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Preface

This book provides an introduction to Lie groups, Lie algebras, and repre-
sentation theory, aimed at graduate students in mathematics and physics.
Although there are already several excellent books that cover many of the
same topics, this book has two distinctive features that I hope will make it a
useful addition to the literature. First, it treats Lie groups (not just Lie alge-
bras) in a way that minimizes the amount of manifold theory needed. Thus,
I neither assume a prior course on differentiable manifolds nor provide a con-
densed such course in the beginning chapters. Second, this book provides a
gentle introduction to the machinery of semisimple groups and Lie algebras by
treating the representation theory of SU(2) and SU(3) in detail before going
to the general case. This allows the reader to see roots, weights, and the Weyl
group “in action” in simple cases before confronting the general theory.

The standard books on Lie theory begin immediately with the general case:
a smooth manifold that is also a group. The Lie algebra is then defined as the
space of left-invariant vector fields and the exponential mapping is defined in
terms of the flow along such vector fields. This approach is undoubtedly the
right one in the long run, but it is rather abstract for a reader encountering
such things for the first time. Furthermore, with this approach, one must either
assume the reader is familiar with the theory of differentiable manifolds (which
rules out a substantial part of one’s audience) or one must spend considerable
time at the beginning of the book explaining this theory (in which case, it
takes a long time to get to Lie theory proper).

My way out of this dilemma is to consider only matrix groups (i.e., closed
subgroups of GL(n;C)). (Others before me have taken such an approach, as
discussed later.) Every such group is a Lie group, and although not every Lie
group is of this form, most of the interesting examples are. The exponential
of a matrix is then defined by the usual power series, and the Lie algebra g of
a closed subgroup G of GL(n;C) is defined to be the set of matrices X such
that exp(tX) lies in G for all real numbers ¢. One can show that g is, indeed,
a Lie algebra (i.e., a vector space and closed under commutators). The usual
elementary results can all be proved from this point of view: the image of the
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exponential mapping contains a neighborhood of the identity; in a connected
group, every element is a product of exponentials; every continuous group
homomorphism induces a Lie algebra homomorphism. (These results show
that every matrix group is a smooth embedded submanifold of GL(n;C), and
hence a Lie group.)

I also address two deeper results: that in the simply-connected case, every
Lie algebra homomorphism induces a group homomorphism and that there
is a one-to-one correspondence between subalgebras h of g and connected Lie
subgroups H of G. The usual approach to these theorems makes use of the
Frobenius theorem. Although this is a fundamental result in analysis, it is
not easily stated (let alone proved) and it is not especially Lie-theoretic. My
approach is to use, instead, the Baker-Campbell-Hausdorff theorem. This
theorem is more elementary than the Frobenius theorem and arguably gives
more intuition as to why the above-mentioned results are true. I begin with the
technically simpler case of the Heisenberg group (where the Baker-Campbell-
Hausdorff series terminates after the first commutator term) and then proceed
to the general case.

Appendix C gives two examples of Lie groups that are not matrix Lie
groups. Both examples are constructed from matrix Lie groups: One is the
universal cover of SL(n;R) and the other is the quotient of the Heisenberg
group by a discrete central subgroup. These examples show the limitations of
working with matrix Lie groups, namely that important operations such as the
of taking quotients and covers do not preserves the class of matrix Lie groups.
In the long run, then, the theory of matrix Lie groups is not an acceptable
substitute for general Lie group theory. Nevertheless, I feel that the matrix
approach is suitable for a first course in the subject not only because most of
the interesting examples of Lie groups are matrix groups but also because all
of the theorems I will discuss for the matrix case continue to hold for general
Lie groups. In fact, most of the proofs are the same in the general case, except
that in the general case, one needs to spend a lot more time setting up the
basic notions before one can begin.

In addressing the theory of semisimple groups and Lie algebras, I use repre-
sentation theory as a motivation for the structure theory. In particular, I work
out in detail the representation theory of SU(2) (or, equivalently, sl(2; C)) and
SU(3) (or, equivalently, sl(3; C)) before turning to the general semisimple case.
The sl(3; C) case (more so than just the sl(2;C) case) illustrates in a concrete
way the significance of the Cartan subalgebra, the roots, the weights, and the
Weyl group. In the general semisimple case, I keep the representation theory
at the fore, introducing at first only as much structure as needed to state the
theorem of the highest weight. I then turn to a more detailed look at root
systems, including two- and three-dimensional examples, Dynkin diagrams,
and a discussion (without proof) of the classification. This portion of the text
includes numerous images of the relevant structures (root systems, lattices of
dominant integral elements, and weight diagrams) in ranks two and three.
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I take full advantage, in treating the semisimple theory, of the correspon-
dence established earlier between the representations of a simply-connected
group and the representations of its Lie algebra. So, although I treat things
from the point of view of complex semisimple Lie algebras, I take advantage of
the characterization of such algebras as ones isomorphic to the complexifica-
tion of the Lie algebra of a compact simply-connected Lie group K. (Although,
for the purposes of this book, we could take this as the definition of a com-
plex semisimple Lie algebra, it is equivalent to the usual algebraic definition.)
Having the compact group at our disposal simplifies several issues. First and
foremost, it implies the complete reducibility of the representations. Second,
it gives a simple construction of Cartan subalgebras, as the complexification
of any maximal abelian subalgebra of the Lie algebra of K. Third, it gives a
more transparent construction of the Weyl group, as W = N(T)/T', where T
is a maximal torus in K. This description makes it evident, for example, why
the weights of any representation are invariant under the action of W. Thus,
my treatment is a mixture of the Lie algebra approach of Humphreys (1972)
and the compact group approach of Brocker and tom Dieck (1985) or Simon
(1996).

This book is intended to supplement rather than replace the standard texts
on Lie theory. I recommend especially four texts for further reading: the book
of Lee (2003) for manifold theory and the relationship between Lie groups
and Lie algebras, the book of Humphreys (1972) for the Lie algebra approach
to representation theory, the book of Brocker and tom Dieck (1985) for the
compact-group approach to representation theory, and the book of Fulton and
Harris (1991) for numerous examples of representations of the classical groups.
There are, of course, many other books worth consulting; some of these are
listed in the Bibliography.

I hope that by keeping the mathematical prerequisites to a minimum, 1
have made this book accessible to students in physics as well as mathematics.
Although much of the material in the book is widely used in physics, physics
students are often expected to pick up the material by osmosis. I hope that
they can benefit from a treatment that is elementary but systematic and
mathematically precise. In Appendix A, I provide a quick introduction to the
theory of groups (not necessarily Lie groups), which is not as standard a part
of the physics curriculum as it is of the mathematics curriculum.

The main prerequisite for this book is a solid grounding in linear algebra,
especially eigenvectors and the notion of diagonalizability. A quick review of
the relevant material is provided in Appendix B. In addition to linear algebra,
only elementary analysis is needed: limits, derivatives, and an occasional use
of compactness and the inverse function theorem.

There are, to my knowledge, five other treatments of Lie theory from the
matrix group point of view. These are (in order of publication) the book Linear
Lie Groups, by Hans Freudenthal and H. de Vries, the book Matriz Groups,
by Morton L. Curtis, the article “Very Basic Lie Theory,” by Roger Howe,
and the recent books Matriz Groups: An Introduction to Lie Group Theory,
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by Andrew Baker, and Lie Groups: An Introduction Through Linear Groups,
by Wulf Rossmann. (All of these are listed in the Bibliography.) The book of
Freudenthal and de Vries covers a lot of ground, but its unorthodox style and
notation make it rather inaccessible. The works of Curtis, Howe, and Baker
overlap considerably, in style and content, with the first two chapters of this
book, but do not attempt to cover as much ground. For example, none of
them treats representation theory or the Baker—Campbell-Hausdorff formula.
The book of Rossmann has many similarities with this book, including the
use of the Baker—-Campbell-Hausdorff formula. However, Rossmann’s book is
a bit different at the technical level, in that he considers arbitrary subgroups
of GL(n; C), with no restriction on the topology.

Although the organization of this book is, I believe, substantially different
from that of other books on the subject, I make no claim to originality in any
of the proofs. I myself learned most of the material here from books listed
in the Bibliography, especially Humphreys (1972), Brocker and tom Dieck
(1985), and Miller (1972).

I am grateful to many who made corrections, large and small, to the text
before publication, including Ed Bueler, Wesley Calvert, Tom Goebeler, Ruth
Gornet, Keith Hubbard, Wicharn Lewkeeratiyutkul, Jeffrey Mitchell, Ambar
Sengupta, and Erdinch Tatar. I am grateful as well to those who have pointed
out errors in the first printing (which have been corrected in this, the second
printing), including Moshe Adrian, Kamthorn Chailuek, Paul Gibson, Keith
Hubbard, Dennis Muhonen, Jason Quinn, Rebecca Weber, and Reed Wickner.

I also thank Paul Hildebrant for assisting with the construction of mod-
els of rank-three root systems using Zome, Judy Hygema for taking digital
photographs of the models, and Charles Albrecht for rendering the color im-
ages. Finally, I especially thank Scott Vorthmann for making available to the
vZome software and for assisting me in its use.

I welcome comments by e-mail at bhall@nd.edu. Please visit my web site
at http://www.nd.edu/ bhall/ for more information, including an up-to-date
list of corrections and many more color pictures than could be included in the
book.

Notre Dame, Indiana Brian C. Hall
May 2004
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General Theory



1

Matrix Lie Groups

1.1 Definition of a Matrix Lie Group

We begin with a very important class of groups, the general linear groups. The
groups we will study in this book will all be subgroups (of a certain sort) of
one of the general linear groups. This chapter makes use of various standard
results from linear algebra that are summarized in Appendix B. This chapter
also assumes basic facts and definitions from the theory of abstract groups;
the necessary information is provided in Appendix A.

Definition 1.1. The general linear group over the real numbers, denoted
GL(n;R), is the group of all n x n invertible matrices with real entries. The
general linear group over the complex numbers, denoted GL(n;C), is the group
of all n x n invertible matrices with complex entries.

The general linear groups are indeed groups under the operation of matrix
multiplication: The product of two invertible matrices is invertible, the iden-
tity matrix is an identity for the group, an invertible matrix has (by definition)
an inverse, and matrix multiplication is associative.

Definition 1.2. Let M,,(C) denote the space of all nxn matrices with complex
entries.

Definition 1.3. Let A, be a sequence of complex matrices in My(C). We
say that A,, converges to a matriz A if each entry of A,, converges (as
m — 00) to the corresponding entry of A (i.e., if (Am),, converges to Ag for
all 1 <kl <n).

Definition 1.4. A matrixz Lie group is any subgroup G of GL(n; C) with the
following property: If A, is any sequence of matrices in G, and A, converges
to some matriz A then either A € G, or A is not invertible.

The condition on G amounts to saying that G is a closed subset of GL(n; C).
(This does not necessarily mean that G is closed in M, (C).) Thus, Definition
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1.4 is equivalent to saying that a matrix Lie group is a closed subgroup of
GL(n; C).

The condition that G be a closed subgroup, as opposed to merely a sub-
group, should be regarded as a technicality, in that most of the interesting
subgroups of GL(n;C) have this property. (Most of the matrix Lie groups G
we will consider have the stronger property that if A,, is any sequence of
matrices in G, and A,, converges to some matrix A4, then A € G (i.e., that G
is closed in M, (C)).)

1.1.1 Counterexamples

An example of a subgroup of GL(n;C) which is not closed (and hence is not a
matrix Lie group) is the set of all n x n invertible matrices all of whose entries
are real and rational. This is in fact a subgroup of GL(n;C), but not a closed
subgroup. That is, one can (easily) have a sequence of invertible matrices
with rational entries converging to an invertible matrix with some irrational
entries. (In fact, every real invertible matrix is the limit of some sequence of
invertible matrices with rational entries.)

Another example of a group of matrices which is not a matrix Lie group
is the following subgroup of GL(2;C). Let a be an irrational real number and

let .
e 0
G_{<0 e““) teR}.

Clearly, G is a subgroup of GL(2,C). Because a is irrational, the matrix —I is
not in G, since to make e® equal to —1, we must take ¢ to be an odd integer
multiple of 7, in which case ta cannot be an odd integer multiple of 7. On the
other hand (Exercise 1), by taking t = (2n + 1)7 for a suitably chosen integer
n, we can make ta arbitrarily close to an odd integer multiple of 7. Hence,
we can find a sequence of matrices in G which converges to —I, and so G is
not a matrix Lie group. See Exercise 1 and Exercise 18 for more information.

1.2 Examples of Matrix Lie Groups

Mastering the subject of Lie groups involves not only learning the general the-
ory but also familiarizing oneself with examples. In this section, we introduce
some of the most important examples of (matrix) Lie groups.

1.2.1 The general linear groups GL(n;R) and GL(n;C)

The general linear groups (over R or C) are themselves matrix Lie groups.
Of course, GL(n; C) is a subgroup of itself. Furthermore, if A, is a sequence
of matrices in GL(n;C) and A,, converges to A, then by the definition of
GL(n; C), either A is in GL(n;C), or A is not invertible.
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Moreover, GL(n;R) is a subgroup of GL(n;C), and if A,, € GL(n;R) and
A,, converges to A, then the entries of A are real. Thus, either A is not
invertible or A € GL(n;R).

1.2.2 The special linear groups SL(n;R) and St (n;C)

The special linear group (over R or C) is the group of n x n invertible
matrices (with real or complex entries) having determinant one. Both of these
are subgroups of GL(n;C). Furthermore, if A, is a sequence of matrices with
determinant one and A, converges to A, then A also has determinant one,
because the determinant is a continuous function. Thus, SL(n; R) and SL (n; C)
are matrix Lie groups.

1.2.3 The orthogonal and special orthogonal groups, O(n) and
SO(n)

An n x n real matrix A is said to be orthogonal if the column vectors that
make up A are orthonormal, that is, if

> Ak =0, 1< k<n.
=1

(Here ;1 is the Kronecker delta, equal to 1 if j = k and equal to zero if j #
k.) Equivalently, A is orthogonal if it preserves the inner product, namely if
(x,y) = (Az, Ay) for all vectors z, y in R"™. ( Angled brackets denote the usual
inner product on R™, (z,y) = >, xxyk.) Still another equivalent definition
is that A is orthogonal if A" A = I, i.e., if A" = A~Ll. (Here, A" is the
transpose of A, (A'),, = Ai.) See Exercise 2.

Since det A" = det A, we see that if A is orthogonal, then det(A"A4) =
(det A)2 = det I = 1. Hence, det A = +1, for all orthogonal matrices A.

This formula tells us in particular that every orthogonal matrix must be
invertible. However, if A is an orthogonal matrix, then

(A7 'z, A y) = (A(A7'2), A(A™'y)) = (z,y) .

Thus, the inverse of an orthogonal matrix is orthogonal. Furthermore, the
product of two orthogonal matrices is orthogonal, since if A and B both
preserve inner products, then so does AB. Thus, the set of orthogonal matrices
forms a group.

The set of all n x n real orthogonal matrices is the orthogonal group
O(n), and it is a subgroup of GL(n;C). The limit of a sequence of orthogonal
matrices is orthogonal, because the relation A" A = I is preserved under
taking limits. Thus, O(n) is a matrix Lie group.

The set of n x n orthogonal matrices with determinant one is the special
orthogonal group SO(n). Clearly, this is a subgroup of O(n), and hence of
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GL(n; C). Moreover, both orthogonality and the property of having determi-
nant one are preserved under limits, and so SO(n) is a matrix Lie group. Since
elements of O(n) already have determinant +1, SO(n) is “half” of O(n).
Geometrically, elements of O(n) are either rotations or combinations of
rotations and reflections. The elements of SO(n) are just the rotations.
See also Exercise 6.

1.2.4 The unitary and special unitary groups, U(n) and SU(n)

An n x n complex matrix A is said to be unitary if the column vectors of A
are orthonormal, that is, if

> A A = 6.

=1

Equivalently, A is unitary if it preserves the inner product, namely if {x,y) =
(Az, Ay) for all vectors z,y in C™. (Angled brackets here denote the inner
product on C", (x,y) = >, Tryx. We will adopt the convention of putting
the complex conjugate on the left.) Still another equivalent definition is that
A is unitary if A*A = I, i.e., if A* = A~!. (Here, A* is the adjoint of A,
(A*);x, = Ax;.) See Exercise 3.

Since det A* = det A, we see that if A is unitary, then det(A*A) =
|det A[2 =det I = 1. Hence, |det A| = 1, for all unitary matrices A.

This, in particular, shows that every unitary matrix is invertible. The same
argument as for the orthogonal group shows that the set of unitary matrices
forms a group.

The set of all n x n unitary matrices is the unitary group U(n), and it
is a subgroup of GL(n;C). The limit of unitary matrices is unitary, so U(n) is
a matrix Lie group. The set of unitary matrices with determinant one is the
special unitary group SU(n). It is easy to check that SU(n) is a matrix Lie
group. Note that a unitary matrix can have determinant e* for any 6, and so
SU(n) is a smaller subset of U(n) than SO(n) is of O(n). (Specifically, SO(n)
has the same dimension as O(n), whereas SU(n) has dimension one less than
that of U(n).)

See also Exercise 8.

1.2.5 The complex orthogonal groups, O(n;C) and SO(n; C)

Consider the bilinear form (-,-) on C* defined by (z,y) = >, ZxYyk- This form
is nmot an inner product (Section B.6) because, for example, it is symmetric
rather than conjugate-symmetric. The set of all n x n complex matrices A
which preserve this form (i.e., such that (Az, Ay) = (z,y) for all z,y € C") is
the complex orthogonal group O(n;C), and it is a subgroup of GL(n;C).
Repeating the arguments for the case of SO(n) and O(n) (but now permitting
complex entries), we find that an n x n complex matrix 4 is in O(n; C) if and
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only if A" A = I, that O(n;C) is a matrix Lie group, and that det A = +1
for all A in O(n;C). Note that O(n; C) is not the same as the unitary group
U(n). The group SO(n;C) is defined to be the set of all A in O(n;C) with
det A =1 and it is also a matrix Lie group.

1.2.6 The generalized orthogonal and Lorentz groups

Let n and k be positive integers, and consider R"**. Define a symmetric
bilinear form [+, -], x on R"** by the formula

[T Yk = T1Y1 + 0 F TnYn = Tnt1¥n+1 — *° — TntkYntk (1.1)

The set of (n + k) X (n + k) real matrices A which preserve this form (i.e.,
such that [Az, Ayl, , = [z,y],, for all z,y € R"**) is the generalized
orthogonal group O(n; k). It is a subgroup of GL(n+ k;R) and a matrix Lie
group (Exercise 4).

If Aisan (n+ k) x (n + k) real matrix, let A®) denote the i*h column
vector of A, that is,

A
A@ — .

An+k,i

Then, A is in O(n; k) if and only if the following conditions are satisfied:

[A(l)’A(j)]nk =0 [#3
[AD AD] =1 1<I<n, (1.2)

[AD,A0] " =1 n+l<i<n+k

Let g denote the (n + k) x (n + k) diagonal matrix with ones in the first
n diagonal entries and minus ones in the last k diagonal entries. Then, A is
in O(n; k) if and only if A"gA = g (Exercise 4). Taking the determinant of
this equation gives (det A)? det g = det g, or (det A)? = 1. Thus, for any A in
O(n; k), det A = £1.

Of particular interest in physics is the Lorentz group O(3;1). See also
Exercise 7.

1.2.7 The symplectic groups Sp(n;R), Sp(n;C), and Sp(n)

The special and general linear groups, the orthogonal and unitary groups, and
the symplectic groups (which will be defined momentarily) make up the clas-
sical groups. Of the classical groups, the symplectic groups have the most
confusing definition, partly because there are three sets of them (Sp(n;R),
Sp(n; C), and Sp(n)) and partly because they involve skew-symmetric bilin-
ear forms rather than the more familiar symmetric bilinear forms. To further
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confuse matters, the notation for referring to these groups is not consistent
from author to author.
Consider the skew-symmetric bilinear form B on R2?" defined as follows:

n
B[‘T, y] = Z TkYn+k — Tn4+kYk- (13)
k=1

The set of all 2n x 2n matrices A which preserve B (i.e., such that B [Az, Ay] =
Blz,y] for all z,y € R®") is the real symplectic group Sp(n;R), and it is
a subgroup of GL(2n;R). It is not difficult to check that this is a matrix
Lie group (Exercise 5). This group arises naturally in the study of classical
mechanics. If J is the 2n x 2n matrix

01
7= (50)

then Bz, y] = (z, Jy), and it is possible to check that a 2nx 2n real matrix A is
in Sp(n; R) if and only if A*"JA = J. (See Exercise 5.) Taking the determinant
of this identity gives (det A)* det J = det J, or (det A)> = 1. This shows that
det A = +1, for all A € Sp(n;R). In fact, det A = 1 for all A € Sp(n;R),
although this is not obvious.

One can define a bilinear form on C** by the same formula (1.3). (This
form involves no complex conjugates.) The set of 2n x 2n complex matrices
which preserve this form is the complex symplectic group Sp(n;C). A
2n x 2n complex matrix A is in Sp(n;C) if and only if A" JA = J. (Note:
This condition involves A*", not A*.) This relation shows that det A = =+1,
for all A € Sp(n;C). In fact, det A = 1, for all A € Sp(n;C).

Finally, we have the compact symplectic group Sp(n) defined as

Sp(n) = Sp (n; C) N U(2n).

See also Exercise 9. For more information and a proof that det A = 1 for all
A € Sp(n; C), see Section 9.4 of Miller (1972). What we call Sp (n; C) Miller
calls Sp(n), and what we call Sp(n), Miller calls USp(n).

1.2.8 The Heisenberg group H

The set of all 3 x 3 real matrices A of the form

labd
A=[o01c], (1.4)
001

where a, b, and c are arbitrary real numbers, is the Heisenberg group. It is
easy to check that the product of two matrices of the form (1.4) is again of
that form, and, clearly, the identity matrix is of the form (1.4). Furthermore,
direct computation shows that if 4 is as in (1.4), then
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1l —-aac—0»
Al=(0 1 —-¢
0 0 1

Thus, H is a subgroup of GL(3;R). Clearly, the limit of matrices of the form
(1.4) is again of that form, and so H is a matrix Lie group.

The reason for the name “Heisenberg group” is that the Lie algebra of
H gives a realization of the Heisenberg commutation relations of quantum
mechanics. (See especially Chapter 4, Exercise 8.)

See also Exercise 10.

1.2.9 The groups R*, C*, S, R, and R™

Several important groups which are not naturally groups of matrices can (and
will in these notes) be thought of as such.

The group R* of non-zero real numbers under multiplication is isomorphic
to GL(1;R). Thus, we will regard R* as a matrix Lie group. Similarly, the
group C* of nonzero complex numbers under multiplication is isomorphic to
GL(1;C), and the group S! of complex numbers with absolute value one is
isomorphic to U(1).

The group R under addition is isomorphic to GL(1; R)* (1 x 1 real matrices
with positive determinant) via the map = — [e*]. The group R™ (with vector
addition) is isomorphic to the group of diagonal real matrices with positive
diagonal entries, via the map

e’1 0
(21,...,2p) >

0 etn

1.2.10 The Euclidean and Poincaré groups E(n) and P(n;1)

The Euclidean group E(n) is, by definition, the group of all one-to-one, onto,
distance-preserving maps of R” to itself, that is, maps f : R® — R"™ such that
d(f(x), f(y)) = d(z,y) for all z,y € R™. Here, d is the usual distance on R™:
d(z,y) = |z — y|. Note that we do not assume anything about the structure
of f besides the above properties. In particular, f need not be linear. The
orthogonal group O(n) is a subgroup of E(n) and is the group of all linear
distance-preserving maps of R” to itself. For x € R", define the translation
by z, denoted T, by

Te(y) =z +y.

The set of translations is also a subgroup of E(n).

Proposition 1.5. Every element T of E(n) can be written uniquely as an
orthogonal linear transformation followed by a translation, that is, in the form
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T=T,R
with x € R™ and R € O(n).

We will not prove this. The key step is to prove that every one-to-one,
onto, distance-preserving map of R™ to itself which fixes the origin must be
linear. We will write an element T' = T, R of E(n) as a pair {z, R}. Note that
for y € R™,

{z,R}y=Ry+=

and that
{z1, Ri}{z2, Re}y = R1(Roy + x2) + 1 = Ri Roy + (21 + Rix2).
Thus, the product operation for E(n) is the following:
{z1, RiH{x2, Ro} = {x1 + Riza, R Ro}. (1.5)
The inverse of an element of E(n) is given by
{z,R}7' = {-R'z,R7'}.

As already noted, E(n) is not a subgroup of GL(n; R), since translations are
not linear maps. However, E(n) is isomorphic to a subgroup of GL(n + 1;R),
via the map which associates to {z, R} € E(n) the following matrix:

T

R |, (1.6)

This map is clearly one-to-one, and direct computation shows that multipli-
cation of elements of the form (1.6) follows the multiplication rule in (1.5), so
that this map is a homomorphism. Thus, E(n) is isomorphic to the group of
all matrices of the form (1.6) (with R € O(n)). The limit of things of the form
(1.6) is again of that form, and so we have expressed the Euclidean group
E(n) as a matrix Lie group.

We similarly define the Poincaré group P(n;1) to be the group of all trans-
formations of R®*! of the form

T=T,A

with z € R**! and A € O(n;1). This is the group of affine transformations
of R**! which preserve the Lorentz “distance” dp(x,y) = (z1 —y1)? + -+
(T, — Yn)? = (Tny1 — Yns1)?. (An affine transformation is one of the form
x — Ax +b, where A is a linear transformation and b is constant.) The group
product is the obvious analog of the product (1.5) for the Euclidean group.
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The Poincaré group P(n; 1) is isomorphic to the group of (n+2) x (n+2)
matrices of the form
Ty

A (1.7)
Tn+1
0---0 1

with A € O(n;1). The set of matrices of the form (1.7) is a matrix Lie group.

1.3 Compactness

Definition 1.6. A matriz Lie group G is said to be compact if the following
two conditions are satisfied:

1. If A, is any sequence of matrices in G, and A, converges to a matriz A,
then A is in G.

2. There exists a constant C' such that for all A € G, |A;j] < C for all
1<i,j<n.

This is not the usual topological definition of compactness. However, the
set M, (C) of all n x n complex matrices can be thought of as C"’. The above
definition says that G is compact if it is a closed, bounded subset of C™. Tt is
a standard theorem from elementary analysis that a subset of c"’ s compact
if and only if it is closed and bounded.

All of our examples of matrix Lie groups except GL(n;R) and GL(n;C)
have property (1). Thus, it is the boundedness condition (2) that is most
important.

1.3.1 Examples of compact groups

The groups O(n) and SO(n) are compact. Property (1) is satisfied because
the limit of orthogonal matrices is orthogonal and the limit of matrices with
determinant one has determinant one. Property (2) is satisfied because if A is
orthogonal, then the column vectors of A have norm one, and hence |Ag| < 1,
for all 1 < k,! < n. A similar argument shows that U(n), SU(n), and Sp(n)
are compact. (This includes the unit circle, S* = U(1).)

1.3.2 Examples of noncompact groups

All of the other examples given of matrix Lie groups are noncompact. The
groups GL(n;R) and GL(n;C) violate property (1), since a limit of invertible
matrices may be noninvertible. The groups SL(n; R) and SL (n; C) violate (2),
(except in the trivial case n = 1) since
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has determinant one, no matter how large m is.

The following groups also violate (2), and hence are noncompact: O(n;C)
and SO(n;C); O(n; k) and SO(n; k) (n > 1, k > 1); the Heisenberg group H;
Sp(n;R) and Sp(n;C); E(n) and P(n;1); R and R™; R* and C*. It is left to
the reader to provide examples to show that this is the case.

1.4 Connectedness

Definition 1.7. A matriz Lie group G is said to be connected if given any
two matrices A and B in G, there exists a continuous path A(t), a <t <b,
lying in G with A(a) = A and A(b) = B.

This property is what is called path-connected in topology, which is not
(in general) the same as connected. However, it is a fact (not particularly
obvious at the moment) that a matrix Lie group is connected if and only if it
is path-connected. So, in a slight abuse of terminology, we shall continue to
refer to the above property as connectedness. (See Section 1.8.)

A matrix Lie group G which is not connected can be decomposed (uniquely)
as a union of several pieces, called components, such that two elements of
the same component can be joined by a continuous path, but two elements of
different components cannot.

Proposition 1.8. If G is a matriz Lie group, then the component of G con-
taining the identity is a subgroup of G.

Proof. Saying that A and B are both in the component containing the identity
means that there exist continuous paths A(t) and B(t) with A(0) = B(0) =1,
A(1) = A, and B(1) = B. Then, A(t)B(t) is a continuous path starting at I
and ending at AB. Thus, the product of two elements of the identity compo-
nent is again in the identity component. Furthermore, A(t)~! is a continuous
path starting at I and ending at A~!, and so the inverse of any element of
the identity component is again in the identity component. Thus, the identity
component is a subgroup. ad

Note that because matrix multiplication and matrix inversion are contin-
uous on GL(n; C), it follows that if A(t) and B(t) are continuous, then so are
A(t)B(t) and A(t)~!. The continuity of the matrix product is obvious. The
continuity of the inverse follows from the formula for the inverse in terms
of cofactors; this formula is continuous as long as we remain in the set of
invertible matrices where the determinant in the denominator is nonzero.
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Proposition 1.9. The group GL(n; C) is connected for alln > 1.

Proof. Consider first the case n = 1. A 1 x 1 invertible complex matrix A is
of the form A = [A] with A in C*, the set of nonzero complex numbers. Given
any two nonzero complex numbers, we can easily find a continuous path which
connects them and does not pass through zero.

For the case n > 2, we will show that any element of GL(n;C) can be
connected to the identity by a continuous path lying in GL(n;C). Then, any
two elements A and B of GL(n;C) can be connected by a path going from A
to the identity and then from the identity to B.

We make use of the result that every matrix is similar to an upper tri-
angular matrix (Theorem B.7). That is, given any n x n complex matrix A,
there exists an invertible n x n complex matrix C such that

A=CBC™!
where B is upper triangular:
)\1 *
B = .
0 An

If we now assume that A is invertible, then all the A;’s must be nonzero,
since det A = det B = Ay - -+ \,,. Let B(t) be obtained by multiplying the part
of B above the diagonal by (1 —t), for 0 < ¢ < 1, and let A(t) = CB(t)C~.
Then, A(t) is a continuous path which starts at A and ends at CDC ™', where
D is the diagonal matrix

0 A
This path lies in GL(n;C) since det A(t) = A1 --- A, = det A for all ¢.

Now, as in the case n = 1, we can define A;(¢), which connects each \; to 1
in C* as t goes from 1 to 2. Then, we can define A(t) on the interval 1 <t <2
by
A1(t) 0
Alt)y=C . c1.
0 ()

This is a continuous path which starts at CDC~! when t = 1 and ends at
I (= CIC™') when t = 2. Since the A\ (t)’s are always nonzero, A(t) lies in
GL(n; C). We see, then, that every matrix A in GL(n; C) can be connected to
the identity by a continuous path lying in GL(n;C). a

An alternative proof of this result is given in Exercise 12.
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Proposition 1.10. The group SL(n;C) is connected for alln > 1.

Proof. The proof is almost the same as for GL(n; C), except that we must be
careful to preserve the condition det A = 1. Let A be an arbitrary element
of SL(n;C). The case n = 1 is trivial, so we assume n > 2. We can define
A(t) as before for 0 < t < 1, with A(0) = A and A(1) = CDC™!, since
det A(t) = det A = 1. Now, define A\ (t) as before for 1 < k < n—1 and define
An(t) to be [A;(t) -~ A_1(t)] "', (Note that since Ay -« A, = 1, An(1) = Ap)
This allows us to connect A to the identity while staying within SL(n;C). O

Proposition 1.11. The groups U(n) and SU(n) are connected, for alln > 1.

Proof. By a standard result of linear algebra (Theorem B.3), every unitary
matrix has an orthonormal basis of eigenvectors, with eigenvalues of the form
et Tt follows that every unitary matrix U can be written as

et 0
U=U, Ut (1.8)

0 gifn

with Uy unitary and 6; € R. Conversely, as is easily checked, every matrix of
the form (1.8) is unitary. Now, define

ei(l—t)el 0

Ut)=U, Ut
0 ei(l—t)en

As t ranges from 0 to 1, this defines a continuous path in U(n) joining U to
I. Thus, any two elements U and V of U(n) can be connected to each other
by a continuous path that runs from U to I and then from I to V.

A slight modification of this argument, as in the proof of Proposition 1.10,
shows that SU(n) is connected. O

Proposition 1.12. The group GL(n;R) is not connected, but has two com-
ponents. These are GL(n;R)™, the set of n x n real matrices with positive
determinant, and GL(n;R)™, the set of n x n real matrices with negative de-
terminant.

Proof. GL(n;R) cannot be connected, for if det A > 0 and det B < 0, then
any continuous path connecting A to B would have to include a matrix with
determinant zero and hence pass outside of GL(n;R).

The proof that GL(n;R)* is connected is sketched in Exercise 15. QOnce
GL(n;R)* is known to be connected, it is not difficult to see that GL(n;R)~
is also connected. Let C' be any matrix with negative determinant and take
A and B in GL(n;R)~. Then, C~'4 and C~!B are in GL(n;R)* and can be
joined by a continuous path D(¢) in GL(n;R)*. However, then, CD(t) is a
continuous path joining A and B in GL(n;R)~. O
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The following table lists some matrix Lie groups, indicates whether or not
the group is connected, and gives the number of components:

Group Connected? Components

GL(n;C) yes 1
SL(n;C) yes 1
GL(n; R) no 2
SL(n; R) yes 1
O(n) no 2
SO(n) yes 1
U(n) yes 1
SU(n) ves 1
O(n;1) no 4
SO(n; 1) no 2
Heisenberg yes 1
E(n) no 2
P(n;1) no 4

Proofs of some of these results are given in Exercises 7, 13, 14, and 15.

1.5 Simple Connectedness

Definition 1.13. A matriz Lie group G is said to be simply connected if it
s connected and, in addition, every loop in G can be shrunk continuously to
a point in G.

More precisely, assume that G is connected. Then, G is simply connected
if given any continuous path A(t), 0 < t < 1, lying in G with A(0) = A(1),
there exists a continuous function A(s,t), 0 < s,t <1, taking values in G and
having the following properties: (1) A(s,0) = A(s,1) for all s, (2) A(0,t) =
A(t), and (3) A(1,t) = A(1,0) for all t.

One should think of A(t) as a loop and A(s,t) as a family of loops, pa-
rameterized by the variable s which shrinks A(t) to a point. Condition 1 says
that for each value of the parameter s, we have a loop; condition 2 says that
when s = 0 the loop is the specified loop A(t); and condition 3 says that when
s =1 our loop is a point.

Proposition 1.14. The group SU(2) is simply connected.

Proof. Exercise 8 shows that SU(2) may be thought of (topologically) as the
three-dimensional sphere S? sitting inside R*. It is well known that S3 is
simply connected. g

The condition of simple connectedness is extremely important. One of our
most important theorems will be that if G is simply connected, then there is a
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natural one-to-one correspondence between the representations of G and the
representations of its Lie algebra.

For any path-connected topological space, one can define an object called
the fundamental group. See Appendix E for more information. A topolog-
ical space is simply connected if and only if the fundamental group is the
trivial group {1}. I now provide the following tables of fundamental groups,
first for compact groups and then for noncompact groups. See Appendix E
for the methods of proof. Here, SO.(n; 1) denotes the identity component of
SO(n; 1) (since one defines the fundamental group only for connected groups).
In each entry, the result is understood to apply for all n > 1 unless otherwise
stated.

Group Simply connected? Fundamental group

SO(2) no Z
SO(n) (n > 3) no Z)2
U(n) no Z
SU(n) yes {1}
Sp(n) yes {1}
Group Simply connected? Fundamental group
GL(n;R)T (n > 2) no same as SO(n)
GL(n; C) no Z
SL(n;R) (n > 2) no same as SO(n)
SL(n;C) yes {1}
SO(n; C) no same as SO(n)
SO.(1;1) yes {1}
SO.(n;1) (n > 2) no same as SO(n)
Sp(n; R) no Z
Sp(n; C) yes {1}

We conclude this section with a discussion of the case of SO(3). If v is a unit
vector in R?, let R, ¢ be the element of SO(3) consisting of a “right-handed”
rotation by angle 6 in the plane perpendicular to v. Here, right-handed means
that if one places the thumb of one’s right hand in the v-direction, the rotation
is in the direction that one’s fingers curl. To say this more mathematically,
let v denote the plane perpendicular to v and let us choose an orthonormal
basis (u1,uz) for v1 in such a way that the basis (u1,ug,v) for R® has the
same orientation as the standard basis (e, e2, e3). (This means that the linear
map taking (uy,us,v) to (e1, e, e3) has positive determinant.) We then use
the basis (u1,u2) to identify v+ with R?, and the rotation is then in the
counterclockwise direction in R2.

It is easily seen that R_, ¢ is the same as R, -g. It is also not hard to
show (Exercise 16) that every element of SO(3) can be expressed as R, g, for
some v and # with —7 < 6 < 7. Furthermore, we can arrange that 0 <0 <=
by replacing v with —v if necessary.

Now let B denote the closed ball of radius 7 in R? and consider the map
® : B — SO(3) given by
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®(u) = Ry u, u#0,
B(0) = I.

Here, 4 = u/||u| is the unit vector in the u-direction. The map ® is con-
tinuous, even at I, since R, p approaches the identity as 6 approaches zero,
regardless of how v is behaving. The discussion in the preceding paragraph
shows that ® maps B onto R?. The map ® is almost injective, but not quite.
Since R, = = R_, r, antipodal points on the boundary of B (i.e., pairs of
points of the form (u, —u) with |jul| = ) map to the same element of SO(3).

This means that SO(3) can be identified (homeomorphically) with B/~
where ~ denotes identification of antipodal points on the boundary. It is known
that B/~ is not simply connected. Specifically, consider the loop in B/™ that
begins at some vector u of length © and goes in a straight line through the
origin until it reaches —wu. (Since v and —u are identified, this is a loop in
B/~.) 1t can be shown that this loop cannot be shrunk continuously to a point
in B/". This, then, shows that SO(3) is not simply connected. In fact, B/~
is homeomorphic to the manifold RP? (real projective space of dimension 3)
which has fundamental group Z/2.

1.6 Homomorphisms and Isomorphisms

Definition 1.15. Let G and H be matriz Lie groups. A map ® from G to H
is called a Lie group homomorphism if (1) ® is a group homomorphism
and (2) ® is continuous. If, in addition, ® is one-to-one and onto and the
inverse map ®~! is continuous, then ® is called a Lie group isomorphism.

The condition that ® be continuous should be regarded as a technicality, in
that it is very difficult to give an example of a group homomorphism between
two matrix Lie groups which is not continuous. In fact, if G = R and H = C*,
then any group homomorphism from G to H which is even measurable (a very
weak condition) must be continuous. (See Exercise 17 in Chapter 9 of Rudin
(1987).)

Note that the inverse of a Lie group isomorphism is continuous (by defi-
nition) and a group homomorphism (by elementary group theory), and thus
a Lie group isomorphism. If G and H are matrix Lie groups and there exists
a Lie group isomorphism from G to H, then G and H are said to be iso-
morphic, and we write G = H. Two matrix Lie groups which are isomorphic
should be thought of as being essentially the same group.

The simplest interesting example of a Lie group homomorphism is the
determinant, which is a homomorphism of GL(n;C) into C*. Another simple
example is the map ® : R — SO(2) given by

B(0) = (cos@ -sin@) .

sinf cos@
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This map is clearly continuous, and calculation (using standard trigonometric
identities) shows that it is a homomorphism. (Compare Exercise 6.)

1.6.1 Example: SU(2) and SO(3)

A very important topic for us will be the relationship between the groups
SU(2) and SO(3). This example is designed to show that SU(2) and SO(3)
are almost (but not quite!) isomorphic. Specifically, there exists a Lie group
homomorphism ® which maps SU(2) onto SO(3) and which is two-to-one. We
now describe this map.

Consider the space V of all 2 x 2 complex matrices which are self-adjoint
(i.e., A* = A) and have trace zero. This is a three-dimensional real vector
space with the following basis:

01 0 i 10
w=(lo)in= (%) 6-(5)

We may define an inner product (Section B.6 of Appendix B) on V by the
formula

(A, B) = %trace(AB).

(Except for the factor of %, this is simply the restriction to V' of the Hilbert—
Schmidt inner product described in Section B.6.) Direct computation shows
that {A;, Az, A3} is an orthonormal basis for V. Having chosen an orthonor-
mal basis for V, we can identify V with R3.

Now, suppose that U is an element of SU(2) and A is an element of V, and
consider UAU . Then (Section B.5), trace(UAU ~!) = trace(A) = 0 and

(UAU Y = (UY*AU* = UAU Y,

and so UAU ! is again in V. Furthermore, for a fixed U, the map A — UAU !
is linear in A. Thus for each U € SU(2), we can define a linear map @y of V

to itself by the formula
Oy (A) = UAU .

Note that U3Ux AU, 'UTY = (U1U2)A(U Us) ™, and so @y,u, = Pu, oy,
Moreover, given U € SU(2) and A, B € V, we have

(®y(A), @y (B)) = %trace(UAU‘lUBU‘l) = %trace(AB) = (A,B).

Thus, ®y is an orthogonal transformation of V.

Once we identify V with R? (using the above orthonormal basis), then we
may think of @y as an element of O(3). Since ¢, y, = Py, Pu,, we see that
(i.e., the map U — @) is a homomorphism of SU(2) into O(3). It is easy to
see that @ is continuous and, thus, a Lie group homomorphism. Recall that
every element of O(3) has determinant +1. Now, SU(2) is connected (Exercise
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8), ® is continuous, and @ is equal to I, which has determinant one. It follows
that ® must actually map SU(2) into the identity component of O(3), namely
SO(3).

The map U — ®y; is not one-to-one, since for any U € SU(2), &y = D _y.
(Observe that if U is in SU(2), then so is —U.) It is possible to show that
®y is a two-to-one map of SU(2) onto SO(3). (The least obvious part of this
assertion is that ® maps onto SO(3). This will be easy to prove once we have
introduced the concept of the Lie algebra and proved Theorem 2.21.) The
significance of this homomorphism is that SO(3) is not simply connected, but
SU(2) is. The map ® allows us to relate problems on the non-simply-connected
group SO(3) to problems on the simply-connected group SU(2).

1.7 The Polar Decomposition for SL(n;R) and SL(n;C)

In this section, we consider the polar decompositions for SL(n; R) and SL(n; C).
These decompositions can be used to prove the connectedness of SL(n;R) and
SL(n;C) and to show that the fundamental groups of SL (n;R) and SL (n;C)
are the same as those of SO(n) and SU(n), respectively (Appendix E). These
decompositions are supposed to be analogous to the unique decomposition of
a nonzero complex number z as z = up, with |u| =1 and p real and positive.
A real symmetric matrix P is said to be positive if (z, Pz) > 0 for all
nonzero vectors x € R™. (Symmetric means that P*" = P.) Equivalently, a
symmetric matrix is positive if all of its eigenvalues are positive. Given a
symmetric positive matrix P, there exists an orthogonal matrix R such that

P=RDR™!,
where D is diagonal with positive diagonal entries Aq,...,\,. (If we choose
an orthonormal basis vy,...,v, of eigenvectors for P, then R is the matrix
whose columns are vy, ...,v,.) We can then construct a square root of P as

P1/2 — RDI/QR—I,

where D'/2 is the diagonal matrix whose (positive) diagonal entries are
)\1/2, .. .,)\3/2. Then, P'/? is also symmetric and positive. It can be shown
that P/2 is the unique positive symmetric matrix whose square is P (Exer-
cise 21).

We now prove the following result.

Proposition 1.16. Given A in SL(n;R), there exists a unique pair (R, P)
such that R € SO(n), P is real, symmetric, and positive, and A = RP. The
matriz P satisfies det P = 1.

Proof. If there were such a pair, then we would have A" A = PR™'RP = P2.
Now, A*" A is symmetric (check!) and positive, since (z, A" Az) = (Az, Az) >
0, where Az # 0 because A is invertible. Let us then define P by
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P= (AtTA)1/2,

so that P is real, symmetric, and positive. Since we want A = RP, we must
set R = AP~! = A((A*" A)Y/2)~1. We check that R is orthogonal:

RRtr — A((AtrA)1/2)—1((AtrA)1/2)~1Atr
= A(ATA) AT = 1.

This shows that R is in O(n). To check that R is in SO(n), we note that
1 = det A = det Rdet P. Since P is positive, we have det P > 0. This means
that we cannot have det R = —1, so we must have det R = 1. It follows that
det P =1 as well.

We have now established the existence of a pair (R, P) with the desired
properties. To establish the uniqueness of the pair, we recall that if such a
pair exists, then we must have P? = A" A. However, we have remarked earlier
that a real, positive, symmetric matrix has a unique real, positive, symmetric
square root, so P is unique. It follows that R = AP~! is also unique. a

If P is a self-adjoint complex matrix (i.e., P* = P), then we say P is
positive if (x, Pz) > 0 for all nonzero vectors  in C". An argument similar
to the one above establishes the following polar decomposition for SL(n; C).

Proposition 1.17. Given A in SL(n;C), there ermists a unique pair (U, P)
with U € SU(n), P self-adjoint and positive, and A = UP. The matriz P
satisfies det P = 1.

It is left to the reader to work out the appropriate polar decompositions
for the groups GL(n;R), GL(n;R)*, and GL(n;C).

1.8 Lie Groups

As explained in this section and in Appendix C, a Lie group is something that
is simultaneously a smooth manifold and a group. As the terminology suggests,
every matrix Lie group is a Lie group. (This is not at all obvious from the
definition of a matrix Lie group, but it is true nevertheless, as we will prove in
the next chapter.) The reverse is not true: Not every Lie group is isomorphic
to a matrix Lie group. Nevertheless, I have restricted attention in this book to
matrix Lie groups for several reasons. First, not everyone who wants to learn
about Lie groups is familiar with manifold theory. Second, even for someone
familiar with manifolds, the definitions of the Lie algebra and exponential
mapping for a general Lie group are substantially more complicated and ab-
stract than in the matrix case. Third, most of the interesting examples of Lie
groups are matrix Lie groups. Fourth, the results we will prove for matrix Lie
groups (e.g., about the relationship between Lie group homomorphisms and
Lie algebra homomorphisms) continue to hold for general Lie groups. Indeed,
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the proofs of these results are much the same as in the general case, except
that one can get started more quickly in the matrix case. Although in the
long run the manifold approach to Lie groups is unquestionably the right one,
the matrix approach allows one to get into the meat of Lie group theory with
minimal preparation.

This section gives a very brief account of the manifold approach to Lie
groups. Appendix C gives more information, and complete accounts can be
found in standard textbooks such as those by Brocker and tom Dieck (1985),
Varadarajan (1974), and Warner (1983). Appendix C gives two examples of
Lie groups that cannot be represented as matrix Lie groups and also discusses
two important constructions (covering groups and quotient groups) which can
be performed for general Lie groups but not for matrix Lie groups.

Definition 1.18. A Lie group is a differentiable manifold G which is also a
group and such that the group product

GxG=G

1

and the inverse map g — g~ are differentiable.

A manifold is an object that looks locally like a piece of R™. An example
would be a torus, the two-dimensional surface of a “doughnut” in R3, which

looks locally (but not globally) like R2. For a precise definition, see Appendix
C.

Example. As an example, let
G=RxRx 85" ={(z,y,u)lzr eR,yeRuc S cC}
and define the group product G x G — G by

(z1,y1,w1) - (T2, Y2, u2) = (21 + T2, Y1 + Y2, € Pusuy).

Let us first check that this operation makes G into a group. It is not obvious
but easily checked that this operation is associative; the product of three
elements with either grouping is

(T1 + T2 + T3, Y1 + Yo + y3, e T12TTVIEE) 0 5),

There is an identity element in G, namely e = (0,0,1) and each element
(z,y,u) has an inverse given by (—z, —y, e¥u~1).

Thus, G is, in fact, a group. Furthermore, both the group product and the
map that sends each element to its inverse are clearly smooth, and so G is
a Lie group. Note that there is nothing about matrices in the way we have
defined Gj; that is, G is not given to us as a matrix group. We may still ask
whether G is isomorphic to some matrix Lie group, but even this is not true.
As shown in Appendix C, there is no continuous, injective homomorphism of
G into any GL(n;C). Thus, this example shows that not every Lie group is
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a matrix Lie group. Nevertheless, G is closely related to a matrix Lie group,
namely the Heisenberg group. The reader is invited to try to work out what
the relationship is before consulting the appendix.

Now let us think about the question of whether every matrix Lie group
is a Lie group. This is certainly not obvious, since nothing in our definition
of a matrix Lie group says anything about its being a manifold. (Indeed, the
whole point of considering matrix Lie groups is that one can define and study
them without having to go through manifold theory first!) Nevertheless, it is
true that every matrix Lie group is a Lie group, and it would be a particularly
misleading choice of terminology if this were not so.

Theorem 1.19. Every matriz Lie group is a smooth embedded submanifold
of M,(C) and is thus a Lie group.

The proof of this theorem makes use of the notion of the Lie algebra of a
matrix Lie group and is given in Chapter 2. Let us think first about the case
of GL(n;C). This is an open subset of the space M,,(C) and thus a manifold
of (real) dimension 2n2. The matrix product is certainly a smooth map of
M, (C) to itself, and the map that sends a matrix to its inverse is smooth
on GL(n;C), by the formula for the inverse in terms of the classical adjoint.
Thus, GL(n;C) itself is a Lie group. If G C GL(n;C) is a matrix Lie group,
then we will prove in Chapter 2 that G is a smooth embedded submanifold
of GL(n;C). (See Corollary 2.33 to Theorem 2.27.) The matrix product and
inverse will be restrictions of smooth maps to smooth submanifolds and, thus,
will be smooth. This will show, then, that G is also a Lie group.

It is customary to call a map ® between two Lie groups a Lie group
homomorphism if ® is a group homomorphism and ® is smooth, whereas
we have (in Definition 1.15) required only that ® be continuous. However,
the following proposition shows that our definition is equivalent to the more
standard one.

Proposition 1.20. Let G and H be Lie groups and let ® be a group homo-
morphism from G to H. If ® is continuous, it is also smooth.

Thus, group homomorphisms from G to H come in only two varieties: the
very bad ones (discontinuous) and the very good ones (smooth). There simply
are not any intermediate ones. (See, for example, Exercise 19.) We will prove
this in the next chapter (for the case of matrix Lie groups). See Corollary 2.34
to Theorem 2.27.

In light of Theorem 1.19, every matrix Lie group is a (smooth) manifold.
As such, a matrix Lie group is automatically locally path-connected. It follows
that a matrix Lie group is path-connected if and only if it is connected. (See
the remarks following Definition 1.7.)
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1.9 Exercises

1. Let a be an irrational real number and let G be the following subgroup of

GL(2;C): )
o-{(z 4 )2}
_ eit 0
=10 e)

where G denotes the closure of the set G inside the space of 2 x 2 matrices.
Assume the following result: The set of numbers of the form e27"¢ n € Z,
is dense in S*.

Note: The group G can be thought of as the torus S' x S, which, in
turn, can be thought of as [0,27] x [0, 27], with the ends of the inter-
vals identified. The set G C [0, 27] x [0, 27] is called an irrational line.
Drawing a picture of this set should make it plausible that G is dense in
[0,27] x [0, 27].

2. Orthogonal groups. Let (-,-) denote the standard inner product on R™:
(,y) = >k TkYk. Show that a matrix A preserves this inner product if
and only if the column vectors of A are orthonormal.

Show that for any n x n real matrix B,

(B, y) = (=, B'y),

where (B'"),, = Bjx. Using this, show that a matrix A preserves the inner
product on R™ if and only if A"A = 1.

Note: A similar analysis applies to the complex orthogonal groups O(n; C)
and SO(n; C).

3. Unitary groups. Let {-,-) denote the standard inner product on C™:
(x,y) = > 1 Twyk. Following Exercise 2, show that (Az, Ay) = (z,y) for
all z,y € C™ if and only if A*A = I and that this holds if and only if the
columns of A are orthonormal. Here, (A4*),, = Aj.

4. Generalized orthogonal groups. Let [-, -], x be the symmetric bilinear form
on R™"** defined in (1.1). Let g be the (n + k) x (n + k) diagonal matrix
with first n diagonal entries equal to one and last k diagonal entries equal

to minus one:
(I, O
9=\ 0-1 )"

Show that for all z,y € R*+k,

Show that

t,seR},

(@, ylr = (2 9Y) -

Show that a (n + k) X (n + k) real matrix A is in O(n; k) if and only if
A'"gA = g. Show that O(n; k) and SO(n; k) are subgroups of GL(n +k;R)
and are matrix Lie groups.
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Symplectic groups. Let Blz,y] be the skew-symmetric bilinear form on
R?" given by Blz,y] = Y r_,(TkYn+k — Tnikyx). Let J be the 2n x 2n

matrix
07
Eh

Blz,y] = (z, Jy)

Show that for all z,y € R?”,

Show that a 2n x 2n matrix A is in Sp(n;R) if and only if A" JA = J.
Show that Sp(n;R) is a subgroup of GL(2n;R) and a matrix Lie group.
Note: A similar analysis applies to Sp(n;C).

The groups O(2) and SO(2). Show that the matrix

cosf —sinf
sinf cos6
is in SO(2) and that

cosf —sinf\ (cosp —sing\ [ cos(@ + ¢) —sin(0 + ¢)
sinf cosf ) \ sing cos¢ ) \sin(@+¢) cos(@+¢))"

Show that every element A of O(2) is of one of the two forms:
cosf —sind cosf sind
4= (sin& c059> or A= (sin@ —c080> ’
(Note that if A is of the first form, then det A = 1, and if A is of the
second form, then det A = —1.)
Hint: Recall that for A to be in O(2), the columns of A must be orthonor-

mal.
The groups O(1;1) and SO(1;1). Show that the matrix

cosht sinht
sinht cosht
is in SO(1;1) and that
(cosht sinh¢ ) (cosh s sinh s ) _ <cosh(t + s) sinh(t + s) )

sinht cosht sinh s cosh s sinh(t + s) cosh(t + s)

Show that every element of O(1; 1) can be written in one of the four forms:
cosht sinht \ —cosht sinht)
sinht cosht /' sinht —cosht /’

cosht —sinht \ —cosht —sinht
sinht¢ —cosht /)’ sinht cosht /"’



10.

11.

12.

13.
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(Note that since cosht is always positive, there is no overlap among the
four cases. Note also that matrices of the first two forms have determinant
one and matrices of the last two forms have determinant minus one.)
Hint: Use condition (1.2).

. The group SU(2). Show that if o and 3 are arbitrary complex numbers

satisfying |a|® + |8 = 1, then the matrix

a—f3
= (57)
is in SU(2). Show that every A € SU(2) can be expressed in this form
for a unique pair (o, 3) satisfying |a|® + |8]* = 1. (Thus, SU(2) can be
thought of as the three-dimensional sphere S? sitting inside C? = R*. In
particular, this shows that SU(2) is simply connected.)
The groups Sp(1;R), Sp(1;C), and Sp(1). Show that Sp(1;R) = SL(2; R),
Sp(1;C) = SL(2;C), and Sp(1) = SU(2).
The Heisenberg group. Determine the center Z(H) of the Heisenberg group
H. Show that the quotient group H/Z(H) is abelian.
A subset E of a matrix Lie group G is called discrete if for each A in E
there is a neighborhood U of A in G such that U contains no point in F
except for A. Suppose that G is a connected matrix Lie group and N is
a discrete normal subgroup of G. Show that N is contained in the center
of G.
This problem gives an alternative proof of Proposition 1.9, namely that
GL(n;C) is connected. Suppose A and B are invertible n x n matrices.
Show that there are only finitely many complex numbers A for which
det (AA+ (1 — A)B) = 0. Show that there exists a continuous path A(t)
of the form A(t) = A(t)A + (1 — A(t)) B connecting A to B and such that
A(t) lies in GL(n;C). Here, A(t) is a continuous path in the plane with
A(0) =0 and A(1) = 1.
Connectedness of SO(n). Show that SO(n) is connected, using the follow-
ing outline.
For the case n = 1, there is nothing to show, since a 1 x 1 matrix with
determinant one must be [1]. Assume, then, that n > 2. Let e; denote the
unit vector with entries 1,0,...,0 in R™. Given any unit vector v € R™,
show that there exists a continuous path R(¢) in SO(n) with R(0) = I
and R(1)v = e;. (Thus, any unit vector can be “continuously rotated” to
61.)
Now, show that any element R of SO(n) can be connected to a block-
diagonal matrix of the form
1
(")

with R; € SO(n — 1) and proceed by induction.
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14.

15.

16.

17.

18.

19.

20.
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The connectedness of SL(n;R). Using the polar decomposition of SL(n; R)
(Proposition 1.16) and the connectedness of SO(n) (Exercise 13), show
that SL(n; R) is connected.

Hint: Recall that if P is a real, symmetric matrix, then there exists a real,
orthogonal matrix R; such that P = RlDRl_l, where D is diagonal.

The connectedness of GL(n;R)™. Using the connectedness of SL(n; R) (Ex-
ercise 14) show that GL(n;R)* is connected.

If R is an element of SO(3), show that R must have an eigenvector with
eigenvalue 1.

Hint: Since SO(3) € SU(3), every (real or complex) eigenvalue of R must
have absolute value 1.

Show that the set of translations is a normal subgroup of the Euclidean
group E(n). Show that the quotient group E(n)/(translations) is isomor-
phic to O(n). (Assume Proposition 1.5.)

Let a be an irrational real number. Show that the set of numbers of the
form €2™% n € Z, is dense in S1. (See Problem 1.)

Show that every continuous homomorphism @ from R to S! is of the form
®(z) = e'® for some a € R. (This shows in particular that every such
homomorphism is smooth.)

Suppose G C GL(n;;C) and H C GL(ng;C) are matrix Lie groups and
that @ : G — H is a Lie group homomorphism. Then, the image of G
under  is a subgroup of H and thus of GL(ng; C). Is the image of G under
® necessarily a matrix Lie group? Prove or give a counter-example.
Suppose P is a real, positive, symmetric matrix with determinant one.
Show that there is a unique real, positive, symmetric matrix ¢ whose
square is P.

Hint: The existence of Q) was discussed in Section 1.7. To prove uniqueness,
consider two real, positive, symmetric square roots @1 and @2 of P and
show that the eigenspaces of both @1 and ()2 coincide with the eigenspaces
of P.
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Lie Algebras and the Exponential Mapping

2.1 The Matrix Exponential

The exponential of a matrix plays a crucial role in the theory of Lie groups.
The exponential enters into the definition of the Lie algebra of a matrix Lie
group (Section 2.5) and is the mechanism for passing information from the Lie
algebra to the Lie group. Since many computations are done much more easily
at the level of the Lie algebra, the exponential is indispensable in studying
(matrix) Lie groups.

Let X be an nxn real or complex matrix. We wish to define the exponential
of X, denoted eX or exp X, by the usual power series

(oo}

xm
X _ E

We will follow the convention of using letters such as X and Y for the variable

in the matrix exponential.

Proposition 2.1. For any n X n real or complex matriz X, the series (2.1)
converges. The matriz exponential eX is a continuous function of X.

Before proving this, let us review some elementary analysis. Recall that
the norm of a vector x = (z1,...,2,) in C" is defined to be

n 1/2
[zl = V(z,2) = <Z Iwk12) :

k=1
We now define the norm of a matrix by thinking of the space M,,(C) of all
n x n matrices as C"’. This means that we define

1/2
n

IXI=1{ > 1xXul*| - (2.2)

k=1
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This norm satisfies the inequalities

IX + Y[ <X+ 1Y (2:3)
XY < I XY (2.4)

for all X,Y € M, (C). The first of these inequalities is the triangle inequal-
ity and is a standard result from elementary analysis. The second of these
inequalities follows from the Schwarz inequality (Exercise 1). If X,,, is a se-
quence of matrices, then it is easy to see that X,, converges to a matrix X in
the sense of Definition 1.3 if and only if || X,, — X|| — 0 as m — oo.

The norm (2.2) is called the Hilbert—Schmidt norm. There is another
commonly used norm on the space of matrices, called the operator norm,
whose definition is not relevant to us. It is easily shown that convergence in
the Hilbert—-Schmidt norm is equivalent to convergence in the operator norm.
(This is true because we work with linear operators on the finite-dimensional
space C™.) Furthermore, the operator norm also satisfies (2.3) and (2.4). Thus,
it matters little whether we use the operator norm or the Hilbert—-Schmidt
norm.

A sequence X, of matrices is said to be a Cauchy sequence if

| Xm — Xil| = 0

as m,l — oo. Thinking of the space M, (C) of matrices as C"" and using a
standard result from analysis, we have the following.

Proposition 2.2. If X, is a Cauchy sequence in M, (C), then there exists a
unique matriz X such that X,, converges to X.

That is, every Cauchy sequence in M, (C) converges.
Now, consider an infinite series whose terms are matrices:

Xo+ X1+ Xo+---. (2.5)
If

oo
D 11Xl < oo,
m=0

then the series (2.5) is said to converge absolutely. If a series converges
absolutely, then it is not hard to show that the partial sums of the series form
a Cauchy sequence, and, hence, by Proposition 2.2, the series converges. That
is, any series which converges absolutely also converges. (The converse is not
true; a series of matrices can converge without converging absolutely.)

We now turn to the proof of Proposition 2.1.

Proof. In light of (2.4), we see that

Xm0 < 1xm™,
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and, hence,
o0
m=0

Thus, the series (2.1) converges absolutely, and so it converges.

To show continuity, note that since X™ is a continuous function of X,
the partial sums of (2.1) are continuous. However, it is easy to see that (2.1)
converges uniformly on each set of the form {]|X|| < R}, and so the sum is,
again, continuous. a

X o X"

We now list some elementary properties of the matrix exponential.

Proposition 2.3. Let X and Y be arbitrary n x n matrices. Then, we have
the following:

el =1.
(eX)" =eX.

eX is invertible and (eX)*l =e”

1.

2.

3. X,

4. e@tBX = paXoBX for all o and 8 in C.

5. If XY =YX, then eX1Y = eXe¥ =eVeX.
6. If C is invertible, then e€XC™" = CeXC 1.
7. HeXH < el X,

It is not true in general that eX*Y = eXeY | although, by Point 4, it is true
if X and Y commute. This is a crucial point, which we will consider in detail
later. (See the Lie product formula in Section 2.4 and the Baker—Campbell-
Hausdorff formula in Chapter 3.)

Proof. Point 1 is obvious and Point 2 follows from taking term-by-term ad-
joints of the series for eX. Points 3 and 4 are special cases of Point 5. To verify
Point 5, we simply multiply the power series term by term. (It is left to the
reader to verify that this is legal.) Thus,

X? Y?
eXe¥ = <I+X+3'—+--~> <I+Y+?—|—--->.

Multiplying this out and collecting terms where the power of X plus the power
of Y equals m, we get

s Xk ym—k 21 & m!
XY s - =N xkymk, 2.6
S L e S e ”

Now, because (and only because) X and Y commute,

m

m!
XkYm_k,
kZ:o kl(m — k)!

>
+
=
3

I
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and, thus, (2.6) becomes

=1

:E —(X+Y)™ =XtV
m'

m=0

To prove Point 6, simply note that
(cxc )" =cxmc!

and, thus, the two sides of Point 6 are equal term by term.
Point 7 is evident from the proof of Proposition 2.1. O

tX

Proposition 2.4. Let X be a n x n complex matriz. Then, e'* is a smooth

curve in M,(C) and
—etX = XetX = !X X,
dt
In particular,
—e
dt =0
Proof. Differentiate the power series for !X term by term. (This is permitted
because, for each i and j, (etX )Z.j is given by a convergent power series in ¢,
and it is a standard theorem that one can differentiate power series term by
term.) O

2.2 Computing the Exponential of a Matrix

We consider here methods for exponentiating general matrices. A special
method for exponentiating 2 x 2 matrices is described in Exercises 6 and
7.

2.2.1 Case 1: X is diagonalizable

Suppose that X is an nxn real or complex matrix and that X is diagonalizable
over C; that is, there exists an invertible complex matrix C' such that X =

CDC™, with

A1 0
D = .
0 An
It is easily verified that e? is the diagonal matrix with eigenvalues e1, ..., e*,

and so in light of Proposition 2.3, we have
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Thus, if we can explicitly diagonalize X, we can explicitly compute eX. Note
that if X is real, then although C may be complex and the Ax’s may be
complex, eX must come out to be real, since each term in the series (2.1) is

real.
0 —a
X = ( . )

For example, take
Then, the eigenvectors of X are <: and <i>, with eigenvalues —ia and ia,
respectively. Thus, the invertible matrix

(1)

maps the basis vectors <(1)> and <(1)> to the eigenvectors of X, and so (check)
C~1'XC is a diagonal matrix D. Thus, X = CDC~! and

-7 ()

_ (cosa —sina)' (27)

sina cosa

Note that explicitly if X (and hence a) is real, then e* is real. See Exercise 6
for an alternative method of calculation.

2.2.2 Case 2: X is nilpotent

An n x n matrix X is said to be nilpotent if X™ = 0 for some positive
integer m. Of course, if X™ = 0, then X! = 0 for all [ > m. In this case, the
series (2.1), which defines eX, terminates after the first m terms, and so can
be computed explicitly.

For example, let us compute e

, where

Oab
X=100c
000

Note that
00 ac

X?2={000
000

and that X3 = 0. Thus,

1

lab+ =ac
X — 2
— 101 c
00 1
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2.2.3 Case 3: X arbitrary

A general matrix X may be neither nilpotent nor diagonalizable. However,
by Theorem B.6, every matrix X can be written (uniquely) in the form X =

S + N, with S diagonalizable, N nilpotent, and SN = NS. Then, since N
and S commute,

and ¥ and eV can be computed as in the two previous subsections.

For example, take
ab
- (2h)

XE)()

The two terms clearly commute (since the first one is a multiple of the iden-

tity), and, so,
x (e 0 16\  [e*e%
© T\oer)lo1) T 0 e )

2.3 The Matrix Logarithm

Then

We wish to define a matrix logarithm, which should be an inverse function (to
the extent possible) to the matrix exponential. Let us recall the situation for
the logarithm of complex numbers, in order to see what is reasonable to expect
in the matrix case. Since e* is never zero, only nonzero numbers can have a
logarithm. Every nonzero complex number can be written as e for some z,
but the z is not unique. There is no continuous way to define the logarithm on
the set of all nonzero complex numbers. The situation for matrices is similar.
For any X € M, (C), eX is invertible; therefore, only invertible matrices can
possibly have a logarithm. We will see (Theorem 2.9) that every invertible
matrix can be written as eX, for some X € M, (C). However, the X is not
unique and there is no continuous way to define the matrix logarithm on the
set of all invertible matrices.

The simplest way to define the matrix logarithm is by a power series. We
recall how this works in the complex case.

Lemma 2.5. The function

log z = i(—l)mH% (2.8)
m=1

is defined and analytic in a circle of radius 1 about z = 1.
For all z with |z — 1] < 1,
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plogz _ 5

For all w with |u] <log2, |e* —1| <1 and
loge* =

Proof. The usual logarithm for real, positive numbers satisfies

d -1
—log(l—z) =

— 2 - e
e 1=z (1+x+x+ )

for |z| < 1. Integrating term by term and noting that log 1 = 0 gives
2 3
log(l—a:)z—(:v+%+%—+~-~).

Taking z = 1 — z (so that x = 1 — z), we have

)2 _ )3
logz:—<(1—z)+(1 5 ) +(1 3 ) _|_>

- ym -n”
= Syt

m=

[

This series has radius of convergence 1 and defines a complex analytic
function on the set {|z — 1| < 1}, which coincides with the usual logarithm
for real z in the interval (0,2). Now, exp(logz) = z for z € (0,2), and by
analyticity, this identity continues to hold on the whole set {|z — 1| < 1}.
(That is to say, the functions z — exp(logz) and z — z are both complex
analytic functions and they agree on the interval (0,2); therefore they must
agree on the whole disk {|z — 1| < 1}.)

On the other hand, if |u| < log 2, then

e — 1) = {u+ % +--- <|u|+ c=el 1<

Thus, log(expu) makes sense for all such u. Since log(expu) = u for real u
with |u| < log?2, it follows by analyticity that log(expu) = u for all complex
numbers with |u] < log 2. O

Definition 2.6. For any n X n matriz A, define log A by
(A-1
log A = Z 1™+t ———)— (2.9)

whenever the series converges.

Since the complex-valued series (2.8) has radius of convergence 1 and
since [|[(A—I)™| < ||A—1I||™, the matrix-valued series (2.9) will converge
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if |A—1I|| < 1. However, in contrast to the complex-valued case, the series
(2.9) may converge even if ||A — I|| > 1, since |[(A —I)™| may be strictly
smaller than ||A — I||"™". For example, if A — I is nilpotent, then (2.9) ter-
minates and, thus, converges. (See Exercise 8.) Nevertheless, we will mostly
content ourselves with considering the case |A — I]| < 1.

Theorem 2.7. The function

(A-Dm
log A = Z m“———I)

m

is defined and continuous on the set of all n x n complex matrices A with
|A—1I| < 1.
For all A with |[A-1I| <1,

elogd = 4,

X -1 <1 and
logeX = X.

Proof. Since ||(A—I)™|| < ||(A—I)||™ and since the series (2.8) has radius of
convergence 1, the series (2.9) converges absolutely for all A with |4 — I|| < 1.
The proof of continuity is essentially the same as for the exponential.

We will now show that exp(log A) = A for all A with ||[A —I|| < 1. We do
this by considering two cases.

Case 1: A is diagonalizable.

Suppose that A = CDC~ ', with D diagonal. Then, A—I = CDC~1 -1 =
C(D — I)C~L. It follows that (A — I)™ is of the form

(21 — 1)m 0
(A-I)"=C c,
0 (z, — 1)™

where z1,..., 2z, are the eigenvalues of A.
Now, if ||A — I]| < 1, then it is not hard to show (Exercise 2) that each
eigenvalue zj of A must satisfy |zx — 1| < 1. Thus,

o0 log 21 0
Z m+1 A I) =C . C_l,
=1

and by Lemma 2.5,
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Case 2: A is not diagonalizable.

If A is not diagonalizable, then, using Theorem B.7, it is not difficult
to construct a sequence A,, of diagonalizable matrices with A,, — A. (See
Exercise 5.) If |A —I|| < 1, then ||A,, — I|| < 1 for all sufficiently large m.
By Case 1, exp(log Ap,) = Am, and, so, by the continuity of exp and log,
exp(log A) = A.

Thus, we have shown that exp(log A) = A for all A with ||A—-1T|| < 1.
Now, the same argument as in the complex case shows that if || X| < log2,
then HeX -1 H < 1. The same two-case argument shows that log(exp X) = X
for all such X. O

Proposition 2.8. There exists a constant ¢ such that for all n x n matrices
B with |B|| < }
llog(I + B) — B < c||B]*.

Proof. Note that
- m+l 2 - m+1Bm
log(I+B)—B=Y (- =B*> (-1 ——
m=2

so that .
logtr + B)— Bl < B S 2L

m=2
This is what we want. (It is easily verified that the sum in the last expression
is convergent.) 0

We may restate the proposition in a more concise way by saying that
log(I + B) = B+ O(|B*),

where O(||B||?) denotes a quantity of order |B|I* (i.e., a quantity that is

bounded by a constant times || B||? for all sufficiently small values of || B|)).
We conclude this section with a result that, although we will not use it

elsewhere, is worth recording. The proof is sketched in Exercises 8 and 9.

Theorem 2.9. Every invertible n x n matric can be expressed as eX for some
X € M,(C).

2.4 Further Properties of the Matrix Exponential

In this section, we give several additional results involving the exponential of
a matrix that will be important in our study of Lie algebras.

Theorem 2.10 (Lie Product Formula). Let X and Y be n x n complex

matrices. Then,
. x y\™
= lim (emem .

m—»o0

€X+Y
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This theorem has a big brother, called the Trotter product formula, which
gives the same result in the case where X and Y are suitable unbounded op-
erators on an infinite-dimensional Hilbert space. The Trotter product formula
is described, for example, in Reed and Simon (1980), Section VIIL.S8.

Proof. If we multiply the power series for e and e%, all but three of the
terms will involve 1/m? or higher powers of 1/m. Thus,

X
m

Now, since emen — I asm — 0, emem is in the domain of the logarithm
for all sufficiently large m. By Proposition 2.8,

X Y 1

1 ( mem ) =log (I+ 2+ 10—

og ) og| I+ - + m + 2
X Y X 1
——+—+O<H +—+O<—2)
m m m
X Y 1
m m m

Exponentiating the logarithm then gives

Y X Y 1

em =exp| —+ —+0|—

m m m

X y\™ 1
(emem) =exp| X+Y+0|— .

m

Thus, by the continuity of the exponential, we conclude that

)

X
em

and, therefore ,

lim (e%e%)m =exp(X +Y),

m—>00

which is the Lie product formula. O

Recall (Section B.5) that the trace of a matrix is defined as the sum of its
diagonal entries and that similar matrices have the same trace.

Theorem 2.11. For any X € M,(C), we have
det (CX) — etrace(X)'

Proof. There are three cases, as in Section 2.2.

Case 1: X is diagonalizable. Suppose there is a complex invertible matrix
C such that
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A1 0
X=C _ c!
0 An
Then,
eM 0
eX =C _ c!
0 etn

Thus, trace(X) = 3" \; and det(eX) = [J e = eX X,
Case 2: X is milpotent. If X is nilpotent, then by Theorem B.7, there is
an invertible matrix C such that

x=c| - |c
0 0

In that case (it is easy to see), eX will be upper triangular, with ones on the
diagonal:

Thus, if X is nilpotent, trace(X) = 0 and det(eX) = 1.

Case 3: X is arbitrary. As pointed out in Section 2.2, every matrix X
can be written as the sum of two commuting matrices S and N, with S
diagonalizable (over C) and N nilpotent. Since S and N commute, eX =eSelV.

So, by the two previous cases,
det (eX) = det (eS) det (eN) — etrace(S)etrace(N) — etrace(X)7

which is what we want. (Note that trace(N) = 0 and trace(S) = trace(X).)
' O

Definition 2.12. A function A : R — GL(n;C) is called a one-parameter
subgroup of GL(n;C) if

1. A is continuous,
2. A(0) =1,
3. A(t+ s) = A(t)A(s) for all t,s € R.

Theorem 2.13 (One-Parameter Subgroups). If A is a one-parameter
subgroup of GL(n;C), then there exists a unique n x n compler matriz X
such that

A(t) = etX.
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By taking n = 1, and noting that GL(1;C) = C*, this theorem provides a
method of solving Exercise 19 in Chapter 1.

Proof. The uniqueness is immediate, since if there is such an X, then X =
%A(t)| 1o+ S0, we need only worry about existence.

Let B. be the open ball of radius ¢ about zero in M, (C); that is, B, =
{X € M,,(C)| || X|] < e}. Assume that ¢ < log2. Then, we have shown that
“exp”- takes B, injectively into M, (C), with continuous inverse that we denote
“log.” Now, let U = exp(B, /), which is an open set in GL(n;C).

Lemma 2.14. Every g € U has a unique square root h in U, given by h =
exp(3 log g).

Proof. Let X = logg. Then, h = exp(X/2) is a square root of g, since
h? = exp(X) = g. Suppose h' € U satisfies (1/)2 = g. Let Y = logh/;
then, exp(Y) = K’ and exp(2Y) = (W)? = g = exp(X). We have that
Y € B/, and, thus, 2Y € B., and also that X € B./; C B.. Since exp
is injective on B, and exp(2Y) = exp(X), we must have 2Y = X. Thus,
h = exp(Y) = exp(X/2) = h. This shows the uniqueness of the square root
in U. O

Returning to the proof of Theorem 2.13, the continuity of A guarantees
that there exists to > 0 such that A(t) € U for all ¢ with [¢t| < ;. Then,
let X = %log(A(to)), so that toX = log(A(to)). Then, toc.X € B/, and
A(tg) = exp(toX). Then, A(to/2) is in U and A(tg/2)? = A(to). By the
lemma, A(tp) has a unique square root in U, and that unique square root is
exp(toX/2). So, we must have A(ty/2) = exp(toX/2).

Applying this argument repeatedly, we conclude that

A(to/Zk) = exp(toX/Qk)

for all positive integers k. Then, for any integer m, we have A(mtq/2%) =
A(to/2%)™ = exp(mtoX/2F). This means that A(t) = exp(tX) for all real
numbers ¢ of the form ¢ = mty/2*, and the set of such t’s is dense in R. Since
both exp(tX) and A(t) are continuous, it follows that A(¢) = exp(tX) for all
real numbers ¢. O

2.5 The Lie Algebra of a Matrix Lie Group

The Lie algebra is an indispensable tool in studying matrix Lie groups. On the
one hand, Lie algebras are simpler than matrix Lie groups, because (as we will
see) the Lie algebra is a linear space. Thus, we can understand much about
Lie algebras just by doing linear algebra. On the other hand, the Lie algebra
of a matrix Lie group contains much information about that group. (See, for
example, Theorem 2.27 in Section 2.7, and the Baker—Campbell-Hausdorff
Formula (Chapter 3).) Thus, many questions about matrix Lie groups can be
answered by considering a similar but easier problem for the Lie algebra.
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Definition 2.15. Let G be a matriz Lie group. The Lie algebra of G, de-
noted g, is the set of all matrices X such that !X is in G for all real numbers
t.

This means that X is in g if and only if the one-parameter subgroup
generated by X lies in G. Note that even though G is a subgroup of GL(n;C)
(and not necessarily of GL(n;R)), we do not require that e!X be in G for all
complex numbers ¢, but only for all real numbers ¢. Also, it is definitely not
enough to have just eX in G. That is, it is easy to give an example of an X
and a G such that eX € G but such that e!X ¢ G for some real values of ¢
(Exercise 10). Such an X is not in the Lie algebra of G.

There is an abstract notion of a Lie algebra (not necessarily associated to
any group), which is described in Section 2.8. The results of Section 2.6 will
show that g is, indeed, a Lie algebra in that sense.

It is customary to use lowercase Gothic (Fraktur) characters such as g and
b to refer to Lie algebras.

We will show in Section 2.7 that every matrix Lie group is an embedded
submanifold of GL(n;C). We will then show that g is the tangent space to
G at the identity. See Corollary 2.35. This means that g can alternatively be
defined as the set of all derivatives of smooth curves through the identity in

G.

2.5.1 Physicists’ Convention

Physicists are accustomed to considering the map X — e*X instead of X —
eX. Thus, a physicist would think of the Lie algebra of G as the set of all
matrices X such that e®®X € G for all real numbers t. In the physics literature,
the Lie algebra is frequently referred to as the space of “infinitesimal group
elements.” The physics literature does not always distinguish clearly between
a matrix Lie group and its Lie algebra.

Before examining general properties of the Lie algebra, let us compute the
Lie algebras of the matrix Lie groups introduced in the previous chapter.

2.5.2 The general linear groups

If X is any n x n complex matrix, then by Proposition 2.3, e!X is invertible.
Thus, the Lie algebra of GL(n;C) is the space of all n x n complex matrices.
This Lie algebra is denoted gl(n; C).

If X is any n x n real matrix, then e!X will be invertible and real. On
the other hand, if e** is real for all real numbers ¢, then X = 4e'X| o Will
also be real. Thus, the Lie algebra of GL(n;R) is the space of all n X n real
matrices, denoted gl(n; R).

Note that the preceding argument shows that if G is a subgroup of
GL(n;R), then the Lie algebra of G must consist entirely of real matrices.
We will use this fact when appropriate in what follows.
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2.5.3 The special linear groups

Recall Theorem 2.11: det(eX) = etrace(X) Thus, if trace(X) = 0, then
det(e’*) = 1 for all real numbers t. On the other hand, if X is any n X n
matrix such that det(e’X) = 1 for all ¢, then ettrae(X) — 1 for all ¢. This
means that ¢trace(X) is an integer multiple of 27i for all ¢, which is only
possible if trace(X) = 0. Thus, the Lie algebra of SL (n; C) is the space of all
n X n complex matrices with trace zero, denoted sl(n; C).

Similarly, the Lie algebra of SL (n;R) is the space of all n x n real matrices
with trace zero, denoted sl (n; R).

2.5.4 The unitary groups

Recall that a matrix U is unitary if and only if U* = U~'. Thus, ' is unitary
if and only if

(etx)* = (etx)_1 = X, (2.10)
By Point 2 of Proposition 2.3, (e!X)" = ¢/X" and so (2.10) becomes
X = e7tX, (2.11)

Clearly, a sufficient condition for (2.11) to hold is that X* = —X. On the
other hand, if (2.11) holds for all ¢, then by differentiating at t = 0, we see
that X* = — X is necessary.

Thus, the Lie algebra of U(n) is the space of all n x n complex matrices
X such that X* = —X, denoted u(n).

By combining the two previous computations, we see that the Lie algebra
of SU(n) is the space of all n x n complex matrices X such that X* = —X
and trace(X) = 0, denoted su(n).

2.5.5 The orthogonal groups

The identity component of O(n) is just SO(n). Since (Proposition 2.16) the
exponential of a matrix in the Lie algebra is automatically in the identity
component, the Lie algebra of O(n) is the same as the Lie algebra of SO(n).
Now, an n x n real matrix R is orthogonal if and only if R*" = R~1. So,
given an nxn real matrix X, e*X is orthogonal if and only if (!X )" = (etX)~1,

or
X = emtX, (2.12)

Clearly, a sufficient condition for this to hold is that X' = —X. If (2.12)
holds for all ¢, then by differentiating at ¢ = 0, we must have X" = —X.

Thus, the Lie algebra of O(n), as well as the Lie algebra of SO(n), is the
space of all n x n real matrices X with X" = — X, denoted so(n). Note that
the condition X*" = —X forces the diagonal entries of X to be zero, and, so,
necessarily the trace of X is zero.
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The same argument shows that the Lie algebra of SO(n; C) is the space of
n X n complex matrices satisfying X = —X, denoted so(n;C). This is not
the same as su(n).

2.5.6 The generalized orthogonal groups

A matrix A is in O(n; k) if and only if A*"gA = g, where g is the (n+k) x (n+k)
diagonal matrix with the first n diagonal entries equal to one and the last
k diagonal entries equal to minus one. This condition is equivalent to the
condition g1 At"g = A1, or, since explicitly g7' = g, gA"g = A~!. Now, if
X is an (n+ k) x (n + k) real matrix, then e*X is in O(n; k) if and only if

tr tr _
etX — eth [ tX.

g g

This condition holds for all real t if and only if gX*"g = —X. Thus, the Lie
algebra of O(n; k), which is the same as the Lie algebra of SO(n; k), consists
of all (n + k) x (n + k) real matrices X with gX*"g = —X. This Lie algebra
is denoted so(n; k).

(In general, the group SO(n; k) will not be connected, in contrast to the
group SO(n). The identity component of SO(n; k), which is also the identity
component of O(n; k), is denoted SO(n;k).. The Lie algebra of SO(n; k). is
the same as the Lie algebra of SO(n; k).)

2.5.7 The symplectic groups

These are denoted sp(n;R), sp(n; C), and sp(n). The calculation of these Lie
algebras is similar to that of the generalized orthogonal groups, and I will just
record the result here. Let J be the matrix in the definition of the symplectic
groups. Then, sp(n;R) is the space of 2n x 2n real matrices X such that
JX'J = X, sp(n;C) is the space of 2n x 2n complex matrices satisfying the
same condition, and sp(n) = sp(n; C)Nu(2n). A simple calculation shows that
the elements of sp(n;C) are precisely the 2n x 2n matrices of the form

A B
C_Atr ’

where A is an arbitrary n x n matrix and B and C are arbitrary symmetric
matrices.

2.5.8 The Heisenberg group

Recall that the Heisenberg group H is the group of all 3 x 3 real matrices A

of the form
labd

0le ], (2.13)
001

A
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with a,b,c € R. Recall also that in Section 2.2, Case 2, we computed the
exponential of a matrix of the form

Oap
X=100% (2.14)
000

and saw that eX was in H. On the other hand, if X is any matrix such that
e'* is of the form (2.13), then all of the entries of X = £e*|,_ which are
on or below the diagonal must be zero, so that X is of form (2.14).

Thus, the Lie algebra of the Heisenberg group is the space of all 3 x 3 real
matrices that are strictly upper triangular.

2.5.9 The Euclidean and Poincaré groups

Recall that the Euclidean group E(n) is (or can be thought of as) the group
of (n+1) x (n + 1) real matrices of the form

Iy
Tn
0---0 1

with R € O(n). Now, if X is an (n+1) x (n + 1) real matrix such that e is
in E(n) for all ¢, then X = %etx}t:() must be zero along the bottom row:

X = Yy o (2.15)

Our goal, then, is to determine which matrices of the form (2.15) are
actually in the Lie algebra of the Euclidean group. A simple computation
shows that for n > 1,

Y1
Y _ yn YnAly
- )
Y
0. 0 0 0
where y is the column vector with entries 1, ..., y,. It follows that if X is as

in (2.15), then !X is of the form
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Now, we have already established that e?¥ is in O(n) for all ¢ if and only
if Y™ = —Y. Thus, we see that the Lie algebra of E(n) is the space of all
(n+1) x (n+1) real matrices of the form (2.15) with Y satisfying Y*" = -Y.

A similar argument shows that the Lie algebra of P(n;1) is the space of
all (n + 2) x (n + 2) real matrices of the form

with Y € so(n; 1).

2.6 Properties of the Lie Algebra

We will now establish various basic properties of the Lie algebra of a matrix
Lie group. The reader is invited to verify by direct calculation that these
general properties hold for the examples computed in the previous section.

Proposition 2.16. Let G be a matriz Lie group, and X an element of its Lie
algebra. Then, eX is an element of the identity component of G.

Proof. By definition of the Lie algebra, !X lies in G for all real ¢t. However,
as t varies from 0 to 1, e!X is a continuous path connecting the identity to
X

e, O

Proposition 2.17. Let G be a matriz Lie group, with Lie algebra g. Let X
be an element of g, and A an element of G. Then, AXA™! is in g.

Proof. This is immediate, since, by Proposition 2.3,

et(AXA*I) _ AetXA—l’

and, thus, Aet¥X A~! € G for all ¢t. O

Theorem 2.18. Let G be a matriz Lie group, g its Lie algebra, and X and
Y elements of g. Then

1. sX € g for all real numbers s,
2.X+Y €y,
3. XY -YXeg.

