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Preface

In the preceding volume,' I identified necessary and sufficient conditions for
the existence of a representation of given Newtonian systems via a variational
principle, the so-called conditions of variational self-adjointness.

A primary objective of this volume is to establish that all Newtonian
systems satisfying certain locality, regularity, and smoothness conditions,
whether conservative or nonconservative, can be treated via conventional
variational principles, Lie algebra techniques, and symplectic geometrical
formulations. This volume therefore resolves a controversy on the repre-
sentational capabilities of conventional variational principles that has been
lingering in the literature for over a century, as reported in Chart 1.3.1.2

The primary results of this volume are the following. In Chapter 4, I prove
a Theorem of Direct Universality of the Inverse Problem. It establishes the
existence, via a variational principle, of a representation for all Newtonian
systems of the class admitted (universality) in the coordinates and time
variables of the experimenter (direct universality). The underlying analytic
equations turn out to be a generalization of conventional Hamilton equations
(those without external terms) which: (a) admit the most general possible
action functional for first-order systems; (b) possess a Lie algebra structure
in the most general possible, regular realization of the product; and (c)

! Santilli (1978a). As was the case for Volume I, the references are listed at the end of this
volume, first in chronological order and then in alphabetic order.

2 All references to the preceding volume have the prefix “I”, e.g., Section I.1.1, Equation
(I.1.1.5). Script letter # is used to refer to elements within the Introduction to the present
volume.

3 To stress the continuity with the three chapters of Volume 1, those of this volume are
numbered 4, 5, and 6.
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xii Preface

characterize a symplectic two-form in its most general possible local and
exact formulation. For certain historical reasons, indicated in the text, I have
called these equations Birkhoff’s equations.

In Chapter 5 I present the transformation theory of Birkhoff’s equations.
Essentially, it emerges that, while Hamilton’s equations preserve their
structure only under special classes of transformations (the canonical and
the canonoid), Birkhoff’s equations preserve their structure under arbitrary,
generally noncanonical, transformations. 1 then present a step-by-step
generalization of the Hamiltonian transformation theory. In addition, I
point out that Birkhoff’s equations can be obtained from Hamilton’s
equations via the use of noncanonical transformations. The inverse reduction
occurs instead via the use of Darboux’s transformations of the symplectic
geometry. This allows the proof in Chapter 6 of the Theorem of Indirect
Universality of Hamilton’s Equations, according to which conventional
Hamilton equations are unable to represent Newtonian systems at large in
the reference frame of their experimental observation; nevertheless, a
representation can always be achieved via use of the transformation theory.

As has been known since Galilei’s time, physics requires that abstract
mathematical algorithms admit a realization in the frame of the observer.
The inability of Hamilton’s equations to satisfy this fundamental requirement
confirms the need for their Birkhoffian generalization.

The analysis presented in these volumes therefore establishes that the
treatment in the frame of the observer of Newtonian systems with unre-
stricted dynamical conditions requires the use of generalized analytic
Sormulations for the most general possible first-order Pfaffian action and of
generalized geometric formulations for the most general possible local and
exact two-forms. These occurrences render inevitable a reinspection of Lie’s
theory (enveloping associative algebras, Lie algebras, and Lie groups) to
achieve a form which is directly compatible with the generalized analytic
and geometric formulations—that is, a form which is classically of non-
canonical character and quantum mechanically of predictable nonunitary
character. This study is conducted in the final stage of a program where the
existence of generalized algebraic formulations is shown. These formulations
essentially consist of a reformulation of Lie’s theory that is directly applicable
to the most general possible associative envelopes, the most general possible
non-Hamiltonian/Birkhoffian realizations of the Lie product, and the most
general possible noncanonical/nonunitary structures of the Lie groups. By
keeping in mind that Lie’s theory was developed for the simplest possible
associative product X;X; of the envelope, the simplest possible form
X; X; — X; X, of the Lie product, and the simplest possible structure exp 6°X;
of the Lie groups, the need for the reformulation under consideration is self-
evident. I have called the emerging formulations isotopic generalizations,
where the term “isotopic” expresses the preservation of the primary analytic,
Lie, or symplectic character.

In this way, we see the emergence of the foundations of a Birkhoffian
Generalization of Hamiltonian Mechanics which
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1. applies to a class of physical systems broader than that for which
Hamiltonian Mechanics was conceived—systems with action-at-a-
distance, potential, self-adjoint forces, as well as contact, non-
potential, non-self-adjoint forces;

2. is based on an isotopic generalization of the analytic, algebraic, and
geometric methods of Hamiltonian Mechanics; and

3. is capable of recovering Hamiltonian Mechanics identically when all
non-self-adjoint forces are null.

A number of applications to systems of ordinary differential equations in
Newtonian Mechanics, Space Mechanics, Statistical Mechanics, Engineering,
and Biophysics are presented during the course of our analysis, with more
specific treatment appearing in Chapter 6. With the understanding that
quantum mechanical profiles are beyond the scope of this volume, I have
briefly indicated the existence of an isotopic generalization of Heisenberg’s
equations, as well as of a number of related quantum mechanical aspects, for
the description of particles under action-at-a-distance, potential interactions,
as well as contact, nonpotential interactions, which are conceivable under
mutual wave penetration, and overlap. The rather old (and currently dormant)
problem of the generalization of Quantum Mechanics is therefore brought
to life in an intriguing and direct way by the Birkhoffian Generalization of
Hamiltonian Mechanics. Regrettably, for the sake of brevity I have been
forced to ignore several additional, equally intriguing developments such as
the extension of Birkhoffian Mechanics to field theory—a study which has
already been initiated in the literature.*

The mathematically inclined reader should be informed from the outset
that I have given priority of presentation to methods and insights, not only
in local coordinates but also within a single fixed system of variables, those
relative to the observer. The use of transformation theory is presented only
as a second phase of study. Finally, generalization via coordinate-free, global,
and geometric approaches is presented as a more advanced approach. This
style of presentation implies a reversal of the priorities of contemporary
mathematical studies, particularly those of geometric character, but it is
dictated by specific pedagogical and technical needs.

On pedagogical grounds, my teaching experience has suggested that it is
best to expose students first to geometric structures in specific local variables
and show that the essential geometric properties persist under arbitrary (but
smoothness- and regularity-preserving) transformations of the local vari-
ables. Then the students may be brought, in a progressive motivated way,
to advanced coordinate-free techniques.

The technical reasons for giving priority to formulating the methods in
local variables are even more pressing than the pedagogical ones. In fact,
the crucial inability of conventional Hamilton equations to represent New-
tonian systems in the frame of the observer can be identified only via the
local formulation of the theory because, at the abstract, coordinate-free level,

4 Kobussen (1979).



xiv Preface

Hamilton’s and Birkhoff’s equations are indistinguishable. At any rate, a
primary function of the Inverse Problem is to provide methods for the
computation of an analytic representation of specific differential equations
in specific local variables. Clearly, this task can be accomplished most
effectively via the local formulation of the theory.

These priorities should not be interpreted as denying the need for global
techniques. On the contrary, these techniques will be quite useful throughout
our study, particularly in proving the main theorems.

This work reflects the organization of Volume I: a main text, a series of
charts,’ illustrative examples, and problems. The main text is devoted to
the simplest possible presentation of the techniques in local variables. The
charts complement the presentation through more advanced topics in
Abstract Algebras, Functional Analysis, Differential Geometry, and other
disciplines. The examples are intended to illustrate only the most important
aspects. Finally, the problems are designed to test the student’s understanding
of the basic ideas and methods and to evaluate the student’s capability for
practical applications.

The relevance of the analysis presented in this and the preceding volume
can be indicated essentially as follows. Within the context of Theoretical
Physics, the methods presented permit the identification and treatment of a
new class of interactions called “closed non-self-adjoint” (Chapter 6). These
interactions verify the conventional conservation laws of total quantities
(closure), yet the internal forces are partially of action-at-a-distance, potential
type and partially of contact, nonpotential type (non-self-adjointness).®
The interactions of primary interest in contemporary physics (e.g., electro-
magnetic interactions and the unified gauge theories of weak and electro-
magnetic interactions) turn out to be of the closed self-adjoint type upon the
extension of the methods to relativistic and field theoretical settings (Santilli
1977a,b,c, and 1978b).

In essence, the transition from closed self-adjoint to non-self-adjoint
interactions is given by the replacement of pointlike constituents with
extended constituents under sufficiently small mutual distances. Points can
only interact at a distance, thus admitting only self-adjoint interactions.
Extended objects, on the contrary, whether particles or waves, admit the
additional contact interactions for which the notion of potential energy has
no physical basis. Thus they are of the non-self-adjoint type. The former
interactions are of Lagrangian/Hamiltonian type, while a necessary condi-
tion for the latter interactions to be truly non-self-adjoint is that they are not
of Lagrangian/Hamiltonian type in the frame of the observer; yet they can
be treated via the Birkhoffian Mechanics and related isotopic generalization

5 As in Volume I, the term “chart” is used in its nautical sense of “guiding” the student
through the main ideas of a more advanced topic, while providing selected references for sub-
sequent studies.

% For the reader’s convenience, some of the theorems of self-adjointness of Volume I are
reviewed in the Introduction and in Section 4.1.
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of analytic, algebraic, and geometric methods. The conceptual and technical
advances are self-evident.

A rather forceful Newtonian example of closed non-self-adjoint inter-
actions is given by our Earth. If considered isolated from the rest of the uni-
verse, the Earth verifies the conservation of total physical quantities, but
the interior motions are of the non-self-adjoint type, as is the case for satellites
during reentry into our atmosphere, spinning tops with drag torques, etc.

It is often argued that nonpotential forces are due to the “immaturity” of
the Newtonian description, and that the local/potential/Lagrangian or
Hamiltonian nature is recovered in full when passing to elementary con-
stituents of matter. This view has been criticized in recent times because it is
based on the pointlike abstraction of the elementary constituents and because
it ignores the experimentally established conditions of mutual wave over-
lappings for all interior problems under strong interactions, such as the
structures of nuclei, of strongly interacting particles (hadrons), and of stars.
At any rate, the idea that the experimentally established nonpotential
Newtonian interactions can be reduced to a large collection of potential
interactions has no practical computational value (owing to the large number
of constituents of macroscopic bodies). It has no experimental support at
this time, is therefore merely a scientific belief, and when subjected to an
actual mathematical study, is afflicted by a host of consistency problems such
as the need to recover nonpotential dynamics via a large collection of
potential ones.

In different terms, the Newtonian description of the structure of our Earth
with its established potential and nonpotential forces in local or nonlocal’
treatment, is a model of invaluable guidance in the study of the more complex
structures of nuclei, hadrons, and stars, rather than knowledge to be by-
passed via pointlike abstractions of the elementary constituents. To put it
quite candidly, I have conducted most of these studies because of the poss-
ibility that our Earth can be viewed as a Newtonian image of the structure of
hadrons, in the same way as our solar system is seen as a Newtonian image

of the structure of atoms.
Once the closed non-self-adjoint interactions are acknowledged either as

an experimentally established reality (classical mechanics) or as a possibility
(particle physics), the relevance of the methods of these volumes becomes
self-evident. In fact, by recalling that the broader interactions considered, by
conception, cannot be directly treated via Hamilton’s (or Heisenberg’s)
Mechanics, the methods employed in these volumes permit the use of
rigorous analytic, algebraic, and geometric techniques which would otherwise
be precluded. Besides the evident classical applications, the methods are
potentially useful for the future experimental resolution of the problem of the
structure of strong interactions; that is, whether the ultimate structure of the

71t should be stressed that this volume in general, and Birkhoff’s equations in particular,
treat local non-self-adjoint interactions. The nonlocal non-self-adjoint interactions demand a
generalization of Birkhoff/Lie/symplectic formulations, e.g., into the so-called Lie-admissible
formulations (see Chart 4.7).
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universe can be reduced to a collection of points, or a substantially more
complex reality must sooner or later be acknowledged.

The relevance of the methods in Engineering is equally self-evident.
Engineering systems are non-self-adjoint as a rule and are self-adjoint only
in very special cases. I am referring to computer or electric systems inclusive
of internal losses, trajectory problems with follower forces, etc. The tech-
niques presented in these volumes allow the computation of an action func-
tional for all these systems, by treating them via well-established methods
such as the canonical perturbation theory and the Hamilton-Jacobi theory.

The reader can now see the relevance of the Inverse Problem for other
disciplines, such as Space Mechanics, Statistical Mechanics, Biophysics, etc.

This volume originated in the following way. In Volume I, I reported on
studies of the integrability conditions for the existence of a Lagrangian as
available in the literature and presented my own work on the independent
existence of a Hamiltonian (i.e., existence of a Hamiltonian without prior
knowledge of a Lagrangian). I also presented my methods for the computa-
tion of these functions from the equations of motion, when the integrability
conditions are verified. I identified the capability of these functions to repre-
sent both potential and non-potential forces and treated a number of com-
plementary aspects.

While conducting these studies, I became aware that the violation of the
integrability conditions for the existence of a Lagrangian, or independently,
of a Hamiltonian, is the rule in practical cases and that their verification is
the exception. Although I have no available evidence, I believe that this
restrictive character of the conditions of self-adjointness has been known
since the early studies on the Inverse Problem in the last century, and this
resulted in the subsequent lack of significant attention to the problem in
both the mathematical and physical literature, as reported in the Introduc-
tion to Volume L.

Clearly, in order to reach a level of practical effectiveness, I had to “solve
the Inverse Problem.” That is, I had to identify methods capable of turning
all non-self-adjoint systems of the class admitted into equivalent self-adjoint
forms for which an action functional can (at least formally) be computed.

After a considerable library search (in addition to that reported in Volume
I), I succeeded in tracing efforts back to Mayer (1896); additional relevant
contributions were made by Davis (1931) and Havas (1957). All these con-
tributions deal specifically with the Indirect Lagrangian Problem and are
reported in the Appendix along with the Newtonian reduction of my field
theoretical studies on the topic (Santilli (1977c)).

Even though the methods permitted the construction of Lagrangian
representations for genuine nonconservative nonpotential systems, the lack
of direct universality of the Inverse Lagrangian Problem was soon es-
tablished.® This situation called for additional efforts. At this point the

8 I should indicate from the outset that these limitations refer specifically to the Lagrangians
of contemporary use in theoretical physics, those depending at most on the velocities (first-order
Lagrangians).
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Independent Inverse Hamiltonian Problem became crucial. In essence,
in Volume I, I had established the symbiotic character of the conditions of
self-adjointness for first-order systems by ensuring: 1) the derivability from a
variational principle, 2) the Lie algebraic character, and 3) the symplectic
geometric structure. As indicated in Volume I, Hamilton’s equations are
only a particular case of these conditions of s¢lf-adjointness. The existence
of more general equations preserving the analytic, algebraic, and geometric
character was then ensured. I therefore proceeded to the identification of
these broader equations as the most general possible form permitted by
the conditions of self-adjointness. In this way, I “rediscovered” equations
which had been proposed by Birkhoff (1927) without the algebraic and
geometric techniques of the Inverse Problem. Their direct universality for
systems of first-order ordinary differential equations resulted from an
unexpected property identified by Havas (1973). Unlike second-order
systems, first-order systems always admit (under sufficient topological
conditions) a regular matrix of integrating factors which produces an
equivalent self-adjoint form. The Birkhoffian representation of the systems
is then consequential, and its explicit form can be computed via the Converse
of the Poincaré Lemma (Section 1.1.2). These studies are presented in Chapter
4, jointly with a number of complementary topics such as the indirect
Birkhoffian representation of Hamilton’s equations, the algebraic signifi-
cance of the self-adjointness inducing and preserving transformations of the
equations of motion, etc.

The next step of my studies was predictable and consisted of reducing a
direct Birkhoffian representation into an indirect Hamiltonian form through
the transformation theory. By noting that the former is characterized by
a general exact symplectic structure, while the latter is characterized by the
fundamental one, the reduction is done simply by a Darboux’s transforma-
tion. This is, in essence, the Theorem of Indirect Universality of the Hamil-
tonian Representations, presented in Chapter 6 by using variational self-
adjointness and its algebraic/geometric structures. Not surprisingly, the
theorem was conceived first by Lie (1871) who, as part of the pioneering
studies on the algebras and groups carrying his name, also probed the
universality of their application to ordinary® differential equations. Sub-
sequently, the problem was reinspected by Koenigs (1895), and the theorem is
sometimes referred to in specialized literature as the Lie—Koenigs Theorem.
This theorem is presented in this volume, however, for its direct geometric
content (a manifestation of Darboux’s theorem), rather than for its algebraic
interpretation, as generally presented in the existing literature.

Needless to say, seeing in this way that the Inverse Problem always admits
a solution was rewarding for me, but, as the mature researcher well
knows, whenever primary research objectives have been achieved, it is time
to provide the utmost possible critical examination of the results. My sub-
sequent efforts have been devoted to the implications of the indirect nature of

I am not aware of attempts by Sophus Lie to apply his theory to nonlocal/integro-differ-
ential systems.
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the universality of Hamiltonian representations. The results are presented
as an application of the Theorem of Indirect Universality and consist of a
technical identification of the fact that Galilei’s relativity does not hold for
Newtonian systems at large (closed non-self-adjoint systems of extended
particles) and does hold for only a special class of systems (closed self-adjoint
systems of particles admitting an effective pointlike approximation). This
identifies the problem of the possible generalization of Galilei’s relativity
for closed non-self-adjoint systems via the isotopic generalization of con-
ventional Hamiltonian, Lie, and symplectic techniques, which is, perhaps,
the most intriguing aspect of our analysis.

My studies therefore confirm the traditional pattern of a continuing
scientific process. The Theorems of Direct and Indirect Universality of
Analytic Representations do indeed solve the most crucial aspects of the
Inverse Problem. Jointly, however, the theorems identify new, rather funda-
mental, open problems, with particular reference to the relativity and under-
lying physical laws which are applicable to contact/nonpotential/non-self-
adjoint interactions.

I can therefore conclude by saying that Newtonian mechanics, rather
than having reached a terminal stage, is still open to new, potentially funda-
mental advances.

March 26, 1981 RUGGERO MARIA SANTILLI
The Institute for Basic Research
Cambridge, Massachusetts
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Introduction

The study of the systems of particles occurring in our environment has
established the existence of a considerable variety of forces, such as
Newtonian and non-Newtonian, potential and nonpotential, or local and
non-local forces.

I.a Newtonian and Non-Newtonian Forces

Forces in Euclidean space E; with local coordinates r (or in configuration
space with generalized coordinates, ¢*, k = 1, 2, ..., n)! are called New-
tonian when they are independent of the accelerations and depend in
general on time t, coordinates r, and velocities ¥, F = F(t, r, i) (or F =
F(t, g, 4)). The following are familiar examples of Newtonian forces:

F = —kr; F = —yi; F= iQr—sQr; rek, (£.1)

Forces with an explicit dependence on the accelerations, F = F(¢, r, , F),
are called non-Newtonian because they generally violate some of the
principles of Newtonian mechanics (e.g., the principle that total accelera-
tion is given by the vectorial sum of the accelerations produced by each

! The notations of the preceding volume will be maintained throughout this volume (boldface
letters for vectors, sum of repeated indices, etc.). They will be defined in footnotes only when
necessary. Script letter .# is used to refer to elements within the Introduction of the present
volume.
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individual force). Examples of acceleration-dependent forces occur in
radiation damping, or in systems of coupled oscillators (where they are
sometimes called acceleration couplings).?

I.b Potential and Nonpotential Forces

A Newtonian force F(t, r, F) i- said to be potential (nonpotential) when it
verifies (does not verify) the integrability conditions for the existence of a
potential energy U(t, r, F) according to the rule

. ou 4 d oU #2)

or  dt ot '
Potential forces represent action-at-a-distance interactions (e.g., Cou-
lomb interactions). Nonpotential forces represent instead contact inter-
actions (e.g., interactions occurring for motion within a resistive medium.>

I.c Local and Nonlocal Forces

Consider a system of particles moving in vacuum at large mutual distances.
In this case the shape and structure of the objects do not affect the dy-
namics. The objects can then be approximated as massive points. Under
these conditions, the forces are local, in the sense that they occur at a
number of isolated points. Nonlocal forces occur instead in the motion of
extended objects within a resistive medium (e.g., a satellite in Earth’s
atmosphere) and in other systems whose dynamic evolution is affected
by the shape and structure of the objects. In this case the forces call for a
suitable integral form which represents the action occurring at all points
of the surface (or volume) of the objects; e.g.,

F=- H dvK(, v, v, i, ¥, ...), (4.3)

with the understanding that the non-locality can also be in time (see
Mittelstaedt (1970) and, more recently, Trostel (1982)).

It is evident that local forces are often an approximation of nonlocal forces.
In fact, forces of type (£.3) are often approximated in mechanics via power-

2 For more details see Volume I, Appendix A.6.

3 The reader should keep tn mind the classification of Newtonian systems into conservative,
dissipative, and dynamical (ot nonconservative), given in Volume I, Appendix 1.A, for which the
total mechanical energy is conserved, monotonically non-increasing in time, and arbitrarily
(but continuous) varying in time, respectively. Only the conservative systems of this classification
admit potential forces. The forces of all the remaining systems are generally nonpotential.
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series expansions in the velocities truncated at a power selected on the basis
of experimental information,

J dsK(t, 0, b, .. ) = yik + o E|F + p3B2F + . (#£.4)

For instance, the simplest conceivable resistive force is given by the ex-
pression linear in the velocity F = —v,i. A first improvement of the approxi-
mation can be accomplished by adding a term quadratic in the velocity,
F = —v,i — y,|i|k. The subsequent improvement, which is needed particu-
larly for high speed, is given by adding a term cubic in the velocity, F =
—y,F — y, ||} — y;i%F, thus yielding a truncated power series of type (#£.4).

The analysis of the preceding volume has been restricted to local New-
tonian forces which are either potential or nonpotential. The study of
non-Newtonian and/or nonlocal forces will be excluded from this volume as
well (apart from occasional mention). In Chapters 1.2 and 1.3 we established
the integrability conditions for a force to be of potential type, which became
known as the conditions of variational self-adjointness. The methods for the
computation of a potential from the force, when all integrability conditions
are verified, were also established.

Reviewing the following elemental properties may be advantageous.

Theorem .#.1 (Self-Adjoint Newtonian Forces, Theorem 1.2.2.2, p. 1.67,
and Charts 1.3.8 and 1.3.9, pp. 1. 192-1.195). A necessary and sufficient
condition for a local class €* Newtonian force F(t, 1, t) to be derivable from a
potential U(t, r, t) according to Rule (£ .2), is that the force is at most linear in
the velocity, i.e., it is of the type

F; = pift, NP + a1, 1); Li=Xx2 (#£.5)

and all the following conditions of variational self-adjointness
pij + pji =0, (S.63)
‘Zp L a—aprl’i 1 %u_ g (4.6b)

are identically verified in a star-shaped neighborhood of a point (t, x). In this
case the potential can be computed from the force according to the rule

1
U= —r f dt Fi(t, tx, 1) (#£.7)
0

= B,(t, r)F* + C(t, r).

The relativistic extension of the theorem has been studied in Santilli
(1978b) and the field-theoretic generalization in Santilli (1977a,b,c).
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As clearly established by Theorem .£.1, the conditions of self-adjointness
constitute a mathematical tool for the rigorous treatment of the physical
notion of potential. When all the conditions of the theorem are verified, we
have a self-adjoint force Fg,, and a potential exists. When at least one of the
conditions of the theorem is violated, we have a non-self-adjoint force Fyg,,
and a potential does not exist.*

Corollary .£.1a. A necessary condition for a function U(t, x; t) to be the
potential of a Newtonian force is that it is at most linear in the velocity.

This property is clearly a consequence of condition (£.5), and it is expressed
via the last form of (#.7). It has been recalled here because of a tendency in the
contemporary literature of theoretical physics (particularly in high energy
physics) to call “potential ” any sufficiently smooth function U(t, r, £). As we
shall see, unless the condition of linearity in the velocity is met, the potential
U(s, 1, 1) is really representative of nonpotential forces.

When all forces are self-adjoint, the equation of motion for an uncon-
strained Newtonian particle in Euclidean space admits the so-called ordered
direct Lagrangian representations (Section 1.3.4)

G — = mi — FRGLD,  k=123; (S .8a)

L= %er — UG, 1, §). (#.8b)

with a natural generalization to a system of particles.

The integrability conditions for the existence of these representations were
studied in detail in the preceding volume for the more general case of local
Newtonian systems with holonomic constraints, the so-called fundamental
form of the equations of motion in configuration space (Section 1.A.7)

Adt,9,9)d + Bdt,4,9) =0, k=12,...,n (£.9)

Unconstrained Newtonian systems are a particular case of this form obtain-
able via the identification of the generalized coordinates g* with the Cartesian
coordinates r' in a given ordering and of the term A;; with the mass tensor

mo;;.

*One of the most general self-adjoint forces possible is the Lorentz force F = e(E + £ x B).
In fact, besides being linear in the velocity, the force has the most general possible structure
verifying all the conditions of Theorem £.1 (see Example 1.2.7, p. L1.105, for detail). Non-self-
adjoint forces are structurally more general than the Lorentz force because they are generally
nonlinear in the velocity. Notice, however, that linear velocity-dependent drag forces F = —yi
are non-self-adjoint because they violate conditions (#.6a). Notice also that velocity-independent
non-self-adjoint forces are conceivable.
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Lagrange’s equations® in configuration space are given by the familiar
form
d 0Lt g,4) 0Lt q,9)
dt ¢ oq*
_ ?L 4 L 4 0*L oL
o oqd? T oFod? T agFer  of

=0. (£.10)

5 The reader should recall from the preceding volume that the equations customarily referred
to as “Lagrange’s equations” (and “Hamilton’s equations”) in the contemporary physical
and mathematical literature are not the equations originally conceived by Lagrange and Hamil-
ton. The latter are those with external forces, i.e.,

ddL OL

dtogt ot F
I )
=m0 BT T

Only since the beginning of this century have the “true” Lagrange’s and Hamilton’s equations
been “truncated” via the removal of the external terms, by acquiring the form of conventional
contemporary use. The methodological implications of this “truncation” are considerable.
Hamilton’s equations without external terms possess a Lie algebra structure, while those with
external terms violate the conditions for a Lie algebra and verify instead those for a more general
algebra called Lie-admissible (Santilli (1978c), Myung, Okubo, and Santilli (1978 a,b)). This
volume (as well as the preceding one) is devoted to the Inverse Lie Problem, that is, to the methods
for the construction of a representation of given, generally nonconservative systems, via equa-
tions possessing a Lie algebra structure. The use of the equations originally conceived by
Lagrange and Hamilton characterizes instead the more general Inverse Lie-Admissible Problem.
This latter problem will not be considered in this volume, apart from a few incidental comments
(see Chart 4.7).

Finally we should indicate here that the extension of (.#.10) to field theory which is rather
universally used in the contemporary physical literature,

d 0¥ 0L

dp*
ox* ok dp* B

_ — ki
0. w=0123 k=12..N ¢i=3"
is erroneous under the known, internationally accepted meaning of the symbol d/0x* as repre-
senting partial derivatives. The correct equations are those with total derivatives d/dx* as in
(. 10) and are explicitly given by

d o 0% | . 6+ i;6+6}6$ 0¥
dx* dgk W =P oph Pu 9" 0x*) dpk 0ot
1{ 0*% 4 . 0*¥¢ N 0 0¥ 0¥
=5 rreusra e L e e
2 \0g;iop;  0¢iop, 0piop ox* 0¢y O

The erroneous character of the equations with a partial derivative has been established by San-
tilli (1977a,b,c) by proving that the equations are not self-adjoint, and therefore they are not deriv-
able from a variational principle, contrary to a rather popular belief. Note that for quadratic
Lagrangians the equations formally yield correct equations of motion. However, for sufficiently
nontrivial Lagrangian structures, the equations with partial derivatives yield wrong field equa-
tions, trivially, because of the omission of several terms. Predictably, this is an occurrence of the
physical literature without a counterpart in the mathematical literature. For instance, the mathe-
matical literature in the calculus of variations for multiple integral path functions unanimously
uses and stresses the need of total derivatives in the Euler’s necessary condition.
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A crucial property for the existence of a representation of (£.9) with (£.10)
is given by the following theorem.

Theorem .#.2 (Self-Adjointness of Lagrange’s Equations, Theorem
1.3.3.1, p.1.118). Regular class €* Lagrange’s equations (#.10) are always
self-adjoint (that is, they are self-adjoint for all possible Lagrangians
L(t, q, 9)).

A main result of the preceding volume was the following property.

Theorem .#.3 (Fundamental Analytic Theorem for Configuration Space
Formulations, Theorem 1.3.5.1, p. 1.131, and Chart 1.3.11 p.1.196). A
necessary and sufficient condition for a local system (F£.9) which is well-
defined, of at least class €2, and regular in a star-shaped region &* of the
variables (t, q, 4), to admit an ordered® direct analytic representation in terms
of Lagrange’s equations in #*,

d 0L 0L i .
7 5—qk - 5(—1; = A1, 9, 9)4" + Bult, g, 9) (4.11)

6 The ordering refers to the equations of motion and to Lagrange’s equations, under the
condition that these independently selected orderings verify identities (.#.11). To elaborate on
this important point, consider the equations of motion. The first step for the construction of a
Lagrangian (or a Hamiltonian) is the selection of the ordering in which the individual equations
will be treated. This ordering is quite important for the Inverse Problem, because the self-
adjointness or non-self-adjointness of a system is not necessarily invariant under permutations of
the ordering. This property was illustrated in Volume I a number of times. For instance, system
(1.3.4.13) or (1.3.4.19), pp. 1.125-1.126, i.e.,

gy + b4y + 0?’q; =0
d2 — bg; + 0?q, =0

d2 — bg; + 0?q, =0
gy + b4y + 0?q; =0

is non-self-adjoint in the ordering (g, q,) and seif-adjoint in the permuted ordering (q,, q;)- A
fully similar sitation occurs for Lagrange’s equations which are self-adjoint in the ordering
k =1,2,3,4,5, etc, but generally non-self-adjoint in an arbitrarily selected ordering, e.g.,
k = 5,4,1,2,3, etc. In conclusion, the left-hand side of Identities (#.11) has the natural ordering
k = 1,2,3, etc., while the right-hand side has, in general, a different ordering, always selected in
such a way that Identitie (#.11) hold for a given Lagrangian. This situation was illustrated in
Section 1.3.4 with the example

L =44, + 3b(d:4; — 4:42) + ©*q145,
d oL oL

dt % - % (q2 - qu + wzqz)
d oL oL gy + b4y + 0?qy/)’

dtéq, g,

il

where Lagrange’s equations have the ordering (q,, ¢,), and the equations of motion have the
inverted ordering (g5, q,). It is hoped that these remarks provide more details on the notion
of ordering introduced in Section 1.3.4.
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is that all the following conditions of variational self-adjointness of the
equations of motion are verified in #*:

A= Ay, (S£.12a)
‘22;3‘ _ %’ (4.12b)
g% + ‘Z _2 {% " %}A (.120)

In this case a Lagrangian can be computed from the equations of motion
according to the rule

1
L= —¢ f e[ A, <q, )i’ + Bylt, wq, )]
0

d (! ! .
+ — f dt J ar’ tq* A,(t, 1q, TT'§)d". (#£.13)
dt Jo 0

Alternative methods for the computation of a Lagrangian were provided
in Section 1.3.6. An interpretation of the structure of the Lagrangian was
conducted in Section 1.3.7. A number of additional properties and examples
completed the study.

In order to complete the analysis of Volume I, in the Appendix of this
volume we shall identify the limitations of Lagrange’s equations, with partic-
ular reference to their inability to represent a sufficiently broad class of local,
Newtonian, non-potential systems in the frame of the observer. These
limitations have motivated the search for a generalization of the Hamiltonian
Mechanics reported in the main chapters of this volume.

It should be indicated from the outset that the limitations considered refer
to Lagrange’s equations of the contemporary literature, those in first-order
Lagrangians (i.e., Lagrangians for which the maximal total derivative of the
dependent variable is of first-order, L = L(t, g, ¢)). As we shall see in Chapter
4, if this restriction is lifted, and second-order Lagrangians (L = L(t, g, 4, §))
are admitted, new possibilities arise. However, the physical implications for
acceleration-dependent generalizations of conventional Lagrangians are
predictably non-trivial.

Also, the limitations considered exclude the use of velocity-dependent
transformations, g, — q,(t, g, 4), and imply the restriction of the transforma-
tion theory to the conventional point transformations of the contemporary
literature. This restriction is suggested by a number of open problems
inherent in velocity-dependent transformations, including the possible loss
of the second-order character of the conventional Lagrange’s equations.

The following introductory remarks may be helpful for a better identifica-
tion of the limitations under consideration.
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Consider an unconstrained Newtonian system with self-adjoint forces, such
as the one-dimensional harmonic oscillator. The system verifies the condi-
tions of Theorem .£.3, a Lagrangian exists, and we can write

— = (mF + kr)as

dt or  or (£.14)

L = Ymi? — kr?).

Suppose now that the system is represented more realistically by adding a
drag force linear in the velocity. In this case the system becomes non-self-
adjoint, and a Lagrangian for its direct representation does not exist; i.e.,

L T 4 [ + sa + - (£.15)
However, a Lagrangian can still exist for the representation of an equivalent
equation of motion, provided that it is self-adjoint. In this way, the problem
of the existence of a Lagrangian is reduced to whether a given non-self-
adjoint system admits an equivalent self-adjoint form.

The latter problem can be studied with or without the transformation
theory. We shall study it first without the transformation theory in order to
identify the limits of representational capabilities of Lagrange’s equations
in the coordinates and time variables actually used in experiments (Section
A.1). Once this has been achieved, we shall study the generalization of the
methods with the transformation theory (Section A.3).

The condition that the local variables (z, r, i) are not transformed restricts
the possibilities of constructing equivalent systems to those provided by the
multiplication of a regular matrix of factor functions, or integrating factors.
The indirect Lagrangian problem within a fixed system of local variables can
therefore be written in Euclidean space’

BnaE ok = {hi(t, v, OLmF; — filt, 1, D))sa — Fit, ¥, Dnsatsa, (S.16a)

det(h;)(t, r, IYZR) # O, (£.16b)

with a self-evident generalization in configuration space under holonomic
constraints. The regularity® of the matrix (h;;) ensures its invertibility and
thus the capability of recovering the equations of motion as they originate
from the second law. The equivalence between the original and the trans-
formed equations is then trivial.

7 Notice that the multiplicative functions hi(t, r, ¥) do not depend on the highest derivative
(accelerations) to preserve not only the original solutions but also the structure of Lagrange’s
equations. The same rule will be used for other types of representations considered later on.

8 The notion of regularity was introduced in Section I.1.1 and will be elaborated upon shortly.
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For the case of the linearly damped harmonic oscillator we have the fol-
lowing solution (Example 1.3.2, p.1.210)

ior or - {7 (mF + kr)sa + VFInsalsas (F£.17a)

L = e"m™ii(mi2 — kr?). (£.17b)

As we shall see, despite the capability of representing a considerable class
of Newtonian systems, the indirect Lagrangian representations are not
universal, that is, capable of representing all Newtonian systems of the class
admitted. This limitation motivates the Birkhoffian generalization of
Hamiltonian mechanics to be studied in the subsequent chapters.

The general assumptions used in this volume are the following. The analysis
of the preceding volume was conducted for systems of second- (first-) order
differential equations which are of class #* (%), as recalled in Theorem .#.1
(£.3). Unless otherwise specified, all systems considered in this volume will
be assumed to be analytic, that is, admitting a convergent multiple power-
series expansion in the neighborhood of a point of the local variables.® The
condition is essentially suggested by the existence theory of partial differential
equations which will be used in the proof of the main theorems.'® For the
reader’s convenience, we have reviewed in Chart A.1 (A.2) the notion of
real (complex) analyticity and in Chart A.3 the Cauchy-Kovalevski theorem
on the solution of partial differential equations. As we shall see, this theorem
is often useful for the solution of the conditions of self-adjointness in the
integrating functions hi.

The smoothness condition above will be referred to a region in the space
of the local variables, that is, an open neighborhood of a given point. Unless
otherwise specified, the open region will be assumed to be star-shaped (and
denoted with the symbol %#*) in order to comply with the converse of the
Poincaré lemma (Section 1.1.2). All points considered will be assumed to be
regular points in the sense reviewed in Chart A.1.

Finally, all systems considered will be assumed to be regular in #*, that is,
their functional determinant (Section I.1.1) is non-null in the region con-
considered. The possible existence of a countable number of isolated zeros
was considered in the preceding volume and will be ignored here. Recall that
the functional determinant of fundamental form (.£.9) is given by

H(R*) = | Ay (2Y), (4.18)

? Clearly, the condition of analyticity includes that of class #*, but the converse is not neces-
sarily true.

10 As presented in detail in Volume I, the equations to be represented (Newton’s equations
of motion) are ordinary differential equations, but the equations used for the representation
(Lagrange’s equations) are partial differential equations, as expressed by explicit form (£.10) as
well as by the conditions of self-adjointness (.£.12). Equivalently, we can say that when a Lag-
rangian in identities (#.11) is known, the equations are ordinary, but when a Lagrangian must
be computed from the equations of motion, the system to be solved consists of partial differential
equations.
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and that of Lagrange’s equations is
0L
0q' 0’

H(R*) = (%%*). (£.19)

These determinants are functions of the local variables (t, g, §) (or (¢, 1, ).
The condition that they are non-null in £* has a number of consequences,
such as the applicability of the theorem on implicit functions (Theorems 1.1.1.1
and I.1.1.2 p. 1.18-1.20). The existence of the implicit functions for all systems
(#.9) then follows; they are unique and can be written

f*= Al "B (4.20)
The corresponding form of the equations of motion is given by
& —fMa9.49)=0 (£.21)

and was called the kinematical form (Section I.1.1).!!

Two or more functionally different systems in the same variables will be
said to be equivalent when their implicit functions f* coincide. This definition
of equivalence is sufficient for the analysis of this volume. In fact, the existence
theory for ordinary differential equations as presented in the mathematical
literature (see Section I.1.1 for a review) is based on the computation of the
implicit functions, reduction of the system to a first-order form, and use of the
various techniques for the solution. The identity of the systems of implicit
functions then ensures the identity of the solutions.

Two or more systems in different variables are said to be equivalent when
the transformations connecting these variables are invertible, single-valued,
smoothness-preserving, and leading to the same implicit functions for each
considered set of variables. The preservation of the uniqueness of the implicit
functions under a change of variables then ensures the equivalence of the
systems considered.

Throughout our analysis we shall use the notation SA (self-adjoint) or
NSA (non-self-adjoint) for Newtonian forces (systems of differential equa-
tions) to denote the verification or lack of verification, respectively, of the
integrability conditions for the existence of a potential (or a Lagrangian).
Therefore, Fg, implies the existence of a potential U according to Theorem
# .1, while F g, implies the violation of at least one condition of this theorem.
Similarly, the notation

(A§" + Bsa = 0 (S£.22)

! The kinematical form of unconstrained Newtonian systems is given by
t, — F/m, =0, k=12,...,N.

Recall from Section 1.2.2 that when the forces are self-adjoint, but the masses are different, the
kinematical form is non-selfadjoint and, as such, cannot be directly represented via Lagrange’s
equations. This confirms the importance of the second law in Newtonian mechanics and the
related form of the equations of motion, mi — F = 0.
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indicates the property (or condition) that the system verifies Theorem .#.3
and that Lagrangian (£.13) exists. Similarly, the notation

(Ai§" + Bnsa = 0 (#.23)

indicates that the system violates at least one of the conditions of Theorem .#.3.
The analysis will be primarily conducted in terms of the independent vari-

able ¢, the dependent variables ¢* = ¢*(t), and their derivatives. Cartesian

coordinates r will be used whenever useful to illustrate physical aspects.



CHAPTER 4

Birkhoff’s Equations

4.1 Statement of the Problem

As is well-known, the study of Newtonian systems in first-order form permits
the achievement of a remarkable symbiosis among analytic techniques (e.g.,
canonical formulations of variational principles), algebraic techniques (e.g.,
theory of Lie algebras), and geometric techniques (e.g., the symplectic and
contact geometries). The availability of these powerful mathematical tools
then renders the study important for several aspects of mechanics, ranging
from practical applications (e.g., treatment of systems via the Hamilton-
Jacobi theory) to formal problems (e.g., coordinate-free globalizations).
Within the context of the Inverse Problem, the study of systems in first-
order form has an additional relevance for achieving universality, that is, the
representation of “all” systems of the class admitted via a conventional
variational principle.! A study of the problem reveals that the universality
of the Inverse Problem is (at least) threefold. We have first a direct universality,
that is, universality in the coordinates of the experimenter. We then have an
indirect universality, that is, universality achieved via transformation theory.

! A considerable variety of “variational principles” exists in the literature, ranging from those
constructed as particularization of “variational problems” (see Section 1.1.3 for details), to
special versions whose variations satisfy subsidiary constraints (see footnote™ of Chart 5.7 for
an example). The phrase “conventional variational principles” is used here to stress the fact
that the variations are the conventional ones of Hamiltonian mechanics. The actions, on the
contrary, have integrands with unrestricted functional dependence in the local variables.

12
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Finally, we have a coordinate-free universality achieved through coordinate-
free global geometric techniques.

In Volume I we established the integrability conditions for the existence of
a Hamiltonian representation without necessary prior knowledge of a
Lagrangian (Independent Inverse Hamiltonian Problem); we worked out
methods for the computation of a Hamiltonian from the equations of
motion; and we identified the analytic, algebraic, and geometrical meanings
of the integrability conditions which, predictably, turned out to be the condi-
tions of variational self-adjointness for first-order systems.

In this chapter we establish the direct universality of the Inverse Problem
for Newtonian systems which, besides being local, analytic, and regular, are
otherwise unrestricted. This includes a large variety of systems of contem-
porary use in mechanics, such as trajectory problems, spinning and oscil-
latory motions with damping terms, etc.? The direct universality is then
extended to systems of arbitrary (but finite) order and dimensionality, as well
as arbitrary (i.e., not necessarily Newtonian) interpretation. Indirect uni-
versality is studied in the next chapter, and that of coordinate-free type is
pointed out in the geometric parts of our analysis.

In this section we review, for the reader’s convenience, the main results of
the preceding volume on first-order systems, and then reach a more detailed
statement of the problem for each of the analytic, algebraic, and geometric
profiles. The interrelations between these seemingly different aspects are
pointed out too, to illustrate the unity of thought in mechanics.

4.1.1 Reduction of Lagrange’s Equations to the
Hamiltonian Form.

The reduction (studied in detail in Section 1.3.8) is trivial for conservative
Lagrangians but not so for arbitrary Lagrangians, in which case a sound
knowledge of the Theorem on Implicit Functions (Section I.1.1) and its
applications is essential.®

2 Note that the analysis of this volume excludes the more general nonlocal (integral) non-
potential (non-self-adjoint) systems. These latter systems call for methods correspondingly more
general than those of Lie-symplectic type, such as those of Lie-admissible type (see Chart 4.7).

3 During my experience as a teacher of mechanics for graduate students, I have found the best
opening test of the students’ knowledge of Lagrange’s and Hamilton’s equations is the following.

Assign a Lagrangian with a structure more general than L = T — V and ask the students to
compute the equations of motion or the Legendre transform. Unless the students have been speci-
fically exposed to the full form (#.10) of Lagrange’s equations or to the methods reviewed in
Section L.1.1 for the construction of the implicit functions, they often fail this seemingly simple
test. The failure rate on corresponding tests in field theory was even greater, owing to the er-
roneous way that Lagrange’s equations for continuous systems are often written in contemporary
literature, as pointed out in footnote® of the Introduction. This is not surprising, owing to a
rather widespread tendency to remain at the level of a Lagrangian and ignore the equations of
motion. The Inverse Problem is intended to prevent or otherwise minimize fundamental
deficiencies of this type, because an in-depth knowledge of the structure of Lagrange’s and
Hamilton’s equations is f cused rather naturally.
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The reduction is centered in the well-known prescriptions for the char-
acterization of the new independent canonical momenta

oL
=g EMULED,  k=12...n @.1.1)

under the regularity condition

det(aM )(ge) ( azL ) (R) # 0, 4.12)

o or

which, together with the assumed smoothness conditions, assures the exis-
tence of a unique set of implicit functions in the velocities

& N4, 1, p). 4.1.3)

Once (and only once) implicit functions (4.1.3) have been computed
explicitly, the Hamiltonian can be expressed in the canonical variables,
according to the rule

H(t,r,p) = i*p, — L(t, 1, })
= N(t,r, p)p. — L[, v, N(t, 1, P)], (4.14)

with underlying (invertible) properties

0H

*=N=_— (4.1.5a)
Ok
oL oH
SE= T 3F (4.1.5b)
oL_ _oH 4.1.5
P (4.1.50)
Lagrange’s equations then become
doL , 0L 0H 4.1.6)

a T T
The combination of Equations (4.1.5a) and (4.1.6) yields the celebrated

Hamilton’s equations without external terms*
- 0H
- apy’
) oH
pk - 6r" ’

k=1,2...,n @.1.7)

4 The reader should keep in mind from footnote 5 of the Introduction that Equations (4.1.7)
are the “truncated Hamilton’s equations.”
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which can be written in the unified form

OH(t,
i — o 2 v“) =0, u=1,2...,2n, (4.1.8)
da
where
rk, u=12...,n,
# = 4.1.9
¢ {pu’ .u'=n+15n+2"-',2n9 ( a)

Onxn “"*"). (4.1.9b)

HV) —
(w ) (_lnxn Onxn

Equations (4.1.8) are of the contravariant® type. The equivalent covariant®
form is given by

 8H(, a)
wnd — =22 =0, (4.1.10)
where
aB | — Oan _lnxn
@m=mw%n=(ﬁﬂn m”> GL1D)

Throughout our analysis we shall ignore conventional form (4.1.7), as we
did in the preceding volume, and consider Hamilton’s equations only in their
unified covariant and contravariant forms. This is done for several reasons.
First, the conditions of variational self-adjointness can be readily formulated
in the unified a notation, while they become rather impractical to handle
in the disjoint (r, p) notation, as we shall see. Second, the use of the unified
notation turns out to be particularly valuable for the identification of the
desired generalization of Hamilton’s equations (Birkhoff’s equations). Third,
Hamilton’s equations in the unified notation exhibit in a rather transparent
way the interrelation between the analytic, algebraic, and geometrical
profiles according to the following lines.

1. Analytic Profile. The well-known derivability of the equations from
Hamilton’s variational principle in phase space (Section 1.1.3) can be written
in the unified notation as follows. Introduce the action.

eﬂE=f%mW—MMmmE

f‘;fftzdt[R?(a)flv - H(t, v, DI(E)

RO_ P v=1L2....n (4.1.12b)
v 0, v=n+1Ln+2...,2n

5 Since we have not yet introduced the symplectic geometry, the terms “contravariant”
and “covariant” are used, for example, in the sense of the affine geometry of Charts I.A.12 and
L.A.13.
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where E is a possible path in phase space. The first-order contemporaneous
variations with fixed end points then provides the following form of Hamil-
ton’s principle,

SA(E) = f tzdt{&a“ ai + da* }(R° * — HXE)

R? H ol m
O

¢R? H : ~
= — — R%5a*
[l (G~ o - o

ts ” 0 0
=f dt (fR” aRﬂ)a —Q—]M‘(E)—o (4.1.13)

|\ da*  da’ oa"
which can hold identically if and only if Hamilton’s equations hold, i.e.,
dRY 0R)\. OH ., OH
(6a” o | T g = 0wl = 0, 4.1.14)
where we have used the easily verifyable identities
O0R? O4R?
- aa:‘ = W,y wv=12..,2n (4.1.15)

Note that the equations originating from the variational principle are those
of the covariant type (4.1.10).

2. Algebraic Profile. The contravariant tensor "’ is called the fundamental
Lie tensor (or fundamental cosymplectic tensor) because it characterizes a
fundamental realization of the Lie algebra product, that via the conventional
Poisson brackets, according to the structure of the time evolution law for
functions A(a) in phase space

0A 0A o0H

4 — T gl T MY
Ala) = oa" a4 da* @ da’

0A0H 0AJH gef
= — A, H]. 4.1.16
or* op,  Opy or* [4, H] ( )
Note that the form of Hamilton’s equations characterizing the algebraic
profile is contravariant.

3. Geometric Profile.® The covariant tensor w,, is called the fundamental
symplectic tensor, because it characterizes the fundamental symplectic
structure on the cotangent bundle 7* M with local charts (coordinates) *

% o, da* A da* = dp, A dr*. (4.1.17)

(1)2=

6 A more technical treatment of the geometric aspect is presented in Charts 4.4-4.6.
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Note that the form of Hamilton’s equations characterizing the geometric
profile is covariant.

The deep interrelation between the analytic, algebraic, and geometric
profiles is now self-evident. For instance, one can consider the canonical
one-form

R = RO da® = p, d* (4.1.18)

as (a component of) the integrand of the action
12
A(E) = f (R? da* — H dtXE) (4.1.19)
ty

and thus of the variational profile. The fundamental symplectic structure is
nothing other that the exterior derivative of one-form (4.1.18), i.e.,

1 (6R? 0
dRY = 3 (5{:7” - a;:f)da“ A da’
= lw,, da" A da’. (4.1.20)

The fundamental Lie tensor is then given by the elements of the inverse of
the matrix of the fundamental symplectic tensor, i.e.,

ot = 6Rg — a_Rg e
"\l 9a*  df
= (| @agl =M. (4.121)

As we shall see in the next section, the formulation of Hamilton’s equations
according to Equations (4.1.8)-(4.1.21) sets the way for a quite natural
generalization which is capable of preserving the underlying analytic,
algebraic, and geometric characters.

4.1.2 Reduction of Newton’s Equations to a
First-Order Form.

Suppose that a Newtonian system is assigned as originating from the second
law, ie.,’

mi, — F(t,r, =0, k=12...,n (4.1.22)

7 The generalization to a system of Newtonian particles with different masses is trivial and
will not be presented here to avoid unnecessarily complex notations. Theorem 4.5.1 on the direct
universality of the Inverse Problem, however, will be formulated and proved for Newtonian
systems with different masses.
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The Independent Inverse Hamiltonian Problem consists of the direct
computation of a Hamiltonian, that is, without the intermediate computation
of a Lagrangian and subsequent use of the Legendre transform. The problem
(studied in detail throughout the preceding volume) is crucially dependent
in the reduction of systems (4.1.22) to equivalent first-order forms. The
reduction (studied in Sections 1.2.4 and 1.2.5) is based on the doubling of the
number of equations which, in turn, demands the introduction of new
independent variables. Since a Lagrangian is not necessarily known, canonical
prescriptions (4.1.1) are not necessarily known. However, new independent
variables, say, y,, k = 1,2,..., n, can be introduced via an arbitrary selection
of n functions M,(t, r, F)

Ve = Myt ), (4.1.23)

under the regularity condition
det(aM )(9?) #0 (4.1.24)

which, together with sufficient smoothness conditions, ensures the existence
and uniqueness of the implicit functions in the velocities,

= N¥(, 1, y). (4.1.25)

Prescriptions (4.1.23) are conceived to have the same functional depen-
dence of canonical forms (4.1.1). The new variables are denoted with a symbol
other than the traditionally used “p” to stress the fact that they are not
necessarily canonical. The Independent Inverse Hamiltonian Problem can
then be reduced to the integrability conditions for prescriptions (4.1.23) to be
canonical. When this property has been ensured (and only then), the variables
¥, are canonical, and one can use the identifications y, = p, without risking
errors in elaborations or applications of the theory.

Once prescriptions (4.1.23) have been selected (and understood), the
reduction of system (4.1.22) to an equivalent first-order form is straight-
forward. In fact, we can write

mi:k - Fk(t1 I, i‘) =m % Nk(t, I, y) - Fk[ta T, N(t, T, Y)]

ON ~
= (D By, M) By =0 4126)
0y; 6 i ot
In view of the assumed regularity conditions, we have
1 0y (= ON; ;i oN;
m aNl < i " N ot

Ve = o T Mo

% 0, 1, y) 4.1.27)
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The combination of Equations (4.1.25) and (4.1.27) then yields the desired
form which, in unified notation, can be written

@ —EMt,a)y=0, pu=12..,2n, (4.1.282)

y_ N u=12...n,
o p=n+1Ln+2...,2n

[1]

u’

n r b
= (4.1.28b)

The equivalence between forms (4.1.22) and (4.1.28) is ensured by the fact that
the reduction is everywhere uniquely invertible, which the reader is en-
couraged to verify.

Equations (4.1.28) are called the normal first-order form of the equations
of motion, or Newtonian vector-field form.® A more general form can be
achieved by multiplying a regular matrix of functions

WO, y)f R, r, y)E\[# — Ni@t, 1, y)
(h‘3’(t, LY ROy G- oy | T 0, (4.1.29a)
R\
de‘<h<s>h(4>)(R) # 0, (4.1.29b)

which can be written in the self-explanatory unified notation
Cu(t, a)a® + D(t,a) = 0, u=12...,2n, (4.1.30a)
D,=-C,=, (4.1.30b)
det(C,,) (%) # O. (4.1.30c)

The above equations are called the general first-order form of the equations
of motion. Their equivalence with Equations (4.1.22) is trivially ensured by
regularity condition (4.1.30c), and the equivalence of form (4.1.28) with the
original system. Note that the normal form is contravariant, while the general
form is covariant.® This is already sufficient to establish that only the general
first-order form can be derived from a variational principle in a direct way (that is,
without equivalence transformations), while the normal form cannot.

Clearly, among all possible general forms, that which is important for the
direct representation via Hamilton’s principle is characterized by the identi-
fications C,, = w,,. The corresponding form can be written!®

W0Wd’ - E(t,a)=0, pu=12..,2n, (4.1.31)

8 We shall call the quantities Z* Newtonian vector fields to distinguish them from the geo-
metric vector fields which are given instead by E = E#0/da*. See in this latter respect Chart 4.4,

° Additional forms were considered in Volume I, such as the covariant normal form and the
contravariant general form. For brevity, these latter forms will not be considered here.

10 The fundamental symplectic tensor is not necessarily the lowering tensor of vector field E*.
Equivalently (Chart 4.5), the vector field is not necessarily Hamiltonian. Equations (4.1.31)
represents a scripture which is useful to see, in practice, whether or not the vector field considered
is Hamiltonian.
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and it is called the covariant normal form. In fact, Hamilton’s principle in its
conventional formulation is capable of recovering only the fundamental
symplectic tensor w,,, and not the more general tensors C,,,.

To summarize, the reduction of second-order Newton’s equations to an
equivalent first-order form suitable for the Independent Inverse Hamiltonian
Problem calls for the implementation of the following steps: (a) select
prescriptions (4.1.23); (b) compute the corresponding normal form (4.1.28);
and (c) write it in the “ Hamiltonian-type” form (4.1.31). Explicit examples
are given at the end of Chapter L.3.

The degrees of freedom in reaching a general first-order form are clearly
essential for the Inverse Hamiltonian Problem. Note that each given system
(4.1.22) admits an infinite variety of equivalent normal forms, one per each
selected set of prescriptions (4.1.23). As a result, each given Newtonian system
admits a double infinity of equivalent general first-order forms, the first
characterized by prescriptions (4.1.23) and the second by a multiplicative
matrix.

As we shall see, achieving the universality of the Inverse Problem is
crucially dependent on these degrees of freedom. Notice that equations of
motion in the second-order form admit only a simple infinity of equivalent
forms, those characterized by a regular matrix of multiplicative functions, as
in (£.16). The reduction to a first-order form therefore doubles the degrees of
freedom in writing the equations of motion, with self-evident advantages for
the Inverse Problem.

The reduction of third- (and higher) order systems to an equivalent
first-order form will be considered in Chart 4.3. The reduction for the case of
equations with an arbitrary interpretation in Mechanics, Engineering,
Biology, and other branches of science is self-evident, and it will be left to the
interested reader.

4.1.3 Conditions of Variational Self-Adjointness
for First-Order

The conditions were studied, apparently for the first time, by Santilli (1978c),
and then considered in detail in Volume I of the present work (Sections
1.2.6,1.2.7, and 1.2.8). The quotation of the following theorem may assist the
reader in avoiding excessive consultations of the literature.

Theorem 4.1.1 (Self-Adjointness of the Covariant General Form,
Theorem 1.2.7.2, p. 1.87). A necessary and sufficient condition for a class
@' system (4.1.30) to be self-adjoint in a region Z of points (¢, a) is that all
the following conditions

Cnwt+C,=0, (4.1.32a)

oc,, oC, 0oC,
= .1.32
o + 53" + 2 0, (4.1.32b)
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C,, oD, oD,

ot oa° oda”’

(4.1.32¢)

wv,t=12,...,2n

are identically verified in .

If at least one condition in Equation (4.1.32) is violated, system (4.1.30) is
called non-self-adjoint. Note that the continuity conditions C,,, D, e %" are
sufficient for the formulation and proof of the theorem. Nevertheless, its use
throughout this volume will refer to the more restrictive condition of an-
alyticity. Note also that the conditions of self-adjointness are formulated for
the covariant form because (as indicated earlier), this is the form derivable
from a variational principle. Finally, note that conditions (4.1.32) do not
require linearity of the equations in the local variables.

The fundamental symplectic tensor w,, verifies identically conditions
(4.1.32a) and (4.1.32b), as becomes transparent when written in form
(4.1.15). The study of the self-adjointness of forms (4.1.31), either in a way
independent from the preceding ones (as presented below), or via suitable
particularizations of Theorems 4.1.1 or .#.1, yields the following result.

Theorem 4.1.2 (Self-Adjointness of the Covariant Normal Form,
Theorem 1.2.7.3, p. 1.88). A necessary and sufficient condition for a class
@ system (4.1.31) to be self-adjoint in a region % of points (t, a) is that all the
conditions

08, 08,
oa®  0a*

are identically verified in A.

=0, pmv=12..,2, (4.1.33)

We should stress that, at this stage, the tensor w,, is selected, independently
from any geometric consideration, as a solution with constant elements of
conditions (4.1.32a) and (4.1.32b). It is understood that this is a very special
solution, and that more general solutions exist. This was pointed out in
Volume I for the intent of studying it in more detail in this volume.

4.1.4 The Independent Inverse Hamiltonian Problem

This problem was studied in Section 1.3.10 through 1.3.12. The first step was
the characterization of Hamilton’s equations via the variational approach
to self-adjointness.

Theorem 4.1.3 (Sclf-Adjointness of Hamilton’s equations, Theorem
1.3.10.1, p. 1.170). Under the assumptions that the Hamiltonian H(t, a) is
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of at least class 4* and regular'® in a region & of points (t, a), the covariant
normal form (4.1.10) of Hamilton’s equations is always self-adjoint in &
(that is, self-adjoint for all possible Hamiltonians).

In essence, Hamilton’s equations turn out to be self-adjoint in exactly the
same measure as Lagrange’s equations (Theorem .£.2). This confirmed the
expectation that the conditions of variational self-adjointness are the in-
tegrability conditions for the derivation of a system from a variational
principle, regardless of its order and dimensionality.

The second step was the introduction of the notion of ordered direct
representation of a covariant normal form via Hamilton’s equations (see Section
1.3.11 for detail)

H W=

~ = w,,4" — &, u=12...,2n (4.1.34)
Theorem 4.1.4 followed by recalling (1) the methods for the construction of
the right-hand side of the identities; (2) the variational self-adjointness of
left-hand-side; and (3) the use of the Calculus of Differential Forms for the
computation of a Hamiltonian from the equations of motion.

SV
w,,a

Theorem 4.1.4 (Fundamental Analytic Theorem for Phase Space Formu-
lations, Theorems 1.3.12.1 and 1.3.12.2,p. 1.176). A necessary and sufficient
condition for a local holonomic generally nonconservative Newtonian system
in a covariant normal form (4.1.31), which is well defined and of (at least)
class €' in a star-shaped region #* of the variables (t, a), to admit an ordered

11 Recall from Section 1.3.8 that a Hamiltonian is regular when

0’H
NET

0*H 0%L -1
det| —— | = | det| —— .
¢ (ap,- ap,-) [ ¢ (aq' aqf)]

Thus the Legendre transform preserves the regularity of the functions. This notion of regularity
of the Hamiltonian function should be differentiated from the regularity of Hamilton’s equations
when defined in terms of the functional determinant (Section 1.1.1). In fact, Hamilton’s equations
can be written

and that

H
o\ def .y _
K.t a,d) = 0,a — Frri 0
The functional determinant is then given by
K\ ~
det (—_—“)(.%) = det(w,,) = 1,
04"

and it is always regular, regardless of the regularity or degeneracy of the Hamiltonian. This is no
contradiction but only a differentiation of objectives. The regularity of the Hamiltonian is
conceived for the construction of equivalent second-order forms in the sense of Section 1.3.8,
while the regularity of Hamilton’s equation is conceived in the functional sense of Section I.1.1.
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direct analytic representation in terms of Hamilton’s equations is that form
(4.1.31) is self-adjoint in &*—that is, all of conditions (4.1.33) are identically
verified in #*. Under these conditions, a Hamiltonian exists and can be
explicitly computed from the equations of motion according to the method"?

1
H(t,a) = a* f dt E,(t, ta). (4.1.35)
0

A more general result was achieved via the use of the Cauchy method
(rather than the converse of the Poincaré Lemma), and can be written (see
Section 1.3.12, and footnote 79, p. 1.179, in particular)

H(, a) = (a" — ab) J:dr 2t ta + (1 — 1)ay), (4.1.36)

where the g,’s are constants.

Clearly, whenever Theorem 4.1.4 is verified, prescriptions (4.1.23) are
canononical and y, = p,. Thus the theorem does provide the integrability
conditions for the selection of canonical prescriptions as desired. This can be
practically implemented according to the following steps: (i) select pre-
scriptions (4.1.23) with n arbitrary functions (and verify that the points
under consideration are regular in the sense of Chart A.1); (ii) impose the
conditions of variational self-adjointness (4.1.33) on the resulting covariant
normal form to identify the n arbitrary functions; and, in case of a positive
answer, (iii) compute a Hamiltonian via method (4.1.35) or (4.1.36). For an
illustrative case worked out in detail, the reader may consult Example
1.3.1, p. 1.206.

An important point is that Theorem 4.1.4 does not ensure the existence of a-
Hamiltonian. The theorem merely provides the integrability conditions for

its existence.

It can be shown that Theorem 4.1.4 does not necessarily admit a solution.
In fact, if such a solution would always exist, the Indirect Lagrangian
Problem (.#.16) always admits a solution, which is not the case (see the
Appendix).

A moment of reflection is appropriate here. Recall that the existence of a
Hamiltonian implies the applicability of an articulated body of established,
analytic, algebraic, and geometric tools, ranging from the Hamilton-Jacobi
equations (and related quantization) to the canonical realization of Lie’s
theory (and related symmetries), etc. If a Hamiltonian does not exist, all these
formulations are not applicable in the coordinate and time variables of the
observer. In turn, this has a rather profound physical meaning regarding the
structure of the systems considered and the applicable relativity, as we shall
see.

2 The geometrical interpretation of Theorem 4.1.4 will first be reviewed in Section 4.3 and
then treated in more technical details in Chart 4.6.
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The following definition permits a classification of systems with respect to
the integrability conditions for the existence of a (Lagrangian or a) Hamil-
tonian

Definition 4.1.1. Local, analytic, regular, Newtonian, second-order sys-
tems are subdivided into the following three classes of increasing structural
complexity and methodological needs.

1. Essentially Self-Adjoint Systems (ESA). These are systems which verify
the integrability conditions for the existence of a Direct Lagrangian
Representation (£.8) (Theorem .£.3) in their form originating from
Newton’s second law. The verification of the integrability conditions
for the existence of a Hamiltonian (Theorem 4.1.4) can then be
trivially proved.

2. Non-Essentially Non-Self-Adjoint Systems (NENSA). These are
systems which, as originating from the second law, violate the in-
tegrability conditions of Theorem.£.3. Nevertheless, they admit an
Indirect Lagrangian Representation (.£.16) (see Theorem A.l.1 for
details). The existence of suitable prescriptions (4.1.23) for a Hamil-
tonian representation can be proved, and Theorem 4.1.4 is verified.

3. Essentially Non-Self-Adjoint (ENSA). These are systems for which the
integrability conditions for the existence of a Lagrangian (Theorem
A.1.1) or, equivalently, of a Hamiltonian (Theorem 4.1.4) are incon-
sistent within the coordinate and time variables of the experimenter.

The increase in structural complexity can be illustrated as follows. ESA
systems admit the conventional Lagrangian L = imi? — V ¥f L. .. + L;...
The corresponding conventional Hamiltonian can be written H = Hy,,,
+ H int*

In the transition to the NENSA systems, these conventional functions are
insufficient, and structurally more general ones are needed. They have been
written (see Section 1.3.7) L = Ly 1Lgree + Lin,u and H = H;,, 1Hypee
+ H;, n where the multiplicative interaction terms originate from the
matrix of integrating factors in (1.16).

In the transition to the ENSA systems, even these generalized Lagrangians
and Hamiltonians are insufficient to represent the motion. This is a sign that
we have gone beyond the capabilities of conventional Lagrangian and
Hamiltonian techniques, and that more general techniques are needed.

It is hoped that the term *essentially self-adjoint,” referred to as a vari-
ational property of systems of ordinary differential equations, does not create
confusion with the same term used in the context of the theory of linear
operators on vector spaces. Actually, this term has been selected precisely
because of the parallelism between the variational and operational ap-
proaches to self-adjointness, as indicated in Section 1.2.8. Furthermore, the
variational approach to self-adjointness, though ignored of late, is older than
the corresponding operational approach; and the use of “essentially self-
adjoint” for a purely Newtonian setting is also intended to stress this
historical aspect.
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As a final remark, let us note that a number of systems which are essentially
non-self-adjoint in our terminology have been identified by Douglas (1941).
Some of them will be considered in Example 4.6. We shall then show that,
for these systems, a Hamiltonian does not exist, yet the systems admit a
Birkhoffian representation.

4.1.5 Analytic, Algebraic, and Geometric Meaning of the
Conditions of Variational Self-Adjointness

Earlier in this section we reviewed the analytic, algebraic, and geometric
properties of Hamilton’s equations. Now, we review the result of the pre-
ceding volume according to which all these properties are expressed in a
rather symbiotic way by the conditions of variational self-adjointness. In this
chapter we show that the same conditions, and therefore, the same prop-
erties, are actually shared by equations structurally more general than
Hamilton’s equations.

With reference to aspects (1), (2), and (3) considered earlier in this section,
we have the following results.

1. Analytic Profile. The conditions of variational self-adjointness are the
integrability conditions for systems of differential equations to be derivable
from a variational principle, as established by the Fundamental Analytic
Theorems in Configurations and Phase Space.

A point which is particularly important for the analysis of this volume is
that the conditions admit equations which are structurally more general than
Hamilton’s equations, as clearly illustrated by the difference between
Theorems 4.1.1 and 4.1.2.

In this way we reach the analytic statement of our problem, consisting of

1. the identification, via the conditions of variational self-adjointness,
of a generalization of Hamilton’s equations capable of preserving
their derivability from a variational principle;

2. the formulation of methods for the computation of the most general
possible integrand of an action for equations of motion in first-order
self-adjoint form; and

3. the proof that the approach achieves the desired direct universality.

2’. Algebraic Profile. Recall that the conventional Poisson brackets

o4 0B
da* da’

_0A0B _OBOA i) =1, 4.1.37)

[A5 B] =
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are the simplest conceivable realization in Newtonian mechanics of a bilinear
product satisfying the Lie algebra axioms

[A,B] +[B,A] =0, (4.1.38a)
[[4, B], C] + [[B, C], A] + [[C, A], B] = 0. (4.1.38b)

The most general known (regular) realization is given by the brackets!?

0B ~
[4, B]* = 6 Q‘”( a) =— p det(Q*") (%) # 0 (4.1.39)
where the Q" tensor is a generalization of the Hamiltonian form w** such that
[4, B]* + [B, A]* =0, (4.1.40a)

[[4, B]*, CI* + [[B, C]* A]* + [[C, A]* B]* =0, (4.1.40b)
in which case the brackets are called generalized Poisson brackets.
Similarly, the conventional Lagrange brackets
('3 i oa’
w38

k
=@0L_%E, @w =@ (@l4)

{4, B} =

0A 0B 0B 0A
are the simplest conceivable realization of conditions
{4, B} + {B, A} =0, (4.1.42a)
{B C} + {C A} + = {A B} = (4.1.42b)

and they can be interpreted as the “inverse” of brackets (4.1.37) in the sense
of the properties expressed in terms of 2n independent functions A/a)

2n
Y [A;, Ad{Ar, A} = 655, (4.1.43)

k=1

The most general known (regular) realization is given by the brackets

a 13
{4, B}* = Q,N(t a) det(Q,, X&) # 0 (4.1.44)
under the conditions
{4, B}* + {B, A}* =0, (4.1.45a)
a 57 B CI* + o5 {c AV + — c {4, B}* = 0. (4.1.45b)

13 Note the appearance of the explicit dependence of the algebraic tensor Q** not only on the
local coordinates a = (r, p) but also, in general, on time, while no such dependence appears for
the conventional Poisson brackets. As we shall see, this functional generalization is the basis for
the direct universality of the Inverse Problem for local systems.
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It is possible to prove that, if the generalized Lagrange and Poisson
brackets are related by the rule

Q) =@, (4.1.46)

they verify the generalized version of Equations (4.1.43).
2n

Y [4i, AJ* Ay, B}* = 6, (4.1.47)
k=1

by therefore preserving the property of one being the “inverse” of the other.
Also, it is possible to prove that, if brackets (4.1.39) verify axioms (4.1.40), the
generalized Lagrange’s brackets constructed via rule (4.1.46) automatically
verify condition (4.1.45), and vice versa. Put differently, under rule (4.1.46),
conditions (4.1.40) and (4.1.45) are equivalent.

These aspects were studied in detail in Section 1.2.9. Here we restrict
ourselves to recalling the following properties: (a) that the integrability
conditions for Lie’s axioms (4.1.40) are given by

Qw4+ QU = (, (4.1.48a)
o o' o+
P up vp =0:
Q pon +Q FPn +Q Fw 0; (4.1.48b)
(b) those for conditions (4.1.45) are
qu + Qvu = Oa (4.1498)
0y | Ky | Oy = 0; (4.1.49b)

oar oa* da’

and (c) conditions (4.1.48) and (4.1.49) are equivalent because each set can be
reduced to the other via simple algebraic manipulations.

All these algebraic properties are contained in the conditions of self-
adjointness, as expressed by the following theorem.

Theorem 4.1.5 Direct and Indirect Algebraic Significance of the Condi-
tions of Self-Adjointness, Theorems 1.2.9.1 and 1.29.2, p. 1.94). The
direct significance of the self-adjointness conditions for first-order systems
is that conditions (4.1.32a) and (4.1.32b) coincide with the integrability
conditions (4.1.49) for brackets (4.1.44) to be generalized Lagrange brackets,
that is, to verify axioms (4.1.45). The indirect significance is that conditions
(4.1.32a) and (4.1.32b) are equivalent to the integrability conditions (4.1.48)
for brackets (4.1.39) to be generalized Poisson brackets, that is, to verify
Lie algebra axioms (4.1.40).

Stated in different terms, the self-adjointness of a covariant general form
ensures its Lie algebra character, in the sense that the brackets characterized
by the inverse (C**) of the matrix (C,,) are Lie. This algebraic meaning has
been called “indirect” in Theorem 4.1.5 to emphasize that the conditions of
self-adjointness are formulated for the covariant form, while a Lie tensor is of
contravariant type.
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The algebraic statement of the problem can now be formulated as follows.
Recall that Hamilton’s equations are expected to be one of the simplest
possible forms of equations derivable from a variational principle (Profile
(1), and they characterize one of the simplest possible realizations of the
Lie algebra product (Profile (2')). Upon identifying the largest possible
class of equations that can be derived from a variational principle (analytic
problem), we shall study its algebraic structure via the most general possible
(regular) realization of the Lie algebra product in Newtonian mechanics. We
shall then study the problem of whether or not such a generalization demands
a corresponding reformulation of Lie’s theory. This latter issue is created by
the fact, as we shall see later, that the abstract treatments of Lie’s theory have
been historically patterned along conventional realizations of the Lie
product. A nontrivial generalization of the product then raises the question
of whether central theorems of Lie’s theory (such as Lie’s first, second, and
third theorem, the Poincaré-Birkhoff-Witt theorem, Ado’s theorem, etc.)
apply in their currently available formulation to the generalized realization
of the product also, or if they need suitable reformulations.4 :

3’. Geometric Profile. In a way fully parallel to the algebraic profile, the
fundamental symplectic structure (4.1.17) is one of the simplest possible
closed and exact two-forms on T*M. The most general two-form verifying

these properties can be written in local coordinates a* at a fixed time ¢'°
Q, = 1Q,(t, a)da* A da’ = dR,, (4.1.50a)
dQ, =0,  det(Q,,) # 0. (4.1.50b)

The geometric significance of the conditions of self-adjointness (identified
in Chart 1.2.5) is that the integrability conditions for a two-form to be an
exact symplectic form coincide with conditions (4.1.32a) and (4.1.32b). The
ultimate symbiosis between geometric, algebraic, and analytic aspects is
further illustrated by the following implications of the existence of a primitive
one-form R, (#RY): (i) the exact symplectic character of the two-form; (ii)
the Lie algebra character of the brackets of the time evolution; and (iii) the
derivability of the equations of motion from a variational principle.

These aspects can be better expressed by performing the extension from
the symplectic geometry on the cotangent bundle T*M with local coordinates
a* to the contact geometry on the manifold R x T*M with local coordinates

t, u=20
[
@ = {a“, u=12..,2n (“1.51)

4 As we shall see in Chapter 5, the generalization of the Lie algebra product we are consider-
ing implies nontrivial generalizations of a truly central part of Lie’s theory: the universal en-
veloping associative algebra. A reinspection then of Lie’s theory is rather natural.

15 The reader with a background in geometry will have noted an explicit time dependence in
the symplectic structure. Such a dependence is not admitted, in general, in the current local
formulations of the contact geometry. Nevertheless, as we shall see at the end of Section 4.2, the
emergence of such a dependence is rather natural in practical applications. The geometrical
implications will be indicated in Chart 4.6.
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The local formulations*® of contact two-forms which become necessary are
of the exact type!”

C, = 1C,(a)da* A da&* = dR,, (4.1.522)

R Coo
€)= |-
C.o

Co, 0 | -D,

réuv ) Du I Cuv

under the condition that the attached two-forms on T*M are closed, non-
degenerate, and exact (thus symplectic), but otherwise arbitrary, i.e.,

: (4.1.52b)

Colp = Q, = $C,(t, a)da" A da®
dR (t, a). (4.1.53)

The integrability conditions for a tensorial two-form on R x T*M to be
an (exact) contact form are given by

A aC,..,
O3 Cua = 0 SR —7 =0, (4.1.54)
vl,VZ,V3=0,1,2,...,2n

where the generalized Kronecker symbols (Section 1.1.2) are given by
o 0% oy
oibats = 1ok ok oh2 L. (4.1.55)

5 Viv2Vv3
H " H
oy o4 oy

©1 m
5#1M2= 6"1 6"2
viv2

o o

The ultimate geometric meaning of the conditions of self-adjointness is
given by the fact that integrability condition (4.1.54), once written explicitly
in disjoint coordinates ¢ and a*, coincide with the entirety of conditions of
self-adjointness (4.1.32), as the reader is encouraged to verify.

