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PREFACE

Let us first state exactly what this book is and what it is not. It is a compendium
of equations for the physicist and the engineer working with electrostatics, magne-
tostatics, electric currents, electromagnetic fields, heat flow, gravitation, diffusion,
optics, or acoustics. It tabulates the properties of 40 coordinate systems, states
the Laplace and Helmholtz equations in each coordinate system, and gives the
separation equations and their solutions. But it is not a textbook and it does
not cover relativistic and quantum phenomena.

The history of classical physics may be regarded as an interplay between two
ideas, the concept of action-at-a-distance and the concept of a field. Newton’s
equation of universal gravitation, for instance, implies action-at-a-distance. The
same form of equation was employed by CouLoMB to express the force between
charged particles. AMPERE and Gauss extended this idea to the phenomenological
action between currents. In 1867, Lubvic LoreENz formulated electrodynamics
as retarded action-at-a-distance. At almost the same time, MAXWELL presented
the alternative formulation in terms of fields.

In most cases, the field approach has shown itself to be the more powerful.
A partial differential equation is solved, and boundary conditions are fitted to
give a unique solution of the problem. The partial differential equations of classical
physics, considered in this book, are the Laplace equation, Poisson equation,
diffusion equation, scalar wave equation, and vector wave equation. Several
methods of handling these equations are possible, but separation of variables is
generally the most valuable. The procedure is as follows:

(1) Transform the partial differential equation into the coordinate system
that fits the geometry of the problem.

(2) Separate this equation into three ordinary differential equations.

(3) Obtain solutions of these ordinary differential equations.

(4) Build up the unique solution that fits the boundary conditions, using as
building blocks the particular solutions obtained in (3).

The amount of labor involved in solving a practical problem by this method,
particularly when the required coordinates are unfamiliar, is rather formidable.
One may well hesitate about embarking on such a program; and this hesitancy
is probably responsible for the dearth of engineering solutions of field problems.

Most of the labor, however, occurs in the first three steps; and fthese parts of
the solution can be completed, once for all, and the resulls tabulated. This is the
purpose of the Handbook—to remove the routine drudgery from field solutions
so that the scientist can concentrate on (4), the unique and important part of
the work. No such tables have been available previously.

The range of problems that can be handled by separation of variables depends
to a marked extent on the number of available coordinate systems. Accordingly,
we have not limited ourselves to the eleven systems of EISENHART but have
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chosen a number of others, bringing the total to 40. This by no means constitutes
the totality of possible coordinates that allow simple separation or R-separation,
though it includes most systems of reasonable simplicity and usefulness. Methods
of obtaining further coordinates are explained in our book Field Theory for
Engineers (D. Van Nostrand Co., Princeton, N. J., U.S.A., 1961).

For each of the 40 coordinate systems are given the relations to rectangular
coordinates, the Stickel matrix, metric coefficients, gradient, divergence, and
curl, the Laplace and Helmholtz equations, the separation equations, and the
solutions of these equations. Also listed are a tabulation of all the ordinary
differential equations of field theory and their solutions, also a bibliography of
works dealing with the mathematical functions involved.

Every equation has been checked independently by the two authors. But in
a work that includes so many mathematical expressions, many of them given
here for the first time, complete freedom from error would approach the mira-
culous. Any suggestions regarding errors or improvements will be greatly ap-
preciated.

To a pure mathematician, our tabulations will seem ludicrously redundant.
We have listed all special cases, even when they are obtainable from the basic
form by a simple functional transformation. In this respect, the Handbook is
similar to a table of integrals, whose practical value resides precisely in its re-
dundancy.

We hope that the book will help the research worker in two ways:

(a) By providing new coordinate systems, thus extending the range of engineer-

ing problems that can be handled by separation of variables, and

(b) by freeing him from much of the annoyance and wasted effort usually

associated with the routine part of the solution of partial differential
equations.

The Authors
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Section I

ELEVEN COORDINATE SYSTEMS

The book is limited to orthogonal coordinate systems in euclidean 3-space.
Skew coordinate systems do not allow separation of variables and will not be
considered.

One method of obtaining new coordinates—a method employed particularly
by LaME [I]* and by DArRBoux [2]—is to study all the surfaces of a certain
class and to determine what combinations of these surfaces will give orthogonal
intersections. For surfaces of the first degree, we find only rectangular coordinates.
Proceeding to equations of the second degree (and degenerate cases), we obtain
the eleven coordinate systems of this section. EISENHART [3] has shown that all
these systems allow simple separation of the Laplace and Helmholtz equations.
Other coordinate systems, such as those built from fourth-degree surfaces [4],
may have practical applications; but the eleven are undoubtedly the most im-
portant.

The use of esoteric coordinate systems may be of value, even in simple geo-
metric considerations where field theory does not enter. With a spheroid, for
instance, spheroidal coordinates eliminate the cumbersome mathematical expres-
sions obtained with rectangular coordinates and allow the simple determination
of areas and volumes.

But these unusual coordinate systems are particularly valuable in field theory.
To express boundary conditions in a reasonably simple way, one must have
coordinate surfaces that fit the physical boundaries of the problem [§]. In
considering heat flow in a bar of elliptic cross section, for instance, one uses el-
liptic-cylinder coordinates; in calculating the effect of introducing a dielectric
sphere into an electric field, one uses spherical coordinates; in obtaining the radia-
tion from a slender spheroidal antenna, one uses prolate spheroid coordinates.
Thus the range of field problems that can be handled effectively by an engineer
or physicist will depend upon the number of coordinate systems with which he
is familiar.

1.01 METRIC COEFFICIENTS

An orthogonal coordinate system (!, 42, ¥3) may be designated by the metric

coefficients g,;, g22, £3s- An infinitesimal distance is written [§]

(@5)® = g11(d%)*+ g2 (A4%)*+ g3 (d4s*)?, (1.01)

_[ox1\2 ox2\2 ox% \2
=G5 ¢ (2 4 (257 109
and #* are rectangular coordinates.
* See Bibliography at end of the book.

where
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In parabolic coordinates, for instance, let u!=u, 42=v, ¥*=y. Then

=puvcosy,
22 =pvsiny,

2 =g (ur—1%).
The metric coefficients for parabolic coordinates are obtained by use of Eq. (1.02):

§11= (Z_’:)er (Z_f)z+ (%,L_a),= (vcosy)? + (vsiny)? + pP=p? + 2.
Similarly,

Gea=p2 4+, gy =pt.

Knowing the metric coefficients, one can easily write equations [6] for volume,
gradient, curl. etc. Equation (1.01) shows that infinitesimal distances along the co-
ordinate axes are (g,,)¥ du?, (g55)* du?, (g33)} d4®. Thus an element of area on
the #'u?-surface is

Aol = [(g1))* du'] [(20)} d*] = (g11800) A d . (1.03)

Similarly, an element of volume is

AY= (g1 8aates) A9 dud dud = ghdui du? dvd. (1.04)

For example, what is the area of a paraboloid of revolution (u=g,) from the
vertex to a definite height designated by »,? Parabolic coordinates (u, v, y) are
employed, with

811= 8= H+ 1", gy =p*v.
Thus, from Eq. (1.03),

dat = pov(uy + v)tdvdy.
The total area is

25 v,

d=ffl‘o”(l"o+”')‘d”d1l’=%[(#3"‘”:)'—#3]-
00

Gradient in orthogonal curvilinear coordinates (!, 42, 43) is

adg—=_%_029 . @& %9 , 6 09 (1.05)
BTGP = ot 0 T (g )b 08 T (gt 0w

where @,, a,, a; are unit vectors.
Divergence is expressed as

divE =g+ {2 [glgu) Bl + 55 [(elesa)t Esl + - [elen) Eal}. (1.0

Curl is

curl B= g~ {a; (g1} [ -2 [(ens)t Ea] — 55 [(Ea)® ]
+ @5 (gz0)? [ 32. [(g1) Ex] — ai, [(gss)* Es]l (1.07)

+ a5 (gss)t [ az, [(gee)* E5] — 52—, [} El]]} ,
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or
a,(211/8)t  a5(gasfe)t  @3(gssle)
a 2 2

ut out out
@' E: (€' Es (g Es
The scalar Laplacian of ¢ is defined as

V2p = divgrad ¢. (1.08)

curlE = (1.07a)

In orthogonal curvilinear coordinates,

.
Vie = g‘*Z Frdrn am (1.09)

As an example, write Laplace’s equation in parabolic coordinates. Since
== p2 4+,  Ga=ptrt, g=pur(pt+),
Eq. (1.09) gives
to— 1 {__3_. ﬂ] i[ o [(u*+) 39’}
vhe w@ o \on [* ou) T o vl T[T wv el
so Laplace’s equation is

Pp 1 09 , P 1a¢] 1 g
p’+v’[3y’+y 8;4+ 87’+ v ov +,u’v’ aw'o‘

The vector Laplacian of E is defined as [6]
XX E = graddivE — curlcurl E. (1.10)
In orthogonal curvilinear coordinates (u!, u2, %), the general expression is [§]

O E Eal{( ‘), S+ el [ — 23}
+ay{— - '), P e [o — 2]} (1.41)
ro g + el [ — 52}

where

T=divE,

L= % {az. [(gss)? E5] — ‘5—2? [(g,,)lE,]} )

L= gg_f { aa, [(g) Ei] — —ir [(gss)? Ea]} )

L= S L0 [lga Ead — 555 Lo Eil}.

1.02 DIFFERENTIAL EQUATIONS
The partial differential equations considered in this book are as follows:
(1) Laplace’s equation, V3¢ =0.
(2) Poissons’s equation, V3p = — K(1, 43, ?).
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(3) The diffusion equation, I2¢ = % %‘i’;'
i 29— 1 %9
(4) The wave equation, V2¢ = Lot
(5) The damped wave equation, V2 = . P9  p oy
pe quation, = o + Lo
(6) Transmission line equation, V2¢ = 215 %’_t% IR % +So.
(7) The vector wave equation, ¥x E = % aé; th '

In electrical problems, ¢ represents the electric potential (volts); in magnetic
problems, ¢ is the magnetic scalar potential (ampere-turns); in thermal problems,
@ is the temperature (deg. cent); in gravitation, ¢ is the gravitational potential
(joule kg™1); in vibration applications, ¢ is displacement (); in hydrodynamics
and acoustics, ¢ is the velocity potential (m?2sec).

The solution of any of the scalar equations in the foregoing list may be reduced
to a solution of the scalar Helmholtz equation,

VU 422U =0. (1.12)

For the diffusion equation (3), let
Uw') T(2),
where U is a function of the space coordinates and T is a function of time only.
Substitution into the diffusion equation allows the separation of the time part,
giving
V2U 4+ x2U =0, ]

aT 212 (1.13)
W—{—n T =0,

where #x is the separation constant.
Similarly, separation of the wave equation (4) gives

ViU+4 »x2U=0,
aT (1.14)

dag

+x2c2T =0.

For the damped wave equation (5),
V2U + 22U =0, }

T 2 dT
i TR

4 x22T=0. (115)

With (6),

VRU 452U =0,
(1.16)

a:T 2 AT N 2T
— + R¢ W—i—(S—i—x)c T=0.

The solution of the Helmholtz equation depends on the space variables and
the boundary conditions, and will be different for each problem. The equation
in time, however, is independent of the coordinate system. Thus the solution
of the diffusion equation (3) is always

@ = U(ul, u?, ud) e *?, (1.17)
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and a particular solution of the wave equation (4) is
— 1.2 .3 SN
@ U(u,u,u)cos(xct). (1.18)
For the damped wave equation (5),
@ =U(ul, u?, u3) e~ L fat—wtetbe (1.19)
where a = Rc?[2. There are three cases:
(a) Overdamped (o> xc). The solution is given by Eq. (1.19).
(b) Oscillatory (<< xc). The solution may then be written
@ =U(!, u?,u?) [Ae* coswt+ Be *sinwt], (1.20)
where
w = [x2c?— a2},
(c) Critically damped (. =xc), where
@ =U(u!, u?,u3) [Ae=* + Bte ). (1.21)
Evidently (6) is the same as (5) except that
o = [(S + x?) ¢z — a2)}.

The Laplace equation (1) is, of course, merely a special case of the Helmholtz
equation with » =0. The Poisson equation (2) can be reduced to the Laplace
equation by a change of variable. Let

‘ ¢ =2+ 1),
where f(#*) is so chosen that

722 =o0. (1.22)

Thus all the scalar equations mentioned in this section can be reduced to the Helm-
holtz equation (or its special case, the Laplace equation). In this way, the scalar
fields of electrostatics, electric conduction, magnetism, heat flow, and acoustics
can be based on the solutions of the Helmholtz and Laplace equations given in
this book. The vector wave equation requires a somewhat different treatment,
which is given in Section V.

1.03 SIMPLE SEPARATION

The solution of any of the partial differential equations, (1) to (6) of Section
1.02, reduces to a solution of the Helmholtz equation or the Laplace equation [7].
First consider the separation of the Helmholtz equation in 3-space.

The formulation is facilitated by the introduction of the Stickel matrix [8].
With each coordinate system («!, %2, 43) is associated a matrix:

Dy (u')  Dyp(ut) Dyg(u)
[S]=| Py () Pys(u?) Byy(w?) |, (1.23)
Dy (4%) Dy (ud)  Dyy(u)

whose principal characteristic is that each row contains functions of only one
variable (or constants). The Stickel determinant is the determinant of the above
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matrix:
¢11 ¢12 ¢13
S=|d, D,, D,l- (1.24)
¢81 ¢32 ¢33
The cofactors of the elements in the first column are
¢22 ¢28 ¢12 ¢18 ¢12 ¢13
B A e P e [

The necessary and sufficient conditions for simple separation of the scalar
Helmbholtz equation [9] are
8= S/Ml! } (4 25)
gHS = h(w) - fo(u?) - fo (). '
The first requirement introduces the restriction that it be possible to form a
Stickel determinant [10] that is related to the metric coefficients as in Eq. (1.25).
The second requirement states that g#/S shall be a separable product. If these
requirements are satisfied, the separation equations are

i e
v (o) + U 2 By =0, (1.26
i A

Here 1,7 =1, 2, 3; ®,; are elements of the Stickel matrix, and «; are the separa-
tion constants with o, =22

In parabolic coordinates, for example, a few trials show that a possible form of
Stédckel matrix is

ut =1 1pu
[S1=|» 1 1)p?
o o0 1

The form is not unique: many equivalent forms would do just as well. From this
matrix, we find

11
—+t=-

S=pur+vt, M,=M,;=1, M31='u >

Evidently, Eq. (1.25) is satisfied, and

h=uwu, fi=», f=1.
The separation equations are obtained from Eq. (1.26):
-:;{—( dM) + M oy u? — oy + oa5/u®] = 0,
i —) + Niags+ oy + ] =0,
v dv \ dv
d L4 Y we,

These equations are solved for M, N, ¥; and the solution of the Helmholtz equation is

Ulp, v, 9) = M(u) - N(v) - Py).
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By no means all orthogonal coordinate systems allow separation. In tangent-
cylinder coordinates (u, », ), for instance,
B11=82a=(W*+ %)%, gy=1.

A few attempts will convince one that no Stickel determinant can be devised that
will satisfy Eq. (1.25).

The necessary and sufficient conditions for simple separation of the Laplace
equation [9] are

gii _ M,
= M.’
";’ i (1.27)
- = 1fsf3M1-
8ii

The separation equations are again given by Eq. (1.26), but with «;=0.

For any cylindrical coordinate system in which the Helmholtz equation sepa-
rates, the Stickel matrix may be written [7]

0 D, Dy
[S]=|0 By, Dyl- (1.28)
1 0 1

For any rotational system (coordinate surfaces symmetrical about the z-axis),

¢ll ¢12 ¢18
[S]=|®;, Byy Doy (1.29)
o o0 1

1.04 COORDINATE SYSTEMS

The eleven coordinate systems [3], formed from first and second degree sur-
faces, are as follows:

Cylindrical
1. Rectangular coordinates (x, ¥, 2), Fig. 1.01.
2. Circular-cylinder coordinates (7, y, 2), Fig. 1.02.
3. Elliptic-cylinder coordinates (%, y, z), Fig. 1.03.
4. Parabolic-cylinder coordinates (u, », z), Fig. 1.04.

Rotational
5. Spherical coordinates (r, 6, y), Fig. 1.05.
6. Prolate spheroidal coordinates (), 8, y), Fig. 1.06.
7. Oblate spheroidal coordinates (), 6, y), Fig. 1.07.
8. Parabolic coordinates (u,», p), Fig. 1.08.

General

9. Conical coordinates (7, 6, 1), Fig. 1.09.
10. Ellipsoidal coordinates (», 6, 4), Fig. 1.10.
11. Paraboloidal coordinates (u, », 1), Fig. 1.11.
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In the cylindrical systems, the cylindrical axis is always taken as the z-direc-
tion. In the rotational systems, the axis of symmetry is always taken as the
z-axis and the angle about this axis is called y.

The Helmholtz and Laplace equations are simply separable in all these co-
ordinate systems. The separation equations and their solutions are listed in the
following tables.

As an example [11] of the use of the table, take a uniform electric field,
¢ =FE,z.

A metal prolate spheroid 5 =17, at zero potential is now introduced into the field,
the center of the spheroid being at the origin of coordinates. What is the resulting
potential distribution ?

Since the field has symmetry about the z-axis, ¢ is independent of y and the table
gives as particular solutions of Laplace’s equation,

@ = P,(cosh n) P,(cos 6),
@ = Qp(cosh n) P,(cos 6).

The Q-functions of cos § cannot be used because they become infinite on the z-axis.
Assume a solution,

@ = A Py (cosh n) B, (cos 6) + B Q,(cosh 7) P,(cos 6). (1.30)

If this assumed solution does not satisfy the boundary conditions, we introduce ad-
ditional terms, using infinite series if necessary.

Boundary conditions are
n>n,, @¢=EFEjz=EFEjasinhysinb;
{ n=mn, @=0.
When % >7,, Qp(cosh ) -0 and
@ = Ejasinh 5 sin 6 == 4 P,(cosh ) P, (cos 6) .
Thus, to satisfy the first boundary condition,
A=Eja, p=1.
For the second boundary condition,

¢ = 0 = [Eyacosh g+ B Qq(cosh )] cos 6

or
B —— E,a cosh 7, i
Qo (cosh n,)
Therefore, the unique solution of the problem is
_ by — coshr, Qalcoshn) | o ,
¢ = Eya |cosh 5 — cosh 7, Os(cosh o) cos 0 (1.31)

The electric field strength is, according to the table,

1 g o@p
E=—gradg = — [a*—-}-ag—,
afsinhy + sin20)} | 7 97 26

which is evaluated by differentiating Eq. (1.31). The field is plotted in Fig. 1.12.
A similar plot for a dielectric spheroid is shown in Fig. 1.13.
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TABLE 1.01. RECTANGULAR COORDINATES (x,y, ?)

w=x —oolx<+oo, ny
=y, —oo<y<-+oo, \/'L_’f_’\"

b=z, —oo<z<+o00.

z-const x.- const

/

-const
Surfaces of constant x, y, or 2 J

are mutually orthogonal planes
(Fig. 1.01).

The Stickel matrix may be
written

0 —1 —1

[S1=lo 1 o | /

1
|
|
i

x
1 ° : ’ /4/\/
S =1, z
Fig. 1.01. Rectangular coordinates (z, y, 5). Coordinate surfaces are
Mll = M21 = Alﬂl =1. the planes: x = const, y = const, #=const

Metric coefficients
g1 =g2=gs=1, g=1.
/1 = fz = fa =1.

(ds)? = (dx)® + (dy)* + (d2)*.

Important equations

—a 22 o9 o9
gradp =a, x—}—a,, 3y ta -

. o 9E, , 9E, , OE,
WE=Z 4% t %
a a a
e o o
curlE =22 3 B
E, E, E,

pro =2 | Zo | 29

92t 7 8y T 8zt

SEPARATION OF LAPLACE’S EQUATION, V2¢ = 0.

1 d [, aUi i _
KW(/'W) +U’;¢ii°‘i—o'
where o, = 0 and U =X(x), U2 =Y(y), U3=Z(2).
General case
arxX

X _ (0y+ ) X =0,
asy

-d—yT-{—azY=0,

@Z 70

dz?
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If 0y =2 and oy = g2,

%ﬁi — P X =0, {04)* X=Ar+V5 | Bttty
T HPY =0, o4 Y =dAsinpy+ Beospy.
,j:zzz +qZ =0, {04} Z =Asingz 4+ Bcosgqz.

If ay=p* and o= —¢*,
arx 2 g2 X — — 4 o-hx )
S —(pP—g) X =0, {04 X=4de + Be

by

d x?
CY | pry = Y =4si B
'd_yf+P =0, {04} =Asinpy + Bceospy.
2z —gz =0, {04f Z=Ae&"+ Be "
For ¢ independent of z,
13{-—0(2}(——0
dx?

sz +a2Y 0.

If ay =92
X —#$°X =0, {04) X=A Bt
Z;: p2Y =0, {04} Y =Asinpy+ Bceospy.
If oy =—p%
dx=+7’2X 0, {04} X =Asinpx 4 Beospx.
‘fy‘:—pw_o (04) Y =467+ Be?7.
Ifa2=0,
a*x ary — =
TA == fo1} X=44+Bx, Y=4A4+By.
For ¢p independent of y and 2,
%§=m {01} ¢=4+Bx.

SEPARATION OF HELMHOLTZ EQUATION, F2¢ + »2¢p = 0.
1 au’ 2N
fi dut (/’ dut) + U;; ?;a,=0,

where o, = »® and Ul =X(x), U2 =Y (y), U3 = Z(2).

. * The numbers in brackets designate the differential equation in terms of its
singularities (see Section VI).
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General case
arx
G — (etu) X =0,
2
-—j—;’}—; + oo Y= 0,

a*z
L +(ata)Z=0.

If ay =9 and o5 = ¢*,
dzX 2 2 . _ (p*+ ’)ﬁx —(p+ :)L,‘
G — (PP ) X =0, {04} X =APHV 5 B 0+eVx

%¥+p’Y= , {04 Y=Asinpy+Bcospy.
:f;zZz +(x*+¢)Z =0, {04 Z=Asin[(x®+ ¢*)iz]+ Bcos[(x2+ ¢%iz].

If ag= — p* and oy = — ¢2,

11

CX L@+ X =0, {04} X =Asin[(p*+ g x]+ Beos[(p*+ ) 2]

‘;’y‘,’—pzy=o, {04} Y=AeP?+ Be?v.
‘f;j +(2—g)Z=0, {04 Z=Asin[(3@— ¢q*z]+ Bcos[(x*—g?)i2].
If a2=a3=0,
ax ay
'f;zg +x2Z =0, {04} Z =Asinxz+ Bcosxz.
For ¢ independent of 2 ox X —o
S —@X =0,
dry
—d72—+(x2+0(2)Y=0.
I/“z=152'
 — X =0, {04} X =Aet*+ Beots,
fl’y‘,’ F 2+ Y =0, {04} Y=Asin[(x2+p)}y]+ Bcos[(x2+ p3)}y].
If ag=— 2,
CX b X = X=Asi B
— TP X =0, {o4} =Asinpx+ Beospx.
%’7}; + (=) Y=0, {04} Y=4Asin[(x*—p?iy]+ Bcos|(—p?}y].
If a3 =0,
*‘% =0, {01} X=A4+ B=x.
‘;—;‘:-+n3Y=O, {04} Y=Asinxy+ Bcosxy.
For ¢p independent of y and 2,
::’: +x2¢ =0, {04, @ =Asinxx+ Bcosxx.
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TABLE 1.02. CIRCULAR-CYLINDER COORDINATES (7, ¢, z)
y wl=vr, 0= r<oo,
p-T2 y-const  z=const
'uz = 'l/) ) 0 é y) < 2n )
//” i T~ ud=z. — ooz + 00,
— | ///
y L X =rcosy,
~ ; e
p-0 y =rsiny,
= ‘“ ““““ o~ 2 =2.
/// \l Y. }
v.“ -~ .
i ! Coordinate surfaces are
~- I\ x
N A2 4y =2
@ | N . .
" (circular cylinders,
Z 7 = const),
_____ -
tany =y/x
r=const (h J-ol t)
alf-planes, y = const),
y=3m/2 P ¥
Fig. 1..02. Circl.!lar-cylinde coordinates (r,y,z). Coordi »‘ surfaf:es z = const
e o e () ot (planes).
The Stédckel matrix may be written
0 —1/r2 —1
[Sl=]o 1 0.
1 0 1
S=1, M11=1, M21=1/72, M31=1-
Metric coefficients
gn=1, ga=7 g=1, gi=r.
h=r, f=1, h=1.
Addendum see page 12a
Important equations
(ds)? = (a7)? +7*(dy)* + (dz)’-

0 a, 0
gradw_—'af 3Z’+ ¥ ¢+ l
1 OFE,
+7 3'/’ -’r
a a,7 a
_1le & @8
curl BE=15r %% 32|
E, E,r E,
02¢ 1 0@ 1 ¢ ot
2 = L. v 4 - ¥ 4 "7
v or? + r or + 2 Oy? 023



Addendum to page 12

Circular-Cylinder Coordinates

o

Page 12a



Table 1.02. Circular-cylinder coordinates (¥, y, 2)

ALTERNATIVE CIRCULAR-CYLINDER SYSTEM (E, q), z)
Let » =¢*. Then

w=§,  —oco<fi<+oo,
w=y, 0=y<2nm,
ud=z. —o<L2z<+ 00,
x =eélcosy,
y =¢*siny,
z2=1z.
The Stickel matrix is
0 —1 —e
[S1=]0 1 o
1 o 1

S=e, M,=M, =1, M, =
Metric coefficients

g =ga=e", gy=1, gh=e.
f1=f2=fa=1-

Important equations

(ds)2 = ¢ [(d8)* + (dy)?) + (d2)1.

, =t av’

gradgp =e [“e 3¢ + a, +a, az
_¢[OE,; oE,

divE =e [ +E"+T£ TR

ad a,f a,
=2 0 2 2
curl E =e¢ 3 By 1|
E.e* E,é¢ E,
- lid o2
V!¢=e 26{65’_*_ ¢}+ ‘P.

022

SEPARATION OF LAPLACE’S EQUATION, I2¢ = 0.

1 aus i _
Taw (f' du‘) +U ,; % =0,
where ¢, = 0 and U = R(r), Ut = P(y), U3 =Z(2).

General case
AR 1 dR [a, _
“art + r dr _(7’— +%)R_O'
d’w P+ a¥ =0,

d’Z Z +oZ =0.
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If ay = and o = ¢,
a:R 1 dR

PR LLIR _(@ippyR=0, (24 R=A47,6g0)+ BI,(ig)
or* R=AJS,(iqr)+ B%,(iq7).
—3—%+p2Y’=0, {04} ¥ =Asinpy+ Bcos py.
f;:; +¢?Z =0, {04} Z =Asingz+ Bcosgz.
If oy = p* and oy = — ¢*,
d*R
DR Y VIR g R=0, {24} R =A% +BS,g1)
or R=AJS,(qr)+ B%,(q7).
{04} Y =Asinpy+ Bceospy.
s — gz =0, {04} Z=Ae"+ Be .
I/ Ay = 0 and% q »
d*R dR . .
s 1 S — R =0, {14} R = AS,(iqr) + BF,(igq7).
ary
ot =0, {o1} ¥=A4+ By.
d’Z .
& +#Z =0, {044 Z=Asingz+ Bcosgqz.
If ay=03=0,
d*R 1 dR
. 777:0, {01} R=A4+ Blnr.
?f 0, {01} ¥=A4+ By.
%=o, {01} Z=4+ Bz,

For ¢ independent of 2,

d*R 1 dR o
vty A R0
ary
7—2+a2¥7=0.
If ag =2,
@R |, 1 dR P p_ = A -»
Sty L R=0, {04 R=Ar"+ Br?.
Zg_qf_;_ngl:o, {04} ¥ =Asinpy+ Bcospy.
Ifa2=0,
@R 1 dR _ _
A+, =0, {04 R=A4+4Blnr.
%zo' {01} ¥=4+ By.

* If p is an integer, the second form must be employed.
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For ¢ independent of ¢,

@R | 1 dR _

T Ty @ ~BR=0
B oz =0.
If g =g%,

PR LR _gR =0, (14} R=A5,(iqr)+ BYig7).
_‘f_;_zz?+q22=o, {04} Z =Asingz+ Bcosqz.
If a3 = — ¢,

PR LIAR L eR =0, {144 R=A4%(g7) + B%(g7).
_‘%_q22=0, {04} Z=Ae&*+ Be ",
If a3 =0,
PR LI o, {01} R=A+Blr.
2 o, {01} Z=A+B-=.
For ¢ independent of 7 and 2,
Z’;q;=0’ {01} ¢ =4+ By.
For ¢ independent of ¢ and 2,
Lo 1122 o, {01} =4+ Blr.

SEPARATION OF HELMHOLTZ EQUATION, V2¢p 4 »2¢p = 0.
: 3
£ .
1 d (i au ) +U’Z¢ii°‘i=0’
i=1

7 dw \[ dw

where o; = »? and Ul = R(r), U2 = P(y), U= Z(2).

General case 4R 1 dR oy
Gty ar — (G e R=0.
d2
Gyr T =0,
2Z
o+ to)Z=0.

If ay = p? and o3 = ¢?,
%’f_ +1 %’} — (@42 R=0, {24 R=A45, (iqgr)+ BI_,(ig7)
or R=AS,(iqr)+ B%,(iqr).

‘;’_wg:_'_i,zylz.o’ {04} Y = Asinpy + Bcos py.
a2z +(x2+22_0 04 Z_A 3 2 2\4
P2 | Atz =o, (08 Z=Asin[(+491)

+ Bcos[(x®+ ¢?)iz].
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If ay = $* and ag = — g%,

d’:f + +(2— ) R=0, {24} R=AS,(q7)+ BSF_,(q7)
or R=A45,(q7)+ B, (q7).

d"l' FpP—0, {04} ¥ =Asinpy+ Bcospy.

%+(x2—q)2=o, {04} Z=Asin[(—g)e]

+ Bcos[(x»®— ¢g?)iz].
If ay = 0 and o3 = ¢?,

d*R dR . .
N +1r —y —TR=0, {14 R=AS%(iqr)+ B%,(igqr).
2
‘fh’f 0, {01} ¥Y=A4+ By.
L2 fet¢z=o, {04) Z=Asin[(x*+ ¢g¥iz)]
+ Bcos[(x%+ g?)iz].
If ag=103=0,
d*R 1 dR
ity =0 {01} R=A+ Blnr.
2
‘;—;=0, {01} ¥ =A4+ By.
Bz |, .
o +x2Z =0, {04} Z=Asinxz+ Bcosxz.
For ¢ independent of 2,
d*R | 1 dR
dar? 7 dr + (#®— /) R=0,
ary
—d—w—’—‘l“azW:O.
If ag = p2,

PR LR Lo g R=0, {24) R=AF, () + BIy(x7)

v dr
or R=AJS, (xr) + B, (x7).
%1;4_1,2?!:0, {04} ¥=Asinpy+ Bceospy.
If .y =0,
IR LR 1 R0, {14 R =AS5,(x7) + B, (7).
‘;’_w’”:o, {01} ¥=4+ By.

For ¢p independent of ¢,
d'R | 1 dR
drt Ty dr — %R

22 1o ta)Z=0.

=0,
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dtR 1 dR U= : :
Aty ??R=0, {14 R=A4S5(iqr) + B%,(iqr).
B2 foe+)zZ=0, {04 Z=Asin[(x*+gY}s]

+ Bcos[(x%+ ¢?)t2].
d?R 1 dR fres= =4,
—at, g, TER=0, {14 R=A44(q)+ B%lg7).

BZ L e—)Z=0, {04} Z=Asin[(x*— g%}z

az?
+ Bcos[(x2— ¢q?)tz].
d2?R 1 dR 112 =0.
'ii;?+ , dﬁy.=o, {01} R=A+Blnr.
‘f;zzz +x2Z =0, {04} Z=Asinxz+ Bcosxz.

For ¢ independent of ¢ and z,
B L LA7 parg=0, {14} ¢=AFx7)+ BY(x).

dr?
TABLE 1.03. ELLIPTIC-CYLINDER COORDINATES (%, ¢, 2)
w=n, 0= < oo, y
ut=y 0=y <2nm Z const y- 2 v = const
=Y, = ’ 7

U=z, —oo<z<+ .
x =acoshzcosy,
y =asinhysiny,

Z2=2.

Coordinate surfaces are con-
focal cylinders and planes:

Ry

- l 7= const
A5
/<

x 2 y 2 1
(a cosh ’7) + (a sinh 1/) - 0 .‘
(elliptic cylinders, ‘
7 =const),
x 2 y 2_
(acosw)_(asinw)—1 ’z/
(hyperbolic cylinders, -
y =const), / y-3n/2 N
_ t Fig. 1.03. Elliptic-cylinder coordinates (9, ¥, ). Coordinate surfaces are
2 =cons elliptic cylinders (n = const), hyperbolic cylinders (y = const), and planes
(planes). (s =const)

The Stickel matrix may be written
0 —1 —a%cosh?y
[S1=]0 1 a%costy
1 0 1
S = a?(cosh®n —costy), M, =M, =1, My, =a?(cosh?y— cos?y).
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Metric coefficients
811 = g22 = a?(cosh?n — cos?y), g3=1,
g} = a?(cosh?7y — cos?y).
f1 = f 2= fa =1.
Important equations

(ds)? = a* (cosh®n — cos?y) [(dn)* + (dw)ﬂ + (d2)2.

1
a
a [cosh?y — cos?y ]i[ '737) ta, J+ '32
divE = 1 { 2 lcosh?n — costu)d E.1
a [COShzn — cos? 'P]* [ n v) )

grad ¢ =

oF,
0z "

+ %— [(cosh?z — cos2y)} Ev,]} +

E = !
curl (cosh2n — cos?y)

a, (cosh?y — cos?y)! @, (cosh?y — cos?y)} a,/a

0 /) 7
X i < <
on oy 0z

E, (cosh?zn — cos?y)} E (cosh2 n —cos?y)} E,la

Ve = ! [

a?[cosh?n — cos?y]

SEPARATION OF LAPLACE’S EQUATION, I 2(p =0.
1 aus i 2 _
/ du' (ft du')+U’;¢”aI_0'
where oy =0 and U= H(n), U2 = ¥(p), U3 =Z(2).
General case
@oH
dn?
:li l}; + (otg + aga2cos?yp) ¥ =0,
d

oy + aga®cosh?n) H =0,

*Z > to3Z =0.

If g =03a%4 and A =oy+ 03a?(2,
¢H (A+2gcosh2n) H=0, {113} H =Ace,(in, —q) + Bfe,(in, —q)

an?

(
or H=Ase,(in, —q) + Bge,(in, —q).
ifi;_f+(}.+2qc052w)'f’=0, {113} ¥ =4Ace,(y, —q) + Bfe,(y, —9)
or ¥=Ase,(p,—q) -+ Bge,(y,—9q).

22 14z = {04} Z = Asin(2¢*z/a) + Bcos(2¢}zja),

dz2

where m =0,1,2,3,.



Table 1.03. Elliptic-cylinder coordinates (7, , z)

If g = — g a%/4 and A = ay+ o5 a?[2,

_“?g — (A—2gcosh2g) H=0, {113}

or

ay
¥l + (A —2gcos2y) ¥ =0, {113}

H = Ace,(in, q) + Bfe,(in, q)

H = A se,,(in,q) + Bgen(in,q).

¥ =Ace,(y,q) + Bfe,(y,q)

or ¥ =4se,(y,q)+ Bge,(y.q).
LA ] (04) Z=dAedey Borddua,
For ¢ independent of 2,
% —ayH =0,
azy

d—y)’ +0(2T=0.

Ifag=9p
e —PH =0, 04
=, 04

For ¢ independent of v and 2,

a*e _

T = 0, {o1}
For ¢p independent of ¢ and z,

dp

2
»

H=Ae"+ Be?,

Y =Asinpy + Bcospy.

¢ =4+ By.

SEPARATION OF HELMHOLTZ EQUATION, V2¢ 4 %@ =0.

1 _d_(.
fi dw \" duw

i .3,
e ) +U D, ®y0=0,
1=1

where oy =% and Ul=H(y), U2=Y¥(y), U?=2Z(z).

General case
d*H
dn?
axy

— (g + oga®cosh?yn) H =0,

—— + (ag + aga® cos?y) ¥ =0,

dy?
d2Z
dz?

+(x®*+ ) Z=0.

