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FOREWORD

1. The work of Ludwig Boltzmann (1844-1906) consists of two kinds of
writings: in the first part of his active life he devoted himself entirely to
problems of physics, while in the second part he tried to find a philosoph-
ical background for his activities in and around the natural sciences.l Most
scientists are much more aware of his creative work in physics than of his
digressions on the meaning and structure of science. I think in the present
case the reason is not so much that most scientists are usually almost
entirely occupied with their trade, because Boltzmann’s philosophical
work is also concerned with the (natural) sciences. I rather believe that
the quality and consistency of Boltzmann’s purely scientific work is of a
more appealing nature than his less structured considerations on human
activity in science and in life in general.

2. I think that it may be appropriate for the readers of this anthology to
say a few words on the main findings of Boltzmann in physics, since in the
end their ‘philosophical’ impact has been larger than the effect of his later
writings. Moreover some knowledge of his scientific achievements can be
helpful for the understanding and appreciation of the essays printed in
this book, which almost all stem from Boltzmann’s philosophical period.

Boltzmann was one of the main protagonists — at least in continental
Europe - of atomistics for explaining the phenomena of physics. His fame,
until this day, is mostly based on two theories. The first is his interpreta-
tion of the notion of ‘entropy’ as a mathematically well-defined measure
for what one might call the ‘disorder’ or ‘probability’ of a collection of
atoms. His ideas on this topic gradually evolved from tentative ones of a
purely mechanical character to the final concept of a statistical property.
In physical processes the systems moved from states to which he assigned
a certain probability to states of ever greater probability. This property,
according to which, in physical processes taking place in isolated systems,
the entropy never decreases, is the celebrated ‘H-theorem’ of Boltzmann,
It explains the irreversibility of the phenomena concerned as an essentially
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statistical property of a set of many atoms. In this way he solved one of
the main problems of physics: how could systems of which the individual
particles obeyed mechanical laws that were invariant under a change of
the direction of time, show a behaviour with a definite preference for a
development in time in one particular direction? The rebuttals, which did
not fail to be raised, were answered by Boltzmann in sometimes rather
violent discussions. It is true that Boltzmann, when refining his arguments,
sometimes changed his views without stating so explicitly. Another fea-
ture of Boltzmann’s style which rebuffed scientists belonging to different
traditions was the often excessive length of his argumentations. James
Clerk Maxwell, whom Boltzmann greatly admired, especially for the
mechanical models which the famous Scot used in his theories, and who
shared Boltzmann’s atomistic views, once wrote to a friend and fellow-
physicist: “By the study of Boltzmann I have been unable to understand
him. He could not understand me on account of my shortness, and his
length was and is an equal stumbling block for me. Hence I am very much
inclined to join the glorious company of the supplanters and to put the
whole business in about six lines.” In fact Maxwell’s writings are often
succinct although his ‘A Treatise on Electricity and Magnetism’ proved
to be difficult reading for not a few physicists for rather the opposite
reason....

The second principal claim to lasting fame is the celebrated ‘transport
equation’, which Boltzmann wrote down in 1872. It is frequently called
the ‘Boltzmann equation’ and it provides a means to treat a number of
properties of a gas, i.e., an example of a system consisting of a great
number of particles. The model described by the Boltzmann equation
represents a simplified description of a gas which on the one hand remains
sufficiently near to a complete description to yield physically relevant
results and which on the other hand permits a mathematical treatment
that leads to predictions of physical properties. The equation contains
‘distribution functions’ which give the statistical probability of finding
the atoms at certain positions in space-time and animated by certain veloc-
ities. It also contains a function which describes the collisions of the atoms
and which is therefore characteristic for the particular system studied.
Thus Boltzmann’s equation involves both his main notions of physical
theory: atomism and statistics. The equation allows the calculation of the
so-called ‘transport properties’ of gases, such as their heat conductivities,
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viscosities and the like. It remains, after a century, an essential tool of
physics. Its applications have been numerous and many new ones are
added every year.

3. Boltzmann’s academic career® %5 reflects his preoccupations with
physics, both theoretical and experimental, mathematics, and philosophy.
In 1869, at the age of twenty-five, he became professor of mathematical
physics in the university of Graz. In 1873 he moved back to his native
Vienna to teach mathematics. In 1876 he went again to Graz, this time as
a professor of experimental physics. In 1890 he accepted a professorship
of theoretical physics in Munich. He returned again to Vienna in 1894, to
leave for Leipzig in 1900, until finally in 1902 he settled definitely in
Vienna. He succeeded Ernst Mach, who taught in Vienna from 1895 to
1901, and who had been his fierce opponent by attacking atomistics. The
alternation between Austrian and German universities gave him some
difficulties. Thus for instance the Austrian authorities reproached him for
his absence from their country and made him feel this by a tardy renomina-
tion as a member of the Imperial Academy and by budgetary measures
which caused practical difficulties and delays in scientific plans.

4. The second half of Boltzmann’s active life was centred on philosophy,
rather than on physics, albeit that the foundations of physical theory, in
particular the doctrine of atomism, played an outstanding role in his
papers, courses and conferences. Roughly speaking one can say that his
work on physics lasted until about 1898, while his philosophical interest
started to be important from 1886 on. The present book contains mainly
writings of the philosophical period. For Boltzmann a theory was an
analogy or a metaphor for reality. The mechanical models which he used
did not need to be taken as ‘reality’; he did not assert that a gas consisted
‘really’ of atoms and that the atoms ‘really’ interact. I agree in this view
with the historian Martin J. Klein4?. I surmise that the editors of this
collection are of the same opinion, since otherwise it would be hard to in-
clude Boltzmann in the Vienna Circle. However, other authors, especially
Boltzmann’s biographer, E. Broda, consider Boltzmann as a realist or a
materialist who believed in the objective existence of an external world2-6,
Broda puts Boltzmann in contrast to Mach, for whom theories were
merely orderings of sensations. Perhaps the difference between the two
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points of view just mentioned is smaller than it seems from the tags em-
ployed, because, as Broda also stressed, Boltzmann claimed that the main
merit of the theory of atomism was its capacity of explaining many
phenomena, and of predicting numerous details which escaped the
theories of the ‘energeticists’, who refused to employ the notion of atom.
The brain, Boltzmann said, makes pictures of the world, which are useful
representations of experiences. Theory is pre-eminently a practical matter:
it possesses precision and allows us to check the validity of models and
reasonings by numerical comparison with the experimental facts. Boltz-
mann was a strong adversary of the German idealists. He combated the
views of Hegel, Schopenhauer and Kant. He said he found more phi-
losophy in the concepts of the physicists than in those of the idealists.
Boltzmann had a tremendous admiration for Darwin and he wished to
extend Darwinism from biological to cultural evolution. In fact he con-
sidered biological and cultural evolution as one and the same thing. The
evolution of theories and ideas took place in successive jumps, just as
biological evolution did. The pictures which evolved in the brain tended
to perfection in the course of the centuries according to the same rules as
laid down in Darwin’s theory. Thus they developed slowly as representa-
tions of experiences. In short, cultural evolution was a physical process
taking place in the brain. Boltzmann included ethics in the ideas which
developed in this fashion and he considered his political views, those of a
radical democrat and a republican, as outcomes of his ethical ideas.

5. At the end of Boltzmann’s life the attacks on atomistics, at least in
central Europe, grew powerful. It was only a decade or two later that
atomic theory became preponderant. Today the relevance of Boltzmann’s
ideas in physics is clearer than ever and his fame is established for good.
The same cannot be said of his influence in philosophical circles, either
during his life, or thereafter.

Institute of Theoretical Physics, S. R. bE GrooT
University of Amsterdam,
Amsterdam, The Netherlands
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EDITOR’S NOTE

The first aim of the following selection is to include all of Boltzmann’s
Populére Schriften (his Writings addressed to the Public) that will convey
to the modern reader his individual conception of the nature of science
in general and theoretical physics in particular. This was the aspect of his
thought which, alongside his own contributions to theoretical physics, at-
tracted the attention of members of the Vienna Circle and of related
thinkers such as Wittgenstein, and thus won for Boltzmann, as one of the
least of his posthumous guerdons, a place in this series.

Accordingly it has been seen fit to omit all pieces expounding the ideas
or the merits of others. Under this head fall: (2) ‘On Maxwell’s Theory of
Electricity’ (1873), (4) ‘Gustav Robert Kirchhoff’ (1887), (7) ‘Josef
Stefan’ (1895)’ (13) ‘Rontgen’s New Rays’ (1896), (15) ‘In Memory of
Josef Loschmidt’ (1895), and (21) ‘Review of W. Vaubel’s Textbook of
Theoretical Chemistry’ (1903). Many of these might have been included
had not that economy in printer’s ink which Frege once derided become
a necessity. It may perhaps be mentioned that (15) contains Boltzmann’s
endorsement of Loschmidt’s ironical suggestion of a negative scientific
journal which would record only unsuccessful experiments. Loschmidt,
he says, had ideas which, with slightly better experimental means, would
have anticipated important discoveries, but the suggestion has wider
applications. One polemical piece has been omitted because its technical
character and its close involvement with contemporary publications
make it chiefly valuable to specialists in the controversy. This is the 33-
page essay, (8) ‘A Word from Mathematics to Energetics’ (1896). The last
two lectures of (16) have likewise been omitted because of their technical
character.

The remaining two omissions are (6) ‘On Airship Flight’ (1894), and (23)
‘A German Professor’s Journey to Eldorado’ (1905). The former correct-
ly predicts the superiority of the aeroplane over the airship. The latter
records Boltzmann’s visit to the Berkeley of staider days. It contains many
flights of his sense of humour, but the attentive reader of the present
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selection will not feel cheated in that regard. The tone of Boltzmann’s
writings, it may be remarked, is strikingly at variance with his tragic end.

The remainder of the present selection is made up of two articles not in-
cluded in Populire Schriften, which nevertheless give Boltzmann’s views
on general issues in a succinct form, and of a selection with, it is hoped,
similar properties from his Vorlesungen iiber die Principe der Mechanik
(Lectures on the Principles of Mechanics).

The two articles last mentioned were first published in English. All
other translation in this volume is the work of Dr Paul Foulkes, except
for that of the dedication and preface to Populdre Schriften, which is the
present writer’s. In some cases a correct German text had to be restored:
wherever there was the slightest room for doubt, the nature of the correc-
tion has been indicated in a footnote. Dr Foulkes has made explicit in his
translation some literary allusions which the original readers were ex-
pected to recognize without cues.

B. McGUINNESS



PART 1

From Populdre Schriften

WRITINGS ADDRESSED
TO THE PUBLIC

Dedicated
a century after
his entry into immortality
to the shade of Schiller
unsurpassed master of depiction faithful to nature
and of true enthusiasm arising from the depths of the heart



FOREWORD

[In an opening paragraph Boltzmann explains that, unable at his age to learn the
spelling introduced by a recent reform, he has adopted for the foreword an entirely
phonetic orthography. “‘aidhs let dha dog keep itz teil aw kat dha houl thing awf aet
wan gou!” In translation the tail has been left alone.]

In the present volume I have, at the publisher’s invitation, assembled my
writings addressed to the public. They are of very various content — partly
addresses, partly public lectures on science, articles of a more philosophi-
cal character, book-reviews, and so on.

My views have, of course, undergone modifications in the course of
time and today I should perhaps no longer express myself in the same way
on all matters. Nevertheless 1 have left everything unchanged, because each
piece clearly can and should give nothing but a picture of my views at
that time.

The dedication above is not a piece of phrase-making. My thanks for
the loftiest spiritual elevation must go to the works of Goethe (his Faust is
perhaps the greatest of all the products of art and from it I took the mottoes
of my first books); likewise to the works of Shakespeare, and so on. But
with Schiller the case is otherwise. It is through Schiller that I have come
into being. Without him there might have been a man with a beard and
nose of the same shape, but I should not have existed.

If anyone else has had on me an influence of the same order of magni-
tude, it is surely Beethoven. But is it not significant that he, in his greatest
work, leaves the last word to Schiller, — and not to the mature Schiller but
to Schiller brimming over with the enthusiasm of youth?

Vienna, 8 June 1905 LubwiG BOLTZMANN



ON THE METHODS OF THEORETICAL PHYSICS*

When the editors of the catalogue of models (published in 1892 for the
Association of German Mathematicians) asked me to write on this topic,
I soon saw that little remains to be said that is new; so much solid com-
ment on it has appeared just recently. Indeed, our period is marked by an
almost excessive critique of the methods of scientific research; one is
tempted to call it a critique of pure reason raised to a higher power, if the
phrase were not perhaps rather too immodest. Nor can it be my aim fur-
ther to criticize this critique; I merely wish to make a few clarifying re-
marks for those who stand remote from these questions but nevertheless
are interested in them.

In mathematics and geometry the return from purely analytic to con-
structive methods and illustration by means of models was at first occa-
sioned by a need for economy of effort. Although this need seems to be
purely practical and obvious, it is just here that we are in an area where a
whole new kind of methodological speculations has grown up which were
given most precise and ingenious expression by Mach, who states straight
out that the aim of all science is only economy of effort.

With almost equal justice one might declare that since in business the
greatest economy is desirable, the latter is simply the aim of shops and
money, which in a sense would be true. However, when the distances,
motions, size and physico-chemical properties of the fixed stars are in-
vestigated, or when microscopes are invented and with their help the
causes of diseases are discovered, we should hardly wish to call this mere
economy.

Still, in the end it is a matter of definition what we regard as task and
what as means for accomplishing it. Indeed, it depends on the definition
of existence whether bodies, or their kinetic energy or even their qualities
exist, so that one day we might well simply define away our own existence.

However, enough of this; there is a need for making the utmost use of

* Populdire Schriften, Essay 1. First published in Katalog mathematischer und math-
ematisch-physikalischer Modelle, etc., Munich, 1892.



6 FROM ‘POPULARE SCHRIFTEN’

what powers of perception we possess, and since the eye allows us to take
in the greatest store of facts at once (significantly enough we say ‘survey’),
this gives rise to the need to represent the results of calculations and that
not only for the imagination but visibly for the eye and palpably for the
hand, with cardboard and plaster.

How little used to be done about this in my student days! Mathematical
instruments were almost unknown and physical experiments were often
carried out in such a way that no one but the lecturer could see any of it.
Since on top of it I was shortsighted and so could not see the writing and
diagrams on the blackboard, my powers of imagination were kept con-
stantly on the alert. I was almost going to say fortunately; that, however,
would run counter to the purpose of this catalogue review, which must
surely be to praise the infinite arsenal of models in mathematics today;
besides, the remark would be inaccurate. For although my imaginative gifts
did profit, this was only at the expense of the scope of knowledge ac-
quired. At that time the theory of surfaces of the second degree was still
the summit of geometrical knowledge and to illustrate it an egg, a napkin-
ring and a saddle were enough. What abundance of figures, singularities
and shapes evolving from each other the geometer of today must impress
on his mind, and what valuable help he receives in this from plaster casts,
models with fixed and movable strings, rails and joints of all kinds.

Alongside this, other machines are steadily gaining ground, not for the
purpose of representation but in order to take man’s place as regards the
labour of actually carrying out numerical operations, from the four basic
ones to the most complicated integrations.

1t goes without saying that both types of apparatus are widely used by
physicists who are in any case accustomed to handling instruments. All
mechanical models, optical wave surfaces, thermodynamic surfaces in
plaster, all kinds of wave machines, devices for representing the refraction
of light and other laws of nature are examples of models of the first type.
As to constructing apparatus of the second type, we have gone so far as
to try to determine the solutions of differential equations that equally
hold for an inaccessible phenomenon like friction in gases and an easily
measurable one like the distribution of electric current in a conductor
of suitably chosen shape, by simply observing the latter and using the
values thus read off to calculate the frictional constant for the former. We
may likewise recall Lord Kelvin’s evaluation by graphical means of the
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series and integrals that occur in the theory of tides, electrodynamics and
so on. Indeed, in his lectures on molecular dynamics he put forward the
idea of a mathematical institute for such calculations.

In theoretical physics there are however models that I should like to
classify under a third and special head, since they owe their origin to a
special method that is being used more and more in precisely that branch
of knowledge. 1 think this is due to practical needs rather than epistemo-
logical speculations, but nevertheless the method often carries a highly
philosophic imprint so that we must step anew into the field of epistemol-
ogy.

On the foundation created by Galileo and Newton it was above all the
great Parisian mathematicians who, about the time of the French revolu-
tion and later, had worked out a sharply defined method of theoretical
physics. Certain mechanical assumptions were made from which by means
of the principles of mechanics, now arrived at a kind of geometrical self-
evidence, a group of natural phenomena were explained. One was indeed
aware that the assumptions could not be called correct with apodeictic
certainty, but it seemed up to a point likely that they corresponded exact-
ly with reality; they were therefore called hypotheses. Thus matter, the
luminous aether required for the explanation of the phenomena of light,
and the two electric fluids were all thought of as sums of mathematical
points. Between any two such points a force was considered to be acting,
whose direction lay in the line joining them while its intensity was an as
yet undetermined function of the distance (Boscovich). A spirit who knew
all the initial positions and velocities of all these particles as well as all the
forces, being able besides to solve all the resulting differential equations,
could calculate in advance the whole course of the universe, just as an
astronomer can an eclipse (Laplace). One had no qualms in treating these
forces, which were taken as originally given and not explicable further,
as the cause of phenomena, and their calculation from the differential
equations as the explanation of the phenomena.

Later, there was added the hypothesis that, even in bodies at rest, these
particles are in motion, which produces thermal phenomena. Particularly
for gases, the nature of these motions was very precisely defined (Clausius),
and their theory led to surprising mathematical predictions, such as that
the frictional constant is independent of pressure, certain relations be-
tween friction, diffusion and thermal conduction and so on (Maxwell).
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The totality of these methods was so successful that the task of science
was taken to be precisely the explanation of natural phenomena. Likewise,
the sciences formerly called descriptive began to triumph when Dar-
win’s hypothesis allowed them not only to describe but also to explain
biological forms and phenomena. Almost at the same time physics oddly
enough took a turn in the opposite direction.

It was above all Kirchhoff who doubted whether the privileged position
given to forces viewed as causes of phenomena was justified: whether,
with Kepler, we specify the shape of a planetary orbit, indicating the
velocity at every point, or, with Newton, we give the force at any point,
both are really no more than different ways of describing the facts; New-
ton’s merit is merely the discovery that the description of the motion of
celestial bodies becomes especially simple, if we specify the second dif-
ferential coefficient of their co-ordinates with respect to time (acceleration,
force). In half a page, forces had been defined away and banished from
nature and physics made into a descriptive science properly speaking. The
edifice of mechanics was too solid for this external change to occasion any
essential influence on its inner character. Theories of elasticity that did
without the idea of molecules were likewise older (Stokes, Lamé, Clebsch).
However, in the development of other branches of physics (electrody-
namics, theory of pyro- and piezo-electricity and so on), much influence
was gained by the view that it could not be the task of theory to see
through the mechanism of nature, but only to set up the simplest possible
differential equations starting from the simplest possible assumptions
(that certain quantities are linear or other simple functions and so on),
such that from them we can calculate the phenomena of nature as ac-
curately as possible; as Hertz puts it rather characteristically, the task is
merely to represent directly observed phenomena in bare equations, with-
out the colourful wrappings of hypotheses that our imagination lends
them. Meanwhile several scientists had already attacked the old system of
force-centres and forces at a distance from another even more sensitive
direction; one could say from the opposite direction, because they were
especially fond of the colourful wrappings of mechanical representation,
or from a neighbouring direction because they too renounced recognition
of a mechanism at the basis of phenomena, seeing in their own excogitated
mechanisms not those of nature but merely pictures or analogies.! Several
scientists, amongst whom Faraday is foremost, had fashioned for them-
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selves a quite different representation of nature. Whereas the old system
regarded force centres as the only reality while treating forces as mathe-
matical concepts, Faraday saw these latter as clearly operative from point
to point of the intervening space; the potential function, previously a
mere formula facilitating calculation, he regarded as the really existing
link in space and cause of the action of forces. Faraday’s ideas were much
less clear than the earlier hypotheses that had mathematical precision, and
many a mathematician of the old school placed little value on Faraday’s
theories, without however reaching equally great discoveries by means of
his own clearer notions.

Soon people tried, especially in England, to attain as illustrative and
tangible representations as possible for concepts and notions that till
then had played a role only in mathematical analysis. From these endeav-
ours arose the graphic representation of the basic concepts of mechanics
in Maxwell’s Matter and Motion, the geometrical representation of two
superimposed sine motions, and all the illustrations occasioned by quater-
nion theory, such as the geometric interpretation of the operator?

a> d* a*

A=+ +—.
dx?  dy* dz?

A further circumstance was involved. Most surprising and far-reaching
analogies revealed themselves between apparently quite disparate natural
processes. It seemed that nature had built the most various things on
exactly the same pattern; or, in the dry words of the analyst, the same dif-
ferential equations hold for the most various phenomena. Thus thermal
conduction, diffusion and the distribution of charge in electric conductors
follow the same laws. The same equations may be regarded as the solu-
tion of a problem in hydrodynamics and in potential theory. The theory
of fluid vortices and that of friction in gases show the most surprising
analogy with electrodynamics and so on. (See also Maxwell, Scientific
Papers, Vol. I, p. 156.)

Such influences, too, from the outset pushed Maxwell into a different
path when he undertook the mathematical elaboration of Faraday’s rep-
resentations. Already J. J. Thomson (Mathematical and Physical Papers,
Vol. I) had stressed a series of analogies between problems in the theory
of elasticity and in electro-magnetism. In his very first paper on the theory
of electricity (‘On Faraday’s lines of force’, see Scientific Papers, Vol. I, p.
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157), Maxwell declares that he does not intend to propose a theory of
electricity; that is, he does not himself believe in the reality of the incom-
pressible fluids and resistances that he is assuming, but merely wishes to
give a mechanical example that shows much analogy with electric phe-
nomena, which he wants to present in a form that makes them most
readily understandable. In his second paper (‘On physical lines of force’,
Scientific Papers, Vol. 1, p. 451) he goes much further still, constructing
from fluid vortices and friction rollers moving inside cells with elastic
walls an admirable mechanism that serves as mechanical model for elec-
tromagnetism. Naturally, this mechanism was derided by those who like
Zoslner regarded it as a hypothesis in the old sense and thought that Max-
well ascribed reality to it (which in fact he resolutely rejects, and merely
expresses the modest hope that by means of such mechanical fictions
further research in the theory of electricity will be more helped than
hindered). And they were indeed helped, for through his model Maxwell
reached those equations whose peculiar and almost inconceivably fan-
tastic powers were described so vividly by the man best qualified to do so,
namely Heinrich Hertz (in his lecture on the relation between light and
electricity, published in Bonn, 1890). To this I wish to add only that
Maxwell’s formulae were merely consequences of his mechanical models,
so that Hertz’s enthusiastic praise is due in the first place not to Maxwell’s
analysis but to his ingenuity in discovering mechanical analogies.

Only in Maxwell’s third important paper (‘A dynamical theory of the
electromagnetic field’, Scientific Papers, Vol. 1, p. 526) and in his Treatise
on Electricity and Magnetism (Oxford, 1881) do the formulae become
more detached from the models, a process that was subsequently com-
pleted by Heavyside, Poynting, Rowland, Hertz and Cohn. Maxwell still
uses mechanical analogies, or, to use his term, dynamic illustrations.
However, he no longer specifies them in detail but rather looks for the
most general mechanical assumptions that are apt to lead to phenomena
analogous to those of electromagnetism. Thus Thomson, by extending
his earlier mentioned ideas, was led to the quasi-elastic and quasi-unstable
aether and its illustration by means of a gyrostatic-dynamic model.

Naturally Maxwell transferred the same mode of treatment to other
branches of theoretical physics as well. For example, his gas molecules
repelling each other with forces proportional to the inverse fifth power
are to be taken as a mechanical analogy, and there has been no lack of
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recent critics who misunderstood him and declared his hypothesis to be as
unlikely as absurd.

Gradually, however, the new ideas gained admission in all fields. From
thermodynamics 1 here mention only Helmholtz’s famous dissertations
on the mechanical analogies of the second law. Indeed, it turned out that
they were more in tune with the spirit of science than the old hypotheses,
besides being more convenient for the scientist himself. For the old
hypotheses could be upheld only so long as everything went well; but now
the occasional lack of agreement was no longer harmful, for one cannot
reproach a mere analogy for being lame in some respects. Hence the old
theories, such as the elastic theory of light, gas theory, the chemist’s
benzene rings and so on, were soon taken as no more than mechanical
analogies.

In the end, philosophy generalised Maxwell’s ideas to the point of
maintaining that knowledge itself is nothing else than the finding of anal-
ogies. This once again meant that the old scientific method had been de-
fined away and science spoke merely in similes.

At first, of course, all these mechanical models existed only in thought,
they were dynamic illustrations in imagination, nor could they be carried
out in practice at this general level. Yet their great importance stimulated
people to construct at least their basic types.

In Part 2 of this catalogue there is a report on such an attempt under-
taken by Maxwell himself and another by the present writer. Fitzgerald’s
model, too, is currently at the Nurnberg exhibition as well as Bjerknes’s
model, which we owe to similar tendencies. Further models that belong
here are those constructed by Oliver Lodge, Lord Rayleigh and others.

They all show how the new approach compensates the abandonment of
complete congruence with nature by the correspondingly more striking
appearance of the points of similarity. No doubt the future belongs to
this new method ; but just as it was wrong earlier to regard the old method
alone as correct, so it would be one-sided now to take it as quite worn
out in spite of all it has done, and not to cultivate it alongside the new
one.

NOTES
1 Compare the almost ethereally structured and crystal clear though colourless theory

of elasticity in Kirchhoff’s lectures with the crudely realistic account in Vol. 3 of
Thomson’s Mathematical and Physical Papers which concerns not ideally elastic bodies
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but steel, rubber, glue; or with the often childlike naiveté of Maxwell’s language, who
in the midst of formulae mentions a really effective method for removing fat stains.

2 Maxwell, Treatise on Electricity and Magnetism 1873, Vol. 1, Sec. 29: Nature of
the operator V and V2. This was later noticed by others too: Mach, Wien. Sitzungsber.
86 (1882) 8. Cf also Wied. Beibl. T, 10; Comptes Rendus Ac. de Paris 95, 479. [Editor’s
note: Consistency with modern practice (and with Boltzmann’s own in his Vorlesungen
iiber die Principe der Mechanik) would demand ‘@’ for ‘d’ throughout. For ‘4’ it is now
more common to use Maxwell’s won ‘V2.]



THE SECOND LAW OF THERMODYNAMICS*

When it came to be my turn to speak on a solemn occasion to this gather-
ing, attended by so many to whom I owe my scientific education, I was well
aware how difficult was the honourable duty I had undertaken and only
reluctantly began to shoulder it. Forgive me, therefore, if I feel I must
devote some words of apology to the very choice of my subject. This
choice is no doubt easier for the philosopher and historian who remain in
constant touch with the general public. In natural science it used often to
be the custom to discuss more general topics of so-called philosophic or
metaphysical interest. If today I depart from this custom, I certainly do
not wish to provoke the suspicion that these more general questions seem
to me insignificant or unimportant as against the countless special prob-
lems raised by contemporary science. It is only the manner in which they
have been treated to date, in some cases one almost feels tempted to say
the fact that they are treated at all at this time, that seems to me mistaken.
Hence the peculiar phenomenon that, while in special fields effort is often
amply repaid, as regards general questions the most strenuous attempts
are often unattended by any success: in the former case, for all the con-
troversy as to detail there is in the main agreement, while in the latter the
most contradictory views find their supporters and those who worked
together in harmony on special questions no longer understand each
other.

Nowhere less than in natural science does the proposition that the
straight path is the shortest turn out to be true. If a general intends to
conquer a hostile city, he will not consult his map for the shortest road
leading there; rather he will be forced to make the most various detours,
every hamlet, even if quite off the path, will become a valuable point of
leverage for him, if only he can take it; impregnable places he will isolate.
Likewise, the scientist asks not what are the currently most important
questions, but “which are at present solvable?”’ or sometimes merely “in

* Populiire Schriften, Essay 3. Address to a formal meeting of the Imperial Academy
of Science, 29 May 1886.
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which can we make some small but genuine advance?”’. As long as the
alchemists merely sought the philosopher’s stone and aimed at finding the
art of making gold, all their endeavours were fruitless; it was only when
people restricted themselves to seemingly less valuable questions that they
created chemistry. Thus natural science appears completely to lose from
sight the large and general questions; but all the more splendid is the
success when, groping in the thicket of special questions, we suddenly
find a small opening that allows a hitherto undreamt of outlook on the
whole.

Galileo’s inclined plane, Stevin’s chain have become mighty points of
support from which mechanics penetrates not only into the external rela-
tions between bodies but also into the nature of matter and energy. The
remarkable facts that chemists daily discover are as many new proofs of
atomism. Joule’s experiments have definitively decided the old controver-
sies about the nature of work, impulse and vis viva. The great query:
whence do we come, whither will we go, has been discussed for thousands
of years by the greatest of men of genius and turned this way and that with
immense ingenuity; whether with any measure of success I do not know,
but certainly without any essential and undeniable progress: that was not
attained until the present century, thanks to most careful studies and
comparative experiments on the breeding of pigeons and other domestic
animals, on the colouring of flying and swimming animals, by means of
researches into the striking similarity of harmless to poisonous animals,
through arduous comparisons of the shape of flowers with that of the in-
sects that fertilize them. All these are indeed fields of apparently sub-
ordinate importance, but in them genuine success could be attained which
precisely became the solid operational basis for a campaign into the realm
of metaphysics attended by success that is unique in the history of science.