The geometric statement of the problem can now be made more precise.
It essentially consists of establishing the direct universality of the contact
geometry for local, analytic,'® and regular systems. By recalling the lack of
direct universality of Theorem 4.1.4, this statement of the problem implies
the search for a suitable generalization of Hamilton’s equations, with cor-
responding reinspection of Lie’s theory.

!¢ Equations (4.1.52) illustrate rather clearly the local-differential character of the contact
(and symplectic) geometry and the need for more general, nonlocal/integro-differential geometries
for the treatment of systems of type (#£.3).

7 From now on we shall tacitly assume that, when the symbols at hand are written with an
upper hat, e.g., @, C,,, etc., the greek indices run from 0 to 2n. When the upper hat is absent, the
greek indices run from 1 to 2n.

18 The smoothness condition used rather universally in the contemporary literature of the
symplectic and contact geometries is that of class % ®. The study of systems which are of class
% but are not analytic is expected to be complex as well as of limited practical value, and we
shall ignore it.
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4.2 Birkhoff’s Equations

The generalization of Hamilton’s equations we shall study is given by

I:aRv(t, a) R, a)]dv B [6B(t, a) N R (¢, a)] _0

da* oa’ oa* ot
a= (l', y), ,u = 1’ 25 ceey 2n- (4.2.1)

The following terminology suzgested by Santilli (1978¢) will be used in this
volume. Equations (4.2.1) are called Birkhoff"s equations for certain historical
reasons reviewed at the end of this section. The function B(t, a) is called the
Birkhoffian, because of certain physical differences with the Hamiltonian
which will be indicated in the next sections. Finally, a representation of
Newton’s equations via Birkhoff’s equations is called a Birkhoffian repre-
sentation when certain conditions, identified in detail in the next section, are
met.

Birkhoff’s equations are clearly a generalization of Hamilton’s equations
because the latter are recovered from the former as in the particular case of

OR, OR,\. (9B  OR, coa - _,
da* ~ aa’ aa* ot )f],-, = O T g =
0)

4.2.2)

In this section we shall prove that Birkhoffs equations

1. originate from the most general possible linear first-order!® varia-
tional principle;

2. characterize the most general possible regular realization of the Lie
algebra product via the brackets of a classical time evolution; and

3. admit the most general possible exact symplectic (or contact) struc-
tures in local coordinates.

In order to study these important properties in the necessary detail, the
introduction of the following terminology is advantageous.

Definition 4.2.1. Birkhoff’s equations (4.2.1) are called autonomous when the
R, and B functions do not depend explicitly on time, in which case the equa-
tions assume the simplified form

3B(a) _

Q@) ~ =

0, 42.3)

where
0R, OR

— u
o = A o (4.2.4)

19 A linear first-order variational principle occurs when the integrand depends at most on
first-order derivatives and the dependence is linear.
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is called Birkhoff’s tensor. They are called semi-autonomous when the R,
functions (the Birkhoffian) do not (do) depend explicitly on time, in which
case we have the more general form

0B(t,a) 0

Q,(a)a" — Epr

(4.2.5)

Birkhoff’s equations are called nonautonomous- when both the R, and B
functions have an explicit dependence on time, in which case we have form
(4.2.1), which we rewrite

0B(t,a) OR,(t,a) _

alt, )" = 0 ot

0. (4.2.6)

They are called regular when their functional determinant is not null in the
region considered:

det(Q,, (%) # 0. @.2.7)

They are called degenerate when their functional determinant is identically
null in the region considered:

det(Q,,)(#) = 0. (4.2.8)

They are said to be covariant when they are of type (4.2.3), (4.2.5), or (4.2.6),
in which case the corresponding tensor Q,, is called the covariant Birkhoff’s
tensor; and they are said to be contravariant, when the nonautonomous
equations are written in the equivalent form

) 0B(t,a) OR(t, a)
H— qu t, = , WA
a ( a)[ 7 o 0 4.2.9)
where the tensor
OR OR, ||~ 1\#
uv —1\uv — B _ a
Q" = (||Qupl =) ( S T 3P ) (4.2.10)

is called the contravariant Birkhoff’s tensor. Finally, Birkhoff’s equations are
called strictly regular when, in addition to condition (4.2.7), the underlying
contravariant normal form

P Lol N _ (Nt ry)

@) = (y'k> = (BX(t,a)) = ( o y)), (4.2.11a)
cu ow[B 3R,
g =0 <—6av+ = ) (4.2.11b)

verifies the regularity condition

det<-ay—j)(@) # 0. (4.2.12)

In this volume we shall study only strictly regular Birkhoff’s equations in
their various forms (autonomous, semi-autonomous, nonautonomous,
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covariant, and contravariant). Recall that Hamilton’s equations are always
regular when the definition of regularity is based on the functional deter-
minant. Yet the equations can be transformed into an equivalent second-
order form only when the Hamiltonian is regular.!!

A similar situation occurs for Birkhoff’s equations. In fact, the determinant
of the covariant Birkhoff’s tensor is the functional determinant of system
(4.2.6). The condition of regularity (4.2.7) is, therefore, a generalization of
the nondegeneracy of Hamilton’s equations. However, condition (4.2.7)
does not ensure the capability to transform Birkhoff’s equations into an
equivalent second-order form. In fact, this transformation demands the
existence of implicit functions of type (4.1.23) which can exist (and be unique)
only under the additional regularity condition (4.2.12).2°

The transformation of strictly regular Birkhoff’s equations to their
equivalent second-order form?! is then straightforward. One can reduce
the equations to the contravariant normal form (4.2.11) and compute the
implicit functions y, = M,(t, r, i) of the first set of equations #* = N*(t, r, y).
The second-order equations are then given by eliminating the y-dependence
from the second set of equations, y, = O,(t, r, y). For an illustration of the
degenerate case, see Example 4.5.

By recalling that we are primarily interested in the representation of
second- (or higher) order equations of Newtonian (or arbitrary) interpreta-
tion, the need for the strict regularity as per Definition 4.2.1 is now self-
evident.

The following Birkhoffian generalization of Hamiltonian properties (1),
(2), and (3) which was pointed out in Section 4.1 holds.

A. Generalized Analytic Formulations. The Hamiltonian action functional
t2

B = [ #RY@ - HeDIB,  RO=@.0)  @213)
ty

has a rather special integrand. The most general possible linear first-order
action functional is given by the Pfaffian action

AE) = flzdt[Rv(t, a)d’ — B(t, a))(E), (4.2.14)

which can be obtained by simply lifting all Hamiltonian restrictions on the
functional dependence and physical interpretation of the functions R? and H.

20 The degenerate Birkhoffian case is not related to Dirac’s treatment for systems with
subsidiary constraints. In fact, in the latter formulation, the Hamiltonian is regular. Degenerate
Hamiltonians and Birkhoffians (the latter in the sense of breakdown of condition (4.2.12)) may
express the presence of subsidiary constraints according to a different approach, that via Lag-
range’s multiplier rule (which is more developed in the literature of the calculus of variations,
rather than that of analytic mechanics).

21 The inverse transformation is the basis of the notion of Birkhoffian representation of
second-order Newtonian systems and is studied in the next section.
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The first-order contemporaneous variations with fixed end-points then
reproduce Birkhoff’s equations, via the following generalization of Hamil-
ton’s principle

aﬂ

OR, 0B . -
f dtl:(a L d = a—a—‘;)aa“ — Ruéa“] (E)

© [(0R, @R,\., (0B  R\]: . =
= v L A =0. (421
ft ldt[(aau aaV)“ <6a“+ = )]5a (B)=0. (42.15)

As a result, Birkhoff’s equations can be derived from a linear first-order
variational principle in the same measure as that of Hamilton’s equations,
although in the most general possible way. This property indicates the
existence of a Birkhoffian generalization of Hamiltonian formulations based
on variational principles, such as the theory of canonical transformations,
Hamilton—Jacobi theory, perturbation theory, etc.

The state of the art on the latter studies is presented in the next chapters.

SA(E) = ftzdt{éa” i + da* 4 }(R a* — BYE)

B. Generalized Algebraic Formulations. The Birkhoffian time evolution for
the semi-autonomous case is given by

6A 04
Aa) = =5

14, B]* (4.2.16)

The Birkhoffian tensor Q** verifies integrability conditions (4.1.48), as the
reader is encouraged to verify (Problem 4.1). Therefore, the brackets [4, B]*
verify the Lie algebra axioms (4.1.40).

As we shall see, the tensor Q** turns out to be the most general possible
tensor which verifies conditions (4.1.48). Thus Birkhoff’s equations not only
preserve the Lie algebra character of Hamilton’s equations, but actually
realize the Lie product in its most general possible regular form.

The transition from the conventional to the generalized Poisson brackets

[AB]_aA MaB [AB]*=6

42.17)

has such nontrivial implications as to suggest the reformulation of Lie’s
theory in a form which is directly applicable to unrestricted realizations of the
product (and of the enveloping algebra).

The state of the art on these algebraic aspects will be presented in the
charts of the next chapter. The intriguing case of the nonautonomous
equations is studied in Chart 4.1.
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C. Generalized Geometric Formulations. In a predictable way, fully
parallel to the algebraic case, the (regular??) Birkhoff’s equations charac-
terize the most general possible, exact symplectic form in local coordinates.
In fact, the exact character of the two-form implies the structure on T*M

R
Q, = dR, = d[R (a)da’] = % da* A da’

= <6Rv _ a_Rfi)dau A da* = 30, (a)da* A da*  (42.18)

da" da’

which is characterized by Equations (4.2.5).

More generally, Birkhoff’s equations characterize the most general possible
local formulation of an exact contact two-form. In turn, this is sufficient to
establish that the contravariant Birkhoff’s tensor characterizes the most
general possible regular realization of the Lie algebra product in mechanics,
owing to the known interplay between the Lie algebras and the contact (or
symplectic) geometry.

In fact, action (4.2.14) can be written in unified notation (4.1.51)

t2
H(E) = f R, (@), aeRx T*M (4.2.19a)
1
~ a . —B, v=20
R\@ =R@da,  R,=1, = L2.. 2 (4219

The exterior derivative of the one-form R, characterizes the two-form on
R x T*M

) ) R R
0, = d[R@)da"] = (a—R—" _ R,

Al av del 18 (AN JAL Ay
2 a )da A da¥ = 3Q, (8)dd" A da

(4.2.20)
which verifies the following properties:

1. Q, is the largest possible local formulation of exact two-forms on
R x T*M, clearly, because R, has the largest admissible functional
dependence;

2. Q,is a contact two-form because (Chart 1.2.4) it is of covariant type, of
maximal rank 2n, and its restriction to T*M (that is, form (4.2.18)) is
symplectic; and

22 1t should be stressed that the notion of strict regularity of Definition 4.2.1 is redundant
for a symplectic two-form. In fact, the condition of regularity alone is sufficient for the char-
acterization of symplectic two-forms. This point is important in illustrating the fact, somewhat
obscured in the abstract coordinate-free treatment of geometry, that the conventional non-
degeneracy of a two-form does not guarantee the geometric characterization of a (regular, uncon-
strained) Newtonian system, because of the need for an additional regularity condition of type
(4.2.12).
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3. Q, is the geometrical structure of Birkhoff’s equations. To see this
latter point, one can write the tensor Q,, in the disjoint coordinates

(t, a)

0 B oK,
. oa* ot
Q) = (4.2.21)
OR, OB dR, OR,
o da* oa*  oa’,
Birkhoff’s equations can then be written in the unified notation on
R x T*M
Q,.@&=0, u=012...,2n 4.2.22)
or, explicitly,
0B  0R)\., _
(% + 7)a =0, u=70 (4.2.23a)
Q@@ =1 (38 R, _ (R, R\, _,
oa* Ot da*  0a’)

p=1,2,...,2n (4223b)

The first term is identically null (along a possible or actual path)
because of the self-evident property that

OB  0R,)\., (®B . 4R, (0B  OR) _
<6a” +W)“ - <aav+_at")9 (aaa+ o ) =0 @229

The last 2n terms of Equations (4.2.23) coincide with Equations (4.2.1).

By recalling the symbiotic characterization of analytic, algebraic, and
geometrical aspects by the conditions of self-adjointness, all the above listed
properties of Birkhoff’s equations can be synthetically expressed via the
following property.

Proposition 4.2.1 (Self-Adjointness of Birkhoff’s Equations). Necessary
and sufficient condition for a general nonautonomous first-order system
Cu(t, a)a” + D(t,a) = 0, u=12...,2n (4.2.25)

which is analytic and regular in a star-shaped region Z* of points of R x T*M
to be self-adjoint in #* is that it is of the Birkhoffian type, i.e.,

N R, OR,\. (3B @R
C,”a + Du = <aa” - agf,‘)a - (W + a—tu> = 0. (4226)

PROOF. Conditions (4.1.32) are the integrability conditions for two-forms (4.1.52), i.e.,

{Du, u=12..., 2n,v=0

4.2.27
C wv=12...,2n

C, =4C, (a)da* A dw’, C,, =

uve
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to be closed, i.e.,

dC, =0 (4.2.28)
(see the review at the end of Section 4.1). The regularity condition implies that C, is of
maximal rank and, therefore, is a contact form. The applicability of the converse of the
Poincaré Lemma 1.1.2.2 implies that form C, is exact, that is, a primitive one-form R,
on R x T*M exists such that

C, =dR,. (4.2.29)

The use of Equations (4.2.20)—(4.2.24) completes the proof that Equation (4.2.25), under
the conditions of self-adjointness, necessarily have Birkhoffian structure (4.2.26). The
sufficiency is trivially established by the Direct Poincaré Lemma 1.1.2.1 (Q.E.D.).

Thus Birkhoff’s equations are self-adjoint in a way parallel to the self-
adjointness of Hamilton’s equations. However, while Hamilton’s equations
are a particular form admitted by the conditions of self-adjointness, Birkhoff’s
equations are the most general possible form. A direct verification that Birk-
hoff’s equations verify all of conditions (4.1.32) is instructive (Problem 4.2).

The Calculus of Differential Forms, as used for the proof of Proposition
4.2.1, provides not only the integrability conditions for a two-form on R x
T*M to be an exact contact form, but also a solution for the primitive one-
form. A straightforward use of the techniques reviewed in Section I1.1.2
(Equations (1.1.2.30) in particular) permits the proof of the following
corollary.

Corollary 4.2.1a (First>® Method for Computing the Birkhoffian Func-
tions from the Equations of Motion). Under the condition of Proposition
4.2.1, the Birkhoffian functions R = (—B.,R,) can be expressed in terms of
Equations (4.2.25) according to the rules

1
&my{jdHQ@mkz p=0,1,2...,2n (42.30)
0

We proved earlier in this section the contact geometric character of
Birkhoff’s equations. For completeness, we must also point out the following
difference between contact two-forms of Birkhoffian type and those most
commonly treated in the contemporary literature. The former possess, in
general, an explicit time dependence in their symplectic substructure, while
such a dependence is generally absent in the latter.

The difference originates from the fact that contemporary treatments of
contact two-forms have been usually patterned along the structure of
Hamilton’s equations. In this case, one starts from the fundamental sym-
plectic structure on T*M

=1 v
Wy = 30,, da* A da’ = A

=1,2...,2mk=12...,n (4.2.31)

0 0
! (aRV - aR“)da" A da’ = dp, A drt

23 Additional methods will be presented in Sections 4.4 and 4.5.
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and then performs the prolongation (Chart 4.4) into the contact two-form on
R x T*M

1 (6R® 0R®
By = 309,,dd" A dB* = 5 (W - aaf)daﬂ Ade, wv=012...,2n
(4.2.322)
oH
0 R
., a=(a) (4.2.32b)

which is the geometric structure of Hamilton’s equations, as the reader can
verify by particularizing Equations (4.2.21)-(4.2.24) for the canonical
case R = R® = (p, 0). The point is that the symplectic structure (4.2.31)
does not possess an explicit time dependence, and this feature persists under
prolongation to form (4.2.32).

The situation is altered by Birkhoff’s equations. As we shall see in the
next sections and in the examples at the end of this chapter, the computation
of a Birkhoffian representation for given Newtonian systems can be generally
achieved in practice via functions R, with an explicit time dependence.
Specific applications in mechanics therefore demand, in general, the initi-
ation of the geometric study via symplectic two-forms with an explicit
dependence on time

Q, = 3Q,(t, ayda* A da® =

1 [5Rv(t, a) R, a)

m v
5|5 - ]da A da’, (4.2.33)

and this dependence clearly persists after prolongation to contact form
(4.2.20).

This difference between Hamiltonian and Birkhoffian contact two-forms
is not trivial. In fact, it has a number of rather delicate technical implications
which will be pointed out throughout our analysis. At this point, it is suf-
ficient to recall that the computation of the primitive one-form R, of an exact
symplectic two-form Q, via the converse of the Poincaré lemma demands
the use of a star-shaped region of local variables, or a topologically equivalent
region (Section L.1.2). However, if a region of the variables (¢, a(t)) is star-
shaped at a fixed value of time, this topological character is not necessarily
preserved at a later time. This problem is solved in Chart 4.6 via the para-
metric interpretation of symplectic forms (4.2.33) and their definition in a
region deformable to a curve. Additional technical aspects emerge within
the context of the transformation theory, and they will be pointed out in the
next chapter.

Let us now consider the Lagrangian image of the Birkhoffian representa-
tions or, more precisely, the transformation of the Pfaffian action (4.2.14) on
T*M into an equivalent action on T TM. This can be easily done (for strictly
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regular Birkhoffian representations) via the knowledge of functional de-
pendences (4.2.11a), under which we write

o = f AR (t, )i — B(t, a)]
def fdt[Rk(t, r, y)i* + 8¢, v, y)y, — B(t, 1, y)]

= Jdt{Rk[t, r, M(t, r, D]

oM, My,
ort ot

+ S*[r, T, M(z, r, r)](aMk ) B[t r, M(t, T, r)}

def f dt V(t, v, Dt + WG, , f)] o jdt L(t,r, 1, F) (4.2.34)

where the M’s are the implicit functions in the y’s, Equation (4.1.23), as
characterized by the first set of Equations (4.2.11a) under regularity condition
(4.2.12). One can see in this way that the Lagrangians are of second-order type
(i.e., dependent on the accelerations), although of the totally degenerate

type.24
The variation of action (4.2.34) then yields equations

d*oL doL L

= a-+—r"'a+“"an
R R AR I
(4.2.35)

which characterize a system of second-order differential equations, contrary
to the expectation of their being of third-order. Furthermore, the system is
linear in the acceleration whenever the V’s are independent of the velocities.

These results permit inspection of the Inverse Lagrangian Problem in a
new light. In fact, the lack of direct universality of first-order Lagrangians
may be due to the restrictions imposed by the first-order character. The direct
universality of Birkhoff’s equations and images (4.2.34) and (4.2.35) then
make it possible for the Inverse Lagrangian Problem to become directly

24 Recall that a totally degenerate Lagrangian occurs when each element of the Hessian is
identically null. This is the case for second-order Lagrangians when they are linear in second-
order derivatives.
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universal for systems of second-order differential equations under the
enlargement of the Lagrangian to those of the second-order totally degenerate
type, according to the structure

d> 0L d oL oL .
e T At g, 9)d + B4, g, 9), (4236
dt2 6q" dt 6q" q kl( q q)q ( q q) ( a)

L = V(t, 9¢" + W(t, q, ). (4.2.36b)

The study of this problem is left to the interested reader (Problem 4.9).

We conclude this section with a few historical remarks. Equations (4.2.1)
have been studied, either in a direct or indirect/implicit way, by several
authors. First, the equations coincide, as far as their structure is concerned,
with Lagrange’s equations in first-order, totally degenerate Lagrangians. In
fact, by assuming for “Lagrangian” the expression

L(t, a,a) = —R(t, a)a® + B(t, a) (4.2.37)
Lagrange’s equations coincide with equations (4.2.1),
d oL oL OR, OR,\. 0B OR,
—— — = - Y — | = + =) 4.2.
diod  oa* (6(1” am)“ (6a“ T ) (4.2.38)

However, the use of the terms “Lagrange’s equations” for Equations
(4.2.1) would be misleading, particularly for the analysis of this volume. In
fact, our objective is to seek a generalization of phase space formulations,
while Lagrange’s equations were conceived for configuration space formula-
tions, and this spirit has persisted to this day.?®

Additional studies more directly related to Equations (4.2.1) are those by
Pfaff (1814). In fact, the primitive one-form leading to the equations is
Pfaff’s form (or action), as recalled in regard to Equation (4.2.14). However,
it does not appear that Pfaff identified the true meaning of Equations (4.2.1)
as bonafide analytic equations of mechanics.

These latter properties were identified in full by Birkhoff (1927) who also
provided explicit examples of applications to mechanical systems. Perhaps
the best way to illustrate this historical point is through Birkhoff’s original
words (loc. cit., p. 89):

“Suppose now that we take an extended Pfaffian variational problem

1 2m
d f [/ Xi(xp, o0y Xom)Xj + Z(xq, .. x2m)]dt =0, (12)
to i=1
which leads at once to the system of ordinary differential equations of order 2m
- - — =0 i=1,...,2m). 13
jgl (axl axi ) dt (3x,~ (l m) ( )

25 Lagrangians of type (4.2.37) represent first-order systems, and as such, they are along the
phase space (rather than the configuration space) formulation of mechanics.
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We propose to consider these equations in the case when there is an equilibrium
point at the origin, under the assumption that the 2m analytic functions X are such
that the schew-symmetric determinant

X, 0X,
ax]' @xi

is not 0 at the origin. The constant terms in the series for the functions X; may
obviously be omitted throughout.

It is clear that the Hamiltonian equations appear as a particular case of these
Pfaffian equations (12). As will be shown in the following chapter, this generalization
of the Hamilton’s equations possesses the same property of automatically fulfilling
all of the conditions for complete stability, once the obvious conditions for first
order stability are satisfied. Hence, from this point of view, the Pfaffian equations
seem as significant for dynamics as the Hamiltonian equations, although more
general in type. Moreover, they possess the additional advantage of maintaining
their Pfaffian form under an arbitrary transformation of the formal group.”

Notice the clear identification of Equations (4.2.1) by Birkhoff as being (1)
derivable from a variational principle; (2) a generalization of Hamilton’s
equations; and (3) “as significant for dynamics as Hamilton’s equations”.?¢
Specific illustrative applications were provided later on in Birkhoff’s memoir
and they are still recommendable for study. The extension to the nonautono-
mous case was provided soon after the quoted passage.

For these reasons, Equations (4.2.1) were called “Birkhoff’s equations”
by Santilli (1978c) and this terminology was subsequently adopted by a
number of authors. Additional studies on the equations which deserve
mention are presented here. The equations were briefly indicated by Whittaker
(1904) (which is the only reference known to the author for the period be-
tween the studies of Pfaff and Birkhoff). After 1927, the equations were
studied in more detail by Feraud (1930). Lee (1945), Pauli (1953), and
Martin (1959) studied them to a considerable extent, but primarily for quan-
tum mechanical considerations. More recently, Hughes (1961) considered
the equations for relativistic treatments.

All the references quoted above treat equations of type (4.2.1). The alge-
braic-geometric character of tensor (4.2.4) has been studied by numerous
authors, beginning with De Donder (1927) and Cartan (1971).

The variational self-adjointness of Equations (4.2.1) was identified by
Santilli (1978¢c) by reaching the first unified treatment of the analytic, alge-
braic, and geometric properties of the equations. This author also initiated
the first study (see Santilli (1978b)) of (a) the applications of the equations
to the representation of local nonconservative Newtonian systems; (b) the

26 Notice also Birkhoff’s emphasis on the regularity of the equations. The reader can now see
that Definition 4.2.1, apart a number of geometric and technical implementations, has been
conceived to coincide with Birkhoff’s original view as closely as possible. Notice also Birkhoff’s
mathematical elegance in expressing the regularity condition. In fact, it is expressed at the origin,
with the tacit understanding that its preservation at other points is guaranteed under regular
transformations.
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equations’ consequential role for the Inverse Problem; and (c) the identifica-
tion of their direct universality. The variational self-adjointness of the equa-
tions was subsequently studied by Sarlet and Cantrijn (1978) and Sarlet
(1979) (following a private communication by Santilli). These authors also
identified a Birkhoffian generalization of the Hamilton—Jacobi equations
which will be reviewed in Chapter 6. Additional studies, e.g., on the trans-
formation theory of Birkhoff’s equations, were conducted by Kobussen
(1978 and 1979).

The application of Birkhoff’s equations to Space Mechanics was studied by
Broucke (1979), while the application to Biophysics was studied by Lumsden
and Trainor (1979). These and other applications are reviewed in Chapter 6.

Furthermore, a quantum mechanical generalization of Heisenberg’s
equations which leads to Birkhoff’s equations under the correspondence
principle has been proposed by Santilli (1978d), and it is also reviewed in
Chapter 6.

Finally, the reader should keep in mind that Birkhoff’s equations have
been studied by the author and presented in this volume for the treatment of
local non-potential forces (or interactions). In this way, the condition of
derivability from a potential inherent in most of the Hamiltonian treatment
is removed, but the locality condition persists.

In principle, Birkhoff’s equations might be studied for the possible repre-
sentation of non-local nonpotential systems (or interactions), via integro—
differential functions of the type

R, = R,(t, a) + f da'R,(t, a, a),
b (4.2.39)

% = B(t, a) + f daB'(t, a, a),
D

which, via the reduction to second-order form presented earlier in this section,
can represent nonlocal nonpotential Newtonian systems of the type

mi — F(t, 1, ) — f dr K(t, 1, ¥, i, F,...) = 0. (4.2.40)
D

This use of Birkhoff’s equations, even though computationally con-
ceivable, is not recommended here for a number of reasons. A first reason
is the nature of the underlying geometry, the symplectic or contact geo-
metry, which has been developed historically as a local-differential geo-
metry. No formulation of Birkhoff’s equations of integro-differential type
can acquire a true scientific value without the prior achievement of an
integro-differential formulation of the underlying geometry. Additional
reasons are pragmatic. The Inverse Birkhoffian Problem, as we shall stress in
Section 4.5, already has a quite difficult practical solution for local systems,
and these practical difficulties are expected to multiply for possible integro—
differential generalizations.
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For these (and other) reasons, it appears advisable that nonlocal non-
potential systems (or interactions) be treated with still more general equa-
tions, such as those of Lie-admissible type, according to the following chain
of progressive, physical, and mathematical implementations.?’

Local potential a Lie-Hamiltonian
interactions I formulations
Local nonpotential Lie-Birkhoffian (4.2.41)
interactions ‘ formulations -
~
Nonlocal nonpotential Lie-admissible
interactions | formulations

In fact, the direct universality of the Lie-admissible formulations for all
systems of type (4.2.40) has been established. The need for a suitable integro-
differential generalization of the underlying geometry emerges rather
naturally in the approach. Last, but not least, the explicit computation of a
Lie-admissible representation is truly simple for all systems considered
because it is based on algebraic equations with known solution (see Chart 4.7
for more details).

Different criteria for selections (based on the need for antisymmetric or
nonantisymmetric products and their relationship to closed or open systems)
are indicated in Chapter 6.

4.3 Birkhoffian Representations of Newtonian Systems

In Section 4.1 we reviewed the method for reducing a second-order system
to an equivalent first-order form. In Section 4.2 we introduced Birkhoff’s
equations as the most general possible equations derivable from a linear

27 The reader should keep in mind that virtually all studies in contemporary theoretical
physics are done along the first line of classification (4.2.41) (or its Lagrangian image). In fact,
the contemporary theoretical models currently receiving the majority of attention (particularly
in high-energy physics) are all dominated by the notion of local potential forces or interactions
and corresponding Lagrangians or Hamiltonians. At this writing (late 1980), the restrictive
character of the condition of potentiality appears to be propagating in both mathematical and
physical circles, and the number of papers on local nonpotential interactions, along the second
line of classification (4.2.41), is increasing considerably. However, the need for the still more
general nonlocal nonpotential interactions and their treatment along the third line of classi-
fication (4.2.41) (or some alternative possibility) is just beginning to be felt by mathematicians
and physicists.
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first-order variational principle. To proceed in our program, we must define
the notion of “representation” of given equations of motion in terms of
Birkhoff’s equations. For this purpose, we first review the concept of repre-
sentation via Hamilton’s equations and then point out its Birkhoffian
generalization.

Suppose that a Newtonian system (4.1.22) is given, prescriptions (4.1.23)
have been selected, and the corresponding contravariant normal form (4.1.28),
ie.,

& = £, a), @3.1)

has been computed. The Newtonian vector field E’ is said to possess a
representation in terms of Hamilton’s equations (or be of Hamiltonian type)
in the neighborhood Z of a (regular) point (¢, a) of the variables, when there
exist a function H(t, a), the Hamiltonian, such that all the following equations
are identically verified in %28
OH(t,
0, X, a) = Ga) 12 m (4.3.22)
da*

0RY  0R?
wl‘V = - v?

0a*  Oa

R® = (p, o). (4.3.2b)

Under these conditions, the covariant normal version of equations (4.3.1)
is self-adjoint (Theorem 4.1.2), and the following direct representation via
the conventional Hamilton’s principle in phase space holds

15 - t2 aH -
0 J dt(R%@® — HYE) = f dt| |w,,d" — —— | da" |(E)
t t 0a" Jsa

t2
= f dt[(w,,a" — E,)sa0a*](E) = 0, B, = 0,2
" 4.33)

Conditions (4.3.2) are the local-analytic version of a corresponding
geometrical notion of the symplectic (and contact) geometry, that of the
Hamiltonian vector field. The latter is expressed in coordinate-free form via
the inner product (Chart 4.5)

E_lw,=—dH 4.34)
and can be explicitly written in local coordinates

= = Llgvma =H2 i
El o= 25u1usz1VZ:‘ da

=da*? = —dH = — oH

= Opyp, = oa*?

da*. (4.3.5)

The equivalence of the geometric notion (4.3.4) with the analytic version
(4.3.2) is then self-evident. Equation (4.3.5) also expresses the meaning of the

28 For topological conditions, see Charts 4.4 and 4.5.
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fundamental symplectic tensor w,, as the geometrical tensor of the Hamil-
tonian vector field, that is, as the proper tensor for the lowering of the indices
of =.2°

The above definition of Hamiltonian representation is often restrictive in
practical applications in the following sense. Suppose that, rather than a
normal form, a general first-order form (4.1.30) is given,

C,.(t, a)d® + D,(t, a) = 0. (4.3.6)

By following Definition 1.3.11.1, we say that Equation (4.3.6) admits an
indirect analytic representation in terms of Hamilton’s equations when there
exist (4n* + 1) functions, a Hamiltonian H(t, a), and a regular matrix of
multiplicative functions (h;, (t, a)), such that the following identities hold:

0H
YV — = h(C.. & = .oy 2n. 43.7
a4 aaﬂ h (( ava + Da)a ” 1’ 2’ ,2" ( 3 )

@ 2

ny
Clearly, the identities can hold if and only if

oH
WC, = o WD, = —E, =

" - w‘
In this sense, definitions (4.3.7) and (4.3.2) are equivalent. However, definition
(4.3.7) illustrates more clearly the generally indirect nature of the Hamil-
tonian representations.

Note that the integrability conditions for all representations (4.3.2), and
(4.3.7)arethose of Theorem 4.1.4, and, as stressed in Section 4.1, a Hamiltonian
for a given system does not necessarily exist within a fixed system of local co-
ordinates.

The Birkhoffian generalization of the Hamiltonian notions introduced
above is straightforward. Consider a vector field E*(t, a), and suppose that
it is not Hamiltonian, that is, a functions H(t, a) verifying equations (4.3.2)
does not exist. This means, geometrically, that the fundamental symplectic
tensor w,,, is not the lowering tensor of the vector field Z".

We shall say that the vector field E” possesses a representation in terms of
Birkhoff’s equations (or is of Birkhoffian type) in a neighborhood % of a
point (t, a), when Birkhoffian functions R (t, a) and B(t, a) exist such that all
the following equations are identically verified in #3°

0B(t, a) 4 OR(t, a)
oa* o’
OR, OR

(4.3.8)

uv>

(4.3.9a)

Q,.(t, A)=¥(t, a) =

w =g (?a:" (4.3.9b)

2% The fundamental Lie tensor w*” is the raising tensor for the covariant form E,.

30 The preservation of the notation “a” in the transition from Hamilton to Birkhoff’s equa-
tions may be misleading unless properly understood. Strictly speaking, one should use different
notations, say, a = (r, p) for the former and b = (r, y) for the latter, to stress the differentiation
between the independent variables p and y. This differentiation has not been implemented here
to illustrate in a way as direct as possible the preservation of the analytic, algebraic, and geo-
metric character in the transition from Hamilton’s to Birkhoff’s equations.
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The vector field Z'(t, a) is nonautonomous. Representation (4.3.9) is there-
fore non-autonomous as well. However, following Definition 4.2.1, there may
exist also the following semi-autonomous representation

J0B(t, a)
oa*

Q, ()E'(, a) = (4.3.10)
in which the explicit time dependence is restricted to the Birkhoffian. Clearly,
an autonomous Birkhoffian representation of a nonautonomous vector field
does not exist.

The situation for autonomous vector fields Z*(a) is different. First, these
vector fields may admit an autonomous Birkoffian representation which we
write

0B(a)

Q@@ = — .

(4.3.11)

However, a non-autonomous representation in this case cannot be excluded,
because of the possibility that the explicit time dependences of the tensor
Q,, and of the Birkhoffian B “cancel out” in such a way to yield consistent
equations (4.3.9).3!

To summarize, when the fundamental symplectic tensor w,, does not
permit the achievement of consistent identities (4.3.2), the transition to the
general symplectic tensor Q,, allows a solution. The vector field, however,
i1s not Hamiltonian. It has been called here a “Birkhoffian vector field,”
following the terminology introduced by Santilli (1978c¢), to stress the lack of
Hamiltonian character while preserving a perfectly acceptable symplectic or
contact structure. Illustrative examples are given at the end of this and the
next chapter.

When contravariant form (4.3.1) is Birkhoffian, it admits the covariant
general form

0B 0OR,
W= o + o (4.3.12)
which is clearly self-adjoint (from Proposition 4.2.1). The following direct
representation of form (4.3.12) via the conventional Pfaffian principle then
follows

4 _ o 0B R N
- = Q.0 — o — H) §ar|(E
P J:ldt(Rva B)E) Ldt[( N e )SA a ]( )

Q.ta)d +T(t,a)y=0, T

= f th[(Q,wd” + Isada*1(E) = 0.  (43.13)

The Birkhoffian representations are the analytic version of a corresponding
geometric notion (studied in Charts 4.4-4.6) called the Birkhoffian vector field.
This notion can also be introduced as a direct geometric generalization of the

31 As we shall see, this case occurs rather frequently in practical applications.
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notion of Hamiltonian vector field, via the inner product for the autonomous
case
E1Q,=—dB (4.3.14)
with corresponding generalizations for the semi-autonomous and the non-
autonomous cases.
In the local coordinates needed for practical applications to specific
systems, Equations (4.3.14) read32

2 Q, =150, 50 dat

0B
=Q,, Eda" = —dB = —

n1p2 da*?

da*. (4.3.15)

The generalization of Hamiltonian structure (4.3.5) so as to preserve the
underlying geometry (and therefore, the algebra) is self-evident.

As recalled earlier, first-order systems are generally given in form (4.3.6),
in which case the Birkhoffian definitions given above do not apply directly.
This limitation is resolved via the following definition.

Definition 4.3.1. A general covariant form (4.3.6), which is well defined,
analytic, and regular in a neighborhood # of a regular point of the variables,
admits a representation in terms of Birkhoff’s equations when a regular
matrix (h;(t, a)) of multiplicative functions which are analytic in Z# and a
set of Birkhoffian functions R,(t, a) and B(t, a) which are also analytic in
Z exist such that the following identities hold in £ in a given ordering:

dR, @R,)., 0B OR a - .
ISR

oa* oa’

u=12...,2n (4.3.16)

The representation is called direct when (h%) is the unit matrix; otherwise, it
is called indirect. Finally, the representation is called nonautonomous, semi-
autonomous, or autonomous when Birkhoff’s equations are of the corre-
sponding type in the sense of Definition 4.2.1.

It is understood that the integrability conditions for representations (4.3.9)
and (4.3.16) are equivalent.

4.4 Isotopic and Genotopic Transformations
of First-Order Systems

As indicated in the preceding section, particularly in Deffnition 4.3.1, the
construction of a Birkhoffian representation is essentially dependent on the
capability of writing first-order systems in a self-adjoint form, and, more

321t is important to stress even at this introductory geometric level that the differentiation
between the Hamiltonian and Birkhoffian vector fields is lost for the global coordinate-free formula-
tions of geometry. This point illustrates the need of local formulations and the insufficiency of
the coordinate-free approach in mechanics, if considered alone. For more details, see the geo-
metric charts at the end of this chapter.
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specifically, on the capability of turning a given non-self-adjoint system
into an equivalent self-adjoint form.

A technical context for the rigorous treatment of these transformations is
provided by the theory of Abstract Algebras and, in particular, by the so-
called isotopies and genotopies. In this section we shall deal with the simplest
possible part of the topic, that dealing explicitly with first-order systems.
A more technical treatment within the context of Abstract Algebras will be
provided in Chart 5.2.

Definition 4.4.1.>> An equivalence transformation of a system of differential
equations (or first- or higher-order) is called self-adjoint (non-self-adjoint)
isotopic or self-adjoint (non-self-adjoint) genotopic, depending on whether the
transformation preserves, in the isotopic case, or induces, in the genotopic
case, the self-adjointness (non-self-adjointness).

This definition has been given for all possible equivalence transforma-
tions,* including those characterized by the transformation theory. If we
restrict the transformations to a fixed system of local variables, the only
possible transformations are those characterized by the multiplication of a
regular matrix of factor functions. The classification of all possible cases from
the viewpoint of the variational self-adjointness, then leads to the following
possibilities.

(Cpu@ + Dysa =0 (CJya" + Di)sa = 0, (44.1a)
(Cw@ + Dynsa =0 (CJd" + Di)sa = 0, (4.4.1b)
(Cpy@ + Dynsa = 0 (Cyd” + Di)nsa = 0, (4.4.1c)

((j;tvdv + Du)SA = 0 g (C::vav + D:)NSA = 0, (441d)

Cr, = hiC,,, D¥ = h:D,. (44.1¢)

According to Definition 4.4.1, the above cases can be identified as follows:

— transformations (4.4.1a) are self-adjoint isotopic because they preserve
the self-adjointness of the original system;

— transformations (4.4.1b) are self-adjoint genotopic because they trans-
form a non-self-adjoint system into a self-adjoint one, by therefore
inducing the seif-adjointness;

— transformations (4.2.1c) are non-self-adjoint isotopic because they pre-
serve the original non-self-adjointness of the systems; and, finally,

33 R. M. Santilli (1977c). With a minimal amount of linguistic license, the Greek for “isotopic”
is 1'6o¢ t0'mog, which means “same configuration.” The term “genotopic” has been suggested
to me by Mrs. Carla Santilli from the Greek ysvva'w to'nov, meaning “induce configuration.”

34 Note that the term “equivalence” does not possess the traditional mathematical meaning
within the context of transformations (4.4.1) because, once an analytic and regular matrix A is
selected, the equivalence character of the transformation also depends on the system con-
sidered. For instance, (h{(4)) may generate an equivalence transformation of the second-order
system F,(t, g, 4, §) = 0 but not of the first-order system F,(z, g, §) = 0. Nevertheless, all trans-
formations considered in this volume are equivalence transformations by a construction. This
implies all the necessary restrictions on multiplicative functions, ensuring the equivalence of the
original and transformed systems. We shall therefore apply the term “equivalence transforma-
tion” to transformations of type (4.4.1) as well.
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transformations (4.4.1d) are non-self-adjoint genotopic because they
transform a self-adjoint system into a non-self-adjoint form, by therefore
inducing the non-self-adjointness.

A few examples may assist the reader in identifying the type of transforma-
tions under consideration. They are given below for the second-order case,
with the understanding that the first-order case follows similar patterns.

The equivalence transformation of the radial equation of a particle in a
central force field (studied in Example 1.3.5, p. 1.212)

[m2r3i‘ — M? + mr? —-———aV(r)] =0
NSA

or
(r #0)
- 1 m2r3F — M? + mr3 ov(r)
mr3 Or |nsa)sa
M? oV
- [mf — a(r)] —0, (442)
mr r o fsa

is a self-adjoint genotopic transformation. The inverse transformation is
then of non-self-adjoint genotopic type. What is important for this analysis
is that the multiplication of the equation of motion by the term 1/mr?> clearly
leaves the solution of the system unaffected (equivalence transformation),
yet it is not trivial from the viewpoint of the existence of a Lagrangian repre-
sentation. In fact, this representation exists (and is well-known) for the self-
adjoint form of the equations of motion, yet does not exist for the equivalent
non-self-adjoint form. Notice that the form of the equation of motion origin-
ating from Newton’s second law (m# — F = 0) is self-adjoint in this case.

The equivalence transformation of the equation of motion of a particle
subject to a linear velocity-dependent drag force (studied in Example 1.3.1,
p. 1.206)

. L. .
[F+ 7lnsa =0- {; [F+ Vr]NSA} =0, (44.3)
SA
F#£0,m=1)

is a self-adjoint genotopic transformation. In this case the transformation
inducing self-adjointness is provided by the factor 1/¢ (which the reader can
verify through (£.12)). Notice that, in this case, the equation of motion
originating from Newton’s second law is non-self-adjoint.

For additional illustrations of the self-adjoint genotopic transformations,
we refer the reader to the examples at the end of this chapter (as well as those
at the end of Chapter 5 and of the Appendix).

The case of self-adjoint isotopy is similar to that of self-adjoint genotopy.
For instance, the equivalence transformation of the one-dimensional
harmonic oscillator (conservative case),

[F + rlsa = 0= {7 + r)[F + rlsatsa = O, (444)
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preserves self-adjointness. The reader is encouraged to verify this. The
equivalence transformation of the particle with linear velocity damping
(nonconservative case),

r SA r SAJSA

also preserves self-adjointness. According to Definition 4.4.1, (4.4.4) and
(4.4.5) are therefore cases of self-adjoint isotopy.

Equivalence transformations which induce the non-self-adjointness are
particularly useful in generalizing variational principles so as to represent
directly non-self-adjoint systems, and they will be considered later. The same
transformations are also useful for the non-Lie study of Newtonian systems
(e.g., that of Lie-admissible type), but this latter approach will not be con-
sidered here.

In conclusion, the behavior of a given system of differential equations
under conditions of variational self-adjointness is highly sensitive to the way
in which the system is written. In particular, the multiplication by a regular
(and thus invertible) matrix of functions, while leaving the implicit functions
(and thus the solutions) unaffected, generally alters the variational character
of the system.

Clearly, the transformations that are important for the Birkhoffian repre-
sentations are those of self-adjoint (isotopic and genotopic) type. Their
integrability conditions are identified in the following theorem where the
terms “self-adjoint transformations” represent both the isotopic and the
genotopic ones.

Theorem 4.4.1 (Self-Adjoint Transformations of First-Order Systems).
Consider a first-order system

Colt,)d” + Dft,a) =0, «a=1,2...,2n (4.4.6)

which is well-defined, analytic, regular, and either non-self-adjoint or self-
adjoint in a region & of the variables (t, a). A necessary and sufficient condi-
tion for the transformation in %
{ha(t, A)[C(t, a)d” + Dy(t, a)]} = [Ch(t, a)a’ + Di(t,a)] = 0, (4.4.7a)
C¥ =hC,, Df=hiD,  det(h®)#) #0 (44.7b)
to be self-adjoint is that all the conditions
Ch +Ch =0, (4.4.82)
oCy, N oCk. 4 oC3, _
oa* oa* = da’
oC*, oD* oD%
—at"— = aai‘ 3 (4.4.8¢)
wv,T=12...,2n,

0, (4.4.8b)

are identically verified in &.
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As indicated in Section 4.1, in practice one often constructs first a covariant
normal form (4.1.31) for the possible identification of a Hamiltonian. When
this form is not self-adjoint (and a Hamiltonian does not exist), one can
search for a Birkhoffian representation. In this case the following particu-
larization of Theorem 4.4.1 is useful.

Corollary 4.4.1a. When system (4.4.6) is the (not necessarily self-adjoint)
covariant normal form

Wy @® — Et,a) =0, 4.4.9)
conditions (4.4.8) for the construction of a self-adjoint general form
{h(t, A)[g, @" — Eoft, a)1}sa = [C(t, a)a” + D (1, a)Jsa, (44.10a)

Cyp = h0,,D, = —h3E,, (4.4.10b)
reduce to
hw,, + K, =0, (44.11a)
6h" oht oh?
a y + o Wy, + P Wy = 0, (44.11b)
oh;, 0 i
3{‘ Dyy = aau a) A v (h ‘-‘a) (441 IC)

Sometimes, self-adjoint transformations admit a tensor k% with constants
elements. The following particular case is then useful.

Corollary 4.4.1b. When all elements of the matrix (h}) are constants,
conditions (4.4.11) become

a def h2

(h) = ( hs h4) (4.4.12a)

hy="h), h=—hY, hy= —Hh], (4.4.12b)
0=, 0z,

ho — =0 (4.4.12c)

The algebraic and geometrical implications of the self-adjoint transforma-
tions can be pointed out, in a preliminary way, via the following theorem. Its
proof is a direct consequence of the algebraic and geometric meaning of the
conditions of self-adjointeness (Section 4.1) and, as such, is ignored here.

Theorem 4.4.2 (Lie and Symplectic Character of the Self-Adjoint Trans-
formations). Under integrability conditions (4.4.8), transformed systems
(4.4.7) have a Lie algebraic and a symplectic geometric structure, in the
sense that the brackets

6

[4, B]* = C*‘"(t a)a - C* = (|CHI~ ™  (44.13)
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are Lie, and the two-forms

C% = 1CX(t, ayda* A da’ (4.4.14)
are symplectic.
Recall that Theorem 4.4.1 applies whether or not the original system is

self-adjoint. The following classification of Theorem 4.4.2 then follows.
(A) Self-adjoint isotopic transformations. In this case the original brackets

6A 0B
4 B Cuv
[ 1= oa”’

"= (| Cagll =™, (4.4.15)

are Lie, and the exterior two-form
C, = %C,w da* A da’ (4.4.16)

is symplectic. We therefore have the Lie algebra preserving transformation of
the brackets

[4, B] = a—A 2 B 4B = a elonn gf

(4.4.17)

with corresponding symplectic preserving transformation of the two-form

C, = 3C,, da" A da’ - C% = JC¥, da* A da’. (4.4.18)

(B) Self-adjoint genotopic transformations. In this case the original brackets
6A . OB

(4,B) = "= (4.4.19)
da

are not Lie, (e.g., the tensor C*" is not totally antisymmetric). Consequently,
the tensorial two-form

C, = C,, da* ® da’ (4.4.20)

cannot be reduced entirely to the exterior form (4.4.16)35 and, as such, is not
symplectic. In this case we have the Lie algebra inducing transformation of
the brackets

04 6B 6 0B

(4,B) = 55 O 25— [4, B]* = =2 O — 44.21)

35 Recall from Section I.1.2 that the tensorial product ® is neitheir symmetric nor anti-
symmetric, while the exterior product: A is totally antisymmetric. It then follows that, whenever
the tensor C,,, is antisymmetric, the tensorial two-forms reduce automatically to the exterior one,
according to the rule

C,, da* ® da® = ¥C,, — C,)da" A da’
+ HCyy + C)a* x da® = C,, da* A da’.

If the tensor C,,, is not antisymmetric, this reduction is not possible, and the underlying geometry
is not symplectic.
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with corresponding symplectic-inducing transformation of the (tensorial)
two-form

C, = C,,da* ® da’ - C¥ = 1C*, da* A da'. (4.4.22)

Note that all transformations (4.4.17), (4.4.18), (4.4.21), and (4.4.22) occur,
by construction, within one single fixed system of local variables. As a result,
the transformations express the algebraic and geometric degrees of freedom
of the specific reference frame of the observer. Also, since no change of
variables is involved, the transformations are a new algebraic and geometric
type, which will be studied in more detail in Charts 4.2.

It is remarkable that the identification and treatment of these new trans-
formations is a direct result of the conditions of variational self-adjointness.

By comparing Theorems A.1.1 and 4.4.1, we see a considerable similarity
in the construction of self-adjoint transformations for second- and first-
order systems. Nevertheless, a deeper study reveals a rather profound dif-
ference at the basis of the universality of the Inverse Problem, as well as of a
number of important properties.

As stressed in the Introduction, second-order systems do not necessarily
admit a self-adjoint transformation within a fixed system of local variables. As
aresult,a Lagrangian or a Hamiltonian for the representation of a Newtonian
system in the coordinate and time variables of the experimenter does not
necessarily exist.

The situation for first-order systems is different. (Havas (1973)). In fact,
as we shall show, first-order systems always admit a self-adjoint transformation
within fixed local variables. As a result, whenever a Hamiltonian does not
exist, a Birkhoffian representation can be established.

Theorem 4.4.3 (Universality of the Self-Adjoint Transformations of
First-Order Systems). Local, analytic, regular and even-dimensional
systems of first-order ordinary differential equations always admit at least one
self-adjoint transformation in the neighborhood of a regular point of their
variables.

PROOF. To prove the theorem it is sufficient to consider the case when the functions
h, of Equations (4.4.10)® possess an explicit time dependence. Equations (4.4.11) always
admits a solution in the neighborhood of a regular point because they can be written
in the equivalent Cauchy-Kovalevski form

o _

J = av 4 =
o= 0 o (1) — o s (WE,), (4.4.23)

and the functions =, are analytic. Moreover, the intial conditions can be chosen in such
a way that the tensor h%w,, has a curl structure, say, Cp, at the initial time ¢ = 5. Thus
the Cauchy-Kovalevski theorem is verified. This ensures the existence of an (analytic)

36 The proof deals with the particular case of Equation (4.4.10). Its extension to the general
case (4.4.7) is left to the interested reader (Problem 4.3). w
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solution h, such that h%w,, has a curl structure at all times, as can be seen in the formal
expression

All tensors of rank two with a curl structure verify Equations (4.4.11a) and (4.4.11b) (see
Problem 4.2), and this completes the proof of the theorem. (Q.E.D.).

Q. a) = h(t, Aw,, = 4.4.24)

Theorem 4.4.3 is remarkable inasmuch as it establishes that system (4.4.11)
of partial differential equations in the unknown functions h; for fixed terms
w,, and Z, is always consistent, despite its overdetermined character, with a
similar case occurring for the more general system (4.4.8).

The geometric implications of the solutions are also intriguing. Recall that
the systems considered are nonautonomous and that, as such, they can be
more properly described via the contact geometry. Recall from Section 4.2
that contact two-forms, in their current general formulation, have attached
symplectic forms without an explicit time dependence. Theorems 4.4.1, 4.4.2,
and 4.4.3 establish instead that the presence of an explicit time dependence
in the symplectic form is rather natural in mechanics.

The following method for the explicit construction of a self-adjoint form
due to Hojman (1981) is important on both formal and practical grounds.

Propesition 4.4.1 (A Method for the Construction of a Self-Adjoint
First-Order Form). Consider a contravariant, first-order, normal form,

@ =E4ta), p=12..,2n, (4.4.25)

which is analytic in the neighborhood Z of a regular point of the variables,
and suppose that 2n independent first integrals I'(t, a),

. 61 # I*
1t a) = =— 2 =Y =0, (4.4.262)
det(@I“/&a“)(@) #0 (4.4.26b)
are known. Consider 2n functions G (I(a)) such that
0G, 0G,\, ~
det( P 61“)(g) # 0. (4.4.27)
Then the covariant general form
Cu(t, a)a” + D(t,a) = 0, (4.4.28a)
0G, 0Gg\ oI oI
D, RO (4.4.28¢)

is self-adjoint in A.



54 Birkhoff’s Equations

The proof of Proposition 4.4.1 is left as an instructive exercise for the
interested reader (Problem 4.4). The construction of the Birkhoffian func-
tions via the method of the proposition will be presented in the next section.

The reader should keep in mind that (as was the case for Theorems 4.4.1
and 4.4.2) Theorem 4.4.3 also applies whether or not the original system is
self-adjoint. In the former case, an analytic representation already exists,
while in the latter case, it is induced by the transformation.

By recalling the remarks following Theorem 4.4.2, we can conclude this
section by stating that the self-adjoint isotopic (genotopic) transformations
preserve (induce) the derivability of the system from a variational principle, its
Lie algebra character, and its symplectic geometric structure.

4.5 Direct Universality of Birkhoff’s Equations

Definition 4.3.1 and Theorem 4.4.3 are sufficient for establishing the direct
universality of Birkhoff’s equations. Nevertheless, for the sake of complete-
ness, we shall give below a more direct proof based on the Cauchy-Kovalevski
theorem to establish the existence of the Birkhoffian functions.

Theorem 4.5.137 (Direct Universality of Birkhoff’s Equations for Local
Newtonian Systems). All local, analytic, regular, finite-dimensional, un-
constrained or holonomic, conservative or non-conservative, and self-adjoint
or non-self-adjoint systems in first-order form always admit, in a star-shaped
neighborhood of a regular point of their variables, a representation in terms
of Birkhoff’s equations in the coordinate and time variables of the experi-
menter.

PROOF. Unconstrained systems of the class admitted are given by the essentially non-
self-adjoint systems (Definition 4.1.1). In the (Cartesian) coordinate and time variables
of the experimenter, they can be written3®

{{(MaFra — frdt, ' D)psa — Fralt, 1 D)nensa — Frots T, D}pnsa = 0,
k=123, a=12...,N, reE;y 4.5.1)

and they do not admit a Lagrangian (or a Hamiltonian) representation in the local
variables considered.

To reduce the systems to equivalent first-order forms, introduce the physical (gener-
ally non-canonical) linear momentum

Dra = My i'ka (452)

37 The Lagrangian version of the theorem (see Chart 4.3) was formulated and proven by
Havas (1973). Theorem 4.5.1 in the given Birkhoffian version, was given by Santilli (1978c). Note
that the systems need not necessarily be Newtonian (e.g., they may have acceleration-dependent
forces). The theorem is extendable to systems of order higher than one via the reduction to
first-order form presented in Chart 4.3.

38 In Equations (4.5.1), no summation on the repeated a index exists.
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as a realization of prescriptions (4.1.23). The contravariant normal forms (4.1.28) are
then given by

(.’J‘: ) - ( e ™ ) —0  (@453)
pka ka (ta T, p/m) + Fka ([7 r, p/m + '/'ka (t’ T, p/m)
and can be written in unified notation

a— Z(t,a) =0, (4.5.4a)

; f = p/m
(@ = (p>; &) = (fESA 4 FNENSA | g’.ENSA)- (4.5.4b)

Our proof of the theorem consists of showing that, under the assumed smoothness
and regularity conditions, the fundamental equations (4.3.9) for a Birkhoffian repre-
sentation, i.e.,

[BRv(t, a) AR, a)]

_ B0 R0

=Y = =12...,2 4.5.5
(ta) == — " n (455)

oa* oa’
always admit a solution in the functions R, and B, that is, a solution exists for an arbitrary
functional dependence of the vector field Z. As such, the proof automatically extends to
arbitrary prescriptions (4.1.23) other than the physical selection (4.5.2), as well as to
arbitrary second-order systems of the class admitted, e.g., holonomic systems in the
general form (.#.9). By recalling particularization (4.2.2), the conventional Hamiltonian
representation of systems with potential forces is a trivial subcase.

Case 1. The Functions R, have an Explicit Dependence on Time (Non-autonomous Case).
For any given function B, equations (4.5.5) are of the Cauchy-Kovalevski type, as one
can see by writing them in the form

oR, (aRv a&,)___v 0B

ot \oa* da’)”  da" (#438)
Then, under the assumed smoothness, regularity, and locality conditions, Theorem 1 of
Chart A.3 holds, and a solution always exists.

Notice that this case applies also when the vector field is autonomous, by therefore
being sufficient per se to prove the theorem. Nevertheless, to be in line with contemporary
formulations of contact two-forms,3® the case of autonomous functions R,(a), when
applicable, is relevant.

Case 2. The Functions R, do not have an Explicit Dependence on Time (Semi-autonomous
and Autonomous Cases). The fundamental equations for a Birkhoffian representation
are now given by Equation (4.3.10), for the semiautonomous case, and by Equation
(4.4.11), for the autonomous case. However, both sets of equations are of the Cauchy-
Kovalevski form, as one can see by writing them in the form

dR, - 2 0R, =Y
E o (= =¥+ _—R 457
da' (&) ,,gz oa’ + oa" (@37)
under identification
B=R,E (4.5.8)

and this completes the proof of the theorem. (Q.E.D.).

39 See the remarks in Section 4.2 following Corollary 4.5.1a.
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A number of physical and mathematical properties deserve inspection.
First, we would like to identify the nature of the “direct universality” of
Birkhoff’s equations. This can be done by identifying all the mathematical
algorithms at hand, that is, the local coordinates ¢t and a = (r, p), and the
function B (the meaning of the functions R, will be identified shortly).

Corollary 4.5.1a. The direct universality of Birkhoff’s equations for local
unconstrained Newtonian systems in Euclidean space is characterized by
the following properties.

1. The local variables t and r can be the time and Cartesian coordinates
actually used by the experimenter,

2. The variables p can be the physical linear momenta mf,

3. The function B(t, a) can be the physical energy E,, that is, the sum of
the kinetic energy and of the potential energy of all self-adjoint forces.

Note that the physical energy can be equivalently defined as the total energy
of the maximal self-adjoint subsystem of (4.5.1). Needless to say, the total
energy is generally non-conserved because of the presence of contact non-
potential interactions. The definition is also introduced to stress the distinc-
tion from the familiar canonical Hamiltonian (which, as pointed out in
Chart A.11, is often “conserved” while the system is nonconservative).

The reader can now appreciate the importance of the direct universality of
Corollary 4.5.1a. In fact, lacking a precise physical identification for all the
mathematical symbols at hand, one risks drawing mathematically correct
conclusions which are physically meaningless. This situation becomes even
more pronounced when one confronts the problem of quantizing non-
potential interactions, asis expected for mutual penetration of wave packets.*?
In this case the canonical momentum “p,” the canonical angular momentum
“M” =T X Pcn», and the canonical Hamiltonian “H” do not represent the
physical linear momentum, the physical angular momentum, and the physical
energy, respectively, as a necessary condition for the existence of a Hamiltonian
representation. But then, the attempt to preserve conventional quantum
mechanical settings (e.g., the spectrum of “H” interpreted as “energy levels,”
or the spread “Ap” interpreted as “uncertainty in the momentum,” etc.)
risks being sterile.

It is hoped that the reader will begin to see a reason for this volume’s
emphasis on achieving analytic representations of Newtonian systems first
in the variables and functions of direct physical meaning. Once this has been
achieved, one can then study mathematical topics (such as nonlinear,
experimentally unrealizable transformations of the coordinates), by mini-
mizing possible physical inconsistencies.

Corollary 4.5.1a essentially states that one can first identify the quantities
t, 1, p, and B = E,, directly with physical quantities, and then search for a
Birkhoffian representation. But the quantity B represents, in this case, only

40 This problem will be touched in the charts of Chapter 6.



Direct Universality of Birkhoff’s Equations 57

potential forces. This creates the need for identifying the ways in which
Birkhoff’s equations represent the remaining nonpotential forces. At this
point the geometric or algebraic structure of Birkhoff’s equations acquires
a direct dynamic content.

Corollary 4.5.1b. Under the conditions of direct universality of Corollary
4.5.1a, all nonpotential (non-self-adjoint) forces are represented by the
covariant symplectic tensor

OR, OR

_ (4.5.9)

Qu(t,0) = 5 = =K,

or, equivalently, by the contravariant Lie tensor
(2, a) = ([|Qupll =)™ (4.5.10)
In particular, when the Birkhoffian represents kinetic energy only, all acting

forces are entirely represented by the geometric or algebraic tensor.

The difference between the Hamiltonian and Birkhoffian time evolutions
(say, for the autonomous case)

, oA _0H

Ala) = =5 o =5 = [4, H], (4.5.11a)
. 04 0B
A@) = 75 0 75 = [4, BI%, (4.5.11b)

can now be understood. In the conventional Hamiltonian case, all forces
(whether potential or not) are represented by the Hamiltonian. In fact, the
fundamental Lie tensor w*’ has constant elements and therefore does not
carry a direct dynamic content. In the transition to the Birkhoffian case the
situation is different insofar as the Birkhoffian represents only part of the acting
forces, while the remaining forces are directly embedded in the structure of the
brackets of the time evolution.

Equivalently, we can say that the direct universality of Birkhoff’s equa-
tions, in the final analysis, is a consequence of the utmost possible use of the
underlying geometry and algebra. When the realizations of symplectic two-
forms and Lie brackets are restricted to canonical forms, the capacity to
represent unrestricted systems in the coordinates of the observer is lost.

For an explicit illustration of this important function of the geometry and
algebra, we recommend that the reader consult the examples at the end of this
and the next chapters, with particular reference to Example 4.1 on the
Hamiltonian and Birkhoffian representations of the (Newtonian) electro-
magnetic interactions.

After having identified the admissible physical meaning of the local vari-
ables, the Birkhoffian functions, and the underlying geometric/algebraic
tensors, the next objective is to characterize physically the space in which
Birkhoff’s equations act. The relevance of the characterization will be pointed
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out soon. Note that, on mathematical grounds, the problem has been solved
in Section 4.2 via the identification of the local variables a* with a chart of
the cotangent bundle T*M. It is advisable to compare the most salient
physical properties of the carrier space of Birkhoff’s equations with those for
the Hamiltonian case.

Corollary 4.5.1c. While the variables r and p of a Hamiltonian representa-
tion are canonically conjugated, i.e., they verify the canonical rule

. 0H

= (4.5.12)

and span a phase space, the variables r and p of a Birkhoffian representation
are not canonically conjugated because, in general,

0B

P#E—. (4.5.13)

dp
As aresult, the space of the Birkhoffian variables, a = (r, p), is not necessarily
a phase space; it will be referred to as a “ dynamic space.” In particular, while
the phase space can be equipped with a fundamental Lie algebra structure
" which represents directly the fundamental Poisson brackets

Y — (T ") — (€, "I, p,D) _ 0 +1
«© )‘([“’“])'(([pi,rf])([p.-,p,-b) (—1 o)’ (@319

this structure is inapplicable to the dynamic space and must be replaced with
the general Lie algebra structure, Q**(a),*' which now represents the
generalized fundamental brackets

Uy, — B V%) — ([ri’ ri]*)([ri’ P,]*) 0 'f‘l
@) = ([a", a’]%) = (([pi, rj]*)([pi,pj]*)) # (_1 0). (4.5.15)

As a result, components of coordinates and moments with different indices
commute in the phase space,

[ri, rj] = [pis PJ] = [ria pj] = 0, i # ja (4516)
but they do not generally commute in the dynamic space
[ri7 rj]* # 09 [pi’ p]]* # 02 [ri’ pJ]* ;é 0’ l ?é j (4'5.17)

The loss of the conventional phase space and its replacement with a more
general space has a rather deep impact in mechanics. For an idea, consider
the problem of quantizing non-potential interactions when the classical
equations are given by Birkhoff’s (rather than Hamilton’s) equations. Under

*! We exclude the nonautonomous case because of the lack of algebraic character of Birk-
hoff’s equations (Chart 4.1).
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these circumstances, conventional physical laws for potential interactions,
such as Heisenberg’s uncertainty principle,

ArAp > 1h, (4.5.18)

cannot even be consistently formulated, let alone applied, trivially, because
of the loss of the quantum mechanical version of fundamental brackets
(4.5.14).

The differences between the dynamic space and the conventional phase
space constitute one of the best mathematical formulations of the physical
differences between the potential and nonpotential interactions. Jointly, the
differences illustrate the essentially misleading nature of the Hamiltonian
formulations when applied to nonpotential interactions, unless proper care
is used for the physical interpretation of the algorithms at hand.

In fact, if Hamiltonian representations are used for non-potential systems,
conventional quantum mechanical images are expected to apply, leading to
principle (4.5.18) (because now commutation rules (4.5.14) hold). This con-
clusion is mathematically correct, but its physical interpretation is in doubt
because, as indicated earlier, a necessary condition for the existence of the
Hamiltonian representation is that the quantity “p” does not represent the
physical linear momentum. In the transition to the Birkhoffian representation
of the same system, according to the direct universality of Corollary 4.5.1a,
insidious physical occurrences of the type considered are removed by con-
struction. However, a generalization of basic physical laws which is more
directly compatible with the underlying generalized algebra and geometry
appears unavoidable.

Occurrences of this type should not be surprising. Hamilton’s equations
(without external terms*?) have been developed throughout this century for
the study of potential interactions. Birkhoff’s equations have been redis-
covered for the study of fundamentally more general interactions. The fate of
the underlying physical laws is then predictable.

After having identified some preliminary physical aspects of Birkhoffian
representations, the next objective is to determine methods for computing
the Birkhoffian functions from the equations of motion. Notice that a first
method is provided by Corollary 4.2.1a. However, the method is of somewhat
formal inspiration and, as such, calls for reformulation into an operational
version. The identification of additional methods and their interpretation is
also desirable.

Corollary 4.5.1d. Suppose that a second-order Newtonian system is given,
and its equivalent contravariant first-order form (4.5.4) has been constructed
via physical prescriptions (4.5.2). Some methods for the construction of the
Birkhoffian functions R (t, a) and B(t, a) from the equations of motion are the
following. '

42 See footnote 5 of the Introduction.
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Method 1.*  Identify B with the total energy E,, in the sense of Corollary
4.5.1a, and then solve the Cauchy-Kovalevski equations (4.5.6) in the
functions R,.

Method 2.**  Construct a self-adjoint covariant general form
[Q,.(t, )" + T,(t, @)sa = 0 (4.5.19)

via the methods of Section 4.4. The functions R, are then given by

1
R, (t,a) = [f dr 1Q,,(t, ‘ca)]av, (4.5.20)
0
and the Birkhoffian is provided by the rule
! J0R
B(t,a) = — f dr(T, + 6—t“ (t, ta) |a". 4.5.21)
o

Method 3.** Suppose that 2n independent first integrals I*(t, a) (in the
sense of Proposition 4.4.1) are known. Then functions R,, from Equations
(4.4.28b), are given by

oI
R, (t,a) = G, pyr (4.5.22)
and the Birkhoffian is given by
or-
B(t,a) = —G, TS (4.5.23)

A few comments are in order. The first method is clearly inspired by the
desire to have a direct physical meaning for all local variables and functions.
However, the method leads to functions R, possessing, in general, an explicit
dependence on time, as evident from Equations (4.5.6). The geometric
implications of this dependence have been indicated in Section 4.2, and the
algebraic implications are pointed out in Chart 4.1. The reader should be
fully aware of these implications before passing to applications (e.g., quantiza-
tion). A method for attempting the elimination of the explicit dependence on
time will be worked out shortly.

The second method is recommended when no physical condition is
imposed on the meaning of the Birkhoffian and on the prescriptions for the
construction of the first-order form. It is often preferable in practice, clearly,
because of the greater freedom in the Birkhoffian functions. Notice that,
compared with Proposition 4.2.1, the method stresses the need to compute
first the R-functions and then the Birkhoffian, as clearly expressed by the
contribution of the former to the latter according to Equation (4.5.21). This

43 Santilli (1978c).
44 Hojman (1981).
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necessary procedure is somewhat hidden in formal method (4.2.30).4° This
second method is more readily set for the semi-autonomous case, that is, for
the representation of nonautonomous vector fields by autonomous R-func-
tions and the consequential elimination of the problematic aspects of Chart
4.1,

The third method is conceived to provide a first interpretation of the re-
sults. In fact, it essentially emerges that the Birkhoffian functions are functions
of a maximal independent set of first integrals.

It should be stressed that none of the methods guarantees the capability of
actually constructing the Birkhoffian functions in the needed explicit form. In
fact, the solutions are often expressed by power-series expansions. Theorem
4.5.1 guarantees their convergence and therefore, the existence of a solution,
but the computation of the sums in the needed explicit closed form may often
turn out to be beyond practical computational capabilities.

Example 4.4 has been included to illustrate the practical difficulties in the
construction of the Birkhoffian functions. The possibility of constructing
approximate Birkhoffian representations (that is, representations provided
by the first terms of convergent power-series expansions) should not be over-
looked. In fact, Physics is intrinsically an approximation of nature. The
important point is to identify the degree of approximation which can be
accepted for the case at hand.*® This line of study is left to the interested
reader (Problem 4.5).

After the identification of the methods for the construction of the Birk-
hoffian functions, the next problem is to study their degrees of freedom, that
is, their functional arbitrariness for fixed implicit functions (or solutions).

Corollary 4.5.1e. A given second-order Newtonian system verifying the

conditions of Theorem 4.5.1 always admits infinite varieties of equivalent

Birkhoffian representations, all in the same time and coordinates of the

experimenter. Some of the functional degrees of freedom are the following.
Class 1. An infinite variety of prescriptions (4.1.23) exists, i.e.,

Vie= Mut,r, B, k=123 a=12...,N, (4524)

for the construction of equivalent normal forms, one for each selection of the
arbitrary functions M,, (subject to regularity conditions (4.1.24)). For each
of these infinitely different possibilities, Theorem 4.5.1 applies and the
corresponding Birkhoffian representations are equivalent, in the sense that
they can all be reduced to the same second-order system.

45 Another important difference between methods (4.2.30) and (4.5.20)-(4.5.21) is that in the
former, the t-factorization includes that of time, while such factorization is absent for the latter.

46 For instance, the approximation of Newtonian systems via the functions L = T — V and
H =T + V should be rejected because it literally implies the existence of perpetual motion
in our environment. Along these lines, a (local, nonpotential) Birkhoffian approximation is more
acceptable because it provides a quantitative treatment of the nonconservative character of
the systems. The understanding is that by no means should such a Birkhoffian representation be
considered terminal in character, owing to the more realistic non-local/integral and non-
potential/non-self-adjoint nature of the systems, as indicated at the end of Section 4.2.
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Class 2. For each prescription (4.5.24) and each self-adjoint covariant
general form, an infinite variety of different isotopic transformations exists

{hi(t, D[Q,.(t, a)a* + T ,(t, a)lsa}sa = O, det(h2)(#) # 0 (4.5.25)

originating from the degrees of freedom of the solutions of system (4.4.8). For
each of these self-adjoint forms, Theorem 4.5.1 holds. All corresponding
Birkhoffian representations are then equivalent in the sense that they all
admit the same vector field E°.

Class 3. For each prescription (4.5.24), isotopy (4.5.25), and corresponding
Birkhoffian functions R, and B, an infinite variety of functions exists char-
acterized by the gauge transformations

2

R(t,a) > Ri(t,a) = R(t, a) + %(;-u‘i) (4.5.26a)
oG

B(t,a) > B'(t,a) = B(t,a) — Fre (4.5.26b)

All the corresponding Birkhoffian representations are equivalent in the sense
that Birkhoff’s equations are the same for all possible functions (4.5.26), i.e.,

0R, R,\. (9B R,
oa e )* " \ear T o

_ (oR, @R,\., (0B R,
_(6(1“ )a —( +—). (4.5.27)

da’ oa* | ot

Note that degrees of freedom for Class 1 actually imply the initiation of the
transformation theory. In fact, starting from the physical variables a =
(r, p), p = mi, the degrees of freedom imply the transition to the different
variables a' = (r, y) where y now is no longer subject to the condition of
direct physical meaning. Clearly, the transition a — d' is a particular type of
transformation in the cotangent bundle. As such, it will be studied in the
next chapter. We have included the case here to stress the property that
Theorem 4.5.1 is consistent for all possible prescriptions (4.5.24), whether
physically inspired or not.

The degrees of freedom of Class 2 are a direct result of the methodology of
the Inverse Problem and can be constructed via the following rule of Birk-
hoffian isotopy

(- (5

da* oa’ da* ot

_{.[(R, ©oR)\. (0B @R,
S [ P R | RCEES

Clearly, here we have a cotangent bundle image of the Lagrangian iso-
topies of the Appendix. Intriguingly, this image permits the achievement of
the following new interpretation of the isotopic degrees of freedom (whose
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Lagrangian counterpart is still unknown at this time). Recall from Section
4.4 the construction of a self-adjoint form through the use of arbitrary func-
tions of independent first integrals (Proposition 4.4.1). Recall also from
Corollary4.5.1d that the construction results in a method for the computation
of Birkhoffian functions (Equations (4.5.22) and (4.5.23)). By reinspecting
these results we see that different Birkhoffian functions which can be constructed
via rule (4.5.28) can represent the arbitrariness of functions G, (I) in the first
integrals 1, as well as the functional degrees of freedom of the first integrals
themselves.

The gauge degree of freedom of Class 3 is trivial and can be best proved by
writing Birkhoff’s equations in the Lagrangian form (4.2.32), where we have a
situation similar to that of Equations (A.2.3), i.e.,

L= —Ryt a)d + B(t,a) » L' = —RI(t, a)a’ + B'(t, a)
= —R,d& + B — G(t, a) (4.5.29a)

G A dad (4.5:296)

The applications of the degrees of freedom of the Birkhoffian representa-
tions are intriguing. Below, a few representative cases are given.

In Chart 1.3.6 we recalled a rather old and controversial aspect of mech-
anics. It consists of the fact that, on one side, Hamilton’s equations possess a
symplectic structure in a rather clear and direct way while, on the other side,
the variational principle from which the equations are derived, the con-
ventional Hamilton’s principle in phase space

B f tldt(pki'k — HYE) =0, (4.5.30)

does not appear to possess a symplectic character in an equally clear way.
Apparently, this is the basis of a tendency in contemporary circles of mathe-
maticians to ignore the treatment of mechanics via variational principles
and restrict the geometrical study to the analytic equations themselves.

Two seemingly independent resolutions of this controversy were proposed
in the preceding volume. The first is given by the reformulation of Principle
(4.5.30) via the unified notation a = (r, p) after which the geometric character
of the integrand of the principle (as the contact canonical one-form) is
expressed more transparently, together with the corresponding character
of the analytic equations, i.e.,

P f tzdt(pkf" —HYE) =46 f IZ(RS da* — H dt\E)

= f tzdr[(wuvav — iag)(Saﬂ](F:) =0 (4531
" oa*
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Independently from that, we introduced in Chart 1.3.6 a reformulation of
Principle (4.5.31) with an explicit symplectic structure in the intengrand of
the action itself, according to the equation

12 153
B J di[3a*w,,a* — H(t, 9))(E) = j dt[(w,wd" — —Zg)aaﬂ]@) =0.
11 ti
(4.5.32)

Evidently, even though the integrands of principles (4.5.31) and (4.5.32) are
different, the underlying analytic equations are the same, and we can write

12 t2
) f dt(R%a* — HY(E) = ¢ f dta*w,a° — H(E).  (4.533)
1 t1

Inspected within the context of Corollary 4.5.1e, this degree of freedom results
in being trivially given by the gauge
0G

R} > R)' =R} + —,
da

G=—rp (4.5.34)

Another application of Corollary 4.5.1¢ is given by the possible removal of
the explicit time dependence in the R, functions. This can be done by trans-
Jforming non-autonomous representations R (t, a) and B(t, a) into an equivalent
semiautonomous forms R;(a) and B'(t, a). A formal solution can be obtained
via the degrees of freedom of Class 3, and reads

t
R, ,a)> R, (a) =R, + %, G= f dt(B' — B).  (4.5.35)
0
In this way, one can first compute the functions R, and B as they originate
naturally from Corollary 4.5.1a (with an explicit dependence on time), and
then attempt to eliminate such a dependence via rule (4.5.35). Note that if the
original Birkhoffian represents total energy, the new Birkhoffian cannot
preserve this physical meaning under transformation (4.5.35).

