following:

It is required to find the function u(x, y, z), satisfying the conditions :

    (1) ∇2 u = 0 in the infinite region T;

    (2) u is everywhere continuous, including the surface ∑;

    (3) u | ∑ = f(x, y, z), where f is a function, given on the surface ∑;

    (4) u(M) converges uniformly to 0 at infinity : u(M) → 0 as M → ∞.

The final condition is essential for a unique solution, as may easily be shown by a simple example. Let it be required to solve the external first boundary-value problem for a sphere SR of radius R with constant boundary condition
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Omitting condition (4) we see that the functions u1 = f0 and R [image: images] may serve as the solutions of the problem, and also any function
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Let us prove that

the external first boundary-value problem for harmonic functions with three independent variables has a unique solution. Assuming the existence of two solutions u1 and u2 satisfying conditions (1)–(4), we see that their difference u = u1 — u2 represents a solution of the problem with zero boundary conditions. Since condition (4) is also fulfilled for function u, then for any arbitrary ε > 0 it is possible to assign an R* such that
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If the point [image: images] lies inside region T′ (Fig. 47) confined between surface ∑ and the sphere S∑(r ≥ R*), then u([image: images]) < ε, which follows from the maximum value principle, applied to the region T′. Because of the arbitrary nature of ε we deduce that u ≡ 0 in region T’, and hence over the entire region T, which proves the uniqueness of the solution of the external first boundary-value problem in space.

The first external problem in a plane is stated in the following way:

it is required to find the function u satisfying the conditions :

    (1) ∇2 u = 0 in the infinite region ∑ under consideration, bounded by the contour C;

    (2) the function u is everywhere continuous, including C;

    (3) u/c = f(x, y), where f is a function, given on C;

    (4) u(M) is bounded at infinity, i. e. there exists a number N such that [ u(M) | ≤ N.

The requirement that the solution tends to zero at infinity appears to be sufficient in order to show that two different solutions are not possible, but it is too stringent, since it usually allows no solution.
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Let us prove that

the external first boundary-value problem for functions of two variables has a unique solution.

Assuming the existence of two different solutions u1 and u2 and considering their difference u = u1 — u2, which is a solution of the boundary-value problem with zero boundary conditions, we have by virtue of condition (4)
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where N1 and N2 are such that | u1 | ≤ N1, | u2 | ≤ N2. We denote by ∑1 the region complementary to the region ∑. Let us consider a point M0 inside ∑1 and a circle of radius R with centre at the point M0, lying inside ∑1 (Fig. 48). The harmonic function

ln [image: images] does not have a singularity in the region ∑; the function ln [image: images] is positive in the entire region ∑ including C.

Let CR1 be a circle of radius R1 with centre at M0 containing entirely the contour C and ∑’ be the region bounded by curves C and CR1. The function UR1 defined by the equality
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is a harmonic function equal to N along a circle of radius R1 positive along C; by the principle of maximum value it follows that uR1 dominate the modulus of the function u(M) in the region ∑′:
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Let us fix the point M and let us increase R1 indefinitely. It is obvious that uR1 (M) → 0 as R1 → ∞. Hence it follows that
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Thus, because of the arbitrary nature of M, the uniqueness of the solution of the problem is proved. The result may also be proved using the transformation of the inverse radius-vectors, transforming the region external to the contour C into a region internal to the contour C’. into which the contour C changes.

Moreover the point at infinity changes into an isolated singular point, in the neighbourhood of which the function v is bounded. By the theorem of sub-section 5 the harmonic nature of function v at the origin follows, and in the same way the uniqueness of the solution.

From the above considerations it follows that a harmonic function of two variables u(M) bounded at infinity, tends to a definite limit as M tends to infinity.

The difference in the statement of the first boundary-value external problem for two and three variables may be illustrated by the following physical example. Let a sphere of radius R be given, on the surface of which the temperature u0 is maintained constant, and it is required to determine the steady distribution of temperature in the space, external to the sphere. The function u = u0 (R/r) is a solution of this problem, reducing to zero at infinity.

Let us consider now a two-dimensional problem with a constant boundary value on a circle of radius R
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In this case u ≡ f0 is the unique bounded solution of the problem and there exists no solution reducing to zero at infinity.

For a three-dimensional and plane infinite region the principle of maximum value holds. This can be shown by means of considerations similar to those used in the proof of the uniqueness theorem. Hence, in its turn, the continuous dependence of the solution on the boundary conditions may be proved.

8. The second boundary-value problem. Condition of regularity at infinity. Uniqueness theorem

We denote the solution of the second boundary-value problem by the function u, continuous in the region T + ∑ and satisfying the following relation on the surface ∑
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Let us prove that the solution of the second internal boundary-value problem is determined except for an arbitrary constant.

We prove the result making the additional assumption that the function u has continuous first derivatives in the region T + ∑*

Let u1 and u2 be two continuously differentiable functions in T + ∑, satisfying the equation ∇2 u = 0 in T and the relation [image: images] on ∑. The function u = u1 — u2: satisfies the boundary condition:
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Assuming v = u in Green’s first relation (3) and using the relations ∇2 u = 0 and [image: images], we obtain:
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It follows from the continuity of the function u and its first derivatives that
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i.e.
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which was requiried to be proved.
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The method of proof outlined here is applicable, in the case of an infinite region, for functions satisfying the requirement of regularity at infinity.

Let us prove that

in the case of infinite regions Green’s formula (3) is applicable for functions, regular at infinity.

Let us consider a region T, extending to infinity. Let ∑ be the boundary of this region. We draw a sphere of radius R and denote by TR the part of our region, lying inside this sphere. The region TR is bounded by part of the spherical surface ∑R, and by the surface ∑1, which is part of the surface ∑ (Fig. 49). Applying Green’s formula in region TR to the two functions u and v, regular at infinity, we obtain:
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Let us calculate the integral over ∑R, using the property of regularity of the functions u and v:
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Hence it follows that
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The integral over TR on the right tends to the integral over the entire region T as R → ∞. This integral exists, since the expression under the integral sign tends to infinity as 1/R4 because of the regularity of u and v. If the limit of the integral over ∑1 exists and is equal to the integral over ∑, then the limit of the righthand side in (23′) exists; therefore there is a limit
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As a result we arrive at the relation
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Thus the applicability of the first, and therefore the second, theorem of Green for infinite regions is established for functions regular at infinity.

Let us prove now that

the second boundary-value problem for an infinite region has a unique solution, regular at infinity.

Assuming u = v = u1 — u2 in relation (24) and using the fact that ∇2 u = 0 and [image: images], we obtain:
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Hence because of the continuity of the derivatives of function u it follows that
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Since u = 0 at infinity, then
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i.e.
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which was requiring to be proved.

Naturally the question arises: is it possible to prove the uniqueness of the first boundary-value problem by the same method?

Let u1 and u2 be different solutions of the first boundary-value problem (internal). We apply formula (3) to the functions u = u1 — u2 and v = u in region T, bounded by the surface ∑:
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Hence, taking into consideration the relations
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we obtain
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and, consequently
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On the surface ∑ the function u equals zero, therefore we can prove that
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But this proof is invalid, since in the process of the proof we assumed the existence of derivatives of the unknown function on the surface ∑ which is not provided for in the statement of the problem. Proof of the uniqueness, based on the principle of maximum value, is free from this shortcoming.

§ 3. Solution of boundary-value problems for the simplest regions by the method of separation of variables

The solution of boundary-value problems for the simplest regions can be given by the method of separation of variables. For the solution of subsidiary equations, encountered in addition, special classes of functions are often necessary. In this section we confine ourselves to problems, soluble in terms of trigonometric functions. When studying special functions we consider the solution of other problems.

1. The first boundary-value problem for a circle

Let us solve the first boundary-value problem for a circle:

Find the function u satisfying the equation :
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and the boundary condition
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where f is a given function.

We assume firstly that function f is continuous and differentiable; later we relax the condition of differentiability and even continuity of function f (see sub-section 4, § 2). Along with the internal boundary-value problem we shall also consider the external boundary-value problem.

Let us introduce polar coordinates ([image: images], φ) with origin at the centre of the circle. Equation (1) in polar coordinates has the form
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(see (34), § 1). We solve the problem by the method of separation of variables, i.e. we search for a particular solution of equation (1) of the form
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Substituting the assumed form of the solution in equation (3), we obtain
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where λ = const. Hence we obtain the two equations:
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The first of these equation gives:
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We note that for a change of the angle φ by 2π the single valued function u([image: images], φ) must return to its original value
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Hence it follows that



[image: images]

i.e. Φ(φ) is a periodic function of the angle φ with period 2π. This is possible only if [image: images], where n is an integer and
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We shall seek the function R([image: images]) in the form
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Substituting in equation (5) and dividing by [image: images]μ, we find:
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Hence,
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where C and D are constants.

For the solution of the internal problem it is necessary to assume R = C [image: images]n (μ = + n), since, if D ≠ 0 function u = R([image: images]) Φ(φ) tends to infinity at f = 0 and is not a harmonic function inside the circle. For the solution of the external problem, on the other hand, it is necessary to take R = D [image: images]– n (μ = — n), since the solution of the external problem must be bounded at infinity.

Thus, we have found particular solutions of our problem:*
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The sums of these solutions
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for sufficiently rapid convergence, will also be harmonic functions.

In order to determine the coefficients An and Bn we use the boundary relation
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Assuming that f is given as a function of the angle φ, we expand it in a Fourier series
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where
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Comparing series (6) and (7), we obtain:
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Thus, we have obtained a formal solution of the first internal problem for a circle in the form of the series
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and a solution of the external problem in the form



[image: images]

In order to satisfy oneself that the functions obtained are in fact the solutions, one must be satisfied about the applicability of the principle of superposition, for which it is necessary to prove the differentiability of these functions term by term. Both series may be represented by the one relation
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where
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αn, βn are Fourier coefficients of the function f(φ).

Let us prove that series (8), (9) may be differentiated any number of times for t < 1. Let
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We calculate the kth derivative of function un with respect to φ



[image: images]

Hence we obtain the result
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where the maximum of the modulus of the Fourier coefficients αn and βn is denoted by M
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Let us fix some value [image: images]0 < a (for the internal problem) or [image: images]1 = a2/[image: images]0 > a (for the external problem), and put [image: images]. Considering the series
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we see that it converges uniformly for t ≤ t0 < 1 for any k. Therefore series (8) and (9) may be differentiated with respect to φ at any point inside (outside) the circle any number of times. Similarly it can be proved that series (8) and (9) may also be differentiated with respect to the variable [image: images] inside (outside) a circle of radius [image: images]0 < a as many times as desired.

Because of the arbitrary nature of [image: images]0 we deduce that series (8) and (9) are differentiable for any internal (external) point of the circle, and the principle of superposition is applicable.

Thus we have proved that functions (8) and (9) satisfy the equation ∇2 u = 0.*

In this proof we used only one property of the function f(φ), that its Fourier coefficients are bounded (formula (10)). This holds for any bounded function (even for any absolutely integrable function). Thus, series (8) and (9), determine functions satisfying the equation
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for any bounded function.

Let us turn now to a proof of the continuity of u in a closed region (t ≤ 1). It is obvious that without more detailed information concerning the properties of the function f(φ) it is impossible to do this.

From the assumption of the continuity and differentiability of the function f(φ) it follows that its expansion in a Fourier series exists and the following series converges
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In addition, we have:
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Therefore series (8) and (9) converge uniformly for t ≤ 1 and, consequently, represent continuous functions on the boundary of the circle. From formula (11) we see that function (9), obtained for the external problem, is bounded at infinity.

Thus it is established that series (8) and (9) satisfy all the conditions of the problems.

2. Poisson’s integral

Let us now reduce (8) and (9) to a simpler form. For definiteness let us consider an internal problem, and write down the result for the external one by analogy.

Substituting the expressions for the Fourier coefficients in (8) and changing the order of summation and integration, we have:
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Let us use the following identity:
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Substituting the results obtained in (12), we obtain:
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or
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The relation obtained, giving the solution of the first boundary-value problem inside a circle, is called Poisson’s integral, and the expression under the integral sign
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Poisson’s kernel. We note that K([image: images], φ, α, Ψ) for [image: images] < a, since [image: images].

Poisson’s integral is investigated on the assumption that [image: images] < a; for [image: images] = a, (8) has no meaning. However,
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since the series from which Poisson’s integral is derived is a continuous function in a closed region.

The function defined by the relation
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satisfies the equation ∇2u = 0 for [image: images] < a, and is continuous in the closed region, [image: images] = a.

The solution of the external boundary-value problem obviously has the form
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In deriving these results we assumed that the function f(φ) is continuous and differentiable, and making use of this we proved that the solution of the problem may be represented in the form of an infinite series. Later by means of identities we arrived at Poisson’s integral.

Let us prove now that Poisson’s integral gives a solution of the first boundary-value problem in the case where the function f(φ) is only continuous.

Poisson’s integral represents a solution of Laplace’s equation for [image: images] < a(t < 1) for an arbitrary bounded function. In fact, for [image: images] < a (t < 1) Poisson’s integral is identical to series (8) and because of the observation made on page 342, satisfies equation Δu = 0 for an arbitrary bounded function f(φ).

Thus, it remains to us to prove that function u continuously adjoins its boundary values. Let us choose some sequence of continuous differentiable functions
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Converging uniformly to the function f(φ).*
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The sequence of boundary functions will correspond to the sequence of harmonic functions uk([image: images], φ), defined by formula (13) or (8). The uniform convergence of the sequence {fk(φ)} indicates that for any ε > 0 it is possible to assign k0 (ε) > 0 such that
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Because of the maximum value principle we have for the functions uk(r, φ), representing the solution of the first boundary value problem:
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Thus, the sequence {uk} converges uniformly to some function u = [image: images]. The limit function u([image: images], φ) is continuous in the closed region, since all the functions uk, represented by integrals
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are continuous in the closed region. We have that
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since the sequence {fk} converges uniformly to f and therefore a limiting transition under the integral sign is valid.

Thus the function
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for an arbitrary continuous function f(φ) is the solution of Laplace’s equation, continuously adjoining the given values on the boundary of the circle.

3. Cases of discontinuous boundary values

Let us prove that (13′) and (14) give a solution of the boundary-value problem for an arbitrary partly-continuous function f(φ), i.e. that this solution is bounded over the whole region and continuously adjoins the boundary values at the points of continuity of the function f(φ). Let φ0 be any point of continuity of the function f(φ). It is necessary to show that for any ε, δ can be found such that
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if
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Because of the continuity of the function f(φ) there exists δ0 (ε) such that
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Let us consider auxiliary continuous and differentiable functions [image: images] and [image: images], satisfying the following relations
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and
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and in other respect arbitrary. If by means of (13) we assign for [image: images] and [image: images] the functions [image: images] and [image: images] then these will be harmonic functions, continuously adjoining [image: images](φ) and [image: images](φ).

Because of the positive nature of the Poisson integral we have
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since
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From the continuity of the functions [image: images] and [image: images] on the boundary at φ = φ0 it follows that there exists δ1 (ε) such that
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for
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and
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for
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From these inequalities we find:
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where δ = min(δ0, δ1).

Comparing the inequalities obtained, we find that
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or
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which proves the continuity of u([image: images], φ) at the point (a, φ0)

The boundedness of u([image: images], φ) follows from the positive nature of the Poisson series
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if f(φ) < M. The value of the integral
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because in an earlier proof it was shown that the left-hand part represents a harmonic function, continuously adjoining the boundary values f ≡ 1, and such a function is identically equal to 1. Similarly u([image: images], φ) > M1, if f > M1, which proves the modulus of the function u([image: images], φ) is bounded.

§ 4. Source function

The method of source functions (Green’s Functions) gives a convenient analytical representation of boundary-value problems.

In this section we give the definition and fundamental properties of the source function for Laplace’s equation and also find the source function for a range of the simplest regions (circle, sphere, semispace).

1. Source function for the equation ∇2 u = 0 and its fundamental properties

It was shown in § 2, sub-section 1 that any function u, continuous together with its first derivatives in the closed region T, bounded by a sufficiently smooth surface ∑, and having second derivatives inside T, has the integral representation
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If the function u(M) is harmonic, then the volume integral equals zero; if u(M) satisfies Poisson’s equation then the volume integral is a known function.

Let v(M) be some harmonic function, with no singularity. Green’s second theorem
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gives:
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Adding (2) and (1) we obtain:
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where
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is a function of the two points: M0 (x, y, z) and M(ξ, η ζ). The point M is fixed and therefore x, y, z act as parameters.

Inside region T function G satisfies the equation
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everywhere, except at the point M = M0 where it has a singularity of the form [image: images]. Let us choose function v so that
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i.e.
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This Function G, we will call the source function of the first boundary-value problem for the equation Δu = 0. The source function gives an explicit solution of the first boundary-value problem for the equation ∇2u = 0. In fact, (3) gives:
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One should have in view the fact that (4) is obtained from Green’s theorem, which assumes the functions u and G satisfy certain conditions on the surface ∑. In (4) the expression [image: images] appears, whose existence on the surface ∑ does not follow directly from the definition of G.

In obtaining relation (4) we assumed the existence of a harmonic function u, taking the value f on the surface ∑. Thus, even for those regions, for which a source function exists, satisfying the conditions of Green’s theorem, relation (4) gives explicity. only those solutions u of the first boundary-value problem which satisfy the same conditions, (proving the uniqueness of this class of solution of the first boundary-value problem).

Detailed study, carried out by A. M. Lyapunov, showed that for an extensive range of surfaces, called Lyapunov surfaces (see § 5) relation (4) represents the solution of the first boundary-value problem for very general conditions.

Let us look again at the definition of G. The function G is determined from v which is a solution of the first boundary-value problem for the equation Δ2 v = 0 with boundary values v|∑ = — 1/4πr. One might form the impression that we have made a circular argument. In order to find u, the solution of the first boundary-value problem, it is necessary first to find v the solution of the same problem. In fact there is no circular argument, since knowledge of the source function allows us to solve the first boundary-value problem with arbitrary boundary values (u|∑ = f), whereas to find G it is sufficient to solve the first boundary-value problem with special boundary values (v |∑ = – l/4πr), which is considerably simpler, as we will see from a set of examples.
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On an electrostatic interpretation the source function
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represents the potential at point M of a point charge,* situated at point M0 inside an earthed conducting surface ∑. The first component 1/4πr is, obviously, the potential of a point charge in free space, and the second component v denoted the potential field of charges, induced on the conducting surface ∑. Thus the formation of the source function reduces to a determination of the induced field.

We will derive some properties of the source function, assuming that the regions under consideration are such that source functions exists for them, possessing normal derivatives on the surface ∑ and satisfying the conditions of applicability of Green’s theorem.

1. The source function is everywhere positive inside T. In fact, function G reduces to zero on the boundary of the region ∑ and is positive on the surface of a sufficiently small sphere surrounding the pole. It follows, from the maximum value principle that it is positive everywhere. We note also that [image: images], which immediately follows from the above and the condition G |∑ = 0.

2. The source function is symmetrical with respect to its arguments M0 (x, y, z) and M(ξ, η, ζ):
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Let M’0 and M″0 be fixed points of the region T. Let us consider the spheres ∑1, and ∑2 of radius ε with centres at the points M’0 and M″0 (Fig. 50). Assuming
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and applying Green’s theorem
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to the region Tε, obtained by excluding the spheres ∑1 and ∑2 from the main region we have:
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because the left side of equation (5) equals zero, since ∇2 G = 0. The integral over the surface ∑ equals zero because of the boundary conditions.

Proceeding next to a limit as ε → 0 and using the singularity of a source function, we obtain:*
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or
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This symmetry of the source function is the mathematical expression of the principle of reciprocity in physics: the source situated at point M0 produces at point M an effect such as a source situated at point M produces at M0. The principle of reciprocity is of a very general nature and occurs in different physical fields (electromagnetic, elastic, etc.).

The source function G(M, M0) for the case of two dimensions obviously will be determined by the relations:

1. ∇2 G = 0 everywhere in the region S under consideration, except at the point M = M0.

2. At the point M = M0 the function G has a singularity of the form
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3. G|c = 0, where C is the boundary of the region S. The source function in this case has the form
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where v is everywhere a continuous harmonic function, satisfying on the boundary the relation
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The solution of the first boundary-value problem for ∇2 u = 0 is given by the relation
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2. Method of electrostatic images and the source function for a sphere

The most common method of obtaining the source function is the method of electrostatic images. This idea is as follows. In the construction of the source function
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the induced field v is represented as a field of charges, situated outside the surface ∑ and selected in such a way that the relation
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is fulfilled.

These charges are called electrostatic images of a unit charge, situated at point M0 and producing in the absence of surface ∑ a potential 1/4πr. In many cases the choice of such charges is straightforward. We give some examples of the derivation of the source function by the method of electrostatic images.




[image: images]

FIG. 51



The continuity of the first derivatives of the functions G on surface ∑ is obvious for the source functions obtained in these examples.

As a first example let us consider the source function for a sphere.

We are given a sphere of radius R with centre at the point O and want to find its source function.

We place a unit charge at the point M0 and mark off a section on the OM1 on the radius passing through M0 such that
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where [image: images]0 = OM0 and [image: images]1 = OM1 (Fig. 51).

Transformation (6) is an inversion and the point M1 is called the conjugate of M0. This transformation is reciprocal, and it is possible to consider the point M0 as the conjugate of M1.

Let us prove that for all points P, situated on the sphere, the distances to M0 and M1 are proportional. In order to do this let us consider the triangles OPM0 and OPM1 (see Fig. 51); they are similar because the angle at O is common, and the sides adjacent to it are proportional:
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From the similarity of the triangles it follows:
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where [image: images]. From the ratios (7) we obtain:
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for all points of the sphere. Therefore the harmonic function v = – R/[image: images] takes the same value as the function l/r0 on the surface. It represents the potential of a charge of value – R/[image: images]0, situated at point M1.

Thus, the function
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is the source function of a sphere, since this is a harmonic function having a singularity (1/4π) (l/r0) at M0 and reducing to zero on the sphere.

The solution of the first boundary-value problem is given by relation (4).

Let us calculate the derivative
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where n is the outer normal, [image: images](M, generally speaking, does not lie on the sphere).

The derivatives of l/r0 and 1/r1 in the direction n equal
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since
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It is easy to find the values cos [image: images] and cos [image: images]:
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[image: images]

Making use of (7) we have:
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since [image: images], by definition of point M1 and r1 = (R/[image: images]0)r0 on the sphere ∑. Using formulae (10) and also expressions (9) , (11′), (11″), we find:
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Thus function u(M0) given by formula (4) equals
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Let us introduce a spherical system of coordinates with origin at the centre of the sphere. Let (R, θ, φ) be the coordinates of point P, and ([image: images]0, θ0, φ0) the coordinates of point M0; λ the angle between the radius-vectors [image: images] and [image: images]. Then (12) may be written in the form
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where
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This formula is called Poisson’s integral for a sphere.

In the same way the source function may be constructed, for a region external to the sphere,
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where r1 = MM1 is the distance from the fixed point M1 lying outside the sphere, r0 = MM0 is the distance from point M0, the conjugate of point M1, [image: images]1 is the distance of M1 from the origin of coordinates, and R is the radius of the sphere.

Taking into account the difference of the directions of the normal for internal and external problems, we obtain:
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where cos γ is given by (13) (it is only necessary to replace suffix 0 by 1).

3. Source function for a circle

The source function for a circle may be obtained by a method similar to that for a sphere. In this case the function should have the form
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Repeating the arguments of the preceding section from formula (6) to (8) we find function G
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where [image: images]0 = OM0, r0 = M0P, r1 = M1P, R = OP is the radius of the circle (Fig. 52). It is easy to see that a harmonic function defined in this way reduces to zero on the boundary
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For the solution of the first boundary-value problem it is necessary to calculate the value of [image: images] on the circumference C.
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The calculations are similar to the case of a sphere and give:
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Let ([image: images], θ) be the polar coordinates of point P, lying on the circumference, and ([image: images]0, θ0) the coordinates of point M0, then
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Substituting in the formula



[image: images]

this expression for r0 and taking into consideration that
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we arrive at the expression for function u(M0)
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called Poisson’s integral for a circle (see page 344 (13)). The same formula except for a sign gives the solution of the external problem.?

4. Source function for a half-space

The conception of the source function in (4) holds for an infinite semispace, if functions regular at infinity are considered (see § 2, sub-section, 6). Let us find the source function for the semi-space z > 0. We place a unit charge at the point M0 (x0, y0, z0)
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which produces a field in the infinite semi-space, whose potential is given by the function



[image: images]

It is easy to see that the “induced field” v is the field of a negative unit charge, situated at the point M1 (x0, y0, – z0) which is the mirror image of point M0 on the plane z = 0 (Fig. 53). Function G, equal to
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where
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reduces to zero at z = 0 and has the required singularity at point M0.

Let us calculate [image: images]. It is obvious that
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Assuming z = 0, we find:
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The solution of the first boundary-value problem is given by the relation



[image: images]

where ∑0 is the plane z = 0, f(P) = u |z = 0, or
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§ 5. Potential theory

The function



[image: images]

representing the potential of a field of unit mass (charge) situated at point M0 (ξ, η, ζ) is a solution of Laplace’s equation, depending on the parameters ξ, η, ζ. Integrals of this function over these parameters are called potential functions and they have an intrinsic value from the point of view of direct application in physics, and also for the development of methods of solution of boundary-value problems.

1. Volume potential

Let a mass m0 be situated at some point M0(ξ, η, ζ). According to the law of universal gravitation a force of attraction acts on mass m, situated at point M(x, y, z)



[image: images]

where [image: images], and γ is the gravitational constant. Let us choose a system of units so that γ = 1, and assuming m = 1, we obtain:
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Projections of this force on the coordinate axes are.
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where α, β, and γ are angles, formed by vector F with the coordinate axes.

We introduce a function u, called the potential of the force field defined by the relation
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or
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In our case
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The potential of a field of n point masses is expressed by the relation
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Let us proceed to the case of a continuous distribution of mass. A body T has mass density [image: images](ξ, η, ζ). Let us determine the potential of this body at a point M(x, y, z). In order to do this we divide the body T into sufficiently small parts Δτ. If we make the natural assumption that the effect of element Δτ is equivalent to the effect of this mass, concentrated at some “mean” point* of the volume Δτ; then we obtain the following expression for the x-component of the force, acting at M:
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where
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Integration over the total volume T gives the component of the total force of attraction at the point M
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The potential at point M will be given by the relation
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If the point M lies outside the body, then this can be proved directly by differentiation under the integral sign.* Similarly the derivatives of higher orders may be calculated. It is obvious that the potential u(M) outside body T satisfies Laplace’s equation.

Later, not aiming to give a theory for the most general conditions, we shall make use of these properties of potentials and develop theories with the condition that [image: images] is a bounded function (assuming its integrability).

If point M lies inside region T, it is impossible to prove that [image: images] without additional investigation. This will be given later.

2. Plane problem. Logarithmic potential

Let us consider a distribution of mass in space depending only on the two coordinates (x, y). Obviously the potential is independent of the z-coordinate, therefore it is sufficient to investigate the potential at the point (x, y) lying in the plane z = 0.

Let us determine the potential of a homogeneous infinite straight line L. We take the z-axis along this line. Let the linear density (i.e. the mass per unit length) equal μ. The force of attraction between element Δz and the point P(x, 0) (Fig. 54) and its component along the x-axis equal, respectively,
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FIG. 54
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Hence
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If P(x, y) is an arbitrary point, then the force of attraction at the point, due to the line L, will be directed along OP and have the value
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where
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The potential of this force is called the logarithmic potential and equals



[image: images]

as is easily verified by direct differentiation.

The logarithmic potential is a solution of Laplace’s equation with two independent variables, possessing circular symmetry about the singularity at the point [image: images] = 0 at which it tends to infinity.

Thus the potential of a homogeneous straight line gives a plane field and is expressed by relation (5). The representation (4) of the potential as an integral was derived only for a finite body T.* We note that in contrast to this potential the logarithmic potential does not reduce to zero at infinity, where it has a logarithmic singularity.
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Let us calculate now the component of the force of attraction at points P (Fig. 55)
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If there are several points (infinite straight lines with a mass distribution along them), then because of the principle of superposition of force fields the potentials of the points (lines) will be additive.

In the case of a region S with a continuously-distributed density μ(ξ, η) (Fig. 56) the components of the force of attraction at point P are expressed by the double integrals:
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and the potential will equal
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which it is easy to verify by differentiation at points lying outside S. If point P lies in the region S, then it is necessary to carry out an additional investigation.

3. Improper integrals

The potentials and components of the force of attraction are represented by integrals in which the functions under the integral sign tend to infinity at certain points in a region containing masses.

As is well known, if the function under the integral sign tends to infinity at some point of the region of integration, then it is impossible to define the integral as the limit of the integral sum. In fact, in this case the integral sum does not have a limit, since the term coming from an elemental volume, containing the singular point, can contribute any value to the sum depending upon the choice of the mean point of that volume. The integrals of such functions have to be defined as improper integrals.

In region T we are given a function F(x, y, z) tending to infinity at some point M0 (x0, y0, z0). Let us consider the integral over a region T – Kε, where Kε is some neighbourhood of the point M0 of diameter not exceeding ε.

If for an arbitrary contraction of the region Kεn to the point M0 the series of integrals
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has a limit, not depending on the choice of regions Kεn, then this limit is called the improper integral of function F(x, y, z) over region T and is defined, as is usual
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FIG. 57
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If the limit [image: images] depends on the choice of the series of regions [image: images] or even in certain cases does not exist, then the limit [image: images] is called a conditionally convergent improper integral. It is clear FIG. 57 that in a consideration of a conditionally convergent improper integral [image: images] it is necessary to indicate the series of regions [image: images], with respect to which the integral is defined.

We confine ourselves here to those cases, where the function under the integral sign has a singularity at an isolated point. We investigate the convergence of integrals of the type
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where C and α > 0 are constants,
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M0 is a point of region T. Without loss of generality it is possible to assume that T is a sphere of radius R with centre at point M0. We take the regions [image: images] to be spheres of radius εn with centres at the point M0 and we search for the limit of the series of integrals
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Transition to a limit for εn tending to zero shows that for α < 3 a limit exists, for α ≥ 3 a limit does not exist.

Let us show that if the function F(x, y, z) is positive and a limit



[image: images]

exists, where Kεn is a sphere of radius εn with centre at point M, then a limit exists for any choice of the series of regions Kεn, containing the point M, and the value of this limit does not depend on the shape of the region Kεn. Any region Kεn can be included between the two spheres Kεn1 and Kεn2, whose radii εn1 and εn2 tend to zero together with εn (Fig. 57). Because of the positive nature of the function under the integral sign
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It follows that
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since the limits of extreme integrals do exist and equal this quantity.

Thus, in the case of three independent variables the improper integral
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exists, if α < 3, and does not exist if α ≥ 3.

For any number of independent variables the critical value α, fixing the boundaries of convergence of integrals of type (8), is equal to the number of dimensions; thus, for example, for two independent variables, the integral
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We now study the criterion for convergence of improper integrals. Let us prove that

for the convergence of an improper integral
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it is sufficient that there exists a function [image: images](x, y, z), for which the improper integral converges over region T, and such that the inequality
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holds.

Let us consider some series of regions Kε, containing the singular point M0. Because of the convergence of the series of integrals [image: images] of the function [image: images] for any ε > 0 there exists N(ε) such that
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provided n1, n2 > N(ε). Since [image: images] is a majorant function for F(x, y, z) then it is possible to write:
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if n1, n2 > N(ε). Fulfillment of condition (10′) by virtue of Cauchy’s criterion of convergence is sufficient for the convergence of the series
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to some limit
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It is easy to see that this limit will not depend on the form of the region Kεn. Thus we have proved the existence of the improper integral (9).

If for a given function F(x, y, z) it is possible to find a positive function [image: images](x, y, z) such that F(x, y, z) > [image: images] and so that the improper integral of [image: images] over the region T diverges, then the improper integral (9) will, obviously, diverge.

Conclusion: If for some function F(M, P) tending to infinity for P = M, the following inequality holds
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then the improper integral over region T, containing the point M
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converges.

From the theory of integrals, depending on parameters, it is known that the continuity of a function under the integral sign with respect to parameters and an independent variable is a sufficient condition for the continuity of the same integral as a function of the parameters. For improper integrals the function under the integral sign is not continuous and therefore this criterion does not apply. Let us establish a criterion for the continuity of improper integrals, depending on parameters.

We consider the improper integral



[image: images]

where F(P, M) is a function, tending to infinity as M → P and continuous over M, and f(P) is a bounded function.

Integral (11) is said to be uniformly convergent at point M0, if for any ε > 0 it is possible to assign δ(ε) such that the inequality
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holds for any point M, whose distance from M0 is less than δ(ε), and for any region Tδ(ε), containing the point M0 and having diameter d ≤ δ(ε).

Let us prove that the integral
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converging uniformly at the point M0, is a continuous function at this point M0. We should prove that for any ε it is possible to find δ(ε) such that
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for
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Let us choose inside region T some region T1 containing the point M0 (Fig. 58) and let us separate the integral into two components
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where integral V1 corresponds to region T1 and V2 to region T2 = T – T1 Later we will specify the size of the region T1 We consider the inequality
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and show that each of the components, starting from the right, may be made less than ε/3 for sufficiently small [image: images]. Choosing region T1 as a sphere of radius δ(ε/3), we have:
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if
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The existence of such a δ’ follows from the condition of uniform convergence of the integral (11) at the point M0. The choice of region T1 determines the region T2.
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Since the point M0 lies outside region T2, then the integral V2 is a continuous function at this point.

Hence there must exist δ″(ε/3) such that
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for
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Assuming



[image: images]

we obtain:
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which implies the continuity of the uniformly converging integral.

We note that the results obtained are valid not only for integrals taken over a volume, but also for integrals over surfaces and lines. This result will be used by us later.

Let us consider the potential
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and the components of the force of attraction
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at points, lying inside the attracting body T. The improper integrals (12) and (13) are convergent if the density [image: images](M) is bounded | [image: images](M) | < C. For the potential this is obvious, since



[image: images]

For the components of the force of attraction this follows from the inequality
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since |x – ξ | < r.

In order to illustrate the concept of uniform convergence of improper integrals let us show that integrals (12) and (13) are continuous functions.

In order to do this it is necessary to show that the integrals (12) and (13) are uniformly convergent at any point M0.

Let us calculate the modulus of the integral*
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where [image: images] is a sphere of radius δ with centre at point M0, containing region Tδ. But calculation of this integral over region [image: images] with centre at point M0 is not easy. In order to estimate the second integral it is expedient to change to a spherical system of coordinates with centre at the point M. It is obvious that
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where [image: images] is a sphere of radius 2δ with centre at point M. If we are given some ε > 0 then by choosing
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we have verified the uniform convergence of integral V.
Making a similar argument for the integral
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we obtain:
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if
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Thus, potential V and the components of the force of attraction X, Y, Z are continuous functions for all space.*

4. First derivatives of the volume potential

The functions, under the integral sign in the integrals are derivatives of the function, under the integral sign in the potential
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If differentiation under the integral sign is valid, for the function V, then
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i.e. V is a potential field, whose force components equal X, Y, Z.

If the point M lies outside region T, then the function
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is continuous with respect to both arguments M(x, y, z) and P(ξ, η, ζ). Hence, in this case differentiation under the integral sign of V is valid.

Derivatives of higher order may also be calculated by differentiating under the integral sign everywhere outside the region T. Hence because of the lemma of Chapter III, § 2 it follows that the potential outside the attracting mass satisfies Laplace’s equation
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Let us prove that the derivatives of potential V may be calculated by differentiation under the integral sign in the case where point M lies inside body T.

In the proof we will use only the bounded nature of the function [image: images](x, y, z), (|[image: images](x, y, z) | < C), not assuming its continuity from which it will follow that function V (x, y, z) is differentiable at points of the boundary, which may be points of discontinuity of the function [image: images](x, y, z).

Let us show that for any ε it is possible to find δ(ε) such that
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if
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We confine the point M0 in a sufficiently small sphere [image: images], the dimensions of which we specify later, and separate V into the two components
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where V1 and V2 correspond to the integration over volume [image: images], and the complementary volume T2 = T – [image: images]. Then



[image: images]

For any fixed dimensions of region T1
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since the point M0 lies outside region T2.

Let us evaluate the difference
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and let us show that each of the components may be made smaller than ε/3. In fact,
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since [image: images] and | [image: images] | < C. Let us consider the last component
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where
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The sides of the triangle M0 MM1 equal r, r1, and | Δx |. Hence it follows that
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Therefore
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since for any numbers a and b
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In addition
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and
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where [image: images] is a sphere of radius 2δ1 with centre at the point M1,

By a suitable choice of δ1 it is possible to satisfy the inequality
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Selecting δ1 from relation (16) we satisfy both inequalities (15) and (16). We fix region T1 = [image: images] and thus region T2 = T – T1

Relation (14) applied to the selected region T2 indicates that for any ε it is possible to find δ2 such that
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provided | Δ x | < δ2. Choosing, finally, δ = min[δ1, δ2], we obtain:



[image: images]

Thus we have proved that
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Formulae
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do not require separate proof.

Thus we have proved that differentiation under the integral sign is valid and that the components of the force field X, Y, Z are the components of grad V.

5. Second derivatives of the volume potential

The improper integral
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does not converge absolutely for internal points P of a body T. In this case the majorant for the function under the integral sign has the form
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Let us establish formulae for calculating the second derivatives of the potential V inside T on the assumption of the continuity and the differentiability of the density [image: images](x, y, z) in the neighbourhood of the points under investigation. In particular the discussion will not apply to the boundary points, where a discontinuity of the density occurs.

Let us represent the potential V as a sum of two components
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relating to the regions T1 and T2, where T1 = [image: images] is a sphere of radius δ with centre at the point M0 under consideration, inside which function [image: images] is differentiable.

The second derivative of V2 may be calculated by differentiation under the integral sign, since point M0 lies outside the region T2.
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The first derivative of V1 with respect to x equals
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since
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Let us transform integral (19), using Ostrogradskii’s relation
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where [image: images] the surface of a sphere, bounding volume T1 and α is the angle between the outer normal to the surface [image: images] and the x-axis. The first component is a differentiable function at the point M0, since M0 lies inside [image: images]. The second component in the neighbourhood of point M0 is also a differentiable function, since function [image: images] has a derivative in T1. Hence it follows that at the point M0 a second derivative of the function V1 exists. Let us calculate it:
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The following relation holds for the second component at point M0:
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if
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Applying the mean value theorem to the surface integral, we obtain:
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Here [image: images]* is the value of the density at some point of [image: images],
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and, moreover,
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Transition to a limit as δ → 0 gives:
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The equation
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is true for any δ and the left-hand side of it is not dependent on δ, therefore
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From the existence of a second derivative [image: images], proved above, there follows the existence of the limit
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The latter integral is obtained by a special limiting transition, where the neighbourhoods of the point M0 are spheres,† and is distinguished by a line above the integral in (23). Variation in the shape of these neighbourhoods can alter the value of the limit. The integral (23) must be considered as conditionally convergent. Thus,
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It follows that calculation of the second derivatives of the potential by formal differentiation under the integral sign leads to an incorrect result.

Similar expressions are obtained for the derivatives [image: images]and [image: images]. Substituting the values of all three derivatives in the expression for the Laplacian operator, we find:
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since 1/r is a harmonic function.*

Thus, the volume potential satisfies Poisson’s equation
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and Laplace’s equation
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The inhomogeneous equation
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has a particular solution
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if f is differentiable inside some region T.

It follows that the solution of the boundary-value problem for the inhomogeneous equation (25′) may be reduced to the solution of a similar boundary-value problem for Laplace’s equation ∇2v = 0, if the unknown function is represented in the sum u = u0 + v.

6. Surface potentials

As Green’s fundamental theorem proves
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any harmonic function can be represented by means of integrals, which are surface potentials.

Let us consider the field, produced by masses, distributed on a surface and let us determine the potential of this field. The surface density μ(P) at the point P of the surface ∑ is the limit of the ratio of mass, in some element dor of the surface ∑, containing the point P, to the area of the element as dσ contracts to the point P.* The potential of these masses may be described by the surface integral
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FIG. 59
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This is called the potential of a single layer.

Another type of surface potential is the potential of a double layer. We consider a dipole, produced by two masses —m and +m, situated at the points P1 and P2 a distance Δl apart (Fig. 59).

The product m. Δl = N is called the moment of the dipole.

The potential at some point M(x, y, z) equals
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where r1 and r2 are the distances of point M from the points P1 and P2.

If Δ l is small in comparison with the distance to the point [image: images], then using the mean value theorem, one may write:
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where the vector l is directed from the negative to the positive mass and r is the distance from the point M(x, y, z) to some intermediate point P(ξ, η, ζ) of the segment Δ l.

Let us calculate the derivative in the direction l
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where vector r is directed from the dipole to the fixed point M, and φ is the angle between vector l and vector r. Thus, the potential of the dipole is
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where N is the dipole moment.

Let masses be distributed on the two surfaces ∑ and ∑’ (Fig. 60), a small distance δ apart, in such a way that the mass of each element of surface ∑’ is equal in magnitude but opposite in sign to the mass of a corresponding element of the surface ∑. Let us denote by n the common normal to surfaces ∑ and ∑’ directed from the negative to the positive masses. Passing to a limit as δ → 0, we obtain the double layer as a combination of two single layers with opposite densities, at a small distance from one another. If v is the surface density of the moment, then the moment of an element of surface dσP will equal
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We get the following expression for the potential of an element dσ at the point M(x, y, z):
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where [image: images].

We call the integral
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the potential of a double layer. This definition, obviously, corresponds to the case where the outer side of the surface is positive, and the inner negative.

It is obvious that
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where φ is the angle between the inner normal and the direction of the point of the surface P to the fixed point M.

The potentials of a single and double layer in the case of two independent variables have the form
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where C is some line, μ is the linear density of the single layer, v is the density of the moment of a linear of a layer, φ is the angle between the inner normal to the line C and the direction to the fixed point M.

If the point M(x, y, z) lies outside the surface ∑, then the function under the integral sign and its derivatives with respect to x, y, z of any order in the relations
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are continuous with respect to variables x, y, z. Therefore at points, lying outside the surface ∑, the derivatives of surface potentials may be calculated by differentiating under the integral sign. Hence because of the principle of superposition it follows that surface potentials satisfy Laplace’s equation everywhere outside the attracting masses. Functions (29) and (30), obviously, satisfy Laplace’s equation in two dimensions.
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Surface potentials at points of the surface ∑ are represented by improper integrals. Let us show that if the surface has a continuous curvature, then the potential of a double layer exists at points of this surface. We give the proof for two dimensions:
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We consider a curve on the plane (x, y) and choose the origin of coordinates at point P. We choose the x-axis along the tangent, and the y-axis along the normal at this point (Fig. 61). The equation of the curve in the neighbourhood of point P is
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The curve has, by assumption, a continuous curvature, i. e. y(x) has a continuous second derivative. Therefore
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or because of the choice of coordinate axes
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Hence we have:
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and
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From the expression for the curvature
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it follows
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Therefore
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which proves the continuity of (cos φ)/r along the curve, and thus the existence of a double layer potential at points of the curve C for the bounded function v.

The potential of a double layer also exists at points of the surface in three dimensions, because the function
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has an integrable singularity of order 1/r. The existence of a potential of a single layer certainly exists.

7. Surfaces and Lyapunov’s curves

The assumption of finiteness of the curvature appears unnecessary for the existence of surface potentials.

The potentials of a single and double layer at points of the surface∑ are improper integrals. Let us show that these integrals converge for a given class of surfaces called Lyapunov surfaces, if the moment density is bounded |v(P)| < C, where C is some constant.

The surface is called a Lyapunov surface, if the following conditions are fulfilled:

1. At every point of surface ∑ there exists a unique normal (tangent surface).

2. There exists a number d > 0 such that straight lines, parallel to the normal at some point P of the surface ∑ intersect a part ∑’P of the surface ∑, lying inside a sphere of radius d with centre P, not more than once. These parts of the surface ∑’P are called the Lyapunov neighbourhoods.

3. The angle [image: images], formed by the normals at points P and P’, satisfies the following relation:
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where r is the distance between the points P and P’, A is some constant and 0 < δ ≤ 1.

Let P0 be some point of the surface ∑ We choose a cartesian system of coordinates, locating the origin of coordinates at point P0 and directing the z-axis along the outer normal. The plane (x, y) therefore coincides with the tangent surface. Because of condition 2. there exists [image: images]0 such that the equation of the surface ∑ can be represented in the form
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for
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Let us denote by ∑’P0 the neighbourhood of point P0 on the surface ∑, defined by (32) and (33). Let us establish some results for f(x, y) and its derivatives.

From the existence of a normal at every point of the surface (condition 1) it follows that f(x, y) is differentiable. The direction cosines of the normal (outer) are given by the relations:
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Because of the choice of our coordinate system zx(P0) = 0, zy (P0) = 0. We shall assume that the surface is so small ([image: images]0 is so small), that
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Let us denote by n’P the projection of vector np on the plane (x, y) and by α′, β′ the angles, formed by vector n’P with the x and y axes. It is obvious that
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Because of condition 3



[image: images]

then
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and since [image: images], then
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Making use of Taylor’s theorem for the function z = f(x, y) in the neighbourhood of point P0 (0, 0), we have:
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where
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from which it follows that
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The results (34), (36) enable us to prove that at points, lying on the surface ∑, the potential of a double layer



[image: images]

is a convergent improper integral, if ∑ is a Lyapunov surface. Let M = P0 be a point of the surface ∑. Choosing a coordinate system, as was indicated above, let us represent the equation of the surface ∑ in the neighbourhood of the point P0 by the function
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satisfying relations (34) and (36). We calculate cos φ, where φ is the angle between the direction of the inner normal at point P(ξ, η, ζ) and the direction [image: images]. It is easy to see that
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and
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Now we represent W in the form of a sum of two integrals
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where W1 is the integral over surface [image: images], containing the singular point P0, and integral W2 is taken over the remaining part of the surface ∑ – [image: images]. Since the function under the integral sign in the integral W2 nowhere tends to infinity, the convergence of the integral W1 is sufficient to ensure the convergence of the integral W. Since
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where [image: images] are polar coordinates on the plane (xy), then transformation of the variables in integral (28) gives:
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Because of (34), (36) and (37) the function under the integral sign satisfies the relation:
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since [image: images] < r.

Such a form of the majorant function [image: images] ensures the convergence of an improper integral in the case of two independent variables (see sub-section 3).

