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PREFACE 
Let us first state exactly what this book is and what it is not. It is a compendium 

of equations for the physicist and the engineer working with electrostatics, magne­
tostatics, electric currents, electromagnetic fields, heat flow, gravitation, diffusion, 
optics, or acoustics. It tabulates the properties of 40 coordinate systems, states 
the Laplace and Helmholtz equations in each coordinate system, and gives the 
separation equations and their solutions. But it is not a textbook and it does 
not cover relativistic and quantum phenomena. 

The history of classical physics may be regarded as an interplay between two 
ideas, the concept of action-at-a-distance and the concept of a field. Newton's 
equation of universal gravitation, for instance, implies action-at-a-distance. The 
same form of equation was employed by COULOMB to express the force between 
charged particles. AMPERE and GAUSS extended this idea to the phenomenological 
action between currents. In 1867, LUDVIG LORENZ formulated electrodynamics 
as retarded action-at-a-distance. At almost the same time, MAXWELL presented 
the alternative formulation in terms of fields. 

In most cases, the field approach has shown itself to be the more powerful. 
A partial differential equation is solved, and boundary conditions are fitted to 
give a unique solution of the problem. The partial differential equations of classical 
physics, considered in this book, are the Laplace equation, Poisson equation, 
diffusion equation, scalar wave equation, and vector wave equation. Several 
methods of handling these equations are possible, but separation 01 variables is 
generally the most valuable. The procedure is as follows: 

(1) Transform the partial differential equation into the coordinate system 
that fits the geometry of the problem. 

(2) Separate this equation into three ordinary differential equations. 
(3) Obtain solutions of these ordinary differential equations. 
(4) Build up the unique solution that fits the boundary conditions, using as 

building blocks the particular solutions obtained in (3). 
The amount of labor involved in solving a practical problem by this method, 

particularly when the required coordinates are unfamiliar, is rather formidable. 
One may well hesitate about embarking on such a program; and this hesitancy 
is probably responsible for the dearth of engineering, solutions of field problems. 

Most of the labor, however, occurs in the first three steps; and these paris 01 
the solution can be completed, once 101' all, and the results tabulated. This is the 
purpose of the Handbook-to remove the routine drudgery from field solutions 
so that the scientist can concentrate on (4), the unique and important part of 
the work. No such tables have been available previously. 

The range of problems that can be handled by separation of variables depends 
to a marked extent on the number of available coordinate systems. Accordingly, 
we have not limited ourselves to the eleven systems of EISENHART but have 
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chosen a number of others, bringing the total to 40. This by no means constitutes 
the totality of possible coordinates that allow simple separation or R-separation, 
though it includes most systems of reasonable simplicity and usefulness. Methods 
of obtaining further coordinates are explained in our book Field Theory lor 
Engineers (D. Van Nostrand Co., Princeton, N.J., U.S.A., 1961). 

For each of the 40 coordinate systems are given the relations to rectangular 
coordinates, the Stackel matrix, metric coefficients, gradient, divergence, and 
curl, the Laplace and Helmholtz equations, the separation equations, and the 
solutions of these equations. Also listed are a tabulation of all the ordinary 
differential equations of field theory and their solutions, also a bibliography of 
works dealing with the mathematical functions involved. 

Every equation has been checked independently by the two authors. But in 
a work that includes so many mathematical expressions, many of them given 
here for the first time, complete freedom from error would approach the mira­
culous. Any suggestions regarding errors or improvements will be greatly ap­
preciated. 

To a pure mathematician, our tabulations will seem ludicrously redundant. 
We have listed all special cases, even when they are obtainable from the basic 
form by a simple functional transformation. In this respect, the Handbook is 
similar to a table of integrals, whose practical value resides precisely in its re­
dundancy. 

We hope that the book will help the research worker in two ways: 
(a) By providing new coordinate systems, thus extending the range of engineer­

ing problems that can be handled by separation of variables, and 
(b) by freeing him from much of the annoyance and wasted effort usually 

associated with the routine part of the solution of partial differential 
equations. 

The Authors 

ACKNOWLEDGEMENT 

We are grateful to B. G. TEUBNER, Leipzig, and to Dover Publications, New 
York, for permission to use Fig. 7.0), which was obtained from E. JAHNKE and 
F. EMDE, Funktionentaleln mit Formeln una Kurven. 

We wish to thank J. R. Philip, J. H: Knight and Wolfgang Deeg for ealling 
our attenation to many of the errata. that have been corrected in this reprint 
of the second edition. The revisions on the Ba.er functions were suggested by 
John Soba.nik.. To Lois Bennett we owe the linear connections in circular cylinder 
and spherical coordinates. 



CONTENTS 
Section 

I. Eleven coordinate systems. . . . . . 

II. Transformations in the complex plane 

III. Cylindrical systems. 

IV. Rotational systems. 

V. The vector Helmholtz equation 

VI. Differential equations. 

VII. Functions. 

Bibliography. . 

Appendix. Symbols . 

Author Index. 

Subject Index. 

Page 

1 

49 

77 

96 
136 

144 

163 

217 

226 

229 

231 



Section I 

ELEVEN COORDINATE SYSTEMS 

The book is limited to orthogonal coordinate systems in euclidean 3-space. 
Skew coordinate systems do not allow separation of variables and will not be 
considered. 

One method of obtaining new coordinates-a method employed particularly 
by LAME [1]· and by DARBOUX [2] -is to study all the surfaces of a certain 
class and to determine what combinations of these surfaces will give orthogonal 
intersections. For surfaces of the first degree, we find only rectangular coordinates. 
Proceeding to equations of the second degree (and degenerate cases), we obtain 
the eleven coordinate systems of this section. EISENHART [3] has shown that all 
these systems allow simple separation of the Laplace and Helmholtz equations. 
Other coordinate systems, such as those built from fourth-degree surfaces [4], 
may have practical applications; but the eleven are undoubtedly the most im­
portant. 

The use of esoteric coordinate systems may be of value, even in simple geo­
metric considerations where field theory does not enter. With a spheroid, for 
instance, spheroidal coordinates eliminate the cumbersome mathematical expres­
sions obtained with rectangular coordinates and allow the simple determination 
of areas and volumes. 

But these unusual coordinate systems are particularly valuable in field theory. 
To express boundary conditions in a reasonably simple way, one must have 
coordinate surfaces that fit the physical boundaries of the problem [5]. In 
considering heat flow in a bar of elliptic cross section, for instance, one uses el­
liptic-cylinder coordinates; in calculating the effect of introducing a dielectric 
sphere into an electric field, one uses spherical coordinates; in obtaining the radia­
tion from a slender spheroidal antenna, one uses prolate spheroid coordinates. 
Thus the range of field problems that can be handled effectively by an engineer 
or physicist will depend upon the number of coordinate systems with which he 
is familiar. 

1.01 METRIC COEFFICIENTS 

An orthogonal coordinate system ("1, "I, "I) may be designated by the metric 
coefficients gu, gn, gaa' An infinitesimal distance is written [0] 

(1.01) 
where 

( aXl)1 ( aX.)1 ( aX.)1 
gii = au' + au' + au' ' (1.02) 

and x' a:re rectangular coordinates. 

• See Bibliography at end of the book. 
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In parabolic coordinates, for instance, let u1=fl, u2=v, u3='IjJ. Then 

\ 

Xl = fl v cos 'IjJ , 

Xl = fl v sin 'IjJ , 

x3 = l(fl2 - v2). 

The metric coefficients for parabolic coordinates are obtained by use of Eq. (1.02): 

( axl )2 ( ax. )2 ( aX3)2 gll = a;; + al' + aJA = (vcos 'IjJ)2 + (v sin 'IjJ)2 + fl2= fll + v2. 

Similarly, 

Knowing the metric coefficients, one can easily write equations [5] for volume, 
gradient, curl. etc. Equation (1.01) shows that infinitesimal distances along the co­
ordinate axes are (gll)l dul , (gn)l dus, (gaa)l dus. Thus an element of area on 
the ulul-surface is 

Similarly, an element of volume is 

(1.04) 

For example, what is the area of a paraboloid of revolution (JA = 1'0) from the 
vertex to a definite height designated by tlo? Parabolic coordinates (p" tI, "') are 
employed, with 

Thus, from Eq. (1.03). 

The total area is 
I" ", 

#= J Jpotl(I'~+tll)'dtld'P= 2~JAO [(JA:+v:)I_I':J. 
o 0 

Gradient in orthogonal curvilinear coordinates (ul, u2, US) is 

where fit, "I' as are unit vectors. 
Divergence is expressed as 

( 1.05) 

div E = g-l {a~l [(glgll)l E l ] + a~1 [(glgn)l E.] + a~a [(gIgas)' Es]}. (1.06) 

Curl is 

curlE= g-' {fit (gll) , [ a~1 [(gas)l Es] - a~a [(gn)l E2]] 

+ "I (gu)l [a~a [(gll) , El ] - a~l [(ga3)~ Es]] (1.07) 

+ as (gaa) 1 [a~l [(gu)l E.] - a~1 [(gll)l E1]]) , 



1.02 Differential equations 

or 

curlE = 

(gu)l El (gu)1 E. (gaa)' Ea 

The scalar Laplacian of rp is defined as 

Ji'lrp == divgradrp. 

In orthogonal curvilinear coordinates, 
a 

III - -6 ~ _a [~~_] rp - g ~ au' gil au' . 
• -1 

As an example, write Laplace's equation in parabolic coordinates. Since 

gu = gil = pi + ,,1, gil = pl"I, gJ = p,,(pl + ,,1). 

Eq. (1.09) gives 

3 

(1.07a) 

(1.08) 

(1.09) 

pl9'= p,,(p~+"I) {a~ [p" ::1 + :" [p" ~:] + a~ [(plp~"I) ::]}, 

so Laplace's equation is 

1 [al9' + ~ ~ + al 9' + ~ ~l + _1_ al9' = O. 
pi + ,,1 a pi pap a,,1 "a" pl,,1 atpl 

The vector Laplacian of E is defined as [6] 

* E = graddiv E - curl curl E. (1.10) 

In orthogonal curvilinear coordinates (u1, ul , ua), the general expression is [6] 

* E = fit {(g:l)' ::: + (glJg)' [::: - :~]} 

+ fli {(g:I)' ::: + (gil/g)' [:~ - :~]} (1.11) 

where 
+ fIa { (g:I)1 ::: + (gaa/g)' [:~ - ::~]), 

T=divE, 

II = ill {_a_ [(gaa)' Ea] - _a_ [(gu) I Et ]} 
gl aul au' ' 

Fa = fu {~ [(gu)1 E1] - ~ [(gu)1 Ea]} 
~ a~ a~ , 

Fa =..fu. {_a_ [(gu) , E I ] - _a_ [(gu)1 El ]}. 
,I aul aul 

1.02 DIFFERENTIAL EQUATIONS 
The partial differential equations considered in tbis book are as follows: 
(1) Laplace's equation, rlrp =0. 
(2) Poissons's equation, rlrp = -K(ul , ul, ua). 
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(3) The diffusion equation, PgJ = ;2 ~~ . 
1 02cp 

(4) The wave equation, PgJ = -c2 ot2 • 

1 02cp 0 cp 
(5) The damped wave equation, V2gJ = c2 iJt2 +R at. 

(6) Transmission line equation, V2gJ = ~2 ~2t~ + R ~~ + SgJ. 

1 02E 
(7) The vector wave equation, ¢ E = c2 .fii2 . 

In electrical problems, gJ represents the electric potential (volts); in magnetic 
problems, gJ is the magnetic scalar potential (ampere-turns); in thermal problems, 
gJ is the temperature (deg. cent); in gravitation, gJ is the gravitational potential 
(joule kg-l); in vibration applications, gJ is displacement (m); in hydrodynamics 
and acoustics, gJ is the velocity potential (m2 sec-l). 

The solution of any of the scalar equations in the foregoing list may be reduced 
to a solution of the scalar Helmholtz equation, 

PU +,,2U = o. ( 1.12) 

For the diffusion equation (3), let 
U(ui ) T(t) , 

where U is a function of the space coordinates and T is a function of time only. 
Substitution into the diffusion equation allows the separation of the time part, 
giving 

where" is the separation constant. 
Similarly, separation of the wave equation (4) gives 

V2 U + ,,2 U = 0, ) 
d2 T 
([j2 + ,,2 e2 T = o. 

For the damped wave equation (5), 

P U + ,,2 U = 0, ) 

d2~ + Re2 dT + ",2e2T= o. 
dt2 dt 

With (6), 
P U + ,,2 U = 0, ) 

d2!_+Re2 dT +(S+,,2)e2T=O. 
dtB dt 

(1.13) 

(1.14) 

(1.15) 

(1.16) 

The solution of the Helmholtz equation depends on the space variables and 
the boundary conditions, and will be different for each problem. The equation 
in time, however, is independent of the coordinate system. Thus the solution 
of the diffusion equation (3) is always 

( 1.17) 
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and a particular solution of the wave equation (4) is 

sin 
tp = U(u1, u2, u3) (~ct). 

cos 
For the damped wave equation (5), 

tp = U(u1, u2, u3) e-«I.L [«'_"'c1jl, , 

where a. = R c2/2. There are three cases: 
(a) Overdamped (a.>~c). The solution is given by Eq. (1.19). 
(b) Oscillatory (a. < ~c). The solution may then be written 

tp = U(u1, u2, u3) [A e-«I cos cot + B e-«I sin co t], 
where 

co = [~2C2 - a.2]1. 

(c) Critically damped (a. =~c), where 

tp = U(u1, u2, u3) [A e-«I + B te-«I]. 

Evidently (6) is the same as (5) except that 

co = [(5 + ~2) c2 - a.2]'. 

5 

(1.18) 

( 1.19) 

(1.20) 

(1.21) 

The Laplace equation (1) is, of course, merely a special case of the Helmholtz 
equation with ~ = O. The Poisson equation (2) can be reduced to the Laplace 
equation by a change of variable. Let 

where I(u') is so chosen that 
172.0 = o. (1.22) 

Thus all the scalar equations mentioned in this section can be reduced to the H elm­
holtz equation (or its special case, the Laplace equation). In this way, the scalar 
fields of electrostatics, electric conduction, magnetism, heat flow, and acoustics 
can be based on the solutions of the Helmholtz and Laplace equations given in 
this book. The vector wave equation requires a somewhat different treatment, 
which is given in Section V. 

1.03 SIMPLE SEPARATION 

The solution of any of the partial differential equations, (1) to (6) of Section 
1.02, reduces to a solution of the Helmholtz equation or the Laplace equation [7]. 
First consider the separation of the Helmholtz equation in 3-space. 

The formulation is facilitated by the introduction of the Stackel matrix [8]. 
With each coordinate system (u1, u l , u8) is associated a matrix: 

[ 

(/)11 (u1) (/)12 ( u1) 

[5] = (/)u(ull) (/)u(ull) 

(/)31 (u8) (/)32 (u3) 

(1.23) 

whose principal characteristic is that each row contains functions of only one 
variable (or constants). The Stackel determinant is the determinant of the above 
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matrix: 
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Wll WI2 WI3 

S = W21 W22 W23 

W31 W 32 W33 

The cofactors of the elements in the first column are 

(1.24) 

The necessary and sufficient conditions for simple separation of the scalar 
Helmholtz equation [9] are 

g,i = SIM;I' } 
gi/S = 11 (uI ) . 12 (u2) • 13 (u3) • (1.25) 

The first requirement introduces the restriction that it be possible to form a 
Stackel determinant [10J that is related to the metric coefficients as in Eq. (1.25). 
The second requirement states that gilS shall be a separable product. If these 
requirements are satisfied, the separation equations are 

(1.26) 

Here i, l = 1, 2, 3; Wi; are elements of the Stackel matrix, and rJ.; are the separa­
tion constants with rJ.l = ,,2. 

In parabolic coordinates, for example, a few trials show that a possible form of 
Stackel matrix is 

[
P.2 - 1 1/P.I] 

[S] = v. 1 1/'112 • 

o 0 1 

The form is not unique: many equivalent forms would do just as well. From this 
matrix, we find 

S=p.I+VI, M ll =M21 =1. 1 1 
M81= -+-. p.2 '112 

Evidently, Eq. (1.25) is satisfied, and 

11=p., 1.='/1, 18=1. 

The separation equations are obtained from Eq. (1.26): 

These equations are solved for M. N, 'P; and the solution of the Helmholtz equation is 

U{p., '/I, '1') = M{p.) . N('/I) . 'P{tp). 
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By no means all orthogonal coordinate systems allow separation. In tangent­
cylinder coordinates (p, v, ,,), for instance, 

A few attempts will convince one that no Stackel determinant can be devised that 
will satisfy Eq. (1.25). 

The necessary and sufficient conditions for simple separation of the Laplace 
equation [9] are 

(1.27) 

The separation equations are again given by Eq. (1.26), but with 1X1=0. 

For any cylindrical coordinate system in which the Helmholtz equation sepa­
rates, the Stackel matrix may be written [7] 

[
0 tPu 

[5] = 0 tPn 
1 0 

tP13
] 

~1I3 • 
( 1.28) 

For any rotational system (coordinate surfaces symmetrical about the z-axis), 

(1.29) 

1.04 COORDINATE SYSTEMS 

The eleven coordinate systems [3], formed from first and second degree sur­
faces, are as follows: 

Cylindrical 

1. Rectangular coordinates (x. y. z). Fig. 1.01. 
2. Circular-cylinder coordinates (r, 1J', z), Fig. 1.02. 
3. Elliptic-cylinder coordinates (17, 1J', z), Fig. 1.03· 
4. Parabolic-cylinder coordinates (,u. v, z), Fig. 1.04. 

Rotational 

5. Spherical coordinates (r, 8, 1J'), Fig. 1.05. 
6. Prolate spheroidal coordinates (17,8, 1J'), Fig. 1.06. 
7. Oblate spheroidal coordinates (17.8, 1J'), Fig. 1.07. 
8. Parabolic coordinates (ft. V, 1J'), Fig. 1.08. 

General 

9. Conical coordinates (r, 8, A). Fig. 1.09. 
10. Ellipsoidal coordinates (17.8, A), Fig. 1.10. 
11. Paraboloidal coordinates (,u, v, A), Fig. 1.11. 
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In the cylindrical systems, the cylindrical axis is always taken as the z-direc­
tion. In the rotational systems, the axis of symmetry is always taken as the 
z-axis and the angle about this axis is called "P' 

The Helmholtz and Laplace equations are simply separable in all these co­
ordinate systems. The separation equations and their solutions are listed in the 
following tables. 

As an example [11] of the use of the table, take a uniform electric field, 

rp = Eoz. 

A metal prolate spheroid 71 = 710 at zero potential is now introduced into the field, 
the center of the spheroid bemg at the origin of coordinates. What is the resulting 
potential distribution? 

Since the field has symmetry about the z-axis, rp is independent of '" and the table 
gives as particular solutions of Laplace's equation, 

rp = Pp (cosh 71) Pp (cos 0) • 

rp = Qp (cosh 71) Pp (cos 0) . 

The Q-functions of cos 0 cannot be used because they become infinite on the z-axis. 
Assume a solution 

rp = A Pp(cosh 1]) PP(cos 0) + B Qp(cosh 71) Pp(cos 0). (1.30) 

If this assumed solution does not satisfy the boundary conditions. we introduce ad­
ditional terms. using infinite series if necessary. 

Boundary conditions are 

{ 71 ~ 710' 

71 = 710' 

When 71 ~7Jo. Qp(cosh 71) ~o and 

rp = Eo z = Eu a sinh 71 sin 0; 

rp = o. 

rp = Eo a sinh 71 sin 0 = A Pp (cosh 71) Pp (cos 0) . 

ThuS. to satisfy the first boundary condition. 

A = Eoa. P = 1. 

For the second boundary condition. 

rp = 0 = [Eo a cosh 710 + B Qo (cosh 710)] cos 0 
or 

B = _ Eoacosh7Jo . 
Qo (cosh 710) 

Therefore. the unique solution of the problem is 

[ Qo (cosh 71) ] 
rp = Eoa cosh 71 - cosh 710 Qo (cosh 710) cos O. 

The electric field strength is. according to the table. 

E = - grad fP = - 1 [II orp +"8 orp] 
a [sinh l ,} + sin l 0]& 1/ atJ 7i8 ' 

(1.31) 

which is evaluated by differentiating Eq. (1.31). The field is plotted in Fig. 1.12. 
A similar plot for a dielectric spheroid is shown in Fig. 1.13. 
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TABLE 1.01. RECTANGULAR COORDINATES (or, y, z) 

u1 = x, - 00< x <+00, 
U2 =y, -OO<y<+OO, 
u3 =z, -oo<z<+oo. 

Surfaces of constant x, y, or z 
are mutually orthogonal planes 
(Fig. 1.01). 

The Stackel matrix may be 
written 

[S] ~ [~~l ~~l 
5=1, 

y Z • cons! x -- cons! 

o 

Z 

MIl =M21 =M31 =1. Fig.l.01. Rectangular coordinates (x, y, .). Coordinate surfaces are 

the planes: x = const, y = const, ,= const 

Metric coefficients 
gll = gu = ga3 = 1, gi = 1. 

11 = 12 = la = 1. 
Important equations 

(ds)! = (d X)2 + (d y)Z + (dZ)2. 

d _ acp acp acp 
gra qJ -a"-a + a,.,.+a'-a . 

x uy ;; 

divE = aE" + aEy + aE. 
ax ay az . 

a" ay a, 

curlE = a a a 
ax ay az 
Ex Ey E, 

J72 _ azcp a·cp azcp 
qJ- ax· + ayl + az.· 

SEPARATION OF LAPLACE'S EQUATION, J72 qJ = O. 

1 d (dUi) .~ 
T duo I. duo + U ?,.J ~jirt.; = O. 

• 1-1 

where rt.1 = 0 and VI =X(x), V2 = Y(y), va= Z(z). 

General case 

9 
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1111.2 = p2 and !1.a = q2, 

~I~ - (P2 + q2) X = 0, {04}* X = A e<pt+qt). % + B e-<P'+q')' ¥. 

{04} Y = A sin p y + B cos P y. 

{04} Z=Asinqz+Bcosqz. 

II 11.2 = p2 and!1.a = - ql, 

~I~ - (P2 _ q2) X = 0, {04} X = A e<pt_q.)i % + B e-<Pt-qt)~ % • 

dly. +p2Y =0 
dy· ' {04} Y = A sinpy + B cosp y. 

dlZ -q'Z =0 
dzl ' 

For cp independent of z, I ~.~ -11.2 X =O. 

day 
dy' +11., Y =0. 

Ill1.a=P', 

dlX -p·X=O {04} X=AeP%+Be-P%. 
dx· ' 

dly +psy =0 {04} Y =Asinpy + Bcosp y. 
dyl ' 

III1.I=-P·, 

dlX +P"X=O, {04} X=Asinpx+Bcospx. 
dxl 

dly _p2Y=0 {04} Y=AeP"+Be-/>". 
dyl ' 

If 11.2=0, 
dlX dly 
d x. = d yl = 0, {O i} X = A + B x, Y = A + By. 

For cp independent of y and z, 

{Oi} 9'=A +Bx. 

SEPARATION OF HELMHOLTZ EQUATION, 17"9' + )e29' = O. 

1 d (dU') .~ 
/. duo f. duf +u ~f/J'iI1.7=0' 

7=1 

where !1.t=)es and U1=X(x), U2 =Y(y), US=Z(z). 

. • The numbers in brackets designate the differential equation in terms of its 
singularities (see Section VI). 
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General case dlX dx.- (~+oea) X = 0, 

day 
d yl + otl Y = 0, 

dlZ 
-d.::1 + ("I + ot3) Z = o. 

II otl = pI and oea = q2, 

aax.. _ (PI + ql) X = 0, {04} X = A eIP·+q·)i" + B e-1P·+q·)l". ax· 
dl~ + pzy = 0 {04} Y = A sin py+Bcospy. aya ' 
~~ + ("I + ql) Z = 0, {04} Z = A sin [("I + ql)l z]+ BCOS[(,,2+ ql)'Z]. 

II otl = - p2 and oea = _ ql, 

~a; + (p'1. + q2) X = 0, {04} X = A sin [(P2 + q2)' x] + B cos [(PI + ql)l x]. 

{04} Y=AeP"+Be-p,v. 

{04} Z = A sin [(,,1- q2)1 z] + B cos [(,,1_ ql)4 02]. 

II otl= oea= 0, 

{Oil X=A+Bx, Y=A+By. 

{04} Z = A sin"z + B cos"z. 

For cp independent of Z dlX ! ----otlX = 0 

dlX +p·X=O 
dx· ' 

~~ + ("Z - PI) Y = 0, ay· 

dlX 
dx. =0, 
dly IIY -- +" =0 dyl ' 

dx· ' 

day (2 ) Y -dy. + ,,+otl =0. 

II ot2 = p", 
{04} X = A eP" + B e-p". 

{04} Y = A sin [(,,2 + PI)' y] + B cos [(,,2 + p2)1 y]. 

II ota= - pa, 
{04} X=Asinpx+Bcospx. 

{04} Y =A sin [(XZ- p2)i y]+ Bcosl(xz- pZ)ly]. 

I/~=o, 

{Oi} X=A +Bx. 

{04} Y=Asinxy+Bcos"y. 

For cp independent of y and z, 

{04} !p=Asinxx+Bcos"x. 



12 Section I. Eleven coordinate systems 

TABLE 1.02. CIRCULAR-CYLINDER COORDINATES (T, \jI,~) 

y u1 =1'. O~1'<oo. 

x 

u2 =tp. O~tp<2n. 

u3 =z. -oo<z<+oo. 

! x = rc~stp. 
y =1'SlDtp. 

Z =z. 

Coordinate surfaces are 

X2+yll=1'11 

(circular cylinders. 
l' = const). 

tantp=ylx 

(half-planes. tp = const). 

Fig. 1.02. Circular-cylinder coordinates (','I, .). Coordinate surfaces 
are circular cylinders (, = oonst), half-planes (V = const) intersecting 

on the .-axis, and parallel planes (. = const) 

z =const 

(planes). 

The Stackel matrix may be written 

[5] ~ [; 
-1/1'2 -1] 

1 o. 
o 1 

Metric coefficients 

/3=1. 

Addendum see pa.ge 12a. 

Important equations 
(dS)1 = (d1')2 + I'll (dtp)2 + (dZ)I. 

gradrp =a, ~9' +..!1 ~9' +a. ~9' • 
"" ",,'" "Z 

div E = aE, + E, +.!. aE., + aE •. 
a" " " a", az 

a, a" l' a. 
1 a a a 

curl E = - - - "z " a" a", " 
E, E,,1' E. 

al9' 1 a 9' 1 al9' al9' 
VZrp = 8"- + -;-a, +-;t atpl + az •. 
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Addendum w page 12 

Circular-Cylinder Coordinates 

r'~ [ ~ 
0 

~l -1' , I 

0 0 

r'~ [~ 
1/1' 

~l. 0 
tJ 

0 0 

F'~ [~ 
0 

H 0 , I 

0 0 



Table 1.02. Circular-cylinder coordinates (I', "', z) 

ALTERNATIVE CIRCULAR.CYLINDER SYSTEM (~, c.JI, z) 

Let l' = e<. Then 
Ul=~, 

u2 = '1/'. 
u3 =z. 

-oo<~<+oo. 

O;? 'I/' < 271:. 

-oo<z<+oo. 

I x = e< cos '1/'. 

y = ee sin 'I/' • 
z =z. 

The Stackel matrix is 

[
0 -1 -r2el 

[5] = 0 1 0 . 
101 

Metric coefficients 

Important equations 

(dS)2 = e20[(d~)2 + (d'l/')2] + (dZ)2. 

d - -o[ 0'P O'P] o'P gra 9' - e ae ar + a" 8¥ + a. az . 
d· E = -e[oEe +E + oE,,] + oE. 

IV e 0; • 0", OZ . 

a.e· a e· 
" 

a r 

curl E = e- 2 • 
0 0 0 

0; Tv! OZ 

E.i E ee 
" 

E. 

SEPARATION OF LAPLACE'S EQUATION, 172 9' = O. 

1 d (dU') .~ 
/, duo I, duo + U' ~ lP'ioci = O. 

1=1 

where OCI = 0 and U1 = R(1'), U2 = 'P(V'). U3 = Z(z). 

General case 

13 



14 Section I. Eleven coordinate systems 

II at2 = p2 and IX:! = q2, 

!!~R +_~!!~ _ (q2 + P2/r2) R = 0, {24} R = A.I' .. (iqr) + B.I'_" (iqr) dr2 r dr Y Y 

or· R=A.I' .. (iqr)+B'l!I,,(iqr). 

dl'l' + p2,!, = 0 
dlp2 ' {04} '!' = A sin ptp + B cos ptp. 

dlZ + 2Z =0 dz l q , {04} Z = A sin qz + B cos qz. 

II at2 = p2 and IX:! = - q2, 

j-IR +_~dR + (q2_P2/r2)R =0, {24} R=A.I'.,,(qr)+B.I'_p(qr) 
dr· r dr 

or R = A.I' .. (qr) + B'l!I .. (qr). 

dl'l'_ + p2,!, = 0 
dip· ' 
dZZ 2Z 
dz. -q =0, 

II at2 = 0 and IX:! = q2, 

~R +~ dR _ q2R = 0, {14} R = A.I'o(iqr) + B'l!Io(iqr). 
dr· r dr 
d·'l' 
dip. = 0, {Oi} ,!,=A+Btp. 

dlZ +q2Z =0 
dzB ' {04} Z = A sin q z + B cos q z . 

II at2 = IX:! = 0, 
dlR +~ dR =0 
dr· r dr ' {Oi} R =A +Blnr. 

dl'l' {Oi} '!' =A + Btp. --=0, dip· 
dlZ 
dzl = 0, {Oi} Z=A+Bz. 

{04} R=ArP+Br-p. 

{04} '!' = A sin ptp + B cos ptp. 

II at2 = 0, 

dlR +~ dR =0 
dr· r dr ' 

{04} R=A+Blnr. 

dB'l' 
fi¥I =0, {Oi} '!' = A + Btp. 

• If P is an integer, the second form must be employed. 



Table 1.02. Circular-cylinder coordinates (r, "', z) 

For fP independent of \jI, 

1 
d2R I.-!... dR - R = 0 
dr2 T r dr CXa , 

dBZ , 
dz 2 + exaZ = o. 

II exa = q2, 

{14} R = Afo(iqr) + Bf{!/o(iqr). 

{04} Z = A sin q z + B cos q z . 

II tXa= - q2, 

{14} R = Afo(qr) + Bf{!/o(qr). 

{04} Z = A eq• + B e-q•• 

II tXa = 0, 

{01} R =A +Blnr. 

{01} Z=A+Bz. 

For fP independent of rand z, 
dBqJ _ 
d",. -0, {01} rp = A + Btp. 

For fP independent of \jI and z, 

~qJ +.-!...~=O 
drl r dr ' 

{01} rp=A+Blnr. 

SEPARATION OF HELMHOLTZ EQUATION, V2rp + X2rp = O. 

1 d (dUi) i~ 
Ii dui Ii dui + U ;'S CPi; tX; = 0, 

where tXl = X2 and Ul = R(r) , U2 = 'P(tp), Us = Z(z). 

General case 
dlR +.-!... dR _(~ + )R =0 
drB r dr r2 exa , 
d2 1JF 
d",. + tX2 'P = 0, 

dDZ 
dz2 + (x2 + exa) Z = o. 

II tX2 = p2 and tXa = q2, 

d2~ +.-!... dR _ (q2 + P2/r2) R= 0, {24} R = AJ .. (iqr) + BJ_ .. (iqr) 
drB r dr Y Y 

or R = AJ" (iqr) + B f{!/" (iqr). 

{04} 'P = A sin ptp + B cos ptp. 

{04} Z = A sin [(Xl +q2)iz] 

+ B cos [(Xl + qll)tZ]. 

15 



16 Section 1. Eleven coordinate systems 

II ot2 = p2 and eta = - q2, 

d2R +~dR + (q2_p2f1'2)R=0, {24} R=AJp(q1')+BJ_p(qr) 
dr2 r dr 

or R = AJ .. (q1') + Bif!I .. (q1') . 

{04} lJI = A sin ptp + B cos ptp. 

{04} Z = A sin [(,,2 - q2)i z] 

+ B cos [(,,2 - q2)iz]. 

II ot2 = ° and lXa = q2, 

dlR +~dR -q2R=0 {i4} R=AJo(iq1')+Bl!!lo(iq1'). 
drl r dr ' 
dl'P 
dlpl =0, {Oi} lJI=A+Btp. 

~~ + (,,2 + q2) Z = 0, {04} Z=Asin[(,,2+ql)lz] 

+ B cos [(,,2 + ql)t z]. 

II ot2 = ota= 0, 

{Oi} R=A+Bln1'. 

{Oi} lJI = A + Btp. 

{04} Z =A sin"z + Bcos"z. 

For cp independent of z, 

I dlR +~ dii + (,,2 - otif1'2) R = 0, 
drD r dr 
dl'P 
dlpl + ot2lJ1 = 0. 

II ot2 = p2, 

d2R_ +~ i R_ + (,,2 _ p2f1'2) R = 0, {24} R = AJ,,(,,1') + BJ_p("1') dr. r dr r 

or R = AJ,. ("1') + BI!!I .. ("1') . 

{04} lJI = A sin ptp + B cos ptp. 

I/~=O, 

d2R +~ dR + ,,2R = 0, 
dr· r dr {i4} R = AJo("1') + Bl!!lo("1'). 

d''P 
dips = 0, {Oi} lJI=A + Btp. 

For cp independent of~, I dtR 1 dR - +--- - etaR = 0, drs r d,. 

dlZ 
dz. + (,,2 + eta) Z = O. 



Table 1.03. Elliptic-cylinder coordinates (11. ",. z) 

II f1.a = q". !!::. +-:.~~ -q2R=0. {14} R=AJo(iqr)+B\%(iqr). 

~;:. + (~S + qS) Z = 0, {04} Z = A sin [(~S + ql)tZ] 

+ B cos [(~11 + ql)I z]. 
II f1.a = - q2, 

dd2R +-!.. ddR +q2R=O, {14} R=AJo(qr)+B\%(qr). ,.2 ,. ,. 
.~~. + (,,1_ q") Z = 0, {04} Z = A sin [(,,2 - q2)iz] 

d2R 1 dR 
-(j:yP: + ,. d,.- = 0, 

d2 Z 2Z-
dz l +" - 0, 

For cp independent of ~ and z, 

dlrp +.!.. .drp_ + ,,291 = 0, 
d,.- ,. d,. 

+ B cos [(,,2 - qB)tZ]. 

II 1Xa= 0, 

{01} R=A+Blnr. 

{04} Z = A sin"z + Bcos"z. 

TABLE 1.03. ELLIPTIC-CYLINDER COORDINATES ('1,~, z) 

u1 = TJ ' 0 ~ TJ < 00. 

u2 ='IjJ, 0~'IjJ < 2n, 

u3 =z, -oo<z<+oo. 

Ix =acoshTJcos'IjJ, 
y = a sinh TJ sin 'IjJ , 
z=z. 

Coordinate surfaces are con­
focal cylinders and planes: 

(a cO:h 11)" + (a Si~h 1J= 1 

(elliptic cylinders, 
TJ = const) , 

(ac~s",r - (asrn",r= 1 

(hyperbolic cylinders, 
'IjJ = const) , 

17 

z=const 
(planes). 

Fig. t.Q3. EIliptic-cylinder coordinates ('I, ¥, .). Coordinate surfaces are 
elliptic cylinders ('I = coDst), hyperbolIc cylinders (¥ = const), and planes 

(,-const) 

The Stackel matrix may be written 

[
0 - 1 - all cosh2 TJ] 

[S] = 0 1 a2 cos2 'IjJ • 

1 0 1 

S = a2 (cosh2TJ- cos2 'IjJ), Mll = Mil =1, M31 = all (cosh2 TJ -cos2 'IjJ). 
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Metric coefficients 

gll = gu = a2(cosh2?] - cos21p), g33 = 1, 

gl = a2(cosh2?] - cos21p). 

It = 12 = 13 = 1 . 
Important equations 

(dS)2 = a2 (cosh2?] - cosllp) [(d?])2 + (dlp)2] + (dZ)2. 

grad !p = 1 [aTi ~ + a,,~] + a. !.J!.. . 
a[coshl17-cosl",]1 017 a", oz 

div E = 1 i {+ [(cosh2?] - cos21p)l E'IJ 
a [COShl 17 - COSI "'] 17 

+ ~-l(coshl?] - cos21p)i E J} + oE •. a", " oz 
curl E = -;--;-::------;~ 

(coshl17 - cosl ",) 

a'l(cosh2?] - cos2 1p)1 

a 
a,,(cosh2 ?] - cosllp)i 

a 
a.la 

a x 
017 a", oz 

E'I(cosh2?] - cos2 1p)1 E,,(coshl1] - cos2 1p)1 E.la 

172 = 1 [OIIP + OIIP] + aaIP 
!p al[coshl17-cOsl ",] 0171 0",1 0 .. 1 ' 

SEPARATION OF LAPLACE'S EQUATION, 172!p =0. 

1 d (dU') .~ T. du'- Ii dui + U' L..J (/JiiOCi = 0, 
1=1 

where OCI = 0 and CJl = H(?]), UI = 1JI(1I')' ua = Z(z). 

General case 
d2H 
dijt - (otl + a.aa2 coshl?]) H = 0, 

~; + (OC2 + a.a a2 cos21p) IJI = 0, 

dlZ 
dzl + otaZ = O. 

II q =a.aa2/4 and A =oc2+a.aa2/2, 

~I:' - (A + 2q cosh 2?]) H = 0, {113} H = A ce".(i?], - q) + B fe",(i?], -q) 

dl ,? 
d",1 +(A+2qcos21p) IJI=O, 

d2Z +~Z =0 
dzl a l ' 

where m = 0,1,2,3, ... 

or H = A se",(i'Y/, -q) + B ge",(i?], - q). 

{it3} IJI =A ce,,, (11', -q) + Bfe",(lp, -q) 

or IJI = A se, .. (11', - q) + B ge", (11', - q) . 

{04} Z = A sin (2ql z/a) + Bcos(2qlzla), 



Table 1.03. Elliptic-cylinder coordinates (1]. 'P. z) 

II q = - oea al /4 and l = oc. + oea a l /2. 

dlH 
(ir[- (l - 2qcosh 2"1) H = o. {113} H = A ce",(i1J. q) + B fe",(i1J. q) 

or H = A se", (i1J. q) + B ge", (i1J. q). 

dB,!, 
dIP. + (l - 2qcos 2tp) P = O. {113} P = A ce ... (tp. q) + B fe",(tp. q) 

or P = A se", (tp. q) + B ge", (tp. q) . 

deZ 4q ----Z=O dz. a B • 

For cp independent of z, 

II OC2= Pl. 

{04} H = A e'"' + B e-P'I . 

{04} P=Asinptp+Bcosptp. 

For cp independent of 11 and z, 
d1tp _ 
dIPB - O. 

For cp independent of ~ and z, 
d1tp 
dTT=O. 

SEPARATION OF HELMHOLTZ EQUATION, VI q; + Xl q; = o. 

General case 

1 d (dU') ,.e, 
-Ii duo I. duo + U L.J (/J,; OCt = O. 

1=1 

dlH 
d1]1 - (OCII + oea al cosh21J) H = o. 

~-:: + (OCII + oeaalcos2tp) P = O. 

dlZ 
dz l + (Xl + oea) z = O. 

19 
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II q = 0Ca a2/4 and A. = CX2+ 0Ca a2/2, 
~2~ _ (A. + 2q cosh 21]) H = 0, {113} H = Ace ... (i1], - q) + B fe ... (i1], - q) 

or H =A sem(i'fj, -q) + Bge ... (i1], -q). 
d 2 tp 
d'll. + (A. + 2qcos21p) lJI=O, {113} lJI=Ace ... (1p,-q)+Bfe ... (1p,-q) 

or lJI = A sem (1p, - q) + B ge .. (1p, - q). 
d 2 Z 
dz2 + (,,2 + 4q/a2) Z = 0, {04} Z = A sin [(,,2 + 4q/a2)l z] 

+ B cos [(,,2 + 4q/a2)1 z] . 

II q = - 0Ca a2/4 and A. = CX2+ IXa a2/2, 
d 2H 
-d 2 -(A.-2qcosh21])H=0, {113} H=Aceon(i'fj,q) + Bfe,,,(i'fj,q) 

11 
.or H = A se ... (i'fj, q) + B ge ... (i'fj, q). 

d 2 tp 
d'll. + (A. - 2q cos 21p) lJI = 0, {113} lJI = Ace ... (1p, q) + B fem (1p, q) 

or lJI = A sem (1p, q) + B gem (1p, q) . 

{04} Z = A sin [(,,2 - 4q/a2)~ z] 

+ B cos [(,,2_ 4q/a2)lz]. 
II CX2 = IXa = 0, 

{Oi} H=A+B'fj. 

{Oi} lJI =A + B1p. 

{04} Z = A sin "z + B cos "z. 

For cp independent of z, 

I ~2; - (CX2- ,,2a2 cosh2'fj) H = 0, 

d 2 tp dVJ2 + (CX2- ,,2a2 cos21p) lJI = 0. 

II q = ,,2 a2/4 and A. = CX2 - ,,2 a2/2, 
~2; -(A.-2qcosh21])H=0, {113} H=Ace ... (i1].q)+Bfe ... (i1],q) 

or H = A sem (i1], q) + B gem (i1], q). 
d 2 tp 
d'll. + (A. - 2qcos 21p) lJI = 0, {1i3} lJI = A ce ... (1p, q) + B fe ... (1p, q) 

or lJI =A se",(1p, q) + B ge",(1p, q). 

II q = - ,,2 a2/4 and A. = CX2 - ,,2 a2/2, 
~.:. - (A. + 2qcosh 21]) H = 0, {113} H = A ce ... (i'fj, - q) + B fe ... (i1], - q) 

or H = A se ... (i1], - q) + B ge ... (i'fj, - q). 
d·tp 
d'll. + (A. + 2qcos 21p) lJI = 0, {ii3} lJI =A ce ... (1p, - q) + B fe ... (1p, - q) 

or tp = A se ... (1p, - q) + B ge ... (1p, - q). 



Table 1.04. Parabolic-cylinder coordinates (p, ", z) 

TABLE 1.04. PARABOLIC-CYLINDER COORDINATES (fL, v,~) 

u1 =p, O~p<+oo, 

u2 =v, -oo<v<+oo, 
u3 =z. -oo<z<+oo. 