If one follows the physics convention for the definition of the Lie algebra,
then condition 3 should be replaced with the condition —i (XY —Y X) € g.
Properties 1 and 2 show that g is a real vector space, (i.e., a real subspace of
the space of M,,(C)). Property 3 shows that g is, in fact, a Lie algebra in the
abstract sense described in Section 2.8. Note that Property 1 applies only to
real numbers s (compare Definition 2.20).
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Proof. Point 1 is immediate, since e!(*X) = ¢(t3)X which must be in G if X
is in g. Point 2 is easy to verify if X and Y commute, since, in that case,
etXHY) — tXetY If X and Y do not commute, this argument does not work.
However, the Lie product formula states that

HXHY)  qim (etX/metY/m)m.

m-—0o0

tX/m tY/m

Because X and Y are in the Lie algebra, e and e are in G, as is
(etX/metY/™)™ 'since G is a group. However, because G is a matrix Lie group,
the limit of things in G must be again in G, provided that the limit is invertible.
Since e!X*Y) is automatically invertible, we conclude that it must be in G.
This shows that X +Y is in g.

Now for Point 3. Recall (Proposition 2.4) that %etxltzo = X. It follows

that %etXYL:O = XY, and, hence, by the product rule (Exercise 3),

% (eXye ) = (XY)e? + (?Y)(-X)
t=0

=XY -YX.

Now, by Proposition 2.17, e!XYe~*X is in g for all t. Furthermore, we have (by
Points 1 and 2) established that g is a real subspace of M, (C). This means,
in particular, that g is a topologically closed subset of M, (C). It follows that

hXv o—hX
XY —YX = lim erYe " -V
h—0 h

belongs to g. a

Definition 2.19. Given two n x n matrices A and B, the bracket (or com-
mutator) of A and B, denoted [A, B), is defined to be

[A,B] = AB — BA.

According to Theorem 2.18, the Lie algebra of any matrix Lie group is closed
under brackets.

It is important to note that even if the elements of G have complex entries,
the Lie algebra g of G is not necessarily a complex vector space. That is, for
X in g, 1X may not be in g. For example, elements of SU(n) will, in general,
have complex entries (i.e., SU(n) is not contained in GL(n;R)). Nevertheless,
if X is in the Lie algebra su(n), then X* = —X and, so, (4X)* = iX. This
means that ¢X is not in su(n) unless X is zero.

Definition 2.20. A matriz Lie group G is said to be complex if its Lie al-
gebra g is a complex subspace of M,,(C) (i.e., if iX € g for all X € g).
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Examples of complex groups are GL(n; C), SL(n; C), SO(n; C), and Sp(n; C).
The condition in Definition 2.20 is equivalent to the condition that G be a
complex submanifold of GL(n;C). (See Appendix C.)

We return now to the setting of general, not necessarily complex, matrix
Lie groups. The following very important theorem tells us that a Lie group
homomorphism between two Lie groups gives rise in a natural way to a map
between the corresponding Lie algebras. In particular, this will tell us that
two isomorphic Lie groups have “the same” Lie algebras (i.e., the Lie algebras
are isomorphic in the sense of Section 2.8). See Exercise 12.

Theorem 2.21. Let G and H be matriz Lie groups, with Lie algebras g and
b, respectively. Suppose that ® : G — H 1is a Lie group homomorphism. Then,
there exists a unique real linear map ¢ : g — b such that

P(eX) = e?X) (2.16)
for all X € g. The map ¢ has following additional properties:

1. ¢ (AXA™Y) = ®(A)p(X)®(A)~!, forall X € g, A€ G
2. ¢([X,Y]) = [¢(X),d(Y)], for all X,Y € g
3. 6(X) = £0(e!X)|,_,, forall X € g

Suppose that G, H, and K are matriz Lie groups and ® : H — K and
¥ : G — H are Lie group homomorphisms. Let A : G — K be the composition
of ® and ¥, A(A) = ®(V(A)). Let ¢, ¥, and X be the associated Lie algebra
maps. Then,

AX) = ¢(1(X)).

In practice, given a Lie group homomorphism @, the way one goes about
computing ¢ is by using Property 3. Of course, since ¢ is (real) linear, it suffices
to compute ¢ on a basis for g. In the language of differentiable manifolds,
Property 3 says that ¢ is the derivative (or differential) of ® at the identity,
which is the standard definition of ¢. (See also Corollary 2.35 in Section 2.7.)

A linear map with Property 2 is called a Lie algebra homomorphism.
(See Section 2.8.) This theorem says that every Lie group homomorphism
gives rise to a Lie algebra homomorphism. We will see eventually that the
converse is true under certain circumstances. Specifically, suppose that G and
H are Lie groups and that ¢ : g — b is a Lie algebra homomorphism. If
G is simply connected, then there exists a unique Lie group homomorphism
® : G — H such that ® and ¢ are related as in Theorem 2.21. (The proof of
this deep result is in Chapter 3.) We now proceed with the proof of Theorem
2.21.

Proof. The proof is similar to the proof of Theorem 2.18. Since ® is a contin-
uous group homomorphism, ®(e*X) will be a one-parameter subgroup of H,
for each X € g. Thus, by Theorem 2.13, there is a unique matrix Z such that

® (e'X) =% (2.17)
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for all ¢ € R. This Z must lie in h since ' = @ (e!*) € H.
We now define ¢(X) = Z and check in several steps that ¢ has the required
properties.

Step 1: ®(eX) = e?(X,
This follows from (2.17) and our definition of ¢, by putting ¢ = 1.

Step 2: ¢(sX) = sp(X) for all s € R.
This is immediate, since if ®(e*X) = e, then ®(e!*X) = e!*Z.

Step 3: (X +Y) = (X)) + o(Y).
By Steps 1 and 2,

GAOXHY) _ X+ _ ¢ (et(xw)) .

By the Lie product formula and the fact that ® is a continuous homomor-
phism, we have

etd(X+Y) _ q)( lim (etX/metY/m) m)

m-—00
= lim (@(etx/m) ‘P(ety/m)>m

m—>o0

However, we then have

PXHY) — Qim (ew(xvmew(v)/m)"‘ — (HBX)+6(Y))

m-—r0oQ

Differentiating this result at ¢ = 0 gives the desired result.

Step 4: ¢ (AXA™') = ®(A)p(X)P(A)~.
By Steps 1 and 2,

exptdp(AXA™Y) = exp p(tAX A7) = DlexptAXA™Y).
Using a property of the exponential and Step 1, this becomes

exptp(AXA™) = ®(AeX A7) = B(4)2(e)D(A) !
= ®(A)e?XPp(A) L

Differentiating this at ¢ = 0 gives the desired result.

Step 5: ¢([X,Y]) = [(X), o(Y)].
Recall from the proof of Theorem 2.18 that

[(X,Y] = ietXYe‘tX .
dt =0
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Hence,

b

t=0

dt

SIxV) =6 Gerve| )= 2

> _ ii—(b(etXYe'tX)
t=0

where we have used the fact that a derivative commutes with a linear trans-
formation.
Now, by Step 4,

¢ (1X,Y]) = — (e™)o(Y)0(e™)

= 9 o0 gy yete()

dt
= [o(X),6(Y)].

Step 6: ¢(X) = %@(etx)‘tzo.
This follows from (2.17) and our definition of ¢.

Step 7: ¢ is the unique real linear map such that ®(eX) = e?(X),
Suppose that 1 is another such map. Then,

V(X)) V(X)) — CI)(etX)

so that J
X)= —
vX) = o

Thus, by Step 6, ¥ coincides with ¢.

(I)(etX)

t=0

Step 8: X = ¢ o .
For any X € g,

M) = B (eX)) = o0 = v,
Thus, A(X) = é(¥(X)). a

Definition 2.22 (The Adjoint Mapping). Let G be a matriz Lie group,
with Lie algebra g. Then, for each A € G, define a linear map Ada : g — ¢
by the formula

Ada(X)=AXA™L

Proposition 2.23. Let G be a matriz Lie group, with Lie algebra g. Let GL(g)
denote the group of all invertible linear transformations of g. Then, for each
A € G, Ady is an invertible linear transformation of g with inverse Ad -1,
and the map A — Ada is a group homomorphism of G into GL(g). Further-
more, for each A € G, Ada satisfies Ada([X,Y]) = [Ada(X),Ada(Y)] for
all X)Y € g.
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Proof. Easy. Note that Proposition 2.17 guarantees that Ad4(X) is actually
in g for all X € g. O

Since g is a real vector space with some dimension k, GL(g) is essentially
the same as GL(k;R). Thus, we will regard GL(g) as a matrix Lie group.
It is easy to show that Ad : G — GL(g) is continuous, and so is a Lie group
homomorphism. By Theorem 2.21, there is an associated real linear map X —
adx from the Lie algebra of G to the Lie algebra of GL(g) (i.e., from g to gl(g)),
with the property that

e?dx = Ad (ex) .

Here, gl(g) is the Lie algebra of GL(g), namely the space of all linear maps of
g to itself.

Proposition 2.24. Let G be a matriz Lie group, let g be its Lie algebra,
and let Ad : G — GL(g) be the Lie group homomorphism defined above. Let
ad : g — gl(g) be the associated Lie algebra map. Then, for all X,Y € g

adx(Y) = [X,Y]. (2.18)

Proof. Recall that by Point 3 of Theorem 2.21, ad can be computed as follows:

d

dx = —Ad(e™)] .

ady = ZAdlE™)]
Thus,

adx(Y) = iAd(etX)(Y) _ 4 Xy erx
dt oo dt =0
=[X,Y],

which is what we wanted to prove. a

We have proved, as a consequence of Theorem 2.21 and Proposition 2.24,
the following result, which we will make use of later.

Proposition 2.25. For any X in M,,(C), let adx : M,,(C) — M,(C) be given
by adxY = [X,Y]. Then, for any Y in M, (C), we have

Xy = AdxY = eXYe X,

This result can also be proved by direct calculation—see Exercise 19.

2.7 The Exponential Mapping

Definition 2.26. If G is a matriz Lie group with Lie algebra g, then the
exponential mapping for G is the map

exp:g — G.



2.7 The Exponential Mapping 49

That is, the exponential mapping for G is the matrix exponential restricted
to the Lie algebra g of G. We have shown (Theorem 2.9) that every matrix in
GL(n; C) is the exponential of some n x n matrix. Nevertheless, if G C GL(n;C)
is a closed subgroup, there may exist A in G such that there is no X in the
Lie algebra g of G with exp X = A. Consider, for example, the matrix

-1 1
(1)

in SL(2;C). I claim that there exists no X € sl(2;C) with expX = A. To
see this, consider an arbitrary matrix X in sl(2;C). Since trace(X) = 0, the
eigenvalues of X are negatives of each other. There are then two possibilities.
First, the eigenvalues of X could both be zero. In that case, exp X will have
1 as an eigenvalue and, so, exp X # A. Second, the eigenvalues of X could be
of the form (A, —X), with A being a nonzero complex number. In that case, X
has distinct eigenvalues and is, therefore, diagonalizable. It follows that exp X
is also diagonalizable. However, A is not diagonalizable. (The eigenvalues of A
are —1 and —1; if it were diagonalizable it would have to be —I.) This shows
that exp X # A. (See also Exercises 26, 27, 29, 30, and 31.)

We see, then, that the exponential mapping for a matrix Lie group G
does not necessarily map g onto G. Furthermore, the exponential mapping
may not be one-to-one on g. Nevertheless, it provides a crucial mechanism for
passing information between the group and the Lie algebra. Indeed, we will
see (Corollary 2.29) that the exponential mapping is locally one-to-one and
onto, a result that will be essential, for example, in Chapter 3.

Theorem 2.27. For 0 < ¢ < In2, let U = {X € M,(C) || X|| <€} and let
Ve = exp(Ue). Suppose G C GL(n;C) is a matriz Lie group with Lie algebra
g. Then there exists € € (0,In2) such that for all A € V;, A is in G if and
only if log A is in g.

The condition € < In2 guarantees (Theorem 2.7) that for all X € V.,
log(exp X) is defined and equal to X.

Note that if X =log A isin g, then A = exp X is in G. Thus, the content
of the theorem is that for some ¢, having A in V. NG implies that log A must
be in g. There are several important consequences of this theorem, described
after the proof.

Proof. We begin with a lemma.

Lemma 2.28. Suppose B,, are elements of G and that B, — [. Let Y,, =
log B,,,, which is defined for all sufficiently large m. Suppose that Y,, is
nonzero for all m and that Yo,/ ||[Yim|l = Y € M,,(C). Then, Y € g.

Proof. To show that Y € g, we must show that exptY € G for all ¢t € R.
As m — oo, (t/ |Ym])) Yo — tY. Note that since B,, — I, Y, — 0, and, so,
[|Yrs]| = 0. Thus, we can find integers k,, such that (ky, ||Y;||) — ¢. Then,
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exp(kmYm) = exp | (km ||Vl ”;:—:H} — exp (tY).

However, exp(km,Yy,) = exp(Yy, )k = (Bm)km € G and G is closed, and we
conclude that exp(tY) € G. 0

Let us think of M,(C) as C** = R2"’ Then, g is a subspace of R2".
Let D denote t}%e orthogonal complement of g with respect to the usual inner
product on R?"". Consider the map ® : g & D — GL(n;C) given by

®(X,Y)=eXev.

Of course, we can identify g @ D with R2"’, Moreover, GL(n;C) is an open
subset of M, (C) = R2"", Thus, we can regard ® as a map from R2"" to itself.
Now, using the properties of the matrix exponential, we see that

Loux0)| =x,
dt o

d

—®(0,tY) =Y.
dt o

This shows that the derivative of ® at the point 0 € R2"* is the identity.
(Recall that the derivative at a point of a function from R2" to itself is a
linear map of R2"” to itself, in this case the identity map.) In particular, the
derivative of ® at 0 is invertible. Thus, the inverse function theorem says that
® has a continuous local inverse, defined in a neighborhood of I.

Now, as we have remarked, what we need to prove is that for some e,
A € V. NG implies log A € g. Suppose this is not the case. Then we can find
a sequence A, in G such that A,, — I as m — co and such that for all m,
log Ay, ¢ g. Using the local inverse of the map ®, we can write A,, (for all
sufficiently large m) as

Amzexmeymv X'mEQa YmeD7

in such a way that X,,, and Y, tend to zero as m tends to infinity. We must
have Y;, # 0, since otherwise we would have log 4,, = X, € g.

Now, let By, = exp(—Xn)Am = exp(Yy,). Then, B,, is in G and B,, — I
as m — oo. Since the unit sphere in D is compact, we can choose a subsequence
of the Y,,’s (still called Y;,) so that Y,/ ||Y;,|| converges to some Y € D, with
IY|| = 1. Then, by the lemma, Y € g. This is a contradiction, because D
is the orthogonal complement of g. Thus, there must be some ¢ such that
logAecgforall Ain V,NG. O

Corollary 2.29. If G is a matriz Lie group with Lie algebra g, there exists
a neighborhood U of 0 in g and a neighborhood V of I in G such that the
exponential mapping takes U homeomorphically onto V.
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Proof. Let € be such that Theorem 2.27 holds and set U = U, Ng and V =
Ve N G. The theorem implies that exp takes U onto V. Furthermore, exp is a
homeomorphism of U onto V, since there is a continuous inverse map, namely,
the restriction of the matrix logarithm to V. O

Definition 2.30. If U and V are as in Corollary 2.29, then the inverse map
exp ' : V — g is called the logarithm for G.

Corollary 2.31. If G is a connected matriz Lie group, then every element A
of G can be written in the form

A=eXreXz. . gXm (2.19)
for some X1, Xo,..., X, in g.

Even if GG is connected, it is definitely not the case in general that every
element of G can be written as single exponential, A = exp X (with X € g),
as the example given earlier in this section shows.

Proof. Since G is connected, we can find a continuous path A(t) in G with
A(0) = I and A(1) = A. Let V be a neighborhood of I in G as in Corollary
2.29, so that every element of V is the exponential of an element of g. A
standard argument using the compactness of the interval [0, 1] shows that we
can pick a sequence of numbers tg,...,t,m With 0 =g <t < -+ <t =1
such that

A71

th—1

Ay, €V
forall k=1,...,m. Then,

A= (AL AL (AL Ay - (A7) A,

~1 Ag, (k=1,...,m), we have

te—1

If we choose X, € g with exp X, = A
A=eX . eXm,
O

Corollary 2.32. Suppose G is a connected matrix Lie group, H is a matriz
Lie group, and ®1 and ®o are Lie group homomorphisms of G into H. Let
¢1 and @2 be the associated Lie algebra homomorphisms. If &1 = ¢o, then
@11: @2.

Proof. Let g be any element of G. Since G is connected, Corollary 2.31 tells
us that g can be written as g = eX1eX2 ... eXn with X; € g. Then,

B1(g) = @1 (eX1) - By (eFn)
_ eh1(KD) L gt (Xn)
= P2(X1) ., g@2(Xn)
— <I>2(eX1)...q>2(eXn)
= ®2(g).
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We are now in a position to obtain Theorem 1.19 of Chapter 1 as a con-
sequence of Theorem 2.27.

Corollary 2.33. Every matriz Lie group G is a smooth embedded submanifold
of M,(C) and, hence, a Lie group.

Proof. Let ¢ € (0,In2) be such that Theorem 2.27 holds. Then for any 4, € G,
consider the neighborhood AgV: of Ay in M, (C). Note that A € AyV, if and
only if Ay YA € V.. Define a local coordinate system on ApV; by writing each
Aec AV, as A= Agexp X, for X e U. C M, (C). Tt follows from Theorem
2.27 that (for A € AgV.) A € G if and only if X € g. This means that in
this local coordinate system defined near Ay, G looks like the subspace g of
M, (C). Since we can find such local coordinates near any point Ag in G, G
is an embedded submanifold of M,,(C). This shows, as discussed in Section
C.2.6, that G is a Lie group. O

Corollary 2.33 implies that a matrix Lie group G is necessarily locally
path-connected. It follows that G is connected (in the usual topological sense)
if and only if it is path-connected. Thus our definition of connectedness in
Section 1.7 (which was actually path-connectedness) is equivalent to the usual
topological definition.

Corollary 2.34. Every continuous homomorphism between two matriz Lie
groups s smooth.

Proof. Given A € G, we write nearby elements B € G (as in the proof of
Corollary 2.33) as B = Aexp X, X € g. Then,

O(B) = ®(A)®(exp X) = ©(A) exp(¢(X)).

This says that in exponential coordinates near A, ® is a composition of the
linear map ¢, the exponential mapping, and multiplication on the left by
®(A), all of which are smooth. This shows that @ is smooth near any point
AedG. O

Corollary 2.35. Suppose G C GL(n;C) is a matriz Lie group with Lie algebra
8. Then, a matriz X is in g if and only if there exists a smooth curve v in
M, (C) such that 1) ~(t) lies in G for all t; 2) v(0) = I; 3) dy/dt|i—o = X.
Thus, g is the tangent space at the identity to G.

See Proposition C.3 for a description of the tangent space of an embedded
submanifold in terms of derivatives of smooth curves.

Proof. If X is in g, then we may take v(t) = exp(tX) and then v(0) = I and
dy/dt|i=o = X. In the other direction, suppose that 7(t) is a smooth curve in
G with v(0) = I. Then, by Theorem 2.27, log(v(t)) is in g for all sufficiently
small ¢. Now, g is a real subspace of M,,(C) and, therefore, also a topologically
closed subset of M,,(C). Thus, the quantity
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is again in g. However,

log(7(t)) = (v(t) = 1) - +

If we differentiate this term by term (it is not hard to see that this is permitted)
and apply the product rule, all terms but the first will give zero. (For example,
the derivative of the second term is —[(dvy/dt)(y(t) — I) + (y(t) — I)(dvy/dt)],
which is equal to zero at ¢t = 0.) Thus, we obtain that

dlog(v(t))
dt

_ b

=0 dt

€g.
t=0

2.8 Lie Algebras

We now consider the abstract notion of a Lie algebra, not necessarily given
to us as the Lie algebra of a matrix Lie group. Proposition 2.37 shows that
the Lie algebra of a matrix Lie group is indeed a Lie algebra in the abstract
sense.

Definition 2.36. A finite-dimensional real or complex Lie algebra is
a finite-dimensional real or complex vector space g, together with a map [-, -]
from g x g into g, with the following properties:

1. [-,+] is bilinear.
2.[X,)Y]=—[Y,X] for adll X,Y € g.
3 (X, YV, Z)|+ Y, [Z,X]]+ [Z,[X,Y]] =0 for all X,Y,Z € g.

Condition 2 is called “skew symmetry.” Condition 3 is called the Jacobi
identity. Note also that Condition 2 implies that [X, X] = 0 for all X € g.
We will deal only with finite-dimensional Lie algebras and will from now on
interpret “Lie algebra” as “finite-dimensional Lie algebra.”

It should be emphasized here that g can be any vector space (not neces-
sarily a space of matrices) and that the “bracket” operation [-,-] can be any
bilinear, skew-symmetric map that satisfies the Jacobi identity. In particular,
[X,Y] is not necessarily equal to XY — Y X; indeed, the expression XY — Y X
does not even make sense in general, since g does not necessarily have a prod-
uct operation defined on it. For example, let g = R3 and define [z,y] to be
z Xy, where x is the cross product (vector product). This operation is, clearly,
bilinear and skew-symmetric, and it can be checked that is satisfies the Jacobi
identity. There is, so far as I can see, no product operation “zy” on R? such
that ¢ x y = xy — yzx.
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Although the bracket operation in a Lie algebra does not have to be given
tousas [X,Y] = XY —Y X, it is possible to construct Lie algebras in this way.
That is to say, if A is an associative algebra and we define [-,-]: Ax A —> A
by [X,Y] = XY — Y X, then this operation does, indeed, make A into a Lie
algebra. This operation is clearly bilinear and skew-symmetric, and it is a
simple computation to check, using the associativity of A4, the Jacobi identity.
For any Lie algebra, the Jacobi identity means that the bracket operation
behaves as if it were XY — Y X, even if it is not actually defined this way.
Indeed, it can be shown that every Lie algebra g can be embedded into some
associative algebra A in such a way that the bracket on g corresponds to the
operation XY —Y X in A.

If g is a Lie algebra, we can think of the bracket operation as making g
into an algebra in the general sense. This algebra, however, is not associative.
The Jacobi identity is to be thought of as a substitute for associativity.

Proposition 2.37. The space M, (R) of all n x n real matrices is a real Lie
algebra with respect to the bracket operation [A,B] = AB — BA. The space
M, (C) of all n x n complex matrices is a complex Lie algebra with respect to
the same bracket operation.

Let V' be a finite-dimensional real or complex vector space, and let gl(V')
denote the space of linear maps of V into itself. Then, gl(V) becomes a real
or complex Lie algebra with the bracket operation [A, B] = AB — BA.

Proof. The only nontrivial point is the Jacobi identity. The only way to prove
this is to write everything out and see, and this is best left to the reader. Note
that each double bracket generates 4 terms, for a total of 12. Each of the six
orderings of {X,Y, Z} occurs twice, once with a plus sign and once with a
minus sign. Note that the associativity of the matrix product is essential to
the proof. O

Definition 2.38. A subalgebra of a real or complex Lie algebra g is a sub-
space b of g such that [Hy, H3) € b for all Hy and Hy € Y. If g is a complex
Lie algebra and Yy is a real subspace of g which is closed under brackets, then
b is said to be a real subalgebra of g.

If g and b are Lie algebras, then a linear map ¢ : g — b is called a
Lie algebra homomorphism if ¢ ([X,Y]) = [¢(X), p(Y)] for all X,Y € g.
If, in addition, ¢ is one-to-one and onto, then ¢ is called a Lie algebra
isomorphism. A Lie algebra isomorphism of a Lie algebra with itself is called
a Lie algebra automorphism.

A subalgebra of a Lie algebra is, again, a Lie algebra. A real subalgebra
of a complex Lie algebra is a real Lie algebra. The inverse of a Lie algebra
isomorphism is, again, a Lie algebra isomorphism.

Proposition 2.39. The Lie algebra g of a matriz Lie group G is a real Lie
algebra.
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Proof. By Theorem 2.18, g is a real subalgebra of the space M, (C) of all
complex matrices and is, thus, a real Lie algebra. O

Theorem 2.40 (Ado). Every finite-dimensional real Lie algebra is isomor-
phic to a subalgebra of gl(n; R). Every finite-dimensional complezr Lie algebra
is tsomorphic to a complex subalgebra of gl(n;C).

This deep theorem is proved, for example, in Varadarajan (1974). The
proof is beyond the scope of this book and requires a careful examination of
the structure of complex Lie algebras. The theorem tells us that every Lie
algebra is (isomorphic to) a Lie algebra of matrices. This is in contrast to the
situation for Lie groups, where most, but not all, Lie groups are matrix Lie
groups—see Section C.3.

We now introduce the abstract Lie algebra version of the map “ad,” which
we introduced earlier for the Lie algebra of a matrix Lie group.

Definition 2.41. Let g be a Lie algebra. For X € g, define a linear map
adx :g—g by

adx(Y) =[X,Y].
Thus, “ad” (i.e., the map X — adx) can be viewed as a linear map from g
into gl(g), where gl(g) denotes the space of linear operators from g to g.

Since adx (Y') is just [X, Y], it might seem foolish to introduce the addi-
tional “ad” notation. However, thinking of [X, Y] as a linear map in Y for each
fixed X gives a somewhat different perspective. In any case, the “ad” notation
is extremely useful in some situations. For example, instead of writing

(X, 12X [X 1XC Y
we can now write
(adx)* (V).
This sort of notation will be essential in Chapter 3.
Proposition 2.42. If g is a Lie algebra, then
ad[x,y] = aandy — adyadX = [adx,ady],'
that is, ad: g — gl(g) is a Lie algebra homomorphism.
Proof. Observe that
adix,y)(Z2) = [[X,Y], Z],

whereas

fadx, ady(Z) = [X, [V, Z]] - [Y, [X, Z]].
So, we want to show that

([X,Y], 2] = [X,[Y, Z]] - [V, [X, Z]]

or, equivalently,

0=[X.[Y,Z]] + [V, [Z, X]| + [Z,[X, Y]],
which is exactly the Jacobi identity. O
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2.8.1 Structure constants

Let g be a finite-dimensional real or complex Lie algebra, and let X;,..., X,
be a basis for g (as a vector space). Then, for each i and j, [X;, X;] can be
written uniquely in the form

n
[Xi, X]] = Z Ci]‘ka.
k=1
The constants c;ji are called the structure constants of g (with respect
to the chosen basis). Clearly, the structure constants determine the bracket
operation on g. In some of the literature, the structure constants play an
important role, although we will not have much necessity to use them in this
book. (They appear mainly in Appendix D, where the quantities ;5 are the
structure constants for the Lie algebra so(3).) In the physics literature, the
structure constants are defined as [X;, X;] = v/—1Y_ cijx Xk, reflecting the
factor of v/—1 difference between the physics definition of the Lie algebra and
our own.
The structure constants satisfy the following two conditions:

Cijk + Cjik = 0,
E (Cijmcmkl + CikmCmil + Ckimcmjl) =0
m

for all 4,7, k,l. The first of these conditions comes from the skew symmetry
of the bracket, and the second comes from the Jacobi identity. (The reader is
invited to verify these conditions for himself.)

2.8.2 Direct sums

If g; and go are Lie algebras, we can define the direct sum of g; and gs as
follows. We consider the direct sum of g; and gy in the vector space sense,
and we define a bracket operation on g; @ g2 by

(X1, X2), (Y1,Y2)] = ([X1, Y], [X2, Y2]).

It is straightforward to verify that this operation satisfies the Jacobi identity
and makes g; @ g2 into a Lie algebra. If G; C GL(n1;C) and G5 C GL(ng;C)
are matrix Lie groups and G; x G» is their direct product (regarded as a
subgroup of GL(n; + ng; C) in the obvious way), then it is easily verified that
the Lie algebra of G; x G5 is isomorphic to g; @ ga.

2.9 The Complexification of a Real Lie Algebra

Definition 2.43. IfV is a finite-dimensional real vector space, then the com-
plexification of V, denoted V¢, is the space of formal linear combinations
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v1 + U2,

with vi,ve € V. This becomes a real vector space in the obvious way and
becomes a complex vector space if we define

i(v1 + ivg) = —vg + iv;.

We could more pedantically define V¢ to be the space of ordered pairs
(v1,v2) with v1,v9 € V, but this is notationally cumbersome. It is straightfor-
ward to verify that the above definition really makes V¢ into a complex vector
space. We will regard V' as a real subspace of V¢ in the obvious way.

Proposition 2.44. Let g be a finite-dimensional real Lie algebra and gc its
complezification (as a real vector space). Then, the bracket operation on g has
a unique extension to gc which makes gc into a complex Lie algebra. The
complez Lie algebra gc is called the complexification of the real Lie algebra

g

Proof. The uniqueness of the extension is obvious, since if the bracket opera-
tion on gc is to be bilinear, then it must be given by

(X1 +1Xs, Y1 +iY2] = ([X1, 1] — [X2, Y2]) + i ([X1, Vo] + [X2, V1)) . (2.20)

To show existence, we must now check that (2.20) is really bilinear and skew
symmetric and that it satisfies the Jacobi identity. It is clear that (2.20) is
real bilinear, and skew-symmetric. The skew symmetry means that if (2.20)
is complex linear in the first factor, it is also complex linear in the second
factor. Thus, we need only show that

[i((X7 +iX2), Y1 +1iYa] =i [ Xy +iXo, Y1 +1iY5). (2.21)
The left-hand side of (2.21) is
[-X2 +iX1, Y1 +1iY2] = (= [Xo, V1] = [X1, Ya]) + @ ([X1, V1] = [X2, Y2)]),
whereas the right-hand side of (2.21) is

i{([X1, V1] = [X2,Y2]) +4 ([ X2, V1] + [X1, Vo)) }
= (= [Xo, V1] — [X1,Y2]) + i ([ X1, V1] — [X2,V3)]),

and, indeed, these are equal.

It remains to check the Jacobi identity. Of course, the Jacobi identity holds
if X,Y, and Z are in g. However, observe that the expression on the left-hand
side of the Jacobi identity is (complex!) linear in X for fixed Y and Z. It
follows that the Jacobi identity holds if X is in g¢, and Y and Z are in g. The
same argument then shows that we can extend to Y in g¢, and then to Z in
gc. Thus, the Jacobi identity holds in gc. O
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Proposition 2.45. The Lie algebras gl(n; C), sl(n; C), so(n; C), and sp(n;C)
are complex Lie algebras. In addition, we have the following isomorphisms of
complex Lie algebras:

gl (n;R)e = gl(n; C),
u(n)c = gl(n; C),
su(n)e = sl(n; C),

sl (n; R)¢ = sl(n; C),
so(n)c = so(n;C),

sp(n;R)c = sp(n; C),
sp(n)c = sp(n;C).

Proof. From the computations in the previous section, we see easily that the
specified Lie algebras are, in fact, complex subalgebras of gl(n; C) and hence
are complex Lie algebras.

Now, gl(n; C) is the space of all n x n complex matrices, whereas gl (n; R)
is the space of all n x n real matrices. Clearly, then, every X € gl(n;C) can
be written uniquely in the form X; +iX,, with X1, X5 € gl (n;R). This gives
us a complex vector space isomorphism of gl (n; R) with gl(n; C), and it is a
triviality to check that this is a Lie algebra isomorphism.

On the other hand, u(n) is the space of all n x n complex skew-self-adjoint
matrices. However, if X is any n X n complex matrix, then

X-X* X+X

5 T
where (X — X*)/2 and (X + X*)/2i are both skew. Thus, X can be written
as a skew matrix plus i times a skew matrix, and it is easy to see that this
decomposition is unique. Thus, every X in gl(n;C) can be written uniquely
as X7 +1Xo, with X; and X5 in u(n). It follows that u(n)c = gl(n; C). If X
has trace zero, then so do X; and X5, which shows that su(n)c¢ = sl(n; C).

The verification of the remaining isomorphisms is similar and is left as an
exercise to the reader. O

X =

Note that u(n)c = gl(n;R)c = gl(n; C). However, u(n) is not isomorphic
to gl(n;R), except when n = 1. The real Lie algebras u(n) and gl(n;R) are
called real forms of the complex Lie algebra gl(n;C). A given complex Lie
algebra may have several nonisomorphic real forms. See Exercise 17.

Physicists do not always clearly distinguish between a matrix Lie group
and its (real) Lie algebra, or between a real Lie algebra and its complexifi-
cation. Thus, for example, some references in the physics literature to SU(2)
actually refer to the complexified Lie algebra, sl(2;C).

2.10 Exercises

1. The Schwarz inequality from elementary analysis tells us that for all u =
(u1,...,up) and v = (v1,...,v,) in C", we have
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lurvy + -+ + Upvn|” < (Z |Uk|2> (Z ivk|2> :
k=1 k=1

Use this to verify that || XY < ||X||||]Y|| for all X,Y € M,(C), where
the norm || X || of a matrix X is defined by (2.2).

. Show that for X € M, (C) and any orthonormal basis {u1,...,un} of C",
IXN* = 37 oy [(uy, Xug)|?, where || X|| is defined by (2.2). Now show
that if v is an eigenvector for X with eigenvalue ), then |\ < || X|.

. The product rule. Recall that a matrix-valued function A(t) is said to
be smooth if each A;;(t) is smooth. The derivative of such a function is

defined as
% _dAy;
dt ), dt

4 A(t) = lim Alt+h) - AR
dt h—0
Let A(t) and B(t) be two such functions. Prove that A(t)B(t) is again

smooth and that

or, equivalently,

d dA dB
7 [A(t)B(t)] = “LEB(t) + A(t)gt’-

. Show that for all X € M, (C),

m
lim [I+ E} =X,
m—o0 m

. Using Theorem B.7, show that every n x n complex matrix A is the limit
of a sequence of diagonalizable matrices.

Hint: If the characteristic polynomial of A has n distinct roots, then A is
diagonalizable.

. Show that every 2 x 2 matrix X with trace zero satisfies

X% = —det(X)I.

If X is 2 x 2 with trace zero, show by direct calculation using the power
series for the exponential that

in vdet X
eX =cos(Vdet X ) I + L—X. 2.22
( ) vdet X ( )

Use this to give an alternative derivation of the result in (2.7).

Notes: Since the functions cosf and sinf/6 are even functions of 8, the
value of (2.22) is independent of the choice of the square root of det X.
The value of the coefficient of X in (2.22) is to be interpreted as 1 when
det X = 0, in accordance with the limit limg ¢ sin6/6 = 1.
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7.

10.

11.

12.
13.

14.

15.

16.

2 Lie Algebras and the Exponential Mapping
Use the result of Exercise 6 to compute the exponential of the matrix

o (1)

Hint: Write X as the sum of a multiple of the identity and a matrix with
trace zero.

. A matrix A is said to be unipotent if A — 1 is nilpotent (i.e., if A is of the

form A =1+ N, with N nilpotent). Note that log A is defined whenever
A is unipotent, because the series in Definition 2.6 terminates.

(a) Show that if A is unipotent, then log A is nilpotent.

(b) Show that if X is nilpotent, then eX is unipotent.

(c) Show that if A is unipotent, then exp(log A) = A and that if X is
nilpotent, then log(exp X) = X.

Hint: Let A(t) = I +t(A — I). Show that exp(log(A(t))) depends poly-
nomially on ¢ and that exp(log(A(t))) = A(t) for all sufficiently small
t.

Show that every invertible n x n matrix A can be written as A = e*X for
some X € M,(C).

Hint: Theorem B.5 implies that A is similar to a block-diagonal matrix
in which each block is of the form Al + Ny, with N, being nilpotent. Use
this result and Exercise 8.

Give an example of a matrix Lie group G and a matrix X such that
eX € G,but X ¢ g.

Suppose G is a matrix Lie group in GL(n;C) and let g be its Lie algebra.
Suppose that A is in G and that |4 — I]| < 1, so that the power series for
log A is convergent. Is it necessarily the case that log A is in g? Prove or
give a counterexample.

Show that two isomorphic matrix Lie groups have isomorphic Lie algebras.
The Lie algebra so(3;1). Write out explicitly the general form of a 4 x 4
real matrix in so(3;1).

Verify directly that Proposition 2.17 and Theorem 2.18 hold for the Lie
algebra of SU(n).

The Lie algebra su(2). Show that the following matrices form a basis for
the real Lie algebra su(2):

i 0 01 0
El:%<0—¢>9E2:%<—10>3E3:%<i0)'

Compute [E1, Ea], [E2, E3], and [Es, Eq]. Show that there is an invertible
linear map ¢ : su(2) — R3 such that ¢([X,Y]) = ¢(X) x ¢(Y) for all
X,Y € su(2), where x denotes the cross product (vector product) on R?.
The Lie algebras su(2) and so(3). Show that the real Lie algebras su(2)
and so(3) are isomorphic.

Note: Nevertheless, the corresponding groups SU(2) and SO(3) are not
isomorphic. (Rather, SO(3) is isomorphic to SU(2)/{I,—1}.)
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17. The Lie algebras su(2) and sl(2;R). Show that su(2) and sl(2;R) are not

18.

19.

20.

21.

22.

23.

24.

25.

isomorphic Lie algebras, even though su(2)¢ 2 sl(2;R)¢ = sl(2;C).

Hint: Using Exercise 15, show that su(2) has no two-dimensional subal-
gebras.

Let G be a matrix Lie group and let g be its Lie algebra. For each A € G,
show that Ad, is a Lie algebra automorphism of g.

(“Ad” and “ad”) Let X and Y be n x n matrices. Show by induction that

()" (V) = 3 (1) xH¥ =0
k=0
where
(a)"™ (V) = (X, [ XV

Now, show by direct computation that
X (Y) = Adx (V) = eXYe ™.

Assume that it is legal to multiply power series term by term. (This result
was obtained indirectly in Proposition 2.25.)
Hint: Recall that Pascal’s Triangle gives a relationship between numbers
of the form (™}") and numbers of the form (7).
If g is a Lie algebra, then a subalgebra h of g is called an ideal if (X, H] € b
forall X € gand H € §. If ¢ : g1 — g2 is a Lie algebra homomorphism,
show that ker ¢ is an ideal in g;.
Classify up to isomorphism all one-dimensional and two-dimensional real
Lie algebras. (There is one isomorphism class of one-dimensional algebras
and two isomorphism classes of two-dimensional algebras.)
Show that for any Lie algebra g and any X in g, adx is a derivation of g;
that is,

adx([)/, Z]) = [adX(Y)7 Z] + [Yv a'dX(Z)]

for all Y and Z in g.

The complezification of a real Lie algebra. Let g be a real Lie algebra, gc
its complexification, and h an arbitrary complex Lie algebra. Show that
every real Lie algebra homomorphism of g into h extends uniquely to a
complex Lie algebra homomorphism of g¢ into §. (This is the universal
property of the complexification of a real Lie algebra. This property can
be used as an alternative definition of the complexification.)

If g is a Lie algebra, the center of g is the set of all Z € g such that
[X,Z] =0 for all X € g. Show that the center of g is an ideal (as defined
in Exercise 20).

Suppose that G is a connected, commutative matrix Lie group with Lie
algebra g. Show that the exponential mapping for G maps g onto G.
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26.

27.

28.

29.

30.

31.

2 Lie Algebras and the Exponential Mapping

The exponential mapping for the Heisenberg group. Show that the ex-
ponential mapping from the Lie algebra of the Heisenberg group to the
Heisenberg group is one-to-one and onto.

The ezponential mapping for U(n). Show that the exponential mapping
from u(n) to U(n) is onto, but not one-to-one. (Note that this shows that
U(n) is connected.)

Hint: Every unitary matrix has an orthonormal basis of eigenvectors.
Consider the space gl(n; C) of all n xn complex matrices. As usual, for X €
gl(n; C), define adx : gl(n;C) — gl(n;C) by adx(Y) = [X,Y]. Suppose
that X is a diagonalizable matrix. Show, then, that ad x is diagonalizable
as an operator on gl(n; C).

Hint: Consider first the case where X is actually diagonal.

Note: The problem of diagonalizing adx is an important one that we will
encounter again in Chapter 6, when we consider semisimple Lie algebras.
Show explicitly that exp : so(3) — SO(3) is onto.

Hint: Using Exercise 16 from Chapter 1, show that in a suitable orthonor-
mal basis, R is of the form

1 0 0
R=1|0 cos# sinf
0 —sinf cosf

The ezxponential mapping for SL(2;R). Show that the image of the ex-
ponential mapping for SL(2;R) consists of precisely those matrices A €
SL(2;R) such that trace (A) > —2, together with the matrix —I (which
has trace —2). To do this, consider the possibilities for the eigenvalues of a
matrix in the Lie algebra sl(2; R) and in the group SL(2;R). In the Lie al-
gebra, show that the eigenvalues are of the form (A, —\) or (iA, —i\), with
A real. In the group, show that the eigenvalues are of the form (a,1/a)
or (—a,—1/a), with a real and positive, or of the form (e*’,e~%), with
0 real. The case of a repeated eigenvalue ((0,0) in the Lie algebra and
(1,1) or (—=1,—1) in the group) will have to be treated separately using
the Jordan canonical form (Section B.4).

Show that the image of the exponential mapping is not dense in SL(2;R).
Determine the image of the exponential mapping for SL(2; C). Is the image
of the exponential mapping dense in SL(2; C)?
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The Baker—Campbell-Hausdorff Formula

In this chapter, we will, as usual, restrict our attention mainly to matrix Lie
groups. Nevertheless, the proofs of the main results are the same for general
Lie groups, provided one has already established the basic results about the
Lie algebra and the exponential mapping for general Lie groups.

3.1 The Baker—Campbell-Hausdorftf Formula for the
Heisenberg Group

A crucial result of this chapter will be the following: Let G and H be matrix
Lie groups, with Lie algebras g and §, and suppose that G is simply connected.
Then, if ¢ : g — b is a Lie algebra homomorphism, there exists a unique Lie
group homomorphism ® : G — H such that ®(exp X) = exp(¢(X)) for all X
in g. (This is Theorem 3.7 in Section 3.6.) This result is extremely important
because it implies that if G is simply connected, then there is a natural one-to-
one correspondence between the representations of G and the representations
of its Lie algebra g (as explained in Chapter 4). In practice, it is much easier
to determine the representations of the Lie algebra than to determine directly
the representations of the corresponding group.

This result (relating Lie algebra homomorphisms and Lie group homo-
morphisms) is deep. The “modern” proof (e.g., Varadarajan (1974), Theorem
2.7.5) makes use of the Frobenius theorem, which is both hard to understand
and hard to prove (Varadarajan (1974), Section 1.3). Our proof will, instead,
use the Baker—Campbell-Hausdorff formula, which is more easily stated and
more easily motivated than the Frobenius theorem, but still deep.

The idea is the following. The desired group homomorphism @ : G - H
must satisfy

O (eX) = X, (3.1)

We would like, then, to define ® by this relation. This approach has two
serious difficulties. First, a given element of G may not be expressible as e
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(with X in g), and even if it is, the X may not be unique. Second, it is very
far from clear why the ® in (3.1) (even to the extent it is well defined) should
be a group homomorphism.

It is the second issue which the Baker-Campbell-Hausdorft formula ad-
dresses. (The first issue will be addressed using the simple connectedness of
G.) Specifically, (one form of) the Baker—-Campbell-Hausdorff formula says
that if X and Y are sufficiently small, then

log(eXe¥) =X +Y + X, Y]+ 5[X, [X, Y]] - SV, (X, Y]] +---. (3.2)

It is not supposed to be evident at the moment what “ - -” refers to. The only
important point is that all of the terms in (3.2) are given in terms of X and
Y, brackets of X and Y, brackets of brackets involving X and Y, etc. Then,
because ¢ is a Lie algebra homomorphism,

¢ (log(e¥e”)) = o(X) + ¢(Y) + 3[6(X), (V)]
+ 15 [8(X), [8(X), 6(Y)]] = 15[¢(Y), [(X), o(Y)]] + - -
— log <€¢<X>e¢(Y)) , (3.3)

The relation (3.3) is extremely significant. For, of course, we have

eXeY _ elog(exey)
and so by (3.1),
P (eXeY) — pollog(eXe™)).

Thus, (3.3) tells us that
P (eXe¥) = elos(? ) _ 00(X) 8 (Y) = p(eX)D(eY).

Thus, the Baker—-Campbell-Hausdorff formula shows that on elements of the
form eX, with X small, ® is a group homomorphism. (See Corollary 3.4.)

Another way of looking at this is to say that the Baker—Campbell-
Hausdorff formula shows that all the information about the group product,
at least near the identity, is “encoded” in the Lie algebra. Thus, if ¢ is a Lie
algebra homomorphism (which by definition preserves the Lie algebra struc-
ture) and if we define @ near the identity by (3.1), then we can expect ® to
preserve the group structure (i.e., to be a group homomorphism).

In this section, we will look at how all of this works out in the very special
case of the Heisenberg group. In the next section, we will consider the general
situation.

Theorem 3.1. Suppose X and Y are n X n complex matrices, and that X
and 'Y commute with their commutator. That is, suppose that

X, [X, Y]] =[Y,[X,Y]] =0.

Then,

eX oY — X+Y+3IXY]
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This is the special case of (3.2) in which the series terminates after the
[X,Y] term.

Proof. Consider X and Y in M, (C). We will prove that,
£2
etXetY — exp (tX +tY + 5 [X, Y]) ,

which reduces to the desired result in the case ¢ = 1. Since, by assumption,
[X,Y] commutes with X and Y, the above relation is equivalent to

X Y o~ ZIXY] _ t(X+Y) (3.4)

Let us denote by A(t) the left-hand side of (3.4) and by B(t) the right-
hand side. Our strategy will be to show that A (t) and B (t) satisfy the same
differential equation, with the same initial conditions. We can see immediately

that iB
T Bt)(X +Y).

On the other hand, differentiating A(t) by means of the product rule gives
A _ X Xty o= S IX Y] X Y Yo SIXY]
dt
FetX e e TIXYT (L4[X,Y)). (3.5)

(The correctness of the last term may be verified by differentiating term by
term.)

2
Now, since Y commutes with [X, Y], it also commute with e~ [X:¥], Thus,
the second term on the right in (3.5) can be rewritten as

2
etXetYe~32~[X,Y]Y'

The first term on the right in (3.5) is more complicated, since X does not
necessarily commute with e!¥". However,

XetY — etye—tYXetY
= eV Ad,-iv (X)

_ etYe—tady (X) )
However, since [Y,[Y, X]] = ~ [V, [X,Y]] =0,
ey (X) =X —t[V,X] = X +t[X,Y],

with all higher terms being zero. Using the fact that everything commutes
2
with e~ 7 [XY] gives
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+2

X Xet¥ e~ T X Y] _ XY TEYI(X 1 4[X,Y]).

Making these substitutions into (3.5) gives

% = etXetYe—g[X’Y] (X +t[X,Y]) + etxetye—é[x,y]y

+2
+ et XetY e= T XY] (—t[X,Y))

= etxetye_%[x’y](X +Y)
— AB)(X +Y).

Thus, A(t) and B(t) satisfy the same differential equation. Moreover,
A(0) = B(0) = I. Thus, by standard uniqueness results for ordinary dif-
ferential equations, A(t) = B(t) for all t. Putting t = 1 gives the theorem. O

Theorem 3.2. Let H denote the Heisenberg group and § its Lie algebra. Let
G be a matriz Lie group with Lie algebra g and let ¢ : h — g be a Lie
algebra homomorphism. Then, there exists a unique Lie group homomorphism
®: H — G such that

B (X) = )

for all X €.

Proof. Recall (Exercise 26 in Chapter 2) that the Heisenberg group has the
very special property that its exponential mapping is one-to-one and onto.
Let “log” denote the inverse of this map. Define ® : H — G by the formula

® (A) = e?los ),

We will show that ® is a Lie group homomorphism.
If X and Y are in the Lie algebra of the Heisenberg group (3 x 3 strictly
upper triangular matrices), then [X,Y] is of the form

00a
000
000

such a matrix commutes with both X and Y. Thus, X and Y commute with
their commutator. Since ¢ is a Lie algebra homomorphism, ¢ (X) and ¢ (V)
will also commute with their commutator:

[6 (X)) [0 (X), 0 (V)] = ¢ (X, [X,Y]]) =0,
[0 (V). [6(X), e (] = o ([Y,[X,Y]]) = 0.
We want to show that ® is a homomorphism (i.e., that ®(AB) =

®(A)®(B)). To show this, note that A can be written as eX for a unique
X € hand B can be written as e¥ for a unique Y € . Thus, by Theorem 3.1,
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®(AB) = ®(eXe) = ¢(6X+Y+%[X,Y]) .

Using the definition of ® and the fact that ¢ is a Lie algebra homomorphism,
we see that

B(4B) = exp (6 (X) + (V) + 1 [6(X) .0 (V)]).

Finally, using Theorem 3.1 again (applied to the elements ¢(X) and ¢(Y")),
we have
®(AB) = e?Xe?Y) = B(A4)0(B).

Thus, @ is a group homomorphism. It is easy to check that ® is continuous
(by checking that log, exp, and ¢ are all continuous), and, so, ® is a Lie group
homomorphism. Moreover, ® by definition has the right relationship to ¢.
Furthermore, since the exponential mapping is one-to-one and onto, there can
be at most one & with @(ex) = e?(X), O

3.2 The General Baker—Campbell-Hausdorff Formula

The importance of the Baker-Campbell-Hausdorff formula lies not in the
details of the formula, but in the fact that there is a formula and in the fact
that it gives log(eXeY) in terms of brackets of X and Y, brackets of brackets,
and so forth. This tells us something very important, namely that (at least
for elements of the form eX, X small) the group product for a matrix Lie
group G is completely expressible in terms of the Lie algebra. (This is because
log(eXeY) and, hence, also eXeY itself, can be computed in Lie-algebraic
terms by (3.2).)

We will actually state and prove an integral form of the Baker—-Campbell-
Hausdorff formula, rather than the series form (3.2). However, the integral
form is sufficient to obtain the desired result (3.3). (See Corollary 3.4.) The
series form of the Baker-Campbell-Hausdorff formula is stated precisely and
proved in Varadarajan (1974), Section 2.15. See also Section 3.5.

Consider the function
log =

9(z) =171

N =

This function is defined and analytic in the disk {|z — 1| < 1}, and, thus, for
z in this set, g(z) can be expressed as

9(2) =3 am(z =)™,
m=0

for some set of constants {a, }. This series has radius of convergence one.
Now, suppose V is a finite-dimensional complex vector space. Choose an
arbitrary basis for V, so that V can be identified with C™ and, thus, the norm
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of a linear operator on V can be defined. Then, for any operator A on V with
|A —I| <1, we can define

g(A) =Y am(A-D™

m=0

We are now ready to state the integral form of the Baker—-Campbell-Hausdorff
formula.

Theorem 3.3 (Baker—Campbell-Hausdorff). For all n x n complex ma-
trices X and Y with | X|| and ||Y|| sufficiently small,

log (e¥e¥) = X + / 1 g(e*dx e ) (Y) dt. (3.6)
0

The proof of this theorem is given in Section 3.4 of this chapter. Note that
e2dxetady and, hence, also g(e2dxef2dv) are linear operators on the space
gl(n; C) of all n x n complex matrices. In (3.6), this operator is being applied
to the matrix Y. The fact that X and Y are assumed small guarantees that
e?dxetady is close to the identity operator on gl(n;C) for 0 < ¢t < 1. This
ensures that g(e*dxef2dv) is well defined.

If X and Y commute, then we expect to have log(eXe¥) = log(e
X +Y. Exercise 5 shows that the Baker-Campbell-Hausdorff formula indeed
gives X + Y in that case.

Formula (3.6) is admittedly horrible looking. However, we are interested
not in the details of the formula but in the fact that it expresses log(eXeY)
(and hence eXeY) in terms of the Lie-algebraic quantities adx and ady.

Since the goal of the Baker—Campbell-Hausdorff theorem is to compute
log(eXeY), one may well ask, “Why do we not simply expand both exponen-
tials and the logarithm in power series and multiply everything out?” Indeed,
one can do this, and if one does it for the first several terms, one will get
the same answer as the Baker—-Campbell-Hausdorff formula. However, there
is a serious problem with this approach, namely: How does one know that the
terms in such an expansion are expressible in terms of commutators? Con-
sider, for example, the quadratic term. It is clear that this will be a linear
combination of X2, Y2, XY, and Y X. However, to be expressible in terms of
commutators, it must actually be a constant times (XY — Y X). Of course,
for the quadratic term, one can just multiply it out and see, and, indeed, one
gets (XY —YX) = %[X ,Y]. However, it is far from clear how to prove that
a similar result occurs for all the higher terms. (See Exercise 6.) Although it
is possible (but not easy) to prove directly that all terms in the expansion of
log(eXeY) are expressible in terms of commutators (Proposition 1 in Section
V.5 of Jacobson (1962)), this is not the approach we will take.

We now state an important corollary of the Baker—-Campbell-Hausdorff
theorem.

X+Y)
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Corollary 3.4. Let G be a matriz Lie group and g its Lie algebra. Suppose
that ¢ : g — gl(n; C) is a Lie algebra homomorphism. Then, for all sufficiently
small X and Y in g, log (eXeY) isin g, and

@ [log(exey)] = log (e¢(x)e¢(y)> . (3.7

Proof. The proof uses the same reasoning as in (3.3). Note that if X and Y lie
in some Lie algebra g, then adx and ady will leave g invariant, and, therefore,
so will g(e?dxef2dv)(Y). Thus, whenever formula (3.6) holds, log(eXeY) will
lie in g. It remains only to verify (3.7). The idea is that if ¢ is a Lie algebra
homomorphism, then it will take a big, messy expression involving “ad” and
X and Y, and turn it into the same expression with X and Y replaced by
¢ (X) and ¢ (Y).

More precisely, since ¢ is a Lie algebra homomorphism,

olY, X] = [6(Y), p(X)]
¢(ady (X)) = adg(v)( (X))
More generally,
#((ady)" (X)) = (adgv))" (#(X)) -
This being the case,

m

(e (X)) = 9 ((ady)™ (X))

]38
3|73

Il
=]

m

m

— (adg(v)) ™ (6(X))

= €0 ($(X))

!

3
]
o

Similarly,
d(eadx etady) (Y)) _ ead¢(x)etad¢(Y) (¢(Y)) .

Assume now that X and Y are small enough that the Baker—-Campbell-
Hausdorff formula applies to X and Y and to ¢(X) and ¢(Y). Then, using
the linearity of the integral and reasoning similar to the above, we have

1 oo
¢llog (eXe¥)] = o(X) + /O > amqs[(eadxefadv -n" (Y)] dt
m=0

=¢(X) + /01 i am (ead¢(x>etad¢<y> _ I)m (6(Y)) dt

m=

0
— log (e¢<X>e¢<Y>) ,

This is what we wanted to show. a
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3.3 The Derivative of the Exponential Mapping

Before coming to the proof of the Baker-Campbell-Hausdorft formula itself,
we will obtain a result concerning derivatives of the exponential mapping.
This result is valuable in its own right and will play a central role in our proof
of the Baker—-Campbell-Hausdorff formula.

Observe that if X and Y commute, then

e XHY _ X tY
and so J
d
4 X4ty — X &ty — Xy
dt =0 dt =0
In general, X and Y do not commute, and
_d_eX-HY # GXY.
dt =0

(However, see Exercise 4.) This, as it turns out, is an important point. In
particular, note that in the language of multivariate calculus,

d
G X+tY

= (3.8)

[ directional derivative of “exp” at X,
.o L in the direction of ¥ '

Thus, computing the left-hand side of (3.8) is the same as computing all of

the directional derivatives of the (matrix-valued) function “exp.” We expect

the directional derivative to be a linear function of Y, for each fixed X.
Now, the function

is an entire analytic function of z, even at z = 0, and is given by the power

series
1—e? k 2

= )k __# —1_ZELZ _ ..
> k;( ey TR TR

This series (which has infinite radius of convergence) makes sense when z is
replaced by a linear operator A on some finite-dimensional vector space.

Theorem 3.5 (Derivative of Exponential). Let X and Y benxn complex

matrices. Then,
I — —ady
(i)
t=0 adx

d X+tY
Ee
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More generally, if X (t) is a smooth matriz-valued function, then

d X(t) X(t) I - eiadx(t) dX
= = - - (= . 1
dt’ ‘ adxq  \ df (3.10)

Note that the directional derivative in (3.9) is indeed linear in Y for each
fixed X. Note also that (3.9) is just a special case of (3.10), by taking X (t) =
X +tY and evaluating at t = 0.

Furthermore, observe that if X and Y commute, then only the first term
in the series (3.9) survives. In that case, we obtain &eX | = eXY] as
expected.

The formula for the derivative of the exponential mapping is well known.
The proof here follows that of Tuynman [The Derivation of the Exponential
Map of Matrices, Amer. Math. Monthly 102 (1995), 818-819.

Proof. 1 prove only form (3.9); then, (3.10) follows by elementary calculus.
For any n x n matrices X and Y, set

A(X,Y) — i€X+tY

dt o

I leave it as an exercise (Exercise 3) to show that exp : M, (C) — M,(C) is
a continuously differentiable map. This implies that A(X,Y) is jointly con-
tinuous in X and Y and that it is linear in Y for each fixed X (by a basic

property of continuously differentiable functions of several variables).
Now, for every positive integer m, we have

XY — [exp<§ —}—tzﬂ . (3.11)
m m

Thus, applying the product rule (extended to m factors), we will get m terms,
in each of which m — 1 of the factors in (3.11) are simply evaluated at ¢ =0
and the remaining factor is differentiated at ¢t = 0. So, we get

" (x\"* ' XY o X b
= exp| — —exp| — +t— —
=0 1= P\ dat P\ m/ o PLUm
m—1 —k k
_ exp(ﬁ—_l_x> exp<§> A(E, Z) exp<£>
m pard m m’'m m
m—1 k
-1
= exp(m—X> 1 exp(—ad—x> <A<2(—,Y)> . (3.12)
m m m m

In the third equality, we have used the linearity of A(X,Y) in Y and the
relationship between Ad and ad.

The left-hand side of (3.12) is equal to the right-hand side for each fixed m
and thus the left-hand side is equal to the limit as m — oo of the right-hand

d
& x4ty
dt
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side. Let us consider what happens as m — oo in the last line of (3.12). The
factor in front tends to exp(X). Since A(X,Y’) is jointly continuous in X and
Y, the expression A(X/m,Y’) tends to A(0,Y), where it is easily verified that
A(0,Y) =Y. Thus, it remains only to analyze the behavior of

This is taken care of in the following lemma.
Lemma 3.6. For any n X n matriz X, we have

—adx

1= adx\* 1-—e
lim — X)) = . 3.13
ml—wo m exp( m ) adX ( )

Once this lemma is established, we take the limit as m — oo everywhere
and we are done. (Note that the quantities in (3.13) are linear operators on
a finite-dimensional vector space, namely M, (C), thus essentially n? x n?
matrices. The operation of multiplying a n? x n? matrix by a n?-component
vector is jointly continuous in the two variables. Thus, we are justified in
separately evaluating the limit in (3.13) and the limit in A(X/m,Y’).) We
now turn to the proof of Lemma 3.6.

Proof. Let us first reason at a formal level (i.e., pretending that adx is a
nonzero number instead of an operator). Then, using the usual formula for
the sum of a finite geometric series would give

- El-exp(—adx/m) e ad x

= xp< adx>k 1 1-exp(—ady) 1 —exp(—ady)

To give a rigorous argument, we write exp(—adx /m)* as exp(—kadx/m) and

compute
m—1 oo m—1 2
1 kadx 1 1 kadx
I G B D BETC—y

k=0 i=0 k=0
=01 & kN (- ;
=32 = (adx)
Ol

(We have interchanged the finite sum over k with the infinite sum over 3.)
Now, we may recognize the quantity in square brackets in the last expression
as the Riemann sum approximation to the integral fol z'dr, where the value
of the integral is 1/(¢ + 1). So, as m tends to infinity, the quantity in square
brackets tends to 1/(i + 1). Furthermore, since the function z is increasing
on the interval [0, 1], the value of the expression in square brackets will be less
than the value of the integral, for each m.
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Now, each term in the series is a linear operator on M, (C), which we can

think of as an n2 x n? matrix. The norm of each term (as n? x n? matrices)

is bounded by
11 .
— |lad . 3.14
——— ladx| (3.14)
Now, each entry in an n? x n? matrix is smaller (in absolute value) than the
norm of the matrix, as is easily verified. Thus since the sum of the quantities
in (3.14) is finite, we can apply the dominated convergence theorem to each
entry of the matrix-valued sum to justify interchanging the limit m — oo with
the infinite sum over . This gives

m—1 o)

1 ¢ (ad X) l—edx
1 _ — = .
O
This concludes the proof of Theorem 3.5. d

3.4 Proof of the Baker—-Campbell-Hausdorff Formula

We now turn to the proof of the Baker—-Campbell-Hausdorff formula itself.
Define

Z(t) = log(eXetY)
If X and Y are sufficiently small, then Z(¢) is defined for 0 < ¢ < 1. It is left

as an exercise to verify that Z(t) is smooth. Our goal is to compute Z(1).

By definition,
eZ(t) — X Y

so that d
efz(t)d_tez(t) — (exetY)—l eXetYY -Y.
On the other hand, by Theorem 3.5,

oz d 2 _ [T—e™20 (dZY
dt adz(t) dt

_ e—adz(
) (2
adz(t) dt

If X and Y are small enough, then Z(t) will also be small, so that [I —
e_adz<t>]/adz(t) will be close to the identity and thus invertible. So,

dZ (I —e2dzin) !
—_— = — Y). 3.15
dt { adZ(t) } ( ) ( )

Hence,
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Recall that e?() = eXetY . Applying the homomorphism “Ad” gives
Ad,zw) = Ad.x Ad,.v.
By the relationship between “Ad” and “ad” (Proposition 2.25), this becomes

eadz(t) — eadx etady

or

adz () = log(e*dxedY).

Plugging this into (3.15) gives

z _ {I — (exetrdr) }_ (¥). (3.16)

dt log (e2dx etady )

o) = {1 }

so, formally, (3.16) is the same as

Now, observe that

dz

== g (eadxetady) (Y). (3.17)

It is not hard to show that this formal argument is actually correct.
Now we are done, for if we note that Z(0) = X and integrate (3.17), we
get

Z(1) =X + /1 gle*xet*dv)(v) dt,
0

which is the Baker-Campbell-Hausdorff formula.

3.5 The Series Form of the Baker—-Campbell-Hausdorff
Formula

Let us see how to get the first few terms of the series form of Baker~Campbell-
Hausdorff from the integral form. Recall the function

zlog z

9(2) =

z—1
Lt E-nlfe-n- gt g2 o]
G-1)

z—1+(z—1)2
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Multiplying this out and combining terms gives

Meanwhile,

eadx et ady _ I

2 2 2
= <[+adx+(adx) +> <]+tady+t(_ady.)_+...> -7

2 2

2 2 2
t
=adx +tady +tadx ady + (adx) + (ady)

5 5 R

The crucial observation here is that e23x e!24¥ — I has no zero-order term, just
first order and higher in adx and ady. Thus, (e*xet#dy — I)™ will contribute
only terms of degree m or higher in adx and/or ady.

We have, then, up to degree 2 in ady and ady,

(adx)? N t2 (ady )’

adx ,tad _ _1_
gene™ ™) =143 2 2

adx +tady +tadx ady + + ...

1
—g[adx+tady+~--]2+---

ty (adx)’ L (ady)*
2 4 4

1
-5 [(adx)2 + 2 (ady)? + tadx ady + tady adx]

1 t
:I+§adx+ dy—|—§adxady+

+ higher-order terms.
We now apply g (e*4xe'®dv) to Y and integrate. So (neglecting higher-order

terms) using Baker—-Campbell-Hausdorff and noting that any term with ady
acting first is zero:

log (e*e)

! 1 1 1 t
:X+/O [Y+§[X,Y}+Z[X,[X,Y]]—B[X,[X,Y]]—E[Y,[X,Y]} dt
:X+Y+%{X,Y}+G—é> [x,[x,yn—%/o LY, [X, Y]]

Thus, if we do the algebra, we end up with
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log(e¥e) =X +Y + % (X,Y]+ 115 [X,[X,Y]] - 1—12 [Y,[X,Y]]

+ higher order terms.

This is the expression in (3.2).

3.6 Group Versus Lie Algebra Homomorphisms

Recall Theorem 2.21, which says that given matrix Lie groups G and H and a
Lie group homomorphism ® : G — H, there is a Lie algebra homomorphism
¢ : g — b such that ®(exp X) = exp¢(X) for all X € g. In this section, we
prove a converse to this result in the case that G is simply connected.

Theorem 3.7. Let G and H be matriz Lie groups with Lie algebras g and
h. Let ¢ : g — b be a Lie algebra homomorphism. If G is simply connected,
then there exists a unique Lie group homomorphism ® : G — H such that
D(exp X) = exp(p(X)) for all X € g.

This has the following corollary.

Corollary 3.8. Suppose G and H are simply-connected matriz Lie groups
with Lie algebras g and by. If g is isomorphic to by, then G is isomorphic to H.

Proof. Let ¢ : g — b be a Lie algebra isomorphism. By Theorem 3.7, there
exists an associated Lie group homomorphism ® : G — H. Since ¢! : h —
g is also a Lie algebra homomorphism, there is a corresponding Lie group
homomorphism ¥ : H — G. We want to show that ® and ¥ are inverses of
each other.

However, the Lie algebra map associated with the composition is the com-
position of the Lie algebra maps (Point 3 of Theorem 2.21), which is the
identity. So, by Corollary 2.32, ® o ¥ = [g. Similarly, ¥ o ® = J;. O

We now proceed with the proof of Theorem 3.7.

Proof. Step 1: Define ® in a neighborhood of the identity.

Corollary 2.29 says that the exponential mapping for G has a local inverse
which maps a neighborhood V' of the identity into the Lie algebra g. If we
make V small enough, then we can also assume that for all A, B € V, we have
log A and log B small enough that the Baker-Campbell-Hausdorff theorem
applies to them. We fix one such neighborhood V for the remainder of the
proof.

On this neighborhood V, we can define ® : V — H by

®(A) = exp{o(log A)};

that is, on V, we have
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d = expogolog.

(Note that if there is to be a homomorphism & as in the theorem, then ®
must be given by this formula.)

Step 2: Define ® along a path.

Recall that part of what it means for G to be simply connected is that it is
connected. Recall also that when we say G is connected, we really mean that
G is path-connected. (By now, we know that G is an embedded submanifold
of GL(n;C). This means that G is locally path-connected and, thus, that G
is connected if and only it is path-connected.) Thus, for any A € G, there
exists a path A(t) € G with A(0) = I and A(1) = A. A standard argument
using the compactness of the interval [0, 1] shows that there exists numbers
0=tg<ti <tg--- <tmy =1 such that for all s and ¢ satisfying t;, <s <t <
t;+1 (for some ¢), we have

ADA(s) ' eV, (3.18)

In particular, since {p = 0 and A(0) = I, we have A(t;) € V. We now
write A = A(1) in the form

A= [A)Altno) ] [Albno) Altm2) "] -+ [Alt2) A1) A1),

Since ® is supposed to be a homomorphism, it is reasonable to “define” ®(A)
by
B(A) = (A1) A(tm—1)"") - @(A(t2) A1) "1 @(A(t1)), (3.19)

where each factor on the right is defined as in Step 1.

Step 3: Prove independence of the partition. :

For this definition of ®(A) to be valid, we must show that the value of
®(A) is independent of the choice of the path and independent of the choice
of partition (tg,...,tn) for a given path. We address independence of the
partition first. It is in this step (and only in this step) that we use the Baker—
Campbell-Hausdorff theorem. To establish independence of partition, we first
show that passing from a particular partition to a refinement of that partition
does not change the result. (A refinement of a partition is one which contains
all the points of the original partition, together with some other ones.) Note
that if a given partition satisfies the condition (3.18), then any refinement of
that partition also satisfies this condition.

Suppose, now, that we insert an extra partition point s between ¢; and
ti+1. Then, the factor ®(A(t;+1)A(t;)~!) in (3.19) will be replaced by

®(A(tis1)A(s) ) R(A(s)At:) ™).

Since s is between t; and t;,1, the condition (3.18) on the original partition
guarantees that A(t;11)A(s)~! and A(s)A(t;) ™!, in addition to A(t;41)A(t:) ™",
are all in V. Now, it follows from Corollary 3.4 to the Baker—Campbell-
Hausdorff formula that ®, as defined in Step 1, is a “local homomorphism”;
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that is, ®(AB) = ®(A)®(B) for all A and B sufficiently close to the identity.
(When applying the corollary, write A as eX and B as e¥.) This means that

D(A(tig1)A(t:) ™) = B(A(tiy1)A(s) " P(A(s)A(t:) ")

and, thus, the value of ®(A) is unchanged by the addition of the extra partition
point. By repeating this argument, we see that the value of ®(A) does not
change by the addition of any finite number of points to the partition.

Now, given any two partitions, they have a common refinement, namely
their union. The above argument shows that the value of ®(A) computed from
the first partition is the same as for the common refinement, which is the same
as for the second partition. This shows independence of the partition.

Step 4: Prove independence of the path.

Having proved that the value of ®(A) is independent of the partition for
a fixed path, we now need to prove that ®(A) is independent of the choice of
path. It is in this step that we use the simple connectedness of GG. Suppose
Ap(t) and A;(t) are two paths joining the identity to some A € G. Then,
since G is simply connected, a standard topological argument shows that Ay
and A; are homotopic with endpoints fixed. This means that there exists a
continuous map A : [0,1] x [0,1] — G with

A(0,t) = Ap(t), A(1,t) = Ai(¢)
for all ¢ € [0,1] and also

A(s,0) =1, A(s,1)=A

Il

for all s € [0,1].

The compactness of [0,1] x [0,1] guarantees that there exists an integer
N such that for all (s,t) and (s/,¢') in [0,1] x [0,1] with |s —s'| < 2/N
and [t —t'| < 2/N, we have A(s,t)A(s’,t')~! € V. We now employ a standard
topological trick to deform Ay “a little bit at a time” into A;. This means that
we define a sequence By ; of paths, with k =0,...,N—-1and!=0,...,N.
We define these paths so that By (t) coincides with A((k + 1)/N,t) for ¢
between 0 and (I — 1)/N, and By (t) coincides with A(k/N,t) for ¢ between
[/N and 1. For t between (I—1)/N and [/N, we define By ;(t) to coincide with
the values of A(:,-) on the path that goes “diagonally” in the (s,t)-plane, as
indicated in Figure 3.1. (I could write the formula for By, in this interval,
but the picture is clearer than the formula.) When computing By o, there are
no t-values between 0 and (I — 1)/N, so By o(t) = A(k/n,t) for all t € [0,1].
In particular, By o(t) = Ao(¢).

We think of deforming the path Ag into A; in steps. First, we deform
Ap = By, into By; and then into By 2, By s, and so on until we reach By v,
which we then deform into B; o and then into By 1,...,B; n. We continue
this process until we reach By_1 n, which we finally deform into A;.We want
to show that the value of ®(A) computed along each of these paths is the
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A

|

|

|

|

|

|

ko k+1 1 s
N N

Fig. 3.1. The path By

same as the value of ®(A) computed along the next one. Now, we note that
for k < I, By,(t) and By,41(t) are the same except for ¢’s in the interval
[(I-1)/N,(l+1)/N]. We then exploit the independence of the partition that
we have just verified. We may choose any partition we like, provided that
the condition (3.18) is satisfied. So, for both By ; and Bg 11, we choose the
partition points to be

1 -1 1+1 142
N N’ NN
The way we have chosen N guarantees that this is a valid partition. (Check!)
Now, note (from (3.19)) that the value of ®(A) depends only on the values
of the path at the partition points. We have chosen our partition in such a
way that the values of By ; and By ;11 are identical at all the partition points,
and, therefore, the value of ®(A) is the same for these two paths. A similar
argument shows that the value of ®(A) computed along By n is the same as
along By1,0. (Note that By n(1) = Bi+1,0(1) = A.) Thus, the value of ®(A)
is the same for each path from Ay = By all the way to By_1 v and then (by
the same argument) the same as A;. This shows independence of the path.

0, 1.

Step 5: Prove that ® is a homomorphism and is properly related to ¢.

The proof that ® is a homomorphism is fairly straightforward and is left
to the reader. See Exercise 10. It then remains only to verify that ® has the
proper relationship to ¢. However, since ® is defined near the identity to be
® = expog o log, we see that

d
E(I) (etX)

Thus, ¢ is the Lie algebra homomorphism associated to the Lie group homo-
morphism .

d o)
. — $(X).
. 7€ #(X)

t=0
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This completes the proof of Theorem 3.7. O

We will return to the issue of the relationship between Lie group and Lie
algebra homomorphisms in Section 4.9 of the next chapter.

3.7 Covering Groups

Theorem 3.7 says that if G is simply connected, then every Lie algebra ho-
momorphism for G can be exponentiated to give a Lie group homomorphism.
If G is not simply connected, this will not (in general) be true. It is thus rea-
sonable to look for another group G that has the same Lie algebra as G but
such that G is simply connected. Such a group is called the universal covering
group (or just the universal cover) of G.

Definition 3.9. Let G be a connected Lie group. Then, a universal cover-
ing group (or universal cover) of G is a simply-connected Lie group H
together with a Lie group homomorphism ® : H — G such that the associ-
ated Lie algebra homomorphism ¢ : b — g is a Lie algebra isomorphism. The
homomorphism ® is called the covering homomorphism (or projection

map).

Here neither G nor H is assumed to be a matriz Lie group. As discussed
later, the universal cover of a matrix Lie group may not be a matrix Lie group.
For every connected Lie group, a universal cover exists and is unique up to
“canonical isomorphism,” as explained in the following theorem.

Theorem 3.10. For any connected Lie group, a universal cover exists. If G
is a connected Lie group and (Hy,®1) and (Hz, ®2) are universal covers of G,
then there exists a Lie group isomorphism W : Hy — Hs such that ®o0VU = &;.

Appendix C gives a sketch of the proof of this result. The uniqueness part
of the result is a consequence of Theorem 3.7 (Exercise 14).

Since the universal cover of a connected Lie group G is unique (up to
canonical isomorphism), it is reasonable to speak of the universal cover (G, )
of G. Furthermore, if G is a simply-connected Lie group and ¢ : g — g is
a Lie algebra isomorphism, then by Theorem 3.7 (which actually applies to
all Lie groups, not just matrix Lie groups), we can construct an associated
Lie group homomorphism ® : G — G. Then (G, ®) is a universal cover of G.
Since ¢ is an isomorphism, we can use ¢ to identify g with g. Thus, in slightly
less formal terms, we may define the notion of universal cover as follows: The
universal cover of a Lie group G is the unique simply-connected group G such
that the Lie algebra of G is equal to the Lie algebra of G. (Implicit in this
form of the definition is that we have chosen some particular isomorphism
¢ : g — g to identify g with g.) If we adopt this form of the definition, then
the covering homomorphism is defined as the unique Lie group homomorphism
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® : G — G such that the associated Lie algebra map ¢ : g — @ is the identity.
(The existence of ¢ is by Theorem 3.7.)

The study of universal covering groups is one of the places where we pay a
price for our decision to consider only matriz Lie groups: the universal cover
of a matrix Lie group may not be a matrix Lie group. That is, even if G is a
matrix Lie group, the universal cover G of G may not be isomorphic to any
matrix Lie group. For example, the universal cover of SL(n;R) (n > 2) is not
a matrix Lie group. See Section C.3.

One can also consider covering groups that are not universal covers. A
covering group of a connected Lie group G is a connected Lie group H
(not necessarily simply connected) together with a Lie group homomorphism
® : H — G such that the associated Lie algebra homomorphism ¢ : h — g
is an isomorphism. There may be several nonisomorphic covering groups of
a given group G, and these different covers may have different fundamental
groups.

Let us now consider some examples of universal covers.

Ezample 1: G = S'. In this case the universal cover is R and the covering
homomorphism is the map ® : R — S! given by 8 — €%,

Ezample 2: G = SO(3). In this case, the universal cover is SU(2) and
the covering homomorphism is the map ® described in Section 1.6. (See also
Section 4.9.)

Ezample 3: G = U(n). In this case, the universal cover is R x SU(n) and
the covering homomorphism is the map @ : RxSU(n) — U(n) given by

®(0,U) = U. (3.20)

Note that since both R and SU(n) are simply connected (Appendix E), R x
SU(n) is simply connected. It is straightforward to check (Exercise 15) that
the Lie algebra map associated to ® is indeed a Lie algebra isomorphism in
this case.

Ezample 4 G = SO(n). For n > 3. the universal cover of SO(n) is a
double cover (i.e., the projection map ® is two-to-one). This reflects that
the fundamental group of SO(n) (n > 3) has two elements. The universal
cover of SO(n) is called Spin(n) and may be constructed as a certain group
of invertible elements in the Clifford algebra over R™. See Brocker and tom
Dieck (1985), Chapter 1, Section 6, especially Propositions 1.6.17 and 1.6.19.
In particular, Spin(n) is a matrix Lie group. The cases n = 3 and n = 4 are
special. For n = 3, we have (Example 2) Spin(3) = SU(2) and for n = 4 we
have Spin(4) 22 SU(2) x SU(2).

In all of these examples, the universal cover turns out to be, again, a
matrix Lie group. More generally, it is possible to show that the universal
cover of a compact matrix Lie group is always, again, a matrix Lie group (not
necessarily compact).
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3.8 Subgroups and Subalgebras

Suppose that G is a matrix Lie group, that H is another matrix Lie group,
and that H C G. Then, certainly, the Lie algebra § of H will be a subalgebra
of the Lie algebra g of G. Does this go the other way around? That is, given
a matrix Lie group G with Lie algebra g and a subalgebra § of g, is there a
matrix Lie group H whose Lie algebra is §?

In the case of the Heisenberg group, the answer is yes. This holds because
for the Heisenberg group, the exponential mapping is one-to-one and onto and
the Baker-Campbell-Hausdorff formula takes a particularly simple form. (See
Exercise 16.)

In general, however, there may not be any matrix Lie group H correspond-
ing to a given subalgebra h. For example, let G = GL (2;C) and let

bz{(lgi?a)‘tenk}, (3.21)

where a is irrational. This is a one-dimensional real subalgebra of g = gl(2; C).
If there were going to be a matrix Lie group H with Lie algebra h, then H
would contain the set of all exponentials of elements of f, namely

Ho = { <e;t e&)‘t € R} . (3.22)

To be a matrix Lie group, H would have to be closed in GL (2;C), and so it
would contain the closure of Hy, which (Exercise 1 in Chapter 1) is the set

et 0
Hl—{<0 eis> s,tER}.

However, then, the Lie algebra of H would have to contain the Lie algebra of
H;, which is two dimensional!

Fortunately, all is not lost. We can still get a subgroup H for each sub-
algebra b if we weaken the condition that H be a matrix Lie group. In the
above example, the subgroup we want is Hy, even though Hj is not a matrix
Lie group.

Definition 3.11. If H is any subgroup of GL(n;C), define the Lie algebra b
of H to be the set of all matrices X such that

eX e H
for all real t.

Definition 3.12. If G is a matriz Lie group with Lie algebra g, then H C G
is a connected Lie subgroup of G if the following conditions are satisfied:

1. H is a subgroup of G.
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2. The Lie algebra by of H is a subspace of g.
3. Every element of H can be written in the form e~1eX? coeeXm with
Xi,...,Xn €Hh.

Connected Lie subgroups are also called analytic subgroups. The group
Hy in (3.22) is a connected Lie subgroup of GL(2;C) whose Lie algebra is
the algebra b in (3.21). The word “connected” in the phrase “connected Lie
subgroup” is justified by the following easy result.

Proposition 3.13. If G is a matriz Lie group and H is a connected Lie
subgroup of G, then H is path-connected. That is, any two points in H can be
connected by a continuous path lying in H.

Proof. As usual, it suffices to show that any element of H can be connected
to the identity by a continuous path lying in H. If h € H then we write

h:eXIQXQ...eXm" Xk} (= b7
as in Condition 3 in the definition. We consider the path h(t) given by

h(t) = he tXm — eXi1gX2 .. g1-1)Xm,

This path is continuous and lies in H, since (by the definition of h) e=*Xm
lies in H for all t. As t varies from 0 to 1, h(t) connects the element h to
the element eX1eX2 ... eXm-1 of H. By applying this process m times, we can

connect h to the identity. a

Proposition 3.14. If G is a matriz Lie group with Lie algebra g and H is a
connected Lie subgroup of G, then the Lie algebra h of H is a subalgebra of g.

Proof. If A€ H and Y € b, then exp(tAY A™!) = Aexp(tY)A™" belongs to
H for all real t. Thus, AY A™! is, again, in §. Then, as in the proof of Point
3 of Theorem 2.18, if X and Y are in b we have e!XYe™ X in § for all ¢.
Therefore, since h is a vector space and (thus) a topologically closed subset
of M, (C), we have

XY -YX = ietxye—”‘
dt ‘=0
ehXye X _y
= lim —— €.
h—0 ]’L

a

We are now ready to state the main result of this section, which is our
second -major application of the Baker-Campbell-Hausdorft formula.
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Theorem 3.15. Let G be a matriz Lie group with Lie algebra g. Let b be a
Lie subalgebra of g. Then, there exists a unique connected Lie subgroup H of
G such that the Lie algebra of H is §y. The subgroup H consists precisely of

elements of the form

€X16X2 o Xm

€
with X1, ..., Xm € b.

The proof of this result is given at the end of this section.

Given a matrix Lie group G and a subalgebra § of g, the associated con-
nected Lie subgroup H might be a matrix Lie group. This will happen precisely
if H is a closed subset of G. There are various conditions under which it can
be proved that H is closed. For example, if G = GL (n; C) and b is semisimple
(Chapter 6), then H is automatically closed, and hence a matrix Lie group.
(See Helgason (1978), Chapter 11, Exercises and Further Results, D.)

If the Baker—Campbell-Hausdorff formula worked globally instead of only
locally, the proof of this theorem would be easy. If the Baker-Campbell-
Hausdorff formula converged for all X and Y, we could just define H to be the
image of h under the exponential mapping. In that case, the Baker—Campbell-
Hausdorff formula would show that this image is a subgroup, since, then, we
would have ef1ef2 = ¢? with Z = H, + Hy + §[H1,Hy] + --- € b, pro-
vided that H;, Ho € h and that h is a subalgebra. Unfortunately, the Baker—
Campbell-Hausdorff formula is not convergent in general, and, in general, the
image of h under the exponential mapping is not a subgroup.

Proposition 3.16. Suppose that G is a matriz Lie group with Lie algebra g
and suppose that § is a subalgebra of g. Suppose that F is a connected matriz
Lie group with Lie algebra § and that ® : F — G is a Lie group homomorphism
with the property that ¢(f) = §. (Here, ¢ is the Lie algebra homomorphism
associated to ®.) Then, the connected Lie subgroup of G with Lie algebra b is
equal to ®(F) (the image of F under ®).

Proof. Let H be the connected Lie subgroup of G with Lie algebra §. Since F
is connected, every element A of F' can be written as A = exp X - - - exp X,
Xk, € §. So, every element of ®(F) can be written as exp ¢(X1) - - - exp #(Xm),
where, by assumption, ¢(X;) € bh. This shows that ®(F) C H. Con-

versely, every element B of H can be written as B = expY)---exp Yy,
with Yy € §h = ¢(f). Choosing Xi’s in f with ¢(Xyx) = Y, we have that
B = ®(exp X1) - - - ®(exp X, ). This shows that H C ®(F). O

If H is a connected Lie subgroup of a matrix Lie group G, then the topology
that H inherits as a subset of G may be quite pathological (e.g., not locally
connected). However, we can define a different topology on H that is much
nicer. For any A € H and any ¢ > 0, define

Use ={Ae®| X € hand | X| <e}.
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Now define a topology on H as follows: A set U C H is open if for each A € U
there exists € > 0 such that Uy . C U. In this topology, two elements A and
B of H are “close” if we can express B as B = Aexp X with X € b and || X||
small. This topology is finer than the topology H inherits from G that is, if
A, B € H are close in the usual sense in G, then they are close in this new
topology on H, but not vice versa.

If H is a connected Lie subgroup of G, then it can be shown that in this
new topology, H is a topological manifold. Furthermore, H can be made into a
smooth manifold by using the sets Uy . as our basic coordinate neighborhoods
and using the quantity X in the expression Aexp X as our local coordinate.
The product and inverse maps on H are smooth with respect to this smooth
manifold structure, and so H can in this way be made into a Lie group.

We summarize these conclusions in the following theorem. It is not hard
to prove this result by elaborating on the discussion in the previous two para-
graphs. Compare the section “Lie Subgroups” in Chapter 3 of Warner (1983).

Theorem 3.17. Suppose that G is a matriz Lie group and H a connected Lie
subgroup of G. Then H can be given the structure of a Lie group in such a
way that the inclusion of H into G is a Lie group homomorphism.

Once H has been made into a Lie group, it has a Lie algebra in the sense of
Appendix C. This Lie algebra is naturally isomorphic to the subalgebra § we
began with. Thus, Theorem 3.17 and Ado’s Theorem (Theorem 2.40, which
we have not proved) imply the following result.

Theorem 3.18. Every finite-dimensional real Lie algebra is isomorphic to the
Lie algebra of some Lie group.

We now turn to the proof of Theorem 3.15.

Proof. Since G is assumed to be a matrix Lie group, we may as well assume
that G = GL(n;C) so that g = gl(n;C). (After all, if G is a closed subgroup
of GL(n;C) and H is a connected Lie subgroup of GL(n;C) whose Lie algebra
b is contained in H, then H is also a connected Lie subgroup of G.) As in
the proof of Theorem 2.27, we think of gl(n;C) as R2" and we decompose
gl(n; C) as the direct sum of h and D, where D is the orthogonal complement
of b with respect to the usual inner product on R27° Then, as shown in the
proof of Theorem 2.27, there exists neighborhoods U and V' of the origin in
and D and a neighborhood W of I in GL(n;C) such that each A € W can be
written uniquely as

A=eXe¥ (3.23)

with X € U, Y € V, and such that X and Y depend continuously on A. Now,
define
E={YeVl]eeH}.

Lemma 3.19. The set E is at most countable.
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Let us assume this result for the moment and continue with the proof of
the theorem. Define H to be the set of elements A € GL(n;C) that can be
expressed in the form exp X - - - exp X,,, for some finite collection X1, ..., Xy,
of elements of h. This set is, by definition, closed under multiplication. It
is closed under inverses since the inverse of exp X is exp(—X). So, H is a
subgroup of GL(n;C). Furthermore, H satisfies, by its definition, Condition 3
in the definition of connected Lie subgroups. Thus, it remains only to show
that the Lie algebra of H is b.

Let b’ be the Lie algebra of H. Clearly, ' D b, so it remains to show that
b’ C h. Suppose Z is an element of §’. Then, as in (3.23), we may write, for
all sufficiently small ¢,

el — XY (),

where X(t) € U C hand Y(t) € V C D and where X(t) and Y(t) are
continuous functions of ¢. Now, both exp(tZ) and exp X (t) belong to H, and
since H is a subgroup, we conclude that exp Y (t) must also belong to H. This
means that Y () belongs to the set E for all sufficiently small ¢. If Y'(t) were
not constant, then it would take on uncountably many values, which would
mean that E is uncountable, violating Lemma 3.19. So, Y (¢) must be constant,
and since Y (0) = 0, this means that Y (¢t) is identically equal to zero. Thus,
for small ¢, we have exp(tZ) = exp X(t) and, therefore, tZ = X(t) € h. This
means Z € h and we conclude that §’ C b.

