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              Translator’s Preface
            

              Augustin-Louis Cauchy (1789–1857) is responsible for a great many publications, but among his most important works is his textbook of 1823,
              Résumé des leçons données a l’École royale polytechnique sur le calcul infinitésimal
              (Summary of Lectures given at the Royal Polytechnic School on the Infinitesimal Calculus). He wrote the text, usually shortened to
              Calcul infinitésimal
              , while teaching at the
              École polytechnique
              in Paris, one of the most prestigious institutes of higher education in all of Europe,
              1
              to support the analysis course he taught at the school. Cauchy’s
              Calcul infinitésimal,
              translated here in its entirety, is his first full-length book devoted to calculus. In a collection of lecture notes designed for his students at the École Polytechnique, Cauchy presents his differential and integral calculus in a highly efficient and well-organized manner. In this text, he builds a complete and solid foundation for calculus from which the current subject is based.
            

              The
              Calcul infinitésimal
              text is composed of forty relatively brief lectures which begin with his historic definition of the limit, then quickly progress in rigorous and methodical fashion through all of the important topics and theorems necessary to construct what is essentially the modern version of this subject. His forty lectures present material in an order nearly identical to today’s calculus textbooks, beginning with differential calculus, stepping through integral calculus, and ending with a study of infinite series and Taylor’s Theorem.
              Calcul infinitésimal
              is important because it presents a cohesive, consistent, and comprehensive package for the systematic use and rigorous supporting theory of the calculus—a package based firmly and squarely upon reason. Cauchy methodically steps through result after result, introducing relevant precise definitions as needed. Basic theorems are rigorously proven one after the other, while more advanced theorems are derived in turn—always basing the argument upon earlier results. His definitions for most all of the important concepts in the subject are the same modern definitions we use today, with only relatively minor modifications in some cases which occur later in the 19th and early 20th centuries.
            

              Many of Cauchy’s ideas presented in
              Calcul infinitésimal
              were not new and had been suggested in an ad hoc way by many mathematicians over the years long before Cauchy was even born. The basic concept of the limit had been discussed among leading mathematicians as far back as the 17th century, but without success. Jean-Baptiste le Rond d’Alembert (1717–1783) had pushed for the idea to be integrated into a theory of the calculus as recently as the late 18th century, but once again his idea did not catch on. As has occurred so many times through the history of science and mathematics, the early 19th century needed just the right brilliant individual to coalesce all the ideas then floating in the air. An individual who also possessed the ability to combine these ideas with the strength of mathematics and proper reason to form a consistent and rigorous theory. It was Augustin-Louis Cauchy who would be this person. Cauchy was the individual who had the insight and creativity to finally bring in the precision of formulation of the limit concept with the correct mathematical muscle allowing him to place the calculus on a formal footing. It would be Cauchy who would manage to form a universal rigorous foundation for the calculus. Indeed, Cauchy’s work set a new standard of mathematical rigor in Europe for the remainder of the 19th century and would finally, after nearly 150 years of attempts, place the calculus on firmly defendable ground.
            
The setting in which Cauchy found himself in this world is one of the most interesting in modern history. He was born at the dawn of the French Revolution into a family tightly associated with the monarchy of France. Although his family lived through a great deal of financial and political turmoil during his childhood, his father’s position in the government eventually allowed the young Cauchy access to highly influential people. Two of these individuals were the prominent and important French statesmen and scientists, Pierre-Simon de Laplace (1749–1827) and Joseph-Louis Lagrange (1736–1813). Both became family friends and recognized Cauchy’s mathematical talent early. They helped place him in the best schools in Paris, ultimately to include the École Polytechnique, where Cauchy would then have André-Marie Ampère (1775–1836) as a tutor for his analysis and other courses. Knowing today the importance of the mathematical and scientific contributions from even these three mentors of Cauchy, the life into which this young man was launched is simply an incredible one.

                A Few Notes Regarding Cauchy’s Original Works
                :
              

                Although real, single-variable functions are the primary focus of Cauchy’s
                Calcul infinitésimal
                lectures, he spends time exploring how to extend his development to multiple variable and complex functions. Among many key results in the text, Cauchy will lay out all the common tools needed to utilize the calculus. Employing his precise limit definition, Cauchy will define both the derivative and the definite integral as limits themselves—firmly setting them both on a solid and rigorous foundation. His definition of the definite integral will ultimately serve as a model for Bernhard Riemann’s (1826–1866) more modern version decades later. Along with this definition, Cauchy will demonstrate the existence of the definite integral independent of the derivative, a pioneering step forward in the field. Within
                Calcul infinitésimal
                , Cauchy will provide rigorous, limit-based proofs for the General Mean Value Theorems of the Derivative and the Definite Integral, as well as the Fundamental Theorem of Calculus and many others. Convergence properties of infinite series are covered in depth near the end of the text, including standard convergence tests and theorems. It is here where Cauchy will again seriously break from many of his contemporaries and require the convergence of an infinite series to be demonstrated before any further claims regarding its properties can be made. Cauchy will prove Taylor’s Theorem and show the Lagrangean attempt to rigorize the calculus is inadequate.
                2
              

                As stated earlier, Cauchy published an enormous amount of mathematics, second only to Leonhard Euler (1707–1783). However, of main interest to us here are two of the first full-length books Cauchy wrote in the early 1820s. The first of these two is, of course, our
                Calcul infinitésimal
                , published in 1823. The second is a book published two years earlier,
                Cours d’analyse de l’École royale polytechnique
                (Analysis Course at the Royal Polytechnic School). Within this earlier text, Cauchy lays out much of the analysis fundamentals required to develop his calculus fully, including his definitions of the limit and of continuity. But, the text stays away from the strictly calculus topics of the derivative and the integral. He initially planned for this earlier work to include two volumes, the first volume of which was published in 1821 with the title
                Analyse algébrique
                (Algebraic Analysis). For various reasons, mostly related to disagreements with the
                Conseil d’instruction
                (Board of Instruction)
                3
                over the expected content of the analysis course to be taught at the École Polytechnique, the second volume of this work was never produced. It is now customary to refer to the published first volume simply as
                Cours d’analyse
                instead of
                Analyse algébrique
                ; but, the two titles are used interchangeably, even by Cauchy himself. Due to the wealth of analysis results found in this text, Cauchy will reference it often in
                Calcul infinitésimal
                and clearly expected his students to be familiar with the text, or to refer to it heavily for themselves during the analysis course he was teaching.
              

                In the year 1882, well after Cauchy’s death, a monumental effort was begun to compile all of Cauchy’s works into a single collection. The title of this compilation is
                Œuvres complètes d’Augustin Cauchy
                (Complete Works of Augustin Cauchy). It consists of 27 volumes, each published on different dates. Incredibly, this undertaking was not completed until the 1970s. Cauchy’s
                Cours d’analyse
                is located in Series II, Tome III of this huge collection, published in 1897. His
                Calcul infinitésimal
                is found in Series II, Tome IV, published in 1899.
              

                A Few Technical Notes Regarding This Translation
                :
              
This translation generally follows the overall page layout and formatting of the 1899 version, as the original 1823 version is quite cramped and unnecessarily difficult to read, especially when it comes to Cauchy’s formulas and equations. The content, emphasis, and special use of typeset of the two versions are nearly identical, but when any variations occur Cauchy’s original 1823 words and choice of text style are almost always used here, the version under Cauchy’s control. The only rare exceptions occur when the 1899 version more clearly presents Cauchy’s message and intent. Any footnotes included by Cauchy himself (of which there are only two) are fully replicated in this translation.
A short errata sheet was published with the original 1823 text. This sheet has been included here; however, to improve the readability of the translation, each of the noted errors in the text has been corrected. Wherever one of these corrections occurs, a footnote has been included to identify the change. There are multiple additional errors throughout the original 1823 text beyond those listed in its errata sheet. These, too, have been corrected and noted as they arise. The 1899 edition contains its share of duplicate and new errors of its own. To be complete in this translation, these have also been documented.

                The 1899 reprint added several new footnotes throughout the text in places where Cauchy references a result from his 1821
                Cours d’analyse
                . These new footnotes mark where in the
                Œuvres complètes d’Augustin Cauchy
                this reference can be found. Cauchy makes a total of seventeen such direct references to his earlier work throughout the
                Calcul infinitésimal
                text, twelve of which have added footnotes in the 1899 edition. Since the original 1821 version of
                Cours d’analyse
                is widely available,
                4
                and once one understands where the 1897 reprint of this book is located within the
                Œuvres complètes d’Augustin Cauchy
                , these new footnotes are not usually very helpful. As a result, all have been excluded from this translation to reduce unnecessary clutter.
              

                The editors of the
                Œuvres complètes d’Augustin Cauchy
                chose to append one of Cauchy’s research papers, “On the Formulas of Taylor and Maclaurin,” to the very end of the 1899 reprint of his
                Calcul infinitésimal
                . Although this new work is not a part of Cauchy’s original
                Calcul infinitésimal
                , it too is translated and included as Appendix D. Additional appendices to this book include translations of selected excerpts from Cauchy’s
                Cours d’analyse
                which hold particular interest.
              

                In an effort to maintain the feel of an early 19th-century text, nearly all of the original mathematical notation and symbolism have been retained in the translation, with only a small number of exceptions. Included in these exceptions is Cauchy’s use of a low-positioned dot to represent multiplication, as an example
                [image: $$ u.\frac{1}{v}, $$]
                or to represent the differential of some functions, as an example
                [image: $$ d.\textrm{sin}x. $$]
                Cauchy himself is not consistent with the usage of this low-positioned dot in either situation, and its usage is abandoned in the 1899 reprint. There are a few other minor modifications, including an occasional use or removal of parentheses, but the number of changes from the original 1823 text is quite small.
              
Notes have been included throughout the translation to help the reader in locations where Cauchy is particularly terse or unclear with his mathematics. As a modern reader progresses through these pages, one needs to keep in mind they are a collection of his lecture notes, developed and published to benefit his students. It must be assumed there was plenty Cauchy would have been explaining in the classroom as he went through this material in person from his blackboard that does not show up here in his text. These added footnotes help to fill that gap. Important mathematical results Cauchy has achieved, or misconceptions he may have had at the time are also noted to aid the reader get a sense of history in the making and a feel for how difficult this subject was to develop, even for one of the best mathematicians in the early 19th century. Occasional historical comments are included to remind the reader of the rich history surrounding the development of calculus and of the eventful time in Europe when Cauchy wrote the text in Paris.
Without losing Cauchy’s message or his characteristic style, punctuation has been adjusted on occasion, but no attempt has been made to significantly modify Cauchy’s early 19th-century wording. The primary goal of this translation has been to present Cauchy’s original text in as true a form as possible, so the reader has a sense of what it may have been like to actually sit in an analysis class of Mr. Cauchy’s in the 1820s.

                A Few Final Thoughts
                :
              
Cauchy’s lectures provide an excellent vehicle for the lifelong mathematics student to gain an appreciation for the historical development of analysis and the calculus. It may also serve as a particularly valuable supplement to a traditional calculus or real analysis text for those who desire a way to create more texture in a conventional calculus class by introducing original historical sources. As the modern reader will see, Cauchy leaves much for his students and future readers to discover and demonstrate for themselves within the text.
It is hoped you will find the experience of full immersion into Cauchy’s world fruitful and personally rewarding. Take your time and leisurely work through Cauchy’s lectures line by line to gain a complete appreciation for the development of his calculus. Witness firsthand how Cauchy struggles in spots and makes errors in others. In this manner, you will experience the thrill and excitement one gains by walking the same path as the master, Mr. Cauchy. Enjoy the journey.

                SUMMARY OF LECTURES
              

                GIVEN
              

                AT THE ROYAL POLYTECHNIC SCHOOL
              

                ON
              

                THE INFINITESIMAL CALCULUS,
              

                By Mr. Augustin-Louis CAUCHY,
              
Engineer of Bridges and Roads,
Professor of Analysis at the Royal Polytechnic School,
Member of the Academy of Sciences,
Knight of the Legion of Honor.

                FIRST VOLUME.
              
PARIS,
THE ROYAL PRINTING OFFICE.

                1823.
              
Original title page of 1823 text.

—D. Cates


            FOREWORD.
          

              This work,
              5
              undertaken on the request of the Board of Instruction of the Royal Polytechnic School,
              6
              offers a summary of the lectures that I gave to this school on the infinitesimal calculus. It will be composed of two volumes
              7
              corresponding to the two years which form the duration of the course. I publish the first volume today divided into forty lectures, the first twenty of which comprise the differential calculus, and the last twenty a part of the integral calculus. The methods that I follow differ in several respects from those which are found expressed in the works of similar type. My main goal has been to reconcile the rigor, which I have made a law in my
              Analysis Course
              , with the simplicity which results from the direct consideration of infinitely small quantities. For this reason, I thought obliged to reject the expansion of functions by infinite series, whenever the series obtained are not convergent;
              8
              and I saw myself forced to return the formula of T
              aylor
              to the integral calculus, and this formula can only be admitted as general so long as the series that it contains is found reduced to a finite number of terms and supplemented by a definite integral. I am aware that the illustrious author of the
              Analytical Mechanics
              has taken the formula in question
              9
              for the basis of his theory of
              derived functions
              .
              10
              But, despite all the respect that such a grand authority commands, the majority of mathematicians
              11
              are now in accordance to recognize the uncertainty of the results which we can be led to by the employment of divergent series, and we add that in several cases, the Theorem of T
              aylor
              seems to provide the expansion of a function by convergent series, even though the sum of the series differs fundamentally from the proposed function (
              see
              the end of the thirty-eighth lecture). Moreover, those who will read my work, will be convinced, I hope, that the principles of the differential calculus and its most important applications, can be easily explained without the intervention of series.
            

              In the integral calculus, it seemed necessary to demonstrate generally the existence of
              integrals
              or
              primitive functions
              before making known their various properties. To achieve this, it was first necessary to establish the notion of
              integrals taken between given limits
              , or
              definite integrals
              .
              12
              These latter objects can sometimes be infinite or indeterminate, it being essential to study in which cases they maintain a unique and finite value. The simplest means of resolving the question are the employment of
              singular definite integrals
              which are the subject of the twenty-fifth lecture. Moreover, among the infinite number of values that we can attribute to an indeterminate integral, there exists one which merits our particular attention and that we have named
              principal value
              . The consideration of singular definite integrals and those of the principal values of indeterminate integrals are very useful in the solution of a large group of problems. We deduce a great number of general formulas that work for the determination of definite integrals and are similar to those that I gave in a report presented to the Institute in 1814. We will find in lectures thirty-four and thirty-nine a formula of this type applied for the evaluation of several definite integrals, some of which were already known.
            
ERRATA.

                	PAGES.
	LINES.
	ERRORS.
	CORRECTIONS.

	28.
	27.
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	28.
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This is the original errata sheet included in the 1823 publication. All of these errors have been corrected in this translation along with added footnotes wherever a change has been made. The corrections on pages 37 and 47 (these are page references to Cauchy’s original text) are due to slightly different characters or symbols being used. The variations between what was actually used for the printing and the corrected versions are slight—perhaps an odd typeset in use at the time.
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Footnotes
1
                  The École Polytechnique is still in operation today as a member of France’s elite
                  Grande écoles
                  . It was established in 1794 by the French Revolutionary government to train scientists and engineers and is still regarded as one of the most elite and selective institutions in Europe.
                

 

2
                    Many in the mathematics community of the early 19th century thought most any function could be expanded into a Taylor series, and that the derivative of the function was simply the coefficient of the second (or linear) term of this expansion. Lagrange himself was a leading proponent of this theory and taught this algebra-based theory of the calculus at the École Polytechnique during its early years. His important 1797 (and later editions) textbook,
                    Théorie des fonctions analytiques
                    (The Theory of Analytic Functions), was derived from these lectures. Indeed, Lagrange taught the same analysis course that Cauchy would later inherit when young Augustin-Louis began his tenure at the school in 1815 at the age of 26.
                  

 

3This is the administrative body at the École Polytechnique overseeing the content and duration of each course in its curriculum. There was a near-constant struggle between Cauchy desiring a rigorous class which was full of foundational analysis, and the Conseil d’Instruction who desired a practical course shorter in length and one with more applications. This struggle would cause a serious headache for Cauchy for much of his time at the École Polytechnique.

 

4
                    BnF Digital Library,
                    Bibliotèque nationale de France – Gallica
                    ,
                    www.​bnf.​fr
                    .
                  

 

5
                  This is the original
                  AVERTISSEMENT
                  included in the 1823 edition.
                

 

6
                  Known as the
                  Conseil d’instruction.
                

 

7
                  Cauchy had been at constant odds with the Conseil d’Instruction over the content and duration of the analysis course for years. They much preferred a shorter course with more applications. In the summer of 1824, following the publication of
                  Calcul infinitésimal
                  (the first volume of this work), the printing of the lectures for the second volume was begun (the first thirteen lectures were printed), but then suddenly halted. The reason surrounding this interruption remains unclear, but likely was due to the Conseil d’Instruction’s displeasure with the material Cauchy had thus far developed. In any event, the printing was never resumed and the complete second volume was never published.
                

 

8Cauchy breaks from many mathematicians up to his time by requiring the convergence of an infinite series be demonstrated before any claim of its properties could be made.

 

9The author Cauchy is referring to is one of his mentors, Joseph-Louis Lagrange (1736–1813). The formula is that of Taylor.

 

10
                  The phrase
                  derived function
                  had previously been used and established by Lagrange, but today
                  derivative function
                  is more commonly employed.
                

 

11
                  Cauchy uses the term
                  géomètres
                  here, a term that would have referred to any mathematician during his time.
                

 

12The integral was considered not nearly as important as the derivative by most mathematicians of Cauchy’s time, generally viewing it simply as the inverse of the derivative. Cauchy’s definite integral existence proof is important because it demonstrates the independence of the integral from the derivative.

 

13This addendum is not listed in the original 1823 TABLE OF CONTENTS but is included in the published text.
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We call a variable quantity that which we consider as having to successively receive several different values, one from the other. On the contrary, we call a constant quantity any quantity that receives a fixed and determined value. When the values successively attributed to the same variable approach a fixed value indefinitely, in such a manner as to end up differing from it by as little as we will wish, this final value is called the limit of all the others.1 Thus, for example, the surface of a circle is the limit toward which the surfaces of regular polygons inscribed inside converge, while the number of their sides grows increasingly; and the radius vector, originating from the center of a hyperbola to a point of the curve which moves further and further from the center, forms with the x-axis an angle which has for a limit, the angle formed by the asymptote with the same axis; .... We will indicate the limit toward which a given variable converges by the abbreviation lim placed in front of this variable.2

Often the limits toward which the variable expressions converge are presented under an indeterminant form, and nevertheless we can still determine, with the help of particular methods, the actual values of these same limits. Thus, for example, the limits which the two variable expressions3
[image: $$\begin{aligned} \frac{\sin {\alpha }}{\alpha }, \ \ \ \ \ \ \ \ \ \ (1+\alpha )^{\frac{1}{\alpha }} \end{aligned}$$]



indefinitely approach, while [image: $$ \alpha $$] converges toward zero, are presented under the indeterminant forms [image: $$ \frac{0}{0}, $$] [image: $$ 1^{\pm \infty }; $$] and yet, these two limits have fixed values that we are able to calculate as follows.
We obviously have, for very small numerical values of [image: $$ \alpha , $$]
              
            
[image: $$\begin{aligned} \frac{\sin {\alpha }}{\sin {\alpha }}&gt; \frac{\sin {\alpha }}{\alpha } &gt; \frac{\sin {\alpha }}{\text {tang} {\alpha }}. \end{aligned}$$]



By consequence, the ratio [image: $$ \frac{\sin {\alpha }}{\alpha }, $$] always contained between the two quantities [image: $$ \frac{\sin {\alpha }}{\sin {\alpha }} = 1, $$] and [image: $$ \frac{\sin {\alpha }}{\text {tang} {\alpha }} = \cos {\alpha }, $$] the first of which serves to limit the second, will itself have unity for a limit.4

Let us now look for the limit toward which the expression [image: $$ (1+\alpha )^{\frac{1}{\alpha }} $$] converges, while [image: $$ \alpha $$] indefinitely approaches zero. If we first suppose the quantity [image: $$ \alpha $$] positive and of the form [image: $$ \frac{1}{m}, $$] m designating a variable integer number5 and susceptible to an indefinite increment, we will have[image: $$\begin{aligned} (1+\alpha )^{\frac{1}{\alpha }}&amp;= \left( 1+\frac{1}{m}\right) ^m \\&amp;= 1+\frac{1}{1}+\frac{1}{1 \cdot 2}\left( 1-\frac{1}{m}\right) +\frac{1}{1 \cdot 2 \cdot 3}\left( 1-\frac{1}{m}\right) \left( 1-\frac{2}{m}\right) + \cdots \\&amp;\!\quad \quad \quad \ \ + \frac{1}{1 \cdot 2 \cdot 3 \cdots m}\left( 1-\frac{1}{m}\right) \left( 1-\frac{2}{m}\right) \cdots \left( 1-\frac{m-1}{m}\right) . \end{aligned}$$]



Since, in the second member of this last formula,6 the terms which contain the quantity m are all positive, and grow in value and in number at the same time as this quantity, it is clear that the expression [image: $$ \big (1+\frac{1}{m}\big )^m $$] will itself grow along with the integer number [image: $$ m, $$] while always remaining contained between the two sums[image: $$\begin{aligned} 1 + \frac{1}{1} = 2 \end{aligned}$$]



and7
[image: $$\begin{aligned} 1+\frac{1}{1}+\frac{1}{2}+\frac{1}{2 \cdot 2}+\frac{1}{2 \cdot 2 \cdot 2}+ \cdots = 1+1+1 = 3; \end{aligned}$$]



therefore, it will indefinitely approach, for increasing values of [image: $$ m, $$] a certain limit contained between 2 and 3. This limit is a number which plays a great role in the infinitesimal calculus and which we agree to designate by the letter e.8
 If we take [image: $$m = 10000, $$] we will find for the approximate value of e,  by making use of tables of decimal logarithms,[image: $$\begin{aligned} \left( \frac{10001}{10000}\right) ^{10000} \ = \ 2.7183. \end{aligned}$$]



This approximate value is exact to within a ten-thousandth,9 as we will see much later.
We now suppose that [image: $$ \alpha , $$] always positive, is no longer of the form [image: $$ \frac{1}{m}. \ $$] We designate in this hypothesis by m and [image: $$ n = m + 1, $$] the two integer numbers immediately less than and greater than [image: $$ \frac{1}{\alpha }, $$] so that we have[image: $$\begin{aligned} \frac{1}{\alpha } = m+\mu = n-\nu , \end{aligned}$$]



[image: $$\mu $$] and [image: $$ \nu $$] being numbers contained between zero and unity. The expression [image: $$ (1+\alpha )^{\frac{1}{\alpha }} $$] will obviously be contained between the following two[image: $$\begin{aligned} \left( 1+\frac{1}{m}\right) ^{\frac{1}{\alpha }} = \Bigg [\left( 1+\frac{1}{m}\right) ^m\Bigg ]^{1+\frac{\mu }{m}}, \ \ \ \ \ \ \ \ \left( 1+\frac{1}{n}\right) ^{\frac{1}{\alpha }} = \Bigg [\left( 1+\frac{1}{n}\right) ^n\Bigg ]^{1-\frac{\nu }{n}}; \end{aligned}$$]



and since, for the infinitely decreasing values of [image: $$ \alpha , $$] or to what amounts to the same thing, for the always increasing values of m and of [image: $$ n, $$] the two quantities [image: $$\big (1+\frac{1}{m}\big )^m,$$] [image: $$\big (1+\frac{1}{n}\big )^n$$] converge, one and the other, toward the limit e,  while [image: $$ 1 + \frac{\mu }{m}, $$] [image: $$ 1-\frac{\nu }{n} $$] indefinitely approach the limit 1, it follows that each of the expressions[image: $$\begin{aligned} \left( 1+\frac{1}{m}\right) ^{\frac{1}{\alpha }}, \ \ \ \ \ \ \ \ \left( 1+\frac{1}{n}\right) ^{\frac{1}{\alpha }}, \end{aligned}$$]



and as a result, the intermediate expression [image: $$ (1+\alpha )^{\frac{1}{\alpha }} $$] will also converge toward the limit e.
Finally, we suppose that [image: $$ \alpha $$] becomes a negative quantity. If we let in this hypothesis[image: $$\begin{aligned} 1+\alpha = \frac{1}{1+\beta }, \end{aligned}$$]



[image: $$\beta $$] will be a positive quantity which will itself converge toward zero, and we will find[image: $$\begin{aligned} (1+\alpha )^{\frac{1}{\alpha }} = (1+\beta )^{\frac{1+\beta }{\beta }} = \left[ (1+\beta )^{\frac{1}{\beta }}\right] ^{1+\beta }; \end{aligned}$$]



then, by passing to the limits,10
[image: $$\begin{aligned} \lim {(1+\alpha )^{\frac{1}{\alpha }}} = e^{\lim {(1+\beta )}} = e. \end{aligned}$$]



When the successive numerical values of the same variable indefinitely decrease in such a manner as to drop below any given number, this variable becomes what we call an infinitesimal, or an infinitely small quantity.11
 A variable of this kind has zero for a limit. Such is the variable [image: $$ \alpha $$] in the preceding calculations.
When the successive numerical values of the same variable grow increasingly in such a manner as to rise above any given number, we say that this variable has positive infinity for a limit, indicated by the sign [image: $$\infty ,$$] if the variable in question is positive; and negative infinity, indicated by the notation [image: $$ -\infty , $$] if the variable in question is negative. Such is the variable number m that we have employed above.
Footnotes
1Incredibly, this is Cauchy’s historic definition of the limit. One of Cauchy’s most famous contributions, it looks very little like the modern definition. The words throw us off, but the manner in which Cauchy ultimately uses this definition in several locations later in this text demonstrates his definition is, in fact, the same one that will be more rigorously symbolized with [image: $$\delta $$]’s and [image: $$\varepsilon $$]’s by Karl Weierstrass (1815–1897) later in the 19th century.

 

2Others had used this notation for the limit concept before Cauchy. Simon Antoine Jean L’Huilier (1750–1840) is generally credited with the earliest use in the year 1786 in his winning entry to the Royal French Academy of Sciences’ challenge of “A Clear and Precise Theory on the Nature of Infinity,” a contest suggested and judged by Joseph-Louis Lagrange (1736–1813).
                  
                


 

3As Cauchy leads us through his solutions for the limits of these two examples, keep in mind they are the first two challenging examples of a limit he chooses to provide his beginning infinitesimal calculus students as their introduction into how to apply his limit concept.

 

4Cauchy argues in his 1821 Cours d’analyse Chapter II, §III, that [image: $$\alpha &gt;\sin {\alpha }$$] and [image: $$\text {tang} {\alpha }&gt;\alpha . $$] Presumably, his students would have been familiar with this earlier work, or perhaps Cauchy would have quickly covered this in class. This may be one example explaining why Cauchy’s classes tended to run overtime. He is making use of what we know today as the Sandwich (or Squeeze) Theorem, a result which likely seemed obvious to Cauchy and one not in need of a proof.

 

5Generally, Cauchy uses the term number to denote a positive value and the term quantity to denote a signed number.

 

6The “second member” of the formula is the right-hand side of the equation.

 

7Cauchy is using an argument similar to that of Nicole Oresme (1325–1382), one of the first to suggest the infinite series [image: $$\frac{1}{2}+\frac{1}{2 \cdot 2}+\frac{1}{2 \cdot 2 \cdot 2}+\cdots = 1.$$]

 

8This is the first of multiple instances within Calcul infinitésimal in which Cauchy defines a quantity based on a limit.

 

9The 1899 edition has the fraction [image: $$ \frac{1}{10000}.$$]

 

10Cauchy rarely includes in his notation the type of limit in question. As in this case, instead of writing[image: $$\begin{aligned} \lim _{\alpha \rightarrow 0}{(1+\alpha )^{\frac{1}{\alpha }}} \quad \quad \quad \text {and} \quad \quad \quad \lim _{\beta \rightarrow 0}{(1+\beta ),} \end{aligned}$$]



as we would today, Cauchy uses the phrase, “passing to the limits.” Although Cauchy is not at all consistent as to how he deals with this notation throughout the remainder of these lectures, his intent is generally clear. As will occur in many locations throughout the text, this second limit example provided by Mr. Cauchy includes a wide bounty of beautiful mathematics.

 

11This definition for an infinitesimal is also used earlier in Cauchy’s 1821 Cours d’analyse text; however, it was still relatively new at the time. An important point here, which was a break from many of his contemporaries, is that Cauchy’s infinitesimal is not necessarily zero itself, only that its limit is zero.
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When variable quantities are so related among themselves that, the value of one of them being given, we are able to deduce the values of all the others, we usually consider these various quantities expressed by means of one among them, which then takes the name of the independent variable; and the other quantities, expressed by means of the independent variable, are what we call functions of this variable.1

When variable quantities are so related among themselves that, the values of a few being given, we are able to deduce those of all the others, we consider these various quantities expressed by means of several among them, which then take the name of the independent variables; and the remaining quantities, expressed by means of the independent variables, are what we call functions of these same variables. The various expressions that produce the algebra and the trigonometry, when they contain variables considered as independent, are such functions of these variables. Thus, for example,2
[image: $$\begin{aligned} {\varvec{{L}}}x, \ \ \ \ \ \sin {x}, \ \ \ \ \ \dots \end{aligned}$$]



are functions of the variable [image: $$ x; $$]
              
            
[image: $$\begin{aligned} x + y, \ \ \ \ \ x^y, \ \ \ \ \ xyz, \ \ \ \ \ \dots \end{aligned}$$]



functions of the variables x and y,  or x,  y,  and z,  etc.
When the functions of one or several variables are found, as in the previous examples, immediately expressed by means of these same variables, they are named explicit functions.
              
             But, when given only the relations between the functions and the variables, that is to say, the equations to which these quantities must satisfy, as long as these equations are not resolved algebraically, the functions, not being immediately expressed by means of the variables, are called implicit functions. To render them explicit, it is sufficient to resolve, when these can, the equations which determine them. For example, y being an implicit function of x determined by the equation[image: $$\begin{aligned} {\varvec{{L}}}y = x, \end{aligned}$$]



if we call A the base of the system of logarithms that we consider, the same function, becoming explicit by the solution of the given equation, will be3
[image: $$\begin{aligned} y = A^x. \end{aligned}$$]



When we want to represent an explicit function of a single variable x,  or of several variables [image: $$ x, y, z, \dots , $$] without determining the nature of this function, we employ one of the notations[image: $$\begin{aligned}&amp;f(x), \quad F(x), \quad \varphi (x), \quad \chi (x), \quad \psi (x), \quad \varpi (x), \quad \dots , \\&amp;\,f(x,y,z,\dots ), \quad F(x,y,z,\dots ), \quad \varphi (x,y, z,\dots ), \quad \dots . \end{aligned}$$]



Often, in the calculus, we make use of the character [image: $$ \varDelta $$] to indicate the simultaneous increments of two variables which depend one on the other.  This granted, if the variable y is expressed as a function of the variable x by the equation[image: $$\begin{aligned} y \ = f(x), \end{aligned}$$]

 (1)


[image: $$\varDelta y, $$] or the increment of y corresponding to the increment [image: $$ \varDelta x $$] of the variable x,  will be determined by the formula
[image: $$\begin{aligned} y + \varDelta y = f(x + \varDelta x). \end{aligned}$$]

 (2)


More generally, if we suppose[image: $$\begin{aligned} F(x, y) = 0, \end{aligned}$$]

 (3)


we will have[image: $$\begin{aligned} F(x + \varDelta x, y + \varDelta y) = 0. \end{aligned}$$]

 (4)


It is good to observe that, from combining equations (1) and (2), we infer[image: $$\begin{aligned} \varDelta y = f(x + \varDelta x) - f(x). \end{aligned}$$]

 (5)


Now let h and i be two distinct quantities, the first finite, the second infinitely small, and let [image: $$ \alpha = \frac{i}{h} $$] be the infinitely small ratio of these two quantities. If we attribute to [image: $$ \varDelta x $$] the finite value h,  the value of [image: $$ \varDelta y, $$] given by equation (5), will become what we call the finite difference of the function f(x),  and will ordinarily be a finite quantity. If, on the contrary, we attribute to [image: $$ \varDelta x $$] an infinitely small value, if we let, for example,[image: $$\begin{aligned} \varDelta x = i = \alpha h, \end{aligned}$$]



the value of [image: $$ \varDelta y, $$] namely,[image: $$\begin{aligned} f(x + i) - f(x) \quad \quad \text {or} \quad \quad f(x + \alpha h) - f(x), \end{aligned}$$]



will ordinarily be an infinitely small quantity. This is what we will easily verify with regard to the functions

[image: $$\begin{aligned} A^x, \ \ \ \ \ \sin {x}, \ \ \ \ \ \cos {x}, \end{aligned}$$]



to which correspond the differences

[image: $$\begin{aligned} A^{x+i} - A^x&amp;= (A^i - 1)A^x, \\ \sin {(x + i)} - \sin {x}&amp;= 2\sin {\frac{i}{2}}\cos {\left( x + \frac{i}{2}\right) }, \\ \cos {(x + i)} - \cos {x}&amp;= -2\sin {\frac{i}{2}}\sin {\left( x + \frac{i}{2}\right) }, \end{aligned}$$]



which each contain a factor [image: $$ A^i-1 $$] or [image: $$ \sin {\frac{i}{2}} $$] that indefinitely converge with i toward the limit zero.
When, the function f(x) admitting a unique and finite value for all the values of x contained between two given limits, the difference
[image: $$\begin{aligned} f(x + i) - f(x) \end{aligned}$$]



is always, between these limits, an infinitely small quantity, we say that f(x) is a continuous function of the variable x between the limits in question.4

We again say that the function f(x) is, in the vicinity of a particular value attributed to the variable x,  a continuous function of this variable whenever it is continuous between two limits, even very close together, which contain the value in question.
              
            

              
            

Finally, when a function ceases to be continuous in the vicinity of a particular value of the variable x,  we say that it then becomes discontinuous, and there is for this particular value a solution of continuity.5

              
             
              
             Thus, for example, there is a solution of continuity in the function [image: $$ \frac{1}{x}, $$] for [image: $$ x = 0; $$] in the function [image: $$ \text {tang} {x}, $$] for [image: $$ x = \pm \frac{(2k + 1)\pi }{2}, $$]k being any integer number; etc.
After these explanations, it will be easy to recognize between which limits a given function of the variable x is continuous with respect to this variable. (See, for more ample developments, Chapter II of the [image: $$1^{\text {st}}$$] part of Analysis Course, published in 1821.)
Consider now that we construct the curve which has for an equation in rectangular coordinates, [image: $$ y = f(x). \ $$] If the function f(x) is continuous between the limits [image: $$ x = x_0, x = X, $$] to each abscissa x contained between these limits will correspond a single ordinate; and moreover, as x comes to grow by an infinitely small quantity [image: $$ \varDelta x, $$] y will grow an infinitely small quantity [image: $$ \varDelta y. \ $$] As a result, two abscissas very close together, [image: $$ x, x + \varDelta x, $$] will correspond to two points very close, one to the other, since their distance [image: $$ \sqrt{\varDelta x^2 + \varDelta y^2} $$] will itself be an infinitely small quantity. These conditions can only be satisfied as long as the different points form a continuous curve between the limits [image: $$ x = x_0, $$] [image: $$ x = X. \ $$]
Examples. – Construct the curves represented by the equations
[image: $$\begin{aligned} y = x^m, \ \ \ \ \ y = \frac{1}{x^m}, \ \ \ \ \ y = A^x, \ \ \ \ \ y = {\varvec{{L}}}x, \ \ \ \ \ y = \sin {x}, \end{aligned}$$]



in which A denotes a positive constant and m an integer number.
Determine the general forms of these same curves.
Footnotes
1The concept of the function had been around for a long time. René Descartes (1596–1650)  certainly had the idea in mind as he wrote La géométrie  in 1637, but the concept had been floating in the air even before his time. However, in the middle of the 18th century, Leonhard Euler (1707–1783) made the function concept central to the calculus, shifting the focus of the discipline from curves to functions. This shift was instrumental in setting the stage for the rigorization of the calculus.

 

2The notation [image: $${\varvec{{L}}}x$$] is the one Cauchy will use to denote our [image: $$\log {x}$$] today. Additionally, [image: $${\varvec{{l}}}x$$] is the notation he will use to denote our [image: $$\ln {x}.$$] Both will be used extensively later in the text. This notation has been retained to maintain the feel of Cauchy’s original work.

 

3Although Cauchy does not make this perfectly clear until later in this lecture, A is always a positive value. So, the function [image: $$A^x$$] is well defined.

 

4Cauchy’s critically important definition for a continuous function. His imprecise wording here does not clearly distinguish the difference between continuity at a point and uniform continuity over an interval. Debate over this issue goes on to the present day. Fortunately, the subtle concept of uniform continuity does not create a serious issue in most of Cauchy’s work within his Calcul infinitésimal, as he does nearly all of his analysis in this text for well-behaved functions on closed, bounded intervals. It was shown much later in the 19th century that in this situation, a continuous function is also uniformly continuous – a result of the Heine–Borel Theorem, named after Eduard Heine (1821–1881) and Émile Borel (1871–1956). 
                  
                 However, Cauchy’s imprecision here will go on to haunt him in proofs of several theorems to follow.
                  
                


 

5Cauchy’s original text uses the phrase solution de continuité here, translated literally as solution of continuity, which is an older term in use at his time meaning points where continuity dissolves, ceases to exist, or disappears. Today we would certainly call this a point of discontinuity. This older phrase has been retained through this translation.
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When the function [image: $$y=f(x)$$] remains continuous between two given limits of the variable x,  and that we assign to this variable a value contained between the two limits in question, an infinitely small increment attributed to the variable produces an infinitely small increment of the function itself. By consequence, if we then set [image: $$\varDelta x = i, $$] the two terms of the ratio of differences[image: $$\begin{aligned} \frac{\varDelta y}{\varDelta x} = \frac{f(x + i) - f(x)}{i} \end{aligned}$$]

 (1)


will be infinitely small quantities. But, while these two terms indefinitely and simultaneously will approach the limit of zero, the ratio itself may be able to converge toward another limit, either positive or negative. This limit, when it exists, has a determined value for each particular value of [image: $$ x; $$] but, it varies along with x. Thus, for example, if we take [image: $$ f(x) = x^m, $$] m designating an integer number, the ratio between the infinitely small differences will be[image: $$\begin{aligned} \frac{(x+i)^m - x^m}{i}=mx^{m-1}+\frac{m(m-1)}{1 \cdot 2}x^{m-2}i + \cdots + i^{m-1}, \end{aligned}$$]



and it will have for a limit the quantity [image: $$ mx^{m-1}, $$] that is to say, a new function of the variable [image: $$ x. \ $$] It will be the same in general, only the form of the new function, which will serve as the limit of the ratio [image: $$ \frac{f(x + i) - f(x)}{i}, $$] will depend on the form of the proposed function [image: $$ y = f(x).$$]1 To indicate this dependence, we give to the new function the name of derived function,2
 and we represent it, with the help of an accent mark, by the notation3

              
            
[image: $$\begin{aligned} y^{\prime } \ \ \ \ \ \ \ \ \text {or} \ \ \ \ \ \ \ \ f^{\prime }(x). \end{aligned}$$]



In the study of derivatives of functions of a single variable x,  it is useful to distinguish the functions that we call simple and that we consider as resulting from a single operation performed on this variable, with the functions that we construct with the help of several operations and that we call composed.  The simple functions that produce the operations of the algebra and of the trigonometry (see the [image: $$1^{\text {st}}$$] part of Analysis Course, Chapter I) can be reduced to the following[image: $$\begin{aligned}\begin{gathered} a + x, \ \ \ \ \ a - x, \ \ \ \ \ ax, \ \ \ \ \ \frac{a}{x}, \ \ \ \ \ x^a, \ \ \ \ \ A^x, \ \ \ \ \ {\varvec{{L}}}x, \\[4pt] \sin {x}, \ \ \ \ \ \cos {x}, \ \ \ \ \ \arcsin {x}, \ \ \ \ \ \arccos {x}, \end{gathered}\end{aligned}$$]





A designating a constant number, [image: $$ a = \pm A $$] a constant quantity,4 and the letter [image: $$ {\varvec{{L}}} $$] indicating a logarithm taken in the system whose base is A. If we take one of these simple functions for y,  it will be easy in general to obtain the derived function [image: $$ y^{\prime }. \ $$] We will find, as an example, for [image: $$ y = a + x, $$][image: $$\begin{aligned} \frac{\varDelta y}{\varDelta x} = \frac{(a+x+i)-(a+x)}{i} = 1, \ \ \ \ \ y^{\prime } = 1; \end{aligned}$$]



for [image: $$ y = a - x, $$][image: $$\begin{aligned} \frac{\varDelta y}{\varDelta x} = \frac{(a-x-i)-(a-x)}{i} = -1, \ \ \ \ \ y^{\prime } = -1; \end{aligned}$$]



for [image: $$ y = a x, $$]

[image: $$\begin{aligned} \frac{\varDelta y}{\varDelta x} = \frac{a(x+i)-ax}{i} = a, \ \ \ \ \ y^{\prime } = a; \end{aligned}$$]



for [image: $$ y = \frac{a}{x}, $$]

[image: $$\begin{aligned} \frac{\varDelta y}{\varDelta x} = \frac{\frac{a}{x+i}-\frac{a}{x}}{i} = -\frac{a}{x(x+i)}, \ \ \ \ \ y^{\prime } = -\frac{a}{x^2}; \end{aligned}$$]



for [image: $$ y = \sin {x}, $$][image: $$\begin{aligned} \frac{\varDelta y}{\varDelta x} = \frac{\sin {\big (\frac{1}{2}i}\big )}{\tfrac{1}{2}i}\cos {\big (x+\tfrac{1}{2}i\big )}, \ \ \ \ \ y^{\prime } = \cos {x} = \sin {\left( x+\tfrac{\pi }{2}\right) }; \end{aligned}$$]



for [image: $$ y = \cos {x}, $$][image: $$\begin{aligned} \frac{\varDelta y}{\varDelta x} = -\frac{\sin {\big (\frac{1}{2}i}\big )}{\tfrac{1}{2}i}\sin {\big (x+\tfrac{1}{2}i\big )}, \ \ \ \ \ y^{\prime } = -\sin {x} = \cos {\left( x+\tfrac{\pi }{2}\right) }. \end{aligned}$$]



Furthermore, by setting [image: $$ i = \alpha x, $$] [image: $$ A^i = 1 + \beta , $$] and [image: $$ (1 + \alpha )^{a} = 1 + \gamma , $$] we will find, for [image: $$ y = {\varvec{{L}}} x, $$][image: $$\begin{aligned} \frac{\varDelta y}{\varDelta x} = \frac{{\varvec{{L}}}(x+i)-{\varvec{{L}}}x}{i} = \frac{{\varvec{{L}}}(1+\alpha )}{\alpha x} = \frac{{\varvec{{L}}}(1+\alpha )^{\frac{1}{\alpha }}}{x}, \ \ \ \ \ y^{\prime }= \frac{{\varvec{{L}}}e}{x}; \end{aligned}$$]



for [image: $$ y = A^x, $$][image: $$\begin{aligned} \frac{\varDelta y}{\varDelta x} = \frac{A^{x+i}-A^x}{i} = \frac{A^i-1}{i}A^x = \frac{A^x}{{\varvec{{L}}}(1+\beta )^{\frac{1}{\beta }}}, \ \ \ \ \ y^{\prime } = \frac{A^x}{{\varvec{{L}}}e}; \end{aligned}$$]



for [image: $$ y = x^a, $$][image: $$\begin{aligned} \frac{\varDelta y}{\varDelta x} = \frac{(x+i)^a-x^a}{i} = \frac{(1 + \alpha )^{a}-1}{\alpha } x^{a-1} = \frac{{\varvec{{L}}}(1+\alpha )^{\frac{1}{\alpha }}}{{\varvec{{L}}}(1+\gamma )^{\frac{1}{\gamma }}} ax^{a-1}, \ \ \ \ \ y^{\prime } = ax^{a-1}. \end{aligned}$$]



In these last formulas, the letter e represents the number [image: $$ 2.718\dots $$] which serves as the limit to the expression [image: $$ (1 + \alpha )^{\frac{1}{\alpha }}\!. \ $$] If we take this number for the base of a system of logarithms, we will obtain the Napierian or hyperbolic logarithm
              
            ,
              
              that we will always indicate with the aid of the letter [image: $$ {\varvec{{l}}}.\!$$]5 This granted, we will obviously have

[image: $$\begin{aligned} {\varvec{{l}}}e = 1, \ \ \ \ \ {\varvec{{L}}}e = \frac{{\varvec{{L}}}e}{{\varvec{{L}}}A} = \frac{{\varvec{{l}}}e}{{\varvec{{l}}}A} = \frac{1}{{\varvec{{l}}}A}; \end{aligned}$$]



and moreover, we will find, for [image: $$ y = {\varvec{{l}}} x, $$][image: $$\begin{aligned} y^{\prime } = \frac{1}{x}; \end{aligned}$$]



for [image: $$ y = e^x\!\!,$$]

[image: $$\begin{aligned} y^{\prime } = e^x. \end{aligned}$$]



The various preceding formulas being established only for values of x which correspond to real values of y,  we must suppose x positive in those of these formulas which relate to the functions [image: $$ {\varvec{{L}}}x, {\varvec{{l}}}x, $$] and also to the function [image: $$ x^a $$] when a denotes a fraction of an even denominator or an irrational number.
Now, let z be a second function of x,  related to the first, [image: $$ y = f(x), $$] by the formula[image: $$\begin{aligned} z = F(y). \end{aligned}$$]

 (2)


[image: $$z, $$] or [image: $$ F\big [f(x)\big ], $$] will be what we call a function of a function
              
            
 of the variable [image: $$ x; $$] and, if we designate by [image: $$ \varDelta x, \varDelta y, \varDelta z $$] the infinitely small and simultaneous increments of the three variables [image: $$ x, y, z, $$] we will find[image: $$\begin{aligned} \frac{\varDelta z}{\varDelta x} = \frac{F(y + \varDelta y) - F(y)}{\varDelta x} = \frac{F(y + \varDelta y) - F(y)}{\varDelta y}\frac{\varDelta y}{\varDelta x}; \end{aligned}$$]



then, by passing to the limits,6
[image: $$\begin{aligned} z^{\prime } = y^{\prime }F^{\prime }(y) = f^{\prime }(x)F^{\prime }\big [f(x)\big ]. \end{aligned}$$]

 (3)


For example, if we let [image: $$ z = a y, $$] and [image: $$ y = {\varvec{{l}}} x, $$] we will have[image: $$\begin{aligned} z^{\prime } = ay^{\prime } = \frac{a}{x}. \end{aligned}$$]



With the help of formula (3), we will easily determine the derivatives of the simple functions [image: $$ A^x, $$] [image: $$ x^a, $$] [image: $$ \arcsin {x}, $$] [image: $$ \arccos {x} $$] by supposing those of the functions [image: $${\varvec{{L}}}x\!, $$] [image: $$ \sin {x}, $$] [image: $$ \cos {x}$$] are known. We will find, in fact, for [image: $$ y = A^x, $$][image: $$\begin{aligned} {\varvec{{L}}}y = x, \ \ \ \ \ y^{\prime }\frac{{\varvec{{L}}}e}{y} = 1, \ \ \ \ \ y^{\prime } = \frac{y}{{\varvec{{L}}}e} = A^x \, {\varvec{{l}}}A; \end{aligned}$$]



for [image: $$ y = x^a, $$][image: $$\begin{aligned} {\varvec{{l}}}y = a \, {\varvec{{l}}}x, \ \ \ \ \ y^{\prime }\frac{1}{y} = \frac{a}{x}, \ \ \ \ \ y^{\prime } = a\frac{y}{x} = ax^{a-1}; \end{aligned}$$]



for [image: $$ y = \arcsin {x}, $$] 
              
            
[image: $$\begin{aligned} \sin {y} = x, \ \ \ \ \ y^{\prime }\cos {y} = 1, \ \ \ \ \ y^{\prime } = \frac{1}{\cos {y}} = \frac{1}{\sqrt{1-x^2}}; \end{aligned}$$]



for [image: $$ y = \arccos {x},$$]7
[image: $$\begin{aligned} \cos {y} = x, \ \ \ \ \ y^{\prime } \times \big (-\sin {y}\big ) = 1, \ \ \ \ \ y^{\prime } = \frac{-1}{\sin {y}} = \frac{-1}{\sqrt{1-x^2}}. \end{aligned}$$]



Moreover, the derivatives of the composed functions[image: $$\begin{aligned} A^y, \ \ \ \ \ e^y, \ \ \ \ \ \frac{1}{y}, \end{aligned}$$]



being respectively, by virtue of formula (3),[image: $$\begin{aligned} y^{\prime }A^y \, {\varvec{{l}}}A, \ \ \ \ \ y^{\prime }e^y, \ \ \ \ \ -\frac{y^{\prime }}{y^2}; \end{aligned}$$]



the derivatives of the following[image: $$\begin{aligned} A^{B^x}, \ \ \ \ \ e^{e^x}, \ \ \ \ \ \sec {x} = \frac{1}{\cos {x}}, \ \ \ \ \ \text {cosec} {x} = \frac{1}{\sin {x}} \end{aligned}$$]



will become

[image: $$\begin{aligned} A^{B^x} B^x \, {\varvec{{l}}}A \, {\varvec{{l}}}B, \ \ \ \ \ e^{e^x}e^x, \ \ \ \ \ \frac{\sin {x}}{\cos ^2{x}}, \ \ \ \ \ -\frac{\cos {x}}{\sin ^2{x}}. \end{aligned}$$]



In finishing, we will remark that the derivatives of composed functions are sometimes determined as easily as those of simple functions. Thus, for example, we find,8 for [image: $$ y = \text {tang} {x} = \frac{\sin {x}}{\cos {x}}, $$]

[image: $$\begin{aligned} \frac{\varDelta y}{\varDelta x} = \frac{1}{i}\left[ \frac{\sin {(x+i)}}{\cos {(x+i)}}-\frac{\sin {x}}{\cos {x}}\right] = \frac{\sin {i}}{i\cos {x}\cos {(x+i)}}, \ \ \ \ \ y^{\prime } = \frac{1}{\cos ^2{x}}; \end{aligned}$$]



for [image: $$ y = \cot {x} = \frac{\cos {x}}{\sin {x}}, $$][image: $$\begin{aligned} \frac{\varDelta y}{\varDelta x} = \frac{1}{i}\left[ \frac{\cos {(x+i)}}{\sin {(x+i)}}-\frac{\cos {x}}{\sin {x}}\right] = -\frac{\sin {i}}{i\sin {x}\sin {(x+i)}}, \ \ \ \ \ y^{\prime } = -\frac{1}{\sin ^2{x}}; \end{aligned}$$]



and we conclude, for [image: $$ y = \text {arctang} {x}, $$][image: $$\begin{aligned} \text {tang} {y} = x, \ \ \ \ \ \frac{y^{\prime }}{\cos ^2{y}} = 1, \ \ \ \ \ y^{\prime }=\cos ^2{y} = \frac{1}{1+x^2}; \end{aligned}$$]



for [image: $$ y = \text {arccot} x, $$][image: $$\begin{aligned} \cot {y} = x, \ \ \ \ \ \frac{-y^{\prime }}{\sin ^2{y}} = 1, \ \ \ \ \ y^{\prime } = -\sin ^2{y} = \frac{-1}{1+x^2}. \end{aligned}$$]





Footnotes
1Cauchy is quite aware of the difficulties involved in dealing with infinitesimal quantities. From the beginnings of the calculus, Isaac Newton (1643–1727) and Gottfried Wilhelm Leibniz (1646–1716) developed similar approaches to finding the derivative but had trouble as they attempted to explain the meaning of this ratio as i approached (or even became) zero. Cauchy avoids this problem by specifically not defining the derivative as the ratio of anything, as had been the basic approach of Newton and Leibniz. Instead, Cauchy only considers the limit of the difference quotient as the two infinitesimals each approach zero. Notice also that he is very careful to only define the derivative when this limit exists.

 

2Cauchy’s original text uses the phrase fonction dérivée here, which has been translated literally as derived function
                  
                , a traditional phrase which Lagrange had used earlier to denote what today we would call the derivative. Cauchy has defined his derived function to be the limit of the difference quotient, just as we do today.

 

3Cauchy has also borrowed the prime derivative notation from his mentor, Lagrange.

 

4Recall from the previous lecture Cauchy assumes A,  a number, to be positive. Therefore, the quantity a can be positive or negative.

 

5Our [image: $$\ln {x},$$] the natural logarithm.
                  
                


 

6Our modern-day Chain Rule. Cauchy is assuming a case where [image: $$\varDelta y$$] cannot be zero.

 

7Cauchy’s original 1823 text correctly has [image: $$ y^{\prime }=\frac{-1}{\sin {y}}=\frac{-1}{\sqrt{1-x^2}}, $$] but the 1899 reprint does not include the second minus sign.

 

8Cauchy uses the notation [image: $$\text {tang} x$$] to symbolize the tangent function, [image: $$\tan {x}.$$] In addition, he uses the notation [image: $$\text {cosec} x$$] to denote the cosecant function. To maintain Cauchy’s style, these notations have been retained throughout this translation.
The idea of a limit-based theory for the calculus had been around since its infancy. Around the year 1755, Jean le Rond d’Alembert (1717–1783) tried to revive the idea and suggested a new development of a theory based on limits. Although d’Alembert did not describe the limit concept with the algebraic precision that would follow by Cauchy, his idea was similar to Cauchy’s. D’Alembert’s idea once again did not catch on at the time, but other continental mathematicians, including Cauchy, would eventually take the reins of this development and provide the necessary mathematical muscle needed for a powerful rigorization of the calculus in the 19th century.
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Let [image: $$y=f(x)$$] always be a function of the independent variable x,  i an infinitely small quantity, and h a finite quantity. If we set [image: $$i=\alpha h, $$] [image: $$ \alpha $$] will also be an infinitely small quantity, and we will have identically[image: $$\begin{aligned} \frac{f(x + i) - f(x)}{i} = \frac{f(x + \alpha h) - f(x)}{\alpha h}, \end{aligned}$$]



where we will deduce[image: $$\begin{aligned} \frac{f(x + \alpha h) - f(x)}{\alpha } = \frac{f(x + i) - f(x)}{i}h. \end{aligned}$$]

 (1)




The limit toward which the first member of equation (1) converges, while the variable [image: $$ \alpha $$] indefinitely approaches zero and the quantity h remaining constant, is what we call the differential of the function [image: $$ y = f(x). \ $$] We indicate this differential by the character d as follows[image: $$\begin{aligned} dy \ \ \ \ \ \ \ \ \text {or} \ \ \ \ \ \ \ \ d f(x). \end{aligned}$$]



It is easy to obtain its value when we know that of the derived function [image: $$ y^{\prime } $$] or [image: $$ f^{\prime }(x). \ $$] In fact, by taking the limits of both members of equation (1), we will generally find[image: $$\begin{aligned} d f(x) = h f^{\prime }(x). \end{aligned}$$]

 (2)




In the particular case where [image: $$ f(x) = x, $$] equation (2) is reduced to[image: $$\begin{aligned} dx = h. \end{aligned}$$]

 (3)


Thus, the differential of the independent variable x is nothing other than the finite constant [image: $$ h. \ $$] This granted, equation (2) will become[image: $$\begin{aligned} d f(x) = f^{\prime }(x) dx, \end{aligned}$$]

 (4)




or to what amounts to the same thing,[image: $$\begin{aligned} dy = y^{\prime } dx. \end{aligned}$$]

 (5)


It results from these last equations that the derivative, [image: $$ y^{\prime } = f^{\prime }(x), $$] of any function, [image: $$ y = f(x), $$] is precisely equal to [image: $$ \frac{dy}{dx}, $$] that is to say, to the ratio between the differential of the function and that of the variable, or if we want, to the coefficient by which it is necessary to multiply the second differential to obtain the first. It is for this reason that we sometimes give to the derived function the name of differential coefficient.
              
            

To differentiate a function is to find its differential. The operation by which we differentiate is called differentiation.
              
            

By virtue of formula (4), we will immediately obtain the differentials of functions from which we have calculated derivatives. If we first apply this formula to functions, we will find[image: ../images/462147_1_En_4_Chapter/462147_1_En_4_Equ21_HTML.png]



We will also establish the equations[image: ../images/462147_1_En_4_Chapter/462147_1_En_4_Equ22_HTML.png]



These various equations, as well as those which we reached in the preceding lecture, must be considered up to the present as demonstrated only for values of x which correspond to real values of the functions for which we find the derivatives.
By consequence, among the simple functions, those for which the differentials can be considered known for any real values of the variable x,  are the following[image: $$\begin{aligned} a + x, \ \ \ \ \ a - x, \ \ \ \ \ ax, \ \ \ \ \ \frac{a}{x}, \ \ \ \ \ A^x, \ \ \ \ \ e^x, \ \ \ \ \ \sin {x}, \ \ \ \ \ \cos {x}, \end{aligned}$$]



and the function [image: $$ x^a $$] when the numerical value of a is reduced to an integer number or to a fraction of odd denominator.1 But, we must suppose the variable x is included between the two limits [image: $$ -1, +1 $$] in the differentials found of the simple functions [image: $$ \arcsin {x}, \arccos {x}, $$] and between the limits [image: $$ 0, \infty $$] in the differentials of the functions [image: $$ {\varvec{{L}}}x, {\varvec{{l}}}x, $$] and the same in that of the function [image: $$ x^a $$] whenever the numerical value of a becomes a fraction of even denominator or an irrational number.
It is still essential to observe that, in accordance with the conventions established in the [image: $$1^{\text {st}}$$] part of Analysis Course, we make use of one of the notations

[image: $$\begin{aligned} \arcsin {x}, \ \ \ \ \ \arccos {x}, \ \ \ \ \ \text {arctang} {x}, \ \ \ \ \ \text {arccot} {x}, \ \ \ \ \ \text {arcsec} {x}, \ \ \ \ \ \text {arccosec} {x} \end{aligned}$$]



to represent, not just any of the arcs2

              
            
 by which a certain trigonometric line3
 is equal to x,  but the one among them which has the smallest numerical value, or if these arcs are both equal and of opposite signs, that which has the smaller positive value; by consequence, [image: $$ \arcsin {x}, \text {arctang} {x}, $$] [image: $$ \text {arccot} x, \text {arccosec} x$$] are the arcs contained between the limits [image: $$ -\frac{\pi }{2}, +\frac{\pi }{2}, $$] and [image: $$ \arccos {x}, \text {arcsec} x, $$] the arcs contained between the limits 0 and [image: $$ \pi . \ $$]
When we suppose [image: $$ y \,{=}\, f(x) $$] and [image: $$ \varDelta x \,{ = }\, i \,{=}\, \alpha h, $$] equation (1), for which the second member has for a limit dy,  can be presented under the form

[image: $$\begin{aligned} \frac{\varDelta y}{\alpha } = dy + \beta , \end{aligned}$$]



[image: $$\beta $$] designating an infinitely small quantity and we infer

[image: $$\begin{aligned} \varDelta y = \alpha (dy + \beta ). \end{aligned}$$]

 (6)


Let z be a second function of the variable [image: $$ x. \ $$] We will similarly have

[image: $$\begin{aligned} \varDelta z = \alpha (dz + \gamma ), \end{aligned}$$]



[image: $$\gamma $$] designating again an infinitely small quantity. We will find, as a result,

[image: $$\begin{aligned} \frac{\varDelta z}{\varDelta y} = \frac{dz + \gamma }{dy + \beta }; \end{aligned}$$]



then, by passing to the limits,

[image: $$\begin{aligned} \lim {\frac{\varDelta z}{\varDelta y}} = \frac{dz}{dy} = \frac{z^{\prime } \ dx}{y^{\prime } dx} = \frac{z^{\prime }}{y^{\prime }}. \end{aligned}$$]

 (7)


Thus, the ratio between the infinitely small differences of two functions of the variable x,  has for a limit, the ratio of their differentials or of their derivatives.
We now suppose the functions y and z are related by the equation[image: $$\begin{aligned} z = F(y). \end{aligned}$$]

 (8)


We will deduce

[image: $$\begin{aligned} \frac{\varDelta z}{\varDelta y} = \frac{F(y + \varDelta y) - F(y)}{\varDelta y}; \end{aligned}$$]



then, by passing to the limits, and having regard to formula (7),
              
            


[image: $$\begin{aligned} \frac{\varDelta z}{\varDelta y} = \frac{z^{\prime }}{y^{\prime }} = F^{\prime }(y), \end{aligned}$$]




[image: $$\begin{aligned} dz = F^{\prime }(y) dy, \ \ \ \ \ z^{\prime } = y^{\prime } F^{\prime }(y). \end{aligned}$$]

 (9)


The second of the equations in (9) coincides with equation (3) of the preceding lecture. Furthermore, if we write in the first equation, F(y) in place of z,  we will obtain the following[image: $$\begin{aligned} d F(y) = F^{\prime }(y) dy, \end{aligned}$$]

 (10)


which is similar to the form of equation (4), and which serves to differentiate a function of y,  even when y is not the independent variable.
Examples. –[image: ../images/462147_1_En_4_Chapter/462147_1_En_4_Equ23_HTML.png]



The first of these formulas proves that the addition of a constant to a function does not alter the differential, nor by consequence, the derivative.4

Footnotes
1This requirement is necessary to ensure the function is well defined for negative values of x. Cauchy must also be assuming [image: $$x \ne 0$$] for the function [image: $$\frac{a}{x}.$$] He views this location as a solution of continuity (a point of discontinuity).

 

2When used in this manner, the term arc is an old trigonometric term referring to the signed length of the curve measured on a unit circle generated by a given angle at the center; therefore, at the same time it is the signed value of the angle.

 

3Cauchy uses the phrase ligne trigonométrique, translated here as trigonometric line, which is another old trigonometric term used to denote the signed lengths of the right triangle line segments which are represented by the various trigonometric functions. It is used to indicate circular function values, today generally referred to as the values of the six trigonometric functions.

 

4One of our modern differentiation rules – the derivative of a constant is zero.
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In previous lectures, we have shown how we form the derivatives and the differentials of functions of a single variable. We now add new developments to the study that we have made to this subject.
Let x always be the independent variable, and [image: $$ \varDelta x=\alpha h=\alpha dx $$] an infinitely small increment attributed to this variable. If we denote by [image: $$ s, u, $$] [image: $$ v, w, \dots $$] several functions of x,  and by [image: $$ \varDelta s, \varDelta u, $$] [image: $$ \varDelta v, \varDelta w, \dots $$] the simultaneous increments that they receive while we allow x to grow by [image: $$ \varDelta x, $$] the differentials [image: $$ ds, du, $$] [image: $$ dv, dw, \dots $$] will be, according to their own definitions, respectively equal to the limits of the ratios

[image: $$\begin{aligned} \frac{\varDelta s}{\alpha }, \ \ \frac{\varDelta u}{\alpha }, \ \ \frac{\varDelta v}{\alpha }, \ \ \frac{\varDelta w}{\alpha }, \ \ \dots . \end{aligned}$$]



This granted, first consider that the function s is the sum of all the others, so that we have

            [image: $$\begin{aligned} s=u + v + w + \cdots . \end{aligned}$$]

 (1)



          
We will find successively,

[image: $$\begin{aligned} \varDelta s= \varDelta u+\varDelta v+\varDelta w+\cdots , \ \ \ \ \ \ \ \ \frac{\varDelta s}{\alpha } = \frac{\varDelta u}{\alpha }+ \frac{\varDelta v}{\alpha }+ \frac{\varDelta w}{\alpha }+\cdots ; \end{aligned}$$]



then, by passing to the limits,

            [image: $$\begin{aligned} ds=du + dv + dw + \cdots . \end{aligned}$$]

 (2)



          
When we divide the two members of this last equation by dx,  it becomes

            [image: $$\begin{aligned} s^{\prime }=u^{\prime } + v^{\prime } + w^{\prime } + \cdots . \end{aligned}$$]

 (3)



          
From formula (2) or (3) compared to equation (1), it follows that the differential or the derivative of the sum of several functions is the sum of their differentials or of their derivatives. From this principle, it follows, as we shall see, a number of consequences.
Firstly, if we denote by m an integer number, and by [image: $$ a, b, c, \dots , $$] p, q, r constant quantities, we will find[image: $$\begin{aligned} \left\{ \begin{alignedat}{1} \ d(u+v)&amp;=du+dv, \\ \ d(u-v)&amp;=du-dv, \\ \ d(au+bv)&amp;=a du+b dv, \end{alignedat} \right. \end{aligned}$$]

 (4)



[image: $$\begin{aligned} d(au + bv + cw + \cdots )=a du + b dv + c dw + \cdots , \end{aligned}$$]

 (5)



[image: $$\begin{aligned} \left\{ \begin{aligned}&amp;d\big (ax^m+bx^{m-1}+cx^{m-2}+\cdots +px^2+qx+r\big ) \\&amp;\quad = \big [max^{m-1}+(m-1)bx^{m-2} +(m-2)cx^{m-3}+\cdots +2px+q\big ] dx. \end{aligned} \right. \end{aligned}$$]

 (6)


The polynomial [image: $$ ax^m+bx^{m-1}+cx^{m-2}+\cdots +px^2+qx+r, $$] in which all the terms are proportional to integer powers of the variable x,  is what we call an entire function of this variable.1 If we designate it by [image: $$s\!, $$] we will have by virtue of equation (6),

[image: $$\begin{aligned} s^{\prime }=max^{m-1}+(m-1)bx^{m-2}+(m-2)cx^{m-3}+\cdots +2px+q. \end{aligned}$$]



So, to obtain the derivative of an entire function of x,  it suffices to multiply each term by the exponent of the variable and to reduce each exponent by one unit.2  It is easy to see that this proposition remains valid in the case where the variable becomes imaginary.
Now, let[image: $$\begin{aligned} s=uvw\cdots . \end{aligned}$$]

 (7)




Since we will have, by supposing the functions [image: $$ u, v, w, \dots $$] all positive,

            [image: $$\begin{aligned} {\varvec{{l}}}s={\varvec{{l}}}u + {\varvec{{l}}}v + {\varvec{{l}}}w + \cdots , \end{aligned}$$]

 (8)



          
and in all possible cases,3


[image: $$\begin{aligned} s^2=u^2v^2w^2\cdots , \end{aligned}$$]




[image: $$\begin{aligned} \tfrac{1}{2}{\varvec{{l}}}\big (s^2\big )=\tfrac{1}{2}{\varvec{{l}}}\big (u^2\big ) + \tfrac{1}{2}{\varvec{{l}}}\big (v^2\big ) + \tfrac{1}{2}{\varvec{{l}}}\big (w^2\big ) + \cdots , \end{aligned}$$]

 (9)


the application of the principle stated in formula (8) or in formula (9) will produce the equation4
[image: $$\begin{aligned} \frac{ds}{s}= \frac{du}{u} + \frac{dv}{v} + \frac{dw}{w} + \cdots , \end{aligned}$$]

 (10)


from which we will deduce5

              
            


[image: $$\begin{aligned} \left\{ \begin{aligned} \ d(uvw\cdots )&amp;=uvw\cdots \left( \frac{du}{u}+ \frac{dv}{v}+ \frac{dw}{w}+\cdots \right) \\&amp;\,= vw\cdots du+uw\cdots dv+uv\cdots dw+\cdots . \end{aligned} \right. \end{aligned}$$]

 (11)


Examples. –[image: $$\begin{aligned}&amp;\,\, d(uv)= u dv + v du, \qquad d(uvw)= vw du + uw dv + uv dw, \\&amp;d(x \, {\varvec{{l}}}x)= (1+{\varvec{{l}}}x) dx, \qquad d(x^ae^{-x})= x^ae^{-x}\left( \frac{a}{x}-1\right) , \qquad \dots . \end{aligned}$$]



Now, let[image: $$\begin{aligned} s=\frac{u}{v}. \end{aligned}$$]

 (12)




By differentiating [image: $$ {\varvec{{l}}}s $$] or [image: $$ \frac{1}{2}{\varvec{{l}}}\big (s^2\big ), $$] we will find

            [image: $$\begin{aligned} \frac{ds}{s}&amp;=\frac{du}{u}-\frac{dv}{v}, \ \ \ \ \ ds=\frac{u}{v}\left( \frac{du}{u}-\frac{dv}{v}\right) , \end{aligned}$$]

 (13)



          
and as a result,6

              
            
[image: $$\begin{aligned} d\left( \frac{u}{v}\right) =\frac{v du-u dv}{v^2}. \end{aligned}$$]

 (14)




We would arrive at the same result by observing that the differential of [image: $$ \frac{u}{v} $$] is equivalent to[image: $$\begin{aligned} d\left( u\frac{1}{v}\right)&amp;=\frac{1}{v} du+u d\left( \frac{1}{v}\right) \\&amp;=\frac{du}{v}-\frac{u dv}{v^2}. \end{aligned}$$]



Examples. –[image: $$\begin{aligned} d \text { tang} \,{x} =d&amp;\frac{\sin {x}}{\cos {x}}=\frac{\cos {x}\, d\sin {x}-\sin {x} \, d\cos {x}}{\cos ^2{x}}=\frac{dx}{\cos ^2{x}}, \\&amp;\qquad \quad d \cot {x}=-\frac{dx}{\sin ^2{x}}, \\ d\left( \frac{a}{x}\right) =&amp;-\frac{a \, dx}{x^2}, \quad \quad d\left( \frac{e^{ax}}{x}\right) =\frac{e^{ax}}{x}\left( a-\frac{1}{x}\right) dx, \\ d\left( \frac{{\varvec{l}}{x}}{x}\right)&amp;=\frac{1-{\varvec{l}}{x}}{x^2} dx, \quad \quad d\left( \frac{b}{a+x}\right) =\frac{-b \, dx}{(a+x)^2}. \end{aligned}$$]



If the functions u, v reduce to entire functions, the ratio [image: $$ \frac{u}{v} $$] will become what we call a rational fraction.  We will easily determine its differential with the help of formulas (6) and (14).
After we have formed the differentials of the product [image: $$ uvw\cdots , $$] and of the quotient [image: $$ \frac{u}{v}, $$] we will obtain without difficulty those of several other expressions such as [image: $$ u^v, u^{\frac{1}{v}}\!, $$] [image: $$ u^{v^w}, \dots . \ $$] In fact, we will find, for [image: $$ s = u^v\!, $$][image: $$\begin{aligned} {\varvec{{l}}}s=v \, {\varvec{{l}}}u, \ \ \ \ \ \frac{ds}{s}=v\frac{du}{u}+{\varvec{{l}}}u \, dv, \ \ \ \ \ ds=vu^{v-1} du + u^v {\varvec{{l}}}u \, dv; \end{aligned}$$]



for [image: $$ s=u^{\frac{1}{v}}\!, $$][image: $$\begin{aligned} {\varvec{{l}}}s=\frac{1}{v}{\varvec{{l}}}u, \ \ \ \ \ \frac{ds}{s}=\frac{du}{uv}-{\varvec{{l}}}u\frac{dv}{v^2}, \ \ \ \ \ ds=u^{\frac{1}{v}-1}\frac{du}{v}-u^{\frac{1}{v}}{\varvec{{l}}}u\frac{dv}{v^2}; \end{aligned}$$]



for [image: $$ s = u^{v^w}\!\!, $$][image: $$\begin{aligned} {\varvec{{l}}}s=v^w{\varvec{{l}}}u, \ \ \ \ \ ds=u^{v^w}v^w\left( \frac{du}{u}+\frac{w}{v}{\varvec{{l}}}u \, dv+{\varvec{{l}}}u \, {\varvec{{l}}}v \, dw\right) ; \end{aligned}$$]



etc.
Examples. –

[image: $$\begin{aligned} d\big (x^x\big )=x^x(1+{\varvec{{l}}}x) dx, \ \ \ \ \ \ \ \ d\left( x^{\frac{1}{x}}\right) =\frac{1-{\varvec{{l}}}x}{x^2}x^{\frac{1}{x}} dx, \ \ \ \ \ \ \ \ d\left( x^{x^x}\right) = \cdots . \end{aligned}$$]



We will finish this lecture by investigating the differential of an imaginary function.  We name, in this way, any expression that can be reduced to the form [image: $$ u + v\sqrt{-1}, $$] u and v designating two real functions.7 This granted, if we call the limit of an imaginary variable expression that which becomes this expression when we replace the real part and the coefficient of [image: $$ \sqrt{-1} $$] by their respective limits, and if, moreover, we extend to imaginary functions the definitions that we have given for the differences, the differentials, and the derivatives of real functions, we will recognize that the equation[image: $$\begin{aligned} s=u+v\sqrt{-1} \end{aligned}$$]



leads to the following[image: $$\begin{aligned} \varDelta s=\varDelta u+\varDelta v\sqrt{-1}, \ \ \ \ \ \frac{\varDelta s}{\varDelta x}=\frac{\varDelta u}{\varDelta x}+\frac{\varDelta v}{\varDelta x}\sqrt{-1}, \ \ \ \ \ \frac{\varDelta s}{\alpha }=\frac{\varDelta u}{\alpha }+\frac{\varDelta v}{\alpha }\sqrt{-1}, \end{aligned}$$]




[image: $$\begin{aligned} s^{\prime }=u^{\prime }+v^{\prime }\sqrt{-1}, \ \ \ \ \ ds=du+dv \sqrt{-1}. \end{aligned}$$]



We will have, by consequence,[image: $$\begin{aligned} d\Big (u+v\sqrt{-1}\Big )=du+dv \sqrt{-1}. \end{aligned}$$]

 (15)


The form of this last equation is similar to those of the equations in (4).
If we suppose, in particular,[image: $$\begin{aligned} s=\cos {x}+\sqrt{-1}\sin {x}, \end{aligned}$$]



we will find[image: $$\begin{aligned} ds=\Big [\cos {\left( x+\frac{\pi }{2}\right) }+\sqrt{-1}\sin {\left( x+\frac{\pi }{2}\right) }\Big ] dx=s\sqrt{-1} \ dx. \end{aligned}$$]



Add that the formulas in (4), (5), (6), (11), and (14) will remain the same, even when the constants [image: $$ a, $$] b,  c,  [image: $$ \dots , $$] p,  q,  [image: $$ r $$] or the functions [image: $$ u, $$] v,  w,  [image: $$ \dots $$] included in these formulas will become imaginary.
Footnotes
1Cauchy uses this phrase throughout his text. His entire function is what we would call a polynomial with nonnegative integer powers. His usage is not to be confused with the modern definition generally used in complex analysis.

 

2Our common Power Rule of differentiation.

 

3Meaning [image: $$u, v, w, \dots $$] are positive or negative.

 

4Recall Cauchy has already shown in the previous lecture that [image: $$d(\mathbf l x) = \frac{dx}{x}\!.$$]

 

5Cauchy has just presented a clever derivation of what is essentially the multiple variable version of our Product Rule for differentiation in differential form.

 

6The differential form of our Quotient Rule for differentiation follows simply.

 

7Cauchy did not begin to use the symbol i  to denote his [image: $$\sqrt{-1}$$] until the 1850s. Although it had been in print earlier, Carl Friedrich Gauss (1777–1855) is generally credited with the widespread use of the modern notation for i in use today.
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6. USE OF DIFFERENTIALS AND DERIVED FUNCTIONS IN THE SOLUTION OF SEVERAL PROBLEMS. MAXIMA AND MINIMA OF FUNCTIONS OF A SINGLE VARIABLE. VALUES OF FRACTIONS WHICH ARE PRESENTED UNDER THE FORM [image: $$\frac{0}{0}$$].
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After having learned to form the derivatives and differentials of functions of a single variable, we now indicate how we can make use of them for the solution of various problems.1

PROBLEM I.2 – The function [image: $$ y =f(x) $$] being assumed continuous with respect to x in the vicinity of the particular value [image: $$ x=x_0, $$] we ask if, starting from this value, the function grows or diminishes while the variable itself is made to increase or to decrease.
Solution. – Let [image: $$ \varDelta x, \varDelta y $$] be the infinitely small and simultaneous increments of the variables [image: $$ x, y. \ $$] The ratio [image: $$ \frac{\varDelta y}{\varDelta x} $$] will have for a limit [image: $$ \frac{dy}{dx}=y^{\prime }. \ $$] We must conclude that, for very small numerical values of [image: $$\varDelta x$$] and for a particular value [image: $$x_0$$] of the variable x,  the ratio [image: $$ \frac{\varDelta y}{\varDelta x} $$] will be positive if the corresponding value of [image: $$y^{\prime }$$] is a positive and finite quantity, and negative if this value of [image: $$y^{\prime }$$] is a finite but negative quantity. In the first case, the infinitely small differences [image: $$ \varDelta x, \varDelta y $$] being of the same sign, the function y will grow or will diminish, starting from [image: $$ x=x_0, $$] at the same time as the variable [image: $$x. \ $$] In the second case, the infinitely small differences being of opposite signs, the function y will grow if the variable x diminishes and will decrease if the variable increases.
These principles being accepted, consider that the function [image: $$ y = f(x) $$] remains continuous between the two given limits3 [image: $$ x = x_0, x = X. \ $$] If we cause the variable x to grow by imperceptible steps from the first limit up to the second, the function y will go on growing whenever its derivative, being finite, will have a positive value, and decreasing whenever this same derivative will obtain a negative value. Therefore, the function y can only cease to grow and then to diminish, or to diminish and then to grow, as long as the derivative [image: $$y^{\prime }$$] passes from positive to negative, or vice versa. It is essential to observe that, in this passage, the derived function will become null if it does not cease to be continuous.
When a particular value of the function f(x) exceeds all of the neighboring values, that is to say, all those that are obtained by varying x more or less a very small amount, this particular value of the function is what we call a maximum.
When a particular value of the function f(x) is less than all the neighboring values, it takes the name of minimum.
This granted, it is clear that, if the two functions [image: $$ f(x), f^{\prime }(x) $$] are continuous in the neighborhood of a given value of the variable x,  this value cannot produce a maximum nor a minimum of f(x),  unless [image: $$f^{\prime }(x)$$] vanishes.4

PROBLEM II.5 – Find the maxima and minima of a function of the single variable  x.
Solution.  – Let f(x) be the proposed function. First, we will look for the values of x for which the function f(x) ceases to be continuous. At each of these values, if any exist, will correspond a value of the function itself which will usually be either an infinite quantity, or a maximum, or a minimum.
In the second place, we will look for the roots of the equation[image: $$\begin{aligned} f^{\prime }(x)=0, \end{aligned}$$]

 (1)


along with the values of x that render the function [image: $$f^{\prime }(x)$$] discontinuous, and among which we should place at the forefront those that we deduce from the formula[image: $$\begin{aligned} f^{\prime }(x)=\pm \infty \quad \quad \text {or} \quad \quad \frac{1}{f^{\prime }(x)}=0. \end{aligned}$$]

 (2)


Let [image: $$ x = x_0 $$] be one of these roots or one of these values. The corresponding value of f(x),  namely [image: $$f(x_0), $$] will be a maximum if, in the neighborhood of [image: $$ x = x_0, $$] the derived function [image: $$f^{\prime }(x)$$] is positive for [image: $$ x&lt;x_0 $$] and negative for [image: $$ x&gt;x_0. \ $$] On the other hand, [image: $$f(x_0)$$] will be a minimum if the derived function [image: $$f^{\prime }(x)$$] is negative for [image: $$ x&lt;x_0 $$] and positive for [image: $$ x&gt;x_0. \ $$] Finally, if, in the neighborhood of [image: $$ x=x_0, $$] the derived function [image: $$f^{\prime }(x)$$] being either constantly positive or negative, the quantity [image: $$f(x_0)$$] will be neither a maximum nor a minimum.
Examples. – The two functions [image: $$ x^{\frac{1}{2}}, \frac{1}{{\varvec{l}}x}, $$] which become discontinuous by passing from real to imaginary while the variable x diminishes by passing through zero, obtain for [image: $$ x = 0 $$] a null value, which represents a minimum of the first function and a maximum of the second.
The two functions [image: $$ x^2, x^{\frac{2}{3}}, $$] whose derivatives pass from positive to negative by reducing to zero or to infinity for a null value of x,  have one and the other, zero for a minimum value. As for the two functions [image: $$ x^3, x^{\frac{1}{3}}, $$] whose derivatives again become null or infinite for [image: $$x = 0, $$] but remain positive for every other value of x,  they admit neither a maximum nor a minimum.
The function [image: $$ x^2+px+q, $$] whose derivative is [image: $$ 2x+p, $$] obtains for [image: $$ x=-\frac{1}{2}p, $$] the minimum value [image: $$ q-\frac{1}{4}p^2, $$] which is easily verified by putting the given function in the form [image: $$ (x+\frac{1}{2}p)^2+q-\frac{1}{4}p^2. \ $$]
The function [image: $$ \frac{A^x}{x}, $$] whose derivative is [image: $$ \frac{A^x}{x}\left( \frac{1}{{\varvec{L}}e}-\frac{1}{x}\right) , $$] obtains for [image: $$ x = Le, $$] when A exceeds unity, the minimum value [image: $$ \frac{e}{{\varvec{L}}e}. \ $$]
The function [image: $$ \frac{{\varvec{L}}x}{x}, $$] whose derivative is [image: $$ \frac{1}{x^2}({\varvec{L}}e - {\varvec{L}}x), $$] obtains for [image: $$ x = e, $$] the maximum value [image: $$ \frac{{\varvec{L}}e}{e}. \ $$]
The function [image: $$ x^ae^{-x}, $$] whose derivative is [image: $$ x^ae^{-x}\left( \frac{a}{x}-1\right) , $$] obtains for [image: $$ x = a, $$] the maximum value [image: $$ a^ae^{-a}. \ $$]
PROBLEM III.6 – Determine the slope of a curve at a given point.
Solution.  – Consider the curve which has for an equation in rectangular coordinates, [image: $$ y =f(x). \ $$] In this curve, the line segment from point (x, y)7 to point [image: $$ (x+\varDelta x, y+\varDelta y) $$] forms, with the x-axis extending in the direction of positive x,  two angles, one acute and the other obtuse, the first of which measures the slope of the line segment with respect to the x-axis. If the second point is to get close to the first by an infinitely small distance, the line segment will coincide noticeably with the tangent to the curve at the first point, and the slope of the line segment with respect to the x-axis will become the slope of the tangent, or what we call the slope of the curve
              
            
 with respect to the same axis. This granted, as the slope of the line segment will have for the trigonometric tangent the numerical value of the ratio [image: $$ \frac{\varDelta y}{\varDelta x}, $$] it is clear that the slope of the curve will have for a trigonometric tangent the numerical value of the limit toward which this ratio converges, that is to say, of the derived function, [image: $$y^{\prime }=\frac{dy}{dx}. $$]
If the value of [image: $$y^{\prime }$$] is null or infinite, the tangent to the curve will be parallel or perpendicular to the x-axis. It is usually this that happens when the ordinate y becomes a maximum or a minimum.
Examples. –[image: $$\begin{aligned} y&amp;= x^2,&amp;y&amp;= x^3,&amp;y&amp;= x^m,&amp;y&amp;= x^{\frac{2}{3}}, \\ y&amp;= x^a,&amp;y&amp;= A^x,&amp;y&amp;= \sin {x},&amp;\dots . \end{aligned}$$]



PROBLEM IV.8 – We ask the true value of a fraction whose two terms are functions of the variable x,  in the case where we attribute to this variable a particular value, for which the fraction is presented under the indeterminate form [image: $$ \frac{0}{0}.$$]
Solution.  – Let [image: $$ s=\frac{z}{y} $$] be the proposed fraction, y and z denoting two functions of the variable x,  and suppose that the particular value [image: $$ x = x_0 $$] reduces this fraction to the form [image: $$ \frac{0}{0}, $$] that is to say, it makes y and z vanish. If we represent by [image: $$ \varDelta x, \varDelta y, $$] [image: $$ \varDelta z $$] the infinitely small and simultaneous increments of the three variables [image: $$ x, y, z, $$] we will have, for any value of x, [image: $$\begin{aligned} s=\frac{z}{y}=\lim {\frac{z+\varDelta z}{y+\varDelta y}}, \end{aligned}$$]



and for the particular value [image: $$ x=x_0, $$][image: $$\begin{aligned} s=\lim {\frac{\varDelta z}{\varDelta y}}=\frac{dz}{dy}=\frac{z^{\prime }}{y^{\prime }}. \end{aligned}$$]

 (3)


Thus, the value sought for the fraction s or [image: $$ \frac{z}{y} $$] will generally coincide with that of the ratio [image: $$ \frac{dz}{dy} $$] or [image: $$ \frac{z^{\prime }}{y^{\prime }}.$$]9

Examples. – We will have, for [image: $$ x=0, $$][image: $$\begin{aligned} \frac{\sin {x}}{x}=\frac{\cos {x}}{1}=1, \ \ \ \ \ \frac{{\varvec{l}}(1+x)}{x}=\frac{1}{1+x}=1; \end{aligned}$$]



for [image: $$ x=1, $$][image: $$\begin{aligned} \frac{{\varvec{l}}x}{x-1}=\frac{1}{x}=1, \ \ \ \ \ \frac{x-1}{x^n-1}=\frac{1}{nx^{n-1}}=\frac{1}{n}, \ \ \ \ \ \dots . \end{aligned}$$]





Footnotes
1Lecture Six is the only lecture within Cauchy’s Calcul infinitésimal textbook that is devoted to exploring applications of the calculus.

 

2Problem I considers the classic application of the derivative in which the sign of the first derivative indicates whether the function is increasing or decreasing.

 

3Here, Cauchy is using the term “limits” to denote bounds.

 

4Cauchy is setting the stage for his next problem by arguing extrema cannot occur unless the derived function is zero or it does not exist.

 

5Problem II deals with using the derivative to locate extrema.

 

6Problem III addresses the use of the derivative to find the slope of a line tangent to a curve at a point. Cauchy has taken care to distance himself from anything geometric as well as possible thus far in his text. This is the first time we see him directly connecting the derivative to this geometric interpretation.

 

7This is the placement of the first of the two footnotes Cauchy makes of his own in the original text of 1823. It reads, “We indicate here the points with the help of their coordinates included between two parentheses, that we will always use hereafter. Often, we also indicate the curves or curved surfaces by their equations.”