Ix = I (p2 - v2) , 

y=pv, 

z=z. 

The coordinate surfaces are con­
focal parabolic cylinders and 
planes: 

y2 = p2 (p2 - 2 x) 

(parabolic cylinders, 
p = const), 

y2 = VI (v2 + 2 x) 
(parabolic cylinders, 
v = const) , 

21 

cons! 

z = const 
(planes). 

Fig. 1.04. Parabolic-cylinder coordinales (1',', x). Coordinate sur­
faces are parabolic cylinders (I' = consl, • = con.!) and planes 

(.=consl) 

The Stackel matrix may be written 

[S] =[~ -: =~:l. 
1 0 1 

S=p2+V2, Mll=M21 =1, M31=p2+V2. 

Metric coefficients 

gll =g22=,u2+V2, g33= 1, g*=p2+ V2. 

11 = 12 = la = 1. 
Important equations 

{dS)2 = (,us + v2) [{dp)2+ {dV)2] + {dZ)2. 

grad m = (1I2 +v2)-1 [a ~ +a ~l +a ~. 
T f'" I' a p • 0" • 0 Z 

div E = (,u2 + V2)-1 {.!.... [{p2 + v2)1 E ] + ..!.. [(p2 + v2)* E J} + oE •. op I' 0" • 0. 

al' {p2 + v2)1 a. (pi + v2)* a, 



22 Section I. Eleven coordinate systems 

SEPARATION OF LAPLACE'S EQUATION, Ptp = O. 

1 d (dU') .,!!.., 
I, du' f, dui + U ,~ (/).jOCi = 0, 

where OC1 = 0 and Ul = M(",,), U2 = N('/I), U3 = Z(z). 

General case 
diM ( 2) M 
d",1 - OC2 + 0Ca"" = 0, 

dIN 
-([;;2 + (1X2 - 0Ca'/l2) N = 0, 

dlZ 
dzl + OCaZ = o. 

If OC2 = q2(P + 1) and 0Ca = tf/4, 

~~ - [q2(P+1) +tf",,2/4]M =0, {06} M=A"II'",(P,iq"")+B"II'",,(P,iq,,,,). 

~~ + [q2(P + 1) - tf'/l2/4] N = 0, {06} N = A"II'",(P, q'/l) + B"II'",,(P, q'/l). 

dlZ +!£.Z =0 
dz l 4 ' 

{04} Z = A sin{q2z/2) + B cos (q2 z/2). 

If 1X2 = - q2 (P + 1) and 0Ca = tf/4, 

~~ + [q2(P + 1) - tf""I1/4] M = 0, {06} M = A"II'",(P, q",,) + B""'(p, q",,). 

~I:: - [q2 (p + 1) + tf'/l2/4] N = 0, {06} N = A if'; (P, iq'/l) + B"", (p, iq'/l). 

diM 
d",1 +q2",,2M =0, 

dIN + q2'/12N = 0 
d,,1 ' 

dlZ 
dz l _qIlZ=O, 

For cp independent of z, 

{04} Z = A sin (q2 z/2) + BCOS(q2Z/2). 

If IXI = 0 and 0Ca = - q2, 

{06} M =",,! [AJ1(q",,2/2) +BJ_1 (q",,2/2)]. 

{06} N = '/Ii [AJ1 (q'/l2/2) +BJ_1 (q'/l2/2)]. 

{04} Z = A e'l' + B e-q ,. 

If OC2 = ps, 

{04} M =A eP"'+ Be- p",. 

{04} N = A sin p'/l + B cos p'/l. 

If OC2 = - p2, 

{04} M = A sinp"" + Bcospp.. 

{04} N = A eP• + B e-P'. 



Table 1.04. Parabolic-cylinder coordinates (p, v, z) 

For cp independent of (J. and z, 
d2 rp 
dv2 =0, {Oi} tp = A + Bv. 

For cp independent of v and z, 
d2 rp 

-d1'2 = 0, {Oi} tp=A+Bp.. 

SEPARATION OF HELMHOLTZ EQUATION, 17 2 tp + ,,2 tp = 0. 

1 d (dU') ", I, du' fi duf + U L..J (/J,,(Xj=O, 
1=1 

where (Xl = ,,2 and U1 = M(p.), U2 = N(v), ua = Z(z). 

General case d2M 
dl'z - ((Xs + (Xap.S) M = 0, 

dIN 
dvz + ((Xs - rxaVS) N = 0, 

dlZ 
dzz + ("s+rxa)Z= o. 

If (Xs = qS(P + t) and eta = if/4, 

23 

~~ - [q2(P + t) + ifp.s/4] M = 0, {06} M = A"II".(P, iqp.) + B"II",,(P, iqp.). 

~~ + [q2 (P + t) - ifvs/4] N = 0, {06} N = A "II". (P, qv) + B~ (P, qv). 

{04} Z = A sin [(,,2+ if/4)! z] 

+ B cos [(,,2+ if/4) I z]. 

If (X2 = - q2 (P + t) and rxa = if/4, 
d2M 
dp2 +[q2(P+t)-ifp.2/4]M=0, {06} M=A"II".(P,qp.)+B~(P,qp.)· 

~:~ - [q2(P + t) + ifvs/4] N = 0, {06} N = A "II".(P, iqv) + B~(P, iqv). 

~~- + q2p.2M = 0, 

dIN _ +q2v2 N =0 
dv l ' 

~2! + (,,2 _ ql) Z = 0, 

{04} Z = A sin [(,,1+ if/4) I z] 

+ B cos [(,,2+ if/4)l z]. 

If (X2 = 0 and rxa = - q2, 

{06} M = p.l [AJ'l (qp.2/2) + BJ'_1(qP.I/2)]. 

{06} N = vi [AJ'l (qv2/2) + BJ'_l (qv l /2)]. 

{04} Z = A sin [(,,2 - ql)l z] + B cos [(,,2 - q2)1 z]. 
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~N V-dv. - (q2 - X2V2) N = 0, {06} N = iv [AJI (x, q, iv) + BJ_i (x, q, iv)J . 

Il oc2=o, 

{06} M =,ul [AJ! (x,u 2/2) + BJ_1 (x,u2/2)J. 

{06} N = 'Ill [AJi (x '112/2) + BJ_1 (xv2/2)J. 

TABLE 1.05. SPHERICAL COORDINATES (r, e, tjI) 

Fig. 1.05. Spherical coordinates (', 8, ,,1. Coordinate sur· 
faces are spheres (,' = const), circular cones (8 = const), and 

half planes ('I' = const) 

Metric coefficients 

u1 = r, 0 ~ r < 00 , 

U 2 = 0, 0 ~ 0 ~ n, 

Ua = "P ' 0 ~ "P < 2 n . 

I x = r sin 0 cos "P , 

Y =r ~ sin 0 sin "P ' 
z=rcosO. 

Coordinate surfaces are 

X2+ y2+ Z2 = r2 
(spheres, r = const), 

tan 0 = (x2+ y2)~/Z 
(circular cones, 0 = const), 

tan"P=Y/x 
(half planes, "P = const). 

The Stackel matrix may be written 

[5J = [~ - :/r2 -1/s~n201· 
o 0 1 

5=1, Mu =1, 

M21 = 1/r2, Mal = 1/(r2 sin2 0). 

gll=1, gn=r2, gaa=r2 sin2 0, gl=r2 sinO. 

11 =rz, 12= sin 0, 13 = 1. 
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Addendum to page 25 

Spherical Coordinates 

1/r 0 ] 
o 0 

o -sinO cosO, 

o 
o 

ctnO 
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SEPARATION OF LAPLACE'S EQUATION, Ila rp = O. 

1 d (dU') ,~ 
-" du' I, du' + V ~ (/JijOCj = 0, 

• /=1 

where OCI = 0 and VI = R (r), va = e (0), V3 = !P(rp). 

General case 

II OCa= P(P + 1) and a.a = q'l., 

dlR +~ dR _ P(P + 1) R = 0, {22} R = A rP+ Br-1P+l). 
dr· r dr rl 

~IO~+cotO ~: +[P(P+1)- Si::O]e=o, {222} e=A.9't(cosO) 

+ B!I.1 (cos 0). 

{04} !P=Asinqtp+Bcosqtp. 

For cp independent of ~, 

1 
dlR +~ dR _!!2R =0 
dr. r dr rB ' 

dl@ d@ 
dOl + cot 0 "dO + oclle = o. 

Il ocz=P(P+1), 

dlR +~dR_ P(P+1) R=O, {22} R=ArP+Br-1H1). 
dr- r dr r· 
dl@ d@ { } dO. +cotO dO +p(P+1)e=O, 112 e=A.9'p(cosO)+B~/>(cosO). 

For'P independent of.,., 

1 
dl@ d @ eta N_ 

dO. + cosO "dO- sinlO e -0, 

dl'l' - +a.a!P=0. d",· 

1/ a.a = q2, 

{220} e = A.9'.,t(cos 0) + B~(cosO). 

{04} !P=Asinqtp+Bcosqtp. 



Table t.05. Spherical coordinates (r, 9, tp) 

For cp independent of 8 and ~, 

dl
" +~~ =0 drl r dr ' 

For cp independent of r and~, 

d l " 0 d" _ dOl + cot dO - 0, {01} fP=A+Blncot(O/2). 

SEPARATION OF HELMHOLTZ EQUATION, V· rp + "II fP = o. 

1 d (dUt) .~ 
ft dut I. dut + rr ~ q,'i«j = 0, 

1-1 

where IX]. = ". and U1 = R ('), U· = e (0), ua = !l'('I'). 

General case 

dlB dB ( CIa)_ 
dfJI + cot 0 dO + a.a- sinlO e - 0, 

dill' 
-+a.a!l'=0. dtpl 

II «I = P{p + 1) and a.a = qll, 

dlR + ~ dR + [". _ P(P + 1) ] R = 0, 
dr· r d, ,. 
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{24} R = ,-i [AJI'H("') + BJ-<t>HI(,,')J. 
dlB dB [ ql ] _ 
dOl + cot 0/l8 + p{p +1) - sinlO e - 0, 

{222} e = A&'g(cos 0) + B~(cos 0). 

{04} !l' = A sin q'l' + B cos q'l'. 

For cp independent of~, 

! dlR + ~ dR + (,,1_ «sf,S) R = 0, 
d,1 , d, 

die de 
(fljI + cot 0 /l8 + «.8 = O. 

II«,,=P{p+1), 

die de 
dos+cotO dO +p(p+1)e=O, 

For cp independent of 8 and ~, 

dl
" + ~!.!P...+ ". = 0, d,- , d, rp 

{11 2} e = A.9'1' (cos 0) + B~1' (cos 0) • 

{04} fP = : [A sin", + B COS",]. 
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TABLE 1.06. PROLATE SPHEROIDAL COORDINATES (1), e, 1.jJ) 

Z U1='Yj, O~'Yj<OO, 

U2 = (), O~()~n, 

U3 ='IjJ, O~'IjJ<2n. 

Ix = a sinh 'Yj sin () cos 'IjJ , 

y = a sinh 'Yj sin () sin 'IjJ , 

z = a cosh'Yj cos () . 

Coordinate surfaces are 

x 2 y2 Z2 

a2 sinh21] + a2 sinh21] + a2 COSh21] = 1 

(prolate spheroids, 'Yj = const), 

(hyperboloids of two sheets, 
() = const), 

Fig. 1.06. Prolate spheroidal coordinates ('I, 6, '1'). Coordinate 
surfaces are prolate spheroids ('1 ~ const), hyperbolOlds of 

tan'IjJ = y/x 
revolution (6 ~ const), and half·planes ('I' ~ const) . 

The Stackel matrix may be written 

Metric coefficients 

-1 

1 

o 

(half planes, 'IjJ = const). 

-1/sinh2'Yj] 
- 1/sin2 () 

1 

gu = g22 = a2 (sinh2'Yj + sin2 ()), g33 = a2 sinh2 'Yj sin2 (), 

g~ = a3 (sinh2'Yj + sin2 ()) sinh'Yj sin () . 

tl = sinh 'Yj , t2=sin(), t3=a. 

Important equations 

(dS)2 = a2 (sinh21} + sin2 ()) [(d1})2 + (d ())2] + a2 sinh2 'Yj sin2 () (d'IjJ) 2 . 

gradqJ= 1 [a'1~+a6~1 + ."'1'. ~. 
a (sinh21]+ sin20)i 01] 00 asmh1]smO otp 



Table 1.06. Prolate spheroidal coordinates ('I, 6, "') 

div E = (. ha 1+ . 16) {~h -:- [(sinhl1] + sinl ())l sinh 1] E'1] a sm 'I sm sm 'I u'l 

1 & [(. hI . S ())i . () E J} 1 &E., +-·-6<16- sm 1'}+sm sm 6 +-·h ·6---;;--· sm u asm 'Ism v'" 

curlE=. .1.. 
a (smha 'I + smB 6) smh 'I sm 6 

a'1(sinhs1] + sins ())6 all (sinhs1'} + sins ())l 

& & x 
&'1 80 

a., sinh 1'} sin 0 
& 

av; 
E'1(sinhl1] + sins ())i E6(sinhs1'} + sinl ())l E., sinh 1'} sin 0 

VI - 1 {&Itp h &tp &Itp () &tp} 
g; - a8(smhl'l + sin· 6) &'18 + cot 1'} a;; + &61 + cot 80 

1 &Itp 
+ alsinhl'l sinl 6 &", •. 

SEPARATION OF LAPLACE'S EQUATION, VIg; = 0. 

1 d (dU') . 3 T df" f, duo + U'L tP.;ct.; = 0, 
• ;=1 

where ct.l = ° and lJl = H(1]), Us = 8 «()), U3 = lJl(1p). 

General case 
d8H dH ( 1Xa) H _ -d I +coth1'}-d - ct.1I+--:--hB -0, 

'I I'} sm'l 

~I:a + cot () ~~ + (ct.II- Si:: 6 )8 = 0, 

d21J1 
d",8 + ct.a lJl = 0. 

If ct.1I = P (P + 1) and ct.a = ql, 

dlH h dH [(p ) ql] H _ -d I +cot 1'}-d - P + 1 +--:--hl -0, 
'I 'I ~ 'I 
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{222} H = A &'1 (cosh 1'}) + B.~~(cosh 1'}). 
dIe de [ ql ].._ 
d6. +cot() d6 + P(P+1)- sinB 6 8-0, 

{222} 8 = A&'I (cos ()) + B~~(cos ()). 

For <p independent of "', 

I ~I: + coth1'} ~~ - ct..H = 0, 

dIe de 
d68 + cot () dO + ct.18 = 0. 

II ct.2 = p(p + i), 

~I:' +coth1'} ~~ -P(P+1)H=O, {112} H=A&'1>(cosh1])+B~1>{cosh1'}). 
die de 
d6. +cot8 d6 +P(P+1)8=0, {112} 8=A&'1>(cos())+B~1>(cos()). 
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For cp independent of 8 and \fJ, 
d1rp d rp 
dfJl + coth 1J dfJ = 0, {o I} IP = A + BIn coth(1J/2) 

= A + C In tanh (1J/2) • 
For cp independent of 'I and \fJ, 

d1rp 0 d rp - { } 0 d (JI + cot d7i - 0, 01 IP = A + B In cot ( /2) 

= A + C In tan (0/2) . 

SEPARATION OF HELMHOLTZ EQUATION, VI IP + 'XIIP = O. 

1 d (dUi) • ~ T du' Ii duo + U ~ (/JiiIXi=O, 
• 1=1 

General case 

dlH + th dH (I II . hI! CXa ) H _ -d I co 1J -d + 'X a sm 1J - (ltg- -'------hl - 0, 
fJ '1 SIDfJ 

die + t 0 de + (I I . • 0 + CXa ) e - 0 d(J. co dO 'X a sm IXII - sinl(J -, 

dl'JI 
dIP. + 0Ca 'l' = o. 

II IXg= P(P + 1) and 0Ca= ql, 

ddl~ + coth1J ddH + ['XII allsinhl1J - P(P + 1) - . qhll ] H = 0, 
fJ fJ mn fJ 

{224} H = A[!J't ('X a, cosh 1J) + B~('X a, cosh 1J), 

~~~ +cotO ~: +['Xll a li sinIl 0+p(P+1)- Si~:(J]e=o, 

dl'P • _ 
dIP' + q 'l' - 0, 

For. independent of \fJ, 

{224: e = A[!J't ('X a, cos 0) + B~~('X a, cos 0). 

{04} 'l'=Asinq1p+Bcosq1p. 

I ~I: + coth 1J ~~ + ('XI as sinhl1J - IX.) H = 0, 

die to de +(. I . • 0+ )D-O d (JI - co dO 'X a sm a.. t7 - • 

II IX. = P{P + 1), 

~I: +coth1J ~~ +['Xlalsinhll1J-p(P+1)]H=O, 

{114} H = A[!J'p ('X a, cosh 1J) + B~p ('X a, cosh 1J) . 
die de . 
dOl - cotO dO + ['XI allsmll 0 + P(P + 1)] e = 0, 

{114} e = A[!J'p ('X a, cos 0) + Blip ('X a, cos 0) . 



Table 1.07. Oblate spheroidal coordinates (1/, 8, tp) 

TABLE 1.07. OBLATE SPHEROIDAL COORDINATES ('1,8, "') 

u1=fJ, o~fJ<oo, 

Ull = 0, 0 ~ 0 ~ :n;, 

u8 =tp, O:S:: tp< 2:n;. 

Ix = a coshfJ sin 0 cos tp , 

y = a coshfJ sin 0 sintp, 

z = a sinhfJ cos O. 

Coordinate surfaces are 

Xl y. 
a1coshl11 1- alcoshl1/ 

Zl 

1- al sinhll1 1 r 
(oblate spheroids, fJ = const), 

Xl yl 

a l sinl 0 1- at sinl 0 
z· 

alcost 0 = 1 

(hyperboloids of one sheet, 
0= const), 
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tantp = y/x 
(half planes, tp = const) . 

Fig. t.07. Oblate spheroidal coordiDates ('I. II. ,,). Coordinate sur­
faces are oblate spheroid. ('1- const). hyperboloids of revolution 

(II = coost). and half-p1anes (" - coost) 

The Stackel matrix may be written 

Mll=Mu=1, 

Metric coefficients 

- 1 1/coshllfJ 1 
1 - 1/sinB 0 . 
o 1 

gll = gu = al(coshllfJ - sinl 0), g88 = aB cosh1fJ sinl 0, 

gi = a8 (coshBfJ - sinlO) coshfJsin O. 

fl=coshfJ, fll=sinO, fa=a. 

Important equations 

(ds)' = as (COShlfJ - sin- 0) [(dfJ)l1- (dO)-] 1- as coshsfJ sins 0 (dtp)l. 

grad q> = 1 [a 8 rp 1- ae ~] 1- a 1. ~ . 
a (COShl1/ - sinl 0)' 'I 81/ 88 " a cosh 1/ sm 0 8tp 
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divE= ( h2' . 2()) {--~h _0-[(cosh21J-sin20)tcosh1JE,J 
a cos rl - sm cos 'Tj ° 'Tj 

1 ° [( h2 . 2 ll) A • II E ]} 1 oE'I' + -.-() --;--() cos 1J - Sin (J Sin (J 6 + h () -,,-. sm u a cos 'Tj sm utp 

curlE = .' . a(cosh2'Tj - sm2()) cosh 'Tj sm () 

a~ (cosh2 1J - sin2 O)! ao(cosh21J - sin2 0)* all' cosh 1J sin 0 

° ° ° X 0'Tj 00 otp 

E~(cosh21J - sin2 O)A Eo (cosh2 1J - sin2 O)1 Ell' cosh 1J sin (j 

172 _ 1 {02g;+t h 0g;+02g;+ tOOg;} 
fIJ- a2(cosh2'Tj-sin2()) 0'Tj2- an 1J8;J 002 co 80 

1 02g; 
+ a 2cosh2'Tjsm2() Otp2' 

SEPARATION OF LAPLACE'S EQUATION, 172 fIJ = 0. 

1 d ( dU') • L3 --- (-. +V </)··oc·=o 
f · du' • du' " 1 ' 
• ;=1 

where OC1 = ° and VI = H(1J), V2 = e (0), V3 = 'l'(tp). 

General case 

d 2H dH ( as ) H _ -d 2 +tanh1J-d + -oc2+-h- 2- -0, 
17 'Tj cos'Tj 

dIe de ( as) H _ 

d ()2 + cot 0 IiO + OC2 - sin 2 0 e - ° , 
dIP 
d'P2 + 0Ca 'I' = 0. 

If OC2 = P(P + 1) and 1X3 = q2, 

dlH dH [ q2 1 _ -d 2 + tanh1J-d + - P(P + 1) + -h-I- H - 0, 
'I 'fJ cOS'fJ 

{222} H = A9$ (i sinh 1J) + B~~ (i sinh 1J). 

dBe de [ ql 1 H -

d()1 + cot OliO + P(P + 1) - sin2() e - 0, 

For ({) independent of "', 

{222} e = A 9'$ (cos 0) + B~~(cos 0). 

{04} 'l'=Asinqtp+Bcosqtp. 

I dlH dH 
d'l2 + tanh 1J d'fJ - OC2 H = 0, 

dIe de 
d ()2 + cot 0 IiO + OC2 e = 0. 



Table 1.07. Oblate spheroidal coordinates (1'/. 9. "') 

dl @ d@ 
d (JI + cot 0 ([8 + p (P + 1) e = 0, 

For cp independent of 8 and~, 

d2rp h drp_ 
-d I + tan 'YJ-d -0, 

"/ 1'/ 

For cp independent of YJ and~, 

d 2rp 0 drp _ 
d(JI + cot (iii - 0, 

{112} e = A&,p(cos 0) + B!2p(cos 0). 

{01} tp=A+Bcot-1(sinh'YJ) 

or tp = C + D tan-1 (sinh 'YJ)' 

{01} tp=A+Blncot(O/2). 

SEPARATION OF HELMHOLTZ EQUATION, VI tp + H,ltp = O. 

1 d (dU') ,~ Ii duo I, duo + U ~l tP" rT.; = 0, ,= 
where (Xl = H,I and Ul = H('YJ), Us = e (0), ua = '1'('1'). 

General case 

ddl~ + tanh 'YJ ddH + (H,I as coshl 'YJ - (XI + ~hl ) H = 0, 
1'/ 1'/ cos 1'/ 

dl@ + to d@ ( Z I • 10+ _ ilia ) £\ - 0 
d(J1 co ([8+ -H, a sm (X2 sin l 9 0' - , 

d1tp 
d",1 + a:a'1'= o. 

II(X2=P(P+1) and a:a= ql, 

~I~ + tanh'YJ ~~ + [H,lIa2cosh2'YJ - P(P + 1) + Ca:~I1'/] H = 0, 
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{224} H = A&'t(i H, a, isinh'YJ) + B~(iH,a, i sinh'YJ). 

~I~ +cotO ~~ +[-H,la2sinIlO+p(p+1)- Si!:(J]e=o, 

{224} e = ArJlI3 (i H, a, cos 0) + B~(i H, a, cos 0). 

d1tp 2 _ 
d",1 +q '1'-0, {04} '1'=Asinqtp+Bcosqtp. 

For cp independent of~, 

{ 

~2~ +tanh'YJ ~~ + ("lallcoshl'YJ-(Xs)H=O, 

~~~ + cot 0 ~: + (- H,I a l sinlO + (X.) e = o. 
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d2H dH 
dTJI + tanh 1) dTJ + [X2 a2 cosh21) - p (P + 1)] H = 0, 

{114} H = A&,p (i x a, i sinh 1)) + B9-p (i x a, i sinh 1)) . 

:B~ +cotO ~~ +[-x2 a2 sin2 0+p(p+1)]e=O, 

v-const 

{114} e = A&'p(i x a, cos 0) + B9-p(i x a, cos 0). 

TABLE 1.08. PARABOLIC COORDINATES (1£, 'II,~) 

Jt:/I 

u1 =p, O~p<oo, 

u2 ='/I, O~'/I<oo, 

u3 = "P, o ~ "P < 2:n. 

Ix = p'/l cos"P, 

y = p '/I sin "P ' 

z = t (pl- v2) • 

The coordinate surfaces are 

xl+ y2 = pl(pl_ 2z) 

(paraboloids of 
revolution, p = const), 

xl + yl = '/18 (vl + 2z) 

(paraboloids of 
revolution, '/I = const), 

tan"P = y/x 
Fig. 1.08. Parabolic coordinates (/I,., ,,). Coordinate surfaces are para. 
boIoids 01 revolution (/I = const, • = const) and hall·planes (" = const) (half planes, "P = const). 

The Stackel matrix may be written 

[
pI 

[5] = ~ 
-1 

1 

o 

- 1/p2] 
- 1/'/12 . 

1 

Mu=MIl=1, pl+VI 
~1=7VI' 

Metric coefficients 

gn = gu = pl+ '/II, g33 = pi '/II, gl = p '/I {pl+ '/II). 

11=p, 1,,='/1, 1.=1. 



Table 1.08. Parabolic coordinates (/J, tI, '1') 

Important equations 

(dS)2 = (",2+ ,,1) [(d",)B+ (dV)IJ + ",B,,2(dtp)2. 

ad = 1 [a ~ + a ~l + !!:L ~ 
gr q; (/JI+VI)1 I' o/J • oV /JV 0'1" 

3S 

div E = ~{~ -:- [",(",B+,,2)'EI'J + ~ -:- [v (",2+,,2)IE.J} + _1_ o!>E., • 
/J + v /J U /J v uV /J v u'I' 

al' (",2+ ,,2)1 a.(",2+ ,,2)1 a.,,,," 
curlE = 1 0 0 0 

X - -
"V (,,2 + Vi) 0" OV 0'1' 

EI' (",2+ pI)1 E. (",2 + ,,2)' E.,,,," 

SEPARATION OF LAPLACE'S EQUATION, 172 q; = O. 

1 d ( dU') . a T du' I. du' + if ~ tl>i;rJ.;= 0, 
• 1-1 

where Otl = 0 and [Jl = M~), UI = N(,,), U3 = If'(tp). 

General case 

dIM +~ dM -(OtI+~)M=O, 
d/JI "d/J /JI 

diN +~ dN + (Ot2-~) N=O, 
dv· v dv v· 

dl'l' 
d'l'l + Ota If' = O. 

II Ot, = ql and Ota = pi, 

~:. + : ~~ - (ql+ PI/",') M = 0, {24} M = AJp(i q "') + BJ_p(i q "') 

or M = AJ,,(i q "') + B~,.(i q ",). 

dIN + ~ dN + ( 2_ P2/,,1) N = 0, {24} N = A.l:p(q,,) + BJ_p(q,,) 
d"a v dv q 

or N = AJ,,(q,,) + B~,,(q,,). 
{04} If'=A sinptp+ Bcosptp. 

For c:p independent of "', 

1 
diM 1 dM -+---OtzM=O, 
d"t "d/J 
dIN 1 dN -+--+Ot2N=0. dv· v dv 
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II OC2 = ql, 
d2M +~ dM _ zM=O 
d",2 '" d", q , {i4} M = AJo(i q JL) + B~(i q JL). 

diN 1 dN 2 --- + - - + q N = 0, 
d'/12 '/1 d'/1 

{i4} N=AJo(qv)+B'Wo(qv). 

For cp independent of" and \jJ, 

dlrp + -~- ~ = ° 
d",2 '" d", ' 

{Oi} !p=A+BlnJL. 

For cp independent of fL and \jJ, 

dBrp +~~=O 
d'/12 '/1 d'/1 ' 

{Oi} !p=A+Blnv. 

SEPARATION OF HELMHOLTZ EQUATION, 172 !p + ,,2!p = 0. 

1 d ( dU') • 3 
f. duo I. duo + U ~ tP.joc, = 0, 

where OC1 = ,,2 and U1 = M(JL), U2 = N(v), U3 = lJI(tp). 

General case 
dIM +_~ dM + (,,2JLS- OCs- oca/JL2)M=0, 
d",1 '" d", 

dIN + ~ dN + (,,2 '1'2+ OC2 - a.a/v2) N = 0, 
dvl '/1 d'/1 
dB 'I' 
d1p2 + OC3lJ1 = 0. 

II OC2 = q2 and OCa = ps, 
dIM 1 dM _ + __ + (,,2/1,2_ q2_ P2/JL2) M = 0, 
dp.1 P. dp. 

{26} M = AJI>('" i q JL) + BJ_I>('" i q It) 

or M = AJ .. (", i q JL) + B'W .. (", i q JL). 
d2N + ~ dN + (,,2 '1'2 + q2 _ P2/V2) N = 0, 
d'/12 '/1 d'/1 

(26} N = AJI> ('" q v) + BJ -I> ('" q v) 

or N = AJ .. (", qv) + B'W .. (", qv). 

d2 'l' + p21J1 = ° 
d1p2 ' 

{04} lJI=Asinptp+Bcosptp. 

For cp independent of \jJ, 

1 
dIM + ~ dM + (,,2 JL2- OCz) M = 0, 
dp.1 '" d", 

diN +~ dN + (,,2 V2+ OCI)N=0. 
dill II dll 

II OCt = ql, 

diM + ~ ddM + ("I JL2- ql) M = 0, {i6} M = AJo('" i q JL) + B'Wo('" i q /l). 
d",1 '" '" 

diN + ~ dN + ("S '1'1+ q2) N = 0, {i6} N = AJo('" qv)+ B~(",qv). 
dill II dll 



Table t .09. Conical coordinates (I', 0, A) 

TABLE 1.09. CONICAL COORDINATES (r, 8, A) 

ul =" 
u2 =O, 
u3 =A, 

o~,<oo, 

b2 < 02 < ell, 

0< X'< bl. 

(X)2 = ( "bOcA r ' 
( )2= "I(OZ-bl) (bl _).2) 

Y bZ(cl-bZ)' 
2 _ ,,2 (cl - ( 2) (cl - AS) 

(z) - cl (c2 _ b2) 

with el > 01 > bl > ).2> O. 
Coordinate surfaces are 

X2+ yll+ Z2 = ,2 

(spheres, r = const), 
Xl yl Zl 

(j2 + Ol-bl - C2 -02 = 0 

(elliptic cones, 0 = const), 
Xl yl Zl 
-------=0 AI bl-).I cl-AI 

z 
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(elliptic cones, A. = const). 
Fig. t.<l9. Conical coordinates (', 6, A). Coordinate surfaces are 

spberes (, = const), and elliptic cones (6 = const, A = const) 

The Stackel matrix may be written 

[

1 - 1/,2 0 l 
01 -1 

[S] = 00 (Ol-bl) (CI -02) (81-b2)(C2-fJ~) • 
-AI 1 

(bl - ).1) (cl- AI) (bl - AI) (cl- ).1) 

Metric coefficients 

(Ol-AI) 
S = (Ol-bl) (cl-81) (bl-AI) (cl-AI) , 

~I=S, 
1 

Mu = "I(b.-AI) (cl-AI) , 
1 

M31 = ,,1(01- b2) (Cl-O l ) • 

gll = 1, 
_ ,,1(OI_AI) 

gu- (81 -bl) (Cl-Ol ) , 

_ ,.1(OI-AI) 
C3B - (bl-AI) (cl-AI) , 
1- ,.1(OI-AI) 

g - [( 01 - bl)(c. - Ol)(bl - A I)(CI - AI)]I • 

II = ,I, 
Iz = [(01 - bl ) (el - 02)]1, 
18 = [(bl - AI) (ell - AI)]~. 
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Important equations 

(d )2 - (d )2+ 2(02 A2) [ (dO)2 + (d;')2 1 
S - l' l' - (02-b2) (C2-02) (b2_;'2) (C2_;'2) • 

d acp 1 
gra rp = aT ~r + ---, 

u 1'(02-;'2)1 

X {ao (02 - b2)l (c2 - (2)L~.~ + aA (b2 - AS)l (c2 - A2)~~} 00 a;, . 

div E = ~ ~ (1'2 E ) + __ 1 _ {(02 _ b2)t (c2 _ (2)! 
1'2 or T 1'(02_;'2) 

curlE = 

X ~ [(02 - A2)~ Eo] + (b2 - A2)l (c2 - A2)l_a_ [(02 - A2)! EA]} 00 a;,' 

[(02 - b2 ) (c2 - (2) (b2 _ ;'2) (c2 _ ;'2)]1 
(02_;'2) 

aT (02_;'2)t 

l' ao (01-b 2)!(CI -02)! 

X~ or 
a 

aF 
ET E (02_;'I)l 
r 0 (02 _ bl)l (cl _ (2)1 

(02 - ;'2)1 
aA ----'----.~'---------. 

(b2 _ ;'2)1 (c2 _ ;'2)1 

a 
aT 

(02_;'2)t 
E A ----'-----,--'--c-

(b2 _ ;'2)1 (c2 _ ;'2)1 

172 - alcp 2 a cp 1 {(02 b2) (2 ( 2) alcp 
rp - 01'1 + r fir + 1'2(02_;'2) - C - 001 

_ 0 [202 - (b2+ c2)] ~ + (b2 - A2) (c2- A2) a2cp 
00 a;'B 

+A[2A2- (b2 +C2)] ~~}. 

SEPARATION OF LAPLACE'S EQUATION, V2 rp = O. 

1 d (dU') ,~ T dU' Ii dui +U L.,., (/),;r:t.;=O, 
•. ;=1 

General case 

dlR +~ dR -~R=O 
drB l' dr 1'2 ' 

~@ d@ 
(OS - b2) (c2 - ( 2) d 02 - 0 [202 - (b2+ c2)] dO + [r:t.2 02 - r:t.3] e = 0, 

1 dBA dA 
(b2 -A,2)(C2-A2) d;'1 +A,[2A2_(b2+C2)] d;' -[r:t.2A2-IXaJA=0. 

II r:t.2 = P(P + 1) and r:t.a = (b2+ c2) q, 

daR + ~ dR _ P(P + 1) R = 0, {22} R = A 1'1>+ B1'-(1)+1). 
dr l l' dr 1'1 

(02 - b2) (02 - c2) ~~~ + 0 [202 - (b2+ c2)] ~: + [(b2 + c2) q - P (P + 1) 02] e = 0, 

{1112} e = A til (0) + B.F$ (0). 
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(),I_bZ}(),I_CI) :I~ +),[2),1_(bl+CI)] :~ + [(bl+cl)q-P(P+i)),I]A =0, 

{11i2} A =AII(),) + B.F/(),)· 

II ats = txa= 0, 
dlR +~ dR =0, 
d,.- ,. d,. {Oi} R=A+B/,.. 

~ [(01 - bl )' (cll- ( 1)1 d9] = 0 
dO dO' 

~ [(bl- ),1)' (cl- ),1)1 dA ] = 0 
dA dA' 

For cp independent of r, 

I (OI-bl)(OI-CI) :1: +0[201_(bl+cl)] ~: +txa 8 =O, 

(),I-bl )(),lI-CI ) ~I~ +),[2),1- (bl1+CI )] :~ +txaA=O. 

Iltxa = q(bl + Cl), 

(OI-bl)(OI-CI) ~I: +0[201 - (tJl+CI)] ~: +q(bl +cl)8=0, 

{1111} (1 = AI3(O) + B.F/(O). 

(AI-bl)(),I-CI) ~I~ +A[2AI_(bl +CI)] ~~ +q(bl+cl)A=o, 

{1111} A = AI3(),) + B.F/(A). 

l/cCbt) 'Vea- . 

For cp independent of r and 1., 

ddO [(01 - bl )l(cl - ( 1)1 ::] = 0, (y Cl- 01 V cl bl ) {Oi} tp=A+Bsn-1cl_bl' cl . 

For cp independent of r and 8, 

ddA [(111- ),1)1 (ci- ),1)1 ~r] = 0, {Oi} tp=A+Bsn-l(~, !). 

SEPARATION OF HELMHOLTZ EQUATION, VI tp + Xl tp = O. 

t d ( dU') .. ri I It du' I, du' + u-~ 4>,;«; = 0, 
7-1 

where «t=xz and lJl=R(,), UI=8(0), U'=A(),). 

General case 

dlR + ~ dR + (Xl - «sI,I) R = 0 d,.- ,. d,. , 
(01 - bS)(cl - ( 1) :~~ - 0[281- (bl + Cl)] :: + [Gt.01-txa]8 = 0, 

(bI- ),1)(CI - ),1) :I~ + A [2),1- (bl + cl )] :~ - [ats AI - txaJ A = o. 
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II a.2 = P (P + 1) and eta = q(b2+ c2), 

dlR + ~ dR + (X2- P(P + 1)/1'2) R = 0 
drB r dr ' 

{24} R = 1'-1 [A.1'PH (x 1') + B.1'_(1)+I)(x 1')]. 

(02 - bl ) (01 - c2) :r/:,~ + 0 [2 02 - (b2 + c2) J ~: - [P (P + 1) 02 - q (b2 + c2)] e = 0 , 

{1H2} e = ASt (0) + BoFt (0). 

(AI- b2) (AI- c2) ~~~ + A[2A2 - (b2+ c2)] ~~ - [P(P + 1)A2- q(b2+ c2)J A = 0, 

{1H2} A = ASt(A) + BoFt(A). 

II 1X2=1Xa= 0, 

dlR I ~ dR +x2R=0 {04} R=~[Asinxr+BcosxrJ. 
drl T r dr' r 

dd8 [(02-bll)l(cI -02)1 ~:]=O, {01} e=A+Bsn-l(y~:=~: ,yCIl-;bl
). 

/)' [(bll - A2)I(c2-A2)1 ~~] = 0, {01} A =A +Bsn-1(:, ;). 

For cp independent of 8 and A, 

d1rp + ~ ~ +xlm = 0 {04} R = ~ [A sinxr + Bcos~ rJ. 
drl r dr T ' r 

TABLE 1.10. ELLIPSOIDAL COORDINATES <'1,8, A) 

u1 ="1, 

u2 =0, 

U3 =A, 

c2 < "12 < 002 , 

b2 < 02 < c2 , 

O~ A2< b2 • 

(X)I = (1'/b8e), r 
2 _ (1'/'- bl ) (81 - bB) (b B - ),8) 

(y ) - bl(el - bl ) , 

1_ (1'/1- el ) (el -81)(cl - ),1) 
(z) - CI(CI- bl ) , 

with "12 > c2 > 02 > bl > A I > o. 
Coordinate surfaces are 

Xl yl Zl - + -- + - 1 (ellipsoids, 'fI =const), 
1'/1 1'/1 - bl 1'/1- cl - ., 

Xl yl Zl 
01 + 8'- bl - el- 81 = 1 (hyperboloids of one sheet, 0 = const), 

~: - bl ~ ),1 - c. ~ ),1 = 1 (hyperboloids of two sheets, A = const). 
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The Stackel matrix may be written 

174 1 1/2 
(172 - b2) (172 - e2) (17 2 - b2) (172 - e2) (r/2 _ b2) (r/2 - e2) 

[5] = 
-84 -1 -02 

(0 2 - b2) (e2 - ( 2) (0 2 - b2) (e2 - ( 2) (02 _ b2) (e2 - ( 2) 
A4 1 ;.2 

(b 2 - A2) (e 2 - .12) (b2 _ ;,2) (e2 _ A2) (b2 - ).2) (e2 _ .12) 

5 = (172 - ( 2) (172 - ).2) (0 2 - .12) 
(1/2 _ b2) (r/2 _ e2) (0 2 _ b2) (e2 _ ( 2) (b 2 _ ).2) (e2 _ .12) , 

_ (02 _ ).2) 

Mu - UP _ b2) (e2 _ ( 2) (b2 _ .12) (e2 _ .12) , 

M _ (1)2_.12) 
21 - (1)2 _ b2) (T/2 _ e2) (b2 _ .12) (e2 _ ),2) , 

M _ (,,2_0 2 ) 

31 - (1)2 _ b2) (r/2 _ (2) (02 _ b2) (e2 _ (2) • 

z 

Fig. 1.11). Ellipsoidal coordinates ('I, 8, .:t). Coordmate surfaces are ellipsoids ('I = const), and hyperboloids (8 = const, 
.:t = const) 

Metric coefficients 

_ (1/2 _ ( 2 ) (1/2 - A2) 
gu - (,,2 _ b2) (r/2 _ e2) , 

(0 2 - .12 ) (17 2 - ( 2 ) 

g22 = (02 _ b2) (e2 _ (2) , 

(1}2 - ;.2) (0 2 _ A2) 
g33 = (b2 _ .12) (e2 _ .12) , 

g~ = (172 _ (2) (1')2 - ).2)(02 - .12) 
[(r/2 - b2) (172 - e2) (02 _ b2) (e2 _ ( 2) (b2 - A2) (e2 - A2)]! • 

II = [(7J2- b2) (7J2- C2)]', 

12 = [(0 2 - b2) (C2 - 02)]~, 

13 = [(b2 - A,2) (C2 - A,2)]'. 
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Important equations 

[ (fJ2 - b2) (C2 - fJ2) ]1 8 tp [ (b2 - ).2) (C2 - ).2) ]l 0 tp 
+aO (fJ2_).2) (1J2_fJ2) ao+aA (1J2 __ ~2)(fJ2_).2) 8[' 

d' E= (1J2-bl)1(1JI- cI)! ~[( 2_()2)!( 2_).2)tE] 
IV (1J2_fJ2) (1J2_).1) 81] 'fJ 'fJ 'I 

+ (fJ2 - b2)~ (c2 - fJ2)l. _8_ [('fJ2 _ ()2)! (()2 _ ).2)! E ] 
(1J2 -fJI) (fJ2 _).1) 8fJ ~ 

+ (bl_).I)!(CI_).2)~ ~[( 2_).2)t(()2_).2)~E] 
(1JI_).2) (fJI _).2) 8), 'fJ A' 

_ [(1JI - bl) (1J2 - C2) (fJ2 - bl) (C l - fJI) (b l - ).1) (Cl - ).1) J1 
curl E - (1JI _ fJI) (1JI _ ).1) (01 _ ).2) 

[ (1JI_fJI) (1J2_).2) ]t [(fJI_).I)(1JI_fJI)]1 [(1JI _).2)(fJ2-).2)]1 
aq (1J2 _ bl ) (1J2 _ C2) aO (fJ2 _ bl ) (C2 _ fJI) aA (bl _ ).I)(CI _ ).1) 

8 8 8 x 81J ao 8). 