It is easy to establish that for a Lyapunov surface the potential of a single layer
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also converges at points of the surface. One should note that this convergence occurs for surfaces of a more extensive class.

In the case of two independent variables the potentials of single and double layers converge at points of the curve [see (29) and (30)], if these potentials are considered as Lyapunov curves, defined by conditions, similar to conditions 1—3 for Lyapunov surfaces.

8. Discontinuity of the potential of a double layer

Let us show that the potential of a double layer at some point P0 lying on the surface ∑ is a discontinuous function, which obeys the relations
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where Wi (P0) is the limiting value of the potential of a double layer approaching the point P0 from the inner side, and We (P0) is the limiting value from the outer side of the surface.*

In the case of two independent variables the appropiate formulae are
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For simplicity we limit ourselves to a proof of these formulae for two independent variables.

The potential of a double layer in this case is expressed by the integral
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Let us consider some element of the curve ds, whose extremities are the points P and P1. We draw through P an arc of a circle of radius MP with centre at point M which intersects the line MP1 at point Q, then correct to the lowest order we can write (Fig. 62):



[image: images]

where ds = [image: images], dσ = [image: images], dω is the angle subtended by the curve ds at the point M. The sign of dω is the same as that of cos φ, so that: dω > 0, if φ (the angle between the inner normal at point P and the vector [image: images]) is less than π/2 and dω < 0, if φ > π/2. If dω > 0, i.e. φ < π/2, then MP joins M to the “inner” side of curve C; for dω < 0, (φ > π/2, MP joins M to the “outer” side of the curve. It follows that the angle subtended at M by some curve P1P2 equals the angle P1MP2 swept out by the line MP as P moves along the curve from P1 to P2.
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FIG. 62



Let us consider the potential of a double layer W° with constant density v = v0 = const, on a closed curve C. The line MP sweeps out an angle
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as the point P passes around the curve C. Hence we obtain for the potential W°:
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Thus, the potential of a constant density double layer is a partly-continuous function in which
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where [image: images] are the values of the potential inside, on and outside the curve C.

Similarly in the case of three independent variables we have:
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where dω is the solid angle, subtended by the element dσ of the closed surface ∑. Let dσ′ be an element of spherical surface, obtained by the intersection of a sphere, described by the radius MP from the point M, with a cone, having apex at the point M and resting on an element of surface dσ. The element of surface dσ′ = dσ cos φ. Hence formula (42) follows. The observation made above concerning the sign of dω still holds good, leading us to the relations
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and also to the relations
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where [image: images] are values of the potential W° inside and on the outside of surface ∑, and [image: images] is the value of W° on ∑.

We consider now the potential of a double layer with variable density and prove that at points of continuity of density formulae, similar to (41) and (41′) hold.

Let P0 be a point of the surface ∑, at which v(P) is continuous. We introduce the potential of a double layer W° with constant density v0 = v(P) and consider the function
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Let us prove that the function I is continuous at point P0. In order to do this it is sufficient to prove the uniform convergence of the integral I(M) at the point P0. We choose some number ε > 0. From the continuity of the function v(P) at point P0 it follows that for any number η > 0 it is possible to find ∑1, neighbourhood of point P0 on surface ∑ such that
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if P ⊂ ∑1. We write the integral I in the form of a sum
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where I, is the contribution from ∑1, and ∑2 from ∑2 = ∑ – ∑1. From the definition of ∑1 it follows:
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where B∑ is a constant, given by the relation
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for all possible positions of point M, and not depending on the choice of surface ∑1. Details concerning this constant will be given below.

Choosing η = ε/[image: images], we satisfy ourselves that for any ε > 0 it is possible to find ∑1, containing P0 such that for any position



[image: images]

of point M. Hence the uniform convergence of integral I(M) at point P0 follows, and also its continuity at this point.

If Wi (P0) and We (P0) are the limits of the potential W(M) as M → P0 from the inner and outer side of the surface ∑ then
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and similarly
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The validity of (43) is established.

The proof outlined above is valid for surfaces, satisfying the condition (43). For a convex surface where each line from the point M intersects the surface not more than twice, [image: images]; for surfaces consisting of a finite number of convex parts, [image: images] is also bounded. Thus, our proof holds for a very wide class of surfaces.

All the arguments developed above hold good for functions of two independent variables. In this case (41) takes the form
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9. Properties of the potential of a single layer

In contrast to the potential of a double layer the potential of a single layer selves
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is continuous at points of the surface ∑. In order to satisfy our – selves of this, it is sufficient to establish the uniform convergence of integral V(M) at points of the surface ∑

In fact, let P0 be some point of the surface ∑ We represent the potential V in the form of a sum
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where ∑1 is a sufficiently small part of the surface ∑ enclosed by a sphere of radius δ with centre at the point P0. We define the value of δ more exactly later.

Let us consider a coordinate system with origin at the point P0, the z-axis of which is directed along the outer normal at P0. Let M(x, y, z) be an arbitrary point, such that MP0 < δ. Let us denote by ∑′1 the projection of ∑1 on the plane (x, y) and by [image: images] a circle of radius 2δ with centre at the point M′(x, y, 0), entirely containing the region ∑1 Assuming the bounded nature of the function
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and taking in to consideration that
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and
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we obtain:
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if δ is so small that cos γ > 1/2.

Let us introduce the polar system of coordinates ([image: images], φ) in the plane (x, y) with origin at the point M′. Then it is possible to write
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Choosing δ = ε/8πA, we have:
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if MP0 < 5. Hence V(M) converges uniformly at each point P0 ⊂ ∑ and is a continuous function at this point.

Normal derivatives of the potential of a single layer on the surface ∑ have discontinuities of a type similar to the potential of a double layer.

Outer and inner normal derivatives of function V ,dV/dne and dV/dni are defined in the following way. Let P0 be some point of ∑. From the point P0 we draw the z-axis which can be directed either along the outer, or along the inner normal.

We consider the derivative dV/dz at some point M of the z-axis and denote by (dV/dz)i and (dV/dz)e the limits of the derivative dV/dz as M tends to the point P0, from the inner or outer side of the surface ∑. If the z-axis is directed along the outer (inner) normal, then these values are called the inner and outer limiting values of the derivative with respect to the outer (inner) normal at the point P0.*

Let us investigate the discontinuity of the inner normal derivative of the potential of a single layer on ∑. The derivative dV/dz at the point M of the z-axis, directed along the inner normal, equals
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where ψ is the angle between the z-axis and the vector MP. Let us draw (Fig. 63) the normal PQ at P and the straight line PN, parallel to the z-axis (normal at point P0), and denote by θ the angle NPQ, equal to the angle between the normals at points P and P0.*
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FIG. 63



The expression for the potential of a double layer W (M) contains the factor (cos φ)/r2, where [image: images]. Since the angle MPN equals π – ψ, then
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where Ω is the azimuthal angle of the side PQ**. Hence it follows that
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where W1 (M) is the potential of a double layer with density μ = μ cos θ, having discontinuities on the surface ∑. It is obvious that the integral I(M) is a function continuous at the point P0, since I(M) converges uniformly at this point (see the footnote, page 393).

Returning to formula (45), we see:
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We note
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where ψ0 is the angle between the z-axis and the vector [image: images].

Observing that μ(P0) = μ(P0), we find:
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since by definition the z-axis is directed along the inner normal. If the z-axis is directed along the outer normal, then the sign of cos ∞ changes and we obtain:
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For the case of two dimensions similar formulae occur with 2π replaced by π.

10 Application of surface potentials to the solution of boundary-value problems

Surface potentials give a simple analytical device for solving boundary-value problems. Let us consider the internal boundary - value problems for some contour C:

Find the function u, harmonic in region T, bounded by contour C and satisfying on C the boundary conditions
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Similar conditions define the external boundary-value problem.*

We shall look for a solution of the internal first boundary-value problem in the form of the potential of a double layer
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For any choice of v(P) the function W(M) satisfies Laplace’s equation inside C. Function W(M) is discontinuous on the contour C. To fullfil the boundary condition, it is obviously necessary that
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Remembering formula (41) we obtain an equation for v(P)
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If we denote by s0, s the arcs of the contour C, corresponding to points P0 and P, then equation (49) may be written in the form
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where L is the length of the contour C and
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is the kernel of this integral equation, which is an integral equation of the Fredholm type of the second kind.*

A similar equation is obtained for the external problem
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For the second boundary-value problem the equations
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are obtained, where
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if its solution is sought in the form of the potential of a single layer
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Problems connected with the solubility of these equations will be considered in sub-section 11 of the present section.

Let us consider boundary-value problems for some of the simplest regions, for which the appropriate integral equations are easily solved.

1. The first boundary-value problem for a circle. If the contour
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FIG. 64
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FIG. 65



C is the circumference of radius R, then the inner normal at P is directed along the diameter and
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since φ is the angle P0PP′ (Fig. 64). The integral equation for v takes the form
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It is easy to see that its solution is the function
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where A is some constant, to be determined. Substituting the assumed form of the solution in (56) we have:
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from which we find an expression for the constant A
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Thus,
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is the solution of the integral equation.

The corresponding potential of the double layer equals
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Let us transform the right-hand side of the preceding formula, assuming that M lies inside C:
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From Δ OPM (Fig. 65) we see that
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since
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Substituting expression (60) for K in (59) we obtain Poisson’s integral
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giving the solution of the first boundary-value problem for a circle.

The arguments developed in this section show that any continuous function f, (61) defines a harmonic function, continuously adjoining the boundary values of f.

If f is partly-continuous, then because of the property of the potential of a double layer, the function M is also continuous at all points of the continuity of f. From the bounded nature of function f
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the bounded nature of function (61) follows
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since*
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2. The first boundary-value problem for semi-space: find the harmonic function, continuous everywhere in region z ≥ 0, which assumes on the boundary z = 0 the given value f(x, y) and which reduces to zero at infinity.

We shall search for a solution of this problem in the form of a potential of a double layer
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In this case
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and the kernel of the integral equation
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Thus, the surface density of the double layer
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and potential is
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It is easy to show that u(x, y, z) tends uniformly to zero as r = [image: images](x2 + y2 + z2) → ∞, if the function f possesses this property.

11. Integral equations, corresponding to boundary-value problems

In the solution of boundary-value problems for Laplace’s equation in terms of the potentials of single and double layers we have arrived at Fredholm integral equations of second kind (50).

The conditions of solvability of Fredholm integral equations of second kind with a continuous kernel and bounded (integrable) right-hand part are similar to the conditions of solvability of a system of linear algebraic equations (to which they converge if the integral replaces the integral sum). Fredholm’s first theorem states the following.

An inhomogeneous integral equation of second hind has a unique solution, if the corresponding homogeneous equation has only a zero solution*

Let us prove, that the integral equation (50) has a unique solution.

We confine ourselves to a consideration of convex contours, whose boundaries do not contain linear sections. In this case the kernel of equation (50) K(P0, P) is positive, since
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where dω is the angle subtended by the curve dsP at P0.

Let us consider the first boundary-value problem for an internal region. The homogeneous equation, corresponding to equation (50) has the form
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As we saw (see sub-section 8) there is a relation
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which enables the homogeneous equation (63) to be written in the form
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Let [image: images] be a point of contour C, at which |v(s)| reaches its maximum value. Hence it follows that the sum v(([image: images]) + v(s) has the same sign. Then, assuming in (64) s0 = [image: images] and making use of the fact that K(s0, s) ≥ 0 we obtain the equality
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which contradicts the continuity at point [image: images], unless v(s*) ≠ 0.

Consequently the homogeneous equation (63) has only a zero solution, and thus the inhomogeneous equation has a unique solution for any function f. †

The external second boundary-value problem, as we saw (see sub-section 10) reduces to the integral equation
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the kernel of which K1(s0, s) is related to the kernel K(s0, s), i.e. K1(s0, s) = K(s, S0).

Fredholm’s second theorem states:

The number of linearly-independent non-zero solutions of a certain homogeneous integral equation is equal to the number of Unearly independent solutions of the adjoint equation.
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From this theorem it follows that equation (54) has a unique solution. The exterior first boundary-value problem corresponds to the equation
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The homogeneous equation (f = 0) can therefore be reduced to the form
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Denoting by [image: images] the point, at which |v(s)| reaches a maximum value, we obtain from (65)
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Hence it follows that
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is a unique non-zero solution of the homogeneous equation. Because of Fredholm’s second theorem the conjugate homogeneous equation will have a unique solution.

Fredholm’s third theorem states that if a certain homogeneous integral equation



[image: images]

has h linearly-independent solutions φ(x) (i = 1, 2, …, k), then the adjoint inhomogeneous equation
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has a solution, only if
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Applying Fredholm’s third theorem to equation (53), corresponding to the interior second boundary-value problem, we obtain the condition of solvability of this problem



[image: images]

which we have already met in § 1.

The condition of solvability of the exterior first boundary- value problem is
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where h(s) is the solution of the homogeneous equation, corresponding to (53). It is easy to explain the physical significance of this function.

Let a cylindrical conductor, with a cross-section bounded by a contour S, be charged to some potential V0. In the conductor all the charge lies on the surface. We denote the density of the surface charges by [image: images](s). The potential, produced by these surface charges, is the potential of a single layer with density [image: images](s) and is expressed by formula (29). The normal derivatives inside it equal zero, since inside the conductor V = const. Therefore the function [image: images](s) satisfies the homogeneous equation (53) and is proportional to the function h(s), defined above. Thus we have an explanation of the physical significance of this function.

Thus, the integral equations, to which the boundary-value problems reduce, are always capable of solution for the interior first and exterior second boundary-value problems and are solvable with conditions (66) and (67) for the interior second

§ 6. Method of finite differences

1. Concept of the method of finite differences for Laplace’s equation

In those cases, where one can not obtain an analytical expression of the solution, or use numerical methods for solution of integral equations, we can reduce the differential equation to an equation with finite differences.

In the case of a function of one argument y = f(x) in place of the second derivative it is possible to consider the difference relation
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where Δ+f = f(x + h) – f(x), Δ–f = f(x) — f(x — h) are first differences (right and left). Second differences for the case of two variables are
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The difference relation for the Laplacian operator, obviously, has the form
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By replacing the differential equation by differences, we pass from a continuous change of the argument to a discrete one.

Let some positive number h be given and let us plot in the plane (x, y) a net, consisting of two systems of mutually perpendicular straight lines, separated from one another by a distance h (Fig. 67).

We shall consider the value of the function only at the nodal points of this net.

We consider the first boundary-value problem for Laplace’s equation in some region S, bounded by curve C, on which the continuous bounded function f is given.

In the method of finite differences the given region S is replaced by the network region Sh, approximating to the region S. We shall assume that region Sh consists of the squares of our net, lying entirely inside S (as an alternative definition of the region Sh we could take a combination of all the squares of the net, having even one common point in S). Let us denote the broken line, bounding region Sh, by Ch. It is obvious that the distance from every nodal point of the curve Ch to the curve C does not exceed h [image: images].
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FIG. 67



We define the boundary function fh at the nodal points of Ch by assuming it equal to the value of function f at the nearest point of the boundary C (or at one of the nearest points, if there are several).*

Let us consider the first boundary-value problem for Laplace’s difference equation in region Sh:

Find the function, satisfying the difference equation at the nodal points Mik (xi, yk) inside Sh
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where
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and talcing a value equal to fh on Ch.

The solution of this problem involves searching for the values of the network function u(h)ik at the internal nodal points Mik of region Sh.

At each internal nodal point Mik the difference equation (3) should be satisfied. Thus, for the determination of the network function we obtain a system of linear algebraic equations, the number of which equals the number of unknowns.

Let us prove that the system of difference equations has a unique solution.

In order to do this it is sufficient to satisfy ourselves that the corresponding homogeneous system has only a trivial solution.

The difference system is a system of inhomogeneous equations, since the values uik at the nodal points of Ch are given and equal fh. Transition to a homogeneous system is equivalent to the case where the boundary function fh = 0. Let us prove that in this case the solution of the difference system equals zero for all nodal points of region Sh.

Let some ui1, k1 ≠ 0; for definiteness we shall assume that
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Let ui0, k0 be the maximum value of our network function, so that
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at all points Mik of the region Sh. The equation
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can hold in this case, only if
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Carrying out in succession similar arguments for ui0+1,k0, ui0+2,k0 etc. we arrive at some boundary point, which leads us to a contradiction, since the boundary values equal zero. The assumption ui0, k0 < 0 also leads to a contradiction.

Hence it follows that
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at all internal nodal points of region S, i.e. that the system of homogeneous difference equations has only a trivial solution. Thus we have proved the uniqueness theorem for the solution of the first boundary-value problem for Laplace’s difference equation.

Solving the difference equations, we obtain a network function which represents an approximate solution of the original problem for Laplace’s equation.

2. Method of successive approximations for the solution of difference equations

The method of finite differences involves the replacement of the boundary-value problem for the differential equation ∇2 u = 0 by the corresponding boundary-value problem for the difference equation. To justify this method it is necessary to satisfy ourselves that for sufficiently small h the function uh differs from u by as small a quantity as desired, u being the exact solution of the equation ∇2 u = 0. We will not give this proof.

Let us discuss more fully the methods of solution of the difference equation. The solution of the boundary-value problem by a difference method leads to the solution of a system of algebraic equations with a large number of unknowns, often several hundred and sometimes even thousands. The solution of this system using determinants would produce excessive technical difficulty. The method of successive approximations is much more convenient.

The method of successive approximations for a system of linear algebraic equations consists of the following.

Let us write down the system of equations in the form
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Choosing as a zero approximation the arbitrary numbers u(0)1, u(0)2, …, u(0)n and substituting them in the right-hand part of equations (4), we find the first approximations u(1)1, u(1)2,…,u(1)n. Continuing this process further we define the (k + 1)th approximation by the formulae
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If the successive approximations {u(k)n} converge to a limit
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then these limiting values are the solutions of system (4).

The method of successive approximations is not applicable to every system of equations.

Let us prove that the first boundary-value problem for a system of difference equations ∇2hu = 0 can be solved by the method of successive approximations. The system of algebraic equations, corresponding to ∇2hu = 0 has the form
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We shall carry out a successive approximation, starting from the boundary, where the boundary values are given and working inwards. Let us call C(1)h the set of nodal points of region Sh, removed from the nodal points Ch by a distance h. In calculating the nth approximation at the points C(1)h, the values of the function fh, given at Ch will be used directly. Let us call, C(2)h the set of nodal points of region Sh inside C(1)h and separated from C(1)h by a distance h. In the calculation of the nth. approximation on C(2)h the values already obtained u(h)ik on C(1)h will be used. Similarly “zones” C(3)h, C(4)h are determined. As a result, each of the nodal points of region Sh belongs to some C(i)h (i = 1, 2, … N) where N is the last number of the zone C(N)h.

Let uik be the exact solution of the system of difference equations, u(n)ik the nth approximation of this system.

We consider the difference
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equal to zero on Ch and satisfying the equations
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inside Sh and prove that the successive approximation {v(n)ik} converges to zero
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We assume max v(n)ik = An, and evaluate the (n + 1)th approximation. It is obvious that
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since in this case at least one of the components in (5) equals zero. Hence it follows that
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and in general
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For the last zone C(N)h we obtain:
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Hence we conclude that
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i.e. [image: images].

Denoting min vik = Bn in a similar manner we can show that
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and, therefore
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for all points Mik (xi, yk) of region Sh.

The convergence holds for any choice of zeroth approximation, but the rate of convergence depends strongly on its choice.

3. Modelling methods

Mathematical machines are often used to solve systems of difference equations. These machines are constructed by utilizing the similarity existing between different physical phenomena, which obey the same differential equations.

For the solution of Laplace’s equation (and also for some more complex equations) electro-integrators are extensively employed. We consider one of the simplest electrical systems for solving Laplace’s equation.
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FIG. 68



We take a net of identical ohmic resistances, one of the nodes of which is shown in Fig. 68. We denote by Vi the potential at point Mi and by ji the current in the section M0Mi. Using Ohm’s law
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and Kirchhoff’s law
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we obtain
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Thus, the potential at any nodal point of such an electrical system equals the arithmetical mean of the potentials at four adjacent nodes. This relation, similar to equation (5) of the method of finite differences is the basis for an electric model of Laplace’s equation.

The simplest electro-integrator consists of a panel in which there are sockets joined by identical resistances. Suppose we have to solve the first boundary-value problem for some region S of the plane (x, y), bounded by the contour C.

We consider a net with interval h and plot the region Sh with boundary Ch by the method indicated in the preceding subsection. Voltages given at the nodes of the boundary Ch by means of a special device correspond to the boundary conditions of the first boundary-value problem. The distribution of voltages at other points gives an approximate solution of the problem under consideration.

In some systems of electro-integrators the resistances between nodal points can vary. This enables us to solve equations with variable coefficients of the form
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where
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Problems on Chapter IV.

1. Find the function u, harmonic inside a circle of radius a and taking on the circumference C the values
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2. Solve Laplace’s equation ∇2 u = 0 inside the rectangle 0 ≤ x ≤ a, 0 ≤ y ≤ b for the boundary conditions
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Prove that the formulae obtained give the solution of the problem for an arbitrary partly-continuous function, given on the boundary.

Solve the problem for the particular case
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3. Solve the equation ∇2 u = 1 for a circle of radius a for the boundary condition u | r = a = 0.

4. Solve the equation ∇2 u = Axy for a circle of radius a with centre at the point (0, 0) for the boundary condition u | r=a = 0.

5. Solve the equation ∇2 u = A + B(x2 — y2) for the ring a ≤ [image: images] ≤ b, if
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The origin of coordinates is at the centre of the ring.

6. Plot the source function for Laplace’s equation (the first boundary-value problem): (a) for a semi-circle, (b) for a ring, (c) for a layer (0 ≤ z ≤ 1).

7. Find the harmonic function inside the ring a ≤ [image: images] ≤ b, satisfying the following boundary conditions:
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8. Find the solution of Laplace’s equation ∇2 u = 0 in the semi-plane y ≥ 0 with the boundary condition
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9. Find the function u([image: images], φ), harmonic inside the circular sector [image: images] ≤ a, 0 ≤ φ ≤ φ0 for the boundary conditions:



[image: images]

10. Solve by the method of finite differences the first boundary-value problem for the equation ∇2 u = 0 inside the rectangle 0 ≤ x ≤ a 0 ≤ y ≤ b, dividing each of its sides into eight equal parts, if the boundary conditions have the form
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Compare with the analytical solution.

11. Find the potential of a sphere with constant density [image: images] = [image: images]0

Hint. Solve the equation ∇2 u = 0 outside the sphere and ∇2u = 4π[image: images]0 inside the sphere and join the solutions on the surface of the sphere.

12. Find the potential of a single layer, distributed with the constant density v = v0 on the sphere.

Hint. Look for the solution of the equation ∇2 u = 0 outside and inside the sphere and use the conditions of discontinuity of the derivative of the potential of a single layer.

13. Solve the first boundary-value problem for a bounded circular cylinder ([image: images] ≤ a, 0 ≤ z ≤ l):

(a) zero boundary conditions of the first or second kind are given at the ends of the cylinder while on the sides
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(b) on the sides and on one end of the cylinder zero boundary conditions are given (of first or second kind) and on the second end of the cylinder
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for instance f([image: images]) = A [image: images](1 — [image: images]/a).

14. Solve the inhomogeneous equation
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in an infinite cylindrical region for zero boundary conditions (of first or second kind) and construct the source function.

15. Find the function, harmonic inside a sphere, equal to u1 on one half of the sphere and u2 on the second half of the sphere.

16. Find by analysis into spherical functions the density of surface charges induced on a conducting sphere by a point charge.

17. Solve the problem of a polarized dielectric sphere in the field of a point charge.

18. Calculate the gravitational potential of a plane disc. Compare with the asymptotic form of a gravitational potential at large distances.

19. Calculate the magnetic potential of a circular current.

20. Solve the problem of the perturbation of a uniform electric field by a perfectly conducting sphere. Solve the problem for a dielectric sphere.
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I. Asymptotic expression for the yolume potential

In an investigation of the volume potential
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at great distances from a body one usually assumes a potential equal to m/R, where m is the mass of the body T, R is the distance of its centre of gravity from the point of observation. Let us determine a more exact asymptotic expression for V.*

Let Σ be a sphere with centre at the origin entirely containing the body T. Outside this sphere the potential will be a harmonic function.
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The distance from the point of observation M(x, y, z) to the variable points inside the body M(x1, y1, z1) (Fig. 69), over which the integration is per-formed, equals
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from which
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Since r1 < r, a < 1 and we can make the expansion (see the supplement, part II, § 1)
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where Pn (μ) is a Legendre polynomial of nth order (see Supplement II, § 1). Substituting this expression in (1) and taking into account that 1/r does not depend on the variables of integration we obtain:
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The first term equals m/r, where m is the mass of the whole body, and gives us a first approximation for the calculation of the potential for large r.

Let us proceed to a calculation of the following terms of expansion (5). The expression under the integral sign in the second term is
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The values x, y, z and r do not depend on the variables of integration and may be taken outside the integral sign. Thus the second term of the expansion of the potential takes the form
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where
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are moments of first order, x, y, z are the coordinates of the centre of gravity. Thus, the second term decreases as 1/r2. If the origin of coordinates is located at the centre of gravity (x = 0, y = 0, z = 0), then V2 = 0.

In the third term of the expansion we transform the expression under the integral sign
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Introducing the symbol
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we arrive at the following expression for V3:
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The polynomial in brackets is a harmonic polynomial, since it can be written in the form
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where each component satisfies Laplace’s equation. The coefficients in the brackets are related to the moments of inertia. The moment of inertia of a body T about the x-axis equals
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Similarly the moments of inertia about the y and z-axes equal
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Hence it follows that
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As a result we arrive at the asymptotic expression for the potential
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which is valid up to terms of order 1/r6.

Expression (6) is simplified if we locate the origin of coordinates at the centre of gravity, and the coordinate axes are directed along the principal axes of inertia:
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The asymptotic representation of the potential obtained allows us to answer a series of questions about the converse problem of potential theory, consisting of the determination of the characteristics of a body by its potential (or by any derivative of it).

In fact determining the coefficients of expansion (6) it is possible to find the mass, the coordinates of the centre of gravity and the moments of inertia of the body.



II. Problems of electrostatics

In problems of electrostatics the solution of Maxwell’s equations reduces to a search for one scalar function the potential φ, connected to the field strength by the relation
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Using Maxwell’s equation
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we obtain:
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Thus, the potential satisfies Poisson’s equation at those points of space where electric charges occur, and Laplace’s equation at those points where there are no charges.

1. The main problem of electrostatics is the search for the field, produced by a system of charges on given conductors. There are two different statements of this problem possible.

I. The potentials of conductors are given and it is required to find the field outside the conductors and the density of the charges on the conductors. The mathematical problem is formulated as follows.

It is required to find the function φ, satisfying Laplace’s equation Δ φ = 0 everywhere outside the given system of conductors, reducing to zero at infinity and taking the given values φi on the surfaces of the conductors
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Thus, in this case we arrive at the first boundary-value problem for Laplace’s equation. The uniqueness of its solution follows from the general theory.

II. The total charges on the conductors are given. It is required to determine the potential of the conductors, the distribution of charges over their surfaces and the field outside the conductors. The solution of this problem reduces to a search for the function φ, satisfying Laplace’s equation
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outside the given system of conductors, reducing to zero at infinity, talcing constant values on the surfaces of the conductors
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and satisfying the integral relation on the surfaces of the conductors
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where ei is the total charge on the ith conductor.

2. The uniqueness of the solution of the second problem does not follow from the general theory, but may easily be proved.

Let us assume that there exists two solutions φ1 and φ2 of problem II. Then their difference
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will satisfy the equation
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and the relations
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Let us enclose two given conductors inside a sphere ΣR of sufficiently large radius R and let us apply Green’s first theorem to function φ′ in the region TR, bounded by the sphere ΣR and by the surfaces of the conductors Si:
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Because of the condition at infinity* and on the surfaces we obtain:
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from which on account of the positive nature of the expression under the integral sign it follows:
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or
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everywhere in the region under consideration. Remembering the value at infinity
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we obtain:
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which proves the uniqueness of the solution.

3. From the uniqueness of the solution of the boundary-value problem for Laplace’s equation it follows that the potential of an isolated conductor is directly proportional to its charge
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If an isolated conductor carries charges e or e′ = me, then the corresponding potentials φ or φ′ should satisfy the equations
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and the boundary conditions
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from which it follows that φ′ — m φ = 0, i.e. φ′/φ = e′/e.

Hence we obtain:
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This constant C is called the capacity of the isolated conductor. It does not depend on the charge of the conductor, and is determined by the shape and dimensions of the latter. Thus, for an isolated conductor
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The capacity of an isolated conductor is numerically equal to that charge, which gives the conductor a potential equal to 1. If the conductor is not isolated then its potential depends on the other conductors. For the system of conductors there are relations
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where ei and φi are the charge and potential of the ith conductor. The value Cik has the sense of the mutual capacitance of the ith conductor with respect to the kth conductor. It can be defined as that charge which must be imparted to the ith conductor in order that all the conductors, except the kth, would have zero potential and the kth conductor the potential 1.

4. It is easy to show that the matrix of the coefficients Cik is symmetrical, i.e. the relation
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holds. For simplicity we consider the case of two conductors although in the case of n conductors the proof remains the same.

Let there be given two conductors a and b. Then determination of the coefficients Cab and Cba reduces to a determination of functions u(1) and u(2), satisfying the equations ∇2 u(1) = 0 and ∇2 u(2) = 0 and the boundary conditions



[image: images]

Let us describe a sphere ΣR of sufficiently large radius R, containing both conductors a and b and apply Green’s theorem to the functions u(1) and u(2) in the region between the surface ΣR and the surfaces of the conductors Sa and Sb
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The integral on the left-hand side of this equation equals zero. Using the boundary conditions and the conditions at infinity we obtain:



[image: images]

or
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which it was required to prove.

5. We proceed to concrete examples.

Let us consider the problem of the field of a charged sphere. The surface of the conducting sphere of radius a is at a potential φ0. Solving problem 1 we see that the field and density of the charges on the surface of the sphere are given by the expressions
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If in place of the potential of the surface of the sphere φ0 we are given its total charge e0 then



[image: images]

The capacity of the sphere is
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i. e. in absolute units the capacity of an isolated sphere is numerically equal to its radius.

As a second example we consider the problem of a spherical condenser (a system of two concentric conducting spheres).

Let the internal sphere of radius r1 have a given potential V0, and the external sphere of radius r2 be earthed. Then determination of the field inside the condenser reduces to a search for the function φ, satisfying the equation
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and the conditions
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It is easy to show that
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and the capacity of the spherical condenser equals
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A more complex problem is the determination of the potential of two charged non-concentric spheres. This problem is solved by the method of images, but the analytical solution is rather cumbersome and we will not give it here.*

By means of an inversion* it is possible to transform a sphere into a plane. Let us show that by means of an inversion the problem of the determination of the potential of a plane in the presence of a sphere reduces to the problem of a system of two concentric conducting spheres.

Instead of a plane and a sphere, obviously, it is sufficient to consider a straight line E and a circle K with centre O of radius [image: images] (Fig. 70). Let us drop from O a perpendicular OF = l on to the straight line E and draw through the point F the tangent FD to the circle K; we describe the circle H with radius FD and centre F intersecting the extension of the perpendicular OF in the point S.
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FIG. 70



We take the point S as the centre of inversion.

In this transformation the straight line L = SO, intersecting circle K at the point A, and the circle change into the mutually perpendicular straight lines L and H, and the straight line E and circle K into the circles E and K.

Since in the inversion transformation the property of orthogonality is retained, the circles E and K must be orthogonal to the straight lines L and H. This is possible only if the centres of the circles E and K coincide with the point B of intersection of the straight lines L and H.

Thus, the given transformation changes a straight line and circle into a pair of concentric circles.

Simple calculations allow us to find the radii of the circles K and E:
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from which
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6. As an example of a two-dimensional problem we consider a cylindrical condenser, formed by two infinitely long coaxial cylinders, on one of which an electric charge is uniformly distributed. It is obvious that the solution of the problem is the same for all planes, perpendicular to the axis of the cylinder. Therefore the problem may be considered in a plane and in place of the total charge we have a charge per unit length x.

If the outer cylinder of radius r2 is earthed, and on the inner of radius r1 there is given a charge x then the potential of the field in the condenser is given by the expression
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and the capacity per unit length equals
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The example considered enables us to solve the more complex problem of the capacity of an infinitly long cylindrical conductor situated above a conducting plane. It is clear that this problem may be solved by an inversion transformation.



III. The fundamental problem of electrical prospecting

Electrical methods are extensively employed in a study of the inhomogeneity of the earth’s crust with a view to searching for minerals. The fundamental idea of electrical prospecting is the following. By means of earthed electrodes, the current from a battery is conducted through the earth. On the surface of the earth the potentials of the field of constant current thus created are mapped. By means of controls on the surface the underground structure is determined. Methods of determining the underground structures (interpretation of the observations) are based on a mathematical solution of the appropriate problems.

The potential of a field of constant current in a homogeneous medium satisfies Laplace’s equation
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with the additional relation
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which indicates that the vertical component of the density of current along the surface z = 0 equals zero, since the semispace z < 0 (air) is non-conducting.

Let us consider a point electrode on the boundary of the semispace at point A. It is obvious that the potential of the field will equal
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where R is the distance from the source A, [image: images] is the specific resistance of the medium, and I is the intensity of the current. This result differs from that for an infinite medium by the coefficient 2 because of condition (2).

Measuring the difference of the potentials at points M and N, lying on a straight line through A we obtain:
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where Δ r is the distance between the points N and M.

Assuming that the points M and N are sufficiently near one another, we obtain:
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where r is the distance of point 0 (the centre of the receiving circuit MN) from the feeding electrode. The current intensity 1 in the feeding circuit is known. Hence for the resistance of homogeneous semi-space we obtain:
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If the medium is inhomogeneous then the value [image: images], defined by (4) is called the impedance and is denoted by [image: images]; [image: images] will not be a constant value.

Let us consider the problem of vertical electrical probing, where layers of the earth’s crust occur horizontally and their resistance depends only on the depth
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In this case the impedance will be a function of the distance r = AO. The question of interpretation of the results of vertical electrical probings consists of determining the function [image: images](z) which gives the “electrical profile” of the medium from the known values
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Let us consider in detail the problem of a two-layer medium, where a homogeneous layer of thickness l and resistance [image: images]0 rests on a homogeneous medium with resistance [image: images]1,
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It is obvious that at small distances r ≪ l the impedance [image: images]k equals [image: images]0, since the effect of a lower medium will be small. At large distances (r ≫ l) [image: images]k will equal [image: images]1.

The problem reduces, thus, to finding the solution of Laplace’s equation V0 for the layer 0 < z < l and V1 for the semi-space z > l. For z = l the conditions of continuity of the potential
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must be fulfilled, and the continuity of the normal components of the current density
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For z = 0 the potential V0 must satisfy condition (2), and at point A, which we choose as the origin of cylindrical coordinates (φ, r, z), the potential V0 must have a singularity of type (3)
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where v0 is a bounded function.

Function V1 must be bounded at infinity. Functions v0 and V1 satisfy equation (1) which because of the cylindrical symmetry of the problem reduces to
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The method of separation of variables gives for V two types of solutions, bounded for r = 0:
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where J0 is the Bessel function of zero order (see Supplement, part I, § 1) and λ is a separation parameter. We shall seek a solution in the form
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where A0, B0, A1, B1 are functions of λ. Condition (2) gives the relation between A0 and B0. Let us calculate
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Condition (2) takes the form
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for arbitrary r, from which
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From the condition of the bounded nature of V1 as z → ∞ it follows that
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Thus.
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and
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where we have made use of the formula
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(see Supplement, part I, § 4) and we defined [image: images]0 I /2π = q.

The remaining constants A0 and A1 are determined from relations (5) and (6) for z = 1, which reduce to a system of algebraic equations.
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from which it follows that
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and the solution V0 for the upper layer is given by the relation
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where we put
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Let us transform the expression for V0. Since |k| < 1, it is possible to write:
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and
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Hence using (8) we obtain:
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This expression for the solution (9) may be written down at once, if the problem is solved by the method of images. Assuming z = 0 we obtain the distribution of potential on the earth’s surface



[image: images]

from which
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and for [image: images]k by formula (4) we have:
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where ξ = r/l, f(ξ) denotes the expression in brackets. For r ≪ l we have
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In order to evaluate the behaviour of [image: images]k for large r, in (12) we let r → ∞ (ξ → ∞). The limit of the nth term of the sum will equal kn, from which it follows that
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Comparing the experimental curve with the curve determined by (12), we can determine [image: images]0 from the values [image: images]k for small values of r, and [image: images]1 from the values [image: images]k for large values of r. The thickness of the upper conducting layer l is determined by trial. It equals that value of l for which the empirical curve agrees most closely with the curve calculated from (12).

In the case of many conducting layers the curves for [image: images]k are calculated similarly. The nature of the electrical profile of a medium is determined by fitting a theoretical curve to the empirical one. With a large number of layers the technique of interpretation is very complicated.

We note that for different conductivity profiles [image: images]1 (z) ≠ [image: images]2 (z) the corresponding impedances are also different
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hence the problem of determining the electrical profile by the impedance from a mathematical view point has a unique solution. *

Problems, similar to the problem of electrical prospecting occur in various fields of physics and engineering.

Problems of determination of the magnetic field in an inhomogeneous medium occur, for instance, in the magnetic detection of defects. For the determination of a defect, for example the determination of the presence of a cavity under the surface, the metallic piece is placed between the poles of a magnet and the magnetic field on the surface is measured. By the perturbation of the magnetic field we try to determine the presence of a defect, and also, if possible, the size of the defect, its depth etc. Modelling methods are widely used for the solution of this type of problem.**

In fact, let us consider potential fields in inhomogeneous media of different physical nature (for example, a steady temperature field, a magnetic field in an inhomogeneous medium, an electro static field, the velocity field of a fluid for filtration). The potential functions of these fields u(x, y, z) in any homogeneous region satisfies Laplace’s equation ∇2u = 0. On the boundary of the regions G1 and G2 with different coefficients of heat conduction, magnetic permeability, etc., the following relation is fulfilled
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where k1 and k2 are the appropriate physical constants.

On the boundaries of similar geometric regions for the different physical fields we may be given numerically equal values of the potentials or of their normal derivatives. Let us assume that physical inhomogeneities of these regions are geometrically similar and equally situated; the relationships of the physical constants (thermal conductivity, magnetic permeability, etc.) of any pair of corresponding inhomogeneities are also similar. Then the numerical values of the potentials of these fields at corresponding internal points are also equal, since they are the solution of the same mathematical problem, having a unique solution.

Direct measurements of temperature, magnetic and other fields are considerably more difficult than the measurement of the field of a steady current in an electrolytic tank. Therefore it is best to replace the direct measurements of these fields by measurements in an electrolytic tank.



IV. Determination of vector fields

Together with scalar problems, many questions in electrodynamics and hydrodynamics problems occur concerning the determination of vector fields with a given curl and divergence.

Let us prove that the vector field A is well defined inside some domain G, bounded by the surface S, if the curl and divergence of the field are given inside G:
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and the normal component of vector A is given on the boundary S



[image: images]

We note that the functions B, C and f cannot be arbitrary. The relations
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must be fulfilled. Function f will be assumed continuous on the surface S, functions B and C continuous in G together with their derivatives and the surface S such that the second boundary – value problem with continuous boundary values is capable of solution.

The problem will be solved in several stages. Let us find the vector A1 satisfying the relations
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From (6) it follows that
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Taking the function φ as
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we satisfy equation (7). Let us determine now a vector A2 so that
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Assuming
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we satisfy equation (11). The vector ψ may be chosen so that
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If (13) is not fulfilled, then, without violating condition (12) we may assume
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where function χ is determined from the relation div ψ* = 0, i.e.
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Let us return to the determination of vector A2 From equations (10) and (12) it follows that
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Therefore assuming
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we satisfy equation (10). It is obvious that the vector A1 + A2 satisfies the relations
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In order to find the vector A it remains for us to satisfy the boundary relation (2). In order to do this let us find vector A3, satisfying the relations inside G:
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and on S
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It is obvious that the function f*(M) is well defined. From equation (20) it follows that
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Substituting this value of A3 in (21) we obtain inside G:
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condition (22) gives
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i.e. we obtain the second boundary-value problem for the determination of function θ. Therefore vector A3 is well defined.

Thus, we have proved that problem (1)–(3) has a unique solution
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V. Application of the method of conformal mapping to electrostatics

1. For the solution of two-dimensional electrostatic problems one often uses the theory of functions of a complex variable. Let us consider, for example, the following problem of electrostatics:

Find the electric field of several charged conductors, the potentials of which equal u1, u2, …

Such a problem, as is well known (see Appendix II), leads to the equation
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with boundary conditions
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where the surface of the conductor with number i is denoted by Si. If the field can be assumed plane, and invariant, for instance along the z-axis, then equation (1) and the boundary conditions take the form:
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where Ci is the contour, bounding region Si.

We shall search for the potential u as the imaginary part of some analytic function
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which satisfies (3) because of the Cauchy-Riemann relations
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and
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From the boundary condition (4) it follows that f(z) has a constant imaginary part on the contours Ci, bounding our conductors.

Returning to relation (6) we observe that



[image: images]

represents the equation of a family of lines of force* while the equation
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by virtue of relation (7) determines a family of equipotential lines.

Thus, for the solution of the problem it is sufficient to find the conformal transformation
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changing the plane of the complex variable
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into the plane
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for which the boundaries of the conductors change into the straight lines
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or
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If such a function w = f(z) is known, then the unknown potential is found from the formula
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Knowing the potential, it is possible to calculate the electric field
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and the density of the surface charges per unit length along the z-axis:
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which because of the Cauchy–Riemann relations is
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2. The field of a semi-infinite plane condenser. Let us find the field of a condenser, formed by infinitely thin metallic plates y = —d/2 and y = d/2, extending in the region x < 0. Not dwelling on the derivation of the conformal transformation, changing the region, described in Fig. 71 into a strip |Im w| ≤ π, we apply it directly to the solution of the specified problem. *
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FIG. 71



The transformation
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changes the plane z = x + iy with two sections (y = ±d/2, x < 0) into the layer |ψ| ≤ π of the plane w = φ + i ψ (Fig. 72). As a complex potential let us choose the function
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where the difference in potential between the plates of a condenser is denoted by u0, so that the potential of the electric field is expressed by the function
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where ψ is connected to x and y by the relations
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In Fig. 73 the equipotentials and lines of force of a semi-infinite plane condenser are plotted.

Let us proceed to an investigation of the field of the condenser.

From (15) it is seen that as φ → —∞
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i.e. inside the condenser, far from its edge, the field is plane and as φ → ∞
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i.e. outside the condenser, at large distances from its edge, the equipotential lines are circles.

If instead of w we introduce the complex potential f = u0w/2π
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FIG. 72
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FIG. 73



so that w = 2πf/u0, then the relation between z and f(z) is given by the equation
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from which it follows:
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and for f = u0/2π· (φ ± π i) we obtain:
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Assuming u0 = 1, we obtain the following relation for the charge density π:
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Hence it follows that as φ → —∞, σ ≈ 1/4πd, and as φ → ∞, σ ≈ 1/(4π deφ), i. e. in this case the charge density decreases on the outer side of the plates as 1/[image: images].

From (18) it is seen that for φ = 0 (at the edge of the condenser) σ = ∞. In fact, the end of the plane plate has an infinite curvature and in order to charge it to some potential it is necessary to place an infinite charge on it.

The range of problems, solvable by the method of conformal transformation, is very extensive. By means of it the problem of the end of a thick walled plane condenser can successfully be solved, as also a series of problems, concerning the effect of bends in the condenser etc. A disadvantage of the method is that the conformal transformation may be applied only to plane problems, reducible to the two-dimensional equation ∇22u = 0.



VI. Application of the method of conformal mapping to hydrodynamics

1. The solution of problems of the motion of a solid body in a fluid involve the boundary relations on the surface of the body.

In the case of an ideal fluid the boundary relation requires that the component vn of the velocity of the fluid normal to the surface of the body should equal the normal component of the velocity of motion of the body.

If the body is fixed, then the boundary relation takes the simple form
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on the surface of the body.

If the flow under consideration is potential, i.e.
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then the boundary conditions take the form
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As is well known from hydrodynamics, the velocity potential for an incompressible fluid satisfies the equation
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Thus, the problem of the potential flow of an incompressible ideal fluid around a rigid body reduces to the solution of Laplace’s equation
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with the additional boundary condition on the surface of a streamline body
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i.e. to the solution of the second boundary value problem for Laplace’s equation.

If the motion is plane, then the solution of the problem can be obtained by means of the theory of functions of a complex variable.

In the case of plane motion of an incompressible fluid the equation of continuity gives:
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Let us write the equation of the lines of flow
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in the form
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and let us introduce the function ψ by means of the relations
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Then from equation (1) it follows that the left-hand side of (2) is the complete differential of function ψ:
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The single parametric family of curves
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represents lines of flow of the incompressible fluid.

If there exists a velocity potential, then the equality curl v = 0 is equivalent to the equation
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From the expressions for vx and vy it follows:
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i.e. the functions φ and ψ satisfy the Cauchy–Riemann relations. Hence the function of the complex variable
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is analytic.

Thus, any potential plane motion of a fluid corresponds to a given analytic function of a complex variable, and, conversely, any analytic function is connected with a given kinematic picture of the motion of a fluid (more precisely, with two pictures, since the functions φ and ψ can change roles).

Let us consider concrete examples of the application of the theory of analytic functions to the solution of problems concerning the plane flow of fluid around bodies.

2. Flow around a circular cylinder. We consider flow of fluid around a circular cylinder of radius r = a, when the flow has a constant velocity u at infinity. In the case of steady motion it is possible to consider the equivalent problem of motion of a cylinder with constant velocity u relative to the fluid.

We take a fixed system of coordinates with the axis Ox parallel to the velocity of motion of the cylinder.

Obviously the boundary condition
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is fulfilled on the surface of the body moving in the fluid, where ds is an element of an arc on the rim of the body.

In the case of uniform motion with velocity u this condition can be integrated over the surface of the body, and we obtain:
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on the surface of the body.

Thus, our problem reduces to the solution of the equation
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with boundary conditions:

(1) ψ = uy + C on the surface of the cylinder,

(2) [image: images] and [image: images] tend to zero at infinity.

The latter condition indicates that the function
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is a well-defined analytic function outside the circle C, reducing to zero at infinity. This allows us to represent the function w in the form
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Assuming
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we determine the constants Ak and Bk from the boundary
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converting to the polar coordinates z = aeiθ.