Schiller remarked on the inquirers of his time: “to capture truth they
sally forth with nets and staves, but with the steps of a master-spirit she
sweeps through their midst”. How much more, seeing today’s weapons
of physics and chemistry, would he have doubted whether with such a
chaos of apparatus truth could be captured, and the same picture meets
us in the present day work-places of mineralogists, botanists, zoologists,
physiologists and so on. In such pieces of apparatus not only do I see de-
vices for harnessing the forces of nature in new ways, butindeed I view them
with much greater reverence, and venture to say that I regard them as the
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true means for unveiling the nature of things. In this, of course, many
problems are like the question once put to a painter, what picture he was
hiding behind the curtain, to which he replied “the curtain is the picture™.
For when requested to deceive experts by his art, he had painted a picture
representing a curtain. Is not perhaps the veil that conceals the nature of
things from us just like that painted curtain?

If we regard the apparatus of experimental natural science as tools for
obtaining practical gain, we can certainly not deny it success. Unimagined
results have been achieved, things that the fancy of our forebears dreamt
in their fairy tales, outdone by the marvels that science in concert with
technology has realised before our astonished eyes. By facilitating the
traffic of men, things and ideas, it helped to raise and spread civilisation
in a way that in earlier centuries is parallelled most nearly by the inven-
tion of the art of printing. And who is to set a term to the forward stride
of the human spirit! The invention of a dirigible airship is hardly more
than a question of time. Nevertheless I think that it is not these achieve-
ments that will put their stamp on our century: if you ask me for my in-
nermost conviction whether it will one day be called the century of iron,
or steam, or electricity, I answer without qualms that it will be named the
century of the mechanical view of nature, of Darwin.

After this confession you will take it with more tolerance if I am so bold
as to claim your attention for a quite trifling and narrowly circumscribed
question, nor will you accuse me of disregarding large and general ques-
tions if I turn to things that are as yet unrelated to them. In any case, treat-
ing a narrowly circumscribed specialist topic before a wider public should
not be entirely without interest. Indeed, the time is long past when a
mortal could encompass all or even a fair number of branches of science;
today we must limit ourselves not just to one definite branch but to a smal-
lish part of one. At the same time, however, the various branches inter-
penetrate more and more, so that in spite of extreme division of labour no
individual must ever lost sight of other fields which, unfortunately, is not
possible without occasional at least hurried glances at their detail.

One used to divide the totality of natural sciences into two main groups:
one was called that of descriptive sciences; the other, which includes
physics, chemistry, astronomy, physiology and, insofar as they were
counted as sciences, mathematics, geometry and mechanics, would then
have to be called the group of explanatory sciences. We must not be sur-
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prised that the disciplines of natural history have long since protested
against the title ‘descriptive’ that so greatly limits their task. Since the
mighty upswing of geology, physiology and so on, but above all since the
general acceptance of the ideas of Darwin, these sciences boldly undertake
to explain the forms of minerals and of organic life. However, it is strange
to see that on the other side the opposite turn is being taken almost at the
same time. In this comprehensive work on mechanics, Kirchhoff very
clearly sets himself as a task merely to describe natural phenomena as
simply and perspicuously as possible, renouncing all explanation, and
since then what in physics used to be called explanation has repeatedly
been called a mere description of the facts; this because one wishes to
avoid a vagueness in the concept of explanation. If one seeks to explain
motions from forces and these from the essence of things, that is phe-
nomena from things in themselves, one always seems to start from the
view that explanation requires reducing the explicandum to some quite
new principle external to it. This view is alien to natural science, which
merely resolves complex things into components that are simpler but the
same in kind, or reduces complicated laws to more fundamental ones. If
now this process is often successful it becomes so much a habit that we
have no wish to stop even at its natural end. Usually one even regards it
as a limitation of our intellect that, assuming we had succeeded in finding
the simplest basic laws, we could then not explain or ground them further,
that is resolve them into simpler ones; that as regards the existence of the
most elementary constituents we are in any case unable to comprehend
them, that is reduce them to simpler ones still. Are we not here once more
placed in front of that painted curtain mentioned earlier? Are we going to
regard it as a limitation of our sense of sight that nobody can tell what
picture is concealed behind the curtain? We shall be able to retain the
word ‘explain’ if from the outset all such reservations are kept at a dis-
tance.

We infer the existence of things only from the impressions they make
on our senses. It is thus one of the fairest triumphs of science if we succeed
in inferring the existence of a large group of things that mostly escape our
sense perception; thus astronomers, from often slight traces of light, were
able with near certainty to infer the existence of many celestial bodies
many of them a thousand and even a million times bigger than the earth
and at distances that make the mind reel merely to think of them. If there-
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fore amongst the intruments to which metaphysics owes gratitude I failed
to mention those of astronomical observations, from the simplest dioptric
devices of the ancient Egyptians to the telescopes of Galileo and Kepler
and the giant instruments of Clark, this merely proves how incomplete
was my list. What astronomy has succeeded in doing for phenomena on
the largest scale has similarly been achieved for the smallest dimensions.
All observation points to things so small that only millions together can
excite our senses. We call these things atoms and molecules. Conditions
in the investigation of atoms are in many ways much less favourable still
than in astronomy. We can always think of celestial bodies as being simi-
lar to our earth; even if as regards size, state of aggregation, temperature,
and so on, there are bound to be the most varied differences, we can still
think of a mass of molten metal or large glowing spheres of gas, for which
spectral analysis offers further clues. About the constitution of atoms,
however, we know as yet nothing and will continue to do so until we
succeed in formulating a hypothesis from the facts observable by the
senses. Strangely enough the first success is here again to be expected from
the art that had proved so powerful in the investigation of celestial bodies
too, namely spectral analysis. That there are such tiny individual things
whose joint effect first forms bodies perceivable by the senses is of course
only a hypothesis; just as it is only a hypothesis that what we see in the sky
is caused by celestial bodies of such size and distance, as indeed it is basi-
cally only a hypothesis that besides myself there are other human beings
that feel pleasure and pain, that there further exist animals, plants and
mineral bodies. Perhaps one day a hypothesis that the stars are mere
sparks of light will explain celestial phenomena better than our current
astronomy, but it is unlikely. Perhaps the atomistic hypothesis will one
day be displaced by some other but it is unlikely.

This is not the place for naming all the reasons that might be advanced
for this. There will be no need to recall the ingenious inferences of Thom-
son who used the most varied methods to work out with quite satis-
factory agreement how many of these individual things make up a cubic
millimetre of water. I need not mention that, besides many facts of chem-
istry, it was by means of the atomistic hypothesis that science succeeded
in calculating in advance the temperature dependence of the frictional
constant for gases, the absolute and relative constants of diffusion and
thermal conduction, which can surely be put alongside Leverrier’s calcula-
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tion establishing the existence of the planet Neptune or Hamilton’s predic-
tion of conical refraction. A detailed discussion of these two problems
will here be the less required as each is for ever linked with the name of a
member of this academy. Let me merely make a brief comment on the
first calculation of the frictional constant by Maxwell.

From his theory he derives the result that for a whole class of phe-
nomena the resistance to a body moving in a gas does not depend on the
density of the gas. These phenomena are marked by the fact that for them
the mass of gas plays no part in comparison with that of the moving
bodies. All previous observations pointed against it, resistance had always
been found to be much greater in dense air than in thin. Besides the result
seemed to be a priori unlikely, for if resistance were independent of density,
it would have to remain the same at zero density, when there would be no
gas at all. All this could not have escaped Maxwell and when he first pub-
lished his result he confessed that he almost preferred to believe that his
calculations were faulty than that such absurd results were correct. Since
then many cases belonging to this class of phenomena were carefully
examined and the only thing exposed as false was Maxwell’s lack of trust
in the power of his own weapons. There remains no doubt that in these
cases resistance is really independent of density within a wide range. If
density becomes too small, resistance finally drops and vanishes where no
gas remains, but here too theory was able to predict, with numerical
precision, within what limits Maxwell’s law was valid.

Closely connected with atomism is the hypothesis that those elements
of bodies are not at rest, forming matter by lying rigidly alongside each
other, like bricks in a wall, but that they are in vigorous motion. This
hypothesis, called the mechanical theory of heat, is likewise a view solidly
based on facts. Its numerical formulation derives from the principle of
energy first clearly enunciated by Robert Mayer. Energy may take three
forms, the visible motion of bodies, thermal motion, that is the motion of
the smallest particles, and finally work, that is the separation of mutually
attracting bodies or the approach of repelling ones. This last form seems
less comprehensible; a hint is given by the circumstances of work as re-
gards magnets and electric currents: these depend so much on configura-
tion that we spontaneously form the notion of other motions intervening
that are not only invisible like thermal vibrations of molecules but even so
far undefined by any hypothesis, for example motions of an as yet un-
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known medium of the luminiferous aether. When repelling bodies ap-
proach or attracting ones separate, the motions in this medium ought to
increase; small wonder therefore that in return the sum of visible and
thermal motions becomes smaller, since part of it goes over into the hypo-
thetical medium. The reverse would hold for the opposite case. Thus we
could easily deduce all phenomena from a general principle. Heat,
visible kinetic energy and work could be produced from or transformed
into each other while their quantity remains always the same.

However, alongside this general principle the mechanical theory of heat
has placed a second one that limits the first in a rather unsatisfying way,
the so-called second law of thermodynamics, expressed roughly as foll-
lows: work and visible kinetic energy can be transformed into each other
and into heat unconditionally, but conversely the reversion of heat into
work or visible kinetic energy can occur either not at all or at best only in
part. If in this form the principle looks already like an uncomfortable ap-
pendix to the first one, it becomes much more inconvenient still by its
consequences. The energy form we need is always that of work or visible
motion. Purely thermal vibrations slip through our hands and escape
our senses and are for us synonymous with rest; hence the thermal form
of energy used often to be called dissipated or degraded energy, so that
the second law proclaims a steady degradation of energy until all tensions
that might still perform work and all visible motions in the universe would
have to cease.

All attempts at saving the universe from this thermal death have been
unsuccessful, and to avoid raising hopes I cannot fulfil, let me say at once
that I too shall here refrain from making such attempts.

Rather my intention is merely to examine the second law a little more
closely from another angle. Molecular thermal motions are most prob-
ably such that a given state of motion is not shared by a large group of
neighbouring molecules, but that in spite of constant mutual influence
each molecule pursues its own independent path, appearing as it were as
an autonomously acting individual. One might therefore think that this
autonomy of the parts would at once have to show itself in the external
properties of bodies; for example, that in a horizontal metal bar now the
right and now the left end must become spontaneously hotter according as
the molecules happen to vibrate more intensely at one or the other place,
or that if in a gas a large number of molecules happen to be moving to-
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wards the same point at the same time, a sudden increase in density must
occur there. However, we observe none of this, and the reason why this is
so is nothing other than the so-called law of large numbers.

As is well known, Buckle has shown by statistics that if only we take a
large enough number of people, then so long as external circumstances
do not change significantly, there is complete constancy not only in the
processes determined by nature, such as number of deaths, diseases and
so on, but also of the relative number of so-called voluntary actions such
as marriage at a certain age, crime, suicide and the like. Likewise with
molecules: the pressure on a piston arises from various molecules imping-
ing, now more now less strongly, now head on now at an angle, but be-
cause of the large number of colliding molecules not only does the total
pressure remain constant but also the same average intensity of collisions
falls on any visible or observable part however small. If we notice that the
pressure is bigger at any point, we shall at once look for an external cause
that moves the molecules to flow preferentially to that point. If now in a
given system of bodies there is a given amount of energy, the latter will
not arbitrarily transform itself now in one now in another manner, but
it will always go from a less to a more probable form; if the initial distribu-
tion amongst the bodies did not correspond to the laws of probability, it
will tend increasingly to become so. Precisely those forms of energy that
we wish to realise in practice are however always improbable. For exam-
ple, we desire that the body move as a whole; this requires all its molecules
to have the same speed in the same direction. If we view molecules as
independent individuals, this is however the most improbable case con-
ceivable. It is well known how difficult it is to bring even a moderately
large number of independent individuals to do exactly the same in exactly
the same manner. Yet only if all motions thus agree can we attain the
highest aim of unconditional transformation. Every deviation from agree-
ment amounts to degradation of energy. Equally improbable is the energy
form of pure mechanical work, whereas in chemical work a mixture of
atoms can occur that corresponds at least in part to the laws of probability.

Therefore, what previously we called degraded energy forms will be
none but the most probable forms; or, better, it will be energy that is
distributed amongst the molecules in the most probable way. Imagine a
number of white balls into which a different number of black but other-
wise identical balls is introduced. At the start let one place be occupied
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only by white, another only by black balls. If however we mix them by
hand or expose them to some other influence that constantly alters their
relative position, then after some time we will find them variously mixed
together. Just so it is with a hot body that is hotter than its surroundings:
indeed, there we have a fairly large group of rapidly moving molecules
amongst groups that move more slowly. If we bring the hot body into
direct contact with its colder surroundings, there develops a velocity
distribution that corresponds to the laws of probability. The temperature
becomes equalised. If however we adopt detours, we can use the existing
improbabilities of energy distribution to produce other improbable energy
forms that would not develop spontaneously. When heat goes from a
hotter to a colder body we can transform part of the transmitted heat into
visible motion or work, as happens for instance in steam engines and any
other heat engines.

The same thing will be possible whenever the initial energy distribution
does not correspond to the laws of probability, for example when a body is
colder than its surroundings, or when at one point of a gas the molecules
are more crowded and at another less, and so on. Suppose in the lower
half of a container we had pure nitrogen and in the upper pure hydrogen,
both at the same pressure and temperature, this distribition would not
correspond to the law of probability, which requires that all molecules be
uniformly mixed, like the white and black balls above. If the gases mix
directly, this is analogous to the case that between two unequally hot
bodies the temperature adjusts itself directly, which likewise occasions
no transformation of heat into work. It is however conceivable that the
mixing occurs via detours and that part of the heat contained in the two
gases is changed into visible motion or work. And indeed, as Lord Ray-
leigh was the first to show, this can in fact be realized.

In a single gas not all molecules will have the same speed, but some
rather greater and others less than average, and it was Maxwell who first
proved that the various speeds have the same distribution as the errors of
observation that always creep in when the same quantity is repeat-
edly determined by measurement under the same conditions. That these
two laws agree cannot, of course, be taken as accidental, since both are
determined by the same laws of probability. If one could produce a gas in
which all molecules had exactly the same speed, this too would be an
energy distribution greatly deviant from the most probable one. If there-
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fore this form of energy could so far never be produced in practice, we
could in any case maintain a priori that its transition into ordinary heat
would likewise occasion the production of improbable energy forms, no
differently from the transition of heat from a hotter to a colder body.

Now we are able not only to declare qualitatively that one energy
distribution is quite improbable and another probable, but the calculus of
probability as in all other cases that fall under it enables one to set up the
precise measure of probability of any energy distribution, provided of
course that the mechanical conditions of the system are known. (For the
logical foundations of the calculus, see the treatise on the calculus of
probability by Kries) 1. To every energy distribution therefore corresponds
a quantitatively determinable probability. Since in the most important
cases for practical purposes this is identical with the quantity that Claus-
ius calls entropy, we too shall use this name. All changes in which entropy
increases will occur spontaneously, as Clausius puts it. On the other hand,
entropy can diminish only if in return some other system gains the same
or a greater amount of it. If initially we have two bodies of different
temperatures, which then equalise, the probability of the initial state with
different temperatures and of the final one which is the more probable
can be calculated exactly so that we can determine how much of the heat
transferred can be turned into work; only if the initial temperatures were
markedly different, as that of burning coal or oxy-hydrogen gas relatively
to our ordinary surroundings, can the transferred heat be almost com-
pletely transformed into work. In mathematics one usually puts it thus:
if the temperature drops from infinite to finite, almost all heat transferred
can be transformed into work; the infinitely higher temperature is, as it
were, infinitely improbable. Similarly, the case of all atoms moving at the
same speed in the same direction, that is a body undergoing visible loco-
motion, corresponds to an infinitely improbable configuration of energy:
visible motion behaves like heat of infinitely high temperature, it can be
completely transformed into work.

A machine is a device using available power to overcome a load. One
always works out the case where the applied effort just balances the load,
though this is as yet of no practical use; as long as equilibrium prevails,
the load cannot be moved a hair’s breadth, that would require a small
increment to the effort. Just so we proceed in thermodynamics: one always
considers such energy transformations as leave the probability of energy
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distribution always constant; these we call reversible changes of state, for
since the probability remains always the same, the change might just as
well run in the opposite sense. Strictly speaking, of course, they can run
in neither, just as little as the effort at equilibrium can move the load,
since energy transformation can actually occur only if this makes the
state of the system more probable. However, if the difference in proba-
bility is taken as very small, one can come arbitrarily close to reversible
changes. In this sense the thermodynamicist thinks of heat as travelling
from one body to another at exactly the same temperature, or of a piston
as moving when pressure and counter pressure are exactly equal; in
practice, the second body will always have to be a little colder and the
counter pressure a little smaller. Reversible changes have been imagined
with the most various bodies in the most various ways. They always led
to remarkable relations between properties, whose connections would
not otherwise have been suspected. Insofar as these relations have been
tested by experiment, they have regularly proved correct. Thus were dis-
covered the relation between the specific heats, the moduli of compression
and thermal expansion, the change of specific volume at solidification and
the change with pressure of the freezing point, the supersaturation of va-
pours by expansion and their other properties, the solubility of salts, their
specific weights and the vapour pressures of their solutions, between
magnetic and thermal properties of bodies, between heats of formation,
electromotive force and its dependence on temperature.

The sun has been extolled as the energy source not only of animal and
plant life and meteorological processes, but of all terrestrial work proces-
ses, except the sea mills of Agrostoli.

Helmbholtz has shown that the heat originating from anthracite is only
stored solar heat, but I do not know whether it has been pointed out
clearly enough why just this source of energy is of such great use; in the
bodies on the earth’s surface that are immediately accessible to us, an
amount of energy is stored of whose size we have not the least concep-
tion. If the heat produced by the Niagara falls is already enough to drive
a considerable proportion of all our machines, what inexhaustible supplies
of energy would be at our disposal if we could transform all the heat con-
tained in the bodies of our surroundings into work. Yet this cannot be
done, because the energy they contain, except insofar as the sun might
produce differences in temperature, is already almost in the most probable
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distribution, so that any attempt at distributing it in ways more suitable
to our ends will fail. Between sun and earth, however, there is a colossal
temperature difference; between these two bodies energy is thus not at all
distributed according to the laws of probability. The equalisation of tem-
perature, based on the tendency towards greater probability, takes mil-
lions of years, because the two bodies are so large and far apart. The inter-
mediate forms assumed by solar energy, until it falls to terrestrial tem-
peratures, can be fairly improbable, so that we can easily use the transi-
tion of heat from sun to earth for the performance of work, like the transi-
tion of water from the boiler to the cooling installation. The general
struggle for existence of animate beings is therefore not a struggle for raw
materials ~ these, for organisms, are air, water and soil, all abundantly
available — nor for energy which exists in plenty in any body in the form
of heat (albeit unfortunately not transformable), but a struggle for en-
tropy, which becomes available through the transition of energy from the
hot sun to the cold earth. In order to exploit this transition as much as
possible, plants spread their immense surface of leaves and force the sun’s
energy, before it falls to the earth’s temperature, to perform in ways as yet
unexplored certain chemical syntheses of which no one in our laboratories
has so far the least idea. The products of this chemical kitchen constitute
the object of struggle of the animal world.

Lest I become involved too much in details that can interest only the
expert, I must here refrain from undertaking the task, however attractive
it might be, of citing further special cases in order to clarify in what way
the energy distribution in a system of bodies assumes ever more probable
forms, or of giving examples in order to illustrate what kind of detours
enable us to produce fairly improbable distributions by starting from
ones that are even less so but still given in nature and artificialty guiding
them into the desired paths. Let me however touch on just one area of
somewhat general importance; you may have noticed that on various
occasions I spoke not of bodies in general but only of gases. The reason
for this lies in the fact that the molecules of gases are so far apart that
they no longer exert significant forces on one another; since the external
forces acting on gases can usually be neglected, their molecules are in-
deed precisely in the state of the black and white balls mentioned earlier.
Their mixture according to the laws of probability is not disturbed by
alien influences. Every point within the vessel, every direction of motion is
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for them equally probable. Not so for the various values of the magnitude
of velocity. Let the total energy of the gas be given. The greater the speed
of a molecule, the more restricted therefore the choice of speed of the
remaining ones: hence large speeds for a single molecule are always im-
probable up to the most extreme and improbable case of a single molecule
possessing the whole kinetic energy contained in the gas, all others having
none. Every gas molecule is flying about with the speed of a shell from
a gun and within one second collides many million times with other
molecules. Who then could conceive even approximately what confused
turmoil agitates the elements of these bodies! However, the average
results can be found by combinatorial analysis as simply as in the case of
a game of lotto.

In liquid fluids and solid bodies there is in addition the effect of mo-
lecular forces. Indeed, a considerable amount of energy is required to
separate a given mass of fluid water into molecules of vapour. One im-
agines that between water molecules there are attractive forces which of
course increase the probability of coalescence.

As indicated above, one might alternatively ascribe these forces to a
medium. Separation of two water molecules would have to increase the
medium’s energy. The relevant mechanism is of course quite unknown
to us; however the energy of an ordinary liquid is altered by relative
change of position of eddies or solid rings within them. The energy arising
in the medium would then be lost for thermal motion. The separation of
two water molecules would then be more improbable not because of an
attractive force but for the same reason as greater speeds of molecules
above. For this separation would lower the thermal energy of the mass of
water, thus diminishing the number of possible energy distributions
amongst the remainder of molecules.

I can here sketch the final result only in a few strokes. Consider a
liquid in a large sealed vessel which it does not fill completely. If the
liquid contains very little energy, it can happen that there is not enough
to separate even a single molecule: all of them would have to cleave
together; even if this situation is never actually realized, is is enough if
the whole energy is consumed in separating relatively few molecules for
only vanishingly small amounts of vapour to form over the liquid. As
the temperature rises this vapour will become progressively denser and
the liquid less cohesive. Take now the other extreme case: let the
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total energy be very large, so that in comparison the small amounts
absorbed from or transferred to the medium when two molecules are
merged or separated are negligibly small (the work done by the mole-
cular forces will vanish), then the whole mass must behave like a gas
both at arbitrarily low or high density. The boundary of the two states
is what we call the ‘critical temperature’: just below it there remain
both liquid and vapour, but they differ little, the work of molecular
forces no longer counts for much; while above it everything is uniform,
one cannot say whether liquid or gaseous, since the two branches run into
each other.

If two different fluids are mixed, heat is produced if mutual attraction
predominates, but absorbed in the opposite case. It would be incorrect to
think that in the former case the fluids mix spontaneously and in the latter
not, for a uniform mixture is much more probable than complete separa-
tion, as with the often mentioned white and black balls. That is why in
gases too a mixture will always occur, although unaccompanied by any
noticeable production of heat. If the mixture of liquids produces heat,
they will mix the more readily of themselves, but if cooling arises, the
greater probability of the mixed state may still be decisive. Only when
cohesive forces are significantly preponderant will the tendency towards
mixture be overcome.

Much the same occurs in the operation of so-called chemical affinities.
It is a fact that when two like or unlike atoms combine in certain ways,
very considerable amounts of energy are set free. The so-called valency
of atoms alone shows that here it is not only mutual approach to a certain
small central distance that is decisive, as we previously imagined it for
water molecules, but that this release of energy occurs only when the
constituents assume a certain relative position. Take first monovalent
atoms, where the effect occurs only when two atoms join, while a third
one supervening releases hardly any further energy, e.g. as in gaseous
chlorine. At low temperatures the separation of each pair of atoms is
highly unlikely, as in the earlier case of the vapour molecule separating
from the liquid mass. As the temperature increases more and more pairs
of atoms will separate (dissociate), until they are all dissociated. Qualita-
tively, this hypothesis has long been established amongst chemists, but the
calculus of probabilities allows a quantitative determination. The total
energy contained in the gas can be determined, so that for the ratio of
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undissociated to dissociated molecules we obtain a formula with only two
unknown constants to be determined from observation: one is the energy
released when two chlorine atoms combine into a molecule, the other
determines the space within which one atom must be relatively to a second
in order that they should appear as chemically joined, what I want to call
the binding range. Insofar as we have observations, the formula men-
tioned agrees with experience.

Accordingly, we must view the dependence of degree of dissociation on
pressure as follows: given the number N, of dissociated atoms, then
whenever a new atom lies within the binding range of one of them a
molecule is formed, whenever it lies in the remaining space it is free. If
therefore that space is doubled without changing N,, which in view of the
vanishing smallness of the binding ranges amounts to doubling the total
volume of the gas, the probability that two atoms are combined drops
by half; the bigger we make the volume containing the mass of the gas,
the higher becomes the degree of dissociation at constant temperature,
given the number N, of dissociated atoms, the number N, of molecules
will be inversely proportional to the volume. Similarly we determine the
temperature dependence of the degree of dissociation. I have tried to
work out from Victor Meyer’s observations on iodine vapour the energy
released on the combination of two iodine atoms into a molecule and the
binding range. The former comes out at 3 of the heat of combustion of
hydrogen, the latter is as yet affected by considerable uncertainty, al-
though it is certainly very small compared with a sphere whose diameter
equals the mean distance of two solid iodine atoms. I will not call this the
size of an iodine atom to avoid the suspicion that I want to ascribe to
atoms any similarity with solid spheres or other tiny solid bodies. For
multivalent atoms the task of combinatorial analysis is of course much
harder but not insoluble.

To the question when liquids mix of their own accord corresponds in
chemistry the principle of Berthelot. That chemical compound which
produces most heat is always attended by the greatest probability and will
always occur by preference; if the excess of heat is large, it will occur on its
own: this last is Berthelot’s principle. If however the excess is small, other
compounds may always occur as well in small amounts; these are the
exceptions to the principle. Consider two kinds of monovalent atoms 4
and B present in equal numbers, and assume that the heat of combination
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(4,) of two atoms 4 into a molecule 4, is exactly equal to the heats of
combination (B,) and (4B), the last one for the formation of a molecule
AB from one atom each of 4 and B. Let the three heats of combination
be so large that rather few molecules are dissociated, and that everything
is in the gaseous state; then according to the calculus of probability half
the molecules will be 4B and a quarter each 4, and B,, that is the partial
pressure of the gas AB is twice that of the gases A, and B,: Just as the
probability of drawing two white or two black balls is 4, and one white
and one black 4 if two are drawn from a bag containing half of each. If
the heat of formation (4B) is less than 1((4,)+(B,)), that is the trans-
formation of A, and B, into two AB has a negative heat of formation,
then less of 4B will be formed if the two bodies A, and B, are mixed;
nevertheless, in spite of the negative heat of formation a measurable
amount of the compound 4B may well form itself. Not until the heat of
formation becomes sufficiently negative will the quantity of 4B formed
become undetectable, but so long as the heat of formation is negative the
total mass can never completely turn into 4B. I must here omit any furth-
er discussion of combinations of more than two atoms or applications to
real cases, as for example a comparison with the investigations of Rathke
(Nat. Ges. Halle, Vol. 15, 1881).

How, one might ask, is it that not all the compounds corresponding to
the possible combinations of atoms are always formed, since each has a
greater or smaller probability in favour of it? About this, too, the calcula-
tion informs us, for the quantities formed are given by exponential
magnitudes whose gigantic growth or fall has often been illustrated, for
example by the vast present value of one penny invested at compound
interest at the birth of Christ, or by the tale of the man who invented
chess. From the above-mentioned formula one finds that iodine vapour
at 30°C must indeed contain some dissociated atoms, but in 1000 kg of it
their weight would be only one part in a hundred million of a milligram
(10711 g). (The fact that iodine is not very volatile at this temperature is
here unimportant. No doubt we should find an even more favourable
result for chlorine or bromine.) For the same reason, oxy-hydrogen gas
at ordinary temperature does not give rise to much water however long
the period, even though water is by far the most probable compound,
since for one water molecule to form at least one oxygen or hydrogen
atom must be dissociated, which certainly occurs incredibly less often
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than with iodine, by what factor we do not know, since we lack all data
concerning oxygen and hydrogen.

Radiant heat inside a perfectly black container at constant temperature
corresponds to the laws of probability, but the vibrations of light at the
conditions of temperature of the earth’s surface are motions of greater
regularity and thus constitute a rather improbable energy form, a transi-
tional stage when energy goes from a very hot to a cold body; hence its
considerable dissociating effect without much heating.