[ (1JI - fJI) (1JI - ).1) ]! [ (fJI - ).1) (1JI - fJI) ]t [ (1JI - ).2) (fJ I - ).2) ]t 
E'I (1J2 _ b2) (1JI _ c2) Eo (fJ2 _ b2)(C2 -fJ2) E). (b2 _).1) (C2 _).2) 

1729? = (1J2 - b2)t (1J2 - c2)1 ~ [('YI2 - b2)l ('fJ2 - C2)!~] 
(1]1-fJ2) (1J2_).2) 81J ./ 81J 

+ (fJ2 - b2)t (C2 - fJI)1 ~ [(()2 _ b2)! ( 2 - ()2)l ~] 
(1JI - fJI) (fJ2 - ).1) 8 fJ c 8 fJ 

..L (b2 - ).2)~ (c2 - ).2)l _8_ [(b2 _ ).2)1 (C 2 - ).2)t~] 
, (1J2 - ).2)( fJ2 - ).2) 8), 8). . 

SEPARATION OF LAPLACE'S EQUATION, 172 9? = 0. 

1 d ( dU" • 3 
T du' t. du')+U t:if>" oc;=O, 

• 1=1 

where OCI = ° and Ul = H('fJ), U2 = 8 (()), U3 = A().). 

General case 

('fJ2- b2)('fJ2- c2) dlH + 'fJ[2'fJ2- (b2+ c2)] dH + (ocz+ rJ.a'fJ2) H = 0, 
d~ dl] 

(()2_b2)(C2_()2) ~I; _()[2()2_(b2+C2)] ~: -(OC2+rJ.a()2)8=0, 

(b2 - ).2) (c2 - ).2) ~:~ +). [2).2 - (b2+ c2)] ~~ + (OC2 + rJ.a ).2) A = 0. 
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It otl = (bl + el ) q and eta = - p (P + 1). 

(1]I-bl) (1]I-el) ~I: +1][21]2-(bl +el )] ~~ + [(b l +el )q-p(P+1)1]IJH=O. 

{1112} H = A 11/(1]) + BF/(1]). 

(()I-b2)(()I-el ) ~I~ +0[202-(bl +el )] ~: +[(bl +el )q-p(P+1)0IJ8=0. 

{1112} 8 = 4111(0) + BFI(O). 

(AI - bl ) (A2 - el ) ~I~ + A [2AI - (b2 + el )] ~~ + [(bl + el ) q - P (P+ 1) A2] A = O. 

{1112} A=AIII(A)+BFI(A). 

II ot2=1Xa=O. 

d~ [(1]2-bl )I(1]I-e2)i ~~j=o. {01} H=A+Bsn-1({-.f)· 
~ [(02- b2)}(e2 - ( 2)1 de] = 0 {01} 8 = A + B sn-1 (V el - 01 Vel-bl ) 
dO dO' el - bl ' c. . 

~ [(bl - AI)l (el- AI)l dA ] = 0 
dl dl' 

For cp independent of e und A, 

~ [(1]1 - bl)l (1]2 - e2)1 d rp ] = O. 
if} df} 

For cp independent of Yl and A, 

~ [(01 - bl)l(el- Ol)i drp] = 0 
dO dO' 

For cp independent of Yl and e, 
~[(bl-Aa)l(el-AI)1 drp]=O 
dl dl' 

SEPARATION OF THE HELMHOLTZ EQUATION, va f/J + "I f/J = O. 

1 d (dUt) t ~ 
-I' (IT 1'(Jf" + U ~ tP.jotj=O. • u U , i-I 

General case 

('II - bl) ('II - cl ) dlH + 1] [21]1 - (bl + cln dH + [,,11]'+ OCt '11+ otl] H = O. 
d~ df} 

(01 - bl)(CI - ( 1) ~~~ - 0 [201- (bl + cln ~: - [,,10' + OCt 01+ ot.] 8 = O. 

(bl - AI)(CI - AI) ~I:' +l[HI- (bl + el )] ~~ + ["I A'+ OCtAI+ eta] A =0. 
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IjIX2 = q(b2+ c2) and IXa = - p (P + i), 
d2H dH 

(1]2 - b2) (1]2 - c2) dIJ2 + 1] [21]2 - (b2+ c2)J dIJ 

+ [X21]4 - P (p + 1) 1]2+ q(b2+ c2)J H = 0, {1113} H = Atff$(x,1]) + B.F$(x,1]). 

(()2 _ b2) (()2 _ c2) d2f) + () [2 ()2 _ (b2+ c2) J _d@ 
d (}2 d () 

+ [X2 ()4 - P (P + 1) ()2+ q (b2+ c2)J e = 0, {111 3} e = Atff$ (x, 0) + B.F$ (x, 0). 

(A2 - b2)(A2 - c2) d2,1 + A [2A2 - (b2+ c2) ] 3_~ 
dA2 dA 

+ [x2 A4 - P (P + 1).A.2+ q (b2+ c2)J A = 0, {1113} A = Atff$ (x, A) + B.F$ (x, A). 

TABLE 1.11. PARABOLOIDAL COORDINATES (IL, v, A) 

Fig. 1.1 I. Paraboloidal coordinates (I', v, A). Coordinate surfaces are 
elliptic paraboloids (I' = const, v = const), and hyperbohc paraboloids 

(A = const) 

The Stackel matrix may be written 

u1 = fl, b < fl < 00 , 

u 2 = v, 0 < v < c, 
U3 =A, c< A< b. 

(X)2 = __ 4~ (fl - b) 
(b - c) 

X (b - v) (b - A), 

(y)2 = (b ~ c) (fl - c) 

X (c - v) (A - c), 

z=fl+ V + A- b - c, 
where fl > b > A > c > v > O. 

Coordinate surfaces are 
x2 y2 

p,-b + p,-c =-4(z-fl) 

(elliptic paraboloid opening 
downward, fl = const), 
x2 y2 

b - v + c _ v = 4 (z - v) 
(elliptic paraboloid opening 
upward, V= const), 
x2 y2 

b _ A - A _ c = 4 (z - A) 

(hyperbolic paraboloid, 
A=const). 

p,2 - 1 P, 

[S] = 
~-~~-~ ~-~~-~ ~-~~-~ 

(b - v) (c - v) 
-A2 

_ (b -A) (A - c) 

-1 
(b - v) (c - v) 

1 
(b - A)(A - c) 

v 
(b - v) (c -:- v) 

-A 
(b -A) (A - c) . 

s = (p,-v) (p,-).) (A - v) 
(p, - b) ~ - c) (b - v) (c - v) (b - A) (). - f) , 
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M. - (A-,,) 
11 - (b - 1') (e - ,,) (b - A) (A - e) , 

M. - (p-A) 
21 - (p _ b) (p - e) (b - A)(A - e) , 

M. = (p-II) 
SI (p _ b)(p - e) (b - lI)(e - 11) • 

Metric coefficients 
_ (p-II)(p-A) 

gll - (p _ b) (p - e) , 

_ (p-,,) (A-II) 
gu- (b-II)(e-lI) , 

(A-II)(p-A) 
gsa= (b-A)(A-e) , 

g6 = (p -11) (p -A) (A-II) 
[(p - b) (p - e) (b -11) (e -1I)(b - A) (A - e)]~ • 

11 = (ft - b)l(ft - c)I, 

12 = (b - v)~ (c - v)l, 

la = (b - l)l (l - c)'. 

Important equations 

(dS)2 = [(p -11) (p -A)] (dft) 2 + l (p -11) (A -11)] (dV)B+ [ (A -11) (p -A)] (dA)lI. 
. (p - b) (p - e) (b - lI)(e - 11) (b - A) (A - e) 

grad IP = a [(p - b) (p - e) ]1 ~_ 
I' (p - 11) (p - A) 0 P 

+a [(b-II)(e-lI) ]l~ +a [(b-A)(A-e) ]l~ 
• (p - II)(A - 11) Oil A (A - 11) (p - A) 0 A • 

div E = (p -'b)~ (p - e)a ~ [( _ v)l ( - l)l E ] 
(p _ lI)(p - A) 0 p ft ft I' 

+ (b - 11)1 (e - 11)1 ~ [( _ v)1 (l _ v)l E ] 
(p - II)(A - 11) Oil ft • 

+ (b-A)lp.-e)' ~[( -l)3(l- )IE] 
(p _ A)(A - 11) 0 A ft v A' 

curl E = [(p - b) (p - e) (b - 11) (e - 11) (b - A) (A - e) ]~ 
(p - ,,) (p - A) (A - 11) 

a [(P-II)(P-).).]' a [(P-II)(A-II)]' 
I' (p - b) (p - e) • (b - 11) (e - 11) 

o 0 x op Oil 

E [(p - 11) (p - A)]l E [(p -II)(A - 11) ]1 
I' (p-b)(p-e) • (b-II)(e-lI) 

flIP = [(p - b)(p - e)]l~ [{ft - b)l(ft - c)l~] 
~-~~-~ ~ ~ 

+ [ (b - 11) (e - 11) ]1 ~ [(b _ v)l (c _ v)l ~] 
(p-II)(A-II) Oil Oil 

a [ (A -II)(p -A)]6 
A (b - A)(A - e) 

o 
8T 

E [ (A - ,,) (p - A) ]6 
A (b-A)(A-e) 

+ [ (b - A)(A - c) ]1 ~ [(b - l)6 (J. - c)6 ~l. 
(p-A)(A-II) OA OA 

45 
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SEPARATION OF LAPLACE'S EQUATION, va rp = O. 

1 tl ( dU') • ~ T. duo I. du i + V ~ tP. , rJ., = 0, 

where rJ.1 = 0 and V1 = M(/1), va = N(v), V3 = A(A). 

General case 

d2M , 1 dM 
(11- b)(/1- e) d,,2 -;- 2 [2/1- (b + e)] dp - [rJ.2 - rJ.3/1] M = 0, 

diN 1 dN 
(b - v) (e - v) dv2 +"2 [2v - (b + e)] dV - [rJ.II- a.a v] N = 0, 

d2A 1 dA 
(b - AHA - e) dJ..1 - 2- [2A - (b + e)] TI + [rJ.II- a.a A] A = o. 

II rJ.1I = (b + e) q and a.a = - P(P + i), 
daM 1 dM 

(/1- b)(/1- e) dpl +"2 [2/1- (b + e)] dp - [P(P + 1)/1 + q(b + e)] M = 0, 

{113} M=A~(/1)+B~t(/1)· 

diN 1 dN 
(v - b) (v - e) dv2 +"2 [2v - (b+e)]dV - [P(P+ 1) v+ q(b+ e)] N =0, 

{113} N=A·~Hv)+B~t(v). 

dlA 1 dA 
(A - b)(A - e) dJ..2 +"2 [2A - (b + e)] TI - [P(P + 1) A + q(b + e)] A = 0, 

{113} A = A£f/(A) + B~t(A). 

II rJ.1I = a.a = 0, 

d~ [(/1-W"l-e).~~-]=o, {01} M=A+Bln[2/1-b-e+2J/1-b J,l-C 

For cp independent of v and A, 

_d_[(/1-W(/1-e)6 drp]=O, dp dp 

For cp independent of p. and A, 

~ [(b - v)l (e - v)l d rp ] = 0 
dv dv' 

For cp independent of p. and v, 

--~ [(b - A)' (A - e). ~~] = 0 dl dJ..' 

{01} N=A+Bln[b+e-2v-2~ rc-=-;] 

{01} A = A + Bsin-1 [ 2). -;; ~ c+ c) ]. 

{01} rp=A+Bln[2/1-b-e+2J/1-b J,l-C 

{01} rp=A+Bln[b+e-2v-2fb="; rc-=-;] 

{01} rp = A + B sin -1 [ 2J.. - (b + c) ] • 
b-c 
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SEPARATION OF THE HELMHOLTZ EQUATION, V2 rp + X2 rp = O. 

1 d ( dU') • 3 T du' Ii du' + V L (/J.;oc, = 0, 
• 1=1 

where OCl = ,,2 and VI = M(/-l), V2 = N(v}, V3 = A(A}. 

Ll.--Hrl-t-t"t-IIO 

ll..+-l--+-1H-t-t-'t-60 

Fig. 1.12. The distorted electric field produced by the introduction of a metal spheroid ('1.=0.444) into a unifonn field 

General case 

diM 1 dM 
(/-l - b) (/-l- e) dpi + 2" [2/-l- (b + e)] dp + [X2 /-l8+ ota /-l - OC2] M = 0, 

dIN 1 dN 
(b - v) (e - v) dvl + 2" [2v - (b -:t- e)] ""{[V + [Xl v8 + ota to - OCIl] N = 0, 

dlA t dA 
(b-A)(A-e) d},,1 -2"[2A-(b+e}] d}" -[X8 A8 +ota A- OCIlJA =0. 
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Fig. 1.13. A dielectric spheroid introduced into a uniform electric held (£,/£.= 10, '1.=0.444) 

It (1.2 = (b + C) q and (1.3 = - P (P + 1), 

(f.l- b) (/l- c) dd2~ + ~ [2f.l- (b+c)] ddM +[u2 f.l2_P(P+ 1) f.l-q(b+ c)]M =0, 
p. 2 p. 

{114} M = A 8I/(u,f.l) + B~/(u,f.l)' 
(v-b)(v-c) ~2~ + ~ [2v-(b+c)] ~~ +[u2p2-P(P+1)v-q(b+c)]N=0, 

{114} N=A8II(x,p)+B~/(u,p). 

(;'-b) (;'-c) :2)~ + ~ [2;'-(b+c)] ~~-+[u2;'2-P(P+1);'-q(b+c)]A=0, 

{ 114} A = A 81: (u, ;.) + B ~I (u, A) • 



Section II 

TRANSFORMATIONS IN THE COMPLEX PLANE 
The most promising way of extending the engineering applications of field 

theory is to develop new coordinate systems. Section I listed the eleven systems 
whose coordinate surfaces are of the first or second degree. KLEIN [12J and 
BaCHER [4J extended this list to include a class of fourth-degree surfaces known 
as cyclides [13]. All possible systems of this class are treated by BUCHER. They 
include the eleven coordinates of Section I, as well as more complicated coordi­
nates; but all are either simply separable or R-separable (Section IV). 

Another procedure for obtaining new coordinate systems is inversion [14J. 
The coordinate surfaces are reflected in a sphere, the new surfaces forming an 
orthogonal coordinate system which is generally more complicated than the 
original. The mathematics are simple but will not be considered here. 

A third procedure is to form new coordinate systems [15J by complex-plane 
transformations. A rectangular map in the w-plane is transformed into a curvi­
linear but orthogonal map in the z-plane. The map is then translated to form a 
new cylindrical coordinate system in }-space, or it is twirled about an axis of 
symmetry to form a rotational coordinate system. Infinitely many systems can be 
obtained in this way. There is no guarantee, however, that the Helmholtz equa­
tion or the Laplace equation will separate in the new coordinates; and this question 
must be investigated by the methods of Sections I and IV. 

The complex-plane transformation is a very fruitful way of extending the 
totality of coordinate systems. Of course it does not produce the asymmetric 
systems such as Nos. 9, 10, and 11 of Section I or the general cyclidal systems of 
BUCHER [4]. But asymmetric systems are of little practical value, so nothing 
of importance is lost by restriction to the symmetric case. 

2.01 CONFORMAL TRANSFORMATIONS [16] 

Take an arbitrary relation between the w-plane and the z-plane: 

z =jO(w). (2.01) 

The function jO may be chosen at random or may be found by the Schwarz­
Christoffel method [16J. The Cauchy-Riemann equations apply: 

ax ay ax ay 
au Tv' av - au ' (2.02) 

where w = u + iv, z = x + i y. Thus angles are preserved by the transformation, 
and squares in the w-plane always map into curvilinear squares in the z-plane. 
Separation of Eq. (2.02) into real and imaginary parts gives the two equations, 

x = Edu, v), } 
y = EIl(u, v). 

(2.0}) 
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These equations can be used in plotting the two families of curves, u = const and 
v = const, which form the orthogonal map in the z-plane. Twenty-one transfor­
mations of this kind are listed in Tables 2.01 and 2.02, and accurate maps are 
included. Note that all intersections are at right angles and all subdivisions are 
curvilinear squares. 

We now generate coordinate systems in 3-space. Cylindrical coordinates are 
formed by translating the z-plane map perpendicular to itself, thus forming 
families of cylinders. The resulting coordinate system (ul, us, u3) is specified by 

x = EI(UI, US), } 
y = Ell (ul, u ll) , (2.04) 
Z =u3 , 

where EI and Ell are the same as in the plane case, Eq. (2.03). The z-axis is always 
taken parallel to the generators of the cylinders. Metric coefficients are 

gn = gu = ( ;!~ r + ( ;!~ r g3a = 1- (2.05) 

Data on cylindrical systems are listed in Section III. 
If the plane map is rotated about what was originally the y-axis, the rotational 

system (ul, us, tp) is specified by 

x = Edul , US) . costp, } 
y = EI (ul , u2) • sin tp, (2.06) 

Metric coefficients are 
z = Es (ul, u2) • 

gn = gu = ( ;!~ r + ( ;!~ r. gaa = [EI (ul, US)]s. 

If the plane map is rotated about what was originally the x-axis, 

x = E.(ul , ull). costp, } 
Y = Ea(ul , US) . sin tp, 
z = Edul, us), 

and the metric coefficients are 

(2.07) 

(2.08) 

gn = gu = (:!~ r + (;!~ r gaa = [Ell (ul, ull)]II. (2.09) 

In all rotational coordinate systems, the axis of rotation is called the z-axis and 
the angle about this axis is called tp. Data on a number of rotational systems are 
given in Section IV. 

Conformal transformations have been widely used in two-dimensional field 
problems [17], particularly in electrostatics. Practical applications have stimu­
lated the study of a great number of such transformations [18], and these trans­
formations can be employed in the development of new coordinate systems. Note, 
however, that the previous applications have been valid only for two-dimensional 
fields and usually only where the potential is constant on the lines v = const. 
In the present treatment, on the other hand, we are using the transformation as 
a foundation for coordinate systems in 3-space; and this method allows a wide 
variety of applications with arbitrary potential distributions on the boundaries. 



No. 

Pi 
P2 

P3 
P4 

P5 

E1 
E2 

E3 

E4 

E5 

L1 

L2 

L3 

Hi 
H2 

J1 
J2 

J3 

J4 

J5 

J6 

Table 2.01. Transformations 

TABLE 2.01. TRANSFORMATIONS 

in the complex plane, 

z =~(w), 

where z=x+iy, w=u+iv; z=x-iy, w=u-iv. 

Equation Designation 

Power Functions 

z= 1/w Tangent circles 

Z=tw2 Parabolas 

z=tw-2 Cardioids 

z=V2wt Hyperbolas 
Z = V2 w-l 4-leaf Roses 

Exponential Functions 

z=ew Circles 

z=a(ew + 1)1 Cassinian ovals 
z = a (ew + 1)-1 Inverse Cassinian ovals 
z=a(ew +1) Bipolar circles 

t W - 1 

z = !!..- (w + 1 + eW ) Maxwell curves 
11: 

Logarithmic Functions 

z=~lnw Logarithmic curves 
11: 

z = ~ In tan w - i a In tan 
11: 

z =~lncoshw In cosh 
11: 

Hyperbolic Functions 

z=acoshw Ellipses 

z=asechw Inverse ellipses 

Elliptic Functions 

z=asnw sn 

z=acnw cn 

_ hi (1 +ihiSnW) 
z = i2a 1-ihi snw 

Inverse sn 

i=!!..-ln(_1_) 
11: hsn1w In sn 

z=~lncnw In cn 
11: 

-- 2Ka Z( + ·K')+· Zeta function z --- w ~ ~a 
11: 
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Fig. No. 

2.01 
2.02 

2.03 
2.04 
2.05 

2.06 
2.07 
2.08 

2.09 

2.10 

2.11 

2.12 

2.13 

2.14 

2.15 

2.16 

2.17 

2.18 

2.19 

2.20 

2.21 
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56 Section II. Transformations in the complex plane 

Fig.2.01. Tangent circles obtained by the transfonnation i = I/w (Transfomlatlon PI) 



Table 2.02. Transformations 57 

z.o 

1.5 

1.0 

_.\---\---1r--t-TO.5 

Fig. 2.02. Parabola ••• ~ l'o' (P2) 
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2tU<Z 7r max. 

Fig.2.21. ,",unction curves, i _ 2K .. Z(UI + IK) + I .. (J 6) 

" 



Section III 

CYLINDRICAL SYSTEMS 

The cylindrical coordinate systems are obtained by translating each of the 
maps, Figs. 2.01 to 2.21, in a direction perpendicular to the graphs, thus forming 
two orthogonal families of cylinders. The third family of coordinate surfaces 
consists of parallel planes, z = const. The coordinate axis that is parallel to the 
generators of the cylinders is called the z-axis in all cases. 

The following coordinate systems are considered in this section: 

No. Name Fig. No. 

PiC Tangent-cylinder coordinates 2.01 
P2C Parabolic-cylinder coordinates 2.02, 1.04 
P3C Cardioid-cylinder coordinates 2.03 
P4C Hyperbolic-cylinder coordinates 2.04 
P5C Rose coordinates 2.05 

E1C Circular-cylinder coordinates 2.06, 1.02 
E2C Cassinian-oval coordinates 2.07 
E3C Inverse Cassinian-oval coordinates 2.08 
E4C Bi-cylindrical coordinates 2.09 
E5C Maxwell-cylinder coordinates 2.10 

L1C Logarithmic-cylinder coordinates 2.11 
L2C In tan cylinder coordinates 2.12 
L3C In cosh cylinder coordinates 2.13 

H1C Elliptic-cylinder coordinates 2.14, 1.03 
H2C Inverse elliptic-cylinder coordinates 2.15 

J1C sn-cylinder coordinates 2.16 
J2C cn-cylinder coordinates 2.17 
BC Inverse sn-cylinder coordinates 2.18 
J4C In sn cylinder coordinates 2.19 
J5C In cn cylinder coordinates 2.20 
J6C Zeta coordinates 2.21 

This list can be extended indefinitely. We have included here merely a few 
coordinate systems that seemed promising with regard to engineering applications. 
Table 3.01 lists the cylindrical coordinate systems obtained from the transforma­
tions of Section II. For each system, the metric coefficients are given and the 
separability data are evaluated. Table 3.02 presents the gradient, divergence, 
curl, and Laplacian for each of these coordinate systems. The appearance of the 
coordinate surfaces can be visualized by reference to Figs. 2.01 to 2.21. 



78 Section III. Cylindrical systems 

3.01 CHARACTERISTICS 
The equations of Table 3.02 are obtained from the general expressions of 

Section I, which are considerably simplified in this special case. For cylindrical 
systems with gll = gu, 

(ds)S = gll [(du1)s+ (dull)S] + (dz)II, 

grad ffJ = (g:l)l [a1 :; + as ::. ] + a. ~~ , 
div E = _1_ {_8_ [(gll)l E1] + _8_ [(gll) I Es]} + 8E. 

gu 8ul 8u· 8z ' 

curlE=~[_1- 8E. _ 8EI ] +as [8E l __ 1_ 8E.]) 
(gu)l 8u· 8z 8z (gu)l 8ul 

+ ~ [_8_ [(gll)~ Es] - _8_ [(gll) , E1]] gu 8ul 8u· , 

(3·01) 

(3·02) 

(3·03) 

(3·04) 

S _ 1 [ 82cp 82cp ] 81 cp r ffJ - fu (8ul). + (8U2)2 + 8z1 • (3·05) 

No cylindrical coordinate system allows R-separation [5]. AI!;o, except for 
the four cylindrical systems of Section I, no cylindrical system is known that 
allows separation of the Helmholtz equation [9] or that allows separation of the 
Laplace equation where ffJ = ffJ (ul, us, u3). Therefore, the only separation that can be 
considered in Table 3 .02 is simple separation of the Laplace equation with ffJ = ffJ (ul, US). 

But if ffJ is independent of z, Eq. (3.05) gives for Laplace's equation, 

(3·06) 

which is the same as the equation obtained in rectangular coordinates. Particular 
solutions are 

or 
ffJ = e±I"" ( sin) pus 

cos 

_ ±1>fI" ( sin) p 1 ffJ-e u. 
cos 

These solutions apply to aU the coordinate systems [18] of Table 3.02. 

(3·07) 

A one-dimensional solution is also possible for Laplace's equation (but not for 
the Helmholtz equation) in cylindrical coordinates. If ffJ is independent of z and us, 
Eq. (3.05) gives for Laplace's equation, 

dScp 
(dul)S = 0, 

ffJ=A+Bul • 
whose general solution is 

(3·08) 

(3·09) 
Thus there is no need of listing solutions under each coordinate system, as was 
done in Section I: Eqs. (3.07) and (3.09) apply to all the coordinates of Section III. 

The one-dimensional solution, Eq. (3.09), is equivalent to the conventional 
method of field mapping by conformal transformation [17]. Here boundary 
conditions fix the potentials of a set of surfaces such as u1= const. But this ap­
proach is inadequate for the general case, where arbitrary potential distributions 
exist on the boundaries. In this case, the usual conformal-mapping technique 
fails; but its extension, by the development of new cylindrical coordinate systems, 
allows the treatment of two-dimensional field problems with arbitrary boundary 
conditions. 
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TABLE 3.02. IMPORTANT EQUATIONS FOR CYLINDRICAL SYSTEMS 

PtC. TANGENT.CYLINDER COORDINATES (fL, v, z), Fig. 2.01. 

= p.2~V2 , I x - p. 

Y - p.2+ V2' 

z=z. 

gll = g22 = gl = (,u2+ v2t 2, g33 = 1 . 

(dS)2 = -( 2 1 ~)2 [(d,u)2+ (dV)2] + (dZ)2. 
P. +v 

gradq; = (,u2+ V2) [a ~+a ~l + a ~. 
fA op. • ov • oz 

P2C. PARABOLIC·CYLINDER COORDINATES (see Section I). 

P3C. CARDlOID.CYLINDER.COORDlNATES (fL, v, z), Fig. 2.03. 

gll = g22 = gl = (,u2+ V2)-3, g33 = 1. 

(dS)2 = ( 2 1 2)3 [(d,u)2+ (dV)2] + (dZ)2. 
P. +v 

grad m = (1l2 + v2)1 [a ~ + a ~l + a ~. 
T r fA op. • OV • oz 

div E = (,u2 + V2)3 {~ [(,u2+ v2)-1 E J + _0_ [(,u2 + v2)-i E J} + oE •. 
op. fA OV • OZ 
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P4C. HYPERBOLIC-CYLINDER COORDINATES <I', v, ~), Fig. 2.04. 

I x = (e + ,u)i, 

Y = (e _,u)l, 

z = z, where e = + (,ul+v·)l. 

(ds)1l = 1 • [(d,u)I+ (dV)I] + (dZ)I. 
2(p. + vl)l 

gradm = 1'2 (ILI+vl)l [a ~ +a ~] +a ~. 
T r~ r ,. 8p • 8v ' 8z 

curl E = a [¥2 (,ul+ v.)1 8E, _ 8E.] + a [8E,. - ¥2 (,ul+ vl)l 8E,] 
,. 8v 8z • 8z 8p 

+ a, ¥2 (,ul+ vl)l [8: (,ul+ vl)-l E.) - :v ((,ul+ v')-lE,.)] . 

171 rp = 2 (,ul+ vl)6 [81
" + 81

,,] + 81
" • 8pl 8v. 8z1 

P SC. ROSE-CYLINDER COORDINATES <I', v, ~), Fig. 2.05. 

I x = ~ (e + ,u)i, 

y = -.!.- (e _,u)l, 

z = z~ where e = + (ul + vl)l. 

g -g -gl- 1 a -1 11 - U - - (I 1)"' baa - . 
2 P +v • 

(dS)1 = 1 • [(d,u)I+ (dV)I] + (dZ)I. 
2 (pi +,,1) 

grad m = 1'2 (,u1+vl)l[a ~+a ~] +a ~. 
T r ~ ,. 8p • 8, , 8z 

div E = ¥2 (,ul+ vl)1 {~ [(,ul+ vl)-I E , + ~ [(,ul+ ".)-1 E ]} + 8E •• 
8p ~ 8, • 8z 

curl E = a [l'2 (,ul+ vl)1 8E, _ 8E.] + a [8E,. - l'2 (,ul+ vl)1 8E,] 
,. 8" 8z • 8z 8p 

+ a, l'2 (,ul+ "')' [8: ((,ul+ ,,1)-1 E.) - :" ((,ul+ vl)-IE,.)]. 

171 rp = 2 (,ul+ Vi)' [81" + 81,,] + 81
" • 8pl 8,1 8z1 
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E lC. CIRCULAR-CYLINDER COORDINATES (see Section I). 

E2C. CASSINIAN-OVAL COORDINATES (Y).~. z). Fig. 2.07. 

1 
x= ;2 [e+ (e'lcos1p+ 1)JI, 

Y = ;; [e - (e'l cos1p + 1)JI, 

z = z, where e = + (e2'1+ 2e'l cos1p + 1)~. 

a2 e2 '1 
gn =g22=gl =~' gaa= 1. 

2 2'1 

(ds)2 = ~ [(dfJ)2+ (d1p)2J + (dZ)2. 
4(? 

grad IP = 2 (?l [a ~ + a ~] + a {} rp • 
a e'l '1 aT] '" otp • OZ 

E3C. INVERSE CASSINIAN-OVAL COORDINATES (Y).~. z). Fig. 2.08. 

Ix = vi(? [e + (e'1 cos1p + 1}]l, 

Y = l/~ [e - (e'1 cos1p + 1)J*, 
f 2 (? 

Z=Z, where e=+(e2'1+2e'1cos1p+1)~. 

a2 e2 '1 
gn = g22 = gl = ~' gaa = 1 . 

2 2'1 

(ds)2 = ~ [(dfJ)2+ (d1p)2] + (dZ)2. 
4(? 

grad IP = 2 (?i [a ~ + a ~] + a ~ 
ae'1 '1 aT] '" otp • oz . 
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E4C. BI-CYLINDER COORDINATES ('I, "', ~), Fig. 2.09. I x = asinh.., 
cosh '1 - ~~s" ' 

_ a sin " 
y - cosh'1- COS" ' 

Z=Z. 
I as 

gll = gu = g = (cosh '1 _ cos ,,)1' gaa = 1 . 

(ds)1I = ( h as )1 [(d1J)I+ (dtp)l] + (dz)lI. 
cos '1 - COS" 

d 1 (h ) r otp otp] otp gra cp = Ii cos 1J - cos 'I' a'l--a;J + a., 8i + a. az . 
div E = ...!..- (cosh 1J - cos '1')1 

a 

X {0°'1 [(cosh 1J - cos '1')-1 E'I] + aO" [(cosh 1J - cos '1')-1 E.,]} + ~~ •. 
I E [ 1 (h ) oE, OE.,] [OE'I 1 (h ) OE,] cur = a'l Ii cos 1J - cos 'I' a" - 7iZ + a., 7iZ - Ii cos 1J - Costp a;;-

+ 0, (cosh1J _ cos '1')1 [~( E., ) _ ~ ( E'I )] 
a 0'1 cosh '1 - COS" a" cosh '1 - COS" • 

I _ 1 I [ Oltp Oltp ] Oltp 
17 cP - aa (cosh 1J - costp) 0'11 + 0,,1 + OZI . 

ESC. MAXWELL-CYLINDER COORDINATES ('I, "', ~), Fig. 2.10. 

I x = : (1J + 1 + e'l cos '1') , 

Y = ~ ('I' + e'l sin '1') , 
:If 

Z=Z. 

gll=gU=gl=(:r(1 +2e'lcostp+el'l). g3s=1. 

(dS)1 = (:r (1 + 2e'l cos 'I' + ell'l) [(d1J)I+ (dtp)lI] + (dZ)I. 

grad cp =.:!. (1 + 2e'l cos 'I' + el'l)-i [a !..!L + a!..!L] + a !..!L. 
a 'I 0'1 .. a" ' oz 

div E =.:!. (1 + 2e'l cos 'I' + ~'1)-1 
a 

X {o~ [{1+2e'lcostp+el'l)iE'I] + o~ [(1 + 2e'lcostp +el'l)iE,,]} + ~~" 

curl E = G'I[: (1 + 2e'l cos 'I' + ei'l)-l ~!, _ a!,,] 
+ 0.[ oE'I _ .:!. (1 + 2e'lcostp +~")-l oE,] + G .:!. (1 + 2e'l cos 'I' + el'l)-l 

oz a 0'1 ' a 

X [:'1 (1 + 2e'l cos 'I' + ell'l)iE.,) - 00" (1 + 2e'l cos 'I' + ~'1)1 E'I)]' 

171 cp = (.:!.)I (1 + 2e'l cos 'I' + eI'I)-l [Oltp + Oltp] + Oltp 
a 0'11 0,,1 8z1 • 
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LtC. LOGARITHMIC-CYLINDER COORDINATES (11, v, z), Fig. 2.11. 

Ix = : In (fl2+ v2), 

y = ~ tan-1 (V/fl) , 
n 

Z=Z. 

gll=g22=gl= - --, ( 2a )2 1 
n P.z + VZ 

(dS)2 = (~)2 ~ [(dfl)l+ (dV)2] + (dZ)2. 
n p. +v 

grad qJ = ~ (fl2 + vl)1 [a ~ + a ~] + a ~. 
2a ,.. op. 0 OV • OZ 

div E = ~ (fl2+ v2) {~[(fl2+ v2)-1 E ] + ~ [(fl2 + v2)-1 E J} + oE •• 
2a op. ,.. OV 0 OZ 

curl E = a [~(fll+ vl)l oE. _ OEo] + a [OE,.. _ ~ (fl2+ v2)! OE.] 
,.. 2a OV OZ • OZ 2a Ofl 

+ a. ~: (fl2+ v2) [ O°p. ((fl2 ~oV2)1) - :v ((fl2 ;'V2) I )] . 

171 m = (~)2 (,,2 + v2) [Olrp + oarp] + 02rp • 
T 2a r Qfl2 Ov2 OZ2 

L2C. LN TAN-CYLINDER COORDINATES (1), \fJ, z), Fig. 2.12. 

a [Sinh2 1]+Sin2 '1" 

1 
x=-ln ~~-'---'--~j 

n sinha I] + cos2 'I' ' 

_ 2a t -l( sinh 21]) Y -- an 
n sin 2 'I' ' 

Z=Z. 

gll = g22 = gl = (~)2 gaa = 1. •• sinha 21] + sin2 2'1' ' 

(dS)2 = (~)2 1 [(d )2+ (d )2] + (dZ)2 
n sinh2 21] + sin2 2'1' 'f) 'I/' . 

grad qJ = 4na [sinhl 2'f} + sin22'1/']1 [af/ ~~ + a" ~:] + az ~: • 

div E = ~ [sinh2 2'f} + sin2 2'1/'] {-l- [(sinha 2'f) + sin2 2'1/') -l E'1] 
4a ,vI] 

+ o°tp [(sinha 2'f) + sin2 2'1/') -I E,,]} + ~~ •. 

curl E = a'1[ 4na (sinh2 2'f) + sinIl2'1/')1 ~~' - 0;:,,] 
+ a,,[ 0;'1 _ ~ (sinh2 2'f) + sin2 2'1/')1 0;,] + a.~ (sinha 2'f) + sin2 2'1/') 

vZ 4a vI] 4a 

X [:1] ((sinhll 2'f) + sins 2'1/') -I E,,) -, :'1' ((sinha 2'f) + sin2 2'1/') -I E'1) ]. 
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L3C. LN COSH-CYLINDER COORDINATES ("l, "', z), Fig. 2.13. 

where 

I x = : In (cosh21] - sin21p), 

y = ~ tan-1 (tanh TJ tan 1p) , 
:If 

z=z. 

I ( 2a II)2 gn=gu=g = -:If- , 

III = cosh· TJ sinh· TJ + (sinh TJ cosh TJ + sin", cos ",)2 

(coshl TJ - sinl ",)1 

(dS)1 = ( 2:II f[(d1])2+ (d1p)2] + (dZ)2. 

d - :If [oCP OCP] ocp gra q; - 2aII a'1--a1] + a,,~ + a.az· 

div E = 2a:lfIII {:TJ [ll E'1] + 00", [ll E"J} + ~' . 

curlE=a [_:If_ oE, _ OE,,] +a [OE'1 _ _ :If_ OE,] 
'1 2aII 0", OZ "oz 2aII OTJ 

+ a. 2a:lfIII [ooTJ [ll E,,] - 00", [ll E,,]]. 

E lC. ELLIPTIC-CYLINDER COORDINATES (see Section I). 

H 2C. INVERSE ELLIPTIC-CYLINDER COORDINATES ("l, "', z), Fig. 2.15. 

x = acoshTJcos", I coshl TJ - sin2 '" ' 

_ a sinh TJ sin '" 
Y - cosh l TJ - sinl '" ' 

z=z. 

(dS)I= al(coshITJ-.cosl",) [(d )2+ (d )2] + (dZ)2. 
(cosh' TJ - sml ",)1 1] 1p 

gradq; = coshITJ-sinl ", [a ~ +a ~] + a ~ 
a(cosh1f}-cosl",)1 '10TJ " 0", ' oz • 

div E = (coshl f} - sinl ",)1 
a (coshl f} - COSI "') 

91 

X {~ [ (coshl TJ - cos· ",)1 E] + ~ [ (coshl TJ - C~SI ",)1 E]} + oE •. 
Of} coshl TJ - sinl '" '1 0'" cosh'TJ - sml "," oz 
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J lC. SN-CYLINDER COORDINATES (!J., v, z), Fig. 2.16. 

where 

O~fl-;;;'K, O~v~K', -oo<z<+oo. 

I x = ~ sn fl dn v , 

a Y = A cnfl dnfl snv cnv, 

Z=Z, where A=1-dn2flsn2v. 

Q2 = (1 - sn2 fl dn2 v) (dn2 v - k2 sn2 fl). 

a2 Q2 
(dS)2 = ~ [(dfl)2+ (dV)2] + (dZ)2. 

d - A [oCP oCP] ocp gra ({! - aQ aiJ 7i; + a,Tv + a. 8Z . 

div E = ::;2 {o~ [~ EiJ] + :1' [~ E.]} + ~~ •. 
curlE=a [~OE. _ OE']+a [OEiJ _~ OE,] 

I' aQ 01' OZ • OZ aQ Oil 

+a. aA~2 {O~ [~ E,j- :1' [~ EiJ]}' 

J 2C. CN-CYLINDER COORDINATES (!J., v, z), Fig. 2.17. 

where 

o ~ fl -;;;. K, 0 -;;;. v ~ K', - 00 < Z < + 00. 

a I x=Acnflcnv, 

Y = ~ snfldnflsnvdnv, 

Z=Z, where A=1-dn2 flsn2 v. 

alI"-
gu = g22 = gl = ~ , gaa = 1 , 
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di E - AI { 0 [r E]..L 0 [r E ]} + oE. 
v -arB 8jiA: pi 7iV If' az' 

J 3C. INVERSE SN-CYLINDER COORDINATES <fL, v, z), Fig. 2.18. 

O~ft~K, O~v~K'J -oo<z<+oo. 

A I x = aT snftdnv, 

kill 
y = 2aT' 

z=z, where A=1-dn2ftsn2 v, 

d - aT [OIP OIP] olP gra cp- AD ap8ji +a. 7iV +a.az· 

div E = ~;;;2 {OO/J [ ~ Epj + :v [3TD Eo]} + ~~ .. 

curlE=a [aT oE. _ OEo]+a[OEp _ aT OE.] 
p AD OV OZ • OZ Ail o/J 
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J 4C. LN SN-CYLINDER COORDINATES (1', v, z), Fig. 2.19. 

o ~ p. ~ K, 0 ~ v ~ K', - 00 < z < + 00 

1 
X=~ln(~) 

31 kX' 
_ 2a t -1 ( cn p dn p sn , cn , ) '" - - an --'-----''-;----

; 31 snpdn,,' 

z=z, where A=1-dnllp.sn2v, 

I = snIp. dn1v + cn2p. dn1p.snlvcnlv. 

where 
8 1 = sn2 p. cnl p. dn2 p.(cnllv - sn2v dn2v)2 

+ sn2v cn2v dn2v(cn2 p. + sn2 p. dn2 p.)2. 

(dS)2 = (2:: r [(dp.)2+ (dV)2] + (dZ)2. 

d _ nX [8tp 8tp] 8tp gra f{J - 2a B a,. fiji + a. a;- + a, az . 

div E = 2:X;. {a: [~ E,.j + :" [~ Eo]} + ~:'. 
curlE=a [nX oE, _ oEo]+a [8E,. _ nX 8E.] 

,. 2aB 8" 8z 0 8z 2aB 0IJ 

J SC. LN CN-CYLINDER COORDINATES (1', v, z), Fig. 2.20. 

where 

o ~ P. ~ K, 0 ~ v ~ K', - 00 < Z < + 00. 

j 
X= : In(E/AI), 

'" =~tan-l( snpdnpSn"dn,,) 
; 31 cnpcn,,' 

. z = z, where A = 1 - dnllp. snlv, 

E = cn2p. cnlv + snZp.dnllp. snZvdnllv. 

( 2aB')Z gU=g22=g'= -- , nE 

8'1 = snl p. cnl p. dnz p. (dnlv - k'zsnzv cn1v)2 

+ snlv cn1v dnlV(dn1p. - kl sn2 p. cnllp.)I. 
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J 6C. ZETA-CYLINDER COORDINATES (flo, v, =), Fig. 2.21. 

O~p,~K, O~v~K', - 00 < z < + 00. 

I x = 2~ a {z (p,) + !~ snp, cnp, dnp, snlv'}, 

_ 2K a {z ( ') "tJ 1 dnl ' , d '} y --,,- v + 2KK' - A' p,snv cnv nv , 

z = z, where A' = 1 - dn1p,sn1v'" 

v'=v+K', 
111/1 

K=J dtp 
(1 - kl sinl tp). ' 

o 
111/1 

K'= r dqJ 
. (i-k'isinl tp)" 
o 
111/8 

E = J (1- k1sin1tp)'dtp. 
o 

gIl = gu = gl = ( 2~ a r {~~: snip, cnlp, dnlp, snl v' cnl v' dnl v' 

[ E klsn1tJ' ( + dnsp, - K + A'I dnlp, cnsv' [cnlp, - snip, dnlp,] 

- k1 snlp,[1- k1sn'p,])r}. 

9S 

Other equations can be written with the help of the general relations of § 3.01. 



Section IV 

ROTATIONAL SYSTEMS 
Each of the 21 transformations of Section 11 yields one or two rotational 

coordinate systems, obtained by twirling the plane map about an axis. A tabula­
tion of the most interesting of these systems is given in this section. 