The algebraic implications of this are nontrivial. As we shall see in detail in
Chart 4.1, if B is identified with the physical energy E,,,, the Birkhoffian time
evolution for non-autonomous systems cannot have a Lie algebra character.
If such algebraic character is desired, the Birkhoffian cannot represent
physical energy. To state it in different terms, the Lie algebra character of the
evolution and the direct physical meaning of the Birkhoffian, rather sur-
prisingly, turn out to be mutually exclusive in a number of cases of Birk-
hoffian representations.

We end this section with the representation of Hamilton’s equations in terms
of Birkhoff’s equations. Recall from Section 4.4 that the isotopic transforma-
tions are universal for first-order systems. As a result, they exist also for
Hamilton’s equations in all possible Hamiltonians. More explicitly, con-
sider Corollary 4.4.1a, and suppose that covariant form (4.4.9) is that of
Hamilton’s equations with E, = 0H/da®*. Theorem 4.4.3 establishes that
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Equations (4.4.11) always admit a non-trivial solution in the isotopic func-
tions; that is, they admit a solution (h§) other than the identity for all possible
Hamiltonians. In this way we reach the following property.

Proposition 4.5.1 (Representation of Hamilton’s Equations in Terms of
Birkhoff’s Equations). Hamilton’s equations in all possible analytic and
regular Hamiltonians H(t, a) always admit an indirect Birkhoffian repre-
sentation in a star-shaped neighborhood of a regular point of their variables

R, 0R,\. (0B 4R\ ., OH(, a)
(6 5o = (o ) = e oo - 52 LJ

(4.5.36)

Upon computation of the isotopic functions for each given Hamiltonian via
the solution of Equation (4.4.11), the Birkhoffian functions are given by

1
R, [J dr thi(t, ‘ra)]waﬂaﬂ, (4.5.37a)
0

i

We should stress that the universality of the isotopy exists for the transition
from Hamilton’s to Birkhoff’s equations. The inverse case is not universal;
that is, for arbitrarily given functions R, and B, the decomposition of Birkhoff’s
equations into the Hamiltonian form according to rule (4.5.36) does not neces-
sarily exist. In fact, the direct universality of Birkhoff’s equations for local
Newtonian systems, as compared to its absence for Hamilton’s equations, is
due precisely to the lack of general existence of a reduction (4.5.36).

In Corollary 4.5.1c we have stressed the fact that, in general, the conven-
tional phase space character of the carrier space of Birkhoff’s equations is lost.
Proposition 4.5.1 permits the identification of the following property.
Whenever Birkhoff’s equations with a tensor Q,(t, a) other than the funda-
mental symplectic tensor w,, admit a factorization of Hamilton’s equations
according to rule (4.5.36), the variables a = (r, p) span a phase space, that is,
the variables r and p are canonically conjugated.

Proposition 4.5.1 opens up, at least in principle, new possibilities of re-
search for conservative systems such as the three-body system. In fact, as
the study of these systems via Hamilton’s equations can be considered as
virtually exhausted at this time, the representation of the same systems via
Birkhoff’s equations permits the application of new, more general methods
ranging from new first integrals to generalized perturbation techniques.

In conclusion, the Birkhoffian generalization of Hamiltonian mechanics is
useful not only for the non-potential systems for which it was conceived, but
also for the more conventional potential systems.

! 0H 0OR
B " —* o 5.
f dr(hu P + 5 )(t, m)}a . (4.5.37b)

0
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68 Birkhoff’s Equations

Chart 4.1 Lack of Algebraic Character of Nonautonomous Birkhoff
Equations

As commonly understood in the contemporary theory of Abstract Algebras,

an algebra U is a vector space of elements a, b, ¢, . . ., over a field F of
characteristic p (=0, or prime) with elements «, 8, y, . . ., equipped with a
bilinear (abstract) product ab satisfying the right and left distributive laws
a(b +c) =ab + ac, (1a)
(@ + b)c = ac + bc, (1b)

and the scalar laws47
(aa)b = a(ab) = ofab) (2)

for all elements a, b, ¢ € U, and « € F. Additionally, when the associative
law,
[a, b, ¢] Z a(bc) - (ab)c = 0, (3)

is verified for all elements a, b, ¢ € U, we have an associative algebra;
otherwise, we have a nonassociative algebra. In the contemporary
liliterature, the term ‘‘algebras” generally represents “nonassociative
algebras,” and the same usage is adopted in this volume (unless the
adjective " associative” is explicitly used). A truly large variety of algebras
have been identified in the mathematical and physical literature. They
are characterized first by the distributive and scalar laws (for the product
to characterize an algebra), and then by additional, specific laws (also
called identities or axioms).

The algebras playing a relevant role for the analysis of this volume are
the following.

1. Lie Algebras. They are algebras L over F characterized by the laws
ab + ba = 0, (4a)
a(bc) + b(ca) + c(ab) = 0. (4b)

2. Lie-Admissible Algebras. They are algebras U over F such that the
attached algebra U-, which is the same vector space as U equipped
with the product

[a, b], = ab — ba (5)

is a Lie algebra. Associative algebras A are clearly the simplest
possible realizations of Lie-admissible algebras. Lie algebras L are
also Lie-admissible because [a, b], = 2[a, b],. However, there
exists a large number of Lie-admissible algebras which are not Lie.
Thus the Lie-admissible algebras constitute a generalization of the

Lie algebras.
3. Jordan Algebras. They are algebras J over F characterized by the
laws
ab — ba =0, (6a)
[a2, b, a] = 0. (6b)

47 The additional properties
(aa)b = a(ba) = (ab)a = a(ab)

can be proved to be a consequence of law (2).
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4. Jordan-Admissible Algebras. They are algebras U over F such that
the attached algebra U+, which is the same vector space as U
equipped with the product

1{a, b}, = L(ab + ba), 7)

is a Jordan algebra. Again, associative and Jordan algebras are
Jordan-admissible, but the inverse does not necessarily hold. Thus
the Jordan-admissible algebras are a bona fide generalization of
the Jordan algebras.

5. Alternative Algebras. They are algebras U over F verifying the laws

a2b = a(ab), ba2 = (ba)a. (8)

For recent mathematical and physical studies of these algebras, as well
as for an extensive bibliography, we refer the interested reader to the
proceedings of the second (1979) and third workshops (1981) on Lie-
admissible formulations.

In physics, the abstract elements a, b, c, . .. are realized via specific
quantities, such as functions A(a) on T*M or operators A on a Hilbert
space #; the field is usually assumed to have characteristic zero (e.g., the
field R of real numbers or the field C of complex numbers); and the abstract
product ab assumes an explicit form depending on the selected realization
of the elements. Different realizations of the product then yield generally
different algebras. An important (and often overiooked) point is that all
possible realizations of the product must verify laws (1) and (2) to qualify
as the product of an algebra.

As an example, the product

ot 0A o8B
Afa) - B(a) = —0"(a) 5

at

(9)

is a fully acceptable classical realization of an algebra of functions on
T*M because it verifies laws (1) and (2), i.e., 48

A-(B+C)=A-B+A-C, (10a)
(A+B)-C=A-C+B-C, (10b)
xcA=A-a=0 (10c)

To have a more specific algebra, suitable integrability conditions must be
imposed on the tensor C**. For instance, for the product 4 - B to charac-
terize a Lie algebra, the tensor C** must verify integrability conditions
(4.1.48).

Consider now the autonomous or semi-autonomous Birkhoff's equa-
tions (4.2.3) or (4.2.5). The brackets [A4, B]* of the time evolution of
functions A(a) on T*M

0Bdef
— ¥4 B1*
2 A 8] (n

first, verify laws (1) and (2) and second, are Lie. We can then say that the
autonomous and semi-autonomous Birkhoff's equations possess a con-
sistent algebraic structure and that such structure turns out to be that of
Lie algebras.

. 0A
A@) = - 2"(a)

48 Under property (10c), law (2) (as well as those of footnote 47) is trivially
verified.
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This important algebraic property is lost for the non-autonomous
Birkhoff's equations (4.2.6). In fact, time evolution (11) now takes the
form
0A

oa"

It is easy to see that the “product” A ¢ B does not characterize an algebra
because it violates the right distributive and scalar laws

0B 0R,
+
0a’ ot

Aa) = — Q" (¢, a)( ) Ry} (12)

Ae(B+C)# AsB+AC, (13a)
(A+B)sC=A°C+BeC, (13b)
(xoA)o B # (Ao B)oq. (13c)

As a result, the nonautonomous Birkhoff’s equations do not have an
algebraic structure in the sense that the brackets of their time evoiution
do not qualify as the product of an algebra. Note that it is not a breakdown
of Lie algebras but, more profoundly, the breakdown of the very definition
of algebras*°.

The occurrence is perhaps the most significant difference between the
(nonautonomous) Hamilton’s and Birkhoff's equations. In fact, the
former have a consistent Lie algebra structure.

As is familiar from the analysis of Sections 4.2 and 4.5, the occurrence
originates from the explicit time-dependence of the R, functions. In-
triguingly, the occurrence provides an algebraic motivation for the con-
temporary semi-autonomous form of contact two-forms (that is, without
an explicit time dependence in the attached symplectic structure).

A method has been presented in Section 4.5 (see Equations (4.5.35))
for transforming the nonautonomous (nonalgebraic) time evolution (12)
into the semi-autonomous (algebraic) form (11). Regrettably, however,
the transformation does not allow the function B to represent the total
energy. This can be easily seen by noting that, in general, the energy does
not depend explicitly on time, while the nonpotential forces can have such
a dependence. In this case, the only possible representation is the non-
autonomous one with nonalgebraic time evolution (12).

This illustrate the statement of Section 5.5 to the effect that the direct
physical meaning of the Birkhoffian function, and the algebraic character
of the time evolution are, in general, mutually incompatible.5°

Chart 4.2 Algebraic Significance of Isotopic and Genotopic Trans-
formations

Let U be an algebra with elements a, b, ¢, . . . over a field F of characteristic
p verifying the set of axioms

l(ab) =0, k=1,2,..., (1)

43 This property was identified by Santilli (1979 b).

50 |n passing to the Lie-admissible generalization of Birkhoff's (and of Hamilton's)
equations, this incompatibility is resolved. See in this respect Chart 4.7. Finally, note
that, despite the breakdown of the algebraic character of law (12), the tensor Q" is
Lie, that is, it verifies integrability conditions (4.1.48). To state this in different terms,
brackets (11) are algebraic and Lie regardless of whether or not the tensor Q*
depends explicitly on time. This algebraic character is then lost in brackets (12)
because of the additive term in 0R,/dt and not because of the explicit time depen-
dence of Q.
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where ab is the product. Construct the new algebra U* which is the same
vector space as U but equipped with the new product

axb= (ac)b (2)

where ¢ is a fixed element of U. U* is called an isotopic extension or more
simply, an isotope of U, when the new product a * b, besides preserving
the distributive and scalar laws, also verifies the identities of U, i.e.,

I (a*b)=0. (3)

The isotopy is called regular (singular) when the element ¢ is (is not)
invertible. A regular isotopy is invertible in the sense that

a+"1'b=(ac)c™'b = ab. (4)

More generally, we shall define isotopy as any5' transformation of the
product of an algebra via elements of the algebra itself and/or of the field
which preserves 1) the original algebra as vector field, 2) the distributive
and scalar laws, and 3) the identities of the original algebra.

As a simple example, let &/ be the associative algebra of matrices
A, B, C, . .. over the field R of real numbers, equipped with the conven-
tional product of matrices AB. Let C be an element of .. The transforma-
tion of the product )

AB - A xB = ACB (5)

for all A, B € &/ and fixed C characterizes an isotope s/* of the associative
algebra o/ (Santilli (1978d)) because the new product A = B is still
associative. In this case there is no need to specify the association
(AC)B or A(CB) because, from the associativity law, (AC)B = A(CB).

As an example of nonassociative isotopy, let L be a Lie algebra of
matrices A, B, C, . . . over R and product

[A, B]l, = AB — BA. (6)
Let C be also an element of L. Then the transformation of the product
[A.B]l, = AB - BA— [A, B] = ACB ~ BCA (7)

characterizes an isotope L* of the Lie algebra L.

An example of algebraic isotopy in Newtonian mechanics is given by
the transition from the conventional to the generalized Poisson brackets
(Santilli 1978c¢)

0A 0B 0A 0B
[A B], = @w"v Fy e [A, B]f, = Fyv Q*(a) Py (8a)
ORY OR2\?
(@) = (w,)" " = (Oa" - Oaf) ,
0R, OR,\™'
R® = (p, 0), (") = (Q,,)' = (@ - Oa:‘) (8b)

51 Several possibilities are conceivable, the first through the assumption of an
association different than that of Equation (2), i.e., a*b = a(cbh). Other possibilities
are given by combinations of the type a*b = (ac)b + b(da), with ¢ and d fixed
elements either of the algebra, or of the field, or of both.
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72 Birkhoff’s Equations

Indeed, the generalized Lie tensor can be decomposed into
O (a) = hi(a)o™ 9

and therefore obtained as a modification of the original tensor via elements
h%(a) of the algebra.

Recall that the covariant tensors w,,, and Q,, are the geometric tensors of
corresponding general first-order systems. When both the original and the
final systems are self-adjoint, the preservation of the Lie algebra is
ensured by Theorem 4.4.2.

The algebraic significance of the self-adjoint isotopic transformations

(w8 + Tt a)]g, = 0> {Mi(a)[w,,a" + T,(t a)]ga}sp =0 (10)

is therefore that of characterizing a regular Lie algebra isotopy. However,
isotopy (10) is the basis of the generalization of Hamilton's into Birkhoff's
equations. In this way we reach the following result.

Proposition 1. The generalization of Hamilton’s equations into the
(autonomous or semiautonomous®52) Birkhoff's equations

, _OH(ta)| _ ,V_OB(t,a):l _
[wuva FYm ]SA Oe[qu(a)a 8 |, o (1

is the analytic counterpart of the algebraic notion of Lie isotopy.

As we shall see in Chapter 6, Proposition 1 turns out to be crucial for
the identification of a possible quantum mechanical image of Birkhoff's
equations.

After identifying the analytic meaning of isotopy, our next task is to
identify its meaning for symmetries, first integrals, and conservation laws.
Recall from Chart A.10 that two Lie algebras L and L* are called isotopically
related when they are symmetry algebras of two isotopically related
Lagrangians leading to the same first integrals (or conservation laws).
The algebras L and L* are generally nonisomorphic; but (a) they have the
same dimension r; (b) they are defined on the same carrier space (the
configuration or phase space); and (c) they coincide as vector spaces;
that 1s, the generators of the two algebras are the same. The only possibility
for the two algebras L and L* to be generally non-isomorphic therefore
occurs when the products are different. Their isotopic relationship in the
algebraic sense introduced in this chart is then consequential.

An example is useful here. Consider Lagrangian (3) of Chart A.10, i.e..

L = 1[(mx2 + my2 + mz?) - (kx2 + ky? + kz?)]. (12)
It possesses the SO(3) symmetry algebra with conserved generators
M, = (r x mt),, r=(xv.2), k=xy2z (13)
and commutation rules
M, M]=M, M, M]1=M, M, M]l=M,. (14)

Consider now the isotopically mapped Lagrangian (4) of Chart A.10,
i.e.,

L* = 1[mX2 — my2 + m22) — (kx? — ky2 + kz2)]. (15)

52 We exclude the nonautonomous case because of the loss of the algebra in the
time evolution (Chart 4.1).
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L* breaks the SO(3) symmetry and possesses instead Lorentz symmetry
S0*(3) = S0O(2.1) isotopically related to SO(3); that is, SO(2.1) is the
symmetry of the new Lagrangian L* which leads, via Noether’s theorem,
to the conservation of the generators of SO(3).

Now, the carrier space (the space of the Cartesian coordinates x, y, z
and momenta p_, P, p,) has remained unchanged by construction, and
the Lorentz algebra $O(2.1), to be consistently defined for the case at
hand, must be defined in terms of the generators of SO(3) (that is, via
the angular momentum components). This is possible if and only if
S0(2.1) is realized via an isotopy of the product of SO(3).

A study of the case (Santilli (1979a)) indicates that a solution exists, and
it is given by the commutation rules of SO(2.1)

M. MI*=M M. MI*=-M, M, M]*=M, (16)
X y y z z X y

z! x

defined via the Lie isotopy

oM. oM.
$O(3): [M,, M] = ()a“( w‘”;f——) SO* = 80(2.1): [M;, M,]*
oM. om.
= -&#Q‘w G_avL’ a=(rp) (17a)
+1 0 +1 0
03,3 +1 03,3 -1
0 +1 0 +1
@)=, @)=,
-1 05,5 +1 0,,;
0 -1 -1
(17b)

The reader can now see the nontrivial implications of isotopic general-
izations of the Lie product in regard to Lie's theory, as well as the need for
a suitable reformulation of the theory itself. In fact, the needed broader
theory must permit the formulation of a Lie group, say SO(2.1), in terms
of the generators, the base manifold, and the parameters52 of a generally
nonisomorphic group, say SO(3). This is not readily permitted by the
available conventional formulations of Lie’s theory, as we shall see in the
charts of Chapter 5.

As stressed in Section 4.4, the self-adjoint isotopic transformations are
only part of the transformations permitted by the conditions of self-
adjointness. A second important class is given by the self-adjoint geno-
topic transformations. The algebraic meaning of the latter transformations
is the following.

Let U be an algebra over a field F verifying axioms (1), where ab is the
product. Construct a new algebra U* which is the same véctor space as U
equipped with one of the following new products

a # b = (ac)b, a(ch), (ac)b + a(db), etc. (18)
53 As we shall see in Chapter 5, the Lorentz group SO(2.1) not only must be

defined in teyms of the angular momentum components, but the parameters remains
those of the group of rotations, that is, the Euler angles |-
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where ¢, d, . . . are fixed elements of U. U* is called a genotopic extension
or simply a genotope of U when the new product a # b verifies the distri-
butive and scalar laws, but violates axioms (1) and verifies instead a
different set of axioms

l(@#b)=0, k=12 .... (19)

When the genotopy is invertible in the sense of Equation (4), it is called
regular; otherwise it is called singular.

More generally, we define as genotopy any transformation of the
product of an algebra via elements of the algebra itself and/or of the field,
which (1) preserves the original algebra as vector field; (2) verifies the
distributive and scalar laws; and (3) satisfies a set of axioms different than
those of the original algebra.

As an example, consider a Lie algebra L of matrices A4, B, C, and product
(6). The following transformation of the product

L:[A B] = AB - BA—>L*: (A B) = ACB — BDA (20)

where C and D are fixed elements of L, characterizes a genotope L* of L.
In fact, L* coincides with L as vector space; the product (4, B) verifies
the distributive and scalar laws, but, unlike the case of isotopy (7), the
product (A, B) now violates the Lie algebra laws and verifies instead the
conditions for a Lie-admissible algebra, because the algebra (U*)- with
product

[A,B]* = (A, B) — (B,A) = ATB - BTA, T=C+D, (21)

is Lie. Thus Equation (20) characterizes a genotopy of a Lie algebra into
the more general Lie-admissible algebra.

An example of algebraic genotopy in Newtonian mechanics is given
by the transition from the generalized Poisson (Birkhoff) brackets to non-
Lie, Lie admissible brackets (Santilli, 1978c.e)

OA 0
L:[A, B](a) = Q" (a ) —>L# (A, B)(a) S‘”(a) 0 =, (22a)
oR oR, \ OR, OR,\~
Q") = A _“) , SHY — QW) = (__V — _“_) . (22b
@) (Oa“ (oM ( ) da*  oa’ ' )

Note that the brackets (A, B) are Lie-admissible because, according
to the definition of Chart 4.1, they are non-Lie, yet the attached anti-
symmetric part is Lie. This can be equivalently seen by noting that the
product (4, B) can be decomposed into the sum of two terms: a first term
which is antisymmetric and Lie, and a second term which is symmetric
and arbitrary,

OA 0B 0A 0B 0A 0B
= . Quv uy e Tuv
(4, B) S da" c‘)a“Q da’ * da* T da"’

Qw = Lie, ™ = T (23b)

(23a)

Note also that the notion of genotopy is a generalization of that of
isotopy. In fact, isotopies (7) and (8) are particular cases of corresponding
genotopies (20) and (22).

Within the context of abstract algebras the genotopy is, essentially, a
transformation of an arbitrary (nonassociative) algebra U into a different
(generally non-associative) algebra U* under the condition that U and
U?* coincide as vector spaces. Within the context of the Inverse Problem,



Direct Universality of Birkhoff’s Equations

a most important case occurs when the original algebra U is arbitrary, and
the genotope U* is a Lie algebra.
The algebraic significance of the self-adjoint genotopic transformations

75

[C,.(t a)a + D,(t a)lysa = 0= {hi(t, @) [C,e(t, a)a® + D,(t, a)lysatsa = O

(24)

is therefore that of characterizing a regular Lie algebra genotopy, that is,
of inducing a Lie algebra structure. In fact, as is now familiar, the original
tensor C**, (C**) = (C,,)~", is not Lie, while the final tensor C***(C***) =
(h:C,) "1, is Lie. This illustrates the reason why the /nverse Problem has
been sometimes referred to as the /nverse Lie Problem.

We are now in a position to identify the algebraic significance of all
possible equivalence transformations of first-order systems which can be
characterized via the conditions of self-adjointness. Besides the self-
adjointness-preserving and the self-adjointness-inducing transformations
considered earlier in this chart, we have two additional transformations,
according to

Self-adjointness-preserving = Lie algebra isotopy
Self-adjointness-inducing = Lie algebra genotopy
Non-self-adjointness-preserving = non-Lie algebra isotopy
Non-self-adjointness-inducing = non-Lie algebra genotopy

(25)

The direct universality of the Birkhoffian representation has the following
algebraic counterpart. It essentially implies that a Lie algebra genotopy
exists for all possible brackets (23) with a /ocal tensor $**(a).

Equivalently, we can say that all local, analytic, and regular first-order
systems can be treated via Lie algebra genotopies and isotopies. When
considering the more general, non-local, integro—differential systems, the
Lie-admissible genotopies and isotopies turn out to be possible, as we
indicate in Chart 4.7.

The notion of genotopy was introduced by Santilli (1978d), and was
not found to be treated in the literature of Abstract Algebra, despite a
rather laborious search. The notion of isotopy is considerably neglected
in the contemporary mathematical literature. However, a search revealed
that the notion is treated in the early literature of set theory and linear
algebra. See in this respect Bruck (1958, Chapter lIl). As Bruck puts it
(loc. cit, page 56), the notion of algebraic isotopy is ““so natural to
creep in unnoticed.” For additional treatments by mathematicians, see
McCrimmon (1965, Section I11.1), Myung (1982a), and Osborn (1982).
The notion of isotopy was introduced in physics by Santilli (1978¢,d,e and
1979a,b) and subsequently considered by a number of authors, such as
Sarlet and Cantrijn (1978), Kobussen (1979), and others.

I hope that the term isotopy will not create confusion with other terms
used in the physical literature, such as “isotopic spin.” After due con-
sideration, | elected to preserve the term because the notion of “algebraic
isotopy”” was born considerably earlier than that of “spin isotopy.”

Chart 4.3 Havas's Theorem of Universality of the Inverse Problem
for Systems of Arbitrary Order and Dimensionality

In Section 4.5 we presented the universality of the Inverse Problem for
analytic and regular systems of second-order ordinary differential equations.
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This universality was essentially achieved by reducing the system con-
sidered to an equivalent first-order form and then proving that this form
can always be written in a self-adjoint version via the multiplication of a
matrix of genotopic functions. The conditions of analyticity and regularity
were necessary to ensure the applicability of the underlying existence
theory for implicit functions, partial differential equations, etc.

The objective of this chart is to indicate that the universality of the
Inverse Problem proved in the text is, actually, a particular case of a more
general universality holding for systems of ordinary differential equations
of arbitrary (but finite) order and dimensionality.

Consider a system of differential equations of order s in r unknowns
which is analytic and regular in a region of their variables

F (L, Q7 QM .., Qi) =0, k=121 (1)

deli

d'Q
i = =
Q T /1=0,1,...,s.

Then, the implicit functions in the maximal derivatives exist {(and are
unique), and we write

Qi = fi(t, QOY, Qi .., Qts— i), (2)

Introduce now r new variables via the prescriptions
ain = yo, (3)
or any more general form of type (4.1.23). System (2) is now reduced to
Q") = YO, Yis-1 = £ (t, QO, YO, YD, .., Y(s-2), 4)

The iteration of this procedure results in the reduction of the original
system (1) into an equivalent first-order system of the normal type

gk — E(t, q) =0, k=1,2...,2N, qg=(QY), (5)

where the dimension 2N is rs, if rs is even, or rs + 1 if rs is odd, in which
case the last equation can be of the type Y{) = 0. However, Equations (5)
always admit an equivalent self-adjoint form of the type (Theorem 4.4.3)

{hk,'(t' q) [ql - Ei(tr q)]NSA}SA' (6)
Thus an action functional
) = [ L 0, 16 )
t

always exists for the representation of system (1). In this way we reach
the following universality theorem proved by Havas (1973, Appendix A).

Theorem 1. Any system (1) of ordinary differential equations of order s
and dimension r which is analytic and regular in a neighborhood of a
regular point of its variables can always be transformed into an equivalent
self-adjoint system of first-order equations of dimension 2N = rs, if rs is
even, or 2N = rs + 1, if rs is odd, admitting the representation via the

variational principle
t2 t2 (d oL oL

5J datL(t q. q) = - J dt(——_— ———)5q’<
t ¢, \dtogk og*

- f “dtih, (t )[4’ — E(t )]}, 5¢% = 0. (8)
9
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Note that the theorem holds without transforming the original variables.
Thus it is in line with the general objectives of this chapter. Let us recall
from Section 4.2 that the action functional under consideration here is
totally degenerate (the integrand is linear in the first-order derivative).
Thus, when this action is interpreted as being Lagrangian, it violates
Legendre’s necessary condition for an extremum, by exibiting a number
of problematic aspects for the applicability of conventional tools of the
calculus of variations or the optimal control theory. This is what stimulated
the work in this chapter on the effect of interpreting (8) as a generalized
Hamiltonian rather than Lagrangian type (as in the original Havas's
approach).

Chart 4.4 Rudiments of Differential Geometry54

In Charts 1.2.1-1.2.5 we reviewed a few basic notions of the symplectic
and contract geomettries. In this and in the subsequent two charts we shall
continue the study of geometry with particular emphasis on the local
formulation of coordinate-free, global, geometric techniques; the global
treatment of Hamilton’s and Rirkhoff’s equations; and the coordinate-free
treatment of the Inverse Problem.

In these charts we shall also point out some rather fundamental
physical differences which emerge when the same geometric algorithms
are used for the treatment of conservative and nonconservative systems.
Recall that the symplectic and contact geometries were developed much
along the lines of the conservative Hamiltonian mechanics. Basic geo-
metrical tools, such as Lie's derivative, were then conceived and applied
by and large to represent conservation laws. In these volumes we est-
ablish the universality of the contact geometry for local, analytic, and
regular Newtonian systems. Within such a setting, the geometrical
algorithms remain essentially the same, as we shall see, particularly in the
coordinate-free formulation. The physical emphasis, however, is now in
their use to characterize nonconservation laws (time rate of variation of
physical quantities). Unless due care is provided for this physical aspect,
one risks achieving mathematically correct coordinate-free global formula-
tions of mechanics which literally imply the perpetual motion in our
environment.

Let M be an n-dimensional ¥~ manifold with atlas {(U,, ¢,)}, ¢,: U, >
¢,(U,) e R" (Chart 1.2.1). A set of local coordinates will be denoted by
x=(x',...,x"). ForapointmeU < M, o(m) = (x*, ..., x”), where
each x’ is considered as a map from M to R.

Definition 1. A tangent vector X, at a point m € M is a linear function
from €= (M) (the space of € functions defined in the neighborhood of m)
to R, satisfying the rules

X, (af + Bg) = X, () + BX, (9).
X, (fg) = (m)X,(9) + g(m)X_(f), M
Vi, g €€ (M); o feR.

54 The literature on differential geometry is rather extensive. The interested reader
may consult, for instance, Dedecker (1957), Sternberg (1964), Abraham and
Marsden (1967), Loomis and Sternberg (1968), Souriau (1970), Spivak (1970-73),
Edelen (1977), Guillemin and Sternberg (1977), Thirring (1978), Arnold (1978) and
Sniatycki (1979).
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A number of alternative definitions of tangent vectors exist in the literature.
The following (equivalent) definition is relevant for our objectives.

Definition 2. A tangent vector X, at m € M is an equivalence class of
curves which are tangent to each other at m, i.e, X, = [y],, and y, = 7,
if and only if

(2)

d
= (@ o 7,)(0)

d
Jt(fpom(t)

t=0 t=0

By combining Definitions 1 and 2, we can interpret X, as an operator
performing the mapping €. (M) — R for which
d
X, ()=~ (O] . vebl, 3)
t t=0

The tangent space T,M at m e M is the vector space of all tangent
vectors at m. The 2n-dimensional manifold TM = () .,, T, M can be
equipped with a ¥ structure in a natural way, and constitutes the tangent
bundle over M, where the fiber at each point is the tangent space at that
point.

The cotangent space T);M at m is the dual of 7,M, and it is the
space of all linear functionals on 7 M. The 2n-dimensional manifold
T*M =, T%M can again be equipped with a €= structure, and it is
called the cotangent bundle.

If f e %, (M), we can define an element of T* M, called differential of f
at m, by

df
df(m) = < (m)dxt(m) 4)

It can be shown that, if (x', ..., x?) are local coordinates defined in a

neighborhood of m, then dx'|  form a basis of T* M. The basis of 7_M,

the dual of dx’|_, is then given by (in the sense of Definition 1) a/0x’| .
let 0, e T} Mand X, €T, M, then their local form can be given by

6, = 0/ (x)dx, X = Xi(x) i_ (5)
ox’
where the reference to the point m is understood. We also have
) of
0.(X,) =0XeR, X, (f) =X > e R, feé(M). (6)

Let F: M — N be a ¥° map from a manifold M to another manifold N.
We can associate to this map the tangent map TF: TM — TN by

TEX) = Yem:  Yeum(@ = Xo(Fog),  ge%z(M). (7)

A tensor of contravariant order r and covariant order s, i.e., of type
(r, s) (Chart 1.2.1), on a vector space V is an (r + s)-multilinear map

r-times s-times
A VEX o x VEX VX x VR : (8)

where V* is the dual of V.

When V is identified with 7 M, we have the tensor bundle T:(M) =
Umem To(T, M), where T7 is the set of all (r, s) tensors over 7, M.
Clearly, T}(M) = TM, TQ = T*M, and T{(M) = R.
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An (r, s)-tensor field is a €* map
b: M- Ti(M), b(m) e T(T M). 9)

Most important for our analysis are the (1.0)-tensor fields on M, called
vector fields. They characterize a map from M to TM. Equally important
are the (0, 1)-tensor fields on M called one-forms. They characterize a
mapping from M to T*M.

The set of all p-forms on M (Section 1.1.2) is denoted by A?(M).
Hence a € A°(M) mean a(m) € A*(T* M). Equations (5) therefore give
a local expression for vector fields X and one-forms 6. In particular

0(X) = X0, e €°(M) (10)

A curve y:/ — M at m is an integral curve of a vector field X at m if
X(y(t)) = Tt 1), forall t e/, where T, is the tangent map of y. Suppose

that (U, ¢) is a chart at m, o(m) = (x}, ..., x3), and (¢ ° y)(t) =
(x(t), ..., x"(t)), then x is an integral curve of X at m if and only if
(x1(¢), ..., x"(t)) satisfies the system of first-order ordinary differential
equations

x = Xi(x), x(0) = xij. 11)

In this way we reach the first contact with the analysis of this volume.
As worked out in Volume | and reviewed in Section 4.1, Newtonian
systems can always be written in the normal form

& ==5a), a0 =a, a=(ry) (12)

via arbitrary prescriptions for the characterization of n new variables y. The
quantities E* have been referred to in the main text as vector fields, merely
to express the Newtonian character of transforming as contravariant
vectors. We now learn that they can be interpreted as vector fields in the
geometric sense, that is

o]

= = 54a) 3o (13)

Equation (10) is then the differential equation corresponding to the
(geometrical definition of) vector field =.

We should keep in mind that, whether the Newtonian or the geometrical
definition is used, these vector fields characterize autonomous non-
conservative systems. The extension to the nonautonomous case is self-
evident. Autonomous conservative systems are, of course, not excluded,
as a particular case of this broader physical context.

From the existence theory of ordinary differential equations (Section
1.1.1) we can see that, at every point m € M, there exists a unique integral
curve of a vector field X at m. For all me U < M, these integral curves
define a local, one-parameter pseudogroup of transformations on M which
becomes a /ocal, one-parameter group if the interval of time in which it is
defined is independent of m, or it is the whole real line. The vector field X
then acquires the meaning of generator of this pseudogroup.

Suppose that a ¥°-map F: M — N is given. Then, a natural map from
Tg(N) to 79(M) exists called the pull-back of F and given by

F* TO(N) — To(M), o — F*(a), e AP(M), (14)
(FX)(m)(X cl X)) = a(Fm))(TF(X, ), TRIX,0).

im’ *
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F* maps p-forms into p-forms, and it is an (algebra) homomorphism with
respect to the exterior product (also called wedge product in differential
geometry). Notice in particular that, if F is a diffeomorphism, then
(F*)—‘l = (F—1)*.

Given two vector fields X and Y on M, one can define a third vector
field via the associative composition law

XY)(f) = X(Y(f)), Vf e €°(M). (15)
The (nonassociative) Lie rule
[X, Y] =XY -YX (16)
then also defines a vector field which can be written in local coordinates
oY, oxX.\ o
X, =X —=<-Y —] —. 17
[X. Y] ( " oxi ’Ox')dx/ a7

We see in this way that the set of all vector fields on a manifold forms a
Lie algebra under brackets (16).

Let X be a vector field on M and b an (r, s)-tensor field. Also, let F, be
the local one-parameter pseudogroup given by the integral curves of X
for t € /. Then F,: U — M maps every point m of U onto the point of M
lying in the integral curve through m at t.

The Lie derivative of the tensor field b with respect to the vector field X
is defined by

(F£())(m) — b(m)

Ly,b(m) = lim (18)
t—-0 t
If the tensor b is a scalar f, we have
L f = df(X), VFe € (M), (19)
if b is a vector field Y we have
LY =1[X Y], (20)
and for the case of one-forms we have (locally)
A0k oXk
= —_ - '
L6 (Xk Y +0, c)x/)dxl' (21)

We also have the property
L, (6(Y)) = (Lx0)(Y) + O([X, Y]). (22)

Finally, by using the global formulation of the exterior derivative (Section
1.1.2), we have

dl,a = L(da),  YaeAP(M). (23)

The inner product of a vector field X and a p-form o, denoted by /, a or
by X _| & (Section 4.3) is the (p — 1)-form

Xy X)) = palX, Xy, X

o-1) (24)
verifying the properties
iZ2=0ida A B) = (iya) A B+ (=1)Pa A (iyB),

iy df = L,f. (25)
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In this way we reach the following important property of the Lie derivative

Lya =i (do) + d(i,x)
=X_dda +d(X Ja), VaeAr(M). (26)
To establish a link with the treatment of this volume, it is significant to

identify the explicit form of these properties in local coordinates. From
the definitions given above, we have

(i)Y = 20(X, Y), o e A2(M). (27)
Thus
o] o]
X=X —, Y=Y —, 2
da* oa* (28)
o, (a)da* A da’,
and
(i)Y = (X Jda)Y = 200, X*Y. (29)
Therefore,
i =X da= 20, X"da". (30)

This yields the expression of the inner product in local coordinates of
Section 4.3, Equations (4.3.5) and (4.3.17), i.e.,

(=] = 15v n H
g o, 2o, , B2 dat

= w"1#2~“1 da*2, (31a)
g = 3512, {a}Br2 dat
“1#2{3}:“1 da*2, (31b)
The reader will recall that the following contractions
Oun, B2 =5, Q. ()32 =5, (32)

have played a rather crucial role in the main text for the construction of a
Hamiltonian and a Birkhoffian representation, respectively. In this case,
the forms w, and Q, are the fundamental symplectic form, and a general
(but local and exact) symplectic form, respectively.

Chart 4.5 Global Treatment of Hamilton’s Equations

Let M be an n-dimensional, ¢ manifold with local coordinates (g°, . . . , g")
(the configuration space of Newtonian Mechanics), and let TM and T*M
be its tangent and cotangent bundles, respectively. The bundles TM and
T*M are customarily used for the characterization of the Lagrangian and
Hamiltonian formulations of mechanics, respectively. We are here
interested in the latter case.

A point of T*M consists of a couple (m, /), where m is a point of M,
and / belongs to T*M. The projection map (Chart 1.2.2) n: "M > M
maps the whole fiber (m, T* M) onto m. As a 2n-dimensional manifold,
T*M can be equipped with a fundamental one-form, called a canonical
form, as follows. Consider the mapping

0: T*M — T*(T*M),  0e A'(T*M), (1)
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defined by the following properties. Let X(m’ , be an arbitrary tangent
vector to T*M at (m, /). Then

o(m, N (X, ) = (Tn(X, 1)) (2)
where Tr: T(T*M) — TM is the tangent map of the projection n. Let

(a*) = (g%, p,) be local coordinates for T*M. The vector field Xm, , then
acquires the local form '
) o} o} 0
X = A(q, p) — + B.(q, p) — = E*(a) — 3
(m. h (q p) bq’ ,(q p) op/ (a) da* ( )
for which
In(X,, ) =A c)_q' (4)
that is,
(Tn(X, ) = PA". (5)
The canonical form is then given by
6(m, Iy = p, dq’ = RQ(a)da" = R?, (R2) = (p. 0), (6)

where 0 is the notation generally used in the literature of differential
geometry,54 while RO is that used in the literature of the Birkhoffian
mechanics. Clearly, the two-form

w=do =dp, A dg' = Jw,, da* A da’ = dR9

0

-1
(wuv) = (1n><n 0nxn> (7)

nxn nxn

is nowhere degenerate and closed. It is the familiar fundamental sym-
plectic form. The 2n-dimensional manifold 7*M, equipped with the form
w is a symplectic manifold (Chart |.2.5).

Let H = H(a) be a function defined on T*M. A Hamiltonian vector
field is a vector field X verifying the condition

iiw=X_1w=-dH, (8)

We recover in this way the definition of Hamiltonian vector field of
Section 4.3, i.e.,

ZH1 dat2 = 2
L]

da* = ~dH. (9)

Equations (8) constitute a global treatment of Hamilton’s equations
for autonomous systems. Indeed, they are the coordinate-free version of
our local formulation (9).

The explicit form of Hamilton’s equations in local coordinates is
recovered as follows. Recall from Chart 4.4 that

igw =B, dq' - Al dp, = }0,,E" da". (10)
Thus, if = is a Hamiltonian vector field, it admits the local form
_OH o oH o _ [ OH 9
= 5;’0—(7, 5;67, =w @W'
But, from Equations (11) of Chart 4.4, we have
a* = E¥(a). (12)

E_Jw2=cu“1 ”

=

(@*) = (0,)"". (1)
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Thus we reach Hamilton’s equations in the conventional notation of
differential geometry

oH oH
jk = —, ), = — — 13
g o, Py o (13)
or, in our unified notation,
a* =" 9—"1 14)
0a’

Let us recall a few basic properties of Hamiltonian vector fields from
Abraham and Marsden (1967; see 1978 edition).

Proposition 1. Let X be an autonomous Hamiltonian vector field on a
symplectic manifold T*M with fundamental form o, and let F, be the
one-parameter pseudogroup characterized by its integral curve (the flow
of X). Then, for each t, F*w = w; that is, F, is simplectic and preserves the
phase space volume (Liouville’s theorem).

Proposition 2. Let X be an autonomous Hamiltonian vector field on a
symplectic manifold (T*M, w). Then H is constant along the integral

curve of X, i.e.,

oH oH
LA =R = oo 5

Recall here that Equation (15) is often referred in the mathematical
literature as the “‘conservation of the energy.” This interpretation is
generally erroneous because the Hamiltonian does not necessarily
represent the total energy®5 of the system.

In fact, for conservative systems the Hamiltonian can be an isotopic
image of the total energy (Section A.2). For instance, the conventional
linear harmonic oscillator 7+ r =0 (m = K =1) can be represented
either via the conventional Hamiltonian H = %(p2 + r?) or via its isotopic
image (Example 4.1)

= 0. (15)

H* = In|rsec Lrp*|. (16)

Itis clear that Equation (15) does not represent the conservation law of the
energy when used for Hamiltonian H*.

For nonconservative systems, the situation is created by the fact that the
canonical Hamiltonian cannot represent the energy, as a necessary
condition for the existence of a Hamiltonian representation. In particular,
non-conservative systems can be autonomous, thus admitting a Hamil-
tonian which does not dependent explicitly on time. In this case, Equation
(15) does not possess the meaning of energy conservation.

Let us look at the global characterization of Hamilton's equations of
nonautonomous type (i.e., H = H(t, r, p)). This is customarily done by
extending the cotangent bundle 7*M to the (2n + 1)-dimensional
manifold R x 7*M, where R represents time, and the canonical form (6)
to the form®®

0, =0 - H(t r, p)dt = RO(4)dé" = RY, (17)
©u=012...,2n, (&%) = (t, a), (R,) = (—H, RY).

55 The notion of total energy was given in Appendix |.A and reviewed after
Corollary 4.5.1.a.

56 The notation 0, is often used in the mathematical literature, while the notation

Py

R9(4) is used in the main text of this volume.
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The two-form
w, = db, = dR9 (18)

is then a closed (and exact) two-form of maximal rank. Thus it is a contact
form (Chart 1.2.5). The 2n + 1-dimensional manifold R x T*M equipped
with form (18) is a contact manifold.

A nonautonomous globally Hamiltonian vector field can then be defined
as a characteristic vector field X of w,,, that is, a vector field verifying the
properties

iso, =X lw,=0 (19a)
dt(X) = 1. (19b)

The equations above constitute a global treatment of our local formula-
tion of nonautonomous Hamilton’s equations, i.e.,

b,d8 =0, p=01,2...,2n, (20a)

{a"} = {t,a} = {t, v, p}, (20b)

B = 0, wy=1,2,...,2n, (20c)
OH

oy = o =3 (20d)

Proposition 3. /f X is a nonautonomous Hamiltonian vector field in a
contact manifold R x T*M with structure (22), then

oH
LoH = —. 21
X ot (21)

This property does not necessarily express a physical law. This is due to
the fact that conservative systems may admit an explicitly time-dependent
Hamiltonian. For instance, the conventional harmonic oscillator (F + r = 0)
admits the Hamiltonian (Example A.1)

H = r(tan t)sect| (e?’ cot 3t)°ost — In(e” cot it)cost — 1],  (22)

In this case the Hamiltonian is not a first integral, i.e., H # 0, yet the total
physical energy is conserved.

If the system is nonconservative, Equation (21) also does not express
the nonconservation of the energy. Indeed, for the damped oscillator we
may have the Hamiltonian

H = e-ip2 + e"1r2, (23)

and the Lie derivative (with respect to the Hamiltonian vector field) of this
quantity /s not equal to the variation of the energy in time (Example
.LA.6):

d d .. , ,
= E = E%(rz +r2) = Fygaf = —2y72 (24)
A study of this occurrence indicates that this is the case for a// Hamiltonian
representations of nonconservative systems, whether essentially or
nonessentially non-self-adjoint.
Thus we conclude that, within the context of the global geometrical
treatment of Hamiltonian mechanics, the Lie derivative is representative of a
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physical law, the conservation of energy (15), only under certain re-
strictions on the nature of the systems, the physical meaning of the local
coordinates, and the nature of the representation.

Chart 4.6 Global Treatment of Birkhoff's Equations

Theorem 4.5.1 establishes that a// local Newtonian systems which are
analytic and regular in a star-shaped neighborhood of a regular point of
their variables

{Im ¢, —f(t. v, F)lg, — F (&, r,F)}ysa = O k=1,2,....,N (1)
admit an equivalent first-order self-adjoint form
) u=1,2...,2n;n=3N,
Q. (t a)a + T (¢ =0,
[Qu.(t a)8" + T,(t, 8)l5, A (2a)
Q,+Q,=0, (2b)
0Q,,  0Q 0Q
v + vt + To_ ) 2
0a’ da* oa’ 0 (2¢)
0Q or, or
P=_t-_"=0, (2d)

ot 0a* o0a*

characterizing the closed and exact two-form of maximal rank on the
(2n + 1)-dimensional manifold R x 7¥M

Q, =0,8)dé* A d&', dh,=0, Q,=dR,, (3a)
wv=0,1,2...,2n

Q. = Q,, wv=1,2...,2n, (3b)

Qo =T, =-0Q,, v=1,2,...,2n, (3¢)

Thus Theorem 4.5.1 can be equivalently formulated by saying that all
Newtonian systems of the class admitted can be treated via the global
contact geometry, in general, and by the symplectic geometry, in particular.

In order to identify the analytic character of systems (2a), that is, their
derivability from a variational principle we have represented them in the
main text of this volume via Birkhoff's equations. In this chart, we are
interested in outlining the global treatment of these equations. For the
reader’s convenience, we shall considered separately, in the terminology of
Definition 4.2.1, Birkhoff's equations in the autonomous form:

oR OoR, (a
{[ v(a) _ u( ):la.v _ OB(a)} _ 0, (4)
oa" 0a" 0a* jga
the semi-autonomous form:
0R,(a) _ c)l"i’“(a)jl‘év B 0B(t, a) -0 (5)
oa" Qda’ 0a"  Jq,

and the general nonautonomous form:

OR,(t, a) B OR,(t a) (., a 0B(t. a) A OR,(t a) _
{[ 0a 0a’ ]3 [ oa* * ot ]}SA 0 (®
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Let M be a n-dimensional manifold with cotangent bundle T*M, and
denote the local coordinates g/, with/ = 1,2,. .. ,n (q = rforsystems (1)),
and a*, with u =1, 2, ..., 2n, respectively (a = (r, p) for systems (1)).
We shall call T*M an exact symplectic manifold when equipped with a
nowhere-degenerate, closed, and exact two-form Q, and we shall write
(T*M, Q). This implies that Q = dR and thus dQ = 0.

We shall call a globally Birkhoffian vector field any vector field X on
T*M verifying the property

iQ=X_1Q=-dB (7)

for some function B on T*M. The equations above are a global char-
acterization of autonomous Birkhoff's equations. In fact, Equation (7) is a
global version of our local treatment of Section 4.3

E1Q,=9, da* = -dB. (8)

Zt1 da*2 = E

1Hs "

The explicit'form of the equations is recovered via a straightforward
generalization of the Hamiltonian case of Chart 4.5. In fact, we have now
the expression

i2Q = 1Q,,E' da*. (9)
Thus, if the vector field = is Birkhoffian, it must admit the explicit form
0B 0o
Z=r— Q#Y) = Q) 10
5o (@)= @) (10)

by therefore characterizing the autonomous Birkhoff’'s equations in their
contravariant form

0B(a)
da’

& = Q" (a) (1)

A comparison of Equation (7) above, with Equation (8) of the preceding
chart establishes that in the transition from the local to the global co-
ordinate-free formulation of geometry, all distinctions between Hamiltonian
and Birkhoffian vector fields are lost. In fact, the notion of a ”’ Birkhoffian
vector field” introduced in this volume coincides with the notion of a
" Hamiltonian vector field ' of the contemporary mathematical literature in
symplectic geometry. This should not be surprising because the Birk-
hoffian generalization of Hamilton’s equations have been conceived so as
to preserve the underlying geometry, which is possible if and only if all
distinctions are lost at the abstract, coordinate-free level.

This illustrates quite clearly the physical differences of abstract mathe-
matical algorithms when realized in specific systems of local variables. In
fact, we can introduce one abstract, coordinate-free notion and different
realizations in local coordinates. For instance, we can call globally
symplectic vector fields all vector fields satisfying Equation (7) above (or,
equivalently, Equation (8) of the preceding chart). We then have Hamil-
tonian or Birkhoffian vector fields depending on whether the symplectic
structure in a local chart is the fundamental one or a general exact one.

Clearly, the Hamiltonian case is a particular case of the more general
Birkhoffian one, as expressed by the fact that the fundamental symplectic
(Hamiltonian) structure /s of Birkhoff's type

(ORV _OR,
da" o0a’

) = (o), RO = (p, 0). (12)
R=RO
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To outline the global treatment of Equation (5), perform the extension
of the T*M manifold to R x T*M. We shall say that such a (2n + 1)-
dimensional manifold is an exact contact manifold when equipped with a
closed and exact two-form of maximal rank. If Q is an exact symplectic
form, the contact form can be constructed by using the projection map
n: R x T*M — T*M for which one can define 7*Q = Q. The form

Q,=Q-dB A dt (13)

for some function B on R x 7*M can then be proved to be an exact
contact form.

A semi-autonomous globally Birkhoffian vector field is then any vector
field X on (R x T*M, Q8) verifying the properties

iQ,=X1Q,=0, (14a)
dr(X) = 1. (14b)

This is the desired global treatment of Equations (5). Indeed, according to
Equation (13), the Birkhoffian has an explicit time dependence, but the
substructure Q does not possess, in local coordinates, such a dependence.

Clearly, Equation (14) above and Equation (19) of the preceding chart
are equivalent. No distinction can be made therefore between semi-
autonomous Birkhoffian vector fields and the nonautonomous Hamiltonian
ones at the coordinate-free level.

We consider now the general case of Equation (6), which includes
all preceding cases, whether Hamiltonian or Birkhoffian, and introduce
an arbitrary one-form R on R x 7T*M subject to the condition that the
associated two-form via exterior derivative

O =0dR (15)

is of maximal rank. We shall call a_general, global, Birkhoffian vector field
any nonautonomous vector field X on R x T*M verifying the properties

iydR =X _1dR =0, (16a)
dr(X) = 1. (16b)

The equations above provide the desired global treatment of Equation
(6). Indeed, the one-form R can be written in local coordinates

R = R,(4)ds* = R,(t, a)da* — B(t,a)dt, B=R,  (17)

and characterizes precisely the integrand of the variational principle for
systems (1) (Section 4.2). The inner product of the vector field with the
exterior derivative of form (15) then yields precisely Birkhoff's equations
(6) in our unified notation

Q,(8)d5* =0, u=0,12...,2n, 4

~ 0R, OR _

(t,a), (18a)

. 38 OR, .
“"”:_(oav*m):-ﬂm, v=12...2n (1)

The structure R x T*M has been introduced for definition (16) mainly
to keep in touch with the physical insight, that is, to associate time with R.
On more general geometric grounds, such an association is lost, in the

87



88 Birkhoff’s Equations

sense that the equations can be defined in an arbitrary (2n + 1)-dimen-
sional manifold M equipped with a closed and exact two-form of maximal
rank. Time would be associated then with the space of the (null) co-
determinant of maximal rank, as we shall see better in Section 5.3.

We shall now study the nonconservative nature of systems (1). The
problem consists of identifying a geometric characterization of the energy
rate of variation in time. This is achieved through the Lie derivative (Chart
4.4). In general, the Lie derivative of the Birkhoffian B(t, a) with respecttoa
globally Birkhoffian vector field X is given, in local coordinates, by

B _ 3R, OB
LB = — Q="+

- 1
oa* ot ot (19)

Now construct a Birkhoffian representation of systems (1) according to
Corollary 4.5.1a, whereby the Birkhoffian is the total energy

B(t a) = £, (t, a) = E,o (6, v, p) = T(p) + U(t, v, p),  (20)

that is, the Birkhoffian is the Hamiltonian of the maximal self-adjoint
subsystems of systems (1). This energy is necessarily nonconserved
owing to the presence of nonconservative forces. The desired geometric
characterization of the energy rate of variation in time is then given by the
particularization of rule (19)

. (] OR, OF,
Eior(ti @) = L3E = ﬁ Q(t, a) FYs + —ottOtr (21)
~ OF, 0
X=0Q -+ —,
0a ot

An instructive exercise for the interested reader is to verify that law (21)
may provide a description of the energy rate of variation.57 However, the
reader should keep in mind that /aw (21) does not possess a Lie algebra
structure for the general non-autonomous case (Chart 4.1).

Evidently, nonconservation law (21) admits, as a particular case,
conservation law

Etot(a) = I'XEtot = [Etot’ Etot]z‘a) =0. (22)

In this case, the law does possess a Lie algebra structure, but we are
dealing with truly particular Newtonian systems (the autonomous, con-
servative, essentially self-adjoint systems in direct analytic representations).

We consider now the peculiar aspect of the Birkhoffian realizations of
contact two-forms mentioned in the text, that is, the explicit time de-
pendence of the symplectic substructure. This occurrence creates a.
number of technical problems, such as 1) the region of definition of the
two-form; 2) the applicable version of the Poincaré lemma, and 3) the
proper formulation of the transformation theory. We consider here
problems 1) and 2). Problem 3) is studied in the next chapter.

Consider contact structure (15) in realization (18). It is rather natural to
think of a star-shaped region in the variables a* at each fixed value of time,
but then one needs a mechanism whereby, as time varies, different regions
at different values of time are smoothly connected. Also, as recalled in
Section 4.2, a star-shaped region does not necessarily remain this type
under an arbitrary transformation.

57 This can be verified, for instance, by using the Birkhoffian representation of
Example 4.2.
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In order to overcome these difficulties, Sarlet and Cantrijn (1978a)
introduced the notion of a “region deformable to a curve”—that is, one
which (a) is topologically equivalent to a star-shaped region, (b) allows
a smooth connection between regions at different values of time, and (c)
preserves its topological character under arbitrary diffeomorphisms
(transformations).

Note from the outset that the approach by Sarlet and Cantrijn is a
natural generalization of the " deformability to a point” by Flanders (1963).
We shall therefore take this opportunity to review the formulation of the
direct and of the converse of the Poincaré Lemma which apply to structure
(15). This provides an alternative approach to that by Lovelock and Rund
(1975) reviewed in Section 1.1.2 and which, as is now familiar, is based
on the notion of star-shaped region.

Let O denote an open subset of R™, and F7(O) the set of all #° p-forms
(Section 1.1.2) on O. An element A7 of FP(Q) assigns to every a€ O a
p-linear alternating mapping

Ar = Ar(a) = A, (a)da*1r A - - - A da"s. (23)

1o By

Let 4 be a subset of R x R™, and put
X, ={aeRm|(¢ a) € 9}. (24)

Definition 1. ¥ is smoothly deformable to a curve (monotonically
increasing in the ¢-direction) if a family of mappings

ol x L > X, /=101]

(tr,a) > pr,a) =beX, (25)

exists such that (i) ¢,(1, @) = a, ¢,(0, a) = a,, for all a e £, and where
a, = ay(t) is fixed on Z; (ii) the map ¢:/ x ¥ - ¢ is of class € with
respect to all arguments.

Clearly, the property of being smoothly deformable to a curve is pre-
served by all images ¥’ of 4 under class ¢, invertible transformations.
Also, regions at different values of time are smoothly connected. Finally,
the topological equivalence of Definition 1 with the notion of star-shape
is also ensured.

Starting from a family of p-forms A2 e FP(Z,) given by

Ar = Ar(a) = AM (t, a)da*1 A - - A da*r (26)

..,,l‘p

for each tsuch that X, # (p,whereA,,1 up(t, a) are given ¥~ functions on

%, we can define a parametric p-form on 9, &/° € 7 7(%), by
P(t, a) = AP(a), V(t a) e ¥. (27)

As a straightforward extension of the definitions of Section 1.1.2, we
have

6: TP(%9) > TP (9), (28)

that is, the exterior derivative of parametric p-forms can be written
(actually, can be defined by)

(047)(t, a) = (dAP)(a), (29)
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where d is the exterior derivative in FP(Z,). A parametric p-form /7 is
exact when a parametric (p — 1) form /27— 1 exists, called primitive form,
such that

AP = dfP-1, (30)
Similarly, &7* is closed if and only if
ofP = 0. (31)

The following property is a simple, direct generalization of Lemma
1.1.2.1.

Lemma 1 (Direct Poincaré Lemma). Every exact parametric p-form
is closed.

The proof of the following property is, on the contrary, nontrivial. For
brevity, we refer the interested reader to Sarlet and Cantrijn (/oc. cit.).

Lemma 2 (Converse of the Poincaré Lemma). Let ¥ be a subset of
R x Rm™ that is smoothly deformable to a curve. Let o/* be a parametric
p-form of 4 that is closed. Then =/* is exact on %.

In conclusion, the existence theorems of the Inverse Problem studied
in this volume, particularly those for Birkhoffian representations, can be
subjected to a dual approach. One can first use conventional star-shaped
regions in (2n + 1)-dimension for a contact approach to the forms con-
sidered. This is the case, for instance of Corollary 4.2.1a. Alternatively, we
can consider the forms at a fixed value of time. In this latter case the
parametric approach outlined in this chart applies. This is the case of
Theorem 4.5.1. This latter approach will be tacitly implemented throughout
our analysis whenever considering symplectic structures with an explicit
time dependence.

Chart 4.7 Lie-Admissible/Symplectic-Admissible Generalization of
Birkhoff's Equations for Nonlocal Nonpotential Systems

In the text of this chapter we established the universality of the Lie algebras
and of the symplectic (or contact) geometry for local Newtonian systems.
A few words on the /imitations of these mathematical tools in physics
are now in order to prevent a possible expectation of their terminal
methodological character. Stated explicitly, after having identified rather
substantial capabilities, it is important to point out that the Lie algebras and
the symplectic geometry do not provide the final formulation of mechanics.
On the contrary, they characterize only one stage of an ever-continuing
process of mathematical and physical advances.

Consider the problem of interactions. The effectiveness of the Lie
algebra and of the symplectic geometry for the treatment of the electro-
magnetic interactions is well-known. In Example 4.1 we shall show that
the formulations considered apply to the characterization of the electro-
magnetic interactions, not only in their conventional (Hamiltonian) form,
but also in their most general possible (Birkhoffian) form. This effectiveness
persists for the more general interactions of contemporary physics, such
as the unified gauge theories of weak and electromagnetic interactions.

All these interactions, whether Newtonian or quantum field theoretical,
are of local/differential and potential/self-adjoint type. In fact, all these
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interactions are characterized by a conventional, local, Lagrangian func-
tion or operator-valued distribution L, . = L, .+ L .

Recent studies®® have identified a number of insufficiencies of these
interactions in several branches of physics. In fact, the systems of New-
tonian Mechanics are, more properly, of the nonlocal type (Section 4.1),
in the sense that they demand integro—differential equations to represent
the interactions at all points of a surface volume. The systems of Stat/stica/
Mechanics, whether classical or quantum mechanical, are also nonlocal
whenever the extended character of the constituents is taken into account,
together with their inelastic collisions. Along quite similar lines, the systems
of Particle Mechanics are also nonlocal in their more adequate treatment.
This is the case in particular for the strong interactions, because of the
need for mutual penetration of the wave packets of particles.5°

When the Lie algebra and the symplectic geometry are considered in
this context, they emerge possessing rather precise limitations. In fact,
the symplectic geometry is, in the final analysis, a local/differential
geometry, that is, a geometry which, when realized in a local chart,
admits ordinary (or partial) differential equations. As a result, no possibility
is known at this time for an effective treatment of nonlocal systems via
the symplectic geometry in its current formulation.

We can therefore say that the Lie algebra and the symplectic (or contact)
geometry, rather than providing the ultimate formulations of mechanics,
provide instead a mere approximation of the local/nonpotential type, with
the understanding that more general algebraic and geometric structures
are expected to exist for nonlocal/nonpotential treatments.

In this chart we review the main ideas of the possibility of generalizing
the Lie algebra and the symplectic geometry into the so-called Lie-
admissible algebras and the symplectic-admissible geometry.

The most general form of unconstrained Newtonian systems in Euclidean
space known at this time is given by the so-cailed integro—differential,
variationally non-self-adjoint systems. These are systems with a super-
position of local/differential and nonlocal/integral forces which are
derivable and nonderivable from a potential. By using a self-evident
notation, the systems can be written90

{[mafka —f(tr ) - Jf dar' k(& v, v F F, .. .)]
SA

~ F(tr F) - ”j ar' K, (tr, v i, ¥, .. .)} =0, (1)

NSA
a=12,...,N, k=x,y, 2

58 See the Proceedings of the Second Workshop (1979) and of the Third Work-
shop (1980) on Lie-admissible Formulations, and the Proceedings of the First
International Conference on Nonpotential Interactions and their Lie-admissible
Treatment (1982). An extended presentation of this chart is also provided in the
monograph Santilli (1982d). For a mathematical study of flexible Lie-admissible
algebras, see the monograph Myung (1982b). For an introductory mathematical
account, see Benkart (1982). For an historical mathematical account, see Tomber
(1982).

59 See Chart 6.1.

60 Several ways exist of writing nonlocal forces. In Equation (1) we selected
“bilocal ” form with a kernel. For another form, see Equation (4.1.3).
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and represent the motion of extended objects in a resistive medium with
center of mass coordinates r, under local and nonlocal forces of action-
at-a-distance/potential type as well as contact/non-potential type. As
indicated in Sections 4.1, the local nonpotential systems considered in
this volume (and in the preceding one) are an approximation of systems
1).

Hamilton’s equations (without external terms) are clearly insufficient
in representing the systems considered because of their inability to achieve
direct universality at the level of local approximations, let alone the full
nonlocal treatment. Birkhoff equations are equally /nsufficient to represent
systems (1) for a number of reasons, ranging from the lack of integro—
differential character of the underlying geometry, to the practical im-
possibility of computing a Birkhoffian representation.

To overcome these (and other) difficulties, Santilli (1978c and e)
proposed a generalization of Birkhoff's equations (and thus, of Hamilton’s
equations) which achieves a direct universality for all systems (1) via a
generalization of the underlying algebra and geometry.

I. Generalization of Lie Algebras into Lie-Admissible Algebras. In
Chart 4.1 we pointed out the property that the Lie-admissible algebras
constitute a genuine generalization of the Lie algebras. At the mathe-
matical level, this can be seen in a number of ways, such as the fact that
the axioms characterizing a Lie-admissible algebra are a direct generaliza-
tion of the Lie algebra axioms, or that the Lie algebras are contained in the
classification of all Lie-admissible algebras, or that ali Lie algebras are
Lie-admissible, but the opposite property is not necessarily true.

At the physical level, the generalized character can be seen by noting
that the product of a Lie-admissible algebra is neither antisymmetric nor
symmetric. Thus it can always be decomposed into an antisymmetric and
a symmetric part. The product verifies the conditions of Lie-admissibility
when the antisymmetric part is Lie. Finally, Lie algebras are recovered as a
particular case when the symmetric part is null.

The realization in Newtonian Mechanics of the product of Lie-admissible
algebras is given by

o 0B oA OB O0A _ OB
uv qu + nv ,
(4.B) = S (ta) 55 oa’ Oa“ 0a’ oa* 4 0a’
OR
( ——” ) , det(S**) # 0, det(Q*) # 0,
Oaﬁ
Tuv = 7“‘, (2)

where the underlying carrier space is the same as that of Birkhoff's
equations (e.g., the cotangent bundle 7*M), with the understanding that
the use of suitable generalizations is not only possible but encouraged.

Product (2) is Lie-admissible because its antisymmetric part is Birk-
hoffian and therefore Lie. The Poisson brackets are recovered via a double
simplification. First, one simplifies the product via the restriction 7** = 0,
and second, one assumes the further simplification of the general Lie
tensor Q" into the canonical form w®'.

The separation of the product into an antisymmetric and a symmetric
part is along rather precise physical motivations. The antisymmetric part
can represent all possible forces and dynamic conditions which are
treatable via Lie's theory along the existence theorems of this volume. The
symmetric part can then represent all forces which are outside the
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capability of Lie's theory, such as the nonlocal nonpotential forces. This
separation of Lie and non-Lie dynamics subsequently results in being
important in the quantitative treatment of the physical consequences due
to the presence of non-Lie forces.®!

The fact that product (1) is the most general possible regular realization
of Lie-admissible algebras on 7*M can be seen as follows. The axiom
for the product (A4, B) to be Lie-admissible is given by®2

[A B, C] +[B, C A] + [C, A B]
-[C,B,A] -[B,AC]-TACB]=0 (3)

where
[A B, C] = ((A B), C) - (A (8. 0)), (4)

and result into the conditions on the tensor S*”
(S* — S*¥) _0_ (S - 8™
da’
(87 = 8" o (S* - 8
(S8 o (S - $™) =0, (5)

with the general solution

(5

oR,,

Y > e TR (6)

Recent studies have indicated that the generalization of Lie algebras:

into Lie-admissible algebras occur at a central methodological level of
Lie's theory, that of the universal enveloping associative algebra. In turn,
this permits a consistent exponentiation into a connected Lie-admissible
group of transformations, i.e., a set of transformations which constitutes
a connected group in the conventional sense, yet whose reduction in the

67 One of the implications of the possible existence of a nonlocal, nonpotential
component in the strong interactions is a departure from the electromagnetic
characteristics of particles,58 such as magnetic moments, spin, parity, etc. (which,
of course, can only be an internal effect of a closed system under strong interactions
not detectable from the outside under long-range interactions). The separation in
the theory of the local/potential part from the nonlocal/nonpotential component is
for the computation of the deviations from the physical characteristics under the
former part, due to the presence of the latter part. For consistency, it is important to
begin the separation at the primitive classical level and to preserve it at all sub-
sequence levels of study.

62 A first axiom indicating the antisymmetry of the attached product, i.e.,
[A B]* - [B,A]* =0, [A, B]* = (A, B) — (B, A)

has been ignored here because the field has characteristic zero. Note that axiom (3)
is a generalization of the Jacobi law. In fact, when (A, B) = [A, B], axiom (3)
reduces to four times the Jacobi law. This illustrates the remark made earlier that the
Lie-admissible axioms are a generalization of the Lie axioms.
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neighborhood of the identity exhibits a non-Lie, Lie-admissible algebra.
This can be seen in the following exponentiation of product (2):

., ,0X 0o _
a’ = exp (08“ Sa_”@)a = connected group (7a)
da a - o] oX
T2 8 =22 ge 2 = (a,X) = Non-Lie, Lie-admissible
do 0 loxo Oa 0a algebra. (7b)

These features indicate the possibility of constructing, in due time, a
Lie-admissible generalization of Lie's theory, including generalizations of
the Poincaré—Birkhoff-Witt Theorem, Lie's theorems, the representation
theory, etc., and considerable research activity is currently under way
along these lines.®3

/. Generalization of the Symplectic Geometry into the Symplectic-
Admissible Geometry. The symplectic geometry is clearly unable to
“geometrize” Lie-admissible algebras, e.g., because of the total anti-
symmetric character of the symplectic two-forms. To bypass this difficulty,
Santilli (Joc. cit.) proposed the development of the symplectic-admissible
geometry as the geometry of manifolds equipped with tensorial two-
forms whose antisymmetric part is symplectic. By assuming for the
manifold the cotangent bundle 7*M, and for the local chart the variables
a = (r, p), the tensorial two-form under consideration can be written84

S, =S,(t a)da* ® da* = Q,, da* A da* + T, ,da" x da’, (8a)
ds, # 0, d(Q,, da* A da*) =0, det(S,,) # 0, det(Q,,) # O,
(8b)

where ® is the tensorial product, A is the exterior product, and x is the
symmetric product. The geometrization of product (2) is achieved when

S = (IISl=)*" (9)

The integrability conditions are given by

o} 0 o}
o—a, (Suv - Svu) + @ (Svr - sw) + _0—; (sru - s[lt) =0 (10)
with the general solution
OR, OR, , , ,
o (Oa ) oaf) t T T =T (1)

63 See the Bibliography by Tomber et a/. (1979 and 1981).

64 |n Equations (8) we have distinguished the covariant tensors Q,, and T',, from
their contravariant counterparts Q*" and 7*" because, in general,

S = (ISl =" 8 = 8" # (IS — Spall 7",
S+ 8™ # (1S, + Sl 71

Notice the appearance of an explicit time dependence in the two-form which is
similar to the corresponding Birkhoffian case. This is an indication that the more
adequate treatment is that on R x 7*M with corresponding contact-admissible
extension. This latter aspect will not be considered here for brevity.
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Tensorial two-forms whose antisymmetric part is symplectic were
called symplectic-admissible two-forms in order to attempt a geometric
counterpart of the algebraic definition of a Lie-admissible product (via
the Lie character of the antisymmetric part).55 The manifold 7*M equipped
with such a form was then called a symplectic-admissible manifold. The
main motivation was parallel to that of product (2). In fact, the imple-
mentation of a symplectic two-form (or manifold) into the broader sym-
plectic-admissible structure permits the representation of local/differential
equations via the symplectic part, and the possible treatment of the non-
local/integral terms via the symmetric part. A condition for studying this
objective was the loss of the notion of (geometric) closure (that is,
ds, #+ 0)¢e.

A few comments are in order. The full geometrization of nonlocal
interactions calls for an " integro—differential geometry "’ which is expected
to be considerably more complex than the “symplectic-admissible geo-
metry,” beginning with its topological foundations. In fact, the needed
geometry calls for abandoning the local notion of points in favor of suitable
nonlocal/integral generalizations. The symplectic-admissible geometry
has been suggested as an intermediary step, prior to such a full nonlocal
treatment. In fact, the geometry is patterned along the pragmatic formula-
tion of equations (1) whereby the center of mass coordinates r are purely
local, and the nonlocal effects are represented via additive forces. At the
geometric level, this results in structures (8) consisting of local/differential
exterior two-forms plus nonlocal/integral symmetric two-forms.

It should be indicated here for completeness, that the symplectic-
admissible geometry is apparently needed for reasons independent of
those considered here. As is well-known, the canonical symplectic

two-form
w, = to,, da* A da’ = dp, A drk 12)

has been historically conceived for the geometrization of the Poisson’'s
brackets

2

4, 5] = DA 0B _0A 0B 0B 04

da* 0a" orkop, Orkop,

However, as is also well-known, the primitive algebraic product in Lie's

theory is that of the enveloping associative algebra. The Lie product is
merely an attached product.

The ultimate geometrization of the Poisson’s brackets therefore

demands its realization at the level of the envelope. This problem was

(13)

8% If a contravariant tensor S*” is Lie-admissible, its covariant version S,,, defined
by Equation (9), is not necessarily symplectic-admissible, and vice versa. As a
result, the joint condition of Lie-admissibility and symplectic-admissibility must be
imposed. As we shall review in a moment (Equations (22) later on), a joint solution
of this type exists, and it is directly universal for all systems (1). This is sufficient on
physical grounds. On mathematical grounds, the situation is different, and much
remains to be done. For instance, if a tensor Q** is (regular and) Lie, its covariant
form defined by Q,, = (19 -1),, is always symplectic, and vice versa. Studies are
currently in progress via grading and other mechanisms to see whether or not the
corresponding property at the more general Lie-admissible/symplectic-admissible
level can be recovered.

86 For additional geometrical studies, see refs. 58 [in particular, the contributions
by Oehmke (1982), and Sagle (1982)]. See also the Index of the bibliography by
Tomber et al. (1981).
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formulated by Santilli (1978e), who pointed out that the envelope of
brackets (13) is given by the nonassociative Lie-admissible product

AoB=— —. (14)

The primitive geometry, therefore, is not the symplectic geometry, but
rather that geometrizing product (14). This leads in a rather natural way
to the symplectic-admissible geometry as the primitive geometry of the
envelope of Poisson’s brackets with tensorial two-forms

S, =8, d&* ® da’ = Jo,, da* A da’ +t, da* x da’, t, = t,.
(15)

The symplectic geometry then acquires a derived meaning, in the sense
that symplectic form (12) is merely the attached antisymmetric fotm of the
fundamental form (15).

Finally, the independence of the symplectic-admissible character from
the selected local variables should be indicated. As we show in detail in
the next chapter, symplectic two-forms remain symplectic under arbitrary
(but smoothness- and regularity-preserving) transformations of the
variables. Explicitly, if the form Q, = Q,, da* A da’ is symplectic, the
transformed forms under all possible new variables a’(a)

0a’ 0a°
Q, = Q,, da% A da¥, Q= &:'7 Qo 5 (16)
are symplectic. In turn, the independence of the symplectic character
from the local variables is at the foundations of the coordinate-free
globalization of the symplectic geometry.

Santilli (/oc. cit) proved that the property above is, in actuality, a
particular case of the more general property that the symplectic-admissible
character of a tensorial two-form is independent of the selected local
variables. Explicitly, if (8a) is symplectic-admissible, all possible trans-
formed forms
0a’ 0a’

are also symplectic-admissible. In turn, this feature gives hope of achieving,
in due time, a coordinate-free globalization of the symplectic-admissible
geometry.63.66

/ll. Generalization of Birkhoff's Equations into Lie-Admissible Sym-
plectic-Admissible Forms. After having identified the notions of Lie-
admissible algebras and of symplectic-admissible geometry, Santilli
(loc. cit.) proposed a generalization of Birkhoff's equations which can be
written in the contravariant/algebraic form

S, =8, da"* ®da”, S, = (17)

OH(t,
o) 88 o u=1,2,.. . 0, (18)
Oa
or in the covariant/geometric form
., OH(t, a)
Su(t a)a® ~ Y =0, (19)

where the tensors S*” and S, are Lie-admissible and symplectic-admissible
in the sense of Equations (5) and (10), respectively, and interrelationship
(9) holds.
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The generalized nature of Equations (18) or (19) with respect to both
Birkhoff's and Hamilton’s equations is now trivial.

The direct universality for the most general systems known at this time
is also trivial. Equations (1) can be written in the first-order form

4 = 241, a); éﬂ)=(fp/m)+<F 0 ) (20)

LOCAL NONLOCAL

and the integro—differential vector fields £ are always Birkhoff-admissible.
That is, a function H and a tensor S,, always exist such that

o - oH

SLE = (Q, +T,)5 = 3 (21)

This property can be better seen by recalling that Equations (18) or (19)
were proposed in order to reach a consistent algebraic and geometric
characterization of the equations originally conceived by Hamilton, those
with external terms. One of the simplest possible form of the generalized
equations occurs when the Birkhoffian part reduces to Hamiltonian form,
in which case we have the equations

oH oH oH
o= SHY = g — + T 22
2 0a" @ 0a’ 0a’ (22a)
0o O .
() = 0 -s) s = diag(FNsA/(p/m)), (22b)
which can be written in the disjoint r and p coordinates
o O
o)
P (23)
H oH
pk=-§—k+F?SA' FI’?SA=_SH$'
r ;

by therefore coinciding with the equations originally conceived by
Hamilton.

The equations are written in form (22) rather than (23) because the
latter do not admit a consistent algebraic structure, in that the product of
the time evolution

A(a)d:efA*H=o_Aﬂ_%o_H E.A_
ork dp, Op, Ork  9dp,
violates the right distributive and the scalar laws, by therefore being
unable to characterize a consistent algebra (Chart 4.1). On the contrary,
Equations (22) admit the product of the time evolution

A(a) gef (A H) = %suv% = O_AO_H - 24_% + O_Asﬁ

oa* 0a" orkop, Op,or, Op, " Op/.

which does indeed satisfy the right and left distributive and scalar laws.