19
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Ifq=oa3a“/4 and A = o+ o5 a?(2,
‘2;{ (A+2gcosh2n) H , {113} H=Ace,(in, —q) + Bfe,(in, —q)
or H=Ase,(in, —q)+ Bge,(in, —q).
G Tt 2qeos2y) ¥ =0, {113} ¥=dceuly, — )+ Blealy. —9)
or Y=A4se ( )+Bgem(w’ q)

@7 1 e+ 4glay Z =0, {04} Z = Asin[(x + 4g/a®)iz]
+ Bcos[(x? + 4ga?)¥z].
If g=— %a2/4 and A= oy + %az/zi
Ziff — (l_ quOSh 27])H =0, {113} H =Acem(1:n: q) +Bfem(i7]: q)
or H=Ase,(in,q) + Bge,(in,9).
fwf +(A—2gcos2y) ¥=0, {113} W=Ace,(p.9 + Blen(y,9)
or ¥=4se,(y,q) + Bge,(y.9).
—4glayZ =0, {04} Z = Asin[(*— 4gla®)} 2]
+ B cos[(x%— 4g/a?)iz].
If ¢2 = a3 = 0’
2"1':1=0, {01} H=A+ By.
axy
oo, oy w=a+ By,
a2z |, = Asi B
rz +x2Z =0, {04} Z =Asinxz+ Bcosxz.
For ¢p independent of 2,
% — (g — %2a%cosh?n) H =0,
52 st
I/q=x2a2/4 and }»=a2'—x2a2/2»
G — @ —2gcosh2n) H=0, {113} H =Ace,(in.9)+ Blen(in.g

or H =Ase,(in,q) + Bge,(in,q).
D +a—2gcos29)P=0, {113} ¥=Ace,(y.q)+ Blea(y.9)
or W=Ase,(y,q) + Bge,(y.9q).
If g= — x®a?/4 and A = oy — %% a2,
— (A+2gcosh2n) H =0, {113} H = Ace,(in, —q)+ Bfe,(in, —q)
or H=Ase,(in, —q)+ Bge,(in, —¢q).
iig_q:_+(}.+2qcoszw)¥’=0, {113} ¥Y=Ace,(p, —q) + Ble,(y, —9q)
or Y=4se,(y,—q)+ Bge,(p,—9q).

d*H
ant
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TABLE 1.04. PARABOLIC-CYLINDER COORDINATES (&, v, ?)

ul = u, 0=u<+oo,
wt=y, — o< V< o0, AL =const v =const
ud=1z. —ooL 2+ 00, <‘/7\
x=7(ut—1Y,
y=uv, z=const
z2=z.
The coordinate surfaces are con- vt

focal parabolic cylinders and 4.p
Planes:
¥ =p?(u®— 2%)
(parabolic cylinders,
4 = const),

y2 =224 24)

(parabolic cylinders,
v =const), )

7

z = const Fig. 1.04. Parabolic-cylinder coordinates (4, », 5). Coordinate sur-
faces are parabolic cylinders (4= const, » =cons!) and planes
(planes). (£ = const)
The Stdckel matrix may be written
0 —1 —pu?
[S1=lo 1 —»2].
1 0 1

S=pi+1t, My=M,=1, M;=p*+»
Metric coefficients
Bu=8aa=p3 1%,  ga=1, gi=p24l

h=h=h=1.
Important equations

(@s)? = (p? + %) [(@u)*+ (dv)*] + (d2)*.
gradq) = (ﬂ’+v2)_* [ay"g‘;‘l +av‘aa;:: +a ﬁ‘

* oz’

div E = (4 + ) { - [+ E]+ L [t + B + 22

@, (ut £t o, (o)

=4+ 2 2 2
curl E = (u? +43) o o 5|
E,(i*+)} E,(u2+)} E,
Vig=__1 [2% , 2], o9

ut+v® | out ovs 028 °
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SEPARATION OF LAPLACE'’S EQUATION, V2p=o0.
st ‘w') U’Z(P a;=0,
1=

A 11 %
where oy = 0 and U= M(u), U2 = N(»), U3 =Z(2).
General case M
o — (@t au) M =0,
1%
dN
W + (@ — ) N=0,
d*Z FogZ =0.

Ifa==qw>+f) and aq = g'/4,
dM — (@@ +3) +¢p4alM =0, {06} M =AW (p,iqu)+ B¥,(p.iqu).
CN L @p+1) — g N =0, {06} N=AW(p,q9)+ B, (p,97).
@z +q‘z 0, {04} Z = Asin(g*2]2) + B cos(g?2]2).

dz®
Ifay=— g (p+1) and a = g4j4,
PO+ — WM =0, {06} M =AW, (p.qu) + B¥,(p.qp).

d:N . .
o — B +3) +¢4N =0, {06} N =A%,(p,igv)+ B¥,(p.igv).
i;;z’— + %‘—Z =0, {04} Z = Asin(¢g?2/2) 4+ B cos(g*z/2).
If g =0 and o= — ¢?,
a:M
Zar TOWM =0, {06} M =pub[A5,(qu?(2)+BI_(qu?(2)].
O +qN =0, {06} N =14[4.5,(gv*2)+BI_,(g*)2)].
r2 —gz=o, (04} Z=Aet"+ Be v,
For ¢p independent of 2,
‘:II‘W ay M=0.
d*N —— taN=0.
If ay=p?,
‘sy {04} M =Aett4 Be ¥,
BN |, :
—a tP*N=0, {04} N =Asinpv+ Bcospy.
If Oy = — 1,2,
d’M .
+p2M =0, {04} M =Asinpu+ Beosppu.
d*N — p2N =0, {04} N =44 Be ?.

dy?



Table 1.04. Parabolic-cylinder coordinates (g, ¥, 2) 23

For ¢p independent of @ and 2,

d?

d:; =0, {01} @ =4+ B».
For ¢ independent of v and 2,

a2

7/%=0' {o1} @ =4+ Bu.

SEPARATION OF HELMHOLTZ EQUATION, V¢ + x2p=0.
1 d aus i 3 .
where oy = %2 and Ul = M(u), U2 = N(»), U3 =Z(2).

General case &M
du?

d:N
i T (¢g— ag??) N =0,

— (g +ogu?) M =0,

L +a+a)Z=0.

If g = g*(p +3) and oy = ¢'/4,

%f— — [P+ 3 +¢uaIM =0, {06} M =AW, (p,iqu)+ B¥,(p.iqu).
TN L@ +H— N =0, {06} N=A%,(p.q0) + B¥;(p,q5).

e Fert+ g9z =0, 04} Z = Asin[(A+ q¥a)bs]
+ Bos[(x2+ g4/4)}2].
Ifag=—g*(p + }) and ag=¢*/4,
% + @@ +3) — P aIM =0, {06} M =AW, (p,qu)+ B¥,(p.qu).

%1% — [P+ +g 4N =0, {06} N=AW,(p,igv)+ B¥,(p,iqv).
L2 e Z =0, (04} Z = Asin[(+ Y4)t2]
+ B cos[(x*+ g*/4)}].

If ay =0 and oy = — ¢3,
{06} M =ui[AS(qu?(2) + BS_(qu?(2)].

atM 2,,2 —_
7,;{“1’(1# M=o,

‘f;fj +¢2N =0, {06} N =w[AF,(gv*2) + BI_,(g*/2)].
2 +ee—gZ =0, {04} Z =Asin[(x*— g?)z] + B cos [(x* —g?)}z].

For ¢p independent of 2,
daM
T (g — »2u?) M =0,

—‘% + (g + 229 N =0.



24 Section I. Eleven coordinate systems

If % = qay

a:m — . .
T (@— =) M =0, {06} M =])iulAL(x, q,in) + BF_,(x,q,iu)].

PN F@+amYN =0, {06} N =w[A5 0,9 + B (x,4,9)].

If X = —qz)

G T @M =0, (06} M =4S q,p) + BI_4 0,9, )]

'dd’_vz\: - (qz_. xz'y’)N =0, {06} N =V1;[Aj*(k, q, ’l«‘V) + Bf_ﬁ(x, q, “,)]

If az = 0,
2
‘fizf +x2utM =0, {06} M = ub[AS, (xp?]2) + BI_, (xu?2)].
% + x2:N =0, {06} N =4S (xr?)2) + BS_;(xv?[2)].
TABLE 1.05. SPHERICAL COORDINATES (r, 0, )
z ul=r, O0Zr<oo,
2 =
| 6-0 8 ~const w=0, osb==,
W=y, 0Sy<2n.
N % =rsinfcosy,
\\ —f y = rsinfsiny,
N\ | z2=7rcosf.
r-const N\ ) Coordinate surfaces are
AN I\S/
N K2t Y422 =2
) Ze 5 (spheres, r = const),
20 N
- ;,_[ < tan 6 = (x2+ y2)¢/z
s .
J/ | (circular cones, § = const),
x
tany =y/x
[ (half planes, p = const).
/ IL k\ \ The Stackel matrix may be written
' s XYL -2 1 -1 0
Py y -t [S]=]0 1  —1/sin%0
Fig. 1.05. Spherical coordinates (7, 6, ). Coordinate sur- 0 0 1
faces are spheres (r = const), circular cones (8 = const), and — —
S - 1, Mll - 1,

half planes (y = const)

M,, =1/rt, M;, =1/(r*sin?6).
Metric coefficients
g11=1, £2=7% gu=r2sin20, gl=12siné.

h=r% fy=sinf, fi=1.
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Addendum to page 25
Spherical Coordinates
[0 0 0 ]
]"”l =|0 —r 0
|0 0 —rsin®f |
[0 0 |
I"f =1 O 0
L 0 O —sinf cosb
o o0 1]
rg=|0 o0 ctnf
| 17 ctn @ 0

-
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SEPARATION OF LAPLACE'S EQUATION, P29 =0.
1 aus i 2 .
7wt (/‘ du‘) + U’é P;jo; =0,
where oy = 0 and U'=R(r), U2=0 (0), U*= P(y).

General case
@R | 2 dR oy p _
- 7y A k=0
de
dm ot 050 a0 +(°‘2 siﬁi—o)9=°'

o _
ot + oz ¥ =0.

Ifag=p(p+1) and a3 = g%,

d*R | 2 dR 1 -
W+7.ﬁ_ﬁi&tlzz 0, {22} R=ArP+ Br-6+,
d0’ +cot0 +[p(p+1)-— sm,ol@-—o {222} O = AP} (cosb)

+ B2{(cos 0).
‘;—:f;+q3${’=0, {04} ¥ =Asingy+ Bcosgy.

For ¢p independent of ¢,

d?R | 2 dR

dr’ +7 __°‘_3_R_()

y dr r’

d()’ +cot0 +a2@

Ifag=p(p+1),
d’ﬁ _l_if_’?._f.(MR =0, {22} R=Ar4 Bro+h,

%-{—cot() ‘19+1>(1a-|-1)0 0, {112} @ =A%, (cos0)+ B2,(cos ).

For ¢ independent of 7,

_ % 09—

d()' +cosB -y 0 =0,

axy

T + oy P=0.

I/%=q2v
PO L cot0%9 __T _9—0, {220} O =AP(cos0)+ B2 (cos0)
02 ao sint ~ ' - - 0 0 )

——{i +¢¥ =0, {04} ¥ =Asingy+ Bcosgy.
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For ¢p independent of 0 and ¢,

de 2 do _ _
Tt T ar =0 o1} p=d+Br
For ¢ independent of r and ¢,
d?
do"; +cot0 , {01} @ =4+ Blncot(6/2).

SEPARATION OF HELMHOLTZ EQUATION, V2 ¢ + x2 ¢ = 0.
1 d [, dUs i _
n W(/"W) + U'i;(psi“i—o.
where oy = %% and U= R (r), U2 =0 (0), U= P(y).

General case
d?R 2 dR

PR L2 IR | a_ ) R =0,
d0,+coto"0 +(a, sm’O)@ 0,
2% tu¥=o.
Ifay=20(p+1) and g =¢*,

e L)

(24) R =144, (x7) + BI_ sy (7]
T eot0 S+ [ple+1) — |0 =o,
{222} O = AP}(cos 0) + B2} (cos ).
{04} ¥=4Asingy + Bcosgy.

For ¢ independent of ¢,
@R | 2 dR | .4 iap_
d” + r d’ +(x aﬂ/’)R'—or

W-l— to +a39 0.

If a2=?(ﬁ+ 1)1
d*R | 2 dR p(ﬁ+1)
G+ g e BT R =0,
{24} R=r"4[AS, (k1) + BI_qpp(x7)].
+cot0——-+P(P+1)@ 0,
{112} @ =AZ,(cos0) + B2,(cos ).

d0z

For ¢p independent of 6 and ¢,

d? 2 d 1 :
_d’_q:_*_' d:’+xl¢p=o, {o4} ¢=7[Asmxr+Bcosxr].
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TABLE 1.06. PROLATE SPHEROIDAL COORDINATES (9, 0, )

28
2z
g-0 6 = const
7
- | I
////f F\_E ! i
p-const M =3\l —y=m/2
.
| |
y50 0
L= y
,W .
W
x ~— 7T
4 N ~ |
///// k- \ !| i |
Vi 7 | N '
o\ i
0-x  =const

Fig. 1.06. Prolate spheroidal coordinates (, 6, y). Coordinat
surfaces are prolate spheroids (7 =const), hyperboloids of
revolution (6 =const), and half-planes (y = const)

The Stédckel matrix may be written

a*sinh?y —1
[S]=| a%sin?6 1
0 0

w=n, 0=n<oo,
w=0, 0Z0=anm,
W=y, O0=p<2m.

% = asinh#sin § cosyp,
y = asinh#sin 0 sin p,

z =acoshycos.

Coordinate surfaces are

y2 22
a?sinh?y

%2
2sinh?
a?sinh? g

a?cosh?y

+

_|_

(prolate spheroids, % = const),

22

x? y2 .
+ a?cos0

a®sm20 a?sin? 0

(hyperboloids of two sheets,
0 = const),

tany = y/x

(half planes, p = const).

— 1/sinh27;]
— 1/sin? 6
1

S = a?(sinh?# 4 sin? §) = a2(cosh?% — cos? §),

Mlz%l’:'l’ %1=

Metric coefficients

811 = 822 = @ (sinh?7 + sin®6),

sinh? 7 4 sin2 6

sinh? 7 sin2 6

gs3 = a?sinh?7sin? 6,

g} = a3(sinh27) + sin2 6) sinh#sin 6.

f, =sinhn,

Important equations

fo=sin,

h=a.

(ds)? = a? (sinh?7 + sin? 0) [(dn)? + (46)%] + asinh?y) sin? § (dy)?.

1 o9 o9 ay o9
ad @ = a ¥ 1%y v °9
gradg a(sinh’r,—l—sin’@)* " on +a 06 + asinhysin § dy
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divE = ! ) { ! 2 [(sinh?y + sin?6) sinhy E, ]

a(sinh?zn +sin?0) |sinh#n o9

418 [(sinh29 + sin2 @)t sin O E ]} + ! Oy
sinf 260 K é asinhysinf oy °

_ 1

curl E = a (sinh?7 + sin2 @) sinh # sin 6

a,(sinh?7 + sin20)} @, (sinh2y + sin? O)¥ @, sinhy sin 0

y K o o
an 20 oy
E, (sinh?n 4 sin?0)} E, (sinhzn +sin20)! E,sinhysin0
20 — 1 ¢ a¢}
Ve = a? (smh? 7 + sin? ) { T cothr; on + 002 +cot 8
1 22p

+ a?sinh?7sin%20 oy? °
SEPARATION OF LAPLACE’S EQUATION, V2¢ = 0.

1 aus -
T dw (/, du,)+U'Z ®,;0,=0,
i=1

where oy = 0 and U= H(y), U2=0(0), U3 = ¥(p).

General case
da*H dH
d_2-+ cothy - (a2+ smhzn)H =0,

d()?- +cot0-——+( — sm“’B)@ 0,
Ifag=1p(p + 1) and a5 =%,

d2H dH Ve _
ant +C°th7id—n—[ﬁ(ﬁ+ 1)+‘S‘{I;WJH—O’
{222} H = A%{(coshn) + B2} (coshp).

20 de q _
W+°°“’—da‘+[7’(f’+”—m]@—°
{222} © = AP{(cos6) + B2 (cos ).

{04} ¥=Asingy+ Bcosqy.

a2y
dy? qzy'/_—_ 0,

For ¢ independent of {,
d—H+cothni‘i’— — o H=0,

d02+c t0 +a2@ 0.

If oy = P(P +1),
{112} H = AZ,(coshy) + B2,(coshn).

d02+cot0 +p(p+1)@ 0, {112} @ =A%, (cos0) + B2,(cos0).
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For ¢p independent of 8 and ¢,

%—l—cothn%”—: , {01} @ =4 4 Blncoth(y/2)
= A + ClIntanh(z/2).
For ¢p independent of v and ¢,
L

-+ cot0 9% —o, {01} ¢ =4+ Blncot(6/2)
=A + ClIntan(6/2).
SEPARATION OF HELMHOLTZ EQUATION, V2 ¢ 4 x2p = 0.

: 3
1 d aus 3
fi dui(i dui)—th'st"fa":O’
7=1

where oy = %2 and U'= H(n), U2=0(0), U= ¥'(y).

General case

d*H dH 2 2cinhZe v % _
It +coth177'7—+ (n a?sinh?yn — a, _—sinh’n)H 0,
%%+cot6d—

2 22gin2 —_ )
3 BE +<u a?sin0 + o, sin:‘;o
ay

0 =0,

If ag=p(p+ 1) and 0z = ¢*,
[ 2a?sinh?y — p(p+1) — - g ]H:O,

sinh?y

d*H dH
W— + coth ?7 Tn— +

{224} H = AP{(xa,coshn) + B2(xa, coshy),
d2e de
W+cot6———

s +[x=a=sin=0+p(p+1) —%}@:0,

{228 O =AP](xa,cosb) + B2(xa,cosb).
Z:pq:—f-q‘Y’:O, {04} ¥ =Asingy+ Bcosgy.
For ¢p independent of ¢,
"l;g + cothy %% + (x® a®sinh3yn — ox) H =0,
d*e

758 cotBZ—?—i—(x’a’sin’G—}—a,)@:O.

Ifag=p(p+1),
%nﬂ,+cothn‘fi_’;+[xzaﬂsinhan —pp+1)]H=0,

{114} H =A%, (xa,coshy)+ B2,(x a, coshy).
%—cotﬂ%-i— [xatsin? 0+ p(p+1)]O =0,

{114} ©=AZ,(xa,cosb) + B2,(x a,cos0).
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TABLE 1.07. OBLATE SPHEROIDAL COORDINATES (v, 6, )

w=n, O0=n<oo, A
=0, 0<0<m, 6=const 16-0
=y, O0=Syp<2m. -7/2
x =acoshysinfcosy,
. . ™y
= n
y ac‘oshnsm051 v, !_\0 | P'
z=asinh#cos . i f
Coordinate surfaces are -
7~const
22 + yz |' 0, f
a? cosh?y a2 cosh?y | EIN
Lty |
a?sinh?y yo e ll
oblate spheroids, 7 = const), ! |
( p n ) - . . {
¥2 y? !
a?sin? @ + a?sin? 6 ! \\
2 1
I — RN ))7
a?cos® 0 N il
(hyperboloids of one sheet, . J m
6 = const), 0-x ﬂ}v-consi
Fig. 1.07. Oblate spheroidal coordinates (1, 6, y). Coordinate sur-
tan y= Y / x faces are oblate spheroids (n = const), hyperboloids of revolution
(6 = const), and half-planes (y = const)

(half planes, y = const).
The Stickel matrix may be written

a®cosh?y —1 1/cosh?y
[S]=|—a?sin?0 1 —1/sin?06].
0 0 1

S = a?(cosh?# — sin? ) = a?(sinh?# + cos?0),
My=My =1, M=o l00
Metric coefficients
811 = 829 = a%(cosh?yn — sin?6),  gg3 = a®cosh?ysin2 6,
gt = a®(cosh37 — sin? ) cosh# sin 6.
fi=coshy, f,=sinf, f=a.
Important equations
(ds)? = a?(cosh?# — sin? 6) [(d7)2+ (460)%] + a2 cosh?7 sin? 6 (dy)2.

= 1 o9 o9 1 o9
gradg = a (cosh?y — sint g)} a,, on T o0 T4 acoshysin® oy’
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divE = ! { ! 2 [(cosh?y — sin2 )} coshn E |

a(cosh?z —sin?6) | coshy oy

1 2. «in2 AV } 1 oE,
+ o sin 6 60 [(cosh®n — sin® 6)} sin 6 Eg] ; + acoshysm@ oy °
1

curl £ = a(cosh?# — sin2 0) cosh 7 sin 6

a,(cosh?y —sin?6)} @, (cosh?y — sin? @)} @, cosh#sin 0
0 2 2
X on 30 oy
E,(cosh?p —sin? )} Egy(cosh?yn — sin2§)t E, coshysin O

9. 1
Vie = a?(cosh?7 — sinZ ) {

B S i )
a?cosh?ysin? oy?’

+tanhn o LA 20‘: + cot O a'p}

+

SEPARATION OF LAPLACE’S EQUATION, ['2¢ =

1 d (, dUs i _
s ) + U % P =0,
where o, = 0 and U= H(y), U2=6(0), U*=¥(y).

General case

+( +$)H=o,
2 +cotf do +(a2 )0 =0,

d’W+ W_o.

Ifaoa=p(p+ 1) and oz = g%,

a*H dH _
ot Tt [ p e+ 1) + | H =0,
(222) H = A2 (isinhn) + B2 (isinh1).
a6
d0,+coto [p(p+1)———-sm,,6]@ 0,
{222} O = AP} (cosb) + B2(cosb).
2P =0, {04} ¥Y=Asingy+ Bcosqy.

For ¢p independent of ¢,

—?g——azH:O,

d*0

o t0—+a2@ 0.
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I/°‘2=P(P+1):
1)H=o, {112} H = A%, (isinhy) + B2, (isinhy).

d92+cot0 +p(p+1)@ 0, {112} O =AZ,(cosb)+ B2,(cosb).

For ¢p independent of 6 and ¢,
d d 1y
d;’;——}- tanhna—:lz , {01} @ = A4+ Bcot™(sinhyp)
or ¢ =C+ Dtan(sinhy).
For ¢p independent of v and ¢,

‘;g; +cot0~~— , {01} @=A+ Blncot(6/2).

SEPARATION OF HELMHOLTZ EQUATION, V2 ¢ 4 »x2¢ = 0.

/ du (/' ZZ:)"' U’Zl¢61“i=0,

where oy = %% and U'= H(y), U2=0(0), U= ¥(y).

General case

cosh”n)H=0'

(nz a?cosh?n — oy +

d@ .
W+cotGTo—+(—x2a2sm’0+a2 Sm,o)@ 0,

d’&”

T % ¥Y=0.
Ifag=p(p+1) and oy =g¥,
xzazcoshan—-p(p—i-ﬂ—l-ﬁqh:?]b’:o,
{224} H = AP} (ixa,isinhn)+ B2} (ixa,isinhy).
%+ t0 [—x2a251n20+1>(1>+1)—— mze]@ 0,

{224, O =AP{(ixa,cos0)+ B2(ixa,cosb).

{04} ¥=Asingy+ Bcosqy.

For ¢p independent of ¢,

¢ a% cosh?n — a,) H =0,

doz +c ot 0 ——— dO + (— #3a?sin? 0 + ay) @ = 0.
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If“2=P(P+ 1)»

'gg + tanhy -‘% + [*%a2cosh?n— p(p+1)]H=0,
{114} H =A%, (ixa,isinhn) + B2,(ix a,isinhy).
da*e e .
W-}-cotﬂ—d—o—-i- [—x%a?sin?0+p(p+1)]O =0,
{114} ©=AZP,(ixa,cosb) + B2,(ixa,cosb).
TABLE 1.08. PARABOLIC COORDINATES (u, v, Y)
\-:-0 ul:”’ Oélu<m'
v \ w=y, 0=r<oo,
72 ”7""/" w=y, 0syp<2z.
X =puvcosy,
] M y=prsiny,
T r=d—n).
//
v-0 N 75N y~ The coordinate surfaces are
~ =" Bty = pd(u — 22)
% | ; (paraboloids of
'l \ revolution, u = const),
IL\ 224y =12 (24 22)
! \\\ | (paraboloids of
M=const > revolution, » = const),
-0 LL ity - const
| tany =y«
Fig. 1.08. Parabolic coordinates (u, v, v). Coordinate surfaces are para- (h alf p]anes, p= const).

boloids of revolution (4= const, »=const) and half-planes (y = const)

The Stickel matrix may be written
wo—1 — 1
[S]=|»® 1 —1p?].
0 0 1

S=pi+t, My=M,=1, M,= wir .

P

Metric coefficients
Eu=Cgu=p3+1Y  ga=ptt,  gh=uv(ui+Y).
h=u, f=», h=1.
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Important equations
(@s)2 = (u2+ %) [(@p)*+ (@)%] + p2 2 (dy)*.

29 a,22] 4 2 22,

gradgp = uv oy

(u*+ s)i[ “ou

1 %,

diVE=ﬁ{# ou [n(ut+ ) E ]+Lv%[,,(,ﬁ+v2)ib‘,]}+ uv oy’

@, () a4, a,uv

_ 1 2 2 P
clE=0wwm X T
E (49 E,(p+w E pv
s 1 3<p 1 29 O ib_cp] 1 %
Ve = ut+v? + u ou + ov? v ov + uivd oyt ’

SEPARATION OF LAPLACE’S EQUATION, 2 ¢ =0.
1 aus i o _
fi dw (f' dus ) + U"é P;jo; =0,
where o, = 0 and U= M(u), U= N(»), U= ¥(y).

General case

&M 1 dM N
d—’l’-'- p d/l (ag"' F) =0,
diN 1 dN og
Tty @t N =0,
d’?’_*_ w—o.

If ay = g* and o3 = %,

e+ D — @ P M =0, (24 M=A%Gqu)+BS,Gqn)
or M=AS(iqu)+ B, (iqp).
d:N 1 dN

St g, T @— )N =0, {244 N=A45(»)+BS,(q7)
or N=AS,(qgv)+ B%,(gv).

¥ pw=o, {04} W=Asinpy+ Bcospy.

For ¢p independent of ¢,

dazM 1 dM
dur IW_““M—O’
d:N 1 dN
dv? +7 dy +ouN=0
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If oy = g%,
a*M 1 dM . .
W+;T/A__sz=0’ {14} M=AJ0(1'q.u')+BQ/0(1‘qlu)‘
L‘iiz_l;[__l_lﬂ.*.qﬁN:O, {14} N=A45(qv)+ B%,(qv).
v v dv
For ¢p independent of v and ¢,
dp 1 de _
e .’;W_o, {01} ¢=A+Blnu.
For ¢ independent of p and ¢,
d?ep 1 do _
Tt =0, {01} ¢=A+Blny.

SEPARATION OF HELMHOLTZ EQUATION, P2 ¢ + x2 ¢ = 0.
1 d (, dU* i< _
T dw (f' duT)+ v Zlcb,,-a,_o,
b

where o, = %2 and U= M(u), U2= N(v), U3 = ¥(p).

General case

2 M ;
T+ L+ (A — s — g u) M=,
Lt L AV 4 et t ay— ) N =0,
arv
Wz“"“ayj'———o.
If ay = ¢? and oz = p?,
d:iM 1 aM 2.2 2 4202 —
d_”?+;—‘17+(" pi—q*—pHut) M =o, . .
{26} M =AS,(x,iqu)+ BI_,(x,iqpu)
or M=AS,(x,iqu)+ BY,(x,iqu).
d:N 1 dN 2 4202 —
G Ty e TR PRN =0,
(26} N =AS,(x,qv)+ BI_,(x,qv)
or N=AJS,(x,qv)+ B, (x,qv).
‘;;fjt;iﬂs{f:o, {04} W=Asinpy+ Beospy.
For ¢p independent of ¢,
BM 1AM |, o, _
d—”z‘l“;—d';"'*”("/‘ a) M =0,
BN | 1 dN | .., _
W‘F;‘w‘f‘(" v2+ o) N =0.
If ag=¢?,
a:M 1 dM . .
d—”,'i'zw"‘("z/"z-qz)M:O» {16} M=A5(,squ)+B%(xiqpu).

d:N 1 dN
dy? +—v— dy

+ (x22*+ ¢ N=0, {16} N=A5(x qv)+ BY(x q7).
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TABLE 1.09. CONICAL COORDINATES (r, 0, A)
ul=r, 0=Sr<oo,
w=0, <2<,
wdi=A1, 0<<Az< B2

o [702)2
(x) _( bC ) ’
(y)2 _ ,2 (02 _ b2) (b2 _22)

b%(c? — b?) ’
, 2(c2 — 92) (c2 — 22)
@r=2" (052(52)_(61)2) ) ’

with ¢2> 02> 2> 12> 0.

Coordinate surfaces are
x2+ y2_|_ 22 =172

(spheres, = const),

22 y? 22
iy R ey

(elliptic cones, § = const),

22 y2 22

Iy oy it ey Rl

lipti Fig. 1.09. Conical coordinates (r, 6, ). Coordinate surfaces are
(el lPth cones, }v = COHSt). spheres (r = const), and elliptic cones (6 = const, A= const)

The Stédckel matrix may be written

1 — 1/ 0

0 02 —1
[S] = (62—12) (c2—6?) (62 —1?) (c*—6?)

0 — A2 1
G—me—m G- me—
S— (62— 22)
059 (@ — ) (5" — ) (@ —77) *
Alll =S,

_ 1
M2l T B2 —22) (2 —2) °

1
My, = 75(62 — 57) (cE —07)

Metric coefficients

gu=1,
_ (e —a
S = o= (07 -
I bt )
0= T e
b r2(02 — 22)
[(62 — b?) (c? — 6%) (b2 — A7) (c2 — An)d
h=r,

fo=1[(62— 8?) (c*— 62)]4,
fa=1[(®*— 2% (c*— 29)]%
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Important equations
dh)
(@s)*= {dryit (6% ’12)[«92 (e = =)

gradgp = a, ar -+ —( e
X {ao(oz— b (2 — 69 22 1 a, (62— 2)h (2 — A %%}

dvE="1 2 (#E)+ Wz’_l_s){(oz_ 52)h (c2 — )t

L [0 — BB + (0 — A% (= ML (6= W E).

[(6% — b2) (c2 — 62) (b2 — A2) (¢ — p)]}

curl E = =
a (62— 12)} (62— p)&
4 o (62— bs)i (c2— 02)& @ (b2 — 12)3 (c2— ).2)"’
% 0 /) /)
or 26 En
E (62— ;_:)i (62 — A2k
~r E E
Iz o (02 — b2y} (c2 — 62)} 4 (52— a2k (c2 _p)i

0
VNP— ' +% af +r_2(ﬁ{(02_bz)(cz 02) 602
— B[26P— (5*+ oh)] G5+ (B — 1) (¢ — A

+ A[222— (B2 c¥)] Z_’;’}

SEPARATION OF LAPLACE'S EQUATION, '2¢ = 0.

aus i 3
; aw (f' d(z{')+U 2. i =0,
j=1

where o, = 0 and Ul=R(r), U2=0 (), U3 = A(2).
General case
d®R 2 dR R=0,

W*‘TW——
(02— b9) (2 — 0 2O de, — 6[260— (B4 9] 2 4 (2, 00— ] O =0,

— ) (2 — 2 L “, 4 1 A[2A2— (B2 )] W— (g 22— o] A = 0.

Ifag=p(p+1) and 5= (b*+ c?) g,
PRy 2R _ PRIV R—0, {22} R=As+Br ),

dr? y dr

(00— %) 00 — ) 29 4 260 — b+ )] 2O 4 [+ Y g—p(p+1) ] O =0,

{1112} O =A&/(6) + BF{(9).
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(3 —0t) (12— ) T4 4 A[2m— (04 o)) 24 4 (04 ) g—p(p+1) M A =0,
{1112} A=A8&(A)+ BFS(A).

If ay=0a3=0,
AR 2R, {01} R=A+ Byr.

y dr
de ) 1 T
%[(0*_&)‘(&_03)!‘1_‘)]:0, {01} @=A+Bsn 1(\/2_ et )

[4
d 4fA b
ar|@-me-migr]=o (o) A=4+Ba(g,2).

For < independent of r,

d*e e _
(62— 59 (6* — o) T3 + 0[26°— (*+ N)] 7 + @0 =0,

(A2 — b%) (A2 — c¥) ';’ﬁ +A[243— (b2 c¥)] %’;_ + o5 4 =0.

If oy = g(0*+ 9,

+0[20° — B+ N] 52 + g (*+ N O =0,
{1111} @ =A&6)+BF(0).

+A[230— (B4 M) S0+ g+ ) 4 =0,
{1111} A=A& () +BF ().

d*e
dor

(62— 6% (62— ¢*)

daA
an

(A% —b%) (A*— ¢?)

For ¢ independent of 7 and A,

7‘2—[(9’_&)*(0’_0!)*%]:0, {01} p=4 +Bsn_l(v_ﬁ:;g;_, c’—’-bi )

[4

For ¢ independent of r and 6,

4 {3 — k(3 — a9 99] = - afA b
771_[(1» A (2 — ) -ﬁ-]_o, o1} g=4+Bs(£,2).
SEPARATION OF HELMHOLTZ EQUATION, 2 ¢ + x2 ¢ = 0.

1. 4
fi d“‘(

where o, = x* and Ul=R(r), Us=6(0), U* = A(2).

i . 3
f‘%) + U‘zd)‘i“i:()'
fm

General case

d*R 2 dR
a5 g, T —afff)R=0,

y dr

(08— 5%) (2 — %) 29 — 01260 — (334 9] 29 + [0, 6" 1, O =0,

(60— 2%) (62— A%) T+ A[240— (B + 9] 24— [2, 40— 0] A = 0.
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Ifay=p(p+1) and oy = g b+ c¥,
—p(p+ 1)) R=o0,
{244 R=r74[AS,,,(x7) + BI_(p,p(x7)].
— O+ ) T — B+ 1) 02— g (t*+ M) 6 =0,
{1112} @ =48} (6) + BF{(0).

d2?R 2 dR
dr? +7 dr (

(62— 59 (02— 9 22

(109 (12— ) T4+ AL — @+ ] 9L —[p(p 4 1) B— g (b4 e8] A =,

(1112} A= A& () +BFL(3).

If ay=0a3=0,

d:R %TR-H"R 0, {04} R.—_%[Asinxr—i-Bcosxr].

!
-

&.

i[(az—v)*(cz o g2] =0, o1} 6=a+Bam(| GG |25,

c?

%[(b’_).ﬁ)*(ﬁ_}.ﬁ)i%]:o, {o1} 4= A+Bsn‘1(}' b).

For ¢ independent of 6 and 2,

dr’ + = 2 dg +x2p =0, {o4} R=—:—[Asinxr+Bcosxr].

r dr

TABLE 1.10. ELLIPSOIDAL COORDINATES n,6,2)
w=n, EFIPool,
w=0, <<,
w=21, 0=A<h.

(22 = (L2,
2 b%) (6 — b?) (b — A8
(v} = (m Lg s bl)( ) ,
_ _(n*—c?) (c2—6%) (2 — A
(z 3 c.(c’ b’) 4

with9?>¢?> 02> b2 > 12> 0.
Coordinate surfaces are

’ + b’ + i —c, =1 (ellipsoids, % = const),
ya 28

_0.’_ g = g =1 (hyperboloids of one sheet, 6 = const),

2t yt 23
I T R

=1  (hyperboloids of two sheets, 4 = const).



Table 1.10. Ellipsoidal coordinates (», 6, 1)

The Stickel matrix may be written

nt 1 3?2
M=) (m*—c?) (=% (n*—c?)  (n2— % (n*—c?)
81 =| w—se = =
(02 — b?) (02 —_ 02) (02 —_— b2) (C2 _— 02) (02 _ b2) (62 —_ 02)
At 1 iz

=7 (@)

67— 2% (c* —

12 (572 (et — A7)

_ (2 —0%) (12 — 22) (6*— 2%)

(F =% (1P — ) (6 — 59 (c*

— 02) (b2 — )_2) (02 — 12) 4

_ (62— 22)
Mo=Gme—mp-me—m
— (n?—2%)
le_‘ (nz_bz) (,7 _cz) (b’ lz) (62*;_2) s
(n*—0?)
Y= -

- const

A-=const

41

Fig. 1.10. Ellipsoidal coordinates (7, 6, 1). Coordinate surfaces are ellipsoids (7 = const), and hyperboloids (8 = const,

A= const)
Metric coefficients
gy = 207 (2 = 2
= T a =
g0 = (62 —2%) ( 2—@“)
= o =)
_ (n*—2%) (62 —2?)
= = m) (=)
(n? —62) (n?

— }_2) (02 — 12)

T o=y o — e 0 — ) 2

fi=1[*— %) (p* — )]},
fo=[(02— 8% (c*— 67)]3,
fa=1[(6*— 2%) (c* — 23]

—07) (b2 —22) (2 — A9}
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Important equations

(ds) 2_[ — 6% (n* —1’)](‘17’)2

(n*— %) (n* — c?)

HE o = oo
ey = [ () o ‘Z il

ral R el R o

— b2y (2 —
divE =0 (‘Z,_;) o L7 — 6% (" — A E,]

2 2)¥

+ e ot — oy = 1 E)
— b2 o)

+ i o L — A (0 — A E].