First I considered a clear case of physical mixture and later a clear case
of a chemical compound; however different the characteristic marks of
these two extremes, we can imagine a continuous path between them by
means of various intermediate steps. By quite different methods, Helm-
holtz found that water can never be freed from the last trace of dissociated
hydrogen and oxygen; only if at the start all atoms were combined into
H,0, would there be just one atom of O for every two of H. Since the
former was never so, neither is the latter and the numerical proportions
between the dissociated atoms may be quite different; hence no chemical
compound will contain with absolute precision the proportion of atoms
corresponding to its formula, even if the deviations are millions of times
smaller than the quantity of dissociated iodine atoms calculated above.
However, we may conceive of transitional bodies where one or the other
ingredient might be in considerable excess. Such compounds would not
show properties totally different from those of its components; special
properties arising from the mixture will merely reach a maximum at some
definite proportion of the components and certain groups of atoms will
form preferentially though not exclusively, as indeed is strictly speaking
not the case in any chemical compound. The more marked this maximum,
the more evident the character of the chemical compound; the flatter the
maximum, the more evident the character of the physical mixture. Exam-
ples are offered by the hydrates of many acids, for instance sulphuric acid,
by salts that contain crystallised water, by many metals whose alloys
resemble chemical compounds. If such bodies are distilled, or allowed to
crystallize, at a certain pressure, one often obtains products of fixed
composition which however varies if pressure or other external circum-
stances vary. Here too nature knows no jumps. How striking is the dif-
ference between animal and plant, yet the simplest forms continuously
merge into each other, so that some are just on the border and represent
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animals as readily as plants. In natural history the various species are
mostly sharply separate, but here and there continuous transitions occur.
No doubt no one would want to abolish the concepts of animal, plant and
species on that account, but the question whether a certain form is or is
not a new species will occasionally admit of no answer, because of the
impossibility of formulating the concept of species with absolute precision.
Just as little will anybody ever wish to abolish the concept of chemical
compound or even need essentially to alter its use, yet in individual cases
the question whether we are dealing with a chemical compound or a mix-
ture will be void because a sharp definition of the concept is impossible.
Indeed, if these principles proved themselves as correct, they would ex-
clude from the outset many assumptions made by chemists, for example
that of Riidorff (see Lothar Meyer, Moderne Theorien der Chemie, p. 236)
declaring that sodium chloride is free of water above —9°C but contains
two chemically bound water molecules below that temperature. Such a
sudden change in composition at a given temperature would be impos-
sible in a simple separation of a molecule into two smaller ones. At least
there would have to be a finite temperature interval of gradual dissocia-
tion in between. Nor, as Bineau thought, could sulphur molecules sud-
denly change from six to two atoms.

Since a given system can never of its own accord go over into another
equally probable state but only into a more probable one, it is likewise
impossible to construct a system of bodies that after traversing various
states returns periodically to its original state, that is a perpetual motion
machine. And so we have arrived where one usually begins when con-
sidering the second law. One sets up the axiom that it is impossible to
construct a perpetuum mobile from a finite number of bodies. The axiom
is formulated in equations that are called the fundamental equations of
the second law, and then one is amazed that, on the assumption that the
world is a large system with a finite number of bodies, it follows from
these equations that not even the world as a whole can be a perpetuum
mobile, which was really contained already in the assumption. However
enticing such vistas of the universe and however suggestive they doubtless
often prove, 1 still think that here we just extend empirical propositions
far beyond their natural boundaries.

Since atoms have given such faithful service in all branches of physics
and chemistry, the question arises whether it is likely or even possible
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that we can by their means explain the phenomena of animal life as well,
that is thought and sensation. I do not know whom immediate conscious-
ness tells beyond doubt today as once it did Herbart that the ‘ego’ is a
simple entity; but sensations, the elements of our whole thinking, surely
those are something simple? I think about this too our consciousness
cannot tell us anything, for it leaves sensation completely undefined, tel-
ling us only that one of red is different from one of blue but not whether
both are simple elements or complicated dislocations of countless atoms
perhaps comparable to a wave motion. We can sense red, but what a sen-
sation might be we cannot sense.

Perhaps it goes against the grain to regard what was presented to us
even before we could think as the composite, and the laboriously inves-
tigated as the simple. However, in scientific questions I want to deprive
such feelings of authority: the contemporaries of Copernicus were equally
directly conscious and felt that the earth did not revolve. Still, the most
direct path would be to start from our immediate sensations and to show
how by means of them we attained knowledge of the universe. However,
since this does not seem to lead to our goal, let us follow the inverse path
of natural science. We frame the hypothesis that complexes of atoms had
developed that were able to multiply by forming similar ones round them.
Of the larger masses so arising the most viable were those that could
multiply by division, and those that had a tendency to move towards
places where favourable conditions for life prevailed.

This was greatly furthered by the receptivity for external impressions,
chemical constitution and the motion of the circumambient medium, light
and shade and so on. Sensitivity led to the development of sensory nerves,
mobility to motor nerves; sensations that through inheritance led to
constant strong compelling messages to the central agency to escape from
them we call pain. Quite rough signs for external objects were left behind
in the individual, they developed into complicated signs for complex situa-
tions and, if required, even to quite rough genuine internal imitations of
the external, just as the algebrist can use arbitrary letters for magnitudes
but usually prefers to choose the first letters of the corresponding words.
If there is such a developed memory sign for the individual himself, we
define it as consciousness. In this there is a continuous path from the
closely connected clear conscious ideas to those stored in memory and to
unconscious reflex movements. Does not our feeling tell us once more that
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consciousness is something quite different? However, 1 have silenced
feeling: if the hypothesis explains all the phenomena concerned, feeling
will have to give way as in the question of the earth’s rotation. It will be
a much later question, but one that can be solved only in this way, how
from our sensations which are the simplest elements of our thinking we
were able to reach hypotheses. However, I must end, lest I become false
to my resolution to leave metaphysics aside. Much of what I have said
may be mistaken, but all of it reflects my conviction. Only if each con-
tinues to work where and how he is able, can we come nearer to truth; on-
ly, as Schiller says, by ““busyness that never flags, that slowly forms but
never destroys, that to the building of eternities brings grains of sand, yet
from the heavy debt of time wipes minutes, days and years™.

Thus I too shall be satisfied if my present lecture has contributed a
grain of sand to the spread of the knowledge of nature.

NOTE

1 J, von Kries, Die Prinzipien der Wahrscheinlichkeitsrechnung, Freiburg i.B., 1886.



ON THE SIGNIFICANCE OF THEORIES*

When some days ago I learnt of the plan for today’s ceremony, it was at
first my firm intention to ask you to refrain. For how, I asked myself, can
an individual deserve being honoured in this way? Surely, all of us are
just collaborators in a great enterprise, and everyone who does his duty
in his post deserves equal praise. If therefore an individual is singled out
from the community this can in my view never be aimed at him as a
person but only at the idea that he represents; only by completely giving
himself over to an idea can the individual gain enhanced importance.

Therefore I decided not to insist on my request only when I related all
honours not to my own modest self but to the idea that fills my thought
and action: the development of theory, for whose glory no sacrifice is too
great for me; since theory is the whole content of my life, let it likewise
be the content of my present words of thanks.

I should not be a genuine theoretician if I were not first to ask: what is
theory? The layman observes in the first place that theory is difficult to
understand and surrounded with a tangle of formulae that to the unini-
tiated speak no language at all. However they are not its essence, the true
theoretician uses them as sparingly as he can; what can be said in words
he expresses in words, while it is precisely in books by practical men that
formulae figure all too often as mere ornament.

A friend of mine has defined the practical man as one who understands
nothing of theory and the theoretician as an enthusiast who understands
nothing at all. The rather pointed view contained in this we will likewise
oppose.

I am of the opinion that the task of theory consists in constructing a
picture of the external world that exists purely internally and must be our
guiding star in all thought and experiment; that is in completing, as it
were, the thinking process and carrying out globally what on a small scale
occurs within us whenever we form an idea.

* Populire Schriften, Essay 5. In reply at a farewell ceremony, 16 July 1890, at Graz,
when the author had been called to a professorship at Munich.
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It is a peculiar drive of the human spirit to make itself such a picture
and increasingly to adapt it to the external world. If therefore we may
often have to use intricate formulae to represent a part of the picture that
has become complicated, they nevertheless always remain inessential if
most serviceable forms of expression, and in our sense Columbus, Robert
Mayer and Faraday are genuine theoreticians. For their guiding star was
not practical gain but the picture of nature within their intellect.

The immediate elaboration and constant perfection of this picture is
then the chief task of theory. Imagination is always its cradle, and obser-
vant understanding its tutor. How childlike were the first theories of the
universe, from Pythagoras and Plato until Hegel and Schelling. The
imagination at that time was over-productive, the test by experiment was
lacking. No wonder that these theories became the laughing stock of
empiricists and practical men, and yet they already contained the seeds
of all the great theories of later times: those of Copernicus, atomism, the
mechanical theory of weightless media, Darwinism and so on.

In spite of all mockery the drive to form a theoretical view of external
things remained unconquerable in the human breast and it constantly
gave rise to new flowers. As Columbus set course always towards the
west, so this drive always unswervingly directed us towards this great goal.

When in the end sober experimental understanding and the dexterity
needed for handling the many invented devices and machines came in-
creasingly into their own, the old and variegated imaginative structures
were sifted and refined and, with amazing speed, gained in truth to nature
and in importance. Today one can aver that theory has conquered the world.

Who can see without admiration how the eternal stars slavishly obey
the laws that the human spirit has not indeed given to but learnt from
them. And the more abstract the theoretical investigation, the more power-
ful it becomes. If, still somewhat mistrusting the path on which, being led
by formulae rather than leading them, we have reached a theorem of
arithmetic, we test it on numerical examples, we are even more strongly
haunted by the feeling that numbers without exception must inevitably
bow to our formulae.

But even those who value theory only as a milch cow, can no longer
doubt its power. Are practical disciplines all of them by now not penetrat-
ed by theory and do they not all follow their reliable guiding star? The
forms of Kepler and Laplace not only show the stars their celestial courses,
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but along with Gauss’s and Thomson’s calculations on the earth’s mag-
netism they show ships their way on the high seas. The gigantic structures
of the Brooklyn Bridge that stretches beyond sight and the Fiffel tower
that soars without end rest not only on the solid framework of wrought
iron, but on the solider one of elasticity theory. Theoretical chemists have
become rich through practical application of their syntheses, not to men-
tion the electrical engineer! Does he not pay constant homage to theory
by the fact that next to pound and penny the names that are most familiar
to him are Ohm, Ampére and so on, all of them great theoreticians, none
of whom, alas, were blessed by the lucky fate of the chemists just men-
tioned; for their formulae did not become fruitful in practice until after
they had died. Indeed, it may well not be long before these great electric
theorists will be glorified in every domestic bill and in the next century
every cook may know with how many ‘Volt-Ampéres’ one fries meat and
how many ‘Ohms’ her lamp has got.

It is precisely the practical technician who as a rule treats the com-
plicated formulae of electric theory with a surer hand than many a tiro
scientist, because he has to pay for his errors not only by way of reproof
from his teacher but in hard cash. Indeed, almost any carpenter or metal
worker knows today how much a grasp of descriptive geometry, the
theory of machines and so on make him more competitive. I must men-
tion also the splendid field of medical sciences, where theory gradually
seems to gain a footing too.

One is almost tempted to assert that quite apart from its intellectual
mission, theory is the most practical thing conceivable, the quintessence
of practice as it were, since the precision of its conclusions cannot be
reached by any routine of estimating or trial and error; although given the
hidden ways of theory, this will hold only for those who walk them with
complete confidence. A single mistake in a drawing can multiply a result
a thousandfold, whilst an empirical worker never errs so far; for that
reason there will no doubt always remain some cases where the thinker
who is immersed in his ideas and always bent on what is general will be
outdone by the clever and self-interested practical man; witness Archi-
medes who fell victim to the attacking Roman, or another Greek philos-
opher who, while looking at the stars, stumbled over a stone. Let silence
overtake the question “what is the use of it 7’ which is customarily thrown
at any more abstract endeavours. One would like to ask the counter-ques-
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tion: “what is the use of furthering life by gaining mere practical ad-
vantages at the expense of that which alone makes life worth living, name-
ly the tendance of the ideal?”

However, theory keeps well away from overrating itself; its very defects
are grounded in its own nature and it is theory itself that uncovers its own
errors; indeed, already Socrates placed the main emphasis on the recogni-
tion of the gaps in his own knowledge. All our ideas are purely subjective.
That this is so even as regards our views on being and not-being is shown
by Buddhism which reveres nothingness as the really existing. I called
theory a purely mental inner picture, and we saw to what a high degree
of perfection this may be brought. How then, as we become more and
more immersed in theory, could we fail to take the picture for what really
exists? It is in this sense that Hegel is said to have regretted that nature was
unable to realize his philosophic system in its full perfection.

Thus it may happen to the mathematician, who is constantly occupied
with his formulae and blinded by their inner perfection, that he takes their
mutual relations as the really existing and turns away from the real world.
What the poet laments then holds of the mathematician, that his works
are written with the blood of his heart and highest wisdom borders on
supreme folly. It is in this sense, too, that I take Goethe’s dictum about
the greyness of theory compared with life, a saying that cannot be avoided
when one discusses this subject; he was indeed a theoretician through and
through according to our conception, although of course avoiding this
aberration. Incidentally, he puts this sentiment in the mouth of the devil,
who later says with a sneer: “Do but spurn reason and science... you
will be unconditionally mine!”

If at the outset I have declared myself an advocate of theory, I will not
deny that I have myself experienced the evil consequences of its spell.
Yet what would be more effective against this spell, what could drag us
back more forcefully into reality than the living contact with so honour-
able a gathering as this present one? For this kindness that you have
shown me I thank you all: first you, Rector, who organised this cere-
mony, next, the orator, colleagues and guests who followed his call, and
finally the gallant sons of our alma mater, whose strong endeavours and
noble enthusiasm were my support through 18 years. May Graz university
grow and flourish and always be and remain what is highest in my view: a
stronghold of theory!



ON ENERGETICS*

A discussion such as this present one on energetics is not undertaken in
the expectation that one side will be right and the other wrong, but with
the intention that the views will be clarified. Therefore I can be satisfied
with the result as regards the relations between energetics and mechanics.
Helm’s latest essay (Wied. Ann. 57, 1896 p. 646) seems to put everything
perfectly straight.

Planck and Helm have shown (simultaneously, as now turns out) that
the ordinary equations of motion for a system of material points can be
obtained from the principle of energy if we assume that it holds separately
for each of the particles in the direction of every co-ordinate or, according
to Helm, in any arbitrary direction whatsoever.

On the other hand Helm goes so far as obtaining the Lagrange equa-
tions and thus the whole of mechanics by transformation of rectangular
coordinates of material points and of the forces acting on them, which
therefore involves the presupposition that bodies are systems of material
points. This presupposition, however, evidently once more takes us com-
pletely into the area of atomism. From it follows in known ways that for
long-lasting motion under the influence of forces that do not act uni-
formly on all material points, there must arise irregular mutual motions of
the particles,! which always swallow up a part of the visible kinetic energy;
that if the motion is sufficiently violent, the particles creep past each other,
which liquefies the body; and that particles must separate from the sur-
face, which vaporizes the body.

These atomistic hypotheses incidentally recognize the concept of energy,
too, as one of the most important; indeed, if you will, they might even be
obtained from that concept by means of suitable subsidiary assumptions.
If however energetics will not recognize such hypotheses on the ground
that they are insufficiently attested, it would have to take quite a different
path.

* Populire Schriften, Essay 9. First published in Annalen der Physik und Chemie 58
(1896) 595.
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Just how one might construct a mechanics on the assumption that the
kinetic energy of the motion is the primarily given and the moving object
itself a concept derived from it, I cannot quite imagine at present. If then
energetics takes the comfortable path of starting from the concept of mass,
then in order to avoid the atomistic hypothesis it would have to assume
that matter continuously occupies its space. From the principle of energy
together with suitable auxiliary hypotheses one would then first have to
obtain the equations of motion for rigid bodies, perhaps by deriving
Lagrange’s equations without the detour via the co-ordinates of the in-
dividual points of which the body consists and via the forces that act on
them. By means of fresh auxiliary hypotheses one would have to derive
from the formulae for elastic and hydrodynamic energy the correspond-
ing equations of motion. All these derivations should be possible, in-
deed variously so, according as this or that auxiliary hypothesis is enlist-
ed, and I should regard it as useful to science to attempt such deriva-
tions.

What would seem to be more difficult is to give a survey purely from the
point of view of energetics of all cases where mechanical energy is trans-
formed into heat, phenomena of melting and vaporisation, properties of
gases and vapours and so on, whereas it is precisely these phenomena that
become so intelligible by means of molecular theory and the special
mechanical theory of heat.

Energetics seems as yet a long way from having solved all the problems
sketched here. It is clear that until this has happened no judgment of how
intuitive the auxiliary hypotheses needed by energetics are can be formed,
nor can they be compared with molecular theory over the whole range of
mechanics.

The thermodynamic equation that I originally criticised has now also
been given a clear meaning by Helm, since he affirms that J is here not the
internal intensity within the body but the intensity of the external reaction,
which makes the proposition clear and intelligible at least when J stands
for pressure. However, I think that in this connection many of Helm’s
other explanations must be made more precise; for wherever he applies
the proposition in question (Mathematische Chemie, pp. 45, 46, 47, 60)
it seems as though in contradiction with the present definition he slides
back into taking J as the internal intensity so that again he would have to
write the equal sign only.
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However, this point is naturally rather inessential, and only if a clear
and unobjectionable account of thermodynamics, chemistry and elec-
tricity from an energetic point of view had been achieved at least in its
first basic outlines, would it be possible to ascertain what essentially new
additions energetics has made to Gibbs’s theory.

During proof-correction I come across H. Ostwald’s reply (p. 154).
This seems to show that, contrary to my previous view, he does not regard
energy as the originally given in mechanics and proposes to deduce mass
from certain properties of it, but that he retains the concepts of the old
mechanics, starting from mass and defining energy as {mv?. Whether after
that one speaks of mass or energy or both as the substantially existing, or
perhaps of neither but of our ideas instead, all this in view of the retention
of the old ideas, would seem to be hardly more important than whether
the masses or energy units are used as base for the system of measurement.
As regards the rest of the reply, I think I can be brief.

That H. Ostwald is personally convinced of his approach and will not
let himself be shifted from it I have never doubted. In research, impulses
that are not clearly conscious obviously defy discussion. However, as
regards the alleged barrenness of atomism, many chemist too will dis-
agree, since they are wont to deduce the possible number of isomeric
compounds and the property of rotating the plane of polarisation directly
from the picture that they have formed of the position of the atoms. For
my part [ permit myself to point out that in justifying his theorems Gibbs
must surely have used molecular ideas, even if he nowhere introduced
molecules into the calculation; that the theorems on energy and entropy
of gases, of dilute solutions and above all on those of a mixture of a dis-
sociating body with its constituents were discovered and justified only
through the conception that the various molecules exist adjacently in
space; finally, that the most recent electro-chemical theory has its starting
point in the purely molecular view that Nernst had of the pressure of
solutions. It was only later that these propositions were severed from their
molecular justification and presented as pure facts. The mathematical
part of gas theory on the other hand pursues mainly the purpose of further
development of mathematical method, for the valuation of which im-
mediate practical utility was never decisive. Let the purely practical man
skip this part but also forebear to criticize.
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NOTE

1 Even assuming space continuously occupied, does it not follow from the equations of
elasticity that analogous irregular vibrations of the volume elements must arise, thus
offering the most obvious explanation of transformation of elastic vibrations into heat?



ON THE INDISPENSABILITY OF
ATOMISM IN NATURAL SCIENCE*

Beside atomism in its current form a second method is customary in
theoretical physics, namely that of representing by means of differential
equations as strictly circumscribed an area of facts as possible. We will
call it phenomenology on a mathematico-physical basis. Since this gives
a new picture of the facts and since it is of course advantageous to have
as many pictures as possible, it is naturally of great value alongside atom-
ism in its present form. Another phenomenology, which I will call the
energetic kind, is to be mentioned later. Now it has often been said that
the pictures obtained from the phenomenological method deserve prefer-
ence over atomistic ones, and that for internal reasons.

Itend to shun such general philosophical questions, so long as they have
no practical consequences, for they cannot be framed as precisely as
special questions so that answering them is more a matter of taste. How-
ever, it seems to me as if at present atomism, for the hardly valid reason
just mentioned, is being neglected in practice and therefore I thought I
should do my bit to prevent the damage that in my opinion might accrue
to science if phenomenology were now to be raised to the status of dogma,
as atomism was previously.

To avoid misunderstandings, I will from the outset denote the purpose
of the following considerations as being the answering of certain very
specific questions. Since the profit that atomism in its development has
given to science will not be doubted by any impartial expert in the history
of science, we may formulate the question thus: has not atomism in its
present form also great advantages over the current form of phenom-
enology? Is there any likelihood that in the foreseeable future phenom-
enology could develop into a theory that possesses those same advantages
so peculiar to atomism? Alongside the possibility that current atomism
may one day be abandoned, is there not also another that phenomenology

* Populire Schriften, Essay 10. First published in Annalen der Physik und Chemie 60
(1897) 231.
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will more and more dissolve in it? Finally would it not be to the detriment
of science if one were not to go on cultivating current atomist views as
assiduously as phenomenological ones even today? The answer to these
questions, let me say at once, will be favourable to atomism, as a result
of the considerations that follow.

The differential equations of mathematico-physical phenomenology
are evidently nothing but rules for forming and combining numbers and
geometrical concepts, and these in turn are nothing but mental pictures
from which appearances can be predicted.! Exactly the same holds for the
conceptions of atomism, so that in this respect I cannot discern the least
difference. In any case it seems to me that of a comprehensive area of fact
we can never have a direct description but always only a mental picture.
Therefore we must not say, with Ostwald, “‘do not form a picture”, but
merely “include in it as few arbitrary elements as possible”.

Mathematico-physical phenomenology sometimes combines giving
preference to the equations with a certain disdain for atomism. Now in my
view, the assertion that a differential equation goes less beyond the facts
than the most general form of atomistic views rests on a circular argument.
If from the outset you hold that our perceptions are represented by the
picture of a continuum, then indeed differential equations do not, while
atomism does, go beyond this presupposition. Quite otherwise if one is
used to thinking atomistically, then the position is reversed and the con-
ception of the continuum seems to go beyond the facts.

Let us for example analyse the meaning of the classical instance of
Fourier’s equation for heat conduction. It expresses nothing else but a
rule consisting of two parts:

(1) Within a body (or, more generally, in a regular arrangement within
a corresponding bounded three-dimensional manifold), imagine numerous
small things (let us call them elementary particles or, better still, elements
or atoms in the most general sense), each of which has an arbitrary initial
temperature. After a very short time has elapsed (or when the fourth
variable increases by a small amount) let the temperature of each particle
be the arithmetic mean of the initial temperatures of the particles that had
immediately surrounded it previously.2 After a second equal lapse of time
the process is repeated and so on.

(2) Imagine both the elementary particles and the increments of time
becoming ever smaller and their number growing in corresponding
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proportion, and let them stop at those temperatures at which further
diminution no longer noticeably affects the results.

Likewise, definite integrals that represent the solution of the differential
equation can in general be calculated only by mechanical quadratures and
thus again demand division into a finite number of parts.

Do not imagine that by means of the word continuum or the writing
down of a differential equation, you have acquired a clear concept of the
continuum. On closer scrutiny the differential equation is merely the ex-
pression for the fact that one must first imagine a finite number; this is
the first prerequisite, only then is the number to grow until its further
growth has no further influence. What is the use of concealing the re-
quirement of imagining a large number of individuals now, when at the
stage of explaining the differential equation one has used that requirement
to define the value expressed by that number? My apologies for the some-
what banal expression, if I say that those who imagine they have got rid
of atomism by means of differential equations fail to see the wood for the
trees. Explaining differential equations by complicated geometrical or
other physical concepts would indeed help all the more to make the equa-
tion for heat conduction appear in the light of an analogy rather than of
a direct description. In reality we cannot distinguish the neighbouring
parts. However, a picture in which from the start we did not distinguish
adjacent parts would be hazy; we could not apply to it the prescribed
arithmetical operations.

If then I declare differential equations, or a formula containing definite
integrals, to be the most appropriate picture, I surrender to an illusion
if I imagine that I have thus banished atomistic conceptions from my
mental pictures. Without them the concept of a limit is senseless; I merely
add the further assertion that however much our means of observation
might be refined, differences between facts and limiting values will never
be observable.

Does not therefore the picture that presupposes a very large but finite
number of elementary particles go less beyond the facts? Has the position
not been reversed? Whereas in the past the assumption of a definite size
of atoms was regarded as a rough conception going arbitrarily beyond
the facts, now it seems to be precisely the more natural one, and the as-
sertion that differences between facts and limiting values can never be
discovered because till now (perhaps not even in all cases) they have not
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yet been discovered, adds something new and unproved to the picture.
Why this assertion, patched on after the event, should make the picture
clearer, simpler or more likely I cannot grasp.? Atomism seems insepara-
ble from the concept of the continuum. The reason why Laplace, Poisson,
Cauchy and others started from atomistic considerations is evidently that
in those days scientists were as yet more clearly conscious that differential
equations are merely symbols for atomistic conceptions so that they felt a
stronger need to make the latter simple. The first forms of atomism we
might compare with the complicated verbiage that ancient physicists in-
dulged in rather than calculate with named quantities, while getting used
to the symbols of integral calculus resembles getting used to expressions
like cm s~1. The convenience thus achieved may however lead to many
faulty inferences if one forgets the meaning arbitrarily given to division
by a second.

As with the equation for heat conduction, the basic equations of elas-
ticity can be generally solved only if one first imagines a finite number of
elementary particles that act on each other according to certain simple
laws and then once again looks for the limit as this number increases.
This limit is thus once again the real definition of the basic equations and
the picture that from the outset assumes a large but finite number seems
once more simpler.

In this way, by attributing to the atoms in question only such properties
as are needed to describe a small factual domain as simply as possible, we
can obtain for each such domain a special atomism,* which it would seem
is no more a direct description than what is ordinarily called atomism but
at least constitutes a picture reasonably free from arbitrary features.

Now phenomenology tries to combine all these special atomisms with-
out prior simplification, in order to represent actual facts, that is in order
to adapt all conceptions contained in these atomisms to the facts; how-
ever, since these are countless concepts severally taken from small factual
domains and hardly compatible, along with countless differential equa-
tions each with its own peculiarities in spite of many analogies, we must
from the outset expect that the representation will turn out very com-
plicated. Indeed we find that if phenomenology is to do no more than rep-
resent the interlinkage between a few domains of phenomena of quasi-
static processes (elastic deformation with heating and magnetisation and
the like), one needs already very unwieldy and enormously complicated
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equations. Besides even then one has to introduce hypotheses and thus go
beyond the facts (for example if one wants to represent the dissociation
of gases after Gibbs and that of electrolytes after Planck).

To this we must add the circumstance that all concepts of phenomenol-
ogy are derived from quasi-stationary processes and no longer hold good
for turbulent motion. For example, we can define the temperature of a
body at rest by means of a thermometer inserted in it. If the body moves
as a whole, the thermometer can move with it, but if every volume element
of the body has a different motion the definition becomes void and it is
likely or at least possible that the different energy forms can no longer
be sharply separated (what is heat and what is visible motion and so
on).

Considering this and the complication taken on by phenomenological
equations even in the few cases where the interlinkage of several domains
of phenomena has been represented, one may form some idea of how dif-
ficult it is to use this method to describe arbitrarily turbulent phenomena
perhaps involving chemical reactions; that is, without prior adjustment
to each other by means of simplifications that are of course arbitrary of
the atomisms corresponding to the different factual domains. Compared
with the properties that one would thus have to ascribe to the elemen-
tary particles, Lemery molecules would be veritable paradigms of simpli-
city.

One special phenomenology, which I will call energetic (in the widest
sense), hopes to bring the various atomisms corresponding to individual
phenomenal domains closer together, by further pursuing what is common
to all domains. Two kinds of such common features are known. To the
first belong certain general propositions such as the principles of energy,
entropy and so on, what we might call general integral propositions valid
in all domains. The second consists in analogies that can pervade the most
varied domains, and are often based only on identity of form which cer-
tain equations must assume when certain approximations are made while
the analogies often seem to cease as regards finer details. (Approximate
proportionality of small changes of a function with those of its argument,
remainder of the first or second differential quotient with roughly constant
coefficients, linearity of small quantities and hence superposition. Anal-
ogies in the behaviour of different energy forms, too seem partly to rest on
such purely algebraic reasons.) Yet in spite of the enormous importance
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of the integral propositions (because of their universal validity and con-
sequent high certainty) and the analogies (because of the many comput-
ational advantages and new perspectives that they offer), they never
furnish more than a small part of the total complex of facts; to represent
each individual domain of phenomena more precisely thus already re-
quired so many special additional pictures (natural history of the domain
in question) that, as I think I have amply shown elsewhere, so far nobody
has succeeded in giving even an unambiguous and comprehensive descrip-
tion of a single domain of stationary phenomena by means of this method,
let alone a survey of all phenomena including turbulent ones. The ques-
tion whether this path will one day lead to comprehensive pictures of
nature is thus for the time being purely academic.

To get closer to this last goal, current atomism does indeed seek to
reconcile the foundations of the various phenomenological atomisms by
arbitrarily completing and altering the properties of the atoms required
for the various factual domains in such a way that they may serve for
representing many domains at the same time.5 In a manner of speaking,
atomism resolves the properties of the atoms required for the individual
factual domains into components (see note 4 above) in such a way that
the latter fit several domains. This is obviously not possible without a
certain arbitrariness that goes beyond the facts, just as the resolving of
forces into components does.® However, it obtains the compensating
advantage of being able to give a simple and perspicuous picture of a far
greater sum of facts.

