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1.1 Comments to the Reader — Why These Notes?

I was the first graduate student of Prof. Katsumi Nomizu back in
1961. He and Prof. Soshichi Kobayashi had just finished their wonderful
book: Foundations of Differential Geometry and for my thesis I was im-
mersed in Connection Theory. My career over the next 35 years, however,
was essentially a career in undergraduate teaching . And my love for mathe-
matics grew more and more over these years. Besides the book of Kobayashi
and Nomizu I was constantly referring to the remarkable book of Helgason:
Differential Geometry, Lie Groups and Symmetric Spaces. When I reached
70 years, I knew my days of teaching undergraduates were coming to an end.
Back in 1981 I took a sabbatical at the Vatican Observatory, and I remained
in contact with that remarkable group of observational and theoretical as-
tronomers. Thus, when I retired from teaching it was natural to become one
of the staff at the Vatican Observatory. That was 16 years ago, and in that
period I began to write about Lie Algebras.

When I was in the first year of graduate studies, I can remember my
attempts to read some standard treatments of certain areas of mathematics.
The word “read”, of course, took on a completely different significance. I
can remember spending hours trying to understand just one page. Too much
background was presumed by the author [which of course he/she had a perfect
right to assume in the context in which he/she was writing] which background
I simply did not yet have. I suppose one can say that this has been the story
of my mathematical career — filling in backgrounds in many areas. However
I had an ideal in mind: could not I fill in the background for the reader
as I developed this area of mathematics? Mathematics is exciting, full of
pleasure, and very satisfying. Indeed it is one of the most truly satisfying
experiences of our human condition. And I wanted to expose in this manner
this beautiful episode that the title describes.

Of course, I cannot start from the “beginning ”, wherever and what-
ever that elusive concept may mean. And the scourge of verbosity is always
lurking around ominously. Indeed Ruelle [R] identifies parsimony as one of
the necessary traits of a mathematician. But there are many layers in that
word “mathematician”, and I do hope that the layer on which I am focusing
I will be generous with my parsimony for my reader.

I basically studied three books: Jacobson [J], Fulton and Harris
[F&H], and Knapp [K] — giant and classical treatises and textbooks on Lie
Algebras. (I also dipped a little into Bourbaki [B]). While immersing myself
in these books, I began to write the following notes. My main purpose was
to be as explicit as I could be. This led to a verbosity which is intolerable in
advanced level mathematics textbooks. Phrases such as: “it is easily shown”



or “this result follows easily from” masked many difficult statements. And
thus I started “filling in these gaps” in order better to understand Lie Al-
gebras, and for me it was the only way [ was to understand the material.
Thus if anyone who already understands this material should start reading
these notes, he/she can easily skip them. But maybe many students would
appreciate these expanded explanations and analyses. Certainly they were
very helpful to me.

And thus these notes for a good while just remained as something
very personal to me. But along came the internet and it was suggested by
my colleagues at the Vatican Observatory that I make them available on
that medium. Of course, no editor or reviewer would tolerate such verbosity.
However I asked a mathematician friend of mine, Jack Lutts, to join me
in this project. His career was very similar to mine. He taught all his
professional life at a not a very high level institution, where many students
were adults holding down jobs. And he did a good degree at the University
of Pennsylvania under C.T. Yang. His primary jobs in our collaboration have
been to be a proof reader and an editor. Thus he has relentlessly checked
the accuracy of my mathematics, making corrections where needed, and often
suggesting rewordings when my phraseology was not clear or was too verbose
or ungrammatical. Lutts adds that he has been a learner as well, rising to
frequent challenges to review what he once knew better than he does now
and discovering relationships that he never had a chance to learn during his
math teaching career.

Now with our endeavors on the Web Page of the Vatican Observatory the
whole world can access them [but not change them| and where struggling
young mathematicians might prosper with the verbosity of the exposition
of these notes. Also we are certain that any mistakes or ambiguities in our
exposition and any gaps or errorts in any proofs would be eagerly pointed out.
and we welcome any suggestions from our readers. In a sense we are putting
out these notes for anyone who wishes to review and suggest clarifications
and emendations.

But our hope is that we can lead a reader to savor a rather substantial
piece of mathematics with the same pleasure that we had while thinking
through and writing this exposition. And we hope that assuming a substan-
tial course in undergraduate Linear Algebra will not be too onerous for our
readers. [Of course, we will make explicit just what facts and results we will
be using from Linear Algebra, but we will not attempt to verify or justify
them. We do, however, give some brief explanations of the terms we use in
several appendices located at the end of this work.]



Thus we welcome our readers to many hours of pleasurable mathematics.
2.1 Our starting point: What is a Lie algebra?

The Structure of a Lie Algebra.

The structure of a Lie algebra gives a set ¢ three operations:

(1) A binary operation of addition:

— g

gxyg
(a,b) — a+b

with the properties that give g the structure of an abelian
group. [The identity of the group is, of course, written as 0.]

(2) A binary multiplication operation called a bracket product:

~

gxg — g
(a,b) — Ja,b]
that is anticommutative

b, a] = —|a, b]

and satisfies the Jacobi identity:
[a, [b,c]] + [e, [a, b]] + [b, [c, a]] = O

[Thus a Lie algebra is non-associative.]

(3) A scalar multiplication operation:

IFxg — ¢
(a,c) — ac

where IF is a field.

Now, these three operations are tied into one another in the following
manner. Bracket multiplication distributes over addition on the left and on
the right [i.e., it is bilinear with respect to addition|, giving us the structure
of a non-commutative, non-associative ring. Thus
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la,b+c| =[a,b] + [a,c] and [a+b,c]=]a,c]+[b,]

Scalar multiplication combines with addition to give the structure of a
linear space over IF. [Several things should be pointed out here. First, the
only fields of scalars that we are interested in will be the real numbers and
the complex numbers. Second, it should be noted out that we are interested
in only finite dimensional linear spaces over these fields.. These limiting
conditions are very important and our readers, we hope, will forgive us if
we often remind them of these points.] Scalar multiplication is bilinear with
respect to bracket multiplication, giving to the entire structure that of an
algebra. Thus

ala, b] = |aa, b] = [a, ad]

The structure that we will be primarily interested in is that of a semisim-
ple real Lie algebra. However the concept of “semisimple” does not depend
on the field of scalars. Thus for real Lie algebras and complex Lie algebras
we have the same definition. It depends on the concept of the solvable radical
of a Lie algebra. Thus we are led to the notion of a solvable Lie algebra, and
along with this notion, to that of a nilpotent Lie algebra. These depend on
two natural series of subspaces of any Lie algebra — the derived series and
the lower central series. All these terms will be defined and exemplified in
what follows.

2.2 The Derived Series and the Lower Central Series

2.2.1 Ideals. Before we identify these objects, however, we need to de-
fine some other important objects of a Lie algebra. The symbol [3, f] means
the linear space generated by taking all possible bracket products [a,b], a € §
and b € £, where § and ¢ are subspaces of §. A subalgebra is a subspace § in
which the brackets close, i.e., where [$, 5] C §. If § is a subspace of g, then §
is an ideal if [3, g]C 8. [Thus every ideal is also a subalgebra.] A Lie algebra
is abelian if [g, g] = 0, that is, if all brackets in g are 0. The center 2 of a Lie
algebra ¢ is the subspace 2 such that [2,§] = 0. Since 0 € 2, this means that
the center is an ideal. We remark that every Lie algebra g has two ideals,
which are called improper ideals: § itself (since [, §]|C §), and the subspace
0 [since [0, g] = 0, as is true in any ring].

Now given a Lie algebra g, we define the derived series as:

W



D% := (D%, D]

DF1§ = [D*g, D*g)

We define the lower central series as

% =g
Cl'g:=14,9) = D'g
C?g:=[C"g, 9]
C%g = [C?%g, 4]

2.2.2 The Lower Central Series. We should make some remarks
at this point. The lower central series is just the process of repeating the
bracket multiplication in §g. Thus C3*g = [C?%g,9] = [[[g,4], 9], 9] means
that we are just taking all expressions generated by three products from ¢:
[[[ao, a1], az], as] for ag,aq,as, a3 in §g. We emphasize that, because of a lack
of associativity, we have chosen to perform these multiplications by multi-
plying the next element always on the right. We remark that we can define
an analogous series of multiplications in any associative algebra. However, as
we shall see, the non-associativity of a Lie algebra gives in the derived series
special information which is not part of an analogous concept in associative
algebras. More about this later.

Also, it does not matter if we would define the lower central series by
bracketing ¢ on the right (as above) or by bracketing g on the left in the
following manner:

Since we have anticommutativity in a Lie algebra, i.e., since [b,a] = —[a, b,
and since we are constructing linear spaces, which means that every element
and its negative must appear in the linear space, both sets of products given
above give the same elements when all the elements generated are collected



into a set. Thus there is no ambiguity in the definition of the symbol C*+1§ =
[C*g, 9] = [g,C"q).

It is immediate from induction that C*§ is an ideal for all K >= 0. We
have C°G = §, and we know that § is an ideal. Let us assume that C*~'g
is an ideal. Then [C*g,g] = [[C*71,9],4]. But by assumption C*71g is
an ideal. Thus [[C*7'g,9],9] C [C*1g,9] = C*§. We can conclude that
[Ckg, 9] € Ckg, which says that C*§ is an ideal. We observe that this also
means that C*g C C*1g.

2.2.3 The Derived Series. It is also immediate that D'g is an ideal
since D'g = C'g. We also can assert that D*§ is an ideal for all & >= 0, but
we need the Jacobi identity to prove this. (This indicates that the concept
of the derived series is deeper and more fundamental than the concept of the
lower central series. We shall see this theme develop in the following pages.)
In fact we can prove that if § is an ideal, then [$, 3] is also an ideal. Thus
we need to show that [[3, 5], g] C [8,8]. Now let a1,a2 € § and ¢ € §. We
have [[3, ], g] generated by elements of the form [[a1, as], ¢|. Using the Jacobi
identity, we have [[a1, as], c] = [[a1, ¢], as]+[[c, as], a1]. But §is an ideal. Thus
la1,c] € § and [c,a0] € 5. Thus [[a, ], as] € [3,38] and [[c,as],a1] € [8, 5].
Since [$, §] is a subspace, the sum of two elements in [$, §] is also in [8, §].
We thus have [[a1, az], ] € [3,8]. We conclude that [[$, 5], g] C [$, §], which
says that [3, 8] is an ideal. Now let us assume that D*7'g is an ideal. But
D*g = [D*1g, D*=1g]. By induction it is now immediate that D¥g is an
ideal. We also observe that since every ideal is also a subalgebra, we have
that D*g c D¥ 1.

2.2.4 Solvable Lie Algebras. Nilpotent Lie Algebras. Now we
can define a solvable Lie algebra and a nilpotent Lie algebra. A solvable Lie
algebra 5 is one such that for some k >= 0, D¥3 = 0. Trivially 0 is a solvable
Lie algebra since D0 = 0. A nilpotent Lie algebra f is one such that for some
k >= 0, C*¥a = 0. Trivially 0 is also a nilpotent Lie algebra since C°0 = 0.

More observations can be made. If a # 0 is an abelian Lie algebra, then
a is a nilpotent Lie algebra, since C'a = [a,a] = 0; but also a is solvable
since D'a = C'a = 0. If C*g = 0 but C*~1§ # 0, then § has non zero center,
for [C*1g,9] = C*§ = 0 means that C*~1§ C 2, where 2 is the center of §.
Thus every nonzero nilpotent Lie algebra has a nonzero center. Also if § # 0
is a solvable Lie algebra, then for some k > 0, D¥3 = 0 and D*~'5 # 0. But
D*3 = [D*15, D*715] = 0 says that every nonzero solvable Lie algebra has
an nonzero abelian ideal, which is nilpotent.

2.3 The Radical of a Lie Algebra We now want to prove a most
important observation, that every Lie algebra g has a maximal solvable ideal



7 in the sense that any other solvable ideal in g must be contained in 7.[Recall
that we are treating only finite dimensional Lie algebras.] We begin this proof
by letting 7 be a solvable ideal of maximum dimensionality, and by letting
S be any other solvable ideal. We are then led to consider the linear space
T+ 5.

2.3.1 The Sum and Intersection of Ideals are Ideals. Thus we
consider two linear subspaces 7 and § of a Lie algebra ¢, and their sum 7+ §.
This, of course, means that we are taking the sum of every two elements a
and b, a in 7 and b in 5. But also we want to take the bracket product of all
these sums and generate a Lie subalgebra. This means that if a; and ay are
in 7 and by and by are in §, then [a; + by, as + bo] is in [7, 7] + [3, 8] + [, §].
Now if 7 and § are subalgebras, then we can affirm that [a; + by, as + bo] is in
7+8§+[r, 8]. Only if either 7 or § is an ideal can we affirm that [a; 4 b1, as+bo]
is in 7 + §, which means that [f + §,7 + 5] C 7 + §, and thus under these
conditions is 7 4 5 a subalgebra.

But we can assert more, namely that if 7 and § are ideals, then this linear
space 7 + § is an ideal in §. For let a be in 7; b be in §; and ¢ be in §. Now
l[a+b,c] = [a,c] + [b,c]. But since 7 and § are ideals, [a,c] € 7 and [b, ¢ € 8,
and thus [a, ] + [b,c] € 7+ §, from which we can conclude that 7 + § is an
ideal. As a corollary, we can also assert that 7 and § are ideals in 7 + §, for
[7, 7+ 8] C [, g] C 7 since 7 is an ideal in g; and likewise [§,7 48] C [8,9] C §
since § is an ideal in g.

Now we want to show that 7 M § is also an ideal in ¢ if 7 and § are ideals
in g. It is obviously a subspace. For let a be in 7 N s. Thus a is in 7 and a
is in §. Now let ¢ be in §. Then [a,c] is in [F N §, §]. But [a, ] is in [, §],
and [a,c] is in [$,g]. We conclude that [a,c] € [F,g] N [8,§]. But because
7 and § are ideals, then [a,c] € # N 5. We conclude that [F N §,g] C 7N S,
and thus that 7 N § is an ideal in §g. As a corollary we conclude also that
rNs,rlClrNs, gl CcrNs and [FNS, S C[FNS, g C 7N S, which means
that 7 M s is an ideal in 7 and 7 N 5 is an ideal in s.

2.3.2 Homomorphisms of Lie Algebras and Quotient Lie Algebras.

We also need to examine homomorphisms between Lie algebras g and h. Let
¢:qg—> h be a linear map between g and h. This map ¢ is also a homomor-
phism of Lie algebras § and h if for every a and b in §, ¢la, b] = [¢(a), ¢(b)],
i.e., ¢ preserves brackets. The properties of the map ¢ — being a surjective
map, an injective map, a bijective map — carry over to the usual terms of
surjective homomorphism, injective homomorphism, and isomorphism. If the
target space h is equal to the domain space g, the vocabulary changes from
homomorphism to endomorphism, and from isomorphism to automorphism.



Obviously the homomorphic image of a Lie algebra is a Lie subalge-
bra of the target Lie algebra. Equally obvious is that subalgebras map to
subalgebras, and ideals of surjective homomorphisms map to ideals. If we
have a homomorphism, then the kernel of the map is an ideal in the do-
main Lie algebra. It would be good to see this proved. Our map again is
¢ : § — h. Now ker(¢) = {c € §|¢(c) = 0}. The kernel of a linear map
is always a subspace. Let ¢ be in ker(¢) and a be any element in §g. Then
ole,a] = [p(c), d(a)] = [0,¢(a)] = 0. Thus [c,al is in ker(¢), which says that
[ker(¢), g] C ker(¢), and thus ker(¢) is an ideal in g.

Now let us consider a Lie algebra g and an ideal s in g. We can form the
quotient linear space §/§. We assert that we can define a Lie bracket in this
quotient space if § is an ideal. We define this bracket as follows. Let a + §
and b + § be two elements in §/5. Then [a + §,b+ §] := [a,b] + §. To verify
the validity of this definition we choose arbitrary elements s; and s, in § and
calculate [a + s1,b+ so] = [a,b] + [a, S2] + [s1,b] + [s1, $2]. Since § is an ideal,
we know that [a, so] is in §, [s1, 0] is in §, and, of course, [s1, $2] is in §. Thus
[a+ s1,b+ s9] is in the coset [a, b] + 8. It is immediate that all the properties
of a Lie algebra are valid in §/§ using this definition of bracket product in
g/s.

Applying this definition to a surjective homomorphism ¢ : § — h of Lie
algebras, we know that g/ker(¢) is a Lie algebra, and indeed is isomorphic
to ¢(g) = h. This latter statement reflects at the level of Lie algebras the
crucial dimension theorem of linear algebra:

dim(g) = dim(kerg) + dim(image(¢))
or

dim(3) — dim (ker) = dim(image(@))
giving immediately the isomorphism of the Lie algebras

g/ker(¢) = image() = h,
where we are, of course, assuming ¢ to be a surjective homomorphism.

We can also assert that the homomorphic image of a solvable Lie algebra
g is also solvable. This means that if we have the homomorphism ¢ : g —
image(¢), we can assert that the image(¢) is solvable when ¢ is solvable.
Since § is solvable, we have a k such that D¥g # 0 and [D*g, D*g] = D*1g =
0.

Since ¢ is a homomorphism, a simple induction shows that for all [,
#(D'g) = DY(¢(G)). Thus ¢(D*1g) = D*1(¢(g)) = 0 for some k >= 0.
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We remark that if D¥§ is in the kernel of ¢, this & may not be the smallest
positive integer with the property that D*(¢(g)) # 0 and D*1(4(g)) = 0.
But we do know that the derived series for ¢(g) does arrive at 0, which is
enough to affirm that ¢(g) is solvable.

We now can return to the proof that every Lie algebra ¢ has a maxi-
mal solvable ideal. [Recall that we are only treating finite dimensional Lie
algebras.] It will be done in stages. We begin this proof by letting 7 be
a solvable ideal of maximum dimensionality, and by letting § be any other
solvable ideal. We are then led to consider the linear space 7 + s. We know
that this space is Lie subalgebra of g and indeed an ideal in g. We want to
show that this ideal is also solvable.

Now we know that 7 N s is also an ideal in §, and by assumption s is a
solvable ideal in g, and thus § is a solvable Lie algebra. We thus have the Lie
algebra §/7 N § which is the homomorphic image of a solvable Lie algebra.
Thus we conclude that §/7 N § is a solvable Lie algebra.

We now use the other fundamental dimension theorem of finite dimen-
sional linear spaces, which states

dim(7 4 §) = dim(7) + dim(s) — dim(7 N )
or
dim(7 + §) — dim(s) = dim(7) — dim(7 N )
This translates immediately into the isomorphism theorem
(r+38)/s=r/fNs

It is important to observe that these are isomorphic Lie algebras since
5 is an ideal in 7 4+ s and 7 N § and s an ideal in 7, and thus the quotient
linear spaces are quotient Lie algebras. We can therefore conclude now that
(7 + §8)/§ is a solvable Lie algebra since it is isomorphic to a solvable Lie
algebra 7/7 N 3.

2.3.3 Homomorphism Theorem for Solvable Lie Algebras. We
now assert that 7+ 5 is also solvable. This will be true if we can show that if
[is a Lie algebra which contains a solvable ideal s and l /§ is solvable, then [
is solvable.

First, we have the homomorphism ¢ : [ —» (I/3) and since o(l ) = (1/3),
and [ / § is solvable, we know that there exists a k such that D¥(1/3) # 0 and
DF1(1/5) = 0. Thus D*(¢(1)) # 0 and D*1(¢(1)) = 0.



This says that ¢(D¥1(1)) = 0. Thus D**1(I) C ker(¢) = §. Knowing that
DMY(I) = [D¥(1), D*(1)] C ker(¢) = &, we conclude that [D**1(1), D*1(I)] =
DM2(1)  [5,8] C 4.

Since § is solvable, we know that there is a p such that DP(s) # 0 and
DPY(3) = 0. Now if k > p, then D*!(I) = 0. If k < p, then DP*(]) C
DPH1(§) = 0. Thus, in either event, [ is solvable.

Note that his proof is easy to conceptualize. Since the target space is
solvable, this means that after some k,D¥(I) C 3, since ¢(D¥(x)) = DF(¢(x)).
Once the derived series for [ is in 5, then since § is solvable, the derived series
for [ will arrive at 0 as well.

2.3.4 The Existence of the Radical of a Lie Algebra. Finally, we
arrive at what we have been seeking. In ¢ let 7 be the solvable ideal of maxi-
mum dimension. [Recall that since we are in the context of finite dimensional
Lie algebras, and since 0 is a solvable ideal, this ideal always exists.] Now let
s be any other solvable ideal. We have just shown that 7+ $ is also a solvable
ideal. Thus the dim(7 + §) < dim(7). But # C (7 + §), and this means that
$ C 7. And thus every Lie algebra of finite dimension contains a maximal
solvable ideal which contains all other solvable ideals. This maximal solvable
ideal is called the radical of the Lie algebra g.

2.4 Some Remarks on Semisimple Lie Algebras (1)

We can now give the definition of a semisimple Lie algebra which we have
been seeking. A semisimple Lie algebra is a Lie algebra whose radical is
trivial, i.e., one whose radical is 0.

There are some properties of a semisimple Lie algebra which are immedi-
ate from the definition. First, let us take an arbitrary finite dimensional Lie
algebra g. We know that ¢ possesses a radical, which we denote by 7. Since
this radical is an ideal, we can form the Lie algebra g/7. It is interesting that
we can prove that this quotient Lie algebra is semisimple. Let us represent
the homomorphism by ¢ : § — §/7. Now we take any solvable ideal § in
g/t and look at its pre-image ¢~!(8) in g. We know that this pre-image is an
ideal in g. And by using the same reasoning as was used above, we can assert
that this ideal is solvable. Its image § = ¢~1(5)/F is solvable by assumption.
And since 7 is the radical of g, 7 also is solvable. Thus again we have the
situation where we have a Lie algebra [ and a homomorphism of [ onto a
solvable Lie algebra, the kernel of which homomorphism is also solvable. As
above we can conclude that the Lie algebra [ is also solvable. Thus ¢~1(8) is
a solvable Lie algebra of ¢, and we can conclude that ¢~1(5) C 7, the radical,
which is the kernel of the map ¢. But this means that the image of ¢~1(3),
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which is §, is equal to 0. Thus any solvable ideal in /7 must be the 0 ideal,
which means that ¢/7 is semisimple.

Thus we have the short exact sequence:
0—7r—g—g/r—0

The question to ask now is: does this short exact sequence split? If it does,
then there is an injective isomorphism of Lie algebras

g/F —kC g

[thus making ka semisimple Lie subalgebra of g| such that g is a direct sum

of 7 and k.
Gg=kor

There is a famous theorem of Levi that gives a positive answer to this question
[See 2.16 for its proof.]. The subalgebra k is called a Levi factor of §. [We
might again remark that this theorem is only valid in the case that the field of
scalars is of characteristic 0. But since we are only interested in the fields of
real numbers and complex numbers, the conclusion is valid in our situation.
Here the direct sum is only that of linear spaces, not of Lie algebras. This
says that [/2:, 7] is not necessarily 0. We describe this situation by saying the
g is a semi-direct product of the Lie algebras k and 7.

In fact we can make the following observations. Since 7 is an ideal,
we know that [k,7] C 7. But we also have [k,7] C [§,§] = D'§. Thus
[k,7] € D'gN#. It is interesting to remark at this point that we have the
important identity [g,7] = D'gN#, but its proof depends on the Levi Decom-
position Theorem. Certainly [g,7] C [¢,9] = D'g and [g, 7] C 7 since 7 is an
ideal. Thus [g,7] C D'¢g N 7. Now using the Levi Decomposition Theorem,
we let ¢y = a; + by and ¢, = as + by be in g, with a; and asy in k and b, and
bQ in 7. Then [017C2] = [a1 -+ G,Q,bl -+ bg] is in ng Also [CLl + bl’G,Q + bg] =
[al, CLQ] + [al, bg} + [bl, CLQ] + [bl, bg] with [al, CLQ} in k and [(ll, bg] + [bl, (lg] + [bl, bQ]
in 7, since 7 is an ideal. But by hypothesis [a; + by, as + bo] is also in 7.
Since we have a direct sum of linear spaces, this means that [a1,as] = 0
T o T S L ot o ST ER S S
That [a1, as] = 0 is questionable at present for the reason given does not hold.
Do you see why? Can you fix the proof? Hint: see 2.16.2 on p. 200.

T o T 2 R e
and [ay, be] 4 [b1, az] +[b1, bo] is in [g, 7]. We conclude that [g, 7] = D*gN#. Of
course, since 7 is an ideal, we know that [g,7] C 7, but the above shows ex-
actly where [g, 7] lies in 7. [Of course, once again, this result is only valid for
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Lie algebras of characteristic 0, since it depends on the Levi decomposition
theorem. |

We do not want to present the proof of this theorem of Levi at the present
moment. But we do wish to ask: How unique is this Levi factor? The an-
swer is very interesting. Let g = ki @ 7 and g = ko @ 7 be any two Levi
decompositions of §. Then there exist a very special kind of automorphism
A of g such that A(iﬂg) = ky. And these automorphisms will play a large role
in the theme of this exposition of the real representations of semisimple real
Lie algebras. Again at this moment we do not want to present a proof of this
statement. However it is imperative that we identify these automorphisms.
And this takes us on an exploration of another trail in this trek through Lie
algebras, namely, that of nilpotent Lie algebras.

2.5 Nilpotent Lie Algebras (1)
2.5.1 Nilpotent Lie Algebras Are Solvable Lie Algebras. Let

us review and examine more carefully the information found in the lower
central series of a Lie algebra. The first few spaces in this series are

C%9 =9
Clg =1C", ]
€25 =1C"g, 4]
C%5 = [C?9, 4]

We observe immediately that C'g is merely the space generated by all
possible brackets of g. Thus for any a; and ay in g, [ai, as] is in C'g. And
for any as in g, [[a1,as],as] is in C?g. Continuing we have for any ay in
g, [[[a1, as], as], aq] is in C3g. Thus the lower central series just iterates the
bracket product in the Lie algebra, but chooses it in a definite manner because
we do not have an associative algebra (where no matter how one groups the
products, the answer is the same). We see that, because of the manner
in which we have defined the series, it begins the iteration from the left and
proceeds to the right. Thus any element of the form [[[---[a1, as], --+], ax], ax+1]
is in C*g. Now if § # 0 is nilpotent, we know that there exists a k such that
C* 1 # 0 but C*§ = 0. Thus a nilpotent Lie algebra has the amazing
property that any Lie bracket with £ factors bracketed in this manner is 0.
Obviously this is a rather strong property.

We can now show an interesting relationship between the derived series
and the lower central series. If we examine again the derived series for g, we
see

D% =g
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Let us write out these products in terms of elements of the Lie algebra.

la1,as] is in D'g
[[a1, as], [as, a4)] is in D%g
[[[a1, as], [as, ad]], [[as, ag], [az, ag]]] is in D?g

Now using the Jacobi identity, we have

[ai, a9 is in D'g = Clg
[lay, asl, [as, as]] = —[as, [[a1, as), as]] — [aa, [az, (a1, as]] =
—[[la1, as], as), as] + [[[a1, as], a4], as] is in D*G C C3g

If we try to analyze D3§ in this manner, the calculations become unwieldy,
but we would like to be able to conclude that D*§ C C’zk_lg. Let us look
a little more closely at the calculations involved. D!§ involves one product
with two factors. D?§ involves four factors, which means, using the Jacobi
identity, it really is a product of four factors with three products, with the
products starting from the left and continuing to the right, i.e., it is contained
in C3G. Now D%*§ = [D'g, D'g], and D'g = C'g. Thus D?*g = [C'g,Cg],
and we can conclude that [C'g,C1g] € C3g, where 3=1+1+1=22—1.

Examining D3g = [D?g, D*§], we see that we have 8 factors [8 = 23], and
if by using the Jacobi identity we could rearrange them so that we would
have 7 products starting from the left and continuing to the right, we would
be in C7g. From what is said above we know that D?§ C C3g, and thus
D3g C [C3g,C3g]. Now if [C3g,C3G] € C7g, we see that our numbers are
correct since 3+3+1=7=2%— 1.

These observations lead us to prove that [C?g,C7¢g] C C™Tlg by in-
duction. For the base case we know that for all i, [C'g,C%G] = C*T0F1g
by definition. We assume that for some j > 0 and for all ¢ [C%g,C7g] C
C™ilg, and we prove that [C'g,C7*1g] C C™HH1*lg. Of course, we will
use the Jacobi identity. [C'g,C7Tlg] = [C'g,[C7g,4]] C [[C'g,C7q],q]] +
[C7g,[g.Cg]] € [C™9+g, 9] + [C7g,[C g, 9] € C™HHHg +[C7g,C™g) C
Qi g 4 CitlHitlg o Ottty

To conclude we once more use induction. The base case is obvious. It
says that DY C C° [which says § C §]. Then we assume that for some k > 0
that D*§ c C2*~1§, and therefore D¥g = [DFg, D¥g)  [C?" 15, C?" 1g] C
CE DR DG — 022N -1 — 02" =15 This is our desired relationship.
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With this information we can now conclude that if a Lie algebra is nilpo-
tent, then it must also be solvable, for if we take down the lower central
series to 0, then the derived series will also be pulled down to 0. (See 2.2.4
for the relevant definitions.) Conversely, however, a solvable Lie algebra is
not necessarily nilpotent. We will soon have an example of this situation.
We will see that for a given n, all upper triangular matrices with arbitrary
diagonal elements form a solvable Lie subalgebra in the Lie algebra of all
nxn matrices, but they are not nilpotent, since all of these upper triangular
matrices which form a nilpotent Lie subalgebra must have a zero diagonal.

2.5.2 The Existence of a Maximal Nilpotent Ideal — The Nil-
radical. We can now also show the existence of a maximal nilpotent ideal
for any finite dimensional Lie algebra. All that needs to be done is to show
that the sum of two nilpotent ideals is also a nilpotent ideal. If we re-
peat the proof for the solvable Lie algebras, we can indeed show that the
homomorphic image of a nilpotent Lie algebra ¢ is nilpotent. Since ¢ is
nilpotent, we have an [ such that C'g # 0 and [C'g, 3] = C'*1§ = 0. Now
we have the homomorphism ¢ : § — image(¢), and we want to assert that
the image(¢) is nilpotent. The key fact in the proof for solvable Lie alge-
bras was that ¢(D'g) = D'(¢(g)). A simple induction indeed shows that

#(C'g) = C'(¢(9)). Thus $(C'*1g) = C™H(¢(g)) = 0. -

However we do not have an isomorphism theorem for nilpotent Lie alge-
bras. Analyzing the proof for the solvable case, we see that after some k,
CH(1) C 8, since ¢(C*(x)) = C*(d(x)). Now nilpotency demands that we
bracket § with g, but we only know that s is nilpotent. This means that we
would have to bracket s with § if we wanted to use the nilpotency of 5. And
thus we cannot get information on [$, g].

Indeed the example that was given above shows the phenomenon men-
tioned above. We have for a given n a homomorphism of all upper triangular
matrices with arbitrary diagonal [a solvable Lie algebra] to the diagonal ma-
trices [an abelian Lie algebra, thus a nilpotent Lie algebra] by moding out the
upper triangular matrices with zero diagonal [a nilpotent Lie algebra]. Thus,
this is a counterexample to an isomorphism theorem for nilpotent Lie alge-
bras since the upper triangular matrices with arbitrary diagonal is a solvable
Lie algebra but not a nilpotent one. Thus we are reduced to finding another
method of proving the sum of two nilpotent ideals is also a nilpotent ideal.

We already know that the sum of two ideals is an ideal. Let us take some
brackets and examine the developing pattern. We take k and [ to be two
nilpotent ideals and we want to show their sum k + [ is also ‘nilpotent. We
take a; in k and b; in I. Then [a; + by, ag + by) is in [k +1,k+1] = CY(k+1]).
Now
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[a1 + bl,CLQ + bz] = [al,ag] + [al,bg] + [bl,az] + [bl,bg].

We see that [ay, as] is in C'k, and because k is an ideal, we have [a1, by] is in
C%:. Likewise we have [by, bg] is in C'I, and because [ is an ideal, we have
b1, as] is in C°L. Also

[[al + bl, (05} + bz] as + bg] [[al, CLQ] + [al, bg] + [bl, (12] + [bl, bg], as + bg] =
(a1, as], as] + [[a1, bo], as] + [[b1, as], as] + [[b1, ba], as] +
[la1, as], bs] + [[a1, ba], bs] + [[b1, az].bs] + [[b1, ba], bs]

is in [[k41, k+1], k+1) = C*(k+1]). We see that [[a;+br, ay+by], as+bs] has 8
brackets. We choose 4 of these brackets, [[a1, as], as], [[a1, b2], as], [[b1, az], as]
and [[a1, as], bs]. Each of these products has at least two a; factors. Now be-
cause k is an ideal, we have immediately that [[ay, as], as], [[a1, bs], ag), [[br, az), as]
are in C'k. Also since C'k is an ideal, we have [[a1, as], bs] is in C'k. Thus all

4 of these terms are in C'k. Likewise the other 4 terms [[by, by, az), [[a1, ba], bs],
[[b1, as).bs], [[br, ba, bs] are in Cl. We take one more bracket in k + [, namely
[[[a1 + b1, ag + by), az + bs], as + bs], which is in C3(k + 1]). Now

[[[al + bl, (05} + bg] as + bg} Qy + b4] =
+ [[lar, ba], as], as] + [[[b1, az], as], as] + [[[b1, b2, as], as] +
[[[a1, az], b3], as] + [[[a1, ba, b], as] + [[[b1, az].bs], as] + [[[b1, ba], b3, aa] +
[[[a1, az], as), ba] + [[[a1, ba, as], ba] + [[[b1, az), az], ba] + [[[b1, ba), as], ba] +
[[[a1, @z, b3, ba] + [[[a1, b2, b3, ba] + [[[b1, az], b3, ba] + [[[b1, ba], bs], ba]

[[[a1, az], as], a4

Thus we see that we have 16 terms, 8 of which have 2 or a greater number
of factors a;, and 8 of which have 2 or a greater number of factors b;. The 8
with q; are:

[[[a1, az], as), adl,[[[a1, az], as], bal,[[[a1, as], bs], a4, [[[as, ba), as], ad],
[[[b1, a2, as), aal,[[[b1, az], bs], aal,[[[a1, ba], bs], aa],[[[a1, az], bs], ba]

[Some of the terms with 2 @;’s and 2 b;’s can be treated either in k or in
I.] Now [[[ay, as], as], a4] is in C3k; [[[a1, bo], as), ay] is in C2k, using the ideal
structure of k; [[[by, as), as], aq] is in C2k; [[[aq, agj bs], a4 is in C%k, using the
ideal structure of C'k; [[[ay, ba), bs], as] is in C'k; [[[by, as], b, as] is in C'k:
[[[a1, bo], as], bs] is in Ck; [[[ay, as), ag], by] is in C2k, using the ideal structure
of C%k; [[[a1, as),bs],bs] is in C'k. The pattern is easy to recognize. Any
bracket, starting from the left and moving to the right [which order we have
chosen, you will recall, since we do not have associativity|, with two or more
factors a; in any position, is in C'k if there are 2 a;’s; in C2k if there are 3
a;’s; and is in O3k if there are 4 a;’s. Likewise we obtain the same conclusion
for the 8 terms which have 2 or greater number of factors b;, except now they
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pertain to the ideal I. Thus C3(k+1)) € C'k+ C'l since C3k  C?k c C'k,
and likewise for .

Now if we assume that we could do an induction on CH (k+1)) € Ck+
O, we are unfortunately led to a dead end. The induction step would be

CH2(k+1)) =
LCH_I(/C—FZ]) (k+D]=
[CHHE 4 1)), k] + [C”l(k +1)),1] C
[C Yk + C M k] + [CF Yk + O D) €
[C e, k] + [CF 1 )+ [C k1) + (O €
Cil+ C1i 4 C1e 4 Cil
C' =k + il

and we see that we do not get the desired conclusion that C™2(k + 1)) C
Ck + Cl.

But a more perceptive analysis of these two examples leads us to the
solution. All we have to do is observe that any term that has ¢ a,’s as factors

can be shown, by using the ideal structure of k and le%, to belong to Ci k.
Thus we see from the above example that

[a1, as], as], as] is in C’Sk‘
la1, as], as], by] is in C’2
[ah a2]7 b3]7 &4]

la1, ba], as], ay] is in 02
b1, as), as), ay] is in C2k
[a1, ba], b3], a4 is in Clk
[a1, bg], CL3], 4] is in Cl
[ay, as), bs], by] is in C'k

With these patterns before us we can see the general situation. Thus let
us start with C?(k-+1) and ¢ even; and C7(k+1) with j odd. The i—th product
will have ¢ + 1 factors, an odd number of factors; and the j—th product will
have j + 1 factors, an even number of factors. If a, is in /2:, and b, is in Z,
then C?(k + 1) will have 27! terms and C9(k + ) will have 27+! terms, each
term of which will be a string of a,’s and b,’s as factors in arbitrary order.
For Ci(k + 1), %(2”1) = 2' of the terms, each with i + 1 factors, will have
(i) + 1 or more a,’s and () or less by’s; or the contrary, 3(i) + 1 or more
bs’s and (i) or less a ’s. For C9(k +1), 1(27*1) = 27 of the terms, each with
j+1 factors with 1(j + 1) or more a,’s and 3(j + 1) or less by’s; or vice
versa, £(j + 1) or more b,’s and 3(j + 1) or less a,’s.

Thus, in the case where 7 is even, the first separation gives each term at
least (3(i) +1) a,’s, with each other term increasing the number of a,’s until
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all 7 + 1 factors have only a,’s. In the second separation each term has at
least (3(7) 4+ 1) by’s, with each other term increasing the number of b,’s until
all i + 1 factors have only by’s. [In the example above, C’Q(l% + Z) with ¢ = 2,
each product has 2 + 1 = 3 factors, and we have a total of 2**1 = 8 terms.
The first separation contained 4 terms

[lay, as], b], [[a1, ba], as], [[b1, as], az], [[a1, az], as]

while the second separation contained the other 4 terms

[[b1, b), az], [[b1, as].bs], [[a1, ba], bs], [[b1, ba], bs].

In the first separation each term contains at least 1(i)+1=1(2)+1=2aq,’s
and %(2) = 1 or less b,’s; and it continues adding a,’s until all the factors
are a,’s, that is, until all 3 factors are a,’s. In the second separation the a,’s
and the b,’s exchange roles.|

For the case CY (/2: + Z) where 7 is odd, the first separation gives each term
at least %(] + 1) a,’s, with each other term increasing the number of a,’s
until all j + 1 factors have only a,’s. In the second separation each term has
at least £(j 4 1) by’s with each other term increasing the number of b,’s until
all j+ 1 factors have only bs’s. [In the example above, 03(k + l) with j = 3,
each product has 3 + 1 = 4 factors, and we have a total of 23t = 16 terms.
The first separation contains 8 terms

[Hal, a2]7 b3}7 b4]7[[[a17 b2]7 b3]7 a4]7[[[b17 a2]7 b3]7 CL4],
[[[a1, a2, as], ba],[[[a1, az], bg[][f a4a[[[?17 5]2]7 @]3]a aa],[[[b1, azl, as], ad],

while the second separation contains the other 8 terms

[[[61, ba], @], aal,[[[b1, as], as], ba],[[[a1, ba], as], ba],
[[[b1, ba], bs], aul,[[[b1, b2], as], ba],[[[b1, az], bs], bal,[[[a1, ba], bs], ba],
[[[b1, b2], b3], ba]

In the first separation each term contains at least 2(j +1) = (3 +1) = 2
a,’s; and %(3 + 1) = 2 or less by’s; and continues adding a,’s until all the
factors are a,’s, that is, until all 4 factors are a,’s. In the second separation
the a,’s and the bs’s exchange roles. We might also add that when we have
the same number of a,’s and b,’s, it makes no difference into what separation
we place these terms.|

From these results it is immediate that k41 is a nilpotent ideal if k and [
are nilpotent ideals. In both even and odd cases we have C*(k+1) C C7(k)+
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C72(l), where ji = j, = 4(i) + 1 in the even case; and j; = jo = +(i + 1) in
the odd case. Thus all we have to do is take ¢ sufficiently large so that both
Citk and C%] are brought down to 0, which insures that C?(k + ) will also
be brought down to 0. Thus we can conclude that the sum of two nilpotent
ideals is also a nilpotent ideal.

And now just as we have argued in the case of the existence of the rad-
ical — the maximal solvable ideal which contains any other solvable ideal
— that any finite dimensional Lie algebra possesses, we can conclude to
the existence of the nilradical — the maximal nilpotent ideal which contains
any other nilpotent ideal — that any finite dimensional Lie algebra possesses.

2.6 Some First Remarks on Representations of Lie Algebras

We recall that we are seeking an automorphism A such that A(iﬂg) =k,
where k1 and k2 are two Levi factors in the decomposition of an arbitrary
Lie algebra ¢ into g = ki @ 7 and g = ko @ 7, where 7 is the radical of
g. Later in our exposition we will show that A is obtained by integrating a
nilpotent Lie algebra. [Now this process of integration in this case turns out
to be an algebraic process and not an analytic process, and thus we remain
in the context of algebra.] This would lead us into an exploration of nilpo-
tent Lie algebras. But another reason for exploring nilpotent Lie algebras is
that they are related to the concept of solvable Lie algebras, and this is the
next topic that we will explore. But first we must examine the concept of a
representation of a Lie algebra. Since the word representation appears in the
title of this document, one would suspect that this concept is central to our
exposition.

2.6.1 The Set of Endomorphisms of V: End(V); gl(v). Recall
that we are now in the context of a finite dimensional linear space V over a
field IF, which is either the field of real numbers IR or the field of complex
numbers €. Let End(V') stand for the set of all linear transformations of V,
that is, the set of all endomorphisms of V. Thus an element ¢ of End(V) is a
function ¢ : V. — V which preserves the addition and scalar multiplication
in V:

o:V—=V
¢ ur— o(u)
¢ ut+v— ¢(u+v) = ¢(u) + ¢(v)
¢ aur— ¢(au) = ap(u)

Now End(V) has the structure of an associative algebra over IF. In an
associative algebra we again have a field IF' and a set with three operations:
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addition, multiplication, and scalar multiplication. The operation of addi-
tion gives the set the structure of an abelian group; scalar multiplication
combines with addition to give the set the structure of a linear space over
IF'; multiplication distributes over addition both on the left and on the right,
giving the ring structure; and scalars are bilinear with respect to multipli-
cation, giving the whole structure that of an algebra. Thus the set End(V)
has three operations: addition, multiplication, and scalar multiplication over
IF. Since each endomorphism ¢ in End(V) is a function, addition and scalar
multiplication on End(V') are pointwise addition and pointwise scalar mul-
tiplication of functions:

gbl + gbg 'V —V
b1+ @ u— (1 + @) (u) == 1 (u) + da(u)
ab:V —V
ab: u s (ad)(u) = ad(u)

It is trivial that these operations define an addition and a scalar multiplica-
tion on End(V') over IF. The zero linear transformation is the zero of the
addition operation; while the additive inverse is the negative of the linear
transformation:

0:V—V
0:ur— 0(u) =0

Again since an endomorphism is a function with the same domain and target
sets, we define the multiplication operation in End(V') as the composition of
functions:

o100V — V
V-2 Yy
U — Po(u) — d1(Pa(u)) = (P10 P2)(u) 1= (P12)(u)

This multiplication distributes over addition on the left and on the right,
giving the necessary ring property:

G1(P2 + ¢3) = P12 + P13
(P1(d2 + @3))(u) = P1((P2 + ¢3)(w)) = P1(pa(u) + @3(u)) =
G1(d2(u) + d1(Ps(u) = (d12)(w) + (P193) (1) = (P12 + P193))(u)

Likewise
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(D1 + P2) b3 = D103 + Patb3

It is evident that this multiplication is bilinear with respect to the scalars
and thus

a(p1¢2) = (« ¢

((1¢2)) (1) = (¢1
((ag1)g2)(u) = (a¢1)(¢z( )
(01(ap2))(u) = ((a¢2)(

Thus End(V') exhibits the structure of an algebra over the field IF.