4.01 R-SEPARATION 

In most cases, the rotational coordinate systems do not allow simple separation 
of the Laplace and Helmholtz equations, though they may allow R-separation 
of the Laplace equation. This subject is treated in previous pUblications [7J, [9]. 

Definition I. If the assumption 

permits the separation of the partial differential equation into three ordinary 
differential equations, the equation is said to be simply separable. 

Definition II. If the assumption 

_ Ul(U1). U2(U2). U3(US) 
qJ - R(u1, u 2 , US) 

permits the separation of the partial differential equation into three ordinary 
differential equations, and if R =1= const, the equation is said to be R-separable. 

R-separation introduces two new quantities, R(ul , u2, u3 ) and Q(ul , u2, u3), 

which greatly improve the possibility of effecting separation. These quantities 
are defined by the relations, I 5 

g .. = M Q, 
H 

~ = Afzf3(R)2 Q. 

(4.01) 

(4.02) 

Also, otl is not zero as it was in simple separation of the Laplace equation, but 

otl = - .!2 ± _1 _ _ 0_ (f. OR) = const. 
R .=1 /; g.. oU' ou· (4.03) 

Equation (4.03) constitutes the necessary and sufficient condition for separability 
of the Laplace equation in euclidean 3-space [7]. A comparison of the equations 
for simple separation and R-separation is given in Table 4.01. 

No case is known in which the Helmholtz equation is R-separable, so the 
question that arises in this section is merely whether the Laplace equation is 
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R-separable in a given rotational coordinate system. For example, in toroidal 
coordinates, 

_ a1 sinhl11 
g33 - (cosh 11- cos 8)1 • 

The complicated form of the denominator precludes the possibility of obtaining 
a Stackel matrix for simple separation. But for R-separation, we let 

al 

Q = (cosh 11 - cos 8)1 • 
Then 

M;.1 = Mu = 1 M;.1 = __ 1_ 
S S ' S sinhl11 ' 

and the Stackel determinant is very simple: 

-1 1 
- sinht11 

s= 0 1 0 =1-

0 0 1 

Also, ot1 = + i and R2 = (cosh 17 - cos 0)-1. Requirements for R-separation of the 
Laplace equation are satisfied. 

4.02 TABLES 

Metric coefficients and separability data are listed in Table 4.02. Some of the 
rotational systems obtained from Figs. 2.01 to 2.21 do not allow separation of any 
kind. After discarding the non-separable cases, we find 4 systems in which 
Laplace's equation is simply separable and 10 that are R-separable. The simply 
separable coordinates have already been listed in Section I, and the R-separable 
cases are tabulated in this section. One additional system in introduced-the 
inversion of rectangular coordinates-making a total of 11 coordinate systems 
treated in Section 4: 

No. Name Fig. No. 

P1R Tangent-sphere coordinates 4.01 
P3 R Cardioid coordinates 4.02 

E4Rx Bispherical coordinates 4.03 
E4Ry Toroidal coordinates 4.04 

H2Rx Inverse prolate spheroidal coordinates 4.05 
H2Ry Inverse oblate spheroidal coordinates 4.06 

6-sphere coordinates 4.07 

J1Rx Bi-cyclide coordinates 4.08 
J1Ry Flat-ring cyclide coordinates 4.09 
J2R Disk-cyclide coordinates 4.10 
J3 R Cap-cyclide coordinates 4.11 
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Details of these eleven coordinate systems are given in Table 4.03 and Figs. 4.01 
to 4.11. Table 4.04 summarizes four rotational systems obtained from elliptic 
functions. It should be emphasized that these coordinates by no means constitute 
the totality of all R-separable systems. 

TABLE 4.01. SEPARABILITY 

Simple separability 
of Helmholtz equation 

R -separability 
of Laplace equation 

rp= CJl· U·· UI 
Ul·UI·ua 

R 

gl 
S = Itla/l 

1 
~ = Itla/l {R)I Q 

0(1 = - ~ ±l/'~H 8:' (I. :~.) 
1= 

Separated equations 

Stickel matrix 

1 d ( dU') . a -t. du' I. du' + U' ~ #P'jO(j = o. 
• 1-1 

[

(1)11 (U1) (1)11 (u1) 

[S] = (l)n{ul ) (I) .. (ul ) 

(1)11 (Ul) (I) .. (Ul) 
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104 Section IV. Rotational systems 

TABLE 4.03 

P1R. TANGENT-SPHERE COORDINATES (IL, v, \fJ), Fig. 4.01. 

Fig. 4.01. Tangent-sphere coordinates (p, _, ,,). This and the follow­
ing figures are drawn as if the coordinate surfaces were filled with 
jelly and then one quarter were cut out (from" = 0 to ,,= "/2). 
The coordinate surfaces are tangent spheres (_ = ± canst), toroids 
without center opening (p = canst), and half-planes (" = canst). 
The solid arrow heads indicate the direction associated with an 

increase in the parameter 

Metric coefficients 

0<#<+00, 
-00<'11<+00, 

o ;;;;''IjJ<2n. 

x = flCOStp 
fl2 + '1'2 ' 

Coordinate surfaces 

X2+y2+Z2= : (X2+y2)' 

(toroids without center 
opening, # = const), 

X2+ y2+ (z __ 1_)2 = _1_ 
2'1' 4'1'2 

(spheres tangent to xy-plane 
at origin, '11= const), 

tan'IjJ=y/x 

(half planes, 'IjJ = const). 

Stackel matrix 

[5] ~ [~ 
-1 -111"] 

1 o . 
0 1 

5=1, 

Mll =1, M21 =1, Mal = 1/#2. 

gll = g22 = 1/{f-t2+ '112)2, gS3 = #2/(#2+ '112)2, gt = #/(#2+ '112)3. 

R = {f-t2+ v2)-i, Q = (#2+ '112)-2, 

11=#,/2=1,/3=1, 1X1=0. 

Important equations 

(dS)2 = (dfl)2 + (dV)2 + ",2 (dtp)2 
(fiB + '1'2)2 

gradq; = (#2+'112) [a ~ +a ~ + tJ,p ~]. 
p Ofl • 0'1' fI Otp 

div E = (fl2 + '1'2)8 [_0_ ( fI E ) + ~ ( 1 E)] + ~ ( 2+ '112) OE., 
fI a fI (fl2 + '1'2)2 P # 0'1' (fll + '1'2)2' fI # Otp • 
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a", a. a."J-l 

curl E = (1'2 + V2)2 
0 0 0 

-
0'1' 01' OV 

I' 
E", E. E."p. 

1'2 +.v2 1'2 + Vi 1'2 + Vi 

SEPARATION OF LAPLACE'S EQUATION, V2 rp = O. 

1 d ( dU') i 3 T. du' I. dw + U;~ tP.j(Xj=O, 

where (Xl = 0 and UI = M(J-l), U2 = N(v), U3 = 'P(VJ), 

rp = (J-l2+ '112)1 M . N . 'P. 

General case 

II (X2 = - q2 and a.a = p2, 

_d2M +~ dM + (q2_P2/ 2)M=0, {24}. M=AJ,,(qJ-l) + BJ_" (qJ-l) d 1'2 I' d I' J-l y y 

or·· M = AJ,.(q J-l) + BrJjj,,(q J-l). 

{04} 'P=AsinpVJ+BcospVJ. 

II (xz = + q2 and a.a = p2, 

~~ + : ~~ - (q2+ P2/J-l2) M = 0, {24} M = AJp(i q J-l) + BJ_p(i q J-l) 

or·· M=AJ,.(iqJ-l) + BrJjj,.(iqJ-l). 

{04} N=Asinqv+Bcosq'/l. 

• Designation in terms of singularities. See Section VI. 
•• If P = n, an integer, use the second solution. 
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It OCz = 0 and IX:! = p2, 

d2M +~ dM -~M=O, {04} M=Afl/+Bfl-P. 
dp.2 p. dp. p.2 

{Oi} N=A+B'JI. 

{04} P = A sin P 1jJ + B cos P 1jJ. 

{O 1 } M = A + B In fl. 

{Oi} N=A+B'JI. 

For cp independent of \jJ, 

I d2M + ~ dM - OC2 M = 0, 
dp.2 P. dp. 

d2N + oc2N = O. 
dll 2 

~2~ -q2N=0, 

It OC2 = + q2, 

d2~~ + ~ dM _ _ q2 M = 0, {i4} M = AJo(i q fl) + Bq?/o(i q fl). 
dp.2 P. dp. 

{04} N = A sinq'JI + Bcosq'JI. 

It OC2 = 0, 

{O 1 } M = A + B In fl. 

{Oi} N = A + Bv. 



Table 4.03. Cardioid coordinates 

P 3R. CARDIOID COORDINATES (1', v, ~), Fig. 4.02. 

O~p,<oo, 

o~,,<oo, 

o ~1jJ< 2~. 
_ P.V 

x - (p.2+V2)1 cos1jJ, 

_ P.V • 
Y - (p.2+V2)1 sm1jJ, 

_ 1 (p.I- VI) 
z--~~~ 

2 (p.I + VI)2 • 

Coordinate surfaces 
X2+ y2+Z2 

= _1_ [(x2+ y2+ z2)1 + z] 
4p.2 

(cardioids of revolution 
intersecting positive half 
of z-axis, p, = const), 

X2+ y2+Z2 
= _1_ [(x2+ y2+ z2)1_ z] 

4v· 
(cardioids of revolution 
intersecting negative half 
of z-axis, " = const), 

107 

tan1jJ = y/x 
(half planes, 1jJ = const). 

Fig. 4.02. Cardioid coordinates (1',., 'P). The coordinate surfaces are 
cardiOids of revolution (I' = const and • = const), and half-planes 

(tp= const) 

Stickel matrix 

Metric coefficients 

-1 

1 

o 

- 1/P,2] 
- 1/,,2 . 

1 

M21 =1, _ p.2 + v2 
M31 - --a -.- . p. V 

gll = gss = 1/(p,2+ "S)3, g33 = p,2 ,,2/(p,2+ ,,2)4, g' = p,"/(p,2+ ,,2)5. 

R = 1/(p,2+ ,,2), Q = 1/(p,2+ ,,2)4, 

A=p" 12='" 13=1, Otl=O. 

Important equations 
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a p a. 
o.,pv 

(pI + VI)' 

curl E = (pI + vI)* 8 8 8 
pv 8p Tv" 8", 

Ep E. E",pv 

(pI + vl)1 (pi + V2)= (pi + VI)2-

(pi + VI)6 
V2 qJ = pv 

SEPARATION OF LAPLACE'S EQUATION, 172 qJ = O. 

1 d (dUi) • ~ I. dui Ii duo + U ~ (/Jii(l.j = 0, 
1=1 

where (1.1 = 0 and Ul = M(P), U2 = N(v), U3 = 'P(tp), 

qJ = (,u2+ v2) M . N· 'P. 
General case 

daM + ~ dM _ (1.2+~)M = 0, 
dp2 P dp pI 

dIN + ~ dN + {(l.2-~)N = 0, 
dv l V dv \' v2 

dltp 
d",. + rJ.a 'P = o. 

II (1.2 = q2 and rJ.a = pa, 

~IM +~ dM _ (q2+p2/,u2)M=O {24} M=AJ"p(iq,u)+BJ"_p(iq,u) dpl p dp , 

or· M = AJ",,(i q,u) + B~,,(i q ,u). 

dIN +~ dN + (q2_palv2)N=O {24} N=AJ",,(qv) + BJ"_" (q v) 
dva v dv ' y y 

or· N = AJ",,(qv) + B~,,(qv). 
~; + pI 'P = 0, {04} 'P =A sinptp + Bcosptp. 

II (1.2 = - q2 and rJ.a = pI, 

~:. + ~ ~~ + (ql_pl/,u2)M=O, {24} M=AJ"p(q,u)+BJ_p(q,u) 

or· M = AJ",,(q,u) + B~,,(q,u). 
diN + J..- dN _ ( I + pal"") N = 0, {24} N = AJ",,(iqv) + BJ_,,(i qv) dvl v dv q r y 

or· N=AJ,,(iqv)+B~,,(iqv). 

{04} 'P=Asinptp+Bcosptp. 

• If P = n, an integer, use the second solution. 
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II atl = 0 and ota = pI, 

diM +~ dM _ '£"'M=O, 
dpl p dp pi {O4} M=A,ll+ Bp.-p. 

diN +~ dN _ '£"'N=O, 
d."a ." d." .,,1 {04} N=AV'+ B,,-p. 

dl'P + p2 'P = 0, 
d",1 . {04} 'P =A sinp1p + B cos p1p. 

II at2 = ota = 0, 

daM + 1 dM -0 
dp· Ii dp -;- , {Oi} M=A +Blnp.. 

dIN +~ dN =0, 
d."a ." d." {Oi} N=A +Bln". 

dl'P {Oi} 'P=A+B1p. --=0, 
d",· 

For cp independent of tjI, 

1 
diM +..!... dM - at2 M =0, 
dp· p dp 

dIN 1 dN 
--+--+ at2 N =0. d.,,1 ." d." 

dIM +..!... dM -q2M=0, 
dpl p dp 

dIM +..!... dM +q2M=0, 
dpl p dp 

dIN +..!... dN -q2N=0, 
d.,,1 ." d." 

II ata = 0, 

{Oi} N=A+Bln". 
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E4Rx. BISPHERICAL COORDINATES (y), e, tJI), Fig. 4.03. 

-00<"1<+00, 
0~0<:n, 

0~1p<2:n. 

a sin IJ cos 'P 
x=--o----~ cosh 1] - cos IJ ' 

a sin IJ sin 'P 
Y = cosh 1]-cos IJ ' 
z = a sinh 1] 

cosh f/ - cos IJ . 

Coordinate surfaces 
X2+ y2 

a l + (z - a coth "1)2 = -.-­s1Oh! 1] 
(spheres, "I = const), 

X2+ y2+Z2 
- 2a (x2+ y2)1 cot 0 = aB 

(apple-shaped surfaces for 
0< :n/2, spindle-shaped sur­
faces for 0 > :n/2. 0 = const), 

tan1p=y/x 
(half-planes, 1p = const) . 

Stickel matrix 

Fig. 4.03. Bispherical coordinates ('I, 8, '1'). The spheres are desig­
nated by '1 = const, half-planes by 'I' = const. The surfaces 8 = const 
are spindles if 8 < n/2, a sphere at 8 = n/2, and apple-shaped 

[5] = [~ - ~ - 1/~in2 oj. 
001 

5=1, Mll=1, 
surfaces If 8 > n/2 

M21 = 1, M31 = 1/sin2 O. 

Metric coefficients 

gll = gn = (cosh 1] - cos IJ)! ' 

a!sin2 IJ 
gaa = (cosh 1] - cos IJ)I ' 

l- a8 sinIJ 
g - (cosh 1] - cos IJ)8 • 

R = [cosh "I - cos 0] -l, Q = aB/[ cosh "I - cos 0]2, 

/t=1, 12=sinO, la=a, IXl=-t· 

Important equations 

(ds)a = ( h a! IJ)! [(d1J)2+ (dO)2+ sins 0 (d1p)2]. 
cos 1] - cos 

t 0) [alP alP a'll alP ] grad f{J = a (cosh "I - cos a'l a1i" + ao fiO + sin IJ e;p . 
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div E = (cosh TJ - cos 0)3 fsin fJ ~ ( E'I ) 
a sin 0 l oTJ (cosh TJ - cos 0)1 

o ( sin 0 E'I )] (cosh TJ - cos 0) oE", 
+ 86 (cosh IJ - cos 0)1 + a sin 0 otp • 

curl E = (cosh TJ - cos 0)2 
a sin 0 

a'l "0 
o 0 

oTJ 86 

a'l' sin fJ 
o 

E'I Eo E'I'sin 0 
--;----" 
cosh TJ - cos 0 cosh TJ - cos 0 cosh TJ - cos 0 

(cosh TJ - cos 0)8 {sin fJ _0_ ( 1 ~) 
a 2 sin 0 oTJ cosh TJ - cos 0 oTJ 

o ( sin 0 Of{! )} (cosh TJ - cos 0)2 02f{! 
+ 86 cosh TJ - cos 0 BO + a l sin2 0 or . 

SEPARATION OF LAPLACE'S EQUATION, J72 cp = 0. 

1 d (dU') ,~ 
Ii du' I. dw + V i~ <P'i(1.i = 0, 

where (1.1 = -1 and ijl = H(TJ), V2 = e (fJ), va = lJ'(tp), 

cp = (cosh TJ - cos fJ)i H • e .lJ'. 

General case 
dlH (1 )_ 
dTJ2 - "4 + (1.2 H - 0, 

dIe de ( ex) 
d 02 + cotO (l"(j + (1.2 - sin: 0 e = ° , 
dIP 
dtp2 + CXa lJ' = 0. 

II (1.2 = P (P + 1) and (1.3 = q2, 

~a: _ (P +}-)2 H = 0, {04} H = A e(P+il'l+ B e-(P+!l'l. 

(1 - ~2) ~a~~ - U ~~ + [p (P + 1) - 1 ~a ~a ] e = 0, 

{222} where ~ = cos fJ, 
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e = A&: (cos fJ) + B!lt (cos fJ). 

{04} lJ'=A sinqtp+ Bcosqtp. 