 

8Problem IV is the first of several times Cauchy deals with the important indeterminate form [image: $$\frac{0}{0}.$$]

 

9This result is essentially the weaker version of what today is known as l’Hôpital’s Rule. The rule is named after Guillaume de l’Hôpital (1661–1704)
                  
                ; however, the result is actually due to Johann Bernoulli (1667–1748) from around the year 1694 while he was developing the content for a new textbook. Interestingly, this textbook will eventually be published under l’Hôpital’s name due to a mutually agreed arrangement the two had made allowing l’Hôpital to be credited for Bernoulli’s work in exchange for payment. The text, Analyse des infiniment petits pour l’intelligence des lignes courbes (Analysis of the Infinitely Small for the Understanding of Curved Lines), was published in 1696 and is recognized as the first major textbook on differential calculus. Cauchy will extend the idea developed in this problem to a more general case at the very end of his Calcul infinitésimal text.
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Dennis M. Cates1  
(1)Sun City, AZ, USA

 

 
Dennis M. Cates
Email: Mayfairfarm2@gmail.com



A centerpiece of this lecture, and of the entire text, is Cauchy’s proof of the Mean Value Theorem for Derivatives presented in this lecture. It is a fairly involved proof, illustrating the difficulty Cauchy has at handling the complex concepts. His proof involves and illustrates his inequality squeezing technique resulting from his earlier “[image: $$\delta {-}\varepsilon $$] like” definitions of the limit, continuity, and the derivative. This lecture provides one of the clearest examples in Cauchy’s Calcul infinitésimal text demonstrating how he translates his verbal definitions into these algebraic inequalities.
We have considered in the previous lecture the functions of the variable x,  which, for a particular value of the variable, are presented under the indeterminant form [image: $$\frac{0}{0}.$$] It often happens that this form is found replaced by one of the following [image: $$\frac{\infty }{\infty }, \ \infty ^0, \ {0 \times \infty }, \ 0^0, \ \dots .$$] Thus, when f(x) grows indefinitely with x,  the particular values of the two functions[image: $$\begin{aligned} \frac{f(x)}{x}, \ \ \ \ \ \big [f(x)\big ]^{\frac{1}{x}}, \end{aligned}$$]



for [image: $$ x = \infty , \, $$] are presented under the indeterminant forms [image: $$\frac{\infty }{\infty }, \infty ^0.$$]  These same values can, in general, be easily calculated with the help of two theorems that we have established in Algebraic Analysis (Chapter II, pages 48 and 53).1 But, we will limit ourselves here to show by some examples how we can resolve the questions of this kind.
First, let the proposed function be [image: $$\frac{A^{x}}{x}, A$$] denoting a number greater than unity, and let us consider that we are looking for the true value of this function for [image: $$ x = \infty .$$] We will observe that, for values of x greater than [image: $$ \frac{1}{{\varvec{l}}A}, \, $$] the derived function always being positive, the given function will always be increasing with x.2 Moreover, if we represent by [image: $$\, m \,$$] an integer number capable of indefinite increment, the expression[image: $$\begin{aligned} \frac{A^m}{m}=\frac{(1+A-1)^m}{m}=\frac{1}{m}+(A-1)+\frac{m-1}{2}(A-1)^2 + \frac{(m-1)(m-2)}{2 \cdot 3}(A-1)^3+\cdots \end{aligned}$$]



will obviously have positive infinity for a limit. We will find, by consequence,[image: $$\begin{aligned} \lim {\frac{A^x}{x}}=\infty . \end{aligned}$$]

 (1)


It follows from this last formula that the exponential [image: $$A^x, \, $$] when the number A exceeds unity, eventually grows much faster than the variable x.
In the second place, we look for the actual value of the function [image: $$ \frac{{\varvec{{L}}}x}{x} $$] for [image: $$ x = \infty , \, $$] the base of the logarithm being a number A greater than unity. Since, by letting [image: $$y={\varvec{{L}}}x, $$] we will find[image: $$\begin{aligned} \frac{{\varvec{{L}}}x}{x}=\frac{y}{A^y}, \end{aligned}$$]



and that the function [image: $$ \frac{y}{A^y} $$] will have for a limit, [image: $$ \frac{1}{\infty }=0, \, $$] we will deduce[image: $$\begin{aligned} \lim {\frac{{\varvec{{L}}}x}{x}}=0. \end{aligned}$$]

 (2)


It follows that, in a system whose base is greater than unity, the logarithms of the numbers grow much less rapidly than the numbers themselves.
We look again at the value of [image: $$ x^{\frac{1}{x}} $$] for [image: $$ x=\infty . \ $$] As we obviously have[image: $$\begin{aligned} x^{\frac{1}{x}}=A^{\frac{{\varvec{{L}}}x}{x}}, \end{aligned}$$]



we will derive[image: $$\begin{aligned} \lim {x^{\frac{1}{x}}}=A^0=1. \end{aligned}$$]

 (3)


When we replace, in formulas (2) and (3), x by [image: $$ \frac{1}{x}, \, $$] we conclude that the functions3 [image: $$x \, {\varvec{{L}}}x$$] and [image: $$ x^x $$] converge respectively toward the limits 0 and 1, while we let x converge toward the limit zero.
We now make known a relationship worthy of remark4 which exists between the derivative [image: $$f^{\prime }(x)$$] of any function f(x),  and the ratio of the finite differences
[image: $$\begin{aligned} \frac{f(x+h)-f(x)}{h}. \end{aligned}$$]



If, in this ratio, we attribute to x a particular value [image: $$x_0,$$] and if we make, in addition, [image: $$x_0+h=X,$$] it will take the form[image: $$\begin{aligned} \frac{f(X)-f(x_0)}{X-x_0}. \end{aligned}$$]



This granted, we will establish the following proposition without difficulty.5

THEOREM. – If, the function f(x) being continuous6 between the limits [image: $$ x=x_0, \, x=X, \, $$] we denote by A the smallest, and by B the largest values that the derived function [image: $$ f^{\prime }(x) $$] receives in this interval, the ratio of the finite differences,[image: $$\begin{aligned} \frac{f(X) - f(x_0)}{X - x_0}, \end{aligned}$$]

 (4)


will necessarily be contained between A and B.
Proof. – Denote by [image: $$ \delta , \, \varepsilon $$] two very small numbers, the first being selected so that, for the numerical values of i less than [image: $$\delta ,$$] and for any value of x contained between the limits [image: $$ x_0, X,$$]7   the ratio[image: $$\begin{aligned} \frac{f(x + i) - f(x)}{i} \end{aligned}$$]



always remains greater than [image: $$ f^{\prime }(x) \, - \, \varepsilon ,$$] and less than [image: $$ f^{\prime }(x) \, + \, \varepsilon .$$]8 If, between the limits [image: $$x_0,$$] [image: $$X, \, $$] we interpose [image: $$ n \, - \, 1 $$] new values of the variable x,  namely,[image: $$\begin{aligned} x_1, \ x_2, \ \dots , \ x_{n-1} \end{aligned}$$]



in a manner to divide the difference [image: $$ X \, - \, x_0 $$] into elements[image: $$\begin{aligned} x_1 \, - \, x_0, \ \ x_2 \, - \, x_1, \ \ \dots ,\ \ X \, - \, x_{n-1}, \end{aligned}$$]



which, all being of the same sign and having numerical values less than [image: $$ \delta ,$$] the fractions
[image: $$\begin{aligned} \frac{f(x_1) - f(x_0)}{x_1 - x_0}, \ \ \ \frac{f(x_2) - f(x_1)}{x_2 - x_1}, \ \ \ \dots , \ \ \ \frac{f(X) - f(x_{n-1})}{X - x_{n-1}} \end{aligned}$$]

 (5)


are found contained, the first between the limits [image: $$f^{\prime }(x_0) - \varepsilon , f^{\prime }(x_0) + \varepsilon , $$] the second between the limits [image: $$ f^{\prime }(x_1) \, - \, \varepsilon , \, f^{\prime }(x_1) \, + \, \varepsilon , \, \dots ,$$]9   will all be greater than the quantity [image: $$ A \, - \, \varepsilon , \, $$] and less than the quantity [image: $$ B \, + \, \varepsilon . \ $$] Moreover, the fractions in (5) having denominators of the same sign, if we divide the sum of their numerators by the sum of their denominators, we will obtain an average fraction,
              
            
 that is to say, one contained between the smallest and the largest of those that we consider (see Algebraic Analysis, Note II, Theorem XII).10 Expression (4), with which this average coincides, will therefore, itself be enclosed between the limits [image: $$ A \, - \, \varepsilon , \, $$] [image: $$ B \, + \, \varepsilon ; \, $$] and, since this conclusion remains valid however small the number [image: $$\varepsilon ,$$] we can say that expression (4) will be contained between A and [image: $$ B. \ $$]
Corollary. – If the derived function [image: $$ f^{\prime }(x)$$]11 is itself continuous between the limits [image: $$ x = x_0, x = X,$$] by passing from one limit to the other, this function will vary in a manner to always remain contained between the two values A and [image: $$ B, \, $$] and to successively take all the intermediate values.12 
              
             Therefore, any average quantity between A and B will then be a value of [image: $$ f^{\prime }(x) $$] corresponding to a value of x included between the limits [image: $$ x_0 $$] and [image: $$ X = x_0 + h, \, $$] or to what amounts to the same thing, to a value of x of the form[image: $$\begin{aligned} x_0 \, + \, \theta h = x_0 + \theta (X \, - \, x_0), \end{aligned}$$]



[image: $$\theta $$] denoting a number less than unity. By applying this remark to expression (4), we will conclude that there exists between the limits 0 and 1, 13   a value of [image: $$ \theta $$] that works to satisfy the equation[image: $$\begin{aligned} \frac{f(X) - f(x_0)}{X - x_0} = f^{\prime }\big [x_0 + \theta (X \, - \, x_0)\big ], \end{aligned}$$]



or to what amounts to the same thing, the following
[image: $$\begin{aligned} \frac{f(x_0 + h) - f(x_0)}{h} = f^{\prime }(x_0 + \theta h). \end{aligned}$$]

 (6)


This last formula above continues to be valid regardless of the value of x represented by [image: $$ x_0,$$]14

              
            

              
               provided that the function f(x) and its derivative [image: $$ f^{\prime }(x) $$] remain continuous between the extreme values [image: $$ x = x_0, \, x = x_0 + h, \, $$] we will have in general, under this condition,[image: $$\begin{aligned} \frac{f(x + h) - f(x)}{h} = f^{\prime }(x + \theta h); \end{aligned}$$]

 (7)


then, by writing [image: $$ \varDelta x $$] instead of [image: $$ h, \, $$] we will derive
[image: $$\begin{aligned} f(x + \varDelta x) - f(x) = f^{\prime }(x + \theta \varDelta x) \, \varDelta x. \end{aligned}$$]

 (8)


It is essential to observe that, in equations (7) and (8), [image: $$ \theta $$] always denotes an unknown number, but less than unity.
Examples. – By applying formula (7) to the functions [image: $$ x^a, \, {\varvec{{l}}}x,$$]15 we find16
[image: $$\begin{aligned} \frac{(x+h)^a-x^a}{h}=a(x+\theta h)^{a-1}, \ \ \ \ \ \ \ \ \frac{{\varvec{{l}}}(x+h)-{\varvec{{l}}}x}{h}=\frac{1}{x+\theta h}. \end{aligned}$$]





Footnotes
1A typographical error occurs in the 1899 text; it incorrectly references Chapter III. Because of their relevance to his Calcul infinitésimal text, translations of these two theorems from Cauchy’s Cours d’analyse are presented in their entirety in Appendix A of this book.

 

2The derivative is   [image: $$ \frac{A^x\big (x \, \ln {A}-1\big )}{x^2}. $$] As Cauchy notes, for values of   [image: $$x&gt;\frac{1}{\ln {A}}$$]   the numerator of the derivative is positive. Hence, the entire expression is positive.

 

3The 1899 edition has a small typographical error here. It reads, [image: $$x\, {\varvec{{l}}}x$$] and [image: $$x^x$$].

 

4This is where we find the second, and final, of Cauchy’s original footnotes from 1823. It reads, “We can consult on this subject a memoir by Mr.  Ampère,  inserted in the [image: $$\text {XIII}^{\text {th}}$$] notebook of Journal of the Polytechnic School.” Cauchy is referring to his contemporary, André-Marie Ampère (1775–1836). 
                  
                 Ampère was a close colleague during Cauchy’s tenure at the École Polytechnique. The two had met earlier in Cauchy’s career when Ampère helped Cauchy while a student at the École Polytechnique. Ampère served as Cauchy’s analysis tutor during his early years but continued to aid Cauchy throughout his career. Cauchy remained particularly grateful to Ampère during his entire adult life. As professors, the two of them would generally alternate their teaching of the first and second year curriculum (Analysis and Mechanics) every other year, each taking their own set of students through both sequences. When Cauchy eventually leaves the school for political reasons in the year 1830, Ampère will carry on his analysis teachings. Ampère himself had a brilliant career and is best known for his pioneering work in the field of electromagnetism.

 

5Without a very definite indication, Cauchy begins his historic proof of the Mean Value Theorem for Derivatives here. Cauchy’s proof is significantly different from the slick version of the theorem normally found in one of today’s standard calculus textbooks due to Pierre Ossian Bonnet (1819–1892) from 1868. Cauchy’s version, although longer, is far more interesting. As a side note, Bonnet became a student at the École Polytechnique in 1838, a few years after Cauchy left the school. Bonnet would later take a teaching position at the École Polytechnique in 1844.

 

6Cauchy requires f(x) to be continuous here and then immediately makes use of its derivative, implying the derivative must exist everywhere on the interval. To him, a continuous function is differentiable everywhere in some sense.

 

7The reader may notice Cauchy assumes a uniformity condition here. He assumes that since f(x) is continuous, a single [image: $$\delta $$] can be found regardless of which x is chosen. Today we draw a distinction between a function which is continuous in a simple sense to one which is uniformly continuous on an interval. This is one example in the text illustrating why the debate over Cauchy’s early work continues. Does this wording suggest Cauchy had more of a uniform continuity in mind with his initial definition for continuity back in Lecture Two, or does this show he lacked the clear understanding that this stronger form of continuity was even needed? We may never know his true thoughts on this important detail.

 

8The 1899 text has a misprint. It reads, “...greater than [image: $$f(x)-\varepsilon ,$$] and less than [image: $$f^{\prime }(x)+\varepsilon .$$]”

 

9Cauchy is once again assuming the same [image: $$\delta $$] works for each individual [image: $$x_j$$] to squeeze all of them within the same [image: $$\varepsilon . \ $$] This is only true if a uniformity condition holds.
                  
                


 

10A complete translation of this theorem, along with Cauchy’s brief definition for an average from his 1821 Cours d’analyse Note II, are presented in Appendix B of this book.

 

11The 1899 text has f(x).

 

12Cauchy is invoking the Intermediate Value Theorem here. This is why he needs [image: $$f^{\prime }(x)$$] to be continuous. Cauchy proves the Intermediate Value Theorem in his Cours d’analyse Note III (a translation of which is presented as Appendix C of this book). Cauchy’s frequent use of foundational results and repeated references to his 1821 Cours d’analyse text gives one a sense of why his lectures ran into overtime, and why Cauchy required more than the allotted number of meeting days to complete his analysis course at the École Polytechnique—causing such student resentment toward their professor and dissatisfaction from the Conseil d’Instruction.

 

13Cauchy continues to be vague when describing whether an interval is open or closed. Does he mean to include the endpoint values of 0 and 1? Cauchy’s wording here, and in many locations through the text, is unclear in this regard.

 

14Without much fanfare, hidden in a corollary, Cauchy has just proven the Mean Value Theorem for Derivatives, one of the foundational theorems of calculus. His version of the theorem is not quite the one we use today; modern versions generally do not require the derivative to be continuous over the interval. Although not established at the time Cauchy’s text was written, Darboux’s Theorem [image: $$\big ($$]named after Jean-Gaston Darboux (1842–1917)
                  
                

                  
                  [image: $$\big )$$]
                 demonstrates this requirement is not necessary, as the derivative of a function has the intermediate value property regardless of whether or not it is continuous.

 

15The original 1823 edition has [image: $${\varvec{{L}}}x $$] here and in the subsequent formula but are both corrected in its ERRATA.

 

16The 1899 text reads, [image: $$\frac{(x+h)^a-x^a}{h}=a(x-\theta h)^{a-1}$$].
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Let [image: $$ u=f(x, y, z, \dots ) $$] be a function of several independent variables x, y,  [image: $$ z,\dots . $$] We denote by i an infinitely small quantity, and by[image: $$\begin{aligned}&amp;\varphi (x, y, z, \dots ), \\&amp;\chi (x, y, z, \dots ), \\&amp;\psi (x, y, z, \dots ), \\&amp;\ \ \dots \dots \dots \dots \end{aligned}$$]



the limits toward which the ratios[image: $$\begin{aligned}&amp;\frac{f(x+i, y, z, \dots )-f(x, y, z, \dots )}{i}, \\&amp;\frac{f(x, y+i, z, \dots )-f(x, y, z, \dots )}{i}, \\&amp;\frac{f(x, y, z+i, \dots )-f(x, y, z, \dots )}{i}, \\&amp;\ \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \end{aligned}$$]



converge, while i indefinitely approaches zero. [image: $$ \varphi (x, y, z, \dots ) $$] will be the derivative that we deduce from the function [image: $$ u=f(x, y, z, \dots ) $$] by considering x as the only vari-able, or what we call the partial derivative of u with respect to [image: $$x\!. \ $$] In the same way, [image: $$ \chi (x, y, z, \dots ), $$] [image: $$\psi (x, y, z, \dots ), $$] [image: $$\dots $$] will be the partial derivatives of u with respect to the variables [image: $$ y, z, \dots . \ $$]
This granted, consider that we attribute to the variables x, y,  [image: $$ z, \dots $$] any increments [image: $$ \varDelta x, \varDelta y, $$] [image: $$ \varDelta z, \dots , $$] and let [image: $$\varDelta u$$] be the corresponding increment of the function u,  so that we have[image: $$\begin{aligned} \varDelta u=f\big (x+\varDelta x, y+\varDelta y, z+\varDelta z, \dots \big )-f\big (x, y, z, \dots \big ). \end{aligned}$$]

 (1)


If we assign to [image: $$ \varDelta x, \varDelta y, $$] [image: $$\varDelta z, \dots $$] the finite values h, k,  [image: $$ l, \dots , $$] the value of [image: $$\varDelta u, $$] given by equation (1), will become what we call the finite difference of the function u,  and will usually be a finite quantity. If, on the other hand, [image: $$\alpha $$] denoting an infinitely small ratio,1 we suppose[image: $$\begin{aligned} \varDelta x=\alpha h, \ \ \ \ \ \varDelta y=\alpha k, \ \ \ \ \ \varDelta z=\alpha l, \ \ \ \ \ \dots , \end{aligned}$$]

 (2)


the value of [image: $$\varDelta u, $$] namely[image: $$\begin{aligned} f\big (x+\alpha h, y+\alpha k, z+\alpha l, \dots \big )-f\big (x, y, z, \dots \big ) \end{aligned}$$]



will usually be an infinitely small quantity;2 but, by then dividing this value by [image: $$\alpha , $$] we will obtain the fraction[image: $$\begin{aligned} \frac{\varDelta u}{\alpha }=\frac{f\big (x+\alpha h, y+\alpha k, z+\alpha l, \dots \big )-f\big (x, y, z, \dots \big )}{\alpha }, \end{aligned}$$]

 (3)


which will converge, in general, toward a finite limit different from zero. This limit is what we call the total differential
, or simply the differential of the function [image: $$u. \ $$] We indicate it, with the help of the letter d,  by writing[image: $$\begin{aligned} du \ \ \ \ \ \ \ \ \text {or} \ \ \ \ \ \ \ \ d f(x, y, z, \dots ). \end{aligned}$$]



Thus, regardless of the number of independent variables that are included in the function u,  its differential is found defined by the formula[image: $$\begin{aligned} du=\lim {\frac{\varDelta u}{\alpha }}. \end{aligned}$$]

 (4)


If we successively make [image: $$ u=x, $$] [image: $$ u=y, $$] [image: $$ u=z, $$] [image: $$ \dots , $$] we will deduce from equations (2) and (4)[image: $$\begin{aligned} dx=h, \ \ \ \ \ dy=k, \ \ \ \ \ dz=l, \ \ \ \ \ \dots . \end{aligned}$$]

 (5)


By consequence, the differentials of the independent variables [image: $$ x, y, $$] [image: $$ z, \dots $$] are noth-ing other than the finite constants [image: $$ h, k, l, \dots . \ $$]
We easily determine the total differential of the function[image: $$\begin{aligned} f(x, y, z, \dots ) \end{aligned}$$]



when we know its partial derivatives. In fact, if, in this function we increase, one after the other, the variables [image: $$ x, $$] y,  z,  [image: $$ \dots $$] by any quantities [image: $$ \varDelta x, $$] [image: $$ \varDelta y, $$] [image: $$ \varDelta z, $$] [image: $$ \dots , $$] we will derive from formula (8) of the preceding lecture a sequence of equations of the form[image: $$\begin{aligned} f\big (x+\varDelta x, y, z, \dots \big )&amp;- f\big (x, y, z, \dots \big ) \\&amp;= \varDelta x \varphi \big (x+\theta _1\varDelta x, y, z, \dots \big ), \\ f\big (x+\varDelta x, y+\varDelta y, z, \dots \big )&amp;- f\big (x+\varDelta x, y, z, \dots \big ) \\&amp;= \varDelta y \chi \big (x+\varDelta x, y+\theta _2\varDelta y, z, \dots \big ), \\ f\big (x+\varDelta x, y+\varDelta y, z+\varDelta z, \dots \big )&amp;- f\big (x+\varDelta x, y+\varDelta y, z, \dots \big ) \\&amp;= \varDelta z \psi \big (x+\varDelta x, y+\varDelta y, z+\theta _3\varDelta z, \dots \big ), \\ \dots \dots \dots \dots \dots \dots \dots \dots&amp;\dots \dots \dots \dots \dots \dots \dots \dots \dots , \end{aligned}$$]



[image: $$\theta _1, \theta _2, \theta _3, \dots $$] denoting unknown numbers, but all contained between zero and unity. By adding these same equations member to member, we will find[image: $$\begin{aligned} \left\{ \begin{aligned} \,&amp;f\big (x+\varDelta x, y+\varDelta y, z+\varDelta z, \dots \big )-f\big (x, y, z, \dots \big ) \\&amp;\quad = \varDelta x \varphi \big (x+\theta _1 \varDelta x, y, z, \dots \big )+\varDelta y \chi \big (x+ \varDelta x, y+\theta _2 \varDelta y, z, \dots \big ) \\&amp;\quad \quad \quad +\varDelta z \psi \big (x+\varDelta x, y+\varDelta y, z+\theta _3 \varDelta z, \dots \big )+ \cdots . \end{aligned} \right. \end{aligned}$$]

 (6)


If, in this last formula, whose first member can be replaced by [image: $$\varDelta u, $$] we set [image: $$ \varDelta x=\alpha h, $$] [image: $$ \varDelta y=\alpha k, $$] [image: $$ \varDelta z=\alpha l, $$] and if, in addition, we divide the two members by [image: $$\alpha , $$] we will obtain the following[image: $$\begin{aligned} \left\{ \begin{aligned} \ \frac{\varDelta u}{\alpha }= h \varphi \big (x+\theta _1 \alpha h, y, z, \dots \big ) +k \chi \big (x+ \alpha h, y+\theta _2 \alpha k, z, \dots \big )&amp;\\ +l \psi \big (x+\alpha h, y+\alpha k, z+\theta _3 \alpha l, \dots \big )+ \cdots ,&amp;\end{aligned} \right. \end{aligned}$$]

 (7)


from which we will deduce, by passing to the limits, then writing [image: $$ dx, dy, $$] [image: $$ dz \dots $$] instead of [image: $$ h, k, $$] [image: $$ l, \dots , $$][image: $$\begin{aligned} du = \varphi \big (x, y, z, \dots \big ) dx + \chi \big (x, y, z, \dots \big ) dy + \psi \big (x, y, z, \dots \big ) dz + \cdots . \end{aligned}$$]

 (8)


Examples. –[image: $$\begin{aligned}\begin{gathered} d(x+y+z+\cdots )=dx+dy+dz+\cdots , \ \ \ \ \ \ \ \ d(x-y)=dx-dy, \\ d(ax+by+cz+\cdots )=a dx + b dy + c dz + \cdots , \\ d(xyz\cdots )=yz\cdots dx+xz\cdots dy+xy\cdots dz+\cdots , \\ d(x^ay^b\cdots )=x^ay^b\cdots \left( a\frac{dx}{x}+b\frac{dy}{y}+\cdots \right) , \ \ \ \ \ \ \ \ d\left( \frac{x}{y}\right) =\frac{y dx-x dy}{y^2}, \\ d x^y=yx^{y-1} dx+x^y {\varvec{l}}x dy, \ \ \ \ \ \ \ \ \dots . \end{gathered}\end{aligned}$$]



It is essential to observe that, in the value of du given by equation (8), the term [image: $$ \varphi (x, y, z, \dots ) dx $$] is precisely the differential that we would obtain for the function[image: $$\begin{aligned} u=f(x, y, z, \dots ), \end{aligned}$$]



by considering in this function x as the only variable quantity, and [image: $$ y, z, \dots $$] as con-stant quantities. It is for this reason that the term in question is called the partial differential of the function u with respect to [image: $$x\!. \ $$] Similarly,3
[image: $$\begin{aligned} \chi (x, y, z, \dots ) dy, \ \ \ \ \ \ \ \psi (x, y, z, \dots ) dz, \ \ \ \ \ \ \ \dots , \end{aligned}$$]



are the partial differentials of u with respect to y,  with respect to z,  [image: $$\dots . \ $$] If we indicate these partial differentials by placing at the base of the letter d the variables to which they relate, as we see here,[image: $$\begin{aligned} d_xu, \ \ \ \ \ d_yu, \ \ \ \ \ d_zu, \ \ \ \ \ \dots , \end{aligned}$$]



we will have [image: $$\begin{aligned}&amp;\varphi (x, y, z, \dots )=\frac{d_xu}{dx}, \ \ \ \ \chi (x, y, z, \dots )=\frac{d_yu}{dy}, \ \ \ \ \psi (x, y, z, \dots )=\frac{d_zu}{dz}, \ \ \ \ \dots , \end{aligned}$$]

 (9)


and equation (8) can be presented under one or the other of the two forms[image: $$\begin{aligned} \qquad \qquad \qquad du =d_xu + d_yu + d_zu + \cdots ,&amp;\ \end{aligned}$$]

 (10)



[image: $$\begin{aligned} \quad du = \frac{d_xu}{dx} dx + \frac{d_yu}{dy} dy + \frac{d_zu}{dz} dz + \cdots . \end{aligned}$$]

 (11)


For brevity, we usually omit the letters that we have placed at the base of the char-acter d in the equations in (9), and we simply represent the partial derivatives of u,  taken relative to [image: $$ x, y, z, \dots , $$] by the notations[image: $$\begin{aligned} \frac{du}{dx}, \ \ \ \ \ \frac{du}{dy}, \ \ \ \ \ \frac{du}{dz}, \ \ \ \ \ \dots . \end{aligned}$$]

 (12)


Then [image: $$ \frac{du}{dx} $$] is not the quotient of du by [image: $$ dx; $$] and, to express the partial differential of u taken relative to x,  the notation [image: $$ \frac{du}{dx}dx $$] must be employed, which is not susceptible for simplification, unless we reestablish the letter x at the base of the character [image: $$ d\!. $$] When we accept these conventions, formula (11) is reduced to[image: $$\begin{aligned} du = \frac{du}{dx} dx + \frac{du}{dy} dy + \frac{du}{dz} dz + \cdots . \end{aligned}$$]

 (13)


But, as it is no longer possible to remove in this last expression the differentials [image: $$ dx, dy, dz, \dots , $$] nothing can replace formula (10).
The definitions and the formulas established above extend without any difficulty to the case where the function u becomes imaginary. Thus, for example, if we set [image: $$ u=x+y\sqrt{-1}, $$] the partial derivatives of u and its total differential will be given, respectively, by the equations[image: $$\begin{aligned} \frac{du}{dx}=1, \ \ \ \ \ \frac{du}{dy}=\sqrt{-1}, \ \ \ \ \ du=dx+\sqrt{-1} dy. \end{aligned}$$]



We will indicate, in finishing, a very simple way of reducing the calculation of total differentials to those of derived functions. If, in the expression [image: $$ f(x+\alpha h, y+\alpha k, z+\alpha l, \dots ), $$] we consider [image: $$\alpha $$] as the only variable, and if we set, by consequence,[image: $$\begin{aligned} f(x + \alpha h, y + \alpha k, z + \alpha l, \dots ) = F(\alpha ), \end{aligned}$$]

 (14)


we will have, not only[image: $$\begin{aligned} u=F(0), \end{aligned}$$]

 (15)


but also[image: $$\begin{aligned} \varDelta u=F(\alpha )-F(0), \end{aligned}$$]



and as a result,[image: $$\begin{aligned} du=\lim {\frac{F(\alpha )-F(0)}{\alpha }}=F^{\prime }(0). \end{aligned}$$]

 (16)


Thus, to form the total differential du,  it will suffice to calculate the particular value that the derived function, [image: $$F^{\prime }(\alpha ), $$] receives for [image: $$\alpha =0.$$]4

Footnotes
1Recall Cauchy’s definition of an infinitely small quantity as a variable whose limit is zero but is itself not necessarily zero.

 

2Cauchy is clearly assuming a well-behaved function whose partial derivatives are all continuous. Perhaps, this is why he intuitively includes the word “usually.”

 

3The final ellipsis is omitted in the 1823 and 1899 editions but is clearly implied.

 

4The reader will notice Cauchy has clearly relaxed and loosened his level of rigor while developing his multiple variable results. A similar statement can be argued for his complex presentation. This may be an indication he felt the main goal of his course should be the rigorous development of single-variable real calculus.
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Let [image: $$s=F(u, v, w, \dots )$$] be
 any function of the variable quantities [image: $$ u, v, w, \dots $$] that we suppose to be themselves functions of the independent variables [image: $$ x, y, z, \dots . \ $$] s will be a composed function of these latter variables; and, if we designate by [image: $$ \varDelta x, $$] [image: $$ \varDelta y, $$] [image: $$ \varDelta z, $$] [image: $$ \dots $$] the arbitrary simultaneous increments attributed to [image: $$ x, y, z, \dots , $$] the corresponding increments [image: $$ \varDelta u, \varDelta v, \varDelta w, {\dots }, \varDelta s$$] of the functions [image: $$ u, v, w, {\dots }, s $$] will be related among themselves by the formula[image: $$\begin{aligned} \varDelta s = F(u+\varDelta u, v+\varDelta v, w+\varDelta w, \dots )-F(u, v, w, \dots ). \end{aligned}$$]

 (1)


Moreover, let[image: $$\begin{aligned} \varPhi (u, v, w, \dots ), \ \ \ X(u, v, w, \dots ), \ \ \ \varPsi (u, v, w, \dots ), \ \ \ \dots \end{aligned}$$]



be the partial derivatives of the function [image: $$F(u, v, w, \dots )$$] taken successively with respect to u,  v,  w,  [image: $$ {\dots }. \ $$] Since equation (6) of the preceding lecture holds for any values of the variables [image: $$ x, y, z, {\dots } $$] and of their increments [image: $$ \varDelta x, $$] [image: $$ \varDelta y, $$] [image: $$ \varDelta z, $$] [image: $$ {\dots }, $$] we will deduce, in replacing [image: $$ x, y, z, \dots $$] by [image: $$ u, v, w, \dots , $$] and the function f by the function F, [image: $$\begin{aligned} \left\{ \begin{aligned} \ F(u&amp;+\varDelta u, v+\varDelta v, w+\varDelta w, \dots )-F(u, v, w, \dots ) \\&amp;=\varDelta u \varPhi (u+\theta _1 \varDelta u, v, w, \dots ) +\varDelta v X(u+\varDelta u, v+\theta _2\varDelta v, w, \dots ) \\&amp;\quad \quad \quad +\varDelta w \varPsi (u+\varDelta u, v+\varDelta v, w+\theta _3 \varDelta w, \dots ) \\&amp;\quad \quad \quad + \cdots \cdots \cdots \cdots \cdots \cdots \cdots \cdots \cdots \cdots \cdots \cdots . \end{aligned} \right. \end{aligned}$$]

 (2)


In this last equation, [image: $$ \theta _1, \theta _2, \theta _3, \dots $$] always denote unknown numbers, but less than unity.1 If we now set[image: $$\begin{aligned} \varDelta x=\alpha h=\alpha dx, \ \ \ \ \ \ \ \ \ \ \varDelta y=\alpha k=\alpha dy, \ \ \ \ \ \ \ \ \ \ \varDelta z=\alpha l=\alpha dz, \ \ \ \ \ \ \ \ \ \ \dots , \end{aligned}$$]



and divide the two members of equation (2) by [image: $$\alpha , $$] we will derive[image: $$\begin{aligned} \left\{ \begin{aligned} \ \frac{\varDelta s}{\alpha }=&amp;\varPhi (u+\theta _1\alpha h, v, w, \dots )\frac{\varDelta u}{\alpha } \\&amp;+X(u+\alpha h, v+\theta _2 \alpha k, w, \dots )\frac{\varDelta v}{\alpha } \\&amp;+\varPsi (u+\alpha h, v+\alpha k, w+\theta _3 \alpha l, \dots )\frac{\varDelta w}{\alpha }+\cdots ; \end{aligned} \right. \end{aligned}$$]

 (3)


then, by letting [image: $$\alpha $$] converge toward the limit zero,[image: $$\begin{aligned}&amp;ds =\varPhi (u, v, w, \dots ) \, du+X(u, v, w, \dots ) \, dv + \varPsi (u, v, w, \dots ) \, dw+\cdots . \end{aligned}$$]

 (4)


The value of ds produced by equation (4) is similar to the value of du produced by equation (8) of the preceding lecture. The main difference consists in that the differentials [image: $$ dx, dy, dz, \dots $$] included in the value of du are arbitrary constants, while the differentials [image: $$ du, dv, dw, \dots $$] included in the value of ds are new functions of the independent variables [image: $$ x, y, z, \dots $$] combined in a certain manner with the arbitrary constants [image: $$ dx, dy, dz, \dots . \ $$]
By applying formula (4) to particular cases, we will find2
[image: $$\begin{aligned} d(u+v+w+\cdots )&amp;=du+dv+dw+\cdots , \\ d(u-v)&amp;=du-dv, \\ d(au+bv+cw+\cdots )&amp;=a \, du+b \, dv+c \, dw+\cdots , \\ d(uvw\cdots )&amp;=vw\cdots du+uw\cdots dv+uv\cdots dw+\cdots , \\ d\left( \frac{u}{v}\right)&amp;=\frac{v \, du-u \, dv}{v^2}, \\ du^v&amp;=vu^{v-1} du+u^v {\varvec{l}}u \, dv, \end{aligned}$$]



etc. We have already obtained these equations (see the fifth lecture) by supposing [image: $$ u, v, w, \dots $$] functions of a single independent variable [image: $$x; $$] but, we see that they remain valid regardless of the number of independent variables.
In the particular case where we assume u a function of the single variable x,  v a function of the single variable y,  w a function of the single variable z,  [image: $$\dots , $$] we can directly achieve equation (4) by starting from formula (10) of the preceding lecture. In fact, by virtue of this formula, we will generally have[image: $$\begin{aligned} ds=d_xs+d_ys+d_zs+\cdots . \end{aligned}$$]

 (5)


Moreover, since among the quantities [image: $$ u, v, w, {\dots }, $$] the first is, by hypothesis, the only one which contains the variable x,  by considering s as a function of a function of this variable and having regard to formula (10) of the fourth lecture, we will find[image: $$\begin{aligned} d_xs=d_xF(u, v, w, \dots )=\varPhi (u, v, w, \dots ) \, d_xu=\varPhi (u, v, w, \dots ) \, du. \end{aligned}$$]



We will also find[image: $$\begin{aligned} d_ys=X(u, v, w, \dots ) \, dv, \ \ \ \ \ d_zs=\varPsi (u, v, w, \dots ) \, dw, \ \ \ \ \ \dots . \end{aligned}$$]



If we substitute these values of [image: $$d_xs, d_ys, d_zs, \dots $$] into formula (5), it will obviously coincide with equation (4).
Now, let r be a second function of the independent variables [image: $$ x, y, z, \dots . \ $$] If we have identically, that is to say, for any values of these variables,[image: $$\begin{aligned} s=r, \end{aligned}$$]

 (6)


we will infer[image: $$\begin{aligned} ds=dr. \end{aligned}$$]

 (7)


In the particular case where the function r is reduced either to zero or to a constant c,  we find[image: $$\begin{aligned} dr=0, \end{aligned}$$]



and as a result, the equation[image: $$\begin{aligned} s=0 \ \ \ \ \ \ \ \ \text {or} \ \ \ \ \ \ \ \ s=c \end{aligned}$$]

 (8)


leads to the following[image: $$\begin{aligned} ds=0. \end{aligned}$$]

 (9)


Equations (7) and (9) are among those that we call differential equations. The second can be presented under the form[image: $$\begin{aligned}&amp;\varPhi (u, v, w, \dots )\, du+X(u, v, w, \dots )\, dv+\varPsi (u, v, w, \dots )\, dw+\cdots =0, \end{aligned}$$]

 (10)


and remains valid even in the case where some of the quantities [image: $$ u, v, w, \dots $$] are reduced to a few of the independent variables [image: $$ x, y, z, \dots . \ $$] Thus, for example, we will find, by supposing [image: $$F(x, v)=0, $$][image: $$\begin{aligned} \varPhi (x, v) \, dx+X(x, v) \, dv=0; \end{aligned}$$]



by supposing [image: $$F(x, y, w)=0, $$][image: $$\begin{aligned} \varPhi (x, y, w) \, dx+X(x, y, w) \, dy+\varPsi (x, y, w) \, dw=0; \end{aligned}$$]



etc. In these last equations, v is obviously an implicit function of the variable [image: $$x; $$] w is an implicit function of the variables [image: $$x, y; \dots . \ $$]
Similarly, if we accept that the variables [image: $$ x, y, z, \dots , $$] ceasing to be independent, are related among themselves by an equation of the form[image: $$\begin{aligned} f(x, y, z, \dots )=0, \end{aligned}$$]

 (11)


then, by making use of the notations adopted in the preceding lecture, we will obtain the differential equation[image: $$\begin{aligned} \varphi (x, y, z, \dots ) \, dx+\chi (x, y, z, \dots ) \, dy+\psi (x, y, z, \dots ) \, dz+\cdots =0, \end{aligned}$$]

 (12)


by means of which we can determine the differential of one of the variables, considered as an implicit function of all the others. Thus, for example, we will find, by supposing [image: $$x^2+y^2=a^2\!, $$][image: $$\begin{aligned} x \, dx+y \, dy=0, \ \ \ \ \ dy=-\frac{x}{y} \, dx; \end{aligned}$$]



by supposing [image: $$y^2-x^2=a^2\!, $$][image: $$\begin{aligned} y \, dy-x \, dx=0, \ \ \ \ \ dy=\frac{x}{y} dx; \end{aligned}$$]



by supposing [image: $$x^2+y^2+z^2=a^2\!, $$][image: $$\begin{aligned} x \, dx+y \, dy+z \, dz=0, \ \ \ \ \ dz=-\frac{x}{z} dx-\frac{y}{z} dy. \end{aligned}$$]



Moreover, since we will have, in the first case,[image: $$\begin{aligned} y=\pm \sqrt{a^2-x^2}, \end{aligned}$$]



and in the second,[image: $$\begin{aligned} y=\pm \sqrt{a^2+x^2}, \end{aligned}$$]



we will deduce from the preceding formulas3
[image: $$\begin{aligned} d\sqrt{a^2-x^2}=-\frac{x \, dx}{\sqrt{a^2-x^2}}, \ \ \ \ \ \ \ \ d\sqrt{a^2+x^2}=\frac{x \, dx}{\sqrt{a^2+x^2}}, \end{aligned}$$]

 (13)


which is easy to verify directly.
When we designate by u the function [image: $$f(x, y, z, \dots ), $$] equations (11) and (12) can be simply written, as it follows[image: $$\begin{aligned} u=0, \ \ \ \ \ du=0. \end{aligned}$$]



If the variables [image: $$ x, y, z, \dots , $$] instead of being subject to a single equation of the form [image: $$u=0, $$] were related between them by two equations of this type, such as[image: $$\begin{aligned} u=0, \ \ \ \ \ v=0, \end{aligned}$$]

 (14)


then we would have at the same time, the two differential equations[image: $$\begin{aligned} du=0, \ \ \ \ \ dv=0, \end{aligned}$$]

 (15)


with the help of which we could determine the differentials of two variables, considered as implicit functions of all the others.
In general, if n variables [image: $$ x, y, z, \dots $$] are related among themselves by m equations, such as[image: $$\begin{aligned} u=0, \ \ \ \ \ v=0, \ \ \ \ \ w=0, \ \ \ \ \ \dots , \end{aligned}$$]

 (16)


then we will have at the same time, the m differential equations[image: $$\begin{aligned} du=0, \ \ \ \ \ dv=0, \ \ \ \ \ dw=0, \ \ \ \ \ \dots , \end{aligned}$$]

 (17)


with the help of which we can determine the differentials of m variables, considered as implicit functions of all the others.
Footnotes
1Having been seen several times already, Cauchy uses this word frequently to denote the value of one.

 

2Several relationships within this grouping have errors in both the original 1823 and the 1899 reprint editions which have all been corrected here. The 1899 edition includes [image: $$ d(u-dv)=du-dv, \ $$] [image: $$d\frac{v}{u}=\frac{u dv-v du}{u^2} $$], and [image: $$du^v=vu^{v-1} du+v^v {\varvec{l}}u dv+\cdots . \ $$] The original 1823 edition contains the expression [image: $$ d\left( \frac{u}{v}\right) =\frac{u dv-v du}{u^2}.$$]

 

3Equation (13) has been corrected. Both the 1823 and the 1899 editions read,[image: $$\begin{aligned} d\sqrt{a^2-x^2}=-\frac{x \, dx}{\sqrt{a^2-x^2}}, \quad \quad d\sqrt{a^2+x^2}=\frac{x \, dx}{\sqrt{a+x}}.\qquad {(13)} \end{aligned}$$]
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We say that a function of several variables is homogeneous, when, by letting all of the variables grow or decline in a given ratio, we obtain for a result the original value of the function multiplied by a power of this ratio. The exponent of this power is the degree of the homogeneous function. By consequence, [image: $$f(x, y, z, \dots )$$] will be a homogeneous function of [image: $$ x, y, z, \dots $$] and of degree a,  if, t denoting a new variable, we have regardless of t, 1
[image: $$\begin{aligned} f(tx, ty, tz, \dots )=t^af(x, y, z, \dots ). \end{aligned}$$]

 (1)


This granted, the theorem of homogeneous functions can be stated as follows.
THEOREM. –  If we multiply the partial derivatives of a homogeneous function of degree [image: $$ a $$] by the variables to which they relate, the sum of the products thus formed will be equivalent to that which we would obtain in multiplying the function itself by [image: $$ a. \ $$]
Proof. – Let [image: $$u=f(x, y, z, \dots )$$] be the given function, and let [image: $$\varphi (x, $$] y,  [image: $$ z, \dots ), $$] [image: $$\chi (x, y, z, \dots ), $$] [image: $$\psi (x, y, z, \dots ), $$] [image: $$ \dots $$] be its partial derivatives with respect to x,  to [image: $$y, $$] to z, , etc. If we differentiate the two members of equation (1) by considering t as the only variable, we will find[image: $$\begin{aligned} \varphi (tx, ty, tz, \dots ) x \, dt&amp;+\chi (tx, ty, tz, \dots ) \, y \, dt+\psi (tx, ty, tz, \dots ) \, z \, dt+\cdots \\&amp;=at^{a-1}f(x, y, z, \dots ) \, dt; \end{aligned}$$]



then, in dividing by dt,  and setting [image: $$t=1, $$][image: $$\begin{aligned} x \varphi (x, y, z, \dots ){+}y \chi (x, y, z, \dots ){+}z \psi (x, y, z, \dots ) {+} \cdots \,{=}\, af(x, y, x, \dots ), \end{aligned}$$]

 (2)


or to what amounts to the same thing,[image: $$\begin{aligned} x \frac{du}{dx}+y \frac{du}{dy}+z \frac{du}{dz}+\cdots =au. \end{aligned}$$]

 (3)


Corollary. – For a homogeneous function of degree null, we will have[image: $$\begin{aligned} x \frac{du}{dx}+y \frac{du}{dy}+z \frac{du}{dz}+\cdots =0. \end{aligned}$$]

 (4)


Examples.2 – Apply the theorem to the functions [image: $$Ax^2+Bxy+Cy^2, $$] and [image: $${\varvec{L}}\Big (\frac{x}{y}\Big ). \ $$]
When a real function of several independent variables [image: $$ x, $$] y,  z,  [image: $$ \dots $$] attains a particular value which exceeds all neighboring values, that is to say, all those that we would obtain by varying [image: $$ x, y, z, \dots $$] more or less by very small quantities, this particular value of the function is what we call a maximum.
When a particular value of a real function of [image: $$ x, y, z, \dots $$] is less than all the neighboring values, it takes the name of minimum.
The study of maxima and minima of functions of several variables is easily reduced to the study of maxima and minima of functions of a single variable. Suppose, in fact, that[image: $$\begin{aligned} u=f(x, y, z, \dots ) \end{aligned}$$]



becomes a maximum for certain particular values attributed to [image: $$ x, y, z, \dots . \ $$] We will have, for these particular values and for very small numerical values of [image: $$\alpha , $$][image: $$\begin{aligned} f(x+\alpha h, y+\alpha k, z+\alpha l, \dots ) &lt; f(x, y, z, \dots ), \end{aligned}$$]

 (5)


regardless, moreover, of the finite constants [image: $$ h, k, l, \dots , $$] provided that they have been selected in a manner such that the first member of formula (5) remains real. Now, for brevity, if we let [image: $$\begin{aligned} f(x+\alpha h, y+\alpha k, z+\alpha l, \dots ) = F(\alpha ), \end{aligned}$$]

 (6)


formula (5) will be found reduced to the following[image: $$\begin{aligned} F(\alpha )&lt;F(0). \end{aligned}$$]

 (7)


This relationship above remains valid regardless of the sign of [image: $$\alpha , $$] and it results that, if only [image: $$\alpha $$] varies, [image: $$F(\alpha ), $$] considered as a function of this single variable, will always become a maximum for [image: $$\alpha =0. \ $$]
We will recognize as well that, if [image: $$f(x, y, z, \dots )$$] becomes a minimum for certain particular values attributed to [image: $$ x, y, z, \dots , $$] the corresponding value of [image: $$F(\alpha )$$] will always be a minimum for [image: $$\alpha =0. \ $$]
Observe now that, if the two functions [image: $$F(\alpha ), F^{\prime }(\alpha )$$] are, one and the other, continuous with respect to [image: $$\alpha $$] in the vicinity of the particular value [image: $$\alpha =0, $$] this value can only produce a maximum or a minimum of the first function, so long as it will cause the second to vanish (see the sixth lecture), that is to say, such that we will have[image: $$\begin{aligned} F^{\prime }(0)=0. \end{aligned}$$]

 (8)


Moreover, when we write [image: $$ dx, dy, dz, \dots $$] instead of [image: $$ h, k, l, \dots , $$] equation (8) takes the form[image: $$\begin{aligned} du=0 \end{aligned}$$]

 (9)


(see the eighth lecture). In addition, since the functions [image: $$F(\alpha )$$] and [image: $$F^{\prime }(\alpha )$$] are those that become u and du when we replace x by [image: $$x+\alpha h,$$]3y by [image: $$y+\alpha k, $$] z by [image: $$z+\alpha l, $$] [image: $$\dots , $$] it is clear that, if these two functions are discontinuous with respect to [image: $$\alpha $$] in the vicinity of the particular value [image: $$\alpha =0, $$] the two expressions u and du,  considered as functions of the variables [image: $$ x, y, z, \dots , $$] will be discontinuous with respect to these variables in the vicinity of the particular values which are attributed to them. By comparing these remarks to those which have been said above, we must conclude that the only values of [image: $$ x, y, z, \dots $$] that work to produce maxima or minima of the function u are those which render the functions u and du discontinuous, as well as those which satisfy equation (9), regardless of the finite constants [image: $$ dx, dy, dz, \dots . \ $$] These principles being accepted, it will be easy to resolve the following question.
PROBLEM. – Find the maxima and minima of a function of several variables.
Solution. – Let [image: $$u=f(x, y, z, \dots )$$] be the proposed function. We will first look for the values of [image: $$ x, y, z, \dots $$] that render the function u or du discontinuous, among which we must count those that we deduce from the formula[image: $$\begin{aligned} du=\pm \infty . \end{aligned}$$]

 (10)


In the second place, we will look for the values of [image: $$ x, y, z, \dots $$] which satisfy equation (9), regardless of the finite constants [image: $$ dx, dy, dz, \dots . \ $$] This equation, which can be placed in the form[image: $$\begin{aligned} \frac{du}{dx} dx+\frac{du}{dy} dy+\frac{du}{dz} dz+\cdots =0, \end{aligned}$$]

 (11)


obviously leads to the following[image: $$\begin{aligned} \frac{du}{dx}=0, \ \ \ \ \ \frac{du}{dy}=0, \ \ \ \ \ \frac{du}{dz}=0, \ \ \ \ \ \dots , \end{aligned}$$]

 (12)


of which we obtain the first by setting [image: $$ dx=1, dy=0, dz=0, \dots ; $$] the second by setting [image: $$ dx=0, dy=1, dz=0, \dots ; $$] etc. We remark in passing that, the number of equations in (12) being equal to those of the unknowns [image: $$ x, y, z, \dots , $$] we will usually deduce only a limited number of values for these unknowns.
Let us now conceive that we consider in particular one of the systems of values that the previous study provides for the variables [image: $$ x, y, z, \dots , $$] and denote by [image: $$ x_0, y_0, z_0, \dots $$] the values of which it is composed. The corresponding value of the function [image: $$f(x, y, z, \dots ), $$] namely [image: $$f(x_0, y_0, z_0, \dots ), $$] will be a maximum, if for very small numerical values of [image: $$\alpha $$] and for any values of [image: $$ h, k, l, \dots , $$] the difference[image: $$\begin{aligned} f(x_0+\alpha h, y_0+\alpha k, z_0+\alpha l, \dots )-f(x_0, y_0, z_0, \dots ) \end{aligned}$$]

 (13)


is constantly negative. On the other hand, [image: $$f(x_0, y_0, z_0, \dots )$$] will be a minimum, if this difference is constantly positive. Finally, if this difference passes from positive to negative while we change either the sign of [image: $$\alpha $$] or the values of [image: $$ h, k, l, \dots , $$] [image: $$ f(x_0, y_0, z_0, \dots ) $$] will no longer be a maximum nor a minimum.
Example. – The function [image: $$Ax^2+Bxy+Cy^2+dx+Ey+F$$] admits a maximum or a minimum when we have [image: $$B^2-4AC&lt;0, $$] and no longer admits one when we have [image: $$B^2-4AC&gt;0. \ $$]
Note. – The nature of the function u can be such that an infinite number of different systems of values attributed to [image: $$x, y, z, \dots $$] corresponds to values of u equal between them, but greater than or less than all neighboring values, and each of which are, by consequence, a type of maximum or minimum. When this circumstance occurs for systems in the vicinity for which the functions u and du remain continuous, these systems certainly satisfy the equations in (12). These equations can therefore sometimes admit an infinite number of solutions. This is what always happens when they are deduced in part one from the others.
Example. – If we take [image: $$u=(cy-bz+l)^2+(az-cx+m)^2+(bx-ay+n)^2,$$] the equations in (12) will only produce[image: $$\begin{aligned} \frac{cy-bz+l}{a}=\frac{az-cx+m}{b}=\frac{bx-ay+n}{c}, \end{aligned}$$]



and the function u will admit an infinite number of values equal to[image: $$\begin{aligned} \frac{(al+bm+cn)^2}{a^2+b^2+c^2}, \end{aligned}$$]



each of which can be considered as a minimum.
Footnotes
1The rightmost ellipsis is omitted in equation (1) in the 1899 reprint but is present in the original 1823 edition. Except for the lack of specificity as to whether Cauchy has a finite or infinite number of variables in mind (the term “several” is used), Cauchy’s definition is very similar to a modern-day definition of a real homogeneous function.

 

2The original 1823 edition prints the y in the [image: $${\varvec{L}}\Big (\frac{x}{y}\Big )$$] expression of the second example in a slightly different font. However, this misprint is corrected in its ERRATA.

 

3There is a typographical error in the 1899 reprint that is not present in the original 1823 edition. The 1899 reprint reads, “...when we replace x by [image: $$x=\alpha h.$$]”
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Let[image: $$\begin{aligned} u=f(x, \, y, \, z, \, \dots ) \end{aligned}$$]

 (1)


be a function of the n variables [image: $$ \, x, \, y, \, z, \, \dots . \ $$] But, let us conceive that these variables, instead of being independent of each other, as we have supposed in the tenth lecture, are related among themselves by m equations of the form[image: $$\begin{aligned} v=0, \ \ \ \ \ w=0, \ \ \ \ \ \dots . \end{aligned}$$]

 (2)


To deduce the maxima and the minima of the function u from the method that we have indicated, we should begin by eliminating from this function m different variables with the help of the formulas in (2). After this elimination, the variables which remain, to number [image: $$n-m, \, $$] should be considered as independent; and, the systems of values of these variables should be sought which render the function u or the func-tion du discontinuous, as well as those which satisfy, whatever the differentials of these same variables, the equation
[image: $$\begin{aligned} du=0. \end{aligned}$$]

 (3)


Now, the study of maxima and minima which corresponds to equation (3) can be simplified by the following considerations.
If we differentiate the function [image: $$u, \, $$] by retaining all the given variables [image: $$ \, x, \, y, \, z, \, \dots , \, $$] equation (3) will be presented under the form[image: $$\begin{aligned} \frac{du}{dx} \, dx+\frac{du}{dy} \, dy+\frac{du}{dz} \, dz+\cdots =0, \end{aligned}$$]

 (4)


and will contain the n differentials [image: $$ \, dx, \, dy, \, dz, \, \dots . \ $$] But, it is important to observe that, among these differentials, the only ones which we can arbitrarily dispose will be those of the [image: $$n-m$$] variables regarded as independent. The other differentials will be found determined according to the first and to the variables themselves by the formulas [image: $$ \, dv=0, \, dw=0, \, \dots , \, $$] which, when expanded,1 respectively become[image: $$\begin{aligned} \left\{ \begin{aligned}&amp;\frac{dv}{dx} \, dx+\frac{dv}{dy} \, dy +\frac{dv}{dz} \, dz+\cdots =0, \\&amp;\frac{dw}{dx} \, dx+\frac{dw}{dy} \, dy +\frac{dw}{dz} \, dz+\cdots =0, \\&amp;\dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots . \end{aligned} \right. \end{aligned}$$]

 (5)


This granted, since equation (4) must be satisfied, regardless of the differentials of the independent variables, it is clear that, if we eliminate from this equation a number m of the differentials with the help of the formulas in (5), the coefficients of the remaining [image: $$n-m$$] differentials must be separately equal to zero. Now, to perform the elimination, it is sufficient to add to equation (4) the formulas in (5) multiplied by the indeterminate factors,
              
              [image: $$ \, -\lambda , \, -\mu , \, -\dots , \, $$]
             and to choose these factors in a manner so as to eliminate the coefficients of the m successive differentials in the resulting equation. Moreover, as the resultant equation will be of the form[image: $$\begin{aligned} \left\{ \begin{aligned}&amp;\left( \frac{du}{dx}-\lambda \, \frac{dv}{dx} -\mu \, \frac{dw}{dx}-\cdots \right) dx \\&amp;\qquad \qquad +\left( \frac{du}{dy}-\lambda \, \frac{dv}{dy} -\mu \, \frac{dw}{dy}-\cdots \right) dy+\cdots =0, \end{aligned} \right. \end{aligned}$$]

 (6)


and after having eliminated the coefficients of m differentials, the coefficients of those differentials remaining will still be equal to zero, it is possible to deduce that the values of [image: $$ \, \lambda , \, \mu , \, \nu , \, \dots , \, $$] derived from a few of the formulas[image: $$\begin{aligned} \left\{ \begin{aligned}&amp;\frac{du}{dx}-\lambda \, \frac{dv}{dx}-\mu \, \frac{dw}{dx}-\cdots =0, \\&amp;\frac{du}{dy}-\lambda \, \frac{dv}{dy}-\mu \, \frac{dw}{dy}-\cdots =0, \ \ \ \ \ \dots , \end{aligned} \right. \end{aligned}$$]

 (7)


must satisfy all the others. By consequence, the values of [image: $$ \, x, \, y, \, z, \, \dots \, $$] that work to confirm the formulas in (4) and (5) must satisfy the condition equations that provide the elimination of the indeterminate factors [image: $$ \, \lambda , \, \mu , \, \nu , \, \dots \, $$] among the formulas in (7). The number of these condition equations will be [image: $$n-m. \ $$] By combining with the formulas in (2), we will obtain a total of n equations, from which we will deduce for the given variables [image: $$ \, x, \, y, \, z, \, \dots \, $$] several systems of values, among which are nec-essarily found those which, without rendering discontinuous one of the functions u and [image: $$du, \, $$] will provide for the first a maxima or a minima.
It is good to note that the condition equations produced by the elimination of [image: $$\lambda , \, \mu , \, \nu , \, \dots \, $$] among the formulas in (2) would not be altered in any manner, if we were to exchange in these formulas the function u with one of the functions [image: $$v, \, w, \, \dots . \ $$] As a result, we would always achieve the same condition equations, if, instead of looking for the maxima and minima of the function u by supposing [image: $$v=0, \, w=0, \, \dots , \, $$] we were looking for the maxima and minima of the function v by supposing [image: $$ \, u=0, \, w=0, \, \dots , \, $$] as well as that of the function w by supposing [image: $$u=0, \, v=0, \, \dots . \ $$] Without altering the condition equations, we could even replace the functions [image: $$ u, v, w, \dots $$] by the following [image: $$ u-a, v-b, w-c, \dots , $$] [image: $$ a, b, c, \dots $$] denoting arbitrary constants.
In the particular case where we want to obtain the maxima or the minima of the function u by supposing [image: $$ \, x, \, y, \, z, \, \dots \, $$] subject to a single equation[image: $$\begin{aligned} v=0, \end{aligned}$$]

 (8)


the formulas in (7) become[image: $$\begin{aligned} \frac{du}{dx}-\lambda \, \frac{dv}{dx}=0, \ \ \ \ \ \frac{du}{dy}-\lambda \, \frac{dv}{dy}=0, \ \ \ \ \ \frac{du}{dz}-\lambda \, \frac{dv}{dz}=0, \ \ \ \ \ \dots , \end{aligned}$$]

 (9)


and we conclude, by the elimination of [image: $$\lambda , \, $$][image: $$\begin{aligned} \frac{ \big ( \frac{du}{dx} \big ) }{ \big ( \frac{dv}{dx} \big ) }=\frac{ \big ( \frac{du}{dy} \big ) }{ \big ( \frac{dv}{dy} \big ) }=\frac{ \big ( \frac{du}{dz} \big ) }{ \big ( \frac{dv}{dz} \big ) }=\cdots . \end{aligned}$$]

 (10)


This last formula is equivalent to [image: $$n-1$$] distinct equations, which combined with equation (8), will determine the values sought for [image: $$ \, x, \, y, \, z, \, \dots . \ $$]
First Example. – Suppose that, [image: $$ \, a, \, b, \, c, \, \dots , \, r \, $$] denoting constant quantities, and [image: $$ \, x, \, y, \, z, \, \dots \, $$] variables subject to the equation[image: $$\begin{aligned} x^2+y^2+z^2+\cdots =r^2 \ \ \ \ \ \ \ \ \text {or} \ \ \ \ \ \ \ \ x^2+y^2+z^2+\cdots -r^2=0, \end{aligned}$$]



we request the maximum and the minimum of the function[image: $$\begin{aligned} u=ax+by+cz+\cdots . \end{aligned}$$]



In this hypothesis, formula (10) will be found reduced to[image: $$\begin{aligned} \frac{a}{x}=\frac{b}{y}=\frac{c}{z}=\cdots , \end{aligned}$$]

 (11)


we will deduce (see Algebraic Analysis, Note II)[image: $$\begin{aligned} \frac{ax+by+cz+\cdots }{x^2+y^2+z^2+\cdots }=\pm \, \frac{\sqrt{a^2+b^2+c^2+\cdots }}{\sqrt{x^2+y^2+z^2+\cdots }} \end{aligned}$$]



or[image: $$\begin{aligned} \frac{u}{r^2}=\pm \, \frac{\sqrt{a^2+b^2+c^2+\cdots }}{r}, \end{aligned}$$]



and by consequence,[image: $$\begin{aligned} u=\pm \, r\sqrt{a^2+b^2+c^2+\cdots }\,. \end{aligned}$$]

 (12)


To ensure that the two values of u given by equation (12) are a maximum and a minimum, it is sufficient to observe that we will always have[image: $$\begin{aligned} \left\{ \begin{aligned}(ax+by+cz+\cdots )^2&amp;+(bx-ay)^2+(cx-az)^2+\cdots +(cy-bz)^2+\cdots \\&amp;=(a^2+b^2+c^2+\cdots )(x^2+y^2+z^2+\cdots ), \end{aligned} \right. \end{aligned}$$]

 (13)


and as a result,[image: $$\begin{aligned} u^2&lt;(a^2+b^2+c^2+\cdots )r^2, \end{aligned}$$]



unless the values of [image: $$ \, x, \, y, \, z, \, \dots \, $$] do not satisfy formula (11).
Second Example. – Suppose that, [image: $$ \, a, \, b, \, c, \, \dots , \, k \, $$] denoting constant quantities, and [image: $$ \, x, \, y, \, z, \, \dots \, $$] variables subject to the equation[image: $$\begin{aligned} ax+by+cz+\cdots =k, \end{aligned}$$]



we seek the minimum of the function [image: $$ \, u=x^2+y^2+z^2+\cdots . \ $$] In this hypothesis, we will again obtain formula (11), from which we will deduce[image: $$\begin{aligned} \frac{k}{u}=\pm \, \frac{\sqrt{a^2+b^2+c^2+\cdots }}{\sqrt{u}}, \end{aligned}$$]



and as a result[image: $$\begin{aligned}&amp;u=\frac{k^2}{a^2+b^2+c^2+\cdots }.&amp;\ \end{aligned}$$]

 (14)


If the variables [image: $$ \, x, \, y, \, z, \, \dots \, $$] are reduced to three and denote rectangular coordinates, the value of [image: $$\sqrt{u}, \, $$] given by equation (14), will obviously represent the shortest distance from the origin to a fixed plane.
Third Example. – Conceive that we are looking for the semi-axes of an ellipse or of a hyperbola relative to its center and represented by the equation[image: $$\begin{aligned} Ax^2+2Bxy+Cy^2=K. \end{aligned}$$]



Each of these semi-axes will be a maximum or a minimum of the radius vector [image: $$r, \, $$] leading from the origin to the curve, and determined by the formula[image: $$\begin{aligned} r^2=x^2+y^2. \end{aligned}$$]



This granted, since we will have[image: $$\begin{aligned} dr=\frac{1}{r}(x \, dx+y \, dy), \end{aligned}$$]



we can only cause dr to vanish by supposing[image: $$\begin{aligned} r=\infty \ \ \ \ \ \ \ \ \text {or} \ \ \ \ \ \ \ \ x \, dx+y \, dy=0. \end{aligned}$$]



The first hypothesis cannot be admitted for a hyperbola. By accepting the second, we will derive from formula (10)[image: $$\begin{aligned} \frac{x}{Ax+By}&amp;=\frac{y}{Cy+Bx}=\frac{x^2+y^2}{x(Ax+By)+y(Cy+Bx)}=\frac{r^2}{K}, \\&amp;\frac{K}{r^2}-A=B\frac{y}{x}, \ \ \ \ \ \ \ \ \frac{K}{r^2}-C=B\frac{x}{y}, \end{aligned}$$]




[image: $$\begin{aligned} \left( \frac{K}{r^2}-A\right) \left( \frac{K}{r^2}-C\right) =B^2. \end{aligned}$$]

 (15)


Observe now that real values of r will always correspond to positive values of [image: $$r^2, \, $$] and that equation (15) will produce two positive values for [image: $$r^2 $$] if we have [image: $$AK&gt;0, \, AC-B^2&gt;0, \, $$] and only one if we have [image: $$ \, AC-B^2&lt;0. \ $$] Indeed, the curve, being an ellipse in the first case, will have two real axes; while in the second case, it will change into a hyperbola, and will only have one real axis.2

Footnotes
1Cauchy uses the term développe here which is literally translated as developed.
                  
                 However, the term also conveys the idea of growth or expansion. This latter meaning has been used here and throughout the text to significantly improve the readability of his work and to more accurately convey Cauchy’s true message.

 

2Cauchy describes the situation well enough to avoid the use of a diagram here. Following a tradition set out by Lagrange, Cauchy purposefully omits diagrams of any type from both his Calcul infinitésimal and Cours d’analyse books.
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As the functions of a single variable x ordinarily have for derivatives other functions of this variable, it is clear that from a given function, [image: $$ y =f(x), \, $$] we can deduce in general a multitude of new functions each of which will be the derivative of the previous one. These new functions are what we name the derivatives of various orders of y or [image: $$f(x), \, $$] and we indicate them with the help of the notations[image: $$\begin{aligned} y^{\prime }, \ \ \ \ y^{\prime \prime }, \ \ \ \ y^{\prime \prime \prime }, \ \ \ \ y^{IV}, \ \ \ \ y^{V}, \ \ \ \ \dots , \ \ \ \ y^{(n)} \end{aligned}$$]



or[image: $$\begin{aligned} f^{\prime }(x), \ \ \ \ f^{\prime \prime }(x), \ \ \ \ f^{\prime \prime \prime }(x), \ \ \ \ f^{IV}(x), \ \ \ \ f^{V}(x), \ \ \ \ \dots , \ \ \ \ f^{(n)}(x). \end{aligned}$$]



This granted, [image: $$ y^{\prime } $$] or [image: $$ f^{\prime }(x) $$] will be the derivative of first order of the proposed function [image: $$ y \,{=}\, f(x); \, $$] [image: $$ y^{\prime \prime } $$] or [image: $$ f^{\prime \prime }(x) $$] will be the derivative of second order of y,  and at the same time the derivative of first order of [image: $$ y^{\prime }, \, \dots ; \, $$] finally, [image: $$ y^{(n)} $$] or [image: $$ f^{(n)}(x) $$] (n denoting any integer number) will be the derivative of order n of [image: $$y, \, $$] and at the same time the derivative of first order of [image: $$ y^{(n-1)}. \ $$]
Now, let [image: $$ dx = h $$] be the differential of the assumed independent variable [image: $$x. \ $$] We will have, after what we just said,[image: $$\begin{aligned} y^{\prime }=\frac{dy}{dx}, \ \ \ \ y^{\prime \prime }=\frac{dy^{\prime }}{dx}, \ \ \ \ y^{\prime \prime \prime }=\frac{dy^{\prime \prime }}{dx}, \ \ \ \ \dots , \ \ \ \ y^{(n)}=\frac{dy^{(n-1)}}{dx}, \end{aligned}$$]

 (1)


or to what amounts to the same thing,1
[image: $$\begin{aligned} dy=y^{\prime }h, \ \ \ \ dy^{\prime }=y^{\prime \prime }h, \ \ \ \ dy^{\prime \prime }=y^{\prime \prime \prime }h, \ \ \ \ \dots , \ \ \ \ dy^{(n-1)}=y^{(n)}h. \end{aligned}$$]

 (2)


Moreover, as the differential of a function of the variable x is another function of this variable, nothing prevents differentiating y several times in sequence. We will obtain by this manner, the differentials of various orders of the function [image: $$y, \, $$] namely[image: $$\begin{aligned} dy&amp;= y^{\prime }h = y^{\prime } \, dx, \\ ddy&amp;= h \, dy^{\prime } = y^{\prime \prime }h^2 = y^{\prime \prime } \, dx^2, \\ dddy&amp;= h^2dy^{\prime \prime } = y^{\prime \prime \prime }h^3 = y^{\prime \prime \prime } \, dx^3, \\ \dots&amp;\dots \dots \dots \dots \dots \dots \dots \dots . \end{aligned}$$]



For brevity, we simply write [image: $$ d^2y $$] instead of [image: $$ ddy, \, $$] [image: $$d^3y $$] instead of [image: $$ dddy, \, \dots , \, $$] so that the differential of first order is represented by [image: $$ dy, \, $$] the differential of second order by [image: $$ d^2y, \, $$] that of third order by [image: $$ d^3y, \, \dots , \, $$] and generally, the differential of order n by [image: $$ d^ny. \ $$] These conventions being accepted, we will obviously have[image: $$\begin{aligned} \left\{ \begin{aligned} dy&amp;=y^{\prime } \, dx,&amp;\quad \quad d^2y=y^{\prime \prime } \, dx^2,&amp;\quad \quad d^3y=y^{\prime \prime \prime } \, dx^3, \\ d^4y&amp;=y^{IV} \, dx^4,&amp;\quad \quad \dots \dots \dots \dots ,&amp;\quad \quad d^ny=y^{(n)} \, dx^n, \end{aligned} \right. \end{aligned}$$]

 (3)


and as a result,[image: $$\begin{aligned} \left\{ \begin{aligned} y^{\prime }&amp;= \frac{dy}{dx},&amp;\quad \quad y^{\prime \prime }= \frac{d^2y}{ dx^2},&amp;\quad \quad y^{\prime \prime \prime }= \frac{d^3y}{dx^3}, \\ y^{IV}&amp;= \frac{d^4y}{dx^4},&amp;\quad \quad \dots \dots \dots ,&amp;\quad \quad y^{(n)}= \frac{d^ny}{dx^n}. \end{aligned} \right. \end{aligned}$$]

 (4)


It follows from the last of the formulas in (3) that the derivative of order [image: $$n, \, $$] namely [image: $$ y^{(n)}, \, $$] is precisely the coefficient by which it must multiply the [image: $$ n^{\text {th}} $$] power of the constant [image: $$ h = dx $$] to obtain the differential of order [image: $$n. \ $$] It is for this reason that [image: $$ y^{(n)} $$] is sometimes called the differential coefficient of order n.2

The methods by which we determine the differentials and the derivatives of first order for the functions of a single variable serve equally to calculate their differentials and their derivatives of higher orders. The calculations of this type are performed very easily, as we shall show by examples.
First, let [image: $$ y = \sin {x}. \ $$] Since, in denoting by a a constant quantity, we have generally[image: $$\begin{aligned} d\sin {(x+a)}&amp;=\cos {(x+a)} \, d(x+a) \\&amp;=\sin {\left( x+a+\tfrac{1}{2}\pi \right) } \, dx, \end{aligned}$$]



we will infer[image: $$\begin{aligned} d\sin {x}&amp;= \sin {\big (x+\tfrac{1}{2}\pi \big )} \, dx, \\ d\sin {\big (x+\tfrac{1}{2}\pi \big )}&amp;= \sin {\big (x+\pi \big )} \, dx, \\ d\sin {\big (x+\pi \big )}&amp;= \sin {\big (x+\tfrac{3}{2}\pi \big )} \, dx, \\ \dots \dots \dots&amp;\dots \dots \dots \dots \dots , \end{aligned}$$]



and as a result, we will find, for [image: $$ y= \sin {x}, \, $$][image: $$\begin{aligned} y^{\prime }&amp;= \sin {\big (x+\tfrac{1}{2}\pi \big )}, \\ y^{\prime \prime }&amp;= \sin {\big (x+\pi \big )}, \\ y^{\prime \prime \prime }&amp;= \sin {\big (x+\tfrac{3}{2}\pi \big )}, \\ \dots&amp;\dots \dots \dots \dots \dots , \\ y^{(n)}&amp;= \sin {\left( x+\tfrac{n}{2}\pi \right) }. \end{aligned}$$]



By operating the same, we will also find, for [image: $$ y = \cos {x}, \, $$][image: $$\begin{aligned} y^{\prime }&amp;= \cos {\big (x+\tfrac{1}{2}\pi \big )}, \\ y^{\prime \prime }&amp;= \cos {\big (x+\pi \big )}, \\ y^{\prime \prime \prime }&amp;= \cos {\big (x+\tfrac{3}{2}\pi \big )}, \\ \dots&amp;\dots \dots \dots \dots \dots , \\ y^{(n)}&amp;= \cos {\left( x+\tfrac{n}{2}\pi \right) }; \end{aligned}$$]



for [image: $$ y=A^x, \, $$][image: $$\begin{aligned} y^{\prime }&amp;= A^x\mathbf l\mathbf A, \\ y^{\prime \prime }&amp;= A^x(\mathbf l\mathbf A)^2, \\ y^{\prime \prime \prime }&amp;= A^x(\mathbf l\mathbf A)^3, \\ \dots&amp;\dots \dots \dots , \\ y^{(n)}&amp;= A^x(\mathbf l\mathbf A)^n; \end{aligned}$$]



for [image: $$ y=x^a, \, $$][image: $$\begin{aligned} y^{\prime }&amp;= ax^{a-1}, \\ y^{\prime \prime }&amp;= a(a-1)x^{a-2}, \\ \dots&amp;\dots \dots \dots \dots \dots \dots \dots , \\ y^{(n)}&amp;= a(a-1)(a-2)\cdots (a-n+1)x^{a-n}. \end{aligned}$$]



It is essential to observe that each of the expressions [image: $$ \sin {\big (x+\frac{1}{2}n\pi \big )}, \, $$] [image: $$ \cos {\big (x+\frac{1}{2}n\pi \big )}, \, $$] admits only four distinct values that reproduce periodically and always in the same order. These four values, from which we obtain the first, the second, the third, or the fourth, depending on whether the integer number n divided by 4 gives for remainder   0,   1,   2,   or   3,   are, respectively, [image: $$\sin {x}, \, $$] [image: $$ \cos {x}, \, $$] [image: $$ {-}\sin {x}, \, $$] [image: $$ {-}\cos {x} \, $$] for the expression [image: $$\sin {\big (x+\frac{1}{2}n\pi \big )}, \, $$] and [image: $$ \, \cos {x}, \, $$] [image: $$ -\sin {x}, \, $$] [image: $$ -\cos {x}, \, $$] [image: $$ \sin {x} \, $$] for the expression [image: $$ \cos {\big (x+\frac{1}{2}n\pi \big )}$$]. Moreover, if, in the functions [image: $$ A^x, \, x^a, \, $$] we replace the letter A by the number [image: $$ e, \, $$] which serves as the base of the Napierian logarithm,3
 and the quantity a by the integer number [image: $$ n, \, $$] we will recognize that the successive derivatives of [image: $$ e^x $$] are all equal to [image: $$ e^x,$$]4   while that for the function [image: $$ x^n, \, $$] the derivative of order n is reduced to the constant quantity [image: $$ 1 \cdot 2 \cdot 3 \cdots n, \, $$] and the following to zero.
By substituting the differentials for derivatives, we will derive from the formulas that we have just established[image: $$\begin{aligned} d^n\sin {x}&amp;= \sin {\left( x+\tfrac{1}{2}n\pi \right) } \, dx^n, \\ d^n\cos {x}&amp;= \cos {\left( x+\tfrac{1}{2}n\pi \right) } \, dx^n, \\ d^nA^x&amp;= A^x(\mathbf l\mathbf A)^n \, dx^n, \\ d^n e^x&amp;= e^x \, dx^n, \\ d^n (x^a)&amp;= a(a-1)\cdots (a-n+1)x^{a-n} \, dx^n, \\ d^n (x^n)&amp;= 1 \cdot 2 \cdot 3 \cdots n \, dx^n, \\ d^n \mathbf l\mathbf x&amp;= dx \, d^{n-1}(x^{-1})=(-1)^{n-1}\frac{1 \cdot 2 \cdot 3 \cdots (n-1)}{x^n} \, dx^n, \\&amp;\dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots . \end{aligned}$$]



Consider again the two functions [image: $$ f(x+a) $$] and [image: $$ f(ax). \ $$] We will find, for [image: $$ y =f(x + a), \, $$][image: $$\begin{aligned} y^{\prime }=f^{\prime }(x+a), \ \ \ \ \ y^{\prime \prime }=f^{\prime \prime }(x+a), \ \ \ \ \ \dots , \ \ \ \ \ y^{(n)}=f^{(n)}(x+a), \end{aligned}$$]




[image: $$\begin{aligned} d^ny=f^{(n)}(x+a) \, dx^n; \end{aligned}$$]



for [image: $$ y =f(ax), \, $$][image: $$\begin{aligned} y^{\prime }=af^{\prime }(ax), \ \ \ \ \ y^{\prime \prime }=a^2f^{\prime \prime }(ax), \ \ \ \ \ \dots , \ \ \ \ \ y^{(n)}=a^nf^{(n)}(ax), \end{aligned}$$]




[image: $$\begin{aligned} d^ny=a^nf^{(n)}(ax) \, dx^n. \end{aligned}$$]



Examples. –[image: $$\begin{aligned}&amp;d^n(x+a)^n=1 \cdot 2 \cdot 3 \cdots n \, dx^n, \ \ \ \ \ \ \ \ d^ne^{ax}=a^ne^{ax} \, dx^n, \\&amp;\qquad \qquad \qquad \qquad \qquad d^n\sin {ax}=\cdots . \end{aligned}$$]



Now, let [image: $$ y = f(x) $$] and z be two functions of x related by the equation[image: $$\begin{aligned} z=F(y). \end{aligned}$$]

 (5)


By differentiating this equation several times in sequence, we will find[image: ../images/462147_1_En_12_Chapter/462147_1_En_12_Equ6_HTML.png]

 (6)


Examples.5 [image: $${-}$$][image: $$\begin{aligned} d^n(a+y)= d^ny, \quad \quad \quad d^n(-y)= -d^ny, \\ d^n(ay)= a \, d^ny, \quad \quad \quad d^n(ax^n)= 1 \cdot 2 \cdot 3 \cdots n \cdot a \, dx^n, \\ d \, e^y= e^y \, dy, \quad \quad \quad d^2e^y= e^y\big (dy^2+d^2y\big ), \\ d^3e^y= e^y\big (dy^3+3dy \, d^2y+d^3y\big ), \quad \quad \quad&amp;\dots \dots \dots \end{aligned}$$]



If the variable x were to cease to be independent, the equation[image: $$\begin{aligned} y=f(x), \end{aligned}$$]

 (7)


being differentiated several times in sequence, would create new formulas perfectly similar to those of the equations in (6), namely6
[image: $$\begin{aligned} \left\{ \begin{aligned} \ dy&amp;=f^{\prime }(x) \, dx, \\ \ d^2y&amp;=f^{\prime \prime }(x) \, dx^2+f^{\prime }(x) \, d^2x, \\ \ d^3y&amp;=f^{\prime \prime \prime }(x) \, dx^3+3f^{\prime \prime }(x) \, dx \, d^2x+f^{\prime }(x) \, d^3x, \\&amp;\dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots . \end{aligned} \right. \end{aligned}$$]

 (8)


We derive from those above[image: $$\begin{aligned} \left\{ \begin{aligned} \ f^{\prime }(x)&amp;=\frac{dy}{ dx}, \\ \ f^{\prime \prime }(x)&amp;= \frac{dx \, d^2y - dy \, d^2x}{dx^3}=\frac{1}{dx} \, d\frac{dy}{dx}, \\ \ f^{\prime \prime \prime }(x)&amp;=\frac{dx \, (dx \, d^3y - dy \, d^3x)-3d^2x \, (dx \, d^2y - dy \, d^2x)}{dx^5} \\&amp;=\frac{1}{dx} \, d\frac{dx \, d^2y - dy \, d^2x}{dx^3}, \\&amp;\ \ \dots \dots \dots \dots \dots \dots \dots . \end{aligned} \right. \end{aligned}$$]

 (9)


To return to the case where x is the independent variable, it is sufficient to suppose the differential dx is constant, and as a result, [image: $$ d^2x = 0, \, d^3x = 0, \, \dots . \ $$] Then, the formulas in (9) become[image: $$\begin{aligned} f^{\prime }(x)=\frac{dy}{dx}, \ \ \ \ \ f^{\prime \prime }(x)=\frac{d^2y}{dx^2}, \ \ \ \ \ f^{\prime \prime \prime }(x)=\frac{d^3y}{dx^3}, \ \ \ \ \ \dots , \end{aligned}$$]

 (10)


that is to say, they are reduced to the equations in (4). From these latter equations, compared to the equations in (9), it follows that, if we express the successive derivatives of f(x) with the help of the differentials of the variables x and [image: $$ y= f(x): \, $$] [image: $$ 1^{\circ } \, $$] in the case where the variable x is assumed independent; [image: $$ 2^{\circ } \, $$] in the case where it ceases to be, the derivative of first order will be the only one whose expression remains the same in the two hypotheses. Add that, to pass from the first case to the second, it will be necessary to replace[image: $$\begin{aligned}&amp;\frac{d^2y}{dx^2} \ \ \ \ \ \ \ \ \text {by} \ \ \ \ \ \ \ \ \frac{dx \, d^2y - dy \, d^2x}{dx^3}, \\&amp;\frac{d^3y}{dx^3} \ \ \ \ \ \ \ \ \text {by} \ \ \ \ \ \ \ \ \frac{dx \, (dx \, d^3y - dy \, d^3x) - 3d^2x \, (dx \, d^2y - dy \, d^2x)}{dx^5}, \end{aligned}$$]



etc. It is by substitutions of this nature that we can perform a change of independent variable.
              
            

Among the composed functions of a single variable, there are some whose successive differentials are presented under a very simple form. Consider, for example, that we denote by [image: $$ \, u, \, v, \, w, \, \dots \, $$] various functions of [image: $$x. \ $$] By differentiating each of the composed functions[image: $$\begin{aligned} u+v, \ \ \ \ \ u-v, \ \ \ \ \ u+v\sqrt{-1}, \ \ \ \ \ au+bv+cw+\cdots \end{aligned}$$]



n times, we will find[image: $$\begin{aligned} \left\{ \begin{aligned} \ d^n(u+v)&amp;=d^nu+d^nv, \\ \ d^n(u-v)&amp;=d^nu-d^nv, \\ \ d^n\big (u+v\sqrt{-1}\big )&amp;=d^nu+d^nv\sqrt{-1}, \end{aligned} \right. \end{aligned}$$]

 (11)



[image: $$\begin{aligned} d^n(au+bv+cw+\cdots )=a \, d^nu + b \, d^nv + c \, d^nw + \cdots . \end{aligned}$$]

 (12)


It follows from formula (12) that the differential [image: $$ d^ny $$] of the entire function7
[image: $$\begin{aligned} y=ax^m+bx^{m-1}+cx^{m-2}+\cdots +px^2+qx+r \end{aligned}$$]



is reduced, for [image: $$ n\,{=}\, m, \, $$] to the constant quantity [image: $$ 1 {\cdot } 2 \cdot 3 \cdots m \cdot a \cdot dx^m, \, $$] and for [image: $$ n \,{&gt;}\, m, \, $$] to zero.
Footnotes
1There is a small mistake in Cauchy’s original 1823 text and the 1899 reprint which both have [image: $$ \, dy^{(n)}=y^{(n-1)}h \, $$] for the rightmost relation on this line. This error has been corrected.

 

2Cauchy’s differential coefficient
                  
                
 terminology never caught on. Instead, we now generally refer to [image: $$y^{(n)}$$] as the [image: $$n^{\text {th}}$$] derivative of y.

 

3Named after John Napier (1550–1617), the Napierian logarithm is often used to denote the natural logarithm.

 

4An incredible property of this centrally important function.

 

5The comma following the third example here is misprinted in the original 1823 version. This small typographical error is corrected in its ERRATA.

 

6The [image: $$d^2x$$] in the third line of equation (8) is also misprinted in the original 1823 edition but is corrected in its ERRATA as well.

 

7Recall this is the phrase Cauchy uses to denote a polynomial with non-negative integer powers.
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Let [image: $$u=f(x, y, z, \dots )$$] be a function of several independent variables x,  y,  z,  [image: $$ \dots . \ $$] If we differentiate this function several times in sequence, either with respect to all the variables or with respect to only one of them, we will obtain several new functions, each of which will be the total or partial derivative of the preceding one. We could also conceive that the successive differentiations are sometimes with re-spect to one variable, sometimes to another one. In all cases, the result of one, of two, of three, ... differentiations, successively performed, is what we call a total
              
            
or partial differential
              
            
 of first, of second, of third, ... order. Thus, for example, by differentiating several times in sequence with respect to all the variables, we will generate the total differentials [image: $$ du, ddu, dddu, \dots $$] that we denote, for brevity, by the notations [image: $$ du, d^2u, d^3u, \dots . \ $$] On the other hand, by differentiating several times in sequence with respect to the variable x,  we will generate the partial differen-tials [image: $$ d_xu, d_x d_xu, d_x d_x d_xu, \dots $$] that we denote by the notations [image: $$ d_xu, d_x^2u, d_x^3u, \dots . \ $$] In general, if n is any integer number, the total differential of order n will be represented by [image: $$d^nu, $$] and the differential of the same order relative to only one of the variables [image: $$ x, $$] y,  z,  [image: $$ \dots $$] by [image: $$ d_x^nu, d_y^nu, d_z^nu, \dots .$$]1 If we differentiate twice or several times in sequence with respect to two or to several variables, we would obtain the partial differentials of second order or of higher orders, designated by the notations [image: $$ d_x d_yu, d_y d_xu, d_x d_zu, \dots , $$] [image: $$ d_x d_y d_zu, $$] [image: $$ \dots . \ $$] Now, it is easy to see that the differentials of this type retain the same values when we reverse the order in which the differ-entiations relative to the various variables must be performed. We will have, for example,[image: $$\begin{aligned} d_x d_yu=d_y d_xu. \end{aligned}$$]

 (1)


It is actually this that we can demonstrate as follows.
Let us conceive that we indicate by the letter x,  placed at the base of the char-acter [image: $$\varDelta , $$] the increment that a function of [image: $$ x, y, z, \dots $$] receives when only x grows an infinitely small quantity [image: $$\alpha dx. \ $$] We will find[image: $$\begin{aligned} \ \varDelta _xu&amp;=f(x+\alpha dx, y, z, \dots )-f(x, y, z, \dots ), \ \ \ \ \ \ \ \ \ d_xu=\lim {\frac{\varDelta _xu}{\alpha }}, \end{aligned}$$]

 (2)



[image: $$\begin{aligned} \varDelta _x d_yu=d_y(u+\varDelta _xu)-d_yu=d_y\varDelta _xu, \end{aligned}$$]

 (3)


and as a result,[image: $$\begin{aligned} \frac{\varDelta _x d_yu}{\alpha }=\frac{d_y \varDelta _xu}{\alpha }=d_y \frac{\varDelta _xu}{\alpha }; \end{aligned}$$]



then, by letting [image: $$\alpha $$] converge toward zero, and having regard to the second of the formulas in (2), we will obtain equation (1). We would establish by the same manner, the identical equations [image: $$ d_x d_zu=d_z d_xu, $$] [image: $$ d_y d_zu=d_z d_yu, $$] [image: $$ \dots . \ $$]
Example. – If we set [image: $$u=\text {arctang}\big (\frac{x}{y}\big ), $$] we will find[image: $$\begin{aligned} d_xu=\frac{y}{x^2+y^2} dx, \ \ \ \ \ \ \ \ d_yu=\frac{-x}{x^2+y^2} dy, \ \ \ \ \ \ \ \ d_y d_xu=d_x d_yu=\frac{x^2-y^2}{(x^2+y^2)^2} dx dy. \end{aligned}$$]



Equation (1) being demonstrated once, it follows that in an expression of the form [image: $$d_x d_y d_z\cdots u, $$] it is always allowed to exchange between them, the variables which relate two consecutive differentiations.
              