We observe that since we have chosen to write functions on the left of
the element on which they are acting, the second listed function in a compo-
sition acts first while the first listed function acts second. But since we are
just defining a binary operation of multiplication in End(V), the notation is
consistent. Note, however, that function composition is not a commutative
operation.

Since composition of functions is an associative operation, our multiplica-
tion also associates. Thus End(V') is a non-commutative, associative algebra
over IF. This algebra differs from a Lie algebra in this multiplication opera-
tion, since in a Lie algebra we have the Jacobi identity on the bracket product
replacing associativity. Another consequence of the associative multiplica-
tion is that it has a natural multiplicative identity. The identity function in
End(V) is an identity with respect to composition. And thus every associa-
tive algebra with a multiplicative identity has a subgroup which contains all
the elements which have multiplicative inverses. In the case of End(V') this
is just the group of non-singular linear transformations of V' or the group of
invertible transformations in End(V') or the group of automorphisms of V.
It is given the symbol Aut(V).

Finally, we come to a most surprising structure. Every associative algebra
over IF can be made into an Lie algebra over IF: the Lie bracket of two
elements is what is called the commutator of these two elements. Thus for
any associative algebra A, and for a and b in A, we define

[a,b] := ab — ba

[We remark that if the associative algebra A is commutative, the commu-
tator is always 0. Thus, in general, the commutator measures the lack of
commutativity in the multiplication structure of the algebra A.]

It is trivial that [b,a] = ba — ab = —a,b]. The Jacobi identity holds as well
because for any three elements a, b, and ¢ in A, we have:
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[[a,b], c] = [a,b]c — c[a,b] = (ab — ba)c — c(ab — ba) = abc — bac — cab + cba
[¢, a], b] = [c, alb — blc,a] = (ca — ac)b — b(ca — ac) = cab — acb — bea + bac
b, c],a] = [b,cla — alb, c] = (bc — cb)a — a(bc — ¢b) = bea — cba — abe + acb

and thus, after combining, we have
[[a, 0], ] + [[e. a], 0] + [[b, ], a] = O
Also, scalar multiplication is bilinear with respect to the Lie bracket:

ala, b] = |aa, b] = [a, ad]
ala, bl = a(ab — ba) = a(ab) — a(ba)
[aa,b] = (aa)b — b(aa) = aab) — a(ba)
[a, ab] = a(ab) — (ab)a = a(ab) — a(ba)

Obviously the linear space structure of A remains the same in the Lie
algebra structure. Moreover, this Lie bracket distributes over addition both
on the left and on the right, that is,

la,b+c] =a(b+c) — (b+ c)a = ab+ ac — ba — ca = (ab — ba) + (ac — ca) =
[a,b] + [a.c].

Likewise, we have
l[a+0b,c] = [a,c|+ [b.c]

Thus any associative algebra A can be given the structure of a Lie algebra
by means of the commutator. In particular End(V') with this bracket takes
on the structure of a Lie algebra over IF.

When we wish to treat End(V) as a Lie algebra, we use the notation
Endp (V') or gl(V) [this latter notation will become clear in a moment|. Also
quite frequently we use GL(V') for Aut(V).

There is one more important and natural associative algebra over IF. If
we are given a finite dimensional linear space V' over IF' of dimension n, we
know that bases exist for V. If we fix a basis B for V| then it is well known
that we have a bijective linear transformation from V to IF", where we are
using the canonical basis in IF". Also we can represent an element of IF" as
an nx1 column matrix in M, (IF) using this same basis. Then any linear
transformation of V' to V, that is, any endomorphism ¢ in End(V'), has
a representation as an nxn matrix A over IF. The following commutative
diagram illustrates this situation:
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Mnxl (IF> Mnxl(IF>

We know how to add square matrices, to scalar multiply square matri-
ces, and to multiply square matrices [row-by-column multiplication|, which
operations give the square matrices M, (IF') the structure of an associative
algebra over IF isomorphic to the structure of End(V'). The multiplicative
identity is the identity matrix I,, and the group of non-singular square ma-
trices is the general linear group GL(n,IF). [It is for this reason that the
notation GL(V) is used for Aut(V')]. Also when we give M, (IF) the struc-
ture of a Lie algebra by defining the bracket as the commutator, we use the
notation gi(n, IF), which denotes the Lie algebra of the Lie group GL(n, IF).

Even though these are concepts and relations which we do not wish to
explore at the present moment, we still want to point out that the notation
gl(V) is also used for Endy (V). Also, when there is a fixed basis being
used in an exposition, we frequently do not distinguish between gAl (V) and
gl(n,IF), and we just say that the elements of gl(V) are matrices.

2.6.2 The Adjoint Representation of a Lie Algebra. Now we can
define the key concept of a representation. A representation of Lie algebra
g on a linear space V is a homomorphism p of the Lie algebra ¢ into the
Lie algebra gl(V), that is, it is a linear transformation such that brackets
are preserved, that is, p([a,b]) = [p(a), p(b)] = p(a)p(b) — p(b)p(a). Tt is easy
to see the motivation for looking at representations— we study an unknown
object § as it realizes itself in a very well known object gi(V') or gl(n, IF). This
exposition, then, explores certain aspects of this representation structure.

It is remarkable that there exists a very natural representation of a Lie
algebra ¢ on its own linear space g. This representation is called the adjoint
representation and depends on the bracket product. It is one of the most
important objects that we have for studying the structure of a Lie algebra.
We give it the name ad and it is defined as follows:

g =% @)
a +— ad(a): §g—§
br— ad(a)(b) := [a, b

First, we see that ad(a) is a linear map and thus is in gl(§):
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ad(a)(by + by) = [a, by + ba] = [a,b1] + [a, be] = ad(a)(b1) + ad(a)(b2)
ad(a)(ab) = [a, ab] = ala, b] = a(ad(a) (b))

Next, we see that ad is a linear map:

(ad(ay + az))(b) = [(a1 + az),b] = [a1,b] + [az, b] = ad(a)(b) + ad(az)(b) =
(ad(a1) + ad(az))(b)
(ad(aa))(b) = [aa,b] = afa,b] = a(ad(a)(b)) = (aad(a))(b)

We remark how we have used the bilinearity of addition and scalar multipli-
cation distribution in the Lie algebra to effect these calculations.

Finally, we show that ad preserves brackets, which is nothing more than
another way of expressing the Jacobi identity. [Recall that brackets in gl(g)
are commutators.]

Thus we have in ad a homomorphism of Lie algebras and a representation of
gin g.

We pause a moment to make some observations. The meaning of the
symbol gl(j) is clear. It is the set of linear endomorphisms of the linear
space ¢, but with a Lie algebra structure defined by commutation. There is
a subset of these, the non-singular linear endomorphisms, or automorphisms,
which form a group Aut(g) or GL(g). But since g is more than just a linear
space, for it has a bracket product, we can ask whether these endomorphisms
and automorphisms respect this bracket product. Thus an ambiguity can
arise with respect to these structures. We thus will conform to the following
usage. An element ¢ of GL(g) which also is an automorphism of the Lie
algebra structure of ¢ will be said to belong to Aut(g). An element ¢ of
gﬁ (g) which also preserves the brackets in ¢ unfortunately will be given no
special name or symbol, and it will have to be described fully every time that
it occurs. Finally, there is a set of endomorphisms of ¢, thus belonging to
gl(§), which occur significantly in this structure. They are called derivations.
They act on the bracket product by a Leibniz rule. Thus an endomorphism D
in gl(§) is a derivation if D([a,b]) = [D(a),b] + [a, D(b)]. It evidently cannot
be an endomorphism of Lie algebra structure on ¢, since by definition it does
not preserve brackets. Surprisingly ad(a), coming from the representation
ad, is a derivation in gl(§). We will return to this point later.
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We make some preliminary observations on this adjoint representation.
First, it is highly non-surjective. The dimension of the domain space is the
dimension n of the Lie algebra ¢. The target space is g?l (9), which has the
dimension n?. Next , we see that the kernel of the adjoint map is the center of
the Lie algebra since ad(a) = 0 means that for all bin g, ad(a)(b) = [a, b] = 0.
This says that a is in the center Z of the Lie algebra.

2.7 Nilpotent Lie algebras (2)

Nilpotent Lie Algebras Determine Nilpotent Linear Transforma-
tions. We will need to examine the concept of a nilpotent Lie algebra in
depth. In fact, with the adjoint representation defined, we can give a rather
complete picture of a nilpotent Lie algebra. Thus we now consider a nilpo-
tent Lie algebra n and ask the question: How does information about the
lower central series, which terminates at 0 in this case, transfer over by the
adjoint representation? We begin by taking an a; in n and mapping it over
to gl(7) by the adjoint:

ap — ad(a)): n—n
b— ad(ay)(b) = [a1, b
We do the same with as in 7, but this time we act on ad(ai)(b) = [a1,b] in

A

n:

ay > ad(az): n—n
ad(ar)(b) — ad(as)(ad(a1)(b)) = las, [ar, ]

We continue in this manner:

az +— ad(ag): n—n
ad(az)(ad(ar)(b)) — ad(as)(ad(as)(ad(a1)(b))) =

[a, [az, [as, B]]]

ar +— ad(ag): n—n
ad(ag—1)(- - -(ad(as)(ad(az)(ad(ar)(0)))) - --)
— ad(ax)(ad(ar—1)( - -(ad(az)(ad(az)(ad(ar)()))) - --)) =

g, [ar—1, [ - -[as, [az, [a1,0]]] - --]]

Now this means that the last term in each of the above maps can also be
written, as we have already displayed:
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ad(ar)(b) = |ay, 0]

ad(a)(ax, b)) = [az, [a1, 5]
ad(as) (s s ) = fas, [ o, 0]
ad(ar) ([ax_1, [ - -[as, [az, [ar, B]]) =

[alﬁ [ak—la [ : -[(l3, [a27 [ah bm : m

But this immediately reveals how the adjoint map treats the lower central
series, namely

ad(n)(C°
ad(n)(C*
ad(n)(C*

ad(n)(C*()) = C*(n)

[We again make the observation that we are defining the lower central series
with brackets moving from right to left. But as we remarked above, this does
not matter.|

Thus we have this beautiful conclusion. Let n be a nilpotent Lie algebra.
Suppose C*~!(72) # 0 and C*(n) = 0. Then any product ad(a,) - - - ad(ax)
of k factors is the zero transformation in gl(7). In particular ad(a)* = 0 for
any a in n, which means that

ad(a) is a nilpotent linear transformation in gl(n) for every a in 7.

Indeed this is one of the conclusions that we are seeking.

But we can assert more than this. Knowing that C*~1(A) # 0 and
Ck(n) = 0, we can relate the index k to the dimension of 7. Let us say that
the dimension of 7 is [. First we claim that dim(C" (7)) > dim(C™(n)) with
the bound (r + 1) < k. We have C"*(n) = [C"(n),n] and C™T1(A) C C"(A).
Now if C™(n) = C"(n), then [C"(7),n] = C"(n) and the lower central series
would stall at C"(n) and never reach 0. But our Lie algebra n is nilpotent.
Thus C™"(n) € C7(h) properly and dim(C"(n)) > dim(C""'(n)). Thus
starting with 7 = C%(R), we have

i =C%n) D> CYn) D> C?*A)D---DC*1(n )DC"’( ) =0
dim(#) = dim(C°(n)) > dim(C (7)) > (02( ) > - > dim(CF (7)) >
dim(C* (7 )) =
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Since the dim(n) = [, we can conclude that, if the above decreases the di-
mension by only one in each step, the largest non-zero index r in C"(7) that
can occur is [ — 1. Thus k£ < [.

2.8 Engel’s Theorem

2.8.1 Statement of Engel’s Theorem. In the 19th century when these
ideas were first being explored, the idea of a Lie algebra was linked to trans-
formations of a linear space V' of dimension n. We know that End(V') can
be made into a Lie algebra by defining the bracket as the commutator in
End(V), and with this structure we can rename the set gl(V). Thus a Lie
subalgebra in gl(V) is a well defined object in gl(V).

Now the classical Engel’s Theorem is the following:

Let g be a Lie subalgebra of g?l(V) Suppose that every X € ¢ is a
nilpotent linear transformation in gAl(V) Then there exist a non-zero
vector v in V' which is a simultaneous eigenvector with eigenvalue 0 for
all X in g.

It is easy to see how abstract nilpotent Lie algebras fit into this context.
For any nilpotent Lie algebra 7 we know that for every a in 7, ad(a)* = 0
for some k, that is, ad(a) is a nilpotent linear transformation in gl(f). Also
we know the homomorphic image of 7 by ad gives a Lie subalgebra ad(n) of
gﬁ(ﬁ) We see that this satisfies the supposition of the above theorem. Using
the theorem, we conclude that there exist a non-zero vector v in n which is a
simultaneous eigenvector with eigenvalue 0 for all ad(a) in gl(n). Note that
we are able to come to this conclusion for the [abstract] nilpotent Lie algebra
above by using the fact that it has a non-zero center. And we remark that
(ad(a))v = |a,v] = 0 for all a in 7 says that v belongs to the center of 7.

Now using this simultaneous eigenvector v with eigenvalue 0 for all the
linear transformations in ¢ to build a quotient space, we can find a basis in
which all the transformations of § are represented by upper diagonal matrices
with a zero diagonal. We give here the details of this construction.

Thus we want to give a basis for V' and represent any X in ¢ by the
matrix A with respect to that basis. We let the first vector v; in this basis
be v. Then X(vy) = 0 gives the first column of the matrix A as the zero
column matrix:
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)

L O -

But knowing that v is a simultaneous eigenvector with eigenvalue 0 for
all Y in g, then we have for any other Y in g that the matrix representation
B of Y with respect to this first basis vector v; will also be the zero column

matrix.

We now form the quotient linear space V/sp(v1) and note that ¢ induces a
linear transformation in this linear space. Let X be an element of §g. Without
changing the symbol of this transformation, we have

X : V/sp(v1) — V/sp(vy)
ut splvn) s X{u+ sp(on) 2= X () + sp(on)

Now X (u+ sp(v1)) = X(u) + X (sp(v1)). But X(sp(v1)) C (sp(vy1) [in fact,
(X (sp(v1)) = 0]. Thus we can conclude that

X(u+sp(v1)) = X(u) + sp(vr)
and thus we have a valid definition of how X operates on V/sp(vy).

[To be complete in our argument, we should show that cosets go into
cosets. But the above relation implies this. For if we take two elements
in the same coset, u + sp(vy) and ug + sp(v1), we can show that they map
into the same coset. This means that the difference of their images maps
into the zero coset, i.e., into sp(vy). Since uy + sp(v1) and uy + sp(vy) are
in the same coset, their difference must be in the zero coset sp(vy). Thus
(ug + sp(v1)) — (ug + sp(v1)) = (ug — uz) + sp(v1) C sp(vy) Thus

X ((ur + sp(vr)) — (ug + sp(vr))) € X(sp(v1)) C sp(vr)
X((ur + sp(v1)) = X((ug + sp(v1)) C sp(vr)

We conclude that we have a valid definition.]

But we can also assert that for all X in ¢, X acts as a nilpotent linear
transformation on V/sp(vy). We know that for some r, X” = 0 since X is a
nilpotent linear transformation in V. Thus for any v+ sp(vq) in V/sp(vy), we
have X" (u+sp(v1)) C X" (u)+sp(vy) = 04sp(v1) = sp(vy), which, of course,
is 0 in V/sp(v1). We can therefore apply Engel’s Theorem again and assert
that there exist a non-zero vy 4+ sp(vy) in V/sp(vy) which is a simultaneous
eigenvector with eigenvalue 0 for all X in g.
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X (vg + sp(v1)) = sp(vy).

Thus X (vs) gives some element in sp(vy). This fact gives the second
column of the matrix A:

o O O
S O %

L 0 O J

But the simultaneity of the eigenvector with eigenvalue 0 for all X in
g means that for any other Y in g, the matrix representation B of Y with
respect to the basis vectors (vy, v) will also give a column matrix of the same
form [with, of course, a different value for x in the (1,2) place in the matrix].
Thus all the matrix representations of g begin with the same configuration
for the first two columns of the matrix.

Now obviously this process can be continued until we find a basis
(v1,- - -, v,) in V' (where, recall, the dimension of V' is n) such that all the
matrices coming from any X in ¢ take the form:

o O O
S O ¥

S * ¥

ooo0o - --0

With these results we can make an important observation in Representa-
tion Theory. It concerns what is called an irreducible representation. We say
a representation is irreducible if it has no proper invariant subspaces. If, as
an example, we have a representation of a 4-dimensional Lie algebra ¢ with
basis (ej, €2, €3, €4) by ¢ into the 4z4 matrices:

§] — M4X4(]F>

a 2-dimensional reducible representation would take the form

* ok k%
* ok k%
0 0 x= =
0 0 *= =
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since

S O % *
S O *x *
S O % *
* ¥ X X
R R
S O % *
S O % *

Thus a representation is irreducible if it cannot be blocked as follows:
A B
0 D
Now from the form of the above matrices coming from the X in g we see im-

mediately that the only irreducible representations of a nilpotent Lie algebra
are one-dimensional, i.e., V must be of dimension one.

2.8.2 Nilpotent Linear Transformations Determine Nilpotent Lie
Algebras. But there is one more important remark that we can make at this
point. Suppose we start with an abstract Lie algebra ¢, and map it over to
gl(§) by the adjoint map and we further assume that for every z in §, ad(x)
in gl(§) is a nilpotent linear transformation. Then Engel’s Theorem and its
consequences state that ad(g) is the set of linear transformations in gAl(Q)
which can be represented as upper triangular matrices with a zero diagonal.
As the example (which we will give after the proof of Engel’s Theorem)
shows, these matrices form a nilpotent Lie subalgebra of gAl(f]). Now we
can obtain the converse of the theorem, namely that if § is a nilpotent Lie
algebra, then for each z in § the transformation ad(z) in gi(§) is a nilpotent
linear transformation. Thus, if we assume for a Lie algebra ¢ that for each
2 in § the transformation ad(z) in ¢gl(§) is a nilpotent linear transformation,
Engel’s Theorem then asserts that ad(§) can be represented as a set of upper
triangular matrices each with a zero diagonal. Thus we know that for some r,
every product of r-factors of the form ad(z;) - - - ad(x,) has the property that
ad(xy)---ad(x,) = 0. If we let this product act on an arbitrary element y in ¢
then (ad(z1)---ad(x,))(y) = 0. But this translates to [z, [zg, [+, [z, y]--]]] =
0. We can conclude that C"(g) = 0, which says that ¢ is nilpotent.

2.8.3 Proof of Engel’s Theorem. Starting with g as a Lie subalgebra
of gAl (V), in which every element of g is a nilpotent linear transformation in
End(V'), we can build up an element which becomes zero in its lower central
series. We can do this since we know how to calculate the bracket product
in g because it is nothing but the commutator of the associative algebra
End(V).

Thus what we want to do is calculate a series of brackets in g:
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(X, [ X, [ X, [ -+ [X, Y]] for X,Y in g

until the result is zero, on the hypothesis that every element X in g is a
nilpotent linear transformation. First we rewrite the above in the adjoint
notation:

ad(X)ad(X)ad(X) - --ad(X)(Y) for X,Y in g

and thus we see that we are just repeating the adjoint representation of g on
g C gl(V) since

Xr—adX):g—9
Y s (ad(X))Y = [X,Y]

Since § is a Lie subalgebra of gl(V) = End(V), we know that the brackets
close in ¢, and thus we know that (ad(X))Y = [X,Y] is in g. We remark
that now we are considering ad(X) to be in End(§) = gl(§) C gl(End(V)),
which in a matrix representation would give an n? x n? matrix, where n is
the dimension of V. And finally, we observe that if we can show that these
brackets do terminate in zero, then we can conclude that every ad(X) in
ad(g) is a nilpotent linear transformation in End(g). Thus we need to show
that ad(g), a Lie subalgebra of gl (9), has the property that for all ad(X) in
ad(§), ad(X) is a nilpotent linear transformation in gl(§), on the hypothesis
that every element X in § is a nilpotent linear transformation in End(V).
[Obviously we use the commutator as the definition of the bracket in §.]

Thus we need to show that for any ad(X), we can find an s such that
(ad(X))® = 0 when it operates on §. This says that for any Y in g,
((ad(X))?)Y = 0, and thus ad(X) is a nilpotent linear transformation
in End(g). Now ((ad(X))?")Y = ad(X)(- - @d(X)((ad(X)Y))) - )
for s repetitions of ad(X). But ad(X)(- - -(ad(X)((ad(X)Y))) - ) =
(X, - [X,[X,Y]] - --]. However since X and Y are matrices in § C
gAl(V), these are now not just abstract brackets. We can calculate these
brackets, because they are commutators: [X,Y] = XY — Y X. Thus
we have:

(ad(X)(Y)=[X,Y] = XY —-YX
(@d(X))(YV)=[X, XY - YX]=XXY - XYX - XYX +YXX =
XXY —2XYX +YXX
((ad(X)*) (V) = [X,XXY —2XYX + Y XX] =
XXXY - XXYX —2XXYX +2XYXX + XYXX - YXXX =
XXXY —3XXYX +3XYXX - YXXX
(ad(X))(Y) =[X,XXXY —3XXYX +3XYXX - YXXX] =
XXXXY - XXXYX —3XXXYX +3XXYXX +3XXYVXX —
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XY XXX - XYXXX+YXXXX =
XXXXY —4XXXYX +6XXYXX —4XY XXX +YXXXX

Thus we observe that the power of X as a linear transformation in
gl(V) = End(V) is increasing either on the left or on the right of V.
We know that since X is a nilpotent linear transformation in End(V),
for some r, X" = 0 and thus it is just a matter of combinatorics to see
how large s must be so that each power of X is equal to or greater than
r in every term. When this s is reached, we then have our conclusion
that (ad(X))® = 0.

But we can make the observation now that this sets up the hypothesis of
Engel’s Theorem in this situation. Our linear space of interest is g in End(V')
and we have the Lie algebra of commutators in gAl(g). Our Lie subalgebra of
gl(§) is ad(y). [Since ad is a homomorphism of Lie algebras, and our § is a Lie
algebra, ad(g) is a Lie subalgebra of gl(§).] Now we have that for each X in g,
ad(X) in ad(g) is a nilpotent linear transformation in gl(§). Thus we satisfy
the conditions of Engel’s Theorem in this situation. Engel’s Theorem would
conclude that there exists a nonzero linear transformation Y in g which
is a simultaneous eigenvector with eigenvalue zero for all transformations
ad(X) in ad(g): ad(X)-Y = [X,Y] = 0. We remark that we have, in this
processThus with this idenidentified a non-zero element Y in the center of g.

Now to prove Engel’s Theorem we still need to identify a vector v in V/
which is a simultaneous eigenvector with eigenvalue zero for all X in g.

The theorem is true for g of dimension one. This can be seen as follows.
In this case § in End(V) is generated by any nonzero X in g. But by
hypothesis X # 0 is a nilpotent linear transformation in End(V'). Thus
it has an eigenvector v # 0 in V' with eigenvalue 0, i.e., X(v) = 0. Now
any other Y in ¢ is a scalar multiple of X, i.e., Y = ¢X for ¢ in the scalar
field. Thus Y (v) = (¢X)(v) = ¢(X(v)) = ¢(0)) = 0. And thus we have the

simultaneous eigenvector v # 0 with eigenvalue = 0.

We consider the following. Let dim(g) be greater than 1 and let h be any
proper subalgebra of §. [Of course, such a subalgebra exists. For example
choose any one-dimensional subspace of §g. Note that this is an abelian
subalgebra of §.] We form the quotient linear space g/ h. Since h is a proper
subalgebra of ¢, we know that the dimension of ¢/ h is greater than or equal
to one. Now we can define an action of ad(Z) on §/h for each Z in h:
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~ad(Z):g/h — g/h )
X+h—ad(Z)(X +h)=ad(Z)(X)+h

We see that ad(Z)(X + h) = ad(Z)(X) + ad(Z)(h) C ad(Z)(X) + h, since
ad(Z)(h) = [Z,h]. Now h is a subalgebra and Z is in h. Thus ad(Z)(h)
is in h, and we have a valid definition laccording to 2.7.2]. We also have a
subalgebra in gl(§/h) since [adZy, adZs) = ad[Zy, Z,), which is in ad(h).

From the proof given above we know that ad(g), which is a Lie subalgebra
of gl(§), has the property that for all ad(X) in ad(j), ad(X) is a nilpotent
linear transformation in End(g). Thus ad(fAL) has the same property. And
we see from the above definition that this same property holds when ad(h)
acts on g/ h. But we can now make this observation. h is a Lie algebra
of dimension less that the dimension of g. Suppose we now assume, by
induction, that Engel’s theorem is valid for all Lie algebras of dimension less
than that of § where the linear space V' can be any fixed linear space. In
particular suppose this linear space is g/ iz, and our Lie algebra is ad(ﬁ). Since
dim h < dim §, we know that the dim ad(ﬁ) < dim h < dim §. Thus we can
use the induction hypothesis and we can assert that there exist a Y in g/ h
not equal to zero such that it is a simultaneous eigenvector with eigenvalue

zero for all ad(Z) in ad(h).
Y —ad(Z)(Y)=0  forall ad(Z) in ad(h)

Unwinding this quotient, we have a Y # 0 in g but not in h such that for all
ad(Z) in ad(h), ad(Z)(Y) = [Z,Y] is in h.

Now we consider the subspace ﬁ@sp(Y) C g. We know that this subspace
has dimension one higher than h. Using the above relation ad(2)(Y) = [Z,Y]
in h for all Z in h, we know that this subspace is actually a subalgebra of g.

~ ~ ~ ~

h & sp(Y),h @ sp(Y)] C [h,h] + [h, sp(Y)] + [sp(Y), sp(Y)] C h+h+0=h

Now if h & sp(Y') is still a proper subalgebra of g, then we could have used
this subalgebra in our induction step. What we are saying is that in the
induction step we should be using a proper subalgebra which is a maximal
proper subalgebra. Then we can conclude that h & sp(Y) is actually equal
to g.

But we can say more. The above calculation shows in this case that h is
actually a maximal proper ideal in g.

~ ~

[h,g] = [h,h @ sp(Y)] C [h,h] + [h,sp(Y)] Ch+h=h
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And thus in our induction step above we could have started with h being a
maximal proper ideal.

At this point we can make some interesting remarks. It may have been
observed above that we did not define an action of ad(§) on §/h. We could
not do this if & were only a subalgebra. This would have meant that for
X in g, we would have been calculating [X, h], which would not necessarily
have been in h. However now that we have an A that is an ideal, then (X, h]
would be in h. Thus we can define an action of ad(j) on §/h. We know that
for every ad(X) in ad(g), ad(X) will be a nilpotent linear transformation on
g/ h. Thus we have all the conditions for the application of Engel’s Theorem.
But we remark that the induction step, after unwinding the quotient, only
gave a Y # 0 in § which may not be in A but is such that ad(Z)(Y) is in h
for all Z in h. If we calculate ad(X)(Y) for all X in §, we would only know
that ad(X)(Y) is in § even though we know that ¥ # 0 is not in h. We
would have to do more work to show that there exists an A # 0 in g such
that ad(X)(A) =0 for all X in g. But we will do exactly this in the context
of the original expression of Engel’s Theorem.

Thus with this identification of the transformation Y, we can now show
that there exists a vector v in V' such that for all X in g, v is a simultaneous
eigenvector with eigenvalue 0. We again work by induction on the dimension
of g. We know that h has one dimension less that g, and that for every Z
in iL, Z is nilpotent linear transformation in V. Thus there exists a vector
v1 # 0 in V such that for every Z in h, Z(v;) = 0. We have now produced a
transformation Y in § and a vector v; € V and we know that § = h® sp(Y).
Now for every Z in h, Z(v;) = 0. If Y(v;) = 0, we are finished, since for
every X in g, X(v1) = 0. But of course we cannot assert that Y (v;) = 0.
However we can do the following. Let W be the subspace of V' such that
for every Z in h, Z(W) = 0. Obviously v; € W. Now what is remarkable
is that for any w € W, Y(w) is in W, i.e., Ystabilizes W. We show this
by taking the bracket [Z,Y] in §, where Z is any element in k. This gives
Z(Y (w)) = [Z,Y](w)+Y (Z(w)). Now h is an ideal in §, and thus [Z,Y] € h
and we conclude that [Z,Y](w) = 0. Also Z(w) = 0, and thus Y (Z(w)) = 0.
Now we have Z(Y (w)) = 0 and we thus we have Y (w) € W. But this says
that Y/(IW) C W. But we know that Y acts nilpotently on V. Thus there
exists an r such that Y7 = 0 but Y"1 £ 0. Thus for some k between 0
and 7 — 1 we have that v = Y*(v;) # 0 with (Y(Y*))(v;) = Y (v) = 0. Since
vy is in W and Y stabilizes W, any iterate of v; by Y is in W. Thus v is
in W. Now for any X = Z 4+ ¢Y in g, with Z in h and ¢ a scalar, we have
XWw)=(Z+cY)(v) = Z(w)+ (¢Y)(v) = 0+ 0 = 0. Thus we have found
a v # 0in V such that for all X in g, X(v) = 0, which is the conclusion of
Engel’s Theorem.
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2.8.4 Examples. Some computed examples are enlightening. Let us use
a V of dimension 4 and give it a basis (v1, vy, vs, v4). Then End(V) = gl(V)
is the set of 4x4 matrices. We look at the upper triangular matrices with a
zero diagonal:

0 a2 a3 au
0 0 923 Q924
0 0 0 s34
0O 0 0 O

Given these matrices, we see immediately that vy is a simultaneous eigen-
vector with eigenvalue zero whose existence Engel’s Theorem affirms. How-
ever what we would like to do is to follow the proof of the theorem in this
case and see how the proof identifies this vector to be the vector that we are
seeking.

It is evident that the set of all such matrices is a 6-dimensional subspace of
the 16-dimensional space of matrices. But this subspace is also an associative
subalgebra [but without an identity], for we have closure of products:

0 a2 a3 ay 0 b1z biz bu
0 0 a3 ay 0 0 bz by _
0 0 0 as| |0 0O 0 bay|
0 O 0 0 0 0 0 0

0 0 aiz2baz  aiobyy + ai3bss

0 0 0 a23634

0 0 0 0

0 0 0 0

From the shape of the product XY, it is clear that XY —Y X is also an upper
triangular 44 matrix with 0’s along the diagonal and thus we also have a
Lie subalgebra. We call this Lie subalgebra ¢. This is the kind of Lie subal-
gebra of End(V') spoken of in Engel’ s Theorem. The only condition on this
subalgebra is that each element of it is also a linear nilpotent transformation
in End(V'). We observe that these matrices do indeed have the property of
linear nilpotency. For any X in ¢, we see that we have effectively already

calculated X - X above. We now continue the iteration of multiplication by
X:

0 0 aipags aiza04 + ar3ass 0 a2 a3 ay
00 0 A923A34 0 0 A923 Q24 .
0 0 0 0 0 0 0 as |
0 0 0 0 0O 0 0 O
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0 0 0 ajagzas,

0 00 0

0 00 0

0 00 0
0 0 0 ajagsass 0 a2 a3 auy
0 0 O 0 0 0 923 Q24
000 0 10 0 0 as
0 00 0 0O 0 0 O

o O O O

o O O O

Thus after four products we obtain the zero transformation.

o O OO

o O OO

Thus we have all the conditions for the application of Engel’s Theorem.
What we are seeking to do is expose in this specific example the various
elements that we find in the proof of Engel’s Theorem. But before we do

this, let us calculate brackets in g.

We choose the standard basis for End(V). We let E;; be the matrix
with 1 in the ¢-th row and j-th column, and with 0 in all the other 15

entries. This gives us 16 basis vectors. The basis for the subalgebra g is
(E1a, Ehs, Ehg, Fag, Fay, F34). Thus we have 15 distinct brackets:

[Ei2, Ei3] =0 [Erg, Eia) =0 [Eig, Eos] = Exg
(Ero, Bos) = Evy [Eho, Esu] =0 [Eis, By =0
(B3, Eas] =0 [Ers, Eos) =0 [Eis, B3] = By

[Frg,Ea3) =0 [Ei4, By =0 [Eu, E34] =0

[E93, Eoq] =0 [Eag, Esy] = Eay [Eog, E54) =0

This calculates C'g. Continuing, to calculate C%§, we have only 7 distinct

brackets:

[Ero, Erg) =0 [Eig, B =0 [Eig, Fay| = Fiy

[Er3, Bl =0 [Ei3,Eu] =0 [Eu, Eyl =0

[E237 E24] =0

To calculate C?§, we have only 2 distinct brackets:

[Er9, By =0 [Ei3, E14] =0

which terminates the lower central series for g. Thus we have for this Lie

algebra:

dim C% = 6, dim C'g = 3, dim C?§ = 1. dim C?§ =0
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We can also conclude that ¢ is Lie nilpotent and has a center which is one-
dimensional and is generated by the matrix F14.

Now we return to illustrating the proof of Engel’s Theorem. The first
step in the proof was to show that there exists an ideal h in g of codimension
one, and a vector Y in ¢ not in h such that g = h® sp(Y'). Since h is an
ideal, we know for all Z in h, (ad(Z))(Y) is in h. The maximal proper ideal
h that we can identify is the 5-dimensional Lie subalgebra of g which has the
basis (E13, E14, Fas, Fays, F34). Thus each element of h has the form:

0 a3 auy
0 a3 axn
0 0 a34
0 0 O

o O OO

By taking brackets we see that we do have a Lie subalgebra:

[Ehs, Bua) =0 [Ei3,Fa3] =0 [Eig, Bl =0
[Ehs, Bsa) = Evy (B, Eos) =0 [Eig, By =0
[Era, B3] =0 [Egs, Eoy) =0 [Egs, E3q] = Eoy

[Eo4, E54) =0

which is an ideal since:

[Er9, Ev3) =0 [Ei2, Eiy]) =0 [Evg, Egs] = Ei
[Ero, Eoyl = Evg [Ei2, By =0

Now we use our first application of induction in our proof of Engel”s
Theorem. The Lie algebra of the Theorem is ad(g). It is acting on the
linear space g/ h, which is a one-dimensional space. Thus essentially ad(g) is
acting on ¢g. To apply the theorem we now need to show that each element
ad(X), for X in g, acting on ¢ by the adjoint action is a nilpotent linear
transformation in End(g). We already know that C®g = 0. This means the
19,19, 19, g]]] is 0. But we can write this as (ad(g)ad(g)ad(§))(g) = 0. Thus
for any X in g, (ad(X)ad(X)ad(X))(g) = 0, or (ad(X))3(g) = 0.

In the actual proof of the theorem we just calculated the brackets without
any knowledge of the lower central series. We knew that after a finite number
of repetitions of the bracket product we would reach the zero transformation
since each X in ¢ is a nilpotent linear transformation. In our case we have
already seen above that after 3 repetitions of the associative multiplication
in g, we obtain the zero matrix. Now in computing the brackets in g, we
have
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(ad(X))(A) = [X,A] = XA — AX

(ad(X)?)(A) = [X, XA — AX] = XXA— XAX — XAX + AXX =
XXA-2XAX + AXX

(ad(X)*)(A) = [X, XX A — 2XAX + AXX] =
XXXA— XXAX —2XXAX +2XAXX + XAXX — AXXX =
XXXA—-3XXAX +3XAXX — AXXX

(ad(X)*)(A) = [X, XX XA - 3XXAX +3XAXX - AXXX] =
XXXXA— XXXAX —3XXXAX +3XXAXX+
BXXAXX —3XAXXX — XAXXX + AXXXX =

XXXXA—-4XXXAX 4+ 6XXAXX —4XAXXX + AXXXX

Thus at this point the linear nilpotency kicks in. We have

XXXXA-AXXXAX +6XXAXX —4XAXXX + AXXXX =
—AXXXAX +6XXAXX —4XAXXX

Thus

(ad(X)?)(A) = [X, ~4X X XAX + 6XXAXX —4AXAXXX] =
CAXXXXAX +4XXXAXX +6XXXAXX —6XXAXXX —
AXXAXXX +4XAXXXX =
10X XXAXX — I0XXAXXX

(ad(X)5)(A) = [X, 10X X XAXX — I0XXAX X X] =
10X XXXAXX —10XXXAXXX —10XXXAXXX + 10X XAXXXX =
20X XXAXXX

(ad(X)T)(A) = [X, 20X X XAX X X] =
—20XXXXAXXX + 20X XXAXXXX =0

which, of course, is the conclusion we have been seeking.

However, in the case we are analyzing, using our knowledge of the lower
central series, which terminates at C*§, we know that the above calculation
only needs to be carried to ((ad(X)?3)(A). For completeness we show these
calculations.

0 z12 713 ZTua 0 a2 a13 auis

o 0 0 To3 To4 o 0 0 Q23 Q24

X = 0 0 0 T34 A= 0 0 0 as34
0 0 0 0 0 O 0 0
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(X, 4] = XA — AX =

0 0 wmiga3 — o312 T12G24 + T13034 — T24G12 — T34013
00 0 T23034 — T34023
00 0 0
00 0 0
0 00 —(x12a23 - $23G12)$34 + 5512(5523@34 - 5534&23)
0 00 0
0 0 0 0
00 00O
00 00
00 00

Now we know that each element ad(X), for X in g, acting on ¢ by the
adjoint action, is a nilpotent linear transformation in End(g). Thus we can
use induction on the dimension of §. Now h has dimension less than g, and
thus ad(h) has dimension less than ad(§). And we have shown in the proof
that if A is an ideal, then ad(j) acts on §/h, and thus ad(h) acts on §/h.
The conclusion of Engel’s Theorem says that there exists a Y in g/ h which
is not equal to zero but is an eigenvector with eigenvalue zero for all ad(Z)
in ad(h). Unwinding this quotient, we assert that there exist a ¥V # 0 in g
which is not in & such that for all Z in h, (ad(Z))(Y) is in h. The matrix Y is
given by the matrix E19, which is not in h, and the span of Y is represented
by matrices of the form

o O O O

Q12
0
0
0

o O O O
o O O O

Also for any Z in h, (ad(Z))(Y) = [Z,Y] = ZY —Y Z is in h:

0 0 a3 ayg 01 00 0 0 —agsg —agy
0 0 23 Q24 00 0O . 0 0 0 0
00 0 az |0 0 0 O 00 0 0
00 0 O 0 00O 00 O 0

Thus we have shown that there exists an ideal h in g of codimension one,
and a vector Y in ¢ not in A such that § = h @ sp(Y’). This is the conclusion
of the first part of the proof of Engel’s Theorem.
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The last part of the proof of Engel’s Theorem used induction again. But
now we focus on the ideal h identified above. This subalgebra has dimension
one less than that of §g. Thus, using Engel’s Theorem, with h acting on the
linear space V', we identified a vector u # 0 in V' such that for every Z in h,
Z(u) = 0. Since Z has the matrix form written on the basis (vy, va, v, v4) of
V) of

aiz Q14

Q23 (24
0 asy
0 0

o O OO
o O OO

we see immediately that the subspace W of V' such that Z (W) =0 for all Z
in h has the basis (v1,v). But we also observe that the matrix Y identified
above has the property of leaving invariant the space W since:

010071 0 01007[0 1
0000[[0] |0 0000[[1] |0
0000/[[0] |0 0000[|0] |0
000 0]L[0 0 000 0][0 0

Thus Y (v;) = 0 and Y (vy) = v1. Since § = h & sp(Y), it is now easy to
identify a vector u # 0 in V' such that for all X in g, X(u) = 0. Since
h(W) = 0, we need only examine Y (v1) and Y (v3). If we choose vy, we see
that Y (v1) = 0 and we are finished. If we choose vy, then Y (vy) = v;. But
we know that Y € g is linear nilpotent acting on V. In fact, since Y is equal
to E1o, we have

0100 0100 0000
0000 0000 |10O0O0O
0000 000O0O| |0O0O0O
0000 0000 0000

Then Y?(vy) = 0 = Y(Y(v3)) = Y(v;). Thus once again we see that we
can choose the vector v; # 0 in V' which is a simultaneous eigenvector with
eigenvalue 0 for all X in g. And this is the conclusion of Engel’s Theorem.
Obviously we are dealing once again the matrices of the form

o O oo
o O O *
S O ¥ %
S % X *x
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Changing focus, we now assume, if possible, that a 4-dimensional abstract
nilpotent Lie algebra exists, called n. Then given a basis of n, the adjoint
representation ad takes 7 into the 4x4 matrices gAl(ﬁ) We remark that if we
let n =V, then V is 4-dimensional and thus we are in the above context of
g?l (V). From above we know that we have a nilpotent Lie subalgebra g =
ad(n) of gl(n), and with respect to the basis (vy, v, vs,v4), the elements of
this subalgebra are the upper triangular matrices with a zero diagonal. Now
we would like to identify the images by ad of the four vectors (vq, va, v3,v4)
of n as matrices in g. We therefore choose v; as a simultaneous eigenvector
with eigenvalue 0 for all X in ¢ = ad(n). Thus we have [vy, 2] = 0:

(ad(v1))(va) = [v1,v2] = —[v2, v1] = —(ad(v2))(v1) = 0
(ad(vy))(vs) = [v1,v3] = —[vs, v1] = —(ad(v3))(v1) =0
(ad(v1))(va) = [v1,v4] = —[vg, v1] = —(ad(vs4))(v1) = 0

We see that ad(v;) is the zero matrix. This just says that v is in the center
of n. We also know that the center of n is the kernel of the homomorphism
ad. Continuing, we have

[V, V3] = a13v1 + agsvy
Vg, V4] = Q1401 + A2403 + A3403

—~
N
SS9
—~
<
N
~—
~— —
—~
<
w
— —
I

since we know that ad(vs) is an upper triangular matrix with zero diagonal.
Continuing,

(ad(v3))(v1) = [vs,v1] =0
(ad(vg )("Uz) = [113,112] = biovy
(ad UT))(UB) = [v3,03] =0

(ad(vy))(v1) = [vg,01] =0
(ad(vy))(v2) = [va, va] = c12v1
(ad(v4))(v3) = [v4, v3] = 1301 + Ca3v2
(ad(v4))(vs) = [va,v4] =0

Now using the relation [u,v] = —[v, u], we see
bia = —as3 azs = 0 C12 = —Q14 azqs =0 ags =0
ciz3=—buy co3=—bu b3s=0

Thus we have
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(ad(va))(v1) = [va, v1] =
(ad(v2))(va) = [v2, 2] =
(ad(vq))(vs) = [va, v3] = aizvn
(ad(v2))(vs) = [va,v4] = aravy
(ad(vs))(v1) = [vs, 1] = 0
(ad(vs))(va) = [vs, va] = —a1301
(ad(v3))(vs) = [vs,v3] = 0
(ad(vs))(va) = [vs,v4] = brav1 + bagvy
(ad(vy))(v1) = [vg,01] =0
(ad(v4))(va) = [va, va] = —a14v1
(ad(v4))(v3) = [v4, v3] = —biav1 — basvy

Therefore the matrices are:

0 00O 0 0 as

0 00O 00 O

&d('l}l) = 000 0} ad(/UQ) = 00 0

0 00O 00 O

0 —Qa13 0 b14 0 —Q14
0O 0 0 b 0 0
G,d(l}g) = 0 0 0 (2)4 ’ ad(U4) = 0 0
0 0 0 0 0 0

_b24

o O OO

0

We now want to check the homomorphism between n and this Lie subal-
gebra of g. This means that we have to verify the following relation for all ¢

and j:
ad(v;, v;] = [ad(v;), ad(v;)]

In the following calculations we first give the bracket in n, and then map this
element over to ad(n). This is followed by mapping each factor of the bracket
to ad(n), and then calculating the bracket in ad(n). The two calculations

should give the same answer if we have a homomorphism.