_ L —b%) (2 — ) (62 — b¥) (c* — 0% (b2 — A (2 — )]}
curl B = G — 6% G — 79) (6 — )

[(n —62) (2 — 22) ], (62— 42) (n2 — >] a,| (1= (02— )}&
(n —b’)(n —ct | (6= b=> T —67) BT =% (2= 22
0
X 817 6 EX
(n?—0%) (n2—12%) |4 (62 — 22) (n* — 62) (n—A%) (62 —22) b
" (n’—b*)(n’—C’)] E"[w*—b*)(cﬂ—o)] E‘[ ®— >(c=—v>]

2, M= m2—c)t b [, a4, n_@_z
Vg = ey |1~ ¥ = i 3F

(62— b’)’ 2 — z ) )
+ o —o=>(e= A 2 |0 e — 09 3]
(62— g y 09
T e e - ).

SEPARATION OF LAPLACE’S EQUATION, 2 ¢ = 0.

1 aus i o _
fi dus (f' dus ) T Ui,_; Piy2=0,
whereoy = 0and U= H(p), U2 = 0 (0), U* = A(4).

General case

(17— B9 1 — &) T+ 20— 0+ ) G+ oy 05 ?) H =0,
(62— b9 (2 — )

0 — A (e — 29

d
Zﬁ—omwwwwm7%—m+%me=o

dp 4+ AL2A— (b’+C’)] +(az+aa1”)/1 0.
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If ay=(*+c*) gand ay= — p(p + 1),

(n*— %) (n* —¢?) 'f;;f +n[27® — (624 ¢%)] —‘;%+ [@*+c)g—p(p+1)n]H =0,
{1112} H=A& @) +BF ().

(02— 82 (62— ¢?) ‘;’;f +0[262— (624 %)) %—?—+[(b’+c’)q—ﬁ(ﬁ+1)0’J9=0,
{1112} O =A4&;(0) + BF}(0).

(l’—b’)(l’—C’)%+l[21’— 6%+ c¥)] %+[(b’+v’)q—i’(ﬁ+1)l’]fl=o,
{1112} A=A ) +BFi(A).

Ifay=03=0,

d dH afc b
ar |- —ep ST =0, {01} H=A+Bai(Z, 2).

d_rz[(oa_ba)a(cz_os);%]=o, {01} @=A+Bsn-1(v_i;;g;_,\/c’;b’ )

%[(bﬂ_}.ﬂ)i(ci_za)i%]=o, {01} A=4+ Bsn-l(_;'__, _Z_)

For ¢ independent of 0 und A,

,l%[(n:_bt)l(m_ca)i%] =0, {01} =4+ Bsn~1(%._f_)

For ¢ independent of v and A,

%[(Gi_bs)i(c=_ot)$_%.]=o, {o1} <P=A+Bsn-1(v za:m ’ c’—'bi )

c

For ¢ independent of v and 6,

e —mpe—mit] =0 1} p=a+Bm(} ).

SEPARATION OF THE HELMHOLTZ EQUATION, 2 ¢ + »* ¢ = 0.
1t d (, dUs i < _
7w (g ) + U 2 Py =0,
fom

where a, =% and U= H(p), U= 0 (0), U*=A(4).

General case
(12— 89 (" — ) T+ m (27— (B4 N G-+ '+ e ' +aa) H =0,
(62— B%) (" — 69 20 _ p[262— (324 o)] 49 [0+ 0y 67+ 03] 0 =0,

diA

(b. - }'.) (C’ - 1’) dn

+A[20 = B8+ )] 57+ [ A+ s B 3] 4 =00,




44 Section I. Eleven coordinate systems

If ay=q b2+ c*) and ag= — p(p + 1),
(m*— %) (n* — %) ‘f;g +n 27— 02+ c‘)1%
Tt —pB+ )0+ q@+ )] H=0, {1113} H=A6{(x,)+BF(x,n).

(02— 5% 02— ) 20 1 6[262 — (b2 c)] 4

+ [0 —p(p+1) 62+ q(02+ 2] O =0, {1113} O = A& (x,0) + BFf(x,0).
(12— b%) (a2 — ey 24 +A[222— (24 9] 24
F 22— pp+1) 224 g2+ D] A=0, {1113} A=A (x,A) + BFf(x, 7).

TABLE 1.11. PARABOLOIDAL COORDINATES (u, v, A)
w=u, b<u<oo,
w=y, o<vr<c,
wdt=2, c<A<b.

(0= 5t =)

A =const

Xb—»)(b—A),
()’)2=E—é7)(/‘_c)
X(c—v)(A—c),

2=pu+v+2i1—05b—c,
where uy >b>21>c>v>0.
Coordinate surfaces are
B L= 4 —p)
u—b  u—c
(elliptic paraboloid opening
downward, u = const),
xz 2
b—vw + civ =4(z—)
(elliptic paraboloid opening
upward, »=const),

x2 y2
Fig. 1.11. Paraboloidal coordinates (u, v, 4). Coordinate surfaces are ——=4 (2' - 2)
elliptic paraboloids (u = const, v = const), and hyperbolic paraboloids b—4 A—c
(A= const) (hyperbolic paraboloid,
A=const).
The Stdckel matrix may be written
- ut — u -
(u—b)(u—c) (—0d)(u—c) (u—0)(u—c)
[S]= v2 —1 v
’ b=r—v) G=2—») @—r)(—2)
—A? 1 —2
b—=A(A=c) G=NH(A—c) G-NH@A—c)
S = (u—v)(p—2(A—)

=)=l —C—N(i—0) ’



Table 1.11. Paraboloidal coordinates (u, », 1)

- (A—»)
M= —»c—rb—4)(A—c)’
— (w—4)
My = (p—0)(p—c)—A)(A—c)’
— (e —7)
My, = (B—=0)(r—c)(b—9)(c—») "
Metric coefficients
gy = = =A)
B (u—b)(u—o)’
g2 = (r—9)(A—7)
2T
(A=) (u—2)
g33 (b—l)(}.—c) )
gt = (=) (p—2)(A—>)

(=B (p—)b—n(c—n)b—HA—0
hi=(u—du— o),
fa= (b —»)t(c —»),
= — @A —o)t

Important equations

=g

45

l —")(1*1’)]( )s+[(1—7)(ﬂ—1 (@ae.

(B=b)(u—c)} o9
gradg =a, [ =3]' 2"
(b—v)(c—v) }o¢ B—A)(A—c) k09
ral =] ot Gy o5
divE = =M= ol o o [ =) (= DAE,]
B—=niec—w? O [u— v (A=) E
+ (”_1;)(1__ )* a [ 'V) 1’) r]
b—A*(A—c) 14—
+—(—lr_-m 3}. [(e — DA — 9t E;].
_ p—bp—c)b—nc—nb—hHA—0o}
curl = =) =2 (A=)
= (=D} . [(a—2( —v)(u N
a"[(ﬂ—b)(ﬂ—C) “[(b ><c—v} [(b F=r)
0 3 3
X on ERs
(=) (p—A) (u—vu—v]& (A=) (u— 1)]
slw—tw—ol le=ne=—ml “HE=nG=0
[0 (=) 2 [\, _ pvi(y — )3 2%
V2o =[] o | D= 3E]
b—v)(c—») 3 }6q)
+ s ] [0 ==
(b—2)(A— c)}a _ ,a«p
+ [ G=n iy ax [0~ P49
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SEPARATION OF LAPLACE’S EQUATION, '2¢p = 0.

1 d d(]' U; 3 ¢ _0
/_,d—w(f' d‘u-')+ Zl wh =0
,=

where o; = 0 and U= M(u), U2 = N(»), U= A(4).

General case

a:M dM
(=0~ ) G+ 5 [2n— b+ G~ [a—au] M=o,

== 4 1y — b+ 0] LY — [y~ 2] N =0,

(b =2 E—c) T4 12— (b+0] 2+ [a— 4] 4 =0.

Ifoy=(b+c)gandag=—p(p +1),

(=)= Gos + 5 2u— G+ — [+ u+ab+) M=o,
{113} M =A% (u)+ BE (u).

=0 — TN L2 — 14 —pp+ )9+ g+ I N =0,
{113} N=AZ (v)+ BE ).

A—B@A— o+ 1 2a— 0+ X —[p(p+1) A+ g+l d=0,
{113} A=A%A) + BE@A).

If ag=1053=0,
% (ﬂ—b)i(ﬂ—c)i%—]=o, (01) M=A+Bm[2u—b—c+2Vp—bVu—c
e (b—v)%(c—v)*_‘fjvi]= , (01} N=A+Bl[b+c—2v—2V6—»Vc—»]
di}_ (b—}.)*(}.—c)*i%l= , {01} A=A+Bsin‘1[2—)'#].
For ¢ independent of v and A,
}Zj (y—b)i(y—c)&% =0, {01} ¢o=A+Bll2zu—b—c+2Vu—bVu—

For ¢p independent of @ and A,

‘% (b—v)*(c—v)*% =0, {01} @=A+Bln[b+c—2v—2Vb—vVc—v]

For ¢p independent of @ and v,

Lo —wia—oid2]=o, {01} ¢=A+Bsin~1[____“;(b+‘)]_

—C
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SEPARATION OF THE HELMHOLTZ EQUATION, V'2¢ + x2 ¢ = 0.

1 Lh i 3 _
i dw (' du')+U1§¢'ia’_O’

where «; = %2 and U= M(u), U2= N(»), U= A(4).

z lEo

| | f +p =

Volts

80

40

20

#=0 20

117 100
NN 1]

Fig. 1.12. The distorted electric field produced by the introduction of a metal spheroid (n, = 0.444) into a uniform field

General case
(u— ) (u M+i[zu (b +01 4% +[x’ Mo —ag] M=0,

(b—v)(c—v)‘fi'ﬁ’ 22 —(b+c)] Y+ 9t gy — 0] N =0,

@—Ma—d

dl’ ——5[21—(b+0)]ﬁ_[’¢’2’+%1_aa]A =0.
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iz 150
=
100
Volts
80
/!‘}
4 60
20
40
10
20
$=0 ~
0 v
—10 -20
-20 ~40
/ 60
\ =30 | / -
-80
-100

Fig. 1.13. A dielectric spheroid introduced into a uniform electric field (&,/¢, = 10, 5, = 0.444)

Ifoay=(b+c)g and ag= — p(p +1),
(n=8) (=) g + 5 (20— G+ ) ST +Lrwr—p(p+1) u—q(b+ ] M =0,
{114} M =A%} (e, p) + BE (e, ).
=00 —0) Ly (2v— b+ s p(p 1)y — g b+ N=0,
{114} N =A% (x,v) + BE€(x,v).
e+ L [2A—(0+0] S 4 222 — p(p+1) 2 —g(b+9)] 4 =0,
(114} A=AB (%, 2) + B (%, 3).

(A—0)(A—¢)




Section II

TRANSFORMATIONS IN THE COMPLEX PLANE

The most promising way of extending the engineering applications of field
theory is to develop new coordinate systems. Section I listed the eleven systems
whose coordinate surfaces are of the first or second degree. KiEIN [I2] and
BOcCHER [4] extended this list to include a class of fourth-degree surfaces known
as cyclides [13]. All possible systems of this class are treated by BOCHER. They
include the eleven coordinates of Section I, as well as more complicated coordi-
nates; but all are either simply separable or R-separable (Section IV).

Another procedure for obtaining new coordinate systems is snversion [14].
The coordinate surfaces are reflected in a sphere, the new surfaces forming an
orthogonal coordinate system which is generally more complicated than the
original. The mathematics are simple but will not be considered here.

A third procedure is to form new coordinate systems [15] by complex-plane
transformations. A rectangular map in the w-plane is transformed into a curvi-
linear but orthogonal map in the z-plane. The map is then translated to form a
new cylindrical coordinate system in 3-space, or it is twirled about an axis of
symmetry to form a rotational coordinate system. Infinitely many systems can be
obtained in this way. There is no guarantee, however, that the Helmholtz equa-
tion or the Laplace equation will separate in the new coordinates; and this question
must be investigated by the methods of Sections I and IV.

The complex-plane transformation is a very fruitful way of extending the
totality of coordinate systems. Of course it does not produce the asymmetric
systems such as Nos. 9, 10, and 11 of Section I or the general cyclidal systems of
BOcHER [4]. But asymmetric systems are of little practical value, so nothing
of importance is lost by restriction to the symmetric case.

2.01 CONFORMAL TRANSFORMATIONS [16]
Take an arbitrary relation between the w-plane and the z-plane:
z2=F(w). (2.01)
The function & may be chosen at random or may be found by the Schwarz-
Christoffel method [16]. The Cauchy-Riemann equations apply:
by _ oy B _ & (2.02)

uw - v’ ov  ou’
where w = u + ¢v, 2= x+ ¢ y. Thus angles are preserved by the transformation,

and squares in the w-plane always map into curvilinear squares in the z-plane.
Separation of Eq. (2.02) into real and imaginary parts gives the two equations,

x =& (u,v), }

y =& (). (2.03)
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These equations can be used in plotting the two families of curves, # = const and
v = const, which form the orthogonal map in the z-plane. Twenty-one transfor-
mations of this kind are listed in Tables 2.01 and 2.02, and accurate maps are
included. Note that all intersections are at right angles and all subdivisions are
curvilinear squares.

We now generate coordinate systems in 3-space. Cylindrical coordinates are
formed by translating the z-plane map perpendicular to itself, thus forming
families of cylinders. The resulting coordinate system (u?, #2, u3) is specified by

x = El(uly uﬁ) »
y =& (W, u?), (2.04)
2 =ud,
where &, and &, are the same as in the plane case, Eq. (2.03). The z-axis is always
taken parallel to the generators of the cylinders. Metric coefficients are

811 =§822= (-guii)z + (gf‘: )2» g3=1. (2.05)

Data on cylindrical systems are listed in Section III.

If the plane map is rotated about what was originally the y-axis, the rotational
system (u!, u?, y) is specified by

x =§&; (u, u?) - cosyp,

y =& (u', u?) - siny, (2.06)
. . z=§,(u!, u?).

Metric coefficients are

811 =§822= ( gi‘, )2 + ( 02, )2’ g3 = [& (u?, u?)]2. (2.07)

out

If the plane map is rotated about what was originally the x-axis,

x =&y (ul, u?) - cosy,
y =& (4, u?) -siny, (2.08)
2= El (ul’ uﬁ) ’

and the metric coefficients are

811 =822 = (3_3)3+ ( 0y )2: gas = [&2 (u?, w?)]2. (2.09)

out
In all rotational coordinate systems, the axis of rotation is called the z-axis and
the angle about this axis is called y. Data on a number of rotational systems are
given in Section IV.

Conformal transformations have been widely used in two-dimensional field
problems [17], particularly in electrostatics. Practical applications have stimu-
lated the study of a great number of such transformations [18], and these trans-
formations can be employed in the development of new coordinate systems. Note,
however, that the previous applications have been valid only for two-dimensional
fields and usually only where the potential is constant on the lines v = const.
In the present treatment, on the other hand, we are using the transformation as
a foundation for coordinate systems in 3-space; and this method allows a wide
variety of applications with arbitrary potential distributions on the boundaries.
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TABLE 2.01. TRANSFORMATIONS
in the complex plane,
1=F(w),
where z=x+1y, w=u+1v; Z=x—4iy, W=u—1v.
No. Equation Designation Fig. No.
Power Functions
P1 Z=1/w Tangent circles 2.01
P2 z=4w? Parabolas 2.02
P3 Z=%w? Cardioids 2.03
P4 z=)2wt Hyperbolas 2.04
Ps 7=12w} 4-leaf Roses 2.05
Exponential Functions
E1 z2=¢" Circles 2.06
E2 z=a(e"+ 1)} Cassinian ovals 2.07
E3 Z=a(e"+ 1)t Inverse Cassinian ovals 2.08
E4 7= “if:_"':) Bipolar circles 2.09
Es 2= % (w+1+¢") Maxwell curves 2.10
Logarithmic Functions
L1 2= % Inw Logarithmic curves 2.11
L2 z=i:-lntanw—ia In tan 2.12
L3 z= % In cosh w In cosh 2.13
Hyperbolic Functions
H1 z=acoshw Ellipses 2.14
H2 z=asechw Inverse ellipses 215
Elliptic Functions
J1 z=asnw sn 2.16
J2 Z=acnw cn 247
- ko4 +ik*snw)
== Inverse sn 218
I3 '2“(1—ik*snw
J4 z =1ln(—1——) Insn 2.19
n ksntw
Js E=%lncnw In cn 2.20
J6 i=2%X8 7w4iK)+ia Zeta function 2.21

4
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Table 2.02. Transformations

z(2zuts — 7 ;yso0d)

2 gUIS — 7 ;4S00

2 gUIS — 72 3YSOD

h : . -
(@509 — 7 ;Yys02) ;v | 2 uis # yuis » 2502 % Ysod v 'H sie RS>0 = Z ‘H
|
(24500 — 7 ;Y4s02) ;v | 4 UIS # yuIs » 2 S0J 7 YS0d v _ ZH _ 12 %4 mysodv=z | | H
suonun,y d1joqiadLy
A a(egurs —
z[2 500 2 urs 4 # ysoo » quis] + z z x
1 417500) N (aurynyuey) _uey rra (2 gurs — 7 5ys09) ug s — Ve AYSOO U] = 2 €1
7 gYUIS 7 ;4SOD V«AQINV
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Section 1I. Transformations in the complex plane
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Section III

CYLINDRICAL SYSTEMS

The cylindrical coordinate systems are obtained by translating each of the
maps, Figs. 2.01 to 2.21, in a direction perpendicular to the graphs, thus forming
two orthogonal families of cylinders. The third family of coordinate surfaces
consists of parallel planes, 2= const. The coordinate axis that is parallel to the
generators of the cylinders is called the z-axis in all cases.

The following coordinate systems are considered in this section:

No. Name Fig. No.
P1C Tangent-cylinder coordinates 2.01
P2C Parabolic-cylinder coordinates 2.02, 1.04
P3C Cardioid-cylinder coordinates 2.03
P4C Hyperbolic-cylinder coordinates 2.04
Ps5C Rose coordinates 2.05
E1C Circular-cylinder coordinates 2.06, 1.02
E2C Cassinian-oval coordinates 2.07
E3C Inverse Cassinian-oval coordinates 2.08
E4C Bi-cylindrical coordinates 2.09
Es5C Maxwell-cylinder coordinates 2.10
L1C Logarithmic-cylinder coordinates 211
L2C In tan cylinder coordinates 212
L3C In cosh cylinder coordinates 2.13
H1C Elliptic-cylinder coordinates 2.14, 1.03
H2C Inverse elliptic-cylinder coordinates 2.15
J1C sn-cylinder coordinates 2.16
J2C cn-cylinder coordinates 247
J3C Inverse sn-cylinder coordinates 2.18
J4cC In sn cylinder coordinates 2.19
JsC In cn cylinder coordinates 2.20
JoeC Zeta coordinates 2.21

This list can be extended indefinitely. We have included here merely a few
coordinate systems that seemed promising with regard to engineering applications.
Table 3.01 lists the cylindrical coordinate systems obtained from the transforma-
tions of Section II. For each system, the metric coefficients are given and the
separability data are evaluated. Table 3.02 presents the gradient, divergence,
curl, and Laplacian for each of these coordinate systems. The appearance of the
coordinate surfaces can be visualized by reference to Figs. 2.01 to 2.21.
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3.01 CHARACTERISTICS

The equations of Table 3.02 are obtained from the general expressions of
Section I, which are considerably simplified in this special case. For cylindrical
systems with g, =g,,,

(ds)? =g [(du')?+ (d“z)z]-i-(dz)z. (3.01)
grad¢P= (g:l)* [ 1 ow + 2 J+a‘%§-, (3.02)
o [ a1 ) < B oy

—a| 1 9E._ OE, 9E, 1 0E,
+ W[(gu)*EzJ - aa, o) Eu]],
_ 1 2p
2 Q= E [ (3141) auz ] + — 632 . (305)

No cylindrical coordinate system allows R-separation [6]. Also, except for
the four cylindrical systems of Section I, no cylindrical system is known that
allows separation of the Helmholtz equation [9] or that allows separation of the
Laplace equation where ¢ = @ (4!, u2, u3). Therefore, the only separation that can be
considered in Table 3.02 is simple separation of the Laplace equation with o = @ (u*, u?).

But if ¢ is independent of z, Eq. (3. 05) gives for Laplace’s equation,
32

Ty + (Gt (6u’) =0 (3.06)

which is the same as the equation obtained in rectangular coordinates. Particular

solutions are — sin put
cos

o= ei,,,‘.(sm>15 Y

cos
These solutions apply to all the coordinate systems [18)] of Table 3.02.

A one-dimensional solution is also possible for Laplace’s equation (but not for
the Helmholtz equation) in cylindrical coordinates. If ¢ is independent of z and «?,
Eq. (3.05) gives for Laplace’s equation,

dp

(@u)?
¢=A+ Bul. (3.09)
Thus there is no need of listing solutions under each coordinate system, as was
done in Section I: Egs. (3.07) and (3.09) apply to all the coordinates of Section III.

The one-dimensional solution, Eq. (3.09), is equivalent to the conventional
method of field mapping by conformal transformation [17]. Here boundary
conditions fix the potentials of a set of surfaces such as 4= const. But this ap-
proach is inadequate for the general case, where arbitrary potential distributions
exist on the boundaries. In this case, the usual conformal-mapping technique
fails; but its extension, by the development of new cylindrical coordinate systems,
allows the treatment of two-dimensional field problems with arbitrary boundary
conditions.

or

(3.07)

=0, (3.08)

whose general solution is
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Section III. Cylindrical systems

TABLE 3.02. IMPORTANT EQUATIONS FOR CYLINDRICAL SYSTEMS
P1C. TANGENT-CYLINDER COORDINATES (w, v, 2), Fig. 2.01.

=__F
/‘3_'_1,2’
v
y= ,u’—{-v”
Z=2z.

B =E =g = (u2++9)72, gy=1.

(@s)* = [(@u)*+ (@)?] + (@2).

2+1,2
grad ¢ = (u*++?) [a,. a5 ] +a,l2 e

f:v’) + —:_v(lﬁ—'i:“)] +%€i

AL o,
az ]_|_a'7l:...(‘u2+,ﬂ)_a7]

+a, (432 [L (**%) ~ 5 [t ’E-:V’)

div E = (u? +v2)[ (.

curl E = aﬂ[(,u3+ v2) a—v' —

02 0? 0%

— (y21-p2)2| 99 4 |4

—'(lu' +'V) aﬂz avg]—l_ 322'

P2C. PARABOLIC-CYLINDER COORDINATES (see Section I).

P3C. CARDIOID-CYLINDER-COORDINATES (., v, 2), Fig. 2.03.

=1_#-n_
T e
kv
Y= e
2=2.

8'11=gzz=gi= (24773, gay=1.

(@) = ame [@w)*+ (@)% + (@2)*.

ey
gradg = (499} [a, 32 10, 57] + 0, 22

div E = (2 -+ {7 [+ )V E] + -2 [+ B+ S

§ 9E;
oy

+ @ (R [ () E) — 2 (w0 8E)|.

curl E =a,,[(,u2+v“) — a_zv] _H,'[?zg — (u+ ,,z)g_%%]

('“2"'”2)3[3,;2 6v’]+ A
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P4C. HYPERBOLIC-CYLINDER COORDINATES (&, v, ?), Fig. 2.04.

x=(9+!‘)‘n

=(e—mh

z=2z, where o=+ (u2+?)h
Eu=C8a=g =3+,  ga=1.

7 [(@p)*+ (@)%] + (@2)*

ds)p=__1 -
@9 =il

gradq’:VE(M’-sz)}[aﬂ g v av]+al 9z °

div E =2 (4 {2 [+ ) E] + - [+ E) 4+ 5
curl E = a,[J2 (ut+ )1 2 — 2] a0 [T — 12 (/t’—%-v’)*a—E']

+a, Vz(m+v=>*[ (4997 E) — 2 (w249 4E,) .

Vo =2 (it | 28+ 28+ TE.

ov?

P5C. ROSE-CYLINDER COORDINATES (g, v, 2), Fig. 2.05.
1
x= Py (@ +m)t,
=1 o—u)t
o e—n,
z=1z, where o=+ (u2+?)t

1

gn‘—’gzz:g*:m» s=1.
(@s)2= W [(@u)2+ (d9)%] + (d2)2.
sy =i 3 0 2] o

div E = V2 (u2+ )t {3—"” [+ v*)-!E,,] + 2 [+ E) 4+ 2

curl E = ap[]/i (u2+ )t aa—Ev‘

— V2 (@t 2 ]

+a, V2 (u+ ) [ai (W+91E) — 2 ((w+ v*)—*E,‘)] :

o2

V2p =2 (us+ )} ’+av’]+82"
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E1C. CIRCULAR-CYLINDER COORDINATES (see Section I).

E 2C. CASSINIAN-OVAL COORDINATES (v, ¢, 2), Fig. 2.07.

%= Vz [o + (e"cosy + 1)]4,

y= ﬁ [o— (¢"cosyp +1)14,
z=1z, where g=+ ("4 2¢"cosy + 1)

a?el”

=g =g = i Ga=1
(@52 =" [(an)s-+ (@) + (@2,
gradsv—z—"’* ,,';;’7’ ¢a¢]+a,
WE="" {an[wz "]+W[%Ev}}+%-
B e[t G- el -
+a, [a (7 B) ~ 2 (32 Bl
Vip=—2 [ T on|+ 5T

E 3C. INVERSE CASSINIAN-OVAL COORDINATES n, ql, ), Fig. 2.08.
x = Ve [g + (e"cosyp + 1)14,
=-—1[p— (e"cos 1)]3,
V29 e —( p+ 1))

z=1z, where g=—|—(e2"+2e'7coszp+1)5.
o2
49’ ’

(@s)2 =22 [am) 4 (dy)?] + (d2)2

En=g=¢g = gaz=1.

9 P
2¢ 2
gradg=-"5 ae" [a" T ]+a’ oz
e oFE,

dvE= 20 (7[5 i ] W[TE"]}JF oe
¥ oE, 20t OE,
A
cur @ ae" a'l’ ta ae’ on

+a, {3671 (e" EV’)_TB%(Z_;E")]'

_ 49’ Pp ¢
V"P—' a'egﬂ [ + awg]_*_a_zz‘.
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E 4C. BI-CYLINDER COORDINATES (v, ¢, 2), Fig. 2.09.

asinhy
" coshnp—cosy’
_ asiny
y= coshn —cosy ’
2=12.
—g,—gh=__ ¥ =
811 =§822=2§ (cosh y —cos 9)® * gas=1.
2
@s)?=———— " [([dn)*+ (dy)*] + (@2)*

(cosh n — cos y)?

gradq;:—a—(coshn——cosw) a, ‘p +a,, Zz]-ka,%gi

divE = L (coshn — cos y)?

{— [(coshn — cos ) ! E,,] + 5o [(coshn — cosy)? Ew]} a}i .
curlE=a [ (coshy ] +a [—— —— (coshn 31157,
G (cosh — cosy)? [— (coshnE—:ccmp) - 3_3'/1 (o))
Vie=— (coshn — cosw)*‘ a q’ Z’:: .

E 5C. MAXWELL-CYLINDER COORDINATES (1, , 2), Fig. 2.10.
__a
x—;(n+1+e"coszp),
y = (p+esiny),
z=z.
2
En=gn=g= (%) (1+2€7cosyp+€*), gu=1.
(@s) = (2 (4 + 267 cosp+ ) [@n)2+ (@) + @)
_z 27\ — op o op
grad ¢ ~.-7(1 + 2€"cosyp + €27) ‘[a,,-%—i—aij +a, 57
divE = % (1+2¢€"cosyp + €271
8 " 2m)§ _"L " 2} 9E,
x{an [(1+2¢"cosy + "W E, ] 4+ [(1+ 2¢" cosp + €*7) E"]}+W'
3E
curlE =a [1 (14 2¢€"cosy + £27) 4 aai 5 ]
+ a,[-— -z +2e"cosw+e"')—* OE, ] +8,% (14267 cos p + 27) 2

X [—87 ((1 + 2€"cosy + eﬁﬂ)iEv) — 5 ((1 +2¢" cosy + ezﬂ)i E,,)] .

] L[ 20
Po=(3) 0 +adeosy+ 2T T4 a$]+ 3
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L 1C. LOGARITHMIC-CYLINDER COORDINATES (u, v, 2), Fig. 2.11.
x= %ln(,u*—{— v?),

y =22 tan" (o),
2=2.
gn—gzz—g&—( ) ,_:_v,, g3 =1.
(@5 =(22) e [@uy+ @) + @22

op
gradq)=?a—(.u2+"2)*[ay a a, av]_i'ax 2z °

div B =7 (u+9) {5 [ww)-*E,,J +-—[(m+v=>-* E)} + 5.
curl E =q [._( s e Ly a}; ]

(,u3+ »?) {_ (J%F) - %(ﬁ)]

SRR

L 2C. LN TAN-CYLINDER COORDINATES (v, Y, 2), Fig. 2.12.

sinh? 5 4 sin?yp

2= 0 SRt costy
)
2=2.
m=gn=g= (Ta) sinh? 2171-{- sin?2y ’ s =1
(@5 = (A2 ez ey (@0 @)+ (@)

. . 0 0
grad p = 4% [sinh? 29 + sin?2y]} [ 99 4 a, 65 ] + a, az

divE =7 [sinhz 27 + sin? 2] {_ [(sinh? 25 4 sin? 2y)# E, ]

3E
+ 5= [(smh2 27 + sin?2y)~ *Ev]}
—a | (e in? ia_Ei oF,
curl E= a,,[ ia (sinh? 27 + sin? 2y) oy az

+a, a—E"—L sinh2 29 + sin?2 *3& +a, -~ (sinh? 29 + sin? 2y)
7 ¥ a — 7

X [ ((sinh? 29 4 sin® 2y) 4 E, ) By ((sinh’ 27 + sin? 29) 4 E,,)] .

0%p
Py

( ) (sinh? 29 + sin?2y) [ o



Table 3.02. Important equations for cylindrical systems
L3C. LN COSH-CYLINDER COORDINATES (v, ¢, 2), Fig. 2.13.
x= % In (cosh?n — sin?y),
= —-25— tan!(tanhy tany),

Z=2Z.

gaa=1.

2(111)2
n )

gn=gaz=g*=(
where
T2 = cosh? 7 sinh? 5 + (sinh % cosh # + sin y cos y)?
(cosh? 7 — sin? y)?2

@92 = (22L) [dn)-+ @) + @2

gradg = 2aII[ "on +a" ]+a' 0z °

2 ) oE,

divE=_" m{a [IIE,,]+6_[HE,,]}+ 2y
i n n  oE;
curlE—“[zan oy ]+ [ ~ 240 oy

+a,ﬁ[3n_[nEv]—a_w[ﬂEv]].

Vz"’:(z:H) [a*

E 1C. ELLIPTIC-CYLINDER COORDINATES (see Section I).

62’ :

91

H 2C. INVERSE ELLIPTIC-CYLINDER COORDINATES (1, ¢, 2), Fig. 2.15.

__ acoshyncosy
cosh?yn —sin?yp ’
a sinh g sin

y= cosh?yn —sin?yp ’
z2=2.
_ o2 (cosh?  — cos? y) _
gll g22 g (COSh’ n— sin? 'p)g ’ g33 1.

(ds)p = 22(coshin — COS9) [ (gpya ()] 4 (d2)2,

(cosh? 5 — sin? p)?

2y !
cosh? » — sin 3_¢]+a‘a_<p'

adg =
grace a(cosh? 7 — cos? )* n 377

. __ _(cosh?yn —sin?y)*?
div E a(cosh? 5 — cos® y)
X{ 9 [ (cosh?y — cos? w)‘ ] + 0 [ (cosh? % — cos? tp)*
on | cosh?yn—sinty cosh?yn —sin?yp

B+

oE;
2z
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2, sin2 oF
curl E — a, { cosh?yn —sin?y OF, .,}
a(cosh?y —cos?y)t 9y oz

+ { 9E, _ _ cosh?zn—sin’y 6E,} (cosh? 5 — sin? )2
vl oz a(cosh?y —costy)t 7 * a(cosh? 5 — cos? y)
< {____ (cosh? y — cos? p)} E]__2
on | cosh?yp—sin2y ¥ oy
cosh? 5 — sin? )2 o2
W¢=( n v) [¢+ ﬂF

a?(cosh? 7 — cos? y)

(cosh?n — cos? vp)* E ]}
cosh?yn —sinty = "TJf°

022 °

J1C. SN-CYLINDER COORDINATES (g, v, 2), Fig. 2.16.

0=usK, 0=v=K, —oco<z<Ho0o.
—71- snudny,
y = Z cnudnyusnycny,

z=1z, where A=1—dn?usn?».

392
gu:gzz:g&:a/l, ,  Bis=1,

where
= (1 - sn’y dn?y) (dn?y — k2sn?y).

2 [(@p)r+ (@9 + (@22,

(@s)?=

A
gradg = —— 0

no (28] 2 )+

8<p o o
a “’W]“"“‘W

_ A 9E,  ¢E, A @E,
corl E = a,[ 5 52 — 5| +a [ 7
AS
+ 'a!)z{a,u[A ) =55 [ B}
2, A2 {a%p } ]
4 9= ar e + or? + 022 °
J2C. CN-CYLINDER COORDINATES (u, v, #), Fig. 2.17.
0susK, 0=sv=K, —oo<z<+oo.
x-——7 cnucny,
a

y——sn,udn,usnvdnv,

z=1z, where A=1—dn?usn?y.

2
g1 =g =g= aA, ,  8s=1,

where
I'?= (sn%» + sn?u cn?) (dn?y — k2sn?y).
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(@)1 =212 [(dp)r+ (@9)2] + (@22

A o9
grad"’:?z“r'[af‘a '3v]+a

divE =7 {ai [%E"] *%EE]}“L%

A OFE,
al’ ov

curlE =a,

—aF 3,u

+ 'aﬂ{ay [A ]—W[‘A‘Eﬂ]}'

A2 (o%¢ a2 2p
2 =
Vo= {a,ﬂ w}"’ 9zt

J 3C. INVERSE SN-CYLINDER COORDINATES (u, v, 2), Fig. 2.18.

0=usK, O0=v=K, —o<z<-+ .

x =—A~sn dny
ax H ’

_Hn
2aT’

z=2, where A=1—dn%usn?y,
2 =sn?udn?y 4 cn?u dn?u sn2y cn2y,
T =sn?udn?y + [(A/Vk) + cnudnusnyeny],

IT = (A%[k) — (sn®u dn?y + cn?u dn?u sn2v cn2v).

gu“:gn:g‘:(/lg)’

aT 3=1.

(@52 = (£2)' [@w*+ @)1 + @ap.

gradcp— aT a, 3# +a” 3<P]+a‘ 2.

pe ST (842 5) 4 3[40 5] 2

curlE =a, Zg ZEv aTr Zfiz]
o 42 - 42

o =(Ga) (G + ot o

93
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J4C. LN SN-CYLINDER COORDINATES (i, v, 2), Fig. 2.19.

0Su<K, 0SrsK, —ow<i<+o
_a A2
*=2In(g),

2a Lfcnudnusnvcny
y___Ttanl( panu )’

snudny
z=12z, where A=1—dn?usn®vy,

2 =sn?pdn?y + cn?u dn?u sn?vcn?y.

2a0)\2
gu=8'zz=g}=(:£): gas=1,
where

©?2 =sn?y cn?p dn?u (cn?v — sn2y dn?v)?

+sn?y cn?» dn?» (cn?u 4 sn?u dn? )2

(@2 = (222) 1@w*+ (@) + (@2

_ nX ¢
gradp = 226 a"ﬁ

s 2B 98]+ 3 (§5)+ B

o9 op
+av—a7] +a’x$‘.

curl E =a,

o feor (o [ 5] = 5 [ B}

70 =(5ie) (o + )+ o

nX OE, OE, +a 6E,,_ nX OE,
2a0@ 9y 0z 'l 2z 2a0 op

J 5C. LN CN-CYLINDER COORDINATES (., v, #), Fig. 2.20.
0=u=K, O0=v=K, —oo<z<+4o00o.

=% In(s
x—;ln(_/A’),

2a 4f{snudnusnvdny
y=7tan 1( . Jd ),

cnucny
z=2, where A=1—dn?usn?»,
£ =cn?pcn?» 4 sn?yu dn?u sn?y dn?y.

2a 0’

=
no

gu=gzz=g‘=( )2: 83=1,

where
@'2=sn?ucn?udn?u(dny — £'2sn2y cniy)?