II (1.2 = P (P + 1) and CXa = 0, 

~~~ - (P + i)1 H = 0, {04} H = A e(P+Il 'I + B e-(P+ll'l. 

(1- ~I) ~~~ - 2~ ~~ + P(P + 1) e = 0, {112} e = A&p(cos fJ) + B!lp (cos fJ). 
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If (X2 = eta = 0, 

{04} H = A e'l/2+ B e-T//2. 

{o 1} e = A + B In cot (0/2) . 

{01} If' =A + Btp. 

For cp independent of~, I dlH 1 
d17l - (,,+ (XI) H = 0, 

dIe de 
d (JI + cot 0 ([6 + (XI e = o. 

dlH _ (p + 1)2 H = 0 
d17l l' ' 

(1-E") ~~~ -u ~~ +p(p+1)e=O, {112} e = A&,p (cos 0) + B ~p (cos 0). 

If (x" = 0, 

{04} H = A eT//2+ B e-'1/". 

{01} e = A + BIn cot (0/2) . 

E4Ry. TOROIDAL COORpINATES (Yj, 8, ~), Fig. 4.04. 

0~7J<+oo, -3l;<0~+3l;, 0~tp<23l;. 

Coordinate surfaces 

x = asinh17cos'l' 
cosh 17 - cos (J , 

_ a sinh 17 sin 'I' 
y - cosh 17-cos (J , 

asin(J z=-.----" cosh 17 - cos (J • 

I X2+ yB+ Z2+ a l = 2a(xl + y2)lcoth7J 
as 

x2 + y2 + (z - a cot 0)2 = -. -smlll 
tantp = y/x 

(toroids, 71 = const) , 

(spherical bowls, 0 = const), 

(half-planes, 1p = const) . 

Stackel matrix, 

[~~[~ 
-1 -"-'~l 1 o . 

0 1 

S=1, ~1=1, Mn=1, Mal = 1/sinh27J. 



Metric coefficients 

Table 4.03. Toroidal coordinates 

gu = g22 = (cosh 1J - cos 9)2 ' 

a2 sinh2 1J 
g33 = ---;---:----' 

(cosh 1J - cos 9)2 ' 

gt = a3 sinh 1J 
(cosh 1J - cos 9)8 . 

R= [cosh 1] - cosO]-l, Q = a2j(cosh 1] - COS 0)2, 
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Fig. 4.04. Toroidal coordinates ('1, 0, '1'). Coordinate surfaces are toroids ('1 = const), spherical bowls (0 = const) , and 
half-planes ('I' = const) 

Important equations, 

a2 
(dS)2 = (cosh 1J _ cos 9)2 [(d1]) 2 + (dO)2+ sinh21] (d1p)2]. 

grad rp = ..!.. (cosh 1] - cos 0) [a ~ + ao ~ + ~ ~l. 
a '1 81J 89 smh 1J 8'1' 

div E = (cosh 1J - cos 9)3 [~( sinh 1J E ) 
a sinh 1J 81J (cosh 1J - cos 9)2 '1 

+ . h 8 ( Eo )] cosh 1J - cos 9 8E., 
sm 1] ---aif (cosh 1J - cos 9)2 + a sinh 1J aiP- . 
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curl E = (~osh '1- cos 0)2 
a sinh 1'/ 

cosh 1'/ - cos (J cosh 1'/ - cos (J 

J7Z = (cosh 1'/ - cos (W {~( sinh 1'/ !!L) 
q; a2 sinh 1'/ 01'/ cosh 1'/ - cos (J 01'/ 

a"sinh'YJ 
o 

oIP 
E"sinh 1'/ 

cosh 1'/ - cos (J 

+ sinh ~ ( 1 !!L)} + lcosh 1'/ - cos 0)2 _?Itp 
'YJ 00 cosh 1'/ - cos 0 00 a2 sinhl 1'/ oIP2 • 

SEPARATION OF LAPLACE'S EQUATION, III q; = O. 

1 d (dUi) • ~ 
Ii du' fi du' + U ,ft (/J., «, = 0, 

where «1 = 1 and lJ1 = H('YJ), U2 = e (0), ua = P("P) , 

q; = (cosh'YJ - cos 0)' H . e . P. 

General case 

If «2 = pi and «a = q2, 

( z,a ) dlH z, dH [ql (I .l)jH-
\0 - 1 d ~. + 2\0 liT - ~I_ 1 + P - 4 - 0, 

{222} where ~ = cosh 'YJ, 

H = A [JIJt-6 (cosh 'YJ) + B ~:-6 (cosh 'YJ) • 

{04} e = A sin p 0 + B cos pO. 

{04} P=AsinP"P+BcosP"P' 

If «. = pi and «a = 0, 

(~I- 1) ~I:' + 2~ ~~ - (Pll_ 1) H = 0, 

{11 2} H = A [JIJ"-l (cosh 'YJ) + B ~_, (cosh 'YJ) • 

{04} e =A sinp 0 + Bcosp O. 

d''P 
dIP. = 0, 
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1/ lXa = «a = 0, 

(EZ-i) ~I~ +U ~~ +:1H=O, {112} H= A&'_6(cosh 1]) + B..2_6(cosh1]). 

{Oi} e=A+BO. 

{Oil ~=A+Btp. 

For cp independent of~, 

1/ lXa = pa, 

(~2 _ 1) ~a: + U ~~ - (pa - :1) H = 0, 

{ii2} H = A&'P-6 (cosh 1]) + B ..2P- 6 (cosh 1]). 

{04} e = A sin p 0 + B cos pO. 

1/1X1I = 0, 
dSH h dH IH-
-d 2 +cot 1]-d +4 -0, 

T} '/ 

{112} H = A &'-1 (cosh 1])+ B..2_1(cosh 1]). 

{Oi} e=A+BO. 

H 2Rx. INVERSE PROLATE SPHEROIDAL COORDINATES (lJ, e, ~), Fig. 4.05. 

O~1]<+oo, O~O~n, O~tp<2n. 

Coordinate surfaces 

I X= asinhT}sinOcos'P 
coshlT} - sina 0 ' 

_ a sinh T} sin 0 sin 'P I y - coshaT} - sinlO ' 

a cosh T} cos 0 
z = cosh a T} - sin I 0 . 

I XZ + y2 + Z2 = a r :i~tIY: + CO:~IT}]' 
x2 + 2 + Zll = a [_ Xl + yS + ~]l 

Y sinlO cos· 0 

tan 11' = y/x 

(rotation cyclides, 1] = const) , 

(rotation cyclides, 0 = const), 

(half-planes, 11' = const). 
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SUickel matrix 

Section IV. Rotational systems 

[
a2 sinh21] - 1 - 1/sinh2 1]] 

[SJ = a2sin2 0 1 -1/sin2 0 . 
o 0 1 

Mu=1, sinh21] + sin2 0 
Mal = -.,...-;-i---'--;-.-;;-­sinh21] sin2 0 

Fig. 4.05. Inverse prolate spheroidal coordinates ('I, 6, 'P). The surfaces 'I ~ const are inversions of prolate spheroids; 
the surfaces 6 ~ const are inversions of hyperboloids of two sheets 

Metric coefficients 

gil = as sinh 1] sin 0 (sinh21] + sin2 0) 
(COSh21] - sin2 0)3 

Q = [COSh21] - sin20J-2, 

11 = sinh 1], la= a, !Xl = o. 
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Important equations 

(dS)2 = ~: [11 [(d1J)2 + (d 0)2] + sinh2 1J sin2 0 (dtp) 2] , 

where 

11 = sinh2 1J + sin2 0, 

Q = cosh2 1J - sin2 O. 

grad = !!..- [11-1 (a .!.!L + a .!.!L) + alp .!.!L] ffJ a 'I 01] 0 00 sinh l/Sin 0 otp . 

div E = Q3 [Sin 0 ~_ (l1 i Sinh 1] E ) + sinh 1J _~ .. (l1l~r:..! E8)] 
all sinh 1] sin 0 0"1 Q2 TJ 00 Q2 

Q oEIp 
+ a sinh 1] sin 0 otp . 

a'l ao 

curl E = --o--_Q_I_­
all1sinh 1] sin 0 

o 0 
01] ao 
111 III 

alp 11-1 sinh 1J sin 0 
o 

otp 
E sinh 1] sin 0 

Ip Q E'I{J EO{J 

172 _ Q3 {. 0 0 (Sinh "I OfP) + . h 0 (Sin 0 OfP)} 
ffJ - a2 II sinh 1] sin 0 sm aii ----n- aii sm 1J ao ----n- ao 

Q2 02fP 
+ al sinhl1] sinl 0 otpZ· 

where (Xl = ° and UI = H(1J), U2 = e (0), U3 = lJI(tp), 

ffJ = (cosh2 1J - sin2 0)1 H . e ·IJI. 

General case 

d2H h dH ( IXa )H--d 2 + cot 1J -d - (X2 + -:---h2 - 0, 1] 1] sm "I 

~2~ +cotO ~~ + ((X2- Si:JO)e=o, 
dl'P 
dtpl +!Xa IJI = 0. 

II (X2 = P(P + 1) and!Xa = q2, 

d2H dH [ ql ] (~2_ 1) del + 2~ dr - P(P + 1) + el -1 H = 0, 

{222} where ~ = cosh 1J, 
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H = A &1 (cosh 1J) + B !lJ (cosh 1J). 
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dIe de [ q2 ] (1-C') dt," -2C IiC + P(P+1)- t,2-1 8=0, 

{222} where C = cos 0, 

8 = A9t (cos 0) + B!20 (cos 0). 

{04} 'P=A sinq'IjJ+ Bcosq'IjJ. 

1/ OC2 = P (p + 1) and rxa = 0, 

(e'-1) ~I~ +2e ~~ -P(P+1)H=O, 

{11 2} H = A9p (cosh 1]) + B!2p (cosh 1]) . 
_ , d2e _ de ~ _ 

(1 C) dt,2 2C tiC +P(P+1)8-0, 

d2 tp 
dtp2 = 0, 

d2H dH 
d'YJ2 + coth 1] d'YJ = 0, 

dIe de 
d(J2 + cot o ""dO = 0, 

d2 tp 
dtpl = 0, 

For q» independent of \jI, 

{112} 

{Oi} 

I/ oc2=rxa=O, 

8 = A9p (cos 0) + B!2p (cos 0). 

'P=A+B'IjJ. 

{Oi} H=A + BIncoth(1]/2). 

{01} 8=A+BIncot(0/2). 

I d2H dH 
d'YJ2 +coth1] d'YJ - oc2 H =O, 

d2e de 
d(J2 + cot o ""dO + OC2 8 = o. 

(e2-1) ~2~ +2e ~~ _P(P+ i)H=O, 

{ii2} where e = cosh 1], 

H = A9p (cosh 1]) + B!2p (cosh 1]). 
( 2) dIe ,. de ( ) I;;} _ 
1 - C dt,1 - 2., tiC + P P + 1 17 - 0, 

{112} where C = cos 0, 

I/oc2 =O, 
dlH dH 
d'YJl + coth 1] d'YJ = 0, {01} H = A + BIn coth(1]/2). 

dlB de 
d(J1 + cot o ""dO = 0, {Oi} 8 = A + B In cot (0/2) . 
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H 2Ry. INVERSE OBLATE SPHEROIDAL COORDINATES (YI, e, \fI), Fig. 4.06. 

0;;;;;;'1<00, 

0;;;;;; 0;;;;;; n, 

0;;;;;;",<2n. 

a cosh TJ sin 0 cos '" x = ----,;-;;-'------:;--,;:-'­
coshl TJ - cos' 0 ' 

a cosh TJ sin 0 sin '" 
y = cosh' TJ - cos' 0 ' 

a sinh TJ cos 0 z = --:-;;-'-------,,--,,-
cosh'TJ - cos· 0 . 

Coordinate surfaces 

X2+ y2+ZI 

[
Xi + 'V. Z']l 

= a cosha'TJ + sinhl TJ 

(rotation cyclides, 
'1 = const), 

Xl + yl+ZIl 

[ 
Xl + y. Z']I 

=a sinlO - COSiO 

(rotation cyclides, 
0= const), 

tan", = y/x 

(half-planes, '" = const). 

Stickel matrix 

S = all (COShll '1 - sin' 0) , 

Metric coefficients 

Fig. 4.06. Inverse oblate spheroidal coordinates (", 8, ,,). The surfaces 
" = const are inversions of oblate spheroids; the surface. 8 = const 

are inversions of hyperboloids of one sheet 

-1 

1 

o 

1/cosh' '1] 
- 1/sinl O . 

1 

~l = 1 , MzI = 1 , 

__ al(coshITJ-sinIO) 
gll - gill - (cosh. TJ - cos. 0)1 , 

_ at cosh' TJ sinl 0 
gaa - (cosh'TJ - cos' 0)1 , 

~ _ as cosh TJ sin o (cosh' 17 - sin l 8) 
g - (coshl TJ - cos' 8)· 

R = [coshl '1- cosIlO]-I, Q = 1/(coshll '1- COSIO)·, 

/t = cosh '1, ,.=sinO, 'a=a, Ctt=O. 
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Important equations 

~{ } (dS)B = E1 .Q [(d1J)2 + (d 0)2J + cosh2 1J sin2 0 (d",)2 , 

where 

Q = cosh2 1J - sin2 0, 

1: = cosh2 1J - coss O. 

d - E {n-l[ orp orp 1 0." orp 1 
gra qJ - a~.1 a" --ail + a8 ao + cosh 7J sin 0 0", J . 

. _ E1 [. 0 0 (QICOSh7J) 0 (Q1SinO )] 
div E - aQ cosh 7J sin 0 SID --ail EI E't + cosh 1J ao E1 E8 

E 
+ a cosh 7J sin 0 E.". 

a" "0 "." Q-i cosh 'fj sin 0 
EI 0 0 0 

curlE = 
a Ql cosh 7J sin 0 07J 00 0", 

Q1 Ql cosh 7Jsin 0 
E"E E8E E., E 

172 _ E1 {. 1I 0 (COSh 7J orp) h 0 (Sin 0 orp)} 
I' qJ - al Q cosh 7J sin 0 SID II --ail -r --ail + cos 'fj ao --y:- 00 

E1 olrp 
+ as coshs 7J sinl 0 o",s· 

SEPARATION OF LAPLACE'S EQUATION, V2 qJ = O. 

1 d (dU') • ~ T duo I. duo + U £..J (/J'ioci = 0, 
• 1=1 

where OCI = 0 and UI = H(1J), UB = 8(0), ua = P(",), 

qJ = (cosh2'fj - coss 0)1 H . 8 . P. 

General case 

dlH h dH ( Ota )H--d I +tan 1J-d + -rx.s+ hi -0, 7J 7J cos 7J 

-~I~ + cot 0 ~~ + (OC2 - si:: 0 ) 8 = 0, 

dBtp 
d",. +rx.sP=O. 

II OC2 = P (P + 1) and rx.s = q2, 

S dlH dH [ ql ] _ 
(~-1) d;1 +2E d; - P(P+1)- ;1-1 H-O, 

{2 2 2} where ~ = i sinh 'fj , 

H = A91 (i sinh 1J) + B!I.t (i sinh 1J) . 
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(1- CB) ~~~ - 2C ~~- + [P(P+ 1) - ,IS] 8 =0, 

{222} where C = cos 0, 

8 = A&JI (cos 0) + B12: (cos 0). 

dllJ' a _ 
dV's +q P -0, {04} P=Asinq1p+Bcosq1p. 

If <XI = P (P + 1) and <X3 = 0, 

(ell-i) ~z: +u ~~ -P(P+ 1)H=O, 
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{112} H=A&Jp(isinh11) + B12p(isinh11). 
2 dIe de H _ 

(i-C) d,B -2Cd["+P(P+1)8-0, 

dlH dH 
dTJI + tanh 11 dTJ = 0, 

die de 
d (Js + cot 0 ([6 = 0, 

For cp independent of~, 

{112} 

{01} 

8 = A&Jp(cos 0) + B12p (cos 0). 

P=A + B1p. 

If <X1I=ota= 0, 

{01} H=A + Bcot-l(sinh11). 

{01} 8=A+Blncot(O/2). 

I dlH dH 
dTJI + tanh 11 dTJ - ota H = 0, 

dIe de 
d (JI + cot 0 d (J + <X2 8 = O. 

If <XI = P(P + 1), 

(ell-i) ~I: +2e ~~ -P(P+1)H=O, 

{112} H=A&Jp(isinh11) + B12p(isinh11). 

(1- Cll) ~~~ - 2C ~~ +P(P + 1)8 = 0, 

{112} 8=A&Jp(cosO) + B12p(cosO). 

If <XI = 0, 
dlH dH 
dTJI + tanh 11 d1J =0, {01} H=A + Bcot-l(sinh11). 

dIe dB 
dOl +cot0([6=O, {O 1} 8 = A + B In cot (0/2) . 
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6-SPHERE COORDINATES (tt, v, w), Fig. 4.07. 

fz -oo<u<+oo, 
-oo<v<+oo, 
-oo<w<+oo. 

u x = --=---,,-,--_=_ 
u l + vl + WI' 

v 
Y = u. + VI + WI ' 

W 
Z = --=----,----::-,--_=_ 

UI+VI + WI· 

Coordinate surfaces 

(X __ 1_)8 + y2+ Zl = _1_ 
2u 4u l 

(spheres tangent to y z-
plane at origin, u = const), 

xl+(y- _1_)1 +ZI=_1_ 
2v 4Vl 

(spheres tangent to xz­
plane at origin, v = const), 

xl+ yS+ (z __ 1_)1 = _1_ 
2w 4wt 

Fig.4.07. 6·sphere coordinates (v, v, III). The inversion of rectangular 
coordinates. All coordinate surfaces are spheres 

(spheres tangent to x y­
plane at origin, w = const). 

Stickel matrix 

[
0 -1 

[5] = 0 1 
1 0 

-1] o . 
1 

5 =1, M;.1 = M21 = M81 = 1. 

Metric coefficients, 

gll = gu = g83 = 1/[u2+ vl + WI]I, gi = 1/[ul + VI + WI]3. 

R = [ull+VS+ wll]-i, Q =1/[ul + VIl+WI]I, 

11=/1=/3=1, ot1=0. 

Important equations, 

(dS)1 = (dU)1 + (dv)1 + (dw)t • 
[ul + VI + WI]1 

grad m = (US + Vi + Wi) [a ~ + a ~ + a ~l. 
T V au u av III aw 



Table 4.03. 6-sphere coordinates 

SEPARATION OF LAPLACE'S EQUATION, VllfJ = O. 

1 d (dUi) . a 
Ii dui fi dui + U' j~ (/Jij (Xj = 0, 

where (Xl = 0 and [J1 = U(u), Us = V(v), US = W(w) , 

General case 

lfJ = (UI+VI+WI)1 U· V· W. 

diU 
dul - (X. + rxa) U = 0, 

dlV 
dvl + a.. V=O, 

dlW 
dwl+rxaW=O. 

If (XI = P" and (X. = q", 
{O 4} X = A e(1)"+qI)l s + B e - (1)"+qI)l 

{04} Y=Asinpy+Bcospy. 

{04} Z =A sinq z+ Bcosq z. 

If (XI = - pI and rxa = - qt, 

~-;. + (p'~+ ql) X = 0, {04} X = A sin {PI + ql)6 x + B cos (Pi + ql)' x. 

day _ pI Y = 0 {04} Y = A ~Y + B e- fJY• 
dyl ' 

dlZ __ q"Z=O 
dz' ' 

dlX -p·X=O 
dxl ' 

dly +p.Y=O 
dyl ' 
dlZ 
dz. = 0, 

{04} Z = A e'I-+ B e-g-. 

If IX.::!I:: p. and IXa = 0, 

{04} X =A~s+ B e-fJs• 

{04} Y=Asinpy+Bcospy. 

{Oil Z=A+Bz. 

If ata =1Xa= 0, 
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dlX dlY dlZ 
dx. = dy. = dz. =0, X=A+Bx, Y=A+By, Z=A+Bz. 



124 Section IV. Rotational systems 

J lRx. BI-CYCLIDE COORDINATES (JL, v,~), Fig. 4.08. 

'1)-1(' 

f= const 
~...w.UWl+Jjj+lJjj++ttttttttttt-,a;Tconsl 

Fig. 4.08. Bi·cyclide coordinates (1',., ,,). Similar to bispherical coordinates (Fig. 4.03), but with 4th·degree surfaces 
instead of 2nd-degree for I' = const. Corresponding to the two spheres of bispherical coordinates are two cyclides 

I' = ± const. Corresponding to the spindles or apple· shaped surfaces are the cyclides > = const 

o ~p, ~K, o ~V ~K', o ~'IjJ < 2n. 

X= ~ cnp,dnp,snvcnvcos'IjJ, 

ad' y = Acnp, np,snvcnvsIn'IjJ, 

Z= ~ snp,dnv, 

Coordinate surfaces 

2( 2 + 1 ) 2+ a' - 0 - a sn p, h 2 sn2 f' Z F - (bi-cyc1ides, p, = const), 

(rotation-cyc1ides, v = const), 

tan'IjJ = y/x (half planes, 'IjJ = const) . 



Table 4.03. Bi-cyclide coordinates 

Stackel matrix 
k'4snlp J cn2pdn2p 

_ dn2 v . 
sn1vcnZv 

1 

r
-k2sn2p, - 1 

[5] = dn2 v 1 

o 0 

5 = dn2v - k2sn2p, = dn2p, - k'2 sn2v, 

11.1;.1 = M21 = 1 , M = Q2 
31 cn2pdn2psnS vcn2 v· 

Metric coefficients 

where 

a 2Q2 
gll =g22=~' 

a2 
g =-cn2I1.dn2I1.sn2vcn2v 

33 A2 r r' 

I a SQ2 
gv = ~cnp,dnp,snvcnv, 

Q2= (1- sn2p,dn2v) (dn2v - k2 sn2p,). 
1 as R=A-., Q=~(1-sn2p,dn2v), 

Il=cnp,dnll, 12=snvcnv, 13=a, (X1=-2. 

Important equations 

aSQ! as 
(dS)2 = ~ [(dp,) 2 + (dV)2] + AI cn2 p, dn2 p, sn2 v cn2 v(d'P)2. 

grad =~[a ~+a ~l+a A ~ 
qJ aQ /A 81' • 8v ¥ acnpdnpsn,'cnv 8", . 

div E = AS {snvGnv~ [QCnpdn p E] 
aQ2cnpdnpsnvcnv 81' AI I' 

+ d 8 [Q sn v cn v E]} + A 8E¥ 
cnp, np,a;: A2 • acnpdnpsnvcnv 8", . 

apQ a.Q a¥ en P, dn p, sn v dn v 

curl E = 
A2 8 8 8 

a Q2 cn I' dn I' sn v cn v 81' 8v 8", 

EpQjA E.QjA E¥ en p, dn p, sn v en vIA 

SEPARATION OF LAPLACE'S EQUATION, V2 qJ = O. 

1 d (dU') I ~ f, dUI Ii du' + U i~ tPii(Xi=O, 

where (Xl = - 2 and U1 = M(p,), U2 = N(v), U3 = lJf('P). 

qJ=Ai M N lJf. 
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General case 

diM sn p (dnl p + hi cnl p) 
dp' cnpdnp 

dM [ h'&snlp ] 
-d + 2k1snlp, - Otj- oes I diM = 0, p cnp np 

diN dn,,(cnl,,-snl ,,) 

d,,1 + sn"cn" 
dN [I dnl" ] -+ -2dn "+(Xa-oes--- N=O, 
d" snl"cnl " 

dl'P 
d'l" +oesYJ'=O. 

Substitution of snl p, = z in the first equation and dnl " = z in the second, reduces 
both to the canonical fonn 

dlZ ~[_1_ _2_ _2_] dZ ~[Ao+AlZ+AIZI+Aaz·]z =0 
dzi + 2 z-a1 + z-a. + z-a. dz + 4 (z-~)(z-al)l(z-a.)1 ' 

where, for M with (XI = pi and oes = ql, 

tZt = 0, a. = b = 1 , as = c = 11k·, 

Ao = - PiC, Al = P'c(1 + c) - ql(1- C)I+ 2c, 

All = - [P l c+2(1+ c}J, As =2. 

For N with (XI = P'1I and oes = ql, 

tZt = 0, a. = b = 1, as = c = k·, 

AO=_P'IC, A~=P'I(1+c) -ql(1-c)I+2c, 

A.= - [p'1+2(1+c)], Aa =2. 

Evidently p'l = pi c. This is a B6cher equation with designation {1222}, and the 
general solution is 

Z =A CWI(k, z) + B-rl(k, z). 

General case, f{J = f{J (u1, u·, u3) 

1
M = A CWI (k, snl p,) + B "1'1 (k, snl p,) , 

N = A CWl.(1Ik, dnl,,) + B'f'j,~ (11k, dna,,), 

YJ' = A sin q '" + B ~os q "', where P" = pllkl. 

For fP independent of ~, 

{ 
M = A CW,,(k, snl p,) + B'f'j,(k, snl p,), 

N = A CW",(1lk, dnl ,,} + B'f'j,,(1lk, dnl ,,). 

J tRy. FLAT-RING CYCLIDE COORDINATES <p., v, ~), Fig. 4.09. 

where 

O~p,~K, O~,,~K', 0~",<2n;. 

X= ~ snp,dn"cos"" 

,,= ~ snp,dn"sin"" 

z= ~ cnp,dnp,sn"cn", 

A = 1- dn1p,sns". 
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Coordinate surfaces 

( X2+ 2+Z2)2+~ [(1-kl )I-2(1-k2)dnl ",+(1+kB)dn'",J Z2 

Y ke dn' '" cnl '" 

- a2 (snl,u + kl s~. J (Xl + y2) + ;: = 0 (flat-ring cyclides, ,u = const), 

2cn'v Zl- 2dn1 v (x2 + yS) t+ 1 = 0 
a1snlv at 

(rotation-cyclides, v = const), 

tantp=Y/x (half-planes, tp = const). 

Fig. 4.09. Flat·ring cyclide coordinatp.s (1' , ., ,,). Similar to toroidal coordinates (Fig. 4.(4) but with 4th-degree surfaces 
instead of 2nd·degree for. = const. The toroids of circular cross· section are replaced by flattened rings (I' = canst), and 

the spberical bowls of toroidal coordinates are replaced by rotation cyclides (. = canst) 

Stickel matrix 

[

-k1 sn2 ,u -1 

[5] = dnlv 1 

o 0 

5 = dn2 " - klsnl,u = dnl,u - k'lsnl", 

~l=M.l= 1, 
[JI 

~1 = sn'",dn'v . 
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Metric coefficients 

Section IV. Rotational systems 

aSQ! 
g'=~snlldnv, 

where 
D2= (1- sn2lldn2v) (dn2v - k2sn21l). 

R=A-l, Q=~~(1-Sn2Ildn2v), 

/1= snit, 12=dnv, Is=a, 1X1= -1. 

Important equations 

alQ! a' (dS)2 = ----.:.:12 [(dll)2 + (dV)2] + AT sn21l dn2 V (dtp)2. 

ad =~[a ~+a ~]+ "vA ~ 
gr rp aQ I' all • OV asnlldnv a'll· 

div E = AS 
aQBsn II dn v 

x{dnv~[QSnll E J+snll~[_E_?n-"-E]}+--~--- oE.,. 
all AI I' all AI • asnlldnll a'll 

al'D a.D a.,snlldnv 

curl E = --, ____ -A-'-----;--
aQ'snlldnv 

a a a 
all ov a'll 

EI'D/A E.D/A E.,snlldnv/A 

SEPARATION OF LAPLACE'S EQUATION, V2 rp = o. 

1 d (' dU') • ~ 1.- du' I. dut + U L..J (/J" lXi = 0 , 
1=1 

where IXI = - 1 and Ul = M(Il), U2 = N (v), U3 = P(tp), 

rp=AIMNP. 
General case 

dIM + cn II dn II dM + [k2 sn2 _ IX _ (k2snl + _1_)] M = 0, 
dill sn II dll Il 2 IXa Il snl II 

~I:: - k'I~:vvcnv ~~ + [-dn2v+1X2+IXa(dn2v+ d~:J1N=0, 
dl'l' 
d'P. +IXaP=O. 
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Substitution of snl ft = z in the first equation and dnl '11= Z in the second, reduces 
both to the canonical form 

_~~_ + 1 [_1_ _1 __ + ___ ~.]~.!.. ..!.. [ __ .fo+ A-lz+ Aa z• ]z - 0 
dz· 2 z - al + z - az z - aa dz + 4 (z - all (z - a.) (z - aa)1 -, 

where, for M with ct. = pI and eta = ql, 

fIt=b=1, a2 =c=1/kl , a3 =0, 

Ao=-q"c, At=-p"c, A2 =1- q2. 

For N, with ctz = piS and eta = q2, 

fit = b = 1, a l = c = k", ila = 0, 

A~=-q"c, At=P''', A 2 =1- ql. 

These are Bocher equations with designation {1122}. and their solutions are 
Wangerin functions: z = A [/'1 (k, z) + B 9"1 (k, z) . 

General case, ffJ = ffJ (ut , u", u3), 

1
M = A [/'1 (k, snl ft) + B 9"1 (k, snl ft) , 

N =A.9/-(1/k, dn"v) + B9"j.(1/k, dn"v) , 

'P =A sinqlp + Bcosqlp, where p'" = P"/k". 

For q» independent of~, 

{ 
M = A.9j, (k, sn" ft) + B 9p (k, snl/I.) , 

N =A.9f,.(1/k, dnlv) + B9"fJ.(1/k, dnlv). 

J 2R. DISK-CYCLIDE COORDINATES (fL, v, ~), Fig. 4.10. 

O~ft~K, O~v~K', 0~1p<2n. 

Coordinate surfaces 

a 
X = if cnft cnvcoslp, 

a . 
Y = ifcnft cnvslDlp, 

Z= ~ snftdn/lsnvdnv, 

A = 1- dn1ftsn2 v. 

( Xl+ yl klsnlp zI)" 2 (X. I) _ 2kl snlp Zl 1 - 0 
alcnlp + aldnlp - a1cnlp +Y aldnlp +-

(rotation-cyclides, ft = const), 

cn " (xl+ yl) + " Zl ___ " (xl+ I) - sn" Zl+ 1 = 0 ( I k'lsnl )1 2 cnl 2k/l _.-

al aldnl" al y aldnl" 
(disk-cyclides, ,,= const), 

tan 11' = y/x (half-planes, 11' = const). 
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Stickel matrix 

Section IV. Rotational systems 

[

- k'snlp. 

[S] = dn1v 

o 

Mll =M21 =1, 

-1 

1 

o 

( k'i ) 
cnl/, k1cnlp.- -1 

(k'lcn2v-~) . 
cn1v 

1 

M. _ rz 
31 - cn'/, enl v 

Fig. 4.10. DIsk-cyclide coordinates (/A, "v). Coordlnate surfaces om cyc\ides (I'=const and .=const) and half-planes 
(,, = const) 

Metric coefficients 

a l I I gaa = AI cn p. cn v, 

where 

I alrz 
gw = AI cnp.cnv, 

ra = (snlv + snl p. cn'v) (dnlv - k' sn' p.). 

a l Q = Ai (sn1v + sn' p. cn'v), 

j.=cnp., I,=cnv, la=a, 0(1=-1. 



Table 4.03. Disk-cyclide coordinates 

Important equations 

alI'l a· (dsr' = ---;tI [(d,u) I + (dV)I] + A' cnl,u cn'v (dlp)l. 

d A [otp otp 1 A otp 
gra t:p = ar all a; + a·Tv. + a" a cn p cnll at;. 

div E= AS 
aPcnp cn II 

{ 0 [rcn PEl 0 [rcn II E ]} A oE" 
X cnva; ~ '" +cn,uTv ~ • + acnpcnll otp' 

curl E = --;=--A_I_ 
arlcn p cn II 

a", r a. r a" cn,u cn v 
o 0 0 

op 011 at; 
E",rtA E.r/A Etpcn,ucnv/A 

SEPARATION OF LAPLACE'S EQUATION, VI t:p = O. 

1 d (dU') . a T duo f, duo + U" ~ 4>.;a.i = 0, 
• 1=1 

where ~ = - 1 and [Jl = M(,u), U' = N(v), U8 = 2"'(11'), 

t:p=A6M N2"'. 
General case 

diM _ snpdnp dM +[k'snl,u-a.a+a.a(k2cn',u-~)]M=O, 
dpl cnp dp cnlp 

d'N snlldnll dN+[ dl + + (kl. I k')]N-O dill - cnll --;r;- - n v a.1I ota cn v - cnlll -, 

d1tp + 0Ca 2"' = O. 
dtp' 
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Substitution of cnl,u = z and cnl v = z in the first two equations reduces them to 
the canonical form 

dlZ 1 [1 1 2 1 (lZ 1 [ Ao + Al Z + A, Zl ] Z - 0 
dzl + 2 z - ~ + z - a l + z - a. Tz + 4 (z - ~) (z - as) (z - as) -, 

where, for M with a.2 = pI and 0Ca = q", 

~=b=1, a.=c=-(k'/k)", aa=O, 
Ao = - qZ c, ~ = PI(1 - c) - 1, All = 1 - ql. 

For N, with ota = pit and 0Ca = q'l., 

~=b=l, all=c=-(k/k')I, Il:t=O, 

Ao=-q1c, A1 =-[P/I(1-C)+C], AlI =1-qll. 
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Evidently P'2 = 1 - p2. These are B6cher equations with designation {1122}, 
and their solutions arc the Wangerin functions, 

Z = A Yj (k, z) + B ffj (k, z) . 

For cp = cp (ut , u2, u3), 

1
M =AYj(i kjk', cnS",) + Bffj(i kjk', cnS",), 

N =AYt(i k'jk, cn2p) + Bfft(i k'jk, cnSp), 

'l' = A sin q tp + B cos q tp, where p's = 1 _ pt. 

For cp independent of~, 

{ 
M =A.9f,(i kjk', cnt ",) + Bffp(i kjk', cn2,u), 

N = A.9f" (i k'jk, cnSp) + B 9p, (i k'jk, cnSp). 

J 3R. CAP-CYCLIDE COORDINATES (fL, v, ~), Fig. 4.11. 

Fig.4.tt. Cap-cyclide coordinates (1"" ,,). An inversion of bi-cyclide coordinates (Fig. 4.08). Coordinate surfaces are 
cap cyclides (. = const), ring cyclides (,. = const), and ball-planes (" = const) 

o ~,u ~ K, 0 ~,,~ K ' , 0 ~ tp < 2n. 

X= a~sn,udn"costp, 
Ad' Y = aT sn,u n"sIntp, 

kin 
z= 2aT' 



where 

Table 4.03. Cap-cyc1ide coordinates 

A = 1 - dn2 p, sn2 v, 

T = sn2 p, dn2v + [(A/Vk) + cnp, dnp, sn v en v J2, 

II = (A2/k) - (sn2 p, dn2 v + cn2 p, dn2 p, sn2 v cn2v). 

Coordinate surfaces 

(x2+ y2+ Z2)2+A(x2+ y2) + BZ2+ C = 0, 

where 

A = - (R1 + R2) , 

4 (Rl + R z) snz" - (4aZ Rl R z + k Z
z ) (11k + snZ'l)Z 

B= 4a 
k( 11k - snZ,,)Z 

C = R1 R 2 , 
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(ring-cyclides, p, = const). 

where 
( (1 - k'snZv) (1 + k'SnZv))Z A =~[(1 + k')(cn' v + 6ksnl vcnzv+k2 sn'v) k - 1 +k' -1] 

8al dnlv(cnlv - k 2 sn2 v)2 ' 

B = _ _ k_ (cn'v + 6k sn2 v cn2 v + k2 sn' v) 
2aZ (cn2 v - k 2 sn2 v)Z 

kl 
C=-

16a' 

tan'lp = y/x 

Stickel matrix 

r
-k2sn2p, - 1 

[SJ = dnlv 1 

° ° 

(cap-cyclides, v = const). 

(half-planes, 'Ip = const). 

.M;.1 = Mill = 1 , M. = DI 
31 -s-n;;-I,,-----d-n-;;-z-v· 

Metric coefficients 
gil = gu = (a~ rD2, 

g3S = (a~ r sn2 p, dn2v, 

gl = (a~ rD2snp, dnv, 
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where 
DI= (1- snl,udnlv) (dnlv - k2sn2,u) , 

T = sn2,u dnlv + [A/Yk + cn,u dn,u snv cnvJ2. 

R =AiT-l, Q = (a~r(1- sn2,udnl v), 

/1 = sn,u, II = dnv, la = 1/a, ot1 = -1. 

Important equations 

(ds)2 = (a~ rQ2[(d,u)2+ (dV)2] + L~ r sn2,u dn2 v (d1p) 2. 

ad = a T [a ~ + a ~l + a a T ~ 
gr fP AD '" ap • all ." Asnpdnll alP· 

div E = aT8 
A8DI sn I' dn II 

X {dnv~[A8DSnp E] +sn ~[AIDdnll E]}+ aT aE.". 
ap TI '" ,u all TI • Asnpdnll alP 

curl E = -=-=:-a_T_I-:-_ 
AID1snpdn" 

a",D a,D a."sn,udnv 
a a a 

ap all alP 
E",AD/T E.AD/T E."Asn,udnv/T 

SEPARATION OF LAPLACE'S EQUATION, V· fP = o. 

1 d (dU') . a 
I. du' I. du' + rr ~ (P.ioti= 0, 

1=1 

where OCt = - 1 and 1J1 = M(,u), U· = N(v), ua = IP(1p) , 

fP = A-triM NIP. 

General case 

d·M + cnp dnp dM + [klsnl _ _ (kllsnll + _1_)] M = 0 
dpl snp dp ,u eta aca ,u snIp , 

diN _ k'·snllcn" dN + [-dn1v+ot + (dn2v+~)lN=0 
d". dn" d" I aca snlll ' 
d·'P 
d'l'. +acaIP=O. 

Substitution of snl,u = z in the first equation, and dnlv = z in the second equation, 
reduces both to the canonical form 

d·Z 1 [1 1 2 1 dZ 1 [ AO+..41Z+..4IZI ]z-o 
dz· +2 z-1It + z-al + z-a. Tz+"4 (z-IIt)(z-a.)(z-aa)1 -, 



Table 4.04. Separation equations obtained in four coordinate systems 135 

where, for M with Ctl = pI and IXa = q", 
lZt=bl =1, al =c=1/k", aa=O, 

Ao = - q2 C, ~ = - pI C, AI = 1 _ q2. 

For N, with Ct2 = p' 2 and IXa = ql, 

lZt=b=1, a2 =c=k", aa=O, 

Ao=-q2 c, Al=-P''', A,,=1-q". 

Here P' 2 = P2/k2• These are Bocher equations with designation {1122}, and their 
solutions are Wangerin functions, 

Z = A [/; (k, z) + B or; (k, z) . 

For cp = cp (ul , u2, u3 ), 

N = A [/; (i/k, dnl ,,) + B or; (i/k, dnll ,,) , 1
M = A.9'/ (k, sn2 p,) + B or; (k, sn" p,) , 

'P =A sinqfjl + B cosqfjl, where P'II = PI/k l . 

For cp independent of~, 

{ 
M = A 9f, (k, sn" p,) + Bffp (k, snl p,) , 

N = A9f" (i/k, dn2 ,,) + B orp' (i/k, dn",,). 

A summary of the coordinates obtained from elliptic functions is given in 
Table 4.04. Further information on the differential equations and their solutions 
may be found in Section VII. 

TABLE 4.04. 
SEPARATION EQUATIONS OBTAINED IN FOUR COORDINATE SYSTEMS 

lit I a l I aa Ao I Al A. 

J1Rx M 0 1 1/k"=c _PiC" [Pllc(1+C) 
- [Plc+2{1+c)] 

{1222} 
-qll(1-c)"+2C] 

P'"=P"/k" N 0 1 k"=c -P'" C 
[p'''(1+c) 

- [P'2+2(1+c)] 
- ql{1- C)I+ 2c] 

J1Ry, J3R M 1 1/kl =c 0 -q"c _piC 1_ql 
{1122} 

N 1 k"=c 0 -q"c -P'I 1_ql 
P'II=PII/k" 

J2R M 1 - (k'/k)I=C 0 -q"c [P1(1-C)-1] 1_ql 
{1122} 

N 1 - (k/k')I=C 0 -q"c - [P'"(1-c)+c] 1_ql 
P'I=1-p· 

Aa 

2 

2 

0 

0 

0 

0 



Section V 

THE VECTOR HELMHOLTZ EQUATION 
The vector Helmholtz equation, which occurs particularly in electromagnetic 

theory [19], is more complicated than the scalar Helmholtz equation and its 
separation presents new problems. 

5.01 CYLINDRICAL SYSTEMS 

The vector Laplacian in general orthogonal coordinates is expressed by 
Eq. (1.11). For a cylindrical coordinate system, these results can be simplified 
because g33 is always unity [9]. If gu = g22 also, 

T= _1_ {_o_ [(gu) I E1] + _0_ [(gu)l E2]} + ~~._ 
gll oul ou· oz ' 

F,- oEs ( )t oEI 
1 - oul - gu fiZ ' 

r. _ ( )~ oEI oE. 
2- gu fiZ- oul' 

Fa = _1_{_~_ [(gu)'E2] __ 0_ [(gu) 1 E)]} . 
~l o~ o~ 

Substitution into Eq. (1.11) gives the vector Laplacian in any cylindrical system 
with gIl = gu: 

«(& Eh = L {(:~~a + (::;ji} + 0;;1_ + 2(!:)1 [(~I:~\ + (~I:~iz] 1 
(5.01) 

3EI [( Ogll)2 + (Ogll )2] 1 [Ogll OE. ogll OEI] 
- 4Tgll)8 oul -oul- + (gll) I Tui- oul - oul ou i ' 

{(& E) - 1 {O.E. + olE.} + olE. + EI [Olgll + 02gll ] 1 
2 - fu (oul)i (OUI)1 ----az2 2 (gll) 2 (OUI)1 (OUI)1 

(5.02) 
3E. [( Ogll)2 + (Ogll )2] + 1 [Ogll oEl oell OE1] 

- 4(gll)8 oul au· (gll) I oul 8u·- - -au. oul ' 

1 {02E OlE} olE 
{(& E). = fu (out). + (Oul)1 + OZI·· (5.03) 

Equation (5.03) shows that the z-component of the vector Laplacian has 
exactly the form of the scalar Laplacian: 

{*E).=V2E •. (5.04) 

But the other components of (& E contain additional terms [20]. 

Details for the separation of the vector Helmholtz equation in cylindrical 
systems are given in Table 5.01. For rectangular coordinates, the three compo­
nents of the vector Helmholtz equation are identical with the scalar Helmholtz 
equation. Thus separation presents no problem and the solutions are those given 
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in Section 1. Circular-cylinder coordinates, though less satisfactory than rect­
angular coordinates, still allow solutions in a number of cases. For the other 
cylindrical systems, separation appears to be possible only for the z-component 
and to occur only in the four cylindrical systems in which the scalar wave equation 
is known to separate. Solutions for E. are identical with those previously given 
for cpo 

5.02 ROTATIONAL SYSTEMS 

A simplification of Eq. (1.11) is also effected in coordinate systems having 
axial symmetry. Here the metric coefficients do not contain the third independent 
variable u3 = "p. If we also stipulate that gll = g22' then 

T- 1 [OEI OE2] 1 oE" 
- -(gll)1 oul + ou2 + (g33)! OIP 

+ ~ [_1_ ogll + _1_ Og33] + ~ r-~ ogIl + _1_ Og33] 
2 (gIl)l gIl ou l g33 OUl 2 (gIl)! l gIl ou2 g33 ou2 ' 

r. = oE" _ (k)l oE2 + E" og33 
1 ou2 g33 oIP 2g33 ou2 ' 

r. = (k)l oE!.. _ oE". _ E" Og33 
2 g33 oIP oul 2gS3 oul ' 
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((xE) - 1 [OlE., OlE,,], 1 olE" 1 [ogn oE" ogn OE",] ,,- g;; (OU1)1 + (OUI)1 -;- -gas 0'1'1 + 2gu gas oul oul + au· au· 

+ 2g~"gas {[ (~S!:il + (~S!:)I]_ g:s l ( ~~: )1 + ( ~~: )I]} 
+ 1 [Ogss oEl + ogsa OEI] 

(gu)1 (gas)j oul 0'1' ou l 0'1' • 

If the field is axially symmetric, the 1p-component of the vector Helmholtz 
equation reduces to 

1 [8BE., olE., ] 1 [8gas oE., ogaa 8E,,] 
fu (OU1)1 + (oul)l + 2gu gss 8ul 8ul + 8us oul 

+ ["I + 1 {[ 0lg33 + olgaa] __ 1 [( ogaa )2 + ( 8gaa )I]}] E = O. 
2gu gaa (OU1)1 (oul)S gaa 8ul 8ul ... 

This equation is simply separable in the rotational coordinate systems in which 
the scalar Helmholtz equation separates. Details are given in Table 5.02. 

TABLE 5.01. 
THE VECTOR HELMHOLTZ EQUATION IN CYLINDRICAL SYSTEMS 

FIG. 1.01. RECTANGULAR COORDINATES (~, y, ~) 

gll = gu = gaa = gi = 1 . 

T= 8El -I- 8EI + 8E3 
oul '8u· 8us ' 

F, _ 8E8 8E. 
1- 8ul - 8ua ' 

r. - 8El 8E3 
2- ous - oul ' 

E.= oE I _ oEl 
a QUi 8uS . 

¢ E = a .. I7IE .. + fI,. 172E,.+ a,I72E,. 
Thus the vector Helmholtz equation in rectangular coordinates reduces to three 
ordinary scalar Helmholtz equations: 

117IE .. +"IE .. =o, 
172E,.+,,2E,.=O, 

172 E.+ ". E. = O. 

Solutions are given in Section 1. 

FIG. 1.02. CIRCULAR-CYLINDER COORDINATES (r, q" ~) 
gll = 1 , gu = ,I, gaa = 1 , gl = ,. 

T = 8E, + E, + ~ 8E" + 8E, 
8, , , 0'1' 8z' 

F,- 1 8E, oE" 
1---;- 8'1' -az' 

F.=,[8E, _ 8E.] 
8z 8,' 

1;= oE" + E., _-.!.. 8E, • 
0, , , 8'1' 
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From Eq. (1.11), the vector Helmholtz equation is 

81E, +.!.. 8E, + ~ 81E, + 8BE, _ ~ 8E., + (,,1-1/1'") E = 0 
81'1 l' 81' 1'1 8",1 8z. 1'1 8", " 

81E., + 1 8E., 1 81E., 81E., 2 8E, + (a / I) E _ 
a;a r ---a;- + 7 8",1 +""[iZI + 7 8", " - 1 l' ., - 0, 

81E, +.!.. 8E. -l-~ 81E, + 8·E, + ,,2 E = o. 
81'· l' 81' . 1'1 8",1 8z. • 

These equations can be written 

1
172 E - ~ 8E., + (,,2 - 1/1'2) E = 0 

, 1'1 8", " 

172 E + ~ 8E, + (,,2 _ 1/1'2) E = 0 
" 1'1 8", '" 

172 E. + ,,2 E. = o. 
Solutions 

For E=a,E" 

I 8BE, +.!.. 8E, + ~ 8BE, + 8BE, + (,,2 - 1/1'2) E = 0 
81'. l' 81' 1'8 8",. 8z· , , 

8E, =0 
8", . 

Because of the second equation, E, must be independent of "p and the vector 
Helmholtz equation is 

81E, I .!.. 8E, + 8BE, + (,,2 _ 1/1'2) E = o. 
81'1 T l' 81' 8z. , 

Thus, for E = a, E, (1', z), separation equations and solutions are 

dlR +.!.. dR +(qll-1/rll)R=O, {24} R=AJdqr) + B'!I;.(qr). 
dr· l' dr 

~:~ + ("I _ qll) Z = 0, 

For E = a,E,(r), 

diE, -l-.!.. dE, +(,,'-1/rl )E =0 {24} E,=AJ1 ("r) + B'!I;.'" 1'). 
dr l ' l' dr " ~ 

For E = a" E." 

I 81E" 1 8E" 81E" 1 81E" (II / 2) E -"......+--"-+,,......+."1+" -11' ,,-0, 
ur l' ur uZ l' u", 

8E" -=0. 
8", 

Because of the second equation, E" is independent of "p and the Helmholtz equa­
tion is 
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Separation equations and solutions, for E = a., E.,(r, z), are 

.!-.-IR + ~ dR + (ql-1/"S) R = 0, {24} R A I ( ) + B m, ( ) dr l r dr' = "1 q r 'OYI q r . 

For E = a., E.,{r), 

dIE., + ~ dE., + (,,2_ 1/r2) E = 0, {24} E., = AJI (" r) + B <WI (" r) . 
dr l r dr ., 

The differential equation in E. can always be separated to give solutions 
identical with those for the scalar Helmholtz equation, Table 1.02. Evidently 
these results apply, irrespective of other components that E may have. 

FIG. 1.03. ELLIPTIC-CYLINDER COORDINATES (lj,~, z) 

gIl = gu = gl = a2{cosh27J - cos2 tp), gss = 1. 

The vector Helmholtz equation is obtained from Eqs. (5.01), (5.02), (5.03): 

1 { 81E 81E} 81E 
a l (cosh I fJ - cosl '1') 8fJB~ + 8'1'1'1 + 8ZB~ 

2 { . 8E., h· h 8E.,} + I( hi 2 )8 costpSIntp-,,- - cos 7J SIn 71-,,-a cos fJ - cos 'I' UfJ u'I' 
+{"s_ 5(coshlfJ-sinl'l') }E =0 

4al(coshlfJ-cOSI'l')1 'I ' 

,--~_1__ { 81E., 81E., } + 81E., 
al(coshlfJ - cos8 '1') 8fJI + 8.,,- ---aT 

2 {h· h 8E., . 8Ef/} + 8( hI I )1 cos 7J SIn 71-,,- - cos tp SIntp-,,-a cos fJ - cos 'I' u'I' UfJ 

+ {"a_ 5(coshlfJ -sina'l') }E = 0 
4a8 (cosh1fJ-cOS8 '1')1 ., , 

1 { 81E, 81E, } 81E, + "a E = 0 
al(coshlfJ-COSI'l') 8fJI + 8'1'1 + CZ;i •• 

Since the form of the equation for E, is exactly the same as for the scalar Helm­
holtz equation in elliptic-cylinder coordinates, the solutions are given in Table 1.03. 

FIG. 1.04. PARABOLIC-CYLINDER COORDINATES (1', v, z) 

gIl = gu = gl = ,us + va, gaa = 1 . 

The vector Helmholtz equation is obtained from Eqs. (5.01), (5.02), (5.03): 

1 {81E 81E} 81E 
",8+ VI 8",: + 8v: + 8/ 

+ (",I~VI)8{V ~; -,u 8!p} + {"s_ (",I~VI)I}Ep=O, 
t { 81E 81E} 81E 

",' + vi 8",: + 8vl • + 8zZP 

2 {8Ep_v 8Ep }_ {"s_ 1 }E =0 + (",I + VI)1 ,u 8v 8", t- (",I + VI)1 p , 

_1_ {88E, + 8IE.} + .!8E, + "I E = O. 
I,;i + v· 8",1 8vl 8z· • 

Solutions for E, are given in Table 1.04. 
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TABLE 5.02. ROTATIONAL COORDINATES 

FIG. 1.05. SPHERICAL COORDINATES (r, e, "') 
gn=1, g22=r2, gaa = r 2 sin2 0, gl=r2 sinO. 

The vector Helmholtz equation has the three components: 

02E, + 2 BE, 1 02E, cot 0 oE, 1 02E, 
~ -r- -a-,,- + r2 ~ + ,,2- ----ao + r2 sin2 0 Otp2 

_ 2 oEo_ _ 2 cot 0 E __ 2_ oE,,- + (x2 _ 2/r2) E = 0 
r2 00 r2 0 r2 sin 0 otp " 

02Eo + ~ oEo ~ ~ _02Eo_ + cot 0 oEo + 02Eo 
or2 r or ' r2 002 r2 00 r 2 sin2 0 Otp2 

+ 2 oE, _ 2 cot 0 BE", + (X2 _ 1 ) E = 0 
r2 0 0 r2 sin 0 0 tp r2 sin 2 0 0 , 

02E", 2 oE", 1 02E", cot 0 oE", 1 02E", 
~ + r Tr + Y2 ~ + -rz ----ao + r2 sin2 0 Otp2 

+ __ 2_ oE, + 2 cot 0 BEo + (X2 _ 1 ) E = 0 
r2 sin 8 otp r2 sin 0 otp r2 sin2 0 '" • 

These equations can be written 

V2 E _ -.3_ oEo _ ~ cot 0 E __ 2_ BE", + (x2 - 2/r2) E = 0 
, r2 BO r2 0 r2 sin 0 otp , , 

V2 E + 2 oE, _ 2 cot 0 oE", + (X2 _ 1 ) E = 0 
o r2 00 r2sin8 otp r2sin28 0 , 

V2 E + _2_ oE, 2 cot 0 oEo (X2 _ 1 ) E = 0 
'" r2 sin 0 otp + r2 sin 8 otp + r2 sin! 8 '" . 

Solutions 

For E = a,E" j172 E,+ (x2 - 2/r2) E, = 0, 

oE, _ 0 oE, - 0 
80-' otp - . 
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Thus, if E is in the radial direction, it must be a function of r alone, and 

d2E 2 dE 
dr2' + r d: + [X2 - 2/r2J E, = 0, {24} E, = r-1[AJ,(x z) + B J _I (x z)J. 

1 V2Eo+(X2- r2S~2o)Eo=0, 
oEo OE oEo 
ao-+ cot 0=0, 0", =0. 

Thus if E is in the O-direction, it must depend on both rand O. Separation equa­
tions and solutions are 

d2R +~ dR +x2R=0, {04} R=~[Asinxr+BcosxrJ. 
dr2 r dr r 

~: +(cotO)8=0, 8= Si~O' 
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For E = a.,E", 

Section V. The vector Helmholtz equation 

1 J72E.,+(XI- rls:n1o)E.,=0, 

8E., =0. 
8IP 

Thus, if E is in the tp-direction, the field must be axially symmetric, E = a"E., (1',0). 
If E., = R (I") e (0), separation equations and solutions are 

dlR + ~ dR + [X2 _ HP + 1) ] R = 0 
dr l I" dr 1'1 ' 

{24} R = 1"-1 [A J1> H (x 1") + BJ_(1)H)(xl")]. 

~I: + cot 0 ~: +[P{P+1)- Si~IO]e=o, 
{222} e = A&'t(cos 0) + B~t(cos 0). 

FIG. 1.06. PROLATE SPHEROIDAL COORDINATES ('I, e,~) 

gll = gu = a2 (sinhB1'] + sins 0), gss = aB sinhB1'] sinl 0, 

gl = al (sinhB1'] + sinB 0) sinh 1'] sin O. 

For E independent oftp, the tp-component of the vector Helmholtz equations is 

81E., h 8E., 81E., 08E., 
81J1 + cot 1']81/ + 80. + cot 88 

+ [Xl al (sinhB 1'] + sins 0) - (-;--h\ + ~o )] E., = o. sm 1J sm 

For E" = H(1']) . e (0), separation equations are 

I ~-:. + coth1'] ~~ + [Xl aBsinhl1']- p{P + 1) - Sin~l1J 1 H = 0, 

l :~~ +cotO ~: + [xl a1 sinI 0+ p {P+1)- Si~.O]e=o. 
Solutions are 

H = A&'t (x a, cosh 1']) + B ~t (x a, cosh 1']), 

e = A&'t(x a, cos 0) + B~t(x a, cos 0). 

FIG. 1.07. OBLATE SPHEROIDAL COORDINATES ('I, e,~) 

gll = gu = a2 (coshl1']- sins 0), gaa = al coshl1'] sin· 0, 

gl = aa(coshl1']- sins 0) cosh 1'] sin O. 

For E independent oftp, the tp-component of the vector Helmholtz equation is 

81E., h 8E., 81E., 0 8E., 
81J1 + tan 1']81/ + 801 + cot 88 

+ [Xl al(coshs1']- sinlO) + (COS~I1J - Si~18 )] E., = O. 
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For Erp = H(fJ) . e (0), separation equations are 

I ~I: +tanhfJ ~~ + [xaaaCOSh2fJ-P{P+1) + COS~I1J]H=O, 

~IO~ -I- cot 0 ~ ~ + [ - x2 as sinS 0 + P (P + 1) - si~1 0 ] e = o. 

Solutions are 
H = A&; (i x a, i sinh fJ)+ B!it (i x a, i sinh fJ), 

e = A&t(i x a, cos 0) + B!it(i x a, cos 0). 

FIG. 1.08. PARABOLIC COORDINATES (IL, v,~) 

gll =g22 =,u2+V2, gaa=,u2v2, gi=,uV(,u2+ V2). 
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For E independent of "P, the "P-component of the vector Helmholtz equation is 

olEYJ + ~ oEYJ + olEYJ + ~ oE. + [X2(,u2+ v2) _ (~+ ~)] E = o. 
Opl P op OVI V OV pI VI 'I' 

For EYJ = M(,u) . N(v), separation equations are 

Solutions are 

I diM .. L~ dM + [X2,u2_q2_1/,u2]M=O, 
dpl I p dp 

diN +~ dN +[X2V2+q2_1/v2JN=O. 
dvz v dv 

M = AJ1 (x, q, i,u) + B~ (x, q, i,u), 

N = AJ1 (x, q, v) + B~ (x, q, v). 



Section VI 

DIFFERENTIAL EQUATIONS 
Previous sections have treated the separation of the Laplace and Helmholtz 

equations in 40 coordinate systems. In this section, all the separation equations 
are tabulated in a systematic manner. Each equation is designated in terms of 
its singularities in the complex plane, and the general solutions of the differential 
equations are listed. 

A comprehensive view of the separation equations of mathematical physics 
seems to have been first attempted by FELIX KLEIN [21J and MAXIME BOCHER [22J 
in 1894. Their method was to consider the various separation equations as de­
generate cases of a "generalized Lame equation" with 5 singularities. Unfortu­
nately, this scheme does not seem to cover all the necessary equations. Their 
work was extended by INCE [23], who developed a specification in terms of 
singularities. 

To be satisfactory, any such specification must provide 

(a) Different specifications for all equations whose solutions involve different 
functions, 

(b) The same specification for all equations whose solutions are the same. 

Since the Klein-BOcher-lnce method does not satisfy these criteria [24J, we 
shall employ a different method of specification. 

6.01 BOCHER EQUATIONS 

It is convenient to consider a fairly general form of ordinary differential 
equation of the second order, called the B6cher equation. All the foregoing separa­
tion equations can be written as B6cher equations or can be obtained from B6cher 
equations by transformation of independent or dependent variable. The B6cher 
equation is 

dlZ dZ --+ P(z)-+ Q{z)Z =0 dz2 dz ' 
(6.01 ) 

where 

P{z) = ~[~+ ~+ ... + m,,-1 ], 
2 z - lit z - al z - a..-l 

and where m" n, and 1 are non-negative integers. 
BOcher equations can be classified in terms of the singularities of P (z) and 

Q{z). Evidently, Eq. (6.01) has no essential singularities, though both P{z) and 
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Q (z) have poles at z = aI' a2 , ••• all _ I. The order 01 a pole of the differential equa­
tion may be defined as the larger of the two integers representing the order of 
the pole of P and the order of the pole of Q at z = ai • Usually the poles of Q 
are of higher (or equal) order compared with those of P. The integers m. are then 
taken as the orders of the poles of the equation. 

A special case occurs where (z - ail is a factor of the numerator of Q. This 
particular pole is then reduced in order for Q, though it remains unchanged for P. 
Another degenerate case occurs when the numerato~ of Q is zero. The poles of 
the equation are then fixed by P. Usually, however, the orders of the poles of 
the differential equation are tnl , tn2 • ••• mll ._ I . 

The above discussion applies to the singularities in the finite z-plane. Generally 
there is also a pole at infinity. Its order is obtained by taking the larger of the 
two integers representing the orders of 

[2z - Z2 P (z)] and Z4 Q (z) 
as z -)- 00. 

6.02 SPECIFICATION 

A Bacher equation may be specified by writing a sequence of integers represent­
ing the order of the poles of the differential equation: 

The final integer tnll in this sequence holds a privileged position, since it refers 
to th~ pole at z -)- 00. The other integers indicate the orders of the poles in the 
finite z-plane, and they may be arranged in any convenient order [25]. 

The most complicated separation equation found in the preceding sections 
has four singularities (n = 4) and is written 

Evidently, there are three singularities in the finite plane: one first-order pole 
and two second-order poles. There is also a second-order pole at infinity. Thue 
the specification is {1222}. 

A Bocher equation with three singularities is 

dlZ 1 [2 2] dZ 1 [ Ao + A-I Zl ] 
-dzl ' +"2 z-=a~ + z - az dz·:t- -4 (:Z=a"Jz (z _ az). Z = o. 

If a1 = 1, a2 = - 1, Ao = 4[P{P + 1) - q2], and A2 = - 4P{p + 1), then 

_d~+.!.[ __ ~ __ +._ 2_ ] dZ_+[}(P+1)-q2-P(Pf1)Z~]Z=O. 
clz· 2 z-1 z+1 dz (Z_1)I(Z+1)1 

Second-order poles occur at z = ± 1. At infinity, 

[2z - Zl P(z)] is of order 0, 

z4 Q (z) is of order 2, 

(6.03) 
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so the pole at 00 is of order 2 and the equation is designated as {222}. It is usually 
written 

{z2-1) dlZ + 2z dZ - [p(p + 1) + ~lz = 0 
dzl dz Z2 - 1 

(6.04) 

which is Legendre's equation. 

An example of a differential equation with two singularities is 

dlZ + ~ [_2_] dZ + ~ [Ao+A2Z2]Z = O. 
dz2 2 z-al dz 4 (z-a l )2 (6.05) 

Evidently the specification is {24}. If Ao = - 4p2 and As = 4qs, 

dlZ 1 dZ [q2ZI_ PS] 
dzl + z-~ Tz+ (z-aJ"l Z=o (6.05 a) 

and if al = 0, we have the familiar Bessel equation, 

dSZ + ~ dZ + ( s_ pS/ZS)Z = o. 
dz l Z dz q (6.05 b) 

Equations (6.05), (6.05 a), and (6.05 b) are all designated as {24}. But if P = 0 
and ~ = 0 in Eq. (6.05 a), the z's cancel in Q, leaving 

d2Z +~ dZ + sZ=O. 
dr· z dz q (6.06) 

If the cancellation is not performed, the equation apparently remains a {24}; but 
as written in (6.06), it is {14}. The ordinary Bocher {14} is 

dlZ +~[-1-l dZ +~[Ao+AszlZ=o 
dzs 2 z - a l dz 4 z - a l ' 

which differs from Eq. (6.06) by the I in the second term. To prevent ambiguity, 
we designate Eq. (6.06) as {14D}, indicating that it is not the ordinary Bocher {14} 
but is a degenerate form of a higher type of Bocher equation. 

For an equation with one singularity, the specification must still contain 
two integers to distinguish between a pole at infinity and a pole in the finite 
z-plane. For instance, the simple differential equation 

dSZ 
-=0 dzl 

(6.07) 

has no singularity in the finite plane and is specified as {01}. But the trans­
formation z = C-l gives the differential equation 

dlZ 2 dZ 
de. +Yd[=O, 

which may be designated as {1 O}. Lists of differential equations and their speci­
fications are given in Tables 6.01 and 6.02. 

6.03 TRANSFORMATIONS 

Some of the separation equations of mathematical physics do not appear in 
Bocher form; but all of them can be changed into Bocher equations by suitable 
transformations of the independent (or the dependent) variable. For n ~ 2, each 
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separation equation has a unique specification, obtained by examination of its 
B6cher form. As an example, a separation equation in spherical coordinates is 

d2Z dZ 
d C2 + cot C df + P (p + 1) Z = 0, 

which is not in B6cher form and which appears to have an infinite number of 
singularities. But the transformation z = cos C gives 

d2Z dZ 
(z2-1) dz 2 +2Z Tz -P(p+1)Z=0. 

Evidently both equations have the designation {112}. 
The only cases where our method of designation leads to ambiguity are in the 

simplest examples [25J, such as {01} and {04}. For instance, the separation 
equation d2Z 1 dZ p2Z_ 

dC 2 + -r df - -C- - 0 

is a B6cher equation and might be designated as {22}. 
z = - i In C gives the elementary B6cher equation 

But the transformation 

d2Z +P2Z=0 
dz2 ' 

whose designation is {04}. In these simple equations, it seems preferable to 
arbitrarily employ the same designation for all forms that can be obtained by 
functional transformations (see Table 6.02). 

6.04 TABLES 

Table 6.01 shows that, of all the differential equations obtained by separation 
of the Laplace and Helmholtz equations in 40 coordinate systems, there are only 
9 distinct types, with some degenerate cases [26J. Table 6.02 gives canonical forms 
of the B6cher equation for the separation equations needed in this work. Table 6.03 
lists all the separation equations and shows how they are obtained from Table 6.02 
by functional transformations. Also given are the general solutions of the dif­
ferential equations. Details of the functions are treated in Section VII. 

In only two cases is there an apparent violation of our uniqueness criterion: 

(a) Solutions of {06} are listed as 

Z = zi [A..fl (qz2J2) + B..f -1 (qz2J2)J, 

Z = A "IF. (P, q z) + B"II'. (P, q z) , 

Z = zl [A..f1(x, qz) + B..f -I (x, qz)J; 

(b) Solutions of {113} are listed as Baer functions and as Mathieu functions. 
It might seem that the specification of the differential equation should be 

different when it leads to a Bessel function ..f, and when it leads to a Weber • 
function "II': It can be shown, however, that the above Bessel functions are spe-
cial cases of the Weber functions. Similarly, the Mathieu functions are obtainable 
from the Baer functions when the singularities of the latter are moved to Ilt = 0, 
a2 = 1. Thus our specifications {06} and {113} are unambiguous. 
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TABLE 6.01. CLASSIFICATION OF BaCHER EQUATIONS 

obtained by separation of Laplace and Helmholtz equations in 40 coordinate 
systems. 

No. Name Original Degenerate cases Singularities n 

1 
Elementary {04} {Oi} 

Weber equation {06} 

2 Elementary {42} {22D} 
Bessel wave equation {26} {14D}, {16D}, {24} 

Baer wave equation {114} {1i3} 
3 Legendre wave equation {224} {112D}, {1i4D}, {220}, 

{222} 

Lame wave equation {1113} {1111}, {1112} 
4 Wangerin equation {1122} 

Heine equation {1222} 

D indicates a degenerate form in which a cancellation of z occurs in numerator 
and denominator of Q (z). 

{04} 

{06} 

TABLE 6.02. CANONICAL EQUATIONS 

occurring in field theory. 

{Oi} 

Equation 

One singularity 

d2Z 1 [ m1 ] dZ 1 [ Ao ] 
dz2 + 2 z - ~ -riz- + 4 (Z=- a1}'"' Z = 0, 

1nt = 0, Ao = 4p2; or 

~:~ +P2Z=0. 

d2Z 
dz2 = 0, {04} with P = o. 

d 2Z +~[_~] dZ +~[Ao+A2Z2]Z=O, 
dz2 2 z-~ dz 4 (z-a1},"1 

with 1nt = O. If..4o = 4M, ..42 = 4N, the foregoing 
equation becomes 

d2Z 
dz2 + [M + N Z2]Z = O. 
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Table 6.02. Continuation 

Basic form Degenerate Equation 
form 

{06} If M=o and N=ql, 

{06} 

{06} 

{42} 

{26} 

{22D} 

-~~ + qlzlZ = O. 

If M = ql(P + t) and N = - rt/4, 
d2Z 
dz2 + [q2(P + t) - q4 Z2/4J Z = O. 

(Weber equation) 

If M = q2 and N = Xl, 

dlZ 
dz. + [ql+ X2Z2J Z = o. 

Two singularities 

d2Z +~[_4_] dZ +~[ .4'.ZI ]Z=O 
dz· 2 z - ~ dz 4 (z - al)4 • 

If "t = 0 and AI = - 4P(P + 1), the above equation 
reduces to 

daZ + ~ dZ _ P (P + 1) Z = 0 
dz2 Z dz Z2 . 

dlZ +~[_2_] dZ +~[Ao+A-az2+ A4Z4]Z = O. 
dz· 2 z - a l dz 4 (z - ~). 

If "t = 0, Ao = - 4pI , A2 = 4ql, A, = 4x2, 

dlZ -+ ~ dZ + (XIZ2+ q2_ PI/Z2) Z = O. 
dzl Z dz 

(Bessel wave equation) 

{24} dlZ + ~ dZ + ( 1_ PI/Z2)Z =0 
dz· z dz q , 

{26} with x = o. 
(Bessel equation) 

{16D} dlZ + ~ dZ + (X2Z2+ q2) Z = O. 
dz· z dz 

{26} with P = O. 

{t4D} d.Z+~ dZ +qIZ=O 
dz· z dz ' 

{26} with P = 0 and x = o. 
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{114} 

{224} 
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Table 6.02. Continuation 

Equation 

Three singularities 

dDZ 1 [1 1] dZ 
dz2 + 2 z - al + z - a. dz 

+ ~ [Ao + Xlz+ ABZB]Z = O. 
4 (z - all (z - az) 

If Ao = - 4q2, A;. = - 4pI, A2 = 4,,2, 

dBZ 1 dZ 
(z - a,.) (z - a2) dz. + 2 [2z - (al + a2)] dz 

+ [X2 Zl - pI Z - ql] Z = o. 
(Baer wave equation) 

{113} If,,=O, 
dlZ 1 dZ 

(z - a,.) (z - a2) dzz + 2 [2z - (a,. + a2)] dz 

- [PI Z + ql] Z = o. 
(Baer equation) 

{113} In general, Bacher {113} is 

d 2Z 1 [1 1] dZ 
dz2 + 2 z - al + z - a2 dz 

1 [ Ao + Xl Z ] Z - 0 
+"4 (z - all (z - a2 ) -. 

If a,. = 0, a2 = + 1, Ao = - (2q + A), Al = 4q, then 

d 2Z 1 [1 1] dZ 
dz l + 2 z + z=-:t dz 

+ ~ [ 4q z - (2q + J.) ] Z = O. 
4 Z(Z-1) 

{113} Substitution of z = coslC gives 

dBZ 
deB + (A - 2qcos 2C) Z = O. 

(Mathieu equation) 



Basic form Degenerate 
form 

{222} 

{220} 

{H4D} 

{112D} 

{H1 3} 
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Table 6.02. Continuation 

Equation 

If a:t=1, al =-1, Ao=4[x1 a' +p(P+1)-ql], 
A8= - 4[2x1a8+p(p + 1)], Al = Aa= 0, A,= 4x1 al , 

(Zl- 1) d'Z + 2z dZ 
dz· dz 

+ [x8 al (zll-1) - P(P + 1) - z.~ 1] Z = O. 

(Legendre wave equation) 

(Zl- 1) dlZ + 2z dZ 
dz· dz 

- [P(P+ 1)+~]Z=O, z -1 

Legendre wave equation {224} with x = O. 

(Legendre equation) 

dlZ dZ ql (zl-1)-+2z----Z=0 dzl dz Zl- 1 ' 

{224} with x = 0 and P = O. 

(Zl- 1) dlZ + 2z dZ 
dzl dz 

+ [x1 al (zl-1) - P(P + 1)] Z = 0, 

{224} with q=O. 

(Z8- 1) ~:~ + 2z ~~ - P(P + 1)Z = 0, 

{224} with x = 0 and q = o. 

Four singularities 

dlZ 1 [1 1 1] dZ 
dz· + 2" z - Ilt + z - al + z - tIa Tz 

+ ~ [ Ao + At z + AI z· ] Z = O. 
4 (z -Ilt) (z - as) (z - aa) 

If a:t = 0, Ao = (al + al) q, Al = - PCP + 1), AI = Xl, 

dlZ 1 [1 1 1] dZ 
dzl + 2" z + z - a. + z - tIa Tz 

+ ~[(al+al)q-p(P+ 1)Z+".ZS]Z=0. 
4 z (z - a.) (z - aa) 

(Lame wave equation) 
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Table 6.02. Continuation 

Basic form Degenerate 
form Equation 

{1122} 

{1222} 

{1111} I 

{1112} 

dlZ t [t ttl dZ 
dz· +2 z-a1 + z-az + z-aa Tz 

+ t [ Ao ]Z-O 4 (z - a1) (z - az) (z - aa) -. 

dZZ t [t t 1 1 dZ 
dz· + 2 z - a1 + z - a.- + z - aa Tz 

-~ [ Ao + Al z 1 Z = 0 
-\ 4 (z - all (z - az) (z - aa) . 

(Lame equation) 

~~~ + _~ [_1_ + __ 1 _ + _2_] ~~ 
dzl 2 z - a1 z - a. z - aa dz 

+ ~[ A o+A1 z+A.zl ]Z = 0 
4 (z - ~) (z - az) (z - aa)· . 