So, it remains only to prove Lemma 3.19. (This proof is the only place we
use that § is a subalgebra of gl(n; C) and not just a subspace.) Before doing
this, we prove another lemma.

Lemma 3.20. Pick a basis for b and call an element R of b rational if its
coefficients with respect to this basis are rational. Then, for every § > 0 and
every A € H, there exist rational elements Ry, ..., R, of b such that

A =elfighz . oBmeX

where X is in by and || X|| < 6.

Proof. Choose ¢ > 0 small enough that the Baker—-Campbell-Hausdorff for-
mula applies for all X and Y with || X|| < € and |Y|| < €. Let C(X,Y’) denote
the quantity on right-hand side of the Baker-Campbell-Hausdorff formula, so
that C(X,Y) satisfies
XY — (C(XY)

whenever || X||,||Y| < e. It is not hard to see that the function C(X,Y) is
continuous.

Now, choose &’ > 0 small enough that ||C(X,Y)| < € for all X and YV’
with || X]| < &’ and ||Y]| < €. Since exp X = (exp(X/n))", every element A
of H can be written in the form

A=eXr...eXm (3.24)
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for some sequence Xi,..., X, in h with || Xi|| <&, k=1,...,m.

Now, because b is a subalgebra of gl(n;C), C(X1,X2) will be, again, an
element of b, since the operators adx, and adx, on the right-hand side of the
Baker—Campbell-Hausdorff formula preserve . Choose a rational element R;
of h that is very close to C(X1, X2) and that satisfies ||R1|| < e. (This is
possible because X; and X5 have norm less than ¢ and, thus, C'(X;, X3) has
norm less than e.) Then we have

€X1€X2 _ €C(X1’X2)
— 6R167R1 ec(Xl,Xg)

eR‘exz,

where Xo = C(—Ry,C(X1, X3)). Now, C(-.) is continuous and
C(-C(X1, X2),C(X1, Xy)) = —C(X1,X2) + C(X1,X2) =0,

since C(X1, X3) commutes with itself. Thus, if we choose R; sufficiently close
to C(X1, X2), we will have || X5 < &'
We see, then, that (3.24) may be rewritten as

A= €R16X26X3 . eXm

where R, is rational and X, (like X3) has norm less than &’. Applying the
same argument to X, and X3 we obtain

A= eRleR’"’eX%X“ o gXm

- €

Continuing on in the same way we eventually obtain

A= eRl 6R2 . eR'rn—lean

with Ry, ..., Ry, rational. If, at the very last stage, we choose R, 1 so that
[[ Xm—1]| < 4§, we have expressed A in the desired form. 0

We now supply the proof of Lemma 3.19.

Proof. Fix 0 so that for all X and Y with | X||, Y| < d the quantity C(X,Y)
(the right-hand side of the Baker—Campbell-Hausdorff formula) is well defined
and contained in U. Then, I claim that for each sequence Ry,..., R,, of ra-
tional elements in b, there is at most one X € h with || X|| < § such that the
element

eftieRz .. pftm X (3.25)

belongs to exp V. After all, if we have
efiphz .. oBmeX1 — eYI’ 326)

efighe . oBmeXa — oY2 (3.27)
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with Y7,Ys € V, then

Y2 — Yig=X1,X2 _ Y1 ,O(~X1.X2)

with C(—X1, X3) € U. However, each element of expV expU has a unique
representation as e¥ eX with X € U and Y € V, so we must have Y, = Y; and
and so (by (3.26) and (3.27)) X1 = X2, which implies that X; = X5, since
exp is injective on U.

By Lemma 3.20, every element of H can be expressed in the form (3.25)
with || X || < 6. Now, there are only countably many rational elements in b and
thus only countably many expressions of the form et ... efim  each of which
produces at most one element of the form (3.25) that belongs to exp V. Thus,
the set E in Lemma 3.19 is at most countable. O

This completes the proof of Theorem 3.15. g

3.9 Exercises

1. The center of a Lie algebra g is defined to be the set of all X € g such
that [X,Y] =0 for all Y € g. Now, consider the Heisenberg group

labd
H= 0lcl}la,bceR
001

with Lie algebra

Oap
h=¢ 100y ||a,B,vER
000

Determine the center Z(h) of h. For any X,Y € b, show that [X,Y] €
Z(h). Note that this implies, in particular, that both X and ¥ commute
with their commutator.
Show by direct computation that for any X,Y € b,
1
eXe¥ — XY +3[XY]

2. Let X be a linear transformation on a finite-dimensional real or complex

vector space. Show that

I—e X
X

is invertible if and only none of the eigenvalues of X (over C) is of the
form 2min, with n a nonzero integer.
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Remark: This exercise, combined with the formula in Theorem 3.5, gives
the following result (in the language of differentiable manifolds): The ex-
ponential mapping exp : g — G is a local diffeomorphism near X € g
if and only adx : g — g has no eigenvalue of the form 2min, with n a
nonzero integer.

Show that for any n x n matrices X and Y,

d m m—
|G| | <mper .

t=0

Using this, show that the map exp : M, (C) — M,(C) is continuously
differentiable.

Hint: Since we know that the series for the exponential mapping converges
uniformly on sets of the form {X ||| X|| < R}, it suffices to show that the
series of term-by-term directional derivatives also converges uniformly on
such sets. (Compare Theorem 7.17 in Rudin (1976).)

Show that for any X and Y in M, (C), even if X and Y do not commute,

itrace (eX+tY) = trace (eXY) .

dt =0
Verify that the right-hand side of the Baker—Campbell-Hausdorff formula,
(3.6) reduces to X +Y in the case that X and Y commute.
Compute log (eX eY) through third order in X and Y by using the power
series for the exponential and the logarithm. Show this gives the same
answer as the Baker-Campbell-Hausdorff formula.
Using the techniques in Section 3.5, compute the series form of the Baker—
Campbell-Hausdorff formula up through fourth-order brackets. (We have
already computed up through third-order brackets.)

. Suppose that X and Y are upper triangular matrices with zeros on the

diagonal. Show that the power series for log(exp X expY') is convergent.
What happens to the series form of the Baker—Campbell-Hausdorff for-
mula in this case?

. Give an example of matrices X and Y in sl(2;R) such that there does

not exist any Z in sl(2;R) with exp X expY = exp Z. Use Exercise 30 of
Chapter 2. What does this say about the result of applying the Baker—
Campbell-Hausdorff formula to X and Y?

Complete Step 5 in the proof of Theorem 3.7 by showing that ® as defined
in Steps 1 through 4 is a homomorphism. Given A, B € @, choose a
path A(t) connecting I to A and a path B(t) connecting I to B. Then,
define a path C by setting C(t) = A(2t) for 0 < ¢t < 1/2 and setting
C(t) =A-B(2t—1) for 1/2 <t < 1. (Thus, C connects I to AB.) If
to,...,tm is a valid partition for A(t) and sq, ..., sy is a valid partition
for B(t), show that

tO tm
2’ b 2’

S
3_‘.‘.’

SM
4+ =

* 2

N =
N| —
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is a valid partition for C(t). Now, compute ®(A), ®(B), and ®(AB) using
these paths and partitions and show that ®(AB) = ®(A)®(B).

If G is a universal cover of a connected group G with projection map @,
show that ® maps G onto G.

Suppose that G is a connected matrix Lie group and that G is the universal
cover of G. Show that G is isomorphic to G/N, where N is a discrete
subgroup of the center of G. Use Exercise 11 from Chapter 1.

Suppose that G is a matrix Lie group with Lie algebra g. Suppose that
¢ :sl(n;R) — g is a Lie algebra homomorphism. Show that there exists
a Lie group homomorphism & : SL(n;R) — G such that ®(exp X) =
exp ¢(X) for all X € sl(n;R). This is true even though SL(n;R) is not
simply connected.

Hint: Use the fact that SL(n; C) is simply connected.

Note: The result of this problem is false if G is assumed merely to be a
Lie group and not a matrix Lie group.

Prove the uniqueness portion of Theorem 3.10. Use the fact that Theo-
rem 3.7 (and basic results from Chapter 2) continue to hold for all (not
necessarily matrix) Lie groups.

Show that the Lie algebra homomorphism associated to the group homo-
morphism ® in (3.20) is a Lie algebra isomorphism. (Here the Lie algebra
of R is identified simply with R.)

Let a be a subalgebra of the Lie algebra of the Heisenberg group. Show
that exp(a) is a connected Lie subgroup of the Heisenberg group.

Show that every connected Lie subgroup of SU(2) is closed. Show that
this is not the case for SU(3).

Let G be a matrix Lie group with Lie algebra g, let § be a subalgebra of g,
and let H be the unique connected Lie subgroup of G with Lie algebra §.
Suppose that there exists a compact simply-connected matrix Lie group
K such that the Lie algebra of K is isomorphic to h. Show that H is
closed. Is H necessarily isomorphic to K7



4

Basic Representation Theory

4.1 Representations

Definition 4.1. Let G be a matriz Lie group. Then, a finite-dimensional
complex representation of G is a Lie group homomorphism

IT: G — GL(n;C)
(n > 1) or, more generally, a Lie group homomorphism
M: G — GL(V),

where V is a finite-dimensional complex vector space (with dim(V) > 1). A
finite-dimensional real representation of G is a Lie group homomor-
phism II of G into GL(n;R) or into GL(V), where V is a finite-dimensional
real vector space.

If g is a real or complex Lie algebra, then a finite-dimensional complex
representation of g is a Lie algebra homomorphism 7 of g into gl{n;C) or
into gl(V'), where V is a finite-dimensional complex vector space. If g is a real
Lie algebra, then a finite-dimensional real representation of g is a Lie
algebra homomorphism © of g into gl(n; R) or into gl(V).

If1I or 7 is a one-to-one homomorphism, then the representation is called
Jaithful.

One should think of a representation as a linear action of a group or
Lie algebra on a vector space (since, say, to every g € G, there is associated
an operator II(g), which acts on the vector space V). In fact, we will use
terminology such as “Let IT be a representation of G acting on the space V.”
Even if g is a real Lie algebra, we will consider mainly complex representations
of g. After making a few more definitions, we will discuss the question of why
one should be interested in studying representations.

Definition 4.2. Let II be a finite-dimensional real or complex representation
of a matriz Lie group G, acting on a space V. A subspace W of V is called
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mwvariant if [I{A)w € W for allw € W and all A € G. An invariant subspace
W is called nontrivial if W # {0} and W # V. A representation with no
nontrivial invariant subspaces is called irreducible.

The terms invariant, nontrivial, and irreducible are defined analo-
gously for representations of Lie algebras.

Definition 4.3. Let G be a matriz Lie group, let I1 be a representation of
G acting on the space V, and let 3 be a representation of G acting on the
space W. A linear map ¢ : V — W is called an intertwining map of
representations if

P(TL(A)v) = %(A)4(v)

for all A € G and all v € V. The analogous property defines intertwining
maps of representations of a Lie algebra.

If ¢ is an intertwining map of representations and, in addition, ¢ is invert-
ible, then ¢ is said to be an equivalence of representations. If there exists
an isomorphism between V and W, then the representations are said to be
equivalent.

Two equivalent representations should be regarded as being “the same”
representation. A typical problem in representation theory is to determine,
up to equivalence, all of the irreducible representations of a particular group
or Lie algebra. In Section 4.4, we will determine all the finite-dimensional
complex irreducible representations of the Lie algebra su(2).

Proposition 4.4. Let G be a matriz Lie group with Lie algebra g and let 11
be a (finite-dimensional real or complex) representation of G, acting on the
space V. Then, there is a unique representation m of g acting on the same
space such that

H(eX )= e™(X)

for all X € g. The representation m can be computed as

_d_H (etX)

"X =g

t=0
and satisfies
T (AXA™Y) = (A7 (X)I(A)~!

forall X € g and all A € G.

Proof. Theorem 2.21 states that for each Lie group homomorphism ® : G —
H, there is an associated Lie algebra homomorphism ¢ : g — b. Take
H = GL(V) and ® = II. Since the Lie algebra of GL(V') is gl(V) (since the
exponential of any operator is invertible), the associated Lie algebra homo-
morphism ¢ = 7 maps from g to gl(V) and, so, constitutes a representation
of g.
The properties of 7 follow from the properties of ¢ given in Theorem 2.21.
O
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Proposition 4.5.

1. Let G be a connected matriz Lie group with Lie algebra g. Let II be a
representation of G and 7 the associated representation of g. Then, II s
irreducible if and only if ™ is irreducible.

2. Let G be a connected matriz Lie group, let T1; and Il be representations of
G, and let w1 and o be the associated Lie algebra representations. Then,
m and me are equivalent if and only if I1; and Ils are equivalent.

Proof. For Point 1, suppose first that II is irreducible. We then want to show
that 7 is irreducible. So, let W be a subspace of V that is invariant under
m(X) for all X € g. We want to show that W is either {0} or V. Now,
suppose A is an element of G. Since G is assumed connected, Corollary 2.31
tells us that A can be written as A = ¢X* ... X for some X1,..., X, in g.
Since W is invariant under 7(X;) it will also be invariant under exp(n(X;)) =
I+ 7(X;)+ m(X;)?/2+ --- and, hence, under

IM(A) = (eX - eXm) =T (e¥) -+ - TI (e*)
= ™ (X1) ., gm(Xm)
Since 1I is irreducible and W is invariant under each II(A), W must be either
{0} or V. This shows that 7 is irreducible.
In the other direction, assume that 7 is irreducible and that W is an
invariant subspace for II. Then, W is invariant under IT(exptX) forall X € g
and, hence, under

d
X) = —TI (e .
Tr( ) dt (e ) t=0
Thus, since 7 is irreducible, W is {0} or V, and we conclude that II is irre-
ducible. This establishes Point 1 of the proposition.
Point 2 of the proposition is similar and is left as an exercise to the reader
(Exercise 1). O

Proposition 4.6. Let g be a real Lie algebra and gc its complexification.
Then, every finite-dimensional complex representation ® of g has a unique
extension to a complex-linear representation of gc, also denoted m and given
by

(X +Y) =7n(X) +in(Y)

for all X)Y € g. Furthermore, 7 is irreducible as a representation of gc if
and only if it is irreducible as a representation of g.

Proof. The existence and uniqueness of the extension are trivial and follow
from Exercise 23 of Chapter 2.

Concerning irreducibility, let us make sure that we are clear about what
the statement means. Suppose that 7 is a complex representation of the real
Lie algebra g, acting on the complex vector space V. Then, saying that «
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is irreducible means that there is no nontrivial invariant complex subspace
W C V. That is, even though g is a real Lie algebra, when considering complex
representations of g, we are interested only in complex invariant subspaces.

Now, suppose that 7 is irreducible as a representation of g. If W is a
complex subspace of V which is invariant under gc¢, then, certainly, W is
invariant under g C gc. Therefore, W = {0} or W = V. Thus, 7 is irreducible
as a representation of gc.

On the other hand, suppose that 7 is irreducible as a representation of
gc and suppose that W is a complex subspace of V' which is invariant under
g. Then, W will also be invariant under 7(X +:Y) = n(X) + in(Y"), for all
X,Y € g. Since every element of gc can be written as X + ¢Y, we conclude
that, in fact, W is invariant under gc. Thus, W = {0} or W =V and 7 is
irreducible as a representation of g. d

Definition 4.7. Let G be a matriz Lie group, let H be a Hilbert space, and
let U(H) denote the group of unitary operators on H. Then, a homomorphism
II: G - U(H) is called a unitary representation of G if 1I satisfies the
following continuity condition: If A,, A € G and A, — A, then

II(A,)v — II(A)v

for all v € H. A unitary representation with no nontrivial closed invariant
subspaces is called 1rreducible.

This continuity condition is called strong continuity. One could require
the even stronger condition that ||II(A,) — II(A)|| — 0, but this turns out to
be too stringent a requirement. {That is, most of the interesting unitary rep-
resentations of G' will not have this stronger continuity condition.) In practice,
any homomorphism of G into U(H) that one can write down explicitly will
be strongly continuous.

Note here that # is not assumed to be finite dimensional. Although we will
deal in this book almost exclusively with finite-dimensional representations,
it is good to be aware of the concept of infinite-dimensional unitary represen-
tations. If A is infinite dimensional, there are many technical issues that we
will not be able to delve into in this book. For example, the correct notion
of a Lie algebra representation associated to an infinite-dimensional unitary
representation is quite subtle and we will not address this issue at all. Nev-
ertheless, see Exercise 8 for a calculation of such a Lie algebra representation
(in which all technical difficulties are swept under the carpet).

4.2 Why Study Representations?

If a representation II is a faithful representation of a matrix Lie group G,
then {II(A) |A € G} is a group of matrices that is isomorphic to the original
group G. Thus, T allows us to represent G as a group of matrices. This is
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the motivation for the term “representation.” (Of course, we still call II a
representation even if it is not faithful.)

Despite the origin of the term, the point of representation theory is not (at
least in this book) to represent a group as a group of matrices. After all, all
of our groups are already matrix groups! Although it might seem redundant
to study representations of a group which is already represented as a group
of matrices, this is precisely what we are going to do.

The reason for this is that a representation can be thought of (as we have
already noted) as an action of our group on some vector space. Such actions
(representations) arise naturally in many branches of both mathematics and
physics, and it is important to understand them.

A typical example would be a differential equation in three-dimensional
space which has rotational symmetry. If the equation has rotational symmetry,
then the space of solutions will be invariant under rotations. Thus, the space
of solutions will constitute a representation of the rotation group SO(3). If one
knows what all of the representations of SO(3) are, this can help immensely
in narrowing down what the space of solutions can be. (As we will see, SO(3)
has many other representations besides the obvious one in which SO(3) acts
on R3.)

In fact, one of the chief applications of representation theory is to exploit
symmetry. If a system has symmetry, then the set of symmetries will form a
group, and understanding the representations of the symmetry group allows
one to use that symmetry to simplify the problem.

In addition, studying the representations of a group G (or of a Lie algebra
g) can give information about the group (or Lie algebra) itself. For example,
if G is a finite group, then associated to G is something called the group
algebra. The structure of this group algebra can be described very nicely in
terms of the irreducible representations of G.

In this book, we will be interested primarily in computing the finite-
dimensional irreducible complex representations of matrix Lie groups. As we
shall see, this problem can be reduced almost completely to the problem of
computing the finite-dimensional irreducible complex representations of the
associated Lie algebra. In this chapter, we will discuss the theory at an ele-
mentary level and will consider in detail the examples of SO(3) and SU(2). In
Chapter 5, we will study the representations of SU(3), which is similar to but
more involved than that of SU(2). In Chapter 7, we will look at the general
theory of representations of semisimple groups.

4.3 Examples of Representations

4.3.1 The standard representation

A matrix Lie group G is, by definition, a subset of some GL(n;C). The in-
clusion map of G into GL(n;C) (i.e., II(A) = A) is a representation of G,
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called the standard representation of GG. If G happens to be contained in
GL(n;R) C GL(n;C), then we can think of the standard representation as a
real representation if we prefer. Thus, for example, the standard representa-
tion of SO(3) is the one in which SO(3) acts in the usual way on R?® and the
standard representation of SU(2) is the one in which SU(2) acts on C? in the
usual way. If G is a subgroup of GL(n;R) or GL(n;C), then its Lie algebra g
will be a subalgebra of gl(n; R) or gl(n;C). The inclusion of g into gl(n; R) or
gl(n; C) is a representation of g, called the standard representation.

4.3.2 The trivial representation

Consider the one-dimensional complex vector space C. Given any matrix Lie
group G, we can define the trivial representation of G, Il : G — GL(1;C),
by the formula

nA) =1

for all A € G. Of course, this is an irreducible representation, since C has
no nontrivial subspaces, let alone nontrivial invariant subspaces. If g is a Lie
algebra, we can also define the trivial representation of g, 7 : g — gl(1;C),
by

m(X)=0

for all X € g. This is an irreducible representation.

4.3.3 The adjoint representation

Let G be a matrix Lie group with Lie algebra g. We have already defined the
adjoint mapping
Ad: G — GL(g)

by the formula
Adg(X) = AXAL

Recall that “Ad” is a Lie group homomorphism. Since Ad is a Lie group

homomorphism into a group of invertible operators, we see that, in fact, Ad

is a representation of G, acting on the space g. Thus, we can now give Ad its

proper name, the adjoint representation of G. The adjoint representation is

a real representation of G. (If g happens to be a complex subspace of M, (C),

then we can think of the adjoint representation as a complex representation.)
Similarly, if g is a Lie algebra, we have

ad: g — gl(g),

defined by the formula
adx (Y) = [X,Y].

We know that “ad” is a Lie algebra homomorphism and is, therefore, a rep-
resentation of g, called the adjoint representation. In the case that g is
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the Lie algebra of some matrix Lie group G, we have already established
(Chapter 2, Proposition 2.24 and Exercise 19) that Ad and ad are related by
exp(adx) = Ad.x.

Note that in the case of SO(3), the standard representation and the adjoint
representation are both three dimensional real representations. In fact, these
two representations are equivalent (Exercise 3).

4.3.4 Some representations of SU(2)

Consider the space V,,, of homogeneous polynomials in two complex variables
with total degree m (m > 0); that is, V;, is the space of functions of the form

f(z1,22) = apz!* +ay 2" Pz + a2z{”‘22§ + ot amzd (4.1)

with 21,29 € C and the a;’s arbitrary complex constants. The space V,,, is an
(m + 1)-dimensional complex vector space.

Now, by definition, an element U of SU(2) is a linear transformation of
C?. Let 2 denote the pair z = (z1,22) in C2. Then, we may define a linear
transformation II,,,(U) on the space V,, by the formula

[ (U)f] (2) = fF(U 2). (4.2)
Explicitly, if f is as in (4.1), then

m

ML (U) f] (21, 22) = Zak (Uitzr + UlezZ)m_k (Ust'z1 + Usy' 22)
k=0

k

By expanding out the right-hand side of this formula, we see that I, (U)f
is again a homogeneous polynomial of degree m. Thus, II,,,(U) actually maps
Vi into V,,.

Now, compute

U (U1) [T (U2) £] (2) = W (U2) ] (U1 2) = f (Uy 101 2)
=11, (U1 Uy) f(2).

Thus, II,,, is a (finite-dimensional complex) representation of SU(2). The in-
verse in (4.2) is necessary in order to make II,, a representation. We will see
eventually that each of the representations II,, of SU(2) is irreducible and
that every finite-dimensional irreducible representation of SU(2) is equivalent
to one (and only one) of the II,,’s. (Of course, no two of the II,;,’s are equiv-
alent, since they do not even have the same dimension.)

Let us now compute the corresponding Lie algebra representation .
According to Proposition 4.4, 7, can be computed as

Tm(X) = inm (e'¥)

dt =0
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So,
d _
(rn (X)) (2) = S f ()
t=0
Now, let 2(t) be the curve in C? deﬁned as z(t) = e Xz, so that 2(0) = 2.
Of course, z(t) can be written as z(t) = (21(¢), 22(¢)), with z;(t) € C. By the
chain rule,
8f d21 Bf dZQ
W(X)f = 22 g 2=
RS R el MR ol
However, dz/dt|,_, = —Xz, so we obtain the following formula for 7, (X):
0 0
Wm(X)f = —a—f (anl + Xlgzg) - —f (X2121 + XQQZQ) . (4.3)
21 (9252

Now, according to Proposition 4.6, every finite-dimensional complex rep-
resentation of the Lie algebra su(2) extends uniquely to a complex-linear rep-
resentation of the complexification of su(2). However, the complexification of
su(2) is (isomorphic to) sl(2;C) (Proposition 2.45). The representation T, of
su(2) given by (4.3) thus extends to a representation of sl(2; C), which we will
also call 7,,, and which (as is easily verified) is also given by (4.3).

So, for example, consider the element

= (s 4)

in the Lie algebra sl(2; C). Applying formula (4.3) gives

of of
m(H —a- A
(mm (H) f) (2) 920 T 9,2
Thus, we see that
T (H) 0 + 2 0 (4.4)
m = T2 ga YR :
! 821 2822
Applying 7., (H) to a basis element 2F2"% we get
T (H)2F 2% = —k2f 2% 4 (m — k)2F 270 = (m — 2k) 282k,

Thus, z¥25" " is an eigenvector for 7, (H) with eigenvalue (m — 2k). In par-
ticular, 7, (H) is diagonalizable.
Let X and Y be the elements

01 00
©=(00) 7= (1)
in sl(2; C). Then, (4.3) tells us that

0 0
Wm(X) = —Z29— 821 ﬂ'm(Y) = —2152—2
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so that

ﬂm(X)ZicZ;nfk:_kzk 1 m k+1’

T (Y)2b 2" ™% = (k — m)z k+1z;n k-1 (4.5)

Proposition 4.8. The representation m,, is an irreducible representation of

sl(2; C).

Proof. Tt suffices to show that every nonzero invariant subspace of V,, is, in
fact, equal to V;,. So, let W be such a space. Since W is assumed nonzero,
there is at least one nonzero element w in W. Then, w can be written uniquely
in the form

w = agzy" + alz{"_lzg + agz" 2z§ + ot amzy

with at least one of the ay’s nonzero. Let kg be the smallest value of k for
which ay # 0 and consider
T (X)) Fow,

Since (by (4.5)) each application of 7, (X) lowers the power of z; by 1,
Tm (X)™ %0 will kill all the terms in w except ax,z]" "°z*. On the other
hand, we compute easily that

o (X) R0 (2 R0 ) = (1) R0 (m — ko)1

We see, then, that m,,(X)™ %o is a nonzero multiple of zJ*. Since W is
assumed invariant, W must contain z3*. Furthermore, it follows from (4.5)
that ﬂm(Y)kzgn is a nonzero multiple of 25z ™%, Therefore, W must also
contain z¥2"~ * for all 0 < k < m. Since these elements form a basis for Vi,
we see that, in fact, W = V,,,, as desired. a

4.3.5 Two unitary representations of SO(3)

Let # = L?(R3, dx), the space of square-integrable functions on R3. For each
R € SO(3), define an operator II;(R) on H by the formula

[Mi(R)f] (z) = f (R™'x).

Since Lebesgue measure dz is rotationally invariant, IT; (R) is a unitary opera-
tor for each R € SO(3). The calculation of the previous subsection shows that
the map R — II;(R) is a homomorphism of SO(3) into U(#). This map is
strongly continuous and hence constitutes a unitary representation of SO(3).

Similarly, we may consider the unit sphere S? C R?, with the usual surface
measure (). Of course, any R € SO(3) maps S? into S?. For each R, we can
define II(R) acting on L%(S?,dQ) by

[M2(R)f](z) = f (R'x).
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Then, II; is a unitary representation of SO(3).

Neither of the unitary representations I1; and Il is irreducible. In the case
of Iy, L?(S?,df?) has a very nice decomposition as the orthogonal direct sum
of finite-dimensional invariant subspaces. This decomposition is the theory of
“spherical harmonics,” which are well known in the physics (and mathematics)
literature.

4.3.6 A unitary representation of the reals

Let H = L*(R,dz). For each a € R, define T, : H — H by

(Taf) (z) = f(z —a).

Clearly, T, is a unitary operator for each a € R and, clearly, 7,7, = Ty tp-
The map a — T, is strongly continuous, so T is a unitary representation of
R. This representation is not irreducible. The theory of the Fourier transform
allows one to determine all the closed, invariant subspaces of H (Theorem
9.17 of Rudin (1987)).

4.3.7 The unitary representations of the Heisenberg group
Consider the Heisenberg group

lab
H= 0lc||a,bceR
001

Now, consider a real, nonzero constant, which, for reasons of historical con-
vention, we will call i (“h bar”). Now, for each h € R\{0}, define a unitary
operator Il on L?(R,dz) by

labd o
M| 01 ¢ | f=etPbethem f(z —qa). (4.6)
001

Tt is clear that the right-hand side of (4.6) has the same norm as f, so Ilj is,
indeed, unitary.
Now, compute

1ab lab
Oyl 01 |l 01c |f
001 001

— e~ihgeihgxe—ihb€ihc(z—ﬁ)f(x —a- a)

_ e—ih(Z+b+ca)eih(E+c)zf (z—@+a)).
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This shows that the map A — II;(A) is a homomorphism of the Heisenberg
group into U (L?(R)). This map is strongly continuous and, so, I, is a unitary
representation of H.

Note that a typical unitary operator II;(A) consists of first translating f,
then multiplying f by the function e**“*, and then multiplying f by the con-
stant e~*"*, Multiplying f by the function ¢ has the effect of translating
the Fourier transform of f, or, in physical language, “translating f in momen-
tum space.” Now, if U; is an ordinary translation and U is a translation of
the Fourier transform (i.e., U = multiplication by some ") then U; and
Us will not commute, but U, U2U;y IUQ_ 1 will be simply multiplication by a
constant of absolute value one. Thus, {II;(A)|A € H } is the group of opera-
tors on L?(R) generated by ordinary translations and translations in Fourier
space. It is this representation of the Heisenberg group which motivates its
name. (See also Exercise 8.)

It follows fairly easily from standard Fourier transform theory (e.g., The-
orem 9.17 of Rudin (1987)), that for each h € R\{0}, the representation IIj
is irreducible. Furthermore, these are (up to equivalence) almost all of the
irreducible unitary representations of H. The only remaining ones are the
one-dimensional representations Il, g given by

lab ,
Mag| 01c | =eleetior
001

with o, 8 € R. (The II, g’s are the irreducible unitary representations in
which the center of H acts trivially.) The fact that the II;’s and the I, g’s
are all of the (strongly continuous) irreducible unitary representations of H is
closely related to the celebrated Stone-Von Neumann theorem in mathemat-
ical physics. See, for example, Reed and Simon (1979), Theorem XI.84. See
also Exercise 9.

4.4 The Irreducible Representations of su(2)

In this section, we will compute (up to equivalence) all of the finite-dimensional
irreducible complex representations of the Lie algebra su(2). This computa-
tion is important for several reasons. In the first place, su(2) = so(3) and the
representations of so(3) are of physical significance. (The computation we will
do here is found in every standard textbook on quantum mechanics, under
the heading “angular momentum.”) In the second place, the representation
theory of su(2) is an illuminating example of how one uses commutation rela-
tions to determine the representations of a Lie algebra. In the third place, in
determining the representations of semisimple Lie algebras (Chapters 5 and
6), we will explicitly use the representation theory of su(2).

Now, every finite-dimensional complex representation 7 of su(2) extends
by Proposition 4.6 to a complex-linear representation (also called ) of the
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complexification of su(2), namely sl(2;C). (Recall Section 2.9.) The exten-
sion of 7 to sl(2; C) is irreducible if and only if the original representation is
irreducible, again by Proposition 4.6.

We see, then, that studying the irreducible representations of su(2) is
equivalent to studying the irreducible (complex-linear) representations of
sl(2; C). Passing to the complexified Lie algebra makes our computations eas-
ier, in that we can find a nice basis for sl(2; C) that has no counterpart among
the bases of su(2).

We will use the following basis for sl(2; C):

10 01 00
m=(oh) = (a0) v = (30)

which have the commutation relations

[H,X]= 2X,
[H7 Y} = -2Y,
[X,Y]= H.

If V is a (finite-dimensional complex) vector space and A, B, and C are
operators on V satisfying

[A,B] = 2B,
[4,C] = —20,
[Bv C} = A,

then because of the skew symmetry and bilinearity of brackets, the linear map
7 :sl(2;C) — gl(V) satisfying

m(H)=A n(X)=B,n(Y)=C
will be a representation of sl(2; C).

Theorem 4.9. For each integer m > 0, there is an irreducible representation
of sl(2; C) with dimension m+1. Any two irreducible representations of sl(2; C)
with the same dimension are equivalent. If w is an irreducible representation
of sl(2;C) with dimension m + 1, then 7 is equivalent to the representation
T described in Section 4.3.

Proof. Let m be an irreducible representation of sl(2;C) acting on a (finite-
dimensional complex) space V. Our strategy is to diagonalize the operator
w(H). Of course, a priori, we do not know that w(H) is diagonalizable. How-
ever, because we are working over the (algebraically closed) field of complex
numbers, 7(H) must have at least one eigenvector.

The following lemma is the key to the entire proof.

Lemma 4.10. Let u be an eigenvector of n(H) with eigenvalue oo € C. Then,

(H)n(X)u = (a + 2)7(X)u.
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Thus, either (X )u = 0 or m(X)u is an eigenvector for m(H) with eigenvalue
a+ 2. Similarly,
T(H)r(Y)u = (a — 2)m(Y)u

so that either m(Y)u = 0 or m(Y')u is an eigenvector for m(H) with eigenvalue
a—2.

Proof. We call 7(X) the “raising operator,” because it has the effect of raising
the eigenvalue of 7(H) by 2, and we call n(Y) the “lowering operator.” We
know that [7(H),n(X)] = n ([H, X]) = 27(X). Thus,

7(H)n(X) — n(X)n(H) = 2m(X)

or
m(H)n(X) = n(X)n(H) + 2m(X).

Thus,

7 (H)m(X u = m(X)r(H)u + 2m(X u
= 7(X) (aw) + 27(X)u
= (a+2)n(X)u.

Similarly, [7(H),n(Y)] = —27(Y), and, so,

m(H)n(Y)=n(Y)n(H) — 2m(Y)

so that
7(H)n(Y)u = n(Y)r(H)u — 27(Y)u
=7(Y) (au) — 27(Y)u
= (a—-2)1(Y)u
This is what we wanted to show. U

As we have observed, 7(H) must have at least one eigenvector u (u # 0),
with some eigenvalue a € C. By the lemma,

T(H)m(X)u = (a+ 2)m(X)u
and, more generally,
m(H)m(X)"u = (a + 2n)m(X) u.

This means that either 7(X)"u = 0 or 7(X)"u is an eigenvector for 7(H)
with eigenvalue o + 2n.

Now, an operator on a finite-dimensional space can have only finitely many
distinct eigenvalues. Thus, the 7(X)™u’s cannot all be different from zero.
Thus, there is some N > 0 such that
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m(X)Nu #0

but
n(X)N Ty = 0.

Define ug = m(X)Mu and A = o 4+ 2N. Then,

’/T(H)U,O = )\UO, (47)
(X )uo = 0. (4.8)

Then, define
ug = 7(Y)*uq

for £ > 0. By the second part of the lemma, we have
W(H)uk = ()\ - 2]6) Uk . (4.9)

Since, again, 7(H) can have only finitely many eigenvalues, the u;’s cannot
all be nonzero.

Lemma 4.11. With the above notation,

W(X)uk = [k/\ — k(k — 1)}Uk—1 (k' > 0),
T (X)ug = 0.

Proof. We proceed by induction on k. In the case k = 1, we note that u; =
7(Y)ug. Using the commutation relation [7(X),n(Y)] = 7(H), we have

T(X)uy = 1(X)n(Y)uo = (7(Y)m(X) + n(H)) uo.
However, m(X)up = 0, so we get
7r(X)u1 = /\UQ,

which is the lemma in the case k = 1.
Now, by definition, ux+1 = 7(Y)us. Using (4.9) and induction, we have
T(X)ugs1 = 7(X)7(Y )ug
= (n(Y)m(X) + w(H))ux
= m(Y)kA = k(k — D6uwer + (A — 2K)u
=[kA—k(k—1)+ (A — 2k)ug.

Simplifying the last expression gives the lemma. a

Since 7(H) can have only finitely many eigenvalues, the u’s cannot all be
nonzero. There must, therefore, be a non-negative integer m such that

up = 7(Y)*ug # 0
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for all £k < m, but
U1 = 7(Y) ™y = 0.

Now, if u;p1 = 0, then, certainly, 7(X)u;my1 = 0. Then, by Lemma 4.11,
0=m(X)ums1 = [(m+ DA —m(m+ )] um = (m+ 1)(A —m)un

However, u, # 0 and m + 1 # 0 (since m > 0). Thus, in order to have
(m + 1)(A — m)u,, equal to zero, we must have A = m, where m is a non-
negative integer. (This also shows that the eigenvalue of w(H) that we started
with, @« = A — 2N, must be an integer.)

We have made considerable progress. Given a finite-dimensional irreducible
representation 7 of sl(2; C), acting on a space V, there exists an integer m > 0
and nonzero vectors g, . . ., U, such that (putting A equal to m)

m(H)ug = (m — 2k)uy,
m(Y)up = U,k+1 (k <m),

(Y )ty =
m(X)ug = [km k(k — D]ug—1 (k> 0),
m(X)ug = (4.10)
The vectors ug, . . . , Uy, must be linearly independent, since they are eigen-
vectors of 7w(H) with distinct eigenvalues (Proposition B.1). Moreover, the
(m + 1)-dimensional span of ug,...,u,, is explicitly invariant under m(H),

7(X), and 7(Y) and, hence, under 7(Z) for all Z € sl(2;C). Since 7 is irre-
ducible, this space must be all of V.

We have now shown that every irreducible representation of sl(2; C) is of
the form (4.10). It remains to show that everything of the form (4.10) is a
representation and that it is irreducible. That is, if we define 7(H), 7(X), and
7(Y) by (4.10) (where the uy’s are basis elements for some (m+1)-dimensional
vector space), then we want to show that they have the right commutation
relations to form a representation of sl(2;C) and that this representation is
irreducible. One way to do this is to show that the representations m,, con-
structed in the previous section have a basis of the form (4.10). Alternatively,
we can directly check that operators defined as in (4.10) really do satisfy the
sl(2;C) commutation relations (Exercise 4), and then prove irreducibility in
the same way as in the proof of Proposition 4.8.

We have now shown that there is an irreducible representation of sl(2;C)
in each dimension m + 1, by writing explicitly (in (4.10)) how H, X, and Y’
should act in a basis. However, we have shown more than this. We also have
shown that any (m+1)-dimensional irreducible representation of sl(2; C) must
be of the form (4.10). It follows that any two irreducible representations of
sl(2;C) of dimension (m + 1) must be equivalent, for if 7, and w2 are two
irreducible representations of dimension (m + 1), acting on spaces V) and
Va, then V; has a basis ug,...,u, as in (4.10) and V, has a similar basis
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U0, . - -, Um. However, then the map ¢ : Vi — V5 which sends uy to 4y will be
an isomorphism of representations, as a moment’s thought will confirm.

In particular, the (m+ 1)-dimensional representation 7, described in Sec-
tion 4.3 must be equivalent to (4.10). This can be seen explicitly by introducing
the following basis for V,,:

m! &

l)km—)—!zlzgn*k (k <m).

k
up = [mm (V)] (23") = (=
Then, by definition, 7, (Y )ux = ugs1 (k < m), and it is clear that mp, (Y )ty =
0. It is easy to see that 7, (H)u, = (m — 2k)ux. The only thing left to check
is the behavior of 7,,(X). However, direct computation shows that

ﬂ'm(X)uk = k(m —k+ l)uk;1 = [km - k‘(k - 1)]ukA1,

as required.
This completes the proof of Theorem 4.9. a

If we look carefully at the proof of Theorem 4.9, we see that the argument
can tell us something about finite-dimensional, not necessarily irreducible rep-
resentations of sl(2; C). In particular, up to and including (4.10), the argument
does not use irreducibility, which is used only to show that the vectors in (4.10)
span V. Thus, we obtain the following result about arbitrary finite-dimensional
representations of sl(2; C).

Theorem 4.12. Suppose 7 is any finite-dimensional, complez-linear repre-
sentation of sl(2; C) acting on a space V. Then, we have the following results:

1. Fvery eigenvalue of w(H) must be an integer.

2. If v is a nonzero element of V such that 7(X)v = 0 and 7(H)v = Av,
then there is a non-negative integer m such that A = m. Furthermore, the
vectors v, m(Y)v,...,n(Y)™v are linearly independent and their span is
an trreducible invariant subspace of dimension m + 1.

4.5 Direct Sums of Representations

One way of generating representations is to take some representations one
knows and combine them in some fashion. In this section and the next two,
we will consider the three standard methods of obtaining new representations
from old, namely direct sums of representations, tensor products of represen-
tations, and dual representations.

Definition 4.13. Let G be a matriz Lie group and let 111,115, ..., 11, be rep-
resentations of G' acting on wvector spaces V1,Va,...,Vp. Then, the direct
sum of I}, Iy, ..., 11, is a representation I1; & --- @ II,, of G acting on the
space V1 & --- ®V,,, defined by
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[H] e---D Hm(A)] (Ul, e ,Um) = (Hl(A)Ul, Ce. ,Hm(A)’Um)

forall AeG.
Similarly, if g is a Lie algebra, and my, 7o, ...,y are representations of
g acting on V1, Va, ..., Vy, then we define the direct sum of m,m2,...,Tm,

actingon V1 & ---d V,,, by
11 @ @ T (X)] (V15 -+, 0m) = (M (X)v1, .o, T (X)Um)
forall X € g.

It is straightforward to check that, say, II; & - - - ©II,, is really a represen-
tation of G.

An important property that some matrix Lie groups and Lie algebras have
is the complete reducibility property. This means that every finite-dimensional
representation is isomorphic to a direct sum of irreducible representations.
For such groups, once we know all the irreducible representations, we know
all the representations. By no means do all groups have this property. We will
discuss this issue further in Section 4.10 of this chapter and in Chapter 6.

4.6 Tensor Products of Representations

Let U and V be finite-dimensional real or complex vector spaces. We wish to
define the tensor product of U and V, which will be a new vector space
U®V “built” out of U and V. We will discuss the idea of this first and then
give the precise definition.

We wish to consider a formal “product” of an element u of U with an
element v of V, denoted u ® v. The space U ® V is then the space of linear
combinations of such products, that is, the space of elements of the form

a1 @ U1 + agus @ Vg + -+ - + Gply ® Up. (4.11)

Of course, if “®” is to be interpreted as a product, then it should be bilinear;
that is, we should have

(ur + ausg) @ v =11 ® v+ aus ® v,
u® (v1 + ave) = u ® v1 + au @ V.

We do not assume that the product is commutative. (In fact, the product in
the other order, v ® u, is in a different space, namely V ® U.)

Now, if eq,es,..., e, is a basis for U and fi, f2,..., fm is a basis for V,
then, using bilinearity, it is easy to see that any element of the form (4.11)
can be written as a linear combination of the elements e; ® f; . In fact, it
seems reasonable to expect that {e; ® f;[1 <i<n,1<j < m} should be a
basis for the space U ® V. This, in fact, turns out to be the case.
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Definition 4.14. If U and V are finite-dimensional real or complex vector
spaces, then a tensor product of U with V is a vector space W, together
with a bilinear map ¢ : U x V. — W with the following property: If ¢ is any
bilinear map of U x V into a vector space X, then there exists a unique linear
map ¢ of W into X such that the following diagram commutes:

UxVv 4 W
PN v -
X

_ Note that the bilinear map v from U x V' into X turns into the linear map
1 of W into X. This is one of the points of tensor products: Bilinear maps on
U x V turn into linear maps on W.

Theorem 4.15. IfU and V are any finite-dimensional real or complex vector
spaces, then a tensor product (W, ¢) exists. Furthermore, (W, ¢) is unique up
to canonical isomorphism. That is, if (W1, $1) and (Wa, ¢2) are two tensor
products, then there exists a unique vector space isomorphism ® : W — Wy
such that the following diagram commutes:

Uxv % w,

b2\ v @
W,

Suppose that (W, §) is a tensor product and that e1, ez, . .., e, is a basis for
U and f1, fa,..., fm is a basis for V. Then, {¢(e;, f;) |1 <i<n,1<j<m}
s a basis for W.

Proof. Exercise 10. a

Notation 4.16 Since the tensor product of U and V is essentially unique,
we will let U ® V' denote an arbitrary tensor product space and we will
write w @ v instead of ¢(u,v). In this notation, Theorem 4.15 says that
{e:®@f;11<i<n,1<j<m} is a basis for U ® V, as expected. Note in
particular that

dim (U ® V) = (dimU) (dim V)

(not dimU + dim V).

The defining property of U®V is called the universal property of tensor
products. Although it may seem that we are taking a simple idea and making
it confusing, in fact there is a point to this universal property. Suppose we
want to define a linear map T from U ® V into some other space. The most
sensible way to define this is to define T on elements of the form u @ v.
(We might try defining it on a basis, but this would force us to worry about
whether things depend on the choice of basis.) Now, every element of U® V is
a linear combination of things of the form u ® v. However, this representation
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is far from unique. (Since, say, if u = u; + ug, then one can rewrite u ® v as
U ® v+ uz @ v.)

Thus, if we try to define T by what it does to elements of the form u ® v,
we have to worry about whether T is well defined. This is where the universal
property comes in. Suppose that (u,v) is some bilinear expression in (u,v).
Then, the universal property says precisely that there is a unique linear map
T (= 1) such that

T(u®v) = ¥(u,v).

The conclusion is this: We can define a linear map 7' on U ® V by defining
it on elements of the form u ® v, and this will be well defined, provided that
T(u®w) is bilinear in (u,v). The following proposition illustrates how to make
use of this idea.

Proposition 4.17. Let U and V be finite-dimensional real or complex vector
spaces. Let A: U — U and B : V — V be linear operators. Then, there exists
a unique linear operator from U @V to U @ V', denoted A ® B, such that

(A® B)(u®v) = (Au) ® (Bv)

forallueU andv e V.
If A1 and Az are linear operators on U and By, and By are linear operators
onV, then
(A1 ® By) (A2 ® By) = (A1A2) ® (B1B3) .

Proof. Define a map 9 from U x V into U ® V' by
Y(u,v) = (Au) ® (Bv) .

Since A and B are linear and since ® is bilinear, ¥ will be a bilinear map of
U x V into U ® V. However, then the universal property says that there is an
associated linear map ¢ : U ® V — U ® V such that

PY(u®v) = P(u,v) = (Au) ® (Bv).

Then, J is the desired map A ® B.
Now, if A; and A, are operators on U and By and By are operators on V,
then compute that

(A1 ® B1) (A2 ® Bs) (u®v) = (A1 ® By) (A2u ® Byv)
= A;A>u ® By Bsv.

This shows that (4; ® By) (A2 ® By) = (A1Az) ® (B1B3) are equal on ele-
ments of the form u®wv. Since every element of U®V can be written as a linear
combination of things of the form u®u (in fact, of e;®f;), (41 ® By) (A2 ® Ba)
and (A;A2) ® (B1B2) must be equal on the whole space. O
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We are now ready to define tensor products of representations. There are
two different approaches to this, both of which are important. The first ap-
proach starts with a representation of a group G acting on a space V and
a representation of another group H acting on a space U and produces a
representation of the product group G x H acting on the space U ® V. The
second approach starts with two different representations of the same group
G, acting on spaces U and V, and produces a representation of G acting on
U ® V. Both of these approaches can be adapted to apply to Lie algebras.

Definition 4.18. Let G and H be matriz Lie groups. Let 11, be a represen-
tation of G acting on a space U and let Il be a representation of H acting
on a space V. Then, the tensor product of I1; and Il is a representation
II; ® Iy of G x H acting on U @ V defined by

II; ® II3(4, B) = I1;(4) ® I13(B)
forall A€ G and B € H.

Using the above proposition, it is easy to check that, indeed, II; ® Il is a
representation of G x H.

Now, if G and H are matrix Lie groups (i.e., G is a closed subgroup
of GL(n;C) and H is a closed subgroup of GL(m;C)), then G x H can be
regarded in an obvious way as a closed subgroup of GL(n + m; C). Thus, the
direct product of matrix Lie groups can be regarded as a matrix Lie group.
It is easy to check that the Lie algebra of G x H is isomorphic to the direct
sum of the Lie algebra of G and the Lie algebra of H.

In light of Proposition 4.4, the representation ITy ® IIs of G x H gives rise
to a representation of the Lie algebra of G x H, namely g & §. The following
proposition shows that this representation of g & h is not what one might
expect at first.

Proposition 4.19. Let G and H be matriz Lie groups, let 11; and Iy be
representations of G and H, respectively, and consider the representation 111 ®
Iy of GX H. Let my @7y denote the associated representation of the Lie algebra
of G x H, namely g ®h. Then, for all X € g and Y € b,

m@me(X,)Y)=m(X)®I+1Qm(Y).

Proof. Suppose that u(t) is a smooth curve in U and v(t) is a smooth curve
in V. Then, we verify the product rule in the usual way:

lim u(t+h) @u(t+ h) —u(t) @ v(t)

h—0 h

o ult+h)@u(t+h) —ult+h)@u(t)  wu(t+h)@u(t) - ut) ®v(t)
= h - h

_ ,111310 u(t + 1) ® (v(t+h})L—v(t))} N }Ill_r% [(u(t—kh})l—u(t)) ® u(t)
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Thus,
d du dv
pr (u(t) @ v(t)) = pn ®v(t) +u(t) ® e
This being the case, we can compute m; ® m(X,Y):
d tX _tY
m @m(X,Y)(u®v) = EZHI R (e, e )(u®v)
t=0
d
= —II; (e )u ® My(etY v
dt 0
d d
_ el | tX —~1I tY .
(dt (e )u t:O) RU+u® (dt 2" v t=0

This shows that m ® m(X,Y) = m(X) ® I + I @ m2(Y) on elements of the
form u ® v and, therefore, on the whole space U ® V. a

Definition 4.20. Let g and § be Lie algebras and let w1 and mo be represen-
tations of g and by, acting on spaces U and V. Then, the tensor product of
m1 and w2, denoted T ® ma, is a representation of g B h acting on U @ V,
given by

m@m(X,Y)=m(X)®I+1Qm(Y)

forall X €gandY €.

It is easy to check that this indeed defines a representation of g @ §. Note
that if we defined m ® m2(X,Y) = m(X) ® m(Y), this would not be a
representation of g @ b, for this is not even a linear map (e.g., we would then
have m; ® m2(2X,2Y) = 41 ® m2(X,Y)). Note also that the above definition
applies even if m; and 7y do not come from a representation of any matrix Lie
group.

Definition 4.21. Let G be a matriz Lie group and let I1; and Iy be repre-
sentations of G, acting on spaces Vi and V5. Then, the tensor product of
IT, and Il is a representation of G acting on V1 ® Va defined by

II o (A) =11, (A) ® [Ix(A)
forall AcG.

Proposition 4.22. With the above notation, the associated representation of
the Lie algebra g satisfies

T ®7T2(X) = 7T1(X) ®I—|—I®7T2(X)

forall X € g.
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Proof. Using the product rule,

i 11, (etx)u®H2 (etx)v
dti,_,

=m (X)uu+v®m(X)u.

T ® m2(X) (u Q@ v)

This is what we wanted to show. O

Definition 4.23. If g is a Lie algebra and m; and 7o are representations of
g acting on spaces Vi and Va, then the tensor product of m1 and 7y is a
representation of g acting on the space V1 @ Vy defined by

T ®7T2(X) :7T1(X) ®[—|—I®7I‘2(X)
forall X € g.

It is easy to check that II; ® IT; and m; ® 7, are actually representations of
G and g, respectively. There is some ambiguity in the notation, say, II; ® Il,.
After all, even if IT; and IT; are both representations of the same group G, we
could still regard II; ® II, as a representation of G x G, by taking H = G in
Definition 4.18. We will rely on context to make clear whether we are thinking
of I} ® I, as a representation of G x G or as representation of G.

Suppose II; and II, are irreducible representations of a group G. If we
regard II; ®II; as a representation of G, it may no longer be irreducible. If it is
not irreducible, one can attempt to decompose it as a direct sum of irreducible
representations. This process is called the Clebsch—Gordan theory. In the
case of SU(2), this theory is relatively simple. (In the physics literature, the
problem of analyzing tensor products of representations of SU(2) is called
“addition of angular momentum.”) See Exercise 11 and Appendix D.

4.7 Dual Representations

Suppose that 7 is a representation of a Lie algebra g acting on a finite-
dimensional vector space V. Let V* denote the dual space of V, that is, the
space of linear functionals on V. (See Section B.7.) If A is a linear operator
on V, let A’ denote the dual or transpose operator on V* |

(A79) (v) = ¢ (Av)

for g € V*, v € V. If v1,...,v, is a basis for V, then there is a naturally
associated “dual basis” ¢1,. .., ¢, with the property that ¢y (v;) = dx;. Then,
the matrix for A" in the dual basis is simply the transpose (in the usual
matrix sense) of the matrix of A in the original basis. Note that the matrix
of A' is the transpose of the matrix of A and not the conjugate transpose. If
A and B are linear operators on V, then

(AB)"" = BT A'",
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Definition 4.24. Suppose G is a matriz Lie group and Il is a representation
of G acting on a finite-dimensional vector space V. Then, the dual repre-
sentation I1* to Il is the representation of G acting on V* given by

" (g) = (g~ )"

Similarly, if © is a representation of a Lie algebra g acting on a finite-
dimensional vector space V, then ©* is the representation of g acting on V*
given by

™(X) = —m(X)".

Note that since the transpose is an order-reversing operation, we cannot
simply define I1*(g) = II(¢)"". This would not be a representation; we need
the inverse in IT* and the minus sign in 7* in order for the dual represen-
tations to actually be representations. The dual representation is also called
contragredient representation.

The main properties of dual representations are summarized in the follow-

ing elementary proposition, whose proof is left as an exercise to the reader
(Exercise 7).

Proposition 4.25. IfI1 is a representation of a matriz Lie group G, then (1)
II* is irreducible if and only if 11 is irreducible and (2) (II*)* is isomorphic to
II. Similar statements apply to Lie algebra representations.

4.8 Schur’s Lemma

Let II and ¥ be representations of a matrix Lie group G, acting on spaces V'
and W. Recall that an intertwining map of representations is a linear map
¢ : V — W with the property that

¢ (II(A)v) = (4) (6(v))

for all v € V and all A € G. Schur’s Lemma is an extremely important result
which tells us about intertwining maps of irreducible representations. Part of
Schur’s Lemma applies to both real and complex representations, but part of
it applies only to complex representations.

It is desirable to be able to state Schur’s Lemma simultaneously for groups
and Lie algebras. In order to do so, we need to indulge in a common abuse of
notation. If, say, II is a representation of G acting on a space V, we will refer
to V as the representation, without explicit reference to II.

Theorem 4.26 (Schur’s Lemma).

1. Let V and W be irreducible real or complex representations of a group
or Lie algebra and let ¢ : V — W be an intertwining map. Then, either
¢ =0 or ¢ is an isomorphism.
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2. Let V be an irreducible complex representation of a group or Lie algebra
and let ¢ : V. =V be an intertwining map of V with itself. Then, ¢ = A,
for some A € C.

3. Let V and W be irreducible complex representations of a group or Lie
algebra and let ¢1,¢2 : V. — W be nonzero intertwining maps. Then,
@1 = A2, for some A € C.

Before proving Schur’s Lemma, we obtain two corollaries of it.

Corollary 4.27. Let II be an irreducible complex representation of a matriz
Lie group G. If A is in the center of G, then TI(A) = M. Similarly, if w is an
irreducible complex representation of a Lie algebra g and if X is in the center
of g (i.e., [X,Y] =0 for allY € g), then n(X) = A.

Proof. We prove the group case; the proof of the Lie algebra case is similar.
If A is in the center of G, then for all B € G,

TI(A)TI(B) = [I(AB) = II(BA) = II(B)II(A).

However, this says exactly that II(A) is an intertwining map of the space with
itself. So by Point 2 of Schur’s Lemma, I1(A4) is a multiple of the identity. O

Corollary 4.28. An irreducible complex representation of a commutative
group or Lie algebra is one dimensional.

Proof. Again, we prove only the group case. If G is commutative, then the
center of G is all of G, so by the previous corollary II(A) is a multiple of the
identity for each A € G. However, this means that every subspace of V is
invariant! Thus, the only way that V can fail to have a nontrivial invariant
subspace is for it not to have any nontrivial subspaces. This means that V must
be one dimensional. (Recall that we do not allow V to be zero dimensional.)

O

We now provide the proof of Schur’s Lemma.

Proof. As usual, we will prove just the group case; the proof of the Lie algebra
case requires only the obvious notational changes.

Proof of Point 1. Saying that ¢ is an intertwining map means ¢(I1(A)v) =
2(A) (¢(v)) for all v € V and all A € G. Now, suppose that v € ker(¢). Then,

H(TI(A)v) = S(A)(v) = 0.

This shows that ker ¢ is an invariant subspace of V. Since V is irreducible, we
must have ker ¢ = 0 or ker ¢ = V. Thus, ¢ is either one-to-one or zero.

Suppose ¢ is one-to-one. Then, the image of ¢ is a nonzero subspace of W.
On the other hand, the image of ¢ is invariant, for if w € W is of the form
¢(v) for some v € V| then
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L(A)w = E(A)¢(v) = o(II(A)v).

Since W is irreducible and image(V) is nonzero and invariant, we must have
image(V) = W. Thus, ¢ is either zero or one-to-one and onto.

Proof of Point 2. Suppose now that V' is an irreducible complez repre-
sentation and that ¢ : V — V is an intertwining map of V to itself. This
means that ¢II(A) = II(A)¢ for all A € G (i.e., that ¢ commutes with all of
the TI(A)’s). Now, since we are working over an algebraically closed field, ¢
must have at least one eigenvalue A € C. Let U denote the eigenspace for ¢
associated to the eigenvalue A and let u € U. Then, for each A € G,

¢ (T(A)u) = TI(A)¢(u) = AI(A)w.

Thus, applying II{A) to an element of the A-eigenspace of ¢ yields another
element of the A-eigenspace. Thus, U is invariant.

Since X is an eigenvalue, U # 0, and so we must have U = V. This means
that ¢(v) = dv for all v € V (i.e., that ¢ = AI).

Proof of Point 3. If ¢ # 0, then by Point 1, ¢» is an isomorphism. Now,
look at ¢1 o ¢ 1 As is easily checked, the composition of two intertwining
maps is an intertwining map, so ¢; o ¢, ! is an intertwining map of W with
itself. Thus, by Point 2, ¢; o (]52‘1 = A, whence ¢; = As. ad

4.9 Group Versus Lie Algebra Representations

We know from Chapter 2 (Theorem 2.21) that every Lie group homomorphism
gives rise to a Lie algebra homomorphism. In particular, this shows that every
representation of a matrix Lie group gives rise to a representation of the
associated Lie algebra. In the case of a simply-connected matrix Lie group G,
we have the converse: A Lie algebra homomorphism gives rise to a Lie group
homomorphism (Theorem 3.7). This means, in particular, that for a simply-
connected matrix Lie group G, there is a natural one-to-one correspondence
between the representations of G and the representations of the Lie algebra
g. For non-simply-connected groups, there may be Lie algebra representations
for which there is no associated Lie group representation.

It is instructive to see how this general theory works out in the case of
SU(2) (which is simply connected) and SO(3) (which is not). We have shown
(Theorem 4.9) that every irreducible complex representation of su(2) is equiva-
lent to one of the representations m,, described in Section 4.3. (Recall that the
irreducible complex representations of su(2) are in one-to-one correspondence
with the irreducible representations of sl(2;C).) Each of the representations
7m of su(2) was constructed from the corresponding representation II,, of the
group SU(2). Thus, we see, by brute-force computation, that every irreducible
complex representation of su(2) actually comes from a representation of the
group SU(2)! This is consistent with the fact that SU(2) is simply connected
(Proposition 1.14).
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Let us now consider the situation for SO(3), which is not simply connected.
(See Section 1.5 and Appendix E.) We know from Exercise 16 of Chapter 2
that the Lie algebras su(2) and so(3) are isomorphic. In particular, if we take

the basis
i 0 01 04
El:é(()—z‘)’E22%<—10>’E3:%<10)

for su(2) and the basis

00 O 001 0-10
FF=100-1],FR= 000 |,F5=]|1 00
01 0 -100 0 00

for so(3), then direct computation shows that [Ei, F2] = Es, [E2, E3] = Ei,
and [Es, Ey] = E,, and similarly with the E’s replaced by the F’s. Thus,
the linear map ¢ : su(2) — so(3) which takes E; to F; will be a Lie algebra
isomorphism.

Since su(2) and so(3) are isomorphic Lie algebras, they must have “the
same” representations. Specifically, if 7 is a representation of su(2), then 7 o
¢! will be a representation of so(3), and every representation of so(3) is of this
form. In particular, the irreducible representations of so(3) are precisely of the
form o,, = mmo¢p . We wish to determine, for a particular m, whether there is
a representation Y, of the group SO(3) such that ¥,,(exp X) = exp(o., (X))
for all X in so(3).

Proposition 4.29. Let 0., = T, 0 ¢~ ! be the irreducible complex representa-
tions of the Lie algebra so(3) (m > 0). If m is even, then there is a represen-
tation X, of the group SO(3) such that ¥, (exp X) = exp(om (X)) for all X
in so(3). If m is odd, then there is no such representation of SO(3).

Note that the condition that m be even is equivalent to the condition that
dim V;, = m + 1 be odd. Thus, it is the odd-dimensional representations of
the Lie algebra so(3) which come from group representations.

In the physics literature, the representations of su(2) = so(3) are labeled
by the parameter | = m/2. In terms of this notation, a representation of
s0(3) comes from a representation of SO(3) if and only if ! is an integer. The
representations with [ an integer are called “integer spin”; the others are called
“half-integer spin.” If one attempts to construct %, by the construction in
the proof of Theorem 3.7, then one finds that not all paths are homotopic
and the value of the would-be homomorphism ¥,, can depend on the path.
Consider, for example, the path in SO(3) consisting of rotations by angle 27t
in the (z,y)-plane, which comes back to the identity when ¢ = 1. It can be
shown that this path is not homotopic to the constant path. If one defines
Ym along the constant path, then one gets the value X,,,(I) = I, as expected.
If m is odd, however, and one defines ¥,, along the path of rotations in the
(z,y)-plane, then one gets the value X,,(I) = —I. This strongly suggests
(and Proposition 4.29 confirms) that there is no way to define X,, (m odd)



4.9 Group Versus Lie Algebra Representations 117

as a “single-valued” representation of SO(3). An electron, for example, is a
“spin %” particle, which means that it is described in quantum mechanics in
a way that involves the representation o7 of so(3). In the quantum mechanics
literature, one finds statements to the effect that performing a 360° rotation
on the wave function of the electron gives back the negative of the original
wave function. This statement reflects that if one attempts to construct the
nonexistent representation ¥; of SO(3), then when defining 3, along a path

of rotations in some plane, one gets that ¥1(I) = —1.

Proof. Case 1: m odd. In this case, we want to prove that there is no represen-
tation X,, such that ¥,,(exp X) = exp(0,,(X)) for all X in so(3). Suppose,
to the contrary, that there is such a ¥,,. Then, take X = 27F;. Computing
as in Section 2.2, we see that

1 0 0
0cos2m —sin27 | = 1.
0 sin27 cos2w

621TF1 —

Thus, on the one hand, ¥, (eQWFl) = Y(I) = I, whereas, on the other hand,
Em (627rF1) — 627Tam(F1)'

Let us compute "), By definition, o,(F1) = Tm(d H(Fy)) =
Tm(E1). However, Ey = 5 H, where, as usual,

v (38)

We know that there is a basis ug, u1, ..., Um for V,, such that u; is an eigen-
vector for m,,(H) with eigenvalue m — 2k. This means that ux is also an
eigenvector for o, (F1) = 2m,(H), with eigenvalue %(m — 2k). Thus, in the
basis {uy}, we have

im
3(m—2)
Um(Fl) -
5(-m)
But we are assuming that m is odd! This means that m — 2k is an odd
integer. Thus, €273(m=2k) = —1_ and in the basis {ux}
627r%m
27 L (m—2)
e21ram(F1) = o . = —1.
eQﬂ'%(—m)

Thus, on the one hand, £, (¢*™1) = £,,(I) = I, whereas, on the other hand,
S (€27F1) = e2mom{F1) = —J. This is a contradiction, so there can be no such
group representation X,,.

Case 2: m is even. We will use the following:
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Lemma 4.30. There exists a Lie group homomorphism ® : SU(2) — SO(3)
such that

(1) ® maps SU(2) onto SO(3),

(2) ker ® = {I,—I}, and

(8) the associated Lie algebra homomorphism is the map ¢ : su(2) — so(3)
described earlier, namely the one satisfying ¢(E;) = F; (i =1,2,3).

Proof. Exercise 12. |

Now, consider the representations I1,, of SU(2). I claim that if m is even,
then II,,(—I) = I. To see this, note that

2nE, __ T 0 _
e —exp<0 —7ri>— I.

Thus, I,,(—1) = II,,,(e?"F1) = ™ (27E1) However, as in Case 1,

eQw%m

e2m 1(m-2)
eTm (2w Ey) —

62#%(—m)

Only, this time, m is even, and so %(m — 2k) is an integer, so that I, (—I) =
eﬂ'm(zﬂ'El) =7
Since I, (—1I) = I, I1,,,(-=U) = I1,,(U) for all U € SU(2). According to
Lemma 4.30, for each R € SO(3), there is a unique pair of elements {U, —U}
such that ®(U) = ®(-U) = R. Since I, (U) = II,,(-U), it makes sense to
define
2m(I{) = Hm(U)

It is easy to see that X, is a Lie group homomorphism (hence, a representa-
tion). By construction, we have

I, = 5 0 . (4.12)

Now, if o,, denotes the Lie algebra representation associated to ¥,,, then
it follows from (4.12) that

Tm = Om O @

However, the Lie algebra homomorphism ¢ takes E; to F;, so mp, = 0m © ¢,
O 0y = Ty 0 ¢~ L. Thus, %,, is the desired representation of SO(3). O

4.10 Complete Reducibility

Definition 4.31. A finite-dimensional representation of a group or Lie alge-
bra is said to be completely reducible if it is isomorphic to a direct sum of
a finite number of irreducible representations.
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Definition 4.32. A group or Lie algebra is said to have the complete re-
ducibility property if every finite-dimensional representation of it is com-
pletely reducible.

As we will see in Chapter 6, the complete reducibility property is a very
special one that most groups and Lie algebras do not have. If a group or Lie
algebra does have the complete reducibility property, then the study of its
representations reduces to the study of its irreducible representations, which
simplifies the analysis considerably.

Proposition 4.33. If V is a completely reducible representation of a group
or Lie algebra, then the following properties hold.

1. Every invariant subspace of V is completely reducible.
2. Given any invariant subspace U of V, there is another invariant subspace
U such that V is the direct sum of U and U.

The proof of this result is tedious but elementary, requiring only Schur’s
Lemma and basic linear algebra. Exercises 13 through 18 guide the reader
through the proof. We will prove later that every finite or compact group has
the complete reducibility property. The proof shows directly (i.e., without ap-
pealing to Proposition 4.33) that representations of finite and compact groups
have Properties 1 and 2 of the proposition, in addition to being completely
reducible.

Proposition 4.34. Let G be a matriz Lie group. Let I1 be a finite-dimensional
unitary representation of G, acting on a finite-dimensional real or complex
Hilbert space V. Then, 11 is completely reducible.

Proof. Let V denote the (finite-dimensional!) Hilbert space on which II acts
and let (-,-) denote the inner product on V. Now, let W C V be an invariant
subspace. Let W+ be the orthogonal complement of W; that is, W+ is the
space of all vectors v in V such that (v,w) = 0 for all w in W. Then, V is the
direct sum of W and W+.

I claim that W+ is also an invariant subspace. To see this, note that since
IT is unitary, II(A)* = II(A)~! = TI(A~!) for all A € G. Then, for any w € W
and any v € W, we have

In the last step, we have used that w’ = II(A~!)w is in W, since W is invariant.
This shows that IT(A)v is orthogonal to every element of W (i.e., that I[T(A)v €
W).

We have established, then, that for unitary representations, the orthog-
onal complement of an invariant subspace is, again, invariant. Suppose now
that V is not irreducible. Then, we can find an invariant subspace W that is



120 4 Basic Representation Theory

neither {0} nor V, and we decompose V as W @ W<, Then, W and W+ are
both invariant subspaces and, thus, unitary representations of G in their own
right. Then, W is either irreducible or it splits as an orthogonal direct sum of
invariant subspaces, and similarly for W+. We continue this process, and since
V is finite dimensional, it cannot go on forever. Each time, the dimensions
of the spaces get smaller, so eventually we must get irreducible pieces—when
the dimension reaches one if not sooner. Thus, we eventually succeed in de-
composing V as a direct sum of irreducible invariant subspaces. O

Proposition 4.35. Every finite group has the complete reducibility property.

Proof. Suppose that II is a representation of G, acting on a space V. Choose
an arbitrary inner product (-,-) on V. Then, define a new inner product (-, )
on V by

(v1,v2) = Y, (TI(g)v1,T1(g)v2) -

geG

It is very easy to check that indeed (-, ). is an inner product. Furthermore,
if h € G, then

((R)v1, TL(h)va) g = > (TT(g)TI(R)vy, TL(g)TI(h)va)
geG

= Z (gh)v1, II(gh)vz) .

geG

However, as g ranges over GG, so does gh. Thus, in fact,
(H(h)vl,ﬂ(h)v2>c = <'U17?)2>G;

that is, IT is a unitary representation with respect to the inner product (-, -) .
Thus, II is isomorphic to a direct sum of irreducibles, by Proposition 4.34. 0O

There is a variant of the above argument which can be used to prove the
following result:

Proposition 4.36. If G is a compact matriz Lie group, G has the complete
reducibility property.

The argument below is sometimes called “Weyl’s unitarian trick.”

Proof. This proof requires the notion of Haar measure. (See, for example,
Chapter VIII of Knapp (1996) or Section C.4.)

A left Haar measure on a matrix Lie group G is a nonzero measure f
on the Borel o-algebra in G with the following two properties: (1) It is locally
finite (i.e., every point in G has a neighborhood with finite measure); (2) it
is left-translation invariant. Left-translation invariance means that p (gF) =
u(E) for all g € G and for all Borel sets E C G, where
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gE ={gelec E}.

It is a fact, which we cannot prove here, that every matrix Lie group has a
left Haar measure and that this measure is unique up to multiplication by
a constant. (One can analogously define right Haar measure, and a similar
theorem holds for it. Left Haar measure and right Haar measure may or may
not coincide; a group for which they do is called unimodular.)

Now, the key fact for our purpose is that left Haar measure is finite if and
only if the group G is compact. Suppose, then, that II is a finite-dimensional
representation of a compact group G acting on a space V. Let (-,-) be an
arbitrary inner product on V' and define a new inner product (-,-), on V by

(01, v2) = /G (Ti(g)v, Ti(g)va) dps(g)

where 4 is a left Haar measure. Again, it is easy to check that (), is an
inner product. Furthermore, if h € G, then by the left-invariance of pu,

(T(h)on, Ti(h)ua) g = /G (TH(g)T1(R)or, TT(g)TI(A)vs) du (g)

:L(H(gh)vl,ﬂ(gh)vz> dp (9)
= (v1,v2) ¢ -

So, Il is a unitary representation with respect to (-,-), and thus completely
reducible. Note that the integral defining (-, ), is convergent because p is
finite. a

4.11 Exercises

1. Prove Point 2 of Proposition 4.5.

2. Suppose that II is a finite-dimensional unitary representation of a ma-
trix Lie group G (i.e., V is a finite-dimensional Hilbert space, and II is a
continuous homomorphism of G into U(V')). Let 7 be the associated repre-
sentation of the Lie algebra g. Show that for each X € g, 7(X)* = —n(X).

3. Show that the adjoint representation and the standard representation are
equivalent representations of the Lie algebra so(3). Show that the adjoint
and standard representations of the group SO(3) are equivalent.

4. Define a vector space with basis ug,u1,...,un. Now, define operators
m(H), n(X), and 7(Y") by formula (4.10). Verify by direct computation
that the operators defined by (4.10) satisfy the commutation relations
[x(H),7(X)] = 2m(X), [n(H),n(Y)] = —2n(Y), and [r(X),x(Y)] =
7n(H). (Thus, 7(H), m(X), and 7(Y) define a representation of sl(2;C).)
Hint: When dealing with (Y, treat the case of ug, k < m, separately
from the case of u,,.
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Consider the standard representation of the Heisenberg group, acting on
C3. Determine all subspaces of C® which are invariant under the action of
the Heisenberg group. Is this representation completely reducible?

Give an example of a representation of the commutative group R which
is not completely reducible.

Prove Proposition 4.25.

Hint: There is a one-to-one correspondence between subspaces of V' and
subspaces of V* as follows: Given a subspace W of V, the annihilator of
W is the subspace of all ¢ in V* such that ¢ is zero on W. See Section
B.7.

Consider the unitary representations Il of the real Heisenberg group.
Assume that there is some sort of associated representation 7 of the Lie
algebra, which should be given by

d

wﬂX)f:ZEHﬁ@m)f

(We have not proved any theorem of this sort for infinite-dimensional
unitary representations.)

Computing in a purely formal manner (i.e., ignoring all technical issues)
compute

010 000 001
mlo00),mlo01],m[000
000 000 000

Verify (still formally) that these operators have the right commutation
relations to generate a representation of the Lie algebra of the real Heisen-
berg group; that is, verify that on this basis, 75[X, Y] = [7p(X), 7n(Y)].

Why is this computation not rigorous?

. Consider the Heisenberg group over the field Z/p of integers mod p, with

p prime, namely

lab
H, = Olc ||a,b,ceZ/p
001

This is a subgroup of the group GL(3;Z/p) and has p* elements.

Let V,, denote the space of complex-valued functions on Z/p, which is a
p-dimensional complex vector space. For each nonzero n € Z/p, define a
complex representation of H, by the formula

(an)(.’l,‘) — e—i27rnb/pei27rncz/pf($ _ a)’ x € Z/p

(These representations are analogous to the unitary representations of
the real Heisenberg group, with the quantity 2wn/p playing the role of A.)
Note that these representations are defined over C rather than Z/p.
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(a) Show that for each n, II,, is actually a representation of H, and that
it is irreducible.

(b) Determine (up to equivalence) all of the one-dimensional complex
representations of H,,.

(c) Show that every irreducible complex representation of H, is either one
dimensional or equivalent to one of the II,,’s.

Prove Theorem 4.15.

Hints: For existence, choose bases {e;} and {f;} for U and V. Then,
define a space W which has as a basis {w;; |1 <7 <n,1 < j <m}. Define
#(ei, f;) = w;; and extend by bilinearity. For uniqueness, use the universal
property.

Recall the spaces V,,, introduced in Section 4.3, viewed as representations
of the Lie algebra sl(2; C). In particular, consider the space V7 (which has
dimension 2).

(a) Regard Vi ® V5 as a representation of sl(2;C), as in Definition 4.23.
Show that this representation is not irreducible.

(b) Now, view V4 ® V; as a representation of sl(2;C) & sl(2;C), as in
Definition 4.20. Show that this representation is irreducible.

Proof of Lemma 4.30.

Let {E1, E2, E3} be the usual basis for su(2) and let {Fy, F», F3} be the
basis for so(3) introduced in Section 4.9. Identify su(2) with R? by identi-
fying the basis { E1, E2, E5} with the standard basis for R®. Consider adg, ,
adp,, and adg, as operators on su(2), hence on R3. Show that adg, = F},
for i = 1,2,3. It follows that ad is a Lie algebra isomorphism of su(2) onto
so(3).

Now, consider Ad : SU(2) — GL(su(2)) = GL(3;R). Show that the image
of Ad is precisely SO(3). Show that the kernel of Ad is {I,—1I}.

Show that Ad : SU(2) — SO(3) is the homomorphism & required by
Lemma 4.30.

Suppose V' is a finite-dimensional representation of a group or Lie algebra
and that W is a nontrivial invariant subspace of V. Show that there exists
a nontrivial irreducible invariant subspace for V' that is contained in W.
Suppose V is a finite-dimensional representation of a group or Lie algebra
and that W and W' are invariant subspaces of V with W’ ¢ W. Suppose
that U is an invariant subspace for V such that V = W’ @ U. Show that
W NU is an invariant subspace of V and that W = W' & (W N U).
Suppose that V7 and V4 are inequivalent irreducible representations of a
group or Lie algebra, and consider the associated representation Vi @ V5.
Regard V; and V5 as subpaces of Vi @ V, in the obvious way. Following
the outline below, show that V; and V5 are the only nontrivial invariant
subspaces of V; @ Vj.

(a) First assume that U is a nontrivial irreducible invariant subspace. Let
Py : Vi ®Vy — Vi be the projection onto the first factor and let P, be the
projection onto the second factor. Show that P, and P, are intertwining
maps. Show that U = V; or U = V5.
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(b) Using Exercise 13, show that Vi and V; are the only nontrivial invari-
ant subspaces of V; & Va.

Suppose that V is an irreducible finite-dimensional representation of a
group or Lie algebra, and consider the associated representation V & V.
Show that every nontrivial invariant subspace U of V @V is equivalent to
V and is of the form

U = {(Mv, Av)|v € V},

for some constants A\; and Az, not both zero.

Suppose V is a completely reducible finite-dimensional representation of
some group or Lie algebra, in which case V' is equivalent to a representation
of the form

Vie--en)e (Ve 0V)o & (Vid- &V,

where V1, ...,V are pairwise inequivalent irreducible representations and
where V; occurs n; times, [ = 1,..., k. Suppose U is a nontrivial irreducible
invariant subspace of V. Show that U is contained in V, @- - - ¢ V] for some
[ and that, as a subspace of V& --- ® V}, U is of the form

{(Mv, Agu, ..., Ap,0)|v € Vi),

where the \’s are constants that are not all equal to zero.
Using the results and methods of the five preceding exercises, prove Propo-
sition 4.33.
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The Representations of SU(3)

5.1 Introduction

There is a theory of the representations of semisimple groups and Lie algebras
(discussed in Chapters 6, 7, and 8) that includes as a special case the repre-
sentation theory of SU(3). However, I feel that it is worthwhile to examine the
case of SU(3) separately, before going on to the general theory. I feel this way
partly because SU(3) is an important group in physics, but chiefly because
the general semisimple theory is difficult to digest. Considering a nontrivial
example makes what is going on much clearer. In fact, all of the elements of
the general theory are present already in the case of SU(3), so we do not lose
too much by considering at first just this case.

The main result of this chapter is Theorem 5.9, which states that an ir-
reducible finite-dimensional representation of SU(3) can be classified in terms
of its “highest weight.” This is analogous to labeling the irreducible repre-
sentations V;,, of SU(2) or sl(2;C) by the highest eigenvalue of 7, (H). (The
highest eigenvalue of 7,,(H) in V,, is precisely m.) In the next two chapters,
we will look at the analogous results for general semisimple Lie algebras.

The group SU(3) is simply connected (Appendix E), and so the finite-
dimensional representations of SU(3) are in one-to-one correspondence with
the finite-dimensional representations of the Lie algebra su(3). Meanwhile,
the complex representations of su(3) are in one-to-one correspondence with
the complex-linear representations of the complexified Lie algebra su(3)c =
sl(3; C) (Proposition 4.6). Moreover, a representation of SU(3) is irreducible
if and only if the associated representation of su(3) is irreducible, and this
holds if and only if the associated complex-linear representation of sl(3;C)
is irreducible. (This follows from Proposition 4.5, Proposition 4.6, and the
connectedness of SU(3).) Thus, we have the following result.

Proposition 5.1. There is a one-to-one correspondence between the finite-
dimensional complex representations I of SU(3) and the finite-dimensional
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complex-linear representations m of sl(3;C). This correspondence is deter-
maned by the property that

for all X € su(3) Csl(3;C).
The representation 11 is irreducible if and only if the representation m is
irreducible.

Since SU(3) is compact, Proposition 4.36 tells us that all of the finite-
dimensional representations of SU(3) are direct sums of irreducible represen-
tations. The above proposition then implies that the same holds for sl(3; C);
that is, sl(3; C) has the complete reducibility property. Complete reducibility
will be an essential ingredient even in the classification of irreducible repre-
sentations. (See the proof of Proposition 5.16.)

Moreover, we can apply the same reasoning to the simply-connected group
SU(2), its Lie algebra su(2), and its complexified Lie algebra sl(2;C). Thus,
we have established the following.

Proposition 5.2. Every finite-dimensional representation of sl(2; C) orsl(3;C)
decomposes as a direct sum of irreducible invariant subspaces.

We will use the following basis for sl(3; C):

100 00 0
H=[0-10]|,H,={010 |,
000 00-1
010 000 001
X,=|000], X;=[001], X3={000],
000 000 000
000 000 000
Vi=[100], Ya=|000]), Ya=[000
000 010 100

Note that the span of {H;,X;,Y1} is a subalgebra of sl(3;C) which is
isomorphic to sl(2;C) (as can be seen by ignoring the third row and the third
column in each matrix). Similarly, the span of {Ha, X2, Y>} is a subalgebra
isomorphic to sl(2; C). Thus, we have the following commutation relations:

[Hy, X1] = 2X1, [Hy, X2 = 2Xo,
[H1,Y1] = =2Y1, [Hy,Ys] = —2Ys,
[(X1,Y1] =  Hp, [X5,Y9] Hs.
We now list all of the commutation relations among the basis elements

which involve at least one of H; and Hs. (This includes some repetitions of
the above commutation relations.)

Il
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[HlvHZ] = 0,

[Hy, X1] = 2X1, [Hi, Y] =-2),

[H27X1] = _Xl, [HQ;YI] = Y17

{HleZ] = _X2, [Hl,YQ] = }/21 (51)
[H2, X3] = 2X,, [Ha,Yo] = —2Y5;

[H17X3] = X3, [H17Y3] = —}/3’

[H27X3] = Xj, [HQ,YP,} = -Y3.

Finally, we list all of the remaining commutation relations.

[X1,Y1] = Hi,
[X2,Y5] =  Ho,
[X3,Y3] = Hy + Hy;

(X1, Xo] = X3, 1,Y2] =
[X17Yv2] - 07 [X27Y1] - 07

|
I
&

(X1, X3]= 0, [Y1,Y3] = 0,
(X2, X3 = 0, [Ya,Y3] = 0

[X23Y3] - Yla [X?n}/?] Xl?
[X13Y3] = _Y27 [X3aY1] = _XQ-

All of the analysis we will do for the representations of sl(3; C) will be in
terms of the above basis. From now on, all representations of sl(3; C) will be
assumed to be finite dimensional and complex linear.

5.2 Weights and Roots

Our basic strategy in classifying the representations of sl(3;C) is to simul-
taneously diagonalize 7(H;) and 7(Hz). (See Section B.8 for information on
simultaneous diagonalization.) Since H; and Hy commute, 7(H;) and 7(H>)
will also commute (for any representation 7) and so there is at least a chance
that 7(H;) and w(Hz) can be simultaneously diagonalized. (Compare Propo-
sition B.13.)

Definition 5.3. If (m,V) is a representation of sl(3; C), then an ordered pair
w = (m1,my) € C? is called a weight for m if there exists v # 0 in V such
that

m(Hy)v = mqv,
m(Hz)v = mav. (5.2)
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A nonzero vector v satisfying (5.2) is called a weight vector corresponding
to the weight p. If p = (mqy,ms) is a weight, then the space of all vectors v
satisfying (5.2) (including the zero vector) is the weight space correspond-
ing to the weight p. The multiplicity of a weight is the dimension of the
corresponding weight space.

Thus, a weight is simply a pair of simultaneous eigenvalues for 7(H7) and
w(Hy). (See Section B.8 for a discussion of simultaneous eigenvectors and
eigenvalues.) It is easily shown that equivalent representations have the same
weights and multiplicities.

Proposition 5.4. Fvery representation of sl(3;C) has at least one weight.

Proof. Since we are working over the complex numbers, (H; ) has at least one
eigenvalue m; € C. Let W C V be the eigenspace for w(H;) with eigenvalue
my. Since [Hy, Ho] = 0, 7(H3) commutes with 7(H;), and, so, by Proposition
B.4, m(Hz) must map W into itself. Thus, 7(H3) can be viewed as an operator
on W. Then, the restriction of 7(H3) to W must have at least one eigenvector
w with eigenvalue my € C and w is a simultaneous eigenvector for m(H;) and
7w (Hs) with eigenvalues m; and ma. O

Now, every representation 7 of sl(3; C) can be viewed, by restriction, as a
representation of the subalgebra {H;, X1,Y;} = sl(2;C). Note that even if 7
is irreducible as a representation of sl(3; C), there is no reason to expect that
it will still be irreducible as a representation of the subalgebra {Hi, X1,Y1}.
Nevertheless, 7w restricted to {H;, X;,Y1} must be some finite-dimensional
representation of sl(2;C). The same reasoning applies to the restriction of
to the subalgebra {Ha, X2, Y5}, which is also isomorphic to sl(2; C).

Now, recall Theorem 4.12, which tells us that in any finite-dimensional
representation of sl(2; C), irreducible or not, all of the eigenvalues of m(H)
must be integers. Theorem 4.12 has the following corollary.

Corollary 5.5. If 7 is a representation of sl(3;C), then all of the weights of
7w are of the form

p=(mi,mz)

with m1 and mqy being integers.

Proof. Apply Theorem 4.12 to the restriction of = to {Hy, X1, Y1} and to the
restriction of m to {Ha, X2, Y2} O

Our strategy now is to begin with one simultaneous eigenvector for m(H;)
and m(Hs) and then to apply 7(X;) or n(Y;) and see what the effect is. The
following definition is relevant in this context.

Definition 5.6. An ordered pair o = (a1,az) € C? is called a root if

1. a1 and ag are not both zero, and
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2. there exists a nonzero Z € sl(3;C) such that

[Hl,Z] = alZ,
[HQ, Z] = O,QZ.

The element Z is called a root vector corresponding to the root «.

Condition 2 in the definition says that Z is a simultaneous eigenvector
for ady, and adp,. This means that Z is a weight vector for the adjoint
representation with weight (a;,as). Thus, taking into account Condition 1,
we may say that the roots are precisely the nonzero weights of the adjoint
representation. Corollary 5.5 then tells us that for any root, both a; and ap
must be integers, which we can also see directly in (5.3). The commutation
relations (5.1) tell us what the roots for sl(3; C) are. There are six roots:

«a Z
(2,-1) X4
(-1,2) X,
(1 1 X3 (5.3)

P

(_ ’ 1) Y3

Note that H; and Hj are also simultaneous eigenvectors for ady, and adp,,
but they are not root vectors because the simultaneous eigenvalues are both
zero. Since the vectors in (5.3) together with H; and H, form a basis for
sl(3; C), it is not hard to show that the roots listed in (5.3) are the only roots
(Exercise 1). These six roots form a “root system,” conventionally called A,.
For more information, see Chapters 6, 7, and 8.

It is convenient to single out the two roots corresponding to X; and X,
and give them special names:

Q] = (2, —1) y
as = (~1,2). (5.4)

The roots a; and a9 are called the positive simple roots. They have the
property that all of the roots can be expressed as linear combinations of a3
and ap with integer coeflicients, and these coefficients are (for each root)
either all greater than or equal to zero or all less than or equal to zero. This
is verified by direct computation:

ay,

Il

—Qy,
—Qg,
—Q; — 9.

1
2
(1 1) = o1 + (g,
1
2

\P-—/‘\./\_/
il
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(The decision to designate o and s as the positive simple roots is arbitrary;
any other pair of roots with similar properties would do just as well. We simply
choose one set of positive simple roots and hold to that choice throughout the
chapter. See Section 6.8.)