0 0
0 0
[v1,v2] =0 — ad([vy, vs]) = ad(0) = 00
0 0
00 0O 0 0 a13 Q14 00
0000 00 0 O 100
000O0O"fOO O O 100
0000 00 0 O 00

o O O O

o O O O

o O O O



o O OO

o O OO

o O OO

o O O O

ad(0) = {

[v1,v3] = 0 — ad([vy, v3))

o O O O

o O O O

o O O O

o O O O

o O O O

o O O O

o O O O

o O O O

ad(0) = {

[v1,v4] = 0 — ad([vy,v4])

|
o O O O

o O O O

o O O O

o o O O

|

1
o O O O

o o O O
o o O O

o O O O
I |

ad(a13U1) =

[UQ, ’U3] = a13V1 — ad([vg, ’Ug])

1
o O O O

o O O O

o O O O

oS O O O

| |
o O O O

o o O o

o o O o

o o O o

e —

ad(a14vl) ==

[UQ, 1)4] = Q14V1 — ad([vg, ?J4])

o O O O
S O O O
o O O O

o o O O

o O O O

oS O O O

ad(b1avy + bogvo) =
00
00

bas 0 0
00

=

| E—— |
MOOO
3
BOOO
3

o O O O

]

0
0
0

0
0

a13b2s  a14boy
0
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13 A4

—_

b24

o O OO
o O OO
o O O

0
0
0

Thus brackets go into brackets by ad and the homomorphism is verified. And
thus our assumption that we have a 4-dimensional nilpotent Lie algebra is
justified.

We also observe that the three matrices

0 0 a3 au 0 —aiz 0 by 0 —au —biy O
00 O 0 0 0 0 bos 0 0 —boy O
00 O 0 10 0 0 0[]0 0 0 O
00 O 0 0 0 0 O 0 0 0 0

form a linearly independent set. Thus we have

dim(n) = dim(ker ad) + dim(image ad)
4=1+43

and we observe that we have a 3-dimensional Lie subalgebra in the 6-dimen-
sional Lie algebra ¢ of all upper triangular matrices with diagonal zero in
gAl (n). The kernel of the above map gives the center of the Lie algebra 7,
which is sp{v;}. Since we also know that ad(n) is nilpotent in g, we can
affirm that ad(n) also has a nontrivial center. From the above calculations
of the bracket of ad(n), we see that the matrix

0 0 a3 auy
00 0 O
00 0 O
00 0 O

and only this matrix has zero brackets with all other elements of ad(n). Thus
this matrix generates the one-dimensional center of ad(n). We also see that

C?(ad()) = ad(n);
Cl(ad(ﬁ)) = [ad(ﬁ), ad(ﬁ)] = {C(CL13E13 + a14E14)};
C2(ad(R)) = 0

and thus the center of ad(?) = C'(ad(n)) = sp{E\3, F14}, and

dimC°(ad(n)) = 3; dimC*(ad(n)) = 2; dimC?(ad(n)) = 0
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2.9 Lie’s Theorem

2.9.1 Some Remarks on Lie’s Theorem. Recall that we took this ex-
cursion into nilpotent Lie algebras because we wanted to identify the auto-
morphism A between the semisimple part of two Levi decompositions of a
Lie algebra ¢, where a Levi decomposition is a splitting at the level of linear
spaces of an arbitrary Lie algebra ¢ into its radical 7 and a semisimple Lie
algebra k.

G=kar

Since the radical 7 is the maximal solvable ideal of the Lie algebra g,
let us take another excursion into solvable Lie algebras and prove a theorem
comparable to Engel’s Theorem for solvable Lie algebras. This is the famous
Lie’s Theorem. It reads:

Let § be a solvable complex Lie subalgebra of gl (V). Then there exists
a nonzero vector v € V which is a simultaneous eigenvector for all X
in § [with eigenvalue dependent on X].

Once again we are in the context of the 19th century and thus Lie’s The-
orem will be about matrices. Let V' be a finite dimensional linear space and
consider the Lie algebra gl(V) of all endomorphisms of V. We are looking
once again for simultaneous eigenvectors for some endomorphisms, but now
the eigenvalue is not necessarily equal to zero. Thus immediately we must
restrict ourselves to the algebraically closed field of scalars of characteristic
0 — in our case the complex numbers — in order to insure that the charac-
teristic polynomial of any matrix can be factored linearly. Thus V' must be a
complex vector space and gAl(V) the complex endomorphisms of V. And the
endomorphisms which give this property of having simultaneous eigenvectors
will be a solvable complex Lie subalgebra of gl(V).

We again make the following remarks, this time as we compare Lie’s The-
orem with Engel’s Theorem. As we said above, the field of scalars for the
linear space and the endomorphisms must be the complex numbers. Also
the subalgebra in the Lie’s Theorem is given in terms of Lie algebras, i.e.,
solvable, rather than as in the Engel’s Theorem in terms of a property of
linear transformations, i.e., every element of § is a nilpotent linear transfor-
mation. However in the context of the 19th century this was rather natural.
We are now working essentially with matrices, and thus with End(V). But
End(V) has a natural Lie algebra structure if the bracket is defined to be
the commutator. In our notation this gives End(V) = gl(V). Now in this
context it is natural to define the derived series, and the situation in which
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the derived series of g;l(V) ends in zero should be a valuable property. Thus
solvable Lie algebras become natural objects for consideration.

Now if we assume that Lie’s Theorem is true, it is evident that for every
solvable complex Lie algebra of linear transformations s we can find a basis
for V' such that every element in § can be represented on this basis by an
upper triangular matrix. The proof is essentially the same as the proof given
above that nilpotent Lie algebras of linear transformations can be represented
by upper triangular matrices with a zero diagonal. We will not repeat the
details. But one immediate conclusion is that every nilpotent Lie algebra
is also solvable [which fact we already know|. But we also know that every
solvable Lie algebra is not necessarily nilpotent. We give some calculations
here so that we can get a feel for these statements. Let § be the solvable Lie
subalgebra of upper triangular matrices in gAl(IRfl). We choose four matrices

ins: A, B, F. G:

1 2 -3 1 ] -1 0 -3 1 ]
0 -1 1 -2 0 1 1 -2

A=10 0 2 3(8=]0 0 2 3
00 0 -2 0 0 0 2
2 2 3 0 ] (2 2 -3 0 ]
0 -1 1 -2 0 -2 1 -2

F=19 0 2 3110 0 1 3
00 0 1 | 0 0 0 -1,

Next we take the bracket [A, B], which is in D'§ = C*

>

04 8 2
00 -6 —4
4, B] = 00 0 24
00 0 O

We see immediately that [A, B] is an upper triangular matrix with a zero
diagonal. We will show later that, in general, D3 is in the nilpotent Lie
subalgebra of upper triangular matrices with zero diagonal in gl(IR*). For
now, however, we continue building up the lower central series for s. Thus

[F,[A, B]] is in C?$ and:

0 12 16 50
0 0 —6 50
0 0 O 0
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We observe that these matrices in C?35 have the same form as those in C'3,
and we can show that this is true in general. Thus we can conclude that
C*35 = 0 for some k will not occur. Of course, this means that 5 is not a nilpo-

tent Lie algebra. We now compute the brackets [F, G] and [[A, B, [F, G]]:

0 -2 —15 18 0 0 4 240
0 0 4 2 000 —6
0 0 0 0 000 O
As expected, [F,G] is upper triangular with zero diagonal — an element

in the nilpotent Lie subalgebra. Thus [[A, B, [F, G]], which is in D?3, is a
bracketing of two elements in a nilpotent Lie algebra, which action we know
will push the bracket down in its lower central series. Continuing this process,
we will reach the trivial Lie algebra 0. Thus we can conclude that for some
k, D*3 = 0 and we see that 3 is a solvable Lie algebra.

2.9.2 Proof of Lie’s Theorem. We now give the proof of Lie’s Theorem.
In doing so, we will follow closely the proof of Engel’s Theorem. [Once again
we will be using induction on the dimension of §.] When the dimension of §
is one, we are dealing essentially with one nonzero linear transformation X
in gl(V). Now since we are in the context of the field of complex scalars, we
know that X has an eigenvector v with eigenvalue A inC: X (v) = A-v. This
fact proves the theorem in this case.

We now let § be a solvable complex Lie subalgebra of gAl(V) of dimension
greater than one. First we want to find an ideal h of § of codimension one.
Then this will give us a linear transformation Y in § whose span sp(Y') is
not in h, giving § = h ® sp(Y). In doing this we will also describe some
interesting auxiliary structures of importance in mathematics. This time it
is relatively easy to find h. Since the condition on § is given in terms of
Lie algebra structures, we take advantage of these structures. We choose
the derived algebra of §, the ideal D'5. We know D'§ # s, for if D's = 3,
then it would be impossible to find a k such that D¥s = 0, and § would
not be solvable. Now if D5 = 0, then § is abelian and thus diagonalizable
and therefore satisfies the theorem. Thus we can assume that the dimension
of D'5 # 0 and is less than the dimension of 5. We now form the nonzero
quotient §/D'3, calling o the map from § to §/D's. But this process of
moding out the subalgebra of commutators, which is what D3 is, gives the
abelianization of 8, i.e., §/D'3 is an abelian Lie algebra. Here is the proof:

Taking the brackets of any two cosets Y; and Y, we have [V, Ys).
Writing this bracket in cosets language gives

[Yi + D13, Ys + D3] = [V, Y] + [V3, D3] + [D'3, Y] + [D'3, D3]
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Now [Y7,Y5] is in D'3; and since D'$ is an ideal, the other three terms
are also in D'5. We conclude that this bracket is in D'3, which is the
zero coset. Thus [Y7,Ys] = 0. This gives us an abelian quotient Lie
algebra.

Now we choose a codimension one subspace of §/D'5. [We remark that if
the dimension of §/D'5 is one, then

§=ker(a)®at(im(a)) = D5 @l

where the dimension of [ is one, giving [ = sp(Y') where Y # 0 is in § but
not in D'3. Since D'5 is an ideal, we have in this case effected the desired
decomposition § = h @ sp(Y').] Continuing, we have

§/D's=k/D's®l/D's

where the dim (5/D'$) > 2, dim (k/D's) > 1, and dim(l/D'3) = 1. This, of
course, says that £+ = § and kN[ = D'5. We now look at the dimensions.
Let dim 8§ = n and dim D'§ = m. Then we have

n—m:diml%—n}—{—rrw—l—m
n=dmk-+1

which says that k has codimension 1. Now D5 C k. Thus we have the map
k% k/D's C /D'
Now since §/D'3 is abelian, we have
[k/D'%,8/D'8] =0 C k/D's
thus making k/D'$ an ideal in §/D'5. Now
alk, 8] = [a(k), a(8)] C k/D'3
Thus
[k, 8] € a~V(k/D'8) = k

which says that k is an ideal in . Thus we have our conclusion that § has a
codimension 1 ideal k. And thus we have 3§ = h @ sp(Y') with Y # 0 in s but
with sp(Y') not being in the ideal h.

Again, following the proof of Engel’s Theorem, we will do an induction
on the dimension of 5. Since § is solvable, we know that the ideal A is also
solvable and of dimension less than the dimension of §. Thus, by induction,
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there exists a vector u of V' which is a simultaneous eigenvector for all ma-
trices Z in h with complex eigenvalue A(Z) dependent, of course, on Z, i.e.,
Z(u) = XNZ)(u). We observe that this determines an element A in the dual
h* of h.

Following the proof of Engel’s Theorem we define a subspace W of V'
such that w € W means w is also a simultaneous eigenvector for all Z in h
with complex eigenvalue A\(Z), i.e., Z(w) = A(Z)(w). We remark that we
have not changed the dual element in defining this subset W. Thus W is the
eigenspace corresponding to the eigenvalue X. Obviously u belongs to W.

We want to show also that Y stabilizes W, i.e., leaves W invariant. We
proceed as follows. For all w in W, Z(Y (w)) = AM(Z)(Y (w)) for all Z in h,
where A\(Z) is a complex eigenvalue for the simultaneous eigenvector Y (w).
Again let us take brackets: Z(Y(w)) = Y (Z(w)) — [Y, Z](w). Since h is an
ideal, we know that [V, Z] is in h and thus [V, Z](w) = A([Y, Z])w. Now
Y(Z(w)) =Y (MZ)w). Thus we have

Z(Y (w)) =Y M2 w) = XY, Z])w = AM2) (Y (w)) = M[Y, Z])w

This relation says that we must show A([Y; Z]) = 0 in order for us to say that
Y stabilizes IW.

Thus we must find a way to evaluate the dual A on h. In doing so,
we observe two facts. First Z operating on Y (w) gives a linear combina-
tion in the subspace generated by w and Y (w), and secondly the scalars
are eigenvalues coming from the constant dual A\. Thus this suggests, as
in the proof of Engel’s Theorem, that we take iterates of Y acting on w:
(w,Y (w),Y?(w),Y*(w),- - -, Y*(w)). [In Engel’s Theorem, because of nilpo-
tency, we knew that these iterates would arrive at zero, and this gave us
the proof of Engel’s Theorem. Now we lack the property of nilpotency
but we can gain important information once again from these iterates. We
know that (w,Y (w),Y%(w),Y?3(w),- - -, Y*(w)) will be a maximal indepen-
dent set of vectors in V for some k. We note that w is in W, and thus
we are asking what happens when Y acts on W. Now either Y (w) is in
W oris not in W. If Y(w) is in W, then Y stabilizes W and U, (the
Span(w,Y (w), Y*(w), Y3(w),- - -, Y*(w)) is W itself. If not, then we ask
whether (w,Y (w)) is stabilized by Y. But this says that we are now look-
ing at the set (w,Y (w), Y?(w)). If Span(w,Y (w),Y?(w)) = Span(w,Y (w)),
then Y?(w) is not independent, and we are finished. Thus we have the above
conclusion that (w,Y (w), Y?(w),Y3(w),- -, Y*(w)) will be a maximal inde-
pendent set of vectors in V' for some k. Thus they will span a subspace U of
V' of dimension k£ 4+ 1 < n, where n is the dimension of V. It is evident that
Y stabilizes U. And we remark that induction shows that k also stabilizes
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this subspace U. [We note that if k = 0, then the conclusion is trivial.] We
assume that Z((Y*"1)(w)) is in U for all Z in h. Then

Z(YM)(w)) = Z( (Y )(w))) = Y (Z((YF)(w))) = [V, Z(Y* 1) (w))

By induction Z((Y*~!)(w)) is in U and Y, operating on U, remains in U.
Thus Y (Z((Y* 1) (w))) isin U. Also [Y, Z] is in h and thus [V, Z]((Y*)(w))
is in U. We conclude that h stabilizes U. Indeed this means that § also
stabilizes U.

We now let [ < k. We observe that when [ = 1, the above equality gives
Z(Y(w)) =Y (AMZ)w) = M[Y, Z])w = MZ)(Y(w)) = M[Y, Z])w

which repeats the first equality given above. Continuing, we let [ = 2. We
have

Z(V*)(w)) = Z(Y (Y (w))) = Y (Z(Y (w))) = [V, Z)(Y (w)) =
AZ) Y (Y (w))) = MY, ZD)(Y (w)) = MZ)(Y*(w)) = MY, Z)(Y (w))

We see the pattern developing. We are producing, for each Z in iL, with
respect to the basis for U: (w,Y (w),Y?(w),Y3(w),- - -, Y*(w)), an upper
triangular matrix for Z with constant diagonal entries equal to A(Z). This
means that if we take the trace of this matrix, we obtain

trace(Z) = (k+1) - \(Z)

We conclude that we have found a method of calculating the dual .

We return to the question of whether Y stabilizes the subspace W of all
simultaneous eigenvectors under the action of h. We know, when w is any
element in W, that

Z(Y (w)) = MZ)(Y (w)) = MY, Z]w
We now have a method of calculating A([Y, Z]). Since [Y, Z] is in h, we have
trace([Y, Z]) = (k+1) - A([Y; Z]). But the trace of any commutator [Y, Z] in
h is

trace([Y, Z)) = trace(YZ — ZY') = trace(Y Z) — trace(ZY) =0 =
(k+1) - A([Y; Z])
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since the trace(Y Z) = trace(ZY'). This gives the conclusion that A([Y, Z]) =
0, and finally we have Z(Y(w)) = MZ)(Y(w)), which says that Y (w) is
a simultaneous eigenvector for all Z in h with eigenvalue AMZ). Thus Y
stabilizes W.

[It is interesting to remark that since \([Y, Z]) = 0 whenever the bracket
product is in iz, we can conclude that for each Z in ﬁ, with respect to the
basis for U: (w,Y (w), Y?(w),Y3(w), -, Y*(w)), the upper triangular matrix
for Z with constant diagonal entries equal to A(Z) becomes a diagonal matrix
with constant entries equal to A\(Z).]

Now we know that Y is a linear transformation taking W into W, and
thus has an eigenvector v # 0 in W with eigenvalue A(Y) — we are extending
the dual A now from  to § — since our field of scalars is€. And since v € W,
it is also a simultaneous eigenvector for all Z in h. Thus we have found a
vector v € V', v # 0, which is a simultaneous eigenvector for all X in §. The
proof is then complete.

2.9.3 Examples. An example again is enlightening. Let us use a V' with
dimension equal to 4, and give it a basis (v, va, v3, v4). Then End(V) = gl(V)
is the set of 4x4 matrices over €. We look at the following set of upper
triangular matrices § over C:

aj; ajp aiz 0

. 0 0 23 0

X = 0 0 ass 0
0 0 0 Q44

First let us show that s is a solvable Lie subalgebra. We see that s is
6-dimensional. We take the brackets in §. Since the basis of § is:

(B, Bra, Brg, Eos, Bz, Eug)
we have 15 different such products:

[Ehi, Eho) = B [En, Eigl = Erg By, Eog) =0 [Eh, Esg) =0
[E11, Eu] =0 [Eig, Ers] =0 [Erg, B = B [Eig, Es3) =0
[Ero, En] =0 [Eig, Eos] =0 [Ehrs, Ess) = Evg [Eis, Eu) =0

[Ea3, B3] = Eog  [Eag, Eyy) =0 [Ess, Fyyl =0

Thus we see that the brackets close and we do have a Lie subalgebra. Also
we have as a basis for D'§ = [3, 3]:

(E127 E137 E23)
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We now take the brackets in D's:
[Ero, E13) =0 [Eg, Eas) = Evz [Ehs, Eas]) =0
Thus we have as a basis for D?s = [D'5, D'3]:

(E13)

Finally we have D3 = [D?3, D?5] = 0. And thus we see that § is solvable.

Moreover, we have
dms=6 dimD'$=3 dimD?s=1 dim D35=0

It is evident that given these matrices we see immediately that v, is a
simultaneous eigenvector with eigenvalue \;(X) = ay; [where, of course, a;
depends on X|; and also that v, is a simultaneous eigenvector with eigenvalue
Ay (X) = ayq [where ayq depends on X|. Thus we are identifying duals \; and
A4 in §* with this property. However what we would like to do is to follow
the proof of the theorem in this case and see how the proof identifies these
vectors.

The first step in the proof of Lie’s Theorem in this case is to identify the
ideal h of codimension one in s. To do this we take the quotient algebra
§/D*'s. This means we are taking matrices of the form

O ¥ % X
*x O O O

o O O %
o O O ¥

and moding out by the matrices of the form

o O OO
S O O *
S O ¥ ¥
o O OO

which gives us the 3-dimensional abelian Lie algebra isomorphic to the diag-
onal matrices

o O O %
o O OO
S x O O
* O O O
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From these computations we can say that the quotient of § by the commu-
tator D'5 abelianizes 3.

We now want to choose a codimension one subspace of the 3-dimensional
space §/D's. At this point we have three choices, and we think it would be
quite informative to see how the proof of Lie’s Theorem picks a simultaneous
eigenvector in each of these choices.

First we choose the two-dimensional subspace with basis (F33+ D13, Eyy+
D'5) in §/D'5, which consists of matrices of the form

0« x 0
00 % O
0 0 ass3 0
0 0 0 g4

The inverse image of this subspace by the quotient map gives an ideal hy in
S of dimension 5, thus of codimension one. h; consists of all matrices of the
form

O ¥ % ¥
* O O O

o O OO
S O O ¥

that is, it has the basis
<E127 E137 E237 E337 E44>

We check that it is an ideal in §. From above we see that the brackets of le
do close forming a Lie subalgebra. The only non-zero brackets are:

[Ehg, Egs| = Evg  [Ens, Esg) = Eiz [Eas, Esg] = Eas

To verify ideal structure we need only bracket F;; with the basis of hs. From
above we see that the only non-zero brackets are:

[E11, Evo) = Evo [E11, Evs) = Ehs

We see that we have closure again in izl, giving the ideal structure. We
also see that § = hy @ sp(Y;), where Y] is the one-dimensional subspace of §
generated by the matrix Fi;.

First we check that h; is solvable. From above we see the D}ﬁl = lﬁl, le]
has as a basis: (E1s, Fas). We see immediately that D*hy = [D'hy, D'hy] = 0
Thus h; is solvable.
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By induction, we know that there exists a vector u; in V' which is a si-
multaneous eigenvector with eigenvalue A;(Z) for each Z in hy:, ie., Z(uy) =
A (Z)(u1). We see that for the choices that we made this vector u; is either
vy or vy. For the choice of vy, we see that A\(Z) = 0 for all Z in izl; for
the choice of vy, we see that A\(Z) = ayq for all Z in izl, with, of course, ayy
depending on Z.

Before we proceed with the analysis of the proof of Lie’s Theorem for
these choices, let us bring up at this point the other two possible choices for
the codimension one ideal of s. We now want to choose another codimension
one subspace of the 3-dimensional space §/D's. We choose now the two-
dimensional subspace with basis (Fy; + D's, By + D'8) in §/D'S, which
consists of matrices of the form

ai

S O O ¥
S O ¥ ¥
o O O

0
0
0 Q44

The inverse image of this subspace by the quotient map gives an ideal hy in
s of dimension 5, thus of codimension one. hsy consists of all matrices of the
form

S O O ¥
S O O ¥
S O ¥ %
* O O O

that is, it has the basis
<E117 E127 E137 E237 E44>

We check that it is an ideal in §. From above we see that the brackets of ﬁg
do close forming a Lie subalgebra. Moreover, the only non-zero brackets are:

[Ella El?] = E12 [E11> El?)] = E13 [E12a EQS] = E13

To verify the ideal structure we need only bracket FEs3 with the basis of izl.
From above, we see that the only non-zero brackets are:

[Ers, Ess] = Evs [Eag, Ess] = Eas
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We see that we have closure again in izg, giving the ideal structure. We
also see that § = hy @ sp(Y3), where Y5 is the one-dimensional subspace of §
generated by the matrix Fjs.

First we check that hy is solvable. From above we see the D} ho = lﬁg, ;LQ]
has as a basis: (E1a, F13). We see immediately that D*hy = [D'hy, D hy] = 0
Thus hsy is solvable.

By induction, we know that there exists a vector us in V which is a
simultaneous eigenvector with eigenvalue Ay(Z) for each Z in ha, i.e., Z(uy) =
Ao(Z)(ug). We see that for the choices that we made that this vector uy is
again either vy or vy. For the choice of v;, we see that A\o(Z) = aq; for all Z
in BQ with ay; depending on Z; for the choice of vy, we see that A\o(Z) = ayy
for all Z in ﬁg, with a4y depending on Z.

We now want to choose the last possible codimension one subspace of the
3-dimensional space §/D'5. We choose the two-dimensional subspace with
basis (E1; + D'$, Es3+ D'5) in §/ D3, which consists of matrices of the form

a1

o O OO

Oc%**
<

o O O ¥

0
0
0
The inverse image of this subspace by the quotient map gives an ideal hs in

S of dimension 5, thus of codimension one. hs consists of all matrices of the
form

S ¥ X *x
o O OO

S O O %
o O O *

that is, it has the basis
(Ella E127 E137 E23a E33)

We check that it is an ideal in §. From above we see that the brackets of fbg
do close forming a Lie subalgebra. The only non-zero brackets are:

[E11, Erg] = B [En, Eis]| = Evg [Evg, Eas] = Eis
[Ehg, Ess] = Evg [Eag, Ess] = Eas
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To verify ideal structure we need only bracket Fy4 with the basis of hs. From
above we see that there are no non-zero brackets. We also see that we have
closure in iLg, giving the ideal structure. Moreover, § = hs @ sp(Y3), where
Y3 is the one-dimensional subspace of § generated by the matrix Fyy.

First we check that hj is solvable. From above, we see the D'hs = [}Alg, 33]
has as a basis: (Fg, E13, Ea3). We see D?hs = [D1h37 D'hg] has a basis (Ei3).
Thus D3hs = [D?h3, D*hs] = 0 and h is solvable.

By induction, we know that there exists a vector ug in V' which is a
simultaneous eigenvector with eigenvalue A3(Z) for each Z in hy, i.c., Z(ug) =
A3(Z)(us3). We see that, for the choices that we made, this vector us is again
either vy or vy. For the choice of vy, we see that \3(Z) = aq; for all Z in ﬁg
with an depending on Z. For the choice of vy, we see that \o(Z) = 0 for all
Z in h,3.

Summarizing at this point, we have found three decompositions of §:

~

s§=h ®spY)) S=hy®sp(Ya) §=hy®sp(Ys)

where

A~

hlz

o O OO
O % % ¥
* O O O
>
o O O %
o O O *
S O ¥ %
* O O O
o O O %
o O O %
O ¥ X %
o O O O

o O O *

and where the Y, are:
Yi=En Yo=EFE3; Y3=Ey
giving
§=hi®sp(Ey)  §=hy®sp(Ess) &= hs® sp(Ea)

The possible simultaneous eigenvectors u; for each ﬁz with their respective
eigenvalues \; are:

{v1,v4} for hy with Z(v1) = M (Z2)(v1) = 0; Z(vg) = M(Z)(vs)
{v1,v4} for hy with Z(v1) = Xa(Z2)(v1) = anvg; Z(vg) = Xa(Z) (v
{Ul,U4} for h3 with Z(U1> = )\3(2)(1)1> = 11V4, Z( ) =\ ( )

= Q4404
) = Cl44U4

(v4) =

The amazing conclusion is that the same two eigenvectors are chosen no
matter what the ideal h; is. To conclude the proof of Lie’s Theorem all we
have to do is show that each Y; also acts on v; or v, as an eigenvector, that
is, Y;(v;) = Xi(Y:)(v;). We have
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Ell(Ul) = U1; E11(U4) =0
Es3(v1) = 05 Esg(vg) = 0
E44(U1) = 0; E44(U4) = U4

and thus we can conclude that either v; or v, satisfies the conclusion of the
theorem.

What we would like to do now in order to conclude the analysis of Lie’s
Theorem is to see how the reasoning in general was able to come to this
same conclusion. At this point we identify the subspace W of V' to be the
subspace defined by all elements of V' such that for each w in W, w is a
simultaneous eigenvector for all Z in the ideal h, i.e., Z(w) = A\(Z)(w). We
recall that W is just the eigenspace corresponding to each eigenvalue A. In
all six of the cases above, two for each iLi, this W is one-dimensional, i.e.,
W = sp(vy) or W = sp(vy). Then we affirm that Y stabilizes this subspace,
that is, Y (w) € W, since., Z(Y (w)) = A(Z)(Y (w)) for all Z in h.

In our example we have:

It is interesting to remark that the relation Z(Y (w)) = M(Z)(Y (w)) gave the
zero vector in W in all cases.

However, in the proof we had to work with the bracket product;
Z(Y (w)) =Y (MZ)w) = X[, Z)w = MZ)(Y (w)) — A([Y, Z])w

and we had to prove that A([Y,Z]) = 0. Thus in the proof we were faced
with the task of evaluating the dual A on h. This evaluation we did by
taking iterates of w by Y, forming a linear subspace U of V' which has the
basis (w, Y (w), Y2(w), Y3(w), -+, Y*(w)), with k41 < n and where n is the
dimension of V. From this calculation we obtain

trace(Z) = (k+1) - A(Z)
which says that

)\(Z) _ trace(Z)

k+1
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Thus we have succeeded in evaluating the dual A on h. In our example we
we see that (w = Y (w)) is a basis for U for all h; for any w = v; in W, that
is, the dimension of all the W’s is one. In general our calculation is:

V() = V(1)
Y2 w) = Y¥(o;) = V(Y (1))

For ﬁl, this gives

w = Vg w = vy

En(U1) =N En(U4) =0

which show that after one iteration we begin to repeat. Continuing, we have
for hs,

w = v W = Vg
Es3(v1) =0 Ess3(vy) =0

which show that after one iteration we begin to repeat. For iLg, this gives

w =" W = Uy
E44(U1) =0 E44(U4) = U4

which show that after one iteration we begin to repeat.

Now in order to write each Z in h; in the basis (w) we need the following
information:

Z(Ul) = )\1(2)(’01) =0 Z(U4) = )\1(Z)(’U4) = 44Uy
Z(v)) = X(2)(v1) = anvr Z(vg) = Ma(Z)(vy4) = a44v4
Z(Ul = )\3(2)(1)1) = a111 Z(’U4) = )\3(2)(?}4) =0

For h;, the basis for U is (v;) or (v4). On these bases we form the 1x1 matrices
for Z.

For hi, Z(w)=0  Z(vs) = asyvy giving matrices [0]  [au]
For hy, Z(vy) =anvy  Z(vg) = agqvy  giving matrices [aq] [@44]
For hy, Z(vi) =anvi  Z(vy) =0 giving matrices [ay1]  [0]

Finally, we can calculate the traces of these matrices, which are, of course,
trivial calculations. For h; we have
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Z() = MZ) (1) =0 ANZ) = 722 = tracef0] = 0

Z(vg) = M2Z)(vg) = agqvy NZ) = % = tracelay) =

For hs we have

(Z)(v1) = anv NZ) = M = tracelai;] = a

A
2000 = N2)on) = auos AZ) = 9 ~ tracelan = an

1

For h; we have

Z(v) = MZ)(v1) =anvy MZ) = tmcf(z) = tracela]
Z(v) = MZ) () =0 ANZ) = D) = trace[0] =

1

0

The previous part was just an interlude in the proof of Lie’s Theorem
where we showed how to calculate the dual X\. To complete the proof of the
theorem, we have to show how we can conclude to a simultaneous eigenvector
for all X in 5. We now have s written in three ways:

~ ~ ~

S=h ®sp(E1) S$=hy®sp(Es3) 5= hs® sp(Fu)
Thus

X=7 + a11E11 with Z in iLl X=7 + CLA33E33 with Z in }Alg
X=7 + CL44E44 with Z in hg

w = V1 W = Uy

E44(Ul) =0 E44(U4) = U4

which show that after one iteration we begin to repeat.

We know
{Ul, U4} fOE‘ ill with Z(U1> = )\1(2)(1)1> = O, Z(U4> = )\1(Z)(U4) — Q44V4
{Ul, 1)4} for thWIth Z(Ul) = )\Q(Z)(Ul> = a11V1; Z(U4) = )\Q(Z)(U4) = Q44V4
{Ul,U4} for hg with Z(’Ul) = )\3(Z)(U1) = 111, Z(U4) = )\3(Z)(U4) =0
and

Eyi(v1) = vi; By (vg) =0

Es3(v1) = 0; Esg(vy) = 0

E44(U1) = 0; Eya(vs) = vy

We conclude
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X(U1> = Z(Ul) -+ a11E11<U1) with Z in }:Ll

X(U4) = Z(U4) + CL11E11<U4) with Z in hl

X(’Ul) = Z(Ul) + (133E33(U1) with Z in ZLQ

X(U4) = Z(U4) + a33E33(v4) with Z in hg

X(Ul) = Z(Ul) + CL44E44(’01) with Z in ZLg

X(’U4) = Z(U4) + a44E44(v4) with Z in hg
X(Ul) = >\1<Z)<U1) + a1v1 = 0+ a11V1 = 1101 with Z in ill

giving A\ (X) = aq; for vy R

X(’U4) = )\1(Z)(U4) + CL110 = Q444 + 0= 44Uy with Z in h1

giving A1 (X) = ayy for vy

X(Ul) = )\Q(Z)(Ul> + CL330 =an v + 0= a11U1 with Z in }Alg
giving \y(X) = aq; for vy

X(’U4) = )\Q(Z)(’U4) + a330 = Qy4qV4 + 0= QA44V4 with Z in iLQ
giving A2(X) = ayy for vy

X(Ul) = )\3(2)(1)1) + CL440 = a1V + 0= a11U1 with Z in iLg
giving A\3(X) = aq; for vy )

X<U4) = )\3(2) (’1}4) + agqvy = 0+ A44UV4 = Qy4U4 with Z in hg
giving A3(X) = ayy for vy

We observe that no matter how we choose X we obtain the same eigenvalues
and indeed these eigenvalues agree with the matrix X

an a2 aiz 0

. 0 0 23 0
X = 0 0 ass 0
0 0 0 Q44

We believe that this example gives a wonderful concrete understanding
of Lie’s Theorem.

But in order to get a better feel for the solvable case we repeat what we
did above for the nilpotent case.

We assume a 4-dimensional abstract solvable Lie algebra $ exists. Then
given a basis in §, the adjoint representation ad takes § into the 4x4 matrices
gl(3). We remark again that if we let § = V, then V is 4-dimensional and
thus we are in the above context of gl (V). We thus know that we have a 10-
dimensional solvable Lie subalgebra ¢ of gl(§), and on the basis (vy, va, v3, v4),
the elements of this subalgebra are the upper triangular matrices. Now the
image of ad is a solvable Lie subalgebra of gAl (). What we would like to show
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is that this subalgebra is a subalgebra of g in g;l (8). Thus we would like to
identify the images by ad of the four vectors (vq, v, v3,v4) as matrices in g.
Now we know that v; is a simultaneous eigenvector with eigenvalue A;(X)
for all X in g. But ad(vy) is in g. Thus we have

(ad(v1))(v1) = [v1,v1] = A (ad(v1))(v1) =0

(ad(v1))(ve) = [v1, va] = —[v2,v1] = —(ad(v2))(v1) = —A1(ad(vs))(v1)
(ad(v1))(vs) = [v1, v3] = —[v3, v1] = —(ad(v3))(v1) = —A1(ad(v3))(v1)
(ad(v1))(vs) = [v1,va] = —[vg, v1] = —(ad(v4))(v1) = —A1(ad(vs))(v1)
(ad(v2))(v1) = [va, v1] = M (ad(v2))(v1)

(ad(vq))(v2) = [va,v2] =0

(ad(vs))(v3) = [va, v3] = aizv1 + ag3vz + azzvs

(ad(v2))(vs) = [va, V4] = 1401 + 24V + A34V3 + A4404

1(ad(v3))(v1)

A
= byov1 + bogvo
0

(ad(vs))(vs) = [vs, V4] = b1av1 + bogVo + b3gv3 + bagvy

Now using the relation [u,v] = —[v, u], we see
bia = —ai3 bye = —ags ass =0 Cl2 = —Q14
Co2 = —Q24 ags =0 agq =0 c13 = —byy
Co3 = —bay  c33=—bzyy by =0

Thus we have

(ad(vq))(v1) = [va, 1] = A1(ad(va))(v1)
(ad(vq))(v2) = [va, va] = 0
))(v3) = [V, v3] = a13v1 + ag3v;

(ad(v2))(vs) = [va, va] = a14v1 + az4vy

(ad(US))((Ul) = [vs,v1] = Ai(ad(v3))(v1)

U2) = [U37U2] = —@13V1 — Q2302
ad(v3))(v3) = [v3,v3] =0
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(ad(va))(v1) = [va, v1] = Ai(ad(va))(v1)
(ad(m))(vg) = [U4,’U2] — —aA14UV1 — A24V2
(ad(v4))(v3) = [114,113] = —b14v1 — bogvy — b34v3

0 —X(ad(ve)) —XAi(ad(vs)) —Ai(ad(vy))
0 0 0 0
(Zd(l}l): 0 0 0 0 ;
0 0 0 0
)\1(@(1(’02)) 0 a13 Q14
=
0 0 O 0
)\1<Cld<1}3)) —ai3 0 614
0 — 0 b
ad(vi’)): 0 823 0 sz )
0 0 0 0
A(ad(vy)) —ais —biy O
0 — —byy 0
ad(ve) = 0 324 —bii 0
0 0 0 O

We now want to check the homomorphism between § and this Lie subal-
gebra ad(8) of g by doing the following computations:

ad[vi, v;] = [ad(v;), ad(v;)]
[v1, v2] = =Ai(ad(v2))(v1) — ad([v1, vo]) = ad(—Ai(ad(v2))(v1)) =

=i (ad(vq))ad(vy) =
0 —Al(ad(vg)) —Al(ad<1}3)) —/\1(6Ld(’U4))
X (ad(vs)) 8 8 8 8 -

0 0 0 0
{0 (A1(ad(v2)))?  (Ai(ad(va)))(M(ad(vs))) (Al(ad(w)))()\l(ad(w)))}
0 0 0 0 ‘
0 0 0 0
0 0 0 0

—Ai(ad(ve)) —Ai(ad(vs)) —Ai(ad(vs)) M(ad(v2)) 0 a3 aw
0 0 0 0 0 A923 Q924
0 0 0 0 0 0 0 |
0 0 0 0 0 O 0



o O O O

[Because of the length of some entries in these matrices, it is now necessary to
write this matrix in two parts. The #;; indicates where these entries occur.]

0 (Mlad(v2)))® —(Mi(ad(v2)))ass + (Ai(ad(v2)))(Ai(ad(vs))) *14]
0 0 0 0|
0 0 0 0
0 0 0 0
{ 0 *12 x13 —(Ai(ad(va)))az + (Ar(ad(vs))) (A1 (ad(vs))) ]

0 O 0 0

0 0 0 0

0 O 0 0

We observe that we can effect a homomorphism if as3 = 0 and asy = 0. This
gives the matrix

{0 (M(ad(v2)))*  (Ai(ad(v2)))(M(ad(vs)))  (Ar(ad(v2)))(Ai(ad(va)))
0 0 0 0

0 0 0 0

0 0 0 0
Continuing,

—A1(ad(vs))ad(vy) =
0 —Al(ad(vg)) —Al(ad(vg)) —/\1(ad(v4))
i (ad(vs)) {8 8 8 8 ] _
0 0 0 0
[0 (Ai(ad(vs))) (M (ad(va)))  Ai(ad(v3))*  (Mi(ad(vs)))(Mi(ad(vs))) ]
0 0 0 0
0 0 0 0
0 0 0 0
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[0 —X(ad(ve)) —Ai(ad(vs)) —Ai(ad(vy)) A(ad(vs)) —ayz 0 by ]
0 0 0 0 —ags 0 by
0 0 0 0 0 0 by |
0 0 0 0 0 0 0 |
[ A(ad(vs)) —az 0 by 0 —Xi(ad(ve)) —XAi(ad(vs)) —Ai(ad(vs)) ]
0 —a9g3 0 b24 0 0 0 0 _
0 0 0 b3y 0 0 0 0 N
0 0 0 O 0 0 0 0 ]
0 (M(ad(vz)))azs 0 —(Mi(ad(v2)))bas — (Ar(ad(vs)))bss
0 0 0 0
0 0 0 0 B
0 0 0 0
0 —Ai(ad(vs))Mi(ad(va)) —(Ai(ad(vs)))® —Ai(ad(vs))Ai(ad(vs))
0 0 0 0 B
0 0 0 0 N
0 0 0 0

since we know that ass = 0,

[Again, because of the length of some entries in these matrices, it is now
necessary to write this matrix in two parts. And again the *;; indicates where
these entries occur.]

0 (M(ad(v3)))(Ai(ad(v2))) Aiad(vs))? *1a
0 0 0 0|
0 0 0 0 N
0 0 0 0
x12 %13 —(A1(ad(v2)))baa — (Ai(ad(v3)))bss + (Ai(ad(vs))) (A1 (ad(vs)))

o O O O

0 0 0
0 0 0
0 0 0

We observe that we can effect a homomorphism if byy = 0 and bgy = 0:

0 (Mi(ad(v2)))(M(ad(vs))) Ai(ad(vs))®  (Ai(ad(vs)))(M(ad(va)))
0 0 0 0
0 0 0 0
0 0 0 0

Continuing,
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—Xi(ad(vy))ad(vy) =
0 —Mi(ad(vs)) —Ai(ad(vz)) —Ai(ad(vy))
“ A (ad(vy)) 8 8 8 8 _
0 0 0 0
[o (M(ad(ve)) (M (ad(v)))  (Ar(ad(vs))) (M (ad(vs))) M(@d<v4>>2]
0 0 0 0
0 0 0 0
0 0 0 0

0 —X(ad(ve)) —Ai(ad(vs)) Al(ad(m))] {Al(ad(m)) —ayy —byy 0]
0 0 0 0 0 —ags —by O
0 0 0 0 0 0 —by O]
0 0 0 0 0 0 0 0
)\1(&61(’04)) —aiq —b14 0 0 —)q(&d(l)g)) —Al(ad(vg)) —Al(ad(m))
0 —apy —by 0| |0 0 0 0 B
0 0 —by O] |0 0 0 0
0 0 0O 0 0 0 0 0
0 (Mi(ad(vz)))ass (Ai(ad(va)))bas + (A1(ad(vs)))bsa 0
0 0 0 0
0 0 0 0]
0 0 0 0
[ 0 —Ai(ad(va))Mi(ad(va)) —Ai(ad(va))Mi(ad(vs)) —(Ai(ad(va)))? ]
0 0 0 0 B
0 0 0 0 N
0 0 0 0

since we know that asy = 0;b94 = 0;b34 = 0,
0 Ai(ad(vy))Ai(ad(va)) Ai(ad(vy))A(ad(vs)) (Ar(ad(vs)))?
0 0 0 0
0 0 0 0
0 0 0 0

We observe that we effect the homomorphism immediately in this calculation.