For the constants we obtain the expressions
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Hence
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The first term in the expression for w implies a circulation around the cylinder of intensity Γ. In the simplest case of no circulation we obtain
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The complex potential for the current, flowing around a stationary cylinder and having a velocity u at infinity has the form
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3. The flow around plates. The results obtained for the flow around a circular cylinder enable us to solve problems of flow around arbitrary contours by using the method of conformal transformation. Let us consider its application in the problem of the flow around plates.

We consider plane flow around an infinitely long plate of width 2a, situated on the axis Ox (Fig. 74)
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FIG. 74



The velocity has components u and v at infinity. By means of the analytic function



[image: images]

it is possible to establish a reciprocal correspondence between the region around the plate in the plane z and the region outside a circle of unit radius in the plane ζ. In addition the point z = ∞ will correspond to the point ζ = ∞, and
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We observe that it changes the boundary condition at infinity. For the complex potential
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we have
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the conjugate value of the complex velocity.

Let us find the value of the complex velocity of the corresponding current on the plane ζ
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from which
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Thus, the corresponding current represents the flow around a cylinder of unit radius having a complex velocity kv∞ at infinity. For such a motion the complex potential has the form
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From the relation z = f(ζ) it follows:
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Using these relations we obtain the complex potential of a fluid, flowing around a plate,
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In the case of no circulation this expression takes the form
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From the relations obtained we see that the velocity is infinite at the ends of the plate. Under real conditions this, naturally, does not occur. Our results are explained by the fact that we assume the fluid to be ideal. Applying Bernoulli’s theorem we can find an expression for the force acting on a streamline in the fluid.

Aerodynamic wing theory deals with the study of the forces, with which air acts on the wings of an aeroplane moving in it. In the development of this theory, the principal role belongs to soviet scientists, in the first place to N. E. Zhukovskii and S. A. Chaplygin. In the simplest case of no circulation around a cylinder we obtain a paradoxical result that the flow does not exert any force on the cylinder. In the case of superposition of a circulation around the cylinder on the forward flow there is a force, acting on the cylinder perpendicular to the direction of the velocity of the flow at infinity.

The theory of analytic functions can be used only in the case of plane motion. In three-dimensional problems one has use other methods to solve problems of fluid flow around a solid body. Let us consider the simplest case of a sphere moving in an infinite fluid with constant velocity. The problem requires the solution of the equation
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with the boundary condition
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on the surface of the sphere and
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at infinity.

The solution has the form
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Using the boundary condition we obtain:
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which gives the solution of the problem.

In all the cases treated we have assumed the fluid to be ideal. For a viscous fluid the boundary conditions are changed. The condition of adhesion should be fulfilled on the surface of the body namely: at points of a solid boundary the velocity of the fluid should be equal to the velocity of the corresponding point of the boundary.

Problems of the flow around bodies by a viscous fluid introduce great mathematical difficulties. In the development of this field of hydrodynamics, theories of the boundary layer have played an important part.



VII. The Inharmonic equation

In Appendix I to Chapter II the equation of the transverse vibrations of a rod was obtained
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The problem of the vibrations of a thin plate, clamped at the edges leads to a similar equation*
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with the boundary conditions
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In addition, the function u should satisfy the initial conditions
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If an external force distributed with density f(x, y) acts on the plate, then the static deflection of the plate clamped at the edge will be determined from the equation
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with the boundary conditions
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The equation
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is called biharmonic, and its solutions, having derivatives up to 4th order inclusive, are called biharmonic functions.

The main boundary value problem for the biharmonic equation is given in the following manner:

Find the function u(x, y), continuous together with the first derivative in the closed region S + C, having derivatives up to the fourth order in S, satisfying equation (5) or (5′) inside 8 and the boundary conditions on C
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where g(s) and h(s) are continuous functions of the arc s of contour C.

In the solution of problems (2)–(4) by the method of separation of variables we assume solutions
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Substituting this expression in (2) and separating the variables, we arrive at the eigen-value problem
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with boundary conditions
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1. Uniqueness of the solution.

Let us prove that the biharmonic equation
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with the boundary conditions
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has a unique solution.

Let there exist two solutions u1 and u2. We consider their difference
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The function v satisfies the biharmonic equation (5) and the homogeneous boundary conditions
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Applying Green’s theorem
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to the functions φ = v, ψ = [image: images] v, we obtain:
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from which
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Taking into consideration that v|c = 0 we obtain
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Hence the biharmonic function is well defined by the boundary conditions (3).

2. Representation of biharmonic functions by harmonic functions

Let us prove the following theorem.

If u1 and u2 are two functions harmonic in some region G then the function u = xu1 + u2 is biharmonic in region G.

For the proof we make use of the identity
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Assuming
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we find:
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Applying the operator [image: images] once more, taking into account that [image: images][image: images] u2 = 0, we obtain:
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If region G is such that every straight line, parallel to the x-axis, intersects its boundary in not more than two points, then the converse theorem holds.

For every biharmonic function u given in region G there exist harmonic functions u1 and u2 such that
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To prove this statement it is sufficient to show that there is a function u1 satisfying the two conditions
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and
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From (13) and (11) it follows:



[image: images]

Equation (14) is satisfied by the function
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Since



[image: images]

then [image: images] depends only on y:
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Let us define a function [image: images] so that
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and let us assume
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This function, obviously, will satisfy both conditions (12) and (13).

Let us consider other ways of representing biharmonic functions. We assume that the origin of coordinates is chosen inside region G and that any ray, emerging from the origin, intersects the boundary of region G at one point. Then any function u biharmonic in G can be represented by means of the two harmonic functions u1 and u2 in the form
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Here r2 = x2 + y2, and r0 is a constant.

This is proved similarly by means of identity (10) and the relations
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3. Solution of the biharmonic equation for a circle. Let us consider a circle of radius r0 with centre at the origin of coordinates and let us search for the biharmonic function, satisfying the boundary conditions (6) at r = r0. As was shown above, the unknown function can be represented in the form of a sum
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where u1 and u2 are harmonic functions. From the boundary conditions we find:
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Hence u2 is the solution of the first boundary value problem for Laplace’s equation and can be represented by means of Poisson’s integral
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From the second boundary condition we obtain:
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It is easy to satisfy ourselves by direct differentiation that the function
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satisfies Laplace’s equation and therefore can be expressed by Poisson’s integral



[image: images]

Having differentiated (17) with respect to r and substituting the value [image: images] in (20) we find u1 Substituting for u1 and u2 in formula (15) we obtain:
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* It is obvious that a steady temperature distribution can be established only when the total heat flow across the boundary of the region equals zero. It follows that the function f2 should satisfy the additional condition
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* From Maxwell’s second equation μ/e [image: images] = –curl E it follows that curl rot E = 0.

* Later we shall assume that Ostrogradskii’s relations are applicable to those regions which we consider.

* If a function u, harmonic inside T, is not continuous together with its first derivative on the surface ∑, then the theorem almost maintains its effect in that it is possible to surround the point M with a region, lying together with its boundary inside T.

* In the proof of this theorem we made use of equality (13), assuming the existence of derivatives on the surface of the sphere. If the function u(M), continuous in the closed region T + ∑ , satisfies the equation Δ u = 0 only for interior points of T, then the preceeding conclusion for the sphere ∑a0, which touches the surface ∑ will be unfounded. However the theorem is valid for any a < a0, and, passing to a limit as a → a0, we obtain:
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* The existence of such a function will be proved in § 3, where its definition is not based on this theorem.

* The assumption concerning the continuity of the first derivatives in T + ∑ is made to simplify the proof. The proof of the uniqueness on the most general assumptions was given by M. V. Keldyshem and M. A. Lavrent’ev (Dokl. Akad. Nauk SSSR, vol. XVI, 1937); see also Smirnov, Course in Higher Mathematics, vol. IV, 2nd edition.

* The expression for the Laplacian operator in a polar system of coordinates (3) loses meaning at [image: images] = 0. We show that ∇2 un = 0 also for [image: images] = 0. For proof of this we can no longer use polar coordinates.

Let us change to a cartesian system of coordinates; the particular
solutions
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being the real and imaginary parts of the functions
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are polynomials in x and y. It is obvious that a polynomial, satisfying the equation ∇2 u = 0 for [image: images] > 0 satisfies this equation also for [image: images] = 0 because of the continuity of the second derivatives.
	
* This equation is also satisfied for [image: images] = 0; actually, expressing the derivatives in cartesian coordinates by derivatives in polar coordinates, it is easily seen that functions (8) and (9) for t ≤ t0 may be differentiated with respect to x and y any number of times. Because of the footnote on p. 340 it follows that
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* We will not discuss this point. It is possible to choose such a sequence by many methods.

* We recall that the potential of a point charge of value e in a medium of dielectric constant e is defined by the relation v = e/er, if the c. g. s. system of units is used. Thus the source function corresponds to a charge of value eIAn absolute electrostatic units.

If a rationalized system of units is used, in which Coulomb’s law has the form / = ee’/Aner, then in this system of units in vacuum (e = 1) the function G(M, M 0) corresponds to unit charge.

On a thermal interpretation the steady temperature of a point source of heat of intensity q is given by the relation
 
where k is the coefficient of heat conduction. Thus, function G(MM0) is the temperature at point M, if the temperature of the surface of the body equals zero, and there is a heat source of intensity q – k at the
point M 0.
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If the dimension of length is chosen so that k = 1, then function G corresponds to a source of intensity equal to unity.

* This theorem is proved by Lyapunov for a class of surfaces called Lyapunov surfaces.

* In fact, the direction cosines of the vectors [image: images] and [image: images] are equal respectively to (sin θ cos φ, sin θ sin φ, cos θ) and (sin θ0 cos φ0, sin θ0 sin φ0, cos θ0), from which
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* More precisely, moreover, it is assumed that the action of some
body T on a mass m at a point, lying outside a convex volume [image: images], containing this body, can be replaced by the action of some effective centre of the same mass m, lying inside [image: images].

* Sufficient conditions for the differentiability of an integral of the form
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with respect to a parameter under the integral sign are the continuity of the derivative of the function F(M, P) and the absolute integrability of φ(P).

* In the calculation of the potential of an infinite straight line it would be impossible to integrate the potentials of single elements directly using (4), because in this case a divergent integral is obtained. In fact, the potential of the element Δz equals
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Formal integration gives a divergent integral
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* We note that integral (12) is obtained from integral (11) if F(M, P) = l/rMP, f(P) = [image: images](P).

* The uniform convergence of integrals V(M) and X(M) is proved on the assumption that the density is bounded |[image: images]| < C. Hence these integrals are also continuous at points of discontinuity of function [image: images], for instance on the boundary of a region, filled with masses.

† The limit (23) may be considered as the principal value of the integral.

* Formula (25) was established on the assumption of the differentiability of function q, which is a sufficient condition. There are other less stringent conditions, but the condition of continuity of [image: images](M) is insufficient, since there exist examples of continuous funtions [image: images](M), for which the volume potential does not have second derivatives.

* If the masses with volume density [image: images] are situated in some layer of thickness h near the surface ∑ and the field is investigated at distances, great compared with h(h/r [image: images] 1), then the effect of the thickness of the surface, generally speaking, is negligible. Therefore instead of the volume potential with density q it is useful to consider the surface potential with surface densitμ = [image: images]h.

* We note that if f(x, y) has continuous second derivatives in the neighbourhood of point P0, then the surface z = f(x, y) satisfies the Lyapunov relations. Thus, surfaces with continuous curvature are Lyapunov surfaces.

* If ∑ is an open surface, then the inner side may be conditionally determined by deciding which normal at point P0 is called “inner” and which “outer”. One should realize that in the case of an open surface the potential of a double layer is defined only for two-sided surfaces.

* The limit of the difference relation [image: images] as M → P0 equals the limit from without for the derivative with respect to the outer normal or the limit from within for the derivative with respect to the inner normal, depending from which side M approaches P0.

* It is obvious that θ and sin θ tend to zero as P → P0. If the surface has a finite curvature in the neighbourhood of the point P0, i.e. if its equation can be written in the form
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where f(x, y) has second derivatives, then sin 6 will be a differentiable function of x, y and consequently
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(for a Lyapunov surface sin θ < Arδ).

** If the direction PQ is taken as the axes of a new spherical system then this formula coincides with formula (13) on page 357.

* In the statement of both internal and external second boundary-value problems, we will assume the normal to be internal in the boundary condition.

* Integral equations containing integrals with constant limits are called Fredholm equations:
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** It is easily seen that K(s0, s) = K1 (s, s0). The kernel K1 is called the adjoint of K and their corresponding equations are called adjoint integral equations.

* Equation (62) follows from the fact that the left-hand side represents the solution of the first boundary-value problem for f = 1.

* For curves with finite curvature Fredholm’s theory is directly applicable, since the kernel of the integral equation (50) is continuous.

Fredholm5 s theory is applicable also in those cases where one of the iterated kernels is continuous
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Let us prove that if ∑ is a Lyapunov surface then the iterated kernels of our equation, starting from a certain number, are continuous. As we saw, for Lyapunov surfaces
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Repeated kernels can be represented in the form
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Let us show that if
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then
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It is obvious that it is sufficient to establish these results for cases where the point P2 lies in the Lyapunov neighbourhood ∑0 of point Pl, where instead of an integral over ∑0 it is possible to consider an integral over the projection S0 of this neighbourhood on the tangent plane at point Pl, This is so because
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(where [image: images](P, M) is the distance between the projections of the points P and M on the tangent plane, B is some constant), and also because of the relation between an element of surface dσ and its projection dS: dσ = dS/cos γ, where according to (34) cos γ > [image: images].

For a plane region the lemma is valid:
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Let us denote by R the diameter of region S0. Let us separate the integral I into the two integrals: I1 taken over the circle G, of radius 2r with centre at the point P1 and I2 taken over the remaining region G2 (Fig. 66). Since for point M lying in G2
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then for the integral I2 we obtain the relation
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Making a change of the variables in the integral over G1
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we obtain:
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In the latter integral, taken over the circle [image: images] with radius equal to 2r, [image: images] is the distance from the centre, [image: images] from the middle of the radius. As a result this integral converges, and it does not depend on the position of the point P2 i.e. on r.

Hence
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Putting C3 + C4 = C, we obtain the required inequality
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Hence it follows that, beginning with some number, the integrals, form ing repeated kernels, are bounded and converge uniformly, i.e. they are continuous functions of their arguments.

† In the presence of linear sections of the boundary the discussions are rather complicated, but the result still holds.

* The degree of uncertainty in the choice may be made as small as desired, because of the continuity of function f, if h is sufficiently small.

* V. I. Smirnov, Course in Higher Mathematics, vol. III, Gostekhizdat, 1949.

* From the condition φ′ | ∞ = 0 it follows that the function φ′ is regular at infinity (see page 329), hence
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* See Frank and Mises, Differential and Integral Equations of Mathematical Physics, vol. II, p. 713, 1937.

* See the same.

* A. N. Tikhonov, Concerning the uniqueness of the solution of the problem of electrical prospecting, Dokl. Akad. Nauk. SSR 69, N° 6, 797, 1949.

** A. V. Luk’yanov, Concerning the electrolytic model of three-dimensional problems, Dokl. Akad. Nauk SSR 75, N° 5, 1950.

* In fact, the equation of the lines of force is [image: images]. Substituting ux and uy according to relation (6) by —vy and vx, we obtain vx dx + vy dy = dv = 0 or v(x, y) = const.

* See Frank and Mises, Differential and Integral Equations of Mathematical Physics, vol. II, chap. XV, § 5, 1937.

* V. I. Smirnov, Course in Higher Mathematics, vol. III, Gostekhizdat, 1949.


CHAPTER V

WAVE PROPAGATION IN SPACE

§ 1. Problem with initial conditions. Method of averaging

1. The method of averaging

In the present section we shall consider the wave equation in space
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and shall search for its solution for the following initial conditions:
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This problem is important in the theory of the propagation of sound, in the theory of the propagation of electromagnetic fields and in other parts of physics. In the present section for simplicity we shall assume f = 0.

In order to determine the function u at some point M0 let us introduce the new function
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where [image: images] is a sphere about the point M0(x0, y0, z0) of radius r, and dΩ = dS/r2 is the element of solid angle, corresponding to dS. Obviously, [image: images](r, t) is an average value of the function u on the sphere [image: images] of radius r with centre at M0. We note at once that
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Let us show that [image: images] satisfies the homogeneous equation (1). The Laplacian operator ∇2u in a spherical system of coordinates equals
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Since [image: images] does not depend on θ or φ the equation
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should be satisfied. Let us prove this. Integration of (1) with f = 0 over the volume [image: images], bounded by the sphere [image: images], gives:
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Taking into account that the normal to [image: images] is directed along the radius and that an element of surface equals dS = r2dΩ, we find:
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Hence, substituting in the left-hand side the expression dτ = = r2dr dΩ for the element of volume, we obtain:
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By differentiating the latter equation with respect to r and dividing it by r2, we can show that the equation for [image: images]
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is valid. We note the following property of the Laplacian operator: for any function U = U(r, t), not depending on φ or θ, the Laplacian operator takes the form:
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Making use of this property we see that for any spherically symmetrical solution [image: images] of the wave equation in space the substitution v = r[image: images] leads to the one-dimensional wave equation
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The general solution of this equation has the form
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For r = 0 because of the bounded nature of [image: images] we find that
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for any value of t, i.e.
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Differentiation of the latter relation with respect to r gives:
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from which at r = 0 and t = t0 it follows:
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For the solution of the original problem with initial conditions it remains to express the function f(t) in terms of the original functions φ and Ψ. Adding together the equations
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we find:
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Assuming t = 0 and r = at0, we obtain:



[image: images]

or after substitution of [image: images] by its value
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Substituting here the given values and omitting the index 0 in M0, t0 we arrive at the following relation:
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called usually Poisson’s relation. This relation is obtained on the assumption of the existence of a solution of the problem. Thus the discussions outlined above prove the uniqueness of the solution (see Chapter II, § 2). It is possible by a direct check to satisfy ourselves that this relation gives the solution of the problem with very general conditions on φ and Ψ.

2. Method of descent

Formula (4) obtained in the preceding sub-section solves the homogeneous wave equation with initial conditions, which are, generally speaking, arbitrary functions of the variables x, y, and z. If the initial functions φ and Ψ do not depend on z, obviously, function u, given by (4), also will not depend on the variable z. Therefore this function will satisfy the equation
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and the initial conditions
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Thus the formula, giving the solution of the three-dimensional problem, enables us to solve the problem for a plane.

In (4) integration proceeds over the sphere [image: images]. Because of the independence of the initial data on z integration over the upper half of the sphere can be replaced by an integration over the circle [image: images], obtained by the intersection of the sphere [image: images] with the plane x, y (Fig. 75). The element of surface dS is connected with the plane dσ by the relation
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where
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The same contribution occurs on integrating over the lower half of the sphere; therefore the integral over the circle should be taken twice.
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FIG. 75



As a result we arrive at the relation
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in which integration is performed over the interior circle of radius at with centre at the point (x, y).

Similarly if the initial functions φ and Ψ depend only on one variable x, then (4) enables us to find u(x, t), which is the solution of the equation
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with initial data



[image: images]

In order to do this let us introduce a spherical system of coordinates, having directed the polar axis along the x-axis. The element of surface dS is expressed in the following way:
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since
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Integrating in Poisson’s relation with respect to φ, we obtain:
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Performing in the first integral a differentiation with respect to t, we arrive at D’Alembert’s relation known from Chapter II, § 2
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The wave equations for three, two, and a one-dimensional argument respectively are often called the.equations of spherical, cylindrical and plane waves. This terminology completely fits the methods applied above, called the method of descent, since for the solution of the wave equation in a plane and on a straight line we have proceeded from a spatial problem, as though “descending” to a smaller number of variables. The solutions obtained for two and one variable are characteristic of cylindrical and plane waves.

We apply this method not only to the wave equation, but also to other types of equations and it enables us in a series of cases to derive from formulae, giving the solution of the equation for many variables, the solution of the problem for the equation with a smaller number of independent variables.

3. Physical interpretation

Formulae (4) and (5) give an opportunity of explaining the physical picture of the propagation of spherical and cylindrical waves. Let us begin with the case of three variables, for which the physical nature of the process of propagation differs essentially from the case of two spatial variables.

We confine ourselves to an investigation of the propagation of a local disturbance, where the initial condition (functions φ > 0 and Ψ > 0) differs from zero only in some bounded region T0. Let us consider firstly the change of state u(M0, t) at the point M0, lying outside region T0. The state u at point M0 at time t is determined from (4) by the initial conditions at points lying on the sphere [image: images] of radius at with centre at M0. Function u(M0, t) differs from zero only in that case where the sphere [image: images] intersects the region of the initial values of T0. Let d and D be the distances from point M0 to the nearest and the most distant points of region T0 (Fig. 76).
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FIG. 76



Obviously, if t is sufficiently small (t < t1 = d/a), then the sphere [image: images] does not intersect region T0, the surface integrals in (4) equal zero and the disturbance has not reached the point M0. Starting at time t1 = d/a, the sphere [image: images] (t1 < t < t2) will intersect region T0 up to time t2 = D/a; the surface integrals in (4), generally speaking, differ from zero: the point M0 exists in an excited state. With further increase of t the sphere [image: images] will include the region T0 inside itself, the surface integrals equal zero: the disturbance is past the point M0. Thus, in the propagation of a local disturbance in three-dimensional space the phenomenon of “diffusion” is absent.

Let us consider now the instantaneous three-dimensional picture of the disturbance u(M, t0) at some time t0. The points M, occurring in an excited state, are characterized by the fact that the spheres [image: images] intersect the region of the initial disturbances T0. In other words, this indicates that the geometric position of points W, at which the disturbance differs from zero, consists of the points M, occurring on the spheres [image: images] of radius at0 with centres at the point P of region T0. The envelope of the spheres [image: images] will be the boundaries of a region W. The outer curve is called the leading front, the inner the rear front of the propagating wave. In Fig. 77 the leading and rear fronts of the wave are given (1 and 2) for the case where region T0 is a sphere of radius R0.

Thus, an initial disturbance, localized in space, induces at every point M0 of space an effect, localized in time.

We proceed to the case of two variables. Let the initial disturbance be given in region S0 in the plane x, y. Let us consider the change of state u(M0, t) at point M0, lying outside S0. The state u(M0, t) at point M0 at time t is defined according to (5) by the initial values at the points P, inside the circle [image: images] of radius at0 with centre at M0. For times t < t1 = d/a (d is the distance from M0 to the nearest point of region S0) the function u(M0, t) = 0,i.e. the disturbance has not arrived at the point M0. If t > t1, then u(M0, t) ≠ 0. This means that, starting at a time t = t1, a disturbance develops at the point M0, which at first increases, and then, decreases to zero (as t → ∞). This phenomenon, called diffusion, shows the difference between the plane and the three-dimensional case. The effect of the initial disturbances, localized in the plane, is not localized with respect to time and is characterized by a reaction continuing for a long time. Huygen’s principle does not hold.
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FIG. 77



An instantaneous picture of the disturbances in a plane has sharply outlined leading fronts, but does not have the rear front.

4. The method of images

The problem with initial conditions for the wave equation in regions, bounded by planes, can be solved by the method of images.

Let us consider the problem of the semi-space z > 0.

Find the solution of the wave equation
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satisfying the initial conditions
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and the boundary condition
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The solution of this problem is given by (4) if we extend the initial conditions as an odd function over all space (for u |z = 0 = 0)
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or as an even function [image: images]
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Let us verify that for odd functions φ and Ψ the boundary relation u|z = 0 = 0 is automatically fulfilled. In fact
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since the surface integrals with respect to spheres with centres at points of the plane z = 0 equal zero for the odd functions φ and Ψ.

Similarly the problem of a plane layer 0 ≤ z ≤ l can be solved for boundary conditions of the first and second kind
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or
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and appropriate initial conditions.

Formula (4) gives the solution of the problem at once, if the initial conditions continue oddly (or evenly) with respect to the planes z = 0 and z = l. The initial functions φ and Ψ specified in this way will be periodic with respect to the variable z with a period of 2l.

If in the layer 0 < z < l the initial functions φ and Ψ are local functions, differing from zero in region T0, then the extended functions will differ from zero in a series of regions Tn, obtained from T0 by means of mirror images. The function u(M, t) for any M and t is represented as the sum of a finite number of components, given by the disturbances in Tn (see in Chapter II, § 2, sub-section 5). Physically for a finite interval of time a finite number of image waves are produced from the walls z = 0 and z = l. The problem of a parallelepiped can be solved similarly.

§ 2. Integral relation

1. Derivation of the integral relation

In solving the wave equation for a string
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by the method of propagation of waves we made use of the idea of the characteristic angle. To solve the wave equation in a plane or in space



[image: images]

we consider the surface
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called the characteristic cone for the point M0 at time t0. The set of points of the “phase” space (M, t), at which a signal arrives, propagating with velocity a from the point M0 at time t0, is given by the equation
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and is the upper part of the characteristic cone of the point M0. Similarly, a signal, emitted from the point M at time t, arrives at the point M0 at time t0, if
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The set of such points (M, t) define the lower portion of the characteristic cone (Fig. 78).

For determination of the function u(M, t) representing the solution of equation (1) at the point (M0, t0), let us introduce
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FIG. 78



in place of the time t a local time t* of the point M0 by the relation
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Using a spherical system of coordinates (r, θ, φ), with origin at the point M0, we have a new system of variables
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Let us determine the equation which the function
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satisfies. The Laplacian operator in a spherical system of coordinates has the form
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Let us express the derivatives of function u in terms of the derivatives of a new function U:
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Equation (1) transforms to the equation



[image: images]

where
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Let the point M0(x0, y0, z0) lie inside some region T, bounded by the surface S. Considering (2) as Laplace’s inhomogeneous equation in which t* acts as a parameter, we use Green’s fundamental theorem (Chapter IV). Let us apply it to region T, assuming in it t* = 0: †
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The point M0 is a singular point of the spherical system of coordinates. Therefore the volume integrals are naturally considered as the limits as ε → 0 of the corresponding integrals, taken over the volume T — Tε, where Tε is a sphere of radius e with centre at the point M0. Let us transform the volume integral
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Integrating with respect to the variable r*, we obtain:
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since
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The second component in Iε tends to zero as ε → 0, since the surface area Sε equals 4π ε2. Thus the limit of Iε as ε → 0 equals
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since
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which gives:
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Let us return to the old variables and the function u:
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so that
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and also
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As a result we obtain the following integral relation for u(M0, t0):
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often called Kirchhoff’s relation,† Here the square brackets show that the value of the functions must be taken for t* = 0,
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2. Consequences of the integral relation

Formula (3) may be applied to the solution of a whole series of problems. As a first example let us consider the following problem: find the solution of the wave equation
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in infinite space, with the initial conditions



[image: images]

The lower portion of the characteristic “cone” r = a(t0 — t) at the point M0, t0 intersects the region of space-time t = 0 in a sphere [image: images](r = at0) of radius at0 with centre at M0. Let us use (3), assuming S = [image: images] in it. For any function v(M, t) the values [v] on the sphere [image: images] have the form
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Therefore
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Further
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Substituting this expression in (3), we find:
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from which, omitting index 0 in M0 and t0, we obtain Poisson’s relation
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As a second example let us consider the solution of the inhomogeneous wave equation with zero initial conditions. Choosing as before S = [image: images], we see that the surface integral in (3) reduces to zero, and we obtain:
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where [image: images] is a sphere of radius at0 with centre at M0. Let us investigate in more detail that case where the right-hand side is a periodic function of time
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where ω is the given vibration frequency. From (5) we find:
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Let f0 (M) be a local function, i. e. a function, differing from zero only inside some region T. If M0 lies outside region T and the distance from M0 to the nearest point of region T equals d, then the integral over Tat, equals zero for t0 < d/a. For such times the disturbance has not reached the point M0. If the distance from M0 to the most removed point of region T equals D, then for time t0 > D/a the integral on the left-hand side is constant and becomes the integral prevailing over the entire region T. Thus, at any point M0, beginning at time t0 = D/a, periodic oscillations occur with an amplitude



[image: images]

so that
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Direct substitution of expression (6) for u (for t0 > D/a) in the wave equation shows that v(M) must satisfy the equation
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which we will later call the wave equation (see Chapter VII).

Let us consider (3) for the case of steady oscillations when
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where v(M) is the amplitude of the oscillations, satisfying the wave equation (8).

In this case we have:
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Substituting this expression in (3) we arrive at the integral relation for the wave equation
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which is often called Kirchhoff’s relation.

For k = 0 (ω = 0, the static case) (9) becomes Green’s fundamental relation (Chapter IV, § 2) for Laplace’s inhomogeneous equation.

§ 3. Vibrations in finite volumes

1. General scheme of the method of separation of variables. Standing waves

The problem of vibrations in finite volumes consists of the following: find the solution of the equation
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M = M(x, y, z), inside some volume T, bounded in the closed surface S, satisfying the additional conditions
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In the case of a homogeneous medium (k = const., [image: images] = const.) for q = 0 equation (1) takes the form
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Problems of a similar type are met with in investigations of the vibrations of a membrane (the case of two independent geometric variables), the acoustic vibrations of a gas, electromagnetic processes in non-conducting media. Special importance is attached to problems connected with the generation of electromagnetic oscillations in closed cavity resonators (klystrons, magnetrons, etc.).

We note that the homogeneity of the boundary condition (3) is not an important restriction. In fact the case
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where μ is an arbitrary function of the point P of surface S and the time t, readily reduces to the case of a homogeneous boundary condition by the method given in § 3, Chapter II, for a single variable.

We shall search for a solution u(M, t) of the homogeneous equation (1) with conditions (2) and (3) by the method of separation of variables. We confine ourselves to an account of the formal scheme of solution. With this object let us consider the main auxiliary problem (see § 3, Chapter II):

Find the non-trivial solution of the homogeneous equation
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with the boundary conditions
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representable in the form of the product
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Substituting the assumed form of the solution (4) in (1) and expanding, as is usual, we arrive at the following equations for the functions v(M) and T(t):
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Problem (5) is an eigen-value problem. We have to find the eigen-values of λ, which correspond to non-trivial solutions (eigen-functions) of the homogeneous equation with homogeneous boundary conditions. Let us dwell at greater length on this problem (similar to § 3, Chapter II). In our case the eigen-value equation is a partial differential equation and as a result it is difficult to find the eigen-functions for an arbitrary region T. Later (sub-sections 2 and 3) we give examples of regions T, for which it is possible to find the eigen-functions, although the introduction of a new class of special functions is required. Here we consider the general properties of eigen-functions and eigenvalues and introduce the formal scheme of the method of separation of variables. Let us enumerate these properties.

1. There exists a countably large number of eigen-values λ1 < λ2 < … < λn < …, with corresponding eigen-functions
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The eigen-values λn increase indefinitely with n; λn → ∞ as n → ∞.

2. For q ≥ 0 all eigen-values λ are positive:
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3. The eigen-functions {vn} are orthogonal among themselves with weight [image: images](x, y, z) in the region T:
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4. Expansion theorem. An arbitrary function F(M), twice continuously differentiable and satisfying the boundary condition
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is expandable in a uniformly and absolutely convergent series with respect to the eigen-functions {vn{M)}:
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where Fn are the expansion coefficients.

Proof of the properties 1 and 4 involve the theory of integral equations. Let us prove the properties 2 and 3 which do not require a special mathematical device. First we prove the orthogonality of the eigen-functions {vn} (property 3). Let vn(M) and vm(M) be two eigen-functions, corresponding to the different eigen-values λm and λn:
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where vm = 0 and vn = 0 on S. Multiplying the first equation by vn(M) and subtracting from it the second equation, multiplied by vm(M), we find:
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Hence after transformations, similar to those which are employed in the derivation of Green’s second theorem* we obtain:
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The boundary conditions give vm = 0 and vn = 0 on S, so that



[image: images]

from which it follows that for λm ≠ λn
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i.e. eigen-functions, corresponding to different eigen-values are mutually orthogonal with weight [image: images](M).

In the investigation of a similar boundary-value problem for one independent variable
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it was proved that to each eigen value there corresponds one normalized eigen-function. For two and three variables this result does not hold. Examples of eigen-functions in a rectangle and a circle, considered below (sub-sections 2 and 3), show that the same eigen-value can correspond to several eigen-functions. However it follows from the theory of integral equations, that each eigen-value has only a finite number of corresponding linearly independent eigen-functions. A certain eigen-value λn corresponds, to a system of linearly independent functions [image: images]. It is obvious that any linear combination of these functions
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is also an eigen-function for the same eigen-value λn. Making use of the well-known method of orthogonalization* it is possible to form the functions [image: images] which are linear combinations of the original functions and mutually orthogonal. Thus, if the eigen-functions corresponding to some λn, are not mutually orthogonal, then we can orthogonalize them and derive a new system of eigen-functions, mutually orthogonal and corresponding to the same λn.

A series of such systems of eigen-functions for different λn produces an orthogonal system of eigen-functions of the boundary-value problem under consideration
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The integral
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is called the norm of the eigen-function. Multiplying each function vn by [image: images], we obtain a system of eigen-functions, normalized to unity.

We can prove that the eigen-values are positive (property 2) by using Green’s first theorem
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Hence for q ≥ 0 the eigen-values λn are positive.

Later we shall make use of the expansion theorem (property 4), assuming the proof holds for the appropriate class of integral equations. Let
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Hence in the usual way, using the condition of orthogonality (7), we find the expansion coefficients
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Let us return now to the partial differential equation. The solution of the equation
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has the form



[image: images]

so that the solution of our fundamental auxiliary problem will be the product
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We seek general solution of the original problem with initial data in the form of the sum
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Satisfying the initial conditions (2)
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and making use of the expansion theorem 4 we find:
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where φn and Ψn are Fourier coefficients of the functions φ(M) and Ψ(M) in their expansions with respect to the orthogonal system with weight [image: images](M) of the functions vn(M). In this way we complete the formal construction of the solution of the original problem.

A physical interpretation of the solution obtained is completely analogous to the case of a single variable. The particular solutions represent by themselves standing waves which may exist inside a bounded volume T.
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“Profiles” of the standing waves, defined by the functions vn(M), for different times differ only by a factor of proportionality. Lines or surfaces (for two or three variables respectively), along which vn(M) = 0, are called nodal lines (surfaces) of the standing waves vn(M). Points at which vn(M) reaches relative maxima or minima are called the anti-nodes of this standing wave.* The general solution is represented in the form of an infinite sum of such standing waves. The possibility of representing the general solution in the form of a sum of components of similar type implies the possibility of representing an arbitrary vibration in the form of a superposition of standing waves.**

Thus, the problem of the vibration of membranes or volumes reduces essentially to finding the appropriate eigen-functions. In sub-sections, 2 and 3 we consider the vibrations of rectangular or circular membranes, and derive formulae for the eigenvalues and eigen-functions. As was already noted above, finding the eigen-functions in explicit analytical form involves great difficulties, for regions of more complex form. In the case of arbitrary regions approximate methods can be used to find eigen-functions. There exist different approximate methods, based on the use of integral equations, variational principles, finite differences.

2. Vibrations of a rectangular membrane

The vibrations of a plane homogeneous membrane are described by the wave equation
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A rectangular membrane with sides b1 and b2 lies in the (x, y) plane. It is secured at the sides and excited by an initial displacement and an initial velocity. In order to find u(x, y, t) we must solve the wave equation
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for the given initial
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and boundary conditions
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We find the solution by the method of separation of variables assuming



[image: images]

Substituting (14) in (10) and separating the variables we obtain for T(t) the equation
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and for v(x, y) the following boundary-value problem:
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Thus the eigen-value problem reduces to the solution of the homogeneous equation with homogeneous boundary conditions. We shall solve this problem by the method of separation of variables, assuming
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Carrying out a separation of the variables, we obtain the following one-dimensional eigen-value problems:



[image: images]



[image: images]

where v and μ are constants of the separation of variables connected by the relationship μ + v = λ. The boundary conditions for X(x) and Y(y) follows from the corresponding conditions for function v. For example from
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it follows X(0) = 0, since Y(y) ≠ 0 (we have only non-trivial solutions).

We have already met problems, similar to (17) and (18) in the study of the vibrations of a string. The solutions of equations (17) and (18) have the form
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The eigen-values
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have corresponding eigen-functions
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where An, m is some constant factor. We choose this so that the norm of function vn, m with weight 1 equals unity
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Hence
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The orthogonality of the functions {vn, m} has been proved. Hence, the functions
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form an orthogonal system of eigen-functions of the rectangular membrane.

The number of eigen-values, belonging to λn, m (multiple of λn, m) depends on the number of whole-number solutions n and m of the equation
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The system of eigen-functions vn, m found is such that any function F(x, y), twofold continuously differentiable and satisfying a boundary condition, can be expanded in an absolutely and uniformly convergent series with respect to vn, m. This statement can be proved from the theory of multiple Fourier series.
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FIG. 79



Let us show that the system (19) contains all the eigenfunctions of our problem. We assume that there exists an eigenfunction u0 belonging to the eigen-value λ0. Since the function u0 is orthogonal to all the eigen-functions, belonging to the other values of λ, then in its expansion in system (19) a finite number of terms only is considered, corresponding to eigenfunctions, belonging to the eigen-value λn, m = λ0. Therefore u0 is a linear combination only of those functions (19) which correspond to λn, m = λ0. Thus all functions of a rectangular membrane are given by (19).

Returning to the original problem for equation (10) we see that the particular solutions
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represent standing waves, whose profile is given by the eigen-functions vn, m. The geometrical positions of points inside the rectangle at which the eigen-functions reduce to zero, are called nodal lines. Let us consider for simplicity the square with side b(b1 = b2) The nodal lines of the function
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are lines, parallel to the axes of coordinates (Fig. 79a).

For multiple eigen-values a linear combination of eigen-functions also will be an eigen-function. Its nodal lines can have a very complex form (Fig. 79b).

The required solution of equation (10) for the additional conditions (11)–(13) has the form
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where vn, m is given by (19) and the coefficients [image: images] and [image: images] equal:
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3. Vibrations of a circular membrane

In an investigation of the vibrations of a circular membrane it is useful to change to polar coordinates. Then .the wave equation is written in the form
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We shall search for a solution of this equation with the given initial conditions
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and the boundary condition
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(the edge of the membrane of radius r0 is fixed). As in the case of a rectangular membrane, we resort to separation of the variables. Having assumed



[image: images]

we obtain the equation for T(t)
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and the following eigen-value problem for the function v(r, θ):
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The function v must be a single valued and differentiable function; since θ is a cyclic coordinate we must demand that v is periodic in θ with period 2π, i.e. v(r, θ + 2π) = v(r, θ).

Let us assume
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Substituting the assumed form of the solution in our equation and dividing by R Θ, we obtain:
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Hence we arrive at the equations
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Non-trivial periodic solutions for Θ(θ) exist only for μ2 = n2 (n an integer) and have the form
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We note that the eigen-value n2 belongs to two linearly-independent eigen-functions cos nθ and sin nθ.

In order to determine R(r) we have to solve the equation
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with the homogeneous boundary conditions
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The second condition imposed on R(r), a restriction for r = 0, is connected with the fact that r = 0 is a singular point of the equation; for boundary conditions at singular points it is sufficient to require that the solution be bounded (see the Supplement, p. 630).

Introducing a new variable
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and putting
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we obtain Bessel’s equation of the nth order (see Supplement, part I)
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with the boundary conditions
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The general solution of this equation is
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where Jn(x) is the Bessel function, Nn is a Neumann function of nth order (see Supplement, part I). From the second condition it follows that d2 = 0. The first condition gives:
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If [image: images] is the mth root of the equation Jn(μ) = 0, then
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The eigen-function belonging to this eigen-value is
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We note the following properties of the eigen-functions (30):*

1. The eigen-functions R(r), belonging to different eigen-values λ, are orthogonal with weight r:
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or
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2. The norm of these functions equals
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In particular, the norm of the function [image: images] equals
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3. Any function f(r) continuous in the interval (0, r0), having partly-continuous first and second derivatives and satisfying the boundary conditions of the problem can be expanded in an absolutely and uniformly convergent series
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where the expansion coefficients are given by the relation
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Returning to the eigen-value problem for a circular membrane, we obtain for the eigen-value
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two eigen-functions



[image: images]

Forming a linear combination of them we obtain:
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Let us calculate the norm of the eigen-functions vn, m. In passing we verify the orthogonality of the eigen-functions. In order to simplify the calculation let us confine ourselves to the eigenfunctions [image: images]:
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Similar conditions hold for the function
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The expression for the norm can be written in the form
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where
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From the general theory it follows that

any continuous function F(r, θ) with continuous first and second derivatives, satisfying the boundary conditions of the problem, can be expanded in an absolutely uniformly convergent series
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in the eigen-functions of the problem.

The expansion coefficients are calculated from the relations
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We note that the function



[image: images]

does not depend on θ.

If the given functions F depends only on r, F = F(r), then the series, representing the expansion of F, will contain only the functions v0, m:
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where
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All the remaining coefficients An, m and Bn, m equal zero.

Returning to the original problem of the vibration of a membrane with a given initial oscillation and initial velocity, we can write its solution in the form
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The coefficients An, m, Bn, m, Cn, m, Dn, m are determined from the initial conditions
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by the relations
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Similar relations hold for [image: images] and [image: images] respectively.

Problems on Chapter V


1. Solve the wave equation utt = a2 ∇2u in 3 dimensions assuming that the initial velocity everywhere equals zero, and the initial displacements u |t = 0 = φ have the form
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or
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2. Solve the problem of the vibration of the semi-space z > 0 for a homogeneous boundary condition of first or second kind, if there is

(a) an initial local disturbance, i. e. an initial velocity and an initial displacement in some region T0;

(b) a force, acting according to an arbitrary law.

3. Solve the same problem for the layer —l ≤ z ≤ l.

4. Solve the wave equation in a wedge, whose angle equals π/2 or in general π/n (n a whole number), if there are homogeneous boundary conditions of first or second kind and also an initial velocity and an initial displacement.

5. Derive the analogue of the integral relation (3) for the equation
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Consider the case c < 0 and find the solution of the problem with initial data for the inhomogeneous equation. Give a physical interpretation of the results obtained.

6. Find the function u([image: images], φ, t), describing the vibrations of a membrane under the action of an impulse K, concentrated

(a) at the centre of a circular membrane,

(b) at an arbitrary point of a circular membrane,

(c) at an arbitrary point of a rectangular membrane.

7. Find the characteristic frequencies and eigenfunctions of membranes, having the form

(a) of a semi-circle,

(b) of a ring,

(c) of a circular sector,

(d) of a ring sector.

Consider the first and second boundary value problems.

8. Find the steady oscillations of a circular membrane (the membrane of a microphone) under the action of a periodic force, distributed over the membrane with constant density f = A sin ω t. Solve the same problem, if f = A(1 — r2/c2) sin ωt, where c is the radius of the membrane.

9. Derive the equation of the propagation of sound in a medium, moving with constant velocity. Transform the equation obtained, changing fco a system of coordinates, moving along with the medium.


 

APPENDICES TO CHAPTER V



I. Reduction of the equations of the theory of elasticity to the wave equation

The theory of elasticity aims to investigate the deformations and motions arising in elastic bodies by mathematical methods. Strains and motions originating from the action of external forces can be characterized by means of a displacement vector u at every point, whose projection on the coordinate axes x, y, z we shall denote by u(x, y, z, t), v(x, y, z, t), w(x, y, z, t). These displacements arise in an elastic body under the action of internal forces (stresses), which form a symmetrical stress tensor
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where σx, τxy, τxz are the components of force (stress), acting on unit area of a surface element, perpendicular to the x-axis; similarly τyx, σy, τyz and τzx, τzy, τz are the components of stresses, acting on unit area of surface elements, perpendicular to the y and z axes. The components σx, σy, σz are called normal stresses, and τxy τxz, etc., are called the shear stresses. Considering an element of volume and writing down its equation of motion we obtain:
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where [image: images] is the volume density at the point (x, y, z), X, Y, Z are the components of the external volume forces. The values of stresses, arising from strains, are given by Hooke’s law, which is written in the following form:
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The quantities
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form a symmetrical tensor of the strains
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In (2) we used the following symbols: G the shear modulus, m the inverse of Poissons ratio, θ = div u = [image: images].

Boundary conditions should be added to (1) and (2) (at the boundary, for example, displacements u, v, w, or surface forces, etc., are given), which we will not consider here.

Equations (1) and (2) form a complete system of differential equations for the stresses and strains. Substituting the expressions for the stresses from (2) in the equation of motion (1) and taking into account relations (3), we obtain a set of equations for the displacements
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One often introduces in place of the constants G and m the so-called constants of Lamé λ and μ, connected by the relations
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This allows us to write the preceding set of equations in the form of a single vector equation
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where u is a displacement vector with components u, v, and w, F is a vector of the volume forces with components X, Y, Z.

We show that equations (5) can be reduced to the wave equations for the appropriate form of the chosen functions.*

The arbitrary vector F may always be described in the form of a sum
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where U is a scalar, and L a vector potential.

Let us assume
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where
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It is easy to verify by direct substitution that the vector u defined in this way in fact satisfies the equations of elasticity (4).

If the volume forces are absent, then we obtain for the potentials Φ and A the homogeneous wave equations
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The wave equation for the vector potential A in certain cases (for example in a cartesian system of coordinates) breaks down into three scalar equations. However the question of the reduction of the equations of elasticity to separate scalar wave equations cannot be considered until the end without boundary conditions which can connect different components and thus represent considerable difficulty for complete separation of the equations.



II Equations of the electromagnetic field

1. Equations of the electromagnetic field and boundary conditions

The electromagnetic field is characterized by the vectors E and H of the strengths of the electric and magnetic fields and by the vectors D and B of the electric and magnetic induction. The complete set of Maxwell’s equations, connecting these values, has the form
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where j is the volume density of the conduction currents, j(e) is the density of currents, arising from the action of the external e. m. f., [image: images] is the volume density of charges, c the velocity of light in a vacuum. Later we shall often assume j(e) = 0.

To these equations should be added the so-called mathematical field equations
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where ε is the dielectric constant, μ is the magnetic permeability, σ the conductivity of the medium. Later we shall assume the medium to be homogeneous and isotropic. In this case ε = const. μ = const., σ = const. We will often consider electromagnetic processes in a vacuum, where ε = μ = 1, or σ = 0, with the condition of the absence of charges and currents. In this case Maxwell’s equations are simplified:
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Equations (1) and (4) are related, since [image: images] and j satisfy the relation
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expressing the law of the conservation of electric charge.