The significance of the roots for the representation theory of sl(3;C) is
contained in the following lemma. Although its proof is very easy, this lemma
plays a crucial role in the classification of the representations of sl(3; C). Note
that this lemma is the analog of Lemma 4.10, which was the key to the clas-
sification of the representations of sl(2; C).

Lemma 5.7. Let a = (a3, az2) be a root and Z, a corresponding root vector
insl(3;C). Let m be a representation of sl(3;C), u = (my,mz) a weight for m,
and v # 0 a corresponding weight vector. Then,

m(H ) 7(Zo)v = (my + a1)7(Za)v,

T(Ho)m(Za)v = (ma + a2)m(Zy)v.

Thus, either m(Zy)v =0 or w(Z,)v is a new weight vector with weight
p+a=(m+a,mg+az).

Proof. The definition of a root tells us that we have the commutation relation
[Hy, Zo] = a1 2. Thus,

T(H)7(Za)v = (7(Zo)m(H1) + a17(Za)) v
=m(Za)(myv) + ay7(Za)v
(my + a1)m(Zy)v.

Il

A similar argument allows us to compute 7(Hg)w(Z,)v. O

5.3 The Theorem of the Highest Weight

We see then that if we have a representation with a weight p = (m1, m2), then
by applying the root vectors X1, Xo, X3, Y1, Y5, and Y3, we can get some new
weights of the form p + «, where « is the root. Of course, some of the time,
7(Zq)v will be zero, in which case p + « is not necessarily a weight. In fact,
since our representation is finite dimensional, there can be only finitely many
weights, so we must get zero quite often. By analogy to the classification of the
representations of sl(2; C), we would like to single out in each representation
a “highest” weight and then work from there. The following definition gives
the “right” notion of highest.

Definition 5.8. Let a; = (2,—1) and as = (—1,2) be the roots introduced
in (5.4). Let p1 and ps be two weights. Then, uy is higher than po (or,
equivalently, us is lower than py) if 1 — pa can be written in the form
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p1 — p2 = aaq + bag

with a > 0 and b > 0. This relationship is written as py > po o7 fg = 1.
If 7 is a representation of sl(3;C), then a weight po for 7 is said to be a
highest weight if for all weights u of m, 1 < po.

Note that the relation of “higher” is only a partial ordering; that is, one
can easily have u; and ps such that p; is neither higher nor lower than ps.
For example, a; — v is neither higher nor lower than 0. This, in particular,
means that a finite set of weights need not have a highest element (e.g., the
set {0, a1 — a2} has no highest element). Note also that the coefficients a and
b do not have to be integers, even if both p; and po have integer entries. For
example, (1,0) is higher than (0,0) since (1,0) = 2a; + 3ao.

We are now ready to state the main theorem regarding the irreducible
representations of sl (3; C), commonly called the theorem of the highest weight.

Theorem 5.9.

1. Every irreducible representation w of sl(3; C) is the direct sum of its weight
spaces; that is, m(Hy) and n(Hs) are simultaneously diagonalizable in ev-
ery wrreducible representation.

2. Every irreducible representation of sl(3;C) has a unique highest weight
1o, and two equivalent irreducible representations have the same highest
weight.

3. Two irreducible representations of sl(3;C) with the same highest weight
are equivalent.

4. If © is an irreducible representation of sl(3; C), then the highest weight g
of ™ is of the form

to = (m1, m2)

with my and mqy being non-negative integers.
5. If my and my are non-negative integers, then there exists an irreducible
representation 7 of sl(3; C) with highest weight pg = (my, ma).

An ordered pair (m;, mg) with m; and my being non-negative integers is
called a dominant integral element. Theorem 5.9 tell us that the highest
weight of each irreducible representation of sl(3;C) is a dominant integral
element and, conversely, that every dominant integral element occurs as the
highest weight of some irreducible representation. Since (1,0) = §a1+%a2 and
(0,1) = %al + %ag, we see that every dominant integral element is higher than
zero. However, if p has integer coefficients and is higher than zero, this does
not necessarily mean that y is dominant integral. (For example, a; = (2, —1)
is higher than zero but is not dominant integral.)

Figure 5.1 shows the roots and dominant integral elements for sl(3; C). This
picture is made using the obvious basis for the space of weights; that is, the
z-coordinate is the eigenvalue of H; and the y-coordinate is the eigenvalue
of Hy. Once we have introduced the Weyl group (Section 5.6), we will see



134 5 The Representations of SU(3)

4 my

ay

Qg

|

Fig. 5.1. Roots and dominant integral elements for sl(3;C) (in obvious basis)

the same picture (Figure 5.2) rendered using a Weyl-invariant inner product,
which will give a more geometric view of the situation.

Note the parallels between this result and the classification of the ir-
reducible representations of sl(2;C): In each irreducible representation of
si(2;C), n(H) is diagonalizable, and there is a largest eigenvalue of w(H).
Two irreducible representations of sl(2;C) with the same largest eigenvalue
are equivalent. The highest eigenvalue is always a non-negative integer, and,
conversely, for every non-negative integer m, there is an irreducible represen-
tation with highest eigenvalue m.

Note, however, that in the classification of the representations of sl(3; C),
the notion of “highest” does not mean what we might have thought it should
mean; that is, (my,mg) > (n1,n2) does not mean my > n; and my > ng,
as we might have guessed. (For example, the weight (1,1) is higher than the
weights (—1,2) and (2,—1).) Nevertheless, the condition on which weights
can be highest weights is the obvious one: m; and mo must be non-negative
integers.

It is possible to obtain much more information about the irreducible rep-
resentations besides the highest weight. For example, we have the following
formula for the dimension of the representation with highest weight (m, ms).

Theorem 5.10. The dimension of the irreducible representation with highest
weight (my,ms) is

1

§(m1 + 1)(m2 + 1)(m1 +mg + 2)
See Humphreys (1972, Section 24.3). (Humphreys refers to sl(3;C) as Aj.)

We will not prove this formula here. It is a consequence of the Weyl character

formula, which is discussed in the context of general semisimple Lie algebras
in Sections 7.4 and 7.6.
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5.4 Proof of the Theorem

It will take us some time to prove Theorem 5.9. The proof will consist of a
series of propositions.

Proposition 5.11. In every irreducible representation (w, V') of sl(3; C), m(H:)
and m(Hz) can be simultaneously diagonalized; that is, V is the direct sum of
its weight spaces.

Proof. Let W be the direct sum of the weight spaces in V. Equivalently, W is
the space of all vectors w € V such that w can be written as a linear combi-
nation of simultaneous eigenvectors for w(H;) and m(Hz). Since (Proposition
5.4) m always has at least one weight, W # {0}.

On the other hand, Lemma 5.7 tells us that if Z, is a root vector corre-
sponding to the root a, then 7(Z,) maps the weight space corresponding to u
into the weight space corresponding to p + «. Thus, W is invariant under the
action of all of the root vectors, namely under the action X, X5, X3,Y17, Yo,
and Ys. Since W is certainly invariant under the action of H; and Ha, W is
invariant under all of sl(3; C). Thus, by irreducibility, W = V. O

Definition 5.12. A representation (w,V) of sl(3;C) is said to be a highest
wetight cyclic representation with weight pg = (m1,m2) if there ezists
v #0inV such that

1. v is a weight vector with weight ug,
2. m(X1)v =7(X2)v =0,
3. the smallest invariant subspace of V' containing v is all of V.

The vector v is called a cyclic vector for 7.

Proposition 5.13. Let (7,V) be a highest weight cyclic representation of
sl(3; C) with weight po. Then,

1. m has highest weight ug and
2. the weight space corresponding to the highest weight pig is one dimensional.

Before turning to the proof of this proposition, let us record a simple
lemma that applies to arbitrary Lie algebras and which will be useful also in
the setting of general semisimple Lie algebras.

Lemma 5.14. Suppose that g is any Lie algebra and that 7 is a representation

of g. Suppose that X1, ..., X, is an ordered basis for g as a vector space. Then,
any expression of the form
(X )m(Xey) - m( Xy ), (5.5)

can be expressed as a linear combination of terms of the form
T( X)) ¥ (X1 )=t (X )5 (5.6)

where in each term k1 +- - -+ k,, < N. Here, the k;’s are non-negative integers
(zero is allowed!).
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Proof. Let us think about how this works in the case N < 2. If N = 1, there
is nothing to do: Any expression of the form 7(X;) is of the form (5.6) with
k; = 1 and all the other k;’s equal to zero. If N = 2, we consider an expression
of the form 7(X;)7(X;). If i > j, then this is already of the form (5.6) (with
most of the k;’s equal to zero). If i < j, then we write

(X)) w(X;) = 7(X;)7m(X;) + 7([Xs, X))

=7(X;)m(X;) + Z Ccijkm™(Xk), (5.7)
k=1

where the ¢;;1’s are the structure constants for this basis of g, and the right-
hand side is now a linear combination of terms of the form (5.6).

The proof for the general case is by induction on N. Assume, then, that the
result holds for a product of N or fewer terms and consider an expression of
the form (5.5) with NV +1 factors. By our induction hypothesis, we can assume
that the last N factors are in the desired form and we need only consider an
expression of the form

W(Xi)W(Xm)k’”w(XmAl)k’"“ cem(Xp)k

with k; + -+ + k,, < N. Now, we move the factor of m(X;) to the right one
step at a time until it is in the right spot. Each time we have 7(X;)7(X})
somewhere in the expression we can move the 7(X;) to the right by using
(5.7). As we move 7(X;) to the right, we will generate multiple commutator
terms, each of which has one fewer factor and, thus, can be handled by the
induction hypothesis. Thus, we ultimately get several terms with N —1 factors,
together with one term having N factors and being of the form (5.6) (once
7(X;) finally gets to the right spot). O

We now proceed with the proof of Proposition 5.13.

Proof. Let v be as in the definition. Consider the subspace W of V spanned
by elements of the form

w= 71'(}/2'1)71'(}/1'2) e W(Y; )U (58)

with each 4; equal to 1, 2, or 3 and n > 0. (If n = 0, it is understood that
w in (5.8) is equal to v.) I assert that W is invariant. To see this, it suffices
to check that W is invariant under each of the basis elements, which we do
by using the lemma. We take as our basis for sl(3;C) the elements X1, Xs,
X3, Hi, Hy, Y1, Y3, and Y3, in that order. If we multiply an element w by (7
applied to) some Lie algebra element, the lemma, tells us that we can rewrite
the resulting vector as a linear combination of terms in which the 7 (X;)’s
act first, the m(H;)’s act second, and the 7(Y;)’s act last, and all of these
are applied to the vector v. However, v is annihilated by the 7(X;)’s, so any
term having a positive power of any X; is simply zero and we are left with
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the m(H;)’s and the 7(Y;)’s acting on v (in that order). Furthermore, v is an
eigenvector for m(H;) and 7(Hz), so any factors of 7(H;) acting on v can be
replaced by constants in front of the whole expression. That leaves only factors
of 7(Y;) applied to v, which means that we are getting a linear combination of
vectors of the form (5.8). This shows that W is invariant. Since by definition
W contains v, we must have W = V.

Now, Y7 is a root vector with root —ay, Ys is a root vector with root —as,
and Y3 is a root vector with root —a1 —as. So, applying Lemma 5.7 repeatedly,
we see that each element of the form (5.8) is either zero or a weight vector
with weight pg — nya; — noas. Thus, V = W is spanned by v together with
weight vectors with weights lower than pg. Thus, yg is the highest weight for
V.

Furthermore, every element w of W can be written as a w = cv + vy +
-+ + Uy, where vy, ..., v, are weight vectors with distinct weights lower than
to- (If at first the weights are not distinct, then simply combine all the terms
corresponding to each distinct weight.) It then follows from Proposition B.14
that such a vector can be a weight vector with weight po only if all the vg’s
(k = 1,...,m) are zero, in which case, w is a multiple of v. (Apply the
proposition to (cv —w)+wv1 + - - - +vp,.) Thus, the weight space corresponding
to po is spanned by v and the corresponding weight space is one dimensional.

O

Proposition 5.15. Fvery irreducible representation of sl(3;C) is a highest
weight cyclic representation, with a unique highest weight p.

Proof. Uniqueness is immediate, since by the previous proposition, pg is the
highest weight, and two distinct weights cannot both be highest.

We have already shown that every irreducible representation is the direct
sum of its weight spaces. Since the representation is finite dimensional, there
can be only finitely many weights. It follows that there must exist a weight
to such that there is no weight p # po with g > pg. This says that there is
no weight higher than py (which is not the same as saying that pg is highest).
However, if there is no weight higher than g, then for any nonzero weight
vector v with weight po, we must have

m(X1)v =7(X2)v =0.

(For otherwise, say, m(X1)v will be a weight vector with weight po+ a1 > uo.)

Since 7 is assumed irreducible, the smallest invariant subspace containing
v must be the whole space; therefore, the representation is highest weight
cyclic. O

Proposition 5.16. Fvery highest weight cyclic representation of sl(3;C) is
irreducible.

Proof. Let (7, V) be a highest weight cyclic representation with highest weight
1o and cyclic vector v. By complete reducibility (Proposition 5.2), V' decom-
poses as a direct sum of irreducible representations



138 5 The Representations of SU(3)

Vg@w (5.9)

By Proposition 5.11, each of the V;’s is the direct sum of its weight spaces.
Since the weight pg occurs in V, it must occur in some V;. (This follows from
Proposition B.14.) On the other hand, Proposition 5.13 says that the weight
space corresponding to o is one dimensional; that is, v is (up to a constant)
the only vector in V' with weight po. Thus, V; must contain v. However, then
Vi is an invariant subspace containing v, so V; = V. Thus, there is only one
term in the sum (5.9), and V is irreducible. O

Proposition 5.17. Two irreducible representations of sl(3; C) with the same
highest weight are equivalent.

Proof. We now know that a representation is irreducible if and only if it is
highest weight cyclic. Suppose that (7, V) and (o, W) are two such represen-
tations with the same highest weight ug. Let v and w be the cyclic vectors
for V' and W, respectively. Now, consider the representation V & W and let
U be smallest invariant subspace of V & W which contains the vector (v, w).

By definition, U is a highest weight cyclic representation, therefore ir-
reducible by Proposition 5.16. Consider the two “projection” maps P;
VeW =V, P(vyw) =vand P, : VW —» W, Pi(v,w) = w. It is
easy to check that P, and P, are intertwining maps of representations. There-
fore, the restrictions of P; and P, to U C V @ W will also be intertwining
maps.

Now, neither Pi|;; nor P, is the zero map (since both are nonzero on
(v,w)). Moreover, U, V, and W are all irreducible. Therefore, by Schur’s
Lemma, P|; is an isomorphism of U with V', and P,|;; is an isomorphism of
U with W. Thus, VXU >~ W. a

Proposition 5.18. If 7 is an irreducible representation of sl(3;C), then the
highest weight of w is of the form

H= (mla m2)
with my and mg being non-negative integers.

Proof. We already know that all of the weights of 7 are of the form (m1,ms),
with m; and my being integers. We must show that if ug = (my, ms) is the
highest weight, then m; and ms are both non-negative. For this, we again
use what we know about the representations of sl(2; C). If 7 is an irreducible
representation of sl(3; C) with highest weight pg = (my,mz) and if v # 0 is
a weight vector with weight o, then we must have 7(X;)v = m(X3)v = 0.
(Otherwise, 110 would not be highest.) Theorem 4.12, applied to the restric-
tions of m to {H1, X1,Y1} and to {Hz, X3,Y2}, shows that m; and mq must
be non-negative. a0
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Proposition 5.19. If m; and ms are non-negative integers, then there ezists
an irreducible representation of sl(3; C) with highest weight pp = (my, ms).

Proof. Note that the trivial representation is an irreducible representation
with highest weight (0, 0). So, we need only construct representations with at
least one of m; and my positive.

First, we construct two irreducible representations with highest weights
(1,0) and (0,1). (These are the so-called fundamental representations.)
We consider first the standard representation of sl(3; C), acting on C? in the
obvious way. This representation is easily shown to be irreducible. The simul-
taneous eigenvectors for Hy; and Hj in the standard representation are the
standard basis elements e1, ez, and e3, which have weights (1,0), (—1,1), and
(0,—1), respectively. The highest weight for the standard representation is
(1,0).

To construct an irreducible representation with weight (0, 1), we modify
the standard representation. Specifically, we define

m(Z) = —2Zt (5.10)

for all Z € sl(3;C). Using the fact that (AB)"" = B A" it is easy to check
that
- [ZlaZQ]tT = [_le‘,r,_ 57‘:! 3

so that 7 is really a representation. (This is isomorphic to the dual of the
standard representation, as defined in Section 4.7.) It is also easily checked
that this representation is irreducible. The simultaneous eigenvectors for Hy
and Hs in this representation are again ej, es, and es, but this time with
weights (—1,0), (1, —1), and (0, 1). The highest weight for this representation
is (0,1).

Let (71, V1) denote C?® acted on by the standard representation and let
vy denote a weight vector corresponding to the highest weight (1,0). (So,
v1 = (1,0,0).) Let (ma, V2) denote C? acted on by the representation (5.10) and
let vy denote a weight vector for the highest weight (0, 1). (So, v2 = (0,0,1).)
Now, consider the representation

VigVi@---aV@hel,®: - @V,

where Vi occurs m; times and V5 occurs mq times. Note that the action of
sl (3; C) on this space is

Zom2)®Ie - &I)
+Im(2)RI®@ N+ +(I® - ®I®M(Z)). (5.11)

Let 7, ,m, denote this representation.
Consider the vector

Umymy =1 QU Q- QU QU QU ® -+ @ .
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Then, applying (5.11) shows that

Tmy,mo H, Umi,me = M1Umq,mo>

X Umy,my = a

(Hy)
Tmy,ma (H2)Umy imy = mQUml ma>
Tmy,ma (X1)

(X2)

ﬂ—mhm2 X2 vm1,7ﬂ2 - 0 (5.12)

Now, the representation m,,, m, is not irreducible (unless (m;,mz) = (1,0)

r (0,1)). However, if we let W denote the smallest invariant subspace con-

taining the vector vy, m,, then, in light of (5.12), W will be highest weight

cyclic with highest weight (mj, ms). Therefore, by Proposition 5.16, W' is
irreducible with highest weight (my, ma).

Thus, W is the representation we want. O

We have now completed the proof of Theorem 5.9.

5.5 An Example: Highest Weight (1,1)

To obtain the irreducible representation with highest weight (1,1), we are
supposed to take the tensor product of the irreducible representations with
highest weights (1,0) and (0, 1), and then extract a certain invariant subspace.
Let us establish some notation for the representations (1,0) and (0,1). In the
standard representation, the weight vectors for

1 00 00 0
H=|0-10|,H,=[01 0
0 00 00 -1

are the standard basis elements for C3, namely e1, es, and e3. The correspond-
ing weights are (1,0), (—1,1), and (0, —1). The highest weight is (1,0).
Recall that

000 000
Yi=[100).va=]000
000 010
Thus,
Yi(e1) = e2, Ya(e1) = 0,
Yl (62) =0 }6(62) = €3, (513)
Yi(es) = 0, Ya(e3) =0

Now, the representation with highest weight (0,1) is the representation
n(Z) = —Z", for Z € sl(3;C). Let us define

Z=-2"

for all Z € sl(3;C). Thus, n(Z) = Z. Note that
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_/-100\ __ (000
H={010|,H={0-10
000 001

The weight vectors are again e, eg, and e3, with weights (—1,0), (1,—1), and
(0, 1), respectively. The highest weight is (0,1).
Define new basis elements

fl = €3,
fa = —ea,
fz= er.
Then, since
0-10 000
Yi={000]}|,Y,=]00-1],
000 000
we have o o
Yi(f1) = 0, Ya(f1) = fo,
Yi(f2) = f3, Ya(f2) = 0, (5.14)
Yi(fs) = 0, Y2(fs) = 0.

Note that the highest weight vector is f1 = es.

So, to obtain an irreducible representation with highest weight (1,1), we
are supposed to take the tensor product of the representations with high-
est weights (1,0) and (0,1), and then take the smallest invariant subspace
containing the vector e; ® fi. In light of the proof of Proposition 5.13, this
smallest invariant subspace is obtained by starting with e; ® f; and applying
all possible combinations of Y7 and Ys.

Recall that if 7 and 7 are two representations of the Lie algebra sl(3; C),
then

(m1 @me) (Y1) =m(Y1) @ I +1®me(Y1),
(71'1 ®7Tg) (ng) = 7r1(Y2) ®I+I®W2(Yg).

In our case, we want 7;(Y;) = Y; and my(Y;) = Y;. Thus,

(mem) (Y1) =Y10I+I3Y],
(mem) (o)=Y +1RQY,.

The actions of Y; and Y; are described in (5.13) and (5.14).

Note that m ® w9 is not an irreducible representation. The representation
m1 ® 7o has dimension 9, whereas the smallest invariant subspace containing
e1 ® f1 has, as it turns out, dimension 8.

So, it remains only to begin with e; ® f1, apply Y1 ® I + I ® Y7 and Y2 ®
I +1®Y, repeatedly until we get zero, and then figure out what dependence
relations exist among the vectors we get. This calculation is contained in the
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following chart. Here, there are two arrows coming out of each vector. Of
these, the left arrow indicates the action of Y; ® I +I®Y; and the right arrow
indicates the action of Yo® I +1®Y,. To save space, I have omitted the tensor
product symbol and written, for example, e, fo instead of es ® fa.

erf1
v hV
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A basis for the space spanned by these vectors is e f1, esf1, €1 f2, esfi +
e2fa, eafate1f3, eafs, e3fa, and esf3. (These vectors are linearly independent
and every vector listed above is a constant multiple of one of these.) So,
the dimension of this representation is 8; it is (isomorphic to) the adjoint
representation.

The weights for this representation are (1,1), (—1,2), (2,-1), (0,0),
(1,-2), (=2,1), and (-1, —1). Each weight has multiplicity 1 except for (0,0),
which has multiplicity 2 because e3 f1 + €2 fo and eafo + €1 f3 are both weight
vectors with weight (0,0).

5.6 The Weyl Group

There is an important symmetry to the representations of sl(3;C) involving
something called the Weyl group. (Our treatment will follow the compact
group approach, which is apparently different from the Lie algebra approach,
but ultimately equivalent to it.) To understand the idea behind the Weyl group
symmetry, let us observe that the representations of sl(3;C) are, in a certain
sense, invariant under the adjoint action of SU(3). What I mean by this is the
following. Let 7 be a finite-dimensional representation of si(3; C) acting on a
vector space V and let II be the associated representation of SU(3) acting on
the same space. For any A € SU(3), we can define a new representation m4 of
sl(3; C), acting on the same vector space V, by setting

TA(X) = m(AXA™Y).

Since the adjoint action of A on sl(3;C) is a Lie algebra automorphism, this
is, again, a representation of sl(3; C). This new representation is easily seen
to be equivalent to the original representation; direct calculation shows that
IT(A) is an intertwining map between (7,V) and (7.4, V). We may say, then,
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that the adjoint action of SU(3) is a symmetry of the set of equivalence classes
of representations of sl(3; C).

Now, we have analyzed the representations of sl(3;C) by simultaneously
diagonalizing the operators w(H;) and 7(Hz). Of course, this means that any
linear combination of 7(H;) and 7( Hz) is also simultaneously diagonalized. So,
what really counts is the two-dimensional subspace b of sl(3; C) spanned by H;
and Hs. (This space is called a Cartan subalgebra of sl(3; C). See Chapter
6 for more information.) Now, in general, the adjoint action of A € SU(3)
will not preserve the space § and so the equivalence of m and w4 does not (in
general) tell us anything about the weights of . However, there are elements
A in SU(3) for which Ad4 does preserve b. These elements make up the Weyl
group for SU(3) and (as we shall see below) give rise to a symmetry of the
set of weights of any representation 7. So, we may say that the Weyl group is
the “residue” of the adjoint symmetry of the representations (discussed in the

previous paragraph) that is left after we focus our attention on the subspace
h of sI(3;C).

Definition 5.20. Let § be the two-dimensional subspace of sl(3; C) spanned by
H, and Hs. Let Z be the subgroup of SU(3) consisting of those A € SU(3) such
that Ada(H) = H for all H € b. Let N be the subgroup of SU(3) consisting
of those A € SU(3) such that Ada(H) is an element of § for oll H in b.

It is a straightforward exercise (Exercise 8) to verify that Z and N are
actually subgroups of SU(3) and to verify that Z is a normal subgroup of V.
This leads us to the definition of the Weyl group.

Definition 5.21. The Weyl group of SU(3), denoted W, is the quotient
group N/Z.

We can define an action of W on § as follows. For each element w of W,
choose an element A of the corresponding equivalence class in N. Then for H
in b we define the action w- H of w on H by

w- H = Ada(H).

To see that this action is well defined, suppose B is another element of the
same equivalence class as A. Then B = AC with C € Z and, thus,

Adp(H) = AdaAdc(H) = Ada(H),

by the definition of Z. It is easily seen that W is isomorphic to the group of
linear transformations of § that can be expressed as Ad4 for some A € N.
The following proposition will allow us to compute W explicitly.

Proposition 5.22. The group Z consists precisely of the diagonal matrices
inside SU(3), namely the matrices of the form
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e 0 0
A=| 0e% 0 (5.15)
0 0 e H0+9)

for 8 and ¢ in R. The group N consists of precisely those matrices A € SU(3)
such that for each k = 1,2,3, there exist | € {1,2,3} and 6 € R such that
Aey, = e%%,. Here, €1 eq, €3 is the standard basis for C>.

The Weyl group W = N/Z is isomorphic to the permutation group on
three elements.

Proof. Suppose A is in Z, which means that A commutes with all elements
of h. Then, certainly, A must commute with H;. Now, the matrix H; has
eigenvalues 1, —1, and 0. The corresponding eigenspaces are the span of e;,
the span of ez, and the span of e3. Since A commutes with H;, it must preserve
each of these eigenspaces (Proposition B.4). This means that Ae, must be a
multiple of e, for each k = 1,2, 3. This is the same as saying that A is diagonal.
If A is also to be unitary and have determinant 1 then it must be of the form
in the proposition. Conversely, any matrix of the form (5.15) does indeed
commute not only with H; but also with H, and, thus, with every element of
B. So, Z consists precisely of the form (5.15).

Now, suppose that A is in N. Then, AH,A~! must be in h and there-
fore must be diagonal. Now, H; has eigenvectors e, es, and eg with distinct
eigenvalues 1, —1, 0. Then, AHA~! will have eigenvectors Ae;, Aes, and Aes
with the same eigenvalues, 1, —1, 0. Since the eigenvalues of AHA™! are dis-
tinct, the only eigenvectors it has are multiples of Ae;, multiples of Aes, and
multiples of Aes. (This would not be the case if AHA™! had a repeated eigen-
value.) On the other hand, AH A~! is diagonal, which means it has e;, ez, and
es as eigenvectors. The only way these two descriptions of the eigenvectors
of AHA™! can agree is if each Aey, is a constant multiple of some e;. The
constant must have absolute value 1 if A is unitary.

Conversely, suppose A is in SU(3) and A takes each ey to e?¢;. Then, the
eigenvectors for AH; A~ will still be e;, ez, and e3 (but with the eigenvalues
possibly in a different order) and so AH; A~! will be diagonal. Furthermore,
since H; has trace zero, AH; A~! will also have trace zero. However, §j consists
of all diagonal 3 x 3 matrices with trace zero, and so this shows that AH; A~}
is in h. The same argument shows that AH,A~! is in b.

Now, let us think about what Ad 4 looks like as a linear transformation of
b, for Ain N. For k = 1,2,3, let o(k) be the element of {1,2, 3} such that A
maps ey to a multiple of e, (k. Since A is invertible, the map k — o(k) must
be a permutation of the set {1,2,3}. Now each element H of b is a diagonal
matrix, which means that H has e;, e, and e3 as eigenvectors; the diagonal
entries of H are precisely the corresponding eigenvalues A1, Az, and Az. Then,
AHA™! has €x(k) 88 an eigenvector with eigenvalue A;. This means that the
diagonal entry of H that was originally in the k*" spot of H is now in the
o (k) spot.



5.6 The Weyl Group 145

We see, then, that A acts on h by permuting the diagonal entries of each
H € b according to the permutation o. Thus, the group of linear transforma-
tions of h of the form Ad4, A € N, is isomorphic to the permutation group
on three elements. This group of linear transformations is (isomorphic to) the
Weyl group W = N/Z.

Note that although each entry of A maps each ey to some constant multiple
e of €q(k), the action of Ads on b depends only on the value of o(k) and
not on the constants e?®*. This reflects that if one multiplies any A € N on
the right by some B € Z, then Adsg(H) = AdsAdg(H) = Ada(H), since
by the definition of Z, the adjoint action of B on § is just the identity. O

In the case of SU(3), it is possible to identify the Weyl group with a certain
subgroup of N, instead of as the quotient group N/Z. See Exercise 9. Exercise
10 asks one to verify by direct calculation that the action of a particular
element A of N is as described in the above proof.

We want to show that the Weyl group is a symmetry of the weights of any
finite-dimensional representation of sl(3; C). To understand this, we need to
adopt a less basis-dependent view of the weights. We have defined a weight as a
pair (my,mg) of simultaneous eigenvalues for 7(H; ) and 7(Hz). However, if a
vector v is an eigenvector for 7( H;) and w(Hz) then it is also an eigenvector for
7w(H) for any element H of the space b spanned by H; and H,. Furthermore,
the eigenvalues must depend linearly on H since if H and J are any two
elements of h and 7(H)v = Ajv and 7(J) = Agv, then

m(aH + bJ)v = (an(H) + br(J))v
= (aA; + bAg)v.

So, we may make the following basis-independent notion of a weight.

Definition 5.23. Let b be the subspace of sl(3; C) spanned by Hy and Hy and
let  be a finite-dimensional representation of sl(3; C) acting on a vector space
V. A linear functional p € h* is called a weight for 7 if there exists a nonzero
vector v in V such that

m(H)v = p(H)v

for all H in b. Such a vector v is called a weight vector with weight p.

So, a weight is just a collection of simultaneous eigenvalues of all the
elements H of §, which, as we have noted, must depend linearly on H and
which, therefore, define a linear functional on §. Since H; and Hs span b, the
linear functional u is determined by the value of pu(Hp) and p(Hz), and thus
our new notion of weight is equivalent to our old notion of a weight as just a
pair of simultaneous eigenvalues of 7(H;) and 7(Hz). The reason for adopting
this basis-independent approach is that the action of the Weyl group does not
preserve the basis {Hy, Ha} for b.

The Weyl group is (or may be thought of as) a group of linear transforma-
tions of h. This means that W acts linearly on h, and we denote this action as
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w - H. We can define an associated action on the dual space h* as in the defi-
nition of the dual representation in Chapter 4. Thus, for x € h* and w € W,
we define w - p to be the element of h* given by

(w- ) (H) = p(w™" - H). (5.16)

We now come to the main point of the Weyl group from the point of view
of representation theory, namely that the weights of any representation are
invariant under the action of the Weyl group.

Theorem 5.24. Suppose that © is any finite-dimensional representation of
sl(3;C) and that p € b* is a weight for m. Then, for any w € W, w - 4 is also
a weight of w, and the multiplicity of w - u 1s the same as the multiplicity of
L.

Proof. Suppose that p is a weight for a representation (w, V') of sl(3;C) and
suppose that v is a weight vector with weight p. Then, let IT be the associated
representation of the simply-connected group SU(3) and consider the vector
II(A)v, for A € N. We want to show that II(A)v is, again, a weight vector.
So, we compute

n(H)I(A)v = T(A)TI(A) 'n(H)I(A)v
=(A)r(A ' HA)
= u(ATTHATI(A)v.

Here, we have used that A is in N, which guarantees that A"'H A is, again,
in h. However, A"'HA is nothing but w~! - H, where w is the Weyl group
element represented by A. Thus, by (5.16), u(A"*HA) = (w - p)(H). This
shows that I1(A)v is, again, a weight vector, with weight w - 4 and thus w - u
is, again, a weight for (7, V). The same sort of reasoning shows that II(A)
is an invertible map of the weight space associated to the weight 1 onto the
weight space with weight w - 1, whose inverse is II(A)~!. This means that the
two weight spaces have the same dimension and, therefore, p and w - u have
the same multiplicity. d

Note that since the roots are nothing but the nonzero weights of the adjoint
representation, this result tells us that the roots are invariant under the action
of the Weyl group. In order to visualize the action of the Weyl group, it is
convenient to identify h* with b by means of an inner product on h that is
invariant under the action of the Weyl group. Recall that b is a subspace of
the space of diagonal matrices, and we use on the space of diagonal matrices
the inner product obtained by identifying with C® in the obvious way. (This
inner product is, if one prefers, the restriction to the diagonal matrices of the
Hilbert—Schmidt inner product (A4, B) = trace(A*B). See Section B.6.) Since
the Weyl group acts by permuting the diagonal entries, this inner product
(restricted to the subspace §) is preserved by the action of W.
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We now use this inner product on §* to identify §. Given any element «
of b, the map H — (o, H) is a linear functional on § (i.e., an element of h*).
Every linear functional on § can be represented in this way for a unique « in
b (Section B.7). We will now simply identify each linear functional with the
corresponding element of . Thus, we will now regard a weight-for (7, V) as
a nonzero element of § with the property that there exists a nonzero v in V
such that
m(H)v = {a, H)v (5.17)

for all H in h. This is the same as Definition 5.23 except that, now, « lives in
bh and we write («, H) instead of a(H) on the right. The roots, being weights
for the adjoint representation, are viewed in a similar way.

Now that the roots and weights live in b instead of h*, we can use the
above inner product on f. Furthermore, it can be shown (Exercise 11) that
under our identification of h* with b, the action of W on h* (described in
(5.16)) coincides with the adjoint action of W on b.

We are now ready to begin calculating. I claim that with our new point of
view the roots a; and as are identified with the following elements of b:

To check this, we note that these matrices are indeed in § since the diag-
onal entries sum to zero. Then, direct calculation shows that (a;, H1) = 2,

(a1, Hy) = —1 and (ag, Hy) = —1, {ag, Hs) = 2, in agreement with our earlier
definition (5.4) of a; and as. So, then, we can compute the lengths and an-
gles as ||y ||* = (a1, 1) = 2, |Jog|®> = (a2, a2) = 2, and (a1, @) = —1. This

means that (with respect to this inner product) a; and ag both have length
V2 and the angle 0 between them satisfies cos§ = —1/2, so that 6 = 120°.

We now consider the dominant integral elements, which are the possible
highest weights of irreducible representations of sl(3; C). With our new point
of view, these are the elements p of h such that (u, H1) and (u, Hz) are non-
negative integers. We begin by considering the fundamental weights 1; and
wo defined by

(w1, Hi) =1, {(ug,Hy) =0,
(p1,H2) =0, (ug,Ha) =1.

A little trial and error shows that these can be expressed in terms of a; and
aq as follows:

1
p1 = 5061 + 5042,

2
Mo = §CY1 + §a2-
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Plugging in the expressions for oy and ag, we get

3 3

1 1

M1 = 3 1 y M1 = 3 9
3 3

An elementary calculation then shows that p; and ug each have length V6/3

and that the angle between them is 60°. The set of dominant integral elements

is then precisely the set of linear combinations of y; and pe with non-negative

integer coefficients. Note that pu; + g2 = a3 + g, an observation that helps

in drawing Figure 5.2 below.

We are now finally ready to draw some pictures. Figure 5.2 shows the
same information as Figure 5.1, namely, the roots and the dominant integral
elements, but now drawn relative to a Weyl-invariant inner product. We draw
only the two-dimensional real subspace of § consisting of those elements p
such that (u, H1) and {u, Ho) are real, since all the roots and weights have this
property. In this figure, the arrows indicate the roots, the black dots indicate
dominant integral elements (i.e., points u such that (u, H;) and (u, Ha) are
non-negative integers), and the triangular grid indicates integral elements (i.e.,
points p such that (u, H1) and (u, H2) are integers).

ay

Fig. 5.2. Roots and dominant integral elements for sl(3; C) (using Weyl-invariant
inner product)

Let us see how the Weyl group acts on Figure 5.2. Let (1,2,3) denote the
cyclic permutation that takes 1 to 2 to 3 to 1, and let w(; 2 3) denote the cor-
responding Weyl group element (Exercise 10). Then, w(; 2,3y acts by cyclically
permuting the diagonal entries of each element of H. Thus, w(; 3 3) takes a;
to as and takes as to —(a1 + ag). This action is a 120° rotation, counter-
clockwise in Figure 5.2. Next, let (1,2) be the permutation that interchanges
1 and 2 and let w(; ) be the corresponding Weyl group element. Then, w(; 2
acts by interchanging the first two diagonal entries of each element of H, and
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thus takes a1 to —a1 and takes ap to ag + ag. This corresponds to a reflec-
tion about the line perpendicular to «;. The reader is invited to calculate
the action of the remaining Weyl group elements. The Weyl group consists of
six elements: the identity, clockwise and counterclockwise rotations by 120°,
and three reflections—about the line perpendicular to a;, about the line per-
pendicular to asp, and about the line perpendicular to a1 + a2. This is the
symmetry of an equilateral triangle centered at the origin, as indicated in
Figure 5.3.

JAVAVAVAN
JAVAN

Fig. 5.3. Weyl group for sl(3;C)

5.7 Weight Diagrams

In this section, we consider weight diagrams for sl(3; C) (i.e., pictures of the
weights of various representations of sl(3; C)). (These weight diagrams should
not be confused with Dynkin diagrams, which are discussed in Chapter 8.)
The action of the Weyl group is critical to understanding which weights arise
in a representation with a given highest weight po.

Definition 5.25. Let v1,...,v, be a finite collection of points in a vector
space V. The convex hull of vy,...,v, is the set of all vectors in V that can
be expressed as

C1U1 + CaU2 + * -+ + CpUp,

where ¢y, ..., ¢, are non-negative real constants satisfying ¢y + -+ +cp = 1.

Equivalently, the convex hull is the smallest convex subset of V' containing
all of the points vy, ..., v,.

To make the weight diagrams, we make use of the following result. As in
(5.17), we regard the weights (and so also the roots) as elements of b.

Theorem 5.26. Suppose that 7 is an irreducible representation of sl(3;C)
with highest weight pg. Then, an element u of § is a weight of the represen-
tation 7 if and only if the following two conditions are satisfied:
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1. p is contained in the convexr hull of the orbit of o under the Weyl group.
2. o — p is expressible as a linear combination of a; and ag with integer
coefficients.

Let us think first about Condition 1. The Weyl group of SU(3) has six
elements and the orbit of a “generic” point in b will consist of six points.
These six points will form the vertices of a hexagon. The simplest way to see
how this will work out is first to apply to po a reflection (say, about the line
perpendicular to a;) and then to apply 120° clockwise and counterclockwise
rotations to the resulting pair of points to get a total of six points. Suppose,
however, that one starts with a dominant integral element pg that is on the
edge of the set of all dominant integral elements (these are the elements of
the form (mg,0) or (0,m2) in our old view of the weights). Then, uo is left
invariant by either the reflection about the line perpendicular to a; or by the
reflection about the line perpendicular to ap. In that case, the orbit of ug is a
triangle (unless o = 0, in which, case the orbit is just a single point). Finally,
the convex hull of the orbit of o will be a filled-in triangle or hexagon (or a
single point if yy = 0).

Let us think now about Condition 2. Condition 2 implies that px must be
an integral element (i.e., that (u, Hy) and (u, Hy) are integers), since po, oq,
and a9 all have this property. However, not every integral element will satisfy
Condition 2. Suppose, for example, that pg = (1,0) and g = (0,0). Then,
o — p = %al + %ag and the coefficients are not integral. So, (0,0) is not a
weight of the irreducible representation with highest weight (1,0). In most
cases, there will be integral elements contained in the convex hull of the orbit
of pg that are not weights of the representation with highest weight pg.

I will give only the main idea of the proof of Theorem 5.26. It is not too
hard to show that Conditions 1 and 2 are both necessary conditions for the
weights of the representation with highest weight pg. See Exercises 13 and
14. Showing that the conditions are sufficient is an sl(2;C) argument and
makes use of the fact that there can be no “gaps” in the eigenvalues of H in
a finite-dimensional representation of sl(2;C): If a non-negative integer k is
an eigenvalue for H in some representation, then so are k — 2,k — 4, ..., —k.
(One starts with the orbit of o under the Weyl group and then uses the just-
mentioned result, applied to various sl(2; C) subalgebras of sI(3; C), to “fill in”
all the elements satisfying Conditions 1 and 2.)

Theorem 5.26 tells us which weights occur in a given representation of
sl(3;C) but not what the multiplicities of the weights are. It can be shown
that the multiplicities obey the following simple pattern. The weights occur
in “rings” in which the rings toward the outside are hexagons and the rings
toward the inside are triangles. The weights in the outermost ring have mul-
tiplicity 1. The multiplicities then increase by 1 each time one moves inward
one ring, until the rings become triangles, at which point the multiplicities
stabilize. The situation for the multiplicities in other semisimple Lie algebras
is more complicated—see Section 7.6.
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2

Fig. 5.4. Highest weight (1,2)

Fig. 5.5. Highest weight (2,2)

IVAVAVAN

NAVAVAVAV

Fig. 5.6. Highest weight (4,0)
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Figures 5.4, 5.5, and 5.6 show the weights and multiplicities for three
irreducible representations, with highest weights (1,2), (2,2), and (4,0), re-
spectively. In each figure, a black dot indicates a weight of the representation,
with the highest weight being circled. A number next to a dot indicates the
multiplicity of the corresponding weight. A dot without a number indicates a
weight of multiplicity one. In Figure 5.4, the dashed lines extending from the
highest weights indicate the boundary of the set of points that are lower than
(1,2). The dimensions of these representations are 15, 27, and 15, respectively,
as can be computed either from the dimension formula (Theorem 5.10) or by
adding up the multiplicities of all the weights.

5.8 Exercises

1. Show that the roots listed in (5.3) are the only roots.

2. Let 7 be an irreducible finite-dimensional representation of sl(3; C) acting
on a space V and let 7* be the dual representation to m, acting on V*, as
defined in Section 4.7. Show that the weights of 7* are the negatives of
the weights of 7.

Hint: Choose a basis for V' in which both w(H;) and w(H;) are diagonal.

3. As in Exercise 2, let 7 be an irreducible representation of sl(3; C) and let
7* be the dual representation to 7. Show that if = has highest weight
(m1,ma), 7* has highest weight (mg,m1).

Hint: Establish this first in the cases (mi,mg) = (1,0) and (my,mg) =
(0,1).

4. Consider the adjoint representation of sl(3;C) as a representation of
sl(2; C) by restricting the adjoint representation to the subalgebra spanned
by X1,Y1, and H;. Decompose this representation as a direct sum of irre-
ducible representations of sl(2; C). Which representations occur and with
what multiplicity?

5. Following the method of Section 5.5, work out the representation of sl(3; C)
with highest weight (2,0), acting on a subspace of C3 ® C3. Determine all
the weights of this representation and their multiplicity (i.e., the dimension
of the corresponding weight space). Verify that the dimension formula
(Theorem 5.10) holds in this case.

6. Consider the nine-dimensional representation of sl(3; C) considered in Sec-
tion 5.5, namely the tensor product of the representations with highest
weights (1,0) and (0, 1). Decompose this representation as a direct sum
of irreducibles. Do the same for the tensor product of two copies of the
irreducible representation with highest weight (1,0). (Compare Exercise
5.)

7. Let V,,, denote the space of homogeneous polynomials on C? of degree m.
By imitating Section 4.3, construct a representation of SU(3) acting on
Vi. Find the weights for the associated action of sl(3;C) on V; and Va.
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Show that V] and V5 are irreducible representations (of SU(3) or sl(3;C)).
What are the highest weights of these representations?

Show that Z and N (defined in Definition 5.20) are subgroups of SU(3).
Show that Z is a normal subgroup of N.

For each permutation o of {1,2,3}, let A, be the matrix such that Aey =
sgn(o) eq(k), where sgn( o) is the sign of the permutation o, equal to 1 for
even permutations and equal to —1 for odd permutations. Show that the
matrices A, form a subgroup of N that is isomorphic to W.

Consider the matrix A in SU(3) given by

001
A=|100],
010

which maps e; to eg, €3 to e3, and e3 to e;. Let H be an arbitrary element
of h and let A1, A2, and A3 be the diagonal entries of H (which must sum
to zero). Compute by hand AHA™! and verify that this is related to H
as described in Section 5.6, namely that A; gets shifted into the second
spot, A gets shifted into the third spot, and A3 gets shifted into the first
spot.

Show that under the identification of h* with h described in Section 5.6,
the action of W on h* (described in (5.16)) coincides with the adjoint
action of W on b.

Regard the Weyl group as a group of linear transformations of f. Show
that —I is not an element of the Weyl group. Which representations of
sI(3; C) have the property that their weights are invariant under —I7
Using the proof of Proposition 5.13, show that every weight u of an irre-
ducible representation with highest weight po must satisfy Condition 2 of
Theorem 5.26.

This exercise asks one to “prove” geometrically the following result. Let
1o be a dominant integral element and p any integral element. If w - p is
lower than ug for all w € W, then p is contained in the convex hull of the
W-orbit of pyg.

To see why this result is true, make a picture of a typical dominant integral
element po and its W-orbit. Now, take a typical point p that is not in
the convex hull of the orbit of pg and draw its W-orbit. Show that the
W-orbit of i contains at least one point that is not lower than po.

This result (along with the invariance of the weights under the action of
the Weyl group) shows that Condition 1 of Theorem 5.26 is a necessary
condition for p to be a weight of the representation with highest weight

Ho.
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Semisimple Lie Algebras

In this chapter, we will consider a class of Lie algebras (the complex semisim-
ple ones) that are sufficiently similar to sl(3; C) that their representations can
be described, similarly to sl(3; C), by a “theorem of the highest weight.” We
will not come to the representations themselves until the next chapter; in this
chapter, we develop the structures needed to state the theorem of the highest
weight. Although this chapter could be understood simply as a description
of the structure of semisimple Lie algebras, without any mention of repre-
sentation theory, I think it is helpful to have the representations in mind.
The representation theory, especially in light of our experience with sl(3; C),
motivates the notions of Cartan subalgebras, roots, and the Weyl group.

We will give three equivalent characterizations of semisimple Lie algebras
(and there are several other commonly used ones). The first characterization is
the one that we will take as our definition and which presumably accounts for
the term “semisimple”: A semisimple Lie algebra is one which is isomorphic
to a direct sum of simple Lie algebras. The second characterization is that
a complex Lie algebra is semisimple if and only if it is isomorphic to the
complexification of the Lie algebra of a compact simply-connected group. This
characterization shows, for example, that sl(n; C) = su(n)¢ is semisimple. The
third characterization is that a Lie algebra g is semisimple if and only if it
has the complete reducibility property, that is, if and only if every finite-
dimensional representation of g decomposes as a direct sum of irreducibles.

Before getting into the details of semisimple Lie algebras, let us briefly
outline what our strategy will be in classifying their representations and what
structures we will need to carry out this strategy. We will look for commut-
ing elements H,, ..., H, in our Lie algebra that we will try to simultaneously
diagonalize in each representation. We should find as many such elements as
possible, and if they are going to be simultaneously diagonalizable in every rep-
resentation, they must certainly be diagonalizable in the adjoint representa-
tion. This leads (in basis-independent language) to the definition of a Cartan
subalgebra. The nonzero sets of simultaneous eigenvalues for adg,, .. .,adq,
are called roots and the corresponding simultaneous eigenvectors are called
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root vectors. The root vectors will serve to raise and lower the eigenval-
ues of w(H1),...,m(H,) in each representation 7. We will also have the Weyl
group, which is an important symmetry of the roots and also of the weights in
each representation. Finally, we will introduce the notion of positive roots,
in terms of which the notion of “highest weight” will be defined.

One crucial part of the structure of semisimple Lie algebras is the existence
of certain special subalgebras isomorphic to sl(2;C). Several times over the
course of this chapter and the next one, we will make use of our knowledge
of the representations of sl(2;C). In particular, if X, Y, and H are the usual
basis elements for sl(2;C), then we will use repeatedly that the eigenvalues
of o(H) in any finite-dimensional representation of sl(2; C) must be integers
(Theorem 4.12). In view of the importance of this result, it is worthwhile now
to recall why this is so. From the Lie algebra point of view, we began with
an eigenvector for o(H) and then used o(X) and o(Y) to raise and lower
the eigenvalues for o(H) in increments of 2. Since the representation is finite
dimensional, this chain of eigenvalues must terminate in both directions. The
calculations of Section 4.4 (especially Lemma 4.11) show that this can happen
only if the highest eigenvalue m of o(H) is a non-negative integer. In that case,
all of the other eigenvalues of o(H) are of the form m — 2k and, so, are also
integers.

From the group point of view, we recall that because SU(2) is simply
connected, for each finite-dimensional representation ¢ of sl(2;C) = su(2)¢
there is a representation X of SU(2) such that X(exp X) = expo(X) for all
X in su(2). We note that 277 H is in su(2) and that exp(27iH) = I in SU(2).
Thus,

exp(2mic(H)) = L(exp(2miH)) =X(I) = I.

This can happen only if the eigenvalues of o(H) are integers. After all, if A is
an eigenvalue for o(H), then exp(2mi)) is an eigenvalue for exp(2wio(H)) = I,
50 exp(2miA) = 1 and A must be an integer.

6.1 Complete Reducibility and Semisimple Lie Algebras

Recall (Section 4.10) that a group or Lie algebra is said to have the complete
reducibility property if every finite-dimensional representation of it decom-
poses as a direct sum of irreducible invariant subspaces. Recall also (Proposi-
tion 4.36) that a connected compact matrix Lie group always has this property.
It follows that the Lie algebra of a compact simply-connected matrix Lie group
also has the complete reducibility property, since, in that case, there is a one-
to-one correspondence between the representations of the compact group and
its Lie algebra. Since there is a one-to-one correspondence between the repre-
sentations of a real Lie algebra and the complex-linear representations of its
complexification, we see also that if a complex Lie algebra g is isomorphic to
the complexification of the Lie algebra of a compact simply-connected group,
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then g has the complete reducibility property. In Chapter 5, we applied this
reasoning to sl(2; C) (the complexification of the Lie algebra of SU(2)) and to
sl(3; C) (the complexification of the Lie algebra of SU(3)).

In this chapter, we will study complex Lie algebras that are isomorphic
to the complexification of the Lie algebra of a compact simply-connected ma-
trix Lie group. As it turns out, such Lie algebras are precisely the complex
semisimple Lie algebras, which we now define. Although we will mostly be
concerned with complexr semisimple Lie algebras, there is a brief discussion of
real semisimple Lie algebras at the end of this section.

Definition 6.1. If g is a complex Lie algebra, then an ideal in g is a complex
subalgebra by of g with the property that for all X in g and H in b, we have
[X, H] in b.

Note that the definition of an ideal is stronger than that of a subalgebra.
For a subalgebra, we require only that the bracket of two elements of the
subalgebra remain in the subalgebra. For an ideal, we require that the bracket
of an element of the ideal with any element of g be, again, in the ideal. Any
Lie algebra g has two “trivial” examples of ideals: g itself and the zero ideal

h = {0}.

Definition 6.2. A complex Lie algebra g is called indecomposable if the
only ideals in g are g and {0}. A complex Lie algebra g is called simple if g
is indecomposable and dimg > 2.

The term “indecomposable” is not a standard one, but since there does
not seem to be any standard term for this concept, I have invented one.
Note that the only indecomposable Lie algebras that are not simple are the
one-dimensional ones and that any two one-dimensional Lie algebras are iso-
morphic, since all brackets must be zero. A one-dimensional Lie algebra has
no nontrivial subalgebras and, hence, certainly no nontrivial ideals. Thus one-
dimensional Lie algebras are indecomposable but not simple.

There is an analogy between finite-dimensional Lie algebras and finite
groups. Subalgebras in the Lie algebra setting are the analogs of subgroups in
the finite group setting, and ideals in the Lie algebra setting are the analogs
of normal subgroups in the finite group setting. In this analogy, the one-
dimensional Lie algebras (which are precisely the Lie algebras having no non-
trivial subalgebras) are the analogs of the cyclic groups of prime order (which
are precisely the groups having no nontrivial subgroups). However, there is
a discrepancy in terminology: cyclic groups of prime order are called simple
but one-dimensional Lie algebras are not called simple. This terminological
convention is important to bear in mind in the following definition.

Definition 6.3. A complex Lie algebra is called reductive if it is isomorphic
to a direct sum of indecomposable Lie algebras. A complex Lie algebra is called
semisimple if it isomorphic to a direct sum of simple Lie algebras.
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Note that a reductive Lie algebra is a direct sum of indecomposable al-
gebras, which are either simple or one-dimensional commutative. Thus, a re-
ductive Lie algebra is one that decomposes as a direct sum of a semisimple
algebra (coming from the simple terms in the direct sum) and a commutative
algebra (coming from the one-dimensional terms in the direct sum).

We will assume (in the spirit of this book) that the complex semisimple Lie
algebras we study are given to us as subalgebras of some gl(n; C). There is no
loss of generality in this since by Ado’s Theorem every finite-dimensional Lie
algebra has a faithful finite-dimensional representation. In fact, for semisimple
Lie algebras, the adjoint representation is always faithful, as is easily shown.
(See Exercise 1.)

Proposition 6.4. A complex Lie algebra g is reductive precisely if the adjoint
representation is completely reducible.

Proof. An ideal is precisely an invariant subspace for the adjoint represen-
tation, as a moment’s thought will confirm. So, if the adjoint representation
decomposes as a direct sum of irreducibles, then g decomposes (as a vector
space) as g1 D - -+ ® gm, where each g is an ideal and where g, contains no
ideals of g other than gy itself and {0}. Now, if X € gy and Y € g; (k # 1),
then [X,Y] = 0, since [X, Y] must be in both gx and g; (because both g5 and
g; are ideals). This means that g must be the direct sum (in the Lie algebra
sense) of the gg’s.

Now, I claim that each g must be indecomposable when viewed as a Lie
algebra in its own right. After all, suppose that b is an ideal in g¢. Then, b
is also an ideal in g. (The commutator of an element of g with an element
h will remain in ) by assumption. The commutator of an element of ) with
an element of g;, [ # k, will be zero.) This means, by our assumptions on the
gr’s, that h = {0} or h = gy.

So, if the adjoint representation decomposes as a sum of irreducibles, then
g is reductive. Conversely, if g is reductive, then g is a direct sum of inde-
composable algebras, which are then irreducible invariant subspaces for the
adjoint representation. a

Corollary 6.5. The complezification of the Lie algebra of a connected com-
pact matriz Lie group is reductive.

This follows from the above proposition and Proposition 4.36 (stating that
connected compact groups have the complete reducibility property). Note
that the Lie algebra of a compact Lie group may be only reductive and not
semisimple. For example, the Lie algebra of S! is one dimensional and, thus,
not semisimple.

Theorem 6.6. A complex Lie algebra is semisimple if and only if it is isomor-
phic to the complezification of the Lie algebra of a simply-connected compact
matriz Lie group.
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I will not prove this result. Nevertheless, let us discuss the ideas behind it.
One direction is fairly easy, namely proving that if g is the complexification of
the Lie algebra of a compact simply-connected group K, then g is semisimple.
We have already shown that g is reductive, even if K is not simply connected.
Thus g = g1 @ g2, with g; semisimple and go commutative. It can be shown
that the Lie algebra ¢ of K decomposes as ¢ = ¥; @ &5, where g; = ¥ + &
and go = ¥ + ity. Then K decomposes as K; x K3, where K; and Ky are
simply connected and where K is commutative. However, a simply-connected
commutative Lie group is isomorphic to R™, which is noncompact for n > 1.
Thus, the compactness of K means that £, = {0}, in which case go = {0} and
g = g1 is semisimple.

For the other direction, given a complex semisimple Lie algebra, we must
find the correct real form whose corresponding simply-connected group is
compact. For this, see Varadarajan (1974).

Definition 6.7. If g is a complex semisimple Lie algebra, then a compact
real form of g is real subalgebra ¥ of g with the property that every X in g
can be written uniquely as- X = X1 + 11Xy with X1 and X2 in & and such that
there is a compact simply-connected matriz Lie group K, such that the Lie
algebra ¥, of K1 is isomorphic to ¢.

Theorem 6.6 tells us that every complex semisimple Lie algebra has a
compact real form. The compact real form is not unique, but it is “unique up
to conjugation,” as explained in Section 6.10.

Note that K itself is not necessarily simply connected. Consider, for exam-
ple, the complex Lie algebra so(3; C) C gl(3; C) which is the complexification
of so(3). We note that so(3) is isomorphic to su(2), which is the Lie algebra
of the compact simply-connected group SU(2). This means that so(3;C) is
semisimple and that so(3) is a compact real form of so(3; C). However, the
subgroup of GL(3;C) whose Lie algebra is so(3) is the group SO(3), which is
not simply connected. So, in this case, we have K = SO(3) and K; = SU(2).

Proposition 6.8. Let g be a complex semisimple Lie algebra. If g is a sub-
algebra of gl(n;C) and ¢ is a compact real form of g, then the connected Lie
subgroup K of GL(n; C) whose Lie algebra is € is compact.

Proof. The definition of a compact real form is that there is a simply-
connected compact matrix Lie group K; whose Lie algebra #; is isomorphic
to €. Let ¢ : & — € C gl(n; C) be a Lie algebra isomorphism. By Theorem 3.7,
there is an associated Lie group homomorphism ® : K1 — GL(n;C), and let K
be the image of this homomorphism. Since the image of a compact set under
a continuous map is compact, K is compact (and hence closed). Furthermore,
since the image of ¥; is &, Proposition 3.16 tells us that K is the connected
Lie subgroup of GL(n; C) with Lie algebra &. O

A corollary of Theorem 6.6 is the following result, which we will make use
of in the next chapter.
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Corollary 6.9. Every compler semisimple Lie algebra has the complete re-
ducibility property.

This holds because the representations of g are in one-to-one correspon-
dence with the representations of K1, and compact groups have the complete
reducibility property (Theorem 4.36). Actually, it is not hard to prove (Exer-
cise 2) that among complex Lie algebras, only the semisimple ones have the
complete reducibility property. Thus, complete reducibility is sometimes taken
as the definition of semisimplicity for Lie algebras. For an algebraic proof of
complete reducibility of semisimple Lie algebras, see Humphreys (1972).

Up to now, we have considered only complex semisimple Lie algebras, since
these are the ones whose representations we will consider. (Working over C
instead of R allows us to find nice bases for our Lie algebras.) Nevertheless, we
can define the terms ideal, indecomposable, simple, reductive, and semisimple
for real Lie algebras in precisely the same way as for the complex case.

Proposition 6.10. If g is a real Lie algebra and gc its complexification, then
g is semisimple if and only if gc is semisimple.

I will not prove this result—see Varadarajan (1974). Note that the propo-
sition does not hold if the word “semisimple” is replaced by “simple.” If g¢
is simple, then g must be simple (since if § were a nontrivial ideal in g, then
hc would be a nontrivial ideal in g¢), but the converse of this statement does
not hold. For example, it can be shown that the six-dimensional real Lie alge-
bra so(3,1) is simple. However, its complexification so(3,1;C) is isomorphic
to so(4;C), which, in turn, is isomorphic to sl(2;C) @ sl(2;C), and so the
complexification is not simple.

As a consequence of the above proposition and Theorem 6.6, we see that
the real Lie algebra of a compact simply-connected group is semisimple. How-
ever, not every real semisimple Lie algebra is of this sort. Consider, for exam-
ple, sl(n; R). Of course, SL(n;R) is noncompact, and there can be no compact
simply-connected Lie group whose Lie algebra is sl(n;R), since such a group
would then be the universal cover of SL(n;R), and the universal cover of a
noncompact group is noncompact.

Nevertheless, sl(n; R) is semisimple, by Proposition 6.10, because its com-
plexification is sl(n; C), which is also the complexification of su(n), which is
the Lie algebra of a compact simply-connected group. So, a group G whose Lie
algebra g is real semisimple should be thought of as being “almost compact.”
This is to be understood not in any topological sense but rather in the sense
that G has a compact simply-connected “cousin” K with the property that
tc is isomorphic to gc. For example, SL(n;R) has SU(n) as its cousin and
SO(n, k) has Spin(n + k) (the simply-connected double cover of SO(n + k)) as
its cousin for n + k > 3.

When working with finite-dimensional representations, one can always ex-
tend the representation to the complexification, and so it is easier to work
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only with complex semisimple Lie algebras. This will be our approach in the
next chapter.

There are several other equivalent characterizations of semisimple Lie al-
gebras, for example, that the Lie algebra have no nonzero solvable ideals or
that the Killing form (B(X,Y’) = trace(adxady)) be nondegenerate.

6.2 Examples of Reductive and Semisimple Lie Algebras

Let us consider some examples of Lie algebras that are reductive or semisimple,
starting with the complex case. The following table lists the complex Lie
algebras that we have encountered in this book that are either reductive or
semisimple. An entry of “reductive” in the table means actually “reductive
but not semisimple.”

> 2) semisimple

C) (n > 3) semisimple
;C) reductive
C) (n > 1) reductive

sp(n; C) (n > 1) semisimple

To verify the results of this table, we use Theorem 6.6. First, sl(n;C) is the
complexification of su(n), which is the Lie algebra of the compact simply-
connected group SU(n). Next, so(n; C) is the complexification of so(n), which
is the Lie algebra of the compact group SO(n). Unfortunately, SO(n) is not
simply connected. However, so(n) is also the Lie algebra of Spin(n), which is
compact and simply connected for all n > 3 (Brocker and tom Dieck (1985)).
Meanwhile, so(2;C) is one-dimensional commutative and thus reductive but
not semisimple.

Next, gl(n;C) is the complexification of u(n), which is the Lie algebra
of the compact group U(n). This means that gl(n;C) is reductive. However,
the center of a semisimple Lie algebra must be trivial, and the center of
gl(n; C) is nontrivial, containing all the multiples of the identity. Note that
gl(n; C) = sl(n; C) ® C, where sl(n; C) is semisimple and C is one-dimensional
commutative. So, gl(n; C) is reductive but not semisimple. Finally, sp(n;C) is
the complexification of sp(n), which is the Lie algebra of the compact simply-
connected group Sp(n).

All of the above-listed semisimple algebras are actually simple, except
for so(4;C), which is isomorphic to sl(2;C) & sl(2; C). In Chapter 8, we will
discuss the classification of complex simple Lie algebras. It turns out that
every complex simple Lie algebra is isomorphic to one of sl(n;C), so(n;C)
(n # 4), sp(n; C), or to one of five “exceptional” Lie algebras conventionally
called G, Fy, Eg, E7, and FExg.

We now make a table of the real Lie algebras we have encountered in
this book that are either reductive or semisimple. Again, “reductive” means
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actually “reductive but not semisimple.” In each case, the complexification of
the listed Lie algebra is isomorphic to one of the complex Lie algebras in the
above table. Note that there can be several nonisomorphic real Lie algebras
whose complexifications are isomorphic to the same complex semisimple Lie
algebra.

su(n) (n > 2) semisimple
so(n) (n > 3) semisimple
so(2) reductive
sp(n) (n > 1) semisimple
so(n, k) (n+ k > 3) semisimple
so(1,1) reductive
sp(n;R) (n>1) semisimple
slin;R) (n > 2) semisimple
gl(n;R) (n > 1) reductive

The other Lie algebras we have examined in this book, namely the Lie al-
gebras of the Heisenberg group, the Euclidean group, and the Poincaré group,
are neither reductive nor semisimple.

6.3 Cartan Subalgebras

We now begin to develop the structure that we will use (in the next chapter)
in describing the representations of complex semisimple Lie algebras. These
same structures are used to give a classification of semisimple Lie algebras, as
discussed in Chapter 8. See Section 6.9 for how these structures come out in
the case g = sl(n; C).

Definition 6.11. If g is a complex semisimple Lie algebra, then a Cartan
subalgebra of g is a complex subspace by of g with the following properties:

1. For all Hy and Hy in b, [Hy, H3] = 0.
2. For all X in g, if [H,X] =0 for all H in b, then X is in b.
3. For all H in b, ady is diagonalizable.

Condition 1 says that b is a commutative subalgebra of g. Condition 2
says that b is a mazimal commutative subalgebra (i.e., not contained in any
larger commutative subalgebra). Condition 3 says that each adyg (H € b) is
diagonalizable. Since the H’s in h commute, the adg’s also commute, and thus
they are simultaneously diagonalizable. (It is a standard result in linear alge-
bra that any commuting family of diagonalizable matrices is simultaneously
diagonalizable; see Section B.8.)

Of course, the definition of a Cartan subalgebra makes sense in any Lie
algebra, semisimple or not. However, if g is not semisimple, then g may not
have any Cartan subalgebras. (See Exercise 3.) Even in the semisimple case
we must prove that a Cartan subalgebra exists.
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Proposition 6.12. Let g be a complex semisimple Lie algebra, let € be a com-
pact real form of g, and let t be any mazimal commutative subalgebra of .
Define ) C g to be h =t +it. Then, b is a Cartan subalgebra of g.

Note that ¢ (or any other Lie algebra) contains a maximal commutative
subalgebra. After all, let t; be any one-dimensional subspace of £. Then, 4
is a commutative subalgebra of €. If t; is maximal, then we are done; if not,
then we chose some commutative subalgebra t; properly containing t;. Then,
if t, is maximal, we are done, and if not, we chose a commutative subalgebra
t3 properly containing t5. Since £ is finite dimensional, this process cannot go
on forever and we will eventually get a maximal commutative subalgebra.

Proof. Tt is clear that h is a commutative subalgebra of g. We must first show
that b is mazimal commutative. So, suppose that X € g commutes with every
element of h, which certainly means that it commutes with every element of
t. Then, write X = X; +1X, with X and X5 in & Then, for H in t, we have

[H,Xl +2'X2} = [H,Xl] +'l‘[H,X2} =0,

where [H, X;] and [H, X,] are in ¢ (since € is a real subalgebra). However,
since every element of g has a unique decomposition as an element of £ plus
an element of i€, we see that [H, X;] and [H, X3] must separately be zero.
Since this holds for all H in t and since t is maximal commutative, we must
have X; and X, in t, which means that X = X; + iX5 is in §. This shows
that b is maximal commutative.

We assume, as usual, that g is given as a subalgebra of gl(n;C). Let K
be the subgroup of GL(n; C) whose Lie algebra is €. According to Proposition
6.8, K is compact. So, by the averaging method of Section 4.10, there exists a
real-valued inner product (-,-) on € that is invariant under the adjoint action
of K. This inner product can then be extended to a complex-valued inner
product on g, also denoted (-,-), that is invariant under the adjoint action
of K and that takes real values on £. This means that for each A in K, Adx
is a unitary operator on g (with respect to the inner product (-,-)). It then
follows that for each X in ¢, adx : g — g is skew self-adjoint. (This is by the
same argument that shows that the Lie algebra of U(n) consists of skew-self-
adjoint matrices.) Thus, in particular, ady is skew for each H in t, and a skew
operator on a finite-dimensional complex inner product space is automatically
diagonalizable. (See Appendix B.)

Finally, if H is any element of h = t + it, then H = H; + iHq, with H;
and Hz in t. Since H; and H; commute, ady, and adg, also commute, and,
therefore, ad g will be diagonalizable (since a linear combination of commuting
diagonalizable operators is diagonalizable). This shows that b is a Cartan
subalgebra. a

It is possible to prove that every Cartan subalgebra of g arises as in Propo-
sition 6.12 (for some compact real form ¢ and some maximal commutative
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subalgebra t of ¢) and also that Cartan subalgebras are “unique up to con-
jugation.” (See Section 6.10 for more precise statements.) In particular, all
Cartan subalgebras of a given complex semisimple Lie algebra have the same
dimension. In light of this result, the following definition makes sense.

Definition 6.13. If g is a complex semisimple Lie algebra, then the rank of
g is the dimension of any Cartan subalgebra.

6.4 Roots and Root Spaces

From now on we assume that we have chosen a compact real form £ of g
and a maximal commutative subalgebra t of €, and we consider the Cartan
subalgebra h = t + it. We assume also that we have chosen (as in the proof
of Proposition 6.12) an inner product on g that is invariant under the adjoint
action of K and that takes real values on &.

Definition 6.14. A root of g (relative to the Cartan subalgebra §) is a
nonzero linear functional a on b such that there exists a nonzero element
X of g with

[H, X]=a(H)X

for oll H in b.
The set of all roots is denoted R.

The condition on X says that X is an eigenvector for each ady, with
eigenvalue «(H ). Note that if X is actually an eigenvector for each ady with
H in b, then the eigenvalues must depend linearly on H. That is why we
insist that a be a linear functional on §. (See Section B.8.) So, a root is
just a (nonzero) collection of simultaneous eigenvalues for the ady’s. Note
any element of § is a simultaneous eigenvector for all the adg’s, with all
eigenvalues equal to zero, but we only call « a root if a is nonzero. Of course,
for any root «, some of the a(H)’s may be equal to zero; we just require that
not all of them be zero.

Proposition 6.15. If « is a root, a( H) is imaginary for all H in t.

Proof. By the proof of Proposition 6.12, there exists an inner product on g

such that ady is skew self-adjoint for all H in t. The eigenvalues of a skew

operator are necessarily imaginary and each «(H) is an eigenvalue for adg.
O

Note that the set of linear functionals on h that are imaginary on t forms
a real vector space whose real dimension equals the complex dimension of .
If t* denotes the space of real-valued linear functionals on t, then the roots
are contained in it* C h*.
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Definition 6.16. If a is a Toot, then the root space g, is the space of all X
in g for which [H, X]| = a(H)X for all H in §. An element of go is called a
root vector (for the root a).

More generally, if a is any element of h*, we define g, to be the space of
all X in g for which [H, X] = «(H)X for all H in b (but we do not call go a
root space unless « is actually a root).

Taking o = 0, we see that go is the set of all elements of g that commute
with every element of §. Since b is a maximal commutative subalgebra, we
conclude that gg = b. If « is not zero and not a root, then g, = {0}.

Now, since b is commutative, the operators adg, H € h, all commute.
Furthermore, by the definition of a Cartan subalgebra, each adgy, H € b,
is diagonalizable. It follows (Proposition B.13) that the ady’s, H € §, are
simultaneously diagonalizable. As a result, g can be decomposed as the direct
sum of h and the root spaces g,. (Here, we make use of Proposition B.14.)
Thus, we have established the following.

Proposition 6.17. The Lie algebra g can be decomposed as a direct sum as
follows:
g=ho @ ga-
a€ER

This means that every element of g can be written uniquely as a sum of
an element of h and one element from each root space g,-

Proposition 6.18. For any o and 3 in b*, [ga, 98] C Ga+s-

More explicitly, this means that if X is in g, and Y is in gg, then [X,Y]
is in go4p. In particular, if X is in g, and Y is in g_q, then [X,Y] is in b.
Furthermore, if X is in g,, Y is in gg, and a + (3 is neither zero nor a root,
then [X,Y] = 0.

Proof. We use that ady is a derivation, which means that [H,[X,Y]] =
[[H,X],Y] + [X,[H,Y]]. This identity is equivalent to the Jacobi identity
(Exercise 22 from Chapter 2). So, if X is in g, and Y is in gg then we have
for all H in b,

[H, [X, Y]] = [a(H)X, Y] + [X, B(H)Y]
= (a(H) + B(H))IX, Y].

This shows that [X,Y] is in g4 O
Proposition 6.19.

1. If a € b* is a root, then so is —a.
2. The roots span h*.
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Proof. Since « is a root, there exists a nonzero element X of g such that
[H,X] = a(H)X for all H in h and thus, in particular, for all H in t. Then,
X can be written uniquely as X = X; +iX, with X; and X, in & So, for H
in t, we have

[H,X] =[H, X1]+i[H, X5],

where [H, X,] and [H, X] are in E, since £ is a real subalgebra. Recall that
a(H) is imaginary for H in t. So, write a(H) = ia, with a real. Then,

[H,X] =1iaX = —aX;3 + iaX;.

Since each element of g has a unique decomposition as a sum of an element
of £ and an element i, we must have [H, X;| = —aX> and [H, X5] = aX;.
Now, put Y = X; — iX5. Then,

[H,Y] = [H, X1] —i[H, X5]

= —aXs —iaX;
= —ia(X1 — ZXQ)
= —iaY.

Thus, [H,Y] = —a(H)Y for all H in t, and thus also for all H in h. This
shows that —« is another root.

For Point 2, suppose that the roots did not span §*. Then, there would
exist a nonzero H € b such that a(H) = 0 for all « € R. Then, [H, H;] = 0 for
all H; in b, and also [H, X| = a(H)X = 0 for X in g,. Thus, by Proposition
6.17, H would commute with all elements of g; that is, H would be in the
center of g. However, the center of a semisimple Lie algebra must be zero
(Exercise 1), and we have a contradiction. O

We now come to the first substantial result about roots and root spaces,
the proof of which will occupy the remainder of this section.

Theorem 6.20.

1. If a is a root, then the only multiples of o that are roots are o and —o.

2. If o s a root, then the root space g, is one dimensional.

3. For each root o, we can find nonzero elements X, in go, Yy in g—o, and
H, in b such that

[HavXa] = 2Xou
[Houya] = _2Ya7
(X, Ya] = H,.

The element H, is unique (i.e., independent of the choice of X4 and Yy).
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Point 3 of the theorem tells us that X, Y,, and H, span a subalgebra of
g isomorphic to sl(2; C). The elements H,, of h given in Point 3 of the theorem
are called the co-roots. Their properties are closely related to the properties
of the roots themselves.

In preparation for the proof of Theorem 6.20, we choose (as in the proof
of Proposition 6.12) an inner product (-,-) on g that is invariant under the
adjoint action of K and that takes real values on ¢. This means that for each
X in &, adx is skew; that is,

<ade,Z> :—<Y,adxz> (6.1)

for all X in € and all Y and Z in g. Now, suppose X is any element of g with
X = X1 +1iX5 (X1,X5 € %) and define

X* =X +iXa. (6.2)

The motivation for this definition is that if g = sl(n;C) and ¢ = su(n), then
X* is the usual adjoint of X.
It follows from (6.1) that for any X in g (not necessarily in €), we have

(adxY, Z) = (Y,adx- Z) . (6.3)

Furthermore, looking at the proof of Proposition 6.19, we see that if X is in
the root space gq, then X* is in the root space g_o. (The element Y in the
proof of that proposition is —X*.)

We now come to a simple but crucial calculation.

Lemma 6.21. Suppose that X is in go, Y is in g—o, and H is in h. Then,
[X,Y] isin b and
<[X7 Y]7H> = a(H) <Y7X*> ’

where X* is defined by (6.2).

Proof. That [X,Y] is in b follows from Proposition 6.18. Then, using (6.3),
we compute that

(X,Y),H) = (adxY, H) = (Y, adx- H)
= (Y,[X*,H])) = — (Y, [H, X*]). (6.4)

However, since X is in g,, X* is in g_4, and, so, (6.4) becomes
((X,Y],H) = = (Y, ~a(H)X") = a(H) (Y, X7).

Recall that we take the inner product to have the complex conjugate in the
first factor. O

With this lemma established, we turn to the proof of Theorem 6.20.
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Proof. The proof will be in several steps. Throughout the proof o will be a
fixed root.

Step 1. If X is in g, and Y is in g_,, then [X,Y] is in h and [X,Y] is
orthogonal to all elements of § for which a(H) is zero.

This is an immediate consequence of Lemma 6.21.

Let ker a denote the space of all H in b for which a(H) = 0 and let (ker o))"
denote the orthogonal complement of ker o in . Then, if b has dimension 7,
ker o will have dimension 7 —1 and (ker o)+ will have dimension 1. Thus, Step
1 is telling us that [g,,g-«] is contained in the one-dimensional subspace
(ker @)t of b. This result will be important for us as we continue with the
proof of Theorem 6.20.

Step 2. Let X be a nonzero element of g, so that X* is a nonzero element
of g_o. Then, [X, X*] # 0 and «([X, X*]) is real and strictly positive.

To see that [X, X*] is not zero, we apply Lemma 6.21 with Y = X* and
with H any element of h for which a(H) # 0. The lemma then shows that
([X,Y], H) # 0, which means that [X,Y] # 0.

Now apply Lemma 6.21 with Y = X* and with H = [X, X*]. This gives

<[X7X*]7 [XvX*D = a([XvX*]) <X’X*> .
From the positivity of the inner product and the fact that [X, X*] is nonzero,
we conclude that a([X, X*]) is real and strictly positive.

Step 3. We can choose nonzero elements X, € go, Yo € g—o, and H, € h
such that [H, X,] = 2X,, [H,Y,] = —2Y,, and [X,,Y,] = H,.

We initially take X to be any nonzero element of g, Y to be X*, and H to
be [X,Y] = [X, X*]. Then, [H, X] = o(H)X, where a(H) = o([X, X*]) > 0,
and [H,Y] = —a(H)Y. We now set

2
H, = H,
o(H)
2
Xo= X
a Oé(H) )
2
Y. = Y.
“ V a(H)

Direct calculation (check!) then shows that these elements have the required
commutation relations.

Note that, on the one hand, [H,, X,] = a(H,)X, and, on the other hand,
[Ho, Xo] = 2X,. So, evidently, a(H,) = 2. Note also that we have chosen X,
and Y, in such a way that Y, = X?.

Step 4. If (8 is a root of the form 3 = ka for some constant k, then k is an
integer multiple of 3.
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We let s® be the subalgebra of g given by
5% = span{X,, Yo, Ho },

which is isomorphic to sl(2; C). We then let V' be the subspace of g spanned
by (1) the subspace (kera)t C b and (2) the root spaces gg for which § is
a multiple of . Recall that (kera)! is one dimensional and that H, is a
nonzero element of this space.

I claim that V¢ is invariant under the adjoint action of s*. To see this, we
first show that V* is invariant under ady_, which is clear since both (ker )+
and the gg’s are eigenspaces for ady,. Then, we show that V< is invariant
under adx, . By Proposition 6.18, for Y in gg, adx,Y will be in goq . If a+ 3
is not zero, then g, is either zero or another root space with root a multiple
of a. If a + 3 is zero, then ady_ Y will be in (ker a)t, by Step 1, and, thus,
adx Y is in V*. A similar argument shows that V¢ is invariant under ady, .

Thus, V¢ is invariant under the adjoint action of %, which means that
Ve is a representation of s*. Now, we know that in any finite-dimensional
representation of s* 2 sl(2; C), the eigenvalues for H, must be integers. What
eigenvalues of ady, arise in V*? Recall that a(Hy) = 2. Then, for Y € gg
with 3 = ka, we will have ady, Y = B(H,)Y = ka(Ha)Y = 2kY. Thus, 2k
must be an integer, which is what we are trying to show.

Step 5. If « is a root, then 2« is not a root.

We use the complete reducibility of representations of §* = sl(2; C) (which
comes from the compactness of SU(2)). Note that s* itself is an (irreducible)
invariant subspace for the adjoint action of s*. By complete reducibility and
Proposition 4.33, V* decomposes as a direct sum of s* and several other
irreducible invariant subspaces Uy, ..., Up,.

Recall that «(H,) = 2. If, then, there were a nonzero element of go,, it
would be an eigenvector for ady, with eigenvalue 2a(H,) = 4. This means
that the eigenvalue 4 for ady, would have to arise in one of the U’s. (Since
% and each of the Uy’s is invariant, if 4 is to be an eigenvalue of ady, then
it must be an eigenvalue in one of these spaces, and it is not an eigenvalue in
5%.) However, by what we know of the representation theory of sl(2;C), if 4 is
an eigenvalue of adg,, in Uy, then 0 is also an eigenvalue of adg,, in U. (After
all, the eigenvalues in any irreducible representation go from some maximum
value of m to —m in increments of 2, and m must be even in order for 4 to
occur, in which case 0 must also occur.)

This means that we must have a nonzero vector Z in some U, C V with
adg, Z = 0. The vector Z must be in (ker o) C b, because V* is the direct
sum of (ker o)t and eigenspaces for ady, with nonzero eigenvalues (namely
the gg’s with £ a multiple of ). However, we have already established that
(ker &)t is one dimensional and that H, is a nonzero element of this space.
Thus, Z is a nonzero multiple of H,, which means that s* and U have a
nonzero intersection. This is a contradiction, since V* is the direct sum of s*
and the various Uyg’s.
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Step 6. The only multiples of « that are roots are o and —a.

Suppose § = ka is a root (with k& # 0, since roots by definition are
nonzero). By Step 4, k must be an integer multiple of %, and by Step 5, k # 2.
We may assume k > 0 (if not, replace 8 by —03), in which case, k = 1/2, 1,
3/2,5/2,6/2, .... However, now 3 = %a, and precisely the same arguments
apply with « replaced by 3, and, so, 1/k must also be an integer multiple of
1/2, with 1/k # 2. Of the possible values for k, the only one for which 1/k
has these properties is k = 1.

Step 7. The root spaces g, are one dimensional.

Suppose not. Then there exists another element X’ in g, that is linearly
independent of X,,. In that case, X’ is an eigenvector for ady_ with eigenvalue
a(H,) = 2. However, reasoning as in Step 5, if there is another eigenvector in
Ve for ady, with eigenvalue 2 (independent of X, ), then there must also be
another eigenvector in V* for ady, with eigenvalue 0, which we have seen is
impossible since the intersection of V¢ with § is one dimensional.

It remains only to show the uniqueness of the elements H,. Since the
root spaces g, and g_, are one dimensional, H, is certainly unique up
to a constant. However, this constant is determined by the condition that
[Ha, Xo] = 2X4, which is independent of the normalization of X, since both
sides are linear in X,. To say the same thing in a different way, the normal-
ization of H, is determined by the condition a(H,) = 2. This concludes the
proof of Theorem 6.20. O

6.5 Inner Products of Roots and Co-roots

We continue with the setting of the previous section: g is a complex semisim-
ple Lie algebra, £ is a compact real form of g, t is a maximal commutative
subalgebra of €, and § = t+1t is the associated Cartan subalgebra. We choose,
once and for all, an inner product (-, ) on g that is invariant under the adjoint
action of K and takes real values on £, and we consider the restriction of this
inner product to b.

This section will give a geometric picture of the roots, which were treated
algebraically in the previous section.

Proposition 6.22. Suppose o and 3 are roots and H, is the co-root associ-
ated to root a. Then, B(Hy) is an integer.

Proof. We once again let s* = span{X,,Y,, H,} be the subalgebra of g (iso-
morphic to sl(2;C)) given by Point 3 of Theorem 6.20. Then, s* acts on g by
the adjoint action, so that g becomes a finite-dimensional representation of
5%, From our knowledge of the representations of sl(2;C), we know that any
eigenvalue of ady_ must be an integer. If X is any nonzero element of gg,
then [H,, Xg] = B(Hy)Xg, so B(H,) is an eigenvalue for adg,, , which must
then be an integer. a
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Recall that the roots « are elements of the dual space h*, whereas the
co-roots H, (defined in Theorem 6.20) are elements of h itself. We are going
to use the inner product on § to identify h* with h and thus putting the roots
and the co-roots into the same space and giving a more geometric picture of
the roots and of the integrality condition in Proposition 6.22. We make use of
the following elementary result from Section B.7.

Proposition 6.23. Given any linear functional o € §* (not necessarily a
root), there ezists a unique element H® in b such that

o(H) = (H* H)
for all H in b.

Observe that the notation is H* (not H,). Recall that we take the inner
product to be linear in the second factor. The map a — H® is a one-to-one and
onto correspondence between h* and §. However, this correspondence is not
linear but rather conjugate-linear, since the inner product is conjugate-linear
in the first factor (where H® is).

It is convenient to permanently identify each root « € h* with the corre-
sponding element H* € §. Having done this, we then omit the H® notation
and denote that element of b simply as «.

Notation 6.24 From now on, we identify each root with the corresponding
element of b given by Proposition 6.23. Thus, we now regard a Toot & as a
nonzero element of ) (not b* ) with the property that there exists a nonzero X
in g with

H,X]= (o, H)X

for all H €.

This notational change means that we now write (a, H) every time that
a(H) occurs in the previous section. So, for example, the assertion that 3(H,)
is an integer now becomes the assertion that (3, H,) is an integer. The basic
properties of the roots (Propositions 6.15 and 6.19) can now be translated
into our new notation as follows.

Proposition 6.25. Let R C h be the set of roots in the sense of Notation
6.24.

1. Each root a € R is contained in it C b.
2. The roots span b.
3. If a is a root, then so is —a.

Proof. Points 2 and 3 follow from Proposition 6.19 under the identification of
h* with h. (Although the correspondence between h* and b is conjugate-linear
rather than linear, it still takes spanning sets in h* to spanning sets in h.)
For Point 1, we note that Proposition 6.15, translated into our new notation,
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says that («, H) is imaginary for all roots & and all H in t. We now write
o = a1 +ias with a; and as in t. Then, (@, @;) must be imaginary, but also
(o, 1) = {@1,a1) — i {ag,a1) . Since the inner product (-, -) is real on € and,
hence, on t, we must then have a3 = 0 or else (@, a1) would not be imaginary.

|

Proposition 6.26. Let a be a root in the sense of Notation 6.24 and let H,
be the corresponding co-root. Then, o and H, are related by the formulas

H, = 2ﬁ>, (6.5)

The real content of this proposition is that once we use the inner product
to identity h* with b (so that the roots and co-roots now live in the same
space), a and H, are multiples of one another. Once this is known, the nor-
malization is determined by the condition that (@, Hy) = 2, which reflects
that [Hy, X,] = 2X,. Observe that both (6.5) and (6.6) are consistent with
the relation (a, H,) = 2.

Proof. In the previous section, we established that H, belongs to the one-
dimensional subspace (ker a)® of h. Now that we are thinking of « as an
element of b instead of h*, ker v is equal to { H € h|{a, H) = 0}, which is
just the orthogonal complement of the span of a. Thus (kera)t is equal
to ((spana)®)t = spana. This means that o and H, are multiples of one
another. Then, as remarked above, the constants for expressing « in terms of
H,, and vice versa are determined by the normalization condition (¢, Hy) = 2.

O

Note that the expression (6.5) for H, in terms of « is exactly parallel to
the expression (6.6) for « in terms of H,. If we substitute (6.6) into (6.5) we
obtain H, = 4H,/(a, a)(H,, H,). Thus

<a7a> <Hou Ha> =4. (67)

A more symmetric way of expressing the relationship between a and H, is
to say that they are multiples of one another and their lengths are related by
(6.7).

If we restate Proposition 6.22 using our new point of view on the roots
and also using (6.5), we obtain that

(8,Hq) = p{0) (6.8)

ALY

must be an integer for all roots o and 3. This implies that (3, ) is a real
number, and so we can just as well say that
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(e, B)
*lana)

is an integer. If we use (6.6) (applied to 3) instead of (6.5), we obtain that

<Hﬂ7Ha>

(0, Ha) = 2<H5,Hﬁ>

is also an integer. We have obtained, then, the following result.