             Now, it is clear that with the help of one or of several exchanges of this type, we can interchange in all possible manners the order of the differentiations. Thus, for example, to deduce the differential [image: $$d_z d_y d_x u$$] from the differential [image: $$d_x d_y d_z u, $$] it will suffice to first bring the letter x to the spot of the letter z by two consecutive exchanges, then to exchange in sequence the letters y and z to finally return the letter y to the second spot. We can therefore assert that a differential of the form [image: $$d_x d_y d_z\cdots u$$] has a value independent of the order in which the differentiations relative to the various variables are performed. This proposition remains valid even in the case where several differentiations are with respect to one of the variables, as happens for the differentials [image: $$ d_x d_y d_xu, d_x d_y d_x d_xu, \dots . \ $$] When this circumstance occurs, and two or more consecutive differentiations are relative to the variable x,  we write for brevity, [image: $$d_x^2$$] instead of [image: $$d_x d_x, $$] [image: $$d_x^3$$] instead of [image: $$d_x d_x d_x, \dots . \ $$] This granted, we will have2
[image: ../images/462147_1_En_13_Chapter/462147_1_En_13_Equ20_HTML.png]



and generally, [image: $$ l, m, n, \dots $$] being any integer numbers,[image: $$\begin{aligned} d_x^l d_y^m d_z^n \cdots u=d_x^l d_z^n d_y^m \cdots u=d_y^m d_x^l d_z^n \cdots u=\cdots . \end{aligned}$$]

 (4)


Since, by differentiating a function of the independent variables x,  y,  z,  [image: $$ \dots $$] with respect to one of them, we obtain for a result a new function of these variables multiplied by the finite constant dx,  or dy,  or dz,  [image: $$ \dots , $$] and that, in the differentiation of a product, the constant factors always pass out of the character d,  it is clear that, if we perform, one after the other, l differentiations relative to x,  m differentiations relative to y,  n differentiations relative to z,  [image: $$\dots , $$] on the function [image: $$u=f(x, y, z, \dots ), $$] the differential that will result from these various operations, namely [image: $$d_x^l d_y^m d_z^n\cdots u, $$] will be the product of a new function of [image: $$ x, y, z, \dots $$] by the factors [image: $$ dx, dy, dz, \dots , $$] the first raised to the power l,  the second raised to the power m,  the third raised to the power n,  [image: $$\dots . \ $$] The new function in question here is that which we call a partial derivative of u of order [image: $$l+m+n+\cdots . \ $$] If we denote it by [image: $$\varpi (x, y, z, \dots ), $$] we will have[image: $$\begin{aligned} d_x^l d_y^m d_z^n \cdots u=\varpi (x, y, z, \dots ) dx^l dy^m dz^n \cdots , \end{aligned}$$]

 (5)


and as a result,[image: $$\begin{aligned} \varpi (x, y, z, \dots )=\frac{d_x^l d_y^m d_z^n \cdots u}{dx^l dy^m dz^n \cdots }. \end{aligned}$$]

 (6)


It is easy to express the total differentials [image: $$ d^2u, d^3u, \dots $$] with the help of the partial differentials of the function u,  or of its partial derivatives. In fact, we derive from formula (10) (eighth lecture)[image: $$\begin{aligned} d^2u=d du&amp;=d_x du+d_y du+d_z du+\cdots \\&amp;=d_x(d_xu+d_yu+d_zu+\cdots )+d_y(d_xu+d_yu+d_zu+\cdots ) \\&amp;\quad \quad \quad \quad \quad \quad \quad \quad \quad \quad \ \quad \quad \qquad \qquad \qquad +d_z(d_xu+d_yu+d_zu+\cdots ), \end{aligned}$$]



and it follows[image: $$\begin{aligned}&amp;d^2u=d_x^2u+d_y^2u+d_z^2u+\cdots +2 d_x d_yu+2 d_x d_zu+\cdots +2 d_y d_zu+\cdots , \end{aligned}$$]

 (7)


or to what amounts to the same thing[image: $$\begin{aligned} \left\{ \begin{alignedat}{1} \ d^2u&amp;=\frac{d_x^2u}{dx^2} dx^2+\frac{d_y^2u}{dy^2} dy^2+\frac{d_z^2u}{dz^2} dz^2+\cdots \\&amp;\quad +2\frac{d_x d_yu}{dx dy} dx dy+2\frac{d_x d_zu}{dx dz} dx dz+\cdots +2\frac{d_y d_zu}{dy dz} dy dz+\cdots . \end{alignedat} \right. \end{aligned}$$]

 (8)


We would obtain with the same ease the values of [image: $$ d^3u, d^4u, \dots . \ $$]
Examples. –[image: $$\begin{aligned} d^2(xyz)&amp;=2(x dy dz+y dz dx+z dx dy), \\ d^3(xyz)&amp;=6 dx dy dz, \\ d^2(x^2+y^2+z^2+\cdots )&amp;=2(dx^2+dy^2+dz^2+\cdots ), \\ d^3(x^3+y^3+z^3+\cdots )&amp;=6(dx^3+dy^3+dz^3+\cdots ), \\ \dots \dots \dots \dots \dots \dots&amp;\dots \dots \dots \dots \dots \dots \dots \dots . \end{aligned}$$]



For brevity, we ordinarily omit, in equations (6), (8), etc., the letters that we have written at the base of the character d,  and we replace the second member of formula (6) by the notation[image: $$\begin{aligned} \frac{d^{l+m+n+\cdots }u}{dx^l dy^m dz^n \cdots }. \end{aligned}$$]

 (9)


Then, the partial derivatives of second order are found represented by[image: $$\begin{aligned} \frac{d^2u}{dx^2}, \ \ \ \ \ \frac{d^2u}{dy^2}, \ \ \ \ \ \frac{d^2u}{dz^2}, \ \ \ \ \ \dots , \ \ \ \ \ \frac{d^2u}{dx dy}, \ \ \ \ \ \frac{d^2u}{dx dz}, \ \ \ \ \ \dots , \ \ \ \ \ \frac{d^2u}{dy dz}, \ \ \ \ \ \dots ; \end{aligned}$$]



the partial derivatives of third order by[image: $$\begin{aligned} \frac{d^3u}{dx^3}, \ \ \ \ \ \frac{d^3u}{dx^2 dy}, \ \ \ \ \ \frac{d^3u}{dx dy^2}, \ \ \ \ \ \dots ; \end{aligned}$$]



and the value of [image: $$d^2u$$] is reduced to[image: $$\begin{aligned} \left\{ \begin{aligned} \ d^2u&amp;=\frac{d^2u}{dx^2} dx^2+ \frac{d^2u}{dy^2} dy^2+ \frac{d^2u}{dz^2} dz^2+ \cdots \\&amp;\quad +2\frac{d^2u}{dx dy} dx dy+2\frac{d^2u}{dx dz} dx dz+\cdots +2\frac{d^2u}{dy dz} dy dz+\cdots . \end{aligned} \right. \end{aligned}$$]

 (10)


But, it is no longer allowed to remove, in this value, the differentials [image: $$ dx, $$] dy,  dz,  [image: $$ \dots , $$] since [image: $$ \frac{d^2u}{dx^2}, $$] [image: $$ \frac{d^2u}{dx dy}, $$] [image: $$ \dots $$] do not denote the quotients that we would obtain in dividing [image: $$d^2u$$] by [image: $$dx^2, $$] or by [image: $$ dx dy, \dots . \ $$]
If, instead of the function [image: $$u=f(x, y, z, \dots ), $$] we were to consider the following[image: $$\begin{aligned} s=F(u, v, w, \dots ), \end{aligned}$$]

 (11)


the quantities [image: $$ u, v, w, \dots $$] being themselves any functions of the independent variables [image: $$ x, y, z, \dots , $$] the values of [image: $$ d^2s, d^3s, \dots $$] would be deduced without difficulty from the principles established in the ninth lecture. Indeed, by differentiating for-mula (11) several times, we would find3
[image: ../images/462147_1_En_13_Chapter/462147_1_En_13_Equ12_HTML.png]

 (12)


Examples. –[image: $$\begin{aligned} d^n(u+v)&amp;=d^nu+d^nv, \\ d^n(u-v)&amp;=d^nu-d^nv, \\ d^n(u+v\sqrt{-1} )&amp;=d^nu+\sqrt{-1} d^nv, \\ d^n(au+bv+cw+\cdots )&amp;=a d^nu+b d^nv+c d^nw+\cdots . \end{aligned}$$]



We would again obtain with the greatest ease the differentials of implicit func-tions of several independent variables. It would be sufficient to differentiate the equations which determine these same functions, once or several times in sequence, by considering the differentials of the independent variables as constants, and the other differentials as new functions of these variables.
Footnotes
1A small typographical error in the 1899 reprint exists here. It reads [image: $$ d_x^nu, d_y^n, d_z^nu, \dots .$$] This error does not occur in the 1823 version.

 

2In the second expression, the 1899 reprint has a typographical error that is not present in the original 1823 edition. The 1899 edition reads, [image: $$\cdots =d_y d_x^3 dz u=\cdots . \ $$]

 

3The 1823 edition has a typographical error that is corrected in the 1899 reprint. The original version has ds to begin the second equation instead of [image: $$d^2s.$$]
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Let [image: $$u=f(x, y, z, \dots )$$] always be a function of several independent variables [image: $$x, y, z, \dots ; $$] and, denote by[image: $$\begin{aligned} \varphi (x, y, z, \dots ), \ \ \ \ \ \chi (x, y, z, \dots ), \ \ \ \ \ \psi (x, y, z, \dots ), \ \ \ \ \ \dots \end{aligned}$$]



its first order partial derivatives relative to [image: $$ x, $$] to y,  to z,  [image: $$\dots . \ $$] If we make, as in the eighth lecture,[image: $$\begin{aligned} F(\alpha )=f(x+\alpha dx, y+\alpha dy, z+\alpha dz, \dots ), \end{aligned}$$]

 (1)


then, differentiate the two members of equation (1) with respect to the variable [image: $$\alpha , $$] we will find
[image: $$\begin{aligned} \left\{ \begin{aligned} \ F^{\prime }(\alpha )&amp;= \varphi (x+\alpha dx, y+\alpha dy, z+\alpha dz, \dots ) dx \\&amp;\quad \,\,+\chi (x+\alpha dx, y+\alpha dy, z+\alpha dz, \dots ) dy \\&amp;\quad \,\,+\psi (x+\alpha dx, y+\alpha dy, z+\alpha dz, \dots ) dz \\&amp;\quad \,\,+ \cdots . \end{aligned} \right. \end{aligned}$$]

 (2)


If, in this last formula, we set [image: $$\alpha =0, $$] we will obtain the following[image: $$\begin{aligned} \left\{ \begin{aligned} \ F^{\prime }(0)=\varphi (x, y, z, \dots ) dx&amp;+\chi (x, y, z, \dots ) dy \\&amp;+\psi (x, y, z, \dots ) dz + \cdots =du, \end{aligned} \right. \end{aligned}$$]

 (3)


which is in accordance with equation (16) of the eighth lecture. Moreover, it obviously results from the comparison of equations (1) and (2) that by differentiating a function of the variable quantities[image: $$\begin{aligned} x+\alpha dx, \ \ \ \ \ y+\alpha dy, \ \ \ \ \ z+\alpha dz, \ \ \ \ \ \dots , \end{aligned}$$]

 (4)


with respect to [image: $$\alpha , $$] we obtain for the derivative another function of these quantities combined in a certain manner with the constants [image: $$ dx, $$] dy,  dz,  [image: $$ \dots . \ $$] As further differentiations relative to the variable [image: $$\alpha $$] must produce new functions of the same type, we are right to conclude that the expressions in (4) will be the only variable quantities contained, not only in [image: $$F(\alpha )$$] and [image: $$F^{\prime }(\alpha ), $$] but also in [image: $$ F^{\prime \prime }(\alpha ), $$] [image: $$ F^{\prime \prime \prime }(\alpha ), $$] [image: $$ \dots , $$] and generally, in [image: $$F^{(n)}(\alpha ), $$] n denoting any integer number. As a result, the differences[image: $$\begin{aligned}&amp;\qquad \qquad \qquad \qquad F(\alpha )-F(0), \ \ \ \ \ F^{\prime }(\alpha )-F^{\prime }(0), \\&amp;F^{\prime \prime }(\alpha )-F^{\prime \prime }(0), \ \ \ \ \ \dots , \ \ \ \ \ F^{(n)}(\alpha )-F^{(n)}(0), \end{aligned}$$]



will be precisely equal to the increments that the functions of [image: $$ x, y, z, \dots ,$$] represented by[image: $$\begin{aligned} F(0), \ \ \ \ \ F^{\prime }(0), \ \ \ \ \ F^{\prime \prime }(0), \ \ \ \ \ \dots , \ \ \ \ \ F^{(n)}(0), \end{aligned}$$]



receive when we attribute to the independent variables the infinitely small increments [image: $$ \alpha dx, $$] [image: $$ \alpha dy, $$] [image: $$ \alpha dz, $$] [image: $$ \dots . \ $$] This granted, since we have [image: $$F(0)=u, $$] we will find successively, by letting [image: $$\alpha $$] converge toward the limit zero,1
[image: $$\begin{aligned} F^{\prime }(0)&amp;=\lim {\frac{F(\alpha )-F(0)}{\alpha }}=\lim {\frac{\Delta u}{\alpha }}=du, \\ F^{\prime \prime }(0)&amp;=\lim {\frac{F^{\prime }(\alpha )-F^{\prime }(0)}{\alpha }}=\lim {\frac{\Delta du}{\alpha }}=d du=d^2u, \\ F^{\prime \prime \prime }(0)&amp;=\lim {\frac{F^{\prime \prime }(\alpha )-F^{\prime \prime }(0)}{\alpha }}=\lim {\frac{\Delta d^2u}{\alpha }}=d d^2u=d^3u, \\ \dots \dots&amp;\dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots , \\ F^{(n)}(0)&amp;=\lim {\frac{F^{(n-1)}(\alpha )-F^{(n-1)}(0)}{\alpha }}=\lim {\frac{\Delta d^{n-1}u}{\alpha }}=d d^{n-1}u=d^nu. \end{aligned}$$]



In summary, we will have[image: $$\begin{aligned} \left\{ \begin{aligned} \ u&amp;=F(0), \ \ \ \ \&amp;du&amp;=F^{\prime }(0), \\ \ d^2u&amp;=F^{\prime \prime }(0), \ \ \ \ \&amp;d^3u&amp;=F^{\prime \prime \prime }(0), \\ \ \ \dots&amp;\dots \dots , \ \ \ \ \&amp;d^nu&amp;=F^{(n)}(0). \end{aligned} \right. \end{aligned}$$]

 (5)


Thus, to generate the total differentials[image: $$\begin{aligned} du, \ \ \ d^2u, \ \ \ \dots , \ \ \ d^nu, \end{aligned}$$]



it will suffice to calculate the particular values that the derived functions[image: $$\begin{aligned} F^{\prime }(\alpha ), \ \ \ F^{\prime \prime }(\alpha ), \ \ \ \dots , \ \ \ F^{(n)}(\alpha ) \end{aligned}$$]



receive in the case where the variable [image: $$\alpha $$] vanishes.
Among the methods that work to simplify the study of total differentials, we should also distinguish those which are based on the consideration of symbolic values of these differentials.
In analysis, we call a symbolic expression or symbol, any combination of algebraic signs which does not mean anything by itself or to which we attribute a different value from that which it should naturally have. We also call symbolic equations, any of those which, taken literally and interpreted after generally established conventions, are inaccurate or do not make sense, but from which we can deduce accurate results by modifying or altering, according to settled rules, either these equations themselves or the symbols that they contain. In the number of symbolic equations that it is useful to know, we should understand the imaginary equations (see Algebraic Analysis, Chapter VII)2 and those that we will now establish.
If we denote by [image: $$ a, b, c, \dots $$] constant quantities, and by [image: $$ l, m, n, \dots , $$] [image: $$ p, q, r, \dots $$] integer numbers, the total differential of the expression[image: $$\begin{aligned} a d_x^l d_y^m d_z^n \cdots u + b d_x^p d_y^q d_z^r \cdots u + \cdots \end{aligned}$$]

 (6)


will be given by the formula[image: ../images/462147_1_En_14_Chapter/462147_1_En_14_Equ7_HTML.png]

 (7)


From this formula, combined with equation (7) of the thirteenth lecture, we immediately deduce the following proposition.
THEOREM. – To obtain the total differential of expression (6), it is sufficient to multiply by [image: $$ d $$] the product of the two factors[image: $$\begin{aligned} a d_x^l d_y^m d_z^n \cdots + b d_x^p d_y^q d_z^r \cdots + \cdots \end{aligned}$$]



and u,  by supposing [image: $$d=d_x+d_y+d_z+\cdots , $$] and proceeding as if the notations [image: $$d, d_x, d_y, d_z, \dots $$] represent actual quantities, distinct from each other, to expand the new product, by writing, in the different terms, the factors [image: $$ a, b, c, \dots $$] in the first position and the letter u in the last; then, to consider that, in each term, the notations [image: $$ d_x, d_y, d_z, \dots $$] cease to represent quantities and to resume their original meaning.
Examples. – By determining, with the help of this theorem, the total differential of the expression[image: $$\begin{aligned} d_xu+d_yu+d_zu+\cdots , \end{aligned}$$]

 (8)


we will precisely obtain the value of ddu,  or [image: $$d^2u, $$] that generates equation (7) of the previous lecture. By applying the theorem further to this value of [image: $$d^2u, $$] we will obtain those of [image: $$d^3u, $$] and so on.
Note. – When we only indicate the multiplications, with the help of which we can, according to the theorem, calculate the total differential of expression (6), we obtain, instead of equation (7), the symbolic formula[image: $$\begin{aligned} \left\{ \begin{aligned}&amp;d\big (a d_x^l d_y^m d_z^n \cdots u+b d_x^p d_y^q d_z^r \cdots u+\cdots \big ) \\&amp;\quad = \big (a d_x^l d_y^m d_z^n \cdots +b d_x^p d_y^q d_z^r \cdots +\cdots \big )\big (d_x+d_y+d_z+\cdots \big )u. \end{aligned} \right. \end{aligned}$$]

 (9)


Since, in formula (9), the notations [image: $$ d_x, d_y, d_z, \dots $$] are employed to represent differentials, this formula, taken literally, is nonsense; but, it becomes accurate as soon as we expand its second member with the help of the ordinary rules of algebraic multiplication, and by proceeding as if [image: $$ d_x, d_y, d_z, \dots $$] were actual quantities.
When to expression (6) we substitute expression (8), and differentiate this last expression several times in sequence, we obtain by the same procedure the symbolic values of the total differentials [image: $$ d^2u, $$] [image: $$ d^3u, $$] [image: $$ \dots , $$] namely,[image: $$\begin{aligned}&amp;\big (d_x+d_y+d_z+\cdots \big )\big (d_x+d_y+d_z+\cdots \big )u, \\&amp;\big (d_x+d_y+d_z+\cdots \big )\big (d_x+d_y+d_z+\cdots \big )\big (d_x+d_y+d_z+\cdots \big )u, \end{aligned}$$]



etc. By joining with these symbolic values those of du,  then writing for brevity,[image: $$\begin{aligned} \big (d_x+d_y+d_z+\cdots \big )^2 \end{aligned}$$]



instead of[image: $$\begin{aligned} \big (d_x+d_y+d_z+\cdots \big )\big (d_x+d_y+d_z+\cdots \big ), \end{aligned}$$]



and[image: $$\begin{aligned} \big (d_x+d_y+d_z+\cdots \big )^3 \end{aligned}$$]



instead of[image: $$\begin{aligned} \big (d_x+d_y+d_z+\cdots \big )\big (d_x+d_y+d_z+\cdots \big )\big (d_x+d_y+d_z+\cdots \big ), \end{aligned}$$]



etc., we will generate the symbolic equations[image: $$\begin{aligned} \left\{ \begin{aligned} du&amp;=\big (d_x+d_y+d_z+\cdots \big )u, \ \ \ \ \ \ \ \ d^2u=\big (d_x+d_y+d_z+\cdots \big )^2u, \\ d^3u&amp;=\big (d_x+d_y+d_z+\cdots \big )^3u, \ \ \ \ \ \ \ \ \dots \dots \dots \dots \dots \dots \dots \dots \dots , \end{aligned} \right. \end{aligned}$$]

 (10)


and we will generally have, n denoting any integer number,[image: $$\begin{aligned} d^nu=\big (d_x+d_y+d_z+\cdots \big )^nu. \end{aligned}$$]

 (11)


Now, let[image: $$\begin{aligned} s=F(u, v, w, \dots ), \end{aligned}$$]

 (12)


[image: $$u, v, w, \dots $$] being functions of the independent variables [image: $$ x, y, z, \dots . \ $$] We will again find[image: $$\begin{aligned} d^ns=\big (d_x+d_y+d_z+\cdots \big )^ns. \end{aligned}$$]

 (13)


It is very easy to expand the second member of this last equation in the particular case where we assume u a function of x only, v a function of y only, w a function of z only, etc. Moreover, to pass from this particular case to the general case, it will obviously suffice to replace [image: $$ d_xu, d_x^2u, d_x^3u, \dots $$] by [image: $$du, d^2u, d^3u, \dots ; $$] [image: $$d_yv, d_y^2v, \dots $$] by [image: $$ dv, d^2v, \dots ; $$] [image: $$\dots ; $$] that is to say, to remove the letters [image: $$ x, y, z, \dots $$] placed at the base of the character [image: $$d. \ $$] Therefore, it will be easy, in all cases, to derive the value of [image: $$d^ns$$] from formula (13). Take, to settle the idea, [image: $$s=uv. \ $$] By proceeding as we have just said, we will find successively3
[image: $$\begin{aligned} \left\{ \begin{aligned} \ d^n(uv) = u d_y^n v&amp;+ \frac{n}{1} d_x u d_y^{n-1} v + \frac{n(n-1)}{1 \cdot 2} d_x^2 u d_y^{n-2} v + \cdots \\[4pt]&amp;+ \frac{n}{1} d_y v d_x^{n-1} u + v d_x^n u \end{aligned} \right. \end{aligned}$$]

 (14)


and4
[image: $$\begin{aligned} \left\{ \begin{aligned} \ d^n(uv) = u d^n v&amp;+\frac{n}{1} du d^{n-1}v + \frac{n(n-1)}{1 \cdot 2} d^2u d^{n-2}v + \cdots \\[4pt]&amp;+ \frac{n}{1} dv d^{n-1}u + v d^nu. \end{aligned} \right. \end{aligned}$$]

 (15)


The last formula remains valid, regardless of the values of [image: $$ u, v $$] in [image: $$ x, y, $$] and even in the case where [image: $$ u, v $$] are reduced to two functions of x.5

Example. –[image: $$\begin{aligned} d^n\frac{e^{ax}}{x} \! = \! \frac{a^ne^{ax}}{x} \! \bigg [1-\frac{n}{ax}+\frac{n(n-1)}{a^2x^2}-\frac{n(n-1)(n-2)}{a^3x^3}+\cdots \pm \frac{n(n-1)\cdots 3 \cdot 2 \cdot 1}{a^nx^n} \bigg ]dx^n. \end{aligned}$$]





Footnotes
1Both the original 1823 and the 1899 reprint texts share a typographical error in the last expression of this group of equations. The texts read[image: $$\begin{aligned} F^{(n)}(0)=\lim {\frac{F^{(n-1)}(\alpha )-F^{(n-1)}(0)}{\alpha }}=\lim {\frac{\Delta d^{n-1}u}{\alpha }}=d d^{n-1}=d^nu, \end{aligned}$$]



but this error has been corrected here for clarity.

 

2Cauchy investigates complex (or “imaginary” as he refers to them) expressions and functions at length in this and subsequent chapters within his 1821 Cours d’analyse.

 

3An error in equation (14) from the original 1823 edition is corrected in its ERRATA. The original has [image: $$ d_x^n u $$] instead of [image: $$ v d_x^n u $$] as its final term on the right.

 

4A typographical error in equation (15) occurs in both the original 1823 and the 1899 reprint editions. Both texts have [image: $$ \cdots + \frac{n}{1} dv d^{n-2}u + v d^nu $$] as the final two terms in the equation. This error has been corrected here to avoid confusion.

 

5The equation Cauchy is referring to, equation (15), plays a prominent role in his subsequent Lecture Nineteen work.
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Suppose that the function f(x) vanishes for the particular value [image: $$x_0$$] of the variable [image: $$x. \ $$] Consider, moreover, that this same function and its successive derivatives, up to that of order n,  are continuous in the vicinity of the particular value in question, and that the continuity remains valid for each of them between the two limits [image: $$x=x_0, x=x_0+h. \ $$] Equation (6) of the seventh lecture will become[image: $$\begin{aligned} f(x_0+h)=f(x_0)+hf^{\prime }(x_0+\theta h)=hf^{\prime }(x_0+\theta h), \end{aligned}$$]



[image: $$\theta $$] denoting a number less than unity; or in other words,[image: $$\begin{aligned} f(x_0+h)=hf^{\prime }(x_0+ h_1), \end{aligned}$$]

 (1)


[image: $$h_1$$] denoting a quantity of the same sign as h,  but of a lesser numerical value. If the derived functions [image: $$ f^{\prime }(x), f^{\prime \prime }(x), \dots , f^{(n-1)}(x) $$] vanish in their turn for [image: $$x=x_0, $$] we will also find[image: $$\begin{aligned} \left\{ \begin{aligned} \&amp;f^{\prime }(x_0+h_1)=h_1f^{\prime \prime }(x_0+ h_2), \\ \&amp;f^{\prime \prime }(x_0+h_2)=h_2f^{\prime \prime \prime }(x_0+ h_3), \\ \&amp;\dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots , \\ \&amp;f^{(n-1)}(x_0+h_{n-1})=h_{n-1}f^{(n)}(x_0+ h_n), \end{aligned} \right. \end{aligned}$$]

 (2)


[image: $$h_1, h_2, h_3, \dots , h_n $$] representing quantities which will all be of the same sign, but whose numerical values will decrease more and more. By combining the equations in (2) with equation (1), we will deduce the following without difficulty[image: $$\begin{aligned} f(x_0+h)=hh_1h_2\cdots h_{n-1}f^{(n)}(x_0+ h_n), \end{aligned}$$]

 (3)


in which [image: $$h_n$$] will be a quantity of the same sign as h,  and the product [image: $$ hh_1h_2\cdots h_{n-1} $$] a quantity of the same sign as [image: $$h^n. \ $$] Add that the two ratios1[image: $$\frac{h_n}{h}, \frac{hh_1h_2\cdots h_{n-1}}{h^n} $$] will obviously be numbers contained between the limits 0 and 1, such that in designating by [image: $$\theta $$] and [image: $$\Theta $$] two numbers of this type, we can present equation (3) under the form[image: $$\begin{aligned} f(x_0+h)=\Theta h^n f^{(n)}(x_0+ \theta h). \end{aligned}$$]

 (4)


If we imagine that the quantity h becomes infinitely small, formula (4) will always remain valid, and we will find, by writing i instead of h, [image: $$\begin{aligned} f(x_0+i)=\Theta i^n f^{(n)}(x_0+ \theta i). \end{aligned}$$]

 (5)


Moreover, since, for very small numerical values of i,  the expression [image: $$f^{(n)}(x_0+\theta i)$$] will differ very little from [image: $$f^{(n)}(x_0), $$] we will immediately deduce from equation (5) the proposition that I will now state.2

THEOREM I. – Suppose that the function f(x) and its successive derivatives, up to that of ordern,  being continuous with respect to x in the vicinity of the particular value [image: $$x=x_0, $$] all vanish, with the exception of [image: $$f^{(n)}(x), $$] for this same value. Then, in designating by i a quantity which differs very little from zero, and setting [image: $$x=x_0+i, $$] we will obtain for f(x) a quantity affected by the same sign as the prod-uct [image: $$i^nf^{(n)}(x_0). $$]
It is easy to verify this theorem on the function[image: $$\begin{aligned} f(x)=(x-x_0)^n\varphi (x). \end{aligned}$$]



When the function f(x) ceases to vanish for [image: $$x=x_0, $$] Theorem I can be replaced by the following.
THEOREM II. – Suppose that the functions[image: $$\begin{aligned} f(x), \ \ \ \ \ f^{\prime }(x), \ \ \ \ \ f^{\prime \prime }(x), \ \ \ \ \ \dots , \ \ \ \ \ f^{(n)}(x), \end{aligned}$$]



being continuous with respect to x in the vicinity of the particular value [image: $$x=x_0, $$] all vanish for this same value, with the exception of the first, f(x),  and of the last, [image: $$f^{(n)}(x). \ $$] In designating by i a quantity which differs very little from zero, we will obtain for the infinitely small difference, [image: $$f(x_0+i)-f(x_0), $$] a value affected by the same sign as the product [image: $$i^nf^{(n)}(x_0). \ $$]
Proof. – To deduce Theorem II from Theorem I, it is sufficient to substitute for the function f(x),  the function [image: $$f(x)-f(x_0), $$] which has the same derivatives as the first, and which, moreover, vanishes for [image: $$x=x_0. \ $$] By virtue of the same substitution, equation (5) will be found replaced by the following[image: $$\begin{aligned} f(x_0+i)-f(x_0)=\Theta i^nf^{(n)}(x_0+\theta i). \end{aligned}$$]

 (6)


If we now write x instead of [image: $$x_0, $$] and if we set[image: $$\begin{aligned} f(x)=y, \ \ \ \ \ \ \ \ \varDelta x=i=\alpha h, \end{aligned}$$]



equation (6) will take the form[image: $$\begin{aligned} \varDelta y=\Theta \alpha ^n(d^ny+\beta ), \end{aligned}$$]

 (7)


[image: $$\beta $$] denoting, as well as [image: $$\alpha , $$] an infinitely small quantity. However, it is essential to observe that formula (7) will remain valid only for the particular value [image: $$x=x_0. \ $$]
Corollary. – The same conditions being admitted as in Theorem II, suppose that after having assigned to the variable x the value [image: $$x_0, $$] we attribute to this same variable an infinitely small increment. The corresponding increment of the function f(x) will be, if n denotes an even number, a quantity constantly affected by the same sign as the value of [image: $$f^{(n)}(x) $$] or of [image: $$d^ny, $$] corresponding to [image: $$x=x_0. \ $$] If, on the other hand, n represents an odd number, the increment of the function will change sign with that of the variable.
We have shown in the sixth lecture that the values of x,  which, without render-ing discontinuous one of the functions, [image: $$ f(x), f^{\prime }(x), $$] gave for the first a maxima or minima, were necessarily roots of the equation
[image: $$\begin{aligned} f^{\prime }(x)=0. \end{aligned}$$]

 (8)


Now, with the help of the foregoing, we can decide in general, if a root of equation (8) produces a maximum or a minimum of [image: $$f(x). \ $$] In fact, let [image: $$x_0$$] be this root and let [image: $$f^{(n)}(x)$$] be the first of the derivatives of f(x) which does not vanish with [image: $$f^{\prime }(x), $$] for the particular value [image: $$x=x_0. \ $$] Suppose, in addition that, in the vicinity of this particular value, the functions[image: $$\begin{aligned} f(x), \ \ \ f^{\prime }(x), \ \ \ \dots , \ \ \ f^{(n)}(x) \end{aligned}$$]



are all continuous with respect to [image: $$x. \ $$] It obviously follows from Theorem II that [image: $$f(x_0)$$] will be a maximum, if, n being an even number, [image: $$f^{(n)}(x_0)$$] has a negative value and a minimum, if, n being an even number, [image: $$f^{(n)}(x_0)$$]3 has a positive value. If n were an odd number, the increment of the function changing sign with that of the variable, [image: $$f(x_0)$$]4 would neither be a maximum nor a minimum. Moreover, by observing that the differentials [image: $$ df(x), d^2f(x), \dots $$] always vanish with the derived functions [image: $$ f^{\prime }(x), f^{\prime \prime }(x), \dots , $$] and that, for even values of n,  [image: $$d^nf(x)=f^{(n)}(x) dx^n$$] has the same sign as [image: $$f^{(n)}(x), $$] we will be naturally led to the following proposition.
THEOREM III. – Let [image: $$y=f(x)$$] be a given function of the variable [image: $$x. \ $$] To decide if a root of the equation [image: $$dy=0$$] produces a maximum or a minimum of the proposed function, it will ordinarily suffice to calculate the values of[image: $$d^2y, d^3y, d^4y, \dots $$]corresponding to this root. If the value of [image: $$d^2y$$] is positive or negative, the value ofy will be a minimum in the first case, a maximum in the second. If the value of [image: $$d^2y$$] is reduced to zero, we should seek among the differentials [image: $$ d^3y, d^4y, \dots , $$] the first which will not vanish. Denote this differential by [image: $$d^ny. \ $$] If n is an odd number, the value of y will be neither a maximum nor a minimum. If, on the other hand, n is an even number, the value of y will be a minimum whenever the differential [image: $$d^ny$$] is positive and a maximum whenever the differential [image: $$d^ny$$] is negative.
Note. – It must be admitted for Theorem III, as for the first two, that the function y and its successive derivatives, up to that of order n,  are continuous in the vicinity of the particular value attributed to the variable [image: $$x. \ $$]
If, instead of taking for y an explicit function of the variable x,  we were to assume the value of y in x given by an equation of the form [image: $$u=0, $$] Theorem III would still be applicable. Only, in this hypothesis, the successive values of [image: $$ dy, d^2y, d^3y, \dots $$] would be deduced from the differential equations[image: $$\begin{aligned} du=0, \ \ \ \ \ d^2u=0, \ \ \ \ \ d^3u=0, \ \ \ \ \ \dots . \end{aligned}$$]



Example. – Let[image: $$\begin{aligned} y=x^ae^{-x}, \end{aligned}$$]



a denoting a positive quantity. We will have[image: $$\begin{aligned} \varvec{l}y=a \, \varvec{l}x-x. \end{aligned}$$]



By differentiating the latter equation two times in sequence, we will find[image: $$\begin{aligned} \frac{dy}{y}=\left( \frac{a}{x}-1\right) dx, \ \ \ \ \ \frac{d^2y}{y}-\left( \frac{dy}{y}\right) ^2=-a\left( \frac{dx}{x}\right) ^2; \end{aligned}$$]



then, by setting [image: $$dy=0, $$] and ignoring the zero value that y cannot receive,5
[image: $$\begin{aligned} 0=\frac{a}{x}-1, \ \ \ \ \ \frac{d^2y}{y}=-a\left( \frac{dx}{x}\right) ^2. \end{aligned}$$]

 (9)


The value of [image: $$d^2y$$] given by the second of the formulas in (9) being negative, it results that the value of x given by the first generates a maximum of [image: $$y. \ $$]
Footnotes
1The ratio [image: $$ \frac{hh_1h_2\cdots h_{n}}{h^n} $$] is used in both of Cauchy’s 1823 text and its 1899 reprint.

 

2Equations (4) and (5) are both referenced in Cauchy’s further development of his version of l’Hôpital’s Rule when he revisits this topic in the ADDITION at the end of his text.

 

3The 1899 reprint has [image: $$f^{(n)}(x).$$]

 

4The 1899 reprint has f(x).

 

5A variation between the two editions occurs here. The original 1823 edition uses the phrase faisant abstraction de la valeur zéro que y peut recevoir (ignoring the zero value that y can receive), whereas the 1899 edition has faisant abstraction de la valeur zéro que y ne peut recevoir (ignoring the zero value that y cannot receive). The 1899 modification conveys the warning regarding a division by zero error more clearly.
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Let [image: $$u{=}f(x, y, z, \dots )$$] be a function of the independent variables [image: $$ x, y, z, \dots , $$] and set, as in the tenth lecture,[image: $$\begin{aligned} f(x+\alpha dx, y+\alpha dy, z+\alpha dz, \dots )=F(\alpha ). \end{aligned}$$]

 (1)


So that the value of u relative to certain particular values of [image: $$ x, y, z, \dots $$] is either a maximum or a minimum, it will be necessary and sufficient that the corresponding value of [image: $$F(\alpha )$$] always becomes a maximum or a minimum, by virtue of the assumption [image: $$\alpha =0. \ $$] We conclude (see the tenth lecture) that the systems of values of [image: $$ x, y, z, \dots , $$] which, without rendering discontinuous one of the two functions, u and du,  generates for the first, a maxima or a minima, and necessarily satisfies, regardless of [image: $$ dx, dy, dz, \dots , $$] the equation [image: $$\begin{aligned} du=0, \end{aligned}$$]

 (2)


and by consequence, the following[image: $$\begin{aligned} \frac{du}{dx}=0, \ \ \ \ \ \frac{du}{dy}=0, \ \ \ \ \ \frac{du}{dz}=0, \ \ \ \ \ \dots . \end{aligned}$$]

 (3)


Let [image: $$ x_0, y_0, z_0, \dots $$] be the particular values of [image: $$ x, y, z, \dots $$] which compose one of these systems. The corresponding value of [image: $$F(\alpha )$$] will become a maximum or a minimum for [image: $$\alpha =0, $$] regardless of the differentials [image: $$ dx, dy, dz, \dots , $$] if, for all the possible values of these differentials, the first of the quantities [image: $$ F^{\prime }(0), $$] [image: $$F^{\prime \prime }(0), $$] [image: $$F^{\prime \prime \prime }(0), $$] [image: $$\dots $$] which will not be null, corresponds to an even index and always maintains the same sign (see the fifteenth lecture). Add that F(0) will be a maximum, if the quantity in question is always negative, and a minimum, if it is always positive. When those of the quantities [image: $$ F^{\prime }(0), $$] [image: $$F^{\prime \prime }(0), $$] [image: $$F^{\prime \prime \prime }(0), $$] [image: $$\dots $$] which cease to vanish first, correspond to an odd index for all the possible values of [image: $$ dx, dy, dz, \dots , $$] or only for particular values of these same differentials, as well as when this quantity is sometimes positive, sometimes negative, then F(0) can no longer be a maximum nor a minimum. If we now have regard to the equations in (5) of the fourteenth lecture, namely,[image: $$\begin{aligned} F(0)=u, \ \ \ \ \ F^{\prime }(0)=du, \ \ \ \ \ F^{\prime \prime }(0)=d^2u, \ \ \ \ \ \dots , \end{aligned}$$]



we will deduce from the remarks that we have just made, the following proposition.
THEOREM. – Let [image: $$u=f(x, y, z, \dots )$$] be a given function of the independent variables [image: $$ x, y, z, \dots . \ $$] To decide if a system of values of [image: $$ x, y, z, \dots $$] works to satisfy the formulas in (3) and produce a maximum or a minimum of the function u,  we will calculate the values of [image: $$ d^2u, d^3u, d^4u, \dots $$] that correspond to this system, and that will obviously be polynomials in which they will no longer have the arbitrary differentials [image: $$ dx=h, dy=k, dz=l, \dots . \ $$] Let[image: $$\begin{aligned} d^nu=\frac{d^nu}{dx^n} h^n+\frac{d^nu}{dy^n} k^n+\cdots +\frac{n}{1}\frac{d^nu}{dx^{n-1} dy} h^{n-1} k + \cdots \end{aligned}$$]

 (4)


be the first of these polynomials which will not vanish, n designating an integer number which can depend on the values attributed to the differentials [image: $$ h, k, l, \dots . \ $$] If, for all possible values of these differentials, n is an even number and [image: $$d^nu$$] is a positive quantity, the proposed value of u will be a minimum. It will be a maximum, if, n always being even, [image: $$d^nu$$] always remains negative. Finally, if the number n is sometimes odd, or if the differential [image: $$d^nu$$] is sometimes positive, sometimes negative, the calculated value of u will be neither a maximum nor a minimum.
Note. – The foregoing theorem remains valid, by virtue of the principles established in the fifteenth lecture, whenever the functions [image: $$ F(\alpha ), $$] [image: $$ F^{\prime }(\alpha ), $$] [image: $$ \dots , $$] [image: $$ F^{(n)}(\alpha ) $$] are continuous with respect to [image: $$\alpha $$] in the vicinity of the particular value [image: $$\alpha =0, $$] or to what amounts to the same thing, whenever [image: $$ u, du, d^2u, \dots , d^nu $$] are continuous with respect to the variables [image: $$ x, y, z, \dots $$] in the vicinity of the particular values attributed to these same variables.
Corollary I. – Consider that, to apply the theorem, we first find the value of the expression[image: $$\begin{aligned} d^2u=\frac{d^2u}{dx^2} h^2+\frac{d^2u}{dy^2} k^2+\cdots +2\frac{d^2u}{dx dy} h k + \cdots , \end{aligned}$$]

 (5)


by substituting the values of [image: $$ x, y, z, \dots $$] drawn from the formulas in (3) into the derived functions[image: $$\begin{aligned} \frac{d^2u}{dx^2}, \ \ \ \frac{d^2u}{dy^2}, \ \ \ \dots , \ \ \ \frac{d^2u}{dx dy}, \ \ \ \dots . \end{aligned}$$]



We will find zero for a result if all these derivatives vanish. In the contrary hypothesis, [image: $$d^2u$$] will be a homogeneous function of the arbitrary quantities [image: $$ h, k, l, \dots ; $$] and, if we then vary these quantities, one of three things will happen. Either the differential [image: $$d^2u$$] will constantly maintain the same sign without ever vanishing; or, it will vanish for certain values of [image: $$ h, k, l, \dots $$] and will return to the same sign whenever it ceases to be null; or, it will sometimes be positive and sometimes negative. The proposed value of u will always be a maximum or a minimum in the first case, sometimes in the second, never in the third. Add that we will obtain, in the second case, a maximum or a minimum, if, for each of the systems of values of [image: $$ h, k, l, \dots $$] that work to satisfy the equation [image: $$d^2u=0, $$] the first of the differentials [image: $$ d^3u, d^4u, \dots $$] which does not vanish is always of an even order and affected by the same sign as those of the values of [image: $$d^2u$$] which differ from zero.
Corollary II. – If the substitution of the values attributed to [image: $$ x, y, z, \dots $$] were to reduce all of the derivatives of second order to zero, then, [image: $$d^2u$$] being identically null, the proposed value of u could be neither a maximum nor a minimum, unless the same substitution also caused [image: $$d^3u $$] to vanish by reducing all of the derivatives of third order to zero.
Corollary III. – If the substitution of the values attributed to [image: $$ x, y, z, \dots $$] were to cause all of the derivatives of second order and of third order to vanish, we would have identically [image: $$ d^2u=0, d^3u=0, $$] and would need to resort to the first of the differentials [image: $$ d^4u, d^5u, \dots $$] that would not be identically null. If this differential were of an odd order, the proposed value of u would have neither a maximum nor a minimum. If it were of an even order, or of the form
[image: $$\begin{aligned} d^{2m}u=\frac{d^{2m}u}{dx^{2m}} h^{2m}+\frac{d^{2m}u}{dy^{2m}} k^{2m}+\cdots +\frac{2m}{1}\frac{d^{2m}u}{dx^{2m-1} dy} h^{2m-1} k + \cdots , \end{aligned}$$]

 (6)


one of three things could happen. Either the differential in question would constantly retain the same sign while we vary [image: $$ h, k, l, \dots , $$] without ever vanishing; or rather, it would vanish for certain values of [image: $$ h, k, l, \dots , $$] and would return to the same sign whenever it would cease to be null; or, it would sometimes be positive, sometimes negative. The proposed value of u would always be a maximum or a minimum in the first case, sometimes in the second, never in the third. In addition, to finally decide, in the second case, whether there is a maximum or minimum, it would be needed, for each system of values of [image: $$ h, k, l, \dots $$] that works to satisfy the equation [image: $$d^{2m}u=0, $$] to seek among the differentials of an order greater than 2m,  the first of these that ceases to vanish, and see if this differential is always of even order and affected by the same sign as the values of [image: $$d^{2m}u$$] that differ from zero.
It is essential to observe that the value of [image: $$d^{2m}u$$] given by formula (6),1 being an entire function, and by consequence, continuous for the quantities [image: $$ h, k, l, \dots , $$] does not pass from positive to negative, while these quantities are varied, without becoming null in the interval. We remark in addition that, if the quantity u were an implicit function of the variables [image: $$ x, y, z, \dots , $$] or if some of these variables were to become implicit functions of all the others, each of the quantities [image: $$ du, d^2u, d^3u, \dots $$] would be found determined by means of one or of several differential equations, based on the differentials of the independent variables.
Example. – Suppose that, [image: $$ a, b, c, \dots , k, p, q, r, \dots $$] denoting positive constants and [image: $$ x, y, z, \dots $$] variables subject to the equation [image: $$ ax+by+cz+\cdots =k, $$] we seek the maximum of the function [image: $$u=x^py^qz^r\cdots ; $$] we will find[image: $$\begin{aligned} \frac{du}{u}=p \frac{dx}{x}+q \frac{dy}{y}+r \frac{dz}{z}+\cdots , \end{aligned}$$]




[image: $$\begin{aligned} \frac{d^2u}{u}-\left( \frac{du}{u}\right) ^2=-p\left( \frac{dx}{x}\right) ^2-q\left( \frac{dy}{y}\right) ^2-r\left( \frac{dz}{z}\right) ^2-\cdots , \end{aligned}$$]



and as a result, we will derive from formula (10) (eleventh lecture)[image: $$\begin{aligned} \frac{p}{ax}=\frac{q}{by}=\frac{r}{cz}=\cdots =\frac{p+q+r+\cdots }{k}, \end{aligned}$$]




[image: $$\begin{aligned} x=\frac{p}{a} \frac{k}{p+q+r+\cdots }, \ \ \ \ \ \ \ \ y=\frac{q}{b} \frac{k}{p+q+r+\cdots }, \ \ \ \ \ \ \ \ z=\cdots . \end{aligned}$$]



Since the preceding values of [image: $$ x, y, z, \dots $$] will render du constantly null and [image: $$d^2u$$] constantly negative, they will generate a maximum of the function [image: $$u. \ $$]
Footnotes
1The 1899 reprint has [image: $$d^{2}u.$$]
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After what we have seen in the preceding lectures, if we denote by u a function of the independent variables [image: $$ x, y, z, \dots , $$] and if we disregard the values of these variables which render one of the functions [image: $$ u, du, d^2u, \dots $$] discontinuous, the function u can only become a maximum or a minimum in the case where one of the total differentials [image: $$ d^2u, $$] [image: $$d^4u, $$] [image: $$d^6u, $$] [image: $$ \dots , $$] namely, the first of these that will not be constantly null, will maintain the same sign for all possible values of the arbitrary quantities [image: $$ dx=h, dy=k, dz=l, \dots , $$] or at least for the values of these quantities which will not reduce it to zero. Add that, in the latter assumption, each of the systems of values of [image: $$ h, k, l, \dots $$] that work to make the total differential in question vanish, must change another total differential of even order into a quantity affected by the sign that maintains the first differential, as long as it does not vanish. Moreover, the differentials [image: $$ d^2u, d^4u, d^6u, \dots $$] are reduced, for the given values of [image: $$ x, y, z, \dots , $$] to entire and homogeneous functions of the arbitrary quantities [image: $$ h, k, l, \dots . \ $$] In addition, if we call [image: $$ r, s, t, \dots $$] the ratios of the first, of the second, of the third of these quantities, [image: $$\dots $$] to the last among them, the differential[image: $$\begin{aligned} d^{2m}u=\frac{d^{2m}u}{dx^{2m}}\, \, h^{2m}&amp;+\frac{d^{2m}u}{dy^{2m}}\, \, k^{2m}+\frac{d^{2m}u}{dz^{2m}}\, \, l^{2m}+\cdots +\frac{2m}{1}\frac{d^{2m}u}{dx^{2m-1}\, dy}\, h^{2m-1}k +\cdots \end{aligned}$$]

 (1)


will obviously be affected by the same sign as the entire function of [image: $$ r, $$] s,  t,  [image: $$ \dots $$] to which we achieve in dividing [image: $$d^{2m}u$$] by the power 2m of the last of the quantities [image: $$ h, k, l, \dots , $$] that is to say, of the same sign as the polynomial[image: $$\begin{aligned}&amp;\frac{d^{2m}u}{dx^{2m}} r^{2m}+\frac{d^{2m}u}{dy^{2m}} s^{2m}+\frac{d^{2m}u}{dz^{2m}} t^{2m}+\cdots +\frac{2m}{1}\frac{d^{2m}u}{dx^{2m-1} dy} r^{2m-1}s+\cdots . \end{aligned}$$]

 (2)


By substituting a polynomial of this type to each differential of even order, we will recognize that the study of maxima and minima requires the solution of the following questions.
PROBLEM I. – Find the conditions which must be fulfilled for an entire function of the quantities [image: $$ r, s, t, \dots $$] to not change sign while these quantities vary.
Solution. – Let [image: $$F(r, s, t, \dots )$$] be the given function, and first suppose the quantities [image: $$ r, s, t, \dots $$] are reduced to a single [image: $$r. \ $$] So that the function F(r) does not ever change sign, it will be necessary and sufficient that the equation[image: $$\begin{aligned} F(r)=0 \end{aligned}$$]

 (3)


does not have a single real root nor an odd number of real reals. In fact, if, [image: $$r_0$$] denoting a real root of equation (3), m an integer number, and R a polynomial not divisible by [image: $$r-r_0, $$] we would have[image: $$\begin{aligned} F(r)=(r-r_0)R \end{aligned}$$]



or[image: $$\begin{aligned} F(r)=(r-r_0)^{2m+1}R, \end{aligned}$$]



it is clear that, for two values of r differing very little from [image: $$r_0, $$] but one larger and the other smaller, the function F(r) would obtain two values of opposite signs. In addition, since a continuous function of r would not change sign while r varies between two given limits without becoming null in the interval, it is possible to assert that, if equation (3) does not have real roots, its first member will always maintain the same sign without ever vanishing, and that it will sometimes vanish without ever changing sign, if it is the product of several factors of the form[image: $$\begin{aligned} (r-r_0)^{2m} \end{aligned}$$]



by a polynomial which cannot be reduced to zero for any real value of [image: $$r. \ $$]
Return now to the case where the quantities [image: $$ r, s, t, \dots $$] are any number. Then, so that the function [image: $$F(r, s, t, \dots )$$] cannot change sign, it will be necessary and sufficient that the equation[image: $$\begin{aligned} F(r, s, t, \dots )=0, \end{aligned}$$]

 (4)


resolved with respect to r,  does not ever supply single real roots nor real roots equal to an odd number, regardless, moreover, of any [image: $$s, t, \dots . \ $$]
Corollary I. – The function F(r) or [image: $$F(r, s, t, \dots ), $$] constantly maintains the same sign when equation (3) or (4) does not have real roots. (See, for the determination of the number of real roots in algebraic equations, the [image: $$\text {XVII}^{\text {th}}$$] Notebook of the Journal of the Polytechnic School, page 457.)
Corollary II. – Let [image: $$u=f(x, y). \ $$] The total differential[image: $$\begin{aligned} d^2u=\frac{d^2u}{dx^2} h^2+\frac{d^2u}{dy^2} k^2+2\frac{d^2u}{dx dy} h k \end{aligned}$$]

 (5)


will constantly maintain the same sign, if the equation[image: $$\begin{aligned} \frac{d^2u}{dx^2} r^2+2\frac{d^2u}{dx dy} r+\frac{d^2u}{dy^2}=0 \end{aligned}$$]

 (6)


does not have real roots, that is to say, if we have[image: $$\begin{aligned} \frac{d^2u}{dx^2} \frac{d^2u}{dy^2} -\left( \frac{d^2u}{dx dy}\right) ^2&gt;0. \end{aligned}$$]

 (7)


The same differential could vanish without ever changing sign, if the first member of formula (7) were to reduce to zero; and, it would admit values of opposite signs, if this first member were to become negative.
Corollary III. – Let [image: $$u=f(x, y, z). \ $$] The total differential1
[image: $$\begin{aligned} d^2u=\frac{d^2u}{dx^2} h^2+\frac{d^2u}{dy^2} k^2+\frac{d^2u}{dz^2} l^2+2\frac{d^2u}{dx dy} hk+2\frac{d^2u}{dx dz} hl+2\frac{d^2u}{dy dz} kl \end{aligned}$$]

 (8)


will constantly maintain the same sign, if the equation[image: $$\begin{aligned} \frac{d^2u}{dx^2} r^2+2\left( \frac{d^2u}{dx dy} s+\frac{d^2u}{dx dz}\right) r+\frac{d^2u}{dy^2} s^2+2\frac{d^2u}{dy dz} s+\frac{d^2u}{dz^2}=0, \end{aligned}$$]

 (9)


resolved with respect to r,  does not ever have real roots, that is to say, if we have, regardless of s, [image: $$\begin{aligned} \left\{ \begin{aligned}&amp;\left[ \frac{d^2u}{dx^2} \frac{d^2u}{d^2y}-\left( \frac{d^2u}{dx dy}\right) ^2\right] s^2 \\&amp;\quad +2\left( \frac{d^2u}{dx^2} \frac{d^2u}{dy dz}-\frac{d^2u}{dx dy} \frac{d^2u}{dx dz}\right) s+\frac{d^2u}{dx^2} \frac{d^2u}{dz^2}-\left( \frac{d^2u}{dx dz}\right) ^2&gt;0. \end{aligned} \right. \end{aligned}$$]

 (10)


This latter condition will itself be satisfied when we will have[image: $$\begin{aligned} \left\{ \begin{aligned}&amp;\quad \frac{d^2u}{dx^2} \frac{d^2u}{d^2y}-\left( \frac{d^2u}{dx dy}\right) ^2&gt;0, \\&amp;\quad \quad \quad \quad \text {and} \\&amp;\left[ \frac{d^2u}{dx^2} \frac{d^2u}{dy^2}-\left( \frac{d^2u}{dx dy}\right) ^2\right] \left[ \frac{d^2u}{dx^2} \frac{d^2u}{dz^2}-\left( \frac{d^2u}{dx dz}\right) ^2\right] \\&amp;\quad \quad \quad \quad \quad \quad \quad \quad -\left( \frac{d^2u}{dx^2} \frac{d^2u}{dy dz}-\frac{d^2u}{dx dy} \frac{d^2u}{dx dz}\right) ^2&gt;0. \end{aligned} \right. \end{aligned}$$]

 (11)


Scholium. – Let [image: $$u=f(x, y, z, \dots )$$] be a function of the n independent variables [image: $$ x, y, z, \dots , $$] and set[image: $$\begin{aligned} \left\{ \begin{aligned} \ F(r, s, t, \dots )=\frac{d^2u}{dx^2} r^2&amp;+\frac{d^2u}{dy^2} s^2+\frac{d^2u}{dz^2} t^2+\cdots \\&amp;+2\frac{d^2u}{dx dy} rs+2\frac{d^2u}{dx dz} rt+2\frac{d^2u}{dy dz} st+\cdots . \end{aligned} \right. \end{aligned}$$]

 (12)


The differential [image: $$d^2u$$] and the function [image: $$F(r, s, t, \dots )$$] will always be affected by the same sign as the quantity [image: $$\frac{d^2u}{dx^2}, $$] if the product [image: $$\frac{d^2u}{dx^2} F(r, s, t, \dots )$$] is always positive. Now, it is obviously this that will occur, if each of the products2
[image: $$\begin{aligned} \frac{d^2u}{dx^2} F(r), \ \ \ \ \ \frac{d^2u}{dx^2} F(r, s), \ \ \ \ \ \frac{d^2u}{dx^2} F(r, s, t), \ \ \ \ \ \dots \end{aligned}$$]

 (13)


obtain a positive quantity for a minimum value. Moreover, if we let[image: $$\begin{aligned} D_1=\frac{d^2u}{dx^2}, \ \ \ \ \ D_2=\frac{d^2u}{dx^2} \frac{d^2u}{dy^2}-\left( \frac{d^2u}{dx dy}\right) ^2, \ \ \ \ \ \dots , \end{aligned}$$]



and if we generally designate by [image: $$D_n$$] the common denominator of the values of [image: $$ h, k, l, \dots $$] derived from the equations (see Algebraic Analysis, page 80)3
[image: $$\begin{aligned} \left\{ \begin{aligned} \&amp;\frac{d^2u}{dx^2} h+\frac{d^2u}{dx dy} k+\frac{d^2u}{dx dz} l+\cdots =1, \\ \&amp;\frac{d^2u}{dx dy} h+\frac{d^2u}{dy^2} k+\frac{d^2u}{dy dz} l+\cdots =1, \\ \&amp;\frac{d^2u}{dx dz} h+\frac{d^2u}{dy dz} k+\frac{d^2u}{dz^2} l+\cdots =1, \\ \&amp;\dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots , \end{aligned} \right. \end{aligned}$$]

 (14)


we will prove without difficulty that the maxima or minima values of the functions4 [image: $$F(r), F(r, s), F(r, s, t), \dots $$] are, respectively,[image: $$\begin{aligned} \frac{D_2}{D_1}, \ \ \ \ \ \frac{D_3}{D_2}, \ \ \ \ \ \frac{D_4}{D_3}, \ \ \ \ \ \dots , \ \ \ \ \ \frac{D_n}{D_{n-1}}. \end{aligned}$$]

 (15)


Therefore, the differential [image: $$d^2u$$] will constantly maintain the same sign, if the fractions in (15), multiplied by [image: $$D_1, $$] result in positive products, or to what amounts to the same thing, if [image: $$D_2, D_3, D_4, \dots , D_n$$] are affected by the same signs as [image: $$D_1^2, D_1^3, D_1^4, \dots , D_1^n.$$]
When we simply suppose u a function of the three variables [image: $$ x, y, z, $$] the conditions that we just stated are reduced to the following two, [image: $$ D_2&gt;0, D_1D_3&gt;0, $$] and coincide with those that generate the formulas in (11).
PROBLEM II. – Being given two entire functions of the variables [image: $$ r, $$] s,  t,  [image: $$ \dots , $$] find the conditions which must be fulfilled so that the second function retains a definite sign whenever the first vanishes.
Solution. – Let[image: $$\begin{aligned} F(r, s, t, \dots ) \end{aligned}$$]



be the first function, and let[image: $$\begin{aligned} R=\mathfrak {F}(r, s, t, \dots ) \end{aligned}$$]



be the second. We will eliminate r between the two equations[image: $$\begin{aligned} F(r, s, t, \dots )=0 \ \ \ \ \ \ \ \ \text {and} \ \ \ \ \ \ \ \ R=\mathfrak {F}(r, s, t, \dots ). \end{aligned}$$]



The resultant equation, being resolved with respect to R,  must provide for this quantity a value affected by the agreed sign whenever we will attribute to the variables [image: $$ s, t, \dots $$] real values which correspond to a real value of the variable [image: $$r. \ $$]
Footnotes
1The original 1823 edition has [image: $$d^2u= \cdots +2\frac{d^2u}{dx dy} hk +2\frac{d^2u}{dx dy} hl+2\frac{d^2u}{dy dz} kl$$] for equation (8). This error is corrected in the 1899 reprint.

 

2The ERRATA notes an error in equation (13). The original version reads, [image: $$\frac{d^2u}{dx^2} F(r, 0, 0, 0, \dots ),$$][image: $$\frac{d^2u}{dx^2} F(r, s, 0, 0, \dots ),$$][image: $$\frac{d^2u}{dx^2} F(r, s, t, 0, \dots ),$$][image: $$ \dots . $$]

 

3The second equation within (14) in the original 1823 edition has [image: $$\cdots +\frac{d^2u}{dy^2} k+\frac{d^2u}{dx dz} l+\cdots =1.$$] This error is corrected in the 1899 reprint.

 

4The original 1823 edition again uses the improper notation [image: $$ F(r, 0, 0, 0, \dots ), $$] [image: $$ F(r, s, 0, 0, \dots ), $$] [image: $$ F(r, s, t, 0, \dots ), $$] [image: $$ \dots $$] here. Each of these is corrected in the ERRATA.
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Let [image: $$ a, b, c, \dots , k $$] be constant quantities, and let[image: $$\begin{aligned} u=ax+by+cz+\cdots +k \end{aligned}$$]

 (1)


be a linear function of the independent variables [image: $$ x, y, z, \dots . \ $$] The differential[image: $$\begin{aligned} du=a dx+b dy+c dz+\cdots \end{aligned}$$]

 (2)


will itself be a constant quantity, and as a result, the differentials [image: $$ d^2u, $$] [image: $$ d^3u, $$] [image: $$\dots $$] will all be reduced to zero. We immediately conclude from this remark that the successive differentials of the functions[image: $$\begin{aligned} f(u), \ \ \ f(u, v), \ \ \ f(u, v, w, \dots ), \ \ \ \dots \end{aligned}$$]



retain the same form in the case where the variables [image: $$ u, v, w, \dots $$] are considered as independent, and in the case where [image: $$ u, v, w, \dots $$] are linear functions of the independent variables [image: $$ x, y, z, \dots . \ $$] Thus, we will find in both cases, for [image: $$s=f(u), $$][image: $$\begin{aligned} \left\{ \begin{aligned} \ ds&amp;=f^{\prime }(u) du, \\ \ d^2s&amp;=f^{\prime \prime }(u) du^2, \\ \ d^3s&amp;=f^{\prime \prime \prime }(u) du^3, \\ \ \dots&amp;\dots \dots \dots \dots , \\ d^ns&amp;=f^{(n)}(u) du^n; \end{aligned} \right. \end{aligned}$$]

 (3)


for [image: $$s=f(u, v),$$][image: $$\begin{aligned} \left\{ \begin{aligned} \ d^ns=\frac{d^nf(u, v)}{du^n} du^n&amp;+\frac{n}{1}\frac{d^nf(u, v)}{du^{n-1} dv} du^{n-1} dv+\cdots \\&amp;+\frac{n}{1}\frac{d^nf(u, v)}{du dv^{n-1}} du dv^{n-1}+\frac{d^nf(u, v)}{dv^n} dv^n; \end{aligned} \right. \end{aligned}$$]

 (4)


for [image: $$s=f(u)f(v), $$][image: $$\begin{aligned} \left\{ \begin{aligned} \ d^ns=f^{(n)}(u)f(v) du^n&amp;+\frac{n}{1}f^{(n-1)}(u)f^{\prime }(v) du^{n-1} dv+\cdots \\&amp;+\frac{n}{1}f^{\prime }(u)f^{(n-1)}(v) du dv^{n-1}+f(u)f^{(n)}(v) dv^n; \end{aligned} \right. \end{aligned}$$]

 (5)


etc.
It is easy to ensure that, if we represent by [image: $$ f(u), f(v), f(u, v), \dots $$] entire functions of the variables [image: $$ u, v, w, \dots , $$] the formulas in (3), (4), (5), ... will remain valid even when, [image: $$ u, v, w, \dots $$] being linear functions of [image: $$ x, y, z, \dots , $$] the constants a, b, c,  [image: $$ \dots , $$] k,  [image: $$ \dots $$] included in [image: $$ u, v, w, \dots $$] will become imaginary. We will have, for example, for [image: $$s=f\big (x+y\sqrt{-1} \big ), $$][image: $$\begin{aligned} \left\{ \begin{aligned} ds&amp;=f^{\prime }\big (x+y\sqrt{-1} \big )\big (dx+\sqrt{-1} dy\big ), \\&amp;\dots \dots \dots \dots \dots \dots \dots \dots \dots \dots , \\ d^ns&amp;=f^{(n)}\big (x+y\sqrt{-1} \big )\big (dx+\sqrt{-1} dy\big )^n; \end{aligned} \right. \end{aligned}$$]

 (6)


for [image: $$s=f\big (x-y\sqrt{-1} \big ), $$][image: $$\begin{aligned} \left\{ \begin{aligned} ds&amp;=f^{\prime }\big (x-y\sqrt{-1} \big )\big (dx-\sqrt{-1} dy\big ), \\&amp;\dots \dots \dots \dots \dots \dots \dots \dots \dots \dots , \\ d^ns&amp;=f^{(n)}\big (x-y\sqrt{-1} \big )\big (dx-\sqrt{-1} dy\big )^n; \end{aligned} \right. \end{aligned}$$]

 (7)


for [image: $$s=f\big (x+y\sqrt{-1} \big )f\big (x-y\sqrt{-1} \big ), $$][image: $$\begin{aligned} \left\{ \begin{aligned}&amp;d^ns=f^{(n)}\big (x+y\sqrt{-1} \big )f\big (x-y\sqrt{-1} \big )\big (dx+\sqrt{-1} dy\big )^n \\&amp;\ \ +\frac{n}{1}f^{(n-1)}\big (x+y\sqrt{-1} \big )f^{\prime }\big (x-y\sqrt{-1} \big )\big (dx+\sqrt{-1} dy\big )^{n-1}\big (dx-\sqrt{-1} dy\big ) \\&amp;\ \ +\cdots \\&amp;\ \ +\frac{n}{1}f^{\prime }\big (x+y\sqrt{-1} \big )f^{(n-1)}\big (x-y\sqrt{-1} \big )\big (dx+\sqrt{-1} dy\big )\big (dx-\sqrt{-1} dy\big )^{n-1} \\&amp;\ \ +f\big (x+y\sqrt{-1} \big )f^{(n)}\big (x-y\sqrt{-1} \big )\big (dx-\sqrt{-1} dy\big )^n. \end{aligned} \right. \end{aligned}$$]

 (8)


From this last formula we will deduce the following proposition without difficulty.
THEOREM I. – Let f(x) be a real and entire function of [image: $$x. \ $$] If we set[image: $$\begin{aligned} s=f\big (x+y\sqrt{-1} \big )f\big (x-y\sqrt{-1} \big ), \end{aligned}$$]

 (9)


we can always satisfy, by real values of the variables x and y,  the equation[image: $$\begin{aligned} s=0. \end{aligned}$$]

 (10)


Proof. – Let n be the degree of the function f(x),  so that we would have[image: $$\begin{aligned} f(x)=a_0x^n+a_1x^{n-1}+\cdots +a_{n-1}x+a_n, \end{aligned}$$]

 (11)


[image: $$a_0, a_1, \dots , a_{n-1}, a_n $$] denoting constants, the first of which, [image: $$a_0, $$] does not vanish. Let us conceive in addition that, the variables [image: $$ x, y $$] being supposed real, we represent by [image: $$ r, \rho , R, R_1, R_2, \dots $$] the moduli of the imaginary expressions[image: $$\begin{aligned}&amp;x+y\sqrt{-1}, \ \ \ \ \ dx+dy\sqrt{-1}, \\ f\big (x+y\sqrt{-1} \big ),&amp;\ \ \ \ \ f^{\prime }\big (x+y\sqrt{-1} \big ), \ \ \ \ \ f^{\prime \prime }\big (x+y\sqrt{-1} \big ), \ \ \ \ \ \dots , \end{aligned}$$]



and we have, by consequence,[image: $$\begin{aligned} \left\{ \begin{aligned} \ x+y\sqrt{-1}&amp;=r\big (\cos {t}+\sqrt{-1}\sin {t}\big ), \\ \ dx+dy\sqrt{-1}&amp;=\rho \big (\cos {\tau }+\sqrt{-1}\sin {\tau }\big ), \end{aligned} \right. \end{aligned}$$]

 (12)



[image: $$\begin{aligned} \left\{ \begin{aligned} \ f\big (x+y\sqrt{-1} \big )&amp;=R\big (\cos {T}+\sqrt{-1}\sin {T}\big ), \\ \ f^{\prime }\big (x+y\sqrt{-1} \big )&amp;=R_1\big (\cos {T_1}+\sqrt{-1}\sin {T_1}\big ), \\ \ f^{\prime \prime }\big (x+y\sqrt{-1} \big )&amp;=R_2\big (\cos {T_2}+\sqrt{-1}\sin {T_2}\big ), \\ \ \dots \dots \dots \dots \dots&amp;\dots \dots \dots \dots \dots \dots \dots \dots \dots , \\ \ f^{(n)}\big (x+y\sqrt{-1} \big )&amp;=R_n\big (\cos {T_n}+\sqrt{-1}\sin {T_n}\big ). \end{aligned} \right. \end{aligned}$$]

 (13)


[image: $$r, \rho , R, R_1, R_2, \dots , R_n $$] will be positive quantities; [image: $$ t, \tau , T, T_1, T_2, \dots , T_n $$] will be real arcs; and, we will have[image: $$\begin{aligned} r=\sqrt{x^2+y^2} \end{aligned}$$]

 (14)


and1
[image: $$\begin{aligned} \left\{ \begin{aligned} \ s=R^2&amp;=\Big [a_0r^n\cos {nt}+a_1r^{n-1}\cos {(n-1)t}+\cdots +a_{n-1}r \, \cos {t}+a_n\Big ]^2 \\&amp;\quad \ \ +\Big [a_0r^n\sin {nt}+a_1r^{n-1}\sin {(n-1)t}+\cdots +a_{n-1}r \, \sin {t}\Big ]^2 \\&amp;=r^{2n}\left( a_0^2+\frac{2a_0a_1\cos {t}}{r}+\frac{a_1^2+2a_0a_2\cos {t}}{r^2}+\cdots \right) . \end{aligned} \right. \end{aligned}$$]

 (15)


It follows from these latter formulas that the quantity s,  which represents an entire function, and by consequence, a continuous function of the variables [image: $$ x, y, $$] will always remain positive and will grow indefinitely if we attribute to these two variables, or only to one among them, and as a result, to the modulus r,  larger and larger numerical values. We must conclude that the function s will admit one or several minima corresponding to one or to several systems of finite values of the variables x and [image: $$y. \ $$] We consider one of these systems in particular and calculate the corresponding values of the expressions[image: $$\begin{aligned} \left\{ \begin{aligned}&amp;f^{\prime }\big (x+y\sqrt{-1} \big ),&amp;\quad \quad&amp;f^{\prime \prime }\big (x+y\sqrt{-1} \big ), \\&amp;\dots \dots \dots \dots ,&amp;\quad \quad&amp;f^{(n)}\big (x+y\sqrt{-1} \big ). \end{aligned} \right. \end{aligned}$$]

 (16)


Some of these values can vanish; but, they will not ever be null all at once, since the expression [image: $$f^{(n)}\big (x+y\sqrt{-1} \big ) $$] is reducing, along with [image: $$f^{(n)}(x), $$] to the product [image: $$1\cdot 2\cdot 3\cdots n\cdot a_0, $$] a constant value and different from zero. This granted, let [image: $$f^{(m)}\big (x+y\sqrt{-1} \big )$$] be the first of the expressions in (16) whose value does not vanish. If the expression [image: $$f\big (x+y\sqrt{-1} \big )$$] itself obtains a value different from zero, [image: $$d^ms$$] will be, by virtue of formula (8), the first of the differentials of s which will cease to vanish. On the other hand, if we have[image: $$\begin{aligned} f\big (x+y\sqrt{-1} \big )=0, \end{aligned}$$]

 (17)


the differential [image: $$d^ms$$] will become null itself. Now, I say that this latter case is the only one admissible. Because, in the first case, we would derive from formula (8)[image: $$\begin{aligned} \left\{ \begin{aligned} \ d^ms&amp;=f^{(m)}\big (x+y\sqrt{-1} \big )f\big (x-y\sqrt{-1} \big )\big (dx+\sqrt{-1} dy\big )^m \\&amp;\quad \quad +f\big (x+y\sqrt{-1} \big )f^{(m)}\big (x-y\sqrt{-1} \big )\big (dx-\sqrt{-1} dy\big )^m \\&amp;=2RR_m\rho ^m\cos {(T_m-T+m\tau )}, \end{aligned} \right. \end{aligned}$$]

 (18)


and as a result, the differential [image: $$d^ms, $$] changing sign when we replace [image: $$\tau $$] by [image: $$\tau +\frac{\pi }{m}, $$] would not always remain positive regardless of the quantities dx and dy,  since this must necessarily happen every time the function s becomes a minimum. So, all the systems of values of x and y that work to provide minima of the function s will satisfy equation (17), which we can also put in the form[image: $$\begin{aligned} R\big (\cos {T}+\sqrt{-1}\sin {T}\big )=0, \end{aligned}$$]



and from which we derive[image: $$\begin{aligned} R=0, \ \ \ \ \ s=R^2=0. \end{aligned}$$]



Therefore, the function s will become null for the real and finite values of the variables x and y whenever it attains a minima, which we have demonstrated above exists.
Corollary. – The real function [image: $$s=R^2$$] can only vanish along with the modulus [image: $$R, $$] and the imaginary functions[image: $$\begin{aligned} f\big (x+y\sqrt{-1} \big )&amp;=R\big (\cos {T}+\sqrt{-1}\sin {T}\big ), \\ f\big (x-y\sqrt{-1} \big )&amp;=R\big (\cos {T}-\sqrt{-1}\sin {T}\big ) \end{aligned}$$]



will always vanish at the same time as it. By consequence, all real values of x and y which work to satisfy equation (10) will also satisfy equation (17) and the following[image: $$\begin{aligned} f\big (x-y\sqrt{-1} \big )=0. \end{aligned}$$]

 (19)


To these values of x and y will correspond real values of r and t that work to satisfy the two equations[image: $$\begin{aligned} f\big (r \, \cos {t}+r \, \sin {t}\sqrt{-1} \big )=0, \ \ \ \ \ \ \ \ f\big (r \, \cos {t}-r \, \sin {t}\sqrt{-1} \big )=0. \end{aligned}$$]

 (20)


In the particular case where the value of y vanishes, the formulas in (17), (19), and (20) coincide with the single equation[image: $$\begin{aligned} f(x)=0, \end{aligned}$$]

 (21)


which is then found satisfied by a real value of [image: $$x. \ $$] From these remarks we immediately deduce the proposition that I will now state.
THEOREM II. – f(x) denoting a real and entire function of the variable x,  we can always satisfy equation (21), either by real values of this variable or by pairs of imaginary conjugate values of the form[image: $$\begin{aligned} x=r\big (\cos {t}+\sqrt{-1}\sin {t}\big ), \ \ \ \ \ \ \ \ x=r\big (\cos {t}-\sqrt{-1}\sin {t}\big ). \end{aligned}$$]

 (22)


Scholium. – If we call [image: $$x_0$$] a real or imaginary root of equation (20), the polynomial f(x) will be divisible by the linear factor [image: $$x-x_0. \ $$] Therefore, to the two imaginary conjugate roots of the form[image: $$\begin{aligned} r\big (\cos {t}+\sqrt{-1}\sin {t}\big ), \ \ \ \ \ \ \ \ r\big (\cos {t}-\sqrt{-1}\sin {t}\big ), \end{aligned}$$]



will correspond the two linear factors[image: $$\begin{aligned} x-r \, \cos {t}-r \, \sin {t}\sqrt{-1}, \ \ \ \ \ \ \ \ x-r \, \cos {t}+r \, \sin {t}\sqrt{-1}, \end{aligned}$$]



which will still be conjugates, one to another, and will give for a product a real factor of second degree, namely,[image: $$\begin{aligned} (x-r \, \cos {t})^2+r^2\sin ^2{t}= x^2-2rx \, \cos {t}+r^2. \end{aligned}$$]



This granted, it results from Theorem II that any real and entire function of the variable x is divisible by a real factor of first or of second degree. The division being performed, we will obtain for a quotient another real and entire function which will itself be divisible by a new factor. By continuing in this manner, we will eventually decompose the given function, that I called f(x),  into real factors of first or of second degree. By equating these factors to zero, we will determine the real or imaginary roots of equation (21), which will be equal in number to the degree of the function. (See Algebraic Analysis, Chapter X.)2

Footnotes
1The 1899 edition incorrectly prints equation (15) with [image: $$ \frac{a_1^2+2a_0a_2\cos {2t}}{r^2} $$] for its final displayed term.

 

2Cauchy’s Chapter X of his Cours d’analyse investigates real and imaginary roots of algebraic equations. It is here where Cauchy presents his Fundamental Theorem of Algebra.
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It is easy to expand an entire function of x into a polynomial ordered according to the ascending powers of this variable, when we know the particular values of the function and of its successive derivatives, for [image: $$ x=0.$$] In fact, denote by F(x) the given function, by n the degree of this function, and by [image: $$ a_0, a_1, a_2, \dots , a_n $$] the unknown coefficients of the various powers of x in the expansion we seek, so that we have[image: $$\begin{aligned} F(x)=a_0 + a_1x + a_2x^2 + \cdots + a_n x^n. \end{aligned}$$]

 (1)


By differentiating equation (1) n times in sequence, we will find[image: $$\begin{aligned} \left\{ \begin{array}{llll} \ &amp;{}F^{\prime }(x)=1\cdot a_1+2a_2x+\cdots +n a_n x^{n-1}, \\ \ &amp;{}F^{\prime \prime }(x)=1\cdot 2 \cdot a_2+\cdots +(n-1)n a_n x^{n-2}, \\ \ &amp;{}\ \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots , \\ \ &amp;{}F^{(n)}(x)=1\cdot 2\cdot 3 \cdots n a_n. \end{array} \right. \end{aligned}$$]

 (2)


If we set, in these various formulas, [image: $$ x = 0, $$] we will derive[image: $$\begin{aligned} \left\{ \begin{array}{lll} \ &amp;{}a_0=F(0), \ \ \ \ \ \ \ \ \ \ \ \ \ a_1=\frac{1}{1}F^{\prime }(0), \\ \ &amp;{}a_2=\frac{1}{1 \cdot 2}F^{\prime \prime }(0), \ \ \ \ \ \ \ \dots \dots \dots , \\ \ &amp;{}a_n=\frac{1}{1 \cdot 2 \cdot 3 \cdots n}F^{(n)}(0), \end{array} \right. \end{aligned}$$]

 (3)


and equation (1) will produce1
[image: $$\begin{aligned} F(x)=F(0) + \frac{x}{1}F^{\prime }(0) + \frac{x^2}{1 \cdot 2}F^{\prime \prime }(0) + \cdots + \frac{x^n}{1 \cdot 2 \cdot 3 \cdots n}F^{(n)}(0). \end{aligned}$$]

 (4)


Example. – Let [image: $$ F(x) = (1+ x)^n; $$] we will obtain the known formula2
[image: $$\begin{aligned}&amp;(1+x)^n=1 + \frac{n}{1}x + \frac{n(n-1)}{1 \cdot 2}x^2 + \frac{n(n-1)(n-2)}{1 \cdot 2 \cdot 3}x^3 + \cdots&amp;+ \frac{n}{1}x^{n-1} + x^n. \end{aligned}$$]

 (5)


 Now, let [image: $$ u =f(x, y, z, \dots ) $$] be an entire function of the variables [image: $$ x, y, z, \dots , $$] and n the degree of this function, that is to say, the greatest sum that we can obtain by adding the exponents of the various variables taken in the same term. If we set [image: $$\begin{aligned} F(\alpha )=f(x+\alpha dx, y+\alpha dy, z+\alpha dz, \dots ), \end{aligned}$$]



[image: $$F(\alpha ) $$] will be an entire function of [image: $$\alpha $$] of degree n,  and we will have, by consequence,[image: $$\begin{aligned} F(\alpha )=F(0)&amp;+\frac{\alpha }{1}F^{\prime }(0)+\frac{\alpha ^2}{1 \cdot 2}F^{\prime \prime }(0)+\frac{\alpha ^3}{1 \cdot 2 \cdot 3}F^{\prime \prime \prime }(0) \\&amp;\quad \quad \quad +\cdots +\frac{\alpha ^n}{1 \cdot 2 \cdot 3 \cdots n}F^{(n)}(0). \end{aligned}$$]



This last formula, by virtue of the principles established in the fourteenth lecture, can be written as follows[image: $$\begin{aligned} \left\{ \begin{array}{lll} f(x&amp;{}+\alpha dx, y+\alpha dy, z+\alpha dz, \dots ) \\ &amp;{}=u+\frac{\alpha }{1}du+\frac{\alpha ^2}{1\,\cdot \, 2}d^2u+\frac{\alpha ^3}{1\,\cdot 2\,\cdot \, 3}d^3u+\cdots +\frac{\alpha ^n}{1\,\cdot \, 2\,\cdot \, 3\,\cdots \, n}d^nu. \end{array} \right. \end{aligned}$$]

 (6)


Additionally, this will remain valid for any values of [image: $$\alpha , $$] either finite or infinitely small. If, for the simplest, we take [image: $$ \alpha =1, $$] we will find[image: $$\begin{aligned} \left\{ \begin{array}{lll} f(x&amp;{}+ dx, y+ dy, z+ dz, \dots ) \\ &amp;{}=u+\frac{1}{1}du+\frac{1}{1\,\cdot \, 2}d^2u+\frac{1}{1\,\cdot \, 2\,\cdot \, 3}d^3u+\cdots +\frac{1}{1\,\cdot \, 2\,\cdot \, 3\,\cdots \, n}d^nu. \end{array} \right.&amp;\ \end{aligned}$$]

 (7)


In the particular case where the variables [image: $$ x, y, z, \dots $$] are reduced to a single one, we have[image: $$\begin{aligned} u&amp;=f(x), \\ du&amp;=f^{\prime }(x) dx, \\ d^2u&amp;=f^{\prime \prime }(x) dx^2, \\ \dots&amp;\dots \dots \dots \dots , \\ d^nu&amp;= f^{(n)}(x) dx^n, \end{aligned}$$]



and we derive from formula (7) in replacing dx by h, [image: $$\begin{aligned} \left\{ \begin{array}{lll} \ f(x+ h)=f(x)&amp;{}+\frac{h}{1}f^{\prime }(x)+\frac{h^2}{1\,\cdot \, 2}f^{\prime \prime }(x) \\ &amp;{}+\frac{h^3}{1\,\cdot 2\,\cdot \, 3}f^{\prime \prime \prime }(x)+\cdots +\frac{h^n}{1\,\cdot 2\,\cdot \, 3\,\cdots \, n}f^{(n)}(x). \end{array} \right. \end{aligned}$$]

 (8)


Moreover, we could have directly deduced this last equation from formula (4).
Example. – If we suppose [image: $$ f(x)=x^n, $$] we will find[image: $$\begin{aligned} \left\{ \begin{array}{lll} \ (x+h)^n=x^n&amp;{}+\frac{n}{1}x^{n-1}h+\frac{n(n-1)}{1\,\cdot \, 2}x^{n-2}h^2+\cdots \\ &amp;{}+\frac{n(n-1)}{1\,\cdot \, 2}x^2h^{n-2}+\frac{n}{1}xh^{n-1}+h^n. \end{array} \right. \end{aligned}$$]

 (9)


Note.3 – If f(x) is divisible by [image: $$ (x-a)^m, $$] or in other words, if we have[image: $$\begin{aligned} f(x)=(x-a)^m\varphi (x), \end{aligned}$$]

 (10)


[image: $$\varphi (x) $$] denoting an entire function of the variable x,  the expansion of [image: $$ f(a + h), $$] ac-cording to ascending powers of h,  will obviously become divisible by [image: $$ h^m. \ $$] Moreover, this expansion will be, by virtue of the preceding,[image: $$\begin{aligned} f(a)+\frac{h}{1}f^{\prime }(a)+\frac{h^2}{1 \cdot 2}f^{\prime \prime }(a) +\cdots + \frac{h^m}{1 \cdot 2 \cdot 3 \cdots m}f^{(m)}(a)+\cdots . \end{aligned}$$]



So, equation (10) being used, we shall deduce, not only [image: $$f(a) =0, $$] but also [image: $$f^{\prime }(a) = 0,$$][image: $$f^{\prime \prime }(a) = 0,$$][image: $$\dots ,$$][image: $$ f^{(m-1)}(a) = 0. $$] We would arrive at the same result by differentiating equation (10) several times in sequence, from which we would successively derive, with the help of formula (15) (fourteenth lecture),[image: $$\begin{aligned} \left\{ \begin{array}{lll} \ &amp;{}f^{\prime }(x)=(x-a)^m\varphi ^{\prime }(x)+m(x-a)^{m-1}\varphi (x), \\ \ &amp;{}f^{\prime \prime }(x)=(x-a)^m\varphi ^{\prime \prime }(x)+2m(x-a)^{m-1}\varphi ^{\prime }(x)\\ &amp;{}\qquad \qquad \qquad \qquad \qquad \qquad \,\,\,\,\!\!\!\!\!\!\!\!\!\!\!\!\!\!\!\!\!\!\!\!\!\!\!\!\!\!\!+m(m-1)(x-a)^{m-2}\varphi (x), \\ \ &amp;{}\dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots , \\ \ &amp;{}f^{(m-1)}(x)=(x-a)^m\varphi ^{(m-1)}(x)+\cdots +m(m-1)\cdots 3\cdot 2 \cdot (x-a)\varphi (x). \end{array} \right. \end{aligned}$$]

 (11)


Thus, f(x) being an entire function of x,  we can say that, if the equation[image: $$\begin{aligned} f(x)=0 \end{aligned}$$]

 (12)


admits m equal roots represented by a,  each of the derivative equations[image: $$\begin{aligned} \left\{ \begin{array}{lll} &amp;{}f^{\prime }(x)=0, \\ &amp;{}f^{\prime \prime }(x)=0, \\ &amp;{}f^{\prime \prime \prime }(x)=0, \\ &amp;{}\dots \dots \dots , \\ &amp;{}f^{(m-1)}(x)=0, \end{array} \right. \end{aligned}$$]

 (13)


will be found verified by the assumption [image: $$ x = a. \ $$] We should also remark that, f(x) being divisible by [image: $$ (x-a)^m, $$] [image: $$ f^{\prime }(x) $$] will be divisible by [image: $$ (x-a)^{m-1}, $$] [image: $$f^{\prime \prime }(x) $$] by [image: $$ (x-a)^{m-2}, \dots , $$] and [image: $$ f^{(m-1)}(x) $$] only by [image: $$ x-a. \ $$] As for the function [image: $$ f^{(m)}(x), $$] since it will be determined by the equation[image: $$\begin{aligned} \left\{ \begin{array}{lll} \ f^{(m)}(x)&amp;{}=(x-a)^m\varphi ^{(m)}(x)+\displaystyle \frac{m}{1}m(x-a)^{m-1}\varphi ^{(m-1)}(x) +\cdots \\ &amp;{}+ \displaystyle \frac{m}{1}m(m-1)\cdots 3\cdot 2\cdot (x-a)\varphi ^{\prime }(x) +m(m-1)\cdots 3 \cdot 2 \cdot 1 \cdot \varphi (x), \end{array} \right. \end{aligned}$$]

 (14)


it will reduce, for [image: $$ x=a, $$] to[image: $$\begin{aligned} f^{(m)}(a)=1 \cdot 2 \cdot 3 \cdots (m-1)m \cdot \varphi (a). \end{aligned}$$]

 (15)


All these remarks would remain valid even in the case where the value of f(x),  being given by equation (10), [image: $$ \varphi (x) $$] would cease to be an entire function of the variable x. We know, moreover, the result that we can draw from these remarks for the determination of equal roots of algebraic equations.
Consider at present that [image: $$ y = F(x) $$] and [image: $$ z = \varUpsilon (x) $$] denote two entire functions of x,  divisible, one and the other, by [image: $$ (x-a)^m. \ $$] If the number m surpasses unity, the values of the fractions [image: $$ \frac{z}{y} $$] and [image: $$ \frac{dz}{dy}=\frac{z^{\prime }}{y^{\prime }}, $$] for [image: $$ x = a, $$] are presented at the same time in an indeterminate form, and by consequence, we can no longer use the second fraction to calculate the value of the first, as we have explained in the sixth lecture.4 However, the actual value of the fraction [image: $$ \frac{z}{y} $$] will not cease to be the limit toward which the ratio [image: $$ \frac{\varDelta z}{\varDelta y} $$] converges, while the differences [image: $$ \varDelta y, \varDelta z $$] converge toward zero. Moreover, by attributing to x the infinitely small increment [image: $$ \varDelta x=\alpha dx, $$] we will derive from formula (6)5
[image: $$\begin{aligned} \varDelta y= \frac{\alpha }{1} dy&amp;+\frac{\alpha ^2}{1 \cdot 2} d^2y+\cdots + \frac{\alpha ^{m-1}}{1 \cdot 2 \cdot 3 \cdots (m-1)} d^{m-1}y \\&amp;+ \frac{\alpha ^m}{1 \cdot 2 \cdot 3 \cdots m} d^my+\frac{\alpha ^{m+1}}{1 \cdot 2 \cdot 3 \cdots (m+1)} d^{m+1}y+\cdots , \end{aligned}$$]




[image: $$\begin{aligned} \varDelta z= \frac{\alpha }{1} dz&amp;+\frac{\alpha ^2}{1 \cdot 2} d^2z+\cdots + \frac{\alpha ^{m-1}}{1 \cdot 2 \cdot 3 \cdots (m-1)} d^{m-1}z \\&amp;+ \frac{\alpha ^m}{1 \cdot 2 \cdot 3 \cdots m} d^mz+\frac{\alpha ^{m+1}}{1 \cdot 2 \cdot 3 \cdots (m+1)} d^{m+1}z+\cdots . \end{aligned}$$]



If we now assign to x the particular value a,  since this value must cause the derived functions [image: $$ y^{\prime }, $$] [image: $$ y^{\prime \prime }, $$] [image: $$ \dots , $$] [image: $$ y^{(m-1)}, $$] [image: $$ z^{\prime }, $$] [image: $$ z^{\prime \prime }, $$] [image: $$ \dots , $$] [image: $$ z^{(m-1)} $$] to vanish, and by consequence, the differentials [image: $$ dy, $$] [image: $$ d^2y, $$] [image: $$ \dots , $$] [image: $$ d^{(m-1)}y, $$] dz,  [image: $$ d^2z, $$] [image: $$ \dots , $$] [image: $$ d^{(m-1)}z, $$] we will simply have[image: $$\begin{aligned} \varDelta y&amp;= \frac{\alpha ^{m}}{1 \cdot 2 \cdot 3 \cdots m} d^my+\frac{\alpha ^{m+1}}{1 \cdot 2 \cdot 3 \cdots (m+1)} d^{m+1}y+\cdots \\&amp;= \frac{\alpha ^{m}}{1 \cdot 2 \cdot 3 \cdots m} \left( d^my+\frac{\alpha }{m+1} d^{m+1}y+\cdots \right) , \end{aligned}$$]




[image: $$\begin{aligned} \varDelta z&amp;= \frac{\alpha ^{m}}{1 \cdot 2 \cdot 3 \cdots m} d^mz+\frac{\alpha ^{m+1}}{1 \cdot 2 \cdot 3 \cdots (m+1)} d^{m+1}z+\cdots \\&amp;= \frac{\alpha ^{m}}{1 \cdot 2 \cdot 3 \cdots m} \left( d^mz+\frac{\alpha }{m+1} d^{m+1}z+\cdots \right) . \end{aligned}$$]



We will deduce[image: $$\begin{aligned} \frac{\varDelta z}{\varDelta y}=\frac{d^mz+\frac{\alpha }{m+1} d^{m+1}z+\cdots }{d^my+\frac{\alpha }{m+1} d^{m+1}y+\cdots }; \end{aligned}$$]



then, by letting [image: $$\alpha $$] converge toward the limit zero,[image: $$\begin{aligned} \lim {\frac{\varDelta z}{\varDelta y}}=\frac{d^mz}{d^my}=\frac{z^{(m)}}{y^{(m)}}. \end{aligned}$$]



Therefore, the value that the given fraction [image: $$ \frac{z}{y} $$] or [image: $$ \frac{\varUpsilon (x)}{F(x)} $$] will receive, for [image: $$ x = a, $$] will be precisely equal to the corresponding value of the fraction[image: $$\begin{aligned} \frac{d^mz}{d^my} \ \ \ \ \ \ \ \ \text {or} \ \ \ \ \ \ \ \ \frac{\varUpsilon ^{(m)}(x)}{F^{(m)}(x)}. \end{aligned}$$]



Example. – [image: $$\varphi (x) \ $$] designating an entire function not divisible by [image: $$ x-a, $$] and F(x) another entire function divisible by [image: $$ (x-a)^m, $$] we will have, for [image: $$ x = a, $$][image: $$\begin{aligned} \frac{(x-a)^m\varphi (x)}{F(x)}&amp;=\frac{1 \cdot 2 \cdot 3 \cdots m \varphi (x)+2 \cdot 3 \cdots m m (x-a)\varphi ^{\prime }(x)+\cdots }{F^{(m)}(x)} \\\nonumber&amp;=\frac{1 \cdot 2 \cdot 3 \cdot m \varphi (a)}{F^{(m)}(a)}. \end{aligned}$$]

 (16)




Footnotes
1What has developed here so simply is a special case of a Maclaurin series, one in which the function is exactly represented by a finite polynomial.