Laws of the electromagnetic field, expressed in differential form by the equations (1)–(4), can be expressed in integral form
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where
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is the total current, [image: images] is the displacement current. Integration is performed over the contour C and over the surface ∑ lying on this contour; [image: images] is the induction threading the contour C. Denoting by T a certain closed volume, and by ∑ the surface confining it, in place of (3) and (4) we have
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where e is the total charge inside the volume T.

Equations (1’)–(4’) have a simple physical meaning and are the mathematical expression of fundamental experimental facts, serving as the basis of the development of Maxwell’s equations. Thus, equation (1′) is the generalization of the well-known Biot and Savart law, equation (2′) expresses Faraday’s law of electromagnetic induction, equation (4′) can be directly obtained from Coulomb’s law. Equation (3′) is a result of the closed nature of the lines of force of the magnetic field.

If the medium is inhomogeneous, then boundary conditions should be added to Maxwell’s equation. At the boundary of separation of two different media (1) and (2) the following conditions must be fulfilled:
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where n1 and n2 are the normals to the surface of separation of the two media, in which n1 is directed into the first medium, and n2 into the second medium, v is the surface density of the charges. These conditions are easily obtained from equations (1′)–(4′).

Maxwell’s equations together with the boundary conditions enable us to determine the electromagnetic field in space from a given initial state of the field. Moreover for a complete determination of the field it is sufficient to use conditions (9) and (10) of the continuity of the tangential components of the field.

If the electromagnetic process is static, i. e. does not change with time, then Maxwell’s equations take the form
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If, moreover, the medium is non-conducting, i. e. σ = 0, then we obtain two independent sets of equations for the electric and magnetic fields
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The equations of electrostatics were considered by us in Chapter IV and in the appendices to Chapter IV.

In the case of a homogeneous medium it is easy to obtain the equations for each of the vectors E and H separately. We assume that [image: images] = 0, j(e) = 0.

Applying the operator curl to equation (1) we have:
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from which because of equation (2) and the relation curl curl H = = grad div H — ∇2H we obtain:



[image: images]

or
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since
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Similarly the equation for E is derived
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In particular, the components Ex, Ey, Ez and Hx, Hy, Hz will satisfy equation (13) or (14)
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where u is one of the components Ex, Ey, Ez or Hx, Hy, Hz.

The form of this equation is given by the properties of the medium and by the nature of the process. If the medium is non-conducting (σ = 0) we obtain the ordinary wave equation
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i.e. electromagnetic processes are propagated in a non-conducting medium without attenuation with a velocity [image: images] and, in particular, in vacuum with the velocity of light c.

If the medium possesses high conductivity and displacement currents can be neglected in comparison with conduction currents, then we shall have an equation of parabolic type
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In the general case when the conduction currents and displacement currents are of the same order, equation (15) is an equation of hyperbolic type, describing the process of propagation with attenuation, caused by the dissipation of energy due to conduction.

For steady processes, for example in problems of diffraction
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we arrive at an equation of elliptic type
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where
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Static fields, as was already noted in Chapter IV, are described by Laplace’s equation.

2. Potentials of the electromagnetic field

In order to determine the electromagnetic field we must find six values, which are the components of the vectors E and H. In a number of cases, however, one can reduce this problem to finding four, and sometimes a smaller number of values. With this aim let us introduce the field potentials vector A, scalar φ in the following way. We consider Maxwell’s equation in a homogeneous space, for instance, in vacuum. From equation (3) it follows that vector H is solenoidal and therefore can be described by means of another vector A in the form
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Substituting this expression in equation (2)
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we obtain:
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i.e. the vector [image: images] is irrotational and therefore can be described in the form of the gradient of some scalar function φ
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from which it follows
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The vector potential A and scalar potential φ introduced thus are not uniquely defined. In fact, from (20) and (21) it is seen that we obtain the same field if we replace A and φ by the potentials
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where F is an arbitrary function. In order to remove this uncertainty we impose on the potentials A and φ the additional condition
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often called the Lorentz condition. We show that if this condition is fulfilled the potentials A and φ satisfy the equations
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where [image: images] and j are the densities of the given charges and currents.

Substituting expressions (20) and (21) in equation (1)
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and using the vector identity
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we have
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from which because of conditions (22) equation (24) follows. Substituting next expression (21) in Maxwell’s fourth equation
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and taking condition (22) into account, we obtain equation (23) for φ.

In the case of a homogeneous conducting medium (σ ≠ 0) the potentials are introduced by means of the relations
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FIG. 80
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A and φ are connected to each other by the relation



[image: images]

and satisfy the equations
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which correspond to equations (23) and (24).

If there are no free charges ([image: images] ≡ 0), the potential φ = 0 and the vector fields can be expressed by the one vector-potential A, satisfying the additional condition



[image: images]

In a number of cases the electromagnetic fields can be described by means of the vector potential, of which only one component differs from zero.

Some examples will be considered later (see also Appendix I to Chapter VII).

3. The electromagnetic field of an oscillator

1. In the theory of the emission of electromagnetic waves one often uses the idea of the oscillator or vibrator. This idea is closely related to the idea of linear currents. The oscillator represents a linear current of infinitely small length.

Let us consider a linear current L, whose intensity varies with time. In the simplest model it is assumed that the current intensity is constant over the length of the conductor.

The current, constant over the length of the conductor, is combined with the presence of charges, varying with time at its ends. By analogy with the electrostatic dipole, representing a combination of the two charges +e and —e, the oscillator can be described by a moment
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The current intensity in the oscillator, obviously, equals
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so that
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The product J(t) l = J0 (t) is called the moment of current

2. Let us find the electromagnetic field, excited by an oscillator of moment
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in infinite space, assuming that σ = 0, ε = 1, μ = 1 (vacuum).

We consider the problem of the excitation of an electromagnetic field by a linear current L, the limiting case of which is the oscillator.

Outside the current L the electromagnetic field is determined from Maxwell’s equations
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Along the path of the current L the field vectors H and E must have a singularity, characterized by the fact that a circuit over an infinitely small neighbourhood of Kε, encircling the direction of the current L, has the following value:
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where J = J(t) is the current intensity.

From this relation it follows that the component Hs in the magnetic field has a singularity of the type
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where [image: images] = M0P, M0 is a point along the path L, P is a point on Kε([image: images] = ε).

For the field to be well defined it is necessary to add initial conditions, which we assume to be zero.

It is useful to introduce the potentials A and φ, by which as we saw (see p. 493), the field is expressed in the following manner:
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where
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The vector potential outside the current L satisfies the homogeneous wave equation
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Let us introduce the cartesian system of coordinates, directing the z-axis along the current L. We assume
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where z0 is a unit vector along the z-axis.

The function A(x, y, z), obviously, satisfies the homogeneous wave equation outside the path of the current L
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In order to find the singularity of vector A at the current we use condition (6). From equation (7) it follows that
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Using condition (6) we find that the function A(x, y, z) at L should have a singularity of the form
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We shall search for the potential A in the form
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where A0 (P, M, t) = A1 (P, M, t) dlM is the vector-potential of an elementary current of the oscillator, whose moment equals J0 = Jdl.

In order that the potential A has the necessary singularity the function A0 (P, M, t) must have a singularity of the form
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In fact, assuming that A0 has the specified singularity, and calculating from (12) the value of A in the neighbourhood of the current L(0 < z < l), we obtain:
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where the terms, not tending to infinity at [image: images] = 0 are omitted.

3. Thus, the function A0(P, M, t) must satisfy with respect to the variables P(x, y, z), t, the wave equation
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everywhere, except at the point M, and at this point it must have a singularity of the form
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The initial conditions are zero.

The solution of this problem, as we saw in Chapter V, is represented in the form of a retarded potential
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As was noted above, the moment of the current equals



[image: images]

Thus, the vector-potential of an oscillator can also be represented in the form
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Often in place of the vector-potential one uses the polarization potential or the Hertz vector ∏, assuming
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The vector ∏ also satisfies the equation
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and is related to the scalar potential by the relation
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The field vectors E and H are expressed in terms of the polarization potential by the relations
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Taking relation (18) into account, we obtain the following expression for the polarization potential for an oscillator
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or
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4. In order to calculate the fields E and H let us change to a spherical system of coordinates (r, [image: images], φ), at the origin of coordinates of which we locate an oscillator and let us direct the z-axis ([image: images] = 0) along the vector p0 (Fig. 80). Let us denote by in ir, i[image: images], iφ, the unit vectors of the spherical system of coordinates.

Vector ∏0, parallel to vector p, can be represented in the form
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Substituting expression (25) in (22) and (23), using the expression of the differential operator curl F in a spherical system of coordinates
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and taking into consideration that ∏0 = ∏0 (r, t) we obtain:
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From equations (26) and (27) it follows that the electric and magnetic fields of the oscillator are mutually perpendicular.

5. Let us consider the special cases, where the dipole moment periodically depends on the time
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In this case (26) and (27) give:
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where
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Proceeding from (28) it is easy to determine the singularity in the field of an oscillator. At distances, small in comparison with a wavelength λ = (2π/k) (kr [image: images] 1) in (28) it is possible to confine ourselves to one term. Formulae obtained from this for the strength of the electric field correspond to the field of a static dipole, whose electric moment p equals the instantaneous value of the moment of the oscillator p(t). For the magnetic field strength we obtain an expression, corresponding to the Biot–Savart law. At large distances from the dipole R [image: images] λ {kr [image: images] 1) in (28) it is possible to neglect all terms of higher order than 1/r. From this we obtain:
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i. e. the field becomes transverse relative to the direction of propagation. Regions where the field of emission becomes transverse are called wave zones of the oscillator. In order to calculate the energy flow across the surface of a sphere of radius R with centre in the oscillator it is necessary to calculate the Umov–Poynting vector
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and integrate this expression over the sphere.

From (29) and (30) it follows that in a wave zone the real part of the vectors Hφ and E[image: images] is given by the expression
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from which
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The energy flow across a sphere of radius R in the time of one complete period T = 2π/ω will be given by the expression
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or
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The energy emitted by a harmonic oscillator is proportional to the fourth power of the frequency
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or
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where λ is the wavelength.



† By virtue of the condition assumed in Chapter IV the signs in the formula correspond to the outer normal.

† In this transformation we make use of the fact that dτ = (r*)2 dΨ dr, we integrate with respect to r* and then substitute dΨ = dS/(r*)2.

† Kirchhoff’s relation was generalized by S. L. Sobolev for the equation of hyperbolic type with an even number of variables. By means of this Kirchhoff-Sobolev relation the solution of problems with initial conditions can be formed for the standard equation (S. L. Sobolev, Dokl. Akad. Nauk SSSR, 1933).

* In this formula the normal derivatives of eigenfunctions on surface S enter. For proof of this formula for Lyapunov type surfaces see V. I. Smirnov, Course in Higher Mathematics, vol. IV.

* See, for instance, V. I. Smirnov, Course in Higher Mathematics, vol. IV.

* If vibrations are excited in a membrane sprinkled with sand, then the sand will be thrown from an anti-node to the nodal lines, reproducing the nodal lines of the eigen-functions.

** The basis of the method of separation for the case of many variables is contained in the work of O. A. Ladyzhenskii (Dolcl. Alcad. Nauk SSSR 85, 3, 1952).

* See supplement, Part I, § 1.

* S. L. Sobolev, Some Problems in the Theory of Wave Propagation; Frank and Mises, Differential and Integral Equations of Mathematical Physics, chap. XII, Gostekhizdat, 1937.


CHAPTER VI

HEAT CONDUCTION IN SPACE

§ 1. Heat conduction in infinite space

1. Temperature propagation function

In Chapter III it was shown that the process of heat propagation in a homogeneous isotropic space is given by the equation of heat conduction
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where u(M, t) is the temperature of the point M(x, y, z) at time t, [image: images] is the density, c the coefficient of specific heat, k = const, and a2 = k/c[image: images] are the coefficients of heat conduction and thermal conductivity. Equation (1) also permits a diffusion interpretation. In this case u is the concentration of the diffusing substance, a2 = D is the diffusion coefficient.

Let us consider the following problem in infinite space:

Find the solution of the inhomogeneous equation of heat conduction
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(f is the density of the heat sources) with the initial condition
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The solution of this problem can be represented in the form of the sum
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where u1 is the solution of the homogeneous equation (1) with inhomogeneous initial conditions, u2 is the solution of the inhomogeneous equation (2) with zero initial conditions. In an investigation of corresponding one-dimensional problems we saw that their solutions are determined in terms of a source function.

Let us find the source function for the equation of heat conduction in infinite space.

First we prove the following lemma, which will be used later.

If the solution of the equation [image: images] depends only on r and t, then the function v = ru satisfies the equation
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In fact, writing down the Laplacian operator in a spherical system of coordinates, we see that the function u = u(r, t) satisfies the equation
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assuming next ru = v, we obtain the equation (4).* for v. Let a continuously acting heat source of constant magnitude q be located at the origin of coordinates, and let the initial temperature equal zero in the rest of space.
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It is obvious that in this case the temperature u is a function only of r and t.

The presence of a heat source at r = 0 indicates that the heat flow per unit time across the sphere Sε (with centre at r = 0 and radius ε) as ε → 0 equals q, i. e.
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Since the normal derivative [image: images] because of the symmetry of the surface Sε, then



[image: images]

which indicates a singularity of the form [image: images] in the derivative [image: images] for r = 0. Hence, the function itself at r = 0 must have a singularity of the form
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so that the product ru = v remains bounded at r = 0.

The function v, defined by the conditions
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is given by the formula



[image: images]

[see formula (35), Chapter III, § 3]. Hence, the solution of the problem on the conduction of heat from a continuously acting source of magnitude g, situated at the origin of coordinates (r = 0) has the form
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where U(r, t) is the temperature, corresponding to unit source (q = 1).

In order to proceed to the case of an instantaneous source, let us consider a source of magnitude q, situated at the point (ξ, η, ζ) and continuously acting during an interval of time τ.

Such a source is equivalent to two sources of magnitude +q and —q, the first beginning at t = 0, the second at t = τ. The temperature distribution is expressed by the relation
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After an interval of time τ an amount of heat Q = qτ is liberated, therefore
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Passing to a limit as τ → 0 and assuming Q constant, we find:
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or



[image: images]

where
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The function G(x, y, z, t; ξ, η, ζ) is the temperature propagation function of an instantaneous heat source. It represents the temperature at the point x, y, z at time t, produced by a point source of magnitude Q = c[image: images], situated at time t = 0. at the point (ξ, η, ζ).

It is easy to verify that
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In fact, the triple integral (8) can be represented in the form of a product of three integrals, each of which equals unity:
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From (7) it is seen that the source function G possesses a symmetry property
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which is the expression of the reciprocity principle: the effect at the point (x, y, z) of a source, existing at point (ξ, η, ζ) equals the effect at the point (ξ, η, ζ) of a similar source, situated at the point (x, y, z). But such symmetry does not occur with respect to the variable t, which expresses the irreversibility of heat conduction processes with time.

Let us determine the form of the propagation function G in the case of two dimensions. Let an infinite linear source be situated on the straight line, parallel to the z-axis and passing through the point (ξ, η), let us denote by [image: images] = const. the magnitude of the source, per unit length. The propagation function G2 of such a source will not depend on z and is fully described by its values in the plane (x, y). Let us calculate the function G2. The quantity of heat liberated in the element dζ is
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and the distribution of temperature in space is given by the integral
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Calculating the integral
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we obtain:
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where
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Comparing this function with (7) we see their similarity of structure.

In a similar way it is possible to obtain an expression for the source function in the one-dimensional case. Considering an infinite plane source with constant density [image: images], we obtain:
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where
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is the source function for one-dimension.

In Chapter III graphs were given, showing the behaviour of the source function G(x, t; ξ). The qualitative character of the source function, given in Chapter III, holds for the threedimensional case.

2. Conduction of heat in infinite space

Let us use the source function, obtained in the previous section, to solve the problem of the propagation of an initial temperature distribution in infinite space.

We are required to find the solution of the equation
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satisfying the initial condition
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The initial temperature state can be described as a superposition of the effects of instantaneous sources, producing the initial temperature. Let us consider an element of volume dξ dη dζ, containing the point ξ, η, ζ. In order to give the initial temperature φ(ξ, η, ζ) it is necessary to inject an amount of heat dQ = c [image: images]φ(ξ, η, ζ) dξ dη dζ into the volume dξ dη dζ.

This concentrated amount of heat produces a temperature at the point (x, y, z) at time t
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Because of the principle of superposition the solution of our problem can be represented by the integration of (9) over all space
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Formula (10) is derived by intuition. We have not shown the limits of its applicability nor its validity.

Let us prove that

if the function φ is piecewise-continuous and bounded, |φ| < A, then the function u, given by the expression
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(1) is bounded for all space : |u| < A ;

(2) is the solution of the equation of heat conduction for t > 0;

(3) for t = 0 is continuous at points of continuity of function φ, and satisfies the condition u(x, y, z, 0) = φ(x, y, z).

In order to prove that (10′) satisfies equation (1), we make use of a lemma (see § 3, Chapter III).

If U(x, y, z, t; ξ) for any value of the parameter ξ is the solution of the equation [image: images](u) = 0, where [image: images](u) is a linear differential operator, then the function
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will also be a solution of the equation [image: images](u) = 0, if the derivatives of u, entering into the operator [image: images](u), can be calculated by differentiation under the integral sign.

In our case U = G satisfies the equation of heat conduction for any ξ, η, ζ. As is well known, differentiation with respect to a parameter under the sign of an improper integral is possible if: (1) the derivative with respect to a parameter of the function under the integral sign is continuous and (2) the integral, obtained after formal differentiation, converges uniformly.

Performing a formal differentiation of integral (10′) with respect to x, we obtain:
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The function under the integral sign is continuous for [image: images] > t > 0 and the presence of the factor [image: images] ensures the uniform convergence, if φ is bounded: | φ | < A. We obtain similar results for repeated differentiation with respect to x and for differentiation with respect to t; the same applies to differentiation with respect to y and z. Thus, G satisfies all the conditions of the lemma for t > 0. Hence, u satisfies the equation of heat conduction for t > 0.

The bounded nature of u, given by (10′), which we rewrite in the form
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is established directly, if equation (8) is considered:
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Let us proceed to a proof of the continuity of u(x, y, z, t) for t = 0.

Let us consider the point M0 (x0, y0, z0), the point of continuity of function φ, and let us prove that for any ε > 0 there exists δ(ε) such that
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We consider an auxiliary region T1, containing the point M0; its dimensions will be determined below; we denote by T2 the remaining part of space. Taking into consideration the equations
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and also the positive nature of G(M, M′, t), we have:
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where
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From the continuity of φ at the point M0 it follows: whatever η > 0 may be, there exists δ′ (η) > 0 such that
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Hence, if the diameter of region T1 does not exceed δ′ (ε/3) then
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Let us consider the choice of region T1 in more detail. As T1 we choose a sphere with centre at M(x, y, z), which is convenient in order to determine the integral J2. Relation (17) for the integral J0 retains validity, if the radius of this sphere is chosen equal to
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Converting to a spherical system of coordinates with centre at the point M, we obtain:
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since
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Thus,
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i. e. for any ε > 0 it is possible to assign δ″(ε) such that
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and, therefore,
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provided t < δ″ (ε).

Choosing the smaller of the quantities 1/2 δ′ (ε/3) and δ″(ε) and calling it δ(ε), we have the inequality

| u (M, t) — φ (M0) | < ε where [image: images] and t < δ (ε), (13) which proves the continuity of u(M, t) at t = 0 for any point M0 of continuity of function φ(M).

Let us pass now to the solution of the inhomogeneous equation
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with the zero initial condition
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We consider the point (ξ, η, ζ) at time τ < t. The amount of heat, liberated in element dξ dη dζ in a time dτ and equal to
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produces at the point (x, y, z) at time t a temperature
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Using the principle of superposition, we can write the solution of the given problem in the form
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We will not consider a proof of this relation or a discussion of the conditions of its applicability.

Problems for semi-space with homogeneous boundary conditions of the first and second kind are solved by the method of images.

§ 2. Heat conduction in finite bodies

1. Outline of the method of separation of variables

We have considered heat propagation in infinite space. In an investigation of heat propagation in a finite body it is necessary to add boundary conditions and initial condition. In the simplest cases these are boundary conditions of the first, second or third kind.

Let us consider the simplest problem with a homogeneous boundary condition of the first kind:
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The solution of this problem can be found by the usual method of separation of the variables, given for the equation utt = a2∇2u in Chapter V, § 2; the application of this method to our problem proceeds entirely analogously.

Let us consider the auxiliary problem:
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Separating the variables in the usual way, we arrive at the following relations, defining the functions v(M) and T(t):
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and
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For function v we have the eigen-value problem, which we met in the investigation of vibrations of finite volumes (see Chapter V, § 3, sub-section 1).

Let λ1, λ2, …, λn, … be the eigen-values, and v1, v2, …, vn, .. be the eigen-functions of problem (3). The functions {vn} form an orthogonal system.

The corresponding functions Tn (t) have the form
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and the auxiliary problem has the non-trivial solution.
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The general solution of the original problem can be represented in the form
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Satisfying the initial condition
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we find the coefficients
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where

[image: images] — are normalization coefficients of vn.

Function (6) gives the solution of the problem.

The equation
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with homogeneous boundary and zero initial conditions can also be solved by the method of separation of variables.

Assuming, as is usual,
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and expanding the function f(M, t) in the eigen-functions vn(M)
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we obtain for Tn (t) the equation
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with initial condition Tn (0) = 0, if u(M, 0) = 0, the solution of which has the form
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Hence we obtain:
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The expression in brackets, obviously, corresponds to the source function of an instantaneous source of magnitude Q = c[image: images], located at point M′ at time τ,
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The solution of the first boundary value problem [image: images] for the equation of heat conduction with inhomogeneous boundary conditions [image: images]|Σ = μ readily reduces to the solution u of the inhomogeneous equation with homogeneous boundary conditions u|Σ = 0, if it is assumed
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where Φ is an arbitrary (sufficiently smooth) function, taking the value μ, on Σ (see Chapter III, § 2). Very often cases of constant boundary values occur, μ0 = const., leading to the problem with homogeneous boundary conditions, if the function



[image: images]

is introduced, representing the deviation from the fixed solution.

Thus, the main difficulty in solving the problem of heat propagation in a finite region lies in finding the eigen-functions and eigen-values for the given region.

The form of solution (6), obtained by the method of separation of variables, is suitable for investigating a stage of the process for large t. In fact, the eigen-values λn for any region increase rapidly with n. Therefore for t > 0 the series rapidly converges and, starting at a certain time, the first term different from zero predominates over the sum of the remaining terms
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This corresponds to the physical fact that, independently of the initial distribution, starting at some time, a “regular” temperature distribution is established in the body which has a “profile” invariant with time and the amplitude decreasing exponentially with time. This fact is the basis of non-steady methods of determining the coefficients of heat conduction. In fact, measuring the temperature of a body at an arbitrary point M0, we find that
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A graph of this function is, for large times, a straight line with slope — a2 λ1. Knowing the value of λ, depending on the shape of the region, it is possible to find the coefficient of heat conduction.

2. The cooling of a circular cylinder

Let us consider the problem of the cooling of an infinitely long cylinder of radius r0, having a given initial temperature, if the temperature on the surface is maintained equal to zero. We assume that the initial temperature does not depend on z (the z-axis is directed along the axis of the cylinder). Then, obviously, later the temperature will not depend on z and changes only over a cross-section S of the cylinder. Choosing in this section a polar system of coordinates with the pole at the centre of the circle S, we arrive at the problem of the determination of the function u(r, φ, t) satisfying the equation
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initial condition
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and boundary condition
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As we saw, the solution of a problem of such a kind can be represented in the form
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where summation extends over all the eigen-functions of the problem
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This eigen-value problem was considered by us in the investigation of the vibrations of a circular membrane (see Chapter V, § 3). To each eigen-value
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there corresponds the two eigen-functions
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and
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whose norms equal
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where μ(n)m is the mth root of the equation
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Using the expression for v and λ, we obtain: u(r, φ, t) =
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where the coefficients [image: images] and [image: images] are given by the initial functions
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If the initial temperature Φ depends only on r then the double series (27) is replaced by the single series
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where
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and μm(0) is the mth root of the equation J0(μ) = 0.

Let us consider in more detail the problem of the uniform cooling of a heated cylinder with zero temperature on the surface. If the initial temperature
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the
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since a J0 (a) = [a J1 (a)]′. Thus we obtain:
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In the tables of cylindrical functions (see p. 753, Table 3) the numerical values of both the roots μm(0) and J1(μm(0)) are given.

In particular,
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Series (31) converges rapidly and for large t it is possible to consider only the first term of this series. In particular, on the axis of the cylinder
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3. Determination of critical sizes

In Chapter III it was shown that the process of diffusion of an unstable gas, whose rate of decomposition is proportional to the concentration, leads to the equation
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Greatest interest lies in diffusion processes in the presence of chain reactions. Chain reactions are characterized by the fact that particles of a diffusing substance, entering into reaction with the surrounding medium, “multiply”. Thus, for instance, in the collision of neutrons with “active” nuclei of uranium the reaction of the division of nuclei results, accompanied by the production of new neutrons, the number of which is greater than unity. These neutrons in their turn enter into reaction with a generation of new neutrons, etc. Thus the multiplication of neutrons arises, characterized by a chain reaction.

Considering the process described in “the diffusion approximation” we arrive at the following equation:
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since the chain reaction is equivalent to the presence of sources in a diffusing substance (neutrons), proportional to the concentration (density of neutrons).

Let us consider the following problem:

Find the solution of the equation
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satisfying the initial condition
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and the boundary condition
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By means of the substitution
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equation (33) changes into equation (1); the initial and boundary conditions moreover remain invariant. Thus, the unknown function u has the form
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where Cn is given by the initial functions in (10). In the case β < 0 (diffusion with decomposition) the exponents of series (37) are greater than the corresponding exponents of series (6). This means that in the presence of decomposition, decrease in concentration takes place more rapidly compared with the case of pure diffusion (β = 0). In the case β > 0 (diffusion with multiplication), if even one of the exponents β — a2 λ > 0, i. e. β > a2 λ1, then in time there will be, generally speaking (C1 ≠ 0), an increase in concentration according to an exponential law (chain reaction). The value β is a characteristic of the substance (multiplication coefficient), and λ1 essentially depends on the shape and dimensions of the region. We shall say that a certain region Tcr has for a given β critical dimensions if λ1 = β/a2. Let us determine the critical dimensions for a infinite layer, cylinder and sphere.

1. The layer 0 ≤ x ≤ l. Assuming the problem to be one dimensional, we have (see Chapter II, § 2):
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The critical thickness of the layer lcr, for which the process of avalanche increase in concentration u takes place, is given by the relation
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2. Infinite cylinder. Assuming the problem to be a plane one, we see that the least value of λ corresponds to an eigen-function, possessing radial symmetry, and equals
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Hence for the critical diameter we obtain the relation
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3. Sphere. The least value of λ corresponds to an eigen-function, possessing spherical symmetry, and equals
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whence for the critical diameter Dcr we obtain the relation
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§ 3. Boimdary value problems for regions with moving boundaries


1. Green’s theorem for the equation of heat conduction and the source function

For the equation of heat conduction it is possible to set boundary-value problems for regions with boundaries, varying with time.

For simplicity we shall consider the problem for the equation with one space variable
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although everything stated below can be transformed to the case of many variables.

Let us consider the region BAEF, bounded by the sides AB and EF (t = const.) and by the curves, defined by the equations



[image: images]

and
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The first boundary-value problem for this region consists of the determination of the solution of the equation of heat conduction (1), satisfying the initial and boundary conditions:



[image: images]

From the maximum value principle it immediately follows that this problem cannot have more than one continuous solution. Similarly other boundary value problems can be given.

Let us establish Green’s theorem for equation (1) and the integral representation of the solution of this problem.

We consider the operator
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integrating the expression
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over some region PABQ (Fig. 82), where φ(x, t) and ψ(x, t) are arbitrary functions, differentiable a sufficient number of times, we obtain after a simple transformation
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where the integral on the right is taken over the closed contour PABQ.
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[image: images]

FIG. 82



If [image: images](φ) = 0 and [image: images](ψ) = 0, then writing the right-hand part more fully, we obtain:
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Let φ(x, t) = u(x, t) be any solution of the equation of heat conduction L(u) = 0, and ψ = G0 (x, t, ξ, τ) the source fimction for this equation in an infinite region
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often called the fundamental solution of the equation of heat conduction. The function G0 (x, t, ξ, τ) satisfies the equation [image: images](G0) = 0 with respect to the variables x, t and the related equation [image: images](G0) = 0 with respect to the variables ξ, τ.

Let M(x, t) be some fixed point inside the region EAFB, at which we wish to determine the value of the function u(x, t), and M1 be a point with coordinates x, t + h, where h > 0. Drawing the line PQ through the point M replacing x by ξ, t by τ in (4) and applying this to region ABPQ (Fig. 82) and the functions
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we have:



[image: images]

Passing to a limit as h → 0 and taking into consideration the continuity with respect to h of the function G(x, t + h, ξ, τ) and [image: images] on PABQ, and also the relation



[image: images]

if (x, t) lies in the segment PQ we obtain the fundamental integral relation
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giving a representation of the general solution of the equation of heat conduction. Let us rewrite it once more in more detail
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This relation does not give the solution of boundary-value problems y since for calculation of the right-hand part it is necessary to know the value not only of u but also of [image: images] along the curves AE and BF.

By means of a transformation, similar to that which was performed for Laplace’s equation in the introduction of the source function, it is possible to eliminate [image: images] from this, relation.

Let v be some solution of the conjugate equation [image: images](v) = 0, reducing to zero on PQ, and u be the solution of the equation of heat conduction [image: images](u) = 0.

Applying (4) to the functions v and u for the region PABQ, we obtain:
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Subtracting (10) from (9) we have:
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where
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If v is chosen so that



G = 0 on PA and BQ

then we obtain an integral representation for u(x, t) in the form



[image: images]

Formula (13) gives the solution of the boundary-value problem, in terms of which the values of u on AP and BQ are given.

Let us consider further the function G. It is determined by (12), where v(ξ, τ) is characterized by the following conditions:

(1°) v(ξ, τ) is defined in the region PABQ and for τ < t satisfies the conjugate equation [image: images](v) = 0.

(2°) v = 0 on PQ, i.e. where τ = t.

(3°) v (ξ, τ) = — G0 (x, t, ξ, τ) on PA and QB.

By virtue of these conditions, v depends on the parameters x, t, so that v = v(x, t, ξ, τ) and for its determination it is necessary to solve the boimdary-value problem for the equation [image: images](v) = 0, which is equivalent to solving the boundary-value problem of type (2) for the equation [image: images](u) = 0, as is easily verified by change in sign of τ. Thus, in representing u(x, t) by means of (11) which gives the solution of the boundary-value problem (2) the main difficulty consists of finding the function v(x, t, ξ, τ).

Let us consider the function [image: images], defined by the conditions:

(1°) [image: images] is defined in the region PABQ for t > τ and, as a function of the variables x, t satisfies the equation of heat conduction [image: images](v) = 0.

(2°) [image: images] = 0 on AB, i.e. where t = τ.

(3°) [image: images] = — G0 on AP, and BQ .

Let us prove that v(x, t, ξ, τ) = [image: images].

We consider the function [image: images]. It is obvious that for any solution [image: images] of the equation [image: images] = 0 a relation, similar to (9), holds,
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and also a relation, similar to (13),
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These relations can be derived from (9) and (13) by a change in sign of τ, since by this the equation [image: images] = 0 becomes the equation [image: images] = 0,

Applying (13) to the region PQRS (Fig. 83), where RS is a segment of the straight line, corresponding to the ordinate θ, where t > θ > τ and to the solution u(x, t) = [image: images](x, t, ξ, τ), continuous in this region, of the equation [image: images](u) = 0, we obtain:
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since the integrals over RP and SQ by virtue of (3°) equal zero.
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Applying the similar relation (13′) to the region ARSB and to the solution u(ξ, η) = G(x, t, ξ, η), continuous in this region, of the equation [image: images] = 0, we obtain:
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since the integrals over BS = AR equal zero. Comparison of these formulae shows that
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This equation proves that the function G, considered as a function of x, t, has a singularity at t = τ and x = ξ, characteristic of the source function equal to zero for t = τ and x ≠ ξ, and satisfies the equation [image: images] = 0 inside APQB and reduces to zero on AP and BQ. Such a function of course is the source function of an instantaneous source for the equation of heat conduction in the region APQB.

Thus, any solution of the equation of heat conduction can be represented by (13) in terms of the source function.

If the inhomogeneous equation [image: images](u) = f(x, t) is given, the one should add to the right-hand part in (13) the component
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2. Solution of the boundary-value problem.

Formula (13) obtained above gives the solution of the boundary value problem for a finite segment with moving ends. If the ends of the segment AB are fixed, then the curves AE and BF are replaced by segments of straight lines, parallel to the t-axis. The region S in this case has the form of a rectangle with sides, parallel to the coordinate axes. From the general relation (11) it is possible by a limiting transition to derive Poisson’s relation, which gives the solution of the equation of heat conduction with a given initial condition along an infinite straight line.

We assume that In part of the strip, bounded by the two characteristics t = 0 and t = δ, passing through the points A and E, the functions ux satisfy the inequalities
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where K > 0 and N > 0 are numbers. We replace the curve BQ (Fig. 84) by a segment of the straight line x = l, where l is a positive number, which later we shall increase indefinitely. In addition we shall proceed from formula (9), which we rewrite in the form
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Let us consider the integral over the segment BQ
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and let us show that it tends to zero as l → ∞.

We evaluate the integral | I1 | for large values of l
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It is obvious that | I1 | → 0 as l → ∞, since M is a fixed number, and δ can be chosen as small as desired, for instance, so that
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Similarly we can prove that | I2 | → 0 as [image: images] → ∞.

If the function u(x, t) and its derivative [image: images] satisfy inequality (A) also for negative x, then it is possible to take the segment of the straight line x = —l for the curve AE and, repeating the arguments outlined above, to verify that for a limiting transition the integral over PA in (9) tends to zero. As a result we arrive at Poisson’s relation* derived in Chapter III, § 3
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Considering a semi-infinite region and assuming that the inequality (A) is fulfilled for the source function G(x, t, ξ, τ) by means of similar considerations we find:
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where
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As is easily verified, the source function for a semi-infinite straight line x ≥ 0 may be derived by the method of images and equals
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and since it is representable in the form (12), satisfies the equation of heat conduction with respect to the variables x, t and reduces to zero at x = 0:
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Let us calculate the derivative
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and, substituting its value in (14), we obtain the relation
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which gives the function u(x, t), satisfying the equation
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and the additional conditions
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3. The source function for a segment

The solution of the equation of heat conduction in the finite segment 0 < x < l is given by formula (11), which after replacement of the curves PA and BQ by the segments of straight lines and displacement of the origin of coordinates to the point A, takes the form
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where
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The source function G(x, t, ξ, τ) for a segment can be formed by the method of images. Locating the positive sources at the points 2nl + ξ and the negative sources at the points 2nl — ξ, we represent the source function by means of the series
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where
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is the source function for a finite straight line.

The convergence of the series and also the fulfillment of the boundary conditions
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are proved without difficulty.

In § 2, Chapter III, another expression for the source function was obtained
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Let us prove the equivalence of the two descriptions.

Formula (17) can be considered as the expansion of G(x, t, ξ, τ) in a Fourier sine series over the segment (0, l)
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Let us calculate the Fourier coefficients Gn of function G, defined by series (16),
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Introducing new variables of integration
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we obtain:
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from which it follows that
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We introduce the variable
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Then
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The second integral equals zero, since the function under the integral sign is odd with respect to the origin of coordinates.

The first integral is a particular case of the integral
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evaluated in § 3, Chapter III, and equal to
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In our case
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so that
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and
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Substituting the expression found for the Fourier coefficients An (18), we at once obtain the second representation (17) for the source function G. Thus, the equivalence of the two different representations (16) and (17) is proved.

§ 4. Thermal potentials

1. Properties of thermal potentials of a single and of a double layer

As we saw, any solution of the equation of heat conduction may be represented in the form
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Let us investigate the individual components of this sum and prove that each of them separately satisfies the equation of heat conduction. In fact the first component is Poisson’s integral, for which this was already proved.

Let us prove that for interior points of the region PABQ the equation is satisfied by the integrals
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The derivatives of these functions are evaluated by differentiating under the integral sign, since differentiation with respect to the limit t of integration gives zero. For example,
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since x ≠ χ1 (t). Thus, differentiation with respect to the parameters x, t refers to the function G which is a solution of the equation of heat conduction. Investigation of the remaining components proceeds similarly .

Let us consider now the behaviour of the functions V, W along the curve AP(x = χ, (t). It is obvious that the integral V is continuous as the point (x, t) moves through the curve AP, since this integral converges uniformly (see Chapter IV, § 5). We will prove that W has a discontinuity at the curve AP, for which
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This proof will be given on the assumption of the differentiability of χ1 (t) and μ(t).

Let us consider W for the constant density μ(t) = μ0
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and the auxiliary integral
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which is, by virtue of the observation made above, a continuous function at points of the curve AP.

The difference [image: images] is calculated directly
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where
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As x → x0 ± 0 we obtain:
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Because of the continuity of [image: images] we have:
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Thus,
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If μ(t) is not constant, then
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where
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Because of the differentiability of μ(t) this integral has the same singularity at τ = t as V, converges uniformly and is a continuous function on the curve AP. Thus, the limit W(x, t) for x = x0 ± 0 equals
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which it was required to prove.

It is easily verified that the derivative [image: images](x, t), like W(x, t) is discontinuous at x = x0. This derivative equals
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and equals W(x, t) with density
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Hence it follows that
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where the integral
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equals the semi-sum of the derivatives of V at the point x0 from the right and left
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We note that the function V(x, t) does not have a derivative at the point x0.

With this we conclude the investigation of the potentials along AP. The properties of the potentials along the curve BQ are entirely similar.

2. Solution of boundary-value problems

Heat potentials are a convenient analytical device for solving boundary - value problems.

Let us consider in the first place the first boundary-value problem for a semi-bounded region x ≥ χ1 (t):

Find the solution of the equation
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satisfying the conditions
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Without restriction it is possible to assume that φ(x) = 0, since, forming the difference between u(x, t) and an arbitrary solution of the equation of heat conduction v(x, t), satisfying the same initial condition, we obtain a new function, for which φ(x) = 0, and with the same boundary value as before.

Assuming that reduction to the zero initial condition is already made, we represent the solution in the form
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this function satisfies the equation for x > χ1 (t), is bounded at infinity and has a zero initial value for any choice of [image: images](t). For x = χ1 (t) it is discontinuous and its limiting value for x = χ1 (t) + 0 should equal μ(t)
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This relation is an integral equation of the Volterra type of the second kind for finding the function [image: images](τ), giving the solution u(x, t). A solution always exists by the general theory, if the curve x = χ1 (t) is defined by a differentiable function.

This equation is particularly simple, if the boundary of our region is fixed: χ1 (t) = x0. In this case the integral reduces to zero and
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so that the solution has the form
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We have already met this formula twice (see Chapter III, § 3 and Chapter VI, § 3, sub-section 3), but here we have proved that this function satisfies the equation and additional conditions.

The second and third boundary-value problems are solved similarly by means of potentials. Let us consider the boundary-value problem for a bounded region, taking the additional conditions in the form
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Assuming that the initial value is reduced to zero: φ(x) = 0, we represent the solution in the form
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This function satisfies the equation and the zero initial condition for any choice of [image: images]1 (t) and [image: images]2 (t). It is discontinuous for x = χ1 (t) and x = χ2 (t) and its limiting values for x = χ1(t) + 0 and x = χ2 (t) + 0 must equal μ1 (t) and μ2 (t), which gives the system of equations
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This system is a system of integral equations of the Volterra type, and always has a solution.

Problems on Chapter VI

1. A sphere of radius R0 is filled with a gas of concentration μ0 at the initial time; outside the sphere the concentration equals zero. Find the function u, describing the process of diffusion of the gas into the region outside the sphere. Solve the same problem for semi-space in the presence of a boundary z = 0 impermeable to gas.

2. Solve the problem of the heating of a sphere of radius R0, if the initial temperature equals zero, and a constant temperature is maintained on the boundary.

3. Find the temperature of a sphere, at whose surface a heat exchange occurs with a medium of zero temperature, if the initial temperature is constant and equal to u0.

4. A homogenous rigid body is bounded by two concentric spheres of radii a and 2a. The inner surface of the body is thermally insulated, and on the outer surface a heat exchange with a medium of zero temperature occurs. Find the temperature distribution in the body at time t, if the initial temperature of the body equals u0.

5. Derive the diffusion equation in a medium, moving with constant velocity. Write down the expression for the source function in infinite space.

6. Examine the steady diffusion problem in a moving medium, assuming the velocity of motion constant and neglecting diffusion along the direction of motion of the medium (the problem of gaseous attack). Write down the source function for semi-space, assuming that the plane z = 0 is impermeable to gas.

7. Form the source function for a layer bounded by the planes z = 0 and z = e and also for a wedge with an inclination π/n (n a whole number) for zero boundary conditions. Investigate the solution.

8. Find the propagation function for an instantaneous source of heat of magnitude Q, uniformly distributed on the surface of a sphere of radius a.

9. Solve the problem of the heating of an infinite cylinder, whose initial temperature equals zero, when a constant temperature is maintained on the surface. Using the tables of Bessel functions, find the temperature profile (take ten points on the radius) and the mean temperature over a cross-section for large times. Draw the appropriate graphs.

10. Examine the problem of the magnetization of an infinite cylinder by a constant magnetic field, parallel to the axis of the cylinder. Use the Bessel function tables to calculate the value of the induction current through a cross-section of the cylinder.

11. Form the source function for an infinite cylindrical region of arbitrary cross-section with boundary conditions of the first kind. Examine the special case of a cross-section of circular shape.

Hint. Represent the solution in the form
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where ψu (M) is the eigen-function of a cross-section of the cylinder.



 

APPENDICES TO CHAPTER VI



I. Diffusion of a cloud

Let us consider the diffusion process of a gaseous cloud, produced by the explosion of a shell.

In the explosion a certain amount of smoke Q is liberated which forms a cloud. The cloud at first grows, then it brightens at the edge, its dark opaque part decreases, the whole cloud brightens, it starts to “melt” and, finally, fades away. This picture is seen especially clearly on a bright day against the background of a blue sky.

The process of propagation of a smoky cloud can be treated as a diffusion process of smoke from an instantaneous point source of magnitude Q into infinite space. Such a process of diffusion has not a molecular but a turbulent character; it corresponds to some effective coefficient of turbulent diffusion D. We do not consider here the initial dispersion, and also the practically negligible effect of the earth. On these assumptions the concentration of the smoke is given by the relation
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if the origin of coordinates is situated at the point of explosion of the shell.

Let us consider the question of the visibility of the cloud. The time, at which the cloud is fully “grown” depends on the absorption of light in the atmosphere and on the threshold of sensitivity of the measuring instrument (the eye, photofilm, etc.).

As is well-known, the intensity of light, passing through homogeneous layers of gas, approximately equals
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where I0 is the initial intensity of light, a = a0 u is the absorption coefficient, proportional to the concentration of the absorbing gas (a0 = const.), u is the concentration of the gas in a layer, l the thickness of the layer.

If there are two layers of thickness l1 and l2 with different concentrations of gas u1 and u2 then



[image: images]

Hence it is obvious that the intensity of light, passing through the cloud with a continuously changing concentration of smoke will be given by the relation
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The visibility of the cloud is given by the ratio I/I0 depending on the value ∫ udl.

Let δ be the threshold of sensitivity of the control instrument; then for
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the cloud becomes invisible; for
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the cloud appears completely opaque. If
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then the cloud appears to an observer partially transparent. The degree of transparency depends on the value of the ratio
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i.e. on the value of the integral ∫ u dl.

Let us direct the z-axis along the line of vision and assume that the observer is at infinity. We consider the projection of the cloud on the xy plane. In order to determine the visibility of different parts of the cloud, corresponding to the points (x, y) we evaluate the integral
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If the amount of smoke in the line of vision is small
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and the corresponding part is completely transparent. If the amount of smoke in the line vision is large
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i.e. for a suitable choice of Δ = ln l/δ the corresponding part of the cloud is completely opaque. For
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the relation
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defines the boundary of the cloud, at the limits of which it becomes invisible. The radius of the cloud, obviously, equals
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For small values or t the radius of the cloud ([image: images]) is small and grows with t; for
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[image: images] reaches a maximum
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for t > t0 the radius of the cloud [image: images] decreases and for
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reduces to zero (the cloud vanishes).

Observing the process of dissolution of a cloud it is possible to determine the coefficient of turbulent diffusion in the clear atmosphere D (for instance, from the relation for t1 or t0).



II. The demagnetization of a cylinder by a coil

Let us consider the problem of the demagnetization of a cylinder by a coil. Such a problem arises in connection with the theory of the ballistic galvanometer.*

In the switching on or switching off of a magnetic field through a coil an induced current arises. In an exact treatment of the problem it is necessary to take into account the reaction of this current on the field inside the cylinder.

However this braking action of the coil is usually disregarded and one solves the problem with simplified boundary conditions.

Let us deal, first of all, with such a simplified statement of the problem. We consider an infinite cylinder of radius R, on whose surface is wound a conducting coil. The cylinder is in a homogeneous magnetic field H0, parallel to the axis of the cylinder Oz. At time t = 0 the field is switched off.

Inside the cylinder, obviously, the equation
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will be satisfied, where
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Because of the axial symmetry of the field
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equation (1) can be rewritten in the form
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If one neglects the effect of the induced current in the coil in the process of demagnetization of the cylinder, the boundary condition on its surface will have the form
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The solution of equation (1′) with the boundary condition (2) is easily obtained by the method of separation of variables
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Here J0 and J1 are Bessel functions of zero and first order, μk(0) is the kth root of the equation
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Since a2 is very large, then for sufficiently large t it is possible to consider the first term in (3) (the usual method)
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Hence for the induced current we obtain:
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where Φ0 is the initial current (for t = 0).

Formula (6) is used for practical calculations in measurements by means of the ballistic galvanometer.

In order to determine the region of applicability of this formula, one should solve the original problem, taking into account the braking action of the coil.*

The induced e. m. f. in the coil, as is well-known, equals
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Let us transform the contour integral, using for this purpose Maxwell’s second equation and equation (1)
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or
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Here S is the cylinder cross-section, L is the contour, bounding S, v is the normal to the contour L.