Theorem 6.27. Consider the roots in the sense of Notation 6.24 and the co-
roots defined by Theorem 6.20 and satisfying Proposition 6.26. Then for all
roots « and (3, the quantities

a, B
(08 6
and (Ho. H
p Rl (6.10)
(Hg, Hg)
are integers and, furthermore,
H,
S B) _(Hp Ha)

(a,) "~ (Hg, Hg)

Note that the expressions (6.9) and (6.10) are both equal to (8, H,,) , and
(B, H,) is the eigenvalue of ady, in the root space gg. This is the reason
that these quantities must be integers. Recall from elementary linear algebra
that if @ and ( are elements of some inner-product space, then the orthogonal
projection of 3 onto « is given by

(.8),

(@, q)

The first quantity in Theorem 6.27 is thus twice the coefficient of « in the
projection of 3 onto c. We may therefore interpret the integrality result in the
following geometric way: If a and 8 are roots, then the orthogonal projection
of a onto 3 must be an integer or half-integer multiple of 3, and vice versa.
This condition severely restricts the possible angles between o and 8 and (if «
and 8 are not orthogonal) the possible ratios of their lengths. See Proposition
8.6.

6.6 The Weyl Group

We use here the compact group approach to defining the Weyl group, as
opposed to the Lie algebra approach. The compact-group approach makes
certain aspects of the Weyl group more transparent. Nevertheless, the two
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approaches are equivalent. See the comments following Theorem 6.33 at the
end of this section.

We continue with the setting of the previous section. Thus, g is a complex
semisimple Lie algebra given to us as a subalgebra of some gl(n; C). We have
chosen a compact real form £ of g and we let K be the compact subgroup
of GL(n; C) whose Lie algebra is . We have chosen a maximal commutative
subalgebra t of &, and we work with the associated Cartan subalgebra h = t+it.
‘We have chosen an inner product on g that is invariant under the adjoint action
of K and that takes real values on ¢.

Consider the following two subgroups of K:

Z(t)={A € K|Ads(H)=H for all H in t},
N(t)={Ae€ K|Ads(H) C t for all H in t}.

Clearly, Z(t) is a subgroup of N(t), and it is easily seen that Z(t) is a normal
subgroup of N(t). See Exercise 10 for an explanation of the notation. If T is
the connected Lie subgroup of K with Lie algebra t, then T' C Z(t), since T
is generated by elements of the form exp H with H in t. It turns out that, in
fact, Z(t) = T. See Brocker and tom Dieck (1985).

Definition 6.28. The Weyl group for g is the quotient group W = N(t)/Z(%).

We can define an action of W on t as follows. For each element w of W,
choose an element A of the corresponding equivalence class in N(t). Then for
H in t we define the action w - H of w on H by

w-H= AdA(H)

As in the SU(3) case (Section 5.6), it is easy to verify that this action is well
defined (i.e., independent of the choice of A in a given equivalence class). Since
h = t+it, each linear transformation of t extends uniquely to a complex-linear
transformation of . Thus, we also think of W as acting on . If w is an element
of the Weyl group, then we write w - H for the action of w on an element H of
b. It is easily seen that W is isomorphic to the group of linear transformations
of b that can be expressed as Ad4 for some A € N(t).

Proposition 6.29.

1. The inner product {-,-) on b is invariant under the action of W.

2. The set R C b of roots is invariant under the action of W.

3. The set of co-roots is invariant under the action of W, and w- H, = Hy.q
forallw e W and o € R.

4. The Weyl group is a finite group.

Proof. The action of W on b is nothing but the adjoint action of N(t) C K on
g, restricted to b. Since the inner product on g is invariant under the adjoint
action of K, the restriction of this inner product to b is invariant under the
adjoint action of N(t). This establishes Point 1.
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For Point 2, given an element w of the Weyl group, let A € K be an
element of N(t) that represents w. Now, suppose that o € b is a root. Then
(Notation 6.24), there exists a nonzero element X of g such that

[H,X] = (o, HY X

for all H in h. Now, let us consider the element Ad4(X) of g and compute
how h acts on it. For H in §, we have

(H,AdA(X)] = Ad4([Ad a1 (H), X)), (6.11)

because Ad4 is a Lie algebra automorphism. Since A is in N(t), Ad4—1(H) is
again in b and so

[Ada- 1 (H), X] = (a Ad g+ (H)) X.
Thus, (6.11) becomes
[H, Ada (X)) = (o, Ad 1 (H)) Ad(X). (6.12)
Since the inner product on b is invariant under Ad 4, we have
(0, Ad s () = (Ad (), H) = (- o, H)
Thus, (6.12) becomes
[H, AdA(X)] = (w - a, H) AdA(X).

This shows that w-« is a root with root vector Ad4(X) (= w-X), establishing
Point 2.
For Point 3, we write

a
H, =2 )
(a,q)
as in Proposition 6.26. Then
U}'Ha:2w'a:2 v :Hw~om
(o, @) (w-a,w-a)

where in the second equality we have used the invariance of the inner product
under the action of W.

Finally, we note that since the roots span b, the action of an element w
on h is determined by what w does to the roots. However, each w preserves
the set of roots and thus we may think of each w as a permutation of the set
of roots, and there are only finitely many of these. a

Let us now compute the Weyl group of sl(2; C). This is a worthwhile ex-
ercise in its own right, and, as with other sl(2; C) calculations, it will aid us
in our analysis of general semisimple Lie algebras. We consider the compact
real form € = su(2) of sl(2;C) and the maximal commutative subalgebra t of

€ given by
ta 0
t_{<0_m>aeR}.
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Theorem 6.30. The subgroup Z(t) of SU(2) is given by

Z(t) = { (eo e%) a€ R}

and N(t) is the set of matrices A in SU(2) that are either in Z(t) or of the

form ‘
A= < 0 60> (6.13)

—€

fora inR. The Weyl group N(t)/Z(t) has two elements. For any H in b = t+it
and for any A of the form (6.13), we have

AHA ' = —H.

Proof. Let Hy be the element of t given by

i 0
H0:<é_i>.

Now, suppose that A € SU(2) commutes with each element of t and thus, in
particular, with Hy. Since A commutes with Hy, it must preserve each of the
eigenspaces for Hy, which are Ce; and Cesy, where e; and e; are the standard
basis elements for C2. Thus, Ae; must equal cie; and Ae, must equal cpes,
for some constants ¢; and cs. Thus,

- Cy 0
A= ( 0 CQ) )
We also require that A be in SU(2), which means that |c1]| = |c2| = 1 and that

Coy = 1/61. ThUS,
e 0
a= (5 0) 6

for some a in R. Clearly, also, every matrix of the form (6.14) does, in fact,
commute with every element of t, so Z(t) is precisely the group of matrices of
this form.

We now compute N(t). If A € N(t), then, in particular, AHyA~! must be
in t. Now, the eigenvectors of Hy are e; and ep, with eigenvalues i and —i,
respectively. The eigenvectors of AHyA~! are then (check!) Ae; and Aey, with
the same eigenvalues ¢ and —i. However, every element of t has eigenvectors
e1 and ey, so we must have either Ae; = cje; and Aes = cgeq (in which case,
A€ Z(t)) or Ae; = cies and Aes = coeq, in which case,

_ 062
- (29).

Then, for A to be in SU(2), we must have |c1| = [c2] =1 and ¢g = —1/¢y, s0
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0 e
()

If A is of this form, then we compute that

ia 0 -1 _ —a 0
A0 (0 e o

and, indeed, A is in N(t). Therefore, the elements of N(t) are precisely ma-
trices of the form (6.14) or (6.13).

Now, a matrix of the form (6.13) is not in Z(t). However, if A and B are two
matrices of the form (6.13), then direct calculation shows that AB~! € Z(t).
This shows that the quotient group N(t)/Z(t) has precisely two elements. Let
us see how the Weyl group N(t)/Z(t) acts on t. For A of the form (6.13), the
restriction of Ada to t will be —I (by (6.15)), and for A of the form (6.14),
the restriction of Ad4 to tis I. So, the Weyl group may be identified with the
two-element group {7, —/} inside GL(t) = GL(1;R). 0

For application to general semisimple Lie algebras, it is useful to describe
the Weyl group in Lie algebraic terms. So, let X, Y, and H be the usual basis
elements for sl(2; C). Then, the matrix

3 (-1 = (—7?/2 %2)

is in su(2) and by the calculation in Section 2.2, we have

exp[g(X - Y)] - (_01 (1)) , (6.16)

which represents the one nontrivial element of the Weyl group of si(2;C).
(Here, 7 is the number 7 = 3.14..., not a representation.) Then, for any H in
b, we have

™
Adexp((r/2)(x v H = exp| 3 (adx — ady)|(H) = —H. (6.17)

The element on the right-hand side of (6.16) can also be computed as

s (N ED-(R) e

We are now ready to apply our knowledge of the Weyl group of sl(2;C)
to obtain information about the Weyl group of a general complex semisimple
Lie algebra g. We now resume the context that g is a complex semisimple
Lie algebra, £ is a fixed compact real form, t is a fixed maximal commutative
subalgebra of &, and § = t + it.
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Theorem 6.31. For each root a, there exists an element wq of W such that

Wa O = —
and such that
we-H=H
for all H in by with (o, H) = 0.
Note that since H,, is a multiple of o, saying w, - @ = —a is equivalent to

saying that w, - H, = —H,,.

The linear operator corresponding to the action of w, on h is “the reflection
about the hyperplane perpendicular to o.” This means that w, acts as the
identity on the hyperplane (codimension-one subspace) perpendicular to o
and as minus the identity on the span of a. We can work out a formula for
W as follows. Any vector 5 can be decomposed uniquely as a multiple of a
plus a vector orthogonal to «. This decomposition is given explicitly by

ﬁ=<a”3>a+<ﬂ—<a’ﬁ>a>, (6.19)

(o, @) (o, @)

where direct calculation shows that the second term is indeed orthogonal to
. (The projection of 3 onto « is a linear function of 8 and so 8 must go in
the “linear” side of the inner product, which for us is the right-hand side.)
Now, to obtain w,, - 3, we should change the sign of the part of 3 parallel to
« and leave alone the part of § that is orthogonal to «. This means that we
change the sign of the first term on the right-hand side of (6.19), giving

(@, )
(a, @)
We now have another way of thinking about the quantity 2(a, 8)/{a, a)

in Theorem 6.27: It is the coefficient of a in the expression for wy - 3. So, we
can re-express Theorem 6.27 as follows.

wa‘ﬂ:ﬂ—Q

a. (6.20)

Corollary 6.32. If o and (3 are roots, then 8 — wq - B s an integer multiple
of a.

Note that for any 3 in b, whether a root or not, 8 — we - 3 will be a
multiple of «, as a consequence of the formula (6.20) for w,. The content of
the corollary is that if 8 happens to be a root, then 8 — w, -  is an integer
multiple of a.

We now turn to the proof of Theorem 6.31.

Proof. We choose elements X, Y,,, and H, as in Point 3 of Theorem 6.20. As
shown in Step 3 of the proof of that theorem, it is possible to choose X, and
Y, so that Y, = X7, in which case, X, — Y, will be contained in £. (Recall
the definition (6.2) of X*.) We then let A, be the element of K given by
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T

2

We want to show that A, is in N(t) and that Ad4_ acts in the indicated way
on .

Suppose, first, that H is in h and that (o, H) = 0. Then, [H,X,] =

(o, HY X, = 0 and similarly for Y,; that is, X, and Y, commute with H.

Therefore, using the relationship between Ad and ad (Proposition 2.25), we
have

Ay = exp{ (Xo — Ya)} . (6.21)

Ady (H) = exp[g(adxa - adya)} (H)
= H.

Now, let us consider the action of Ad4, on the one-dimensional subspace
of g spanned by H, (or by «). We have, as above,

Ada (Hy) = exp [g(adxa - adya)} (H.). (6.22)

The right-hand side of (6.22) involves only Lie algebra quantities. Thus, since
the Lie algebra spanned by X, Y,, and H, is isomorphic to the one spanned
by the usual sl(2;C) basis elements, the result of computing the right-hand
side of (6.22) will be the same as in sl(2; C), which we have computed above
in (6.17). We obtain, then, that

Ady, (Hy) = —Ha. (6.23)

See Exercise 8 for an alternative calculation of this result.

So, Ad,, acts as the identity on elements H with (o, H) = 0, and Adg4,
acts as minus the identity on the span of H,, which is the same as the span
of a. This shows that A, represents an element of the Weyl group that acts
in the indicated way on §. a

The element A, in (6.21) can also be computed as
A, = eXaemYaeXa, (6.24)

(Compare (6.18).) Direct computation shows that the elements in (6.21) and
(6.24) are equal in the sl(2;C) case and, then, the argument in the proof of
Theorem 6.31 shows that they are equal in general. The description of the
Ay’s given in (6.24) will be useful in the Verma module construction of the
representations of g. See Section 7.3.

Theorem 6.33. The Weyl group W is generated by the elements w, as «
ranges over all roots.

That is to say, the smallest subgroup of W that contains all of the wg’s
is W itself. This is somewhat involved to prove and I will not do so here; see
Brécker and tom Dieck (1985). In the Lie algebra approach to the Weyl group,
the Weyl group is defined as the set of linear transformations of f) generated
by the reflections w,. Theorem 6.33 shows that the Lie algebra definition of
the Weyl group gives the same group as the compact-group approach.
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6.7 Root Systems

In the previous sections, we have established several properties of the roots.
From Proposition 6.15, we know that the roots are imaginary on t, which,
after transferring the roots from h* to h (as in Notation 6.24), means that
the roots live in it C §. The inner product (-,-) was constructed to take real
values on € and, hence, on t. The inner product then also takes real values
on it, since (iX,iY) = (—i)i(X,Y) = (X,Y). So, the roots live in the real
inner-product space F = it.

From Proposition 6.19 and Theorem 6.20 we know that the roots span it
and that if « is a root, then —a is a root but no other multiples of o are
roots. Theorem 6.27 tells us that for any roots a and 3, 2{a, 3)/{«c, @) is an
integer. Proposition 6.29 tells us that the roots are invariant under the action
of the Weyl group, and Theorem 6.31 tells us that the Weyl group contains
the reflection about the hyperplane orthogonal to each root a. We summarize
these results in the following theorem.

Theorem 6.34. The roots form a finite set of nonzero elements of a real
inner-product space E and have the following properties:

1. The roots span E.

2. If a is a root, then —« is a root and the only multiples of « that are roots
are o and —a.

8. If a is a root, let w, denote the linear transformation of E given by

(o, B)
(o, )

Then, for all roots a and 3, wy - B3 is also a root.
4. If a and B are roots, then the quantity

pe.8)

(o, )

.

wa'ﬂ:ﬂ_Q

18 an integer.

Any collection of vectors in a finite-dimensional real inner-product space
having these properties is called a root system. The Weyl group for a root
system R is the group of linear transformations of F generated by the w,’s.
We will look more closely at the properties of root systems in Chapter 8. Note
that Point 4 is equivalent to saying that 8 —w, - 8 must be an integer multiple
of « for all roots o and .

We have also established certain important properties of the root spaces
that are not properties of the roots themselves, namely that each root space
do is one dimensional and that out of go, g—q, and [ga, §—a], We can form a
subalgebra isomorphic to sl(2; C).

Finally, T claim that the co-roots H, (as in Point 3 of Theorem 6.20)
themselves form a root system. Theorem 6.27 tells us that the co-roots satisfy
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Property 4 and Proposition 6.29 tells us that the set of co-roots is invariant
under the Weyl group and hence, in particular, under the reflections w,.
However, note that since H,, is a multiple of «, the reflection generated by H,
is the same as the reflection generated by a. Thus, the set of co-roots satisfies
Property 3. Properties 1 and 2 for the co-roots follow from the corresponding
properties for the roots, since each H, is a multiple of a. The set of co-roots
is called the “dual root system” to the set of roots. See Chapter 8 for more
information on root systems, including many pictures.

6.8 Positive Roots

In the next chapter, we will classify the irreducible representations of g in
terms of a “highest weight.” In the sl(3; C) case, we defined “highest” in terms
of the two roots a1 and as. There is nothing sacred about those particular
two roots. What we need is simply some consistent notion of higher and lower
that will allow us to divide the root vectors X, into “raising operators” and
“lowering operators.” This should be done in such a way that the commuta-
tor of two raising operators is, again, a raising operator and not a lowering
operator. This means that we want to divide the roots into two groups, one
of which will be called “positive” and the other “negative.” This should be
done is such a way that if the sum of positive roots is again a root, that root
should be positive. There is no unique way to make the division into positive
and negative; any consistent division will do. The uniqueness theorems of the
next section show that it does not really matter which choice we make.

The following definition and theorem shows that it is possible to make a
good choice.

Definition 6.35. Suppose that E is a finite-dimensional real inner-product
space and that R C E is a root system. Then, a base for R is a subset
A ={a1,...,ar} of R such that A forms a basis for E as a vector space and
such that for each a € R, we have

a="n1a] +noag + -+ + Ny,

where the n;’s are integers and either all greater than or equal to zero or all
less than or equal to zero.

Once a base A has been chosen, the «’s for which n; > 0 are called the
positive roots (with respect to the given choice of A) and the o’s withn; <0
are called the negative roots. The elements of A are called the positive
simple roots.

Therefore, to be a base (in the sense of root systems), A C R must, in
particular, be a basis for E in the vector space sense. In addition, the expansion
of any o € R in terms of the elements of A must have integer coeflicients and
all of the nonzero coefficients (for a given ) must be of the same sign.
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Theorem 6.36. For any root system, a base exists.

The proof of Theorem 6.36 is given in Section 8.3. In the case of sl(3;C),
one should verify that any pair of roots with a 120° angle constitutes a base,
but that a pair of roots with a 60° angle does not constitute a base. See
Chapter 8 for additional examples and pictures.

Proposition 6.37. If R is the set of roots of g relative to h = t + it and
if A = {a1,...,0,} is a base for R, then {H,,,...,H, } is a base for the
system of co-roots.

We will prove this in Chapter 8.

6.9 The sl(n;C) Case

Let us see how all of the structures described in this chapter work out in the
case g = sl(n; C). For calculations in the case of other classical Lie algebras,
see Exercises 12, 13, and 14 in this chapter and Section 8.8.

6.9.1 The Cartan subalgebra

We work with the compact real form ¢ = su(n) and the maximal commutative
subalgebra t which is the intersection of the set of diagonal matrices with
su(n); that is,
ia1
t= a; €R. a;+---+a,=0,. (6.25)
10y,
It is clear that t is a commutative subalgebra of € that t is mazimal com-
mutative will be evident once we compute the roots. The associated Cartan
subalgebra is then h = t+ it, so that § is the set of all diagonal matrices with
trace zero:
M
h= MNeEC, M+--4+X2,=03. (6.26)
An

6.9.2 The roots

Now, let Ex; denote the matrix that has a one in the k*® row and I*! column
and that has zeros elsewhere. A simple calculation shows that if H € t is as
in (6.26), then HEy = AgEy and Ey H = M\ Ey. Thus,

[H, Exi] = (A — \) B (6.27)
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If k =, then E); does not have trace zero and so is not in sl(n; C). If k& # [,
then Ej; is in sl(n; C) and (6.27) shows that Ej; is a simultaneous eigenvector
for each ady with H in b, with eigenvalue A\, — A;. Note that every element
X of sl(n; C) can be written uniquely as an element of the Cartan subalgebra
(the diagonal entries of X) plus a linear combination of the Ey;’s with k # [
(the off-diagonal entries of X'). From this it is not hard to see that t is actually
maximal commutative and, therefore, that b is actually a Cartan subalgebra
(Exercise 15).

If we think at first of the roots as elements of h*, then (according to
(6.27)) the roots are the linear functionals ay; that associate to each H € b,
as in (6.26), the quantity Ay — X;. Note that a; = —ag but that no other
multiple of ay; is a root. Also, each root space is one dimensional—the span
of Ej;. For each root o = ay;, we may take X, = Fy, Yo = FEi, and
H, = [Xa,Ya] = Exi — Ey. The subalgebra spanned by X,, Y,, and H, is
just the copy of sl(2; C) inside sl(n; C) in which all the action is in the k** and
I*h coordinates.

The roots of sl(n; C) form a root system that is conventionally called A4, _1,
with the subscript n—1 indicating that the rank of sl(n; C) (i.e., the dimension
of h)isn — 1.

6.9.3 Inner products of roots
We use the Hilbert~Schmidt inner product on sl(n; C), namely
(X,Y) = trace(XY),

where X* is the usual matrix adjoint of X. This inner product is invariant
under the adjoint action of SU(n), as is easily verified (Exercise 9). When we
restrict this inner product to h we get the “obvious” inner product on b, in
which the inner product of diag(A1, ..., \,) with diag(oy,...,0,) is equal to
Mot + o+ AOn. (Here diag(-) is the diagonal matrix with the indicated
diagonal entries.) If we use this inner product as in Notation 6.24 to transfer
the roots from §* to b, we obtain

Al = Ekk — Ell (k 7/—' l)
We see, then, that each root satisfies

(O, agr) = 2.

Furthermore,

(o, agrrr)
has the value 0, &1, or +2, depending on whether {k,{} and {k’,!'} have zero,
one, or two elements in common. Thus

Xl ak’l’>

{
2 € {0,+1, +2}.
(Okty ki) { }
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Note that all the roots have length V2. If a and 8 are roots and a # 3
and a # -0, then the angle between o and S is either 60° (if (o, 8) = 1),
90° (if (o, B) = 0), or 120° (if {a, 8) = —1). (In other root systems, the roots
may not all have the same length, and other angles can arise.) Since each root
for sl(n;C) has length v/2 (with this choice of inner product), we see that
the co-roots H, = 2a/{a, o) simply coincide with the roots o. (In other root
systems, the system of co-roots may be inequivalent to the system of roots.)

6.9.4 The Weyl group

Following the argument in the computation of the Weyl group of sl(2; C), we
see that Z(t) is the subgroup of K = SU(n) consisting of diagonal matrices,
and N(t) is the set of matrices A in SU(n) such that for each k there exists an
I such that Aej is a multiple of ¢;. This means that associated to each A in
N (%) there is a permutation (k — [). So, the Weyl group is isomorphic to the
permutation group S,, and it acts on h by permuting the diagonal entries. For
each o = ay;, the Weyl group element w, acts by interchanging the k" and
I*h diagonal entries, and the Weyl group is generated by such interchanges.

6.9.5 Positive roots

Finally, we can find a base as follows. We take as our base the roots ay; with
l =k+1 (ie., the roots ak k+1). Recall that oy = Epx — Ey. If k < 1, we
note that

Ewk—Eu = (Exk — Ex-15-1) + (Ek—1k-1 — Br—2,k—2) +- - -+ (Ei41,141 — En)

and, so,
Qpl = Qg—1k + Qk_1,k—2+ T Qiy1.

Thus, every root ag; with k < [ can be written as a linear combination of the
simple roots with non-negative integer coefficients. (In fact, the coefficients
are either 0 or 1.) So, the ax;’s with k < [ are the positive roots and the ay’s
with k& > [ are the negative roots. Every negative root is just the negative of
a positive root and so can be written as a linear combination of the positive
simple roots with nonpositive integer coefficients.

6.10 Uniqueness Results

Given a complex semisimple Lie algebra g, we have made three choices: a com-
pact real form € of g, a maximal commutative subalgebra t of £, and a system
of positive roots. None of these objects is unique, and so it is important to
think about how different possibilities are related. Furthermore, we have only
considered Cartan subalgebras that arise as the complexification of maximal
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commutative subalgebras of a compact real form. It is not obvious that every
Cartan subalgebra arises in this way.

The following theorems take care of all such worries. The following theo-
rems tell us that each structure is unique up to the adjoint action of relevant
group (G, K, or W).

We assume that g is given to us as a subalgebra of some gl(n; C), and we
let G denote the connected Lie subgroup of GL(n;C) with Lie algebra g.

Theorem 6.38. Suppose that ¢, and &, are two compact real forms of g. Then,
there is an element A of G such that Ada(8;) = .

Theorem 6.39. Suppose that € is a compact real form of g and that K is the
compact subgroup of G whose Lie algebra is &. Suppose that t; and ta are two

mazimal commutative subalgebras of . Then, there is an element A of K such
that Ada(t)) = to.

Theorem 6.40. If h is a Cartan subalgebra of g, then there exists a compact
real form € of g and a mazimal commutative subalgebra t of € such that h =
t+it. If b1 and b are two Cartan subalgebras of g, then there exists A € G
such that Ada(h1) = bo.

Theorem 6.41. Any two systems of positive simple roots can be mapped into
one another by the action of the Weyl group.

In the last theorem, it should be understood that different orderings of
ai,...,0p count as the same system of positive simple roots.

I will not prove these results. Exercises 16, 18, and 19 provide proofs of
some of these results in the case g = sl(n; C).

A related issue is the extent to which one can recover a semisimple Lie
algebra from its root system. This will be discussed in Chapter 8. The result
is that if g; and go are complex semisimple Lie algebras and the root system
for g; is isomorphic (in the appropriate sense) to the root system for go, then
g1 and gz are isomorphic Lie algebras. See Theorem 8.28.

6.11 Exercises

1. Show that the center of any semisimple Lie algebra g is trivial. Show that
the adjoint representation of g is faithful.

2. Suppose that g is a complex Lie algebra with the complete reducibility
property. Show that g is semisimple.
Hint: First show that a one-dimensional commutative Lie algebra does
not have the complete reducibility property.

3. Let h¢ denote the complexification of the Lie algebra of the Heisenberg
group, namely the space of all complex 3 x 3 upper triangular matrices
with zeros on the diagonal.
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(a) Show that every maximal commutative subalgebra of h¢ is two dimen-
sional and contains the center of he.

(b) Show that hc does not have any Cartan subalgebras.

Give an example of a maximal commutative subalgebra of sl(2; C) that is
not a Cartan subalgebra. '
Verify Proposition 6.18 by direct calculation in the case g = sI(3; C), using
the Cartan subalgebra b = span{Hi, Ha}.

Let g denote the vector space of 3 x 3 complex matrices of the form

(5¢)

where A is a 2 x 2 matrix with trace zero and B is an arbitrary 2 x 1
matrix.

(a) Show that g is a subalgebra of M3(C).

(b) Let X, Y, H, e1, and ez be the following basis for g. We let X, Y, and
H be the usual sl(2; C) basis in the “A” slot, with B = 0. We let e; be the
matrix with a 1 in the first slot in B and zeros everywhere else, and we
let ey be the matrix with a 1 in the second slot of B and zeros everywhere
else. Compute the commutation relations among these basis elements.
(c) Show that g has precisely one nontrivial ideal, namely the span of e;
and €.

Hint: First, determine the subspaces of g that are invariant under the
adjoint action of the sl(2;C) algebra spanned by X, Y, and H, and then
determine which of these subspaces are also invariant under the adjoint
action of e; and e;. In determining the sl(2; C)-invariant subspaces, use
Exercise 15 of Chapter 4.

(d) Show that the one-dimensional subspace of g spanned by the element
H is a Cartan subalgebra of g and determine the associated roots.

(e) Is g semisimple?

Let g, &, K, t, and § be as usual in this chapter. Consider a root a and
the associated subalgebra s* = span{X,,Y,, H,}, where X, and Y,, are
chosen so that Y, = X (where X* is defined by (6.2)). We use, as usual,
an inner product on g that is invariant under the adjoint action of K.
Suppose that V' is any subspace of g that is invariant under the adjoint ac-
tion of s*. Show that the orthogonal complement V+ of V is also invariant
under s.

. Let s* be the complex Lie algebra spanned by X,, Y, and H,, which

satisfy the usual sl(2; C) commutation. Show that the elements

Xa '“You
on + Ya + iHav
Xo+Y,—iH,

are eigenvectors for the operator ad x_ —ady, . Compute directly the quan-
tity
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exp [%(adxu - adya)} (Hy).

Compare (6.23) in the proof of Theorem 6.31. (Here 7 is the number
3.14..., not a representation.)

Show that the Hilbert-Schmidt inner product on sl(n;C), (X,Y) =
trace(X*Y'), is invariant under the adjoint action of SU(n).

Let g be a complex semisimple Lie algebra contained in gl(n;C), let € be
a compact real form of g, and let K be the compact subgroup of GL(n;C)
whose Lie algebra is £. Now, let t be a maximal commutative subalgebra
of € and let T be the connected Lie subgroup of K whose Lie algebra is t.
(a) Prove that T is closed in K.

Hint: Show that the closure of T is connected and commutative.

(b) Now, let Z(T) be the centralizer of T in K, (i.e., the set of all A in
K such that AtA=! =t for all t € T). (The centralizer of T is the largest
subgroup H of K that contains T and such that T is in the center of H.)
Show that Z(T) coincides with Z(t) as defined in Section 6.6.

(c) Let N(T) denote the normalizer of T in K (i.e., the group of all A in
K such that AtA~! € T for all t € T'). (The normalizer of T is the largest
subgroup H of K that contains 7' and such that 7" is normal in H.) Show
that N(T') coincides with N(t) as defined in Section 6.6.

Note: The group T C K is a “maximal torus” and the customary def-
inition of the Weyl group (from the compact group point of view) is
W = N(T)/Z(T). See Brocker and tom Dieck (1985).

Continue with the notation of Exercise 10. Suppose that g = sl(n;C),
£ = su(n), and t is the diagonal subalgebra of su(n). Show that T' is indeed
a torus (i.e., isomorphic to S x ! x --- x S'). Show that Z(t) =T.
Consider the complex semisimple Lie algebra so(4;C) with compact real
form so(4). Consider the space t of matrices of the form

0 a

—a 0
0b
-b0

(6.28)

with a,b € R. This is a maximal commutative subalgebra of so(4) (assume
that this is so). Thus, the space h of such matrices with a,b € Cis a Cartan
subalgebra of so(4; C).

Now, consider the matrices of the form

0 C
—cro )

where C' is one of the following 2 x 2 matrices:
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11 1 —
1—i 13
e=(i7) = (5i)

Show that each of the resulting elements of so(4;C) is a root vector and
show that the corresponding roots are given by a1 = i(a + b), as =
—i(a+b), ag = i(a — b), and oy = —i(a — b). Here, we are thinking of
the roots as elements of h* and, for example, i(a + b) means the linear
functional that associates to the matrix (6.28) the number i(a + b). Show
that the roots i(a 4+ b) and i(a — b) form a base for this root system.
Now, consider on so(4; C) the inner product (X,Y) = trace(X*Y'), which
is invariant under the adjoint action of SO(4). Use this inner product
to identify h* with b (as in Section 6.9) and compute the elements of b
that represent a, as, a3, and a4 under this identification. Show that the
elements of the base in the previous paragraph are orthogonal with respect
to the given inner product.

Consider the complex semisimple Lie algebra so(5; C) with compact real
for so(5). Consider the space t of matrices of the form

0 a
—a 0
0b (6.29)
—-b0
0

with a, b € R. This is a maximal commutative subalgebra of so(5) (assume
that this is so). Thus, the space § of such matrices with a,b € C is a Cartan
subalgebra of so(5; C).

Show that the matrices of the form

0 C
~ctro |, (6.30)
0

where C is one of the matrices in the previous problem, are root vectors,
with roots given by the same formulas as in the previous problem. Show
that matrices of the form

1 0
+i 0
0. 1 (6.31)
0 +i

~1Fi00 0 00-1Fi 0

are also root vectors with roots +¢a and +ib, respectively. Show that the
roots i(a — b) and ¢b form a base for this root system.
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Now, as in the previous problem, use the inner product given by (X,Y) =
trace(X*Y) to identify h* with h. Show that the roots associated to the
root vectors (6.30) have length v/2 longer than the root vectors in (6.31).
Show that the angle between the two elements of the base in the previous
paragraph is 135°.
Consider the complex semisimple Lie algebra sp(2;C) € M4(C) and the
compact real form sp(2) = sp(2; C)Nu(4). Consider the space t of matrices
of the form
ta 0
01ib
~-ia 0
0 —ib
(a,b € R). This is a maximal commutative subalgebra of sp(2) (assume
that this is so). Thus, the space b of such matrices with a,b € C is a
Cartan subalgebra of sp(2; C).
Show that the following matrices are root vectors for h with roots i(a+b),
—i(a+0b), i(a—b), and —i(a — b), respectively:

01 00
10 00
00 ’ 01 ’
00 10
01 00
00 10
0o | 0—1 (6.32)
-10 0 0

Show that the following matrices are root vectors for h with roots 2ia,
—2ia, 2ib, and —2ib, respectively:

10 00
00 00
00 ' 10 ’
00 00
00 00
01 00
00 , 00 (6.33)
00 01

Note that the roots for sp(2;C) are given by the same formulas as for
so(5; C), except that for sp(2;C), we have +2ia and +2ib, whereas for
so(5; C), we have +ia and +ib. Show that the roots i(a — b) and 2ib form
a base for this root system.

Now, as in the previous two problems, use the inner product (X,Y) =
trace(X*Y) to identify h* with h. Show that the roots in (6.32) are v/2
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shorter than the roots in (6.33). Show that the angle between the two
elements of the base in the previous paragraph is 135°.

Show that the subalgebra t of su(n) given in Section 6.9 is maximal com-
mutative.

Hint: If X is any matrix in su(n) that commutes with every H in t, write
X as an element of t plus a linear combination of the Fy;’s with k # [.
Suppose that € is a compact real form of the complex semisimple Lie
algebra sl(n;C). Let K be the compact subgroup (Proposition 6.8) of
SL(n; C) whose Lie algebra is €.

(a) Show that there exists an inner product on C" that is invariant under
the action of K.

(b) Show that € consists precisely of those matrices that are skew self-
adjoint with respect to this inner product and have trace zero.

(c) Show that there exists an element A of SL(n;C) such that Ad(¢) =
su(n).

This establishes the uniqueness result in Theorem 6.38 for the case g =
sl(n; C).

(a) Suppose that X € sl(n;C) is diagonalizable. Show that adx
sl(n; C) — sl(n; C) is diagonalizable.

(b) Suppose that N € sl(n;C) is nilpotent. Show that ady : sl(n;C) —
sl(n; C) is nilpotent.

(c) Suppose that X € sl(n;C) is such that adx : sl(n;C) — sl(n;C) is
diagonalizable. Show that X is diagonalizable.

Hint: What is the SN decomposition of X?

Suppose that b is an arbitrary Cartan subalgebra of sl(n; C).

(a) Show that the elements of h are simultaneously diagonalizable.

(b) Show that there exists g € SL(n;C) such that ghg~! = o, where by
denotes the diagonal subalgebra of sl(n; C).

(c) Show that there exists a compact real form ¢ of sl(n; C) and a maximal
commutative subalgebra t of € such that h =t + it.

Use Exercise 17. This establishes the uniqueness result in Theorem 6.40
for the case g =sl(n; C).

Let t be an arbitrary maximal commutative subalgebra of su(n).

(a) Show that the elements of t are simultaneously diagonalizable.

(b) Show that there exists an element A of SU(n) such that Ad4(t) is the
space of diagonal matrices in su(n).

This (together with Exercise 16) establishes the uniqueness result in The-
orem 6.39 for the case g = sl(n; C).



7

Representations of Complex Semisimple Lie
Algebras

In this chapter, we will study the finite-dimensional irreducible representations
of a complex semisimple Lie algebra g. These will be classified by means of
a “theorem of the highest weight.” The theorem states that every irreducible
representation has a (unique) highest weight, that two irreducible representa-
tions with the same highest weight are equivalent, and that the elements that
actually arise as highest weights of irreducible representations are precisely
the “dominant integral” elements.

Now that we have developed (in the previous chapter) the relevant struc-
tures for semisimple Lie algebras, most of the proof of the theorem of the
highest weight goes precisely as in the case of sl(3;C). Nevertheless, there is
one part of the proof that cannot be done the way we did the sl(3;C) case,
namely showing that every dominant integral element actually arises as the
highest weight of some irreducible representation. For this step, we need some
method of constructing representations, in contrast to the rest of the proof,
in which we assume that we are given a representation and we start analyzing
it.

In the sl(3; C) case, we constructed the representations by starting with the
standard representation and the dual of the standard representation and then
taking subspaces of tensor products of these two representations. Although
similar methods can be used (as in Fulton and Harris (1991)) for other classical
groups, this method does not work in general.

For a general semisimple Lie algebra, there are three standard methods of
constructing the representations. The first is a purely Lie-algebraic approach
using Verma modules. The second method constructs the representations as
representations of the associated simply-connected compact group and uses
the Peter-Weyl theorem and the Weyl character formula. The third method
constructs the representations as representations of the complex Lie group G
whose Lie algebra is g. In this approach, G acts on the space of holomor-
phic functions that transform in a certain way under the action of a certain
subgroup B of G. This approach is called Borel-Weil theory.
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We will give an essentially complete treatment of the Verma module ap-
proach. For the other two approaches, I provide a detailed outline with refer-
ences for further reading. ‘

In Chapter 8 we will work out examples for semisimple Lie algebras of
rank 2 and rank 3.

We continue with the setting of the previous chapter. We consider a com-
plex semisimple Lie algebra g C gl(n;C). We choose, once and for all, a
compact real form € of g and a maximal commutative subalgebra t of €, and
we consider the Cartan subalgebra h = t + it of g. We also choose an inner
product on g that is invariant under the adjoint action of K C GL(n;C) and
that takes real values on €.

We let R C it C b be the set of roots in the sense of Notation 6.24. We
choose, once and for all, a base A for R (in the sense of Definition 6.35),
the elements of which are called the positive simple roots. Every root is then
either positive or negative (with respect to A) in the sense of Definition 6.35.
We let W denote the Weyl group, which may be thought of (Theorem 6.33)
as the group of linear transformations of h generated by the reflections wq,
a € R. The set of roots has all the properties of a “root system,” listed in
Theorem 6.34.

We consider also the co-roots. For each a, there exist (Theorem 6.20)
Xo € 8oy Yo € 90, and H, € hsuch that [Hy, Xo] = 2X,, [Ha, Ya] = —2Ya,
and [X,,Y,] = H,. The element H, is unique (independent of the choice of
X, and Y,,) and is called the co-root associated to the root a. According to
Section 6.5, the roots and co-roots are related by the formulas

H, = 2<a,a> (7.1)
and q
o = 2m. (72)

In particular, (o, H,) = 2. The set of co-roots also constitutes a root system,
and the set of H,, o € A, forms a base for the system of co-roots.

7.1 Integral and Dominant Integral Elements

Definition 7.1. An element u of b is called an integral element if (u, H,)
is an integer for each root c.

As explained in the next section, the integral elements are precisely the
elements of § that arise as weights of finite-dimensional representations of g.

Proposition 7.2. The set of integral elements is invariant under the action
of the Weyl group.
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Proof. Suppose that 1 € b is an integral element and that w is an element
of the Weyl group. Then, since the inner product on § is invariant under the
action of the Weyl group, we have for any root a, (w - u, Ha) = (p,w™" - H,).
Since the set of co-roots is invariant under the Weyl group, w=!- H,, is another
co-root (namely H,,-1.,) and, so, (u,w™! - Hy) is an integer. This shows that
(w - u, Hy) is an integer and thus that w - u is an integral element. a

Checking that (i, H,) is an integer for every root a is a rather tiresome
process. Fortunately, it suffices to check just for the positive simple roots.

Theorem 7.3. If i1 is an element of b for which {u, Hy,) is an integer for all
positive simple roots a, then (i, Hy) is an integer for all roots o and, thus, u
is an integral element.

Proof. Suppose ay, ..., a, are the positive simple roots. According to Propo-
sition 6.37 (which is proved in Chapter 8), H,,,..., Ha, form a base for the
system of co-roots. This means that for any root «, the co-root H, can be

expressed as a linear combination of H,,,..., Hs, with integer coefficients.
Thus, if (u, Ha, ) is an integer for each j = 1,...,, then (i, H,) is an integer
for all roots a. O

Recalling the expression (7.1) for H, in terms of o, we may restate The-
orem 7.3 as follows.

Theorem 7.4. An element p of b is integral if and only if

(1, a)
lara)

is an integer for each positive simple root .
Corollary 7.5. Fvery root is an integral element.

Recall now from elementary linear algebra that if p and a are any two
elements of an inner-product space, then the orthogonal projection of u onto
« is given by

(o, )

—a.

(a, )
Thus, we may reformulate the notion of an integral element yet again as
follows.

Theorem 7.6. An element p of b is integral if and only if the orthogonal
projection of p onto each positive simple root « is an integer or half-integer
multiple of .

This characterization of the integral elements will help us visualize graph-
ically what the set of integral elements looks like in examples. (See Sections
8.5 and 8.6.) All of these reformulations of the notion of an integral element
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should not cause us to lose sight of the “real” definition of integrality, which
is that (u, H,) be an integer for each positive simple root @ and, therefore, by
Proposition 6.37 for every root «. It is this form of integrality that explains
why the weights of a finite-dimensional representation of g must be integral,
as we will see in the next section.

We now turn to the elements that will arise as the highest weights of
finite-dimensional irreducible representations of g.

Definition 7.7. An element u of b is called a dominant integral element if
(4, Hy) is a non-negative integer for each positive simple root .. Equivalently
U s a dominant integral element if

s a non-negative integer for each positive simple root c.

If 14 is dominant integral, then (u, H,) will automatically be a non-negative
integer for each positive root «, not just the positive simple ones.

Definition 7.8. The set of u € it C b such that (i, ) > 0 for all positive
simple roots a is called the closed fundamental Weyl chamber relative to
the given set of positive simple roots.

The dominant integral elements are precisely those integral elements con-
tained in the closed fundamental Weyl chamber. In the case of sl(3;C), the
fundamental Weyl chamber is a 60° sector—see Figure 5.2.

We have observed that every root is an integral element. It follows that any
linear combination of roots with integer coefficients is also an integral element.
We can ask whether the reverse holds: Is every integral element expressible as
a linear combination of roots with integer coefficients? The answer in general
is no. This matter is discussed further in Section 8.10.

7.2 The Theorem of the Highest Weight

We continue with the notation established at the beginning of this chapter.
We begin with elementary properties of the representations of g.

Definition 7.9. Suppose 7 is a finite-dimensional representation of g on a
vector space V. Then, p € h is called a weight for m if there exists a nonzero
vector v in V such that

w(H)v = {(u, H)v (7.3)

for all H € . A nonzero vector v satisfying (7.3) is called a weight vector
for the weight p, and the set of all vectors satisfying (7.3) (zero or nonzero)
is called the weight space with weight pu. The dimension of the weight space
is called the multiplicity of the weight.
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To understand this definition, suppose that v € V' is a simultaneous eigen-
vector for each w(H), H € h. This means that for each H € b, there is a
number Ay such that m(H)v = Agv. Since the representation 7(H) is linear
in H, the Ag’s must depend linearly on H as well; that is, the map H — Ay
is a linear functional on k. Then (Section B.7), there is a unique element p of
b such that Ay = (i, H) . Thus, a weight vector is nothing but a simultaneous
eigenvector for all the 7(H)’s and the vector u is simply a convenient way of
encoding the eigenvalues. Note that the roots (in the sense of Notation 6.24)
are precisely the nonzero weights of the adjoint representation of g.

It is easily shown that two equivalent representations have the same
weights and multiplicities.

Proposition 7.10. If u € b is a weight of some finite-dimensional represen-

tation (w,V) of g, then u is an integral element in the sense of Definition
7.1.

Proof. Each co-root H, is part of an sl(2; C)-subalgebra {X,,Ya, Ho} (The-
orem 6.20). The restriction of m to this subalgebra is a finite-dimensional
representation of sl(2;C), and in any such representation, the eigenvalues of
H, must be integers (Theorem 4.12). If y is a weight of =, then, by (7.3),
(i, Hy) is an eigenvalue for H, in 7, and, so, (i, H,) must be an integer. O

It is true, although by no means obvious, that every integral element ac-
tually arises as a weight of some finite-dimensional representation of g. See
the discussion following Theorem 7.15.

We now observe, as in the sl(3;C) case, that the root vectors shift the
weights by the corresponding root.

Proposition 7.11. Suppose that v is a weight vector with weight p and sup-
pose that X, is an element of the root space go. Then, for all H in b, we
have

r(H)m(Xa)v = (1 H) + {0, HY)m(Xa)v;

that is, either (X, )v is zero or m(Xq)v is a weight vector with weight p+ c.

Proof. This is proved in the same way as for the case of sl(3;C). Since
[H, X,] = (o, H) X4, we have

T(H)m(Xa)v = [7(Xa)m(H) + 7 ([H, Xa])]v
= [r(Xa)m(H) + {0, H) m(Xa)v
= [(n, H) + (o, H)]m(Xo)v.
In the first equality, we have used that [7(H), 7(Xa)] = 7([H, X.]). 0

Proposition 7.12. Fvery finite-dimensional representation (n,V) is the di-
rect sum of its weight spaces; that is, the set of operators of the form w(H),
H €Y, are simultaneously diagonalizable in every finite-dimensional repre-
sentation.
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Proof. By complete reducibility, the representation decomposes as a direct
sum of irreducible representations, and so it suffices to prove the result in the
irreducible case. Thus, we assume now that 7 is irreducible. Let U be the span
of all the weight spaces in V; that is, U is the space of all vectors u € V such
that u can be written as a linear combination of weight vectors. In light of
Proposition B.14, U is actually the direct sum of all the weight spaces in V.
Proposition B.10 tells us that any commuting family of operators on a finite-
dimensional complex vector space has at least one simultaneous eigenvector.
Applying this to the operators m(H), H € b, we'see that V has at least one
weight vector, which means that U # {0}.

I claim now that U is invariant under the action of g. Clearly, U is invariant
under w(H), H € h, and by Proposition 7.11, U is invariant under each of
the root spaces go. Since g is the direct sum of h and the root spaces, U
is invariant under g. Then, since we are assuming V is irreducible and since
U # {0}, we must have U = V. O

Proposition 7.13. For any finite-dimensional representation © of g, the
weights of m and their multiplicity are invariant under the action of the Weyl

group.

Proof. Recall that we are thinking of the complex semisimple Lie algebra g as
sitting inside some gl(n;C), that we have chosen a compact real form £ of g,
and that K denotes the connected Lie subgroup of GL(n; C) whose Lie algebra
is €. Saying that ¢ is a compact real form of g means that there exists a simply-
connected compact matrix Lie group K; whose Lie algebra ¥; is isomorphic
to €. Since £; and £ are isomorphic, we can think of £ as being the Lie algebra
of K or as being the Lie algebra of K. However, the groups K and K; need
not be isomorphic. (For example, we may have K = SO(3) and K; = SU(2).)
On the surface of things, it appears that the notion of the Weyl group might
depend on whether we think of ¢ as the Lie algebra of K or of K;. However,
Theorem 6.33 tells us that we do get the same Weyl group either way, namely
the group generated by the reflections w,. With this in mind, we choose to
think of ¢ as the Lie algebra of the simply-connected group Ki. Then, there
is a representation II of K; such that II(exp X) = expn(X) for all X in ¢
(which we identify with & ).

Now, let w be an element of W and let A be an element of N(t) that
represents it. If v is a weight vector with weight u, consider II(A)v. We have

m(H)(A)v = I(A)II(A) ™ m(H)I(A)v
= M(A)m(Adg-1 (H))v

= (1, Ada-(H)) TI(A)v
= (Ada(p), H) II(A)v.

In the second equality we have used Point 1 of Theorem 2.21 and in the last
equality we have used the invariance of the inner product under the adjoint
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action of K. This calculation shows that II(A)v is a weight vector with weight
Ada(p) = w-p. The same line of reasoning shows that IT1(A) is an isomorphism
between the weight space with weight u and the weight space with weight w- p,
and, so, w - i is, again, a weight for 7 with the same multiplicity as p. d

Definition 7.14. Let p; and uo be two elements of . Then, py is higher
than g (or, equivalently, o is lower than py ) if there exist non-negative real
numbers ay,...,a, such that

1 — p2 = a101 + agag + -+ GrQyp,

where {a1,...,a,-} = A is the set of positive simple roots. This relationship
15 written as p1 = g OT Lo = p1.

If  is a representation of g, then a weight pg for w is said to be a highest
weztght if for all weights p of ™, u < po.

Theorem 7.15 (Theorem of the Highest Weight).

1. Every irreducible representation has a highest weight.

2. Two irreducible representations with the same highest weight are equiva-
lent.

8. The highest weight of every irreducible representation is a dominant inte-
gral element.

4. Every dominant integral element occurs as the highest weight of an irre-
ducible representation.

The proof of the first three points of the theorem is almost precisely as
in the case of sl(3; C). The proof of Point 4 is substantially more complicated
than in the sl(3; C) case and is discussed at length in the following sections.

It follows from Theorem 7.15 and properties of the Weyl group that ev-
ery integral element occurs as a weight of some finite-dimensional irreducible
representation of g. Specifically, if p is an integral element then (Section 8.7)
there exists w € W such that pp := w - g is a dominant integral element.
Suppose V is the irreducible representation with highest weight po. Then by
Proposition 7.13, = w™! - g will be a weight of V.

Definition 7.16. A representation (w, V') of g is said to be a highest weight
cyclic representation with weight ug if there exists v # 0 in 'V such that

1. v is a weight vector with weight g
2. m(Xa)v =0 for all positive roots «
3. the smallest invariant subspace of V containing v is all of V.

The vector v is called a cyclic vector for .

Proposition 7.17. Let (w, V) be a highest weight cyclic representation of g
with weight po. Then:

1. m has highest weight pg.
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2. The weight space corresponding to the highest weight po is one dimen-

sional.
Proof. Let v be as in the definition. Let a7, ..., a, be the positive simple roots
and let a,41,...,a, be the remaining positive roots (in any order). For each

I, choose nonzero elements X; in the root space go, and Y; in the root space
g—o,- Consider, then, the subspace U of V spanned by elements of the form

u= 7'('(}/11)71'(}/[2) T ﬂ-(}/lN )U, (74)

We want to show that U is invariant under the action of g. To show this, it
suffices to show that U is invariant under each 7(H), H € §, and that for each
positive root a;, U is invariant under 7(X;) and 7(Y;). We consider the basis
for g (as a vector space) consisting of Hy,, ..., Ha, (where a1, ..., o, are the
positive simple roots) together with the elements X, ,..., X, and Y7,..., Y.

Now, we apply to an element u of the form (7.4) an operator of the form
7(He,), 7(X1), or w(Y}). We apply Lemma 5.14 to rewrite the resulting vector
as a linear combination of terms, each of which has all of the factors of 7(X;)
to the right (acting first on v), followed by the factors of w(H,, ), followed by
the factors of 7(Y}). As in the sl(3;C) case, any term that actually has any
factors of w(X;) acting on v will be zero. In the remaining terms, each factor
of m(Hy,,) will hit v first and will give back just a constant times v. Thus, only
the factors of 7(Y;) will remain and we obtain a linear combination of factors
of the form (7.4). Thus, the vector that we obtain by applying 7m(Hy, ), 7(X;),
or m(Y}) to u is, again, in the space U.

The space U is invariant, and, by definition, it contains the vector v (taking
N = 0in (7.4)). So, by the definition of a highest weight cyclic representation,
U must be all of V. Thus, every element of V' is a linear combination of vectors
of the form (7.4). However, by Proposition 7.11, each vector of the form (7.4)
is either zero or a weight vector with weight po — a;, — --- — aj,, which is
lower than or equal to pg. So, po is the highest weight for V.

Furthermore, every element of V is a linear combination of v itself (the
terms with N = 0) and weight vectors with weight strictly lower than pg
(the terms with N > 0). It then follows from Proposition B.14 that the only
weight vectors with weight po are multiples of v, and, so, the weight space
with weight po is one dimensional. a

Proposition 7.18. Fvery irreducible representation of g is a highest weight
cyclic representation, with a unique highest weight .

Proof. Uniqueness is immediate, since by the previous proposition, g is the
highest weight, and two distinct weights cannot both be highest.

We have already shown that every irreducible representation is the direct
sum of its weight spaces. Since the representation is finite dimensional, there
can be only finitely many weights. It follows that there must be a maximal
weight (i.e., a weight po such that there is no weight p # po with g > po).
That being the case, we must have
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m(Xa)v=0

for each element X, of a root space g, corresponding to a positive root a. (If
not, then 7(X,)v would be a weight vector with weight po +a > po.)

Since 7 is assumed irreducible, the smallest invariant subspace containing
v must be the whole space; therefore, the representation is highest weight
cyclic. g

Proposition 7.19. Every highest weight cyclic representation of g is irre-
ducible.

Proof. Let (7, V) be a highest weight cyclic representation with highest weight
1o and cyclic vector v. By complete reducibility, V' decomposes as a direct
sum of irreducible representations

V;@Vi.

By Proposition 7.12, each of the V;’s is the direct sum of its weight spaces.
Thus, since the weight pg occurs in V, it must occur in some V;. On the
other hand, Proposition 7.17 says that the weight space corresponding to po
is one dimensional; that is, v is (up to a constant) the only vector in V with
weight pg. Thus, V; must contain v. However, then, V; is an invariant subspace
containing v, so V; = V. Thus, there is only one term in the sum (5.9), and
V is irreducible. O

Proposition 7.20. Two irreducible representations of g with the same highest
weight are equivalent.

Proof. We now know that a representation is irreducible if and only if it is
highest weight cyclic. Suppose that (7,V) and (o, X) are two such represen-
tations with the same highest weight uo. Let v and w be highest weight cyclic
vectors for V and X, respectively. Now, consider the representation V & X,
and let U be smallest invariant subspace of V @ X that contains the vector
(v, w).

The weights occurring in V & X are simply the weights of V' together
with the weights of X. This means that ug is the highest weight occurring in
V & X. Since (v,w) is a weight vector with weight po and since this vector
generates U (by definition), U is a highest weight cyclic representation, and,
therefore, irreducible by Proposition 7.19. Consider the two “projection” maps
P:VeX >V, Pi(v,w)y=vand P, : V& X — X, Pi(v,w) =w. It is easy
to check that P; and P, are intertwining maps of representations. Therefore,
the restrictions of P; and P> to U C V @ X will also be intertwining maps.

Clearly, neither Pi|, nor P,| is the zero map (since both are nonzero

n (v,w)). Moreover, U, V, and X are all irreducible. Therefore, by Schur’s
Lemma, P,|; is an isomorphism of U with V, and P, is an isomorphism of
U with X. Thus, V=U=X. O
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Proposition 7.21. If 7 is an irreducible representation of g, then the highest
weight po of m is a dominant integral element.

Proof. We know already that all of the weights of = (not just the highest
weight) must be integral. Now, suppose that pg is the highest weight of =
and that v is a nonzero weight vector with weight ug. Then, 7n(X4)v = 0 for
all positive simple roots « (otherwise, m(X,)v would be a weight vector with
weight higher than ug). Now, consider the subalgebra s* = {X,,Y,, Hy} of
g, which is isomorphic to sl(2;C). Then, v is an eigenvector for m(H,) with
eigenvalue po(H, ), and v is annihilated by 7(X,). By Theorem 4.12, this can
occur only if ug(H,) is a non-negative integer. Thus, o is dominant integral.

O

We have now completed the proof of Theorem 7.15, except for Point 4,
namely that every dominant integral element arises as the highest weight of
some irreducible representation. The strategy we used to prove this in the
case of sl(3; C) does not work in general. We devote the next three sections to
a discussion of three different proofs of Point 4.

7.3 Constructing the Representations I: Verma Modules

We now turn to a discussion of the three standard methods of constructing an
irreducible finite-dimensional representation having a given dominant integral
element as its highest weight, namely Verma modules, the Peter—Weyl theory,
and the Borel-Weil theory. We begin, in this section, with the Verma module
approach. Given any p in b, we will construct a representation V,, called a
Verma module. (“Module” is just another word for a representation.) Here, p
can truly be any element of §, not necessarily dominant and not necessarily
integral. The catch is that the Verma module V), is always infinite dimensional,
even if p is dominant integral. We will see eventually that if p is dominant
integral, then V,, contains an invariant subspace U, such that the quotient
space V, /U, is finite dimensional and irreducible and has highest weight p.

7.3.1 Verma modules

The Verma module is constructed as follows. Let n™ be the subspace of g
spanned by the root spaces g, where « is a positive root. This is a subalgebra
of g since [gq, 85] C ga+p and if @ and G are positive roots, then g4 g is either
7Z€ro or is a root space corresponding to the positive root o + . Similarly, let
n~ be the span of the root spaces corresponding to negative roots, which is
also a subalgebra. Then, g decomposes as a direct sum (in the vector space
sense) of h, n™, and n~. Now, let u be any element of . We want to construct
an (infinite-dimensional) representation V,, of g having highest weight u. We
first describe V), as a vector space and then describe the action of g on it.
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As in the previous section, we let a1, ...,q, be the positive simple roots
and we let a.41,.. ., q, be the remaining positive roots. We choose nonzero
elements X; € go, and Y] € g_,,, 1 <1 < m. We begin with a vector v that
will be our highest weight vector. Then, the rest of V,, will be finite linear
combinations of vectors of the form

W#(}/h )”TM(Y—lz) e 7rIL(YVIN )UO' ‘ (75)

There are certain dependence relations among such vectors that are forced on
us by the commutation relations in the subalgebra n~. For example, if 7, is
going to be a representation, then we must have

Tu(Ye)mu (Y1) = mu (YD) mu (Vi) + mu([Ye, Y1),

where [Y%, Y]] is again in n~ and, therefore, expressible as a linear combination
of the Y;’s. Thus,

T (Vo) mu(V)vo = mu (YD) mu (Yi)vo + 3 cxay mu(Y5)v0.

Jj=1

We construct V,, as a vector space by imposing only those dependence rela-
tions among vectors of the form (7.5) that are forced on us by the commutation
relations of n™. As a vector space, V), is isomorphic to the “universal envelop-
ing algebra” U(n™) of n™. (See Section 17.2 of Humphreys (1972).) It follows
from this that V), is always infinite-dimensional.

We now want to describe an action of g on this space. For Y € n~, m,(Y))
acts in the only possible way, namely by adding on one more factor of 7,(Y")
on the left. For the action of §, we decree that vy be a weight vector with
weight pu:

mu(H)vo = (u, H)yvo, H €b. (7.6)

By Proposition 7.11 (the proof of which is perfectly valid even for infinite-
dimensional representations), each 7,(Y;) lowers the weight of vo by «a;, and
so we must have

T (H)mu (Vi ) mu(Ye,) - - mu(Yiy Jvo (7.7)
= (N(H) —ay (H) - alN(H))Tru(Yll)Trlt(YVl» U WH(}/ZN)UO'

It remains then to describe the action of n™ on g. If u is actually going to
be the highest weight occurring in V,,, then we must have

W#(X)'UO =0 (78)

for all X € n™. Then, if we want to apply 7,(X), X € nt, to an element of
the form (7.5), we apply Lemma 5.14. The lemma allows us to rewrite

T (OT (YY) -+ 7 (Vi) (7.9)
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as a linear combination of terms in which the elements of n™ are to the right
(acting first), the elements of § are next, and the elements of n~ are to the
left (acting last). If we apply all of the resulting terms to vg, any terms which
actually contain any factors from n™ must be zero, by (7.8). All of the other
terms involve only factors from b and n~, with the elements of § acting first.
When we apply such a term to vg, the factors from h simply give constants,
because of (7.6). This leaves us again with a linear combination of terms
of the form (7.5), which means that we have a constructive procedure for
determining how 7, (X) acts on V.

It is not completely clear that this procedure really yields a well-defined
representation of g. The action of nt is the most problematic in this regard;
there are many different ways to commute the factors in (7.9) into the desired
form and one needs to know that the value of

Tu(X) (Vi1 (Vi) - 7 (Vi Yo

is the same no matter which way is used. Nevertheless, fairly elementary
algebraic means (Section 20.3 of Humphreys (1972)) can be used to show
that the Verma module is well defined.

It is important to note that the Verma module is a representation of the Lie
algebra g only—there is no associated representation of the simply-connected
compact group K. Although in the finite-dimensional case that every repre-
sentation of g comes from a representation of K, this result does not general-
ize to the infinite-dimensional case. What goes wrong is that in the infinite-
dimensional case, the exponential of an operator may not be defined, because
the series defining the exponential may not converge in any reasonable sense.
We will revisit this issue in the next subsection.

7.3.2 Irreducible quotient modules

The good thing about Verma modules is that it is fairly easy to prove they
exist. The bad thing is that they are always infinite dimensional, even when
the highest weight p is dominant integral. The strategy for constructing finite-
dimensional representations is first to show that every Verma module has a
largest proper invariant subspace U, and that the quotient space V,/U, is
irreducible with highest weight p. This much is true for any p in . Then, one
shows that in the case that p is dominant integral, the quotient space is finite
dimensional.

Let us look into this strategy in greater detail. The invariant subspace U,
is defined as follows. It follows from (7.7) and Proposition B.14 that V, is a
direct sum of its weight spaces. Thus, for any vector v in V,,, it makes sense
to talk about the component of v in the one-dimensional subspace spanned
by vg, which we refer to as the vgp-component of v.

Definition 7.22. Given a Verma module V,, let U, be the subspace of V,
consisting of all vectors v such that the vg-component of v is zero and such
that the vo-component of
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Tu(X7) (X v
is also zero for any collection of vectors X*,..., X! in nt.

Certainly the zero vector is in U,; for some g’s and p’s, it happens that

U, = {0}.

Proposition 7.23. The space U, is an invariant subspace for the action of
g.

Proof. Suppose that v is in U, and that Z is some element of g. We want to
show that 7,(Z)v is also in U,,. Thus, we consider

T (XY (XY (Z)v (7.10)

and we must show that the vp-component of this vector is zero. Using Lemma
5.14, we may rewrite the vector in (7.10) as a linear combination of vectors of
the form

T (V) - (V) mu () (), (R (R, (710)

where the Y’s are in n™, the H’s are in §, and the X’s are in n™. However,
since v is in U, the vg-component of

T (X)o7 (X ™ (7.12)

is zero, and thus this vector is a linear combination of weight vectors with
weight lower than p. Then, applying elements of h and n~ to the vector
in (7.12) will only keep the weights the same or lower them. Thus, the vo-
component of the vector in (7.11), and hence also the vp-component of the
vector in (7.10), is zero. This shows that 7, (Z)v is, again, in U,,. O

If V is any vector space and U is a subspace of V, then one can form the
quotient space V/U. The construction of V/U is analogous to the construc-
tion of quotient groups, as described in Appendix A. We define two elements
of V' to be equivalent if their difference is an element of U and then V/U
is defined to be the set of equivalence classes. Because U is a subspace, the
vector space operations on V' (addition and scalar multiplication) “descend”
unambiguously to equivalence classes and make V/U into a vector space. If V'
carries a representation of some Lie algebra g and if U is an invariant subspace
of V, then the action of g on V descends to an action on V/U and, thus, the
space V/U carries a representation of g, called the quotient representation.
We apply the quotient construction to the Verma module V,, and the invariant
subspace U,,.

Proposition 7.24. The quotient space V,,/U,, is an irreducible representation
of g.
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Proof. A simple argument shows that the invariant subspaces of the represen-
tation V,, /U, are in one-to-one correspondence with the invariant subspaces
of V,, that contain U,. So, to prove that V, /U, is irreducible is equivalent to
showing that any invariant subspace of V,, that contains U, is either U, or
V.- Suppose, then, that W' is an invariant subspace that contains U, and sup-
pose that W # U, (i.e., that W contains at least one vector v not contained
in U,). This means that W contains a vector u = m,(X!)---m,(X")v whose
vp-component is nonzero.

I claim then that W must contain vq itself. To see this, we decompose u as
a nonzero multiple of vg plus a sum of weight vectors corresponding to weights
A # p. Since A # p, we can find H in b with (A, H) # {u, H) and then we may
apply to u the operator 7, (H)— (A, H) I. This operator will keep us in W and
will “kill” the component of u that is in the weight space corresponding to
the weight A while leaving the vg-component of u nonzero. We then continue
applying operators of this form until we have killed all the components of u
in weight spaces different from p, giving us a nonzero multiple of vg.

This means that W contains vy and, therefore (in light of (7.5)), all of V,.
So, any invariant subspace of V,, that properly contains U, must be equal to
V.. This shows that V,,/U,, is irreducible. o

Since for each u € U, the vp-component of u is zero, it is not hard to see
that the quotient space V,,/U,, still has highest weight u. So, for any u in b
(not necessarily dominant or integral), we have a method of constructing an
irreducible representation of g with highest weight u. Of course, we do not
know that this representation is finite dimensional; indeed, it cannot be finite
dimensional unless p is dominant integral. Therefore, the crucial last step in
the argument is to show that in the dominant integral case, the quotient space
V,./U, is finite dimensional.

7.3.3 Finite-dimensional quotient modules

The way we will prove finite dimensionality is to show that there is an action
of the Weyl group on V, /U, that transforms the weights in the same way
as in the finite-dimensional case. This will show that the set of weights for
V,./U, is invariant under the action of the Weyl group on h. Meanwhile, if u
is dominant integral, then all of the weights of V,,/U,, must be integral (since
they are of the form in the right-hand side of (7.7)), and all the weights must
be lower than p. However, standard Weyl group theory implies that there are
only finitely many integral elements A with the property that w - A is lower
than y for all w € W. So, if we can show that the Weyl group acts on V,,/U,,,
then we will conclude that there are only finitely many weights in V,,/U,.
Since (even in the Verma module) each weight has finite multiplicity, this will
show that V,,/U, is finite dimensional. (Note that the set of weights for the
Verma module itself is never invariant under the action of W on §.)

How, then, do we construct an action of the Weyl group on V,,/U,,? Recall
that in the finite-dimensional case we exponentiate each representation 7 of
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g to get a representation II of the simply-connected compact group K. The
action of the Weyl group is then obtained by restricting II to the subgroup
N(t) ¢ K. In the infinite-dimensional case, the exponential of an operator
is not necessarily well defined (since the series for the exponential may not
converge) and, so, we cannot, in general, obtain a representation of the group
IT. If 1 is dominant integral, then we will eventually conclude that V, /U, is
finite dimensional, but, of course, we are not allowed to assume that at this
stage.

This means that we need a method of exponentiating operators that can
be used in a possibly infinite-dimensional space. To do this, we introduce the
concept of a locally nilpotent operator. A linear operator X on an arbitrary
vector space V is said to be locally nilpotent if for each v € V| there exists
a positive integer k such that X*v = 0. If V is finite dimensional, then a
locally nilpotent operator must actually be nilpotent, that is, there must exist
a single k such that X*v = 0 for all v. In the infinite-dimensional case, the
value of k depends on v-and there may be no single value of £ that works for
all v. If X is locally nilpotent, then we define eX to be the operator satisfying

®© vk
eXvy = )Ii—|v,
k=0

where for each v € V the series on the right terminates.

Proposition 7.25. For each positive simple root a € A, let X, be an element
of 8o and let Yy, be an element of g_. If p is dominant integral, then X, and
Y, act in a locally nilpotent fashion on the quotient space V,,/U,,.

We will give the proof of this result at the end of this subsection. Let us
now continue with the argument for the finite dimensionality of V,,/U,,.

Proposition 7.26. If u is dominant integral, then the set of weights for
V./U, is invariant under the action of the Weyl group on b.

Proof. We make use of a result from Weyl group theory, namely that W is
generated by the reflections w,, where a ranges over the set A of positive
simple roots. (See Section 8.7.) So, it suffices to show that the set of weights
is invariant under each w,, a € A.

Let 7, denote the action of g on the quotient space V,,/U,. For each
positive simple root «, let X, € g, and Y, € g_, be as in Theorem 6.20.
Since, by Proposition 7.25, %, (X, ) and 7,(Y,) are locally nilpotent, it makes
sense to exponentiate these operators. Define, then, operators B, on V, /U,
by

B, = ¢u(Xa)g=ulYa) gFu(Xa)

This operator is going to describe the action of the Weyl group element w,, on
V../U,. (Compare the expression (6.24) for the B,’s following Theorem 6.31.)
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Assume that v is a weight vector in V, /U, with weight \. We want to
prove, then, that B,v is a weight vector with weight w, - A, where, as usual,
Wy is the reflection about the hyperplane perpendicular to a. To do this, it
suffices to show that

Tu(H)By = Bamtu(we - H).

This is really just a Lie algebra calculation; if it is true in sl(2; C), then it is
true here as well.

To be a bit more precise about this, let Xg, Ya, and H stand for 7, (X,),
7u(Ya), and 7, (H), respectively. Then, we have

HeXee YoeXe = ¢XagVoeXeAd 5 Ad s, Ad, x, (H).

Now, the relationship between Ad and ad still holds for locally nilpotent
operators in the infinite-dimensional case (think of the power series argument
in Exercise 19 of Chapter 2) and, so,

Ad, x,Ad_s, Ad, x,(H) = e *%ae¥¥ae™d%a (H). (7.13)

If H is such that (o, H) = 0, then (7.13) is simply equal to H. If H = H,,
then all of (7.13) is taking place in a three-dimensional Lie algebra isomorphic
to sl(2; C); thus, the answer is the same as in the sl(2; C) case, namely —H,.
In either case (check), (7.13) is equal to 7, (ws - H). (Compare Exercise 8 in
Chapter 6.) O

In the dominant integral case, the weights for V,,/U, are invariant under
the action of the Weyl group and all of the weights are integral (since the
weights that occur differ from u by an integer linear combination of roots). A
standard result from Weyl group theory (see Section 8.7) says that there are
only finitely many integral elements A such that w - A is lower than p for all
w € W. So, we conclude that if y is dominant integral, then there are only
finitely many weights in V,,/U,,.

Meanwhile, for any p € b, we know that V,/U, has at least one weight
space, namely the one with weight p. (This weight space survives the passage
from V), to V,,/U, because the elements of U, have no vo-component.) Since,
as we have shown, V,,/U,, is irreducible, the same argument as in the finite-
dimensional case shows that V, /U, is the direct sum of its weight spaces.
Furthermore, all of the weights for V,,, and so also for V,,/U,, have finite
multiplicity.

We conclude, then, that in the dominant integral case, V,, /U, is the direct
sum of its weight spaces, there are only finitely many of these weight spaces,
and each of the weight spaces has finite dimension. This shows that V,,/U,, is
finite dimensional and establishes that each dominant integral element arises
as the highest weight of a finite-dimensional irreducible representation of g.

It now remains only to provide the proof of Proposition 7.25.
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Proof. As in the previous proof, we use X as an abbreviation for Tu(X), for
any X € g. We also make use of the following standard result from the theory
of semisimple Lie algebras: The subalgebra of g generated by the spaces g,
with a in A, is equal to the span of the spaces g,, where a ranges over all of
R*. This follows from Proposition 8.4(d) and the corollary to Lemma 10.2A
of Humphreys (1972). (See also Proposition 14.2 in Humphreys (1972).) For
each root a, we let s* denote the three-dimensional subalgebra { X, Y, Ha }
given by Theorem 6.20.

Step 1. For each o € A, X, is locally nilpotent. Every vector v € V,,
and so also every vector in V, /U, is a finite linear combination of vectors of
the form (7.5) and (by (7.7)) these vectors are weight vectors. Applying Xo
repeatedly will raise all the weights until they are no longer lower than y and,
at that point, X*v must be zero.

Step 2. For each positive simple root «, there exists a nonzero finite-
dimensional subspace of V,/U, that is invariant under s*. Let

= </L7 Ha> >
which is a non-negative integer because u is dominant integral. Now, consider
the vectors kao, k =0,1,2,.... Then, from the calculations in Chapter 4,
we have
HoYFvg = (m — 2k)YFu,, (7.14)
XoYEvg = k(m + 1 — k)Y F 1w, (7.15)

In particular, X, Y™+, = 0.

Now, consider § € A with 8 # «. Then, I claim that [Xﬂ,?a] = 0. To
see this, note that Y, € g_, and X3 € gg, and, therefore, [X3,Y,] € gp—a-
However, § — o is nonzero and cannot be a root. After all, every root has a
unique expansion in terms of elements of A and in this expansion all nonzero
coefficients have the same sign, whereas 3 — « has one positive coefficient and
one negative coefficient. It follows that gg- = {0}; thus [Xp,Y,] = 0 and so,
also, [X3, Ya] = 0. This being the case, we have X5V, "+1yy = Y+ X 500 = 0.
Thus, Y(;”“vo is annihilated by all of the X5’ g’'s, B € A, and so also by all of
the Xz’ s’s, B € RT (by the result at the beginning of this proof).

Now, if Ym‘Hvo were nonzero, then since Ym“vo is annihilated by all of
the XB s, with 8 in R", the proof of Proposition 7.17 would tell us that the
smallest g-invariant subspace containing Y;"*lvo would have highest weight
p— (m+1)a. Since, on the contrary, V, /U, is irreducible with highest weight
pt, we must have Y"*+1yy = 0. This (together with (7.14) and (7.15)) tells us
that the space spanned by vg, Yavo, ..., YOZ”UO is invariant under s.

Step 3. Given any o € A, every vector in V, /U is contained in a finite-
dimensional s®-invariant subspace. Call a vector v € V,,/U,, s*-finite if v is
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contained in a finite-dimensional s¥-invariant subspace. Then, define a sub-
space Ty, of V,,/U,, by

Ty ={veV,/U,|v is s*-finite} .

Step 2 shows that T, # {0}. I claim that T, is invariant under g. To see
this, consider v € T, and let T be a finite-dimensional s*-invariant subspace
containing v. Now, let {Zk}‘,:;mlg be a basis for g and let T’ be the sum of
the spaces Z,T. Since g is finite dimensional, T” is also finite dimensional.
However, now we can see that 7" is invariant under s*, since for Z® any
element of §%,

ZZ4T = ZpZ°T + | 2%, Zi) T,

and Z°T C T and [Z®,Z;] is a linear combination of the Z;’s. So, T is a
finite-dimensional s*-invariant subspace that contains Zv for all Z € g. This
shows that Zv is again in Ty, and, so, T, is invariant under g.

Since V,,/U,, is irreducible and T, is nonzero and g-invariant, we conclude
that T, =V, /U,.

Step 4. For each o € A, Y, is locally nilpotent. Given any v € V,/U,,
v is contained in a finite-dimensional s*-invariant subspaceT. By complete
reducibility for sl(2;C), T' decomposes as a direct sum of (finitely many) ir-
reducible s*-invariant subspaces. In each of these irreducible spaces, we have
completely worked out (in Chapter 4) the action of Y, and this action is
nilpotent. So, f{fv = 0, where k is the maximum of the dimensions of the
irreducible summands in T.

This concludes the proof of Proposition 7.25. m]

7.3.4 The sl(2;C) case

Let us see how this all works out in the case of sl(2;C). If X, Y, and H are
the usual basis elements, we work with the Cartan subalgebra b = span(H).
Weights may then be thought of simply as eigenvalues for 7, (H). We build
a vector space containing linearly independent vectors vg, v1, va, ..., and we
define V, as the space of finite linear combinations of these vectors. Here, u
is an arbitrary complex number and the vector space itself does not depend
on L.

We now describe an action of sl(2;C) on this space as follows. For H, we
define

Tu(H)vo = puo,
Tu(H)vk = (1 — 2k)vy.
For Y, we define
Tu(Y)vk = vy

Finally, for X, we define
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(X))o = 0, (7.16)
(X))o =k(p+1—k)vg—, k>1 (7.17)

The calculations of Chapter 4 show that if we define 7,(H) and 7,(Y) as
above, then we must define 7,(X) as above, if 7,(X), 7,(Y), and 7, (H) are
to satisfy the sl(2;C) commutation relations. Direct calculation then shows
that with these definitions the operators really do satisfy these commutation
relations.

Let us now compute the invariant subspace U,,. If we begin with the vector
v, then using (7.17) repeatedly, we obtain

k
T (X)Fuy, = (Hl(u +1- l)) vg. (7.18)

=1

If w =1—1 for any [ in the range 1,...,k, then the coeflicient of vy will be
nonzero. So, if u is anything ot’ er than a non-negative integer, the coefficient
of vg will always be nonzero, ai.d from this it follows easily that U, = {0}. In
that case, V,,/U, = V,, will be infinite dimensional.

On the other hand, if 4 = m, where m is a non-negative integer, then the
coefficient of vy in (7.18) will be zero for all & > m. In this case, U, = Up,
will consist of all linear combinations of the vg’s with £ > m. The quotient
space Vi, /U, can then be identified with the span of v, ..., v, and is finite
dimensional.

Note that the Weyl group for this problem is simply {I, —I}. The eigen-
values A of H occurring in V,, are definitely not invariant under A — —A.
Nevertheless, in the case u = m, the eigenvalues for H occurring in V,,,/Up,
are m,m — 2,...,—m and this set of eigenvalues is invariant under A — —A.

7.4 Constructing the Representations II: The
Peter—Weyl Theorem

In this approach, we construct the representations as representations of the
simply-connected compact group K whose complexified Lie algebra is g. We
make use of the Haar measure on K, used already in the proof of complete
reducibility. (See Section C.4.) The Haar measure is a finite measure on K that
is invariant under the left and right actions of K. We normalize the measure
so that u(K) = 1. We then consider the Hilbert space L?(K, ) consisting of
measurable complex-valued functions f on K with the property that

/ F@)P du(z) < co.
K

The finite-dimensional irreducible representations of K will ultimately be re-
alized as certain finite-dimensional subspaces of L?(K, i). The construction of
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the representations is based on three main results: the Peter—Weyl theorem,
the Weyl character formula, and the Weyl integral formula. (See Section 7.6
for more information on some of these results.)

7.4.1 The Peter—Weyl theorem

In this subsection, it is not necessary that K be a compact Lie group; any
compact topological group will do. We consider the Hilbert space L?(K,u),
the space of measurable functions on K that are square-integrable with respect
to the Haar measure on K.

The Peter-Weyl theorem gives a decomposition of L?(K, ) into finite-
dimensional subspaces that are invariant under the left and right actions of
K. Specifically, if ¥ is a finite-dimensional irreducible representation of K
acting on a vector space V, then we consider the space of matrix entries of
Y. Suppose we choose a basis {ug} for V. Then, for each x € K, the linear
operator X(z) can be expressed as a matrix with respect to this basis; we
denote the entries of this matrix as 3(x);. Then, a matrix entry for ¥ is a
function on K that can be expressed in the form

dim V

f(z) = Z ap(T)K (7.19)

k=1

for some set of constants c;.
We can describe the space of matrix entries in a basis-independent way as
the space of functions that can be expressed in the form

f(z) = trace(X(z)A) (7.20)

for some linear operator A on V. To see the equivalence of these two forms,
let Ag; be the matrix for the operator A in the basis {ux}. Then, the matrix
for ¥(x)A is given by the matrix product (X(z)A)x = Y., T(2)kmAmi and,

S0,
dimV

trace(X(z)A) = Z Y(2)km Amk-
k,m=1
Thus, every function of the form (7.20) can be expressed in form (7.19) with
ak = Ak, and vice versa.

The significance of the space of matrix entries is that it is a finite-
dimensional space of functions on K that is invariant under both left and
right translations by K. To understand what this means, suppose f is a ma-
trix entry for a representation X, given, say, as in (7.20). Now, suppose we
define a new function fy, ,, by shifting f on the left by y; and on the right
by yo; that is, we set fy, 4, () = f(y12y2). Then, we have that

S (2) = trace(E(y1)X(z)E(y2)A)
= trace(X(z)[E(y2) A% (y1)])-
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Thus, fy, y, is, again, a matrix entry for X, with A replaced by X(y2)AX(y1).
Of particular importance among the matrix entries is the character of
the representation ¥, denoted x5, which is the function on K given by

x=(z) = trace(X(z)).

This function is a matrix entry, obtained by taking A = I in (7.20) or taking
ag; = 0 in (7.19). The character is special because it satisfies

xz(zyz™") = trace(X(z)B(y)B(2) ") = trace(S(y)) = x=(y)  (7:21)

for all x and y in K. Any function f on K satisfying f(zyz~!) = f(y) for all
xz and y in K is called a class function. The reason for this terminology is
that the set of group elements of the form zyz~!, with y € K fixed and z
ranging over K, is called the conjugacy class of y. A class function is then
a function that is constant on each conjugacy class.

It is easily verified that two equivalent representations have the same char-
acter. The converse of this is much less obvious but also true: If two finite-
dimensional representations of K have the same character, they are equivalent.

The Peter—Weyl theorem gives a way of expressing any function f €
L?%(K,p) in a series expansion in terms of matrix entries of the irreducible
representations of K. We are interested primarily in the case in which f is a
class function. In that case, the expansion involves only the characters. The
Peter—Weyl theorem, specialized to the case of class functions, is as follows.

Theorem 7.27 (Peter—Weyl). Let L?(K, )X denote the subspace of the
Hilbert space L?(K,u) consisting of square-integrable class functions. Then,
the functions

Xz

form an orthonormal basis for L?(K, u)X, where ¥ ranges over the equivalence
classes of irreducible finite-dimensional representations of K. :

Proving that the characters form an orthonormal set of functions in
L?*(K, )X is a fairly elementary calculation using little more than Schur’s
Lemma. (See Section I1.4 of Brocker and tom Dieck (1985).) Proving that the
characters form an orthonormal basis for L?(K, u)¥ requires some analytical
argument. (See Section II1.3 of Brocker and tom Dieck (1985).)

7.4.2 The Weyl character formula

We now assume that K is a simply-connected compact Lie group. (There is
also a version of the result for connected compact Lie groups that are not
simply connected.) We choose, as usual, a maximal commutative subalgebra
t of £ and we let T be the connected Lie subgroup of K whose Lie algebra is t.
It can be shown that T is a closed subgroup of K (called a “maximal torus”).
It can further be shown that every element of K is conjugate to an element
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of T. This means that the values of a class function on K are, in principle,
determined by its values on 7. The Weyl character formula is a formula for
the restriction to T of the character of an irreducible representation of K.

We let g denote the complexification of the Lie algebra & of K, so that g
is a complex semisimple Lie algebra. Then, § := t 4 it is a Cartan subalgebra
in g. We follow Notation 6.24 and regard the roots as elements of h (not h*).
Proposition 6.15 (expressed in terms of Notation 6.24) tells us that if o € f
is a root, then («, H) is imaginary for all H in t, which means that « itself is
in 4t. It is then convenient to introduce the real roots, which are simply 1/4
times the ordinary roots. This means that a real root is a nonzero element «
of t with the property that there exists a nonzero X in g with

[H,X] = i{e, H)X

for all H in t (or, equivalently, for all H in ). We can also introduce the real
co-roots as the elements of t of the form H, = 2a/{a, @), where «a is a real
root.

In the same way, we will consider the real weights, which we think of as
elements of t in the same way as for the roots. So, if (X,V) is an irreducible
representation, then an element u of t is called a real weight for X if there
exists a nonzero vector v € V such that

o(H)v =i{u, Hyv

for all H in t. (Here, o is the Lie algebra representation associated to the
group representation ¥.) An element u of t is said to be integral if (u, H,)
is an integer for each real co-root H,. (All of the “real” objects are simply
1/i times the corresponding objects without the qualifier “real.”) The real
weights of any finite-dimensional representation of g must be integral.

For the rest of this section, all of roots and weights will be assumed real,
even if this is not explicitly stated.

If « is an integral element, then it can be shown that there is a function
f on T satisfying

flef) = et (7.22)

for all H € b. To understand this assertion, note that because T is connected
and commutative, every element t of T can be expressed as t = eff (Exercise
25 from Chapter 2). However, a given ¢ can be expressed as t = e/ in many
different ways; the content of the above assertion is that the right side of (7.22)
is independent of the choice of H for a given t. This means that we want to
say that the right-hand side of (7.22) defines a function on T, not just on t.
We will discuss this point further in the next subsection.

Next, we introduce the element § of t defined to be half the sum of the

positive roots:
1
aER*
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It can be shown that J is an integral element. (Clearly, 26 is integral, but it is
not obvious that § itself is integral.) Finally, if w is any element of the Weyl
group, we think of w as an orthogonal linear transformation of t—in which
case, det(w) = +1.

We are now ready to state the Weyl character formula.

Theorem 7.28 (Weyl Character Formula). If ¥ is an irreducible repre-
sentation of K with highest real weight p, then we have

Z’UJEW det(w) ei<w'(ﬂ+5)7H>
> wew det(w) eiwsH)

for all H in t for which the denominator of the right-hand side of (7.23) is
nonzero. Here, § denotes half the sum of the positive real roots.

Xz (ef) =

(7.23)

The set of points H for which the denominator of the Weyl character
formula (the so-called Weyl denominator) is nonzero is dense in t. At points
where the denominator is zero, there is an apparent singularity in the formula
for xx. However, actually at such points the numerator is also zero and the
character itself remains finite (as must be the case since, from the definition
of the character, it is well defined and finite at every point). Note that the
character formula gives a formula for the restriction of xx to 7. Since xx is a
class function and since (as we have asserted but not proved) every element of
K is conjugate to an element of T, knowing ys on T determines, in principle,
Xz on all of K.

A sketch of the proof of the Weyl character formula is given in Section 7.6.

7.4.3 Constructing the representations

Recall that our goal is to show that every dominant integral element p actually
arises as the highest weight of some irreducible representation of K. To do
this, we consider an arbitrary dominant integral element p, which, at the
moment, we do not know to be the highest weight of any representation.
However, whether or not u is the highest weight of some representation, it
can be shown that the right-hand side of (7.23) defines a function on T" that
is invariant under the action of the Weyl group. Then, there exists a unique
class function f, on K whose restriction to T is given by the right-hand side
of (7.23). Using something called the Weyl integral formula (see Section
7.6), it can be shown that the functions f,, where y ranges over all dominant
integral elements, are orthonormal. It is essential here that we can prove that
all of the f,,’s are orthonormal by direct computation, without appealing to
the Peter—Weyl theorem and without knowing that every p is the highest
weight of a representation.

Let us take stock of the situation. We have the following results. First, the
Peter—Wey! theorem tells us that the characters for the (equivalence classes of)
irreducible representations form an orthonormal basis for the space of L? class
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functions. Second, the Weyl character formula tells us that for an irreducible
representation having highest weight u, the character of the representation
is given by (7.23). Third, the Weyl integral formula tells us that if for every
dominant integral element p we define f,, to be the unique class function whose
restriction to 7' is given by (7.23), then the f,’s are orthonormal. This holds
even though we do not know at the moment that every dominant integral
element is the highest weight of a representation.

These results together imply that every dominant integral element is ac-
tually the highest weight of some representation. To see this, note that the
Peter-Weyl theorem and the Weyl character formula tell us that the set of
fu’s, where p ranges over all the highest weights of representations, form an
orthonormal basis for L?(K, u)X. On the other hand, the Weyl integral for-
mula says that the set of f,’s, where p ranges over all dominant integral
elements, forms an orthonormal set. This second orthonormal set contains
the first one, since the highest weight of an irreducible representation must
be dominant integral. However, an orthonormal basis cannot be contained in
a strictly larger orthonormal set—if it were, it would not be a basis. So, the
only possibility is that the set of highest weights of irreducible representations
is equal to the set of dominant integral elements, which is what we are trying
to prove.