While phenomenology requires separate and mutually rather uncon-
nected pictures even for the mechanical motion of centres of gravity and
rigid bodies, for elasticity, hydrodynamics and so on, present day atomism
is a perfectly apt picture of all mechanical phenomena, and given the
closed nature of this domain we can hardly expect it to throw up further
phenomena that would fail to fit into that framework. Indeed, the picture
includes thermal phenomena: that this is not so readily proved is due
merely to the difficulty of computing molecular motions. At all events all
essential facts are found in the features of our picture. Further, it proved
itself extremely useful for representing crystallographic facts, the con-
stancy of proportions of mass in chemical compounds,” chemical isomer-
isms, the relations between the rotation of the plane of polarisation and
chemical constitution, and so on.
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For the rest, atomism remains capable of being developed much fur-
ther. One may conceive of atoms as more complicated individuals en-
dowed with arbitrary properties, as for example the vector atoms which,
as we saw in note 4 above, at present furnish the simplest description of
electro-magnetic phenomena.8

As regards turbulent phenomena, so far quite inaccessible to phenom-
enology, current atomism does of course approach them with definite
presuppositions; however, it possesses valuable hints on how these phe-
nomena might be represented and in some cases can positively predict
them. Thus gas theory can predict the course of all mechanical and ther-
mal phenomena in gases even under turbulent motion and therefore gives
indications on how, for these phenomena, one will have to define tem-
perature, pressure and so on. It is precisely the main task of science to
fashion the pictures that serve to represent a range of facts in such a way
that we can predict from them the course of other similar facts. Naturally,
it is understood that the prediction must still be tested by experiment.
Probably it will be verified only in part. There is then some hope that one
might modify and perfect the pictures in such a way that they do justice
to the new facts too. (We learn something new about the constitution of
atoms.)

One may of course justifiably demand that the picture must not be
given additional arbitrary features beyond what is absolutely necessary
for the description of wider areas of phenomena (since arbitrariness must
be confined to the most general level possible) and that people should al-
ways be ready to modify the picture or even keep in mind the possibility of
recognizing that a given picture had better be replaced by quite a new and
basically different one. The fact that the construction of the new picture
would have to be based on the so far untouched special phenomenological
pictures is reason enough to cultivate these with care as well, alongside
atomism.

Finally, I should like to go further and almost venture the assertion
that it lies in the nature of a picture to have to add certain arbitrary fea-
tures for the purpose of representation, and that strictly speaking one
goes beyond experience as soon as one infers from a picture adapted to
certain facts to even a single new fact. Is it mathematically certain that in
order to represent all facts one will not have to replace Fourier’s equa-
tion for heat conduction by quite a different relation which reduces to the
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former only in cases hitherto observed, so that for any arbitrary new
observation we should have to alter the picture totally and therefore also
our conceptions as regards heat exchange amongst the smallest parts? For
example, all bodies examined in the past might happen to exhibit certain
regularities without which Fourier’s equation becomes false.

Just like Fourier with the law of specific heat and the fact that heat
exchange between two touching bodies is proportional to the temperature
difference between them, so gas theory with the general laws of mechanics
and the fact that bodies displace each other on contact but no longer af-
fect each other at somewhat greater distances: both carry them over to the
smallest parts, which as we saw are indispensable if one is to represent
extended bodies. The assumption that one and the same kind of smallest
parts suffices for representing the liquid and gaseous state of aggregation
seems to me likewise well-founded, since the two states are continuous
and this is the only hypothesis that answers to the demand for simplicity
in describing nature. Admitting that these last two assumptions are justi-
fied we cannot, however, escape the consequence that the smallest parts
are set into invisible relative motion that swallows up visible kinetic energy
while it is surely not unlikely that this motion will be perceived by certain
nerves (the special mechanical theory of heat), and that in very dilute bodies
the particles mostly travel in nearly straight lines (kinetic gas theory). The
picture by which we represent mechanical phenomena would merely
become more complicated if not contradictory, were we to omit these
inferences. The further assumption that the molecular motions never
cease while provoked and visible motions gradually go over into molecular
ones, is likewise quite in conformity with recognized mechanical laws.

All inferences from the special mechanical theory of heat, however
disparate the fields in which they belong, have been confirmed by ex-
perience, indeed I would say that right down to the finest details they are
peculiarly in tune with the heart-beat of nature.?

Of course Fourier’s assumptions about heat conduction are so extra-
ordinarily simple and the further facts that might still be computed from
them so conformable to those already tested by observation, that it may
perhaps seem to be splitting hairs to assert that Fourier’s assumption and
his equation (as a first approximation) are not absolutely certain. How-
ever, I do not find it strange that rather simple and plausible assumptions
will do as soon as the factual domain is thus arbitrarily restricted, and
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that cases significantly different from those already tested will soon give
out.

Should it ever become possible to construct as comprehensive a theory
as current atomism on as clear and unobjectionable a basis as Fourier’s
theory of heat conduction, this would of course be ideal. Whether this
might be realized by subsequent unification of the initially unsimplified
phenomenological equation or rather through the fact that continual
adaptation and practical confirmation of current atomist views will in the
end come asymptotically close to the evidence of Fourier’s theory, that
question is I think as yet quite undecided.l? For even if the observations
already available are held to be inconclusive, and they seem to include
molecular motion in liquids and gases directly observed, we cannot deny
the possibility of future conclusive observations (that is, such as will raise
the probability to as high a level as desired). It therefore seems to me quite
wrong to assert with certainty that pictures like the special mechanical
theory of heat or the atomic theory of chemical processes and crystal-
lization must vanish from science one day. One can ask only what would
be more disadvantageous to science: the excessive haste implicit in the
cultivation of such pictures or the excessive caution that bids us abstain
from them.

It is well known how much the conceptions of atomism have bene-
fited physics, chemistry and crystallography, by making them more in-
tuitive and perspicuous. We shall not deny that, especially at a time when
these conceptions were as yet much less adapted to phenomena and were
viewed from a more philosophic angle, they could be a hindrance as well
and therefore in some cases appear like useless ballast. Nothing will be
lost in certainty, while perspicuity will be retained, if we strictly separate
the phenomenology of the best-attested results from atomistic hypotheses
that serve comprehensiveness, both being further developed with equal
vigour as being equally indispensable, rather than assert with one-sided
regard for the advantages of phenomenology that one day it will certainly
displace current atomism.

Even if it is possible to unite phenomenological pictures into a com-
prehensive theory along lines different from those of today’s atomism, the
following is certain:

(1) This theory cannot be an inventory in the sense that every single
fact is denoted by a special sign; that would make it just as unwieldy to
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find one’s way about as actually to live through all these facts. Thus,
like current atomism, it can be only a directive to build oneself a picture
of the world.

(2) If one is not to harbour illusions as to the meaning of a differential
equation or indeed of any continuously extended magnitude, such a
picture must beyond doubt be essentially atomistic, that is an instruction
to imagine, according to definite rules, the temporal changes of a very
large number of things arranged in a manifold of presumably three
dimensions. These things can of course be the same or different in kind,
invariable or variable. This picture might correctly represent all phe-
nomena if we assume the number to be large but finite, or maybe in the
limit when the number grows indefinitely.

Imagine there could be an all-encompassing picture of the world in
which every feature has the evidence of Fourier’s theory of heat conduc-
tion, then it remains so far undecided whether we should reach that pic-
ture more readily by the phenomenological method or by constant further
development and experimental verification of the pictures of current
atomism. One might then equally well imagine that there could be several
world pictures all of which possessed the same ideal property.

Note A. From the principles of this essay it follows no doubt that continuous geo-
metrical figures such as the circle signify merely that we must first think of it as con-
sisting of a finite number of points which must then be allowed to grow indefinitely.
The limit approached by the perimeter of the inscribed and circumscribed polygon of
n sides as n increases is precisely the definition of 7. Yet the circle as geometrical
concept will not be conceived as formed by a finitely large number of atoms, since
it is not a thought-symbol for an individual constant complex, like the concept of one
gram of water at 4°C and atmospheric pressure, but, like the concept of number, is to
be applicable to the most varied complexes with the most varied (always very large)
numbers of atoms.

Note B. What at the beginning we called ‘elementary bodies’ or ‘atoms in the widest
sense’ or ‘elements’ can of course be given any other name, for example ‘units of
conception’ or ‘somethings’. However I would advise against the term ‘volume-
elements’. Firstly, it carries many conceptions that are precisely to be avoided to keep
the picture clear, for example the idea of a definite shape (perhaps parallelepiped) or
the idea that every element consists of smaller ones still that have the same property
again in different degree (in the case of heat conduction, different temperatures).
However this is precisely the most confused assumption and can never be made in the
mechanical computation of definite integrals or of definite values defined by differential
equations: there can be no heat conduction within the elements themselves. Secondly,
the concept of ‘volume element’ is too narrow in other respects. How, for example,
could we call vector atoms ‘volume-elements’?
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NOTES

1 Cf. Mach, Prinzipien der Wirmelehre, Leipzig 1893, p. 363. His writings on these
matters have greatly helped in clarifying my own world view.

2 Maxwell, Treatise on Electricity, 1873, Vol. 1, sec 29; Mach, loc. cit. p. 118.

8 Visual perceptions correspond to the excitation of a finite number of nerve fibres and
are thus probably better represented by a mosaic than by a continuous surface.
Similarly for the other senses. Is it then not likely that models for complexes of per-
ceptions had better be composed of discrete parts?

4 If we are honest, Hertz’s assertion that his theory of electromagnetic phenomena
consists in a certain system of differential equations can be made to signify only that
he pictures these phenomena to himself by means of two kinds of conceptual objects,
tightly filling space and both vectorial in character, and their change with time as to
intensity and direction, dependent only on the immediate neighbourhood, as in heat
conduction, though in a somewhat more complicated if readily specifiable manner.
This amounts to an atomistic theory of electro-magnetism with the minimum of
arbitrary elements. The demand for mechanical explanation of electromagnetism
coincides with the desire to remove the complexity of that picture and its incongruence
with pictures used in other areas, an incongruence that remains of course unnoticed
if one merely compares the aspect of the differential equations. Evidently it is this
incongruence and the likelihood of there being simpler pictures that is being expressed
when one says one does not know what electricity is. Current phenomenology has
thus quite returned to the position of Lemery (Ostwald, Lehrbuch der allgemeinen
Chemie 2.11, 2nd edn., pp 5, 103), who likewise did not hesitate to ascribe the most
complicated properties to atoms, so soon as this offered some explanation of the facts
known to him; only we fail to notice it because we hide our heads in differential
equations as an ostrich in sand.

If one recalls the meaning of the concept of limit, the ordinary equations of elasticity,
as soon as they contain the displacements u, v, w and the elastic forces Xz, Xy...,
represent fairly complicated rules for the change of co-ordinates x+u, y+v, z-+w of
ordinary points and the simultaneous change of vector atoms. Even the equations
obtained when elastic forces are eliminated require further reductions before yielding
the usual atomistic picture of elastic phenomena. In order to obtain that picture one
has thus carried compositions or resolutions on the equations or on the pictures
identical with the latter, just as in mechanics one composes or decomposes forces in
order to obtain a suitably simple description.

Differential coefficients with respect to time likewise require that in our picture of
nature we begin by taking time as divided into very small finite parts or atoms of time.
If therefore we drop as not so far proved by experience the notion that there could be no
discoverable deviation from the limit to which the picture approaches for ever diminish-
ing atoms of time, we should have to imagine that even the laws of the mechanics of
material points were only approximately correct. Just to give an idea what varied
pictures might be chosen let me mention a special one here. Imagine a great number of
spheres in contact in space (or rather in a three-dimensional manifold). According to a
law A4, to be discovered, their arrangement changes from one time atom to the next
by a very small but finite amount. The variously shaped gaps between the spheres take
the place of atoms in the old picture, the law A is to be chosen so that the change with
time of the gaps affords a picture of the world. If it were possible to find such a picture
that showed more comprehensive agreement than ordinary atomism, the picture would
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thereby be justified. Thus the view of atoms as material points and of forces as functions
of their distance is no doubt provisional but must at present be retained failing a
better one.

Of course, elementary reflection and experience alike will tell us that it would be
hopelessly difficult to hit at once upon appropriate world pictures merely by aimless
guesswork ; on the contrary, they always emerge only slowly from adaptation of a few
lucky ideas. Rightly, therefore, epistemology is against the doings of those framers of
hypotheses who hope to find without effort a hypothesis that would explain the whole
of nature, as well as against metaphysical and dogmatic foundations of atomism.

5 The above account is of course not asserting that phenomenological equations have
always temporally preceded the progress of current atomism. Rather, most of these
equations were themselves obtained by considerations concerning specialized atoms
taken from a different area of mechanical phenomena and did not acquire their
phenomenological character until they had later been severed from those considerations.
This is hardly surprising, since we have recognized that what these equations really
signify is a demand for atomistic pictures, indeed it only reinforces the case of
atomism.

6 Such a feature arbitrarily ascribed to the picture of atoms is their invariability. The
objection, that this was an unjustified generalisation of invariability of solid bodies
observed for only a finite time span, would certainly be justified as soon as one tried
to prove atomic invariability on a priori grounds as used to be the custom. However,
we merely take this feature into the picture in order that the latter should be able to
represent the essential concept of the greatest number of individual phenomena, just
as one takes the first time derivative and the second space derivatives into the equation
of thermal conduction in order that it should fit the facts. We are prepared to drop
invariability in those cases where some other assumption would represent the facts
better. For example, the vector atoms of the aether, mentioned in Note (4) above,
would not be invariable with time.

Thus, atomic invariability belongs to those notions that show themselves very
serviceable although the metaphysical considerations that led to it will not stand up
to unprejudiced criticism. However, just because of this many-sided usefulness one
must allow a certain likelihood that so-called radiant energy may be represented by
pictures similar to those for matter (that is, that the luminous aether is a substance).
7 No chemical reaction occurs instantaneously, but it is propagated in space with
finite if large velocity. If therefore one applies the above analysis of the concept of
continuity, the Mach-Ostwald picture of chemism (Mach, loc. cit., p. 359) would
state that elementary particles a, b respectively of the two substances vanish and in their
place particles ¢ of a new substance supervene. The difference between this and the
customary views of chemical action is clearly no longer important. Nothing in this
would be altered if it was only the limit, to be obtained by well-known procedures,
that represented the facts.

8 If by a mechanical explanation of nature we understand one that rests on the laws
of current mechanics, we must declare it as quite uncertain whether the atomism of
the future will be a mechanical explanation of nature. Only insofar as it will always
have to state the simplest possible laws for temporal change of many individual
objects in a manifold of probably three dimensions, can it be called a mechanical
theory, at least in a metaphorical sense. If it should for example turn out to be impossible
to find a simpler description of electromagnetic phenomena, one would have to retain
the vector atoms discussed in the text above. Whether the laws according to which
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these change with time are to be called mechanical or not will be entirely a matter of
taste.

® Amongst many things I here mention only the explanation of the three states of
aggregation and their transitions into each other, and the agreement of the concept
of entropy with the mathematical expression of the probability or disorder of a motion.
The assertion that a system of very many bodies in motion tends, bar unobservably
few exceptions, to a state for which a specifiable mathematical expression denoting its
probability becomes a maximum does seem to me to say more than the almost tauto-
logical statement that the system tends towards the most stable state. By the way,
Mach (loc. cit., p. 381) rightly surmises that when preparing a popular lecture on this
subject I did not know the writings on the tendency towards stability which he quotes;
indeed all but one of them appeared many years after my lecture and all of them after
publication of those papers of which my lecture merely gives a popular version.

If the principle of energy were the only basis for the special theory of heat and the
explanation of the principle the only purpose of the theory, then the latter would be
superfluous, given the universal recognition of the former. However, we saw that
many other reasons support the theory and that it affords a picture for many other
phenomena as well.

The theory of electric fluids was from the start unnatural in quite a different way and
was always recognized by many scientists as provisional.

10 Important developments and further adaptations (cf. Mach, loc. cit., p. 380) will
however be necessary for both theories. Fourier’s equation for heat conduction
dujdt=kAu is definitely false for constant k. That with variable & it should have to
take the form % du/dt = (d/dx)(k du/dx) + (d/dy)(k du/dy) + (d/dz)(k du/dz) is surely not
sufficiently confirmed by experience. It does not represent the reaction of the com-
pressions and dilatations, inevitably associated with non-stationary heat conduction,
on the heat distribution, nor the direct action of hot volume elements on other distant
ones by radiation in a diathermanous body (and who knows whether all bodies might
not be diathermanous for certain rays that of course transmit energy and therefore heat
as well). It is of course said that these effects do not belong to pure heat conduction;
but such a pure phenomenon would once more be a metaphysical and hypostasized
concept.

[Editor’s note: For the notation, see my note on p. 12 above.]
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To make my complete agreement with all that Volkmann (Wied. Ann. 61
(1897) 196) says about this subject more sharp and precise, I wish to con-
firm that in my first essay on this subject [see p. 41] I never called into
question the practical utility of the concept of elements of volume that in
turn consist of smaller such elements and so on indefinitely; I merely
declared this concept to be epistemologically inferior to atomistic concep-
tions. I will try once more to illustrate the idea I had in mind by means of
the simple example of Fourier’s equation for heat conduction.

Let us request somebody to imagine a large finite number of points in
a given bounded space, perhaps the corners of a set of regularly stacked
cubes. We require further that at the initial time he should associate a
definite given temperature with each point. After a short finite while, let
the temperature of each point become the arithmetic mean of the tem-
peratures at the six neighbouring points. After a second equal time, a
third temperature distribution is to be determined according to the same
rule as the second, and so on. Thus we have given the person a quite def-
inite instruction for definite computations, which under the prevailing
regularities he may perhaps succeed in simplifying but will in any case
be able to complete unambiguously and with certainty provided he is
patient enough. Let us call this instruction a conceptual picture that is
epistemologically unobjectionable, because it is clear and unambiguous,
atomistic in the widest sense, because it is based on a finite number of
elements.

We can now ask the person to imagine the points and time spans to be
a milliard times more crowded, and then the same again and so on, until
a further increase no longer has any noticeable influence on the tempera-
ture calculated for any point at any time. We then still have a picture that
is atomistic and epistemologically unobjectionable. For whether the
person can find the time to carry out all this calculation, whether he can

* Populiire Schriften, Essay 11. First published in Annalen der Physik und Chemie 61
(1897) 790.
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shorten the determination of the relevant limit by means of computational
tricks, that is his own affair. The task is clearly defined and solvable if
enough time is spent.

In this I have deliberately left quite on one side the question whether
we continue to get closer to the laws of thermal equilibrium in a real body
the more we increase the number of elements, or whether the finest details
of the heat exchange can be better represented by not increasing this
number beyond a certain level and attributing to them more special
properties, for example that they mutually radiate heat or convey it in the
form of oscillatory motions. For I think it would be idle to speak about
these latter questions, so long as nobody has succeeded in actually observ-
ing phenomena that point to the utility of such special pictures.

If however we tell somebody to imagine a body as consisting of elements
of volume that can be infinitely divided into further such, the temperature
at any point being a continuous function of the coordinates that satisfies
some partial differential equation, this does not give him a usable rule
that he could really apply to anything unless we explain the meaning of
the partial differential equation starting with a finite number of elements
as above.

The following would be a very simple analogy: if I tell somebody to
sum the series 14+4+21+3+... really to the extent of infinitely many
terms, he will be unable to do it; but if I tell him to sum so many terms
that a further increase will no longer noticeably influence the result, I
have given him a clear and executable prescription, and all proofs that
the sum of infinitely many terms equals 2 merely signify that if you add
countless thousands of further terms you will never exceed 2, though you
will approach it more and more.

The same, it seems to me, holds of the equations of elasticity theory
and of the most complicated equations of mathematical physics.! When
carrying out the by now customary manipulations with the symbols of
integral calculus, one may temporarily forget that in forming these con-
cepts we based ourselves on starting with a finite number of elements,
but we cannot really circumvent this assumption,

That, too, seems to be the reason why groups of mutually interacting
atoms of an elastic body are intuitively much clearer than interacting
volume elements.

This naturally does not exclude that, once we have become used to the
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abstraction of volume elements and other symbols of integral calculus
and have practised the methods of operating with them, it might be con-
venient and expedient no longer to remember the peculiarly atomistic
meaning of these abstractions when we derive certain formulae that Volk-
mann calls those for coarser phenomena. These abstractions constitute a
general schema for all cases where we may imagine the number of elements
in a cubic millimetre to be 101 or 101°* or milliards of times more still;
hence they are indispensable especially in geometry, which must of course
be equally applicable to the most varied physical cases where the number
of elements can be very different. In using any such schemata it is often
expedient to leave aside the basic idea from which they have sprung or
even forget it for a while; but I think it would nevertheless be erroneous
to believe that one had thus got rid of it.

For example, algebraic magnitudes are only general schemata for
numerical values. In many calculations it would cause quite pointless
delays always to substitute definite numerical values; indeed, we might
very well divide calculations into two classes, those where we must de-
scend to substituting numerical values and those where it is unnecessary,
indeed superfluous and harmful. From an epistemological point of view
however, the algebraic expressions in the latter kind of calculations are
nonetheless nothing else but symbols for numerical values.

NOTE

1 This is obviously not to say that the former equations could be explained only by
means of the atoms of Navier and Poisson. Perhaps they could equally well be repre-
sented by quite different mental pictures which however, if epistemologically clear and
unobjectionable, must once more be what we have called atomistic in the wider sense
of the term.

The concepts of differential and integral calculus divorced from any atomist notions
are typically metaphysical, if following an apposite definition of Mach we mean by this
the kind of notion of which we have forgotten how we obtained it.

Obviously all properties of bodies that do not arise simply from the joint action of
the large number of elements must be ascribed to the elements themselves; there is no
other way of obtaining a picture of extended and apparently continuous bodies having
these properties. For this reason I could never understand how it could be a reproach
to atomism that it ascribed the properties of extended bodies to their elements as well.



ON THE QUESTION OF
THE OBJECTIVE EXISTENCE OF PROCESSES
IN INANIMATE NATURE*

Let me begin by defining my position by way of a true story. While I was
still at high school my brother (long since dead) tried often and in vain to
convince me how absurd was my ideal of a philosophy that clearly defined
each concept at the time of introducing it. At last he succeeded as follows:
during a lesson a certain philosophic work (I think by Hume) had been
highly recommended to us for its outstanding consistency. At once I asked
for it at the library, where my brother accompanied me. The book was
available only in the original English. I was taken aback, since I knew not
a word of English, but my brother objected at once: “if the work fulfils
your expectations, the language surely cannot matter, for then each word
must in any case be clearly defined before it is used.”

It would be hard to show more drastically what wealth of experience,
as well as of words and ideas used for denoting it, must be presumed as
known if we are to understand each other at all, and that we cannot define
everything but merely need use known signs to indicate rules for simplify-
ing our ways of denoting and adapting them to experience.l Just as in
geometry Euclid begins with unprovable axioms, we shall begin by
examining what facts constitute the basis and precondition for knowledge.
We shall honestly admit that with these facts we cannot and should not do
more than recall them to memory by known signs, nor shall we be amazed
that it is precisely these facts that have till now been regarded as the most
difficult to explain.

Everyone knows what is meant by perceptions of the senses and im-
pulses of the will. It is a precondition of intelligence that there are constant
regularities between these,2 which we can encompass by means of relative-
ly few ideas. What this means is known by experience and we shall not
find it puzzling that it can be as little further explained as the reason why
these regularities occur. If moreover the sense perception (or perceptual
complex) 4 following on the impulse of the will (or impulsive complex) B

* Populire Schriften, Essay 12. First published in Wien. Ber. 106 (1897) Part Ila, 83.
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always leads to a sense perception C, but following on impulse D to
another sense perception E, this must leave within us certain impressions
(memories, pictures of the world) which are of course related to actual
processes as signs are to the things they denote (we say that after 4 and B
we expect perception C, but after 4 and D, E); in many cases, these im-
pressions must have the consequence that sense perception 4 will always
be followed by impulse B but not D, and that the more surely the more
formed the impressions. (We react to the impressions, they engage our
feelings.) In that case we call C a desired perception and E an undesired
one.3 These impulses therefore depend in special ways on our inner states
(memories). Hence we say that they proceed from us and call them volunt-
ary, which of course is not to say that they obey no laws.4

Since through good memory images we attain things we desire, such
images are themselves desired. It now turns out that by means of certain
volitions we attain and refresh memories and even can complete and
perfect their conjunction. Since we desire good memory pictures such
impulses will often supervene (we imagine, refiect).

Actions that are followed by things we desire and ideas under whose
guidance we act in this manner we denote as correct. We must aim at
having ideas that are correct and economical as well, that is we are to be
able always to reach the correct mode of action with the least expenditure
of time and effort. The demand on any theory is that it be correct and
economical; for on that very account it will then correspond to the laws
of thought. I do not think that this needs to be set up as a special require-
ment, as Hertz has done.

The process described at the beginning may of course be extremely
complicated. Suppose different perceptual complexes 4,, A,, 43,... hav-
ing certain common parts T (similarity) were always followed by a sensa-
tion C, or a volition B following it had provoked C. The impression that
this leaves in our memory is marked thus: we expect that after each
perceptual complex containing the sensations 7, C will follow or be pro-
voked by B, or we infer the second from the first. If the volition B was
not allowed to occur, we say that C would have followed it.5

If now we have a new complex of sensations A4, that also contains 7, we
infer, judge, conjecture or opine® that C will follow (or be generated by B).
If this actually occurs, our surmise is confirmed by experience, if not we
are surprised, a new memory joins our old ones, our inner picture of
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actuality is completed, corrected, adapted. We form volitions that call to
mind memories and produce sensations accelerating that process. We
look for what A4, contains, for what differentiates it, for the cause: we
investigate and experiment.?

All these processes can be further complicated in countless ways. To
form a picture of what in a given case we should expect, further com-
plicated activities of the will (constructions, calculations) may be required.
The picture can be so comprehensive that we may use it under the most
varied conditions to construct a successful solution. If we experiment
with the pictures themselves, calling to mind by volitions their common
features and their differences, while seeking to construct a successful
solution in cases that differ from observed ones, then we may be said to
speculate. The result will have to be tested by experience, as with simple
conjectures.

Of opinions sufficiently often confirmed by experience we say that they
are certain and that what they express belongs to our knowledge. To
construct thought-pictures we constantly need designations for what is
common to various groups of phenomena, thought-pictures or intellectual
operations: we call them concepts.

If, in the above example, C follows upon a complex 4,, as yet unfamiliar
to us, we say that we have explained the latter as soon as we find T in it;
or, if all 4 are so far still unknown to us, when we have observed them
and found T in all of them, including A4, (explanation of Arago’s experi-
ment by Faraday’s discovery of induction currents).

How then do we come to distinguish certain sensations as our own and
others as other people’s? The series of sensations we call our own is much
more directly linked with the formation of our memory pictures than are
the sensations of others. Every one of our own sensations arouses a
memory picture even if only fleetingly, whereas an alien sensation acts on
our own memory pictures only if it affects sensations of our own. Our
world picture would be ideally perfect if for each of our sensations we had
a sign and furthermore a rule by which to construct from these signs the
occurrence of all our future sensations and the way they depend on our
volitions. If for this it is enough to predict our own sensations, which is
indeed the only thing we can test, while the sensations of others can affect
our world picture only via our own, how do we ever come to form signs
for the sensations of others?
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As to that, even our childhood observations are informative. With cer-
tain processes attended by certain complexes of sensations (the approach-
ing of the visual picture of my hand to that of a flame) we experience new
and sometimes violent sensations that result in volitions in turn affecting
the perceptual complexes (we see the picture of the hand withdrawing).
The very similar visual picture of another’s hand behaves in a perfectly
analogous manner.

In speech, certain volitions produce certain movements of the lips
(visible for example in a mirror) and aural sensations. On other visual
images very similar to the mirror image of our own head we see the same
labial movements and at the same time experience the same aural sensa-
tions.

We said that the purpose of thinking was the foundation of rules for
our ideas such that future sensations are thereby announced in advance.
This aim is attained in large measure if we apply the experience gained
from perceptual complexes concerning our own bodies also to the
interaction of those very similar complexes that relate to the bodies
of others. The laws according to which our own sensations run their
course are familiar to us and lie ready in memory. By attaching these
same memory pictures also to the perceptual complexes that define
the bodies of others, we obtain the simplest description of these com-
plexes.

Another’s hand behaves just as though on touching a fire a feeling of
pain occurred, another’s lips as though volitions were acting on them. Of
these alien sensations and volitions we have not the least knowledge, but
know only our own ideas of them, with which we operate as with those of
our own sensations and volitions, thus obtaining useful rules for construct-
ing and predicting the course of our sensations relating to the bodies of
others. Thus our conception of the sensations and volitions of others is
merely the expression for certain equations always holding between the
behaviour of our sensations relative to our own and other people’s bodies;
it is in a pre-eminent sense what we call an analogy (albeit not a mechanic-
al but a psychological one).

What then is the sense of asserting that these alien sensations and voli-
tions exist as much as my own? Does this not add some hypothetical and
unprovable element to the facts? Does it not contravene the task of my
ideas as merely to describe the facts?
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If by considerations such as these one imagines to have proved that
matter is merely the expression of certain equations between complexes
of sensations, so that the assertion that matter exists in the same way as
our sensations exceeds our task of merely describing, it would be well to
remember that this would be proving too much; for in that event the
sensations and volitions of all others could not be on the same level as the
sensations of the observer, but would have to be taken as merely express-
ing equations between his own sensations.

Let us analyse this further: in accordance with our introductory re-
marks, we have not proved anything but merely described; nor, in the
sequel, shall we be able to prove anything, but merely to develop certain
views psychologically.