+ sn?»cn?» dn?y (dn?u — k%sn?u cn?p)?.
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(@5 =222 1w+ @7 + (@a)*

_ _=E 14 o9
grad¢ 2“@’ [ +av ‘l’]+a‘ az
. _ mE? o [@ o [© oE,
dvE= o {7 ?Eﬂ]+°a7 ?E~]}+ T
_ nE OE, nE ©OE,
curlE_a”[za@, oy T 240 6/4]

NS
o= (25 f{5n+ 5} - 50

J6C. ZETA-CYLINDER COORDINATES (., v, 2), Fig. 2.21.

o=sp=sK, OSvSK’, — o0 <2<+ oo,
x = 2K“ {Z( )+ v’},
2K 1 ' ot At
y = “{Z( )+2KK' —7dn?usny’ cny dnv},

2=z, where A’'=1 —dn?usn?,
v =v+ K',
n/2
K=f—"’_
(1 —R2sinz @)t ’
0
n/2
- [ (1 —k2sin? @)t ’
0

n/2

E=[(1—k2sin?g)tdg.
0

g1 =g=g= ( 21:“ )2{‘:1],2: sn?u cn? u dn? y sn?»’ cn?»’ dn?y’
+ [dn2 + i /S;,l, i (dn®p cn®y’ [cn?pu — sn?p dn? u]

— ksn?u 1 — kzsn“p])] }

Other equations can be written with the help of the general relations of §3.01.



Section IV

ROTATIONAL SYSTEMS

Each of the 21 transformations of Section I yields one or two rotational
coordinate systems, obtained by twirling the plane map about an axis. A tabula-
tion of the most interesting of these systems is given in this section.

4.01 R-SEPARATION

In most cases, the rotational coordinate systems do not allow simple separation
of the Laplace and Helmholtz equations, though they may allow R-separation
of the Laplace equation. This subject is treated in previous publications [7], [9].

Definition I. 1f the assumption
g =Ulw) U(u?) - U ()

permits the separation of the partial differential equation into three ordinary
differential equations, the equation is said to be simply separable.
Definition I1. 1f the assumption

U ) - U2(u?) - U3(u®)
¢= R(u?, u?, u?)

permits the separation of the partial differential equation into three ordinary
differential equations, and if R == const, the equation is said to be R-separable.

R-separation introduces two new quantities, R(«?, #?, «3) and Q(u!, u?, u®),
which greatly improve the possibility of effecting separation. These quantities
are defined by the relations,

)
8is = M, o, (4.01)

£ — hhh(R1Q. (4.02

Also, &, is not zero as it was in simple separation of the Laplace equation, but

5 1 8 (; oR
o= — %; e (f,- W) = const. (4.03)
Equation (4.03) constitutes the necessary and sufficient condition for separability
of the Laplace equation in euclidean 3-space [7]. A comparison of the equations
for simple separation and R-separation is given in Table 4.01.

No case is known in which the Helmholtz equation is R-separable, so the
question that arises in this section is merely whether the Laplace equation is



4.02 Tables 97

R-separable in a given rotational coordinate system. For example, in toroidal

coordinates, at

B =822= (cosh  — cos 6)2 °
_ a?sinh?y

833 = (coshj — cos 6)2 °

The complicated form of the denominator precludes the possibility of obtaining
a Stickel matrix for simple separation. But for R-separation, we let

0=— 2
Then (cosh p — cos 6)2 °
e
My My _ g My _ 1
S S ’ S sinh?z ’

and the Stickel determinant is very simple:

1

t -1 " sinhZy
S=lo 1 o |=1
o o 1

Also, ; = + } and R? = (cosh# — cos 0)1. Requirements for R-separation of the
Laplace equation are satisfied.

4.02 TABLES

Metric coefficients and separability data are listed in Table 4.02. Some of the
rotational systems obtained from Figs. 2.01 to 2.21 do not allow separation of any
kind. After discarding the non-separable cases, we find 4 systems in which
Laplace’s equation is simply separable and 10 that are R-separable. The simply
separable coordinates have already been listed in Section I, and the R-separable
cases are tabulated in this section. One additional system in introduced—the
inversion of rectangular coordinates—making a total of 11 coordinate systems
treated in Section 4:

No. Name Fig. No.
P1R Tangent-sphere coordinates 4.01
P3R Cardioid coordinates 4.02
E4Rx Bispherical coordinates 4.03
E4Ry Toroidal coordinates 4.04

H2Rx  Inverse prolate spheroidal coordinates 4.05
H2Ry  Inverse oblate spheroidal coordinates 4.06

- — 6-sphere coordinates 4.07
J1Rx Bi-cyclide coordinates 4.08
J1Ry Flat-ring cyclide coordinates 4.09
J2R Disk-cyclide coordinates 4.10

J3R Cap-cyclide coordinates 4.11
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Details of these eleven coordinate systems are given in Table 4.03 and Figs. 4.01
to 4.11. Table 4.04 summarizes four rotational systems obtained from elliptic
functions. It should be emphasized that these coordinates by no means constitute
the totality of all R-separable systems.

TABLE 4.01. SEPARABILITY

for @ = @ (ul, u?, u?).

Simple separability R-separability

of Helmholtz equation of Laplace equation
Me+x»x*p=0 V2e=0

p=UL.U2.U? ¢=£1_'%2

S _ S
8ii= M, 8ii= M,
g g 2
?=f1f2fa —§=f1fzfs(R) Q

3

—_ =—9v 1 @ ( R

@ =x % 5 ;f;g“ 7 - am')

Separated equations

1 d (, dUs P
ZW(‘W)+U'ZI¢ef°‘f=O'
7-

Stéckel matrix
Dy, (W) Dyp(u') Dyg(n')

[S]=|[DPs1(4?) DPgg(?) Pgs(u?)|.
Dy, (%) Dya(4®) Dyy(w?)
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Table 4.02. Some rotational coordinate systems
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Table 4.02. Some rotational coordinate systems
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Table 4.02. Some rotational coordinate systems
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TABLE 4.03
P1R. TANGENT-SPHERE COORDINATES (w, v, ), Fig. 4.01.
PRI 0<pu<+ oo,
—oo <y <+ o0,
0=yp<2m.
_ Mcosy
e
_ psiny
y_ qu__*_vg )
="
- utr? e

\\ \
N \\

Coordinate surfaces
- /// N

‘ 21 21 2 1 (h21 N2Vd

S
7 "\ N y (toroids without center
W)\ =0 :

//// &\\\\\S:\ opening, u = const),

Byt (i— L) =]

2y 412
(spheres tangent to xy-plane
at origin, ¥ = const),

tany = y/x
(half planes, y = const).

Stickel matrix

A0, 1 —1 —1/u?
Fig. 4.01. Tangent-sphere coordinates (u, v, y). This and the follow- [ SJ =1|0 1 0 .
ing figures are drawn as if the coordinate surfaces were filled with

jelly and then one quarter were cut out (from y=0 to y = n/2). 0 0 1

The coordinate surfaces are tangent spheres (v = + const), toroids

without center opening (s = const), and half-planes (y = const). S=1
The solid arrow heads indicate the direction associated with an ’
increase in the parameter _ —
My =1, Myy=1, My =1u2

Metric coefficients
811 =82 =1/(u2+ 1?2, gas=p?/(u2+1?2, g = pf(u2+ »?)>.
R=(e49)7h, Q=@+,
h=u, f=1, =1, «=0.
Important equations
(ds)i= (d”)’+(,ﬂ‘f:l’ v

0 0 0
gradg = (u*+7) @, % +a, 5% 1 v 57].

divE = (23] o

u W((u’iv’)’E")_F”@_i((ﬂ’—iv—’)—’E')]'{—%0‘2+v2)%'
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a, a, a,u
T 2 o
curlE=L‘_‘_‘;l_)_ En v oy
E, E, Ev,u
ﬂ2+,1’2 2+,,z ”z_|_,,z
2, _ (ﬂz_l_,,a)s{ u 1 _ig} (u? + v2)? a_sg
rte u (u 24 p? 6,44)+’u oy (p3+v’ av) + u? oy?’

SEPARATION OF LAPLACE’S EQUATION, V2 ¢ = 0.

i d ZZI)+U‘Z¢.,«,—0

where o, = 0 and U'= M(u), U2= N(»), U= ¥(y),
= (u2+ vz)iM .N.Y.

General case

M 1 dM %y
G T u e (a”_l—F)M_O'

N | 4y N=0,

ay
Id,,,,+ v=o0.

If ay = — g* and ay = 1,
Gt @ P M =0, {24 M=A%,(qu) + BS_,(qu)
or** M=AS,(qu) + BY,(qp).

d:N

7 —IN=0, {04} N=A4¢"+ Be ™.
{04} ¥=Asinpy+ Beospy.
If 0y =+ ¢* and o0y = *,
SU LD (g M =0, (24 M=AL(qm)+BI,liqm)
or** M=AS,(qu)+ BY,(iqu).
{04} N=Asingv+ Bcosgv.
d"I’

+p¥=o0, {04} ¥=Asinpy+ Beospy.

* Designation in terms of singularities. See Section VI.
** If p =n, an integer, use the second solution.



106 Section IV. Rotational systems

If ay = 0 and oy = P2,

dzM 1 dM 2 -
P A Par—o, (o) M=Au+ B

N

N —o, {01} N=A4+ By.

(‘z;; Fp¥—o, {04} ¥=Asinpy+ Bceospy.
If ay=03=0,

§g=0, {01} N=4+ By.

%%20, {01} ¥Y=A4+By.

For ¢ independent of ¢,

a*M 1 dM

T M =0
-‘flij"r+azN=o.

If ay= — g%
Gt eM =0, {18 M=A4%qu +B%(p).
O _ =, {04f N=Ae”fBe

If o=+ ¢2,
A%g+%%%—¢M=m (14 M=AS,(iqu)+BY,(iqu).
‘ll;g +¢N=o, {04} N=Asingv+ Bcosgv.

If ag =0,

.%g %%%:0, {01} M=4+Blnp.
&N

—+ =0, {01} N=A+ By.
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P3R. CARDIOID COORDINATES (., v, ), Fig. 4.02.
0=u<oo,
0=y < oo,
0=yp<2m.

— M
P ey Y

- :
YE Y

Lot =)
2 ( "2 + 1,2)2 *
Coordinate surfaces
224 y24 22
1
vy [(x2+ y2+ 234 4 2]
(cardioids of revolution
intersecting positive half
of z-axis, u = const),
224 y2 4 22
1
= ety mi— ]
(cardioids of revolution
intersecting negative half
of z-axis, » = const),
tan = y / x Fig. 4.02. Cardioid coordinates (4, », p). The coordinate surfaces are

cardioilds of revolution (u=const and v =const), and half-planes
(half planes, y = const). (y = const)
Stickel matrix W= — A
[S]=|»® 1 — 1.
0 0 1
2 2
S=p+?,  My=1, M,=1, M31=N+v .

Metric coefficients
B = oo = 1/(u2+ 0%, =2 ?(u+ Y%, gh=pf(ur+ 0>
R=1/(+v),  Q=1/(u+)*
h=u, f=v, =1, «=0.

Important equations

(@5) = Gt yage [+ @)1+ 50 ()

3 0 0 2492 9
grad @ = (u*+ %)} [a” T 7,%] +a, W) - ) g
; _ (p2t+?)® 0 I 0 » (u2+ 072 OE,
divE= ny [v W((,u’—i-v’)E E’“) +'u7r—((ﬂz+v2)§ E')] + v oy
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a, uv
a a, R Lk
# (w2 + ,,2)4
_ (p2 4w 9 8 ?
curl E = | 5 ¥
E,, E, E,,,,uv
(”z_i_,,z)! ('“z_l_,,z)i (u? + v?)?
2 — (W24
Ve = e
2 © " ap (12 + 21 2%
X{ ((p”+1ﬁ)z ay)+'“ ov ((,u“+u2)z 71/_)}4- uv? 8tpz'

SEPARATION OF LAPLACE’S EQUATION, V2 ¢ = 0.

; e b

M), U=

dut

where oy =0 and Ul=

dU')+U|Z ¢”al_0

N@), U= ¥y),

= (u2+9) M -N ..

General case

d:M 1 dM

%\ —
E Ty (az+7)M_O'
d*N 1 dN 2 _
Tdvt +5 v +(a2_—v%)N—O'
2
‘;:;+ ¥—o.

If oy = q? and oy =

d”M 1 dM

%

Pl — P+ )M =0, {24 M=ASF(qu)+BI_,(iqpu)
or* M=A45,(qu) +B,(qp).

LN LA @) N=0, {24) N=A45,(g7)+BI_,(gv)

or* N=AS,(qv)+ B%,(qv).

%+P”T=0. {04} ¥=Asinpy+ Beospy.

If ay = — ¢* and a3 = p?,

I+ LA f @ P M =0, (24 M=A%,qu)+BS,qu)
or* M=Ajn(q.u')+B@n(q:u)‘
P4 LA i) N=0, {24} N=AS,(ign)+BS_,liqv)
or* N=A4JS,(iqv)+ B¥,(iqv).

de +pr¥=0, {04} ¥Y=Asinpy+ Bceospy.

* If p =n, an integer, use the second solution.



#M | 1 dM
ap* " p odp
AN | 1 dN
dv? +5 v dvy
axy

S TP =0,
@M | 1 dM
dp " p dp
&N | 1 dN
dy? v dv
a2y

Ty =%
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If a3 =0 and op = p?

._il'::_M_—_o,
2
_%N=o,

=0,

=0,

For ¢p independent of ¢,

{04} M=Au’+ Bu=?.
{04} N=A4+v+ Bv*.
{04} W=Asinpy+ Beospy.

If a=03=0,

{01} M=A+Blny.
{01} N=A+Blny.

{o1} ¥=4+ By.

.f‘.l‘;”_ﬁ;[+-1l‘—%—azM=0,
%-}-%%—l—azN:O.
If g = g3,
I+ M=o, {14} M=A5Gqu+BYqn).
.%§+:dy+¢N 0, {14y N=A45,(q») + B%(gv).
If ay = — ¢2,
o+ LA M=o, {14} M =45 +B%gp.
N LA _pN=o, {144 N=4%(gv+BYligv).
If =0,
ﬁ%_%%¥=, {01} M=A4+Blnp.
EN AN, {01} N=4+Blny.
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E 4Rx. BISPHERICAL COORDINATES (v, 0, ), Fig. 4.03.

— oo <<+ o0,
0=0<m,
0=y <2m.

__ asinfcosy
" coshy—cosf’
__ asinfsiny
" coshy—cosf’
asinh 7
coshzn —cosf *

Coordinate surfaces
2 2
70 x::—_(yz—acoth )2____a2
"= Sinhy,
y (spheres, 5 = const),
x2 + y2 + 22
— 2a(x2+ y%)icot = a2
(apple-shaped surfaces for
0 < m/2, spindle-shaped sur-
faces for 0 > n/2. 6= const),
tany = y/x
(half-planes, y = const).
Stidckel matrix
1 —1 0
[S1=]o0 1 —1/sin?f|.
Fig. 4.03. Bispherical coordinates (7, 6, y). The spheres are desig- 0 0 1
nated by # = const, half-planes by y = const. The surfaces 6 = const
are spindles if 6< 72, a sphere at 6=an/2, and apple-shaped S=1, ]Wu= 1,
surfaces if 6 > nf2 .
M,;=1, M; =1/sin%.
Metric coefficients
a?
£11 = 822 o5k —cos )7 2
_ a®sin?
833 = “(cosh 9 — cos §)2 ’
gh— a3 sin 6 )
(cosh n — cos 6)3
R =[coshn —cos 6]}, Q= a?/[coshy — cos ]2,
h=1, fy=sinl, fi=a, o=—1.
Important equations
2 a? 2 2 in2 2
(ds) (COSh 7 — cos 6)2 [(d'ﬂ) + (de) + sin 0 (d'l’) ]‘
=1 - 42 o9 | % 09
grad ¢ = — (cosh % — cos 0) P + 855+ g o "
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. 4 (coshn—cos0)3 [ . 2 E,
divE = asin 0 smo—a——((coshn—cosf))z)

+_aa?( sin 0 E, )]+ (cosh y —cos 6) 2E,

(cosh n — cos 6)2 asin @ oy
a a, a,sin §
0 0 4
_ (cosh 5 — cos 6)* — e 2
curl E = T asinf on 00 8'{1
E, E, E,sin 6
coshn —cos@® coshn—cosf coshn—cosb
2, _ (coshn—coso)a{in _6_( 1 ﬂ)
Ve a?sin 0 S on \coshn—cosf o7y

+i( sin 6 _3}_)_)}_!_ (coshn —cos )2 &2¢
90 \coshn—cos6 06 a?sin? 0 oy?’

SEPARATION OF LAPLACE’S EQUATION, 29 =0.
1 d (, dUs i o _
fi W( ‘W)“‘ v ’;(p"i“i_o’
where oy = — 1 and U'= H(y), U2=0(0), U= P(y),

@=(coshn —cosO)}H -0 V.
General case

a*H
e (+a) H=0,
a0 a0
or Tt gy + [ — )0 =0,
axy
apt +as¥=0.
Ifag=p(p+1) and ay=g*,
%’771_:’__ (p+32H=0, {04} H=Aep+iny Bo—tt+in,

1 — &2
{222} where £=cos0,
O = AP} (cos 0) + B2 (cos b).

(1—8) Za — 262 +[pe+1 - L5|0 =0,

Z’—';f+qzy’=0, {04} ¥=Asingy+ Bcosgy.
Ifag=p(p+1) and a3 =0,
e —(+rH=o, (04) H=Aett+bny Be—+in,
(1—£’)‘fd’—g—2fg+¢(p+1)@=o, {112} O =AP,(cosb) + B3I, (cosb).
av

Tyt =0 {01} ¥=A44 By.
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If a=03=0,
_‘:;n—lf—%H=o, {04} H=Ae"+ Be 2
Z—zfs——}-cotﬂi(z:O, {01} © =4+ Blncot(0)2).
%=0, {01} ¥=A4+ By.
For ¢p independent of ,
‘;Fsl (4“'“2)1{ o,

do* +cot6 +oc2@ 0.

Ifay=p@+1),

d*H -
i —(p+Y2H=0, {04} H=At+014 Bo—tbthn,

(1_52)2’_3_255—?4—1)(1;4-1)0:0, {112} @ = AP, (cos 6) + B2, (cos ).

Ifa2=01
% —i1H=0, {04} H= Ae 4 Be 2,
o Heot0 g =0, {01} ©=4+ Blncot(6)2).

E 4Ry. TOROIDAL COORDINATES (1, 0, ), Fig. 4.04.
0Sn<+o, —a<ls=+n, O0=yp<2a.

a sinh 7 cos
oshy —cos 6’
asinhnsiny
Cosh# —cos 6’
asin 0
" coshnp—cosf °

y=

Coordinate surfaces
22+ y2+ 22+ a?=2a(x2+ y?)tcothy (toroids, = const),

2 2 _ 2 @
224 y24 (z — acot 0) 3G

tany = y/x (half-planes, y = const).

(spherical bowls, 6§ = const),

Stickel matrix,
1 —1 —1/sinh%y

[S]=[o 1 0
0 0 1

S=1, M;=1, M,;=1, M,=/1/sinh*y.
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Metric coefficients

11 = 822 = (cosh  — cos 6)2
_ a?sinh? g

833 = (cosh 7 — cos 6)% °
g; - a® sinh n

(cosh ' —cos )

= [coshn — cos 0]7%,  Q = a?/(cosh® — cos 6)2,
fi=sihy, =1, h=a w=-+1.
tz

7-0] ¥

||| § const
II |”||

@ -+const

7]=o°
- N

X \ 6= -const

|
7-0]
Fig. 4.04. Toroidal coordinates (5, 6, y). Coordinate surfaces are toroids (= const), spherical bowls (6 = const), and
half-planes (y = const)

Important equations,

2 .
(@) = oy g gy [@1)*+ (@) +-sinkity (d9)"].
0
grad<p=%(cosh77—cos(9)[ +a,, +si:l‘:17 a—z .
. __ (coshnp—cos6)® [ o sinh 7
div E = a sinh [— ( (cosh 7 — cos 6)2 )

Ey
(cosh  — cos 6)2

coshy —cos @ @E

it 2
] + asinh g oy °

+sinh17730—(
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curl

E =

e =

(cosh n — cos 0)2

asinh g

(cosh n — cos )3

a?sinh g

+sinhna—ao(

]

[
QIQ’:

by
=

Section IV. Rotational systems

a, a,sinhy
0 0
a6 oy
Es E,sinh g

coshn—cosf coshyp—cosf coshzn—cosh

{a ( sinh 33)

o
1

cosh 7 —cos 0

—_ 2 2
ﬂ)}+_(coshn cos 0)2 9%

coshn—cosf on

00 a?sinh? oy

SEPARATION OF LAPLACE'S EQUATION, '2¢p =0.

where o, = %

(&—1)

(€

1

A

and U'= H(y),

General case

_1)

dy?

d

(1 dU’)+U‘Z¢,,a,_o

dut

Uz=0(0),

Us = ¥ly),

= (coshy — cos )} H. 0 .- .

o3 —
+(%— —sinh*r;>H_0’
d*@
o 4+, @ =0,
d"]’+ w_o.
If ay = p? and a3 = ¢*,
@*H dH g* _
d—P‘FZE‘EE——[ﬁ‘F(Pa—%)]H—O,
{222} where &=coshy,
H=A%]_,(coshn)+ B2}_,(coshn).
doi 9 +po=0, {04} ©@=AsinpO+ Bceosph.
{04} W=Asinpy+ Beospy.
If g =92 and a3 =0,
dH _
dé’ Zf—ds——(ﬁz—i)H—O,
{112} H=AZ, j(coshn) + B2, ,(coshy).
3’09, +$20 =0, {04} @ =AsinpO+ Bcospb.
2¥ _o, (01} ¥=A4+By.
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I/“2=a3=01
@—0) S 126 4 pH=0, (112} H=42_j(cosh)+ B2_j(coshr).
;‘0_?___0, {01} ©=4+ B6.
%%:m {01} ¥=4+ By.

For ¢ independent of ¢,
d*H dH

§g+%@=a
If oy =22,

dH

75—(752—%)1'1:0'
{112} H=AZ,_,(coshn) + B2,_,(coshn).

@ -1 T +2¢

_Zio@ﬂ_-i-pz@:o’ {04} O =AsinpO+ Beosp.
I/a2=op
d*H dH
O +coth17-27]-+4lH=o,
{112} H=AZ_;(coshn)+ B2_;(coshy).
%3=m {o1} @=4+B9.

H2Rx. INVERSE PROLATE SPHEROIDAL COORDINATES (7, 0, tp) , Fig. 4.05.
0=n<+o, 0=0=m O0=yp<2=m.

__ asinhgysinfcosy
cosh?zn —sin20 '’

__ asinhgsin@siny
I y cosh?z —sin%0 ’

_acoshncos @

cosh?y —sin20 *

Coordinate surfaces

. 2 e [ #2492 22 3 . . _
x4y 2= a[ Sinhi 7 coshiy (rotation cyclides, 9 = const),

A4y 2= a[-— 1;% -Coi;v]‘ (rotation cyclides, 6 = const),

tany = y/x (half-planes, y = const).
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Stdckel matrix

a?sin? 6 1 — 1/sin26

a?sinh?yn —1 — 1/sinh?y
[S]= .
0 0 1

S =a?(sinh?7y +sin?0), M,=1, My=1, M, = sinh? 5 4+ sin2 6

sinh2ysin2§ °

i
&\\\\“"ﬂ" ‘

Fig. 4.05. Inverse prolate spheroidal coordinates (7, 6, y). The surfaces n = const are inversions of prolate spheroids;
the surfaces 6 = const are inversions of hyperboloids of two sheets

Metric coefficients

. __ a?*(sinh? 5 4 sin20)
811 =822 = (cosh?y —sin? )2 ’

__ a*sinh?9sin26
833 = (cosh2 ;) — sin% )2 °’

4 _ a®sinh 5 sin 6 (sinh? 5 4 sin2 )
&= (cosh?7) — sinZ )3 :

R =[cosh?n —sin?6]~% Q= [cosh?7 — sin? ]2,

y=sinhyn, f,=sinf, fy=a, o =0.
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Important equations
(ds)2= —;—:— [IT[(dn)*+ (20)%] + sinh? sin% 6 (dy)?],

where
IT = sinh? 7 4 sin2 4,

£ = cosh?yn — sin26.

Q 2 P a 2
gradg =7 [H (“" an T % ao)+ sinh 7 sin 0 a.p]'

o fol . o @ (IT¥sinhy . o (IM*smno
divE = aHisinh s 6 sin ¥ (———Qz E ) + sinh % 5o (——52—— Ee)]
Q oE,
asinhnsinf oy °
a, a, a,IT-}sinh ) sin 6
0 0 d
022 k. = Z
crlE=—— >~ | 3 20 0
aMsinhysing | 7 ; M
E E I E sinh 7 sin 0
TR TTo v 0
23 . @ (sinhn @ . o (sinf o
2 R —— —— n ___¢_ 4
Ve a*HsinhnsinO{smo an( Q an)+smh’7 ao( [ ao)}
QI 33
4 4

a?sinh?7sin2f 9y®
SEPARATION OF LAPLACE’S EQUATION, V2 ¢ = 0.
1 d (, dUs < _
& a g +U ;d’.m—o,
where a, = 0 and U'= H(y), U= 0(9), US=¥(y),
@ = (cosh?y —sin2 )} H.60 . .

General case

&*H aH
d ;- +cothy 2= (2+ o )H=0,

0 +oot 6 d0+( )@ =0,
dwf

sm’ 6

—— t+w¥=0.
If ag=p(p +1) and ay = g%,
( _1) df’ 25%_ ?(p""‘)""?%]H:Oy

{222} where & =coshy,
H = A%{(cosh ) + B2} (cosh ).
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(=) 59 —20 2 1+ [pp+ 1) — L]0 =0,

{222} where ( =cos0,
6O = AP} (cos 6) + BZf(cos ).

Zz—vf-{—q’Y’:O, {04} WY =Asingy+ Bcosqgy.
Ifay=pp+1) and a3 =0,
@—1) T +26 8 —pp+1)H=0,
{112} H=AZ,(coshn) + B2, (coshn).

(- T2 —20% +pp+ 16 =0,
{112} O =A42,(cos0) + BZ,(cos ).

Z’;’=o’ {01} ¥=A4+4+ By.

If oy =03=0,
r‘i;g +cothn%=0. {01} H=A+ Blncoth(y/2).
%fg+°°t03—?=°' {01} © =4+ Blncot(6/2).
%:0, {01} Y=A4+ By.

For ¢p independent of ¢,
d*H
dn?
20
a02

dH
cothn — —a, H=0,
+ n d?] 2

+cot0—§%—+a2@=0.

Ifag=p(+1),
@—0) S 126 2L —pp+ 1) H=o,
{112} where & =coshy,
H = A%, (coshn) + BZ,(cosh 7).
(12928 2098 4 pp+1)0 =0,
{112} where [ =cos0,
0 = AZ,(cos 0) + BZ,(cos 0).

If ay =0,
o + cothy 22—, {01} H=A+ Blncoth(y)2).
7 dn
a0 e
d—a.+cot0—ﬁ=0, {01} ©@=A4+ Blncot(6/2).
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H2Ry. INVERSE OBLATE SPHEROIDAL COORDINATES (%, 0, ), Fig. 4.06.
0=9n<oo,
0=60=<am,
o=y <2m.

__ acoshysinfcosy
cosh?yn — cos?20 ’

__ acoshysinfsiny
cosh?n —cos?6 ’

a sinh 7 cos 6
cosh?n — cos?0 *

Coordinate surfaces

xz + yz + 22
#2492 22 B
=qa =
[ cosh?yg + sinh2 ]
(rotation cyclides,
7 = const),
x4y 2
—a 34 93 2 1
7| sin®@ cos? 6
(rotation cyclides,
6 = const),
tany = y/x Fig. 4.06. Inverse oblate spheroidal coordinates (1, 6, y). The surfaces
1 n=const are inversions of oblate spheroids; the surfaces 6= const
(half'p anes, y = COI‘lSt). are inversions of hyperboloids of one sheet

Stdckel matrix

atcosh®n —1 1/cosh?y
[S]=]— a?sin%0 1 —1/sin%0].
0 0 1
: cosh?n —sin? 0
S=at(coshtn —sint6), My=1, My=1, M,=Shtisintd
Metric coefficients
_ __ a?(cosh? 5 —sin20)
11 =822 = (cosh?  — cos? 6)® ’

__ a®cosh?ysin?6
B33 = (cosh® 5 — cos? 6)2 *

a® cosh 7 sin 6 (cosh? 5 — sin? 6)
(cosh? 5 — cos? 0)3

g=
R = [coshzyn — cos?0]~%,  Q = 1/(cosh?n — cos?6)2,

fi=coshy, fy=sinl, fi=a, o=0.



120 Section IV. Rotational systems

Important equations

ds)t= -—{.Q[ (dn)2+ (46)?] + cosh? 5 sin2 0 (dy)?},

where
£2 = cosh?y — sin%0,

2 =cosh?9 — cos?0.

— 2 [0-t[a, %2 + % 9]
grad g = a {'Q [a,, an |+ coshzsing oy /"
. _ 3 . o (4cosh o (Qsino
divE = a2 cosh sin 0 smo'a?( 2 E")+COShnW( 2 Eo)]
z
+ a cosh 7 sin 6 E,.
a, a, a, 2% cosh#sin 6
B o EEE A
curl E= ———
a2t cosh 5 sin 6 on 29 o
E &"’ E ot E cosh #sin 0
K] oz z
23 . 9 (coshyn d¢ o (sinf 6¢p}
2 = — —— —_— —_—
Ve a’!)coshnsinﬂ{sme on ( z 317)+005h17 o0 ( z 30)

I )
a®cosh?nsin?6 oy? °

SEPARATION OF LAPLACE'’S EQUATION, 2 ¢ = 0.
1 d aus s
+ W(f'__du-)+ U Z(D,,a,_o
where o, =0 and U'=H(y), U2=06(0), U= P(y),
= (cosh?np — cos?0){H -0 - P.
General case
__-l-tanhn +( o+ cosh’ )H:O,

'do=
d"I’

sm2 0

+ co cot  9& 20 +(°‘2

+Y’0

Ifay=p(p+1) and ay=g*,

(& _1) d&z +2§f1—lg—[p(p+1)_fz—q_z1—]H=0,

{222} where &=isinhy,
H = A%} (isinhn) + B2 (isinhz).
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(-0 G7—20 92+ [pp+1)— zL]0 =0,

{222} where (=cos6,
0O = A%} (cos 6) + B 2{(cos 0).

%—*—qu:o’ {04} W=Asingy+ Bcosqy.
If ay=p(p+1) and oty =0,

pp+1)H=0,
{112} H=AZ,(isinhn)+ B2,(isinhy).

d*H dH
@ —1) S +26 50—

(1—t) S3—20 G2 +plp+16 =0,
{112} O =AZ,(cos b) + B2,(cos ).

_‘;;’!:i=o, {01} =44 By.
Ifay=03=0,
%%{;-}-tanhn%:m {01} H=A4 + Bcot™(sinh7).
_Z;L?-{—coto%:m {01} @ =4+ Blncot(6/2).

Z’_Vf:o, {01} ¥=4+ By.

For ¢p independent of ¢,

:11:;;1 —|—tanhn—(‘i—;ﬂi—a2H=O,
d20 de
W+cot076—+a2@=0.

Ifag =20 +1)
@—0)TE+26 50 —pp+ ) H=0,
{112} H=AZ,(isinhy) + B2, (isinhp).
()25 —20 2+ + 160 =0,
{112} © =AZ,(cos0) + B2, (cos ).

I/a2=0,
d*H dH .
Fre +tanhnTn—=0, {01} H=A4 + Bcot(sinhy).
e de
d—m+°°wd—o=°’ {01} ©®=4 + Blncot(6/2).
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6-SPHERE COORDINATES (u, v, w), Fig. 4.07.

Fig. 4.07. 6-sphere coordinates (, v, w). The inversion of rectangular
coordinates. All coordinate surfaces are spheres

Stéickel matrix

Metric coefficients,
811= G22 = 8as = 1/[4*+ V2 + w?]?,
R = [u2+ v wz]—g,

Important equations,
(ds) = (@} + (@) + @w)?

[ul + ve + w!]l
grad ¢ = (4?4 v? 4 w?) [a

divE = (u+ v2 + wz)a[ (

+

Section IV. Rotational systems

—oo < U<+ oo,
—oo <y <+ o0,
— oo <w< + o0,
- %
T utpvtwr
_ v
y= ud+ v 4 w?’
_ w
T ut vt
Coordinate surfaces
1

(x_ %)24_ y+aE=ga

(spheres tangent to yz-
plane at origin, # = const),
3 SN VPP Y
2 (y 2v ) Tz 492
(spheres tangent to xz-
plane at origin, v = const),
2y gay (p 1)1
»ty +( Zw) 42

(spheres tangent to xy-
plane at origin, w = const).

M1=M21=1Ws1=1-

gt =1/[u?+ v2+ w?]3.
Q =1/[u?+ v? 4 w?]?,

a1=0.

"’aw

b5 T;E—er?)]



Table 4.03. 6-sphere coordinates

a, a, a,
0 0 0
cul B = (2 + v+ 0?3 By B Pw
Ey E, E,
u? 4+ v 4 w? u? 4 02 4 w? u”+v’+w’]

_ [} 1 op
- (u2+va+w2)8[7u—(u’+v’+w’ '67)

o (1 bp\, 8 ( 1 O
+ ov (u’ +v24w? ov ) + dw (u’+v’+w’ 6w)] .
SEPARATION OF LAPLACE'’S EQUATION V2e=o0.

1 d aus i
fi dw (f dw)+U Z¢'I“I_O
where oy =0 and U'=U(u), U=V (v), U3= W(w),

p=W+vr+w)PU.V.-W.

General case 32U
dut (“z"‘%) U=o,
£
jg+ V=o,
d’W + W=o0.

I/ “z=1>’ and o3 = g%,

Z’jf —(2+¢) X =0, {04} X=4 e(P‘+q‘)‘x+ B e—(ﬁ'+q’)5

{04} Y=Asinpy+ Bcospy.

dz’ +q’Z—0 {04} Z=Asingz+ Bcosgqz.

If ag= —p* and 0y = — ¢*,

dx’
jf Y=o, {04} Y=Ae'+ Be?.
oz (04 Z—Adp Bevt

If ay = $* and 03 =0,
ij—ﬁ’X:O, {04} X=A&%+ Be?~
d +ptY =0, {04} Y=Asinpy+ Bcospy.
d’Z
W=O’ {o1} Z=4+Ba:.

If ag=0a3=0,

arx dary asz

123

-|— P*+¢) X =0, {04} X =Asin (p*+ ¢?)} x + Bcos (p2+ g3t x.

= =0, X=A+Bx,Y=A+By,Z=A+ Bz.

dx* ~ dyt T dst
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J1Rx. BI-CYCLIDE COORDINATES (., v, $), Fig. 4.08.

’ 2 Y
I F'FTUWTF = const
N AL =+const

v=const
1= () ‘& \\\\
N y
aRnne
)
23K
=0 ,
X
N
i u=-const
v-/(’—i

Fig. 4.08. Bi-cyclide coordinates {u,», y). Similar to bispherical coordinates (Fig. 4.03), but with 4th-degree surfaces
instead of 2nd—degree for u = const. Corresponding to the two spheres of bispherical coordinates are two cyclides
= + const. Corresponding to the spindles or apple-shaped surfaces are the cyclides » = const

0s=pu=sK, 0=v=K, 0=y<2nm.

x=71— cnudnyusnycnycosy,

= %cn,u dnusnycnysiny,

z=%sn,udnv,

A=1—dn%usn?y.

Coordinate surfaces

— k22 _ — p2 2 2 4
(x2+yz+22)2+ 2 [(1— k)2 —2(1 — kY dn?u+ (1 + k%) dntp) (2 99)

dn? ucn?pu
— a2 (sn‘*’ »+ 7 sn” )z3+ — =0 (bi-cyclides, u = const),
2 2
e (a2 y) S0 ’] — A (4 yY — 2d" 2 24 1=0

(rotation-cyclides, » = const),

tany = y/x (half planes, ¢ = const).
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Stickel matrix ,
—ksn?y —1 — _Kisntu
cn?ydn?p
[ST=] dn2sy g — _ dn’»
sn®ycn?y
0 0 1

S=dn?y — k®sn?y =dn%u — k'2sn?y,

Qz
1”11=M21=1: 1”312

cn? udn? usn2ycn?y

Metric coefficients

292
gu=gzz=a—A_2—,
gss——cnzydnzysnzvcnzv,
g= aA‘? cnpdnpusnyeny,
where
£22= (1 —sn?u dn?y) (dn2y — k2sn2y).
2
R=A47%, =%(1—sn3,udn3v),
fi=cnudny, fy=snveny, fi=a, o=-—2.

Important equations

@s)2= “ Q [(@p)?+ (dv)?] + cn’,u dn?u sn?y cn?y (dy)2.