To say the same thing a different way, suppose there were some dominant
integral element g that was not the highest weight of any representation, and
consider the function f,. Since (we are assuming)  is not the highest weight
of a representation, the set of characters is a certain set of f,’s, where o
ranges over some subset of the dominant integral elements not including pu.
However, the Weyl! integral formula tells us that f, is orthogonal to f,, for
all o # p. This means that f, is a nonzero class function that is is orthogonal
to all characters, since the characters are all f,’s with o # u. This, however,
is impossible: The Peter—Weyl theorem implies that any class function that
is orthogonal to all the characters must be zero. So, p must, after all, be the
highest weight of some representation.

To see this argument spelled out in greater detail, see Brocker and tom
Dieck (1985) or Simon (1996). The argument in those books is slightly more
complicated than the one described here because those books consider arbi-
trary connected compact groups, not necessarily simply connected.

This “construction” of the representations of K is not very constructive;
that is, we have proved that a representation with each dominant integral
element exists, but we have not given a very explicit description of the rep-
resentation. If one looks at the proof of the Peter-Weyl theorem, one will see
that the representations are realized as certain finite-dimensional, translation-
invariant spaces of functions on K, but it is not especially easy to see precisely
which functions one gets. The Borel-Weil construction, described in the next
section, gives a more explicit realization of the representations. Thus, the
Borel-Weil construction is useful even if one has already proved that every
dominant integral element is the highest weight of some representation.
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7.4.4 Analytically integral versus algebraically integral elements

One step of the argument in the previous subsection deserves elaboration. We
asserted (see (7.22)) that if K is simply connected and u is a (real) integral
element, then there exists a function f on T satisfying

f(eH) = ettt (7.24)

for all H in t. Let us think about what is entailed in this statement. Since
the Lie algebra t of the connected group T is commutative, T itself must also
be commutative. It follows that the exponential map exp : t — T is a homo-
morphism. The image of this homomorphism contains a neighborhood of the
identity in T' (by the local surjectivity of the exponential mapping for arbi-
trary Lie groups). Since, also, T is connected, it follows that the exponential
mapping for T' is surjective.
Now, let ® C t be the kernel of the exponential mapping; that is,

d={Hetle" =1}.

Since the exponential mapping for T is surjective, every ¢t € T' can be written
as t = e for some H in t. If H, and H, are in t and et = ef2, then (since t
is commutative) e =H2 = [ and, so, H; — H, is in ®. This means that every
t € T can be written as t = e, and the H is unique up to adding on an
element of ®. So, now suppose we try to define a function f on T by defining
(as in (7.24)) f(t) = expi{u, H), where H is chosen so that efl =¢. When is
this well defined (i.e., independent of the choice of H)? Well, if H is such that
eH = ¢, then any H' with e¥' = t must be of the form H' = H+¢, with ¢ € ®.
Therefore, we need that expi(u, H) = expi{u, H') = expi{u, H) expi(u, ¢).
This will hold precisely if (u, ¢) is an integer multiple of 2. We conclude, then,
that the function in (7.24) is well defined precisely if 4 has the property that
(i, @) is an integer multiple of 27 for all ¢ in the kernel of the exponential
mapping. An element p of t having this property is called an analytically
integral element.

For reasons of consistency with Appendix E, it is convenient to introduce
the set

A={Het|e®" =T},

so that the elements A of A are precisely those for which 27\ € @ (i.e., those
A of the form A = ¢/2x for some ¢ € ®). Saying that (i, ¢) is an integer
multiple of 27 is the same as saying that (4, A) is an integer. So, we have the
following definition.

Definition 7.29. An element p of t is called an analytically integral ele-
ment if (u, \) is an integer for all X in A.

The following result summarizes the conclusion of the previous paragraphs.



216 7 Representations of Complex Semisimple Lie Algebras

Proposition 7.30. For p € t, there exists a function f on T satisfying
f (eH) = ¢t H)

if and only if p is an analytically integral element.

Meanwhile, we have another notion of integral elements, namely that 4 € b
is an integral element if (u, H,) is an integer for each co-root H,. To distin-
guish this condition from the condition for an analytically integral element,
we call 1 an algebraically integral element if (u, H,) is an integer for all
co-roots. In the previous subsection, we asserted that (assuming K is sim-
ply connected) f in (7.24) is well defined provided that p is an algebraically
integral element. In light of Proposition 7.30, this amounts to asserting that
every algebraically integral element is analytically integral. In fact, we have
the following result. '

Theorem 7.31. If K is simply connected, then the set of algebraically integral
elements and the set of analytically integral elements are the same.

This theorem is not at all obvious. It is not hard to show that every
analytically integral element is algebraically integral; indeed, this is true even
if K is not simply connected. Showing (in the simply-connected case) that
every algebraically integral element is analytically integral is more involved.
See Section E.4 for more information.

Books such as Brocker and tom Dieck (1985) and Simon (1996) are con-
cerned with the representations of compact Lie groups, which are not assumed
to be simply connected. These books do not address the issue of whether every
Lie algebra representation comes from a group representation. Thus, in those
books, the only relevant notion of integral element is that of an analytically
integral element and one never needs to worry about the relationship between
algebraically integral and analytically integral element. The theorem of the
highest weight, as presented in those books, says that every dominant and
analytically integral element is the highest weight of a representation of K.
This result holds whether K is simply connected or not.

We, on the other hand, wish to connect the compact-group approach to
the Lie algebra approach and, for this, it is necessary to know Theorem 7.31.

7.4.5 The SU(2) case

Let us see how the argument described in this section works out in the SU(2)
case. We work with the maximal commutative subalgebra t of su(2) given by

= {20 )[oerl)

Note that t is the set of matrices of the form iaH, where, as usual,
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()

The associated maximal torus T' C SU(2) is then

T = {eiaH: (eo e—Oia> GGR}.

The Weyl group is the two-element group {I, —I} C O(t).

Let us now compute the characters of the irreducible representations of
SU(2), or, more precisely, the restriction to T of the characters. We know that
in each irreducible representation ¥, o(H) is diagonalizable with eigenvalues
m,m — 2,...,—m. Thus, X(expiaH) = exp(iac(H)) is also diagonalizable
with eigenvalues exp(ima), exp(i(m — 2)a), etc. The trace of X(expiaH) is
then the sum of the eigenvalues:

Xm (eiaH) = trace(Z (ei“H)) = Z gilm=2k)a
k=0

This is a finite geometric series, which we will sum using a slight variation of
the usual approach. We multiply .. by exp(ia) and then by exp(—ia), and
subtract the results. When we do this, all but two terms in the geometric
series cancel and we get

(em _ e—ia) Xom (eiaH) — gim+l)a _ —i(m+1)a (7.25)

so that

iaHy ei(m+1)a _ e~z’(m+1)a sin((m + 1)&)
Xom (€7 = gia — e~ia - sina '
The first equality in (7.26) is nothing but the Weyl character formula for the
SU(2) case. Note that sin((m + 1)a) is zero at all points at which sina is zero
(namely all integer multiples of 7) and so the expression for X, is nonsingular,
even at points where the denominator is zero.

Meanwhile, suppose that f is any class function on SU(2) and let dA denote
the normalized Haar measure on SU(2). The Weyl integral formula (Section
7.6) in this case states that

(7.26)

o . da
_ iaH 2
/SU(Q) f(A)dA = /0 f(e*™) 2sin®a 9 (7.27)

Here, da/27 is the normalized Haar measure on T = {ei“H| a¢€ IR} .

We know from Chapter 4 that for each non-negative integer m, there is an
irreducible representation with highest weight m. Let us pretend that we do
not know this and see how the result follows from the Peter-Weyl theorem,
the Weyl character formula (7.26), and the Weyl integral formula (7.27). For
any non-negative integer m, whether or not we know that m is the highest
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weight of a representation, (7.26) gives a well-defined function on T that is
invariant under the map a — —a. It is not hard to show, then, that there
exists a unique class function f,, on SU(2) whose restriction to 1" is given by
(7.26). According to (7.27), we have for any distinct non-negative integers m
and n,

[ tmfaayaa= [ 7 sin((m + Da)sin((n + Va)y 0, da _
SU(2) 0 27

sina sina
(7.28)

because of the usual orthogonality of trigonometric functions on [0, 27].

Suppose, now, that there were some m that was not the highest weight of a
representation. Then, the set of characters for SU(2) would consist of fy,’s with
n ranging over some subset of the non-negative integers not including m. This
would mean, by (7.28), that f,, is a nonzero class function that is orthogonal
to all of the characters (since the characters are all f,,’s with n # m). However,
the Peter—Weyl theorem says that the characters form an orthonormal basis
for the set of L? class functions on SU(2), and thus a nonzero class function
cannot be orthogonal to all of the characters. This, then, is a contradiction
and m must be, after all, the highest weight of a representation.

7.5 Constructing the Representations III: The
Borel-Weil Construction

The Borel-Weil construction, described in this section, is often described after
the theorem of the highest weight has been proved (using, say, Verma modules
to prove that every dominant integral element arises as the highest weight of an
irreducible finite-dimensional representation). In such approaches, the Borel-
Weil construction is simply an illuminating way to “realize” representations
whose existence has already been demonstrated. However, it is also possible to
use the Borel-Weil construction to prove the existence of the representations,
and that is the approach we will follow here.

7.5.1 The complex-group approach

We have seen already two approaches to constructing the representations: the
Lie algebra point of view, using Verma modules, and the compact group-point
of view, using the Peter-Weyl theorem and the Weyl character formula. We
now consider the complex-group point of view, using something called the
Borel-Weil construction. (There is also a variant of the Borel-Weil construc-
tion that uses algebraic groups instead of complex groups.)

Before getting into the details of the Borel-Weil construction, we need to
establish some notation and at the same time make sure that we understand
the relationships between the representations of the various objects (Lie al-
gebra, compact group, complex group). Let g be a complex semisimple Lie
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algebra realized as a subalgebra of some M, (C). Let ¢ be a compact real form
of g and let K and G be the connected Lie subgroups of GL(n; C) whose Lie
algebras are £ and g, respectively. It can be shown that both K and G are
closed subgroups of GL(n; C) and, hence, matrix Lie groups. Let us assume for
simplicity that K and G are both simply connected. (It turns out that G is
simply connected if and only if K is—see the last section of Appendix E.) In
this case, the representations of K (i.e., continuous homomorphisms of K into
some GL(V;C)) are in one-to-one correspondence with the representations of
£, which, in turn, are in one-to-one correspondence with the complex-linear
representations of g = .

Now, since we assume that G is simply connected, every complex-linear
representation of g can be exponentiated to give a representation of G. How-
ever, not every representation of G arises in this way. After all, if II is a
representation of G (continuous homomorphism of G into some GL(N;C)),
there is no reason that the associated Lie algebra representation 7 should be
complez-linear. For example, consider the representation of SL(2;C) given by
entrywise complex conjugation:

b
i)

ab

"(ea)=(
(This is a representation (i.e., a continuous homomorphism of SL(2;C) into
GL(2;C)) because the complex conjugate of the product of two matrices is the
same as the product of the complex conjugates.) The associated representation
7 of sl(2;C) is given by the same formula as II, since the complex conjugate
of exp(tX) is exp(tX), where X is the complex conjugate (entrywise) of X.
Clearly, then, 7 is not complex-linear but rather conjugate-linear.

We call a representation of G holomorphic if the associated representa-
tion of g is complex-linear. Since g is a complex subalgebra of M,(C), the
group G is automatically a complex submanifold of GL(n;C) (Appendix C),
and it can be shown that if IT is holomorphic in the sense of the previous
sentence, then II is a holomorphic mapping of the complex manifold G into
GL(N;C).

Assuming still that K and G are simply connected, we conclude that the
following objects are in one-to-one correspondence with each other:

o QI

continuous representations of K
real-linear representations of £
complex-linear representations of g

holomorphic representations of G.

Here, “continuous” in the representations of K is to emphasize that we allow
any continuous homomorphism of K into GL(N;C). There is one other class
of objects that is frequently studied: the “algebraic” representations of G. It
is not hard to see that every algebraic representation of G is holomorphic;
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it is less obvious but still true that every holomorphic representation of G
is also algebraic. So, actually, the algebraic representations of G are also in
one-to-one correspondence with the above-listed objects.

7.5.2 The setup

We continue to assume that g C M, (C) is a complex semisimple Lie algebra
with compact real form £ and that G and K are the connected subgroups
of GL(n;C) with Lie algebras g and €, respectively. We will assume that K
is contained in U(n). (This is a harmless assumption since, by the averaging
method of Section 4.10, there is an inner product on C™ that is invariant
under the action of K, and we can make a change of basis that converts this
inner product into the usual one on C".) Having made this assumption, we
will have that each X € ¢ will satisfy X* = — X, where X* is the usual matrix
adjoint of X. It then follows that for any Z = X; + iXy € g, we have that
Z* = —X1 + iX5 also belongs to g. From this it is not hard to show that for
any A in G, A* is also in G.

Now, suppose that 7 is a representation of g acting on some space V, and
IT is the associated representation of G. We can choose an inner product on
V so that II(z) is unitary for all z in K. In that case, it is not hard to show
that II satisfies

II(A)* =TI(AY)

for all A € G. For A € K, this means simply that I[I(A*) = II(A7}) =
II(A)~! =TI(A)*, since both A and II(A) are unitary.

We now choose a maximal commutative subalgebra t in € and we let h =
t + it be the associated Cartan subalgebra of g. We let R denote the set of
roots for g relative to b, we choose a base A for R, and we let R denote the
set of positive roots with respect to A. Now, consider the following subspaces

of g,
= D e
aE€ERT
n =D e
aER™
b" =hon®,
b =hdn".

It is easily seen that each of these spaces is actually a subalgebra of g. It
is also easily seen that n™ is an ideal in b* and n~ is an ideal in b~ (i.e.,
[b*,nT] C n* and [b7,n7] C n7). Neither n* nor n~ is an ideal in g. From
the proof of Proposition 6.19 we see that (go)* = g_o and, thus, (b™)* = bt
and (bT)* =b".

We now let BT, B~, N*, and N~ be the connected Lie subgroups of G
corresponding to bT, b=, n™, and n~, respectively. These are always closed
subgroups of G and hence matrix Lie groups. We have
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(B)" =B,
(B™)* = B*.

(This follows from the corresponding result for the Lie algebras b™ and b~.)
Now, suppose that p is any element of h and consider the linear map
Xp : bT — C given by

Xu(H+X)={(u,H), Heh Xebt. (7.29)

It is easily checked (using that n' is an ideal in b™) that x, is a Lie algebra
homomorphism of b' into the one-dimensional commutative Lie algebra C.
Now, b is the Lie algebra of the group BT, and we may think of C as the Lie
algebra of the group C* of nonzero complex numbers, with the exponential
mapping from C to C* being the usual exponential function. We may then
ask whether or not there is an associated Lie group homomorphism

X, : Bt - C". (7.30)

Note that even though we are assuming that G is simply connected, Bt C G
is not necessarily simply connected. Indeed, it turns out that BY is never
simply connected.

Proposition 7.32. Let x, : bT — C be the Lie algebra homomorphism de-
fined by (7.29). If G is simply connected, then an associated group homomor-
phism X, : Bt — C* exists if and only if p € b is an integral element.

The motivation for the definition of yx, is that if uo is a highest weight
vector for some representation 7 with highest weight p, then

w(H + X)uo = (u, H) o

for all H € h and X € nT. (Note that 7(X)ug must be zero for X in n*
since otherwise 7(X )uo would be a linear combination of weight vectors with
weight higher than p.)

To make Proposition 7.32 plausible, suppose that p is the highest weight
of some representation m of g (in which case, p is certainly integral) and that
ugp is a weight vector with weight p. If G is simply connected, then there will
be an associated representation II of G. Then, for all X € b*, we will have

II (eX) up = "Xy = eXr Xy, (7.31)

Now, any a € BT will be a finite product of elements of the form eX, X € b+.
It follows that for any a € B, we will have II(a)ug = f(a)ug for some nonzero
complex number f(a). The map a — f(a) will be a homomorphism of BY into
C*, and by (7.31), the associated Lie algebra map is x,, so, in fact, f = X,,.
We conclude, then, that if x4 is the highest weight of a representation 7 of
g and G is simply connected, then X, will exist. As a side benefit, we have
shown that, in this case, the associated representation IT of G satisfies
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(a)uo = Xpu(a)ug (7.32)

for all a € BT,

The argument in the preceding paragraph proves Proposition 7.32 in the
case where p is the highest weight of some representation, in which case,
1 is certainly integral. However, of course, only dominant integral elements
arise as highest weights and the proposition claims that X, exists for any
integral u, dominant or not. Furthermore, even in the dominant integral case,
we are going to use the proposition in proving that every dominant integral
element arises as the highest weight of some representation, in which case,
we are not allowed to assume the existence of the representations in proving
the proposition. Nevertheless, it is the dominant case that we are mainly
interested in, and the reason that we are interested in the homomorphism X,
is because of (7.32).

Let me now sketch briefly the proof of Proposition 7.32. It follows from
the “polar decomposition” for G (see Section E.5) that G is simply connected
if and only if K is simply connected. Consider the restriction of x, to the
maximal commutative subalgebra t of ¢, which is the linear map H — (i1, H) .
Let T be the subgroup of K whose Lie algebra is t. Since t C b™, it fol-
lows that T C B*. If G is simply connected (and so also K), then Corol-
lary E.8 implies that there exists a homomorphism A, : T — C* such that
Ay (exp H) = exp(u, H) if and only 4 is an integral element. Now, if X, exists,
then, certainly, A, must exist, since in that case, A, is simply the restriction
of X, to T C B*. Thus, if X, exists, then A, exists and, so (by Corollary
E.8), u must be integral. To go in the other direction, recall that B* is never
simply connected, even when G and K are. (This is why not all of the homo-
morphisms of b into C give rise to homomorphisms of B* into C*.) However,
one can show that the fundamental group of B is isomorphic to that of T in
a natural way. This implies that all of the difficulty in passing from bt to BT
is already present in passing from t to T. So, if u is integral, Corollary E.8
tells us that we can pass x, from t to T and, therefore, also from bt to B¥.

7.5.3 The strategy

The idea of the Borel-Weil construction is to realize each representation as
the action of G on a certain space of functions on G itself. In order to under-
stand the strategy, let us first assume that we have a representation II of G
and see what sort of functions on G we get from this. Then, the Borel-Weil
construction will reverse this procedure: We will first construct a certain space
of functions on G and then build the representation II from these functions.

Thus, let (7,V) be a complex-linear representation of g and let IT be the
associated holomorphic representation of G. We continue to assume (as in
the previous subsection) that II satisfies II(g*) = II(g)* for all g in G. Then,
consider the matrix entries of I1. These are the functions on G of the form

Fuu(g) = (u,I(g)v) (7.33)



7.5 Constructing the Representations III: The Borel-Weil Construction 223

where u and v are elements of V. Because Il is a holomorphic representation
of G, these functions are holomorphic functions on G. For a fixed u € V, let

F* = the space of all functions of the form F,,, veV. (7.34)

For any fixed u, the map v — F,, is a linear map, which (by the definition
of F*) sends V onto F*. If II is irreducible and w # 0, then it is not hard
to show (Exercise 4) that the map v — F,, is injective. So, for u # 0, F*
is a finite-dimensional vector space that is naturally isomorphic (as a vector
space) to V itself, by the map v — F, ,.

Now, if F' is any function on G and h is an element of G, define a new
function Ry F by the formula

(BnF)(g) = F(gh).

The operator Ry is the “right-translation by h” operator and it is a linear
operator on the space of all functions on G. Furthermore, we compute that

(Rthh2F)(g) = (haF)(ghl) = F(ghth) = (Rh1h2F)(g)'

So, the map h — Ry, is a homomorphism and we may think of R as a repre-
sentation of G, acting on the (infinite-dimensional) space of all functions on
G. If we apply Ry to a matrix entry, then we have

RpFuo(9) = (u, T (gh)v) = (u, I(g)II(h)v) = Funhy(9)- (7.35)

So, evidently, the right action of G leaves F* invariant and, thus, F* is a
finite-dimensional representation of G. Furthermore, if u is nonzero and II is
irreducible, then F* is isomorphic as a representation to V| since the map
v — F, , is an intertwining map, by (7.35).

The conclusion is this: We can realize any irreducible holomorphic rep-
resentation of G as a space of holomorphic functions on G that is invariant
‘under the right action of G.

Let us look as well at the left action of G on functions. Consider the
“left-translation by h” operator, defined as

(LnF)(g) = F(hg).

I leave it to the reader to check that Ly, p, = Lp,Ln,. (For our purposes, it
is not necessary that the map h — Lj be a homomorphism. If, however, one
wants a homomorphism, then one merely needs to replace F(hg) by F(h™'g)
in the definition of Lj.) We compute that

LnFun(9) = (u,11(hg)v) = (u, II(R)II(g)v)
= ((h)"u, I(g)v) = Fur,v,
where v/ = II(h)*u. Thus, for typical h, L, does not leave the space F*

invariant, since the value of u is changed. Recall that we have defined II in
such a way that II(h)* = II(h*), and so we can rewrite the above result as
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LnFu(g) = (I(h")u, I(g)v) - (7.36)

Let us consider the case that u = ug, where ug is a highest weight vector
with some highest weight . Suppose that we take h = b, where b is an element
of B™, so that b* is in BT. Recall the homomorphism X, : Bt — C* defined
in (7.30) and recall also that (by (7.32))

I(a)up = Xu(a)uo
for all a € B*. Applying this with a = b* and substituting into (7.36) gives

Fugw(bg) = Xpu(6%) Fug.0(9) (7.37)

forallbe B~ and g € G.

What do we conclude from all this? Given any finite-dimensional holomor-
phic representation I of G, we can realize II as a space F“° of holomorphic
functions on G, where the space F“° is invariant under the right action of
G and where each element F of FU transforms under the left action of B~
according to (7.37). Now, it turns out that every holomorphic function on G
satisfying (7.37) is actually an element of F*0. (This is far from obvious at
the moment.)

The idea, then, of the Borel-Weil construction is this. We start with an
integral element p and we want to show that p is actually the highest weight
of some representation II. We construct the homomorphism X, : BT — C*
described in Proposition 7.32 and we define a space F,, as follows.

Definition 7.33. If i is an integral element, let X, : BT — C* be the homo-
morphism given by Proposition 7.32. Then, we define F, to be the space of
all holomorphic functions on G satisfying

F(bg) = X,.(b*)F(g)
forallbe B~ and all g € G.

Recall that if b is in B~, then b* is in BT. Although the definition of
F, makes sense for any integral element, we are interested primarily in the
case in which u is dominant integral. (It turns out that if u is integral but
not dominant, then F, contains only the zero function.) In the case that p
is dominant integral, we want to establish the following results. (1) F, is
invariant under the right action of G. (2) F, if finite dimensional. (3) F,
contains some nonzero elements. (4) F,, under the right action of G, is an
irreducible holomorphic representation such that the associated Lie algebra
representation has highest weight u. This will show that the dominant integral
element p is indeed the highest weight of some irreducible representation and
will give a “concrete” realization of that representation.

If we can prove all of this and we let ug be a highest weight vector inside
F., then we will have
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Fu=F",
where F“0 is the space defined in (7.34). Note, however, that we are not
allowed to define F,, to be equal to F*° since we do not know at the beginning
that there is any representation II with highest weight p. So, instead, we
define F,, to be the space of functions having the properties that we know the
elements of F*° should have.

The hardest part of the Borel-Weil construction is to prove that the space
F. is nonzero (i.e., that there exists a nonzero holomorphic function F' satis-
tying F(bg) = X,,(b*)F(g), b € B™, g € G). Note that if we knew that 1 was
the highest weight of some irreducible representation, then functions of the
form (7.33) would be in F, and, thus, F,, would be nonzero. However, we are
trying to use the Borel-Weil construction to prove that such a representation
exists, and so we are not allowed to assume this.

Since G is a complex group and B~ is a complex subgroup, the quotient
manifold G/B~ is a complex manifold. (The group B~ is not a normal sub-
group of G and, therefore, the quotient G/B~ is not a group but only a
manifold.) The space F,, should really be thought of as the space of holomor-
phic sections of a certain holomorphic line bundle over G/B~. This point of
view allows a large amount of differential geometric machinery to be brought
to bear, especially cohomology and the Riemann-Roch formula. For exam-
ple, it can be shown that G/B~ is a compact complex manifold. (Specifically,
G/B~ is identifiable with K/T, where T is the connected subgroup of K with
Lie algebra t.) This implies that the space F,, of holomorphic sections is fi-
nite dimensional. This machinery is beyond the scope of this book and is not
necessary if all one wants is to prove the existence of a representation with
a given dominant integral element. For more information on the differential
geometric side of things see Pressley and Segal (1986), Duistermaat and Kolk
(2000), Knapp (1986), Knapp (1988), and the article by Eastwood and Sawon
in Bridson and Salamon (2002).

7.5.4 The construction

We continue with the notation established in Subsection 7.5.2. We consider
an integral element p € h, which, at the moment, we do not assume to be
dominant. We let X,, : BT — C* be the homomorphism given by Proposition
7.32 and we consider the space F, of functions on G defined in Definition
7.33. We begin with one important but easy result.

Proposition 7.34. For any integral element p, the space F,, is invariant un-
der the right action of G.

Proof. Suppose that F' is an element of F,, and h is an element of G. Then,
for all g € G and b € B, we have (by the associativity of the product on G)

(RnF)(bg) = F(bgh) = X,,(b*)F(gh) = X,,(b*)(RrF)(9)-
This shows that Ry F' is again in F,,. O
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We are now ready to state the main result of this section.

Theorem 7.35. Assume G is simply connected. Let p be an integral element,
let X, : Bt — C* be as in Proposition 7.32, and let F,, be as in Definition
7.38. Then, the following results hold:

1. If u is not dominant, then F,, contains only the zero function.

2. If i is dominant integral, then F, is nonzero but finite dimensional. In
this case F,, forms an irreducible holomorphic representation under the
right action of G, and this representation has highest weight (.

This construction of the representations of G is called the Borel-Weil con-
struction.

Let us elaborate slightly on the meaning of Point 2 of the theorem. The
space F, is invariant under Ry (h € G) and is finite dimensional. It can
be shown that the map h — Ry|, is a continuous map of G into GL(F,)
and, thus, 7, constitutes a finite-dimensional representation of G. Point 2
of the theorem asserts that this representation is holomorphic, meaning that
the associated representation of g is complex-linear. The statement that “this
representation has highest weight 1” then means more precisely that the as-
sociated complex-linear representation of g has highest weight p.

It is not feasible for me to give a complete proof of this theorem here. I
outline the intermediate steps needed and prove the ones that can be proved
easily. The main omission is that I do not prove that F, is nonzero in the
dominant integral case. (Recall that if one already knows that a dominant
integral element y is the highest weight of a finite-dimensional representation,
then it is easy to show, as in the previous subsection, that F, is nonzero.
However, we are trying to use the Borel-Weil construction to prove the ex-
istence of such a representation; to do so we must prove directly that F, is
nonzero.)

Lemma 7.36. If F,, is nonzero and finite dimensional, then F, forms an
irreducible holomorphic representation under the right action of G and this
representation has highest weight p.

We know that in any finite-dimensional irreducible representation, the
highest weight must be dominant integral. The proposition thus implies that
if 7, is finite dimensional and nonzero, then x must be dominant.

Proof. Assume that F,, is nonzero and finite dimensional. Then, F,, forms a
representation under the right action of G. Because the elements of F,, are
holomorphic and the right action of G on itself is holomorphic, it can be
shown that F, is a holomorphic representation of G and, thus, there is an
associated complex-linear action of g on F,,. By complete reducibility of the
representations of g, F,, decomposes as a direct sum of irreducible g-invariant
subspaces. Each of these subspaces contains a nonzero highest weight vector
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F, with some highest weight o. Applying (7.32) to the representation II given
by II(h) = Rh|f“ , we obtain that

R, F, = X, (a)F,

for all a € B*. Meanwhile, since F, is an element of F,,, we have that

LyF, = X, (b*)F,

for all b € B~. Thus, F, satisfies

F(bga) = X,.(5") X, (a) F(g) (7.38)

forallge G,a € BT, and be B~.
If we take g = I in (7.38), we obtain

F,(ba) = X,(b") X, (a)F,(I). (7.39)

Now, every element of g can be written as the sum of an element of b and
an element of b~ (nonuniquely since b* Nb~ = h). It follows (using the
Inverse Function Theorem as in the proof of Theorem 2.27) that there is a
neighborhood U of I in G with the property that every element g of U can
be written (nonuniquely) as g = ba with a € BT and b € B~. This, together
with (7.39), tells us that if F,(I) were equal to zero, then F, would be zero
on U and, hence (since F is holomorphic), that F, would be identically zero.
Since we have chosen F, to be nonzero, we conclude that F,(I) # 0. We may,
therefore, normalize F, so that F,(I) = 1 and we obtain that

F,(ba) = X, (b") X, (a). (7.40)

Consider the connected subgroup T of K whose Lie algebra is t. Then, T
is contained in both Bt and B~. This means that

Fy (1) = Xu(f) = X, (1), (7.41)

However, since T C K C U(n) we have that t* = ¢t~! for all ¢ € T. Further-
more, we know that (u, H) is imaginary for all H € t. This implies that X, (t)

has absolute value 1 for all ¢ € T and, thus, that X,(t) = X,(¢t)"! for all
t € T. So, we see that

Xu(t*) = Xp(t_l)_l = Xyu(t)
for all t € T. Thus, (7.41) becomes
Xu(t) = Xo(t)

for all ¢t € T. This can occur only if ¢ = pu.
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Thus, the only highest weight that can occur in F,, is p. Suppose now
that F,, is reducible, so that its decomposition into irreducibles contains at
least two terms, each of which (we have seen) must have highest weight pu.
Let F, and F? be the highest weight vectors of these two subspaces. We
may normalize each of them to be equal to 1 at the identity, and then both
satisfy (7.40). This means that F); is equal to F? in a neighborhood of the
identity and, thus, everywhere since the functions are holomorphic. So, the
subspaces associated to F) ; and F 3 are equal after all and we conclude that
F, is irreducible. O

Lemma 7.37. For all integral elements p, F, is finite dimensional.

I will not attempt to prove this result here. The usual argument is to
regard F,, as a space of holomorphic sections of a complex line bundle over the
manifold G/B~. Then, one shows that G/B~ is a compact complex manifold
(by identifying G/B~ with K/T) and one makes use of a standard result from
complex geometry that the space of holomorphic sections of a vector bundle
over a compact complex manifold is finite dimensional.

Once Lemma 7.37 is established, it remains only to show that in the dom-
inant integral case, the space F,, is nonzero. This is the most difficult step in
the argument. Our strategy is to build an element F, in F, that will be our
highest weight vector. According to (7.40) (with o = p), F,, is determined
on elements g of G that are of the form g = ba, with a € Bt and b € B™.
Because BT and B~ have a nontrivial intersection, it is convenient to look
at elements of the form na, with a € BT and n € N~ C B~. Note that
X, is identically equal to 1 on N, because (by definition) x,, is zero on n~.
However, for n € N~, we have that n* € N*. Thus, F), should satisfy

F.(na) = X,(a), a€ Bt",neN".

Note that as a vector space, g decomposes as g = b™ @n~. It can be shown
that B and N~ intersect only at the identity. It follows that each g € G can
be decomposed as g = na, with a € B™ and n € N, in at most one way.
Thus, it makes sense to define a function on the set N~ Bt C G by defining
how the function acts on the pair (a,n). Unfortunately, not every element of
G is a product of an element of Bt and an element of N~; that is, N~ BT
is a proper subset of G. So, we first define F, on N~ B* and then we must
show that F}, extends to a holomorphic function on G.

Lemma 7.38. If i is dominant integral, then the function F,, on N" Bt C G
given by
F(na) = X,(a), a€BT,neN",

has a unique holomorphic extension to all of G. The resulting holomorphic
function on G is an element of F,.

1 will give only a sketchy outline of the proof, taken from Jantzen (1987).
(Since Jantzen works in the setting of algebraic group schemes, it is necessary
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to translate some of the arguments into the language of complex Lie groups.)
For each root « let A, be the element of K C G given by (6.21) in Section
6.6. (For each «a, A, is an element of N(t) that represents the Weyl group
element w,.) The calculations on pp. 201-202 of Jantzen (1987) then show
how to extend F), holomorphically to the set of elements of the form

Aqna (7.42)

with @ € BT and n € N™. One then has F}, defined holomorphically on the
set F consisting of N~ B™ together with the elements of the form (7.42). One
then argues that the complement of E in G has complex codimension 2, and so
a standard result in complex analysis shows that F), extends holomorphically
to all of G.

Putting Propositions 7.36, 7.37, and 7.38 together gives Theorem 7.35.

7.5.5 The SL(2;C) case

Let us see how the Borel-Weil construction works out in the case G = SL(2; C).
In particular, we will show very explicitly in this case that the space F,, defined
in Definition 7.33 is nonzero whenever u is dominant integral. If X, Y, and
H denote the usual basis elements for sl(2; C), then we may take h to be the
span of the element H, b+ to be the span of the elements X and H, and n~
to be the span of the element Y. In that case, the corresponding connected
subgroups of SL(2; C) are

B+:{<gf> ae(C*,ﬁE(C},
N—:{@?)‘aec}.

An integral element in this setting is simply an integer and a dominant integral
element is a non-negative integer. For any integer m, the homomorphism
Xm : BT — C* is given by

Xm<g f) =a™ (7.43)

«

Let us now see which elements of SL(2;C) are contained in N~ B*. We

compute
10 af a I}
(1) (52) = (Gals): (0

g= (j i’)) (7.45)

with determinant one. If z # 0, then we can express g uniquely in the form
of (7.44) if we take @ =z, 8 =y, and § = z/z. (It is easy to check that with

Consider a matrix
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this choice of a, 3, and 4, the (1,1), (1,2), and (2,1) entries in (7.44) agree
with the corresponding entries of g. The condition that g have determinant
one then guarantees that the (2,2) entry in (7.44) also agrees with the (2,2)
entry in g.) If z = 0, then g cannot be decomposed into the form (7.44), since
the (1,1) entry on the right-hand side in (7.44) cannot be zero. So, the set
N~B™ inside SL(2; C) is precisely the set of matrices in SL(2;C) whose (1,1)
entry is nonzero.

This calculation (specifically that o = x) together with (7.43) shows us
that the function F,,, in Lemma 7.38 satisfies

(i)
yw

on the set of matrices in SL(2; C) with z # 0. When, then, does the function
F,, extend to a holomorphic function on all of SL(2;C)? Clearly, it extends
precisely when m > 0. Is the resulting function F,,, (m > 0) an element of the
space F), defined in Definition 7.33? Let us compute and see. The elements of

B~ are those of the form
b:(%B) (7.46)

Now, if b is as in (7.46) and g as in (7.45), then the (1,1) entry in bg is az.
So, Fin(g) = 2™ and F,,(bg) = a™x™. Then, we compute that

X ) = Xom (‘8‘ f) — o™,

(o3

Thus, indeed, F,(bg) = X (b*)F(g) and F, is a (nonzero!) element of F,,.
It is straightforward to extend this calculation to the case of SL(n;C). See
Exercise 6.

7.6 Further Results

Although the main result about the representations of a complex semisimple
Lie algebra is the theorem of the highest weight, there are many other useful
results about the representations. This section presents some of these results,
mostly without proofs. We continue to assume the notation established at the
beginning of this chapter.

7.6.1 Duality

Recall from Section 4.7 the notion of the dual representation 7* associated to
a finite-dimensional representation m of a group or Lie algebra. We know in
general that 7* is irreducible if and only if 7 is irreducible and that (7*)* is
equivalent (as a representation) to 7. In the case of representations of semisim-

ple Lie algebras, we have the following result. (Compare Exercise 2 in Chapter
5.)



7.6 Further Results 231

Proposition 7.39. If 7 is an irreducible finite-dimensional representation of
g, then the weights of * are the negatives of the weights of w. Specifically, if
W is a weight of m then —u is a weight of ™ with the same multiplicity as p.

Proof. Let V be the space on which 7 acts, let p be a weight of 7, and let
V.. be the corresponding weight space. We know that V is the direct sum of
V.. and the weight spaces for the other weights o of 7. Now let ¢ be a linear
functional on V),, and extend ¢ to a linear functional on all of V' by setting
¢ to zero on all weight spaces V,,, 0 # u. Let us compute how the operators
n*(H), H € b, act on ¢. If v € V,, then we have, by the definition of the dual
representation,

(7" (H)¢l(v) = [-n(H)"¢](v) = —d(n(H)v) = — (1. H) $(v).

If v € V,, with ¢ # p, then both ¢(v) and ¢(7(H)v) are equal to zero, and so
we still have

[ (H)g](v) = — (u, H) ¢(v) (7.47)
(both sides equal to zero). Thus, actually, (7.47) holds for all v € V and,
therefore, 7*(H)¢ = — (u, H) ¢. This shows that —pu is a weight of 7%, and it
is easily seen that the multiplicity of —pu in 7* is the same as the multiplicity
of uin 7. O

Now, we have classified representations of complex semisimple Lie algebras
by their highest weights. So it is reasonable to ask how the highest weight of
m* is related to the highest weight of 7. The answer is provided in the following
result.

Theorem 7.40. There exists a unique element wy of W such that for each
dominant integral weight p, wo - (—p) s, again, dominant integral. If m is
an irreducible representation with highest weight u, then © is an irreducible
representation with highest weight wo - (—p).

The proof of this result uses standard properties of the Weyl group (Section
8.7) and is omitted.

If it happens that —1 is an element of the Weyl group (which is the case
for some semisimple Lie algebras but not for others), then we have wy = —1.
This holds, for example, for g = so(5;C), whose root system is “Bjy.” See
Section 8.5. In such cases, wg - (—u) = p and, so, the highest weight of 7* is,
again, p. Thus, in Lie algebras where —1I is an element of the Weyl group,
every irreducible representation is equivalent to its dual.

For sl(3;C), —I is not an element of the Weyl group. If we take the usual
base A = {a, as} for the root system of sl(3; C), then wp will be the reflection
about the line perpendicular to the root az = a; + az. (Compare Figures 5.2
and 5.3.) If p; and ps are the fundamental weights for sl(3; C) (circled in Figure
5.2), then every dominant integral element is of the form yu = mju; + mous.
Then, woy - (—p) = mapy + mips. (Compare Exercise 3 in Chapter 5.) In the
case of sl(3;C), a representation with highest weight u = miu; + mopg is
equivalent to its dual if and only if m; = ma.
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7.6.2 The weights and their multiplicities

It is important to know not only the highest weight of a representation, but
all of the weights, along with the multiplicities of the weights. We begin by
looking at which weights occur and then turn to the multiplicities. For pictures
of the weights of various representations, see Section 5.7, 8.5, and 8.6. Recall
from Section 5.7 that the conver hull of a finite collection of points in a vector
space is the smallest convex set containing those points.

Theorem 7.41. Suppose that V is a representation with highest weight po.
Then, an element p € b is a weight of V if and only if the following two
conditions are satisfied:

1. p is contained in the convex hull of the orbit of uo under the Weyl group.
2. ug— i can be expressed as a linear combination of the positive simple roots
with integer coefficients.

Note that Condition 2 implies that p is an integral element, since py and
all of the roots are integral. On the other hand, there will typically be integral
elements p contained in the convex hull of the W-orbit of po that are not
weights of V. After all, if i is an integral element, then po— p is also an integral
element, but this does not necessarily mean that pug — p can be expressed as
an integer linear combination of roots. See Section 8.10 for more on this issue.

As discussed after the statement of Theorem 7.15, every integral element
occurs as a weight of some irreducible representation of g. In fact, given an
integral element u, it follows from Theorem 7.41 and standard results about
the Weyl group (Section 8.7) that there exist infinitely many inequivalent
irreducible representations of g for which u is a weight. See Exercises 8 and 9
in Chapter 8.

The proof of Theorem 7.41 is the same as the proof in the sl(3;C) case,
which is sketched in Section 5.7.

We now turn to the matter of the multiplicities. In the sl(3; C) case, there
is a simple pattern to the multiplicities, described in Section 5.7. In the gen-
eral case, things are more complicated and there are two standard results
about the multiplicities: Freudenthal’s formula and Kostant’s formula, both
of which allow one, in principle, to compute all of the multiplicities in any
representations. Although carrying out these computations in a particular
case can be arduous, there exist computer programs that can do them. I
present here (without proof) Kostant’s formula, which gives the multiplicity
of each weight directly. Freudenthal’s formula gives a recursive algorithm for
computing the multiplicities that may be more computationally efficient than
Kostant’s formula in high-rank examples. Freudenthal’s formula is in Section
22 of Humphreys (1972) and Kostant’s formula is in Section 24.

Suppose now that X is an element of the root lattice (i.e., that A can be
expressed as a linear combination of roots with integer coefficients). Now, let
p(A) denote the number of ways that A can be expressed as a linear combina-
tion of positive roots with non-negative integer coefficients. If A is higher than
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zero, then there will be at least one such way; if A is not higher than zero,
then there will be no such way and p(A) = 0. Consider, for example, the case
of sl(3; C), in which we have three positive roots: a1, as, and az = a; + as.
If A = 2a; + 3am, then we have

A =201 + 30y = a1 + 209 + a3 = ag + 203

and, so, p(\) = 3. More generally, every element of the root lattice for sl(3;C)
can be expressed as A = kay + lag for a unique pair of integers k and [. If
either k or [ is negative, then p(A) = 0. If both k and ! are non-negative, then
p(A) =1+ min(k, ).

Theorem 7.42 (Kostant). Suppose that V is a finite-dimensional irre-
ducible representation of a complexr semisimple Lie algebra g with highest
weight po. If p is o weight of V. then the multiplicity m,,,(u) is given by

My (1) = Y det(w) p(w - (po +0) — (1 +9)),
weWw

where & is half the sum of the positive roots.

Let us consider, first, the w = I term in the sum, namely

p((po +8) — (1 +0)) = p(po — 1)

Since o is higher than (or equal to) p, o — p is higher than (or equal to) zero,
and so this term in the sum is nonzero. If the highest weight pg is sufficiently
far from the walls of the fundamental Weyl chamber and p is sufficiently close
to pp, then it will happen that for all w # I, w- (po + 0) is not higher than
pu=+6. So, p(w- (po+38) — (+8)) will be zero for all w # I, and in such cases,
Myo (1) = p(po — ). (In the Verma module V,,,, described in Section 7.3, all
weights p have multiplicity p(uo — p).)

As an example, consider the representation of sl(3; C) with highest weight
(0,3) and consider the weight u = 0 occurring in this representation. Figure
7.1 illustrates the computations needed to apply Kostant’s formula in this
case. In the figure, black dots indicate the weights of the representations and
the vertices of the outer hexagon indicate points of the form w- (up+9), where
o is the highest weight, (0,3). Of the six elements of the form w - (uo + J),
only two are higher than p + §, namely po + ¢ and w,, - (o + ). Since
det(wy, ) = —1, we obtain

My, (1) = plar + 2a2) — p(2a)
=2-1=1.

In this representation, all weights have multiplicity one.

In the case of sl(3;C), it is possible to use Kostant’s or Freudenthal’s
formula to show that the multiplicities follow the simple pattern described in
Section 5.7. For other Lie algebras, the pattern of multiplicities can be more
intricate.
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Fig. 7.1. Multiplicity calculation for highest weight (0,3)

7.6.3 The Weyl character formula and the Weyl dimension formula

Let K be a simply-connected compact Lie group, let & be its Lie algebra,
and let g = €¢, so that g is a complex semisimple Lie algebra. Then, there
is a one-to-one correspondence between the continuous representations of K
and the complex-linear representations of g. Let t be a maximal commutative
subalgebra of £ and let T be the connected subgroup of K whose Lie algebra
is t. Recall from Section 7.4 that the character of a representation IT of K is
the function x on K defined by

xm(x) = trace(Tl(z)).

Recall also the Weyl character formula (Theorem 7.28) which gives an expres-
sion for the restriction to T of the character of an irreducible representation
with highest weight y. (The statement of that theorem is in terms of the real
weights, which are 1/4 times the ordinary weights.)
Note that the value of the character at the identity is equal to the dimen-
sion of II:
xu(I) = trace(I) = dimII.

This means that the dimension of the representation can be obtained by eval-
uating the character at the identity. Unfortunately, this procedure is not as
simple as it sounds, since the Weyl character formula can be taken literally
only at points where the denominator is nonzero. At the identity, the de-
nominator of the Weyl character formula is zero and the whole formula is
of the “zero over zero” form. Nevertheless, it is possible to use a version of
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L’Hopital’s rule to evaluate the character at the origin so as to obtain the
following result.

Theorem 7.43. Suppose that  is an irreducible representation of g with high-
est weight p. Then, the dimension of m is given by

HaeR+ <O‘7 u + 5>
Macrs (@0)

where R* denotes the set of positive roots and § is half the sum of the positive
T001S.

dimn =

Note that the denominator of this formula is a constant, independent of
(. So, the dimension is a polynomial function of the highest weight, and the
degree of this polynomial is equal to the number of positive roots. The dimen-
sion formulas for the cases of sl(2;C) and sl(3;C), which we have discussed
previously, are consistent with this. For sl(2; C), the dimension is m + 1, and
for sf(3;C), it is %(ml + 1)(mg + 1)(m1 + ma + 2), reflecting that for sl(2;C)
there is one positive root and for sl(3; C) there are three.

Let us now verify that Theorem 7.43 agrees with the results we have stated
earlier for the sl(2; C) and sl(3; C) cases. For sl(2; C), we think of the roots and
weights as being simply numbers (the eigenvalue of H), and the inner product
as simply the product. The one positive root « is then the number 2 (reflecting
that ady (X) = 2X), and half the sum of the positive roots is the number 1. So,
if m is the highest eigenvalue of H occurring in an irreducible representation,
the dimension predicted by Theorem 7.43 is (m + 1)/1, in agreement with
Chapter 4.

For the case of sl(3; C), we note that

m = p(Hh) = 2<<;11,’:1>>
My = ,U'(HQ) ) <a2ﬂu>

Let us normalize all the roots so that (a, @) = 2 (as in Section 5.6). Using that
normalization of the inner product, we have m; = {ay, u) and ma = (az, p) .
Letting ag = a; + ag, we have

1
6= 5(041 + as + az) = as.

We then note that {(a1,0) = 1, {az2,d) = 1, and (a3, ) = 2. So, the numerator
in the dimension formula is

(<a17 :U’> + <a176>) (<Oz2,p,> + <a2’5>) ((a;:,,u) + <a375>)
= (m1 + 1)(m2 + 1)(777,1 + meo + 2)
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and the denominator is (1)(1)(2). Thus, the dimension formula in this case
becomes

1
dimm = §(m1 +1)(mg + 1)(my +mg +2),

as stated in Chapter 5.

7.6.4 The analytical proof of the Weyl character formula

Suppose that K is a simply-connected compact Lie group with Lie algebra
t, so that g := fc is a complex semisimple Lie algebra. We fix a maximal
commutative subalgebra t of £ and we let T be the connected Lie subgroup
of K whose Lie algebra is t. It can be shown that T is a torus; that is, T' is
isomorphic to S' x ST x --- x §'. Furthermore, it can be shown that every
element of K is conjugate to an element of T; that is, given A € K, there
exists B € K such that BAB™! € T. (See Chapter IV of Brocker and tom
Dieck (1985).)

As in Section 7.4, we work with the real roots, which are the elements o
of t such that there exists a nonzero element X of g with

[H, X] = i{a, H)X

for all H in t (and, therefore, for all H in h). We consider also the integral
real elements, which are those elements u of t such that 2(a, )/(, a) is an
integer for each real root «.. As discussed in Section 7.4, for each integral real
element u, there is a function f,, on 7' such that

fuleh) = ettt (7.48)

for all H in t. Functions of this form are called torus characters; they are in
fact the characters of the irreducible representations of T, which are necessarily
one-dimensional since 7' is commutative.

Proposition 7.44. The set of torus characters form an orthonormal set in
L3(T,dt), where dt is the normalized Haar measure on T.

Actually, the torus characters form an orthonormal basis, but the com-
pleteness is not relevant here. This result can be thought of as the Peter—Weyl
theorem for T (since on the commutative group T every function is a class
function), but it can also be proved directly. See Exercise 2.

We now let § denote half the sum of the positive real roots:

(5:1 Z Q.
2a€R+

Note that the sum is over all positive roots, not just the positive simple roots.
It can be shown that J is an integral element (Section 8.7).
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Definition 7.45. The Weyl denominator is the function o : T — C giveﬁ
by
o(ef) = Z det(w) '@ &)
wew

This is a well-defined function on T because §, and therefore also w - ¢ for
all w € W, is an integral element. This is (as the name suggests) the function
that occurs in the denominator of the Weyl character formula.

The next key ingredient is the Weyl integral formula. I state there just
the special case of the formula that applies to class functions; there is a more
general version of the formula that applies to arbitrary functions on K.

Theorem 7.46. Let f be a continuous class function on K, let dA denote
the normalized Haar measure on K, and let dt denote the normalized Haar
measure on T. Then,

L el
[ sia= g [ folowr

Here, |W| denotes the order of the Weyl group (i.e., the number of
elements in W).

We are not going to prove this formula here but will only sketch the ap-
proach one uses. We consider the map @ : T' x K/T — K given by

O(t,A) = AtA™!, teT, A€ K.

We have written ® as a map from 7' x K into K, but if we replace A by At’ for
some t’ in T, then (since T is commutative) the value of ® does not change.
Thus, we may think of ® as mapping T x K/T into K; in fact, it maps onto
K, because every point of K is conjugate to a point in T. We want to use
the change-of-variables formula to change the integral over K into an integral
over T x K/T.

In the case of a class function, f(AtA™!) is independent of A, so the
integration over K /T drops out and we are left with just an integral over T.
The factor of |o(t)|* is essentially the Jacobian of the map ®, which enters
as a consequence of the change-of-variables theorem. The factor of |W| arises
because an element B of K can be conjugate to several different elements of
T. In fact, if A is conjugate to a point ¢ in T, then A is also conjugate to any
point in T of the form w - ¢, for w in the Weyl group. (This is true because
if B is in N(t), then Adp preserves t and thus also T.) “Generic” elements of
K are conjugate to exactly || elements of 7' and the map & is “generically”
|W|-to-one, and this is why we need to divide by |W| in the Weyl integral
formula. To say the same thing another way, each “generic” conjugacy class
intersects T in exactly |W| points and, so, when integrating over T, we are
“overcounting” the conjugacy classes by a factor of |W|. We then need to
divide by |W| to compensate for this.



238 7 Representations of Complex Semisimple Lie Algebras

There are two important features of the Weyl integral formula that we
will use in the proof of the Weyl character formula. The first is the factor of
|W| which we discussed in the previous paragraph. This factor is extremely
important. It is instructive to check the normalization of the Weyl integral
formula by checking the formula in the case f = 1. Then, the left-hand side
of the integral formula is equal to 1, and the right-hand side is equal to
|W| /|W]| since the terms in the Weyl denominator are orthonormal elements
of L*(T,dt). (The points w - &, w € W, are distinct integral elements.) The
second important feature is that the Jacobian factor |o(t)|? is the absolute
value squared of a very nice function o. Of course, a Jacobian is always non-
negative and, thus, has a non-negative square root. This non-negative square
root, however, may not be a nice function—for example, it may not be smooth.
(For example, the non-negative square root of the function z? is |z|, which
is not differentiable at the origin.) Here, the function o (which is not non-
negative) is a very nice function, not only smooth but also having a very
simple expansion in terms of torus characters.

We now turn to the proof of the Weyl character formula. The main ingre-
dients are (1) the factor of [W| in the Weyl integral formula, (2) the precise
form of the function o, and (3) the Peter-Weyl theorem. We do not need
the full power of the Peter—Weyl theorem here. We need only that the char-
acters of the irreducible representations of K have L? norm 1 with respect
to the normalized Haar measure on K. This follows from fairly elementary
“orthogonality relations.” (See Section I1.4 of Brocker and tom Dieck (1985).)

We now start thinking about characters of representations of K.

Proposition 7.47. If 11 is a representation of K, then the restriction of the
character xm1 to T satisfies

XH(GH) = Z mueiw’H) )
"

where the sum is over all the real weights of Il and where my, is the multiplicity
of the weight L.

Proof. The space V on which IT acts is the direct sum of the weight spaces
V), associated to the real weights . On each V,,, we have (by definition) that
w(H) = i{p, H)I. Thus, H(exp H) = (expi (u, H)) I on V,. Taking the trace
of this equality gives the proposition. a

This is a “formula” of sorts for the character, but rather cumbersome
because the number of weights involved gets larger and larger as the high-
est weight gets larger, and also because computing the multiplicities can be
complicated. For example, trying to compute the dimension of II from this
formula is not so easy—one would have to sum up all the multiplicities of all
the weights involved. By contrast, the Weyl character formula yields (with a
bit of effort) the simple dimension formula given in Theorem 7.43.
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We now turn to the proof of the Weyl character formula, as stated in
Section 7.4.

Proof. If the representations II has highest weight u, then the character for-
mula is equivalent to saying that

(Z det(w) ei<w'5’H>>XH (e") = Z det(w) e¥w (u+d)H) (7.49)

weW weW

Now, the Weyl denominator (the sum on the left in (7.49)) is a sum of torus
characters with coefficients equal to +1 and with |W| terms. The character
x1 itself (restricted to T') is sum of torus characters with non-negative integer
coefficients and with the number of terms getting larger and larger as the
highest weight gets larger and larger. When we multiply the Weyl denominator
and the character, we will get an apparently huge sum of torus characters with
integer coefficients. Note that the product of two torus characters (as in (7.48))
with weights ©; and po is another torus character, with weight p; + ps.

The Weyl character formula says when we multiply the character and the
Weyl denominator, all but |W| terms in this huge sum must cancel out. (This
can be seen very explicitly in the SU(2) case. See (7.25) in Section 7.4.) Note
that the possibility of cancellation arises because of the minus signs in the
formula for the Weyl denominator and because the same torus character can
arise in several different ways in the sum.

How do we know this cancellation actually occurs? Well, the Peter—Weyl
theorem tells us that the character has L? norm 1 over K with respect to
normalized Haar measure on K. Then, the Weyl integral formula (Theorem
7.46) implies that the product of the Weyl denominator ¢ and xpz is a function
on T whose L? norm squared is equal to |W|. However, as we have just
discussed, oxq is a large sum of torus characters with integer coefficients,
and the torus characters are orthonormal (Proposition 7.44). So, the L? norm
squared of oy is the sum of the squares of the coefficients, and this must
equal |W/|. This means that there can be at most |W| terms in the expression
for oxr in terms of torus characters.

On the other hand, there is at least one torus character in the product
oxm that cannot cancel out, namely e#t%H) Since this term comes from
the highest weight in ¢ and the highest weight in xp, it occurs only once
and does not cancel out. Meanwhile, the set of weights in ¢ and in xy are
invariant under the Weyl group, and so the set of weights occurring in ox is
also invariant under the Weyl group. So, if e***%H) does not cancel out, then
neither does e!(w (#+9).H) 4 ¢ W. This means that we have |W| terms that
cannot cancel out in oy; all other terms must cancel out or the L? norm of
xm would be larger than 1.

It remains only to check the coefficients of the terms of the form e*(w (#+8).H)
These terms will arise as the product of det(w)e*(®-H) in ¢ and m(w-p)e** )
in xm. However, we know that p has multiplicity one and that the multiplic-
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ities are invariant under the action of the Weyl group. So, m(w - u) = 1 and
the coefficient of eX(w (#+3).H) will be det(w). O

7.7 Exercises

1. For any complex number p, consider the Verma module V,, for sl(2;C)
described in Section 7.3.4. Show that if x4 is not a non-negative integer,
then V,, is irreducible.

2. Show that every continuous homomorphism of S* into C* is of the form
e — e for some n € Z. Show that the functions {€?},cz form an
orthonormal set inside L%(S*,d§/2r).

Note: The functions e are the “torus characters” for the one-dimensional
torus S'. Compare Proposition 7.44.

3. Let T' be the subgroup of SU(n) consisting of diagonal elements. (Then,
T is a “maximal torus” in SU(n).) Show that every element A of SU(n)
is conjugate to an element of T Let W denote the Weyl group for SU(n),
namely the permutation group acting on T' by permuting the diagonal
elements. Under what conditions is A conjugate to exactly |W| elements
of T?

4. If V is an irreducible representation of g and u is a nonzero element of V,
show that the map u — F,, , in (7.34) is injective.

5. Verify directly the Weyl character formula for the representation of sl(3; C)
with highest weight (1, 2), using the weights and multiplicities of this rep-
resentation given in Section 5.7. To do this, consider the Weyl denomina-
tor o given in Definition 7.45 and the formula for xp given in Proposition
7.47. Now, compute oy using that e*{#H){MH) = pilutAH)

6. This exercise concerns the Borel-Weil construction in the case G =
SL(n;C). Let BT denote the subgroup of SL(n;C) consisting of matri-
ces of the form

(6731 *

a= (7.50)

and let N~ denote the subgroup of SL(n;C) consisting of lower triangu-
lar matrices with ones on the diagonal. Let B~ denote the matrices of
the same form as in (7.50) except with the nonzero elements below the
diagonal. Consider the homomorphism X : B¥ — C* given by

X(a) = o1" (0102)™ -+ (ar0z - 1) ™", (7.51)

where mq, ..., m,_1 are non-negative integers. For any k = 1,2,...,n—1
and any g € SL(n;C), let dety(g) denote the determinant of the k x k
block in the upper left corner of g.

Now, consider the function F : SL(n;C) — C* given by
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F(g) = [det1(g)]™ [det2(g)]™? - - - [detn—1(g)]™" "

Show that F' is a polynomial in the entries of ¢ and satisfies

F(bg) = X (b*)F(g)

for all b € B~ and all g € SL(n;C). (Compare Definition 7.33.)

Note: It can be shown that the homomorphisms in (7.51) are precisely the
X,’s corresponding to dominant integral elements p for sl(n;C).

. Verify the Weyl dimension formula for the representations of sl(3; C) with
highest weights (1, 2), (2,2), and (0, 4), using the weights and multiplicities
given in Section 5.7.

. Consider the Cartan subalgebra for sl(n; C) given in Section 6.9 and con-
sider the system of positive roots described in that section. Show that half
the sum of the positive roots is an integral element.
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More on Roots and Weights

8.1 Abstract Root Systems

In this section (and the next several sections), we consider root systems apart
from their origins in semisimple Lie algebras. There are many results about
root systems that are relevant to the understanding of semisimple Lie algebras
but whose proofs involve only the root systems and not the Lie algebras from
which they came. Therefore, it is convenient to separate the theory of root
systems from Lie algebras.

Definition 8.1. A root system is a finite-dimensional real vector space E
with an inner product (-,-), together with a finite collection R of nonzero
vectors in E satisfying the following properties:

1. The vectors in R span E.
2. If a is in R, then so is —a.
3. If o is in R, then the only multiples of o in R are o and —a.
4. If o and 8 are in R, then so is w, -3, where w, is the linear transformation
of E defined by
wa-B=p-282 sep

(a, )

5. For all o and B in R, the quantity
2 </87 a>
(a,a)

s an integer.

The dimension of E is called the rank of the root system and the elements
of R are called roots.

Property 2 is actually redundant, since ws(a) = —a. In the theory of
symmetric spaces, there arise systems satisfying Properties 1, 2, 4, and 5 but
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not Property 3. These are called “unreduced root systems.” We will consider
only “reduced root systems”—those satisfying Property 3 as well as the other
four properties.

The map w, is the reflection about the hyperplane perpendicular to «;
that is, w, - = —a and w, - § = ( for all B in FE that are perpendicular to a,
as is easily verified from the formula for w,. From this description, it should
be evident that w, is an orthogonal transformation of F with determinant
—1.

We can interpret Property 5 geometrically in one of two ways. In light
of the formula for w,, Property 5 is equivalent to saying that w, - 8 should
differ from § by an integer multiple of «. Alternatively, if we recall that the
orthogonal projection of 3 onto « is given by ({8, a)/(a, a))a, we note that
the quantity in Property 5 is twice the coefficient of « in this projection. Thus,
Property 5 is equivalent to saying that the projection of 8 onto « is an integer
or half-integer multiple of «.

If the rank of the root system is one, then there is only one possibility:
R must consist of a pair {a, —a}, where a is a nonzero element of E. This
root system is customarily called “A;” and is shown in Figure 8.1. In rank
two, there are four possibilities, pictured in Figure 8.2 with their conventional
names. In the case of A; x Ay, the lengths of the horizontal roots are unrelated
to the lengths of the vertical roots. In Az, all roots have the same length; in
Bj, the length of the longer roots is /2 times the length of the shorter roots; in
G, the length of the longer roots is /3 times the length of the shorter roots.
The angle between successive roots is 90° for A; x Ay, 60° for As, 45° for By,
and 30° for G3. The reader is invited to verify that each of these systems is
actually a root system. That every root system in rank two is actually one of
the ones pictured here is proved in Section 8.5. Examples of rank-three root
systems are given in Section 8.6.

el

Fig. 8.1. The root system A;

We have shown that one can associate a root system to every complex
semisimple Lie algebra. It turns out that every root system arises in this way,
although this is very far from obvious—see Section 8.9.

Definition 8.2. If (E, R) is a root system, then the Weyl group W of R
is the subgroup of the orthogonal group of E generated by the reflections wq,
a € R.

By assumption, each w, maps R into itself, indeed onto itself, since each
o € R satisfies @ = wq, - (wq - @). It follows that every element of W maps R
onto itself. Since the roots span F, a linear transformation of F is determined
by its action on R. This shows (compare Proposition 6.29) that the Weyl
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AY
R K

Fig. 8.2. The rank-two root systems

group is a finite subgroup of O(E) and may be regarded as a subgroup of the
permutation group on R. We follow the notation of Chapter 6 and write the
action of a Weyl group element w on an element H of F as w - H.

Proposition 8.3. Suppose (E, R) and (F,S) are root systems. Consider the
vector space E ® F, with the natural inner product determined by the inner
products on E and F. Then, RUS is a root system in E® F, called the direct
sum of R and S.

Here, we are identifying E with the subspace of E & F' consisting of all
vectors of the form (e,0) with e in F, and similarly for F. So, more precisely,
RUS means the elements of the form (¢, 0) with « in R together with elements
of the form (0, 3) with 8 in S. (Elements of the form («, 3) with o € R and
B €S are notin RUS.)

Proof. If R spans E and S spans F, then RU S spans E @ F, so Condition
1 is satisfied. Conditions 2 and 3 are easily verified. For Conditions 4 and 5,
consider, say, & € R and some root 3 in RUS. If 3 is in R, then Conditions 4
and 5 hold because R is a root system. If 8 is in S, then (8,a) = 0 (since E
is orthogonal to F inside E & F') and so w, - 8 = € RUS and the quantity
in Condition 5 is zero. The same argument applies if « is in S. O

Definition 8.4. A root system (E,R) is called reducible if there exists an
orthogonal decomposition E = E; @& FEo with dim Ey > 0 and dim Fy > 0 such
that every element of R is either in Ey or in E5. If no such decomposition
exists, (E, R) is called irreducible.

If (E, R) is reducible, then it is not hard to see that the part of R in E;
is a root system in E; and the part of R in E5 is a root system in Fs. So, a
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root system is reducible precisely if it can be realized as a direct sum of two
other root systems. In the Lie algebra setting, the root system associated to
a complex semisimple Lie algebra g is irreducible precisely if g is simple.

Definition 8.5. Two root systems (F, R) and (F, S) are said to be equivalent
if there exists an invertible linear transformation A : E — F such that A maps
R onto S and such that for all « € R and 8 € E, we have

A(wg - B) = waa - AB.
A map A with this property is called an equivalence.

Note that the linear map A is not required to preserve inner products, but
only to preserve the reflections about the roots. It is easily seen that if A is
an orthogonal transformation of F to F and if A takes R onto S, then A is
an equivalence. However, not every equivalence is of this form. For example,
we may take F' = E and S = AR, where X is a nonzero real number. (In this
case (E,S) is again a root system, as is easily verified.) Then, A = Al is an
equivalence of (E, R) with (E,S). To see this, note that wy, is the same as
w,, since the hyperplane perpendicular to Ao is the same as the hyperplane
perpendicular to .

We see, then, that if one multiplies all of the roots in a root system by
a nonzero constant, one gets another root system that is “the same as” (i.e.,
equivalent to) the original root system. Note that the quantity 2{c, 3)/(c, )
is unchanged if both & and 8 are multiplied by the same constant. So, the
actual lengths of the roots in a root system are not important. Nevertheless,
the ratios of lengths of different roots in the root systems are important (and
unchanged if all the roots are multiplied by the same constant).

Proposition 8.6. Suppose o and 3 are roots, o is not a multiple of 3, and
(a, ) > (B,0) . Then, one of the following holds:

B,8) and the angle between o and 3 is 45° or 135°
B,08) and the angle between o and 3 is 30° or 150°

| J

(ﬁ,ﬂ) and the angle between o and 8 is 60° or 12(°
2(
3¢

So, if two roots are not multiples of one another and are not perpendicular
to one another, then the ratio of the length of the longer to the length of the
shorter must be 1, v/2, or v/3, and for each case, there is only one possible
acute angle and one possible obtuse angle. If the roots are perpendicular, then
there is no constraint on the ratio of their lengths. The rank-two examples in
Figure 8.2 demonstrate that each of the angles and length ratios permitted
by Proposition 8.6 actually occurs. Figure 8.3 shows the allowed angles and
length ratios, for the case of an acute angle.
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lledl = 1Al llell = V2 11411 llall = V3 118]]
6=60° 0=45° 0=30°
COS(9=—;— C056=\/—l§. (;()50=\/—§

Fig. 8.3. Basic lengths and angles

Proof. Suppose that o and 3 are roots and let m; = 2{a, 8)/{a, @) and mg =
2(8,a)/{(B,0). Assume (o, a) > (3,5). (If not, reverse the labeling of the
two.) By Property 5, m; and msy must be integers. Note that

(o, 8)°
(@, a) (B,6)

where 6 is the angle between a and (3, and that

mimg = 4 = 4cos? 0, (8.1)

my  (a,a)
whenever (a, 5) # 0. From (8.1), we conclude that 0 < mymg < 4. lf mymsy =
0, then cosd = 0, so & and 3 are perpendicular. If m;ms, = 4, then cos?6 = 1
s0 6 is zero or 180° (i.e., « and 3 are multiples of one another (and so o = £43)).

The remaining possible values for mimsy are 1, 2, and 3, which we consider
in turn. If mymy = 1, then cos?f = 1/4, so § is 60° or 120°. Since m; and
mq are both integers, we must have m; = 1 and mg = 1 or m; = —1 and
mg = —1, and in either case, (8.2) tells us that « and 3 have the same length,
and we get Case 2 of the proposition.

If mymg = 2, then cos?# = 1/2 so # is 45° or 135°. Since we assume
(a,) > (0,0), (8.2) tells us that |mga| > |m4|, so we have either my = 2,
my =1 or myg = —2, m; = —1, and we are in Case 3 of the proposition.

Finally, if myms = 3, then cos?# = 3/4 and so 6 is 30° or 150°. Since
we assume (o, a) > (8,0), (8.2) tells us that [ma| > |m1]|, so we have either
mg = 3, m; = 1or mg = —3, m = —1, and we are in Case 4 of the
proposition.

In the last three cases, having m; and my both positive corresponds to an
acute angle ({«, 8) > 0) and having m; and my both negative corresponds to
an obtuse angle ({a, 3) < 0). O

Corollary 8.7. Suppose that o and 8 are roots. If the angle between o and 3
is strictly obtuse (i.e., strictly between 90° and 180°), then o+ 3 is a root. If
the angle between o and (3 is strictly acute (i.e., strictly between 0 and 90°),
then a — 3 and 3 — « are roots.
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Proof. The proof is by examining each of the three obtuse angles and each of
the three acute angles allowed by Proposition 8.6. Consider first the acute case
and adjust the labeling so that (o, @) > (3,0). An examination of Cases 2,
3, and 4 in the proposition (see Figure 8.3) shows that in each of these cases,
the projection of 8 onto « is equal to %a. (This corresponds to m; = 1 in the
notation of the proof of the proposition.) In that case, w, - 5 = 8 — . Thus,
B—aand a— = —(B—a) are roots. In the obtuse case (with {(a, &) > (3, 3)),

we have the projection of § onto « equal to —%a, and, so, we-f=a+0. O

8.2 Duality

Definition 8.8. If (E, R) is a root system, then for each root o € R, define

the co-root H, by

07
Hy=2——.
* Haa)

The set of all co-roots is denoted RV and is called the dual root system to

R.

Proposition 6.26 shows that this definition is consistent with the use of
the term “co-root” in Chapter 6. Property 5 in the definition of a root system
may be restated as the condition that (3, H,) be an integer for all roots a
and 8. We compute that

_ o) 4
(Ho, Ho) = 4<a,a>2 (e, @)
and, therefore,
H, 20\ (a,)
iy =2 (o) 5 e (5

and so the formula for a in terms of H, is exactly the same as the formula
for H, in terms of . Furthermore, if we take the inner product of (8.3) with
Hpg, we see that
2<HOUH[3> <a7ﬁ>
(Ho, Ha) (8,8)

This means that the left-hand side of (8.4) is an integer.

Furthermore, since H,, is a multiple of «, the hyperplane perpendicular to
« is the same as the hyperplane perpendicular to H,. This means that the
reflection associated to Hy, is the same as the reflection associated to «a (i.e.,
Wh, = Wy). However, since wy, is an orthogonal transformation, we have

wa'/@_Q We B
<ﬁ7ﬁ> B <wa 'Bawa ﬂ>

This shows that the set of co-roots is invariant under each reflection w,
(= wg,). This, together with (8.4), shows that RY is again a root system.

= <Oz, Hg) =2 (8.4)

wa‘Hﬂ:2 :Hwa-ﬁ'
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(The remaining properties of root systems for R follow immediately from the
corresponding properties of R.) So, we have established the following result.

Proposition 8.9. If R is a root system, then RY is also a root system and
the Weyl group for RV is the same as the Weyl group for R. Furthermore,
(RV)V =R.

Note from (8.4) that the integer associated to the pair (Hq, Hg) in RY is the
same as the integer associated to the pair (a, 8) (not (§,«)) in R.

It follows from (8.3) that (RY)Y = R; that is, if RV is dual to R, then
R is also dual to RY. If all the roots in R have the same length L, as in the
case of the root system associated to sl(n; C), then R" is obtained from R by
multiplying each of the elements of R by a constant (namely 2/L?). In that
case, the root system R will be equivalent to R. Even if not all of the elements
of R have the same length, it could still happen that RY is equivalent to R.
This is the case, for example, for the rank-two root systems By and G (Figure
8.2). In general, however, RV need not be equivalent to R. For example, the
rank-three root systems B; and C3 (Section 8.6) are dual to each other but
not equivalent to each other.

8.3 Bases and Weyl Chambers

Definition 8.10. A subset A of R is called a base for R if the following
conditions hold:

1. A is a basis for E as a vector space.

2. Each oot o € R can be expressed as a linear combination of elements
of A with integer coefficients and in such a way that the coefficients are
etther all non-negative or all nonpositive.

The roots for which the coefficients are non-negative are called positive
roots and the others are called negative roots (relative to the base A). The
set of positive Toots relative to a fized base A is denoted RY. The elements of
A are called the positive simple roots.

Note that since A is a basis for F, each « can be expressed uniquely as
a linear combination the elements of A. We require that A be such that the
coefficients in the expansion of each a € R be integers and such that all the
nonzero coefficients have the same sign.

Proposition 8.11. If a and 8 are distinct elements of a base A for R then,
(a, ) <0.

Geometrically, this means that either @ and § are perpendicular or the
angle between them is obtuse.



250 8 More on Roots and Weights

Proof. Since a # 3, if we had (a,8) > 0, then the angle between o and 3
would be strictly between 0 and 90°. Then, by Corollary 8.7, o — 3 would be
an element of R. Since the elements of A form a basis for E as a vector space,
each element of R has a unique expansion in terms of elements of A, and the
coefficients of that expansion are supposed to be either all non-negative or all
nonpositive. However, the expansion of « — 3 has one positive and one negative
coefficient. So, o — 3 must actually not be a root, which means (o, 3) < 0. O

It is far from obvious that a base exists. The reader is invited to look at
the rank-two root systems in Figure 8.2 and find a base for each one. We now
prove that a base always exists and give a constructive method for finding
one.

Proposition 8.12. If E is a finite-dimensional real vector space and R is any
finite subset of E not containing 0, then there exists a hyperplane V through
the origin in E that does not contain any element of R.

Proof. To prove this, we try to find a vector H in E such that (H,«) is
nonzero for each o in R (in which case H itself must certainly be nonzero). If
we can find such an H, then we may take V to be the orthogonal complement
of H, and V" will be a hyperplane through the origin and (by the way H is
constructed) V' will not contain any element of R. How do we find H? Well,
H cannot be contained in any of the hyperplanes V,, = {H € E| (o, H) = 0}.
So, if we can prove that the finite collection of hyperplanes V, cannot fill up
all of E, then there will be points not in any V,, and so we can find H and,
thus, V.

It remains to prove that the union of the finite collection of hyperplanes
{Va}acr cannot be all of E. This can be done, for example, using measure
theory: Each V,, is a set of Lebesgue measure zero in E, and so the union

of the V,,’s is again a set of measure zero, and so the union cannot be all of
E. O

Definition 8.13. Let (E, R) be a root system. Let V be a hyperplane through
the origin in E such that V does not contain any root. Choose one “side” of
V and let R denote the set of roots on this side of V. An element o of R
15 called decomposable if there exist 8 and v in RT such that o = 8+ y; if
no such elements exist, o is called indecomposable.

The “sides” of V can be defined as the connected components of the set
E — V. Alternatively, choose a nonzero element u of the (one-dimensional)
orthogonal complement of V. Then, V' is precisely the set of H in E for which
(u, H) = 0. The two “sides” of V are then the sets {H € E|(u, H) > 0}
and{ H € E|(u, H) < 0}. Choosing a different nonzero p in V+ (which must
be a constant multiple of the original choice) either leaves these two sets
unchanged or interchanges them.

The notion of indecomposable is understood to be relative to the choice of
V' and the choice of a side of V. This construction of a base for R motivates
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the use of the phrase “positive simple root” for the elements of the base A.
In this construction, we first find the set of positive roots; then, the elements
that are positive and “simple” (i.e., indecomposable) form the base.

Theorem 8.14. Suppose (R, E) is a root system, V is a hyperplane through
the origin in E not containing any element of R, and R is the set of roots
lying on one fized side of V. Then, the set of indecomposable elements of R*
is a base for R.

The reader is invited to carry out this procedure for each of the rank-two
root systems listed in Section 8.5.

Proof. Choose a nonzero vector 7 in the orthogonal complement of V' (which
is one dimensional) in such a way that «y lies on the positive side of V' (i.e., the
side containing R™). Then, V is simply the set of H € E such that (y, H) =0
and the positive side of V is the set of H € E such that (y, H) > 0. Let A
denote the set of indecomposable elements in RT.

Step 1. Every a € RT can be expressed as a linear combination of ele-
ments of A with non-negative integer coefficients. Suppose not. Then, among
all of the elements of R™ that cannot be expressed in this way, choose «
so that (y,a) is a small as possible. Certainly a cannot be an element of
A, so o must be decomposable, a = §, + 32, with 31,8, € R*. Now, 5
and (32 cannot both be expressible as linear combinations of elements of A
with non-negative integer coefficients, or else a would be expressible in this
way. However, (v,a) = (v,51) + (v,82), and since the numbers (v, ;) and
{7y, B2) are both positive, they must be smaller than (v, ), contradicting the
minimality of a.

Step 2. If o and 3 are distinct elements of A, then {(a,3) < 0. If we had
(e, B) > 0, then by Corollary 8.7, « — 3 and 3 — & would both be roots, one of
which would have to be positive. If o — 3 were positive, then we would have
a = (a — ) + 8 and a would be decomposable. If 3 — « were positive, then
we would have 8 = (8 — &) + «, and a would be decomposable. Since o and
3 are assumed indecomposable, we must have (@, 8) < 0.

Step 3. The elements of A are linearly independent. Suppose we have
> caa =0 (8.5)
a€EA

for some collection of constants c,. Then, we may separate the sum into those
terms where ¢, > 0 and those where ¢, = —d, < 0 and we obtain

ana = ngﬂ (8.6)

where the sums range over disjoint subsets of A and where ¢, > 0 and d, > 0.
Let w = Y cqa. From (8.6), we have



252 8 More on Roots and Weights

(u,uy = <Z caa,2d5ﬁ>
= Zand’gm,b’).

However, c, and d,, are non-negative and (by Step 2) (a, 3) < 0. So, (u,u) <0,
which can only happen if u is zero.

Now, if u = 0, then (y,u) = 3" ¢, (7, a) = 0, which implies that all the c,’s
are zero since ¢, > 0 and (v, «) > 0. The same sort of reasoning shows that
all the d,’s are zero, so that all of the coefficients in the original expansion
(8.5) are zero. This shows that A is linearly independent.

Step 4. A is a base. We have shown that A is linearly independent and
that all of the elements of RT can be expressed as linear combinations of
elements of A with non-negative integer coefficients. The remaining elements
of R, namely the elements of R™, are simply the negatives of the elements
of RT, and so they can be expressed as linear combinations of elements of A
with nonpositive integer coefficients. Since the elements of R span F, A must
also span F and it is a base. ad

Theorem 8.15. Given any base A for R. there erists a hyperplane V such
that A arises as in Theorem 8.14.

Proof. If A = {ay,...,a,} is a base for R, then A is a basis for F in the
vector space sense. Then, by elementary linear algebra, for any sequence of
numbers ¢y, ..., ¢, there exists a unique v € E with (v, o) = ¢, k=1,...,r.
In particular, we can choose ¥ so that (y,ax) > 0 for k = 1,...,r. Then,
if R* denotes the positive roots with respect to A, we will have {(v,a) >0
for all @ € R, since « is a linear combination of elements of A with non-
negative coeflicients. So, all of the elements of R* lie on the same side of the
hyperplane V = {H € E|(y, H) = 0}. It is not hard to see that the elements
of the original base A are indecomposable and so are contained in the base
constructed in Theorem 8.14. However, the number of elements in a base must
equal dim F, so, actually, A is the base constructed in Theorem 8.14. 0O

Proposition 8.16. If A is a base for R, then the set of all co-roots Hy, o € A,
15 a base for the dual root system RV.

Proof. Choose a hyperplane V such that the base A for R arises as in Theorem
8.14, and call the side of V on which A lies the positive side. Let R denote
the set of positive roots in R relative to the base A. Then the co-roots Hy,
a € R*, also lie on the positive side of V, and all the remaining co-roots lie
on the negative side of V. Thus, applying Theorem 8.14 to RV, there exist
B1,...,Br in R" such that Hg,,... Hg form a base AV for RV. We want to
show that {31,...,06,} = {a1,...,a}.

Now, since the §’s are in RT, they can be expanded as linear combinations
of the a’s with non-negative (integer) coefficients. On the other hand, for each
ar € A, Hy, lies on the positive side of V', and so H,, is a positive root relative
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to the base AV for RY. This means that H,, can be expanded in terms of
Hg,,...,Hs, with non-negative (integer) coefficients. Since each co-root is
simply a positive multiple of the corresponding root, it follows that oy can be
written as a linear combination of 31, ..., 3, with non-negative coefficients.
We conclude, then, that each 8x can be expanded in terms of the a’s with
non-negative coefficients and each «y, can be expanded in terms of the 8’s with
non-negative coefficients. Now, suppose there is some element of {31, ..., 5},
which we may call 3, that is not an element of A = {a1,...,a,}. Then B
cannot be a multiple of any «, since if 3; were equal to some ay then (;
would be in A and if 8; were equal to —ay then 8; would be on the negative
side of V. Thus, the expansion of 31 in terms of the a’s must have at least
two nonzero coefficients. Then choose some «y, so that the expansion of ay, in
terms of the 3’s has a nonzero coefficient for 8;. (There must exist such an
ay, or else all the o’s would be contained in the span of Ja, ..., G, and the a’s
would not span E.) Now, expand ¢y in terms of the §’s and then expand each
of the B’s in terms of the a’s. Since all the coefficients in both expansions are
non-negative and since the coefficient of 3; in the expansion of oy is nonzero,
we will get an expansion of oy in terms of the «;’s in which at least two of
the coefficients are nonzero. This contradicts the linear independence of the
a’s, and so we must, after all, have {£1,...,0,} = {a1,...,ar}. O

Definition 8.17. If A = {a1,...,a,} is a base for R, then the open fun-
damental Weyl chamber in E (relative to A) is the set of all H in E
such that {ay, H) > 0 for all k = 1,...,r. The closed fundamental Weyl
chamber in E (relative to A) is the set of all o in E such that (o, ) > 0
forallk=1,... 7.

Since a1, ...,q, form a basis for E in the vector space sense, elementary
linear algebra shows that for any collection ay,...,a, of real numbers, there
exists a unique vector H € E with (o, H) = a;, i = 1,...,r. This shows that
the fundamental Weyl chamber (open or closed) is nonempty. It is easily seen
that the open fundamental Weyl chamber is an open set in E and that its
closure is the closed fundamental Weyl chamber.

Definition 8.18. For each o € R, let V., denote the hyperplane perpendicular
to a. Then, an open Weyl chamber in FE (relative to R) is a connected

component of the set
E- | Va.

aER
The following result shows that the use of the term “Weyl chamber” in

Definition 8.18 is consistent with its use in Definition 8.17. (The remaining
results of this section are offered without proof.)

Proposition 8.19. For each open Weyl chamber C, there exists a unique base
Ac¢ for R such that C is the open fundamental Weyl chamber associated to
Ac. The positive Toots with Tespect to A are precisely those elements o« of
R such that o has positive inner product with each element of C.
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So, there is a one-to-one correspondence between Weyl chambers and
bases. Given a base A, we construct a Weyl chamber by looking at vectors
having a positive inner product with each element of A. Given a Weyl cham-
ber C, we define R to be the set of roots o that have positive inner product
with each element of C' and we then take A to be the set of indecomposable
elements in R*.

Theorem 8.20. The Weyl group acts simply and transitively on the set of
bases and also on the set of open Weyl chambers.

This means, in particular, that the base is unique up to the action of the
Weyl group.
8.4 Integral and Dominant Integral Elements

Definition 8.21. An element p of F is called an integral element if for all
a i R, the quantity

18 an integer.

Definition 8.22. If A is a base for R, then an integral element u is called
dominant integral if

2

forall o € A.

This means that an integral element is dominant if and only it is contained
in closed fundamental Weyl chamber and strictly dominant if and only if it is
contained in the open fundamental Weyl chamber.

Proposition 8.23. If u € E has the property that

o @)

(@, @)

is an integer for all o € A, then the same holds for all « € R and, thus, u is
an integral element.

Proof. This follows from Proposition 8.16. O



8.4 Integral and Dominant Integral Elements 255

Suppose p is an element of E for which 2{u,a)/{a, @) is a non-negative
integer for all @ in A. Then, the proposition tells us that p is an integral
element and it then follows that p is a dominant integral element.

Definition 8.24. Let A = {a1,...,a,} be a base. Then, the fundamental
weights (relative to A) are the elements u1,. .., ur with the property that

2</'Lk5al>

=, kl=1,....r 8.7
<alaal> M ( )

Let us see that there really are elements with this property. Fix k with
1 <k £ r and let Vi be the span of ay,..., k-1, Qk+1,...,0r. Then, Vi
is a (7 — 1)-dimensional subspace of E and the orthogonal complement V-
of Vi is one-dimensional. If y is a nonzero element of V-, then p cannot be
orthogonal to ayg, or else 1 would be orthogonal to all of the a’s and, hence,
to every element of F, including u itself. Now, set

1 (o, o)
Bk = Sp——s
2 </*L7ak>

and yy will be the k' fundamental weight. (The same sort of argument shows
that the fundamental weights are unique.)

Geometrically, the k*® fundamental weight is the unique element of E that
is perpendicular to each a4, [ # k, and whose orthogonal projection onto a
is one-half of . The reader should look back at the picture of the domi-
nant integral elements for sl(3; C) in Figure 5.2, identify the two fundamental
weights, and verify that the fundamental weights have this property.

Once we have found the fundamental weights, then the set of dominant
integral elements is precisely the set of linear combinations of the fundamental
weights with non-negative integer coefficients, and the set of all integral ele-
ments is the set of linear combinations of fundamental weights with arbitrary
integer coefficients.

Note that every root is an integral element and, therefore, any linear com-
bination of roots with integer coefficients is also an integral element. However,
it is not necessarily the case that every integral element is an integer linear
combination of roots—see Section 8.10.

Definition 8.25. If A = {a1,...,a,} is a base, then an element po is said
to be higher than u if pg — p can be expressed as

Mo — it = ara1 + -+ aroy,

with each a; > 0. We equivalently say that p is lower than po and we write
this relation as po > p or p = g.

It is understood that the notion of higher and lower is relative to the
chosen base A.
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8.5 Examples in Rank Two

8.5.1 The root systems

Figure 8.2 shows four examples of rank-two root systems. We now prove that
every rank-two root system is equivalent to one of these four. So, let R C R? be
a root system. Let 6 be the smallest angle occurring between any two vectors
in R. Since the elements of R span R?, we can find two linearly independent
vectors & and 3 in R. If the angle between o and [ is greater than 90°, then
the angle between « and —f is less than 90°; thus, the minimum angle 6 is at
most 90°. Then, according to Proposition 8.6, # must be one of the following:
90°, 60°, 45°, 30°.

Let a and 8 be two elements of R such that the angle between them is
the minimum angle 6. I claim that for each integer n there must be a unique
element of R whose angle with « is nf. To see this, apply to « the reflection
wg about the line perpendicular to 8. Then, the vector —wg(a) will be a
vector that is at angle 6 to 8 but on the opposite side of § from «, as shown
in Figure 8.4. Thus, —wg(a) is at angle 20 to «. If we then apply to 3 the
reflection associated to the vector wg(a), the negative of this vector will be a
vector at angle 30 to «. Continuing in the same way, we can obtain vectors
at angle nf to « for all n. These vectors are unique since a nontrivial positive
multiple of a root is not allowed to be a root.

Note that all of the possible values of § evenly divide 360°, so, eventually,
we will come around to « again. Note also that the vector at angle 20 to «
must have the same length as «, since it is obtained from a by applying the
(length-preserving) reflection wg. The same sort of reasoning shows that any
two vectors in R whose angle is an even multiple of § must have the same
length. For pairs of vectors whose angle is an odd multiple of 8, the ratio of
the lengths must be consistent with Proposition 8.6.

wa (@)

|
|
|
|
|
f
|
|
L
I
|
I
i
|
|
|
|

Fig. 8.4. « and —wg(a)

We now consider, in turn, each of the possible values for the minimum
angle 6.
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Case 1: 8 = 90°. In this case, the ratio of the lengths of perpendicular
vectors is undetermined, so we have a pair of vectors a and —« and a per-
pendicular pair of vectors 8 and —f3 , with no restrictions on the lengths of «
and S.