Thus the product (4, H) characterizes an algebra, and this algebra turns
out to be a Lie-admissible generalization of a Lie algebra.

Notice that simplified Equations (22) already provide the explicit
solution of the representation of all systems (1). The simplicity of repre-
senting non-local systems via Lie-admissible equations should be com-
pared with the complexity of the construction of a representation of the

F. (24)

(25)
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simpler local systems via Birkhoff's equations. Notice also that Equations
(18) possess a consistent algebra for the most general possible nonautono-
mous equations, which is not the case for Birkhoff's equations (Chart
4.1). Finally, the reader should keep in mind that all symbols of Equations
(18) or (19) readily permit a direct physical meaning; that is, t is the time
of the observer, the r's are the center of mass coordinates with respect to
the observer, the p’s are the physical linear momenta mt, H is the total
(generally nonconserved) mechanical energy, and S* represents all
nonconservative, non-potential forces (or contact interactions).

Generalized equations (18) or (19) appear to have rather intriguing
implications for a number of open problems of mechanics, such as the
relativity which is applicable to a Newtonian particle under unrestricted
forces and dynamical conditions. Also, the equations have been extended
to statistical mechanics, classical field theory, quantum mechanics, and
other branches of physics, in each of which they have resulted in being
directly universal. For these and related studies, we refer the interested
reader elsewhere. (See footnote 58 on page 91.)

EXAMPLES

Example 4.1

In this example we shall identify the Hamiltonian and Birkhoffian representations of the
Newtonian electromagnetic interactions (charged particles under the Lorentz force).
The idea is to indicate that the local formulation of the electromagnetic interactions
is not only compatible with the conventional analytic/Lie/symplectic formulations
but is actually compatible with these formulations in their most general possible
(Birkhoffian) form. This sets the foundations of the methodological treatment of the
electromagnetic interactions which persists, upon due technical implementations, at
different levels of treatment (such as quantum mechanical), as well as for other inter-
actions which are similar in structure to the electromagnetic ones (such as the weak
interactions but not necessarily the strong>®).

In Example 1.2.7 we proved the variational self-adjointness of the Lorentz force
which we write in this example in the form for one charged particle

{mi'; — e[E; — (B x )]sa}sa

do 04, o4,
A, — o [ =) o Sy =0, 1
{mr, e[(‘w ot ) Yoo r]SA}SA M

ij,mn=x,Y,z

We shall first review the conventional Hamiltonian formulation. We shall then
identify the broader Birkhoffian approach. Later, in Example 6.1, we shall study the
reduction of the Birkhoffian representation to the Hamiltonian form. In order to
identify more clearly the implications in the transition from the Hamiltonian to the
Birkhoffian representation (and vice versa), we shall consider the analytic, algebraic,
and geometric profiles separately.
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A. Conventional Hamiltonian representation. As presented in numerous treateses
in Newtonian Mechanics, system (1) admits the Hamiltonian representation

1
HLoremz = E (P - eA)2 + eo, (2a)

P = mi + €A, (2b)

often referred to as characterized by the so-called minimal coupling rule P — P + eA.
Within the context of the Inverse Problem, this occurrence is trivial, owing to the
self-adjointness of the system.
Conventional Lie structure. The brackets of the time evolution law for the
Hamiltonian representation are the conventional Poisson brackets®’
94 , 0B A 0B 0A 0B

Bl =2 2Z2_2.2
(4Bl = o a5 =% 3P 2P or

b=(rP).

)

Conventional geometric structure. The self-adjointness of system (1) implies the
existence of the vector field

0
= = BEHb) — 4
Lorentz ( )Bb“ ( )

which is Hamiltonian, in the sense of Chart 4.5, i.e., verifies the rule
ELoremz . Wy = _dHLoremz (5)
with respect to the fundamental symplectic structure
w, = 3w, db* A db® = dP; A dr'. (6)

The underlying symplectic manifold is the cotangent bundle T*E; of the three-
dimensional Euclidean space E; with local coordinates r.

B. Birkhoffian representation. Rather than represent the Lorentz force via the
Hamiltonian, we can represent it via the generalized Birkhoff’s tensor. Among the
possibilities at hand, we select that for which the Birkhoffian represents the total
energy

1 2
BLorentz = E p + e, (7)

p = mfr.

while the part of the Lorentz force originating from the vector potential is represented
via Birkhoff’s tensor (Sarlet and Cantrijn (1978a and b))

oR, OR,
» = W (&)
R} ={p+eA0}, a=(@p. (8b)

%7 We use the variables b = (r, P) for the Hamiltonian representation to stress their dif-
ferences with the variables @ = (r, p) to be used later for the Birkhoffian representations.
The different variables also indicate that the two representations can be connected via suitable
noncanonical transformations (Darboux’s diffcomorphisms) as we shall see in Chapter 6.
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The Birkhoffian representation then explicitly reads

(04 o) e(@(p o4,
ol or (r) o ot
.| = 9
p ) )
1 0 —Di
m

Clearly, the representation above is fully equivalent on analytic grounds with
representation (2). We simply have the transition from the conventional action
principle

2
0 J‘ dt(P P — HLuremz)(EO) = 03 (10)
ty
to the generalized one

5 [(U@ + o) ¥ = BuornuE) = 0. (1)

Generalized Lie structure. 'The brackets of the time evolution law are now of the
generalized type
[A, B]* = 0A o 0B
’ ~ oa* oa’

_ 04 0B _0A 0B oA, 04,0B

S o Comd o ap,

0 1 i
) = (_1 e(0A4,/or — 0A,-/6r") =@, "

Nevertheless, they are fully Lie in algebraic character, that is, they verify the Lie
algebra laws. What is physically and mathematically significant is that the component
of the Lorentz force originating from the vector potential enters directly into the
algebraic structure of the approach. This feature is absent in brackets (3). Also, in the
former case the local variables r and p = mi are the physical variables, while in the
latter case only r is a physical coordinate (that is, used for the experimental detection
of the system), while the canonical momentum P = mi + eA does not coincide with
the physical linear momentum. This can be equivalently expressed by saying that,
when the variables r and p of the algebraic brackets of system (1) represent the Eucli-
dean coordinates and the physical linear momentum, respectively, these variables
are not canonically conjugate (Corollary 4.5.1c). In conclusion, the reformulation of
the local variables

(12)

ror, P = mi + eA - p = mi 13)
implies the reformulation of the algebraic tensor
™ — Q. (14)

The local variables do not span a phase space under such a reformulation. Yet the
algebraic structure remains Lie, although expressed via generalized brackets. Most
importantly, the Lie algebra product itself becomes representative of the Lorentz force
by acquiring a direct dynamic content.

Generalized geometric structure. System (1) admits an alternative representation
as vector field P

= =y ( )
= =z"4a) —
Lorentz 60 u

(15)
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which is now Birkhoffian (in the sense of Chart 4.5), i.e., it verifies the rule
ELorentz —I QZ = _dBLoremz (16)
with respect to the nonfundamental, symplectic, exact, two-form

Q, = Q,(a)da" A da®
- = M 17)
=dR,, R, =R,da"

The underlying symplectic manifold is still the cotangent bundle T*E, equipped with
form (17). This broader geometric characterization of system (1) is, in essence, a local
formulation of a global, non-Hamiltonian, approach to the electromagnetic inter-
actions recently advocated by a number of mathematicians (Souriau (1970) and
others).

A number of generalization then become possible. For instance, the replacement
of E; with the Minkowski space M3, yields a geometric characterization of the
Lorentz force in special relativity. Quantization can then be performed by geometric
quantization (e.g., via a linear associated bundle from a principal bundle). See in this
latter respect, Abraham and Marsden (1967) and Sniatycki (1979). Also, the extension
of the electric charge to other “charges” currently used in high-energy physics (e.g.,
the isospin) can be performed via the non-Abelian gauge groups. Finally, the extension
to field theory remains structurally the same, although now in infinite dimension. As
such, the geometrical treatment becomes considerably more delicate and technically
involved.

Example 4.2

In this example we illustrate how a known Hamiltonian representation of a non-
conservative system can be turned into a Birkhoffian representation. The one-dimen-
sional, analytic, regular, non-self-adjoint Newtonian system

[(F + rsa + 77]nsa = 0, m=10*=1, 1)
describes the linear damped oscillator. A Hamiltonian representation of this system
has been computed in Example 1.3.2, and it is given by

o0H

Wb — =5 =0 u=12 @
where
(B} ={r, P},  P=¢"%  H=}e"P*+ e,
0 -1 3)
(wuv) - (1 0).

Even though this representation is mathematically rigorous, it is not immune from
problematic physical aspects. For instance, upon application of the conventional
canonical quantization techniques, the physical meaning of the expectation values
of the canonical operators P and H is in doubt owing to the fact that these quantities
do not coincide with conventional physical quantities already at the classical level.
The joint representation of system (1) via Hamilton’s and Birkhoff’s equations may
conceivably be of assistance in studying these issues.

The Birkhoffian representation of interest is therefore that for which the algorithms
at hand have a direct physical significance, that is, 1) the local variables {a"} = {r, p}
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represent the coordinates of the experimental detection of system (1) and the physical
linear momentum, p = mf (m = 1, for simplicity); 2) the Birkhoffian B(a) represents
the total physical energy, E,, = 3(* + r?), ie., the total energy of the maximal
associated self-adjoint sybsystem as in Corollary 4.5.1a; and 3) the symplectic tensor
Q,, of Birkhoff’s equations represents the nonconservative, non-self-adjoint force
F = —vr.

Such a representation can be constructed as follows. First, assume the prescriptions
p = Ffor the reduction to an equivalent first-order system, under which Equation (1)
assumes the non-self-adjoint form

-5 @

The simplest possible matrix of self-adjoint genotopic function according to Theorem
4.4.3 is given by (exp{yt}4;). This yields the self-adjoint normal form

[<o —eﬂ>(r->_(ev'<r+w>)] ~0 ©)
e” 0/\p ep SA .

The construction of a Birkhoffian representation is now straightforward. Equations
(4.5.20) and (4.5.21) give the expressions

(R) = (¢"p,0), B =3p* +r)e". (©)

This is not yet the desired representation because the Birkhoffian does not represent
the total energy. Nevertheless, the use of the degrees of freedom (4.5.26) provides the
desired result, which is

1 1
{R,} = ge"'<p + ;r) —rt; ;pe” — pt},

B =407+ ) = 47 + ) = B )
G 3G 1
RI‘ = Rll + ﬁ’ B =B- Ea G = %(pl + rl)(; eyt - t>9 {aﬂ} = {r7 p}

Notice that Birkhoff’s tensor replaces the fundamental symplectic tensor with one
of the simplest possible generalized form, that induced by a multiplicative function
of time, i.e.,

OR;, OR, "
"uv=5‘iﬁ_aav=ewuv' )

This mechanism allows the representation of non-conservative system (1) under the
conditions that the Birkhoffian represents the total physical energy and the algorithm
p represents the physical linear momentum.®8

68 Recovering the direct physical meaning of algorithms r and p has nontrivial implications,
e.g., for a possible quantum mechanical description. For instance, it would imply the transition
from the conventional fundamental commutation rules to suitable generalized form, much like
the generalization of the classical rules (4.5.14) into the Birkhoffian form (4.5.15). In turn, this
has far reaching implications, such as the need to generalize Heisenberg’s principle. This
illustrates the viewpoint expressed by Santilli (1978d) [see also Schober, Ed. (1982)] that
quantum mechanics needs a suitable generalization in the transition from the arena for which it
was conceived (local potential forces) to the different physical arena of the mutual wave over-
lapping of particles (strong interactions) and their local nonpotential approximation.
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An alternative Birkhoffian representation of system (1) is given by

1 1
Ry} = {%p +oret =)~ =3+ - pl ~ e‘y’)} (%a)
Y Y
B =30 + 1), (9b)
in which case the symplectic tensor is still the fundamental one, i.e.,
dR; OR;
=m0, @)=k (10)

Nevertheless, Birkhoffian (9b) does not represent the total physical energy because
the algorithm “p” does not coincide with the linear momentum.

Another Birkhoffian representation can be constructed via the self-adjoint isotopic
transformation of representation (2). This provides also an illustration of Proposition
4.5.1. A matrix of isotopic functions in the equivalence transformation

ORY OR)\. (0B" + OR}
— @ — =
ob*  0b* ob* ot /sa

.. OH
= {(h::)[w,,vbv - —p] } , b=(,P) (11)
0b” Jsa) sa
for the case y2 — 4 > 0 is given by
(h}) = (ae™2'r — &™)(55) (12)
under the condition
1
o+ -—=7. (13)
a

The use, again, of Equations (4.5.20) and (4.5.21) then yields the Birkhoffian repre-
sentation:
Ry} = (3P, et r?)
B" = %e(2a+(1/a))t})3 _ %aeytpzr (14)

+ %e—(l/a)!PrZ _ %ae—(a‘f(lla))trli.

Notice, however, that in this case, the Birkhoffian does not represent the total energy.
As a final remark, note that system (1) is autonomous, while all Birkhoffian
representations (7), (9), and (14) depend explicitly on time. The question then arises
of whether or not a Birkhoffian representation without an explicit dependence on
time can be found for system (1) via Equations (4.5.35). This problem turns out to be
rather involved in practice, because it calls for the solution of a parabolic, second-
order partial differential equation. This case illustrates the statement of Sections 4.4
and 4.5 to the effect that Birkhoffian representations {R,(t, a), B(a)} with an explicit
dependence on time for autonomous (nonconservative) Newtonian systems are, in
general, easier to compute than those which do not depend explicitly on time.

Example 4.3

Consider the nonlinear, nonconservative, non-self-adjoint system in two-dimensions:

Fe Fify
. _z(rxry_rxry)— :
Iy ¥ r.V k
ml ) —k =0, — =1 1
ry fy "-xfy m

5 (ryfy — Fyry) —
sV Fx NSA
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To construct a Birkhoffian representation, we search for prescriptions (4.1.23) which
are capable of yielding a symplectic tensor other than the fundamental one. The
presence of the terms (r,7, — #,r,) with opposite signs in the non-self-adjoint force
suggests the study of the prescriptions

Px = T'yFy, py = 1yt 2

Theorem 4.4.1 applies by yielding the self-adjoint general form

0 (y—p) -1, O\ [F 0
R ) 11 [
0 Ty 0 0 Py Py /) lsa
Theorem 4.5.1 applies, too, by yielding in this case the closed solution
{R.} = {ps1y, p,7; 0,08, B =3pi + p}). @

Example 4.4

In this example we illustrate the technical difficulties for the practical construction of a
Birkhoffian representation of Newtonian systems, even for the case of one (space)
dimension.

The known Van der Pol equation

[GF + sa — &(1 — r2)ilnsa = O, m=1k=1 (0))

characterizes, in the language of the Inverse Problem, a non-self-adjoint extension of
the one-dimensional harmonic oscillator. We are searching here for a Birkhoffian
representation of such a system under the condition that the prescriptions (4.1.23)
characterize a physical quantity, the linear momentum p = #, (m = 1 for simplicity),
and that the Birkhoffian represents the total physical energy, B = 3(** + r?). The
construction of a Birkhoffian representation is then reduced to the search for a solu-
tion in R, of the quasilinear system of first-order partial differential equations:

0R; OR, 5 OR,
('a‘; or )”‘8“")1’3 S
2
C"Rl aRz aRZ
ikt Ik ) [k )
op or ot
which can be equivalently written
. oR O0R
plr — el = r)p] + [r — el = P)p] =2 = pr+ p— =
ot ot 3)

0P, 0R, oR,

+p+—=
b op P 0z b ot
Thus, in terms of an arbitrary function f,

PRy = —&(1 — r)p?t + [r — (1 — r)pIR, + f(q, p), @
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and we reduce the problem considered to the computation of a solution of the quasi-
linear partial differential equation of the first-order

6R2 5R2 aRz 5 r

2 p 22— (1 - +R,-

% TP P [r — &1l = r)p] 25
of

__+%f+p+8(1—r2)pt=0. ®

op
To illustrate the practical difficulties in computing such a solution in the desired
closed form, suppose that R, is of the form

(6

with g an unknown function. By substituting this into Equation (5) and with some
manipulation, the problem reduces to the solution of the characteristic equations

ﬂ _ dp _ dg’
p —[r—el—rpl -G/’

The point is that the solution of this latter equation is equivalent to the solution of the
original system. Thus the construction of a Birkhoffian representation of system (1),
under the assumptions p = mi (m = 1) and B = 4#* + r?) and for time dependence
(6) of the R, function, calls for a solution of the non-linear equation of motion.
Additional studies are left to the interested reader (Problems 4.5 and 4.6).

R, = g(g, p)t

g=g+p 0

Example 4.5

In this example we illustrate the following important property (in the language of
Definition 4.2.1): the condition of strict regularity is necessary for Birkhoff’s equations
to represent Newtonian systems. This will be demonstrated via given Birkhoff’s
equations which are regular and which cannot be turned into an equivalent second-
order form.

Consider the autonomous covariant Birkhoff’s equations

0B =1
gluv(a)dv - (a) = 07 uv = 6RV - aRM: g ’ 2’ 3’ 4’ (1)
oa* oa* Oa’ a=(rY)
for the case
(R) =Gy}, 9300,  B=301 +y3 +ri +1d) @
Birkhoff’s tensor is then given explicitly by
0 0 ( - 0 )
0 o0 0 -y,
Q) = 3)
y. O 0 0
0 A Z) 0 0
and it is regular, i.e.,
det(Q,, (%) = (1y3)&) # 0. 4
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Equations (1) are therefore regular and admit the contravariant form

B
& — (a2 (f) -0
da
1
0 o [= o
Y1
0 0 0 —
_ y
@) =@ = 1 ) )
-— 0 0 0
Y1
o -2/ 0 o
Y2

This form violates the condition of strict regularity, Equation (4.2.12). In fact, it can
be explicitly written

f1 —1=0;

F, — 1 =0;

Vi +r/y1=0; ®
Vit 12y, =0.

The implicit functions of the variables y, cannot, therefore, be constructed from the
first two equations, and system (1) cannot be turned into a second-order form. It is
then a bona fide first-order system of four equations in four variables which does not
admit an equivalent second-order form in the r-variables.

Example 4.6

In Volume I we reported (see the Introduction and Chart 1.3.14) the negative results
by Douglas (1941) on the Inverse Problem, with particular reference to the proof of
the existence of second-order two-dimensional systems of ordinary differential equa-
tions which do not admit a (first-order) Lagrangian. We also indicated that, perhaps,
Douglas’ results were responsible for the lack of subsequent interest on the Inverse
Problem for a considerable period of time.

In this example, we would like to report the result by Hojman and Urrutia (1981)
according to which the following system,

X+y=0, Jj+y=0 1)

admits a Birkhoffian representation (in our language), while the system is essentially
non-self-adjoint according to Douglas’ proof and thus does not admit a Lagrangian
representation.

The construction of a Birkhoffian representation is, in this case, rather simple
because the system is linear, therefore admitting an easily computable solution. Once
a solution is known, it can be turned into first integrals. The Birkhoffian representa-
tion, in turn, can be computed from the first integrals via Method 3 of Corollary
4.5.1d.

System (1) admits the equivalent first-order form

dﬂ:E“(a)a a =X, a =), a’ =X, a =J}a

1 —04, 54 — __aZ’ (2)

=1 _ 43 =2 =
= =aqa’, = =a", =
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which can be easily proved non-Hamiltonian. It is equally easy to see that the vector
field is Birkhoffian. In fact, the general solution is given by

V= —¢;sint+c,cost + ¢zt + ¢4,
2 =c,cost+ cysint,

3 3

—cyco8t —cysint + ¢y,

& 8 8 8
It

4

I

—c,sint + ¢, cos t.

The use of the theorem on implicit functions permits the computation of the c-con-
stants in terms of the ¢ and a variables, which assume the meaning of first integrals, i.e.,

I, =a*cost —a*sint,

I, =a%sint + a*cost, @
I, =a%+ a,
I, =a' —a* — (a* + a).

Equations (4.5.22) and (4.5.23) then yield the following Birkhoffian representation
via simple manipulations:

R, = a’> + a°, R, =0, Ry=4d* R,=0,

5
= {(a®)? + 2a%a® - (a*)*]. ©)

The first-order Pfaffian action is then given by
oA = J.dl‘{(a2 + a®)at + a*a® — i(a®)? + 24%a® — (a%)?]). 6)

Douglas’ result can now be easily illustrated. In fact, the transformation of the inte-
grand of action (6) to the original variables (x, y) yields a second-order action.

Example 4.7

The two-dimensional system

X-4y=0 )
F+3y—x=0

can be proved essentially non-self-adjoint. Their Birkhoffian representation has been
computed by Hojman and Urrutia (1981) also via the method of Example 4.6, and it
is given by

oA = fdt{e‘[(6a4 —a¥)al + 2a + 12a* — 3a")ad?

+ (18a* — 4a*)a® + (6a® + 3a¥)a* + (a')* + Ha?)?

— 2(a*? — Aa%?] + ¢*[(3a® + 2a*)a!

+ (@' + 6a® — 4a*)a? + (da' — 2a%)ad®

— (6a° = 3a%)a* + ¥a')? + Ha®)? + 2a) + Ha*)*1}, @

al=x, a*=y a=% a*=y
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Note that system (1) of this example is linear while Equation (1) of Example 4.4 is
nonlinear. The computation of the general solution is therefore readily achievable in
the first case but is a rather complex undertaking in the second. In turn, the capability
of computing a Birkhoffian representation is possible in the first case but is difficult
to achieve in the second case.

Problems

4.1 Prove that the contravariant Birkhoff’s tensor defined via Equations (4.2.10)
verifies integrability conditions (4.1.48) for the characterization of Lie brackets.

4.2 Prove that Birkhoff’s equations (4.2.1) verify all conditions (4.1.32) of vari-
ational self-adjointness. In particular, prove that the solution of Conditions (4.1.32a)
and (4.1.32b) can always be cast into a curl structure like Birkhoff’s tensor (4.2.4).

43 Extend the proof of Theorem 4.4.3 from particular case (4.4.10) to general
case (4.4.7).
44 Prove Proposition 4.4.1.
4.5 Consider Duffing’s equation,
[+ r)sa + wr'lsa = 0, w0,

and search for an approximate Birkhoffian representation as follows. Assume for B the
total energy of the unperturbed oscillator, B = £(#? + r?), and search for a solution in
the R functions via the multiple power-series expansion in the parameter w

R, = RS + wR}! + w?R% + ---.

Prove that a solution for R? is (p, 0), p = F, and compute a solution for R}. Compute the
equations of motion characterized by the approximate solution R, = RS + wR}, and
elaborate on the corresponding approximate character of the representation.

4.6 Prove that Duffing’s equation from the preceding problem admits the (exact)
Birkhoffian representation

B =’ + %)
1 r
R=[-Lasbt et e bty Lot don)]

4.7 The following Kepler system in a dissipative medium with nonlinear damping

term
. | "
8,
. " /sa r Insa

admits the Birkhoffian representation

B=1ip* +r,

1

0 —=

oR, R\ r
da* da] | 1

~



Direct Universality of Birkhoff’s Equations 109

Since the system is in one dimension, a Hamiltonian exists (Corollary A.1.1a). Prove that
the Birkhoffian representation above cannot be factored into a Hamiltonian form accord-
ing to rule (4.5.36). Compute a Hamiltonian for the system and an isotopic transforma-
tion of Hamilton’s equations, with corresponding Birkhoffian form, by therefore
illustrating that rule (4.5.36), when properly treated, does indeed hold.

4.8 Prove that all self-adjoint symmetry breakings of Chart A.12 i.e.,

aH ES BS aHBS
[

n
0a* ) sa SA Oa

can be represented via the Birkhoffian gauge (Corollary 4.5.1¢):

oG oG
Ru=R3+@, B=H—‘a?

R°=(p0), G= f H®Sdr.

4.9 Identify the foundations of the second-order Lagrangian mechanics with particular
reference to (A) the study of the possibility that the Inverse Lagrangian Problem is
directly universal, as is expected from the direct universality of Birkhoff’s equations and
Lagrangian images of types (4.2.35) and (4.2.36). In particular, work out the methods for
the computation of a Lagrangian from the equations of motion, as well as a few repre-
sentations of known systems (e.g., the Kepler problem). (B) Work out the transformation
theory, as well as the theory of symmetries and first integrals, including the reformulation
of Norther’s theorem. In particular, see whether the isotopic transformations of second-
order Lagrangians coincide with those of Birkhoffian representations. (C) Identify the
generalization of the Legendre transform for second-order Lagrangians which leads to
Birkhoff’s equations, that is, which preserves the Lie and symplectic character of
Hamilton’s equations.



CHAPTER 5

Transformation Theory of
Birkhoff’s Equations

5.1 Statement of the Problem

As is now familiar, an objective of this volume is to establish methodological
foundations for the treatment of the most general known class of local inter-
actions, those of the variational non-self-adjoint type. The interactions can be
essentially reduced to a superposition of action-at-a-distance, potential
forces FSA, and contact forces FNS for which the notion of potential energy is
inapplicable, according to the systems

mai:ka _flscﬁ(n I, l.') - FII:LSA(t, I, i') = 0, (511)

a=12...,N, k=x,y,z

In Chapter 4, we established the insufficiency of conventional (Lagrangians
and) Hamiltonian formulations for the treatment of the systems considered,
because of their lack of direct universality, that is, their general inability to
provide a description in the coordinate and time variables of the observer.

We therefore reduced the systems to an equivalent first-order form of the

type

at = Eu(ta a), (a“) = <;>9 (EM) = (fSA l:/_r;NSA)’ (512)

u=12...,2n= 6N,
110
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and established the direct universality of Birkhoff’s equations

da* oa’ da* ot

In the same Chapter 4 we also established that the universality of Equations
(5.1.3) implies that of the Pfaffian action principle (analytic profile)

B f tldt[Ru(t, a)d* — B(t, a)](E,) = 0; (5.1.4)

the Lie algebras realized via the most general possible regular product
(algebraic profile)
=1\ pv
) ;0 (5.15)

and the contact geometry realized via the most general possible, exact,
contact two-form on R x T*M (geometric profile)

- . 1 (0R, oR

— R A AV P v _ u

0, = dR,@da") = ( 5

0R, R,
oa* 0d®

(4B =¥ ¥

04 OB (’

)d&" A aa’, (5.1.6)

t ~
(@) = (a“)’ R)=(-B,R), uv=012..,2n

In turn, these results established the applicability of rigorous analytic,
algebraic, and geometric methods for the treatment of systems (5.1.1) in the
reference frame of the observer.

In this chapter we study the transformation theory of Birkhoff’s equations.
An objective is to establish that the derivability of the systems considered
from a Pfaffian principle, their Lie algebraic character, and their contact
geometric structure are independent of the selected reference frame (that is,
they persist under the most general possible (but smoothness- and regularity-
preserving) transformations of the local variables). The frame independence
of the primitive analytic, algebraic, and geometric characteristics then clears
the way for coordinate-free globalizations.

The single most important aspect of this chapter is that the transformation
theory of local non-self-adjoint interactions in general and that of Birkhoff’s
equations in particular is noncanonical. This notion originates at the dynamic
foundations of the theory, via the property that the time evolution of the
systems

a’(t) = e'E %" g#(0) (5.1.7)

does not preserve the conventional fundamental Poisson brackets. It is then
confirmed by the noncanonical character of the transformations preserving
the Birkhoffian form of the equations of motion. Finally, the same notion
reemerges in a number of diversified aspects.
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By keeping in mind that contemporary theoretical physics has been mainly
patterned (classically and quantum mechanically) along the theory of canon-
ical transformations, the noncanonical character of the Birkhoffian trans-
formation theory has a number of fundamental implications. For example,
it implies the need for:

1. a generalization of virtually all methodological tools of Hamiltonian
mechanics;
2. a generalization of conventional formulations of Lie’s theory;

3. a generalization of Galilei’s relativity.

At the quantum mechanical level, the implications are equally fundamental.
In fact, the noncanonical character of the classical transformation theory is
sufficient, per se, to render inevitable a generalization of quantum mechanics
for the treatment of nonpotential interactions, such as those which are
possible for one (particle) wave packet under conditions of penetration
within other wave packets. Indeed, for evident consistency, the noncanonical
character of time evolution (5.1.7) must result in the nonunitary character
of the corresponding “quantum mechanical™! description. In turn, this
demands the construction of a new theory which is form-invariant under
nonunitary transformations, in the same way as Birkhoffian mechanics is
form-invariant under noncanonical transformations.

Needless to say, the problem of generalizing quantum mechanics goes
beyond the objectives of this volume. We therefore limit ourselves to the
indication of the algebraic notions which are expected to be common to both
the macroscopic and the microscopic descriptions and refer the interested
reader to the specialized literature on the subject for technical details.

The three classes of transformations we consider are the following:

(I) contemporaneous transformations on T*M, i.e.,
t>t'=t, a* - a'*(a), u=12...,2n; (5.1.8)
(II) contemporaneous transformations on R x T*M, i.e.;
tot =t a* - a*(t, a), u=12...,2n; (5.19)
and
(I1I) noncontemporaneous transformations on R x T*M, ie.,
t -t a), a* - a'*(t, a), u=12...,2n (5.1.10)
or, in the unified notation of Equations (4.1.51),
a-a%a, wpu=012,...,2n (5.1.11)

! The apparent departures from conventional ideas which are implied by the contact effects
due to mutual penetration of particles are so deep as to render questionable the same terms
“quantum mechanics.” For these reasons Santilli (1978d) proposed the name Atomic Mechanics
for the current mechanics (that is, the mechanics for the structure of atoms), and the name
Hadronic Mechanics for the new mechanics (that is, the mechanics for the structure of hadrons
as well as, more generally, closed systems under strong internal forces).
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All transformations considered will be analytic in their region of definition,
i.e., the new variables a'(a) or &'(4) are analytic functions of the old variables.
However, recall that this is due to the existence theory of partial differential
equations used in the analysis and that the transformation theory can be
consistently formulated and often applied under weaker smoothness condi-
tions (e.g., a’ € €2).

All regions of definition of the transformations, usually denoted with the
symbol # (&) for transformations on T*M (R x T*M), will be tacitly
assumed to be star-shaped or to satisfy topologically equivalent conditions
(e.g., deformability to a curve, as indicated at the end of Chart 4.6). As now
familiar, this is due to the need to apply the converse of the Poincaré lemma,
in order to ensure the existence of a Birkhoffian representation of the systems
considered. Nevertheless, the transformation theory can be formulated and
applied also in regions verifying weaker topological properties.

Finally, all transformations considered will be assumed to be regular,
that is, their Jacobian is non-null as a function, e.g.,

da*\ -

J(a) = det(w)(@) # 0. (5.1.12)
In particular, we shall tacitly assume that all points in whose neighborhood
the transformations are considered are not isolated zeros of the Jacobian,
that is, they are not solutions of the equation J(a) = 0. As a consequence, all
transformations considered are invertible in their regions of definition, i.e.,
whenever transformations (5.1.8), (5.1.9), and (5.1.10) are assigned, their
corresponding inverses

t—>t=t, a* - a*(d) (5.1.13a)
r—-t=t, a* - a't, a') (5.1.13b)
t -, a), at - at,a) (5.1.13¢)

always exist.

For the reader’s convenience, as well as for notational and subsequent
reference needs, we begin our analysis with a review of the theory of canonical
transformations (Section 5.2). The transformation theory of Birkhoff’s
equations will then be constructed (Section 5.3) as a step-by-step generaliza-
tion of that of Hamilton’s equations. Our subsequent analysis will be de-
voted to a number of related aspects, such as the underlying formulation of
Lie’s theory.

The analysis will be primarily conducted for essentially non-self-adjoint
systems, namely (Definition 4.1.1), systems which do not admit a Hamiltonian
representation in the coordinate and time variables of the observer and for
which the need of Birkhoff’s equations is more transparent. Nevertheless,
we shall not exclude the class of nonconservative systems admitting a
Hamiltonian in the variables indicated (which are called non-essentially
non-self-adjoint systems, also from Definition 4.1.1). The reader should keep
in mind that the Inverse Hamiltonian (or Lagrangian) Problem has a particu-
lar methodological function for these systems. In fact, the knowledge of a
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Hamiltonian permits the use of the entire body of methods of the canonical
transformation theory, which would be otherwise precluded.?

In the final analysis, this is the spirit of these monographs: rather than
assuming a given methodological setting and restricting the dynamics to
simplified, compatible forms, we prefer to consider unrestricted dynamic
conditions as the foundations of the theory (classically and quantum mechani-
cally), and then seek compatible methodogical tools. However, in doing so,
the researcher should be prepared to abandon some familiar fundamental
notions of contemporary physics and search for suitable generalizations.?

5.2 Transformation Theory of Hamilton’s Equations

One of the most salient properties of canonical transformations is that of
preserving the structure of Hamilton’s equations, i.e.,

w,,a" — % =0-w,d" - % = 0. (5.2.1)
As a matter of fact, this can be assumed as one of the possible definitions of
canonical transformations.

A deeper study reveals that canonical transformations preserve the form
of Hamilton’s equations for all possible Hamiltonians. This suggests the
definition of canonical transformations without any reference to Hamilton’s
equations and by using only the fundamental algebraic tensor w*¥ or,
equivalently, its geometric counterpart w,,. By recalling that these tensors
transform according to the general rules for contravariant and covariant
tensors, respectively (Chart 1.A.13), we have the following definition.

Definition 5.2.1.* Contemporaneous transformations (5.1.8) are called
canonical when they preserve the value of the fundamental Lie tensor, i.e.,

oa™ oa”
"’ - Q¥ = —6?17 w”® % = " (5.2.2)

or, equivalently, of the fundamental symplectic tensor, i.e.,

da®  da°
I o R S (5.23)

oa™* " da’” i

2 As an example, lacking the use of the Inverse Hamiltonian Problem, the only possible
treatment of the spinning top via the Hamilton-Jacobi equations is that under the perpetual-
motion approximation of conserved angular momentum.

3 Heisenberg’s vivid and inspiring words, stated in his memoir (1971, page 70), come to mind
here: “In science, . .. it is impossible to open up new territory unless one is prepared to leave the
safe anchorage of established doctrines and run the risk of a hazardous leap forward.” To this he
added soon thereafter: “ However, when it comes to entering new territory, the very structure of
scientific thought may have to be changed, and that is far more than most men are prepared to do.”

“ A considerable variety of definitions of canonical transformations exists in the literature.
Some of them are given in Chart 5.6 along with a number of references. The reader should be
aware that they are not all equivalent.
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The equivalence of Definitions (5.2.2) and (5.2.3) is easily seen from the
properties

(@") = (w,,)” 1 (5.2.4a)
da™ _0a” oa’ oa®\ !
(%; w” aaa) = <W wpo' ﬁ) . (524b)

Thus whenever one of the two conditions is verified, the other follows.
Definition 5.2.1 implies the preservation of the conventional Poisson
brackets, i.c.,

a_A v 0B 04’ w OB
da* @ da’  da™* @ da”
A'(a) = A(a(a)), B'(a') = B(a(a)). (5.2.5b)

In fact, the equations above can be assumed as (necessary and sufficient)
conditions for a transformation to be canonical. In particular, property
(5.2.5a) implies that a time evolution which is Hamiltonian in one reference
frame remains Hamiltonian under all possible canonical transformations.

Recall from Section 1.2.9 (see also Equations (4.5.14)) that the funda-
mental Lie tensor represents in a unified way all fundamental Poisson
brackets. Thus Definition 5.2.1 is based on the preservation of these brackets
in the transition from the old to the new variables, and we can write

[a*, a"], = [a*, a"]), = @, wv=12...,2n (5.2.6)

[A, B](a) = = [Al, B,](a’)a (5253)

Another implication of Definition 5.2.1 is the preservation of the conven-
tional Lagrange’s brackets, i.e.,

da* da® Oa™ da”

W Bl = 54 w38 = o4 Or 3B

= {4, B}, 5.2.7)
and this can be assumed as yet another definition of canonical transforma-
tions.

Similarly, by recalling that the fundamental symplectic tensor w,, repre-
sents in a unified way all fundamental Lagrange’s brackets, Definition 5.2.1
is based on the preservation of these brackets, and we can write

{a", 0"}y = {a*, a"} oy = 0w,  Mwv=12...,2n (5.2.8)

These properties imply the following transformation rule of Hamilton’s
equations under canonical transformations without an explicit time dependence

5 'p H'
(w,,vav - iﬁ) =% (w,,,a'" - a_) =0, (5.2.92)
SA SA

oa" Ju ~ oa* oa'’*
, oa® oa’
wuv g qu = % wpa F = wuv: (529b)

H(t,a) - H'(t, a") = H(t, a(a)). (5.2.9¢)
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The self-adjointness of Hamilton’s equations in both the old and new
variables is a consequence of Theorem 1.3.10.1 (see Theorem 4.1.3 for a
review). The non-self-adjointness of the right-hand side is a consequence of
the arbitrariness of the functional dependence of the new variables in the old,
as the reader can verify through conditions (4.1.32).

Note that scalar rule (5.2.9¢) does not apply when the transformations
depend explicitly on time, as we shall soon see.

We now move to the study of more general transformations (5.1.9) which
are still contemporaneous, yet possess an explicit dependence on time. For
this purpose, we assume a definition of canonical transformation which is
different than that of Equations (5.2.2) and (5.2.3).

Definition 5.2.2.4 Contemporaneous time-dependent transformations
(5.1.9) are called canonical when they preserve Hamilton’s principle in the
transition from the old phase space variables

5J%m¢—H@%m@@=Q (5.2.10)

to the new variables
12
5 f dilphd™ — HG, ¢, p))E) = 0. (5.2.11)
i1

Definition 5.2.2 is broader than Definition 5.2.1 in that the former admits
the latter as a particular case and, in addition, permits transformations such as
the dilations,

¢ - q* =€, p-pi=e (5.2.12)
and the reciprocity transformations,

(g, p)— (., P)= (9, (5.2.13)

which are canonical for Definition 5.2.2 but not for Definition 5.2.1.5 This
is a good illustration of the subtle differences between the geometric approach
(Definition 5.2.1) and the analytic approach (Definition 5.2.2).6

Even though variations (5.2.10) and (5.2.11) are individually null, the
difference between their integrand is not null. Nevertheless, such a difference
can at most equal the total differential of a function F(t, g, p, ¢', p’) that is
analytic in all its variables (under our general smoothness conditions).
In this way we reach the following fundamental identity:

ped* — H(t, 4, p) — pid* + H'(t, 4, p) = F(t, 4, p, 4, P), (5.2.14)

5 The reader can see now the differences between the definitions of canonical transforma-
tions of Chart 5.6.

¢ Transformations of type (5.2.12) and (5.2.13) are fully acceptable on analytic grounds. Yet
on geometric grounds, they imply a change of the fundamental symplectic structure. As such, they
have nontrivial technical implications.
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that provides the means for the explicit construction of canonical transforma-
tions.

The function F, called a generating function, generally depends on the
4n + 1 variables (t, q, p, ¢, p').” However, only 2n + 1 of them can be inde-
pendent, owing to transformations (5.1.9). These 2n + 1 independent vari-
ables can be arbitrarily selected via any 2n-dimensional subset of the variables
(g, p, ¢, P") and time. Thus many different cases of generating functions are
possible. The most significant ones are the following six.%*

Case 1: F = F(t, q, ¢'). Indentity (5.2.14) in this case reads
OFy oy OF s ou | OF,

+=1 (5215

~k_H_l-lk+H/=
pkq pkq aqk q aq/kq at s

yielding the transformation laws

oF , oF
Pk = 5‘1—,3 pi=— Wﬁ (5.2.16a)
oF
H =H+ —at—‘ (5.2.16b)

Case 2: F = F,(t, q, p"). The use of the Legendre transform reduces F,
to F, (Problem 5.2)

F,=F, + piq", (5.2.17)
resulting in the new transformation laws
oF, « OF,
Px = 6q" s q = E (52183)
oF
H =H + -2 (5.2.18b)
ot
Case 3: F = F4(t, 4/, p). The reduction via a Legendre transform
F3 = F1 - pqu, (52.19)
yields the transformation laws
oF oF
k 3 ' 3
= —_——, = — , 5.2.20a
q o, Px P ( )
OoF
H =H+ —atl (5.2.20b)

7 Note that one (necessary and sufficient) condition for a canonical transformation to depend
explicitly on time is that the generating function exhibits such a functional dependence. This
dependence, however, does not imply that the transformation is noncontemporaneous (that is,
time is also transformed. This occurrence implies that Definitions 5.2.1 and 5.2.2, as well as all
Definitions reviewed in Chart 5.6 do not incorporate the full Galilei’s transformations. Nevertheless,
the definitions can be enlarged into R x T*M) to include Galilei’s transformations (see Chart 5.6).

8 The existing literature generally presents only Cases 1-4.

9 The more general construction of canonical transformations via Holder’s principle is left
as an exercise for the interested reader (Problem 5.1).
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Case 4: F = F,(t, p, p"). The reduction

Fy=F; — pd* + piq™ (5.2.21)
characterizes the laws
OF oF
¢ =--—2 qg*=3 (5.2.222)
Opx Opi
OF
H =H+ a—[“ (5.2.22b)
Case 5: F = F4(t, 4, p'). In this case identity (5.2.14) yields
oqd ., o4 ., 8q; . OFs ., OFs ., OFs
= ! _ / 1t _H / 7 + HI /] 9 7, —’
(5.2.23)
by characterizing the transformation laws!®
’ aql _ aFS 6(]' an
Dk — Di 6q”‘ = 6q"" Di a_p;‘ = _aﬁ, (5.2.24a)
OF s oq'
H =H+ —2 3 P (5.2.24b)
Case 6: F = F(t, q, p). In this case we have
) oq" oq" oq" 0F¢ 0F¢ 5 0F¢
k _ H-—7 -1 sk} (- k 2 2
Peq p.(aqkq +ap”> P+ H = aqurap Fr
(5.2.25)
with the corresponding transformation laws
6q” OF¢ oq" OF¢
P (?q 6qk P )8 Opk
0F¢ oq'
H =H+—+ p;—. 2.
+ o + p; 5 (5.2.26b)

The use of the transformation laws given above is twofold. First, it is
possible to assign a generating function F to any of the classes outlined. The
corresponding canonical transformation can be then computed via the
application of the theorem on implicit functions (Theorem 1.1.1.1) to the
transformation laws of the class considered. This is due to the fact that, for

10 Notice the appearance of new rules for the transformation of the Hamiltonian. In fact, we
have scalar rule (5.2.9¢) under contemporaneous transformations (5.1.8); we have the more
general rules (5.2.16b) and (5.2.24b) under the more general, but still contemporaneous trans-
formations (5.1.9); and, as we shall see in the next section, we have still more general rules for

non-contemporaneous transformations (5.1.10).
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instance, transformation (5.2.16a) contains the complete sets of transforma-
tions ¢'(t, g, p) and p'(t, g, p) only implicitly.

The second use of the transformation laws given above is the opposite of
the preceding one. In certain instances, a canonical transformation is as-
signed, and the knowledge of the corresponding generating function is
requested. In principle, such a generating function can be computed via the
use of any of the cases above. A solution is given by reversing the procedure
for the construction of a canonical transformation via a generating function,
according to the following steps:

(a) select a type of generating function to be computed (e.g., F,);

(b) turn the given canonical functions ¢'(t, g, p) and p'(¢, ¢, p) into the
corresponding form (e.g., for F,, one must write p(t, ¢, q') and
Pt ¢, q)); and

(c) solve the corresponding transformation laws, now interpreted as
partial differential equations in the unknown generating function.

Within such a context, the integrability conditions for the existence of a
generating function are relevant. The now familiar application of the con-
verse of the Poincaré lemma yields the following integrability conditions for
the existence of a generating function.

Case 1: 695—’] = - —g—% (5.2.27a)
Case 2: gﬁ—z = %gql_‘] (5.2.27b)
Case 3: gg} = %. (5.2.27¢)
Case 4: 2—?); = — gip,: (5.2.27d)
Case 5:

{q,i’ qu}(q,p) = {p;9 p;'}(q, p = 0’ {qli’ p}}(q, = 6; (52276)
Case 6:

{d, qj}(q',m = {pi P}, =0, {q, Pila.py = _53' (5.2.27f)

It is possible to prove that these conditions are automatically verified by

canonical transformations as per Definition 5.2.2!! (Problem 5.3).
Equations (5.2.27a)-(5.2.27d) are better known in the existing physical

literature as inversion formulae (see, for instance, Pars (1965)). Indeed,

! This is a remarkable property inasmuch as the conditions constitute an overdetermined
system of partial differential equations, that is, a type of system whose consistency study is, in
general, rather complex. The remarkable point is that the preservation of the fundamental Lie
or symplectic tensor or, more generally, of a variational principle, readily provide the integrability
conditions of these difficult systems.
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these equations produce the conversion of the fundamental Poisson brackets
into the fundamental Lagrange brackets, and vice versa, i.e.,

(i Py = 2200 0d 00 _ 04" (" 24" oq"\ (99’
Pelen =Gy an;  niop, - o\ an)  \” an)\od
= —[4", 4" »- (5.2.28)

In our unified notation, all integrability conditions (5.2.27) can be written

da* da’® By
m = wpa W ™, (5.229)
with inversion rule
{a*, a"} g = w0400 a”’](a). (5.2.30)

We now study the integrability conditions for the existence of a new
Hamiltonian, for simplicity but without loss of generality, for transformations
without an explicit time dependence.!? For this purpose, we interpret the
variables a'*(a) as ordinary functions in a-space, as well as new independent
variables, yielding the expressions

vJ%a_H_ aﬂaH,

7% = 2 ia = 2a (5.2.31)
which can be written
oH’ oa’* OH
i vo 77 T
P Wy @ a7 3 (5.2.32)

By using the converse of the Poincaré lemma (Example 1.1.4 p. 1.50, in
particular), the integrability conditions for the existence of H' are given by

0*H' 0*H'

i A= mv=L2.o.m (5233)

and, when expressed in the space of the original variables, can be written

Ei vﬁgc_l,_afaﬂ __a_ai_a_ wyaﬁa’“a—H
2a" o \“ a7 o 2a” oa° \“*? 30’ 0

> =0. (52.34)

By multiplying both terms by (da’*/6a)(0a"/0a%) and summing up the re-
peated indices, we have

a v a ‘o m ra
? <a)vaaﬂ" 0a ag) _ar o <wmaﬁ6 oa aH): 0. (5235

oa* da° da’ 0a®)  0a° oa da’ 0a®

12 These transformations are studied by a number of authors. See, for instance, Sudarshan
and Mukunda (1974).
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By adding the identically null term,
62a:v oa'* 0H azam aa,a 6H
0a° 0a e R V— =0 2.
3a° 00 " 3@’ 68 dar 0a® Y B’ 0 0; (5236)

finally, integrability conditions (5.2.35) can be written in the form

0 |[/da” oa’” oH 0 [[/da* oa”® oH
—_— - ot o oa” w0 OH
oa’ |:< oa’ (L aa}’)w aaa:l oa* [( oa° Wyy 6(1?)(0 6(16] 0 (5237)
or, by introducing the Lagrange brackets, in the more concise form
a T 6H a - 6H
da® [{a @’ W] T [{a s @}y @ 73?] =0. (5238)

By inspecting these equations, we see that sufficient conditions for the
existence of a new Hamiltonian are given by

{a*, a"} o) = Nwyg, wpf=12..,2n (5.2.39)

where N is a numerical constant. Indeed, in this case, Equations (5.2.38)
reduce to

d oH\ @ oH PH  H
76 —_— ve = — =
N [6a" (“’”“’ aa") oa’ (“’”“’ aa")] N <6a” da oa 6a”> 0.

(5.2.40)

namely, they reduce to the continuity property H € 62 up to a multiplicative
constant.

The differences between Definitions 5.2.1 and 5.2.2 now become clear. In
fact, when N = 1 we have the former, while for N # 1 we have the latter.
Evidently, transformations of type (5.2.12) and (5.2.13) are admitted under
the condition N # 1.

To see the necessity of conditions (5.2.40), we recall the crucial property
indicated earlier that, for a transformation to be canonical, it must be so for
all possible Hamiltonians. The necessity of conditions (5.2.40) originates
from this property. In fact, when integrability conditions (5.2.38) are inter-
preted for one given Hamiltonian H, they characterize a different class of
transformations (the so-called canonoid transformations to be introduced
later in this section).

We therefore conclude by saying that the use of the converse of the
Poincaré lemma within the context of the canonical transformation theory
permits the identification of new meanings of the fundamental symplectic
tensor w,, and fundamental Lie tensor w*’. The former characterizes the
integrability conditions for the existence of a new Hamiltonian, Equations
(6.2.39), while the latter characterizes those for the existence of a generating
function, Equations (5.2.28), up to multiplicative constants.

For completeness, we now reinterpret from a Hamiltonian viewpoint a
number of known transformations of Lagrange’s equations that are reviewed
in Section A.3 for the reader’s convenience.



122 Transformation Theory of Birkhoff’s Equations

Consider first the point transformations of Lagrange’s equations, Equations
(A.3.15). The direct Legendre transform applies to both L and L', yielding
the Hamiltonians

oL

n=gm H=nd-L=Hegp) (5.2.41a)
7 aLl 7 ; o1k ’ , , ,
P = 54% H =pi4* - L' =H(4q,p) (5.2.41b)

It is easy to see that the phase space images of point transformations are
canonical transformations. Indeed, in view of the identities L = L' and
H = H’, we have

pkdq* = pidg*, (5.2.42a)
g aq*
Px i,i =Di> Dk q, = 0. (5.2.42b)
0q op;

The reader can verify by inspection that the underlying transformation
{a} = {q, p} = {a'} = {¢'(g), P'(q, p)} is a particular case of the canonical
transformations. Indeed, the new coordinates g'* depend only on the old ones
by the very definition of point transformations in configuration space; for a
canonical transformation, the new coordinates generally depend on both
the old coordinates and momenta. Also, the new momenta, from Equations
(5.2.42b), depend linearly on the old momenta, which is not necessarily the
case for a canonical transformation.

The transformations verifying rule (5.242) were called homogeneous
contact transformations by Lie and subsequently renamed Mathiew’s trans-
formations, or extended point transformations.'?

On similar grounds, it is easy to see that the phase space images of the
Newtonian gauge transformations are canonical. Indeed, the transformations
considered are given by (Section A.3):

L(t, g, 9) ~ L'(t, 9, 9) = L(¢, g, §) + G(t, g), (5.2.43)

and their phase space image is characterized by

oL :
=gz H=nd ~L=Hqp) (5:2442)
oLt :
ol = b H' = pl¢* — L' = H'(t, q, p"). (5.2.44b)

The reader can then see that the underlying transformation {a} = {q, p}
- {a'} = {q, p'(t, q, p)} verifies conditions (5.2.2) or (5.2.3). Again, this time
we have a particular subclass of canonical transformations in which the space

13 Qee, for instance, Whittaker (1904).
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coordinates are not transformed at all, while the new momenta are given
by the rule

oG
pl=rp + s (5.2.45)

We remain with the problem of the phase space image of the isotopic
transformations of a Lagrangian (Section A.2), i.c.,

iﬂ‘_*_gl_‘i = hi iaL oL 5.2.46
ey Wl L Vv I A S

These transformations can be subjected to a dual phase space interpreta-
tion. First, we can apply the direct Legendre transform to both L and L¥,
yielding the rules

oL .
=g H= pd* — L = H(t, g, p), (5.247a)

. OL* N , . )
= H'=pd - L*=Hap")  (5247b)

It is readily seen that the phase space images of the isotopic transformations of a
Lagrangian are not canonical. Indeed, the reader can determine by simple
inspection that the underlying transformation {a} = {q, p} — {a*} =
{g, p*(t, q, p)} does not verify conditions (5.2.2) or (5.2.3). Also, the Hamil-
tonian H*(a*) cannot be obtained, in general, from the old Hamiltonian
H(a) via scalar rule (5.2.9c) or (5.2.24b), i.e.,

F 64"
H*(t, a*) # H(t, a(a®)) + %? + a—"t Pes (5.2.48)

and thus transformation law (5.2.9a) of Hamilton’s equations does not
apply.

In this way we learn the remarkable property that canonical transforma-
tions do not exhaust the class of all possible transformations capable of pre-
serving Hamilton’s equations.'* Also, it is our first exposure to noncanonical
transformations of direct meaning in analytic mechanics. It is therefore
important to study the transformations under consideration in more detail.

For simplicity, consider analytic and invertible transformations without
an explicit time dependence,

a* - a** = a**(a), u=12...,2n, (5.2.49)

and interpret them as functions in a-space. The time evolution law then reads
oa** da** 0H
kn _ Y4 a _ap on

a W ) P 2 (5.2.50)

14 Another remarkable property which will be pointed out in Section 6.3 is that the sym-
metries of Hamilton’s equations (which are a subclass of the class of canonical transformations)
do not exhaust all possible symmetries of the vector field represented by Hamilton’s equations.
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Suppose now that a new Hamiltonian H*(a*) exists such that

< .5 0a** 0H . OH*

9 ) =
0a” 6a”>(a) e

Then transformations (5.2.49) are called canonoid (i.e., not quite canonical),
according to Saletan and Cromer (1971., page 187).

It is easy to see that the phase space image of the isotopic transformations
of a Lagrangian are precisely (a particular form of %) the canonoid trans-
formations. Indeed, Hamilton’s equations in the a*-coordinate system exist,
while the Hamiltonian does not verify the conventional scalar rule, under
these transformations.

The integrability conditions for the existence of a canonoid transformation
for a given Hamiltonian are easily computed via simple generalization of
the integrability conditions for canonical transformations, and they are
given by

0 da** 0H 0 Oa*® OH
_— 2B — Yag*) — —— @B " 7 Na¥) =
P <com,a) P 6a”)(a ) Py (vaw P Baﬂ>(a )=0. (5.252)

(5.2.51)

The use of the Inverse Hamiltonian Problem then yields the new Hamil-
tonian according to the familiar rule

oa* daP

A few comments are in order. It should be indicated that integrability
conditions (5.2.52) are, in actuality, the conditions for the variational self-
adjointness of the normal form

1 *0 Ol
H*(a*) = a** f dr (wm,w“" da )(‘ca*). (5.2.53)
0

- _ .5 00*° OH
w,,d* — EXa*) =0, E}=ow,,0* " (5.2.54)
expressed in the a*-variables, i.e.,
o= =¥
a2 da* (5.2.55)

This is also the case of the integrability conditions for canonical transforma-
tions, Equations (5.2.38). However, a fundamental difference exists between
the integrability conditions for canonoid and canonical transformations. In
the former case the conditions hold for one given Hamiltonian, while in the
latter they hold for all Hamiltonians, as indicated earlier. It is precisely this
difference that renders the canonoid transformations generally noncanonical.

Intriguingly, the canonoid transformations can clearly be canonical when
they are canonoid with respect to all Hamiltonians. This is a first indication

!5 The canonoid transformations generally imply the transformations of both, coordinates
and momenta, while the phase space image of the isotopic transformations of a Lagrangian does
not transform, by assumption, the space coordinates.



Transformation Theory of Hamilton’s Equations 125

of the existence of more general transformations admitting the canonical
transformations as a subclass. Additional, noncanonical transformations of
this type will be identified in Section 5.3. This situation confirms the expecta-
tion that the transformation theory of Hamilton’s equations should not be
restricted to canonical transformations.

We shall now inspect the behavior of the regularity of the Hamiltonian
under canonical transformations. Recall that a necessary condition for the
applicability of the inverse Legendre transform is that the Hamiltonian
verifies the regularity conditions (Section 1.3.8)

amy
det #) # 0, 5.2.56
<(3p,- or; @ (5.2.56)

and this condition is equivalent to the corresponding regularity condition
for the Lagrangian

52L 62H - -1
w®ﬁphwgﬁp%. (52.57)

Regularity property (5.2.57) is not preserved by canonical transformations.
This is easily seen if one considers the property of canonical transformations
of reducing a Hamiltonian H = {p® + V into a form which is linear in the
momentum or a constant. When a Hamiltonian is degenerate, the inverse
Legendre transform, as presented in Section 1.3.8, is inapplicable. In this case,
the construction of an equivalent Lagrangian representation is rather in-
volved and belongs to the theory of systems with subsidiary constraints. As
such, it will not be considered here (the problem is treated in the specialized
mathematical literature of the canonical treatment of the calculus of varia-
tions, but it does not appear to be treated in the physical literature, to the
author’s knowledge'®).

Notice that a fully equivalent situation occurs at the Lagrangian level,
provided that the transformation theory is extended to include the configura-
tion space image of the canonical transformations, that is, the velocity-
dependent transformations. This occurrence confirms the equivalence of the
Lagrangian and Hamiltonian approaches also with respect to the trans-
formation theory.

We can therefore say that the transformation theory indicates the existence
of the possibility of transforming given regular determined systems into equiva-
lent degenerate systems with subsidiary constraints.

In this section we reviewed the contemporary approach to the theory of
canonical transformations, which is rather universally restricted to trans-
formations of type (6.1.9). The reader should keep in mind, however, the

16 The approach well-known in the physical literature as Dirac’s mechanics transforms a
degenerate Lagrangian into a Hamiltonian which can be proved to be (generally) regular in the
sense of (5.2.56). The problem referred to in the text is the opposite of Dirac’s, that is, the trans-
formation of a degenerate Hamiltonian into an equivalent, generally regular, Lagrangian image.
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need to consider the more general transformations (6.1.9), as established
for instance by the structure of Galilei’s transformations

t>t =t+1t,
r—-r =Rr+ vyt + 1y, ReS0O(3), (5.2.58)
pP— P = Rp + my,

as well as by other symmetries of systems in first-order form. The behavior of
Hamilton’s equations under these more general transformations will be
studied in the next section, as a particular case of the transformation theory
of Birkhoff’s equations.!”

In closing this section we note that the restriction of the transformation
theory to canonical transformations prohibits the existence of indirect Hamil-
tonian representations. In fact, by their very definition, canonical transforma-
tions preserve the Hamiltonian character of a vector field. As we shall see in
Section 6.4, this implies the inability to transform a given non-Hamiltonian
vector field into an Hamiltonian form, by therefore preventing the construc-
tion of a Hamiltonian. The generalization of the transformation theory to
arbitrary, generally non-carionical transformations is therefore mandatory
for the Inverse Hamiltonian Problem.

5.3 Transformation Theory of Birkhoff’s Equations

In this section we shall first establish the property that noncanonical trans-
formations transform Hamilton’s equations into Birkhoff’s equations. The
preservation of the structure of Birkhoff’s equations under unrestricted
transformations will then be consequential. The generalization of the
canonical transformation theory will be considered thereafter.

For clarity, we shall consider first the contemporaneous transformations
without an explicit time dependence, Equations (5.1.8), and then extend the
results to transformations (5.1.9) and (5.1.10). Also, we shall study first the
behavior of the Lie and symplectic tensors under the transformations con-
sidered, and then extend our findings to the complete analytic equations. We
hope that in this way the reader can see the implications of each aspect of the
theory.

Let us begin our study by showing that an autonomous Lie tensor Q*"(q)
and its associated symplectic form Q,,(a) = (/|Q*|~1),, preserve their Lie
and symplectic character, respectively, under arbitrary transformations
(5.1.8). In the language of Definition 4.4.1 and Chart 4.2, this important
property can be formulated and proved as follows.

17 The generalization indicated in Chart 5.6 is sufficient for the inclusion of the trivial trans-
lations t — t' = t + t,. The generalization we are referring to in the text is that for the maximal
possible functional dependence on R x T*M of the new variables in the old, i.e., t' = t'(¢, r, p),
r=r(,rp),and p =p,r,p).
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Lemma 5.3.1. All possible smoothness-preserving'® and regular trans-
formations a — da'(a) of the local variables a = (x, p) of a cotangent bundle
T*M are jointly Lie isotopic and symplectic isotopic.

PROOF. Suppose that a rank two tensor Q**(a) on T*M is regular, in the sense that
det(Q*X%) # 0 (5.3.1)

and Lie, in the sense of verifying integrability conditions (4.1.48), i.e.,

Q" 4 Q% =0, (5.3.2a)
e X g X e B (5.32b)
oa® oa® da® -

Then, under all possible transformations which are regular and of the same continuity
class of Q**,

"

a* - a'*(a), det(-aa—)(@) #0, (53.3)

oa’

the transformed tensor

v

da*_ a _
@) =L@y L @ = () (534)
oa® o0a°
is still regular, in view of the properties
da oa”
det(@*) = det[ 2 det(Q”")det( “Vxo0 (535)
oa® da’

and it is still Lie, that is, it verifies conditions (5.3.2) in the new coordinate systems,
because of the properties

’ v

a "
w4 v =2 (e 4 ) 2 =, (5.3.62)
oa’ oa’
o o™ oo
Qe Qe Q'
da'’® * oa’* * oa®

_ da* 0 (0a” da’* N da” 0 [0a’* da™
" | 0a® 8a \0a® 0a° da® da® \oa’ 0a®
oa™ o (da™ oa”
DR S Qaﬂde
* o <6ay 5a")i|

<6a”‘ oa” 0a'* 0d” 0a" 0a*  0a" da* 6a"’)ﬂa 5 oQré

= =0. (536b)

o0 0’ 0 | oa* o’ od® | oa oa’ o

18 with the terms “smoothness preserving” we express the condition that a class ¥ or
analytic manifold (Chart 1.2.1) is transformed into a manifold of the same continuity class.
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which are ensured by their original form (5.3.2) (Problem 5.4). Therefore, all possible
transformations (5.3.3) are Lie-isotopic, that is, the brackets characterized by the tensor
Q" remain always Lie, and we write!?
04 0B 0A da”* _ _dda° OB
A Bl = 5o 0 = =S
[4, Bl oa @ oa Oa® da* da’ 0a’’

(7A/ B’
= Qre
(a )(3 =

= [4, BT, (53.7)

The proof of the second part follows from the property that the tensor Q,,, associated
with a Lie tensor Q*” via the rule

Q) = (@ ! (5.3.8)
is always symplectic (and vice versa). This property therefore persists for the trans-

formed tensor Q**. Aside from that, suppose that a covariant rank-two tensor Q, (a) on
T*M is regular, in the sense that

det(Q,,)%) # 0, (5.3.9)
and symplectic, in the sense of verifying conditions (4.1.49), i.e.,
Q,+Q,=0, (5.3.10a)
0, 0Q o,
4 —E=0. (5.3.10b
oat | da* oa’ ( )
Then, the transformed tensor
Qua) = PP Q,0(a ) s Q,.(a) = Q,.(ala), (53.11)

is still regular, in view of the properties
oa® Ba"
det(Q,,,) = det{ — W det(Q,, )det # 0, (53.12)

and it verifies conditions (5.3.10) in the new reference frame in view of the properties
a o

Q,+ Q= (Q,,, +Q,,)— P =0, (5.3.13a)

o, 0Q, L oQ, |9 (oa® da 0 (0a® da°
oa" = Oa* aa’” "\ 0a' \oa™* da” oa* \oa"” da”*
0 [da® da°
Z (2 e
+ oa” <6a” aa"‘):l a4

( da® 0a° 0a*  Oa® 0a° da*

— —— — + S —
oa* oa” oa’™  0d” 0a’* da™

0a” 0a° 0a*\ 0Q,,
+ Py — = 0, (5313b)

da"™ da™ da”) da*
19 The symbol [---, ---]* indicates brackets different than [--, ---]* although still of Lie
type. (Recall that in our notation the symbol [ - -, - - -] denotes the conventional Poisson brackets,

while the symbol [- - -, - - -]* denotes the generalized ones).



Transformation Theory of Birkhoff’s Equations 129

which are ensured by their original form (5.3.10) (Problem 5.4). As a result, all trans-
formations of the class admitted are symplectic-isotopic, that is, the local symplectic
two-forms characterized by the tensor Q,, remain locally symplectic,

1 da* _ oa’
Q, = 30, (a)da* A da* = 3 ﬁa,p Q,.(a) 6:11"’ da? A da? =Q),, (53.14a)
dQ, = dQ, =0, (5.3.14b)

and this completes the proof. (Q.E.D.)

The remarkable property expressed by Lemma 5.3.1 is not new. In fact, it
can be considered at the foundation of the coordinate-free globalization of
the symplectic geometry.?® The property has been merely expressed here in
local variables. This also illustrates the pedagogical and technical significance
of the local formulation of the theory, prior to passing to abstract, more
advanced geometric approaches.??

The Lie and symplectic tensors of Lemma 5.3.1 are arbitrary. When they
are the fundamental tensors we have the following particular case.

Corollary 5.3.1a. The fundamental Lie tensor w** and the fundamental
symplectic tensor w,, preserve their Lie and symplectic character, re-
spectively, under all possible transformations (5.3.3).

In this way we reach another important result. Recall from Definition 5.2.1
that canonical transformations not only preserve the Lie character of the
conventional Poisson brackets, but they actually preserve the value of the
fundamental tensor w"”, i.e.,

04 . OB _ 04 2" . 2d" OB
da* da®  da’® da* da’ 0a’’
_ 04’ oo 0B’

~” Y a”
We learn from Corollary 5.3.1a that, while the value of the fundamental

tensor is not preserved, noncanonical transformations preserve in full the
Lie character of the product

04 v 0B 0A da”® . 04" 0B
= —w

[A: B](a) =

= [4', B, (5.3.15)

A, B, = — = e
(4, Bl 2’ @ " da” oa* da’ 0d’°
0A’ 0B’
— 10 ( ! — ’ 1; */’ . 3
3" Q (a)aa,, (4, B, (5.3.16)

20 A representative list of references in this field is given in footnote 54 of Chart 4.4.

21 Santilli (1978¢) has shown that Lemma 5.3.1 is actually a particular case of the more
general property that Lie-admissible tensors §**(a) or symplectic-admissible tensors S, (a) on
T*M (Chart 4.7) preserve their Lic-admissible or symplectic-admissible character, respectively,
under all possible transformations of the class considered.
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The geometric counterpart of this algebraic result is immediate. Canonical
transformations (according to Definition 5.2.1) preserve the symplectic
character of the fundamental structure via the preservation of the value of
the tensor w,,, and we write

RY = RY(a)da" = p,dr* = d '* = R%a)da® = p,dr'’*,

ﬂ a /G
u
(R) = (p.0), RX@)=Rala )) da
(RY) = (P, 0) (5.3.17a)
1 (6R? OR?
[V — v u —
w, = dRY =5 (aa“ P )da A da’ = dp, A dr¥

10 0
= d[R(a')dd°] = = (‘;I:,p — gﬁ’;)da”’ A da’’ = dp, A dr*. (5.3.17b)

We learned from Corollary 5.3.1a that noncanonical transformations do not
preserve the fundamental character of the two-form. Nevertheless, the form
remains fully symplectic, and actually acquires the most general possible (but
still exact, local, and autonomous) structure, i.c.,

a

RY = R(a)da" = p,dr* = da” = Ry(a)da” # pidr’",

H 6 7
R (a') = RX(a(d’ )) 8 — ;é RX(a), (5.3.18a)
dR?  OR)
0 Ml — u
w, = d[R,(a)da"] <6a“ o )da A da’
_ OR, OR,\ o oy
= d[R(a')da”’] = 3 (a—a,—p aa“’)d“ Ada’ = Q, (53.18b)

The notion of Lie isotopy was introduced in Chart 5.2 to express any
invertible modification of a given Lie product which preserves its Lie char-
acter. We have learned here that all possible modifications characterized by
(regular) transformations of the variables are always isotopic. The notion has
then been extended to that of (regular) symplectic isotopy as a geometric
counterpart, with the understanding that the notion is a local realization of a
corresponding global property of the symplectic geometry. The deep inter-
relation between algebraic property (5.3.16) and the geometric one (5.3.18) is
remarkable.

Once the transformation properties of the algebraic or geometric tensors
have been identified, the extension of the results to the analytic equations is
straightforward. In this way we reach the following transformation rule of
nonautonomous Hamilton’s equations into the semi-autonomous Birkhoff’s
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equations (Definition 5.2.1) under noncanonical, contemporaneous transforma-
tions without time dependence:

t-t' =t a* — a'*(a), (5.3.19a)
. _ OH(, a)
,,d el N
_ 0R%(a) aRg(a) ., OH(t,a)
= {[ e i i (5.3.19b)
_ Qcﬁ OR,(d')  OR\(d) 70— oB'(t, a) _0
" ) da* da’® oa'’° 3a” fsafnsa

R)=®0), RJa)= (aa: RS)(a'), (5.3.19)

da
B'(t,a’) = H(t, a(a)). (5.3.194d)

Equivalently, we can write the following transformation rule of Hamilton’s
principle into Pfaff’s principle under the same class of transformations??

dod =6 f tzdt[pkr" — H(t, a)I(Ey)
=5 f tz[Rf,’(a)da" — H(t, a)dt(E,)
=4 r [Rg(a(a')) E da”® — H(t, a(a’))dt](Eb)
" da’?

12
=0 R!(a)da”® — B(t, a)dt}(E,) = 0.
[ Ryarda” — B araEy 5320
The transformation rule of Birkhoff’s equations is then a trivial conse-
quence, and it is given by rule (5.3.19) via only the replacement of the canon-
ical functions (Rff) = (p, 0) in Equations (5.3.19b) with arbitrary functions
R, = R,(a). In this way we reach the following important result.

Lemma 5.3.2. The semiautonomous Birkhoff’s equations preserve their
structure®® under all possible smoothness-preserving and regular trans-
formations of the local variables a = (r, p) - a'(a) = (r'(r, p), p'(r, p)).

To express the result in different terms, we can say that, while Hamiltonian
Mechanics demands the restriction of the transformation theory to certain

22 Note that the integrand of the action in Equations (5.3.20) transforms identically, without
the appearance of the Jacobian 0a'?/0a* as in Equations (5.3.19). The equivalence of the two
approaches is established by the property da’* = (da’?/da*)da*.

23 1t should be stressed here that the transformations under consideration are not symmetries
of Birkhoff’s equations. We therefore have a preservation of the “structure” of the equations, but
we do not have their “form invariance.” This latter problem will be studied in the next chapter.
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special classes of transformations to preserve its structure (the canonical and
canonoid transformations), the transition to the covering®* Birkhoffian Mech-
anics implies the removal of all restrictions on transformations for the preserva-
tion of its structure, except conventional smoothness and regularity restrictions.

We shall soon discover that this important property is actually a particular
case of a general property on R x T*M with rather intriguing character-
istics, particularly from the viewpoint of the relativity which is applicable in
Newtonian mechanics for unrestricted dynamic conditions. First, however,
a study of the intermediary step of the contemporaneous, explicitly time-
dependent transformations (5.1.9) is recommended.

It is easy to see that Lemma 5.3.1 also applies for transformations (5.1.9),
apart from delicate topological aspects due to the explicit time dependence
which can be handled, e.g., via the parametric approach to symplectic forms
of Chart 4.6. For instance, a general symplectic tensor transforms according
to the rule

OR(t,a) _OR(1, a)

qu(ta a) = oa" oa’ - Q;w(t’ a,)
oa® [0R, OR)\ da® OR(t, @) ORLt d)
— — _ -_ e 1
oa* <5a” 611") oa’” oa* oa” ’ (53.21a)
’ ’ aap r
R"(t, a ) = W Rp (t, a ), (5321b)

where the upper bar indicates computation in the new variables. In particular,
when the original tensor is time-independent, it generally acquires such a
dependence under the transformations admitted, while preserving its exact
symplectic character.

The transition to the analytic equations is trivial. In this way we reach the
following transformation rule of Hamilton’s equations into the non-autonomous
Birkhoff’s equations via noncanonical, time-dependent, contemporaneous
transformations:

t-t =t a* - a*(t, a) (5.3.22a)
dRY(a) dRY(a) i GH(t, a)
oa* oa’ da"  |sa
_ foa”® J1oRy(t, a) OR(t, a') 7o — oB'(t, ) 4 OR(t, @)
~ ) da* oa'’® 0a’® oa’ ot SAJNSA
=0, (5.3.22b)

2% The terms covering mechanics or theory are intended to express the generalization of an old
theory into a new one under the conditions: (a) the new theory refers to a class of physical systems
and dynamical conditions more general than those for which the old theory was conceived;
(b) the new theory is based on a suitable generalization of the methods of the old theory; and,
last, but not least, (c) the new theory recovers the old one identically when the physical systems
considered are restricted to those of the old class. The Birkhoffian Mechanics verifies all these
conditions with respect to the Hamiltonian Mechanics and thus is a covering of the latter.



Transformation Theory of Birkhoff’s Equations 133

(RD =0, RJta)= (gsp R2>(t, a), (53.22)
B(t,a) = (H - a(?it Ra>(t, a). (5.3.22d)

with a corresponding transformation of the variational principle.
The transformation rule of the nonautonomous Birkhoff’s equations under
the same transformations is then given by

{[6Rv(t, a) R, a)]dv ~ [6B(t, a) , 3R, a):l}
SA

da* oa’ oa* ot
_ foa” [IOR(t, ) B OR(t, a') 7o — 0B'(t, d) + OR(t, a)
"~ ) da* oa’* oa"’ oa’” ot A INSA
=0, (5.3.23a)
’ ! aaa ’
Rp(t, a ) = M Ra (t, a ), (5323b)
iy oa*
B(t,d)= B — o R, ), a). (5.3.23¢c)

The implications of an explicit time dependence in the symplectic structure
have been indicated in Section 4.2 and Charts 4.2 and 4.6. Methods for
eliminating this dependence without altering the underlying dynamics have
been identified in Section 4.5. Note, however, that even when the original
symplectic structure in Birkhoff’s equations does not depend explicitly on
time, the corresponding structure under rule (5.3.23) generally acquires such
a dependence. In order to prevent problematic aspects such as those of Chart
4.1 (lack of algebraic structure of the time evolution), the explicit time
dependence in the transformed symplectic structure can be eliminated by
again using the methods of Section 4.5.

Recall that structure (5.3.21) is invariant under the Birkhoffian gauge

G, d
Ryt a) = RYG.a) = Rty - S0 (530
oG'(t, d
Byt d) - B¢, d) = B(t,a) + g[ @) (5.3.24b)
Under the conditions
aQ/ @ZR' ’ aZR/ ’
'uv — V(t’ a) . u(t7 a) = O, (5.3.25)

ot ot da™ ot da”
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an (analytic) function A'(t, a’) always exists such that

R, _0A't, a)

ot oa™

(5.3.26)

The formal solution of gauge G'(t, a’) to verify condition (5.3.25) is then given
by25

Gt a)= J:drA’(t, a’). (5.3.27)

In this way we reach the following transformation rule of semi-autonomous
Birkhoff’s equations into semi-autonomous forms under noncanonical, con-
temporaneous, time-dependent transformations:

t—>t =t a* — a'*(t, a), (5.3.28a)
0R (a) _ OR (@) & 0B(t, a)
oa" oa’ 0a*  |sa
da” ([0R}a) ORNa)]., 0B a)
= {W {[ e s~ 0, (5.3.28b)
! ’ r aG,(t’ al) ’ ! aaa ’
R}(a') = Ri(t, @) — g Ri(t,a) = (W R,,)(t, a), (5.3.28¢c)
Bl(t,a) = B(t,a) + 06, a ), B(t,d)=|B — da R, |, a)
ot ot
(5.3.28d)
e on e 0A'(t,a) _OR,
G (t, a) = fodTA (T, a ), "’aa,—“ = '—a’—. (5.3.286)

We switch now to the study of Hamilton’s and Birkhoff’s equations under
the most general possible transformations, those of type (5.1.10). The study
can be essentially carried out via the generalization of the symplectic frame-
work of Lemma 5.3.1 into the broader contact geometric setting.