— A [q 29 3_‘7’ 4 o9
gradtp—aQ [a" du +a, ]+ Yacnudnusnvcny ay
. . A3 . 0 [Rcnudnyu
leE_aQ’cn,udnysnvcnv {snm,nv—a;‘-[ A? E]
9 [2snveny 4 oE,
-|-cn‘udn,ua—r[ A2 E’]}+ acnpudnpusnveny oy
a,Q a,Q a,cnudnysnydny
_ A2 2 2 2
curl E = aQcnudnpusnveny | op oy oy
E QA E,QA E,cnudnusnycny/A
A3 0 [cnudnyu o¢
2= (== 7
Ve a’-.{?’cnpdnysnvcnv{snvcnv ou [ 4 ou
o [snycny d¢ A2 2
+cn/4dn,ua—[ A oy }+ alcn®udn®usntvcniy oy?

SEPARATION OF LAPLACE’S EQUATION, 2¢ =0.

3
1 i —
T dut (f' dus)+U’;¢ii°‘i_o'
where oy = — 2 and U'=M(u), U2=N(»), U= ¥(y),
p=AtMNY.
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General case

d*M  snpu(dn? k3 cn? dM k’4sn?

du? = cn,,::il_np g +[2k’sn2,u %2 %cn’,udn’ﬁy— 0,

d:N dny(cn?v —sn3y) dN 2 dn?y _
T snycny +[ 2dny + oy — sn’vcn'v]N—O’

axy

e +og¥=0.

Substitution of sn? u = z in the first equation and dn?y = z in the second, reduces
both to the canonical form

asz 1 2 2 dz Ay + Ayz+ Ayt + Ay 22
dzt + z2—a, + z—a,+ z— ag d_z+ (2 — ay) (2 — ag) 2 (2 — a,)? Z=o,

where, for M with a, = $? and o3 = ¢2,
a=0, ay;=b=1, az=c=1Jk?,
Ay=—pte, A =pPc(1+c)— g (1—c)*+2c,
Ady=—[pret2(t+0], Ay=2.
For N with a; = 2'2 and oy = ¢3,

=0, ay=b=1, ay=c=F,
Ag=—1p'%c, A;=p*(1+0c)—g*(1—0)*+2c,
Ay=—[p*+2(1+0)], Az=2.
Evidently p'2 = p2c. This is a Bocher equation with designation {1222}, and the
general solution is Z =AUk )+ BYS(k2).

General case, ¢ = @ (4%, 42, u3)
M =AU (k,sn?u) + BY} (k,sn?pu),
N = AU (1/k, dn®v) 4+ B¥} (1/k, dn?v),
Y=Asingy+ Bros gy, where p'?=p?k2

For ¢ independent of ¢,
M =A%, (k, sn*u) + BY,(k, snu),
N = A%, 1|k, dn®y) + B¥ . (1/k, dny).

J1Ry. FLAT-RING CYCLIDE COORDINATES (i, v, ), Fig. 4.09.
0=u=K, O0=Zv=K, O0=syp<2m.

x = Tnpdnvcosvp,
_i :
y_A snuydnysiny,
z=% cnudnusnveny,
where
A=1—dn?usndy,
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Coordinate surfaces

2 31 ey @ [(1—RY?—2(1 —kY)dn?p+ (1+ A% dniu] ,
(x+y+2)+k‘ dn?ucn?pu 2

— a? (sn’ u+ ?—sn'—”) (x2+ 9% + —:} =0 (flat-ring cyclides, u = const),

[dn:v (xg+yz)+ cn?y zz]“_ 2cn?y 22— 2(:::’” (x2+y3)l+1 =0

a atsn?y atsnty
(rotation-cyclides, » = const),

tany = y/x (half-planes, y = const).

Fig. 4.09. Flat-ring cyclide coordinates (u, », ). Similar to toroidal coordinates (Fig. 4.04) but with 4th-degree surfaces
instead of 2nd-degree for v = const. The toroids of circular cross-section are replaced by flattened rings (4 = const), and
the spherical bowls of toroidal coordinates are replaced by rotation cyclides (v = const)

Stickel matrix

— Resn?uy —1 —(k’sn’p-l— ! )

sn?pu

[S1=]| an%» 1 (dn’v + dr’::v)

0 0 1
S=dn?y — k¥sn?y =dn?y — k'%sn?y,

2
My=Myp=1, My=—rr

sn? ydniy °
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Metric coefficients
€11 = 820 = 282312,

a® s dn2
g33=71?5n,u Iiv,

3 )2
g= GA? snudnvy,

where
£22 = (1 — sn?y dn? v) (dn%v» — k2sn2u).

R=A4A7%, =--— (1—sn2,udn2 v),
fi=snu, fy=dnv, fr=a, ao=-—1.
Important equations

(@s)2 =22 (@2 + + (@)1 + 25 - sn2 i dn?y (dy)2

A
gradtp—% + '8v]+$ﬁz_$'
&vE:WLdnv
o 2 o 2 s
a, 2 a, a,snydny
curlE:ﬁ _5‘;_ 7’%— %
E QA EQA E,snudny/A
3
V29 = i adns

SEPARATION OF LAPLACE’S EQUATION, /2 ¢ = 0.
. 3
1 d . dUs i _
7 —d-;;;-(f’—;l—'uT) +U ’; Q;]aj_ 0,
where oy = — 1 and U= M(u), U2=N(»), U3 = P(y),

=A*MNV.
General case

d*M | cnudnu dM 2en2 P

d”z + T[l_ + [k sn®u Ko — (k sn

d:N k’2snvcny dN

dv2 — dn’; dn”v-{—az-i-aa(dn”v—{—d 5 ]N o,
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Substitution of sn? u = z in the first equation and dn?» = z in the second, reduces
both to the canonical form

LA

where, for M with a, = p2% and oy = ¢2,
a=b=1, ay,=c=1[k?, a3=0,
Ay=—qtc, A= —pic, A,=1—¢

A +A z-!—A 22

Ca) e a) e —aF| L =0

e R R

zZ—a Z— Qy

For N, with a, = p’2? and a3 = ¢2,
a,=b=1, ay=c=Fk, a3=0,
A—o=—‘120: A_1=ﬁ'2, /1—2___1___42'
These are Bocher equations with designation {1122}, and their solutions are
Wangerin functions: Z—AF3(k, )+ BTk, ).
General case, ¢ = @ (4!, u%, 43),
M =A%} (k, sn?u) + BT (k, sn?pu),
N =A%) (1/k, dn?y) + BT} (1/k, dn?v),
Y =Asingy+ Bcosqy, where p'2=p%k2
For ¢p independent of ¢,
{ M =A%, (k,sn?u) + BT, (k, sn?pu),
N =AY, (Ak,dn?v) + BT, (1/k, dn?v).

J 2R. DISK-CYCLIDE COORDINATES (i, v, ), Fig. 4.10.
osu<K, 0sv<K, 0=yp<2nm.

x=71— n,ucnvcosy;,
y=—‘f'T cnucnysiny,
z=% snudngsnydny,
A =1—dn?usn?y.

Coordinate surfaces
x24 92 kisn?pu ,\2 2 2 2 2k%sn? u 2 _
(a’cn’,u a*dn?y z) T atcntyu (@45 — adn? u #+1=0
(rotation-cyclides, u = const),
k’2sn2y ,\2 2cn Y (434 42 2k’2sn % 2 _
a’dn’vz) - (*+y%) — a®*dn2y 241

(disk-cyclides, » = const),
tany = y/x (half-planes, y = const).

(cn’v
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Stéckel matrix B
— Esny  — cendy —
k*sn?yu 1 (k cn?yu Cn.”)
[S1= dn?y 1 (k” cn?y — k: ) .
cn
0 0 1

S=dn?y — k?sn?y = dn?y — k’'2sn?y,

I
M1=M21=1, Al,,:

cn?ucny *

Fig. 4.10. Disk-cyclide coordinates (u, », ¥). Coordinate surfaces are cyclides (u = const and » = const) and half-planes
(y = const)

Metric coefficients
811 = gag = a21¥A2,

]
833 = %cn’,u cndy,

a*lt

I = (sn®*» + sn3u cn?y) (dn2y — k3sny).

cnucnvy,
where

R=A4"%, =;—:(sn’v+sn’/4cn’v),

h=cnu, fy=cny, f=a, o=-—1.
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Important equations
(@) = 22 (@) + @v)7] + 5 cnt ey (dy)*

3(p A o
gradtp-—-al,[ T35, 8vl+ Yacnpcny oy
. A3
div E = al*cnucny
2 I‘cnp Icny A oE,
X{cnv 8/4[ E]+°n"a A2 E’]}+acnpcnv oy
eI’ al a,cnpcny
_ At ) ) 2
curl E = al®cnpucny | op oy oy
E,T/A E,I'A E,cnucny/A
AS
2 = —
Vie atltcnpucny
KA cn/t o cny 6(;:} A g
X {cnv ou ]+ Nl Py { a®cn®ucniy Oy’

SEPARATION OF LAPLACE’S EQUATION, /'2¢ = 0.
1 aui i o
(fi du‘)+ U'Z¢ifuf=0:

T dus A
where o, = — 1 and U= M(u), U*=N(»), U*=¥(y),
Y
=A*MNY.
General case

M snpudnp dM P sng, K1 ] _
T T oap du [k sn?yu — a,+a,(k cniyu ”) M=0,
d*N snvdny dN ’ k’ _
v T ey d dnty + eyt ay(¥ enty — )| N =0,
‘”’-}- ¥ =o.

Substitution of cn?u = z and cn?» = z in the first two equations reduces them to
the canonical form

&z 1 1 2 ¥4z | 1 Ao+ 4,2+ 4,28
e P e Ik =T

z2—ay  z2—ay  Z—0ay

where, for M with o, = $? and o3 = ¢8,
a=b=1, ay=c=—(F[k)? a=0,
Ay=—qtc, Ay=p*(1—c)—1, Ag=1—¢8
For N, with ay = 2'2 and a3 = ¢2,
a=b=t1, a=c=—(HK, &=,
Ady=—gtc, A=—[p*1—0)+c], Ay=1—¢"
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Evidently p'2=1 — p2. These are Bocher equations with designation {1122},
and their solutions are the Wangerin functions,

Z=ASL](k,z) +BIj(k,2).

For ¢ = ¢p (u!, u?, u3),

M =AS}(k[k', cn?p) + BT { (i k[k', cn?p),

N=AS] (i F'|k, cn?v) + BT ] (i k'[k, cn?y),

Y=Asingy+ Beosqy, where p'2=1—p2
For ¢p independent of ¢,

M =A%, ik}, cn?u) + BT, (i kK, cn?y),
{ N=A%, (1 ¥y, cn®v) + BT, (i k'[k, cn2y).

J3R. CAP-CYCLIDE COORDINATES (u, v, ), Fig. 4.11.

= z v

y=const

N

I

" a(i+k)
Fig. 4.11. Cap-cyclide coordinates (u4,v, ). An inversion of bi-cyclide coordinates (Fig. 4.08). Coordinate surfaces are
cap cyclides (v = const), ring cyclides (u = const), and half-planes (y = const)

0=u=K, O0=v=K, 0=p<2am.

x=-4 snudnycos
al lu 'p’

y =Lsn,udnvsimp
al ’

12914

=—
2aT’
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where A=1—dn?ysn?y,
T =sn?pdn?y + [(A/Vk) + cnpdnysnycny]?,
= (A2/k) — (sn®u dn?» - cn?y dn2y sn?» cn?y).

Coordinate surfaces
(%2 + y2+ 222+ A(x2+ y?) + B22 4+ C =0,
where
A=—(R+Ry,
4(R,+Ry) sn’,u—(4a’Rle+ R )(1/k+sn2 uy?
k(1/k — sn? u)?

C=R,R,,

k(1 —dn? /(1 + k))*sn?

1 dn? u VE 12
”+vf@‘“717)+““”m”°1+k]

dn2p\2
k(i— 1+k) snpu

dn? u V&
as[ksn8”+ We( 1+k)_ 11k
(#*+y*+ 22+ A(x*+ %) + B2+ C =0,
where

R, =

(ring-cyclides, u = const).

R, =

2
cn,udny]

(1 —&’sn®y) (1 + k’sn2y)\?
[(1+k (cn4v+6ksn’vcn’v+k’sn‘v)( % Y ) 1]
8a’ ’

dn?y(cn?» — k2sn?v)?
k  (cnfv 4 6ksn2ycn?y + k2snty)

B=-— 2at (cn?y — k%sn?y)2 ’
_ B : _
C= oot (cap-cyclides, v = const).
tany = y/x (half-planes, p = const).

Stickel matrix .
_ k2gn? _ _ (p2en2
k2sn?u 1 (k sn?y 4 sn’p)

S]= 2 2 k2
[S] dn2y 1 (dn v+ dn%)
0 0 1
S=dn%» — k2sn?y =dn%y — k'2sny,
98
Iull = 1%1 =1, 1%1 = m
Metric coefficients
A\2
811 =2822= ( ) Q2

833 = (%)25112[“ dnz'v )
4

g= (W)S.Q’ snudny,
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where
22 = (1 — sn2u dn?v) (dn2y — k2sn2y),

T =sn?udn?y + [AfVk +cnpudnpusnycny]2
R=AiT-4 Q= (%)2(1 _ sn?p dn?y),
flzsn,u, f2=dn’v, f8=1/a’ a1=:—1.

Important equations

(ds)2= (—A—)”m (@) + (@)?] + (55 sn*p dntv (dy)2

_ aT 6<p al Op
gradg = a, 6v]+ ¥ Asnpdny oy
. _ al?
div E = A3822sn udny
9 [A2Qsnpu A0 dnv al oE,
x{dnva” [ T2 E]-I—sn‘u v [ E]}+Asn,udnv oy
a, a,Q a,snyudny
_ al? 0 0 [/
curl E = A2Q3sn udny ou oy oy
E AQT E,AQT E,AsnpdnyT
Voo _ @1
?= Btsnpdny

Asnp 8<p o [Adny 2¢ at T %p
{dm [ ]+ nu av[ T W}+A’sn2ydn’v Ev

SEPARATION OF LAPLACE'’S EQUATION, I'2¢ =0.

1 d (, aUi i o
Wdui("dui)-l_U',Zl(b‘fai:O’
=

where o, = — 1 and U= M(u), U= N(), U= ¥(y),

Qo= AYTIMNWY.
General case

M | cnudnu dM _ 1 —
P + —sam dn + [k’ sn?u — oty — (k’sn’,u-l—-——;;)]M =0,
zji’i:f _ k’g(,ir;vvcnv dN +[—dn2v+a2+%(dnz"’+'—]N 0,
d’?’_i_ w_o.

Substitution of sn?u = z in the first equation, and dn?y = zin the second equation,
reduces both to the canonical form

axz 1 1 2 A, +A zz+A,zz _
r + a1+z—a.+z—as dz + [(,,— ) (z — a,) (2 — a)? Z=o,
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where, for M with a; = $? and a3 = ¢2,

m=b=1, a=c=1/k, @=0,
A_o"—'—Q’C, 1‘r1=—ﬁ’0. A-,=1—q’.
For N, with ay=#'? and a3 = ¢%,

a,=b=1, ay=c==Fk?, a3=0,

Aog=—¢q%, A=—p"% Ady=1-—-¢.

Here p’? = p?k2. These are Bocher equations with designation {1122}, and their
solutions are Wangerin functions,

Z=AS}(k,2)+BIf(k,2).

For ¢ = ¢ (ul, u?, ud),
M =A%} (k,sn?u) + BT J(k,sn?u),
N =A%} (i[k, dn?y) + BT} (i[k, dny),
Y =Asingy+ Bcosqy, where p'2=p?R2

For ¢p independent of ¢,
{ M =AY, (k,sn?u) + BT, (k, sn?y),
N =AY, (ifk, dn®y) + BT, (i[k, dn?v).
A summary of the coordinates obtained from elliptic functions is given in

Table 4.04. Further information on the differential equations and their solutions
may be found in Section VII.

TABLE 4.04.
SEPARATION EQUATIONS OBTAINED IN FOUR COORDINATE SYSTEMS

al ai a! A_o A-l I’
| e | [Pt B
'3 _ $3/52 — A [p"(1+0) —_TH
P’—i’ /k Nio 1 k*=c {)’c ——q’(1.—c)3+2c] [ﬁl+2(1+c)]
pampyps (V1| B=C o | —g%c — ' 1—gt
{31221‘2} M|1|—@EEp=c] o | —grc| [pU—0)—1] 1 gt
pamg—pe |[N|1| T EE)=el 0 —ghe — [ =)+ 1—¢
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THE VECTOR HELMHOLTZ EQUATION

The vector Helmholtz equation, which occurs particularly in electromagnetic
theory [19], is more complicated than the scalar Helmholtz equation and its
separation presents new problems.

5.01 CYLINDRICAL SYSTEMS

The vector Laplacian in general orthogonal coordinates is expressed by
Eq. (1.11). For a cylindrical coordinate system, these results can be simplified
because g;; is always unity [9]. If g, = g,, also,

T= é { 321 [(g11)} E4] EPY (&) Ez]} + %ng_ )

oF, oE
I;= : —‘(u);" .

ou? 0z’
195 _ 25,
(gl l) a ul ’

Jﬁ

g {‘a‘;"i‘[(gll) 2 2 (811)%E1]}~

Substitution into Eq. (1.11) gives the vector Laplacian in any cylindrical system
with g, = gs5:

o2E. 2E. 2E. o2 o2
0 Bl = {Gus + G} + 5w [+ o)

2(g11)? (0u?)? (5.01)
3E, [( a6’11) (35’“) } 1 [98; OE,  0g, a_Eg]
4'(gl.l)3 oul ou? gu ou?® out oul ou?|’
_t #E, | , ®E g, |, o
(0 B = - {Garfe & e} + 5 eyt [ G+ Ge 5:02)
3E, [(agu) (agu ]+ 1 [agu OE,  0g, aEl] .
T 4(gn)? [Vow ou? (g11)2 | ou! ou? ou? oul
1 [ 2°E, OE, OE,
(ﬁ E)’_E{(aul)’ + (aug)g}-l_ 922 ° (5'03)

Equation (5.03) shows that the z-component of the vector Laplacian has
exactly the form of the scalar Laplacian:

(& E),= V2E,. (504)

But the other components of £x E contain additional terms [20].
Details for the separation of the vector Helmholtz equation in cylindrical
systems are given in Table 5.01. For rectangular coordinates, the three compo-

nents of the vector Helmholtz equation are identical with the scalar Helmholtz
equation. Thus separation presents no problem and the solutions are those given
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in Section I. Circular-cylinder coordinates, though less satisfactory than rect-
angular coordinates, still allow solutions in a number of cases. For the other
cylindrical systems, separation appears to be possible only for the z-component
and to occur only in the four cylindrical systems in which the scalar wave equation
is known to separate. Solutions for E, are identical with those previously given
for ¢.

5.02 ROTATIONAL SYSTEMS

A simplification of Eq. (1.11) is also effected in coordinate systems having
axial symmetry. Here the metric coefficients do not contain the third independent
variable u3=1p. If we also stipulate that g, = g,,, then

aE, + 1 OE,
(g )5 6u1 au” & oy
[ o8 __1_ 3gsa] E, [ 1 ogy + 1 0gss
2(gu)* g oul 833 Oul 2(g,)t L& 94F out |’
_OE, (ﬁ)* oE, E, 9g
1T out 83s/ Oy 2833 Ou*’

L= (_g‘—l)ia_EL _ a_EV, - E, 0833
2 s/ Oy out 28y Ou'’
8ss \}[ 9E, _ OF, 1 (3gu __ og, )]
1; (gn) [3'“1 ou? 28y, \ Oul E, ut Ey)|,
Therefore,

1 3E‘ 02E, 1 9%, 1 [3g33 oE, 0833 0F,
(0 Bh= [ Gt & Gus] + s oyt s [ o0 o+ ot

E, [ 1 [P, g l 3 [ 0811 \2 (748 2]

+aes s L * ] — e () + (5ad)

_ 1 081 98 08 agsa] + _1_[ gy 1 ( 0833 )2]}
281183 | Out 0wl out ou? 833 L (0u!) gas \ Oul

L 1 [36’11 O0E,  9g, 3Ez]
(£11)*

ou® oul out out
E, [ %35 98y ( 1 0gy | 1 agas)]

2811 822 | U 0u? ou \'g,, oul Zag OUL
1 9gs3 9Ey

(gu)‘ (g”)i out oy
PE, | PE, ] 1 PE, | [agaa OEs | 08 aE,]
B | @u)? T (2ur)® 833 Oy? 28,1833 | 0ul out ou? out

(x E),=

Ez g, Pgy ] 3 0811 \2 0811 \2
* 2, {gu [Gats + ] — 2w ((ou) + (5u ]
_ 1 0811 08 _ 98n 36’33]+ %3y 1 (985 )2]}
281183 | Ou® Ou? oul out gas L (0u?)® gy \ OU®
1 [agu OE,  0gy, 3_E1_]
(811)?

ou' ou? out oul

E, [ 33 083 (1_ ogn _l__l_ agss)]
2811833 &1 Ou? 833 Ou?

oul ou? oul
1 O OB
(gu)i (gaa)! out oy’
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(x E),=

1 aEw azEw] 1 E, 1 [aga:x OE, | 0gy 3Ew}
gu [(@W)? T (0u?)? T gy 09 2811835 | Ou' Ol out ou?
E, %835 %8sy 1 0833 \2 0833 \2
e s ] — o |7+ (G52}
[agsa oF, 4 fss 0833 aEz]
(g10)* (s0)? L 0% out oy

If the field is axially symmetric, the y-component of the vector Helmholtz
equation reduces to

_1_[ &’E, o’E, } 1 0833 9Ey | gss aEw}

g L (6u)? (3“2)’ 2811835 | Out Ow! ou* ou?

2 083 0853 1 [(98ss 0853 |2 } _
o 26’11333 { (0u?)? (0u?)? ] 833 [( oul ) + ( auz) ] E,=o0.
This equation is simply separable in the rotational coordinate systems in which
the scalar Helmholtz equation separates. Details are given in Table 5.02.

TABLE 5.01.
THE VECTOR HELMHOLTZ EQUATION IN CYLINDRICAL SYSTEMS

FIG. 1.01. RECTANGULAR COORDINATES (=, y, 2)

gu=gzz=gaa=g"‘: 1.
O, | 0E,

T= out ' au2+ 3u
R=ta—5
=25 _ 0%
L= Gt = g

xE=a,V*E,4+a,V*E,+a, VL,
Thus the vector Helmholtz equation in rectangular coordinates reduces to three
ordinary scalar Helmholtz equations:
V2E,+#*E,=0,
V2E,4+x%*E,=0,
V2E,+»*E,=0.
Solutions are given in Section I.

FIG. 1.02. CIRCULAR-CYLINDER COORDINATES (r, L]), z)
gu=1, gzz='2 gs=1, g=r.

T—— 1 9E,  @E,
ra 3tp 0z’
l 6E, _ 6EV
17 7% oy 0z’
___[eE, oE,
L= oz or ]’
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From Eq. (1.11), the vector Helmholtz equation is

o%E, 1 OE, 1 O%E o°E, 2 OF
“ort +_Tr_+77¢_"_ e _"_"'*'(2 1/7?) E, =0,

Y
2°E,, 1 OE, 1 8 *E, 9’E,, 2 OE,
-t + 82’ T oy +

or? 14 37 7

x— 1) E, =0,

#E, 1 0E, L 1 &E,  OE, | ,p _
Ty e —a.pT+W+”Ex—°'

4 72

These equations can be written

VzE—iaE YL (21" E, =0,
V2E,+ 22 3E, (x2—1/r) E, =0,
VzE,-{—sz,:O.

Solutions

For E=a,E,,

PE, | 1 0, 1 OE,  PE,

or2 r or 7 oyt 022

oE,

oy

Because of the second equation, E, must be independent of y and the vector
Helmbholtz equation is

+ (2 — 17 E, =0,

=0.

e+ o+ S+ e E,=o.

Thus, for E=a,E,(r, z), separation equations and solutions are

AR LI L @—1mR=0, {24} R=4%(97)+B%(g).
22 +e—gz=o, {04} Z=Asin(—g*)tz+ Boos(xt— g?)tz
For E=a,E,(7),
% . ‘ff' + (2= 1) E,=0, {24} E,=AS(x?)+ B¥(x7).
For E=a,E,,
oEy 128 | 25 .:T%"-+(x2—1/r’)l?v=0.
%:0.

Because of the second equation, E, is independent of  and the Helmholtz equa-
tion is
&E, 1 9E,
ot Ty or ar

—1/)E,=0.
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Separation equations and solutions, for E =@, E, (7, 2), are

‘f;,’f + ‘fff+(q 1 )R=0, {24} R=AS(qr)+ B%(qg7).
dzf‘{'("z—qz)z 0, {04} Z = Asin(x®— g?)}z+ Bcos (x2— gz
For E=a,E,(7),

d?E, dE

e L L~ E,=0, {24} E,=45,(x7) + BY(x7).

The differential equation in E, can always be separated to give solutions
identical with those for the scalar Helmholtz equation, Table 1.02. Evidently
these results apply, irrespective of other components that E may have.

FIG. 1.03. ELLIPTIC-CYLINDER COORDINATES (v, ¢, 2)
€11 = 822 = g} = a?(cosh?n — cos?y), gy =1.
The vector Helmholtz equation is obtained from Egs. (5.01), (5.02), (5.03):
1 OE, = OE,| K OE,
a?(cosh? 5 — cos? ) { on? + oy? }+ 022
+ 2 {
a?(cosh? 7 — cos? p)?

2 5(cosh?n—sin®y) } —
+ {x 4a2(cosh?  — cos? p)? E,=o,

1 #E, o, } oE,
“a?*(cosh? 7y — cos? y) { ay? 922
2

+ a?(cosh? n — cos? y)2 {

2 5(cosh?y —sin?y) } _
+ {% 4 a2 (cosh? 5 — cos? y)? E,=o,

oE, oE,
cos y siny —* — cosh 7 sinh —-—"—}
ysmy o n n By

.. OE, . 9E,
cosh# sinh By cos ysiny 9_'7}

1 BE, | g
a?(cosh? 5 — cos? y) { on? + awz}‘*' Yo + % E,——O.

Since the form of the equation for E, is exactly the same as for the scalar Helm-
holtz equation in elliptic-cylinder coordinates, the solutions are given in Table1.03.

FIG. 1.04. PARABOLIC-CYLINDER COORDINATES (., v, ?)

Eu=g=g =ut+7, gu=1.
The vector Helmholtz equation is obtained from Egs. (5.01), (5.02), (5.03):

i Lot )t
e o Tt

+ gt (1 = e o ) B
Solutions for E, are given in Table 1.04.
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TABLE 5.02, ROTATIONAL COORDINATES
FIG. 1.05. SPHERICAL COORDINATES (r, 0, )
gi=1, ea=1% gy=r2sin?20, gt=r2sinf.

The vector Helmholtz equation has the three components:

2 OE, 1 o*E, cotf @E, 1 o2E,
37’ + v or + FI +— ” 80 + Jisinte v? sm*() 31/]
_ 2 0E 2cotf n 2 2 /2 _
¥ 80 E, 72sin 0 a'p y+ (¢ —2/r)) E, =0,
®Eg | 2 6Eo ) cot 6 3Eo I 1 9’Eg

“orr Ty T 72 72sin?0 oy®
2 6E, 2cotf aEw 2__ 1 —
t 77 36 — 7ising oy +(n stinzo)Eo—O'

32E 2 aE,,, 1 % cot0 3 + 1 82E
r’)r’ v or r2 0062 ” r2sin? 0 81/:2
+ruat 2y T fa‘;i’ﬁﬁ Go. (= esiarg) B =0
These equations can be written
V*E,— _r%f %l;g - 2(;(;t0 Ey— r’s?n() oy Ty TN E =0,
V”Eo+%%—%%%+("“—m)%=°'
V’E T Jising r’smo ?fp' + ;Z?;g %+(x2—7£ﬂ)E =0.
Solutions
For E=a,E, PAE,+ (*— 2} E, =0,
=0, o

Thus, if E is in the radial direction, it must be a function of  alone, and

2 "E' + [ —2f*|E, =0, {24} E,=7"4[AS(x2)+ BSI_y(x2)].

dr2 -+ ra
FOI‘ EzaoEo, 1
2 __ _ =
VzE,,+(x r*sinzo)E" 0,
an oEy
+ cot 0E,——0 a—w‘—

Thus if E is in the 6-direction, it must depend on both » and 0. Separation equa-
tions and solutions are

‘(1;_:54_3‘”‘34— x®*R =0, {o4} R=L[Asinxr+Bcosxr].

ie _ _
W—i—(cota)@—o, 0=

sin 0
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For E=a,E,,
2 -1 =

v E“’+ (,‘a r?sin? 0) E"’ 0,

oE,

oy

Thus, if E is in the y-direction, the field must be axially symmetric, E=a,E, (7, 0).

If E,= R(r) ©(0), separation equations and solutions are

R 2 dR +[x2 p(p+1)]R o,

dr? v dr

{24} R=r"3[AS (xr) + BS_( p(x7)].
e 1 _
dB2 +00t W+[p(7>+1)_ sin’ﬂ]@—o’
{222} O = A2} (cos ) + B3I, (cos b).
FIG. 1.06. PROLATE SPHEROIDAL COORDINATES (v, 0, )
811 = 820 = a%(sinh?% 4-sin?0), g33 = a?sinh?y)sin?0,
g* = a%(sinh?7 + sin? §) sinh 7 sin 6.

For E independent of y, the zp—component of the vector Helmholtz equations is

“’+ otO

V
+ cothy + 562

1
sinh2 9

+ [z”a’(sinh’n-l—sin“ﬂ) —( + = sm’() ]E =0.

For E,=H (n) -@(0), separation equations are

e SRR
de* +cot0 +[n2azsm’0+p(p+1) 'n’0]0=0'

Solutions are
H =A%} (x a, coshn) + B2, (xa,coshy),

O = AP} (xa,cos0) + B2, (xa,cosb).
FIG. 1.07. OBLATE SPHEROIDAL COORDINATES (v, 0, )
811 = 823 = a?(cosh?y —sin2f), g3 = a®cosh?ysin? 0,
gt = a®(cosh? — sin2 6) cosh# sin 6.
For E independent of p, the w-component of the vector Helmholtz equation is

” + tanhy + ¥ 4 cot 0

60’
+ |#® a®(cosh?y — sin? ) + ( — -—1~—)] E,=0.

cosh’ sin? 0
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For E,=H ( )-©(6), separation equations are
+tanhn + [x’a’cosh’n PO+ + ——=5—- cosh’ ]H 0,
d? @
g+ cot BW + [—x’a"‘sm29+ﬁ(ﬁ +1) - Smsg ]@ 0.
Solutions are

H=Ag’;(ixa,isinhn)—l- B.@;(ina,'isinhn),
O =AP}(ixa,cosb) + B2} (ixa,cosb).

FIG. 1.08. PARABOLIC COORDINATES (u, v, )

g1 =8a2a =2+, L =pt, g=uv(u+r?.

For E mdependent of p, the y-component of the vector Helmholtz equation is
1 0E, = OE 1 0E, 3 " 1 1 _

u 8;4 ov? 7_3;:_+n('u2+v)_(74—i+—v_’)]E"_0.

For E,= M(u) - N(v), separation equations are

3;4’ o

da:M 1 dM
it i + [t — ¢ —1fu*] M =0,
d:N 1

Tt + T +[x’v’+q"—1/v“]N=O.
Solutions are

M =A% q.ip)+ B (x ¢.ip),
N=AS(x,q,v) + B¥(x,q,v).



Section VI

DIFFERENTIAL EQUATIONS

Previous sections have treated the separation of the Laplace and Helmholtz
equations in 40 coordinate systems. In this section, all the separation equations
are tabulated in a systematic manner. Each equation is designated in terms of
its singularities in the complex plane, and the general solutions of the differential
equations are listed.

A comprehensive view of the separation equations of mathematical physics
seems to have been first attempted by FEL1X KLEIN [21] and MAXIME BOCHER [22]
in 1894. Their method was to consider the various separation equations as de-
generate cases of a ‘‘generalized Lamé equation” with 5 singularities. Unfortu-
nately, this scheme does not seem to cover all the necessary equations. Their
work was extended by INCE [23], who developed a specification in terms of
singularities.

To be satisfactory, any such specification must provide

(a) Different specifications for all equations whose solutions involve different
functions,

(b) The same specification for all equations whose solutions are the same.

Since the Klein-Bocher-Ince method does not satisfy these criteria [24], we
shall employ a different method of specification.

6.01 BOCHER EQUATIONS

It is convenient to consider a fairly general form of ordinary differential
equation of the second order, called the Bécher equation. All the foregoing separa-
tion equations can be written as Bocher equations or can be obtained from Béocher
equations by transformation of independent or dependent variable. The Bocher
equation is

axz az
Izz_—{-P(z)—d—z——i—Q(z)Z=0, (6.01)
where
P(2) Z%[ﬁ"‘l__IL_ﬁ__g_... +L],

Z—ay ' zZ—ay Z—y_y

:i 1‘1_o+112+"'+/1_121 ]
06 = ¢ [ Gagma o gt
and where m;, n, and / are non-negative integers.

Bécher equations can be classified in terms of the singularities of P(z) and
Q(2). Evidently, Eq. (6.01) has no essential singularities, though both P(z) and
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Q(2) have poles at z=a,, a,, ... a,_;. The order of a pole of the differential equa-
tion may be defined as the larger of the two intcgers representing the order of
the pole of P and the order of the pole of Q at z=a;. Usually the poles of @
arc of higher (or equal) order compared with thosc of 1. The integers m, are then
taken as the orders of the poles of the cquation.

A special case occurs where (z — a;) is a factor of the numerator of Q. This
particular pole is then reduced in order for , though it remains unchanged for P.
Another degenerate case occurs when the numerator of Q is zero. The poles of
the equation are then fixed by P. Usually, however, the orders of the poles of
the differential equation are my, m,, ... m, ;.

The above discussion applies to the singularities in the finite z-plane. Generally
there is also a pole at infinity. Its order is obtained by taking the larger of the
two integers representing the orders of

[22—22P(2)] and z'Q(2)

as z —> oo,

6.02 SPECIFICATION

A Bocher equation may be specified by writing a sequence of integers represent-
ing the order of the poles of the differential equation:

{my, my, my, ...m,}.

The final integer m, in this sequence holds a privileged position, since it refers
to the pole at z— oo. The other integers indicate the orders of the poles in the
finite z-plane, and they may be arranged in any convenient order [25].

The most complicated separation equation found in the preceding sections
has four singularities (# = 4) and is written

a*tZz 1] 1 2 2 14z | 1[4+ A2+ A, 224 A7),
dzt +7 z—al—'_z—a2 z2—ay| dz +4[(z—a,)(z—az)"-’(z—a;,)2 Z=0. (6.02)

Evidently, there are three singularities in the finite plane: one first-order pole
and two second-order poles. There is also a second-order pole at infinity. Thue
the specification is {1222}.

A Bocher equation with three singularities is

A+ Ay 2

d:z a1 [ 2 2 Ao+ 22
—a,)? (z—ay)?

dzZ 1
dzr v 2 "“‘”:JF‘—, az 4 [(7 ]Z=0' (6.03)
If a,=1, ay=—1, Ag=4[p(p+1) — ¢?], and A, = — 4p(p + 1), then

@z 1 2 2 1dZ | [pp+ ) =g —plp+1)3] , _
T P dz"+[' G 1) G+ 1) J‘—"'

Second-order poles occur at z= 4 1. At infinity,
[22z—2%2P(2)] is of order O,

AQ(2) is of order 2,
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so the pole at oo is of order 2 and the equation is designated as {222}. Itis usually
written

=) Gr 2L [+ 0+ (6.04)
which is Legendre’s equation.
An example of a differential equation with two singularities is
az Ay+ Ay22),
o+ [z — + [—z—“EI“] Z=o0. (6.05)
Evidently the specification is {24}. If Ay=— 42 and A, = 4¢?,
az 1 dZ | [gt—pr],
7 z—a, dz + (z—a)® =0 (6.052)
and if @, = 0, we have the familiar Bessel equation,
1 — p2[y?
dzz Z41 2 dz Z 42— pH) Z (6.05b)

Equations (6.05), (6.05a), and (6.05b) are all designated as {24}. Butif p =0
and a4, = 0 in Eq. (6.05a), the 2’s cancel in @, leaving

PZ 4122 pr=o. (6.06)

If the cancellation is not performed, the equation apparently remains a {24}; but
as written in (6.06), it is {14}. The ordinary Bocher {14} is

a:z [ 1

Ao+ 4,z
Z—a,

Z=0,

Az z2—ay) dz

Z+%[

which differs from Eq. (6.06) by the { in the second term. To prevent ambiguity,
we designate Eq. (6.06) as {14D}, indicating that it is not the ordinary Bocher {1 4}
but is a degenerate form of a higher type of Bocher equation.

For an equation with one singularity, the specification must still contain
two integers to distinguish between a pole at infinity and a pole in the finite
z-plane. For instance, the simple differential equation

a2z
e =0 (6.07)

has no singularity in the finite plane and is specified as {01}. But the trans-
formation z={_ gives the differential equation

a2z 2 dZ
dce + = z dC

=0,

which may be designated as {10}. Lists of differential equations and their speci-
fications are given in Tables 6.01 and 6.02.