Case 2: 8 = 60°. In this case, Proposition 8.6 tells us that all vectors in
R must have the same length, since the angle between nonparallel elements
must be either 60° or 120°. Thus, we have six vectors of the same length, each
one at an angle of 60° to the adjacent ones.

Case 3: 0 = 45°. In this case, Proposition 8.6 tells us that the vectors
at 45° to each other must have a length ratio of v/2 (or 1/v/2). Meanwhile,
vectors at an angle of 90° to each other must have the same length since one
can be obtained from the other by the reflection associated to the vector at
45° to both of them. So, we have eight vectors at 45° angles, with lengths
alternating between a shorter length L and a longer length v/2L.

Case 4: 8 = 30°. This case is similar to the previous one except that now
the ratio of lengths of consecutive vectors must be V/3 rather than /2. So, we
have 12 vectors at 30° angles, with lengths alternating between some shorter
length L and a longer length v/3L.

These four cases correspond to the root systems A; x Ay, Ag, B, and Go
(in that order), as pictured in Figure 8.2. It is left as an exercise to verify
that each of these collections of vectors is actually a root system. This is
true essentially because for any pair of vectors in each system, the angles and
length ratios are consistent with Proposition 8.6.

We also need to show that any two root systems falling under a particular
case are equivalent. This is perhaps least obvious for Case 1. If we have one
root system Ry = {xay,+01} (with a; perpendicular to (1) and another
Ry = {£a9,+0} (with as perpendicular to 3z), then there is a unique linear
map A from R? to R? that takes a; to ay and 51 to B2. This map will be the
desired equivalence, as is easily verified. Note that A need not be an isometry.
The verification for the three remaining cases is left as an exercise—in those
cases the equivalence will be a combination of a rotation and a dilation.

8.5.2 Connection with Lie algebras

The root systems A; x A, Az, and Bs arise as root systems of “classical” Lie
algebras as follows. The root system A; x A; is the root system of so(4;C),
which is isomorphic to sl(2; C) &sl(2; C); Az is the root system of sl(3; C); and
By is the root system of so(5; C), which is isomorphic to sp(2; C). The root
system G2 is the root system of an “exceptional” Lie algebra, also called Gs.
The Lie algebra G2 can be represented as a Lie algebra of matrices (indeed
every Lie algebra can!), but not in any particularly simple way.

8.5.3 The Weyl groups

We now compute the Weyl group in each case. Suppose our root system has n
elements, in which case 8 = 360/n. There will then be n/2 reflections, one for
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each pair +a of roots. If & and 3 are roots with angle ¢ between them, then
the composition of the rotations w, and wg will be a rotation by angle £2¢,
with the direction of the rotation depending on the order of the composition.
To see that this is the case, note that w, and wg both have determinant —1
and so w,wg has determinant 1 and is, therefore, a rotation by some angle.
To determine the angle, it suffices to apply wawg to any nonzero vector, for
example, 3. However, wg(8) = —f and w,(—0) is the vector at angle ¢ to
« but on the opposite side of o as 3, hence at angle 2¢ to §. Then, the
composition of a reflection w, and a rotation by angle 2¢ will be another
reflection wg, where [ is a root at angle ¢ to a. (I leave it to the reader to
verify this.) Thus, the set of n/2 reflections together with rotations by integer
multiples of 26 form a group; this is the Weyl group of the rank-two root
system.

Therefore, if there are n elements in the rank-two root system, then the
Weyl group consists of the n/2 reflections together with n/2 rotations, namely
rotations by even integer multiples of § = 360°/n. The Weyl group is, there-
fore, the dihedral group on n/2 elements (i.e., the symmetry group of a regular
(n/2)-gon). Note that in the case of Ay the Weyl group consists of three re-
flections together with three rotations (by multiples of 120°). In this case, the
Weyl group is not the full symmetry group of the root system: Rotations by
60° map R onto itself but are not elements of the Weyl group.

8.5.4 Duality

Recall that the map a — 2a/{(a, a) turns each root system into a new root
system that is called the dual of the original root system. This new root system
in general may not be equivalent to the original root system. However, in the
rank-two case, one can see that the dual root system is always equivalent to
the original system. Recall that duality makes long roots short and short roots
long. So, in the case of By, the dual root system can be converted back to the
original one by rotating by 45° and then rescaling all roots by a constant, and
similarly for Gs.

8.5.5 Positive roots and dominant integral elements

For each of the four rank-two root systems, we select a base {a1, a2} and then
indicate the associated fundamental weights p; and ug. Here, p; is orthogonal
to ap and its orthogonal projection onto a is one-half of a;, whereas ps is
orthogonal to a; and its orthogonal projection onto «s is one-half of ap. The
case of Ay was shown in Figure 5.2. We now consider the remaining three
cases. In each of Figures 8.5, 8.6, and 8.7, the fundamental weights for the
relevant root system are circled and the other dominant integral elements
are indicated by black dots. The dashed lines indicate the boundary of the
fundamental Weyl chamber. The grid in the background indicates the set of
all integral elements. Note that B is presented here rotated by 45° from its
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orientation in Figure 8.2. This rotation allows the set of integral elements to
be a square lattice with edges oriented horizontally and vertically. Note also
that A; x A; is presented here with all roots having the same length, even
though they are not required to do so. The reader should verify that, in each
case, the set {ai,az} is actually a base. For example, in the case of G, the
positive roots are ay, g, as + a1, as + 2a1, as + 3a1, and 2as + 3a;, and
the remaining roots are the negatives of these six.

@

17\
A\

7 \Y
\ 4

Fig. 8.5. Roots and dominant integral elements for A; x A;

Qy 7

7 \

Fig. 8.6. Roots and dominant integral elements for Bs

8.5.6 Weight diagrams

Since we have already seen (in Chapter 5) weight diagrams for the A case (i.e.,
the Lie algebra sl(3; C)), we will content ourselves here with one representative
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Fig. 8.7. Roots and dominant integral elements for G

diagram for each of the remaining three rank-two cases, A; x A1, Be, and G
(corresponding to the Lie algebras so(4;C) = sl(2;C) & sl(2;C), so(5;C) =2
sp(2; C), and Gs).

We make use of Theorem 7.41, which asserts that if 7 is representation
with highest weight o, then u is a weight for 7 if and only if (1) u is contained
in the convex hull of the orbit of g under the Weyl group and (2) po — i can
be expressed as a linear combination of roots with integer coefficients. Note
that in most cases, there will be integral elements contained in the convex
hull of the orbit of ug that are not weights of = because they do not satisfy
the second property in Theorem 7.41. In the case of A; x Ay, the Weyl group
is generated by reflections about the z-axis and the y-axis, so the orbit of a
typical point is a rectangle. For Bs, every element of the Weyl group is either
a rotation by a multiple of 90° or a combination of the reflection about a;
and such a rotation. So, to obtain the orbit of ug, we first look at the two
points pp and wey, - po and then at the eight points obtained by rotating g
and wy, - (o by multiples of 90°. (If ug is on the boundary of the fundamental
Weyl chamber, then these eight points will not be distinct.) For G2, the orbit
of pg is obtained by looking at rotations by multiples of 60° applied to the
two points pg and wa, - to, yielding 12 (generically distinct) points.

In each figure, a black dot indicates a weight of the given representation
and the highest weight is circled. A number next to a dot indicates the mul-
tiplicity of the corresponding weight. A dot without a number indicates a
weight of multiplicity one. One set of dashed lines indicates the boundary of
the fundamental Weyl chamber and another set of dashed lines indicates the
boundary of the set of points lower than the highest weight.
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®

Fig. 8.8. Typical weight diagram for A; x A;

\\\ /’,
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2 3 2
3 3
2 3 2
2 2

Fig. 8.9. Typical weight diagram for Bo

2 7 A -7
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2 2 2 i
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J

Fig. 8.10. Typical weight diagram for G,

261
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8.6 Examples in Rank Three

In rank three, we can have a reducible root system, which must be a direct
sum of A; with one of the rank-two root systems described in the previous
section. In this section, we will consider only the irreducible root systems of
rank three. There are, up to equivalence, three irreducible root systems in rank
three, customarily denoted Az, Bs, and C3. They all arise as root systems of
classical Lie algebras. The root system Az comes from the Lie algebra sl(4; C)
(or so(6; C), which is isomorphic to sl(4; C)). The root system Bz comes from
the Lie algebra so(7;C) and the root system C3 comes from the Lie algebra
sp(3; C). The connection with Lie algebras is described in greater detail later
in this section and in Section 8.8.

The color plates (p. 162) show models related to rank-three root systems,
built using the Zome system, available at www.zometool.com. Many more
images can be seen on the author’s web site, at www.nd.edu/ bhall. The
images in the color plates were modeled using the vZome program, available
free from the programmer, Scott Vorthmann, at www.vorthmann.org/zome.
The models were then rendered in the POV program by Charles Albrecht.
The reader is encouraged to obtain enough Zome to make the root systems
for him- or herself. The root systems require the “green lines” which are not
part of the simplest Zome kits. The model of the dominant integral elements
for C3 (Plate 6) also makes use of “half-length blue lines” which are available
by special order. (However, one can easily “fake it” using only whole blue
lines.) In each plate, the roots marked with red balls form a base for the
relevant root system.

The first three color plates show the root systems Az, Bs, and Cs. Let
us make a few observations about these root systems. First, B and Cj are
obtained by adding more vectors to As. In higher dimensions, B, and C,
are obtained by adding vectors to D,,, not to A,. However, we have a low-
dimensional coincidence in rank three, namely that As is the same as Ds,
reflecting that sl(4; C) is isomorphic to so(6; C).

Second, B3 and C3 are dual to each other. Specifically, let us normalize
the inner product so that the green lines have length v/2. In that case, the
blue lines in Bz (Plate 2) have length 1. Thus when we replace each root «
by 2a/{a, @), the green lines are unchanged and the blue lines are replaced
by blue lines of twice the length. This gives C5 (Plate 3).

Third, in both B3 and C3, the long roots by themselves form a root system,
as do the short roots by themselves. For Bs, the long roots form Az and the
short roots form A; x A; x Ay; for Cs, it is the reverse.

I will not make any attempt in this section to prove that these are the only
irreducible root systems in rank three. See the next section for a discussion of
the classification of root systems (and semisimple Lie algebras).

The calculations in Section 8.8 will show that each of these rank-three root
systems arises from one of the Lie algebras sl(4;C) = so(6;C), so(7;C), and
sp(3;C), as follows.
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Case 1: sl(4; C) or so(6; C). In these two cases (which are isomorphic), one
obtains 12 roots, all of the same length and with all angles between nonparallel
roots equal to 60°, 90°, or 120°. This is the A3 root system.

Case 2: so(7;C). In this case, one gets 12 “long” roots that form, among
themselves, a root system isomorphic to As. One gets, in addition, six “short”
roots that are shorter by a factor of v/2 than the long roots. The short roots
come in pairs of the form +a, with each pair perpendicular to the other two
pairs of short roots, so that the short roots among themselves form a root
system isomorphic to A; X A; x A;. The total root system (including both
long and short roots) is the B3 root system.

Case 3: sp(3;C). This case is the same as Case 2 except that the 12 roots
forming As are short and the 6 roots forming A; x A; X A; are longer by a
factor of v/2 than the 12 short roots. This is the C root system, which is the
dual root system to Bj.

We now look at the set of dominant integral elements for each of the three
irreducible root systems in rank three. In each case, we identify three positive
simple roots (indicated by a red ball), denoted «;, as, and a3, and we then
consider the associated fundamental weights, denoted pi1, p2, and ps. This
means that y, is orthogonal to as and a3 and that the orthogonal projection
of p1 onto oy is equal to %al, and similarly for ps and ps. In each case, the
plate shows elements of the form ny py +ngpus +nsus, with each ny ranging over
the set {0, 1,2}. In the case of A3 (Plate 4) we obtain two yellow fundamental
weights and one blue one. In the case of Bs and C5 (Plates 5 and 6), we
obtain one green fundamental weight, one blue one, and one yellow one. The
directions for both roots and weights are the same in Bj as they are for Cs;
only the lengths have changed. (Compare Proposition 6.37.)

Plate 7 shows a representative weight diagram for the Lie algebra si(4; C),
whose root system is Az. The highest weight of this representation is the sum
of the three fundamental weights. (The image includes one “cell” of the set
of dominant integral elements for reference.) The weights of this representa-
tion split up into four orbits under the Weyl group. The 24 vertices of the
outer polyhedron make up a single orbit, and each weight in this orbit has
multiplicity 1. The centers of the 8 hexagons break up into two orbits of the
Weyl group, with four elements each. Each of these weights has multiplicity
2. Finally, the 6 vertices of the inner octahedron make up a single orbit, and
the weights in this orbit have multiplicity 4. Counting the weights with their
multiplicities shows that the dimension of the representation is 64.

8.7 Additional Properties

There are many other properties of roots and the Weyl group that are known
and worth knowing. We have focused, up to now, on the most essential prop-
erties and on examples of root systems. We now list some of the remaining
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properties without proof. Proofs may be found in any number of standard ref-
erences, including Chapter III of Humphreys (1972) and Chapter V of Brocker
and tom Dieck (1985). (See also Chapter V of Serre (1987).) In all of these
properties, R is a root system in the Euclidean space E, A is a fixed base of
R, C is the open fundamental Weyl chamber, and C is the closed fundamental
Weyl chamber.

1. Every root is an element of some base.

2. If R is irreducible, then the Weyl group acts irreducibly on E.

3. If R is irreducible, then at most two different lengths of roots can arise in
R and the Weyl group acts transitively on each length of root.

4. The reflections w,, o € A, generate the Weyl group for R.

5. If a is an element of A and 8 is a positive root different from «; then
wWq - B is a positive root; that is, w, permutes the positive roots different
from a.

6. Each orbit of the Weyl group contains exactly one point in C.

7. If 4 € E is not contained in any of the hyperplanes perpendicular to the
roots, then they Weyl group acts freely on u.

8. If up is an element of C, then pg = w - yo for all w € W.

9. If uo € C, then for all u € E, p is contained in the convex hull of the
W-orbit of g if and only if w - u < ug for all w € W.

10. Let J denote half the sum of the positive roots. Then, for each positive
simple root a,
2{a, )
(@, )

Thus, 4 is a strictly dominant integral element and every strictly dominant
integral element p can be expressed as p = A + 4, where \ is a dominant
integral element.

Let us consider examples of the ways in which these properties of root
systems can be used. In Section 7.3, we needed to show that the weights of a
certain quotient representation V,, /U, were invariant under the action of the
Weyl group. To do this, it is sufficient to show that the weights are invariant
under the action of some genérating set for W, and we use Property 4, that
the w,’s with « in the base A are a generating set. It is not feasible to prove
directly that the weights are invariant under all the w,’s, o € R; we make use
of special properties of the wy’s, a € A.

As another example, we use Property 9 to show that all the weights of
the irreducible finite-dimensional representation with highest weight pg are
contained in the convex hull of the W-orbit of pg (Theorem 7.41). We use
Properties 7 and 10 in the proof of the Weyl character formula to show that
the weights w - (uo + 8), w € W, are distinct. We also use the integrality of
d (part of Property 10) to show that the numerator and denominator of the
Weyl character formula are well-defined functions on T' (in the case that K is
simply connected).
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See the exercise for additional examples of how the results in this section
can be used.

8.8 The Root Systems of the Classical Lie Algebras

In this section, we consider the root systems of the “classical” complex
semisimple Lie algebras, namely sl(n; C), so(n;C), and sp(n; C). We have al-
ready worked out in detail the case of sl(n; C) in Section 6.9. The root system
for sl(n; C) is denoted A,_;. The analysis of the orthogonal algebras so(n; C)
builds on the calculations in Exercises 12 and 13 of Chapter 6 and is divided
into the cases n even and n odd. The analysis of the symplectic algebras
sp(n; C) builds on Exercise 14 of Chapter 6.

8.8.1 The orthogonal algebras so(2n;C)

The root system for so(2n; C) is denoted D,,. We consider so(2n; C), the space
of 2n x 2n skew-symmetric complex matrices, with compact real form so(2n),
the space of 2n x 2n skew-symmetric real matrices. We consider in so(2n) the
maximal commutative subalgebra t consisting of 2 x 2 block-diagonal matrices
in which the &' diagonal block is of the form

< _ag “8) (8.8)

for some ar € R. We then consider the Cartan subalgebra h = t + it of
so(2n; C), which consists of 2 x 2 block-diagonal matrices in which the k!
diagonal block is of the form (8.8) with a € C. (The calculations in the next
two paragraphs show that so(2n;C) decomposes as a direct sum of ) and
root spaces g, corresponding to (nonzero) elements a € h*. It follows from
this that t is actually a mazimal commutative subalgebra of so(2n), which is
not obvious from the definition of t. Similar remarks apply in the next two
subsections.)

The root vectors are now 2 x 2 block matrices having a 2 x 2 matrix C in
the (k,1) block (k < I), the matrix —C*" in the (I, k) block, and zero in all
other blocks, where C is one of the four matrices

1 i 1 —i
Cl:(i«l)’ 02:<—i~1>’
1—i 1
=(7) e (h)

A little calculation shows that these are, indeed, root vectors and that the
corresponding roots are the linear functionals on § given by i(ax+a;), —i(ar+
ay), i(ax —ar), and —i(ax —ay), respectively. (Compare Exercise 12 in Chapter
6.)
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We may consider the inner product (X,Y) = trace(X*Y) on so(2n;C),
which is invariant under the adjoint action of SO(2n). If we use this inner
product to identify h* with b, then the roots are thought of as elements of
b instead of §*. Let O denote the 2 x 2 block-diagonal matrix whose Eth

diagonal block is
01
-10

and whose other diagonal blocks are zero. The roots (as elements of h) are
then the matrices

%(i@k +0),

with 1 < k <1 < n. Each of the roots has length 1 with respect to the given
inner product. The inner product of (i/2)(+0x + ©;) with (i/2)(£Ox + Oy )
is zero if the set {k, [} is disjoint from {k’,{’}, and the inner product is +1/2 if
the intersection of {k,{} and {k’,l'} has one element. The root (i/2)(©r — ©)
is orthogonal to the root (i/2)(©x + ©).

As a base, we may take the n — 1 roots

1

5(61-62).5(0: =03), - 5(On2 =0,1) 5 (01 —6r)  (89)

N | =

together with the one additional root,

(@n1+6,). (8.10)

N .

Note that for 1 < k <! < n, we have the following formulas:

O — 0 = (O — Oky1) + (Ors1 — Oy2) + -+ + (011 — ©y),
®k + ®n = (9k - (_)n—l) + (@n—l + @n) 5
Ok +0;=(0r+6,)+ (0, —6,).

This shows that every root of the form (i/2) (0 — ©;) or (i/2)(Or + ©;)
(k < 1) can be written as a linear combination of the base in (8.9) and (8.10)
with non-negative integer coefficients. The roots of this form are then positive
and the remaining roots are negative.

Two consecutive roots in the list (8.9) have an angle of 120° and two
nonconsecutive roots in the list (8.9) are orthogonal. The angle between the
root in (8.10) and the second-to-last element in the list (8.9) is 120°; the root
in (8.10) is orthogonal to all the other roots in (8.9).

8.8.2 The orthogonal algebras so(2n + 1;C)

The root system for so(2n+1; C) is denoted B,,. We consider so(2n+1;C), the
space of (2n + 1) x (2n + 1) skew-symmetric complex matrices, with compact
real form so(2n + 1), the space of (2n + 1) x (2n + 1) skew-symmetric real
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matrices. We consider in so(2n + 1) the maximal commutative subalgebra t
consisting of block diagonal matrices with n blocks of size 2 x 2 followed by
one block of size 1 x 1. We take the 2 x 2 blocks to be of the same form
as in so(2n) and we take the 1 x 1 block to be zero. The associated Cartan
subalgebra b of so(2n + 1;C) is then matrices of the same form as in t except
that the off-diagonal elements of the 2 x 2 blocks are permitted to be complex.

The Cartan subalgebra in so(2n + 1;C) is identifiable in an obvious way
with the Cartan subalgebra in so(2n;C). In particular, both so(2n;C) and
so(2n + 1; C) have rank n. With this identification of the Cartan subalgebras,
every root for so(2n; C) is also a root for so(2n+1; C). There are 2n additional
roots for so(2n + 1;C). The root vectors for these additional roots are as
follows. First, the matrices having

0

in entries (2k,2n+1) and (2k+1,2n+1) and having —B!" in entries (2n+1, 2k)
and (2n + 1,2k + 1). Second, the matrices having

e ()

in entries (2k,2n + 1) and (2k + 1,2n + 1) and —BE" in entries (2n + 1, 2k)
and (2n + 1,2k + 1). The corresponding roots, viewed as elements of h*, are
given by iar and —iay. (Compare Exercise 13 in Chapter 6.)

Let ©f have the same meaning as in the previous subsection, except that
now O is a (2n + 1) X (2n + 1) matrix. We use the inner product (X,Y) =
trace(X*Y’), which is invariant under the adjoint action of SO(2n + 1), to
identity h* with b. In that case, the additional roots for the so(2n+1;C) case
are given by

i
+-0y.
5 Ok
These additional roots have length 1/1/2 with respect to the given inner prod-

uct, whereas the roots that are the same as for so(2n; C) have length 1.
As a base for our root system, we may take the n — 1 roots

1 1 1 1
(01— 0,). (0, — e 2 hd
2( 1— 62), 2(92 O3), -+, 3 5
(exactly as in the so(2n;C) case) together with the one additional root,

(On2—0n-1), = (On_1—0,) (811)

i

26n. (8.12)
The positive roots are those of the form (i/2)(0r — ©;) or (i/2)(Ok + ©;)
(k < 1) and those of the form (i/2)0 (1 < k < n). As in the so(2n;C) case,
consecutive roots in the list (8.11) have an angle of 120°, whereas noncon-
secutive roots on the list (8.11) are orthogonal. Meanwhile, the root in (8.12)
has an angle of 135° with the last root in (8.11) and is orthogonal to the
remaining roots in (8.11).
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8.8.3 The symplectic algebras sp(n;C)

The root system for sp(n;C) is denoted C,,. We consider sp(n;C), the space
of 2n x 2n complex matrices X satisfying JX*"J = X, where J is the 2n x 2n

matrix
01r1
J— (_IO).

Explicitly, the elements of sp(n;C) are matrices of the form

A B
X= (C —A”) ’
where A is an arbitrary n X n matrix and B and C are arbitrary symmetric
matrices. We consider the compact real form sp(n) = sp(n; C) Nu(2n).

We consider the maximal commutative subalgebra t of sp(n) consisting of
matrices of the form

ial

—z’al

—10Qp

with aq,...,a, € R. We then consider the Cartan subalgebra h = t + it of
sp(n; C), which consists of matrices of the same form but with a,...,a, € C.

Let Ey; denote the n x n matrix whose (k,!) entry is one and whose other
entries are zero. Then, the 2n x 2n matrices of the block form

0 Ex; + Ey 0 0
(0 0 ) ’ (Ekl + Eu 0) (8.13)

(k # 1) are root vectors for which the corresponding roots are i(ax + a;) and
—i(ag + a;). Next, matrices of the block form

Eu+Ey0
( 0 0> (8.14)

(k # 1) are root vectors for which the corresponding roots are i(ax — a;).
Finally, matrices of the block form

(SE(’)“’“), <E2k8> (8.15)

are root vectors for which the corresponding roots are 2iax and —2iay.
We may use the inner product (X,Y) = trace(X*Y) on sp(n;C), which
is invariant under the adjoint action of Sp(n) C U(2n). If we use this inner
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product to identify h* with b, then the roots become the following elements
of h. The roots coming from (8.13) are

i ( Exk + Ey 0 i (—Exk — Eu 0 (8.16)
2 0 —-Ew—-Eu)’ 2 0 Ew+Ey )’ '
the roots coming from (8.14) are
i (Egx ~ Ey 0
2 < 0  —Ew+ Eu> ’ (®.17)

and the roots coming from (8.15) are

(B O f —Exr O
z( 0 _Ekk>7 z( 0 Ekk>. (8.18)

The roots in (8.16) and (8.17) have length 1 and the roots in (8.18) have
length V2.
As a base, we may take the n — 1 roots

i ( Exk — Ery1e1 0
- . 8.19
2 ( 0 —Eri + Epp1k41 (8.19)

together with the one additional root

( Epn O
2( 0 _Em>. (8.20)

The angle between two consecutive roots in (8.19) is 120°; nonconsecutive
roots in (8.20) are orthogonal. The angle between the root in (8.20) and the
last root in (8.19) is 135°; the root in (8.20) is orthogonal to the other roots
in (8.19).

8.9 Dynkin Diagrams and the Classification

In this section, we discuss (without proof) the classification, up to equivalence,
of root systems. This leads to a classification, up to equivalence, of semisimple
Lie algebras. The classification of root systems is given in terms of an object
called the Dynkin diagram.

Suppose A = {aj,...,a,} is a base for a root system R. Then, the Dynkin
diagram for R (relative to the base A) is a graph having vertices vy, ..., vy.
Between any two vertices, we place either no edge, one edge, two edges, or
three edges as follows. Consider distinct indices i and j. If the corresponding
roots a; and o  are orthogonal, then we put no edge between v; and v;. In
the cases where a; and «; are not orthogonal, we put one edge between v;
and v; if a; and «; have the same length, two edges if the longer of «; and
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o is /2 longer than the shorter, and three edges if the longer of o; and «; is
/3 longer than the shorter. In addition, if o; and o are not orthogonal and
not of the same length, then we decorate the edges between v; and v; with
an arrow pointing from the vertex associated to the longer root toward the
vertex associated to the shorter root. (Thinking of the arrow as a “greater
than” sign makes it clear which way the arrow is supposed to go.) Proposition
8.6 tells us that if o; and ¢ are not orthogonal, then the only possible length
ratios are 1, v/2, and v/3. Furthermore, Propositions 8.6 and 8.11 tell us that
these three cases correspond to angles of 120°, 135°, and 150°, respectively.

Two Dynkin diagrams are said to be equivalent if there is a one-to-one,
onto map of the vertices of one to the vertices of the other that preserves
the number of bonds and the direction of the arrows. Recall (Theorem 8.20)
that any two bases for the same root system can be mapped into one another
by the action of the Weyl group. This implies that the equivalence class of
the Dynkin diagram is independent of the choice of base. As we will see, not
every graph arises as the Dynkin diagram of a root system, but only graphs
of certain very special forms.

Theorem 8.26. A root system is irreducible if and only if its Dynkin diagram
18 connected.

Two root systems with equivalent Dynkin diagrams are equivalent.

If RY is the dual root system to R, then the Dynkin diagram of RV is the
same as that of R except that the direction of each arrow is reversed.

So, the classification of irreducible root systems amounts to classifying all
the connected diagrams that can arise as Dynkin diagrams of root systems.

The calculations in the previous section and in Section 6.9 allow us to read
off the Dynkin diagrams for the classical Lie algebras, sl(n;C), so(n;C), and
sp(n; C).

A,,. The root system A, is the root system of sl(n + 1; C), which has rank
n. The Dynkin diagram for A, is shown in Figure 8.11.

B,.. The root system B, is the root system of so(2n + 1;C), which has
rank n. The Dynkin diagram for B,, is shown in Figure 8.12.

Cr. The root system C,, is is the root system of sp(n;C), which has rank
n. The Dynkin diagram for C,, is shown in Figure 8.13.

D,,. The root system D, is the root system of so(2n;C), which has rank
n. The Dynkin diagram for D,, is shown in Figure 8.14.

Fig. 8.11. The Dynkin diagram for A,

Certain special things happen in low rank. In rank one, there is only one
possible Dynkin diagram, reflecting that there is only one isomorphism class
of complex semisimple Lie algebras in rank one. The Lie algebra so(2;C) is
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Fig. 8.12. The Dynkin diagram for B,

Fig. 8.13. The Dynkin diagram for Cy,

Fig. 8.14. The Dynkin diagram for D,

not semisimple and the remaining three, sl(2;C), so(3;C), and sp(1;C), are
isomorphic. In rank two, the Dynkin diagram D, is disconnected, reflecting
that so(4; C) = sl(2; C) & sl(2;C). Also, the Dynkin diagrams B, and C; are
isomorphic, reflecting that so(5;C) 2 sp(2;C). In rank three, the Dynkin
diagrams A3 and D3 are isomorphic, reflecting that sl(4; C) & so(6; C).

From the calculations in the previous section, we may observe certain
things about the short and long roots in root systems where more than one
length of root occurs. The long roots in B,, form a root system by themselves,
namely D,. The short roots in B,, form a root system by themselves, namely
A X+ x Ay. In C,, it is the reverse: The long roots form A; x --- x A; and
the short roots form D,,.

In addition to the root systems associated to the classical Lie algebras,
there are five “exceptional” irreducible root systems, denoted Ga, Fy, Eg,
E7, and Eg, whose Dynkin diagrams are shown in Figure 8.15. We have con-
structed the root system Gs explicitly; for constructions of the other excep-
tional root systems, see Section 12 of Humphreys (1972).

(Eg)
(E7)
(Eg)

(F) O—O=F0O—0

(Gy) C$O
Fig. 8.15. The exceptional Dynkin diagrams
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We are now ready to state (without proof) the classification theorem for
irreducible root systems.

Theorem 8.27. Every irreducible Toot system is isomorphic to precisely one
root system from the following list:

1. The classical root systems A,, n > 1
2. The classical root systems By, n > 2
3. The classical root systems C,,, n > 3
4. The classical root systems D,,, n > 4
5. The ezceptional root systems Go, Fy, Eg, E7, and Eg

The restrictions on the values of n are to avoid the low-rank repetitions
discussed earlier. The classification of irreducible root systems leads to a clas-
sification of all root systems. Every root system can be decomposed as a direct
sum of irreducible root systems, and the decomposition is unique. Thus, gen-
eral root systems are classified by listing which irreducible summands occur
and how many times each on occurs.

It turns out that the classification of semisimple Lie algebras is equivalent
to the classification of root systems, as the following theorem explains.

Theorem 8.28.

1. If Ry and Ry are the root systems for two different Cartan subalgebras of
the same complex semisimple Lie algebra, then Ry and Ry are isomorphic.

2. A semisimple Lie algebra is simple if and only if its root system is irre-
ducible.

3. If two complex semisimple Lie algebras have isomorphic root systems, then
the semisimple Lie algebras are isomorphic.

4. Every root system arises as the root system of some complez semisimple
Lie algebra.

Point 4 of the theorem can be proved either by a general construction
of semisimple Lie algebras, as in Section 18 of Humphreys (1972), or by a
case-by-case analysis. It suffices to prove this for irreducible root systems and
we already know the result for the root systems of type A, B, C, and D.
So, it suffices to construct Lie algebras corresponding to the exceptional root
systems, as, for example, in Jacobson (1962).

Theorems 8.27 and 8.28 lead to the following classification of complex
simple Lie algebras.

Theorem 8.29. Every complex simple Lie algebra is isomorphic to precisely
one algebra from the following list:

Lslin+1;,C),n>1
2.s0(2n+1;C), n > 2
3.sp(n;C), n>3
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4.50(2n;C), n >4
5. The exceptional Lie algebras Go, Fy, Fg, E7, and Eg

A semisimple Lie algebra is determined up to isomorphism by specifying
which simple summands occur and how many times each on occurs.

8.10 The Root Lattice and the Weight Lattice

If E is a finite-dimensional real vector space, then a subset A of E is called a
lattice if there is some basis vy, ..., v, for E such that A is the space of all
linear combinations of vy, . . ., v, with integer coefficients. The set of all integer
linear combinations of roots is a lattice (called the root lattice) since the set
of such linear combinations is the same as the set of linear combinations of the
positive simple roots with integer coefficients, and the positive simple roots
form a basis for E. The set of all integral elements is also a lattice, called
the weight lattice, because it is the set of integer linear combinations of the
fundamental weights. The weight lattice is precisely the set of elements that
arise as weights of finite-dimensional representations of g.

Now, we have observed that every root is an integral element, and, there-
fore, a linear combination of roots with integer coefficients is also an integral
element. This means that the root lattice is contained in the weight lattice.
Are the two lattices equal? In general, no, not even for sl(2;C). In the sl(2; C),
case we think of the weights as eigenvalues of the element H. These eigen-
values are integers, and every integer occurs as an eigenvalue of H in one of
the finite-dimensional representations 7, of sl(2;C) described in Chapter 4.
Thus, the weight lattice is isomorphic to Z. Meanwhile, the eigenvalues of H
in the adjoint representation are 0, 2, and —2. So, the roots correspond to
the elements +2 inside Z and the root lattice corresponds to the set of even
integers inside Z.

For any root system, we may regard both the root lattice and the weight
lattice as commutative subgroups of E under the operation of vector addition.
The quotient group (weight lattice)/(root lattice) is then a finite commutative
group. The following result is offered without proof.

Theorem 8.30. Suppose K is a simply-connected compact Lie group with Lie
algebra t. Let t be a mazimal commutative subalgebra of £ so that h = t + it
15 a Cartan subalgebra of €c. Consider the root lattice and the weight lattice
inside b*. Then, the center of K satisfies

Z(K) = (weight lattice)/(root lattice).

Tt is essential in this result that K be simply connected. Note that the
weight lattice and the root lattice are purely Lie-algebraic constructions and,
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thus, their quotient must be canonically associated to the Lie algebra. Al-
though there can be several different connected compact groups (with noni-
somorphic centers) having Lie algebra K, there is (up to isomorphism) only
one simply-connected group.

The way I have formulated Theorem 8.30 is “dual” to the usual formu-
lation. For more information about this and for a result on the center of
non-simply-connected compact groups, see Section E.4.

Instead of considering the simply-connected group K, we can consider the
adjoint group, Ad(K) := K/Z(K). (It is called this since the kernel of the
adjoint representation is the center of K, which means that the adjoint group
is isomorphic to the image of K under the adjoint representation.) If K is
compact and simply connected, then Ad(K) is the unique (up to isomorphism)
Lie group whose center is trivial and whose Lie algebra is isomorphic to the
Lie algebra of K. Then, we have

m1 (Ad(K)) = (weight lattice)/(root lattice),

where 1 denotes the fundamental group (Appendix E). This explains why
the quotient of the weight lattice by the root lattice is called the “fundamental
group” of a root system in Humphreys (1972).

Another way to think about the relationship between the two lattices is as
follows. The weight lattice is the set of possible weights of representations of
the Lie algebra ¢ or, equivalently, of the simply-connected group K. The root
lattice is the set of possible weights of representations of the adjoint group
Ad(K). In particular, the roots themselves are the weights of the adjoint
representation, which may be thought of as a representation of Ad(K).

We have already pointed out that in the case of sl(2;C), the root lattice
inside the weight lattice may be thought of as the set of even integers inside
the set of all integers. Thus, in this case, the quotient is isomorphic to Z/2.
This reflects that the center of the compact simply-connected group SU(2) is
{I,—1} = 7Z/2 and that the fundamental group of the adjoint group SO(3) =
SU(2)/{I,-1}is Z/2.

Suppose that a1, ..., . form a base for a root system R in E, and suppose
that pq,..., s, are the associated fundamental weights (having the property
that 2 (uk, oq) / (au, 1) = 6y, kyl = 1,...,7). Then, uy,...,u, form a basis
for E as a vector space. Thus, every element of E has a unique expansion in
terms of u1, ..., u, and the integral elements are precisely those elements of £
for which the expansion coefficients are integers. Since each root is an integral
element, we have, for each k = 1,...,7, ax = ng1p1 + - - + Ner by, with each
ng; being an integer. We can then form an r x r matrix whose entries are
these integers. Then, the number of elements in (weight lattice)/(root lattice)
is equal to the absolute value of the determinant of this matrix.

To see that this is so, observe that the set ajpy + -+ arpr, 0 < ag < 1,
is a fundamental domain for the weight lattice; that is, every element of E
can be written uniquely as the sum of an element of this set and an element
of the weight lattice. Similarly, the set a1a; + - -+ + ara, is a fundamental
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domain for the root lattice. It is not hard to see that the number of elements
in the quotient (weight lattice)/(root lattice) is the ratio of the volume of
a fundamental domain in the root lattice to the volume of a fundamental
domain in the weight lattice. This ratio of volumes is the absolute value of
the determinant of the linear map that takes ux to ap (k = 1,...,7). The
matrix that represents this linear transformation in the basis uq, ..., y, is the
matrix whose entries are ng;.

In the case of Ay (the root system for si(3;C)), the fundamental weights
and positive simple roots are related by pu; = %al + %az and pgy = %al + %Otz.
Inverting this gives a1 = 2u; — po and as = —py + 242, which can also be
seen directly from Figure 5.2. Since

2 -1
det(_1 2) =3,

we conclude that (weight lattice)/(root lattice) has three elements in this case.
Figure 8.16 shows the root lattice (large triangles) and the weight lattice (small
triangles) for A,. The large triangles in Figure 8.16 have three times the area
of the small triangles, reflecting that the quotient of the two lattices has three
elements. (In each lattice, a triangle is half of a fundamental domain.)

Fig. 8.16. The root lattice and the weight lattice for Ag

The reader is invited to perform the analogous calculation for the remain-
ing rank-two root systems and verify the results of the following table.

root system # of elements

Al X A1 4
As 3
By 2
G2 1

Note that for Go, each fundamental weight is a root, and thus in this
case, the root lattice and weight lattice are equal. The same holds for the
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exceptional root systems Fy and Eg. For all other irreducible root systems,
the root lattice is a proper sublattice of the weight lattice (see Section 3.6 of
Chapter X of Helgason (1978)).

For the case of sl(n;C) (as in Section 6.9), the roots are the diagonal
matrices having one diagonal entry equal to 1, one diagonal entry equal to
—1, and the other diagonal entries equal to 0. The root lattice (integer linear
combinations of the roots) is then the set of all diagonal matrices whose
diagonal entries are integers that sum to zero.

Meanwhile, the co-roots are the same as the roots under our identifications.
The integral elements are then the trace-zero diagonal matrices whose inner
product with each (co-)root is an integer. This means that an integral element
is a trace-zero diagonal matrix in which the difference of any two diagonal
entries is an integer. It is not hard to show that such matrices are precisely
those of the form

k k k
M:diag(ll+—,lg+_,...’ln+_>’
n n n

where k is an integer and Iy, . ..,[, are integers satisfying i +--- + 1, = —k.
Here, diag(-) denotes the diagonal matrix with the indicated diagonal entries.
It is then not hard to show that the weight lattice modulo the root lattice is
isomorphic to Z/n, reflecting that

Z(SU(n)) = {e2™* /" k € Z} = Z/n.

8.11 Exercises

1. If R is a root system in E, consider the function ¢ : E — R given by

Q(l{):: II <a’11>'

a€ER*t

Using results from Section 8.7, show that ¢ satisfies
q(w - H) = det(w)q(H)

forallwe W and all H € E.

2. Consider the diagrams of dominant integral elements for rank-two root
systems in Section 8.5. In each case, verify that the roots labeled a7 and
ap form a base for the corresponding root system.

3. For each of the rank-two root systems, verify that the number of Weyl
chambers is equal to the order of the Weyl group. (Compare Theorem
8.20.)

4. Verify directly that any two bases for By can be mapped into one another
by the action of the Weyl group.
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10.

11.

12.
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For each of the irreducible rank-two root systems, verify that the Weyl
group acts transitively on each length of root. (Compare Property 3 in
Section 8.7.)

Consider the base {a3,as} for B, in Figure 8.6. Let u; and po denote the
fundamental weights for Bs, namely those satisfying

9 (ok, pur) — s

(ok, k)

for k,1 € {1,2}. (The fundamental weights are circled in Figure 8.6.) Then,
every dominant integral element p for By can be expressed in the form
B =mipu; + mapsy, with m; and my being non-negative integers.

Using Theorem 7.43, compute the dimension of the irreducible represen-
tation with highest weight mju; + mous explicitly as a function of m;
and meo.

Prove Property 10 in Section 8.7 using Property 5.

Hint: Suppose « is a positive simple root. Show that the positive roots 3
with 8 # a and {a, 5) # 0 come in pairs {01, B2} with {(a, 51) = — (@, B2) .
Suppose p; and po are dominant integral elements and that p; = pso.
Show, using the results of Section 8.7, that the convex hull of the W-orbit
of p1 contains the convex hull of the W-orbit of us.

Suppose that u is an integral element. Using Exercise 8 and Theorem
7.41, show that there are infinitely many inequivalent irreducible repre-
sentations of g for which p is a weight.

Compute the root lattice and the weight lattice for By and verify that
(weight lattice)/(root lattice) has two elements.

For which rank-two root systems is —/ an element of the Weyl group?
(Compare Section 7.6.1.)

Verify the multiplicities of the irreducible representation of sl(3; C) with
highest weight (1,2) given in Section 5.7. Use Kostant’s formula (Section
7.6) together with the invariance of the weights and multiplicities under
the action of the Weyl group.
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A Quick Introduction to Groups

For the reader who may not have had course in abstract group theory, I provide
a quick review here. Only the definitions and basic properties of groups are
needed in reading this book.

A.1 Definition of a Group and Basic Properties

Definition A.1. A group is a set G, together with a map of G x G into G
(denoted g x h) with the following properties:
First, associativity: For all g,h,k € G,

gx(hxk)=(gxh)xk. (A1)
Second, there exists an element e in G such that for all g € G,
grxe=exg=g (A.2)
and such that for all g € G, there exists h € G with
gxh=hxg=e. (A.3)

Ifgxh=hxg for all g,h € G, then the group is said to be commutative
(or abelian).

The element e is (as we shall see shortly) unique and is called the identity
element of the group or, simply, the identity. Part of the definition of a group
is that multiplying a group element g by the identity on either the right or
the left must give back g.

The map of G x G into G is called the product operation for the group.
Part of the definition of a group G is that the product operation map G x G
into G (i.e., that the product of two elements of G be again an element of G).
This may not always be obvious in examples. This property is referred to as
closure.
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Given a group element g, a group element h such that gxh =hxg=c¢
is called an inverse of g. We shall see momentarily that each group element
has a unique inverse.

Given a set and an operation, there are four things that must be checked
to show that this is a group: closure, associativity, existence of an identity,
and existence of inverses.

Proposition A.2 (Uniqueness of the Identity). Let G be a group and let
e, f € G be such that for all g € G,

e*g:g*e:g,
fxg=g*xf=g

Then, e = f.
Proof. Since e is an identity, we have
exf=f.
On the other hand, since f is an identity, we have
ex f=e.
Thus, e =ex f = f. a

Proposition A.3 (Uniqueness of Inverses). Let G be a group, e the
(unique) identity element of G, and g, h, k arbitrary elements of G. Suppose
that

grh=hxg=e,
gxk=kxg=ce.

Then, h = k.

Proof. We know that g * h = g x k (= e). Multiplying on the left by h gives
hx(g+h)=hx(gx*k).

By associativity, this gives
(hxg)xh=(hxg)x*k,

and, so,

exh=exk,
h=k.

This is what we wanted to prove. a
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Proposition A.4. Let G be a group, e the identity element of G, and g an
arbitrary element of G. Suppose h € G satisfies either hxg=e€ orgxh =e.
Then, h is the (unique) inverse of g and, thus, both hxg=e and gxh =e
hold.

Proof. To show that h is the inverse of g, we must show both that hxg = e
and g*h = e. Suppose we know, say, that h* g = e. Then, our goal is to show
that this implies that g x h = e.
Since hx g = e,
gx(hxg)=gxe=g.
By associativity, we have
(gxh)xg=g.
Now, by the definition of a group, g has an inverse. Let k be that inverse. (Of
course, in the end, we will conclude that £ = h, but we cannot assume that
now.) Multiplying on the right by k and using associativity again gives

((gxh)xg)xk=gxk=e,
(g*h)x(g*k)=e,

(gxh)xe=e,
gxh=e.
A similar argument shows that if gx h = e, then h* g = e. O

Note that in order to show that h x g = e implies g x h = e, we used the
fact that g has an inverse, since it is an element of a group. In more general
contexts (i.e., in some systems that are not groups), one may have h* g = e
but not g x h = e. (See Exercise 10.)

Notation A.5 For any group element g, its unique inverse will be denoted
g

Proposition A.6 (Properties of Inverses). Let G be a group, e its iden-
tity, and g, h arbitrary elements of G. Then,

) =g
(gh) " =h"tg
el =e.
Proof. Exercise 3. ' O

A.2 Examples of Groups

From now on, we will denote the product of two group elements g and h
simply by gh, instead of the more cumbersome g * h. Moreover, since we have
associativity, we will omit parentheses and write ghk in place of (gh)k or

g(hk).
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A.2.1 The trivial group

The set with one element, e, is a group, with the group operation being defined
as ee = e. This group is commutative.

Associativity is automatic, since both sides of (A.1) must be equal to e.
Of course, e itself is the identity and is its own inverse. Commutativity is also
automatic.

A.2.2 The integers

The set Z of integers forms a group with the product operation being addition.
This group is commutative.

First, we check closure, namely that addition maps Z x Z into Z (i.e., that
the sum of two integers is an integer). Since this is obvious, it remains only
to check associativity, identity, and inverses. Addition is associative; zero is
the additive identity (i.e., 04+ n = n+ 0 = n, for all n € Z); each integer
n has an additive inverse, namely —n. Since addition is commutative, Z is a
commutative group.

A.2.3 The reals and R"

The set R of real numbers also forms a group under the operation of addition.
This group is commutative. Similarly, the n-dimensional Euclidean space R™
forms a group under the operation of vector addition. This group is also
commutative.

The verification is the same as for the integers.

A.2.4 Nonzero real numbers under multiplication

The set of nonzero real numbers forms a group with respect to the operation
of multiplication. This group is commutative.

Again, we check closure: The product of two nonzero real numbers is a
nonzero real number. Multiplication is associative; the number 1 is the mul-
tiplicative identity; each nonzero real number z has a multiplicative inverse,
namely % Since multiplication of real numbers is commutative, this is a com-
mutative group. )

This group is denoted R*.

A.2.5 Nonzero complex numbers under multiplication

The set of nonzero complex numbers forms a group with respect to the op-
eration of complex multiplication. This group is commutative and is denoted

C~.
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A.2.6 Complex numbers of absolute value 1 under multiplication

The set of complex numbers with absolute value 1 (i.e., of the form e%) forms
a group under complex multiplication. This group is commutative.
This group is the unit circle, denoted S?.

A.2.7 The general linear groups

For each positive integer n, the set of all n x n invertible matrices with real
entries forms a group with respect to the operation of matrix multiplication.

We check closure: The product of two invertible matrices A and B is
invertible, since (AB)™' = B~1A~!. Matrix multiplication is associative; the
identity matrix (with ones on the diagonal and zeros elsewhere) is the identity
element; by definition, an invertible matrix has an inverse. Simple examples
show that the group is noncommutative, except in the trivial case n = 1. (See
Exercise 8.)

This group is called the general linear group (over the reals) and is
denoted GL(n;R).

In the same way, we define the general linear group over the complex
numbers, denoted GL(n;C).

A.2.8 Symmetric group (permutation group)

The set of one-to-one, onto maps of the set {1,2,...,n} to itself forms a group
under the operation of composition.

We check closure: The composition of two one-to-one, onto maps is again
one-to-one and onto. Composition of functions is associative; the identity map
(which sends 1 to 1, 2 to 2, etc.) is the identity element; a one-to-one, onto
map has an inverse. Simple examples show that the group is noncommutative
for n > 3. (See Exercise 9.)

This group is called the symmetric group and is denoted S,,. A one-to-
one, onto map of {1,2,...,n} is a permutation, and, so, S,, is also called the
permutation group. The group S,, has n! elements.

A.2.9 Integers mod n

Theset {0,1,...,n — 1} forms a group under the operation of addition modulo
n, where n is a positive. This group is commutative.

Explicitly, the group operation is the following. Consider a,b in the set
{0,1,...,n—=1}. If a + b < n, then we define a + b mod n to be a + b. If
a+b > n, then we define a + b mod n to be a + b —n. (Since a and b are less
than n, a + b —n is less than n; thus, we have closure.) To show associativity,
note that both

(a+bmod n)+cmodn
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and
a+ (b+ ¢ mod n) mod n

are equal to a+ b+ ¢, minus some multiple of n, and hence differ by a multiple

of n. However, since both are in the set {0,1,...,n — 1}, the only possible
multiple on n is zero. Zero is still the identity for addition modulo n. The
inverse of an element ¢ in {0,1,...,n — 1} is n —a. The group is commutative

because ordinary addition is commutative.
This group is referred to as “Z mod n” and is denoted Z/n.

A.3 Subgroups, the Center, and Direct Products

Definition A.7. A subgroup of a group G is a subset H of G with the fol-
lowing properties:

1. The identity is an element of H.
2.Ifhc H, then h~' € H.
3. If hi,ho € H, then hihe € H .

The conditions on H guarantee that H is a group, with the same product
operation as G (but restricted to H). Closure is assured by Condition 3,
associativity follows from associativity in G, and the existence of an identity
and of inverses is assured by Conditions 1 and 2 (together with the existence of
an identity and inverses in G). If H is a nonempty subset of G, then Conditions
2 and 3 imply Condition 1.

Every group G has at least two subgroups: G itself and the one-element
subgroup {e}. (If G itself is the trivial group, then these two subgroups coin-
cide.) These are called the trivial subgroups of G.

The set of even integers is a subgroup of Z: Zero is even, the negative of
an even integer is even, and the sum of two even integers is even.

The set H of n x n real matrices with determinant one is a subgroup of
GL(n;R). The set H is a subset of GL(n;R) because any matrix with determi-
nant one is invertible. The identity matrix has determinant one, so Condition
1 is satisfied. The determinant of the inverse is the reciprocal of the deter-
minant, so Condition 2 is satisfied; and the determinant of a product is the
product of the determinants, so Condition 3 is satisfied. This group is called
the special linear group (over the reals) and is denoted SL(n;R).

Additional examples, as well as some nonexamples, are given in Exercise
2.

Definition A.8. The center of a group G is the set of all g € G such that
gh =hg for all h € G.

It is not hard to see that the center of any group G is a subgroup G.
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Definition A.9. Let G and H be groups and consider the Cartesian product
of G and H (i.e., the set of ordered pairs (g,h) with g € G,h € H). Define a
product operation on this set as follows:

(91, h1)(g2, ha) = (9192, h1h2).

This operation makes the Cartesian product of G and H into a group, called
the direct product of G and H and denoted G x H.

It is a simple matter to check that this operation truly makes G x H into
a group. For example, the identity element of G x H is the pair (e, e2), where
e; is the identity for G and e; is the identity for H.

A.4 Homomorphisms and Isomorphisms

Definition A.10. Let G and H be groups. A map ® : G — H is called a
homomorphism if ®(gh) = ®(g)®(h) for all g,h € G. If, in addition, ® is
one-to-one and onto, then ® is called an isomorphism. An isomorphism of
a group with itself is called an automorphism.

Proposition A.11. Let G and H be groups, e; the identity element of G,
and ey the identity element of H. If ® : G — H is a homomorphism, then
D(e1) = ep and (g~ 1) = ®(g) ! forallg € G.

Proof. Let g be any element of G. Then, ®(g) = ®(ge1) = ®(g)P(e1). Mul-
tiplying on the left by ®(g)~! gives ey = ®(e1). Now, consider ®(g1). Since
P(e1) = ez, we have e; = ®(e1) = ®(gg~ 1) = ®(g)®(¢g7 ). From Proposition
A.4, we conclude that ®(g~!) is the inverse of ®(g). 0

Definition A.12. Let G and H be groups, ® : G — H a homomorphism, and
ea the identity element of H. The kernel of ® is the set of all g € G for which
®(g) = e2.

Proposition A.13. Let G and H be groups and ® : G — H a homomor-
phism. Then, the kernel of ® is a subgroup of G.

Proof. Easy. O

Actually, the kernel ® will be a normal subgroup of G. See Section A.5.

Given any two groups G and H, we have the trivial homomorphism from
G to H: ®(g) = e for all g € G. The kernel of this homomorphism is all of G.

In any group G, the identity map (which maps every element g to itself)
is an automorphism of G, whose kernel is just {e}.

Let G = H = Z and define ®(n) = 2n. This is a homomorphism of Z
to itself, but not an automorphism. The kernel of this homomorphism is just

{0}
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The determinant is a homomorphism of GL(n, R) to R*. The kernel of this
map is SL (n,R).

Additional examples are given in Exercises 7 and 12.

If there exists an isomorphism from G to H, then G and H are said to be
isomorphic, and this relationship is denoted G = H. (See Exercise 4.) Two
groups which are isomorphic should be thought of as being (for all practical
purposes) the same group.

A.5 Quotient Groups

Definition A.14. Let G be a gfoup and N a subgroup of G. Then, N is called
a normal subgroup of G if for each element g of G and each element n of
N, the element gng=! belongs to N.

Note that if G is commutative, then every subgroup of G is automatically
normal, since, in the commutative case, gng~! = n.
The motivation for this definition comes from the following result.

Proposition A.15. If G and H are groups and ® : G — H is a homomor-
phism, then ker @ is a normal subgroup of G.

Proof. Let ey denote the identity element of H. Suppose that g is an element
of G and n is an element of ker ® (i.e., that ®(n) = es). Then, we compute
that

This shows that gng=! is, again, an element of ker ® and, thus, that ker ® is

a normal subgroup of G. O

Let G be a group and N a subgroup of G (for the moment, not assumed
normal). Then, define an equivalence relation on G by defining two elements
g and h to be equivalent if gh~! is an element of N. Let us see that this is
indeed an equivalence relation (i.e., that this notion of equivalence is reflexive,
symmetric, and transitive). For any g, gg~! = e and e is an element of N. This
shows that every element of G is equivalent to itself. If gh™! is an element
of N, then (gh™')™! = hg~! is also an element of N. This shows that if g is
equivalent to h, then h is also equivalent to g. Finally, if gh~! is an element
of N and hk™! is an element of N, then gh~'hk~! = gk~' is an element of
N. This shows that if g is equivalent to h and h is equivalent to k, then g is
equivalent to k.

Proposition A.16. Suppose that G is a group and N is a normal subgroup
of G. Define two elements g and h of G to be equivalent if gh™* € N.
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1. If g1 is equivalent to go and hy is equivalent to ha, then g1hy is equivalent
to gghg.
2. If g, is equivalent to g, then g 1 is equivalent to 95 1

In this proposition, it is essential that N be a normal subgroup of GG. This
proposition says that the equivalence relation “respects” the group operations
of multiplication and inversion.

Proof. Assume that g is equivalent to g» and that h; is equivalent to hs.
We want to show that g1h; is equivalent to gohg. We first show that g;h; is
equivalent to g;he by computing

gih1(giha)™! = gihihs gy

Now, we note that hih; !'is an element of N , since h; and hy are assumed
equivalent. Then, because N is normal, we have that g;(h1hy )g7 ! is also an
element of N and, therefore, g1h; is equivalent to g;hs. Next, we show that
g1hg is equivalent to go2hg by computing that

giha(g2h2) ™t = gihohy'g; " = g1g; ' € N.

So, g1h1 is equivalent to g1 hs, which is equivalent to goho. This implies (as
we have shown earlier) that gihy is equivalent to gaho.
Meanwhile, if g; is equivalent to go, then

97 (927 =97 92 = 93 " 9291 92

However, since gy is equivalent to g;, gog; ' is an element of N, and then
because N is normal, g5 ' (gag; ' )g2 is also an element of N. O

Now, if g is any element of G, let [g] denote the equivalence class containing
G; that is, [g] is the subset of G consisting of all elements equivalent to g
(including g itself). Since our equivalence relation is an equivalence (reflexive,
symmetric, and transitive), if g; is equivalent to go, then the equivalence class
[g1] is the same as the equivalence class [go]. Every element of G belongs to
precisely one equivalence class.

Definition A.17. Let G be a group and N a normal subgroup of G. The
quotient group G/N is the set of all equivalence classes in G, with. the
product operation defined by

[9][R] = [ghl.

Let us see if we understand what this means. The elements of G/N are
equivalence classes, and the group product is defined by choosing one element
g out of the first equivalence class, choosing one element h out of the second
equivalence class, and then defining the product to be the equivalence class
containing gh. We need to check that the group product is well defined (i.e.,
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that the product does not depend on the choice of elements out of each equiv-
alence class). However, this is precisely where the normality of N comes in. If
we pick a different element ¢’ from the first equivalence class and a different
element h' out of the second, then by the proposition, g’h’ will be equivalent to
gh. This means that the equivalence class [gh] is the same as the equivalence
class [¢'h’], which shows that our product really is well defined.

The idea behind the quotient group construction is that we make a new
group out of G by setting every element of N equal to the identity. This then
forces ng to be equal to g for any ¢ € G and n € N. However, ng and n
are equivalent, since (ng)g~! = n € N. So, setting elements of N equal to
the identity forces elements that are equivalent (in the above sense) to be
equal. The condition that N be a normal subgroup guarantees that we still
have defined group operations after setting equivalent elements equal to each
other.

The simplest example of a quotient group is the group of integers modulo
n. In this case, we take G = Z and N = nZ (the set of integer multiples of n).
It is easy to check that N is a subgroup of Z, and since Z is commutative, all
subgroups are normal. To form the quotient group, we say that two elements
of Z are equivalent if their difference is in N. (We use additive notation for
the group operation in Z and, so, the quotient gh~! becomes i — j.) Thus,
the equivalence class of an integer i is the set of all integers that are equal
modulo n to i. The operation of addition makes the set of equivalence classes
into a group and this group is nothing but the group of integers modulo n, as
described in Section A.2. (In Section A.2, we label equivalence classes modulo
n by picking the unique element of the equivalence class that is between 0 and
n—1.)

Another example is obtained by taking G = SL(n;C) and taking N to
be the set of elements of SL(n;C) that are multiples of the identity. The
elements of N are the matrices of the form e2™**/*J k =0,1,...,n — 1. This
is a normal subgroup of SL(n;C) because each element of N is a multiple
of the identity, and, thus, for any A € SL(n;C), we have A(e?"*/"[)A~1 =
AA~Y(e¥mk/n]) = e?mik/n] The quotient group SL(n;C)/N is customarily
denoted PSL(n;C), where the P stands for “projective.” It can be shown that
PSL(n;C) is a simple group for all n > 2; that is, PSL(n; C) has no normal
subgroups other than {I} and PSL(n;C) itself.

If G is a group and N a normal subgroup, then there is a homomorphism
g of G into the quotient group G/N given by

It follows from the definition of the product operation on G/N that g is indeed
a homomorphism and, clearly, ¢ maps G onto G/N. More generally, suppose
that G and H are groups and that ® : G — H is a homomorphism. We have
observed that the kernel of ® is a normal subgroup of G. If ® maps G onto
H, then it can be shown that H is isomorphic to the quotient group G/ ker ®.
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A.6 Exercises

Recall the definitions of the groups GL(n;R), S,, R*, and Z/n from Section
A.2, and the definition of the group SL(n;R) from Section A.3.

1.
2.

Show that the center of any group G is a subgroup G.

In (a)-(f), you are given a group G and a subset H of G. In each case,
determine whether H is a subgroup of G.

(a) G =Z, H = {odd integers}

(b) G =27, H = {multiples of 3}

(c) G = GL(n;R), H = {A € GL(n;R)|det A is an integer }

(d) G =SL(n;R), H = {A € SL(n;R) |all entries of A are integers }
Hint: Recall the formula for A=! in terms of cofactors of A.

() G = GL(n;R), H = {A € GL(n;R) |all entries of A are rational }
(HYG=17Z/9, H=1{0,2,4,6,8}

Verify the properties of inverses in Proposition A.6.

Let G and H be groups. Suppose there exists an isomorphism ¢ from G
to H. Show that there exists an isomorphism from H to G.

. Show that the set of positive real numbers is a subgroup of R*. Show that

this group is isomorphic to the group R.

Show that the set of automorphisms of any group G is itself a group, under
the operation of composition. This group is the automorphism group
of G, Aut(G). '
Given any group G and any element g in G, define ¢, : G — G by
dg(h) = ghg™!'. Show that ¢y is an automorphism of G. Show that the
map g — ¢, is a homomorphism of G into Aut(G) and that the kernel of
this map is the center of G.

Note: An automorphism which can be expressed as ¢, for some g € G is
called an inner automorphism; any automorphism of G which is not
equal to any ¢, is called an outer automorphism.

Give an example of two 2 x 2 invertible real matrices which do not com-
mute. (This shows that GL(2,R) is not commutative.)

. An element o of the permutation group S, can be written in a two-row

form:
<1 2 ... n>
o= ,
0'1 0’2 o e O'n

where o; denotes o(i). Thus,
(123
7= \231

is the element of S3 which sends 1 to 2, 2 to 3, and 3 to 1. When multiplying
(i.e., composing) two permutations, one performs the one on the right first
and then the one on the left. (This is the usual convention for composing
functions.)

Compute
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10.

11.

12.

A A Quick Introduction to Groups

123 123
213 132
123 123
132 213

Conclude that S3 is not commutative.

Consider the set N={0,1,2,...} of natural numbers and the set F of all
functions of N to itself. Composition of functions defines a map of F x F
into F, which is associative. The identity (id(n) = n) has the property
that ido f = foid = f, for all f in F. However, since we do not restrict
to functions which are one-to-one and onto, not every element of F has
an inverse. Thus, F is not a group.

Give an example of two functions f and g in F such that f o g = id, but
go f #id. (Compare with Proposition A.4.)

Consider the groups Z and Z/n. For each a in Z, define ¢ mod n to be
the unique element b of {0,1,...,n — 1} such that a can be written as
a = kn + b, with k an integer. Show that the map a — a mod n is a
homomorphism of Z into Z/n.

Show that the center of any group G is a normal subgroup of G.

and
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Linear Algebra Review

In this appendix, I collect together results from linear algebra that are used in
the text. Only the simplest proofs are given here. The results quoted here are
mostly standard, except for the SN decomposition, which is often skipped over
on the way to the Jordan canonical form, and the discussion of weight spaces.
For more information, the reader is encouraged to consult such standard linear
algebra textbooks as Hoffman and Kunze (1971) or Axler (1997).

B.1 Eigenvectors, Eigenvalues, and the Characteristic
Polynomial

If A is any matrix in M, (C), then a nonzero vector v in C" is called an
eigenvector for A if there is some complex number A such that

Av = .

An eigenvalue for A is a complex number A for which there exists a nonzero
v € C™ with Av = Av. So, A is an eigenvalue for A if the equation Av = Av
or, equivalently, the equation

(A= Xv =0,

has a nonzero solution v. This happens precisely when A — AI fails to be
invertible, which is precisely when det(A — AI) = 0.
For any A € M,,(C), we define the characteristic polynomial p of A to
be given by
p(A) =det(A — X)), MeC.

This is a polynomial of degree n. In light of the above discussion, the eigen-
values are precisely the zeros of the characteristic polynomial.

More generally, we may consider vector spaces. A vector space is a set
V together with two operations: one called vector addition that takes two
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elements of V and produces another element of V, and one called scalar mul-
tiplication that takes a complex number and an element of V' and produces
another element of V. To be a vector space, these two operations should have
the same algebraic properties as vector addition and scalar multiplication in
C™ (e.g., that vector addition is commutative and associative). There is a
notion of the dimension of a vector space V, which may be infinite.

A linear operator on a vector space V (also called a linear transforma-
tion) is a map A of V to itself that satisfies

A(u+v) = Au+ Av,
A(du) = AAu

for all w and v in V and all A in C. If 4 is an n X n matrix, then the map
that sends a vector u in C™ to the vector Au (defined as the matrix product
of the n x n matrix A and the n x 1 matrix u) is a linear operator, and every
linear operator on C" arises in this way for some unique matrix A. So, we will
interchangeably regard A as an n X n matrix or as a linear transformation of
cn.

For any linear operator, we may define the notion of eigenvector and eigen-
value in precisely the same way as for C". If A is a linear operator on a finite-
dimensional space, then the theory of eigenvectors and eigenvalues for A is
the same as for matrices. If A is a linear operator on an infinite-dimensional
space, then A may not have any eigenvectors.

If A is a linear operator on a vector space V and ) is an eigenvalue for A,
then the \-eigenspace for A, denoted Vj, is the set of all vectors v € V' (in-
cluding the zero vector) that satisfy Av = Av. The A-eigenspace for A4 is a sub-
space of V. The dimension of this space is called the multiplicity of A. (More
precisely, this is the “geometric multiplicity” of A. In the finite-dimensional
case, there is also a notion of the “algebraic multiplicity” of A, which is the
number of times that A occurs as a root of the characteristic polynomial. The
geometric multiplicity of A cannot exceed the algebraic multiplicity.)

Proposition B.1. Suppose that A is a linear operator on a vector space V
and vi,...,v, are eigenvectors with distinct eigenvalues A1,..., ;. Then,
v1,...,V are linearly independent.

Note that here V does not have to be finite dimensional.

Proposition B.2. Every linear operator A on a finite-dimensional complex
vector space has at least one eigenvector.

This follows from the fundamental theorem of algebra, which says that
every nonconstant polynomial with complex entries has at least one complex
root.
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B.2 Diagonalization

Two matrices A, B € M,(C) are said to be similar if there exists an invertible
matrix C such that
A=CBC™,

in which case, B = C~'AC. The operation B — CBC~! is called conjuga-
tion of B by C. A matrix is said to be diagonalizable if it is similar to a
diagonal matrix. A matrix A € M, (C) is diagonalizable if and only if there
exist n linearly independent eigenvectors for A. Specifically, if v1,...,v, are
linearly independent eigenvectors, let C' be the matrix whose k*! column is
V. Then, C is invertible and we will have

A
A=c| . c1,
An

where A1, ..., A, are the eigenvalues associated to the eigenvectors vy, ..., v,
in that order.

If A € M, (C) has n distinct eigenvalues (i.e., n distinct roots to the char-
acteristic polynomial), then A is automatically diagonalizable, by Proposition
B.1. If the characteristic polynomial of A has repeated roots, then A may or
may not be diagonalizable.

Recall that for A € M,,(C), the adjoint of A, denoted A*, is the conjugate-
transpose of A,

(A" = Ak

A matrix A is said to be self-adjoint (or Hermitian) if A* = A. A matrix A
is said to be skew self-adjoint (or skew Hermitian or just skew) if A* =
—A. A matrix is said to be unitary if A* = A~!. If A is self-adjoint, skew
self-adjoint, or unitary, then A is automatically diagonalizable. Furthermore,
in these cases, it is possible to find an orthonormal basis of eigenvectors for
A, which means that the matrix C in the definition of diagonalizability may
be taken to be unitary.

If A is self-adjoint, then all of its eigenvalues are real. If A is real and
self-adjoint (or, equivalently, real and symmetric), then the eigenvectors may
be taken to be real as well, which means that in this case, the matrix C' may
be taken to be orthogonal. If A is skew, then its eigenvalues are imaginary.
If A is unitary, then its eigenvalues are complex numbers of absolute value 1
(ie., of the form A = €%, with 6 € R).

A matrix A is said to be normal if A commutes with its adjoint (i.e., if
AA* = A*A). If A is self-adjoint, skew, or unitary, then it is normal (since
in those cases, A* is A or —A or A7}, all of which commute with A). A
normal matrix is automatically diagonalizable and has an orthonormal basis
of eigenvectors. We summarize the results of the previous paragraphs in the
following,.
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Theorem B.3. Suppose that A € M, (C) has the property that A*A = AA*,
(e.g., if A* = A, A* = A7 or A* = —A). Then, A is diagonalizable and it
is possible to find an orthonormal basis for C" consisting of eigenvectors for
A.

If A is real and symmetric, then all of the eigenvalues of A are real and it
is possible to choose an orthonormal basis of eigenvectors for A in which each
eigenvector is real.

Proposition B.4. Suppose that A and B are linear operators on a finite-
dimensional vector space V and suppose that AB = BA. Then, B maps the
\-eigenspace of A into itself, for each eigenvalue A of A.

Proof. Let X be an eigenvalue of A and let V), be the A-eigenspace of A. Then,
let v be an element of Vy and consider Bv. Since B commutes with A, we
have

A(Bv) = BAv = ABu;

that is, applying A to Bv gives us back A times the vector we started with,
and, so, Bv is, again, an element of V). a

B.3 Generalized Eigenvectors and the SN Decomposition

Not all matrices are diagonalizable. For example, consider the matrix

- (1)

The characteristic polynomial of this is p(A) = (A —1)?, so the only eigenvalue
of Ais A = 1. Solving the equation Av = v gives

().

where c is an arbitrary constant. This means that we cannot find two linearly
independent eigenvectors for A.

If A does not have enough linearly independent eigenvectors to be di-
agonalizable, then we may consider the more general concept of generalized
eigenvectors. A nonzero vector v € C" is called a generalized eigenvector
for A if there is some complex number A and some positive integer k such that

(A—=XDkv=0.

This can happen only if (A—AI) is noninvertible. This means that the number
A must be an (ordinary) eigenvalue for A. However, given an eigenvalue A,
there may be generalized eigenvectors v that are not ordinary eigenvectors (in
addition to at least one ordinary eigenvector). For example, if A is the 2 x 2
matrix given earlier, then we may check that



B.3 Generalized Eigenvectors and the SN Decomposition 295

e (§)-(2)

so that (0,1) is a generalized eigenvector for A (but not an ordinary eigenvec-
tor). This is in addition to (1,0), which is an ordinary eigenvector.

Given any A € M, (C), it is possible to find a basis vy, ..., v, for C* such
that each vy, is a generalized eigenvector for A. This can be proved fairly easily
by induction on n. Given a matrix A and an eigenvalue ), let Vy be defined
by

Va={veC"|(A-Al)*v =0 for some k} ;

that is, V) is the space of all generalized eigenvectors with eigenvalue A, to-
gether with the zero vector, which, by definition, is not a generalized eigen-
vector but which satisfies (A — AI)*v = 0. For any \, V) is a subspace of C";
that is, any linear combination of elements of V} is, again, in V. It can be
shown that C™ decomposes as a direct sum of the Vy’s, as ) ranges over all the
eigenvalues of A. This means that if A1, ..., \; denote the distinct eigenvalues
for A (with k < n), then every vector v in C" can be written uniquely as

v=v1tv2 -+ + Uk,

with each v; in V). In particular, this means that every matrix has a basis
of generalized eigenvectors.

Now, if v is in V, then Av is also in Vj, since (A—AI)*Av = A(A—\I)kv =
0. This means that the subspace V), is invariant under the matrix A. Let Ay
denote the restriction of A to the subspace Vy, and write Ay in the form

Ay =M+ N,

(i.e., we define Ny to be Ax — AI). Then, N, is nilpotent; that is, N¥ =0
for some positive integer k. We summarize the preceding discussion in the
following theorem.

Theorem B.5. Let A be an n x n complexr matriz. Then, there exists a basis
for C™ consisting of generalized eigenvectors for A. Furthermore, C™ is the
direct sum of the generalized eigenspaces Vy, each Vy, is invariant under A, and
the restriction of A to each V), is of the form AI + Ny, where N is nilpotent.

Theorem B.6. Let A be an nxn complex matriz. Then, there exists a unique
pair (S,N) of matrices with the following properties: (1) A = S + N, (2)
SN = NS, (3) S is diagonalizable, and ({) N is nilpotent.

The expression A = S + N, with § and N as in the theorem, is called
the SN decomposition of A. The existence of an SN decomposition follows
from the previous theorem: We define S to be the operator equal to AI on
each generalized eigenspace of A and we set N to be the operator equal to Ny
on each generalized eigenspace. For example, if A is the 2 x 2 matrix defined
earlier, then we have
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5= (30): - (38)

One useful result that follows fairly easily from the SN decomposition is
the following.

Theorem B.7. Every matrix is similar to an upper triangular matriz. Every
nilpotent matriz is similar to an upper triangular matrix with zeros on the
diagonal.

B.4 The Jordan Canonical Form

The Jordan canonical form may be viewed as a refinement of the SN decom-
position, based on a further analysis of the nilpotent matrices Ny in Theorem
B.5. Although the SN decomposition is sufficient for the purposes of this book,
I discuss the Jordan canonical form here simply because it is more commonly
taught in linear algebra courses. (The Jordan canonical form could be useful
for a few of the exercises in Chapter 2.) To get to the Jordan form from the
SN decomposition, one needs to be able to classify nilpotent matrices up to
similarity.

Theorem B.8. Fvery A € M,(C) is similar to a block-diagonal matriz in
which each block is of the form

Al
3\
1
A

Two matrices A and B are similar if and only if they have precisely the same
Jordan blocks, up to reordering.

There may be several different Jordan blocks (possibly of different sizes)
for the same value of A. In the case in which A is diagonalizable, each block
is 1 x 1, in which case, the 1’s above the diagonal do not appear. Note that
each Jordan block is, in particular, of the form Al + N, where N is nilpotent.

B.5 The Trace

If A is an n X n matrix, we define the trace of A to be the sum of the diagonal
entries of A; that is,

trace(A4) = Z Agk.
k=1
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Note that the trace is a linear function of A (unlike the determinant).
If A and B are two n x n matrices, then

trace(AB) i AB)gk = ZZA“Blk (B.1)
k=1

k=11=1

Similarly,

3

n

trace(BA) Z BriAw = z": 2": Ay By, (B.2)

k=11=1 k=11=1

which is just the same sum as (B.1) with the labels for the summation variables
reversed. Thus, we conclude that trace(AB) = trace(BA). Then, if C is an
invertible matrix and we apply this to the matrices CA and C~!, we have

trace(CAC ™) = trace(C~'CA) = trace(A);

that is, the trace is invariant under conjugation, or, similar matrices have the
same trace.

More generally, if A is a linear operator on a finite-dimensional vector
space V, we can define the trace of A by picking a basis and then defining the
trace of A to be the trace of the matrix that represents A in that basis. The
above calculations show that the value of the trace of A is independent of the
choice of basis.

B.6 Inner Products

Let (-,-) denote the standard inner product on C™, defined by

n
vy = E UrUk,
k=1

where we follow the convention of putting the complex-conjugate on the first
factor. If A is any matrix in M, (C), then the adjoint A* of A has the property
that

(u, Av) = (A", v) (B.3)

for all u,v € C".

If V is any vector space over C, then an inner product on V is a map
that associates to any two vectors u and v in V' a complex number (u,v) and
that has the following properties:

(1) Conjugate-symmetry: (v,u) = (u,v) for all u,v € V.

(2) Linearity in the second factor: (u, vy + ava) = (u,v1) +a (u, ve) , for all
u,v1,v2 € V and a € C.

(3) Positivity: For all v € V, (v,v) is real and satisfies (v,v) > 0, and
(v,v) = 0 only if v = 0.
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Note that in light of the conjugate-symmetry and the linearity in the
second factor, an inner product must be conjugate-linear in the first factor:

(v1 + ava, u) = (v, u) + a (vo, u) .

An inner product on a real vector space is defined in the same way except
that conjugate-symmetry is replaced by symmetry ((v,u) = (u,v)) and the
constant a in Point 2 now takes only real values.

If V is a vector space with inner product, then the norm of a vector v € V,

denoted ||v|, is defined by
[oll = v/ (v, v).

The positivity condition on the inner product guarantees that ||v|| is always
a non-negative real number and that ||v|| = 0 only if v = 0.

As an example, consider M, (C), which is a complex vector space, and
define an inner product on M, (C) by

(A, B) = trace(A* B). (B.4)
Note that
trace(A* B) = trace((B*A)*) = trace(B*A),
which shows that (-, ) is conjugate-symmetric. Linearity in the second factor

follows from linearity of the trace. Finally,

n

trace(A"A) = > (A" A)xk
k=1

n
=) Ap Ak
k=1
n
Al >0
| kl| = Yy
k=1

and the sum is zero only if each entry of A is zero (i.e., only if A is zero). This
shows that (B.4) defines an inner product. This inner product on the space of
matrices is called the Hilbert—Schmidt inner product. The norm associated
to the Hilbert—Schmidt inner product is the norm on matrices introduced in
Section 2.1.

For any inner product on a finite-dimensional vector space, we can define
the adjoint of a linear operator by the condition that (u, Av) = (A*u,v) for
all 4 and v in the space. (Compare (B.3).)

Suppose that V' is a finite-dimensional vector space with inner product
and that W is a subspace of V. Then, the orthogonal complement of W,
denoted W+, is the set of all vectors v in V such that (w,v) = 0 for all w
in W. The basic results are (1) (W+)+ = W and (2) V decomposes as the
direct sum of W and W+. The second point means that every vector v in V
can be decomposed uniquely as v = w + u, where w € W and v € W+, This,
in particular, means that dim W + dim W+ = dim V.
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B.7 Dual Spaces

A linear functional on a vector space V is a linear map of V into C. If
v1,...,Un is a basis for V, then for each set of constants a1, ..., a,, there is a
unique linear functional ¢ such that ¢(vg) = ag. If V is a finite-dimensional
complex vector space, then the dual space to V, denoted V*, is the set of
all linear functionals on V. This is also a vector space and its dimension is
the same as that of V. Since V and V* have the same dimension, there is a
temptation to think of them as being the same space. This temptation should
be resisted—a failure to distinguish clearly between V and V* is a source of
much needless confusion. In certain cases, we will want to identify V with V*,
but I have tried to clearly indicate in all such cases that we are making such
an identification and how it is made. (The identification is usually made by
means of an inner product; see below.)

If W is a subspace of a vector space V, then the annihilator subspace
of W, denoted W', is the set of all ¢ in V* such that ¢(w) = 0 for all w in
W. Then, W' is a subspace of V*. If V is finite dimensional, then dim W +
dim W~ = dim V and the map W — W provides a one-to-one correspondence
between subspaces of V' and subspaces of V*.

Suppose that V' is a finite-dimensional vector space with an inner product.
Then, for each u in V| we can define a linear functional ¢* € V* by the formula

(V) = (v, v).

Recall that we take the inner product to be linear in the second spot, so that ¢
is indeed a linear functional on V. It can be shown that every linear functional
on V arises in this way for some unique vector u in V. (If ¢ is zero then u = 0.
If ¢ is nonzero then we choose u to be in the orthogonal complement of the
kernel of ¢, where this orthogonal complement is one dimensional, and adjust
the normalization of u until ¢* = ¢.) Thus, the map u — ¢ gives a one-to-
one, onto correspondence between V and V*. However, this correspondence is
not linear! This is because u goes into the conjugate-linear spot in the inner
product, as it must, since v needs to go into the linear spot in order for ¢*(v)
to be a linear functional in v. Actually, the map u — ¢* is conjugate-linear:
¢)\u — 5\¢u

So (in the finite-dimensional case), an inner product gives us a way to
identify V' and V*. However, this identification is not intrinsic; it depends on
the choice of the inner product. Furthermore, the identification is conjugate-
linear rather than linear.

B.8 Simultaneous Diagonalization

Definition B.9. Suppose that V is a vector space and A is some collection
of linear operators on V. Then a simultaneous eigenvector for A is a
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nonzero vector v € V such that for all A € A, there exists a constant Aa with
Av = Agv. The numbers A4 are the simultaneous eigenvalues associated
to v.

Consider, for example, the space D of all diagonal n x n matrices. Then, for
each k = 1,...,n, the standard basis element e, is a simultaneous eigenvector
for D. For each diagonal matrix A, the simultaneous eigenvalue associated to
ex is the k* diagonal entry of A.

Proposition B.10. If A is a commuting family of linear operators on a finite-
dimensional complex vector space, then A has at least one simultaneous eigen-
vector.

It is essential here that the elements of .4 commute; noncommuting families
of operators typically have no simultaneous eigenvectors.

In most cases, the collection A of operators on V' is a subspace of End(V),
the space of all linear operators from V to itself. In that case, if v is a simul-
taneous eigenvector for A then the eigenvalues A4 for v depend linearly on
A. (After all, if Ajv = A\v and Aqv = Agv, then (A; + cA2)v = (A1 + cAa)v.)
This leads to the following definition.

Definition B.11. Suppose that V' is a vector space and A is a vector space
of linear operators on V. Define a weight for A to be a linear functional u on
A such that there exists a nonzero vector v € V with

Av = p(A)v

for all A in A. For a given weight u, the set of all vectors v € V satisfying
Av = p(A)v for all A in A is called the weight space associated to the weight
-

That is to say, a weight is a set of simultaneous eigenvalues for the opera-
tors in A. If V is finite dimensional and the elements of A all commute with
one another, then there will exist at least one weight for 4.

If A is finite dimensional and comes equipped with an inner product, then
it is often convenient to use the inner product to identify .A and A* in the
definition of a weight. From this point of view, we define a weight to be an
element u of A (not A*) such that there exists a nonzero v in V with

Av = (g, v)v
for all A € A.

Definition B.12. Suppose that V is a finite-dimensional vector space and A
is some collection of linear operators on V. Then the elements of A are said
to be simultaneously diagonalizable if there exists a basis vy, ..., v, forV
such that each vy is a simultaneous eigenvector for A.
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If A is a vector space of linear operators on V, then saying that the ele-
ments of A are simultaneously diagonalizable is equivalent to saying that V'
can be decomposed as a direct sum of weight spaces of A.

If a collection A of operators is simultaneously diagonalizable, then the
elements of 4 must commute, since they commute when applied to each vy.
Conversely, if each A € A is diagonalizable by itself and if the elements of
A commute, then (it can be shown), the elements of A are simultaneously
diagonalizable. We record these results in the following proposition.

Proposition B.13. If A is a simultaneously diagonalizable family of lin-
ear operators on a finite-dimensional vector space V, then the elements of
A commute. If A is a commuting collection of linear operators on a finite-
dimensional vector space V and each A € A is diagonalizable, then the ele-
ments of A are simultaneously diagonalizable.

We close this appendix with an analog of Proposition B.1 for simultaneous
eigenvectors.

Proposition B.14. Suppose V' is a vector space and A is a vector space
of linear operators on V. Suppose ui,...,um are distinct weights for A and
V1, ..., Um are elements of the corresponding weight spaces. If vi+- - -+vy, =0,
thenvg, =0 forallk=1,...,m.
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More on Lie Groups

In this appendix, I briefly summarize (without proofs) the notion of a dif-
ferentiable manifold and the notion of a general (not necessarily matrix) Lie
group. I then explain briefly the standard approach to the Lie algebra and
exponential mapping for general Lie groups. This means that the Lie algebra
is the space of left-invariant vector fields and the exponential mapping is de-
fined in terms of the flow along such vector fields. Although this approach is
not used in the rest of the book, I cover it in order to help the reader make
contact with the approach used in other books. Anyone who is going to delve
deeply into the theory of Lie groups needs to learn this approach eventually.
For more information on the manifold approach to Lie groups, see standard
references such as Warner (1983) or Varadarajan (1974).

I will also give two examples of Lie groups that are not matrix Lie groups.
The first is the group described in Section 1.8, which may also be described as
a quotient of the Heisenberg group by a discrete subgroup of its center. The
second is the universal cover of SL(n;R).

C.1 Manifolds

C.1.1 Definition

A topological manifold M of dimension n is a topological space (assumed
second-countable and Hausdorff) that is locally homeomorphic to R™. This
means that for each point m in M, there is a neighborhood U of m and a
one-to-one, continuous map ¢ of U into R™ onto some open set ¢(U) in R™
such that the inverse map ¢! : ¢(U) — U is also continuous. We may say
that a manifold is a topological space that looks locally like a little piece of R™.
We think of the map ¢ as defining local coordinate functions x1, ..., z,, where
each zy, is the continuous function from U into R given by zx(m) = ¢(m)x (the
k*® component of ¢(m)). If 1) is another homeomorphism of another neigh-
borhood V' of m, and yx(m) = (m)x is the associated coordinate system,
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then both coordinate systems are defined in the neighborhood U NV of m.
We can then think of the y’s as functions of the z’s; more precisely, we may
consider the map 1 o ¢~! that maps the set ¢(U N V) onto the set ¢(U NV).
This is the “change of coordinates” map; that is, for all m in U NV, we have

(yl(m)v cee 7yn(m)) = (w 0 ¢—1) (Il(m)v s axn(m))

This change of coordinates map is continuous (since both 1 and ¢! are
continuous).

A smooth manifold of dimension 7 is a topological manifold M together
with a distinguished family of local coordinate systems (U, ¢,) with the
following properties. (Here, o ranges over some indexing set.) First, every
point in M is contained in at least one of the U, ’s. Second, for any two of these
coordinates systems (Us, ¢« ) and (Ug, #3), the change-of-coordinates map ¢go
¢5" is a smooth map of the set ¢, (U, NUs) C R™ onto the set ¢s(UaNUp) C
R™. In more concrete terms, this means that to make a smooth manifold,
we start with a topological manifold and then choose a collection of local
coordinate systems that cover the whole manifold and such that whenever
two coordinate systems are defined in overlapping regions, the expression for
one set of coordinates in terms of the other is always smooth. Note that we
must choose these coordinate systems in order to give a smooth structure to
the topological manifold M. For some topological manifolds, it is impossible
to make such a choice: Some manifolds do not admit a smooth structure.
When a smooth structure exists, it is not unique. (In some cases it is unique
“up to diffeomorphism,” but it is never actually unique.)

Once a smooth structure is chosen, we define a smooth local coordinate
system to be any local coordinate system (U, ¢) (not necessarily one of the
Uy ’s) such that ¢o ¢t is smooth for each (Uy, ds). A function f : M — R is
called smooth if for each smooth local coordinate system (U, ¢), the function
fo¢™! is a smooth function on the set ¢(U). Another way to say this is that f
is smooth if it is smooth in each smooth local coordinate system. If (U, @) is a
smooth local coordinate system and z,...,z, are the associated coordinate
functions zx(m) = ¢(m), then it is common to write f(z1,...,z,) to mean
f¢7Y(z1,...,2,)). In that case,

of
8—xk (m)

means more pedantically the value of the k* partial derivative of f o ¢~!
evaluated at the point ¢(m) = (z1(m),...,zk(m)).

C.1.2 Tangent space

One way to construct a manifold is as a submanifold of some Euclidean space
R™. We may think, for example, of a smooth surface S inside R3. In that
case, the tangent space at a point m € S is the set of vectors v in R? that
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can be expressed as v = dv/dt|,_,, where v(t) is a smooth curve lying in §
and satisfying v(0) = m. For each point m in S, the tangent space at S is a
two-dimensional subspace of R3.

This description is “extrinsic”; that is, it depends on having S embedded
inside R®. We want an “intrinsic” description of the tangent space, one that
does not depend on having our manifold embedded inside some Euclidean
space. We look, then, for some aspect of the tangent space that can be de-
scribed without reference to the embedding. One possibility is to think about
the directional derivative in the direction of a tangent vector v. If f is a smooth
function defined on S, we define the directional derivative of f at the point
m and in the direction of the vector v to be

(Duf) (m) = Z7GE)|

t=0

where 7 is any smooth curve lying in § with v(0) = 0 and dvy/dt|,_, = v.
(The value of the directional derivative is independent of the choice of 7.) Note
that the directional derivative associates a number to each smooth function
f- Also, derivatives of this sort satisfy the usual product rule for derivatives.