(Wangerin equation) 

dlZ I [1 2 2] dZ 
dz· + 2 z-~ + z-a. + z-aa Tz 

+...!...[ A o+A1 z+Az z·+ Aa Z3 ]z = 0 
4 (z - a1) (z - a.)" (z - aa)Z . 

(Heine equation) 

TABLE 6.03. THE SEPARATION EQUATIONS 

of field theory, for Laplace and Helmholtz equations in 40 coordinate systems. 

Standard Transformation Differential equation and solution designation 

One singularity 

Canonical form 

{Ol} dlZ 
Z=A+Bz. --=0, 

dz· 

Other forms 

z=1jC 
dlZ 2 dZ 
dCB +Ydf=O, Z=A+BjC. 

z =lnC 
dlZ 1 dZ 
dl;1 +y dl; =0, Z=A +BlnC. 



Standard 
designation 

oS 
~ 
10 ...... 

f 
Q.. 
Q) 
Q) 

'" ~ 
0 .c 

~ 
Eo< .... 
0 

~ 
Q.. 
s.. 
Q) 
Q.. 

§' 

~ .... 
0 
~ 
0 

'1 
1 

0 
0 
s.. 
0 
~ 

{04} 

Table 6.03. The separation equations 

Table 6.03. Continuation 

Transformation 

z = In cot (C/2) 

z = In coth ("2) 

z = cot-l (sinh C) 

z=sn-1(C ~) 
b ' c 

. -1[2C- (b+C)] 
z=sm b-c 

z=iC 

z=-ilnC 

X=Z/z 

Differential equation and solution 

dlZ ,. dZ _ 
dC. + cot .. df - 0, 

Z = A + B In cot (C/2) . 

dlZ dZ 
dC. + cothC df = 0, 

Z = A + BIn coth (C/2) . 

dlZ __ +p2Z=O, 
d*1 

Z =A sinpz + Bcospz. 

dlZ ·Z-dCI - P -0, 
Z = A eH + B e-I>c. 

dlZ 1 dZ p'Z_ 
dCI +cdf-~-O' 

Z =Al!+ BC-I>. 

dlX + ~ dX +PIX=O, 
dz' z dz 

153 

X = ~ [A sinpz + Bcospz]. 
z 
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Table 6.03. Continuation 

Standard Transformation Differential equation and solution designation 

{O6} d 2 Z +[M+Nz2JZ=O. 
dzB 

If M = 0 and N = q2, 
d2Z _+q2z2Z=0 
dz2 ' 

Z = zl [AJ1 (qz2j2) + BJ -1 (qz2j2)]. 

{06} If M = q2 (p + 1) and N = - r/j4, 

~:~ + [q2(P + 1) - r/ z2j4] Z = 0, 

Z = Air,(p, qz) + B~(p, qz). 

(Weber equation) 

z =iC ~~~ - [q2(P + t) + r/C2j4] Z = 0, 

Z = A"Ir.(P, iqC) + B~(p, iqC). 

{06} If M = q2 and N = X2, 
d2Z 
dz. + [q2+ X2Z2] Z = 0, 

Z = zl [AJ1(x, qz) + BJ -l(x, qz)]. 

z=iC d2Z 
dC. - [q2 - X2C2] Z = 0, 

Z = ViC [AJ.(x, iqC) + BJ_i (x, iqC)]. 

Two singularities 

{22D} dlZ +~ dZ _ p(p+l) Z= 0 
dzl Z dz Zl ' 

Z =AzP+ Bz-(P+1). 

{14D} dlZ +~ dZ + 2Z=O 
dzl Z dz q , 

Z = AJo(qz) + B'Wo(qz). 

z =iC dlZ t dZ 2_ 
dCS + T df - q Z - 0, 

Z = AJo(iqC) + BOJIo(iqC). 

{16D} dSZ +~ dZ +<X2Z2+ 2)Z=O 
dzl z dz q , 

Z = AJo(x, qz) + BOJIo(x, qz). 



Table 6.03. The separation equations 15S 

Table 6.03. Continuation 

Standard Transformation Differential equation and solution designation 

z=iC dlZ + f dZ + (ICII I)Z-
d~1 Tflf " -q -0, 

Z =AJo{'" iqC) + B~o{'" iqC). 

{24} dlZ +2. dZ +(ql_p2/~Z)Z=0, 
dR:1 R: dR: 

Z =AJp{qz) + BJ_p(qz) 
or 

Z = AJ .. (qz) + B~ .. {qz). 

(Bessel equation) 

z=iC ~~ + ~ ~~ - (ql+ PB/CI)Z = 0, 

or 
Z =AJp(iqC) + BJ_p(iqC) 

Z =AJ .. (iqC) + B~ .. (iqC). 

Z=Xzl, dlX + ~ dX + [ 1_ s(s + f)] X = 0 
dz· z dz q Zl ' 

s=P-l X =z-l[AJ,H(qz) + BJ_(.H) (qz)] . 

{26} dlZ 1 dZ 
.."..+. dR: 

+(XI~I+ ql- pl/~I)Z= 0, 

Z =AJp('" q, z) + BJ_p('" q, z) 
or 

Z =AJ .. (", q, z) + B~ .. (", q, z). 

(Bessel wave equation) 

z=iC 
dlZ f dZ 
dCI +T flf 

+ ("Ica - ql- PI/ca) Z = 0, 

Z =AJp{'" q, iC) + BJ_p('" q, iC) 
or 

Z = AJ .. (", q, iC) + B~ .. {", q, iC). 

Three singularities 

{112D} (~1-1) dlZ +2~ dZ -p(p+1)Z=0, 
dR:1 dR: 

Z =A9l'p(z) + B~I>(z). 

z = cosC 
dlZ dZ 
dC. +cotC dl; +P<P+1)Z=0, 

Z =A9l'p(cosC) + B~p(cosC). 
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Standard 
designation 

{113} 

Section VI. Differential equations 

Table 6.03. Continuation 

Transformation 

z = coshC 

z=isinhC 

Differential equation and solution 

dlZ dZ 
del +cothC/lf-P(P+1)Z=0, 

Z = A9'1> (cosh C) + B~I>(coshC). 
dlZ dZ I _ 
del + cothC/lf - (P -i)Z -0, 

Z = A 9'1>_1 (cosh C) + B ~I>-l (cosh C) • 

dlZ dZ 
del + cothC /If +Z/4 = 0, 

Z = A9' -I (cosh C) + B ~-l (cosh C) . 

dlZ dZ 
del +tanhC/lf-p(P+1)Z=0, 

Z =A9'I>(isinhC) + B~(isinhC). 

dlZ 
del +(A-2qcos2C)Z=0, 

Z =A ce",(C, q) + B fe",(C, q) 
or 

Z = A se", (C, q) + B ge.,. (C, q) • 

dlZ 
del +(A+2qcos2C)Z=0, 

Z =A ce",(C, -q) + Bfe",(C, -q) 
or 

Z =A se",(C, -q) + Bge",(C, -q). 

dlZ 
del -(A-2qcosh2C)Z=0, 

Z =A ce",(iC,q) + Bfe",(iC, q) 
or 

Z = A se", (i C, q) + B ge", (i Co q) • 

dlZ 
del - (A + 2qcosh 2C) Z = 0, 

Z =A ce",(iC, -q) + Bfe.,.(iC, -q) 
or 

Z =Ase",(iC, -q) + Bge.(iC. -q). 
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Table 6.03. Continuation 

Standard Transformation Differential equation and solution designation 

{113} 
dlZ 

(z- at) (z- a.)-d:r:1 

1 dZ 
+'2 [2z-(at + a.)] d:r: 

- [p(p + 1) z+ q(at + a2 )] Z = 0, 

Z =A£f/(z) + B~(z). 
(Baer equation) 

{114} 
dlZ 

(z - at) (z - a.) -d:r:1 

+ ~ [2z-(at +all)] :: 

+ [X2Z2 _ p(p + 1) z 

- q(at + as)) Z = 0, 

Z =A£f/(x, z) +B~(x, z). 

(Baer wave equation) 

{114D} (zll-1) dlZ + 2z dZ 
d:r:B d:r: 

+ [x2a 2(zl-1) - p(p + 1)] Z = 0, 

Z =A&'p(xa, z) + B!lp{xa, z). 

(z.- 1) dlZ + 2z dZ 
dz l dz 

- [x1 aS{zl-1) +p(p + 1)] Z = 0, 

Z = A&'p{ixa, z) + B!lp(ixa, z). 

z = cosC 
dlZ dZ 
de. + cotC df 

+ [xlal sin·C + p (p + 1)] Z = 0, 

Z = A&'p{xa, cos C) + B!lp{xa, cos C) . 

z = cosC 
dlZ dZ 
de. +cotC df 

+ [-xlalsinIC + p(p + 1)]Z = 0, 

Z = A&,p (ixa, cos C) + B!lp (ixa, cos C) • 

z = coshC 
dlZ dZ 
del + cothC df 

+ [xlalsinhlC - P(P + 1)] Z = 0, 

Z = A&'p{xa, cosh,) + B!lp (xa, cosh C) • 
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Table 6.03. Continuation 

Standard Transformation Differential equation and solution designation 

z=isinhC dlZ dZ 
dt,2 + tanhC (if 

+ ["II all COShllC - P (P + 1)J Z = 0, 

Z = A&,p (i"a, isinhC) +B ~p(i"a, isinhC). 

{220} (z2-1)--+2z-_ -- Z=O, d2Z dZ (q2) 
dz2 dz z2_1 

Z = A&,cf (z) + B!lcf (z) . 

z = cosC d2Z dZ (q2) _ 
dz2 + cotC df - s~n2t, Z - 0, 

Z =A&'cf(cosC) + B!lcf(cosC). 

{222} (z2-1) d2Z + 2z dZ 
dz2 dz 

-[p(p+l)+ Z2~1]Z=O, 
Z = A&'/{z) + B~t(z). 

(Legendre equation) 

z = cosC d2Z dZ 
dt,1 +cotC dZ 

[ qa 1 -+ P(P+ 1) - sinat, Z -0, 

I 
Z = A&'t (cos C) + B!lt (cos C) . 

z = coshC 
daZ dZ 
dt,2 + coth C (if 

[ qa 1 -- P(p+1)+ sinhat, Z-O, 

Z = A &'1 (cosh C) + B ~t (cosh C) . 

d2Z dZ 
dt,1 + coth C (if 

- [(P2 _ 1) + Si:~Bt,]Z = 0, 

Z = A9i'$-1 (cosh C) + B ~/-l (cosh'). 

z=isinhC dlZ dZ 
dt,B + tanhC (if 

+[-P(P+1)+ cO:~Bt,lz=o, 
Z = A9i'$ (i sinh C) + B~I (i sinh C) . 



Standard I 
designation 

{224} 

{1111} 
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Table 6.03. Continuation 

Transformation 

z = cosC 

z = cosC 

z = coshC 

z=isinhC 

Differential equation and solution 

Z = AfJll(xa, z) + B~/(xa, z). 
(Legendre wave equation) 

(Z2- 1) dlZ + 2z dZ _ [x2all (z2- 1) 
dz l dz 

+ P (p + 1) + ZZ ~ 1 ] Z = ° , 
Z = AfJll (ixa, z) + B ~I (ixa, z). 

d2Z + t" dZ [II II • II,. dC. co ~ df + x a sm .. 

+P(P+1)-~ Z-O, ql ] ._ 
stn .. 

Z = AfJll(xa, cos C) + B~/(xa, cosC). 

dlZ + t" dZ [ II II . II,. dC. co ~df+ -x a sm ~ 

+P(P+1) -~ Z -0, ql ] -
stn .. 

Z = AfJIj (i"a, cos C) + B~3 (i"a, cos C) . 

d2Z + th' dZ [2 II • hI" dC. co .. df + " a sm .. 
q2 ] -P(P+1)- sinhlC Z=O, 

Z = A fJll (" a, cosh C) + B ~I (" a, cosh C) . 

d2Z + t h" dZ [2 II hi,. dC. an .. df + " a cos .. 

ql ] --P(p+1)+ coshlC Z-O, 

Z = AfJIj(i" a, isinhC) +B ~J(i"a, isinhC). 

Four singularities 

~Z 1[ 1 1 1 ]dZ 
d~1 + 2" ~-"t + ~-al + ~-a8 d~ 

+.!.[ Ao ]Z=O. 
4 (~-al)(~-a.)(~-a3) 

If ~ = ° and Ao = (a= + a:) q, 

Z = A83 (zi) + B"q (zi). 
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Table 6.03. Continuation 

Stp.ndard Transformation Differential equation and solution designation 

z =C· (C·-a~)(C·-a~) ~~~ +C[2~-(a~+a~)] 

X ~: + q2(a~ + a~) Z = 0, 

Z = A 83 (C) + B~q{C). 

{1112} dSZ +2.[_1_+_1_+_1_] dZ 
d%1 2 %-a1 %-al %-aa d% 

1 [ .40 +.41 % ]Z-O +""4 (%-a1 )(%-aZ)(%-aa) -. 

If al = 0, Ao = (a~ + a~) q, and 
AI =-P(P+1), 

Z =A81(zl) + BF/(zl). 

z =C· (C· - a~) (C· - a~) ~~~ 

+ C[2~- (a: + am ~: 
+ [(a~ + a~) q - P (P + 1) C2] Z = 0, 

Z = A 81 (C) + B FI (C) . 

(Lame equation) 

{1113} dlZ +2.[_1_+_1_+_1_] dZ 
d%1 2 %-a1 %-a2 %-aa d% 

+2.[ AO+.41 %+.4S%' ]Z=O. 
4 (%-a1 )(%-a,)(%-aa) 

If flJ = 0, ..40 = (a: + al) q, Al = - P (p + 1), 
and ..42=,,1, 

Z = A81 ('" zl) + BFI ('" z'). 

(Lame wave equation) 

z=C· (C· - a:) (C2 - al) ~~~ 
+ C[2C· - (a: + al)] ~: + [,,2C4 

-p(p+ 1)C·+ (a: + al) q]Z = 0, 

Z = A8j("'C) + BF/(",C). 



Standard 
designation 

{1122} 
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Table 6.03. Continuation 

Transformation Differential equation and solution 

dlZ 1 [1 1 2] dZ 
d%1 + '2 %-a1 + %-a, + %-a8 d% 

+ 1 [ AO+..41 %+..4,%' ]Z-O 
'4 (%-a1)(%-a.)(%-aJ' -. 

If Ilt = 1, as = 1/ks, tla = o. Ao = - «s/kl, 
Al = - rJ.I/k l , As = 1 - «s. 

dlZ 1 [ 1 1 2] dZ 
dz l + 2 z - 1 + z - 1/k l + Z Tz 

~ [ - rxa/k'- otl Z/kl + (1 - rxa) Zl] 
+ 4 z'(Z-1)(Z-1/kl ) 

xZ=O, 
Z = A [/'1 (k, z) + B 9"$ (k, z). 

(Wangerin equation) 

daZ + cnCdnC dZ + [kl 2" 
dC' snC dC sn .. 

- rJ.2 - rJ.s ( k' snl C + sn! c ) ] Z = O. 

Z = A [/'1 (k, snl C) + B .rl (k, snl C) . 

dlZ _ snCdnC dZ + [k2 I" 
dC. cnC dC sn .. 

If Ilt = 1, a l = - (k'/k)I, tla = 0, Ao = (k'/k)l, 
A1 = (rJ.2 - kl)/kl, As = rJ.s - 1, 

Z = A [/'1 (k, cnlC) + B .r/(k, cnIC). 

dlZ _ snCdnC dZ + [_ dn'C 
dC' cnC dC 

+rJ.2 +rJ.a(k'lcnIC - c!:C)]Z=O. 
If Ilt = 1. as = - (k'/k)l, tla = o. Ao = «S. 
A1 = (k'1- «g)/kl, AI = 1- rJ.s(k'/k)l, 

Z =A9'I(k. cnlC) + B.r/(k, cnIC). 



162 

Standard 
designation 

{1222} 

Section VI. Differential equations 

Table 6.03. Continuation 

Transformation 

z = dnsC 

Differential eqnation and solution 

dlZ k'zsnCcnC dZ + [_ d 21-
dCI dnC dC n .. 

+lXz+ exa(dnzC + d~:C)]Z=O, 

If ~ = 1, a2 = kZ, aa = 0, Ao = - exak2, 
A1 = - 1X2, As = 1 - exa in the original 
{1122} equation 

Z =A.9I(k, dnSC) + B.rI(k,dnsC). 

dlZ +..!..[_1_+_2_+_2_] dZ 
da:1 2 a:-a1 a:-a. a:-fIa da: 

1 [Ao+AJa:+A1a:I+Aar] 
+ '4 (a:- a1 ) (a:- as)1 (a:- a3 )-

XZ=O, 

Z = A tfIl(k, z) + B"f"/(k, z). 

(Heine equation) 

Let ~ = 0, as = 1, aa = 11k', Ao = - IXzlks, 
A1 = (lXz+2)+oczIk2 -exak'4Iks, Az= (lXz+2) 
+ 2k", A3 = 2k4. 

dSZ snC(dnlC + k1cnlC) dZ 
dCI - cnCdnC df 

[ k"snIC ] 
+ 2k'sn'C-lXz-1Xa cnlCdnlC 

xZ=O, 

Z = A tfI$ (k, sn2 C) + B"f"1 (k, snZC). 

Let ~ = 0, all = 1, aa = k', Ao = - lXakll, 
A;. = (IX, - exa) + k" (atz + 2), Az = - (ata+ 2) 
-2kl, As= 2. 

dlZ dnC(cn'C-snIC) dZ 
dC· + snCcnC df 

+ [ - 2 dnllC + at2 + at3 sn~;:~1 C ] 

xZ=O, 

Z =A "'/(k, dnSC) + B"f"I(k, dnSC). 
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FUNCTIONS 

The purpose of this section is to provide a summary of the mathematical 
functions obtained as solutions of the differential equations of field theory. The 
summary is necessarily incomplete, since many of the functions have never been 
thoroughly investigated. In particular, almost nothing is known about the pro­
perties of the various wave functions. Recent tabulation of spheroidal wave func­
tions is a beginning in this direction, but much remains to be done. 

Even with the functions that have been studied, the question of notation is a 
troublesome one. With Mathieu functions, for instance, there are almost as many 
notations as there are investigators. We have tried in such cases to adopt a nota­
tion that is modern and logical. 

In particular, there seems to be no advantage in employing different symbols 
for the same function of real and imaginary arguments. Bessel functions of the 
first kind, for example, are here denoted by .If> (z) for the complex argument z, 
and are written -'t>(iy), not [t>(y), for imagin!.lry arguments. Similarly, Mathieu 
functions of the first kind are written ce .. (q, iy), se .. (q, iy) rather than Ce .. (q, y), 
Se .. (q, y). Where an additional parameter enters, as in transition from Laplace 
to Helmholtz equations, it seems best to retain the basic letter for the function, 
as when .If> (z) changes to .If> ('" z). 

7.01 FUNCTIONS 

Many of the differential equations of Section VI are satisfied by elementary 
functions. The properties of these functions are well-known and will not be con­
sidered here. But other differential equations of field theory require Bessel, 
Legendre, and other functions for their solution. We shall attempt to tabulate 
useful information on these functions. For additional data, see the references 
listed in the Bibliography, Section VIII. The Bibliography also refers to numerical 
tables of the various functions, in so far as such tables are known to the authors. 

The functions considered are as follows: 

Differential 
equation 

{06} 

Functions 

Weber functions 

I "Ir.<P, qz), 

"Ir" (P, q z), 

"Ir.(P, iqz), 

"Ir,,(P, iqz). 

Differential 
equation 

{06} 

Functions 

Bessel functions 

\
.Ii ('" q, z), .Ii ('" q, iz), 

.1'-6 (", q, z), J- i ('" q, iz). 
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Differential Functions Differential 
equation equation Functions 

{O6} .Ji (q z), ..f-1(qz). { 114} gJp (u a, z), gJp(iua, z), 

{14} .fo (q z), .fo(iqz), ~p(ua, z), ~p(iua, z), 

~(qz), ~(iqz). gJp (iua, iz), 

{16} .fo(u, q, z), .fo (u, q, iz), ~p(iua, iz) . 

~(u, q, z), ~(u,q,iz). 
{220} gJJ (z), 

{24} .Ii, (q z), .Ii, (iqz), 
!l3 (z). 

..f_p(qz), ..f_p(iqz). {222} gJt(z), P,,"'(z), 

qv,,(qz), qv,,(iqz). ~t(z), Q';: (z), 

{24} J.H(qz), ..f-(sH) (qz). 
gJt-l(z), 

{26} .Ii, (u, q, z), .Ii, (u, q, iz), 
~j-l(z). 

..f_p (u, q, z), ..f_p (u, q, iz), {224} gJt (u a, z), gJt (iua, z), 

qv,,(u, q, z), qv" (u, q, i z). ~j (ua, z), .Pl$ (iua, z), 

gJj(iua, iz), 
Baer functions .Pl$ (iua, iz). 

{113} PAt (z), 

«II (z), 
Lame functions 

{114} PAt(u, z), {1111} I rfJ (z), Eg(z), 

«II (u, z). §'i(z), (Polynomials. 
Applicable in 

Mathieu functions only a few 
special cases.) 

{113} ce",(q, z), ce", (q, iz), 

fe", (q, z), fe", (q, iz), 
{1112} rfl (z), E~ (z), 

se",(q,z), se",(q, iz), 
§'/(z), (Polynomials) 

ge",(q, z), ge",(q, iz). {1113} rfj (u, z), 

§'I (u, z). 
Legendre functions 

{112} gJp (z), P,,(z), Wangerin functions 

(Polynomials) {1122} I f/I (k, z), 
~p(z), Q,,(z), 9J(k, z). 
gJp-i(z), 

~-l(z), Heine functions 

gJ-i(z), {1222} I dIIj (k, z), 

~-i(z). "f"t (k, z) 
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7.02 SERIES SOLUTIONS 

We are interested in the solution of equations of the B6cher type: 

dlZ dZ 
dzl + P(z) Tz + Q(z) Z = o. (7.01) 

where P (z) and Q (z) are given in § 6.01. The simple equations are usually satisfied 
by elementary functions; the more complicated equations are handled by use of 
infinite series. 

Suppose that the solution is to be obtained about an O1'dinary point. z = zoo 
where P (z) and Q (z) are analytic. Assume a solution of the form 

co 

Z = ~ C,,(z-zo)". (7.02) 
,,=0 

This series is substituted into the differential equation. and the coefficients C" 
are evaluated. If P (z) and Q (z) are polynomials in (z - zo). they fit nicely into 
the assumed power series. If P and Q are other functions. they are analytic at 
Zo and can be expanded in power series in (z - zo). In either case. the solution 
of Eq. (7.01) is obtained by equating the coefficient of each power of (z - %0) to 
zero. The series solution converges within the circle whose center is at Zo and 
whose radius extends to the nearest singularity of the differential equation. 

If the equation has poles in the finite z-plane. one may find it convenient to 
expand about a singular point zO' Assume a solution 

co 

Z = (z - zo)fI ~ C/(z - zo)/. 
i=O 

Equation (7.01) may be written 

(z - zo)8 ~:~ + (z - zo) [(z - zo) P (z)] ~! + [(z - ZO)I Q (z)] Z = O. (7.01 a) 

If [(z - zo) P(z)] and [(z - ZO)I Q(z)] are analytic at zoo this singularity is said 
to be a regular singularity. Then 

[(z - zo) P(z)] =i~O Ai(z - zo)i'j 
_ (7.04) 

[(z - ZO)I Q(z)] = ~ Bi (z - zo)i. 
i-O 

Substitution of Eqs. (7.03) and (7.04) into (7.01 a) gives 

Co/o(fJ) = o. 
Cl/o(fJ + 1) + Co !t (fJ) = o. 
C./o(fJ + 2) + Cl/l (fJ + 1) + Co I. (fJ) = o. 

C; 10 (fJ +1) + C1-l!t(fJ +i - 1) + CI - 2 /.(fJ +i - 2) + ... 
+ C.I;-.(fJ + 2) + C1/;-1(fJ + 1) + Co/;(fJ) = o. 

where 
10(fJ)=fJI+(Ao-1)P+Bo• } 

1;(fJ)=PA;+B;. i=1.2.3 .... 

(7.05) 

(7.06) 
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For a non-trivial solution, we have the indicial equation, 

f32+ (Ao- 1) f3 + Bo = o. 
Take the roots of the indicial equation as bi and b2 , with bi > b2 • Then 

10 (f3) = (f3 - bI ) (f3 - ,b2) • 

The case of equal roots will be considered later (Section 7.03). 

(7.07) 

(7.08) 

A solution of Eq. (7.01) requires first the evaluation of the roots bi and b2 • 

The f's are then obtained from Eq. (7.06), and the coefficients Cn are found from 
Eq. (7.05). If the roots are distinct and do not differ by an integer, this procedure 
yields the two series required for the general solution of the second-order differen­
tial equation. Eq. (7.05) expresses each coefficient in terms of the preceding ones. 
Or any coefficient may be obtained directly by use of the determinant LI, (f3) : 

Cj(f3) = (- 1)j Co Llj(P) . , (7.09) 
10 (P + 1) . 10 (P + 2) .. ·10 (P + J) 

where Llo = 1 and, for j ~ 1, 

II (f3) lo(f3+1) 0 0 0 0 0 

12 (f3) 11 (f3 + 1) lo(f3 + 2) 0 0 0 0 

Ll j (f3) = la (f3) 12(f3+1) 11 (f3 + 2) lo(f3+3) 0 0 0 
.................................. . . . . . . . 
Ij -I(f3) Ij-2(f3+1) Ij-a(f3+2) ....... II(f3+j-2) lo(f3+j-1) 

li(f3) ..................... 12(f3+j - 2) II(f3+j -1) 

According to Eq. (7.08), the denominator of Eq. (7.09) may be written 

[(f3 - bl + 1) (f3 - b2+ 1)J [(f3 - bi + 2) (f3 - b2 + 2)J ... [(f3 - bi + j) (f3 - b2 + j)J 

= 1l(f3-b +l)·rri (f3-b +1)= F[(P-b1)+j+1]·r[lp-b2)+j+1]. 
1=1 1 1=1 2 F[(P - bl) + 1] . r[(p - b2) + 1] 

Evidently, 
Llo = 1, 

Lll (f3) = 11 (f3), 

LI (f3) = 111 (f3) 
2 12 (f3) 

lo(f3+1l 
11 (f3 + 1) 

11 (f3) lo(f3+1) 0 

Lla(f3) = 12 (f3) 11 (f3 + 1) lo(f3 + 2) , etc. 

la (f3) 12(f3+1) 11 (f3 + 2) 

If bi - b2 = k is not an integer, the denominator is 

j! r(i + 1 + k) 'f R _ b d j! r(i + 1 - k) 'f II b 
r(1 + k) 1 I' - 1 an r(1 _ k) 1 I' = 2' 

and 
c.(b)= (-1)iCor(1+k)Lli (b1) 1 

' I j !jF(j + 1 + k) , 

C.(b) = (-1)icor(1-k)Lli(b2 ) 

, 2 j!r(i+1-k)' 

(7.10) 
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If the roots differ by an integer, however, C; may become infinite at fJ _ bl , 

since the denominator is then 

[( 1 - k) (2 - k) (3 - k) ... (k - k) ... (i - k)] i! 
Thus, when the roots differ by an integer, 

C.(b)= (k-j-t)!Co,1;(ba) 
1 2 (k - t) ! j! ' 

_ (-t),-HICo [,1;(P)] 
C;(b2) - (k - t)! (i - k)!j! P- b. fJ~b" 

i < k; ) 

i~k. 
(7.10a) 

The determinant may possibly contain the factor (fJ - b2); in which case, C;(bz) 
remains finite. Generally, however, a new quantity is introduced: 

D .(fJ) = (fJ - b). C.(fJ) = (-. 1)iCo ,1;(P) . ( ) 
J 2 1 k-l 1 1 • 7.11 

n (P - b1 + 1) n (P - b1 + 1) n (P - b. + 1) 
1=1 I=k+l 1=1 

When fJ -b2 , Eq. (7.11) reduces to 

( - 1 );-H 1 Co ,1; (b.) 
Df(bl)= (k-t)!(i-k)!j! (7.12) 

Froms Eqs. (7.05) and (7.10), 

CH;(b.) C;(b1) (-t);k!,1;(b1) 

Ck(b.) =c;-= j!(k+j)! 

But, according to Eq. (7.12), 

CH;(ba) (- t)ik!L1H ;(b.) 

Thus, 
Ck(b.) j! (k + j)! ,1k(b.) . 

L1k+;(bl) =L1 k (b2) .L1;(b1) if k is an integer. (7.13) 

Also needed are derivatives with respect to fJ. According to Eq. (7.09), 

aCt 
&7J 

(7.14) 

i i n (P - b1 + 1) • n (P - b. + 1) 
1=1 1=1 

{ 0,1; [; tit 1} 
X &7J - L1i(fJ) L P-b +1 + L P-b +1 . 

1=1 1 1=1 I 

[~i]fJ=bl= (j!~(;U:)~~)t) {[~~]fJ=bl-L1;(b1)[~++~k~1]}' (7.15) 

Differentiation of Eq. (7.11) gives, when k is an integer, 

(7.16) 
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If fJ --+ ba and j;;:;' k, Eq. (7.16) becomes 

7.03 THE FROBENIUS METHOD [27J 

A solution of a BOcher equation is to be obtained as a series expansion about 
a regular singularity. Evidently there are three possibilities [28J with respect to 
the roots of the indicial equation: 

I. The roofs are distinct and do not differ by an integer. 
II. The roots are identical. 

III. The roots differ by an integer. 

Case I. In I, the procedure of § 7.02 yields two distinct series: 

b 00 (- 1); L1; (bl ) 

Zl = Cor(1 + k) . (z - zo) 1;~ j! r(i + 1 + k) 

_ b, ~ (- 1); L1;(bs) 
Za- Cor (1-k).(z-zo) L.J "ire -k) 

;=0 J. 1 + 1 

(7.18) 

The general solution of Eq. (7.01) is therefore 

But in II and III, only the first solution is obtained in this way. A new second 
solution, independent of ZI is found by differentiation [28J. 

Case II. Consider the case of equal roots. The first solution is given by 
Eq. (7.18) with k = 0: 

For the second solution, assume 
00 

Z (fJ, z) = Co (z - zo)1I + L. C; (fJ) . (z - zo)II+;, 
;=1 

(7.18a) 

(7.19) 

where fJ is considered to be a variable and where Co is the constant of § 7.02. 
Thus Z(fJ, z) satisfies the recursion formula, Eq. (7.05), but does not satisfy the 
indicial equation (7.07). Introduce the operator L: 

81 8 
L = (z - ZO)2 8zs + (z - zo) [(z - zo) P(z)J az + [(z - ZO)2 Q(z)]. 

If fJ =f= bl , Eq. (7.08) gives (for equal roots) 

10 (fJ) = (fJ - bl)2. 



Thus, 

and 

7.03 The Frobenius method 

L [Z (P, z)] = Co {P - ~)2 (z - zo)fJ 

:(iL(Z) = 2Co{P - b1) (z - zo)R+ Co{P - b1)2(Z - zo)fJln(z - z(l)' 

169 

(7.20) 

In general, 8Zj8{3 does not constitute a solution of the differential equation. 
if {3 - b1 , the second solution is 

But 

Z2= -[ OZ] 
op fJ-+b,' (7.21) 

Differentiation of Eq. (7.19) gives 

oZ 00 oC- 00 

7if = Co(z - zo)fJ In (z - zo) + L oP . (z - zo)fJ+i + L C1 (P) . (z - zo)fJ+i In (z - zo)· 
i=1 1=1 

Thus, according to Eq. (7.15), 

[::]fJ-+b, = [~Ci(bl)' (z - zo)b,+i] In(z - zo) 

+C ~ (_t)i(~-zo)b'+i{[OLJi] -2L1.(b)~~}. 
oL..J (l!)t op fJ- b, 1 1 L..J l 

1=1 1=1 

But the first bracket is ZI' by Eq. (7.03), so the second solution is 

Z2 =Zlln(z-zo) I 
b,oo (-t)i(Z-zo)i{[OLJi ] i 1} 

+ Co(z - zo) L (·!)I a-p - 2L1i (b1) LT . 
i=1 1 {J-+b, 1=1 

(7.22) 

Case III. For III, the roots of the indicial equation are distinct but differ 
by an integer. The first solution is 

Z - C k' (_ )b' ~ (- 1)i LJi (bl ) (_ )i 
1 - 0 • z Zo ~ j! (k + j) ! z zo' 

1=0 

To obtain an independent second solution, let 

(7.18b) 

where Di{P) = (P - ba)· Cf{P) as in § 7.02. A relation similar to Eq. (7.20) is 

Also, 

But 

L [Z{P, z)] = Co{P - ba)1 (P - bI ) (z - zo)fJ. (7.24) 

L(::)= :p [Co{P-ba)2{P-b1)(z-zo)fJ]. 

L( ::) = 2Co{P - ba) (P - b1) (z -z .. )fJ+ Co{P - ba)l(z- zo)fJ 

+ Co (fJ - bl)1 (P - b1) (z - zo)fJ In (z - zo) . 

The entire expression vanishes when {3 = bl . Thus a second solution is 

(7.25) 
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By differentiation of Eq. (7.23). we obtain 

:: =;~ C, (fJ) . (z - zo)fI+1 + (fJ - b.) [Co (z - zo)fI . In (z - zo) 

+ % {aai . (z - zo)fI+i + C, (fJ) . (z - zo)fl+1 ·In (z - Zo)}] 

+ ~ {~~L. (z - zo)fI+i + Di(fJ) . (z - zo)fI+j ·In (z - Zo)}. 
,=" 

As {J - bl • the first term becomes 

11-1 
~ C, (bl ) . (z - zo)b.+I• 
;=0 

(7.26) 

All terms in the square bracket are finite. so (fJ - bl ) reduces this part ofEq. (7.26) 
to zero. There remain the summations containing DI({J) and its derivative [29]. 
Substitution of Eqs. (7.1Oa). (7.12). and (7.17) gives the second solution. 

Z _ Co(z - zo)b, 1I~1 (k - j - 1)! Ll/(b.) (_ )1 
1- (k-1)1 ~ j! Z Zo 

1=0 

Co(z-zo)b'l ( )~ (-1)H.+ 1L1/(b.)·(z-zo)1 
+ (k- )' n z-zo L..J ('-k)' ., 

1 . 1=11 1· J. 

Co (z - zo)b. ~ (- t)/-lI+l (z - zo)1 
+ (k-1)1 ~ (i-k)!j! 

1=11 

{ OLI [I-II I "-I]} X [_I] -L1.(b.) L~+ L~ - L~ . 
afJ fI-+b. I 1=1 I 1_1 I 1=1 I 

The second summation may be written 

Co (z - zo)b.H 1: (- t )n+I LlnH (b.) . (z - zo)" 
(k-t)I,,=o n!(n+k)1 • 

or. by Eq. (7.13). 

Co (z - fo)b, LI" (bt ) ~ (- 1 )n+I LI" (b1) • (z - zo)" 
(k-tl) ~o n!(n+k)! . 

Comparison with Eq. (7.18) shows that 

Z LI" (b.) Z I ( ) 
II = - k I (k _ 1) ! 1 n Z - Zo 

Co(z - zo)b."~ (k - j - t)! Lli(b.) 
+ (k-t)! ~o jl (Z_Zo)i 

1= 

Co(z-zo)"" ~ (-1)i-lI+l(Z-zo)i 
+ (k-t)! ~ (i-k)!jl 

j= .. 

X {[Mi] -L1;(ba)[1:~ + ±~ _1:1~J}. 
a fJ fI-+b. 1=1 I 1=1 I 1=1 I 

(7.27) 
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7.04 AN EXAMPl:E, CASE I 
As an example of the methods of obtaining a series solution. consider the 

Bessel wave equation {26}: 

dZZ +~ dZ + (,,2 ZS+q2_p2jz2)Z=0. (7.28) 
dz· z dz 

The equation has a second-order pole at the origin (z = 0) and a sixth-order pole 
at infinity. An expansion will be obtained about the origin. which is a regular 
singularity. 

As in § 7.02. let 00 

Z = zI1 L Cji. 
Then 1=0 

rzp(z)] =1. Ao=1. A.=O fori>O; 

[Zl Q (z)l = ,,2z4+ qlzl - P2• 

Bo = - Pl. Bs = ql. B4 = "I. 

with all other B's equal to zero. The indicial equation is 

so bl = + P. bl = - P. and 
p2_pl=0. 

10(fJ) = (fJ - P)(P + P)· 
From Eq. (7.06). 12 = qt., 14 = "I, and all other /,s are zero. 

where 

and 

C (fJ) = (- 1)j Co Aj(P) 
1 [1][2] ... [i) • 

o [1] 0 0 ....... . o 
q" 
o 

L1, (fJ) = "I 

o 
o 

o [2J 0........ 0 

ql 0 [3].......... 0 

o q" 0 .......... 0 

o 
o 

o 
o 

o 
o 

o [j -1] 
o ql 0 

Thus, 

(7.29) 

This determinant vanishes for odd values of j. For even values. the determinant 
may be simplified by expanding in terms of the elements [1J. [2J. etc. Then 

where 

with 

_ (- 1)"'CoA;"(P) 
C1".(fJ)- [2J[4] ... [2m] • 

ql [2J 0 0 ....... . 
"I ql [4J 0 .... . 
o ". ql [6J ....... . 