The question whether the unicorn or the planet Vulcan exists in the
sense in which the stag or the planet Mars exists has naturally a quite
definite sense, which is clear from our empirically known relation to the
second two items. If, however, someone were to assert that only his sensa-
tions existed, whereas those of all others were merely the expression in
his mind of certain equations between certain of his own sensations (let us
call him an ideologist), we should first have to ask what sense he gives to
this and whether he expresses that sense in an appropriate way. Evidently
he would still have to denote alien sensations with the same signs anal-
ogously arrayed with which he denotes his own; subjectively it would be
indifferent to him whether he said that those sensations belonged to
others who exist or to others whom he imagines, since for him others are
indeed only something imagined. But since we use the verb ‘not to exist’
when we find that expectations expressed by certain mental signs are not
confirmed by experience (I thought, erroneously, that my friend had a
brother, now I learn that no such person exists), it would be inappropriate
to say that all others, save the person here thinking, did not exist.

The ideologist’s assertion ought much rather to run as follows: I use
the term ‘sensation’ or ‘act of will’ as a thought symbol in three ways:
firstly, to represent sensations and volitions immediately given to me;
secondly, if I find it useful to link the same terms according to the same
laws in order to describe certain regularities between my perceptual com-
plexes (I distinguish this second mode of employment by saying that the
terms are signs for sensations and volitions of others), and thirdly, either
if previously 1 wrongly thought the terms would be useful for representing
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such regularities, or, without ever believing this and for quite different
reasons (practising, playing), I combine terms that are quite analogous to
those for my sensations and volitions according to laws that are quite
analogous: these I call terms for sensations and volitions of non-existing
people that I merely imagine.8

In this form, however, the ideologist’s assertion no longer differs from
the ordinary way of expressing these matters. The second point expresses
the enormous subjective difference that for me exists between myself and
others, but we have so far totally refrained from any judgement as to
objective existence.

As with ideology, so with the (idealist) assertion that matter is merely
the expression for equations between perceptual complexes.®

Since we have reserved the term ‘not to exist’ for the satellite of Venus,
the philosopher’s stone and so on, it would evidently be inappropriate to
say that matter does not exist. Thus all that remains is the assertion that
what we call processes in inanimate nature are for us mere ideas for re-
presenting regularities of certain complexes of our sensations. In this
respect processes in inanimate nature are thus on the same level as the
sensations and volitions of others, whereas subjectively our own sensati-
tions are much closer to us; but the ideas of inanimate objects that sub-
sequently turn out as incorrect or that have been formed from the start
with the proviso that we have no such complexes of sensations as they
represent, all these are on the same level as the idea of non-existing
people.

I hope that what I have developed so far is perfectly clear. We do not
perceive the sensations of others. However it does not complicate but
simplify our world picture if in thought we attach them to the complexes
of sensations that we call other people’s bodies. Therefore we denote
these alien sensations with analogous mental signs and words to those for
our own (we imagine them), because this gives us a good picture of the
course of many complexes of sensations and thus simplifies our world
picture.

To express the fact that these are imagined sensations, we say they are
not ours but those of others. If we ourselves do not experience the com-
plexes of sensations whose representation would be facilitated by these
alien sensations, then we call these latter non-existent. A child may well
believe that dolls, trees and so on have sensations too; we do not ascribe
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sensations to these objects because this would complicate and not simplify
our world picture.

Analogously to the sensations of others, processes in inanimate nature
likewise exist for us merely in imagination, that is we mark them by cer-
tain thoughts and verbal signs, because this facilitates our construction of
a world picture capable of foretelling our future sensations in inanimate
nature. Processes in inanimate nature in this respect are thus just like the
sensations of others, and inanimate objects themselves like those others,
except that the signs and laws of their conjunction are rather more dif-
ferent from those used in representing our own sensations. ‘An inanimate
object either does or does not exist’ thus has the same significance as ‘a
person either does or does not exist’, It would therefore be a total mistake
to believe that in this way one had established that matter is more of a
mental entity than another person is.

1t is true enough that we can build up our world picture only from our
sensations and volitions but of all our sensations only the one or few that
we momentarily have are directly given to us. It would therefore be an
error to think that the memory of having had a sensation is certain proof
that it has existed. Children of three often do not yet distinguish memory
from phantasy. Those troubled with nocturnal emissions, remembering
an incident in the morning, may be uncertain whether it was real or
dreamt. If our mental life were never more regular than in dreams, we
should at best attain certain laws concerning the change of ideas but never
the concept of something existing beside ourselves.

Since moreover very faint memories shade imperceptibly into oblivion,
and here and there mere chance calls things to mind that we might under
other circumstances never have remembered, we are certain to have had
countless sensations, ideas and volitions which we are absolutely unable
to recall. It would however be clearly impracticable to fix on a certain
degree of imprecision in the memory of a process and from that point
abruptly to say that the process never occurred; therefore we must simply
denote as existing much that has no direct link with our present-day
thought. Moreover we see that many sensations occur in spite of all
volitions by which we strive to prevent them, so that there is also some-
thing independent of our will. Thus there certainly exist processes that
are independent of our present thought and volition, whose existence is
‘objectively correct’ but not cognizable by us. What is present in our
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memory is different at different times. In this way we first obtain the
concept of objective existence as something independent of momentary
memory.

Besides there is another element at work. One of the most important
ways in which our world picture develops further is through what others
convey to us and what we tell them. In this everyone will naturally dis-
tinguish himself as speaker (subject) from those spoken to (objects) and at
first adopt the (subjective) point of view we have assumed till now.

It will be appropriate to call our concept of existence and non-existence
as discussed so far the concept of subjective existence or non-existence.

Now it would doubtless be inappropriate to address people thus: “your
sensations are by no means equivalent to mine. Whereas I am directly
conscious of mine, that which I call yours are for me a thought symbol for
certain regularities of my own sensations. It is only because certain of my
complexes of sensations that I call your bodies consistently change as
though they were driven by volitions quite analogous to those I exert on
other such complexes of mine (my own body), that I must proceed towards
you as your apparent volitions proceed towards me”’. One would be con-
stantly repeating words that are of no concern to others, that is of no
or only undesired impact on those complexes of mine that I call their
bodies.

Language must therefore use some other terminology that is equally
appropriate for all persons; “we must adopt the objective point of view”,
as the phrase goes. It turns out that the concepts we linked with ‘existing’
and ‘not existing’ largely remain applicable unchanged. Those people or
inanimate things that I merely imagine or conceive without being forced
to do so by regularities in complexes of sensations do not exist for others
either, they are ‘objectively’ non-existent.

On the other hand, sensations that I assume, without perceiving them,
as alien (that is serving to explain regularities belonging to my own),
these sensations divide into ones belonging to many other people of whom
each is related to his as I to mine.

If therefore I am to make myself understood, I must adopt a language
in which all exist on the same footing (‘objectively’). This adherence to the
language of others which is given to me in experience (because learnt) I
call the objective point of view, in contrast to the subjective one so far
described.
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Since my waking sensations are the only building blocks of my thinking
I must start from them; thus, sensations that all my memories agree were
waking ones I must denote as that which primarily exists, if all thought is
not to stop. For the sake of linguistic homogeneity I must denote the
sensation of others in the same way. The criterion that all men should
judge alike as regards existence and non-existence applies equally to the
phenomena of inanimate nature. However, here we do not have the argu-
ment that some extraordinarily similar phenomena are directly given to
me so that I must think of them primarily as existing; everybody could
therefore agree to distinguish processes in inanimate nature from psy-
chological ones by the fact that they denote the former as not objectively
existing. This would indeed be inappropriate if only for the fact that for
myself subjectively others and inanimate things that exist are on the same
level while non-existing people and things among themselves play the
same role, so that for subjective existence the psychological and inanimate
are equal;10 nevertheless, this evidently was the reason why many phi-
losophers held the view that the animate and sensing alone existed, while
the inanimate existed only when being perceived by an animate perceiver,
whereas in fact another animate being too exists for me only when I
perceive it: not only matter but also other people are for me (if I do not
accommodate myself to their alien language) mere mental symbols, just
an expression of equations between complexes of my sensations.

It would of course be absurd to prove or disprove the objective exis-
tence of matter. Rather, it will be a case of giving further reasons why it
would be inappropriate constantly to remind ourselves of the fact stated
earlier, namely that we denote matter as not objectively existing, although
we should always remain clearly aware of this fact.

If somebody regards it as obvious a priori that matter does or does not
exist, this, in the absence of some prejudice, can be considered only as
expressing the subjective conviction that either one or the other designa-
tion would lead to quite ludicrous complications. Such a subjective con-
viction can of course rest on error too, as when a child cannot imagine a
world picture other than one in which everything has the same sensations
as himself,

To fix the concept of objective existence we earlier appealed to the
common judgement of all. One might of course imagine other man-like
beings on other planets or beings of higher intelligence, whose coincident
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judgement would definitively determine objective existence. However,
little would be gained by this; we must therefore return to our own
experience.

The reason why we denoted the sensations of people other than the
thinking subject as objectively existing, was only their perfect analogy
with that subject’s sensations, which have the first claim to be so described.
We shall therefore still have to examine whether processes in inanimate
nature have as many analogies with psychological ones, or whether so
sharp a line can be drawn between the two that the former can be de-
scribed as objectively not existing.

To start with, the sensations of higher animals are so perfectly anal-
ogous to human ones that we must of necessity ascribe objective existence
also to them. Where then is the boundary? One does indeed hear occasion-
al doubts whether insects or divisible animals like certain worms have
sensations, but a sharp boundary where sensing stops cannot be given.
In the end we reach organisms that are so simple that their world pictures
and thoughts are zero. If we are not suddenly to deny existence to the
sensation of animals below a certain level, which would be quite inap-
propriate, then we must ascribe existence also to this unthinking
organised matter, in which sensation can hardly be discovered, but this
in turn runs through continuous gradations as far as the level of plants.
But then it would seem to me an unjustified and inappropriate jump to
deny existence to unorganised matter.

If this were the only argument for objective existence of the inanimate,
then a thorough adherent to this point of view might conceive the notion
of suggesting the assumption of different degrees of existence which
finally sinks to zero for what is inanimate. However such a mode of ex-
pression would again be decidedly inappropriate. In the first place we
have in any case already got concepts to denote the same fact: we say that
the clarity of awareness gradually sinks to zero. Secondly we have already
fixed the concept ‘existence’ in such a (subjective) sense that it does not
admit degrees of comparison (another person that exists and one that
does not, two moons of Mars exist, a moon of Venus does not exist); the
denotation must always be so chosen that we can operate with the same
concepts in the same way under all circumstances, just as the mathema-
tician defines negative or fractional exponents in such a way that he can
operate with them as with integral ones.
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Words, and therefore concepts, we can form as we wish. Somebody
once took the trouble to demonstrate to me that a high-school teacher is
actually a professor and that therefore our law alone, which gives him this
title, is just. I have the same feeling when a word like ‘exist’ is singled out
from language and, without fixing its sense, people start racking their
brains as to what exists and what does not.

Progress in thinking must much rather be sought by eliminating all
such mistaken forms of inference and concepts, which, experience tells
us, do not advance but mislead and even entangle us in contradictions.
These forms of inference and concepts always arise when originally ap-
propriate modes of thought are transferred to cases where they do not fit.
Thought must be continuously further adapted and the sense of words be
ever more appropriately fixed, which in the case of the simplest concepts
cannot occur through definition but only by reference to familiar ex-
perience.

We see moreover that those series of sensations and volitions that we
call single individuals always soon come to break off again, that individ-
ual people die, whereas the matter to which those mental phenomena were
tied remains. A subjective world picture that construes matter as merely
expressing equations between the complexes of human sensations thus
starts by trying to imitate the transient and complicated features by means
of marks and only later using these pictures to represent simple and more
permanent features (of matter). It construes the pyramids of Egypt, the
Acropolis of Athens as mere equations existing between the sensations of
generations through thousands of years.

Alongside this it must surely be possible to have a simpler (objective)
world picture that starts from the simple and represents the transient by
means of laws that govern the more permanent features. Pursuing our
mental picture consistently, that is according to the rules that have always
led to confirmation by experience, we reach the conclusion that the planet
Mars is of similar size to the Earth, that it has continents, oceans, snow-
caps and so on, indeed it seems not at all impossible to us that on planets
of other suns there are the most splendid landscapes without their ever
producing sense impressions on any animate being.

For us subjectively the expression of this is of course only a minor
internal activity of imagination or a few spoken sentences that have noth-
ing in common with the immense cosmic processes in question. These
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mental or verbal signs have for us no other significance than the possi-
bility of certain geometrical constructions on a reduced scale, a linking of
them with series of numbers and some analogies or other with terrestrial
landscapes, which in analogous cases on Earth are always confirmed by
experience and without which our world picture would be inconsistent
and incomplete. From this we infer the possibility of beings similar to
ourselves to whom these landscapes mean the same as terrestrial ones to
us, with as much justification as we infer that we must have had many
sensations that we no longer remember.1! Here our sensations quite auto-
matically lead us beyond their own fields to detailed and definite ideas of
things that are remote from the sphere of our sensations.

Would not the man who considered the Martian landscape from the
point of view of equations between the sparse human sensations related
to Mars have just as onesided and inappropriate a world picture as he
who regards himself alone as existing and others not? For possible
Martians would not exist for us either until we could have perceptions
relating to them.

We see further that our intellectual activity affects that of another
person only when by means of volitions we produce changes in those
complexes of sensations that correspond to matter and when these be-
come so related to another’s body that we too should receive sense im-
pressions. Nowhere do we find direct equations between our own and
another’s sensations, all are mediated by matter. It is therefore between
changes of matter that we must expect to find the simplest equations.

The intimate connection of the mental with the physical is in the end
given to us by experience. By means of this connection it is very likely
that to every mental process there corresponds a physical process in the
brain, that is, there is an unambiguous correlation; and that the brain
processes are all genuinely material, that is, are representable by the same
pictures and laws as processes in inanimate nature. In that event, however,
it would have to be possible to predict all mental processes from the
pictures that serve to represent brain processes. Thus all mental processes
must be predictable from the pictures used for representing inanimate
nature without change of the laws that govern it. Let us give the name 4
to the view that this is correct.

All these circumstances make it extremely likely that an (objective)
world picture is possible in which the processes in inanimate nature play
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not only the same but even a much more comprehensive role than mental
processes, which latter are then related to the former only as special cases
to general ones. Our aim will not be to establish the truth or falsehood of
one or the other world picture, but we shall ask whether either is ap-
propriate for this or that purpose while we allow both pictures to con-
tinue alongside each other.

If so far we have started with the genesis of our world picture, con-
stituting it purely synthetically, let us now adopt the opposite course in
order to represent the objective world picture, a path which is as a rule
the most appropriate where what counts is the laying bare of concepts as
precisely as possible. We merely give the most easily grasped rules for
constructing this world picture without bothering how we subjectively
came by these rules: the only justification for the world picture is then
seen in its agreement with the facts. What previously came first will now
come precisely last.

The brain we view as the apparatus or organ for producing word
pictures, an organ which because of the pictures’ great utility for the
preservation of the species has, conformably with Darwin’s theory,
developed in man to a degree of particular perfection, just as the neck in
the giraffe and the bill in the stork have developed to an unusual length.
By means of the pictures by which we have represented matter (no matter
whether the most suitable pictures will turn out to be those of current
atomism or some others), we now try to represent material brain processes
and so to obtain at the same time a better view of the mental and a re-
presentation of the mechanism!? that has here developed in the human
head, making it possible to represent such complicated and apposite
pictures.

The moment we subscribe to the view 4, we must suppose that the
pictures and the laws that serve the representation of processes in inani-
mate nature will suffice unambiguously to represent mental processes too;
we say, in brief, that mental processes are identical with certain material
processes in the brain (realism). It has often been held that this is impos-
sible. Whether we are entitled to hold this view we can naturally test once
again only from what is given in experience.

From experience we know that every sensation somehow differs from
every other and that some resemble each other more and others less, so
that the former have more in common and the latter less; besides we
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know in what order they occur in time. As to quality, the finer or cruder,
material or non-material nature of sensations we know nothing from direct
experience. Hence I cannot grasp why people say that we sense (or know
a priori or are immediately aware or whetever else) that sensations are
simple or qualitatively different from processes in inanimate nature or
even that they are finer, loftier and so on. Indeed, some have thought they
sensed that the whole human ego was something simple. On the contrary,
it is precisely the protean variability in the nature of different sensations
and their almost indefinable similarities that makes it likely that their
course cannot be represented by the most simple mental pictures but only
by very complicated ones, like the various physical and chemical pro-
cesses in the brain.13 Again we want to express just this and no more when
we say that thoughts are certain processes in the brain or perhaps the in-
teraction of certain atoms.

If one says that matter or even atoms sense, one has obviously expressed
oneself quite incorrectly. Rather one must say that it is not inconceivable
that the laws of change in sensation are most accurately representable by
means of the picture of material (physical, chemical, electrical) processes
in the brain.

The most complicated systems of material bodies whose mode of work-
ing is more or less transparent to us, are perhaps objects like a watch or a
dynamo machine. We therefore believe that if our psychological processes
were completely representable by means of pictures of material processes
in the brain, they would have to be just as dead and unengaged as these
machines. That evidently is the reason why to many this view seems bar-
ren and comfortless. Unjustifiably so, in my opinion, for the genesis of
strong feelings of pleasure and pain is precisely what Darwin’s theory
can explain, since such feelings are necessary to generate reactions of the
intensity required for the preservation of the species. The great intensity,
variety and wealth of intellectual and emotional life can surely not be
caused by the processes in question being qualitatively finer and loftier
than those in dead machines but only by their being richer and more varied
and by our own egos’ belonging to the same kind of beings. Since no one
will doubt that intellectual functions too work according to quite definite
laws, I could surely not find it discouraging that these laws were identical
with those that govern equally complicated material processes. It is simply
that, for our subjective feelings, that is fine and lofty which advances and
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raises our species: objectively these concepts do not exist. If therefore
material processes can be just as varied and complicated as our mental
ones, and there is no reason for doubting it, then I do not see why the
assertion that our mental activities are completely representable by the
thought picture of material processes in the brain should impair their fine
and lofty character or somehow interfere with our passionate interest in
them. We know that a watch does not sense, that is, by means of such a
simple mechanism we cannot represent anything remotely similar to
sensations. But what is it supposed to mean when people say that from
the qualitative differences between our sensations and material processes
it follows that the course of the former could never be represented by any
combination, however complicated, of mental pictures that at the same
time represented for us the processes of inanimate nature. If one says that
the inanimate world is material, extended and so on, one merely means
that it is representable by the conceptual pictures of geometry and mathe-
matical physics. If therefore one asserts on the contrary that sensations
are non-material, unextended and so on, one has merely assumed before-
hand what was to be proved, namely that they cannot be represented by
combinations of these pictures however complicated. The fact that we
have not to date succeeded in representing the genesis of sensations by
means of complicated pictures taken from physics and chemistry surely
does not prove this to be impossible in principle? Our judgement
about the representability of a group of sensations by means of certain
pictures naturally remains completely unstable and indefinite so long
as the representation is not completely successful to the minutest detail.
The pictures of geometry and mechanics were set up in order to rep-
resent ordinary phenomena of equilibrium and motion and this has
succeeded so well that we do not doubt the possibility of represen-
ting all phenomena of the field in question. All other purely physical
processes cleave so intimately to material bearers that our need to enlist
the pictures of geometry and mechanics for their partial explanation is
beyond doubt. Whether these pictures are sufficient everywhere is how-
ever a question about which views still differ greatly. Even the phenomena
of heat sometimes have features that seem at least at first blush to be not
just spatio-temporal but of another kind, let us say qualitative changes of
bodies; and whereas some physicists believe that they can best be re-
presented by the picture of motions of the smallest parts, others think it
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unlikely. Even more doubt exists as regards electro-magnetic phenomena,
radiant energy and chemistry. Indeed, one even hears the view that these
last phenomena would require for their representation an extension even
of the pictures of geometry. Thus even purely physical facts are by no
means all of the same kind. Yet who would assert that this constitutes
strict proof of qualitative gaps so great as to make representation by mech-
anical pictures certainly impossible in principle?

Mental phenomena may well be much more remote from material ones
than thermal or electric from purely mechanical ones, but to say that the
two former are qualitatively while the latter three are only quantitatively
different seems to me mere prejudice.

If we make our previous assumption A, that to every mental process
unambiguously corresponds a certain brain process and these last are
genuinely material, that is representable by pictures and laws that serve
for the representation of processes in inanimate nature, then on the con-
trary the genesis and course of mental phenomena would have to be un-
ambiguously definable (that is representable) by these laws.

Imagine there could be a machine!4 that looked like a human body and
also behaved and moved like one. Inside it let there be a component that
receives impressions of lights, sound and so on, by means of organs that
are built exactly like our sense organs and the nerves linked with them.
This component is further to have the ability of storing pictures of these
impressions and by means of these pictures so to stimulate nerve fibres
that they produce movements that are totally similar to those of the hu-
man body. Unconscious reflex movements would then naturally be those
whose innervation did not penetrate so deeply into the central organ as to
generate memory pictures there. It is said to be a priori clear that this
machine behaves externally like a man but does not sense. It would in-
deed retract the burnt hand just as quickly as we do, but without feeling
pain. I think that people say this merely because one visualizes only a
clock and not our present complicated machine, just as people uninformed
about physics often tell me that they find it (we should say a priori) clear
that even in space one must still know what was up and down, or that one
must feel it if the Earth were turning. These people have simply failed to
imagine themselves in outer space and to conceive of cosmic conditions.

However compelling such judgments for the biassed, they prove noth-
ing. In our fictitious machine every sensation would exist as something



OBJECTIVE EXISTENCE IN INANIMATE NATURE 73

separate. Similar sensations would have much in common and dissimilar
ones less. Their course in time would be that given by experience. Of cour-
se no sensation would be simple, each would be identical with a com-
plicated material process, but for one who does not know how the
machine is built, sensations would again not be measurable by length
and measures, he could no more represent them by spatial and mechanical
pictures than we can our own sensations. However, nothing more is given
by experience. Thus everything we are empirically given of the mental
would be realised by our machine. The rest we arbitrarily add in thought
or so it seems to me. Like any other person, our machine would say that
it was aware of every existence (that is, it had thought-pictures for the fact
of its existence). Nobody could prove that it was less aware of itself than a
human. Indeed, one could not define consciousness in some manner such
that it applied less to the machine than to men.

In the last few sentences we have returned completely to the one-sided
position, and to the channels of the old terminology, which can naturally
always be applied as long as one harbours appropriate ideas in using it.
To exclude misunderstandings we repeat that these last considerations
are merely to show how one can build oneself a world picture starting
from a certain point of view. This in no way involves the question of the
ideal nature of the human spirit. Indeed, everything remains as it was.
We merely declare it possible that the same thought symbols and laws
through which we obtain the best pictures of processes in inanimate nature
might in more complicated combinations equally afford us the simplest
and clearest pictures of mental processes.

If one thus adheres to this our view 4, processes in inanimate nature
differ so little in quality from animate ones, that it is impossible to draw
any boundary and it would be impracticable to ascribe objective existence
only to sensations but not to processes in inanimate nature. It would much
rather be questionable whether dreamt sensations, or merely recollections
of them on waking, existed objectively, a question which might however
be decided in terms of the physiology of the brain.

The synthetic description of the genesis of thoughts naturally remains
the following: to begin with we construct thought pictures of the sensa-
tions of which we are immediately aware; then we come to thought sym-
bols for those regularities of our perceptual complexes that lead to the
idea of matter. In thus representing material processes in the brain (which
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we might indeed one day be able to observe objectively, for example by
means of X-rays), we hope to attain a better quantitative survey of the
mental processes that were our starting point. But would this not amount
to proving that what we see by means of X-rays was something quite dif-
ferent from our sensations? Not at all: we should now have demon-
strated a new connection between various sensations, namely those that
we have long since known and certain visual pictures that only arise when
we look at a screen that intercepts X-rays that have passed through our
heads.

If, however, one wishes to reject view 4, then one must assume either
that not all processes in the brain are representable by the pictures and
laws that serve for representing inanimate nature, or that there are mental
processes not representable by these pictures and laws to which corre-
spond no brain processes, a position made unlikely by experience but
not absolutely refuted. But then the gap between animate and inanimate
would indeed grow deeper. However, idealism would still be confronted
with the difficulties already mentioned, for example the bridging of this
gap by a gradual transition from animate to inanimate, the dominant role
the inanimate would have to play in any world-picture, in contrast with
which the mental will appear merely as a kind of appendix. However the
ideas of the thinker himself cannot be thus left out if the world picture is
not to vanish completely. Persons close to him also have great influence
on his world picture and all preceding generations have supplied the
preconditions of his own development. Yet all living beings on all celestial
bodies other than the Earth, nine-tenths or more of everything animate
that ever existed on Earth could be thought of as never having existed
almost without disturbing the world picture. Or one might think every-
thing living on most parts of the Earth being suddenly annihilated without
our noticing it at first, whereas a sudden annihilation of a part of the
Earth or Sun or even the Moon would throw everything out of gear.

The idealist compares the assertion that matter exists as much as our
sensations with the opinion of the child that a stone feels pain when struck.
The realist compares the assertion that one could never imagine how the
mental could be represented by the material let alone by the interaction
of atoms with the opinion of an uneducated person who says the Sun
could not be 93 million miles from the Earth, since he cannot imagine it.
Just as ideology is a world picture only for some but not for humanity as a
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whole, so I think that if we include animals and even the universe the
realist mode of expression is more appropriate than the idealist one.

Thus from insights or experiences already gained one can indeed de-
monstrate new aspects of them, but the simplest preconditions of all ex-
perience and the laws of all thought one can, I think, at best describe. Once
admit this and all contradictions vanish that one previously met in the
attempt to answer certain questions, for example whether complexes of
unextended atoms make up extensions or whether they can even sense,
whether we can come to know the sensations of others or the existence of
inanimate beings, whether matter and spirit can interact, whether both
run parallel courses without interacting or even whether only one or the
other exists. One sees that one did not know what one was really asking.

Here, too, belongs the question of the existence of God. It is certainly
true that only a madman will deny God’s existence, but it is equally the
case that all our ideas of God are mere inadequate anthropomorphisms,
so that what we thus imagine as God does not exist in the way we imagine
it. If therefore one person says that he is convinced that God exists and
another that he does not believe in God, in so saying both may well think
the same thoughts without even suspecting it. We must not ask whether
God exists unless we can imagine something definite in saying so; rather
we must ask by what ideas we can come closer to the highest concept
which encompasses everything.

NOTES

1 Contradictions (for example we cannot conceive of bodies being really infinitely
divisible, nor yet of an extended body as arising from a finite number of points) can
lie only in ways of denoting and are thus a sign that these have been inappropriately
chosen. Experience cannot contradict itself, for even if its laws were to change com-
pletely, ways of denoting would have to adapt to the new laws.
2 This is the law of causality, which we are thus free to denote either as the precondi-
tion of all experience or as itself an experience we have in conjunction with every other.
We can infer from experience that in lotto every move is equally likely. For this
reason we have constructed the calculus of probability in such a way that, according
to its laws, even if by chance on some occasion a given number came up more often,
this does not make its turning up again on the next move any more likely. People now
argue thus: it is a priori equally likely that the sun will or will not rise tomorrow,
therefore its rising hitherto does not make its rising tomorrow any more likely. To
this we must object that an a priori equality of the likelihoods of either event is just as
senseless as an a priori knowledge of either, so that according to experience the proba-
bility laws of lotto are here not applicable.
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3 The purpose of the whole arrangement is to bring about what is useful to the individ-
ual or species and to ward off what is harmful.

4 Tt would be quite wrong to infer from this that one must not punish actions that
harm the community. One must punish them, that is produce in the criminal and in
others memories that will in future prevent the undesired action from occurring.
However, only voluntary actions should be punished, since involuntary ones are not
affected by memory images.

5 In the same way we can infer the past. If B had happened, then in the past C would
have followed; or another example: I remember once having had a complex of sensa-
tions A of which I know that C will always follow it, from which I infer that C did
follow on that occasion too, even if I no longer directly remember that it did.

6 Surmise and opinion are uncertain, inference is almost certain, while judgement
refers to the appropriateness of our own ways of denoting or of actions, which I do
not in the least intend to discuss further here.

7 Cf. Mach, Prinzipien der Wirmelehre, Leipzig 1896, pp. 386, 416, and elsewhere.

8 ] assume the existence of a man in earlier times (in history) in order to explain, that
is represent in thought, accounts about or remains and extant traces of his former
activities.

9 If from this assertion (idealism) one infers that no property of matter (for example
that it must consist of immutable particles or that all phenomena must be represent-
able in terms of phenomena of motion) can be recognized as a priori, then I will
naturally assent to this demand at once. However, this inference does not exclude our
calling matter something existing. For example sensations too are precisely something
changeable although they are what is given as existing before anything else.

10 That is why the rules for handling the concept of objective existence become most
conformable to the corresponding rules for handling the concept of what we have
called subjective existence, if we denote matter as objectively existing, and that is a
main reason why calling it so is appropriate.

11 Tt is conceivable that a mental picture, for example atomism, becomes so complicated
in its further development that the time available to all mankind will never suffice for
developing the picture further still. In that case the assertion that the picture if further
developed could represent a large part of the world still has sense even if no practical
significance.

12 The term mechanism is of course not meant to prejudge whether the laws of
current mechanics must suffice to represent it.

13 That is, if the concept of the continuum is properly understood, an interplay of its
atoms, by which of course we must not imagine material points but perhaps vectors
or whatever. Nor do the atoms necessarily have to be inmutable (cf. Wien. Ber. 105,
Nov. 1896; and the essay on p. 41 above).