For a general manifold, not necessarily embedded in R™, we define the
notion of tangent space by abstracting the notion of the directional derivative.
The tangent space at m to M, denoted T,,,(M), is the set of all linear maps
X from C*°(M) into R satisfying (1) the “product rule”:

X(fg) = X(f)g(m) + f(m)X(g)

for all f and g in C*°(M); (2) “localization”: If f is equal to ¢ in a neighbor-
hood of m, then X(f) = X(g). This is easily seen to be a real vector space.
An element of T,,(M) is called a tangent vector at m. If z1,...,z, is a
local coordinate system, then one can prove that each tangent vector X at m
can be expressed uniquely as

X(H)= Y aug-(m) ()
k=1
for some real constants ay,...,a,. This means that if M is a manifold of

dimension n, then for each m in M, T,,,(M) is a real vector space of dimension
n.

C.1.3 Differentials of smooth mappings

A map ® from a manifold M of dimension n; to a manifold A of dimension
ny is called smooth if it is smooth in local coordinates; that is, ® is smooth
if, for every coordinate system ¢, on M and every coordinate system ¢g on
N, ¢pgoPog, ! is a smooth map from an open subset of R™ into R"2. Given a
smooth map, one can define the differential (or derivative) of ® at each point
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m in M, denoted ®. ,,,. The differential ®, ,, is the linear map of Ty (M) into
To(m)(N) given by
P (X)(f) = X(fo @),

where X is a tangent vector at m to M and f is a smooth (real-valued) func-
tion on N. It is straightforward to check that ®. ,,(X) is, indeed, a tangent
vector to N at ®(m) (i.e., that it satisfies the Leibniz rule) and that the map
@, is linear. In local coordinates, @ will look like a map from R™ to R™2
and ®, ., will then be essentially the matrix of partial derivatives of ®. The
differential of ® is sometimes written as d®.

If®: M— N and ¥ : N — P are smooth maps, then W o ®: M — P is
also smooth. The chain rule in this setting takes the form

(\Ij o) (b)*,m = \Ij*,é(m) [e] (P*,m' (CZ)

Suppose that 7 : (a,b) — M is a smooth curve. Then for each t € (a,b)
we will let dry/dt denote the element of T.,(4)(M) with the property that

dy . df(7(1))
E(f)’ p (C.3)

for all smooth functions f on M. (Recall that we are thinking of tangent
vectors as things that operate on functions.) In a smooth local coordinate
system 1, ..., Z,, we can find smooth functions 1 (-), ..., Zn(-) of one variable
such that ~(t) is the point whose coordinates are 21(t), ..., z,(t). (Actually,
zx(t) is nothing but xx(v(t)). Here we make a typical abuse of notation by
allowing zj to denote both the coordinate function on M and the associated
function on R obtained by evaluating zx on 7.) In that case, the chain rule
tells us that df (y(t))/dt = 5 0f/dxy dzy/dt. Thus, (C.3) becomes

n

dy dry O
- E -r __ . 4
dt — dt Oz (C )

C.1.4 Vector fields

A vector field is a map X that associates to each point m in M a tangent
vector X,,, € Tr,(M). Given a local coordinate system zi,...,z, a vector
field can be expressed (in the domain of definition of that coordinate system)
as

Z ax(m ax (C.5)

k
where the ay’s are real-valued functions. (Here we are simply using the repre-
sentation (C.1) at each point.) A vector field is called smooth if the coefficient

functions aj, are smooth in each local coordinate system. We can apply a vec-
tor field to a smooth function f by applying X,, to f at each point m. The
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result X (f)is then another function, which will be smooth if X is a smooth
vector field. So, a smooth vector field is a map from C*°(M) — C*°(M) that
satisfies the product rule in the form

X(fg9) = fX(g9)+ X(f)g. (C.6)

Note, here, that X(fg) is a function, not a number, and that on the right-
hand side, we do not evaluate f or g at any point. Equation (C.6) can be
restated as saying that a vector field is a derivation of the algebra of smooth
functions.

One should maintain a geometric picture of a vector field as a collection
of arrows, one at each point in the manifold. Nevertheless, one can also think
of the vector field as a differential operator (mapping the space of smooth
functions to itself), the one obtained by differentiating a function at each
point in the direction of the tangent vector at that point.

Looking at (C.5) we see that a vector field can be regarded as a first-
order differential operator. If we multiply (i.e., compose) two vector fields,
we will get a second-order differential operator; this is not a vector field.
However, if X and Y are vector fields and we compute their commutator
XY — Y X, then the second-order terms in XY will cancel with the second-
order terms in Y X and the result will again be first-order differential operator
(i.e., a vector field). Alternatively, one can check that if X and Y satisfy the
product rule (C.6), then so does XY — Y X. The space of smooth vector fields
then becomes an infinite-dimensional Lie algebra with the bracket defined by
[X,Y] = XY — Y X. (This bracket satisfies the Jacobi identity because the
composition of differential operators is associative.)

C.1.5 The flow along a vector field

If X is a vector field and v : (a,b) - M is a smooth curve in M, then 7 is
called an integral curve for X if for each t € (a,b), we have dy/dt = X ).
In a smooth local coordinate system zi,...,2n, ¥(t) will be represented a
family of functions z1(t),...,z,(t) and the vector field X will be represented
in the form (C.5) with each ax being a smooth function of z1, ..., z,. In light
of (C.4), the equation dv/dt = X.,;) becomes, in local coordinates,

dzk(t)
dt

= ag(z1(t),...,zn(t)).

This is a system of first-order ordinary differential equations (not necessarily
linear). Applying standard results giving uniqueness and local existence for
solutions of such systems, we obtain the following results.

Theorem C.1 (Local Existence). Given a smooth vector field X and a
point m € M, there exist € > 0 and a smooth curve v : (—e,e) = M such
that v(0) = m and such that -y is an integral curve for X.
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Theorem C.2 (Uniqueness). Suppose that X is a smooth vector field and
that v1 : (—a1,b1) — M and v, : (—az,bs) — M are two integral curves
for X satisfying v1(0) = v2(0) = m. Then, y1(t) = v2(t) for all t between
—min(a;,a2) and min(by, bs); that is, the two curves agree on the interval
where both of them are defined.

Note that existence is merely local: In general, it may be impossible to find
an integral curve ~y(¢) through a point m that is defined for all ¢ € R. In the
case M = R, this amounts to asserting that first-order ordinary differential
equations may not have solutions defined for all time. (Consider, for example,
the separable equation dy/dt = y?, the solutions of which are y(t) = (c—t)~*.)

A vector field X is called complete if y(t) can be defined for all ¢ for all
initial points m. Any vector field on a compact manifold is always complete.
On a noncompact manifold, some vector fields will be complete and some will
not be. If X is a complete vector field, then one can define the associated
flow on M. This is a family of maps ®; : M — M defined so that if v is
an integral curve for X with v(0) = m, then ®;(m) = «(t). This means that
®,(m) is defined by starting at m and “fowing” along the vector field X for
time ¢. (If X is not complete, one can still define a sort of flow, but then each
®, is defined only on part of M.) If X is a smooth complete vector field, then
each ®; is a smooth map of M to itself, and the maps satisfy ®; 0 &, = ®;4,.

C.1.6 Submanifolds of vector spaces

If V is a finite-dimensional real vector space, then we may make V into a
smooth manifold by using a single, globally defined linear coordinate system.
Given vectors v and v in V, we can define the directional derivative of a
function f at the point u in the direction of the vector v as

d

D, = —f(u+tv
(Do) = St )]

For each v, the directional derivative D, satisfies the Leibniz rule. Thus, each
vector v gives rise to an element of T;,(V). It is not hard to show that every
tangent vector at u can be expressed in this form. Thus, we have a natural
way to identify T, (V) with V itself, for each u € V.

Suppose V is a real vector space of dimension n. A subset M of V is called
a smooth embedded submanifold of dimension k if given any mg in M,
there exists a smooth coordinate system (¢, U) defined in a neighborhood U
of mg such that for any m € U, m is in U N M if and only if ¢(m) is in
R c R™. (Here, we think of R* as the subset of R™ where the last n — k
coordinates are zero.) This says that locally, in a suitable coordinate system,
M looks like RF sitting inside R™. If M is a smooth embedded submanifold
of dimension &, then we can make M into a smooth manifold of dimension &
as follows. We use as our basic coordinate neighborhoods the sets of the form
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U N M. We use as our coordinate map on such a set the restriction of ¢ to
U N M. (This restriction maps U N M to R* C R".)

If M is a smooth embedded submanifold of V, then the inclusion map 7 of
M into V is a smooth map. (Here, 7 is defined by i(m) = m for m € M.) The
differential i, : T,, (M) — T,,(V) is injective, and it is customary to identify
Trm(M) with its image in T,,(V'), which is a k-dimensional subspace of the
n-dimensional space T,,(V). To say this more explicitly, if X is a tangent
vector to M at m (viewed as a map of C*°(M) to R), then we can make X
into a tangent vector X at m to V by defining

X(f) = X(flp0)-

This allows us to think of the tangent space to M at m as a subspace of the
tangent space to V' at m. However, we are identifying the tangent space at m
to V with V itself. Thus, the tangent space to M at m is identified with a
subspace of V. (This subspace depends on the point m.)

It is not hard to show that if M is a smooth embedded submanifold of V,
then for each m, T;,,(M) (viewed as a subspace of V'), is the usual geometric
tangent space, as follows.

Proposition C.3. Let M be a smooth embedded submanifold of a finite-
dimensional real vector space V. Then, for each m € M, the tangent space to
M at m (regarded as a subspace of V as above) is the set of all u in V such
that there exists a smooth curve v in M with v(0) = m and dvy/dt = u.

C.1.7 Complex manifolds

A complex manifold is a smooth manifold of dimension 2n such that the basic
coordinate patches (Uy,, ¢o) have the property that the change-of-coordinates
map ¢go¢; ! is holomorphic for each o and 3. Here, R?" is identified with C™
and holomorphic means the same as complex analytic. Then, any other local
coordinate system ¢ (not necessarily one of the ¢, ’s) is said to be holomorphic
if the change-of-coordinates map between ¢ and each of the ¢,'s is holomor-
phic. A map between two complex manifolds is said to be holomorphic if it is
holomorphic in each holomorphic local coordinate system. If V' is a complex
vector space, then a subset M of V is called an embedded complex sub-
manifold of dimension k if, given any mg in M, there exists a holomorphic
local coordinate system (¢, U) defined in a neighborhood U of mg such that
for any m € U, m is in U N M if and only if ¢(m) is in C* c C™.

C.2 Lie Groups

C.2.1 Definition

A Lie group is a smooth manifold that is also a group. More precisely, we have
the following.
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Definition C.4. A Lie group is a smooth manifold G together with a smooth
map from G x G — G that makes G into a group and such that the inverse
map g — g~ is a smooth map of G to itself.

The simplest example is G = R", with the product map given by (z,y) —
Z + y. A more interesting example was given in Section 1.8. See also Section
C.3. It is shown in Chapter 2 that every matrix Lie group is a Lie group. (See
also Subsection C.2.6.)

C.2.2 The Lie algebra

If G is a Lie group and g an element of G, we define a map Ly : G — G by
Lgy(h) = gh. This is the “left multiplication by g” map, which is smooth since
the product map of G x G to itself is assumed smooth. Then, the differential
(Lg)« of Ly at a point h will be a linear map of Tj(G) to Tyx(G). A vector
field X on G is called left-invariant if X satisfies

(Lg)«(Xn) = Xgh-

Let T.(G) denote the tangent space at the identity. Then, given any vector
v € T.(G), there is a unique left-invariant vector field XV with X = v, which
can be constructed by defining

To show that the vector field constructed in this way is left-invariant, one needs
to note that Ly o Ly, = Ly, from which it follows (by the chain rule (C.2))
that (Lgn)«,e = (Lg)s,h(Ln)x,e- It should be evident that every left-invariant
vector field arise in this way (with v equal to the value of the left-invariant
vector field at the identity). The set of all left-invariant vector fields is a real
vector space whose dimension is the same as that of G, and it is isomorphic
as a vector space to T.(G) by means of evaluation at the identity.

Recall that if we think of vector fields as first-order differential operators,
then the commutator of two vector fields is, again, a vector field. It is not
difficult to show that the commutator of two left-invariant vector fields is,
again, a left-invariant vector field.

Definition C.5. The Lie algebra g of a Lie group G is the tangent space at
the identity with the bracket operation defined by

[v,w] = [X¥, X¥]e.

If we identify the space of left-invariant vector fields with T,.(G) by means
of the map v «+— X7, then g is just the space of left-invariant vector fields,
which forms a Lie algebra under the commutator of vector fields.
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C.2.3 The exponential mapping

The exponential mapping for a general Lie group is defined in terms of the flow
along left-invariant vector fields. This definition is justified by the following
result.

Proposition C.6. If G is a Lie group, then every left-invariant vector field
on G 1is complete.

Definition C.7. Let G be a Lie group and let g = T.(G) be its Lie algebra.
For eachv € g, let XV be the associated left-invariant vector field and let @7 be

the associated flow. Then, the exponential mapping is the mapexp: g — G
defined by

exp(v) = 2} (c).

This means that to compute exp(v), we first construct the left-invariant
vector field XV and we then find an integral curve v¥ to XV that starts at
the identity. Then, exp(v) = ~Y(1). To say this yet again, the exponential
mapping is the time-one flow along a left-invariant vector field starting at the
identity.

It can be shown that the exponential mapping is a smooth map of g into G
and that differential of exp at the origin is the identity map of g to itself. (Here,
we identity both Tp(g) and T.(G) with g.) It then follows from the inverse
function theorem that the exponential mapping takes all sufficiently small
neighborhoods of the origin in g diffeomorphically onto neighborhoods of the
identity in G. The properties of the exponential mapping that we have proved
for matrix Lie groups continue to hold for general Lie groups. For, example,
exp(v + w) = exp vexp w whenever [v,w] = 0, the Lie product formula holds,
and the Baker—Campbell-Hausdorff formula holds.

C.2.4 Homomorphisms

Suppose ¢ : G — H is a smooth map of a Lie group G to a Lie group H
that is also a group homomorphism. Then, ® is called a Lie group homo-
morphism. (In the matrix case, we originally required only that Lie group
homomorphisms be continuous. However, we proved (Section 2.7) that every
continuous homomorphism between matrix Lie groups is actually smooth.)

If ® : G - H is a Lie group homomorphism, then the differential ®, ,
maps T, (G) into Te(g)(H). In particular, ®, . is a linear map of g = Tc(G)
into h = T,(H).

Proposition C.8. Let & : G — H be a Lie group homomorphism and set
¢ = ®,., 50 that ¢ is a linear map of g into h. Then, ¢ is a Lie algebra
homomorphism and satisfies

exp(¢(v)) = (expv)

forallveg.
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Note that the way ¢ is defined is consistent with the way we defined things
in the matrix case (Theorem 2.21).

For each g in G, let Cy : G — G be the “conjugation by g” map; that is,
Cy(h) = ghg™!. For each g, C, is a Lie group homomorphism of G to itself.
Thus, the differential of Cy at the identity is a Lie algebra homomorphism of
g to itself. This map is denoted Adg:

Ady = (Cg)xe-
This can be computed in a more concrete way as
d ix 1
Ady(X) = —ge'“g :
dt t=0

Note, here, that geXg~! is a smooth curve in G that passes through the
identity at t = 0, and, thus, the derivative of this curve at ¢t = 0 is an element
of g = T.(G).

C.2.5 Quotient groups and covering groups

Given a connected smooth manifold M, there is a construction (which I will
not attempt to describe here) that yields a simply-connected manifold M
together with a map @ : M — M with the following property: Each m € M
has a neighborhood U such that ®~!(U) is the disjoint union of open sets
Vo, each of which is mapped by @ diffeomorphically onto U. Such a pair
(M, ®) is called a universal cover of M and is “unique up to canonical
diffeomorphism.” If M = G is a connected Lie group, then the universal
cover G can be given a group structure in a canonical way and the map ®
in this case is a Lie group homomorphism of G onto G. The associated Lie
algebra of ¢ : § — g is an isomorphism; therefore, we often say that G and G
have “the same” Lie algebra.

This construction illustrates the advantage of working in the general Lie
group setting: Every Lie group has a universal cover that is, again, a Lie group
and that can be constructed in a canonical way. By contrast, the universal
cover G of a matriz Lie group G may not be a matrix Lie group, and even
if it is, there is no canonical procedure for finding a matrix representation of
G. For example, the universal cover of SL(n;R), n > 2, is not a matrix Lie
group, as shown in the next section.

Meanwhile, suppose that G is a Lie group and that N is a closed normal
subgroup of G. Then, there is a unique manifold structure on the quotient
group G/N that makes G/N into a Lie group and such that the quotient map
G — G/N is then a Lie group homomorphism. That this procedure can be
carried out for any Lie group G and any closed normal subgroup N again
illustrates the advantage of working with general Lie groups. By contrast, if
G is a matrix Lie group, G/N may not be, as the first example in the next
section shows. Furthermore, even if G/N happens to be a matrix Lie group,
there is no canonical procedure for finding a matrix representation of it.
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C.2.6 Matrix Lie groups as Lie groups

We have proved that every matrix Lie group is a smooth embedded submani-
fold of the vector space V = M,,(C). (Here we think of M, (C) as a real vector
space of dimension 2n?. A matrix Lie group is in general only a real embedded
submanifold of M,,(C) and not necessarily a complex embedded submanifold.)
Since the matrix product and matrix inverse are smooth on the open subset
GL(n;C) of M, (C), this shows that every matrix Lie group is a Lie group.
(The restrictions of smooth mappings to smooth embedded submanifolds are
smooth.)

Meanwhile, the Lie algebra g of a matrix Lie group G (as we have defined
g in Chapter 2) is just the tangent space to G at the identity. To see this, note
that every X in g is the derivative of a smooth curve through the identity,
namely the curve () = e*X. Conversely, using the local logarithm , one can
show that if X is the derivative of any smooth curve in G passing through 1
at t = 0, then X is in g. (See Corollary 2.35 in Section 2.7.)

It remains to show that the exponential map as we have defined it in the
matrix case agrees with the exponential map as we have defined for general
Lie groups. If X € g, what we need to show is that the curve

y(t) = e

is an integral curve for the left-invariant vector field whose value at the identity
is X. This means that we must show that

d tX
- = (Lgtx X).
lte ( e )*( )

To do this, we note that

_C_i_etX _ _q_e(t-f—a)X — i tXeaX
dt da o da o
d a
= (Le‘x) *%6 X = (Letx)* (X)
a=0

The second-to-last equality is essentially the chain rule.

We conclude, then, that every matrix Lie group is a Lie group and that the
way the Lie algebra and the exponential mapping are defined in the matrix
case is consistent with the way the Lie algebra and the exponential mapping
are defined for general Lie groups.

C.2.7 Complex Lie groups

A complex Lie group is a complex manifold endowed with a group structure
in such a way that the product and inverse maps are holomorphic.

Suppose that G is a Lie group of dimension 2n with Lie algebra g. If
there exists a real-linear map J : g — g such that (1) J> = —I and (2)
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[JX,Y] = J[X,Y] for all X and Y in g, then we say that J is a complex
structure on the Lie algebra g. In that case, we can regard g as a complex Lie
algebra by defining the “multiplication by 7" map to be J. Condition 1 tells
us that J makes g into a complex vector space. Condition 2 then implies that
the bracket is complex-bilinear.

If G is a complex Lie group, then there is a natural way of defining a map
J on g so that g becomes a complex Lie algebra and so that. the exponential
mapping is holomorphic from g into G. Conversely, suppose G is an even-
dimensional Lie group and we can find a map J : g — g that makes g into a
complex Lie group. Then G can be given the structure of a complex manifold in
such a way that G becomes a complex Lie group and the exponential mapping
is holomorphic. (There may be many different possible complex structures on
G that make G into a complex Lie group. In that case, different complex
structures on G will correspond to different complex structures J on g.) To
oversimplify slightly, we may say that G is a complex Lie group if and only if
g is a complex Lie algebra. See Varadarajan (1974) for more information.

If G C GL(n;C) is a matrix Lie group and its Lie algebra g is a complex
subalgebra, of gl(n; C), then g has a complex structure, namely the usual mul-
tiplication by ¢ map. In that case, it can be shown that G is an embedded
complex submanifold of GL(n; C) and, thus, a complex Lie group. This shows
that the definition of a complex matrix Lie group given in Chapter 2 (Defi-
nition 2.20) is sensible: A complex matrix Lie group is indeed a complex Lie

group.

C.3 Examples of Nonmatrix Lie Groups

We explained in the previous section that every matrix Lie group is (as the
name suggests) a Lie group. In this section, we will show that the converse is
not true: Not every Lie group is isomorphic to a matrix Lie group.

Our first example is the Lie group G introduced in Section 1.8, namely
G =R x R x S, with the group product defined by

(z1,91,u1) - (T2,y2,u2) = (z1 + T2, Y1 + Yo, € ¥2uguy).

Meanwhile, let H be the Heisenberg group (i.e., the group of 3 x 3 real matrices
that are upper triangular matrices with ones on the diagonal). Consider the
map & : H — G given by

lab _
@ 01c| =(ace®).
001

Direct computation shows that ® is a homomorphism. The kernel of ® is the
discrete normal subgroup N of H given by
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102mn
N = 01 0 nez
00 1

Now, suppose that ¥ is any finite-dimensional representation of G (i.e., a
continuous map of G into some GL(n;C)). Then, we can define an associated
representation ¥ of H by ¥ = W o ®. Clearly, the kernel of any such represen-
tation of H must include the kernel N of ®. Now, let Z(H) denote the center
of H, which is easily shown to be

106
Z(H)={ 010 ||beRr
001

Theorem C.9. Let X be any finite-dimensional representation of H. Ifker ¥ D
N, then ker ¥ D Z(H).

Once this is established, we will be able to conclude that there are no
faithful finite-dimensional representations of G. After all, if ¥ is any finite-
dimensional representation of G, then the kernel of ¥ = ¥ o & will contain N
and, thus, Z(H), by the theorem. Thus, for all b € R,

10b _
21010 | =(0,0,e?) =1.
001

This means that the kernel of ¥ contains all elements of the form (0,0, ) and
¥ is not faithful. So, we obtain the following result.

Corollary C.10. The Lie group G has no faithful finite-dimensional repre-
sentations. In particular, G is not isomorphic to any matriz Lie group.

We now proceed with the proof of Theorem C.9.

Proof. Let o be the associated representation of the Lie algebra § of H. Let
A, B, and C be the basis elements for § given by

010 001 000
A=[o000}), B=|000]|, c={o001
000 000 000

These satisfy the commutation relations [A4,C] = B and [A, B] = [C, B] = 0.
Thus, [0(A),0(C)] = o(B) and [¢(A),o(B)] = [0(C),a(B)] = 0.

I now claim that o(B) must be nilpotent. In light of the SN decomposition,
this is equivalent to showing that all of the eigenvalues of o(B) are zero. So,
let A be an eigenvalue for o(B) and let V) be the associated eigenspace.
Certainly, V) is invariant under o(B) since o(B) = A on V). Furthermore,
since 0(A) and ¢(C) commute with o(B), they must also leave V) invariant



316 C More on Lie Groups

(Proposition B.4). The restrictions of these operators to Vy must still satisfy
the same commutation relations as they do on the whole space. This means
that the restriction of o(B) to V), is the commutator of two operators on Vy
(i.e., operators that map V) to itself), namely the restrictions of o(A) and
a(C) to V. Since o(B)|y, is a commutator, its trace must be zero (since
the trace of UV is the same as the trace of VU for any operators U and V).
On the other hand, o(B)|y, = Al. So, 0 = trace(a(B)|y,) = Adim Vy. If A
is actually an eigenvalue, then dim V) # 0 and, thus, we must have A = 0.
Since A was an arbitrary eigenvalue of o(B), we conclude that 0 is the only
eigenvalue of o(B) and, thus, o(B) is nilpotent.

Lemma C.11. If X is a nonzero nilpotent matriz, then for all nonzero real
numbers t, e!X #£ I.

Proof. Since X is nilpotent, the power series for e!X terminates after a finite
number of terms. Thus, each entry of e!X depends polynomially on ¢; that is,
there exist polynomials py;(t) such that (e!X )y = pri(t). Now, suppose that
there is some nonzero tg such that etoX = I. Then, e™X = J* = ] for all
integers n. In terms of the polynomials py,;, this means that pg(ntg) = Ok
for all n. However, a polynomial that takes on a certain value infinitely many
times must be constant. Thus, as soon as there is one nonzero ty for which
etoX = I, we must have e!X = [ for all ¢ (assuming, still, that X is nilpotent!).
This, however, would then imply that X = d/dt(exptX)|t=0 = 0. So, if X is
nonzero and nilpotent, e?X must be different from the identity for all nonzero
t. O

Now, we note that the 3 x 3 matrix B satisfies B% = 0, and, so,

10¢
eP=1010
001

Suppose now that ¥ is a representation of H and that ker ¥ > N. Then,

eQﬂ'na(B) ) (627rnB) -7

for all integers n. Since o(B) is nilpotent, the only way this can happen
(according to the lemma) is if o(B) is zero. Thus, for all real numbers ¢,

N (etB) _ eta’(B) =7
and ker ¥ D Z(H). 0

We now turn to our second example of a nonmatrix Lie group. We make
use of the following topological result: For all n > 2, SL(n;R) is not simply
connected and SL(n;C) is simply connected. This result was recorded in the
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table in Chapter 1; the method of proof is described in Appendix E. We also
make use of the concept of the universal cover of a Lie group, as described
in the previous section. The universal cover of SL(n;R), denoted gr_(n;R),
is a jmply—connected Lie group together with a Lie group homomorphism
® : SL(n;R) — SL(n;R) such that the associated Lie algebra homomorphism
o : ;(n;R) — sl(n;R) is an isomorphism. It is customary to permanently
identify sl(n; R) with sl(n;R) by means of the map ¢ and say (in a slight
abuse of terminology) that the Lie algebra of §I:(n, R) is sl(n; R).

Theorem C.12. There does  not exist any faithful finite-dimensional repre-
sentation of SL(n;R). Thus, SL(n;R) is a Lie group that is not isomorphic to
any matriz Lie group.

Proof. We will show that if II is any finite-dimensional representation of
SL(n;R), then the kernel of IT contains the kernel of the homomorphism
® : SL(n;R) — SL(n;R). Since SL({n;R) is not simply connected, ® has a
nontrivial kernel and, thus, II is not faithful (i.e., has a nontrivial kernel).

So, now let I be a finite-dimensional representation of gI(n, R), acting on
a finite-dimensional complex vector space V. We then have an associated Lie
alge;}zra representation 7 of sl(n; R), which is (isomorphic to) the Lie algebra
of SL(n;R). We may extend 7 by complex-linearity to a representation of
sl(n; C), also denoted w. Then, since SL(n;C) is simply connected, we may
exponentiate 7 to a representation I’ of SL(n; C). Finally, we may restrict II'
to SL(n;R).

Now, construct a new representation ¥ of ﬁ(n;R) by setting ¥ = IT' o
®. T claim that 3 coincides with the original representation IT of SL(n;R).
To see this, consider the associated Lie algebra representation o = 7’ o ¢.
Now, we are regarding ¢ as the identity map of sl(n;R) to itself. Meanwhile,
by construction, the Lie algebra map 7’ associated to IT' is 7. So, in fact,
o = m. Since SL(n;R) is connected this implies that the associated group
homomorphisms ¥ and II are equal. (We have proved such a result for matrix
Lie groups; the same result with much the same proof holds for all Lie groups.)

So, every representation II of ?L(n, R) is of the form IT = II' o ® for some
representation I’ of SL(n; R). Thus, ker IT D ker ® # {e} and II is not faithful.

O

These two examples illustrate the limitations of matrix Lie groups with
respect to the operations of quotients and universal covers. The group G is
isomorphic to the quotient group H/N, and although H is a matrix Lie group,
H/N is not. Similarly, SL(n;R) is a matrix Lie group, but its universal cover
is not.
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C.4 Differential Forms and Haar Measure

Recall from Section 4.10 the notion of Haar measure. A left Haar measure
on a Lie group G is a nonzero measure that is locally finite and left-invariant.
The simplest way to prove the existence of such a measure is to use differential
forms.

Differential forms are an important aspect of the theory of differentiable
manifolds. I have no space here to describe this notion in any detail, but the
idea is roughly this. A k-form 7 on an n-dimensional manifold M is an object
that can be expressed in local coordinates as

n(m) = Z Aiyigeeig, (m) dl’il A d.TiQ VANERIVAN d:cik.

Here, A is the “wedge product,” which is defined in such a way that the
expression dz;, Adz;, A--- Adzx;, changes sign with the interchange of any
two factors. In coordinate-independent language, a k-form is something that
takes values at each point in the k*" exterior power of the cotangent space
at m, where the cotangent space is defined as the dual space to the tangent
space at m. The significance of the concept of k-forms is that there is a
natural (coordinate-independent) way of integrating a k-form over (oriented)
k-dimensional submanifolds of M. In particular, if M is oriented and 7 is an
n-form, then it makes sense to integrate n over M itself.

Given an n-dimensional oriented manifold and an nowhere-vanishing ori-
ented n-form 7, we can make a measure on M by defining the integral of f
against u to be the integral of the n-form f7. It is not hard to show that on an
n-dimensional Lie group G, there exists a nowhere-vanishing n-form that is
invariant under left translations and that this form is unique up to a constant.
Integrating functions against this form (with the correct orientation) gives a
left-invariant measure (i.e., a left Haar measure).

Suppose that p is a left Haar measure on G and g is an element of G.
Suppose we define a new measure Ry(p) by setting Ry(u)(E) = (R E),
where R, denotes right-translation by g. Then, it is not hard to see that
R, (p) is again left-invariant (because left-translations commute with right-
translations) and again given by integration against a left-invariant n-form.
However, the left-invariant n-form describing R4(u) may not be equal to the
left-invariant n-form describing p; it may be a constant multiple of that n-
form. So, given any g € G, there is a constant x(g) such that Ry(1) = x{9)u,
where p is a left Haar measure. The function x(g) is called the modular
function of G. A group G is called unimodular if the modular function is
identically equal to one. If G is unimodular, then Rg(y) = p (i.e., the left
Haar measure is also right-invariant).

Using the description of Haar measure in terms of left-invariant n-forms,
one can show the following result.

Proposition C.13. If G is a connected Lie group, then G is unimodular if
and only if
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det (Ady) =1
for all g € G or, equivalently, if and only if

trace (adx) =0
for all X € g.

Here, Ad, and ad x are viewed as linear maps of the Lie algebra g to itself.
The reason for this result is as follows. A right-translation can be expressed as
a combination of a left-translation and the adjoint action: Ry(h) = AdgLg (k).
So, G is unimodular if and only if the left Haar measure is invariant under the
adjoint action. Since everything in sight is left-invariant, it suffices to check
the invariance of a left-invariant n-form under Ad, at the identity. So, the
relevant question is how Ad, acts on the n*h exterior power of the cotangent
space at the identity, which is by the determinant of Ad,.

This proposition implies that compact Lie groups are unimodular, since,
then, there exists an inner product with respect to which adx is skew-
symmetric, and the trace of a real skew matrix must be zero. More generally,
it can be shown that all semisimple groups are unimodular. Meanwhile, the
Heisenberg group is also unimodular because in this case adx is nilpotent
for all X in the Lie algebra. The simplest example of a group that is not
unimodular is the following two-dimensional matrix group:

o= {(51)]s

The reader is invited to verify that there exists elements X of the Lie algebra
g of G such that trace(adx) # 0.

(0,00), b € R}.



D

Clebsch—Gordan Theory for SU(2) and the
Wigner—Eckart Theorem

D.1 Tensor Products of sl(2; C) Representations

Recall from Section 4.6 the notion of the tensor product of representations of
a group or Lie algebra. We consider this in the case of the irreducible repre-
sentations of the group SU(2) or, equivalently, the irreducible complex-linear
representations of sl(2;C). These irreducible representations were classified
in Section 4.4. For each non-negative integer m, we have an irreducible rep-
resentation (7, Vi,) of sl(2;C) of dimension m + 1, and every irreducible
representation of sl(2;C) is isomorphic to one of these. We regard the tensor
product V;,, ® V;, as a representation of si(2; C). (Recall that it is also possible
to view V;,, ® V;, as a representation of sl(2; C) &sl(2; C).) The action of sl(2; C)
on V,, ® V,, is given by

(T ® T )(X) = (X)) © I + I ® 1 (X). (D.1)

We use the standard basis {X,Y, H} for sl(2;C).

By the averaging method of Section 4.10, we can find on each space V,,, an
inner product that is invariant under the action of the compact group SU(2).
(In the case of V; 22 C?, we can use the standard inner product on C2.) With
respect to such an inner product, the orthogonal complement of a subspace
invariant under SU(2) (or su(2) or sl(2;C)) is again invariant under SU(2) (or
su(2) or sl(2;C)). Since the element H of sl(2;C) is in isu(2), m,,(H) will be
self-adjoint with respect to this inner product. This means that eigenvectors
of m, (H) with distinet eigenvectors must be orthogonal. Once we have chosen
SU(2)-invariant inner products on V,,, and V,,, there is a unique inner product
on Vi, ® V,, with the property that (u; ® v, us ® va) = (uy, ug) (v1,v2) . (This
can be proved using the universal property of tensor products.) The inner
product on V;,, ® V,, is also invariant under the action of SU(2). We assume
in the rest of this section that an inner product of this sort has been chosen
on each V,,, ® V,,.

In general, V,, ® V,, will not be an irreducible representation of sl(2;C);
the goal of this section is to describe how V;,, ® V,, decomposes as a direct sum
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of irreducible invariant subspaces. This decomposition is referred to as the
Clebsch—Gordan theory or (in the physics literature) as addition of angular
momentum. Here, we use the mathematician’s labeling of the representations
of sl(2; C); physicists normally label the representations by the “spin” I = m/2,
so that the possible values of [ are [ =0,1,1,3,....

Let us consider first the case of V; ® Vi, where V; = C2, the standard
representation of sl(2;C). If {e;,es} is the standard basis for C?, then the
vectors of the form ex ®e;, 1 < k,1 < 2, form a basis for C2® C2. Since e; and
ey are eigenvalues for 71 (H) with eigenvalues 1 and —1, respectively, then, by
(D.1), the basis elements for C2 @ C? are eigenvectors for the action of H with
eigenvalues 2, 0, 0, and —2, respectively. Since 2 is the largest eigenvalue for
H, the corresponding eigenvector e; ® e; must be annihilated by X (i.e., by
the operator 7 (X) ® I + I ® m(X)). If we apply Y repeatedly to e; ® ey, we
obtain e; ® ea + e2 ® e; and then 2e; ® e; and then zero. The space spanned
by these vectors is invariant under sl(2; C) and irreducible, isomorphic to the
three-dimensional representation V5. The orthogonal complement of this space
in C? @ C?, namely the span of e; ® e; — 3 ® €1, is also invariant, and sl(2; C)
acts trivially on this space. So, we have

C?C? = span{e; @ e1,e1 @ ez + €2 R e, e2 ® ez} Dspanfe; ®ey — e ® ey }.

Thus the four-dimensional space Vi ® V; is isomorphic, as an sl(2; C) repre-
sentation, to Vo @ Vj.

Theorem D.1. For any non-negative integer k, let Vi, denote the irreducible
representation of sl(2;C) of dimension k + 1. For two non-negative integers
m and n, consider Vi, @ V,, as a representation of sl(2;C). Assume m > n.
Then,

Vm ® Vn = Vm+n 2] Vm+n—2 - Vm—n+2 52 Vm—na

where = denotes an equivalence of sl(2;C) representations.

Note that this theorem is consistent with the special case worked out
earlier: V; ® Vi = Vo @ V. Note that each each irreducible representation
occurring in the decomposition of V;, ® V,, occurs only once. This is a special
feature of the theory of sl(2;C) representations and the analogous statement
does not hold for tensor products of representations of other Lie algebras.

Proof. Let us take a basis for each of the two spaces that is labeled by the
eigenvalues for H. So, we have a basis U, Um_a, ..., Us—m, U_m for V;, and
Un,Un—2;...,V2-n,V—_pn for V,,. Then, the vectors of the form u; ® v; form a
basis for V,,, ® V,,, and we compute that

(Tm(H) @I +1& m,(H)ug @ vy = (k + Dug @ vy

So, each of our basis elements is an eigenvector for the action of H in V,, @ V.
Let us work out the eigenspaces for H in V,, ® V,,. The eigenspace with
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eigenvalue m + n is one dimensional, spanned by ., ® v,. If n > 0, then the
eigenspace with eigenvalue m 4+ n — 2 has dimension 2, spanned by Uup—2 @ v,
and U, ®v, 2. Each time we decrease the eigenvalue of H by 2 we increase the
dimension of the corresponding eigenspace by 1, until we reach the eigenvalue
m—n, which is spanned by the vectors u,, 2, ®@Vn, Um_2n+2@Vp—2, and so on
up to u,, ®U_,. This space has dimension n+1. As we continue to decrease the
eigenvalue of H in increments of 2, the dimensions remain constant until we
reach eigenvalue n — m, at which point the dimensions begin decreasing by 1
until we reach the eigenvalue —m — n, for which the corresponding eigenspace
has dimension one, spanned by u_,, ® v_,. This pattern is illustrated by the
following table, which lists, for the case of V4 ® V5, each eigenvalue for H and
a basis for the corresponding eigenspace. I leave it to the reader to verify that
this pattern holds true in general.

Eigenvalue for H Basis

6 Ug Q Vo

4 Uy @ Vg, Ug X Vg

2 Uy ® V2, U2 @V, UgQVU_2
0 U_g @ V2, Uy B Vg, U PV_9
—2 U_g V2, U_2 & Vg, Uy B V_2
—4 U_g4 @ Vg, U_2 QV_2

—6 Uy QV_2o

Now, consider the vector u,, ® v,, which is annihilated by X and is an
eigenvector for H with eigenvalue m +n. Applying Y repeatedly gives a chain
of eigenvectors for H with eigenvalues decreasing by 2 until they reach —m—n.
According to Theorem 4.12, the span of these vectors is invariant under sl(2; C)
and irreducible, isomorphic to V4.

The orthogonal complement of the invariant subspace W obtained in the
previous paragraph is also invariant. Since W contains each of the eigenvalues
of H with multiplicity one, W+ will have the multiplicity of each H-eigenvalue
lowered by 1. So, m+n is not an eigenvalue for H in W+ ; the largest remaining
eigenvalue is m + n — 2 and this has multiplicity one. So, if we start with an
eigenvector for H in W+ with eigenvalue m +4mn — 2, this will be annihilated by
X and will generate an irreducible invariant subspace isomorphic to V2.

We now continue on in the same way, at each stage looking at the orthogo-
nal complement of the sum of all the invariant subspaces we have obtained in
the previous stages. Each step reduces the multiplicity of each H-eigenvalue by
1 and thereby reduces the largest remaining H-eigenvalue by 2. This process
will continue until there is nothing left, which will occur after V,,_,.

In the case of V, ® V3, we will get a seven-dimensional invariant subspace
isomorphic to Vg, then a five-dimensional invariant subspace isomorphic to
V4, and then a three-dimensional invariant subspace isomorphic to V2. Actu-
ally working out what these invariant subspaces are is complicated, but, in
principle, possible. O
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D.2 The Wigner—Eckart Theorem

Recall that the Lie algebras su(2) and so(3) are isomorphic. Specifically, we
use the bases {E1, Ey, E3} for su(2) and {F}, Fy, F3} for so(3) described in
Section 4.9. Then, the unique linear map ¢ : su(2) — so(3) such that ¢(Ex) =
Fy, k = 1,2,3, is a Lie algebra isomorphism, as a simple calculation will
confirm. So, the representations of so(3) are in one-to-one correspondence with
the representations of su(2), which, in turn, are in one-to-one correspondence
with the complex-linear representations of sl(2;C). So, the analysis of the
decomposition of tensor products of sl(2;C) representations in the previous
section applies also to so(3) representations.

Now, suppose that 7 is a so(3) representation acting on a finite-dimensional
vector space V. Let End(V) denote the space of endomorphisms of V' (i.e., the
space of linear operators of V into itself). Then, we can define an associated
representation 7 of so(3) acting on End(V) by the formula

7(X)(C) = [7(X),C], X €s0(3), C € End(V);

that is, 7 is the map X — ad.(x). Since the maps X — 7(X) and C —
adc are Lie algebra homomorphisms, 7 is also a homomorphism and, thus,
a representation of so(3) acting on End(V). (This is the standard way of
“promoting” the action of a Lie algebra on a vector space V to an action on
End(V).)

Recall that the elements of so(3) are 3 x 3 real skew-symmetric matrices.
These matrices then act on R3; this is the standard representation of so(3).

Definition D.2. Suppose that 7 is a representation of so(3) acting on a finite-
dimensional space V' and 7 is the associated representation of so(3) acting on
End(V). Then, a linear map A : R® — End(V) is called a vector operator
(acting on V') if A is an intertwining map of so(3) representations, that is, if

A(Xv) = [n(X), A(v)] (D.2)
for all X € so(3) and all v € R3.

Let us try to understand more concretely what this means. Since A is
assumed to be linear, it is determined by its values on the basis elements
e1, ez, e3 for R3. So, let Ay = A(ex), k = 1,2, 3. In the physics literature, one
thinks of A as a “triple of operators” A = (A;, A, A3), in which case the
linear map A : R* — End(V) is the same as

A v=Av; + Asvg + Asvs.

Of course, not every triple of operators gives rise to a vector operator; the
map A must satisfy (D.2). It suffices to check (D.2) for X ranging over a basis
of so(3) and v ranging over a basis of R3. So, using the basis {F}, Fy, F3} for
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so(3) and the standard basis {e1,e2,e3}, (D.2) is equivalent (given a linear
map A : R3 - End(V)) to the assertion that

A(Fyer) = [(Fx), Aler)] (D.3)

for k=1,2,3and [l =1,2,3.
Now, I claim that the 3 x 3 matrices Fy, Iy, and F3 from Section 4.9 satisfy

3
Fre = Z EklmEm, (D.4)
m=1

where €y, is defined by

0 if any two of k, I, m are equal
Ekim = 1if (k,l,m) is a cyclic permutation of (1,2,3)
—1if (k,l,m) is an non-cyclic permutation of (1,2, 3).

Concretely, the last two conditions mean that 123, €231, and €312 are equal to
1 and €132, €213, and €321 are equal to —1. Let us check (D.4), say, in the case
k =1=1. We note that €11,, = 0 for all m and, so, (D.4) says that Fye; =0,
which is true. Let us also check (D.4) in the case k = 1 and [ = 2. We note
that €12, is nonzero only when m = 3, in which case its value is 1, so (D.4)
says that Fies = e, which is also true. I leave it to the reader to check the
correctness of (D.4) in the remaining cases.

Proposition D.3. Suppose 7 is a representation of so(3) acting on a space V
and define Ji, k = 1,2,3, by Jx = n(F;). Now, suppose that A : R3 — End(V)
i a linear map and define Ay, k = 1,2,3, by Ay, = A(eg). Then, A is a vector
operator if and only if

3
[Tk, Al] = 2 Ekim Am (D.5)
m=1

for all k,1 € {1,2,3}.

Proof. This is just (D.3) written out (in the reverse order) using the expression
(D.4) for Fy, and setting Jx = m(Fy) and Ay, = A(ex). 0

Condition (D.5) differs from the one in the physics literature by a factor
of i, reflecting a factor of ¢ difference between the mathematics and physics
literatures regarding the definition of the Lie algebra so(3).

Proposition D.4. Suppose that 7 is any finite-dimensional representation of
so(3) acting on a space V. Let J the unique linear map from R® into End(V)
satisfying J(ex) = w(Fy), k = 1,2,3. Then, J is a vector operator.

That is to say, if we identify R3 with so(3) by identifying the basis e1, ez, €3
for R3 with the basis F, F», F5 for so(3), then = itself is a vector operator; in
physics notation, J = (Ji, Jo, J3) is a vector operator.
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Proof. The commutation relations among the Fy’s (computed in Section 4.9)
may be expressed as

3
[Fk’ ‘Fl] = Z ‘EklmFm- (DG)
m=1

Since  is a representation, the Ji’s (defined as m(F%)) have the same commu-
tation relations as the Fy’s, [J, Ji| = Zf’nzl €kimJm. This means that (D.5)
is satisfied if Ay = Ji, which shows that J is a vector operator. O

Let us now assume that we have an inner product (-,-) on V that is invari-
ant under the action of so(3), in the sense that (7(X)u,v) = — (u, 7(X)v) for
all X € so(3) and u,v € V. We call this a “unitary” representation of so(3).
(After all, so(3) is mapping into u(V), the skew self-adjoint operators on V,
which is the Lie algebra of the group U(V) of unitary operators on V.)

Theorem D.5 (Wigner—Eckart). Suppose that V is a finite-dimensional
unitary representation of so(3) and that A,B : R* — End(V) are vector
operators. Set Ap = A(e) and By = B(Fy), k = 1,2,3. Suppose that W,
and Wy are irreducible so(3)-invariant subspaces and suppose that (w, Axw’)
is nonzero for some w € Wy, w' € Wa, and k € {1,2,3}. Then, there exists a
constant ¢ such that

(w, Byw') = ¢ {w, Agw’)

for allw € Wi, w' € Wa, and k € {1,2,3}.

The constant ¢ depends on the choice of Wy, W5, A, and B, but is inde-
pendent of w, w', and k.

In application in physics, V is usually infinite dimensional (but W; and
Wo are still finite dimensional). The result still holds in that case, subject to
certain technical conditions.

Suppose that W7 = V,, and W, = V,,. There is then a standard way of
choosing a basis U, Um—2, - - - , Ug—m, U_m, for W1 and v,, Up—2,...,V2—n,V_n
for W,. The Wigner-Eckart theorem says that the matrix entries (u;, Bxvy)
are determined up to a constant merely by the fact that B is a vector operator.
There exist certain “universal” coefficients a(m,n,k,l,1’), given in terms of
the Clebsch—-Gordan coefficients, that can be computed once and for all and
that capture these matrix entries up to a constant. So, the Wigner—Eckart
theorem can be expressed as saying that if B is a vector operator acting on
V, and Wy and W; are irreducible so(3)-invariant subspaces isomorphic to Vo,
and V,,, respectively, then

{(ug, Byuy) = ca(m,n, k,1,1').

Note that the subspaces W7, and W, are assumed invariant under the
action of so(3), but are not necessarily invariant under the Ag’s or By’s.

Before turning to the proof of the Wigner—Eckart Theorem, we consider a
useful isomorphism. Suppose now m; and my are representations of some Lie
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algebra g acting on finite-dimensional vector space Wi and Wy, respectively.
Let Hom(Wy, W;) denote the space of linear maps of Wy into Wi. Define a
representation of g acting on Hom(W,, W) as follows. If X € g and C €
Hom (W3, W), then let the action of X on C' be given by

m(X)C — Cma(X). (D.7)

It is easily verified that this formula does, indeed, make Hom(Ws, W1) into a
representation of g.

Lemma D.6. Suppose that m; and wy are representations of a Lie algebra g
acting on finite-dimensional spaces Wy and Wa, respectively. Define an action
of g on Hom(W2, W1) by (D.7). Then,

I’IOH’I(VVQ7 Wl) = WQ* ® W],
where 2 denotes equivalence of representations of g.

Proof. Consider the unique linear map ¥ : W3 ® W1 — Hom (W5, W1) such
that for all ¢ € W and u € Wy,

V(¢ ® u)(v) = p(v)u.

(The universal property of the tensor product guarantees that there is, in fact,
a unique such map.) It is easily verified, using bases for W; and W5, that ¥ is
an invertible linear map. We now verify that ¥ is an intertwining map for the
actions of g on W5 ® W) and on Hom(Ws, W7). Consider elements ¢ in Wy and
u in Wi. Suppose we first let an element X of g act on ¢ ® u. Recalling from
Chapter 4 the way one takes duals and tensor products of representations, we
get
—(¢om (X)) ®u+¢® (m(X)u).

If we then apply the map ¥ to this element and apply the resulting operator
to a vector v € Wh, we get

—¢(me(X)v)u + ¢(v)m (X)u. (D.8)

Suppose, on the other hand, that we first apply ¥ to ¢ ® u, then let X act
on the resulting operator by means of (D.7), and then apply the result to the
vector v. A simple calculation shows that the result is, again, the quantity in
(D.8). Thus, ¥ intertwines the actions of g on elements of the form ¢ ® u.
Since every element of W3 ® W is a linear combination of elements of this
form, we conclude that ¥ is an intertwining map. O

We now turn to the proof of the Wigner—~Eckart Theorem. The ingredients
are Schur’s Lemma, Lemma D.6, and Theorem D.1. The part of Theorem D.1
that we need is that each irreducible representation occurring in the decom-
position of V,,, ® V,, occurs only once.
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Proof. Let P; denote the orthogonal projection operator from V onto Wj.
Since the action of so(3) on V is unitary and W; is an invariant subspace, it
is not hard to show that P, commutes with the action of so(3) (i.e., that P
commutes with J, k = 1,2,3). Now, define a linear map A : Wy — Wy by
the formula

flkw' = PlAkw’, w € Wi.

Since A is a vector operator and P; commutes with each J, it is not hard
to show that the operators Ay satisfy [Ji, Aj] = Ef’n L €ktmAp,. This means
that A is a “vector operator from W3 to W1.” Specifically, let A be the unique
linear map from R3 into Hom(W5, W) such that Aley) = A, k=1 ,2,3.
Then, A is an intertwining map for the action of so(3). We can extend A by
complex linearity to an intertwining map of C3 into Hom (W5, W), where C3
(the complexification of the standard representation) is a three-dimensional
irreducible representation of so(3), hence isomorphic to V;.

Now, W5 and W; are irreducible representations of so(3), and so they are
isomorphic to V,,, and V,,, respectively, for some positive integers m and n.
Thus, by Lemma D.6, Hom(W,, W;) is isomorphic to V,,, ® V,, as a represen-
tation of so(3). Then, by Theorem D.1, Hom(W;, Wy) & V,,, ® V,, decomposes
as a direct sum of irreducible representations of so(3) in such a way that the
three-dimensional representation Vy = C3 occurs at most once. If V3 does not
appear in the decomposition of V,,, ® V,,, then by Schur’s Lemma, A must be
the zero map. If V; does occur in the decomposition, then by Schur’s Lemma,
A is determined up to a constant by the fact that it is an intertwining map.
Thus, if A # 0 and if B is defined by analogy to A, then B must be a constant
multiple of A; that is, if A # 0, then there is a constant ¢ such that By, = cAyg,
k=1,2,3.

We are now almost done. After all, the orthogonal projection operator
P, : V — W is self-adjoint, as is easily verified. Thus, for all w € W; and
w' € Wa,

(w, Ayw’) = (w, PLAw') = (Piw, Agw’) = (w, Agw'), (D.9)

and similarly for By Therefore, if (w, Ajw') is non-zero for some w and w’,
then A # 0 and, so, By = cAg. This, by (D.9), implies the Wigner—Eckart
Theorem. o

D.3 More on Vector Operators

Let us now look more closely at the concept of a vector operator. Suppose at
first that associated to the representation 7 of the Lie algebra so(3) there is
a representation II of the group SO(3). (Since SO(3) is not simply connected,
this will not always be the case.) Then, there is a representation II of SO(3)
associated to representation 7 of so(3) acting on End(V'), namely
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M(R)(A) = II(R)AII(R)~!, R € SO(3), A€ End(V);

that is, f[(R) = Adp(g); this is simply the group counterpart to expression
for 7, #(X) = adyx). If ¥ : R® - End(V) is a linear map, then ¢ is an
intertwining map for the so(3) actions on R® and End(V) if and only if it
is an intertwining map for the associated SO(3) actions. Thus, 9 is a vector
operator if and only if

»(Rv) = I(R)p(v)II(R) ™! (D.10)

for all R € SO(3) and v € R3. This condition is, in physics terminology, the
“finite” counterpart to the “infinitesimal” condition (D.5).

In quantum mechanics, one considers a quantum Hilbert space V equipped
with “angular momentum” operators J;, J2, and J3 which satisfy the so(3)
commutation relations and thus give rise to a representation 7 of so(3). (In
most cases, V is infinite dimensional, but this should be regarded as a tech-
nicality; subject to certain technical conditions, the Wigner—Eckart theorem
remains true if V' is infinite dimensional, provided that W C V is finite dimen-
sional and irreducible.) Assuming there is an associated representation II of
SO(3) on V, an operator of the form II(R) represents the action of a rotation
R of R3 on the space of quantum states. One also has “position” operators
X1, Xo, and X3 that describe (in the quantum realm) the x;-, o-, and x3-
components of the position of a particle. One also expects quantum mechanics
to be a rotationally invariant theory, which means that the x;-component of
the position should not be fundamentally different from the x5-component of
the position. What that means in this context is that if R is a rotation that
takes ey to es, then we should have

X, =T(R) X TI(R) .

This says that X, differs from X; simply by the action II(R) on End(V).
More generally, if v is any unit vector in R3, the operator corresponding to
the v-component of the position will be X - v = X v; + Xovs + X3v3 and we
expect that

X - (Rv) = II(R)(X - v)II(R)™Y;

that is, we expect that X should be a vector operator. Other common vec-
tor operators in quantum mechanics are the angular momentum operators
themselves and the momentum operators.
Now, the discussion in the two previous paragraphs assumes that there is
a representation IT of SO(3) associated to the representation 7 of so(3). In
practice, this may not be the case, for example, when dealing with particles
with spin . However, we can use the isomorphism ¢ : su(2) — so(3) (Section
4.9) to turn 7 into a representation o of su(2). Then, because SU(2) is simply
connected, we can form a SU(2) representation ¥. Assume that ¥ has the
property that
(-I)=+I. (D.11)
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If ¥ is irreducible, then by Schur’s Lemma, 3(—1) must be a multiple of the
identity, and since (—I)? = I, this multiple must be 1. So, (D.11) automat-
ically holds when ¥ (or equivalently ) is irreducible. However, in practice,
we do not want to assume that 7 is irreducible and, so, (D.11) is a nontrivial
restriction.

If (D.11) holds, then we can “define” a representation II of SO(3) by setting

T(R) = £(U), (D.12)

where U € SU(2) is chosen so that ®(U) = R. (Here ® : SU(2) — SO(3) is the
2-to-1 group homomorphism corresponding to the Lie algebra homomorphism
¢.) For any R € SO(3), such a U exists and is unique up to a sign, and, so,
(D.12) serves to define II(R) up to a sign. We think of II(R) as actually
representing either of the two operators £(U) and X(-U). If £(-I) = -1,
then there is no consistent way to choose the signs in II and, so, IT is a
“double-valued representation” of SO(3). However, even if IT is double-valued,
the associated representation II is single-valued, since

I(R)AT(R)™" = (-II(R) A(-TI(R))~".

So, the “global” form (D.10) of the definition of a vector operator makes
sense provided that (D.11) holds, even if II does not exist as a single-valued
representation of SO(3).

A “representation” of a group that is defined only up to constant multiples
of the identity is what is called a projective representation. More precisely,
a projective representation of G is a continuous homomorphism of G into the
quotient group GL(V')/C*I, where C*I is the group of all nonzero constant
multiples of the identity, which is a normal subgroup of GL(V). In quantum
mechanics, a constant multiple of a vector v € V represents the same physical
state as v itself, so a projective representation of SO(3) still gives a well-defined
action of SO(3) on the set of physical states.
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Computing Fundamental Groups of Matrix Lie
Groups

E.1 The Fundamental Group

Let X be any path-connected Hausdorff topological space and let xg be a fixed
point in X (the “basepoint”). We consider loops in X based at z( (i.e.,
continuous maps v : [0,1] — X with the property that ¥(0) = v(1) = z). The
choice of the basepoint makes no substantive difference to the constructions
that follow. From now on, “loop” will mean “loop based at zp.” Ultimately,
we are interested in the case that X is a matrix Lie group.

If v1 and ~ are two loops, then we define the concatenation of v; and
72 to be the loop 71 - v given by

. C[m(2t), o0<t<

that is, 1 - 72 traverses v; as t goes from 0 to 1/2 and then traverses o as t
goes from 1/2 to 1. (At t = 1/2, we are at the basepoint.)

Two loops v, and 7, are said to be homotopic if one can be “continuously
deformed” into the other. More precisely, this means that there exists a con-
tinuous map A : [0,1] % [0, 1] — G such that A(0,t) = v1(t) and A(1,t) = v2(t)
for all ¢t € [0,1] and such that A(s,0) = A(s,1) = zg for all s € [0,1]. One
should think of A(s,t) as a family of loops parameterized by s. One important
example of homotopic loops is the case when ~, is simply a reparameterization
of v; with the same orientation. Suppose f : [0,1] — [0,1] is a continuous,
nondecreasing function with f(0) = 0 and f(1) = 1. Then, for any loop 71,
the loop v, given by v2(t) = y1(f(¢)) will be homotopic to ~;.

A loop is said to be null homotopic if it is homotopic to the constant
loop (i.e., the loop 7° for which 7°(t) = g for all t € [0,1]). If all loops
in X are null homotopic, then X is said to be simply connected. (This is
not quite identical to but is equivalent to the definition given in Section 1.5.)
The notion of homotopy is an equivalence relation. This means (1) that every
loop is homotopic to itself, (2) that ; is homotopic to s if and only if o is
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homotopic to 1, and (3) that if 77 is homotopic to 2 and -, is homotopic to
~s3, then «; is homotopic to 3.

The homotopy class of a loop « is the set of all loops that are homotopic
to . Each loop belongs to one and only one equivalence class. The concate-
nation operation “respects homotopy.” This means that if v; is homotopic to
~v2 and d; is homotopic to ds, then v; - §; is homotopic to vz - d3. As a result,
it makes sense to define the concatenation operation on equivalence classes.

The fundamental group of X, denoted m;(X), is the set of homotopy
classes equipped with the operation of concatenation. We need to check that
this operation indeed makes the set of homotopy classes into a group. So,
we must check associativity, the existence of an identity, and the existence of
inverses. For associativity, we note that although (v; -7y2) -3 is not the same as
71 - (72 - ¥3), the second of these two loops is a reparameterization of the first.
Thus, the homotopy class of (1 - v2) - v3 is the same as the homotopy class
of 71 - (72 - v3) and, so, concatenation is associative at the level of homotopy
classes. The identity in the fundamental group is the constant loop 7°. This
is not an identity at the level of loops but is at the level of homotopy classes;
that is, v - 7% and 4° - v are not equal to vy, but they are both homotopic to
7, since both are reparameterizations of . Finally, for inverses, the inverse to
a homotopy class [y] is the homotopy class [y'] where ¥/(t) = v(1 —t). It can
be shown that v - 4" and 4’ - v are both null homotopic. A topological space
X is simply connected precisely if its fundamental group is the trivial group
(consisting of just the identity element).

Some standard examples of fundamental groups are as follows: R™ is simply
connected for all n, S™ is simply connected for n > 2, and the fundamental
group of S! is isomorphic to Z. For more information on fundamental groups
and related topics, see Munkres (1975) or Hatcher (2002).

E.2 The Universal Cover

If X is a sufficiently nice topological space (the precise conditions need not
concern us here except to say that a connected matrix Lie group is nice
enough), then one can construct something called a universal cover of X.
This is a simply-connected topological space X together with a continuous
map P : X — X with the following property: Each z € X has a neighbor-
hood U such that P=1(U) is a disjoint union of open sets V,, such that P maps
each V,, homeomorphically onto U. The map P is called the projection map.
If we think of P as projecting X “down” onto X, then P~1(U) is the set of
points in X lying above U. This set consists of a family of disjoint open sets
Va, each of which is identical to (i.e., homeomorphic to) U.

If X is a Lie group G, then the universal cover G can be given the structure
of a Lie group in such a way that the projection map P : G — G is a smooth
homomorphism. In that case G is called a universal covering group of G
and the associated Lie algebra map p : g — g is a Lie algebra isomorphism. We
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have the following uniqueness result for universal covering groups. Suppose
that H; and H; are simply-connected Lie groups and P; : H; — G and
P, : Hy — G are Lie group homomorphisms such that the associated Lie
algebra maps p; : h1 — g and ps : ho — g are isomorphisms. Then, there
exists a Lie group isomorphism ® : H; — Hs such that P;(h) = Py(®(h)) for
all b in H;. With this uniqueness result in mind (compare Corollary 3.8), we
speak of the universal covering group of G.

If (G, P) is the universal covering group of G, then the fundamental group
of G has the property that

m1(G) = ker P.

So, if one can find the universal covering group and associated projection
map explicitly, then this allows one to compute the fundamental group of G.
(Usually, there is no direct way of producing the universal cover and so one
has to compute 71(G) by other means.) The kernel of any homomorphism
is a closed normal subgroup. Since the Lie algebra map associated to P is
an isomorphism, the kernel of P must be discrete and, therefore, a subgroup
of the center of G (Exercise 11 from Chapter 1). This shows that 7 (G) is
commutative for any Lie group G. (This can also be shown directly.) For
general topological spaces, the fundamental group may be noncommutative.

Even if G is a matrix Lie group, G may not be a matrix Lie group, as the
example G = SL(n;R) in Appendix C demonstrates. Even if G does happen to
be a matrix Lie group, there is no canonical way to represent G as a matrix Lie
group. This shows the advantage of working with general Lie groups instead
of just matrix Lie groups. On the other hand, if G is a (connected) matrix
Lie group and one can somehow find a simply-connected matrix Lie group H
and a homomorphism P : H — G such that the associated Lie algebra map
is an isomorphism, then (H, P) is the universal covering group of G and one
never needs to concern oneself with nonmatrix Lie groups. For example, if
G is SO(3), then we can take H to be SU(2) and P to be the map given in
Section 1.6, whose kernel is {I, —I}. This shows that 71 (SO(3)) is isomorphic
to Z/2.

E.3 Fundamental Groups of Compact Lie Groups I

For any nice topological space, one can define higher homotopy groups
m(X), k = 1,2,3,.... The precise definition need not concern us here. The
relevant points are that m;(X) is the fundamental group as defined in the
previous sections and that 7 (X) is trivial (i.e., contains only the identity) if
and only if every continuous map of the k-sphere S* into X can be shrunk
continuously to a point. We will make use of the following standard topological
result:

Proposition E.1. For a d-sphere S¢, m(S?) is trivial if k < d.
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This result is plausible because for k < d, the image of a “typical” con-
tinuous map of S* into S¢ will not be all of S¢. However, if the image of the
map omits even one point in S¢, then we can remove that point and what is
left of the sphere can be contracted continuously to a point.

Definition E.2. Suppose that B and F are Hausdorff topological spaces. A
fiber bundle with base B and fiber F' is a Hausdorff topological space X to-
gether with a continuous map p : X — B, called the projection map, having
the following properties. First, for each b in B, the preimage of p~*(b) of b in
X is homeomorphic to F. Second, given any b in B, there is a neighborhood
U of b such that p=(U) is homeomorphic to U x F in such a way that the
projection map is stmply projection onto the first factor.

The second condition can be stated more pedantically as follows. For each
b € B, there should exist a neighborhood U of B and a homeomorphism
® of p~1(U) with U x F having the property that p(z) = p1(®(z)), where
p1: U x F — U is the map p;(u, f) = u. The sets of the form p~!(b) are
called the fibers of the fiber bundle.

The simplest sort of fiber bundle is the product space X = B x F, with
the projection map being simply the projection onto the first factor. Such a
fiber bundle is called trivial. The second condition in the definition of a fiber
bundle is called local triviality and it says that any fiber bundle must look
locally like a trivial bundle. In general, X need not be globally homeomorphic
to B x F.

If X were a trivial fiber bundle, then the fundamental group of X would
be simply the product of the fundamental group of the base B and the funda-
mental group of the fiber F. In particular, if X were a trivial fiber bundle and
m1(B) were trivial, then 71 (X) would be isomorphic to 71 (F). The following
result says that if 71 (B) and m(B) are trivial, then the same conclusion holds
even if X is nontrivial.

Theorem E.3. Suppose that X is a fiber bundle with base B and fiber F. If
m(B) and m2(B) are trivial (i.e., contain only the identity), then m(X) is
isomorphic to m (F).

This result is a consequence of the long exact sequence of homotopy groups
for fiber bundles.

Theorem E.4. Suppose G acts smoothly and transitively on a smooth man-
ifold M and let mg be an arbitrary point in M. Define p : G — M by
p(g) = g-mo. Let H be the stabilizer of the point mo—that is,

H={g€Glg-mo=mo}.

Then, G is a fiber bundle with base M and fiber H.
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This is a standard result in Lie group theory. See, for example, Warner
(1983).

Example 1: SO(n) acting on the unit sphere in R™. We think of the (n—1)-
dimensional sphere S™~! as the set of vectors of length 1 inside R™. If ||z]|* =
(z,x) = 1, then ||Rz|” = (Rx,Rx) =1 for all R in SO(n). Thus, SO(n) acts
on S™~! and the action is easily seen to be smooth. It it not hard to show that
SO(n) acts transitively on S™71, for all n > 2. Let us take as our basepoint
the vector e; = (1,0,...,0) in S !. If R € SO(n) and Re; = ey, then R
must map the orthogonal complement of e;, namely the span of eo,...,e,,
into itself. So, R must be of the form

10
= (om)

with R € SO(n — 1). Thus, the stabilizer of e; is (isomorphic to) SO(n — 1).

Thus, by Theorem E.4, SO(n) is a fiber bundle with base S™~!, fiber
SO(n — 1), and projection map given by R — Re;. Suppose that n is at
least 4, so that n — 1 is at least 3. Then, by Proposition E.1, 7;(S™"!) and
m2(S™ ) are trivial and, so, Theorem E.3 tells us that 7 (SO(n)) is isomorphic
to m1(SO(n — 1)), for n > 4. Thus, 71(SO(n)) is isomorphic to 71(SO(3)) for
all n > 4.

This method does not tell us what 73 (SO(3)) is, but this can be computed
“by hand” by showing that SO(3) is homeomorphic to RP® (Section 1.5), by
showing that SO(3) = SU(2)/{I,—1I}, or by the method of the next section.
In any case the conclusion is that m;(SO(3)) & Z/2. We thus conclude that
m1(SO(n)) &2 Z/2 for all n > 3.

Meanwhile, if n = 3, then m2(S™7!) is not trivial and, so, Theorem E.3
does not tell us that 7,(SO(2)) is the same as 7 (SO(3)). Indeed, SO(2) is
diffeomorphic to S and, so, 7, (S0(2)) = Z.

Ezample 2: SU(n) acting on unit sphere in C™. The group SU(n) acts on
the unit sphere $?"~! in C* = R2". The action is transitive for all n > 2
and the stabilizer of a point is SU(n - 1). So, SU(n) is a fiber bundle with
base S?*~! and fiber SU(n — 1). As long as n is at least 2, then the sphere
in question will have dimension at least 3 and, so, 71(S?"~1) and 7, (52"7!)
will be trivial. We conclude, therefore, that m1(SU(n)) = m(SU(n — 1)) for
all n > 2. In particular, 71(SU(2)) is isomorphic to m1(SU(1)), and since
SU(1) is just a point, its fundamental group is trivial. So, we conclude (as we
already knew) that SU(2) is simply connected. Applying this argument then
for n = 3,4, ... shows that SU(n) is simply connected for all n.

Ezample 3: U(n) acting on unit sphere in C™. The group U(n) also acts
on S?"~1. The same argument as for SU(n) shows that all the U(n)’s have
the same fundamertal group. However, U(1) is diffeomorphic to S* and, so,
m1(U(1)) 2 Z. Thus, m;(U(n)) = Z for all n.
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Ezample 4: Sp(n) acting on unit sphere in C?**. The group Sp(n) :=
Sp(n; €)NU(2n) is contained in U(2n) and therefore preserves the unit sphere
$47=1 in C?". In fact, it acts transitively on this sphere, and the stabilizer of a
point is isomorphic to Sp(n — 1). Already for n = 2, this sphere has dimension
7, so we conclude that m1(Sp(n)) = m(Sp(n — 1)) for all n > 2. However,
Sp(1;C) = SL(2;C) and so Sp(1) = SL(2;C) N U(2) = SU(2), which is simply
connected. Thus, Sp(n) is simply connected for all n > 1.

These examples complete the table of fundamental groups of compact
groups given in Chapter 1.

E.4 Fundamental Groups of Compact Lie Groups I1

We consider now a more algebraic approach to computing 71 (K), where K is
a compact connected Lie group. We also discuss in this section a method of
computing the center of K, which is not really relevant to the computation of
71 but which uses the same constructions.

Let K be a connected compact Lie group with Lie algebra f. Although
we will use the machinery of roots and weights, it is not necessary here to
assume that € is semisimple. (Recall that the Lie algebra of a compact group
is automatically reductive (i.e., the direct sum of a semisimple Lie algebra and
a commutative Lie algebra).) We choose once and for all an inner product on
€ that is invariant under the adjoint action of K and a maximal commutative
subalgebra t of €. Then, let T' be the connected Lie subgroup of K whose Lie
algebra is t. Then T is a closed subgroup of K and is called a maximal torus
in K. It is customary in the setting of compact groups to work with the real
roots (as in Section 7.4). The real roots are the nonzero elements « of t for
which there exists a nonzero X in ¢ such that

[H,X] =ila, H)X

for all H in t. Although € (or equivalently £¢) is not assumed semisimple, all
of the properties of roots from the semisimple case hold except that the roots
do not necessarily span t.

For each root «, we have the root spaces g, and g_,, inside the complexified
Lie algebra £¢. These are both one dimensional and they, together with their
commutator, span a three-dimensional subalgebra s of ¢ that is isomorphic
to sl(2; C). An examination of the proof of this result (Theorem 6.20) will show
that the intersection of §* with the real Lie algebra ¢ is a three-dimensional
subalgebra si of £ that is isomorphic to su(2). Specifically, if X, Ya, and H,
are as in Theorem 6.20, then we set
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| =

Ja = .Ha7

(Xa - Ya)v

DO — =

Lo = —;-(Xa +Ya).

Then, J, € t and K, and L, are in £ and they have the usual su(2) commu-
tation relations: [Jy, Ko] = La, [Ka, La] = Ja, and [Lq, Jo] = Koo We will
call the element J, the real co-root corresponding to the root .. Then, the
real roots and the real co-roots are related in the same way as the roots and
co-roots in Chapter 6, namely

(67

Jo =2 (E.1)

(,0)
Definition E.5. Let I denote the set of all H in t for which exp(2rnH) = I.
We call T the kernel of the exponential mapping (fort). Let J denote the
set of all linear combinations of the real co-roots J, with integer coefficients.

It is a slight abuse of terminology to call T the kernel of the exponential
mapping, since the map it is the kernel of is actually the exponential mapping
composed with multiplication by 27 in t.

Proposition E.6. If o is a real root and J, the associated real co-root, then
exp(2nJ,) =I. Thus, J CT.

Proof. The proposition holds in the SU(2) case, since in that case, J, is the

matrix
1 0
( . _Z.> . (E2)

For the general case, we define a homomorphism ¢ from su(2) into £ by map-
ping the usual basis for su(2) to the elements J,, Ko, and L. Since SU(2) is
simply connected, Theorem 3.7 tells us that there is a Lie group homomor-
phism @, : SU(2) — K with the property that ®(exp X) = exp ¢(X) for all
X € su(2). Applying this with X equal to the matrix J, in (E.2), we see that

exp(2mJy) = exp(¢(27 X)) = ®(exp(27X))
—o()=1.

We are now ready to state the main theorem.

Theorem E.7. Let K be a compact connected Lie group with Lie algebra £
and let t be a mazimal commutative subalgebra of €. Let I' be the kernel of
the exponential mapping for t and let J be the lattice generated by the real
co-roots. Then,

™ (K) =~ F/J
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Let us see how this works out in the case of SU(2) and SO(3). For the case
of SU(2), we may consider the maximal commutative subalgebra t consisting
of the diagonal matrices inside su(2). Then, there are two roots (negatives of
each other), with corresponding root vectors X and Y, denoted o and —a.
The real co-root corresponding to « is the element

i 0
Joo = (O—i>

and the real co-root corresponding to —a is —J,. We now observe that

2mit
2ntd, _ [ € m 0
€ - 0 e—27rz't .

This means that the kernel of the exponential mapping is precisely the set of
integer multiples of J,. So, in this case, I' and J coincide and we conclude
(again) that SU(2) is simply connected.

Meanwhile in SO(3), we use the isomorphism ¢ of su(2) and so(3) described
in Section 4.9. We take our maximal commutative subalgebra as the image of
t under ¢, in which case the real co-roots will be £¢(H, ), where

00 O
02 0
Now, we compute that
1 0 0
e?mteHa) — | cos(4rt) — sin(4nt)

(
0 sin(4nt) cos(4wt)

We see that I' consists of all integer or half-integer multiples of H,, and, so,
I'/J has two elements and is isomorphic to Z/2. Thus, 71(SO(3)) = Z/2.

We may also consider the case of U(1), which is compact but not semisim-
ple. In this case, there are no roots and, therefore, no co-roots. This means
that J = {0}. However, I is still isomorphic to Z, and, so, m1 (U) = Z/{0} = Z.
In general, if K is compact but not semisimple, then 7 (K) will be infinite.

We have already encountered in Section 7.4 the distinction between alge-
braically integral elements and analytically integral elements. Theorem E.7
allows us to understand the relationship between the two sets of integral el-
ements. So, we consider the set of algebraically integral real elements.
These are the elements i of t with the property that

(1, )
2 oo € z (E.3)

for all real roots a. We also consider the set of analytically integral real
elements. These are the elements 1 of t with the property that
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(v, Hy € Z

for all H in t with the property that exp(27H) = I.

From now, on we omit the word “real” and assume that all roots and
integral elements are of the real variety. We have the following important
consequence of Theorem E.7.

Corollary E.8. The set of algebraically integral elements coincides with the
set of analytically integral elements if and only if K is simply connected.

In general, the analytically integral elements are those that can occur as
weights of representations of the group K, whereas the algebraically integral
elements are those that occur as weights of representations of the Lie algebra
. In the simply-connected case, the representations of K are in one-to-one
correspondence with the representations of €, and, correspondingly, the an-
alytically integral elements are (in that case) the same as the algebraically
integral elements.

Proof. The analytically integral elements are by definition those elements of
t whose inner product with each element of I is an integer; that is, the lattice
of analytically integral elements is the “dual lattice” to the kernel of the
exponential mapping. Meanwhile, comparing the defining condition (E.3) for
the algebraically integral elements with the formula (E.1) for the co-roots,
we see that the algebraically integral elements are those whose inner product
with each co-root is an integer, and, hence, whose inner product with each
element of J is an integer. (This means that the lattice of algebraically integral
elements is the “dual lattice” to the lattice generated by the co-roots.) If K
is simply connected, then by Theorem E.7, J and I' coincide and, so, the
algebraically integral and analytically integral elements coincide.

If K is not simply connected then, by Theorem E.7, J must be a proper
subset of I'. Now, if a1,...,qa, are the positive simple roots (where r is the
dimension of the part of t spanned by the o’s), then J,,,. .., Jq, are linearly
independent (over R), and the elements of J are precisely the linear combi-
nations of these elements with integer coefficients. Then, consider an element
H of I" that is not in J. The (unique) expansion of H in terms of J,,, ..., Ja,
must have some noninteger coefficients. Then, at least one of the fundamental
weights (which are algebraically integral elements) will take noninteger val-
ues on I' and will, therefore, be an algebraically integral element that is not
analytically integral. g

We have considered so far two subsets of t: the kernel I" of the exponential
mapping and the set J of all integer linear combinations of the co-roots. There
is one other subset of t that is relevant, namely the set

A={H e t|{(a,H) € Z, for all real roots a}.

It can be shown that every element of the kernel of the exponential mapping
has this property, so that we have the inclusions
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Theorem E.9. Let K be a connected compact group with Lie algebra € and
let t be a mazimal commutative subalgebra of . Let A denote the set of H € t
such that {(a, H) is an integer for all real roots a and let I' denote the kernel
of the exponential mapping. Then, I C A and

AT = Z(K),
where Z(K) denotes the center of K.

Note here that K does not have to be simply connected or semisimple. If
K is commutative, then there are no roots and, so, in that case, A is simply
all of t. In that case, we have A/T = t/T' = K (i.e., K = Z(K)). If K is not
semisimple, then the center of K will be at least one dimensional; for example,
the center of U(n) is the set of matrices of the form e*I and has dimension
one.

Let us see how Theorem E.9 compares to Theorem 8.30, which applies in
the case that K is simply connected. From Theorem E.7, we have that when
K is simply connected, I" is the same as J. So, Theorem E.9 tells us that, in the
simply-connected case, Z(K) is isomorphic to A/J. Meanwhile, Theorem 8.30
says that Z(K) is isomorphic to the set of (algebraically) integral elements
modulo the root lattice.

Let us now see how to reconcile these two results. We have already said
that a lattice ' inside a finite-dimensional real inner-product space E is the
set of integer linear combinations of a basis for E. The dual lattice I is
defined as

I'={HeE|(y,H)€eZforalyeTl}.

This is, again, a lattice; if 71, ...,7, is the generating set for I', then a gener-
ating set for I is the set 7',...,~" satisfying
(13,7%) = i (E-4)

(To show that such v*’s do exist, take v* inside the one-dimensional orthogo-
nal complement of the span of {~; }j 2k .) The notion of duality is symmetric: If
I is the dual lattice to T, then I is the dual lattice to I'’. This is a consequence
of the symmetry of (E.4) between the v;’s and the ks,

If I'; and 'y are lattices with I’y C I'y, then we may regard both lattices
as commutative groups under vector addition and form the quotient group
['y/T;. This will be a finite commutative group. We make use of the following

elementary result from lattice theory. (See, for example, Proposition 1.3.8 in
Martinet (2003).)

Proposition E.10. If 'y C I'y, then I'y, C T} and

Io/Ty 2T /T
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The lattice of algebraically integral elements is precisely the dual lattice
to the lattice J generated by the co-roots. After all, if (u, H,) is an integer for
each co-root «, then (u, H) is an integer whenever H is an integer combination
of co-roots. Meanwhile, A is precisely the dual to the lattice generated by the
roots, and, thus, by the symmetry of the duality relationship, the dual lattice
to A is the root lattice. So,

J' = algebraically integral elements,

A’ = root lattice.
Proposition E.10 then tells us that
A/J = (algebraically integral elements)/(root lattice).

Thus, we see that Theorem 8.30 and Theorem E.9 have the same content in
the simply-connected case.

Note that “dual” to the inclusions J C I" C A, we have inclusions in the
reverse directions:

Root lattice C analytically integral elements

C algebraically integral elements.

We conclude this section with a brief discussion of how one goes about
proving Theorem E.7. We consider the inclusion map ¢ : T — K. This map
induces a homomorphism i, : 71 (T) — m;(K). Concretely, this means simply
that every loop in T is also a loop in K and that two loops in T that are
homotopic in T are certainly homotopic in K. The reverse is not true: Two
loops in T that are not homotopic in T may, nevertheless, be homotopic in
K. Thus, the map ¢, : m1(T) — 71 (K) may not be injective.

Although %, : 7 (T) — m(K) is typically not injective, it can be shown
that it is surjective. This says that every loop in K (say, based at the identity)
is homotopic to a loop in T. One way to prove this is to use differential
geometry. We choose on K a Riemannian metric that is invariant under both
the left and the right action of K. Such a metric exists because K is compact.
Then, it is a standard calculation (Helgason (1978)) that with respect to such
a metric, the geodesics through the identity are precisely the maps of the
form ¢ — exp(tX), for X in the Lie algebra £. It is also a standard result
from differential geometry that every homotopy class of loops in a compact
Riemannian manifold contains a geodesic. So, in each homotopy class of loops
based at the identity, we can find one of the form ¢t — exp(tX), where for this
curve to be a loop, it must be that exp(X) = I. Now, it is a standard result
about compact groups that every element of the Lie algebra is conjugate to
an element of t. So, there exists g in K such that gXg~! € t. Since K is
connected, we can find a path g(s) connecting the identity to g, and then the
one-parameter family of loops

(s,t) = g(s)e" X g(s) ™"
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is a homotopy of the loop t — exp(tX) with the loop gexp(tX)g~! =
exp(t gXg'), which lies in 7.

We conclude, then, that every loop in K is homotopic to a loop in T. This
means that the map i, : 71(T) — m(K) is surjective. It remains, then, to
compute 7 (T") and to compute the kernel i, and then we will have m; (K) &
m1(T)/ ker i,. Fortunately, T is just a torus and its fundamental group is easily
shown to be isomorphic to I'. Specifically, if H € T (i.e., exp(2rH) = I), then
we may consider the loop ¢t — exp(2ntH) in T. It is not hard to show that
every loop in T is homotopic to one and only one loop of this form, essentially
because T =2 t/I" and t is simply connected. We must then determine which
loops of this form are homotopically trivial in K.

If H is equal to one of the real co-roots J,, then the loop t — exp(2ntJy) is
homotopically trivial. To see this, we again consider the homomorphism ®,, :
SU(2) — K described earlier in this section. Then, the loop t — exp(27tJ,) is
the image of the loop t — exp(2wtJ) in SU(2). However, SU(2) is simply con-
nected and, so, the loop t — exp(2ntJ) is homotopically trivial. This means
that the loop t — exp(2ntJ,) is the continuous image of a homotopically
trivial loop and is therefore homotopically trivial. This argument shows that
the kernel of ¢, contains the lattice J. To show that there is nothing else in
the kernel requires some additional effort—see Brocker and tom Dieck (1985).

E.5 Fundamental Groups of Noncompact Lie Groups

In Section 1.7, we described the polar decomposition for SL(n;R), namely
that every matrix A in SL(n;R) can be decomposed uniquely as

A= RP,

with R in SO(n) and P a positive symmetric matrix with real entries and
determinant one. We can carry this one step further and write

P =¢X,

where X is a real symmetric matrix with trace zero. (To obtain X from P,
diagonalize P, and then take the logarithm of the eigenvalues, which must be
real and positive and whose product is equal to 1.) Let p denote the subspace
of sl(n; R) consisting of symmetric matrices (with trace zero). It can be shown
that the map
SO(n) x p—SL(n; R),
(R,X) — Re*

is a homeomorphism. Thus,

m1(SL(n;R)) = m1(SO(n)) x m1(p) = 71(SO(n)),
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since p & R? is simply connected. (Here, d = dimp.) Thus, the computation
of the fundamental group of the noncompact group SL(n;R) can be reduced
to the computation of the fundamental group of the compact group SO(n),
which can be done by the methods of the previous two sections.

Similar arguments apply to the other noncompact matrix Lie groups G
that we have studied, provided that G is semisimple or reductive. In each
such case, the Lie algebra g of G will decompose as g = ¢ + p, where £ is
the space of skew-self-adjoint elements in g and p is the space of self-adjoint
elements in g. Then, the subgroup K of G with Lie algebra £ will be a compact
subgroup of U(n) (called a maximal compact subgroup) and we will get
a decomposition g = zexp X, with z € K and X € p. This shows that G is
homeomorphic to K x p and, therefore, that 71 (G) = 7, (K). The following
list shows the resulting isomorphisms. Once the fundamental groups of the
compact groups have been computed using the results of the previous two
sections, this allows us to fill in the table of fundamental groups of noncompact
groups from Chapter 1.
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Fields.

PEDERSEN. Analysis Now.

ROTMAN. An Introduction to Algebraic
Topology.

ZieMmer. Weakly Differentiable Functions:
Sobolev Spaces and Functions of Bounded
Variation.

LANG. Cyclotomic Fields I and II.
Combined 2nd ed.

REMMERT. Theory of Complex Functions.
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DuBrovIN/FOMENKO/NOVIKOV. Modern
Geometry—Methods and Applications.
Part I1I

BERENSTEIN/GAY. Complex Variables:
An Introduction.

BoREL. Linear Algebraic Groups. 2nd ed.
Massey. A Basic Course in Algebraic
Topology.

Rauch. Partial Differential Equations.
FULTON/HARRIS. Representation Theory: A
First Course.

Readings in Mathematics
DopsoN/PosToN. Tensor Geometry.
LAM. A First Course in Noncommutative
Rings. 2nd ed.

BEARDON. Iteration of Rational Functions.
HARRis. Algebraic Geometry: A First
Course.

RoMAN. Coding and Information Theory.
ROMAN. Advanced Linear Algebra.
ADKINS/WEINTRAUB. Algebra: An
Approach via Module Theory.
AXLER/BOURDON/RAMEY. Harmonic
Function Theory. 2nd ed.

CoHEN. A Course in Computational
Algebraic Number Theory.

BRrEDON. Topology and Geometry.
AUBIN. Optima and Equilibria. An
Introduction to Nonlinear Analysis.
BECKER/WEISPFENNING/KREDEL. Grbner
Bases. A Computational Approach to
Commutative Algebra.

LANG. Real and Functional Analysis.

3rd ed.

DOoOB. Measure Theory.

DENNIS/FARB. Noncommutative
Algebra.

VIcK. Homology Theory. An
Introduction to Algebraic Topology.

2nd ed.

BRIDGES. Computability: A
Mathematical Sketchbook.

ROSENBERG. Algebraic K-Theory

and Its Applications.

ROTMAN. An Introduction to the

Theory of Groups. 4th ed.

RATCLIFFE. Foundations of

Hyperbolic Manifolds.

EISENBUD. Commutative Algebra

with a View Toward Algebraic
Geometry.

SILVERMAN. Advanced Topics in
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BROWN/PEARCY. An Introduction to
Analysis.

KASSEL. Quantum Groups.

KECHRIS. Classical Descriptive Set
Theory.

MALLIAVIN. Integration and
Probability.

ROMAN. Field Theory.

CONWAY. Functions of One
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LANG. Differential and Riemannian
Manifolds.

BORWEIN/ERDELYI. Polynomials and
Polynomial Inequalities.
ALPERIN/BELL. Groups and
Representations.

DIXON/MORTIMER. Permutation Groups.
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SHARPE. Differential Geometry: Cartan's
Generalization of Klein's Erlangen
Program.

MORANDI. Field and Galois Theory.
EwALD. Combinatorial Convexity and
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BHATIA. Matrix Analysis.
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LEE. Riemannian Manifolds.

NEWMAN. Analytic Number Theory.
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Nonsmooth Analysis and Control
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Operator Theory. 2nd ed.
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WALTER. Ordinary Differential
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MEGGINSON. An Introduction to Banach
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Analysis on Number Fields.
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HARRIS/MORRISON. Moduli of Curves.
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GODSIL/ROYLE. Algebraic Graph Theory.
CHENEY. Analysis for Applied
Mathematics.

ARVESON. A Short Course on Spectral
Theory.

ROSEN. Number Theory in Function
Fields.

LANG. Algebra. Revised 3rd ed.
MATOUSEK. Lectures on Discrete
Geometry.

FRITZSCHE/GRAUERT. From Holomorphic
Functions to Complex Manifolds.

JosT. Partial Differential Equations.
GOLDSCHMIDT. Algebraic Functions and
Projective Curves.

D. SERRE. Matrices: Theory and
Applications.
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