 

2The known formula Cauchy is referring to is the binomial expansion for the case n a positive integer.

 

3This note turns out to be a fairly long aside. However, this tangent is a precursor to important work to follow. To provide motivation, recall Cauchy is writing this text in the early 1820s, a time period in which many mathematicians were still following Lagrange’s earlier work on the calculus. The Taylor series is central to Lagrange, as the derivative of the function f(x) in Lagrange’s calculus is defined as the coefficient of the linear term in the Taylor series expansion of that function. Hence, the Taylor series was certainly a prominent topic for most of Cauchy’s contemporaries. Throughout this 1823 text, Cauchy fully develops his analysis of the Taylor and Maclaurin series, ending the book with examples clearly demonstrating the failure of Lagrange’s theory. This current Note is part of this pivotal complete development.

 

4In Lecture Six, Cauchy develops a technique to deal with this indeterminate situation in some cases. Within that lecture he shows in the limit, the ratio [image: $$\frac{z}{y}$$] approaches the same value as the ratio [image: $$\frac{\varDelta z}{\varDelta y}, $$] or [image: $$\frac{dz}{dy}, $$] which has also been shown to equal [image: $$\frac{z^{\prime }}{y^{\prime }}$$] at the point of interest. However, in the present case, with [image: $$m&gt;1$$] as Cauchy has supposed, [image: $$z^{\prime }$$] and [image: $$y^{\prime }$$] are both still zero at [image: $$x=a, $$] and so, the technique fails as this second fraction is still an indeterminate form of [image: $$\frac{0}{0}.$$]

 

5The expressions here have been corrected. In both of Cauchy’s texts, y and z terms occur at the beginning of the right-hand side in each of these two equations, respectively, but they should not be present.
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Represent by [image: $$\varUpsilon (x)$$] and F(x) two entire functions of x,  the first of degree m, the second of degree n.1[image: $$\frac{\varUpsilon (x)}{F(x)}$$] will be what we call a rational fraction. Moreover, the equation[image: $$\begin{aligned} F(x)=0 \end{aligned}$$]

 (1)


will admit n real or imaginary roots, equal or unequal; and if, by first supposing them all unequal, we designate them by [image: $$ x_0, x_1, x_2, \dots , x_{n-1}, $$] we will necessarily have2
[image: $$\begin{aligned} F(x)=k(x-x_0)(x-x_1)(x-x_2)\cdots (x-x_{n-1}), \end{aligned}$$]

 (2)


k being the coefficient of [image: $$x^n$$] in [image: $$F(x). \ $$] This granted, let[image: $$\begin{aligned} \varphi (x)=k(x-x_1)(x-x_2)\cdots (x-x_{n-1}) \ \ \ \ \ \ \ \ \text {and} \ \ \ \ \ \ \ \ \frac{\varUpsilon (x_0)}{\varphi (x_0)}=A_0. \end{aligned}$$]

 (3)


Equation (2) will take the form[image: $$\begin{aligned} F(x)=(x-x_0)\varphi (x); \end{aligned}$$]

 (4)


and, since the difference[image: $$\begin{aligned} \frac{\varUpsilon (x)}{\varphi (x)}-A_0=\frac{\varUpsilon (x)-A_0 \varphi (x)}{\varphi (x)} \end{aligned}$$]



will vanish for [image: $$x=x_0, $$] it will be the same for the polynomial[image: $$\begin{aligned} \varUpsilon (x)-A_0 \varphi (x). \end{aligned}$$]



Therefore, this polynomial will be algebraically divisible by [image: $$x-x_0; $$] so that we will have[image: $$\begin{aligned} \varUpsilon (x)-A_0 \varphi (x)=(x-x_0)\chi (x) \end{aligned}$$]



or[image: $$\begin{aligned} \varUpsilon (x)=A_0 \varphi (x)+(x-x_0)\chi (x), \end{aligned}$$]

 (5)


[image: $$\chi (x)$$] representing a new entire function of the variable [image: $$x. \ $$] If we now divide the two members of equation (5) by F(x),  in having regard to formula (4), we will find[image: $$\begin{aligned} \left\{ \begin{array}{ll} \ \dfrac{\varUpsilon (x)}{F(x)}&amp;{}=\dfrac{A_0}{x-x_0}+\dfrac{\chi (x)}{\varphi (x)} \\[0pt] &amp;{}=\dfrac{A_0}{x-x_0}+\dfrac{\chi (x)}{k(x-x_1)(x-x_2)\cdots (x-x_{n-1})}. \end{array} \right. \end{aligned}$$]

 (6)


We can therefore extract from the rational fraction [image: $$\frac{\varUpsilon (x)}{F(x)}$$] a simple fraction of the form [image: $$\frac{A_0}{x-x_0}, $$] [image: $$A_0$$] designating a constant, in such a manner as to obtain for a remainder another rational fraction whose denominator is that which becomes the polynomial F(x) when we omit in this polynomial the linear factor [image: $$x-x_0.$$] Let us conceive that, as a result of similar operations, we successively extract from [image: $$\frac{\varUpsilon (x)}{F(x)}, $$] then from [image: $$\frac{\chi (x)}{\varphi (x)}, $$] [image: $$\dots , $$] a sequence of simple fractions of the form[image: $$\begin{aligned} \frac{A_0}{x-x_0}, \ \ \ \ \ \frac{A_1}{x-x_1}, \ \ \ \ \ \frac{A_2}{x-x_2}, \ \ \ \ \ \dots , \ \ \ \ \ \frac{A_{n-1}}{x-x_{n-1}}, \end{aligned}$$]



in a manner so as to eliminate, one after the other, in the denominator of the re-maining fraction, all the linear factors of the polynomial [image: $$F(x). \ $$] The last of all the remainders will be a rational fraction whose denominator will be found reduced to the constant k,  that is to say, an entire function of the variable [image: $$x. \ $$] In denoting by Q this entire function, we will have[image: $$\begin{aligned} \frac{\varUpsilon (x)}{F(x)}=Q+\frac{A_0}{x-x_0}+\frac{A_1}{x-x_1}+\frac{A_2}{x-x_2}+\cdots +\frac{A_{n-1}}{x-x_{n-1}}. \end{aligned}$$]

 (7)


Since this latter formula leads to the following[image: $$\begin{aligned} \left\{ \begin{array}{ll} \ \varUpsilon (x)=QF(x)&amp;{}+A_0\frac{F(x)}{x-x_0}+A_1\frac{F(x)}{x-x_1} \\[1pt] &amp;{}+A_2\frac{F(x)}{x-x_2}+\cdots +A_{n-1}\frac{F(x)}{x-x_{n-1}}, \end{array} \right. \end{aligned}$$]

 (8)


in which all the terms which follow the product QF(x) are entire functions of x of a degree less than n,3 it is clear that the letter Q represents the quotient of the algebraic division of [image: $$\varUpsilon (x)$$] by [image: $$F(x). \ $$] In addition, since all of these terms and that of the product QF(x),  with the exception of the first term, will be divisible by [image: $$x-x_0, $$] we will obviously have, for [image: $$x=x_0,$$]4
[image: $$\begin{aligned} \varUpsilon (x)=A_0\frac{F(x)}{x-x_0}=A_0\frac{dF(x)}{dx}=A_0 F^{\prime }(x). \end{aligned}$$]

 (9)


Therefore, to obtain the value of [image: $$A_0, $$] it will suffice to set [image: $$x=x_0$$] in the fraction [image: $$\frac{\varUpsilon (x)}{F^{\prime }(x)}.$$] By similarly generating the values of [image: $$ A_1, A_2, \dots , $$] we will find[image: $$\begin{aligned} A_0=\frac{\varUpsilon (x_0)}{F^{\prime }(x_0)}, \ \ \ \ \ A_1=\frac{\varUpsilon (x_1)}{F^{\prime }(x_1)}, \ \ \ \ \ A_2=\frac{\varUpsilon (x_2)}{F^{\prime }(x_2)}, \ \ \ \ \ \dots , \ \ \ \ \ A_{n-1}=\frac{\varUpsilon (x_{n-1})}{F^{\prime }(x_{n-1})}. \end{aligned}$$]

 (10)


On inspection of these values, we recognize they are independent of the mode of decomposition adopted.5 Add that the value of [image: $$A_0, $$] deduced from formula (9), can be equivalently presented in one or the other of the two forms, [image: $$\frac{\varUpsilon (x_0)}{F^{\prime }(x_0)} $$] and [image: $$ \frac{\varUpsilon (x_0)}{\varphi (x_0)}; $$] where it results that the first of the formulas in (10) is in accordance with the second of the equations in (3).
When the two roots, [image: $$x_0, x_1, $$] are imaginary and conjugates, or of the form [image: $$\alpha +\beta \sqrt{-1}, \ \alpha -\beta \sqrt{-1},$$] then, in designating by A and B two real quantities that work to satisfy the equation[image: $$\begin{aligned} A-B\sqrt{-1}=\frac{\varUpsilon (\alpha +\beta \sqrt{-1} )}{F^{\prime }(\alpha +\beta \sqrt{-1} )}, \end{aligned}$$]

 (11)


we find that the simple fractions corresponding to these roots are, respectively,[image: $$\begin{aligned} \frac{A-B\sqrt{-1}}{x-\alpha -\beta \sqrt{-1}}, \ \ \ \ \ \ \ \ \frac{A+B\sqrt{-1}}{x-\alpha +\beta \sqrt{-1}}. \end{aligned}$$]

 (12)


By adding these two fractions, we obtain the following[image: $$\begin{aligned} \frac{2A(x-\alpha )+2B\beta }{(x-\alpha )^2+\beta ^2}, \end{aligned}$$]

 (13)


which has for a numerator a real and linear function of x,  and for a denominator a second degree factor of the polynomial F(x).6

Examples. – Decompose the fractions [image: $$\frac{1}{x^2-1}, $$][image: $$\frac{x}{x^2-1}, $$][image: $$\frac{x^m}{x^n\pm 1}, $$][image: $$\frac{x^{n-1}}{x^n\pm 1}, $$][image: $$\dots . $$]
We move on to the case where equation (1) has equal roots. Then, if we denote by [image: $$ a, b, c, \dots $$] the various roots, by [image: $$ p, q, r, \dots $$] integer numbers, and by k a constant coefficient, the polynomial F(x) will be of the form[image: $$\begin{aligned} F(x)=k(x-a)^p(x-b)^q(x-c)^r\cdots . \end{aligned}$$]

 (14)


If, in this new hypothesis, we let for brevity,[image: $$\begin{aligned} \varphi (x)=k(x-b)^q(x-c)^r\cdots \quad \quad \text {and} \quad \quad \frac{\varUpsilon (a)}{\varphi (a)}=A, \end{aligned}$$]

 (15)


equation (14) will become[image: $$\begin{aligned} F(x)=(x-a)^p\varphi (x); \end{aligned}$$]

 (16)


and, since the two differences [image: $$\frac{\varUpsilon (x)}{\varphi (x)}-A, \varUpsilon (x)-A\varphi (x)$$] will vanish for [image: $$x=a, $$] we will necessarily have[image: $$\begin{aligned} \varUpsilon (x)=A\varphi (x)+(x-a)\chi (x), \end{aligned}$$]

 (17)


[image: $$\chi (x)$$] designating a new entire function of the variable [image: $$x. \ $$] This granted, we will derive from equations (14), (16), and (17)[image: $$\begin{aligned} \left\{ \begin{array}{ll} \ \dfrac{\varUpsilon (x)}{F(x)}&amp;{}=\dfrac{A}{(x-a)^p}+\dfrac{\chi (x)}{(x-a)^{p-1}\varphi (x)} \\ &amp;{}=\dfrac{A}{(x-a)^p}+\dfrac{\chi (x)}{k(x-a)^{p-1}(x-b)^q(x-c)^r\cdots }. \end{array} \right. \end{aligned}$$]

 (18)


Thus, by extracting from the rational fraction [image: $$\frac{\varUpsilon (x)}{F(x)}$$] a simple fraction of the form [image: $$\frac{A}{(x-a)^p}, $$] we obtain for a remainder another rational fraction whose denominator is that which becomes the polynomial F(x) when we omit in this polynomial one of the factors equal to [image: $$x-a. \ $$] Let us conceive that with the help of several similar decompositions we successively remove from the denominator of the remaining fraction: [image: $$1^{\circ }$$] all the factors equal to [image: $$x-a; $$] [image: $$2^{\circ }$$] all the factors equal to [image: $$x-b; $$] [image: $$3^{\circ }$$] all the factors equal to [image: $$x-c; $$] etc. The last of all the remainders will be a rational fraction of constant denominator, that is to say, an entire function of the variable [image: $$x. \ $$] So that, in denoting by Q this entire function, and by [image: $$ A, $$] [image: $$ A_1, $$] [image: $$ A_2, $$] [image: $$ \dots , $$] [image: $$ A_{p-1}, $$] B,  [image: $$ B_1, $$] [image: $$ B_2, $$] [image: $$ \dots , $$] [image: $$ B_{q-1}, $$] C,  [image: $$ C_1, $$] [image: $$ C_2, $$] [image: $$ \dots , $$] [image: $$ C_{r-1}, $$] [image: $$ \dots $$] the constant numerators of the various simple fractions, we will have[image: $$\begin{aligned} \left\{ \begin{array}{ll} \ \dfrac{\varUpsilon (x)}{F(x)}=Q&amp;{}+\dfrac{A}{(x-a)^p}+\dfrac{A_1}{(x-a)^{p-1}}+\cdots \\ &amp;{}+\dfrac{A_{p-1}}{x-a}+\dfrac{B}{(x-b)^q}+\cdots +\dfrac{C}{(x-c)^r} +\cdots . \end{array} \right. \end{aligned}$$]

 (19)


To prove: [image: $$1^{\circ }$$] that the polynomial Q is the quotient of the algebraic division of [image: $$\varUpsilon (x)$$] by [image: $$F(x); $$] [image: $$2^{\circ }$$] that the values of the constants [image: $$ A, $$] [image: $$A_1, $$] [image: $$\dots , $$] [image: $$A_{p-1}, $$] B,  [image: $$\dots $$] are independent of the mode of decomposition adopted, it will suffice to observe that formula (19) leads to the following[image: $$\begin{aligned} \left\{ \begin{array}{ll} \ \varUpsilon (x)=QF(x)&amp;{}+A\dfrac{F(x)}{(x-a)^p}+A_1\dfrac{F(x)}{(x-a)^{p-1}}+\cdots \\ &amp;{}+A_{p-1}\dfrac{F(x)}{x-a}+B\dfrac{F(x)}{(x-b)^q} +\cdots , \end{array} \right. \end{aligned}$$]

 (20)


in which all the terms which follow the product QF(x) are entire functions of x of a degree less than that of the function [image: $$F(x); $$] and moreover, that, if in formula (20) we set [image: $$x=a+z, $$] the comparison of the constant terms and of the coefficients which will affect the similar powers of z in the two expanded members, according to the ascending powers of this variable (see the nineteenth lecture), will generate the equations[image: $$\begin{aligned} \left\{ \begin{array}{ll} \ \varUpsilon (a)&amp;{}=A\dfrac{F^{(p)}(a)}{1\cdot 2\cdot 3\cdots p}, \\ \ \varUpsilon ^{\prime }(a)&amp;{}=A\dfrac{F^{(p+1)}(a)}{1\cdot 2\cdot 3\cdots (p+1)}+A_1\dfrac{F^{(p)}(a)}{1\cdot 2\cdot 3\cdots p}, \\ \ \varUpsilon ^{\prime \prime }(a)&amp;{}=\cdots , \end{array} \right. \end{aligned}$$]

 (21)


from which we will deduce for the constants [image: $$ A, A_1, A_2, \dots , $$] a single system of val-ues, namely,[image: $$\begin{aligned} \left\{ \begin{array}{ll} \ A&amp;{}=\dfrac{1\cdot 2\cdot 3\cdots p \varUpsilon (a)}{F^{(p)}(a)}, \\ \ A_1&amp;{}=\dfrac{1\cdot 2\cdot 3\cdots (p+1) \varUpsilon ^{\prime }(a)-AF^{(p+1)}(a)}{(p+1)F^{(p)}(a)}, \end{array} \right. \end{aligned}$$]

 (22)


etc. We would obtain by the same manner, the values of [image: $$ B, $$] [image: $$ B_1, $$] [image: $$B_2, $$] [image: $$\dots , $$] C,  [image: $$C_1, $$] [image: $$C_2, $$] [image: $$\dots . \ $$] It is essential to observe that the first of the formulas in (22) gives for the constant A a value equal to that which the fraction[image: $$\begin{aligned} \frac{(x-a)^p\varUpsilon (x)}{F(x)}=\frac{\varUpsilon (x)}{\varphi (x)} \end{aligned}$$]



receives, when we assume [image: $$x=a, $$] and by consequence, is equal to [image: $$\frac{\varUpsilon (a)}{\varphi (a)}. \ $$] (See, for more details, Algebraic Analysis, Chapter XI.)7

Footnotes
1Cauchy is assuming [image: $$m&lt;n$$] here.

 

2The Fundamental Theorem of Algebra. Cauchy has developed this in his earlier 1821 Cours d’analyse Chapter X, §I, Theorem II.

 

3Recall F(x) is degree n.

 

4Cauchy must mean a limit here, where he again appears to be using the l’Hôpital’s Rule type maneuver he has employed earlier. Taking a limit as x tends to [image: $$x_0$$] in his equation (8) yields [image: $$\varUpsilon (x_0) = \lim _{x \rightarrow x_0}{\left( A_0\frac{F(x)}{x-x_0}\right) },$$] as all the other terms vanish. He is arguing the limit of [image: $$A_0\frac{F(x)}{x-x_0}$$] is [image: $$A_0 F^{\prime }(x).$$]

 

5This technique for finding the coefficients in a partial fraction decomposition is inventive and very cool. Cauchy’s method is far more interesting than the standard process of solving a system of equations.

 

6The modern irreducible quadratic factor.

 

7Chapter XI of Cauchy’s Cours d’analyse devotes itself to the decomposition of rational fractions.
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Suppose that, the function [image: $$ y=f(x), $$] being continuous1 with respect to the variable x between two finite limits [image: $$ x=x_0, $$] [image: $$x=X, $$] we denote by [image: $$ x_1, x_2, \dots , x_{n-1} $$] new values of x interposed between these limits, which always go on increasing or decreasing from the first limit up to the second.2 We can use these values to divide the difference [image: $$ X-x_0 $$] into elements
[image: $$\begin{aligned} x_1-x_0, \ \ x_2-x_1, \ \ x_3-x_2, \ \ \dots , \ \ X-x_{n-1}, \end{aligned}$$]

 (1)


which will all be of the same sign. This granted, consider that we multiply each element by the value of f(x) corresponding to the origin of this same element, namely, the element [image: $$ x_1-x_0 $$] by [image: $$ f(x_0),$$]3 the element [image: $$ x_2-x_1 $$] by [image: $$ f(x_1), \dots , $$] finally, the element [image: $$ X-x_{n-1} $$] by [image: $$ f(x_{n-1}); $$] and, let[image: $$\begin{aligned} S=(x_1-x_0)f(x_0) + (x_2-x_1)f(x_1) + \cdots + (X-x_{n-1})f(x_{n-1}) \end{aligned}$$]

 (2)


be the sum of the products thus obtained. The quantity S will obviously depend upon: [image: $$ 1^{\circ } $$] the number of elements n into which we will have divided the difference [image: $$ X-x_0; $$] [image: $$ 2^{\circ } $$] the values of these same elements, and by consequence, on the mode of division4 adopted. Now, it is important to remark that, if the numerical values of the elements become very small and the number n very considerable, the mode of division will no longer have a perceptible influence on the value of [image: $$S. \ $$] It is this, actually, that we can demonstrate as follows.
If we were to suppose all the elements of the difference [image: $$ X-x_0 $$] reduce to a single one, which would be this difference itself, we would simply have[image: $$\begin{aligned} S=(X-x_0)f(x_0). \end{aligned}$$]

 (3)


When, on the other hand, we take the expressions in (1) for elements of the difference [image: $$ X-x_0, $$] the value of S,  determined in this case by equation (2), is equal to the sum of the elements multiplied by an average5 between the coefficients[image: $$\begin{aligned} f(x_0), \ \ f(x_1), \ \ f(x_2), \ \ \dots , \ \ f(x_{n-1}) \end{aligned}$$]



[image: $$\big ($$]see, in the Preliminaries of Analysis Course, the Corollary of Theorem III[image: $$\big )$$]6 In addition, these coefficients being particular values of the expression[image: $$\begin{aligned} f\big [x_0+\theta (X-x_0)\big ] \end{aligned}$$]



which correspond to the values of [image: $$\theta $$] contained between zero and unity, we will prove, by arguments similar to those that we have made use of in the seventh lecture, that the average in question is another value of the same expression, corresponding to a value of [image: $$\theta $$] contained between the same limits. We can, therefore, in equation (2) substitute the following7
[image: $$\begin{aligned} S=(X-x_0)f\big [x_0+\theta (X-x_0)\big ], \end{aligned}$$]

 (4)


in which [image: $$\theta $$] will be a number less than unity.
To pass from the mode of division that we have just considered, to another in which the numerical values of the elements of [image: $$ X-x_0 $$] are even smaller, it will suffice to partition each of the expressions in (1) into new elements.8 Then, we should replace, in the second member of equation (2), the product [image: $$ (x_1-x_0)f(x_0) $$] by a sum of similar products, for which we can substitute an expression of the form[image: $$\begin{aligned} (x_1-x_0)f\big [x_0+\theta _0(x_1-x_0)\big ], \end{aligned}$$]



[image: $$\theta _0$$] being a number less than unity. We expect there will be a similar relationship between this sum and the product [image: $$ (x_1-x_0)f(x_0), $$] such as that which exists between the values of S supplied by equations (4) and (3). By the same reasoning, we should substitute for the product [image: $$ (x_2-x_1)f(x_1), $$] a sum of terms which can be presented under the form[image: $$\begin{aligned} (x_2-x_1)f\big [x_1+\theta _1(x_2-x_1)\big ], \end{aligned}$$]



[image: $$\theta _1$$] again denoting a number less than unity. By continuing in this manner, we will finally deduce that, in the new mode of division, the value of S will be of the form[image: $$\begin{aligned} \left\{ \begin{aligned}&amp;S= (x_1-x_0)f\big [x_0+\theta _0(x_1-x_0)\big ] \\&amp;\quad \quad \quad +(x_2-x_1)f\big [x_1+\theta _1(x_2-x_1)\big ]+ \cdots \\&amp;\quad \quad \quad +(X-x_{n-1})f\big [x_{n-1}+\theta _{n-1}(X-x_{n-1})\big ]. \end{aligned} \right. \end{aligned}$$]

 (5)


If, in this last equation, we let[image: $$\begin{aligned}&amp;f\big [x_0+\theta _0(x_1-x_0)\big ]=f(x_0) \pm \varepsilon _0, \\&amp;f\big [x_1+\theta _1(x_2-x_1)\big ]=f(x_1) \pm \varepsilon _1, \\&amp;\dots \dots \dots \dots \dots \dots \dots \dots \dots \dots , \\&amp;f\big [x_{n-1}+\theta _{n-1}(X-x_{n-1})\big ]=f(x_{n-1}) \pm \varepsilon _{n-1}, \end{aligned}$$]



we will derive[image: $$\begin{aligned} \left\{ \begin{aligned} \ S= (x_1-x_0)\big [f(x_0) \pm \varepsilon _0\big ]&amp;+ (x_2-x_1)\big [f(x_1) \pm \varepsilon _1\big ]+\cdots \\&amp;+(X-x_{n-1})\big [f(x_{n-1})\pm \varepsilon _{n-1}\big ]; \end{aligned} \right. \end{aligned}$$]

 (6)


then, by expanding the products,[image: $$\begin{aligned} \left\{ \begin{aligned} \ S= (x_1-x_0)&amp;f(x_0) + (x_2-x_1)f(x_1) +\dots + (X-x_{n-1})f(x_{n-1}) \\&amp;\pm \varepsilon _0 (x_1-x_0) \pm \varepsilon _1 (x_2-x_1) \pm \dots \pm \varepsilon _{n-1} (X-x_{n-1}). \end{aligned} \right. \end{aligned}$$]

 (7)


Add that, if the elements [image: $$ x_1-x_0, x_2-x_1, $$] [image: $$ \dots , X-x_{n-1} $$] have very small numerical values, each of the quantities [image: $$ \pm \varepsilon _0, \pm \varepsilon _1, $$] [image: $$ \dots , \pm \varepsilon _{n-1} $$] will differ very little from zero;9 and as a result, it will be the same for the sum[image: $$\begin{aligned} \pm \varepsilon _0 (x_1-x_0) \pm \varepsilon _1 (x_2-x_1) \pm \dots \pm \varepsilon _{n-1} (X-x_{n-1}), \end{aligned}$$]



which is equivalent to the product of [image: $$ X-x_0 $$] by an average between these various quantities. This granted, it follows from equations (2) and (7), when compared to each other, that we will not significantly alter the calculated value of S for a mode of division in which the elements of the difference [image: $$ X-x_0 $$] have very small numerical values, if we pass to a second mode in which each of these elements are found subdivided into several others.
Let us now conceive that we consider both modes of division of the difference [image: $$ X-x_0, $$] in each of which the elements of this difference have very small numerical values. We can compare these two modes to a third, chosen so that each element, whether from the first or from the second mode, is found formed by the union of the various elements from the third. For this condition to be fulfilled, it will suffice that all the values of x interposed in the first two modes between the limits [image: $$ x_0, X $$] are employed in the third, and we will prove that we alter the value of S very little by passing from the first or from the second mode to the third, and by consequence, in passing from the first to the second. Therefore, when the elements of the difference [image: $$ X-x_0 $$] become infinitely small, the mode of division will no longer have a perceptible influence on the value of S;10 and, if we decrease indefinitely the numerical values of these elements, by increasing their number, the value of S will eventually be substantially constant, or in other words, it will finally attain a certain limit which will depend uniquely on the form of the function f(x),  and the extreme values [image: $$ x_0,$$] X attributed to the variable [image: $$x. \ $$] This limit11 is what we call a definite integral.12

Now observe that, if we denote by [image: $$ \Delta x=h=dx $$] a finite increment attributed to the variable x,  the different terms which compose the value S,  such that the products[image: $$\begin{aligned} (x_1-x_0)f(x_0), \ \ \ (x_2-x_1)f(x_1), \ \ \ \dots \end{aligned}$$]



will all be included in the general formula[image: $$\begin{aligned} h f(x)=f(x) dx, \end{aligned}$$]

 (8)


from which we will deduce, one after the other, by first setting [image: $$x=x_0 $$] and [image: $$ h=x_1-x_0,$$] then [image: $$x=x_1 $$] and [image: $$ h=x_2-x_1, $$] etc. We can, therefore, state that the quantity S is a sum of products similar to expression (8), which we sometimes express with the help of the character [image: $$\sum , $$] by writing[image: $$\begin{aligned} S=\sum {h f(x)}=\sum {f(x) \Delta x}. \end{aligned}$$]

 (9)


As to the definite integral that converges toward the quantity S,  while the elements of the difference [image: $$ X-x_0 $$] become infinitely small, we agree to represent this by the notation [image: $$ \int {h f(x)} $$] or [image: $$ \int {f(x) dx}, $$] in which the letter [image: $$\int , $$] substituted for the letter [image: $$\sum , $$] no longer indicates a sum of products similar to expression (8), but the limit of a sum of this type.13 In addition, as the value of the definite integral that we consider depends on the extreme values [image: $$ x_0,$$] X attributed to the variable x,  we agree to place these two values, the first below, the second above the letter [image: $$\int , $$] or to write to the side of the integral, that we designate as a consequence, by one of the notations [image: $$\begin{aligned} \int _{x_0}^X{f(x) dx}, \ \ \ \ \ \ \ \ \int {f(x) dx} \left[ \begin{array}{c} x_0 \\ X \end{array} \right] , \ \ \ \ \ \ \ \ \int {f(x) dx} \left[ \begin{array}{c} x=x_0 \\ x=X \end{array} \right] . \end{aligned}$$]

 (10)


The first of these notations, devised by Mr. Fourier, is the simplest. In the particular case where the function f(x) is replaced by a constant quantity, [image: $$ a, $$] we find, whatever the mode of division of the difference [image: $$ X-x_0, $$][image: $$\begin{aligned} S=a(X-x_0), \end{aligned}$$]



and we conclude[image: $$\begin{aligned} \int _{x_0}^X{a dx}=a(X-x_0). \end{aligned}$$]

 (11)


If, in this last formula, we set [image: $$ a=1,$$] we will derive[image: $$\begin{aligned} \int _{x_0}^X{dx}=X-x_0. \end{aligned}$$]

 (12)




Footnotes
1Within this lecture, Cauchy will define his definite integral in a manner very similar to the more modern definition of Georg Friedrich Bernhard Riemann (1826–1866) later in the 19th century. Riemann will build upon Cauchy’s early work on the definite integral and will remove the restric tion Cauchy imposes here for f(x) to be continuous.

 

2Notice Cauchy specifically does not state f(x) is the derivative of some other function. He makes a point of distancing himself from differentiation in this entire lecture to show the integral is independent of the derivative.

 

3The 1899 edition has f(x).

 

4Today’s partition, i.e. [image: $$ \{ x_0, x_1, x_2, \dots , x_{n-1}, X \}.$$]

 

5Recall Cauchy’s definition of an average from his Cours d’analyse Note II, “We call an average among several given quantities a new quantity contained between the smallest and the largest of those that we consider.” Cauchy’s definition allows for an infinite number of averages for the same set of values.

 

6Cauchy duplicates this theorem with a complete proof at the end of his Cours d’analyse in Note II as Theorem XII. Theorem XII is one of his interesting average theorems and has been included in its entirety in this book as part of Appendix B. He is using the Corollary III result of this theorem with [image: $$\alpha _i = \Delta x_i$$], [image: $$a_i=f(x_i),$$] and [image: $$b_i=1$$] here.

 

7To justify this result, Cauchy needs to use the Intermediate Value Theorem. It is for this reason he requires the continuity of f(x).

 

8Cauchy takes care in noting that the partition is becoming finer and finer in the sense that every subinterval becomes successively smaller, not just that more subintervals are being

                  
                 created.

 

9It is here where Cauchy makes what some regard as a slight mistake, or at least is not clear in his description. He claims if the elements [image: $$ x_1-x_0, x_2-x_1, \dots , X-x_{n-1} $$] are all sufficiently small, then each of the [image: $$\varepsilon _j$$]’s are very close to zero. In the limit of increasing n,  this argument technically requires f(x) to be uniformly continuous, and not just continuous (in the modern sense), as there is no guarantee all of the [image: $$\varepsilon _j$$]’s can be made small for a given [image: $$n. \ $$] Cauchy’s own view of continuity from Lecture Two seems to fall somewhere between the two modern versions of simple and uniform continuity, and so, this aspect of his argument is not entirely clear. Some argue his claims are fine, and indeed are consistent with his earlier definitions; others argue his claims are not justified. The debate goes on.

 

10It is unlikely that at the time Cauchy wrote this lecture he had worked out all the details of this analysis, especially given his possible misconceptions surrounding the concepts of uniform continuity and completeness, but one can tell he had the right idea in mind about the proof that would eventually develop over time. We know today the type of sequence he is constructing here is called a Cauchy sequence (informally, we can say sequences which have the property in which its terms become arbitrarily close together if one looks out far enough in the sequence are Cauchy sequences) and that this type of sequence always converges to some value, which is precisely what Cauchy has claimed here.

 

11Cauchy makes it very clear he is not defining the definite integral to be a sum. Instead, he is defining the definite integral to be the limit of a sequence of sums.

 

12Most of the advancements in calculus throughout the 18th century by pioneers such as Jakob Bernoulli (1654–1705), Johann Bernoulli (Jakob’s younger brother and lifelong rival), the prolific Leonhard Euler, and many, many others, were mainly limited to differential calculus due to the mistaken belief integration was merely the inverse operation of differentiation, and so, did not warrant any special consideration. By the year 1800, integration had certainly settled into a secondary position of relevance behind differentiation. However, in the early 1800s, Joseph Fourier (1768–1830) changed the integral landscape forever. His representation of an arbitrary function required the calculation of coefficients defined as definite integrals,[image: $$\begin{aligned} a_n=\frac{1}{\pi }\int _{-\pi }^{\pi }{f(x)\cos {(n x)} dx} \ \ \ \ \ \ \ \ \text {and} \ \ \ \ \ \ \ \ b_n=\frac{1}{\pi }\int _{-\pi }^{\pi }{f(x)\sin {(n x)} dx}, \end{aligned}$$]



to construct his now famous Fourier series,[image: $$\begin{aligned} f(x)=\frac{a_0}{2}+\sum ^{\infty }_{n=1}{\big (a_n\cos {(n x)}+b_n\sin {(n x)} \big )}. \end{aligned}$$]



An integral theory independent of differential calculus was clearly needed. Cauchy is one of the first mathematicians to take on this challenge and seriously consider the question of the existence of the definite integral. Here, he has demonstrated the definite integral does exist without ever invoking the concept of the derivative. Cauchy has shown the definite integral is important on its own, and his proof in this lecture is one of the highlights of his 1823 text.

 

13Leibniz,
                  
                
 in the late 1600s, had defined the integral as the sum of infinitely many infinitesimal summands (the sum itself). This is why he chose the symbol of a large S to denote his sum. His large S gradually evolved into the [image: $$\int $$] symbol for integration we use today.
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After what has been said in the last lecture, if we divide [image: $$ X-x_0 $$] into infinitely small elements [image: $$ x_1-x_0, x_2-x_1, \dots , X-x_{n-1}, $$] the sum1
[image: $$\begin{aligned} S=(x_1-x_0)f(x_0)+(x_2-x_1)f(x_1)+\cdots +(X-x_{n-1})f(x_{n-1}) \end{aligned}$$]

 (1)


will converge toward a limit represented by the definite integral[image: $$\begin{aligned} \int _{x_0}^{X}{f(x) dx}. \end{aligned}$$]

 (2)


From principles upon which we have founded this proposition, it follows that we would again reach the same limit, if the value of S,  instead of being determined by equation (1), were deduced from formulas similar to equations (5) and (6) (twenty-first lecture), that is to say, if we would assume[image: $$\begin{aligned} \left\{ \begin{aligned} \ S \,{=}\, (x_1-x_0)f\big [x_0+\theta _0(x_1-x_0)\big ]&amp;+(x_2-x_1)f\big [x_1+\theta _1(x_2-x_1)\big ] \,{+}\,\cdots \\[3pt]&amp;\,{+}\,(X-x_{n-1})f\big [x_{n-1}\,{+}\,\theta _{n-1}(X-x_{n-1})\big ], \end{aligned} \right. \end{aligned}$$]

 (3)


[image: $$\theta _0, \theta _1, \dots , \theta _{n-1} $$] designating some numbers less than unity, or just as well,[image: $$\begin{aligned} \left\{ \begin{aligned} \ S=(x_1-x_0)\big [f(x_0) \pm \varepsilon _0\big ]&amp;+ (x_2-x_1)\big [f(x_1) \pm \varepsilon _1\big ]+\cdots \\[3pt]&amp;+(X-x_{n-1})\big [f(x_{n-1}) \pm \varepsilon _{n-1}\big ], \end{aligned} \right. \end{aligned}$$]

 (4)


[image: $$\varepsilon _0, \varepsilon _1, \dots , \varepsilon _{n-1} $$] designating numbers subject to vanish along with the elements of the difference [image: $$ X-x_0. \ $$] The first of the two preceding formulas is reduced to equation (1) when we take[image: $$\begin{aligned} \theta _0=\theta _1=\cdots =\theta _{n-1}=0. \end{aligned}$$]



If we make, on the other hand,2
[image: $$\begin{aligned} \theta _0=\theta _1=\cdots =\theta _{n-1}=1, \end{aligned}$$]



we will find[image: $$\begin{aligned} S=(x_1-x_0)f(x_1)+(x_2-x_1)f(x_2)+\cdots +(X-x_{n-1})f(X). \end{aligned}$$]

 (5)


When, in this last formula, we exchange between them the two quantities [image: $$ x_0, X $$] in such a way that all the terms are placed at equal distances from the two extremes in the sequence [image: $$ x_0, x_1, $$] [image: $$ \dots , x_{n-1}, X, $$] we obtain a new value for S equal, but of opposite sign, to that generated by equation (1). The limit toward which this new value of S must converge will therefore be equal, but of opposite sign, to the integral (2), from which we will deduce by the mutual exchange of the two quantities [image: $$ x_0, X. \ $$] We will generally have, therefore,[image: $$\begin{aligned} \int _{X}^{x_0}{f(x) dx}=-\int _{x_0}^{X}{f(x) dx}. \end{aligned}$$]

 (6)


We frequently employ formulas (1) and (5) in the study of the approximate values of definite integrals. For simplicity, we usually assume that the quantities [image: $$ x_0, x_1, \dots , x_{n-1}, X $$] included in these formulas are in an arithmetic progression. Then, the elements of the difference [image: $$ X-x_0 $$] all become equal to the fraction [image: $$\frac{X-x_0}{n};$$] and, in denoting this fraction by i,  we find that equations (1) and (5) are reduced to the following two[image: $$\begin{aligned} S=i\big [f(x_0)+f(x_0+i)+f(x_0+2i)+\cdots +f(X-2i)+f(X-i)\big ], \end{aligned}$$]

 (7)



[image: $$\begin{aligned} S=i\big [f(x_0+i)+f(x_0+2i)+\cdots +f(X-2i)+f(X-i)+f(X)\big ]. \end{aligned}$$]

 (8)


We could also suppose that the quantities [image: $$ x_0, x_1, \dots , x_{n-1}, X $$] form a geometric pro-gression whose ratio differs very little from unity. By adopting this hypothesis, and letting[image: $$\begin{aligned} \left( \frac{X}{x_0}\right) ^{\frac{1}{n}}=1+\alpha , \end{aligned}$$]



we will derive two new values of S from formulas (1) and (5), the first of which will be[image: $$\begin{aligned} S=\alpha \left\{ x_0f(x_0)+x_0(1+\alpha )f\big [x_0(1+\alpha )\big ]+\cdots +\frac{X}{1+\alpha }f\left( \frac{X}{1+\alpha }\right) \right\} . \end{aligned}$$]

 (9)


It is essential to observe that, in several cases, we can deduce from equations (7) and (9) not only the approximate values of the integral (2), but also its exact value, or [image: $$ \lim {S}.$$] We will find, for example,3
[image: $$\begin{aligned} \int _{x_0}^{X}{x dx}=\lim {\frac{(X-x_0)(X+x_0-i)}{2}} =\lim {\frac{X^2-x^2_0}{2+\alpha }} =\frac{X^2-x^2_0}{2}, \end{aligned}$$]

 (10)



[image: $$\begin{aligned} \int _{x_0}^{X}{A^x dx}= \lim {\frac{i(A^X-A^{x_0})}{A^i-1}} =\frac{A^X-A^{x_0}}{{\varvec{l}}A}, \ \ \ \ \ \ \ \ \int _{x_0}^{X}{e^x dx}= e^X-e^{x_0}, \end{aligned}$$]

 (11)



[image: $$\begin{aligned} \left\{ \begin{aligned} \ \int _{x_0}^{X}{x^a dx}&amp;= \lim {\frac{\alpha (X^{a+1}-x_0^{a+1})}{(1+\alpha )^{a+1}-1}}=\frac{X^{a+1}-x_0^{a+1}}{a+1}, \\[5pt] \int _{x_0}^{X}{ \frac{ dx}{x}}&amp;= \lim {n\alpha }={\varvec{l}}\Big (\frac{X}{x_0}\Big ), \end{aligned} \right. \end{aligned}$$]

 (12)


the last equation above being restricted to the case where the quantities [image: $$ x_0, X $$] have the same sign. Add that, it is often easy to reduce the determination of a definite integral to that of another integral of the same type. In this way, for example, we will derive from formula (1)[image: $$\begin{aligned} \left\{ \begin{aligned} \ \int _{x_0}^{X}{a\varphi (x) dx}&amp;= \lim {a\big [(x_1-x_0)\varphi (x_0)+\cdots +(X-x_{n-1})\varphi (x_{n-1})\big ]} \\[1pt]&amp;= a\int _{x_0}^X{\varphi (x) dx}, \end{aligned} \right. \end{aligned}$$]

 (13)



[image: $$\begin{aligned} \left\{ \! \begin{aligned} \int _{x_0}^{X}{f(x\,{+}\, a) dx}&amp;\,{=}\, \lim {}\big [(x_1{-}x_0)f(x_0+a){+}\cdots + (X{-}x_{n-1})f(x_{n-1}{+}a)\big ] \\[1pt]&amp;{=} \int _{x_0+a}^{X+a}{f(x) dx},\end{aligned} \right. \end{aligned}$$]

 (14)



[image: $$\begin{aligned} \int _{x_0}^{X}{f(x-a) dx}{=}\int _{x_0-a}^{X-a}{f(x) dx}, \ \ \ \ \int _{x_0}^{X}{\frac{dx}{x-a}}{=}\int _{x_0-a}^{X-a}{\frac{dx}{x}}\,{=}\,{\varvec{l}}\Big (\frac{X-a}{x_0-a}\Big ), \end{aligned}$$]

 (15)


the last equation above being restricted to the case where [image: $$ x_0-a $$] and [image: $$ X-a $$] are quantities affected by the same sign. Moreover, we will derive from formula (8), by setting [image: $$ x_0=0, $$] and replacing f(x) by [image: $$ f(X-x), $$][image: $$\begin{aligned} \left\{ \! \begin{aligned} \int _{0}^{X}\!{f(X{-}x) dx}&amp;\,{=}\, \lim {}i\big [\!f(X-i){+}f(X-2i){+}{\cdots } + f(2i){+}f(i)+f(0)\!\big ] \\&amp;= \int _{0}^{X}{f(x) dx}; \end{aligned} \right. \end{aligned}$$]

 (16)


then, we will deduce, by having regard to equation (14),[image: $$\begin{aligned} \int _{0}^{X-x_0}{f(X-x) dx} = \int _{0}^{X-x_0}{f(x+x_0) dx} = \int _{x_0}^{X}{f(x) dx}. \end{aligned}$$]

 (17)


Finally, if in formula (9) we set[image: $$\begin{aligned} f(x)=\frac{1}{x \, {\varvec{l}}x} \ \ \ \ \ \ \ \ \text {and} \ \ \ \ \ \ \ \ {\varvec{l}}(1+\alpha )=\beta , \end{aligned}$$]



we will derive[image: $$\begin{aligned} \left\{ \begin{aligned} \ \int _{x_0}^{X}{\frac{dx}{x {\varvec{l}}x}}&amp;= \lim {\beta \left( \frac{1}{{\varvec{l}}x_0}+\frac{1}{{\varvec{l}}x_0+\beta }+\cdots +\frac{1}{{\varvec{l}}X-\beta }\right) \frac{e^{\beta }-1}{\beta }} \\[3pt]&amp;=\int _{{\varvec{l}}x_0}^{{\varvec{l}}X}{\frac{dx}{x}}={\varvec{l}}\bigg (\frac{{\varvec{l}}X}{{\varvec{l}}x_0}\bigg ), \end{aligned} \right. \end{aligned}$$]

 (18)


the quantities [image: $$ x_0, X $$] above being positive, and both greater than or both less than unity.
An important remark to make is that the forms under which the value of S is presented in equations (4) and (5) of the preceding lecture apply equally to the integral (2). In fact, these equations remaining valid, one and the other, while we subdivide the difference [image: $$ X-x_0 $$] or the quantities [image: $$ x_1-x_0, x_2-x_1, $$] [image: $$ \dots , X-x_{n-1} $$] into infinitely small elements, will again be true in the limit, such that we will have4
[image: $$\begin{aligned} \int _{x_0}^{X}{f(x) dx} =(X-x_0)f\big [x_0+\theta (X-x_0)\big ] \end{aligned}$$]

 (19)


and[image: $$\begin{aligned} \left\{ \begin{aligned} \ \int _{x_0}^{X}{f(x) dx}&amp;= (x_1-x_0)f\big [x_0+\theta _0(x_1-x_0)\big ] \\[0pt]&amp;\quad + (x_2-x_1)f\big [x_1+\theta _1(x_2-x_1)\big ]+\cdots \\[3pt]&amp;\quad + (X-x_{n-1})f\big [x_{n-1}+\theta _{n-1}(X-x_{n-1})\big ], \end{aligned} \right. \end{aligned}$$]

 (20)


[image: $$\theta , \theta _0, \theta _1, \dots , \theta _{n-1} $$] designating unknown numbers, but all less than unity. If, for simplicity, we assume the quantities [image: $$ x_1-x_0, x_2-x_1, \dots , X-x_{n-1} $$] are equal to each other, then by letting [image: $$ i=\frac{X-x_0}{n}, $$] we will find[image: $$\begin{aligned} \int _{x_0}^{X}{f(x) dx} =i\big [f(x_0{+}\theta _0i){+} f(x_0+i{+}\theta _1i)+\cdots {+} f(X-i+\theta _{n-1}i)\big ].\end{aligned}$$]

 (21)


When the function f(x) is always increasing or always decreasing from [image: $$ x=x_0 $$] up to [image: $$ x=X, $$] the second member of formula (21) obviously remains contained between the two values of S generated by equations (7) and (8), values whose difference is [image: $$ \pm i\big [f(X)-f(x_0)\big ]. \ $$] By consequence, in this hypothesis, by taking the half-sum of these two values, or the expression
[image: $$\begin{aligned} i\Big [\tfrac{1}{2}f(x_0)&amp;{+} f(x_0+i){+}f(x_0+2i){+}{\cdots }{+}\, f(X-2i){+}f(X-i){+}\tfrac{1}{2}f(X)\Big ],\end{aligned}$$]

 (22)


for the approximate value of the integral (21), we commit an error much smaller than the half difference [image: $$ \pm i\left[ \frac{1}{2}f(X)-\frac{1}{2}f(x_0)\right] . \ $$]
Example. – If we suppose[image: $$\begin{aligned} f(x)=\frac{1}{1+x^2}, \ \ \ \ \ \ \ \ x_0=0, \ \ \ \ \ \ \ \ X=1, \ \ \ \ \ \ \ \ i=\tfrac{1}{4}, \end{aligned}$$]



expression (22) will become [image: $$\tfrac{1}{4}\left( \tfrac{1}{2}+\tfrac{16}{17}+\tfrac{4}{5}+\tfrac{16}{25}+\tfrac{1}{4}\right) =0.78\dots . \ $$] By consequence, [image: $$0.78 $$] is the approximate value of the integral [image: $$ \int _0^1{\frac{dx}{1+x^2}}. $$] The error committed in this case cannot exceed [image: $$ \frac{1}{4}\big (\frac{1}{2}-\frac{1}{4}\big )=\frac{1}{16}. \ $$] It will actually be below that of one-hundredth,5 as we will see later.
When the function f(x) is sometimes increasing and sometimes decreasing be-tween the limits [image: $$ x=x_0, x=X, $$] the error that we commit by taking one of the values of S generated by equations (7) and (8) for the approximate value of the integral (2) is obviously less than the product of [image: $$ ni=X-x_0 $$] by the largest numerical value that can be obtained by the difference[image: $$\begin{aligned} f(x+\Delta x)-f(x)=\Delta x f^{\prime }(x+\theta \Delta x), \end{aligned}$$]

 (23)


when we suppose x contained between the limits [image: $$ x_0, X,$$] and [image: $$ \Delta x $$] between the limits [image: $$ 0, i. \ $$] Therefore, if we call k the greatest numerical value that [image: $$ f^{\prime }(x)$$]6 receives, while x varies from [image: $$ x=x_0 $$] up to [image: $$ x=X, $$] the error committed will certainly be included between the limits
[image: $$\begin{aligned} -ki(X-x_0), \ \ \ \ \ \ \ \ +ki(X-x_0). \end{aligned}$$]





Footnotes
1Cauchy’s 1823 and 1899 editions both read,[image: $$\begin{aligned} S=(x_1-x_0)f(x_0)+(x_1-x_2)f(x_1)+\cdots +(X-x_{n-1})f(x_{n-1}),\qquad {(1)} \end{aligned}$$]



a clear misprint which has been corrected here.

 

2Cauchy is clearly allowing [image: $$\theta =0$$] and [image: $$\theta =1 $$] in this instance—describing the closed interval [0, 1]. His wording usually leaves us in doubt as to whether he is describing an open or closed interval, as he generally uses imprecise language throughout the text to convey his intent. Phrases such as “contained between the limits ...,” “less than ...,” “included between the limits ...,” or simply “between the limits ...,” are used in nearly every part of Calcul infinitésimal—including some of his important theorems. As an example of his inexplicit language, in Lecture Four Cauchy writes, “...contained between the limits [image: $$ -\pi /2, +\pi /2,$$]” to seemingly describe the domain of both the sine function [image: $$\big ($$]whose domain is actually [image: $$\big [-\pi /2, +\pi /2\big ]\big )$$] and the tangent function [image: $$\big ($$]with an actual domain of [image: $$(-\pi /2, +\pi /2) \big )$$] within the same sentence!
                  
                


 

3Cauchy often leaves very few clues as to his methods for solving given example problems in his lectures. However, here we can use his intermediate results to determine whether he is using equation (7) with an arithmetic progression or equation (9) with a geometric progression by his use of i for the former, or [image: $$\alpha $$] for the latter.

 

4Cauchy has just proven the Mean Value Theorem for Definite Integrals. This is actually a special case of the General Mean Value Theorem for Definite Integrals which he will also prove in the next

                  
                 lecture.

 

5The 1899 reprint has [image: $$\frac{1}{100}.$$]

 

6Both of Cauchy’s texts have f(x) here.
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To divide the definite integral

            [image: $$\begin{aligned} \int _{x_0}^X{f(x) dx} \end{aligned}$$]

 (1)



          
into several others of the same type, it suffices to decompose into several parts, either the function under the [image: $$\int $$] sign or the difference [image: $$ X-x_0. \ $$] First, let us suppose

[image: $$\begin{aligned} f(x)=\varphi (x)+\chi (x)+\psi (x)+\cdots . \end{aligned}$$]



We will infer

            [image: $$\begin{aligned} (x_1-x_0)f(x_0)+\cdots +&amp;(X-x_{n-1})f(x_{n-1}) \\ =&amp;\,(x_1-x_0)\varphi (x_0)+\cdots +(X-x_{n-1})\varphi (x_{n-1}) \\&amp;+(x_1-x_0)\chi (x_0)+\cdots +(X-x_{n-1})\chi (x_{n-1}) \\&amp;+(x_1-x_0)\psi (x_0)+\cdots +(X-x_{n-1})\psi (x_{n-1}) +\cdots ; \end{aligned}$$]




          
then, by passing to the limits,1


[image: $$\begin{aligned} \int _{x_0}^{X}{f(x) dx}=\int _{x_0}^{X}{\varphi (x) dx}+\int _{x_0}^{X}{\chi (x) dx}+\int _{x_0}^{X}{\psi (x) dx}+\cdots . \end{aligned}$$]



From this last formula, combined with equation (13) (twenty-second lecture), we will derive, in designating by [image: $$ u, v, $$] [image: $$ w, \dots $$] various functions of the variable x,  and by a, b,  [image: $$ c, \dots $$] constant quantities,[image: $$\begin{aligned} \int _{x_0}^{X}{(u+v+w+\cdots ) dx}=\int _{x_0}^{X}{u dx}+\int _{x_0}^{X}{v dx}+\int _{x_0}^{X}{w dx}+\cdots , \end{aligned}$$]

 (2)



[image: $$\begin{aligned} \int _{x_0}^{X}{(u+v) dx}=\int _{x_0}^{X}{u dx}+\int _{x_0}^{X}{v dx}, \ \ \int _{x_0}^{X}{(u-v) dx}=\int _{x_0}^{X}{u dx}-\int _{x_0}^{X}{v dx}, \end{aligned}$$]

 (3)



[image: $$\begin{aligned} \int _{x_0}^{X}{(au+bv+cw+\cdots ) dx} =a\int _{x_0}^{X}{u dx} + b\int _{x_0}^{X}{v dx} + c\int _{x_0}^{X}{w dx} + \cdots . \end{aligned}$$]

 (4)


When we extend the definition we have given for the integral (1) to the case where the function f(x) becomes imaginary, equation (4) remains valid for imaginary val-ues of the constants [image: $$ a, b, c, \dots . \ $$] We have, as a result,[image: $$\begin{aligned} \int _{x_0}^{X}{\big (u+v\sqrt{-1}\big ) dx}=\int _{x_0}^{X}{u dx} +\sqrt{-1}\int _{x_0}^{X}{v dx}. \end{aligned}$$]

 (5)


Suppose now that, after we have divided the difference [image: $$ X-x_0 $$] into a finite number of elements represented by [image: $$ x_1-x_0, x_2-x_1, \dots , X-x_{n-1}, $$] we partition each of these elements into several others whose numerical values are infinitely small, and that we modify, by consequence, the value of S supplied by equation (1) (twenty-second lecture). The product [image: $$ (x_1-x_0)f(x_0) $$] will be found replaced by a sum of similar products which will have for a limit the integral [image: $$ \int _{x_0}^{x_1}{f(x) dx}. \ $$] In the same way, the products [image: $$ (x_2-x_1)f(x_1), \dots , $$] [image: $$ (X-x_{n-1})f(x_{n-1}) $$] will be replaced by the sums which will have for limits the definite integrals [image: $$ \int _{x_1}^{x_2}{f(x) dx}, \dots , \int _{x_{n-1}}^{X}{f(x) dx}, $$] respectively. Moreover, by bringing together the different sums in question we will obtain as a result, a total sum whose limit will be precisely the integral (1). Therefore, since the limit of a sum of several quantities is always equivalent to the sum of their limits, we will have generally[image: $$\begin{aligned} \int _{x_0}^{X}{f(x) dx}= \int _{x_0}^{x_1}{f(x) dx}+ \int _{x_1}^{x_2}{f(x) dx}+\cdots + \int _{x_n}^{X}{f(x) dx}. \end{aligned}$$]

 (6)


It is essential to recall that we must here attribute to the integer number n a finite value. When between the limits [image: $$x_0,$$] X,  we interpose a single value of x represented by [image: $$ \xi , $$] equation (6) is reduced to[image: $$\begin{aligned} \int _{x_0}^{X}{f(x) dx}= \int _{x_0}^{\xi }{f(x) dx}+ \int _{\xi }^{X}{f(x) dx}. \end{aligned}$$]

 (7)


It is easy to prove that equations (6) and (7) remain valid even in the case where some of the quantities [image: $$ x_1, x_2, $$] [image: $$ \dots , x_{n-1}, \xi $$] would cease to be contained between the limits [image: $$ x_0, X, $$] and in those where the differences [image: $$ x_1-x_0, x_2-x_1, $$] [image: $$ \dots , X-x_{n-1}, $$] [image: $$ \xi -x_0, X-\xi $$] would no longer be quantities of the same sign. Allow, for example, that the differences [image: $$ \xi -x_0, $$] [image: $$X-\xi $$] could be of opposite signs. Then, in addition to that we will suppose [image: $$x_0$$] is contained between [image: $$ \xi $$] and [image: $$ X, $$] or rather X is contained between [image: $$ x_0 $$] and [image: $$ \xi , $$] and we will find[image: $$\begin{aligned} \int _{\xi }^{X}{f(x) dx}= \int _{\xi }^{x_0}{f(x) dx}+ \int _{x_0}^{X}{f(x) dx}, \end{aligned}$$]



or just as well,2
[image: $$\begin{aligned} \int _{x_0}^{\xi }{f(x) dx}= \int _{x_0}^{X}{f(x) dx}+ \int _{X}^{\xi }{f(x) dx}. \end{aligned}$$]





Now, formula (6) of the twenty-second lecture suffices to show how the two equations that we have just obtained agree with equation (7). This last equation being established in all the hypotheses, we can directly deduce equation (6), regardless of [image: $$ x_1, x_2, \dots , x_{n-1}. \ $$]
We have seen, in the previous lecture, how easy it is to find, not only the approximate values of the integral (1), but also the limits of the errors committed when the function f(x) is always increasing or always decreasing from [image: $$ x=x_0 $$] up to [image: $$ x=X. \ $$] When this condition ceases to be satisfied, we can obviously, with the aid of formula (6), decompose the integral (1) into several others, for which the same condition is fulfilled for each.
Let us now conceive3 the limit X being greater than [image: $$x_0 $$] and the function f(x) being positive from [image: $$ x=x_0 $$] up to [image: $$ x=X, $$] with x, y denoting rectangular coordinates and A the surface contained, one part between the x-axis and the curve [image: $$ y=f(x), $$] the other part between the ordinates [image: $$ f(x_0), f(X). \ $$] This surface, which has for its base the length [image: $$ X-x_0 $$] measured on the x-axis, will be an average between the areas of the two rectangles constructed on the base [image: $$ X-x_0, $$] with heights, respectively, equal to the smallest and to the largest of the ordinates rising from the different points of this base. It will, therefore, be equivalent to a rectangle constructed on an average ordinate represented by an expression of the form [image: $$ f\big [x_0+\theta (X-x_0)\big ]; $$] so that, we will have[image: $$\begin{aligned} A=(X-x_0)f\big [x_0+\theta (X-x_0)\big ], \end{aligned}$$]

 (8)


[image: $$\theta $$] designating a number less than unity. If we divide the base [image: $$ X-x_0 $$] into very small elements, [image: $$ x_1-x_0, $$] [image: $$ x_2-x_1, $$] [image: $$\dots , $$] [image: $$ X-x_{n-1}, $$] the surface A will be found divided into corresponding elements whose values will be given by equations similar to formula (8). We will, therefore, again have[image: $$\begin{aligned} \left\{ \begin{aligned} \ A=(x_1-x_0&amp;)f\big [x_0+\theta _0(x_1-x_0)\big ] + (x_2-x_1)f\big [x_1+\theta _1(x_2-x_1)\big ] \\&amp;+ \cdots + (X-x_{n-1})f\big [x_{n-1}+\theta _{n-1}(X-x_{n-1})\big ], \end{aligned} \right. \end{aligned}$$]

 (9)


[image: $$\theta _0, \theta _1, \dots , \theta _{n-1} $$] designating numbers less than unity. If, in this last equation, we decrease indefinitely the numerical values of the elements of [image: $$ X-x_0, $$] we will derive, by passing to the limits,[image: $$\begin{aligned} A=\int _{x_0}^{X}{f(x) dx}. \end{aligned}$$]

 (10)


Examples. – Apply formula (10) to the curves [image: $$ y=ax^2, xy=1, y=e^x, \dots . \ $$]
In closing this lecture, we will make known a remarkable property of real definite integrals. If we suppose [image: $$ f(x)=\varphi (x)\chi (x), $$] [image: $$ \varphi (x) $$] and [image: $$ \chi (x) $$] being two new functions which remain, one and the other, continuous between the limits [image: $$ x=x_0, x=X, $$] and in which the second always retains the same sign between these limits, the value of S given by equation (1) of the twenty-second lecture will become[image: $$\begin{aligned} \left\{ \begin{aligned} \ S=(x_1-x_0&amp;)\varphi (x_0)\chi (x_0) \\&amp;+ (x_2-x_1)\varphi (x_1)\chi (x_1)+\cdots +(X-x_{n-1})\varphi (x_{n-1})\chi (x_{n-1}), \end{aligned} \right. \end{aligned}$$]

 (11)




and will be equivalent to the sum

[image: $$\begin{aligned} (x_1-x_0)\chi (x_0)+(x_2-x_1)\chi (x_1)+\cdots +(X-x_{n-1})\chi (x_{n-1}) \end{aligned}$$]



multiplied by an average between the coefficients [image: $$ \varphi (x_0), $$] [image: $$ \varphi (x_1), $$] [image: $$ \dots , $$] [image: $$ \varphi (x_{n-1}),$$]4 or to what amounts to the same thing, by a quantity of the form [image: $$ \varphi (\xi ), $$] [image: $$ \xi $$] designating a value of x contained between [image: $$ x_0 $$] and [image: $$ X. \ $$] We will have, therefore,

            [image: $$\begin{aligned} S=\big [(x_1-x_0)\chi (x_0)+(x_2-x_1)\chi (x_1)+\cdots +(X-x_{n-1})\chi (x_{n-1})\big ]\varphi (\xi ), \end{aligned}$$]

 (12)



          
and we will deduce, by finding the limit of S, 

[image: $$\begin{aligned} \left\{ \begin{aligned} \int _{x_0}^{X}{f(x) dx}&amp;= \int _{x_0}^{X}{\varphi (x)\chi (x) dx} \\[5pt]&amp;= \varphi (\xi )\int _{x_0}^{X}{\chi (x) dx}, \end{aligned} \right. \end{aligned}$$]

 (13)


[image: $$\xi $$] always designating a value of x contained between [image: $$ x_0 $$] and X.5

Examples. – If we successively take[image: $$\begin{aligned} \chi (x)=1, \ \ \ \ \ \chi (x)=\frac{1}{x}, \ \ \ \ \ \chi (x)=\frac{1}{x-a}, \end{aligned}$$]



we will obtain the formulas6
[image: $$\begin{aligned} \int _{x_0}^{X}{f(x) dx} =f(\xi )\int _{x_0}^{X}{dx} =(X-x_0)f(\xi ), \end{aligned}$$]

 (14)



[image: $$\begin{aligned} \int _{x_0}^{X}{f(x) dx} =\xi f(\xi )\int _{x_0}^{X}{\frac{dx}{x}}=\xi f(\xi ) {\varvec{{l}}}\bigg (\frac{X}{x_0}\bigg ), \end{aligned}$$]

 (15)



[image: $$\begin{aligned} \int _{x_0}^{X}{f(x) dx} =(\xi -a) f(\xi )\int _{x_0}^{X}{\frac{dx}{x-a}}=(\xi -a) f(\xi ) {\varvec{{l}}}\bigg (\frac{X-a}{x_0-a}\bigg ), \end{aligned}$$]

 (16)


the first of which coincides with equation (19) of the twenty-second lecture.7 Let us add that the ratio [image: $$ \frac{X}{x_0} $$] in the second formula and the ratio [image: $$ \frac{X-a}{x_0-a} $$] in the third must be supposed positive.
Footnotes
1If Cauchy is supposing a finite series, this step is fine. Otherwise, he needs to be more careful with this claim. Cauchy’s “passing to the limits” is assuming the limit of a sum is equivalent to the sum of the individual limits. This step actually requires an exchange of limits operation which is only allowed under certain restrictions—the details of which were not worked out until later in the 19th century.

 

2The 1899 edition has [image: $$X_0$$] instead of X for the lower limit in its final integral to the right. This error does not occur in the original 1823 version.

 

3Cauchy is going to geometrically connect his definite integral to the area under a curve, something he has kept away from doing until now.

 

4Cauchy is using one of the average theorem results found in his Cours d’analyse text. In this case, he employs Theorem I from his Preliminaries, restated with an accompanying proof as Theorem XII in Note II at the end of his 1821 text. Cauchy also uses this result in Lecture Seven to help prove his Mean Value Theorem for Derivatives. Because of its important role in these Calcul infinitésimal lectures, a full translation of his Cours d’analyse Note II, Theorem XII—along with its proof—is included as Appendix B at the end of this book for reference.

 

5This “remarkable” property of the definite integral is known today as the General Mean Value Theorem for Definite Integrals.
                  
                
 It is indeed remarkable.

 

6There are two significant mistakes here. In the 1899 text, the last equation reads, [image: ../images/462147_1_En_23_Chapter/462147_1_En_23_Figa_HTML.png]


Interestingly, the original 1823 text is different, but is also incorrect. In this earlier edition, the equation reads,[image: ../images/462147_1_En_23_Chapter/462147_1_En_23_Figb_HTML.png]


A corrected version of (16) is given here.

 

7Cauchy is referring to the Mean Value Theorem for Definite Integrals, a special case of the remarkable version derived earlier.
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In the previous lectures, we have demonstrated several remarkable properties of the definite integral[image: $$\begin{aligned} \int _{x_0}^X{f(x) dx}, \end{aligned}$$]

 (1)


but by supposing: [image: $$ 1^{\circ } $$] that the limits [image: $$ x_0, X $$] were finite quantities; [image: $$ 2^{\circ } $$] that the function f(x) would remain finite and continuous between these same limits. When these two types of conditions are found fulfilled, then, in designating by [image: $$ x_1, x_2, $$] [image: $$ \dots , x_{n-1} $$] new values of x interposed between the extreme values [image: $$ x_0, X, $$] we have[image: $$\begin{aligned} \int _{x_0}^X{f(x) dx}=\int _{x_0}^{x_1}{f(x) dx}+\int _{x_1}^{x_2}{f(x) dx}+\cdots +\int _{x_{n-1}}^X{f(x) dx}. \end{aligned}$$]

 (2)


When the interposed values are reduced to two, one differing very little from [image: $$x_0 $$] and represented by [image: $$\xi _0, $$] the other differing very little from X and represented by [image: $$\xi , $$] equation (2) becomes[image: $$\begin{aligned} \int _{x_0}^X{f(x) dx}=\int _{x_0}^{\xi _0}{f(x) dx}+\int _{\xi _0}^{\xi }{f(x) dx}+\int _{\xi }^X{f(x) dx}, \end{aligned}$$]



and can be rewritten as follows[image: $$\begin{aligned} \int _{x_0}^X{f(x) dx}=&amp;(\xi _0-x_0)f\big [x_0+\theta _0(\xi _0-x_0)\big ]\\[3pt]&amp;+\int _{\xi _0}^{\xi }{f(x) dx}+(X-\xi )f\big [\xi +\theta (X-\xi )\big ], \end{aligned}$$]



[image: $$\theta _0, \theta $$] designating two numbers less than unity.1 If, in the last formula, we let [image: $$ \xi _0$$] converge toward the limit [image: $$x_0, $$] and [image: $$\xi $$] toward the limit X,  we will derive, by passing to the limits,[image: $$\begin{aligned} \int _{x_0}^X{f(x) dx}=\lim {\int _{\xi _0}^{\xi }{f(x) dx}}. \end{aligned}$$]

 (3)


When the extreme values [image: $$ x_0, X $$] become infinite, or when the function f(x) does not remain finite and continuous from [image: $$ x=x_0 $$] up to [image: $$ x=X, $$] we can no longer claim that the quantity designated by S in the previous lectures has a fixed limit, and as a result, we can no longer see what meaning we should attach to the notation in (1) which would serve to generally represent the limit of [image: $$S. \ $$] To lift any uncertainty and render to the notation in (1), in every case, a clear and precise meaning, it suffices to extend equations (2) and (3) by analogy, even in the case where they are not able to be rigorously demonstrated. This is what we are going to see by some examples.
Consider, in the first place, the integral[image: $$\begin{aligned} \int _{-\infty }^{+\infty }{e^x dx}. \end{aligned}$$]

 (4)


If we denote by [image: $$ \xi _0 $$] and [image: $$ \xi $$] two variable quantities, the first of which converges toward the limit [image: $$ -\infty , $$] and the second toward the limit [image: $$ \infty , $$] we will derive from formula (3)2
[image: $$\begin{aligned} \int _{-\infty }^{+\infty }{e^x dx}=\lim {\int _{\xi _0}^{\xi }{e^x dx}}=\lim {\big (e^{\xi }-e^{\xi _0}\big )}=e^{\infty }-e^{-\infty }=\infty . \end{aligned}$$]



Thus, the integral (4) has a positive infinite value.
Consider, in the second place, the integral[image: $$\begin{aligned} \int _{0}^{\infty }{\frac{dx}{x}} \end{aligned}$$]

 (5)


taken between two limits, one of which is infinite, while the other renders the func-tion under the [image: $$\int $$] sign infinite, namely, [image: $$ \frac{1}{x}. \ $$] In designating by [image: $$ \xi _0 $$] and [image: $$ \xi $$] two positive quantities, the first of which converges toward the limit zero, and the second toward the limit [image: $$ \infty , $$] we will derive from formula (3)[image: $$\begin{aligned} \int _{0}^{\infty }{\frac{dx}{x}} = \lim {\int _{\xi _0}^{\xi }{\frac{dx}{x}} } = \lim {{\varvec{{l}}}\Big (\frac{\xi }{\xi _0}\Big )} = {\varvec{{l}}}\Big (\frac{\infty }{0}\Big ) = \infty . \end{aligned}$$]



Thus, the integral (5) again has a positive infinite value.
It is essential to observe that, if the variable x and the function f(x) remain finite, one and the other, for one of the limits of the integral (1), we can reduce formula (3) to one of the following two[image: $$\begin{aligned} \int _{x_0}^{X}{f(x) dx}=\lim {\int _{x_0}^{\xi }{f(x) dx}}, \ \ \ \ \ \ \ \int _{x_0}^{X}{f(x) dx}=\lim {\int _{\xi _0}^{X}{f(x) dx}}. \end{aligned}$$]

 (6)


We will derive in particular from these last equations

            [image: $$\begin{aligned} \left\{ \begin{array}{ll} \displaystyle \int _{-\infty }^{0}{e^x dx}=e^0-e^{-\infty }=1, &amp;{} \displaystyle \int _{0}^{\infty }{e^x dx}=e^{\infty }-e^{0}=\infty , \\ \displaystyle \int _{-1}^{0}{\frac{dx}{x}}={\varvec{{l}}}0=-\infty , &amp;{} \displaystyle \int _{0}^{1}{\frac{dx}{x}}={\varvec{{l}}}\Big (\frac{1}{0}\Big )=\infty . \end{array} \right. \end{aligned}$$]

 (7)



          
Now consider the integral

            [image: $$\begin{aligned} \int _{-1}^{+1}{\frac{dx}{x}}, \end{aligned}$$]

 (8)



          
in which the function under the [image: $$\int $$] sign, namely, [image: $$ \frac{1}{x}, $$] becomes infinite for the particular value [image: $$ x=0, $$] contained between the limits [image: $$ x=-1, x=+1. \ $$] We will derive from formula (2)[image: $$\begin{aligned} \int _{-1}^{+1}{\frac{dx}{x}} = \int _{-1}^{0}{\frac{dx}{x}} \ + \int _{0}^{+1}{\frac{dx}{x}} =-\infty + \infty . \end{aligned}$$]

 (9)




The value of the integral (8), therefore, appears indeterminate. To make sure that it is actually so,3 it suffices to observe that, if we denote by [image: $$\varepsilon , $$] an infinitely small number,4 and by [image: $$ \mu , \nu $$] two positive, but arbitrary constants, we will have by virtue of the formulas in (6),

            [image: $$\begin{aligned} \int _{-1}^{0}{\frac{dx}{x}} = \lim { \int _{-1}^{-\varepsilon \mu }{\frac{dx}{x}}}, \ \ \ \ \ \ \ \ \int _{0}^{1}{\frac{dx}{x}} = \lim { \int _{\varepsilon \nu }^{1}{\frac{dx}{x}}}. \end{aligned}$$]

 (10)



          
As a result, formula (9) will become

            [image: $$\begin{aligned} \left\{ \begin{aligned} \int _{-1}^{+1}{\frac{dx}{x}}&amp;= \lim { \left( \int _{-1}^{-\varepsilon \mu }{\frac{dx}{x}}+\int _{\varepsilon \nu }^{1}{\frac{dx}{x}} \right) } \\&amp;=\lim {\left( {\varvec{{l}}}(\varepsilon \mu )+{\varvec{{l}}}\Big (\frac{1}{\varepsilon \nu }\Big )\right) }={\varvec{{l}}}\Big (\frac{\mu }{\nu }\Big ), \end{aligned} \right. \end{aligned}$$]

 (11)



          
and will generate for the integral (8), a completely indeterminate value, since this value will be the Napierian logarithm of the arbitrary constant [image: $$ \frac{\mu }{\nu }.$$]5

Let us now conceive that the function f(x) becomes infinite between the limits [image: $$ x=x_0, $$][image: $$ x=X, $$] for the particular values of x represented by [image: $$ x_1, $$][image: $$ x_2, $$][image: $$ \dots , $$][image: $$ x_m. $$] If we designate by [image: $$\varepsilon $$] an infinitely small number, and by [image: $$ \mu _1, $$][image: $$ \nu _1, $$][image: $$ \mu _2, $$][image: $$ \nu _2, $$][image: $$ \dots , $$][image: $$ \mu _m, $$] [image: $$ \nu _m $$] positive, but arbitrary, constants, we will derive from formulas (2) and (3)[image: $$\begin{aligned} \left\{ \begin{aligned}&amp;\int _{x_0}^{X}{f(x) dx} = \int _{x_0}^{x_1}{f(x) dx} +\int _{x_1}^{x_2}{f(x) dx} +\cdots +\int _{x_{m}}^{X}{f(x) dx} \\&amp;\quad =\lim {}\Bigg [ \int _{x_0}^{x_1-\varepsilon \mu _1}{f(x) \ dx} + \int _{x_1+\varepsilon \nu _1}^{x_2-\varepsilon \mu _2}{f(x) dx} +\cdots + \int _{x_m+\varepsilon \nu _m}^{X}{f(x) dx} \Bigg ]. \end{aligned} \right. \end{aligned}$$]

 (12)


If the limits [image: $$ x_0, X $$] are themselves found replaced by [image: $$ -\infty $$] and [image: $$ +\infty , $$] we would have[image: $$\begin{aligned} \left\{ \begin{aligned} \int _{-\infty }^{+\infty }{f(x) dx} = \lim { }\Bigg [\int _{-\frac{1}{\varepsilon \mu }}^{x_1-\varepsilon \mu _1}{f(x) dx} + \int _{x_1+\varepsilon \nu _1}^{x_2-\varepsilon \mu _2}{f(x) dx}&amp;\\ +\cdots +\int _{x_m+\varepsilon \nu _m}^{\frac{1}{\varepsilon \nu }}{f(x) dx} \Bigg ]&amp;, \end{aligned} \right. \end{aligned}$$]

 (13)


[image: $$\mu , \nu $$] designating two new positive, but arbitrary constants. Add that, in the second member of formula (13), we must reestablish X in the place of [image: $$ \frac{1}{\varepsilon \nu }, $$] or [image: $$x_0$$] in the place of [image: $$ -\frac{1}{\varepsilon \mu }, $$] if, of the two quantities [image: $$ x_0, X, $$] only one becomes infinite. In all the cases, the values of the integrals[image: $$\begin{aligned} \int _{x_0}^{X}{f(x) dx}, \ \ \ \ \ \int _{-\infty }^{+\infty }{f(x) dx}, \end{aligned}$$]

 (14)


deduced from equations (12) and (13) could be, dependent upon the nature of the function [image: $$ f(x), $$] either infinite quantities, finite and determinate quantities, or indeterminate quantities which will depend upon the values attributed to the arbitrary constants [image: $$ \mu , \nu , $$] [image: $$ \mu _1, \nu _1, \dots , $$] [image: $$ \mu _m, \nu _m. \ $$]
If, in formulas (12) and (13), we reduce the arbitrary constants [image: $$ \mu , \nu , $$] [image: $$ \mu _1, \nu _1, \dots , $$] [image: $$ \mu _m, \nu _m $$] to unity, we will find[image: $$\begin{aligned} \int _{x_0}^{X}{f(x) dx} =\lim {}\Bigg [ \int _{x_0}^{x_1-\varepsilon }{f(x) dx}+ \int _{x_1+\varepsilon }^{x_2-\varepsilon }{f(x) dx} +\cdots +\int _{x_m+\varepsilon }^{X}{f(x) dx}\Bigg ], \end{aligned}$$]

 (15)



[image: $$\begin{aligned} \int _{-\infty }^{+\infty }{f(x) dx} =\lim {}\Bigg [\int _{-\frac{1}{\varepsilon }}^{x_1-\varepsilon }{f(x) dx}+ \int _{x_1+\varepsilon }^{x_2-\varepsilon }{f(x) dx}+\cdots +\int _{x_m+\varepsilon }^{\frac{1}{\varepsilon }}{f(x) dx}\Bigg ]. \end{aligned}$$]

 (16)


Whenever the integrals in (14) become indeterminate, equations (15) and (16) sup-ply for each of them a single particular value to which we will give the name of principal value.6

              
            
 If we take, for example, the integral (8) whose general value is indeterminate, we will recognize that its principal value is reduced to zero.
Footnotes
1Cauchy has employed his Mean Value Theorem for Definite Integrals.

 

2Cauchy is implying a double limit with his loose notation here. One as [image: $$\xi _o$$] approaches [image: $$-\infty ,$$] and the other as [image: $$\xi $$] approaches [image: $$\infty .$$]

 

3This is where Cauchy’s Lecture Twenty-Four starts to become particularly interesting. He understands this definite integral may still exist, but is simply not determinable by the methods developed thus far.

 

4A positive variable whose limit is zero.