Continuing, since we know that as3 = 0, we have

[V9, v3] = a13v1 + a3V = ajzvy — ad([ve, vs]) = ad(ai3v1) = aizad(vy) =
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0 —M(ad(v)) —Mi(ad(vs)) —Ai(ad(vy))
0 0 0 0
a3 0 0 0 0
0 0 0 0
lad(vy), ad(vs)] =

since we know that asz = 0; ags = 0; by = 0; by = 0, and

I )\1(&d(1)2)> 0 a13 Q14 )\1(&d(1)3>> —ai3 0 b14
0 0 O 0 0 0 0 O
0 0 0 0 0 0 0 0 B
I 0 0 0 0 0 0O 0 0 |
[ >\1<ad(’03)) —ais 0 b14 /\l(ad(vg)) 0 a1z Qaiq i
0 0 0 O 0 0 0 0 B
0 0 0 O 0 0 0 0 N
I 0 0 0 0 0 0 0 0 |
(Ar(ad(v2))(Mi(ad(vs)))  (Aiad(vz)))(—ai3) 0 (Ai(ad(vz)))bra
0 0 0 0
0 0 0 0 B
0 0 0 0
Ai(ad(v3))(Ai(ad(v2))) 0 Aifad(vs))(ars)  Ai(ad(vs))(aia)
0 0 0 0 _
0 0 0 0 B
0 0 0 0
0 —(M(ad(ve)))aris —(Ai(ad(vz)))ars Ai(ad(ve))biy — A(ad(vs))ay
0 0 0 0
0 0 0 0
0 0 0 0

We observe that we can effect a homomorphism if
—a13(>\ (CLd(U4))) )\ (CLd(’Ug))bM — )\1(&d(U3))CL14

Continuing, since we know that agy = 0, we have

[V9, V4] = a4vy — ad([ve, v4]) = ad(a14(v1)) = agad(vy) =
0 —Xi(ad(ve)) —Ai(ad ( 3)) —Ai(ad(vy))
0 0 0 0
R 0 0 0
0 0 0 0
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lad(v), ad(vy)] =

since we know that ass = 0; asy = 0; boy = 0; b3y = 0,

[ )\1(@6[(1)2)) 0 a3 Qiq |: )\1(@6[(1]4)) —a14 —b14 07
0 0 0 0 0 0 0 0
0 00 0 | 0 o 0 o[
| 0 0 0 0 0 0 0 0
i /\1(ad(v )) —a14 b 0 ] )\1<CLd(U2)) 0 a3 Qiq i
0 0 0 O 0 0 0 0 -
0 0o 0 0] 0 00 0 ||
0 0 0 0 0 00 0
(M (ad(vz))(M(ad(va)))  (M(ad(v2)))(=a1s)  (M(ad(v2)))(=b1s) 0O
0 0 0 0
0 0 0 0
0 0 0 0
(A1(ad(vs)) (M (ad(v2))) 0 Ai(ad(va))(ars) Ai(ad(vs))(a14)
0 0 0 0 B
0 0 0 0 N
0 0 0 0
0 —(Al(ad(vg)))am —()\1 (&d(vg)))bm — )\1((1d("04))a13 —>\1 (ad(v4))a14
0 0 0 0
0 0 0 0
0 0 0 0

We observe that we can effect a homomorphism if
—a14)\1 (ad(’Ug)) = —)\1 (ad(U2>>b14 — /\1 (ad(v4))a13.

Continuing, since we know that byy = 0 and b3y = 0, we have

[?)3,?)4] = b141)1 — ad([vg, 1)4]) = (bl ( )) = b14ad(v1) =
0 —Ai(ad(vz)) —Ai(ad ( 3))  —Ai(ad(vq))
b 0 0 0 0
1o 0 0 0
0 0 0 0

lad(v3), ad(vy)] =

since we know that ass = 0; asy = 0; byy = 0; b3y = 0,
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i >\1<ad(’l}3)) —ais 0 614 /\1(ad(v4)) —aiq —b14 07
0 0O 0 0 0 0 0 0
0 0 0 0 0 0 0 0
I 0 0 0 0 0 0 0 0|
i /\1(ad(U4)) —aig —b14 0 Al(ad(vg)) —a13 0 b14 i
0 0 0 0 0 0O 0 O -
0 0 0 0 0 0O 0 O -
I 0 0 0 0 0 0 0 0 |
(Ar(ad(vs))(Ai(ad(vs)))  (Ar(ad(vs)))(—aws) (A(ad(vs)))(—bia) O
0 0 0 0
0 0 0 0]
0 0 0 0
Ar(ad(vg))(M(ad(vs)))  A(ad(va))(=ais) 0 Ai(ad(vs))(bra)
0 0 0 0 _
0 0 0 0 N
0 0 0 0
0 —Al(ad(vg))am+)\1(ad(v4))a13 —(Al(ad(vg)))bM —(Al(ad(v4)))b14
0 0 0 0
0 0 0 0
0 0 0 0

We observe that we can effect a homomorphism if
—biaAi(ad(ve)) = —Ai(ad(vs))ars + A1 (ad(vy))ass.

Besides ag3 = 0;a94 = 0;b9q4 = 0;b34 = 0, we have found the following
three relations should hold:

—CL13)\1 (ad(m)) = >\1 (ad(Ug))bp; — )\1((1,61(1}3))@14
—CL14/\1 (ad(Ug)) = —Al(ad(vg))bM — /\1 (ad(v4))a13
—b14)\1 (ad(vg)) = —)\1 (ad(vg))aM + )\1(&d(1)4))a13.

But on examining these three relations, we see that they all give the same
equality:

bigAi(ad(ve)) — ajsAi(ad(vs)) + arzAi(ad(vy)) = 0.

It is evident now that we can rescale the vectors vs, v3, v4 so that a3 = a14 =
byy = 1, giving the relation between the eigenvalues for the simultaneous
eigenvector vy:

/\1 (ad(vg)) — )\1 (ad(Ug)) + )\1(6Ld(7j4)) =0.
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Substituting then this one relation, we obtain

[0 —Ai(ad(ve)) —Ai(ad(vs)) —Ai(ad(vs)) T

0 0 0 0
l[ad(vy), ad(v3)] = 0 0 0 0
0 0 0 0

[ad(vy), ad(vy)] = 8 8 8 8
0 0 0 0 ]
[0 —M(ad(va)) —M(ad(vs)) —Ai(ad(vy))
lad(vs), ad(vs)] = 8 8 8 8
0 0 0 0

Thus brackets go into brackets by ad and the homomorphism is verified.

The matrices which are the images of ad under this homomorphism are:

0 —Ai(ad(ve)) —Ai(ad(vs)) —Ai(ad(vy))

0 0 0 0
ad(vl): 0 0 0 9
0 0 0 0
/\l(ad(vg)) 0 1 1 )\1(@d(1)3)) -1 0 1
0 0 00 0 0O 00
a’d(v2>_ 0 00 0 >ad<v3)_ 0 0 0 0|’
0 0 00 0 0O 00
Al(ad(m)) -1 -1 0
0 0 0 O
ad(vy) = 0 0 0 0
0 0 0 0

In addition the eigenvalues and the arbitrary constants are tied together by
the relation:

A (ad(va)) — A (ad(vs)) + Ai(ad(vy)) = 0.

We remark that the image of § under ad lives in g, the Lie algebra of
upper diagonal matrices, which is a Lie subalgebra of gl($), all written with
respect to the rescaled vectors vy, ve, v3, v4. Indeed the image is the sub-
space generated by the matrices Fy1, Fqa, F13, E14. Now these four matrices
produce six independent brackets, of which the only non-zero ones are:
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[Elh E12] = E12 [E117 E13] = E13 [EH’ E14] = E14

We observe that these brackets close in the subspace, and thus the subspace
is a Lie subalgebra of ad(3). Also from the brackets that we have found, we
see that [ad(8), ad(8)] # 0, and thus D'ad(8) # 0. But we see from the above
brackets of the basis vectors Fy1, F1a, Fi3, F14 that D?ad(8) = 0, and thus
ad(8) is a solvable Lie subalgebra of g.

The question to ask, however, is the following. Is ad an isomorphism
or a homomorphism with a nontrivial kernel? This means we are ask-
ing the question: are the images under ad of the four basis vectors of s,
V1, Ug, U3, Uy, linearly independent? Doing the linear algebra, we see that the
matrix which determines this calculation in the four-dimensional subspace
SP(E117E12,E13, E14) is

0 Al(ad(vg)) )\1 (ad(’l)g)) )\1((1,d(1)4>)
—Ai(ad(vq)) 0 -1 -1
=1 (ad(vs)) 1 0 —1
—A1(ad(vs)) 1 1 0

If we calculate the determinant of this matrix, we obtain

(Ai(ad(v2)))? — 2A1(ad(ve)) A (ad(v3)) 4 (A (ad(vs)))® +
21 (ad(v2)) A1 (ad(vs)) — 2X1 (ad(v3)) A1 (ad(vy)) + (A1 (ad(vy)))?

However the above determinant can be written as
(A(ad(vz)) — Ai(ad(vs)) + Ai(ad(vs)))?
We recognize that this is the square of the expression
A1(ad(vs)) — Ai(ad(vs)) + Ai(ad(vy))

and thus = 0. This guarantees that we have a homomorphism but not an
isomorphism between § and ad(s). Thus we know that the above matrix is
singular and that ad has a kernel. On the assumption that A;(ad(vy)) # 0,
we row-reduce this matrix and obtain

- 1 1 T
10 A1(ad(v2))  Ai(ad(v2))

0 1 Ai(ad(v3))  Ai(ad(vs))
M(ad(v2))  Ar(ad(vz))

0 0
0 0

o O
o O
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Thus we know that the vectors

_ 1 A1 (ad(vs3))
uz = _(Al(ad(vg))>vl - <Ai(ad(vz)))vz + U3
and
_ 1 A1 (ad(v4))
s = ~(Xaaman)V1 ~ (R(ad()) 2 + V4

are in the kernel of ad, and thus are a basis for the center of s. We confirm
these statements below:

A1 (ad(v
ad(uz) = ad(—(5rammy)V1 — Giestesdyo, + vg) =

~Cirtadreay ad(v1) — (Rxaqegy)ad(v2) + ad(v
0 —Al(ad(?)g)) —)\1( ( )) —>\1 ad
Loy 0 0 0 0 ]
M (ad(v2)) 0 0 0 0
0 0 0
ad (v2)) 0 1 1 Ai(ad(vz)) —1 0 1
(Patadt [ 000, 0 0 00|
’\1(“‘1 0 00 0 0 0 0]
000 0 0 00
0 1 S iiEZZ Mifed(vs)) 0 I Nadoan)
0 0 0 0 _ 0 0 0 0 T
00 0 0 0 0 0 0
00 0 0 0 0 0 0
A(ad(vg)) =1 0 1
0 0 00|
0 0 00|
0 0 00
0.0 0 S ~ Naatwy) T1] [0 000
000 0 10 000
0 0O 0 10000
0 00 0 0000

if we apply our condition
A1(ad(ve)) — Ai(ad(vs)) + Ai(ad(vy)) = 0.

Continuing
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A1 (ad(v
ad(us) = ad(—(5 g0 — (R v + va) =
A1 (ad(v
_(Al(aé(w)))ad(vl) <)\1Ead ) d(v2) + ad(vs) =

0 —Xi(ad(v2)) —Ai(ad(vs)) —Ai(ad(vy))

I 0 0 0 0 B
M(ad(v2))/ | () 0 0 0
0 0 0 0
M(ad(vy)) 0 1 1 M(ad(vg)) =1 =1 0
(Qatadiun)) ) 0 000} 0 0 0 0] _
1(ad(va)) 0 000 0 0 0 0
0 000 0 0O 0 0
01 S Ny | [ M(ede)) 0 SERE) RGE)
00 0 0 _ 0 0 0 0 1
00 0 0 0 0 0 0
00 0 0 0 0 0 0
A(ad(vg)) =1 =1 0
0 0 0 0|
0 0o 0 0]
0 0 0 0
00 Rty ~ Aaday) =1 0] [00000
00 0 0| _10000
00 0 0| |[0000
00 0 0 0000

if we again apply our condition
A1(ad(vg)) — A (ad(vs)) + Ai(ad(vy)) = 0.

On the assumption that A (ad(v2)) # 0, we now know that § is a solvable
Lie algebra with a two-dimensional center, and that ad($§) is a two dimen-
sional solvable Lie subalgebra of the solvable Lie subalgebra g of the Lie
algebra gl($).

We see immediately that the center of § is generated by the two basis
vectors uz and w4, while the image of s in ¢ by ad is generated by the basis
vectors Ey; and E1s. Since [Ey1, E1s] = Ej9, we see that D'ad(8) # 0 and that
D?ad(38) = 0, confirming our above results. We remark that Lie’s Theorem
says that ad($) now has a simultaneous eigenvector, which is either u; = v,
or uy = vg, with corresponding eigenvalue \i(ad(u;)), i = 1 or 2, giving 0 or

Ai(ad(vs) # 0.
If A\i(ad(vg)) = 0, then we see that in order to satisfy the condition
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A (ad(va)) — A(ad(vs)) + Ai(ad(vy)) = 0.

either A;(ad(vs)) = A (ad(vs)) if A (ad(v3)) # 0, or Ay (ad(vs)) = A1(ad(vy)) =
0. [If Ai(ad(va)) = M(ad(vs)) = Ai(ad(vy)) = 0, then ad($) is a nilpotent
Lie algebra, and § becomes a nilpotent Lie algebra, and we return to the
example of 2.8.4 with byy = 0.]

Thus we are now in the case when A(ad(v2)) = 0 and A (ad(vs)) =
A1(ad(vy)). And again we ask whether ad is an isomorphism or a homo-
morphism with a nontrivial kernel? This means again that we are ask-
ing the question: are the images under ad of the four basis vectors of s,
V1, Vg, U3, Uy, linearly independent? Doing the linear algebra, we see that the

matrix which determines this calculation in the four-dimensional subspace
sp(En1, Era, Es, Ehy) is

0 0 Ai(ad(vs)) Ai(ad(vs))

0 0 —1 —1
—)q(Cld(Ug)) 1 0 -1
—Ai(ad(vs)) 1 1 0

It is straightforward that the determinant of this matrix is equal to 0.
Row reducing this matrix we obtain

—1 1
1 A1 (ad(v3)) 0 A1(ad(vs))
0 0 1 1
0 0 0 0
0 0 0 0

Thus we know that the vectors

Ug = 7)\1((111(7}3) (Ul) + Vg
and
Uy = —m(vl) — U3 + V4

are in the kernel of ad, and thus are a basis for the center of s. We confirm
these statements in what follows:

ad(uy) = ad(/\l(ad(%)vl +vy) = Al(a}i(vs)ad(vl) + ad(vy) = 0+ ad(ve) =
00 -1 -1 0011 0000
00 0 O n 0000 |00O0O0 ]
00 0 O 0000 0000
00 0 O 0000 0000



Continuing

ad(uy) = ad(—x; ad(vg)( V1) — U3+ 1y) = —Al(ald(v?)) (ad(v1) — ad(vs) +ad(vy) =
0 0 —X(ad(vs) —Ai(ad(vs) AM(ad(vg) =1 0 1
1 0 0 0 0 0 0 00
“NG@d | 0 0 o 0 - 0 0 0o0|"
0 0 0 0 0 00
ad —1 -1 0 00 0O
0 0O 0] |00O0O0
0 0O 0| |[|0O0O0O
0 0 O 00 0O
In this case we have shown that the vectors
Uy = mvl + vy and Uy = —mvl —v3 + vy

are in the center of 5. We see immediately that the center of s is generated by
the two basis vectors us and uy, while the image of § in ¢ by ad is generated by
the basis vectors Fy; and Ej3. Since [Eyy, Fi3] = Fi3, we see that D'ad(8) #
0 and that D?ad(8) = 0, confirming our above results. We remark that Lie’s
Theorem says that ad($) now has a simultaneous eigenvector, which is either
u; = vy or uz = vs, with corresponding eigenvalue A;(ad(u;)), i = 1 or 3,
giving 0 or Aj(ad(vs) # 0.

The final case has A\;(ad(vs)) = Ai(ad(vs)) = Ai(ad(vy)) = 0. In this case
the vector v; belongs to the center of § since it is a simultaneous eigenvector
with eigenvalue 0. We also have in the center

Uy = Uy — V3 + Uy

We confirm this latter statement below:

ad(uy) = ad(ve) — ad(vz) + ad(vs) =
0011 0 -1 01 01 -1 0 0000
0000 0 0 00 00 0 Of |[0O0O0O
000O0| |0 0 00 + 00 0 O |0O0OO0OO
0000 0 0 0O 00 0 O 0000
Continuing

ad(uy) = ad(—m(vl) —v3tuy) = —m(ad(vl) —ad(v3) + ad(vy) =
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0 0 —/\1(6Ld(U3) —Al(ad(ﬂg) Al(ad(ﬂg) -1 0 1
1 0 0 0 0 0 0 00
~ M(ad(s) | 00 0 0 0 0 00"
0 0 0 0 0 0 00
AM(ad(vs) =1 —1 0 0000
0 0 0 0} (0O0O0O
0 0O 0 0| |0O0O0OO
0 0O 0 0 0000

We see immediately that the center of § is generated by the two basis vectors
vy and uy, while the image of s in g by ad is generated by the basis vectors
FE15 and Fy3. Since [Ejg, Ei3] = 0, we see that D'ad(s) = 0. and thus ad(3)
is abelian. We remark that Lie’s Theorem says that ad($) now has two si-
multaneous eigenvectors, v; and uy with corresponding eigenvalues 0 and 0.
We also observe that ad(s) is nilpotent.

2.10 Some Remarks on Semisimple Lie Algebras (2)

Recall that we took this excursion into nilpotent and solvable Lie algebras
because we wanted to identify the automorphism A between the semisimple
parts of two Levi decompositions of a Lie algebra g, where a Levi decompo-
sition is a splitting at the level of linear spaces of an arbitrary Lie algebra ¢
into its radical 7 and a semisimple Lie algebra k.

G=kar

Thus we now want to examine the other piece of this direct sum de-
composition, that is, we want to examine more in detail the structure of a
semisimple Lie algebra. We now change notation and call the semisimple Lie
algebra g.

2.10.1 The Homomorphic Image of Semisimple Lie Algebra is
Semisimple. First we assert the homomorphic image of a semisimple Lie
algebra is also semisimple. Above we proved that the quotient of a Lie algebra
by its radical is a semisimple Lie algebra. If we let the homomorphism be
represented by ¢ : § — ¢(g) = fz, we see that the proof essentially said that
if the Lie algebra h had a solvable ideal §, its pre-image ¢~1(5) would also
be solvable. But since ¢ is semisimple, then this solvable ideal must be the
zero ideal, and thus its image must also be the zero ideal. We conclude that
h is semisimple.

2.10.2 ¢ Semisimple Implies D'g = g. Next we want to show that
if g is semisimple, then D'g = [§,§] = ¢. Since D'§ is an ideal, we again
take the quotient algebra g/D'g. [We know that D'g # 0, for if it were 0,

74



then § would be solvable.] Now suppose that D'g # g. We have already
remarked that this quotient is the abelianization of the Lie algebra §. Thus
this quotient is a nonzero abelian Lie algebra. However we know that the
quotient of a semisimple Lie algebra ¢ is a semisimple Lie algebra. But an
nonzero abelian Lie algebra is solvable and thus its radical is not zero. We
conclude that the quotient is the zero Lie algebra, and thus D'g = g.

2.10.3 Simple Lie Algebras. We now give the another class of Lie
algebras which form the building blocks of the other Lie algebras — the
simple Lie algebras. We define a simple Lie algebra a to be a Lie algebra
which is not abelian, and whose only ideals are the improper ideals 0 and a.
We can show that every simple Lie algebra is also semisimple. For let 7 be
the radical of @ and # 0. Since 7 is an ideal, it can only be 0 or a. If the
radical is a, then we know that a has a nonzero abelian ideal. But this says
that a is this nonzero abelian ideal. But by definition no simple Lie algebra
can be abelian. Thus we conclude that the radical of a = 0, and thus a is
semisimple.

The final fact that we want to establish is that every semisimple Lie alge-
bra can be decomposed into a direct sum of ideals, each of which is a simple
Lie algebra. And thus we see that the building blocks of the Lie algebras
are the simple Lie algebras, and with the Levi decomposition theorem, the
radical of the Lie algebra.

2.11 The Killing Form (1)

2.11.1 Structure of the Killing Form and its Fundamental Theo-
rem. In order to obtain the above conclusion about semisimple Lie algebras,
we introduce a powerful tool in the study of Lie algebras — the Killing form.
First we define the Killing form B , and then we specialize it to the adjoint
representation.

The term “form” here carries with it the usual meaning: given a linear
space over a scalar field IF of characteristic 0 — see below — [recall that because
we are considering only the fields of the real numbers or the complex numbers,
we meet the condition that the scalar field have characteristic 0], a form B
is a bilinear function on the linear space with values in the field of scalars.
But the linear space involved in this definition is a very special one linked to
the concept of a Lie algebra. Thus we begin with a linear space V' and take
its Lie algebra of the endomorphisms of V, gAl (V), and then we take a Lie
subalgebra ¢ of this Lie algebra. Given a basis for V', we then define B on
this linear space ¢ to be

~

B:gxg—T
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(X,Y) — B(X,Y) :=trace(X oY)

where X oY is just the product of two matrices. [We might remark that
in a matrix representation of End(V'), since the trace is just the sum of the
elements on the diagonal of the matrix, and since we do not want a sum
to be zero because of a finite characteristic of the field of scalars, we have
restricted the field of scalars to have characteristic 0.] Since, as we shall
see, the trace of a linear transformation is independent of the choice of a
basis, we have a valid definition. What is amazing is that we are reducing
the information of a product of two matrices X and Y to information about
its product’s diagonal only, and then reducing once more this information to
just the sum of the elements on this product’s diagonal. Yet as in other uses
of this concept in mathematics this information is so sufficiently rich that it
gives information about the structure of the original matrices and ultimately
also about the structure of the Lie algebra g.

Indeed this definition gives us a bilinear form.

A

B(X1 + X5,Y) = trace((X1 + Xa) oY) = trace(X,0Y + Xy 0 V) =
trace(X;0Y) +trace(Xo0Y) = B(X1,Y) + B(X,,Y)

Likewise we have B(X,Y; 4+ Y3) = B(X, Y1) + B(X,Y3). Also for ¢ in IF

~

B(eX,Y) =trace((cX) oY) =trace(c(X oY)) = c(trace(X o Y)) =

A

«(B(X,Y))

Likewise we have B(X,cY) = ¢(B(X,Y)).

Our first observation is that B is symmetric since the trace function is
symmetric:

B(X,Y) = trace(X oY) = trace(Y o X) = B(Y, X)

At this point we have used just the properties of a linear algebra. However
when we bring in the structure of a Lie algebra, we obtain another property
of the trace function called its associative structure. We use the structure of
the Lie bracket to show that

B([X,Y],Z) = B(X,[Y, Z])

We have
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B([X,Y],Z) = trace([X,Y] 0 Z) =
trace((X oY —YoX)oZ) =
trace(X oY oZ —YoXoZ)=

trace(X oY o Z) —trace(Y o X o Z) =
trace(X oY oZ) —trace(X o ZoY) =
trace(X oY oZ —XoZoY) =
trace(Xo(YoZ —ZoY)) =

A

trace(X oY, Z]) = B(X, Y, Z])

We observe in this calculation that we used the definition and properties of
the Lie bracket, and thus we would expect the form B to reflect in some
manner the structure of the Lie algebra g.

We will be working with the condition that B(X, X) = 0 for all X in §.
We want to remark now that this condition is equivalent to B(X ,Y) =0 for
all X,Y in §. Obviously if B(X,Y) =0 for all X,Y in §, then B(X, X) =0
for all X in §g. Now suppose that é(X, X) =0forall X in g. Then we know
that B(X+Y,X+Y) =0forall X,Y in §. We have 0 = B(X+Y, X +Y) =
B(X,X)+B(X,Y)+B(Y,X)+B(Y,Y) =0+ B(X,Y)+B(Y,X) +0 =
QE(X, Y), by symmetry, giving 0 = ZE(X, Y’). But since our field of scalars
is not mod 2, we can conclude that E(X, Y)=0for X,Y in g.

We note that we have assumed that the Lie algebra g is a Lie subalgebra
of gAl (V'), where V' is a finite dimensional, linear space over the field C. Thus
g is a matrix algebra. The fundamental and difficult theorem about B that
we wish to prove is the following. (We will call this theorem Theorem B ).

Let § be a subalgebra of gl(V). Let the form B satisfy the condition
that for all X in D'g and for all Y in g, B(X,Y) = 0. Then such an
X is a nilpotent linear transformation.

On first glance this seems like a formidable task since there appears to
be no easy connection between these two statements. And indeed the proof
is not conceptually easy. We return to linear algebra and use the result that
if a linear transformation X in gl(V') has all of its eigenvalues equal to zero,
then it is linearly nilpotent, which is the conclusion we are seeking.

Since § is a subalgebra of the matrix algebra gl(V) on End(V), we can
represent X in ¢ as a matrix. Being a linear transformation, X has a char-
acteristic polynomial. Since our scalar field is algebraically closed and the
dimension of V' is n, we know that the characteristic polynomial for X factors
into n linear factors, which give the eigenvalues \q, - - -, \,, where, of course,
some eigenvalues will be repeated according to their multiplicities. Now we
must show that all these eigenvalues are zero, under the supposition that for
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all X in D' and for all Y in ¢, B(X,Y) = 0. For then we can conclude that
X is a nilpotent linear transformation.

In our proof we will use the Jordan Decomposition Theorem, which says
that X, now written in its canonical Jordan form, can be expressed uniquely
as a sum of two linear transformations, X = Sx 4+ N, where Sx is diagonal
and Ny is nilpotent, with Sy Nx = NxSx, and in which both Sy and Ny
can be written as polynomials in X [with zero constant term]. Since Sy is a
diagonal matrix, it has the n eigenvalues Ay, - - -, \,,, where, of course, some
eigenvalues will be repeated according to their multiplicities.

We remark the following. Suppose we use the hypothesis that for all X
in §, B(X,X) = 0. This would give us trace(X o X) = 0. Since the trace is
independent of the basis chosen to calculate it, we know from the form of the
Jordan canonical form that trace(XoX) = trace(SxoSx) = M +---+\2 = 0.
But this is not sufficient to give us the conclusion that every \; = 0 since we

are not working over the real numbers but over the complex numbers.

However, if we take the conjugate matrix Sy, then we know that trace(Sxo
Sx) = MAL 4+ Ahn = M2+ -+ [A]? Of course, if we show that
this sum is zero, then we can conclude that |\;|* = 0, giving \; = 0 for all i,
which indeed is the conclusion we are seeking.

Thus the assumption that B(X, X) = 0 for X in § is not sufficient. But
if we assume that B(X,Y) =0 for X in D'§ and Y in §, we will be able to
reach our desired conclusion after a long and rather involved analysis of g.
But this just reveals how vital the nature of D! is in the structure of a Lie
algebra g.

We proceed as follows. What we need to do is to take advantage of the
fact that the Killing form is associative in gl(V'). We do this in the following
manner. Since X is in [g, §], we can say that with respect to the basis chosen
above, X is a sum of commutators [Y;, Z,.] with Y, and Z, in g. We examine
the term trace(X o Sx). Since the trace function is linear, we need look at
only trace([Yy, Z,)oSx). Now [Y,, Z,] is indeed in D'g, but we cannot say that
Sy is in ¢, and thus we cannot use our hypothesis that B (X,Y)=0for X in
D'g and Y in §. But by using the associativity of the Killing Form, we have
trace([Yy, Z,) o Sx) = trace(Y, o[Z,,Sx]), and if we can show that [Z,, Sx]| is
in D', then our hypothesis says that B(Y;, [Z,, Sx]) = trace(Y, o [Z,.5x]) =
0, which means [by associativity and linearity of the trace function| that
trace(X o Sx) = 0. This is equivalent to trace(Sx o Sx) = 0 and this fact
gives us our conclusion that all the eigenvalues of X are zero and this, in turn,
says that X is a nilpotent linear transformation. Thus we need to begin with
the hypothesis that X is in D'g and not just in g.
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All this implies that we are now reduced to proving that [Zr,g] is an
element in D'g, knowing that Z, is in g.

But first, we need to back off from Sy and return to Sy, and then to X,
which we know is an element in D'g. We now use some facts from linear
algebra. It can be proven that ad respects the Jordan decomposition. This
means the following. We know that X is in gl(V) = End(V). Thus X has
the Jordan decomposition X = Sx + Ny. Now ad(X) is in gl(gl(V)) =
End(gl(V)), and thus is again a linear transformation. It therefore has a
Jordan decomposition ad(X) = Saqx) + Naacx). Now when we say that
ad respects the Jordan decomposition, we mean ad(X) = ad(Sx + Nx) =
ad(SX) + (Zd(NX) = Oad(x) T Nad(X)7 with ad(SX) = Oad(X) and ad(NX) =
Naqixy. Now we use the fact that in the Jordan decomposition Suqcx) is a
polynomial in ad(X) without constant term, i.e., we can express Syq(x) as:

Sad(x) = c10d(X) + ca(ad(X))? + - - - + ¢5(ad(X))*

Now we know that

{Sx, ] = ad( X)Zr d(X)Zr =
(crad(X) + co(ad(X))? + -+ - + cs(ad(X))®) Z, =
crad(X)Z, + ca((a (X))2)ZT+ +cs((ad(X))*)Z, =
[ 7’] + 02[ [ r“ +eee CS[X [ [Xa Zr] ”

But we also know that X is in D'¢ and Z, is in . Thus [X, Z,| = ad(X)Z,
is in D'g. We conclude that [Sx, Z,] is in D'g.

Now we can show that [S, Z,] is also in D'g. We recall that we have so
chosen a basis in V that X is in its Jordan canonical form. This makes Sy a
diagonal matrix. We now take advantage of the fact from linear algebra that,
knowing that Sx is in the form of a diagonal matrix, then ad(Sx) = Saa(x)
is also in the form of a diagonal matrix. Thus since Sx is a diagonal matrix,
then the conjugate of Sx, Sx, is a diagonal matrix, and ad(Sx) = ad(Sx) =
Sad(x)- But now we know that S,4x) can be written as a polynomial in
Saa(x) [Without constant term:

Sad(X) = dlad(SX) + dz(ad(SX))2 + -+ dt(ad(SX))t
Thus, in our chosen basis, we have

ad(Sx) - Z, = (dyad(Sx) + dz(ad(SX))2 -+ di(ad(Sx))") - Z, =
dlad(SX)Zr + dg(ad(SX))2)ZT + -+ dt(ad(SX)) )ZT
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And we know that ad(Sx) - Z, is in D'g. We conclude that ad(Sx) - Z, is in
D'g, and we have finally reached the conclusion that we have been seeking.
Thus Theorem B has been proven.

We think that this proof is an exciting and remarkable proof. At so
many junctures we seemed to have been foiled, but there was always another
fact that we had not yet used, Using them, one by one, we eventually won
over the day. Now before we continue we want to comment more on the
three steps above which we merely quoted: 1) the fact that the adjoint
representation respects the Jordan decomposition; 2) if Sy is a diagonal
matrix, then ad(Sx) = Seqx) is also a diagonal matrix. 3) the fact that

the matrix Suqx) = ad(Sx) = ad(Sx) is diagonal, and that S,qx) can be
written as a polynomial in S,q(x) without constant term. We will not prove
these statements, since the proofs are straightforward but tedious, or they
pertain to other parts of mathematics than Lie algebras. But we do want to
construct an example involving a space of high enough dimension to show
how one would construct a general proof in these cases.

First, we examine the fact that the adjoint representation respects the
Jordan decomposition. Thus, for a linear transformation X in gAl(V), we have
its Jordan Decomposition X = Sx + Nx, where S is diagonalizable and Nx
is a nilpotent linear transformation. Now the adjoint representation of g?l(V)
puts X into ad(X) in gl(gl(V)), which is again a set of linear transformations.
Thus ad(X) has a Jordan decomposition ad(X) = Sya(x) + Naacx). We want
to assert that ad(Sx) = Seacx) and ad(Nx) = Naacx)-

We now write X in a basis which gives X the Jordan canonical form. This
means that Sx is realized as a diagonal matrix with the eigenvalues of X,
including repetitions, down the diagonal; and Ny is realized as a nilpotent
linear matrix, i.e., an upper triangular matrix with a zero diagonal. Since
we are working on an example here in dimension three, we need to use the
canonical basis of the 3x3 matrices, F;;. Thus

Sx = ME1 + AaBay + A3Eis3
where the \; are the three eigenvalues of X. Now
ad(Sx) = Mad(E11) + A2ad(FEa) + Azad(FEss)
Thus we need to evaluate ad(E;;) on the basis E;;:

ad(Ey) - Eij = [Egr, Eyjl
= FEyj, ifi=k; =—FEy ifj=k; and =0 otherwise.
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Our job is to find eigenvalues that work. Thus, we form the 9x9 matrices,

where we have chosen the nine basis vectors in the following order:

(Eh1, Eor, Esy, Eha, Eoo, Esg, i3, Eos, Es3)

We begin with Ajad(F1q).

0 00 0 0 07
0 00 0 00O
0 00 0 00

0

0
N\

_)\1

A 00 0 00
0 00 0 0O
0 00 0 0O
0 00 N

0
0
0
0
0
0

0 0

0 00 0 00O
0 00 0 00O

/\1ad(E11)

Next we calculate Apad(Ess).

0 0 0 07

0

0

[0 0 O

W

0 0 O

0

0

0 0 O

—\

)\QCLCZ(EQQ)

Finally we form Azad(Es3).

0
0
0
0
0

0
)\

(00 0 0 0 O

00 0 00 O

0 0 X3

00 O

00 0 0O0 O

00 0 00 O

00 0 0 0 As

00 0 0O0 O

0
0

W

0
0

00 0 0O O

0

00 0 0O0 O

Agad(Egg) =

We now have

81



IS
=

nn
z

I

[0 0 0 0 0 0 0 0 07
0 X—X\ 0 0 0 0 0 0 0
0 0 Az — A1 0 0 0 0 0 0
0 0 0 A=A 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 A3— Xy 0 0 0
0 0 0 0 0 0 A1 — As 0 0
0 0 0 0 0 0 0 A=Az 0
L O 0 0 0 0 0 0 0 0 |

Thus we have the beautiful conclusion that ad(Sx) is a diagonal matrix,
and thus is a good candidate for S,qx.

We now calculate ad(Nx). Recall that we have so chosen the basis for §
so that X = Sx + Nx is in its Jordan canonical form. Thus Sx is diagonal
and Ny is an upper triangular matrix with zero diagonal and with the only
non-zero terms being ones just above the diagonal. Since we are in the case
of three dimensions, let us suppose the Nx matrix has the form

0 aq 0
NX = 0 O a9
0 0 O

where a; and ay are either zero or one. Thus we suppose that we start with
a matrix X with Jordan canonical form

/\1 aq 0
X = 0 )\2 a9
0 0 A3

which has the three eigenvalues A,A,A3. Thus we can write
Nx = a1E12 + az a3
ad(NX) = alad(Eu) + CLQCLd(EQg)

Proceeding, we need to evaluate ad(E)2) and ad(Esy3) on the basis E;;. We
have

( ) : = [E127E ]

=Fyiti=2, =- 12, 1f] =1; and = 0 otherwise
ad(Es ) : [E237Ez’j]

= Fy;,iti =3, = —E, 1f] =2; and = 0 otherwise
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Thus we have:

T r
coocoocooo o &
o o cocoo o
cocoocococo & o oo cocoocoo
cocoocoococoo o o o coooco
cocoocoococoo o - o~
o o aOOOﬂ_u
oo o Jooo o
[\l
coocooco oo o o o OOOwO
—
coococo So o ~
_ oo OO“_uOO
g
—
S cocooo
— oo coococo
coo Socooo o
_ o o co oo o
L ] L 1
Il I
—~ —
9 Q
83 83
S~— S~—
3 3
3 3
— [\l
3 3

and this gives

0

0 0

0

o O

o O

o O

0 aq 0
0 0 (45}
0 O

0

0

0

We observe that ad(Nx) is not in an obvious linear nilpotent form. since it

is not in upper [or lower| triangular form with a zero diagonal. However it

does have a zero diagonal and if we take powers of ad(Nx):
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0 0 aias 0 0 0 0 0 0 7
0 0 0 0 0 0 00 O
0 0 0 0 0 0 00 O
0 —QG% 0 0 0 aiaa 0 0 O
@(No))P=| 0 0 —2aas 0 0 0 00 0
0 0 0 0 0 0 00 O
a10a9 0 0 0 —2a1a2 0 0 0 a1a9
0 aias 0 0 0 —2a§ 0 0 O
. 0 0 ajay 0 0 0 00 0 |
[0 0 0 0 0 0 0 0 07
0 0 0 0 0 0 0 00
0 0 0 0 0 0 0 0O
0 0 _BG%QQ 0 0 0 0 0O
(ad(Nx))*=1]0 0 0 00 0 000
0 0 0 0 0 0 0 00
0 3alay 0 0 0 —3aa2 0 0 0
0 0 3a1a§ 0 0 0 0 0O
L O 0 0 0 0 0 0 0 0

we find that (ad(Nx))? does have a lower triangular form with zero diagonal,
and thus ad(Ny) is a nilpotent linear transformation, since (ad(Nx))* # 0,

but (ad(Nx))® = 0.

O OO OO

(ad(Nx))* =
0
6a?a3
0
0

DO DO OO oo oo
SO DO OO oo oo
O OO OO oo oo
DD DD OO oo oo
DO DD OO oo oo
DO DD OO oo oo
DO DO OO oo oo
S OO OO oo oo

(ad(Nx))® =0

We can therefore affirm that ad(Nx) is a candidate for Nyqx). But we
need to check the commutativity of ad(Sx) and ad(Nx). We know that
SxNx = NxSx. Now we have

)\1 0 0 0 aq 0
SX = 0 )\2 0 NX = 0 0 (05}
0 0 Xs 0 0 0
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where the \;’s can have repetitions and a; and as are either one or zero. We
calculate

0 )\16L1 - /\2(11 0
SxNx—NXSX: 0 0 )\2&2—)\3&2 =
0 0 0
0 ()\1 - )\2)(11 0
0 0 ()\2 - )\3)&2
0 0 0

which we know must be the zero matrix. Thus we now need to find what
values of the \;’s and the a;’s are possible in order for 0 = Sx Nx — NxSx
to be true. We have three possibilities. The first is to have A;, Ay, and
Az all distinct. Then we know that Sx is diagonal with no repetitions and
thus \; — Ao # 0 and Ay — A3 # 0. Thus the only way SxNx — NxSx
can be 0 is if a3y = 0 and as = 0. In this case we must choose Nx to be
the zero matrix and we have Sx Ny — NxSx = 0. The second possibility
is to have one repetition of eigenvalues, say: A; = Ay with A3 # A\;. In
this case a; = 1 and ay = 0, giving again Sx Ny — NxSx = 0. The third
possibility is to have all three eigenvalues identical and thus a; = a; = 1 can
be the choice giving Sx Ny — NxSx = 0. Thus in all three cases we can find
values so that SxNx = NxSx. Given these values we now need to calculate

ad(Sx)ad(Nx) — ad(Nx)ad(Sx)

CLd(S)(> =

[0 0 0 0 0 0 0 0 07
0 =M+ X 0 0 0 0 0 0
0 0 =1+ A3 0 0 0 0 0 0
0 0 0 AM—2X 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 =X+ A3 0 0 0
0 0 0 0 0 0 Al — A3 0 0
0 0 0 0 0 0 0 A—A3 0

L 0 0 0 0 0 0 0 0 0|
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0 ap 0 0 0 0 0 0 07
0 0 as 0O 0 0 0 0 0
0 0 0 0O 0 0 0 0 0
—a; O 0 0 a O O O O
adNx)=| 0 —az 0 0 0 a 0 0 0
0 0O -aa 0 O O 0 0 O
0 0 0 —ax 0 0 0 a 0
0 0 0 0 aa 0 0 0 a
L 0 0 0 0 0 —ax 0 0 O ]
and
ad(Sx)ad(Nx) - a,d(Nx)ad(Nx> =
0 —al(—>\1 + )\2) 0 0 0
0 0 CLQ()\Q — )\3) 0 0
0 0 0 0 0
al(—)\l + )\2) 0 0 0 Cll()\l — )\2)
0 al(—/\l + )\2) 0 0 0
0 0 CL1(—>\1 + )\2) 0 0
0 0 0 CL2<—/\2 + )\3) 0
0 0 0 0 —CLQ(/\Q — )\3)
0 0 0 0 0
i 0 0 0 0 i
0 0 0 0
0 0 0 0
0 0 0 0
—ag(—>\2 + )\3) 0 0 0
0 0 0 0
0 0 a1<)\1 — )\2) 0
0 0 0 a2<)\2 - )\3)
L az(—X2+Az) 0 0 0 |

We now examine the following three cases that basically take care of all
possible cases:

1)A17é)\27é)\3witha1:a220

2) Alz)\g#)\gwithal%()and@:O
3) )\1:)\2:)\3 with al,ag#o
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And we observe that in each of the three cases we have ad(Sx)ad(Nx) —
ad(Nx)ad(Sx) = 0, giving us desired the commutativity, i.e.:

ad(Sx)ad(Nx) == ad(Nx)ad(Sx)

Thus, with the right choices of eigenvalues and off diagonals, we can find an
X in a 3-dimensional § where ad does preserve the Jordan decomposition of
X and ad(X):

X =Sx+ Nxy — ad(X) = ad(Sx + Nx) = ad(Sx) + ad(Nx) =
Sad(x) + Nada(x)

with, of course, ad(Sx) = Saq(x) and ad(Nx) = Naqcx). [We remark that we
have not examined the other two properties of the Jordan decomposition, i.e.,
1) the uniqueness of the decomposition; 2) the fact that the diagonalizable
part and the linear nilpotent part are each polynomials (without constant
term) in the linear transformation X]

The example given above shows how we could come to this same conclu-
sion in general. One observation that can be made from this example is that
ad does not preserve the Jordan canonical form. It does take the diagonal
matrix Sy over to the diagonal matrix Seq(x), but the nilpotent matrix Nq(x)
does not have the correct form. This should be expected since in forming Ny,
we had to choose a very special basis in g, but in forming N,q(x), we just used
the given canonical basis (£;;) in ad(g), and it would be surprising if that
produced the special basis needed in ad(g) to form its Jordan canonical form.

However we note that the commutativity relationship can easily be proven
in general. We start with the fact that Sx Ny = NxSx and we want to show
that

Sad(x)Nad(x) = Nad(x)Sad(x)
We operate these expressions on an arbitrary element Z in gl(V).

Sad(X)Nad(X) -/ = CLd(SX)CLd<Nx) -/ = [SX, [NX>ZH = [SXyNXZ_ZNX] =
[Sx,NXz] — [Sx, ZN)(] = SxNXZ — NXZSX — SXZNX -+ ZN)(SX =
NxSxZ — NxZSx — SxZNx + ZSxNx =
Nx(SxZ — Z8x) + (—SxZ + ZSx)Nx =
Nx([Sx, Z]) — ([Sx, Z])Nx = [Nx, [Sx, Z]] = ad(Nx)ad(Sx) - Z =
Naa(x)Sad(x) - 4
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from which we can conclude that Suq(x)Nad(x) = Nad(x)Sad(x)-

Finally there is one more observation we should make. We used in the
proof the important step that ad(Sx) = ad(Sx). But just examining the
following expressions

Sx = ME11 + AEy» + A3Es3
CLd(Sx) = Alad(En) + )\QCLd(E22> -+ Agad(Egg)

and

o zz 1B+ EEm + /\73E?i
CLd(SX) = Alad Ell) + )\Qa,d(Egg) + Agad(Egg)

we immediately see that we have the desired conclusion ad(Sy) = ad(Sx).