6.03 TRANSFORMATIONS

Some of the separation equations of mathematical physics do not appear in
Bécher form; but all of them can be changed into Bécher equations by suitable
transformations of the independent (or the dependent) variable. For n = 2, each
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separation equation has a unique specification, obtained by examination of its
Bocher form. As an example, a separation equation in spherical coordinates is
axz iz
jd—i.—,“f‘COthc—"i‘?(p‘l‘”Z:O»
which is not in Bocher form and which appears to have an infinite number of
singularities. But the transformation z = cos{ gives

(2= 22 +2: %2 _pp+1)Z=0.

Evidently both equations have the designation {112}.

The only cases where our method of designation leads to ambiguity are in the
simplest examples [25], such as {01} and {04}. For instance, the separation
equation &z 1 dz  pz

awtra e

is a Bocher equation and might be designated as {22}. But the transformation
z= —1In{ gives the elementary Bocher equation

arz 27 —
-‘—12—2—[—1) Z=0,

whose designation is {04}. In these simple equations, it seems preferable to
arbitrarily employ the same designation for all forms that can be obtained by
functional transformations (see Table 6.02).

6.04 TABLES

Table 6.01 shows that, of all the differential equations obtained by separation
of the Laplace and Helmholtz equations in 40 coordinate systems, there are only
9 distinct types, with some degenerate cases [26]. Table 6.02 gives canonical forms
of the Bocher equation for the separation equations needed in this work. Table 6.03
lists all the separation equations and shows how they are obtained from Table 6.02
by functional transformations. Also given are the general solutions of the dif-
ferential equations. Details of the functions are treated in Section VII.

In only two cases is there an apparent violation of our uniqueness criterion:
(a) Solutions of {06} are listed as

Z =A[AS,(q222) + BS_;(g2%/2)],
Z =AW, (.92 + B¥,(p.q2),
Z =7 [AF(x,q2) + BFI_4(x,q2)];

(b) Solutions of {113} are listed as Baer functions and as Mathieu functions.

It might seem that the specification of the differential equation should be
different when it leads to a Bessel function #; and when it leads to a Weber
function #. It can be shown, however, that the above Bessel functions are spe-
cial cases of the Weber functions. Similarly, the Mathieu functions are obtainable
from the Baer functions when the singularities of the latter are moved to 4, =0,
a;=1. Thus our specifications {06} and {113} are unambiguous.
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TABLE 6.01. CLASSIFICATION OF BOCHER EQUATIONS

obtained by separation of Laplace and Helmholtz equations in 40 coordinate

systems.
No. N -
Singularities # ame Original Degenerate cases
1 Elementary {04} {o1}
Weber equation {06}
2 Elementary {42} {22D}
Bessel wave equation {26} {14D}, {16D}, {24}
Baer wave equation {114} {113}
3 Legendre wave equation | {224} |{112D}, {114D}, {220},
{222}
Lamé wave equation {1113} {1111}, {1112}
4 Wangerin equation {1122}
Heine equation {1222}

D indicates a degenerate form in which a cancellation of z occurs in numerator
and denominator of Q (z).

TABLE 6.02. CANONICAL EQUATIONS

occurring in field theory.

Basic form Degfzrr\rc:ate Equation
One singularity
a*z 1| m 14dZ | 1 4, _
o4 R s B AR [ At
m =0, d,=4p% or
a:z 27
Stz =o.
az .
{o1} 2 =0, {04} with p=o.
az 1] m 14dZ | 1 A—o+A—,z'] _
{06} @ T3 is ]d—z+7[—‘—(z_al)m Z=o,
with m; =0. If Ay=4M, A,=4N, the foregoing
equation becomes
a:z N7 _
T [M+ Nz2Z=0.
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Table 6.02. Continuation

Basic form Degfg;;;:ate Equation
{o6} If M=0 and N= g,
iizz Ttz =0.
{o6} I M=g*(p+3) and N=—g¢/4,
d*z
o T @@+ —¢#41Z=0.
(Weber equation)
{o6} If M=g% and N=2x2
22+l +wZ =o0.
Two singularities
d*z
2} @il z=o
If ¢, =0and A_z = — 4;5([2 + 1), the above equation
reduces to
@?Z 2 dZ _ plp+1) ,_
{220} PR Pt S Ak
d:zZ iz Ag+ A2t 4+ A2t
{26} dz? +3 [z—a dz + (z—ay)? =0.
If a1=0 A°=—4p . Az=4q2’ A—4=4x2,
2
T L et pmZ =0,
(Bessel wave equation)
d*z 1 dZ
{24} Tt T T @A Z=o0,
{26} with x=0
(Bessel equation)
zZ
{16D} PLrL L etz =o.
{26} with p=o0.
axz 1 dZ
{14D} aa t 72, T¢Z=0,
{26} with p=0 and x=0
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Table 6.02. Continuation

Basic form

Degenerate
form

Equation

{114}

{113}

{113}

{113}

Three singularities

a*z
rra +2 [z—a1

1 iz

z——a2]7ﬂ?
A +A z+A 22
(2 —ay) (z—a,)

ke

If Ag=—4q?, A, = —4p%, A, =

4%,

(r—a) (—a) T2 1 L (22— (o + a)] &2

+ [x222—

(Baer wave equation)
Ifx=0

(=) —a) T2+

p?2—q*Z =0.

L 22— (@ +a)] 22

—[p*2+g¢*1Z=0.

(Baer equation)

In general, Bécher {113} is

a:z 1 az
dzt +3 [z—-a z—a,]_

dz

A + 4,z
T [(z_“l zl_“z)
If a,=0, ag=+1, Ag=— (2¢+ ), 4
dzz 1 dzZ
IRy L‘ z_.1]75?

+1 [4qz— 2q+l]Z 0.

]Z==o.

(z—1
Substitution of z= cos?{ gives
dC’ —}— (A—2qcos2{)Z
(Mathieu equation)

1= 4g, then

{224}

dxz

1[ 2 2 ldz
dz? +_[z-—a +

z—ay| dz
2

=0.

[ Ag+ A 24+ Ay22+ Ay 28+ Ay 2 A
4

(z—ay)® (2 —ay)*



Table 6.02. Canonical equations 151

Table 6.02. Continuation

Degenerate

form Equation

Basic form

I_f_ o =1, ag=—1, 0*4[""‘"{'75(75‘*‘1)—?']
=-—4[2x’a’+;§({>+1)] A= Ay=0, A, = 4x2a?,

( _1) dzg +2,

+[x=a2(z=— 1) — |z =o.

(Legendre wave equation)

{222} (2= 1) 97 2.2

Legendre wave equation {224} with x =o0.
(Legendre equation)

@z
{220} (@—1) 77
{224} with x=0 and p=0.
{114D} (2= 1) T2 42,92
+ [at(2—1) —p(p+1)]Z =0,

{224} with ¢=o0.

{112D} (@122 1 2:%2 _pp+1)2=0,
{224} with x=0 and ¢=0.

Four singularities

(1113} o b el e m L

z—a,  z—a, zZ—ag

1| Ay+4 2+ 4,z
tilet e e f =
Ifa=0 A= (ad+ad)g 4= —p(p+1), A, =2,
az | 11 1 1 14z
FZ ey P

z z2—a, z—ay| dz

1 [ +adg—plpt1)ztatst)
] R e T

(Lamé wave equation)
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Table 6.02. Continuation
Basic form Degfzx;leli'ate Equation
a:z 1 1 1 dz
{111} dzz+ z—a1+z—a2 z—a,| dz
A, ]Z
— =0.
e
axz 1 1 1 az
{1112} dzz—l_ z~al+z—a2+z—a3 dz
1 Ay+ A, 2 7
- =0.
tTr e a - a =
(Lamé equation)
d2Z 1 1 2 iz
{1122} -"[2"2-4——— z—al_l-z—uznjrz——a3 dz
1 Ag+ A 2+ A, 22 7
- =0.
il e e ey
Wangerin equation
g q
d*Z 2 2 iz
{1222} a7 T2 [z—a z—a2+z-—a3 dz
1 A+ Az 4+ Ayt 4+ 4328,
i e g LAl

(Heine equation)

TABLE 6.03. THE SEPARATION EQUATIONS

of field theory, for Laplace and Helmholtz equations in 40 coordinate systems.

Standard

designation Transformation Differential equation and solution
One singularity
Canonical form
da:z
{01} —d7=0, Z=A+Bz.

Other forms

z=1[¢ e+2 -0, z-a+BL.
2
z=In¢ Zcf+2fz§ 0, Z=4A+Blnt.
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Table 6.03. Continuation

Standard
designation

Transformation

Differential equation and solution

For corrected version of the upper part of Table 6.03 see page 153 a

z=Incot({/2)

z=In coth ({/2)

z = cot™(sinh{)

= A + Blncot({/2).

ﬂ+coth€—— 0,

ag ag

Z=A + Blncoth({/2).

+tanh2,‘——0
Z =4 + Bcot™1(sinh{).

dC’

b
z=sn‘1(%,-c-) Tidf (62— L2} (c2— *dZ]——O
or
wle—me—epiZ]=o
or
e 2] —o,
zZ= A+Bsn-1(%,i).
o a2t—(+0) d [ mign sy dZ]_
z—sml[-——ﬁ—— ord—g(b z;)i(c C)‘Vf_
Fle—ve—gZ
or d
el — (- __
Z=A+Bsin-1[25_;f_:&i)].
{04} &2 +pz=0,
Z=Asinpz+ Bcospz.
i=it 2 —pz=o,
Z=Ae*+ Be Pt
. #BZ 14z pz
=i T
Z=Af 4 BL?.
_ d*X 2 adx _
X =2 T g tPX=0

X=-;—[A sinpz+ Bcospz].
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Table 6.03. Continuation

dSest?gI:&a{Il:gn Transformation Differential equation and solution
2
{06} e +IM+ N2 Z=0.

If M=0 and N=g¢?,
a2z
73 +¢%*22Z =0,
Z=2A[AS,(q22) + BS_;(g2%2)].
{06} If M=g¢*(p+ 1) and N= — ¢¥/4,
a2z
PZ L g+ d) — gz =0,
Z =AW, (p.q7) + B¥, (. q2).
(Weber equation)

z=1il % — [+ 3 +¢L¥4]Z =0,
Z=AW (p,iqt) + BW¥,(p,iq0).
{06} If M=g? and N=2x2,

%Z-_{ +[*+»*22]Z =0,
Z=2[AF(x,q2) + BSI_i(x, q2)].

=il L —lr—wZz=o,

Z=Vit[AS,(xiql)+ BSI_;(xiql)].

Two singularities

dz? z dz 22

Z =Azf+ Bz~ 1Y),

{22D} @z 24z plptl) 5_ o,

d:z 1 dz
{14D} At e+ q'Z=0,

z dz
Z=A4%(q2) + B%(q2).
daz 1 dZ
o tTar
Z=A45,(98) + B%(iql).

—g¢Z =0,

{16D} %+iﬂ+(ﬂz=+q2)2=o,

z dz

Z=A5,(x,q2) + BY,(x, q2).
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Table 6.03. Continuation

di:iagnniﬁg n Transformation Differential equation and solution

2=il AT —Z=o,

Z=A5,(x,1qC) + B, (x,1q?).

24 Tt (P Z=0,

z dz
Z=A45,(q?) + BSF_,(q2)
Z=A45,(q2) + B¥,(q2).

(Bessel equation)

or

z=it Tt 1+ —e+punz=o0,

Z=A5,(198) + BSI_,(iq?)
Z=AS,(iq0) + BY,(:q0).
Z=X4, A +2 X - x=o,

23

X =z74A5,,(q2) + BF_(44(q2)].

6 wtra
+(x*2*+ q*— p*[2*) Z=0,
Z=A5,(%,q,2) + BI_p(x,q,2)
Z=AS,(x,9,2) + BY,(x,q,2).
(Bessel wave equation)

AYA 1 dZ
@ T

+6a8— g — e Z =o,
Z=AS,(%,q,10) + BSI_,(x,q,4L)
Z =AJ»(”: q"C) + B@/,,(%, qJC)

or

or

Three singularities
{112D} @E—1)T7 4222 —pp+1)2=0,
Z=A%,(2) + B2, (2).
a2z iz _
z=cos{ W+cot§—dc—+p(p+1)2-—0,
Z =A%,(cosl) + B2y (cos{).
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Table 6.03. Continuation

Standard
designation

Transformation

Differential equation and solution

z=-cosh{

z=1sinh{

a*z

L tooth{ SZ —plp+1)Z =0,

Z =AZ,(cosh{) + B3, (cosh{).

+coth(,‘ —dz=o,
z —A.?,_i(coshC) + B3,_,(cosh{).

dC’

Z | cothz Y2 = Z 1 Zj4=0,
Z =AP_,(coshl) + B2_(cosh().

dC’

Z = AP, (isinhl) + B3, (isinh{).

{113}

2 = cos3{

2 = cosh?{

or

or

or

ar

a2z dzZ
dz’+2[ +2=1 z—l rra

+7 [4qzz—(z(iq1j- = ]z= 0.

+(}. 2gcos2{)Z =0,
Z=Ace,( 9 + Bfe,(.q)
Z=Ase,( 9+ Bgeall.9)-

d&"

+ (A+2gcos2f)Z =0,
Z=Ace,( —q)+ Bfe,(.—9q
Z=Ase,( —9q) +Bgen.— 9.

d(;’

az

Y3 —(A—2gcosh2{)Z=0,

Z=Ace,(il,q) + Bfe,(i{,q)
Z=Ase,(il,q)+ Bge,(iL.9).

4Z _ (142gcosh28)Z =0,

Z=A Ce”(ic, —q) + Bfem(iC: - q)
Z"_‘Asem(ic' _Q) + Bge,,,(it, —9)
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Table 6.03. Continuation

Standard
designation

Transformation

Differential equation and solation

{113}

—a)(e—a) TZ

+5 22— (@, +ap)] S

—[p(p+1)2+4q(a,+a,)]Z=0,
Z =A% (:)+ BE(2).

(Baer equation)

{114}

G—a)(—a) S5
+5 22— (@ +a)] 5=
+Ixte—p(p+1)2
— q(a,+a))] Z=0,
Z =A% (x,2) +BE€(x, ).

(Baer wave equation)

{114D}

2= cos{

2 =cos{

z=-cosh{

]
02242022
+[x*a*(z*—1)—p(p+1)]1Z=0,
Z=AZ%,(xa,2) + B3Iy (xa,z).

a3z dz
3 __ -
(«2—1) e + 2z 7

—[x*a?(—1)+p(p +1)]Z =0,
Z=AP,(ixa,2) + B3, (ixa, ).

a2z iz

T T oot

+ [x2atsin?l +p(p+1)]Z =0,
Z=AZ,(xa,cosl) + B3, (xa,cosl).

a2z iz

¥id +cotl via

+ [—x%a?sin?l 4+ p(p+1)]Z =0,
Z =A%, (ina,cosl) + B2, (ixa, cosl).
d*Z

iz
an +cothC75-
+ [x*a*sinh?l —p(p +1)]Z =0,

Z =A%,(xa,coshl) + B2,(xa, cosh{).
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Table 6.03. Continuation

dg:g;iﬁgn Transformation Differential equation and solution

a:zZ

z=1sinh{ e

+tanh(,‘%%
+ [®%2a2cosh?{ — p(p +1)]Z =0,

Z = AP, (ixa,isinhl)+ B2, (ixa,isinhe).

a:z ¥4 q? _
{220} -1 +225 _(zg_l)z_o,
Z=AP{()+ B (2.

az dZ 2
z2=cos{ 7zT+C°tC_d_{"(s_jrqlT)Z=o’

Z = A%§ (cosl) + BIJ (cosl).

d:z az
{222} F—1)Sr+2: 22

—[pr+ 1+ 325]2=0,

Z=A%}(z)+ B2 (2).
(Legendre equation)

a*z

z2=cos{ ae

+cotc%
+po+ 1 - Er|2 =0,
Z = A%} (cos{) + B2J(cos{).

d*z

z=cosh{ an

iz
+ cotth—C
2
—[p6+ 0+ 55|z =0,
Z = A% (cosh{) + B2 (cosh{).

a:z iz
TC’—+ coth(,'jd?
2
- [(752— %) +_§1—1%T]Z =0,
Z =AZ%§_,(coshl) + B2J_,(cosh{).

d*Z

z=1sinh{ e

iz
+tanh§-‘-i?
+ [—P(P+1)+CO;1Tt]Z=o,

Z = A% (isinhl) + B2 (isinh).
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Table 6.03. Continuation

Standard
designation

Transformation

Differential equation and solution

{224}

{1111}

z=cos{

z=cos{

z=cosh{

z=1tsinh{

(—ud,+u +[erar@—1)
—p(p+1)—-,,_,]Z= .
Z =A%} (xa,z) + B2 (xa,z).

(Legendre wave equation)

w—n§§+%%§—kﬁw—ﬂ

Z=A%}(ixa,z) + BIf(ixa,z).

d2Z
vl + cotl

2
+200+1) - L] 2 =0,
Z =A% (xa,cosl) + B (xa,cosl).

‘;—? 4 [x’a’ sin?{

%—}- cotZ;%% + [—x’a*sin’{
+p0+1) — 5|2 =0,
zZ =A9W(ixa cosC) + B2 (ixa, cos{).

+ co thﬁ yia + [nza’ sinh?{

—p(p+1 ) |2 =0,
V4 =A.4’4(xa coshC) + B2{(xa,cosh{).

dC’

+ tanh Z; + [x’ a?cosh?{

—plp+1) +~—cosh,c]z=o,
Z = AP(ixa,isinhl) + B (ixa,isinh).

d?,"

Four singularities

1 1 daz
da? +7[z—al + z—a, + z—azl dz

--|-l 4, ]Z=0.

4l(z—a,)(z—a;)(z—a;)

If a,=0 and d,= (s} +ad) g,
Z=A&(H) + BF ().
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Table 6.03. Continuation
distiagrig?i'gn Transformation Differential equation and solution
e={ (G2 ) @2 ab) T + L 20— (b + ad)]
x 2 4@+ z =0,
Z=A8Q) + BFQ).
a2z 1 1 1 1 dz
{1112} dz? "I"?[z—al z—a,+z-a, daz
1 A+ Az _
++le=me—ama=am] 2=
If =0, Ay= (a3 +ad) ¢, and
Ai=—p(+1),
Z =A& (D) + BF ().
2= C—ah) @ —a) T
+ (20— (@ + a] 22
+ (a3 +a3)g—p(p+1)%Z =0,
Z=A8(¢) +BFHQ).
(Lamé equation)
d:z 1 1 1 1 dz
{1113} d2? -I"T[:z—al +z—-a2 +z-—a, dz
11 A, +A,z44,2 —
+ e e 2=
If 4,=0, Ay=(a}+ad) g, A, =—p(p+1),
and 4, =23,
Z=A&(x, )+ BF(x, ).
(Lamé wave equation)
i=00 ©—ad *—ad) 5

+ (200 — (@ + ) G2 + D!
—pp+1)+ (@ +a3)g]Z =0,

Z=A8(x,0) + BFI(x0).
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Table 6.03. Continuation

df:i?;gﬁgn Transformation Differential equation and solution
da:z 1 2 dz
{1122} aw T2 [z-—a + z—a, + z—a,l dz
11 Ay+Az+4,2 _
+ 3 le= al)(:zl a,)(z’-— a,)’] 2=0.
If ay=1, a,=1/% a=0, dg=—ou/R?,
Ay = —aglk?, Ay=1—ay,
dz dz
dzr +3 [ 1/k’ + ] dz
L= %/k*— a,z/k=+ (1 — ) ]
—[ 2z —1) (¢ — 1/R9)
XZ =0,
Z=AFf(k,z)+ BT}k, 2).
(Wangerin equation)
z=sn3{ d’c{ + _cnsi%nc 2 [k’ sn?{
— (ks
Z =A%}k sn*l) + Bf,,q(k, sn?{).
z=cn2t j}f —smtont :ziz + [k’ sn?¢
- 2 —
e 22,
If ay =1, ay= — (¥[R)%, a3 =0, Ao= (k[R),
Ay = (ag— KA)[RY, Ay =05 —1,
Z =A%}k, cn?l) + BT (k, cn2l).
I

+ oy + as(

It ;=1, a,= — ¥R &=0, Zo=as.
A= (k2= gl Ay=1— (¥ IR

Z =AY} (k,cn?l) + BT (k, cn®l).
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Table 6.03. Continuation

Standard
designation

Transformation

Differential equation and solution

z=dn?{

a2z k’2sn¢cné dZ
& T " dnt at T [‘ dn?g

+ o+ o dn®C + %:C)]Z —o,

If ay=1, ay=F, a3=0, A= — ogh?,

Al = — 0y, As =1— oy in the Ol’iginal
{1122} equation

Z = AS}(k, dn®l) + BTF (k, dn3().

{1222}

z2=sn2{

z=dn3{

@z 11 1 2 2 14z
dz? -I-—Z—[z—a1 + z—a,'-l-:z—a3 dz
11 A+ A,z 44,22 4 4,28
+le ey

XZ=0,
Z=AU(k,2)+ B¥{(k 2).

(Heine equation)

Let a,=0, a,=1, a3 =1/k?, A= — /R,

Ay = (gt 2) + g/ k® — ag k' 4[R2, Ag= (23+ 2)

+ 2k2, Ay=2k%

d2Z sn{(dn2f + k2cn2l) dZ

dacz cntdnl dt
k’'4sn2f

cntldn?{

4+ [2k%sn2f —ap, — oy

XZ=0,

Z = A% (k,sn%() + BY} (k, sn?().
Let a,=0, ag=1, ag=Fk2, A,= — ayh?,

Ay = (g — ag) + A3+ 2), Ay= — (24 2)
—2k2, Ay=2.

d*z dn{(cnt{ —sn2l) dZ
W sn{cnl _(—l—C_

+|—2dn2f + o+ o

dn2?¢
sn?{cn?{

xXxZ =0,
Z = A%} (k, dn2() + BY¥} (k, dn2().
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FUNCTIONS

The purpose of this section is to provide a summary of the mathematical
functions obtained as solutions of the differential equations of field theory. The
summary is necessarily incomplete, since many of the functions have never been
thoroughly investigated. In particular, almost nothing is known about the pro-
perties of the various wave functions. Recent tabulation of spheroidal wave func-
tions is a beginning in this direction, but much remains to be done.

Even with the functions that have been studied, the question of notation is a
troublesome one. With Mathieu functions, for instance, there are almost as many
notations as there are investigators. We have tried in such cases to adopt a nota-
tion that is modern and logical.

In particular, there seems to be no advantage in employing different symbols
for the same function of real and imaginary arguments. Bessel functions of the
first kind, for example, are here denoted by ., (z) for the complex argument z,
and are written ., (iy), not I,(y), for imaginary arguments. Similarly, Mathieu
functions of the first kind are written ce,, (g, 2¥), se,, (¢, ¢y) rather than Ce,, (g, ¥),
Se,, (¢, ¥). Where an additional parameter enters, as in transition from Laplace
to Helmholtz equations, it seems best to retain the basic letter for the function,
as when J, (2) changes to J, (x, 2).

7.01 FUNCTIONS

Many of the differential equations of Section VI are satisfied by elementary
functions. The properties of these functions are well-known and will not be con-
sidered here. But other differential equations of field theory require Bessel,
Legendre, and other functions for their solution. We shall attempt to tabulate
useful information on these functions. For additional data, see the references
listed in the Bibliography, Section VIII. The Bibliography also refers to numerical
tables of the various functions, in so far as such tables are known to the authors.

The functions considered are as follows:

Dg(flfs;gl;ilal Functions Deig:::?;ilal Functions
Weber functions Bessel functions
06 |#.p.a2. Hipigd, | 06 |Keg2), fbgia),
W;(p' qz)’ W;(ﬁ, “Iz) j—}("y q, 2). J_‘(M, q,iz).
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D;gsgi?glilal Functions Dé(flfs;i?glal Functions
{06} 4 (g2), F_1(g2). {114} | P,(xa,2), P, (ixa,z),
{14} 4(g2), H(ig2), 2, (xa,z), 2(ixa,z),
% (q2), By (tq2). P, (ixa,iz),
{16} Fy(%,q,2), Slx q,12), 9, (ixa,iz).
g2, FHeogiz. | 220 | H@)
q
{24} 5 (q2), S, (iq2), % (2).
I_,q2,  F_,lig). {222} | # ), Br(2),
@, (q2), ¥, (iq2). % (), Q7 (2),
F_4(2),
{24} ‘fs+§ (qz): J_(sﬂ)(qz). : }(z)
{26} S, 0,2, F(x, q,12), Z-4(2).
I g,2), Splegin, | B2 | Fwa  Flixai,
¥, (x.9,2), %, (xq,12). 2 (xa,2), Z(ixa,z),
Pf(ixa,iz),
Baer functions 9 (ina, i),
13} | &), -y
i
€ (2), unctions
(114} | B, 2), {1111} | & (@), E{(2),
€ (%, 2). F(2), (Polynomials.
? Applicable in
Mathieu functions only‘ :1 few )
special cases.
{1 1 3} cem (q’ Z), cem (q: iz)»

: {1112} | &), E4(2),
fe,(¢,2),  fe,(q,72), pa pol "
sen(d.2))  sen(qiz), 4 (2), (Polynomials)
gen(@d),  genlgiz. | U113 | EE),

Fi (%, 2).
Legendre functions
{112} 2,(2), P,(2), Wangerin functions
(Polynormals) {1 12 2} Sppq ( k, z)'
2, (2), 0a(2), T (k, 2).
Zy—4(2),
2, _4(2), Heine functions
Z_4(), {1222} | %k, 2),
.Q_* (2). Vi (k, 2)
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7.02 SERIES SOLUTIONS
We are interested in the solution of equations of the Bocher type:

PZrPOZ 1 0@z=0, (7.01)

where P (2) and Q (2) are given in §6.01. The simple equations are usually satisfied
by elementary functions; the more complicated equations are handled by use of
infinite series.

Suppose that the solution is to be obtained about an ordinary point, z = z,,
where P(z) and Q(z) are analytic. Assume a solution of the form

Z= ozo', C,(z— z)" (7.02)

This series is substituted into the differential equation, and the coefficients C,
are evaluated. If P(z) and Q(z) are polynomials in (z — z,), they fit nicely into
the assumed power series. If P and Q are other functions, they are analytic at
2, and can be expanded in power series in (2 — z). In either case, the solution
of Eq.(7.01) is obtained by equating the coefficient of each power of (z — z,) to
zero. The series solution converges within the circle whose center is at z, and
whose radius extends to the nearest singularity of the differential equation.

If the equation has poles in the finite z-plane, one may find it convenient to
expand about a singular point zy. Assume a solution

[ed
Z=(z— zo)ﬁ.ZLC,- (z — 2. (7.03)
j=
Equation (7.01) may be written

(r — 28 9%+ (2 — 20) [(2 — 20) P()] 22+ [( — 20 Q(9)] Z =0. (7.01)

If [(z — z,) P(2)] and [(z — 2,)® Q(2)] are analytic at z,, this singularity is said
to be a regular singularity. Then

[e — 7) P(a)] = 2 4,(a — ),

- (7.04)
[(z — 2)* Q(2)] =5§oB‘ (z — z)".
Substitution of Egs. (7.03) and (7.04) into (7.01a) gives
Cofo(ﬂ) =0,
GlB+1)+Cohi(f)=0,
CsfoB+2)+CiHh(B+1)+Cofa(B) =0,
........................ (7.05)
Cife(B+1) + Ci—lfl(ﬂ'*_i_ 1)+Ciofa(B+7i—2)+ -
+ szf-l(ﬁ +2)+ lei—l(ﬂ +1)+ Coff(ﬂ) =0,
where W = U8 B 09
1iB)=B4;+B;, 1=1,2,3,...
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For a non-trivial solution, we have the indicial equation,

B2+ (4o—1) B+ B, =0. (7.07)
Take the roots of the indicial equation as b, and &,, with b, > b,. Then
fo(B) = (B —by) (B —by). (7.08)

The case of equal roots will be considered later (Section 7.03).

A solution of Eq. (7.01) requires first the evaluation of the roots &, and b,.
The f’s are then obtained from Eq. (7.06), and the coefficients C, are found from
Eq. (7.05). If the roots are distinct and do not differ by an integer, this procedure
yields the two series required for the general solution of the second-order differen-
tial equation. Eq. (7.05) expresses each coefficient in terms of the preceding ones.
Or any coefficient may be obtained directly by use of the determinant 4,(8):

(— 1Y Co 4; (ﬂ

SO =@ RET . aE (7.09
where 4, =1 and, forj =1,
LB foB+1) 0 0 0...0 0
KB KB+Y) LB+ 0 0...0 0
a = O BOTH RETA RGN O
fi-1(B) fi—aB+1) fisB+2) .. ... .. hB+7—2) fe@B+7—1)
B - o f2B+7—2) hB+7—1)

According to Eq. (7.08), the denominator of Eq. (7.09) may be written
[(ﬂ - b1+‘1) (13 - b2+ 1)] [(ﬂ - b1+ 2) (ﬂ - b2+ 2)] [(13 - b1+i) (ﬂ - bz‘f’j)]

— 17— TT (8 _ T[B—b)+j+1]1 - TUB—by) +j+1]
——£IW bt £Iw batl) = T(B—b)+1]-T[(B—b)+1]

Evidently, A =1
0o— 4

Al(ﬂ)‘—‘fl(ﬂ)’

0[O BB+

LB hB+1)

L) f(B+1) 0
d;8)=1B) hB+1) foB+2)|, etc
LB LB+1) LB+2)

If b, — b, =k is not an integer, the denominator is

JITG+14R) .o o JIrG+1—k)

TTratm  Gh=b and Ty i =

(— 1) Co (1 + k) 4j(by)
TG+i+R

(— 1) CoI'(1 — k) A;(by)
JIrG+1—k)

and
and

Ci(b) =
(7.10)
Ci (bz) =
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If the roots differ by an integer, however, C; may become infinite at § — b,,
since the denominator is then

(1—=RC2—kRB—k...k—k)...( —k)]f!
Thus, when the roots differ by an integer,

_ (k=7 —1)1Co 4;(bs)
Ciba) = F=0)151 ’

) = S 40
) = DGR (F—balssy
The determinant may p0551bly contain the factor (8 — b,); in which case, C;(b,)
remains finite. Generally, however, a new quantity is introduced:

(—1)’0041 8)

1<k;
(7.10a)
f=k.

D;(B) = (B—by)-C;(8) = . (7.11)
H(ﬂ by +1)H(ﬂ b1+l)II(ﬂ by +1)
When 8 —b,, Eq. (7.11) reduces to
(—1)1 B+1C,y A, (by)
D;(b) == (1—01;)"]? . (7.12)
Froms Egs. (7.05) and (7.10),
Cati(by) _ Gi(b) _ (—1) k! 4(b)
Ce(bs) — G Itk +5)!
But, according to Eq. (7.12),
Cri(b)) (= 1)k! Ayj(by)
Th Cr(bs) — JUE+7)1dr(by)
us,
Ak+f(b2) =Ak(b2) . A](bl) if k is an integer. (7-13)
Also needed are derivatives with respect to 8. According to Eq.(7.09),
oC; (—1)y Co
i I'I(ﬂ b+l)H(ﬂ by +1)
' ! (7.14)
04;
{ =4 (ﬁ)[Zﬁ 5, +1+Zﬁ b,+z]}
If ﬁ = bl’

. j . i i
= Gpereen o) sS4+ S gas
Differentiation of Eq. (7.11) gives, when % is an integer,
oD _ (= 1YiC,
E me- b+l)II(ﬂ b+ IT (65,4

X{ A“’[Zﬂ b+1+2 NE b1+l+zﬂ b=+l]}

(7.16)
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If B —b, and j = &, Eq. (7.16) becomes

__1)f k+lco
[6:3 bty (E—1)I(7— k)]

x{[?ﬂi]ﬂb 4;(b [ Z +Z +217]}- (7.17)

=1 =1

7.03 THE FROBENIUS METHOD [27]

A solution of a Bocher equation is to be obtained as a series expansion about
a regular singularity. Evidently there are three possibilities [28] with respect to
the roots of the indicial equation:

I. The roots are distinct and do not differ by an integer.
II. The roots are identical.
ITI. The roots differ by an integer.

Case I. In I, the procedure of § 7.02 yields two distinct series:

(— 1) 4;(b)

N s A N PR Y
'F(7+1+k (Z Zo),

Z,;=Col'(14 k) - (z— z,)" Z
(— 1)/ 4;(by) 719
Zy=Col'(1— k) - (z— 2™ Z —Tp—(f_,:,i_a—k) (z— 2)'.
The general solution of Eq. (7.01) is therefore
Z=AZ,(b,,2)+ BZ,(by, 2).

But in II and III, only the first solution is obtained in this way. A new second
solution, independent of Z, is found by differentiation [28].

Case II. Consider the case of equal roots. The first solution is given by
Eq. (7.18) with £2=0:

z,=C 3 4,6 { 8

1=Colz— Z (z—2)'. (7.18a)
§=0

For the second solution, assume

o .
Z(8.2) = Cole— )"+ ZC;(B) - (e — 2", (7.19)
i=
where B is considered to be a variable and where C, is the constant of §7.02.

Thus Z (B, z) satisfies the recursion formula, Eq. (7.05), but does not satisfy the
indicial equation (7.07). Introduce the operator L:

= (:— 20)’ + (2 — 20) [(z — 20) P(Z)] 57 T [z —2)?Q(2)].
If B b,, Eq. (7.08) gives (for equal roots)
fo(B) = (B—by)*
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Thus,

and

LIZ(B 9] =Co(B—b)*(z—2) (7.20)
L(Z) 2Co(B—by) (2 — 2)°+ Co (B — by)* (z — 2,)’ In (2 — z0)..

In general, dZ|0p does not constitute a solution of the differential equation. But
if g —b,, the second solution is

z,=%%2] . (7.21)

Differentiation of Eq. (7.19) gives

aﬁ = Colz — 2 In(z — zo)+Z 6ﬁ z—z)‘”’—l—ZC(ﬂ) (2 — 2)?*7In (2 — 2,).

Thus, according to Eq. (7.15),
00
[ 0B ls—s, L;oci(bl) (2 — Zo)"‘“] In (z — 2p)

ad (— 1) (2 — 2 Yerti |1 94; U
e 3 {[a_ﬂ REZAODE S
But the first bracket is Z,, by Eq. (7.03), so the second solution is
Z,=2Z,In(z— z)
. — 1) (2 — z,) i 1 (7‘22)
+ Co(z — zo)b Z ( )(7("3)" 20) {[ aﬂ ﬂ b - 2A7(bl) Z T} .

j=1 =1

Case III. For III, the roots of the indicial equation are distinct but differ
by an integer. The first solution is

— 1) A; b, .
Z,= Cyk!l(z— 2" Z-(j!('T’Jr;..g!_)(z—zoy. (7.18b)
=0

To obtain an independent second solution, let
2.9 = b0 [Cole— 2P+ ZC,0)- = P+ EDB) - (=P, :29)
where D;(8) = (8 — by)- C;(B) as in §7.02. A relation similar to Eq. (7.20) is
L[Z(B,2)] = Co(B— by)* (B — by) (z — 2)". (7.24)
L(Z) = Z [CoB— 10" —b) (s — ).

Also,

But
L(Z) = 2Co(B—b) B—b) (e — 2P+ ColB — b (s — 2V
+ ColB—ba)* (B — by) (2 — 2 In (s — 20)

The entire expression vanishes when g =b,. Thus a second solution is

[ 9B lp—b, (7.25)
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By differentiation of Eq. (7.23), we obtain

—af 2 ) - (2 — 2Pt + (B — by) [Co(z — 20)? - In (2 — )
=0
k

Z{ e — 2P+ C,(B) - (2 — zg)PH- ln(z—zo)fl (7.26)
2

{5

As B — by, the first term becomes

20)P11 4+ D, (B) - (2 — z,)PH1- ln(z—zo)}

Z C,(by) - (z — 2.