 

5Clever. The resultant value is dependent upon one’s choice of [image: $$\mu $$] and [image: $$\nu .$$]

 

6Today, the Cauchy Principal Value is defined along these same lines.
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Consider that an integral relative to x,  and in which the function under the [image: $$\int $$] sign is denoted by f(x),  is taken between two limits infinitely close to a definite particular value a attributed to the variable1 [image: $$x. \ $$] If this value a is a finite quantity, and if the function f(x) remains finite and continuous in the neighborhood of [image: $$x=a, $$] then, by virtue of formula (19) (twenty-second lecture),2 the proposed integral will be essentially null. But, it can obtain a finite value different from zero or even an infinite value, if we have

[image: $$\begin{aligned} a=\pm \displaystyle \infty \ \ \ \ \ \ \ \ \text {or else} \ \ \ \ \ \ \ \ f(a)=\pm \infty . \end{aligned}$$]



In this latter case, the integral in question will become what we will call a singular definite integral. It will ordinarily be easy to calculate its value with the help of formulas (15) and (16) of the twenty-third lecture, as we shall see.
Let [image: $$\varepsilon $$] be an infinitely small number, and [image: $$\mu , \nu $$] two positive, but arbitrary, con-stants. If a is a finite quantity, but taken among the roots of the equation [image: $$f(x)=\pm \infty , $$] and if [image: $$\varUpsilon $$] designates the limit toward which the product [image: $$(x-a)f(x)$$] converges, while its first factor converges toward zero, the values of the singular integrals

[image: $$\begin{aligned} \int _{a-\varepsilon }^{a-\varepsilon \mu }{f(x) dx}, \ \ \ \ \ \ \ \ \int _{a+\varepsilon \nu }^{a+\varepsilon }{f(x) dx} \end{aligned}$$]



will be very nearly [image: $$\big ($$]by virtue of formula (16), twenty-third lecture[image: $$\big )$$]

[image: $$\begin{aligned} \int _{a-\varepsilon }^{a-\varepsilon \mu }{f(x) dx}=\varUpsilon {\varvec{{l}}}\mu , \end{aligned}$$]

 (1)



[image: $$\begin{aligned} \int _{a+\varepsilon \nu }^{a+\varepsilon }{f(x) dx}=\varUpsilon {\varvec{{l}}}\Big (\frac{1}{\nu }\Big ). \end{aligned}$$]

 (2)


If we suppose, on the other hand, [image: $$a=\pm \infty , $$] by calling [image: $$\varUpsilon $$] the limit toward which the product xf(x) converges, while the variable x converges toward the limit [image: $$\pm \infty , $$] we will essentially have [image: $$\big ($$]twenty-third lecture, equation (15)[image: $$\big )$$][image: $$\begin{aligned} \int _{-\frac{1}{\varepsilon \mu }}^{-\frac{1}{\varepsilon }}{f(x) dx}=\varUpsilon {\varvec{{l}}}\mu , \end{aligned}$$]

 (3)



[image: $$\begin{aligned} \int _{\frac{1}{\varepsilon }}^{\frac{1}{\varepsilon \nu }}{f(x) dx}=\varUpsilon {\varvec{{l}}}\Big (\frac{1}{\nu }\Big ). \end{aligned}$$]

 (4)




It is essential to observe that the limit of the product [image: $$ (x-a) f(x) $$] or xf(x) sometimes depends upon the sign of its first factor. In this way, for example, the product [image: $$x(x^2+x^4)^{-\frac{1}{2}}$$] converges toward the limit [image: $$+1$$] or [image: $$-1, $$] depending on whether its first factor, in approaching zero, remains positive or negative. It follows from this remark that the quantity designated by [image: $$\varUpsilon $$] sometimes changes its value in passing from equation (1) to equation (2), or from equation (3) to equation (4).
The consideration of singular definite integrals provides the means to calculate the general value of an indeterminate integral when we know its principal value. In fact, let[image: $$\begin{aligned} \int _{x_0}^{X}{f(x) dx} \end{aligned}$$]

 (5)




be the integral in question, and consider that, by admitting the notations of the pre-vious lecture, we have[image: $$\begin{aligned} E=\int _{x_0}^{x_1-\varepsilon \mu _1}{f(x) dx}+\int _{x_1+\varepsilon \nu _1}^{x_2-\varepsilon \mu _2}{f(x) dx}+\cdots +\int _{x_m+\varepsilon \nu _m}^{X}{f(x) dx}, \end{aligned}$$]

 (6)



[image: $$\begin{aligned} F=\int _{x_0}^{x_1-\varepsilon }{f(x) dx}+\int _{x_1+\varepsilon }^{x_2-\varepsilon }{f(x) dx}+\cdots +\int _{x_m+\varepsilon }^{X}{f(x) dx}. \end{aligned}$$]

 (7)




Further, let [image: $$A=\lim {E}$$] be the general value, and [image: $$B=\lim {F}$$] the principal value of the integral (5). The difference,[image: $$\begin{aligned} A-B=\lim {(E-F)}, \end{aligned}$$]



will be equivalent to the sum of the singular integrals

[image: $$\begin{aligned} \int _{x_1-\varepsilon }^{x_1-\varepsilon \mu _1}{f(x) dx}, \ \ \int _{x_1+\varepsilon \nu _1}^{x_1+\varepsilon }{ \ f(x) dx}, \ \ \int _{x_2-\varepsilon }^{x_2-\varepsilon \mu _2}{f(x) dx}, \ \ \dots , \ \ \int _{x_m+\varepsilon \nu _m}^{x_m+\varepsilon }{f(x) dx}, \end{aligned}$$]

 (8)


that is to say, to the limit which the sum of the integrals in (8) approaches, while [image: $$\varepsilon $$] decreases indefinitely. Moreover, if we designate by [image: $$ \varUpsilon _1, $$] [image: $$ \varUpsilon _2, $$] [image: $$\dots , $$] [image: $$ \varUpsilon _m $$] the limits toward which the products[image: $$\begin{aligned} (x-x_1)f(x), \ \ \ (x-x_2)f(x), \ \ \ \dots , \ \ \ (x-x_m)f(x) \end{aligned}$$]



converge while their first factors converge toward zero, and if these limits are independent of the signs of these first factors, we will find that the sum of the integrals in (8) is essentially reduced to

            [image: $$\begin{aligned} \varUpsilon _1 {\varvec{{l}}}\Big (\frac{\mu _1}{\nu _1}\Big )+\varUpsilon _2 {\varvec{{l}}}\Big (\frac{\mu _2}{\nu _2}\Big ) +\cdots +\varUpsilon _m {\varvec{{l}}}\Big (\frac{\mu _m}{\nu _m}\Big ). \end{aligned}$$]

 (9)



          
When we have [image: $$x_1=x_0 $$] or [image: $$x_m=X, $$] the difference [image: $$A-B$$] includes at least one singular integral, namely the first or the last of the integrals in (8).
When we suppose [image: $$x_0=-\infty , X=+\infty , $$] equations (6) and (7) should be replaced by those which follow[image: $$\begin{aligned} E=\int _{-\frac{1}{\varepsilon \mu }}^{x_1-\varepsilon \mu _1}{f(x) dx}+\int _{x_1+\varepsilon \nu _1}^{x_2-\varepsilon \mu _2}{f(x) dx}+\cdots +\int _{x_m+\varepsilon \nu _m}^{\frac{1}{\varepsilon \nu }}{f(x) dx}, \end{aligned}$$]

 (10)



[image: $$\begin{aligned} F=\int _{-\frac{1}{\varepsilon }}^{x_1-\varepsilon }{f(x) dx}+\int _{x_1+\varepsilon }^{x_2-\varepsilon }{f(x) dx}+\cdots +\int _{x_m+\varepsilon }^{\frac{1}{\varepsilon }}{f(x) dx}. \end{aligned}$$]

 (11)


In the same hypothesis, it is necessary to add to the integrals in (8) the following two3
[image: $$\begin{aligned} \int _{-\frac{1}{\varepsilon \mu }}^{-\frac{1}{\varepsilon }}{f(x) dx}, \ \ \ \ \ \ \ \ \int _{\frac{1}{\varepsilon }}^{\frac{1}{\varepsilon \nu }}{f(x) dx}, \end{aligned}$$]

 (12)


of which the sum will essentially be equivalent to the expression

            [image: $$\begin{aligned} \varUpsilon {\varvec{{l}}} \Big (\frac{\mu }{\nu }\Big ), \end{aligned}$$]

 (13)



          
if the product xf(x) converges toward the limit [image: $$\varUpsilon , $$] while the variable x converges toward one of the two limits, [image: $$-\infty , +\infty . \ $$] If only one of the two quantities [image: $$x_0, X$$] becomes infinite, it would be necessary to keep in the difference [image: $$A-B $$] only a single one of the integrals in (12).
When, for the infinitely small values of [image: $$\varepsilon , $$] and for the finite or infinitely small values of the arbitrary coefficients [image: $$ \mu , \nu , $$] [image: $$ \mu _1, \nu _1, \dots , $$] [image: $$ \mu _m, \nu _m, $$] the singular integrals in (8) and (12), or at least some among them, obtain either infinite values, or finite values, but different from zero, the integrals [image: $$\int _{x_0}^{X}{f(x) dx}, $$][image: $$ \int _{-\infty }^{+\infty }{f(x) dx} $$] are obviously infinite or indeterminate. This is what occurs whenever the quantities [image: $$\varUpsilon _1, \varUpsilon _2, $$] [image: $$ \dots , \varUpsilon _m $$] are not simultaneously null. But, the converse is not true, and it could occur that, these quantities being null all at once, the integrals in (8) and (12), or at least some among them, obtain finite values different from zero for infinitely small values of the coefficients [image: $$ \mu , \nu , $$] [image: $$ \mu _1, \nu _1, \dots , $$] [image: $$ \mu _m, \nu _m. \ $$] Thus, for example, if we take [image: $$f(x)=\frac{1}{x {\varvec{{l}}}x}, $$] the product xf(x) will vanish for [image: $$x=0; $$] however, the singular integral4
[image: $$\begin{aligned} \int _{\varepsilon }^{\varepsilon \nu }{\frac{dx}{x \, {\varvec{{l}}}x}}={\varvec{{l}}}\Big (1+\frac{{\varvec{{l}}}\nu }{{\varvec{{l}}}\varepsilon }\Big ) \end{aligned}$$]



will cease to vanish for the infinitely small values of [image: $$\nu . \ $$]
When the singular integrals included in the difference [image: $$A-B$$] all vanish for the infinitely small values of [image: $$\varepsilon , $$] regardless, moreover, of the values, finite or infinitely small, attributed to the coefficients [image: $$ \mu , \nu , $$] [image: $$ \mu _1, \nu _1, \dots , $$] [image: $$ \mu _m, \nu _m, $$] we are assured that the general value of the integral (5) is reduced to a finite and determinate quantity. In fact, in this hypothesis, let [image: $$\delta $$] be a very small number and suppose [image: $$\varepsilon $$] is chosen in a manner such that for values of [image: $$ \mu , \nu , $$] [image: $$ \mu _1, \nu _1, \dots , $$] [image: $$ \mu _m, \nu _m $$] less than unity, each of the integrals in (8) and (12) has a numerical value less than [image: $$\frac{1}{2(m+1)}\delta . \ $$] The approx-imate value of [image: $$B, $$] represented by F,  will be a finite quantity which will not contain anything arbitrary; and, if we attribute to the coefficients [image: $$ \mu , \nu , $$] [image: $$ \mu _1, \nu _1, \dots , $$] [image: $$ \mu _m, \nu _m $$] infinitely small values, E will indefinitely approach A by remaining contained be-tween the limits [image: $$F-\delta , F+\delta . \ $$] A will be, therefore, contained between the same limits, and by consequence, we can find a finite quantity, F,  which differs from A by a quantity less than a given number [image: $$\delta . \ $$] We must deduce that the general value A of the integral (5) will be, in the admitted hypothesis, a finite and determinate quantity.
From principles that we have just established, we immediately deduce the fol-lowing proposition.
THEOREM. – For the general value of the integral (1) to be finite and determinate, it is necessary and sufficient that those singular integrals in (8) and (12) which are found included in the difference [image: $$A-B$$] are reduced to zero for the infinitely small values of [image: $$\varepsilon , $$] regardless, moreover, of the values, finite or infinitely small, attributed to the coefficients [image: $$ \mu , \nu , $$] [image: $$ \mu _1, \nu _1, \dots , $$] [image: $$ \mu _m, \nu _m. \ $$]
Example. – Let [image: $$\frac{\varUpsilon (x)}{F(x)}$$] be a rational fraction.5 For the integral [image: $$\int _{-\infty }^{+\infty }{\frac{\varUpsilon (x)}{F(x)} dx}$$] to retain a finite and determinate value, it will be necessary and sufficient: [image: $$1^{\circ }$$] that the equa-tion [image: $$F(x)=0$$] does not have real roots; [image: $$2^{\circ }$$] that the degree of the denominator F(x) exceeds, by at least two units, the degree of the numerator, [image: $$\varUpsilon (x). \ $$]
Footnotes
1The 1899 reprint mistakenly replaces Cauchy’s original word variable with the term valeur, which would change the translation to value. His original wording is used here.

 

2The Mean Value Theorem for Definite Integrals.

 

3Both the 1823 and the 1899 editions read,[image: ../images/462147_1_En_25_Chapter/462147_1_En_25_Figa_HTML.png]


An obvious typographical error. A corrected version has been given here.

 

4Let [image: $$u=\ln {x},$$] so that [image: $$\int {\frac{du}{u}}$$] is easily evaluated. Cauchy determined this integral earlier in Lecture Twenty-Two.

 

5The 1899 edition here again mistakenly replaces the original fraction rationnelle, translated as rational fraction (Cauchy’s normal phrase in this case), with fonction rationnelle meaning rational function.
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If, in the definite integral [image: $$ \int _{x_0}^X{f(x) dx} $$] we vary one of the two limits, for example, the quantity X,  the integral itself will vary along with this quantity; and, if we replace the limit X,  to become the variable x,  we will obtain as a result a new function of x,  which will be what we call an integral taken starting from the origin  [image: $$x = x_0.$$] Let[image: $$\begin{aligned} \mathfrak {F}(x) = \int _{x_0}^x{f(x) dx} \end{aligned}$$]

 (1)


be this new function. We will derive from formula (19) (twenty-second lecture)1
[image: $$\begin{aligned} \mathfrak {F}(x) = (x - x_0)f[x_0 + \theta (x - x_0)], \ \ \ \ \ \mathfrak {F}(x_0) = 0, \end{aligned}$$]

 (2)


[image: $$\theta $$] being a number less than unity, and from formula (7) (twenty-third lecture)[image: $$\begin{aligned} \int _{x_0}^{x+\alpha }{f(x) dx} - \int _{x_0}^{x}{f(x) dx}&amp;= \int _{x}^{x+\alpha }{f(x) dx} = \alpha f(x + \theta \alpha ) \end{aligned}$$]



or[image: $$\begin{aligned} \mathfrak {F}(x + \alpha ) - \mathfrak {F}(x) = \alpha f(x + \theta \alpha ). \end{aligned}$$]

 (3)


It follows from equations (2) and (3) that, if the function f(x) is finite and continuous in the neighborhood of a particular value attributed to the variable x,  the new function [image: $$ \mathfrak {F}(x) $$] will not only be finite, but also continuous in the neighborhood of this value, since an infinitely small increment of x will correspond to an infinitely small increment of [image: $$ \mathfrak {F}(x).$$] So, if the function f(x) remains finite and continuous from [image: $$ x = x_0 $$] up to [image: $$ x = X, $$] it will be the same for the function [image: $$ \mathfrak {F}(x).$$]2
 Add that, if we divide both members of formula (3) by [image: $$\alpha , $$] we will deduce, in passing to the limits,[image: $$\begin{aligned} \mathfrak {F}^{\prime }(x) = f(x). \end{aligned}$$]

 (4)


Therefore, the integral (1), considered as a function of x,  has for its derivative, the function f(x) included under the [image: $$ \int $$] sign in this integral. We would prove in the same way, that the integral[image: $$\begin{aligned} \int _x^X{f(x) dx}=-\int _X^x{f(x) dx}, \end{aligned}$$]



considered as a function of x,  has [image: $$ -f(x) $$] for its derivative. We will have, therefore,3
[image: $$\begin{aligned} \frac{d}{dx}\int _{x_0}^x{f(x) dx}=f(x) \quad \quad \text {and} \quad \quad \frac{d}{dx}\int _{x}^X{f(x) dx}=-f(x). \end{aligned}$$]

 (5)


If, to the various preceding formulas, we combine equation (6) of the seventh lecture, it will become easy to resolve the following questions.
PROBLEM I. – We require a function [image: $$ \varpi (x) $$] whose derivative [image: $$ \varpi ^{\prime }(x) $$] is constantly null. In other words, we propose to solve the equation
              
            
[image: $$\begin{aligned} \varpi ^{\prime }(x)=0. \end{aligned}$$]

 (6)


Solution.  – If we desire that the function [image: $$ \varpi (x) $$] remains finite and continuous from [image: $$ x=-\infty $$] up to [image: $$ x=+\infty , $$] then, in designating by [image: $$x_0$$] a particular value of the variable x,  we will derive from formula (6) (seventh lecture)4
[image: $$\begin{aligned} \varpi (x)-\varpi (x_0)=(x-x_0) \varpi ^{\prime }\big [x_0+\theta (x-x_0)\big ] =0, \end{aligned}$$]



and as a result,5
[image: $$\begin{aligned} \varpi (x)=\varpi (x_0), \end{aligned}$$]

 (7)


or, if we designate by c the constant quantity [image: $$ \varpi (x_0), $$][image: $$\begin{aligned} \varpi (x)=c. \end{aligned}$$]

 (8)


So, the function [image: $$ \varpi (x) $$] must then be reduced to a constant, and retains the same value c from [image: $$ x=-\infty $$] up to [image: $$ x=\infty . $$] We can add that this single value will be entirely arbitrary, since formula (8) will satisfy equation (6), whatever c may be.
If we permit the function [image: $$ \varpi (x) $$] to continue to offer solutions of continuity6 corresponding to various values of x,  and if we suppose that these values of x,  arranged in their order of magnitude, are represented by [image: $$ x_1, x_2, \dots , x_m, $$] then equation (7) must remain valid only from [image: $$ x=-\infty $$] up to [image: $$ x=x_1, $$] or from [image: $$ x=x_1 $$] up to [image: $$ x=x_2, \dots , $$] or finally, from [image: $$ x=x_m $$] up to [image: $$ x=+\infty , $$] depending on whether the particular value of x represented by [image: $$x_0 $$] will be contained between the limits [image: $$ -\infty $$] and [image: $$x_1, $$] or else, between the limits of [image: $$ x_1 $$] and [image: $$ x_2, \dots , $$] or finally, between the limits [image: $$ x_m $$] and [image: $$ \infty . $$] By consequence, it will no longer be necessary that the function [image: $$ \varpi (x) $$] keeps the same value from [image: $$ x=-\infty $$] up to [image: $$ x=+\infty , $$] but only that it remains constant between two consecutive terms of the sequence[image: $$\begin{aligned} -\infty , \ \ \ x_1, \ \ \ x_2, \ \ \ \dots , \ \ \ x_m, \ \ \ +\infty . \end{aligned}$$]



It is this that will happen, for example, if we take7
[image: $$\begin{aligned} \left\{ \begin{alignedat}{1} \varpi (x)=\frac{c_0+c_m}{2}+\frac{c_1-c_0}{2}\frac{x-x_1}{\sqrt{(x-x_1)^2}}&amp;+\frac{c_2-c_1}{2}\frac{x-x_2}{\sqrt{(x-x_2)^2}}+\cdots \\&amp;+\frac{c_m-c_{m-1}}{2}\frac{x-x_m}{\sqrt{(x-x_m)^2}}, \end{alignedat} \right. \end{aligned}$$]

 (9)


[image: $$c_0, c_1, c_2, \dots , c_m $$] designating constant, but arbitrary, quantities.8 In fact, in this case, the function [image: $$\varpi (x)$$] will be constantly equal to [image: $$ c_0 $$] between the limits [image: $$x=-\infty , x=x_1; $$] to [image: $$c_1$$] between the limits[image: $$ x=x_1, x=x_2; \dots ; $$] finally, to [image: $$c_m$$] between the limits [image: $$x=x_m, x=\infty .$$]
If we desire that [image: $$ \varpi (x) $$] be reduced to [image: $$ c_0 $$] for negative values, and to [image: $$ c_1 $$] for positive values of x,  it will suffice to take[image: $$\begin{aligned} \varpi (x)=\frac{c_0+c_1}{2}+\frac{c_1-c_0}{2}\frac{x}{\sqrt{x^2}}. \end{aligned}$$]

 (10)


PROBLEM II. –
              
              Find the general value of y that works to satisfy the equation
            [image: $$\begin{aligned} dy=f(x) dx. \end{aligned}$$]

 (11)


Solution.  – If we denote by F(x) a particular value of the unknown y,  and by [image: $$ F(x)+\varpi (x) $$] its general value, we will derive from formula (11), to which these two values must satisfy,[image: $$\begin{aligned} F^{\prime }(x)=f(x), \ \ \ \ \ \ \ \ F^{\prime }(x)+\varpi ^{\prime }(x)=f(x), \end{aligned}$$]



and as a result,[image: $$\begin{aligned} \varpi ^{\prime }(x)=0. \end{aligned}$$]



Moreover, it results from the first of the equations in (5) that we would satisfy formula (11) by taking [image: $$y=\int _{x_0}^x{f(x) dx}.$$] Therefore, the general value of y will be

            [image: $$\begin{aligned} y=\int _{x_0}^x{f(x) dx}+\varpi (x), \end{aligned}$$]

 (12)



          
[image: $$\varpi (x) $$] designating a function that works to satisfy equation (6). This general value of y,  which includes, as a particular case, the integral (1), and which maintains the same form, whatever the origin [image: $$x_0$$] of this integral, is represented in the calculus by the simple notation [image: $$ \int {f(x) dx}, $$] and receives the name of indefinite integral. This granted, formula (11) always leads to the following

            [image: $$\begin{aligned} y=\int {f(x) dx}, \end{aligned}$$]

 (13)



          
and vice versa, so that we have identically


            [image: $$\begin{aligned} d \int {f(x) dx}=f(x) dx. \end{aligned}$$]

 (14)



          
If the function F(x) differs from the integral (1), the general value of y,  or [image: $$\int {f(x) dx}, $$] can always be presented under the form

            [image: $$\begin{aligned} \int {f(x) dx}=F(x)+\varpi (x), \end{aligned}$$]

 (15)



          
and must reduce to the integral (1), for a particular value of [image: $$ \varpi (x), $$] which will satisfy, at the same time, equation (6) and the following

            [image: $$\begin{aligned} \mathfrak {F}(x)&amp;=\int _{x_0}^x{f(x) dx} =F(x)+\varpi (x). \end{aligned}$$]

 (16)



          
If, in addition, the functions f(x) and F(x) are, one and the other, continuous between the limits [image: $$ x=x_0, x=X, $$] the function [image: $$ \mathfrak {F}(x) $$] will itself be continuous, and as a result, [image: $$ \varpi (x)=\mathfrak {F}(x)-F(x) $$] will constantly maintain the same value between these limits, between which we will have

[image: $$\begin{aligned} \begin{array}{c} \varpi (x)=\varpi (x_0), \\[6pt] \mathfrak {F}(x)-F(x)=\mathfrak {F}(x_0)-F(x_0)=-F(x_0), \\[6pt] \mathfrak {F}(x)=F(x)-F(x_0), \end{array} \end{aligned}$$]




[image: $$\begin{aligned}&amp;\int _{x_0}^x{f(x) dx}=F(x)-F(x_0). \end{aligned}$$]

 (17)


Finally, if in equation (17), we set [image: $$ x=X, $$] we will find9

              
             

            [image: $$\begin{aligned} \int _{x_0}^X{f(x) dx}=F(X)-F(x_0). \end{aligned}$$]

 (18)



          
It results from equations (15), (17), and (18) that, being given a particular value F(x) for y that works to satisfy formula (11), we can deduce: [image: $$ 1^{\circ } $$] the value of the indefinite integral [image: $$ \int {f(x) dx}; $$] [image: $$ 2^{\circ } $$] those of the two definite integrals [image: $$ \int _{x_0}^x{f(x) dx}, $$] [image: $$ \int _{x_0}^X{f(x) dx}, $$] in the case where the functions [image: $$ f(x), F(x) $$] remain continuous between the limits of these two integrals.10

Example. – Since we verify the equation [image: $$ dy=\frac{dx}{1+x^2} $$] by taking [image: $$ y=\text {arctang} {x}, $$] and that the two functions [image: $$ \frac{1}{1+x^2}, \text {arctang} {x}, $$] remain finite and continuous between the limits [image: $$ x=-\infty , x=\infty , $$] we will derive from formulas (15), (17), and (18)

[image: $$\begin{aligned} \int {\frac{dx}{1+x^2}}=\text {arctang} {x}+\varpi (x), \end{aligned}$$]




[image: $$\begin{aligned} \int _{0}^x{\frac{dx}{1+x^2}}=\text {arctang} {x}, \end{aligned}$$]




[image: $$\begin{aligned} \int _{0}^1{\frac{dx}{1+x^2}}=\frac{\pi }{4}=0.785\dots . \end{aligned}$$]



Note. – When in equation (17) we wish to extend the value of x beyond a limit which renders the function f(x) discontinuous, it is usually required to add to the second member one or several singular integrals.
Example. – As we would satisfy the equation [image: $$ dy=\frac{dx}{x} $$] by taking [image: $$ y=\frac{1}{2}{\varvec{{l}}}x^2, $$] if we denote by [image: $$ \varepsilon $$] an infinitely small number, and by [image: $$ \mu , \nu $$] two positive coefficients, we will find, for [image: $$ x&lt;0, $$]

[image: $$\begin{aligned} \int _{-1}^x{\frac{dx}{x}}=\tfrac{1}{2}{\varvec{{l}}}x^2-\tfrac{1}{2}{\varvec{{l}}}1=\tfrac{1}{2}{\varvec{{l}}}x^2; \end{aligned}$$]



and, for [image: $$ x&gt;0,$$]

            [image: $$\begin{aligned} \int _{-1}^x{\frac{dx}{x}}=\int _{-1}^{-\mu \varepsilon }{\frac{dx}{x}}+\int _{\nu \varepsilon }^x{\frac{dx}{x}}&amp;= \tfrac{1}{2}{\varvec{{l}}}x^2-\tfrac{1}{2}{\varvec{{l}}}1+{\varvec{{l}}}\frac{\mu }{\nu } \\&amp;= \tfrac{1}{2}{\varvec{{l}}}x^2+\int _{-\varepsilon }^{-\mu \varepsilon }{\frac{dx}{x}}+\int _{\varepsilon \nu }^{\varepsilon }{\frac{dx}{x}}. \end{aligned}$$]




          
Footnotes
1Cauchy is again referring to his Mean Value Theorem for Definite Integrals here.

 

2Cauchy has just argued his integrals are continuous functions, an important result of its own.

 

3Cauchy has just proven the first version of the Fundamental Theorem of Calculus. One of the main reasons Newton and Leibniz are credited with inventing the calculus is their displayed understanding of this inverse relationship in the 17th century.

 

4The Mean Value Theorem for Derivatives.

 

5The 1899 text has a typographical error in equation (7). It reads, [image: $$\varpi \ x=\varpi (x_0).$$]

 

6Recall “solutions of continuity” is the older mathematical phrase used by Cauchy to denote breaks in continuity. These are points in which continuity dissolves or disappears. This expression is no longer in use, today referring to these as points of discontinuity.

 

7Both of Cauchy’s texts print c in the second term of the right-hand side of equation (9), i.e., [image: $$\frac{c-c_0}{2}\frac{x-x_1}{\sqrt{(x-x_1)^2}}. $$] This term should be [image: $$c_1$$] and has been corrected here.

 

8This adds an interesting twist to Cauchy’s proof.   [image: $$\varpi (x),$$] his arbitrary constant, is not a constant at all. Instead, [image: $$\varpi (x)$$] is a piecewise constant function.

 

9Cauchy has succeeded in proving the second version of the Fundamental Theorem of Calculus.

 

10Cauchy has shown the limit process he developed in Lecture Twenty-One to evaluate a definite integral can be completely avoided by making use of this powerful relationship, if (in modern language) a proper antiderivative can be identified. A tremendous shortcut.
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From after what has been said in the previous lecture, the indefinite integral[image: $$\begin{aligned} \int {f(x) dx} \end{aligned}$$]

 (1)


is nothing other than the general value of the unknown y,  subject to satisfy the differential equation[image: $$\begin{aligned} dy=f(x) dx. \end{aligned}$$]

 (2)


Moreover, being given a particular value F(x) of the same unknown, it will suffice to obtain
 the general value, to add to F(x) a function [image: $$ \varpi (x) $$] that works to satisfy the equation [image: $$ \varpi ^{\prime }(x) = 0, $$] or to what amounts to the same thing, an algebraic expression which can only admit a finite number of constant values, each of which remains valid between certain limits assigned to the variable [image: $$x. \ $$] For brevity, we designate, henceforth, by the letter [image: $$ \mathcal {C}, $$] an expression of this nature, and we call it an arbitrary constant, which will not mean that it must always retain the same value, regardless of x.1 This granted, we will have[image: $$\begin{aligned} \int {f(x) dx}=F(x)+\mathcal {C}. \end{aligned}$$]

 (3)


When we replace the function F(x) by the definite integral [image: $$ \int _{x_0}^x{f(x) dx}, $$] which is itself a particular value of y,  formula (3) is reduced to[image: $$\begin{aligned} \int {f(x) dx}=\int _{x_0}^{x}{f(x) dx}+\mathcal {C}. \end{aligned}$$]

 (4)


By extending the definition that we have given of the integral (1) to the case where the function f(x) is supposed imaginary, we will easily recognize that, in this hypothesis, equations (3) and (4) still remain valid. Only, the arbitrary constant [image: $$ \mathcal {C} $$] then becomes imaginary at the same time that f(x) does; that is to say, it takes the form[image: $$\begin{aligned} \mathcal {C}_1+\mathcal {C}_2\sqrt{-1}, \end{aligned}$$]



[image: $$\mathcal {C}_1 $$] and [image: $$ \mathcal {C}_2 $$] designating two arbitrary, but real, constants.
Before going further, it is important to observe that by forming the sum or the difference, or even any linear function of two or of several arbitrary constants, we obtain for a result a new arbitrary constant.
Several remarkable properties of indefinite integrals2 are easily deduced from equation (4) combined with formulas (13) (twenty-second lecture) and (2), (3), (4), (5) (twenty-third lecture). In fact, if, after having replaced X by x in the two members of each of these formulas, we add to the integrals the arbitrary constants which they contain, we will find, in denoting by [image: $$ a, $$] b,  c,  [image: $$ \dots $$] assumed known constants, and by [image: $$ u, $$] v,  w,  [image: $$ \dots $$] functions of the variable x, [image: $$\begin{aligned} \int {au dx}=a\int {u dx}, \end{aligned}$$]

 (5)



[image: $$\begin{aligned} \left\{ \begin{aligned} \ \int {(u+v+w+\cdots ) dx}&amp;=\int {u dx}+\int {v dx}+\int {w dx}+\cdots , \\ \ \int {(u-v) dx}&amp;=\int {u dx}-\int {v dx}, \\ \ \int {(au+bv+cw+\cdots ) dx}&amp;=a\int {u dx}+b\int {v dx}+c\int {w dx}+\cdots , \\ \ \int {\big (u+v\sqrt{-1}\big ) dx}&amp;=\int {u dx}+\sqrt{-1}\int {v dx}. \end{aligned} \right. \end{aligned}$$]

 (6)


These equations remain valid even in the case where [image: $$ a, $$] b,  c,  [image: $$ \dots , $$] u,  v,  w,  [image: $$ \dots $$] become imaginary.
To integrate the differential formula [image: $$ f(x) dx, $$] or in other words, to integrate equation (2), is to find the value of the indefinite integral [image: $$ \int {f(x) dx}. \ $$] The operation by which we achieve this is an indefinite integration
. Definite integration consists of finding the value of a definite integral, such as [image: $$ \int _{x_0}^X{f(x) dx}. \ $$] We now make known the four main methods, with the help of which we can perform, in certain cases, the first of these two operations.
Immediate integration. – When in the formula [image: $$ f(x) dx $$] we recognize the exact differential of a determinate function, F(x),  the value of the indefinite integral [image: $$ \int {f(x)} $$] is deduced immediately from equation (3). We extend the number of cases in which this type of integration is applicable by observing that the constant factors included in f(x) can be placed at will within or outside the [image: $$ \int $$] sign [image: $$\big ($$]see equation (5)[image: $$\big )$$].
Examples. –[image: $$\begin{aligned} \begin{array}{cc} \displaystyle \int {a dx}=ax+ \mathcal {C}, \ \ \ \ \ \int {(a+1)x^a dx}=x^{a+1}+ \mathcal {C}, \ \ \ \ \ \int {x^a dx}=\frac{x^{a+1}}{a+1}+ \mathcal {C}, \\[8pt] \displaystyle \int {x dx}=\tfrac{1}{2}x^2+ \mathcal {C}, \ \ \ \ \ \int { \frac{ dx}{x^2}}=-\frac{1}{x}+ \mathcal {C}, \\[8pt] \displaystyle \int {\frac{dx}{x^m} }= -\frac{1}{(m-1)x^{m-1}} + \mathcal {C}, \ \ \ \ \ \int {\frac{dx}{\sqrt{x}}}=2\sqrt{x} + \mathcal {C}, \\[8pt] \displaystyle \int {\frac{dx}{x} }=\tfrac{1}{2}{\varvec{l}}\big (x^2\big ) + \mathcal {C}, \ \ \ \ \ \int {\frac{dx}{1+x^2} }=\text {arctang} {x} + \mathcal {C}, \\[8pt] \displaystyle \int { \frac{dx}{\sqrt{1-x^2}}}=\arcsin {x} + \mathcal {C}= \mathcal {C}+\tfrac{1}{2}\pi -\arccos {x}, \\[8pt] \displaystyle \int {e^x dx}=e^x + \mathcal {C}, \ \ \ \ \ \int {A^x {\varvec{l}}A dx}=A^x + \mathcal {C}, \ \ \ \ \ \int {A^x dx}=\frac{A^x}{{\varvec{l}}A} + \mathcal {C}, \\[8pt] \displaystyle \int {\cos {x} dx}= \sin {x} + \mathcal {C}, \ \ \ \ \ \int {\sin {x} dx}= -\cos {x} + \mathcal {C}, \\[8pt] \displaystyle \int {\frac{dx}{\cos ^2{x}}}=\text {tang} {x} + \mathcal {C}, \ \ \ \ \ \int {\frac{dx}{\sin ^2{x}}}=-\cot {x} + \mathcal {C}. \end{array} \end{aligned}$$]



Integration by substitution. – Consider that for the variable x we substitute another variable z related to the first by an equation from which we derive [image: $$ z = \varphi (x) $$] and [image: $$ x=\chi (z). \ $$] Formula (2) will be found replaced by the following[image: $$\begin{aligned} dy=f\big [\chi (z)\big ]\chi ^{\prime }(z) dz. \end{aligned}$$]

 (7)


If we make for brevity, [image: $$ f[\chi (z)]\chi ^{\prime }(z) =\varUpsilon (z) , $$] the general value of y derived from equation (7) will be represented by the indefinite integral [image: $$ \int {\varUpsilon (z) dz}. \ $$] Moreover, this general value should coincide with the integral (1). Therefore, if, by virtue of the established relationship between x and z,  we have identically[image: $$\begin{aligned} f(x) dx=\varUpsilon (z) dz, \end{aligned}$$]

 (8)


we will infer[image: $$\begin{aligned} \int {f(x) dx}=\int {\varUpsilon (z) dz}. \end{aligned}$$]

 (9)


Now suppose that the value of [image: $$ \int {\varUpsilon (z) dz} $$] is given by an equation of the form[image: $$\begin{aligned} \int {\varUpsilon (z) dz}=\mathfrak {F}(z)+ \mathcal {C}. \end{aligned}$$]

 (10)


We will derive from this equation[image: $$\begin{aligned} \int {f(x) dx}=\mathfrak {F}\big [\varphi (x)\big ]+ \mathcal {C}. \end{aligned}$$]

 (11)


Examples. – By accepting formula (10) and successively setting[image: $$\begin{aligned} \begin{array}{cc} \displaystyle x \pm a=z, \ \ \ \ \ ax=z, \ \ \ \ \ \frac{x}{a}=z, \ \ \ \ \ x^2+a^2=z, \\ \displaystyle {\varvec{l}}x =z, \ \ \ \ \ e^x=z, \ \ \ \ \ \sin {x}=z, \ \ \ \ \ \cos {x}=z, \end{array} \end{aligned}$$]



we will derive from formula (11), combined with equation (5),[image: $$\begin{aligned} \begin{array}{cc} \displaystyle \int {\varUpsilon (x \pm a) dx}= \mathfrak {F}(x \pm a)+ \mathcal {C}, \quad \quad \int {\varUpsilon (ax) dx}= \tfrac{1}{a}\mathfrak {F}(ax)+ \mathcal {C}, \\[8pt] \displaystyle \int {\varUpsilon \left( \frac{x}{a}\right) dx}= a\mathfrak {F}\left( \frac{x}{a}\right) + \mathcal {C}, \\[8pt] \displaystyle \int {x\varUpsilon \big (x^2+a^2\big ) dx}= \tfrac{1}{2}\mathfrak {F}\big (x^2+a^2\big )+ \mathcal {C}, \\[8pt] \displaystyle \int {x^{a-1}\varUpsilon \big (x^a\big ) dx}= \tfrac{1}{a}\mathfrak {F}\big (x^a\big )+ \mathcal {C}, \\[8pt] \displaystyle \int { \varUpsilon \big ({\varvec{l}}x \big ) \frac{ dx}{x}} = \mathfrak {F}\big ({\varvec{l}}x\big ) + \mathcal {C}, \quad \quad \int { e^x \varUpsilon \big ( e^x\big ) dx} = \mathfrak {F}\big (e^x \big ) + \mathcal {C}, \\[8pt] \displaystyle \int {\cos {x} \varUpsilon (\sin {x} ) dx} = \mathfrak {F}(\sin {x} ) + \mathcal {C}, \quad \quad \int \!{\sin {x} \varUpsilon (\cos {x} ) dx} = -\mathfrak {F}( \cos {x}) + \mathcal {C}. \end{array} \end{aligned}$$]



These last formulas being combined in their turn with those which result from immediate integration, we will find[image: $$\begin{aligned} \begin{array}{cc} \displaystyle \int { \frac{dx}{ x-a }} = \tfrac{1}{2}{\varvec{l}}(x-a)^2 + \mathcal {C}, \\ \displaystyle \int { \frac{dx}{(x-a)^m }} = -\frac{1}{(m-1)(x-a)^{m-1}} + \mathcal {C}, \\ \displaystyle \int { \frac{dx}{1+a^2 x^2 }} = \frac{1}{a} \text {arctang} {(ax)} + \mathcal {C}, \\ \displaystyle \int { \frac{dx}{x^2+a^2 }} =\frac{1}{a^2}\int { \frac{dx}{1+\left( \frac{x}{a}\right) ^2 }} =\frac{1}{a}\text {arctang} {\Big (\frac{x}{a}\Big )} + \mathcal {C}, \\ \displaystyle \int { \frac{x dx}{x^2+a^2 }} = \tfrac{1}{2}{\varvec{l}}\big (x^2+a^2\big ) + \mathcal {C}, \ \ \ \ \ \int { \frac{x dx}{\sqrt{x^2+a^2} }} = \sqrt{x^2+a^2} + \mathcal {C}, \\ \displaystyle \int { e^{ax} dx} = \frac{1}{a} e^{ax} + \mathcal {C}, \ \ \ \ \ \int { e^{-ax} dx} = -\frac{1}{a} e^{-ax} + \mathcal {C}, \\ \displaystyle \int { \cos {ax} dx} = \frac{1}{a} \sin {ax} + \mathcal {C}, \ \ \ \ \ \int {\sin {ax} dx} =- \frac{1}{a} \cos {ax} + \mathcal {C}, \\ \displaystyle \int \!{\frac{ {\varvec{l}}x}{x} dx} = \tfrac{1}{2}({\varvec{l}}x)^2 + \mathcal {C}, \ \ \int \!{\frac{ dx}{x \, {\varvec{l}}x}} = {\varvec{l}} ( {\varvec{l}}x) + \mathcal {C}, \ \ \int \!{\frac{ dx}{x({\varvec{l}}x)^m}} = \frac{-1}{(m-1)({\varvec{l}}x)^{m-1}} + \mathcal {C}, \\ \displaystyle \int { \frac{e^x \ dx}{e^{2x}+1}} = \text {arctang} {(e^x)} + \mathcal {C}, \\ \displaystyle \int { \frac{\sin {x} \ dx}{\cos ^2{x}}} = \frac{1}{\cos {x}} + \mathcal {C} =\sec {x}+ \mathcal {C}, \ \ \ \ \ \int { \frac{\cos {x} dx}{\sin ^2{x}}} = -\frac{1}{\sin {x}} + \mathcal {C}. \end{array} \end{aligned}$$]



Integration by decomposition. – This type of integration is performed with the help of the formulas in (6) when the function under the [image: $$\int $$] sign can be decomposed into several parts in such a manner that each part, multiplied by dx,  gives for its product an easily integrable expression. It applies particularly to the case where the function under the [image: $$\int $$] sign is reduced, either to an entire function or to a rational fraction.
Examples. –[image: $$\begin{aligned} \int {\frac{ dx}{\sin ^2{x} \, \cos ^2{x}}}&amp;= \int {\frac{\sin ^2{x}+\cos ^2{x}}{\sin ^2{x} \, \cos ^2{x}} dx} \\[5pt]&amp;= \int {\frac{dx}{\cos ^2{x}}}+\int {\frac{dx}{\sin ^2{x}}} \\[3pt]&amp;=\text {tang} {x}-\cot {x}+ \mathcal {C}, \end{aligned}$$]




[image: $$\begin{aligned} \int {\big (a+bx+cx^2+\cdots \big ) dx}&amp;= a\int {dx}+b\int {x dx}+c\int {x^2 dx}+\cdots \\[5pt]&amp;= ax+b\frac{x^2}{2}+c\frac{x^3}{3}+\cdots + \mathcal {C}. \end{aligned}$$]



Integration by parts. – Let u and v be two different functions of x,  and [image: $$ u^{\prime }, v^{\prime } $$] their respective derivatives. uv will be a particular value of y that works to satisfy the differential equation[image: $$\begin{aligned} dy=u dv+v du=uv^{\prime } dx+vu^{\prime } dx, \end{aligned}$$]



from which we will generally derive[image: $$\begin{aligned} y=uv+ \mathcal {C} =\int {uv^{\prime } dx}+\int {vu^{\prime } dx}=\int {u dv}+\int {v du}, \end{aligned}$$]



and as a result,[image: $$\begin{aligned} \int {u dv}=uv-\bigg (\int {v du}- \mathcal {C} \bigg ), \end{aligned}$$]



or more simply3
[image: $$\begin{aligned} \int {u dv}=uv-\int {v du}, \end{aligned}$$]

 (12)


the arbitrary constant, [image: $$-\mathcal {C}, $$] can be supposed contained in the integral [image: $$ \int {v du}. \ $$]
Examples. –[image: $$\begin{aligned} \begin{array}{cc} \displaystyle \int {{\varvec{l}}x dx}=x \, {\varvec{l}}x-\int {x\frac{dx}{x}}=x({\varvec{l}}x-1)+ \mathcal {C}, \ \ \ \ \ \int {x e^x dx}=e^x(x-1)+ \mathcal {C}, \\ \displaystyle \int \!{x \cos {x} dx}=x\sin {x}+\cos {x}+ \mathcal {C}, \ \ \ \displaystyle \int \!{x \sin {x} dx}=-x\cos {x}+\sin {x}+ \mathcal {C}, \ \ \ \dots . \end{array} \end{aligned}$$]



Note. – It is essential to observe that the arbitrary constants, which are supposed contained in the indefinite integrals that include the two members of equation (12), can have very different numerical values. This remark suffices to explain the formula[image: $$\begin{aligned} \int {\frac{dx}{x \, {\varvec{l}} x}}=1+\int {\frac{dx}{x \, \mathbf l\mathbf x}}, \end{aligned}$$]



to which we reach, upon setting in equation (12),4
[image: $$\begin{aligned} u=\frac{1}{{\varvec{l}}x} \ \ \ \ \ \ \ \ \text {and} \ \ \ \ \ \ \ \ v={\varvec{l}}x. \ \end{aligned}$$]





Footnotes
1Cauchy continues to stress the fact his arbitrary constant is a piecewise constant function of x,  along with its inherent points of discontinuity.

 

2What must be a typographical error occurs in the text of the 1899 edition. It replaces the 1823 edition’s intégrales indéfinies with the phrase intégrales définies, which would change the translation from an indefinite to a definite integral. Cauchy’s originally intended, and appropriate, 1823 phrase is used here.

 

3Precisely in the form we commonly see integration by parts today.

 

4One might picture Cauchy proving [image: $$0=1$$] to his students with this idea, perhaps interjecting a bit of a riddle and some humor into his highly intellectual and academic class – Cauchy himself hoping for a rare chuckle from his students.
Throughout this text, Cauchy occasionally makes assumptions about characteristics of his functions which in general may not be true. During the latter part of the 19th century, several pathological functions were generated which tested the new rigorous calculus theory. Although these functions may have taken Cauchy by surprise in 1823, the purpose was not to discredit the emerging theory. Instead, their introduction was constructive and used to locate weaknesses or ambiguities in the foundation of the subject, so the theory could be strengthened. Among these are the Weierstrass Function, a real valued function designed by Karl Weierstrass that is continuous everywhere, but differentiable nowhere. This unusual function clearly demonstrates intuition cannot be trusted as this function shows continuity is not enough to guarantee differentiability, as Cauchy tends to do. This particular function would have been unimaginable to Cauchy in 1823. Riemann developed a similarly bizarre function which is continuous everywhere, yet not differentiable almost everywhere. Another classic pathological example is the Indicator Function, sometimes referred to as the Dirichlet Function, named after Lejeune Dirichlet (1805–1859). It is a strange function that is nowhere continuous. A final example is the Ruler Function, developed by Carl Johannes Thomae (1840–1921). It contains an infinite number of discontinuities yet remains integrable and is continuous almost everywhere. These functions, along with many others, helped uncover and then strengthen the foundation of modern calculus. Pretty cool stuff.
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We call algebraic functions those that we form by only employing the first operations of the algebra, namely, addition, subtraction, multiplication, division, and the raising of variables to fixed powers. The algebraic functions of one variable are rational when they contain only integer powers of this variable, that is to say, when they are reduced to entire functions or to rational fractions. They are irrational 
              
             otherwise.
This granted, let us conceive that, f(x) denoting an algebraic function of x,  we are looking for the value of the indefinite integral [image: $$\int {f(x) \, dx}. \ $$] If the function f(x) is rational, we will decompose the product [image: $$f(x) \, dx$$] into several terms which will be presented under one of the forms[image: $$\begin{aligned} Ax^m \, dx, \ \ \ \ \frac{A \, dx}{x-a}, \ \ \ \ \frac{A \, dx}{(x-a)^m}, \ \ \ \ \frac{\big (A \mp B\sqrt{-1} \big )\, dx}{x-\alpha \mp \beta \sqrt{-1}}, \ \ \ \ \frac{\big (A \mp B\sqrt{-1} \big )\, dx}{\big (x-\alpha \mp \beta \sqrt{-1} \big )^m}, \end{aligned}$$]

 (1)


[image: $$a, \alpha , \beta , A, B $$] designating real constants, and m an integer number; then, we will integrate these different terms with the help of the equations[image: $$\begin{aligned} \begin{array}{cccc} \displaystyle \int {Ax^m \, dx}=A\frac{x^{m+1}}{m+1}+\mathcal {C}, \ \ \ \ \ \ \ \ \ \ \displaystyle \int {\frac{A \, dx}{x-a}}=\tfrac{1}{2}A {\varvec{{l}}}(x-a)^2+\mathcal {C}, \\ \displaystyle \int {\frac{A \, dx}{(x-a)^m}}=-\frac{A}{(m-1)(x-a)^{m-1}}+\mathcal {C}, \\ \!\displaystyle \int \! {\frac{\big (A \! \mp \! B\sqrt{-1} \big ) \, dx}{x-\alpha \! \mp \! \beta \sqrt{-1}}}\!=\!\big (A \! \mp \! B\sqrt{-1} \big ) \!\! \displaystyle \int \!\! {\frac{(x\!-\alpha ) \, dx}{(x\!-\alpha )^2 \! + \! \beta ^2}} \! + \! \big (B \! \pm \! A\sqrt{-1} \big ) \!\! \displaystyle \int \!\! {\frac{\beta \, dx}{(x\!-\alpha )^2 \! + \! \beta ^2}} \\ = \! \tfrac{1}{2}\big (A \! \mp \! B\sqrt{-1} \big ) {\varvec{{l}}}\big [(x-\alpha )^2 \! + \! \beta ^2\big ] \! + \! \big (B \! \pm \! A\sqrt{-1} \big ) \, \text {arctang} \Big ( \frac{x-\alpha }{\beta } \Big ) \! + \! \mathcal {C}, \\ \displaystyle \int {\frac{\big (A \mp B\sqrt{-1} \big ) \, dx}{\big (x-\alpha \mp \beta \sqrt{-1} \big )^m}}=-\frac{A \mp B\sqrt{-1}}{(m-1)\big (x-\alpha \mp \beta \sqrt{-1} \big )^{m-1}}+\mathcal {C}, \end{array} \end{aligned}$$]



the first of which are deduced from the principles established in the preceding lecture, and the last of which, derived by induction from the third, may be easily verified after the fact.
Examples. –[image: $$\begin{aligned}&amp;\int {\left( \frac{A-B\sqrt{-1}}{x-\alpha -\beta \sqrt{-1}}+\frac{A+B\sqrt{-1}}{x-\alpha +\beta \sqrt{-1}} \right) \, dx} \\[4pt]&amp;\quad \quad \quad \quad \quad \quad \quad =A \, {\varvec{{l}}}\big [(x-\alpha )^2+\beta ^2\big ]+2B \,\text {arctang} \, \frac{x-\alpha }{\beta }+\mathcal {C}, \\[4pt]&amp;\int {\frac{dx}{x^2-1}}=\int {\frac{1}{2}\left( \frac{1}{x-1}-\frac{1}{x+1}\right) \, dx}=\frac{1}{4} {\varvec{{l}}}\Big (\frac{x-1}{x+1}\Big )^2+\mathcal {C},\\[4pt]&amp;\int {\frac{x \, dx}{x^2+1}}=\frac{1}{2} {\varvec{{l}}}\big (x^2+1\big )+\mathcal {C}, \\[4pt]&amp;\int {\frac{dx}{x^3-1}}=\int {\frac{1}{3}\left( \frac{1}{x-1}-\frac{x+2}{x^2+x+1}\right) \, dx} \\[4pt]&amp;\quad \quad \quad \quad \quad \quad \quad =\frac{1}{6}{\varvec{{l}}}\Big (\frac{(x-1)^2}{x^2+x+1}\Big )-\frac{1}{\sqrt{3}} \, \text {arctang} \, \frac{2x+1}{\sqrt{3}}+\mathcal {C}, \\[4pt]&amp;\quad \quad \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots . \end{aligned}$$]



When the function f(x),  without ceasing to be algebraic, becomes irrational, there are no longer general rules by means of which we can calculate the value of [image: $$\int {f(x) \, dx} $$] in finite terms. In truth, to achieve this it would be sufficient to substitute for the variable x a second variable z chosen so that the expression [image: $$f(x) \, dx$$] is found transformed into another, [image: $$\varUpsilon (z) \, dz, $$] in which the function [image: $$\varUpsilon (z)$$] is rational. But, we have no sure method to carry out such a transformation, except in a small number of particular cases that we will now make known.
First, let [image: $$\varUpsilon (x, z)$$] be a rational function of x and z,  z being an irrational function of x,  determined by an algebraic equation of any degree with respect to z,  but of first degree with respect to [image: $$x. \ $$] To render the differential formula [image: $$\varUpsilon (x, z) \, dx $$] rational and integrable, it will obviously suffice to substitute the variable z for the variable [image: $$x. \ $$] We should especially note the case where the value of z is provided, either by one of the binomial equations[image: $$\begin{aligned} \left\{ \begin{array}{lll} &amp;{}\quad \quad z^n-(ax+b)=0, \\ &amp;{}(a_0x+b_0)z^n-(a_1x+b_1)=0, \end{array} \right. \end{aligned}$$]

 (2)


or by the second-degree equation[image: $$\begin{aligned} (a_0x+b_0)z^2-2(a_1x+b_1)z-(a_2x+b_2)=0, \end{aligned}$$]

 (3)


[image: $$a, b, a_0, b_0, a_1, b_1, a_2, b_2 $$] being real constants, and n any integer number. Since we would satisfy the equations in (2) by setting[image: $$\begin{aligned} z=(ax+b)^{\frac{1}{n}} \ \ \ \ \ \ \ \ \text {or} \ \ \ \ \ \ \ \ z=\bigg (\frac{a_1x+b_1}{a_0x+b_0}\bigg )^{\frac{1}{n}}, \end{aligned}$$]



and equation (3) by setting[image: $$\begin{aligned} z=\frac{a_1x+b_1+\sqrt{(a_1x+b_1)^2+(a_0x+b_0)(a_2x+b_2)}}{a_0x+b_0}, \end{aligned}$$]



it follows that we render the formulas[image: $$\begin{aligned} \varUpsilon \left[ x, (ax+b)^{\frac{1}{n}}\right] \, dx \ \ \ \ \ \ \ \ \text {or} \ \ \ \ \ \ \ \ \varUpsilon \left[ x, \, \left( \frac{a_1x+b_1}{a_0x+b_0} \right) ^{\frac{1}{n}}\right] \, dx \end{aligned}$$]

 (4)


integrable by equating to z the radical that it contains, and the two formulas1
[image: $$\begin{aligned} \left\{ \begin{array}{lll} \ &amp;{}\varUpsilon \left[ x, \, \displaystyle \frac{a_1x+b_1+\sqrt{(a_1x+b_1)^2+(a_0x+b_0)(a_2x+b_2)} }{a_0x+b_0} \right] \, dx, \\ \ &amp;{}\varUpsilon \left[ x, \, \sqrt{(a_1x+b_1)^2+(a_0x+b_0)(a_2x+b_2)} \right] \, dx, \end{array} \right. \end{aligned}$$]

 (5)


in substituting the value of x by z derived from equation (3), or to what amounts to the same thing, from the following[image: $$\begin{aligned} \sqrt{(a_1x+b_1)^2+(a_0x+b_0)(a_2x+b_2)}=(a_0x+b_0)z-(a_1x+b_1). \end{aligned}$$]

 (6)


Let us now conceive how to render the expression[image: $$\begin{aligned} \varUpsilon \left( x, \, \sqrt{Ax^2+Bx+C} \right) \, dx \end{aligned}$$]

 (7)


integrable, [image: $$ A, B, C $$] being real constants. It will obviously suffice to employ equation (6), after having reduced the trinomial [image: $$Ax^2+Bx+C$$] to the form [image: $$(a_1x+b_1)^2+(a_0x+b_0)(a_2x+b_2). \ $$] Now, we can perform this reduction in an infinite number of ways, by choosing a binomial [image: $$a_1x+b_1$$] so that the difference [image: $$Ax^2+Bx+C-(a_1x+b_1)^2$$] is decomposable into real factors of first degree, that is to say, so that we would have[image: $$\begin{aligned} Ab_1^2+Ca_1^2-Ba_1b_1+\tfrac{1}{4}B^2-AC&gt;0. \end{aligned}$$]

 (8)


By seeking the simplest values of [image: $$a_1$$] and [image: $$b_1$$] which work to fulfill this latter condition, we will find: [image: $$1^{\circ }$$] if [image: $$\frac{1}{4}B^2-AC$$] is positive,[image: $$\begin{aligned} a_1=0, \ \ \ \ \ b_1=0; \end{aligned}$$]



[image: $$2^{\circ }$$] if A is positive,[image: $$\begin{aligned} a_1=A^{\frac{1}{2}}, \ \ \ \ \ b_1=0; \end{aligned}$$]



[image: $$3^{\circ }$$] if C is positive,[image: $$\begin{aligned} b_1=C^{\frac{1}{2}}, \ \ \ \ \ a_1=0. \end{aligned}$$]



Moreover, since we will have[image: $$\begin{aligned} Ax^2+Bx+C-\big (A^{\frac{1}{2}}x\big )^2=1 \times (Bx+C) \end{aligned}$$]



and[image: $$\begin{aligned} Ax^2+Bx+C-\big (C^{\frac{1}{2}}\big )^2=x (Ax+B), \end{aligned}$$]



we can take [image: $$a_0x+b_0=1$$] in the second case, and [image: $$a_0x+b_0=x$$] in the third. In summary, if [image: $$Ax^2+Bx+C$$] is the product of two real factors [image: $$a_0x+b_0, $$] [image: $$a_2x+b_2, $$] we will render formula (7) rational by setting[image: $$\begin{aligned} \sqrt{(a_0x+b_0)(a_2x+b_2)}=(a_0x+b_0)z \ \ \ \ \ \ \ \ \text {or} \ \ \ \ \ \ \ \ \frac{a_2x+b_2}{a_0x+b_0}=z^2. \end{aligned}$$]

 (9)


Otherwise, the radical [image: $$\sqrt{Ax^2+Bx+C}$$] cannot be a real quantity, unless the two coefficients A and C are positive. In all the cases, we will render expression (7)2 rational by supposing[image: $$\begin{aligned} \left\{ \begin{array}{ll} \ &amp;{}\text {if} \ A \ \text {is positive,} \ \ \ \ \ \ \ \ \sqrt{Ax^2+Bx+C}=z-A^{\frac{1}{2}}x, \\ \ &amp;{}\quad \text {and} \\ \ &amp;{}\text {if} \ C \ \text {is positive,} \ \ \ \ \ \ \ \ \sqrt{Ax^2+Bx+C}=xz-C^{\frac{1}{2}}, \\ \ &amp;{}\quad \text {or} \ \ \ \ \ \ \ \ \sqrt{A+B\displaystyle \frac{1}{x}+C\displaystyle \frac{1}{x^2}}=z-C^{\frac{1}{2}}\displaystyle \frac{1}{x}. \end{array} \right. \end{aligned}$$]

 (10)


It is easy to verify these various consequences of formula (6)3 after the fact.
Examples. – We will derive from the first of the equations in (10)[image: $$\begin{aligned} \int {\frac{dx}{\sqrt{Ax^2+Bx+C}}}&amp;=\int {\frac{dz}{A^{\frac{1}{2}}z+\frac{1}{2}B}} \\[6pt]&amp;=\frac{{\varvec{{l}}}\left( Ax+\frac{1}{2}B+A^{\frac{1}{2}}\sqrt{Ax^2+Bx+C} \right) }{A^{\frac{1}{2}}}+\mathcal {C}, \\[6pt] \int {\frac{dx}{\sqrt{x^2+1}}}&amp;= \, {\varvec{{l}}}\big (x+\sqrt{x^2+1} \big )+\mathcal {C}, \\[6pt] \int {\frac{dx}{\sqrt{x^2-1}}}&amp;= \, {\varvec{{l}}}\big (x+\sqrt{x^2-1} \big )+\mathcal {C}, \\[6pt] \dots \dots \dots&amp;\dots \dots \dots \dots \dots \dots \dots . \end{aligned}$$]



It is important to observe that, if we designate by [image: $$\varUpsilon (u, v, w, \dots )$$] an entire function of the variables [image: $$ u, v, w, \dots , $$] and by [image: $$ p, q, r, \dots $$] divisors of integer number n,  the differential expressions[image: $$\begin{aligned} \left\{ \begin{array}{lll} \ &amp;{}\varUpsilon \left[ x, (ax+b)^{\frac{1}{p}}, (ax+b)^{\frac{1}{q}}, (ax+b)^{\frac{1}{r}}, \dots \right] \, dx, \\ \ &amp;{}\varUpsilon \left[ x, \left( \displaystyle \frac{a_1x+b_1}{a_0x+b_0} \right) ^{\frac{1}{p}}, \left( \displaystyle \frac{a_1x+b_1}{a_0x+b_0} \right) ^{\frac{1}{q}}, \dots \right] \, dx \end{array} \right. \end{aligned}$$]

 (11)


will be of the same form as the expressions in (4) and can be integrated in the same manner. Thus, we will find, by setting [image: $$x=z^6, $$][image: $$\begin{aligned} \int {\left( x^{\frac{1}{2}}+x^{\frac{2}{3}}\right) ^{-1}\, dx}=6\int {\frac{z^2 \, dz}{1+z}}=6\Big [\tfrac{1}{2}z^2-z+\tfrac{1}{2} {\varvec{{l}}}(1+z)^2\Big ]+\mathcal {C}. \end{aligned}$$]



Add that we will immediately reduce the differential expressions[image: $$\begin{aligned} \varUpsilon \left[ x^{\mu }, (ax^{\mu }+b)^{\frac{1}{n}}\right] x^{\mu -1} \, dx, \ \ \ \ \ \varUpsilon \left[ x^{\mu }, \left( \frac{a_1x^{\mu }+b_1}{a_0x^{\mu }+b_0}\right) ^{\frac{1}{n}}\right] x^{\mu -1} \, dx \end{aligned}$$]

 (12)


([image: $$\mu $$] denoting any constant) to the formulas in (4), and the expression[image: $$\begin{aligned} \varUpsilon \left[ x, (a_0x+b_0)^{\frac{1}{2}}, (a_1x+b_1)^{\frac{1}{2}}\right] \, dx \end{aligned}$$]

 (13)


to formula (7), by setting [image: $$x^{\mu }=y $$] in the expressions in (12), and [image: $$a_0x+b_0=y^2 $$] in expression (13).
Examples. – We integrate [image: $$ \frac{x^{2m+1}}{\sqrt{x^2-1}} \, dx, $$] by setting [image: $$x^2=y, \ y-1=z^2, $$] or simply [image: $$x^2-1=z^2; $$] and [image: $$\frac{dx}{(x-1)^{\frac{1}{2}}+(x+1)^{\frac{1}{2}}}, $$] by setting [image: $$x-1=y^2, $$] then [image: $$(y^2+2)^{\frac{1}{2}}=z-y, $$] or simply [image: $$(x-1)^{\frac{1}{2}}+(x+1)^{\frac{1}{2}}=z. \ $$]
In finishing this lecture, we will remark that, in all the cases where we succeed to calculate the value of an indefinite integral which contains an algebraic function, this value is composed of several terms, each of which is presented under one of the forms4
[image: $$\begin{aligned} \varUpsilon (x), \ \ \ \ \ A {\varvec{{l}}}\big (\varUpsilon (x)\big ), \ \ \ \ \ A \, \text {arctang} \, \big (\varUpsilon (x)\big ), \end{aligned}$$]

 (14)


[image: $$\varUpsilon (x)$$] designating an algebraic function of x,  and A a constant quantity. The expressions [image: $$\text {arcsin} \, x=\text {arctang} \,\frac{x}{\sqrt{1-x^2}}, $$] [image: $$\text {arccos} \, x, $$] and similar others, are obviously included under the last of the three forms that we have just indicated.5

Footnotes
1The second expression in (5) from the 1899 edition reads,[image: $$\begin{aligned} \varUpsilon \left[ x, \, \sqrt{(a_1x+b_1)^2+(a_2x+b_0)(a_0x+b_2)} \right] \, dx. \end{aligned}$$]



Additionally, in the original 1823 edition, this same expression reads,[image: $$\begin{aligned} \varUpsilon \left[ x, \, \sqrt{(a_1x+b_1)^2+(a_0x+b_0)(a_0x+b_2)} \right] \, dx. \end{aligned}$$]



Both of these misprints have been corrected here.

 

2Both of Cauchy’s texts reference equation number (17), a clear misprint that has been corrected here.

 

3Cauchy references equation (16), another simple error which has been corrected.

 

4Parentheses have been added in the third expression.

 

5An incredible remark indeed.
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Let [image: $$ a, b, a_1, b_1, \lambda , \mu , \nu $$] be real constants, y a variable quantity, and let us make [image: $$y^{\lambda }=x. \ $$] The expression [image: $$(ay^{\lambda }+b)^{\mu } dy, $$] in which dx has for a coefficient a power of the binomial [image: $$ay^{\lambda }+b, $$] will be what we call a binomial differential, and the indefinite integral[image: $$\begin{aligned} \int {(ay^{\lambda }+b)^{\mu } dy}=\frac{1}{\lambda }\int {(ax+b)^{\mu }x^{\frac{1}{\lambda }-1} dx} \end{aligned}$$]

 (1)


will be the product of [image: $$\frac{1}{\lambda }$$] with another integral included in the general formula[image: $$\begin{aligned} \int {(ax+b)^{\mu }(a_1x+b_1)^{\nu } dx}, \end{aligned}$$]

 (2)


which we will now occupy ourselves.
We easily determine integral (2) when the numerical values of the exponents [image: $$\mu , \nu $$] and of their sum [image: $$\mu +\nu $$] are reduced to three rational numbers, one of which is an integer number. In fact, denote by l, m, n any integer numbers. To integrate the differential expressions1
[image: $$\begin{aligned} \begin{array}{c} \displaystyle (ax+b)^{\pm l}(a_1x+b_1)^{\pm \frac{m}{n}} dx, \\ \displaystyle (ax+b)^{\pm \frac{m}{n}}(a_1x+b_1)^{\pm l} dx, \\ \displaystyle (ax+b)^{\pm \frac{m}{n}}(a_1x+b_1)^{\pm l \pm \frac{m}{n}} dx, \end{array} \end{aligned}$$]



it will suffice to successively set (see the twenty-eighth lecture)[image: $$\begin{aligned} a_1x+b_1=z^n, \ \ \ \ \ \ \ \ ax+b=z^n, \ \ \ \ \ \ \ \ \frac{ax+b}{a_1x+b_1}=z^n. \end{aligned}$$]



The formula [image: $$(ax+b)^{\mu }(a_1x+b_1)^{\nu } dx$$] not always being integrable, it is good to see how we can restore the determination of the integral (2) to those of several other integrals of the same type, but in which the exponents of the binomials [image: $$ ax+b, a_1x+b_1 $$] are no longer the same. To achieve this in the most direct manner, we will have recourse to equation (12) (twenty-seventh lecture) that we will present in the form[image: $$\begin{aligned} \int {uv \tfrac{1}{2}d {\varvec{{l}}}v^2}=uv-\int {uv \tfrac{1}{2}d {\varvec{{l}}}u^2;} \end{aligned}$$]

 (3)


then, we will suppose the functions u and v respectively proportional to certain powers of two of the three quantities[image: $$\begin{aligned} ax+b, \ \ \ \ \ \ \ \ a_1x+b_1, \ \ \ \ \ \ \ \ \frac{ax+b}{a_1x+b_1}. \end{aligned}$$]

 (4)


Since these three quantities, combined in pairs, offer six different combinations, we see that formula (3) will give rise to six distinct equations. We will simplify the calculation by operating as if u and v shall always remain positive, and by consequence, reducing formula (3) to this other[image: $$\begin{aligned} \int {uv d {\varvec{{l}}}v}=uv-\int {uv d {\varvec{{l}}}u}; \end{aligned}$$]

 (5)


then, having regard to the equations[image: $$\begin{aligned} d {\varvec{{l}}}(ax+b)&amp;=\frac{a dx}{ax+b}, \\ d {\varvec{{l}}}(a_1x+b_1)&amp;=\frac{a_1 dx}{a_1x+b_1}, \\ d {\varvec{{l}}}\bigg (\frac{ax+b}{a_1x+b_1}\bigg )&amp;=\frac{(ab_1-a_1b) dx}{(ax+b)(a_1x+b_1)}, \end{aligned}$$]



from which we will derive the value of dx to substitute into the integral (2). Let us conceive that, for brevity, we designate by A this same integral. We will find:
[image: $$1^{\circ }$$] By supposing u to be proportional to a power of [image: $$ax+b, $$] and v to a power of [image: $$a_1x+b_1, $$][image: $$\begin{aligned} A&amp;=\int {\frac{(ax+b)^{\mu }(a_1x+b_1)^{\nu +1}}{a_1} d {\varvec{{l}}}(a_1x+b_1)} \\&amp;=\int {\frac{(ax+b)^{\mu }}{(\nu +1)a_1}(a_1x+b_1)^{\nu +1} d {\varvec{{l}}}(a_1x+b_1)^{\nu +1}} \\[4pt]&amp;=\frac{(ax+b)^{\mu }(a_1x+b_1)^{\nu +1}}{(\nu +1)a_1} - \int {\frac{(ax+b)^{\mu }(a_1x+b_1)^{\nu +1}}{(\nu +1)a_1} d {\varvec{{l}}}(ax+b)^{\mu }}, \end{aligned}$$]




[image: $$\begin{aligned} \left\{ \begin{aligned}&amp;\int \!\!{(ax+b)^{\mu } (a_1x+b_1)^{\nu } dx} \\&amp;\ \ \ \ =\frac{(ax+b)^{\mu }(a_1x+b_1)^{\nu +1} }{(\nu +1)a_1} -\frac{\mu a}{(\nu +1)a_1}\!\int \!\!{(ax+b)^{\mu -1}(a_1x+b_1)^{\nu +1} dx}; \end{aligned} \right. \end{aligned}$$]

 (6)


[image: $$2^{\circ }$$] By supposing u to be proportional to a power of [image: $$a_1x+b_1, $$] and v to a power of [image: $$ax+b, $$][image: ../images/462147_1_En_29_Chapter/462147_1_En_29_Equ7_HTML.png]

 (7)


[image: $$3^{\circ }$$] By supposing u to be proportional to a power of [image: $$\frac{ax+b}{a_1x+b_1}, $$] and v to a power of [image: $$a_1x+b_1, $$][image: ../images/462147_1_En_29_Chapter/462147_1_En_29_Equ24_HTML.png]




[image: ../images/462147_1_En_29_Chapter/462147_1_En_29_Equ8_HTML.png]

 (8)


[image: $$4^{\circ }$$] By supposing u to be proportional to a power of [image: $$\frac{a_1x+b_1}{ax+b}, $$] and v to a power of [image: $$ax+b, $$][image: ../images/462147_1_En_29_Chapter/462147_1_En_29_Equ9_HTML.png]

 (9)


[image: $$5^{\circ }$$] By supposing u to be proportional to a power of [image: $$a_1x+b_1, $$] and v to a power of [image: $$\frac{ax+b}{a_1x+b_1}, $$][image: ../images/462147_1_En_29_Chapter/462147_1_En_29_Equ25_HTML.png]




[image: ../images/462147_1_En_29_Chapter/462147_1_En_29_Equ10_HTML.png]

 (10)


[image: $$6^{\circ }$$] By supposing u to be proportional to a power of [image: $$ax+b, $$] and v to a power of [image: $$\frac{ax+b}{a_1x+b_1}, $$][image: ../images/462147_1_En_29_Chapter/462147_1_En_29_Equ11_HTML.png]

 (11)


With the help of formulas (6), (7), (8), (9), (10), (11), we can always replace the integral (2) with another integral of the same type, but in which each of the binomials [image: $$ ax+b, a_1x+b_1 $$] has an exponent contained between the limits 0 and [image: $$-1$$]. In fact, it will suffice to achieve this, to employ formulas (8) and (9), or at least one between them, once or several times in sequence,2 if the exponents [image: $$\mu , \nu $$] are positive, or if, one of them being positive, the other is already contained between the limits 0 and [image: $$-1$$]. On the other hand, we should employ formulas (10) and (11), or at least one between them, if the exponents [image: $$\mu , \nu $$] are both negative. Finally, if, one of the two exponents being positive, the other is less than [image: $$-1$$], we will have to use formula (6) or formula (7) for the simultaneous reduction of the numerical values of these two exponents, until one of them changes into a quantity contained between the limits 0 and [image: $$-1$$].
When the exponents [image: $$\mu , \nu $$] have integer numerical values, then, by operating as we have just said, we end by reducing both to one of the two quantities, 0 and [image: $$-1$$]. This reduction being performed, the integral (2) is necessarily found replaced by one of the following four[image: ../images/462147_1_En_29_Chapter/462147_1_En_29_Equ12_HTML.png]

 (12)


In general, whenever the formula[image: $$\begin{aligned} (ax+b)^{\mu }(a_1x+b_1)^{\nu } dx \end{aligned}$$]



will be integrable, the reduction methods indicated above will allow substitution of the integral (2) with other simpler integrals whose values will be easy to obtain.
If we want to apply the same methods to the reduction of the integral (1), it will be assumed in formula (5) that the quantities u and v are proportional to definite powers, no longer of the quantities in (4), but of the following[image: $$\begin{aligned} \left\{ \begin{aligned} \ ax+b&amp;=ay^2+b, \\[4pt] \ x&amp;=y^2, \\[4pt] \ \frac{ax+b}{x}&amp;=\frac{ay^2+b}{y^2}. \end{aligned} \right. \end{aligned}$$]

 (13)


Example. – Consider how to reduce the integral[image: $$\begin{aligned} \int { \frac{dy}{(1+y^2)^n} }=\int { \big (1+y^2\big )^{-n} dy}, \end{aligned}$$]



n denoting an integer number greater than unity. We will suppose u and v to be proportional to powers of [image: $$y^2$$] and of [image: $$\frac{1+y^2}{y^2}; $$] and, since we will have[image: $$\begin{aligned} d {\varvec{{l}}}\bigg (\frac{1+y^2}{y^2}\bigg )=2\left( \frac{y}{1+y^2}-\frac{1}{y} \right) dy =-\frac{2 dy}{y(1+y^2)}, \end{aligned}$$]



we will derive from formula (5)[image: $$\begin{aligned} \left\{ \begin{aligned} \ \int {\frac{dy}{(1+y^2)^n} }&amp;=\int {\frac{-y(1+y^2)^{-n+1}}{2} d {\varvec{{l}}}\bigg (\frac{1+y^2}{y^2}\bigg )} \\[6pt]&amp;=\int {\frac{y^{-2n+3}}{2(n-1)}\left( \frac{1+y^2}{y^2} \right) ^{-n+1} d {\varvec{{l}}}\bigg ( \frac{1+y^2}{y^2} \bigg )^{-n+1}} \\[6pt]&amp;=\frac{y(1+y^2)^{-n+1}}{2(n-1)}-\int { \frac{y(1+y^2)^{n-1}}{2(n-1)} d {\varvec{{l}}}y^{-2n+3}} \\[6pt]&amp;=\frac{y}{2(n-1)(1+y^2)^{n-1}}+\frac{2n-3}{2n-2}\int {\frac{dy}{(1+y^2)^{n-1}}}. \end{aligned} \right. \end{aligned}$$]

 (14)




Footnotes
1In the 1823 edition the third expression reads, [image: $$ (ax+b)^{\pm \frac{m}{n}}(a_1x+b_1)^{\pm l \mp \frac{m}{n}} dx.$$]

 

2The 1899 text uses the phrase une ou deux de suite meaning once or twice in sequence, instead of Cauchy’s original une ou plusieurs fois de suite translated here.
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We call exponential functions
              
            

              
            

              
            
 or logarithmic functions those which contain variable exponents or logarithms, and trigonometric or circular functions those which contain trigonometric lines or arcs1

              
            

              
              of a circle. It would be very useful to integrate the differential formulas which contain similar functions. But, we do not have sure methods to achieve this, except in a small number of particular cases that we will now review.
First, if we denote by [image: $$\varUpsilon $$] a function such that the indefinite integral [image: $$\int {\varUpsilon (z) \, dz}$$] has a known value, we will deduce the values of[image: $$\begin{aligned} \int {\varUpsilon ({\varvec{l}}x)\frac{dx}{x} }, \!\! \quad \ \int {e^x \varUpsilon (e^x) \, dx }, \!\!\quad \int {\cos {x}\, \varUpsilon (\sin {x}) \, dx }, \!\!\quad \int {\sin {x} \, \varUpsilon (\cos {x}) \, dx}, \end{aligned}$$]

 (1)


by successively setting, as in the twenty-seventh lecture,[image: $$\begin{aligned} {\varvec{l}}x=z, \ \ \ \ \ e^x=z, \ \ \ \ \ \sin {x}=z, \ \ \ \ \ \cos {x}=z. \end{aligned}$$]



We would likewise determine the three integrals[image: $$\begin{aligned} \left\{ \begin{aligned}&amp;\int {\varUpsilon (\text {arctang} \, x)\frac{dx}{1+x^2} }, \\&amp;\int {\varUpsilon (\text {arcsin} \, x)\frac{dx}{\sqrt{1-x^2}} }, \\&amp;\int {\varUpsilon (\text {arccos} \, x)\frac{dx}{\sqrt{1-x^2}} }, \end{aligned} \right. \end{aligned}$$]

 (2)


by setting, in the first, [image: $$\text {arctang}\, x=z, $$] and in the last two, [image: $$\text {arcsin} \, x\,{=}\, z, $$] or [image: $$\text {arccos} \, x\,{=}\, z$$].
Observe also that, if we denote by [image: $$ \varUpsilon (u), \varUpsilon (u, v), \varUpsilon (u, v, w, \dots ) $$] algebraic functions of the variables [image: $$ u, v, w, \dots , $$] it will suffice to let [image: $$ e^x=z $$] to render algebraic, the differential expression included under the [image: $$\int $$] sign in the integral[image: $$\begin{aligned} \int {\varUpsilon (e^x) \, dx}, \end{aligned}$$]

 (3)


and [image: $$\cos {x}=z, $$] or [image: $$\sin {x}=z$$] to produce the same effect on the two integrals[image: $$\begin{aligned} \left\{ \begin{aligned}&amp;\int {\varUpsilon (\sin {x}, \cos {x}) \, dx}, \\&amp;\int {\varUpsilon (\sin {x}, \sin {2x}, \sin {3x}, \dots , \cos {x}, \cos {2x}, \cos {3x}, \dots ) \, dx}, \end{aligned} \right. \end{aligned}$$]

 (4)


the second of which has no more generality than the first, since we can replace the sines and cosines of the arcs [image: $$ 2x, 3x, 4x, \dots $$] by their values in [image: $$\sin {x}$$] and [image: $$\cos {x},$$] derived from equations of the form2
[image: $$\begin{aligned} \cos {nx}+\sqrt{-1}\sin {nx}&amp;=\big (\cos {x}+\sqrt{-1}\sin {x}\big )^n, \\ \cos {nx}-\sqrt{-1}\sin {nx}&amp;=\big (\cos {x}-\sqrt{-1}\sin {x}\big )^n. \end{aligned}$$]



Add that, if, in the first of the integrals in (4), we equate [image: $$\sin {x}, $$] not to z,  but to [image: $$\pm z^{\frac{1}{2}}, $$] this integral will take the very simple form[image: $$\begin{aligned} \int {\varUpsilon \left[ \pm z^{\frac{1}{2}}, (1-z)^{\frac{1}{2}} \right] \frac{\pm dz}{2 z^{\frac{1}{2}} (1-z)^{\frac{1}{2}}} }. \end{aligned}$$]

 (5)


We will have, for example, in designating by [image: $$\mu , \nu $$] two constant quantities,[image: $$\begin{aligned} \int {\sin ^{\mu }{x} \, \cos ^{\nu }{x} \, dx } = \pm \frac{1}{2} \int {z^{\frac{\mu -1}{2}}(1-z)^{\frac{\nu -1}{2}} \, dz}. \end{aligned}$$]

 (6)


Finally, note that, by supposing known values of the integrals in (3) and (4), we will easily deduce those of the following[image: $$\begin{aligned} \int {\varUpsilon (e^{ax}) \, dx}, \end{aligned}$$]

 (7)



[image: $$\begin{aligned} \left\{ \begin{aligned}&amp;\int {\varUpsilon (\sin {bx}, \cos {bx}) \, dx}, \\&amp;\int {\varUpsilon (\sin {bx}, \sin {2bx}, \sin {3bx}, \dots , \cos {bx}, \cos {2bx}, \cos {3bx}, \dots ) \, dx}; \end{aligned} \right. \end{aligned}$$]

 (8)


then, it will suffice to divide the functions obtained by a or by b,  after having replaced x by ax or by [image: $$bx. \ $$]
Now, let P, z be two functions of x,  the first of which remains algebraic, and the second of which has an algebraic derivative, [image: $$z^{\prime }. \ $$] If, by setting[image: $$\begin{aligned} \int {P \, dx}=Q, \\ \int {Q z^{\prime } \, dx}=R, \\ \int {R z^{\prime } \, dx}=S, \\ \dots \dots \dots \dots , \end{aligned}$$]



we obtain for [image: $$ Q, R, S, \dots , $$] known functions of the variable x,  we will determine without difficulty, with the help of several integration by parts,[image: $$\begin{aligned} \int {P z^n \, dx}, \end{aligned}$$]

 (9)


n being an integer number. In fact, we will find successively[image: $$\begin{aligned} \int {P z^n \, dx}&amp;=Qz^n-n\int {Q z^{\prime } z^{n-1} \, dx}, \\ \int {Q z^{\prime } z^{n-1} \, dx}&amp;=Rz^{n-1}-(n-1)\int {R z^{\prime } z^{n-2} \, dx}, \\ \dots \dots \dots&amp;\dots \dots \dots \dots \dots \dots \dots \dots \dots , \end{aligned}$$]



and as a result,[image: $$\begin{aligned} \int {P z^n \, dx}=Qz^n-nRz^{n-1}+n(n-1)Sz^{n-2}-\cdots +\mathscr {C}. \end{aligned}$$]

 (10)


When the function z is reduced to a single term, it is necessarily presented under one of the two forms (see the twenty-eighth lecture)[image: $$\begin{aligned} A {\varvec{l}}\big [\varUpsilon (x)\big ], \ \ \ \ \ A \, \text {arctang} \,\varUpsilon (x), \end{aligned}$$]



A designating a constant quantity and [image: $$\varUpsilon (x)$$] an algebraic function of [image: $$x. \ $$]
Examples. – If we suppose the function P reduced to unity, and the function z to one of the following[image: $$\begin{aligned} {\varvec{l}}x, \ \ \ \ \ \ \ \ \arcsin {x}, \ \ \ \ \ \ \ \ \arccos {x}, \\ {\varvec{l}}\big (x+\sqrt{x^2+1} \big ), \ \ \ \ \ \ \ \ \dots , \end{aligned}$$]



we will derive from formula (10)[image: $$\begin{aligned} \int { ({\varvec{l}}x)^n \, dx}= x({\varvec{l}}x)^n\bigg [ 1-\frac{n}{{\varvec{l}}x}+\frac{n(n-1)}{({\varvec{l}}x)^2}-\cdots \pm \frac{n(n-1)\cdots 3\cdot 2\cdot 1}{({\varvec{l}}x)^n} \bigg ]+\mathscr {C}, \end{aligned}$$]

 (11)



[image: $$\begin{aligned} \left\{ \begin{aligned}&amp;\int {(\arcsin {x})^n \, dx} =(\arcsin {x})^n\bigg [ x + \frac{n\sqrt{1-x^2}}{\arcsin {x}} \\&amp;\quad \quad \quad \quad -\frac{n(n-1)x}{(\arcsin {x})^2}-\frac{n(n-1)(n-2)\sqrt{1-x^2}}{(\arcsin {x})^3}+\cdots \bigg ]+\mathscr {C}, \end{aligned} \right. \end{aligned}$$]

 (12)



[image: $$\begin{aligned} \left\{ \begin{aligned}&amp;\int {(\arccos {x})^n \, dx} =(\arccos {x})^n\bigg [ x - \frac{n\sqrt{1-x^2}}{\arccos {x}} \\&amp;\quad \quad \quad \quad -\frac{n(n-1)x}{(\arccos {x})^2}+\frac{n(n-1)(n-2)\sqrt{1-x^2}}{(\arccos {x})^3}+\cdots \bigg ]+\mathscr {C}, \end{aligned} \right. \end{aligned}$$]

 (13)



[image: $$\begin{aligned} \left\{ \begin{aligned}&amp;\int {\Big [{\varvec{l}}\big (x+\sqrt{x^2+1} \big )\Big ]^n \, dx} =\Big [{\varvec{l}}\big (x+\sqrt{x^2+1} \big )\Big ]^n\Bigg \{ x-\frac{n\sqrt{x^2+1}}{{\varvec{l}}\big (x+\sqrt{x^2+1} \big )} \\&amp;\quad \quad \quad \quad +\frac{n(n-1)x}{ \Big [{\varvec{l}}\big (x+\sqrt{x^2+1} \big )\Big ]^2 }-\frac{n(n-1)(n-2)\sqrt{x^2+1}}{ \Big [{\varvec{l}}\big (x+\sqrt{x^2+1} \big )\Big ]^3 }+\cdots \Bigg \}+\mathscr {C}, \end{aligned} \right. \end{aligned}$$]

 (14)


etc. If we were to assume [image: $$P=x^{a-1}, $$] and [image: $$z={\varvec{l}}x, $$] we would find[image: $$\begin{aligned} \left\{ \begin{aligned} \int {x^{a-1}({\varvec{l}}x)^n \, dx} =\frac{x^a}{a}({\varvec{l}}x)^n\bigg [ 1&amp;-\frac{n}{a {\varvec{l}}x}+\frac{n(n-1)}{a^2({\varvec{l}}x)^2}-\cdots \\&amp;\quad \pm \frac{n(n-1)\cdots 3\cdot 2\cdot 1}{a^n({\varvec{l}}x)^n} \bigg ]+\mathscr {C}. \end{aligned} \right. \end{aligned}$$]

 (15)


When we substitute z for x,  the preceding formulas become[image: $$\begin{aligned} \int {z^{n}e^z \, dz} =z^ne^z\bigg [ 1-\frac{n}{z}+\frac{n(n-1)}{z^2}-\cdots \pm \frac{n(n-1)\cdots 3\cdot 2\cdot 1}{z^n} \bigg ]+\mathscr {C}, \end{aligned}$$]

 (16)



[image: $$\begin{aligned} \left\{ \begin{aligned} \int {z^{n}\cos {z} \, dz}&amp;=z^n\Bigg \{\sin {z} \left[ 1-\frac{n(n-1)}{z^2}+\cdots \right] \\&amp;\quad \quad \,\,\, +\cos {z}\left[ \frac{n}{z}- \frac{n(n-1)(n-2)}{z^3}+\cdots \right] \Bigg \}+\mathscr {C}, \end{aligned} \right. \end{aligned}$$]

 (17)



[image: $$\begin{aligned} \left\{ \begin{aligned} -\int {z^{n}\sin {z} \, dz}&amp;=z^n\Bigg \{\cos {z} \left[ 1-\frac{n(n-1)}{z^2}+\cdots \right] \\&amp;\quad -\sin {z}\left[ \frac{n}{z}- \frac{n(n-1)(n-2)}{z^3}+\cdots \right] \Bigg \}+\mathscr {C}, \end{aligned} \right. \end{aligned}$$]

 (18)



[image: $$\begin{aligned} \left\{ \begin{aligned} \int {z^{n}\left( \frac{e^z+e^{-z}}{2} \right) dz}&amp;=z^n\Bigg \{\frac{e^z-e^{-z}}{2} \left[ 1+\frac{n(n-1)}{z^2}+\cdots \right] \\&amp;\quad -\frac{e^z+e^{-z}}{2}\left[ \frac{n}{z} + \frac{n(n-1)(n-2)}{z^3}+\cdots \right] \Bigg \}+\mathscr {C}, \end{aligned} \right. \end{aligned}$$]

 (19)



[image: $$\begin{aligned} \int {z^{n}e^{az} \, dz} =\frac{z^ne^{az}}{a}\bigg [ 1-\frac{n}{az}+\frac{n(n-1)}{a^2z^2}-\cdots \pm \frac{n(n-1)\cdots 3\cdot 2\cdot 1}{a^nz^n} \bigg ]+\mathscr {C}. \end{aligned}$$]

 (20)


We could directly establish these last formulas with the help of several integration by parts that we would perform in a manner to continually diminish the exponent n,  to make it finally disappear. Thus, for example, formula (20) is deduced from the equations[image: $$\begin{aligned} \left\{ \begin{aligned} \int {z^{n}e^{az} \, dz}&amp;=\frac{z^ne^{az}}{a}-\frac{n}{a} \int {z^{n-1}e^{az} \, dz}, \\ \int {z^{n-1}e^{az} \, dz}&amp;=\frac{z^{n-1}e^{az}}{a}-\frac{n-1}{a} \int {z^{n-2}e^{az} \, dz}, \\ \dots \dots \dots \dots&amp;\dots \dots \dots \dots \dots \dots \dots \dots \dots \dots . \end{aligned} \right. \end{aligned}$$]

 (21)


A similar remark applies to all the integrals that we would deduce from the integral (10), assumed known, by substituting z for [image: $$x. \ $$]
Integration by parts can again be used to establish the values of[image: $$\begin{aligned} \int {z^{n}e^{az}\cos {bz} \, dz}, \quad \quad \int {z^{n}e^{az}\sin {bz} \, dz}, \end{aligned}$$]

 (22)


a, b denoting constant quantities, and n an integer number. Thus, for example, we will obtain the general values of the two integrals [image: $$ \int {e^{az}\cos {bz} \, dz}, $$] [image: $$ \int {e^{az}\sin {bz} \, dz} $$] by adding arbitrary constants to the values of these same integrals, derived from the equations[image: $$\begin{aligned} \int {e^{az}\cos {bz} \, dz}&amp;=\frac{e^{az}\cos {bz}}{a}+\frac{b}{a} \int {e^{az}\sin {bz} \, dz}, \\ \int {e^{az}\sin {bz} \, dz}&amp;=\frac{e^{az}\sin {bz}}{a}-\frac{b}{a} \int {e^{az}\cos {bz} \, dz}. \end{aligned}$$]



Moreover, the establishment of the integrals in (22) can be simplified by means of the following considerations.
Since we have (see the end of the fifth lecture)[image: $$\begin{aligned} d\big (\cos {x}+\sqrt{-1}\sin {x}\big )=\big (\cos {x}+\sqrt{-1}\sin {x}\big ) \, dx \sqrt{-1}, \end{aligned}$$]



we conclude[image: $$\begin{aligned} d\Big [e^{az}\big (\cos {bz}+\sqrt{-1}\sin {bz}\big )\Big ]=\big (a+b\sqrt{-1} \big ) e^{az}\big (\cos {bz}+\sqrt{-1}\sin {bz}\big ) \, dz, \end{aligned}$$]

 (23)



[image: $$\begin{aligned} \int {e^{az}\big (\cos {bz}+\sqrt{-1}\sin {bz}\big ) \, dz} = \frac{e^{az}\big (\cos {bz}+\sqrt{-1}\sin {bz}\big )}{a+b\sqrt{-1}}+\mathscr {C}, \end{aligned}$$]

 (24)


[image: $$\mathscr {C}$$] admitting imaginary values. This granted, it is clear that the formulas in (21) and (20), which are a necessary result, will still remain valid if we replace the exponential [image: $$e^{az}$$] by the product[image: $$\begin{aligned} e^{az}\big (\cos {bz}+\sqrt{-1}\sin {bz}\big ), \end{aligned}$$]



and the divisor a by[image: $$\begin{aligned} a+b\sqrt{-1}. \end{aligned}$$]



We will have, therefore,[image: $$\begin{aligned} \left\{ \begin{aligned}&amp;\int {z^ne^{az}\big (\cos {bz}+\sqrt{-1}\sin {bz}\big ) \, dz} \\&amp;\quad \quad =\frac{z^ne^{az}\big (\cos {bz}+\sqrt{-1}\sin {bz}\big )}{a+b\sqrt{-1}}\bigg [ 1-\frac{n}{\big (a+b\sqrt{-1} \big )z}+\cdots \\&amp;\quad \quad \quad \quad \quad \quad \quad \quad \quad \quad \quad \quad \quad \quad \quad \ \pm \frac{n(n-1)\cdots 3\cdot 2\cdot 1}{\big (a+b\sqrt{-1} \big )^nz^n} \bigg ]+\mathscr {C}. \end{aligned} \right. \end{aligned}$$]

 (25)


If we reduce the second member of this last equation to the form [image: $$u+v\sqrt{-1}, $$] u and v denoting real quantities, these quantities will be precisely the values of the integrals in (22). The two formulas which will determine these values will include, as a particular case, equations (16), (17), (18), and (20). Moreover, they will lead to equation (19) and will be reduced, if we suppose [image: $$n=0, $$] to the following two[image: $$\begin{aligned} \left\{ \begin{aligned} \int {e^{az}\cos {bz} \, dz}&amp;=\frac{a \, \cos {bz}+b \, \sin {bz}}{a^2+b^2}e^{az}+\mathscr {C}, \\ \int {e^{az}\sin {bz} \, dz}&amp;=\frac{a \, \sin {bz}-b \, \cos {bz}}{a^2+b^2}e^{az}+\mathscr {C}. \end{aligned} \right. \end{aligned}$$]

 (26)




Footnotes
1Recall the phrase “trigonometric lines” is an old term used to denote the signed lengths of the line segments represented by the six trigonometric functions. Picturing a unit circle with a particular signed angle along with its corresponding terminal side, the line segments referred to here are those generated if one were to graphically construct the trigonometric function representations on the corresponding right triangle about this circle. Today, we would simply refer to “trigonometric lines” as the values of the trigonometric functions of a particular angle. The term “arcs” is another older word referring to the values of the inverse trigonometric functions, or the signed angle mentioned earlier. In the case of a unit circle, this coincides with the signed length of the arc.