We still have two more comments to make before we can close down this
proof. The second comment stated that if Sy is a diagonal matrix, then
ad(Sx) = Saqx) is also a diagonal matrix. And in the three-dimensional
case above we have shown the validity of this relationship. Finally, the
third comment used the fact that for the diagonal matrix S,qx) we have

Saa(x) = ad(Sx) and that it can be written as a polynomial in S,q(x) without
constant term. This latter is just the expression that the conjugate of any n-
dimensional complex diagonal matrix can be written as a linear combination
of that n-dimensional complex diagonal matrix without constant term. We
give a few examples of this phenomenon, which, though they do not give a
general proof, will suffice for our exposition.

When we are working in €, it is nothing but the relationship éc = |c|?.

Using real notation, we have

. 2 2 _ . .
o1 — opi = % = (9580 (er + i)

This says that
c1 — ot = (a1 + agi)(c1 + c2i) = (a1¢1 — agea) + i(arcy + ascy)
and gives the linear equations

C1 = C1G1 — C202
—Co = CoQ1 + C10a9
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_2

1 —2ci1c2
2+C2 7

whose unique solution is a; = I

ap =

We observe that

*Cg + Z'(—chcg) — (Cﬁfc%)+i(*20102) _ (Cl_CZ’L)2 —

. (32
a; + ast = =4

2, 2 2,2 7, 2 — )

cite; cite; ) cyte; cite;
(c1—c21) __ c1—cCot
(01+02i)(61762i) c1+cat

which is exactly the coefficient of ¢; + c97 that gives ¢ — cot.

When we are working in €*, we see how we can generalize the above
procedure. We seek (ay + agi) and (by + bat) such that the following matrix
equation is satisfied:

C1 — Cgi 0 o
0 dy —doi |
. c1+ Czi 0 . c1 + Czi 0
(CL1 + (122) [ 0 dl + dg@ ] + (bl + bQZ) [ 0 dl + ng

However, instead of working in general we will show the procedure for a
specific numerical example. This will be sufficient to guide us to the gener-
alization. Our example is
1—2 O _
0

2
J1+2 o0 B
(“ﬁ“ﬂ)l 0 3+4i] (b1 + bt) [ 3+4¢] =
f1420 0 0
(aﬁaﬂ)l 0 3+4i] (b1 + bt) [ —7+242']

which gives the following equations:

1= 1&1 — 2&2 — 361 — 462
—2 = 2a; + lag + 4by — 3by
3= 3@1 — 4(1,2 — 7b1 — 24[)2
—4 = 4@1 + 3@2 + 24b1 — 7b2

which have the unique solution

—22 ~19 1 -3
== == b= by =

ar = =55 a2 = 53 =%

Thus we have
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1-2i 0 |
0 3-4i|"
2
14200 s [1420 0
22 _ 19 1 _ 3
(=3 25”[ 0 3+4¢]+(25 251)[ 0 3+4¢]

which expansion shows how the conjugate diagonal matrix can be expressed
as a polynomial [without constant term] in the diagonal matrix.

And thus for a Lie algebra g, a Lie subalgebra of g;l(V), where V' is a linear
space over the field €, we can affirm the fundamental theorem Theorem B:

Let the form B satisfy the condition that for all X in D'§ and all Y in

A

g, B(X,Y)=0. Then X is a nilpotent linear transformation.

2.11.2 Two Theorems for Solvable and Semisimple Lie Algebras.

The first modification of B is to define the form that has traditionally been
called the Killing Form, and to give it the symbol B. It is said to be the
Killing form B of a finite dimensional Lie algebra g over a field IF of charac-
teristic 0. Thus it differs from B by the Lie algebra over which it is defined.
B was defined over a subalgebra g of the Lie algebra g?l (V) of brackets in
End(V') of a linear space V over a field IF of characteristic 0. Now B starts
with an arbitrary Lie algebra g over a field IF of characteristic 0, and is de-
fined as a bilinear form over g by using the adjoint map ad from ¢ into the Lie
subalgebra ad(g) of the Lie algebra of brackets ql (g). Thus, after choosing a
basis for g, we have

B:gxg—T
(x,y) — B(x,y) := trace(ad(x) o ad(y))

This says that B is defined on the Lie subalgebra ad(§) of the Lie algebra

~

gl(g), that is, B(x,y) = B(ad(z),ad(y)). Now since ad is linear on g, i.e.,
ad(z +vy) = ad(x) + ad(y)  ad(cx) = cad(x)

we see immediately from the bilinearity of B that B is also bilinear on g.
Finally since the adjoint ad is a homomorphism of Lie algebras, i.e.,

ad[z,y] = [ad(x), ad(y)]
we also see that the associative property of Bis preserved, i.e.,

B([z,y],2) = B(x, [y, 2])
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We remark that since this homomorphism is just another way of writing the
Jacobi identity of g, we would expect that the Killing form B would reflect
the structure of the Lie algebra g.

With this new tool of the Killing form we can prove two remarkable
theorems:

A Lie algebra g over IR or € is solvable if and only if the Killing form
B(x,z) =0 for all z in D'g.

and

A Lie algebra g over IR or € is semisimple if and only if its Killing form
B is nondegenerate.

These will be proved below but their proofs require much preparation.

2.11.3 Solvable Lie Algebra § over € Implies D'§ is a Nilpotent
Lie Algebra. Before we get to these proofs, we pause a moment to prove
something that we will use in the following development. First we show
that for §, a solvable Lie algebra over €, ad(D'3) is a set of nilpotent linear
transformations in gAl(§) We have seen this phenomenon many times in our
examples above and now we would like to confirm it in general. By defini-
tion ad(D'3) = ad([3,3]) C [ad(5),ad(8]). Since § is solvable and ad is a
homomorphism of Lie algebras, we know that ad($) is a solvable Lie algebra
of linear transformations in gl (§). Thus using Lie’s Theorem, we know that
we can find a basis for § such that all the linear transformations in ad($)
are represented as upper triangular matrices. We now take the brackets of
these matrices. Let (a;;) be an i-th row of the matrix A in ad(s) and let
(bji) be the i-th column of the matrix B in ad(§). We calculate the diago-
nal element c; = >5;(ay;) - (bj;) of the product matrix A - B. Since we are
dealing with upper triangular matrices, the know the 0 elements of the row
(a;j) are (a;1,a;2,- -, a;;—1). And also we know that the 0 elements of the
column (bj;) are (bit14,bit2,- -+, bp,i) [where n is the dimension of §]. Thus
cii = >;(aij) - (bji) = as - by. Now we do the same for the product B - A. Let
(b;j) be a i-th row of the matrix B and (a;;) be the i-th column of the matrix
A. We calculate the diagonal element d;; = >=;(by;) - (aj;) of the product ma-
trix B - A. It is obvious that d;; = b;; - a;;. Thus we can conclude that all the
entries on the diagonal of the bracket [A, B] = AB — BA are equal to zero,
giving us an upper triangular matrix with a zero diagonal. We conclude that
[A, B] € |ad(5),ad(8)] is a nilpotent linear transformation in gl(5). Thus by
2.8.2 we can conclude that D5 is a nilpotent Lie algebra. [Since we used
Lie’s Theorem in the proof, this conclusion now applies only to Lie algebras
over C.]
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2.12 Changing the Scalar Field

We focus now on the proof of

A Lie algebra g over IR or € is solvable if and only if the Killing form
B(z,z) =0 for all z in D'g

We see that we are affirming that this theorem is true if the scalar field
for the Lie algebra is either IR or €. However in proving this theorem we will
need to use Lie’s Theorem which says

Let § be a solvable complex Lie subalgebra of gl (V). Then there exists
a nonzero vector v € V which is a simultaneous eigenvector for all X
in § [with eigenvalue dependent on X].

and therefore we need €, an algebraically closed field, in that proof. Thus
we must separate the proof for a Lie algebra over € from the proof for a Lie
algebra over IR. But obviously the two scalar fields are connected to one
another and thus it will be natural to ask when one begins with one field
what information carries over to the other.

2.12.1 From IR to €C: the Linear Space Structure. We first move
from a IR-linear space to a@C-linear space. Thus, given a real linear space, we
ask what kind of complex linear structures does it determine? In this part of
our exposition we will assume many details from linear algebra. Our initial
task is to set up notation. First of all, we need a knowledge of the tensor
product in linear algebra. Thus, we let V and W be two finite dimensional
linear spaces over a field IF whose characteristic is 0, with dim V' = m and dim
W = n. We then form the free linear space Free(V x W) on the Cartesian
product V' x W, that is, we take all pairs (v,w) in V' x W as a basis over the
scalars IF. This forms an infinite dimensional linear space Free(V x W) over
IF. We then place relations on this space by defining a subspace NV generated
by elements of the form:

(v1 + v, w) — (v1,w) — (vg, w) (v, w1 + we) — (v, wy) — (v, ws)
(cv,w) —c(v,w) (v, cw) — c(v,w)

with v, v, v € V, w,wy,ws € W, and ¢ € IF. Now we define a bilinear space
over IF: VW := Free(V x W)/N. The image of (v,w) in Free(V x W) by
the projection of Free(V x W) on V& W is given the symbol v ® w, which is
read “v tensor w”. We note that we have immediately the following bilinear
relations on V @ W:

(M4 Qw=QWw+1,Rw V& (W +w)=vRw +v&w
(cv) @w=c(v@w)=0v& (cw)
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This process essentially is the multilinearization of linear spaces. In our case
we take a typical bilinear map 1 of V' X W to a linear space U and express
it by defining a bilinear map ¢ of V' x W to a newly defined bilinear space
V @ W and a newly defined bilinear map a of V @ W to the linear space U.
This map is such that ¥ = a o ¢.

VxW_ ¢ L vew

We can easily show that if V' has a basis (vy, - - -, v,,) and W has a basis
(wi,- - -, wy,), then V ® W has a basis (v; @ wy, - - -, 0; @ wj, - - -, Uy, @ Wy,),
where ¢ runs from 1 to m and j runs from 1 to n. Thus the dimension of
V @ W is mn, the product of the dimensions of V' and of W. (We can, in
this vein, also use for any scalar field IF' and any linear space V over IF the
identification IF @ V =2V by r @ v — rv.)

Recall that bilinearity means that the map is linear in both factors:

(1 +22,y) F= (21 +22,y) = (11 +12) QY =11 QY + 72 QY
(ax,y) — dlax,y) = ar @y = a(r R y)

(@ +y) = o@yi+y2) =@ (W +ip) =2y + 2@y
(2, by) — ¢(z,by) = (z @ by) = b(z ®@y)

and

(z1 + m2,y) > V(1 + 22, y) = Y(71,y) + P (22, )
(az,y) — Y(ax,y) = a(Y(,y))

(91 4+ y2) — V(x50 + v2) = (2, y1) + (2, y2)
(,by) — Y(,by) = b(Y(7,y))

and thus we have

a(z1 +22) @y) = (21, y) + (2, y); alar @ y)) = a(y(z,y))
a(r @ (y1 +y2) = (@, 1) + (2, y2); a((z @ by)) = b(v(x,y))

We begin with the field IR of characteristic 0 whose algebraic closure is
the field C]. Suppose now we have a linear space V over IR. We want to define
a linear space V¢ over € [called the complexification of V| by using tensor
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products. Now to make sense of a tensor product, we need both factors of
the tensor product to be linear spaces over the same field. Since € is a linear
space over €, and since IR is a subfield of €, we know that € is also a linear
space over IR. We give this real linear space the symbol €C" to distinguish it
from the same set with its complex linear space structure, that is, from C.
Now we can define a linear space V¢ over € by using tensor products.

This means that V¢ is the same set of elements as C" ®Rr V. Also since
C" @R V has an additive structure, V¢ repeats this additive structure. What
is different is the scalar multiplication structure. V¢ is to be aC-linear space,
while C" @R V is a IR-linear space. Thus we have to make C" ®g V into a
C-linear space.

We now have an IR-linear space €C" @gr V. [We might remark that this
notation is frequently shortened to € ®r V', where by the ambiguous € we
mean the IR-linear space €C" ®Rr V. Since the full symbol is C" @R V, the
fact that we are tensoring over IR implies that we must be considering € as
a real linear space.]

With these constructs in mind, We can now define V¢ to be a C-linear
space.

By the construction of the tensor product we already have an addition
on V¢ We have

Vex Ve ye
given by

(c1®u,c2®0v) — (1 @ u) + (2 Q)

and this defines an addition in V¢ which associates, commutes, has an identity
element 0 and has inverses. Next, we need to define a €C-scalar multiplication
in V¢ The following definition seems to be the obvious one.

CxVe—Ve
CxCorV) —CorV
(c1,c®@v) —> c1(c®0) == (c1c) ®v

We check that this is indeed a scalar multiplication. The following properties
are straightforward.

(c1+ ) (c®@v)=((c1 4+ c2)(c) ®v = (c1c+ ca¢) @V = (¢10) @V + (c2¢) @V

and
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(cre2)(c @v) = ((e1c2)c) @ v = (c1(c20)) @ v = c1((c20) @ V))
llc@xv)=1-0)@v=c®uv

Thus we only need to verify that this definition is linear over V¢, i.e.,
cler@u+ca®v) =c(e; @ u) + c(ca @)

But there is nothing in our definition that allows us to do this distribution.
This is a whole new relationship. However, the righthand side of this expres-
sion can be handled by our definition. We have a real basis for the real linear
space C ®r V:

{1®U17'"71®vn7i®vla"'ai®vn}

and we know that an IR-basis for € considered as a real linear space is {1,i}.
Thus everything on the right hand side of

cler@u+ca®v) =c(c; @ u) + c(ca @)
can be expressed as being in a real linear space. Thus we need to verify
cler@u+ca®v) =c(er @ u) + c(ca @)

We begin by examining the expression on the right: ¢(c; @ u) + c¢(ca @ v). At
this point we use the IR-basis for C ®r V. We know that an IR-basis for C
considered as a real linear space is {1,7}. We choose a IR-basis for V' to be
{v1,- -+, v,}. Then a IR-basis forC ®g V is

{1®U17' : '71®Un7i®vl7' : '7i®vn}
Using the definition of scalar multiplication, we have

cleg @u) 4+ c(ca ®@v) = (cep) @u+ (ccr) v =
((a +bi)(ar +b1i) @ (Zi=a (rrve) + ((a + bi)(az + bat)) @ (g (skor)) =
((aay —bb1) + (aby + bay)i) @ (Xi_; (reve) )+
((aag — bby) + (aby + bag)i) @ (X p_i(skvk)) =
((aay — bb1) © (35, (revk)) + ((aby + bay)i) © (k= (reve) )+
((aay — bby) © (35— (skvk)) + ((aby + bag)i) © (4= (swvk)) =
Yk—1((aar = bb1) @ (rrvk)) + g1 (((aby + ba1)i) @ (revr))+
S (00 — bbo) @ (55uk) + Sy (((ab + bas)i) & ()
2r=1 (rr((aay — 0by)(1 @ vg))) + 25 (re((aby + bay) (i @ vg ) )+
2= (sk((aag — bba)(1 @ i) + Xy (sk((abg + bag) (i © vy))) =
S ((re(aa; — bby) + s(aag — bbs)) (1 ® vg)+
(T’k<(lb1 + bal) + Sk(abg + b(Lg))(l & Uk))
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Using the definition of scalar multiplication again, we can write

(ri(aby + bay) + sg(aby + baz))(i @ vy,) =
((ri(aby + bay) + sg(abs + ba)))(i- 1 ®@vg) =
((re(aby + bay) + sk(abe + bas)))i) (1 @ vy,)

giving

L((re(aay — bby) + s(aay — bbs)) (1 ® vg)+
( k(aby +bay) + s(abs + bas)) (i @ vy,)) =
Zk 1((rk(aa1 - bbl) + Sk((l(lg — bbg))(l X Uk)—i-

((rx.(aby 4 bay) + s(aby + bas))i) (1 ®@ vy) =
i1 ((ri(aay — bby) + s (aas — bb2)) + (i (aby +bay ) + si(aby +bas))i) (1 @ vy,)

Changing notation from €C ®@gr V to V¢, we have

(- B0) (0 + ) (S (ron)) + (@ B0) (@2 + o) (S (5508)) =
S (((rp(aay — bby) 4 sg(aas — bby)) + (rx(aby + bay) + sx(aby + basy))i)vy,

Returning to the expression
c(er@u+ca®v) =c(er @ u) + c(ca ®0)

we now examine the expression of the left. We write ¢; ® u + co ® v in terms
of the above basis.
G @u+c®v=(ay+bii) @ (XCp_y(rwor)) + (as + bt
a1 ® (5= (revk)) + b1i @ (5 (
az @ (X1 (skvx)) + b2i @ (X (sv)
Yo (a1 ® (revg)) + X5 (bri @ (ryvr)
=i (a2 ® (spvr)) + X5 (b2 @ (spvy)
Simy Ti(ar @ vg) + 35—y re(b1i ® vy,)
Sohey sk(a2 @ vg) + 20— sk(bai @ vy) =
Z}gzl(rkal(l X ’Uk) + Sk(Ig(l X Uk;) + ka1<i X ’Uk) + S]J)g(i X "Uk)) =
Zzzl((rkal + Ska2)<1 X Uk) + (kal + Skbg)(’l X Uk))

Using the definition of scalar multiplication, we write
(kal -+ Skbg)(l (29 Uk) = (T’kbl -+ Skb2)<l -1 X Uk) = ((kal + Skbg) )(1 X Uk>
Changing notation from € @i V to V¢ we now have

(a1 + b17) (Eg=y (rrve)) + (a2 + bat) (k=i (skvr)) =
Zzzl((ﬁ;al + Skag) + ((kal + Skbg)i))vk
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What we would like to establish is
clcr®@u+co®v) =c(eg ®u) + c(ca @0)
The right side of this identity we have already calculated directly.

cley @u) + ¢l @) =
S (((re(aay — bby) + sg(aay — bby)) + (rx(aby + bay) + sx(aby + basy))i)(vk)

We also have calculated ¢; ® u + ¢co ® v of the left side. We would like to
multiply this by ¢ to get the expression

cla1®@u+c®v) =
c(zzzl((rkal + Skag) + ((kal + Skbz)l))vk)

However, we have nothing that allows us to move ¢ over the summation sign.
What we need is C-linearity with respect to addition in V¢ Let us for the
moment suppose that we do have this. Returning to the tensor notation
C ®r V, we would have

c(Xho ((rrar + spaz) + ((redr + sxb2)i)) (1 ® vg)) =
(@ +bi)(Xh_q ((rrar + sgaz) + ((riby + sxb2)i) ) (1 @ vy)) =
Zzzl((a + bi)((rkal + Skag) + ((kal + Skbg)l)))(l & ’Uk)) =
Zzzl((a(mal + Skag) — b(T’kbl + Ska))+
(a(rgby + sgba) + b(rray + spag))i)(1 & vg)

Returning to V¢ notation gives

C(Z}jzl((rkal + Skag) + ((T’kbl + Skb2>2))vk) =
Zzzl«(l(hgal —+ Skag) — b(kal + Skbg)) + (G(T‘kbl + Ska) + b(T’k(ll + Sk(lg))i)vk

We compare the expressions on the left side and the right side and we see
that they are equal. Thus we can conclude in V¢ that it is "natural” to define

(e @u+ca®@0) = (ccr) @u+ (ce) @
and thus, with this natural definition, we make V¢ into a C-linear space.

In order to make more intuitive the above construction, let us repeat it
for the case where V' = IR. This means that we want the complexification of
IR, i.e., IR, and we show that naturally R =€ ®gr IR can be made into a
complex linear spaceC. Fortunately, we can visualize this situation by taking
any line in a plane to represent IR, and showing that its complexification €
is the plane. Now any line is a one-dimensional real linear space, and the
plane is a two- dimensional real linear space, but also it is a one-dimensional
complex linear space.

Thus we begin with real linear space€C @ IR. Every element in this space
is written as
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cQk=(a+bi))®k=a@k+bi®k=a(1®Fk)+b(i®k)

We recognize (1®k,i®k) as a real basis for € ®g IR, and thus we have c® k
written in a 2-dimensional real basis. Interpreting this geometrically on the
plane, we see that this says that if we take a plane with a distinguished point
O |called the origin of the plane], and any line through O, and any point k
on this line, which is represented by IR, and multiply this by a, we obtain the
point a ® k = ak on this line. Then if we rotate this line counterclockwise
by 90 degrees around the origin [multiplying by i] and we obtain a point
1 ® k = 1k on the line perpendicular to the original line through the origin.
Multiplying this by b, we obtain another point bi ® k = bik on this line
perpendicular to the original line. Adding these two points [vector addition
in the plane] gives us a point ¢ ® k in the plane.

We remark that all of the above can be interpreted in the notation of V.
This means that we are interpreting (IR°)". If we write ¢ ® k as ck, that is,
a complex scalar ¢ times a 1-dimensional real vector k£, we have

ck = (a+ i)k = ak + b(ik)

which shows a 1-dimensional complex vector written as a 2-dimensional real
vector using the special basis (1k, ik).

Now we have defined a complex scalar multiplication in € ®g IR as
c(c®k):=(ce) @k
Using this definition, ¢ ® k becomes

cRk=(a+bi)Rk=a(1k)+b(i®k)=a(1®k)+bi(l®k)=
(a+bi)(1®k)=ck

and this says that the point in the plane can also be obtained by multiplying
the basis element k by the complex scalar ¢. Thus we have changed the
2-dimensional real space € ®g IR into the one-dimensional complex vector
space IR, which is the complexification of IR. And, of course, IR° =C.

We remark that if we take advantage of the natural isomorphism
C xc Ve =2 V¢ so that ¢ ® v, which maps to cv by scalar multiplication,
will be considered just an element u in V¢. Then, in this context there is
no need to write a scalar in front of the vector. Also we have this very use-
ful identity where we use the definition of complex scalar multiplication in
CorV.
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Ve=CoerV=RoRi)RRrV =
(Ror V)@ (IRi) @r V) =
Ve(ieV)=VaeiV

which again shows that V' C V¢ This also shows that dimgV ¢ = dimgV'.

We also conclude that we have two notations for the same set: C @R V'
and V¢ The first is a 2n-dimensional real linear space, while the second is
an n-dimensional complex linear space.

2.12.2 From IR to €C: The Lie Algebra Structure. Now we let V' be
a real Lie algebra, e.g., V' = g, where g is a real Lie algebra. We form ¢°¢ and
we wish to give it the structure of a complex Lie algebra. Thus, we need to
define a bracket in g¢. We choose:

Ixg=Co0rJXCORYI —CRORY =]
(1 @u,ca @) — [c1 R u, o V] 1= c169 ® [u, V]

where, of course, [u,v] is the bracket in g.

With this definition of bracket in ¢¢ we show that g€ is a Lie algebra over
C. First, we note that

[c1 ® u,co ®v] = [(a1 + iby) ® u, (az + iby) @ v] =
[a1 @ u+ (1b1) @ u, as @ v+ (iby) @ v] = [a1 @ u+1i(by @ u), as @ v+ i(by @ V)]

Now we let a1 ® u = x1; by ® u = y1; as ® v = Tg; by ® v = y9. This gives
[(z1 +iy1), (22 +iy2)] = [21, 22] — [y1,Y2] +i([z1, v2] + [y1, 22])
Now

c1Co ® [u,v] = (a1 +iby)(ag + 1be) ® [u,v] =
((a1ag — byba) + i(arbe + byaz)) @ [u, v] =
(a1a2 — ble) [u U] + Z(CleQ + blag)) X [ }

Comparing these two expressions, we have

(a1a2) ® [u,v] = [a1u, agv] = [x1, 23]
—<blb2> & [U,’U = —[blu, bQ'U} = —[yl,yg]
(a1b2) ® [u, v] = [aru, byv] = [21, o]
(braz) ® [u,v] = [byu, asv] = [y1, 2]

Thus we see that by just using C-linearity in ¢ we have a natural identity of
a Lie bracket in g°.

It is straightforward that scalar multiplication is bilinear with respect to
this multiplication. For ¢ in € and ¢; ® u and ¢, ® v in (C @R §), we have
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cler @ u, g @] = cerca @ [u,v]) = (e(cre2)) ® u,v] =
((cc1)er) @ [u,v] = [(cer) @ uy o @ 0] = [c(e1 @ u), o @ V]

and

cler @ u,co @ v] = c(erea R [u,v]) = (e(cre2)) ® [u,v] =
(c1(cc2)) @ [u,v] = [e1 ® w, (cc2) @ v] = [c1 @ u, c(ca @ V)]

We also need to show that this multiplication distributes on the right and
on the left, that is, it is bilinear with respect to addition.

[c1 @u, (o @v+c3RW)| = [c1 @ u,co V] + 1 @ u),c3 @ w]
c1®u+c®@v,c3@w| = [c1 ®u),c3 @w] + [c2 ®v, 3 @ w]

For left distribution we want to show
[c1 ®u, (2 ®@v+c3Qw)| = [c1 @u,ca @]+ [c1 @ u,c3 @ w]

We reduce first the righthand side of this equation. We work with a basis
(v1, ..., vp) In g.

[c1 @ u,co @]+ [e1 @ u,c3 @ w| = 160 ® [u,v] + c1e3 ® [u, w] =
(a1 + b1i)(az + bai) @ [0 (rivi), 2251 (85v5)]+
(a1 + bii)(az + b3i) @ [327; (rivi), Xhoy (Ervn)] =
((CLlCLQ — blb2> + (a11)2 + blCLQ)i) ® Z?:l Z?:l TiSj [Ui, Uj]—|—
((araz = bibs) 4 (a1bs + bras)i) @ o, Sp_; ritklvi, vg] =
Sim1 i1 ((arag — biby) + (a1by + braz)i) @ ris;[vi, v;]+
S S ((aras — bibs) + (arbs + bias)i) & rity|[vi, vg]

Handling the lefthand side of the equation is more delicate. We work first
with ¢ @ v+ ¢35 @ w.

CoRU+c3R@W = (CL2 + bgl) &® Z?:l (SjUj) + (CL3 + bgl) & Zzzl(tkvk) =
Yi-1((az + bai) ® (s5v5)) + Xk—1 ((as + bsi) @ (tyvr))

Now we have

1 ®@u, (2 ®v + c3 @ w)] =
[c1 @ u, Y0 ((ag + bai) @ (s505)) + Xj=y ((as + b3i) @ (tgvr))]

Once again we see that we have nothing that makes legitimate moving brack-
ets across addition in §¢ = (C ®g §). Again, let us assume, for the moment,
that we can. This gives
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[er @ u, 5 ((a2 4 b2i) @ (s505)) + Xk ((as + bsi) ® (fpvr))] =
[c1 @ u, 320 ((ag + bai) @ (s5v5))] + [er @ u, gy ((az + b3i) @ (trvr))] =
P 1[01 ® u, ((az + bai) @ (s5v5))] + Xhoiler @ u, ((az + b3i) @ (tpvr))] =

Now we can apply the definition of the Lie bracket in ¢ = (€ QR §).

Xjmiler ® u, ((ag + bai) ® (s505))] + i ler © u, ((as + bsi) @ (fyvr))] =
>0 ci(ag + b2i) @ [u, s5v;5] + 352, ci(as + b3i) @ [u, tyvy]

We now expand c¢; and u.

>j—q c1(ag + bai) @ [u, sjv;] + Y eiaz + bsi) @ [u, trop] =
S ii(ar + bii)(as + bai) @[3 (i), sjv5]+
Zzzl(al + bli)(ag + bgl) & [Z?:l (rwi), tkvk]

Now since we know that brackets in ¢ are bilinear with respect to addition
and real scalars, we have

>j—(ar + bid)(ag + bai) @ [321, (rivi), s5v5]+

Zk 1((11 + bﬂ)(ag + ng) [ (T ) tkvk]
>im1 i1 (arag — biby + (arby + blag)z) ® 1;8;[vi, v;]+
Sy Yo (arag — bibg + (a1bs + brag)i) @ riti|vi, vi]

Now we wanted to show that
[c1®@u, (ca®@v+c3@w)| = [c1 @ u,ca V] + [c1 @ u,c3 @ w]
We calculated

it 21 ((araz = bibs) + (a1bs + biaz)i) @ rys;lvi, vj]+
21 Xf=i ((arag — bibs) + (a1bs + biaz)i) @ ritk[vi, vl

Assuming that we can move brackets across addition in §° = (€ ®r g), we
obtained

[C1®U,(Cz®v+63®w)]
>jo(ar + b1i)(ag + bai) @ [30, (rivi), s5v5]+
Yh=1(ar + bii)(az + bsi) @ [X23 (rivi), tror] =
ey 2= (@rag — biby + (a1by + blag)z) ® ris;lvi, vj]+
S S (araz — bibs + (a1bs + byag)i) @ rity[v;, vkl

101



We see that these two expressions are identical. Thus it is reasonable to
define that brackets are linear with respect to addition in §¢ = (€ Qg §).
And obviously the same conclusion is true for right distribution.

We also need to show the anticommutativity of the bracket product in
g¢. It comes from this property holding in g:

[c1 ®@u,co ®v] = ci16 @ [u,v] = —co01 @ [v,u] = —[c2 ® v, ¢ @ Ul
Finally we need to show that the Jacobi identity holds in g°.

[c1 @ u, [ ® v, c3 @ w|]+
[cs @ w, [c1 @ u, ca @ v]|+
[co ® v, [c3 @w, 1 @ul] =
[c1 ® u, (cac3) @ [v,w]] + [c3 @ w, (c1¢2) ® [u, v]] 4 [c2 R v, (e3¢1) ® [w, u)] =
(c16903) @ [u, [V, w]] + (c3c102) @ [w, [u, v]] + (caczer) @ [v, [w, u)] =
(010203) ® ([u7 [U7w” + [w7 [ua U]] + [’U, [w7u]]> =0

since the Jacobi identity is valid in g.

Thus when we build the complexification of the C-linear Lie algebra ¢¢
from the structure of the IR-linear Lie algebra ¢, we have a canonical way of
obtaining it. If the complex dimension of §¢ is n, then we have immediately
the 2n-real dimensional Lie algebra (g°)" = g x g, since we have already
identified g, i.e., we do not need to choose a basis in §¢ to identify ¢ in g°.
Also, from the following calculation, we see that for any decomposition of
g¢ = g ® 1g such that ¢ & i0 C g & ig, we can conclude that g is a real
Lie subalgebra of real dimension n of (§°)", which latter algebra has real
dimension 2n. We have for u = u,e; 4+ 4(0) and v = v,1 +4(0) in § & ig

[urel] [U'r‘el] - [ureh U'rel] - [07 0] o [urelu Urel]

U U ] Leaetoiod ][ Mot
This also says that [u,v] = [urer + 4(0), Vrer + 1(0)] = [Urer, Vrer] + 2(0) in
gd1ig.

2.12.3 From € to IR: the Linear Space Structure. We now want
to move from a C-linear space to an R-linear space. Given a complex linear
space, we ask what kind of real linear structures does it determine? This
means that the given complex linear space V' is regarded as coming from the
complexification of some real linear space Vi, i.e., V = (Vy,)¢, where Vy, is
given a basis {ey, ..., e, }. [CAUTION: the basis {ey, ..., e, } is in this section

not the basis of the canonical vectors {(1,0,---,0),---,(0,---,0,1)}, but an
arbitrary basis in V]
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It seems evident that, given a complex linear space V', there is no unique
Vu, whose complexification is the given complex linear space V. Thus we
start with a complex linear space V' and chose a Vi, with basis {e1,...,e,}

such that V = (V).

This means that any element in x in Vy;_ can be written as = a;e; + - -
-+ ape,. Now the complexifcation V' = (V)¢ came from putting a complex
structure on the real linear space €C" ®gr Vy,. When one starts with a real
linear space €" @R Vy,, then all of the above analysis is seen to depend on
the following definition for making this space into a €C-linear space:

c(c®v) = () ®v

In particular if ¢; = 1, we have 1(c®v) = (1l¢) ® v = c® v; and if ¢; = i, we
have i(c ® v) = (ic) @ v.

Now since (Vy,)¢ is the same set as C ®gr Vy,, we can form a basis for

(V)¢ over € to be {1®ey,...,1®e,}, giving dimg(Vy, )¢ = n. We now take
the set of linear combinations of this basis and note that

a(l®e)+- - +a,(1®e,) =
l®aes+---+1®ane, =
1® (aje; + - - - + apey)

with a; in IR, and this coincides with the subset {1 ® z|z € Vy} of (Vi.)“.
Thus this set is a IR-subspace of (V)¢ and is isomorphic to Vi,. Thus Vy,
becomes a IR-subspace, and it has the following two properties:

(1) The C-space spanned by Vi, is (Vi,)*
(2) Any subset of Vi, which is linearly independent over IR is linearly

independent over €

The proofs follow:

(1) is obvious. Any v in (Vy;,)¢ can be written as
v=ci(l®e))+ - +c,(1®e,) with ¢; in€C =
- 1®er+---4+c,-1®e, =
a®e+---+c, ¥ey

(2) Let W be a subspace of V and let {f1,..., fr} be an IR basis for W. For z in W

and a; in IR,
ifr=afi+---+apfy =0, thena; =---=a; =0. Now
we take the corresponding € basis {1 ® fi,...,1® fi} and form
2201(1®f1)+"'+6k(1®fk):O
z= (a1 +ib)(1® f1)+ -+ (ar +ibp)(1® fr) =0
then z = (a;(1® f1) + -+ -+ ap(1 @ fi))+
i(bi(1® f1) + -+ be(1® i) =0
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z=(1®afi)+ -+ 1 Oafi)+
((1@bfi) +- + (1 ®befr)) =0
z=1@ ((arfi+ - +apfe) +ilbifi+- -+ fi)) =0
=1 ((arfi+ - +apfe) +ilbifi+ - +bufi)) =0
Thus (a1 fi + -+ apfr) =0 and (byfi + -+ bpfr) = 0;
and we conclude that a1 =---=a, =0, and by =--- = b, =0,
giving ¢; = - - - = ¢, = 0. Thus we conclude that W€,
a C-subspace of (V)¢ is k-dimensional over C.

Thus we start with an n-dimensional real linear space Vi, with basis
{e1,...,en}. From the above we know that the complex linear space (Vy,)¢
has a basis {1®ey,...1 ® e, } over € and therefore any vector v in (V7;,)¢ can
be written as:

v=c(l®e)+...+c(l®e,) = (a1 +ib)(1®er) +... 4+ (a, +iby) (1®e,) =
(a)(1®er) + ...+ (a,)(1®e,) +i(bi(1®@er) + ... + b (1 ®ey,))

In this combination the ¢;’s are complex numbers and the a;’s and b;’s are
real numbers. However if we identify (1 ® f;) with f;, we can write the
combination as:

v = (al + Zbl)fl + ...+ ((In + an)fn =
arfi+ o+ anfo+i(bifr + .o bofn) =
arfi+ -t anfo F01(if1) + -+ biifn)

This shows that Vi, 44V, can be written as a 2n-dimensional real linear
space on a special basis {e1, ..., e,, e, ..., ie, }. We call this real linear space
V7. Thus we have

VIi=Vy +iVy,

Given a linear space V over €, we have complex scalar multiplication

CxV —V
(¢, v) —> cxo.

where the ¢;,’s are complex numbers. Also we can write these complex num-
bers as ¢, = ap + bii, where the a;’sand the b,’s are real numbers. This
gives

v =cCe;+---+cpép

v= (a1 +bii)er + - - -+ (an + bpi)e, =
aje; + - -+ ape, + by(ier) + - - - + by(iey)
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This says that we can give same set V' a basis {ej,- -, e, i€, - -, i€, } over
the real numbers, making the set V' into a real linear space V. with real
dimension twice the complex dimension of V. Thus we know that if V is a
complex linear space of complex dimension n, then V" is a real linear space
of real dimension 2n.

However we observe that the real basis given above is not completely
arbitrary. We did arbitrarily choose n vectors linearly independent over the
reals, but the other n vectors linearly independent over the reals were not
arbitrary but were ¢ times the original set of n vectors linearly independent
over the reals. Thus we have a very special kind of basis for V. In fact, the
v in V] can now be written as

v= (a1 +bii)er + - - - + (an + bui)e, =
aje; + - -+ ape, + by(ier) + - - - + by (ie,) =
ajey + - - -+ ape, +i(bre; + - - - + bpey)

and thus we see that V" = Vy, @ ¢Vy,, where V5, is a real subspace of
dimension n of V.

We thus have a map from the complexification of Vi to V:

Vo) —V
VUe 2, ’iVUe —V
(are1 + -+ aney) +i(brer + - - - +been) — (a1 +bii)er + - + (an + bpi)e,

which is obviously an isomorphism of complex linear spaces.

This phenomenon of complexification shows up in some surprising ways.
Suppose now that we chose another complexification V5, of V' where Vy;, is
given a basis {u1, ..., u, }, and suppose that Vi, is not equal V;;, This means
that the given complex linear space V' comes from the complexification of
some real linear space Vi, i.e., V = (Vy,)¢ where Vy, is given a basis
{uy,...,un}. And with respect to the u-basis V. = Vi, x Vy,, that is, VI is
represented by two independent copies of Vy;,, giving the dimension of V.| as a
real linear space to be 2n. However the information communicated by writing
V' as such is very much linked together. To see this we do the following. We
go to matrix notation. Having chosen a e-basis for V', then each element v in
V' is written as a column vector [c¢;| = [ay + tbx] = [ax] + i[bx], and this says
that the corresponding element in V" can be written as a 2n column vector
of real numbers.



We now choose another basis for V: {us,- -+, u,}, and write an arbitrary
element v in V' in this basis:

v=diu; + -+ dyuy,

where the d;’s are complex numbers. Now we can write these complex num-
bers as d;, = r; + sit, where the r.’s and the s;’s are real numbers. This
gives

v=(r1+s19)us + -+ (1 + Spi)u, =
rug + A g, + s (i) -+ sp(fuy,) =
iUy F A Tty i(S1ug 4 -+ Spuy)

Now we let V7, be the real linear space which is generated by the real basis
{uy, -+ -, un}. Maintaining our choices as above, we have that every element
v in V can be expressed also as v = Uye1 + U2, and thus V is expressed as
V=V, ®iVy,, and V.| = Vi, x Vy, is just two copies of Vy,. Thus each
element of v in V' is written as a column vector [dy] = [rg +isg] = [ri] +4[sk],
and the same element in V] is written as a column vector

Now the matrix C' = [¢;;], which changes the e-basis to the u-basis, is a
non-singular matrix in GL(n,C), that has n* complex entries. Also C' can be
written as C = A+ 1B, where A = [aj;] and B = [bj;] are in M, (IR). This
now gives us 2n? real entries. We seek the IR-matrix K which maps the basis
{e1, - -, en, i€, - - ie,} to the basis {uy,- - -, uy,iuq, - - -, iu,}. We observe
that this matrix must be 2nx2n and thus it must have (2n)? = 4n? real
entries. Since we only have 2n? real entries, this means that the K matrix
is not arbitrary, but has a very special form. Of course, this is due to the
fact that the second parts of the bases {iey, - - -, ie,} and {iuy,- - -, iu,} are
not independent of the first parts, but are related to the first parts in a very
special way — through multiplication by <.

To obtain this matrix K from the matrix C' = A+iB, we do the following.
We write the vector v in V' as an n-column matrix of complex entries [cg]
with respect to the basis {ey}. Since ¢, = ay + by, this matrix can be written
as [cx] = [ax] + i[bg], where [ax] and [bg] are n-column real matrices written
with respect to the same basis {e;}. We do the same with v written with
respect to the basis {uy}, giving [dg] = [rg] + i[sg], where [ry] and [sg] are
n-column real matrices written with respect to the same basis {uy}. Using
matrix notation we get
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[d] = Cley]
[re] +ilsk] = (A+iB)([ax] +iby]) =
Alax] + A(i[br]) + iBlax] + iB(i[bg]) =
Alag] — Blby] + i(Albr] + Blay])

This matrix equation can be rewritten in the following real notation
A —-B lar] | _ | Alaw] — Blbw] | _ | [r4]

which shows a (2n)? real matrix operating on a 2n-column real matrix, giving
a 2n-column real matrix. We therefore define K to be

A —-B

B A
This development shows how an n? complex matrix C, with 2n? pieces of
real information gives a (2n)? real matrix K with the same amount of real
information. The special form of K is most important. One 2n-column
real matrix is written with respect to two copies of the {ej}-basis, while
the other 2n-column real matrix is written with respect to two copies of the

{uy }-basis. Essentially we have shown how to take any C-automorphism ¢
of V' and express it as a special IR-automorphism ¢ of V. to V.

But we can say more about this structure. We know that we can compose
two endomorphisms of V', ¢, represented in some given basis of V' by the
matrix C4, and ¢, represented in the same basis of V' by the matrix Cs,
giving the endomorphism ¢y o ¢, represented by the matrix product CoC}
with respect to the same basis. We have

CyCy = (Ay+1iBy) (A1 +1iBy) = As Ay + Ay(iBy) + iBs Ay + iBs(iBy) =
AsAy — ByBy + (A By + ByAy)

Thus CyC gives the real matrix

AQAl - BgBl —(AQBl + BQAl)
AQBl + B2A1 A2A1 - BQBl

while by multiplying the corresponding matrices, we obtain

A2 —BQ Al _Bl i AQAl - BgBl —AgBl - BgAl
BQ A2 Bl Al - B2A1 + A2B1 —BQBl + A2A1
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We observe that we arrive at the same matrix, and thus we can conclude
multiplication is preserved under the above correspondence.

Using the methods that gave us this conclusion, we would like see how the
inverse of a matrix corresponds. Thus we choose C~! so that C' - C~! = I,,,
where I, is the complex n-dimensional identity matrix. Since I,, = Ireq +
10,,, the real 2n-matrix corresponding to [, is

In;real On
On ]n;real

which we see is the 2n-real identity matrix I5,. Now writing C'- C~! as
C-C'=(A+iB)(A +iB)=(AA — BB')+i(AB'+ BA')
gives the 2n-real matrix

AA'— BB —(AB'+BA) ] [ 1, 0,
AB'+ BA' AA-BB |~

Therefore we can say that

A -B1' [4 -B

B A | B A
We also observe that AA’ — BB’ = I,, and AB’ = —BA’. Thus caution must
be observed when treating inverses in this construction.

Finally, another caution should be mentioned, namely, one concerning the
taking of transposes. If X is a mxn matrix, we define the transpose Xt of X
to be the nxm matrix whose rows are the columns of the original matrix X,
and thus whose columns are the rows of the matrix X. We know that

ifC=A+iB then C'=(A+iB)'=A"+iB

Thus if the real matrix representing C' is
A -B
B A
then the real matrix representing C* is
Av—pt] L ([A -B "7 oA Bt
Bt A B A | =Bt A
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Thus the operation of taking transposes is not preserved in this construction.