14 By a machine I naturally mean merely a system built up from the same constituents
according to the same laws of nature as inanimate nature, but not one that must be
representable by the laws of current analytical mechanics; for we are by no means sure
that the whole of inanimate nature can be represented by these latter.



ON THE DEVELOPMENT OF
THE METHODS OF THEORETICAL PHYSICS
IN RECENT TIMES*

In earlier centuries, science advanced steadily but slowly through the
work of the most select minds, just as an old town constantly grows
through new buildings put up by industrious and enterprising citizens. In
contrast, our present century of steam and telegraphy has set its seal of
nervous and precipitate activity on scientific progress too. Especially the
development of natural science in recent times resembles rather that of a
modern American town which in a few decades grows from a village into
a city of millions.

Leibniz has rightly been called the last man who still could unite the
entire knowledge of his time in one single head. More recently there has
indeed been no lack either of men who amazed us by the enormous scope
of their learning. Let me mention only Helmholtz who had attained equal
mastery in four fields: philosophy, mathematics, physics and physiology
However, these were still only a few more or less related branches of
human knowledge as a whole, which reaches very much further,

The consequence of this vast and rapidly growing extent of our positive
knowledge was a division of labour in science right down to the minutest
detail, almost reminiscent of a modern factory where one person does
nothing but measure carbon filaments, while another cuts them, a third
welds them in and so on. Such a division of labour certainly helps greatly
to promote rapid progress in science and is indeed indispensable for it; but
just as certainly it harbours great dangers. For we lose the overview of the
whole, required for any mental activity aiming at discovering something
essentially new or even just essentially new combinations of old ideas.
In order to meet this drawback as far as possible it may be useful if from
time to time a single individual who is occupied with the work of scientific
detail should try to give a larger and scientifically educated public a survey
of the development of the branch of knowledge in which he is working.

This involves no small difficulties. The almost endless chain of infer-

* Populire Schriften, Essay 14. Address to the meeting of natural scientists at Munich
22 September 1899.
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ences or single experiments of which any result is the goal can be seen
and easily grasped only by one who has made it his life’s task to roam
through precisely these chains of ideas. Moreover, in order to make ex-
pression shorter and clarity easier it has been found highly useful every-
where to introduce a large number of new terms and scientific words. The
speaker for his part must not exhaust his listeners’ patience by explaining
all these new concepts before reaching the subject proper of his talk, yet
without them he will find it hard and awkward to make himselfintelligible.
Besides, making an account popular must never be regarded as the main
object. This would lead to making inferences less strict and abandoning
that exactitude which has supplied natural science with an epirhet that
is a matter of no small pride. If therefore I have chosen as my present
topic a popular account of the development of theoretical physics in
recent times, I was well aware that my goal cannot be attained in the
degree of perfection with which it is before my mind, but that I shall be
able to do no more than give a rough outline of the most generally im-
portant aspects, while occasionally having to offend by mentioning well-
known facts for the sake of the requisite completeness.

The main cause of rapid scientific progress in recent times lies undoubtedly
in the discovery and perfecting of an especially suitable method of research.
In the experimental field this method often simply continues working
automatically, and the enquirer needs only to go on supplying fresh ma-
terial as it were, just as a weaver puts fresh yarn on his mechanized loom.
Thus a physicist needs only to continue to test new substances for viscosity,
electric resistance and so on, repeating these measurements at the tem-
peratures of liquid hydrogen and of Moissan’s furnace, and similarly with
many tasks in chemistry. Of course it still requires a fair measure of in-
genuity to discover in each case what are the experimental conditions
under which these things can be done.

It is not quite so simple with the methods of theoretical physics, but
there too we can in a sense speak of an automatic running-on.

This eminent importance of the right method explains why men soon
started to think not just about things but also about the method of our
thinking itself; thus arose the so-called theory of knowledge, which, in
spite of a certain tang of old-style metaphysics now discredited, is highly
important to science.
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The further development of scientific method is so to speak the skeleton
that carries the progress of science as a whole. For that reason I shall in
what follows make the development of methods the centre of discussion,
weaving in the resuits obtained merely to illustrate the methods. Results
are by their very nature easier to grasp and better known whereas it is
precisely the way method interconnects them that needs illustration most.

It is especially attractive to follow up a historical account with a look
at scientific developments in a future that, in view of the short span of
human life, none of us can experience. As to that let me confess at once
that all I have to say will be negative. I will not be so rash as to lift the veil
that conceals the future, but I will offer reasons that should be apt to warn
us against certain hasty conclusions as regards future scientific develop-
ments.

A closer look at the course followed by developing theory reveals for a
start that it is by no means as continuous as one might expect, but full of
breaks and at least apparently not along the shortest logical path. Certain
methods often afforded the most handsome results only the other day,
and many might well have thought that the development of science to
infinity would consist in no more than their constant application. Instead,
on the contrary, they suddenly reveal themselves as exhausted and the
attempt is made to find other quite disparate methods. In that event there
may develop a struggle between the followers of the old methods and
those of the newer ones. The former’s point of view will be termed by their
opponents out-dated and outworn, while its holders in turn belittle the
innovators as corrupters of true classical science.

This process incidentally is by no means confined to theoretical physics
but seems to recur in the developmental history of all branches of man’s
intellectual activity. Thus many may have thought at the time of Lessing,
Schiller and Goethe, that by constant further development of the ideal
modes of poetry practised by these masters dramatic literature would be
provided for in perpetuity, whereas today one seeks quite different meth-
ods of dramatic poetry and the proper one may well not have been found
yet.

Just so, the old school of painting is confronted with impressionism,
secessionism, plein-airism, and classical music with music of the future,
Is not this last already out-of-date in turn? We therefore will cease to be
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amazed that theoretical physics is no exception to this general law of
development.

Basing themselves on the prior work of many natural philosophers of
genius, Galileo and Newton had created a doctrine that must be designated
as the beginning proper of theoretical physics. Newton was especially
successful in incorporating the theory of celestial dynamics within this
structure. He regarded every heavenly body as a mathematical point, as
fixed stars indeed appear to be at a first approximation of observation.
Between each two of these points there was to be a force of attraction
along the line joining them and inversely proportional to the square of
their distance. By conceiving a similar force to be acting between any two
material particles of any body whatsoever and by applying the laws of
motion obtained from observations on terrestrial bodies, he succeeded in
deriving from the one law the motions of all celestial bodies, gravity, the
tides and all connected phenomena.

Given these great successes of Newton, his successors aimed at ex-
plaining all other natural phenomena entirely by his method except for
appropriate modifications and extensions. Using an old hypothesis going
back to Democritus they conceived of bodies as aggregates of very many
material points or atoms. Between any two of these there was, besides
Newtonian attraction, another force that was considered to be repulsive
at certain distances and attractive at others, whichever seemed most ap-
propriate for explaining the phenomena in question.

Calculation had resulted in the so-called principle of conservation of
kinetic energy. Whenever a certain amount of work is done, that is, if the
point of application of a force is moved by a certain distance in the direc-
tion of that force, a certain amount of motion must arise, whose quantity
is measured by a mathematical expression called kinetic energy. Precisely
this amount of motion actually appears as soon as the force uniformly
acts on all parts of a body, for example in free fall; but progressively less
appears if only some parts are affected by the forces and others not, as in
friction or impact. In all processes of the latter kind heat is generated
instead. Therefore the hypothesis was advanced that heat, which had
previously been regarded as a substance, was nothing but an irregular
relative motion of the smallest parts of a body with regard to each other,
not directly visible since the particles themselves are not, but conveyed
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to our nervous system and thus producing the sensation of warmth.

It followed from this theory that the heat generated must always be
exactly proportional to the kinetic energy lost, a proposition called the
equivalence of kinetic energy and heat, and this was confirmed. It was
further presupposed that in solid bodies every particle oscillates about a
certain rest position and that the configuration of these rest positions
determines the solid shape of the body. In liquids molecular motions are
so vigorous that the particles creep past each other; vaporisation occurs
by total detachment of particles from the surface of bodies, so that in
gases and vapours the particles mostly fly off in straight lines like bullets
from a gun. This accounts in a natural way for the occurrence of the three
states of aggregation of bodies, as well as for many facts of physics and
chemistry. From many properties of gases it follows that their molecules
cannot be material points. It was therefore supposed that they are com-
plexes of such points, perhaps surrounded by layers of aether.

For, besides the ponderable atoms that make up bodies, the existence
was assumed of another stuff made from much subtler atoms, namely
the luminous aether whose transverse vibrations afforded an explanation
of almost all phenomena of light, which Newton had earlier ascribed to
the emanation of special light-particles. Some difficulties did indeed re-
main, such as the total absence of longitudinal waves in the luminous
aether, which in all ponderable bodies not only occur but actually play
the main role.

Our factual knowledge of electricity and magnetism was enormously
increased by Galvani, Volta, Oerstedt, Ampére and many others, and
was brought to a certain finality by Faraday. The latter, using rather
limited means, had found such a wealth of new facts that it long seemed
as though the future would have to confine itself merely to explaining and
practically applying all these discoveries.

The cause of electromagnetic phenomena had long been conceived as
special electric and magnetic fluids. Ampére succeeded in explaining
magnetism by means of molecular electric currents, which made the as-
sumption of a magnetic fluid superfluous, and Wilhelm Weber perfected
the theory of electric fluids by completing it in such a way that all elec-
tromagnetic phenomena known up till then could be explained. To this
end he conceived of electric fluids consisting of the minutest particles just
as ponderable bodies do and the luminous aether, with electric forces be-
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tween them quite analogous to those between material particles, with the
unessential modification that the forces between any two electric particles
were further to depend on their relative velocities and accelerations.

Whereas then in the first stages one had assumed beyond tangible
matter a caloric substance, a luminous substance, two magnetic and two
electric fluids and so on, later one made do with ponderable matter,
luminous aether and the two electric fluids. Each of these substances was
conceived of as consisting of atoms, and the task of physics seemed con-
fined for ever to ascertaining the law of action of the force acting at a
distance between any two atoms and then to integrating the equations
that followed from all these interactions under appropriate initial condi-
tions.

This was the stage of development of theoretical physics when I began my
studies. How many things have changed since then! Indeed, when I look
back on all these developments and revolutions I feel like a monument of
ancient scientific memories. I would go further and say that I am the only
one left who still grasped the old doctrines with unreserved enthusiasm —
at any rate I am the only one who still fights for them as far as he can. I
regard as my life’s task to help to ensure, by as clear and logically ordered
an elaboration as I can give of the results of classical theory, that the great
portion of valuable and permanently usable material that in my view is
contained in it need not be rediscovered one day, which would not be the
first time that such an event had happened in science.

1 therefore present myself to you as a reactionary, one who has stayed
behind and remains enthusiastic for the old classical doctrines as against
the men of today; but I do not believe that I am narrow-minded or blind
to the advantages of the new doctrines, which shall receive due justice in
the next section of my talk, so far as lies within my power; for I am well
aware that like everyone else, I see things subjectively tinged through my
own spectacles.

The first attack on the scientific system described was directed against its
weakest side, Weber’s theory of electro-dynamics. This is so to speak the
flower of the intellectual work of that gifted enquirer, who has earned
the most immortal merit on behalf of electric theory by his many ideas
and experimental results recorded in the system of electrodynamic units
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and elsewhere. However, for all its ingenuity and mathematical subtlety,
it bears so much the stamp of artificiality, that there can surely never have
been more than a few enthusiastic followers who believed uncondit-
ionally in its correctness. It was Maxwell who attacked it, while giving
fullest recognition to Weber’s achievements.

Maxwell’s enquiries will concern us here in two respects, the episte-
mological part and the specifically physical. As regards the first, Maxwell
warned against regarding a particular view of nature as the only correct
one merely because a series of consequences flowing from it has been con-
firmed by experience. He gives many examples of how a group of phe-
nomena can be explained in two totally different ways, both modes of
explanation representing the facts equally well. Only on adding new and
hitherto unknown phenomena does the advantage of one method over the
other reveal itself, though the former may have to give way to yet a third
after further facts have been discovered.

Whereas it was perhaps less the creators of the old classical physics
than its later representatives that pretended by means of it to have recog-
nised the true nature of things, Maxwell wished his theory to be regarded
as a mere picture of nature, a mechanical analogy as he puts it, which at
the present moment allows one to give the most uniform and compre-
hensive account of the totality of phenomena. We shall see how influential
this Maxwellian position was on the further development of his theory.
Through his practical successes he quickly helped these theoretical ideas
to victory.

We saw that all electromagnetic phenomena then known were ex-
plained by Weber’s theory, which viewed electricity as consisting of
particles acting on each other directly and without any transmission at all
distances. Inspired by Faraday’s ideas Maxwell now developed a theory
starting from the opposite point of view. According to this every electric
or magnetic body acts only on the neighbouring particles of a medium
that filled the whole of space, and these in turn on their neighbours in the
medium until the action has propagated itself to the next body.

The phenomena known till then were equally well explained by both
theories, but Maxwell’s went much beyond the old theory. According to
his theory, as soon as it was possible to produce sufficiently fast electric
motions, they produce in the medium wave motions that exactly obey the
laws of motion of light-waves. Maxwell therefore surmised that within
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the particles of luminous bodies there are constant rapid motions of elec-
tricity and that the oscillations thereby provoked in the medium are
precisely light. The medium transmitting electromagnetic effects thus be-
comes identical with the luminous aether already previously required so
that we may be allowed to call it so, although it must have properties that
are largely different if it is to serve for the transmission of electromagnetic
effects.

The reason why in earlier experiments on electricity such oscillations
could not be observed may perhaps be illustrated as follows. Let us put an
open hand on a pendulum at rest gradually raising the pendulum at right
angles to the bar and moving it towards the side where it touches and back
again and finally remove the hand completely towards the other side. The
pendulum, following the hand, makes half an oscillation but does not
continue to oscillate because the velocity imparted to it is too small. An-
other example: theory assumes that on plucking a string one of its points
is displaced from equilibrium and then the whole string suddenly is left to
itself. As a student I did not believe this but thought that the person who
plucks must give the string an extra push, for when I first bent the string
outwards with my finger and then removed it quickly in the direction in
which the string was to oscillate, the latter remained silent. I overlooked
the fact that in relation to the string’s vibration I moved my finger much
too slowly and therefore actually impeded it.

Just so in previous experiments the electrical states were always trans-
formed at speeds relatively much too slow in comparison with the enor-
mous speed of propagation of electricity. After laborious preliminary ex-
periments whose leading ideas he describes with complete candour, Hertz
now found certain experimental conditions under which electrical states
are changed periodically at such a rate that observable waves result. Like
any discovery of genius, these conditions are extremely simple. Neverthe-
less I cannot here enlarge even on these simple experimental details. The
waves that Hertz thus produced, undoubtedly through electric discharges,
are, as Maxwell had predicted, qualitatively not at all different from light-
waves. But what a vast quantitative difference!

As pitch in the case of sound so colour in the case of light is known to
be determined by frequency. In visible light the extreme red end has a
frequency of about 400 billion oscillations per second, and extreme violet
800 billion, Very similar aether waves had long since been discovered with
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frequencies of about 20 times smaller than at the red end and 3 times
greater than at the violet end. They are invisible to the eye but the former,
so-called infra-red waves are recognisable by their thermal effects and the
latter, ultra-violet ones by chemical and phosphorescent effects. The
waves that Hertz produced by actual discharges had no more than 1000
million oscillations a second and his successors reached about one hundred
times more.

That such slow oscillations cannot be detected by eye is obvious. Hertz
proved their existence by microscopically small sparks which they produce
in suitably shaped conductors even at great distances. These conductors
might thus be described as eyes for Hertzian oscillations. By these means
Hertz confirmed Maxwell’s theory to the last small detail; and although
people tried to obtain oscillations from a theory of action at a distance,
everybody soon shed all doubt as to the superiority of Maxwell’s theory,
indeed just as a pendulum goes beyond its rest position to the opposite
side, extremists went so far as to brand all conceptions of classical physical
theory as misguided. But of this later; first let us tarry a while longer
amongst these splendid discoveries.

Of the various aether waves, familiar already before Hertz, some were
long known to pass more easily through one body, some through another.
Thus a dilute alum solution lets through all visible but few infra-red radia-
tions, which for their part easily go through a solution of iodine in carbon
disulphide that is quite impervious to visible light. Hertzian waves pass
through almost all bodies except metals and electrolytes. When therefore
Marconi generated very short Hertzian waves at one place and at another
many kilometres removed transformed them into Morse signals by means
of a suitable modification of the apparatus we just called an eye for Hert-
zian waves, he really constructed none other than an ordinary optical tele-
graph, except that he used waves of a frequency of about a tenth of a
billion per second instead of about 500 billion per second. This has the
advantage that his waves pass unattenuated through mist and even rock.
A mountain of pure metal or a cloud of mercury droplets would be just as
impervious to them as ordinary mountains and mist to visible light.

The variety of known radiations was further increased by the rightly
celebrated discovery of Rontgen rays. These go through all bodies, in-
cluding metals, though these last and bodies containing metal such as
bones, which contain calcium, greatly attentuate the rays. Phenomena of
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polarisation, interference and refraction, established for all previously
discussed radiations, have not yet been observed for Réntgen rays: if they
were really incapable of all polarisation, they would have to be long-
itudinal, if they be waves at all; but we must even allow that they might
be incapable of interference too and therefore simply not waves at all
which is why we speak cautiously of rays and not waves. If we discovered
a body that polarised them, this would be evidence for their being quali-
tatively similar to light, but they would have to have a very much shorter
period of vibration than even the furthest ultra-violet, or perhaps consist
merely in rapid successions of shock-waves, although few physicists
believe this.

Given this enormous variety of radiations we are almost tempted to
argue with the creator for making our eyes sensitive for only so minute a
range of them. This, as always, would be unjust, for in all areas only a
small range of a great whole of natural phenomena is directly revealed to
man, his intelligence being made acute enough to gain knowledge of the
rest through his own efforts.

If Rontgen rays were really longitudinal rays of the luminous aether, as
its discoverer was from the start inclined to believe, a point that remains
unrefuted to this day, we should be confronted by a peculiar case far from
unique in science. Classical theoretical physics had a fully worked out
view concerning the constitution of the luminous aether. One thing alone,
it was held, was still needed to establish its irrevocable correctness,
namely longitudinal aether waves; but these could not be found, cost what
it might in effort. Now that it has been shown that the luminous aether
must have a significantly different constitution since it transmits electric
and magnetic effects as well, now that the old view as to its make-up is
discarded, we are coming close to the discovery of longitudinal waves in
the aether when the time for aspiring to their confirmation is past.

Weber’s electro-dynamic theory fared similarly. It is based, as we have
seen, on the assumption that the effect of electric masses depends on their
relative motion, and just when its inadequacy was definitively proved,
Rowland found by a direct experiment in Helmholtz’s laboratory that
moving charges act differently from stationary ones. In earlier periods
one might have felt inclined to regard this as a direct proof that Weber’s
theory was correct. Today we know that it is not a crucial experiment but
that it follows also from Maxwell’s theory.
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It follows further from a modification of Weber’s theory that not only
current-carrying conductors but also the currents themselves must be
deflected by magnets. This phenomenon, too, after being long sought in
vain, was discovered by the American physicist Hall at a time when the
adherents of Weber’s theory were long past savouring the triumph be-
cause of much greater prior defeats.

Such phenomena show how careful one must be if one is to regard a
confirmed consequence as a proof for the absolute correctness of a theory.
According to Maxwell’s view we often find that pictures that have been
adapted to nature in many cases automatically remain correct in certain
others as well, but this does not prove that they will do so in every case.
On the other hand these phenomena show that even an incorrect theory
can be useful, if only it contains leads to novel experiments.

The cited discoveries by Hertz, Rontgen, Rowland and Hall established
that Faraday had after all left someting for his successors to discover.
Many other discoveries followed quite recently, of which we shall here
mention only that of Zeeman concerning the influence of magnetism on
emitted light and the corresponding effect on the absorption of light. All
these phenomena, many of which Faraday was looking for, could not be
observed with the instruments of his time. If therefore a genius often
achieves the greatest results with the smallest resources, we here see the
opposite, that it requires the enormous perfection of present day in-
struments of observation and experimental technique before the human
intellect can achieve certain kinds of result.

Most of the quite novel phenomena here described are so far known
only in their basic features. Exploring them as to detail and as to their
relations to each other and to the rest of all known phenomena, their
embedding into the mechanical physical loom, to use somewhat exag-
gerated language, all this will open up a future field of work of seemingly
boundless extent. The copious practical results achieved from the very
start (X-ray photography, wireless telegraphy, radio-therapy) allow us
to imagine the practical gain that detailed research will afford, which
is ordinarily required before any fruitful results emerge. Theory, however,
has been shaken from its complacency in which it thought it had already
recognised everything, nor has it been possible yet to gather the new phe-
nomena into as uniform a theoretical structure as the old theory had been.
Everything remains rather in a state of indecision and ferment.
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This confusion was further increased by various additional circumstances
acting together with those already mentioned. For a start we must men-
tion certain philosophical reservations about the foundations of mechan-
ics, stated most distinctly by Kirchhoff. The dualism of force and sub-
stance had been unwittingly absorbed into the old mechanics. Force is
regarded as a special agent alongside matter, as the cause of all motion;
indeed people occasionally quarrelled about whether force existed in the
same way as matter or was merely a property of matter, or conversely
whether matter must be viewed as a product of force.

Kirchhoff did not remotely wish to answer these questions but regarded
this whole manner of posing the problem as inappropriate and unin-
formative. However, in order to be able to refrain from any judgement
about the value of such metaphysical considerations, he declared that he
intended to shun all these obscure concepts completely and to confine the
task of mechanics to giving the simplest and most unambiguous descrip-
tion of the motion of bodies without bothering about their metaphysical
cause. His mechanics therefore speaks only of material points and math-
ematical expressions that formulate their laws of motion; the concept of
force is completely absent. If Napoleon had once exclaimed in the vault
of the Capuchin church in Vienna that all is vain except force, Kirchhoff
banished force from nature with a single printed page, thus putting to
shame the German professor who, according to Schiller’s Karl Moor, was
made bold to lecture on the nature of force in spite of his own weakness:
for he did not annihilate it.

Kirchhoff later readopted the term force, though not as metaphysical
concept but merely as an abbreviation for certain algebraic expressions
that constantly occur in the description of motion. Later this word was
no doubt often accorded an enhanced significance, especially in view of
the analogy with muscular exertion so familiar to man, but the old ob-
scure type of question and concept will surely never recur in natural science.

Kirchhoff made no material changes in the old classical mechanics; his
reformation was purely formal. Hertz went much further; but whereas
almost all later authors imitated Kirchhoff’s mode of presentation, though
often they merely adopted certain expressions found in Kirchhoff rather
than his spirit, I have often heard Hertz’s mechanics praised yet never
seen anybody pursue the path he indicated.
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So far as I know, nobody has yet pointed out that a certain idea in
Kirchhoff’s mechanics if followed to its logical conclusion leads directly
to Hertz’s ideas. For Kirchhoff defines the most important concept of
mechanics, namely that of mass, only for the case in which there are ar-
bitrary constraints between the material points. In that case it is easy to
see that the factor Kirchhoff calls mass is necessary. In other cases where
material points move without constraints in such a way as corresponded
to the old effects of force, for example in elasticity, acrodynamics and so
on, Kirchhoff’s concept of mass floats in thin air and the resulting lack of
clarity vanishes only if these cases are simply excluded.

This is what Hertz did do. The most important forces of the old me-
chanics were direct actions at a distance between any two material points.
As to the question of the metaphysical cause of this action at a distance
Kirchhoff removed it from mechanics; but motions that occur precisely
according to the same laws as if forces at a distance did exist, he admitted.
Now as we have seen, today we are convinced that electric and magnetic
effects are transmitted through a medium. There remains only gravita-
tion, of which Newton who discovered it already assumed that it must
very likely be attributed to a medium, and molecular forces. The latter
can be replaced approximately by the condition of constancy of shape in
solids and of volume in liquids. However to this day it has not been pos-
sible to use conditions such as these to replace elasticity, the expansion of
compressible fluids, forces of crystallization or chemical forces. Yet un-
like Kirchhoff, Hertz, evidently assuming that it will be possible, rejects
all motions that occur in the way required by the old forces at a distance,
admitting only those motions for which there are constraints of which he
gives precise mathematical definition. Beside these conditions, the only
other thing he uses for constructing the whole of mechanics is a law of mo-
tion that represents a special case of Gauss’s principle of least constraint.

While, then, Kirchhoff derided merely the question of the cause of mo-
tions that others attributed to forces at a distance, Hertz eradicates these
motions themselves, seeking to explain the forces by means of con-
straints whereas the usual procedure conversely sought to explain con-
straints in terms of forces. It is thus in a much more real sense Hertz
rather than Kirchhoff who attempts to overpower force itself. In this way
he created a strikingly simple system of mechanics, starting from very few
principles that present themselves automatically as it were. Unfortunately,



90 FROM ‘POPULARE SCHRIFTEN’

in the same moment his lips became for ever sealed to the thousand
requests for clarification that are certainly not on the tip of my tongue
alone.

After what has been said, it is understandabl; that certain phenomena
such as the free motion of rigid systems, are easily derived from Hertz’s
theory. For other phenomena Hertz must postulate the presence of hidden
moving masses whose intervention in the motion of visible masses is re-
quired to explain the latter’s laws of motion, which thus corresponds to
the equally hidden medium that produces electromagnetic and gravita-
tional effects. But how are we to conceive of these totally unknown masses
from case to case? Indeed, is it possible at all in every case to attain our
goal by this means? We cannot ascribe to them the structure of customary
media of the past or even of Maxwell’s luminous aether, since in all these
media one assumed precisely those forces acting that Hertz excludes.

In even quite a simple mechanical example I was unable to find hidden
masses that would lead to the goal and therefore put the problem to the
Society of Natural Scientists for solution*; for so long as even in the
simplest cases no systems or only unduly complicated systems of hidden
masses can be found that would solve the problem in the sense of Hertz’s
theory, the latter is only of purely academic interest.

I therefore think that Hertz’ mechanics is more a programme for the
distant future. Should people one day succeed in explaining without ar-
tificiality all natural phenomena by means of hidden motions, then the old
mechanics would be superseded by the Hertzian. Until then the former
alone can represent all phenomena in a really clear manner without adduc-
ing things that are not only hidden but of which we have not the slightest
idea how we are to conceive of them.

In his book on mechanics Hertz has given a certain completion not
only to Kirchhoff’s mathematico-physical ideas but also to Maxwell’s
epistemological ones. Maxwell had called Weber’s hypothesis a real
physical theory, by which he meant that its author claimed objective truth
for it, whereas his own account he called mere pictures of phenomena.
Following on from there, Hertz makes physicists properly aware of some-
thing philosophers had no doubt long since stated, namely that no theory
can be objective, actually coinciding with nature, but rather that each

* Editor’s note: Boltzmann put this question to the 70th Versammlung der Naturforscher
etc. at Diisseldorf in 1898. See W4 II1. 129.
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theory is only a mental picture of phenomena, related to them as sign is
to designatum.

From this it follows that it cannot be our task to find an absolutely
correct theory but rather a picture that is, as simple as possible and that
represents phenomena as accurately as possible. One might even conceive
of two quite different theories both equally simple and equally congruent
with phenomena, which therefore in spite of their difference are equally
correct. The assertion that a given theory is the only correct one can only
express our subjective conviction that there could not be another equally
simple and fitting image.

Many questions that used to appear unfathomable thus fall away of
themselves. How, it used to be said, can a material point which is only a
mental construct, emit a force, how can points come together and furnish
extension, and so on? Now we know that both material points and forces
are mere mental pictures. The former cannot be identical with something
extended, but can approximate as closely as we please to a picture of it.
The question whether matter consists of atoms or is continuous reduces to
the much clearer one, whether the continuum is able to furnish a better
picture of phenomena.

We have just been speaking mainly about mechanics. The rapidly growing
importance of the principle of energy has led to an attempted revolution
involving the whole of physics. We mentioned this principle quite in-
cidentally above as being a consequence, well tested by experiment, of
the mechanist view of nature. According to this view, energy appears as
a known mathematical expression formed in prescribed manner from
previously introduced magnitudes (mass, velocity, force, path), bare of all
mystery; and since this view regards heat, electricity and so on as forms of
motion whose character is in part, of course, quite unknown, it sees in the
energy principle an important confirmation of its conclusions.
Incidentally we meet an appreciation of this principle already in the
infancy of mechanics. Leibniz spoke of the substantiality of force, by
which he meant energy, almost in the same words as modern followers of
energetics; but he considers that in unelastic impact vis viva or kinetic
energy gives rise to deformations, breaks in coherence and texture, ten-
sions of springs and so on; that heat is a form of energy he had not the
slightest notion. Thus Dubois-Reymond is quite wrong as to the facts when
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in his memorial speech for Helmholtz he seems once again to belittle
Robert Mayer, denying him priority in the discovery of the equivalence
of heat and mechanical work. By the way, Mayer was not at all of the
opinion that heat was molecular motion, rather he believed it to be a
totally new form of energy and maintained only its equivalence to
mechanical energy. Physicists too, who held the former view, above all
Clausius, distinguished strictly between the propositions that follow only
from it (special thermodynamics) and those that can be derived from
known facts of experience regardless of any hypothesis as to the nature
of heat (general thermodynamics).