All terms in the square bracket are finite, so (8 — b,) reduces this part of Eq. (7.26)

to zero. There remain the summations containing D;(f) and its derivative [29]
Substitution of Egs. (7.10a), (7.12), and (7.17) gives the second solution

Z,= Colz— zo)b'

(B —37 —1)!4;(b,) i
(k—'1)' ;} ]' ( zo)
Colz — zg) S (= 1R A5(by) - (2 — 2,)
o e 2 =R

Colz — 2)" h (— 1)i=h+1 (z — z,)f
+ 2k-—1)! ’; 7T—R)TH!

i
X1|Z7 +

{[ B lp—o, ,,Zl ,gzl Z
The second summation may be written

Colz —2)P+E 3 (—1)"+1 4, 4 (by) - (2 —29)"
k_10 Z +k\92 0

n!l(n+k)! ’
or, by Eq. (7.13),
Colz — 2" Ak (by) < Z (=1)**+1 4, (by) - (z— 29)"
(F—11) n!(n+k)!
Comparison with Eq. (7.18) shows that
Zy=— 4k (by)

HE—1T ZyIn(z— z,)

Colz — z2g)00 " (R —7 — 1)1 4;(by)
+ 0 0
& =11 ,;

71 (z—2,)
Co(z — Zo)b’ (_ 1)1 —k+1 (Z— zo)] (7.27)

a5 $1 -5

=1
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7.04 AN EXAMPLE, CASE I

As an example of the methods of obtaining a series solution, consider the
Bessel wave equation {26}:

a2z 1 dZ
P2+ L2t et e— Y Z =o0. (7.28)

The equation has a second-order pole at the origin (z = 0) and a sixth-order pole
at infinity. An expansion will be obtained about the origin, which is a regular
singularity.

As in §7.02, let o
Z - Zﬂz Ciz’.

Then =0
[zP(2)] =1, A¢=1, A;=0 for ¢>0;

[ Q(a)] =i+ g4t — 4,
By=—19% By;=¢% By=»,
with all other B’s equal to zero. The indicial equation is
‘32 —_ 152 —_— 0’
fB)=B—7)B+2).
From Eq. (7.06), f,=¢? f,==?% and all other f’s are zero. Thus,

_ (—1/G4(p)
SO ="tra.

so by=+9p, by=—p, and

where
0 [1] 0 0 ... .. .. 0
@ 0 [2] 0 .......... 0
0 ¢ 0 [3].......... 0
4,B8) = 0 ¢ 0 .......... o |, (7.29)
00 0 0....... 0 [j—1]
0 0 0 O0...x2 04 O
and

Ul=[B+*—2%.
This determinant vanishes for odd values ofj. For even values, the determinant
may be simplified by expanding in terms of the elements [1], [2], etc. Then

_ (=1)"Coau (B
Com(B) = 2] [4]..0. 2m] ’

where
@ [21 0 0........ 0
2 ¢® [4 0 ........ 0
0 »2 g¢* [6]........ 0
4.B)=lo 0 x g#........ 0 , (7.30)
0 0 0 O B g [2(m—1)]
0. v 0 2
with 0 * 7
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The principal diagonal consists of elements ¢2, the adjacent diagonals contain
»? and functions of §, and all other elements are zero.

For the first root, § = b, =+ p, and
[2]=[(B+22—p*]=4(p+1),
[4]=[B+4*—p*]=8(p+2),

...................

[2m] = [(B + 2m)* — p?] = 4m(p 4 m),
(=1)"Col'(p+1) 4in(p)
sz(f’)= m ?F
Therefore, ZRmtL{ptm+1)
C, = — Co(g/2)?

ol +)

_ Colg/2)*  p _
C4 2]( +1 )(P’l‘z) [ 4(P+1 leqd]
- Colg/2)® —
=TSm0 aery 0P
For convenience, let (a2
“=Tern-

The first solution of Eq. (7.28) is then defined as a Bessel wave function S, (x, g, 2):

R AT L T L L MR e L

T+ 1 1+ 1) 20T 1) BT 2)
(g2/2)8[1 — 4 (3p + 5) ¥q"]
DI e } (7:31)

(= 1) du(P) - (2/2)*™
=(g4/2) Z miTm+p+1)

with 4,=1, 4,=¢?% Similarly, for the other root of the indicial equation,
f=—p and

I_p e 9.2) = (q2/2)” ”Z - m':ﬂ("i ’;))Jr(‘j/)z)m . (7.32)

The complete solution of Eq. (7.28), for non-integral values of p, is
Z=A5(*q,2)+ BSI_,(xq,2). (7-33)
If x=0, Eq.(7.31) reverts to the ordinary Bessel function of the first kind,

_ @z {, (g2
R e (R T
. (g2/2)* _ (92/2)®
b T I+ G T Fio739
(= 1)" (gz/2)P+2m
= gom!l’(m—{—/)—l-ﬂ :
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7.05 EXAMPLE, CASE II

With Bessel wave [unctions, the only casce of equal roots occurs when b, =
b, =0. Then Cy=1 and the first solution is

Z,= e q.2) =1 = S 4 O 11— dujgt)

_ (%;/!?2 [1 - 20"2/q4] + e (7.31 a)

i (= 1)" 45 (0) - (/2)

(m!)?

Since all odd determinants are zero, Eq. (7.22) becomes

Z,=Z,Inz+ Z‘ (;m";' {[%‘_;Alﬂ_m— 24,,(0) ;’7} (7.222)
But
Azm(ﬂ [1] [3] [2m - 1] A' (ﬂ)

3;‘;,1= —)"[1]. L2m—1]{ ﬂ"' +2Am(ﬂ>;2”13¢217_—1}'

24, [ d o[2(m—1)]
o = S M)+ L M @)+ + R b (8]
= _2{‘ﬂ+2 ) Mya(B) + (B+4) My (B) + -+ + [B+2(m — 1)1 M1y (B)}-

Thus, the second solution may be written

Z,=Zns— zﬂf/ﬁ—{4zz%(,+l)<>+a:..(0) Sl a9

|
m=1 (m ) =1 I=1

where M), is the minor of the corresponding element in the determinant Aa,,.

Bessel functions of the second kind, however, are usually written in a slightly
different form from the above. Let

Y (x,9,7) =2 [Zy+ [y + In(g/2)] . 4. 2)]. (7.36)

Substitution of Eq. (7.35) gives

%060, = 2{ly-+ 1012 #09.9
(7.37)

m—

—Z%[“Z’Mwﬂ)( 0) +4,,(0) Z—’l— }

m= =1
For the special case of x =0, Eq. (7.37) reduces to
X (— 2m M
%) =2y +me) £09 — 5 EE 5L 0370

m=1 =1

in accordance with the usual formulation of NIELSEN [30].
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7.06 EXAMPLE, CASE III

If » =, an integer not equal to zero, the second solution of the Bessel wave
equation is given by Eq. (7.27) with b,=mn, by= —n, k=2n, j =2m:

_ dyn(—n)
2=~ G en=nralnz

Coz—” ”Z (2"—2m—1)'Azm(_") 2m

(2n—1)! m)!
( I (7.27a)
Coz __1 2m—2n—1,2m
(2n—1)' Z: (2m—2n (2m)!
oA ” 2m— 2n1 2m 1 ”
X{ s Aen(— ) 2 Tt aT- ;7”
But
Agu(—n) 4 (—n)
(2n)!’(2n—1)! Toer-lgl(n— 1) (7.38)
For m < n,
2n—2m —1)! Agm(— 2m) 1 (n—m — 1)1 Ay (—
(2n m(2m))! am(—n) _ (27) (nziﬁlml)n! (—n) . (7.39)
For m > n,
Aym(—n) = (= )rin LR En 20 An(— ). (7.40)
Also,

0lam _ (_ qymin (2)1(20)! 2m —2n)!

op 2"min! (m —n)!
[z ’ B+1 B+3 B+2m—1
X {Gg 2B [T+ e
EYA =
[57) =2 2 = 2D M,

where M., is the minor of the corresponding term in the determinant 4,,.
Substitution of these relations into Eq. (7.27a) gives

- 45 (— (n—m — 1) 45 (—n) - (2/2)*™
Zz_—WZIInH- Z " L d
L _Coz™® 1 (—1)mnTi(g)2)tm
T (n—1)!m§” ml(m — n)!
m—1 m—n Ll n—1
X{4Z("—21)Mm+n—d;(—n) 2’7+Z’7—Z’7]}-
=1 =1 =1 =1

A change of the second summation so that it begins at m =0, and use of the
relation,

Ay (by) =4, (by) - 4, (B),
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gives

Zy=— L

22 Inl(n— 1)1
«{[Intge) — miar) + 205 ] A=) A 0.9

n—1 ’, . P
_%(qlz)nzhz—nz (n—m—1)!z:;:!(—n) (2/2)? + (7.41)

m=0

+ 2 (92/2)” Z (m| (m (-i/fl);lm

mtn—1
{42(%—21)MIU+1)—A (m) 40 (— ”[Z +Z ”}

To make this solution more nearly like the familiar Bessel function, we intro-
duce the Bessel wave function of the second kind, defined by

" — n—1
@”(”'q’z)=_22 n!(n 1)!Z2+ 21’;£”’q'z>{’)’+ln(Q/2)—22”_IZ—1T]_
=1

ng®” g

Substitution of Eq. (7.41) results in the second solution,

9009 = 2 fly + a2 41— ) A0

n—1 , ”
— 12" 22n = Z (n—m —1)! Am,,,!(_ n) - (2/2)2
(7.42)

+ 3 (g2/2)" Z (ml (m Si/i);lm

{ m+n—1

42 (n—2) My 1y — Ay (n) 4 ”)[217 ”2” ]}}

If x = 0, Eq. (7.42) reduces to the Bessel function as written by NIELSEN [30]:

n—1 2m
%, (q2) = % {[y +1n(g2/2)] S, (g2) — % (g2/2)~" D’ (n—m— ,:; )!! (92/2)

00 [ m—;:+n (7'423')
~ ey S lete S ST

7.07 ORTHOGONALITY

Solution of a Bocher equation of field theory yields two functions Z, (x,, ¢, 2)
and Z,(x, p, ¢, 2) where p and ¢ are separation constants. A series of these func-
tions is then employed to fit the boundary conditions and thus to obtain a unique
solution of a field problem. The evaluation of the coefficients in the series is
greatly facilitated if the functions are orthogonal on the given interval.
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The question of orthogonality could be investigated separately for each func-
tion. But it is advantageous to consider the general subject of orthogonality for
all the functions obtained in field theory. The STURM-L1oUVILLE [31] treatment
is presented here in slightly modified form.

The Bécher equation is

d2Z
daz?

+P@)Z 1 9@z =0, (7.43)

with general boundary conditions
z=a, hZia)+kZ(a)=0; } (7.44)
2=b, kyZl(b)+kaZ;(b)=0; '

where Z,(a) = (dZ|dz),_,, i=1,2, and the k’s are constants. These general
conditions include DIRICHLET, NEUMANN and mixed conditions.

Introduce a new quantity u:
u(z) = Ke/Pla)ds

where K is an arbitrary constant, or

1.3 _ pp). (7.45)
Also let
Q@) = 0@+ @ w ). (7.46)

Here A is an eigenvalue, and w (2) is a weighting function. If the differential equa-
tion contains only one separation constant, say p, then 4 is a function of p only,
and the various eigenvalues A, are expressed in terms of the allowable values p,
that fit the boundary conditions. In this case, the quantities %, v, and » do not
contain p. If there are two separation constants, p and ¢, boundary conditions
determine which is to be associated with the eigenvalues and which is to be
regarded as a constant. The latter may appear in v and w. Substitution of
Eqgs. (7.45) and (7.46) into Eq. (7.43) gives
2

)L+ v+t w@IZ=0
or

%[a%]—i— [v+f(A)w]Z =0. (7-47)

Egs. (7.47) and (7.44) are said to constitute a Sturm-Liowville system [31].

It is easily proved that the solutions of a Sturm-Liouville system are ortho-
gonal on an arbitrary interval (a, b). Take Z,, and Z, as any two distinct solutions
of Eq. (7.43), corresponding to the distinct eigenvalues 4,, and 4,. Then

;;[u%i_m]Jr [0+ f (Am) 0] ZW=0,

2o [# ]+ 10 wl Za=o.
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Multiplication by Z, and Z,,:

Zné%P*95ﬂ+Wv+faﬁuqzmzn:0,

o [0+ o+ 1) w] 202, =0,

Zy dz
and subtraction gives
[/ o) — F ) ) 022y = - [Z, 2,y — uZ3,Z,]. (7.48)

Integration over the arbitrary interval (a, ) yields

[ () — /(/1n)]afw2m Z,dz=u(b) [Z,() Z,,(0) — Zm(b) Z,,(0)]
—u(a) [Z,(a) Z,,(a) — Zpn(a) Z, (a)].

Boundary conditions, Eq. (7.44), are now substituted, reducing the bracketed
quantities to zero. Thus,

b
fwZ,Z,dz=0, (7.49)

which is the condition for orthogomality on the interval (a, b) with respect to the
weighting function w(z). As indicated by Table 7.01, all the ordinary differential
equations of this book, with general boundary conditions of field theory, constitute
Sturm-Liouville systems. Consequently, the solutions of these equations can be
used to build up orthogonal series of eigenfunctions.

Given a Sturm-Liouville system and an arbitrary function f(z) on the interval
(a, b). This function can be expressed in terms of the eigenfunctions Z, obtained
as solutions of the differential equation:

Because of orthogonality, with respect to weighting function w(z), on interval
(a, B),

b
e W G UGEACER

where the norm is

N,= [ w() [Z, (9] dz.

There are, of course, restrictions on the functions f(z) that can be handled in
this way. But these restrictions are so light that they can be ignored in practically
all physical applications. Accordingly, no further attention will be paid to such
restrictions. The fitting of boundary values by this method has had a great
many practical applications [32] in physics and engineering; and the additional
coordinate systems now available should allow a still wider field of usefulness.
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Table 7.01. Orthogonality

s e
on_ (b —42) 2P [V —s2)\ , 2P
oI.N o+ (1 —e2) (1 +4)¢ NuA 2T Y.N%
¥ — ny (t+dé— b —¢?
b +v)y— v nfeh — P —g? arpusfo {zze}
(%) ‘)i
o (0—2)(g—2)
o|N_c+%l:+§l€_+

zp [9—2 q—=z]¢ (314
ARSI ALy
V44 4 } I Zs?

Y= | #lo+a |Z0+dd—ee] | 4l —2) (@ —2)]
G+ —| | [0+ @b—eed | 4l —2) (@ —2)] anem oeg {r11}
‘Adp @i

o —2(@—2) |_
OIN?IVI:_KK

2P [9—z , 9—z]z | wP
zZp 4 + 2 _—.TN%

Y — n/(o+q) nz(V + )¢ — sl(0—2) (g —2)]
r+vv— nlz n/(0+q)b — fl(0—2) (g —2)] toeg {¢11}
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Table 7.01. Orthogonality

‘[z +ez [0+ 1) +:& -
2[07+ (0 +1)2¢¢] +52:¢ — = (2)a
.%I:ﬂnss b=y «lu:\:

[T +20+1T =9z +50 — 1) eb —] - 3;

v

‘Lz+z00+1)—9]—=@@)a

=y w¥—=)/ ATN:TN:NH:
CYPia Y
o~ s(2—2) X
O|N—nNN+uN:u+:N+wu%ul.
uAGINVw ﬁlAvl 1
2[9T 4300 —1)gh — (0 + 1) 9:¢] + 59:¢ — h
zp [o—2 | —2z z %44
VA4 (4 + _ +N%
sury {zzz 1}

Ped—2] =0 Pt = (@)a
b=y w— =/
.Tu?wls.fumml”_ﬁﬂga S =@

d=y W—=@Uf 4lo—20—2]z=n

YNl EYis

(=20 (1 —2)ez ¥

0= N_% a|:+3k|§ _I
zp [z 99—z —IN 2P
Zp L ¢ T 2 _ +N-®
Euow:m? {czri}




182 Section VII. Functions

7.08 WEBER FUNCTIONS
As the basic form of the {06} equation, we have, according to Table 6.02,
a*z _
& M+ N2Z=o0. (7.50)
If M=gq2(p+ %) and N= — ¢*/4, Eq. (7.50) becomes
;izz Z+[P¢+H — gz =0, (7.51)

which is Weber's equation [33].
Expansion in an infinite series about the origin gives

Hp.q) =t — P g2+ L (p— 2) (gt
~Le-20-96r+} sy
= e—(qt)‘/4{1 + Z (2n') P—2)p—4)...(p—2[n— 1])(72)2"}

Ya(p.92) = Mg {1 — 20 — 1) (@ + 57 (0 — 1) (6 — 3) (g2)"
L(p— 1) —3) (¢ —5) g+ |

(i’ — [2n—1])) (92)’”}~

Both series are absolutely convergent for the finite z-plane. The first function
is even, the second odd. They may be called Weber functions, and the general
solution of Eq. (7.51) may be written

Z =AW, (p.q2)+ B¥,(p.q7).

(7.53)

For the special case of p an even integer,
Wop.q2) = (— 2P L 6 B (). (7.54
If p is an odd integer,
b g = (— 22 DL o~ g ga), (7:55)
where H,(qz) are the Hermite polynomials [34]:
Hy=1,
H =gz,
Hy=(g2)*—1,
=(q2*—3(q2),
H, = (g2)*—6(q2)*+ 3,
=(g2)°—10(¢2)*+15(¢2),
Hy = (q2)°—15(¢2)* + 45(g2)* — 15, ...
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Except for these special cases, the series does not terminate and solutions are
given by the infinite series of Egs. (7.52) and (7.53).
For the alternative form of the Weber equation,

oz
dz?

— [+ +¢#4]1Z=0,

the solution is
Z=AW, (p,iq?) + BH#,(p.1q2).
Here

Wo(prign) =1+ Lo (@2t + (6 —2) (02"
+ 2 p—20—96r+} s

= dorafy +§1(—21mp(p—2) (p—4)...(p—2In—1]) (2"},

¥, (p,iq9) = Mg {1+ 57 (6 — 1) (g2 + 5 (6 — 1) (6 —3) (g2)*

+ar =0 —3 -5 @ +-}
oo (7.57)
=0 ga) {1+ D b= 0 (=) -

(b — [2n — 1]) (g% “}.

WHITTAKER [35] expresses the solution of the Weber equation in degenerate
forms of the confluent hypergeometric function, which he denotes [36] by D:

Z=AD,(q2) + BD_,4y(t92).

There are some advantages, however, in the use of the simple even and odd func-
tions of Egs. (7.52) and (7.53).

Special values

Y.($,0) =1, Y,(p,0) =0;
W.(p, £ 0) =0, W, (p,+o0)=0.

Asymptotic expansions

W,(p, q2) ~ (— 2)"* T'(p/2+1) e—(qx)’ll(qz)ﬁ[1 _plp—1)

r@p+1) 2(q2)?
+P(P—l)(ﬁ—2)(ﬁ—3)__1’(1’—1)(1’—2)(#—3)(?—4)(1’—5)+__,]
2-4(q2)* 2-4-6(q2)* ’
J(PF1
_ fo—l)/zl( 2 ) —(g5)*4 (, \P pp—1)
Wb g2) ~ (= 2R 2 e g1 — 2

LPe=N0=20=3) _pE-10-20_30F-40F—5) +]
2-4(q2)* 2-4-6(gz)° :
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Contour integrals 0
_ 2P/2 p—(q2)%/4 —2 —p—1
W, (p,qz) = Tsin pr T (= 12) fcosqzte (—?) dt,

o
0+

fsin gzt e PR (—t)~P-14t.

oo

2p—1)/2 g—(g2)¥a

isinpnl’(1zp)

Y. (p.92) =

Recurrence formulas. For either the even or the odd functions,
W(p+1,92) = (q2) #'(p, q%) —Mf’(ﬁ—i q2),
av (p,
D8 _ pyip—1,95) — L H(p.q2).

Orthogonality. Weber functions are orthogonal on an arbitrary interval (a, b)
if boundary conditions are of the form

{ kW (p,qa) + kW' (p,qa) =0,
W (p,qb) + kW (b, gb) = 0.

We have merely a special case of a Sturm-Liouville system (§ 7.07), with w =1
and A = p. Therefore,

b
‘!W(pmrqz) W(pqu) dz=0, m=mn,
for either the odd or even functions.
An arbitrary function f(z) can be expanded in terms of Weber functions on

any interval (a, b): o
= Z Amy(pm’ qz) ’

where

~ i 107 s

N, = [ ¥ pm 4214
Here all conditions apply to #,-functions, or # ,-functions, or linear combina-
tions of them.
On the infinite interval, since #7(p, 4- o) =0,

[ bW by g2 dz =0, mn.
Thus s .
f(Z) = ZoAmw(ﬁmv 92) ,

Ap=— ff W (P, q2) d

m

N, :_L[W(Pm, g2)]*dz.
N, = (2n)im!

In particular if p =m,
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7.09 BESSEL FUNCTIONS

The wave equation. The Bessel wave equation {26} is

gt baA P Z =0, (7:28)

The series solution was developed in § 7.04. The general solution of Eq. (7.28)
may be written, for p = integer,

Z=AY,(x,9,2)+ BI_,(x.q,2), (7.33)

where the Bessel wave functions are

AXEE (qz/2)’°Z s (7.31)
Sy 0,7) = (qz/z)—fz L (7.32)

and where the determinant 4,, is given by Eq. (7.30). These series are valid
everywhere in the finite complex plane.
If the differential equation is written

a3z 1 dZ

L - Z =0,

the general solution (for p == integer) is
Z=A5(x,q,12) + BI_,(x,q,12).

If = n, an integer, J_, is no longer independent of 4, and the general solu-
tion of Eq. (7.28) is
Z=A4Y,(x92+ B (xq2. (7.332)

The Bessel wave function of the second kind may be written

Y, (x.q,2) = q,,, {[y-i—ln(qz/z)]A (—n) £, (%, ¢, 2)
— (/2 22”z"'"2 (n—m— ’)‘Amin!(— n) - ([2)*™

(— .,:).:” (z/2)2™ (742
+ % (42/2)”2 ml(m+n)!

m+n—1
x{4Z (n —20) Mygy0y— A (n) 40 (— ")[Z +Z ]}}

=1 I=1 =1

For n=0,
%9 =2 {1y + a2 H00.0.9

—_ Z _(—_1%42)’1 [42 IMy44)(0) + 4,(0) Z }
m=1

l=1

(7.37)
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Degenerate cases. The other Bessel functions [37] listed in § 7.01 are all
degenerate forms of the foregoing. All series converge within a circle of infinite
radius in the z-plane.

_ S (= )" (gz2prem .
% (07) _mz=om!1"(m+p+1) : (7.34)
X (— 1) (gz/2)—b+2m
2orle8 = 2 7340
These functions are shown in Fig. 7.01.
Y.(q2) = {[y +1In(g2/2)] 4, (g2) — % (g2/2)" Z (n—m— 1)'(qz/2) "
S (gz/2)*™ "‘+" (7.422)
-1 qz/z"zﬂmlz }
Vo (= )" (igz2)ptem
S, (iq2) =2 T T (7.34D)
(= )™ (igzj2)—P+2m
p(092) MZ=0 m'P(m p+1) (7-34¢)
¥, (iqz) =%{[y+ln(zqz/2 14, (¢¢2)
—1(iqz/2)~ Z (n—m—1) '(142/2)’"' (7.42b)
( (igzj2)2m | & min
3 (iqz/2)" Z_;;Tz—‘f-i/z l%‘T ZT}
/2 2 2 " 2)2n
Algh) =1— UL QA (g

A plot of this function is given in Fig. 7.02.

%(g2) =2 [y +1In(g2/2)] 5 (g7)

2
R R k)

See Fig. 7.03 for the ¥ -function and Fig. 7.04 for %, and 5.

Sig2) =1+ (zf/gg n (g/:g n (tg/'a‘ +eee

%(ig2) = [y +In(gz/2) +4 7| A (g2

2 2)2 2
~ 2Ll Gy I gt )

A ) =1 — LI QI [y g WD Gy g
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Fig. 7.01a and b. Bessel functions of the first kind, as functions of x and p. Note that for positive p, the Besse
functions are bounded; but for negative p, the functions become infinite at x=0. (From JAHNKE and EMDE,
Funktionentafeln, by courtesy of the publishers, B. G. Teubner, Leipzig, and Dover Publications, New York City)

10
8
v
05 N
/)\ \(:l(x)
a4 7 )
/
/ \ \ TINETTR
22 7 “\ 7 7N N
\ / // \ \\
N S 1055 ~
20048 \ 55200/ 265N
\\ // \
22 \ X, 7 N
|
=04 4 a
0 é J ] L 6 [. K 0

X ——

Fig. 7.02. Bessel functions (1) and S, (x), showing the first few zeros
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%, 9.2) = 2 {[y +In(g2(2)] A .9, 2
+ O [aagh (1 — i) (14 )]

(11)2 (21)2
+ L2 2+ (1 — 200¢) (1 4+ 3+ D] — - }.
o5 T
" /I Ly
@ / /] \\ N A

7 \ /\
/ / \\ / A
0 ’/ \‘ //
/ \ / /
Vi N N £ f

-02 —
/ / \\./ N
-0% !
/
ar
-0
9/ i
1]
—Rll /
H i
] / F J [ 5 [] 7 ] [ I
x——.
Fig. 7.03. Bessel functions &} (x) and ®(x)
B AN 8
[
o4 £ A
// \ \\
/ -
azf— \ N
/ /
/, \\ / \
olZ \ N ,/ \
NN A LN
—az Y. / /
N XA
-I,
-0 737 ¥ 5§ 6 7 & 9 W

X ——

Fig. 7.04. Bessel functions J‘ (x) and J‘ (%)

S gyi2) = 14 LI G gy 4 B 14— p0tigh) ...

Y, q,i7) = Z{[y +In(iq2/2)] S (2. . 2
— {87 B righ+ (1 — 4l (1 + )]

(1h? (20
— LB (24 (1 — 20018 (1 + 3+ 3] — -}

oy (igzf2)? (g2/2)* (g2/2)4 11 — 4(p + 1) x*g*]
H000.92) = iy {1 THprn T 26T 1)G+2)
§ 0 9 )
3lp+1)(p+2)(p+3) ’
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(ig22)~* {1_ (92/2)* + (g2/2)*[1 + 4 (P — 1) »%q*]

r'(—p+1) 1p—1) 21(p—1)(p—2)

_ {92/2)°[1 + 4(3p — 5)%%q"] +}
3Mp—1)(p—2)(p—3) )

S (% q,12) =

9019 = 2w {[1-+ Inig212] 21— ) 00 069
n—1 m ’ 2m
_%(Q/Z)”Zan(‘iZ)_”Z (=1) (”_m_’:l)!! A (—n) (2/2)
m=0
. ”°° 2m
+1(6gz/2) ”éo———m!(f,/:)_,_ )T
m4+n—1 " min.
X 43 (0= 20 Msy— A0 A= w3 5 + z-’,_]}}.
=1 =1 =1
]
(e 9,2) = 472
_ @42t | @211 —3xgt) | (ga2)[1—13x3gY) |
(= + et
-%
J—} (%t 9 2) = (q;ffg)
@2 | @2 — Y] (gaf2)°Ti—7avgt)
x{t— -+ 2T @ TamE
g
P
@220 | (@22 T —3%%g"] | (g22)°[1 —13x%g%] |
{1+ -+ e+ et
gz
SI_y(n, q,i2) = M;@_
@220 | @211 —xg"] | (qz/2)° (1 — 7% |
x{t+ i+ T T H e
3
S (q2) = (Zf(;;
@ @ (g2,
x{1 ta-tamE —mwen T}
-1
s -1 (g2) = (q;/é))_
N U
x{1 =+ 2 st
_ gzt (qaf2)r (g2/2)*
S @) = F g U Ty T T e T
- 31(s+;>“(’:ﬁ);>(s+;) o
_ (gz/2)~bt+d (g2/2)* (g2/2)*
S0 02) =y {‘ =D T26-DE=1
(g2/2)*
+3eshepep T
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Hankel functions (Bessel functions of the third kind) are linear combinations

of Bessel functions of the first and second kinds:

HM(q2) = 5, (q2) +1%(q2), }
HP (q2) = £, (q2) —i%,(q2).

The general solution of Eq. (7.28) may be written
Z =4 (q2) + BAP (g2).
Other relations among Bessel functions may be written
S, (q2) = [ (g2) + #7 (q2)],
£ ,q) =} [e“’"f“’ (q2) + e P (g2)],

%, (qz2) = smpn [ (qz) cosprm — SI_,(q2)]
= 1 g — P ga),
Y409 =5 5 (@7) — Sy g7) cos pa]
= 57 [O77 P (g2) — AP (g2)],
H# (g2) = wmi,n [F_,(q2) — e 4, (g2)],
HP (q2) = [€77 4 (q2) — £ (q2)]-

zsmpn

Bessel functions as definite integrals

n

5, (q2) = ( /)) ae )fcos(qzcosu) sin?udu,
, 1

g (92) = %@f (1 —#)?~ 4 cos (gzt) dt,

0
1

»

S(g2) = Tp@-f—/%—z)l_@f (1 — &)P~4 cos(g2?) dt,
?

5, (q2) %[(1 — )it gy,

(92/2) £1970080 o2
57 = re+i) F('f)f ! sin™* 040,

n

Fiilg) = (— (L )*f ¢147939 P (cos 0) sin 6 6.

0

(7.58)

(7.59)
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Asymptotic expansions

200 =2 eostar — priz — i 3 A D

—si — _ (=1)"I'@p+2m+3
sin(gz — pn/2 n/4)Z N7 o (m+1)lI’(p—-2m—i)}’

%0 =( ) fintgz — piz — mia) 5 LSRG LIt D

— )" C(p+2m+ %
+ cos(gz — pn/2 — m/4) Z (zqz)SSn+l im _*_(f)] r(’:— 2)m—}) }'

1) ~ ‘.( 1—pn/2—n (=)*rp+m+4)
e e S

(@) ~f 2 W —igs—prie—n rp+m+14)
A (qn) (et "’Z(zzqz)"'mlr(p—mﬂr

Recursion formulas. The same recursion formulas apply to all Bessel functions
[38]. The same is true for formulas of differentiation and integration. Let 2 be
a Bessel function of first, second, or third kind. Then

Z,1(02) + 2,11¢9) = £ 2,(g2),
2,197 — %11 (42) —% iz B2,
d
2 2,@)+ 02,92 =922,.1(¢9),
zd—.‘i;,(qz) —p.@;,(qz) = 93%4-1(‘12):
2,9 B, (02) + 2, (g2) %1 (g1) = 22

Differentiation. Let 2 (¢z) be a Bessel function of first, second, or third kind,
or any linear combination of these functions. Then

2% =—22,49+92_,42)
S S AR EANCE)
=4 (2, .62 — 2,..02)].
sz [ 2, (g2)] =¢7* 2,_,(g2).
L[ 2,q2)] = — g2 2,.,,(g2).

2 [#" 2, [(g2)]] = “7‘ A2 g2
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L g [gh)) = — LR g, (g,
2 [Z@2]=[2220 gl 209+ £ 2,1 (9).

(5 4:) [ %) = @2 2, . (q2).

(o5 4:) E? 2 @] = (— )" @) #+™ 2, (g2).

gz— [Z(@2)] = — 92 (g7).
21249 =92 — | %),
L 12%2] = — ¢ Z,(g7) + 1 7(g2).

12 [%@9) = — 2,69 + L 2,2,

Integration
p+1 Ll
[#7 2,7 42 == 2,09
—p+1
[ g de=— 2, 1q9).

[#Z@a1rdz =2 {(2,@01— 2,1(g7) 2., (g2}
[2[Z@a1Pdz = 5 {2,212+ [ (g2)]7).
[Z@adz=— - 2.

[22@adi=" 2.

fz.”l’ (ocz)."l’(ﬂz)dz— T (B2, (x2) Z,_,(82) — —1(22) Z,(82)].

fz%(tu) 2 B2 dz= 2_ﬂ2

[#202) 2,82) 42 = 2 B2 (u7) 2, (82) — w2 (w2) 2 (B2).

(B2 (x2) Z_1(B2) — a2, (x2) Z,(B2)].

Orthogonality. Bessel wave functions are orthogonal on the interval (a, b)

with respect to the weighting function z:

b
22, (%, 4, 2) - Z,(%,q,,2)dz=0, m=*n,
where boundary conditions of the form

kl%(”r D> z) + kz% (“r 9ms z) =0
apply at z=a and at z="5 (Sturm-Liouville conditions, § 7.07).

(7.60)
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An arbitrary function f(z) can be expanded in a series of Bessel wave functions:

1) = 3 An v, g ), (7.61)
where .
b
A=y [ 7@ % (. gm, 2) d (7.62)
and , ¢
N, = J 2[2, (%, 4, 9)]2dz2.
If x=0, * \
No =2 {12, @nd) 12— 2, _1(gnd) - 2511 (gmd)} 65
— O (2@ — Z5_1(gna) - 211 (4 @)}
For p = 0, the coefficients of the expansion, Eq. (7.61), are
b
A=y [ 2@)- Zaoe, g, 2) dz
where ) *
Mn = fz[%("» 9m» z)]’dz'
If x=0, * .
N, = 2 {(2@n¥)]*+ (2 gnd)]1%}
at (7.63a)
— 2 (2 @]+ [Zi(gna))}-

For boundary conditions Z;(g,2) =0 and Z(¢,,b) =0, 2, may be taken as a
linear combination of ., and %, so adjusted that its zeros are at a and 4. Then
Eq. (7.63a) becomes o .
N, =2 (2(gn )] — 2 (2 (gua)]. (7.63)

In the special case of a =0, Bessel wave functions of the second kind are
not applicable, and the expansion is in terms of % (x, g, 2). Then, for p =0,

0 = Z Anl 4w 2,
b

A= [ 216 S, gm 7)1,
where ‘

b
N, = [ 2[4 (%, qm, ) ]*dz.
If x=0, °
b2
No=2 (400
where ¢, are determined by the relation,

Sy(gmb) = 0.
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7.10 BAER FUNCTIONS

The wave functions. The Baer wave equation {114} may be written [39]

a2z 1 az
dzz + z—b Ly z—c | dz

R —p(p+1)z—qb+0) ], _
Al ]z =0. (7.64)

For a solution about the origin, take
(o)
Z=#3YC,2.
1=0

Applying the method of § 7.03, we obtain

A, =0,
___b+e
A==
Ayg=— (6% +¢?)

2(bo)? ’
- 1;7 [4;_1(b4¢) —4,5) forj>2;

B,= B, =0,
B2=— q(b+ﬂ:
By=— o [pto+0)+¢ 8L brar),

i b 0P -

B; = ﬁ [Bi—1(b+c¢) — B;_5] for j > 4.

The indicial equation is

BB —1)=0,
so b; =1, by = 0. For the first root, the determinant is
A, 21 0 0 ... 0
A,+By, 24, 32 0 ... 0
g =| BB 2AA R A A 0 s
...................... iG—1)
Ai+B; . ... 74,
Thus,
(— 1) Co 4j(1)
C —
A (T I PR I R BT EST)
and the first solution is
f— e A -

S !



For f=b,=0,
4;(0) =0 since /o (1)=0
and
or
(= 1)™ 4 (0) 2™

Z’=C°1+”Z_l mli(m—1)! |’

where
A, 1 0 0 0 0. 0
B, 4, 1 0 0 0. 0
B, A4,+ B, 4, 2 00. 0

4O _| B, 4,4 B, 4,+2 4,3 0... 0

By A, +B, A3+£233 A,+—§1Al 4... 0
Bi Ay +Bjiy.. ... 4,

7.10 Baer functions

If Cy =1, the general solution of Eq. (7.64) may be written

where

Z=ABi(x,2) + B€(x,2),

S (= 1)™ 4 (1) 2™
(=, 2) =zzo——( m!)(m+(1))!—z—.

(= 1)™ 4,,(0) 2™
Glen)=1+2 e
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(7.67)

(7.68)

(7.69)

(7.70)

These expressions converge within a circle about the origin with radius b (b < ¢).

Expansion about another singularity. For an expansion about the point z, = b,

and

Z=(z— b)ﬁf‘, Ci(z — by,
=0

Ao='}’
_ 1
A1_2(b—c)'
A= 52 forj>1;
By=0,

Bi=1—[b—p(p+1)b—g(b+0)],
B,=(b+c)'[bx’——zbc:&—{—p(ﬁ—f—1)c+q(b+c)],

By= oo —plp+1)c—qb+0),
B;_,

B.=— 7~

for 1>13.
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The indicial equation is

BB —3)=0,
soby=1%, b,=0. For =10,
A,/2+ B, 3 0 0o ... 0
A,2+ B, 34,+ B, 5 0o ... 0
4,0 = Ag2+ By $4,+ B, $4,+B, % ... 0 . 7.71)
.......................... G—3HG—=1)
Ajfl24B, . . . ... G—3PHA,+ B,
For f=10,=0,
B, % 0 0 ... 0
B, A,+ B, 3 0o ... 0
15
4,(0) = By A,+ B, 24,+B, &> ... 0 . (7.72)
.................... G—1)6G—3)
B, ... (1—1)A4,+ B,
Thus the solutions are
(—1)/2% 4;(3) - ( — b)
I_C(z~b)z 2]+1) )
® —172"‘741(0)(2—) 7.73)
Z,= oZ

2!
These series represent the same functions as Eq. (7.70) but over a different region
in the z-plane. Accordingly, Eq. (7.73) with Cy = 1 represents the Baer functions
%j (x, z) and €] (x, 2) about the point z =05 and extending out to the nearest
singularity.