 

2These expressions represent de Moivre’s formula; named for Abraham de Moivre (1667–1754),a French mathematician of Newton’s time.
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Let [image: $$\mu , \nu $$] be two constant quantities, and consider the integral[image: $$\begin{aligned} \int {\sin ^{\mu }{x} \, \cos ^{\nu }{x} \, dx}. \end{aligned}$$]

 (1)


If we set [image: $$\sin ^2{x}=z, $$] or [image: $$\sin {x}=\pm z^{\frac{1}{2}}, $$] this integral will become[image: $$\begin{aligned} \pm \frac{1}{2} \int { z^{\frac{\mu -1}{2}}(1-z)^{\frac{\nu -1}{2}} \, dz}. \end{aligned}$$]

 (2)


Therefore, it can easily be determined (see the twenty-ninth lecture), when the numerical values of the two exponents   [image: $$\frac{\mu -1}{2},$$]   [image: $$\frac{\nu -1}{2}, $$]   and of their sum[image: $$\begin{aligned} \frac{\mu +\nu -2}{2}, \end{aligned}$$]



are reduced to three rational numbers, of which one will be an integer number. This is what will necessarily happen whenever the quantities [image: $$\mu , \nu $$] have integer numerical values.
In all cases, we can at least reduce the establishment of the integral (1) or (2) to those of several other integrals of the same type, but in which the exponents of [image: $$\sin {x}$$] and [image: $$\cos {x}, $$] or of z and [image: $$1-z, $$] will no longer be the same. To achieve this, it will suffice to once again employ formula (5) of the twenty-ninth lecture, namely,[image: $$\begin{aligned} \int {uv \, d {{\varvec{l}}}v}=uv-\int {uv \, d {{\varvec{l}}}u}, \end{aligned}$$]

 (3)


by supposing the functions u, v proportional to certain powers of two of the three quantities [image: $$ \, z, 1-z, \frac{1-z}{z}, $$] or to what amounts to the same thing, of two of the following three[image: $$\begin{aligned} \sin {x}, \quad \quad \cos {x}, \quad \quad \frac{\sin {x}}{\cos {x}}=\text {tang} \, x=\frac{1}{\cot {x}}. \end{aligned}$$]

 (4)


Consider, to settle the ideas, that we want to reduce the integral (1). We will begin by substituting into this integral the value of dx derived from one of the equations[image: $$\begin{aligned} \left\{ \begin{aligned} d {{\varvec{l}}}(\sin {x})&amp;=\frac{\cos {x} \, dx}{\sin {x}}, \\ d {{\varvec{l}}}(\cos {x})&amp;=-\frac{\sin {x} \, dx}{\cos {x}}, \\ d {{\varvec{l}}}(\text {tang} \,{x})&amp;=-d {{\varvec{l}}}(\cot {x})=\frac{dx}{\sin {x} \, \cos {x}}; \end{aligned} \right. \end{aligned}$$]

 (5)


then, we will deduce from formula (3): [image: $$1^{\circ }$$] by supposing u proportional to a power of [image: $$\sin {x}$$], and v to a power of [image: $$\cos {x}$$],[image: $$\begin{aligned} \int {\sin ^{\mu }{x} \, \cos ^{\nu }{x} \, dx}&amp;=\int {-\sin ^{\mu -1}{x} \, \cos ^{\nu +1}{x} \, d {{\varvec{l}}}(\cos {x})} \\&amp;=\int {\frac{-\sin ^{\mu -1}{x}}{\nu +1}\cos ^{\nu +1}{x} \, d {{\varvec{l}}}\big (\cos ^{\nu +1}{x}\big )} \\&amp;=-\frac{\sin ^{\mu -1}{x} \, \cos ^{\nu +1}{x}}{\nu +1}+\int {\frac{\sin ^{\mu -1}{x} \, \cos ^{\nu +1}{x}}{\nu +1} \, d {{\varvec{l}}}\big (\sin ^{\mu -1}{x}\big )}, \end{aligned}$$]




[image: $$\begin{aligned} \int {\sin ^{\mu }{x} \, \cos ^{\nu }{x} \, dx}=-\frac{\sin ^{\mu -1}{x} \, \cos ^{\nu +1}{x}}{\nu +1} +\frac{\mu -1}{\nu +1}\int {\sin ^{\mu -2}{x} \, \cos ^{\nu +2}{x} \, dx}; \end{aligned}$$]

 (6)


[image: $$2^{\circ }$$] by supposing u proportional to a power of [image: $$\cos {x}, $$] and v to a power of [image: $$\sin {x}, $$][image: $$\begin{aligned} \int {\sin ^{\mu }{x} \, \cos ^{\nu }{x} \, dx}=\frac{\sin ^{\mu +1}{x} \, \cos ^{\nu -1}{x}}{\mu +1} +\frac{\nu -1}{\mu +1}\int {\sin ^{\mu +2}{x} \, \cos ^{\nu -2}{x} \, dx}; \end{aligned}$$]

 (7)


[image: $$3^{\circ }$$] by supposing u proportional to a power of [image: $$\text {tang} \, {x}, $$] and v to a power of [image: $$\cos {x}, $$][image: $$\begin{aligned} \int {\sin ^{\mu }{x} \, \cos ^{\nu }{x} \, dx}&amp;=\int {-\sin ^{\mu -1}{x} \, \cos ^{\nu +1}{x} \, d {{\varvec{l}}}(\cos {x})} \\&amp;=\int {\frac{-\text {tang}^{\mu -1} \,{x}}{\mu +\nu }\cos ^{\mu +\nu }{x} \, d {{\varvec{l}}}\big (\cos ^{\mu +\nu }{x}\big )} \\&amp;=-\frac{\sin ^{\mu -1}{x} \, \cos ^{\nu +1}{x}}{\mu +\nu }+\int {\frac{\sin ^{\mu -1}{x} \, \cos ^{\nu +1}{x}}{\mu +\nu } \, d {{\varvec{l}}} \big (\text {tang}^{\mu -1} \,{x}\big )}, \end{aligned}$$]




[image: $$\begin{aligned} \int {\sin ^{\mu }{x} \, \cos ^{\nu }{x} \, dx}=-\frac{\sin ^{\mu -1}{x} \, \cos ^{\nu +1}{x}}{\mu +\nu } +\frac{\mu -1}{\mu +\nu }\int {\sin ^{\mu -2}{x} \, \cos ^{\nu }{x} \, dx}; \end{aligned}$$]

 (8)


[image: $$4^{\circ }$$] by supposing u proportional to a power of [image: $$\cot {x}, $$] and v to a power of [image: $$\sin {x}, $$][image: $$\begin{aligned} \int {\sin ^{\mu }{x} \, \cos ^{\nu }{x} dx}{=}\frac{\sin ^{\mu {+}1}{x} \, \cos ^{\nu -1}{x}}{\mu \,{+}\,\nu } {+}\frac{\nu -1}{\mu {+}\nu }\int {\sin ^{\mu }{x} \, \cos ^{\nu -2}{x} dx}; \end{aligned}$$]

 (9)


[image: $$5^{\circ }$$] by supposing u proportional to a power of [image: $$\cos {x}, $$] and v to a power of [image: $$\text {tang} \, {x}, $$][image: $$\begin{aligned} \int {\sin ^{\mu }{x} \, \cos ^{\nu }{x} \, dx}&amp;=\int {\sin ^{\mu +1}{x} \, \cos ^{\nu +1}{x} \, d {{\varvec{l}}} (\text {tang} \,{x})} \\&amp;=\int {\frac{\cos ^{\mu +\nu +2}{x}}{\mu +1}\text {tang}^{\mu +1} \,{x} \, d {{\varvec{l}}} \big ( \text {tang}^{\mu +1} \,{x}\big )} \\&amp;=\frac{\sin ^{\mu +1}{x} \, \cos ^{\nu +1}{x}}{\mu +1}-\int {\frac{\sin ^{\mu +1}{x} \, \cos ^{\nu +1}{x}}{\mu +1} \, d {{\varvec{l}}}\big (\cos ^{\mu +\nu +2}{x}\big )}, \end{aligned}$$]




[image: $$\begin{aligned} \int {\sin ^{\mu }{x} \, \cos ^{\nu }{x} dx}\,{=}\,\frac{\sin ^{\mu +1}{x} \, \cos ^{\nu +1}{x}}{\mu +1} {+}\frac{\mu {+}\nu {+}2}{\mu +1}\int {\sin ^{\mu +2}{x} \, \cos ^{\nu }{x} dx}; \end{aligned}$$]

 (10)


[image: $$6^{\circ }$$] by supposing u proportional to a power of [image: $$\sin {x}, $$] and v to a power of [image: $$\cot {x}, $$][image: $$\begin{aligned} \int {\sin ^{\mu }{x} \, \cos ^{\nu }{x} dx}\,{=}\,{-}\frac{\sin ^{\mu +1}{x} \, \cos ^{\nu +1}{x}}{\nu +1} {+}\frac{\mu +\nu {+}2}{\nu +1}\int {\sin ^{\mu }{x} \, \cos ^{\nu +2}{x} dx}. \end{aligned}$$]

 (11)


With the help of formulas (6), (7), (8), (9), (10), (11), we can always transform the integral (1) into another integral of the same type, but in which each of the quantities [image: $$\sin {x}, \cos {x}$$] has an exponent contained between the limits [image: $$-1, +1$$]. In fact, to attain this goal, it will suffice to employ formulas (8) and (9), or at least one between them, once or several times in sequence, if the exponents [image: $$\mu $$] and [image: $$\nu $$] are positive, or if, one of them being positive, the other is contained between the limits [image: $$0, -1$$]. On the other hand, we must employ formulas (10) and (11) if the exponents [image: $$\mu $$] and [image: $$\nu $$] are both negative, or if, one of them being negative, the other is contained between the limits 0 and 1. Finally, if one of the two exponents being positive, but greater than unity, and the other is negative, but less than [image: $$-1, $$] we will make use of formula (6) or formula (7) for the simultaneous reduction of the numerical values of these two exponents, until one of them is found replaced by a quantity contained between the limits [image: $$-1$$] and [image: $$+1$$].
In the particular case where we suppose [image: $$\mu +\nu =0, $$] equations (6) and (7) become[image: $$\begin{aligned} \left\{ \begin{aligned} \int {\text {tang}^{\mu } \,{x} \, dx}&amp;= \ \frac{\text {tang}^{\mu -1} \,{x}}{\mu -1}-\int {\text {tang}^{\mu -2} \,{x} \, dx}, \\ \int {\cot ^{\nu }{x} \, dx}&amp;=-\frac{\cot ^{\nu -1}{x}}{\nu -1}-\int {\cot ^{\nu -2}{x} \, dx}. \end{aligned} \right. \end{aligned}$$]

 (12)


When the exponents [image: $$\mu $$] and [image: $$\nu $$] have integer numerical values, then, by operating as has been said above, we finish by reducing each of them to one of the three quantities [image: $$ \, +1, 0, -1, $$] and the integral (1) is necessarily found replaced by one of the following nine[image: $$\begin{aligned} \begin{aligned} \int {dx}=x+\mathscr {C},&amp;\ \ \ \ \ \int {\sin {x} \, dx}=-\cos {x}+\mathscr {C}, \\ \int {\cos {x} \, dx}=\sin {x}+\mathscr {C},&amp;\ \ \ \ \ \int {\sin {x} \, \cos {x} \, dx}=\frac{1}{2}\sin ^2{x}+\mathscr {C}, \\ \int {\frac{\sin {x} \, dx}{\cos {x}}}&amp;=-\frac{1}{2} {{\varvec{l}}}\big (\cos ^2{x}\big )+\mathscr {C}, \\ \int {\frac{\cos {x} \, dx}{\sin {x}}}&amp;=\frac{1}{2} {{\varvec{l}}}\big (\sin ^2{x}\big )+\mathscr {C}, \\ \int {\frac{dx}{\cos {x} \, \sin {x}}}&amp;\!\!=\frac{1}{2} {{\varvec{l}}} \big ( \text {tang}^2 \,{x}\big )+\mathscr {C}, \\ \int {\frac{dx}{\sin {x}}}=\int {\frac{\frac{1}{2} \, dx}{\sin {\frac{x}{2}}\cos {\frac{x}{2}}}}&amp;=\frac{1}{2} {{\varvec{l}}} \Big [ \text {tang}^2\Big (\frac{x}{2}\Big )\Big ]+\mathscr {C}, \\ \int {\frac{dx}{\cos {x}}}=\int {\frac{d\left( x+\frac{1}{2}\pi \right) }{\sin {\left( x+\frac{1}{2}\pi \right) }}}=&amp;\frac{1}{2} {{\varvec{l}}} \Big [ \text {tang}^2\Big (\frac{x}{2}+\frac{\pi }{4} \Big )\Big ]+\mathscr {C}. \end{aligned} \end{aligned}$$]



If we apply these principles to the determination of the integrals[image: $$\begin{aligned}&amp;\int {\sin ^n{x} \, dx}, \quad \quad \quad \int {\cos ^n{x} \, dx}, \\&amp;\int {\frac{\sin ^n{x}}{\cos ^n{x}} \, dx}, \quad \quad \quad \int {\frac{\cos ^n{x}}{\sin ^n{x}} \, dx}, \\&amp;\quad \int {\frac{dx}{\cos ^n{x}}}, \quad \quad \quad \quad \int {\frac{dx}{\sin ^n{x}}}, \end{aligned}$$]



n being an integer number, we will find:
[image: $$1^{\circ }$$] by supposing n even,[image: $$\begin{aligned} \int {\sin ^n{x} \, dx}&amp;=-\frac{\cos {x}}{n}\bigg [\sin ^{n-1}{x}+\frac{n-1}{n-2}\sin ^{n-3}{x}+\cdots \\&amp;\quad +\frac{3\cdot 5\cdots (n-3)(n-1)}{2\cdot 4\cdots (n-4)(n-2)}\sin {x} \bigg ] +\frac{1\cdot 3\cdots (n-3)(n-1)}{2\cdot 4\cdots (n-2)n}x+\mathscr {C}, \\ \int {\cos ^n{x} \, dx}&amp;=\frac{\sin {x}}{n}\bigg [\cos ^{n-1}{x}+\frac{n-1}{n-2}\cos ^{n-3}{x}+\cdots \\&amp;\quad +\frac{3\cdot 5\cdots (n-3)(n-1)}{2\cdot 4\cdots (n-4)(n-2)}\cos {x} \bigg ] +\frac{1\cdot 3\cdots (n-3)(n-1)}{2\cdot 4\cdots (n-2)n}x+\mathscr {C}, \end{aligned}$$]




[image: $$\begin{aligned} \int {\text {tang}^n \,{x} \, dx}&amp;=\frac{\text {tang}^{n-1} \,{x}}{n-1}-\frac{\text {tang}^{n-3} \,{x}}{n-3} +\frac{\text {tang}^{n-5} \,{x}}{n-5}-\cdots \pm \text {tang} \,{x} \mp x +\mathscr {C}, \\ \int {\cot ^n{x} \, dx}&amp;=-\frac{\cot ^{n-1}{x}}{n-1}+\frac{\cot ^{n-3}{x}}{n-3} -\frac{\cot ^{n-5}{x}}{n-5}+\cdots \pm \cot {x} \mp x +\mathscr {C}, \end{aligned}$$]




[image: $$\begin{aligned} \int {\sec ^n{x} \, dx} =\frac{\sin {x}}{n-1} \bigg [&amp;\sec ^{n-1}{x}+ \frac{n-2}{n-3}\sec ^{n-3}{x}+\cdots \\&amp;\quad + \frac{2\cdot 4\cdots (n-4)(n-2)}{1\cdot 3\cdots (n-5)(n-3)}\sec {x} \bigg ] +\mathscr {C}, \\ \int {\text {cosec}^n \,{x} \, dx} =-\frac{\cos {x}}{n-1} \bigg [&amp;\text {cosec}^{n-1} \,{x}+ \frac{n-2}{n-3}\text {cosec}^{n-3} \,{x}+\cdots \\&amp;\quad + \frac{2\cdot 4\cdots (n-4)(n-2)}{1\cdot 3\cdots (n-5)(n-3)}\text {cosec} \,{x} \bigg ] +\mathscr {C}; \end{aligned}$$]



[image: $$2^{\circ }$$] by supposing n odd,1
[image: $$\begin{aligned} \int {\sin ^n{x} \, dx}&amp;=-\frac{\cos {x}}{n}\bigg [\sin ^{n-1}{x}+\frac{n-1}{n-2}\sin ^{n-3}{x} \\&amp;\quad \,\, +\frac{(n-1)(n-3)}{(n-2)(n-4)}\sin ^{n-5}{x}+\cdots + \frac{2\cdot 4\cdots (n-3)(n-1)}{1\cdot 3\cdots (n-4)(n-2)}\bigg ]+\mathscr {C}, \\ \int {\cos ^n{x} \, dx}&amp;=\frac{\sin {x}}{n}\bigg [\cos ^{n-1}{x}+\frac{n-1}{n-2}\cos ^{n-3}{x} \\&amp;\quad \,\;+\frac{(n-1)(n-3)}{(n-2)(n-4)}\cos ^{n-5}{x}+\cdots +\frac{2\cdot 4\cdots (n-3)(n-1)}{1\cdot 3\cdots (n-4)(n-2)}\bigg ]+\mathscr {C}, \end{aligned}$$]




[image: $$\begin{aligned} \int {\text {tang}^n{x} dx}\,{=}\,\frac{\text {tang}^{n-1} {x}}{n-1}{-}\frac{\text {tang}^{n-3} {x}}{n-3}{+}\frac{\text {tang}^{n-5} {x}}{n-5}{-}\cdots \pm \frac{\text {tang}^2 {x}}{2} \pm \frac{1}{2} {{\varvec{l}}}\big (\cos ^2{x}\big ) {+}\mathscr {C},\\ \int {\cot ^n{x} dx}\,{=}\,-\frac{\cot ^{n-1}{x}}{n-1}{+}\frac{\cot ^{n-3}{x}}{n-3}{-}\frac{\cot ^{n-5}{x}}{n-5}{+}{\cdots } \mp \frac{\cot ^2{x}}{2} \mp \frac{1}{2} {{\varvec{l}}}\big (\sin ^2{x}\big ) {+}\mathscr {C}, \end{aligned}$$]




[image: $$\begin{aligned} \int {\sec ^n{x} \, dx}&amp;=\frac{\sin {x}}{n-1} \bigg [\sec ^{n-1}{x}+ \frac{n-2}{n-3}\sec ^{n-3}{x}+\cdots \\&amp;\quad \,\,\,\, {+} \frac{3\cdot 5\cdots (n-2)}{2\cdot 4\cdots (n{-}3)}\sec ^2{x} \!\bigg ] {+}\frac{1\cdot 3\cdots (n{-}2)}{2{\cdot }4\cdots (n{-}1)}\frac{1}{2} {{\varvec{l}}} \Big [\! \text {tang}^2\Big (\frac{x}{2}{+}\frac{\pi }{4}\Big )\!\Big ] {+}\mathscr {C}, \\ \int {\text {cosec}^n \,{x} \, dx}&amp;=-\frac{\cos {x}}{n-1} \bigg [\text {cosec}^{n-1} {x}+ \frac{n-2}{n-3}\text {cosec}^{n-3}{x}+\cdots \\&amp;\quad \,\,\,\, {+} \frac{3\cdot 5\cdots (n-2)}{2\cdot 4\cdots (n-3)}\text {cosec}^2{x} \bigg ] {+}\frac{1\cdot 3\cdots (n-2)}{2\cdot 4\cdots (n-1)}\frac{1}{2} {{\varvec{l}}} \Big [ \text {tang}^2\Big (\frac{x}{2}\Big )\Big ] {+}\mathscr {C}. \end{aligned}$$]



We indicate, in finishing, several methods which can be used, like the preceding, for the reduction or for the determination of the integral[image: $$\begin{aligned} \int {\sin ^{\pm m}{x} \, \cos ^{\pm n}{x} \, dx}, \end{aligned}$$]



m, n being two integer numbers. First, it is clear that we will reduce the integral[image: $$\begin{aligned} \int {\sin ^{-m}{x} \, \cos ^{-n}{x} \, dx} \end{aligned}$$]



to other simpler integrals by multiplying the function under the [image: $$\int $$] sign once or several times by [image: $$\sin ^2{x}+\cos ^2{x}=1$$]. Moreover, we can render the differential expression[image: $$\begin{aligned} \sin ^{\pm m}{x} \, \cos ^{\pm n}{x} \, dx \end{aligned}$$]



rational: [image: $$1^{\circ }$$] in the case where n is an odd number, by setting [image: $$\sin {x}=z; \, $$] [image: $$2^{\circ }$$] in the case where m is an odd number, by setting [image: $$\cos {x}=z$$]. Finally, note that we will very easily obtain the values of the integrals[image: $$\begin{aligned} \int {\sin ^m{x} \, dx}, \ \ \ \ \ \ \ \ \int {\cos ^n{x} \, dx}, \ \ \ \ \ \ \ \ \int {\sin ^m{x} \, \cos ^n{x} \, dx}, \end{aligned}$$]



from which we will have expanded [image: $$ \sin ^m{x}, \cos ^n{x}, $$] and [image: $$ \sin ^m{x}\cos ^n{x} $$] into linear functions of [image: $$ \sin {x}, \sin {2x}, \sin {3x}, {\dots }, \cos {x}, \cos {2x}, \cos {3x}, {\dots }$$] with the help of the formulas established in Chapter VII of Algebraic Analysis.2

Footnotes
1A typographical error has been corrected here. The original 1823 and the 1899 reprint editions both read[image: $$\begin{aligned} \int {\sin ^n{x} \, dx} =-\frac{\cos {x}}{n}\bigg [\sin ^{n-1}{x}+\frac{n-1}{n-2}\sin ^{n-3}{x}+\frac{(n-1)(n-3)}{(n-2)(n-4)}\sin ^{n-3}{x}+\cdots \bigg ]+\mathscr {C}. \end{aligned}$$]






 

2Cauchy directly references this earlier book a total of seventeen times throughout his Calcul infinitésimal. There are many more indirect references as well. However, these direct references in particular suggest Cauchy did indeed expect his students to have a copy of Cours d’analyse of their own, or to visit the library at the École Polytechnique after class.
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To integrate the equation[image: $$\begin{aligned} dy=f(x) \, dx, \end{aligned}$$]

 (1)


or the differential expression [image: $$f(x) \, dx,$$] starting from [image: $$x=x_0$$], is to find a continuous function of x which has the double property of giving for a differential, [image: $$f(x) \, dx$$], and vanishing for [image: $$x=x_0$$]. This function, before being included in the general formula[image: $$\begin{aligned} \int {f(x) \, dx}=\int _{x_0}^{x}{f(x) \, dx}+\mathscr {C}, \end{aligned}$$]



will necessarily be reduced to the integral [image: $$\int _{x_0}^{x}{f(x) \, dx}$$], if the function f(x) is itself continuous with respect to x between the two limits of this integral. Conceive now that, the two functions [image: $$\varphi (x)$$] and [image: $$\chi (x)$$] being continuous between these limits, the general value of y derived from equation (1) is presented under the form[image: $$\begin{aligned} \varphi (x)+\int {\chi (x) \, dx}. \end{aligned}$$]



The function sought will obviously be equal to[image: $$\begin{aligned} \varphi (x)-\varphi (x_0)+\int _{x_0}^{x}{\chi (x) \, dx}. \end{aligned}$$]



By starting from this remark, we will see without difficulty what happens to the formulas established in the preceding lectures when we subject the two members of each of them to vanish for a given value of x. Thus, for example, we will easily recognize that equations (9) and (12) of the twenty-seventh lecture, namely,[image: $$\begin{aligned} \int {f(x) \, dx}=\int {\varUpsilon (z) \, dz}, \end{aligned}$$]



and[image: $$\begin{aligned} \int {u \, dv}=uv-\int {v \, du} \ \ \ \ \ \ \ \ \text {or} \ \ \ \ \ \ \ \ \int {u v^{\prime } \, dx}=uv-\int {vu^{\prime } \, dx}, \end{aligned}$$]



lead to the following[image: $$\begin{aligned} \int _{x_0}^x{f(x) \, dx}=\int _{z_0}^z{\varUpsilon (z) \, dz} \end{aligned}$$]

 (2)


and[image: $$\begin{aligned} \int _{x_0}^{x}{uv^{\prime } \, dx}=uv-u_0v_0-\int _{x_0}^{x}{vu^{\prime } \, dx}, \end{aligned}$$]

 (3)


[image: $$z_0, u_0$$], and [image: $$v_0$$] denoting the values of z, u,  and v corresponding to [image: $$x=x_0$$]. If, in formulas (2) and (3), we set [image: $$x=X$$], we will find, by calling [image: $$ \, Z, U, V \, $$] the values corresponding to [image: $$ \, z, u, v, $$][image: $$\begin{aligned} \int _{x_0}^X{f(x) \, dx}=\int _{z_0}^Z{\varUpsilon (z) \, dz} \end{aligned}$$]

 (4)


and[image: $$\begin{aligned} \int _{x_0}^{X}{uv^{\prime } \, dx}=UV-u_0v_0-\int _{x_0}^{X}{vu^{\prime } \, dx}. \end{aligned}$$]

 (5)


Equations (4) and (5) are those that we should substitute to formulas (9) and (12) of the twenty-seventh lecture when applying integration by substitution or by parts, to the evaluation or to the reduction of definite integrals, while the integrals of the type deduced from immediate integration or by decomposition are given by formula (18) of the twenty-sixth lecture or by formula (2) of the twenty-third. These principles being accepted, the methods explained in the preceding lectures can be used to determine a large number of definite integrals, among which I will cite some of the most remarkable.
If we designate by m an integer number, by [image: $$ \, a, \beta , \mu , \nu \, $$] positive quantities, by [image: $$ \, \alpha , A, B, C, \dots \, $$] any quantities, and finally, by [image: $$\varepsilon $$] an infinitely small number, we will derive from the formulas established in the twenty-seventh and twenty-eighth lectures[image: $$\begin{aligned} \int _{0}^{1}{ x^{a-1} \, dx} = \frac{1}{a}, \quad \quad \int _{0}^{1}{x^{-a-1} \, dx} = \infty , \end{aligned}$$]




[image: $$\begin{aligned} \int _{0}^{\infty }{ e^{-x} \, dx} = 1, \quad \quad \int _{0}^{\infty }{ e^{ax} \, dx} = \infty , \quad \quad \int _{0}^{\infty }{ e^{-ax} \, dx} = \frac{1}{a}, \end{aligned}$$]




[image: $$\begin{aligned} \int _{0}^{1}{ (A+Bx+Cx^2+\cdots ) \, dx} = A+\frac{B}{2}+\frac{C}{3}+\cdots , \end{aligned}$$]




[image: $$\begin{aligned} \int _{0}^{1}{ \frac{x^m-1}{x-1} \, dx} = 1+\frac{1}{2}+\frac{1}{3}+\cdots +\frac{1}{m}, \end{aligned}$$]




[image: $$\begin{aligned} \int _{0}^{\infty }{ \frac{dx}{1+x^2}} = \frac{\pi }{2}, \quad \quad \int _{-\infty }^{\infty }{ \frac{dx}{x^2+a^2} } = \frac{\pi }{a}, \quad \quad \int _{-\tfrac{1}{\varepsilon \mu }}^{\tfrac{1}{\varepsilon \nu }}{ \frac{x \, dx}{x^2+a^2} } = {{\varvec{l}}} \Big (\frac{\mu }{\nu }\Big ), \end{aligned}$$]




[image: $$\begin{aligned} \int _{-\frac{1}{\varepsilon }}^{\frac{1}{\varepsilon }}{ \frac{x \, dx}{x^2+a^2} } = 0, \quad \quad \int _{0}^{a}{ \frac{dx}{\sqrt{a^2-x^2}} } = \frac{\pi }{2}, \quad \quad \int _{-\infty }^{\infty }{ \frac{dx}{(x-\alpha )^2+\beta ^2} } = \frac{\pi }{\beta }, \end{aligned}$$]




[image: $$\begin{aligned} \int _{-\frac{1}{\varepsilon \mu } }^{\frac{1}{\varepsilon \nu }}{ \frac{(x-\alpha ) \, dx}{(x-\alpha )^2+\beta ^2} } = {{\varvec{l}}} \Big (\frac{\mu }{\nu }\Big ), \quad \quad \int _{-\frac{1}{\varepsilon }}^{\frac{1}{\varepsilon }}{ \frac{(x-\alpha ) \, dx}{(x-\alpha )^2+\beta ^2}} = 0, \end{aligned}$$]




[image: $$\begin{aligned} \int _{-\frac{1}{\varepsilon \mu } }^{\frac{1}{\varepsilon \nu }}{ \left( \frac{A-B\sqrt{-1}}{x-\alpha -\beta \sqrt{-1}}+\frac{A+B\sqrt{-1}}{x-\alpha +\beta \sqrt{-1}} \right) dx } = 2A \, {{\varvec{l}}} \Big (\frac{\mu }{\nu }\Big )+2\pi B, \end{aligned}$$]




[image: $$\begin{aligned} \int _{-\frac{1}{\varepsilon } }^{\frac{1}{\varepsilon }}{ \left( \frac{A-B\sqrt{-1}}{x-\alpha -\beta \sqrt{-1}}+\frac{A+B\sqrt{-1}}{x-\alpha +\beta \sqrt{-1}} \right) dx } = 2\pi B. \end{aligned}$$]



Moreover, if we generally represent by [image: $$\frac{\varUpsilon (x)}{F(x)}$$] a rational fraction whose denominator does not vanish for any real value of x,  by [image: $$ \, x_1, x_2, \dots \, $$] the imaginary roots of the equation [image: $$F(x)=0 $$] in which the coefficient of [image: $$\sqrt{-1}$$] is positive, and by [image: $$A_1-B_1\sqrt{-1}, $$] [image: $$A_2-B_2\sqrt{-1}, $$] [image: $$\dots \, $$] the values of the fraction [image: $$\frac{\varUpsilon (x)}{F(x)}$$] corresponding to these roots, we will obtain the formula[image: $$\begin{aligned} \int _{-\frac{1}{\varepsilon \mu }}^{\frac{1}{\varepsilon \nu }}{\frac{\varUpsilon (x)}{F(x)} \, dx}=2(A_1+A_2+\cdots ) {{\varvec{l}}} \Big (\frac{\mu }{\nu }\Big )+2\pi (B_1+B_2+\cdots ). \end{aligned}$$]

 (6)


The second member1 of this formula will cease to contain the arbitrary factor [image: $${{\varvec{l}}} \big (\frac{\mu }{\nu }\big ), $$] and we will have, by consequence,[image: $$\begin{aligned} \int _{-\infty }^{\infty }{\frac{\varUpsilon (x)}{F(x)} \, dx}=2\pi (B_1+B_2+\cdots ) \end{aligned}$$]

 (7)


whenever the sum [image: $$A_1+A_2+\cdots \, $$] vanishes. Now, this condition will be fulfilled if the degree of F(x) exceeds by at least two units the degree of [image: $$\varUpsilon (x)$$]. We reach the same result by starting from the remark which terminates the twenty-fifth lecture.
If the degree of the function F(x) were to exceed that of [image: $$\varUpsilon (x)$$] by only one unit, the integral [image: $$ \, \int _{-\infty }^{\infty }{\frac{\varUpsilon (x)}{F(x)} \, dx} \, $$] would become indeterminate, and its general value, given by equation (6), would contain the arbitrary constant [image: $$\frac{\mu }{\nu }$$]. But, by reducing this arbitrary constant to unity, we would end up with equation (7), which in this case would only provide the principal value of the integral in question. Add that this principal value would remain the same, if, besides the imaginary roots [image: $$ \, x_1, x_2, \dots ,$$]2   the equation [image: $$F(x)=0$$] would admit real roots. The reason is that all integrals of the form [image: $$ \, \int _{-\infty }^{\infty }{\frac{A \, dx}{x \pm a}} \, $$] have null principal values.
Examples. – Let m and n be two integer numbers, m being [image: $$&lt; \, n$$]. If we make [image: $$\frac{2m+1}{2n}=a, $$] we will find3
[image: $$\begin{aligned} \int _{-\infty }^{\infty }{\frac{x^{2m} \, dx}{1+x^{2n}}}&amp;=\frac{2\pi }{2n}\Big [\sin {a\pi }+\sin {3a\pi }+\cdots +\sin {(2n-1)a\pi }\Big ] \\&amp;=\frac{\pi }{n\sin {a\pi }}=\frac{\pi }{n\sin {\frac{(2m+1)\pi }{2n}}}. \end{aligned}$$]



We conclude, by setting [image: $$z=x^{2n}, $$][image: $$\begin{aligned} \int _{0}^{\infty }{ \frac{z^{a-1} \, dz}{1+z} }=2n \int _{0}^{\infty }{ \frac{x^{2m} \, dx}{1+x^{2n}} }=n \int _{-\infty }^{\infty }{ \frac{x^{2m} \, dx}{1+x^{2n}} }=\frac{\pi }{\sin {a\pi }}. \end{aligned}$$]

 (8)


Similarly, by reducing each indeterminate integral to its principal value, we will find[image: $$\begin{aligned} \int _{-\infty }^{\infty }{ \frac{x^{2m} \, dx}{1-x^{2n}} }&amp;=\frac{2\pi }{2n}\Big [\sin {2a\pi }+\sin {4a\pi }+\cdots +\sin {(2n-2)a\pi }\Big ] \\&amp;=\frac{\pi }{n \, \text {tang} \,{a\pi }} =\frac{\pi }{n \, \text {tang} \,{\frac{(2m+1)\pi }{2n}}}, \end{aligned}$$]




[image: $$\begin{aligned} \int _0^{\infty }{ \frac{z^{a-1} \, dz}{1-z} } =2n \int _0^{\infty }{ \frac{x^{2m} \, dx}{1-x^{2n}} } =n \int _{-\infty }^{\infty }{ \frac{x^{2m} \, dx}{1-x^{2n}} }=\frac{\pi }{\text {tang} \,{a\pi }}. \end{aligned}$$]

 (9)


We will also deduce from formulas established in the twenty-ninth and thirtieth lectures[image: $$\begin{aligned} \int _{0}^{\infty }{ \frac{x^{m-1} \, dx}{(1+x)^n} }&amp;=\frac{m-1}{n-m} \int _{0}^{\infty }{ \frac{x^{m-2} \, dx}{(1+x)^n} } \\[4pt]&amp;=\frac{(m-1)\cdots 3\cdot 2\cdot 1}{(n-m)\cdots (n-3)(n-2)} \int _{0}^{\infty }{ \frac{dx}{(1+x)^n} } \\[4pt]&amp;= \frac{1\cdot 2\cdot 3\cdots (m-1) \times 1\cdot 2\cdot 3\cdots (n-m-1)}{1\cdot 2\cdot 3\cdots (n-1)}, \end{aligned}$$]




[image: $$\begin{aligned} \int _{0}^{\infty }{ \frac{dy}{(1+y^2)^n} }&amp;=\frac{2n-3}{2n-2} \int _{0}^{\infty }{ \frac{dy}{(1+y^2)^{n-1}} } \\[4pt]&amp;=\frac{1\cdot 3\cdot 5\cdots (2n-3)}{2\cdot 4\cdot 6\cdots (2n-2)} \int _{0}^{\infty }{ \frac{dy}{1+y^2} } \\[4pt]&amp;= \frac{1\cdot 3\cdot 5\cdots (2n-3)}{2\cdot 4\cdot 6\cdots (2n-2)}\frac{\pi }{2}, \end{aligned}$$]




[image: $$\begin{aligned} \int _{0}^{\infty }{ z^ne^{-z} \, dz }=1\cdot 2\cdot 3\cdots n, \end{aligned}$$]




[image: $$\begin{aligned} \int _{0}^{\infty }{ z^ne^{-az} \, dz }=\frac{1\cdot 2\cdot 3\cdots n}{a^{n+1}}, \end{aligned}$$]




[image: $$\begin{aligned}\int _{0}^{\infty }{ z^n e^{-az} \big (\cos {bz}+\sqrt{-1}\sin {bz}\big ) \, dz }=\frac{1\cdot 2\cdot 3\cdots n}{\big (a+b\sqrt{-1} \,\big )^{n+1}}, \end{aligned}$$]




4
[image: $$\begin{aligned} \int _{0}^{\infty }{ z^n e^{-az} \cos {bz} \, dz }=\frac{1\cdot 2\cdot 3\cdots n}{\big (a^2+b^2\big )^{\frac{n+1}{2}}}\cos {\left[ (n+1) \, \text {arctang} \, \frac{b}{a} \right] }, \end{aligned}$$]




[image: $$\begin{aligned} \int _{0}^{\infty }{ e^{-az} \cos {bz} \, dz }=\frac{a}{a^2+b^2}, \end{aligned}$$]




[image: $$\begin{aligned} \int _{0}^{\infty }{ z^n e^{-az} \sin {bz} \, dz }=\frac{1\cdot 2\cdot 3\cdots n}{\big (a^2+b^2\big )^{\frac{n+1}{2}}}\sin {\left[ (n+1) \, \text {arctang} \, \frac{b}{a} \right] }, \end{aligned}$$]




[image: $$\begin{aligned} \int _{0}^{\infty }{ e^{-az} \sin {bz} \, dz }=\frac{b}{a^2+b^2}. \end{aligned}$$]



Finally, we will derive from formulas established in the thirty-first lecture: [image: $$1^{\circ }$$] by supposing n even,[image: $$\begin{aligned} \int _{0}^{\frac{\pi }{2}}{ \sin ^n{x} \, dx }=\frac{1\cdot 3\cdot 5\cdots (n-1)}{2\cdot 4\cdot 6\cdots n}\frac{\pi }{2}=\int _{0}^{\frac{\pi }{2}}{ \cos ^n{x} \, dx }, \end{aligned}$$]




[image: $$\begin{aligned} \int _{0}^{\frac{\pi }{4}}{ \text {tang}^n \,{x} \, dx }=\frac{1}{n-1}-\frac{1}{n-3}+\cdots \mp \frac{1}{3} \pm 1 \mp \frac{\pi }{4}; \end{aligned}$$]



[image: $$2^{\circ }$$] by supposing n odd,[image: $$\begin{aligned} \int _{0}^{\frac{\pi }{2}}{ \sin ^n{x} \, dx }=\frac{2\cdot 4\cdot 6\cdots (n-1)}{1\cdot 3\cdot 5\cdots (n-2)n}=\int _{0}^{\frac{\pi }{2}}{ \cos ^n{x} \, dx }, \end{aligned}$$]




[image: $$\begin{aligned} \int _{0}^{\frac{\pi }{4}}{ \text {tang}^n \,{x} \, dx }=\frac{1}{n-1}-\frac{1}{n-3}+\cdots \mp \frac{1}{4} \pm \frac{1}{2} \pm \frac{1}{2} {{\varvec{l}}} \bigg (\frac{1}{2}\bigg ). \end{aligned}$$]



The methods of integration that we have indicated often provide the means to transform a given definite integral into a simpler one. Thus, for example, regardless of the function [image: $$\varUpsilon (x), $$] we will derive from the formulas established in the twenty-seventh lecture[image: $$\begin{aligned} \left\{ \begin{aligned}&amp;\int _{-\infty }^{\infty }{\varUpsilon (x \pm a) \, dx }= \int _{-\infty }^{\infty }{\varUpsilon (z) \, dz }=\int _{-\infty }^{\infty }{\varUpsilon (x) \, dx }, \\[2pt]&amp;\int _{0}^{\infty }{\varUpsilon (ax) \, dx }= \frac{1}{a} \int _{0}^{\infty }{\varUpsilon (x) \, dx }, \ \ \ \ \ \dots \dots , \\[2pt]&amp;\int _{0}^{\infty }{ x^{\mu -1}e^{-ax} \, dx }= \frac{1}{a^{\mu }} \int _{0}^{\infty }{ x^{\mu -1}e^{-x} \, dx }, \\[2pt]&amp;\int _{0}^{\infty }{ \frac{\sin {ax}}{x} \, dx }= \int _{0}^{\infty }{ \frac{\sin {x}}{x} \, dx}, \ \ \ \ \ \dots \dots . \end{aligned} \right. \end{aligned}$$]

 (10)


When, in an integral relative to the variable x, the function under the [image: $$\int $$] sign contains another quantity [image: $$\mu $$] whose value is arbitrary, we can consider this quantity [image: $$\mu $$] as a new variable and the integral itself as a function of [image: $$\mu $$]. Among the functions of this type, we should note one that Mr. Legendre5 has designated by the letter [image: $$\varGamma , $$] and which is found defined for positive values of [image: $$\mu $$] by the equation[image: $$\begin{aligned} \varGamma (\mu ) = \int _{0}^{1}{ \left( {{\varvec{l}}} \left( \frac{1}{x}\right) \right) ^{\mu -1} dx} = \int _{0}^{\infty }{z^{\mu -1}e^{-z} \, dz}. \end{aligned}$$]

 (11)


This function, which Euler and Mr. Legendre were much occupied,6 would satisfy, by virtue of the foregoing, the equations[image: $$\begin{aligned} \left\{ \begin{aligned}&amp;\varGamma (1)=1, \ \ \ \varGamma (2)=1, \ \ \ \varGamma (3)=1\cdot 2, \ \ \ \dots , \ \ \ \varGamma (n)=1\cdot 2\cdot 3\cdots (n-1),\\[4pt]&amp;\qquad \qquad \qquad \qquad \qquad \qquad \,\,\int _{0}^{\infty }{ z^{n-1}e^{-az} \, dz }=\frac{\varGamma (n)}{a^n}, \end{aligned} \right. \end{aligned}$$]

 (12)



[image: $$\begin{aligned} \left\{ \begin{aligned} \int _{0}^{\infty }{ z^{n-1}e^{-az}\cos {bz} \, dz }&amp;=\frac{\varGamma (n)\cos {\left( n \, \text {arctang} \,{\frac{b}{a}}\right) }}{(a^2+b^2)^{\frac{n}{2}}}, \\[2pt] \int _{0}^{\infty }{ z^{n-1}e^{-az}\sin {bz} \, dz }&amp;=\frac{\varGamma (n)\sin {\left( n \, \text {arctang} \,{\frac{b}{a}}\right) }}{(a^2+b^2)^{\frac{n}{2}}}, \end{aligned} \right. \end{aligned}$$]

 (13)



[image: $$\begin{aligned} \int _{0}^{\infty }{ z^{\mu -1}e^{-az} \, dz } =\frac{\varGamma (\mu )}{a^{\mu }}, \quad \quad \int _0^{\infty }{\frac{x^{m-1} \, dx}{(1+x)^n}}=\frac{\varGamma (m)\varGamma (n-m)}{\varGamma (n)}, \end{aligned}$$]

 (14)


in which n denotes an integer number, m another integer number less than n, 7 and [image: $$\mu $$] any number.
Footnotes
1Recall Cauchy uses this phrase when referring to the right-hand side of an equation.

 

2Both the 1823 and the 1899 editions have x here instead of [image: $$x_1.$$]

 

3The 1899 edition misprints this equation. It reads, [image: $$ \int _{-\infty }^{\infty }{\frac{x^{2m} \, dx}{1-x^{2n}}}=\cdots .$$]

 

4The original 1823 text has   [image: $$ \int _{0}^{\infty }{ z^n e^{-az} \big (\cos {bz}+\sin {\sqrt{-1} \, bz}\big ) \, dz }\!=\!\frac{1\cdot 2\cdot 3\cdots n}{\big (a+b\sqrt{-1} \,\big )^{n+1}}.$$] This error is corrected here and in the 1899 edition.

 

5Adrien-Marie Legendre (1752–1833) was a well-known mathematician in Paris who aided Cauchy early in his career and had important contributions to the field, several of which are named for him.

 

6Legendre is credited with the notation used today and by Cauchy. The function has come to be known as the Gamma function.

 

7The original 1823 edition has m here instead of n,  an error which is corrected in the 1899 version.
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Let x, y be two independent variables, f(x, y) a function of these two variables, and [image: $$x_0, X$$] two particular values of x. We will find, by setting [image: $$\varDelta y=\alpha \, dy, $$] and employing the notations adopted in the thirteenth lecture,[image: $$\begin{aligned} \varDelta _y\int _{x_0}^{X}{f(x, \, y) \, dx}&amp;=\int _{x_0}^{X}{f(x, \, y+\varDelta y) \, dx}-\int _{x_0}^{X}{f(x, \, y) \, dx} \\&amp;=\int _{x_0}^{X}{\varDelta _y f(x, \, y) \, dx}; \end{aligned}$$]



then, in dividing by [image: $$\alpha \, dy, $$] and letting [image: $$\alpha $$] converge toward the limit zero,[image: $$\begin{aligned} \frac{d}{dy}\int _{x_0}^{X}{f(x, \, y) \, dx}=\int _{x_0}^{X}{\frac{d \, f(x, \, y)}{dy} \, dx}. \end{aligned}$$]

 (1)


We will also have1
[image: $$\begin{aligned} \frac{d}{dy}\int _{x_0}^{x}{f(x, \, y) \, dx}=\int _{x_0}^{x}{\frac{d \, f(x, \, y)}{dy} \, dx}. \end{aligned}$$]

 (2)


It follows from these formulas that, to differentiate the integrals [image: $$ \int _{x_0}^{X}{f(x, \, y) \, dx},$$] [image: $$ \, \int _{x_0}^{x}{f(x, \, y) \, dx} $$] with respect to y,  it is sufficient to differentiate under the [image: $$\int $$] sign the function f(x, y). It also results that the equations[image: $$\begin{aligned} \left\{ \begin{array}{rl} \displaystyle \int _{x_0}^{X}{f(x, \, y) \, dx}&amp;{}\displaystyle = \mathfrak {F}(y), \\ \displaystyle \int _{x_0}^{x}{f(x, \, y) \, dx}&amp;{}\displaystyle =\mathfrak {F}(x, \, y), \\ \displaystyle \int {f(x, \, y) \, dx}&amp;{}\displaystyle =\mathfrak {F}(x, \, y)+\mathscr {C}, \end{array} \right. \end{aligned}$$]

 (3)


always lead to the following2
[image: $$\begin{aligned} \left\{ \begin{array}{rl} \displaystyle \int _{x_0}^{X}{ \frac{d \, f(x, \, y)}{dy} \, dx}&amp;{}\displaystyle = \frac{d \, \mathfrak {F}(y)}{dy}, \\ \displaystyle \int _{x_0}^{x}{ \frac{d \, f(x, \, y)}{dy} \, dx}&amp;{}\displaystyle = \frac{d \, \mathfrak {F}(x, \, y)}{dy}, \\ \displaystyle \int { \frac{d \, f(x, \, y)}{dy} \, dx}&amp;{}\displaystyle = \frac{d \, \mathfrak {F}(x, \, y)}{dy}+\mathscr {C}, \end{array} \right. \end{aligned}$$]

 (4)



[image: $$\begin{aligned} \left\{ \begin{array}{rl} \displaystyle \int _{x_0}^{X}{ \frac{d^n \, f(x, \, y)}{dy^n} \, dx}&amp;{}\displaystyle = \frac{d^n \, \mathfrak {F}(y)}{dy^n}, \\ \displaystyle \ \int _{x_0}^{x}{ \frac{d^n \, f(x, \, y)}{dy^n} \, dx}&amp;{}\displaystyle = \frac{d^n \, \mathfrak {F}(x, \, y)}{dy^n}, \\ \displaystyle \ \int { \frac{d^n \, f(x, \, y)}{dy^n} \, dx}&amp;{}\displaystyle = \frac{d^n \, \mathfrak {F}(x, \, y)}{dy^n}+\mathscr {C}. \end{array} \right. \end{aligned}$$]

 (5)


Examples. – By differentiating each of the integrals[image: $$\begin{aligned} \int {\frac{dx}{x^2+a}}, \quad \quad \int _0^{\infty }{\frac{dx}{x^2+a}}, \quad \quad \int {e^{\pm ax} \, dx}, \quad \quad \int _0^{\infty }{e^{- ax} \, dx}, \quad \quad \int _0^{\infty }{x^{\mu -1}e^{-ax} \, dx}, \end{aligned}$$]



n times in sequence with respect to the quantity a,  we will find[image: $$\begin{aligned} \begin{array}{c} \displaystyle \int { \frac{1\cdot 2\cdots n \, dx}{(x^2+a)^{n+1}} }= \pm \frac{d^n\left( \frac{1}{\sqrt{a}} \, \text {arctang} \,{\big (\frac{x}{\sqrt{a}}\big )} \right) }{da^n}+\mathscr {C}, \\ \displaystyle \int _{0}^{\infty }{ \frac{1\cdot 2\cdots n \, dx}{(x^2+a)^{n+1}} }= \pm \frac{\pi }{2} \frac{d^n \left( \frac{1}{\sqrt{a}}\right) }{da^n}=\frac{1\cdot 3\cdot 5\cdots (2n-1)\pi }{2^na^n\sqrt{a}}, \\ \displaystyle \int _{0}^{\infty }{ \frac{dx}{(1+x^2)^{n+1}} }=\frac{1\cdot 3\cdot 5\cdots (2n-1)}{2\cdot 4\cdot 6\cdots (2n)}\frac{\pi }{2}, \\ \displaystyle \int { x^ne^{\pm ax} \, dx }= \pm \frac{ d^n(a^{-1}e^{\pm ax}) }{da^n }+\mathscr {C}, \\ \displaystyle \int _0^{\infty }{ x^ne^{-ax} \, dx }= \pm \frac{ d^n(a^{-1}) }{da^n }=\frac{1\cdot 2\cdot 3\cdots n}{a^{n+1}}, \\ \displaystyle \int _0^{\infty }{ x^{\mu +n-1}e^{-ax} \, dx }=\frac{\mu (\mu +1)\cdots (\mu +n-1)}{a^{\mu +n}}\varGamma (\mu ), \\ \displaystyle \varGamma (\mu +n)=\mu (\mu +1)\cdots (\mu +n-1)\varGamma (\mu ). \end{array} \end{aligned}$$]



Let us now conceive that the function f(x, y) is continuous with respect to the two variables x and y whenever x remains contained between the limits [image: $$x_0, X, $$] and y between the limits [image: $$y_0, Y$$]. It is easy to see that, for similar values of x and of y,  the second of the equations in (3) will lead to the following3
[image: $$\begin{aligned} \ \int _{x_0}^{x}\int _{y_0}^{y}{ f(x, \, y) \, dy \, dx }&amp;= \int _{y_0}^{y}{ \mathfrak {F}(x, \, y) \, dy } = \int _{y_0}^{y}\int _{x_0}^{x}{ f(x, \, y) \, dx \, dy }. \end{aligned}$$]

 (6)


In fact, we will derive from formula (2)4
[image: $$\begin{aligned} \frac{d}{dy} \int _{x_0}^{x}\int _{y_0}^{y}{ f(x, \, y) \, dy \, dx } =\int _{x_0}^{x}{ f(x, \, y) \, dx }; \end{aligned}$$]



then, in multiplying both members by dy,  and integrating with respect to y,  starting from [image: $$y=0, $$] we will regain formula (6). We will have, as a result,5
[image: $$\begin{aligned} \left\{ \begin{array}{rl} \displaystyle \ \int _{x_0}^{X}\int _{y_0}^{y}{ f(x, \, y) \, dy \, dx } &amp;{}\displaystyle = \int _{y_0}^{y}\int _{x_0}^{X}{ f(x, \, y) \, dx \, dy}, \\ \displaystyle \ \int _{x_0}^{X}\int _{y_0}^{Y}{ f(x, \, y) \, dy \, dx } &amp;{}\displaystyle = \int _{y_0}^{Y}\int _{x_0}^{X}{ f(x, \, y) \, dx \, dy}. \end{array} \right. \end{aligned}$$]

 (7)


It follows from formulas (6) and (7) that, to integrate with respect to y,  starting from [image: $$y=y_0, $$] the expressions[image: $$\begin{aligned} \int _{x_0}^{x}{f(x, y) \, dx}, \quad \quad \int _{x_0}^{X}{f(x, y) \, dx}, \end{aligned}$$]



multiplied by the differential dy,  it is sufficient to integrate under the [image: $$\int $$] sign, starting from [image: $$y=y_0, $$] the function f(x, y) multiplied by this same differential.
Often, integration under the [image: $$\int $$] sign makes known the values of certain definite integrals, even though we do not have any means to evaluate the corresponding indefinite integrals. Thus, although we do not know how to determine, in terms of x,  the indefinite integral[image: $$\begin{aligned} \int {\frac{x^{\mu }-x^{\nu }}{{\varvec{l}}x}\frac{dx}{x}} \end{aligned}$$]



([image: $$\mu , \nu $$] being two positive quantities), nevertheless, since we have generally, for positive values of [image: $$\mu , $$][image: $$\begin{aligned} \int _0^1{x^{\mu -1} \, dx}=\frac{1}{\mu }, \end{aligned}$$]

 (8)


we conclude, in multiplying the two members by [image: $$d\mu , $$] then integrating with respect to [image: $$\mu , $$] starting from [image: $$\mu =\nu , $$][image: $$\begin{aligned} \int _0^1{ \frac{x^{\mu }-x^{\nu }}{{\varvec{l}}x} \, \frac{dx}{x}}={\varvec{l}} \Big (\frac{\mu }{\nu }\Big ). \end{aligned}$$]

 (9)


Among the formulas of this type, we should again note those that we will establish.
If we designate by [image: $$ \, a, b, c \, $$] positive quantities, an integration under the [image: $$\int $$] sign relative to the quantity a,  performed starting from [image: $$a=c, $$] and applied to the definite integrals[image: $$\begin{aligned} \left\{ \begin{array}{rl} &amp;{}\displaystyle \ \int _0^{\infty }{e^{-ax} \, dx}=\frac{1}{a}, \\ &amp;{}\displaystyle \ \int _0^{\infty }{e^{-ax}\cos {bx} \, dx}=\frac{a}{a^2+b^2}, \\ &amp;{}\displaystyle \ \int _0^{\infty }{e^{-ax}\sin {bx} \, dx}=\frac{b}{a^2+b^2}, \end{array} \right. \end{aligned}$$]

 (10)


will produce the formulas[image: $$\begin{aligned} \left\{ \begin{array}{rl} &amp;{}\displaystyle \ \int _0^{\infty }{ \frac{e^{-cx}-e^{-ax}}{x} \, dx}={\varvec{l}} \Big (\frac{a}{c}\Big ), \\ &amp;{}\displaystyle \ \int _0^{\infty }{ \frac{e^{-cx}-e^{-ax}}{x} \cos {bx} \, dx}=\frac{1}{2} {\varvec{l}} \bigg (\frac{a^2+b^2}{c^2+b^2}\bigg ), \\ &amp;{}\displaystyle \ \int _0^{\infty }{ \frac{e^{-cx}-e^{-ax}}{x} \sin {bx} \, dx}=\text {arctang} \,{\Big (\frac{a}{b}\Big )}-\text {arctang} \,{\Big (\frac{c}{b}\Big )}, \end{array} \right. \end{aligned}$$]

 (11)


from which we will derive, by setting [image: $$c=0, $$] and [image: $$a=\infty , $$][image: $$\begin{aligned} \int _0^{\infty }{ \frac{dx}{x} }=\infty , \ \ \ \ \ \ \ \ \int _0^{\infty }{ \cos {bx} \, \frac{dx}{x} }=\infty , \ \ \ \ \ \ \ \ \int _0^{\infty }{ \sin {bx} \, \frac{dx}{x} }=\frac{\pi }{2}. \end{aligned}$$]

 (12)


Moreover, since we have, for positive values of b (see the thirty-second lecture),[image: $$\begin{aligned} \int _0^{\infty }{ z^{b-1}e^{-z(1+x)} \, dz }=\frac{\varGamma {(b)}}{(1+x)^b}, \end{aligned}$$]



and as a result,[image: $$\begin{aligned} \frac{x^{a-1}}{(1+x)^b}=\frac{1}{\varGamma (b)} \int _0^{\infty }{ x^{a-1}e^{-zx}z^{b-1}e^{-z} \, dz }, \end{aligned}$$]



we will deduce, by supposing a and b positive, as well as [image: $$b-a, $$][image: $$\begin{aligned} \left\{ \begin{array}{rl} \displaystyle \ \int _0^{\infty }\frac{x^{a-1} \, dx}{(1+x)^b}&amp;{}\displaystyle =\frac{\varGamma (a)}{\varGamma (b)} \int _0^{\infty }{ z^{b-a-1}e^{-z} \, dz }\\ \displaystyle &amp;{}\displaystyle =\frac{\varGamma (a) \, \varGamma (b-a)}{\varGamma (b)}; \end{array} \right. \end{aligned}$$]

 (13)


then, by letting [image: $$b=1, $$] taking for a a number of the form [image: $$\frac{2m+1}{2n}, $$] and having regard to the equation [image: $$\varGamma (1)=1, $$] we will find [image: $$\big ($$]see formula (8), thirty-second lecture[image: $$\big )$$]6
[image: $$\begin{aligned} \left\{ \begin{array}{rl} \displaystyle \ \varGamma (a) \, \varGamma (1-a)&amp;{}\displaystyle =\frac{\pi }{\sin {a\pi }}, \\ \displaystyle \Big [\varGamma \left( \tfrac{1}{2}\right) \Big ]^2=\pi , \quad \quad \varGamma \left( \tfrac{1}{2}\right) =\pi ^{\frac{1}{2}}=&amp;{}\displaystyle \int _0^{\infty }{ z^{-\frac{1}{2}}e^{-z} \, dz}=\int _{-\infty }^{\infty }{e^{-x^2} \, dx}. \end{array} \right. \end{aligned}$$]

 (14)


Now, let [image: $$\varphi (x, y), \chi (x, y)$$] be two functions that work to satisfy the equation[image: $$\begin{aligned} \frac{d\varphi (x, \, y)}{dy}=\frac{d\chi (x, \, y)}{dx}. \end{aligned}$$]

 (15)


If we successively substitute the two members of this equation in the place of f(x, y) in formula (6), we will obtain the following[image: $$\begin{aligned} \int _{x_0}^{x}{\big [\varphi (x, \, y)-\varphi (x, \, y_0)\big ] \, dx}=\int _{y_0}^{y}{\big [\chi (x, \, y)-\chi (x_0, \, y)\big ] \, dy}. \end{aligned}$$]

 (16)


This expression above remains valid whenever the functions [image: $$\varphi (x, y), \chi (x, y), $$] one and the other, remain finite and continuous with respect to the variables x and y between the limits of integration.
Let us now conceive that we look for a function of u which works to satisfy the equation[image: $$\begin{aligned} du=\varphi (x, \, y) \, dx+\chi (x, \, y) \, dy, \end{aligned}$$]

 (17)


or to what amounts to the same thing, the following two[image: $$\begin{aligned} \frac{du}{dx}=\varphi (x, \, y), \end{aligned}$$]

 (18)



[image: $$\begin{aligned} \frac{du}{dy}=\chi (x, \, y). \end{aligned}$$]

 (19)


Obviously, we can only achieve this in the case where formula (15), every member of which will be equivalent to [image: $$ \, \frac{d^2u}{dx \, dy}, $$] is found satisfied. I add that,7 by supposing this condition fulfilled, we will easily resolve the proposed question. In fact, let [image: $$x_0$$] and [image: $$y_0$$] be particular values of x, y,  and let [image: $$\mathscr {C}$$] be an arbitrary constant. To satisfy equation (18), it will suffice to take[image: $$\begin{aligned} u=\int _{x_0}^x{\varphi (x, \, y) \, dx}+v, \end{aligned}$$]

 (20)


v designating an arbitrary function of the variable [image: $$y; \, $$] and, since we derive from formula (20)[image: $$\begin{aligned} \frac{du}{dy}&amp;=\int _{x_0}^x{\frac{d\varphi (x, \, y)}{dy} \, dx}+\frac{dv}{dy} =\int _{x_0}^x{\frac{d\chi (x, \, y)}{dx} \, dx}+\frac{dv}{dy} \\&amp;=\chi (x, \, y)-\chi (x_0, \, y)+\frac{dv}{dy}, \end{aligned}$$]



it is clear that we will also satisfy equation (19), if we set[image: $$\begin{aligned} \frac{dv}{dy}-\chi (x_0, \, y)=0, \ \ \ \ \ \ \ \ v=\int {\chi (x_0, \, y) \, dy}=\int _{y_0}^y{\chi (x_0, \, y) \, dy}+\mathscr {C}. \end{aligned}$$]

 (21)


By consequence, the general value of u will be[image: $$\begin{aligned} u=\int _{x_0}^x{\varphi (x, \, y) \, dx}+\int {\chi (x_0, \, y) \, dy} =\int _{x_0}^x{\varphi (x, \, y) \, dx}+\int _{y_0}^y{\chi (x_0, \, y) \, dy} +\mathscr {C}. \end{aligned}$$]

 (22)


When, in the preceding equations, we exchange between them the variables x, y,  we obtain a second value of u which is obviously in accordance with the first, by virtue of formula (16).
We would integrate with the same ease the differential of a function of three, four, ... independent variables, and we would prove, for example, that if the conditions8
[image: $$\begin{aligned} \left\{ \begin{array}{rl} \displaystyle \ \frac{d\chi (x, \, y, z)}{dz}&amp;{}\displaystyle =\frac{d\psi (x, \, y, \, z)}{dy}, \\ \displaystyle \ \frac{d\psi (x, \, y, z)}{dx}&amp;{}\displaystyle =\frac{d\varphi (x, \, y, \, z)}{dz}, \\ \displaystyle \ \frac{d\varphi (x, \, y, z)}{dy}&amp;{}\displaystyle =\frac{d\chi (x, \, y, \, z)}{dx} \end{array} \right. \end{aligned}$$]

 (23)


are found fulfilled, the general value of u that works to satisfy the equation[image: $$\begin{aligned} du=\varphi (x, \, y, z) \, dx + \chi (x, \, y, z) \, dy + \psi (x, \, y, z) \, dz \end{aligned}$$]

 (24)


will be[image: $$\begin{aligned} u=\int _{x_0}^{x}{\varphi (x, \, y, z) \, dx} + \int _{y_0}^{y}{\chi (x_0, \, y, z) \, dy} + \int _{z_0}^{z}{\psi (x_0, \, y_0, z) \, dz}+\mathscr {C}, \end{aligned}$$]

 (25)


[image: $$x_0, y_0, z_0 \, $$] denoting particular values of the variables [image: $$ \, x, y, z$$].
Footnotes
1This equation will be referenced in Lecture Thirty-Five assuming [image: $$f(x, \, y)$$] is a well-behaved function.

 

2As differentiation and integration are each limit processes, Cauchy is swapping the order in which these limits are taken, a process which is not always allowed.

 

3The expression included here is that of the original 1823 edition. The 1899 reprint reverses the order of the two final differentials.

 

4The 1899 reprint contains another small change by once again reversing the order of the two ending differentials within the first integral. The expression included here is that of Cauchy’s original 1823 edition.

 

5The equations included here are those appearing in the original 1823 edition. The 1899 reprint reverses the order of dx and dy in each of the four integrals.

 

6Recall   [image: $$\varGamma (\mu ) = \int _{0}^{\infty }{z^{\mu -1}e^{-z}dz}.$$]

 

7It is somewhat unusual to find this pronoun employed within a mathematics text. This is not the only time Cauchy has used the first person within his Calcul infinitésimal text, perhaps illustrating how personal this effort was for Cauchy at the time.

 

8The third expression included here is that of the 1899 reprint. The original 1823 edition contains errors which have been corrected. The original reads [image: $$\frac{d\varphi (x, \, y, z)}{dx}=\frac{d\chi (x, \, y, \, z)}{dy}. $$]
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Consider that equation (15) of the preceding lecture is satisfied. If we integrate this equation twice, namely once with respect to x between the limits [image: $$x_0, X, $$] and once with respect to y between the limits [image: $$y_0, Y, $$] we will find[image: $$\begin{aligned} \int _{x_0}^{X}{\big [ \varphi (x, Y)-\varphi (x, y_0) \big ] \, dx}=\int _{y_0}^{Y}{\big [ \chi (X, y)-\chi (x_0, y) \big ] \, dy}. \end{aligned}$$]

 (1)


This last formula establishes a relationship worthy of remark between the integrals that it contains. But, it ceases to be correct when the functions [image: $$\varphi (x, y), \chi (x, y)$$] be-come infinite for one or several systems of values of x and of y contained between the limits [image: $$x=x_0,$$]   [image: $$ x=X,$$][image: $$ y=y_0,$$]   [image: $$ y=Y.$$] First, imagine that these systems are re-duced to a single one, namely [image: $$x=a, $$]   [image: $$ y=b. $$] In this particular case, the expressions deduced by a double integration of the two members of formula (15) (thirty-third lecture) could differ, one from the other. But, they will always again become equal, if in the calculation we have taken care to replace each integral relative to x by its principal value. This observation is sufficient to show by what manner equation (1) should be modified. In fact, if we denote by [image: $$\varepsilon $$] an infinitely small number, we will find, in the admitted hypothesis,[image: $$\begin{aligned} \left\{ \begin{aligned} \ \int _{x_0}^{a-\varepsilon }&amp;{\big [ \varphi (x, Y)-\varphi (x, y_0) \big ] \, dx}+\int _{a+\varepsilon }^{X}{\big [ \varphi (x, Y)-\varphi (x, y_0) \big ] \, dx} \\&amp;=\int _{y_0}^{Y}{\big [ \chi (X, y)-\chi (a+\varepsilon , y)+\chi (a-\varepsilon , y)-\chi (x_0, y) \big ] \, dy}; \end{aligned} \right.&amp;\ \end{aligned}$$]

 (2)


then, we will deduce, by letting [image: $$\varepsilon $$] converge toward the limit zero,1
[image: $$\begin{aligned} \int _{x_0}^{X}{\big [ \varphi (x, Y)-\varphi (x, y_0) \big ] \, dx}=\int _{y_0}^{Y}{\big [ \chi (X, y)-\chi (x_0, y) \big ] \, dy}-\varDelta , \end{aligned}$$]

 (3)


the value of [image: $$\varDelta $$] being determined by the formula[image: $$\begin{aligned} \varDelta =\lim {\int _{y_0}^{Y}{\big [ \chi (a+\varepsilon , y)-\chi (a-\varepsilon , y) \big ] \, dy}}. \end{aligned}$$]

 (4)


In the general case, [image: $$\varDelta $$] will be the sum of several terms similar to the second member of equation (4).
Example. – If we set[image: $$\begin{aligned} \varphi (x, y)&amp;=\frac{-y}{x^2+y^2},&amp;\chi (x, y)&amp;=\frac{x}{x^2+y^2}, \\ x_0&amp;=-1,&amp;X&amp;=1, \\ y_0&amp;=-1,&amp;Y&amp;=1, \end{aligned}$$]



equations (3) and (4) will become[image: $$\begin{aligned} \int _{-1}^{1}{\frac{-2 \, dx}{1+x^2}}=\int _{-1}^{1}{\frac{2 \, dy}{1+y^2}}-\varDelta , \quad \quad \varDelta =\lim {\int _{-1}^{1}{\frac{2 \, \varepsilon \, dy}{\varepsilon ^2+y^2}}}=2\pi . \end{aligned}$$]



It is easy to see that the functions [image: $$\varphi (x, y), \chi (x, y)$$] will satisfy equation (15) of the thirty-third lecture, if we have[image: $$\begin{aligned} \varphi (x, y) \, dx + \chi (x, y) \, dy = f(u) \, du, \end{aligned}$$]



and as a result,[image: $$\begin{aligned} \varphi (x, y)=f(u)\frac{du}{dx}, \quad \quad \chi (x, y)=f(u)\frac{du}{dy}, \end{aligned}$$]

 (5)


u denoting any function of the variables x, y.
It is again easy to ensure that formulas (1) and (3) remain valid under the stated conditions, even in the case where the functions [image: $$\varphi (x, y), \chi (x, y)$$] become imaginary. For example, conceive that, the function f(x) being algebraic, we set[image: $$\begin{aligned} u=x+y\sqrt{-1}. \end{aligned}$$]



We will derive from the equations in (5)[image: $$\begin{aligned} \varphi (x, y) = f\big (x+y\sqrt{-1} \,\big ), \quad \quad \chi (x, y) = \sqrt{-1} \, f\big (x+y\sqrt{-1} \,\big ), \end{aligned}$$]



and from formula (3)[image: $$\begin{aligned} \left\{ \begin{aligned} \ \int _{x_0}^X&amp;{\big [ f\big (x+Y\sqrt{-1} \,\big )-f\big (x+y_0\sqrt{-1} \,\big ) \big ] \, dx} \\&amp;=\sqrt{-1}\int _{y_0}^Y{\big [ f\big (X+y\sqrt{-1} \,\big )-f\big (x_0+y\sqrt{-1} \,\big ) \big ] \, dy}-\varDelta . \end{aligned} \right. \end{aligned}$$]

 (6)


In this last equation, [image: $$\varDelta $$] will vanish if the function [image: $$f\big (x+y\sqrt{-1} \, \big )$$] remains finite and continuous for all values of x and of y contained between the limits [image: $$x=x_0, $$] [image: $$ x=X, $$] [image: $$ y=y_0, $$] [image: $$ y=Y$$]. But, if, between these same limits, the function [image: $$f\big (x+y\sqrt{-1} \, \big )$$] becomes infinite for the system of values [image: $$x=a, $$] [image: $$ y=b, $$] then the value of [image: $$\varDelta $$] will be given by equation (4); and, if we make, for brevity,[image: $$\begin{aligned} \left\{ \begin{aligned} \ \big (x&amp;-a-b\sqrt{-1} \,\big )f(x)=\mathfrak {F}(x), \\ \ y&amp;=b+\varepsilon x, \\ \ z_0&amp;=-\frac{b-y_0}{\varepsilon }, \\ \ Z&amp;=\frac{Y-b}{\varepsilon }, \end{aligned} \right. \end{aligned}$$]

 (7)


we will find[image: $$\begin{aligned} \left\{ \begin{aligned} \ \varDelta&amp;=\sqrt{-1} \, \lim { \int _{y_0}^{Y}{\big [ f\big (a+\varepsilon +y\sqrt{-1} \,\big )-f\big (a-\varepsilon +y\sqrt{-1} \,\big ) \big ] \, dy} } \\&amp;=\sqrt{-1} \, \lim { \int _{z_0}^{Z} { \Bigg \{ \frac{\mathfrak {F}\big [ a+\varepsilon +(b+\varepsilon z)\sqrt{-1} \,\big ]}{1+z\sqrt{-1}} }} \\&amp;\quad \quad \quad \quad \quad \quad \quad \quad - \frac{\mathfrak {F}\big [ a-\varepsilon +(b+\varepsilon z)\sqrt{-1} \, \big ] }{-1+z\sqrt{-1}} \Bigg \} dz. \end{aligned} \right. \end{aligned}$$]

 (8)


Now, let[image: $$\begin{aligned} \frac{\mathfrak {F}\big [ a+\varepsilon +(b+\varepsilon z)\sqrt{-1}\big ]}{1+z\sqrt{-1}}-\frac{\mathfrak {F}\big [ a-\varepsilon +(b+\varepsilon z)\sqrt{-1}\big ]}{-1+z\sqrt{-1}} =\varpi (\varepsilon )+\sqrt{-1} \psi (\varepsilon ),\end{aligned}$$]

 (9)



[image: $$\begin{aligned} \left\{ \begin{aligned}&amp;\frac{\varpi (\varepsilon )-\varpi (0)}{\varepsilon }=\alpha , \\&amp;\frac{\psi (\varepsilon )-\psi (0)}{\varepsilon }=\beta , \end{aligned} \right. \end{aligned}$$]

 (10)


[image: $$\varpi (\varepsilon ), \psi (\varepsilon ), $$] and as a result, [image: $$\alpha , \beta , $$] being real quantities. Suppose, moreover, that Y exceeds [image: $$y_0, $$] and that the functions [image: $$\mathfrak {F}\big (x+y\sqrt{-1} \, \big ), \mathfrak {F}^{\prime }\big (x+y\sqrt{-1} \, \big )$$] remain finite and continuous with respect to the variables x and y between the limits [image: $$ \, x_0, X, y_0, Y$$]. Since we will have, by virtue of formula (9),[image: $$\begin{aligned} \varpi ^{\prime }(\varepsilon )+\sqrt{-1} \, \psi ^{\prime }(\varepsilon )&amp;=\mathfrak {F}^{\prime }\big [ a+\varepsilon +(b+\varepsilon z)\sqrt{-1} \,\big ]-\mathfrak {F}^{\prime }\big [ a-\varepsilon +(b+\varepsilon z)\sqrt{-1} \,\big ] \\&amp;=\mathfrak {F}^{\prime }\big (a+\varepsilon +y\sqrt{-1} \,\big )-\mathfrak {F}^{\prime }\big (a-\varepsilon +y\sqrt{-1} \,\big ), \end{aligned}$$]



it is clear that the numerical values of the quantities [image: $$\varpi ^{\prime }(\varepsilon ), \psi ^{\prime }(\varepsilon )$$] will always re-main very small, as well as those of the two quantities [image: $$\alpha , \beta , $$] each of which can be presented under the form [image: $$\varpi ^{\prime }(\theta \varepsilon )$$] or [image: $$\psi ^{\prime }(\theta \varepsilon ), $$] [image: $$\theta $$] denoting a number less than unity. This granted, we will find[image: $$\begin{aligned} \lim {\int _{z_0}^Z{\varepsilon \big (\alpha +\beta \sqrt{-1} \,\big ) \, dz}}=\lim {\int _{y_0}^Y{\big (\alpha +\beta \sqrt{-1} \,\big ) \, dy}}=0, \\ \lim {\int _{z_0}^Z{\big [\varpi (\varepsilon )+\sqrt{-1} \, \psi (\varepsilon )\big ] \, dz}}=\int _{z_0}^Z{\big [\varpi (0)+\sqrt{-1} \, \psi (0)\big ] \, dz}; \end{aligned}$$]



then, by letting [image: $$\varUpsilon =\mathfrak {F}\big (a+b\sqrt{-1} \, \big )=\lim {\varepsilon f\big (a+b\sqrt{-1}+\varepsilon \big ), }$$][image: $$\begin{aligned} \qquad \varDelta =\sqrt{-1}\int _{-\infty }^{\infty }{\big [\varpi (0)+\sqrt{-1} \, \psi (0)\big ] \, dz} =2\varUpsilon \sqrt{-1}\int _{-\infty }^{\infty }{\frac{dz}{1+z^2}}=2\pi \varUpsilon \sqrt{-1}. \end{aligned}$$]

 (11)


If we have [image: $$y_0=b$$] or [image: $$Y=b, $$] the integral relative to z in formula (11) should no longer be taken between the limits [image: $$z=0, $$] [image: $$z=\infty ,$$] but rather, between the limits [image: $$z=-\infty , $$] [image: $$z=0, $$] and as a result, the value of [image: $$\varDelta $$] would reduce to [image: $$\pi \varUpsilon \sqrt{-1}$$]. In the same hypothesis, the first member of equation (6) would be the principal value of an indeterminate integral.
It is again essential to observe that [image: $$a+b\sqrt{-1}$$] represents a root of the equation[image: $$\begin{aligned} f(x)=\pm \infty . \end{aligned}$$]

 (12)


If this equation were to admit several roots in which the real parts2 were contained between the limits [image: $$x_0, X, $$] and the coefficients of [image: $$\sqrt{-1}$$] between the limits [image: $$y_0, Y, $$] then, in designating by [image: $$ x_1, x_2, \dots , x_m $$] these same roots, and by [image: $$ \,\varUpsilon _1, \varUpsilon _2, \dots , \varUpsilon _m $$] the actual values that receive the products[image: $$\begin{aligned} (x-x_1)f(x), \ \ \ \ \ (x-x_2)f(x), \ \ \ \ \ \dots , \ \ \ \ \ (x-x_m)f(x) \end{aligned}$$]



while their first factors vanish, we would find[image: $$\begin{aligned} \varDelta =2\pi (\varUpsilon _1+\varUpsilon _2+\cdots +\varUpsilon _m)\sqrt{-1}. \end{aligned}$$]

 (13)


Add that each of the terms [image: $$ \varUpsilon _1, \varUpsilon _2, \dots , \varUpsilon _m $$] must be reduced to half whenever, in the corresponding root, the coefficient of [image: $$\sqrt{-1}$$] coincides with one of the limits [image: $$y_0, Y$$].
When the function [image: $$f\big (x+y\sqrt{-1} \, \big )$$] vanishes: [image: $$1^{\circ }$$] for [image: $$x=\pm \infty , $$] regardless of y; [image: $$2^{\circ }$$] for [image: $$y=\infty , $$] regardless of x,  then by taking [image: $$x_0=-\infty , $$] [image: $$ X=+\infty , $$] [image: $$ y_0=0, $$] [image: $$ Y=\infty , $$] we derive from formula (6)[image: $$\begin{aligned} \int _{-\infty }^{\infty }{f(x) \, dx}=\varDelta . \end{aligned}$$]

 (14)


When the function f(x) is presented under the form [image: $$\frac{\varUpsilon (x)}{F(x)}, $$] and those of the terms [image: $$ \, \varUpsilon _1, \varUpsilon _2, \dots , \varUpsilon _m, $$] which do not vanish, correspond to all the roots of the equation[image: $$\begin{aligned} F(x)=0, \end{aligned}$$]

 (15)


the expression [image: $$\varDelta $$] can obviously be written as follows[image: $$\begin{aligned} \varDelta =2\pi \left[ \frac{\varUpsilon (x_1)}{F^{\prime }(x_1)}+ \frac{\varUpsilon (x_2)}{F^{\prime }(x_2)}+\cdots +\frac{\varUpsilon (x_m)}{F^{\prime }(x_m)} \right] \sqrt{-1}, \end{aligned}$$]

 (16)


and equation (14) becomes[image: $$\begin{aligned} \int _{-\infty }^{\infty }{\frac{\varUpsilon (x)}{F(x)} \, dx}=2\pi \left[ \frac{\varUpsilon (x_1)}{F^{\prime }(x_1)}+ \frac{\varUpsilon (x_2)}{F^{\prime }(x_2)}+\cdots +\frac{\varUpsilon (x_m)}{F^{\prime }(x_m)}\right] \sqrt{-1}. \end{aligned}$$]

 (17)


In the second member of this expression, we should only admit the real roots of equation (15) along with the imaginary roots in which the coefficient of [image: $$\sqrt{-1}$$] is positive, by taking care to reduce to half all the terms which correspond to real roots. This granted, we will find, for [image: $$F(x)=1+x^2, $$] [image: $$ x_1=\sqrt{-1}, $$][image: $$\begin{aligned} \int _{-\infty }^{\infty }{\frac{\varUpsilon (x)}{1+x^2} \, dx}=\pi \varUpsilon \big (\sqrt{-1} \,\big ); \end{aligned}$$]

 (18)


and for [image: $$F(x)=1-x^2, $$] [image: $$x_1=-1, $$] [image: $$ x_2=+1, $$][image: $$\begin{aligned} \int _{-\infty }^{\infty }{\frac{\varUpsilon (x)}{1-x^2} \, dx}=\frac{\pi }{2}\big [ \varUpsilon (-1)-\varUpsilon (1)\big ]\sqrt{-1}. \end{aligned}$$]

 (19)


This last formula simply gives the principal value of the integral that it contains.
Examples. – Let [image: $$\mu $$] be a number contained between 0 and 2. If we set[image: $$\begin{aligned} \varUpsilon (x)=\big (-x\sqrt{-1} \,\big )^{\mu -1}, \end{aligned}$$]



the imaginary expression[image: $$\begin{aligned} \varUpsilon \big (x+y\sqrt{-1} \,\big )=\big (y-x\sqrt{-1} \,\big )^{\mu -1} \end{aligned}$$]



will maintain a unique and specified value as long as y remains positive (see Alge-braic Analysis, Chapter VII); and, we will derive from formulas (18) and (19)[image: $$\begin{aligned} \left\{ \begin{aligned}&amp;\int _{-\infty }^{\infty }{\frac{\big (-x\sqrt{-1} \,\big )^{\mu -1}}{1+x^2} \, dx}=\Big [ \big (-\sqrt{-1} \,\big )^{\mu -1}+\big (\sqrt{-1} \,\big )^{\mu -1} \Big ], \\&amp;\int _0^{\infty }{\frac{ x^{\mu -1} \, dx}{1+x^2}}=\pi , \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \ \int _0^{\infty }{\frac{ x^{\mu -1} \, dx}{1+x^2}}=\frac{\pi }{2\sin {\left( \frac{1}{2}\mu \pi \right) }}, \end{aligned} \right. \end{aligned}$$]

 (20)



[image: $$\begin{aligned} \left\{ \begin{aligned}&amp;\int _{-\infty }^{\infty }{\frac{\big (-x\sqrt{-1} \,\big )^{\mu -1}}{1-x^2} \, dx} =\frac{\pi }{2}\Big [ \big (\sqrt{-1} \,\big )^{\mu }+\big (-\sqrt{-1} \,\big )^{\mu } \Big ], \\&amp;\int _0^{\infty }{\frac{ x^{\mu -1} \, dx}{1-x^2}} =\frac{\pi \cos {\left( \frac{1}{2}\mu \pi \right) }}{2\sin {\left( \frac{1}{2}\mu \pi \right) }} =\frac{\pi }{2 \, \text {tang} \, {\left( \frac{1}{2}\mu \pi \right) }}. \end{aligned} \right. \end{aligned}$$]

 (21)


If, in the last of the equations in (20)3 and the last of the equations in (21), we replace [image: $$x^2$$] by z,  and [image: $$\mu $$] by 2a,  we will reproduce formulas (8) and (9) of the thirty-second lecture, which are found thus demonstrated, along with the first of the equations in (14) of the thirty-third, for all values of a contained between the limits 0 and 1.
Footnotes
1An error in equation (3) occurs in both the 1823 and 1899 editions. Each of these texts reads [image: $$ \int _{x_0}^{X}{\big [ \varphi (x, Y)-\varphi (x, y_0) \big ] \, dx}{=}\int _{x_0}^{X}{\big [ \chi (X, y)-\chi (x_0, y) \big ] \, dy}-\varDelta .$$] This error has been corrected here.

 

2The 1899 reprint omits the word “real.”