L1~(fJ) = 0 0 ,,:& ql ....... . 

o 
o 
o 
o 

o 
o 

o 0 o ... "I ql [2(m-1)] 
o ... o ". 

m=jj2. 

(7·30) 
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The principal diagonal consists of elements q2, the adjacent diagonals contain 
,,2 and functions of {J, and all other elements are zero. 

For the first root, {J = bl = + p, and 

Therefore, 

[2] = [({J + 2)2- P2] = 4(p + 1), 

[4] = [({J + 4)2- PZ] = 8(P + 2), 

[2m] = [(fJ + 2m)2- P2] = 4m(p + m), 

C (P) = (-1)"'Cor(p + 1) A;"(P) 
2", 22"'m!F(p+m+1) 

C _ Co (q/2) 2 

Z- - 1!(P+t)' 

C4 = 21 (P ~W~~'+ 2) [1 - 4(P + 1) x2Iq4], 

Ca = - 3! (P + 1~(~q~)~)(P + 3) [1 - 4 (3 P + 5) x2/t], .... 

For convenience, let 
_ (q/2)fJ 

Co - F(p+ 1) • 

The first solution of Eq. (7.28) is then defined as a Bessel wave function Jj, (x, q, z): 

z = oF, (x z) = (qZ/2)fJ {1 _ (qz/2) I + (qz/2)' [1 - 4(P + 1) "I/q'] 
1 fJ ,q, F(P+1) 1!(P+1) 21(P+1)(P+2) 

_ (qZ/2)8,[1-4(3P+ 5) "I/q'] + ... } (7.31) 
31 (P + 1) (P + 2) (P + 3) 

= (qzI2)fJ ~ (-1)"'A;"(P)· (Z/2)2'" 
m=O m!r(m+p+ 1) , 

with Llo = 1, Lll = q2. Similarly, for the other root of the indicial equation, 
{J= - P and 

J (x q z) = (q zI2)-fJ ~ (-1)"'A;"(-P)· (Z/2)2'" (7.32) 
-fJ ' , L..J mIF(m-p+ 1) 

",=0 

The complete solution of Eq. (7.28), for non-~ntegral values of p, is 

Z = AJfJ (x, q, z) + B J-fJ (x, q, z) . (7·33) 

If ,,= 0, Eq. (7.31) reverts to the ordinary Bessel function of the first kind, 

oF, ( ) _ (qz/2)fJ { (qZ/2)2 
fJ qz -r(p+t) 1- 1!(P+1) 

(qZ/2)' {qZ/2)8 } 
+ 2!(P+1)(P+2) 3!(P+1)(P+2)(P+3) + ... (7·34) 

=_ ~ (-1)"'(qz!2)fJHm 
",=om!F(m+p+1) • 



7.05 Example, case II 173 

7.05 EXAMPLE, CASE II 

'Vith Bessel wave functions, the only case of equal roots occurs when bl = 
b2 = O. Then Co = 1 and the first solution is 

_ 4 ( ) _ (qZ/2)2 (qZ/2)4 [ 2/ 4J Zl - Jo X, q, Z - 1 -~ + (21)2- 1 - 4x q 

_ (qZ/2)8 [1 _ 20X2/q4J + ... 
(31)2 

= i: (- 1)'" ,1;"(0) . (Z/2)2'" 
",=0 (ml)2 . 

Since all odd determinants are zero, Eq. (7.22) becomes 

But 

LJ 2tn (ft) = (- 1)'" [1J [3] ... [2m -1] LJ~(ft), 

a:p~ = (-1)'" [1] l3] ... [2m - 1] {a:p;"_ + 2LJ~(ft) £ p + ;1-1 }, 
1=1 

aJ;" = _ {a[2] M, fR) +~41M. fR) + ... + a[2(m -1)] M. (fJ)} 
ap ap 12V' ap 23V' ap (",-1)m 

(7.31 a) 

(7.22a) 

= - 2 {(ft+ 2) ~2 (ft) + (ft+ 4) M23 (ft) + ... + [,8+ 2 (m -1)J M(m-1)m (ft)). 

Thus, the second solution may be written 

00 (-1)"'(z/2)2m { ",-1 ,'" 1} 
Z2=Zl lnz- L (m!)2 4Ll~(I+l)(0)+LJ",(0)LT ' 

",=1 1=1 1=1 

(7·35) 

where ~(I+l) is the minor of the corresponding element in the determinant LJ~. 
Bessel functions of the second kind, however, are usually written in a slightly 

different form from the above. Let 

<?Vu(x, q, z) = ~ [Z2+ [y + In (q/2)] fo(x, q, z)]. 
n 

Substitution of Eq. (7.35) gives 

<?Vu (x, q, z) = ~ {[y + In (q Z/2)] fo (x, q, z) I 
(7·37) 

00 (_ 1)'" (Z/2) 2 m [ ",-1 ,'" 1]} - ];1 (m 1)2 4 ~ l~(I+l) (0) + LJ", (0) I~ T . 

For the special case of x = 0, Eq. (7.37) reduces to 

<?Vu (qz) == ~ {[y + In (qz/2)] fo (qz) - ~1 (- 1)(:(~~/2)2'" ~ +} , (7·37a) 

in accordance with the usual formulation of NIELSEN [30]. 
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7.06 EXAMPLE, CASE III 

If P = n, an integer not equal to zero, the second solution of the Bessel wave 
equation is given by Eq. (7.27) with bl = n, b2 = - n, k = 2n, j = 2m: 

z = - LI ... ( - n) Z In z 
2 (211)!(2n-1)! 1 

But 

Form<n, 

Form>n, 

.. -1 + CoZ-" L (2n-2m-1)!LI .... (-n) zI'" 
(2n - 1)! ... =0 (2m)! 

CoZ-" 0; (- 1)· ... -'"-I Z·''' 
+ (2n-1)! L (2m-2n)!(2m)! 

"'=fI 

(2n)! (2n - 1)! 

(2n - 2m - 1)! LI .... ( - n) 
(2m)! 

LI~(-n) 
2'" Inl(n-1)!' 

(2n) I (n - m - 1) ! LI;" (- n) 
2· ... +1 m!n! 

(7.27a) 

(7·38) 

(7·39) 

A (- n) = (- 1)"'+" (2m) I (2n)! (2m - 2n)! A' (- n). (7.40) 
2... 2."'mln!(m-n)! ... 

Also, 
8L1 .... = (_ 1)"'+" (2m)! (2n)! (2m - 2n)! 

8p 21"'m!n!(m-n)! 

x {8~;" + 2A' (jJ) [ P + 1 + P + 3 + ... + p + 2m - 1 ]} 
op ... [1] [3] [2m-1] ' 

[ 8L1' ] ... -1 
8P'" 11 __ .. =2L(n-2l)Mi(l+I)' 

1=1 

where MiMI) is the minor of the corresponding term in the determinant A:". 
Substitution of these relations into Eq. (7.27a) gives 

.. -1 
Z =_ LI~(-n) Z lnz+ Coz-" ~ (n-m-1)!Ll;"(-n)·(zI2)·'" 

2 2'" Inl(n-1)! 1 (n-1)! L.... m! 
... =0 

, Co Z-.. ~ (- 1)"'-"-1 (zI2)·'" 
I (n- 1)! L.... m!(m-n)! 

fJI=fI 

A change of the second summation so that it begins at m = 0, and use of the 
relation, 
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gives 

Z 2 = - -:':'::---7--;-:""'---:-;--'--2211 In!(n-l)! 

X {[In (q z/2) - In (q/2) + 2211-1 ~ +] L1~ (- n) . J" (x, q, z) 

_} (q/2)" 2211 z-"1:1 (n - m - I)! LI;"( - n) . (z/2)tm (7.41) 
m=O mI 

+ 1 (qZ/2)" ~ (- l)m (z/2)2m 
2' L..J m!(m+n)I 

m=O 

X {4~-(n - 2l}M;(1+1)- L1~(n} L1~(- n) [~+ + ~:+]}}. 

To make this solution more nearly like the familiar Bessel function, we intro­
duce the Bessel wave junction 0/ tke second kind, defined by 

rzv.. ( ) = _ 22ft n! (n -I)! Z + 2.1'"(,,, q, z) [ + In( /2) _ 22n-1"~~] " x, q, Z nq211 2 nqlfl Y q 6 I . 

Substitution of Eq. (7.41) results in the second solution, 

<?v,. (x, q,z) = -----;"{[y + In (qz/2)] L1~(- n) J,,(x, q, z} 
nq 

_} (q/2)" 2211 z-,,"~ (n - m - I)! LI;"( - n) • (z/2)2m 
L..J m! 
",=0 

(7.42) 

If x = 0, Eq. (7.42) reduces to the Bessel function as written by NIELSEN [30J: 

2{ .. -1(n-m-l)'(z!2)lm 
<?v,. (qz) =7i [y+ln(qz/2)]J,,(qz) -}(qZ/2)-",?;0 mI' q 

_ 1 (qZ/2)" ~ (-1)'" (qz/2)2m [~~ + m~"~]}. 
2' L..J m!(m+n)! L..J I L..J I 

m=O 1=1 1=1 

I (7.42 a) 

7.07 ORTHOGONALITY 

Solution of a Bocher equation of field theory yields two functions Z1 (x, p, q, z) 
and Zz (x, p, q, z) where p and q are separation constants. A series of these func­
tions is then employed to fit the boundary conditions and thus to obtain a unique 
solution of a field problem. The evaluation of the coefficients in the series is 
greatly facilitated if the functions are orthogonal on the given interval. 
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The question of orthogonality could be investigated separately for each func­
tion. But it is advantageous to consider the general subject of orthogonality for 
all the functions obtained in field theory. The STURM-LIOUVILLE [31] treatment 
is presented here in slightly modified form. 

The B6cher equation is 

d 2Z dZ 
dz l + P (z) dz + Q (z) Z = 0, 

with general boundary conditions 

z=a, 

z =b, 
k1Z:(a)+kaZ.(a) =0; } 

kaZ.(b) + k,Z, (b) = 0; 

(7.43) 

(7.44) 

where Z;(a) = (dZ/dz).=a, i = 1,2, and the k's are constants. These general 
conditions include DIRICHLET, NEUMANN and mixed conditions. 

Introduce a new quantity u: 

u(z) = KeJP(.)tl, 

where K is an arbitrary constant, or 

Also let 

~ du = P(z). 
u dz 

Q (z) = u ~z) [v (z) + I (A) W (z)] . 

(7.45) 

(7.46) 

Here A is an eigenvalue, and w (z) is a weighting lunction. If the differential equa­
tion contains only one separation constant, say p, then A is a function of p only, 
and the various eigenvalues).,. are expressed in terms of the allowable values p .. 
that fit the boundary conditions. In this case, the quantities u, v, and w do not 
contain p. If there are two separation constants, p and q, boundary conditions 
determine which is to be associated with the eigenvalues and which is to be 
regarded as a constant. The latter may appear in v and w. Substitution of 
Eqs. (7.45) and (7.46) into Eq. (7.43) gives 

-+ -- -+-[v(z) +/(A)W(Z)]Z=O dlZ (1 dU) dZ 1 
dz l U dz dz U 

or 

:z [u ~: 1 + [v + I (A) w] Z = o. (7.47) 

Eqs. (7.47) and (7.44) are said to constitute a Sturm-Liouville system [31]. 
It is easily proved that the solutions of a Sturm-Liouville system are ortho­

gonal on an arbitrary interval (a, b). Take Z". and Z .. as any two distinct solutions 
of Eq. (7.43), corresponding to the distinct eigenvalues A", and).,.. Then 

I fz [u diz"'] + [v + I().".) w] Z".= 0, 

:z [u dfz" ] + [v + I().,.) w] z .. = o. 
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Multiplication by Z,. and Z",: 

J Z,. fz [u diz"'] + fv + I (A",) wJ Z",Z" =; 0, 

l Zm fz [u diz"] + [v + I (A,.) wJZmZ,.=O, 

and subtraction gives 

Integration over the arbitrary interval (a, b) yields 

b 

[/().,,,) - I (A,.)]J wZmZ,. dz = u(b) [Z~(b) Z", (b) - Z~(b) Z,.(b)] 
a 

- u(a) [Z~(a)Zm(a) -Z~(a)Z,.(a)J. 

177 

(7.48) 

Boundary conditions, Eq. (7.44), are now substituted, reducing the bracketed 
quantities to zero. Thus, 

(7.49) 

which is the condition lor orthogonality on the interval (a, b) with respect to the 
weighting lunction w(z). As indicated by Table 7.01, all the ordinary differential 
equations of this book, with general boundary conditions of field theory, constitute 
Sturm-Liouville systems. Consequently, the solutions of these equations can be 
used to build up orthogonal series of eigenfunctions. 

Given a Sturm-Liouville system and an arbitrary function I(z) on the interval 
(a, b). This function can be expressed in terms of the eigenfunctions Z,. obtained 
as solutions of the differential equation: 

OQ 

I(z) =~A,.Z,.(z). 
,.=0 

Because of orthogonality, with respect to weighting function w (z), on interval 
(a, b), 

b 

A,. = ~" J w(z)/(z)Z,.(z)dz, 
a 

where the norm is 
b 

N,. = J w (z) [Z,. (Z)]2 dz. 
a 

There are, of course, restrictions on the functions I (z) that can be handled in 
this way. But these restrictions are so light that they can be ignored in practically 
all physical applications. Accordingly, no further attention will be paid to such 
restrictions. The fitting of boundary values by this method has had a great 
many practical applications [32J in physics and engineering; and the additional 
coordinate systems now available should allow a still wider field of usefulness. 
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7.08 WEBER FUNCTIONS 

As the basic form of the {06} equation, we have, according to Table 6.02, 

d2Z 
dzl + rM + N Z2] Z = O. (7.50) 

If M = ql (P + l) and N = - q4/4, Eq. (7.50) becomes 

~:~ + [q2(P + t) - q4zl/4] Z = 0, 

which is Weber' s equation [33]. 
Expansion in an infinite series about the origin gives 

iI".(p, qz) = e-(q·)I/'{1- :! (qZ)2+ :r (P - 2) (qz)' 

- -:! (P - 2) (P - 4)(qZ)8 + ... } 

= e-(q·)"/'{ 1 +,,~ ~~n1?;' p (P - 2)(P - 4) ... (p - 2 [n -1])(QZ)h}, 

"Ir,,(p,qz) = e-(q·)"/' (qz) {1- ;! (P - 1) (qZ)2+ -&- (P - 1) (P - 3) (qz)' 

- ;! (P - 1)(P - 3) (p - 5)(qZ)8+ ... } 

= e-(q·)"/' (qz) {1 + i: (- 1)" (P - 1) (P - 3) ... 
,,_1(2n+1)! } 
- (p - [2n - 1]) (qZ)h . 

(7.51) 

(7.52) 

(7.53) 

Both series are absolutely convergent for the finite z-plane. The first function 
is even, the second odd. They may be called Weber functions, and the general 
solution of Eq. (7.51) may be written 

Z = Ail". (p, q z) + B"Ir" (P, q z) . 

For the special case of p an even integer, 

iI". (P, q z) = (- 2)P/2 (Pi~)! e-(q')'/4 Hp (q z) . (7.54) 

If P is an odd integer, 

"Ir,,(P, qz) = (- 2)(P-l)/2 [(P -;,~)/2J! e-(q')'/4 Hp (qz), (7.55) 

where Hp(qz) are the Hermite polynomials [34]: 

14= 1, 

H1=qz, 

HI = (qZ)2- 1, 

Ha = (qZ)8 - 3 (qz), 

~ = (qz)' - 6 (qZ)8+ 3, 
H6 = (qZ)6 - 10(qz)3+ 15 (qz), 

14 = (qZ)8 - 15 (qz)'+ 45 (qz)lI- 15, '" . 
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Except for these special cases, the series does not terminate and solutions are 
given by the infinite series of Eqs. (7.52) and (7.53). 

For the alternative form of the Weber equation, 

~:~ - rq2(p + l) + q4 zs/4] Z = 0, 

the solution is 
Z = A1r.(P, iqz) + B"Ir,,(P, iqz). 

Here 

1r.(P, iqz) = e(q,)'/4{1 + :! (qZ)2+ :! (P - 2) (qZ)4 

+ :! (P - 2) (p - 4)(qZ)8+ ... } (7.56) 

= e(qZ)'/4{1 +,,~ (2~)! p(p -2) (p -4) ... (p- 2[n-1J) (qZ)2n}. 

"Ir" (p, iq z) = e(q')'/4(iq z) {1 + --;- (P - 1) (qZ)2 +~! (P - 1) (P - 3) (qZ)4 
3. 5 

+ * (P - 1) (P - 3) (P - 5) (qZ)8+ . .. } 

= e(Q')'/4(iqz) {1 + i: (2n~ 1)! (P -1) (P - 3) ..• 

,,=1 (p _ [2n _ 1]) (qZ)2n}. 

(7.57) 

WHITTAKER [35] expresses the solution of the Weber equation in degenerate 
forms of the confluent hypergeometric function, which he denotes [36] by D: 

There are some advantages, however, in the use of the simple even and odd func­
tions of Eqs. (7.52) and (7.53). 

Special values 
1r.(P,o) = 1, ~(p, 0) = 0; 

1r.(P, ± (0) = 0, "Ir,,(p, ± (0) = O. 

Asymptotic expansions 

if:(p qz) ,.....,(_ 2),,/2 r(p/2+ 1) e-(Q,)'/4(QZ)"[1- P(P-1) 
• , r(p + 1) 2(qZ)1 

+ P(P-1)(P-2)(P-3) _ P(P-1)(P-2)(P-3)(P-4)(P-S) + ... J 
2·4(qz)' 2·4·6(qz)· ' 

r(P + 1) 
if: (P qz) '""-' (- 2)ltJ-1)/2 -2- e-(Q')'/4(qZ)"[1- P(P - 1) 

o , r(p+1) 2(qZ)1 

...L P(P-1)(P-2)(P-3) - P(P-1)(P-2)(P-3)(P-4)(P-S} + ... j 
I 2. 4(qz)' 2·4· 6(qz)' . 
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Contour integrals 0+ 
.u/' (p _ 21>/2 e-(q·)'/' f -1'/2 -1>-1 
". ,qz)-isinpnr(-p/2) cosqzte (-t) dt, 

00 

0+ 
"II";, (P, qz) = 2(1)-1)/2 e-(q·)'/' J sin qzt e-I'/2( - t)-I>-1 dt. 

isinpnr( 1 ~P) 00 

Recurrence formulas. For either the even or the odd functions, 

ir(P + 1, qz) = (qz) ir(p, qz) - pir(P - 1, qz), 

dirt, qz) = pir(P -1, qz) - f ir(P, qz). 
z 2 

Orthogonality. Weber functions are orthogonal on an arbitrary interval (a, b) 
if boundary conditions are of the form 

{ 
klir(p,qa) + ksir:(p,qa) = 0, 

kair(P, qb) + k,ir (P, qb) = O. 

We have merely a special case of a Sturm-Liouville system (§ 7.07), with w = 1 
and A = p. Therefore, 

b 

J ir(P"., qz) ir(P .. , qz) dz = 0, m =1= n, 
II 

for either the odd or even functions. 
An arbitrary function f(z) can be expanded in terms of Weber functions on 

any interval (a, b) : 00 

f(z) = L A". ir(p"., qz), 
".=0 where 

b 

A". = N; f f(z) ir(p"., qz) dz, 
II 

b 

N". = J [ir(p"., qz)]2dz. 
II 

Here all conditions apply to ir,-functions, or iro-functions, or linear combina­
tions of them. 

On the infinite interval, since ir(p, ± (0) = 0, 
00 

J ir(p"., qz) ir(P .. , qz) dz = 0, m =1= n. 
Thus 

-00 

00 

f(z) = ~ A". ir(P"., qz), 
".=0 

00 

A". = ~". .r f(z)ir(P ... , qz) dz, 
-00 

00 

~ = J [ir(P ... , qz)]2dz. 
In particular if p = m, -00 

~= (2n)~ m! 
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7.09 BESSEL FUNCTIONS 

The wave equation. The Bessel wave equation {26} is 

dlZ + ~ dZ + (XZzz+ q2_ P2/Z2) Z = O. 
dz· z dz 

(7.28) 

The series solution was developed in § 7.04. The general solution of Eq. (7.28) 
may be written, for p =t= integer, 

Z = A.Ij, (x, q, z) + B "_p (x, q, z) , 

where the Bessel wave functions are 

.Ij, (x, q, z) = (q z/2)P f (- 1}'" .1;" (P) . (Z/2)2 m (7.3 1) 
",=0 m! r(m +p + 1) 

J (x q z)=(qZ/2)-P~ (-1)"'.1;"(-P)·(z/2)2'" (7.32) 
-p , , :=0 mlr(m-p+1) , 

and where the determinant .1;" is given by Eq. (7.30). These series are valid 
everywhere in the finite complex plane. 

If the differential equation is written 

dlZ + ~ dZ + (X2Z2- q2_ P2/Z2)Z = 0 
dzl Z dz ' 

the general solution (for p =1= integer) is 

Z = A.Ij, (x, q, iz) + B "_p (x, q, iz). 

If P = n, an integer, "_p is no longer independent of J p and the general solu­
tion of Eq. (7.28) is 

The Bessel wave function of the second kind may be written 

~ (x, q, z) = -----;,. {[Y + In (q z/2)] .1~ (- n) J,. (x, q, z) nq 

_ t (q/2)" 22ft z-" 1: (n - m - 1) 1 "':!( - n) . (z/2)a", 

",-0 

+ 1 (qzj2)" ~ (-1)"'(z/2)2'" 
T £...J m!(m+n)1 

",-0 

{ ",+,,-1 '" 1 "'+" 1 }} 
X 4 6 (n - 21) Mi(/+1) - .1;" (n) .1~ (- n) [6 T + 61J . 

For n=O, 

~(x, q, z) = ! {[Y + In (qzj2)] Jo(x, q, z) I 
00 ( 1)"'( /2),,,,["'-1 '" 1]} - L - (m I;' 4 L lMi(/+1) (0) + .1;" (0) LT' 

",_I 1-1 1_1 

(7.42) 

(7·37) 
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Degenerate cases. The other Bessel functions [37J listed in § 7.01 are all 
degenerate forms of the foregoing. All series converge within a circle of infinite 
radius in the z-plane. 

.I.: ( z) = ~ (- 1)'" (qz/2)p+2m 
p q L. m! r(m + p + 1) . 

,"=0 

(7·34) 

J (z) = ~ (_1}m(qZ/2)-p+2m 
-p q L. m!r(m-p+l) . 

m=O 

(7·34 a) 

These functions are shown in Fig. 7.01. 

2 { ,,-1 (n-m-I)I( Z/2)2'" I <?y"(qz)=n [y+ln(qz/2)]J,.(qZ)-!(qZ/2)-"];0 mI' q 

-1.(qZ/2)"~ (_I)m(qz/2)2m [~~+m~n_l_]}. 
2 L. m!(m+n)! L.l L.l 

,"=0 1=1 1=1 

(7.42 a) 

.I.: (i z) = ~ (_I)m(iqz/2)p+2m 
p q L. m!r(m+p+l) . 

m=O 

(7·34b) 

of (i z) = ~ (-I)m(iqz/2)-p+lm 
-p q L. m! r(m - p + 1) . 

",=0 

(7·34c) 

<?Y,.(iqz) =! {[y+ In (iqz/2)] In(iqz) 

_! (iqZ/2)-n"f1 In - m - ~!! (iqz/2)2m (7.4~b) 

_1(i z/2ti=;-1)m(iqZ/2)2mr~~+m~n~]} I 
"2 q L. m!(m+n)! lL. I L. I . 

",=0 1=1 1=1 

J. ( ) = 1 _lq!j2): + JiZ/2)4 _ (qZ/2)6 + ... + (_ 1)" (qZ/2)2" + ... 
o qz (I !)I (2!)2 (3!)2 (n!)2' 

A plot of this function is given in Fig. 7.02. 

~(qz) =~ ry + In (qz/2)] .I;, (qz) 
n 

+2_ {(qZ/2)2 _ (qZ/2)4 (1 + 1) + _tE/2)8 (1 + Lt 1.) _ ... } 
n (1!)2 (2!)2 "2 (3!)2 2 3 • 

See Fig. 7.03 for the <??to-function and Fig. 7.04 for ~ and J~. 

J. (iqz) = 1 + (qZ/2)~ + _ (qZ/2)~ + JtLZ/2)' + ... 
o (1!)2 (2!)2 (3!)2 . 

~ (i q z) = ! [Y + In (q z/2) + i -i].I;, (i q z) 

__ ~ {(qZ/2)2 + (qZ/2)2 (1 + 1.) + (qZ/2)8 (1 + 1 + 1.) + ... } 
n (1 !)I 12!)2 2 (3!)2 "2 3 . 

.I;, (x, q, z) = 1 - (q(IZ/!2)~2 + (qZ/2)4 [1 _ 4x2/q4] _ (qz/2)' [1 - '?Ox2/t] + ... 
(2!)2 (3 !)2 - . 
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b 

FIg. 7.01 a and b. Bessel functions of the first kind, as functions of x and p. Note that for positive p, the Besse 
functions are bounded; but for negative p, the functions become infmite at x = O. (From JAHNKE and EMDE, 
Funktionentafeln, by courtesy of the publishers, B. G. Teubner, Leipzig, and Dover Publications. New York City) 

lO 

'\ a8 

'0(X) 

1\ 1', , 7rX) '". 
/ \ \ / ~ I , ,..--

DB 

all 

o 
I 1\ \ 

J 
/' f\ " I \ 3.8317 0.1l56 

, 
3.1/QII8\ \ V!5c?OI / 8.,;;;'" 

f-
\ / I'\. 

)I- 1/ ....... 

~ _/ 
0 1 Z ¥ 6 7 ! /0 

-ac? 

-0.11 
:1&-

Fig. 7.02. Bessel functions Jo(.) and.,. (x), showing the hrst few zeros 
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'?lfo(x, q, z) = -;-{[y + In (qZ/2)] fo(x, q, z) 

+ (r1ifJ~ - I(r~~~t [4XI/t+ (1 - 4x' /t) (1 +!)] 

+ (r;~~r [12x2/t+ (1- 20x1/t) (1 + i + i)] - ... }. 

'0 

I ~(x)_ ~(X) 

/ /r\ " V-, t-o../ 
I \ \ L J~ I 

I \ / 

I \ \ 

\ / / 
/ 

I I '\ ~""'- ..•. / I r-.....-/ 

0.1/-

02 

-02 

-0.1/-
I 

I 
• I 
I I' 

II I 
III Ii 

-OJ 

-OJ 
'0 Z J I/- 5 6 7 8 9 m 

x-
Fig. 7.03. Bessel functions fI: (.o) and \11(,,) 

/-y .(x) 

'0 

I \ .... -... ~ ,'l¥lX 
// \ , 

I / \ 
, 

I \ / , .... --, 
I \ \ / /'\ I 

/ \ \. \ / 

\' \ / I '\ \ J / 
/ 

\ 
~ ~- .... / 

'0 / Z I/- 5 6 7 8 9 /'0 

QI/-

02 

-02 

-0.'1. 
x_ 

Fig. 7.04. Bessel functions JA (.o) and Jj (.o) 

J, (X q iz) = 1 + (qZ/2)1 + J!J.Z/2)' [1 _ 4x' /t] + (qz/2)' [1 - 20XI/q4] + ... 
o , , (fl)1 (21)1 (31)1 . 

'?lfo(x,q,iz) = '! {[y+ln(iqzI2)]fo(x,q,iz) 

_ (qz/~)~ _ (qz/2)' [4x'/t+ (1 _ 4x2/tH1 + I,)] 
(fl)1 (21)1 I 

- (1;~~~' [12xl/t+ (1 - 20x1/t)(1 +! + i)] - .. -}. 

J, ( iz) = j~qz/2L {1 + __ (,tJZ/2)1 + (qZ/2)' [f - 4<'1' + f) xl/q'] 
fJ x,q, r(p+f) fl(P+f) 21(P+f)(P+2) 

+ (qz/2)' [f - 4 (3P + 5) xl/q'] + ... } 
31 (P + f)(P + 2) (P + 3) • 
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J (- . ) = (iqz/2)-P {1 (qZ/2)1 + (qZ/2)' [1 + 4(P -1) "I/q'] 
_px,q,u r(-p+1) 11(P-1) 2!(P-1)(P-2) 

_ (qZ/2)1 [1 + 4 UP - 5) "I/q'] + ... } 
31(P-1)(P-2)(P-3) . 

~(x, q, iz) = -----;.. {[y + In (iqz/2)] LI~(- n) .I;. (x, q, iz) 
nq 

_ i(q/2)" 22n(iz)-""~ (-1)m(n - m - i)! .1;"(- n) (z/2)lm 
L..,; m! 

m=O 

+ 1(' /)" ~ (z/2)lm 
I" .qz2 L..,; m!(m+n)! 

m=O 

{ 
m+,,-l m 1 m+".}} 

X 4 6 (n - 21) Mi(l+t)- LI~(n) LI~(- n) [6 T + 6 +J . 
J, ( _ (qz/2)i 

i x, q, z) - F(I) 

189 

{ (qZ/2)1 (qZ/2)' [1 - 3 "z/q'] (qZ/2)8 [1 -13,,2/q'] } 
X 1 -1T(I) + 2! (I)(t) - 3! (I)(t) (i) + .... 

J ( _ (qZ/2)-i 
-i x, q, z) - rm 

{1 _ (qZ/2)1 + (qz/2)' [1 - ,,1/q4] _ (qZ/2)1 [1 - 7 ,,2/q4] + ... } 
X 1!(I) 2!(t) (I) 3!(I)(I)(t) . 

J, ( . _ {iqZ/2)l 
i x,q,u) - r(f) 

{1 + (qz/2)Z + (qz/2)' [1 - 3 ,,1/q4] + (qZ/2)8 [1 -13"I/q4] + ... } 
X 11(1) 2!(1) (I) 3! (I) (t) (i) . 

( . _ (iqZ/2)-i 
J- i x, q, u) - -----:r(i-) -

{1 + (qZ/2)1 + (qz/2)' [1 - "I/q'] + (qZ/2)1 [1 - 7"I/q'] + ... } 
X 1!(t) 2!(tHI) 31(t)(I)(t) . 

J, (qz) = (qZ/2)1 
1 rm 

{ (qz/2) I (qz/2)' (qZ/2)1 } 
X 1 -1i(l) + 2! m (l) - 3fWTt) eta) + .... 

J ( ) _ (qz/2)-1 
-1 qz - r(l) 

{ (qz/2) I • (qz/2)' (qZ/2)1 } 
X 1- 11(1) -r 2!(t)(t) - 31(f)(t)(.ll) + .... 

J.. ( ) - (qZ/2)'H {1 (qz/2) I (qz/2) , 
'H qz - r(s+t) -11(s+I)+ 2!(s+l)(s+l) 

(qZ/2)1 } 
- 31(s+l)(s+t)(s+i) + .... 

_ (qz/2)-(Hi> {(qZ/2)1 (qz/2)' 
f_<sH) (qz) - r(- s + l) 1 + 1!(S -l) + 2! (s -l) (s - ~) 

(qZ/2)1 } 
+ 31(s-l)(s-l)(s-t) + .... 
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Hankel functions (Bessel functions of the third kind) are linear combinations 
of Bessel functions of the first and second kinds: 

.Yt'l)(qz) =fp(qz) +i~(qz). } 

.Yt'~2)(qZ) =fp(qz) -i~(qz). 

The general solution of Eq. (7.28) may be written 

Z = A.Yt'l) (q z) + B .Yt'~2) (q z) . 

Other relations among Bessel functions may be written 

fp (q z) = H .Yt'~1) (q z) + Jtf2) (q z)]. 

J_ p (q z) = I [e'P" .~l) (q z) + e-'P" .Yt'~2) (q z)] • 

~(qz) = _._1_ [Jp(qz) cos pn - J __ p(qz)] 
smp7l 

= ~T [.Yt'~1) (q z) - .Yt'~2) (q z)]. 

1 qIj_p(qz) = ----:--p- [Jp(qz) - J_p(qz) cos pn] 
sm 7l 

= ~:( [e'P" .Yt'l) (q z) - e~ip" .Yt'~2) (q z)]. 

£l)(qz) = .. 1 [J_p(qz) - e-iP"fp(qz)]. 
z smp 7l 

~(2) (qz) = .. 1 [eiP".J: (q z) - J_ (q z)] . 
P z smp7l p p 

Bessel functions as definite integrals 

" 
IK ( ) - (qz/2)P f ( ) . 2p d oTp qz - rIP + t)T'(tT cos qz cos U SIll U u. 

o 
1 

IK ( ) - 2 (qZ/2)P f ( - t2)P-~ (t) dt oTp qz - r(p+t)rm 1 cos qz • 
o 

1 

.J: (qz) = (qZ/2)P f (1 - t2)P-~ cos (qzt) dt 
P r~+~rm • 

-1 

1 

.J: (qz) = (qZ/2)P f (1 - t2)P-1 eizl dt 
p r(p+t)F(t) • 

-1 

" 
.J: (qz) = (qZ/2)P f e,qzcos6 sin2 /> 0 dO 

p r~+~r(t) • 
o 

" 
J..H(qz) = (- i)"(~:tf eiqzcos6 P,,(cosO)sinOdO. 

o 

(7.58) 

(7.59) 
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Asymptotic expansions 

-"( )_( 2 )~{.( / /)~ (-1)"'l'(p+2m+i) 
P qz = nqz COS qz - pn 2 - n 4 ~ (2qz)I"'m! r(p _ 2m + 1) 

",=0 

. ~ (-1)"'r(p+2m+f) } 
- SID (qz - pn/2 - n/4) ~ (2qz)''''+1 (m + 1) I r(p - 2m -1) , 

",-0 

~ (qz) ~(~\l{Sin(qz _ pn/2 _ n/4) ~ (-1)'" r(p + 2m +i) 
P nqzJ ~ (2qz)I"'m!r(p-2m+-l) 

",=0 

~ (-1)"'r(p+2m+f) } 
+ COs(qz - pn/2 - n/4) ~ (2qZ)I"'+1 (m + 1) I r(p - 2m -1) , 

",=0 

Jt:(l) (qz) ~(_2_)1 e'(q.-pnll-n,I) ~ (- 1)'" r(p + m +1) 
p - nqz ~ (2iqz)"'mlr(p-m+1) ' 

",=0 

Recursion formulas. The same recursion formulas apply to all Bessel functions 
[38]. The same is true for formulas of differentiation and integration. Let tr be 
a Bessel function of first, second, or third kind. Then 

!lj,-dq z) + !lj,+t (q z) = ~ !lj, (q z), qz 

trp_J(qz)-!lj,+t(qz)=-.! dd !lj,(qz), 
q z 

d z dz !lj,(qz) +p!lj,(qz) =qz!lj,_.(qz), 

d z dz !lj,(qz) -p!lj,(qz) = - qz!lj,+t(qz), 

!lj,(qz) ~_p(qz) + tr_p(qz) !lj,-l(qZ) = 2sinpn • 
nqz 

Differentiation. Let !lj,(qz) be a Bessel function of first, second, or third kind, 
or any linear combination of these functions. Then 

~ [!lj,(qz)] = - ~ !lj,(qz) + q!lj,-dqz) 

= f !lj, (q z) - q!lj,+1 (q z) 

= ~ [!lj,-l (qz) - !lj,+t (qz)]. 

d 
dz [.rP !lj,(qz)] =qzi> !lj,-tCqz). 

-~ [cP !lj,(qz)] = - qcfl !lj,+1(qz). 

:. [;JI!lj, [(q.r)I]] = ~ zlP-I)JI !lj,-l [(q.r)I]. 
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-:z [Z-P/2 ~p [(qZ)!]] = - ~ Z-':(P+l)/2.2j,+1 [(qZ)'J. 

-~~[~p(qZ)] =[P(P-1) -q21~p(qz)+-q-~P+1(qz). 
dz2 Z2 Z 

(q1Z d~ r [zP .2j, (q z)] = (q z)p-m .2j,-m (q z) . 

( 
1 d' m qz dz) [z-p.2j, (qz)] = (- 1)m (qz)-(p+m) ~P+'" (qz). 

d dz [~(qz)] = - q~ (qz). 

dd [~(qz)] = q~(qZ) _1_ ~ (qZ). 
Z Z 

d2 q -d 2 [~(qZ)J = - q2~(qZ) + -~(qZ). 
Z Z 

d 2 _ 2 q -d 2 [~(qZ)] - - q ~ (qZ) + --~(qZ). 
Z Z 

Integration 

f p+l IN ZP+l IN Z ~p(qz) dz = -q- ~P+1(qz). 

f Z-P+l 
Z-p+l .2j,(qz) dz = - -q- .2j,-l(qZ). 

f z[.2j,(qz)]2dz =.z; ([.2j,(qZ)]2- .2j,-1 (qz) .2j,+1(qz)}. 

f z[~(qz)J2dz = ~ ([~(qz)J2+ [~(qZ)J2}. 

f ~(qz) dz = - -},q;,(qZ). 

f z~(qz) dz = -j ~ (qz). 

f z.2j, (ocz) .2j, (fJ z) d z = (1.2 ~ f12 [ft.2j, (rxz) ~-l (fJ z) - rx .2j,-1 (rxz) ~ (fJ z) ] . 

f z~ (rxz) ~ (fJz) dz = (1.2 ~ f12 [ft~ (rxz) ~-l (fJz) - rx~_drxz) ~(fJz)J. 

f z ~ (ocz) ~ (fJz) dz = (1.2 ~ f12 [ft~ (rxz) ~ (fJz) - rx~(rxz) ~ (fJz)]. 

Orthogonality. Bessel wave functions are orthogonal on the interval (a, b) 
with respect to the weighting function z: 

b 

f z~(", qm' z). ~(", q", z) dz = 0, m =!= n, (7.60) 
Il 

where boundary conditions of the form 

k1 .2j,('" qm' z) + k2~; ('" qm' Z) = 0 

apply at z = a and at z = b (Sturm-Liouville conditions, § 7.07). 
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An arbitrary function / (z) can be expanded in a series of Bessel wave functions: 

00 

/(z) = ~ Am~(x, q,II' z), 
m=O 

where 
b 

Am= ~",fz/(z)~(X,qm,z)dz 
a 

and 
b 

Nm = J z[~(x, qm' z)J 2 dz. 
If ,,= 0, 

a 

For p = 0, the coefficients of the expansion, Eq. (7.61), are 

b 

Am = ~;;; f z / (z) . !t;, (x, qm, z) dz 
a 

where 
b 

Nm = J Z [!t;,(x, q"" Z)]2 dz. 
If x = 0, " 

N", = ~I U!t;,(q",b)]2+ [~(q",b)J2} } 

- ~I ([!t;,(q",a)]Z + [~(qma)]I}. 

(7.61) 

(7.62) 

(7.63 a) 

For boundary conditions !t;,(q",a) = 0 and !t;,(q",b) = 0, !t;, may be taken as a 
linear combination of fo and '?Vo, so adjusted that its zeros are at a and b.. Then 
Eq. (7.63 a) becomes 

bl as 
N", = 2" [~(q",b)ra- 2" [~(q",a)]2. (7.63 b) 

In the special case of a = 0, Bessel wave functions of the second kind are 
not applicable, and the expansion is in tenns of .If, (x, q"" z). Then, for p = 0, 

00 

/(z) = ~ Amfo(x, q"" z), 
m=O 

b 

A", = ~'" f z/(z) fo(x, q"" z) dz, 
a 

where 
b 

N". = J z [fo (x, q"" Z)]I dz. 
o 

If x = 0, 
bl 

N", = 2" [~(q",b)]l, 

where q", are determined by the relation, 

fo(q",b) = o. 
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7.10 BAER FUNCTIONS 

The wave functions. The Baer wave equation {114} may be written [39] 

dZZ + _~_ [_1_ + _1_] dZ + l "BZZ_ P(P + 1) z -q(b + e)]Z = O. (7.64) 
dz· 2 z - b z - e dz (z-b) (z - e) 

For a solution about the origin, take 

00 

Z =zIl ~ C, Z' • 
1=0 

Applying the method of § 7.03, we obtain 

Ao=O, 

A 1 =- b+e 
2be ' 

A = _ (bl+eB) 

a 2(be)I' 
1 A; = be [A;_1 (b + c) - A;-a] for t> 2; 

Bo = Bl =0, 

B2 = _ q(b+~ 
be ' 

B3 = - ;e [P(P + 1) + q (b t/)I], 
B,= b1e [,,2-P(P+1)(b~~)+q(~te)[1- (bt/)Il], 

1 B; = be [B;-1 (b + c) - B;_a] for t> 4. 

The indicial equation is 
P(fJ-1) =0, 

so b1 = 1, b2 = O. For the first root, the determinant is 

Al 2 ·1 0 0 

Aa+Ba 2Al 3·2 0 

.1;(1) = A 3 +B3 2AII+Ba 3Al 4· 3 
. . . . . . ...... 

o 
o 
o 

. tu -1) 
A;+ B; . . . . . . . . . . . . . . . .. tAl 

Thus, 
C 1 _ (-1);CoL'l;(1) 
,()- [1·2][2·3][3·4] .. ·[1(i+1)] 

and the first solution is 

(7.65) 

(7.66) 
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For (J = bl = 0, 

..1i (O) = 0 since 10 (1)= 0 

and 

Ci(O) = 0 

or 

[ 
00 (-1)"'LI;"(O)Z"'] 

Za=Co 1+];1 m!(m- 1)! ' (7.67) 

where 
Al 1 0 0 0 O. 0 

B. Al 1 0 0 O. 0 

Ba Ad-B. Al 2 0 o ... 0 

..1~(O) B, Aa+Ba A2+~ Al 3 O. 0 (7.68) (m-1)! = 
A + B3 Ba B5 A4 +B, A.+ T Al 4. 0 a 2 

...... . . . . . . . . . . . . . . . . . . 
Bi Ai- 1 + B;-1 .............. Al 

If Co = 1, the general solution of Eq. (7.64) may be written 

where 
Z = Atfl ('" z) + Btq ('" z), (7.69) 

a.q (" z) =z~ (-f)"'LI;"(1)z'" 
p, ~ m!(m+1)! ' 

",-0 
00 

~/(",Z)=1+L (-1)"'LI;"(O)z'" 
",=1 m!(m-1)! I (7.70) 

These expressions converge within a circle about the origin with radius b (b < e). 