The boundary conditions on the surface of the cylinder are written in the form
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where J is the induced current in the coil, n is the number of turns per unit length of the cylinder. Hence, taking into account that HZ2 = 0,
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where [image: images] is the linear resistance of the coil, l is the length of one turn, we obtain:
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Comparing relations (7) and (8), we finally arrive at the boundary condition
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Thus, we must solve the equation
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with the additional conditions
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The solution will be sought by the method of separation of variables, assuming
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For the functions X(r) and T(t) we obtain the relations
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where λ2 is a separation parameter.

From the second equation we find at once:
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The particular solutions of equation (10) are the functions J0 (λ r) and N0 (λ r) (see Supplement, Part I), but J0 (λ r) only satisfies the boundary condition at r = 0. Therefore
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The boundary condition at r = R gives the eigen-value equation
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or
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where
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The roots of this equation can be found either graphically or by the expansion of the Bessel functions in a power series in y = λ R.

Let us denote by yk the roots of equation (12), so that
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The general solution of our problem will have the form



[image: images]

We determine the coefficients Ak from the initial condition
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The terms of series (13) rapidly decrease, since a2 = c2/4πμσ is large (~1013 — 1014). Therefore to a sufficient degree of accuracy it is possible to confine oneself to the first term
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which leads to the following expression for the current:
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where

Φ0 = NH0 π R2 (N is the total number of turns in the coil).

Calculations lead to the following relations for the current for different values of the parameter β:
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permitting us to determine the decay of the field in the cylinder from the braking action of the current. With increase in β, i.e. with increase of the current in the coil, the rate of decrease of current diminishes. For β = 0 we naturally arrive at expression (6) for the current, which is, thus, a lowest approximation.

In the theory of the ballistic galvanometer it is important to know the time τ of the fall of the current from Φ0 to values, given by the sensitivity of the galvanometer, which characterizes the inertia of the instrument. Let γ be the relative sensitivity of the galvanometer i. e. the galvanometer can record only the values Φ ≥ γΦ0. The value τ, can be found, by substituting in the formula
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The table given below contains values of τ for different β, among them β = 0, with γ = 10–3
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The values of τ, obtained by this method enable us to interpret the results from the search coils of the ballistic galvanometer more exactly.



III. Method of finite differences for the equation of heat conduction

In order to find the approximate solutions of the equation of heat conduction one often makes use of the method of finite differences.

Let us consider the first boundary-value problem for the equation of heat conduction:
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Dividing the segment (0, l) into n equal parts by the points x0 = 0, xi = ih, …, xr = l (h = l/n) and replacing the derivative with respect to x by the second difference relation, we obtain a differential-difference system for the functions ui (t):



[image: images]
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representing a system of (n — 1) ordinary differential equations for (n — 1) unknown functions. The initial conditions determine the solution of this system.

Solving the system (1′–3′) by some numerical method we obtain a system of functions ui (t), which we shall consider as the approximate values of the function u(x, t) of the solution of the equation of heat conduction at the points xi. The approximate values of the function u(x, t) at points x, different from xi, and also the approximate values of the derivatives can be obtained by interpolation.

For this method to be valid it is necessary to prove that for sufficiently small h the functions ui (t) give the values of the function u(x, t) to any degree of accuracy.

THEOREM. The solution of the first boundary-value problem for the equation of heat conduction with continuous initial and boundary conditions (φ(0) = μ1(0), φ(l) = μ2(0)) can be approximated by the solution of the system (1′) to any degree of accuracy, i.e. whatever ε > 0 may be, there exists h(ε) such that
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for all i simultaneously, if in system (1′) h < h(ε).

First of all let us prove several lemmae.

LEMMA 1. If the function u(x, t) is the solution of the first boundary-value problem for the equation of heat conduction, continuous together with its second derivatives with respect to x in the closed region 0 ≤ x ≤ l, 0 ≤ t ≤ T, then the functions [image: images]i (t) = u(xi, t) satisfy the system of equations



[image: images]

where Qi (t) is uniformly bounded by the quantity Q0 (h), where Q0 (h) → 0 as h → 0.

Let us substitute the function u(x, t) in the system (1′). Making use of the obvious equalities
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and equation (1), we obtain:
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By virtue of the closed nature of the region under consideration (0 ≤ x ≤ l, 0 ≤ t ≤ T), the uniform continuity in this region follows from the assumption of the continuity of the function uxx (x, t), i.e. for any η > 0 it is possible to assign h(η) such that
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for any x and t. Hence it follows that
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which proves the lemma.

Note. If the function u(x, t) has continuous fourth derivatives, then
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where U(IV) is the maximum value of u(IV) (x, t) in the region (0 ≤ x ≤ l, 0 ≤ t ≤ T). This follows immediately from the equalities
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LEMMA 2. The minimum value of the solution of the system of equations
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where
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cannot be less than the minimum of the initial values or the minimum of the functions w0 (t) or wn (t).

In fact, let the system of functions wi (t) have a minimum value for i = i0, t = t0 (t0 > 0), wi (t) ≥ wi0 (t0).

Let us consider the equation for wi0 with t = t0. It is obvious that
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(the sign < can occur only for t0 = T) and
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which at once leads to a contradiction, if Qi0 (t0) > 0. If Qi0 (t0) = 0, then wi0+1 (t0) = wi0=1 (t0) = wi0 (t0).

Repeating these arguments for i0 + 1, etc., we arrive at a contradiction, if even one of Qi0 + k (t0) > 0. If all
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then
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from which it follows that the minimum value of the system of functions wi (t) (i = 1, …, n — 1) cannot be less than the minimum of the function wn (t). A similar lemma, occurs for the maximum values of the solution of system (7), if
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Conclusion 1. If the system of functions {[image: images]i (t)} (i = 1, …, n — 1) satisfies the system of equations
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and the system of functions {[image: images]i (t)} (i = 1, 2, …, n — 1) satisfies the system of equations
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where
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then
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The proof follows directly from lemma 2 in the application to the function [image: images].

Conclusion 2. The solution of the homogeneous system (7) satisfies the relation
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if
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The proof follows immediately from lemma 2.

LEMMA 3. If the function u(x, t) is the solution of the first boundary value problem for the equation of heat conduction, continuous together with its second derivatives with respect to x in the closed region 0 ≤ x ≤ l, 0 ≤ t ≤ T, then for sufficiently small h it can approximate as accurately as desired ta the solution of the finite-difference system (1′).

Let us consider the difference of the functions [image: images]i (t) = u(xi, t) and ui (t)
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These functions satisfy the system of equations
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where
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Let us prove that
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Let us consider the auxiliary system of functions
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This system of functions satisfies the equations
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with the additional conditions
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By virtue of conclusion 1 of lemma 2 the relation
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holds. Similarly, considering the system of functions — [image: images]i (t), we obtain
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Hence it follows that
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and also the proof of lemma 3, since



[image: images]

Let us determine some properties of the solution of the equation of heat conduction, which will be necessary to us later.

LEMMA 4. If the function u(x, t) is a solution of the first boundary-value problem for the equation of heat conduction, in which the initial function φ(x) is continuous together with its derivatives up to the second order in the segment 0 ≤ x ≤ l, and the boundary values μ1 (t) and μ2 (t) are continuous together with derivatives of the first order and the conditions of matching
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are fulfilled, then the function u(x, t) possesses second continuous derivatives with respect to x in the closed region 0 ≤ x ≤ l, 0 ≤ t ≤ T.

Let us consider the function z1 (x, t), satisfying the equation of heat conduction and the additional conditions
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Let us form the function
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The boundary and initial values of this function respectively equal



[image: images]

Calculating the derivatives
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we see that for t > 0 the function z(x, t) satisfies the equation of heat conduction. Thus,
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which proves the continuity of the function u(x, t) together with its derivatives up to the second order inclusive.

Conclusion. The solution of the first boundary-value problem for the equation of heat conduction for sufficiently small h approximates to the solution of the differential-difference system to any degree of accuracy, if the initial function φ(x) is continuous together with its second derivatives, and the boundary values are continuous together with the first derivatives, and the conditions of matching are fulfilled.

Let us turn now to a proof of the main theorem. In order to do this it is sufficient to show that the additional conditions of differentiability of the functions φ(x), μ1 (t) and μ2 (t) in the preceding conclusion of Lemma 4 are unnecessary. Let us consider the function u(x, t) which is the solution of the first boundary-value problem, with continuous initial and boundary conditions:
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Let us consider some functions: [image: images](x) continuous together with its second derivatives and [image: images]1(t) and [image: images]2(t) continuous together with the first derivatives, satisfying the conditions of matching
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and approximating the initial and boundary values of our function correct to ε/3*
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Let us consider the function [image: images](x, t), which is the solution of the corresponding boundary-value problem. Because of the principle of maximum value
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Similarly, because of the principle of a maximum for the differential-difference system (Conclusion 2, Lemma 2) the inequality
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holds, where the functions [image: images]i (t) and ui (t) are solutions of the corresponding differential-difference systems with additional conditions
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Because of the conclusion of Lemma 4, the relation
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holds, if h is chosen sufficiently small (see formula (8)), so that
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Comparing the inequalities obtained, we obtain
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which proves the theorem.

Replacing the derivatives with respect to t in the system of equations (1′) by the differences
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where k = Δt is the increment in t, uij = u(xi, tj), we obtain a system of finite-difference equations
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or
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with the additional conditions
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If γ < l/2a2, then all the coefficients in equation (1″) are positive and the maximum value principle holds for the finite-difference system.

In fact, assuming that uij0+1 is the maximum value of the solution of the problem (0 < i0 < n, j0 > 0), and noting that all the coefficients of equation (1″) are positive and their sum is always equal to unity, we deduce that the equation can be fulfilled only for the conditions of equality
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Pursuing these arguments further, we arrive at the conclusion that the maximum values be reached either at i = 0, i = n or at j = 0.

Repeating all the arguments outlined above for the differential-difference system, we easily verify that the solution of the finite-difference system (1″) approximates to the solution of the boundary value problem for the equation of heat conduction to any degree of accuracy.

The finite-difference system (1″) is obtained by numerical integration of the differential-difference system (1′) by Euler's method. Using other methods of numerical integration, it is possible to obtain other types of finite-difference systems, corresponding to the equation of heat conduction.

Approximate solutions of the equation of heat conduction can be obtained also, replacing only the derivatives with respect to t by the finite differences and reducing the determination of the approximate solution to a step-by-step solution of the boundary-value problems
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or
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with the additional conditions
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For a fuller account of the solution of the equation of heat conduction by this method see Smirnov, Course in Higher Mathematics, vol. IV.

The solution of the homogeneous equation of heat conduction with constant coefficients was considered above. Similar results may be obtained for the inhomogeneous equation and also for the linear equation of parabolic type with variable coefficients,* assuming the continuity of the coefficients and their differentiability with respect to t. Differentiability with respect to t is necessary for the proof of the analogue of Lemma 4. In the case, where the coefficients of the equation depend only on x, the proof remains the same.



* Compare with sub-section 1, § 1, of Chapter V.

* See Chapter III, § 3.

* It is impossible to consider the deductions as a result of this formula, since we have established them by the reduction of formula (9).

* B. A. Vvedenskii, Russian Journal of the Physical-Chemistry Society 55, I, 1923.

* This problem was solved by B. N. Nikitin (Zh. Tekh. Fiz., in print).

* Such functions can be formed in very many ways. They can be obtained, for instance, by replacing the functions φ and ψ by discontinuous lines and smoothing these discontinuities at comer points so that the conditions of differentiability and matching are fulfilled.

* In addition it is assumed that the corresponding boundary-value problem is capable of solution for continuous initial and boundary conditions.


CHAPTER VII

EQUATIONS OF ELLIPTIC TYPE
(CONTINUATION)

§ 1. Fundamental problems leading to the equation
∇2v + cv = 0

1. Steady vibrations

A very extensive class of problems, connected with steady vibrations (mechanical, acoustic, electromagnetic, etc.) leads to the so-called wave equation
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Let us consider as an example a membrane S, fixed at its boundary C and vibrating under the action of forces periodic with time. The appropriate equation has the form
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In an investigation of periodic processes it is convenient to use complex functions, replacing (2) by the equation
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The function u, obviously, is the real part of function u in (3).

We shall look for the steady vibrations, having the form
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For the amplitude of the steady vibrations v we obtain the following equation:
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to which it is necessary to add the boundary condition
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if the contour of the membrane C is not fixed, and performs periodic oscillations with the same frequency ω
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then there is an inhomogeneous boundary condition for the function v on the contour C,
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As has already been noted, problems on steady vibrations occur also in acoustics and in the theory of the electromagnetic field. Moreover, problems on steady vibrations often occur in an inhomogeneous medium, in particular, in a partly-homogeneous medium (where, for instance, there are isolated regions in space, disturbing the homogeneity). Problems in diffraction theory, which we consider below, are related to this class.

2. Diffusion of a gas in the presence of decay and with chain reactions

In the diffusion of certain gases (for instances, the emanation from radium) a decay of the molecules of the diffusing gas takes place. The rate of decay is usually proportional to the concentration of the gas. In writing the diffusion equation this is equivalent to the presence of negative sources of gas. In the case of a steady diffusion process we arrive at the equation
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where D is the diffusion coefficient. As was shown in Chapter VI, § 3, sub-section 3, great interest lies in the case c > 0, corresponding to diffusion in the presence of chain reactions, leading to the multiplication of diffusing particles. In the steady case we obtain the equation
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since the chain reaction is equivalent to the presence of sources of a diffusing substance, proportional to the concentration v(x, y, z).

3. Diffusion in a moving medium

In Chapter IV the problem concerning the diffusion of a gas in a stationary medium was considered. Let us consider the problem of the diffusion of a gas in a moving medium, whose velocity at the point M(x, y, z) has components v1 (x, y, z), v2 (x, y, z), v3 (x, y, z). The amount of gas, flowing across an element of area dσ at the point M(x, y, z) equals
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where u(x, y, z) is the concentration of gas in unit volume, n is the unit vector, normal to the area dσ, D is the diffusion coefficient at the point (x, y, z), v(x, y, z) is the velocity vector, of the current.

Forming the equation for the conservation of matter for a certain volume T with boundary Σ, we obtain:
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Let us transform the surface integral into a volume integral, using Ostrogradskii’s relation
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Hence because of the arbitrary nature of the volume T the diffusion equation follows
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or in scalar form
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The problem of heat propagation in a moving medium leads to similar equations.

Let us consider the following example. In the semi-space z ≥ 0 there is an air current with constant velocity u0, directed along the x-axis. Assuming the diffusion coefficient constant, we obtain from (8) the equation



[image: images]

which is the simplest version of the equation of gas attach.

Assuming
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and choosing
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we obtain an equation for v(x, y, z)
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where
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4. Formulation of interior boundary-value problems for the equation Δ v + cv = 0.

As was shown in Chapter I during the investigation of the canonical form of equations with constant coefficients, any equation of elliptic type with constant coefficients can be reduced to the form
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The properties of the solution of equation (1) depend essentially on the sign of the coefficient c, which is physically obvious, if we think of a diffusion interpretation of this equation.

Let us consider the question of the uniqueness of the solution of the first boundary-value problem for equation (1). For the equation ∇2v + cv = 0 with c < 0 there is a maximum value principle occuring in the following form.

The solution v(M) of the equation ∇2v + cv = 0 (c < 0), defined inside some region T with boundary Σ, cannot reach positive maximum (and negative minimum) values at interior points of region T:

In fact, we assume that at some point M0, lying inside T, the function v(M) reaches a positive maximum value [v(M0) > 0]. Then at the point M0.
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and, therefore, ∇2v ≤ 0, which is in contradiction to the negative sign of the coefficient c and the positive sign of v(M0).*

The uniqueness of the solution of the first boundary-value problem for equation (1) follows from the maximum value principle.

There can exist only one solution of the equation ∇2v + cv = 0 (c < 0), defined and continuous in the closed region T + Σ, taking given values on the boundary Σ,
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In fact, assuming the existence of two different solutions v1 and v2, considering their difference v1 — v2 and carrying out the discussions in the manner outlined above (see Chapters III and IV) we arrive at a contradiction of the maximum value principle.

If c = 0, then we obtain the first boundary-value problem for Laplace’s equation, the uniqueness of whose solution has been proved.

If c > 0, then the solution is not unique. When considering the eigen-value problem
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in Chapter V we showed by examples the existence of nontrivial solutions (eigen-functions) for λ > 0. It is obvious that the question of the multiplicity or uniqueness of the solution of the first boundary-value problem is equivalent to the question of whether c coincides with one of the eigen-values λn of the region T under consideration.

§ 2. The source function

1. The source function

Potential theory, developed in Chapter IV for Laplace’s equation, may be extended to the equation ∇2v + cv = 0. In order to form the source function we consider the solution v0, depending only on r. The Laplacian operator for the function v0(r) in a spherical system of coordinates has the form
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which leads to the ordinary differential equation
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Introducing the symbol c = k2 for c > 0 and c = —[image: images] for c < 0, we obtain:
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From equation (1) we find:
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and, consequently,
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In the case of real k we obtain two linearly-independent solutions [image: images] and [image: images], to which there correspond the real linearly-independent solutions
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For c < 0 (c = —[image: images]), using equation (1′), we obtain two real linearly-independent solutions
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The functions
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have a discontinuity at r = 0, tending to infinity as 1/r. The source function for Laplace’s equation (c = 0) has a similar type of singularity, proportional to 1/r.

Let us consider the behaviour of these functions at infinity. The case c < 0 corresponds to a process, accompanied by absorption (see the diffusion equation (6), § 1). One of the solutions [image: images] tends exponentially to zero at infinity, which in terms of the diffusion problem means a decrease in concentration, caused by absorption. This decrease is greater, the greater the coefficient |c| = [image: images], describing the intensity of the absorption. The second solution increases exponentially to infinity and has no physical significance for the problem in an infinite region (it could be interpreted as the presence of sources at infinity).

The case c = k2 > 0 corresponds to steady wave processes (see § 1, sub-section 1). The function v represents the amplitude of the function
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satisfying the wave equation (§ 1).

One of the main solutions of equation (1)
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corresponds to the vibration process
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which has the character of a spherical wave, diverging from the source at the point r = 0. The second solution
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corresponds to a vibration process
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having the character of a spherical wave, coming from infinity to the point r = 0 (converging wave). It is obvious that this solution has no direct physical significance in an investigation of processes, produced by a point source in infinite space.

We note that the function v(M) may be considered as the amplitude of vibrations of the type eiωt or e–iωt. We have taken a time factor of the first type. In the second case the diverging wave has the form
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i.e. the second solution corresponds to
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The first solution
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has no physical significance.

2. Integral representation of the solution

For equation (1), § 1 with c ≠ 0, it is possible to write down formulae, similar to Green’s formulae, which were established for Laplace’s equation. Introducing the symbol
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we at once obtain the relation
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which is analogous to Green’s second theorem (see Chapter IV § 2). Substituting here one of the “functions of a point source” in place of v, for instance [image: images], and repeating literally all the discussions of Chapter IV, § 2, we arrive at the analogous fundamental Green’s theorem
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where u(M) is the solution of the inhomogeneous equation [image: images](u) = —f(M).

For the case c = k2 we have
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which was obtained in Chapter V from Kirchhoff’s relation.

Let us introduce the idea of the source function of the equation [image: images](u) = 0 for the .region T whith boundary Σ. Let v(M) be a solution of the equation [image: images](v) = 0, regular everywhere in T. Formula (6) gives
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Adding (8) and (7) we obtain:
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This relation is valid for an arbitrary solution v(M) of the equation ∇2v—[image: images]v = 0, regular in the region T. Using a special choice of v, we obtain:
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where
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is the source function, possessing the following properties:

(1) G(M, M0) tends to infinity for M = M0 as 1/4π r, which follows from (11);

(2) G(M, M0) satisfies the equation L(u) = 0 everywhere in T, except the point M0;

(3) G(P, M0) = 0 at points P, lying on the boundary Σ.

The question of the existence of a source function is connected with the question of the existence of a function v, satisfying the equation
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and the boundary condition
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It is obvious that the function G(M, M0) is well defined for any region, and gives a unique solution of the first boundary-value problem. In particular, for c = —[image: images] < 0 this function is defined for any region. In the simplest cases it is possible to determine the source function in explicit form, by use of a method, similar to the method of electrostatic images.*

Thus, for instance, for the semi-space z > 0 the source function has the form
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where M1 (x0, y0, —z0) is the image in the plane z = 0 of the point M0 (x0, y0, z0).

We will not consider here the question of the applicability of the preceding formulae for an infinite region, which, however, can be established without difficulty in the case c < 0. Problems for infinite regions with c > 0 are related to the “radiation principle” and will be considered in the following section.

For the source function G(M, M0), defined for an arbitrary region T, there exists the “reciprocity principle”, expressed by the equation
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Proof of this relationship is a literal repetition of the corresponding proof for the case of Laplace’s equation (Chapter IV, § 2).

In the case of two independent variables the equation for the function v0 (r) has the form
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i.e. Bessel’s equation of zero order, the general solution of which may be written in the following way (see Supplement I)
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where H0(1)(kr) and H0(2)(kr) are Hankel functions of zero order of the first and second kind.

The functions H0(1)(kr) and H0(2)(kr) have a logarithmic singularity at r = 0:
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where higher terms are finite for [image: images] = 0. At infinity (as [image: images] → ∞) the behaviour of the Hankel functions is determined by the asymptotic relations
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Thus, the equation ∇22v + k2v = 0 has two fundamental solutions
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having a logarithmic singularity and corresponding to the functions eikr/r and e–ikr/r in three dimensions.

Choice of either fundamental function depends on the form of the radiation condition at infinity (see § 3, subsection 4). If the time dependence is taken in the form eiωt, then the function H0(2)(kr) defines a divergent cylindrical wave. For a time dependence e–iωt the function H0(1)(kr) defines a divergent wave.

If c = —[image: images] < 0, the the linearly-independent solutions of the equation
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are cylindrical functions of imaginary argument
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The first of these functions I0([image: images] r) is bounded at r = 0 and increases exponentially as r → ∞; the function K0([image: images] r) has a logarithmic singularity at the point r = 0
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and thus is the fundamental solution we require. At infinity it decreases according to the law
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We will not consider Green’s theorems in detail nor the idea of the source function G in the case of two independent variables, since an account of this would be a repetition of the preceding.

2. Potentials

In Chapter IV potentials were considered for the equation ∇2u = 0. Potentials of a similar type can be formed for the equation ∇2u — [image: images]u = 0.

We shall call the volume potential (for the equation ∇2u — [image: images]u = 0) the integral
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where [image: images](P) is the density of the potential.

Let us describe the basic properties of the volume potential. Proofs are carried out by analogy with Chapter IV.

1. Outside region T the function V(M) satisfies the equation
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2. Inside region T the integral (13) converges, and the integrals, resulting from formal differentiation of V(M) under the integral sign, also converge



[image: images]

3. The function V(x, y, z) is differentiable, and its first derivatives can be evaluated by differentiation under the integral sign
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The proof of the differentiability of V(x, y, z) requires only that [image: images] be bounded. Hence, in particular, (x, y, z) is differentiable at points of the surface Σ, bounding the region T, where, as a rule there is a discontinuity of the density [image: images](M).

4. At interior points of region T, in the neighbourhood of which the density [image: images] is differentiable, second derivatives of the volume potential V exist, and the potential V satisfies the equation
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5. First derivatives of the volume potential are represented by uniformly converging integrals assuming that [image: images] is uniformly bounded. Therefore first derivatives are continuous functions for all space, including points of the surface Σ.

Volume potentials enable us to represent the solution of the boundary value problem for the inhomogeneous equation ∇2u — [image: images]u = —f in the form of the sum
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where V(M) is the volume potential with density [image: images] = f/4π, u1(M) is the solution of the boundary-value problem for the homogeneous equation ∇2u1 — [image: images]u1 = 0.

Let us proceed to a survey of the properties of potentials of a single and double layer. Let us call the potential of a double layer the integral
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where μ(P) is the surface density of the potential W.

Let us enumerate the main properties of the potential of a double layer, referring for their proof to Chapter IV, § 5.

1. Outside the surface Σ the potential of a double layer everywhere satisfies the homogeneous equation ∇2W — [image: images]W = 0.

2. The potential of a double layer converges at points of the boundary, if Σ belongs to the class of Lyapunov surfaces.

3. Function W is discontinuous at points of the surface Σ and the relations
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hold. Here Wi(M0) is the limiting value of the function W(M) as M tends to M0 inside region T, We(M0) is the limiting value of W(M) as M tends to M0 on the outside of T. The potential of a single layer, defined by the surface integral
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possesses the following properties:

1. Outside surface Σ the potential of the single layer everywhere satisfies the homogeneous equation ΔV — [image: images]V = 0.

2. The integral converges uniformly on Σ and determines a function V(M), continuous over all space.

3. The normal derivatives of the potential of a single layer for a Lyapunov class of surface satisfy the relations (see (48), § 5. Chapter IV)
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where
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are the limiting values for the normal derivative from inside and from outside Σ respectively at the point M0 on surface Σ (v is the outer normal)
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The surface potentials enable us, for a very large class of surfaces (for instance, surfaces of the Lyapunov type) to reduce boundary-value problems to integral equations.

Let us consider the first interior boundary-value problem for the equation ∇2u — [image: images]u = 0 with the boundary value u |Σ = f. We assume that the unknown function can be represented in the form of the potential of a double layer
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which, as was noted above, satisfies the homogeneous equation ∇2u — [image: images]u = 0 inside T. Requiring that the boundary condition u |Σ = f be satisfied, we arrive at the following integral equation for the determination of μ:
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which is a Fredholm linear integral equation of the second kind. We will not consider here the question of the existence and uniqueness of the solution of this integral equation.

The method of finite differences can be applied to the equation ∇2u — [image: images]u = 0, as for Laplace’s equation.

§ 3. Problems for an infinite region Radiation principle

1. The equation ∇2v + cv = —f in infinite space

Let us consider the solution of the inhomogeneous equation
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in infinite space. For simplicity we shall assume that f differs from zero inside some bounded region (local function). The nature of the solution of this equation essentially depends on the sign of the coefficients c. First we consider the case c = —[image: images] < 0. The solution of the equation ∇2v — [image: images]v = —f may be represented by volume potentials
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Thus, the solution of equation (1) without additional conditions at infinity is not well defined. We shall search, in analogy to the exterior problem for Laplace’s equation, for the solution of equation (1), tending to zero at infinity. This condition is satisfied by v1(M) but is not satisfied by v2(M).

Let us prove the following uniqueness theorem:

The equation
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cannot have more than one solution, tending to zero at infinity.*

We assume that there exist two different solutions of the problem v(M) and [image: images](M) and consider their difference w = v — [image: images]. We assume, there exists a point M0 such that w(M0) = A ≠ 0. For definiteness we assume A > 0. Because w(M) → 0 at infinity, it is possible to find R0 such that for r > R0 the function w < A/2. Hence it follows that the point M0 lies inside TR0, a sphere of radius R0 and that the function w(M) reaches its maximum value inside TR0. Thus, we arrive at a contradiction of the maximum value principle, which holds for our equation (see § 2, sub-section 1). The uniqueness theorem is proved.

Now we consider the case c = k2 > 0.

The functions
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are the solutions of equation (1) as before. However in this case both functions decrease at infinity. Hence we need additional conditions at infinity, in order to determine a unique solution of equation (1). These conditions will be discussed in sub-sections 2, 3 and 4 of the present section.

2. Principle of vanishing absorption

The problem of forced vibrations with damping reduces to the equation
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We assume that the function F(M, t) is periodic in time, i.e. F(M, t) = f(M)eiωt. In this case equation (2) has a periodic solution of the form
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The function v(M), obviously, satisfies the equation
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where c = k2 — i βω is a complex quantity.

We shall call equation (9) with a complex value of the coefficient c the equation with a complex absorption of the first (Im c < 0) or second type (Im c > 0), depending on the sign of the imaginary part of c, which corresponds to a time dependence eiωt (first type) or e–iωt (second type).

The fundamental solutions of this equation, depending only on r have the form
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where
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Let us choose the signs of the roots so that q1 > 0. Therefore
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The boundary condition at infinity is satisfied only by function v0(r); function [image: images]0(r) increases indefinitely as r → ∞ and therefore has no direct physical significance.

The volume potential
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represents a unique solution of equation (9), reducing to zero at infinity. The limit v(M) for β → 0 equals
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since for β → 0 we have: q0 → k and q1 → 0. For the time dependence eiωt chosen by us the quantity q0 > 0, since the sign of q0 is connected to the sign of q1 by the relation 2q0q1 = βω (since q2 = c).

If the dependence on time is taken in the form e–iωt (Im c > 0), then a positive value of q will correspond to q0 < 0 and the the limit of q0 for β → 0 equals —k.

Thus, the additional condition, enabling us to separate the solution of the wave equation
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corresponding to a divergent wave, is the requirement that the function v(M) should be the limit of the bounded solution of the wave equation with complex absorption of the first kind with an infinitely small imaginary part of the complex absorption.*

3. Principle of limiting amplitude

In this section we give an alternative to the principle of vanishing absortion. The wave equation
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is most often encountered in an investigation of steady vibrations, produced by periodic forces (see § 1. sub-section 1).

Let us consider the wave equation with a periodic right-hand side
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In order to find the solution certain initial conditions must be added to the equation, for example zero conditions:
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The function u(M, t) at an initial stage of the process will not be strictly periodic. However, in the course of time periodic oscillations will be established in the system with the frequency of the constraining force, i.e. the solution u(M, t) has the form
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v(M) represents the limiting amplitude of the oscillations, i.e. [image: images], and satisfies the equation
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The requirement that v(M) should be the limiting amplitude of the oscillations with zero initial data, represents an additional condition, which must be added to the wave equation to determine a unique solution.

Thus, we arrive at the following problem:

Find the solution of the wave equation ∇2v + k2v = —f which is the limiting amplitude of the solution of the wave equation
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with initial conditions
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Let us represent the limiting amplitude in explicit form. In order to do this we find the solution of the wave equation (3*) with zero initial data, using the relation
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obtained in Chapter V (§ 2, (6)). Here TMat is a sphere of radius at with centre at the point M.

Let f(P) be a local function, differing from zero only inside some bounded region T0. Then for the limiting amplitude v(M) we obtain the expression
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Thus, the limiting amplitude is represented by the volume potential, given by the main solution [image: images], which corresponds to the divergent wave [image: images].

The principle of limiting amplitude leads mathematically to the same result as the principle of vanishing absorption. This is natural, since both these principles give a solution corresponding to a divergent wave.

4. Radiation condition

In the preceding sections general physical principles were considered, enabling us to define the solution of the wave equation, corresponding to divergent waves. However, these methods require the solution of auxiliary problems. Let us establish now an analytical condition, describing a divergent wave expressed directly in terms of the solution of the wave equation being investigated.

Plane waves, propagating along the x-axis, have the form
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The forward wave satisfies the equation
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the backward wave the equation.*
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For a steady state
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these relations take the form
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Let us proceed now to the case of spherical waves. If a spherical wave is produced by sources, situated in a finite part of space, then at very large distances from the sources the spherical wave is similar to a plane wave, whose amplitude decreases as 1/r. Hence it is natural to assume that a divergent spherical wave should satisfy the relation*
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similarly for a converging spherical wave
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For the amplitude. of the steady oscillations these conditions take the form
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We derived (15) and (16), assuming that at very large distances any divergent wave is similar to a plane Wave, whose amplitude decreases as 1/r. Let us verify this statement.

In the case of a point source, at the origin of coordinates, this statement is perfectly obvious, since the wave has the form
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so that
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2. Let a spherical wave be produced by a point source, situated at some point M0. The amplitude of the spherical wave equals
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where r0 is the distance between the points M and M0 equal to (Fig. 86)
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Let us evaluate the derivative
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By virtue of the result 1
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Let us verify now the validity of (15):
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In fact,
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since
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Hence from 1 it follows:
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which it was required to prove.

3. Let us show that the volume potential



[image: images]

satisfies condition (15). It is obvious that
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Formula (16′) represents the amplitude of a divergent wave, produced by sources, distributed arbitrarily inside a finite region of space T. We have seen that the function v(M) satisfies the wave equation
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and tends to zero as 1/r at infinity; moreover, it fulfills a condition at infinity
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which is the necessary additional condition.

Let us show that

there exists a unique solution of the wave equation
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where f(M) is a local function, satisfying conditions at infinity
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Assuming the existence of two different solutions v1 and v2, we find that their difference
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satisfies the homogeneous equation and the condition (a). Let ΣR be a sphere of radius R, which later we expand to infinity. Making use of Green’s fundamental theorem for the functions w(M) and v0(M) = e–ikr/4π r, we have at the point M0, lying inside Σ,
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Condition (a) for v0(r) and w(M) gives:
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Therefore
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from which the uniqueness of the solution follows, because of the arbitrary nature of the point M0.

The conditions
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are often called the radiation conditions or the Sommerfeld conditions.

It should be noted that for infinite regions, not including all space, the radiation conditions can have a form, differing from the Sommerfeld conditions.

Thus, relation (a) representing the analytical form of the radiation conditions for infinite space, is not based on a physical principle, which can be extended to regions of more complex shape.

The radiation conditions, obtained by introducing an infinitely small complex absorption into the wave equation, were used first by V. S. Ignatovski.* This principle can be applied to infinite regions of different shape and more complex problems.

For two dimensional problems, described by the equation
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the radiation conditions at infinity take the form
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The simplest solutions of this equation are Hankel functions of zero order



H0(1)(kr) and H0(2)(kr) (see Appendix I. § 3).

From the asymptotic formulae
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and the recurrence relations
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we see that the radiation condition is satisfied only by the function H0(2)(kr).

Thus, the function H0(2)(kr) satisfies equation (11), the radiation conditions (12) and has a logarithmic singularity at r = 0. Therefore the function H0(2)(kr), as has already been noted in § 2, is the required source function for the wave equation (7) in the case of two independent variables. The solution of the inhomogenous equation
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is given by the relation
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where S is the region, in which the function f differs from zero.

§ 4. Problems of the mathematical theory of diffraction

1. Statement of the problem

The propagation of waves (electromagnetic, elastic, acoustic, etc.) is accompanied by a whole series of typical phenomena (diffraction, refraction, reflection, stc.). Problems, connected with these phenomena, can be studied by solving the wave equation in an inhomogeneous medium
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where p and [image: images] are parameters of the medium.

From the point of view of physical applications, greatest interest lies in the case of partly-constant parameters p and [image: images]. The appropriate mathematical problem consists of the following. In infinite space there are a number of finite regions Ti with constant parameters pi and [image: images] the part of space T0, external to the regions Ti, is also homogeneous (p0 = const., [image: images] = const.). The wave equation inside each region Ti takes the usual form
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where ui is the value of the function u being sought inside Ti,
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in region Ti. On the surface. Σi, bounding the region Ti* the differential equations are replaced by the matching conditions
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At infinity the function v0, which is the solution of the wave equation ∇2v + k02v = —f0 in T0, should satisfy the radiation conditions
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It will be shown that the matching condinitions and the radiation conditions are sufficient to determine the solution v uniquely. The problem given above is the simplest problem of the mathematical theory of diffraction.

2. Uniqueness of the solution of the diffraction problem

Let us prove that the problem of the mathematical theory of diffraction, formulated in sub-section 1, has a unique solution. For simplicity we shall assume that the homogeneity of the medium is disturbed only by one body T1, bounded by the closed surface Σ, surrounded by the region T0. In addition we make no assumption concerning the simply connected nature of region T1.

Let us prove the following theorem:

There can exist only one function, satisfying:

(a) the equations
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(b) the matching conditions on the surface Σ
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(c) the radiation conditions at infinity
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Assuming the existence of two different solutions
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we show that their difference
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where
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satisfies the homogenous equations and the preceding additional conditions
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The functions w0*, w1* the complex-conjugates of functions w0 and w1 satisfy the homogenous equations (2′), conditions (3′) and radiation conditions
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Let ΣR be a sphere of sufficiently large radius R, encompassing the region T1, and TR be a region, bounded by the surfaces Σ1 and ΣR.

Applying Green’s theorem to the functions w1, w1* in region T1 and to the functions w0, w0* in region TR, we obtain:
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where v0 is the normal, external to region TR, v1 is the normal, external to region T1. Obviously [image: images] on Σ1.

Multiplying the first equation by p1, the second by p0, adding them and using the matching conditions (3′), we find:
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Calculating the derivatives from the radiation conditions
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we arrive at the following equation:
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The second integral tends to zero as R → ∞, therefore



[image: images]

In the Supplement, Part II, § 3, it is shown that the function
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where



[image: images]

and Ym (θ, φ) is a spherical function of m th order, satisfying the wave equation
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and the radiation condition
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Let us apply Green’s theorem in the region TR to the functions w0 and Vm
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The second component IR by virtue of the radiation conditions tends to zero as R → ∞ (see Theorem, § 3, sub-section 4). Since the first integral I1 does not depend on R, it follows that I1 = 0 and therefore IR = 0 for any R, i.e.
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If we denote
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then it is possible to write:
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from which we find
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where am is a constant factor.

The amplitude condition of spherical functions
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and formula (5) give:
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However the asymptotic relation
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shows that the modulus of the product [image: images], remains greater than some positive number for large values of r; hence, am = 0, i.e. am(r) ≡ 0; hence because of (6) it follows that w0 = 0 on the sphere Σr0. Thus, if the sphere Σr0 of some radius r0 encompasses the region T1, then outside this sphere the function w ≡ 0. Hence because of the analytical nature* of the solution of the equation [image: images] = 0 we deduce that the function w0 ≡ 0 everywhere in the region T1. Further, from the matching conditions it follows that on the surface Σ1
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Green’s fundamental theorem, applied in region T1 to the function w1, shows that
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where r = rMP, at any point M of region T1.

Thus we have verified that w(M) = 0 over all space; this proves the uniqueness theorem.

3. Diffraction by a sphere

1. In practice an important class of solutions of the wave equation
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is plane waves. A plane wave, propagating in any given direction, is a solution, depending on time and on one spatial coordinate, measured in the direction of propagation. For example, the plane wave, propagating along the x-axis, satisfies the equation with two independent variables
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and has the form
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In the case of a steady system, where the time dependence is determined by the factor eiωt, the plane wave has the form
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where k = ω/a is the wave number, |A| is the amplitude.

The plane wave, propagating in the direction l, where l(lx, ly, lz) is the unit vector, may be written in the following way:
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The functions
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which are the solutions of the wave equation
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are also usually called plane waves.

In the mathematical theory of diffraction one usually studies the excitations of a field in a homogenous medium, produced by the presence of impurities Ti, disturbing the homogeneity of the medium. Let v(M) be a field in a homogeneous medium, produced by given sources which we assume distributed outside the regions Ti(i = 1, …, n); and are sufficiently removed so that in the neighbourhood of the impurities v(M) can be represented by a plane wave,
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The actual field v0, occuring in region T0 in the presence of inhomogeneities, may be represented as the sum
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where v0(M) is the “incident wave”, w0(M) is the diffracted wave, representing the excitation of the external field v by the inhomogenities Ti.

We shall look for for the diffracted field w0(M) in the region T0, and the “refracted field” inside Ti. Let us give the conditions, defining the unknown functions w0 and vi(i = 1, 2, …, n):

(a) the functions w0 and vi satisfy the equations
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(b) at the boundaries of separation Σi of the regions Ti and T0 the following matching conditions are fulfilled:
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where v0 is a given function,
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where [image: images] is a given function;

(c) the diffracted wave w0(M) is at infinity a divergent spherical wave, i.e. it satisfies the radiation condition
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2. Let us consider in more detail the diffraction of a plane wave by a sphere.* A plane wave travelling in the direction of the z-axis
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falls on a sphere of radius R with centre at the origin of coordinates. We can expand the reflected and refracted field in a series of spherical functions: First we expand v0 and [image: images], appearing on the right-hand side of the matching conditions.

Let us assume z = r cos θ; then it is possible to use the following expansion of a plane wave in spherical functions:
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where
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and Jm+1/2(kr) is a Bessel function of the first kind of the (m+1/2)th order, Pm(kr) is a Legendre polynomial of the m th order. In fact, the left-hand side gives a solution of the wave equation, depending only on z. Any solution of the wave equation may be represented as the sum of the products of spherical functions and ψm(kr). Since in our case the left-hand side of (18) possesses axial symmetry, then
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where Cm are coefficients, indeterminate as yet. Utilizing the orthogonality of the Legendre polynomials and their norm (see Supplement, Part II), we obtain:
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Let us determine the first term of the asymptotic representation for the integral on the right-hand side. Comparing it with the first term of the asymptotic expansion of function ψm([image: images]) enables us to determine Cm. We integrate m times by parts, integrating each time e–iqξ and differentiating Pm(ξ).

As a result we obtain an expansion of the integral in powers of 1/[image: images] Retaining only the first term of the expansion, we have:
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On the other hand, as is well known (see Supplement, Part II, § 3, sub-section 2),
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Comparing these expressions, we find from (20):
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which proves formula (18).

From (17) it follows:
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The reflected and refracted fields are solutions of the wave equation and, like the incident field, possess axial symmetry. Therefore the functions v1 and w0 are taken in the form
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Let us proceed now to the determination of the expansion coefficients αm and βm. Utilizing the matching condition and comparing the coefficients with Pm (cos θ), we obtain:
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from which
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3. Let us consider as an example the problem of the scattering of sound by a solid spherical obstacle. A plane sound wave, propagating in the direction of the z-axis is incident, on a perfectly rigid and stationary sphere of radius R with centre at the origin of coordinates. The sound pressure p(x, y, z, t) (Chapter II, § 1), satisfies the wave equation
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where a is the velocity of sound, γ is the index of the adiabatic law, p0 and [image: images]0 are the pressure and density of the medium in the unperturbed state.

The pressure in the incident plane wave is given by the function
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where A is a constant.

Considering a steady process
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we obtain the wave equation for p(x, y, z)
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On the surface of the sphere SR, because of its absolute rigidity, the normal component of the velocity u should equal zero. The projection of the velocity in the direction of the normal n is related to the pressure by the following equation:



[image: images]

which in the steady case gives
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Hence we obtain the boundary condition
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Assuming p = p0 + w, where w(x, y, z) is the pressure of the scattered wave, we obtain the following relations for w

(a) the function w(x, y, z) satisfies the wave equation



[image: images]

(b) on the surface of the sphere SR the boundary condition
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is fulfilled;

(c) the scattered wave w is known at infinity as a divergent spherical wave, i.e. it satisfies the radiation condition for r → ∞,
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It is readily seen that this problem is a particular case of the diffraction problem considered above and corresponds to a value of the parameter p1 = 0.

Assuming in (25) and (28) p1 = 0, we obtain:
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and
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If the wavelength is large in comparison with the dimensions of the sphere, i.e. k0 R [image: ] 1, then in (29) it is possible to use the expansions of the functions ψm(kr) and ζm(kr) in series, which follows from the expansion of the functions Jm+1/2(kR) and H(2)m+1/2(kR) in powers of the small argument kR (see Supplement, Part I, §§ 1 and 3):
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Since
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then we obtain:
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from which it follows:
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Substituting the expressions determined for ψ′m and ζ′m in (29) we find:
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We see that the next coefficients are proportional to (kR)5, therefore for wave lengths (kR [image: ] 1) the perturbation w is approximately represented by the first two terms of series (30)
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At large distances from the excited sphere (kr [image: ] 1) in the so-called “distant” or “wave” zone we have the asymptotic representations for the functions ζ0(kr) and ζ1 (kr)
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which follow from the asymptotic representations of the Hankel functions.
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Substituting in (31) expressions (32) for ζ0(kr) and ζ1(kr) and replacing β0 and β1 by their approximate values, we obtain:



[image: images]

Let us turn now to a calculation of the intensity of the scattered wave; this is the mean value of the energy flow (Umov vector), [equal to] the product of the excess sound pressure w and the velocity u, where u and w are the real parts of the appropriate expressions. In our case
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where w0 and u0 are the appropriate amplitudes.

Let us evaluate the intensity of sound I in the wave zone, retaining the main terms of the asymptotic expansions
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From the equation of motion
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and formula (34) we find:
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Thus
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Denoting the power, scattered by the sphere in a cone dθ, by
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we have:
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The polar diagram of the intensity of sound scattered from a sphere is given in Fig. 87. If
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then there is no scattering in the direction θ = α.

Problems on Chapter VII

1. Find the source function of a stationary point source of gas, assuming that the gas decays in the process of diffusion. Solve the problem for diffusion in space and in a plane.

2. Solve the same problem in the semi-plane y > 0, assuming that at y = 0 the concentration equals zero.

3. (a) Solve the interior and exterior problems for the equation
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if on the sphere r = r0 there is given the boundary condition u |r=r0 = A = A cos θ.

In the case of the exterior problem state the conditions at infinity, ensuring the uniqueness of the solution.

Consider similar problems, assuming that
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(b) Solve similar problems for the equation with two independent variables, where the boundary conditions are given on a circle of radius r0 and have the form
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and, move generally,
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4. Solve problems 3 (a), (b) for the equation
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In the case of the interior problem, find the values of r0 for which there is a unique solution (assume k given).

Formulate conditions for a solution for both two and three independent variables.

5. At a depth h under the surface of the earth there is a medium, in which a radioactive substance is distributed with constant density. Find the concentration of the radiation, assuming that its concentration at the surface equals zero.

6. Find the natural frequencies of a membrane, having the shape of a ring, whose radii equal a and b (a < b), assuming that v |r=a = 0 and v |r=b = 0. Show that the limit of the first eigen-value as a → 0 equals the first eigen-value of a circular membrane of radius b with a fixed boundary.

7. Find the natural oscillations and the frequencies for a cavity of cylindrical shape, assuming the walls of the cavity ideally conducting. Consider the same problem from an acoustic viewpoint.

Hint. In the case of electromagnetic oscillations introduce the polarization potential (see Appendix I to Chapter VII).

8. Determine the electromagnetic field of a point dipole in infinite space, assuming that the time variation of the field is proportional to eiωt. Investigate the asymptotic behaviour of the solution at large distances (in the wave zone). Solve the same problem for a dipole, above a perfectly conducting surface (vertical dipole).

Hint. Introduce the polarization potential.

9. Set up the problem of propagation of electromagnetic waves inside an infinite cylindrical waveguide of arbitrary cross-section with ideally conducting walls. Consider the wave of electric type, of longest wavelength, propagating along a circular cylindrical waveguide. Find the field, and calculate the energy flow across a section, perpendicular to the arcis (see Appendix I to Chapter VII).