 

3The 1823 edition has a missing comma between the first two integrals in equation (20) which is corrected in the 1899 edition.
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Let[image: $$\begin{aligned} A=\int _{z_0}^Z{f(x, z) dz} \end{aligned}$$]

 (1)


be a definite integral relative to z. If, in this integral, we vary separately and inde-pendently, one and the other, the three quantities [image: $$ Z, z_0, x, $$] we will find, by virtue of the formulas in (5) (twenty-sixth lecture)1 and of formula (2) (thirty-third lecture),2
[image: $$\begin{aligned} \frac{dA}{dZ}=f(x, Z),&amp;\frac{dA}{dz_0}=-f(x, z_0),&amp;\frac{dA}{dx}=\int _{z_0}^Z{\frac{d f(x, z)}{dx} dz}. \end{aligned}$$]

 (2)


As a result, if the two quantities [image: $$ z_0, Z $$] become functions of the variable [image: $$ x, $$] we will have, by considering A as a function of this single variable,[image: $$\begin{aligned} \frac{dA}{dx}=\int _{z_0}^Z{\frac{d f(x,z)}{dx} dz} + f(x,Z)\frac{dZ}{dx} - f(x, z_0)\frac{dz_0}{dx}. \end{aligned}$$]

 (3)


In the particular case where [image: $$ z_0 $$] is reduced to a constant and f(x, Z) to zero, we have simply[image: $$\begin{aligned} \frac{d}{dx}\int _{z_0}^Z{f(x, z) dz}=\int _{z_0}^Z{\frac{d f(x, z)}{dx} dz}. \end{aligned}$$]

 (4)


Example. – Let [image: $$ z_0=x_0 $$] ([image: $$x_0 $$] denoting a particular and constant value of x), [image: $$ Z=x, $$] and [image: $$ f(x, z)=(x-z)^mf(z); $$]3 we will obtain the formula[image: $$\begin{aligned} \frac{d}{dx}\int _{x_0}^x{(x-z)^mf(z) dz}=m\int _{x_0}^x{(x-z)^{m-1}f(z) dz}, \end{aligned}$$]

 (5)


from which we will deduce[image: $$\begin{aligned} \int _{x_0}^x{ \int _{x_0}^x{(x-z)^{m-1}f(z) dz dx } }=\frac{1}{m}\int _{x_0}^x{(x-z)^{m}f(z) dz} \end{aligned}$$]

 (6)


and[image: $$\begin{aligned} \iint _{x_0}^x{(x-z)^{m-1}f(z) dz dx } = \frac{1}{m}\int _{x_0}^x{(x-z)^{m}f(z) dz} + \mathscr {C}, \end{aligned}$$]

 (7)


[image: $$\mathscr {C} $$] being an arbitrary constant. If m is reduced to unity, formula (6) will produce[image: $$\begin{aligned} \int _{x_0}^x{ \int _{x_0}^x{f(z) dz dx } }=\int _{x_0}^x{(x-z)f(z) dz}. \end{aligned}$$]

 (8)


It is now easy to resolve the following question.
PROBLEM. – Find the general value of y that works to satisfy the equation[image: $$\begin{aligned} \frac{d^ny}{dx^n}=f(x). \end{aligned}$$]

 (9)


Solution. – As we can put equation (9) in the form[image: $$\begin{aligned} d\left( \frac{d^{n-1}y}{dx^{n-1}}\right) =f(x) dx, \end{aligned}$$]



we will deduce, by integrating both sides with respect to [image: $$ x, $$][image: $$\begin{aligned} \frac{d^{n-1}y}{dx^{n-1}}=\int {f(x) dx}=\int _{x_0}^x{f(x) dx}+\mathscr {C}, \end{aligned}$$]



or to what amounts to the same thing,[image: $$\begin{aligned} \frac{d^{n-1}y}{dx^{n-1}}=\int _{x_0}^x{f(z) dz}+\mathscr {C}. \end{aligned}$$]

 (10)


By integrating again, and several times to follow, with respect to the variable [image: $$ x, $$] between the limits [image: $$ x_0, x, $$] having regard to formulas (6) and (8), then adding to the result of each integration a new arbitrary constant, we will find successively,4
[image: $$\begin{aligned} \left\{ \begin{aligned} \ \frac{d^{n-2}y}{dx^{n-2}}&amp;=\int _{x_0}^x{(x-z)f(z) dz}+\mathscr {C}(x-x_0)+\mathscr {C}_1, \\ \ \frac{d^{n-3}y}{dx^{n-3}}&amp;=\int _{x_0}^x{\frac{(x-z)^2}{1\cdot 2}f(z) dz}+\mathscr {C}\frac{(x-x_0)^2}{1\cdot 2}+\mathscr {C}_1(x-x_0)+\mathscr {C}_2, \\ \ \dots \dots&amp;\dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots \dots , \\ \ \frac{dy}{dx}&amp;=\int _{x_0}^x{\frac{(x-z)^{n-2}}{1\cdot 2\cdot 3\cdots (n-2)}f(z) dz}+\mathscr {C}\frac{(x-x_0)^{n-2}}{1\cdot 2\cdots (n-2)} \\&amp;\quad +\mathscr {C}_1\frac{(x-x_0)^{n-3}}{1\cdot 2\cdots (n-3)} +\mathscr {C}_2\frac{(x-x_0)^{n-4}}{1\cdot 2\cdots (n-4)}+\cdots +\mathscr {C}_{n-2}, \end{aligned} \right. \end{aligned}$$]

 (11)


and finally,5
[image: $$\begin{aligned} \left\{ \! \begin{aligned} \ y&amp;{=}\int _{x_0}^x{\frac{(x-z)^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}f(z) dz}{+}\mathscr {C}\frac{(x-x_0)^{n{-}1}}{1\cdot 2\cdots (n-1)} \\&amp;\quad +\mathscr {C}_1\frac{(x{-}x_0)^{n-2}}{1\cdot 2\cdots (n-2)}{+}\mathscr {C}_2\frac{(x-x_0)^{n-3}}{1\cdot 2\cdots (n-3)}{+}\cdots {+}\mathscr {C}_{n-2}(x-x_0){+}\mathscr {C}_{n-1}, \end{aligned} \right. \end{aligned}$$]

 (12)


[image: $$\mathscr {C}, \mathscr {C}_1, \mathscr {C}_2, \dots , \mathscr {C}_{n-1} $$] being various arbitrary constants. It is important to observe that the definite integral included in the second member of equation (12) can be easily transformed with the help of formula (17) (twenty-second lecture). In fact, if in this formula we replace x by [image: $$ z $$] and X by [image: $$ x, $$] we will derive[image: $$\begin{aligned} \int _{x_0}^x{f(z) dz} =\int _0^{x-x_0}{f(x_0+z) dz} =\int _0^{x-x_0}{f(x-z) dz}, \end{aligned}$$]

 (13)


and as a result,[image: $$\begin{aligned} \left\{ \! \begin{aligned} \ \int _{x_0}^x{\frac{(x-z)^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}f(z) dz}&amp;=\int _0^{x-x_0}{\frac{(x-x_0-z)^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}f(x_0+z) dz} \\&amp;=\int _0^{x-x_0}{\frac{z^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}f(x-z) dz}. \end{aligned} \right. \end{aligned}$$]

 (14)


If we take, for simplicity, [image: $$ x_0=0, $$] the value of y given by equation (12) would reduce to[image: $$\begin{aligned} \left\{ \begin{aligned} y&amp;=\int _{0}^x{\frac{(x-z)^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}f(z) dz}+\mathscr {C}\frac{x^{n-1}}{1\cdot 2\cdots (n-1)} \\&amp;\quad \quad \quad \qquad +\mathscr {C}_1\frac{x^{n-2}}{1\cdot 2\cdots (n-2)} +\mathscr {C}_2\frac{x^{n-3}}{1\cdot 2\cdots (n-3)} \\&amp;\quad \quad \quad \qquad +\cdots + \, \mathscr {C}_{n-2}x \, + \, \mathscr {C}_{n-1}, \end{aligned} \right. \end{aligned}$$]

 (15)


and formula (14) would become[image: $$\begin{aligned} \int _{0}^x{\frac{(x-z)^{n-1}}{1\cdot 2\cdot 3\cdot (n-1)}f(z) dz}=\int _0^{x}{\frac{z^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}f(x-z) dz}. \end{aligned}$$]

 (16)


When we use indefinite integrals and we are content to indicate the successive integrations, the values of the functions[image: $$\begin{aligned} \frac{d^{n-1}y}{dx^{n-1}}, \ \ \ \ \ \ \ \ \frac{d^{n-2}y}{dx^{n-2}}, \ \ \ \ \ \ \ \ \frac{d^{n-3}y}{dx^{n-3}}, \ \ \ \ \ \ \ \ \dots , \ \ \ \ \ \ \ \ y \end{aligned}$$]



derived from equation (9), are presented under the form[image: $$\begin{aligned} \int {f(x) dx}, \ \ \ \ \,&amp;\int \cdot \int {f(x) dx \cdot dx}, \ \ \ \ \ \int \cdot \int \cdot \int {f(x) dx \cdot dx \cdot dx}, \\&amp;\qquad \dots \dots \dots \dots \dots \dots \dots \dots , \\&amp;\int \cdot \int \cdot \int \cdots \int {f(x) dx \cdots dx\cdot dx \cdot dx}. \end{aligned}$$]



These last expressions are what we call the integrals of first, of second, of third, ... order, and finally of order [image: $$ n, $$] relative to the variable x. For brevity, we will denote them from now on by the notations[image: $$\begin{aligned} \left\{ \begin{aligned} \int {f(x) dx}, \ \ \ \ \,&amp;\iint {f(x) dx^2}, \ \ \ \ \ \iiint {f(x) dx^3}, \\ \dots&amp;\dots \dots \dots \dots \dots \dots \dots , \\&amp;\iint \cdots {f(x) dx^n}, \end{aligned} \right. \end{aligned}$$]

 (17)


to which we substitute the following[image: $$\begin{aligned} \left\{ \begin{aligned} \int _{x_0}^x{f(x) dx}, \ \ \ \ \,&amp;\int _{x_0}^x \int _{x_0}^x{f(x) dx^2}, \ \ \ \ \ \int _{x_0}^x \int _{x_0}^x \int _{x_0}^x{f(x) dx^3}, \\ \dots&amp;\dots \dots \dots \dots \dots \dots \dots , \\&amp;\int _{x_0}^x \int _{x_0}^x \cdots {f(x) dx^n} \end{aligned} \right. \end{aligned}$$]

 (18)


when we assume each integration relative to x is performed between the limits [image: $$ x_0, x$$]. This granted, we will obviously6 have7
[image: $$\begin{aligned} \left\{ \begin{aligned}&amp;\int _{x_0}^x \int _{x_0}^x \cdots {f(x) dx^n}=\int _{x_0}^x{\frac{(x-z)^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}f(z) dz} \\&amp;\quad \quad \quad \quad =\frac{1}{1\cdot 2\cdots (n-1)}\bigg [x^{n-1}\int _{x_0}^x{f(z) dz}-\frac{n-1}{1}x^{n-2}\int _{x_0}^x{z f(z) dz} \\&amp;\quad \quad \quad \quad \quad +\frac{(n-1)(n-2)}{1\cdot 2}x^{n-3}\int _{x_0}^x{z^2f(z) dz} - \cdots \pm \int _{x_0}^x{z^{n-1}f(z) dz}\bigg ], \end{aligned} \right. \end{aligned}$$]

 (19)


or to what amounts to the same thing,8
[image: $$\begin{aligned} \left\{ \begin{aligned}&amp;\int _{x_0}^x \int _{x_0}^x \cdots {f(x) dx^n} \\&amp;\quad \quad \quad \quad =\frac{1}{1\cdot 2\cdots (n-1)}\bigg [x^{n-1}\int _{x_0}^x{f(x) dx}-\frac{n-1}{1}x^{n-2}\int _{x_0}^x{x f(x) dx} \\&amp;\quad \quad \quad \quad \quad + \cdots \pm \int _{x_0}^x{x^{n-1}f(x) dx}\bigg ]. \end{aligned} \right. \end{aligned}$$]

 (20)


We can directly verify formula (20) with the help of several integration by parts.9

Now let F(x) be a particular value of y that works to satisfy equation (9) in such a way that we have[image: $$\begin{aligned} F^{(n)}(x)=f(x). \end{aligned}$$]

 (21)


If the function F(x) and its successive derivatives, up to that of order [image: $$ n, $$] remain continuous between the limits [image: $$ x_0, x, $$] then, by setting [image: $$ x=x_0 $$] in formulas (10), (11), and (12), we will find[image: $$\begin{aligned} \left\{ \begin{aligned}&amp;\mathscr {C}=F^{(n-1)}(x_0),&amp;\quad \quad \mathscr {C}_1=F^{(n-2)}(x_0),&amp;\quad \quad \mathscr {C}_2=F^{(n-3)}(x_0), \\&amp;\quad \dots \dots ,&amp;\quad \quad \mathscr {C}_{n-2}=F^{\prime }(x_0),&amp;\quad \quad \mathscr {C}_{n-1}=F(x_0), \end{aligned} \right. \end{aligned}$$]

 (22)


and formula (12) will give10
[image: $$\begin{aligned} \left\{ \begin{aligned} \ F(x)&amp;=F(x_0)+\frac{(x-x_0)}{1}F^{\prime }(x_0)+\cdots \\&amp;\quad +\frac{(x-x_0)^{n-1}}{1\cdot 2\cdots (n-1)}F^{(n-1)}(x_0)+\int _{x_0}^x{\frac{(x-z)^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}f(z) dz}. \end{aligned} \right. \end{aligned}$$]

 (23)


From this latter equation, combined with equation (19), we deduce the following[image: $$\begin{aligned} \left\{ \begin{aligned}&amp;\int _{x_0}^x\int _{x_0}^x\cdots {f(x) dx^n}=F(x)-F(x_0)-\frac{(x-x_0)}{1}F^{\prime }(x_0) \\&amp;\quad \quad \quad \quad -\frac{(x-x_0)^2}{1\cdot 2}F^{\prime \prime }(x_0)-\cdots -\frac{(x-x_0)^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}F^{(n-1)}(x_0), \end{aligned} \right. \end{aligned}$$]

 (24)


which includes as a special case, formula (17) of the twenty-sixth lecture.11 When we suppose [image: $$ x_0=0, $$] equation (24) is reduced to[image: $$\begin{aligned} \left\{ \begin{aligned} \ \int _{0}^x\int _{0}^x\cdots {f(x) dx^n}&amp;=F(x)-F(0)-\frac{x}{1}F^{\prime }(0) \\&amp;\quad -\frac{x^2}{1\cdot 2}F^{\prime \prime }(0)-\cdots -\frac{x^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}F^{(n-1)}(0). \end{aligned} \right. \end{aligned}$$]

 (25)


Example. – Let [image: $$ F(x)=e^x; $$] we will have[image: $$\begin{aligned} f(x)=F^{(n)}(x)=e^x, \end{aligned}$$]



and by consequence,[image: $$\begin{aligned} \left\{ \begin{aligned} \ \int _{0}^x\int _{0}^x\cdots {e^x dx^n}&amp;=e^x-1-\frac{x}{1}-\frac{x^2}{1\cdot 2}-\cdots -\frac{x^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)} \\&amp;=\int _0^x{\frac{(x-z)^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}e^z dz}. \end{aligned} \right. \end{aligned}$$]

 (26)




Footnotes
1The first version of the Fundamental Theorem of Calculus,[image: $$\begin{aligned} \frac{d}{dx}\int _{x_0}^{x}{f(x) dx}=f(x). \end{aligned}$$]






 

2This second formula is,[image: $$\begin{aligned} \frac{d}{dy}\int _{x_0}^{x}{ f(x, y) dx } = \int _{x_0}^{x}{ \frac{df(x, y)}{dy} dx.} \end{aligned}$$]



Without realizing it, Cauchy is again assuming his function is well behaved. As discussed earlier, the exchange of limits that occurs by reversing the order of integration and differentiation he is taking for granted here is not always allowed.

 

3The reader may recognize this function as one similar to the important special case Cauchy investigates in his Lecture Nineteen and where his conditions leading to equation (4) have been satisfied.

 

4There is an error in both the original 1823 and 1899 reprint editions which has been corrected here. Cauchy assigns the last arbitrary constant in the final equation as [image: $$\mathscr {C}_{n-1}.$$]

 

5Interestingly, the original 1823 edition of equation (12) is also in error, but it is corrected in the 1899 reprint. The 1823 version reads, [image: $$ y= \cdots +\mathscr {C}_2\frac{(x-x_0)^{n-3}}{1\cdot 2\cdots (n-3)}+\cdots +\mathscr {C}_{n-1}(x-x_0)+\mathscr {C}_{n}.$$] The original edition includes the additional arbitrary constant, [image: $$\mathscr {C}_n, $$] in the subsequent list, but this is also corrected in the reprint.

 

6These next results are anything but obvious. The phrasing Cauchy uses here is similar to the modern usage of, “It can easily be shown.” One can picture Cauchy most assuredly smiling at the thought of what his students and any future readers will need to go through to verify the claims presented in (19) and (20).

 

7Cauchy’s original 1823 text and the 1899 reprint have a clear misprint that has been corrected here. The texts both read, [image: $$ \cdots =\frac{1}{1\cdot 2\cdots (n-1)}\Big [ \cdots +\frac{(n-1)(n-2)}{1\cdot 2}\int _{x_0}^x{z^2f(z) dz}- \cdots \Big ]. $$]

 

8Another two errors in Cauchy’s texts occur here. The equation has been corrected, but the texts both have [image: $$ \cdots =\frac{1}{1\cdot 2\cdots (n-1)}\Big [x^{n-1}\int _{x_0}^x{f(x) dx}-\frac{n-1}{1}x^{n-2}\int _{x_0}^x{x^2f(x) dx} \ - \ \cdots \pm \int _{x_0}^x{x^{n-1}f(x) dx}\Big ]. $$]

 

9Certainly not a trivial alternative derivation method.

 

10Cauchy’s original text, as well as the reprint, has the final integral as [image: $$\int _{x_0}^x{\frac{(x-z)^n}{1\cdot 2\cdot 3\cdots n}f(z) dz}.$$]

 

11Cauchy is noting a particular case we have seen from the referenced earlier lecture, namely one which reduces to the second version of the Fundamental Theorem of Calculus, when [image: $$n=1.$$]
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If, in equation (23) of the preceding lecture, we replace f(z) by the value [image: $$ F^{(n)}(z) $$] derived from formula (21), we will find, under the same conditions,1

              
            

              
            
[image: $$\begin{aligned} \left\{ \begin{aligned} \ F(x)&amp;=F(x_0)+\frac{x-x_0}{1}F^{\prime }(x_0)+\frac{(x-x_0)^2}{1\cdot 2}F^{\prime \prime }(x_0)+\cdots \\[3pt]&amp;\quad +\frac{(x-x_0)^{n-1}}{1\cdot 2\cdots (n-1)}F^{(n-1)}(x_0)+\int _{x_0}^x{\frac{(x-z)^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}F^{(n)}(z) dz}; \end{aligned} \right. \end{aligned}$$]

 (1)


then, in setting [image: $$ x_0=0, $$][image: $$\begin{aligned} \left\{ \begin{aligned} \ F(x)&amp;=F(0)+\frac{x}{1}F^{\prime }(0)+\frac{x^2}{1\cdot 2}F^{\prime \prime }(0)+\cdots \\[3pt]&amp;\quad +\frac{x^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}F^{(n-1)}(0)+\int _0^x{\frac{(x-z)^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}F^{(n)}(z) dz}. \end{aligned} \right. \end{aligned}$$]

 (2)


If we let, in this expression above, [image: $$ F(x)=f(x+h), $$] and then we exchange between them the two letters x and h,  we will obtain the equation
[image: $$\begin{aligned} \left\{ \begin{aligned} \ f(x+h)&amp;=f(x)+\frac{h}{1}f^{\prime }(x)+\frac{h^2}{1\cdot 2}f^{\prime \prime }(x)+\cdots \\[3pt]&amp;\quad +\frac{h^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}f^{(n-1)}(x) \\[3pt]&amp;\quad +\int _0^h{\frac{(h-z)^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}f^{(n)}(x+z) dz}, \end{aligned} \right. \end{aligned}$$]

 (3)


in which the last term of the second member2 can be presented under several dif-ferent forms, since we have, by virtue of formulas (14) and (19) of the thirty-fifth lecture,[image: $$\begin{aligned} \left\{ \begin{aligned}&amp;\int _0^h{\frac{(h-z)^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}f^{(n)}(x+z) dz} \\[6pt]&amp;\quad \quad \quad =\int _0^h{\frac{z^{n-1}}{1\cdot 2\cdots (n-1)}f^{(n)}(x+h-z) dz} \\[6pt]&amp;\quad \quad \quad =\int _x^{x+h}{\frac{(x+h-z)^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}f^{(n)}(z) dz} \\[6pt]&amp;\quad \quad \quad =\int _0^h\int _0^h{\cdots f^{(n)}(x+z) dz^n}. \end{aligned} \right. \end{aligned}$$]

 (4)


Equation (3) assumes that the functions [image: $$ f(x+z), $$] [image: $$ f^{\prime }(x+z), \dots , $$] [image: $$ f^{(n)}(x+z) $$] remain continuous between the limits [image: $$ z=0, z=h. \ $$] We could immediately deduce it from formula (1) by taking [image: $$ x=x_0+h, $$] then replacing [image: $$ x_0 $$] by x,  and F by [image: $$ f. \ $$] Only the last term of the second member would then be the third of the integrals included in formula (4).
Moreover, we can demonstrate equation (3) directly with the help of several in-tegration by parts, by operating more or less as Mr. de Prony has done in a paper published in 1805.3 In fact, if, in formula (13) of the preceding lecture, we first replace x by [image: $$ x_0+h, $$] and then [image: $$ x_0 $$] by x,  we will derive[image: $$\begin{aligned} \int _0^h{f(x+z) dz}=\int _0^h{f(x+h-z) dz}. \end{aligned}$$]

 (5)


We will have, therefore, by consequence4
[image: $$\begin{aligned} f(x+h)-f(x)= \int _0^h{f^{\prime }(x+z) dz}=\int _0^h{f^{\prime }(x+h-z) dz}. \end{aligned}$$]

 (6)


Moreover, in integrating by parts several times in sequence, we find[image: $$\begin{aligned} \left\{ \begin{aligned}&amp;\int {f^{\prime }(x+h-z) dz} \\[0pt]&amp;\quad =\frac{z}{1}f^{\prime }(x+h-z)+\int {\frac{z}{1}f^{\prime \prime }(x+h-z) dz} \\[1pt]&amp;\quad =\frac{z}{1}f^{\prime }(x+h-z)+\frac{z^2}{1\cdot 2}f^{\prime \prime }(x+h-z) +\int {\frac{z^2}{1\cdot 2}f^{\prime \prime \prime }(x+h-z) dz} \\[0pt]&amp;\quad =\cdots \cdots \cdots \cdots \cdots \cdots \cdots \cdots \cdots \cdots \cdots \cdots \cdots \cdots \cdots \\[0pt]&amp;\quad =\frac{z}{1}f^{\prime }(x+h-z)+\frac{z^2}{1\cdot 2}f^{\prime \prime }(x+h-z)+ \cdots \\[1pt]&amp;\quad \quad \quad \quad \quad \quad \quad \quad \quad \quad \ \ +\frac{z^{n-1}}{1\cdot 2\cdots (n-1)}f^{(n-1)}(x+h-z) \\[1pt]&amp;\quad \quad \quad \quad \quad \quad \quad \quad \quad \quad \ \ + \int {\frac{z^{n-1}}{1\cdot 2\cdots (n-1)}f^{(n)}(x+h-z) dz}; \end{aligned} \right. \end{aligned}$$]

 (7)


then, by assuming that each integration is performed between the limits [image: $$ z=0, z=h, $$] and that the functions [image: $$ f(x+z), $$] [image: $$ f^{\prime }(x+z), $$] [image: $$ \dots , $$] [image: $$ f^{(n)}(x+z) $$] remain continuous between these same limits,[image: $$\begin{aligned} \left\{ \begin{aligned} \ \int _0^h{f^{\prime }(x+h-z) dz}&amp;=\frac{h}{1}f^{\prime }(x)+\frac{h^2}{1\cdot 2}f^{\prime \prime }(x)+ \cdots \\[1pt]&amp;\quad +\frac{h^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}f^{(n-1)}(x) \\[1pt]&amp;\quad + \int _0^h{\frac{z^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}f^{(n)}(x+h-z) dz}. \end{aligned} \right. \end{aligned}$$]

 (8)


This granted, we will obviously deduce from formula (6) an equation which will be in accordance, by virtue of formula (4), with equation (3). The same method could again be used to directly establish equation (2).
Not only can the integrals contained in the second members of formulas (2) and (3) be replaced by several others similar to those that comprise formula (4), but we should deduce from equation (13) (twenty-third lecture)5 that they are also equiva-lent to two products of the form[image: $$\begin{aligned} F^{(n)}(\theta x) \int _0^x{\frac{(x-z)^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)} dz}=\frac{x^n}{1\cdot 2\cdot 3\cdots n}F^{(n)}(\theta x), \end{aligned}$$]

 (9)



[image: $$\begin{aligned} f^{(n)}(x+\theta h) \int _0^h{\frac{(h-z)^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)} dz}=\frac{h^n}{1\cdot 2\cdot 3\cdots n}f^{(n)}(x+\theta h), \end{aligned}$$]

 (10)


[image: $$\theta $$] denoting an unknown number that may vary from one product to another by al-ways remaining less than unity. We will have as a result6

              
            

              
            
[image: $$\begin{aligned} \left\{ \begin{aligned} \ F(x)&amp;=F(0)+\frac{x}{1}F^{\prime }(0)+\frac{x^2}{1\cdot 2}F^{\prime \prime }(0)+\cdots \\[5pt]&amp;\quad +\frac{x^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}F^{(n-1)}(0)+\frac{x^n}{1\cdot 2\cdot 3\cdots n}F^{(n)}(\theta x), \end{aligned} \right. \end{aligned}$$]

 (11)



[image: $$\begin{aligned} \left\{ \begin{aligned} \ f(x+h)&amp;=f(x)+\frac{h}{1}f^{\prime }(x)+\frac{h^2}{1\cdot 2}f^{\prime \prime }(x)+\cdots \\[5pt]&amp;\quad +\frac{h^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}f^{(n-1)}(x)+\frac{h^n}{1\cdot 2\cdot 3\cdots n}f^{(n)}(x+\theta h). \end{aligned} \right. \end{aligned}$$]

 (12)


It is essential to observe that the function, F(x),  along with its successive deriva-tives, shall remain continuous in formula (11) between the limits 0, x,  and the func-tion [image: $$ f(x+z), $$] along with its successive derivatives in formula (12), between the limits [image: $$ z=0, z=h.$$]7

Now, let [image: $$ u=f(x, y, z, \dots ) $$] be a function of several independent variables [image: $$ x, y, z, \dots , $$] and let[image: $$\begin{aligned} F(\alpha )=f(x+\alpha dx, y+\alpha dy, z+\alpha dz, \dots ). \end{aligned}$$]

 (13)


We will derive from formula (11), in replacing x by [image: $$ \alpha , $$] then having regard to the principles established in the fourteenth lecture,[image: $$\begin{aligned} \left\{ \begin{aligned}&amp;f(x+\alpha dx, \ y+\alpha dy, \ z+\alpha dz, \ \dots ) \\[5pt]&amp;\quad \quad =u+\frac{\alpha }{1} du +\frac{\alpha ^2}{1\cdot 2} d^2u+\cdots \\[5pt]&amp;\quad \quad \quad \ \ \ + \frac{\alpha ^{n-1}}{1\cdot 2\cdots (n-1)} d^{n-1}u+\frac{\alpha ^{n}}{1\cdot 2\cdot 3\cdots n} F^{(n)}(\theta \alpha ). \end{aligned} \right. \end{aligned}$$]

 (14)


If the quantity [image: $$ \alpha $$] becomes infinitely small, it will be the same for the difference[image: $$\begin{aligned} F^{(n)}(\theta \alpha )-F^{(n)}(0), \quad \quad \text {or} \quad \quad F^{(n)}(\theta \alpha )-d^nu; \end{aligned}$$]



and, in denoting this difference by [image: $$ \beta , $$] we will find[image: $$\begin{aligned} \left\{ \begin{aligned}&amp;f(x+\alpha dx, \ y+\alpha dy, \ z+\alpha dz, \ \dots ) \\[4pt]&amp;\quad \quad =u+\frac{\alpha }{1} du +\frac{\alpha ^2}{1\cdot 2} d^2u+\cdots \\[4pt]&amp;\quad \quad \quad \ \ \ + \frac{\alpha ^{n-1}}{1\cdot 2\cdots (n-1)} d^{n-1}u+\frac{\alpha ^{n}}{1\cdot 2\cdot 3\cdots n} (d^nu+\beta ). \end{aligned} \right. \end{aligned}$$]

 (15)


When the independent variables are reduced to a single variable x,  then, by setting [image: $$ y=f(x), $$] we obtain the formula[image: $$\begin{aligned} \left\{ \begin{aligned} \ f(x+\alpha dx)&amp;=y+\frac{\alpha }{1} dy +\frac{\alpha ^2}{1\cdot 2} d^2y+\cdots \\[4pt]&amp;\quad + \frac{\alpha ^{n-1}}{1\cdot 2\cdots (n-1)} d^{n-1}y+\frac{\alpha ^{n}}{1\cdot 2\cdot 3\cdots n} (d^ny+\beta ). \end{aligned} \right. \end{aligned}$$]

 (16)


Consider now that, for a particular value [image: $$ x_0 $$] attributed to the variable x,  the func-tion f(x) and its successive derivatives up to that of order [image: $$ n-1 $$] vanish. In this case, we will derive from formula (12)[image: $$\begin{aligned} f(x_0+h)=\frac{h^n}{1\cdot 2\cdot 3\cdots n}f^{(n)}(x_0+\theta h); \end{aligned}$$]

 (17)


then, by substituting for the finite quantity h,  an infinitely small quantity denoted by i, [image: $$\begin{aligned} f(x_0+i)=\frac{i^n}{1\cdot 2\cdot 3\cdots n}f^{(n)}(x_0+\theta i). \end{aligned}$$]

 (18)


When, among the functions [image: $$ f(x), f^{\prime }(x), \dots , f^{(n-1)}(x), $$] the first is the only one that does not vanish for [image: $$ x=x_0, $$] equation (18) should obviously be replaced by the following[image: $$\begin{aligned} f(x_0+i)-f(x_0)=\frac{i^n}{1\cdot 2\cdot 3\cdots n}f^{(n)}(x_0+\theta i). \end{aligned}$$]

 (19)


If, in the same hypothesis, we write x in place of [image: $$ x_0, $$] and if we set[image: $$\begin{aligned} f(x)=y, \ \ \ \ \ \varDelta x=i=\alpha h, \end{aligned}$$]



equation (19) will take the form[image: $$\begin{aligned} \varDelta y=\frac{\alpha ^n}{1\cdot 2\cdot 3\cdots n}(d^ny+\beta ), \end{aligned}$$]

 (20)


[image: $$\beta $$] denoting, as well as [image: $$ \alpha , $$] an infinitely small quantity. We could again deduce formula (20) from equation (16) by observing that the value attributed to x makes the differentials [image: $$ dy, d^2y, $$] [image: $$ \dots , d^{n-1}y $$] vanish at the same time as the derived functions, [image: $$ f^{\prime }(x), f^{\prime \prime }(x), $$] [image: $$ \dots , f^{(n-1)}(x). \ $$]
Equation (20) provides the means to resolve the fourth problem of the sixth lec-ture8  in several cases where the method that we have proposed is insufficient. In fact, assuming y and z designate two functions of the variable x,  the particular value [image: $$ x_0 $$] attributed to this variable reduces to the form [image: $$ \frac{0}{0}, $$] not only the fraction [image: $$ s=\frac{z}{y}, $$] but also the following [image: $$ \frac{z^{\prime }}{y^{\prime }}, \frac{z^{\prime \prime }}{y^{\prime \prime }}, \dots , \frac{z^{(m-1)}}{y^{(m-1)}}. \ $$] Then, by letting [image: $$ \varDelta x=\alpha dx, $$] and denoting by [image: $$ \beta , \gamma $$] two infinitely small quantities, we will have, for [image: $$ x=x_0,$$][image: $$\begin{aligned} \left\{ \begin{aligned} \ \varDelta y&amp;=\frac{\alpha ^m}{1\cdot 2\cdot 3\cdots m}(d^my+\beta ), \\[6pt] \ \varDelta z&amp;=\frac{\alpha ^m}{1\cdot 2\cdot 3\cdots m}(d^mz+\gamma ), \end{aligned} \right. \end{aligned}$$]

 (21)



[image: $$\begin{aligned} s=\lim {\frac{z+\varDelta y}{y+\varDelta y}}=\lim {\frac{\varDelta z}{\varDelta y}}=\lim {\frac{d^mz+\gamma }{d^my+\beta }}=\frac{d^mz}{d^my}=\frac{z^{(m)}}{y^{(m)}}. \end{aligned}$$]

 (22)


Example. –We will have, for [image: $$ x=0, $$][image: $$\begin{aligned} \frac{\sin ^2{x}}{1-\cos {x}}=\frac{d^2(\sin ^2{x})}{d^2(1-\cos {x})}=\frac{2(\cos ^2{x}-\sin ^2{x})}{\cos {x}}=2. \end{aligned}$$]





Footnotes
1Here Cauchy has expressed Taylor’s Theorem with an integral remainder term. The basic idea of Taylor’s Theorem had been stated as early as 1671 by James Gregory (1638–1675), but it is named after Brook Taylor (1685–1731), an English mathematician who originally wrote something close in the early 18th century. However, the theorem did not become widely known until Leonhard Euler used the result in his work several decades later. The theorem was not more fully developed to include a remainder term until much later by Lagrange and Cauchy.

 

2The definite integral term in equation (3).

 

3Gaspard de Prony (1755–1839) and Cauchy shared a mutual distaste for one another, dating back to when Cauchy was a student in de Prony’s mechanics class at the École Polytechnique. Unfortunately for Cauchy, much of the period in which Cauchy himself was teaching at the École Polytechnique, de Prony was responsible for overseeing the quality of Cauchy’s teaching. During Cauchy’s tenure, it is clear de Prony was generally dissatisfied with what he observed, feeling much of Cauchy’s teachings were too abstract. Mr. de Prony would continue producing unfavor-able reports of Cauchy up until the time Cauchy leaves the school in 1830. To make matters even worse for Cauchy, de Prony was also a highly influential member of the Conseil d’Instruction (the committee responsible for overseeing the curriculum) while Cauchy was battling over the content of his analysis course at the École Polytechnique, which created additional friction. It must have been a nightmare for Cauchy.

 

4The Fundamental Theorem of Calculus.

 

5The general form of the Mean Value Theorem for Definite Integrals with [image: $$\chi (z)=\frac{(x-z)^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}$$] and [image: $$\varphi (z)=F^{(n)}(z).$$]

 

6Equation (12) is one of the more common forms to express Taylor’s Theorem with remainder. The remainder in this case is called the Lagrange form. Cauchy has shown as long as the first n derivatives of f(x) are continuous in the neighborhood of x, there exists a [image: $$\theta $$] between zero and one in which this expansion is valid—essentially one way of stating the Taylor’s Theorem of today. He has now completed an integral development of Taylor’s Theorem. Beautiful.

 

7Cauchy adds a final derivation of Taylor’s formula in his ADDITION at the end of his original text. In this later derivation, he develops the formula without the integration techniques employed in this and previous lectures, using only differential calculus methods and established theorems.

 

8Cauchy is referring to his first serious inquiry into how to resolve the true value of the indeter-minate fraction [image: $$\frac{0}{0}.$$] The solution offered in Lecture Six determines the ratio of the first derivatives. However, this Lecture Six solution fails if this new ratio is also found to be indeterminate. Here, Cauchy looks to the ratio of higher and higher order derivatives until a determinate ratio is located.
Although it would have certainly cleaned up many of the expressions in the latter lectures of Cauchy’s text, the factorial notation we use today, m!,  to indicate the operation [image: $$1 \cdot 2 \cdot 3 \cdots m$$] was not in common use at the time Cauchy wrote Calcul infinitésimal. Christian Kramp (1760–1826), a French mathematician, is credited with the introduction of the modern notation as early as 1808; however, it was not widely adopted until later in the century.
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We call a series an indefinite sequence of terms
[image: $$\begin{aligned} u_0, \ \ u_1, \ \ u_2, \ \ \dots , \ \ u_n, \ \ \dots , \end{aligned}$$]

 (1)


that are derived, one after the other, according to a known rule. Let[image: $$\begin{aligned} s_n=u_0+u_1+u_2+\cdots +u_{n-1} \end{aligned}$$]



be the sum of the first n terms, n denoting any integer number. If, for the values of n always increasing, the sum [image: $$s_n$$] indefinitely approaches a certain limit s,  the series will be said to be convergent, and the limit s represented by the notation[image: $$\begin{aligned} u_0+u_1+u_2+u_3+\cdots \end{aligned}$$]



will be called the sum  of the series.1 If, on the other hand, while n increases indefinitely, the sum [image: $$s_n$$] does not approach any fixed limit, the series will be divergent, and will no longer have a sum.2 In one case and the other, the term corresponding to the index n,  namely, [image: $$u_n, $$] is called the general term. In addition, if in the first hypothesis, we let [image: $$s=s_n+r_n,$$]3[image: $$ r_n $$] will be what we name the remainder of the series, starting from the [image: $$n^{\text {th}}$$] term.
These definitions being admitted, it obviously follows from formulas (2) and (3) of the thirty-sixth lecture that the series[image: $$\begin{aligned} F(0), \ \ \ \ \frac{x}{1}F^{\prime }(0), \ \ \ \ \frac{x^2}{1\cdot 2}F^{\prime \prime }(0), \ \ \ \ \frac{x^3}{1\cdot 2\cdot 3}F^{\prime \prime \prime }(0), \ \ \ \ \dots , \end{aligned}$$]

 (2)



[image: $$\begin{aligned} f(x), \ \ \ \ \frac{h}{1}f^{\prime }(x), \ \ \ \ \frac{h^2}{1\cdot 2}f^{\prime \prime }(x), \ \ \ \ \frac{h^3}{1\cdot 2\cdot 3}f^{\prime \prime \prime }(x), \ \ \ \ \dots , \end{aligned}$$]

 (3)


will be convergent, and will have for sums the two functions, [image: $$ F(x), f(x+h), $$] re-spectively, whenever the two integrals[image: $$\begin{aligned} \int _0^x{\frac{(x-z)^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}F^{(n)}(z) dz}=\frac{x^n}{1\cdot 2\cdot 3\cdots n}F^{(n)}(\theta x), \end{aligned}$$]

 (4)



[image: $$\begin{aligned} \int _0^h{\frac{(h-z)^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}f^{(n)}(x+z) dz}=\frac{h^n}{1\cdot 2\cdot 3\cdots n}f^{(n)}(x+\theta h) \end{aligned}$$]

 (5)


are convergent for increasing values of n toward the limit zero.4 We will find, by consequence,5
[image: $$\begin{aligned} F(x)=F(0)+\frac{x}{1}F^{\prime }(0)+\frac{x^2}{1\cdot 2}F^{\prime \prime }(0)+\frac{x^3}{1\cdot 2\cdot 3}F^{\prime \prime \prime }(0)+\cdots , \end{aligned}$$]

 (6)


if expression (4) vanishes for infinite values of n,  and
[image: $$\begin{aligned} f(x+h)=f(x)+\frac{h}{1}f^{\prime }(x)+\frac{h^2}{1\cdot 2}f^{\prime \prime }(x)+\frac{h^3}{1\cdot 2\cdot 3}f^{\prime \prime \prime }(x)+\cdots , \end{aligned}$$]

 (7)


if expression (5) satisfies the same condition. Formulas (6) and (7) contain the Theorems of Maclaurin and of Taylor.  They are used, when the integrals (4) and (5) fulfill the prescribed conditions, to expand the two functions F(x) and [image: $$ f(x+h) $$] into a series ordered according to ascending and integer powers of the quantities x and [image: $$h. \ $$] The remainder of these series are precisely the two integrals which we have just spoken about.
Now, suppose that we denote by [image: $$ u=f(x, y, x, \dots ), $$] a function of several independent variables, and that to equations (2) and (3) of the preceding lecture we substitute equation (14). We will deduce from this last equation[image: $$\begin{aligned} \left\{ \begin{aligned}&amp;f(x+\alpha dx, y+\alpha dy, z+\alpha dz, \dots ) \\[5pt]&amp;\,\,\quad \quad =u+\frac{\alpha }{1} du+\frac{\alpha ^2}{1\cdot 2} d^2u+\frac{\alpha ^3}{1\cdot 2\cdot 3} d^3u+\cdots \end{aligned} \right. \end{aligned}$$]

 (8)


whenever the term[image: $$\begin{aligned} \frac{\alpha ^n}{1\cdot 2\cdot 3\cdots n}F^{(n)}(\theta \alpha ), \end{aligned}$$]



or rather, the integral that this term represents, and that we can write under the form[image: $$\begin{aligned} \int _0^{\alpha }{\frac{(\alpha -v)^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}F^{(n)}(v) dv}, \end{aligned}$$]

 (9)


will vanish for infinite values of [image: $$n. \ $$] We will find as a result, by setting [image: $$ \alpha =1, $$][image: $$\begin{aligned} f(x+dx, y+dy, z+dz, \dots )=u+\frac{du}{1}+\frac{d^2u}{1\cdot 2}+\frac{d^3u}{1\cdot 2\cdot 3}+\cdots , \end{aligned}$$]

 (10)


provided that the integral[image: $$\begin{aligned} \int _0^1{\frac{(1-v)^{n-1}}{1\cdot 2\cdot 3\cdot (n-1)}F^{(n)}(v) dv} \end{aligned}$$]

 (11)


satisfies the stated condition. When the independent variables [image: $$ x, $$] y,  z,  [image: $$ \dots $$] are re-duced to a single variable x,  equation (10) becomes[image: $$\begin{aligned} f(x+dx)=u+\frac{du}{1}+\frac{d^2u}{1\cdot 2}+\frac{d^3u}{1\cdot 2\cdot 3}+\cdots . \end{aligned}$$]

 (12)


This expression above coincides with equation (7), that is to say, with the formula of Taylor. By replacing x by zero, and dx by x,  we would regain the Theorem of Maclaurin. Let us add that equation (10), and that which we deduce when we replace x, y,  [image: $$ z, \dots $$] by zero, then dx, dy,  [image: $$ dz, \dots $$] by [image: $$ x, y, $$] [image: $$ z, \dots , $$] provides the means to extend the Theorems of Taylor and of Maclaurin to functions of several variables. Finally, we remark that equations (6), (8), (10), (12) coincide with equations (4), (6), (7), (8) of the nineteenth lecture in the case where F(x) and f(x) represent entire functions of degree [image: $$n. \ $$]
Since, by virtue of formula (19) (twenty-second lecture),6 the integral (4) is equivalent to a product of the form7

              
            
[image: $$\begin{aligned} x\frac{(x-\theta x)^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}F^{(n)}(\theta x), \end{aligned}$$]

 (13)


[image: $$\theta $$] denoting a number less than unity, it is clear that the infinite values of n will cause this integral to vanish, if they reduce the function[image: $$\begin{aligned} \frac{(x-z)^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}F^{(n)}(z) \end{aligned}$$]

 (14)


to zero, for all values of z contained between the limits 0 and [image: $$x. \ $$] This latter condi-tion will obviously be fulfilled if the numerical value of the expression [image: $$ F^{(n)}(\theta x),$$] assumed real, or the magnitude of the same expression, assumed imaginary, is not increasing indefinitely as n increases.8 In fact, since the quantity[image: $$\begin{aligned} m(n-m)=\left( \frac{n}{2}\right) ^2-\left( \frac{n}{2}-m\right) ^2 \end{aligned}$$]



grows along with the number m between the limits [image: $$ m=1, m=\frac{n}{2}, $$] and that we have as a result[image: $$\begin{aligned} \begin{array}{c} \displaystyle 1(n-1)&lt;2(n-2)&lt;3(n-3)&lt;\cdots , \\[3pt] \displaystyle 1\cdot 2\cdot 3\cdots (n-1)&gt;(n-1)^{\frac{n-1}{2}}, \end{array} \end{aligned}$$]



we can affirm that the numerical value or the magnitude of the expression (14), will always remain less than the numerical value or the magnitude of the product[image: $$\begin{aligned} \left( \frac{x-z}{\sqrt{n-1}}\right) ^{n-1}F^{(n)}(z). \end{aligned}$$]

 (15)


Now, this product will become null in the admitted hypothesis, for [image: $$ n=\infty . \ $$]
Examples. – If we take for successive values of the function F(x), [image: $$\begin{aligned} e^x, \ \ \ \ \ \sin {x}, \ \ \ \ \ \cos {x}, \end{aligned}$$]



we will find for the corresponding values of [image: $$F^{(n)}(\theta x),$$][image: $$\begin{aligned} e^{\theta x}, \ \ \ \ \ \sin {\left( \frac{n\pi }{2}+\theta x\right) }, \ \ \ \ \ \cos {\left( \frac{n\pi }{2}+\theta x\right) }. \end{aligned}$$]



Since these last quantities remain finite, regardless of x,  while n increases, we must conclude that the Theorem of Maclaurin9 is always applicable to these three pro-posed functions. We will have, by consequence, for any values of x,  and for positive values of A,  
              
            
[image: $$\begin{aligned} \left\{ \begin{aligned} \ e^x&amp;=1+\frac{x}{1}+\frac{x^2}{1\cdot 2}+\frac{x^3}{1\cdot 2\cdot 3}+\cdots , \\[5pt] \ A^x&amp;=e^{x \, {{\varvec{l}}}A} =1+\frac{x \, {{\varvec{l}}}A}{1}+\frac{x^2({{\varvec{l}}}A)^2}{1\cdot 2}+\frac{x^3({{\varvec{l}}}A)^3}{1\cdot 2\cdot 3}+\cdots , \end{aligned} \right. \end{aligned}$$]

 (16)



[image: $$\begin{aligned} \left\{ \begin{aligned} \ \sin {x}&amp;=\sin {(0)}+\frac{x}{1}\sin {\left( \tfrac{\pi }{2}\right) }+\frac{x^2}{1\cdot 2}\sin {\left( \tfrac{2\pi }{2}\right) } +\frac{x^3}{1\cdot 2\cdot 3}\sin {\left( \tfrac{3\pi }{2}\right) }+\cdots \\[5pt]&amp;= \frac{x}{1}-\frac{x^3}{1\cdot 2\cdot 3}+\frac{x^5}{1\cdot 2\cdot 3\cdot 4\cdot 5}-\cdots , \end{aligned} \right. \end{aligned}$$]

 (17)



[image: $$\begin{aligned} \left\{ \begin{aligned} \ \cos {x}&amp;=\cos {(0)}+\frac{x}{1}\cos {\left( \tfrac{\pi }{2}\right) }+\frac{x^2}{1\cdot 2}\cos {\left( \tfrac{2\pi }{2}\right) } +\frac{x^3}{1\cdot 2\cdot 3}\cos {\left( \tfrac{3\pi }{2}\right) }+\cdots \\[5pt]&amp;= 1-\frac{x^2}{1\cdot 2}+\frac{x^4}{1\cdot 2\cdot 3\cdot 4}-\cdots . \end{aligned} \right. \end{aligned}$$]

 (18)


When the function [image: $$ F^{(n)}(\theta x) $$] becomes infinite for infinite values of n,  expression (14) can still converge toward the limit zero. This will occur, for example, if we take [image: $$ F(x)={{\varvec{l}}}(1+x), $$] and if at the same time, we attribute to x a numerical value smaller than unity. In fact, we will find in this case, by assuming [image: $$ z=\theta x, $$] [image: $$ \theta &lt;1, $$] [image: $$ x^2&lt;1, $$][image: $$\begin{aligned} \frac{(x-z)^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}F^{(n)}(z)=\pm \frac{(x-z)^{n-1}}{(1+z)^n}=\pm \frac{x^{n-1}}{1-\theta }\left( \frac{1-\theta }{1+\theta x}\right) ^n; \end{aligned}$$]

 (19)


and, since the fraction [image: $$ \frac{1-\theta }{1+\theta x} $$] will obviously be less than unity, it is clear that expres-sion (19) will vanish for [image: $$ n=\infty . \ $$] We will find, by consequence, for all values of x contained between the limits of [image: $$-1$$] and [image: $$+1, $$]
              
            
[image: $$\begin{aligned} {{\varvec{l}}}(1+x)=\frac{x}{1}-\frac{x^2}{2}+\frac{x^3}{3}-\frac{x^4}{4}+\cdots . \end{aligned}$$]

 (20)




Footnotes
1Cauchy is careful with his wording here. He is defining s,  the sum of a convergent infinite series, as the limit of the partial sums, [image: $$s_n, $$] as n gets large. Specifically, he is not defining s to be any of the [image: $$s_n$$]’s. Cauchy defines the value of s as a limit, when the limit exists.

 

2The concept of a divergent series having no sum, in other words having no meaning whatsoever, was not as obvious an idea at the time of Cauchy as we see it today. Many mathematicians up to his day had avoided any such conclusion and had considered divergent series just as valid as convergent series. There was a belief, even into the 19th century, that these divergent series would turn out to be justified in some manner, and so, there was a great deal of reluctance to exclude them from a general theoretical analysis of infinite series. Cauchy stands strong in this regard and makes the statement that unless an infinite series converges to a sum, none of his analysis to follow applies. This is a bold leap for Cauchy to make in 1823, one he outlines at the beginning of this text in his FOREWORD.

 

3The 1899 reprint has [image: $$s-s_n=r_n. \ $$]

 

4A sufficient condition for convergence (as will be shown in a subsequent example). Cauchy is quite aware that in general it is not enough for the ending terms of a sequence to be approaching zero to guarantee the corresponding series converges. The classic counterexample illustrating this possibility is the harmonic series, which diverges despite its terms becoming smaller and smaller. What is different in Cauchy’s case here is that by knowing the remainder of the series is becoming smaller, it is known the sum of all the ending terms combined is also approaching zero. This latter condition is enough to guarantee convergence as Cauchy correctly argues.

 

5The 1899 text has a clear misprint in equation (6). It reads, [image: $$ F(x)=F(0)+\frac{1}{x}F^{\prime }(0)+\frac{x^2}{1\cdot 2}F^{\prime \prime }(0)+\frac{x^3}{1\cdot 2\cdot 3}F^{\prime \prime \prime }(0)+\cdots . $$]

 

6The Mean Value Theorem for Definite Integrals.

 

7Known today as the remainder in Cauchy form.

 

8In today’s nomenclature, as long as the [image: $$n^{th}$$] derivative is bounded. Using this condition for [image: $$F^{(n)}(z)$$], to verify the expression in (14) tends to zero Cauchy only needs to show the preceding term, [image: $$\frac{(x-z)^{n-1}}{1\cdot 2\cdot 3 \cdots (n-1)}$$], vanishes as n gets large. It would be interesting to be sitting in a desk at the back of Cauchy’s École Polytechnique classroom in 1823, given the descriptive set of subsequent steps he provides as clues here, to have him explain his demonstration of these valid claims.

 

9This theorem, as well as the Maclaurin series, are named after Colin Maclaurin (1698–1746) of Scotland, one of Isaac Newton’s most successful followers.
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As equations (6) and (7) (thirty-seventh lecture) are only valid in the case where the series (2) and (3) are convergent, it is important to establish the conditions for the convergence of the series.1 This is the objective we will now occupy ourselves.
One of the simplest series is the geometric progression
[image: $$\begin{aligned} a, \ \ ax, \ \ ax^2, \ \ ax^3, \ \ \dots , \end{aligned}$$]

 (1)


which has for a general term,
              
              [image: $$ ax^n.$$]
             Now, the sum of its first n terms, namely,[image: $$\begin{aligned} a\left( 1+x+x^2+\cdots +x^{n-1}\right) =a\frac{1-x^n}{1-x}=\frac{a}{1-x}-\frac{ax^n}{1-x} \end{aligned}$$]



will obviously converge,2 for increasing values of n,  toward the fixed limit [image: $$ \frac{a}{1-x}, $$] if the numerical value of the variable x,  assumed real, or the magnitude of the same variable, assumed imaginary, is a number less than unity, while in the other case this sum will cease to converge toward a similar limit. The series (1) will be, there-fore, always convergent in the first case and always divergent in the second. This conclusion remains valid even when the factor a becomes imaginary.
Now consider the series[image: $$\begin{aligned} u_0, \ \ u_1, \ \ u_2, \ \ u_3, \ \ \dots , \ \ u_n, \ \ \dots \end{aligned}$$]

 (2)


composed of any real or imaginary terms. To decide whether it is convergent or divergent we will not need to examine its first terms; we can even omit these terms in such a way as to replace this series by the following [image: $$\begin{aligned} u_m, \ \ u_{m+1}, \ \ u_{m+2}, \ \ \dots , \end{aligned}$$]

 (3)


m denoting a number as large as we will wish.
              
             Moreover, let [image: $$ \rho _n $$] be the numerical value or the magnitude of the general term [image: $$ u_n. \ $$] It is clear that the series (3) will be convergent if the magnitudes of its different terms, namely,[image: $$\begin{aligned} \rho _m, \ \ \rho _{m+1}, \ \ \rho _{m+2}, \ \ \dots , \end{aligned}$$]

 (4)


in their turn form a convergent series,3 and it will become divergent if [image: $$ \rho _n $$] does not decrease indefinitely for increasing values of n.
              
            

              
            
 This granted, we will easily estab-lish the two theorems that follow.
THEOREM I. – Find the limit or the limits toward which the expression [image: $$ (\rho _n)^{\frac{1}{n}} $$] converges, while n increases indefinitely, and let [image: $$ \lambda $$] be the largest of these limits.
              
             The series (2) will be convergent if we have [image: $$ \lambda &lt;1, $$] divergent if we have [image: $$ \lambda &gt;1.$$]4

              
            

              
            

Proof. – First, suppose [image: $$ \lambda &lt;1, $$] and arbitrarily choose between the two numbers 1 and [image: $$ \lambda $$] a third number [image: $$ \mu , $$] so that we have [image: $$ \lambda&lt;\mu &lt;1. \ $$] n coming to grow beyond any assignable limit, the largest values of [image: $$ (\rho _n)^{\frac{1}{n}} $$] cannot indefinitely approach the limit [image: $$ \lambda $$] without finally being constantly less than [image: $$ \mu . \ $$] As a result, it will be possible to attribute an integer number m a value considerable enough such that, for n becoming greater than or equal to m,  we constantly have [image: $$ (\rho _n)^{\frac{1}{n}}&lt;\mu , $$] [image: $$\rho _n&lt;\mu ^n. \ $$] Then, the terms of the series (4) will be numbers less than those of the terms corresponding to the geometric progression[image: $$\begin{aligned} \mu ^m, \ \ \mu ^{m+1}, \ \ \mu ^{m+2}, \ \ \dots ; \end{aligned}$$]

 (5)


and, since this last series will be convergent (due to [image: $$ \mu &lt;1$$]), we must accord as much to the series (4), and by consequence, of the series (2).
In the second place, suppose [image: $$ \lambda &gt;1, $$] and again place between the two numbers 1 and [image: $$ \lambda $$] a third number [image: $$ \mu , $$] such that we have [image: $$ \lambda&gt;\mu &gt;1. \ $$] If n comes to grow beyond all limits, the largest values of [image: $$ (\rho _n)^{\frac{1}{n}}, $$] by indefinitely approaching [image: $$ \lambda , $$] will eventually surpass [image: $$ \mu . \ $$] We can, therefore, satisfy the condition [image: $$ (\rho _n)^{\frac{1}{n}}&gt;\mu $$] or [image: $$ \rho _n&gt;\mu ^n&gt;1, $$] with values of n as large as we will wish; and as a result, we will find in the series (4) an indefinite number of terms larger than unity, which will be sufficient to note the divergence of the series (2), (3), and (4).
THEOREM II. – If, for the increasing values of n,  the ratio [image: $$ \frac{\rho _{n+1}}{\rho _n}$$] converges to-ward a fixed limit [image: $$\lambda , $$] the series (2) will be convergent whenever we have [image: $$ \lambda &lt;1, $$] and divergent whenever we have [image: $$\lambda &gt;1.$$]5

              
            

              
             
Proof. – Choose an arbitrary number [image: $$ \varepsilon $$] less than the difference that exists between 1 and [image: $$ \lambda . \ $$] It will be possible to attribute a value to m large enough such that, for n be-coming greater than or equal to m,  the ratio [image: $$ \frac{\rho _{n+1}}{\rho _n} $$] always remains contained between the two limits [image: $$ \lambda -\varepsilon , \lambda +\varepsilon . \ $$] Then, the different terms of the series (4) will be found contained between the terms corresponding to the two geometric progressions[image: ../images/462147_1_En_38_Chapter/462147_1_En_38_Equ18_HTML.png]



which will both be convergent if we have [image: $$ \lambda &lt;1, $$] and both divergent if we have [image: $$ \lambda &gt;1. \ $$] Therefore, etc.
Scholium. –  It would be easy to prove that the limit of the ratio [image: $$ \frac{\rho _{n+1}}{\rho _n}, $$] in the case where this limit exists, is at the same time that of the expression [image: $$ (\rho _n)^{\frac{1}{n}}. \ $$] (See Alge-braic Analysis, Chapter VI.)6

By applying Theorems I and II to the series of Maclaurin, namely,[image: $$\begin{aligned} F(0), \ \ \ \frac{x}{1}F^{\prime }(0), \ \ \ \frac{x^2}{1\cdot 2}F^{\prime \prime }(0), \ \ \ \frac{x^3}{1\cdot 2\cdot 3}F^{\prime \prime \prime }(0), \ \ \ \dots , \end{aligned}$$]

 (6)


we obtain the following proposition.
THEOREM III. – Let [image: $$ \rho _n $$] be the numerical value or the magnitude of the ex-pression [image: $$\frac{F^{(n)}(0)}{1 \cdot 2 \cdot 3 \cdots n}, $$] and [image: $$\lambda $$] the limit toward which the largest values of [image: $$(\rho _n)^{\frac{1}{n}}, $$] or else the unique limit (if this limit exists) of the ratio [image: $$\frac{\rho _{n+1}}{\rho _n}, $$] converges while n grows in-definitely.
              
              The series 
            (6) will be convergent whenever the numerical value or the magnitude of the variable x will be less than [image: $$ \frac{1}{\lambda }, $$] and divergent whenever the numerical value or the magnitude
              
             will exceed [image: $$ \frac{1}{\lambda }.$$]7

Examples. – If we take for successive values of F(x)[image: $$\begin{aligned} e^x, \ \ \ \ \ \sin {x}, \ \ \ \ \ \cos {x}, \ \ \ \ \ {{\varvec{l}}}(1+x), \ \ \ \ \ (1+x)^{\mu }, \end{aligned}$$]



[image: $$\mu $$] being a constant quantity, the corresponding values of [image: $$ \frac{1}{\lambda } $$] will be[image: $$\begin{aligned} \infty , \ \ \ \infty , \ \ \ \infty , \ \ \ 1, \ \ \ 1. \end{aligned}$$]



As a result, the series included in equations (16), (17), (18) of the thirty-seventh lecture will remain convergent between the limits [image: $$ x=-\infty , $$] [image: $$x=+\infty , $$] that is to say, for any values of [image: $$ x. \ $$] On the other hand, the series[image: $$\begin{aligned} \left\{ \begin{aligned}&amp;1, \quad \ \frac{\mu }{1}x, \quad \ \frac{\mu (\mu -1)}{1\cdot 2}x^2, \quad \ \frac{\mu (\mu -1)(\mu -2)}{1\cdot 2\cdot 3}x^3, \quad \ \dots , \\[6pt]&amp;\quad \quad \quad \quad \frac{\mu (\mu -1)\cdots (\mu -n+1)}{1\cdot 2\cdot 3\cdots n}x^n, \quad \ \dots , \end{aligned} \right. \end{aligned}$$]

 (7)


and that contained in formula (20) (thirty-seventh lecture) will only be convergent if the variable x is real, and is between the limits8

              
              [image: $$ x=-1, $$]
             [image: $$x=+1.$$]
We have already remarked that the series (6) is real and that it has F(x) for a sum whenever the variable x being real, the variable z being contained between the limits of [image: $$ 0, x, $$] and the expression (14) (thirty-seventh lecture) itself vanishes for infinite values of [image: $$ n. \ $$] Now, this latter condition will obviously be satisfied if the expression in question is the general term of a convergent series, which will occur, by virtue of Theorem III, if, for values of i ncreasing n,  the magnitude or the numerical value of the product[image: $$\begin{aligned} \frac{x-z}{n} \frac{F^{(n+1)}(z)}{F^{(n)}(z)} \end{aligned}$$]

 (8)


converges toward a limit less than unity.
Example. – Let[image: $$\begin{aligned} F(x)=(1+x)^{\mu }, \end{aligned}$$]



[image: $$\mu $$] denoting a constant quantity. If, in expression (8) we replace z by [image: $$ \theta x, $$] this expression will become[image: $$\begin{aligned} x\frac{1-\theta }{1+\theta x}\frac{\mu -n}{n}=-x\frac{1-\theta }{1+\theta x}\left( 1-\frac{\mu }{n}\right) , \end{aligned}$$]



and will converge for increasing values of n toward a limit of the form [image: $$ -x\frac{1-\theta }{1+\theta x}, $$] a limit whose numerical value will be less than unity, if we suppose [image: $$ x^2&lt;1. \ $$] We will have, therefore, under this condition,
              
            
[image: $$\begin{aligned} (1+x)^{\mu }=1+\frac{\mu }{1}x+\frac{\mu (\mu -1)}{1\cdot 2}x^2+\frac{\mu (\mu -1)(\mu -2)}{1\cdot 2\cdot 3}x^3+\cdots . \end{aligned}$$]

 (9)


We would also prove that the equation[image: $$\begin{aligned} (1+ax)^{\mu }=1+\frac{\mu }{1}ax+\frac{\mu (\mu -1)}{1\cdot 2}a^2x^2+\frac{\mu (\mu -1)(\mu -2)}{1\cdot 2\cdot 3}a^3x^3+\cdots \end{aligned}$$]

 (10)


remains valid, for real or imaginary values of the constant a,  while the numerical value of x is less than the magnitude of [image: $$ \frac{1}{a}. \ $$]
We might believe9
 that the series (6) always has F(x) for a sum when it is convergent, and that, in the case where its different terms vanish, one after the other, the function F(x) would itself vanish. But, to ensure the contrary, it suffices to observe that the second condition will be fulfilled, if we assume10
[image: $$\begin{aligned} F(x)=e^{-\left( \frac{1}{x}\right) ^2}, \end{aligned}$$]



and the first, if we assume
11
[image: $$\begin{aligned} F(x)=e^{-x^2}+e^{-\left( \frac{1}{x}\right) ^2}. \end{aligned}$$]



However, the function [image: $$ e^{-\left( \frac{1}{x}\right) ^2} $$] is not ever identically null, and the series deduced from the latter assumption has for a sum, not the binomial [image: $$ e^{-x^2}+e^{-\left( \frac{1}{x}\right) ^2}, $$] but only its first term [image: $$ e^{-x^2}.$$]
Footnotes
1Most of Cauchy’s contemporaries continued to treat infinite series as if they were very large finite series that carried with them the same properties. This tradition dated back through the days of Euler to at least the time of Isaac Newton. As an example, all through the 18th century and into Cauchy’s days an infinite power series was generally treated as though it was simply a large polynomial. However, Cauchy now demands the convergence of an infinite series be demonstrated before any properties can be assigned.

 

2Properties of the common geometric series are covered thoroughly in Chapter VI of Cauchy’s Cours d’analyse. Even though this earlier text was never officially used in practice, one must assume his students would have been expected to be quite familiar with this fundamental series.

 

3Cauchy seems to be taking for granted that absolute convergence of a series implies its con-vergence. Absolute convergence is not a concept Cauchy ever defines specifically within Calcul infinitésimal, but this current assumption is one he essentially proves in his Cours d’Analyse Chap-ter VI, §III.

 

4Cauchy is stating what we now know as the Root Convergence Test. He has also demonstrated similar versions of this theorem in his Cour d’analyse Chapter VI, §II, Theorem I and Chapter VI, §III, Theorem I.

 

5This theorem is today known as the Ratio Convergence Test. Cauchy has stated similar versions of this result in his Cours d’analyse Chapter VI, §II, Theorem II and Chapter VI, §III, Theorem II.

 

6Cauchy is pointing out his Theorem I result (the Root Convergence Test) is stronger and more general than his Theorem II result (the Ratio Convergence Test).

 

7This theorem has been corrected. Both the 1823 and 1899 editions incorrectly define [image: $$\rho _n$$] to be [image: $$F^{(n)}(0).$$] The error must clearly be a typographical omission dating back to 1823, as Cauchy knew better. He even demonstrates a related result in his Cours d’analyse Chapter VI, §IV, Theorem II, Corollary IV from 1821.

 

8Cauchy is presenting here what today we would refer to as the radius of convergence of the Maclaurin series for each of these functions.

 

9Cauchy is likely referring to the work of Lagrange.

 

10The example to follow demonstrates the Taylor series for the two functions, [image: $$H(x)=0 $$] and [image: $$F(x)=e^{-\left( \frac{1}{x}\right) ^2} $$] are identical, even though the functions themselves are certainly not. This example will also illustrate the Taylor series for [image: $$F(x)=e^{-\left( \frac{1}{x}\right) ^2}$$] does not accurately represent the original function, as the series will suggest F(x) is identically zero for all values of x,  when the function itself is never zero, as Cauchy points out. With this single example, Cauchy clearly shows that not every function can be written as a convergent Taylor series and that a Taylor series does not uniquely identify a function.

 

11This second counterexample of [image: $$F(x)=e^{-x^2}+e^{-\left( \frac{1}{x}\right) ^2}$$] produces a Taylor series identical to that of the distinct function [image: $$G(x)=e^{-x^2},$$] demonstrating once again a Taylor series representation does not uniquely identify a function.
As discussed earlier, one of Cauchy’s early contemporaries and mentors, Joseph-Louis Lagrange, had previously proposed (years before) that the derivative of a function be defined as the coef-ficient of the linear term of its Taylor series expansion. This theory had even been a part of the École Polytechnique curriculum in its early years. Cauchy uses these last two examples to clearly illustrate this theory is not valid. Among other problems, such as the fact some Taylor series do not converge, he shows different functions can produce the same series. These last two examples play a pivotal role in the demolishment of Lagrange’s foundational assumptions of functions and the Lagrangean theory of the calculus. Ironically, even though Cauchy helps dismantle Lagrange’s theory, one of Cauchy’s main references while developing his own theory was Lagrange’s Théorie des fonctions analytiques
                  
                
 published in installments beginning in 1797. In this latter text, Lagrange presents his work without any diagrams; a practice Cauchy continued.
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We have proven in the thirty-seventh lecture that the exponential [image: $$A^x$$] (A denoting a positive constant, and x a real variable) is always  equivalent to the sum of the series[image: $$\begin{aligned} 1, \ \ \ \ \ \frac{x \, \varvec{l}A}{1}, \ \ \ \ \ \frac{x^2(\varvec{l}A)^2}{1\cdot 2}, \ \ \ \ \ \frac{x^3(\varvec{l}A)^3}{1\cdot 2\cdot 3}, \ \ \ \ \ \dots , \end{aligned}$$]

 (1)


so that we have, for all real values of x, [image: $$\begin{aligned} A^x=1+\frac{x \, \varvec{l}A}{1}+\frac{x^2(\varvec{l}A)^2}{1\cdot 2}+\frac{x^3(\varvec{l}A)^3}{1\cdot 2\cdot 3}+\cdots . \end{aligned}$$]

 (2)


On the other hand, since, by virtue of Theorem III of the thirty-eighth lecture, the series (1) remains convergent for any imaginary values of the variable x, we agree to extend equation (2) to all possible cases, and to use it in the case where the variable x becomes imaginary, to settle the meaning of the notation [image: $$A^x$$]. This convention being admitted, we easily deduce from equation (2) several remarkable formulas that we will now make known.
First, if we take [image: $$A=e, $$] equation (2) will become[image: $$\begin{aligned} e^x=1+\frac{x}{1}+\frac{x^2}{1\cdot 2}+\frac{x^3}{1\cdot 2\cdot 3}+\cdots . \end{aligned}$$]

 (3)


If we set, in this last formula, [image: $$x=z\sqrt{-1}$$] (z denoting a real variable), we will find[image: $$\begin{aligned} e^{z\sqrt{-1}}&amp;=1+\frac{z\sqrt{-1}}{1}-\frac{z^2}{1\cdot 2}-\frac{z^3\sqrt{-1}}{1\cdot 2\cdot 3}+\cdots \\&amp;=1-\frac{z^2}{1\cdot 2}+\frac{z^4}{1\cdot 2\cdot 3\cdot 4}-\cdots +\left( \frac{z}{1}-\frac{z^3}{1\cdot 2\cdot 3}+\cdots \right) \sqrt{-1}, \end{aligned}$$]



and as a result,[image: $$\begin{aligned} e^{z\sqrt{-1}}=\cos {z}+\sqrt{-1}\sin {z}. \end{aligned}$$]

 (4)


We will also find1
[image: $$\begin{aligned} e^{-z\sqrt{-1}}=\cos {z}-\sqrt{-1}\sin {z}; \end{aligned}$$]

 (5)


then, we will deduce from equations (4) and (5) combined

              
             together[image: $$\begin{aligned} \cos {z}=\frac{e^{z\sqrt{-1}}+e^{-z\sqrt{-1}}}{2}, \quad \quad \sin {z}=\frac{e^{z\sqrt{-1}}-e^{-z\sqrt{-1}}}{2\sqrt{-1}}. \end{aligned}$$]

 (6)


Let, in the second place, [image: $$x=\big (a+b\sqrt{-1} \big )z, $$] [image: $$a, b $$] denoting two real constants. Then, the series included in the second member of formula (3) will be precisely that which we deduce from the Theorem of Maclaurin, applied to the imaginary function [image: $$e^{az}\big (\cos {bz}+\sqrt{-1} \sin {bz}\big )$$]. We will therefore have[image: $$\begin{aligned} e^{(a+b\sqrt{-1} )z}=e^{az}\big (\cos {bz}+\sqrt{-1}\sin {bz}\big ) =e^{az}e^{bz\sqrt{-1}}. \end{aligned}$$]

 (7)


This last formula is analogous to the identical equation[image: $$\begin{aligned} e^{(a+b)z}=e^{az}e^{bz}, \end{aligned}$$]



from which we would deduce, but only by induction, in substituting for the real constant b an imaginary constant [image: $$b\sqrt{-1}$$]. We add that by relying on formula (7), we extend without difficulty the equation[image: $$\begin{aligned} e^{x+y}=e^{x}e^{y} \end{aligned}$$]

 (8)


to any imaginary values of the variables [image: $$x, y; $$] and, by comparing formula (2) to formula (3) we derive, for any value of x, [image: $$\begin{aligned} A^x=e^{x \varvec{l}A}. \end{aligned}$$]

 (9)


Let us now conceive that, u and v designating two real quantities, we look for the various values of x that work to resolve the two equations[image: $$\begin{aligned} A^x=u+v\sqrt{-1}, \end{aligned}$$]

 (10)



[image: $$\begin{aligned} e^x=u+v\sqrt{-1}. \end{aligned}$$]

 (11)


These various values will be the different logarithms of [image: $$u+ v\sqrt{-1}: $$] [image: $$1^{\circ }$$] in the system whose base is [image: $$A; $$] [image: $$2^{\circ }$$] in the Napierian system whose base is e. Moreover, since, by virtue of formula (9), the logarithms of the expression [image: $$u+v\sqrt{-1}$$] in the first system will be equal to the Napierian logarithms of this same expression divided by [image: $$\varvec{l}A,$$] it will suffice to resolve equation (11). This granted, we let [image: $$x=\alpha +\beta \sqrt{-1}, $$] [image: $$\alpha , \beta $$] denoting two real quantities. Formula (11) will become[image: $$\begin{aligned} e^{\alpha +\beta \sqrt{-1}}=u+v\sqrt{-1}; \end{aligned}$$]



then, we will derive [image: $$e^{\alpha }\cos {\beta }=u, e^{\alpha }\sin {\beta }=v, $$] and by consequence,[image: $$\begin{aligned} e^{\alpha }=\big (u^2+v^2\big )^{\frac{1}{2}}, \end{aligned}$$]

 (12)



[image: $$\begin{aligned} \cos {\beta }=\frac{u}{\sqrt{u^2+v^2}}, \quad \quad \sin {\beta }=\frac{v}{\sqrt{u^2+v^2}}. \end{aligned}$$]

 (13)


Now, we would satisfy equation (12) with only one real value of [image: $$\alpha , $$] namely [image: $$\alpha =\frac{1}{2} \varvec{l}\big (u^2+v^2\big )$$]. Moreover, in denoting by n an arbitrary integer number, we will satisfy the equations in (13) with every value of [image: $$\beta $$] included in the formula[image: $$\begin{aligned} \beta =2n\pi +\text {arctang} \frac{v}{u}, \end{aligned}$$]

 (14)


if u is positive, or in the following[image: $$\begin{aligned} \beta =(2n+1)\pi +\text {arctang} \frac{v}{u}, \end{aligned}$$]

 (15)


if u becomes negative. Therefore, there exists an infinite number of imaginary log-arithms of the expression [image: $$u+v\sqrt{-1}$$]. The simplest of all these logarithms, in the case where the quantity u remains positive, is that which we obtain by setting [image: $$n=0, $$] namely [image: $$\frac{1}{2} \varvec{l}\big (u^2+v^2\big )+\sqrt{-1} \text {arctang} {\frac{v}{u}}$$]. This same logarithm, which for a null value of v is reduced to a real logarithm of u,  will be that which we denote by the nota-tion [image: $$\varvec{l}\big (u+v\sqrt{-1} \big )$$] (see Algebraic Analysis, Chapter IX),2 so that we will have, for positive values of u, [image: $$\begin{aligned} \varvec{l}\big (u+v\sqrt{-1} \big )=\frac{1}{2} \varvec{l}\big (u^2+v^2\big )+\sqrt{-1} \text {arctang} \frac{v}{u}. \end{aligned}$$]

 (16)


As a result, if r represents a positive quantity, and t a real arc contained between the limits [image: $$-\frac{\pi }{2}, +\frac{\pi }{2}, $$] the equation[image: $$\begin{aligned} x=r\big (\cos {t}+\sqrt{-1}\sin {t}\big )=re^{t\sqrt{-1}} \end{aligned}$$]

 (17)


will lead to the following[image: $$\begin{aligned} \varvec{l} x=\varvec{l} r+t\sqrt{-1}. \end{aligned}$$]

 (18)


The formulas which are used to differentiate real exponentials and real loga-rithms remain valid when these exponentials and these logarithms become imagi-nary. Thus, for example, we will recognize without difficulty that we have: [image: $$1^{\circ }$$] for imaginary values of the variable x, [image: $$\begin{aligned} d e^x=e^x dx, \end{aligned}$$]

 (19)



[image: $$\begin{aligned} d \varvec{l} (\pm x)=\frac{dx}{x}; \end{aligned}$$]

 (20)


[image: $$2^{\circ }$$] for real values of the variables x, y, z,  and the constants [image: $$\alpha , \beta , a, b, $$][image: $$\begin{aligned} d e^{x+y\sqrt{-1}}=e^{x+y\sqrt{-1}}\big (dx+dy\sqrt{-1} \big ), \end{aligned}$$]

 (21)



[image: $$\begin{aligned} d \varvec{l} \big [\pm \big (x+y\sqrt{-1} \big )\big ]=\frac{dx+dy\sqrt{-1}}{x+y\sqrt{-1}}, \end{aligned}$$]

 (22)



[image: $$\begin{aligned} \left\{ \begin{aligned} \ d \varvec{l}\big [\pm \big (x-\alpha -\beta \sqrt{-1} \big )\big ]&amp;=\frac{dx}{x-\alpha -\beta \sqrt{-1}}, \\ \ d \varvec{l}\big [\pm \big (x-\alpha +\beta \sqrt{-1} \big )\big ]&amp;=\frac{dx}{x-\alpha +\beta \sqrt{-1}}, \end{aligned} \right. \end{aligned}$$]

 (23)



[image: $$\begin{aligned} d e^{(a+b\sqrt{-1} )z}=e^{(a+b\sqrt{-1} )z}\big (a+b\sqrt{-1} \big ) dz. \end{aligned}$$]

 (24)


In these various formulas, we must adopt, after the letter [image: $$\varvec{l},$$] the sign [image: $$+$$] or the sign [image: $$-,$$] according to whether the imaginary expression whose Napierian logarithm is taken, has a positive or negative real part. From these same formulas, we will immediately deduce the following[image: $$\begin{aligned} \left\{ \begin{aligned} \ \int {\frac{\big (A-B\sqrt{-1} \big ) dx}{x-\alpha -\beta \sqrt{-1}}}&amp;=\big (A-B\sqrt{-1} \big )\varvec{l}\big [\pm \big (x-\alpha -\beta \sqrt{-1} \big )\big ]+\mathscr {C}, \\ \ \int {\frac{\big (A+B\sqrt{-1} \big ) dx}{x-\alpha +\beta \sqrt{-1}}}&amp;=\big (A+B\sqrt{-1} \big )\varvec{l}\big [\pm \big (x-\alpha +\beta \sqrt{-1} \big )\big ]+\mathscr {C}, \end{aligned} \right. \end{aligned}$$]

 (25)



[image: $$\begin{aligned} \left\{ \begin{aligned}&amp;\int {e^{(a+b\sqrt{-1} )z} dz}=\frac{e^{(a+b\sqrt{-1} )z}}{a+b\sqrt{-1}}+\mathscr {C}, \\&amp;\int {z^ne^{(a+b\sqrt{-1} )z} dz} \\&amp;\quad \quad \qquad =\frac{z^ne^{(a+b\sqrt{-1} )z}}{a+b\sqrt{-1}}\bigg [1-\frac{n}{\big (a+b\sqrt{-1} \big )z} +\frac{n(n-1)}{\big (a+b\sqrt{-1} \big )^2z^2}-\cdots \bigg ], \end{aligned} \right. \end{aligned}$$]

 (26)


which are in accordance with the formulas established in the twenty-eighth and thirtieth lectures.
Imaginary exponentials and imaginary logarithms can again be employed with advantage in the determination of definite integrals. In this way, for example, it results from the second of the equations in (26) that the second formula of page 1283 remains valid when we replace the constant a,  assumed real, by the imaginary constant [image: $$a+b\sqrt{-1}$$]. We then obtain the equation[image: $$\begin{aligned} \int _{0}^{\infty }{z^ne^{(a+b\sqrt{-1} )z} dz}=\frac{1\cdot 2\cdot 3\cdots n}{\big (a+b\sqrt{-1} \big )^{n+1}}, \end{aligned}$$]

 (27)


which coincides with the third of the cited page.4 Moreover, it is clear that formula (18) of the thirty-fourth lecture will still remain valid, if instead of taking an alge-braic function for [image: $$\varUpsilon (x), $$] we successively set[image: $$\begin{aligned} \varUpsilon (x)=e^{ax\sqrt{-1}}, \ \ \ \ \ \varUpsilon (x)=\big (-x\sqrt{-1} \big )^{\mu -1}e^{ax\sqrt{-1}}, \ \ \ \ \ \varUpsilon (x)=\frac{\big (-x\sqrt{-1} \big )e^{ax\sqrt{-1}}}{\varvec{l}\big (1-rx\sqrt{-1} \big )}, \end{aligned}$$]



[image: $$\mu , a, r $$] designating three positive constants, the first of which remains contained between the limits 0 and 2. We will find, by consequence,[image: $$\begin{aligned} \int _{-\infty }^{\infty }{\frac{e^{ax\sqrt{-1}}}{1+x^2} dx}=\int _{-\infty }^{\infty }{\frac{\cos {ax} dx}{1+x^2} }=\pi e^{-a}, \end{aligned}$$]

 (28)



[image: $$\begin{aligned} \int _{-\infty }^{\infty }{\frac{\big (-x\sqrt{-1} \big )^{\mu -1}}{1+x^2} e^{ax\sqrt{-1}} dx}=2\int _0^{\infty }{x^{\mu -1}\sin {\left( \frac{\mu \pi }{2}-ax\right) }\frac{dx}{1+x^2}} =\pi e^{-a}, \end{aligned}$$]

 (29)



[image: $$\begin{aligned} \left\{ \begin{aligned}&amp;\int _{-\infty }^{\infty }{\frac{\big (-x\sqrt{-1} \big )e^{ax\sqrt{-1}}}{\varvec{l}\big (1-rx\sqrt{-1} \big )} \frac{dx}{1+x^2}} \\&amp;\quad \quad =\int _{0}^{\infty }{\frac{\sin {ax} \, \varvec{l}(1+r^2x^2)+2\cos {ax} \, \text {arctang} rx}{\big [\frac{1}{2} \varvec{l}\big (1+r^2x^2\big )\big ]^2+(\text {arctang} rx)^2} \frac{x dx}{1+x^2}} =\frac{\pi e^{-a}}{\varvec{l}(1+r)}. \end{aligned} \right. \end{aligned}$$]

 (30)




Footnotes
1The result in equation (4) is commonly known as Euler’s formula. The relationships in (4) and (5) are the source of the incredible equation [image: $$e^{i\pi }+1=0,$$] by allowing [image: $$z=\pm \pi .$$] This single relationship links five of the most important numbers in mathematics.

 

2This chapter of Cauchy’s earlier text deals primarily with convergent imaginary series.

 

3The 1899 edition reads, “...the formula given in line 13 of page 192.” Cauchy is referencing the formula[image: $$\begin{aligned} \int _{0}^{\infty }{ z^ne^{-az} dz }=\frac{1\cdot 2\cdot 3\cdots n}{a^{n+1}}, \end{aligned}$$]



from his thirty-second lecture.

 

4The 1899 edition reads, “...the formula from line 14 of the cited page.” Here, Cauchy is refer-encing the formula[image: $$\begin{aligned} \int _{0}^{\infty }{ z^n e^{-az} \big (\cos {bz}+\sqrt{-1}\sin {bz}\big ) dz }=\frac{1\cdot 2\cdot 3\cdots n}{\big (a+b\sqrt{-1} \big )^{n+1}}, \end{aligned}$$]



from the same thirty-second lecture.
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Consider a series[image: $$\begin{aligned} u_0, \ \ u_1, \ \ u_2, \ \ u_3, \ \ \dots , \ \ u_n, \ \ \dots \end{aligned}$$]

 (1)


whose different terms are functions of the variable x,  that remain continuous between the limits [image: $$x=x_0,$$] [image: $$x=X.$$] If, after having multiplied these same terms by dx,  we integrate between the limits in question, we will obtain a new series1 composed of the definite integrals[image: $$\begin{aligned} \int _{x_0}^{X}{u_0 \, dx}, \ \ \ \ \ \int _{x_0}^{X}{u_1 \, dx}, \ \ \ \ \ \ \int _{x_0}^{X}{u_2 \, dx}, \ \ \ \ \ \int _{x_0}^{X}{u_3 \, dx}, \ \ \ \ \ \dots , \ \ \ \ \ \int _{x_0}^{X}{u_n \, dx}, \ \ \ \ \ \dots . \end{aligned}$$]

 (2)


By comparing this new series to the first, we will establish2 without difficulty the theorem that we now state.
THEOREM I.3

              
             – Assume that, the two limits, [image: $$x_0, \, X $$] being finite quantities, the series (1) is convergent, not only for [image: $$x=x_0$$] and for [image: $$x=X, $$] but also for all the values of x contained between [image: $$x_0$$] and [image: $$X. \ $$] The series (2) will itself be convergent; and, if we call [image: $$ \, s $$] the sum of the series (1), the series (2) will have the integral[image: $$\begin{aligned} \int _{x_0}^{X}{s \, dx} \end{aligned}$$]



for a sum. In other words, the equation[image: $$\begin{aligned} s=u_0+u_1+u_2+u_3+\cdots \end{aligned}$$]

 (3)


will lead to the following[image: $$\begin{aligned} \int _{x_0}^{X}{s \, dx}=\int _{x_0}^{X}{u_0 \, dx}+ \int _{x_0}^{X}{u_1 \, dx}+ \int _{x_0}^{X}{u_2 \, dx}+ \int _{x_0}^{X}{u_3 \, dx}+ \cdots . \end{aligned}$$]

 (4)


Proof. – Let[image: $$\begin{aligned} s_n=u_0+u_1+u_2+\cdots +u_{n-1} \end{aligned}$$]

 (5)


be the sum of the first n terms of the series (1), and [image: $$r_n$$] the remainder starting from the [image: $$n^{\text {th}}$$] term. We will have[image: $$\begin{aligned} \left\{ \begin{alignedat}{1} s&amp;=s_n+r_n \\[3pt]&amp;=u_0+u_1+u_2+\cdots +u_{n-1}+r_n, \end{alignedat} \right. \end{aligned}$$]

 (6)


and we will infer[image: $$\begin{aligned} \left\{ \begin{alignedat}{1} \ \int _{x_0}^{X}{s \, dx}= \int _{x_0}^{X}{u_0 \, dx}&amp;+ \int _{x_0}^{X}{u_1 \, dx}+ \int _{x_0}^{X}{u_2 \, dx}+ \cdots \\[3pt]&amp;+ \int _{x_0}^{X}{u_{n-1} \, dx}+\int _{x_0}^{X}{r_{n} \, dx}. \end{alignedat} \right. \end{aligned}$$]

 (7)


Now, since, by virtue of formula (14) (twenty-third lecture),4 the integral[image: $$\begin{aligned} \int _{x_0}^{X}{r_{n} \, dx} \end{aligned}$$]



will be a particular value of the product [image: $$r_n(X-x_0)$$] corresponding to a value of x contained between the limits [image: $$x_0, \, X, $$] and that, in the admitted hypothesis, this prod-uct will become null for infinite values of n,  it is clear that we will obtain equation (4) by setting, in formula (7), [image: $$n=\infty . \ $$]
Corollary I. – If, in formula (4), we replace X by x,  we will obtain the following[image: $$\begin{aligned} \int _{x_0}^{x}{s \, dx}=\int _{x_0}^{x}{u_0 \, dx}+ \int _{x_0}^{x}{u_1 \, dx}+ \int _{x_0}^{x}{u_2 \, dx}+ \cdots , \end{aligned}$$]

 (8)


which will remain valid, like equation (3), between the limits [image: $$x=x_0, $$] [image: $$x=X. \ $$]
Corollary II. – Assume that the series (1), being convergent for [image: $$x=x_0, $$] and for all values of x contained between the limits [image: $$x_0, \, X, $$] ceases to be for [image: $$x=X. \ $$] In this hypothesis, equations (3) and (8) continue to still be correct between the limits in question. Let me add that equation (4) will itself remain valid, if the integrals contained in the second member form a convergent series. In fact, we will recognize without trouble that, if this condition is fulfilled, the two members of equation (8) will be continuous functions of the variable x in the neighborhood of the particular value [image: $$x=X$$] (see Algebraic Analysis, page 131), and that it will suffice to let x converge toward this same value to obtain the two members of equation (4). On the other hand, equation (4) will not be valid if the integrals that are included in its second member form a divergent series.
Corollary III. – Assume that the series (1), being convergent between the limits [image: $$x=x_0, $$] [image: $$x=X, $$] becomes divergent for the first of these two limits, or for both. Then, in denoting by [image: $$\xi _0, \, \xi $$] two quantities contained between [image: $$x_0$$] and X,  we will obtain the equation[image: $$\begin{aligned} \int _{\xi _0}^{\xi }{s \, dx}=\int _{\xi _0}^{\xi }{u_0 \, dx}+ \int _{\xi _0}^{\xi }{u_1 \, dx}+ \int _{\xi _0}^{\xi }{u_2 \, dx}+ \cdots ; \end{aligned}$$]

 (9)


by then letting [image: $$\xi _0$$] converge toward the limit [image: $$x_0, $$] and [image: $$\xi $$] toward the limit X,  we will regain equation (4) any time that the integrals included in the second member form a convergent series.
This remark extends itself to similar cases where the quantities [image: $$x_0, \, X$$] become infinite separately or simultaneously, for example, to the case where we would have [image: $$x_0=-\infty , $$] [image: $$X=\infty . \ $$]
Corollary IV. – If we take [image: $$u_n=a_nx^n, $$] [image: $$a_n$$] being a real or imaginary coefficient, and if, in addition, we denote by [image: $$\rho _n$$] [image: $$\rho _n$$] the numerical value or the magnitude of [image: $$a_n,$$] and by [image: $$\lambda $$] the largest value that receives the expression [image: $$(\rho _n)^{\frac{1}{n}}$$] when the number n becomes infinite, the series (1) will be convergent (see Theorem III of the thirty-eighth lecture) between the limits [image: $$x=-\frac{1}{\lambda },$$] [image: $$x=+\frac{1}{\lambda }. \ $$] Therefore, by leaving the variable x contained between these limits, and setting[image: $$\begin{aligned} s=a_0+a_1x+a_2x^2+\cdots , \end{aligned}$$]

 (10)


we will find[image: $$\begin{aligned} \int _0^x{s \, dx}=a_0x+a_1\frac{x^2}{2}+a_2\frac{x^3}{3}+\cdots . \end{aligned}$$]

 (11)


This last equation still remains valid (see Corollary II) for the particular values [image: $$x=-\frac{1}{\lambda }, $$] [image: $$x=+\frac{1}{\lambda }, $$] if these particular values do not cease to render the series [image: $$a_0x,$$] [image: $$\frac{1}{2}a_1x^2,$$] [image: $$\frac{1}{3}a_2x^3, \, \dots $$] convergent.
Using the principles that we have just established, we can expand a large number of integrals by convergent series that produce values of these integrals approximated as close as we will wish. It is this that consists of integration by series.5
 We can also employ this method of integration with advantage to expand by series all kinds of quantities; and often, in order to achieve this, it is best to express the given quantities by definite integrals to which we can then apply the method in question.
Examples. – To expand by series the functions[image: $$\begin{aligned} {{\varvec{l}}}(1+x), \ \ \ \ \ \text {arctang} \, x, \ \ \ \ \ \arcsin {x}, \end{aligned}$$]



we will turn to the formulas[image: $$\begin{aligned} {{\varvec{l}}}(1+x)&amp;= \int _0^x{\frac{dx}{1+x}}, \\ \text {arctang} \, x&amp;= \int _0^x{\frac{dx}{1+x^2}}, \\ \arcsin {x}&amp;= \int _0^x{\frac{dx}{\sqrt{1-x^2}}}=\int _0^x{(1-x^2)^{-\frac{1}{2}}}; \end{aligned}$$]



and, since we will find, between the limits [image: $$x=-1, $$] [image: $$x=+1, $$][image: $$\begin{aligned} \frac{1}{1+x}&amp;= 1-x+x^2-\cdots , \\[7pt] \frac{1}{1+x^2}&amp;= 1-x^2+x^4-\cdots , \\[7pt] (1-x^2)^{-\frac{1}{2}}&amp;= 1+\frac{1}{2}x^2+\frac{1\cdot 3}{2\cdot 4}x^4+\frac{1\cdot 3\cdot 5}{2\cdot 4\cdot 6}x^6+ \cdots , \end{aligned}$$]



integration by series will produce, between these same limits,[image: $$\begin{aligned} \left\{ \begin{alignedat}{1} \ {{\varvec{l}}}(1+x)&amp;=x-\frac{x^2}{2}+\frac{x^3}{3}-\cdots , \\[7pt] \ \text {arctang} \, x&amp;=x-\frac{x^3}{3}+\frac{x^5}{5}-\cdots , \\[7pt] \ \arcsin {x}&amp;=x+\frac{1}{2}\frac{x^3}{3}+\frac{1\cdot 3}{2\cdot 4}\frac{x^5}{5}+\frac{1\cdot 3\cdot 5}{2\cdot 4\cdot 6}\frac{x^7}{7}+\cdots . \end{alignedat} \right. \end{aligned}$$]

 (12)


If, in the equations in (12), we set [image: $$x=1, $$] the series
 contained in the second members remain convergent, and we will have (by virtue of Corollary II),6
[image: $$\begin{aligned} \left\{ \begin{alignedat}{1} \ {{\varvec{l}}} \, 2&amp;=1-\frac{1}{2}+\frac{1}{3}-\cdots , \\[7pt] \ \frac{\pi }{4}&amp;=1-\frac{1}{3}+\frac{1}{5}-\cdots , \\[7pt] \ \frac{\pi }{2}&amp;=1+\frac{1}{2} \cdot \frac{1}{3}+\frac{1\cdot 3}{2\cdot 4} \cdot \frac{1}{5}+\frac{1\cdot 3\cdot 5}{2\cdot 4\cdot 6} \cdot \frac{1}{7}+\cdots . \end{alignedat} \right. \end{aligned}$$]

 (13)


We can easily demonstrate (see Algebraic Analysis, page 163) that two conver-gent series ordered according to ascending and integer powers of x can only produce the same sum, for very small numerical values of x,  so far as the coefficients of like powers of x are equal in both series. From this remark and from Theorem III (thirty-eighth lecture), it results that, if the two series remain convergent and generate the same sum for the real values of x contained between the limits [image: $$-r, \, +r $$] (r denoting a positive quantity), they will fulfill the same conditions for the imaginary values of x whose magnitudes will be less than [image: $$r. \ $$] This granted, we will deduce the following theorem without difficulty from the principles established above.
THEOREM II. – If, for the real values of z contained between the limits [image: $$z_0, \, Z, \, $$] and for the real values of x contained between the limits [image: $$-r, \, +r, $$] the functions[image: $$\begin{aligned} f(x, z) \end{aligned}$$]



and[image: $$\begin{aligned} F(x)=\int _{z_0}^{Z}{f(x, z) \, dz} \end{aligned}$$]

 (14)


can be expanded by the Theorem of Maclaurin into convergent series ordered ac-cording to ascending and integer powers of [image: $$x; \, $$] if, moreover, the sums of these series, when x becomes imaginary, continue to be represented by the notations f(x, z), F(x),  equation (14) will remain valid for the imaginary values of x whose magnitudes will be less than [image: $$r. \ $$]
Example. – Since we have, for any values of x, [image: $$\begin{aligned} \pi ^{\frac{1}{2}}=\int _{-\infty }^{\infty }{e^{-z^2} \, dz}=\int _{-\infty }^{\infty }{e^{-(z+x)^2} \, dz}=e^{-x^2}\int _{0}^{\infty }{e^{-z^2}(e^{-2zx}+e^{2zx}) \, dz}, \end{aligned}$$]



and as a result,[image: $$\begin{aligned} \int _0^{\infty }{e^{-z^2}\frac{e^{2zx}+e^{-2zx}}{2} \, dz}=\tfrac{1}{2}\pi ^{\frac{1}{2}}e^{x^2}, \end{aligned}$$]

 (15)


we will deduce, in replacing x by [image: $$x\sqrt{-1}, $$][image: $$\begin{aligned} \int _0^{\infty }{e^{-z^2}\cos {2zx} \, dz}=\tfrac{1}{2}\pi ^{\frac{1}{2}}e^{-x^2}. \end{aligned}$$]

 (16)


This last formula, that we owe to Mr. Laplace,7
 is very useful in the solution to sev-eral problems.
THE END.8

Footnotes
1The lists in (1) and (2) are, of course, both sequences, but as we have seen before, Cauchy is thinking of these terms eventually being added together to form a series.