Lemma 5.3.3. All possible smoothness preserving and regular trans-
formations

@) = a)—- @) = (', a),d(t, a)
=({'(trp),rerp),peEr,p)
p=0,12...,2n (5.3.29)

25 Sarlet and Cantrijn (1978a).
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of the local variables of the (2n + 1)-dimensional manifold R x T*M are
contact isotopic, that is, a contact two-form*®

Q, = iQ,(@da* A da*,  rank(Q,,) = 2n, (5.3.30a)
suy =0, (5.3.30b)

Q
SHikaes 0 Rk () (5.3.30c)

V1vaVv3 aaus

B Vs Hys oy B3, Vi, V2, v3 =0,1,2,..., 2n,
preserves its contact character under all transformations of the class admitted,

A A 1 04" a*

QZ = % uv(d)d&” A d E a/\/p qu(“) aA/a A da/d
Caly (@)da® A da” =,  rank(@,,) = 2n, (5.331a)
sy, =0, (5.3.31b)
Q.
bbb 2202 = (. (5.3.31¢)

919293 AAp3

PROOF. Preservation of the maximal rank is ensured by the regularity of the trans-
formations, while the preservation of properties (5.3.30b) and (5.3.30c) can be proved
via the same argument as that for Lemma 5.3.1. (Q.E.D.)

Lemma 5.3.3 provides the desired rules for the transformation of Birkhoff’s
equations, as well as of Hamilton’s into Birkhoff’s equations, under the
desired most general possible transformations. However, in order to avoid
insidious technical and conceptual aspects, it is important first to identify
the “new time,” that is, the variable which corresponds to t under transforma-
tions (5.3.29).

Recall that contact two-form (5.3.30a) has the matrix structure

000 QOI toe QOZH
Q) = Q0 010 - Qo | (5.3.32)
QZnO Qan e 02n2n

where the (2n x 2n)-matrix (- - -) is symplectic and, as such, carries the maxi-
mal rank 2n. In particular, time is the variable associated with the diagonal
element whose comatrix has maximal rank. For the case of structure (5.3.32),
time is the variable a°.

Now, a symplectic structure remains nondegenerate under regular trans-
formations in 2n-dimensions, but this is no longer necessarily the case when

26 The generalized Kronecker’s symbols were introduced in Section 1.1.2, and are reviewed
(in part) via Equations (4.1.55).
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the transformations are in (2n + 1) dimension. Thus the new matrix
(Q,,(t', @) under transformations (5.3.29) is generally degenerate. In fact, the
only regularity property ensured is that of the preservation of the maximal
rank 2n, but there is no guarantee that this rank is necessarily preserved in
the image of the original (2n x 2n) matrix. It then follows that the new two-
form (5.3.31a) has the structure

(000 ) Qbu ( ‘62")

Q)= Qo - O, e o L (5333)

(A;no o ) AIZnu ( o 02n2n)

where the new symplectic substructure is given by the four matrices (- - -).
If we preserve the original definition of time, for consistency, we reach the
following property.?’

Corollary 5.3.3a. The new time under transformations (5.3.29) can be any
component &* of the new variables, where u can assume any one of the
values 0, 1,2, ..., 2n.

The relevance of the result for the problem of relativity in Newtonian
mechanics is self-evident and will be elaborated upon in Chapter 6. At this
point we mention only that Corollary 5.3.3a identifies a form of equivalence
of space and time variables which until now has been considered only within
the context of the special relativity. In fact, the corollary establishes that, when
one considers

(a) the most general possible dynamic equations on R x T*M,
(b) the most general possible analytic equations, and
(c) the most general possible transformations,

the equivalence between space and time occur also in a purely Newtonian
setting, although according to a structure considerably more complex than
that of the special relativity.

Consider now an exact contact structure, in which case we can write?®

Q, = dR, = d(R (a)da*)

! <aRv(a) _ R

2\ ear o8’

>dc’i" A da’. (5.3.34)

27 We imply here the use of dimensionless variables. When this is not the case, a dimensional
scaling factor must be taken into account.

28 Asstudied in Volume I and as reviewed in Section 4.1, two-form (5.3.20a) is an exact contact
form whenever integrability conditions (5.3.30b) and (5.3.30c) hold in a star-shaped region of
the variables.
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The following property then holds.

Corollary 5.3.3b. The transformation rule of a Pfaffian actionon R x T*M
under the most general possible transformations is given, in unified notation
a4, by

R (8)da* = Ry(a')da", (5.3.35a)

Ry@) = (Ru 5&,a>(‘) (5.3.35b)

wa=012...,2n
or, in disjoint notation & = (t, a), by

R,(t, a)da* — B(t, a)dt

oa"\ , , o, .,
= [(Ru W)(t,a) - (B 6a’“>(t’a) da*

0 da"
(o8- (ol

def

LI RYt, a)da® — B(¢, a)dt
woa=1,2..,2n (5.3.36)

where the time variable in the new coordinate system is the element &
according to Corollary 5.3.3a, and the new Birkhoffian is the corresponding
element R (&').

The last part of the corollary has been presented to stress the fact that
familiar symbols such as t', H', B', even though mathematically well-defined,
do not necessarily carry their familiarly expected physical meaning.

To make the point more precise, let us consider the transformation of
Birkhoff’s equations. The following property is a trivial consequence of
Lemma 5.3.3.

Corollary 5.3.3c. The transformation rule of Birkhoff’s equations under
the most general possible transformations on R x T*M is given, in unified
notation (4.2.23), by*°

&k - a™a), (5.3.372)
04 ~ ..
O, (@t = = O (@)da” = 0, (5.3.37b)
a* o8

0@ = a,,, 0,,(6@)) oz (5.337¢)

04"’
wv,p,e=012...,2n,

29 The treatment here is in terms of differentials da'*, rather than derivatives da™/dt’, for two
reasons. First of all, ' is not necessarily the “new time,” as indicated earlier. Secondly, the
approach permits a better focusing of the fact that, for noncontemporaneous transformations,
the integrands of action functionals transform as densities, rather than scalars.
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or, in disjoint notation (t, a), by

B R,
da’ ot

Q, (d)da) = =0, (53.38a
(€, ,(a)da") R, 5Rdv_ 6—3+%d1 ( )
da*  oa’ da* Ot
(e
Q (2)da°) = =0, (53.38b)
Ol@307) 0R, R\, .\ _ 6B’+6id,
oa? ~0a°)* “\aa? T o
L oa* ot ,
RY(t,a) = <Ru PG Ba—>( t,a), (5.3.38¢c)
ey AN at aau ! ’
B(t,d) = <B5? ~ R, ’a?)(t’ a), (5.3.38d)

wv,p,0=12,...,2n,

where the new time and Birkhoffian are given by the elements 4'* and R;,,
respectively, whose comatrix in two-form (5.3.33) has rank 2n.

The last statement can be proved as follows. Recall from Section 4.2 that
the first term in Equations (5.3.38a) is identically null along all possible paths
(which are not necessary solutions of the equations) owing, first of all, to
the existence of the inverse

guv=(

and, secondly, to the trivial identities

0B 0R), ., (B OR) (9B 0R,
(aav - >d (—a—v+ a:)g( = )dt 0. (5.340)

The point is that the first term in the new equations (5.3.38b) is not necessarily
identically null along all possible paths because of the lack of necessary
existence of the inverse of the transformed matrix (Q,,(¢, a)). Out of the
(2n + 1) terms of Equations (5.3.38b), the only term which verifies properties
corresponding to (5.3.40) is therefore that whose complement in two-form
(5 3.33) has rank 2n. This identically null term will consist of a sum of terms
inda®,da’?,...,da*" less only one term, say that in da’ for one given (fixed)
u. The new tlme is then @* and the new Birkhoffian is R)(¢, a).*°

R, _ OR,
oa*  0af

i l)w (5.3.39)

30 Note that, despite a contrary appearance, all the (2n + 1) equations of the column (5.3.38b)
have the same number of terms 2n, trivially, because of the antisymmetry of Birkhoff’s tensor. As
a result, Equations (5.3.38b) are fully “symmetric” in all variables &' = (¢, a') = (¢, I, p’), and
this symmetry is at the origin of the arbitrariness of the new time.
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This confirms that the new variable ¢'(¢, r, p) is not necessarily the new time.
This is remarkable on relativity grounds for a number of reasons. As we
shall see more clearly in the next chapter, Birkhoff’s equation are generally
form non-invariant under Galilei transformations (this is also a general
property of Newton’s equations of motion (Chart 4.12)). Their form invariance
therefore calls for the identification of more general symmetries which must
be a subclass of transformations (5.3.38). Now, dependences of the type
t'(t, r, p) (= t"(t, 1, 1)) are typical of the special relativity, but not of Galilean
relativity (for which t' = t + t,). Their occurrence in Newtonian mechanics
is therefore new. Second, in both the Galilean (and the special) relativity,
the new time is simply the image t’ of t as characterized by the transformations
only. In the covering Birkhoffian Mechanics, the new time is characterized
by both the transformations and the underlying dynamics, that is, the
R-functions, and this is an additional novel feature. Last, but not least, Equa-
tions (5.3.38Db) are fully symmetric in all variables &’ = (¢, r’, p’), and this is
also remarkably new in Newtonian mechanics.

Lemma 5.3.3 clearly contains the transformation rule of Hamilton’s
equations which is given below for the reader’s convenience.

Corollary 5.3.3d. Under the most general possible transformations on
R x T*M, Hamilton’s equations transform into Birkhoff’s equations with
the indicated prescription for the ldentzﬁcatlon of the new time and Birk-
hoffian, and we write

oH
o a P da
@,,da") =
* oH"
(,Om,da —_ ﬁdt
oH _ 0H
o™ — dt
oa’ da* 6a" -
= aR? ) aRﬁ o a_Hdt ( oa’r d( )da )
da*  Oa’ da*
ot ot 0B OR)\. .
o 3 (a e )”’
"\ oarda |\ (oR, oR)\.,. (B RN .|
0% (a T )”’ - (W*“a?)‘”

(5.3.41)
where B’ and R;, are given by Equations (5.3.38¢) and (5.3.38d), respectively.
The property above is also remarkable inasmuch it does not admit a

Lagrangian counterpart in the following sense. Whether Hamiltonian or
Pfaffian, first-order action principles on R x T*M remain first-order under
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the most general possible transformations. On the contrary, first-order
Lagrangian principles on R x TM do not preserve their first-order character
under the most general possible transformations. In fact, the transformations
are velocity-dependent and, as such, transform first-order Lagrangians
(second-order Lagrange’s equations) into second-order Lagrangians (third-
order Lagrange’s equations>?).

The property expressed by Corollary 5.3.3d also indicates the (rather
unpredictable) fact that Hamilton’s equations preserve their analytic,
algebraic, and geometric characters under the most general possible trans-
formations.®? This aspect can be made mode precise by noting that Equations
(5.3.30b) and (5.3.30c) are the conditions of variational self-adjointness for
first-order systems.>® Lemma 5.3.3 therefore expresses the preservation of
the variational self-adjointness under arbitrary transformations of the class
considered. By keeping in mind the analytic, algebraic, and geometric
meaning of the conditions of self-adjointness, we have the following

property.

Corollary 5.3.3e. All possible transformations on R x T*M are self-
adjoint isotopic when the transformed system is that defined without the
Jacobian, i.e.,

~ . o . ..
(Q‘",dav)SA = '(,%m (Qpada )SA = 0 (53.42)

As a consequence, Hamilton’s and Birkhoff’s equations preserve their
derivability from a variational principle, and their Lie algebraic character
and contact geometric structure under the most general possible trans-
Sformations.

The frame independence of the analytic/algebraic/geometric character-
istics then turns out to be at the basis of the coordinate-free globalization of
the contact geometry, as presented in the specialized literature on this
topic.2°

Notice that the transformations of the equations of motion according to
Corollary 5.3.3¢ preserve the self-adjointness, as well as the non-self-adjoint-
ness. Thus they are not intended for the Inverse Birkhoffian/Hamiltonian
Problem, which demands the use of self-adjointness-inducing transforma-
tions. These latter transformations are readily given by a subclass of the
transformations inclusive of the Jacobian, i.e.,

(Con(@dlInsa = (ChA@)dA)sp

aap At (AN AT
= 6&“‘ (Cpa'(a )da )NSA =0. (5343)
SA

3! See, in this respect, Equations (4.2.35).

32 A moment of reflection on the unified notation 4 is important here. In fact, the intuition of
this result in the disjoint variables ¢, r, and p (let alone its proof) would be virtually impossible.

33 See Section 4.1 for a review of the studies of Volume I on the topic.
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These transformations, in particular, turn out to be “universal” in the sense
that, given a system in the d-variables which is not Hamiltonian, transforma-
tions 4 — 4'(@) always exist under which the transformed system defined via
the inclusion of the Jacobian is Hamiltonian (see the Section 6.2.).

We pass now to the study of the property that the canonical transformation
theory admits a consistent step-by-step generalization of Birkhoffian type.
It should be indicated that the property has been studied in local coordinates
either implicitly or explicitly by a number of authors, such as De Donder
(1927), Lee (1945), Pauli (1953), Martin (1959), Hughes (1961), Cartan
(1971), Sudarshan and Mukunda (1974), Santilli (1978c), Sarlet and Cantrijn
(1978a,b), Kobussen (1979), and others. From a global viewpoint, the
property can be studied via the transformation theory on a contact mani-
fold.2®

For this purpose, it is recommended that we reinspect the notion of
canonical transformations within the context of the preceding analysis and
return to the study of autonomous systems under contemporaneous trans-
formations without an explicit dependence on time.

Definition 5.3.1.3* Transformations a — a'(a) of the local variables of
T*M are canonical when they are Lie identity isotopic with respect to the
fundamental Lie tensor w*’ or, equivalently, when they are symplectic identity
isotopic with respect to the fundamental symplectic tensor w,,, .

As is now familiar (see the remarks regarding Equation (5.3.15)), the
canonical transformations according to Definition 5.2.1 not only preserve
the Lie algebra (Lie isotopy), but actually preserve the value of the funda-
mental brackets; that is, they preserve identically the realization of the Lie
algebra product. These properties are expressed by Definition 5.3.1 via the
notion of “Lie identity isotopy.” A fully equivalent situation exists for the
case of the “symplectic identity isotopy.”

Once these algebraic or geometric aspects have been understood, their
generalization to the Birkhoffian case is straightforward.

Definition 5.3.2.3* A generalized canonical transformation is a Lie identity
isotopic transformation of the contravariant Birkhoff’s tensor Q*” or, equiva-
lently, a symplectic identity isotopic transformation of the covariant tensor
Q

(AN

Explicitly, this definition implies the transformation rule
a i a v

Q(a) > Q@) = Sy Q7(a(a) 5
Oa oa’

P
as a natural generalization of rule (5.2.2), with the understanding that the Lie
isotopy is always ensured by Lemma 5.3.1 and that the Lie identity isotopy

= QO"(d) (5.3.44)

34 Santilli (loc. cit.).
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is obtained via the condition ¥** = Q*. Thus generalized canonical trans-
formations are a subclass of all possible transformations on T*M. Also, a
canonical transformation is not necessarily a generalized one, and vice versa.
This is clearly the result of the fact that the Lie identity isotopy is obtained via
conditions (5.3.44) for the former, and different conditions Q** = w** for
the latter.

The transformation rule of the covariant, semi-autonomous, Birkhoff’s
equations under symplectic identity isotopic transformations is therefore
given by the following particular case of rule (5.3.2)

t>t =t a* - a'*(a), (5.3.45a)
oR(a) OR(a)|., 0B(;a)
oa*  oa’ a4 oa* |sa
_ Jda”® j10R,(d) OR,(d)]., 0Bt ) _
= {—Ga_“ {[ 30 " B ]a " }SA}NSA =0, (5.3.45b)
R,(a) - R, (a) = (% Ra>(a’) = R,(a), (5.3.45¢)
B(t, a) — B'(t, a’) = B(t, a'(a)). (5.3.45d)

In this way we see that the notion of symplectic (and Lie) identity isotopy
can be reduced to that of the preservation of the functional dependence of
the primitive one-form, i.e., to the following particular case of rule (5.3.35)

a 13
62’“ da'* = R(a")da"™. (5.3.46)

R, = R,(a)da" = R,(a(a"))

However, at the level of these one-forms, the notion is always defined up to
Birkhoffian gauges. Clearly, the notion of generalized canonical transforma-
tions is a covering of that of conventional canonical transformations, in the
sense that all conditions of footnote 24 are verified.

As indicated in the general assumptions of Section 5.1, all transformations
are considered in a given region of the variables. It can be proved that the
topological properties of these regions are preserved from the general
smoothness and regularity conditions assumed in this work. However, the
“range” of the new and old regions may be different, by therefore creating
problematic aspects for the construction of realizations of Lie groups via
both conventional and generalized canonical transformations. This situation
suggests the following refinement of Definition 5.3.2.

Definition 5.3.3.35 A transformation a — a'(a) of the local variables of
T*M which is analytic and regular in a region 2 is called strictly Lie identity

35 Sarlet and Cantrijn (loc. cit.).
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isotopic with respect to Birkhoff’s tensor Q*’(a) when Lie identity isotopy
(5.3.44) holds and, in addition, the range of the old variables and its image
under the transformations coincide, # = %#'.

The condition of preservation of the range here essentially refers to the
condition that the numerical values admitted by the old and new variables
coincide. For additional studies, we refer the interested reader to the work of
Sarlet and Cantrijn.3

The extension of the results to the case of contemporaneous transforma-
tions with an explicit time dependence is straightforward and will be tacitly
assumed from this point on.

We move now to the study of the integrability conditions for the existence
of generalized canonical transformations.

Proposition 5.3.1.35 A necessary and sufficient condition for a con-
temporaneous, time-dependent transformation t - t' = t, a — d'(t, a) to be
a Lie identity isotopic transformation with respect to Birkhoff’s tensor
Q¥(t, a) is that a smoothness-preserving function F(t, a) exists such that

R,(t,a) =Rt a) + % (5.347)
for all points of the region of definition.
PROOF. By recalling the Birkhoffian gauges, Condition (5.3.47) implies that
% [Ry(t,a) — R(t,a)] — 5% [R(t,a’) — R(t,a)] = 0. (5.3.48)
Thus the one-form
0, = [R(t,a) — R,(t, a')]da™ (5.3.49)

is a closed parametric one-form (Chart 4.6), therefore implying Equations (5.3.47). The
necessity of the conditions then follows from the exact character of the Birkhoffian
two-forms, while the sufficiency is trivially proved from the same character. (Q.E.D.)

The particularization of Proposition 5.3.1 to the case of canonical trans-
formations is instructive (Problem 5.5). Notice that conditions (5.3.47) do
not characterize the function F uniquely.

We move now to the study of the methods for the construction of general-
ized canonical transformations, via a step-by-step generalization of those
for conventional canonical transformations. This also serves the purpose of
illustrating the fact that Hamiltonian Mechanics admits a consistent covering
of Birkhoffian type.

Let us begin by reformulating the definition of generalized canonical
transformations via a variational principle. The following generalization of
Weiss’s (or Holder’s) principle for Birkhoff s equations

12
b) f [R,(t, a)da* — B(t, a)dt1(E,)
t
= (EPC)V = |R,(t, a)da" — B(t, a)dt|®* (Ey), (5.3.50)
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can be proved via a straightforward application of Equations (I.1.3.39)
page 1.43 (with the identification g = a). Principle (5.3.50) is remarkable
inasmuch it shows that the total differential of Birkhoff’s action is equal to
the integrand computed at end points. In turn, this property is relevant for a
number of applications, e.g., the construction of the Hamilton-Jacobi
Theory for Birkhoff’s equations, the problem of symmetries and first integrals,
etc.

We now call a contemporaneous transformation a — da'(t, a) identity
isotopic with respect to Birkhoff’s equations when principle (5.3.50) holds
in the new coordinates without altering the functional dependence of the
R functions, i.e.,

t2 R -
5 f [R(t, d)da™ — B(t, )df)(Eo) = |R,(t, )oa™ — B(t, a)de|*(Eo).
) (5.3.51)

This latter condition is clearly essential in achieving the identity isotopy.3®

As for the canonical case, the difference between the integrands of principles
(5.3.50) and (5.3.51) is not identically null, but can at most be equal to the total
differential of a function F(t, a, a’). Thus we reach the following fundamental
identity for the construction of generalized canonical transformations
6=~ d)

R,(t, a)da" — R,(t, a’)da" — B(t, a)dt + B'(t, a')dt = dF(t, a,a’), (5.3.52)

which is clearly a direct generalization of Equations (5.2.14). Indeed, identity
(5.3.52) is expressed in terms of Birkhoff functions, while it trivially recovers
the canonical identity (5.2.14) for R = (p, 0).

The function F of Equation (5.3.52) can thus be called the generating
function of the generalized canonical transformations. This function, in
particular, can be a function of any 2n-dimensional subset of the variables
(a, @") and time. Assume first that F = F(t, a). Then identity (5.3.52) can be
explicitly written

oa® oa* oF oF
T o ' —_ 4

R, Py da* — R,da (B + B +R, = )dt PR da* + o dt,

(5.3.53)
yielding the transformation laws
oa® oF

R/ = = RH — J.
p=Ryzm= R+, (5.3.54a)
p-p+E r% (5.3.54b)

ot ot

36 As was the case for conventional canonical transformations, we expect the existence of
transformations which are generalized canonical in the sense of preserving variational principle
(5.3.50), but not in the sense of a Lie identity isotopy (5.3.44). This aspect is left to the interested
reader (Problem 5.6).
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In this way we recover Equations (5.3.47). In particular, we see that relations
(5.3.54) are a generalization of the case F = F5 of the canonical trans-
formations (Equations (5.2.24)).

Note that, besides case (5.3.47), there are numerous other possible cases,
depending on the selected 2n-dimensional subset of the variables (a, a').3”

For the reader’s convenience, as well as for further needs, we compute
here the case of F = F,(t, q, q'). Identity (5.3.52) in this case is, for R =
(Ry, R,

op , . Ops Opy
R Rk i i
Ldq* + (6 —dq9 + 34 ~dq +—5t dt

_ 2 op. . op,
— R.dq* R"<p"d + pkdq"+aa—l;kdt)—Bdt+B’dt

a i a 4]
_OF, oF, , ,  OF;
= dg* + 3q" dq* + —- 5 dt,
R=R(4q,p) (5.3.55)

yielding the transformation laws

. Op; R.ap OF

R, + R = 6q i + 6_(1"’ (5.3.56a)
5 — _ pi dp;  OF,
R, + R 3q" =R " %,7, (5.3.56b)
aFl apl 6pt
' = —1_R i 5.3.56
B =B+ — R s R — 5 ( C)

which are indeed a generalization of rules (5.2.16) for the Hamiltonian case.
In particular, the latter rules are recovered identically for R = (p, 0), that is,
for the Hamiltonian subcase. The generalization of the other Hamiltonian
cases F,, F5, F,, and Fg is then straightforward, and it is left here to the
interested reader, along with the study of other aspects (Problem 5.7).

Note that the generating functions of canonical and generalized canonical
transformations may coincide. Nevertheless, the corresponding transforma-
tions are different.

This completes our study of the Birkhoffian generalization of the canonical
transformation theory. We shift now to the generalization of the theory of
canonoid transformations of the reduced type, which permits a Hamiltonian
image of the isotopic transformations of a Lagrangian (Section A.2).

37 All these dependences, however, can be reduced to the a’ dependence through a generaliza-
tion of the Legendre transform of the canonical case. This reduction has been assumed in Propo-
sition 5.3.1.
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Proposition 5.3.2. The phase space image of the isotopic transformations
of a Lagrangian, L(q, §) —» L*(q, §), given by the reduced canonoid trans-
formations

., OH . OH*
= =0 O

{a"} > {a*} = {¢", p*(q,p)},  H*(@*) # H(a), (53.57b)

verfies the chain rule

w,,a*’ — oH*
v da** |sa
_ [oa* [(R" _oR?\ ., 3B
~ |da** |\da* da° 00 |sa ) nsa
da’? 0H
lo,d — — =0, 5.3.58
{aa*” |: ( aaa)SA] SA}NSA ( )

for some matrix (h},) of isotopic functions with respect to H.

=0, (5.3.57a)

w

PROOF. A reduced canonoid transformation a — a* (which is not the identity) is
noncanonical, as is its inverse a* — a. Thus Hamilton’s equations transform into
Birkhoff’s equations under the inverse transformation, according to general rule
(5.3.19). This proves the first step of rule (5.3.58), but the systems admit a Hamiltonian
representation H(a) by assumption. The second step of rule (5.3.58) then follows from
the self-adjointness of Birkhofl’s equations. The matrix (h},) is’then necessarily isotopic
with respect to H. (Q.E.D.)

The proposition establishes a rather natural emergence of Birkhoff’s
equations via the degrees of freedom of a Lagrangian induced by the in-
tegrability conditions for its existence. In turn, this has rather intriguing
implications. In essence, Proposition 5.3.2 establishes that, under the
integrability conditions for the existence of isotopically mapped Lagrangians,
the same system can be represented with both, Hamilton’s and Birkhoff’s
equations in the same local variables. This means that the acting forces are
such to allow the following redefinitions at a fixed point of the a space

ot ZH = 0" ) a v, (5.3.59)
H(a) # B(a). (5.3.59b)

In turn, this implies the lack of uniqueness of the time evolution law and
related brackets, in the sense that, whenever a Lagrangian L(g, §) admits an
isotopicimage L*(g, q), thetime evolutionlaw admits the dual characterization

H
6—A o’ 0 = [Aa H](a),
, 0A da* oa’
Aa) = — a* = (5.3.60)
oa* 04
5 v(a) — = [4, B1§.

aﬂ



oR%(a) 3 dR%a)]., _ OH(t,a) _ 0
oa* oa’ 4 da*
R° = (p,0)
a* - a'*(a)
ORj(a') _ OR (@) i — 0H'(t, a") —0
oa*® da’t | da”
a/”, — a//u(a/)
=0

OR(a") B OR(a") 7o _ H'(t,a")
oa"? oa"’ oa"’

Figure 5.1. Construction of the Birkhoffian Mechanics via the transformation of the
Hamiltonian Mechanics. This figure schematically represents the main idea of this
chapter: that virtually all aspects of Birkhoffian Mechanics can be constructed via
noncanonical transformations of the corresponding aspects of Hamiltonian Mechanics.
The application of the rule begins with the birth of Birkhoff’s equations, as schematically
represented above. The rule then applies for the construction of the transformation
theory of the new mechanics, as shown in Section 5.3. The rule will also apply for the
construction of other aspects of the new mechanics, such as the generalization of the
Hamilton-Jacobi theory, as we shall see in the next chapter. This rule should be kept in
mind because it can be of considerable guidance in the construction of other aspects of
Birkhoffian Mechanics, such as the generalization of the canonical perturbation theory.
Particularly significative is the aspect established by the transformation theory that
Birkhoffian Mechanics is the most general possible mechanics that can be constructed
from Hamiltonian Mechanics via the transformation theory. In fact, Birkhoff’s equations
preserve their structure under the most general possible transformations (Lemma 5.3.1).
The point serves also to illustrate the fact that the Birkhoff-admissible equations and
related mechanics (Chart 4.7) are truly novel in the sense that they cannot be constructed
from Birkhoff’s equations via the transformation theory. This is a sign indicating the
existence of new mathematical tools needed in the transition from Birkhoff’s to Birkhoff-
admissible equations. These tools have been interpreted in this volume as being of Lie-
admissible genotopic type. It should be indicated here that the idea schematically
expressed in this figure has implications far beyond Newtonian Mechanics. In fact, the
idea is currently being applied to the construction of generalizations of other branches
of physics, such as Statistical Mechanics and Atomic Mechanics, into forms compatible
with the Birkhoffian Mechanics. For a review of these latter studies, see Santilli (1982).
For a general treatment see the Proceedings of the First International Conference on
Nonpotential Interactions and their Lie-admissible Treatment (1982). For an indication
of the main ideas, see the charts of the next chapter.
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Redefinition (5.3.60) then implies the transition
[4, H] — [4, B]g, (5.3.61)

which is precisely a Newtonian realization of the Lie isotopy of Chart 4.2—this
time, within a fixed system of local variables.

Thus we confirm that, beside the general case of Lie isotopy under arbi-
trary transformations (Lemma 5.3.1), there is also a particular type of Lie
isotopy of the brackets of the time evolution law within a fixed system of
local variables.

This situation has rather intriguing algebraic as well as group theoretical
implications for Lie’s theory, to be indicated in the charts of this chapter.
At this point we simply remark that, a classical realization of the generators
does not imply a unique Lie algebra, trivially, because the same generators
can be equipped with different Lie products in the same space of the local
variables. We therefore expect the possibility of characterizing nron-iso-
morphic Lie algebras via the same generators and the use of different Lie
products. As we shall see, this occurrence is an application of the isotopic
generalization of Lie’s theory and has a particular meaning within the con-
text of symmetries and first integrals.

Chart 5.1 Need to Generalize the Contemporary Formulation of Lie’s
Theory

The terms “Lie's theory™ are referred today to an articulated body of
sophisticated mathematical tools encompassing several diversified dis-
ciplines. Whether in functional analysis or in the theory of linear operators,
the structure of the contemporary formulation of Lie's theory can be
reduced to the following three parts

Universal enveloping

/ associative algebras of

Lie Lie
algebras G groups G

As duly emphasized in the mathematical literature (see, for instance,
Jacobson (1962), Dixmier (1977), and others), a truly fundamental part
of Lie's theory is the enveloping algebra /. In fact, algebra o/ provides a
symbiotic characterization of both the Lie algebras and the Lie groups.
This is due to the fact that the basis of &/ (which is constructed via the
Poincaré—Birkhoff-Witt Theorem, to be reviewed in the next chart) is
given by an infinite number of suitable polynomial powers of the gener-
ators X, of G such as

A Ve F; X X X(F <) XXX (i <j< k), - (1)
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where the products X,X/, etc., are associative. It then follows that the Lie
algebra G

G: [X;. X] = XX, - XX = CE X, (2)
is (homomorphic to) the attached algebra &/~ of «/. The Lie group G of G is
then the infinite power series

k iQi
G: "X =1 +9—xk f % x 4 (3)
11 21 7

which, evidently, can be properly defined and treated only in the enveloping
algebra (note that all terms from X X, on are outside the Lie algebra).
One can then see why fundamental aspects of Lie a/gebras (such as the
representation theory) are treated by mathematicians within the context of
its enveloping algebra.

On physical grounds, the role of the enveloping algebra is equally
crucial, even though not sufficiently emphasized in the current literature.
For instance, a frequent physical problem is the computation of the
magnitude of physical quantities, such as the magnitude (eigenvalue) of
the angular momentum (operator) M = |M?2| /2, While the components
M. of M are elements of the Lie algebra SO(3), the quantity M2 is outside
S0(3) and can only be defined in the (center of) the enveloping algebra
#(S0(3)). Thus, while the Lie algebra SO(3) essentially characterizes
the components of the angular momentum and their commutation rules,
the envelope #/(S0(3)) characterizes: 1) the components M;; 2) their
commutation relations via the attached rule &/~ =~ SO(3); 3) the magni-
tude of the angular momentum M2; 4) the exponentiation to the Lie
group of rotations; 5) the representation theory, etc. In short, we can
state that a truly primitive part of the contemporary formulation of Lie’s
theory is its universal enveloping associative algebra.

Once the mathematical and physical motivations of this occurrence
are understood in full, the need for a suitable generalization of Lie's theory
becomes unavoidable. Lie algebras emerge in Physics at the truly funda-
mental part, the brackets of the time evolution. The above remarks then
imply that the primitive algebraic structure of the time evolution is the
enveloping algebra. Santilli (1978e, pp. 1330-1334) points out that the
enveloping algebra of the time evolution of Hamiltonian Mechanics is
nonassociative, by therefore being not directly compatible with the
contemporary formulation of Lie’'s theory. In fact, the author essentially
indicated that the conventional Poisson brackets

OX, . OX, _0X, 0X, oX oX,

G:[X,X]=— 4
[X;. X1 Oa“w 0a* orkop, Ork Op, @)
are the attached brackets of the algebra
0X. oX,
U: (X, X)) =—L
X, X) = 5 ap, (5)

which is nonassociative; that is, the vector space ./ of elements X, and
their polynomial powers, over the field R of real numbers equipped with
product (5), is first of all an algebra in the sense of Chart 4.1: it verifies the
left and right distributive laws and the scalar law. Secondly, this algebra
turns out to be nonassociative because of properties

(X, X) X) # (X, (X, X,)). (6)
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Since associative and nonassociative algebras are different algebras, with-
out a known interconnecting mapping, Santilli (/oc. cit.) argues that the
insistence on the associative character of the envelope would literally
prohibit the conventional formulation of Hamiltonian Mechanics, that
according to time evolution (4). He therefore advocates a dual generaliza-
tion of Lie’s Theory (see the preceding paper, Santilli (1978c, pp. 298-375)
as well as the memoir (1979a, Section 1.2) according to the following
classification.

I.  Contemporary Formulation of Lie's Theory. This is the formulation
available in the contemporary literature, and it is expressed via an
envelope with conventional associative product X, X ;. (e.g., the
conventional product of matrices or operators).

Il. Lie-Isotopic Generalization of Lie's Theory. This is a first general-
ization based on envelopes which are still associative yet are
formulated via the most general possible associative product, say,
X, » X;, whose attached product X, x X; — X, * X is Lie.

IIl. Lie-Admissible Generalization of Lie Theory. This is the largest
possible generalization of Lie's theory conceivable at this time.
It is based on envelopes that are Lie-admissible (Chart 4.1), that is,
on envelopes with the most general possible nonassociative
product, say, (X;, X,), whose attached product (X, X/.) - (X, X,)
is Lie.

In subsequent charts we shall outline the state of the art on the Lie-
isotopic generalization of Lie's theory. The Lie-admissible generalization
is currently under study at the yearly Workshops on Lie-Admissible
Formulations (see the proceedings (1979-1981)) and will not be re-
viewed here.

A few introductory remarks may help the reader to reach a better
mathematical and physical understanding of the generalizations under
consideration, as well as the truly intriguing (and substantial) research
yet to be done.

A difficulty generally experienced by mathematicians trying to see the
need for a generalization of Lie's theory is that simple Lie algebras over a
field of characteristic zero have been classified and are given by the well-
known Cartan classification.38 In fact, the Poincaré—Birkhoff-Witt
theorem essentially ensures that a// Lie algebras over a field of character-
istic zero can be obtained as the attached algebras of enveloping algebras
with the conventional associative product X, X,. Thus the classification of
Lie algebras has been already achieved by Formulation I. The point is that
generalizations Il and /1] are not intended for the classification. Instead, they
are intended for the formulation of Lie's theory in the most general possible
(rather than simplest possible) form, as a necessary condition for its
direct applicability in physics. Generalizations |l and Ill are, of course,
expected to recover Cartan classification. But this is a minor aspect of the
issue. The issue is that of abandoning the conventional mathematical
treatment of Lie algebra,

[X. X1 = XX, - X,X,, (7)

38 [t is appropriate to recall here that the classification of Lie algebras over a field
of characteristics p# 0 is far from complete. The generalizations of Lie's theory here
referred to are intended primarily for the conventional case of characteristic zero
which is the most important for current physical applications (in fact, no physical
application is known at this time for algebras and/or fields of characteristic p # 0).
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where X, X, is the conventional associative product, in favor of the most
general conceivable product:

X, X1* = (X,, X)) = (X,, X)) (8)

where (X;, X)) is a nonassociative Lie-admissible product. Only in this
way does the theory acquire a form suitable for direct application to
mechanics while possessing trivial realization (7) as a particular case. At
any rate, while the formulation of Lie’s theory for structure (8) includes
that of structure (7) as a particular case, the opposite is not necessarily
true.3® As an example, the current formulation of the representation theory
isinapplicable to Lie algebras (8) beginning from its foundations (necessary
and sufficient conditions for a representation to be faithful, Ado’s theorem).
At a deeper analysis, it soon emerges that the alteration of the associative
character of the envelope into a nonassociative form demands the reformu-
lation of the entire theory.

Perhaps an effective way for a mathematician to see the need of re-
formulating Lie's theory is through a comparative analysis with the
corresponding situation in the symplectic and contact geometries, for
which no reformulation is needed. In essence, these geometries, in their
most abstract and general form (the coordinate-free form), present a body
of notions, properties, and theorems which preserve their validity under
all possible realizations of the symplectic and contact forms. For instance,
ali the parts of the symplectic geometry dealing with exact symplectic
two-forms

Q, =do (9)

preserve their validity regardless of whether the two-form is the canonical
form,

w, = dp, A dr¥, (10)
or the most general possible Birkhoffian form,
1 (0R, OR , _
Qz=§<oau——oa—£‘>da“/\da, a=(r,p). 11)

The crucial character of the theory, that of being applicable to all
possible realizations, is lost for the contemporary formulation of Lie's
theory. In fact, if the enveloping algebra is generalized from the trivial
product X, X; to a more general product X, * X, (e.g., X, * X; =X, TX,, with T

fixed and nonsingular; see Chart 4.1), then the notion of Lie group (3) is
generalized into structures, for instance, of the type
(al 0

ﬁXk+jX,*X/+-'-. (12)

G*: " Xk | =1 +
The fact that the notions, properties, and theorems developed for the
conventional structure (3) are not necessarily applicable to the more
general structure (12) is established, for instance, by the fact that 1 is no
longer the unit of the envelope, trivially, because now 1% X, # X, #
X = 1.
!

39 As will be soon evident, nonassociative products exist which can be trivially
reduced to an associative form. However, an associative product can never be
reduced to a nonassociative form.
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Remarkably, while the symplectic and contact geometries have been
developed by keeping the most general possible realizations of the two-
forms in mind, the theory of Lie algebras has been developed for the sim-
plest possible realization of the Lie algebra product. The Lie-isotopic
generalization of Lie's theory is advocated here in order to recover the
compatibility of formulation with the symplectic and contact geometries,
that is, to reach algebraic notions, properties, and theorems which are
directly applicable to the most general possible realizations, in exactly
the same case as it occurs for the geometric counterparts. The Lie-admis-
sible generalization of Lie's theory, instead, is intended as the algebraic
counterpart of the symplectic-admissible generalization of the symplectic
geometry (Chart 4.7).

A further point which should be clarified is that the Lie-isotopic
generalization of Lie’s theory is not directly applicable to the Hamiltonian
as well as the Birkhoffian Mechanics. In fact, the envelope is still associ-
ative by conception, while algebra (5) is already nonassociative for
Hamiltonian mechanics, and this algebraic character clearly persists for the
covering Birkhoffian Mechanics.4® The theory under consideration is
merely an intermediate step prior to the full treatment of type Ill. Never-
theless, a possibility exists that the theory is applicable in a specific case,
on account of the following property. Often, when structure (8) is worked
out, it implies the possible reformulation

X, X]* = (X, X) = (X, X) =X, * X, = X, = X,. (13)
An example (Charts 4.1 and 4.2) is given by the product (X, X)) =
X;RX, — X,SX;, with R and S fixed and nonsingular, and X;R, RX, etc.,
associative). Then we have
(X, X)) — (X, X)) = (X,RX, — X, SX,) - (X;RX, — X, SX))
=XTX, = X;TX, =X, » X, = X, » X, T=R+S,
(14)
where X, TX; is clearly isotopic associative. Thus, in certain instances,
the intermediary Lie-isotopic generalization may be sufficient.

For the case of the Hamiltonian Mechanics, one can attempt modi-
fications of product (5) into more general Lie-admissible forms of the type

o, xyx = XX, 0K, ;0% 90X 5 0K

v ork op, or or  op, " dp;
il = gl ﬁii = ﬂji (15)
40 This point is self-evident from the generalization of Hamilton's into Birkhoff's

tensor
OR9 ORO|-"\* OR, OR,|-"\*
- B _ 2 v == -2
@ (‘ da* 0a° ) ~> @) ( d0a® 0a° )

RO = (p, 0) > R = R(a) # R°
under which the property
oX, 0X, _ I
X, X1= (X, X)) - (X;, X)), (X;. X)) = I apk = Nonassociative product,
necessarily implies the generalized one
[X,. X1 = (X.. X)* = (X,. X)"; (X,, X)) = Nonassociative product.

In fact, [X,, X,] is a particular case of [X,, X]" if and only if (X, X)) is a particular
case of (X, /.)".
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that is, modifications which are such as to preserve the conventional
Poisson brackets as the attached Lie brackets. With the understanding
that modifications (15) remain nonassociative in general,*' it may be
that the associative law is regained in particular cases. The important point
is that, even when the associative character of the envelope is regained
via extensions of type (15), the enveloping algebra is not of the trivial
type XX but rather of the most general possible type X, *X As a
result, assumlng that the associative character of the envelope of classical
mechanics is regained via (still unknown) methods, the isotopic general-
ization of Lie's theory remains mandatory for its direct applicability.
Lacking the generalization, one risks the application of existing theorems
conceived for formulations | which are actually meaningless for physical
models belonging to case I} or Ill.

Some of the most remarkable and intriguing implications are those for
particle physics. The only time evolution known at this point with a
structure truly of type | (that is, with an associative envelope with trivial
product X, X)) is that of Heisenberg's equations in quantum mechanics:42

& 1 1 - -~
= - [A Al = 7 (AH - HA), AH = Associative product (16)
(h=1)

with fundamental brackets (in our unified notation 4 = (¥, p), of course,
now referred to as operators in a Hilbert space)

OR? 0ORY
oa* 0a’

[&*, 8] = §*&* — §§" = w‘”=/({

4)”, Ro = (p, 0).
(17)

The mere identification of the possibilities of generalizing Lie's theory
according to types Il and Il immediately implies the possibility of general-
izing Heisenberg’s equations accordingly.

In fact, Santilli (1978d, pp. 725 and 752) proposed the following
Lie-isotopic generalization of Heisenberg's equations

=j—,[z, H* =}(A‘f’—/-7f”) (18a)
. o my _0R, n
[§*, a1* = Q&) =i ( da“ v ) (18b)

and the following Lie-admissible generalization (/oc. cit., pp. 719 and 746)

~ ..~~

- (ARH — HSA) (19a)

-~ =

- (A, A) =

~ ] —

(8 &) = ig™(a) = i@~ + Tw),  Tw=7m (19b)

41 One can easily see that the associative law cannot in general be verified for
product (15) because, for instance, the expression ((X,, X)), X,) implies only
first-order derivatives for X, , while the expression (X, (X X o)) |mphes second-
order derivatives for X, . Nevertheless, restrictions on the functlonal dependence of
the generators are concelvable under which ((X;, X) X)) = (X, (X X))

42 From now on_all quantum mechanical operators will be denoted with an
upper tilde, e.g., A, H, etc.

153



154 Transformation Theory of Birkhoff’s Equations

As a matter of fact, generalizations of Lie's theory of types Il and 1l were
intended as mathematical tools for the proper treatment of the correspond-
ing generalized equations of type (18) and (19). The Lie-isotopic general-
ization of Lie’'s theory will therefore be outlined in the subsequent charts
according to the motivations for which it was originally conceived, that of
directly characterizing Equations (18).
Independently from these studies, Okubo (1981a) has proposed a
generalization of Heisenberg’s equations of the type
A-TA AT =LA A) - A A (20)

I

where the product (4, A) is nonassociative, flexible, and Lie-admissible.
The generalization was motivated by the fact that the replacement of the
associative envelope of Heisenberg’'s mechanics with a nonassociative
one (but of flexible Lie-admissible type to preserve the differential rule)
permits the avoidance of some of the problems of consistency of con-
ventional quantization. This was, after all, expected from the nonassoci-
ativity of the product (A, H) in Poisson’s brackets (4).43 Also intriguing
is the expected relationship between Equations (20) and (18) via rules of
type (14) which, for the case of linear operator algebras, appears possible.

As an example, one could assume in equations (20) the flexible
Lie-admissible envelope

(A, H) = AH + L{A, Hy = 3AHA + 1HA (21)
The reformulation of Equations (20) into Equations (18), and vice versa,
is then given by

[A, A1* = (A, H) - (H, A) = AH - HA = [4, A] (22)
Following this, we therefore use Equations (16) when dealing with
generalizations of Lie's theory of type IlI, and Equations (19) when

dealing with those of type Ill, with interconnecting mechanisms of type
(14).44

Chart 5.2 Isotopic Generalization of the Universal Enveloping
Associative Algebra

In this chart we shall first review the definition of universal enveloping
associative algebra, and the methods for the construction of its basis
according to the Poincaré—Birkhoff-Witt theorem. We shall then present
their isotopic generalizations, that is,*5 generalizations which preserve

43 Even though the algebras characterized by Hamilton’'s and Heisenberg's
brackets are both Lie, their envelopes are different because that of the former is
nonassociative, while that of the latter is associative. Under these circumstances,
the rigorous definition of quantization via a mapping is virtually impossible. For
these and numerous other problematic aspects related to the quantization of
Hamilton’s into Heisenberg’'s equations, one may consult Santilli (1980a) and
cited references. Additional problematic aspects (different than those related to
the envelopes) are treated by Chernoff (1981). A theorem establishing the lack of
the so-called full quantization is proved by Abraham and Marsden (1978, p. 435).

44 See also the outlines of applications of the charts ot Chapter 6.

45 The Greek meaning of the work “isotopy” was related in footnote 33 of
Chapter 4.
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the associative character of the product. By keeping in mind the primitive
character of the enveloping algebra in Lie's theory (Chart 5.1), the
generalizations presented in this chart render inevitable a corresponding
reinspection of Lie algebras and of Lie groups (Charts 5.3 and 5.4).

Definition 1. The universal enveloping associative algebra of a Lie
algebra G is the set (&, t) where & is an associative algebra4® and t a
homomorphism of G into the attached algebra o/~ of ./ satisfying the
following properties. If o/’ is another associative algebra and ’* a homo-
morphism of G into &', a unique homomorphism y of o/ into &/’ exists
such that t" = 1y; i.e., the following diagram is commutative.

d- —y.) MI_

\ / (1)
G

Whenever an algebra &/ belongs to the context of the definition above,
we shall write &/(G). All Lie algebras are assumed, for simplicity, to be
finite-dimensional. Also, all algebras and fields are assumed to have
characteristic zero, and the basis of all Lie algebras is ordered.

The construction of the enveloping algebra /(G) is conducted as
follows. Consider the algebra G as a (linear) vector space with basis
given by the (ordered set of) generators X,/ = 1, 2, ..., m. The tensorial
product G ® G is the ordinary Kronecker (or direct) product of G with
itself as a vector space. Such a tensorial product constitutes an algebra
because it satisfies the distributive and scalar laws (Chart 4.1). Also,
the algebra is associative because the Kronecker product is associative.
The most general possible, associative, tensor algebra which can be
constructed on G as vector space is given by

T=FloGOGRGHIGCGRIGCGRGD -, (2)

where F is the base field and @ denotes the direct sum. Let # be the ideal
generated by all elements of the form

X, X1 = (X, ® X, ~ X, ® X)) (3)
where [X,, X/] is the product of G. Then the universal enveloping algebra
o/ (G) of G is given (or, equivalently, can be defined) by the quotient

A(G) = T/R. (4)
It is possible to prove that the algebra (4) satisfies all the conditions of
Definition 1 (see, for instance, Jacobson (1962)).

Of utmost importance for mathematical and physical considerations
is the identification of the basis of .2/ (G). The quantities

Ms=Xi1®Xf2®"'®X/s (5)

are called standard (nonstandard) monomials of order s depending on
whether the ordering

< < (6)

46 Note that no restriction is placed on the associative character of the algebra.
Nevertheless, the definition is restrictive for reasons which will be identified via

Definition 2 below and subsequent comments.
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is verified (not verified). It is possible to prove that every element of o/ (G)
can be reduced to a linear combination of standard monomials and (cosets
of) 1. This yields the following fundamental theorem on enveloping
associative algebras (Jacobson, /oc. cit.).

Theorem 1 (Poincaré-Birkhoff-Witt Theorem).4? The cosets of 1
and the standard monomials form a basis of the universal enveloping
associative algebra o/ (G) of a Lie algebra G.

The associative envelope «/(G), as presented, is still abstract in the
sense that the product of ./ (G) is the tensorial product X; ® X, while the
product used in physical (e.g., quantum mechanical) appllcatlons is the
conventional associative product X, X,. Consider then the algebra

AG)=Flo AV DA @ - -
A‘s)={X/1X/2"'XiS}' i <i, < <. (7)

s

It is possible to prove that &/(G) is homomorphic to A(G), in line with
Definition 1. Thus the algebra A(G) can be assumed as the universal
enveloping associative algebra of G with basis
1, X, X X X X X, ... (8)
/ 11 12 /1 /2 13

iy <y 15’25’3'

and arbitrary elements
XkiXka - - - Xks, 9)
I1 12 /S

where the X's are the generators of G. Notice that A(G) is infinite-
dimensional. The center of A(G) is the set of all polynomials P(X)
verifying the property

[P(X). X1, =0, (10)

for all elements X, € G. Most important elements of the center are the
so-called Casimir invariants of G. For additional study, we refer the inter-
ested reader to the mathematical literature on the topic, such as Jacobson
(foc. cit.) or Dixmier (1977).

We move now to the identification of the desired associative-isotopic
generalization.

Definition 2 (Santilli 1978c). The isotopically mapped universal
enveloping associative algebra of a Lie algebra G is the set ((«, 1),
o*, i, v*) where

(i) («, 1) is the universal enveloping associative algebra as per
Definition 1;

(ii) 7 is an isotopic mapping of G, /G = G*, as per Chart 4.2;

(iii) «#* is an associative algebra generally nonisomorphic to «; and

(iv) t*is a homomorphism of G* into &/*-, such that the following
properties are verified.

If o/* is still another associative algebra and t* a homomorphism of
G* into &*' -, a unique homomorphism y* of &/* into &/*' exists such that

47 |t should be indicated that the name “ Birkhoff " in * Birkhoff's equations”’ and
n " Poincaré—Birkhoff-Witt theorem” refers to father (G. D. Birkhoff) and son
(G. Birkhoff), respectively.
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* = y*t* and two unique isotopies / and 7’ exist for which i</ = o/* and
i’ = o*, ie., the fo||owing diagram is commutative.

- L e

\/

(11)

Whenever an algebra «/* verifies the conditions of the definition above,
we write o/ *(G). Again, for simplicity, we assume that all Lie algebras are
finite-dimensional, all algebras and fields have characteristic zero, and
all Lie algebra bases are ordered.

We are now in a position to elaborate on the insufficiency of Definition 1,
and the need of Definition 2 for the physical and mathematical studies
under consideration in these volumes. We shall indicate first the mathe-
matical aspect and then point out the physical profile.

The main idea of Definition 1 is, beginning with the basis of a Lie
algebra G, to construct an enveloping algebra «/(G) such that [«/(G)]~
~ G. The more general idea of Definition 2 is, beginning also with the
basis of a Lie algebra G, to construct an enveloping algebra o/*(G) such
that the attached algebra [«/*(G)] - is not, in general, isomorphic to G but
rather is isomorphic to an isotope G* of G, and we write48

[«*(G)] =~ G* # G. (12)

The lack of unique association of a given basis with the envelope then
ensures freedom in the realization of the associative product. Equivalently,
we can say that within the context of Definition 1, a given basis essentially
yields a single unique enveloping algebra and thus a single unique attached
Lie algebra. On the contrary, within the context of Definition 2, a given
basis yields all possible enveloping algebras and thus all possibie Lie
algebras. Still equivalently, we can say that, as is conventional in the
contemporary formulation of Lie’s theory, nonisomorphic Lie algebras are
expressed via the use of different generators and the same realization of
the Lie product. On the contrary, within the context of the isotopic formula-
tion of Lie's theory, nonisomorphic Lie algebras can be obtained via the
use of the same basis and different realizations of the Lie product. We can
therefore state that all possible enveloping associative algebras can indeed
be introduced according to Definition 1, which is therefore suitable for the
classification of Lie algebras (Chart 5.1). Definition 2 is more general
inasmuch as, besides permitting the introduction of all possible enveloping
algebras, it also permits us to construct nonisomorphic algebras via the
same basis, by therefore rendering necessary the use of the most general
possible realizations of the associative product.

On physical grounds, these mathematical mechanisms are at the
foundation of the Lie isotopic generalization of Hamilton's and Heisen-
berg’s equations for closed non-self-adjoint interactions (Section 6.3).

48 Note that the scripture &/*(G) (rather than &/*(G*)) is intended to stress
precisely properties (12).
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As now familiar, the definition of physical quantities is independent of
whether or not the system possesses nonpotential interactions. When these
interactions are admitted by the theory, they are represented via an alter-
action of the Lie algebra product. As a result, when the Hamiltonian
description of a closed self-adjoint system

. 0A OF
— = v tot
A(a) = [A E...] Fyr o* _Oa:) , (13)
is generalized into a Birkhoffian form to represent the additional presence
of internal, contact, nonpotential, interactions

. _ _0A _ OFE .

Aa) = [A E, )" = 5;9“ (a) Y (14)
the basis of the original Lie algebra remains unchanged, together with
the underlying carrier space (R x T*M) and the field, and only the real-
ization of the Lie algebra product (that is, the realization of the envelope)
is permitted to change. As a result, the original Lie algebra G with basis
X.(a) over T*M equipped with conventional Poisson brackets is mapped
into the isotope G*, which preserves the original basis X;(a) in the same
local coordinates of T*M, although it is now equipped with the generalized
Poisson brackets, i.e.,

G: [X;, X)1p) = (X, X))oy = (X;. X))
= G*: [X,, X1E, = (X., X))

In the transition to the case of Heisenberg's equations, the situation is
essentially the same and actually turns out to be more directly compatible
with Definition 2. In fact, for consistency of the theory with its classical
image, during the generalization of Heisenberg's equations

- 0 X)t. (15)

*
(a)

A(3) = - [A, A] (16)
into the Lie-isotopic form

= 1 -~ -

A(@) = - [A H]*, an

the nonpotential forces due to charge overlapping are expressed via the
Lie-isotopic generalization of the product

G: [X,X]1=XX -X.X—>G*[X, X]1*=XTX - XTX. (18)

Mechanism (18) is clearly along Definition 2 rather than 1.

The alternative approach would be that of preserving the original
simplest possible product and changing the basis in order to reach
direct compatibility with Definition 1. However, this approach has a
number of problematic aspects. First of all, it is centered on the loss of the
direct physical meaning of the generators (e.g., the physical linear mo-
mentum in one dimension, p = m¢, is replaced by abstract objects of the
type p = o exp Bri). Secondly, the approach does not permit the achieve-
ment of the direct universality, as established in the preceding chapters.
The removal of unnecessary restriction on the realization of the enveloping
algebras is clearly preferable, both mathematically and physically.

Owing to the relevance of mechanisms (15) and (18) for the program
of these volumes, it is important to give an explicit example. To stress the
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fact that the ideas are not necessarily restricted to nonpotential inter-
actions, we select an example of isotopy for the harmonic oscillator in a
three-dimensional Euclidean space.

In Chart 4.2 we pointed out that the nonisomorphic groups SO(3)
and SO(2.1) are isotopic symmetries with respect to the Hamiltonians

H(a) = 3(pZ + pZ + p2) + J(x* + y2 + 22), a=(rnp), m=k=1,
(19a)
H*(a) = 5(p2 — p2 + p2) + 3(x? —y2 + 2?), (19b)

that is, they are symmetries leading to the same conservation laws of the
components M,, b = x, y, z, of the angular momentum via the use of
Noether’s theorem. Let us review the case again and reinterpret it in light
of Definitions 1 and 2.

The Hamiltonian realization of the symmetry SO(3) of H(a) is based on
the Lie algebra of conserved quantities

SO(3): M, M] =M, [M,M]=M,[M,M]=M, (20

which is defined in terms of the conventional Poisson brackets

M, M]1=M, M)-(M,.M,) (21a)
+1 0
oM, oM
(M, M) = 22 5 =< (5)) = +1 . (21b)
oo 0 +1

In the transition to the equivalent Hamiltonian H*(a), the conserved
quantities M, clearly remain conserved, but the SO(3) symmetry is
broken and is replaced by the nonisomorphic symmetry SO(2.1). The
problem now is the construction of a realization of the SO(2.1) algebra
(the Lorentz algebra in (2 + 1)-dimensions) whose generators are those
of the nonisomorphic SO(3) algebra (the rotational algebra in three-
dimensions). This can clearly be achieved if and only if one alters the Lie
algebra product. An explicit realization has been identified by Santilli
(1979a) and is given by the well-known commutation rules

SOQ2.10): (M, MJ* = M,, [M,, MJ* = -M_, [M,, M]* =M, (22)

which are now expressed in terms of the generalized Poisson (Birkhoffian)
brackets+?

M, M1*= (M, M)* - (M, M,)* (23a)
+1 0
oM, oM
M, M )* = Tj-‘l o« ?—C (o) = -1 . (23b)
r P, 0 +1

Note that the insistence in the preservation of the same realization of the
Lie algebra product, in this case, would prohibit the representation of the
conservation of the angular momentum via a symmetry of the Hamiltonian
H*(a).

The example considered therefore establishes that one given basis
(the components of the angular momentum M =r x p, p = mf) can
define a hierarchy of enveloping algebras and attached Lie algebras,

49 See the Birkhoffian interpretation of the Hamiltonian isotopies of Section 5.3.

159
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depending on the selected realizations of the products, which is fully in
line with diagram (11) and Definition 2. The example actually establishes
not only the insufficiency of Definition 1 but also that of Definition 2 itself.
In fact, the algebras (M, M) and (M, , M )* are nonassociative, therefore
demanding further generalization of Definition 1 for nonassociative
enveloping algebras of type lll (see the classification of the preceding
chart), even though the existence of a realization within the context of the
Lie-isotopic generalization is expected to exist.

Stated in different terms, the example establishes the generalization of
the conventional definition of the envelope of the Lie algebra of the
group of rotations as per diagram (1)

o~ —— -

WV

SO(3)

into the Lie-isotopic form as per diagram (11)50

e N

INA]

S0(2.1) (25)

o - Y o -

SO(3)

which is expected for operator-type realizations (18). In addition, the
example establishes that generalization (25) is only an intermediate step,
prior to a more general nonassociative realization which is not considered
here for the sake of brevity (see Definition 3.7.3 of Santilli (1978a, page
354), as well as the more recent review (1979b, p. 1602)).

With a clear understanding of the new capabilities, as well as limitations,
of the Lie-isotopic generalization, we pass now to the study of the general-
ization of Theorem 1.

The construction of an isotope «/*(G) of «/(G) can be conducted as
follows. Perform an isotopic mapping of the tensorial product X; ® XI.
of #/(G),

X, ® X, > X, % X, (26)

that is, any invertible modification of the product ® via elements of &/ (G),
of the base manifold, and of the field, which preserves the distributive
and scalar laws (to qualify as an algebra), as well as the associativity of
the product (to qualify as an isotopy), i.e.,

(X, x X)) x X, =X, x (X, * X,). (27)

50 By no means does diagram (25) exhaust all possible isotopies of the group
of rotations. In fact, by recalling the properties of the isotopically related symmetry
algebras from Chart A.10, we know that an isotope SO*(3) of SO(3) can even, in
principle, be Abelian.
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The product of two elements X, x X, and X, * X is then given by
(X = X)) % (X, % X)) =X, X, =X+ X, (28)

and no ordering ambiguity arises because of the preservation of the
associative character of the original product.5’
The isotope of the associative tensorial algebra  can then be written

T*=FlOGHGC+GPG+*G+xG . (29)
Let #* be the ideal of 7 * generated by
X, X1* = (X, x X, = X, x X)), (30)

where [X;, X;]* is the product in G*. An isotopically mapped universal
enveloping associative algebra </*(G) of a Lie algebra G can then be
written.

A*(G) = T*/R*. (31)

Structure (31) is, by construction, the universal enveloping associative
algebra of G*, where G* is realized via an isotopic mapping of G.
The remaining aspects of the theory of «/*(G) are essentially given by
an isotopic mapping of the corresponding steps for </ (G) outlined above.
The guantities
M* =X,

X R X (32)
are called /sotopically mapped standard (nonstandard) monomials
depending on whether the following ordering condition

iy iy, < L (33)

is verified (not verified). In the reduction of an arbitrary element of
#L*(G)

Xkow Xbzw oo x Xk2, (34)

to standard monomials, a new feature arises, due to the fact that the
emerging combinations of these latter monomials may occur via functions
on the base manifold. This, in turn, is because the isotopy ® — * can be
realized via functions of this type. We call these combinations F*-linear,
to differentiate them from the F-linear combinations for the conventional
case, that is, combinations only via elements of the field. As we shall see
in the next chart, these F*-linear combinations have a precise interpreta-
tion within the context of the isotopic Lie's theory. Despite this general-
ization, the construction of the basis of &/*(G) parallels that for &/ (G),
because «/*(G) is a conventional envelope for G*. The (inverse) isotopy
then simply reduces G* to G.

Theorem 2 (Isotopic Generalization of the Poincaré—Birkhoff-Witt
Theorem).52 The cosets of 1 and the standard isotopically mapped
monomials form a basis of the isotopically mapped universal enveloping
associative algebra «/*(G) of a Lie algebra G.

51 Note that, for the more general nonassociative Lie-admissible generalization,
the left- and right-hand sides of quantities (27) would be different. In this case alil
possible different orderings of the product must be taken into account.

52 Santilli (1978c¢, Theorem 3.7.2, page 353) reprinted in Myung et a/. (1978-1).
See also Santilli (1979b, page 1580).
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The basis is thus given by
1, X., X X , X =X, =X (35)
1 2 1 2 3

1 S iz < ia

The distinction between the tensorial realization and that used in practical
applications is now lost: Indeed the mapping X; ® X/—>X,XI. can be
considered, in the final analysis, a particular form of isotopy.

The explicit form of the basis depends on the assumed type of isotopy
® — *. In turn, this depends on the realization of the basis X, of G,
whether via matrices, quantum mechanical operators, or classical functions
on phase space, etc.

Suppose that the X's are realized via matrices. Then an isotopy is
provided by Equation (18). Let 7 be a polynomial on the X’s (not necessarily
on the center of o&/*(G)).53 Then the explicit form of basis (35) is given by

1, X, X TX._, X TX. TX. ,... (36)
12 fy 77273

1

iy <1, i, iy, <y, T = fixed.

Needless to say, the isotopy X, X, —> X, 7X, is only one example of
possibie associativity-preserving modifications of the product, and
numerous additional forms exist. For instance, if W is an idempotent

matrix (W2 = W), then another associative isotopy is given by54
X, x X, = WX, WX, W. (37)

The identification of additional isotopies is left to the interested researcher.

A comment on the quantity 1 of Theorem 2 is in order here. As anticipated
in the preceding chart, the element 1 € F is no longer the unit element of
the enveloping algebra under an isotopic mapping of the product. In
fact, for isotopic envelope (36) the unit element (when it exists) is given by

1% = 7-1 (38)

because only this quantity verifies the (left and right) rules 1* x X, =
X, = 1% = X.. Nevertheless, Theorem 2 has been formulated for the
element 1 of <. This is to preserve the general rule of isotopy according
to which the basis of the original algebra is preserved, including its unit
element. The new mathematical (and physical) structure is represented
via an isotopic alteration of the product. A reformulation of Theorem 2 in
terms of the unit 1* is, of course, expected to exist, but its study is left
to the interested researcher. For additional studies (within the context of
the Lie-admissible generalization of Theorem 1) we refer the reader to
Myung and Santilli (1979), where unit 1 is called the weak unit of the
algebra.

The mathematical aspect conveyed in this chart is that the know/edge
of a given set of generators does not uniquely characterize a Lie algebra
because of the freedom in the selection of the enveloping algebra. The
physical aspect treated is that established in the text, that the knowledge
of a Hamiltonian does not uniquely characterize the physical system

53 |n a number of applications, the element 7 cannot actually be expressed via
F*-linear combinations of polynomials of the original basis, and as such, it is outside
the original envelope.

54 |ntriguingly, isotopy (37) was introduced within the context of the studies for
a possible isotopic generalization of Heisenberg’'s indeterminancy principle for
strong interactions (see Chart 6.1).
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because such a characterization also depends on the explicit form of the
brackets of the time evolution. As we shall see, the implications are rather
intriguing. For instance, the assumption of a Hermitian Hamiltonian H
contrary to popular belief, does not ensure that the time evolution is
unitary and thus does not guarantees that ~ is observable.55

Chart 5.3 Isotopic Generalization of Lie's First, Second, and Third
Theorems

As is well-known, an effective historical, and technical way of presenting
Lie groups and Lie algebras is according to their original derivation by
Sophus Lie via his celebrated First, Second, and Third Theorems. In this
chart we shall first review these theorems and then show that they admit a
consistent Lie isotopic generalization which is compatible with the
isotopic generalization of the enveloping algebra of the preceding chart.
More specifically, the objective of this chart is to show that the notion
of connected Lie transformation group admits a generalization such that,
when reduced in the neighborhood of the identity, admits Lie algebras
in their most general possible realizations of the product.

The emerging isotopic generalizationsé of Lie's theory (that is, of the
enveloping algebra, the Lie algebras, and the Lie groups) was used for
the construction of the isotopic generalization of Galilei’s relativity for
closed non-self-adjoint systems of Section 6.3. Since the theory also
admits operator-type realizations (Chart 6.1), its abstract formulation is
expected to permit the joint treatment of closed, classical and quantum
mechanical, nonpotential interactions, in much of the same way as the
conventional abstract formulation of Lie’'s theory permits a joint treatment
of closed classical and quantum mechanical interactions of potential/
Hamiltonian type. The underlying physical objective is therefore to
achieve, in due time, the generalization of the contemporary notion of
interactions, with corresponding generalization of relativities and physical
laws (Appendix A.1).

Definition1. Let M be a Hausdorff, second-countable, analytic,

N-dimensional manifold with local coordinates a*, u =1, 2,..., N (eg.,
M =T*M or R x T*M). The set of transformations on M depending on
r-independent parameters 6/, /i = 1,2, ...,r

a—a =f(a; 0) = {*(a* 0} 1)

55 The reader should keep in mind the physical arena of these volumes, that is,
the study of systems with contact, non-self-adjoint forces. The Hamiltonian H can
then represent the energy for, say, a proton in the core of a star. To avoid paradoxical
situations (e.g., the setting up of the measuring apparatus in the core of a star), the
theory should prevent conventional observability criteria, and call for a more
adequate approach to measures under non-self-adjoint forces.

56 Since the theory is fully Lie by conception, a number of researchers object at
the term “generalization” and prefer different terms such as “'reformulation.”
Others, on the contrary, believe that the mathematical and, most of all, physical
implications are considerable and prefer the term “ generalization.” With the under-
standing that this is a question of semantics, and as such, immaterial for the objectives
of these volumes, this author prefers the latter term, if for no other reason than to
attract the researcher’s attention to the need to formulate Lie's theory via rules more
general than the simplest possible one of current use, [A, B] = AB — BA, where AB
is the conventional associative product.
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is called a Lie transformation group®? when the foliowing conditions are
verified.

1. All functions f* are analytic in their variables.

2. For any given two transformations

a =f(a;0), a" =f(a; o), (2)
a set of parameters exists
0" = gi(6, ') (3)

characterized by analytic functions ¢’ called group composition
laws, such that

a" = f(a; 6"). (4)

3. Transformations (1) recover the identity transformation at the
null value of the parameters, i.e.,

a = f(a; 0). (5)

4. Corresponding to each transformation (1), there is a unique inverse
transformation

a=1~fa,0"), (6)

and thus the transformations are regular.
5. The combination of any transformation (1) with its inverse (6)
yields the identity transformation.
The number r of independent parameters is called the dimension of the
Lie group.

A central property of Lie transformation groups is that they are con-
nected; that is, they can be continuously connected to the identity. The
primary idea of Lie’'s theorems is that, under the conditions indicated, the
groups can be studied via their infinitesimal transformations, because a
finite transformation can be recovered via infinite successions of infinitesi-
mal transformations.

We shall review these ideas by following as closely as possible their
original derivation.57 Consider transformations (1) and their identity

a = f(a; 9), a=f(a;0) (7)
and perform the infinitesimal variations
a =a+da=7f(a 6+ df);a+ éa=f(a;db), (8)

where df and 66 represent two independent variations of the parameters.
We can then write

_ of(a; 0)
a = YR ae, (9a)
_ [of(a; 0)
da = I:—be~—:|0=050. (gb)

57 The literature on Lie's theory is so large that it discourages even a partial
outline. The most inspiring reading is the original work, e.g., Lie (1891, 1893, and
1896). For a recent account, see Sagle and Walde (1973).
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The transformation 6 + df can be interpreted as the product of trans-
formations relative to # and 46, i.e.,
0+ do = ¢i(0, 60), (10)
for which
0"+d9"=(p’(9,0)+|:(p(§la):| 30+ - - (11)
a=0
Thus we can write
P . P 0’ (0, o)
do' = pi(0)o0, W= [ 5 o (12)

The formula above represents a relation between d@ and 66 which can also
be written

00/ = A4(0)db’, Mk = pkil = ol (13)
By putting
of*(a; )
“a) = | ——— , 14
u*(a) [ 35 Lo (14)
and by using Equation (13), Equation (4b) can be written
da* = ui(a)ik(0)do’. (15)

In this way we reach Lie’s first theorem.
Theorem 1.57 When transformations (1) form a connected, m-
dimensional, Lie group, then
S = @), (16)
where the functions u); are analytic.
Let A(a) be an (analytic) function of the a variables. The infinitesimal

Lie transformation a — a + da induces a variation of A(a) which can be
written

0A ) o]
dA = W u;.‘50/ = 59"u;(‘ @A

= 00X, A. (17)
The m-independent quantities
_ B of*(a; ) o]
Xk—Xk(a) = U (a)— -[—0@(—] =O°—a'; (18)

are called the infinitesimal generators of the transformations (or of the
group). For our later needs, we refer to the X's defined by Equations (18)
as the standard generators.

We are now interested in the (necessary and sufficient) conditions for
transformations (1) to constitute a Lie group. By using the converse of the
Poincaré lemma, they can be written

023'* _ 023"

— = 1
20/ 00/ 0 30" (19)
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that.is
k
ou} ,lk Lo % oul - oA
FYd Y Y 0/

=

(20)

%
o

Thus
o,lk OM) Iy oul kg oul
60' oo Y Y
‘ ou; da" Ik ou} 0a*
7 0a" 00" ' 0a* o/

" ou*
- deurh k. (21)

ou*
= /1' VAL !
y / da

/lov

Therefore,
ou* ou!
Yide " Yisa T Gtk (22)
where

(23)

0ik 04k
Ck = ups o
Hik] (oes oor)
The m3 quantities C" are independent from 6. This can be seen by
differentiating Equation (22) with respect to 0. After some simple calcula-
tions, one then see that
OC"

09’

In this way we reach Lie's second theorem.

=0, ijikl!=12...,m (24)

Theorem 2. /fX,,i=12 ..., m, are the generators of an m-dimen-
sional Lie group, zhey sat/sfy the closure relations
X, X1, = XX, - XX, = C:X,, (25)

where the quantities Cf/. are called structure constants.

The symbol A in Equation (25) denotes an associative algebra with a
conventional, associative product of operators X, X At closer inspection,
this algebra emerges as being the universal enve/op/ng associative algebra
of the Lie algebra characterized by rule (25).

The fundamental Lie's rule (25) can be explicitly written

o} o} o]
[X,': X/-]A = |:U¢‘ a: ul ] = Ckuﬂ N’ (26)
A

i da® ik 3a

where the product [X;, X/.]A is Lie; that is, it satisfies the identities
X, X1, + [X,. X1, =0, (27a)
(X X4 X 1, + [IX X 10 + X1, + X X1, X1, = 0. (27b)

By substituting into these expressions the explicit form of the Lie
product in terms of the structure constants, Lie’s third theorem is reached.
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Theorem 3.57 The structure constants of a Lie group in standard
realization (18) obey the relations

Ck + Ck =0, (28a)
CkCy, + CkCr, + CxCr, = 0. (28b)

Theorems 1, 2, and 3 essentially provide the correspondence between a
given (connected) Lie group G and its Lie algebra G. In particular, they
allow the characterization of a Lie group in the neighborhood of the
identity via the structure constants. We have here tacitly implied that
different Lie groups may exist all admitting the same Lie algebra, that is,
the same structure constants. However, among all Lie groups with the
same Lie algebra only one is simply connected, called the universal
covering group. For instance, group SU(2) (SL(2.C)) is the universal
covering group of the group of rotations SO(3) (the homogeneous
Lorentz group SO(3.1)).

The inverse transition from a Lie algebra to a corresponding Lie group
can be characterized via the inverses of Lie's first, second, and third
theorems. We urge the interested reader to study the specialized literature
on this topic, such as Gilmore (1974) and cited references. For the reader’s
convenience, we have outlined one of the simplest approaches, known as
the exponential mapping. Write Equations (15) in the form

o u
% = ut(a)2k(0) = A4(0)X, (a)a", (29)
and introduce the one-dimensional parametrization
0k = tak, a'* = a"(0(7)) = a"*(7). (30)
Then we write
a"'(t) = T¥(v)a’, a’ = [a""(1)],_, (31)
To compute the elements T%(z), consider the equations
da* 0a* db
— = — — = gk ()X "1(0), 32
— =55 g - LH0)X,(@)a"(0) (32a)
d
P T¢(t)a" = akA; (0)X (a)T4(6)a""(0). (32b)
T

However, a"*(0) are arbitrary initial values. Thus the solutions of the total
differential equations
d
FT‘V‘(T) = akli (0)X (a(7)) T5(1) (33)
T
with initial conditions

d
73(0) = o}, —T3(7)
dar

=0 = ¥ (0)X,(a(0))d} (34)

can be written

z 1
Ti() = X —7 [0FX,(a(0))at] (35)

n=0 "
yielding the exponential mapping

gt = eekxk(a) |A a*. (36)
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If, instead of the variables of the base manifold, we have a function of the
same variables, the procedure above also applies, and we can write

A(a') = e |, A(a). (37)

In particular, the infinitesimal (standard) generators can be recovered by
the rule

0
X, = [Weﬂ X |ALO. (38)

Notice that the standard realization (36) of the group of transformations
(1) is manifestly connected. The verification of the conditions to qualify
as a Lie group is a simple but instructive exercise for the interested reader.
Here we restrict ourselves to recalling that the product of two elements of
group (36),

eXaeXs = eXp, (39)
is characterized by the so-called Baker—Campbell-Hausdorff formula:

X, = X, + Xg + 3[X,. Xg,
+ 750G = Xp), (Ko Xglyda + (40)

It is significant for our program to indicate that a Lie algebra does not
necessarily admit a corresponding Lie group. For specific examples of Lie
algebras of this type, the reader may consult, for instance, Hurst (1968).
In essence, the applicability of the exponential mapping in general, or the
“integration” of a Lie algebra to a Lie group must satisfy certain (con-
vergence) conditions of the underlying infinite series, known as inte-
grability conditions. We also refer the reader in this respect to the special-
ized literature in the subject and, in particular, to Nelson (1959).