Orthogonality. According to § 7.07, a set of Baer functions with appropriate
boundary conditions torm an orthogonal set (with weighting function) on the
arbitrary interval (a, b) Thus, from Table 7.01,

f— 3 (%, 2) BY (%,2)dz=0, m=Emn,

where u = [(z — b) (z — ¢)]}. The same relation holds for /(x, z); and a similar
relation holds if ¢ is varied instead of p (Table 7.01).

An arbitrary function f(z) can be expanded in a series of Baer functions.
For instance,

00

1@ =2 A4, B (x2),
m=0

where the coefficients are

Ay Nf 10 B . 7) dz,

N, = [-Z-[ng(x, 2))rdz.
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7.11 MATHIEU FUNCTIONS
The Baer equation {113} may be written
@z | 4+ 4,C 1, _
e e w el -0

A special case of the Baer equation is the Mathieu equation [40]. Let b =0,
c=1, Agy= — (29+ A4), A, =44q. Then, introducing the new variable defined
by { = cos? 2, we obtain the Mathieu equation,

a1z

W+(A—2qcoszz)l=0, (7.74)

where A and ¢ are arbitrary parameters [41].

Periodic solutions. For the special case of ¢==0 and 4 = 2, Eq. (7.74)
reduces to the familiar {04}:

Z 4 ppz=0,

cos
- ( sin ) pz.
Periodic solutions are obtainable also for other values of ¢, but only when certain

relations hold among A, p, and ¢. These periodic solutions are called Mathien
functions of the first kind and are denoted by

whose solutions are

cep@2),  selg.2),

corresponding to cos pz and sin pz.

Define the function ce, (g, z) as a periodic function that reduces to cospz
when ¢=0. Let [42]
Z =ce,(g,2) =cospz+ X ¢' C;(2)

i=1
A= P2+ Zloc, qi.
j=
Substitution into Eq. (7.74) yields the series
_ _g[cos(p+2)z cos(p—2)z
ce,(g,2) =cospz Y 1 b1 ]
q? cos(p+4)z cos(p—4)z
+ ey t o ne=g 7.7
q' (p*+4p+7)cos(p+2)z _ (pP—4p+7)cos(p—2)z |
128 | (p—1)(p+1)3(p+2) P+ —1)2@p—2)

cos(p+6) z _ cos(p —6) z ]+
3+ +2)(p+3)  3(p—1)(—2)(p—3)

A=prt

+
and

Z(P'—"‘) (7 76)
(spr+7)gt | (9pt+58pr 42000 '
32(pr—1)3(p2—4) 64(pr—1)8(p*—4) (p*—9)

+
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Similarly,
se, (g, z) = sin pz — % [ﬂéﬁ%}ﬂi — —Sl—ng’—-—_ 12) ud ]
+q_’ sin(p+4) z n sin(p —4) z ]_
2l@+1)0p+2) ° —1)(0—2) '

where 1 is again given by Eq. (7.76). The series of Egs. (7.75), (7.76), and (7.77)
fail if p is an integer other than zero.

For p==integer, ce,(q,2) and se,(g,z) are independent functions, and the
general solution of Eq. (7.74) is

Z =Ace,(q,2) + Bse,(g,2), (7.78)

with p related to 4 and ¢ as in Eq. (7.76). For the more familiar case of p an
integer, only one solution can be periodic and Eq. (7.78) cannot be used as the
general solution [43].

(7.77)

Integer p. Now consider the special case where p = m, an integer [44]. If
p =0, Egs. (7.75) and (7.76) reduce to

ceolq,2) =1— 2 cos 2z+—qicos4z
olg: 2 32

qs 1 - qd - IS
T (scoséz 7cosZz)+ 3733 (cos 8z — 320 cos 4z) +

4 L]
l:——q—g 7q 29q +...'

2 128 2304

with

Improved methods of computation have been developed by INCE and by GoLp-
STEIN [41]. For m = 0, a periodic solution requires the above relation between A
and ¢. However, the second solution obtained from Eq. (7.77) vanishes identic-
ally, so a non-periodic second solution must be found.

For p =1, neither Eq. (7.75) nor Eq. (7.77) yields a convergent solution.
However, somewhat similar periodic solutions, using an entirely different expres-
sion for 4 can be found. These are Mathieu functions for integer values.

= -9 L’(L — )
ce (g, z2) =cosz 8cos3z+64 3cosSz cos 3z

3
g (—1——cos7z—%c055z+%cos3z)

T 512 \18
q_‘(L -1 1 M )_
+ 2096 | 180 cos 9z 2 cos 7z + 6cosSz+ 9 cos 3z

with

= _e¢_ ¢ _ ¢ g
A=t e~ T35 T 3eser T

The interesting way in which a cosine changes into other Mathieu functions is
indicated in Fig. 7.05, where ce, is plotted as a function of ¢ and .

- —9q(2 _ 7
cey (g, z) = cos 2z 8 (3 cos 4z 2)—|— 384 cos 62
— Q_S(L 43 fo)
512 |78 cos 8z 37 cos 4z + 3

_q‘__(L 293 )_
+ 7096 | 540 cos 10z + 520 cos 6z
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with

_ 5 o 763 1002401 .
A=4+ 127 13824 ¢+ 79626240 7 :

The A’s for the ce-functions are indicated by the curves marked g, 4, ... in
Fig. 7.06. Corresponding curves marked b,, b,, b5, ... refer to the values of A

ce,
.0

1 08
] i a6
Lo
!/ v4

| \ A / 0
A0 z

il

T 2xl0

“H i H

Fig. 7.05. The Mathieu function ce, (¢2). For ¢ =0, the function is an ordinary cosine, but as ¢ increases, the cosine curve
is progressively distorted

for the se-functions:

—ciny_— 9 & g2 (1 .
sel(q,z)—smz 85m3z+ P (3 sm5z+sm3z)

— L (Lsinzz 4 Seinset Lsing
512 (18 sm7z+9sm52+ 33m32

+—'-1—4—(—i—sin9z+—1—sin7z+lsinSz—-1—1—sin3z)—---
) 4096 \ 180 12 6 9
with

g2 ¢ ¢ _ _He

A=1—9— "5+ 6 ~ 1536 36864 T

ses (g, 2) =sin22—-q—sin4z+-£sin6z——qa——(i»sinSz——-—s—sinM)
e 12 384 512 \ 45 27

2 (1 Gin10z— 37 sin6z) — -
' + 7096 ( 0 sin 10z 540 sm6z)
with

—g 15 .
A=4 12"'13824‘14 :

Since ce,, and se,, do not correspond to the same value of A, their linear
combination, Eq. (7.78), does not constitute the general solution of the Mathieu
equation. Either ce,, or se,, may be used if a series of such terms fits the boundary
conditions. If neither will satisfy the boundary conditions, one must introduce
Mathieu functions of the second kind which are non-periodic.
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We have seen that periodic solutions of the Mathieu equation occur only for
certain relations between 4, m and g, as shown by the heavy curves of Fig. 7.06.
For all other conditions, the solutions are non-periodic. The shaded areas indicate
non-periodic solutions which tend to finite values as z — oo; the unshaded areas
indicate non-periodic solutions which approach oo as z — oo.

.
&y e %
J0+
¢] bi‘
O
-2 -1 N / w A
//
Lan
-2
_sa 3=

Fig. 7.06. Relation between 4 and ¢ for Mathieu functions. Periodic solutions are obtained only for points located on the
curves, All other solutions are non-periodic, the shaded areas representing stable solutions and the unshaded areas unstable
solutions

Functions of the second kind. Corresponding to Mathieu functions of the
first kind, we have non-periodic functions of the second kind:

fe,, (¢, 2) = ce,, (9,2) f’f{g,‘%)]—:’
: (7.79)

gen (9, 2) =Sem(9:z)f[se+qz,z)]='
0

Orthogonality. If m and » are positive integers,

2n

S cen(q, 2) ce,(g,2) dz =0, mEn;
[1]

2x

fsem(q’z)sen(q:z)dz’_—'o: m==n,
1]

2

S cenlg, 2) se,(q,2) dz =0,

[]

2x 2n
Jcel(g2)dz= [sel(g, 2)dz=n, m>0.
(1} (1}
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Thus an arbitrary function f(z) can be expanded in a series of Mathieu func-
tions:

6 = 3 Aucenls. ),
where .

4, = —:; ff(z) ce,(g,2)dz.
Or 0

16 = 3 Ansen(q.),

2n
An=21 [1()se,(q.2) dz.
gl

7.12 LEGENDRE FUNCTIONS

The wave equation. The Legendre wave equation {224} is

(A= 1) 27 1 5,92 [xaaz(zz— 1) —plp+1)— L |Z2=0. (780)

Expanding about the origin by the methods of § 7.03, we obtain
Ay=A,=A¢=--=—2,
By=wta*+ p(p+1) — ¢,
Bi=p(p+1)—ig2

for j even and greater than 2. All other coefficients are zero. The indicial

equation is
d BB—1)=0

with the roots b, =1, b, = 0. The determinants for these two cases are

B,—2 2.3 0 0 ... 0
B,—2 B,—6 4.5 o ... 0
auy=| P72 BTO BT 0] e
Bzm_z— 2 Bzm_4"“ 6 ........... (2m - 2) (2m - 1)
Bzm—z B2M—2_6 ........... Bz—4m+2
B, 1-2 0 0 0
B, B,— 4 34 0 0
4,,(0) = By  Bi—4 B,—8 5-6 0 | 782
Bop_s Bap_a—4 Byp_6—8 . . . ... @2m—13)(2m—2)
By, Bypm_o—4 By g—8 ... ... By,— 4 (m —1)
where

By=xta?+p(p+1) — ¢
By =pp+1)—1q I>1.
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The general solution of Eq. (7.80) is

Z=AZ,+ BZ,,
where
_ (=)™ A (1) 2™
Z, = Cozz —@minl (7.83)
— N (=)™ 4,0 2
Z, = Comgo “am)! . (7.84)

This solution satisfies the differential equation for all values (integer or non-
integer) of », p, and ¢. It applies within a unit circle about the origin, |z| < 1.
The same method may be employed to obtain a series solution for the region
outside the unit circle.

The constant C,, is arbitrary. For simplicity, let C; = 1 and define the Legendre
wave functions by the above series:

I (xa,z —zZ (= 12’;41_;_ )zm, (7.83a)
(a5 = 3 =N An01 27 (7.843)
m=0

The function & is always an odd function, the function 2 is always even.

Degenerate cases. As indicated in § 7.01, the general Legendre wave functions
of Egs. (7.83a) and (7.84a) are solutions of {224}. These solutions may be written

Pixa,2) =2{t — S [ear+p(p+1) — g — 2]

+ i et 2map b+ 1) — g~ 4]

+ BB+ [P +1) — 27— 14+ ¢+ 202 +24] — -},
9 (xa,z) =1— 2 [Rat+p(p+1) — g7

+ 2 [at+ 208 [p (b + 1) — g*— 4]

+ PGNP +1) — 20— 6]+ g+ 8gF] — .
As degenerate cases, we have {222}, {220}, {114}, and {112}.

I. Equation {222}, x =0. Then
P& =2{1— 2L+ 1) — ¢~ 2]
+?[1>(P+1 (b +1) —2q2—14]+q‘+20q2+24}_...},
K@ =1—Zp+1) ¢
+ 2P+ 1) [P +1) — 22— 6]+ gt+ 8gF] — -
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II. Equation {220}, p =0.
P (xa, 2) =z{1 — :;f [x2a% — g% — 2]
+ 5} = 20202 (g4 4) + ¢4 20474 24 — -},
2 (ea,z) =1— Lo [2a2— qf]
+ 2 et — 26ta2[gt+ 4] + ¢+ 8] — o,
I1I. Equation {114}, ¢ = 0.
Zyna, ) =2 {1 = L D@4 p(p+1) — 2]+ [Hat+ 220 [p (p + 1) — 4]
+PBHNIpp+1) —14]+24] — -},
B, (ea,2) =1— 7 e+ p(p+ 1))+ L [hat+ 2622 [p(p + 1) — 4]

+eB+10)E+1) -6
IV. Equation {112}, x =0 and ¢ =0.

2,0 =z{1— 2 [P+ 1) — 124+ S +1) —1-2)[p(p+1) = 3-4]
— L+ — 120+ 1) =3 AP+ 1) =561+,
26 =1— 2 pp+0+ 5 P0G +1)—23]
— P ANIPG ) — 23+ 1) — 45+
2@ =2{t— (= H 120+ 5 (- D 12— D —3-4]

3! 5!
— B - =12 [ =D =3 =D =56+,
%@ =1— 2 P~ D+ =D —H—23]
- D 2300 — D — 451+

L2464 +D

+ ) (1-2+%)(3-4+z)(5-6+%)+--~},

9’—4()—Z{1+ (2+h+2

9_4()—1+ EI [2 3431+ [2 3+3I04-5+3]+-

4'4 6'4

Ordinary Legendre functions. Note that the functions % and 2¢ do not
reduce directly to the familiar Legendre [45] functions ,‘(z) and Q,,( z). In
obtaining the latter, one introduces other constants and makes other changes,
as will be shown.
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If x=0, ¢=0, and p =n, an integer, a simplification occurs because the
infinite series become polynomials in certain cases. Evidently all B’s are equal,

By =p@+1),

w T T i)
|
ul) LY 7T UL
\\2 B AR EYAT
a6t . /H a6 .f! "N /' Ay H
R . N | 72 I W X, N I
: ] r \\ T - I | . \ I
DN YA LA BT 7N X [i
\ ;\ 7N N / 7] ¥ 7 \ \ i
ﬂ .l ff N 4/ A \. A i ! 0 .,’ } \ A } ;I
1Y \1/ S \ \/ 7wy i \ ; N \'\ | }{ 1
-2 .\ /.\ A AN ’! ’ -02 | f‘ \\ \ 1 H
NZiN AN N N[\
- T ", " AR —— I ] 11
B [ o) e ) J"-l \t / \\ }/ V] }
a5 ﬁ";*._n\| \/|\ F7
-08 ; - -a8); \q,’/ 0 : ~ /\'{:\
’ | F o N | i T
-lp 08 -06 -o0¥ -0z Q2 o4 a5 o8 W TR0 -08 -06 -O04 -02 0 02 O 06 08 L
M o —=

Fig. 7.07. Ordinary Legendre polynomials Py (u) for the Fig. 7.08. Ordinary Legendre functions Qpn (x). All functions
range —1 = u < + 1. The functions are alternately even become infinite at = +1

and odd and all go through 4+ 1 at the ends of the interval

% : hx) I,-’ Alx) ;/
,- i 78}
120 ! ;
1
100} 1 # = 7
o/ /
I 80 ‘.l ’,’ 4
® L] /
=" I, 2
m N - LI }’f ’/. I
..-' | '.r’ !
20 h |/ // I
7 -~ [ [A=
/ — B
/ > — ._':-:I__._._Ir ._i_l'f'-x.}-i
0 ! F J ¢ 5 [ 4 9 [

xX—

Fig. 7.09. Ordinary Legendre functions P, (%) over a wider range. Except for P,(x), all Py(x) =00 as u —>00

and the determinant 4,,(1) is zero if the last two rows are identical. Since the

B’s are equal, the two rows are identical if

o (2m—2)(2m —1) =p(p+1) — 4m+2
pp+1)=2m(2m—1).

Therefore, p =2m — 1, an odd integer. Similarly, 4,,(0) becomes zero only if

P =2m — 2, an even inleger.
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Thus, for x =0 and p = #», an integer, it is convenient to remove the poly-
nomials from both Z; and Z, and to classify them as P,. The remaining functions
are called Q,, and C, is so chosen that

[o]

i (2”—[ :z)/’;/;"]z" Z = ’:;:n)' a n even,

B = zi‘:(‘;*_‘”:’;']z S dasn, woaa, [
2

Q.(2) = (—1)n/az;'[(n/2)']’ ,,,Z.,(_g:ndni"%)!zm’ n even,

Fig. 7.10. Ordinary Legendre functions Qu(x). All are infinite at x = + 1; all approach zero as x—o0

P,(z) and Q,(z) for the interval (— 1, + 1) are shown in Figs. 7.07 and 7.08.
These are the ordinary Legendre functions, which will be employed only for x = 0
and p =#, an integer. They must be clearly distinguished from the general
functions & (xa, z) and Zf(xa, z), which do not reduce to Egs. (7.85) and
(7.86) but which are required except in the above special case.

The first six functions [46] obtained from Eq. (7.85) are
Bz =1,
F(2) =z,
B =4062—1),
B() =} (52— 32),
Fy(2) = 3 (352 — 302+ 3),
FB(2) = § (6325 — 7028+ 152).
Graphs are given in Figs. 7.07 and 7.09 for real values of z.
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Legendre functions of the second kind may be obtained from Eq

Section VII. Functions

Qo(2) =tanh™z=}In (%-i'—j), lz] < 1;
Qo(z)=coth’1z=%ln(zt:), lz| > 1;
50
/ 1
70 i 7 /P* ®
/ /
55 l"‘ /, ;
5 ! /
] /'
/
W) ! ’//
0 . w
/ A
eg /.' d
LA : ®
oL | %89
A I B) | Apl¥)
;E‘L‘; et e

Fig. 7.12, Ordinary Legendre functions 05 (x), 03 (x), ()3(;), Q;(x)

5

Q1(2) =20Q0(2) — 1,
Q2(2) = By(2) Qo(2) — 22,
Qa(2) = By(2) Qo(2) — 22+ 3,

7 8 g

0s(2) = Bi(2) Qo (2) — 2+ 332,

Qs(2) = B(2) Qu(2) — 534+ %

9 8
'22—-1—5-,....

n

. (7.86):
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These functions are indicated in Figs. 7.08 and 7.10. Other graphs are given in
Figs. 711 to 7.14. The general solution of Legendre’s equation {112D}, with

!

p=mn,is
Z=A I_:: (Z} + B Qu (2) "
ol 2772 O A N
| ’,' | | | i
! 1 “Bliy)
120 T 1 . —
| F - /
K ! .
Fig. 7.13. Ordinary Legendre functions of the first kind for imaginary arguments
1§ . - -
i) |
Ly \ i A
12 :
Fig. 7.14. Ordinary Legendre functions of the second kind for imaginary arguments
Legendre associated functions [45]. The general form of the Legendre equation
{222} is
d2z iz q?
— 2 < = — =0. .
(M=) 5 =227 +pp+1)— T |z=0 (7.87)

If the constants are integers, the general solution is
Z=AFr(x)+ BQy(2),
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where P" and Qp are the Legendre associated functions. For |z| <1,

PR = (1 — e LB

dzm

7.88
Onta) = (1 - T2 -
For |z| > 1,
i PP = (22— )2 "BE)
dfg " (7.88a)
07 (2) = (—1)ymr L 0nle).
Definite integrals x
B,(2) = “f [z 4 (22— 1)icosu]"du.
0
B,(2) = du _
»@) ﬂof [z F (22— 1)} cos " +1
P _2 cos(n+$)udu .
»@ nf [2(cosu—z)]a
Pl =2 sin(n+¥)udu.
»@) ws:/l; [2(z — cos u)]‘
0,() = f 5 (u du.
_ du
0n(2) _0f [z+ (22— 1) coshu+1 *
pm 2" m! (n +m)! 42 4)mi2 sin?” y du .
@)= (2m)! (n —m)! (=1) f [z + (22— 1)} cosurtm+1
™) - 2 (n+m)!ml 2 g\mi2 F sinh®” y du
Qn (Z) ( 1) m)|(2m)' (Z 1) f [z+(gi_1)‘coshu]"+"'+‘ ’

(n —m) = 0 and z not on real axis between :}: 1.

or () = (—1)™ (nj!m)! f coshmu du
0

[z + (22— 1)} cosh u]n+

# = m and z not on real axis between 4 1.

Relations nB,— (2n—1)zP,_,+ (n—1)P,_,=0.

(2 —(r+1)(zB—F,.).

(n+1)( n+1 ) n(zP n—l)‘_O
dR, dB,_,

dz dz

_ _,48 | 4B,
() B=—z5 -+ =5

nbB =z
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2+ 1) (@ = )2 = n(n + 1) (B — Broy).
nQu—(2n—1)z2Q, 1+ (n—1)Q,_5=0.
(@n+1) Q=Lts _ L0
RO B2 0=
B Qua— By Q=2 0E

B0 0, LF —(1— ),

P"”‘Z—Q—Z(m~{~1)—1)—P"‘Jrl (n—m)(n+m+1)P*=0.

@n+1)zB—(n—m+1)Bli—(n+m P, =0
m—m—+2)Bha— (2n43) 2 +1+(n+m+1)P"'—-O
Orthogonality. Solutions of the Legendre wave equation {224} are
P{(xa,z) and Zf(xa,z).

Either of these functions, with proper boundary conditions, forms an orthogonal
set on an arbitrary interval (a, ). According to Table 7.01,

b
J 75, (xa,2) P, (xa,2) dz =0,
and a

b
[28 (xa,2) 9 (xa,z)dz=0, m=*=n.

Therefore, an arbitrary function f(z) may be expressed as a series of either
# or 2 functions,

1) =2 AnPL (xa,z),
where m=0

b
A, = W‘; f 1(2) P1(xa, 2) dz

b
N, = [ [#5,(xa, ) hdz.
For the ordinary Legendre polynomials,

1
2B (z)dz=0, k=0,1,2,...(n—1).
-1

1
k(=) (k—2)...(k—n+2)
fzkp"(z)dz’ GFnInEtn—1.. . (k—n+t3) "
0

1

JB,(2)B(2)dz=0, m=Emn.

1

f [BadPrdz =32
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An arbitrary function f(z) may be expressed as

Z A ?ﬂ

A, = 2m2+1ff(z)P (2) dz

7.13 LAME FUNCTIONS

The wave functions. In the Lamé wave equation {1113}, a, may be set equal
to zero without loss of generality. Then

where

@z | 11 1, 1 )dz
FEIREPY IR S 7 7.89)
L A AN P a
(z—0)(z—¢) ] -
To obtain a series solution about the origin, let
=23 C, 2.
Then, according to § 7.03, 1=0
Ay = %‘»
. b+c¢
A= “2bc
- 1 24 (2
2 (b6)2 [b + ¢ ]
1 .
= e [4, 1(0+c)—4, 5] forj>2.
Also,
B,=0,
q(b%+c?)
By = 4bc AAAAA ’

By= 1o (,,c [q(6 + ) B2+ ) — p(p+ 1) be],
By= o [0+ 6 (524 bo k-0 — p(p+ 1) be(b+) + (b)),
B’Zbc [B,_1(b+¢) — B,_,] for j>3.

The indicial equation is

b, =1, by=0. Therefore
1A4,+ B, 3 0 0 . 0
1A4,+ B, 34,4+ B, 5 o . 0
4, — [Pt B #et By #4455 0 . (7.90)
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and B, 1 0 0 . 0
B, A,+B, 3 0 . 0
B, A,+B 5.
= AP 2AER T O ACAY
...................... G—1)G—%
Bi A _y4+B_y. . (i —1) A+ B,

The solutions of the Lamé wave equation are

(= 1y 2% 4,(3) &
Z,=C, z*zo CTESI

Z,=C Z —1’22’A()_.

(7.92)

It is customary to express Lame functions with a different variable. If z = (2
and C, =1, we have the Lamé wave functions

(—1)72274,(3) ¢2
850,0) = cZ

(27 +1)! ’
© (= 1) 20 4,027 (7:922)
— — 7
Fd) =3 CUEROE
The general solution of Eq. (7.89) is then
Z=A¢)(x,0) + BF] (7). (7.93)

The series are convergent within a circle about the origin and extending out to
the nearest singularity. The same procedure, however, may be employed in
expanding about any other point.

Polynomial solutions. The solutions (7.92a) and (7.93) apply also to the
ordinary Lamé equation {1112} and to the degenerate case {1111} where p = 0.
There are a few very special cases in which the infinite series reduce to poly-
nomials [47], much as with Legendre polynomials. These are the ordinary Lamé
functions E%(z) treated in books on the subject. Not only does » have to be zero
and p an integer, but ¢ must be related to p in a definite way to allow a poly-
nomial.

Casel. Co=1,8=0 x=p=¢=0, %(0,2) =1.
Ca.seH. Co=1’ﬁ=1’x=0,ﬁ:2,q=1’ 612(012)—_—2
CaseIIl. C,=1, =0, x=0, p =2,
2,2
n=2bct+ (1- G225,

(b2 4 c?
opaafs (4 3b? ‘]
gp = 2b%¢ {1 (1~ e
F0.2) =1 = :
(b2 + ¢2) + [(b% + cB)2 — 3b2c2)}
.%q. (0, Z) =1 — 3_22

(b2 + ¢2) — [(b2+ c?)% — 3b2c2]t
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CaseIV. Cy=1, =1, =0, p =3,
q,=1—6—b’”—’[2+(4—ﬂ)‘],

5 (bz-i—c’)’
o, b q5bic? \}
=1 5 [2 (4 (b2+c=)=) ]
£5(0,2) =1 — 522 :
2(b2 + c2) 4 [4 (b2 4 )2 — 15b2c2]}
528

é5(0,2) =1— .
2(b2+ c?) —[4 (b2 + )2 — 15b2c2)t

Polynomial solutions of higher degree also occur for discrete values of $ and gq.
Other interesting special cases can be expressed in closed form:

FO) =y @—Wh i g=50,
. b2
FLOA) = (=) i g= g,

F0,2) = - [(*— %) (22— )b

Related to these solutions are further solutions which reduce to polynomials
times square roots, for suitable values of p and gq.

Orthogonality. Solutions of the Lamé wave equation {1113} are &f(x, )
and #J(x,{). These functions may be employed in expressing an arbitrary
function f({) over an arbitrary interval («, ). According to Table 7.01, ortho-
gonality is obtained with a weighting function, assuming Sturm-Liouville bound-
ary conditions. Thus, for example,

b

fé &5 (%,0) 8L (%, 0)dL =0, mEn.
Thus, “ -
10) =2 40 85, (1,0),

where

b
A= [ 10 GO L,

b
No= [ Lo mona.

A similar expansion can be made on g,,, or the #-functions can be employed
instead of the &-functions.

7.14 WANGERIN FUNCTIONS
Equation {1122} is written [48]

Z | 1 1 aZ | 1 [A,+4 2+ 4,2

1 2
az? +E[Z"b MFET +Tz_]d—z+ 4| 2z—b)(z—0) Z=0, (7:99)
if a3 = 0. For a solution about the origin,
Z=#%C,.

=0
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The method of § 7.02 then gives

Ag=1,
__b+c

4,= 2bc ’

As= = par D+,

Af=W[Ai_l(b+C)—Ai_z]' 7>2
Also, i

B°=*b°*'

B

)2 [Ao(b + c) + Al bC]
Toge Ae®+be+ ) + Ay be(b + ) + 4, (b0)1],
B;:W [Bji—1(b+¢) — B;,], j>2.

1= 4(b
B, =

Therefore, the determinant is

BA,+B, (B+1)*+B, 0 0... 0
BAs+B, (B+1)4,+B, (B+2)*+B, 0. .. Y
BAs+B; (B+1)A4;+B, (B+2)4,+B,... .. 0
.............................. B+7—1)*+B,
ﬂA +B (ﬂ+1)A’_1+ 7"1 ............. (ﬂ+j_1)Al+Bl
The indicial equation gives
Ay \b A, \b
R e
and the solutions are . ; ;
21=Coz"‘z ’_(—1) 4%
i=0 JT [(by+ )%+ B,]
l=1 (796)

=Coi G IALE

1
i=0 IH [(bs+ D2+ B,)
a=]

if b, and b, are distinct and do not differ by an integer.
_ The Wangerin functions may be defined for Co =1, =1, c = 1/k%, Ay=— qc,
A; = —p3, Ay=1— g% Then Eq. (7.96) becomes

Sk, 2) = £ i .f.— 1) 4m(g/2) 2™

S Twusgar—gme
=1 (7.96 a)

’

Tk, 2) = Z (: 1)” A (—g/2) 2™
m=0 ’I_Il [t —g/2)*— q¥/4]

. (7.95)
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where 1,

_[(1+c¢
e

2c2

I

0

I

1

I

=, (40— 4,]  forj>2:
— q2/4’
— P+ + 47,
2= — o [P+ PP — ],
B, = ‘Z’ [Bi_1(1+¢) — B, _,].
Equation (7.96a) converges for a circular region with center at the origin and

extending out to the next singularity. The same procedure allows the & and J~
functions to be expanded about any other point.

Orthogonality. The Wangerin functions F(k, z) and J (%, z) form orthogonal
sets, with weighting function, on an arbitrary interval (a4, b). With Sturm-
Liouville boundary conditions and with weighting function w = z/«,

b

;} Sk 2) Sh(k2)dz=0, m*n.

I

(]

[soTe I O N NN

1

I

a

An arbitrary function f(z) may be expressed therefore as

1) =3 Ay S (k2 dz,
b

Am=.b}_mf‘:%f(z) F4 (k2 dz,

a

where

b
Nmzf%[zg(k, 2)]2dz.
This result applies equally well to the J -function.

7.15 HEINE FUNCTIONS
The Heine equation {1222} is

azz 11 2 2 1dZ 1 [Ag+Ayz+A,22+ A28,
e B s ‘a‘;+7{[ b= |2 =0 (797)
if a; = 0. By the method of § 7.03, expanding about z =0,

Ao:%:

_ b+
Ay=— 21
__ @+
AZ—_ (bC)2 »

A =_16_[A,_1(b+c) — 4,5 forj>2.
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Also,
B,=0,
Bl=%;g)2—,
Bz=4—(;—c)7 [2(b+ c) Ay+ be 4],
By=pgw (B0 4 4be +3¢) Ayt 2b0(b +0) A+ (02 4y,
B,=4_(;;)Ts~ [2(b + ¢) (282 + bec + 2¢?) 4,

B, =

+bc(3b2+ be+ 3c?) A+ 2(be)? (b + ) A+ (be) 4],

1
(be)?

+2B;_4(b+c)—B,_,] forj> 4.

[2B,_ybc(b+c) — B_y(b2+ 4bc + c?)

The indicial equation is

ﬂ(ﬂ— %) =0,
so by=1, b,=0. For f=b, =}, the determinant is
14,+ B, 3 0 0 . 0
14,+ B, $4,+ B, 10 0 ... 0
A (1)_ %A8+BS %Az‘l'Bz %Al'l"Bl _2% A 0
2
........................ G—3HG—1)
3A,+B, ... (G—3) 4,1+ By
For ﬂ=b2=0,
B, 3 0 0 0
B, A,+B, 3 0 . 0
4,0) = B, A,+B, 24,+B, & 0 N
...................... G—1NG—1—%
B, A4, _s+B,_y............ (G—1) 4,4 B
Thus the solutions of Eq. (7.97) are
A 24
Z,=Cyz ; Y ,
2, (— 1) 227 A;(0) 27
Z,=C AN il At il
N °,§, (25)!
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(7.98)

These series are convergent within a circular region whose center is at the origin
and whose perimeter passes through the nearest singularity (z = b).
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The form of Eq. (7.97) needed in field theory has b= 1, A = — p2c?
Ay =pc(14+¢) — (1 — )2+ 2¢, d;= —[p2c+2(1+¢)], 4A3= Setting
Co=1 and c = 1/k?, we obtain the Heine functions:

(=124 4;(d)

(27 +1)! ’
(— 1) 2% 4;(0) &

(2! '

U (k, 2) -——-z?'Z
i=0
oo’ (7.99)
Yk =Y
j=0
where ’
Ao=%n
Ay=— (1+¢)e,
Aa = - (1 + cz)/czn
4, =% [4j—,(14¢) — A;_g] for j>2;
Bo=0,
2

Bl=-—4ﬁc—

By=— 4c, [p*(1+¢) + g2 — 2¢],
B,=——4—6;[ﬁ’(1+c+6’)+2¢‘(1+c)—25(1"‘0)]»“ :

Orthogonality. Like the other functions of this book, the Heine functions form
orthogonal sets on the arbitrary interval (a, b) with respect to a weighting func-
tion w(2). With Sturm-Liouville boundary conditions,

b
Jw(z) %L (k,2) UL (k,2)dz=0, m=*£n.
Therefore, an arbitrary function of z may be expressed as

16 = 3 A0 L (1,3,

where

b
A,,,=N1—mfw(z)f(z) g (k,2) dz,

No= ) [, 4, 9]0

These relations hold also for the functions ¥} (k, z), the weighting functions
being taken from Table 7.01.
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APPENDIX

SYMBOLS USED IN THE TEXT
A, B, C, D =constants.
A; =coefficients in series expansion of [(z—z,) P(z)], Section VII.

Ay, 4,, ... =constants in Q-term of a Bocher equation.
oI —area.
a =distance to focus.
a,b,c, }= constants.
@, 4z, ag
@, @y, Gy } =unit vectors.
e, a,a,

B, = coefficients in series expansion of [(z—2y)% Q(2)], Section VII.
%} = Baer function.

b,, by =roots of indicial equation, § 7.02.
C, =coefficients in series expansion of Z.
€. = Baer function.

¢ =a constant.
ce,, =a Mathieu function.
D;(B) = (B—1bs) - C;(B), § 7.01.
E =a vector.
E,,E,, E; =components of the vector E.
E{ =ordinary Lamé polynomial.
&7 =generalized Lamé function.
e=2.71828 ...
E? =ordinary Lamé function of second kind.
Z, =generalized Lamé function of the second kind.
/;=a function of #*.
fe,, =a Mathieu function.
&1, 822, 833 =Metric coefficients, § 1.01.
£ =811 822 8s3-
ge,, =a Mathieu function.
h =a constant.
i=)=1.
J, = Bessel function of first kind.
n/2

deg T
K= | — =% _, complete elliptic integral.
(1 — k2sn2 @)} P P &r
on/2
K'= 49

— ¥  _, complete elliptic integral.
(1 — k'%sn? qp)* P P &
0

k=b,—b,, §7.02.
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k =modulus of elliptic function.
kB=(1—k2)}.
L =an operator, Section VII.
M ; = cofactor of element @,; in the Stickel matrix.
m, n =integers.
N, =nth norm.
P, (z) =ordinary Legendre polynomial.
B (2) =Legendre associated function.
P(2) = coefficient in Bocher equation, Section VI.
#J =generalized Legendre functions of first kind.
p, ¢ =constants, not necessarily integers.
0, (z) =ordinary Legendre function of second kind.
Q7 (2) = Legendre associated function.
Q =a function of #!, 2, #® used in R-separation (Section IV).
Q(z) =coefficient in Bécher equation.
9] =generalized Legendre function of second kind.
R(r) =a function of 7.
R =a function of #!, 2, 4® used in R-separation (Section 1V).
7, 0, A =conical coordinates (Table 1.09).
7, 0, p=spherical coordinates (Table 1.05).
7, p, z =circular-cylinder coordinates (Table 1.02).
S = Stéckel determinant.
[S] = Stéckel matrix.
&7 = Wangerin function.
s =distance.
se,, =a Mathieu function.
T =a function of time.
7 =Wangerin function.
¢t =time.
U’ =a function of «*.
%] = Heine function.
u!, u?, u® =general coordinates.
%(2), v(2), w(2) =parameters in the Sturm-Liouville equation (§ 7.07).
¥ "=volume.
¥ = Heine function.
v, ”/I" Weber functions.
w =wu +1v, a complex number (Section II).
X, Y, Z =functions of x, y, z, respectively.
%, ¥, z =rectangular coordinates.
%, = Bessel function of the second kind.
Z =a function of z.
Z,,Z, =independent solutions of a Bicher equation.
=generic designation of Bessel functions, including Bessel functions of
first, second, and third kinds and their linear combinations.
2y =singular point.
z=2x 41y, a complex number.
Z =complex conjugate of z (Section II).
Moon/Spencer, Field Theory Handbook
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o; =separation constant.
f =a variable (Section VII).
I'=gamma function (Section VII).
9y =a constant.
y=0.5772157 ..., Euler’s constant (Section VII).
A;=a determinant.
¢ =independent variable.
H(n) =a function of .
n =a coordinate in elliptic-cylinder coordinates (and in other systems).
7, 0, A =ellipsoidal coordinates (Table 1.10).
71, ¥, 2 =elliptic-cylinder coordinates (Table 1.03), and other cylindrical systems
(Section III).
6 =a function of 6.
0 = angle from z-axis.
» = constant in Helmholtz equation.
A =a function of 4.
M (u) =a function of u.
U, v =coordinates.
U, v, 2 =parabolic-cylinder coordinates (Table 1.04), and other
cylindrical systems (Section III).
i, v, p =parabolic coordinates (Table 1.08), and other rotational systems
(Section IV).
4, v, A =paraboloidal coordinates (Table 1.11).
N(») =a function of ».
& =a coordinate in alternative circular-cylinder coordinates and in alter-
native spherical coordinates.
=13%.14159...
®,; =element in Stickel matrix.
@ =scalar potential.
¥ =a function of p.
w =angle about the z-axis.
£2 =a solution of Laplace’s equation (Section I).
V2 =scalar Laplacian.
£x = vector Laplacian.
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