Expansion about another singularity. For an expansion about the point Zo = b, 

and 

00 

Z = (z - b)P L Ci(z - W, 
i=O 

A _ 1 
1- 2(b-c) , 

A· 
A . = - --'- for i > 1 ; , b-c 

Bo=O, 

B1 = b~C [bl "I-P(P+1)b-q(b+e)J, 
1 

B.= (b-C)I [hl-2be~+p(p+1)e+q(b+e)J, 

B3 = (b ~C)I [e"l- P(P + 1) c - q(b + e)J, 

B = - B;-1 for i> 3. . b-c 
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The indicial equation is 
fJ(fJ -t) = 0, 

SO b1 = t, bl = O. For fJ = b1, 

A1/2 + Bl 1 0 0 

AJ2+B2 IA1 + B1 5 0 

Aa/2 + Ba IA2+ BII iA l + Bl III 

L1;(i) = s-
o •••••• ...... 
....... 
A j/2+ B, . 

For fJ = b2 = 0, 
B1 1 0 0 2" 

BII A1+Bl 3 0 

Ba A 2 +BIl 2A1+ B1 15 

..1,(0) = 
-lI-

B, 

Thus the solutions are 

o 
o 
o 

(j - i) (j - 1) 

. (j - t) Al + B1 

o 
o 
o 

(j -1)(j -I) 
(j -1)A1 + B1 

- ~ (-1)i22i L1j (l-)'(z-b)i I Z1- Co(z - b) LJ ( . + ) I ' 
1=0 2J 1. 

_ ~ (-1)i22i L1,(O)(z-b)i 
Zz-COLJ ( ')1 . 

;=0 2J 

. (7.71) 

(7.72) 

(7·73) 

These series represent the same functions as Eq. (7.70) but over a different region 
in the z-plane. Accordingly, Eq. (7.73) with Co = 1 represents the Baer functions 
PAl (u, z) and rt'l (u, z) about the point z = b and extending out to the nearest 
singularity. 

Orthogonality. According to § 7.07, a set of Baer functions with appropriate 
boundary conditions form an orthogonal set (with weighting function) on the 
arbitrary interval (a, b). Thus, from Table 7.01, 

b f ~ PAt.,. (u, z) PAl .. (u, z) dz = 0, m =1= n, 
a 

where u = [(z - b) (z - c)]l. The same relation holds for rt'1(u, z); and a similar 
relation holds if q is varied instead of p (Table 7.01). 

An arbitrary function t (z) can be expanded in a series of Baer functions. 
For instance, 00 

t (z) = L Am PAt .. (u, z) , 
m=O 

where the coefficients are b 

Am = ~m f ~ t(z) PAI",(u, z) dz, 
a 

b 

Nm = r ~ [PAt.,. (u, Z)]2 dz. 
. u 
• 
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7.11 MATHIEU FUNCTIONS 

The Baer equation {113} may be written 

dSZ --L 1 [1 1] dZ 1 [ Ao + Al C ] Z _ 
dCI '"2 C-b + C-c df+""4 (C-b}(C-c) -0. 
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A special case of the Baer equation is the Mathieu equation [40J. Let b = O. 
c = 1. Ao = - (2q + A). Al = 4q. Then. introducing the new variable defined 
by C = cos· z. we obtain the Mathieu equation. 

dlZ 
dzl +(A-2qcos2z)Z=0. (7.74) 

where A and q are arbitrary parameters [41J. 

Periodic solutions. For the special case of q = 0 and A = Pl. Eq. (7.74) 
reduces to the familiar {O 4} : 

dlZ +p2Z=0 
dz· • 

whose solutions are 

Periodic solutions are obtainable also for other values of q. but only when certain 
relations hold among A. P. and q. These periodic solutions are called Mathieu 
functions of the first kind and are denoted by 

cep (q. z) • sep (q. z) • 

corresponding to cos pz and sin pz. 
Define the function cep (q. z) as a periodic function that reduces to cos pz 

when q = O. Let [42] 

1 Z = cep(q. z) = cospz + ~ qiC;(z). 
i=l 

00 

A = p2+ L r1.;qi. 
i=1 

Substitution into Eq. (7.74) yields the series 

( ) _ P q [COS(P+2}Z COS(P-2}Z] 
cep q. z - cos z - ""4 P + 1 - P _ 1 

ql [COS(P+4}Z cos(P-4}z ] 
+3"2 (P+1}{P+2) + (P-1}{P-2) 

_L[ (P1+4P+7}COS(P+2}z _ (PI -4P+7}COS(P-2}z 
128 (P - 1}{P + 1}8 (P + 2) (P + 1}{P - 1}8 (P - 2) 

and 

cos(P + 6} z cos(P - 6} z ] 
+ 3(P+1)(P+2)(P+3) - 3(P-1)(P-2}{P-3} + .... 

(7.75) 

I (7.76) 
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Similarly, 

sei> (q z) = sin pz - £L [ sin (P +~ - sin (P - 2) Z ] I 
' 4 P + 1 P - 1 (7.77) 

qO [ sin (P + 4) Z -+- sin (P - 4) Z ]_ ••• 

+32 (P+1)(P+2) '(P-1)(P-2) , 

where A. is again given by Eq. (7.76). The series of Eqs. (7.75), (7.76), and (7.77) 
fail if p is an integer other than zero. 

For p =1= integer, cei> (q, z) and sei> (q, z) are independent functions, and the 
general solution of Eq. (7.74) is 

Z = A cei> (q, z) + B sei> (q, z), (7.78) 

with p related to A. and q as in Eq. (7.76). For the more familiar case of p an 
integer, only one solution can be periodic and Eq. (7.78) cannot be used as the 
general solution [43J. 

Integer p. Now consider the special case where p = m, an integer [44]. If 
P = 0, Eqs. (7.75) and (7.76) reduce to 

ceo (q, z) = 1 - ; cos 2z + -j: cos 4z 

with 
- L (~cos 6z - 7 cos 2Z) + -q~- (cos 8z - 320 cos 4z) + ... 

128 9 73728 

q" 7 q' 29 q8 
A. = - -2 + 128 - 2304 + .... 

Improved methods of computation have been developed by INCE and by GOLD­

STEIN [41J. For m = 0, a periodic solution requires the above relation between A. 
and q. However, the second solution obtained from Eq. (7.77) vanishes identic­
ally, so a non-periodic second solution must be found. 

For p = 1, neither Eq. (7.75) nor Eq. (7.77) yields a convergent solution. 
However, somewhat similar periodic solutions, using an entirely different expres­
sion for A. can be found. These are Mathieu functions for integer values. 

cel(q,z) =cosz- : cos3z+ i: C cos5z-cos3z) 

- L (_1_ cos 7 z - -±- cos 5 z + ~ cos 3 z) 
512 18 9 3 

with 
+ ~(-1-cos9z- _1_cos 7z +~cos 5z +~cos 3Z) - ... 

4096 180 12 6 9 

q2 q3 q' 11q' 
A.=1+q-g-M- 1536 + 36864 + .... 

The interesting way in which a cosine changes into other Mathieu functions is 
indicated in Fig. 7.05, where cel is plotted as a function of q and z. 

ce2 (q,z)=COS2Z-: (~ COS4Z-2)+ 3~: cos6z 

- L(_1-cos8z+ ~cos4z+ j~) 
512 45 27 3 

+ ~ (_1_ cos 10z + 293 cos 6z) _ ... 
4096 540 540 
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with 
A = 4 + _5_ 3 _ ~ n4 + 1002401 n8 _ ••• 

12 q 13824 'f 79626240 'f • 

The A'S for the ce-functions are indicated by the curves marked ao, ilt, ..• in 
Fig. 7.06. Corresponding curves marked b1 , b2 , ba, ... refer to the values of A 

Fig. 7.05. The' Mathieu function ce, (q.). For q =0. the function is an ordinary cosine, but as q increases, the cosine curve 
is progressively dIstorted 

for the se-functions: 

with 

with 

sedq,z) =sinz- : sin3z+!: C sinsz+sin3z) 

- L ( _'_ sin 7 z + _'!. sin 5 z + -.!.- sin 3 z) 
512 18 9 3 

+ -~- (_'_ sin 9 z + _,_ sin 7 z + -.!.- sin 5 z - ~ sin 3 z) - ... 
4096 180 12 6 9 

qZ q8 q' 11 q5 
A = 1 - q - "8 + 64 -1536 - 36864 + .... 

se2 (q, z) = sin 2z - -.!L sin 4z + q82 sin 6z - L (~. sin 8z - _5_ sin 4Z) 
12 3 4 512 45 27 

+ - -I--sm10z - --sm6z - ... q' . 1. 37.) 
4096 \ 540 540 

ql 5 
A = 4 - 12 + 13 824 rt - .... 

Since ce", and se", do not correspond to the same value of A, their linear 
combination, Eq. (7.78), does not constitute the general solution of the Mathieu 
equation. Either ce", or se", may be used if a series of such terms fits the boundary 
conditions. If neither will satisfy the boundary conditions, one must introduce 
Mathieu functions of the second kind which are non-periodic. 
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We have seen that periodic solutions of the Mathieu equation occur only for 
certain relations between A., m and q, as shown by the heavy curves of Fig. 7.06. 
For all other conditions, the solutions are non-periodic. The shaded areas indicate 
non-periodic solutions which tend to finite values as z _ 00; the unshaded areas 
indicate non-periodic solutions which approach 00 as z _ 00. 

Fig. 7.06. Relation between A and q for Mathieu functions. Periodic solutions are obtained only for points located on the 
curves. All other solutions are non·periodic, the shaded areas representing stable solutions and the un,haded areas unstable 

solutions 

Functions of the second kind. Corresponding to Mathieu functions of the 
first kind, we have non-periodic functions of the second kind: 

• 
fe",(q,z) =ce",(q,z) J [ce",~:'Z)]I' 

o 
• 

ge", (q, z) = se'" (q, z) J [ ~z )]1' se", q,z 
o 

Orthogonality. If m and n are positive integers, 
In 
J ce", (q, z) ce .. (q, z) dz = 0, 
o 
In 
J se", (q, z) se .. (q, z) dz = 0, 
o 
In 
J ce", (q, z) se .. (q, z) dz = 0, 
o 
2n In 
J ce!(q, z) dz = J se!(q, z) dz =:It, m> O. 
o 0 

(7.79) 
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Thus an arbitrary function f (z) can be expanded in a series of Mathieu func­
tions: 

00 

fez) = L Am cem(q, z), 

where 
".~O 

2" 

A". = : f f(z)cem(q,z)dz. 

Or o 
00 

fez) = L Amsem(q, z), 
m~l 

2" 

Am = : f fez) sem(q, z) dz. 
o 

7.12 LEGENDRE FUNCTIONS 

The wave equation. The Legendre wave equation {224} is 

d2Z dZ [ q2 1 (z2-1) dz2 + 2z Tz + x 2a2(z2-1) - PCP + 1) - zi=1 Z = O. 

Expanding about the origin by the methods of § 7.03, we obtain 

A 2=A,=A6=···=-2, 

B2=x2a2+p(p+1) _q2, 

B;=P(P+1) -iq2/2 

(7.80) 

for j even and greater than 2. All other coefficients are zero. The indicial 
equation is 

(3((3-1) =0 

with the roots bl = 1, b2 = O. The determinants for these two cases are 

L1~(1) = 

L1~(0) = 

where 

B 2- 2 2'3 0 0 0 
B,- 2 B 2-6 4·5 0 0 
B 6 - 2 B,-6 B 2-10 6·7 . 0 
. . . . ... . .. 

B 2".-2- 2 B 2"._,- 6 .. . (2m - 2) (2m - 1) 

B 2".-2 B 2".-2- 6 .. B 2- 4m+ 2 

B2 1·2 0 0 0 
B, B 2-4 3·4 0 0 

B6 B,-4 B,-8 5·6 . 0 
..... . .. . . 

B 2".-2 B 2m- 4 - 4 B 2".-6- 8 . (2m - 3) (2m - 2) 
B 2m B 2m - 2- 4 B2".-4 - 8 B 2 -4(m-1) 

B2 = x 2a2+ Pcp + 1) - q2, 

B 2/ =P(P+1)-lq2, 1>1. 

, 

, 

(7.81) 

(7.82) 
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The general solution of Eq. (7.80) is 

where 
Z=AZ1 +BZ2 , 

(7.83) 

(7.84) 

This solution satisfies the differential equation for all values (integer or non­
integer) of ", p, and q. It applies within a unit circle about the origin, Izi < 1. 
The same method may be employed to obtain a series solution for the region 
outside the unit circle. 

The constant Co is arbitrary. For simplicity, let Co = 1 and define the Legendre 
wave functions by the above serif's: 

00 (_ 1)'" LI' (1) z.'" 
&l.q (" a z) = z '" '" p, L..J (2m + 1)! ' 

",=0 

(7.83 a) 

(7.84a) 

The function &'1 is always an odd function, the function !21 is always even. 

Degenerate cases. As indicated in § 7.01, the general Legendre wave functions 
of Eqs. (7.83 a) and (7.84a) are solutions of {2 24}. These solutions may be written 

&'1 ("a, z) = z {1 - 4 ["lla2 + p (p + 1) - qll_ 2] 3. 
z, + 51 ["'a'+ 2,,2a2 [P (p + 1) - q2 - 4] 

+ P(P + 1) [P(P + 1) - 2q2-14] + t+ 20q2 +24J - .. l 
Zl 

!21{"a,z) =1--, [,,2a2+p(p+1)_q2] 
2. 

z, + -41 ["'a'+ 2,,2a2[p (P + 1) - q2 - 4] 

+ p (P + 1) [p (P + 1) - 2 q2 - 6] + t + 8 q2] - .... 

As degenerate cases, we have {222}, {220}, {114}, and {112}. 

I. Equation {222}, x = O. Then 

&'I(z) = z{1-1~ [p(P + 1) - q2_ 2] 

+ ~~ [P(P + 1)[P(P + 1) - 2q2-14] + t+ 20q2+ 24J - .. -}. 

!2t(z) = 1- -;- [P(P + 1) - q2] 
2. 

+ :~ [P(P + 1) [P(P + 1) - 2q2- 6] +q4+8q2] _ ... 
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II. Equation {220}, j) = o. 
J Z2 

&'.f("a,z) =Z t1- 3! [,,2a2_ q2_ 2] 

Z4 ) + 5! [,,4a4-2,,2a2(q2+4)+q4+20q2+24]-"'f' 

Z2 .P3 (" a, z) = 1 - -, [,,2 a2 - q2] 
2. 

Z4 + 4T [,,4 a4 - 2,,2a2 [qL\- 4] + q4 + 8q2] - ... , 

III. Equation {tt4}, q = O. 
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{ 
Z2 Z4 

9"1' ("a, z) = z 1 - -, [,,2 a2+ p (P + 1) - 2] + -, [,,4 a4 + 2,,2a2 [P (P + 1) - 4J 
3. 5. 

+ P(P + 1)[P(P + 1) -14] + 24J - .. -}. 

+ P (P + 1) [P (P + 1) - 6]J - .... 

IV. Equation {tt2}, x = 0 and q = O. 

{ 
Z2 Z4 

&'p(z)=z 1----, [P(P+1)-1.2]+,[P(P+1)-1.2][P(p+1)-3·4] 3. 5. 
Z8 ) -7T [P (P + 1) -1 . 2][P (P + 1) - 3 . 4][P (P + 1) - 5 ·6] +"'J' 

Z2 Z4 
.Pp(z) = 1 - -21 P(P + 1) + -4!-P(P + 1) [P(P + 1) - 2· 3] 

Z8 
- 6T P (P + 1) [P (P + 1) - 2· 3][P (P + 1) - 4· 5] + .... 

&'p_~ (z) = z {1 - -;~ [(P2 - !) - 1 . 2] + ~~ [(P2 - !) - 1 . 2] [(P2 - !) - 3 ·4] 

- -~~- [(P2_!) - 1·2] [(P2_!) - 3·4] [(P2_!) - 5· 6] + .. -}. 

.Pp_,(z) =1- ~~ (P2_!)+ :~ (P2_!)[(P2_!)-2'3] 

- ~~ (P2_ !)[(P2_!) - 2· 3][(P2-!) - 4· S] + .... 

&'_~(Z)=Z{1+ ;~ (1·2+!)+ ~~ (1.2+-!-)(3·4+!) 

+ -;~ (1 ·2+ !)(3 ·4+ !) (5 ·6+ !) + .. -}. 

Z2 Z4 Z8 
.P-1(z) =1+ 2!4 + 4!4-[2'3+!]+ 614-[2·3+!][4·5+!]+···. 

Ordinary Legendre functions. Note that the functions ·?JI and .PI do not 
reduce directly to the familiar Legendre [45] functions P" (z) and Qn (z). In 
obtaining the latter, one introduces other constants and makes other change's, 
as will be shown. 
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If x = 0, q = 0, and p = n, an integer, a simplification occurs because the 
infinite series become polynomials in certain cases. Evidently all B's are equal, 
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Fig. 7.07. Ordinary Legendre polynomials p. (1') for the Fig. 7.08. Ordinary Legendre functions Q. (1'). All functions 
range - t ~ I' ;:;; + t. The functions are alternately even become infmite at I' = ± t 
and odd and all go through ± t at the ends of the interval 
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Fig. 7.09. Ordinary Legendre functions p.( .. ) over a wider range. Except for Po( .. ), all p.( .. ) -+00 as /,-+00 

and the determinant A~(1) is zero if the last two rows are identical. Since the 
B's are equal, the two rows are identical if 

or 
(2m - 2)(2m - 1) = P(P + 1) - 4m + 2 

P(P + 1) = 2m(2m -1) . 

Therefore, P = 2m - 1, an odd integer. Similarly, A~(O) becomes zero only if 
P = 2m - 2, an even integer. 
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Thus, for x = 0 and p = n, an integer, it is convenient to remove the poly­
nomials from both Zl and Z2 and to classify them as p". The remaining functions 
are called Q", and Co is so chosen that 

_ (-1),,/sn! 00 (-1) ... ..1;,.(0)ZI ... 
p" (z) - 2"[(n/2) !]I L - (2m)! ' 

... =0 

p. (z) = (- 1)("+1)/1 n! Z ~ (- 1)'" ..1;"(1) zS ... 

" 2"-ll(n;-1)!rt=0 (2m+1)! 

n even, I 
n odd. 

(7.B5) 

Q (z) = (-1)"/12"[(n/2)!]l z ~ (-1) ... ..1;,.(1)zs ... 
" n! £...J (2m+1)! ' 

... =0 

Q (z)= (-1)("+1)/12"-1 [(n-1),]2~ (-1) ... ..1;,.(0)ZI ... 
" n! 2' £...J (2m) ! ' 

... =0 

n even, I 
n odd. 

(7.B6) 

Fig. 7.10. Ordinary Legendre functions Q" (x). All are infinite at x = ± 1; all approach zero as x-+oo 

P,,(z) and Q"(z) for the interval (- 1, + 1) are shown in Figs. 7.07 and 7.0B. 
These are the ordinary Legendre functions, which will be employed only for x = 0 
and p = n, an integer. They must be clearly distinguished from the general 
fUllctions ~$ (xa, z) and ~ (x a, z), which do not reduce to Eqs. (7.B5) and 
(7.B6) but which are required except in the above special case. 

The first six functions [46] obtained from Eq. (7.B5) are 

J1(z) = 1, 

1l (z) = z, 

Pz (z) = t (3 Z2 - 1). 

Pa(z) = t (5z3 - 3z). 

l{(z) = 1 (35z4- 30 Z2+ 3). 
1Hz) = 1 (63 z5 - 70z3+ 15 z). 

Graphs are given in Figs. 7.07 and 7.09 for real values of z. 
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Legendre functions of the second kind may be obtained from Eq. (7.86): 

Qo(z) = tanh-1 z = ~-ln (~-+ z_). Izl < 1; 
1-z 

Qo(z)=coth-lz=!ln(;~:). Izl>1; 
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Fie· 7.12. Ordinary Legendre functions 0& (x), 0: (x), 0i (.), Q. (x) 

Ql (z) = zQo(z) - 1, 

Q2(Z) = P2(Z) Qo(z) - !-z. 

Qa (z) = Fa (z) Qo (z) - ~ Z2 + i. 
Q4(Z) = 1Hz) Qo(z) - .!I8~z3+ -~-!z, 

Qa (z) = Ps (z) Qo (z) - S>8~ z4 + ~89- Z2 - 185 ' •••• 
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These functions are indicated in Figs. 7.08 and 7.10. Other graphs are given in 
Figs. 7.11 to 7.14. The general solution of Legendre's equation {112D}, with 
p=n, is 

Z = A l~I(z) + BQII(z) , 

/1/{) 
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Legendre associated functions [45]. The general fonn of the Legendre equation 
{222} is 

(1_Z2) _ - -2z -- + P(P+1)- Z=O. d2Z dZ [ q2 1 
dz2 dz 1 - Z2 

(7.87) 

If the constants are integers, the general solution is 
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where p.!" and Q': are the Legendre associated functions. 

For Izl > 1, 

p .. "'(z) = (1- Z2)"'/2 d:~nJ~ 'j 
Q': (z) = (1 - Z2)"'/2 d"'d~"". (z) . 

P. ... (z) = (Zll - 1 ) ... /11 d'" P" (~ j 
.. dz'" ' 

Q':(z) = (zll-1) ... /2 d"'d~""'(z) . 

Definite integrals .. 

P" (z) = ~ ! [z ± (Zl- 1)1 cos u]" duo 
o .. 

P. (z) =~! du 
.. :It [z =f (Zl - 1)1 cos u1"+1 . 

o 
cos-Iz 

P,.(z) =~! cos(n+i)udu. 
:It [2(cosu-z)]1 

o 

" P,,(z) =~! sin(n+i)udu • 
:It [2(Z - cosu)], 
COS-IS 

1 

Q .. (z) = ~ ! :~~ duo 
-1 

00 

Q .. (z) =! du 
[z + (Zl- 1)1 cosh u]"+1 

o 
" 

For Izl < 1, 

p ..... (z) = 2"'m! (n+m)! (z2_ 1) ... /2! sinl"'udu 
(2m) ! (n - m) ! [z + (Zl - 1)1 cos. u]"+"'+1 . 

o 
00 

(7.88) 

(7.88a) 

Q"'(z) = (-1)'" 2"'(n+m)!m! (ZI-1) ... /2! sinh· ... udu 
.. (n-m)!(2m)! [Z+(ZI-1)lcoshu] .. +m+J' 

o 
(n - m) ~ 0 and z not on real axis between ± 1. 

00 

Q':(z) = (-1)'" n!! coshmudu 
(n - m)! [z + (Zl- 1)1 cosh u]"+ 

o 
n ~ m and z not on real axis between ± 1. 

Relations 
np" - (2n - 1) ZP,,-1 + (n - 1) P,,- B = O. 

dB. 
(z2-1) d: = - (n+1)(zP .. -P,,+1)' 

(n + 1) (P"+1 - z P") - n(zP .. - P"-1) = O. 

nP. = z dp" _ dp,,-t 
.. dz dz' 

(n + 1) P" = - z ~; + d~z+t • 
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(2n + 1) (Z2- 1) ~; = n(n + 1) (P,,+1- P"-I). 

n Q" - (2n - 1) z Q"-1 + (n - 1) Q"-2 = o. 
(2n + 1) Q = dQ"+1 _ dQ"-l . 

.. dz dz 

P" Q .. -l - P"-1 Q .. = 1/n. 
P. Q _ P. Q _ (2n - 1) z 

.. ..-2 .. -2 /I - (n _ t) n • 

P. dQ .. _ Q dp,. = (1 _ ZI)-I . 
.. dz .. dz 

P"",+2+ 2(m + 1) z a P,."'+I- (n - m) (n + m + 1) p .. '" = o. 
(Zl- 1) 

(2n + 1) zp" ... - (n - m+ 1) p .. +1 - (n + m) P .. ~1 = o. 
(n - m + 2) p .. + 2 - (2n + 3) ZP,,+1 + (n + m+ 1) p .. "'= o. 

Orthogonality. Solutions of the Legendre wave equation {224} are 

&'/ (~a, z) and !lJ (~a, z) . 
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Either of these functions, with proper boundary conditions, forms an orthogonal 
set on an arbitrary interval (a, b). According to Table 7.01, 

b 

J &'/ .. ("a, z) &'3,. ("a, z) dz = 0, 

" and 
b 

J!lJ... ("a, z) !lJ.. ("a, z) dz = 0, m =F n. 
" 

Therefore, an arbitrary function I (z) may be expressed as a series of either 
&' or ft functions, 00 

I (z) = ~ A ... &'/ .. (" a, z), 
... =0 where 

b 

A", = ~'" J I(z) &'1..(" a, z) dz, 

" 
b 

N", = J [&'1..(" a, z)]ldz. 
" 

For the ordinary Legendre polynomials, 
1 

J:I' P,,(z) dz =0, k = 0, 1, 2, ... (n -1). 
-1 

1 

J:I' P. (z) dz = k (k - 1)(k - 2) ..• (k - n + 2) 
.. (k + n + 1) (k + n - 1) ... (k - n + 3) 

o 
1 

J p ... (z) P,.(z) dz = 0, m =F n. 
-1 

1 

J [p ... (z)]ldz = 2m\ 1 • 

-1 
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An arbitrary function t (z) may be expressed as 
00 

t (z) = L Am P'" (z), 
where 

1 

Am = 2m/! f t(z) Pm(z) dz. 
-1 

7.13 LAME FUNCTIONS 

The wave functions. In the Lame wave equation {1113}, a1 may be set equal 
to zero without loss of generality. Then 

d2Z + 1 [1 + 1 __ + __ 1_] dZ ) 
riz2 2 z z - b z - e dz 

+ 1 l (b 2 +C2 )q-P(P+ 1)Z+"2Z~]Z =0. 
4 z (z - b) (z - e) 

To obtain a series solution about the origin, let 
00 

Then, according to § 7.03, 
z =zPLC,z'. 

,=0 

Also, 

b+e 
Al = - --2be- , 

A2 = - 2(~e)2 [b2+ e2], 

1 
A, = be [A,-l (b + c) - A,-2] 

Bo=O, 

_ q(b2 +e2 ) 
B1 - 4be- --- , 

for j> 2. 

B 2= 4(~e)2 [q(b+e)(b2+e2)-p(p+1)be], 

(7.89) 

B J = 4 (~e)3 - [q (b2+ e2) (b2+ be + e2) - P (P + 1) be (b + e) + x 2 (be)2J, 

1 
B,= be [B,_l(b+c) - B,-2] for j> 3· 

The indicial equation is 

b1 = !, b2 = o. Therefore 

!A1+ B1 t 

fJ(fJ - !) = 0, 

!A2+ B2 tAl + B1 

o 
5 

o 
o 

o 
o 
o 

(j - !) (j - 1) 

(j -!) Al + B1 

, (7.90) 
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and Bl I ° ° ° B2 Al+Bl 3 ° ° Ba A2+B2 2Al + Bl 15 

° LlI (0) = 2' (7.91) ...... 
...... (j - 1)(j -I) 

Bi A I - 1 + B,- 1 • (f - 1) Al + Bl 

The solutions of the Lame wave equation are 

Z = C z& ~ (- 1)1 22i ,1,m! I 
1 0 L.. (2j+1)! ' 

,~o (7.92) 
_ 00 (_ 1)i 22' ,1, (0) zl 

Z2-CoL--(2~)! --. 
,~o J 

It is customary to express Lame functions with a different variable. If z = C2 
and Co = 1, we have the Lame wave junctions 

00 (-1)1221 ,1lm C2 i I 
tfft(x, C) =C L --(2jT1)!-' 

,~o (7.92 a) 
§,q( r) = ~ (-1)i 22 ' ,1,(0) C2 i 

p x," L.. (2 .)! 
,~o J 

The general solution of Eq. (7.89) is then 

Z = Atfft(x, C) + B$"t(x,C). (7.93) 

The series are convergent within a circle about the origin and extending out to 
the nearest singularity. The same procedure, however, may be employed in 
expanding about any other point. 

Polynomial solutions. The solutions (7.92a) and (7.93) apply also to the 
ordinary Lame equation {iii 2} and to the degenerate case {1111} where p = 0. 
There are a few very special cases in which the infinite series reduce to poly­
nomials [47J, much as with Legendre polynomials. These are the ordinary Lame 
functions E~(z) treated in books on the subject. Not only does x have to be zero 
and p an integer, but q must be related to p in a definite way to allow a poly­
nomial. 

Case I. Co = 1, {3 = 0, x = p = q = 0, $"00(0, z) = 1. 

Case II. Co = 1, {3 = 1, x = 0, p = 2, q = 1, 1112(0, z) = z. 

Case III. Co = 1, {3 = 0, x = 0, p = 2, 
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Polynomial solutions of higher degree also occur for discrete values of p and q. 
Other interesting special cases can be expressed in closed form: 

§'.lQ (0, z) = .'b (Z3 - b2)l if q cl 

. = 112+c2 ' 

~Q (0 z) = ~ (Z3 _ c2)i if q = _b_2 _ 
'1C b2 +C2 ' 

~l (0, z) = -'}c [(Z2 - b2) (Z2 - c2)Ji. 

Related to these solutions are further solutions which reduce to polynomials 
times square roots, for suitable values of p and q. 

Orthogonality. Solutions of the Lame wave equation {1113} are 81 (x, C) 
and ~I (x, C). These functions may be employed in expressing an arbitrary 
function t(C) over an arbitrary interval (a, b). According to Table 7.01, ortho­
gonality is obtained with a weighting function, assuming Sturm-Liouville bound­
ary conditions. Thus, for example, 

b 

f -~ 81 .. (x, C) t!1 .. (x, C) dC = 0, m =F n. 

Thus, a 
00 

t(C) = LAm 81 .. (x, C) , 
where m=O 

b 

Nm = f: [81 .. (x,C)J 2 dC. 
a 

A similar expansion can be made on qm' or the ~-functions can be employed 
instead of the 8-functions. 

7.14 WANGERIN FUNCTIONS 
Equation {1122} is written [48J 

dlZ + ~ [_'_ + _1_ + ~l dZ + ~_ [Ao+A~z+Alz21z = ° (7.94) 
dz. 2 z - b z - c z dz 4 Z2(Z - b)(z - c) , 

if as = 0. For a solution about the origin, 
00 

Z =zP L C,i. 
;=0 
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The tnethod of § 7.02 then gives 

Ao=1, 

Also, 

Al = - b2tcc, 
All = - 2(~C)1 [bl + cl], 

1 
A;=liC[Ai-l(b+c)-Ai - I ], j>2. 

B _.40 
0- 4bc ' 

1 - -
BI = 4(bc)1 [Ao(b + c) + Al bc], 

1 - - -
B. = 4(bc)1 [Ao(bl + bc + cl ) +AI bc(b + c) + A.(bc)lI] , 

1 
Bi=liC[Bi-l(b+c)-Bi-.], i>2. 

Therefore, the determinant is 

PA1+B1 <p+1)lI+Bo ° ° . . . ° 
PA.+B. <p+1)A1+B1 <p+2)I+Bo 0... ° 

213 

tJi{p) = ~~~~~8 .. ~:+,1~~I.~~I .. ~~.2).~1~.~1: : : : : .. , .0 ...... (7.95) 

.............................. <P+i-1)I+Bo 

PAi+Bi (,8+1)Ai- I+Bi- 1 ............. <P+i-1)AI +B1 

The indicia! equation gives 

bl = + (_ ,,&,)l 
4bc ' b. = _ (- ..&.)' 

8 4bc ' 
and the solutions are 

(7.96) _ LOO (-I)/..1i(b.)z1 
Z.-Co . , 

1 
/-0 II [(bl + 1)1 + BoJ 

I-I 

if bl and bl are distinct and do not differ by an integer. 
The Wangerin/unctions maybe defined for Co = 1, b = 1, c = 1lkl, Ao= - qlc, 

~ = - PiC, A. = 1 - qt. Then Eq. (7.96) becomes 

00 

fT,f(k z) = ~ (- W'..1",(-q/2)Z'" ", ~ '" ' ._0 II [(1- q/2)1- ql/41 
I-I 

(7.96 a) 
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where 
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Ao=1, 

A =-(~) 1 2e' 

AI = _ (~+ CIt) 
2e2 • 

1 A,= [A,_d1+c)-A,_2] forj>2: e 
Bo = - q2/4, 

Bl = - _1 [q2(1 + c) + PI], 
4e 

B2 = - ~I [q2(1 + C)2+ P2(1 + c) - c]. 
4e 

B,=-~- [B;_l(1+c) - B,-z]. e 
Equation (7.96a) converges for a circular region with center at the origin and 

extending out to the next singularity. The same procedure allows the [/' and :T 
functions to be expanded about any other point. 

Orthogonality. The Wangerin functions [/'I(k. z) and :TI (k, z) form orthogonal 
sets, with weighting function, on an arbitrary interval (a, b). With Sturm­
Liouville boundary conditions and with weighting function w = z/u, 

b 

J ~- [/'I...(k. z) [/'I .. (k, z) dz = 0, m '*' n. 
II 

An arbitrary function I (z) may be expressed therefore as 

where 

OQ 

I (z) = L A", [/'1 .. (k, z) dz, 
",=0 

b 

A ... = ~'" J-~/(z)YpIl,..(k,z)dz. 
II 

b 

N". = J : [[/'I...(k, z)]2dz. 
II 

This result applies equally well to the or-function. 

7.15 HEINE FUNCTIONS 

The Heine equation {1222} is 

d2Z + ~ [_1_ + _2 _2_]_t!Z + ~_ [..40+ ..41z+ ..4sz2 + A~Z3]Z = 0 (7.97) 
dz· 2 z z-b + z-e dz 4 z(z-b)S(z-e)S ' 

if al = O. By the method of § 7.03, expanding about z = 0, 

Ao=t, 

Al = - (b+..cl 
be • 

_ (b l +e2) 

A2 - - (be)S • 

A, = b1e [A,-l (b + c) - A,_z] for j> 2. 
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Also, 
Bo=O, 

B - .10 
1 - 4(bc)2 ' 

1 --
B2= 4(bc)3 [2(b+c)A O+beA1], 

1 - --Ba = -4"(bc)4 [(3 b2 + 4be + 3 e2) Ao+ 2be (b + e) Al + (be)1I A 2], 

B4 = 4 (~Cf' [2 (b + e) (2b ll + be + 2e2) A~ 

+ be(3 b2 + be + 3e2) Al + 2(be)2 (b + e) XI + (be)a Aa], 

B, = (b~)2 [2B,_1 be(b + e) - Bi_2(b2 + 4be + e2) 

+ 2Bi-a(b + e) - B,_4] for i> 4. 

The indicial equation is 
P(fJ-i) =0, 

so b1 = I, b2 = o. For P = b1 = I, the determinant is 

jA1+ B1 
iA 2 + B2 

Lfim = 
iAa+ Ba 

IA,+B, 

For P= b2 =0, 

B1 

I 
IA 1+ B1 
IA 2 + B2 

1 
"2 

B2 A1+B1 

0 0 
10 0 -2-

tA1+ B1 21 
z· 

.. 

0 0 

3 0 

Ba A 2+B2 2A1 + B1 15 

,1, (0) = T· 
... . . . .. . ... . . 
... . . . . 

B, A,-l + B,-l ... 

Thus the solutions of Eq. (7.97) are 

o 
o 
o 

(i-i)(i-1) 
(j -i) Al + B1 

0 

0 

0 

(i - 1) (i - i-i) 
(i - 1) Al 4- B1 

Z =c z~~ (-1)i22iLl,(~ I 
1 0 L.J (2j+1)! ' 

1=0 

_ ~ (-1)i 22i lfj(O)zi 
Z2 - cu L.J (2j)! . 

,=0 
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(7.98) 

These series are convergent within a circular region whose center is at the origin 
and whose perimeter passes through the nearest singularity (. = b). 
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The form of Eq. (7.97) needed in field theory has b = 1, Ao = - p2 C2, 

A~ = P2c(1 + c) - q2(1 - C)2+ 2c, .42 = - [P 2 C -+- 2(1 + c)], As = 2. Setting 
Co = 1 and e = 1/k2, we obtain the Heine functions: 

where 

Cl/l.q(k ) = l~ (-I)i2Ii L1;(t)zi I 
p ,z z ~ (2j+l)! ' 

1=0 (7.99) 
"l':q(k )=~ (-I)i22i L1;(o)zi 

p ,z ~o (2j)! ' ,= 

A 1 =-(1+e)/e, 

AI = - (1 + e2)/e2, 

A, = ~ [A i - 1 (1 + e) - Ai - 2] for i> 2; c 

Bo=O, 
pI 

B1 = -4"C' 

B2=-~1 [P2(1+c)+q2-2cJ, 
4c 

Ba = - --!. [P2(1 + e + c2) + 2q2(1 + e) - 2c(1 + c)], .... 
4c' 

Orthogonality. Like the other functions of this book, the Heine functions form 
orthogonal sets on the arbitrary interval (a, b) with respect to a weighting func­
tion w (z). With Sturm-Liouville boundary conditions, 

b 

f w(z) GW/ ... (k, z) GW/"(k, z) dz = 0, m * n. 
a 

Therefore, an arbitrary function of z may be expressed as 

00 

f (z) = LAm GW/ .. (k, z), 
m=O 

where 
b 

Am = ~m J w(z) f(z) GWjm(k, z) dz, 
a 

b 

~ = f w (z) [GWp~ (k, Z)]2 dz. 
a 

These relations hold also for the functions "YI (k, z), the weighting functions 
being taken from Table 7.01. 
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APPENDIX 

SYMBOLS USED IN THE TEXT 

A. B. C. D =constants. 
Ai = coefficients in series expansion of [(z-zo) P(z)]. Section VII. 

Ao.AI' ... = constants in Q-tenn of a B6cher equation . 
.91= area. 
a = distance to focus. 

a, b. c. } = constants. 
a.. a2 • aa 

a.. "2. Oa } = unit vectors. 
"~. "Y'"' 

B.=coefficients in series expansion of [(Z-zo)2 Q(z)]. Section VII. 
911 = Baer function. 

hI' h2 = roots of indicial equation, § 7.02. 
C,. = coefficients in series expansion of Z. 
~I = Baer function. 

c =a constant. 
ce ... = a Mathieu function. 

D;(fJ) = (fJ-b2) • C;(fJ). § 7.01. 
E=a vector. 

E I • E I , Ea = components of the vector E. 
E! = ordinary Lame polynomial. 
II = generalized Lame function. 

e =2.71828 ... 
F: = ordinary Lame function of second kind. 
'1 = generalized Lame function of the second kind. 

I. =a function of u·. 
fe ... = a Mathieu function. 

gu. gu, gaa = metric coefficients. § 1.01. 
g =gu gu gas· 

ge ... = a Mathieu function. 
h = a constant. 
i=V-1. 

J p = Bessel function of first kind. 
n/I 

K = J d rp • ' complete elliptic integral. 
(1 - k 2 sn l rp) 

o 
n/I 

K' = f d rp •• complete elliptic integral. 
(1-k'lsnlrp) 

o 
k =hl -h2 , § 7.02. 



Appendix 

k = modulus of elliptic function. 
k'=(1-k l )l. 
L =an operator, Section VII. 

M;j = cofactor of element fIJi; in the Stiickel matrix. 
m, n = integers. 

N,. = nth norm. 
P" (z) = ordinary Legendre polynomial. 

p" ... (z) = Legendre associated function. 
P(z) = coefficient in Bacher equation, Section VI. 

gJl = generalized Legendre functions of first kind. 
p, q = constants, not necessarily integers. 

Q .. (z) =ordinary Legendre function of second kind. 
Qr:: (z) = Legendre associated function. 

Q =a function of u1, u2, u3 used in R-separation (Section IV). 
Q(z) = coefficient in Bacher equation. 

!2g = generalized Legendre function of second kind. 
R(r) =a function of r. 

R =a function of ul, u2, u3 used in R-separation (Section IV). 
r, 0, A = conical coordinates (Table 1.09). 
r, 0, 'IjJ= spherical coordinates (Table 1.05). 
r, 'IjJ, Z = circular-cylinder coordinates (Table 1.02). 

S = Stackel determinant. 
[S] = Stiickel matrix. 
9'1 = Wangerin function. 

s = distance. 
se ... =a Mathieu function. 

T = a function of time. 
!rl = Wangerin function. 

t=time. 
Ui = a function of u'. 
f7IJl = Heine function. 

u1, u2, u3 = general coordinates. 
u(z), v(z), w(z) =parameters in the Sturm-Liouville equation (§ 7.07). 

"1'"= volume. 
"If,q = Heine function. 

if; , if;; = Weber functions. 
w =u +iv, a complex number (Section II). 

X, Y, Z = functions of x, y, z, respectively. 
x, y, z = rectangular coordinates. 

tW .. = Bessel function of the second kind. 
Z = a function of z. 

ZI' ZI = independent solutions of a Bacher equation. 
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~ = generic designation of Bessel functions, including Bessel functions of 
first, second, and third kinds and their linear combinations. 

Zo = singular point. 
z =X +iy, a complex number. 
z = complex conjugate of z (Section II). 
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(X; = separation constant. 
P =a variable (Section VII). 
r=gamma function (Section VII). 
/' =a constant. 
/,=0.577215 7 ... , Euler's constant (Section VII). 

L1; = a determinant. 
C = independent variable. 

H('Yj) = a function of 'Yj. 
'Yj =a coordinate in elliptic-cylinder coordinates (and in other systems). 

'Yj, 0, A = ellipsoidal coordinates (Table 1.10). 
'Yj, "P, z =elliptic-cylinder coordinates (Table 1.03), and other cylindrical systems 

(Section III). 
e = a function of O. 
o = angle from z-axis. 
,,=constant in Helmholtz equation. 
A = a function of A.. 

M(f.l) =a function of f.l. 
f.l, 11 = coordinates. 

f.l,lI, z = parabolic-cylinder coordinates (Table 1.04), and other 
cylindrical systems (Section III). 

f.l,lI, "P = parabolic coordinates (Table 1.08), and other rotational systems 
(Section IV). 

f.l, v, A = paraboloidal coordinates (Table 1.11). 
N(v) =a function of v. 

~ = a coordinate in alternative circular-cylinder coordinates and in alter­
native spherical coordinates. 

~=3·14159 ... 
«Pi; = element in Stackel matrix. 

({J = scalar potential. 
'P = a function of "P' 
"P = angle about the z-axis. 
D =a solution of Laplace's equation (Section I). 

172 = scalar Laplacian. * = vector Laplacian. 
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