We pass now to the Lie-isotopic generalization of Definition 1 and
Theorems 1, 2, and 3. The prior identification of the main objective may be
useful here. Lie's crucial result is fundamental rule (25). This rule es-
sentially characterizes Lie algebras via the conventional associative
product X, X; of vector fields X, = u/(a) 9/0a" on a manifold M. Our main
objective is to generalize Definition 1 and Theorems 1, 2, and 3 in such a
way as to characterize a Lie algebra via the most general possible associa-
tive product X; * X; of vector fields on a manifold.

Of utmost importance is the condition that the base manifold M with
local coordinates a*, the parameters ', and the generators X, of the con-
ventional formulation of Lie's theorems are not changed in their isotopic
generalization. This is due to physical requirements which are uncom-
promisable for the description under consideration. As we recalled earlier,
the local coordinates of M customarily have a direct physical meaning
such as the coordinates of the frame of the experimental setup; the
parameters carry a direct physical meaning as measurable quantities such
as time, angle, etc., and the generators directly represent physical char-
acteristics such as energy, angular momentum, etc. When the conventional
description of seif-adjoint interactions via Theorems 1, 2, and 3 is broadened
to permit the additional presence of the non-self-adjoint interactions, the
frame of the experimental observer must be preserved; measurable
quantities such as time and angles must be preserved; and physical
characteristics such as energy and angular momentum must also be
preserved unaltered.

These objectives can be realized as follows.
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Definition 2.58 Let
G:8"— a" = f'a; 0) (41)

be an r-dimensional Lie transformation group G as per Definition 1. A Lie
isotopic image or, simply an jsotope G* of G is a set of transformations
characterizable via a regular (N x N) matrix of analytic functions (g%(a; 6))
acting on (41)

G*: a* — a** = gi(a; 0)f'(a, 0) = F**(a; 0) (42a)
det(g*) # 0,  gp_o = " (42b)

which verify the following properties. (a) The transformations a* = f*(a; 6)
constitute a Lie transformation group, by therefore verifying conditions
1-5 of Definition 1. (b) The group G* is realized via the same base
manifold, the same parameters and the same generators of G. (c) When
reduced in the neighborhood of the identity transformation,5° the group
G* can be characterized by a Lie algebra isotope G* of G.

Condition (c) is introduced to avoid non-Lie, Lie-admissible algebras
in the neighborhood of the identity transformations. As a matter of fact, it is
precisely this possibility that permits the further generalization of Lie's
theory of type I11.58

Since the group of transformations *#(a; ) is a conventional, connected
Lie group by assumption, it can be studied in the neighborhood of the
identity as in the conventional case. The repetition of the analysis of
f(a; 6) then yields the expressions

da* = u*(a) A (0)do’ (43a)

0
ur(a) = Wg‘“‘(a; 0)f'(a; 0) 0=0. (43b)
In order to realize the isotopy, we then introduce the following reformula-
tion in terms of the quantities of G for given g/ (a) functions

u¥*(a) = g\ (a)u’(a), det(g;) # O. (44)

Note that the other possibility uf* = g,*u;, even though conceivable
(and actually more in line with Equations (43)), is excluded here be-
cause it would imply the redefinition of the generators X, = v (d/0a") —
X} = giu,(0/0a") which is contrary to the notion of isotopy under study.
The analyticity of the transformations then trivially implies the following
generalization of Lie's First Theorem.

Theorem 4.58 /f transformations (42) characterize an isotopic image
G* of the Lie group G of transformations (41), then analytic functions
g.(a) exist such that

da*ll
a0/
and the u%(a) functions are analytic.

= g(a)u'(a)ii,  detg # 0, (45)

58 Santilli (1978c, Section 3.6, pp. 329-348), reprinted in Myung et a/. (1978-1).
See also Santilli (1979b, Section 1.2).

59 The identity transformation of a Lie group should not be confused with the
unit element of the universal enveloping associative algebra. As we shall see, the
identity transformation of G* is preserved in a way compatible with the loss of the
unit character of the element 1 for A*(G).
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This theorem, though analytically trivial, has nontrivial implications.
Indeed, it implies a modification of the structure of the group in the
neighborhood of the identity, i.e.,

G:a* ~ a" + Qut(a) > G*: a*" ~ a" + O'gi(a)u’(a), (46)

which is precisely the desired situation. We must now identify the inte-
grability conditions under which such a behavior is still Lie in algebraic
character, when expressed in terms of the generators and parameters of the
original group. Under these conditions, we say that the quantities g/ of
Equations (45) or (46) are isotopic functions with respect to G.

The group G is Lie and thus admits the standard realization worked out
earlier in this chart

. , 0 _ 0a

Yise U T e YT ik S (478)

0k 04k

k = yrys r — S
Cl “i“/(ogs ogr)’ (47b)
X, XJa = X, X; = X, X, = Ci X, (47¢)
X, = ur(a) > 47d
P uk(a) 53-: ( )

The group G* is also Lie and thus can be realized in the standard form

0 o} o]
U;“v Py U;.“‘ - U}” —oav LI:.H‘ = C;’;ku;"“ ﬁ' (483)
ANk Qixk

C*k = ykry*s L — =
if Kl ( o6s byl )' (48b)
[XX X1, = X3X¥ = X¥X¥ = CreXE, (48c)
X* = y*u i (48d)

k k

da*’

However, this realization generally implies a change of the generators in
the transition from G to G*

) o
G:Xk=u¢8-a—;—> G*:X,’f=u,’f"°—au (49)

and, as such, does not verify the conditions for isotopy. To achieve the
objective under consideration, we introduce the following isotopy of the
universal enveloping associative algebra, according to Chart 5.2, this
time realized via functions on the base manifold.

A(G): X,X, > A*(G): X, * X, = g/X, g°X,. (50)

Notice that this mapping does verify the conditions of isotopy, in the sense
that it is realized via the generators of the original algebra, while preserves
the associativity of the product,

(97X, gX)gi X, = giX (95X, g; X,). (51)
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The fundamental Lie rule (47c) can now be rewritten
o} ~
u! 5 * U - Py ut = Cuj (52a)
Ck = Cxg(a). (52b)
The integrability conditions for the functions g;(a) to be isotopic, that is,
to yield rule (52), can then be readily computed. Thus we reach the follow-
ing generalization of Lie’s second theorem.
Theorem 5.58  Under the integrability conditions
kvo/ k“ol—rsl.'.c*r/ 53
gru, Py g9; — g;u, 33" g = g/gicrs i Yk (53)

the generators X; of an isotope G* of a Lie group G satisfy the isotopic rule
of associative Lie-admissibility

[X, X1e =X, x X, = X, x X, = Ck(a)X,, (54a)
AX(G): X, x X, = g/X, g5 X, (54b)

3
Xk = Uz(a) &;, (540)

where the quantities C'",’fl.(a), here called structure functions, are generally
dependent on the (local) coordinates of the base manifold of the original
group.

In this way we reach an interpretation of the F*-linear combination of
the isotopically mapped standard monomials of Chart 5.2. While in the
standard realization (47c) the quantities C** are constants (the structure
constants of a Lie group), the corresponéing quantities which emerge
after the reformulation of the same group G* in terms of the base manifold,
the parameters, and the generators of G, acquire an_explicit dependence
on the local coordinates (the structure functions C¥(a)). This situation
has numerous technical implications (e.g., from the viewpoints of the
representation and classification theory) which are not considered here.

The reformulation of Lie’s third theorem is now straightforward. Indeed,
the use of the Lie algebra laws for the isotopically mapped product (54a)
yields the following property.

Theorem 6.58 The structure functions C~‘,’Fi(a) of the isotopic realization
of a Lie group G* verify the identities

Ck + Ck =0, (55a)
Ci G+ Gy Cr + O Gy + 16, X))o + 6, X e + [C X1 = 0.
(55b)

The exponentiation from the Lie algebra to the Lie group can now be
formulated in terms of the isotopic image of the exponential law (37),
i.e., 60

G: e"Xi|, > G*: e"%i| ., (56)

80 The proof that Equations (29)—(36) admit a consistent isotopic generalization
is left to the interested researcher (Problem 5.10).
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which is based on the following rule of Lie isotopy
G: [X,, X1, = ChX, > G*: [X,, X]u = ff/(a)Xk (57)
with consequential J/sotopically mapped Baker—Campbell-Hausdorff
formula
eXieXp = eXj, X* = gX, (58a)
X* = X3+ X3+ 31, Xplpe + 500X = Xp) X Xglele + - (58b)

whose existence is ensured by that of the standard realization. The reader
can now see the emergence of the F*-linear combination of the basis
directly in the group composition law. Clearly, the enveloping algebra
underlying expressions (57) is the isotope A*(G) of A(G).

A simple example may be useful in illustrating the analysis of this chart.
Consider the one-parameter group of dilations

r=f(r; 0) = €. (59)
The standard generator for this group is given by

0
X=r—. (60)
Indeed or

0 o} 02 0\?2 )
ebr@/ony = [1 +_1_!(,6;) +§T<’E) + ]r— e’r. (61)

The group composition law is, in this case, trivial, i.e.,
= f(r; 0) = e’r = e+ (62)

Consider now the one-parameter connected Lie group of nonlinear
transformations

(]

r
* = . = —_ = =
r f*(r; 6) a— g(r, O)f(r, ), g a— (63)
with composition law
* 1 -0

1-0r 1-600/ —0r) 1-(0 +0)r

We are interested in realizing this group, as a necessary condition of
isotopy, via the generator (60) of the different group (59). This implies the
search for an isotopic function, that is, a function which multiplies gener-
ator (60) to yield the correct transformation law of /* as a solution of
integrability conditions (53). Such a solution, in the case at hand, is
simple and is given by r. Indeed, the isotopically mapped exponential
law (56) yields the correct result

0 (. 3\ 62/ _ 0d\2
Or(r(d/or)) = |1 + — [ r2— | + — [ r2— 4+
€ [ 11 (' Or) 21 (' dr) }'

r
=— 65
1-0r (65)

Thus group (63) can be realized as an isotopic image of group (59).
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The case considered above is trivial in the sense that all connected one-
dimensional Lie groups are (locally) isomorphic. Thus, to activate the
truly nonisomorphic character of the isotope with respect to the original
group, one needs more than one dimension. Such a case is already pro-
vided by the realization of SO(2.1) as an isotope of SO(3), in Equations
(23) of Chart 5.2.

Chart 5.4 Isotopic Generalizations of Enveloping Algebras, Lie
Algebras, and Lie Groups in Classical and Quantum
Mechanics

In this chart we shall first review the conventional realizations of enveloping
associative algebras, Lie algebras, and Lie groups via Hamiltonian formula-
tions on a cotangent bundle 7*M (classical mechanics) and on a Hilbert
space J# (quantum mechanics). We shall then present their Lie-isotopic
generalizations and show that they constitute a realization of the general-
ized theory of Charts 5.1-5.3.

The techniques of the Inverse Lie Problem presented in these volumes
have established the universality of the applicability of Lie's theory to a//
local Newtonian systems satisfying certain topological conditions,
without any restriction on their dynamics. In particular, the universality
resulted in being of twofold nature. The first, essentially along Lie’s original
intuition, is established by Theorem 6.2.1 on the Indirect Universality of
Hamiltonian Formulations. The second is that established by Theorem
4.5.1 on the Direct Universality of Birkhoffian Formulations, in which the
universality is achieved without the use of the transformation theory. In
this latter case, the underlying mechanics is necessarily of the generalized
type, according to the following main lines

Birkhoffian
representation
Hamiltonian
representation
a - =H(t, a) - FH(t, a) =0, (1a)
rka pk ymy 0
- a/m —_ — 0, 1
(p) (ff’;(t, rp))  \AsAwr, p)> (16)
OH(t, a)
=t @) = o*Y ———=, 1
(t, a) (Y da" ( c)
OR9 ORO || -\
= lsr 5| ) RO 1d
K (“ da* 0a’ ) (p. 0) (1d)
- 0B(t, a)
it @) = B4(t, @) + F(t &) = Q"(a) ———, (1e)
OR, OR, | 1\*
() = t-—; - 1"
() (l o0a*  Qaf ) (19

k=1,2,....,N, a=xy,z, pv=12...,2n=6N; aeT*M.
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A primary objective of this chart /s not the indication that the Birkhoffian
formulations constitute a realization of Lie's theory (which would be a
trivial task). Instead, the objective is to indicate that the formulations
constitute a Lie-algebra-preserving generalization of the Hamiltonian
realization of Lie's theory. A fully similar situation exists at the level of
operators in a Hilbert space, as we shall see.

Part A: Classical Hamiltonian Realization of Lie's Theory. As reviewed
in Chart 5.3, Lie's theory in its original conception is a theory of vector
fields on a manifold. The classical Hamiltonian realization of the theory
can therefore be identified via the following steps.

(A.1). The manifold M is assumed to be the cotangent bundle 7T*M
(phase space) with local coordinatesa = (r,p),a = {a*},u =1,2,...,2n.

(A.2) The vector fields are assumed to have the following Hamiltonian
structure

~ d _ . 0G(a) o
Xe = U@ 5 = O o 5

(2)

where the G's are given functions on T*M.
(A.3) The universal enveloping associative algebra of the vector fields
has therefore the basis®!

o1 XX, XXX ... (3)

i< i<j<k

All other features of the theory can be derived as consequences of the
above assumptions. In fact, from Lie's First Theorem, one can derive the
foliowing canonical realization of the infinitesimal Lie transformations

oG
a* — a* = a* + O™ ——Oaf. (4)

From Equation (36) of Chart 5.3, one then has the canonical realization
of the Lie transformation groups

oG, o
G: "X = (9" pe K —) 5
e" Xk = exp| 0kw 35" 3% (5)
which, in view of the convergent power series expansion,
0% 06/
Kx, — v R
EOXk—ﬂ+1!Xk+2!XI-Xj+ , (6)

is clearly defined in the enveloping algebra «/. The vector field character
of realizations (2), (4), and (5) is self-evident.

Not equally self-evident is the realization of the Lie-algebra product in
terms of the conventional Poisson brackets

G: [G,, Gl = (G;. G) - (G,, G)) =CKG, (7a)
0G. 0G.
=i~ "= iati
(G, G/) 3 ap, nonassociative (7b)

61 Note that the element 1 is the unit, trivially, because 1 X, = X,, and X, 1=
0 + X,. Needless to say, the field of Hamiltonian realizations is the real R.
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which, as indicated in Chart 5.1, has a nonassociative envelope. Thus it is
not of the same algebraic type as the conventional Lie rule (25) of
Chart 5.3, i.e.,

G: [X,, X]1u =X, X, = XX, = C&X,, (8a)
X, X, = associative, (8b)
X =98 9 (8c)

! 0a’ 0a*

Realization (7) clearly calls for the Lie-admissible generalization of
Lie’s theory indicated in Chart 5.1 (that based on the nonassociative
generalization of the enveloping algebra). With the understanding that a
considerable amount of research remains to be done in order to reach a
true technical understanding of the replacement of realization (8) with
the conventional (7), we limit ourselves to the indication that the re-
placement appears to be in line with general property (14) of Chart 5.1,
that, given a realization of a Lie algebra via a nonassociative envelope, an
equivalent realization exists via an associative envelope, and vice versa.62

For completeness, as well as subsequent needs, we move now to a
more detailed consideration of realization (4). Consider the one-param-
eter, contemporaneous transformations on 7*M\,

a* —> a'* = a" + 60G“(t, a), (9)

where the G's are analytic functions. The conditions that the transforma-
tions are identity isotopic with respect to the canonical Lie tensor (that is,
canonical as per Definition 5.3.1) are given by

0G* 0oG*

wuﬂ +
da® oa*

o™ = [a*, G'] + [G* a'] = 0. (10)

The use of the converse of the Poincaré lemma allows the computation of
an explicit solution in the G* functions,

oG
G* = wup@ = [a“, G], (11)

as well as the identification of the integrability conditions for transforma-
tions (9) to be identity isotopic, which can be written®3

[a* [a", G]] + [a". [G, a*]] + [G, [a* a']] = 0. (12)

By inspecting these latter equations, we conclude that the Jacobi
identity can be interpreted as the integrability conditions for infinitesimal
transformations to be canonical. This establishes an additional significance
of the Jacobi identity in Newtonian Mechanics, besides characterizing
the algebraic structure of Hamilton’s equations. Integrability conditions
(12) also indicate that the Lie algebra laws are at the very foundation of
the infinitesimal canonical transformations.

62 This is a conjecture at this time; that is, we know of a number of cases in which
the property is true, but we do not know whether it is a general property for all
possible realizations of Lie algebras.

63 See Problem 5.12.
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Each given infinitesimal canonical transformation characterizes a
variation of a dynamical quantity in phase space, say A(a), given by

A
64 = Aa + 6a) — Ala) = 5 ba* = 30[A, G]. (13)

However, infinitesimal first-order variations are first-order differentials
(Section 1.1.3). We can therefore write

dA
70 [A, G]. (14)
The scalar function G of Equations (13) or (14) has a rather crucial
methodological function. It is called the generator of the infinitesimal
canonical transformation, in the sense that, whenever such a function
is assigned, a (unique) infinitesimal canonical transformation is then
characterized via either rule (11) or (13).
We now review the following most important cases of infinitesimal
canonical transformations.
(a) Infinitesimal time evolutions. Assume that

00 = 6t G =H. (15)
Then we can write
og* = otig*, H] = dtg~,
op, = otlp,, H] = otp,, (18)
0A = Ot[A, H] = dtA.

Thus the infinitesimal evolution in time of a Newtonian system represented
by the Hamiltonian H can be described via an infinitesimal canonical
transformation with the Hamiltonian as the generator and St as the
parameter.

(b) Infinitesimal space translations. Assume that

60 = éq’, G =p,, i=fixed. 17)
Then we can write
oq* = 46q'[g~. p;] = og*,
op, = 8q'[p, P =0, (18)
0A = 6q'[A, p;] = 6q’' g—;

Thus an infinitesimal translation in the ¢/ component can be described
via an infinitesimal canonical transformation with the generalized mo-
mentum p, as generator and 6q' as parameter.

(c) Infinitesimal space rotations. Assume now that

06 = da, G=M,= xp, ~ yP,. (19)

Equation (13) produces the known expressions of infinitesimal rotations
in a plane

It

ox = —yda, op, = —pyéoz,

20
5y = X(Stx, (Spy = pxéa_ ( )
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More generally, we can state that an infinitesimal rotation éa along an axis
n /n a three-dimensional Euclidean space can be described via an in-
finitesimal canonical transformation whose generator is the component
of the angular momentum along n, M - n, and whose parameter is da.

We move now to a more detailed study of realization (5). Under
infinitesimal transformations (4), the local variables transform according
to the rule

d "
do
Consider a (finite) canonical transformation to a new set of variables, say,
a}. By recalling that these transformations are identity isotopic with respect

to the conventional Poisson brackets, we can write (for details, see
Sudarshan and Mukunda (1974, pp. 51-54)):

[a (;]w): u= 1, 2,. oy 2n. (21)

d '3
i [a*(a5). G'(a)) (s - G'(a,) = G(a(a,))- (22)
However,
dG
0 =[G, G] = G'(ay) = G(ay). (23)
We can therefore write
d 13
=0 = [a"(a5). G(35)](s)- (24)

The above equations can be interpreted as a system of 2n, first-order
ordinary differential equations in the unknowns a* with a% as the initial
conditions. Under our smoothness assumptions, a formal solution can be
written via the power-series expansion

92
= al +——[ao, G](ao) ?[[a‘[), G](ao)’ G](ao) +.0,  (25)

which represents the construction of a finite canonical transformation,
a4 — a*, via an infinite number of successive infinitesimal transforma-
tions.64

Expansion (25) is customarily written in the closed form (5), i.e.,

02t 04’

The extension of Equation (26) to the transformation of an arbitrary
quantity in phase space is immediate and looks like

oG o
a* = exp (Ow“ﬁ )a“ (26)

oG
Aa) = exp(@w””’o e ) A(a,). (27)

Suppose now that

0=t G=H, a4 = a'| (28)

t=l‘0'

64 On a comparative basis with expansion (6), note that expansion (25) is on a
nonassociative algebra, while (6) is on an associative algebra. It is remarkable that,
despite this difference, the final exponential form is the same.
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Equations (26) and (27) then become

OH o

a"(t) = exp (tw 4 37 Oa“‘) ay, (29a)
oH o

A(a) = exp (tw“ﬂ 57 Oaa)A(ao). (29b)

Thus, besides infinitesimal time evolutions (16), a finite time evolution of a
Newtonian system represented by the Hamiltonian H can be obtained via
an infinite succession of infinitesimal canonical transformations with the
Hamiltonian as generator and time as parameter. The extension of this
occurrence to other finite transformations of physical relevance is
immediate.

Part 2: Classical Lie-Isotopic Realization of Lie’s Theory. As indicated
in Chart 5.3, the Lie-isotopic generalization of Lie’s theory is a theory in
which the vector fields on manifolds of the conventional formulation
remain unchanged, and only the associative product of the envelope is
altered in an associativity preserving way. With respect to steps A.1, A.2,
and A.3, we can therefore characterize the theory via the following
assumptions.

(A*.1) The manifold 7*M and, most importantly, the local variables of
the Hamiltonian formulation remain unchanged.

(A*.2) The vector fields X, and the parameters 0% of the Hamiltonian
formulation also remain unchanged.

(A*.3) The universal enveloping associative algebra .« of the Hamilton-
ian description is changed into the isotope characterized by Theorem 2
of Chart 5.2 and Theorems 4, 5, and 6 of Chart 5.3, i.e., 5%

g1 X, X+ Xp X« X x X, o, (30a)
ISy iSj<k
X, x X, = X, 93X, (30b)
,0G; o

det(g7) # 0; X, = o* (30c)

da’ 0a*

The fact that the Birkhoffian generalization of Hamiltonian formulations
is a realization of the theory is established by the following isotopic
interpretation of the Birkhoffian vector fields according to rule (44) of
Chart 5.3, i.e.,

3G, o 3G 9
da® da* ~ kK da® da*

=g X, (31)

Xz = Q”(a)

where, of course, the g's verify the integrability conditions of Theorem 5
of Chart 5.3.

65 Note that we have omitted the functions g/ on the left of the elements
X;, X, + X;, etc. This is permitted because the basis is defined via F*-linear com-
binations, that is, combinations via functions on the base manifold (Chart 5.2). Note
that the element 1 /s not the unit, but rather the weak unit (Myung and Santilli
(1979)).
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We shall say that assumptions A*.1, A*.2, and A*.3, with the isotopic
functions characterized by Equations (31), characterize a classical Lie-
isotopic (that'is, Birkhoffian) realization of Lie's theory. All other features
can be obtained as a consequence of the specified assumptions. For
instance, from Theorem 4, one can derive the following realization of
infinitesimal Lie-isotopic transformations via generalized canonical
transformations

o]
a* — a* = a* + 50xQ" %. (32)

Similarly, from Equation (56) of Chart 5.3, one has the following Birk-
hoffian realization of the Lie-isotopic transformation groups®®

QO X O X
11 21

I =
G*: e "Xk | =1

(33)

which is clearly defined in o/*.

We do not exclude the reinterpretation of Equations (30) or (33) as
providing a realization of the conventional formulation of the enveloping
algebra and of Lie's theory, that based directly on the Birkhoffian vector
fields X¥. In fact, this interpretation is quite natural. However, we are
primarily interested in identifying tools for the theoretical treatment of
the physical implications of non-Hamiltonian forces, and this can best be
done by identifying the departures from Hamiltonian formulations, as
indicated earlier in this chart.

The Lie-isotopy applied to rule (7) yields the Birkhoffian realization of
Lie algebras

G*: [G,. G]1%,, = (G, G)* — (G, G)* = Ck(a)G,, (34a)

GPB

(G, G/)* = nonassociative isotopic (34b)

which, again, has a nonassociative envelope. The corresponding associa-
tive isotopic rule is given by

G* [X,, X]r = X, x X, = X, x X, = Ck(a)X, (35a)
X; * X, = associative isotopic. (35b)

The argument is now clear. Since rule (34) is characterized by the
nonassociative isotopy (G;, G,) » (G,, G)* we must have, for con-
sistency, a corresponding associative isotopy X, X, = X, * X,. Nevertheless,
let us state again that a full understanding of the transition from rule (35)
to (34) will be achieved only after the development of the Lie-admissible
generalization of Lie's theory.

We move now to a more detailed study of the infinitesimal transforma-
tions (32) for the intent of showing that they provide a step-by-step
generalization of the infinitesimal canonical transformations.

66 Expansion (33) can be written in a number of ways. Explicitly, the expansion
reads
+ 09X, 4 09X, 0g:X, b

! 11 21
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The conditions that transformations (9) are identity isotopic with
respect to Birkhoff's tensor *¥(a) (that is, generalized canonical as per
Definition 5.3.2 or 5.3.3) can be written

[a™, a"]f, = Q(a), (36)
and, to first-order in the parameters, are given by
0G* oG* fe10)0¢

up + Q" + G = 0. 7

0a®* 0a° G 0a’ 0 (37)

Thus, compared with the Hamiltonian case (10), we see the appearance
of an additional term due to the a dependence of the Q—tensor. Despite
that, the generalization of the Hamiltonian case is straightforward. The
use of the converse of the Poincaré Lemma yields the solution

oG
G* = Q¥ —. (38)
da

The function G can therefore also be called the (infinitesimal) generator
of the transformation.

The integrability conditions are then predictably given by the Jacobi
law for the generalized product, i.e.,

[a* [a", G1*1* + [a", [G. &]1*]* + [G, [&" &"]1*]* = O. (39)
As a direct generalization of the Hamiltonian case, we have the following
variation of a function A(a) on T*M

0A
0A = — da" = 80[A, G1*, (40)
oa*

with the following important cases.

1. The Birkhoffian B can be interpreted as the generator of the
infinitesimal translation in time

5A = St[A, B]*. (41)

2. The linear momentum component p, can be interpreted as the
generator of translations in the g¢ component

0A = dgX[A, p,]1* (no sum). (42)

3. The angular momentum component M - n can be interpreted as
the generator of a rotation along the axis n

0A = 6a[A, M - n]* (43)

The Birkhoffian generalization of the finite transformations (26) is also
straightforward. Transformations (32) imply
da*
=0 [a", GI%,. (44)

By repeating the analysis according to Equations (23)—(25), one reaches
the formal solution

0 02
a = ol + 7 [ab, Gl ) + 57 [[ab, G1E, GI* + -+ (45)

»
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which can be written in closed form (33), i.e.,

o]
a" = exp(f) * 0¥ — 06 ) = exp <0g(a) b gGﬂ ;)

da da*
g(a)w* = Q.

Thus, as it occurs for Hamiltonian formulations, the finite time evolution
of Birkhoffian vector fields can be obtained via an infinite succession of
infinitesimal generalized canonical transformations with time as the
parameter and the Birkhoffian as the generators, i.e.,

ay, (46)

a"(t) = exp|t * o — 05 o a“ (47a)
P 3a? 3a")| . °
OB o]
A(a) = exp(t o —— ) Aa,). (47b)

The direct universality of the above time evolution from Theorem 4.5.1
should be kept in mind.

We move now to an aspect of our analysis which is particularly im-
portant, both classically and quantum mechanically. It is given by the
identification of the implications of nonpotential forces in the algebra
of physical quantities.

We shall conduct the analysis for the algebra which is at the foundation
of Galilei's (as well as Einstein’s special) relativity: the algebra of the
group of rotations SO(3) in an Euclidean three-dimensional space
M = E(3). First, let us consider the conventional Hamiltonian case for
closed self-adjoint systems i.e., conservative systems (see Section 6.3 for
detail). In this case the Lagrangian and Hamiltonian have the conventional
structure

L;:gtnv = Lfree(f) + Lint(r); H:t:ootnv = Hfree(p) + Hint(r); (48)
the canonical momentum coincides with the physical linear momentum
p = pcan = OLconv/or = pphys = mr (49)
the canonical angular momentum also coincides with the physical one,
M = Mecan = r x pcan = Mphys =r xmr (50)
yielding the transformation rule

0A = 60 - [A, M],,. (51)

The canonical realization of the Lie algebra and of the Lie group of rotations
are then given by the familiar rules

SO(3): (M, Mles = &5 M. Lhf=xY, 2 (52a)
oM, o
ek af = i
S0(3): exp( > Oa) a=(r,p) (52b)

where the 8’s are Euler’'s angles.

However, as indicated a number of times, the insistence on the preserva-
tion of equations of conservative type is literally equivalent to the accept-
ance of the perpetual motion in our environment. When excessive approxi-
mations are avoided, the systems are cl/osed, essentially non-self-adjoint
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for which the canonical formalism is not directly applicable, yet conven-
tional total conservation laws are valid (Section 6.3).

We are interested in achieving a theory of rotations for the latter systems
which, while being still of Lie type, is formulated in terms of quantities
possessing a direct physical meaning. Both conditions are achieved by the
Lie-isotopic/Birkhoffian formulations under which the transformation of
physical quantities is given by

SA =66 - [A, M]%,.,, (53)
while the isotopically mapped Lie algebra and Lie group are
SO*(3): [M,, M1%pe = C(a)M,, (54a)
oM, o
SO*(3): exp (HkQ““(a) k —) (54b)
daf da°

The important point is that, in the transition from the theory of rotations
of closed self-adjoint systems to that of more general closed non-self-
adjoint ones, all physical quantities, r, p, M, etc., remain unchanged. Once
this point is understood, one can see the implications of the nonpotential
forces for the theory of rotations. In fact, isotopes (54) depend explicitly
on the nonpotential forces and vary from system to system. Also, recall
that, in general, SO*(3) /s not isomorphic to SO(3), as expected. Finally,
recall that SO*(3) is a covering of SO(3) in the sense of footnote 24, as
desired.

The extension of isotopes (54) to other transformations, such as
translations in space and time, boosts, etc., then leads to the notion of
isotopic generalization of Galilei's group. The further conditions that
such a group leaves invariant the system leads to the isotopic generaliza-
tion of Galilei’s relativity of Section 6.3.

The relativistic extension of these ideas is under study.

Part 3: Quantum Mechanical/Heisenberg's Realization of Lie’s Theory.
For completeness, we briefly indicate the main ideas of Heisenberg’'s
Mechanics when seen from the viewpoint of the preceding analysis. With
the understanding that the rules given below are insufficient for the
characterization of quantum mechanics, those relevant for Lie's theory
and its physical interpretation are the following.

(B.1) The carrier space is given by a Hilbert space # and Hermitian
operators F, p, H, M, etc., possessing a unique, direct, physical interpreta-
tion (position operator, linear momentum operator, energy operator,
angular momentum operator, etc.).67

(B.2) The vector fields of Lie's theory are realized via said Hermitian
operators

X, > X (55)

k

67 No rigorously established rule exists for identifying the physical meaning of
given operators. The issue is settled either via an ad hoc assumption, or, more
credibly, via arguments of similarity with the classical case. In this latter case, the
complete set of observable must be taken into account. For instance, the operator
B = id/0r cannot be claimed to represent the physical linear momentum unless the
Hamiltonian operator has the conventional structure H = 452 + V. In fact, if the
Hamiltonian has a generalized structure, say H = gf(F)p + C(F), one can establish
that the classical quantity p does not represent the linear momentum. Regardless of
whether or not one uses the realization p = jd/0r, the mathematical algorithm 5
cannot represent, for consistency, the quantum mechanical linear momentum.
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(B.3) The universal enveloping associative algebra is then given by®8
XX XXX ... (56)
i<j i<j<k

Unlike the Hamiltonian case, the enveloping algebra identifies directly,
without redefinitions, the Lie algebra of the observables

G: [X;, X157 = CEX,. (57)

Explicitly, in this case we do not have to reinterpret Lie's rule of associative
Lie-admissibility, Equations (8), with Hamilton’s rule of nonassociative
Lie-admissibility, Equations (7). in fact, the universal enveloping associa-
tive algebra &7 truly sets the entire realization of Lie’s theory, beginning
with the Lie algebra G as the attached algebra .27-.

The realization of Lie groups is then given by the following unitary
transformations

1, X

pr

G: A = "% | ;Ae— 10" Xk | ;. (58)

Again, a subtle but important difference with the Hamiltonian case exists.
The carrier space on which Hamiltonian group (27) acts is a conventional,
one-sided module (aleft module, according to the conventional application
of expansion (5) to the right). The carrier space on which Heisenberg's
group (58) acts, is actually a bona fide two-sided module.®® In fact, both
the left and right actions are needed to reach, in this case, a Lie algebra
in the neighborhood of the identity.

We hope that these remarks indicate the structural differences between
Hamilton’s and Heisenberg’'s realizations of Lie's theory. In turn, these
differences may be of value in understanding the lack of achievement until
now of a resolution of the problem of quantization.43

Keeping an open mind on this, we can say that the conventional
realizations of physically relevant Lie algebras in Hamilton's and Heisen-
berg’s mechanics are similar. For instance, for the case of the Lie algebra
of rotations, we have

SO(3): (M, M1z =ic, M, M=Fxp (59)
which should be compared with rules (52a).

Part 4. Lie-Isotopic Generalization of Heisenberg's Realization. For
completeness, we will briefly indicate the rule of Lie-isotopy which was
used by Santilli (1978c) for the generalization of Heisenberg's equations
given by Equations (18) of Chart 5.1 (description of particles in mutual
penetration). Evidently, the isotopy is algebraically similar to that for the
transition from Hamilton's to Birkhoff's equations and can be expressed
according to the following rules.

(B*.1) The Hilbert space of Heisenberg’'s formulation, and, more
particularly, the local operators of direct physical meaning ¥, p, are
preserved, although in a predictable generalized way (Chart 6.1).

(B*.2) The generators X, and the parameters 0% of Heisenberg's
formulation are also preserved in a generalized meaning (Chart 6.1).

(B*.3) The enveloping associative algebra .« of Heisenberg’s formula-
tion is changed into the isotope

I E )?k; )?/*)?/; )?i*~/*)?k;"'
X «X =XTX, T=fixed. (60)

68 The field is now, evidently, that of complex number C.
69 Santilli (1979c).
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Unlike the Birkhoffian case, the enveloping algebra &/* now directly
characterizes the Lie algebra via the rule of isotopic associative Lie-
admissibility

G*: [X,, X1.» = Ck(a)X,. (61)
The isotopic realization of Lie groups is then given by
G A" = e%k* 0K | 5, Ae= 10" Xk | 5, (62)

which clearly preserves the two-sided structure on 5. The isotopic
realization of the Lie algebra of rotations is then given by

$0*(3): [M,, M. = C(a)M, (63)

which should be compared to rule (59).

The nontriviality of the generalization can be indicated via the fact, for
instance, that transformations (62) are not necessarily unitary, trivially
because the operators 7 and X, do not necessarily commute. In turn, the
nonunitarity of the theory confirms that it is the desired "“quantum
mechanical image” of the Birkhoffian Mechanics. In fact, as stressed
earlier, this mechanics is of the noncanonical type.

The state of the art on the studies for a possible generalization of
quantum mechanics along the lines under consideration here was pre-
sented at the First International Conference on Nonpotential Interactions,
held at the Université d'Orléans, France, from January 5 to 9, 1982. We
refer the interested reader to the proceedings of the conference (1982),
as well as to those of the preparatory workshops on Lie-Admissible
Formulations (1979, 1981). For a brief and rudimentary review of the
main ideas see Chart 6.1.

Chart 5.5 Darboux’s Theorem of the Symplectic and Contact
Geometries

For the reader’s convenience, we formulate here (without proof) Darboux’s
Theorem, which plays an important role for Theorem 6.2.1 of indirect
universality of Hamilton’s equations (as well as for quantum mechanical
considerations). We shall present this theorem, first, within the context of
the symplectic geometry, and then within the context of the broader con-
tact geometry.

Theorem 1. (See, for instance, Abraham and Marsden (1967, 1978
edition, page 175.) Suppose Q, is a nondegenerate two-form on a 2n-
dimensional (analytic, for the context of this volume) manifold M. Then
the form Q, is closed, dQ, = 0 (and thus symplectic) if and only if a
chart (U, @) exists at each m e M such that o(m) = 0, and with ¢ =
(x', ..., X" ¥4 ...,Y,) we have

QU =w, =dy, n dx* =1w,da" A da’ @)
k=12,....,m wv=12...,2n a=(xy),
oan _1nXI7
O = (3 o)

nxn nxn
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The formulation of this theorem in local coordinates has also been
studied by Pauli (1953), and called Pauli's theorm in Jost (1964). In the
language of this volume, this formulation can be expressed as follows.

Theorem 2. Given an analytic and regular Birkhoff's (symplectic) tensor
on a 2n-dimensional manifold with local coordinates a = (r, p)

0R,(a) _OR,(a)
da* oa’

Q,.(a) = (2)

smoothness- and regularity-preserving transformations of the local
variables

a* — a'* = a'"(a) 3)
always exist under which tensor (2) reduces to the fundamental form, i.e.,

0a’ 0a’
qu(a) -> Q;w = WQpa‘(a(a’)) Sé',_v = wuv' (4)

It is significant to point out that Darboux’s charts, or reductions (4), are
not unique.

Corollary 2a. The transformations of reduction (4) are always defined
up to the infinite family of all possible canonical transformations.

Indeed, canonical transformations are identity isotopic with respect to
w,; that is, they preserve the values of the tensor w,, (Definition 5.2.1).
This implies the existence of an infinite family of possible transformations,
all capable of performing reduction (4), for each given tensor (2).

Also, the reader should keep in mind that Darboux’s theorem is /oca/ in
character. This is precisely in line with Theorem 6.2.1, as we shall see.
We consider now the extension of Darboux’s theorem to the contact
geometry.

Theorem 3. (See, for instance, Abraham and Marsden (1967, loc. cit.,
1978 edition, page 372). Let (M, 92) be an exact contact manifold
(Chart 4.4) with primitive form l?1, dR, = Q,. Then, at each pointm € M,

a chart (U, @) always exists with local coordinates ¢ = (t', x', ..., x",
Y4 --.. Y, and a function H on M, such that
R,IU =y dx" = H(t, x, y)dt'. (5)

We have formulated the theorem for exact contact manifolds. As pointed
out in Section 1.1, the condition is essential to compute the action
functional of self-adjoint first-order systems.

Also, the reduction customarily considered in the available treatises of
differential geometry is of the particular type

R,|U =y, dxk - dt, (6)

where the Hamiltonian is clearly H = 1. The discrepancy with Equation
(5), however, is oniy apparent. Forms (5) and (6) are indeed related,
by a canonical transformation.
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Finally, we should indicate the fact that (whether or not the contact
manifold is exact), the transformations (charts) of Theorem 3 treat time
and the a variables on equal footing; that is, they are of the type

d=(a=(rp)—>a=4a)=(t'Erp)xrp)yr p)).

(7)

The reformulation of Theorem 3 in the language of this volume is then
self-evident.

Theorem 4. Given an analytic Birkhoff's tensor in (2n + 1)-dimension
and of maximal rank

0B OR,
0 — +
0a’ ot
@) =| _ 98 (8)
oa"
ot da* 04’

analytic and invertible transformations (7) always exist under which the
tensor assumes the Hamiltonian form

o 08 04°
QI - Q Ag AL
() (—daw o (8(8)) oé,v)

oH

(9

Theorem 4 above, once matched with Theorem 4.5.1 (Direct Univer-
sality of Birkhoffian Formulations) provides the proof of the indirect
universality of Hamiltonian formulations given in Section 6.2.

In this way we confirm that, given a system which is non-Hamiltonian
in the local variables (¢, r, p) of the observer, the system can be reduced to a
Hamiltonian form in new variables (¢, r’, p’) via the use of a Darboux’s
transformation and “intermediate use " of the Birkhoffian representations.
In particular, the new Hamiltonian, if needed, can assume a conventional
form in the new variables, including the “free” form A" = 1p’2. As a
result, Darboux’s transformations are useful for the quantization of non-
self-adjoint systems, in the sense that they permit the use of the con-
ventional Heisenberg’s equations (as well as other equations of quantum
mechanics) in the new variables.

However, let us stress that the approach implies the necessary loss of
direct physical meaning of the local variables and the functions defined
on them (e.g., H would not represent the energy of the system). If the
experimenter insists in the preservation of the local variables actually
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used in the measures, one is forced to transform the Hamiltonian repre-
sentations in (¢, r’, p’) into an equivalent form in the original variables
(t, r, p), via the inverse of Darboux’s transformation, but this transforma-
tion is noncanonical, as we know from this analysis, and the return to the
Birkhoffian representation is then unavoidable. Needless to say, the
situation which is expected at the quantum level is the use of a nonunitary
transformation under which the conventional associative product of
quantum mechanical operators is mapped into an isotopic form of the
type presented in the preceding charts. In turn, this would confirm that
the quantum mechanical treatment of non-self-adjoint systems appears to
call for a suitable generalization of quantum mechanics, perhaps along
the line of the Lie-isotopic generalization of Lie’s theory indicated earlier.

Chart 5.6 Some Definition of Canonical Transformations

A considerable variety of definitions of canonical transformations exists
in the physical and mathematical literature. A few representative definitions
are collected here for the reader’s convenience.

(1) A transformation

g—q'(t q, p), p—>p'(t g p) ")
is canonical when a new Hamiltonian H'(¢, ¢, p’) exists for which
., _ OH' ., OH'
= __—” p = - _,.
op oq

This definition was adopted, for instance, by Goldstein (1950,
page 239) and by Landau and Lifshitz (1960, page 146).

(2) A transformation (1) is canonical when the difference p| dg'*
- p, dg* is the total differential of a function. This definition was
adopted, for instance, by Whittaker (1904, page 234).

(3) A transformation (1) is canonical when the identity

op'dq’ — dp'éq’ = opdq — dpdqg

holds for any two independent variations é and d. This definition
was adopted by Pars (1965, page 434).

(4) A transformation (1) is canonical when it is canonoid with
respect to all Hamiltonians. This definition was adopted by Saletan
and Cromer (1971, page 188).

(5) A transformation (1) is canonical when the fundamental Poisson
(Lagrange) brackets transform contravariantly (covariantly) and
invariantly. This definition was adopted, for instance, by
Sudarshan and Makunda (1974, page 40).

(6) A transformation (1) is canonical when it characterizes a Lie
identity isotopy (symplectic identity isotopy) of the fundamental
Lie tensor " (of the fundamental symplectic tensor w,,). This
definition was adopted by Santilli (1978c) (see also Section 5.3).

(7) Let (M, w,) be a symplectic manifold and (R x'M, ®,) the
corresponding contact manifold. A smooth mapping F: R x M
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— R x Nis called a canonical transformation if and only if each of
the following holds: (i) F is a diffeomorphism; (ii} F preserves
the time, i.e., F t = t; and (iii) a function K e ¥® (R x M) exists
such that F &, = @, + dK A dt. This definition was adopted,
for instance, by Abraham and Marsden (1978, page 138), or
Loomis and Sternberg (1968, page 560).

(8) A diffeomorphism T*(M) o U, LN U, < T*(N) that takes the
fundamental symplectic form w,|y, to w,|y, is called a /ocal
canonical transformation. If U, = U, = T*(M , then ¥ is called
a canonical transformation. This definition was adopted by
Thirring (1978, p. 78).

It should be stressed that these definitions are not equivalent among
themselves.

For instance, Definitions (1) and (5) are not equivalent, but Definitions
(5) and (7) are equivalent. Note that, to incorporate Galilei’s transforma-
tions,” one can generalize Definition (7) above to the form F_dt = dt on
R x T*M. Similar generalizations hold for other definitions.

Chart 5.7 Isotopic and Genotopic Transformations of Variational
Principles

As is now familiar, the Fundamental Analytic Theorem establishes that
the conditions of variational self-adjointness are the integrability re-
quirements allowing a (quasilinear) second-order system of differential
equations to be directly represented with a conventional action principle,
such as Hamilton's principle. For the case of unconstrained Newtonian
systems in Euclidean space, we have the ordered direct representations
of systems with potential forces?°

t
SA(E,) = [5 J‘ 2 dtLeonv(t, r, l")] (Ey)
t
ty d OLconv oLconv
= — dt| | — —tet  _ tot k
L [(dt drk ork )SA 5' ](E°) 0

- Stz dtimi, — £,(t, 1, )] ou(E,) 5 (E,) = O,

1

[conv = [

tot free(i’) + Lint(t’ r, I') = T(r) - U(t’ r. r)

The idea that all forces are potential implies an excessive approximation
of nature.”’ The inclusion of nonpotential forces is therefore necessary
for more closely representing the Newtonian physical reality. Theorem
A.1.1, which covers indirect Lagrangian representations, permits the

70 A review of the calculus of variations with particular reference to variational
principles is provided in Section 1.1.3.

71 The restriction of mechanics to descriptions of type 1) is essentially equivalent
to the acceptance of perpetual motion in our environment.
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representation via a conventional action principle of a class of systems with
potential and nonpotential forces according to the structure’?

t2
SA*(E,) [5[ delgen(t, r, f)}(fo)

t2 d oLger  dLser
_ d . tot __ tot k E
j; t[(dt ork ork )SA& :|( 0)
1

- f ® dtihi(t v, O (M, ~ £(6 5 ) — AL T 8] gsadsn
8]

x (E,)or<(E,) = 0
Lger =L, . (t ¥, P)L

tot free

(F) + Ly (LT, ). (2)

The equations emerging from these representations, however, are not
in the form originating from Newton’s second law but in an equivalent
form, characterized by a regular matrix of multiplicative functions (called
the self-adjoint genotopic functions in Section 4.4). This often creates
uneasiness in students without a sufficient exposure to nonpotential
interactions.

In this chart we shall show that the indirectness of (2) results from
unnecessary restrictions on the d—variations. If these restrictions are
lifted, then more general variations exist (denoted by é*, to be identified
shortly) under which all non-self-adjoint systems verifying the inte-
grability conditions of Theorem A.1.1 admit the ordered direct representa-
tions

t
F*A*(E,) [5* f “diLgerce, v, *)] (Eo)
t

1
t d oLger  olgen
) e
tq dt oF or SA (3)

t2
- j at[(mi, = f (6, ¥, F))gp — F(t. 1. #)] sa
t

1

X (E )ork(Ey) =0

proposed by Santilli (1977¢) for the field theoretical case, and presented
here for its Newtonian version.

The transition from principle (2) to the generalized form (3) implies a
transition from a self-adjoint variational principle’2 to a non-self-adjoint
form. For this reason the transition is called here a non-self-adjoint
genotopic mapping of Hamilton's principle.

To present a derivation of principle (3), we return to the generalized
coordinates g%, with the understanding that they can represent the
Cartesian coordinates in a given ordering, as well as any other needed set
of variables in applied mathematics, physics, and engineering.

The (first-order) variations dg* customarily used in Analytic Mechanics
are of the simple type

ogqk = enk(t), e~ 0 (4)

72 Principles (1) and (2) are called se/f-adjoint variational principles (Chart 1.3.3).

189
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and are often called weak variations in the literature of the calculus
of variation.”3 Actually, the variations of a given path g% can have either
an implicit or an explicit dependence in the independent variable, or both,
provided that the desired continuity and end-point conditions are met
(Section 1.1.3).

The explicit functional dependence in which we are interested is of
the type

0g = (6g%)(¢, q. q), (5)
under the condition that the variations verify the fixed end-point properties
skl =0, s=1.2 ()

as well as our continuity assumptions (analyticity in the indicated local
variables74).

Using the language of Section 1.1.3, variations (6) are infinitesimal,
first-order, abstract, and admissible with fixed end points. Among all
their possible realizations, we are interested in the particular form

o*g~ = gx(t. 9. 9)oq’, det(g)) (%) # O, o' = en'(t).  (7)

When these variations are computed along a possible path, they
recover the customary dependence in the independent variable only,
but now of the “transformed”’ type

0*q (o) = g5t g, ) ¢ 09'(t) = hi(t)oq'(2)
egf (On'(t) = ep*(2).

It is easy to see that variations (8) verify the fixed end-point conditions
whenever variations g% are those of the conventional Hamilton's
principle. Also, under the assumed regularity condition of the g matrix,
variations (8) are “invertible” in the sense that they allow the formulation
of the conventional (weak) variations

dgk(t) = hf(t, q. §)6*q'(t, q. q). (h) = (9)~". (9)

The proof of the following reformulation of the fundamental lemma of
the calculus of variations {(Lemma 1.1.3.1) is then trivial.

(8)

Lemma 1. /f the functions B,(t) and g/ (t), i, k=1,2, ..., n, are of
(at Jeast) class €° and det(g) # O in the (closed) interval [t,, t,], and if

J : dtg) (1) (t)n*(t) = 0 (10)

for all functions n* (t) of (at least) class €° in the same interval, which are
identically null at end points

nk(t) =0, s=1,2, (11)

73 See, for instance, Ewing (1969, page 90).

74 These smoothness properties are highly rendundant from the viewpoint of the
calculus of variations. Indeed, the proper treatment of the so-called Weijerstrass
necessary condition for an extremum demands the use of variations of only class
%0, in order to allow for the presence of corner points. Nevertheless, the analyticity
of the variations in their local variables is in line with the general treatment of this
volume.
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then
g.tp(t) =0 k=1,2...,n, (12)

for all values t e (t,, t,).

The following condition for all variational principles with fixed end-
points will be tacitly implemented:

def

d
6* 'k=__6* k‘ 1
g = 5 0% (13)

The lemma permits the non-self-adjoint genototopic mapping of
Hamilton’s principle (Santilli, /oc. cit.)

(d oL oL
[g’k( - ) ] (Ex)og (E,) = 0. (14)
sadnsa

t2
5*A(EO) = —J- at Eo_q’ c)_q'

t

The underlying analytic equations are Lagrange’s equations, not in their
conventional (self-adjoint) form (14), but rather in the equivalent
non-self-adjoint form75

L(t, q, g L(t, q, g
{gm @ ci)[ﬁ‘) (tg.q) oita ")] } ~0. (15
SAJNSA

dt g 3’

The representation of non-self-adjoint systems as in (3) then follows from
the identification of the matrix (g}) with the inverse (h%)~" of the matrix
solution of Principle (2), according to the rule

d oL oL
A Bl = {gi[h(A, G + B,
[gk(dt oG’ bqf)SA]NSA {95 [hi( 9 /)NSA]SA}NSA
= (A,¢ + B )ysa = 0. (16)

An application of the techniques of this chart which deserves mention
is the transition from the Inverse Problem (based on Lagrange's or
Hamilton's equations without external terms) to the equations originally
conceived by Lagrange and Hamilton, with external terms (see footnote 5
of the Introduction). As the reader can verify, these latter equations are
non-self-adjoint for all external terms F, which cannot be derived from

a potential, i.e.,
d oL oL ’
——— — - F., =0. 17)
dt ofke  orke |, NSA

75 The case of degenerate equations of this type is intriguing from the viewpoint
of the theory of systems with subsidiary constraints. Indeed, the degenerate character
can be achieved by

1. a degenerate Lagrangian L and a regular matrix (g);
2. aregular Lagrangian L and a degenerate matrix (g); or
3. adegenerate Lagrangian L and a degenerate matrix (g).

These cases are not studied in this volume. Equivalence transformations of Lagrange’s
equations have been studied by several authors; nevertheless, their analytic character
(that is, their derivability from a variational principle) has been pointed out, appar-
ently for the first time, by Santilli (1977c).
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As result, the transition under consideration can best be studied via the
formulation of the Inverse Problem in terms of the non-self-adjoint
equations (15), according to the direct representations

[gib<d oL’ _OL’> ] [(d oL oL> . ]
“\ dtort  dr)g, |ysa P A

m Py = fidsa = Fralnsa- (18)

For a study of this transition see Santilli (1978c). In this way we reach the
conclusion that Lagrange’s equations with external terms can be derived
via a non-self-adjoint, genotopically mapped principle

n

ty to d OLconv [conv
S5* dtLgen:—J. dt[———t?—t—t—“—F:l Sgk =0 (19)
tg o tq dt og og* “Insa

provided that they are non-essentially non-selff-adjoint. This derivation
should be compared with the alternative forms available in the current
literature?6.

The generalized principle (14) does indeed achieve the desired
objective. In fact, the principle permits the representation of (a class of)
Newtonian systems with nonpotential forces as they originate from
the second law, in the coordinate and time variables of the experi-
menter.77 It should be stressed that (14) does not enlarge the class of
systems verifying Theorem A.1.1. In fact, the integrability conditions of
this theorem are the integrability conditions for the existence of principle

(3).78
The direct universality can, of course, be reached by applying the
techniques of this chart to Birkhoff’s equations. Leta, 0 = 1,2,...,2n, be

the local coordinates of the cotangent bundle 7*M (or, equivalently, the
76 For instance, Goldstein (1950, pp. 38—40), proposes the following principle

t2 t2 fd oL oL
5J; dt(L + W) = —J; dt(aw - o—qk‘ - Fk)éq" =0, w= quk (a)
1 1

which however holds only under the subsidiary condition
oW = F, ég*. (b)

Thus, principle (a) is not a conventional variational principle as commonly under-
stood. On the contrary, principle (2) achieves the representation of a nonconservative
system via a conventional variational procedure. Only the structure of the Lagrangian
is generalized in line with the calculus of variations (Section 1.1.3). The objective of
this chart was therefore to achieve direct analytic representations of nonconservative
systems without recourse to procedures, such as subsidiary constraints (b), outside
the conventional formulation of the calculus of variations.

77 Variational principle (14) illustrates more clearly an aspect of Section 1.3.4
to the effect that analytic representations of Newtonian systems of N particles in a
three-dimensional Euclidean space demand, in general, the knowledge of (3V)2 + 1
functions, (3N) 2 factor functions, and a Lagrangian. The proof that the matrix ot the
factor functions of principle (14) induces, in general, a non-self-adjoint structure,
is an instructive exercise for the interested reader.

78 The reader interested in variational problems (rather than variational principles)
should keep in mind that in this chart we have simply proved the equivalence of the
genotopic or isotopic images of Hamilton's principle with the conventional version
of this principle. The extremal aspect of the analysis, particularly the implications of
variations (8) for the necessary or sufficient conditions for an extremum, will not
be considered here.
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dynamic space defined in Section 4.5), and let A(EO) be the Pfaffian
action (4.2.14). Then principle (14), when reformulated for Birkhoff's
equations, reads

S*A(E,) = o* j22dt[RM (t, a)a* — B(t, a)1(E,)
1

t R : B R, =
J\ 2dt{g;[<o ‘:1 B 0R; )az B (0 ' - O ‘ ):l } 6a”(EO) i} o
0 0a® 0a oa Ot J1saltnsa

(20)
and implies the following direct universality for first-order systems:
~ 12 ~
S*A(E,) = j dt[a* — E4(t, a)]da,(E,)
i
/‘_’_——\
ty Fo.o—p,../m or -
= dt. ka ka k ( ka)(E)=0’
L Bro ~ FAL T, P) ~ FSAL Y, P) \opy, ) °
(21)

that is, the direct representation of non-self-adjoint first-order systems in
their contravariant form, originating in the reduction from the second-
order form (Section 4.1). Representation (21) evidently occurs when
matrix (g}) is the inverse of Birkhoff's matrix (Q,,).

The non-self-adjoint character of (20) permits a number of additional
applications. We mention here the direct representation of the Birkhoff-
admissible equations via a Pfaffian action principle which we write in the
notation of Chart 4.7:

N ‘ 0B(1, ) OR.(L, N
S*A(E,) = j zdt{g;[ﬁm(t, a)a* — ( va) - R a)] } oa*(E )
t 0a ot sa)Nsa
‘ OH(t, N
= j 205t ayar - 2L AL sy =0, (22)
¢ 08" |\sa

]

The algebraic implications are as follows. The conventional J-variations
in Pfaff's principle (4.2.15) characterize covariant equations (Birkhoff's
equations) whose contravariant form has a Lje algebra structure (when
the R functions do not depend explicitly on time). The generalized 6*-
variations in (22) characterize covariant equations (the Birkhoff-admissible
ones) whose contravariant forms have instead a more general Lie-
admissible algebraic structure. Actually, we see that all Lie-admissible
equations can be derived via a Pfaffian principle, provided that they verify
the locality, continuity, and regularity conditions considered here.

As concluding remark, recall that the existence of a representation
for a Newtonian system within a fixed system of local variables demands
that the implicit functions of both the equations of motion and the analytic
representation coincide. This condition is satisfied by all analytic
representations considered here and ensures the preservation of the
solutions in the transition from the equations of motion to their analytic
representation. This is the mathematically essential part of the Inverse
Problem. The way in which the equations of motion are written (whether
in the form originating from the second law or in an equivalent form) is
purely a matter of personal preference, and not of mathematical rigor. In
fact, replacing a direct representation with an indirect one and vice versa,
can be accomplished through the degrees of freedom of the variations.
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EXAMPLES

Example 5.1

For later need, it is useful to recall the following examples of canonical transformations
identified in currently available textbooks on the subject.

(a) Identity transformation q* — q¢'* = ¢* and p, — pj, = pi. The generating function
(Section 5.2) is

F=F,=q%p. (1)
(b) Total Inversions ¢* ~ q* = —g* and p, — p, = —p,. The generating function
is, in this case,
F=F,=— ¢ )]
(c) Born reciprocity transformations ¢ — ¢* = p, and p, - p, = —q"* in which case
the generating function is
F=F =49 (@=49. &)
(d) Born counter-reciprocity transformations ¢ - ¢* = —p, and p, - p; = q* with
generating function
F=F, = 4%, @

() Scale transformations ¢* — q* = ¢*q* and p, — p; = e”*p, with generating
function is
F=F, =e"*¢pi. )

(f) Born scaled reciprocity transformations q* — q* = e’p, and p, — p; = e~ *¢*

with generating function is

F=F, =e"¢q. (6)
Note that the transformation
g = F(g)cos p, p' = F(g)sinp @)
is canonical if
oF 5
F 73_ =1, F*=24q+c), c=const, ®)
q
in which case
q =[2q+ )] cosp, p' =[2q+ c)]"*sinp, )]
and the generating function is
F=F;= —4¢*tanp + cp. (10)
The transformation
q =e*F(Q), P =e *y(q) (11

is canonical if

dg oF v
A FE g =1, —iFg=g+c c=const, (12)
dq oq
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with a solution
1
¢ =g+ p=—ce g+l (13)

Other cases of canonical transformations can be constructed via the methods of
Section 5.2. Needless to say, an in-depth knowledge of these techniques is essential
before initiating a serious study of the generalized canonical transformations of the
Birkhoffian mechanics, according to the methods of Section 5.3 (see also Problem
5.7).

Example 5.2

In this example we illustrate (a) the construction of Hamiltonian representations via
the transformation theory, (b) the need that the transformations are not canonical
whenever the original system is non-self-adjoint, and (c) the capability of Hamiltonian
representations, when achieved, of preserving the derivability from a variational
principle under noncanonical transformations.
The equation of motion in configuration space
r2
P+ 5= 0, m=1 0))

is non-self-adjoint, and the equivalent vector field under the prescription p = 7, i.e.,

P

5 ) (@) = (r,p) )
—r/p

-, 0
:u(a) ‘6? > (:'u) = (
is non-Hamiltonian.
To construct an indirect Hamiltonian representation we need a transformation of
the local coordinates

@) = (r,p) » (@) = ("'(r, p), P'(r, p)) (3)
such that the transformed vector field
— ’ aala — !
Efa) = (W :a>(a) )
is self-adjoint, i.e.,
aarv = aalu' (5)

A study of the case indicates that a solution is given by

p ©

a*: r=rp, p=r¥

under which the self-adjoint vector field is given by

1/2,13/2
=) = —riip
=) = _r'3/2p/1/2'

The Hamiltonian is then computed via rule (5.1.35), yielding the expression

Q)

1
H'(a) = a"‘f dtEi(ta)) = — %rfa/zpfs/z' ®
0
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It is easy to see that transformations (6) are (necessarily) noncanonical, e.g.,
[r, P,y = —1°72p"12 # 1. ®

In fact, only a noncanonical transformation can turn a non-Hamiltonian vector field
into an equivalent Hamiltonian form.

Now that a Hamiltonian representation has been achieved, it is also easy to see
that its derivability from a variational principle persists under arbitrary noncanonical
transformations (of the admitted class of continuity and regularity conditions). It is
understood here that in the process the Hamiltonian character of the variational
principle is lost in favor of the Birkhoffian (Pfaffian) one.

Consider the variational principle for Hamiltonian (8)

5qummmw H(@))(Ey)

=0 f dt[ 32 ’3/2](E’) = (10)

Under the inverse transformation (6), this principle becomes
o f tzdt[Ra(a)a'“ — B(a))(E) =0
t
(R,) = (r*?p, r¥?p'?)
B= -3

by therefore preserving the derivability of the system from a variational principle.

Example 5.3

In this example we shall illustrate how the construction of canonical transformations
via generating functions admits a simple and direct generalization into the generalized
canonical transformations of Birkhoffian Mechanics.

Born reciprocity transformation (Example 5.1) can be constructed via the generat-
ing function

Fy=qq, 1
and Hamiltonian rules (5.2.16), i.e.,
_OF ., OF @
-aq—q’ p'_ aq,— q

In the transition to the covering Birkhoffian formulations, we have rules (5.3.56).
Suppose, for simplicity, that (R,) = (p, r), r, pe R,. Then, the latter rules become, for
the same generating function (1),

OF

=1 __ /’ = 1 g 3
W=7 1 qp o q 3
yielding the generalized canonical transformation
’ ’ 1
qg=q, p=--. Q)

p
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A similarly straightforward generalization occurs for all other canonical transform-
ations, as the reader is encouraged to verify.

Problems

5.1 The analytic treatment of the theory of canonical transformations is generally
done in the existing literature via Hamilton’s principle. Prove that the replacement of
principle (5.2.10) with Holder’s principle (Section 1.1.3) in phase space, i.e.,

153
[ atpdt — HE 0 IED) = pSa* — HOED)
ty

not only permits a consistent theory of canonical transformations, but that the under-
lying generalization of Identity (5.2.14) permits the joint derivation of (a) transformation
laws such as those for F,, as well as (b) Hamilton’s equation in both the old and new
coordinates (which are not derivable via the conventional theory reviewed in Section
5.2).

5.2 Prove that a Legendre transform reduces the generating function F(t, g, q")
to (5.2.17).

5.3 Prove that canonical transformations as per Definition 5.2.2 verify the
inversion formulas (5.2.27a)-(5.2.27d).

54 Prove Equations (5.3.6) and (5.3.13).

5.5 Reformulate the integrability conditions for the existence of canonical
transformations via a particularization of Proposition 5.3.1.

5.6 Identify the transformations which are generalized canonical in the sense of
preserving generalized variational principle (5.3.50), but are not identity isotopic in the
sense of equations (5.3.44). Show that these transformations contain as particular cases,
transformations (5.2.12) and (5.2.13).

5.7 Construct the Birkhoffian generalization of the Hamiltonian generating
functions F,, F;, F,, F5, and F¢ along the lines of the method (5.3.56) for F,.

5.8 Prove that the time component of Galilei’s relativity (Chart .A.1)

" = exp| to0™® oH 9 a
a = -
Plo da® da*
is always canonical, that is, it is canonical for all possible Hamiltonians.
5.9 Prove the following property.

Theorem. Necessary and sufficient condition for the time evolution

0
a = exp(to =%a) 6a")a

to be noncanonical, that is, to violate the condition of preservation of the fundamental
Poisson brackets, is that the vector field E is non-Hamiltonian

5.10 Prove that equations (29)-(36) of Chart 5.3 admit a consistent generalization
for the isotopic generalization of Lie’s theory, resulting in exponentiation (56) of the
same chart.
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5.11 The SU(2) Lie algebra of the Pauli’s matrices, when realized on the con-
ventional associative envelope, admits the commutation rules

SUQ2): [0y, 6,]4 = 2i63, [0;,03]4 = 2i6y, [03,0,] = 2is,.
Find the operator T of equations (36) of Chart 5.2 as a polynomial expression of the ¢’s.
under which the following isotope SU*(2) of SU(2) holds
SU*(2): [04,062]4+=0, [02,03]0s= —2i, [03,0,]=0.

5.12 Prove that equations (39) of Chart 5.4 are the integrability conditions for
transformations (9) to be infinitesimal generalized canonical transformations. Discuss
the particular canonical case.



CHAPTER 6

Generalization of
Galilei’s Relativity

6.1 Generalization of Hamilton-Jacobi Theory

One of the most speculative yet intriguing implications of Birkhoffian
Mechanics is the possible generalization of Atomic Mechanics (the ordinary
quantum mechanics) into a form specifically conceived for strong interac-
tions and known as Hadronic Mechanics.

As is well known, Hamiltonian and Atomic Mechanics can be considered,
in the final analysis, as two different realizations of Lie’s theory, the first via
functions in phase space and the second via operators on a Hilbert space.

In the preceding chapter we showed that Birkhoffian Mechanics is a
classical realization of the more general Lie-isotopic theory. Hadronic
Mechanics is therefore predicted as the operator realization of the same Lie-
isotopic theory. At any rate, until the identification of an operator mechanics
which admits Birkhoffian Mechanics as a classical image has not been
accomplished, our description of the microscopic world will be incomplete
because the atomic theory is unable to reach Birkhoffian Mechanics under
the correspondence principle.

The proposal to construct Hadronic Mechanics was submitted by Santilli
(1978d). The studies conducted since that time have been collected in the
reprint volumes edited by Schober (1982). The identification of the state of the
art in the experimental, theoretical, and mathematical studies of the new
mechanics was conducted at the First International Conference on Non-
potential Interactions and their Lie-Admissible Treatment (see the Pro-
ceedings (1982)).

199
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This volume on Birkhoffian Mechanics would be incomplete without the
indication of the basic ideas which led to these developments. Predictably,
these ideas are of algebraic character and are centered on the Lie-isotopic
generalization of Heisenberg’s equations (see equations (18) of Chart 5.1), as
the operator image of Birkhoff’s equations. However, for Hadronic Mech-
anics to be a genuine covering of the atomic one, it must admit consistent and
compatible generalizations of other dynamic equations of Atomic Mechanics.

Thus, we come to the problem of generalizing Schrodinger’s equations so as
to achieve compatibility with the Lie-isotopic generalization of Heisenberg’s
equations, on the operator side, and with Birkhoff’s equations, on the classical
side. This problem was studied by Santilli (1982a) via a Birkhoffian general-
ization of the Hamilton-Jacobi theory we shall review in this section. These
studies were inspired by work by Mignani (1981 and 1982). The identification
of the structure of the underlying Hilbert space, and a first axiomatization,
were achieved by Myung and Santilli (1982a and b), including the proof of the
equivalence of the hadronic generalizations of Heisenberg’s and
Schrédinger’s equations. Additional research can be found in Schober
(loc cit.).

The conceptual foundation of the theory is the Newtonian property that
the potential energy has no physical basis for contact interactions. Since all
strongly interacting particles (called hadrons) have a size (charge radius)
which is of the order of magnitude of the range of the strong interactions
(about 10~ '3 cm = 1F), the possible existence in the strong interactions of a
component of contact non-Hamiltonian type is then rather natural. In turn,
this brings to the assumption of Birkhoff’s equations as the basic classical
equations representing a superposition of conventional, potential, action-at-
a-distance forces, as well as contact, non-Hamiltonian ones.

The classical theoretical foundation is provided by the transformation
theory of Section 5.3. In fact, this theory has permitted the construction of
the desired generalization of the Hamilton-Jacobi equations in a way fully
parallel to the conventional Hamiltonian case.

The operator foundation of the theory is given by a suitable reformulation
of the Hilbert space in a way which is directly compatible with the Lie-
isotopic theory (Chart 6.1). Note that this aspect will not be considered in
this section, and we limit ourselves to presenting the hadronic generalization
of Schrodinger’s equations, in much the same historical (rather than con-
temporary) way that the original equations were presented during the first
part of this century.

Regrettably, in the interest of brevity, we are unable to treat a number of
additional aspects, such as the Birkhoffian generalization of the canonical
perturbation theory, and the corresponding operator image expected within
the context of Hadronic Mechanics. We hope, however, that the methods
identified in this volume for constructing the Birkhoffian generalization of
specificaspects of Hamiltonian Mechanicsare applicable also to other aspects.
The same methods, based essentially on noncanonical transformations, are
applicable to the construction of the hadronic generalization of Atomic
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Mechanics upon suitable operator reformulation in terms of nonunitary
transformations. An example of this latter aspect is indicated in the next
section.

Part A: Hamilton-Jacobi Theory
Let us begin by reviewing, for notational purposes as well as for comparison,
the conventional formulation of the Hamilton-Jacobi theory. Suppose that

Hamilton’s equations are known,

o OH@a) _(3RD ORY\. OH _
wd da*  \da* oo’ a4 da*

®) = (3,0, (@)= (;) i=12...m

(6.1.1)

The Hamilton-Jacobi problem consists of the identification of a canonical
transformation which is invertible, is of the same continuity class of H, and
has a generating function F under which the transformed Hamiltonian

t->t' =t a* — aly(t, a), (6.1.2a)
oF
H - Hy = H(t, a(t, a,)) + 5 = 0, (6.1.2b)

is identically null. Equations (6.1.1) in the new frame become

w,,dp =0 (6.1.3)
with general solution

af = aj(t, a) = const. (6.1.4)

The solution of the original equations (6.1.1) is then given by the inverse
transformation,

a* = a'(t, a,), (6.1.5)

in which the a,’s play the role of the arbitrary constants.
A formal solution for the generating function is given by the action

F=Fy = Ay = [ d{R@a ~ HG, 0)Ep

= f dt[p.# — H(t, r, p)I(E,). (6.1.6)
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Weiss’s principle (see Section I.1.3) then yields the end point contribution
t
a4 = d [, ~ HYE) = Ipydr* - Harl(Ey)
to

ro = r(ty)
Po = P(to)-

The use of partial derivatives finally yields the celebrated Hamilton-Jacobi
equations

= pkdrk - Hdt - pOkdrl(‘), (61.7)

04
i + H(t,r,p) =0, (6.1.8a2)
0A 0A
Dy = pay Poxk = — 57%- (6.1.8b)

We should indicate, for completeness, that form (6.1.8) of the Hamilton-
Jacobi equations is not unique, and several additional forms exist. This is
clearly due to the fact that the desired canonical transformation can be
constructed via any generating function, not necessarily F; = A. By recalling
the existence of a large number of possible generating functions, a corre-
sponding number of different Hamilton-Jacobi equations follows.

For instance, for the case of a generating function F = F5 = Fs(t, rg, Po),
one can prove that (6.1.8) is replaced by

E‘ + H(t,r,p) + ‘a? P =0, (6.1.9a)
or _ OFs, or _ OF 4
Dox — a—r’(‘; pi = o 5}‘% b= 6p’(‘, : (6.1.9b)

The study of additional forms of the equations for some other type of
generating function is instructive but is left to the interested reader (Problem
6.1). Needless to say, all these possible different forms of the Hamilton-
Jacobi equations are equivalent, because they are related by the same
Legendre transforms which interconnect different generating functions
(Section 5.2).

Before passing to the identification of the Birkhoffian generalization of
(6.1.8), it is important to point out a “reformulation” which is permitted by
the techniques presented in these volumes.

The following generalization of action (6.1.6)

A*(E) = f tdt[Rfj*(a)a" — H(t, 9)(E), R = —lw,a" (6.1.10)

was introduced in Chart 1.3.6. We can easily see that the equations char-
acterized by contemporary variations with fixed end points are exactly given
by Hamilton’s equations (6.1.1). Thus action (6.1.10) permits generalized
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variational principles while leaving the underlying analytic equations un-
changed.

In Section 4.5 we pointed out that the transition from action (6.1.6) to
generalized form (6.1.10) is given by the Birkhoffian gauge for the particular
Hamiltonian case

. 0G
R2—>R2 =R2+*6-a—#;

G=-r-p (6.1.11)
The preservation of the original equations (6.1.1) is then trivial. However,
the generalization of (6.1.6) into (6.1.10) is not trivial from the viewpoint of
the Hamilton-Jacobi theory and, inevitably, from the viewpoint of
Schrédinger’s Mechanics. This can be seen by noting that the original action
(6.1.6) is independent of the momenta (velocities), e.g.,

oA _

—=0, k=12..,n 6.1.12
o (6.1.12)

while the new action (6.1.10) is indeed dependent on p, i.e.,

A+
a@p £ 0. (6.1.13)
k

A reformulation of (6.1.8) is then expected, with nontrivial quantum mechan-
ical implications, as we shall see.

The construction of the desired reformulation of (6.1.8) is straightforward.
When (6.1.10) is subjected to the same variations of principle (6.1.7) (non-
contemporaneous variations with variables end points—see Section 1.1.3 for
details), we obtain the principle

dA* =d J t [R*(a)da* — H(t, a)dt](Eo) = |RS¥ (a)da* — H(t, a)dtl: (E,)

= R%'(a)a" — H(t, a)dt — 5°" (ao)dab. (6.1.14)

The use of partial derivatives then yields the equations

N
aﬁ, +H(t,a)=0 (6.1.152)
. 04" . 4%
R (a) = P Sy (ap) = — i (6.1.15b)
0

which are a reformulation of the Hamilton-Jacobi equations induced by the
gauge degrees of freedom (6.1.11).

Some important differences and similarities between (6.1.8) and (6.1.15)
are the following. Under the condition that the Hamiltonian depends
explicitly on all the values d4/0r* = p,, k = 1,2,..., n, equations (6.1.8) can
be reduced to a single, generally nonlinear, partial differential equation in
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0A/ot and 8A/0r*, plus subsidiary conditions given by the second of equations
(6.1.8b),

04 04
= + H(t, I, E) =0 (6.1.16a)
0A
Pox = — o (6.1.16b)

0

Note that if the Hamiltonian does not depend on one of the p’s, say dH/dp;
= 0, i = fixed, then the equations p; = 84/0r' must be kept as a subsidiary
condition.

We can see that reduction (6.1.16) is fully applicable also to (6.1.15) under
similar conditions. In fact, suppose that H depends explicitly on all values
04/oa", u=1,2,...,2n, then (6.1.15) can be reduced to a single, generally
nonlinear, partial differential equation in dA4* /0t and 0A™* /0a" plus sub-
sidiary conditions given by the second set of equations (6.1.15b),

oA+ 0A* YA
+ H(t, a") = + H(t, — 20" —) = 4+ H(t,r,p)

ot ot oa’ ot
oA+ 04 _ 04
_ 22T 2 ) = 1.
o +H<f, 6p’2 61‘) 0 (6.1.17a)
0A™"
$%*(ap) = — G (6.1.17b)

If 0H/0a® = O for v fixed, then the expression R%" = 4" /0a’ must be kept
as a subsidiary constraint in exactly the same way as it occurs for the con-
ventional Hamiltonian case.

Thus, on methodological grounds, the primary difference between the
conventional formulation of the Hamilton-Jacobi equations and reformula-
tion (6.1.17) is the extension of the partial differential equation to include the
terms 64" /0p,.

The reader should keep in mind that (6.1.15) and (6.1.17) are a direct
consequence of the Birkhoffian generalization of the Hamiltonian formula-
tions. As a matter of fact, equations (6.1.1) are written in the version which is
the Hamiltonian particularization of Birkhoff’s equations.