10. Solve the inhomogeneous equation
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in an infinite cylindrical region of circular cross-section, with homogeneous boundary conditions of first or second kind on the surface, and find the source function (see Appendix II to Chapter VII).
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11. Find the source function in the case of the first boundary-value problem for the equation
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(a) in the semi-space z > 0;

(b) in the semi-plane y > 0;

(c) inside the layer —l ≤ z ≤ l.

12. Solve the problem of the diffraction of a plane electromagnetic wave by an infinitely ideally-conducting cylinder. Solve the same problem in acoustics.

13. Find the characteristic electromagnetic oscillations of a spherical vibrator with ideally conducting walls. Consider the case of oscillations of TE and TM type (see Appendix II to Chapter VII).

14. Find the characteristic electromagnetic oscillations of a cavity consisting of a region enclosed between two coaxial cylindrical surfaces and two planes, perpendicular to the axis of the cylinders (Fig. 88).

Hint. For the polarization potential IIn,m use the relation, similar to (14) of Appendix II to Chapter VII.

 

APPENDICES TO CHAPTER VII



I. Waves in cylindrical guides

1. In the design of a certain kind of transmitter one has to solve the problem of the transmission of electromagnetic energy from the transmitter to the transmitting aerial or, conversely, from the aerial to the receiver. Problems of relaying the electromagnetic energy are also met in a number of other practical problems of modern radio-engineering.

Formerly this problem was satisfactorily solved by means of a two-wire line, consisting of two metal conductors, between which an electromagnetic wave is propagated. However, it appears that along with the disadvantages, inherent in general in transmission lines, such a two-wire line radiates electromagnetic energy, this radiation increasing with increase in frequency of the radiowave. Therefore such a form of transmission line becomes less suitable in the region of ultra-short waves.

Now other transmitting devices are employed in the technique of ultra-short (centimetre and micro) waves for the transmission of energy, hollow metal pipes (wave guides), inside which the propagation of radiowaves takes place. Such transmitting devices, having small losses, are very suitable transmission lines.*

The mathematical theory of the propagation of radiowaves in pipes was begun by Rayleigh, who investigated the propagation of acoustic waves in pipes. There has been an intense development in the theory of waveguides, especially in the work of Soviet scientists. The properties of circular, rectangular and other forms of waveguides have been throughly investigated.

Let us first consider the properties of waveguides of arbitrary cross-section, and subsequently illustrate them by a number of concrete examples. Thus, we consider a cylindrical pipe, extending indefinitely along the z-axis. We shall assume the walls of the pipe to be ideally conducting. Let us denote by Σ the surface, S the cross-section of the pipe and by C the contour, bounding this section. We assume that: (1) the characteristics of the medium, filling such a waveguide, ε and μ equal 1, σ = 0; (2) inside the waveguide, field sources are absent; (3) the field varies periodically according to the law e–iωt.

Maxwell’s equations in this case take the form
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Since the walls of the waveguide are ideally conducting, the tangential component Et along the waveguide wall equals zero
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Let us show that travelling electromagnetic waves can be propagated inside the waveguide. We shall look for a solution of equation (1) in the form
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where ∏ is the polarization potential. Let us consider the case, where the vector ∏ has only one component, directed along the z-axis. In this case equations (1) after substitution of expressions (3) in them give:
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Condition (2) will be fulfilled, if
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We seek a solution in the form
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where M is a point, lying on the cross-section S. Substituting (6) in (4), we find that ψ(M) is an eigen-function of the problem of the oscillations of a membrane, with a fixed boundary, i.e.
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Here [image: images] is the two-dimensional Laplacian operator.

Let us denote by {λn} and {ψn} the system of eigenvalues and eigen-functions of this problem. The particular solution of problem (4) has the form
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where the function fn(z) is determined from the equation
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The general solution of equation (8) is



[image: images]

The term Aneiγnz corresponds to a wave, travelling in the positive direction of the z-axis, and the second term in formula (9) to a wave, travelling in the opposite direction.

Considering only the wave, travelling in one direction, we assume
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then we obtain a solution in the form
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where An is a constant, obtainable from the conditions of excitation of the fields.

Substituting expression (10) in formula (3) and restoring the factor e–iωt we find the components of the field in the form
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where Fn is a function, expressed in terms of the eigen-function of the membrane ψn(M) or its derivative.

If k2 > λn, then γn is real and expression (11) represents a travelling wave, propagating along the z-axis with a phase velocity
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The group velocity of the wave equals
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i.e. in a hollow waveguide dispersion occurs.

If k2 < λn, then γn = i xn (xn > 0) and in place of (11) we obtain an attenuated wave
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propagating along the z-axis in the positive direction.

Since the characteristic frequencies λn of the membrane increase indefinitely with increase in n, then whatever the frequency w may be, starting from some number n = N, we have:
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Hence it is possible to propagate only a finite number of travelling waves in the waveguide. If k2 < λ1 then not even one travelling wave can exist in the waveguide.

In order that in a waveguide of a given shape and dimensions one travelling wave can be propagated the condition
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should be fulfilled, where Λ is the wavelength, propagating in the pipe.

For a waveguide of rectangular cross-section with sides a and b we have:
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and therefore, a travelling wave can exist only on condition
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The solutions of Maxwell’s equations can also be fields with the z-component of the electric field equal to zero
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Introducing the vector [image: images] and assuming
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we verify that the function ∏ (M, z) should be determined from the equation
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and the boundary condition
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Repeating the arguments deduced above, we find the solution of this problem
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to which there correspond solutions of Maxwell’s equations of the form
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Here [image: images] and [image: images] denote the eigen-functions and eigen-values of a membrane S with free boundaries
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Thus, there can exist in the waveguide electromagnetic fields of two kinds {E, H} and [image: images], defined by formulae (3) and (16). The following terminology is adopted: we speak of electric waves (or TM waves), if Hz = 0, or of magnetic waves (TE type), if Ez = 0. We have verified that in the waveguide TE and TM waves can exist. It is possible to show that any field in the waveguide can be represented as a sum of TE and TM fields. Hence it follows that an arbitrary field in the waveguide can be determined, if the two scalar functions ∏(M, z) and [image: images] are known.

2. Let us determine the energy, carried by the travelling wave, for instance of the TM type.

In order to do this we calculate the flux of the Umov–Poynting vector across the section S:



[image: images]

where H* is the complex-conjugate of the vector H, S is a perpendicular section of the waveguide.

We introduce a rectangular system of coordinates, x, y, z. Then
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Let us express the field components in terms of the polarization potential ∏ by the relations
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and substitute their values in (21)
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The function ∏ and its conjugate function ∏* according to (10) are represented in the form



[image: images]

where ψn is the eigen-function which is zero on C (ψn|c = 0). Hence it follows that in place of (22) one may write
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Applying Green’s first theorem
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we obtain an expression for the energy flow of the travelling wave of number n
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If several waves are propagated simultaneously, then Wz will equal the sum of components of type (23).

We pass now to the problem of exciting of electromagnetic fields in a waveguide.*

3. In a certain volume V0 inside a waveguide Σ there are given currents j(M, z)e–iωt, varying harmonically with time. Let us determine the field, produced by these currents. By virtue of the principle of superposition of fields it is sufficient, to solve the problem of the excitation of the waveguide by an elementary dipole of arbitrary orientation.

In order to describe the method of solving the general problem let us consider the simpler case of the excitation of the waveguide by a linear current I = I0 (z)e–iωt, of length L, parallel to the z-axis.

To determine the electromagnetic fields excited in the waveguide, it is necessary to make use of

1. Maxwell’s equation (1).

2. The boundary conditions
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3. The radiation conditions, in the form of the requirement of the absence of waves arriving from infinity.

4. The excitation condition, which we write in the form**
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where Kε is a circle of radius ε (ε → 0), encompassing the path L, [image: images] = MM0, where M0 is a point in the current, M is a point, on the circumference of Kε. In other words, the electromagnetic field at the current should have a singularity of a given kind.

Let us go to the potential ∏, using formula (3) for this. Let (M0, ξ) be an arbitrary point on the current. We choose a cylindrical system of coordinates [image: images], φ, z with centre at the point (M0, ξ) and let us calculate Hs, using equation (3)
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Hence from (24) it follows that at the point (M0, ξ) function ∏ should have a logarithmic singularity
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Thus ∏(M, z) should satisfy the wave equation (4), the boundary condition ∏ = 0 on Σ the radiation condition and the excitation condition (25).

We shall look for a solution of this problem in the form
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where ∏0 (M, M0; z, ζ) is the source function, defined as the solution of the equation
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in the variables (M, z) and (M0, ζ), satisfying the boundary condition
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and the radiation condition and having a singularity of the type [image: images] when the arguments coincide, i.e. representable in the form of the sum
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where v is a regular function, determinable from the equation and the boundary condition
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The function ∏(M, z), defined by formula (26), has a logarithmic singularity, and the excitation condition is fulfilled, if the normalizing factor is chosen to be
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Hence it follows that
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In particular, for a short element of current of length l
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Therefore, ∏0 has the physical meaning of the polarization potential, corresponding to the excitation by an element of current, situated at the point (M0, ζ) parallel to the axis of the waveguide.

Thus, the problem of determining the field in a waveguide is completely reduced to the problem of finding the source function ∏0 of the first boundary value problem for the equation ∇2u + k2u = 0 in the waveguide.

In order to construct the source function, the method given in Chapter VI, § 2, may be applied. Let us consider the inhomogeneous equation
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where f(M, z) is a given function with the boundary condition
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We shall look for the function u(M, z) in the form of the series
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where ψn(M) are the normalized eigen-functions of equations (7)
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Expanding f(M, z) in the series
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and substituting expressions (28) and (29) in equation (27), we obtain the equation



[image: images]

The solution of this equation is given by the relation
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which by (29) may be written in the form
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Substituting this expression in (28) and changing the order of summation and integration, we have:
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where
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The series ∏0(M, M′, z — ζ) for z ≠ ζ is uniformly and absolutely convergent by the definition for eigen-functions* and the presence of the exponential factor. The function ∏(M, M′, z — ζ) at the point (M = M′, z = ζ) has a singularity of the kind 1/r. We will not give a proof of this statement.* From what has been said above it follows that
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i.e. the source function ∏0 has the form



[image: images]

From formula (33) it follows that the field in this case is represented as a superposition of waves of type (11) and (12). From the note on p. 598 it follows that series (33) will consist of a finite number of components of the form
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and of an infinite number of components of the form
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where
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In order to determine the fields it is necessary to make use of formulae (26) and (3).

The problem of the excitation of a waveguide by an elementary magnetic dipole, parallel to the z-axis (an infinitely small current loop with the electric current in the plane Sz=ζ) leads us to a second source function
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satisfying the boundary condition [image: images] on Σ. In addition Hz = 0; [image: images] (kl is the moment of the magnetic dipole).

In a similar way it is possible to solve the problem of excitation by an arbitrarily orientated dipole (element of current). The corresponding functions ∏ will be given by a formula, similar to formula (33). In the case of surface and volume currents the functions ∏ are given by surface and volume integrals (by analogy with (26)).

Thus the problem of the excitation of any cylindrical waveguide by arbitrary given currents is completely solved. In order to make use of general formulae for a waveguide of given cross-section, it is sufficient to find the characteristic oscillations of a membrane, having the shape of a perpendicular section of the waveguide i.e. to solve the eigenvalue problem (7) or (19).

Expressions for the normalized eigen-functions of a rectangular membrane of sides a and b are
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For a circular membrane of radius a we have:
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where μmn is a root of the equation Jn(μ) = 0; [image: images] [image: images] is a root of the equation [image: images].



II. Electromagnetic vibrations in hollow resonators

Recently there has been an extensive development of cavity resonators which are metal cavities filled with dielectric (in particular, air). In such cavities steady electromagnetic fields (standing waves), can exist.

In radio engineering of ultra-short waves cavities of a very complicated shape are employed. The general problem of determining the characteristic vibrations of resonators of an arbitrary shape is extremely complex, but for cavities of the simplest shape a solution can be obtained in explicit form. Since the walls are made from highly conducting metal, in the calculation of the characteristic vibrations it is usual to assume the walls to be ideally conducting. Correction for the finite conductivity can be made, using Leontovich’s boundary conditions. Later we shall assume that the walls of the vibrator are ideally conducting and all field quantities vary with time according to the lax e–iωt

Without giving an exhaustive account of the theory of cavities, let us consider some general problems of the theory of these oscillatory systems.

1. Characteristic oscillations of a cylindrical resonator

The problem of determining the characteristic electromagnetic oscillations involves finding the non-trivial solutions of Maxwell’s equations* or more exactly determining the characteristic frequencies ω, for which the system of homogeneous Maxwellian equations has non-trivial solutions, and finding the solutions.

Maxwell’s equations in this case have the form
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inside the cavity T, with boundary conditions on the surfaced Σ
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or
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Both these conditions are equivalent.

Let us find the characteristic oscillations for a cavity, consisting of “a segment” of cylindrical waveguide of arbitrary section, bounded by two walls at z = ± l (the z-axis is parallel to the cylinder axis).

Just as in the cylindrical waveguide, oscillations of both electric type (Hz = 0) and magnetic type (Ez = 0) are possible.

For waves of electric type we assume
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where ∏ = ∏ iz (iz is the unit vector, directed along the z-axis) is the polarization vector-potential, whose component along the z-axis only differs from zero. From formula (4) we see that in this case Hz = 0.

The function ∏, as is usual, satisfies the wave equation
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On the surface Σ let us choose a local rectangular system of coordinates (s, v, iz), where v is the unit vector, directed along the normal to the surface, s is a tangent to the contour C, bounding the perpendicular section S of the cylindrical resonator.

By the boundary conditions (2) we have:
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Both these equations will be satisfied if
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At z = ± l from (2) we obtain the conditions
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which are fulfilled if
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Thus, we arrive at the following boundary-value problem:

Find the non-trivial solutions of the wave equation
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with the homogeneous boundary conditions
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As in the case of the cylindrical waveguide (see p. 596), we put the solution in the form
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Substituting this expression in equation (6′) and using condition (7), we obtain for ψ(M) the problem of characteristic oscillations of a fixed membrane, having the shape of a perpendicular section S,
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The function f(z) satisfies the equation
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with the boundary condition
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resultant from condition (8).

One should realize that here, in contrast to the problem for waveguides, k2 can not be arbitrary. We must find those values of k2 for which the problem (6)–(8) has a non-trivial solution.

Solving equation (12) with conditions (13) we find the eigen-functions
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corresponding to the eigen-values
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where
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The boundary value problem (10)–(11) gives a spectrum of eigen-values {λn} with a corresponding system of normalized eigen-functions {ψn(M)}. Hence it follows that there can exists in the cavity only such oscillations, whose characteristic or resonant frequencies equal
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To these frequencies there corresponds a system of eigen-functions
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or
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where
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are functions normalized to unity. The solution is given up to an amplitude factor An,m which is found from the excitation conditions.

If the eigen-functions ψn(M) are known, then it is possible to calculate the field components from formulae (4) and (5).

If the cross-section S of the resonator is a rectangle with sides a and b, then we have:
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In this case the minimum characteristic frequency
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corresponds to a maximum permissible wavelength
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In particular, for b = a, the maximum wavelength
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equals the diagonal of the square. Therefore, in such a resonator only characteristic oscillations of frequency
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are possible, or wavelengths
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By complete analog the characteristic oscillations of magnetic type (Ez = 0) are found. In this case we assume



[image: images]

where
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In order to determine [image: images] we use equation (6) with the boundary conditions
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solving which we find
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In this case by [image: images] one should understand the eigen-functions of the membrane S with the boundary condition [image: images] on C.

2. Electromagnetic energy of the natural vibrations

Let us calculate the energy of the electric and magnetic fields in a standing wave in a cylindrical resonator.

For simplicity we confine ourselves to the case of a wave of electric type. Taking into account the dependence of E and H in formulae (4) and (5) on time according to the law e–iωt and considering only the real part, we obtain:



[image: images]
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In order to calculate the energy of the electric and magnetic field we use the relations



[image: images]
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where the integration is performed over the volume T of the resonator.

Substituting in (18) expressions (16) and using (14′), we have:*
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Performing simple calculations, we obtain:
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because of the normalization of the functions f
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In order to calculate the integrals over S we make use of Green’s first theorem, the equation for ψn, the boundary conditions and the normalization condition
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where ∇2 is the operator “nabla” in the plane S, ∇22 is the two-dimensional Laplacian operator. As a result we obtain an expression for the energy of the electric field
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For the energy of the magnetic field because of (17), (19) and (14′) we have:
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from which, taking into account (21) and (22) we find:
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The total energy of the electromagnetic field, obviously, does not vary with time:
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From formulae (23) and (24) we see that in the standing wave a reciprocal transformation of electric into magnetic energy takes place and, conversely, the mean value of the energy of the electric field
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equals the mean energy of the magnetic field
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3. Excitation of oscillations in the resonator

In order to excite the field in the resonator by an external source it is necessary to introduce a coupling element through a hole in its case. This coupling element can be either a loop or a rod, acting as a small antenna. In order that the coupling element should not disturb the field in the resonator, it is necessary that its dimensions should be very much less than a wavelength. Other methods of exciting the resonator are possible, for instance by a beam of electrons, traversing the resonator cavity (through a gap in its walls).

The solution of the problem of the excitation of the resonator by an antenna, situated inside, or in the limiting case by an elementary dipole, requires the inclusion of the finite conductivity of the walls. Otherwise a steady process is impossible. Calculation in the case of walls of finite conductivity can be made by means of Leontovitch’s conditions.

We consider here the problem of exciting a spherical resonator by a dipole, assuming a simple analytical solution.* At the centre of a sphere of radius r0 there is a dipole, oscillating with a frequency ω and amplitude l, and directed along the z-axis. It is required to find the field inside the sphere, taking into account the finite conductivity of the walls.

In this case the fields E and H can be expressed by the function U:
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The remaining components Eφ, Hr, Hθ, equal zero.

Since the dipole is directed along the z-axis (θ = 0) then the fields, obviously, should not depend on the angle φ.

The function U satisfies the equation



[image: images]

where [image: images] = kr, where U has, as [image: images] → 0, a singularity of the form
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On the surface of the sphere ([image: images] = [image: images]0) Leontovicth’s condition
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should be fulfilled, where
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is the effective depth of the skin-layer.

From relations (31) and (28) the boundary condition for U follows
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or
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The solution of (29), having the singularity (30) is the function
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where P1 (cos θ) is a Legendre polynomial of first order, [image: images] is a Hankel function of first kind, [image: images] is Bessel’s function
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The constant C is determined from the boundary condition (33)
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The solution obtained may be used to determine the value of the wall losses. The power absorbed in the walls,
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is calculated directly and equals
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where
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If the dipole is not situated at the centre of the sphere, then calculation of the fields is very complicated, but a solution may be obtained in the form of a series.*



III. Skin-effect

A variable current in contrast to a constant one is not distributed uniformly over a cross-section of a conductor, and has a greater density on its surface. This effect is called the skin-effect**

Let us consider, for simplicity, an infinite homogeneous cylindrical conductor (μ = const., σ = const.) on which a variable current flows. We shall assume that the total current I = I0 eiωt, flowing through a section of the conductor, is known.

Neglecting displacement currents in comparison with the conduction current*** and assuming the process to be steady, i. e. depending on time according to eiωt, we obtain, after division by the factor eiωt, Maxwell’s equations in the form
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where [image: images]. Equations (3) and (4) in the given case, obviously, follow from equations (1) and (2).

Let us introduce a cylindrical system of coordinates (r, θ, φ), so that the z-axis would coincide with the axis of the conductor. Then by virtue of the axial symmetry of the current all quantities may be assumed to depend only on the variable r.

Since in our case the vector E is directed along the z-axis, then from equations (1) and (2) we have:
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Eliminating Hφ, we find:
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Let us introduce a boundary condition on the surface of the conductor when r = R. In order to do this we make use of the fact that the total current I0, flowing through the cylinder, is known.

We write Maxwell’s first equation (1) in integral form:
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where C is the contour, encompassing the conductor, Hs is the tangential component of vector H on C. For such a contour we obtain:
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or
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Hence, using relation (2) we find:
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Thus, we must solve Bessel’s equation
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with the boundary condition
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and the limiting condition at r = 0
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The general solution of equation (5′) has the form
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where J0 and N0 are Bessel functions of the first and second kind (see Supplement, part I), A and B are constants, to be determined.

The function N0 has a logarithmic singularity at r = 0. Therefore because of (8) B = 0 and, consequently,
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We determine the coefficient A from the boundary condition (7):
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Hence for the current density
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we obtain:
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On the right-hand side of this formula is Bessel’s function for a complex argument
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Usually one uses for these functions the following symbols:
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It is easy to find expressions for the real functions ber x and bei x, using the expansion of Bessel functions in series. For instance
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from which we obtain:
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It is easily verified in a similar manner that
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In the appendices one also meets the derivatives
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where
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Using the functions introduced, expression (12) for the current may be rewritten in the form
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or
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Evaluating the absolute value of this expression, we obtain:



[image: images]

The quantity, describing the distribution of current over a cross-section is the ratio
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Let us perform the calculation of the distribution of current over a cross-section for the frequencies ω1 = 314 (50 c/s), ω2 = 314 × 104 (5 × 105 c/s). For the calculation it is more convenient to use the c. g. s. system.

All the calculations outlined above were performed in a gaussian symmetrical system. Therefore in a transition to a c. g. s. system one should take into account that μc. g. s. = μgauss 1/c2. All the remaining quantities, appearing in formulae (12), (18), (19) and (20) coincide in both systems (gaussian and c. g. s.) Therefore in the c. g. s. system
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For copper σ = 57 × 105 c. g. s., therefore a1 = 0.4444 (for ω1), a2 = 44.44 (for ω2). Let us calculate the ratio of the moduli of the currents (20) for the low frequency ω1 = 314 for two values of r: r = 0 and r = 0.5R. We assume in this R equal to unity.

Taking into account* that
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we find that
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i.e. at a low frequency the current is distributed over a cross-section approximately uniformly (skin-effect is absent).

Let us consider now the second case: ω2 = 314 × 104. Since a is large, it is more convenient to proceed not from the expansions of the functions ber and bei in series, but from the asymptotic relations
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from which we obtain, for the values r = 0.9R; R = 1:
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This result indicates the extremely rapid decrease of current density inside the conductor at high frequencies. We note in conclusion that the skin effect is widely used in practice for the hardening of metals.



IV. Propagation of radiowaves over the surface of the earth

Problems, connected with the propagation of radiowaves both in free space and in the presence of surfaces of separation, have immense theoretical and practical value. A very large amount of work by soviet and foreign authors has been devoted to these problems.

We consider the problem of the effect of the earth on the propagation of radio waves emitted by a vertical dipole. In addition we shall assume the earth to be flat.*

There is a dipole at the point P0, a distance h above the earth’s surface, emitting periodic oscillations of frequency ω. We call the earth’s plane the plane z = 0 and direct the z-axis along the dipole axis (Fig. 89). We assume that in the atmosphere (z > 0) ε0 = μ0 = 1, σ0 = 0. We assume further that the earth (z < 0) is characterized by a dielectric constant ε, conductivity σ, and the magnetic permeability μ may be taken equal to unity; we shall assume ε and σ to be constants.

Our problem is to find the field produced by the dipole. The process of propagating electromagnetic waves is described by Maxwell’s equations.

As was shown in Appendix II to Chapter V, the solution of Maxwell’s equations can be reduced to the solution of the wave equation for the polarization potential ∏:*
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where
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FIG. 89
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The potential ∏ is connected to the field strength by the relations
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In our case the vector ∏ is parallel to the radiating dipole
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Putting
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we obtain:
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Relations (2) and (3) give:
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In order to obtain the boundary conditions for z = 0 we make use of the condition of the continuity of the tangential components of the field strengths. These conditions, as formulae (4) and (5) show, will be fulfilled if it is assumed:
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We shall look for the solution of equation (1) with boundary conditions (6) as a superposition of particular solutions of the form
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For an infinite region in place of a discrete spectrum of the eigen-values λ, a continuous spectrum is obtained. Therefore solution ∏ may be sought in the form
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the sign of μ should be chosen so that the convergence of the integral (7) is ensured. The remaining function F(λ), undetermined so far, represents the amplitude factor of the oscillations.

Let us utilize the integral representation of the potential of a dipole in free space (see Supplement, part I, § 5)
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We consider two different regions:

(a) Air (z > 0).

The field in this region will have the form
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where
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is the field potential of the primary excitation, produced by the same dipole, and ∏S is the field potential of the secondary excitation, produced by currents originating in the earth.

Utilizing (7), (8), and (9) we can write:
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where F(λ) is a function undetermined for the time being.

(b) The earth (z < 0).

In this region only secondary excitation occurs, which we can write in the form
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where [image: images]. Since z < 0, the sign of the exponent of the exponential ensures the convergence or the integral.

In order to determine F(λ) and F3(λ) we use the boundary conditions (5) which give:
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Conditions (12) will be fulfilled, if we assume
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Solving equation (13), we determine F(λ) and F3(λ) in the form
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Substituting expression (14) obtained in formulae (10) and (11), we obtain the following expressions for the polarization of the field of a vertical dipole:
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Denoting by [image: images] the distance from the point of observation to the dipole, by [image: images] the distance from the point of observation to the mirror image of the dipole in the plane z = 0 and using (8) we rewrite the expression for the function II in the form
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Let us consider some limiting cases.

(1) Ideally conducting earth. In this case σ → ∞, and therefore, |k3| and |n| → ∞. Moreover formulae (15) and (15′) give:
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This result is readily obtained directly, solving the problem by the method of images.

(2) A dipole in a homogeneous medium. In this case k0 = k3; n = 1; μ = μ3. Formulae (15) and (15′) give:
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i. e. one primary excitation occurs, as should be.

The integral expressions (15) obtained are very complicated for study and for practical application. The expressions under the integral sign have branch points and poles. The method of approximate calculation of these integrals by means of deformation of the contour of integration was suggested by Sommerfeld. By this the following approximate formula for the field near the surface of the earth was obtained:



[image: images]

where the quantity [image: images] is the so-called “numerical distance” connected to the pole p of the expression (15) under the integral sign by the relation



[image: images]

Formula (16) agrees with formulae obtained by other means by a number of different authors (Weyl, Van der Pol, Fok).



* Compare with the proof of the principle of maximum value for the equation of heat conduction.

* The method of electrostatic images is inapplicable for a sphere with c ≠ 0.

* By the term “function, tending to zero at infinity” we understand the following: whatever ε may be, there exists r(ε) such that for any point M(r, θ, φ), for which r > r(ε), |u(M)| < ε, i. e. we assume the uniform convergence to zero as r → ∞.

* See A. G. Sveshnikov: Principle of radiation, Dokl. Akad. Nauk. SSR. 73, 5. 1950.

* These are partial differential equations of the first order, whose solutions have the form of a forward and backward wave.

* Later we make use of two symbols: [image: images](ξ) a quantity decreasing with ξ as ξ → 0, o(ξ) a small quantity of a higher order than ξ as ξ → 0.

* V. S. Ignatovski, Ann. de Physics 18. 1905.

* In addition we consider for simplicity the case where the inhomogeneities Ti have a common boundary only with the surrounding medium.

* The analytical nature of function w in region T1 follows from (7), § 2, for the complex value x = ik and for the surface Σ, lying entirely inside T1.

* Similar methods are often used in quantum mechanics in problems on the scattering of particles.

* B. A. Vvedenskii and Y. G. Arenberg, Waveguides, part I, Gostekhizdat, 1946.

* A. A. Samarskii and A. N. Tikhonov, Zh. Tekh. Fiz. 27, copy 11 12, 1947.

** See Chapter V, Appendix II, Sub-section 3.

* For the eigen-functions ψn(M) the inequality |ψn(M)| ≤ A λn holds, where A is a constant independent either of the point M, or of the suffix n. In fact, the boundary-value problem (7) is equivalent to the integral equation [image: images] where G(M, M′) is the source function for Laplace’s equation [image: images] with the boundary condition u|c = 0. From this integral equation by virtue of Bunyakovskii’s inequality it follows



[image: images]

since



[image: images]

By a similar method, inequalities for the derivatives are obtained



[image: images]

* See A. A. Samarskii and A. N. Tikhonov, Zh. Tekh. Fiz. 27, copy 11, 1947.

* The factor e–iωt is omitted everywhere.

* We temporarily omit the signs of m, n.

* See S. M. Rytov, Dokl. Akad. Nauk SSR 51, copy 2, 1946.

* See V. Nikitin (Zh. Tekh. Fiz., in print).

** I. E. Tamm, Foundations of the Theory of Electricity, Gostekhizdat 1946.

*** We note that inside conductors, in particular inside metals, the density of the displacement currents is negligibly small in comparison with the density of the conduction currents: jd [image: ] j = σ E.

In our case the latter relation is equivalent to the requirement



[image: images]

For hard metals the conductivity σ ≈ 1017 abs. units, so that it is possible to neglect displacement currents for all frequencies employed in engineering.

* See also Janke and Emde, Tables of Special Functions, Gostekhizdat, 1949.

* This problem was first solved by Sommerfeld’s original solution contained an error, which was corrected by V. A. Fok.

* Since the process is considered steady, the time factor e–iωt may be omitted.


SUPPLEMENT

Special functions

INTRODUCTION

§ 1. Equations for special functions

The method of separation of variables, as we verified in the solution of the simplest problems in Chapters II and III, leads to the eigen-value problem



[image: images]

where



[image: images]

Besides the equation for the trigonometric functions



[image: images]

corresponding to the case a = 0, b = 1; q = 0, k = [image: images] = const, more complex boundary-value problems occur. Thus, for instance, the problem of the characteristic oscillations of a circular membrane (of radius r0) leads to Bessel's equation



[image: images]

or



[image: images]

the problem of the characteristic oscillations of a sphere to Legendre’s equation
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and to the equation for the associated functions



[image: images]

The characteristic feature of these equations is the fact that the coefficient k(x) reduces to zero, at least at one end of the segment [a, b].

Other equations occur, for example in problems of quantum mechanics, Chebyshev-Hermite equations (k(x) = e–x2, [image: images] = e–x2, q = 0 a = – ∞, b = ∞), Chebyshev-Laguerre equations (k(x) = xe–x, [image: images](x) = e–x, q = 0, a = 0, b = ∞), and others. Boundary-value problems for these equations define a very important class of special function (cylindrical functions, spherical functions, Chebyshev-Hermite polynomials, Chebyshev-Laguerre polynomials, and others).

§ 2. Formulation of boundary-value problems in the case k(a) = 0

Let us proceed to an investigation of some general properties of the equation



[image: images]

in which k(a) = 0. We shall assume that k(x) in the neighbourhood of the point a has the form k(x) = (x — a) φ(x), where φ(x) is a continuous function and φ(a) ≠ 0.

If in this equation q(x) is replaced by the function q(x) — λ[image: images](x), then it is obvious that everything proved later will hold for the equation



[image: images]

Let us prove two lemmas concerning the solution of equation (6).

LEMMA 1. If in equation (6) the coefficient k(x) reduces to zero for x = a (k(x) = (x — a) φ(x), φ(a) ≠ 0), and if one solution of this equation y1 (x) remains finite for x = a, [y1 (a) ≠ ∞], then any other solution y2 of equation (6), linearly-independent of y1 (x), tends to infinity for x = a.

If one solution y1 of the linear differential equation (6) is known, then any other linearly-independent solution y2(x) can be represented as a quadrature. In fact, writing equation (6) for the functions y1 (x) and y2 (x), multiplying these equations by y2 and y1 respectively, and subtracting, we find:
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Hence it follows that the Wronskian of the functions y1 and y2 equals C/k(x):
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where C is a constant, not equal to zero, if y1 and y2 are linearly-independent. Dividing the latter equation by y21, we find that
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or
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where C1 is a constant of integration, depending on the choice of x0.

The function y1 (x) has a finite value at the point x = a, and could be zero there. We assume (see for more detail, Lemma 3) that
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Let us choose x0 in formula (7) so that
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(or y1 (x) ≠ 0, a ≤ x ≤ x0, if n = 0). In this case y2 (x) in the interval a < x ≤ x0 is represented by the integral
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Applying the mean value theorem to the integral on the right-hand side, we find:
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Evaluating the integral, we obtain for y2 (x) the expression
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Thus, in both cases [image: images], which proves the lemma; for n > 0 it follows from (8):



[image: images]

Formulae (8) and (9) enable us to formulate Lemma 1 more accurately.

If in the conditions of Lemma 1 the finite solution of equation (6) at the point x = a differs from zero (y1 (a) ≠ 0), then y2 (x) has a logarithmic singularity at the point x = a



[image: images]

If at the point x = a y1 (x) has a zero of order n (y1 (x) = (x — a)n z1 (x), z1 (a) ≠ 0) then y2 (x) has a pole of order n at the point x = a, y2 (x) ~ (x — a)–n.

Let us prove a second lemma.

LEMMA 2. If in equation (6) the coefficient k(x) reduces to zero at x = a(k(x) = (x — a) φ(x), where φ(a) ≠ 0), and the coefficient q(x) is either bounded, or tends to + ∞ as x → a, then the solution y1 (x) of equation (6), bounded at the point x = a satisfies the condition
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Let us consider firstly the case where q(x) is bounded for x → a. Integrating equation (6) from some value to x1 (x < x1), we obtain:
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Hence it follows that Q(x) is a continuous function (a ≤ x ≤ x1). Passing to a limit as x → a, we see that there exists a limit
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Let us prove that C = Q(a) = 0. Expressing function y1 (x) by Q(x), we find:
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From this formula we see immediately that if Q(a) ≠ 0, then as x → a, y1 (x) → ∞, which contradicts the boundary condition of y1 (x) at x = a. Thus, the lemma is proved for the case of finite q(x). Let us consider now the case where q(x) tends to +∞ as x → a. Formula (10) still holds. Let q(x) be positive in the interval (a ≤ x ≤ x1). It is readily verified that in this interval y1 (x) is monotonic,* and has the same sign in some interval (a ≤ x ≤ x2) and has a limit y1 (a) for x → a. Hence it follows that in this interval Q(x) is a monotonic function, having a finite or infinite limit at x = a. From (11), as before, it follows that y1(x) → ∞, if Q(a) ≠ 0, which proves the lemma.

We note further from formula (10) and the condition Q(x) → 0 as x → a that
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both for the finite function q(x) and for the unbounded q(x) (q(x) > 0).

LEMMA 3. If y1(x) is a solution of equation (6), bounded at x = a, and q(x) is a continuous function (a ≤ x ≤ x1), then y1 (a) ≠ 0 and [image: images]

If q(x) has the form [image: images], where q1 (x) is a continuous function and q1 (a) > 0, then y1 (a) = 0.

The second part of the lemma follows directly from (12) because the integral
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converges, which is possible only for y1 (a) = 0.

If q(x) is a continuous function in (a ≤ x ≤ x1), then because of the arbitrary nature of x1 in (12) we obtain:
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Hence it follows that y′1 (x) is bounded in some interval (a ≤ x ≤ x2) and thus there exists a limit of y1 (x) as x → a. Passing to a limit as x → a in the latter formula we obtain:
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From this relation it follows that if y1 (a) = 0, then y′1 (a) = 0. We prove further that y1 (x) ≡ 0 (it is impossible to utilize the uniqueness theorem directly because x = a is a singular point of equation (6)). Let | q(x) | ≤ [image: images] and | φ(x) | ≥ [image: images] for (a ≤ x ≤ x2).

Let us consider the interval (a; a + h), where h is a sufficiently small number so that h([image: images]/[image: images]) < 1 and a + h < x2. From (13) it follows that
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At x = x0 the function y1 (x) reaches a maximum value y1 (x0) = A in the interval (a; a + h). Applying the mean value theorem to the latter relation, we obtain:



[image: images]

which proves the statement.

LEMMA 4. If the function q(x) has the form [image: images] where q1 (x) > 0 in the interval (a ≤ x ≤ x1), then y1 (x), a solution of equation (6) bounded at x = a, has the form y1 (x) = (x — a)v z(x), where [image: images], and z(x) is a continuous and differentiable function in the interval (a ≤ x ≤ x1) and z(a) ≠ 0.

Assuming y1 (x) = (x — a)v z(x), where v is some number, we obtain from formula (12):
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Let us perform an integration by parts on the integral:
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where



[image: images]

Because [image: images] we deduce that z(a) [image: images] is a bounded function, and y1 (a) → 0 by Lemma 3.

Writing z′ from formula (14) we find:
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Choosing [image: images] we find that the function
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is a continuous and differentiable function for (a ≤ x ≤ x1). Differentiating equation (15), we obtain:
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The point x = a is not a singular point of equation (16). Hence it follows that z(x) is continuous and has a continuous derivative for (a ≤ x ≤ x1). Passing to a limit as x → a in equation (15) we find that
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Formula (17) shows that z(a) ≠ 0, since otherwise z(a) = z′ (a) = 0 and thus z(x) ≡ 0.

We note that for the continuity of the function U(x) at x = a it is sufficient to assume the one-fold differentiability of function q1 (x) and for the differentiability of function U′ (x) the differentiability of function φ(x) and the twofold differentiability of function q1 (x). However Lemma 4 can be proved, not by using the differential equation (16) but by considering equation (15) as an integral equation for z(x). For this proof U(x) need only be continuous.

These lemmae enable us to make the following statements on the formulation of boundary-value problems for the equations
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in the interval [a, b], at one or both ends of which k(x) reduces to zero. If k(a) = 0, then for x = a, we shall impose the natural restriction that the solution be bounded. It is not necessary that it takes a given value at x = a.

Thus, we arrive at the following boundary-value problem: find the eigen-values and eigen functions of the equation
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where k(x) > 0 for x > a and k(a) = 0 with the boundary conditions
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and y(x) is bounded at x = a.

If k(a) = 0 and k(b) = 0, then the solution must be bounded at both ends of the interval (a, b).

We state the general properties of the eigen-functions and eigen-values of the boundary-value problem:

1. There exists an infinite number of eigen-values λ1 ≤ λ2 ≤, …, with corresponding eigen-functions
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2. For q ≥ 0 all the eigenvalues are positive
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3. The eigen-functions yn(x) and ym (x), corresponding to different eigen-values λn and λm are mutually orthogonal with weight [image: images](x)



[image: images]

4. The expansion theorem holds: the function f(x) with a continuous first and piece-wise continuous second derivative can be expanded in an absolutely and uniformly convergent series with respect to the eigenfunctions yn (x)
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if f(x) satisfies the boundary conditions of the problem. If k(a) = 0, then the boundary condition is
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Properties 2 and 3 are proved, as in Chapter II, § 3, by means of Green’s theorem. In addition the bounded nature of yn (x) at x = a is utilized, and also the equality proved above [image: images], which ensures that the limit for x = a equals zero. The properties 1 and 4 are usually proved by the theory of integral equations. We do not give these proofs here. In order that 1 and 4 should hold, it is sufficient that the function k(x) should be continuous together with its derivative, and the function q(x) should be either continuous, or have the form [image: images], where q1 (x) is a continuous function. For the class of special function investigated below these conditions are fulfilled.

Our boundary-value problem is equivalent to the integral equation
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which by means of the substitution
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reduces to an integral equation with a symmetrical kernel K(x, ξ):
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Here G(x, ξ) is the source function for the equation [image: images][y] = 0 determined for the case k(a) = 0, k(b) = 0, y(b) = 0 by the conditions:

1. G(x, ξ) is a continuous function of x for a fixed value of ξ.

2. The first derivative [image: images] has a discontinuity at x = ξ:
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or
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3. [image: images][G] = 0 everywhere, except x = ξ.

4. G(x, ξ) satisfies the boundary conditions
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* In fact assuming [image: images], we can write equation (6) in the form y′′ — kqy = 0 (k > 0 , q > 0) . Hence it follows that y cannot have positive maximum (negative minimum) values since at the corresponding point y′′ 0 (y′′ ≥ 0), and y > 0 (y < 0).


PART I

CYLINDRICAL FUNCTIONS

§ 1. Cylindrical functions

In solving many problems of mathematical physics one comes across the ordinary differential equation
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called the equation of cylindrical functions of nth order. This equation is often also called Bessel’s equation of nth. order.

Characteristic problems (see Chapters V, VI and VII), leading to cylindrical functions, are boundary-value problems for the equation
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outside or inside a circle (outside or inside a cylinder in the case of three independent variables). Introducing polar coordinates, we transform equation (2) to the form
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Assuming u = RΦ and separating the variables in (3), we obtain:
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and
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The condition of periodicity for Φ(φ) gives λ = n2, where n is a whole number. Substituting x = kr, we get the equation for cylindrical functions
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or



[image: images]

In the case of solutions of the wave equation (2), possessing radial (cylindrical) symmetry, we obtain Bessel’s equation of zero order
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1. Power series

Bessel’s equation, of vth order
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or



[image: images]

(v is an arbitrary real or complex number, whose real part we may assume positive) has a singular point at x = 0. Therefore a solution y(x) should be sought in the form of a power series*
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beginning with xσ, where σ is the characteristic index, to be determined. Substituting series (4) in equation (1′) and equating to zero the coefficients of xσ, xσ+1, …, xσ+k, we obtain an equation for determining σ and a set of equations for determining the coefficients ak:
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Since we can assume that a0 ≠ 0, then from the first equation of (5) it follows that
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Let us rewrite the kth equation of (5) k > 1 in the form
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Let us leave for the moment the case where σ + v or σ — v (and correspondingly —2v or 2v) equals a negative whole number.

Then from the second equation of (5), because of (6), we have
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Equation (7) gives a recurrence relation for determining ak from ak–2:
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Hence from (8) we deduce that all the odd coefficients equal zero. If v is real, then for σ = —v the solution tends to infinity at the point x = 0.

Let us consider the case σ = v. From (9) it follows that every even coefficient can be expressed in terms of the preceding one
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Successive application of this formula enables us to find an expression for a2m in terms of a0
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Let us use the property of the gamma-function Γ(s)*
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If S is a whole number, then
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The coefficient a0 up to now has remained arbitrary. If v ≠ —n, where n > 0 is a whole number, then, assuming
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and utilizing the property of gamma-functions noted above, we obtain:
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If now σ = —v, v ≠ n, where n > 0 is a whole number, then, assuming
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we obtain:
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Series (3), corresponding to σ= v ≥ 0, with coefficients (12) and (13)
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is called the Bessel function of first hind of vth order. The series
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corresponding to σ = —v, represents a second solution of equation (1), linearly independent of Jv(x). Series (15) and (16), obviously, converge for all values of x.


Let us consider now the case where v equals half an odd integer.

Let v2 = (n + 1/2)2, where n ≥ 0 is a whole number. Assuming σ = n + 1/2 in relations (5) we obtain:
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so that
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Applying this formula in succession we find:
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Assuming here v = n + 1/2, we obtain formula (11).

If we put
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we obtain formula (13):

Let
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then equations (5) for ak take the form
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As before all the coefficients a1, a3, …, a2n–1 equal zero, but for a2n+1 we obtain the equation 0. a2n+1 + a2n–1 = 0, which is satisfied for any value of a2n+1. For k > n the coefficient a2k+1 is determined by the equation
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Assuming a2n+1 = 0, [image: images], we obtain (14)

Thus, for v = ± (n + 1/2) , a change in definition of the function Jv (x) is not necessary. Formulae (15) and (16) remain valid.



We note that (16) defines J–v (x) only for fractional values of v, since the definition of a0 by formula (12) for negative integer v = —n has no meaning. Let us investigate the behaviour of (16) as v tends to an integer n. Since Γ(k — n + 1) = ∞ for k ≤ k0 < n — 1, the sum (16) begins with the values k = k0 + 1 = n. Changing the index of summation k = n + k′ in (16) we obtain:
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since the summation begins with k′ = 0.

We give as examples the series for Bessel functions of the first kind of zero (n = 0) and first (n = 1) orders:
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The functions J0 (x) and J1 (x) occur most often in applications and there exist detailed tables.* On p. 751 graphs of J0 (x) and J1 (x) are given.

The functions Jn (x) and J–n (x) (n an integer), as we saw, are linearly dependent
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For non-integral values of v the functions Jv (x) and J–v (x) are linearly independent. In fact, Jv(x) has a zero, and J–v(x) a pole of vth order at the point x = 0. Thus, if v is a non-integral number, then any solution yv (x) of Bessel’s equation (1) can be represented as a linear combination of the functions Jv (x) and J–v(x)
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If a bounded solution of equation (1) is required, then C2 = 0 and
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2. Recurrence relations

Let us establish the following relations, existing between Bessel functions of the first kind of different orders,
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These relations are verified directly by differentiation of the series of Bessel functions. We show, for example, the validity of (17)
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In the latter sum k goes from 1 to ∞. Let us introduce a new index of summation l = k — 1, which will vary from 0 to ∞. Then we have:
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which proves formula (17). The validity of (18) is proved similarly.

We note two important particular cases of the recurrence relations. For v = 0 it follows from (17):
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For the case v = 1 (18) gives:
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Let us establish recurrence relations, connecting Jv (x), Jv+1 (x) and Jv–1 (x). Performing a differentiation in (17) and (18) we obtain:
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Adding and subtracting (17′) and (18′) we find the recurrence relations
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By means of (21) it is possible to evaluate Jv+1 (x), if Jv (x) and Jv–1 (x) are known:
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3. Functions of half-integral order

Let us determine the values of the functions [image: images]
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Making use of a property of gamma-functions, we find:
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where
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Substituting (24) in (22) and (23), we obtain:
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The sum in (25) is the expansion of sin x, and the sum in (26) is an expansion of cos x in powers of x. Thus [image: images] are expressed by the elementary functions
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Let us calculate the function [image: images], where n is an integer. From (21′) it follows:
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Applying (21′) in succession we find:



[image: images]

where Pn(1/x) is a polynomial of degree n in 1/x, and Qn(1/x) is a polynomial of degree n—1. We note that Pn (0) = 1, Qn (0) = 0.

4. Asymptotic form of cylindrical functions

Let us show that any cylindrical function for large x can be represented in the form
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where γ∞ ≠ 0, δ∞ are constants, O(1/x3/2) indicates terms of order not less than 1/x3/2.

If we put
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evaluate the derivatives [image: images] [image: images] and substitute them in Bessel’s equation, we obtain the equation
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which is a particular case of the equation
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where
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Let us assume
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where γ(x) and δ(x) are some functions of x, we must have γ(x) ≠ 0 for all x, otherwise v and v′ would simultaneously reduce to zero and v(x) would be identically equal to zero. Utilizing (35) and (33) we have:
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Hence we find:
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[image: images]

Let us show that there exist definite limiting values of γ and δ as x → ∞.