2.12.4 The J Transformation. Now we said above that V" has “more”
structure than just V" = V... X V,._, since it comes from V| a complex linear
space, by a choice of a €C-basis in V. But since our concern now will not
be the specific basis chosen, we will simplify our notation to V" =V, x V.
to indicate that some basis has been chosen. Using this notation, we can
now identify what this “more” structure is. We can get to this additional
structure by asking how can we take the real vector space V" =V, x V... and
make it into a complex vector space which is isomorphic to V. Giving V,. a
real basis, we can write any element in V.. X V. as a column matrix

Recalling our construction above, we want to operate on what corresponds in
Ve X Ve to the imaginary component of V' by a transformation C' which corre-
sponds to the imaginary transformation. Now 0 x V,.. in V,.. x V,.. corresponds
to the imaginary component of V', and the transformation corresponding to
the imaginary transformation is 0 + ¢/,,. In matrix notation we get

0o —1I, [0] _ [—bg]
If we let the same transformation operate on what corresponds to the real
component of V', we get

0o -1, [ag] _ [0]

I, 0 [0] [a]
We now show that if V,, x V,. possesses a linear transformation, call it J,
defined by

J:‘/rexv;’e_>‘/;"ex‘/re
(v1,v2) > J(v1,v2) == (—va,v1)

then we can define a complex linear space structure on V,. X V.. In matrix
notation we have

We remark that J? = —I,, since:
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0o -1, 0 —I,| I, 0|
J’J_l[n ol'lln o]“lo ]n]__[%
The additive structure is simply the additive structure in V. x V., i.e.:

(V;"e X ‘/re> X (‘/re X ‘/;"e) — ‘/re X ‘/7‘6
((U17U2)7 (w1,w2)) — (U17U2) + (wl,w2) = (v; +wy, v + w2)

But the scalar multiplication is defined using the J transformation.

CX(‘/TBX‘/T‘@)—)‘/;‘GXWE
(¢, (v1,v9)) — c(v1,v2) = (a + ib)(v1,v2) 1= (alay + bJ)((v1,v9)) =
a(vy,ve) + b(J(v1,v2)) = (avy, ave) + (—buvy, bvy) = (avy — b, avy + buy)

We verify that the expected properties of scalar multiplication hold.

c((vy,v9) + (wy,ws)) = (a+ b)) (vy + wy,ve + wy) =
(a(vl + ’lUl) — b(Uz + wz) (UQ + "LUQ) + b(vl + wl))
(avy + awy — buy — bwsy, avy + awy + buy + bwy) =
((avy — bug, ave + bvy) + ((awy — bws, aws + bwy) =
c(v1, v2) + c(wy, w)

(Cl + Cg)(Ul,Ug) = ((CLl + ’Lbl) + (CLQ + ibz))(vl,vg) =
((a1 + ag) +i(by + b)) (v1,v9) =
((a1 + az)vy — (b1 + ba)va, (a1 + ag)ve + (by + bo)vr) =
(a1v1 + aguy — byvg — b, ajve + agve + byvy + bovy) =
(awl — bl’UQ, a1V + blvl) + (612711 — bgvz, a9 + bZUl) =
C1 (’Ul, UQ) -+ CQ(Ul, Ug)

(c102)(v1,v2) = ((ag + iby)(ag + ibs))(vy,ve) =
((a1ag — biby) + i(arbe + bras))(vy, va) =
((a1a2 - b1b2)U1 - ((1152 + b1a2)U2, (a1a2 - 5152)02 + (CL152 + b1a2)v1) =
(&1&2111 — b1b2U1 — Cl,leUQ — blagvg, a1V — b1b2'Ug + CL1b21)1 + b1a21)1) =
(alagvl — CL1b2U2 — blagvg — blbgvl, 109V + CL1b2U1 + b1a2v1 — blbgvg) =
(CLl(CLQ’Ul — bgUg) — b1 (CLQUQ -+ bgvl), ai (CLQUQ + bg’l]l) + bl(CLQ’Ul — bgUg) =
(a1 + ib1) (agvy — bovg, asve + bovy) = (ag + iby)((ag + ibe)(v1,v2)) =
ci1(ca(v1,v2))

L(vy,v2) = (14 40)(vy, v2) := L(vy, v2) 4+ 0(J(v1,v2)) = (v, v2)

This linear transformation J on V,. x V,. has been traditionally called an
almost complex structure on V,, x V,.. We also remark that it is canonical,
i.e., it does not depend on a basis chosen in V,., since it is made up from
only the identity matrix 1,,.

We now show that the mapping
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V — ‘/re X ‘/re
v = (v1 +ivy) — (v1,02)

is an isomorphism of complex linear space structures. It is clear that the
mapping is 1-to-1 and onto; we need only show that addition and scalar
multiplication are preserved.

v+ w = (v) +ivg) + (wy + twe) = (v1 + wy) + i(ve + wy) —
(v1 + w1, V9 + wa) = (vy, v2) + (w1, ws)

cv = (a+1b)(vy +ive) = (avy —bvg) +i(bvy +avy) — ((avy —bvy), (bvy +avy))
= (avy, avy) 4+ (—bvg, buy) = a(vy, ve) 4+ b(—ve, v1) = a(vy, ve) + b(J(v1,v9)) =
(alsy + bJ)(v1,v9) = (v, vy

But we can say still more. We have shown that if we give a complex
linear space V' any basis, we can construct a isomorphic complex linear space
Ve X V,.. from the real linear space V,. x V,., which latter cross product we
called above V", by constructing an almost complex structure J on V.. X V...
If we now emphasize the choice of basis, we have the symbols V" = V... X V..
and V" = V., X V., for the choice of two bases for V. And we now know
that both of these spaces, given a almost complex structure J, possess a
unique complex linear structure such that they are are both isomorphic to
the complex linear space V. And V is the complexification (V,.)¢ of the real
linear space V..

In sum, we can therefore say the following: given a complex linear space
V', the corresponding real linear space V" loses some of the structure, and
to regain the original complex structure we must define on V" an almost
complex structure J that is independent of bases, so that we can relate V"
to V' in a compatible manner.

2.12.5 From € to IR: The Lie Algebra Structure.

Now we would like to examine the Lie algebra structures of these con-
structions. Thus we consider a complex linear space ¢ which also has the
structure of a Lie algebra. Since we are now not interested in a change of
basis, we choose one basis (u1, -« -, u,) in g and fix it. With respect to this
basis, we write § = Gre ® 1Gre and §" = g X gre Now for any x and y in
g, we have a bracket product [z,y]. We write * = Upe1(z) + ite2(z) and
Y = Upe1(Y) + tre2(y) according to the above construction. However since we
are fixing our basis (u;) once and for all, we can shorten this notation to

T = Upe1 (T) + iUpea(T) = 21 + P22 Y = Upe1 (Y) + itre2(y) = y1 + iy

for x; and y; in ... Using this notation we calculate the bracket in g:
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[2,y] = [21 + iz, 1 + iya] = ([v1,91] — [22,92]) + i([21, y2] + [72,91])

This gives the bracket in ¢ with respect to the (u;)-basis for g. Now the
brackets in g,. must be taken in the complex Lie algebra ¢ for we have no
reason to assert that g,. is a real Lie algebra with brackets closing in g,.. On
the contrary we must write

[z, y;] = iy +iB;; in g, a5, Bij N Gre
Thus we have

[z, y] = [21 + iz, y1 +iya] = ([v1,91] — [z, v2]) + i([71, 9] + [72,11])
= (o1 +if11) — (22 +if2) + i((a12 + iB12) + (21 +if21))
= (o1 — age — Pr2 — Pa1) +i(Bi1 — Paz + 12 + Q)

Also since we have chosen a basis to obtain the elements of this space, it
will be convenient to express this space as column matrices of real numbers.
[To achieve this, we will now use another convention to express matrices.
Since we have only one basis under discussion, we will say that the vector x;
will be represented in this basis by the symbol of a column matrix [z], that
is, we will put brackets around the vector symbol in order to represent the
column matrix representing this vector. Thus even though brackets will mean
column matrices as well as the bracket product of two vectors or two matrices,
we hope the context will be sufficient to distinguish these two usages.] Thus
in this matrix notation we have

[l ] [ ]] = [l = fomd el
We remark if we just started with xz; and y; in g,., we would obtain
LS L1

which again shows that the value of the bracket product in g, is not real,
but is complex.

Thus we have

(21 4+ 2, y1 + 1y2)] := ((aq1 — 2o — P12 — Po1) + (11 — Paz + 12 + a91)
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We would now like to confirm that this definition of a Lie bracket in §"
does give to §" = §re X Gre the structure of a complex Lie algebra. In the
following calculations we will use [z;, 2] = i + 0;x to make clear that the
brackets map what is inside to a complex number.

We have distribution on the left. In the following calculation we are
using the fact that all z;, y; and 2z, belong to V' and thus we are using the
distribution property in V when we write

(T3, y; + 2] = [0, y5] + (24, 2]

Now

[(z1,22), (Y1, ¥2) + (21, 22)] = [(z1,22), (Y1 + 21, Y2 + 22)]

By our definition we have

[z1,y1 + 21]) = (21, 1] + [21, 21) = (a1, Bia) + (711, 011) =
(11 + 71, Bi1 + 011)

(T2, Y2 + 22] = [T2, Yo] + [22, 20] = (@22, B22) + (722, 022) =
(a2 + Y22, Fa2 + 622)

(21, y2 + 22] = [21,42] + [21, 22] = (12, Bi2) + (12, 012) =
(12 + M2, Br2 + 012)

(T2, y1 + 21] = [, 11] + [T2, 21] = (@21, 1) + (Y21, 021) =
(a21 + Y21, Bo1 + 691)

Continuing

(1, 22), (Y1, 42) + (21, 22)] = [(T1,22), (Y1 + 21, Y2 + 22)] =
(11 4+ 711, fi1 + 611) — (a2 + Va2, Baz + 022)+
J(ouz + M2, Br2 + 012) + J (o1 + Y21, Bo1 + 021) =
(0611 + Y11 — @22 — Y22 — B2 — 012 — P — O,

P11 + 011 — Pag — O29 + 1o + Y12 + Qo1 + Y1)

Now we calculate [(z1, x2), (Y1, y2)] and [(x1, z2), (21, 22)].

(1, 22), (Y1, ¥2)] = (011, Bi1) — (22, Ba2) + J (a2, Br2) + J (21, Ba1) =
(11 — o2 — P2 — Por, Bi1 — Paz + a1z + o)

[(z1,22), (21, 22)] = (711, 011) — (Y22, 022) + J (712, 012) + J (Y21, 021) =
(711 — Y22 — 612 — 21, 011 — 22 + Y12 + Y21)

Adding [(x1, x2), (y1,y2)] and [(x1, x2), (21, 22)], we obtain
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(11 — aga — P2 — Ba1, Br1 — Paz + g + 1)+

(711 — Y22 — 612 — 021,011 — O22 + Y12 + Y21) =
(0611 — g2 — P12 — Ba1 + Y11 — Y22 — 012 — O,
P11 — Baa + g + o1 + 611 — G2z + Y12 + Y21)

Thus we see that

(21, 22), (Y1, 92) + (21, 22)] = [(21, 22), (Y1, y2)] + [(21, 22), (21, 22)].

and we have distribution on the left. It is evident that if we use the same
kind of argument we will also show that we have distribution on the right.

We now have to show that for ¢ in C

cl(z1, m2), (Y1, y2)] = [e(@1, 72), (Y1, 92)] = [(71, 22), c(y1, 42)]-

First we calculate c[(x1, z2), (y1,y2)]. We write ¢ = a + ib.

(a+ib)[(z1, z2), (Y1, y2)] = (a+1ib)((a11 —asa—Bia—Pa1, P11 —Poetaiatasr)) =
(a(agr — agg — P12 — Pa1) — b(B11 — Pz + a1z + a91),
a(fi1 — Paz + a1z + 1) + blary — ag — P12 — Ba1))

Next we calculate

[c(z1, 2), (Y1, 92)] =
[(a+1b)(z1,22), (Y1, 42)] = [(ax1 — bx2, azy + bx1), (Y1, Y2)]

By our definition we have

laxy — bxy, y1] = [azy, y1] — [bxo, y1] = alz1, y1] — blxa, y1] =
a(alla 511) - 5(04217 /621)

[azy + bx1, yo] = [axa, yo] + [bx1, yo] = alza, ya] + blz1, yo] =
a(aag, Ba2) + b(ouz, Bi2)

laxy — bxg, yo| = [azy, yo| — [bT2, y2| = alzy, ya] — b[x2, o] =
a(alz, 512) - b(Oé22, @22)

laxg + bx1, 1] = [az, yi] + [br1, y1] = alza, y1] + blzy, y1] =
a(asr, 1) + b(oas, Bir)

Continuing

[c(z1, m2), (Y1, 92)] = [(ax1 — bxg, azg + bx1), (Y1,42)] =
a(all,ﬁll) - (0421, 521) - (G(Om, 522) + b(alz, 512))
+J(a(aiz, Bi2) — b(aag, Ba2)) + J(a(aer, Ba1) + b(our, Bi1)) =
G(Oén, 511) - 5(04217 521) - CL(Oé22, ﬁzz) - 5(0412, 512)
+aJ (2, P12) — bJ (azg, B22)) + ad(aa1, B21) + bJ (au1, f11)) =
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G(Oén, 511) - 5(04217 521) - CL(Oé22, ﬁ22) - 5(0412, 512)
+a(—Pi2, n2) — b(—Paz, a22) + a(—Par, 1) + b(—Fi1, a11) =
(aOén — bag; — acpy — by — aPia + bfBrw — aflar — bBi,
afin — bBar — aPaa — bB12 + acs — bagy + acgy + baqy) =
(G(Oéll — oy — P2 — 521) - b(Oézl + a1 — Pz + 511)»
a(Bi1 — Po2 + a1z + ag1) + b(—P21 — P2 — aze + a1y))

Finally, we calculate

[(xb .132), C(y17 y2)] =
[(xlv x2)7 (CL + ib)(yl, y2)] - [(xlv x2)7 (ayl - by2a ayz + byl)]

By our definition we have

[z1, ay1 — bys] = [z1, ayn] — [z1, bya] = alzy, y1] — blz1, 2] =
CL(Oén, 511) - b(Oé12, @12)

[T, ays + by1] = [22, ays] + [x2, byr] = alxa, yo] + blao, y1] =

a(az, Baz) + b1, Ba1)

(21, ays + byr] = [21, aye) + [21, byr] = alwy, yo] + b2, 1] =
a(oz, Bi2) + b, Bi1)

(T2, ayy — bya] = [v2, ayr] — [x2, bya] = alza, y1] — blwa, y2] =

CL(Oé217 521) - 5(0422, 522)

Continuing

[(Ilv x2>7 C(y17 yQ)] = [(Ilv x2>7 (ayl - by27 ayz + byl)]
G(Oényﬂn) - b(a127 512) - (a(om, 522) + b(a217ﬁ21))
+J(a(aiz, B12) + b, Bi1)) + J(a(aar, Ba1) — blags, Baa)) =
0(0411, 511) - b(Oé12, 512) - CL(OZ22, 522) - b(Oé21, 521)
+aJ(a2, P12) + bJ (11, B11)) + ad(aar, B21) — bJ (g, fa2)) =
G(Oén, 511) - 5(04127 512) - CL(Oé22, ﬁ22) - 5(0421, 521)
+a(—Ph2, cn2) + b(—Fi1, a11) + a(—Pa1, 1) — b(—Paz, i) =
(aOén —bayy — aqgy — bagy — afia — bf11 — afar + bBay,
afBiy — bBia — aBay — bBa1 + acis + bayy + acg — bagy) =
(G(Oén — oy — P2 — 521) - 5(0412 + o1 + P11 — 522)7
a(Bi1 — Po2 + a1z + ag1) + b(=PBi2 — a1 + a1 — )

Thus we can conclude that scalar multiplication by € satisfies

cl(z1, w2), (Y1, y2)] = [e(@1, 72), (Y1, 92)] = [(71, 72), c(y1, ¥2)]-

We now verify the anticommutativity of the bracket product. In order
to write [(y1,92), (1, 22)], we must return to the calculation of [y, x] in V,
which, of course, gives immediately [y,z] = —[z,y]. We use this to show

[(ylv y2)7 (‘Tla (L’g)] = —[(1’1, IQ)? (yh y2)]
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[y, 2] = [y1 + iy2, 21 +iza] = ([y1, 21] — [yo, 22]) + i([y1, z2] + [y2, 21]) =
(=21, ] + [z, v2]) — il[22, 01] + [21,92]) =
— (a1, Bi1) + (a2, Ba2) — i((21, Ba1) + (012, fr2))

Now by definition

[(y1,92), (21, 22)] := — (1, Bi1) + (a2, Baz) — J (12, Br2) — J(aa1, Ba1) =
— (a1, B11) + (22, Ba2) — (—Prz, a12) — (—Par, 1)
(—ou1 + ag + Bz + Bor, —Pi1 + Pa2 — 12 — @)

And we see immediately that

[(y1,y2), (z1,22)] = (—oa1 + a2 + P12 + Bo1, —f11 + Pao — a2 — a21) =
— (011 — g — Bia — Ba1, i1 — Poz + 12 + a91)) =
—[(w1,22), (Y1, y2)]

Finally, we must verify the Jacobi identity in §" = Gre X Gre-

First we calculate [[(z1,2), (y1,92)], (21, 22)]. In this calculation we have
(4, y;] = (g, Bij), [aug, 2] = (auge, Bigr) and [Bij, 2] = (Vig, Oijie)-

(21, 22), (y1,92)], (21, 22)] =
(o1 — o — P12 — Por, Bi1 — Pz + oz + 1), (21, 22)] =
(@11 — oz — Bra — Ba1), 21] — [(B11 — Bz + a2 + aa1), 29]
+J([(Oé11 — gy — P2 — 521), 22]) + J([(Bll — Bz + g + 0621), Zl]) =
[041172’1] - [CY22, 21] - [512,21] - [521,2’1]
—[Bi1, 2] + [Baz, 22] — |12, 22] — [0v21), 22]
+J([0611, 22] - [0422, 22] - [512, 22] - [521, 2'2])
+J([B11, 21] = [Baz, z1] + |12, 21] + [, 21]) =
(0411175111) - (06221; 5221) - (7121, 5121) - (7211, 5211)
—(71127 5112) + (7222, 5222) - (041227 /3122) - (CY2127 5212)
+J (@112, Br12) — (222, Baza) — (7122, 0122) — (Y212, 212))
+J((’Ylll, 5111) — (7221, 5221) + (04121>5121) + (06211, 5211)) =
(0611175111) - (042217 5221) - (’7121, 5121) - (7211, 5211)
—(71127 5112) + (7222, 5222) - (041227 5122) - (042127 5212)
+(—5112, 04112) - (—5222, 06222) - (—5122,7122) - (—521277212)
+(=6111,7111) — (=221, 7221) + (=Sh21, q121) + (—Pa11, X211) =
(CY111 — Q221 — Y121 — Y211 — V112 T Y222 — Q122 — (0212
— B2 + Bazz + 0122 + d212 — d111 + 9221 — P21 — Boi,
Bri1 — Bazai — 0121 — G211 — 0112 + d222 — Br22 — Bor2
+a112 — Qa2 — Y122 — Y212 + Y111 — VYo21 + Q121 + Qo11)

Next we calculate [[(z1,22), (x1,22)], (y1,¥2)]. In this calculation we have
[2i, 73] = = (Vigs 0i5)s [Vigs Uk] = (Kijis Aijre) and [6i5, Y] = (pijns Vigr)-
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[[(217 Z2)7 (.’1}1, x2>]7 <y17 y2)] =
(=11 + Y22 + 012 + 021, =011 + d22 — Y12 — Y21), (Y1, Y2)] =
(=11 + 722 + 012 + 021), y1] — [(—011 + d22 — Y12 — Y21), ¥2)
+J([(=y11 + 22 + 612 + 021), y2]) + J([(—011 + 622 — Y12 — V21), 1)) =
(=711, v1] + [Y22, y1] + [012, v1] + [621, ¥1]
+[011, y2] — [022, y2] + [V12,42] + [121), ¥2]
+J([=711, Yol + [r22, Ya| + [012, Y2] + [621, y2])
+J(=[611, 1] + [622, 1] — [12,91] — 21, 1)) =
— (K111, A111) + (K221, A2o1) + (121, Y121) + (211, V211)
+(p112, vi12) — (222, Va22) + (K122, A122) + (K212, A212)

J(— (K112, M12) + (Ka22, Aoaz) + (H122, Vi22) + (212, V212))
J(_<,u1117 V111) + (,u221, V221) - (fi121, )\121) - (Fézn, /\211)) =
— (K111, AM111) + (Ka21, A1) + (fa21, vi21) + (fo11, Vo11)

+ (112, Y112) — (Ha22, Va2a) + (K122, A122) + (K212, A212)
+(A12, —Fk112) + (=A222, Kaga) + (=122, ft122) + (=212, f212)
(111, —pan) + (—voo1, poo1) — (=Ai21, K121) — (=Ao11, K1) =
(—R111 + Koot + a1 + for1 + fiz — Ho2e + K122 + Koio
Al12 = A2z — V122 — Vai2 + Vi1 — Vag1 + Ai21 + Aot
—A111 + Aoa1 + Vig1 + Var1 + Ving — Vage + A122 + Aorg
—K112 + Koo + ft122 + fg12 — fa11 + fo21 — Ki21 — Kai1)

Lastly, we calculate [[(y1,¥2), (21, 22)], (21, 22)]. In this calculation we have
Wi, 2] = (Kizs Nij)s [Kigs o] = (Tijrs pige) and [Aij, 2] = (035, Tijn)

[(ylv yQ)? (217 Z2)]’ (xb 552)] =
(K11 — Ka2 — A2 — Aoty Adn — Agg + Ko + Kar), (21, 22)] =
(K11 — Ka2 — A2 — A1), @1] — [(M1 — Ao + Kag + Ka1), 2]
+J([(K11 — Koz — A2 — Aa1), @a]) + J([(A11 — Aga + K12 + K21), 21]) =
[H11,$1] - [/122,%] - [)\12,I1] - [)\21,$1]

—[ A1, o] + [Ao2, o] — [K12, T2] — [Ko1, 22]
+J([R11, 2] — [Rag, T2] — [Ai2, T2] — [Aa1, 22))
+J([A1, 1] — [Nz, 1] + [K12, 1] + [Ko1, 21]) =
(77111, P111) - (7T221,p221) - (0121, 7121) - (021177'211)
_(01127 7112) + (0222, 7'222) - (7T122, P122) - (7212,,0212)
+J((7T112,0112) - (7T222,0222) - (012277122) - (021277212))
+J((o111, T111) — (0221, To21) + (121, p121) + (211, p211)) =
(7111; /1111) - (7T221,p221) - (0121, 7121) - (0211,7'211)
—(0112, 7'112) + (0222,7'222) - (7T122, P122) - (7T2127P212)
+(—,01127 7T112) - (—02227 7T222) - (—7'122, 0122) - (—7'212, 0212)
+(=T111,0111) — (—T221, 0221) + (—p121, T121) + (—pa11, To11) =
(7T111 — M21 — 0121 — 0211 — 0112 + 0222 — 122 — T212
—p112 + P222 + Ti22 + To12 — Ti11 + T221 — P121 — P211,

P111 — P221 — T121 — To11 — T112 + T222 — P122 — P212
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+T112 — T2 — O122 — Oa12 + 0111 — 0221 + Ti21 + To11)

To complete the proof we must show that the sums of the following three
expressions are each equal to 0.

(CY111 — 221 — Y121 — Y211 — V112 T V222 — Q122 — (V212
— B2 + Bazz + 0122 + d212 — d111 + 0221 — P21 — Boi,
Bri1 — Baza1 — 0121 — 0211 — 0112 + d222 — Br22 — Bor2
+a12 — Q22 — Y122 — Y212 + Y111 — Ye21 + Q21 + Qo11)

(—K111 + Koot + a1 + for1 + fiz — Hooo + K122 + Koio
Al12 — Agga — Vigg — Vo2 + V111 — Vao1 + A1 + Aain,
=111 + Aogr + V121 + Va1 + Ve — Vaoz + A2z + Moo

—K112 + Kooa + f122 + fg12 — fa1 + fo21 — Ki21 — Kai1)

and

(7T111 — 221 — 0121 — 0211 — 0112 + 0222 — 122 — 212
—p112 T+ P222 + Ti22 + To12 — Ti11 + Te21 — P121 — P211,
P111 — P221 — T121 — T211 — T112 T+ T222 — P122 — P212
+T112 — Tag2 — O122 — 0212 + O111 — O221 + Ti21 + Ta11)

Now, knowing that z;,y;, and 2z are all in V', we can use the Jacobi identity
in V' to make the following calculations:

i, ys], 24] = [(vij, Bi)s (21, 0)] =
g, 2] = [Bij, 0] + J([cuiz, O]) + J([Bij, 24]) =
(ijis Bijr) + J (Vijks 0ijie) = (ijis Bigr) + (—6ijk, Yijr) =
(i — Oijie, Bijie + Vijie)

Hziu xj]7 yk] = [_(f}/’iﬁ 6ij)7 (yk7 O)] =
[=ij» Y] — [=0i5, 0] + J([=i5, 0]) + J([=045, yx]) =
—(Kijis Niji) — J (Pigis Vige) = —(Kiji, Migr) — (—Vigr, Mijr) =
(—Kijk + Vigks —Nijk — Hijk)

[Yis 25], wa] = [(Kizs Aij), (8, 0)] =
[Kijs 2] — [Nij, O] + T ([Kij, 0]) + J([Aij, zi]) =
(Tijis pig) + I (Tiji, Tige) = (Tiji, Piji) + (—Tijh, Tiji) =
(Tij = Tijhs Pijk + Oijr)

Thus by the Jacobi identity in V' we have:

(e = Oijies Bign+Vigk) + (— i+ Vigh, —Nigk — Hiji) + (Tijr — Tigh, Pijr+0iji)

=0
(i = Oijr — Kijk + Vigk + ik — Tijhs Bigh + Yigk — Nigk — Higk + pijk + Oijr) = 0
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Thus we have

(aq11 — 0111 — Kun F i + T — T =0
Bri1 + 7111 — A — fann + pin +o111) =0

and, using similar arguments, we have the same result for the indices {112},
{121}, {122}, {211}, {212}, {221}, and {222}. giving us that the sum of the
above three expressions are indeed each equal to 0. This proves the Jacobi
identity in §" = Gre X Gre-

Finally, we show that there is an isomorphism of Lie algebras between V'
and §,. X gr.. We already know as C-linear spaces that they are isomorphic.
Thus we only need to show that brackets go to brackets. Now for v and w
in V' we have

V — ‘/re X ‘/re
v = (v +ivy) — (v1,v9)
w = (wy + fwy) — (wy, ws)

If in the following calculation we let [v;, w;] = ay; + i3;; then we have

[0, w] = [v1 + tvg, Wy + iws] = [v1, w1] — [vo, wa] + i([v1, wa] + [ve, wy]) =
an + P11 — (a2 + if22) +i((cu2 +ifh2) + (a1 +iP21)) =
(11 — g2 — P12 — Por) + (11 — Bag + oz + 1) —
(11 — gy — Pra — Por, Bi1 — Pao + cvia + aan)

Now we calculate [(v1,v2), (w1, w2)] in Gre X Gre.

[(v1,v2), (w1, w2)] = (i1, Bi1) — (a2, Ba2) + J(au2, Bi2) + J(aw21, fo1) =
(0611, 511) - (0422, 522) + <—512, 0612) + (—ﬁ217 0621) =
(11 — Qo2 — Pra — Por, Bi1 — Paz + a1z + o)

Thus we can conclude that we have an isomorphism of C-Lie algebras.

At this point, it would be good to recall that the reason for making
all these calculations is to be able to move from C-Lie algebras to IR-Lie
algebras. We saw that just expressing V as §" = §r X gre Was just not
enough. However our search might still be able to find IR-Lie algebras in
the C-Lie algebra ¢, X g... For example, if perchance we found a basis for
V such that g, = gre X 0 C Gre X Gre is real with the Lie bracket as defined
above, then we could write the following.

For z,y in V, we write (x1,22) and (y1,¥2) i Gre X Jre. Now [z,y] in V
1s written as
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(21 +dzo, Y1 + iya] = 11, 01] — [T, y2] + i([21, 2] + [v2,11])

Now we wrote [z;,y;] = ou; + 03, since the bracket was still a complex
quantity. However if we knew that [z;,y;] was real, then we would have
[zi,y;] = ai; + 10, and we would have no need for the complex notation and
then the following expression becomes

(21, 22), (Y1, 92)] = ([1,91], 0)—=([22, 4], 0)+J (([21, y2], 0))+J (([x2,11],0)) =
([z1,91],0) = ([22, 2], 0) + (=0, [21,92]) + (=0, [2, 11]) =
([r1,91] = [z2, y2], [0, Y] + [2,1])

and if we restrict to just gre = Gre X 0 C Gre X Jre, we would obtain

[(21,0), (w1, 0)] = ([21,91] = 0,0 4+ 0) = ([x1,1],0)

which just says that in g,. we have a real valued bracket product making it
into a real Lie algebra, which is what we assumed in the beginning.

However we can say more, namely that g, X g,., which is a 2n-dimensional
real linear space, can be made into a real Lie algebra by letting

(71, 22), (Y1, y2)] = ([21, 1] — [22, 92, [21, y2] + [T2,11])

And it is these kinds of real Lie algebras that we are searching for in this
study. They are called the real Lie subalgebras of a simple complex Lie
algebra. We shall remark more on this point later.

For now, however, we let V' be a real Lie algebra, i.e., V = g, where g
is a real Lie algebra. We form ¢¢ and we wish to give it the structure of a
complex Lie algebra. Thus we need to define a bracket in g¢:

Ixg=CorJXCORYI —CORJ =]
(1 @u,ca @) — [c1 @ u, e @] := (c102) ® [u, V]

where, of course, [u,v] is the bracket in g.
We then write the following.
[c1®u, co®@v] = [(a14ib1) @u, (a2+ibe) V]| = [a1 @u+(iby ) @u, as@u+(ibe) @V
Continuing, we get
(c102) @ [u,v] = ((a1 + iby)(ag + tbg)) & [u,v] =
((a1az — biba) +i(arbs + braz)) ® [u,v] =
(a1ag — by1by) @ [u, v] + (i(arby + bras)) ® [u, v]
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Now

(a1a2) ® [u,v] = [a1 ® u, as @ v]
—(blbg) & [U, U] = —[bl & u, b2 X U]
(a1b2) & [u,v] = [a1 ® u, by @ v]
(brag) ® [u,v] = [by @ u, as @ v]

Thus we see that by just using C-linearity in §¢ we have a natural definition
of a Lie bracket in g°.

It is straightforward that scalar multiplication is bilinear with respect to
this multiplication. For ¢ in € and ¢; ® u and ¢; ® v in (C @R §), we have

cler ® u, co ® V] = c(cr1e2 ® [u,v]) = (c(c1e2)) ® [u,v] =
((ccr)ea) @ [u,v] = [(cer) @ u, ca @ v] = [e(cr @ u), 2 @ V]

cler ®@u, 2 @] = (12 ® [Ua v]) = (c(arez)) @ [u,v] =
(cr(ce)) @ [u, 0] = [er @ u, (cea) @ 0] = [e1 ® u, c(c2 ® )]

We also need to show that this multiplication distributes on the right and
on the left, that is, it is bilinear with respect to addition:

[c1 @u,co@v+c3@W| = [c1 @ u,co V] + 1 ®u),c3 @ w]
and
[ ®@u—+co®u,c3 QW] =[c1 @u),c3 @w|+ [ca ®v, 3 @ w|
For left distribution we want to show
[c1 @u,co @V + 3 @w| = [c1 @ u,co V| + [¢1 @ u,cg @ w]
We reduce first the righthand side. We work with a basis (vy, ..., v,) in g.

[c1 @ u, ¢ @]+ [e1 @ u,c5 @ w| = 16, @ [u,v] + c1e3 ® [u, w] =
(a1 + b17)(az + bai) @ [27 (revi), 2251 (8505)]+
(a1 + bui)(as + bai) @ [0 (rivi), Xh—y (tevr)] =
((a1a2 — blb2> (a1b2 + blag) ) & Z,L 1 Z] 1 T’,LSJ [Uz, Uj]_'_
((arag — bibs) + (a1bs + bras)i) @ Yoiq Yop_q ritklvi, vg] =
Y1 X1 ((@rag = bibe) + (aibs + brag)i) ® ris;lvi, vj]+
S S ((aras — bibs) + (arbs + biag)i) @ rity[vi, vg]

The lefthand side is more delicate. We work first with ¢y ® v + 3 @ w.

Co @V +c3@w = (ag + boi) @ X7 (5505) + (as + bsi) @ g, (trvr) =
i ((ag + boi) @ (sjv5)) + 25— (a3 + bsi) @ (tgvk))
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Now we have

[c1 @ u, (ca ®v+c3 @w)| =
[c1 ® u, 2?21((@ + bai) @ (s505)) + S0y ((az + bsi) @ (trvr))]

Once again we see that we have nothing that makes legitimate moving brack-
ets across addition in §° = (C ®R ¢). Again let us assume that we can. This
gives

[e1 @ u, 320 (a2 + bod) @ (s5v5)) + Xhoq((as + bsi) ® (tor))] =
[e1 @ u, 320 ((ag + bai) @ (s5v5))] + [e1 @ u, gy ((az + b3i) @ (trvr))] =
> 1[01 ® u, ((az + bai) @ (s5v5))] + Xhoiler ® u, ((az + b3i) @ (tvr))] =

Now we can apply the definition of the Lie bracket in §¢ = (C Qg §)-

Sioiler @ u, ((ag + boi) @ (s5v5))] + Xp_[c1 @ u, ((as + b3i) @ (trvr))] =
> ci(ag + boi) @ [u, s5v;5] + 352, ci(as + b3i) @ [u, tyvy]

We now expand c¢; and u.

>y ci(az + b2i) ® [u, s5v5] + 352, ci(as + b3i) @ [u, tpy] =
Yi—q(an + bii)(az + bai) ® [ (rivi), s5v;]+
2k=1(ar + bi)(as + bsi) @ [0 (rivs), teve]

Now since we know that brackets in g are bilinear with respect to addition
and real scalars, we have

>ioi(ar + bid)(ag + bai) @ [0, (rivi), sjvs]+
Zz 1(@1 + bli)(&g -+ ng) [ ( ) tkvk]
Sim1 iy (arag — biby + (a1by + b1a2) ) @ 1i85[vi, v+
Z? 1 Zk 1(@1&3 — blbg + (a1b3 —+ b1a3) ) ® rltk[vz, Uk]
Now we wanted to show that
[c1 ®u,co Qv+ c3@W] = [c1 @ u,ca @]+ [c1 @ u,c3 @ w)
We calculated

S S ((aaz = bibe) + (arbe + biaz)i) @ ris; vi, o]+
S Yeei((arag — bibs) + (aibs + brag)i) @ rity[v;, vy

Assuming that we can move brackets across addition in §° = (€ ®r g), we
obtained
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[C1®U,(C2®U+C3®UJ)]

Yioi(ar + bii)(as + bai) @ [0 (rivi), sjv;]+
Sho1(ar + bii)(as + bsi) @ [Xi (rivi), tror] =
iy 2=y (arag — biby + (arbs + blaz)z) ® ri8;[vi, v]+
S S (araz — bibs + (a1bs + byag)i) @ rity[v;, vkl

We see that these two expressions are identical. Thus it is reasonable to
define that brackets are linear with respect to addition in §¢ = (€ ®r §).
And obviously the same conclusion is true for right distribution.

We also need to show the anticommutativity of the bracket product in
g¢. This is easy since we have this property in g.

[c1 ®u,co @ 0] = crep @ [u,v] = —cac1 ® [v,u] = —[ea ® v, ¢1 @ U
Finally we need to show that the Jacobi identity holds in g°.

[c1 @ u, [ ® v, c3 @ w|]+
[cs @ w, [e1 ® u, ¢ ® v]]+
[co @ v, [c3 @w, 1 @ ul] =
[c1 ® w, (cacs) ® [v,w]] + [c3 ® w, (c162) ® [u, v]] + [c2 @ v, (e3¢1) @ [w, u)] =
(c1c003) @ [u, [v, w]] + (c3c102) & [w, [u, v]] + (caczer) @ [v, [w, u)] =
(010203) ® ([u7 [U7 wH + [w7 [u7 UH + [Uv [w7 u]]) 0

since the Jacobi identity is valid in g.

In light of all the structures created and combinations computed , we can
make the following observation. Moving from € to IR, we needed a basis
for the C-linear Lie algebra ¢ in order to expose the structure of a IR-linear
Lie algebra g". On the contrary moving from IR to € by the process of
complexification, no such choice was necessary to expose the structure of the
C-linear Lie algebra g¢ from the structure of the IR-linear Lie algebra g.

Thus when we build the complexification of the C-linear Lie algebra g°¢
from the structure of the IR-linear Lie algebra ¢, we have a canonical way of
obtaining it. If the complex dimension of ¢ is n, then we have immediately
the 2n-real dimensional Lie algebra (§°)" = ¢ X g, since we have already
identified ¢ in g¢, i.e., we do not need to choose a basis in ¢ to identify g in
g¢. Also for any decomposition of §¢ = §@® g we have for u = u,..; +i(0) and
U =Vpe1 +9(0) in g B ig

1 T ) - Ll a ] = e
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and since ¢ is a real Lie algebra, we have [u,v] = [uze1 + 4(0), vpe1 + (0)] =
[Ure1; Ure1] +4(0) in § B g since [tye1, Vrer] is a real number because g is a real
Lie algebra.

2.12.6 Real Forms.

Now the gf = ¢1®1g1 may not be unique, i.e., there may be another real g-
whose complexification g5 = ¢{. Thus, given a complex Lie algebra g, there
may be more than one real Lie algebra whose complexification is g. These
real Lie algebras are called the real forms of g. For instance, we can take
sl(n,@C) and form matrices using only real numbers giving sl(n,R) C sl(n,C),
thus making si(n,R) a real subalgebra of sl(n,C). And we know that the
complexification of §l(n,][{) is §l(n,C), ie.,

sl(n,€) =€ @ sl(n,R) = sl(n,R) @ i(sl(n,R))

Thus si(n,R) is a real form of sl(n,@), called the split form of sl(n,C). For
instance for n = 2, sl(2,C) are the 222 complex matrices with trace 0; and
sl(2,R) are the 222 real matrices with trace 0, giving

~ ~ ~

sl(2,€) = sl(2R) @ i(sl(2,R))

u t | _ |a Ll 2 @
S —U N bl —aq ¢ bQ —as

However, we also have
Sup, = {A € sl,(C)|AT = — A}

which, even though the matrices are not real, we will show that it is also a
real form of sl(n,C).

Again for dimension n= 2 we have

A_[u t}_[al—i—mg 01+i02]

S —u b1 + Zbg —Qa1 — iag

At o a, + iag b1 + ’ng E o ap — iag b1 — ZbQ
| e tice —aq —ias | g —icy —ay +ias

Now

A— —a; — ia2 —C1 — Z‘CQ
—bl — Zbg a + i&g

Thus we see that At £ — A, and thus A is not in su,. But we now let A in
sl,R) have the form
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then A is in su,,:

ia b
4= l ib —ia 1
Now
e | ta b
(i4)" = [ ib —ia ]
and
;| —ta —1b
(id) = [ —ib  ia ]
Now
) —ta —1b
—id = l —ib ia ]

and thus we see that (iA)! = —i A, which says that iA is in su,. This gives

—iA+i(—iA) = —iA+ A=
—ia —ib L@ b | | —tata —ib+b
—ib  ia b —a | | —ib+b da—a
and we can conclude that

—ta+a —itb+Db
—tb+b ta—a

is in s, (C).

Thus when we begin with a € Lie algebra ¢ and ask what real structures
it determines, we are actually in the context of determining the real forms of
the complex Lie algebra g. This pursuit is a major endeavor in the study of
Lie algebras and leads to some beautiful mathematics, but we will pursue it
no further in these pages.

2.12.7 Changing Fields Preserves Solvability. Recall that we took
this long detour through the topic of “Changing Scalar Fields” in order to
address the proofs of theorems such as
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A Lie algebra g over IR or € is solvable if and only if the Killing form
B(z,z) =0 for all z in D'g

The reason for doings so is the fact that we will need below the following
result to achieve our proof:

If a Lie algebra § over IR is solvable, then its complexification §¢ =
C" ®R § is solvable; and if a Lie algebra § over € is solvable and if
§ = 8¢ D15, and §" = S,¢ X Sy, Where S, is a real Lie algebra, then
the real Lie algebra §" and its subalgebra s,. are solvable.

First we make the following remarks. Recall that D'5¢ is the linear space
generated by brackets in °. Let ¢ ® v be one summand in D'5¢, where c is
inC and v is in 8. Thus there exists a ¢; ® v; and a ¢s ® vy in 8¢ such that
[c1 ® vy, ¢ @ V9] = ¢ @ v, where ¢; and ¢y are in € and v; and v, are in §.
But [¢; ® vy, 2 ® 03] = 162 ® [v1, v2]. Thus ¢ = ¢y and v = [vy, v9], and we
can conclude that every summand in D3¢ comes from an element in D3 by
complexification. Likewise, by induction, we can assert that every summand
in D*3¢ comes from an element v in D¥5 by complexification.

On the other hand (given §, a complex Lie algebra such that the subalge-
bras s,. and §" are real Lie algebras) and after having chosen a decomposition
5§ = 3yc @ i5,., we know that D'3" C 5,. X 5, is generated by brackets in
$7¢ X 87¢. Thus each summand comes from an element in D'5" C §,. X 5.
Let (u1, us) be a summand in D'§" C §,. X §,.. Then there exist (21, x2) and

(y1,y2) in §,.c X S, such that

[(z1,22), (y1,92)] =
([v1, 1] = [2, y2], [0, y2] + [72, 1)) = (w1, u2)

To see this we let u be in §, giving © = u; + tus with u; and us in $,.. Now
let © = x1 + 129 and y = y; + iyo. They are in 5. Then we have

[, y] = [21 + iz, 1 + Y] =
([z1,51] = [x2, vo]) + i([w1, ya] + [22,11]) = w1 + iug = u

Thus any summand (uy,us) in D'8" comes from an element u in D'5. Like-
wise, by induction, we can assert that any summand in D*3" comes from an
element in D*3.

Now let us assume that the real Lie algebra § is solvable. This means for
some k, D*715 £ 0 and D*3 = 0. We complexify 5 and obtain 5¢. Now we
know that any summand c®v in D¥5¢ comes from an element v in D*3. But
DFs = 0, and thus D*3¢ is also equal to 0 and this says that the complex Lie
algebra $¢ is solvable. We now assume that the complex Lie algebra 5 such
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that the subalgebras s,. and s" are real Lie algebras is solvable. This means
that for some k, D¥'5 # 0 and D*s = 0. We choose a decomposition of
5§ = 37c @ 15r.. Now any summand of D¥5" comes from an element in D*3.
But D3 = 0. Thus we conclude that D¥3" = 0 and that the real Lie algebra
§" is solvable. Since §,. is a subalgebra of §", we can also conclude that the
real Lie algebra s, is solvable.