The classical relevance of (6.1.15)-(6.1.17) will be self-evident in a monent.
The quantum mechanical relevance can be anticipated here via the
following remark. While quantization of (6.1.16), as is well-known, is based
on a wave function depending only on time and coordinates y(t, r), the
quantization of equations (6.1.17) is expected to imply the existence of a
reformulation based on a “wave function” which depends also on the
generalized momenta, y(¢, r, p). In turn, the existence of the reformulation is
expected to be useful to study still open problems of (conventional) quantum
mechanics, such as the problematic spreading of the wave packets of particles,
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the equivalence (or nonequivalence) of Heisenberg’s and Schrodinger’s
representations, the still controversial issues of quantization and classical
limits, etc. We should stress that the reformulation of Schrédinger’s equations
referred to here is intended specifically for Atomic and not for Hadronic
Mechanics (i.e., for electromagnetic and not strong interactions).

Part B: Birkhoffian Generalization of the
Hamilton-Jacobi Theory

We can show that the Hamilton—Jacobi theory generalizes in its entirety into
a consistent Birkhoffian form. Consider the semiautonomous Birkhoff’s
equations

0B(t,a) <6Rv(a) ~ 5Ru(a)) o~ BLD _ o 6118

Q 7 — =

wl(@)d oa* da* oa’ oa*
The Birkhoffian generalization of the Hamilton-Jacobi problem! consists of
identifying an identity isotopic transformation (generalized canonical trans-
formation) under which the transformed Birkhoffian is identically null, i.e.,

t->t'=t, a" - ad, a), (6.1.19a)
. 0dg
B(t,a) - By(t,ay) = |B — Fn R, ), ap) = 0. (6.1.19b)
Equations (6.1.18) then reduce to
Q,(ap)ay = 0. (6.1.20)
By assuming that Birkhoff’s tensor Q,, is regular, i.e.,
O0R, OR,
det(aa“ - 0a“) # 0, (6.1.21)

! A second statement of the problem can be reached through the Birkhoffian formulations
and consists of the search of a transformation a — a,(t, a) under which the 2n-vector R, becomes
identically null, i.e.,

, da*
R, ao) = bﬁ R, |(t,a,) = 0.
0

Note that we can use 2n + 1 independent functions (the transformations a,(t, a) and a gauge
function). Thus one can ask for the additional condition that the Birkhoffian becomes also
identically null,

a

B'(t, ap) = B(t, a(t, ap)) — (Zit Ra)(t, a,) = 0.

This alternative formulation, which is applicable also for Hamilton’s equations, will not be
explored here for brevity. Note that, since the transformation does not preserve the Birkhoffian
(or the Hamiltonian) tensor, it is not generalized canonical.
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one can see that this regularity property is preserved by the transformation
theory. The solution of (6.1.20) is also given by constants a}j as in the Hamil-
tonian case. The solution of the original equations (6.1.18) is then given by
the inverse transformation a*(t, a,), also in full analogy with the canonical
case. As a result, the generalized problem considered can provide a solution
of the equations of motion, at least on formal grounds, in a way fully parallel
to the conventional case.

It can be proved that a formal solution for the generating function of
transformation (6.1.19) is given by the Pfaffian action

F=F, =AYE) = J tdt[Ru(a)a"‘ — B(t, a)](E)

= f TPyt P + 0% E D — B PIE) (6122

which is clearly a generalization of actions (6.1.6) and (6.1.10). The corre-
sponding generalization of (6.1.7) and (6.1.14) is given by?

dA%Ey) = d J t [R (a)da" — B(t, a)dtl(E,)

= |R,(a)da" — B(t, a)dt[ (E,)
= R (a)da" — B(t, a)dt — R (ao)day; a5 = a"|,. (6.1.23)

2 Owing to the importance of principle (6.1.23) for the hadronic generalization of Schro-
dinger’s Mechanics, it may be valuable here to indicate its derivation. The principle is a particular
form of a well-known property of the calculus of variation reviewed in detail in Section 1.1.3.
Given a Euler function

L = R (a)d* — B(t, a), a€eR,, (a)
the first-order variation of the action functional in L with variable endpoints, when computed

along an arbitrary path E (of the topological conditions admitted), characterizes the variational
problem

(). (b)

t

SAE) f C L (Byoa + | °L s <6L '“ L)Sz
= a —da* — |—a" —
. oa* da*

When path E is a possible or an actual path E;, the Euler’s equation LM(EO) = 0 coincide with
Birkhoff’s equations (6.1.18), and therefore they are identically null. Variational problem (b)
then yields the variational principle (6.1.23), i.e.,

(Ey)

t

. oL . oL .
5A(E0)= %50“— ﬁa“—L ot

= |R(@)ba* — B(t, a)5t[2(E,). ©

The property is fundamental, classically and “quantum mechanically.” Classically, we learn that
the total differential of an action functional is equal to the integrand computed at end points
under the condition that such integrand is of first-order type (that is, Pfaffian). In turn, this
property is at the foundation of a number of aspects of the Birkhoffian Mechanics, such as the
Birkhoffian generalization of the canonical transformation theory, Noether’s theorem, etc.
The quantum mechanical relevance of the property will be self-evident in a moment.
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The use of partial derivatives finally yields the desired Birkhoffian generaliza-
tion of the Hamilton-Jacobi equations which can be written in the form

A9
8—67 + B(t,a) =0, (6.1.24a)
0A° 0A?
R#(a) = 5;‘;, Ru(ao) = - ‘a‘a'—u‘ . (6.124b)
0

We can also prove that (6.1.24), under the conditions 0B/da* # 0, u =
1,2,..., 2n, can always be reduced to a single partial differential equation in
0A4%/0t and 0A4?/da* in a way fully parallel, although generalized, to that of
(6.1.16) and (6.1.17).

To see it, note that regularity property (6.1.21) does not imply that of the
matrix (0R,/da"). Consider, then, the case in which

oR, OR O0R
det{— — —2] # 0, £l =0. 1.
e ( P 6a“) # det( aa“) 0 (6.1.25)
However, a Birkhoffian gauge transformation
oG
R,-»R; =R, + pyr (6.1.26)

always exists under which

aR‘T aR; _ aRv aRu aR:
det(aau - —é‘a—v) = det(aau - aav) # O, det( o # 0. (6127)

In fact, for this purpose, selecting an arbitrary function G(a) such that

0*G
det[ ——— 0. 1
e ( PP 6a”) # (6.1.28)
is sufficient. Once the regularity property
R
det(a £ ) #0 (6.1.29)
da

has been ensured, one can perform the change of coordinates of (6.1.24a) from
the Birkhoffian ones a* to the new ones R (a)

a* - a*(a) € R,(a) (6.1.30)
under which we have
04 0A? 0A9
W + B(t’ a(R)) = —at—— + '@(t’ R) = E_ + '@(t’ P(I, I, P), Q(t’ r, P)) = 0.

(6.1.31)
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Thus the 2n-components of the vector R,(a) appearing in the original
equations (6.1.18) are assumed as the new variables of (6.1.31), of course, upon
selection of the gauge in which regularity property (6.1.29) holds. Note that
this was exactly the case for the Hamiltonian form (6.1.17). In fact, the original
vector RY(a) does not verify property (6.1.29), trivially because of its structure
(RY) = (p, 0). However, the “gauged” vector R} (a) = —3w,,a’ does verify
property (6.1.29), by therefore permitting the change of coordinates a* — R?.
This, in turn, permits the achievement of the single partial differential
equation (6.1.17a).

The reduction of (6.1.24) to a single partial differential equation in A?
(plus subsidiary conditions) is now self-evident. It is given by

A? A
% + @(t, 667) =0, (6.1.32a)
0A°¢
4]

Needless to say, if the Birkhoffian does not depend on some of the a
variables (e.g., when B = 1p?), the missing terms must be kept as subsidiary
conditions, in exactly the same way as it occurs for (6.1.16) and (6.1.17).

Notice that the Hamiltonian particularization of (6.1.32) is given by the
gauge Hamilton-Jacobi form (6.1.17) and not by the original form (6.1.8). In
fact, the particularization R (a) = (p, 0) implies the violation of regularity
condition (6.1.29), under which (6.1.32a) becomes singular. On the contrary,
the Hamiltonian particularization

R (a) =R (a) = —3w,,a" (6.1.33)

preserves regularity property (6.1.29), as indicated earlier.

By no means do equations (6.1.24) exhaust all possible Birkhoffian general-
izations of Hamilton-Jacobi equations. In fact, a class of equations equivalent
to (6.1.24) can be constructed via the Legendre transform of the generating
function, in a way fully parallel to the conventional case.

To illustrate this, we recall that the generalization under consideration
was studied by Sarlet and Cantrijn (1978b) who reached the equations

oF oa*
E + B(t7 a(t) aO)) + E Ra(a(ts aO)) = 0

oa* oF
(%E Ru)(t, ap) — a—ég (t, ap) = R (ay). (6.1.34)
The generating function of these equations can be shown to be Class 5,
while that of (6.1.24) is of Class 1. As a result, equations (6.1.34) are a general-
ization of (6.1.9) rather than (6.1.8). Our preference of generalized form
(6.1.24) is due to quantum mechanical considerations. In fact, the classical
equations at the foundations of Schrodinger’s Mechanics are equations (6.1.8).
It is therefore important to achieve a Birkhoffian generalization of the
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Hamilton-Jacobi equations in their form directly used for quantum mech-
anical purposes (see Problem 6.2 for additional forms).

Furthermore, (6.1.34) cannot be reduced to a single partial differential
equation in F (Sarlet and Cantrijn, loc. cit., p. 1597). This implies severe
technical difficulties in attempting the construction of a generalization of
Schrodinger’s equations via form (6.1.34). Equations (6.1.24), on the con-
trary, bypass this problem by permitting reduction to form (6.1.32a).

As a final remark, let us note that the Birkhoffian generalization of the
Hamilton-Jacobi theory for the case of the nonautonomous equations

OR (1, a) B OR(t, a) P 0B(t, a) + OR(t, a)
da* oa’ da* ot

will not be considered here for a number of reasons. The first is that (6.1.35)
can be reduced to an equivalent semiautonomous form (6.1.18) in the same
local variables via the use of a gauge transformation (see Section 4.5).
Therefore, the study of (6.1.18) is sufficient for our purposes. Deeper reasons
also exist. Our primary objective is to indicate a conceivable “Schrédinger-
type” analog of the isotopic generalization of Heisenberg’s equations. These
equations, in turn, are an image of the semiautonomous equations (6.1.18)
and not of (6.1.35), because the latter equations do not admit a consistent
algebraic structure in the time evolution (see Chart 4.1).

]=0 (6.1.35)

Part C: Schrédinger’s Equation

Consider a conservative system in the contravariant form

pka/ma

a’ = Z*a), Eu)z(fs"(r))’ k=12...,.N;, a=x,y,z
ka

(6.1.36)

such as a Kepler system in vacuum. The construction of Hamilton-Jacobi
equations for these systems is trivial. It is based on the conventional Hamil-
tonian structure

N
1
H=Y —p2+V 1.
kz& o p: + V() (6.1.37)

with the direct physical meaning of total energy. Since the potential energy
does not depend on the velocity (and no contact interaction exists by assump-
tion), one can prove that the canonical momentum coincides with the physical
momentum

pk = mk l.-k' (6.1.38)

Under the conditions considered, the canonical angular momentum M,
coincides with the physical angular momentum.

Note that representation (6.1.37) is not unique. Among all possible analytic
representations, we have selected the unique, direct, canonical representation
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of the system in the frame of the observer (no transformation theory!), under
which all canonical quantities have a direct physical meaning.
The celebrated canonical quantization rules

6A 0 ~ oA 1
i—=—H =——=>-V, =P =1 1.
at at s P ok 7k Pu> h , (6.1.39)

readily turn Hamilton-Jacobi equation

N1 04 94

04
5—+H(,p)— +Z2 “oF ar,‘+V()_ (6.1.40)

into the familiar Schrédinger’s equation

ig—tnﬁ(t, ) = AF p(t,r) = [ Z 2 A + V(r)]lﬁ(t r) (6.1.41)
=1 <My

Without any claim of mathematical rigor,® the quantization satisfies the
correspondence principle in the sense that, under the wave function

Y = Neld = Neiferdi=Han - N e R (6.1.42)

and for large (e.g., macroscopic) values of the action,

1 0 1V<6A ia<<aA
— A — < — J— _
A7 ik ok ot ot

(6.1.43)
the zero-order term of the expansion of Equation (6.1.41) in terms of 1/4
coincides with the Hamilton-Jacobi equation (6.1.40) identically. First-
order terms then yield continuity equations and other properties which are
ignored here for brevity.

A fundamental feature of conventional wave equation (6.1.41) is that it
complies with the quantum mechanical Galilei’s relativity. Intriguingly, this
condition is necessary to verify the correspondence principle because the
original system is compatible with Galilei’s relativity to begin with.

This feature has numerous direct or indirect implications at virtually all
levels of treatment. It can be expressed initially by noting that the eigen-
function ¥(t, r) must be a Galilei scalar. In turn, this sets the structure

Y, 1) = de(p(E)e” (prcdr—Hdy) (6.1.44)
which characterizes a fundamental notion of quantum mechanics, that of

wave packets (or Green function). In turn, (6.1.44) constitutes one way to est-
ablish the indeterministic nature of quantum mechanics,

ArAp > ih. (6.1.45)

3 See footnote 43 of Chapter 5.
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Indeed, the widths of the amplitude ¢ and that of the wave packet ¢ are
inversely related, yielding (6.1.45) after simple elaborations.

Part D: Hadronic Generalization of
Schrodinger’s Equations

As is well known, the conventional notion of wave packets according to
(6.1.44) is only a crude approximation, because it applies only under the
condition that the particle can be considered as nearly free over a distance of a
number of wavelengths. In an attempt to improve the approximation, particu-
larly for particles under intense forces within the distance of one wavelength
(as expected for the strong interactions), we search for a generalization of
(6.1.44) into the form

Y, r,p) =yt a) = de(p(B)d (R da* — Bdt)
= J‘dB(P(B)eI [Pi(t,r, p)drk + Qk(t,r, p)dpx — B(t,r, p)dt]' (6146)

The physical implications of the Pfaffian generalization of the action func-
tional now come to light. In fact, the transition from wave packet (6.1.44) to
generalized form (6.1.46) is clearly based on the replacement of the canonical
action with the Pfaffian one. The transition from a wave function depending
only on time and coordinates to one depending also on momenta is then self-
evident (as anticipated earlier in this section).

The hadronic generalization of Schrédinger’s equations is attempted in
this section in such a way as to generalize the historical process which lead to
structure (6.1.44), that is, so as to admit a classical limit into the Birkhoffian
generalization of the Hamilton-Jacobi equations. The formal solution is the
following.

Consider a nonconservative, non-self-adjoint implementation of system
(6.1.36)

a* — E%a) - T*t,a)=0; (I = (F}:‘S"(‘)(t a)) (6.1.47)

in which the non-self-adjoint forces can be considered, for instance, as
corrections to (6.1.36) due to the extended nature of the particles. Represent
the system with equations (6.1.32), i.e.,

0A°?

s + B(t,a) =0, (6.1.48a)

a“(R,) = aﬂ<%). (6.1.48b)

da*
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We can easily see that the following Birkhoffian quantization rules*

0A? 0 ~ oA 1 0 ~

yield the desired hadronic generalization of Schrédinger’s equations®
.0 o 10
i—y(t, a) = B(t, AW(t, a) = B|t, - - |W(t, a) (6.1.50)
ot ida
where a suitable symmetrization of the Birkhoffian functions B or # and

a*(R) appearing in (6.1.31) is understood.
Under the wave function

Y = Ne'? (6.1.51)
and values
1 19 o4 139 oA
2~ T TaSa (61.52)

the zero-order term of the expansion of (6.1.50) in 1/A4¢ reproduces the classical
(6.1.48) identically, as the reader is encouraged to verify. The first-order term
then yields a continuity equation of equally easy derivation.

We should indicate that hadronic wave packet (or Green function) (6.1.46)
is the general solution of (6.1.50) under the most general possible combination of
(local, analytic, regular) potential and nonpotential interactions. By compari-
son, no general solution of Schrodinger’s equation of Atomic Mechanics
is known under arbitrary potential forces in such a simple way.

A few concluding remarks are in order. First, conventional Schrédinger’s
equations (6.1.41) are not a particular case of (6.1.50) owing to the use of the
Birkhoffian gauge which is absent in the former equations. The atomic
particularization of (6.1.50) (i.e., the particularization when all nonpotential
forces are identically null) is given by a suitable reformulation of (6.1.41)

* To avoid possible misrepresentations, we point out that the commutativity of the > operators
R is illusory for Hadronic Mechanics. In fact, the conventional associative product R R, must
be replaced by the isotopic one R *R, = R T(a)R,. As a result, conventional commutators

Rv] = R R, — R,R, must be replaced by the isotopic commutators of Chart 5.1, [R R1*
= R TR, — R TR It is then easy to see that the operators R are generally noncommuting
for Hadromc Mechamcs in the sense that, in general, [Ru, R1* ;é 0. To put it in different terms,
the isotopic product has no meaning in Atomic Mechanics, in that the conventional product
must be used for the computation of magnitudes, eigenvalues, etc. By the same token, the con-
ventional product has no meaning for Hadronic Mechanics, and the isotopic one must be used
unless one desires the atomic particularization.

5 An empirical rule for reaching hadronic equations (6.1.50) (as well as several other hadronic
aspects) is the following; it is based on the identification of the generalization occurring in the
transition from the canonical to the Pfaffian actions. As is now familiar, the rule is characterized
by the replacement of the Hamiltonian quantities r*, p,, and H with the corresponding Birk-
hoffian ones a*, R, and B. At the operator level, thlS is given by the replacement of the atomic
operators P = (l/t)(a/ar") and H(t, ¥, p) with the hadronic ones @*, R = (1/i}(6/da"), and
B(t, 4(R)). Several atomic properties can then be readily generallzed into a hadronic form via
this simple rule, once properly implemented (e.g., by keeping in mind that, while the atomic
operators # commute, this is not the case for the hadronic ones a*—see footnote 4).
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obtained via quantization of (6.1.15). This reformation is identified in
Problem 6.3, and its study is left here to the interested researcher.

We therefore have the following implication for conventional potential
forces. The structure of the contemporary formulation of Atomic Mechanics
can be expressed via the dynamic equations of Figure 1 and their inter-
relations with the understanding that several additional approaches exist,
e.g., that of path-integral type, Lagrange type, etc. Another understanding is
that the achievement of consistent quantization-correspondence processes
is still open at this moment and that the equivalence of the two representa-
tions of the figure has been proved only in very special cases.

Hamiltor’s Equations Hamilton-Jacobi Equations
i = [a" H] oA
canonical 5; + H(r’ P) =0
[a”, av] = o transformation
0A4
a = (I, = —
(r,p) P=
canonical
quantization or
correspondence
Heisenberg’s Equations Schridinger’s Equations
PR e .0 -
a* =~ [a* H] za— Yt r) = Hy(t, 1)
! unitary t
[&u av] P ad transformation ﬁ — ~(f r))
a=(&p . 10
P==%
ior

Figure 1

When the function H represents a conservative system H = T(p) + V(r)
and all quantities have a direct physical meaning, a set of deeply interrelated
and mutually compatible atomic laws emerges as valid, in full agreement
with experimental data on electromagnetic interactions. These laws can be
depicted according to the scheme in Figure 2. Galilei’s relativity is considered
of fundamental character not only for the impact of any relativity in the
physical description of nature, but also because, out of all the principles of
Figure 2, it is the only setting which persists at the Newtonian limit.

By inspecting the formulations of Figure 1 the following aspect soon
emerges. Hamilton and Hamilton-Jacobi formulations are defined in the
cotangent bundle T*M with local coordinates r and p. Heisenberg’s
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Heisenberg’s Indeterminacy | Planck’s
Principle Constant
Galilei’s
Relativity
de Broglie’s Wavelength | Einstein’s Frequency
Principle Principle
Figure 2

formulations are defined in terms of (Hermitian) operators which can be
considered as polynomial expressions in ¥ and j while the states are cor-
responding elements of the underlying Hilbert space. In the transition to the
Schrodinger representation, the situation is somewhat altered, inasmuch

“Gauged” Hamilton-Jacobi
Hamilton’s Equations : Equations
. 0A*
at = [al" H] canonical ot + H(t’ a) =0
B V] — v transformation
[@"a]=0w . L oAt
a=@p) Ru (@) = =20 d" =505
a=(rp)
canonical
quantization or
correspondence
“Gauged” Schrodinger’s
Equations
Heisenberg’s Equations s
+ 1 J— i_-'/’(t7 a) = ﬁlp(ta a)
a= 7 [a“’ H] unitary 6t
transformation o - a
G &1 = io* H = H(t, —2&"
[@", &] = i® ( 6a“)
=D 2
@ = 20" —
da

Figure 3
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as the states (wave functions) are now dependent only on r (and time). The
consistency of the formulation is out of the question, as indicated earlier,
and at any rate is permitted by the fact that the second set of Hamilton-
Jacobi equations implies only the p variable (see property (6.1.12)).

However, the form of the Hamilton-Jacobi equations used historically
in the construction of Schrddinger’s mechanics is by far nonunique, and
several equivalent forms are possible, as indicated in this section. This situa-
tion opens the problem, indicated earlier, which we now reformulate in Figure
3. As one can see, Hamilton’s and Heisenberg’s equations are left unchanged,
and only the Hamilton-Jacobi and Schrodinger equations are “gauged” in
the Birkhoffian sense. Needless to say, all the basic physical laws, principles,
and relativities of Figure 2 are expected to preserve their validity under the
“gauged” reformulations of Figure 3.

When passing from the atomic-electromagnetic setting to that of strong
interactions, the forces may become more complex than those representable
by the simplistic Hamiltonian H = T + V, because of the mutual penetration
of hadrons one within the space occupied by others. A generalization of
Atomic Mechanics onto Hadronic Mechanics is then conceivable.

Birkhoffian Generalization
of the Hamilton-Jacobi

Birkhoffian Generalization Equations
of Hamilton’s Equations DA?
genera[ized — 4+ QZ(t, R(a)) =0
at = [a“, B]* canonical ot
transformation
[, @1 = (@) _oae
R(@) = oa*
a=(r,p)

det (aRv“) #0
da

Birkhoffian
quantization or
correspondence

3 Hadronic Generalization
Hadronic Generalization of Schrodinger’s Equations
of Heisenberg’s Equations P 5
1 N generalized i 'a—t’ l//(t9 a) = gg‘p(t’ a)
a'= == [ au, B]* unitary
1 transformation - - 1 a
~ B =Bt - —
[a*, a"1* = iQ*¥(d) ( i 6a)
a=(%p ~ 10
=i

Figure 4
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In this and in the preceding section, we have indicated only two aspects of
the current efforts to construct the Hadronic Mechanics, those of Birkhoffian/
Lie-isotopic type, with the understanding that additional efforts (e.g.,
of Birkhoffian-admissible/Lie-admissible type) are under way. The efforts
considered can be summarized as in Figure 4, where the nonunitary (general-
ized unitary) transformation interconnecting the formulations has been
studied by Myung and Santilli (loc. cit.) via the isotopic generalization of the
Hilbert space and the operations defined on it (including unitarity).

Despite their tentative character, a number of aspects related to the had-
ronic formulations has emerged quite clearly. In particular the mathematical
structure turns out to be based on the isotopic generalization AB - A x B =
ATB of the envelope of Atomic Mechanics (Chart 5.1).

An aspect which may appeal to researchers interested in the pursuit of
novel physical knowledge is that the generalization AB — A * B inevitably
implies the possible existence of a hadronic generalization of all physical
laws, principles, and relativities of Atomic Mechanics, which we can sche-
matically depict as in Figure 5.

This occurrence is evident from a mere inspection of the hadronic wave-
packets (6.1.46) on a comparative basis with the atomic ones (6.1.44). Its
ultimate roots are, predictably, of Newtonian character and can be identified
with the fact that the systems of our environment, when restricted to the
frame of the observer, break Galilei’s relativity according to one or the other
of the mechanisms classified in Chart A.12.

We reach in this way one of the most important objectives of these volumes:
the attempt to construct a generalization of Galilei’s relativity in Newtonian
Mechanics which is directly universal, that is, applicable to all systems of the

Hadronic Covering Hadronic Covering

of Helseqberg s of Planck’s
Uncertainty Constant
Principle

Hadronic Covering
of Galilei’s
Relativity

Hadronic Covering
of de Broglie’s
Wave-length
Principle

Figure 5

Hadronic Covering
of Einstein’s
Frequency
Principle
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class admitted (local, non-Hamiltonian, analytic, and regular) in the frame
of the observer. The hope is that the generalized classical relativity may be
valuable in the study of its hadronic image, as well as of all other hadronic
generalizations of Figure 5.

The construction of the generalized relativity will be conducted as follows.
In the next section we identify the Hamiltonian reduction of Birkhoff’s
equations via the use of the transformation theory. The reduction is clearly
useful to identify an hypothetical frame in which non-Hamiltonian and
Galilei-noninvariant systems acquire a Hamiltonian and Galilei-invariant
form. The use of the inverse transition studied in Chapter 5 will then permit
the identification of the structure of the relativity which is applicable in the
frame of the observer. This latter task will be conducted in Section 6.3. By keep-
ing in mind that detailed treatments of quantum mechanical aspects are
beyond the scope of this volume, the problem of the expected operator image
of the generalized relativity will be referred to the existing literature, except a
few incidental remarks.

6.2 Indirect Universality of Hamilton’s Equations

In Section 5.3 we showed that noncanonical transformations map Hamilton’s
equations into Birkhoff’s equations. In this section we show that, under
certain topological conditions, Birkhoff’s equations can always be reduced
to the Hamiltonian form via the transformations of Darboux’s theorem of
the contact geometry (Chart 5.5). The direct universality of Birkhoff’s
equations (Section 4.5) therefore permits the establishing of the indirect
universality of Hamilton’s equations. These results can be expressed via the
formulation and proof of the following theorem.

Theorem 6.2.1 (The Theorem of Indirect Universality of Hamilton’s
Equations). All analytic and regular systems of ordinary differential
equations of first- (or higher) order admit, in a star-shaped neighborhood of
a regular point of the variables, an indirect Hamiltonian representation.

GEeOMETRIC PROOF. In Section 4.1 and Chart 4.3, we showed that systems of dif-
ferential equations of second (or higher) order can be reduced to an equivalent, regular
first-order form. Theorem 4.5.1 establishes that all first-order systems of the type
considered admit, in a star-shaped neighborhood of a regular point of their variables, a
representation via Birkhoff’s equations

0,da* =0, p©=012...,2n (6.2.1a)
, {a} = {t,a"} = {t, 4", p}, (6.2.1b)
N B R .
Qo = t= - =12... 2.
o =515 Qo, v=12...,2n, (6.2.1¢)

~ OR J0R
Q =_"_ "k _
" da*  ba’ v

wv=12...,2n, (6.2.1d)

B=B@) =B(,a), R,=R,)=Ra), (6.2.1¢)
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where €, characterizes the closed two-form of maximal rank (except contact form)
0, =40, @da* A d&*, p,v=0,1,2,...,2n (6.2.2)

From Darboux’s theorem for the contact geometry we know that, under the assumed
smoothness and regularity conditions, an analytic and regular transformation always
exists,

o dr=a%a), p=012...,2n, (6.2.3)

under which form (6.2.2) reduces to the canonical form (see Chart 5.5)

0 = Y0, d0* A 4%, v =0,12,...,2n (624a)
JH'
Doy = 7—; = — Dy, v=12,...,2n, (6.2.4b)
oa
By = Wy, wv=12...,2n, (6.2.4¢c)
o ~ o’
(f)w, = I:% Qpa‘(a) ﬁ](a ) (624d)

This ensures the reduction of Equations (6.2.1) to the Hamiltonian form
B,,da"” =0, u=012...,2n (6.2.5)
and completes the geometric proof of the theorem. (Q.E.D.)

Theorem 6.4.1 was first studied by Lie (1871) and Koenigs (1895) (see also
Whittaker (1904, pp. 275-276). Subsequently, the theorem has been studied
by a number of authors. See, for instance, Kerner (1964).

It may be advantageous for the applications of the Inverse Probiem to have
an alternative proof of Theorem 6.2.1. In this way, the interested reader is
equipped with alternative approaches for attempting the explicit computa-
tion of a Hamiltonian for a given system.

PraFrIaN PrROOF. Theorem 4.5.1 establishes that the systems considered, under the
conditions assumed, admit an analytic representation in terms of action functional
(4.2.14) with integrand

R, = R,(t, a)da* — B(1, a)dt
= P(t, 4, p)dq* + Q(t, g, p)dp, + B(t, g, p)dt, (6.2.6)

but the Pfaffian problem of reducing form (6.2.6) to the canonical form

RS = pidq* — H'dt,
P =rpdta.p), q*=4q"t,qp), H=H(4q,p), (62.7)

always admits (at least) one solution. This is sufficient to establish the existence of an
indirect Hamiltonian representation for all systems considered. (Q.E.D.)

The literature on Pfaff’s problem is quite extensive. For historical as well as
detailed accounts, the reader may consult for instance, Forsyth (1890) and
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Goursat (1922). A number of approaches have been studied for the solution
of Pfaff’s problem. For the reader’s convenience, we have outlined a method
originally due to Clebsh (see Forsyth, loc. cit., pp. 210-214), and more
recently reelaborated by Hill (1966)).

The solution of the Pfaff’s problem consists of the identification of the
invertible, contemporaneous, but explicitly time-dependent transformations

tot =t
{a*} = {¢", p} = {a¥} = {a"(t, a)}
= {¢"(t, 9, p), pi(t, 4, D)}, (6.2.8)
under which
R,da" = Pi(t, q, p)dq* + QX q, p)dp, = pidq™. (6.2.9)
This implies that
, 0q"*
R, =pi e (6.2.10)

As a result, Birkhoff’s tensor Q,, can be interpreted as representing the
Lagrange brackets

opi 0% 99" dp;
Ol ® =530 %0 ~ a0 20’

= ({a", @'}, ), a). (6.2.11)
It then follows that the contravariant form
Q@) =(@Q"! (6.2.12)
yields the conventional Poisson brackets

da* oa* da* da’
o == - — — = kavl, ., .. . WA
Q*(t, a) 3" op.  p. od. ([a*, ")y, py)(a@) (6.2.13)

The Poisson brackets between any two functions in a-space, say, C(a) and
D(a), can be reinterpreted as follows

oC oD
([C, D)a)(a) = P Q*(t, a) Fd (6.2.14)

a*

The necessary and sufficient conditions for the solution of Pfaff’s problem
can be obtained via the use of Equations (6.2.10) and (6.2.14) and can be
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written (for brevity, we refer the interested reader to the quoted references
for the rather lengthy proof):

, aqlk
Q” Rv -67 = 0, (6.2153)
aqri aqfk
uv =
QoS =0, (6.2.15b)
Y L (6.2.15¢)
v oa* = Dk oo
0p; Op;
v Pt —
Q % od 0, (6.2.15d)
aq/i 6}7’ .
Y734 J = 5i
Qo =10, (6.2.15¢)

The integration of these equations yields the desired solution. Specifically,
the integration of Equations (6.2.15a) and (6.2.15b) yields the functions
q*(t, q, p), while the integration of Equations (6.2.15¢c), (6.2.15d), and (6.2.15¢)
yields the functions pi(t, g, p) under which the general symplectic tensor
Q,, reduces to the fundamental form w,,, ie.,

da’
Py ®,, (6.2.16)

! aap ’
qu(t’ a) - qu = m qu(t’ a(t’ a ))

or, more explicitly,

0R, OR

_ %%
oa* 0a® oa™ da” da”  Oa'* 0a° oa”
ORY 6R2’ _

= oar T e T O

da® 0R, 0a°  da® OR, da’

(6.2.17)

A rather crucial aspect of the Pfaffian problem is the proof that Equations
(6.2.15) always admit solutions under the conditions considered. Regrettably,
this historical proof is rather lengthy and involved. We shall therefore omit it
here and content ourselves with the geometrical proof given above.

The reduction of Birkhoff’s equations in the (¢, a) variables to Hamilton’s
equations in the (¢, a’) variables is now completed via the rule

OR, _OR,\. _ (9B  OR,\| _foa*( = .. OH —0
ot~ oa )? oa* " ot ||sa | 0a* Doet 0a” Jsalnsa

(6.2.18a)

3

H = H'(t,a’) = B(t, a(t, a’)) — (Ei?it Ra)(t, a’), (6.2.18b)
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which is the desired inverse reduction of transformations of type (5.3.22).
Notice that the Birkhoffian does not transform into the Hamiltonian accord-
ing to a scalar rule, but transforms instead according to rule (6.2.18b), due to
the explicit time-dependence of the transformations.

Almost needless to say, the geometric and the Pfaffian proofs are ulti-
mately equivalent. The former deals with the reduction of exact, contact,
two-forms to the canonical form, while the latter deals with the same reduc-
tion, but for primitive one-forms. Nevertheless, these proofs are based on
different methods, and as such, they can be of assistance for practical applica-
tions.

A difference exists in the proofs given above that should be indicated. The
transformations via the use of Darboux’s theorem for contact geometry,
Equations (6.2.3), imply that the “time” of Hamilton’s equations depends on
the time, coordinates, and velocities of the original Newtonian system as
experimentally detected. Indeed, these transformations can be explicitly
written

t—>t =1t(tq,p)=1t(q,p(q,49), (6.2.19a)
4 - q* = g%t q, p) = "t 4, p(t, 4, 9)), (6.2.19b)
px — P = Pt 4, p) = pilt, g, p(t, q, §)). (6.2.19¢c)

On the contrary, the transformations via the Pfaffian problem, Equations
(6.2.8), are contemporaneous, even though explicitly time-dependent (for
the non-autonomous case). Clearly, this latter approach may be preferred
over the former in practical cases.

When the Pfaffian proof is reinspected within the context of the symplectic
(rather than contact) geometry, it emerges dealing with the canonical reduc-
tion of simplectic forms with an explicit time dependence, i.e.,

Q, = 3Q,.(t, a)da* A da’ > v, = jo,,da™* A da” (6.2.20)

which, strictly speaking, should belong to the contact geometry under proper
prolongation into 2n + 1 dimension.

The fact that reduction (6.2.20) can be properly treated within the context
of the symplectic geometry is established by the parametric approach to
symplectic forms of Chart 4.6. Consider a representation of the systems
admitted according to Theorem 6.2.1, and select the region R of definition of
Birkhoff’s equations to be smoothly deformable to a curve monotonically
increasing in time. Under transformations (6.2.8), Birkhoff’s equations
transform according to Equations (5.3.23), i.e.,

R,(t,a) » Ri(t, @) = <% Ra)(t, a), (6.2.21a)

B(t, a) — H'(t, a') = B(, a(t, a)) — (%“7 Ra)(t, a).  (62.21b)
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When the transformations verify all the needed smoothness requirements,
the image region R’ preserves the topological character of R. Then trans-
formations (6.2.8) always exist under which Birkhoff’s equations acquire
the Hamiltonian form, that is, such that

a a
Ry = (l; Ra)(t, a’) = p, (6.2.22a)
da
, oa* ,
Ryt = (W Ra)(t5 a)=0, (6.2.22b)

as guaranteed by the application of Darboux’s theorem of the symplectic
geometry to nondegenerate, closed, and parametric forms.

We conclude this section with a number of remarks. First, it may be of
some significance to indicate that Theorem 6.2.1 admits an infinite number of
different solutions. Indeed, the transformations which reduce a contact
structure to a fundamental structure are always defined up to an infinite
number of possible identity isotopic (that is, canonical) transformations of
the fundamental tensors w** or w,,,. In conclusion and as anticipated earlier
in our analysis, canonical transformations constitute a sort of “degree of
freedom” of the Theorem of Indirect Universality of the Inverse Problem,’
although, they have no constructive role.

The condition of analyticity of Theorem 6.2.1 is due largely to the methods
we have selected for the proof of Theorem 4.5.1 on Birkhoffian representa-
tions, while the condition of infinite differentiability is sufficient for Darboux’s
theorem. Thus, in principle, Theorem 6.2.1 could be reformulated and proved
for systems of class €* only.

It should be recalled that the point of the local variables of Theorem 6.2.1
must be regular in the sense of Chart A.1 and must not be a possible zero of
the determinant of the matrix (Q,,). Also, a neighborhood of such a point
must be star-shaped (or topologically equivalent) to ensure the applicability
of the converse of the Poincaré lemma.

A comparison of the nonlinearity inherent in the geometric and Pfaffian
approaches is instructive. The geometric approach demands the solution
of non-linear systems of partial differential equations (6.2.4d) or (6.2.17). In
the transition to the Pfaffian approach, such non-linearity generally persists.
Indeed, Clebsh’s Equations (6.2.15) are also nonlinear, though of a different
type.

Notice that the systems of partial differential equations for the Hamiltonian
reduction are not, in general, of the Cauchy—Kovalevsky type, nor can they

¢ Note that, on purely formal grounds, these degrees of freedom can be used for the solution
of the equations of motion. In fact, one can attempt to identify a Darboux’s transformation
plus a canonical transformation, under which the new Hamiltonian is identically null, by
therefore implying that a’ = ¢, = constant. The use of the inverse transformation a' — a(a’)
would then produce the solution of the system.
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be readily transformed to a Cauchy-Kovalevsky form. The lack of consequent
applicability of the contemporary existence theory for partial differential
equations confirms the rather crucial methodological function of the
symplectic and contact geometries.

As an historical note, the reader may be interested in knowing that Dar-
boux’s theorem is sometimes called Pauli’s theorem in the literature (see
Jost (1964)). As a matter of fact, a study of the original paper by Pauli (1953)
(as well as its elaboration by Jost (loc. cit.)) is recommended, because it is
directly relevant for the Inverse Problem, although understandably not
intended for such a purpose. In essence, “Pauli’s theorem” can be inter-
preted as a reformulation of Darboux’s theorem, and this is sufficient to
indicate the relevance of Pauli’s studies for the Inverse Problem.

Needless to say, Theorem 6.2.1 is an existence theorem. As such, it guar-
antees that a Hamiltonian exists under the conditions indicated, but it does
not guarantee that such a Hamiltonian can be computed in the needed
closed form. In fact, the technical difficulties related to the Hamiltonian
reduction of Birkhoff’s equations can be rather considerable, as we shall
illustrate in the examples at the end of this chapter.

Despite this restrictive character, Theorem 6.2.1 has an important meaning
for mechanics. In fact, the theorem establishes that, on formal grounds, all
possible Newtonian systems verifying the conditions of the theorem can be
treated via the canonical version of analytic, algebraic, and geometric
formulations.

On more explicit grounds, the systems represented by Theorem 6.2.1 are
of the following three classes: (a) essentially self-adjoint; (b) non-essentially
non-self-adjoint; and (c) essentially non-self-adjoint. For class (a), the
theorem is actually redundant because the systems admit a conventional
Hamiltonian representation (although the use of the techniques of the
theorem may be equally useful for the problem of symmetries and first
integrals). For class (b), the theorem is applicable, although only in the simpli-
fied version without the intermediary use of Birkhoff’s equations. Clearly, for
the most general possible class of systems, those of class (c), the theorem is
applicable in its most general possible formulation, including the necessary
intermediate use of Birkhoff’s equations.

As indicated in the Preface, achieving the primary research objectives by
no means allows the relaxation of the critical examination of the results.
Part of the next section will therefore be devoted to the critical examination
of the physical implications of the theorem.

We conclude this section by pointing out that Theorem 6.2.1 suggests
rather forcefully the Lie-isotopic structure of the hadronic generalization of
Atomic Mechanics (Section 6.1). The property was identified by Santilli
(1978d, 1979b, and 1982b). A simple presentation of the argument is the
following.

The objective is to show that Heisenberg-type treatments of contact/non-
Hamiltonian interactions among extended particies in conditions of mutual



224 Generalization of Galilei’s Relativity

penetration (as in the strong interactions) do not admit the conventional
associative enveloping algebra of operators 4, B, ..., with product AB, but
rather its isotopic generalization, e.g., of the type A* B = ATB, with T a
fixed nonsingular operator satisfying all needed conditions (Hermiticity,
positivity, etc.).
For this purpose, consider a classical, essentially non-self-adjoint first-
order form
(1’) ~ f';A _"FNSA) =0, m=1, (6.2.23)
which, as is now familiar, is non-Hamiltonian by assumption. Theorem 6.2.1
establishes that, under the assumed topological conditions, the systems can
be transformed into an equivalent form in new variables t' = ¢, r’, and p’,
which not only is Hamiltonia, but is actually “free,” e.g., it admits the trivial

Hamiltonian H' = p'?, i,

P—p
—0. 6.2.24
( p ) (6224

Now quantize this system into Heisenberg’s equations

'H - g4 (6.2.25a)
A=AF7p), H=%ip% h=1 (6.2.25b)

by conventional techniques. However, variables 1’ and p’ are not realizable
via experiments (because they are nonlinear functions of the physical co-
ordinates r* and linear momenta p, actually used by the experimenter).
Thus, in order to achieve an operator description in the frame of the observer,
one must identify the inverse transform from system (6.2.24) to (5.2.23),

r—r,p), p-opr,p) (6.2.26)
and the corresponding operator form

1 1
P - f(f’, E V,,), - f)(f’, - V,,). (6.2.27)

1

Since the original system is essentially non-self-adjoint, transformations
(6.2.26) are necessarily noncanonical (Section 5.3). For the consistency of
the theory, the operator image (6.2.27) must therefore be nonunitary.

Our objective is then achieved by noting that, under a nonunitary trans-
formations, Heisenberg’s equations (6.2.25) transform into the isotopic form
(18) of Chart 5.1. To see it, suppose for simplicity, but without loss of general-
ity, that transformations (6.2.27) are expressible via the nonunitary operator
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exp(iBZ), where 6 is the parameter and Z is a non-Hermitian operator
(Z' # Z). Then we have the formal rule

. dA
id =i =[A B]* = ATB - BT, (6.2.28a)
A =e%gei02t B _ pitzpye-iozt (6.2.28b)
[A, B]* = e[ A4’, H']e™ ¢ (6.2.28¢)

T = ¢%Te=#Z _ Tt (6.2.28d)

Equations (6.2.28) confirm the existence of an operator realization of the
Lie-isotopic theory. In addition, they confirm the apparent, rather general,
physical meaning of isotopy at the various levels of mechanics (Newtonian,
statistical, particle, etc.). We are referring here to the capability of the isotopic
mapping of the enveloping algebra or of the Lie product to represent con-
tact/non-Hamiltonian interactions.

Intriguingly, the hadronic generalization (6.1.50) of Schrddinger’s
equations is equivalent to the isotopic generalization (6.2.28a) of Heisenberg’s
equations (Myung and Santilli, 1982a).

6.3 Generalization of Galilei’s Relativity

In this section we review the canonical foundations of the contemporary
formulation of Galilei’s relativity. We then show that such relativity is
applicable to a rather restricted class of systems. Finally, we identify the
rudiments of a possible generalization of Galilei’s relativity of Lie-isotopic
and symplectic-isotopic type which is applicable to local Newtonian systems
with potential and non-potential forces. A good knowledge of the Lagrangian
treatment of symmetries and first integrals (e.g., as reviewed in Charts A.6
through A.12) is assumed.

Definition 6.3.1. A first-order system of ordinary differential equations’

AN 1
A dt o 2 1

@) = » =|&]l=E"»= =)= P/ (6.3.1)
—i l.)k Fk(ta T, p)
dt

in the vector-field form on R x T*M

~ - 0 0 0
=(0) = =4 = =K o _ 3.
SO =@ =Tty (6.32)

7 We continue to use the notation whereby the index g runs from 1 to 2x for a* and from 0
to 2n for &". The same notation is used for other quantities, such as R, and R,. We pass liberally
from one notation to the other, depending on whether or not the separation of the time de-
pendence is important.
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is said to possess a symmetry under smoothness preserving and regular
transformations

a* — a(a) (6.3.3)

when it is form-invariant according to the rule

2 oa* o
By = EMaa i
(@) 25 = @) oo o
&) o = 2 o (634)
K 3

The symmetries of a vector field can be classified into manifest, nonmanifest,
discrete, connected, finite, infinitesimal, contemporaneous, noncontemporaneous,
etc., in essentially the same way as that of the symmetries of second-order
systems (Chart A.6).

Definition 6.3.2. A function I(4) = I(t, a) = I(t,r, p) is called a first integral
of vector field (6.3.2) when its total time derivative along the direction of the
vector field is identically null, i.e.,

dl_ ol g ool o o d g, 63
i T g TS Ta T @=0 (6.35)

A first integral is called a conservation law when the quantity I(@) directly
represents a physical quantity, such as the total energy, the total linear
momentum, etc.

Several differences between first integrals and conservation laws were
presented in Chart A.8 for the second-order case, and they are readily adapted
to the first-order one.

Theorem 6.3.1 (Invariance Property of First Integrals). A first Integral
1(2) of a vector field = is invariant under infinitesimal transformations with
E* as generators and 5t as parameter.

PROOF.
o &, 15t = 0. (6.3.6)
oar~ T T o
(Q.ED))

This property was identified by Sophus Lie. For historical notes as well as
a presentation of the topic and related aspects, the reader may consult
Hagihara (1970, pp. 291-293). To restate the property in different terms, we
can say that the infinitesimal transformations

81 = I(@* + §t2"y — I(a") =

t—>t' =t+3t a*—a*=a"+ StE* (6.3.7)
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constitute a symmetry of the vector field on account of the properties
I(t,a) = I(t(t), a(t',a)) = I'(t,a') = I(t', a') (6.3.8)

which are ensured by rule (6.3.5).

Under the assumed topological conditions, it is also possible to prove the
inverse property, that is, if a function I(t, a) is form-invariant under trans-
formations (6.3.7), then it is a first-integral with respect to =.

Definition 6.3.3. A set of functions V,(t,a), k = 1,2,..., m < 2n are called
invariant relations with respect to the vector field = when the identities

Vi(to, ao(to)) = O, (6.3.9)

hold along the solution a, of the system at one given value of time ¢, and can
be satisfied for all values of time.

The difference between first integrals and invariant relations is instructive,
as well as important for the objectives of this section. In essence, for the case
of first integrals, the relation I = 0 holds identically; that is, it holds for all
possible paths a which are not necessarily solutions of the system. An
invariant relation, on the other hand, holds only along the solution of the
system. As a result, the quantity I is not necessarily an invariant relation
ie, I # V. The (2n + 1 — m)-dimensional hypersurface on R x T*M
characterized by Equations (6.3.9) is called the hypersurface of the invariant
relations. For additional properties, one may consult, for instance, Hagihara
(loc. cit.).

A set of physical quantities X ,(t,a), k = 1,2,...,can therefore be conserved
in more than one way. First, the total time derivatives can be identically null
along the direction of the vector field, i.e.,

) OGN
X8 = aauk @) = 0, (6.3.10)

in which case they are first integrals. Secondly, a regular matrix of functions
A (t, @) may also exist such that

X = (T 2)ao - aimen 20, @3
in which case the X’s are conserved by virtue of the invariant relations. In
the former case we say that quantities X, are strongly conserved, while in the
latter case we shall say they are weakly conserved. Also, the strong equality
will be denoted with the symbol = used in Equations (6.3.10), while the
weak equality will be denoted with the symbol £ used in Equations (6.3.11).

A simple example is given by the total energy E, (a) of a conservative
system. When the equations considered have no initial conditions, the energy
can assume an arbitrary constant value C; E, (a) is a first integral; and we
can write the strong equality E,(a) = C. However, if we assume a given
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fixed value C, of C, then the relation E, (a) = C, can only hold weakly,
that is, V = E,(a) — C, is an invariant relation.® In fact, the assumption
of the value C, of the energy at one given value of time causes the system to
preserve the same energy at all subsequent times.

Note that invariant relations can occur for all possible vector fields and not
necessarily only for conservative ones. The understanding is, however, that
the physical interpretation of relations (6.3.11) becomes considerably more
abstract for nonconservative systems.

We now restrict the vector field to be Hamiltonian in the sense of Equa-
tions (4.3.5), i.e.,

oH(t, a)

Eu(t, a) = " T (6312)

and review the conventional definition of symmetry within the context of
canonical formulations.

Definition 6.3.4.° A contemporaneous smoothness-preserving regular
transformation.

t-t =t, a* — a*(a) (6.3.13)

is a symmetry of Hamilton’s equations when it is, first, Lie identity isotopic
(that is, canonical),
oa'* oa’”

wﬂv — qu = Ea—P wlm' aaa = wuv (63.14)

and, in addition, leaves the Hamiltonian form-invariant, i.e.,
H(t,a) » H'(t,a’) = H(t, a(a")). (6.3.15)

Consider the case when the symmetry is constituted by an r-dimensional
Lie group of infinitesimal transformations G,. The condition that these
transformations are canonical demands that they have the structure (see
Chart 5.4 for detail)

X
G, a* = a" + W %—al (6.3.16)

where the w’s are the infinitesimal parameters and the X’s are the generators
of G,.

® The case E,,, = C, is also referred to as a particularized first integral.

° The extension of the definition to the noncontemporaneous case is given later as a particu-
larization of the more general notion of symmetry of Birkhoff’s equations. Note that the sym-
metries of Hamilton’s equations do not recover all possible symmetries of the represented vector
field. The proof of this property is left as an instructive exercise for the interested reader (Problem
6.4).
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However, the image of the Hamiltonian under transformations (6.3.16) is
given by

0H  0X
H'(t,d) = H(t, a) + w* —— o 04k _

k
s O oy = H+ wiH X1 (63.17)

The following (well-known) important property for the autonomous case
then follows. Its extension for the non-autonomous case is not considered for
brevity.

Theorem 6.3.2 (Integrability Conditions for Hamiltonian Symmetries).
A necessary and sufficient condition for transformations (6.3.16) to be
symmetries of a Hamiltonian H(a) is that the conventional Poisson brackets
of the Hamiltonian with all the generators X,(a) are identically null, i.e.,

[H,X]=0 k=12...r (6.3.18)

The evident distinction between Lie transformation groups and Lie sym-
metry groups should be kept in mind. Also, one should remember that, if a
given Lie group is a symmetry group for one given Hamiltonian, the same
group is not necessarily a symmetry group for another Hamiltonian.

The use of Lie’s theory, with particular reference to Lie’s theorems and the
universal enveloping associative algebra (reviewed in the charts of Chapter 5
for the reader’s convenience) then permits the following important conse-
quence of Theorem 6.3.2.

Corollary 6.3.2a. The Lie algebra G, of an r-dimensional Lie symmetry
group G, of a Hamiltonian H is given by the vector space (over the field F of
real numbers) of the generators X, on T*M verifying conditions (6.3.18),
equipped with the conventional Poisson brackets as the realization of the Lie
product, and obeying the following closure rules expressed in terms of the
structure constants Cf-‘j (from Lie’s second theorem)

[X:, X;] = CX,. (6.3.19)

It is understood that H can be one element of G,. It is also understood that
G, can be infinite-dimensional. Nevertheless, most Lie algebras of symmetry
groups relevant in physics are finite-dimensional. This is the case particularly
for space-time symmetry groups such as the ten-dimensional algebra of the
Galilei’s group on R x T*E(3)'°

G(.1) = [SOQ3) @ T,(3)] @ [T:,(3) + T,(1)] (6.3.20)

10 We restrict ourselves for simplicity here and in the following, to presenting the simplest
possible form of Galilei’s group, that without scalar extension. For a study of broader structures,
see, for instance, Levy-Leblong (1971). See also Sudarshan and Mukunda (1974, Chap. 19).
The reader must be aware that a Poisson brackets realization of algebra (6.3.20) exists for the case
of null mass, and that the use of the scalar extension is needed to treat the case of non-null
mass. For similar reasons, the subsequent exponentiation (6.3.28) must be interpreted as occur-
ring for subgroups and conditions not demanding the scalar extension. It should be stressed that
similar occurrences are expected for the isotopic generalization of Galilei’s relativity.
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of Galilei’s group of transformations

t>t =t+t,,
GB.A):3r—>r =Rr + vt + 1, (6.3.21)
p— P = Rp + mv,,

where SO(3), T,(3), T,(3), and T,(1) are the Lie algebras of the groups of
rotations, translations in space, Galilei’s boosts, and translations in time,
respectively; and the symbols + and @ denote direct and semidirect sums,
respectively.

The preceding elements are sufficient to illustrate that the notions ex-
pressed by Definiton 6.3.4, Theorem 6.3.2, and Corollary 6.3.2a are of funda-
mental relevance in contemporary theoretical physics. In fact, the notions
are the basis of Galilei’s relativity in Newtonian mechanics as well as, upon
a number of technical implementations, Galilei’s relativity in quantum
mechanics, Einstein’s special relativity in classical discrete mechanics,
quantum mechanics, or quantum field theory, etc.

The following definition has been conceived to focus attention on some
of these methodological foundations.

Definition 6.3.5. Consider a local, analytic, regular, unconstrained, con-
servative, Newtonian system of N particles in the unique, normal, first-order
form expressed in the local variables of its experimental observation

ka
@) = C ) = (Ea)) = <l}k*<2)) (6.3.22)

Dka

u=12,...,2n = 6N, k=12,...,N, a=xy,z p = mr

with the ten total conservation laws

En=Tp + VI =X, (6.3.23a)
N N
Po= Y p= 2 mp = {Xs, X3, X}, (6.3.23b)
k=1 k=1
N
M, = Z r, X p = {Xs, Xe, X5}, (6.3.23¢)
k=1
N
G = Y, (mr, —tp) = {Xg, Xo, X0} (6.3.23d)
k=1

Then, Galilei’s relativity'! can be defined as a'? form-invariant description of
the closed self-adjoint character of the system, that is, as the symmetry of

11 A number of references on Galilei’s relativity have been given in Chart LA.1, beginning
with Galilei’s historic work.

12 As indicated in Chart A.12 (see also Problem A.10) Galilei’s symmetry is not necessarily
the sole symmetry capable of characterizing conservation laws (6.3.23) via Noether’s theorem,
owing to the existence of the isotopically mapped symmetries.
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the equations of motion under the ten-parameter Lie transformation group
G(3.1) (form-invariance):

GBR.1):a" - a%a), a=(a) (6.3.24a)
Z(a) = E42) a?w = 2K )Ea'i_u +

= @) o oo = @)

= B 0 = B @) 2 + 2 = E(@) (6.3.24b)

whose ten generators X, represent the conservation laws of total quantities
(6.3.23), i.e., (closed self-adjoint character):

. X, -
X(a) = % Bva)=0, k=12...,10. (6.3.25)

The relativity is characterized by the following formulations.

1. Analytic formulations essentially consist of the representation of the
equations of motion via the conventional Hamilton’s equations

0R%a) 0R%a)]., oH(a)
[ i~ e |~ =0, (6.3.26a)

aR? aRO Onxn - 1n><n
(wuv) = ( - u> = < )> R = (ps 0)

oa* oa’ Lixn 0, xn

(6.3.26b)

and related canonical formulations (canonical transformation
theory; canonical perturbation theory; Hamilton-Jacobi equations;
etc.).

II. Algebraic formulations essentially consist of the universal enveloping
associative algebra o/(G(3.1)) of Galilei’s algebra

T
#(GBD) = 2, (6.3.27a)
T=FT®GOGCRGD -, (6.3.27b)

Z:[X, X]1-X, X, - X;®X), (6.3.27¢)
G(3.1) ~ [(GE.)] : [X;, X = CX,, (6.3.27d)
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the canonical realization of Galilei’s group!?

G(3.1):a* > a* = exp(@" 66 66 )a", (6.3.282)
{6 = {to; To; %0, Bos Vo Yol (6.3.28b)

and related Lie’s theory (representation theory, etc.).
III.  Geometric formulations essentially consist of the characterization of
the (autonomous) equations of motion as a Hamiltonian vector field
Z_lw,=—dH (6.3.29)

with respect to the fundamental symplectic structure

1 (c’Ro aRO
(1)2 =

AT )d“" A da® = dpg, A ¥ (6.3.30)

and related symplectic and contact geometric formulations (Lie’s
derivatives, etc.).

A few comments are in order. First, we should stress the restriction of the
applicability of Galilei’s relativity only to closed self-adjoint systems. This
restriction is based on the notion of (physically) exact symmetry of Chart
A.12 applied to the case at hand. In fact, we have the combination of the
mathematical condition of Hamiltonian form-invariance and related first
integrals, with the physical condition that the first integrals directly represent
laws of nature. The conservative character of the forces is then a consequence,
e.g., of the conservation of the energy.

We can say in different terms that Definition 6.3.5 applies only for systems
of Newtonian particles verifying the following conditions.

(1) Closure condition: The system can be considered as isolated from the
rest of the universe in order to permit the conservation laws of the
total mechanical energy, the total physical linear momentum, the
total physical angular momentum, and the uniform motion of the
center of mass.

13 The “time component” of canonical realization (6.3.28) of Galilei’s relativity

da® da® )

characterizes the time evolution of the system and should not be confused with the time transla-
tion. In particular, the latter acts on time,t — t' = t + t,, while the former acts on the a variables,
a(r) — a(t + t,). Also, the latter is unique, while the former depends explicitly on the
Hamiltonian, and therefore its explicit form is different for different systems. The proof of the
canonicity of the time component has been left as an exercise for the interested reader
(Problem 5.8). (See also footnote 10 on page 229.)

( ﬂaH 0
a' = exp|tw®
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(2) Selfadjointness condition: The particles can be well approximated as
massive points moving in vacuum along stable orbits without
collisions,'# in order to restrict all possible forces to those of action-
at-a-distance, potential type.

The existence of physical systems obeying these conditions is unequivocal.
For instance, our solar system in Newtonian approximation is indeed a
system of this type, and, as such, obeys all conditions for the applicability
of Galilei’s relativity.

Nevertheless, the applicability of Galilei’s relativity is the exception, and its
violation is the rule in Newtonian mechanics for several reasons. The most
important is that Newtonian “particles” can be well approximated as
“massive points” only under very special conditions. In fact, Newtonian
systems generally imply motions of extended objects (e.g., a satellite) in a
resistive medium (e.g., Earth’s atmosphere), in which case their reduction to
massive points would imply excessive approximations (e.g., the approxima-
tion of the satellite orbiting in our atmosphere with a conserved angular
momentum).

When the extended character of the objects is represented together with
their general motion within media, the dynamic conditions become un-
restricted. As a result, the equations of motion break the Galilei’s symmetry
according to one of the mechanisms of the classification of Chart A.12
(isotopic, self-adjoint, semicanonical, canonical, and essentially self-adjoint
breakings).

Equivalently, we can say that, if Galilei’s relativity is imposed in the
exact meaning of Chart A.12, it generally implies an excessive restriction of
the acting forces, with consequentially excessive approximations of the
perpetual-motion type.'>

14 A few rudimentary remarks on the problem of the global stability of the system and that of
the orbits of each constituent will be presented momentarily.

!5 The considerations suggesting a generalization of Galilei’s relativity for nonpotential
interactions are numerous, both within the context of Newtonian Mechanics, as well as in rela-
tion to other disciplines, such as statistical mechanics or quantum mechanics. Within the context
of Newtonian Mechanics, the breaking of Galilei’s symmetry by the systems of daily life (recalled
earlier) is only one aspect, and several additional considerations exist. For instance, it can be
proved (Problem 5.9) that systems with nonpotential forces evolve according to a noncanonical
law. In turn, this implies the inapplicability of virtually all methodological foundations of
Galilei’s relativity, as reviewed in Definition 6.3.5. It can also be proved that, if one imposes the
canonical character of the time evolution in the variables ¢, r, and p = mf of the experimental
observation, all non-self-adjoint forces are identically null. This is, perhaps, one of the most
direct ways to see that Galilei’s relativity does not permit the representation of contact forces.
The need for a suitable generalization is then consequential. In the transition to other disciplines,
the need reemerges perhaps even more forcefully. For instance, a statistical system of particles
obeying Galilei’s relativity, in the strict sense of Chart A.12, prohibits a consistent formulation of
thermodynamics, e.g., because of the invariance of the equations of motion under time inversion,
with consequential inability to account for the entropy (see Chart 1.A.4 on the arrow of time and
the entropy). One can therefore see the need to reach a relativity which, while preserving the
conventional description of total conservation laws and global stability, is consistent with
experimentally established thermodynamic laws. Additional arguments exist within the context
of quantum mechanics because of the inability of Galilei’s relativity to describe effectively wave
packets in mutual penetration and overlapping. The generalization of Galilei’s relativity
presented later on in this section has been conceived to solve or at least alleviate these problems.
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In the following, we shall identify the rudiments of a possible generalization
of Galilei’s relativity which is more generally applicable to local Newtonian
systems. The research attitude needed for this task is the opposite of the con-
ventional one. Customarily, one first assumes an established relativity, and
then restricts the dynamics to that compatible with the relativity assumed.
On the contrary, we advocate here first the assumption of dynamic conditions
as identifiable in nature, and then the search for a compatible relativity. This
research attitude can be implemented according to the following three
steps: the identification of the largest possible class of systems with un-
restricted dynamics, the identification of the methods for the treatment of the
systems considered and of their symmetries, and the identification of the
covering relativity.

Step I: Closed Non-Self-Adjoint Systems. When a system of particles is
isolated from the rest of the universe, it must necessarily obey the ten con-
servation laws (6.3.25); that is, it must be closed. However, this does not
necessarily imply that all internal forces are of the potential, action-at-a-
distance type. In fact, closure conditions (6.3.25) are compatible with internal
forces of contact, nonpotential, non-self-adjoint type due to internal collisions
and/or motion within resistive media. This leads in a natural way to the
notion of closed non-self-adjoint systems*® reviewed in Chart A.8 for the case
of second-order systems. Their formulation for first-order systems can be
presented as follows.

Implement closed self-adjoint systems (6.3.22) with an unrestricted col-
lection of local, analytic, Newtonian forces. These additive forces can be
classified into self-adjoint'” and non-self-adjoint, resulting in the following
systems

wKa

7
(@) = (Pk ) = (T"(t, @)) = (E%(a)) + (F (1, a))

_ [P/ 0
- (f ﬁa’*(r)) ” (Fi;‘(t, np) + FNAG T p))- (6.3.31)

The total energy will be modified in this implementation, trivially, because
of the additional presence of potential forces,

E = T(p) + V() + U(,r,p), (6.3.32a)
¥ oV
Tp) =S —p, - fsa = _ 97 3
() k; o P P y e (6.3.32b)
saf,  Py_ _0U doU
F (t, r, m) =gt (6.3.32¢)

However, all the other total quantities (6.3.23b)-(6.3.23d) remain unchanged.

16 Santilli (1978d).

17 As implicit in the treatment of Chart A.12, a Galilei form-noninvariant force need not be
non-self-adjoint. In fact, several self-adjoint forces of common use in mechanics break Galilei’s
symmetry either in part or in full.
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In fact, as indicated during the course of our analysis, physical quantities such
as the total linear momentum P, are defined in a way independent from the
acting forces which, clearly, can only affect their behavior in time.

Definition 6.3.6. The most general possible class of local, analytic, closed,
non-self-adjoint Newtonian systems is given by the class of all possible, con-
sistent, generally overdetermined and constrained systems

ka

. DPia/ My

"y — — l"ll t — ,
@) (m) . ) (fﬁ:?(r) LR D) + FAG, p))

(6.3.33a)

. oX, 0X.

; =—ad-——=0 6.3.33b
X(t, a) FPTC , ( )
X, =E,=T/p + V() + UGr,p), (6.3.33c)

N
{X3, X3, X4} = Py = Y mypy, (6.3.33d)
k=1
N
{X5,X6, X7} =M = ) 1 X By, (6.3.33¢)
k=1
N
{Xg, X9, X 10} = G = ), (myry, — tp)), (6.3.33f)
k=1
u=12...,6N, k=1,2...,N, a=x,y,z
i=1,2,...,10.

The primary difference between closed self-adjoint and non-self-adjoint
systems is the same as that for the second-order case;; namely, the conservation
laws of total quantities are first integrals of the equations of motion for the
former, while they are, in general, subsidiary constraints for the latter.

The physical existence of closed non-self-adjoint systems is established by
a simple observation of nature. For instance, the Earth, when considered as
isolated from the rest of the universe and inclusive of its atmosphere, is
precisely a closed systems with unrestricted internal forces.

The mathematical existence of the systems is established by the existence
theory of overdetermined systems. As indicated by Santilli (loc. cit.) in his
original proposal, a hierarchy exists of classes of consistent systems (6.3.33)
with a dynamics of increasing complexity and methodological needs.

Definition 6.3.7. Closed non-self-adjoint systems can be classified into:

Class a: when the conserved total physical quantities are first integrals
of the vector field;

Class f: when the conserved total physical quantities constitute invariant
relations of the vector field;

Class y: when the conserved total physical quantities constitute bona
fide subsidiary constraints of the vector field.
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For brevity, we limit ourselves to the illustration of class a. The existence
of the more general classes f and y will be only indicated.

Assume for simplicity that the additive self-adjoint forces in Equations
(6.3.33a) are null. This implies that the original total energy (6.3.23a) persists
during the implementation of the systems with internal contact forces. We
now impose the conservation laws to be first integrals of the new systems
according to the strong equality

X,
X(t,a) = a i T a—;f—
oX, 0X\\ X,
iy i ipn —
[ i ) + o P =0, (6.3.34)

but the original equations (6.3.25) are verified by assumption. Thus condi-
tions (6.3.34) reduce to

oX; 0X;
—LF# L F=0; 3.
i = 0; (6.3.35)

that is, the non-self-adjoint forces must be null eigenvectors of the matrix
(6X,/0p,,). When all ten conservation laws are worked out in detail, they
imply the following conditions on the non-self-adjoint forces

N
k_z p-FY¥$A =0, (6.3.362)
N
; A= (6.3.36b)
) .
Yr, x FYSA =0, (6.3.36¢)

k

1

Note that these are conditions on non-self-adjoint forces for total physical
quantities to be first integrals. As a result, conditions (6.3.36) are only
sufficient for the consistency of systems (6.3.33) and not necessary.

It is now trivial to see that consistent systems of class o do indeed exist. In
fact, the consistency of systems (6.3.33) has been reduced to that of systems
(6.3.36). These are functional systems of seven equations in 3N unknown
functions #15A violating the integrability conditions of Theorem A.1.1.
Solutions in the functions Z 1oA exist beginning with N = 3. The case N = 2
is a special one, inasmuch as the closure forces the orbit to be in a plane. The
number of equations (6.3.36) therefore reduces to five, while the number of
functions #LA is four. Despite the lack of sufficient degrees of freedom,
asolution still exists, and it is presented in Example 6.3. It essentially demands
the abandonment of the restriction that the contact forces are of Newtonian
type and the acceptance of more general, acceleration-dependent, contact
forces. As a result, the case of the two-body, closed, non-self-adjoint system is
particularly instructive in Newtonian mechanics, as well as for possible
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quantum mechanical and quantum field theoretical generalizations (Chart
6.1).

The N-body, closed, non-self-adjoint systems of class o (N = 3) are equally
instructive at all levels of study. For instance, conditions (6.3.36) might
conceivably be derived via arguments of global stability of the system achieved
via unstable orbits of the constituents. More explicitly, the global stability of
a closed self-adjoint system is essentially achieved via the stability of the
orbits of each constituent, as is typically the case, say, in our solar system or
in atomic structure. In the transition to the closed non-self-adjoint systems,
the situation is fundamentally different inasmuch as global stability is achieved
without prohibiting internal collisions with the consequential instability of
the orbits of each constituent, as is evidently the case with the sun, for instance.

In fact, condition (6.3.36a) (which ensures the conservation of the total
energy) is clearly a first condition for global stability via unrestricted internal
exchanges of energy; condition (6.3.36b) (which ensure the conservation of
the total linear momentum and the uniform motion of the center of mass) is a
clear expression of the additional condition of global stability via unrestricted
action and reaction effects with null total value; and condition (6.3.36¢)
(which ensure the conservation of the total angular momentum) is clearly the
last expectable condition for global stability.!®

However, as indicated earlier, conditions (6.3.36) are only sufficient for the
systems considered. When the broader class f is admitted, equations (6.3.34)
are generalized into the weak equality

X(t, ag) = M(t, ag)V(t, ap) < 0; (6.3.37)

that is, they are expressed via invariant relations according to Definition
6.3.3. In turn, conditions (6.3.37) themselves are only sufficient, inasmuch as
the most general class of the systems (class y) is that for which the conservation
laws are bona fide subsidiary constraints of the equations of motion. The
study of these latter systems is left here to the interested researcher.

In closing step 1, the reader may recall (Chart A.8) that closed non-self-
adjoint systems were proposed as structure models of hadrons with extended
internal constituents and non-Hamiltonian structural dynamics.

Step I1: Symmetries, First Integrals, and Conservation Laws of Birkhoff’s
Equations. As is well-known, Galilei’s relativity in its contemporary inter-
pretation is an expression of some of the most advanced analytic, algebraic,
and geometric techniques of Hamiltonian Mechanics. But a necessary condi-
tion for a closed system to be non-self-adjoint is that the vector field is not
Hamiltonian in the variables (¢, r, p), p = mf, of its experimental observation.
This implies that, for systems (6.3.33), not only do we have the general lack of
Galilei form-invariance, but we actually have the lack of applicability of the
methodological foundations of the relativity. In turn, this creates the need to

18 A first statistical study of closed non-self-adjoint systems has been conducted by Tellez—
Arenas, Fronteau, and Santilli (1979).



238 Generalization of Galilei’s Relativity

identify covering methods before any attempt at the construction of a
covering relativity can acquire scientific value.

The direct universality of Birkhoff’s equations for the representation of all
closed non-self-adjoint systems was established in Chapter 4, together with
the methods for the construction of the Birkhoffian representation from
the equations of motion, as well as the identification of the underlying
degrees of freedom. The representation can be constructed according to the
equations

<6Rv dR, OB (OB 126N, (633%)

o o

oa* oa’

)F”(t, a)

where the Birkhoffian can be the total energy,
B =T(p) + V(r) + U, p), (6.3.39)

and the R-functions are obtained via the solution of one of the Cauchy-
Kovalevski equations (4.5.6) or (4.5.7), or via one of the three methods of
Corollary 4.5.1d. In this way, while all self-adjoint forces are represented by
the Birkhoffian (as it occurs for the Hamiltonian), all non-self-adjoint forces
are represented via the generalization of the canonical tensor w,, into the
Birkhoffian form Q,, (which is not possible in Hamiltonian formulations).

In the preceding chapter we have established that the Birkhoffian trans-
formation theory is a bona fide covering of the Hamiltonian one. Thus
Birkhoffian Mechanics is a natural candidate for attempting a generalization
of Galilei’s relativity. In order to conduct this task, the problem remains of
generalizing the methods underlying symmetries, first integrals, and con-
servation laws.

Definition 6.3.8. The most general possible transformations on R x T*M,
a* — a*(a), u=0,12...,6N, (6.3.40)

are said to constitute symmetries of Birkhoff’s equations (5.3.38), i.e.,
Q,(@)da* = 0, (6.3.41)

when they are identity contact isotopic with respect to the (2n + 1) x
(2n + 1) tensor qu(a). By recalling that all transformations (6.3.40) are
contact-isotopic (Lemma 5.3.3), we have a symmetry when the following
particularization of transformation laws (5.3.31) holds

A A\ JAY 6&"1 A’ (A Al
Q, (@)da" = ¥ Q,a)da”

Al

04

= 7 Qu(@)da’ =0, (6.3.42a)
. 04 . 84°
Q@) = 5, 0,,8)) (6.3.42b)

FrE o™
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or, more explicitly, when the following particularization of transformation
rules (5.3.38) holds,
0B + OR, ia
o " o |
dR, OR, 0B &R
v _ d v o_ _ —‘l
<6a“ 60”) “ <6a“ T )dt
o0a* A
- ( o Qaﬂ(a/)da'ﬁ)

oat
0B 0R
it da'®
(e o

_ (aa'“) o
~ \aa o
(aR,, _ 6Ra) i (63 aRa) i

Q. (a)da) =

Ga"  oa® o o
(6.3.43a)
C o da* oy,
R(t,a) = (Ru P B E)—ﬁ)(t ,ad), (6.3.43b)
C N ot oa"\ ,
B(t,a) = (B ar R, o )(t,a). (6.3.43¢c)

Equivalently, we have a symmetry when the primitive one-form of Birkhoff’s
equations (the integrand of the Pfaff’s action) is form-invariant up to
Birkhoffian gauges,

. R . G(&
R (a)de* = Ry@a)da” = [Ra(a') 49 a(ﬁ“ )]da'“, (6.3.442)

Ry @) = (R aa“)(a'). (6.3.44b)

*oa*

The covering nature of Definition 6.3.8 over 6.3.4 is established by the fact
that the symmetries of Hamilton’s equations are a particular case of the
symmetries of Birkhoff’s equations, in exactly the same way as the trans-
formation rule of Hamilton’s equations is a particular case of that of
Birkhoff’s equations (Corollary 5.3.3d).

Most important is the property that the new time ¢, in general, can be not
only a function of all old variables #(¢, r, p), but also the image of any old
variable (Corollaries 5.3.3a and 5.3.3c).

We move now to the identification of the generalized methods for the
construction of first integrals from known symmetries of Birkhoff’s equa-
tions. For this purpose we suppose that given Birkhoff’s equations possess
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the following Lie symmetry group of infinitesimal transformations

!

G (@) = ( ;) - @) = ( ;) = (@ + 5% = (@ + wial(@)

_ft+ wp(t, a)
= (a“ o a))’ (6.3.45)

where, again, the w’s are the infinitesimal parameters.
Then, by recalling rules (6.3.44) or, equivalently, via the direct use of the

variational techniques of Section 1.1.3, the Pfaffian action under transforma-
tions (6.3.45) transforms according to

R @)da* = — | d[8G@)], (6.3.46)
Dy

Dy

54 = J R (a)da* —
D:

where D, is the original (closed) interval of time, and D, is its image under the
transformations.

By recalling generalized variational principle (5.3.50), we can write along
a possible or actual path

5 | atR (@)
D, D,

dtQ,(a)a*6a*
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x [R,(t, )f¥(t, a) — B(t, a)p(t, a) — G(t, a)}(E°).
(6.3.47)

I

In this way we reach the following result.

Theorem 6.3.3 (Noether’s Theorem for Birkhoff’s Equations). If
Birkhoffs equations admit a symmetry under an r-dimensional connected
Lie Group G¥* of infinitesimal transformations, then r linear combination
of Birkhoff’s equations exist along an admissible path which are exact

differentials, i.e.,
d ~ .
I Ia) = Q, (a)a‘at, (6.3.48a)

I(a) = R(2)34(a) + G(&)
= R(t, d)f(t, a) — B(t, a)p(t, @) + G(t, @), i=12,...,r
(6.3.48b)
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A quite simple, alternative proof can be formulated via (a) the property
that Noether’s theorem (Chart A.9) also applies to first-order totally de-
generate Lagrangians L(t, a, 4); (b) the property that Birkhoff’s equations
coincide with Lagrange’s equations in L(t, a, d) according to Equations
(4.2.38); and (c) the specialization of Equations (6b) of Chart A.9 to the case
at hand. This alternative approach gives rise to the quantities

L(t, a, a) = R,(t, a)a* — B(t, a), (6.3.49a)
oL . oL s a
= — Sat — [Z=g* — L
I oa <6d" a )5t + 0G(t, a)

= R,éa" — (R, " — R,&" + B)St + §G
= wR,(t, @)fi(t, @) — B(t, a)p(t, a) + G(t, a)], (6.3.49b)
which are equivalent to those of Equations (6.3.48b).