In fact



[image: images]

from which, because of (36), it follows that there exists a limit [image: images] and
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Similarly we find from (37)
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in which γ∞ ≠ 0.

Thus, any solution of equation (33) and, therefore, of equation (32) as x → ∞ has the form
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In this way the validity of the asymptotic relation (30) is established for any cylindrical function yv (x).

We note that there cannot exist two different cylindrical functions with the same asymptotic form. In fact, let [image: images] (x) and [image: images] (x) be two different cylindrical functions, for which
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The difference of these functions
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is also a cylindrical function, having, by (41), the following asymptotic form:
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But this contradicts formula (30) for any cylindrical function [image: images] (x).

Therefore, [image: images] (x) ≡ 0 and [image: images] (x) = [image: images] (x).

The values of the constants γ∞ and δ∞ can be found by further analyses, which gives
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In § 1, sub-section 3, formula (29) for v = n + 1/2 was derived, from which it follows that
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In § 3 the asymptotic form for the function Jv (x) will be derived with v = n, where n is an integer:
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Analyses, based on representing the functions Jv (x) and J–v (x) by means of contour integrals show that formula (43) holds for arbitrary v, hence
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§ 2. Boundary-value problems for Bessel’s equation

The simplest boundary-value problem for Bessel’s equation in the segment [0, r0] is related to the problem of the characteristic oscillations of a circular membrane
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Assuming v(r, φ) = R(r) Φ(φ) and separating the variables, we obtain:
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The condition of periodicity for Φ(φ) gives v = n2, where n is an integer. Thus, the function R(r) should be determined from Bessel’s equation
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with the boundary condition
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and by the condition that R(r) should be bounded at the point r = 0
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Assuming
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we get the equation
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with the boundary conditions
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Hence we find
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By virtue of the boundary condition [image: images] we have:
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This transcendental equation has infinitely many real roots [image: images],* i.e. equation (1) has infinitely many eigen-values
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to which correspond the eigen-functions
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of the boundary value-problem (1)–(2).

From the general theory of equations of the form [image: images][y] + λ [image: images]y = 0, considered above, the orthogonality of the system of eigen-functions follows



[image: images]

with weight r:



[image: images]

Let us evaluate the norm of the eigen-functions R1(r) = Jn (a1r), where [image: images]. In order to do this let us consider the function R2 (r) = Jn(a2r), where a2 is an arbitrary parameter.

The functions R1 (r) and R2 (r) satisfy the equations



[image: images]

in which R1 (r0) = 0 and R2 (r) no longer satisfies this boundary condition. Subtracting the second equation from the first, after multiplying them by R2 (r) and R1 (r) respectively and integrating next with respect to r from 0 to r0 we have:



[image: images]

from which we find:



[image: images]

Passing to a limit as a2 → a1 and expanding the right-hand side, we obtain an expression for the norm



[image: images]

or



[image: images]

In particular, the norm of the function [image: images] equals



[image: images]

The general properties of the eigen-functions of boundary-value problems and the note on p. 635, show that the expansion theorem holds:

Any twofold differentiable function f(r), bounded at r = 0 and reducing to zero at r = r0, can be expanded in an absolutely and uniformly convergent series



[image: images]

where



[image: images]

The second boundary-value problem for Bessel’s equation



[image: images]

is solved similarly. The eigen-functions and eigen-values will also be expressed by formulae (15) and (14), where by μ(n)m one should understand the mth root of the equation



[image: images]

The eigen-functions of the problem are mutually orthogonal with weight r [see (16)] and have a norm equal to
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Similarly the third boundary-value problem is solved. In this case we obtain an equation of the form



[image: images]

for determining μ(n)m

§ 3. Various types of cylindrical functions

1. Hankel functions

Together with Bessel functions of the first kind, Jv (x), other special forms of solution of Bessel’s equation have value in applications. The Hankel functions of first and second kind [image: images] are complex-conjugate solutions of Bessel’s equation. From the point of view of physical applications the main characteristic of Hankel functions is the asymptotic behaviour for large values of the argument



[image: images]
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Separating the real and imaginary parts, let us represent the Hankel function in the form



[image: images]
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where the functions



[image: images]



[image: images]

have an asymptotic form



[image: images]
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which follows from (1) and (2).

As will be shown below (see sub-section 3), the function Jv (x introduced here is a Bessel function of the first kind, considered in § 1. The imaginary part Nv (x) of the Hankel function is called the Neumann function or the cylindrical function of second kind of vth order.

Formulae (3) and (4) determine a relation between Hankel, Bessel and Neumann functions, similar to the relation between the exponential functions of imaginary argument, sine and cosine. The asymptotic formulae (1), (2), (5) and (6) indicate the analogy.

In a study of solutions of the wave equation
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we saw that the amplitude v(x, y) of the steady vibrations



[image: images]

satisfied the wave equation



[image: images]

If the solution of the wave equation possesses radial symmetry v(x, y) = v(r), then, as was noted in § 1, the function v(kr) satisfies Bessel’s equation of zero order.

Thus, the functions



[image: images]

and



[image: images]

are solutions of the wave equation, having the form of cylindrical waves. The function H0(2) (kr) eiωt corresponds to a diverging cylindrical wave, and the function H(1)0 (kr) eiωt to a converging cylindrical wave.*

2. Hankel and Neumann functions

As was noted in sub-section 1, any solution of Bessel’s equation of non-integral order v can be expressed as a linear combination of Jv or J–v. Let us establish the connection between the functions [image: images]

Since any solution of Bessel’s equation for non-integral v can be represented in the form of a linear combination of functions Jv (x) and J–v (x), then



[image: images]

where C1 and C2 are constants, to be determined. A similar equation holds for the main terms of the asymptotic expansions
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Let us transform the argument of the second component to the from [image: images]
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Dividing both sides of (10) by [image: images] and using Euler’s theorem for the left-hand side, we obtain:



[image: images]

from which



[image: images]

or



[image: images]

Substituting (11) in (9) we find:



[image: images]

Similarly



[image: images]

Using (4′), defining Nv (x), we obtain from (12) and (13):



[image: images]

Formulae (12), (13) and (14) are obtained by us for non-integral values of v. For the integral value v = n the Hankel and Neumann functions can be determined from (12), (13) and (14) by means of a limiting transition as v → n. Passing to a limit as v → n in these formulae, we have:
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Using the representations of the functions Jv and J–v as power series, it is possible to derive similar expansions for Nv (x) and also H(1)v (x) and H(2)v (x).

Formulae (12) and (13) may be considered as an analytical definition of the Hankel functions, There are, however, other methods of introducing the Hankel functions. In § 6 we will give a definition of the Hankel functions as contour integrals.

If v = n + 1/2, then the Hankel and Neumann functions are expressed in finite form by elementary functions. In particular, for v = 1/2, we have:
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3. Functions of an imaginary argument

Cylindrical functions may be considered not only for real, but also for complex values of the argument. In the present section we consider Bessel functions of first kind for a purely imaginary argument.

Substituting in the series, defining Jv (x), the value ix in place of x, we obtain:
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where



[image: images]

is a real function, related to Jv (ix) by the equation
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In particular, for v = 0



[image: images]

From series (16) we see that Iv (x) are monotonic increasing functions. Using the asymptotic relation (5), we see that
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should hold for large values of the argument x.

The Bessel functions for imaginary argument are solutions of the equation
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and, in particular the function I0 (x) satisfies the equation
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Along with the functions Iv (x) one considers the function Kv (x), defined by the Hankel function for a purely imaginary argument



[image: images]

Below we verify that Kv (x) has real values for a real value of x. This will follow from the relation
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which will be derived in § 6. Using the asymptotic expression for H(1)v, we find:
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Formulae (23) and (18) show that Kv (x) decreases exponentially, and Iv (x) increases exponentially as x → ∞. Hence the linear independence of these functions follows, and also the possibility of representing any solution of (19) as a linear combination
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In particular, if y is bounded at infinity, then A = 0 and y = BKV (x).

The function



[image: images]

is of great importance.


4. The function K0 (x)

Let us show that the following integral representation is valid for the function K0 (x):
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We can show that the integral
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satisfies the equation
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In fact



[image: images]

Integrating the second term by parts, we obtain:
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from which it follows:
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Assuming cosh ξ = η, we transform the integral (24′) for F(x) to the form
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Using this relation, it is possible to investigate the behaviour of the function F(x) as x → ∞. Making another change of variable



[image: images]

we obtain:



[image: images]

For x →> ∞



[image: images]

Therefore, for large values of x



[image: images]

where ε 0 as x → ∞. Hence we obtain an asymptotic relation
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The function F(x) introduced by means of the integral (24′) is a solution of equation (25), bounded at infinity, therefore



[image: images]

Comparison of the asymptotic formulae for K0 (x) and F0 (x) shows that B = 1 and therefore



[image: images]

Let us investigate the nature of the function K0 (x) as x → 0.

We write the integral
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in the form
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Dividing this integral into three parts
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where A is some arbitrary constant, we see that the first component equals



[image: images]

and the second and third components are bounded as x → 0. Hence it follows that



[image: images]

where the dots denote components, remaining finite for x = 0. Thus, the function K0 (x) is a solution of equation (25), having a logarithmic singularity at the point x = 0 and decreasing exponentially as x → ∞.

The following problem gives a physical interpretation of the function K0(x). At the origin of coordinates there is a fixed source of unstable gas of magnitude Q0. A steady diffusion process accompanies the decay of the gas and is described by the equation



[image: images]

where β is the decay coefficient, and D is the diffusion coefficient. The source function of this equation possesses circular symmetry and, consequently, satisfies the equation



[image: images]

moreover, the source function has a logarithmic singularity at the origin of coordinates and is bounded at infinity. Hence it follows that the source function is proportional to K0 (xr):



[image: images]

In order to determine the factor A we make use of the known source strength



[image: images]

where the integral on the left expresses the diffusion current through a circle Kε of radius ε with centre at the source. Substituting in this condition in place of u the function [image: images] = AK0 (xr) and taking into account the logarithmic singularity of the function K0(x) at x = 0, we obtain:
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Hence



[image: images]

and



[image: images]

The integral relation (24) for K0 (x) can be derived from simple physical considerations.

Let us consider the non-steady problem of the diffusion of a gas with decay. At the origin of coordinates a source of constant magnitude Q0 exists, acting from the time t = 0. We shall assume that at the initial time t = 0 the concentration of the gas everywhere equals zero. The concentration u(x, y, t) must satisfy the equation
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and the appropriate additional conditions. Equation (39) by means of the substitution



[image: images]

is transformed into the ordinary diffusion equation



[image: images]

for which, we know the source function
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Thus, the source function for an instantaneous point source for equation (32) equals
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The source function for a source of magnitude Q0, continuously acting from t = 0 to the time t, is given by the relation



[image: images]

Introducing a new variable
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we obtain:



[image: images]

The source function for the steady problem can be determined by a limiting transition for t → ∞ in the preceding formula
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Let us transform this integral by means of the substitution



[image: images]

where C is some constant,



[image: images]

If we determine C by the relation
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we find:



[image: images]

Hence it follows that the steady source function has the form



[image: images]

Thus, the diffusion problem leads to an integral representation for the function K0(x).



§ 4. Integral representations. Asymptotic formulae

1. Integral representations for functions of integral order

We shall consider periodic solutions of the wave equation
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Assuming
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we obtain an equation for the amplitude of the vibrations v(x, y)
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which has a solution of the form



[image: images]

corresponding to the plane waves



[image: images]

The choice of sign — or + determines a plane wave, travelling in the positive or negative direction of the axis. Later we shall omit the time factor eiωt, calling the function (2) a plane wave.

The plane wave, propagating in the direction s, obviously, has the form



[image: images]

where a is the angle between the direction s and the x-axis.

Let us introduce polar coordinates, assuming
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Then



[image: images]

in which a = 0 corresponds to a plane wave, travelling in the positive direction of the x-axis, a = π/2 to a wave, travelling in the positive direction of the y-axis.

Let us determine an expansion of the plane wave, travelling along the y-axis
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in a Fourier series in the variable φ
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where
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Let us prove that
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We verify first that An([image: images]) satisfies Bessel’s equation (§ 1, Supplement I) which we write in the form



[image: images]

Let us evaluate
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By means of a twofold integration by parts we transform the integral



[image: images]

We do not write the terms coming from the limits, since by the periodicity of the functions they equal zero. Substituting (8) in formula (7) for [image: images](An) we verify that



[image: images]

From (5) we see that the function An is bounded at [image: images] = 0. Hence from (9) it follows that An ([image: images]) is proportional to Jn ([image: images])



[image: images]

where Cn is some constant. In order to calculate Cn we compare both sides of (10) with [image: images] = 0. Noting that at [image: images] = 0 Jn ([image: images]) has a zero of nth. order and differentiating Jn([image: images]) n times, we find from (12) § 1



[image: images]

On the other hand, differentiating An, we find from (5):
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Since



[image: images]

then



[image: images]

Comparing (11) and (12) we deduce that



[image: images]

Thus we have derived an integral representation for a Bessel function of first kind of integral order n:
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From (4) we have an expansion for the plane wave (3)



[image: images]

Hence, in particular, it follows that



[image: images]

Let us determine another integral relation for Jn([image: images]). Substituting φ = φ — π/2, we obtain from (13):



[image: images]

Because of the periodicity of the functions under the integral signs in (13) and (13′) integration can be performed over any interval of length 2π. Formula (13′) may also be derived from the expansion



[image: images]

Utilizing (13) and (13′) let us write down the integral relations for the function J0 ([image: images]):



[image: images]
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It should be noted that the integral representations (13) and (13′) are obtained only for functions of integral order. If the v is non-integral, then the following relation holds for function Jv ([image: images]):



[image: images]

similar to formula (13) [compare with formula (7) § 6].

2. Asymptotic relations

Before proceeding to an investigation of the asymptotic behaviour of Bessel functions, let us prove the following lemma:

The function Q([image: images]), defined by an integral of the type



[image: images]

where f(ξ) is some continuous, two fold differentiable function, for large values of [image: images] may be represented in the form



[image: images]

where O(1/[image: images]) → 0 as [image: images] → ∞.

We give the proof, choosing the plus sign in the exponent.

The function under the integral sign in (16) has a singularity at ξ = 1. In order to remove this singularity let us introduce a new variable
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so that
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The second factor of the expression under the integral sign may be represented in the form
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where



[image: images]

in which g1 (η) is a continuous and differentiable function of η. In particular, g′ (y) is absolutely integrable, i.e.



[image: images]

where M is some constant. Substituting (19) in (18), we obtain:
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where



[image: images]

For q1 we obtain an expression
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since



[image: images]

In fact,



[image: images]

Extending this formula to a complex value of a, the real part of which is positive, we find:*
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We transform the integral q2 by means of integration by parts:



[image: images]

Substituting (22) and (23) in (21), we have:
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if the plus sign is taken in (16).

A similar relation is obtained, if a minus sign is taken in (16)
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The lemma is proved.

Let us apply this lemma to the derivation of the asymptotic relations for the Bessel function of the first kind of integral order. Introducing a new variable
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we transform formula (13′):



[image: images]

where



[image: images]

Since



[image: images]

by Demoivre’s theorem, is a polynomial of order n, then Tn (ξ) is also a polynomial of order n in ξ = cos ψ. The polynomials Tn (ξ) are called Chebyshev polynomials.

Let us consider



[image: images]

i.e.
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Representing the integral (24) as the sum of integrals from 0 to 1 and from —1 to 0 and utilizing these properties of Chebyshev polynomials, we obtain:
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where

[image: images] is a continuous function, differentiable any number of times, for which [image: images]

Applying the lemma proved above to each of the integrals (24′), we find from (17′) and (17′′):
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Thus, for a Bessel function of the first kind for large arguments the asymptotic relation
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holds. In particular, for n = 0
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and for n = 1



[image: images]

In § 6 it will be shown that the following asymptotic relations are valid for Hankel functions:
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Using (26) and (27), and also the formulae
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and
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we find:



[image: images]

Formulae (3) and (4) § 3 along with the asymptotic relations for [image: images] and Jn, Nn are similar structurally to Euler’s relations for trigonometric functions:



[image: images]

§ 5. The Fourier—Bessel integral and some integrals containing Bessel functions

1. Fourier–Bessel integral

Let us find the expansion of the given function f(r) as an integral in Bessel functions. The Fourier integrals for the function f(x) and for the function f(x, y) of two variables have the form
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Introducing polar coordinates by means of the relations
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we obtain:



[image: images]

Assuming that f(x, y) has the form
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where n is an integer, and transforming the Fourier integral (2) by means of the relations written above, we find:



[image: images]

Utilizing the relations
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since the expressions under the integral signs in (5) and (6) are periodic functions of ξ and ξ′ and can therefore be integrated over any interval of length 2π, it is possible to write:
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where ξ0 and ξ′0 are arbitrary numbers. Substituting (7) and (8) in (4) and dividing both sides by einφ we obtain the Fourier–Bessel integral:
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or



[image: images]

where



[image: images]

In order that an expansion as a Fourier–Bessel integral may be possible, it is sufficient that the function f(r), defined in the interval (0, ∞), fulfill the following conditions:

(1) f(r) is continuous in the interval (0, ∞);

(2) f(r) has a finite number of maxima and minima in any finite interval;

(3) the following integral converges:



[image: images]

We do not give a proof of this.

2. Some integrals, containing Bessel functions

In various applications, definite integrals containing Bessel functions often occur.

We consider the following integral as an example
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To prove this formula we replace J0 by its integral representation [(14) § 4] and then change the order of integration:
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since



[image: images]

because the integrand is an odd function.

If we put tan φ = ξ, and then [image: images] we obtain:
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in this way formula (10) is proved. Using (10), we find:
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Assuming z = ia in formulae (10) and (11) and separating the real and imaginary parts, we obtain a series of results:
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Let us prove the second integral relation
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We substitute a power series for Jv and perform a term-by-term integration (t > 0 !):
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Evaluating the auxiliary integral
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we obtain:



[image: images]

which was to be proved.

We note that evaluation of B1 can be carried out similarly, expanding the Bessel function in a series and subsequently performing an integration term-by-term.

Let us consider the integral
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It is readily verified that it is a solution of the equation
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The function
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also satisfies the wave equation
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Let us expand the function [image: images] as a Fourier–Bessel integral
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where



[image: images]

In order to evaluate the function F(λ) we make use of for mula (12)
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Thus,
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i.e. the function



[image: images]

coincides with the integral C([image: images], z) at z = 0. Thus, both functions



[image: images]

are solutions of the wave equation, coincide at z = 0 and have the same singularity at the point z = 0, [image: images] = 0.

Hence it follows that they are identically equal to one another, i.e.



[image: images]

This formula was widely used by A. Sommerfeld and is often called the Sommerfeld relation.

§ 6. Representation of cylindrical functions by means of contour integrals

1. Representation of cylindrical functions by means of contour integrals

Often the solutions of Bessel’s equation are represented by contour integrals of the type



[image: images]

where C is some contour, lying in the plane of the complex variable φ, K(x, φ) = e–ix sin φ, Φ(φ) = eivφ. The function (1) may be considered as a superposition of plane waves



[image: images]

propagating at different, among them complex, angles to the y-axis, if their values at y = 0 (along the x-axis) are taken; Φ = eivφ is the amplitude factor of the plane wave.




[image: images]

FIG. 90



Let us examine the question of the convergence of the integral (1). In Fig. 90 those parts of the plane of the complex variable φ = φ1 + iφ2 are shaded, for which the real part of the expression



[image: images]

is positive (for x > 0).

The Hankel functions of first and second kind respectively are usually defined by means of the integrals
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taken over the contours C1 and C2, where the contour C1 consists of the section (—i ∞, 0), (0 — π), (—π, —π + i ∞), and the contour C2 of the sections (π + i ∞, π), (π, 0), (0, —i ∞) (Fig. 91, paths I and II).

It is obvious that for x > 0, the integrals over C1 and C2 converge.
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FIG. 91



Let us show that the functions (3) and (4) satisfy Bessel’s equation
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Taking into consideration that



[image: images]

satisfies the equation



[image: images]

we find after twofold integration by parts
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The first integral on the right-hand side reduces to zero, by the particular choice of the function Φ, the second may be integrated and reduces to zero for x > 0 because of the choice of the path of integration; therefore, H(1)v, and also H(2)v are solutions of Bessel’s equation.

Similar discussions show that the integral over any contour C, the infinite branches of which lie in the shaded region, satisfies Bessel’s equation. Later it will be proved that the integral taken over the contour C0 = C1 + C2
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is a Bessel function of the first kind of vth order. For integral values of v = n the integrals over the infinite branches I and II (see Fig. 91) cancel because of the periodicity of the function under the integral sign, and the remaining integral
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agrees with the usual integral representation obtained in § 3.

For non-integral values v there is a relation
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resulting from formula (5). The integral (7) for v > 0 remains finite at x = 0; hence it follows that the function, defined by (7), agrees with the function defined by formula (15) § 1 up to a factor. Comparing coefficients for the low powers of x in the series expansion with respect to x, it is possible to show that these functions are identical.*

Let us show that .the Hankel functions H(k)v (x) (k = 1, 2) satisfy recurrence relations, similar to formulae (21) for the functions Jv (x), proved in § 1, sub-section 2.

Because the paths of integration C1 and C2 in (3) and (4) do not depend on v, it is possible to write



[image: images]

Integrating by parts in the first equation, we obtain recurrence relations for the Hankel functions
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and similarly
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Hence, in particular, it follows that
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If H(1)v (x) and H(2)v (x) are considered as functions of the complex variable x = x1 + ix2, then formulae (3) and (4) determine these functions for those values of x = x1 + ix2, where the real part
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If φ1 = 0 or φ1 = —π, then integral (3) over the contour C1 determines the function H(1)v (x) for those values of x, for which the real part Re(x) = x1 > 0.

Let us denote by C1ψ the contour (Fig. 92), for which the vertical parts of the path C1 have the abscissae — π — ψ and ψ (ψ < 0) instead of — ψ and 0.

In particular, C10 = C1. By Cauchy’s theorem replacement of the contour of integration C1 in formula (3) by the contour C1ψ does not affect the value of the integral. In the integration over the contour C1ψ the integral (3) will converge for those values of x = x1 + ix2 which
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[image: images]

FIG. 92



for large values |φ2|. Along the lower part of the contour φ1 = ψ, φ2 < 0 this condition will be fulfilled, if x2 sin ψ — x1 cos ψ < 0; along the upper part of the straight line φ = —π — ψ, φ2 > 0 the condition of convergence is also equivalent to the inequality
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Thus, the integral over C1ψ converges if the inequality
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is fulfilled (or x1 cos ψ0 + x2 sin ψ0 > 0, where ψ0 = —ψ).

If 0 ≤ ψ0 < π/2 then the integrals (3) over C1ψ are equal for real values of x = x1 but they determine the functions H(1)v (x) in different regions of the plane of the complex variable x. Therefore, for a change in ψ the integrals (3) over a contour of the type C1ψ determines the analytic continuation of H(1)v (x). In particular, assuming
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we obtain the relation
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defining the function H(1)v (x) in the semi-plane x2 = Im(x) > 0. Hence it is possible to derive an expression for the Hankel function for a purely imaginary argument



[image: images]

The function Kv (x) by definition (see § 3) is expressed in terms of the Hankel function of imaginary argument by the relation
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Utilizing the preceding formula, we obtain an integral representation of Kv (x):
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showing that Kv (x) is a real function of argument x. For v = 0 the relation
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was established directly (see § 4).

2. The method of steepest descent. Asymptotic formulae

The function under the integral sign
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in formulae (3) and (4), defining the functions H(1)v and H(2)v does not have a singularity in the finite part of the plane of the complex variable φ. Therefore by Cauchy’s theorem the contour of integration C1 in the finite part of the plane can be arbitrarily deformed provided that the asymptotes of branches, extending to infinity, lie in the same shaded zones of the plane φ, as for the contour C1 (C2 respectively).
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FIG. 93



If the contour C1 lies entirely within the shaded region (Fig. 93), then at all points, where sin φ ≠ 0, because Im sin φ < 0, the function under the integral sign tends exponentially to zero for x → ∞. If parts of the contour penetrate an unshaded region, then complicated interference effects occur in those parts of the integral.

To derive the asymptotic behaviour of the function H(1)v (x) for large values of the argument x it is expedient to choose a contour C1 lying entirely within the shaded region. Such a contour must pass through the point — π/2, at which the real part
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reduces to zero. For x → ∞ the function under the integral sign outside a neighbourhood of this point tends uniformly to zero, therefore the main part of the integral over C1 for x → ∞ comes from a small arc, containing the point — π/2. From this point of view C1 must be chosen so that
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decreases most rapidly with distance from the point φ = —π/2. Let us consider “the topography” of the function e–ix sin φ in the neighbourhood of φ = —π/2.

We put
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Then for small values of s we have:
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The real part s2/2 sin 2θ has a saddle point at s = 0; in the shaded zones this function is negative, in the unshaded zones positive and for s = 0 (φ = —π/2) it reduces to zero. The direction of steepest descent through this saddle point, corresponding to θ0 = —π/4, is the direction of most rapid descent (decrease) for the function s2/2 sin 2θ Hence it follows that for the modulus of the function e–i sin ψ the point s = 0 is a saddle point, and θ0 = —π/4 corresponds to the direction of most rapid descent.

Let us choose a contour C1 so that it contains the rectilinear section C1ε (—ε < s < ε), passing through the point s = 0 at an angle θ0 = —π/4, and its branches, extending to infinity, lie entirely within the shaded regions. Since the function under the integral sign in (3) decreases exponentially with distance from the point (s = 0) (φ = —π/2), it is possible to write:
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since along C1ε
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where s changes from ε to —ε. Introducing the symbols
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we obtain:
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If x → ∞, then*
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Hence from (10) the asymptotic relation follows
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valid for large values of the argument x.

Similarly
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Equations (11) and (12) are approximate; the omitted terms are of order x–3/2. The higher terms of the expansion may be derived, if higher power of s are taken in the expressions for —i sin φ and eivφ.

From the relations for H(1)v and H(2)v asymptotic formulae for the functions Jv and Nv follow:
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We recall that formula (13) for Jv was proved in § 3, sub-section 2 for integral v = n.

In order to prove the asymptotic formulae for all values of v, we must verify that cylindrical functions, introduced as contour integrals, are identical to cylindrical functions, introduced as series. We will not give a proof of this statement.



* See Stepanov, Ordinary Differential Equations, 1950.

* The function Γ(s), defined by the formula
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is called a gamma-function. It is possible also to consider complex values of the variable s: s = s0 + is1, s0 > 0. We give the main properties of gamma-functions:

(a) integration by parts in the relation for Γ(s) gives:
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or
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(b) for s = 1 we immediately obtain.
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(c) if s = n a whole number, then from (a) and (b) it follows:
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(d) for s = 1/2
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or
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(e) the functional relation Γ(s + 1) = s Γ(s) enables us to determine the gamma-function for negative values, of s.

We note that
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and



[image: images]

* In all the tables of specail functions there always exit tables of Bessel functions of the frist kind (see, for instance, Janke and Emde, Tables of Bessel Functions, where J0 (x) and J1 (x) are given to five places for values of x in the interval from 0 to 14.9).

* On p. 753 tables of the roots of the equation J0(μ) = 0 are given, in particular the first root μ(0)1 = 2.4048.

* If the time factor e–iωt is taken, then H(1)0 (kr)e–iωt corresponds to a diverging wave, and H(2)0 (kr) e–iωt to a converging wave.

* See for more detail V. I. Smirnov, Course in Higher Mathematics, vol. III.

* See for instance: A. Sommerfeld: Partial Differential Equations of Physics, 1950, Forigen Literature Publishing House, p. 430.

* The error, produced in replacing finite limits by infinite limits has an exponentially decreasing character, since
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for large values of z, which is readily verified, considering the relation
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and expanding the exponential.


PART II

SPHERICAL FUNCTIONS

Spherical functions were introduced in connection with investigations of the solutions of Laplace’s equation, and, in particular, with potential theory. In § 1 we consider Legendre polynomials, which are used subsequently for the definition of spherical functions (§ 2). Spherical functions provide a very powerful tool for solving many problems of mathematical physics.
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FIG. 94



§ 1. Legendre polynomials

1. The generating function and Legendre polynomials

Legendre polynomials are closely connected with the fundamental solution of Laplace’s equation 1/R, where R is the distance of the point M from the fixed point M0. Let r and r0 be the radii-vectors of the points M and M0, and θ the angle between them (Fig. 94). Obviously, it is possible to write
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where x = cos θ (—1 ≤ x ≤ 1) and [image: images] or [image: images] (in both cases [image: images] is less than unity).

The function



[image: images]

is called the generating function of the Legendre polynomials.

Let us expand the function [image: images] as a series in powers of [image: images]:
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The expansion coefficients of (3) Pn (x) are polynomials of nth order and are called Legendre polynomials.

This expansion corresponds to the expansion of the potential
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For sufficiently small values of [image: images] considering the expansion
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it is readily verified that each of the functions Pn (x) is a polynomial of order n. In fact, the terms containing [image: images] are obtained from brackets of the form [image: images] for k ≤ n, where xn appears in only one term with k = n. If k < n, then the coefficient in [image: images] will contain x; to a power less than n. Since the general term of the polynomial [image: images] has the form [image: images], where Am is some coefficient, then even powers of x appear only with even powers of [image: images] and odd powers only with odd powers of [image: images], therefore each polynomial Pn (x) contains either only even, or only odd powers of x, depending on the evenness or oddness of n.

Hence, in particular, it follows that
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For x = 1 the generating function [image: images] equals
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i. e.
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From formulae (6) and (8) it follows that
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2. Recurrence relation

Differentiating [image: images] with respect to [image: images], we can show that
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Let us write the left-hand side of this formula as a power series in [image: images], substituting the series (3) for ψ and the series
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The coefficient of [image: images] in the series obtained must equal zero for all x:
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This identity is a recurrence relation, connecting three consecutive Legendre polynomials. It can be used to calculate Pn (x) (n > 2), if we remember that P0 (x) = 1, P1 (x) = x.

Let us evaluate the coefficient an of the highest power in xn of the polynomial Pn (x). From (11) we see that
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Substituting here a0 = 1, successively determining a1 = It a2 = 3/2, a3 = 5/2, etc., and utilizing the method of induction, we find:
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3. Legendre’s equation

Let us show that Pn (x) are bounded solutions of Legendre’s equation
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or
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in the region —1 < x < 1 for λ = n(n + 1).

Differentiating the relation



[image: images]

with respect to x, we obtain the equality
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Combining this with (10) we have:
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Hence we obtain a second recurrence relation
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Let us substitute in the identity
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the expression for [image: images] and [image: images], found from (14) and (15); this gives
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We expand the left-hand side in a power series with respect to [image: images] and let us compare the zero coefficient with [image: images]; this gives the third recurrence relation
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Let us eliminate Pn–1 (x) and P′n – 1 (x) from (16) and (19). In order to do this we substitute the expression for P′n – 1 (x) from (16) into (19), then differentiate the relation obtained with respect to x and again use (16). As a result we obtain the equation
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Thus, Legendre polynomials are the eigen-functions of the following boundary-value problem:

Find those values of λ, for which there exist non-trivial solutions of Legendre’s equation in the region —1 < x < 1
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bounded at x = ± 1 and satisfying the normalizing condition Pn (1) = 1, corresponding to the eigen-values λn = n(n + 1).

4. Orthogonality of the Legendre polynomials

Legendre’s equation
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is a particular case of the equation considered on p. 627
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with q = 0, [image: images] = 1, k(x) = 1 — x2. Therefore the general theory developed for equation (22) is applicable to it. From this theory it follows that

(1) Legendre polynomials of different order are mutually orthogonal in the interval (—1, 1):
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(2) the second linearly independent solution of Legendre’s equation for λ = n(n + 1) tends to infinity at x = ±1 as log [image: images].

The system of orthogonal polynomials is complete.* Hence it follows that Legendre’s equation does not have non-trivial bounded solutions Pn(x) for any λ ≠ n(n + 1). In fact, if a solution yn (x) exists for λ ≠ n(n + 1) it will be orthogonal to every Pn (x). Hence because of the closed nature of the system of orthogonal polynomials Pn (x) it follows that
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5. Norm of the Legendre ‘polynomials

Let us evaluate the norm
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Let us consider the polynomial
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where an is the coefficient of xn in Pn(x), an–1 is the coefficient of xn–1 in Pn–1 (x). The polynomial Q(x) is a polynomial of order n — 2 and may be represented in the form
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where the coefficients Ak are determined in succession, beginning with k = n — 1, by comparing the coefficients of xk.

Hence it follows that Q(x) is orthogonal to Pn(x):
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Therefore



[image: images]

expressing from the first recurrence relation
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we have
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Since, by formula (12),
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then
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Taking into account that
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we determine from formula (28) in succession
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and by induction
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Thus, the Legendre polynomials Pn(x) form an orthogonal system with norm [image: images]:
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6. Differential formula for the Legendre polynomials

Let us prove that the Legendre polynomial Pn (x) may be represented in the form
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This differential relation is often called Rodrigue’s formula.

In order to prove (31) it is sufficient to show that

(1) [image: images] is a solution of Legendre’s equation;

(2) [image: images].

If we put
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and evaluate
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we have



[image: images]

Differentiating this equation (m + 1) times, we obtain



[image: images]

Assuming m — n and noting that the expression in square brackets equals n(n 1), we obtain:
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i. e. the function
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satisfies Legendre’s equation
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Therefore
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where C is some constant.

We show now that [image: images].

Let us consider the derivative



[image: images]

If m < n, then at the points x = ±1 all the components reduce to zero:
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If m = n, then
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from which it follows that
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Puting x = 1 in equality (31′) we obtain:
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i.e.
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In this way the relation
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is established.

Using this relation it is possible to prove the following important properties of Legendre polynomials.

The Legendre polynomial Pn (x) has n zeros inside the interval (—1, 1) and its derivative of kth order dk/dxk Pn(x) (k ≤ n) has n — k zeros inside the interval (—1, +1) and does not reduce to zero at its ends.

In fact, the function (t2 — l)n reduces to zero at the ends of the interval (—1, +1). Its first derivative reduces to zero at the ends of the interval and has only one zero inside the interval. The second derivative has, at least, two zeros inside the interval and reduces to zero at its ends (Fig. 95).
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FIG. 95



Continuing this, we reach the conclusion that the nth. derivative has, at least, n zeros in the interval (—1, +1) or more accurately, exactly n zeros, since it is determined by a polynomial of nth order. The first part of the statement is proved. The derivative d/dx Pn(x) must have, at least, n — 1 zeros inside the interval; but since this derivative is a polynomial of (n — l)th order, it has exactly n — 1 roots inside the interval. Similarly the function dk/dxk Pn has n — k roots inside the interval. The lemma is proved.

7. Integral formulae and the bounds of the Legendre polynomials

The Legendre polynomials Pn (μ) are bounded functions for all values of the argument — 1 ≤ μ ≤ + 1.

Let us consider the integral
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where a and b are constants, and evaluate it
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The integral I2 equals zero, since the function under the integral sign is odd. Evaluation of the integral I1 gives:
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If we put
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and use formula (32′) we find:
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The right-hand side is the generating function, defining the Legendre polynomials
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We expand the function under the integral sign in the series
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Since
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then series (34) converges uniformly and it is possible to integrate it term wise:
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or by formulae (3) and (17)
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Hence we obtain a representation of the Legendre polynomials as an integral
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and the inequality
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holds for Pn (μ). The equality sign occurs only for μ = ±1.

Thus the finiteness of the Legendre polynomials
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is proved over every region of variation of μ between —1 and +1.

8. Associated functions

Along with the Legendre polynomials Pn (x) the associated functions Pn(m)(x) play an important part, being solutions, bounded in the interval (—1, +1) of the equation
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or
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The associated functions can be defined in terms of the Legendre polynomials
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Let us prove this relation.

The equation of the associated functions (37′) is simplified by the substitution
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to the form
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We show that equation (39) is satisfied by the mth derivative of the Legendre polynomial. In fact, differentiating Legendre’s equation (21) m times with respect to x and simplifying, we obtain:
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Comparing this result with (39), we see that a particular solution of equation (39) is the function
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and therefore, the expression
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satisfies the equation of the associated functions and is bounded at x = ±1.

For
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we obtain formula (41) for the associated function of mth order. From this formula we see that Pn(m)(x) differs from zero only for m ≤ n.

The associated functions according to the general theorem on p. 635 form an orthogonal system. Let us evaluate the norm of the associated functions. In passing their orthogonality will be proved.

Let us multiply equation (40) by (1—x2)m and write the result in the form
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or after the substitution m′ = m + 1
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Let us introduce the symbol
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Integrating the right-hand side by parts we obtain:
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The first term reduces to zero, and the integral term by virtue of the differential equation (42) is transformed to the form
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Repeating this argument we get the formula
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Hence, using equation (30)
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finally we obtain:
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i.e. the associated functions are mutually orthogonal and have a norm
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9. The closed nature of the system of associated functions

Let us prove that the system of associated functions {Pn(x) (x)} completely exhausts all the bounded solutions of equation (37).

In fact, for λ = n(n + 1) the solution, linearly independent of Pn(m) (x), tends to infinity at x = ±1. The bounded solution for λ ≠ n(n + 1) must be orthonogal to all Pn(m)(x).

In order to verify that there are no bounded solutions of equation (37), different from Pn(m)(x), it is sufficient to establish that the system of associated functions {Pn(m)(x)} is closed, i.e. that there does not exist any continuous function, not identically equal to zero, which would be orthogonal to all functions of the system.

LEMMA. Any function f(x), continuous in the segment [—1, 1] and reducing to zero at its ends at x = 1 and x = —1, can be uniformly approximated to any degree of accuracy by a series in the associated functions of any order m.

We note, first of all, that derivatives of the Legendre polynomials dm/dxm Pn(x) are polynomials of order n — m. Since any polynomial in powers of x can be represented as a linear combination of these polynomials, then, by Weierstrass’s theorem, any function [image: images], continuous in the segment [—1, 1], can be uniformly approximated to any degree of accuracy by means of a linear combination of dm/dxm Pn (x):
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Multiplying this inequality by (1 —x2)m/2 we find that
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where
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i.e. any function f(x), representable in the form (46), where [image: images] is a function, continuous in the segment [—1,1] can be uniformly approximated to any degree of accuracy by a linear combination of associated functions.

We shall say that the function f1 (x) belongs to the class H1 if it is continuous in the segment [—1,1] and is identically zero in a small neighbourhood of the points x = —1 and x = 1.
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Since for every function f1(x) of the class H1 the function
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is continuous in [—1, 1], then in this way the lemma is proved for functions of the class H1

Let us consider some function f(x), continuous in the segment [—1,1], reducing to zero at the ends. It is obvious that this function can be uniformly approximated by means of the function f1 (x) from the class H1 correct to ε/2:
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Approximating f1 (x) by a polynomial from the associated functions correct to ε/2
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we obtain the inequality
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which proves the lemma.

Using this lemma the completeness of the system of associated functions is readily proved, and thus its closed nature.

We recall that the system of functions {φn (x)} is called complete in some segment [a, b], if any function F(x), continuous in [a, b], can be approximated in the mean to any degree of accuracy by means of a linear combination of these functions
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It is obvious that any function, continuous in the segment [—1, 1], can be approximated in the mean to any degree of accuracy by means of a function f(x), continuous in [—1, 1] and reducing to zero at x = ±1:
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Considering a linear combination of associated functions, uniformly approximating the functions f(x)
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and using the inequality
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we obtain:



[image: images]

which proves the completeness, and thus the closed nature of the system of associated functions.

§ 2. Harmonic polynomials and spherical functions

1. Harmonic polynomials

The harmonic polynomial is a polynomial, satisfying Laplace’s equation



[image: images]

It is readily verified that the first two homogeneous harmonic polynomials have the form
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where A, B, C are arbitrary coefficients.

Let us find the number of linearly-independent homogeneous harmonic polynomials of order n
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A homogeneous polynomial of order n has [image: images] coefficients. In fact, the right-hand side of (2) may be represented in the form
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For zn there exists one coefficient, for zn – 1 two, …, for z we have n coefficients, and for z0 the number of coefficients equals (n + 1), so that the general number of coefficients equals
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Equation (1) imposes on the coefficient [image: images] linear homogeneous relations, since [image: images] is a homogeneous function of order n — 2. Thus, the polynomial must have not less than [image: images] independent coefficients. If the [image: images] relations specified were proved to be linearly-dependent, then the number of independent coefficients would be greater than 2n + 1.

Let us show that only 2n + 1 of the coefficients are linearly independent. The coefficients αp, q, r of a homogeneous polynomial can be represented in the form



[image: images]

If un is a harmonic polynomial, then αp, q, r for r ≥ 2 can be expressed by the coefficients αp, q, 0 and αp, q, 1 the number of which exactly equals 2n + 1.
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Treating the coefficients αp + 2, r – 2 and αp, q + 2, r – 2 similarly, we finally express αp, q, r in terms of coefficients of the type [image: images] and [image: images] The number of coefficients of the form αp, q, 0 equals (n + 1) and αp, q, r Thus, the general number of linearly independent coefficients, and therefore of independent harmonic polynomials of Tith order exactly equals 2n + 1.

Homogeneous harmonic polynomials are called spherical functions.

2. Spherical functions

Spherical functions can most simply be introduced as solutions of Laplace’s equation for a spherical region by the method of separation of variables.

We shall look for a solution of the equation
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assuming
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We obtain Euler’s equation for R(r)
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and the following equation for Y(θ, φ)
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with the additional conditions that Y be single valued and bounded over the whole sphere.

In particular, the function Y(θ, φ) satisfies the conditions
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The bounded solutions of equation (5), possessing derivatives, continuous up to second order, are called spherical functions.

The equation for Y(θ, φ) may also be solved by the method of the separation of variables, assuming
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The function Φ(φ) satisfies the equation
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and the condition of periodicity
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The problem for Φ(φ) has a solution only for integral μ = m2 and the linearly-independent solutions are the functions cos m φ and sin m φ The function Θ(0) is determined from the equation
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with the boundary condition at θ = 0 and θ = π Introducing the variable
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and defining [image: images], we obtain the equation of the associated functions for X(t).
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Equation (6), as we have already seen in § 1, has bounded solutions only for λ = n(n + 1)
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where m ≤ n.

Let us write down the system of spherical functions of nth order. We use negative upper indices for those functions which contain cos kφ, and positive for those functions which contain sin kφ. Then we have:
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The number of different spherical functions of nth order equals [image: images]. A linear combination of these 2n + 1 spherical functions (7)
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or
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where



[image: images]

is also a spherical function.

The functions [image: images] do not depend on φ and are called zonal. Since Pn(t) by lemma § 1, sub-section 6 has exactly n zeros inside the interval (—1, +1), then the sphere is divided into (n + 1) latitudinal zones, inside which the zonal function has the same sign.

Let us consider the behaviour of the function
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on the sphere. Since sin θ reduces to zero at the poles, sin kφ or cos kφ reduces to zero at 2k meridians, and dk/dtk Pn(t) at (n — k) latitudes, then the whole sphere is divided into cells, in which [image: images] has a fixed sign (Fig. 96). The functions [image: images] are called tessoral.

Let us return now to find the function R. We shall look for the function R(r) in the form
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Substituting in equation (4) we obtain a characteristic equation for the determination of σ:
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from which we find two values of σ:
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FIG. 96



Therefore, the particular solutions of Laplace’s equation are the functions
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the first of which occur in the solution of interior problems, and the second in exterior problems.

We wil show that these solutions of Laplace’s equation are homogeneous polynomials of n th order. The general term, for instance, in formula (7′) can be written thus:
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where q varies from 0 to n — k/2. The function v can be represented as the product of three polynomials:
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where
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Hence it is evident that the function [image: images] is a homogeneous harmonic polynomial of order [image: images]

It is obvious that spherical functions are values of the functions (7′) and (7″) on a sphere of radius unity.

3. Orthogonality of the system of spherical functions

Let us prove that the spherical functions, corresponding to different values of λ, are orthogonal on the surface of the sphere Σ Let Y1 and Y2 satisfy the equations
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where
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The formula
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may be proved by integration by parts.

On the surface of the sphere



[image: images]

so that
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and formula (8) can be written in the form
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Changing the places of Y1 and Y2 in formula (8) and subtracting the formula obtained from formula (8), we have:
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Formulae (8) and (9) are Green’s formulae for the operator of the spherical functions.

The orthogonality of the functions Y1 and Y2 readily follows from (9). In fact, using equations (5), we obtain from formula (9)



[image: images]

from which for λ1 ≠ λ2
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or
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Thus the orthogonality of the spherical functions, corresponding to different λ, is proved.

We have obtained above for λ = n(n + 1) a system of 2n + 1 spherical functions of nth order. Let us prove that these spherical functions are mutually orthogonal on the sphere.

Let [image: images] and [image: images] be two spherical functions. Integrating their product and using formulae (7) and (26) § 1, we obtain:
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i.e. the spherical functions, defined by formula (7), form an orthogonal system in the region 0 ≤ θ ≤ π, 0 ≤ φ ≤ 2π and have a norm, equal to



[image: images]

where ε0 = 2, εk = 1 for k > 0.

Assuming the possibility of expanding an arbitrary function f(θ, φ) in a series of spherical functions (the possibility of such an expansion for a twofold continuously differentiable function will be proved below, sub-section 5, allowing a termwise integration, we obtain
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where Anm and Bnm are Fourier coefficients, given by the relations
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The general solution of Laplace’s equation can be represented in the form
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for the interior boundary-value problem or
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for the exterior boundary-value problem.

If the boundary condition [image: images] is given on a sphere of radius a then we obtain:
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4. Completeness of a system of spherical functions

Let us prove the completeness of the system of spherical functions, given by formula (7). We prove firstly that any function f(θ, φ) having continuous second derivatives, can be uniformly approximated by some finite series of the spherical functions.

Consider the expansion of such a function in a Fourier series
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Using the bounded nature of the second derivative, the coefficients Am and Bm of this expansion are satisfy the inequalities
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where
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Hence it follows that the remainder of the Fourier series satifies the uniform relation
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where ε′ > 0 is an arbitrary number.