Since this proof just uses the properties of the Lie bracket, it is obvious
that if the real Lie algebra n is a nilpotent Lie algebra, then n¢ is a nilpotent
complex Lie algebra; and if the complex Lie algebra n such that the subalge-
bras n,. and n" are real Lie algebras is a nilpotent Lie algebra, then n" and
Ny are nilpotent real Lie algebras for any decomposition of 1 = 7. @ M.

2.12.8 Solvable Lie Algebra § implies D'§ is a Nilpotent Lie Al-
gebra. We already know this statement is true for a Lie Algebra s over C
(see 2.11.2). Thus we start now with a solvable Lie algebra s over IR. From
the above we know that 3¢ is a solvable Lie algebra over €. Thus D5 is
a nilpotent Lie algebra. But again from the above we know that D'5 is a
nilpotent Lie algebra over IR. And thus we have our conclusion that for any
solvable Lie algebra over IF, where IF is either IR or C, we know that D'5 is
a nilpotent Lie algebra.

2.13 The Killing Form (2)

We are now ready to give the proof of

A Lie algebra g over IR or € is solvable if and only if the Killing form
B(z,x) =0 for all x in D'g.

2.13.1 From Solvability to the Killing Form. The easy direction
of this proof is that if g is solvable over IR or €, then the Killing form
B(x,z) =0 for all x in D'g. Note that for either field R or €, the definition
of the Killing form is the same.

B(x,y) = trace(ad(z) o ad(y))

Since g is a solvable Lie algebra, we have shown that D¢ is nilpotent. Thus
we know that ad(z) is a nilpotent linear transformation in gl(§) for every
r € D'g (see 2.7.1). Also, we know that the composition of a nilpotent linear
transformations is still nilpotent and that the trace of the nilpotent linear
transformations with respect to the basis found by Engel’s Theorem is zero,
since these matrices are upper triangular with a zero diagonal. Now since
the trace is independent of the basis used to calculate it, we can conclude
that B(x,y) = 0 for all z,y in D*g. Thus the weaker conclusion is also true,
B(z,z) =0 for all z in D'g.
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At this point we would like to expose another technique using complex-
ification. We would like to show how we can arrive at the above conclusion
for a Lie algebra over IR, a field of characteristic zero which is not alge-
braically closed, but now on the assumption that the conclusion is true for
a Lie algebra over €. Thus If § is a Lie algebra over IR, and it is solvable,
we would like to conclude again that B(z,z) = 0 for all x in D'g. But we
know that if g is solvable as a real Lie Algebra, then its complexification §¢
is also solvable (see 2.12.7). Thus, by assumption, we can apply the theorem
to g¢. We choose and fix a summand z in D'g. Complexifying §, we obtain
G° = g @19, and we know that for any ¢ # 0, cx = ¢ ® x is in D'g¢. [To
distinguish the Killing form in §¢ and in ¢, we use BC and B® respectively.]
Using the theorem we have

BY(cz,cx) = B®((a + ib)x, (a + ib)x) = ((a® — b*) +i(ab + ba)) B (z,2) = 0

But we observe that if we restrict BC in §¢ to § C §°, we obtain B®. We have
for z,y in g, B%(z,y) = trace(ad(x)ad(y)), and we see only ad(g§) appearing.
Thus we can conclude that in this case only B(x,y) = B®(z.y). Since
c#0,

B®(cx, cx) = ((a® — b%) + i(ab+ ba)) B®(z,z) = 0

giving BR(z,x) = 0 for any x in D'g.

2.13.2. From the Killing Form to Solvability over C. We now want
to prove the converse, that if the Killing form B(x,z) = 0 for all z in D'g

in a Lie algebra g over IR or €, then ¢ is solvable. We first treat the case for
the scalar field C.

We first observe that we can assume that D'g # 0. Since if D'g = 0,
then B(z,x) = 0 is immediately satisfied and this means that ¢ is abelian,
and thus ¢ is solvable and the theorem is verified.

Next we want to remark that B(xz,z) = 0 for all = in a Lie algebra ¢ is
equivalent to B(z,y) = 0 for all z and y in that Lie algebra §. [In 2.11.1,
where we were treating a similar result for B , we saw that this property just
depended on the symmetry of the form B and the fact that our field was not
of characteristic 2. Since the same conditions apply to B, the equivalence is
true here as well.]

Of course, we will use our Theorem B (cf 2.11.1). In order to avoid
ambiguities for the Lie algebra in the Theorem we will use the symbol ¢,
which, we recall, is a subalgebra of the Lie algebra gAl (V) for some complex
linear space V.| Theorem B then becomes:
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Let the form B satisfy the condition that for all X in D¢’ and all Y
in ¢, B(X,Y)=0. Then X is a nilpotent linear transformation.

Our hypothesis now is that B(x,x) = 0 for all z in D'g, where § is a Lie
algebra over €. This means by the definition of B that tr(ad(z),ad(x)) =0
with ad(z) in ad(D'§) C gl(§). However this is the same as B(ad(z), ad(z)) =
0 for B defined on the subalgebra ad(D§) of the Lie algebra gl(g) for the
complex Lie algebra ¢ as a complex linear space. We now take y in D?§, and
note that ad(y) is in ad(D?*g). We have

ad(D*9) = ad([D'g, D*g]) C [ad(D'9), ad(D'g)] = D*(ad(D'3))

Now we have ad(y) in D'(ad(D'§)) and ad(z) in ad(D'g) and thus we can
conclude that B(ad(y),ad(x)) = 0, which is the same as B(y,z) = 0, for all
x in D'g and all y in D?j. And we have reached the conclusion that ad(y)
is a nilpotent linear transformation for all y in D?§. Now 2.8.2 says that in
this case D?§ is a nilpotent Lie algebra. And we know that nilpotent Lie
algebras are also solvable (see 2.5.1). This says then that D*(D?g) = 0 for
some k. Thus D¥*25 = D¥(D?%g) = 0, giving us our conclusion that g is
solvable. And therefore we can assert that

A Lie algebra g over € is solvable if the Killing form B(z,z) = 0 for all
x in D'g.

2.13.3 From the Killing Form to Solvability over IR. To complete
this part of the exposition we would like to prove that for a Lie algebra ¢ over
IR , if the Killing form B(z,z) = 0 for each x in D'g, then the Lie algebra is
solvable. Now in order to prove this we should first complexify the real Lie

algebra ¢, apply the theorem just proven to this case, and then move back
down to the real Lie algebra.

Thus, we assume that for a Lie algebra § over IR the Killing form B®(x, x)
= 0 for each z in D'g. We complexify § to §¢ and consequently we know
that any z in D'¢¢ can be written as z = cx for some x in § and some ¢ in
C. Now z is a linear combination of brackets z;; = [2;, ;] for z; and z; in ¢°.
But z; = ¢;z; for some ¢; in € and some z; in ¢; and likewise for z;. Thus
(2, 2] = [cixi, cjz;] = cicjlas, xj] = ¢ijai;. We can conclude that x;; is in
D'g. Calculating the Killing form BT in §¢, we obtain

BE(cijwij, cijwyg) = BC((az‘j + ibij ) Tij, (]ggij + b)) =
((%Zj - b?j) +i(aijbi; + bijaij)) B (2, xi;)

But by hypothesis B®((z;;, x;;)) = 0, which gives the desired conclusion that
BY(c¢ijwij, cijuij) = B®(zij, 2i5) = 0. But 2 is a linear combination of the z;;,
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and since BY is bilinear, we can conclude that BE(z,2) = 0 for z in D'g°.
Thus we know that g¢ is solvable. And we have already shown that this
means that g is solvable. (See 2.12.7.)

2.14 Some Remarks on Semisimple Lie Algebras (3)

Recall that, after defining the Killing form of a Lie algebra, we affirmed that
with this new tool we could prove two remarkable theorems:

A Lie algebra g over IR or € is solvable if and only if the Killing form
B(z,x) =0 for all x in D'g.

A Lie algebra g over IR or € is semisimple if and only if its Killing form
B is nondegenerate.

2.14.1 Non-Trivial Solvable Ideal Implies the Degeneracy of the
Killing Form. We have just given some beautiful proofs for solvable Lie
algebras. Now we wish to give the proofs for the semisimple Lie algebras.
But rather than using the defining property of semisimple Lie algebras — a
semisimple Lie algebra has a trivial radical — we translate this property over
to its equivalent one using the Killing form (see 2.11.2), which property is a
rather powerful expression for semisimplicity. The bridge among these ideas
is the fact that every bilinear form B on a linear space V', e.g. the Killing
form, determines a linear map B between V' and its dual V*. In our case we
have [where the scalar field for § is indicated by IF] that

g
ur— Bu): g — IF
v — B(u)(v) := B(u,v)

If there is a nonzero element u in the kernel & of this map B, this element
has the property that for all v in g, B(u,v) = 0. Thus any such u gives the
zero map in §*, and, of course, this means that there is a degeneracy in the B
map. For non-degeneracy it is demanded that the only zero map in g* comes
by B from the zero element in §. In other words non-degeneracy demands
that the kernel k of the map B be zero. We also note that, in general, the
kernel k is a Lie subalgebra. To show this we let u; and us be in the kernel k.
We show that [ug, us] is also in the kernel. For by associativity of the Killing
form, we have for any v in g, B([u1, us))(v) = B([u1, uz],v) = B(uy, [ug,v]) =
B(uy)([ug,v]) = 0 since u; is in the kernel. Thus we can conclude that [uy, us]
is also in the kernel, and thus we have that k a subalgebra of §. We remark
that since associativity of the Killing form is a consequence of the Jacobi
identity, we see that k being a subalgebra reflects the structure of the Lie
algebra g.
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Now the condition that we placed on a non-trivial solvable Lie algebra s
— namely that for every u in D'§ we have B(u,u) = 0 — that condition
implies that a degeneracy exists in the map B. We remark that since § is just
a part of g, we need a way of extending this condition on s to all of g. This
can be done since in our situation § is a solvable ideal in ¢ and the Killing
form is associative. Here is how. For any v in § and any u; and us in D3,
consider B(v, [uy, us]). Associativity of B gives B(v, [uq, us]) = B([v, u1], uz).
Since D'5 is an ideal in g, this means [v, 4] is in D'S. Our condition on B
says that B([v,u1],u2) = 0. [Recall that B(u,u) = 0 implies B(u,v) = 0 for
all w and v in §.] Thus B(v, [u1, us]) = 0, which says [u1, us] is in the kernel
of the map B. We can conclude that if D3 is not abelian, then B has a
degeneracy.

If, however, D'5 is abelian, we return to the definition of B to affirm
that we have a degeneracy also in this case. We take v in ¢ and wu; in
D's. Then B(v,u;) = trace(ad(v)ad(u;)). We choose a basis (a;) for D'3,
and a complementary basis (b;) for a complementary subspace d such that
§=D'$®d. For any w in §, we write w = a+b, where a is in D'§ and b is in
d. Now ad(uy) -w = ad(u;) - (a+b) = ad(u) - a+ ad(w,) - b = [u1, a] + [u1, b].
Since u; and a are in D'3, which is abelian, then [u1,a] = 0. Also since u; is
in the ideal D'3, then [uy,b] is in D'$. Thus the matrix for ad(u;) written
with respect to the above basis takes the form

ad(uy) = l 8 A()12 ]

We see that ad(u;) - w = [uy,w] and therefore gives an element u, in D'3,
which fact, of course, is also a conclusion from the ideal structure of D' in
g. Now for arbitrary matrix B representing ad(v), we have for an arbitrary
w in D'$ that ad(v) - u = [v,u], which gives again an element in D'§ because
of the ideal structure of D'3. Thus with respect to the above chosen basis,
we obtain:

ad(v) = [ BOH g;z ]

Thus the matrix representing ad(v)ad(u,) is the following

ad(v)ad(uy) = [ Bu B ] [ 0 A 1 _ [ 0 Bidi 1

0 DB 0 0 0 0

which obviously has trace zero. Thus if D'5 is abelian, we again have a
degeneracy for B. where the scalar field [But this last proof exposes the
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structure. We know that a non-trivial §, as a solvable Lie algebra, has a
non-zero abelian ideal (which may be § itself). Thus we can repeat the proof
given above, using this abelian ideal instead of D'3, and prove immediately
that B has a degeneracy on § — without analyzing the condition of B on D'3.
This means that the condition on D'5 is really superfluous. What matters is
the abelian character of the radical. And we will see in the following pages
how the fact that § itself is abelian, and more particularly when it is the
center, demands special attention in the important parts of the proofs of this
theory.]

2.14.2 Semisimple Implies Non-Degeneracy of the Killing Form.
We now are in a position to prove that

A Lie algebra g over IR or € is semisimple if and only if its Killing form
B is nondegenerate.

We first prove that a semisimple Lie algebra ¢ has a non-degenerate
Killing form. This means we are affirming that the kernel k of the map
B contains only the zero element of g. Let us suppose that this kernel is not
trivial. First , as was proved in general above, we observe that k is an ideal
in g. Recall the proof. This fact follows from the associativity of the Killing
form. We wish to show that [k, §] is contained in k. Let u be in k and v be
in g. Now for any w in g, we have B([u,v],w) = B(u, [v,w]). Since u is in
k, this says that B(u, [v,w]) = 0. Thus B([u,v],w) = 0 for all w in §, which
says that [u,v] is in the kernel of the map B. We conclude that k is an ideal
in g. We now show that this ideal is a solvable ideal. We restrict the Killing
form now to k. Let u be in D'k. [Clearly, if D'k = 0, k is solvable.] Then
B(u,u) = B(u)(u). But u is in the kernel of B, giving B(u,u) = 0 for all
w in D'k. Thus we know that k is solvable, and that it is also a solvable
ideal in g. But we have assumed that ¢ is semisimple. Thus we can conclude
that k& = 0. But this is the same as asserting that map B is an isomorphism,
which fact is the definition of non-degeneracy for the Killing form B.

2.14.3 Non-Degeneracy of the Killing Form Implies Semisimple.
Now we prove that if a Lie algebra ¢ has a non-degenerate Killing form, then
it is semisimple. Again suppose that § is not semisimple. Then it has a non-
trivial solvable ideal 5. Above we showed that this information implied that
B was degenerate on g. But we have assumed that B is non-degenerate, and
thus we can conclude that the ideal § = 0, which means that g is semisimple.

2.14.4 A Semisimple Lie Algebra is a Direct Sum of Simple Lie
Algebras. We now have arrived at the point to which we have been heading.
Assuming the Levi decomposition theorem, we know that any Lie algebra ¢
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can be written as a direct sum of linear spaces § = IQ:GB'F, where £ is semisimple
ideal and 7 is the radical of §g. Now we want to affirm that any semisimple
Lie algebra k can be written as a direct sum of simple Lie algebras which
are ideals in ¢g. From this we can affirm the structure theorem for any Lie
algebra g over IR or €, namely that

g=a1Dax® - D7

where each a; is a simple Lie algebra and 7 is the radical of § and where this
decomposition is unique up to the order.

To prove this theorem we take advantage of the beautiful criterion for
semisimplicity — non-degeneracy of the Killing form. Thus, suppose that [
is any semisimple Lie algebra which is not simple. Thus it has a proper ideal
@ which is also semisimple. Now we define a* to be all the elements of [ which
are perpendicular to a with respect to the Killing form B on [, ie., vin [ is
in at if B(v,u) = 0 for all v in a. It is obvious that a' is a linear subspace of
[. Tt is also a ideal in [ and here is the proof. Let v be in at, w any element
in [, and u in @. Then B([v,w],u) = B(v, [w,u]). Since & is an ideal in [,
[w,u] is in a. Thus B(v,[w,u]) = 0, giving [v,w] in a*. We conclude that
at is an ideal in [. We also know that the intersection of any two ideals is
an ideal. We conclude that @ N at is also an ideal in [. But we remark that
this ideal is an abelian ideal in [. To show this we take two elements w; and
wsy in @ N a* and we calculate [wy, ws]. Now for any element w in [ , we have
B([wy, ws], w) = B(wy, [ws, w]). Since wy is in @, which is an ideal in [, we
know that [wy,w] is in a. But w; is in a*. Thus B(wy, [we, w]) = 0, giving
B([wy, ws],w) = 0. Since w is arbitrary in [, and since B is nondegenerate,
this means that [wy, ws] lies in the zero kernel of the map B, giving us our
desired conclusion that [w,ws] = 0 and that a N a* is abelian. Thus [ has
an abelian ideal, which of course, is solvable. But [ is semisimple, making
ana*t=0.

To continue, we need to use one of the dimension theorems of linear
algebra:

A,

dim(a) + dim(at) = dim(l) + dim(a N at)
Now since @ N a* = 0, we have that:
a®at=1
We remark that this also shows [a,at] = 0 since both @ and a* are ideals,
then [a,at] is contained in @ and also in at, which says that [a,at] = 0.
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Finally, we show that a* is semisimple. We do this by using the nonde-
generacy of the Killing form B. We begin by choosing (u*); in a* such that
B((ut)y,ut) = 0 for an arbitrary u* in at. We choose an arbitrary element
v=u+utin Z, where wu is in a. Now

B((ut)1,v) = B((ut)1,u +ut) = B((ut)y,u) + B((ub)y, ut).

Since (ul); is in a* and w is in @, we have B((ut);,u) = 0. By hypo-
thesis B((ut)1,ut) = 0. Thus we conclude that B((u');,v) = 0. Since [ is
semisimple, this means B on [ is nondegenerate, making (ut); = 0. We now
conclude that B on a* is nondegenerate, which makes a semisimple.

We can continue in this manner. If a has a proper ideal, we can write
it also as a direct sum of semisimple ideals a = a; @ a,. Since these are
proper ideals, their dimensions are decreasing, and we must finally arrive at
a aj which has no proper ideals. But an a; that is semisimple ideal with
no proper ideals is simple. Thus we can conclude that any semisimple Lie
algebra [ can be written as

=t ®as®-®ay

where each a; is a simple Lie algebra. [Indeed it can be proven that this
decomposition is unique up to the order, and that each summand is uniquely
determined, and not only up to isomorphism. But we shall not do so here.]

2.15 The Casimir Operator and the Complete Reducibility of a
Representation of a Semisimple Lie Algebra

Before we can give a proof of the Levi Decomposition Theorem, we need
the fact of the complete reducibility of a representation of a semisimple Lie
algebra. This is one of the deepest results in the theory and its proof is not
trivial. The complete reducibility of a representation of a semisimple Lie
algebra refers to the following theorem:

Let V be a representation of a semisimple Lie algebra ¢, and let W
be an invariant subspace of §. Then there exists a subspace W’ of V
invariant by g which is complementary.

[Put in other words: complete reducibility of a representation of § in a rep-
resentation space V refers to the fact that given an invariant subspace W
of § in the representation space V', there exists an invariant subspace W’
complementary to W, such that, V. =W & W]

In a matrix representation of g acting on V| the invariance of the subspace
W means that all the matrices would take the block form
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What we are affirming is that we can find a basis of V' such that all the
matrices of the representation take the block form

o2

The Casimir operator allows us to begin the process of finding such in-
variant subspaces. But in order to define the Casimir operator we need first
to return to the form B.

2.15.1 The Killing Form Defined on gl(V). Recall that in 2.11.1
we stated that the form B is a bilinear form defined over the Lie algebra g
[considered as a linear space], which is a Lie subalgebra of ¢gi(V'), where V'
is a linear space over the field © or IR. Choosing a basis for V', we defined
form B as

B:gxg—TF
(X,)Y)— B(X,Y) :=trace(X oY)
and we proved the difficult and beautiful Theorem B which says that when
V' is a C-linear space:

Let the form B satisfy the condition that for all X in D'§ and all Y in

N

g, B(X,Y)=0. Then X is a nilpotent linear transformation.

Using the form B, we then defined the traditional Killing form B. It
was defined as a bilinear form over a Lie algebra ¢ [considered as a linear
space] over the field € or IR, by using the adjoint map ad from ¢ into the Lie
subalgebra ad(g) of ql (). Thus after choosing a basis for g, we defined

B:jxj—TF
(x,y) — B(x,y) := trace(ad(x) o ad(y))

Now we wish to rename form B and call it the Killing form By of a Lie
algebra ¢ contained in gl(V') over a field IF of characteristic 0. To do this we
choose a basis for V', and define the form as:

By:gxgj—TF

(X,Y) — By(X,Y) = B(X,Y) = trace(X oY)

We know that By is a symmetric bilinear form that also has the associa-
tive property, that is, for X,Y, Z in ¢

BV([Xv Y]>Z> = BV(Xa [Y7 Z])

For a Killing form defined in this way on § contained in gl(V), we also
have these corresponding theorems:
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First we examine the following theorem:

A Lie subalgebra § of gl(V) is solvable if and only if the Killing form
By(X,X) =0 for all X in D'g.

We examine first the case when V is a complex linear space. Assuming
that the Lie subalgebra g of gl(V') is solvable, we show that By (X, X) = 0 for
all X in D'§. Now since § is a solvable Lie algebra in gi(V), Lie’s theorem
says that we can find a basis in V' such that all elements X in g can be
represented simultaneously by upper triangular matrices. But we know that
brackets of such matrices yield nilpotent linear transformations, which in this
representation means that the matrices are upper triangular matrices with a
zero diagonal. Obviously such matrices have a zero trace, and linear products
of these matrices will also have a zero trace. Since the trace is independent
of the basis used to calculate it, we can conclude that, since By is bilinear,
By(X,Y) = 0 for all summands X and Y in D'g. [Recall that D'g is the
span of the set of all brackets of §.] Thus the weaker conclusion also holds:
By (X, X) = 0, and we can conclude that for V' a complex linear space and
g a solvable Lie algebra By (X, X) =0 for all X in D'g.

Suppose now that our field of scalars is IR.. If g is a solvable Lie subalgebra
of gl(V), we would like to conclude again that By (X, X) = 0 for all X in
D'g. But, of course, we cannot imitate the above proof, which needed an
algebraically closed field of characteristic zero.

However, starting with a Lie algebra g over IR which is solvable, we know
that its complexificaton ¢¢ is solvable. Now ¢ is a real Lie subalgebra of the
real Lie algebra gl(V') which acts on V. On complexification we obtain the
complex linear space V¢ and g¢, a complex Lie subalgebra of the complex
Lie algebra gl(V) = (gl(V)), the complexification of gl(V). The set of
transformations gAl(VC) acts on V. Thus, starting with ¢ solvable, we know
that ¢¢ is also solvable, and we can apply the theorem to ¢¢. Taking X in g,
we know that c¢X is in ¢¢ for any ¢ in €. We also know that for X in D'g,
cX is in D'¢°. Using the theorem, we have By<(cX,cX) = 0 for all cX in
D'4¢. Now we move back to g. We take X in D'g. Then for ¢ = a+ib in C,
we have cX in D'g°. Expanding

Bye(cX,cX) = Bye((a+ib) X, (a+1ib)X) =
((a® — b*) +i(ab+ ba))By-(X, X) =0

However starting with a Lie algebra ¢ over IR, we know that its complex-

ificaton §¢ = ¢ @ ig, which is contained in the complexification (gl(V))e =
gl(Ve). Thus for X in gl(V') we also see that X is in ¢g/(V°), and therefore
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it makes sense to write By(X, X). However, we know that By is Byc re-
stricted to ¢, and we obtain by this restriction the Killing form for By that
Bye(X,Y) = trace(X oY) = By(X,Y) for X and Y in §. Thus, using the
above relation By<(cX,cX) = 0 we can conclude that By (X, X) = 0 and
this gives us our theorem.

‘We now want to prove the converse, namely that for a Lie subalgebra g
of gl(V) over R or €, if the Killing form By (X, X) = 0 for all X in D'g,
then g is solvable.

Again we observe that we can assume that D'¢g # 0 for if D'g = 0 then
By (X, X) = 0 is immediately satisfied and this means that ¢ is abelian and
therefore is solvable and the theorem is verified.

We first assume the field of scalars is €. Then under this assumption we
will show that for each Y in D?§, Y is a nilpotent linear transformation in
gl(V), and thus 2.8.2 says that D2§ is a nilpotent Lie algebra. But we know
that a nilpotent Lie algebra is a solvable Lie algebra (see 2.5.1). This says
then that D¥(D?3) = 0 for some k. Thus D**2g = D*(D?§) = 0, giving us
our conclusion that g is solvable.

Thus we are reduced to proving that for each Y in D?§, Y is a linear
nilpotent transformation in gl(V') because the Killing form By (X, X) = 0
for all X in D'g.

But we know that By is just another name for form B and for form B
we have already proven that for a Lie algebra g (a Lie subalgebra of gl(V') )
and for V' (a linear space over the field ©,) Theorem B holds. Thus we have

Let the form B satisfy the condition that for all Y in D'§ and all X in

A~

g, B(Y,X)=0. Then Y is a nilpotent linear transformation.

This translates into

If the form By (Y, X) = 0, then Y is a nilpotent linear transformation,

where § is a subalgebra of gl (V) and V is a complex linear space. Now our
subalgebra is

D'gCgcCgl(V)
Also we have
D%j = DY(D'g) c D'g c gl(V)

Thus we can apply our theorem to prove

137



Let the form By satisfy the condition that for all Y in D?§ and all X
in D'(g), By(Y,X) = 0. Then Y is a nilpotent linear transformation
in gl(V).

However our hypothesis is for all X in D'g, By (X, X) = 0. Certainly D?g is
a subset of D¢, and thus for all Y in D?j and all X in D'g, By (Y, X) = 0.
We can therefore conclude that Y is a nilpotent linear transformation in
gAl(V), which is what we were seeking.

To complete this part of the exposition we still need to prove that for a
Lie subalgebra § over R of gl(V), if the Killing form By (X, X) = 0 for each
X in D', then the Lie subalgebra is solvable. Of course, to prove this we
first complexify the real Lie subalgebra ¢, apply the theorem just proven to
this case, and then move back down to the real Lie subalgebra.

Thus we assume that for a Lie subalgebra ¢ over IR the Killing form
By (X, X) =0 for each X in D' which is contained in gl(V), where V is a
n-dimensional real linear space. On complexification we obtain the complex
linear space V¢, and ¢¢, a complex Lie subalgebra of the complex Lie algebra
gl(Ve) = (gl(V))¢ (which last mentioned is the complexification of gl(V)).
Now the set of transformations gl(V¢) acts on V¢. Thus any Z in D'ge
can be written as Z = cX for some X in g and some ¢ in €. Now Z is
a linear combination of brackets Z;; = [Z;, Z;] for Z; and Z; in ¢°. But
Z; = ¢;X; for some ¢; in € and some X; in g; and likewise for Z;. Thus
(Zi, Z;] = [e:.X;, ¢;X;] = cicj[Xi, Xj] = ¢;;X;. We can conclude that X;; is
in D'g. Calculating the Killing form By- in §¢, we obtain

Bye(cijXij, ¢ijXij) = Bve((ay; + ibij) Xij, ((aij + ibij) Xi5) =
((af; — b3;) +i(aibij + bijai;)) Bye(Xij, Xij)

[Once again we are using the fact that X in gl(V) is also in gl(V¢). Thus
it makes sense to write By.(X, X), and that By can be defined as the re-
striction of By. to V.| But by hypothesis By (X;;, X;;) = 0 and this gives
the desired conclusion that Bye(c;; X;j, ¢;;jXij) = Bve(Zij, Z;;) = 0. But Z is
a linear combination of the Z;;, and since By-. is bilinear, we can conclude
that By<(Z,Z) = 0 for Z in D'g°. Thus we know that ¢ is solvable. And

we have already shown that this means that g is solvable.

We now want to prove the “other” theorems for the Killing form By .
But here is where a surprise occurs. In one direction the conclusion remains
unchanged, i.e.:

If a Lie subalgebra § over IR or © contained in gi(V) is semisimple,
then the Killing form By is nondegenerate.
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But in the other direction an important modification must be made:

If a Lie subalgebra ¢ over IR or € contained in gAl(V) has a non-
degenerate Killing form, then this algebra is either semisimple or it
has a non-zero radical 7 which is abelian.

We want to comment on this phenomenon. When we treated the Killing
form in the context of an abstract Lie algebra, we had the adjoint represen-
tation to move us over to the Lie algebra of matrices gl(j). Thus the Lie
subalgebra of gl(§) was not arbitrary but came form a well-defined object.
But now we begin with a arbitrary Lie subalgebra ¢ of gAl(V), where there
is no connection between g and the vector space V. And thus we impose
another condition that connects g with V', namely that g has non-degenerate
Killing form. In this sense we are more in the spirit of representation theory
of Lie algebras.

Just as before we begin with the dual map. Every bilinear form on a
linear space V' determines a linear map between V' and its dual V*. In our
case we have

gl(V) 2% (gl(V))*

)
Xr— By(X):gl(V) —IF
Y — By (X)(Y) := By(X,Y)

However, we are only interested in a Lie subalgebra g of gAl(V) Thus we
restrict this dual map to the domain g:
. By s
g—>(9)
Xr—By(X):g —F
Y — By (X)(Y):= By(X,Y)

If there is a nonzero element W in the kernel k of this restricted map By,
this element has the property that for all Y in g, By (W,Y) = 0. Thus any
such W gives the zero map in (§)*, and, of course, this means that there is
a degeneracy in this restricted By map. For non-degeneracy it is demanded
that the only zero map in (§)* comes from the zero element in g by By. In
other words non-degeneracy demands that the kernel & of this restricted map
By be zero.

We first prove that a semisimple Lie subalgebra § of gl(V) has a non-
degenerate Killing form. This means we are affirming that the kernel k of the
map By contains only the zero element of §. First we observe that & is an ideal
in g. Recall that this follows from the associativity of the Killing form. It was
used to show that [/%, g| is contained in k as follows. Let W be in k and Y be
in g. Now for any Z in g, we have By ([W,Y], Z) = By (W, [Y, Z]). Since W is
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in k, this says that By (W, [Y, Z]) = 0. Thus By ([W,Y],Z) = 0 for all Z in g,
which says that [W,Y] is in the kernel of the map By. We conclude that k is
an ideal in g. We now show that this ideal is a solvable ideal. We restrict the

Killing form now to k. Let W be in D'k. Then By (W, W) = ((By)(W))(W).
But W is in the kernel of By, giving By (W, W) = 0 for all W in D'k. Thus
we know that & is solvable, and a solvable ideal in g. But we have assumed
that ¢ is semisimple. Thus we can conclude that k = 0. But this is the
same as asserting that map By is an isomorphism, which is the definition of

non-degeneracy for the Killing form By, .

Now in order to prove the theorem in the other direction, namely to prove
that

If a Lie subalgebra ¢ over IR or € contained in gAl(V) has a non-
degenerate Killing form, then this algebra is either semisimple or it
has a non-zero radical 7 which is abelian

we show that if ¢ is not semisimple and has a nontrivial radical which is
not abelian, then the Killing form is degenerate. This means that we are
assuming that g has a non-trivial solvable ideal s which is not abelian. Thus
we can affirm that for every X in D'§ the Killing form By (X, X) = 0.
We show that this implies the existence of a degeneracy in the map By
restricted to ¢ except in the case when 5 is abelian. We remark that since
$ is just a part of g, we need a way of extending this information on § to
all of g. This can be done in our situation since § is a solvable ideal in
g and since the Killing form is associative. Thus for any Y in ¢ and any
Wy and Wy in D's, we consider By (Y, [Wy, Ws]). Associativity of By gives
By (Y, [Wy,Ws]) = By([Y,W;],W,). Since D'5 is an ideal in g, we have
that [V, W;] is in D's. Our condition on By says that By ([Y, W;], Wy) = 0.
[Recall that By (X, X)) = 0 implies By (X,Y) =0 for all X and Y in g.] Thus
By ([Y, [W1, Ws]) = 0, which says [W;, Wy] is in the kernel of the restricted
map By. We can therefore conclude that if D'5 is not abelian, then the
restricted map By has a degeneracy.

If, however, D'5 is abelian, we can modify the above proof a little and
reach the same conclusion. We choose any Y in g, any W in §, and any W,
in D'3. Now By (Y, [Wy, Ws]) = By ([Y, W1, Ws). We have [V, Wy] in § by the
ideal structure of § in ¢, and we have W, in D'3. Obviously we cannot say
that By ([Y,W;],Ws) = 0 since [Y, W;] = Z is not known to be in DS, but
only in §. But we know that By ([Y, W], Ws) = By (Z, W3) = trace(Z o Wj).
Since Z and W, are both in &, and § is a solvable Lie subalgebra of gl (V),
Lie’s Theorem tells us we can find a basis in V' such that all the matrices
in § C gAl (V') written with respect to that basis are in upper triangular form
with the eigenvalues on the diagonal. [Of course, this means we are now
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working in the field of scalars €]. Now Z is in § and thus may have a
non-zero diagonal, and W is in D'3, which we know is a linear nilpotent
transformation in gAl(V). Thus its eigenvalues are all zero. Now since the
matrix product (Z o W5) has a zero diagonal, the trace of the product equal
to zero. Thus we can conclude that By (Y, [W;, Ws]) =0 for all Y in g, and
that [W7, Wy] is in the kernel of By, making By degenerate. This proves the
claim when the scalar field is €. Obviously we will need to use a further
argument to obtain conclusions when the scalar field is IR.

At this point we make the following observation. We could not use the
fact that By (X, X) =0 for all X in D'§ in the above proof. But instead all
we needed was that D's was a non-trivial abelian ideal. Thus our situation
is as follows. We have a Lie subalgebra § in gl(V) and we have that §
contains a non-trivial solvable ideal s. This means, of course, that ¢ has a
nontrivial radical. But we also know that this means that ¢ contains a non-
trivial abelian ideal a, and we assume it is not equal to §, i.e., a is properly
contained in §. Thus we can repeat the above proof, using this abelian ideal
5 instead of D'3, and show immediately that the restricted map By has a
degeneracy on ¢ without analyzing the condition of By on D's.

We now complete the proof by treating the real case. Thus, we are now
in the situation where we have a real linear space V' and a subalgebra g of
gl(V). We also have a non-trivial solvable ideal  of § and for every X in
D's, By(X,X) =0. And finally D'3 is also abelian. We want to show that
all this implies that a degeneracy exists in the restricted map By. Our first
step is to complexify. This gives us a non-trivial solvable ideal §¢ of g¢. We
choose a Z in D'5¢. Now we know that Z is a linear combination of brackets
Zij = [Z“ ZJ] for Zl and Zj in §¢. But Zl = Cz'Xi for some C; in@© and some Xz
in §; and likewise for Z;. Thus [Z;, Z;] = [¢; Xi, ¢; X;] = ¢ic;[ X, Xj] = ¢i; X5
We can conclude that X;; is in D's. Calculating the Killing form By« in §¢,
we obtain

BVC(CinijaCinin) = Bye((ay + ibij) Xij, ((aij + ibiy) Xi5) =
((ai; — b35) + i(aijbij + bijai)) Bye(Xij, Xij)

[Once again we are using the fact that X in gl(V) is also in gl(V¢). Thus
it makes sense to write By<(X, X), and it also makes sense that By can be
defined as the restriction of By« to V.] But by hypothesis By (X;;, X;;) =0,
which gives the desired conclusion that By(c;; Xi;, ¢;jXij) = Bve(Zij, Zij) =

0. But Z is a linear combination of the Z;;, and since By« is bilinear, we
can conclude that By<(Z,Z) = 0 for Z in D'3°. Thus we know that §¢ is

solvable. And we have already shown that this means that ¢ is solvable.

However the situation changes when § itself is a non-trivial abelian ideal.
Then the above proof will not produce a non-zero element in § which is in

141



the kernel of the restricted map By,. But this condition holding for § means,
of course, that we can choose s to be the maximal solvable ideal in g, that
is, § becomes the radical of g. Thus when g has an abelian radical, we
cannot conclude that By is degenerate. In fact in this situation By can be
nondegenerate, as the following example shows.

We take the 2x2 matrices over IF, where IF can be either IR or €. We
choose our subalgebra g of Lie algebra gAl(IFQ) to be the entire Lie algebra
gﬁ(FQ) itself. Our g is then the 4-dimensional Lie algebra gAl(IFQ). Now ¢ is
not semisimple since it has a one-dimensional abelian radical, which consists
of all the scalar matrices [diagonal matrices with the same scalar on the
diagonal]. The set of 3-dimensional matrices with trace zero is the simple
Lie algebra sAl(Q, IF). We calculate the Killing Form Bz of § and the dual
map B2 of g to (9)*.

First we choose the 4-dimensional canonical basis for the matrices in
gl(IF?) = §: (Ey1, B, Frg, Ey), where Ejj is the 2x2 matrix with 1 in the
1, 7 position and 0 everywhere else. Since this basis has no natural order, we
choose the above order for the four basis vectors of §: (E11, Eo1, g, Fas).

With respect to this basis we write the corresponding 4x4 matrix representing
BIF2

For the first column:

2)11 = trace(Eyy o BEyq) = traceE;; =1+0=1

2)91 = trace(FEq o Eyq) = traceFy =0+ 0=10
(Bp2)31 = trace(E3 0 Eyy) = trace 0 =0
(B2)41 = trace(Eqy o Eyq) = trace 0 =0

(B
(B

For the second column:

(Bg2)12 = trace(Eq; o Eoyy) = trace 0 =0
(Bp2)o2 = trace(Fay; o Eyy) = trace 0 =0
(Bp2)32 = trace(Ej3 0 By ) = traceF;; =1+0=1
(Bp2)a2 = trace(Ea o Eoyy) = traceFy; =0+0=0

For the third column:
(Bg2)13 = trace(Eqy o Eyp) = traceE1s =0+0=0
(Bp2)23 = trace(Ey o Eyp) = traceFy =0+1=1
(B2)33 = trace(E1p o Eyp) = trace 0 =0
(B2)a3 = trace(Esyy o Eyg) = trace 0 =0

For the fourth column:
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(B2)1a = trace(Ey; o Ea) = trace 0 =0
(B2)24 = trace(Ey; o Egy) = trace 0 =0

(BIF2>34 = tmce(Em © Egg) =tracel;os =04+0=0
(B2 )44 = trace(Eayy 0 Eyy) = traceFy =0+1=1

Thus, with respect to the basis chosen for g, namely (E11, Ea1, E12, Fa), the
matrix for B2 becomes

B
B

F2)4

BIF2 —

o O O
o = O O
o O = O
_— o O O

From this matrix we see immediately that the bilinear form B2 is non-
degenerate since the determinant of the matrix is nonzero.

Recalling the definition of B2, we have
Eij — B2 (Eyj)
and
B2 (Ei;)(Er) = Bg2(E;j, Ey) = trace(E;; Ey)

Using the basis chosen for g, we calculate the image of these four elements
of g by Bp2. We wish to express these duals in ¢* as 4x1 row matrices, again
using the above basis:

Byz(En)(En) = Bge(En, En) = trace(EnEn) = 1
B]F2 (EH)(EQl) = B]F2<E11, E21> = tTCLC(E(EHEgl) =0
BIF2(E11>(E12) = B]F2<E11, E12> = trace(EuElg) =0
BIFQ(EH)(EQQ) = B]FQ(EH, Egg) = tT‘CLC@(EHEQQ) =0

which gives the matrix representation of B2
as [1,0,0,0]. Continuing, we have

—~
s

i

=

N—
z.
=+
=
=
@D
9]

o
@
(@]
=+
=+
o
—+
=
=.
)
o
Q0
&.
7]

Bg2(Eo1)(E11) = Bg2(Ea, E11) = trace(Eqy Eyp) =0
BIF2 (E21>(E21) = B]F2<E21, E21> = tTCLCB(EglEQl) =0
B2 (FE21)(E12) = Bp2(Far, Fi2) = trace(Ey Fig) = 1
BIF2(E21)(E22) = B]F2 (E21, Egg) = tT‘CI,CG(EglEQQ) = O

which gives the matrix representation of B2 (FEs;) with respect to this basis
as [0,0,1,0]. Continuing, we have
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B]F2 (E12>(E11) = B]F2<E12, Ell) = tTCLC(B(ElgEH) =0
BIF2 (E12>(E21) = BIE‘2<E127 E21> = tTCLCB(ElgEQl) =1
BIE‘Q(EU)(EH) = B]F2<E12, Elg) = trace(EuElg) = 0
BIFQ(EU)(EQQ) = B]F2(E12, Egg) = tT‘CI,CG(EmEm) =0

which gives the matrix representation of B2 (F12) with respect to this basis

as [0, 1,0,0]. Continuing, we have

BIFQ (EQQ)(EH) = B]F2 (EQQ, Ell) = trace(EggEn) =0
B]F2 (EQQ)(EQl) = B]F2<E22, E21> = tTCLC(E(EQQE21> =0
BIF2(E22>(E12) = B]F2<E22, E12> = trace(EggElg) =0
BIF2(E22>(E22) = B]FQ(EQQ, EQQ) = tT‘CLC@(EQQEQQ) =1

which gives the matrix representation of B2(FE;) with respect to this basis
as [0,0,0, 1].

However if we wish to write the map
Bz : g — (9)"

as a 4x4 matrix with respect to this basis, we must transpose the above row
vectors to be the columns of its matrix and we get:

BIF2 —

o O O
O = O O
S O = O
_— o O O

We note that it is this matrix that shows that the map
Bz : g — (9)"

is nondegenerate, i.e., that its kernel is 0. Moreover, this gives us the result
that we have been seeking — that a non-degenerate Killing form on ¢ in
gAl (IF?) does not necessarily give the conclusion that § is semisimple, but it
can give a Lie algebra with an abelian radical. In fact, all gAl(IF”) for all n
with IF = IR or € have this structure.

In order to complete this discussion we now want to define the Killing
form on the Lie algebra g = g7 (IF?) and not the Killing form on the linear
space IF? as we did above. The latter Killing form Bpe we have just shown
is non-degenerate, but g = gAl(IFz) is not semisimple. Since we now want to
focus on the Killing form B of the Lie algebra g = gAl(lFQ), we pick any two
elements X and Y of gl(IF?) and calculate B(X,Y) = trace(ad(X), ad(Y)).
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Using the basis (E11, Ea1, E1a, Eos) for gAl(IF2), we calculate B as follows.

First we need the ad(E;;).

ad(E;;) : !]AZ(IFQ) — QAZ(IEQ)
Ew — ad(E;j) - By = [Eyj, By = EijEy — EgEyj

Thus

If] = k’, 1 7& l, then ad(EZ]) . Ekl = Eil
Ifj 7£ k, 1= l, then ad(EU) : Ekl = _Ekj
If] = ]{Z, 1= l, then CLd(EZJ> . Ekl = Ez — Ej'

Then we choose the canonical basis for the 16-dimensional space gl(gl(IF?))
in the following manner.

(611, €21, €31, €41, €12, €22, €32, €42, €13, €23, €33, €43, €14, €24, €34, 644)
and we get the matrix

@11 Q12 aiz a4
Q21 Q22 Q23 A4
a31 (32 (433 0A34
G41  G42 (43 Q44

On this basis we have

0 0 0 0 00 -1 07
0 -1 0 0 10 0 -1
adBn) =14 ¢ 1 aBn)=149 ¢ o o
0 0 00 00 1 0 |
0 1 00 00 0 07
0 0 00 01 0 0
ad(B)=| 1 o ¢ 1 ad(B2) =14 ¢ _1 g
0 -1 00 00 0 0]

The Killing form B of the Lie algebra gl(IF?), written as a matrix with
respect to the basis (Fiy, Far, Fi2, Fas) is determined by 16 calculations of
the following type.