Whereas special thermodynamics after a series of brilliant results
ground to a halt because of the difficulties in treating molecular motions
mathematically, general thermodynamics achieved a great wealth of
results. It was found that temperature decides when and how much heat
and work are transformed into each other. The gain of heat supplied was
represented as the product of the so-called absolute temperature and the
gain of another function which following Clausius we call entropy. From
the latter new functions were constructed, especially by Gibbs, such as
those that were later called thermodynamic potentials at constant tem-
perature, constant pressure, and so on; by means of them the most sur-
prising results were obtained in the most various fields, such as chemistry,
capillarity and so on.

Further, it was found that equations of analogous form held also for
the transformation into each other of the other forms of energy, electric,
magnetic, radiant and so on, and that again we can everywhere decompose
the expression into two factors, with similar results. This caused such en-
thusiasm amongst some scientists who called themselves energeticists,
that they taught that we must necessarily break with all past conceptions,
against which they urged that the inference from equivalence of heat and
kinetic energy to their identity was invalid, as though this identity was
warranted merely by the principle of equivalence and not by so much else
besides.

This new doctrine regards the concept of energy as the only valid point
of departure for enquiry into nature, and the divisibility into two factors
with a consequent variational theorem as the fundamental law of all
nature. Every mechanical model suggesting why energy takes on just
these peculiar forms in each of which it follows similar but nevertheless
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significantly different laws, they regard as superfluous and even injurious;
physics, and indeed the whole of future natural science, is to them a mere
description of the behaviour of energy, which of course becomes pleo-
nastic if by energy we mean anything at all that has effects.

Without doubt the analogies of the ways the different forms of energy
behave are so important and interesting that pursuing their every rami-
fication must be termed one of the noblest tasks of physics; moreover,
the concept of energy is so important that it justifies the experiment of
choosing it as the starting point. We must further admit that the orienta-
tion of research that I have called classical theoretical physics led to
occasional excrescences against which a reaction was necessary. Every
Tom, Dick and Harry felt the call to excogitate some structure, some
vortices and concatenations, of atoms, believing thereby to have spotted
the Creator’s plan once and for all.

I know how profitable it is to attack problems from the most varied
angles, and my heart beats warmly for every original and enthusiastic
endeavour in science. I therefore salute the secession. I merely felt that
energetics often let itself be deceived by superficial and purely formal
analogies, that its laws lacked the clear and unambiguous formulation
customary in classical physics, that its inferences lacked the strictness that
had been perfected there, and that it rejected much of the old possessions
that were good and indeed essential for science. Moreover I felt that the
controversy about whether matter or energy was the truly existent con-
stituted a relapse into the old metaphysics which people thought had been
overcome, an offence against the insight that all theoretical concepts are
mental pictures.

If in all these matters I have expressed my conviction without reserve,
I felt that this would be a more useful proof of my interest in the further
development of the theory of energy than praise could be. Just as in
Hertz’s mechanics, I can therefore see this doctrine, that all physics is de-
ducible from the theorem of the ubiquitious two energy factors and the
variational theorem mentioned, only as an ideal for the distant future.
Only the future can tell what is so far quite undecided, namely whether
such a picture of nature is better than the previous one or the best of all.

After the energeticists we come next to the phenomenologists, whom I
would call moderate secessionists. Their doctrine is a reaction against the
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fact that the old method of research had regarded hypotheses concerning
the nature of atoms as the proper goal of science, while viewing the result-
ing laws for visible processes as rather merely means for testing the
hypotheses.

This indeed holds only for the most extreme orientation within the old
method. We have seen that already Clausius had strictly distinguished
between general thermodynamics, which is independent of molecular
hypotheses, and special thermodynamics. Many other physicists too, for
example Ampére, Franz Neumann, Kirchhoff, did not base their deriva-
tions on molecular ideas, even if they did not deny the atomistic structure
of matter.

Here we often find a mode of derivation that I shall call Euclidean,
since it is fashioned after the procedure used by Euclid in geometry.
Certain propositions (axioms) are presupposed either as self-evident or
at least as fixed beyond doubt by experience; from these one next derives
certain simple elementary theorems as logical consequences and only then
we construct from these last the general integral laws.

With this method and those based on molecular theory it had hitherto
been more or less possible to make do; not so in the case of Maxwell’s
theory of electro-magnetism. In his first writings Maxwell conceived of
the medium that propagated electro-magnetism as consisting of a large
number of molecules or at least of mechanical individuals, but of so com-
plicated a structure that they could be valid only as an auxiliary device
for finding equations and as schemata for effects that resembled actual
ones in certain respects, but never as definitive pictures of what existed
in nature. Later he showed that these were not the only mechanisms that
led to his goal, but that many others would do so too, so soon as they
satisfied certain general conditions; but all efforts at finding a definite
and really simple mechanism satisfying all these conditions proved un-
successful. This paved the way for a doctrine that seems describable in
the most suggestive manner if for a third time we go back to Hertz, whose
ideas set down in the introduction to his essay on the fundamental equa-
tions of electro-dynamics are typical of this doctrine.

Hertz was not looking for a satisfactory mechanical explanation of these
fundamental equations, at least he did not find one; but he even spurned
the Euclidean mode of derivation. He rightly points out that what con-
vinces us of the correctness of all these equations is not, in mechanics,
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the few experiments from which its fundamental equations are usually
derived, nor, in electrodynamics, the five or six basic experiments of
Ampére, but rather their subsequent agreement with almost all hitherto
known facts. He therefore passes a judgment of Solomon that since we
have these equations we had best write them down without derivation,
compare them with phenomena and regard constant agreement between
the two as the best proof that the equations are correct.

The view whose most extreme form has here been stated, was very
variously received. Whereas some were almost inclined to regard it as a
bad joke, others felt that physics must henceforth pursue the sole aim of
writing down for each series of phenomena, without any hypothesis,
model or mechanical explanation, equations from which the course of
the phenomena can be quantitatively determined; so that the sole task of
physics consisted in using trial and error to find the simplest equations
that satisfied certain required formal conditions of isotropy and so on,
and then to compare them with experience. This is the most extreme form
of phenomenology, which I should like to call mathematical, whereas
general phenomenology seeks to describe every group of facts by enu-
meration and by an account of the natural history of all phenomena
that belong to that area, without restriction as to means employed except
that it renounces any uniform conception of nature, any mechanical ex-
planation or other rational foundation. This latter view is characterized by
Mach’s dictum that electricity is nothing but the sum of all experience that
we have had in this field and still hope to have. Both views set them-
selves the task of representing phenomena without going beyond experi-
ence.

Mathematical phenomenology at first fulfils a practical need. The
hypotheses through which the equations had been obtained proved to be
uncertain and prone to change, but the equations themselves, if tested in
sufficiently many cases, were fixed at least within certain limits of accuracy;
beyond these limits they did of course need further elaboration and re-
finement. Thus practical use alone requires us to distinguish as neatly as
possible the fixed and certain parts from the changeable ones.

Besides we must admit that the purpose of all science and thus of
physics too, would be attained most perfectly if one had found formulae
by means of which the phenomena to be expected could be unambiguous-
ly, reliably and completely calculated beforehand in every special in-
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stance; however this is just as much an unrealisable ideal as the knowledge
of the law of action and the initial states of all atoms.

Phenomenology believed that it could represent nature without in any
way going beyond experience, but I think this is an illusion. No equation
represents any processes with absolute accuracy, but always idealizes
them, emphasizing common features and neglecting what is different and
thus going beyond experience. That this is necessary if we are to have any
ideas at all that allow us to predict something in the future, follows from
the nature of the intellectual process itself, consisting as it does in adding
something to experience and creating a mental picture that is not expe-
rience and therefore can represent many experiences.

Only half of our experience is ever experience, as Goethe says. The more
boldly one goes beyond experience, the more general the overview one
can win, the more surprising the facts one can discover but the more easily
too one can fall into error. Phenomenology therefore ought not to boast
that it does not go beyond experience, but merely warn against doing so
to excess.

Even if it imagines that it is not positing a picture for nature, phenom-
enology is in error. Numbers, their relations and groupings are just as
much pictures of processes as the geometrical ideas of mechanics. The
former are merely more prosaic and more suitable for quantitative re-
presentation but for this very reason less apt to point to essentially new
perspectives, they are bad heuristic road signs; likewise all ideas of general
phenomenology show themselves to be pictures of phenomena. Thus the
best result will no doubt be achieved if we always use all means of pictur-
ing as required, without neglecting to test the pictures at each step against
new experience.

Besides, that way one will not overlook facts because one is blinded by
the pictures, as has been laid to the charge of atomists. Any theory of
whatever kind will lead to this form of blindness if it is pursued too one-
sidedly. It was less the fault of some specific peculiarity of atomism than
of the fact that people were as yet insufficiently warned against placing
too much confidence in the pictures. No more must mathematicians
confuse their formulae with truth, or they will be similarly blinded. This
is seen with phenomenologists, when they fail to notice the many facts
that can be grasped only from the point of view of special thermodynamics,
with opponents of atomism when they ignore everything that supports the
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doctrine and even with Kirchhoff when confidently basing himself on his
hydrodynamic equations he regards it as impossible for the pressure to
differ at different points of a heat-conducting gas.

Mathematical phenomenology, as lies in its nature, went back to the
idea of continuity of matter, which corresponds to appearances. As against
this I have pointed out that the differential equations by definition re-
present only transitions to the limit, which without supposing the idea of
a very large number of ihdividual beings would simply be senseless. Only
if one uses mathematical symbols thoughtlessly can one imagine that dif-
ferential equations can be severed from atomistic ideas. If we become
fully aware that phenomenologists also start from atom-like individual
beings, disguised in the clothes of differential equations, although they
must conceive of them as different for each group of phenomena, being
endowed now with this now with that property in the most complicated
manner, then the need for a simplified uniform atomism will soon reas-
sert itself.

Energeticists and phenomenologists had inferred from the small current
yield of molecular theory to its decline. While according to some this
theory had in any case been only harmful, others nevertheless admitted
that it was of some use in the past and that almost all equations that to the
phenomenologists now count as the very essence of physics had been ob-
tained by way of molecular theory, but that it had become superfluous
now that we already have these equations. They all swore to annihilate it.
They pointed to the historical principle that often the views held in highest
esteem are soon displaced by quite different ones; indeed as St Remigius
had advocated the burning of heathen, so these theoretical physicists
advocated the burning of what had still been venerated only a moment
ago.

However, historical principles are at times double-edged. Certainly
history often shows unforeseen revolutions; certainly it is useful to keep
in mind the possibility that what now seems to be most secure may one
day be displaced by something quite different; but equally the possibility
that certain achievements will remain permanently established in science
even if in amplified and altered form. Indzed, according to the historical
principle mentioned energeticists and phenomenologist could never be
definitively victorious, for that would imply at once that their renewed
downfall was imminent.
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Following Clausius, the adherents of special thermodynamics have never
denied the great value of general thermodynamics, whose success thus
proves nothing against the special theory. We may enquire only whether
alongside these results there are also others that could be obtained only
through atomism, and of such results atomism still affords many, even
long after its old period of pre-eminence. Purely from principles of mo-
lecular theory, Van der Waals has derived a formula that describes the
behaviour of fluids, gases and vapours and the various forms of transition
of these states of aggregation, not indeed with complete accuracy but with
admirable approximation, while leading to many new results, for example
the theory of corresponding states. Quite recently, considerations of
molecular theory have shown further ways of improving the formula, and
we need not exclude the hope that we may be able to represent with perfect
accuracy the behaviour of the chemically simplest substances, particularly
argon, helium and so on; thus it is precisely atomism that has most nearly
approached the phenomenologists’ ideal of a mathematical formula
that covered all states of a body. Following on from this there was a
kinetic theory of liquids.

Moreover, atomism has in recent times contributed much to giving a
model for and elaboration of Gibbs’ theory of dissociation, which he had
discovered by a different method though still presupposing certain basic
conceptions of molecular theory. Atomism not only gave a new founda-
tion of the equations of hydro-dynamics but also showed where they and
indeed the equations of thermal conduction still need correcting. No
doubt phenomenology too regards it as desirable always to conduct new
experiments in order to find corrections that its equations may need, still,
atomism is here much more efficient in that it enables us to point to de-
finite experiments that most directly offer prospects of actually finding
such corrections.

The distinctively molecular theory of the ratio of the two specific heats
of gases has likewise resumed an important role today. For the simplest
gases, whose molecules behave like elastic spheres, Clausius had worked
out the value of this ratio at 1%, which did not fit any gas then known;
from which he concluded that there are no gases of such simple constitu-
tion. For the case in which the molecules behave like non-spherical elastic
bodies, Maxwell found the value 1%. Since for the best known gases the
ratio was 1.4, Maxwell too rejected his theory. But he had overlooked
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the case in which the molecules are symmetrical about one axis, in
which case theory requires precisely 1.4 as the value for the ratio in ques-
tion.

Already Kundt and Warburg had found the old Clausius value of 1%
for mercury vapour, but because the experiment was difficult it had never
been repeated and all but forgotten. Then the same value turned up again
for the ratio of the specific heats in all gases newly discovered by Lord
Rayleigh and Ramsay, and all other circumstances pointed to the specially
simple molecular structure required by theory, as had been the case al-
ready for mercury vapour. What influence it might have had on the history
of gas theory, if Maxwell had not made this slight mistake, or if the new
gases had been known as early as the time of Clausius! From the very
start one would have found in the simplest gases the value that theory re-
quired for the ratio of the specific heats.

Let me finally mention the relation that molecular theory points out
between the entropy theorem and the calculus of probability, whose real
meaning may indeed be controversial but of which no unprejudiced
person will surely deny that it is capable of widening the horizon of our
ideas and giving us hints towards new combinations of concepts or even
experiments.

All these achievements and many earlier attainments of atomic theory
are absolutely unattainable by phenomenology or energetics; and I assert
that a theory that achieves original insights unobtainable by other means,
that is moreover supported by many facts of physics, chemistry and
crystallography, such a theory should not be opposed but cultivated
further. As regards ideas about the nature of molecules it will however be
necessary to leave the widest possible room for manoeuvre. Thus one
will not give up the theory of the ratio of specific heats merely because it
is not yet generally applicable; for molecules do not behave like elastic
bodies except for the simplest gases and even for them not at very high
temperatures and only as to their collisions; about their more detailed
constitution which is bound to be very complicated we have as yet no
indications, rather we shall have to try to find them. Parallel to atomism
the further precision and discussion of the equally indispensable equations
can proceed divorced from any hypothesis, without the former raising to
the status of dogma its material points, or the latter its mathematical ap-
paratus.
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Until now, however, the liveliest controversy of views goes on; each thinks
his own is genuine, and well he may, if it is done with the intention of
testing its power as against the others. Rapid progress has stretched our
expectations to the limit; what will be the end?

Will the old mechanics with its old forces, even if divested of metaphys-
ics, continue to exist in its basic features or one day merely live on in
history, displaced by Hertz’s hidden masses or by some quite different
ideas? Of present day molecular theory, notwithstanding any additions
and modifications, will the essential features nevertheless survive, or will
the future one day bring an atomic theory that is totally different from
today’s; or, contrary to my demonstration, will it be found one day that
the idea of a pure continuum affords the best picture? Will the mechanist
view of nature one day win the decisive battle for the discovery of a
simple mechanical picture of the luminous aether, will mechanical models
at least always continue to exist, will new and non-mechanical ones prove
to be superior, will the two factors of energy one day rule everything, or
will people in the end be content to describe every agent as the sum of all
kinds of phenomena, or will theory turn into a mere collection of formulae
and the attendant discussion of equations?

More generally, shall we ever come to be convinced that certain pic-
tures can no longer be displaced by simpler and more comprehensive ones,
that they are ‘true’, or do we perhaps obtain the best idea of the future if
we imagine that of which we have no idea at all?

Interesting questions indeed! One almost regrets having to die long
before they are decided. How immoderate we mortals are! Delight in
watching the fluctuations of the contest is our true lot.

For the rest, it is better to work on what lies close to hand rather than
rack one’s brain about such remote questions. Our century has achieved
much indeed! To the next, it bequeathes an unexpected wealth of positive
facts and a splendid sifting and purification of methods of research. A
Spartan chorus of warriors called out to the young men: Grow up to be
yet braver than we! If, following an old custom we wish to greet the new
century with a blessing, we can truly wish, equalling those Spartans in
pride, that it may come to be even greater and more significant than the
departing one!



ON THE FUNDAMENTAL PRINCIPLES AND
EQUATIONS OF MECHANICS*

I

Analytical mechanics is a science worked out by its very founder Newton
with a precision and perfection almost unrivalled in the whole field of
human knowledge. The great masters that succeeded him have further
strengthened the structure he had erected, so that it seemed quite in-
conceivable that there could be a creation of the human spirit more per-
fect and uniform than the foundations of mechanics as they confront us
in the works of Lagrange, Laplace, Poisson, Hamilton and so on. Es-
pecially the establishment of the first principles seemed to have been
carried out by these enquirers with a precision and logical consistency
that has always furnished the paradigm according to which people sought
to fashion the foundations of the other branches of knowledge, if not al-
ways with the same success. It long seemed quite impossible to expand or
modify those foundations in any way.

It is the more noticeable and unexpected that at present there have
arisen, especially in Germany, fairly lively controversies precisely about
the fundamental principles of analytical mechanics. This must of course
not be taken to mean that the awe and admiration we accord to geniuses
like Newton, Lagrange or Laplace is in any way to be diminished, for
from the small beginnings that they found they have created a masterly
paradigm for all time. They had to elicit so much that was actually new
that it would merely have caused delay and damage to the unitary im-
pression if they had tarried too long with certain difficulties and obscurities.
However, since then our factual knowledge has significantly grown and our
intelligence is schooled, so that many ideas that in Newton’s time were
still causing difficulties to scholars have now become the common prop-
erty of all. This provided the leisure for looking at the construction of the
Newtonian edifice through a magnifying glass as it were, and lo and

* Populire Schriften, EsSay 16. The first two of four lectures given at Clark University,
1899.
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behold, this yielded many difficulties such as always tend to confront the
human spirit precisely where it strives after an analysis of the simplest
foundations of knowledge.

To be sure, these difficulties are more of a philosophical nature, or
epistemological as the current jargon has it. We Germans have often been
much laughed at for our leaning towards philosophic speculation, and in
earlier times no doubt often justly so. A philosophy that turns away from
fact has never produced anything useful nor can it do so. It is above all of
direct and tangible use to widen our factual knowledge by means of ex-
periments and our knowledge of nature too is primarily and most pro-
ductively enhanced in this way. But in spite of all this there seems to be an
invincible streak in the human spirit, prompting it to analyse the simplest
concepts and to render an account of the fundamental operations of our
own thinking.

In the course of time this method of analysis was also considerably
perfected, so that today it is no longer nearly so empty as the old philos-
ophy, even if by no means yet of immediate practical use. Indeed, in the
course of history the whole cultural aspect of mankind constantly suffers
considerable fluctuations. Germans no longer are the unpractical dreamers
of yesterday, as they have shown in all fields of experimental science, en-
gineering, industry and politics. The endeavours of Americans were
naturally at first directed towards the practical activities of industry and
engineering, for the sake of mastering the country itself. But they no long-
er are exclusively that way inclined, for in all fields of abstract science
America already has enquirers who are fully equal to the most eminent
Europeans. Since therefore you have invited a German to lecture in your
country, I will venture to proceed with you into an area of epistemology.

Let me first return to the reservations that have been urged against the
foundations of Newtonian mechanics, or better, to those points where they
still seem to need closer elucidation and an analysis of the modes of in-
ference and sifting of concepts. In formulating the laws of motions New-
ton regards the motion of bodies as being absolute in space. However,
absolute space is nowhere accessible to our experience, which only ever
gives us the relative changes of position of bodies. Thus from the outset
this goes completely beyond experience, which must surely be question-
able in a science that sets itself the task of represemting facts of exper-
ience. This difficulty did of course not escape the genius of Newton. How-
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ever, he thought that without the concept of an absolute space he could
not reach a simple formulation of a law of inertia which was his first
concern and I believe that he was right in this; for however much this dif-
ficulty was elucidated or thought through, there has been hardly any
progress. Instead of Newton’s absolute space, Neumann introduced a
mysterious ideal body of reference, which as with Newton evidently goes
beyond experience. Streintz sets himself the task of avoiding such con-
cepts or bodies, by showing how using the motion, relative to a chosen
co-ordinate system, of a gyroscope subject to known forces or none, we
can decide whether for this system Newton’s laws of motion hold so that
it is a useful reference system. However these considerations of Streintz’s
seem of little use for the foundations of mechanics, because they already
presuppose the laws of motion of a spinning top and a judgment as to
the action of forces on it or otherwise, which in turn already requires
knowledge of Newton’s laws of motion. Lange indeed tries to formulate
the law of inertia without any reference system, merely by considering
relative motion and he even succeeds, but his account is so complicated
and prolix that one will be reluctant to put so unperspicuous a law in
place of the simple Newtonian formula. Obviously Mach’s suggestion of
straight lines determined by the totality of all masses in the world or the
suggestion of adopting the luminous aether in place of absolute space
both go beyond experience although of course in quite different ways. For
the former starts once again from purely ideal and transcendental concepts
whereas the latter makes an assertion that might possibly be confirmed by
experience but certainly is not so at present. The aether would have to
obey quite a different mechanics, for it would have to be the cause of
inertia but not be subject to it. We meet similar difficulties when we in-
troduce the concept of time. This too is introduced by Newton as absolute,
whereas this is never given to us: we always merely experience simultan-
eity of the course of several processes. However the remedy is easier here,
for we can start from a process that always repeats itself periodically
under exactly similar circumstances. Of course it is impossible to produce
absolutely identical circumstances, but we can make it eminently likely
that all circumstances of any essential bearing are the same. We can further
confirm this by mutually comparing different kinds of processes that
have this property (rotation of the Earth, oscillations of a pendulum or
of a chronometer spring). The agreement of all these processes in indi-
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cating the same time then excludes all doubt as to the usefulness of this
method.

A third difficulty concerns the concepts of mass and force. That New-
ton’s definition of mass as quantity of matter says nothing has long been
recognized. However, doubts arise also as to the ratio of force to mass.
Does mass alone exist, force being merely a property of it, or conversely,
is force alone truly existent, or must we assume a dualism of two separate
existents (mass and force), force existing independently of matter and
causing its motion. In addition there is the more recent question whether
energy too must be accorded existence or whether indeed it alone exists.

It was above all Kirchhoff who on this point objected to the very ques-
tion itself. Often a problem is half solved as soon as the right way of ask-
ing the question has been found. Kirchhoff rejected the notion that it was
the task of science to unravel the true nature of phenomena and to state
their first and fundamental metaphysical causes. On the contrary he con-
fined the task of natural science to describing phenomena, a stipulation
that he still called a restriction. If however we delve really deeply into the
mode of our own thinking, into its mechanism, as I should feel inclined
to say, then one should like to deny even that proviso.

All our ideas and concepts are only internal mental pictures, or if
spoken, combinations of sounds. The task of our thinking is so to use and
combine them that by their means we always most readily hit upon the
correct actions and guide others likewise. In this, metaphysics follows the
most down-to-earth and practical point of view, so that extremes meet.
The conceptual signs that we form thus exist only within us, we cannot
measure external phenomena by the standard of our ideas. We can there-
fore pose such formal questions as whether only matter exists and force
is a property of it, or whether force exists independently of matter or
conversely whether matter is a product of force; but none of these ques-
tions are significant since all these concepts are only mental pictures
whose purpose is to represent phenomena correctly. This was stated with
special clarity by Hertz in his famous book on the principles of mechanics,
except that he there begins with the demand that the pictures we construct
for ourselves must obey the laws of thought. Against this I should like to
urge certain reservations or at least to explain the demand a little further.
Certainly we must contribute an ample store of laws of thought, without
them experience would be quite useless, since we could not fix it by means
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of internal pictures. These laws of thought are almost without exception
innate, but nevertheless they suffer modification through upbringing,
education and our own experience. They are not quite the same in a
child, a simple uneducated person, or a scholar. We can see this too when
we compare the mental orientation of a naive people like the Greeks with
that of the mediaeval scholastics and theirs in turn with that of today.
Certainly there are laws of thought that have proved so sound that we
place unconditional confidence in them, regarding them as unalterable a
priori principles of thought. However, I think nevertheless that they
developed gradually. Their first source was the primitive experience of
mankind in its primeval state, and gradually they grew stronger and
clearer through complicated experience until finally they assumed their
precise present formulation; but I do not wish to recognize the laws of
thought as supreme arbiters. We cannot know whether they might not
suffer this or that modification in future. Let us remember how certain
children or uneducated people are in their conviction that our feeling
alone must be able to decide what is up and dpown at all points of space
from which they imagine they can deduce that antipodes are impossible.
If such people wrote on logic, they would very likely regard this as an a
priori self-evident law of thought. Just so people raised many a priori ob-
jections to the Copernican theory and the history of science contains many
cases where propositions were either founded on or refuted by arguments
that at the time were regarded as self-evident laws of thought, whereas we
are now convinced that they are futile. I therefore wish to modify Hertz’s
demand and say that insofar as we possess laws of thought that we have
recognized as indubitably correct through constant confirmation by ex-
perience, we can start by testing the correctness of our pictures against
these laws; but the sole and final decision as to whether the pictures are
appropriate lies in the circumstance that they represent experience simply
and appropriately throughout so that this in turn provides precisely the
test for the correctness of those laws. If in this way we have grasped the
task of thought in general and of science in particular, we obtain conclu-
sions that are at first sight striking. We shall call an idea about nature
false if it misrepresents certain facts or if there are obviously simpler
ideas that represent these facts more clearly and especially if the idea con-
tradicts generally confirmed laws of thought; however, it is still possible
to have theories that correctly represent a large number of facts but are
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incorrect in other aspects, so that they have a certain relative truth. In-
deed, it is even possible that we can construct a system of pictures of
experience in several different ways. These systems are not all equally
simple, nor represent phenomena equally well. However it may be doubt-
ful and in a sense a matter of taste which representation satisfies us most.
By this circumstance science loses its stamp of uniformity. We used to
cling to the notion that there could be only one truth, that error was
manifold but truth one. From our present position we must object to this
view, although the difference between the old and new views is more of a
formal kind. It was never in doubt that man would never be able to know
the full essence of all truth, such knowledge is only an ideal. However,
according to our present view too, we possess a similar ideal, namely that
of the most perfect picture representing all phenomena in the simplest and
most appropriate manner. Thus, according to the one view we turn our
gaze more towards the one unattainable unitary ideal, according to the
other towards the multiplicity of what is attainable.

If now we are convinced that science is only an internal picture or
mental construction that can never coincide with the multiplicity of
phenomena but only represent certain parts of them in an ordered manner,
how are we to reach such a picture and how to represent it with all due
order and system? At one time the method that was popular was one fas-
hioned after Euclid’s, used in geometry, which we may thus call Euclidean.
This method starts from as few and obvious propositions as possible. At
first these were regarded as a priori self-evident and directly given to the
mind, and were therefore called axioms. Later one ascribed to them the
character of merely sufficiently well guaranteed propositions of expe-
rience. From these axioms and with the help of the laws of thought one
then simply deduced certain pictures as necessary, believing thus to have
found a proof that they were the only possible ones and not replaceable by
any others. As example take the arguments that served for deriving the
parallelogram of forces or Ampére’s law or for proving that the force be-
tween two material points acts along the line joining them and is a func-
tion of their distance.

However, the force of this argument became gradually discredited, the
first step towards this being the earlier mentioned transition from an a
priori self-evident foundation to one that was merely established by ex-
perience. Further, it was realised that the deductions from that foundation
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could not be made either except with the help of many new hypotheses,
so that Hertz finally pointed out that especially in the field of physics our
conviction of the correctness of a general theory does not rest essentially
on its deduction according to the Euclidean method but rather on its lead-
ing in all cases hitherto known to correct inferences as regards phenomena.
He first used this view in his account of Maxwell’s fundamental equations
in the theory of electricity and magnetism, where he proposes not to
trouble himself about deducing them from given fundamental principles,
but simply to put them at the beginning and to seek a justification of this
procedure in our being able to show their subsequent agreement in every
point with experience, for in the end the only judge as to whether a theory
is usable remains experience, and its verdict cannot be shaken or appealed
against. Indeed, if we take a closer look at the theorems most intimately
connected with the topic, namely the law of inertia, the parallelogram of
forces and the other fundamental theorems of mechanics, we shall
find the different proofs given for them in various treatises on mechanics
not nearly so convincing as the fact that all consequences derived from
this complex of theorems have been so excellently confirmed by expe-
rience. The ways in which we reached the pictures are not infrequently
most disparate, and contingent on the most varied accidents.