On the basis of sub-section 8, § 1, the Fourier coefficients Am(θ) and Bm(θ), being continuous functions of θ, and reducing to zero for θ, equal to 0 and π, may be uniformly approximated by linear combinations of the associated functions of mth order
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Then from the inequalities (10) and (11) it will follow:
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which proves the possibility of the uniform approximation of any twofold differentiable function f(θ, φ) by a finite series of the spherical functions. Hence it follows that any continuous function can be uniformly approximated by a finite series of the spherical functions, which proves the completeness of the system of functions, defined by formula (7). This system is closed because it is complete.

Thus, the equation of the spherical functions does not have bounded solutions for [image: images] and any spherical function of nth order [image: images] is representable by formula (7*).

5. Expansion in terms of spherical functions

The spherical functions are eigen-functions of the equation



[image: images]

on the surface of the sphere [image: images] with additional boundary conditions.

In order to prove that an arbitrary twofold continuously differentiable function f(θ, φ) may be expanded in a series of spherical functions we form the integral equation corresponding to (13). With this in view let us find the source function of the equation



[image: images]

As was noted above



[image: images]

on the surface of the sphere. Equation (14) may be considered as the equation for a steady distribution of temperature or of a steady electric current on the surface of the sphere.

From this point of view it is clear that it is impossible to find a solution of the homogeneous equation



[image: images]

with a singularity at one point only, since for the existence of a steady temperature it is necessary that total flow of heat from sources should equal zero.

We introduce a generalized source function, as the solution of the equation



[image: images]

regular everywhere, except at the pole θ = 0, where it has a logarithmic singularity. The right-hand side of equation (17) represents the density of negative (sources) sinks uniformly distributed on the surface of the sphere so that



[image: images]

Assuming that the unknown source function u is a function only of the one variable θ, we obtain an ordinary differential equation for it, which has a solution:
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Requiring that u should have a singularity only at θ = 0 we obtain:
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and



[image: images]

Since u1 = const, is a solution of the homogeneous equation, the source function G is determined up to an arbitrary constant. Therefore we can write:
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If the source is located at some point M0, then the source function has the form



[image: images]

where γMM0 is the angular distance between the points [image: images] and [image: images].*

Let us solve the inhomogeneous equation
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This equation can have a solution, regular everywhere on Σ, only if



[image: images]

expressing the fact that the sum of the sources and sinks must equal zero. This result may be proved from Green’s formulae for the operator [image: images], established in sub-section 3.

Let us show that any solution of equation (22), satisfying conditions (23), is representable in the form



[image: images]

where A is some constant, and G(M, P) is the source function, given by formula (21). Let M be some fixed point of the sphere, which by a change of coordinates we can take to be the point Θ = 0, and let M1 be the diametrically opposite point. The points M and M1 are singular points of equation (22). We construct small circles [image: images] and [image: images] at these points and consider the integral
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Substituting for Δ u and Δ G, we have:
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The expressions in square brackets are derivatives of
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hence we obtain the result
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Further, noting that
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we have:
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Hence
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Therefore,
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where
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The solution of our problem is given correct to an additive constant. The solution which satisfies
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is given by the relation
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Applying (24) to the equation for spherical functions [image: images] we deduce:

the spherical functions, defined by formula (7), are the linearly-independent eigenfunctions of the integral equation



[image: images]

with a symmetrical kernel G(M, P), defined by formula (21).

The general theory of integral equations with a symmetrical kernel is applicable to this equation. Hence it follows that an arbitrary twofold differentiable function f(θ, φ) can be expanded in a uniformly and absolutely convergent series of spherical functions



[image: images]

where



[image: images]

and Anm and Bnm are Fourier coefficients.

§ 3. Some examples of the application of spherical functions

1. Polarization of a sphere in a homogeneous field

Let us consider as an example of the application of spherical functions the problem of the polarization of a dielectric sphere in a homogeneous field.

In an electrostatic field in a homogeneous isotropic medium with dielectric constant ε, there is a sphere of radius a of a dielectric with constant εi (Fig. 97). We look for the potential of the field in the form of the sum
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where u0 is the potential of the unperturbed (in the absence of a dielectric sphere) field, and v is the perturbation, produced by placing a sphere in the field. The potential u satisfies the equation



[image: images]

with the boundary conditions



[image: images]

where S is the surface of the sphere, u1 and u2 are values of the function u outside and inside the sphere. Hence it follows that the potential v will be given by the conditions



[image: images]
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FIG. 97



since for the function u0 we have:
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On the right-hand side of (3) there is a well known function of θ and φ, which we expand in spherical functions:
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Assuming
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and using the boundary conditions (2) and (3) we obtain:
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and
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from which
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Now we consider special cases. The sphere is situated in a homogeneous parallel external field E0, directed along the z-axis. The potential of this field is



[image: images]

so that



[image: images]

Formula (4) gives:
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For the potential of the perturbed field we have:



[image: images]

from which it follows that



[image: images]

i.e. the field inside the sphere is parallel and homogeneous.

By the same method it is possible to derive a solution of the problem of the polarization of a sphere in the presence of a point source, using the expansion of 1/r in spherical functions (see § 1).

Similar problems occur in an investigation of magnetic or thermal fields, and steady currents in the presence of a spherical inhomogeneity. For the thermal problem the coefficients of heat conduction will appear in the boundary condition (3) in place of ε1 and ε2, for the magnetic problem — the magnetic permeabilities μ1 and μ2, and for the last problem — the conductivities and λ1 and λ2.

2. Natural oscillations of a sphere

Let us consider the problem of the natural oscillations of a sphere of radius r0 with zero boundary conditions of the first kind. This problem reduces to a search for the eigen-values and eigen-functions of the equation
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with a boundary condition on the surface of the sphere
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Placing the origin of a spherical system of coordinates at the centre of the sphere, we rewrite equation (5) in the form
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where
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We shall look for a solution by the method of separation of variables, assuming
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After substitution in equation (5) we obtain:
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from which it follows:
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Solving equation (8) with natural boundary conditions at the poles of the sphere



[image: images]

and conditions of periodicity with respect to [image: images] we obtain the eigen-values



[image: images]

to each of which there corresponds 2n + 1 spherical functions:
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Let us turn now to equation (9). Taking into account equation (11) and the boundary conditions at r = r0 and the natural boundary condition at r = 0, we obtain for the function R(r) the following eigen-value problem:
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[image: images]

Making the substitution
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this equation reduces to Bessel’s equation of order (n + 1/2):
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the general solution of which has the form (see Supplement, Part I, § 1)



[image: images]

From the boundary condition (14) it follows that
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The boundary condition (13) gives:
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Since we have non-trivial solutions of the equation, then A ≠ 0, and, therefore,
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Denoting the roots of the transcendental equation
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by [image: images] we find the eigen-values
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Each eigen-value λn, m has 2n + 1 corresponding eigen-functions. Let us introduce the symbol
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Then the eigen-functions of equation (5) with the boundary condition (6) can be represented in the form
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Let us consider now the first interior boundary-value problem for the wave equation
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with the boundary condition
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on the surface of a sphere of radius r0.

From a previous account it is obvious that the solution of this problem can be represented in the form
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where fnj are expansion coefficients of the function f(θ, φ) in a series of spherical functions [image: images]
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If k2 coincides with one of the eigen-values
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then the boundary-value problem (22)–(23) has a solution only for some functions f(θ, φ). Formula (24) shows that a necessary and sufficient condition for the solvability of our boundary-value problem in this case is
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or
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If these conditions are fulfilled, then the solution is determined by (24), in which the components, corresponding to n = n0 are absent. But this solution is definitely not unique, any linear combination of eigen-functions, corresponding to k2 = λm9n9

3. Exterior boundary-value problem for a sphere

Let us consider the exterior first boundary-value problem for a sphere (see Chapter VII, § 3)
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As was shown in § 3 of Chapter VII, this problem has a unique solution.

We expand the solution and the function f(θ, φ) in a series of spherical functions
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The expansion coefficients Rn (r), satisfy the equation
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the boundary condition
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and the radiation condition for r − ∞
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The general solution of this equation has the form (see subsection 2 and Supplement I, § 3)
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where
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Using the asymptotic formulae for the Hankel functions Hn(1) ([image: images]) and Hn(2) ([image: images]) (see Supplement I, § 3):
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we obtain the following asymptotic relations for the function [image: images] and [image: images]:
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Hence it is seen that the radiation condition is satisfied only by the function [image: images]

Therefore



[image: images]

Utilizing the boundary condition for r = r0 we find:
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Thus, we obtain the function v(r, θ, φ) in the form



[image: images]

where



[image: images]

and



[image: images]

is the norm of the spherical function [image: images]



* The system of orthogonal functions {φn} is said to be closed if there exists no continuous function, not equal identically to zero and orthogonal to all functions of the given system.

The system of orthogonal functions {φn} is said to be complete in an interval (a, b), if any continuous function can be approximated in the mean to any degree of accuracy by means of a linear combination of functions {φn}. In other words, whatever ε > 0 may be, it is always possible to assign a linear combination of functions
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such that
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For a complete system of functions {φn} the relation
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holds, where fn are Fourier coefficients of the function f(x)
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The closed nature is the result of the completeness. Let there be given some complete system of orthogonal functions {φn (x)}. We assume that there exists a continuous function [image: images], orthogonal to all φn (x). Then by virtue of the completeness of the system of functions {φn} the equality
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must hold, since fn = 0 by assumption. Hence it follows that [image: images], which contradicts the given assumption, i.e. the system {φn (x)} is closed.

The completeness and, thus, the closed nature of the system of orthogonal polynomials {Pn (x)} are consequences of Weierstrass’s theorem concerning the possibility of the uniform approximation of a continuous function by means of polynomials: for any continuous function f(x), given in the interval (a, b) and any ε > 0, there exists a polynomial Qn (x) such that
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In fact, representing the polynomial Qn (x) as a linear combination of orthogonal polynomials {Pn(x)} and utilizing the inequality (A), we obtain the condition of completeness of a system of orthogonal polynomials.

* The angle γ is determined from the relation
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PART III

CHEBY SHEV-HERMITE AND CHEBYSHEY-LAGUERRE POLYNOMIALS

§ 1. Chebyshev-Hermite polynomials

The problem of the linear harmonic oscillator in quantum mechanics leads to the equation
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which may be written in the form
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The Chebyshev–Hermite polynomials are defined as the eigen-functions of equation (2) on an infinite straight line — ∞ < x < ∞ with the following boundary condition: the solution for x → ∞ tends to infinity not faster than a finite power of x.

We shall look for a solution of this problem in the form of a power series
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Substituting expression (3) in equation (1) we have:
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Hence we obtain the recurrence relation for the coefficients
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From (4) it follows that for a1 = 0 (3) contains only even, and for a0 = 0 only odd powers of x. The coefficients a0 and a1 are arbitrary.

For λ = 2n (1) has a solution in the form of a polynomial of order n
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which, up to a normalizing factor, is a Chebyshev–Hermite polynomial and is an eigen-function of the boundary-value problem under consideration.

If λ ≠ 2n, then the power series will have an infinite number of coefficients, different from zero and having, with the exception, perhaps, of a finite number, the same sign. In this case there are terms an xn with n as large as desired, which exceed any power of x as x → ∞: therefore, the power series does not satisfy the boundary condition and cannot be a solution of the boundary-value problem. Thus we have established that Chebyshev–Hermite polynomials give a unique solution of our problem.

It is possible to define the Chebyshev–Hermite polynomials Hn (x), by a generating function



[image: images]

and considering its expansion in a Taylor’s series with respect to the variable t
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It is readily verified that the expansion coefficients Hn (x) are polynomials of n th order.

Let us show that the polynomials Hn (x) coincide with the polynomials Hn (x), given by formula (5) up to a factor.

In fact, the relations
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and
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give
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and, respectively
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From formulae (8), (9) it follows that Hn (x) satisfies the equation
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i.e. the Chebyshev–Hermite polynomials Hn (x) coincide with the polynomials Hn (x) up to a factor of proportionality, which was undefined in formula (5).

Equation (7) leads to the following differential relation for Chebyshev–Hermite polynomials :



[image: images]

Hence, in particular, it follows that an = 2n.

Using this relation, we evaluate several polynomials Hn (x):
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Let us prove that Chebyshev–Hermite polynomials for — ∞ < x < ∞ form an orthogonal system with weight e–x2:
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In fact,



[image: images]

We assume for definiteness that m ≤ n. Integrating by parts and using formula (8), and also the fact that at infinity the product of any polynomial and the function e–x2 and all its derivatives of as high an order as desired reduce to zero, we obtain:
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If m < n, then
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If m = n, then
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since



[image: images]

Thus relation (11) is proved.

In applications one often utilizes the functions
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forming an orthogonal and normalized system in the interval — ∞ < x < ∞. These functions satisfy the equation
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§ 2. Chebyshev-Laguerre polynomials

1. Chebyshev–Laguerre polynomials may be defined as the solutions of the equation
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or in self-conjugate form



[image: images]

with the following boundary conditions: that the solution, should be bounded at x = 0 and tend to infinity not faster than a finite power of x as x → ∞.

It is natural to look for a solution of equation (1) as a series in powers of x:
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Substituting this expression in equation (1) we have:
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or
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from which we obtain a recurrence relation for the coefficients



[image: images]

The coefficients a0 is arbitrary. For λ = n equation (1) has a solution in the form of a polynomial of n th order. Choosing a0 so that the coefficient with highest power of xn is equal to (—1)n, we get the Chebyshev–Laguerre polynomials Ln (x). For this to be so a0 = n!

We give expressions for the first five polynomials Ln (x):
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The Chebyshev–Laguerre polynomials have the following generating function:
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Expanding it in a series of powers of t, we obtain:
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where Ln (x) are the expansion coefficients, equal to
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or
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Thus Ln (x) is a polynomial of order n.

Let us prove that
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We will show that (1) the polynomials Ln (x) satisfy the Chebyshev–Laguerre equation, (2) the coefficient of xn equals an = (—1)n.

Property (2) follows from formula (6). Let us prove property (1)

We put
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where
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Evaluating dz/dx = — z + nz/x , we obtain an equation for z
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Differentiating this identity n + 1 times, we obtain:



[image: images]

i.e. the function
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satisfies the equation
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The derivatives of Ln are
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Using (8), (9) and subsequently (7), we find
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i.e. Ln (x) satisfies the equation
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Thus we have proved that Ln (x) ≡ Ln (x) or
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Using equation (1) for Ln (x), it is easy to show that the polynomials Ln (x) and Lm (x) for m ≠ n are mutually orthogonal with weight e–x. But we will prove the orthogonality from the differential relation (10) since the norm of Ln (x) will be evaluated at the same time.

We consider the integral
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Let m ≤ n. Integrating m times by parts and taking into account that owing to the presence of a factor of the form xk e–x (k > 0) all substitutions reduce to zero, we obtain:
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If m < n, then, integrating once more by parts, and using the equality [image: images] we get that J = 0, i.e.
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If m = n, then
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Thus, we have proved that
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i. e. the Chebyshev–Laguerre polynomials Ln (x) form an orthogonal system with weight e–x of eigen-functions of equation (1), corresponding to the eigen-values λ = n.

The normalized polynomials are
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There are orthogonal normalized functions corresponding to the Chebyshev–Laguerre polynomials
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which satisfy the equation
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with the boundary conditions: they are bounded at x = 0 and reduce to zero as x → ∞.
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Functions often occur satisfying the self-conjugate differential equation
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and a boundary condition: that the solution vanishes for x → ∞ In both cases the eigen-values are integral positive numbers
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and the conditions of orthogonality have the form
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2. In investigating the motion of an electron in a coulomb field in wave mechanics the generalized Chebyshev–Laguerre polynomials occur



[image: images]

satisfying the differential equation
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which may be written in the following self-conjugate form:
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The boundary conditions are
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Solving equation (20) in series
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we obtain the recurrence relation
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If

[image: images], when n is a positive integer or half integer, then series (23) terminates and we obtain a solution in the form of a polynomial.

The coefficient a0 is arbitrary and determines the normalization of the solution. Choosing a0 so that the coefficients of the highest power of xn equals (—1)n
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we obtain the generalized Chebyshev–Laguerre polynomials, which are a unique solution of equation (21), satisfying conditions (22) and (26).

The ganerating function of the polynomials Q(s)n (x) is



[image: images]

since the Maclaurin’s series of the function ψ(x, t) has the form
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For s = 0 we obtain formula (5) for the Chebyshev–Laguerre polynomials.

Let us show that for Q(s)n (x) the following differential relation is valid:
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From the relation
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we see that Tn is a polynomial of order n, in which the coefficient in xn equals (—1)n.

Let us prove that the polynomials T(s)n (x) satisfy equation (20).

Introducing the function
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we see that for it relation
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holds. Differentiating it (n + 1) times with respect to x, we obtain:
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i.e. the function
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satisfies the equation
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Evaluating the derivatives of T(s)n (x) and taking into account the equation for u, we have:
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i.e. the polynomial y = Tn (x) satisfies equation (20) for [image: images].

Hence it follows that
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Let us show now that the generalized polynomials are orthogonal with weight xs e–x in the region 0 < x < ∞, and evaluate their norm.

We consider the integral
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Let m ≤ n. Integrating m times by parts and noting that all the substitutons reduce to zero, we obtain:
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If m < n, then, integrating once more by parts, we derive by virtue of the equality [image: images] that J = 0, i. e.
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If m = n, then
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i.e.
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Thus,
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To the generalized Chebyshev–Laguerre polynomials Q(s)n (x) there correspond the orthogonal and normalized functions



[image: images]

which are solutions of the equation



[image: images]

with the corresponding eigenvalues



[image: images]

The boundary conditions are obvious from the preceding. Sometimes it is convenient to make use of the normalized polynomials
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§ 3. Simplest problems for Schrödinger’s equation*

1. Schrödinger’s equation

In wave mechanics the behaviour of a particle, in a potential field, is described by Schrödinger’s equation



[image: images]

where [image: images] = 1.05 × 10–27 ergs/sec is Planck’s constant, [image: images], μ = the mass of the particle, U is its potential energy in the force field, ψ = ψ (x, y, z, t) is the wave function.

If the forces do not depend on time, U = U(x, y, z), then steady states are possible with a given energy, i.e. there exist solutions of the form
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where E is the total energy of the particle. Substituting this expression in equation (1), get Schrödinger’s second equation
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in which E plays the part of an eigen-value, to be determined. Later in place of ψ0 we will write ψ:
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In the case of the absence of a force field U = 0 equation (4) takes the form
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This equation is similar to the wave equation of classical physics



[image: images]

where k = ω/c = 2π/λ is the wave number, λ is the wavelength. However this similarity is purely superficial because of the difference in physical significance of the functions, appearing in equations (5) and (6).

In the Schrödinger equation direct physical significance is attached not to the function ψ itself, but to | ψ |2, which is explained statistically: the expression | ψ |2 dxdydz denotes the probability of particle occupying the elementary volume dxdydz at a point x, y, z of space.

In this connection, the normalization of the eigen-functions to unity, which we have repeatedly made use of earlier for mathematical simplicity, now acquires fundamental importance. The normalization condition.
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indicates that a particle exists at some points of space and therefore the probability of finding the particle somewhere in space equals unity.

Let us consider some simple problems on Schrödinger’s equation.

2. The Harmonic oscillator

Schrödinger’s equation for the harmonic oscillator takes the form
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where [image: images] is the characteristics angular frequency of the oscillator. Where to find the steady states, i.e. the spectrum of eigenvalues of energy E and the corresponding eigen-functions ψ of the equation
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with the additional condition
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Introducing the symbols
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for the function ψ = ψ(ξ), after obvious transformations we obtain the equation
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with the additional normalization condition



[image: images]

This equation is solved by the functions (§ 1, p. 728)
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corresponding to the eigen-values
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Returning to the original symbols, we find:
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In classical mechanics the energy of the oscillator
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where px is the momentum of the particle, can take a continuous series of values. From the point of view of quantum mechanics the energy of the oscillator, as formula (14) shows, can take only a discrete set of values En. It is said that the energy is quantized. The number n, defining the number of the quantum level, is called the principal quantum number. In the lowest quantum state with n = 0 the energy of the oscillator differs from zero and equals
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3. Rotator

Let us determine the eigen-values of the energy of a rotator with a free axis, i.e. of a particle rotating at a fixed distance about a fixed centre.

The potential energy U of the rotator has the same value for all positions of the particle and it is possible to put it equal to zero U = 0.

In a spherical system of coordinates (r, θ, φ) with origin at the fixed centre Schrödinger’s equation for the rotator
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may be written in the form
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We have used the condition
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Introducing in place of the mass μ the moment of inertia
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we obtain
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or
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where
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Thus, we arrive at the eigen-value problem for the equation
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with boundary conditions requiring that the solution be bounded at the points θ = 0 and θ = π and a normalization condition



[image: images]

The solutions of this problem are normalized spherical functions
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corresponding to the eigen-values
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Replacing λ by its value according to formula (17), we obtain a relation for the quantum values of the energy of the rotator



[image: images]

4. Motion of an electron in a coulomb field

One of the simplest problems of atomic mechanics is the problem on the motion of an electron in the coulomb field of the nucleus, having great practical interest, since its solution gives not only the theory of the hydrogen spectrum, but also an approximate theory of atomic spectra with one valence electron (atoms similar to hydrogen), for example the sodium atom.

In the hydrogen atom the electron moves in the electrostatic field of the nucleus (proton), so that the potential energy U(x, y, z) equals
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where r is the distance of the electron from the nucleus, —e is the electron charge, +e is the charge on the nucleus.

Schrödinger’s equation in this case has the form



[image: images]

We have to find those values of E, for which equation (23) has a solution, continuous over all space and satisfying the normalization condition
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We introduce a spherical system of coordinates with origin at the nucleus, which is assumed stationary
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and look for a solution in the form
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Making use of the differential equation for the spherical functions [image: images]
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we obtain:
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Let us introduce as a unit of length the quantity
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as a unit of energy the quantity
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Assuming
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we rewrite equation (27) in the form
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By means of the substitution
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equation (28) reduces to the form
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where
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Introducing as an independent variable the quantity
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we obtain in place of (31) the equation
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or



[image: images]

where
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considered by us in § 2 (31).

The eigen-values found there were shown to be equal to
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and the eigen-functions were the generalized Chebyshev–Laguerre polynomials [image: images]
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where [image: images] (x) are given by formula (32), § 2.

Taking into account that



[image: images]

we obtain:



[image: images]

The whole number n is called the principal quantum number, nr the radial quantum number, l the azimuthal quantum number.

Replacing λ by its expression according to formulae (34) and (28), we obtain quantum values of the energy



[image: images]

They depend only on the principal quantum number n.

Let us relate the energy E to a frequency by the relations [image: images] ω = h v, E = —h v, where v = ω/2π is the frequency. Then we have:
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where [image: images] is the so-called Rydberg constant.

We can determine the frequencies of the spectral lines. The frequency vnn1 observable in a spectral line corresponds to a transition from a state with energy En to a state with energy En1.

The frequency vnn1 of a quantum, emitted in such a quantum transition, equals



[image: images]

Assuming n1 = 1 and giving n the values n = 2, 3, …, we obtain a series of lines, comprising the so-called Lyman series



[image: images]

Further, the values n = 2, n = 3, 4, …, give the Balmer series



[image: images]

the values n = 3, n = 4, 5, … the Paschen series



[image: images]

Let us write down the eigen-functions of the hydrogen atom-because of (26) it is sufficient to determine the radial functions χ([image: images]).

Making use of formulae (35), (32), (30), (34), (36), we may write:



[image: images]

where An is a normalizing factor, determinable from the condition



[image: images]

Evaluating Ar, we obtain the following expression for the normalized radial functions:



[image: images]

Using formulae (26) and (19) the normalized eigen-functions have the form



[image: images]

where χnl ([image: images]) are given by formula (42).

The number m (m = 0, ±1, ±2, …, ±1) is called the magnetic quantum number.

Since nr is always positive (nr = 0, 1, 2, …), for a given n



[image: images]

the quantum number l cannot be greater than n — 1 (l = 0, 1, 2, …, n — 1). Therefore for a given value of the principal quantum number n the number l can take n values l = 0, 1, …, n — 1, and to each value of l there correspond 2l + 1 values of m. Hence it follows that to a given value of the energy En, i.e. to a given value n, there correspond



[image: images]

different eigen-functions. Thus, each energy level has a degeneracy n2.

The discrete spectrum of the negative eigen-values of energy En consists of an infinite number of terms coming closer together at zero energy.

The second distinguishing feature of the problem under consideration for Schrödinger’s equation is the presence of a continuous spectrum of positive eigenvalues [any positive number E is an eigen-value of equation (23)]. In this case the electron is no longer bound to the nucleus, but still moves in its field (the ionized hydrogen atom). We do not consider a proof of the existence of a continuous spectrum, referring the reader to the specific literature.*



* The problems considered here for Schrödinger’s equation give examples of the application of the Chebyshev–Hermite and the Chebyshev–Laguerre polynomials. The account given below does not claim to be a complete account of problems, connected with the Schrödinger equation. In a university course quantum mechanics is studied after a course in mathematical physics.

* See, for instance, V. A. Fok, Principles of Quantum Mechanics, 1932; Courant and Hilbert, Methods of Mathematical Physics, vol. I chap. V, 1951.


TABLES OF THE ERROR INTEGRAL AND SOME CYLINDRICAL FUNCTIONS

IN this section we give tables of some special functions, which we meet in solving boundary value problems of mathematical physics. The tables are accompanied by a summary of the simplest properties of the functions being considered.

The error integral

The error integral



[image: images]

Expansion in a series for small z:



[image: images]

Asymptotic formula for large z

Changing variables in the integral [image: images], [image: images], we obtain:



[image: images]

Thus,



[image: images]

If one expands [image: images] in series



[image: images]

and multiplies this series by eβ and integrates from zero to infinity, then one obtains a divergent series



[image: images]

This divergent series gives the asymptotic expansion of the function 1 — Φ(z):



[image: images]

Cylindrical functions

Series                Asymptotic formulae

1. Bessel functions



[image: images]

2. Neumann functions



[image: images]

3. Hanlcel functions



[image: images]

4. Functions of imaginary argument



[image: images]

5. Functions of semi-integral order



[image: images]

6. Recurrence relations



[image: images]

Similar formulae exist for other cylindrical functions of a real argument.

For functions of an imaginary argument



[image: images]

7. Wronskian determinant for cylindrical functions



[image: images]

in particular [image: images].

8. Integral relations



[image: images]

9. Integrals, containing Bessel functions



[image: images]

10. Differential equations, reducible to BesseVs equation



[image: images]


where Z is some solution of Bessel's equation.

TABLE 1. ERROR INTEGRAL
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TABLE 2. VALUES OF BESSEL FUNCTIONS OF ZERO AND FIRST ORDER FROM x = 0 TO x = 12.00
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FIG. 1.
Graph of the functions J0(x) and J1(x) Bessel functions or cylindrical functions of the first kind.
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FIG. 2.
functions N0(x) and N1(x) Neumann functions or cylindrical functions of the second kind.




TABLE 3. SUCCESSIVE ROOTS OF THE EQUATION J0(μn) = 0 AND THE CORRESPONDING VALUES |J1(μn)|
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TABLE 4. VALUES OF THE FUNCTIONS K0(x) AND K1(x)





[image: images]


INDEX

Absorption of gases

   asymptotic solution, 179–186

   equations, 175–179

   Henry’s coefficient, 177

   Langmuir’s isotherm, 185–186

Acoustics and electrical

   quantities, correspondence between, 188–189

Acoustics, equation of, 31

Analytic functions of a complex variable, 310–312

Arbitrary vibrations as a superposition of standing waves, 92–97

ARENBERG, B. A., 595

Bessel’s equation

   boundary value problems, 648–651

   representation of the solution by contour integrals, 675

   vth order, 638, 678

Bessel’s functions

   asymptotic relation, 668–669, 685

   first kind for purely imaginary argument, 656–657

   first kind of different orders 643

   first kind of integral order n, 644

   first kind of zero and first order, 642

   functions of half-integral order, 644–645

   recurrence relations, 643–644

   some integrals containing, 672–675

Biharmonic equation, 447–449

   solution for a circle, 451

Biharmonic functions, 447

   representation by harmonic functions, 449–450

Boundary problems with stationary inhomogeneities, 105–106

Boundary value problems for the case of several variables, 39

Capacity of the isolated conductor 422

CARSLAW, K. S., 269, 273

Cauchy’s problem, 36

   of the distribution of temperature along an infinite straight rod, 202

Cauchy–Riemann relations, 310, 312, 437, 441

CHAPLYGIN, S. A., 445

Characteristic cone, 461

Characteristic oscillations

   cylindrical resonator, 607–611

   equation for a circular membrane, 627

   equation for a sphere, 627

Coefficient of

   heat conduction, 199

   heat exchange, 195

   porosity, 196

   thermal conductivity, 197

Conduction of heat in space, 197–199

Conformai mapping method applied to flow around circular cylinder, 442–443

   find electric field of several charged conductors 436–437

   find field of a semi-infinite plane condenser, 438–440

   flow around plates, 444–446

   motion of a solid body in a fluid, 440–442

Conjugate differential operators, 133–134

Conjugate harmonic functions, definition of, 312

Conservation of energy, derivation of tb e law for gas dyna mics, 163–164

   physical significance, 165

Continuity of solutions in the problem of an infinite string, 54–57

Cooling of an infinitely long cylinder, 516–518

   eigenfunctions of the problem, 517

Cooling of a uniformly heated rod, 257–259

Corrections for eigen-frequencies for large and sma llloads, 162

Correspondence between acoustic and electrical quantities, 188–189

COURANT R.and HILBERT, D., 158

Critical sizes

   infinite cylinder, 520

   layer, 520

   sphere, 521

Cylindrical functions

   asymptotic form, 645–648

   equation of the Vth order, 637

   of the second kind of vth order 652

   representation by contour integral, 675–681

   Wronskian determinant, 748

Cylindrical resonator, characteristic oscillations of 607–611

Damped waves, velocity of, 73

Data on characteristics, formulation of the problem, 125–127

D’Alembert’s

   application of to the construction of the source function, 297–300

   criterion, 216

   definition of, 292–295

   δ function

   expansion of in a Fourier series, 295–296

   formula, 45, 76, 145

   physical interpretation, 47

   relation, 457

Demagnetization of a cylinder by a coil, 540–545

Diffraction

   mathematical theory of, statement of the problem, 580–581

   of a plane wave by a sphere, 584–588

   uniqueness of the solution, 583–589

Diffusion

   equation of, 196–197

   of a cloud, 537–540

   of a gas in a moving medium, 558–559

   of a gas in the presence of decay and with chain reactions, 557

Dirichlet’s problem, 302

Dispersion of waves, 68–73

Distribution of temperature inside the frozen water, problem of, 284–286

   using method of similarity, 287–288

Duhammel’s problem, 261

Dynamic compatibility for shock waves, condition of, 165–171

Effect of

   radioactive decay on temperature of earth’s crust 272–278

   steady static temperature on geothermic gradient, 276–278

Eigen-value problem, formulation of boundary value problem, 628–636

Einstein–Kolmogorov equation, 288–291

Elastic attachment not subject to Hooke’s law: boundary condition, 34–35

Elasticity, equation of, reduced to wave equation, 486–489

Electrical prospecting

   electrical profile, uniqueness of solution, 432

   field potential of constant current in homogeneous medium, 427–428

   fundamental idea, 426–427

   potential fields in inhomo- geneous media of different physical nature, 432–433

   two layer medium, problem of, 428–432

   vertical electrical probing, problem of, 428

Electro-integrators, 412–413

Electromagnetic energy of natural vibrations, 611–613

Electromagnetic field, equations of, with boundary conditions, 489–493

   oscillator, 496–502

   potentials of, 493–496

Electrostatics, by means of an inversion, 425–426

   field of charged sphere, 424

   potential of isolated conductor, 422–423

   search for field, 420

Electrostatic images, first boundary value problem solution for circle, 358

   half-space, 360

   sphere, 355

Electrostatic images, method of 354–357

Energy carried away by travelling wave, 600–601

Energy of harmonic oscillator, 502

Error integral, 253

Excitation of oscillations in resonator, 614–616

Existence, theorem of, 39

Expansion, theorem of, 470–471

Finite differences

   concept of the method for Laplace’s equation, 406–409

   equation of heat conduction, 545–555

   method of successive approximations, 409–411

   modelling methods, 412–413

Finite segment, problems for, 65–68

FOK, V. A., 621, 626

Forced vibrations of a string under external force with zero initial conditions, 99

Fourier–Bessel integral, 670–671

Fourier

   law for unevenly heated body, 192–197

   method of solving partial differential equation, 82–88

   series, well known properties of, 95–96

FRANK and MISES, 424, 438, 488

Fredholm

   equations, 397, 401

   linear equation of the second kind, 570

   second and third theorems, 404–405

Free vibrations of a spring equation and solution, 82–88, 99

   interpretation of, 88–92

Freezing, problem of, 283–288

Functions of

   imaginary argument, 747

   semi-integral order, 747

Fundamental integral formula of harmonic functions, 318

Fundamental tone, 90

FURDUEV, V. V., 189

Gas attack, equation of, 559

Gas dynamics, equation of, 163

General linear equation of the hyperbolic type, solution of, 133–145

   integral form of, 134–137

Generalized principle of superposition, 92–96, 244–246, 319

Green’s first relation, 315

Green’s formulae, 118, 134, 314

   derivation of, 315–320

Green’s functions, 218

   (see also under Source function for Laplace’s equation)

Green’s theorem, 421, 448, 635

   application of, 582–584

   first, 472, 613

   for equation of heat conduction and source function, 521–525

   fundamental, 463, 468

   second, 316

Hankel functions, 566, 653–655, 747

   asymptotic formulae, 655

   first and second kind, 652, 676, 677

   first kind, 615

   zero order, 579

Harmonic functions, 310–312, 379

   as biharmonic functions, 449–450

   cases of discontinuous boundary values, 347–348

   conjugate, 312

   discontinuous boundary condition 325–327

   external boundary value problem form of solution 345

   external first boundary value problem for functions of two variables, 332–333

   first boundary value problem for circle 338–343

   fundamental integral formula, 318

   fundamental properties, 320–323

   integral representation of solution, 314–320

   isolated singular points, 327–329

   of two independent variables, 319–320

   second boundary value problem, regularity at infinity, condition of, 334–336

   uniqueness and invariance of first boundary value problem, 324–325

   uniqueness of external first boundary value problem with three independent variables, 331

   uniqueness of solution for an infinite region, 336–337

   with no singularity, 349

Harmonic oscillator, energy of, 502

Heat conduction

   boundary value problems with discontinuous initial conditions, 220–228

   coefficient of, 195, 199

   equation of, 191, 194, 199

   finite segment, 264–266

   first boundary value problem, 204–206, 213

   first general boundary value problem, 231–233

   fundamental solution, 240

   integral form, 193

   general solution 262

   homogeneous equation, solution of, 213–217

   infinite region, 243–253

   infinite space, 508–512

   inhomogeneous equation, 228–231

   linear problem, 191

   maximum value principle, 206

     physical meaning, 206

     proof, 207–209

   method of similarity in boundary value problems for non-linear equation, 281–282

   semi infinite rod, 263–264

   separation of variables, outline of method, 512–516

   solution of equation 259–261

   source function for an infinite region, 278–281

   steady state problems boundary value, 202–203

   using finite differences, 545–555

   with initial condition along infinite straight line, 526–528

   with zero initial conditions, 254–257

Heat exchange, coefficient of, 195

Heat flow steady, 301–302

Heat potential

   for solving boundary value problem for

     bonded region, 534–535

     semi bounded region, 553–534

   properties of, for a single and double layer, 530–533

Henry’s coefficient in absorption of gases, 177
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Homogeneous wave equation (see under Wave equation) Hooke’s law, 20

Hugonist’s conditions, 165, 167

Hydrodynamics, complete system of equation of, 29

IGNATOVSKI, V. S., 579

Images, method of

   source function in heat conduction for

     a segment, 528–530

     a semi-infinite straight line, 527

Infinite homogeneous cylindrical conductor, skin effect in, 616–621

Inhomogeneous equation in infinite space representation by volume potential, 570

   solution, 570–571

   solution of, for heat conduction, 503–508

   uniqueness theorem, 571

   wave equation (see under Wave equation)

Inhomogeneous wave equation (see under Wave equation)

Integral equation(s)

   corresponding to boundary value problems, 401–406

   in homogeneous of the second kind, 401–402

   Stieltje’s integrals, 160

   Volterra type, 534, 535

   wave equation (see Integral wave equation)

Integral relation

   derivation of, for wave equation in plane or space, 461–464

   for the solution of the wave equation in infinite space, 465–466

Integral representation(s) functions of integral order, 661–665

   solution of Δv + cv = 0, 563–564

   source function, 564–567

Integral wave equation, 73–77

   differentiable functions starting from, 74

Interior boundary value problems for the equation of an elliptic type, 559–560

Inversion transformation, 312–314

Isolated conductor, capacity of, 42 2
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JANKE and EMDE, 620

KACHURIN, S. P., 270

Kelvin’s transformation, 313, 329
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Kirchhoff’s law, 412

   relation, 465, 467

Kirchoff–Sobolev relation, 465
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KOLMOGOROV, A. N., 289

KRYLOV, A. N., 160

LADYZHENSKII, O. A., 474

LANDAU, L. and LIFSHITZ, E., 175

Langmuir’s isotherm, 185–186

Laplace’s equation, 301, 303, 319, 324

   electric model of, 412

   first boundary value problem, 420

   for potential flow of an incompressible ideal fluid around a rigid body, 441–442

   fundamental solution of, in three dimensions, 308

   in a curvilinear system of coordinates, 304–308

   in cylindrical co-ordinates, 308

   in electrical prospecting, 428

   inhomogeneous equation, 463–464

   in spherical co-ordinates, 307–308

   in the solution of biharmonic equation for a circle, 451

   possessing spherical symmetry, 308–309

   solution by finite differences method, 406–409

   solution for:

     circle, 358

     first boundary value problem in general form, 350

     half-space, 360

     sphere, 355

   solution of:

     possessing circular symmetry about the singularity, 363

   steady diffusion process, 557

   steady heat flow, problem reducible to, 301–302

   steady vibrations of a membrane, 556

   uniqueness of the solution, 420–421

   using complex variable, 310–312

La-placean operator in spherical co-ordinates, 452, 462

Law of conservation of momentum, integral form for shock waves 167

Lebesgue’s theorem, 223

LEONTOVICH, M. A., 289

   boundary conditions, 607

Limiting amplitude, principle of, 573–575

Logarithmic potential, 362–365

Longitudinal vibrations

   boundary and initial conditions, 33

   of rods and strings, equation of, 19–21

   of a spring Lorentz condition, 494

LUK’YANOV, A. V., 432

LYAPUNOV, A. M., 350, 353

Lyapunov’s curves, 384–388

   potential of a single layer for, 388

Maximum value principle, 321–323, 571

Maxwell’s equation, 419, 489, 491, 493, 497, 596, 601, 607, 616, 617, 622

   second equation, 542

Mean value theorem, 320–321

Motion of the ideal liquid, equation of, in Euler’s form, 28

Natural vibrations,

   electromagnetic energy of, 611–613

   loaded string, 157–161

   orthogonality conditions of the eigenfunctions for, 157–160

Nerust’s law, 196

Neumann’s function, 652–655

   problem, 302

Newton’s law, 195

   heat exchange, 200

NIKITIN, B. N., 541

NIKITIN, V., 616

Non-homogeneous linear equation with constant coefficients, 102

OLSON, G. 189

Ostrogradkii’s

   relation, 198, 314, 315, 377, 558

   theorem, 26

OVERSTONE, 90

Partial differential equations (equations of elliptic, hyperbolic and parabolic type should also be seen under their appropriate headings)

   canonical forms of linear equations with constant coefficients, 11–13

     elliptic type, 12–13

     hyperbolic type, 12–13

     parabolic type, 12–13

   characteristic integrals, 5

   elliptic type, 5

     canonical form for, 8

     condition for, 7

   Fourier method, 82–88

   canonical form, 6

   condition, 6

   hyperbolic type, 5

   parabolic type, 5

   second order with several variables 9

     elliptic type, 10

     hyperbolic type, 10

     parabolic type, 11

     quadrature form, 9–10

     ultrahyperbolic type, 11

   second order with two independent variables, 1

Poisson’s equation, 301

Poisson’s integral, 244, 255, 343–346, 451

   for circle, 358

   for sphere, 357

Poisson’s relation, 455, 527

Porosity, coefficient of, 196

Potential flow in a fluid, 302–304

Potential functions, 360

Potential, logarithmic, 362–365

Potential of double layer, 382

   discontinuity of 388–390, 395

   field of n point masses, 361

   force field, 361

   in three dimensions, 384
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   single layer, 380

     for Lyapunov surface, 388

     properties of, 392–395

     two independent variables, 382

   with constant density, 389
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   with variable density, 390–391

Potential, polarization, 603

Potential surface

   application to solution of boundary value problem 396–401

   for circle, 398–400

   for semi-space, 400–401

Potential theory, improper integral 366–371

Potential, volume

   asymptotic expression, 416–419

Power series, 638–643

Propagation of discontinuities along characteristic curves, 78–79

Propagation of radio waves problem of effect of earth, 621–626

Propagation of spherical and cylindrical waves, definition, 48

   in semi infinite region, 57

   method, 45

   physical picture, 457–459

Radiation conditions, 579

Radioactive decay, effect of on the temperature of the earth’s crust, 272–278
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   physicalinterpretation, 13 7–140
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RYTOV, S. M., 614
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Scattering of sound by solid spherical obstacle 588–592
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Semi–infinite rod, formulation of chief boundary-value problem, 202–203

Separation of variables

   general scheme of method, 116–122

   method applied to heat conduction in finite bodies 512–516

   solution of first boundary value problem for circle, 338–343

   standing waves, 468–474

   vibration of rods, 153–155

Shock waves, 165

   conservation of energy, equation, 167

   integral form, 167

   self model motion, 174

   velocity, 166

   weak discontinuities, 171–175

Skin effect

   definition, 616

   in infinite homogeneous cylindrical conductor, 616–621

Small transverse vibrations of string boundary and initial conditions, 32

   energy of nth standing wave, 89

   equation, 15–19

SMIRNOV, V. I., 26, 93, 95, 245, 416, 447, 471, 472, 555, 667

SOBOLEV, S. L., 465, 488

SOMMERFELD, A., 579, 621, 678

Sound propagation in gas, 29

Source function, construction of using function, 297–300

Source function, for

   excitation in wave guide, 605

   field in wave guide, 603–605

   finite segment, 217–220

   heat conduction for segment using method of images 528–530

   infinite region, 235–240

   Laplace’s equation, applied to circle, 357–358

     electrostatic interpretation, 351

     first boundary value problem, 350

     half-space, 359–360

     semi-infinite region, 276

     semi-infinite straight line sphere, 354–357

     using method of images, 527

Spherical and cylindrical waves, physical picture of propagation of, 457–459

Standing wave, 89

   antinodes of, 89

   arbitrary vibration as superposition of, 92–97

   profile of, 89

Stationary inhomogeneous, boundary problems with, 105–106

Steady heat flow, 301–302

   boundary value problems, first, 302

   second, 302

   third, 302

Steady state problems, 36–37 108–112

Steepest descent,methodfor asymptotic formulae 682–685

Stefan–Boltzmann law, 203

Steklov’s theorem of expandability, 118–122

STEPANOV, 638

Stieltjee’s integrals, integral equation in, 160

String with load at end, 161

Sturm–Liouville’s problem, 84–85

Successive approximations, method of, 127–132

   using finite differences, 409–411

SUMGIN, M. I., 270

Superposition, generalized principle of, 92–96, 244–246, 319

Surface potential, (see under Potential)

SVESHNIKOV, A. G., 573

TAMM, I. E., 616

Tchebyshev polynomials, 668

Telegraphic equation, 72, 187

   mechanical analogy of, 188

Temperature propagation function of an instantaneous heat source 506

Temperature waves, 268–272

Thermal conductivity, coefficient of, 197

TIKHONOV, A. N., 175, 278, 432

TOLSTIKHIN, N. I., 270

Total energy of string, 22

Transmission line equation, derivation of, 23–24

Transverse vibrations of a membrane, 24–27

   differential equation for, 27

Tsempler’s theorem, 168

Tshebyscheff-Hermite equations, 628

   polynomials, 628

TUMEL, V. F., 270

Umov–Poynting vector, 501

VAN DEB POL, 626

Vanishing absorption, principle of, 571–573

Vanishing friction, condition of, 112

Vector fields, determination of, 433–435

Vector potential of oscillator 497, 499

Velocity of damped waves, 73

Velocity of propagation of sound, 31

Velocity potential, 303

Vibration of strings of musical instruments, 147–150

   energy of nth harmonic, 148

Vibrational energy of a string, 21–23

Vibrations in finite volume, problem of 468–474

Vibrations of loaded string formulation of problem, 155–156

   natural, 157–161

Vibrations of membrane circular, 478–484

   rectangular, 474–478

Vibrations of rods, 150–155

   derivation of equation, 151–152

method of separation of variables, 153–155

Vibrations of string, equation under action of concentrated force, 113

   with constant coefficients 141, 145

Volume potential, 360–362 (see also under Potential)

   first derivative of, 372–376

   second derivative of, 376–379

Volume potential of equation, Δ – x2u = 0, 567

   basic properties of, 567–570

Volt erra type integral equation, 534–535
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Wave equation defined 15

   equations of theory of elasticity reduced to, 486–489

   first general boundary problem, 104

   homogeneous

     solution by method of averages, 452–455

     solution by method of descent, 455–457

     solution of first boundary problem 59–64

   inhomogeneous

     boundary and initial conditions of, 97

     solution of, 99

     solution with zero initial conditions, 466–467

   integral, 73–77

   differential functions starting from, 74

   periodic solution, 661–665

   solution describing divergent waves, 575–580

Wave equation, in cylindrical resonator, 609

   diffraction of plane wave by sphere, 584–588

   infinite space, integral relation for solution 465–466

   inhomogeneous medium, 580

   polar coordinates, 637

   scattering of sound by solid spherical obstacle, 588–589

   solution using integral relation in infinite space, 465–466

   space,

     descent, 455–457

     derivation of integral relation, 461–464

     images for semi-space 459–466

     solution by method of averaging, 452–455

   steady vibrations produced by periodic forces 573, 575

   theory of elasticity, 486–489

   vibrations of circular membrane, 478–480

   vibrations of plane homogeneous membrane 474–476

Wave guide

   source function for excitation by elementary magnetic pole, 605

   source function for field, 603–605

Waves in cylindrical guides, 595–606

Wave rarefaction, problem of, 172–175

Wave velocity, 69

Wave zones of oscillator, 501
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