 

2The 1899 edition replaces the term établira with obtiendra, which would change the translation from will establish to will obtain. Cauchy’s original wording is used here.

 

3It has been suggested Cauchy may be making an error here. The imprecise wording he uses, similar to his imprecise idea, description, and definition of continuity from well back in Lecture Two, has generated debate for years on whether Cauchy’s view of convergence is what we refer to today as uniform convergence. This theorem deals with an exchange of limits operation and is only true when applied to a sequence of uniformly convergent functions.

 

4The Mean Value Theorem for Definite Integrals.

 

5Without being nearly as concerned about the convergence or divergence of the resulting series, Isaac Newton used this very method to integrate a multitude of various functions. For more details, be sure to investigate his De analysi per æquationes numero terminorum infinitas
                  
                 (On Analysis by Equations with an Infinite Number of Terms) of 1669, or simply De analysi for short, to see him employ this integration method and for a wonderful demonstration of Newton’s use of the Fundamental Theorem of Calculus.

 

6The second series in equation (13) is the famous Leibniz series (or Leibniz formula)—certainly one of the most beautiful and simple relationships in all of mathematics. In an interesting way, the series connects the most important irrational number in geometry with the integers.

 

7Pierre-Simon Laplace (1749–1827), a family friend, was an important figure in the early development of Cauchy’s education and career. Laplace is one of the most well-known and important mathematicians and physicists during this time period (although Laplace himself would have ar-gued these two disciplines were inseparable). Laplace was highly influential to Cauchy through much of his life in many ways—as a teacher, mentor, and resource. One of Cauchy’s most important mathematics references was Laplace’s own Traité de Mécanique céleste (Treatise on Celestial Mechanics)
                  
                
 published in 1797. Cauchy held a deep regard and indebtedness to Laplace for his help and teaching during his early career and wrote a special thanks to him in the Introduction of his 1821 Cours d’analyse book.

 

8It turns out Cauchy was not actually finished with his text before the publication date. He adds one more section before the printing of the original 1823 edition commenced, what he will title his ADDITION –an incredible appendix which includes new proofs for some of the most important results in calculus.

 



            This final portion of
            Calcul infinitésimal
            was attached to the text by our Mr. Cauchy after his initial submission, and while it awaited printing. This important addendum includes proofs of the Generalized Mean Value Theorem for Derivatives, Cauchy’s version of l’Hôpital’s Rule,
            
              
              and
            
            his conditional differential calculus
            
              derivation
              
            
            of Taylor’s formula.
            
              One
              
            
            may wonder why such an important portion of the text is left for the end of the book and included as an apparent afterthought. Unfortunately, no record exists to fully explain the added notes and proofs, but a possible explanation could have to do with the situation Cauchy found himself. He and Ampère (the two professors responsible for the analysis course at the École Polytechnique)
            
              were
              
            
            under constant pressure from the Conseil d’Instruction to construct a course on analysis in which they (the Conseil) would approve – one which developed the calculus quicker and included more applications. Given the importance of Taylor series expansions in the curriculum at the time, Cauchy may have felt it necessary to include these new derivations so that Taylor’s formula could be presented in a course immediately following the development of differential calculus. However, the true story is not known and is likely lost to history.
          
ADDITION.
Since the printing of this work, I recognized that with the help of a very simple formula we could bring back to the differential calculus the solution of several problems that I returned to the integral calculus. I will, in the first place, give this formula; then, I will indicate its main applications.

              From what has been said in the seventh lecture, if we denote by
              [image: $$ x_0, X$$]
              two values of
              x
              between which the functions
              f
              (
              x
              ) and
              [image: $$ f^{\prime }(x)$$]
              1
              remain continuous, and by
              [image: $$\theta $$]
              a number less than unity, we will
              
                have
                
              
              [image: $$\begin{aligned} \frac{f(X)-f(x_0)}{X-x_0} =f^{\prime }\big [x_0+\theta (X-x_0)\big ]. \end{aligned}$$]




              Now, it is easy to see that reasoning entirely similar to that which we used to demonstrate the preceding equation will suffice to establish the
              
                formula
                
              
              [image: $$\begin{aligned} \frac{f(X)-f(x_0)}{F(X)-F(x_0)}=\frac{f^{\prime }\big [x_0+\theta (X-x_0)\big ]}{F^{\prime }\big [x_0+\theta (X-x_0)\big ]}, \end{aligned}$$]

 (1)



              [image: $$\theta $$]
              still denoting a number less than unity, and
              F
              (
              x
              ) a new function that, always growing or decreasing from the limit
              [image: $$x = x_0$$]
              up to the limit
              [image: $$x = X, $$]
              remains continuous, along with its derivative
              [image: $$F^{\prime }(x), $$]
              between these same limits.
              2
            

              We can also demonstrate formula (
              1
              ) directly with the help of principles established in the sixth lecture (page 21).
              3
              In fact, it results from these principles that, in the admitted hypothesis, the function
              [image: $$F^{\prime }(x)$$]
              will constantly retain the same sign from
              [image: $$x = x_0$$]
              up to
              [image: $$x = X.$$]
              As a result, if
              A
              and
              B
              represent the smallest and the largest of the values that the ratio
              [image: $$\frac{f^{\prime }(x)}{F^{\prime }(x)}$$]
              receives in this interval, the two products
              [image: $$\begin{aligned} F^{\prime }(x)\left[ \frac{f^{\prime }(x)}{F^{\prime }(x)}-A\right]&amp;= f^{\prime }(x)-A F^{\prime }(x), \\ F^{\prime }(x)\left[ B-\frac{f^{\prime }(x)}{F^{\prime }(x)}\right]&amp;= B F^{\prime }(x)-f^{\prime }(x) \end{aligned}$$]




              will remain, one and the other, constantly positive or constantly negative between the limits
              [image: $$x_0, X$$]
              of the variable
              x
              . Therefore, the two functions
              [image: $$\begin{aligned} f(x)-A F(x), \ \ \ \ \ B F(x)-f(x), \end{aligned}$$]




              that have these same products for derivatives, will grow or will decline simultaneously from the first limit up to the second. So, the difference between the extreme values of the first function, namely
              [image: $$\begin{aligned} f(X)-f(x_0)- A\big [F(X)-F(x_0)\big ], \end{aligned}$$]




              and the difference between the extreme values of the last, namely
              [image: $$\begin{aligned} B\big [F(X)-F(x_0)\big ]- \big [f(X)-f(x_0)\big ], \end{aligned}$$]




              will be two quantities of the same sign;
              4
              hence, we can conclude that the difference
              [image: $$\begin{aligned} f(X)-f(x_0) \end{aligned}$$]




              will be contained between the two products
              [image: $$\begin{aligned} A\big [F(X)-F(x_0)\big ], \ \ \ \ \ B\big [F(X)-F(x_0)\big ], \end{aligned}$$]




              and the fraction
              [image: $$\begin{aligned} \frac{f(X)-f(x_0)}{F(X)-F(x_0)}, \end{aligned}$$]




              between the limits
              A
              and
              B
              . Moreover, the two functions
              [image: $$f^{\prime }(x), F^{\prime }(x), $$]
              being continuous by hypothesis between the limits
              [image: $$x = x_0, x = X, $$]
              any quantity contained between
              A
              and
              B
              will be equivalent to an expression of the form
              5
              [image: $$\begin{aligned} \frac{f^{\prime }\big [x_0+\theta (X-x_0)\big ]}{F^{\prime }\big [x_0+\theta (X-x_0)\big ]}, \end{aligned}$$]




              [image: $$\theta $$]
              denoting a number less than unity.
              6
              There will exist, therefore, a number of this kind that works to satisfy equation (
              1
              ); it is this that is necessary to demonstrate.
              7
            

              If we let
              [image: $$X = x_0 + h, $$]
              equation (
              1
              ) will become
              [image: $$\begin{aligned} \frac{f(x_0+h)-f(x_0)}{F(x_0+h)-F(x_0)}=\frac{f^{\prime }(x_0+\theta h)}{F^{\prime }(x_0+\theta h)}. \end{aligned}$$]

 (2)



              This latter equation, which includes as a particular case equation (
              6
              ) of the seventh lecture, is open to several important applications, as we will prove in a few words.
            

              First, consider that the functions
              f
              (
              x
              ) and
              F
              (
              x
              ) vanish, one and the other, for
              [image: $$ x = x_0, $$]
              and let, for brevity,
              [image: $$ \theta h=h_1.$$]
              In this case, we will derive from formula (
              2
              )
              [image: $$\begin{aligned} \frac{f(x_0+h)}{F(x_0+h)}=\frac{f^{\prime }(x_0+h_1)}{F^{\prime }(x_0+h_1)}, \end{aligned}$$]

 (3)



              [image: $$h_1$$]
              being a quantity of the same sign as
              h
              ,  but a value numerically less. If the functions
              [image: ../images/462147_1_En_BookBackmatter_Equ165_HTML.png]




              all vanish for
              [image: $$ x = x_0, $$]
              and remain continuous, as well as those of
              [image: $$ f^{(n)}(x) $$]
              and
              [image: $$ F^{(n)}(x), $$]
              between the limits
              [image: $$ x = x_0, x = x_0+h, $$]
              then, by supposing each of the functions
              [image: $$\begin{aligned} F(x), \ \ \ \ \ F^{\prime }(x), \ \ \ \ \ F^{\prime \prime }(x), \ \ \ \ \ \dots , \ \ \ \ \ F^{(n-1)}(x) \end{aligned}$$]




              always increasing or always decreasing from the first limit up to the second, and denoting by
              [image: $$\begin{aligned} h_1, \ \ \ h_2, \ \ \ \dots , \ \ \ h_n \end{aligned}$$]




              quantities of the same sign, but whose numerical values are from most to least, we would obtain along with equation (
              3
              ), a sequence of similar equations which together would comprise the formula
              [image: $$\begin{aligned} \frac{f(x_0+h)}{F(x_0+h)}=\frac{f^{\prime }(x_0+h_1)}{F^{\prime }(x_0+h_1)}=\frac{f^{\prime \prime }(x_0+h_2)}{F^{\prime \prime }(x_0+h_2)}=\cdots =\frac{f^{(n)}(x_0+h_n)}{F^{(n)}(x_0+h_n)}. \end{aligned}$$]

 (4)



              If, in formula (
              4
              ), we are content to set the first fraction equal to the last, the equation to which we will arrive can be written as follows
              [image: $$\begin{aligned} \frac{f(x_0+h)}{F(x_0+h)}=\frac{f^{(n)}(x_0+\theta h)}{F^{(n)}(x_0+\theta h)}, \end{aligned}$$]

 (5)



              [image: $$\theta $$]
              always being a number less than unity. In conclusion, if in equation (
              5
              ) we substitute for the finite quantity
              h
              ,  an infinitely small quantity
              8
              denoted by
              i
              ,  we will have
              [image: $$\begin{aligned} \frac{f(x_0+i)}{F(x_0+i)}=\frac{f^{(n)}(x_0+\theta i)}{F^{(n)}(x_0+\theta i)}. \end{aligned}$$]

 (6)



              When, in formulas (
              5
              ) and (
              6
              ), we set
              9
              [image: $$\begin{aligned} F(x)=(x-x_0)^n, \end{aligned}$$]




              we find
              [image: $$\begin{aligned} F^{(n)}(x)=1 \cdot 2 \cdot 3 \cdots n, \end{aligned}$$]




              and by consequence,
              [image: $$\begin{aligned} \frac{f(x_0+h)}{h^n}=\frac{f^{(n)}(x_0+\theta h)}{1 \cdot 2 \cdot 3 \cdots n}, \end{aligned}$$]

 (7)



              [image: $$\begin{aligned} \frac{f(x_0+i)}{i^n}=\frac{f^{(n)}(x_0+\theta i)}{1 \cdot 2 \cdot 3 \cdots n}. \end{aligned}$$]

 (8)



              These last equations are in accordance with formulas (
              4
              ) and (
              5
              ) of the fifteenth lecture and coincide with formulas (
              17
              ), (
              18
              ) of the thirty-sixth. They can be employed with advantage, not only in the study of maxima and minima, but again in the determination of the values of fractions which are presented under the form
              [image: $$ \frac{0}{0}.$$]
              Moreover, to resolve this last problem, it will most often suffice to resort to formula (
              6
              ). Suppose, in fact, that the two terms of the fraction
              [image: $$\begin{aligned} \frac{f(x)}{F(x)}, \end{aligned}$$]




              and their successive derivatives, up to those of order
              [image: $$ n-1, $$]
              vanish for
              [image: $$ x =x_0.$$]
              Formula (
              6
              ) will generally remain valid for very small numerical values of
              i
              ,  because in general, each of the functions
              [image: $$\begin{aligned} F(x), \ \ \ \ \ F^{\prime }(x), \ \ \ \ \ F^{\prime \prime }(x), \ \ \ \ \ \dots , \ \ \ \ \ F^{(n-1)}(x) \end{aligned}$$]




              will grow or will decline steadily from the particular value of
              x
              represented by
              [image: $$x_0, $$]
              up to a value very close; and, we will derive from this formula, by letting
              i
              converge
              
                toward
                
              
              the limit zero,
              10
              [image: $$\begin{aligned} \lim {\frac{f(x_0+i)}{F(x_0+i)}}=\lim {\frac{f^{(n)}(x_0+\theta i)}{F^{(n)}(x_0+\theta i)}} =\frac{f^{(n)}(x_0)}{F^{(n)}(x_0)}. \end{aligned}$$]

 (9)



              If we replace in formula (
              7
              ),
              [image: $$x_0$$]
              by zero, and the letter
              f
              by
              [image: $$\mathfrak {F}, $$]
              we will infer
              [image: $$\begin{aligned} \mathfrak {F}(h)=\frac{h^n}{1\cdot 2\cdot 3\cdots n}\mathfrak {F}^{(n)}(\theta h). \end{aligned}$$]

 (10)



              This last formula assumes that the functions
              [image: $$\begin{aligned} \mathfrak {F}(h), \ \ \ \ \ \mathfrak {F}^{\prime }(h), \ \ \ \ \ \mathfrak {F}^{\prime \prime }(h), \ \ \ \ \ \dots , \ \ \ \ \ \mathfrak {F}^{(n)}(h), \end{aligned}$$]




              being continuous starting from the limit
              [image: $$h = 0, $$]
              all vanish, with the exception of
              [image: $$\mathfrak {F}^{(n)}(h), $$]
              at the same time as the quantity
              h
              .
              11
            

              Now, let
              f
              (
              x
              ) be an arbitrary function of the variable
              x
              ,  but such that
              [image: $$\begin{aligned} f(x+h), \ \ \ \ \ f^{\prime }(x+h), \ \ \ \ \ f^{\prime \prime }(x+h), \ \ \ \ \ \dots , \ \ \ \ \ f^{(n)}(x+h) \end{aligned}$$]




              remain continuous with respect to
              h
              ,  starting from
              [image: $$h=0.$$]
              With the help of formula (
              10
              ), we can easily extract from
              [image: $$f(x+h), $$]
              or to what amounts to the same thing, from the difference
              [image: $$f(x + h)-f(x), $$]
              a sequence of terms proportional to the integer powers of
              h
              ;  and first, since the difference
              [image: $$f(x + h)-f(x),$$]
              considered as a function of
              h
              ,  vanishes with
              h
              and has
              [image: $$f^{\prime }(x+h) $$]
              for its first order derivative, it is clear that by substituting this function for
              [image: $$\mathfrak {F}(h), $$]
              and setting
              [image: $$n = 1, $$]
              we will derive from formula (
              10
              )
              [image: $$\begin{aligned} f(x+h)-f(x)=\frac{h}{1}f^{\prime }(x+\theta h). \end{aligned}$$]

 (11)



              When, in the second member of the preceding equation, we replace
              [image: $$\theta $$]
              by zero, we obtain the term
              [image: $$\frac{h}{1}f^{\prime }(x), $$]
              and by subtracting this term from the first member, we find for the remainder a new function of
              h
              ,  namely
              [image: $$\begin{aligned} f(x+h)-f(x)-\frac{h}{1}f^{\prime }(x). \end{aligned}$$]




              As this new function of
              h
              vanishes with
              h
              ,  along with its first order derivative, and it has
              [image: $$f^{\prime \prime }(x+h) $$]
              for its second order derivative, by substituting this new function of
              h
              for
              [image: $$\mathfrak {F}(h), $$]
              and setting
              [image: $$n =2, $$]
              we will derive from formula (10)
              12
              [image: $$\begin{aligned} f(x+h)-f(x)-\frac{h}{1}f^{\prime }(x)=\frac{h^2}{1\cdot 2}f^{\prime \prime }(x+\theta h). \end{aligned}$$]

 (12)



              If, in the second member of equation (
              11
              ), we replace
              [image: $$\theta $$]
              by zero, we will obtain the term
              [image: $$\frac{h^2}{1 \cdot 2}f^{\prime \prime }(x), $$]
              and by subtracting this term from the first member, we will find for the remainder a third function of
              h
              ,  namely
              [image: $$\begin{aligned} f(x+h)-f(x)-\frac{h}{1}f^{\prime }(x)-\frac{h^2}{1\cdot 2}f^{\prime \prime }(x). \end{aligned}$$]




              As this third function of
              h
              vanishes with
              h
              ,  along with its first and second order derivatives, and it has
              [image: $$f^{\prime \prime \prime }(x+h) $$]
              for its third order derivative, by substituting this third function of
              h
              for
              [image: $$\mathfrak {F}(h), $$]
              and setting
              [image: $$n = 3, $$]
              we will derive from formula (
              10
              )
              [image: $$\begin{aligned} f(x+h)-f(x)-\frac{h}{1}f^{\prime }(x)-\frac{h^2}{1\cdot 2}f^{\prime \prime }(x)=\frac{h^3}{1\cdot 2\cdot 3}f^{\prime \prime \prime }(x+\theta h), \end{aligned}$$]

 (13)



              etc. By continuing in this same manner, we will generally establish the formula
              [image: $$\begin{aligned} \left\{ \begin{aligned} \ f(x+h)&amp;-f(x)-\frac{h}{1}f^{\prime }(x)-\frac{h^2}{1\cdot 2}f^{\prime \prime }(x)-\cdots \\[5pt]&amp;-\frac{h^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}f^{(n-1)}(x)=\frac{h^n}{1\cdot 2\cdot 3\cdots n}f^{(n)}(x+\theta h), \end{aligned} \right. \end{aligned}$$]

 (14)



              which coincides with equation (
              12
              ) of the thirty-sixth lecture. If, in this formula, we replace
              x
              by zero,
              h
              by
              x
              ,  and
              f
              by
              F
              , 
              F
              (
              x
              ) denoting an arbitrary function of
              x
              ,  we will find
              [image: $$\begin{aligned} \left\{ \begin{aligned} \ F(x)-F(0)&amp;-\frac{x}{1}F^{\prime }(0)-\frac{x^2}{1\cdot 2}F^{\prime \prime }(0)-\cdots \\[5pt]&amp;-\frac{x^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}F^{(n-1)}(0)=\frac{x^n}{1\cdot 2\cdot 3\cdots n}F^{(n)}(\theta x). \end{aligned} \right. \end{aligned}$$]

 (15)



              This last equation coincides with formula (
              11
              ) of the thirty-sixth lecture, and we can again directly achieve this in the following manner.
            

              Let
              F
              (
              x
              ) be any function of
              x
              ,  and let
              [image: $$\varpi (x)$$]
              be an entire polynomial of degree
              [image: $$n-1, $$]
              subject to satisfy the condition equations
              [image: $$\begin{aligned}&amp;\varpi (0)=F(0), \quad \quad \varpi ^{\prime }(0)=F^{\prime }(0), \\[5pt] \varpi ^{\prime \prime }(0)=&amp;F^{\prime \prime }(0), \quad \quad \dots , \quad \quad \varpi ^{(n-1)}(0)=F^{(n-1)}(0). \end{aligned}$$]




              [image: $$\varpi ^{(n)}(x)$$]
              then being identically null, if in formula (
              10
              ) we replace
              h
              by
              x
              ,  and
              [image: $$\mathfrak {F}(x)$$]
              by
              [image: $$F(x)-\varpi (x), $$]
              we will find
              [image: $$\begin{aligned} F(x)-\varpi (x)=\frac{x^n}{1\cdot 2\cdot 3\cdots n}F^{(n)}(\theta x); \end{aligned}$$]

 (16)



              and, moreover, as we will have (
              see
              the nineteenth lecture)
              [image: $$\begin{aligned} \left\{ \begin{aligned} \ \varpi (x)&amp;=\varpi (0)+\frac{x}{1}\varpi ^{\prime }(0)+\frac{x^2}{1\cdot 2}\varpi ^{\prime \prime }(0)+\cdots +\frac{x^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}\varpi ^{(n-1)}(0), \\[5pt]&amp;=F(0)+\frac{x}{1}F^{\prime }(0)+\frac{x^2}{1\cdot 2}F^{\prime \prime }(0)+\cdots +\frac{x^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}F^{(n-1)}(0), \end{aligned} \right. \end{aligned}$$]

 (17)



              it is clear that formula (
              16
              ) will lead to equation (
              15
              ).
            

              It is important to observe that, in all the cases where the second members of equations (
              14
              ) and (
              15
              ) converge toward zero for increasing
              
                values
                
              
              of
              n
              ,  we immediately deduce from these formulas
              
                the
                
              
              Theorems of Taylor and of Maclaurin.
              13
            

              If, in formula (
              8
              ), we have
              [image: $$x_0 = 0, $$]
              it would simply become
              [image: $$\begin{aligned} \frac{f(i)}{i^n}=\frac{f^{(n)}(\theta i)}{1\cdot 2\cdot 3\cdots n}. \end{aligned}$$]

 (18)



              This equation above assumes that the functions
              [image: $$\begin{aligned} f(i), \ \ \ \ \ f^{\prime }(i), \ \ \ \ \ f^{\prime \prime }(i), \ \ \ \ \ \dots , \ \ \ \ \ f^{(n-1)}(i), \ \ \ \ \ f^{(n)}(i), \end{aligned}$$]




              being continuous for very small numerical values of
              i
              ,  all vanish, with the exception of the last, for
              [image: $$i= 0.$$]
              In this hypothesis, the ratios
              [image: $$\begin{aligned} \frac{f(i)}{i}, \ \ \ \ \ \frac{f(i)}{i^2}, \ \ \ \ \ \dots , \ \ \ \ \ \frac{f(i)}{i^{n-1}}, \end{aligned}$$]




              being themselves equivalent to expressions of the form
              [image: $$\begin{aligned} \frac{f^{\prime }(\theta i)}{1}, \ \ \ \ \ \frac{f^{\prime \prime }(\theta i)}{1\cdot 2}, \ \ \ \ \ \dots , \ \ \ \ \ \frac{f^{(n-1)}(\theta i)}{1\cdot 2\cdot 3\cdots (n-1)}, \end{aligned}$$]




              will all vanish with
              i
              . By consequence,
              i
              and
              f
              (
              i
              ) representing two infinitely small quantities,
              [image: $$\begin{aligned} \frac{f(i)}{i^{n}} \end{aligned}$$]




              will be the first term of the geometric progression
              [image: $$\begin{aligned} f(i), \ \ \ \ \ \frac{f(i)}{i}, \ \ \ \ \ \frac{f(i)}{i^2}, \ \ \ \ \ \frac{f(i)}{i^3}, \ \ \ \ \ \dots \end{aligned}$$]

 (19)



              which ceases to be an infinitely small quantity, if
              [image: $$f^{(n)}(0)$$]
              is the first of the quantities
              [image: $$\begin{aligned} f(0), \ \ \ \ \ f^{\prime }(0), \ \ \ \ \ f^{\prime \prime }(0), \ \ \ \ \ f^{\prime \prime \prime }(0), \ \ \ \ \ \dots \end{aligned}$$]

 (20)



              which ceases to be null. Add that, in the admitted hypothesis,
              [image: $$\begin{aligned} \frac{f^{(n)}(0)}{1\cdot 2\cdot 3\cdots n} \end{aligned}$$]




              will be, by virtue of formula (
              18
              ), the actual value of the ratio
              [image: $$\frac{f(i)}{i^n} $$]
              corresponding to
              [image: $$i = 0.$$]
            

              The preceding considerations naturally lead us to partition the infinitely small quantities into different classes. Conceive, in fact, that all the quantities of this type that enter in a calculation are functions of one from among them designated by
              i
              ,  and we name
              f
              (
              i
              ) one of these functions. Several consecutive terms of the progression (
              19
              ), counted starting from the first term, may be infinitesimals; and, depending on whether the number of these terms will be
              [image: $$ 1, 2, 3, \dots , $$]
              we will say that the quantity
              f
              (
              i
              ) is an infinitesimal of first, of second, of third class, etc.
              
                This
                
              
              granted,
              f
              (
              i
              ) will be an infinitesimal of the
              [image: $$n^{\text {th}}$$]
              class
              , if
              [image: $$\frac{f(i)}{i^n}$$]
              is the first term of the progression (
              19
              ) which ceases to vanish with
              i
              . In the same hypothesis,
              f
              (
              i
              ) will become what we call an
              infinitesimal of order
              [image: $$n, $$]
              if
              
                for
                
              
              decreasing numerical values of
              [image: $$i, $$]
              the ratio
              [image: $$\frac{f(i)}{i^n} $$]
              converges toward a finite limit different from zero.
            
These definitions being accepted, we will immediately deduce the following propositions from the principles established above.

              THEOREM I.
              –
              When
              f
              (
              i
              )
              is an infinitesimal of
              [image: $$n^{\text {th}}$$]
              class,
              [image: $$f^{(n)}(0)$$]
              is the first term of the series (
              20
              ) which ceases to be null. In the same case,
              f
              (
              i
              )
              will be an infinitesimal of order
              n
              , 
              if
              [image: $$f^{(n)}(0)$$]
              obtains a finite value different from zero.
            

              THEOREM II.
              –
              When,
              f
              (
              i
              )
              being an infinitesimal of
              [image: $$n^{\text {th}}$$]
              class, the function
              f
              (
              x
              )
              and its successive derivatives, up to order
              [image: $$n, $$]
              remain continuous between the limits
              [image: $$x=0, x=h, $$]
              we have, in designating by
              m
              an integer number less than or equal to
              n
              , 
              [image: $$\begin{aligned} f(h)=\frac{h^m}{1\cdot 2\cdot 3\cdots m}f^{(m)}(\theta h). \end{aligned}$$]

 (21)



              If, in this last formula, we replace
              h
              by
              i
              ,  and
              m
              by
              [image: $$n, $$]
              we will end up with equation (
              18
              ), with the help of which we can establish the theorem that we will now state.
            

              THEOREM III.
              –
              Let
              f
              (
              i
              )
              be an infinitely small quantity of order
              n
              .
              This quantity will change its sign with
              i
              if
              n
              is an odd number, and will be constantly affected by the same sign as
              [image: $$f^{(n)}(0) $$]
              if
              n
              is an even number.
            

              Theorem III assumes, like formula (
              18
              ), that the function
              f
              (
              i
              ) and its successive derivatives, up to that of order
              [image: $$n, $$]
              remain continuous with respect to
              i
              in the neighborhood of the particular value
              [image: $$i=0.$$]
              If this condition has not been satisfied, the quantity designated by
              [image: $$f^{(n)}(0)$$]
              could admit several values, and if these values are not all of the same sign, the theorem in question would cease to exist. It is this that would happen, for example, if we were to take for
              f
              (
              i
              ) the infinitely small quantity
              [image: $$\sqrt{i^2}.$$]
              In this hypothesis, the derived function
              14
              [image: $$\begin{aligned} f^{\prime }(i)=\frac{i}{\sqrt{i^2}} \end{aligned}$$]




              would admit one solution of continuity
              15
              corresponding to
              [image: $$i=0, $$]
              and it would sometimes reduce to
              [image: $$+1, $$]
              sometimes to
              [image: $$-1, $$]
              depending on whether the value of
              i
              was positive or negative. Moreover, it is obvious that the quantity
              [image: $$\sqrt{i^2}, $$]
              although we are naturally inclined to consider it as an infinitesimal of first order, constantly remains positive and does not change sign with
              i
              . The same remark applies to the infinitely small quantity
              [image: $$\sqrt{i^6} $$]
              that we are naturally led to regard as an infinitesimal of third order, etc.
            

              Theorem I provides a very simple means to recognize the class or order of an infinitely small quantity. Thus, for example, we will conclude from this theorem that the quantities
              [image: $$\begin{aligned} \frac{1}{{\varvec{{l}}}i}, \ \ \ \ \ \sqrt{i}, \ \ \ \ \ i^{\frac{2}{3}}, \ \ \ \ \ \sin {i} \end{aligned}$$]




              are four infinitesimals of first class, the last being only of first order. We will ensure by the same manner that the four quantities
              [image: $$\begin{aligned} \frac{i}{{\varvec{{l}}}i}, \ \ \ \ \ i^{\frac{3}{2}}, \ \ \ \ \ \sin ^2{i}, \ \ \ \ \ 1-\cos {i} \end{aligned}$$]




              are infinitesimals of second class, the last two being of second order; that the three quantities
              [image: $$\begin{aligned} \frac{i^2}{{\varvec{{l}}}i}, \ \ \ \ \ i^{3}, \ \ \ \ \ i-\sin {i} \end{aligned}$$]




              are infinitesimals of third class, the last two being of third order; and so on.
            

              When we multiply an infinitesimal of
              [image: $$n^{\text {th}}$$]
              class or of
              [image: $$n^{\text {th}}$$]
              order by a constant quantity or by a function of
              i
              which has for a limit a finite quantity different from zero, we obviously obtain for a product another infinitesimal of the same class or of the same order as the first.
            

              It is again easy to prove that, among infinitely small quantities, those which pertain to upper classes end up constantly obtaining the smallest numerical values. In fact, let
              [image: $$\varphi (i), \chi (i)$$]
              be two infinitely small quantities, the first of
              [image: $$n^{\text {th} }$$]
              class, the second of
              [image: $$m^{\text {th} }, $$]
              m
              being
              [image: $$&lt;n.$$]
              The first of the two fractions
              [image: $$\frac{\varphi (i)}{i^m}, \frac{\chi (i)}{i^m}$$]
              will be the only one which converges with
              i
              toward the limit zero; and as a result, the ratio that we obtain in dividing one by the other, or the fraction
              [image: $$\frac{\varphi (i)}{\chi (i)}, $$]
              will equivalently converge toward zero, which it cannot do without its numerical value dropping below unity, or in other words, without the numerical value of the numerator becoming less than that of the denominator.
            
Finally, we will easily establish the following proposition.

              THEOREM IV.
              –
              Designate by
              i
              and by
              f
              (
              i
              )
              two infinitely small quantities. Zero will be the single value, or one of the values, that the ratio
              [image: $$\begin{aligned} \frac{f(i)}{f^{\prime }(i)} \end{aligned}$$]

 (22)



              receives when we will cause the quantity
              i
              to vanish.
            

              Proof.
              – It is obviously sufficient to demonstrate Theorem IV in the case where the derived function
              [image: $$f^{\prime }(i)$$]
              vanishes at the same time as
              f
              (
              i
              ) for
              [image: $$i=0, $$]
              expecting that the limit of the ratio
              [image: $$\frac{f(i)}{f^{\prime }(i)}, $$]
              to be null in all other hypotheses, is then presented only under the indeterminate form
              [image: $$\frac{0}{0}.$$]
              Now, we will achieve this without difficulty with the help of formula (
              18
              ), at least when the two functions
              [image: $$f(i), f^{\prime }(i)$$]
              are continuous with respect to
              i
              in the vicinity of the particular value
              [image: $$i=0.$$]
              In fact, if this condition is fulfilled, we will derive from formula (
              18
              ), by setting
              [image: $$n=1, $$]
              [image: $$\begin{aligned} f(i)=if^{\prime }(\theta i), \end{aligned}$$]

 (23)



              and we will have, by consequence,
              [image: $$\begin{aligned} \frac{f(i)}{f^{\prime }(i)}=i \frac{f^{\prime }(\theta i)}{f^{\prime }(i)}, \end{aligned}$$]

 (24)



              [image: $$\theta $$]
              always denoting a number less than unity. Let us now conceive that, in formula (
              24
              ), we allow the numerical value of
              i
              to decrease indefinitely.
              [image: $$f^{\prime }(0)$$]
              being null by hypothesis, and
              [image: $$\theta i$$]
              denoting a quantity contained between zero and
              i
              , 
              [image: $$f^{\prime }(\theta i)$$]
              will converge toward the limit zero more rapidly than
              [image: $$f^{\prime }(i), $$]
              where it results that the fraction
              [image: $$\frac{f^{\prime }(\theta i)}{f^{\prime }(i)}$$]
              will obtain a multitude of numerical values less than unity, and the product
              [image: $$i\frac{f^{\prime }(\theta i)}{f^{\prime }(i)}$$]
              a multitude of values essentially null. Therefore, the limit, or one of the limits, toward which this same product will converge, and the ratio it represents, will be equal to zero.
            

              Scholium I.
              – Theorem IV can be easily verified with regard to the functions
              [image: $$\begin{aligned} \sin {i}, \ \ \ \ \ 1-\cos {i}, \ \ \ \ \ e^{-\left( \frac{1}{i} \right) ^2}, \ \ \ \ \ i^3\sin {\frac{1}{i}}, \ \ \ \ \ \dots . \end{aligned}$$]




              It remains valid even in the case where the function
              f
              (
              i
              ) does not remain real and infinitely small as we attribute to the variable
              i
              values affected by a certain sign, as it happens, for example, when we take for
              f
              (
              i
              ) one of the functions
              [image: $$\begin{aligned} {\varvec{{l}}}i, \ \ \ \ \ \ \sqrt{i}, \ \ \ \ \ e^{-\frac{1}{i}}, \ \ \ \ \ e^{-\left( \frac{1}{i} \right) ^3}, \ \ \ \ \ \dots \end{aligned}$$]




              which cease to be real or infinitely small when we give negative values to
              i
              . Finally, this theorem can remain valid, even though the function
              [image: $$f^{\prime }(i)$$]
              becomes discontinuous for
              [image: $$i=0.$$]
              Thus, by supposing
              [image: $$\begin{aligned} f(i)=i \, \sin {\frac{1}{i}}, \end{aligned}$$]

 (25)



              we will find that the function
              [image: $$\begin{aligned} f^{\prime }(i)=\sin {\frac{1}{i}}-\frac{1}{i}\cos {\frac{1}{i}} \end{aligned}$$]

 (26)



              becomes indeterminate, and by consequence, discontinuous for
              [image: $$i=0; $$]
              and, if we then let
              i
              converge toward the limit zero, the value of the ratio (
              22
              ) derived from equations (
              25
              ) and (
              26
              ), namely
              [image: $$\begin{aligned} \frac{f(i)}{f^{\prime }(i)}=\frac{i}{1-\frac{1}{i}\cot {\frac{1}{i}}}, \end{aligned}$$]

 (27)



              will admit an infinite number of limits, one of which will be equal to zero.
            

              Scholium II.
              – Suppose that, the function
              f
              (
              i
              ) and its successive derivatives, up to that of order
              [image: $$n-1, $$]
              being continuous with respect to
              i
              in the vicinity of the particular value
              [image: $$i=0, $$]
              the
              n
              quantities
              [image: $$\begin{aligned} f(0), \ \ \ \ \ f^{\prime }(0), \ \ \ \ \ f^{\prime \prime }(0), \ \ \ \ \ \dots , \ \ \ \ \ f^{(n-1)}(0) \end{aligned}$$]

 (28)



              vanish; and let us conceive that the numerical value of
              i
              comes to decrease indefinitely. Zero will be the limit, or one of the limits, toward which each of the ratios
              [image: $$\begin{aligned} \frac{f(i)}{f^{\prime }(i)}, \ \ \ \ \ \frac{f^{\prime }(i)}{f^{\prime \prime }(i)}, \ \ \ \ \ \frac{f^{\prime \prime }(i)}{f^{\prime \prime \prime }(i)}, \ \ \ \ \ \dots , \ \ \ \ \ \frac{f^{(n-1)}(i)}{f^{(n)}(i)} \end{aligned}$$]

 (29)



              will converge, and by consequence, their product, or the ratio
              [image: $$\begin{aligned} \frac{f(i)}{f^{(n)}(i)}. \end{aligned}$$]

 (30)



              We can say as much of the expressions
              [image: $$\begin{aligned} \frac{f^{\prime }(i)}{f^{(n)}(i)}, \ \ \ \ \ \frac{f^{\prime \prime }(i)}{f^{(n)}(i)}, \ \ \ \ \ \dots , \ \ \ \ \ \frac{f^{(n-2)}(i)}{f^{(n)}(i)} \end{aligned}$$]

 (31)



              that we obtain by multiplying, one by the others, some of the
              
                ratios
                
              
              in question.
            

              This page ends the published 1823 version of Mr. Cauchy’s original
              Calcul infinitésimal
              . However, the 1899 reprint includes an added short research paper entitled “On the Formulas of Taylor and Maclaurin,” which can be found in Appendix D.
            
APPENDIX A.


COURS D’ANALYSE – CHAPTER II, §III.

              THEOREM I.
            

              Included in this Appendix A are excerpts from Cauchy’s
              Cours d’analyse
              Chapter II, §III, where he proves two straightforward convergence tests.
              
                These
                
              
              two theorems are referenced by Cauchy in his
              Calcul infinitésimal
              Lecture Seven by page number. However, they are particularly important and interesting because within Cauchy’s actual proofs of these theorems we clearly see how he transforms his
              
                verbal
                
              
              
                definition
                
              
              of the limit into an algebra of inequalities squeeze.
              16
              –
              If, for increasing values of
              x
              , 
              the difference
              [image: $$\begin{aligned} f(x+1)-f(x) \end{aligned}$$]




              converges toward a certain limit
              k
              , 
              the fraction
              [image: $$\begin{aligned} \frac{f(x)}{x} \end{aligned}$$]




              will converge at the same time toward the same limit.
            

              Proof.
              – First, we suppose that the quantity
              k
              has a finite value, and designate by
              [image: $$\varepsilon $$]
              a number as small as we will wish. Since the increasing values of
              x
              make the difference
              [image: $$\begin{aligned} f(x+1)-f(x) \end{aligned}$$]




              converge toward the limit
              k
              ,  we can give to the number
              h
              a value considerable enough, such that,
              x
              being greater than or equal to
              h
              ,  the difference in question is constantly contained between the limits
              [image: $$\begin{aligned} k-\varepsilon , \ \ \ \ \ k+\varepsilon . \end{aligned}$$]




              This granted, if we designate by
              n
              any integer number, each of the quantities
              [image: $$\begin{aligned} f(h+1)&amp;-f(h), \\ f(h+2)&amp;-f(h+1), \\ \dots \dots \dots&amp;\dots \dots \dots \dots , \\ f(h+n)&amp;-f(h+n-1), \end{aligned}$$]




              and as a result, their arithmetic average, namely
              [image: $$\begin{aligned} \frac{f(h+n)-f(h)}{n}, \end{aligned}$$]




              will be found contained between the limits
              [image: $$k-\varepsilon , $$]
              [image: $$k+\varepsilon .$$]
              We will have, therefore,
              [image: $$\begin{aligned} \frac{f(h+n)-f(h)}{n}=k+\alpha , \end{aligned}$$]




              [image: $$\alpha $$]
              being a quantity contained between the limits
              [image: $$-\varepsilon , $$]
              [image: $$+\varepsilon .$$]
              Now, let
              [image: $$\begin{aligned} h+n=x. \end{aligned}$$]




              The previous equation will become
              [image: $$\begin{aligned} \frac{f(x)-f(h)}{x-h}=k+\alpha , \end{aligned}$$]

 (1)



              and we will infer
              [image: $$\begin{aligned} f(x)=f(h)+(x-h)(k+\alpha ), \end{aligned}$$]




              [image: $$\begin{aligned} \frac{f(x)}{x}&amp;=\frac{f(h)}{x}+\left( 1-\frac{h}{x}\right) (k+\alpha ). \end{aligned}$$]

 (2)



              In addition, to make the value of
              x
              grow indefinitely, it will suffice to let the integer number
              n
              grow indefinitely without changing the value of
              h
              . We suppose, by consequence, that in equation (
              2
              ) we consider
              h
              as a constant quantity, and
              x
              as a variable quantity which converges toward the limit
              [image: $$\infty .$$]
              The quantities
              [image: $$\begin{aligned} \frac{f(h)}{x}, \quad \quad \frac{h}{x} \end{aligned}$$]




              contained in the second member will converge toward the limit zero, and the second member itself toward a limit of the form
              [image: $$\begin{aligned} k+\alpha , \end{aligned}$$]




              [image: $$\alpha $$]
              being always contained between
              [image: $$-\varepsilon $$]
              and
              [image: $$+\varepsilon .$$]
              As a result, the ratio
              [image: $$\begin{aligned} \frac{f(x)}{x} \end{aligned}$$]




              will have for a limit a quantity contained between
              [image: $$k-\varepsilon $$]
              and
              [image: $$k+\varepsilon .$$]
              This conclusion above remains valid, regardless of the smallness of the number
              [image: $$\varepsilon , $$]
              it follows that the limit in question will be precisely the quantity
              k
              . In other words, we will have
              [image: $$\begin{aligned} \lim {\frac{f(x)}{x}}=k=\lim {\big [f(x+1)-f(x)\big ]}. \end{aligned}$$]

 (3)



              In the second place, we suppose
              [image: $$k=\infty .$$]
              Then, by denoting with
              H
              a number as large as we will wish, we can always attribute to the number
              h
              a value considerable enough, such that,
              x
              being greater than or equal to
              h
              ,  the difference
              [image: $$\begin{aligned} f(x+1)-f(x), \end{aligned}$$]




              which converges toward the limit
              [image: $$\infty , $$]
              becomes constantly greater than
              [image: $$H; $$]
              and, by reasoning like that above, we will establish the formula
              [image: $$\begin{aligned} \frac{f(h+n)-f(h)}{n}&gt;H. \end{aligned}$$]




              If we now set
              [image: $$h+n=x, $$]
              we will find, in place of equation (
              2
              ), the following formula
              [image: $$\begin{aligned} \frac{f(x)}{x}&gt;\frac{f(h)}{x}+H\left( 1-\frac{h}{x}\right) , \end{aligned}$$]




              from which we will deduce, by letting
              x
              converge toward the limit
              [image: $$\infty , $$]
              [image: $$\begin{aligned} \lim {\frac{f(x)}{x}}&gt;H. \end{aligned}$$]




              The limit of the ratio
              [image: $$\begin{aligned} \frac{f(x)}{x} \end{aligned}$$]




              will be, therefore, greater than the number
              H
              ,  however large it is. This limit, greater than any assignable number, can only be that of positive infinity.
            

              In finishing, we suppose
              [image: $$k=-\infty .$$]
              To return this last case to the previous one, it will suffice to observe that the difference
              [image: $$\begin{aligned} f(x+1)-f(x), \end{aligned}$$]




              having for a limit
              [image: $$-\infty , $$]
              the following
              [image: $$\begin{aligned} \big [-f(x+1)\big ]-\big [-f(x)\big ], \end{aligned}$$]




              will have
              [image: $$+\infty $$]
              for a limit. We will conclude that the limit of
              [image: $$\frac{-f(x)}{x}$$]
              is equal to
              [image: $$+\infty , $$]
              and as a result, that of
              [image: $$\frac{f(x)}{x}$$]
              to
              [image: $$-\infty .$$]
              [image: $$\begin{aligned} \vdots \end{aligned}$$]




              THEOREM II.
              17
              –
              If, the function
              f
              (
              x
              )
              being positive for very large values of
              [image: $$x, $$]
              the ratio
              [image: $$\begin{aligned} \frac{f(x+1)}{f(x)} \end{aligned}$$]




              converges, while
              x
              grows indefinitely, toward the limit
              k
              , 
              the expression
              [image: $$\begin{aligned} \big [f(x)\big ]^{\frac{1}{x}} \end{aligned}$$]




              will converge at the same time toward the same limit.
            

              Proof.
              – First, we suppose that the quantity
              k
              ,  necessarily positive, has a finite value, and designate by
              [image: $$\varepsilon $$]
              a number as small as we will wish. Since the increasing values of
              x
              make the ratio
              [image: $$\begin{aligned} \frac{f(x+1)}{f(x)} \end{aligned}$$]




              converge toward the limit
              k
              ,  we can give to the number
              h
              a value considerable enough, such that,
              x
              being greater than or equal to
              h
              ,  the ratio in question is constantly contained between the limits
              [image: $$\begin{aligned} k-\varepsilon , \ \ \ \ \ k+\varepsilon . \end{aligned}$$]




              This granted, if we designate by
              n
              any integer number, each of the quantities
              [image: $$\begin{aligned} \frac{f(h+1)}{f(h)}, \ \ \ \ \ \frac{f(h+2)}{f(h+1)}, \ \ \ \ \ \dots , \ \ \ \ \ \frac{f(h+n)}{f(h+n-1)}, \end{aligned}$$]




              and as a result, their geometric average, namely
              [image: $$\begin{aligned} \left[ \frac{f(h+n)}{f(h)} \right] ^{\frac{1}{n}}, \end{aligned}$$]




              will be found contained between the limits
              [image: $$k-\varepsilon , $$]
              [image: $$k+\varepsilon .$$]
              We will have, therefore,
              [image: $$\begin{aligned} \left[ \frac{f(h+n)}{f(h)} \right] ^{\frac{1}{n}}=k+\alpha , \end{aligned}$$]




              [image: $$\alpha $$]
              being a quantity contained between the limits
              [image: $$-\varepsilon , $$]
              [image: $$+\varepsilon .$$]
              Now, let
              [image: $$\begin{aligned} h+n=x. \end{aligned}$$]




              The previous equation will become
              [image: $$\begin{aligned} \left[ \frac{f(x)}{f(h)} \right] ^{\frac{1}{x-h}}=k+\alpha , \end{aligned}$$]

 (4)



              and we will conclude
              [image: $$\begin{aligned} f(x)=f(h)\big (k+\alpha \big )^{x-h}, \end{aligned}$$]




              [image: $$\begin{aligned} \big [f(x)\big ]^{\frac{1}{x}}&amp;=\big [f(h)\big ]^{\frac{1}{x}}(k+\alpha )^{1-\frac{h}{x}}. \end{aligned}$$]

 (5)



              In addition, to make the value of
              x
              grow indefinitely, it will suffice to let the integer number
              n
              grow indefinitely without changing the value of
              h
              . We suppose, by consequence, that in equation (
              5
              ) we consider
              h
              as a constant quantity, and
              x
              as a variable quantity which converges toward the limit
              [image: $$\infty .$$]
              The quantities
              [image: $$\begin{aligned} \big [f(h)\big ]^{\frac{1}{x}}, \ \ \ \ \ 1-\frac{h}{x} \end{aligned}$$]




              contained in the second member will converge toward the limit 1, and the second member itself toward a limit of the form
              [image: $$\begin{aligned} k+\alpha , \end{aligned}$$]




              [image: $$\alpha $$]
              being always contained between
              [image: $$-\varepsilon $$]
              and
              [image: $$+\varepsilon .$$]
              As a result, the expression
              [image: $$\begin{aligned} \big [f(x)\big ]^{\frac{1}{x}} \end{aligned}$$]




              will have for a limit a quantity contained between
              [image: $$k-\varepsilon $$]
              and
              [image: $$k+\varepsilon .$$]
            

              This conclusion above remains valid, regardless of the smallness of the number
              [image: $$\varepsilon , $$]
              it follows that the limit in question will be precisely the quantity
              k
              . In other words, we will have
              [image: $$\begin{aligned} \lim {\big [f(x)\big ]^{\frac{1}{x}}}=k=\lim {\frac{f(x+1)}{f(x)}}. \end{aligned}$$]

 (6)



              In the second place, we suppose the quantity
              k
              infinite, that is to say, since this quantity is positive,
              [image: $$k=\infty .$$]
              Then, in denoting by
              H
              a number as large as we will wish, we can always attribute to the number
              h
              a value considerable enough, such that,
              x
              being greater than or equal to
              h
              ,  the ratio
              [image: $$\begin{aligned} \frac{f(x+1)}{f(x)}, \end{aligned}$$]




              which converges toward the limit
              [image: $$\infty , $$]
              becomes constantly greater than
              [image: $$H; $$]
              and, by reasoning like that above, we will establish the formula
              [image: $$\begin{aligned} \left[ \frac{f(h+n)}{f(h)}\right] ^{\frac{1}{n}}&gt;H. \end{aligned}$$]




              If we now set
              [image: $$h+n=x, $$]
              we will find, in place of equation (
              5
              ), the following formula
              [image: $$\begin{aligned} \big [f(x)\big ]^{\frac{1}{x}}&gt;\big [f(h)\big ]^{\frac{1}{x}}H^{1-\frac{h}{x}}, \end{aligned}$$]




              from which we will deduce, by letting
              x
              converge toward the limit
              [image: $$\infty , $$]
              [image: $$\begin{aligned} \lim {\big [f(x)\big ]^{\frac{1}{x}}}&gt;H. \end{aligned}$$]




              The limit of the relationship
              [image: $$\begin{aligned} \big [f(x)\big ]^{\frac{1}{x}} \end{aligned}$$]




              will be, therefore, greater than the number
              H
              ,  however large it is. This limit, greater than any assignable number, can only be that of positive infinity.
              [image: $$\begin{aligned} \vdots \end{aligned}$$]




            
APPENDIX B.


COURS D’ANALYSE – NOTE II.

              
                We
                
              
              now turn to theorems on averages.
              
                As
                
              
              we have already said (
              Preliminaries,
              p. 14), we call an
              average
              
                among
                
              
              several given quantities a new quantity contained between the smallest and the largest of those that we consider.
            

              Note II is a large addendum of Cauchy’s
              Cours d’analyse
              comprised of seventeen theorems. Of particular interest to us are his definition of an average and his Theorem XII, both of which play pivotal roles in his
              Calcul infinitésimal
              18
              From this definition, the quantity
              h
              will be an average between the two quantities
              g
              , 
              k
              ,  or between several quantities among which one of the two that we just mentioned would be the largest and the other the smallest, if the two differences
              [image: $$ g-h $$]
              and
              [image: $$ h-k $$]
              are of the same sign. This granted, if, to denote an
              
                average
                
              
              among the quantities
              [image: $$ a, a^{\prime }, a^{\prime \prime }, \dots $$]
              we employ, as in the
              Preliminaries
              , the
              
                notation
                
              
              [image: $$\begin{aligned} M\big (a, a^{\prime }, a^{\prime \prime }, \dots \big ), \end{aligned}$$]




              we will establish without difficulty the following propositions.
              [image: $$\begin{aligned} \vdots \end{aligned}$$]




              THEOREM XII.
              19
              –
              Let
              [image: $$ b, b^{\prime }, b^{\prime \prime }, \dots $$]
              be several quantities of the same sign,
              n
              in number, and
              [image: $$ a, a^{\prime }, a^{\prime \prime }, \dots $$]
              any quantities equal in number to those of the first. We will have
              [image: $$\begin{aligned} \frac{a+ a^{\prime }+ a^{\prime \prime }+ \cdots }{b+ b^{\prime }+ b^{\prime \prime }+ \cdots }=M\left( \frac{a}{b}, \frac{a^{\prime }}{b^{\prime }}, \frac{a^{\prime \prime }}{b^{\prime \prime }}, \dots \right) . \end{aligned}$$]

 (17)



              Proof.
              – Let
              g
              be the largest and
              k
              the smallest of the quantities
              [image: $$\begin{aligned} \frac{a}{b}, \ \ \frac{a^{\prime }}{b^{\prime }}, \ \ \frac{a^{\prime \prime }}{b^{\prime \prime }}, \ \ \dots . \end{aligned}$$]




              The differences
              [image: ../images/462147_1_En_BookBackmatter_Equ166_HTML.png]




              will all be positive. In multiplying the first two by
              b
              ,  the following two by
              [image: $$ b^{\prime }, $$]
              etc., we will obtain the products
              [image: ../images/462147_1_En_BookBackmatter_Equ167_HTML.png]




              which will all be of the same sign, as well as the quantities
              [image: $$ b, $$]
              [image: $$ b^{\prime }, $$]
              [image: $$b^{\prime \prime }, $$]
              [image: $$ \dots .$$]
              As a result, the sums of these two kinds of products, namely
              [image: $$\begin{aligned}&amp;g\big (b+ b^{\prime }+b^{\prime \prime }+\cdots \big )-\big (a+ a^{\prime }+a^{\prime \prime }+\cdots \big ), \\[6pt]&amp;\, a+ a^{\prime }+a^{\prime \prime }+\cdots -k\big (b+b^{\prime }+b^{\prime \prime }+\cdots \big ), \end{aligned}$$]




              and the quotients of these sums by
              [image: $$ b+ b^{\prime }+b^{\prime \prime }+\cdots , $$]
              namely
              [image: $$\begin{aligned}&amp;g- \frac{a+ a^{\prime }+a^{\prime \prime }+\cdots }{b+ b^{\prime }+b^{\prime \prime }+\cdots }, \\[5pt]&amp;\frac{a+ a^{\prime }+a^{\prime \prime }+\cdots }{b+ b^{\prime }+b^{\prime \prime }+\cdots }-k, \end{aligned}$$]




              will again be quantities of the same sign, from which we will conclude
              [image: $$\begin{aligned} \frac{a+ a^{\prime }+a^{\prime \prime }+\cdots }{b+ b^{\prime }+b^{\prime \prime }+\cdots }=M(g, k)=M\left( \frac{a}{b}, \frac{a^{\prime }}{b^{\prime }}, \frac{a^{\prime \prime }}{b^{\prime \prime }}, \dots \right) \end{aligned}$$]




              [image: $$\big ($$]
              see
              in the
              Preliminaries
              , Theorem I and formula (6)
              [image: $$\big )$$]
              .
              [image: $$\begin{aligned} \vdots \end{aligned}$$]




              Corollary III.
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              – If we designate by
              [image: $$ \alpha , $$]
              [image: $$ \alpha ^{\prime }, $$]
              [image: $$\alpha ^{\prime \prime }, $$]
              [image: $$ \dots $$]
              new quantities which are all of the same sign, we will have, by virtue of equation (
              17
              ),
              [image: $$\begin{aligned} \left\{ \begin{aligned} \ \frac{\alpha a + \alpha ^{\prime } a^{\prime } + \alpha ^{\prime \prime } a^{\prime \prime } + \cdots }{\alpha b + \alpha ^{\prime } b^{\prime } + \alpha ^{\prime \prime } b^{\prime \prime } + \cdots }&amp;=M\left( \frac{\alpha a}{\alpha b}, \frac{\alpha ^{\prime } a^{\prime }}{\alpha ^{\prime } b^{\prime }}, \frac{\alpha ^{\prime \prime } a^{\prime \prime }}{\alpha ^{\prime \prime } b^{\prime \prime }}, \dots \right) \\[5pt]&amp;=M\left( \frac{a}{b}, \frac{a^{\prime }}{b^{\prime }}, \frac{a^{\prime \prime }}{b^{\prime \prime }}, \dots \right) . \end{aligned} \right. \end{aligned}$$]

 (20)



              This latter formula is sufficient to establish Theorem III of the
              Preliminaries
              .
            
APPENDIX C.


COURS D’ANALYSE – NOTE III.
ON THE NUMERICAL RESOLUTION OF EQUATIONS.

              To
              numerically
              resolve one or several equations is to find the numerical values of the unknowns which they contain, which obviously requires that the constants included in the equations in question are themselves reduced to numbers. We will only occupy ourselves here with equations which contain one unknown, and we will start by establishing, to their regard, the following theorems.
            

              THEOREM I.
              –
              Let
              f
              (
              x
              )
              be a real function of the variable
              x
              , 
              which remains continuous with respect to this variable between the limits
              [image: $$ x=x_0, x=X.$$]
            

              Cauchy’s Note III is again located in the ending material of his 1821
              Cours d’analyse
              
                and
                
              
              in general deals with finding the numerical solutions to equations. It is also a fairly lengthy addendum to his original work which includes multiple theorems and problems. Only his Theorem I from this Note III is
              
                included
                
              
              in our Appendix C, as it is here where we find his wonderful proof of the
              
                Intermediate Value Theorem
                
              
              (a result absolutely fundamental to the entire
              Calcul infinitésimal
              text).
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              If the two quantities
              [image: $$ f(x_0), $$]
              f
              (
              X
              )
              are of different signs, we will be able to satisfy the equation
              [image: $$\begin{aligned} f(x)=0 \end{aligned}$$]

 (1)



              by one or several real values of
              x
              contained between
              [image: $$x_0$$]
              and
              X
              .
              22
            

              Proof.
              – Let
              [image: $$x_0$$]
              be the smallest of the two quantities
              [image: $$ x_0, $$]
              X
              . Allow
              [image: $$\begin{aligned} X-x_0=h, \end{aligned}$$]




              and designate by
              m
              any integer number greater than unity. Since, of the two quantities
              [image: $$ f(x_0), $$]
              [image: $$f(X), $$]
              one is positive, the other is negative, if we form the sequence
              23
              [image: $$\begin{aligned} f(x_0), \ \ f\left( x_0+\frac{h}{m}\right) , \ \ f\left( x_0+\frac{2h}{m}\right) , \ \ \dots , \ \ f\left( X-\frac{h}{m}\right) , \ \ f(X), \end{aligned}$$]




              and that, in this sequence, we successively compare the first term with the second, the second with the third, the third with the fourth, etc., we will necessarily end by finding one or several times, two consecutive terms that will have different signs. Let
              [image: $$\begin{aligned} f(x_1), \ \ f(X^{\prime }) \end{aligned}$$]




              be two terms of this type,
              [image: $$x_1$$]
              being the smaller of the two corresponding values of
              x
              . We will obviously have
              [image: $$\begin{aligned} x_0&lt;x_1&lt;X^{\prime }&lt;X \end{aligned}$$]




              and
              [image: $$\begin{aligned} X^{\prime }-x_1=\frac{h}{m}=\frac{1}{m}(X-x_0). \end{aligned}$$]




              Having determined
              [image: $$x_1$$]
              and
              [image: $$X^{\prime }$$]
              like we have just said, we can do the same between these two new values of
              x
              ,  by placing two others,
              [image: $$ x_2 $$]
              and
              [image: $$ X^{\prime \prime }, $$]
              which, substituted in
              f
              (
              x
              ),  produce the results of opposite signs, and which work to satisfy the conditions
              [image: $$\begin{aligned} x_1&lt;x_2&lt;X^{\prime \prime }&lt;X^{\prime }, \end{aligned}$$]




              [image: $$\begin{aligned} X^{\prime \prime }-x_2=\frac{1}{m}(X^{\prime }-x_1)=\frac{1}{m^2}(X-x_0). \end{aligned}$$]




              By continuing thusly, we will obtain:
              [image: $$ 1^{\circ } $$]
              a series
              24
              of increasing values of
              x
              ,  namely
              [image: $$\begin{aligned} x_0, \ \ \ x_1, \ \ \ x_2, \ \ \ \dots ; \end{aligned}$$]

 (2)



              [image: $$2^{\circ } $$]
              a series of decreasing values
              [image: $$\begin{aligned} X, \ \ \ X^{\prime }, \ \ \ X^{\prime \prime }, \ \ \ \dots , \end{aligned}$$]

 (3)



              which, surpassing the first set by quantities, respectively, equal to the products
              [image: $$\begin{aligned} 1 \times (X-x_0), \ \ \ \frac{1}{m} \times (X-x_0), \ \ \ \frac{1}{m^2} \times (X-x_0), \ \ \ \dots , \end{aligned}$$]




              will eventually differ from these first values by as little as we will want. We must deduce that the general terms of the series (
              2
              ) and (
              3
              ) will converge toward a common limit.
              25
              Let
              a
              be this limit. Since the function
              f
              (
              x
              ) remains continuous from
              [image: $$ x=x_0 $$]
              up to
              [image: $$ x=X, $$]
              the general terms of the following series
              [image: $$\begin{aligned} f(x_0), \quad f(x_1), \quad f(x_2), \quad \dots , \\[4pt] f(X), \quad f(X^{\prime }), \quad f(X^{\prime \prime }), \quad \dots \end{aligned}$$]




              will equally converge toward the common limit
              [image: $$ f(a); $$]
              and, since by approaching this limit they will always keep different signs, it is clear that the quantity
              [image: $$ f(a), $$]
              necessarily finite, cannot differ from zero. By consequence, we will satisfy the equation
              [image: $$\begin{aligned} f(x)=0 \end{aligned}$$]

 (1)



              by attributing to the variable
              x
              the particular value
              a
              contained between
              [image: $$ x_0 $$]
              and
              X
              . In other words,
              [image: $$\begin{aligned} x=a \end{aligned}$$]

 (4)



              will be a
              root
              of equation (
              1
              ).
              26
            

              Scholium I.
              – If, after having extended the series (
              2
              ) and (
              3
              ) up to the terms
              [image: $$\begin{aligned} x_n \ \ \ \ \ \ \ \ \text {and} \ \ \ \ \ \ \ \ X^{(n)} \end{aligned}$$]




              (
              n
              denoting any integer number), we take the half-sum of these two terms for the approximated value of the root
              a
              ,  the error committed will be smaller than their half difference, namely
              [image: $$\begin{aligned} \frac{1}{2}\frac{X-x_0}{m^n}. \end{aligned}$$]




              Since this latter expression decreases indefinitely as the measure of
              n
              increases, it follows that, by calculating a sufficient number of terms of the two series, we will finally obtain approximated values of the root
              a
              as close as we will want.
            

              Scholium II.
              – If there exists between the limits
              [image: $$ x_0, X $$]
              several real roots of equation (1), the preceding method will make known a part of them and sometimes will furnish all of them. Then, we will find for
              [image: $$x_1$$]
              and
              [image: $$X^{\prime }, $$]
              as well for
              [image: $$x_2$$]
              and
              [image: $$X^{\prime \prime }, $$]
              [image: $$ \dots $$]
              several systems of values that enjoy the same properties.
            

              Scholium III.
              – If the function
              f
              (
              x
              ) is constantly increasing or constantly decreasing from
              [image: $$ x=x_0 $$]
              up to
              [image: $$ x=X, $$]
              there will only exist between these limits a single value of
              x
              that works to satisfy equation (
              1
              ).
            

              Corollary I.
              – If equation (
              1
              ) does not have real roots contained between the limits
              [image: $$ x_0, $$]
              [image: $$X, $$]
              the two quantities
              [image: $$\begin{aligned} f(x_0), \ \ \ \ \ f(X) \end{aligned}$$]




              will be of the same sign.
            

              Corollary II.
              – If, in the wording of Theorem I, we replace the function
              f
              (
              x
              ) by
              [image: $$\begin{aligned} f(x)-b \end{aligned}$$]




              (
              b
              denoting a constant quantity), we will obtain precisely Theorem IV of Chapter II (§II). In the same hypothesis, by following the method indicated above, we will numerically determine the roots of the equation
              [image: $$\begin{aligned} f(x)=b \end{aligned}$$]

 (5)



              
                contained
                
              
              between
              [image: $$x_0$$]
              and
              X
              .
              27
              [image: $$\begin{aligned} \vdots \end{aligned}$$]




            
APPENDIX D.


ON THE FORMULAS OF TAYLOR AND MACLAURIN.

              We easily prove that, in the
              
                case
                
              
              where the
              
                fraction
                
              
              [image: $$\begin{aligned} \frac{\mathfrak {F}(h)}{h^{n-1}} \end{aligned}$$]

 (1)



              vanishes for
              [image: $$h=0, $$]
              we have
              [image: $$\begin{aligned} \mathfrak {F}(h)=\frac{h^n}{1\cdot 2\cdot 3\cdots n} \mathfrak {F}^{(n)}(\theta h), \end{aligned}$$]

 (2)



              [image: $$\theta $$]
              denoting an unknown number, but less than unity. Now, equation (
              2
              ), with the help of which we can directly establish the theory of maxima or minima, and settle the values of the fractions which present under the form
              [image: $$\frac{0}{0}, $$]
              also leads very simply to the series of
              
                Taylor
                
              
              and to the determination of the remainder which must complete this series. In fact, we will successively derive from equation (
              2
              ):
            

              [image: $$1^{\circ }$$]
              By setting
              [image: $$\mathfrak {F}(h)=f(x+h)-f(x), $$]
              and
              [image: $$n=1, $$]
              [image: $$\begin{aligned} f(x+h)-f(x)=\frac{h}{1}f^{\prime }(x+\theta h); \end{aligned}$$]

 (3)



              then, by setting
              [image: $$f^{\prime }(x+h)=f^{\prime }(x)+H_1, $$]
              [image: $$\begin{aligned} H_1=\frac{f(x+h)-f(x)-\frac{h}{1}f^{\prime }(x)}{h}; \end{aligned}$$]




            

              This research paper is NOT included in the published edition of Cauchy’s original 1823
              Calcul infinitésimal
              . However, the editors of
              Œuvres complètes d’Augustin Cauchy
              attached it at the end of their published reprint in 1899. It is only included here for the sake of thoroughness.
            

              [image: $$2^{\circ }$$]
              By setting
              [image: $$\mathfrak {F}(h)=f(x+h)-f(x)-hf^{\prime }(x), $$]
              and
              [image: $$n=2, $$]
              [image: $$\begin{aligned} f(x+h)-f(x)-hf^{\prime }(x)=\frac{h^2}{1\cdot 2}f^{\prime \prime }(x+\theta h); \end{aligned}$$]

 (4)



              then, by setting
              [image: $$f^{\prime \prime }(x+\theta h)=f^{\prime \prime }(x)+H_2, $$]
              [image: $$\begin{aligned} \frac{1}{1\cdot 2}H_2=\frac{f(x+h)-f(x)-hf^{\prime }(x)-\frac{h^2}{1\cdot 2}f^{\prime \prime }(x)}{h^2}; \end{aligned}$$]




              [image: $$3^{\circ }$$]
              By setting
              [image: $$\mathfrak {F}(h)=f(x+h)-f(x)-hf^{\prime }(x)-\frac{h^2}{1\cdot 2}f^{\prime \prime }(x), $$]
              and
              [image: $$n=3, $$]
              [image: $$\begin{aligned} f(x+h)-f(x)-hf^{\prime }(x)-\frac{h^2}{1\cdot 2}f^{\prime \prime }(x)=\frac{h^3}{1\cdot 2\cdot 3}f^{\prime \prime \prime }(x+\theta h); \end{aligned}$$]

 (5)



              then, by setting
              [image: $$f^{\prime \prime \prime }(x+\theta h)=f^{\prime \prime \prime }(x)+H_3, $$]
              [image: $$\begin{aligned} \frac{1}{1\cdot 2\cdot 3}H_3=\frac{f(x+h)-f(x)-hf^{\prime }(x)-\frac{h^2}{1\cdot 2}f^{\prime \prime }(x)-\frac{h^3}{1\cdot 2\cdot 3}f^{\prime \prime \prime }(x)}{h^3}. \end{aligned}$$]




              By continuing in the same manner, and observing that the quantities
              [image: $$\begin{aligned} H_1, \ \ \ \ \ \frac{1}{1\cdot 2}H_2, \ \ \ \ \ \frac{1}{1\cdot 2\cdot 3}H_3, \ \ \ \ \ \dots \end{aligned}$$]




              all vanish along with
              h
              ,  we will generally establish the equation
              [image: $$\begin{aligned} \left\{ \begin{aligned} \ f(x+h)-f(x)&amp;-hf^{\prime }(x)-\frac{h^2}{1\cdot 2}f^{\prime \prime }(x)-\cdots \\[4pt]&amp;-\frac{h^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}f^{(n-1)}(x)=\frac{h^{n}}{1\cdot 2\cdots n}f^{(n)}(x+\theta h) \end{aligned} \right. \end{aligned}$$]

 (6)



              or
              [image: $$\begin{aligned} \left\{ \begin{aligned} \ f(x+h)=f(x)&amp;+\frac{h}{1}f^{\prime }(x)+\frac{h^2}{1\cdot 2}f^{\prime \prime }(x) \\&amp;+\cdots +\frac{h^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}f^{(n-1)}(x) \\&amp;+\frac{h^{n}}{1\cdot 2\cdots n}f^{(n)}(x+\theta h). \end{aligned} \right. \end{aligned}$$]

 (7)



              If we replace
              x
              by 0,  and
              h
              by
              x
              ,  we will find
              [image: $$\begin{aligned} \left\{ \begin{aligned} \ f(x)=f(0)&amp;+\frac{x}{1}f^{\prime }(0)+\frac{x^2}{1\cdot 2}f^{\prime \prime }(0) \\&amp;+\cdots +\frac{x^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}f^{(n-1)}(0) \\&amp;+\frac{x^{n}}{1\cdot 2\cdot 3\cdots n}f^{(n)}(\theta x). \end{aligned} \right. \end{aligned}$$]

 (8)



              It follows from formula (
              7
              ) that the function
              [image: $$f(x+h)$$]
              can be considered as composed of an entire function of
              h
              ,  namely
              [image: $$\begin{aligned} f(x)+\frac{h}{1}f^{\prime }(x)+\frac{h^2}{1\cdot 2}f^{\prime \prime }(x)+\cdots +\frac{h^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}f^{(n-1)}(x), \end{aligned}$$]

 (9)



              and of a remainder, namely
              [image: $$\begin{aligned} \frac{h^n}{1\cdot 2\cdot 3\cdots n}f^{(n)}(x+\theta h). \end{aligned}$$]

 (10)



              When this remainder becomes infinitely small for infinitely large values of the number
              n
              ,  we can assert that the series
              [image: $$\begin{aligned} f(x), \ \ \ \ \ h f^{\prime }(x), \ \ \ \ \ \frac{h^2}{1\cdot 2}f^{\prime \prime }(x), \ \ \ \ \ \dots \end{aligned}$$]

 (11)



              is convergent, and that it has for a sum,
              [image: $$f(x+h).$$]
              Therefore, we can then write the equation
              [image: $$\begin{aligned} f(x+h)=f(x)+\frac{h}{1}f^{\prime }(x)+\frac{h^2}{1\cdot 2}f^{\prime \prime }(x)+\cdots , \end{aligned}$$]

 (12)



              which is precisely the formula of Taylor. Similarly, if
              
                the
                
              
              remainder
              [image: $$\begin{aligned} \frac{x^n}{1\cdot 2\cdot 3\cdots n}f^{(n)}(\theta x) \end{aligned}$$]

 (13)



              becomes infinitely small for the infinite values of
              n
              ,  equation (
              8
              ) will lead to the following
              [image: $$\begin{aligned} f(x)=f(0)+\frac{x}{1}f^{\prime }(0)+\frac{x^2}{1\cdot 2}f^{\prime \prime }(0)+\cdots , \end{aligned}$$]

 (14)



              which is precisely the
              
                formula
                
              
              of Maclaurin.
            

              It is often useful to substitute for the expressions (
              10
              ) and (
              13
              ) other equivalent expressions. We can achieve this as follows.
            

              Denote by
              [image: $$\varphi (z)$$]
              that which becomes the first member of equation (
              6
              ) when we replace
              h
              by
              [image: $$h-z, $$]
              and
              x
              by
              [image: $$x+z, $$]
              or in other words, the remainder that we obtain when we expand
              [image: $$f(x+h)$$]
              according to ascending and integer powers of
              [image: $$h-z, $$]
              and that we stop at the power of degree
              [image: $$n-1; $$]
              so that we would have
              [image: $$\begin{aligned} \left\{ \begin{aligned} \ f(x+h)&amp;=f(x+z)+\frac{h-z}{1}f^{\prime }(x+z)+\cdots \\[5pt]&amp;\quad +\frac{(h-z)^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}f^{(n-1)}(x+z)+\varphi (z). \end{aligned} \right. \end{aligned}$$]

 (15)



              [image: $$\varphi (0)$$]
              will represent the common value of each of the members of equation (
              6
              ). Moreover, by differentiating formula (
              15
              ) with respect to
              z
              ,  we will find
              [image: $$\begin{aligned} \varphi ^{\prime }(z)=-\frac{(h-z)^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}f^{(n)}(x+z), \end{aligned}$$]

 (16)



              and we will deduce
              [image: $$\begin{aligned} \frac{\varphi (h)-\varphi (0)}{h}=-\frac{(h-\theta h)^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}f^{(n-1)}(x+\theta h), \end{aligned}$$]

 (17)



              or, because
              [image: $$\varphi (h)$$]
              is obviously reduced to zero,
              [image: $$\begin{aligned} \varphi (0)=\frac{(h-\theta h)^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}hf^{(n)}(x+\theta h). \end{aligned}$$]

 (18)



              The preceding value of
              [image: $$\varphi (0)$$]
              is nothing other than the remainder of the series of
              
                Taylor
                
              
              presented in a new form. If, in this remainder, we replace
              x
              by 0,  and
              h
              by
              x
              ,  we will obtain the remainder of the series of Maclaurin under the following
              
                form
                
              
              [image: $$\begin{aligned} x\frac{(x-\theta x)^{n-1}}{1\cdot 2\cdot 3\cdots (n-1)}f^{(n)}(\theta x). \end{aligned}$$]

 (19)



              It is sufficient, in several cases, to substitute this last product into expression (
              13
              ) to establish formula (
              14
              ). Suppose, for example,
              [image: $$\begin{aligned} f(x)=(1+x)^{\mu }, \end{aligned}$$]

 (20)



              [image: $$\mu $$]
              denoting a real constant. Expressions (
              13
              ) and (
              19
              ) will become, respectively,
              [image: $$\begin{aligned} \frac{\mu (\mu -1)\cdots (\mu -n+1)}{1\cdot 2\cdot 3\cdots n}x^n(1+\theta x)^{\mu -n} \end{aligned}$$]

 (21)



              and
              [image: $$\begin{aligned} \frac{\mu (\mu -1)\cdots (\mu -n+1)}{1\cdot 2\cdot 3\cdots (n-1)}x^n(1-\theta )^{n-1}(1+\theta x)^{\mu -n}. \end{aligned}$$]

 (22)



              This granted, we will easily prove:
              [image: $$1^{\circ }$$]
              with the help of expression (
              21
              ) that the equation
              [image: $$\begin{aligned} (1+x)^{\mu }=1+\frac{\mu }{1}x+\frac{\mu (\mu -1)}{1\cdot 2}x^2+\cdots \end{aligned}$$]

 (23)



              remains valid when the numerical value of the ratio
              [image: $$\begin{aligned} \frac{x}{1+\theta x} \end{aligned}$$]

 (24)



              is less than unity;
              [image: $$2^{\circ }$$]
              with the help of expression (
              22
              ), that equation (
              23
              ) remains valid when the product
              [image: $$\begin{aligned} x \frac{1-\theta }{1+\theta x} \end{aligned}$$]

 (25)



              is contained between the limits
              [image: $$-1$$]
              and 1. As a result, it will suffice to employ expression (
              21
              ) to establish formula (
              23
              ) between the limits
              [image: $$x=0, x=1.$$]
              But, will revert back to expression (
              22
              ) if we want to extend the same formula to all values of
              x
              contained between the limits
              [image: $$x=-1, \ x=+1.$$]
            
APPENDIX E.


PAGINATION OF THE 1823 & 1899 EDITIONS.

              [image: ../images/462147_1_En_BookBackmatter_Figa_HTML.png]

              [image: ../images/462147_1_En_BookBackmatter_Figb_HTML.png]

            
One cannot help but take notice of the symmetry of the original published edition in 1823. Each and every one of Cauchy’s forty lectures is exactly four pages in length.
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Footnotes
1
                  The 1899 text has “
                  f
                  (
                  x
                  ) and
                  f
                  (
                  x
                  ), ” an obvious typographical error that does not occur in the original 1823 edition.
                

 

2
                  Cauchy realizes this simple first proof of the General Mean Value Theorem is not adequate, as he immediately begins a second, more convincing proof. The first proof does not guarantee the two
                  [image: $$\theta $$]
                  ’s are identical. It is not clear why Cauchy even includes this flawed proof in his text.
                

 

3Cauchy seems to be referring to Problem I of his sixth lecture where he demonstrates, among other things, that a constantly increasing or decreasing function has a nonzero derivative that does not change sign on the interval of interest.

 

4Because the two functions are known to either both be increasing or both be decreasing.

 

5
                  It helps to recall
                  [image: $$A&lt; \frac{f^{\prime }(x)}{F^{\prime }(x)} &lt; B,$$]
                  for all
                  x
                  values within the interval. The 1899 version contains a typographical error here. The reprint uses
                  x
                  in place of the correct
                  X
                  . This error does not occur in the 1823 edition.
                

 

6
                  These two
                  [image: $$\theta $$]
                  ’s
                  are
                  identical.
                

 

7
                  Cauchy has just ended his proof of what is known today as a result very close to
                  
                    the
                    
                  
                  Generalized
                  
                    Mean
                    
                  
                  Value Theorem,
                  
                    sometimes
                    
                  
                  called Cauchy’s Mean Value Theorem, or the Extended Mean Value Theorem. Most modern versions of the theorem restrict
                  F
                  (
                  x
                  ) in a similar way by requiring
                  [image: $$F(x) \ne 0,$$]
                  for all
                  x
                  in
                  [image: $$(x_0, X)$$]
                  .
                

 

8Recall from Cauchy’s Lecture One, an “infinitely small quantity” is one whose limit is zero, not necessarily one that ever becomes zero.

 

9Cauchy stops short of taking limits here, interrupting his derivation with a specific example which he will employ later.

 

10
                  After now taking limits, Cauchy has developed his form of l’Hôpital’s Rule as an intermediate result on his way to Taylor’s formula. This is the final of several inquiries within
                  
                    this
                    
                  
                  text into how to evaluate an indeterminate fraction that presents itself in the form
                  [image: $$\frac{0}{0}$$]
                  .
                

 

11This condition will need to be satisfied throughout this derivation.

 

12
                  The 1899 reprint has a typographical error. It reads
                  [image: $$f(x+h)-f(x)-\frac{h}{1}f^{\prime }(x)=\frac{h^2}{1\cdot 2}f^{\prime }(x+\theta h).$$]
                  This error is not present in the 1823 edition.
                

 

13Cauchy’s earlier work on Taylor’s Theorem from Lectures Thirty-Five through Thirty-Seven involves integral calculus. Here, he shows the relationships can likewise be derived through differential calculus only with the observed limitations.

 

14
                  Recall this is Cauchy’s term, adopted from Lagrange,
                  
                    to
                    
                  
                  denote our modern derivative.
                

 

15Another use of Cauchy’s older term for a point of discontinuity.

 

16This is the precursor of Cauchy’s Theorem II in his Lecture Thirty-Eight and eventually leads to the Ratio Convergence Test for infinite series.

 

17
                  This is the precursor of Cauchy’s
                  
                    Theorem
                    
                  
                  I in his Lecture Thirty-Eight and eventually leads to the Root Convergence Test for infinite series.
                

 

18
                  This unusual definition of an average is used throughout the
                  Calcul infinitésimal
                  text, where it plays a prominent role. Cauchy’s definition is nothing at all like the modern notion.
                

 

19
                  Cauchy’s Theorem XII is a result he calls upon in his
                  Calcul infinitésimal
                  Lectures Seven and Twenty-One. It also provides a wonderful detailed example of one of his proof techniques.
                

 

20This obscure result is used by Cauchy within Lecture Twenty-One in his effort to show the definite integral exists independent of the derivative.

 

21
                  Cauchy intuitively recognizes one of the most important properties of continuous single-variable functions, namely their preservation of sequential limits.
                  
                    Given
                    
                  
                  a sequence
                  [image: $$\{x_k\}_{k=1}^{\infty } = \{x_1, x_2, x_3, \dots \}$$]
                  such that
                  [image: $$\lim _{k \rightarrow \infty }{x_k}=a,$$]
                  if
                  f
                  (
                  x
                  ) is continuous, we will have
                  [image: $$\lim _{x \rightarrow a}{f(x)}=f(a).$$]
                  In other words, a limit can be brought
                  
                    inside
                    
                  
                  a continuous function.
                

 

22
                  This result is today known as Bolzano’s Theorem and is a special case of the Intermediate Value Theorem. It is named for Bernard Bolzano (1781–1848), a
                  
                    talented
                    
                  
                  Bohemian monk who developed work similar to Cauchy’s on this subject during roughly the same period. Bolzano’s work is greatly underappreciated and not nearly as well known today as it deserves.
                

 

23
                  Cauchy uses the phrase
                  la suite
                  here, meaning
                  sequence
                  .
                

 

24
                  Cauchy uses the phrase
                  une série
                  , meaning
                  series
                  , to describe the lists in (
                  2
                  ) and (
                  3
                  ). He surely knows these
                  
                    are
                    
                  
                  both sequences and is likely using the word “series” in an informal sense.
                

 

25
                  Cauchy is arguing this must be a common limit, otherwise there would be two distinct limits,
                  [image: $$a_1$$]
                  and
                  [image: $$a_2$$]
                  , where it would always be possible to find an
                  n
                  such that
                  [image: $$\frac{1}{m^n}(X-x_0)&lt;|a_1-a_2|.$$]
                

 

26
                  Cauchy is doing something quite bold here. He is showing the existence of a quantity,
                  a
                  ,  by demonstrating one can get closer and closer to it. Cauchy is doing something extraordinary for his time, a method which is now very common in analysis, but not in his day. He is assigning a value to the limit of a converging sequence. This technique is also employed by Cauchy in a loose sense within his Lecture One when he defines
                  e
                  ,  and later when he defines his definite integral in Lecture Twenty-One. In short, with this analysis, Cauchy is attempting to prove the existence of a limit. However, it is certainly true there is a great deal Cauchy does not say here. Although he makes an attempt at showing
                  a
                  exists, he does not prove it rigorously by today’s standards. The final details took a great deal of work in later years, culminating with what is known as the
                  completeness
                  property of the real numbers.
                  
                    Cauchy
                    
                  
                  assumes this completeness property without knowing it (which was common for the time) through this entire text. The rigorous treatment of
                  
                    completeness
                    
                  
                  was not dealt with properly until the late 19th century, approximately fifty
                  
                    years
                    
                  
                  after the publication of Cauchy’s
                  Calcul infinitésimal
                  text, by many mathematicians including
                  
                    Richard
                    
                  
                  Dedekind (1831–1916) and Georg
                  
                    Cantor
                    
                  
                  (1845–1918).
                

 

27One of his most beautiful proofs, Cauchy has just proven the Intermediate Value Theorem.
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