Some pictures were built up only gradually over centuries through the
joint efforts of many enquirers, for example the mechanical theory of heat.
Some were found by a single scientific genius, though often by very in-
tricate detours, only then could other scientists illuminate them from
various angles. Maxwell’s theory of electricity and magnetism discussed
above is one such. Now there is no doubt a particular mode of representa-
tion that has quite peculiar advantages, though it has its defects too. This
mode consists in starting to operate only with mental abstractions, in
tune with our task of constructing only internal mental pictures. In this
we do not yet take account of facts of experience. We merely endeavour
to develop our mental pictures as clearly as possible and to draw from
them all possible consequences. Only later, after complete exposition of
the picture, do we test its agreement with the facts of experience; it is,
then, only after the event that we give reasons why the picture had to be
chosen thus and not otherwise, a matter on which we give not the slightest
prior hint. Let us call this deductive representation. Its advantages are
obvious. For a start, it forestalls any doubt that it aims at furnishing not
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things in themselves but only an internal mental picture, its endeavours
being confined to fashioning this picture into an apt designation of phe-
nomena. Since the deductive method does not constantly mix external ex-
perience forced on us with internal pictures arbitrarily chosen by us, this
is much the easiest way of developing these pictures clearly and consistent-
ly. For it is one of the most important requirements that the pictures be
perfectly clear, that we should never be at a loss how to fashion them in
any given case and that the results should always be derivable in an un-
ambiguous and indubitable manner. It is precisely this clarity that suffers
if we bring in experience too early, and it is best preserved if we use the
deductive mode of representation. On the other hand, this method high-
lights the arbitrary nature of the pictures, since we start with quite arbi-
trary mental constructions whose necessity is not given in advance but
justified only afterwards. There is not the slightest proof that one might
not excogitate other pictures equally congruent with experience. This
seems to be a mistake but is perhaps an advantage at least for those who
hold the above-mentioned view as to the essence of any theory. However,
it is a genuine mistake of the deductive method that it leaves invisible the
path on which the picture in question was reached. Still, in the theory of
science especially it is the rule that the structure of the arguments becomes
most obvious if as far as possible they are given in their natural order
irrespective of the often tortuous path by which they were found. In his
book on mechanics Hertz has given a sample of such a purely deductive
representation from that field too. I presume I may take the contents of
the book as known so that a very brief account should here suffice. Hertz
starts from material points regarded as purely mental pictures. Mass, too,
he defines quite independently of all experience by means of a number to
be thought of as associated with each material point, namely the number
of simple mass points that it contains. From these abstract concepts he
constructs motion which like the points themselves is of course a mental
construction. The concept of force is completely absent and in its stead
we have certain constraining conditions expressed in terms of the dif-
ferentials of the coordinates belonging to the material points. These latter
are now furnished with given initial velocities and thereafter always move
according to a very simple law which unambiguously fixes the motion for
all time as soon as the constraints are given. Hertz formulates it thus: the
sum of the squared deviations, each multiplied by the mass, of material
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points from uniform rectilinear motion at each moment must be a mini-
mum, or more succinctly still, the motion follows the straightest paths.
This law is very similar to Gauss’s principle of least constraint, indeed it
is that special case that supervenes when the principle is applied to a
system of points subject to a constraint but to no other external forces.
In my Lectures on the Principles of Mechanics, I too have attempted a
purely deductive account of the fundamental principles of the subject, but
in quite a different way, much more related to the conventional method
of treatment. Like Hertz, I start from purely mental constructs, namely
exact material points, whose position is given in an imagined rectangular
co-ordinate system. My mental picture of their motion is then at first as
follows: whenever two points are at a distance r from each other, each is
accelerated in the direction of r by an amount that is a function f(r) to be
specified later as required. Moreover, the ratio of the two accelerations
should be permanently fixed, so defining the ratio of the two masses. As
to the motion of all material points together, that is to be considered as
uniquely determined by the stipulation that the actual acceleration of
each point is the vector-sum of all of its accelerations according to the
rule just stated. The effect of these accelerations is added vectorially to
the speed already acquired, but there is no discussion as to where they
come from and why I have given just this prescription for constructing
our picture in just this way. It is enough that the picture is perfectly clear
and in sufficiently many cases capable of being worked out in detail by
calculation. Its justification is found only in the fact that we can always
define f(r) in such a way that the imagined motion of the imagined ma-
terial points goes over into a true representation of actual phenomena.
In using this, which we have called the purely deductive, method we
have of course not solved the question as to the nature of matter, mass and
force, but we have circumvented it by making a prior consideration of it
quite superfluous. In our conceptual scheme these concepts are quite de-
finite numbers and directions for geometrical constructions which we
know how to consider and execute in order to obtain a useful picture of
the phenomenal world. What might be the true cause for this world to
run as it does, what is as it were concealed behind it and acts as its motor,
these things we do not regard as the business of natural science to explore.
Whether it might or could be the task of some other science, or whether
following the analogy of other, sensible collocations of words we have
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perhaps merely strung together words that express no clear thought in
these combinations, all this may be left entirely open here. Just as little
have we solved the question of absolute space and absolute motion by this
deductive method; however, this question too no longer involves peda-
gogical difficulties, we no longer need to mention it when beginning to
develop the laws of mechanics, but can defer its discussion until all these
laws have been derived. For since at the start we only introduce mental
constructions in any case, an imagined co-ordinate system does not look
out of place amongst them. It is simply one of the means of construction
that are intelligible and familiar to us and we use it to put together our
mental picture; it is no more and no less abstract than the material points
whose relative motion with regard to the co-ordinate system we imagine
and for which alone at first we pronounce the laws and formulate them
mathematically. On comparison with experience we then find that a co-
ordinate system immutably linked with the sphere of fixed stars is prac-
tically quite adequate to ensure agreement with experience. What co-
ordinate system we may have to base ourselves on one day, when we shall
be able to express the motion of fixed stars by mechanical formulae, this
question comes absolutely last on our plan of enquiry, and we can now
easily discuss all the hypotheses of Streintz, Mach, Lange and so on which
we mentioned at the beginning, since we already dispose of all the laws of
mechanics. We are not embarrassed as previously, where we should have
had to put these complicated considerations before the development of
the law of inertia. But then the deductive method will require a proof that
was superfluous with the old methods. Since with the latter we started
directly from phenomena, it went without saying that the laws of phe-
nomena cannot depend on the choice of the mentally superimposed co-
ordinate system, and it was bound to strike us as odd that these laws be-
come different and much more complicated if we introduce a rotating co-
ordinate system. With the deductive method, however, we have from the
outset assigned to the co-ordinate system the same role in the picture as
to the material points. It is an integral part of the picture and we can
hardly wonder that the picture looks different for different co-ordinate
systems. On the contrary, here we must introduce arbitrarily different
co-ordinate systems, so long as these have no mutual relative rotations or
accelerations.

Let us now compare this method of representation of my book with
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that of Hertz. Classen has called my account a polemic against Hertz,
presenting the case as if I imagined I had produced something uncondi-
tionally superior to Hertz. Nothing could be further from the mark. I
absolutely recognise the advantages of Hertz’s picture, but on the principle
that it is possible and desirable to set up several pictures for one and the
same group of phenomena, I think that alongside Hertz’s picture mine still
has its significance, in that it has certain advantages lacking in his. The
principles of mechanics that Hertz sets up are extraodinarily simple and
beautiful. They are naturally not entirely free from an arbitrary streak,
but this is kept to a minimum. The picture that Hertz thus constructs
independent of experience has a certain inner perfection and obviousness
and contains really only few arbitrary elements. As against this my picture
is evidently inferior, for it contains many more features that are marked
by an absence of inner necessity, being introduced only in order to facili-
tate subsequent agreement with experience. Besides it contains a quite
arbitrary function, and of the many pictures that result when this function
assumes all possible forms, only a very few correspond to actual processes.
Whereas with Hertz’s picture we see at once that if any other pictures are
possible at all then certainly only very few that possess the same simplicity
and perfection, my picture immediately provokes the idea that there must
be a good many other such that represent phenomena equally well. Never-
theless there are some points in which my picture is superior to Hertz’s.
He can indeed explain some phenomena directly from his picture, or
perhaps better, represent them by means of it, such as the motion of a
material point on a prescribed surface or curve, or the rotation of a rigid
body about a fixed point, provided of course that there are no strange
external forces. However, difficulties arise as soon as one wants to re-
present the most ordinary processes of daily experience involving the ac-
tion of forces. Take first the most general and important forces in nature,
namely gravitation. On Hertz’s view we must of course not regard it as
acting at a distance. Many experiments have been conducted to explain it
mechanically through the action of a medium, but as is well known, none
has led to a really determinate and decisive result. One of the best-known
attempts is the theory of molecular impacts first put forward by Lesage
and later taken up again by Lord Kelvin, Isenkrahe and others. Quite
apart from the fact that it remains doubtful whether this theory can be
carried through exactly, it is of no use in a Hertzian context since there, as
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we shall soon see, the explanation of a single elastic impact is enough to
create difficulties. Thus one would first have to develop a completely new
theory, explaining gravitation perhaps by means of vortices, pulsations
or the like, where the particles of the medium in question likewise must
not be linked by forces in the old sense but only by constraints of the type
set up by Hertz. Even should this succeed, it would still amount to no
more than quite an arbitrary picture which in the course of time would
no doubt have to be replaced by quite a different one. Hertz’s objection to
classical mechanics, that it gives much too wide a picture, since of all
possible functions f(r) representing force only a very few have any prac-
tical use, can be turned in even greater measure against his own picture,
as soon as one wishes to apply it to concrete cases. Already with gravita-
tion we must select from all possible media that might transmit action at
a distance one definite form, surely an even more indefinite and arbitrary
procedure than the choice of certain functions f(r).

As is well known, in his early papers Maxwell gave a successful account
of electric and magnetic forces in terms of the action of a medium. Quite
apart from the fact that this medium has a very complex structure and
bristles with properties that bear the stamp of arbitrariness and of a purely
provisional character, it would in any case be useless for Hertz, because
for him too the parts are held together by forces in the traditional sense
of mechanics. Indeed, even the properties of elastic, liquid and gaseous
bodies would have to be replaced by new pictures, since our present ones
are all based on the assumption of forces acting between particles. We are
thus restricted to a simple choice: either the nature of the mechanism
causing gravitation and electric and magnetic phenomena is left indeter-
minate and arbitrary, which produces an intolerable obscurity because
one constantly has to operate with equations of which only a few quite
general properties are known while their special form is quite unknown;
or one endeavours to choose a definite mechanism, which again involves
one in just as many arbitrary steps as difficulties.

However, let me illustrate in a much simpler example what difficulties
are met in applying Hertz’s fundamental law in even the most trivial cases.

Let there be three masses m,, u, m, with the condition that the distance
of u from either of the others is always constant and equal to a. Now let u
diminish indefinitely; this case is perfectly in line with the spirit of Hertzian
mechanics and gives us a true picture of the following process in nature.
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In a hollow elastic sphere of mass m, a small solid elastic sphere is mov-
ing about. Let the difference between the two radii be 2a. We thus have an
example of one and the same natural process explicable in two quite dif-
ferent ways, either from molecular theory or according to the method
indicated by Hertz. However, not all processes behave like this. Already
the quite trivial case of elastic impact between two solid spheres can be
derived from Hertz’s schema only with the help of rather arbitrarily
chosen mechanisms or complicated assumptions about an intervening
medium, since the Hertzian method excludes inequalities. Thus even in
the simplest cases, Hertz’s method leads to the greatest complications.
Let me stress again that these remarks are not at all intended to deny
the eminent value of the Hertzian picture, consisting in the logical sim-
plicity of its fundamental principles. Indeed, it is conceivable that in the
remote future we may one day be able to explain all action by means of
media, whose properties are not chosen fancifully but imposed on us by
the nature of things in an immediate and unambiguous way. It might be
that the particles of these media did not exert forces on each other in the
traditional sense of mechanics, but that it would be sufficient to work with
Hertzian constraints between the co-ordinates of the elementary particles.
From that moment, Hertz’s mechanics would have won a clear victory
and all other representations would retain only historical interest. Whether
one considers it likely that such a point in time will supervene or not is of
course purely a matter of taste. We have not even proved that such a
development of our knowledge is possible. From our present point of
view we shall therefore look up to this ideal with admiration and make
our own contribution towards promoting an approach to it. For the time
being, however, alongside Hertzian ones we shall not be able to forgo
simple and directly useful pictures that can be worked out in detail.

11

In my previous lecture I discussed two pictures of mechanical phenomena,
namely Hertz’s and my own as given in my book on mechanics. Mine is
not essentially different from older theories of mechanics. I merely tried,
by means of as consistent an account as possible, to secure mechanics
against any objections and in particular against the reservations that Hertz
makes with regard to the older mechanics in the preface of his book.
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Precisely for this purpose a purely deductive account seemed the most
suitable, because it allows us to develop a picture quite independently of
the facts, and that with the utmost clarity. However, one could develop
the picture in the opposite direction too, by starting directly from the facts
as they present themselves to unprejudiced observation, letting the pic-
tures grow gradually from these facts and introducing each abstraction
only when there is no way left of avoiding it. This we shall call the induc-
tive mode of presentation, which compared with the deductive has the
drawback that the pictures do not from the outset stand in their purest
form, so that their internal consistency cannot be so clearly surveyed. On
the other hand it has the advantage that instead of the abstract presenta-
tion of the deductive method with its back turned to reality*, it favours a
method that starts purely from the immediately given and familiar, show-
ing up as clearly as possible how the abstract pictures arose and why we
resort to precisely those pictures. To compare the advantages and draw-
backs of the two methods it would be not inappropriate to compare the
method outlined in the previous lecture with the older modes of representa-
tion usual in mechanics since these last intermingle the two methods, which
in my view impairs clarity. Thus as a rule abstract concepts like material
points, mass and so on are introduced fairly early but without being consi-
dered as purely conceptual tools, as we did in the last lecture. Rather, we
are given more or less indefinite and empty definitions of them. For
example, a material point is defined as a body that is so small that its
extension can be neglected. This is meant to convey perhaps that its
moments of inertia about an axis through its centre of gravity vanish in
comparison with those about some other axis at a distance of the order
common in ordinary experiments, or the like. But since the concept of
moment of inertia, centre of gravity and so on have not yet been developed,
I should not know what to understand by a body one of whose most im-
portant properties, namely extension, can be neglected. Mass is often
defined by the action of one and the same force on different bodies, but
how is one to observe that the force is the same if it acts now on this body
now on that? It will thus be best if we try to sketch yet another purely in-
ductive method for presenting the basic principles of mechanics at least in
outline. In this we remain faithful to our principle that for the time being

* Translator’s note: Reading ‘Wirklichkeit® for the implausible ‘Willkiirlichkeit®
(arbitrariness).
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we are not aiming at a single best account of science, but that we regard it
as expedient to try as many accounts as possible, each of which has its
peculiar advantages but also its drawbacks. Again we must focus our
main attention on avoiding all inconsistencies and logical mistakes and
on not smuggling in tacit concepts or assumptions, and ensure on the
contrary that we become most clearly aware of all hypotheses we rely on.
It goes without saying that I cannot here, in the short time at my disposal,
give an exhaustive account of mechanics. I shall merely try to give a few
hints. Nor, indeed, would it be possible to solve so difficult a problem at
one stride. Much will remain deficient in the first attempt and only gra-
dually will the concepts be sifted and the account made more perfect.
Here we shall have to follow a path that is the direct opposite of that
described in the last lecture and followed in my book on mechanics. The
abstract concepts of material point, mass, force and so on which were there
our starting-point will of course not be entirely avoidable here either, for
they simply are the basic pillars on which mechanics rests; but we shall
now introduce them as late as possible and while previously they were
postulated, now they will be tied as far as possible to experience, from
which we shall endeavour to deduce our results. For this reason we must
not now begin with those laws that previously seemed the simplest, such
as the law of inertia, whose usual formulation is that a material point free
from all external influence moves uniformly in a straight line. Apart from
the difficulty inherent in the concept of a material point, we cannot
remove any body so far from all others that it is free from all influence,
and if it were possible then we could no longer observe its motion let alone
that it moves uniformly in a straight line. However, in order to verify the
law of inertia for actual bodies the forces acting on which are in equili-
brium, one would have to give a prior account of the whole theory of
equilibrium. Thus in the ordinary presentation abstractions and facts are
usually intermingled, which it is precisely our main task to avoid in what
follows, since we propose to start strictly from pure facts of experience.
The first inconvenience that meets us here is this: previously when set-
ting up the basic principles we were dealing with purely mental constructs
which we can mentally transform as we like and of which we can require
that they always conform exactly to our demands; whereas now we wish
to start from phenomena directly observed, which must alway be very
composite and complex. If from them we wish to obtain fundamental
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laws, we always must generalize and idealize the phenomena, so that we
really are dealing no longer with what is quite exactly factual but with
processes that are realized in nature only more or less approximately.
Therefore we cannot quite avoid mixing ideas and facts, although we do
our best to reduce this to the least possible measure and try not to do it
furtively but to remain clearly conscious of our actions where we are
forced into them.

Phenomena that are given to us are of extremely various kinds. The
simplest consist in a body’s change of position, while its shape and other
properties seem to remain the same. Already this simple phenomenon is
in some ways idealized. Only in the rarest cases is there absolutely no
change in a body’s shape; indeed, all bodies, even the most unchangeable,
can break under very strong forces, and heat or chemical action may
provoke a total change of their properties. Still, there are very many
bodies whose shape does not noticeably alter during the most varied mo-
tions over long periods of time. We call them solids and so form the ideal
of an absolutely immutable body which we call rigid. Other bodies, name-
ly fluids, alter their shape in the most varied ways while moving, either
with constant volume (approximately, of course) as in liquids or under
constant and very noticeable changes of volume, as in gases. This last
phenomenon can be reduced to the former by assuming that fluids consist
of very many small particles that move independently of each other and so
provoke the change of shape. If the average distance of two neighbouring
particles changes, a change of volume occurs as well. There is now the
problem whether we are to consider the number of these particles as
mathematically infinite or merely very large but finite. Many facts of ex-
perience point to our having to assume the latter, which happens to be
philosophically more satisfying as well. However, since the question has
not so far been settled by a decisive experiment, we shall leave the ques-
tion entirely in suspension, in accordance with the principles we now
propose to follow.

All changes of position are called motions. The theory of the phenomena
of motion is mechanics, which is subdivided into mechanics of rigid bodies
(solids), hydromechanics (liquids) and aeromechanics (gases). According
to its definition, mechanics further comprises the conditions under which
a body does not move at all.

There are many other kinds of phenomena, like sound, heat, light,
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electricity, magnetic phenomena, the total alteration of the properties of
bodies in chemical processes, smell, taste and so on. These last are pro-
ably only special cases of evaporation or chemical phenomena and there-
fore of little significance to physics, which leaves action on nerves, and
transmission by them into consciousness, to physiology and psychology.
Nevertheless, they must be mentioned here.

It is established beyond doubt that at the basis of phenomena of sound
there are motions of bodies. Accordingly scientist similarly have tried to
explain light, electricity and magnetism as well as chemical phenomena
by motions of certain hypothetical media or smallest parts, so that until
recently most physicists were no doubt convinced that therein consisted
the essential task of physics. Only a few decades ago irrefutable proof was
given that the theory of electric and magnetic fluids, especially popular in
Germany before that time, was irreconcileable with the facts. Now people
became more cautious; they continued at first to try to explain electric and
magnetic phenomena by the mechanical action of a medium, but since
this did not lead to definite and unambiguous results, some physicists
have lately inclined to the view that it was premature to regard all phe-
nomena as explicable in terms of motions. Using our terminology, it
might perhaps be impossible to form an adequate picture of phenomena
by means of the pictures of points changing position alone, a variety of
other pictures of various qualitative kinds being also required, such as
dielectric and magnetic polarisation, chemical states or whatever. This
would seriously impair the unity of science, since it would certainly be
impossible to avoid the old and simple pictures, on top of which a lot of
extraneous ones would have to be introduced. Moreover this would call
in question the significance of mechanics as the basis of natural science as a
whole, all other scientific theories resting on mechanics. Yet mechanics
as the theory of the simplest phenomena without which no others could be
conceivable, would still have to come before all other physical theories. If
therefore on the one hand it has indeed so far been impossible to prove
that all natural phenomena can be mechanically explained, on the other
it is equally certain that nobody has shown certain phenomena to be not
thus explicable: at most we can say that for certain phenomena an at-
tempt at mechanical explanation is as yet premature. The general question
as such can be resolved only after centuries, or at least be given a new
setting and clarified. We shall therefore not tarry to discuss the ‘pros’ and
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‘cons’, but return to the motion of a solid body which will from the outset
be idealized and considered absolutely rigid. We do not conceive it as a
material point, but as a body given in experience, apparently continuous
and extended. We must again start with an immediate abstraction: we
cannot grasp the body’s motion as a single whole, since (at least apparent-
ly to us) the body consists of infinitely many parts. It is only the motion
of its individual points that we can clearly follow in sight and thought.
Let us therefore denote very small positions on it with delicate markers
that are of course rigidly connected with the body, let us say small col-
oured spots or specks of flour or intersections of two thin lines and so on.
If we sink very fine bore holes into the body we can actually mark internal
points as well, and we can do so in any case in thought without holes if we
conceive of a geometrically similar body either hollow or transparent or
otherwise accessible at the point in question. It is of course a further
idealization to regard these marked positions as mathematical points,
but we stay much closer to reality if we describe the motion of extended
bodies by such points, trying in the first place to obtain simple laws for the
mechanics of extended bodies, than if we start directly with the laws of
motion for individual material points. We can now more accurately
describe what is meant by saying that the shape of a body does not change
during motion. By applying a measuring rod or two compass points sub-
sequently transferred to a rod, we can measure the distance between any
two points of the body, that is between any two of the markers; if this
distance remains the same for all point pairs at all times, then we say that
the body’s shape is unchangeable. However, we have of course no ob-
jective guarantee that the measuring rod or the pair of compass points
remain unchanged, all we can say is that experience has given us the
correct result in all cases when they were applied to bodies whose shape
seemed unaltered to our eyes. If with time all solid bodies were to change
their dimensions similarly, we could of course not notice it. Nor do we
intend to explain why there are solid bodies and why we can measure the
distances between markers rigidly connected with them. We take these as
given facts of experience. What we wish to represent by means of our
mental pictures is merely the change in distance between markers of dif-
ferent bodies or of the same body if it is not rigid.

A precondition of any scientific insight is the principle that natural
processes are unambiguously determined; or, in the case of mechanics,
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that motions are. This principle asserts that the motions of bodies are not
haphazard, occurring now this way now that, but rather that they are
unambiguously determined by the circumstances, in which a body finds
itself. If every body moved at random, if under given circumstances now
this now that motion occurred by chance, then we could at best look with
curiosity at how things run, but not investigate their course. Here again
there is a lack of definition, for the circumstances under which any body
moves comprise strictly speaking the whole universe, which is never in the
same state twice. We must therefore reduce our conditions and require
that the same motion always occurs if the immediate surroundings are in
the same state. Here the inductive method is again much less advantageous
than the deductive. Since in deduction we begin with stating the various
laws of action irrespective of any experience, we are at first entirely free to
determine arbitrarily which circumstances affect the motion of a body
and which do not. With induction on the other hand we must determine
from experience the concept of a body’s immediate surroundings whose
state has influence on its motion. On the theory of contiguous action it is
only immediately adjacent volume elements that influence the motion of
any given such. Thus, on this theory the Earth does not directly attract
gravitating bodies but acts merely on the volume elements of a medium
that transmits the effect to the body. However, if we are to remain faith-
ful to the principles of our present method of representation, we must not
make contiguous action the basis of the whole edifice of mechanics: for
that we must use only such laws as contain no arbitrary features, being on
the contrary forced on us unambiguously and necessarily by experience.
The theory of contiguous action, on the other hand, however a priori
likely it may seem to some, still goes completely beyond the facts and to
date remains well beyond what can be elaborated in detail. We should
fall into the same error that we have laid to the charge of Hertz’s mode of
representation: either we should have to invent quite arbitrary special
hypotheses for the way in which contiguous action operates, or make do
with vague general notions about it all.

We must therefore include the whole Earth as part of the surroundings
of a gravitating body, but leave the Moon and stars out of account, since
they have no noticeable influence. It is thus once again a pure assump-
tion, to be subsequently justified by experience, that we can always draw
the boundaries of immediate surroundings in such a way as to include
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all essentials, and thus actually arrive at a formulation of laws of mo-
tion.

What will be our attitude to absolute space and time, given our present
mode of representation? We cannot put compass points on parts of ab-
solute space, but only on material bodies. Hence we can determine only
the motion of material bodies relatively to each other. We must not at
this stage mix the real bodies we are now alone considering with the men-
tal picture of a fictitious co-ordinate system, as we did with the deductive
method. Rather, following the spirit of our method, we must link our
consideration as closely as possible with the historical development of
mechanics. Galileo found the simple laws of motion by studying motions
relative to the Earth. Following his example, we shall include in our con-
siderations not only the body whose motion we wish to describe but also
a system of other bodies satisfying the condition that all their points retain
their relative distances; that is, all of them are at relative rest. This system
we call the reference frame. If therefore we are studying the motion of a
solid body with regard to a reference frame and if 4, B, C... are marked
points of the former and E, F, G, ... of the latter, then neither the distances
AB, AC,... nor EF, EG,... change, so that our problem consists merely
in establishing the laws of change of the distances AE, AF, BF, ..., which
of course again requires much idealization. We shall hardly find a system
of bodies as reference frame such that their relative position remains ab-
solutely the same at all times. It is enough if this is approximately so for
sufficiently long periods.

Moreover, we cannot know whether we shall obtain the same laws if
we choose one reference frame rather than another. We shall thus have to
choose one that yields simple laws of motion. It turns out in fact that the
laws obtained by choosing the fixed stars as reference frame cannot with-
out considerable corrections be applied to motion relative to the Earth,
and we must regard as an extraordinarily favourable accident that the
effect of the Earth’s rotation on the various types of motion observed on
its surface are so very small. Otherwise it would have been much more
difficult to derive the fundamental laws of mechanics. It is owing to this
circumstance that for motions on Earth we can choose the Earth itself as
reference frame. This yields simple laws that do not indeed describe actual
motions with absolute accuracy, but the deviations are so slight as almost
to defy observation. Of course, we could not know this a priori, but it is
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no logical mistake if we begin by studying the laws of motions relative to
the Earth. If we find simple laws, it is again no logical mistake to try
applying them to the motion of the planets relative to the fixed stars. It is
through this extension that we first find on the one hand that for the form-
er case too the laws must hold approximately, and on the other that never-
theless small corrections are then necessary. These are so small as not to
interfere with our previous discovery of the laws from terrestrial motions,
but now that we have recognized their order of magnitude they are never-
theless observable with more delicate devices. The fact that actual mo-
tions then show precisely the peculiarities caused by these corrections
justifies our method a posteriori in most brilliant fashion. Thereby we
once more eliminate the pedagogic difficulty caused by the relativity of all
motion. The question as to which reference frame must be chosen for the
motions of the fixed stars is of course not solved by this, but it is by no
means necessary to treat this question ahead of establishing all laws of
mechanics.

So far we have made no special assumptions as to the shape and ar-
rangement of the bodies of the chosen reference frame. There is however
no difficulty about conceiving them linked with three mutually orthogonal
straight lines, which can be chosen as co-ordinate axes. The position of
each marked point of the body in question is then always determined by
its rectangular co-ordinates in that co-ordinate system. If these do not
change with time, then the body is at rest in that frame. If they do change,
the body moves, in which case in order to give a description we must still
fix the unit of time. Just as we distinguish larger spatial extensions from
smaller ones just by means of sight and touch but can gain a numerical
expression for spatial size only by comparison with a rationally construct-
ed scale, so likewise we can distinguish longer from shorter periods by our
sense of time but must obtain a precise quantitative measure of time using
the means indicated earlier in my first lecture. Above all we must obtain a
series of processes that give us a perfect or rather the best possible guaran-
tee that they occur in equal times. For example we might drop identical
pendulums from rest by identical distances. When the first reaches its rest
position we release the second and so on. Whether we have in fact suffi-
ciently avoided mutual interference can of course be shown only by com-
parison with various similar trials. We naturally soon perceive that a
single pendulum on its own performs the various consecutive oscillations
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almost under the same conditions and we can use them for measuring
time. Again of course absolute isochrony of oscillation is an ideal, since
temperature, pressure, sun and moon have some influence on it; but how
all these interfering circumstances are largely avoided in carefully built
chronometers, how a driving impulse keeps the oscillations going for
long spans of time, that when a certain chronometer finally becomes
unusable another as far as possible like it can be substituted, all this no
longer concerns our present general considerations.

We choose a certain moment in time as zero, for example the time of an
arbitrarily chosen transit through the rest position, and take the next such
transit as time 1, and subsequent ones as 2, 3 and so on. Subdivisions can
be determined by a tuning fork that oscillates faster or by means of mo-
tions that have proved to be sufficiently uniform under all circumstances
over large intervals so that we have good reasons to surmise the same for
smaller intervals. In this way we obtain the times , 4 and so on and we
can never fix a limit of subdivision. Negative numbers denote oscillations
previous to that chosen as corresponding to zero. In this way we can re-
present all times by positive, negative, whole, fractional or irrational
numbers, just as we represent lengths by the number that indicates how
often they contain the unit of length, The difference of two numbers re-
presenting two given times is called the time interval between them or the
time difference or the time elapsed meanwhile. Our ordinary unit of time
is derived from the Earth’s period of rotation, whose uniformity for the
derivation of the principles of mechanics is better tested by simpler pro-
cesses, since without a knowledge of mechanical laws it is not immediately
obvious that the velocity of rotation remains the same at all points of the
Earth’s orbit.

We now return to our rigid body, relating it to a co-ordinate system
Ox, Oy, Oz rigidly connected with the chosen reference frame. Consider
some marked point on it which at a definite time ¢ is at A with rectangular
co-ordinates x, y, z. Join 4 to the origin of co-ordinates O by the line OA,
which is called the position vector of 4, its projections on the three co-or-
dinate axes being the three co-ordinates x, y, z. If now the body undergoes
a certain given motion, we must first represent every moment of time dur-
ing the motion by a number, let us say by means of comparison with the
simultaneous motion of our chronoscope. To every time there will corre-
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