Corollary 6.3.3a. The quantities (6.3.48b) are first integrals of Birkhoff’s
equations.

In fact, the properties along a possible or actual path

& 1@, = 0 @@, = 0 (6350
are equivalent to Equations (6.3.5), where Z is the vector field represented by
Birkhoff’s equations.

The covering character of Theorem 6.3.3 over Hamiltonian formulations
is expressed by the fact that, when the Pfaffian form becomes the canonical
one (i, for R = R® = (p, 0) and B = H), we have

I; = p At — Hp; + G;

oL oL
=L (ar’“‘ e _ L)ﬁi + G, (6.3.51)

= gkl T

which is the Hamiltonian formulation of the conventional Noether’s theorem.
Additional properties (such as the lack of necessary independence of the r
first integrals (6.3.48b), the lack of their necessary direct physical meaning,
etc.) can be obtained via the extension to a Birkhoffian context of the analysis
of Chart A.9.

We now progress to the identification of the Lie algebra structure of an
r-dimensional symmetry G* of Birkhoff’s equations. By recalling the lack of
algebraic structure of the general nonautonomous case (Chart 4.1), we must
restrict ourselves for this purpose to semi-autonomous equations (Definition
5.2.1). The capability of reducing all nonautonomous equations to this form
was proved in Section 4.5 (see also Section 5.3) and will be tacitly assumed
here. Also, we assume the reader is familiar with the problematic aspects
related to the physical meaning of the Birkhoffian under the reduction con-
sidered. Finally, we shall assume that Theorem 6.3.3 is applied to the reduced
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semi-autonomous form (rather then the original nonautonomous form),
because symmetries are not necessarily preserved under the reduction
considered.

An inspection of the notion of symmetries of Birkhoff’s equations soon
reveals that they are a particular form of the generalized canonical transforma-
tions; that is, in general, they are not canonical transformations. The canon-
ical structure (6.3.16) is therefore generally not applicable. Instead, the neces-
sary and sufficient condition for infinitesimal transformations (6.3.45) to be
generalized canonical transformations is that they have the form

. X,
a* = a" + wQ"(a) (j')a”l @, a), (6.3.52a)
JR OR, ||~ 1\*
mv v _ U
Q ( ' R ) : (63.52b)

where the w’s are, again, the infinitesimal parameters and the X’s the gener-
ators of G* (see Chart 5.4 for details).
The necessary and sufficient condition for a transformation of this type
to be a symmetry is therefore that it leaves the Birkhoffian invariant, i.e.,
0B

. X; .
Bl(t’ a/) — B(a) 4o WIQMV a_l. = B(a) + WI[B, Xl]*
oa* a’

E)
= B(a). (6.3.53)

Thus we reach the following covering of Theorem 6.3.2.

Theorem 6.3.4 (Integrability Conditions for Birkhoffian Symmetries).
Necessary and sufficient conditions for infinitesimal, generalized canonical
transformations to be symmetries of the autonomous Birkhoff’s equations
are that the generalized Poisson brackets of the Birkhoffian with all the
generators X(a) of the transformations are identically null, i.e.

[B,X]*=0, i=12...,r (6.3.54)

The use of the isotopic generalization of Lie’s theory worked out in the
charts of this chapter then yields the following covering of Corollary 6.3.2a
(see, in particular, the generalization of Lie’s structure constants C¥; into the
structure functions Cf{a) of Chart 5.3).

Corollary 6.3.4a. The Lie algebra G} of an r-dimensional Lie symmetry
group GF of Birkhoff’s equations is given by the vector space (over the field
F of real numbers) of the generators X; verifying Equations (6.3.54) equipped
with the generalized Poisson brackets as the applicable realization of the Lie
product, and verifying the following closure rules expressed in terms of the
structure functions Ct{a)

[X;, X]* = Ci(@)X,. (6.3.55)
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In closing step II, we can therefore say that each and every aspect of the
Hamiltonian formulation of symmetries, first integrals, and conservation
laws can be consistently generalized into a Birkhoffian form.

Step 111: Construction of the Covering Relativity. At this point we define
the intended covering relativity and then identify the additional methods
needed for its construction.

Definition 6.3.9. The isotopic covering of Galilei’s relativity'® is a descrip-
tion of physical systems verifying the following primary conditions:

1. the relativity provides a form-invariant description of closed systems
of extended particles under action-at-a-distance self-adjoint inter-
actions as well as contact non-self-adjoint interactions;

2. the relativity is based on the isotopic generalization of the methodo-
logical formulations of Galilei’s relativity, that is, on the Birkhoffian
generalization of Hamiltonian mechanics, on the isotopic generaliza-
tion of Lie theory, and on the symplectic and contact geometries in
their most general possible local and exact realizations; and

3. the generalized relativity recovers the conventional one identically
when the systems are reduced to pointlike constituents with conse-
quential lack of contact non-self-adjoint interactions.

By keeping in mind the conditions for a new theory to qualify as the
covering of an existing one (see footnote 24 of Chapter 5), property 1 ensures
that the new relativity applies to a physical arena broader than that of the
conventional one; property 2 ensures that the new relativity is based on a

19 We present here a Lie-isotopic particularization of the more general Lie-admissible covering
of Galilei’s relativity proposed by Santilli (1978c, pp. 390-394; see also 1978e and 1982d) for open
non-self-adjoint interactions. The particularization has been made possible by the mathematical
property that Lie-admissible formulations contain the Birkhoffian formulations as a particular
case, as well as by the physical property that closed systems are a particular subclass of the open
ones, trivially, when the time rate of variation of total quantities is identically null. The main
difference between the Lie-admissible covering and the Lie-isotopic covering of Galilei’s rela-
tivity is that symmetries are used in the former case to represent time rate of variations of physical
quantities, while in the latter case symmetries are used to represent their conservation. The transi-
tion from the Lie-isotopic to the more general Lie-admissible treatment of mechanics therefore
implies a rather profound departure from contemporary conceptual settings, including those of
the generalized relativity presented here. The Lie-isotopic and the Lie-admissible coverings of
Galilei’s relativity turn out to be considerably more compatible and complementary than
expected. In fact, the Lie-isotopic relativity is currently used for the description of a closed
system as a whole, in which case the emphasis must be on the total conservation laws, while the
Lie-admissible relativity is currently used for the characterization of each individual constituent
of the said closed systems, in which case the emphasis must be on the time rate of variation of
physical quantities. The complementarity and mutual compatibility of the two relativities is
then self-evident. The need of both relativities, one for the global (exterior) treatment and one
for the constituent (interior) treatment, does not exist for closed self-adjoint systems (because
the same relativity can trivially characterize both the state as a whole and the constituents),
but it becomes mandatory for the more general class of closed non-self-adjoint systems. In fact,
a variety generally exists of dynamic effects (e.g., those of nonlocal type) which dominate each
constituent, while their total effect is null, much along Equations (6.3.36b). As a result, the use of
the exterior relativity for the characterization of the constituents, even though conceivable, is
generally restrictive and potentially erroneous. This duality of mutually compatible relativity
was proposed by Santilli (loc. cit.).
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generalization of the methods of the conventional one; and property 3
ensures the compatibility of the new relativity with the conventional one.

On more specific grounds, property 1 is realized via the construction of a
ten-parameter Lie transformation group G*(3.1) which verifies the form
invariance of systems (6.3.33a), i.e.,

G*G.1):a— &), 4= a) (6.3.562)
@) = D@ 55 = Praa) o 0
= (@) a'“ = [*(@) a”a’ (6.3.56b)

[ =1, T, a)),

and whose generators X,(d) represent directly the conservation laws of total
quantities (6.3.33¢c)-(6.5.33f), i.e.,

X@=0 i=12...,10. (6.3.57)

Property 2 is realized via the following formulations.

I. Isotopic generalization of Hamiltonian formulations essentially con-
sist of the representation of the equation of motion via the semi-
autonomous Birkhoff’s equations

{[aRv(a) B 6Rp(a)] & — 0B(t, “)} =0 (6.3.58)
SA

da* oa’ da*

and r:lated Birkhoffian generalization of Hamiltonian formulations
(generalized canonical transformations, generalized Hamilton-
Jacobi equations, etc.).

II. Isotopic generalization of Lie’s theory essentially consist of the
isotopically mapped universal enveloping associative algebra
*(G(3.1)) of Galilei’s algebra G(3.1) and attached isotopic algebra

G*3.1)
g‘*

AHGED) = ., (6.3.59a)

*—FOGCOG+GD -, (6.3.59b)

R* =X, XJ* — (X * X, — X;* X)), (6.3.59¢)

G*(3.1) = [*(G@B.1))]: [X,;, X;]* = Ci(a)X, (6.3.59d)
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the Lie isotopic realization of the symmetry group G*(3.1)"°,

X
G*3.1): a* - a* = exp(04Q(a) 2k L )an, (6.3.60a)
da’ oa*
" ORy OR, ~1\ab "
Q¥ = o o ’ {0} = {to; %05 %, Bos Vo5 Vo

(6.3.60b)

and related theory (generalized representation theory, etc.).
III. Isotopic generalization of canonical geometries essentially consist of
the characterization of the (autonomous) equations of motion as a

Birkhoffian vector field
r 1Q,=—dB (6.3.61)
with respect to the exact but otherwise unrestricted symplectic
structure
1 (6R, OR
Q — v __ 123 n v 3.
2 =5 (6a“ 6a”)da A da’, (6.3.62)

and related symplectic as well as contact geometric formulations
(Birkhoffian realization of Lie’s derivatives, etc.).

Finally, property 3 is realized via the additional condition that, together with
the reduction of systems (6.3.33a) to the self-adjoint and Galilei form-
invariant form

oM a/M —_
(T") | pnsa o = ( SApk/ st ) _ (Pk £A k) = ("), (6.3.63)
FNSA=Q

gz NSA
ka+'/ka ka

we have the reduction of the group G*(3.1) to Galilei’s group G(3.1), i.e.,

G*(3.1)|gnsao = G(3.1), (6.3.64a)
0X, 0 X, 0
kb ) —k = kb ZZK . 3.
exp(@ (a) 57 6a°‘) s exp(@ " ==b (6.3.64b)

When all these conditions are met, group G*(3.1) is called the isotopic
covering of Galilei’s group.

A rather direct way of arriving at the covering relativity is the following.
When confronted with equations of motion violating Galilei’s form-invari-
ance, a frequent attitude is that of transforming the equations in a new co-
ordinate system in which the applicability of familiar notions is recovered.
In the preceding sections of this chapter we have established that this is
always possible. In fact, Theorem 6.2.1 on the Indirect Universality of
Hamilton’s equations has the following consequence (which can be proved
via the superposition of a Daurboux’s and a canonical transformation).
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Corollary 6.2.1a. Consider a non-self-adjoint and Galilei form-non-in-
variant system (6.3.33a). Then a transformation always exists under which
the transformed system is Galilei form-invariant.

Consider, for simplicity, the case of autonomous equations (6.3.33a).
Then, Corollary 6.2.1a establishes that a transformation

a* - a**(a) (6.3.65)

always exists under which the new system acquires the “free” structure

(T**(a*)) = (p*/ m>, M = (r“ 6a_";“)(a*), (6.3.66)
0 da

with consequential form-invariance under Galilei’s group

X*
G(3.1)gy: a* = a*" = exp(@kw“"’ % aTia-)a*“. (6.3.67)

However, this way of recovering Galilei’s relativity is mathematically
consistent but physically illusory. In fact, one of the uncompromisable
conditions for the physical meaning of abstract mathematical algorithms is
that they admit a realization in the frame of the experimental observation. It
is easy to see that the variables r*(r, p) and p*(r, p) in which relativity (6.3.67)
holds are generally nonrealizable experimentally. In fact, the functional
dependence of the new variables in the old is generally nonlinear (Section 6.2),
therefore implying the inability of setting measuring apparata along tra-
jectories of the type r* = o exp fr - p, etc.

This deficiency can be easily bypassed by transforming symmetry (6.3.67)
from the mathematical coordinates r*, p* to the original physical onesr, p via
the inverse a* — a(a*) of trasformations (6.3.65). However, these transforma-
tions must be necessarily noncanonical, trivially, because the original vector
field is non-Hamiltonian by assumption. We can then easily prove that,
under such an inverse transformation, the conventional relativity (6.3.67)
in the mathematical coordinates transforms into the isotopic covering
relativity in the physical coordinates. In fact, under noncanonical transforma-
tions, Hamilton’s equations transform into Birkhoff’s equations; the con-
ventional Poisson brackets transform into the generalized ones; and the
conventional canonical realization of Galilei’s group transforms exactly into
its isotope (6.3.60a) according to the formal rules

oXF o 0X, o
K ap O3k = gQub(q) L2k O 3.
w 30 g% g (a) P o (6.3.68a)
a B
gy = 20 v 08 X, = X}, a*(@).  (6.3.68b)

da** oa*”’

We can therefore conclude by saying that the covering relativity emerges
rather naturally from the analysis of these volumes, provided that excessive
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approximations of perpetual-motion type are avoided, and the local variables
are those of the frame of the experimental observation.

The preceding remarks also provide a first method for the formal construc-
tion of the generalized relativity according to the following procedure.
(a) Identify the closed non-self-adjoint system under consideration (whether
of class a, B, or y), by making sure that the local variables have a direct
physical meaning (e.g., “p” is “mF”), that the vector field in these physical
variables is non-Hamiltonian, and that the total physical quantities are
indeed conserved.

(b) Construct a semiautonomous Birkhoffian representation of the vector
field via the methods of Chapter 4.

(c) Construct a Darboux’s transformation of the type of Corollary 6.4.1a,
by therefore reducing Birkhoff’s equations to a Hamiltonian, Galilei form-
invariant form.

(d) Construct the canonical realization of Galilei’s relativity in the trans-
formed reference frame, via the explicit computation of the infinite series of
Equations (6.3.67).

(e) Transform this Galilean symmetry G(3.1),,4, into its isotope G*(3.1),,, via
the inverse of Darboux’s transformation, and see whether it does indeed
provide a form-invariant description of the system considered in the sense of
Definition 6.3.9.2°

A second method can be identified via the use of the “inverse Noether’s
Problem” within the context of Theorem 6.3.3, that is, the construction of a
Birkhoffian symmetry from known conserved quantities.’! A third method
can be identified via Lie’s construction of the symmetries of given equations
of motion (Chart A.7), of course, upon its suitable reformulation for non-
Hamiltonian/Birkhoffian vector fields, as well as for the selection of the
symmetries obeying the crucial condition (6.3.64).> The study of these, as
well as other conceivable methods, is left here to the interested researcher.
Particularly recommended is the geometric analysis by Schober (1981 and
1982).

We would like to close this section with a few remarks. First, the researcher
should keep in mind that, while Galilei’s relativity applies to structurally
simple forces and is a manifest symmetry, this is not the case for the general-
ized relativity. In fact, one of the first examples provided by this author
following the original proposal of the generalized relativity was that the
generalized symmetry transformations can be nonmanifest to the point of
being expressed via transcendental functions. This is a reflection of the fact

20 In studying this problem, the reader should keep in mind that a vector field is always form-
invariant under the time evolution induced by itself (Problem 6.5). As a result, the form-invariance
of the closed non-self-adjoint systems under the time component of group (6.3.60a) is always
verified. As a matter of fact, the computation of a Birkhoffian representation of the system, and
its exponentiation, is sufficient to provide the desired form-invariance for the time component,
without necessarily going through all of steps (a)—(e). The situation for the remaining nine com-
ponents of group (6.3.60a) is different, owing to the current lack of solution of the so-called
Inverse Nocther’s Problem (see below).

2! See Problem 6.6.

22 The initiation of this study for the more general Lie-admissible (rather than Birkhoffian)
realization of symmetries has been conducted by G. E. Prince et al. (1979).
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that the complexity of the admitted dynamics carries over to the applicable
relativity.

A second new aspect is related to the contemporary tendency to express a
relativity via a unique symmetry, e.g., (6.3.21). This is no longer possible
under contact nonpotential interactions. In fact, these interactions are
represented via the Birkhoffian generalization Q"' of the canonical tensor
™. As a result, they appear directly in the structure of the covering sym-
metry, equations (6.3.60a). In turn, this means that different non-self-adjoint
forces generally imply different relativities. As a result, Definition 6.3.9
actually treats an infinite variety of possible generalizations of Galilei’s
relativity. The coordinate-free globalization of all these generalized rela-
tivity is expected to be unique (and actually to coincide with that of
Galilei’s relativity?3). However, the reduction of the infinite local symmetries
to only one generalized form would imply, again, unnecessary restrictions on
the dynamics, or the abandonment of the form-invariant description of
physical systems (which is at the basis of all relativities, whether conventional
or generalized).

A further new aspect is related to another contemporary tendency, that of
expressing relativities in inertial reference frames. As is well-known, inertial
frames are of conceptual more than experimental value because they are
not available to the contemporary experimenter, nor are they expected to be
in the foreseable future. The covering relativity as per Definition 6.3.9 was
conceived for noninertial frames, as one way to represent the actual non-
inertial character of all available experimental frames. This feature is neces-
sary whenever one imposes the condition that the local variables are those of
the experimenter and persists under transformations (6.3.60). To stress this
important point, one should not restrict the study to the observation that
transformations (6.3.60) are noninertial. Instead, one should begin the study
with the observation that the experimental frame in which the relativity is
constructed must necessarily be noninertial to comply with physical reality,
and then take the necessary precautions that this noninertial character is
preserved by the class of symmetries admitted.*

A number of additional aspects (such as the apparent characterization by
the covering relativity of a class of privileged frames, those at rest with the
closed non-self-adjoint system considered) are under study at this moment,
and we refer the interested reader to the literature on the subject.

23 As indicated in the geometric charts of Chapter 4, the coordinate-free globalization of the
symplectic and contact geometry implies the loss of distinction between Hamilton’s and Birkhoff’s
equations. The globalization of Galilei’s relativity has been studied by a number of authors (see,
for instance, Souriau (1970)). Even though these studies were specifically and strictly intended
for conventional Galilean/Hamiltonian/Lie settings, they may be more suitably expressed to
include all possible relativities of the same mathematical class, that is, the isotopic covering of
Galilei’s relativity.

24 All frames on Earth are known to be noninertial due to the gravitational, Coriolis and other
forces inherent in the Earth’s rotations. The situation clearly persists for laboratory frames in
orbit around the Earth as well as on the Moon: When interplanetary travel becomes feasible in
the future, even this will not provide a laboratory frame which is truly inertial. In fact, our entire
galaxy (let alone our solar system) is in apparent accelerated motion in our universe.
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The most intriguing implication of the isotopic covering of Galilei’s rela-
tivity is clearly the possibility of stimulating the construction of a corre-
sponding generalization of Einstein’s special relativity in classical and
quantum mechanics, and of Einstein’s general relativity for the interior
problem of gravitation.

Einstein’s special relativity in its contemporary formulation is compatible
with the conventional Galilei’s relativity, as is well-known, but not with its
isotopic covering. This can be seen, for instance, from the fact that closed
non-self-adjoint systems demand noncanonical time evolutions at the
classical level and nonunitary time evolutions at the quantum mechanical
level. This creates the need of generalizing Einstein’s special relativity so as to
recover the isotopic covering of Galilei’s relativity for low speeds. Expectedly,
such covering relativity could permit the description of contact nonpotential
interactions which, being instantaneous by nature, cannot be described via
existing relativistic formulations.

Einstein’s general relativity for the interior problem appears to be in
equally pressing needs of generalization. In fact, the systems studied in these
volumes (such as satellites in Earth’s atmosphere; spinning tops with drag
torques; etc.), strictly speaking, are interior systems of the problem of
gravitation. As is familiar from our analysis, a necessary condition for
avoiding excessive approximations of the perpetual-motion type is that these
systems admit unrestricted forces. It is possible to show that these forces
are outside the technical possibilities of Einstein’s general theory of gravita-
tion, as well as of other existing generalizations, e.g., of so-called gauge or
supersymmetric type. This is established by the fact that all these relativities
do not permit unrestricted non-self-adjoint forces in their Newtonian limit.
Equivalently, the situation can be seen from the fact that all existing theories
of the interior problem of gravitation are locally Lorentz in character, while
a direct representation of satellites with nonconserved angular momenta
can best be achieved via theories which are not locally Lorentz in character,
evidently in order to permit the local breaking of the symmetry under the
group of rotations. More generally, the situation can be seen by noting that
interior problems of the Earth, sun, and physical systems at large are non-
local, thus requiring an integro—differential geometry for their adequate
treatment. On the contrary, all geometries currently used for the interior
problem of gravitation are of local-differential character.

In the transition to quantum mechanics and quantum field theory, the
need to construct covering relativities appears to be even more pressing. In
fact, as stressed earlier, the interior of stars, hadrons, and nuclei is actually
constituted by extended particles in necessary conditions of mutual penetra-
tion and overlapping, resulting in the most natural as well as most general
possible class of closed, integro—differential, variationally non-self-adjoint
interactions. The complexity of these systems is such that they are simply
outside the technical capabilities of existing relativities for the micro-
scopic world, such as Einstein’s special relativity in quantum kinematics
and quantum field theory.
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The need to generalize existing relativities appears rather natural if one
meditates a moment on the limitations of their conceptual foundations. In
fact, apart from technical differences, all existing relativities are based on
the notion of the pointlike constituent, as conceived by Galilei and Newton
and, more recently, embraced by Lorentz, Poincaré, Einstein, and others.
The originators of the notion argued that when extended objects move in
vacuum, their actual shape and structure do not affect the dynamics. Under
these conditions, the objects can be well approximated as massive points.
This produces the Galilean or Newtonian approximations of the sun, Earth,
and all other planets as points, which were subsequently used by Lorentz,
Poincaré, and Einstein, for the relativistic description of massive and charged
particles.?®

The development of contemporary relativities from this primitive notion
can be understood via the techniques of these volumes. In fact, systems of
pointlike constituents, by their very conception, demand that the interaction
islocalized at a collection of isolated points. This implies the local-differential
character of the geometries, from the symplectic to the Riemannian geo-
metry. Furthermore, pointlike particles, also by their very conception,
demand that all admissible interactions are of action-at-a-distance, potential
type. This implies the derivability from a conventional variational principle
of all admitted systems, whether in Euclidean or Riemannian space. In short,
the assumption of pointlike constituents implies the restriction of physical
systems to those of closed self-adjoint type. The transition from one relativity
to another is then performed on the basis of data which do not depend on the
structure of the constituents and on the acting forces (see Figure 6.1 for
more details).

However, while the Earth can be well approximated as a massive point for
the description of its trajectory in the solar system, the same approximation
becomes excessive with respect to a satellite in Earth’s atmosphere or to a
proton in the core of a star. In fact, the dynamic evolution of these latter
systems is directly affected by their actual shape and structure. The funda-
mental notion of the isotopic covering of Galilei’s relativity is therefore that
of extended constituent. The generalization of the closed self-adjoint systems
into the closed non-self-adjoint ones is a mere consequence of the extended
character of the constituents. In fact, the moment the constituents acquire a
dimension in space, contact effects due to collisions and other interactions
become unavoidable. But the notion of potential energy has no physical
basis for contact forces. The existence of closed non-self-adjoint interactions
then becomes inevitable. The understanding, stressed a number of times
during our analysis, is that our local non-self-adjoint treatment must be

25 The reader is urged to study the original contributions by Lorentz (1904), Poincaré (1905),
and Finstein (1905). He will discover that the restriction to pointlike particles moving in vacuum
under long-range, action-at-a-distance interactions is expressed quite clearly in these limpid
writings. These fundamental restrictions have often been omitted in subsequent studies by other
authors.
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considered a first approximation of an expected sequence of technical
improvements of the description of extended particles.

The isotopic covering of Galilei’s relativity has therefore been presented
in these pages as the first, most rudimentary possible treatment of the
generalization of the Galilean/Newtonian conception of point-like particles
into extended particles. The existence of a chain of generalizations of other
contemporary relativities then becomes rather natural.

Put explicitly, the covering relativity has been presented in these pages not
as the end, but rather as the beginning of new advancement. It is a manifesta-
tion of my conviction that Physics is a science that will never admit terminal
theories.

Chart 6.1. Applications to Hadron Physics

As is well known, Hamiltonian Mechanics is at the foundation of a number
of branches of contemporary physics, ranging from statistical mechanics
to field theory, to particle physics, etc. The existence of a Birkhoffian
generalization of Hamiltonian Mechanics is therefore of fundamental
relevance inasmuch as it implies the possible existence of corresponding
generalized formulations in all branches of physics (as well as of science
at large) currently treated with Hamiltonian methods. The advantage of
the generalization can be anticipated from the analysis in these volumes;
it consists of removing unnecessary restrictions on the structure of the
systems represented, with consequential possibility of representing
nature more realistically.

This volume would therefore be incomplete without an indication of
the implications of Birkhoffian Mechanics for non-Newtonian branches
of science. This chart is devoted to the basic ideas regarding applications
to strongly interacting particles (hadrons). Needless to say, this is a volume
on Newtonian mechanics and no in-depth treatment of other fields should
be expected. The ideas are presented in their simplest possible current
understanding and are supplemented by primary references for a technical
study of the issues.

To begin, let us recall that quantum mechanics was conceived for the
structure of atoms and for electromagnetic interactions at large. For this
reason, the mechanics will be referred to herein as Atomic Mechanics.
Its validity in the arena where it was conceived has been established by an
impressive amount of experimental evidence and is assumed here.

Nevertheless, authoritative doubts on the final character of the mechanics
have been expressed since its inception, and a number of them remain
unresolved. We cite here the historical doubts by Einstein on the terminal
character of Heisenberg's indeterminacy, Jordan’s doubts on the associ-
ative character of the enveloping algebra of operators, Fermi’s doubts on
the applicability of conventional geometries (and relativities) within the
region of space occupied by a proton or a neutron, etc. A review of these
doubts can be found in Section 2.1 of the memoir (Santilli, 1979b).

With the passing of time, Atomic Mechanics has shown more and
more limitations in effectively representing physical conditions which are
increasingly different from those it originally described (point-like
particles under mutual, long-range, electromagnetic interactions). We
limit ourselves here to the observation that in the transition from the atomic
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to the nuclear two-body problem, suppression of the energy spectrum
occurs. In fact, while the hydrogen atom (or the positronium) has the
well-known infinite spectrum of energy, no exited level has been identified
to date for the deuteron (a minimum of five nucleons are needed to attain
a nuclear structure admitting an energy spectrum reminiscent of the
atomic one).

This fact alone could be sufficient to motivate the construction of a new
mechanics specifically conceived for the structure of nuclei, under the
condition that Atomic Mechanics is admitted not only as a particular case,
but also for (the peripheral states of) heavy nuclei. In much the same way,
Atomic Mechanics recovers its classical origin not only under the cor-
respondence principle, but also for (the peripheral states of) heavy atoms
(or for sufficiently large orbits). Deeper scrutiny allows one to see that
Atomic Mechanics has been unable to achieve a quantitative, satis-
factory representation of several aspects of nuclear physics (such as the
total magnetic moments or even the total values of spin), even though the
emergence of a meaningful first approximation is not denied. Most of all,
despite over half a century of research, Atomic Mechanics has failed
to produce the solution of the ultimate problem of nuclear dynamics: the
nature of the nuclear forces.

In the transition to the deeper level of hadron structure, the limitations
of Atomic Mechanics have emerged more clearly. For instance, even
though the atomic two-body system is generally unphysical for the
deuteron, at least it admits positive energies. In the transition to a hadronic
two-body system of the type needed for the lightest known hadrons, the
n0 meson, even the positivity of the energy is generally lost. In fact, in
this case we need very light constituents as compared to the total energy.
Under these circumstances, no negative binding energy is generally
possible via the (nonrelativistic) Schrédinger's equation, and the admissible
values of the total energy become generally complex.28 This is only the
beginning. When the current status of hadron physics is examined objec-
tively, a host of unresolved fundamental problems emerge. In nuclear
physics, we can say that the use of Atomic Mechanics, while leaving
unresolved the problem of the nuclear force, at least has permitted the
final identification of the nuclear constituents. When applied to hadron
physics, Atomic Mechanics has left unresolved not only the basic dy-
namics, but—essentially—the problem of the hadronic constituents,
despite one of the most massive (financially and humanly) efforts in the
history of physics. In fact, the conjecture that hypothetical particles calied
quarks are the constituents of hadrons, faces a number of still unresolved
basic problems.27 At any rate, on sound scientific grounds, we cannot
claim today that the problem of the structure of hadrons has been resolved
in a way comparable to that of the structure of nuclei and atoms.

The construction of a new mechanics, specifically conceived for the
hadronic structure, is therefore advocated. This mechanics has been
tentatively called Hadronic Mechanics by Santilli (1978d, p. 756) and
the same terminology will be adopted here. By conception, the new
mechanics must admit a simpler specialization called by the same author
Nuclear Mechanics (loc. cit.). In turn, Nuclear Mechanics must admit

26 See R. M. Santilli (1974, Appendix C) and quoted references.

27 For a review of some of the problematic aspects of contemporary hadron
physics, the reader may consult R. M. Santilli (1981c).
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conventional Atomic Mechanics as a particular case, according to the
enclosure properties

Atomic Mechanics = Nuclear Mechanics < Hadronic Mechanics. (1)

In the study of this chain of generalizations, several new, rather intriguing,
mathematical, physical, and experimental problems emerge. The first
problem is, predictably, of conceptual nature and consists of the identifica-
tion of the physical differences between the atomic, nuclear, and hadronic
forces. If Atomic Mechanics is used, all these forces are structurally the
same, i.e., they are all of potential type. If a hierarchy of covering mechanics
is advocated, this simplistic condition can be relaxed, opening the way to
the study of broader physical structures. The analysis in these volumes,
even though (or perhaps because) classical, can be valuable for this
problem. In fact, our methods permit the identification of the following
hierarchy of interactions of increasing structural complexity and methodo-
logical needs.

Class I: Closed, Local, Self-Adjoint Interactions: These are inter-
actions which verify the conventional conservation laws of total quantities
(closure), which occur at a finite number of isolated points (locality),
and which verify the theorems of the Inverse Problem as being of action-
at-a-distance, potential type (self-adjointness). The great majority of
interactions of contemporary physics are of this type, of course, upon
extension of the techniques of the Inverse Problem to relativistic and field
theoretical settings. For instance, the electromagnetic interactions at their
various levels of study, as well as the unified gauge theories of weak and
electromagnetic interactions, are of closed, local, and selfadjoint type
(Santilli (1978b)).

Class Il: Closed, Local, Non-Self-Adjoint Interactions: These are inter-
actions which are closed and local as those of Class |, but whose internal
forces are structurally more general than those of the first class, inasmuch
as they admit contact, nonpotential forces (non-self-adjointness),
besides conventional, potential forces. A rather forceful example is given
by Earth when considered as isolated from the rest of the universe. The
system is closed, but the internal forces are generally nonderivable from a
potential.

Class Ill: Closed, Nonlocal, Non-Self-Adjoint Interactions: These are
interactions which are closed and non-self-adjoint as those of Class I,
but which generally occur at all points of a volume or surface (nonlocality),
therefore demanding the transition from conventional, ordinary (or
partial) differential equations (Classes | and Il) to integro-differential
generalizations. The interactions occur whenever the extended size of the
constituents cannot be ignored, e.g., for the motion of a satellite in Earth’s
atmosphere. Therefore, with deeper study, the Earth is a system of the more
general Class Ill. Its treatment under Class Il is a good approximation
because, even though the non-locality is lost, the existence of contact,
nonpotential forces is preserved. On the other hand, the use of interactions
of Class | would lead to excessive approximations of perpetual-motion-
type (e.g., motion of a satellite in our atmosphere with a conserved
angular momentum).

In other words, the methods of the Inverse Problem identify the fact that
the contemporary characterization of interactions via the selection of a
Lagrangian or a Hamiltonian implies a fundamental, often excessive
simplification of nature.

By recalling that atoms are systems of Class I, one can readily see that
nuclei could be studied within the setting of Class Il, while hadrons may



256 Generalization of Galilei’s Relativity

likely demand the still more general treatment of Class Ill. The argument is
quite simple. Clear experimental evidence establishes that protons and
neutron (as well as all hadrons) have a finite charge radius which is of the
order of 10-'3 cm (=1F). Once they are members of a nuclear structure,
protons and neutrons are in average conditions of mutual penetration of
the order of 10-3 units of their volume. This clearly suggests contact
interactions for which the notion of potential energy has no physical basis.

The fundamental physical hypothesis for the construction of Nuclear
Mechanics is therefore that the nuclear forces have a non-Hamiltonian
component which, as such, is outside the technical possibilities of Atomic
Mechanics. The construction of a covering theory then becomes manda-
tory. The fundamental approximation is that the non-Hamiltonian com-
ponent is still local. The transition to full Hadronic Mechanics can be
anticipated and consists of assuming a dynamics which is not only non-
Hamiltonian, but also nonlocal, with the understanding that a local
approximation may be meaningful for the structure of light hadrons.

Once the basic physical conditions have been identified, the next logical
step is the identification of the mathematical tools for their treatment. As
recalled in Section 6.1, Atomic Mechanics is, in essence, an operator
realization of Lie’s theory. The need to achieve a generalization of Lie's
theory for the treatment of non-Hamiltonian forces is then inevitable.

This problem has been studied at the yearly Workshops on Lie-admissible
Formulations of 1978—1981 (see the Proceedings of 1979 and 1981) by a
number of pioneering mathematicians identified in Chart 4.7. The studies
have resulted in two progressive generalizations of Lie's theory, one of
Lie-isotopic type (which has been indicated in the charts of Chapter 5),
and a more general one of Lie-admissible type (touched on in Chart 4.7).

The next problem is to identify the arena of applicability of these
mathematical tools. At this point, new features emerge without counter-
part in Atomic Mechanics. Within that theory, one single formulation is
sufficient for the characterization of a bound state as a whole as well as its
individual constituents (the point was elaborated upon in this volume for
the case of closed, variationally self-adjoint, classical systems). This is not
so in the more general class of closed, variationally non-self-adjoint
systems, because specific dynamic effects at the constituent level (e.g.,
due to nonlocal forces) may “cancel out” in the treatment of the system
as a whole (see equations (6.3.36b)). As a result, the mechanics which is
effective for the exterior treatment of a bound state is not expected to be
equally effective for the interior treatment, i.e., the description of the
constituents. The use of two different but complementary mechanics is
then advocated, one for the " global*’ treatment and one for characterizing
the constituents.

The primary algebraic character of the two mechanics can be identified
as follows. Assume that the time evolution for both mechanics is expressed
by an algebra with product A x H where the operator H represent the
energy,

A =c(A x H), ceC. (2)

When the exterior description of a closed system is considered, the primary
emphasis is on the conservation of total quantities, such as the total
energy H = H,_,. In this case, the product of law (2) must necessarily be
antisymmetric, that is, a product A = H, , must exist such that

A= C(A X Htot) =c(Ax Hy = Hip ¥ A). 3)
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In fact, only an antisymmetric product is capable of permitting the con-
servation of the total energy

Hior = €(Hyo * Hyge = Higy ¥ Hyoe) = 0. (4)
Further arguments (e.g., related to the integrability conditions for the
transformation theory, much along the lines of Chart 5.4) suggest the use
of the Jacobi law as an additional condition. As a result, the product
A = H_ must be Lie-admissible, that is (Chart 4.1), it must be such that
the attached product A + H_, — H . * A is Lie. In this simple way we
reach the conclusion that the exterior treatment of all mechanics, whether
for the structure of atoms, nuclei, or hadrons, is expected to have a Lie
algebraic character. However—and this is equally important—the Lie
algebraic character suggested by total conservation laws is not re-
quired to be of the conventional type A x H = [A, H. ] =AH,,
- H, A where AH, , is the conventional associative product. One can
therefore see naturally the possibility of constructing a hierarchy of
generalizations of Atomic Mechanics along hypothesis (1) via the use of a
corresponding hierarchy of enveloping Lie-admissible algebras, as we
shall indicate below.

When passing to the interior description, the situation becomes funda-
mentally different. In this case, the energy of the particle considered,
H = H_,,.. is now strictly nonconserved. A necessary condition of con-
sistency is therefore that the product A x H is not antisymmetric, that
is, it must be non-Lie:

A=c(AxH

part

= NON-LIE, ceC (5)

# —H_,. * A can account

part)

In fact, only an algebra for which A x Hyaet
for the time rate of variation of the energy

H C'(/-{part X Hpart) # O' (6)

but the interior and the exterior treatment of the same closed system
must be compatible. This condition can be expressed, at the algebraic
level, through the requirement that the antisymmetric part of the interior
product coincide with the exterior product, ie, AXB-BxA=
Ax B - Bx A. Thus, for the case of the interior description (5), the
product A x H__ . is expected to be a nonassociative, non-Lie, Lie-
admissible product (some classical forms were presented in Chart 4.7).
It is then easy to see that a hierarchy of interior hadronic mechanics can
be constructed via a hierarchy of the algebras indicated.

In this chart, we cannot possibly review all the studies dealing with the
application of this dual algebraic approach to Hadron Mechanics. These
studies include (directly or indirectly) work by an increasing number of
physicists:

part -

e experimental physics (team leaders): R. J. Slobodrian (Université
Laval, Québec), H. E. Conzett (Lawrence Berkeley Laboratory,
Berkeley), H. Rauch (Atominstitut, Wien, Austria), and others;

e theoretical physicists (besides this author): G. Eder (Atominstitut,
Wien, Austria), R. Mignani (Universitd di Roma, Roma, ltaly),
S. Okubo (University of Rochester, Rochester), E. Kapuséik
(I.N.F. Warsaw, Poland), Chun-Xuan Jiang (Peking, China),
A. Schober (1.B.R., Cambridge), J. Kobussen (Universitat Zirich,
CH), R. Trostel (Technische Universitat, Berlin, W. Germany),
D. P. K. Ghikas (University of Patras, Greece), J. Ldohmus, M. Kéiv,
and L. Sorgsepp (Estonian Academy of Science, USSR), J.Fronteau
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and A. Tellez-Arenas (Université d’'Orléans, France), S. Guiasu
(Université de Québec), J. Salmon (Conservatoire Nationale,
Paris), and others.

The interested reader may consult the four volumes of the Proceedings of
the First International Conference on Nonpotential Interactions and their
Lie-admissible treatment (1982) held at the Université d'Orléans, France,
as well as the volumes of the reprint series edited by A. Schober (1982).

In this chart we shall limit ourselves to the review of few basic ideas
underlying the branch of the Hadronic Mechanics that is more in line
with the Birkhoffian Mechanics of the main text. By recalling that the
latter is a classical realization of the Lie-isotopic theory, the selection of
the (local) Lie-isotopic branch of Hadronic Mechanics is evident.

We have thus narrowed our objective to the second line of Diagram 1.

Diagram 1
Classical Operator

Theory Realization Realization
Lie's Hamiltonian Atomic
Theory Mechanics Mechanics
Lie-isotopic Birkhoffian Exterior branch of
Theory Mechanics Hadronic Mechanics
Lie- Birkhoffian- Interior branch of
Admissible Admissible Hadronic Mechanics
Theory Mechanics

On more specific grounds, we shall indicate the generalization of the
Hilbert space structure which seems advisable in order to represent
closed non-Hamiltonian systems, according to the axiomatic studies by
Myung and Santilli (1982 a and b).

Consider a Hamiltonian description of particle interactions as provided
by Atomic Mechanics, with Hilbert space s, unit / = i-'; basis |a);
normalization {a|a’) = ¢,,.; enveloping algebra A of operators A, B, . ..
with conventional associative product AB; attached Lie algebra 2~ with
product [A, B] = AB — BA, etc.

The construction of the exterior closed treatment of Hadronic Mechanics
is based on the selection of a suitable isotopy operator 7(r, p, ...)
verifying all needed topological conditions (positivity, Hermiticity, etc.),
under which the algebra U is mapped into the isotope A* with product
A x B = ATB, with T fixed. The attached Lie algebra is then given by the
isotope (Charts 5.1-5.5)

[A*]-: [A, Bly =A*B - B+ A=ATB — BTA, (7).

with the understanding that possible, more general isotopes are not
excluded.

The generalization of 2 into U* essentially implies the generalization of
Planck’s unit / = fi-' into a bona fide (left and right) operator unit

FsA=Asl*=A,  [F=T- (8)
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with the understanding that its space—time average can approach fi-' as
closely as desired. The physical objective is to attempt a representation
of the increased physical complexity of the processes of absorption and
emission of energy in the transition from the structure of atoms (where
electrons can freely " jump” from one orbit to the other), to nuclei (where
nucleons cannot freely “jump’ from one orbit to the other owing to the
densely occupied volume of nuclei).

The alteration of the unit has rather profound implications for virtually
all physical and mathematical aspects. We mention here only a few
generalizations that are consequential. Since the unit is no longer /,
normalizatiobn must be generalized accordingly, e.g., to the form

Cal = |ay =<a|T|a"y = 8%, = I*5,,.. (9)

A similar generalization occurs for the decomposition of probability,
expectation values, etc.

Under certain restrictions (particularly, the positivity of 7) the generalized
product <{a| * |a") is still an inner product, and the underlying space is
still a Hilbert space we shall call #*. However, s#* does not act linearly
on the conventional field of Atomic Mechanics, that of the complex
numbers C. In order to preserve the crucial linearity (clearly necessary to
preserve the Hilbert character of the space), the field C is generalized into
the operator form

C* = {¢*|c* = I*c, ceC} (10)

where the “numbers” c* are called T-scalars.

The isotopic generalization of all conventional operators of Atomic
Mechanics (Hermitean, anti-Hermitean, unitary, antiunitary, etc.) is then
predictable. Here we mention only the conditions for an operator U to be
nonunitary but T-unitary:

UsxU-1=U-"1+U-=/* (11)

The admittance of the conventional atomic case as a particular case is
evident.
The picture of basic generalizations is completed by that of traces

tr, A=/I*t A 12)
and of determinants
det, A = (det AT)/*. (13)

. In this way we reach the following isotopic generalization of the
eigenvalue equations

Hx1)=HT|)=c**|)=cl) (14)

also proposed by Myung and Santilli (oc. cit.). Its capability to represent
non-Hamiltonian forces has been established as follows. One first notes
that the hadronic-isotopic generalization of Schrddinger's equations
can be written

I
i) =Bxl) (15)

and constitutes a reformulation of equations (6.1.50) in #*. Non-
Hamiltonian forces then follow from the fact that the classical image of
(6.1.50) is given by the Birkhoffian generalization of Hamilton—Jacobi
equations (6.1.24).
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Since the enveloping algebra of operators U* is still associative, suitable
generalizations of the various theorems of Lie's theory related to ex-
ponentiation are possible (Poincaré—Birkhoff-Witt theorem, Nelson
theorem, etc.). The time evolution can therefore be characterized also via
the finite, Lie-isotopic group of T-unitary operators?28

A(t) = I*e'TH x A(0) » e~/HT[* (16)

whose local expression is the hadronic-isotopic generalization of Heisen-
berg's equations (equations (18) of Chart 5.1), i.e,,

iA=[A Blgw=A*B-Bx*A. (17)

Under certain conditions, (15) and (17) are equivalent in that they are
connected by a T-unitary transformation of the type

U=es. (18)

Particularly significant is the fact that unitary (and antiunitary) operators
of Atomic Mechanics do not constitute, in general, symmetries of Hadronic
Mechanics because they alter the structure of the isotopic product, i.e.,

UIA, BlgwU-1 = U(ATB — BTA)U-"
= [A', By = ATB - BTA. (19)

On the contrary, a necessary condition for operators to constitute sym-
metries of Hadronic-Isotopic Mechanics is that they are T-unitary (or
T-antiunitary). In fact, under this condition, we have the rule

Ux[A Blgx U1 = UT(ATB — BTA)TU- (20)
= [A, B'lgs = A'TB' — B'TA".

The construction of the hadronic-isotopic symmetries then follows the

same conceptual pattern as the Birkhoffian symmetries introduced in

Section 6.3. Particularly important is the emergence of a possible hadronic-

isotopic generalization of Galilei's relativity via T-unitary operators as the

operator image of the generalized relativity of Section 6.3:

A' = /*e,'t)kTXk*A % ev/‘f)kaT/*’ [Xk’ B]m* - O (21)

This confirms that Hadronic Mechanics demands a generalization not
only of the basic structure of Atomic Mechanics, but also (and perhaps

28 We refer here to a particular case of the Lie-admissible generalization of
Heisenberg's equations proposed by Santilli (1978d). A more recent formulation of
the generalized equations is as follows. First, consider the open interior problem
of strongly interacting particles, that is, the study of one hadron under external strong
interactions, in much the same way Dirac conceived his equation for the electron.
Second, differentiate the isotopies depending on whether the motion is forward or
backward in time, and denote them with the time symbols = and <, respectively.
This implies the differentiation of all notions indicated in the text, including forward
and backward Hilbert spaces #™ and <#. The generalization of Heisenberg's
equations under consideration can then be written

A(t) = PeitTH = A(0) < e H=T9], (a)
and its local form is given by the Lie-admissible product (19) of Chart 5.1, i.e.,
A=A H) =A< H-H=A. (b)

Note for subsequent needs the intrinsically irreversibie character of the law, that is, its
violation of the time-reversal symmetry regardless of the symmetry properties of the
total energy operator. For more detail, see Santilli (1982c).
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more importantly) of the very notion of symmetry. In fact, the structure of
the symmetry groups is generalized into the Lie-isotopic form, predictably,
in order to hold under non-Hamiltonian forces.

These ideas are sufficient to indicate the existence of a suitable isotopic
generalization of the basic axioms and postulates of Atomic Mechanics,
such as those related to states, observables, probabilities, etc. The cor-
responding generalization of the basic laws and principles is then con-
sequential, with particular reference to Heisenberg'’s uncertainty principle,
Pauli's exclusion principle, Einstein’s frequency law, etc.

The nuclear and atomic particularizations are now self-evident and can
be expressed as follows. Hadronic Mechanics reduces to Nuclear
Mechanics whenever space-time averages of the isotopy operator T are
possible, and it recovers Atomic Mechanics when these averages not only
are possible, but yield the value 7.

The experimental verification of the new mechanics is encouraging at
this writing, although understandably tentative, with particular reference to

e a violation of the time-reversal invariance recently measured by
Slobodrian, Conzett, et al., which is in remarkable agreement
with the structure of Hadronic Mechanics;

e a small deformation of the charge distribution of hadrons under
impact (and strong interactions) with nuclei, recently measured by
Rauch and associates, which is predicted by Hadronic Mechanics;
and

e a very small penetration of the wave packets of incident neutrons
within the neutron core of the tritium, also indicated by Rauch and
associates, which would imply a departure from Pauli’'s exclusion
principle much in agreement with Hadronic Mechanics.

For these and additional experimental studies, we refer the interested
reader to the specialized literature cited herein.

With an open mind toward the pursuit of new knowledge, we can say
that the Hamiltonian restriction of the systems considered, which has con-
ditioned science for over three quarters of a century, appears to be
lifted, and the way is open to a variety of refreshingly new developments.

Chart 6.2. Applications to Statistical Mechanics

Some of Atomic Mechanics’ most serious problems of consistency (when
applied to physical arenas different from those for which it was conceived)
are perhaps outside the realm of particle physics and rest in the current
lack of unity in physics, as well as of science at large. In fact, all systems
except particle physics are non-Hamiltonians. We are referring to systems
in Newtonian Mechanics, Statistical Mechanics, Plasma Physics, Solid-
State Physics, Engineering, Biophysics, etc.

The reduction of these experimentally established non-Hamiltonian
systems to the conjectured Hamiltonian character of its particle com-
ponents, according to Atomic Mechanics, is plagued with rather serious
problems whenever quantitative studies are conducted. For instance,
recall that the time evolution of Newtonian systems in our environment is
noncanonical (Problem 5.9). If Atomic Mechanics holds for the descrip-
tion of the particle constituents of the Newtonian system, the noncanonical
time evolution must be reduced to a large collection of wunitary time
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evolutions. No serious theoretical study of the consistency of this reduc-
tion, assuming that it can be established, is available at this moment.2¢

Clearly, the most natural idea suggested by the unity of physics is that
the interactions of particles, even though Hamiltonian under electro-
magnetic interactions, may be non-Hamiltonian under contact, short-range
interactions, that is, actual contact among molecules, atoms, nuclei, and
hadrons. In fact, this idea permits a self-evident compatibility of different
branches of science, as depicted in Diagram 2, that would be otherwise
lacking.

Diagram 2.
Non-Hamiltonian
Statistical
Mechanics
compatible compatible

i N

Non-Hamiltonian Non-Hamiltonian
Newtonian compatible » Particle
Mechanics Mechanics

Under these conditions, we would regain unity in science not only on
the nature of the forces, but also on their mathematical structure, to the
point that different theories would merely be different realizations of the
same abstract mathematical structure.2®

At any rate, the unequivocal irreversibility of the macroscopic reality sees
its most natural origin in the nonpotentiality of systems. This view is
embraced today by a number of researchers in Statistical Mechanics.

|. Prigogine (University of Texas at Austin and Université Libre de
Bruxélles, Belgium) and his associates B. Misra, C. George, F. Henin,
F. Mayné, and others (Université Libre de Bruxélles, Belgium) have
established the nonconservative character of Statistical Mechanics at both
the classical and operator level.3° The mathematical structure of their
time evolution is unknown at this writing. Nevertheless, it is likely to be
of Lie-isotopic type. In fact, the operator structure of the theory can be
expressed via a nonunitary transform of a conventional (atomic) time
evolution of densities. This would yield the Lie-isotopic structure via
the use of rule (6.2.28).

The advancement of Prigogine’s statistics over preceding ones is
remarkable and self-evident. Nevertheless, the problem of whether the
nonconservativity is a collective property of systems or it originates at

29 For a recent analysis of the problem of the unity of physics, consult Santilli
(1982a).

30 See, for instance, |. Prigogine (1977) and cited references, and B. Misra,
l. Prigogine, and M. Courbage (1979).
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the level of each individual particles, is left essentially unresolved in the
theory.

A second group of statisticians, including J. Fronteau and A. Tellez-
Arenas (Université d'Orléans, France), S. Guiasu (Université du Québec,
Canada), J. Salmon (Conservatoire National. Paris, France), M. Grmela
(Ecole Polytéchniques, Montréal, Canada), and others,3' have indepen-
dently studied the problem. This group begins the study from the experi-
mentally established non-Hamiltonian character of Newtonian systems

(N po/m
(a ) <pk> (-' (a)) (fﬁA(t, r, p) + FkNSA(t, r, p)> (1)

and their representation, not with Hamilton’s and Liouville's equations
of the contemporary literature, but rather with the equations conceived
by their originators, that is, the “true” Hamilton's equations

o [P\ .0H _ OH/op,
(@) (pk) ((1) 33" + r'p‘qu) (—(OH/Or") + FL\ISA) (2)

and the “true”’ Liouville’s theorem
d
dt

] OFNSA
log|J, | = [div, FNsA] = [ % ] : (3)
Tt Pr

J, = D(E)/D(E,).

The emerging statistical mechanics is therefore non-Hamiltonian by

conception, in the sense that the time evolution of densities

op op

—+ [p, H] + FYsA — + p div_ FNSA =0 4
o [, H] " o0, p div, (4)
cannot be entirely represented via the Poisson brackets but demands more
general algebras. Intriguingly, the use of Lie-admissible algebras turns
out to be directly universal for the statistical case considered, in full
analogy with the Newtonian and particle cases, according to the rules

oH
0a’

o,
ot
0 1
1S

Irreversibility, entropy, and other aspects of Statistical Mechanics and
Thermodynamics are then derived accordingly. The compatibility of the
theory with physical reality is remarkable. Equally remarkable is the
compatibility of such (Lie-admissible) Statistical Mechanics with the
current experimental indications of the irreversible character of nuciear
interactions (Chart 6.1). Clearly, the possible experimental finalization
of nuclear irreversibility would imply a profound revision, not only of
Atomic Mechanics, but also of Statistical Mechanics. Finally, note that the
statistical studies by the two groups considered here are likely to be
compatible, owing to the compatibility of the Lie-isotopic and Lie-
admissible approaches (Chart 6.1).

_ _9 .
(p, H) =0, (p H) = 5= 8" (t )

(S*™) = (_ ) S = diag(non-Hamiltonian terms/(p/m)) (5)

31 See the memoir Fronteau (1979) and the papers by the same authors in the
Proceedings of the First International Conference on Nonpotential Interactions
(1982).
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Chart 6.3 Applications to Space Mechanics

The accuracy with which spaceships today can travel in the solar system
and reach distant planets at the expected time and position is remarkable.
Equally remarkable is our inability to make accurate predictions for the
much shorter trajectory of a spaceship within our atmosphere.

We hope that the analysis in these volumes has clarified such differences.
The former system is Hamiltonian and, as such, treatable with the body of
methodological tools of Lie’s theory. The second system, on the contrary,
is non-Hamiltonian. The space mechanicist, therefore, simply does not
possess directly applicable Lie-type tools.

We also hope that Birkhoffian Mechanics can fill this methodological
gap, once developed up to the diversification needed for space applications
including the Birkhoffian generalization of the canonical perturbation
theory. This need has been anticipated by R. Broucke (1979), who
has worked out several Birkhoffian generalizations of conventional
Hamiltonian formulations for Space Mechanics (called Pfaffian by this
author). Particularly remarkable is the completely identical rule of time
and space coordinates emerging from these studies (see Section 5.3). The
effectiveness with which nonpotential forces can be incorporated in the
theory is also remarkable, as is the diversification of its applications to
solar wind problems, optimization of flight paths, Galissot problem, etc.

Chart 6.4 Applications to Engineering

In this chart we shall outline applications to modern engineering. Let us
emphasize from the outset that these studies are rather numerous. The
objective of this chart, therefore, is mainly to outline some of the most
representative contributions of which | am aware. Also, the review will be
mainly conceptual, and the interested reader is urged to study the literature
cited for the technical profile. Finally, the techniques developed by
engineers appear to be relevant for fields other than engineering. We
hope that this chart will be of some value in promoting a dialogue between
engineering, physics, and applied mathematics.

Let us begin by outlining the studies independently conducted by
H. H. E. Leipholz. Engineering systems are generally nonconservative
in the sense of mechanics, and non-self-adjoint in the sense of the
calculus of variations. Typical examples are fast-moving objects in viscous
media or fast-moving viscous media in containing bodies (e.g., aircrafts,
submarines, transportation vehicles, pipelines, etc.). The forces rendering
the systems nonconservative are called follower forces, in the sense that,
being frictional forces tangential to the surface, they follow the surface
itself. For general treatments on the follower forces the reader may consult
Bolotin (1963), Ziegler (1968), and Leipholz (1970).

Leipholz realized the power of the techniques of classical mechanics,
calculus of variations, and optimal control theory. He conducted a series
of studies aimed at rendering non-self-adjoint engineering systems treat-
able via variational techniques.

A modification of classical variational principles was studied by Leipholz
(1977 and 1978a) and consisted of adding non-holonomic virtual work
terms caused by the follower forces to the variation of kinetic and potential
energy. Even though advantageous from the viewpoint of practical
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engineering calculations, this modification remained unsatisfactory
because, as known from mechanics, variational principles modified in this
way cease to be stationary principles.

A first way for constructing equivalent self-adjoint forms of non-self-
adjoint systems was identified by Bateman (Chart 1.3.13) and consists of
adding to the system considered its adjoint, expressed in terms of new
variables. This technique was identified in engineering circles by a number
of authors, including van Dungen (1945), Ballio (1967), and Prasad and
Hermann (1969). A systematic study of this approach for the case of
follower forces was conducted by Leipholz (1972). The approach was
based on generalized Lagrangians and Hamiltonians, providing a joint
representation of the system considered and its adjoint. It allowed the
direct variational treatment of non-self-adjoint systems. The approach
also allowed the development of hybrid equations of Ritz—Galerkin type
(Leipholz, 1977), as well as the extension of classical stability theory
(Leipholz, 1972).

This second approach remained unsatisfactory because of the duplica-
tion of the number of variables, with consequential duplication of the
boundary conditions. Additional difficulties emerged within the context
of a Liapunov-type stability theory because of the general lack of sign-
definite character of the action functional.

Owing to this situation, Leipholz initiated a third stage of studies con-
sisting of a generalized notion of self-adjointness (Leipholz, 1974a)
which allowed the treatment of follower forces via a generalized Rayleigh
quotient, with such applications as that to the Pfliiger's rod. Further
studies (Leipholz, 1974-b) pointed out the preservation, for non-self-
adjoint systems which are self-adjoint in a generalized sense, of a number
of features typical of conservative systems, such as the property that the
systems become unstable by divergence. The possibility of having sign-
definite functionals under generalized self-adjointness was pointed out by
Leipholz (1976). :

A comprehensive comparative analysis between conventional and
generalized self-adjointness was studied by Leipholz (1974c). Conven-
tional self-adjoint and conservative systems were first considered with
particular reference to the following properties. (1) Their eigenvalues are
real so that they become unstable by divergence. (2) Their energy is
conserved. (3) Their energy functional may be used as a Liapunov
functional. (4) They possess a Rayleigh quotient with extremum properties.
These systems were called conservative systems of the first kind. Secondly,
nonconservative non-self-adjoint systems with follower forces were
selected so as to be generalized self-adjoint and to possess a sign-definite
functional as a generalization of the energy functional. In particular, it was
shown that properties (1)—(4) can all be preserved via the replacement of
the energy functional with the generalized functional. Under these condi-
tions, the systems were called conservative systems of the second kind. |f
the generalized functional is sign indefinite, the systems were called
conservative systems of the third kind (Leipholz, 1980). In this latter case,
some of the properties of conservative systems are preserved and others
not. For instance, the system may have complex eigenvalues and may
thus become unstable by flutter. For an outline, as well as-a detailed
presentation of the generalized variational principles under consideration,
the reader may consult Leipholz (1978a).

Further studies based on generalized adjointness and self-adjointness
with the treatment of the convolution theorem and of the follower forces,
are given in Leipholz (1978b and c). An interpretation of the new theory
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as basic to the finite element method and the final, most abstract, presenta-
tion of the new theory, involving the notion of linear function spaces with
semi-scalar products, is given in Leipholz (1980).

Next, we would like to bring to the physicist's attention the research
well known in engineering circles by K. Huseyin (see the recent paper by
this author (1982) and cited references, as well as the monograph by the
same author (1975)). These studies have brought into focus the rela-
tionships existing between instabilities, bifurcations, and catastrophes
for some of the most general possible classes of systems, those of non-
linear and nonpotential type. The underlying methods appear to be applic-
able to a number of situations in Newtonian, Statistical, and particle
mechanics.

The studies by Huseyin also cover a considerable number of practical
cases, including conservative, pseudo-conservative, gyroscopic, and
circulatory systems under the presence of dampings. The critical divergence
conditions that lead to instabilities are analyzed via general and critical
points within the context of a unified theory.

Additional aspects are related to the study of fold, cusp, etc., cata-
strophes, as well as flutter instability, Hopf bifurcation, etc. which have
been identified in conservative systems, and extended by Huseyin to more
general systems. (The unity of the analytic methods underlying all sciences
which emerges in the study of engineering research is remarkable.)

We would like to indicate also the studies conducted by a group of
engineers at Drexel University, including L. Y. Bahar, H. G. Kwatny,
F. M. Massimo, and others. See the publications by these authors of
(1977, 1978a and b, 1979a and b). The main line of these studies has
been the reduction of a non-self-adjoint system into an equivalent self-
adjoint form (see Appendix A). The main application has been to inter-
connected electrical power systems.

The need to bring dissipative systems into the framework of the classical
theory applicable to conservative systems stems from the fact that, in the
reduction of the original large-scale physical system to several subsystems
of simpler nature, the reduced order system must retain the essential
physical features of the original system.

While several alternative methods for preserving physical structure have
been proposed, the studies considered here adopted the definition of
retention of physical structure as being synonymous with preserving the
canonical representation throughout the reduction process. Thus a
reduced system retains the physical structure of the original canonical
system if it can be represented by a set of Hamiltonian canonical equations.
The Hamiltonian characterizing the original systems is, in general, different
from that of the reduced system, but they must both include the dissipative
effects that are ever present in the large-scale interconnected electric
power systems.

Finally, we would like to bring to the reader’s attention the studies by
V. M. Fati¢ and W. A. Blackwell (1979a and b, and references cited there-
in). These studies were applied to network theory and were centered on the
construction of variational principles for non-self-adjoint systems accord-
ing to the following specializations:

(i) generalization of the image method to the linear discrete systems
and networks with time-varying parameters;
(ii) extension of the multiplier method to a class of nonlinear discrete
systems with one degree of freedom;
(iii)  derivation of variational principles for the lossy transmission line
with constant parameters by the multiplier and the image method;
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(iv) broadening of the conventional framework of variational principles
to include Lagrangians containing path-dependent integrals.

Particularly instructive for the physicist is the analysis of nonlocal
(integro-differential) models by a number of engineering studies indicated
in this chart.

Chart 6.5 Applications to Biophysics

In this final chart, we would like to indicate the related studies in bio-
physics by C. J. Lumsden, E. H. Trainor, and E. O. Wilson. In this way the
reader can see that the applications of the methods considered in these
volumes go beyond physical science as commonly understood and
involve biophysics as well as other fields (such as economics) which are
not reviewed here.

There are many biophysical and biological systems which can be
effectively treated by local, first-order, ordinary (or partial) differential
equations (vector fields)

X,=X(x),  k=1,2...,N (1)

For a general study, the reader may consult the recent monograph by
C. J. Lumsden and E. O. Wilson (1981).

Phenomenological models like these are applied routinely in many
disciplines with which biophysics makes contact, including biochemistry,
molecular biology, physiology, ecology, and the social sciences. For
example, chemical concentration variables in the Lotka biochemical
oscillator follow rate laws of the form

X, =3, + Brem
+ ﬁzeh,

o (2)
X, = a,

while the number of animals alive in certain two-species ecosystems can
be modeled by the dynamics

).(1 =(11)(1 +ﬁ1v29x2 (3)
X, = 0,X, ¥ By, e
Since most organisms display a high degree of self-regulation, the vector
fields X(x) of greatest interest in models like (1) are nonconservative and,
in fact, highly dissipative. This dissipation can express itself in simple
forms, as in isolated attractor points (biologic "“thermostats”) or limit
cycles (biologic “clocks’) but, models with two or more degrees of
freedom, can easily slip into a complex nonconservative dynamic “’ chaos.”
To date, the exposition of rate law models has proceeded in mathe-
matical biology and biophysics more or less independently of advances
in Newtonian dynamics. An ésprit even exists to the effect that such
models can have no contact with Newtonian or Hamiltonian structures
because the latter deal only with conservative systems and have nothing
to say about problems of biological relevance. Such a position must, of
course, be fundamentally revised.
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In a new set of papers on Hamiltonian structures in biology, Lumsden
and Trainor (1977, 1979a, b, and 1980) have identified several major
benefits to be gained from systematic study of biological equations of
motion using the Inverse Problem approach. Until recently, the Inverse
Problem and its generalizations have been left unexplored in all but a few
conservative biological models. It is becoming clear, however, that
analysis of a broad spectrum of such models using the inverse problem
approach can contribute directly to the classification and enumeration of
biologically relevant vector fields X(x). A major enterprise in mathematical
biology, the production of these vector fields in local coordinate form, has
somewhat outstripped the set of techniques available for their qualitative
analysis. The Inverse Problem, by connecting such vector fields to
Lagrangian and Hamiltonian dynamics, is clearly a useful new tool.

A second key advantage recalls that for many applications the com-
plexity of real organic systems cannot be ignored and that N, the number of
equations in (1), is very large. Lumsden and Trainor are especially con-
cerned with this problem of biophysical complexity and with adapting
methods from many-body theory to predict the collective properties which,
in analogy to physical properties like temperature and pressure, define
an organic system’s overall structure and function. These properties cor-
respond to the model’s phenotype and are of crucial biological significance.
Although many of the tenets of Statistical Mechanics do not require a
Hamiltonian framework, such a frame of reference is useful in deciding
the correct handling of biophysical models which combine great com-
plexity with dissipation, self-regulation, and self-reproduction.

Lumsden and Trainor also point out that mathematical biology has a
direct, as well as an inverse problem. In the direct problem, questions
about optimal design and efficiency in living systems lead to important
applications of variational principles and Hamiltonian structures, usually
within the framework of optimal control theory. Given the established
significance of this type of reasoning in the life sciences, the generalized
inverse problem takes on a further role. For every successful inverse
construction from (1) ending in a variational principle, a new candidate for
a principle of optimal organic design has been discovered.

Lumsden and Trainor start from the suggestion that in biological
applications a natural ““Lagrangian’ for (1) which has local existence
properties and is attached to the variational principle

t
5 f Ldt=0 (fixed end points) (4)
t

1

would be first-order in the rates x,:
L=U(x)%x, — Uy(x) (summation convention). (5)
Explicit time dependence of the functions U,(x) and U, (x), k =1,... N
can occur in dissipative systems. For example, a linear Lagrangian cor-
responding to the conservative biochemical oscillator (2) is
L=3(xx, = x,%x;) = (a,x, + fe4) + (a,x, + f,e2) (6)
while that for the dissipative, self-regulating ecology (3) is

L=1le-®1+*2t[x,x, — x X, + (0, — a,)x,x, + 28, 7,62 — 2B,y,e4].

(7)
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Due to the everywhere singular structure of the linear Lagrangian (recall
Chart 1.3.8),

2L
Ox, 0%,

=0, (8)

a standard canonical Hamiltonization, and Statistical Mechanics has
remained an elusive goal for mathematical biophysicists. Lumsden and
Trainor have now shown that considerable explicit Hamiltonian content
can be synthesized for such systems by directly using the singular
properties of L. Two Hamiltonian structures have been obtained and used
to extend many-body theory to biological applications.

Both structures are generalizations of the standard Hamiltonian
algorithm. Lumsden and Trainor point out that there is a Lie bracket
induced by the linear Lagrangian that makes (1) equivalent to a general-
ized Poisson bracket (GPB) dynamics:

X, =[x Upg(x)]

[[., ]] = r‘lm ol . om. (9)
[im = — ou, oy, (-
ox,  0x,

which is exactly the Birkhoffian time evolution, here denoted (BIR), of this
volume.

An attempt to " Hamiltonize” (5) using the standard algorithm ends
abruptly with the momenta p, related not to the velocities X, but to the
configuration coordinates X; by the set of phase space constraints

p, = U, (x), k=1,....N (10)
so that in a 2N-dimensional phase space of coordinates (x,, ..., x,,
P, .. .. Ppy) the system must move on a hypersurface .# defined by the

vanishing of the functions
@ =P, — U (x). (1)

Lumsden and Trainor have shown that the linear Lagrangian (5) and the
constraint system (11) are sufficiently simple to be treated by Dirac’s
theory of generalized Hamiltonian dynamics (DIR). In their work the Dirac
theory has its first biophysical and many-body applications.

For the linear Lagrangian, a Dirac tota/ Hamiltonian

H,=Uy + 9. %, 12)
induces the canonical dynamics

X =[x, #,]

b~ [p,, #,] (3)

on the 2N-dimensional (x, p)-phase space. In this symbolism [-, -] is the
standard Poisson bracket and = are the weak equalities. They mean that
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the phase flow is constrained to .# by allowing the ¢, to vanish after the
PB’s have been fully evaluated.

Because there can be other Hamiltonization procedures (call them
CAN) leading to canonicalization of the biodynamics (BD) (1) without
a singular Lagrangian, DIR and GPB do not exhaust the range of pos-
sibilities. Lumsden and Trainor have shown, however, that such possibil-
ities are linked in a framework

BD—DIR

|

BIR (14)

CAN,

where the diagram is commutative. Mathematical biology has thus been
equipped with a structure which brings the known routes from (1) to
explicit Hamiltonian models to bear in a unified way.

These dynamic results prepare the ground for models which are large-N -
complex. Lumsden is currently studying the vector fields induced by (14)
on sets of macrovariables A, (x), . .., A, (x), M < N, which model the
collective properties of (1). In an ensemble theory, (14) yields generalized
Liouville equations, such as

Op ~ 2, (15)
£ =[#, ]

and generalized Langevin equations with the formal structure

—

A =K_(A) +ft Q, (X)A_ (x)dx + F, (1) (16)

in the macrovariables. One must deduce for which types of organic
system and under what boundary conditions the A-dynamics in (16)
closes into Am =Y, (A), sealing off the A-level of the system from all but
residual stochastic influence from the x-variables. When this occurs, the
macrovariables and boundary conditions define a new regime of lawful
pattern and order in the system. Biological systems are characterized by
many such levels of pattern and order, and one of the great unsolved
mysteries of modern biology is to understand why and through what
mechanisms these various levels of organization arose during the long
course of evolution by natural selection.

EXAMPLES

Example 6.1

Consider the equation
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which can represent a hadron (with unit mass and charge) under a self-adjoint
Coulomb force 1/r? and a resistive non-self-adjoint force #%/r due, for instance, to the
penetration of the hadron within the region of space occupied by other hadrons (e.g.,
for a proton moving in the core of a star).

Birkhoffian representation (6.1.24) can be written

(R,) = <§ 0), B=1p* +r )

but it is not suitable for the representation of the system via the hadronic generaliza-
tion of Schrodinger’s equations (Section 6.1) because it violates regularity conditions
(6.1.29). This deficiency is soon remedied via the Birkhoffian gauge

(R)—->R)=(R, + =|(pll+-)r
da* r
G=rp (3b)

under which (1) remains unchanged, as the interested reader is encouraged to verify.
The representation of the system via generalization (6.1.24) of the Hamilton-Jacobi
equation is then given by (ignoring subsidiary conditions)

0A°
?+%p2+r=0 (4a)
: 0A°
p<1 + *) or 04
w0 \G

To reach a form which is better suited for “Birkhoffian quantization,” one can reduce
the equations to a single partial differential form. This is accomplished via the change
of coordinates (6.1.30),

1
Q=r, P=p<1+;) )
under which (4) becomes
0A? 0A° |?
04% 1 , 04° 1{ PQ \? 04% 1) or oOp 0A?
4 =) 4= +22. (6
a Tt 6t+2(Q+1) 9= "3l o @
!

Theuse of rules (6.1.49) then yields the formal hadronic representation (Santilli (1982b))

P
00\
2 1| @ ap 2
j — = | — — 7
i verp) =15 + a y(t,r, p) Q)
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where proper symmetrication is understood. Note that the zero-order term of (7) in
1/A4? under conditions (6.1.52) reproduces (6) identically.

It is important to note that hadronic equation (7) does not admit the conventional
Schrédinger’s equation (6.1.41) as a particular case. This can be seen from the property
indicated earlier that classical equation (6.1.32a) does not recover the conventional
equation (6.1.17a) at the canonical particularization (R,) = (p, 0).

Example 6.2

The reduction of Birkhoffian into Hamiltonian representations (Theorem 6.2.1) can
be illustrated in a simple but important way in the case of Newtonian electromagnetic
interactions. Consider the Hamiltonian and Birkhoffian representations of a charged
particle under the Lorentz force as identified in Example 5.1

1
HLorenlz =3 [P - eA(t’ r)]Z + e(P(t, l'),
2m
(1a)
(RY) = (P;0), P =mi+ eA,
1 2
BLoremz =—p + e(P(t’ l')
2m
(1b)
(R)=(p+eA;0), p=mi

It is easy to see that the familiar transformation characterizing the minimal
coupling rule

@) =@Ep->0")=@P), P=p+eA )

is a Darboux’s transformation because it transforms the Birkhoffian into the Hamil-
tonian representation

o E — 0
R, = < o R,,)(b) = RO (3a)
B = BLnrentz(a(b)) = HLorentz(b)' (3b)

Note that transformation (2) is not canonical.

Example 6.3

We illustrate here the notion of closed non-self-adjoint systems (Section 6.3) for the
particular case of two-particle constituents. The equations of motion under considera-
tion are given by a non-self-adjoint generalization of conventional two-body systems
{i'k = Pu/M; k=12 M

b = A0 + B4 p),
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under closure conditions (6.3.36), i.e.,

2

3 A =0, (22)
k=1

2

b B =0, (2b)
k=1

T

r, x FiA =0, (20)
1

The model was proposed by Santilli (1978c, pp. 623-633) and the results can be
reviewed as follows. Constraint (2a) implies that FY$4 = — F)SA & gNSA Thys the
motion is in a plane as for conventional self-adjoint two-body systems. The systems
can then be written

MR =0, uf—f%r) — F¥@, i) =0 (3a)

i FNA =0 (3b)

rx F¥A =9 (3¢)

M=m + m,, y:;%, R=r,+r,, r=r, —r,. (3d)
1 2

The conservation of the total linear momentum and the uniform motion of the center
of mass are now ensured. Equations (3b) and (3c) then ensure the conservation of the
total energy and of the total angular momentum, respectively.

It is easy to see that the force

FNA = gf, g = const. 4

is one of the simplest possible solutions of conditions (3b) and (3c). Note that force (4)
is non-Newtonian and that the only admissible orbit is the circle.

The model was also studied by Tellez—Arenas, Fronteau, and Santilli (1979) who
examined the solution.

FNSA = (bt + V() = pio(E) ©)

where ¢ is a continuous function with simple zeros. It is easy to see that the con-
straints restrict the admissible ¢-functions and the trajectories to those for which
¢(E) = 0. The statistical implications are intriguing but, for brevity, will not be
reviewed here.

Example 6.4

We illustrate here the form-invariance of a vector field (or, equivalently, of a
system of first-order differential equations) under the Hamiltonian and the Birk-
hoffian time evolutions which are at the basis of the time component of Galilei’s
relativity and of its isotopic generalization, respectively.

Consider first the free particle of unit mass

d
%o = 2@ 5. (a”>=(;), (E*a):(g), p=1,2 (1)



274 Generalization of Galilei’s Relativity

with Hamiltonian representation

O0H
b= H=}t @

[1]

The canonical realization of the time component of Galilei’s relativity in this simple
case reads

(@(@) = exp[tw"“ o

0
- w](“ )

t i2
r+F[r’H]+5[[r’H]5H]+

- t z; =(H;>tp) @
p+ gy [p B+ 2 ([p, HL H] + -

and implies the trivial form-invariance

(;) B (ﬁ) -0 (:) B (z)f =0 @

The understanding (indicated in Section 6.3) is that the explicit form of the time
evolution is different for different Hamiltonians. Thus the form-invariance under
consideration is characterized by a variety of transformations, one per each given
(conservative) system.

We consider now the following non-self-adjoint generalization of system (1),

=AY = p —_
= (st ) 002 ©

where possible self-adjoint forces are ignored for simplicity (but without loss of
generality in the results). The Birkhoffian representation of systems (5) reads (Section
4.3)

0B
= = oo(a) 29| ©)

da

Galilei’s time component (3) is then generalized into the isotopic form
) 0B 0
(@4(@)) = exp [tﬂ“”(a) P w](a(t))
t i?
r+ F[r,B]* + E[[r,B]*,B]* + -

= M

t i
p+'1"[P’B]*+”2~|[[p7B]*’B]*+"'

and verifies the form-invariance

P P oo ? B p B
(p), B (FNSA(r, ,,)), =0 (fa); (FNSA(?, ﬁ)); =0 ®

under sufficient topological conditions here ignored (Problem 6.5).
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Illustrations of law (8) have been given by Santilli (1978¢) for a number of specific
cases. Consider first the particle with linear velocity damping force

_ p
E) = ( ) ®
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