B(E;;, Ex) = trace(ad(E;;) o ad(Ey))

For instance the (1,1)-term of the matrix is
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Bll = B(EH, Ell) = trace(ad(EH) @) ad(En))

0 0

1 1

CLd(EH) @) ad(EH) =

o= O O
o= O O
o O OO
o O OO
o O = O
o= O O
o O OO

0
0
0
0

o O O O
o O O O

0 0
0 0
trace(ad(FE1y) o ad(Ey)) = 2

Continuing in this manner with the other matrix entries, we arrive at the B
matrix

—2

O = O O
O O = O
N OO

We see that the B matrix is singular. Thus we conclude that gl (IF?) is not
semisimple and has a Killing form as a Lie algebra which is degenerate.

We remark that even though the Killing form B on the Lie algebra gAl(IFQ)
is degenerate, the Killing form By on the linear space IF? is non-degenerate.
Our theorems say that for the first assertion that g?l (IF?) is not semisimple;
and for the second assertion that g;l(]FQ) is either semisimple or has an abelian
radical # 0. Combining these two assertions, we conclude that gl (IF?) has
an abelian radical.

Guided by the other theorems on solvability, we arrive at the follow-
ing computations and conclusions. First we calculate D'(gl(IF?)). Using
(Ella E217 E127 EQQ) for a basis of gl(IF2), we have:

[Ella E21] = E11E21 - E21E11 = _E21
{Ella EIQ] - E11E12 - E12E11 = E12
[Ella E22] = E11E22 - E22E11 =0
[E21a E12] = E21E12 - E12E21 = E22 - Ell
[E21a E22] = E21E22 - E22E21 = _E21
{E127 EQQ] = E12E22 - E22E12 = E12

~

And thus D'(gl(IF?)) = Sp(EuA,EH — E9o, Eq2). Our first remark is that

o~

DY(gl(IF?)) # gl(IF?), and thus gl(IF?) cannot be semisimple. Now

B(Ell - E22a Ell - E22) - B(Elh Ell) + B(E227 EQQ) - 2B<E11, E22) =
242-2(-2) =8

146



and this computation gives us sufficient information for us to assert that
B(X,X) # 0 for all X in D'(gl(IF?)). Thus gl(IF?) is not solvable and we

conclude that gl(IF?) has a semisimple part and a non-trivial radical.

Similarly we have

BIF2 (Ell - E227 Ell - E22> =
B]FQ (EH, EH) + B]F2<E22, E22> - 2B]F2(E11, Egg) — 1 + 1 - 2(0) — 2

which is sufficient information for us to assert that By (X, X) # 0 for all X
in D'(gl(IF?)), and thus we reach the same conclusion as above.

There are some additional remarks that we would like to make. In section
2.4 we showed that if 7 is the radical of a Lie algebra ¢, then [g,7] = D'gN7.
Now suppose the radical is also the center Z of §. This would mean that 7 is
abelian, but also we would have [g, 2] = 0 = D'¢gN 2. If we assumed the Levi
Decomposition Theorem, this would mean that D' is semisimple. Now the
counterexample we examined above has exactly this structure. gAl(]FQ) has a
semisimple part sl (2,IF) and an abelian radical which is the center of gAl(IFQ).
Thus it is still an open question for us whether the only counterexamples must
have this additional structure, i.e., whether ¢ must be the direct sum of a
semisimple subalgebra and a radical which is abelian. [We add the remark
that a Lie algebra whose non-trivial radical is the center is called a reductive
Lie algebra.]

2.15.2 The Casimir Operator.

With this new definition of the Killing form we can now define the Casimir
operator for a Lie subalgebra g of gAl(V) whose Killing form is non-degenerate.
However, since the understanding of this operator is not very transparent, we
begin by giving three examples of how one calculates the Casimir operator.
They will help us understand this operator better .

We already have at hand our first example for which to compute this
operator. We calculate the Casimir operator for the Lie algebra gﬁ(Fz). [We
have shown this Lie algebra to have a non-degenerate Killing form on the
linear space IF2] We let § = gl(IF?).

First we choose a basis for the four-dimensional §: {E11, Ea1, E12, Fao}.
We know that Bp2 maps ¢ bijectively onto its dual ¢* and what we are
now seeking is the dual basis of {E11, Ea1, Er2, Fao}. First we give the sym-
bols for elements in ¢* which will be dual to the basis of §g. We choose
{EL, Bsy, By, Esy}. This means that the dual element £ in g* acting on
the "undual” element Ejy; in g will give 1 when (k,[l) = (4, ) and will give 0
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for the other three choices of basis elements. We recall that if E;; is written
with respect to the basis {F11, Eo1, Fia, Eas}, it will be a 4x1 column vector
with 1 in the 7j-th place and 0 elsewhere. This means that E;; written with
respect to the basis {Ef, 5, Efy, E3,} will be a 1x4 row vector with 1 in
the ij-th place and 0 elsewhere. In other words each Ej; is a well-defined
element in g*. The important observation is that E; is not a 2x2 matrix,
while £;; is an element of g = gl (IF?), and thus is 2x2 matrix over IF. But
by using the inverse of the bijective map B2, which is a map from g to §*,
we can write £ as a 4x4 matrix. We will name these matrices as follows:

Bp:(Ej) = Ej

We now determine these matrices. For the matrix E{;, we first write it using
the basis {EH, E21, E12, EQQ}I

Eil = CLEll + bEQl + CE12 + dE22

that is,
a ¢
Eil = [ b d‘|
Now
BIFZ(Eil) = Eikl
Thus

Eikl = B]F2 (aE11 + bE21 + CE12 + dEQQ) =
Ble (aEll) + B]FQ (bEQl) + BIFQ (CElg) + B]F2 (dEQQ)

We now operate on the basis (E11, Eo1, E12, Eas).

1=FE},-En=
B2 (aEll) - By + B2 (bEgl) - B+ B (CE12) - B + B (dEgg) - F

But by definition of B2, we have
Bg2(E;j) - By = Bg2(Eij, Ex) = trace(E;; Ey)

Thus

1 = aBg2(FE11, F11) + bBg2(Fa1, Ev1) + ¢Bg2(E2, By

) +
a(trace(E11Er1)) + b(trace(Ea Erp))+
c(trace(E2Ev)) + d(trace(EsEr)) = a

dBIFQ (EQQ, Ell) -
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Continuing

0 - Eikl . EQl -
Bgz(aE1) - Eop + B2 (bEs1) - Eay + Bgz(cE1s) - Eoy + Bg2(dEs) - Eay

Thus
0= ClB]F2 (Ella E21) + bB]F2 (Egl, E21) + CB]F2 (Elg, Eg]) + dBIF‘2 (E227 EQl) =
a(trace(Ey1 Eq1)) + b(trace(Ea o))+
c(trace(E12Ea)) + d(trace(EypEyn)) = ¢

Continuing

0 - Eﬁ . E12 -
B]F2 (CLEH) . E12 + B]F2 (bEQl) . E12 + BIFZ (CElg) . E12 + BIF2 (dEQQ) . E12

Thus
0= CLB]FQ (Ell, E12) + bB]FZ (E217 E12) -+ CB]F2 (Elg, E12

)+
a(trace(Ey1Er2)) + b(trace(Ea Es))+
c(trace(EaEr)) + d(trace( By Er2)) = b

dBIFQ (EQQ, EIQ) -

Continuing

0 - Eikl . E22 -
B]FZ (aEll) . E22 + B]F2 (bEQl) . EQQ + BIFQ (CElz) . EQQ + BIFQ (dEQg) . E22

Thus

0= CLB]FQ (EH, E22) + bB]FQ (E217 E22> + CB]F2 (EQQ, E12) + dB]F2 (EQQ, E22) =
a(trace(Ey1Eq)) + b(trace(Eay Fas))+
c(trace(F19Eq)) + d(trace(FysEoy)) = d

Therefore we conclude that

1 0

We observe that we are essentially calculating the Killing form Bge2 with
respect to the basis (Ey1, Far, Ei2, Ea).

Recall that the Killing form By of a Lie algebra ¢ contained in gAl(V)
over a field IF' of characteristic 0 is defined in the following manner. After
choosing a basis for V', then the following traces define By:
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By:gxij—T
(X,)Y)— By(X,Y) :=trace(X oY)

Now in the above calculations we have computed these traces:

1 = a(trace(Ey1 Eqr)) + b(trace(Exy E1r))+
c(trace(E12Er1)) + d(trace(EaFr1)) = a

0 = a(trace(E11 Ear)) + b(trace(Ea Ea )+
c(trace(E1aEs)) + d(trace(EaEs)) = ¢

0 = a(trace(E11 Ev2)) + b(trace(Eq Ers))+
c(trace(Ey2Er2)) + d(trace(EagFEis)) = b

0 = a(trace(E11Fa)) + b(trace(Eq Esy))+
c(trace(E12Ey)) + d(trace(EyEy)) = d .

This gives the first column of the matrix for the Killing form of Bge:

Bge =

* % X X
I S
* ¥ % %

o O O+

Continuing in this manner we calculate the entire matrix for the Killing
form of Bg:. However we do know that the Killing form is a symmetric
matrix, and thus we already know the matrix has the following form.

302 —

* ¥ % O
* % ¥ O
* % % O

o O O

Thus we need only compute six more entries in the Killing form. Now we
have for the matrix £,

By =eEn + fEn + gE1s + hEy

that is,

S
EQI_[f h]

Now
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BIFQ (Eél) = Egl
Thus

E3 = Bg2(eE11 + fEyn + gE13 + hEy) =
B]F2 (GEH) + B]F2 (fEQl) + B]F2 (gElg) + BIF2 (hEQQ)

We now operate on the basis (Fi, Fo1, Ela, E9). But we already know
trace(Fy E11) = 0. Thus we only compute the following:

1 - E;l . E21
1 = e(trace(E11 Ea)) + f(trace(FEay Eqp))+
g(trace(E12Es)) + h(trace(EyFEs)) =g

Continuing
0=FE3 - E9
0 = e(trace(E11E12)) + f(trace(Eq Eg))+
g(trace(E12E12)) + h(trace(ExnEs)) = f
Continuing

0 - E;l . EQQ
0 = e(trace(F11Es)) + f(trace(FEa Eo))+
g(trace(E19Es)) + h(trace(EqEo)) = h

Thus we conclude that

01

Thus this gives the second column and second row of the Killing form of Bge:

1 000
0010
B2 = 0 1 % =
0 0 * =

Now we have for the matrix F/,
Ely =iEn + jEy + kEi + 1By

that is,
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Now
BIF2 (Eiz) = ETQ
Thus

EB - BIFQ (iEH + jEQl + k?ElQ + lE22> =
BIF2 (iEll) + BIF2 (ngl) + B]F2(/{:E12) + Bmz(lEgg)

We now operate on the basis (FEi1, Eo1, B2, Es). But we already know
trace(Ey1E2) = 0, trace(Fo F12) = 1. Thus we only compute the following:

1 = Eik2 . E21
1 = i(trace(Er1 Erg)) + j(trace(Ea Ers))+
k(traCS(ElgElg)) + l(tTace(EggElg)) = ]
Continuing
0 — Eikz . E22
0= i(tTGCG(EllEzg)) + j(tT’CLCG(EglEQQ))—F
k(trace(E12Eq)) + l(trace( By Ea)) =1

Thus we conclude that

0 0

Thus this gives the third column and third row of the Killing form of Bge:

Bc2 —

S O O
o = O O
o O = O
*x O O O

We remark that symmetry immediately gave the {2,3} entry in the matrix
of the Killing form; and now in calculating the E), matrix we confirm that
entry.

The only entry that is now missing in the Killing form Bge is the {4,4}
entry which is equal to trace(FEyFEy) = trace(Ey) = 1, giving
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1 000
0010
Ber=10 100
0 001
Thus we conclude that
00
and the Killing form is
1 000
0010
Be:=10 1 0 0
0001

Thus we may remark immediately that the Killing form gives us the four
matrices:

10 0 1 00 0 0

We also observe that
By, =FEn FEy=Fy FEy=Fy FEyp==FEy»

We now define the Casimir operator for g. It is a linear transformation
on IF? in § = gl(IF?) and it is given as follows.

Cpe : F? — F?
V> C]FZ (U) = (EllEil + EQlEél + E12E12 + E22E52)<U)

(The motivation for this formula will be given later in this chapter.)

Given the identifications above, we see that

Cg2 = BBy + EsErg + Ero By + EyFoy = By + By + By + Ey =
2E1 + 2E5

Writing this as a matrix, we have

2 0
C‘F2:[O 21
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We can immediately see that the trace of Clg2 is 4, which, we also note, is
the dimension of g. Also, since Clg2 is a scalar matrix, it is in the center of
g. In other words Cp2 commutes with every element of ¢ in the sense that
for every X in ¢ and every v in IF?

C]F2 (X’U) = X(C]FQ (U))

Later we will also prove that the Casimir operator is independent of the
choice of basis for its definition and thus only depends on § in gi(IF?).

For our next example, we will take the simple Lie algebra sl (2,C) con-
tained in gi(2,C). We seek a representation p in si(2,C) of the canonical
3-dimensional simple Lie algebra a; that is defined as follows. [For a brief
summary of the facts we are using about Lie algebras (which we are not
developing in this set of Notes) refer to Appendix 2, p. 265 and following.]
We recall that G, has a basis {h, e, f} such that its brackets are

[h‘7€]:2€ [h7f]:_2f [evf]:h

Thus we assume that we have a representation p of d; in ¢l(2,€). Since a, is
simple, we know that the Killing form By2 of p(a;) is non-degenerate, and

thus it will give the 222 matrices which form a basis for the representation
of a; in ¢l(2,C).

We calculate the Killing form B2 of p(a;) exactly as we did for the Lie
algebra treated in the previous example. Since a; is 3-dimensional, we have
three 222 matrices with trace = 0 to calculate. We map the basis {h, e, f}
of Gy to trace = 0 matrices {H, E, F} in gl(2,C), giving

w-[s 5] [0 4] e[h)]

Now the Killing form By is given by

By : sl(2,€) x sl(2,€) — C
(X,Y) — B2 (X,Y) :=trace(X oY)

We compute these traces and get the first column of matrix of the Killing
form:

1 = a(trace(HH)) + b(trace(EH)) + c(trace(FH) =
a(trace(EH — EQQ)(Ell - EQQ))"‘
b(trace(E1o(Ey1 — Ea)) + c(trace(Eay (B — Fa)) =
a(trace(Ey1 Eyy) — trace( By Eag) — trace(Eq Ehy ) + trace(EagFas))+
b(trace(E1oEr1) — trace(E19Fy)) + c(trace(Eq Ehy) — trace(Fa Eag)) =
a(l—=0—-0+1)+b0—-0)4¢c(0—0)=2a+ 0b+ oC = 2a
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0 = a(trace(HE)) 4 b(trace(EE)) + c(trace(FE) =
a(trace(Ey; — Fag)(FE1e + b(trace(E1aE1s + c(trace(Eqy E1g =
a(trace(Ey1(E1s — Ea9)) + b(trace(E1aEys + c(trace(Ey E1a =

a(trace(E11 Ev2) — trace(Ey1 Eag)) + b(trace( B Eqs) + c(trace(Ea Evg) =
a(0—=0)4+b0)+c(1)=0a+0b+c=c

0 = a(trace(HF)) + b(trace(EF)) + c(trace(FF) =
a(trace(Ey; — Fag)(Fa1 + b(trace(Eo Eig + c(trace(Eqy Eoy =
a(trace(Ey1(Eqy — E11)(Ea + b(trace(Eo Ers + c(trace(Ey By =
a(trace(F11 o) — trace(F11Eq)) + b(trace(FEa Era) + c(trace(Fay Ee ) =
a(0 —0)+b(1)+¢(0) =0a+b+0c="b

giving a = 3, b =0, ¢ = 0. Thus we have the first column of the matrix for
the Killing form of Bjx2:

% * %
Be2= |0 *
0 * =x*
and thus the H matrix is
L ]
H=] 2
5

Continuing we now seek the matrix E:

b

Also we know that the Killing form is symmetric and thus we have

_if

This gives d = 0. Thus in order to complete the second column we need only
calculate the (2,2) term e and the (3,2) term f:

O O
* * O
* % O

1 =d(trace(HE)) + e(trace(EE)) + f(trace(FE) =
d(tTCLC@(EnElg — E22E12)) —+ G(tT’CLCe(ElQEgl)) + f(trace(EglElg)) =
d(trace(Ey1Evg))—d(trace(Eyy Ea))+e(trace( E1oEr2))+ f(trace( By Erp)) =
d0—0)+e(0)+ f(1)=0d+0e+ f=f
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0 =d(trace(HF)) + e(trace(EF)) + f(trace(FF)) =
d(trace(E11E21 — E22E21)) + e(tTaCB(ElgEzl)) + f(trace(E21E21)) =
d(trace(Ey1Eq1) — trace(E11FEa)) + e(trace(Ea FErs)) + f(trace(Eq Eap)) =
d0—0)+e(l)+ f(0)=0d+e+0f =e

This gives f = 1, e = 0, and the second column of the matrix for the Killing
form of Bje:

% 00
BD2 - O 0 *
0 1 =
and the E matrix
0 1
Sthl
Continuing we now seek the matrix F"
_ |9
" l h =g ]

Now symmetry of the Killing form gives

BEQ{

This gives g = 0 and h = 1 and thus, in order to complete the third column,
we need only calculate the (3,3) term i in the Killing form.

O Ol

0 0
0 1
1 =

1 = g(trace(HF)) + h(trace(EF)) + i(trace(FF)) =
g(trace(Ey1 By — EooEoy)) + h(trace(E1aEs)) + i(trace(Ea Eay)) =
g(trace(E11 Ea1) — trace(FEaFa)) + h(trace(E12Eo)) + i(trace(Eo Eay)) =
g(0—0) + h(1) +i(0) =0g +h+0i=h

We see however that the above calculation evaluates h once again, which
value we already know is equal to 1. Thus to compute ¢ we go back to the
calculation

0 = g(trace(HE)) + h(trace(EE)) + i(trace(FE)) =
g(trace(Ey1 By — EygEv2)) + h(trace(EaEra)) + i(trace(Eqy Erp)) =
g(trace(Fy1Ea) — trace(FayE12)) + h(trace(E19F2)) + i(trace(Eg Erg)) =
g(0 = 0) + h(0) +i(1) = 0g + O 1 i = i
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giving ¢« = 0, and the third column of the matrix for the Killing form of By:

BC2 —

O ON=

0 0
0 1
10
and the I’ matrix
00
r=[v o)
Now {H,E,F} is a basis for the set of matrices of trace 0 [called the Special

Linear Algebra: sAl(Z,(D)] . It is contained in the General Linear Algebra
gl(2,€) and has dimension 3. These matrices, of course, have the form:

a c

b —a
The image of the basis {h, e, f} of a1 is {H, E, F} in sl(2,€). It is given by
the three matrices which we calculated above:

0 0 1
| e[

O o=
|

H = %(En — Ey) = [

We check the brackets to verify that there is an isomorphism of Lie algebras:

[H, E| = [}(E11 — Ey), Evo] = 5(E1y — Ex)E1y — Eia(3)(Eun — Ey) =
%E12 + %Em = FE1o

[H, F] = [%(En — Ey), Ey] = %(En — E)Ey — E21(%)(E11 — Ep) =
1 1 _
—gkF9 — 5Ey = —Ey

B, F| = [Eig, En| = ErgEy — Eo By = By — Eyy = 2H
Now recall again that a; has a basis {h, e, f} such that its brackets are
[h,e] =2e  [h,fl==2f e, f] =h.

Thus we see that we do have an isomorphism of Lie algebras if we define
H' :=2H. This gives
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[H',E] = [2H, E] = 2[H, E] = 2E15 = 2E
[H'.F| = [2H,F) = 2[H, F] = —2Fy = —2F
[E,F]=2H = H’

Thus the basis in sl (2,€) maps isomorphically onto the basis in a; that
is {H',E,F}={2H,E, F}.

However when we wish to calculate the Casimir operator, we will need
once again the dualized basis of {2H, E, F}, and thus we seck the dual basis
{H*,E*, F*} in sl(2,C)*.

Thus we have

H*(2H) =1and H*(E) =0 and H*(F) =0
E*(2H) =0and E*(E) =1 and E*(F) =0
F*(2H) = 0 and F*(E) = 0 and F*(F) = 1

_ Now since the Killing form Bge restricted to s1(2,@) is non-degenerate —
sl(2,€) being a simple Lie algebra — we have the bijective map

Bez : sl(2,€) — sl(2,0)*

We seek the matrices in s/(2,€) which correspond to H*, E*, F* by 621. By
using the inverse of the bijective map Bgz, we will name these matrices as
follows.

B (HY) = H'  B(E") =E Bl (F):=F

We now determine the content of these matrices. For the matrix H’, we first
write it using the basis {2H, E, F'}, giving

1 0 01
2H:(E11—E22):[0 _1] E:Elzzlo O]

and thus the Killing form is

B =

o O =
_ o O
O = O

Thus
H =a(2H)+ cE+bF
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that is,

Now
Bg2(H') = H*
Thus

H* = BC2<CL(2H) —l—CE+bF) =
B‘Dz (2.aH) + Bcz (CE) + Bcz (bF)

We now operate on the basis {2H, E, F'}.
1=H* -2H = Bg2(a(2H) - 2H + Bgz(cE) - 2H + B2 (bF) - 2H
By definition of Bgz we translate these expressions to Bg2 and traces.
Thus
1 = aBg2(2H,2H) + cBg2(E,2H) + bBg2 (F,2H) =
a(trace(2H o 2H)) + c(trace(E o 2H)) + b(trace(F o 2H)) =
a(trace((E11 — Eg) o (B — Ey))) + c(trace(Eiy o (F11 — Ea))) +
b(trace(Fay o (B — Ea))) =
a(trace(E11 + Ea2)) + c(trace(—Ehs)) + b(trace(Eq)) = a(l1+ 1) = 2a
We conclude that a = %
Continuing we have
0=H*-E = Bge(2aH) - E + Bga(cE) - E + Bge(bF) - E
Thus
0 = aBg2(2H, E) + ¢Bg2(E, E) + bBga(F, E) =
a(trace(2H o E)) + c(trace(E o E)) + b(trace(F o E)) =
a(trace((E11 — Eag) o (E12))) + c(trace(Ers o Eys))) + b(trace(Ey o Erp))) =
a(trace(Ey2)) + c(trace(0)) + b(trace(Fa)) =b(1) = b
We conclude that b = 0.

Continuing we have
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0=H"-F =Bg(2aH) - F + Bgz2(cE) - F + Bgz(bF) - F
Thus we have

0 = aBgz(2H, F) + cBg2(E, F) + bBge (F, F) =
a(trace(2H o F)) + c(trace(E o F)) + b(trace(F o F)) =
a(trace((Ey; — Eg2) o (Ea))) + c(trace(E1g 0 Ea))) + b(trace(Ey o Ea))) =
a(trace(—Ey)) + c(trace(Eq)) + b(trace(0)) = ¢(1) = ¢

We conclude that ¢ = 0.

Thus we have calculated H':

, (10
Y

We observe again that we are essentially calculating the Killing form Bge
with respect to the basis {2H, E, F'}. Recall that the Killing form By of a
Lie algebra § contained in gl(V) over a field IF of characteristic 0 is defined
in the following manner. After choosing a basis for V', then the following
traces define By :

By:jxj—TF
(X,)Y)— By(X,Y) :=trace(X oY)

Now in the above calculations we have computed these traces:

a(trace(2H o2H)) + c(trace(E o2H)) 4 b(trace(F o2H)) = a(2) + ¢(0) + b(0)
a(trace(2H o E)) + c(trace(E o E)) 4 b(trace(F o E)) = a(0) + ¢(0) + b(1)
a(trace(2H o F)) + c¢(trace(E o F)) + b(trace(F o F)) = a(0) 4+ ¢(1) + b(0)

giving the following matrix for Bge:

qu2 —

S O N
_— o O

o = O

Thus we can read immediately
01 00
!/ [
e=loa] re[V0]
We observe that
H =2H FE=F F=F
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We now define the Casimir operator for sl(2,@). Tt is a linear transfor-
mation on €* in ¢l(2,C) and is given as follows:

Cez 1 C* — €
vi— Cp2(v) := (HH'+ EE' + FF')(v)

Given the identifications above, we see that

C(Dz = H(2H) + FEFF+ FE = %(Ell - EQQ)(EH — E22) -+ E12E21 + E21E12 _
%(Ell + EQQ) + Ell + E22 = %Ell -+ %EQQ

|

We can immediately see that the trace of Cg2 is 3, which is the dimension of
sl(2,@). Also, since Cge is a scalar matrix, it is in the center of ¢l(2,C). In
other words, Cg2 commutes with every element of gl (2,€) in the sense that
for every X in ¢l(2,€) and every v in C?

Writing this as a matrix, we have

W
viw O

Cc2:[

G (Xv) = X (Ca(v))

We also remark that Cg» is not an element of s/(2,€) for its trace is not 0.
[As we mentioned before, later we will also prove that the Casimir operator
is independent of a choice of basis for its definition and thus only depends
on si(2,C) in gl(2,C).]

For our third example, we want to examine a more complicated simple
Lie algebra, yet one whose structure is simple enough so that the calculations
are still doable. We choose the eight-dimensional simple complex Lie algebra
with code symbol ay. Since it is simple, it is also semisimple. It has a basis
(hl, hg, €1, €, €3, fl, fg, fg) with the following brackets:

[h1,ho] =0 [hy,er] =21 [hy,ea] = ey [hi,e3] = —es  [h, fi] = —2f1
[h1,f2] = —fa [hlaf?)] = f3 [h2,€1] = —€ [hz,ez] = €2
[ho,es] = 2e3  [ho, fi]l = fi  [ha, fo] = —fo  [he, f3] = —2f3
le1,e0] =0 [er,es] =ex e, fil =h1 e, fo] = —f3 [e1, f3] =0
[ea,e3] =0 [eg, fi] = —es [ea, fo] = hi+ha [es, fa] = €1 [es, fi] =0
les, fol = fi les, fal =he [fi1.foa] =0 [fi,fs]=—fa [fo, f5] =0

We choose a representation of @y in the 3-dimensional complex linear space
C*. We give C? its canonical basis (e1, ey, e3). We write the complex Lie
algebra gl(C?) = gl(3 (D) as 3x3 complex matrices with respect to the canon-
ical basis (£;;) in gl(@?). The representation map p takes d, onto s/(3,C) in

gAl ((D3), giving:
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hl — P(hl) = H1 = E11 — EQQ
ho — p(he) = Hy = Eoy — Es3

We see immediately the (Hy, Hy, E12, E13, Eo3, Eo1, E31, E32) are independent
in gﬁ(@3), and thus we have an 8-dimensional subspace in the 9-dimensional
complex Lie algebra gl (©*). We calculate its brackets and using the above
morphism, we compare them with the brackets in a»:

[Hq, Hy] = [E1y — Eog, Eoy — Es3) = —Eopy + Eyy =0
[hl,hg] = O
* ok ok ok ok ok ok ok Kok
[Hy, Evg] = [Evi — Eg, Eio] = Eip 4 By = 2E,
[h1,e1] = 2¢e;
€1 —— p(el) = E12
* ok ok ok ok K ok ok Kk
(Hy, Erg) = [Ev — Eao, Evs) = Eqg
[h1,€2] = €2
eg — plez) = Ei3
* ok ok ¥k K ok ok Kk
[Hy, Eg3] = [E11 — Egg, Egg] = —Esg
[h1,€3] = —¢€3
ez — p(es) = Fas
% ok k¥ ok ok ok ok Kk
[Hy, Ex| = [Evi — Egg, By | = —Eo1 — Eyy = —2E5;
[hlafl] =—2f
fi— p(f1) = Ex
* ok ok ok ok ok ok ok Kok
[Hy, Eg1] = [Eh1 — Eg, Fg1] = —Es3;
[h1,f2] =—f
far— p(f2) = Ex
* ok ok ok ok K ok ok Kk
[H1, Es] = [E1 — Eg, Es] = Es3p
[h17f3] = f3
fs—> p(fs) = Es

Xk ok ok ok ok ok sk skek
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[Hy, Erg] = [Eay — Ess, E1o] = —Ehy
[h2,€1] =€
€1 —— p(61> = E12
* ok ok ok ok ok ok ok Kok
[Hy, B3| = [Ea — Ess, Ei3] = Ei3
[h2,€2] = €2
€o —— p(eg) = E13
* ok ok K ok ok ok ok Kk
[Hy, Eo3) = [Eag — Esg, Eag| = Eog + Eaz = 253
[hz,@g] = 263
ez — p(es) = Ebs
* ok ok ¥ ok K ok ok Kk
(Hy, Ey| = [E9y — Es3, Ey1] = Ex
[h27f1] = h
fi—p(f1) = Exn
% ok k¥ ok ok ok ok Kk
(Hy, Eg1] = [Ea — Es3, E31] = —Es;
[h2,f2] =—f
for— p(f2) = Ex
* ok ok ok ok ok ok ok Kok
[Hy, E3o] = [Eay — Es3, Fgy) = —Esy — 3y = —2F5,
[ha, f3] = —2f3
fs = p(fs) = Bz

% ok %k ok ok k ok ok kok

[Ea, B3] =0
[61,62] = O

K K Kk K ok K ok ok

[Era, Eag) = Ehs
[61,63] = €3

€9 ——> p(62) = E13
k ok oskosk ok ok kok okek
[Erg, Eor] = By — Eyy = Hy
[617f1] =M
hy > p(h1) = H,
k ok oskoskok ok skok oksk
[E2, B3] = —Eso
ler, fo] = —f3
fs—> p(fs) = Es

%k k sk sk ok ok ok kK
[E12aE32] :0
[el7f3] =0

% ok %k ok ok ok ok ok Kok
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(B3, Eys] =0
[ea, €3] =0
% % % % K K K K kK
[E3, Eoi) = —Eas
e, f1] = —e3
es — pleg) = Eog
ok ok kK ok sk sk skok
[Ehs, Esi) = Hi + H
le2, fa] = h1 + Dy
hy — p(h1) = H,
hy — p(hg) = H,
ok ok kK ok sk sk skok
(B3, Eso) = Eo
[62,f3] = €1
er — pler) = Eio
s sk ok kK ok sk sk skok

[Ea3, Ey1) =0
[637f1] =0

% ok k ok k k k k k%

[Eas, Bsi] = oy
e, fo] = f1

fir—p(f1) = Exn

% ok ok ok ok ok ok k k%
[Ea3, E30] = Hy
les, f3] = ho
hy — p(ha) = Ha
% ok k¥ ok K ok ok Kk
[E91, E51]) =0
[f1,f2] =0

[Ea1, Esg) = —Es
L1, fs] = = fo
far— p(f2) = Es

% %k ok kK ¥k koK
[E31, B3] =0
[f2, f3] =0

kK ok K K K Kk Kok
Thus we see that p takes brackets in as to brackets in gAl((D3), and we have

a representation of s in C>. Of course, this image of a, by p in gl(©?) is
sl(3,@), the 3x3 complex matrices with trace zero.
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We now want to dualize the basis (Hl, HQ, E127 E137 E23, E1217 E317 E32>,
i.e.,/\WG want a basis ((Hl)*, (HQ)*, (E12)*, (Elg)*, (Egg)*, (Egl)*, (Egl)*, (E32)*)
in sl(3,€)* such that

(Hy)*(Hy) =1 and (H;)* operating on all 7 other basis vectors = 0
(Hy)*(Hy) =1 and (H2)* operating on all 7 other basis vectors = 0
(Ev2)*(F12) = 1 and (E12)* operating on all 7 other basis vectors = 0
etc.

Now since the Killing form Bgs restricted to s1(3,@C) is non-degenerate —
again sl(3,C) being a simple Lie algebra — we have the bijective map

Bgs : sl(3,€) —» sl(3,@)*
We seek the matrices in sl (3,€) which correspond to dual basis vectors
((H1)*, (Ha)*, (Er2)", (E1s)*, (E23)*, (Ba1)", (E31), (Es2)”)

by 8631. By using the inverse of the bijective map Bgs, we will name these
matrices as follows.

o ((H)) == Hl By ((H2)*) := Hy
By ((Ew2)*) == Ely  Bps (Fis)) := Eiy
Bgi ((Ess)*) := Eby  Bpi ((Ea)*) := B
By ((Bs1)*) = Eby By (EBs2)*) := By

We now determine the content matrices (Hj, Hy, E'y, Ei3, By, By, By, Ey)
in sl(3,€). We write these matrices in terms of the basis

(Hy = By — Ey, Hy = Eyy — Es3, E1g, E3, Eag, Egy, s, Esy)
If we let A; be any one of these matrices, we have

Ai =riHy + s;Hy 4+ b;Eoy + ¢; B3y + diEsg + fiEvo + giEhs + hiEas
A; = ri(E11— Ea)+5;(Ea— Es3)+b; By +¢;Es1 +d; Eso+ fi E1o+ g Fr13+hi Eas

which gives
K7 Ji gi

Ai=|bi —ritsi h
C; dz —S;
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We note that these matrices have trace 0, and thus are in si(3,C).

Now we know that the Killing form of 57(3,03) written with respect to
the above basis gives an 8x8 non-singular symmetric matrix whose entries
are A;;, i,j = 1,---,8, and whose values are defined as Bgs(A;;, Ay) =
trace(A;j o Ap).

For the first column we have:

(Bgs (Hy))(Hy) = Bgs(Hy, Hy) = trace(Hy o Hy) =
trace((Ey; — Eag) o (E11 — Eg)) = trace(Eyy + Eag) = 2
(Bgs (H2))(Hy) = Bgs(Hay, Hy) = trace(Hy o Hy) =
trace((EQQ — E33) o} (EH — E22)) = trace(—EQQ) =-1
(Bgs (F21))(Hy) = Bgs(Ea1, Hy) = trace(Ey o Hy) =
trace(Eo o (E11 — Eg)) = trace(Ey) =0
(Bgs (Es1))(Hy) = Bgs(FEs1, Hy) = trace(Es; o Hy) =
trace(FEs; o (B3 — Ea)) = trace(Fs) =0
(Bgz(Es2))(Hy) = Bgs(Ese, Hy) = (trace(Esy o Hy) =
trace(Fss o (E11 — Eay)) = trace(—FEszp) =0
(Bgs (E12))(Hy) = Bgs(Erg, Hy) = trace(E1p 0 Hy) =
trace((E1a) o (E11 — Eg))) = trace(—FE12) =0
(Bgs (F13))(Hy) = Bgs(Ehvs, Hy) = trace(Eyj30 Hy) =
trace((F13) o (E11 — Ea)) = (trace(0)) =0
(Bgs (Fa3))(Hy) = Bgs(Eas, Hy) = trace(Es3 o Hy) =
trace(Faz o (E11 — Fag)) = trace(0)) =0

For the second column we have:

By symmetry we have

(Bps(H1))(H2) = —1

(Bc3<H2))<H2) = BCS(HQ, HQ) = tTCLC@(HQ O HQ) ==
trace((Egg — E33) o (E22 — E33)) = t?"CLC@(EQQ + E33) =2

(8033 (Egl))(HQ) = BC3(E21, Hz) = tTCLCG(Em e} HQ) =
trace(Fay o (Fag — FEs3)) = trace(0) =0

(Bgs (F31(Hz) = Bgs(Es1, Hy) = trace(FEs o Hy) =
trace(Fs3; o (Fag — E33)) = trace(0) =0

(803(E32))(H2) = BCS (E32, HQ) == trace(E?,g O HQ) ==
trace(Esg o (Fas — Es3)) = trace(Ess) =0

(BCB (E12))(H2) = BCB (Elg, Hg) = trace(Elg 9] HQ) =
trace(F1g o (Fag — Es3)) = trace(Fi2) =0
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(BC3 (Elg))<H2> = BC3 (E137 HQ) = trace(Elg o HQ)
tTCLC@(Elg o <E22 — E33)) = tTCLCG(—E13>
(6(133 (E23))(H2) = BCS (Egg, HQ) = trace(Egg, @) HQ)
tT‘CLC@(Egg o (EQQ — Egg)) = t’T‘CI,CG(—Ezg)

For the third column we have:

By symmetry we have (Bgs(H;)(E12) =0

By symmetry we have (Bgs(Hs)(F12) =0

(BC3 (bEgl))<E12) = BCS (E217 E12) = trace(Egl e} EIQ) = (trace(Eg ) =1
t

(Bgs (F31))(F12) = Bgs(Es1, Eia) = trace(Es; o E1g) = (trace(Ess)
(Bgz(Es2))(Fi2) = Bgs(Ese, E12) = trace(Esy o Evg) = (trace(0)) =
(Bps (E12))(Ei2) = Bgs(Fhg, E1a) = trace(Es o E19) = (trace(0)) =
(Bgs (F13))(Fi2) = Bgs(Fhs, E1a) = trace(E3 o E19) = (trace(0)) =
(Bgz(hEa3))(F12) = Bgs(FasFEia) = trace(Eqz o Ejg) = (trace(0)) =

For the fourth column we have:

By symmetry we have (Bgs(H1)(E13) =

By symmetry we have (Bgs(Hz)(F13) =

By symmetry we have (Bgs(E12)(E13) = ()

(BC3 (Egl))(ELO,) BC3 (Egl, E13) =tr CLCG(EQl o) E13) t?”CLCe(Egg) =0
(B(DB(Egl))(Elg) BC3 (Egl, Elg) =tr (ICB(E31 o E13) tr CLC@(E33 =1
(Bca‘ (Egg))(Elg) = B®3 (Egg, Elg) =tr ace(E32 o E13) tr CLC@(O) =0
(Bgs (Fh3))(Ei3) = Bgs(Fhs, Eis) = trace(Ey3 o Ey3) = trace(0) =0
(Bgs (Fa23))(F13) = Bgs(Fas, Eis) = trace(Eys o Ey3) = trace(0) =0

o

For the fifth column we have:

By symmetry we have (Bgs(H1)(Fa3) =0
By symmetry we have (Bgs(Hz)(FE23) =0
By symmetry we have (Bgs(E12)(F23) =0
By symmetry we have (Bgs(E13)(F2 ) =0

(Bes (E23))(E23) = Bgs (Fas, Eaz) =
(Bgs (F21))(Fas) = Bgs(Fa1, Eas) = tace
(Bgs (E31))(Faz) = Bes(E31, Faz) =
(Bes (Es2))(Faz) = Bgs(E32, Faz) =

For the sixth column we have:
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By symmetry we have (Bgs(H;p)(FEy) =0
By symmetry we have (Bgs(Hy)(FE2) =0
By symmetry we have (Bgs(E12)(Ee) =1
By symmetry we have (Bgs(F13)(F2) =0
By symmetry we have (Bgs(Ea3)(Ey) = 0

(Bes (E21))(E21) = Bes( )
(Bes (E31))(Ea1) = Bes(Es1, Ear)
(Bes (E32))(E21) = Bes( )

ace(Eo o Eoy) = trace(0) =0
race(FE3; o Ea1) = trace(0) =0
ace(Esy 0 Eoy) = trace(F3 ) =0

Il
4+~ S+
= 3

For the seventh column we have:

By symmetry we have
By symmetry we have
By symmetry we have
By symmetry we have
By symmetry we have
By symmetry we have
(Bs(Es1))(Es1) = Bys
(Bpz (E32))(E31) = Bgs

e e e e e

)
E31; ESl) = trace(Egl o E31) = trace(()) =0
Ess, E31) = trace(Esg o Esp) = trace(0) =0

o~~~

For the eighth column we have:

By symmetry we have (Bgs(Hp)(E52) =0
By symmetry we have (Bgs(Hz)(F32) =0
By symmetry we have (Bgs(FE12)(FEs32) =0
By symmetry we have (Bgs(FE13)(Fs32) =0
By symmetry we have (Bgs(Fas)(FEs) =1
By symmetry we have (Bgs(F21)(Fs2) =0
By symmetry we have (Bgs(E31)(FEs2) =0
(Bgz(Es2))(F32) = Bps(Ess, E3p) = trace(FEsg o Esp) = trace(0) =0

This gives immediately the non-singular symmetric 828 matrix of the
Killing form written respect to the ordered basis in sl(3,C):

(Hl = Ell - E227 HZ = E22 - E337 E127 El?n E237 E217 E317 E32>
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BCL? —

[ ool o N No N
_ 0 OO O o oo
O OO OO oo

S oo oo RO o
[l el ool =N
[l el el el S =]

OO o oo
O OO OO o

We can now write the 8 matrices in s/(3,C) which we are seeking:
Hi, Hy, By, By, Egy, By, Eyy, Egy.
Now again we let A; be any one of these 8 matrices.
We know that (A;)* = Bgs(A;) maps A; to 6;;. Now if
A = riHy + spHay + b Eor + cpBs1 + diEsa + frEre + grEhs + hiEos

then

0i; = Bea (Ai)(4;) =
Bes (riHy + siHy + b Eoy + ¢;E31 + diEso + fiE1a + giErg + hiEa3)(Aj) =
TiBC?’ (Hl, AJ) + SiB(D?’ (H27 AJ> + biBC:‘s(EQl, AJ) + CZ'BCs<E31, A])—i-
diBCS(Eg,Q, A]) + fiBCL%(ElQ, A]) + gchs (E13, AJ) + hiBCB(Egg, AJ)
Thus for the first row of the Killing form (1,7) we have

op=1= 803(H{)(H1) =
7”18033<H1, Hl) + 81603 (Hg, Hl) -+ b18¢13 (Egl, Hl) + ClBC3 (Egl, H1)+
d1803(E32, Hl) + le(D3 (Elg, Hl) + 91[)’@3<E13, Hl) + hchs(Egg, Hl)
giving
1:27’1—81+0b1+061+0d1+0f1+091+0h1 :2’/‘1—51
12 = 0 = Bps (Hy)(H2) =
7’18@3 (Hl, HQ) + 818@3 (HQ, HQ) + b18(|33 (E217 HQ) + ClBC3 (E?)l) H2)+
d1\Bgs (Esa, Ha) + f1Bgs(Eha, Ha) + g1Bgs (Ehs, Ha) 4 hiBgs (Eas, Hy)
giving

0= —r1+ 2s1 + 0by + 0c; + 0dy + 0f; + 0g1 + Ohy = —11 + 254
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d13 = 0 = Bgs(H1)(Ea1) =
7“1803 (Hl, Egl) + 818433(]‘.]2, Egl) -+ bllgc?) (Egl, E21) —+ ClBC3(E31, E21)+
d1Bgs (Es2, Eor) + f1Bgs (B2, Eor) + 918Bgs (E1s, Ear) + hiBgs (Eas, Eor)
giving
0:0T1+0$1+061+061+0d1+f1+091+0h1 :fl

014 = 0= Bgs(H}, E31) =
11 Bgs (Hi, Es1) + $18gs (Ha, E31) + 01Bgs (Eai, Es1) + c1Bgs (Es1, Es1)+
d1Bgs (Esa, Es1) + fiBgs(Erz2, Esi) + g1Bgs (Eis, Es1) + haBgs (Eas, Es)

giving
0:07"1+081+Ob1+001+0d1+0f1+91+0h1 =01
015 = 0 = Bps((Hy, E32) =
11 Bgs (Hi, Es2) + $18gs (Ha, E32) + 01Bgs (Ear, Esz) + ¢1Bgs (Es1, Esz)+
d1Bgs (Esa, Esz) + fiBgs(Erz, Es2) + g1Bgs (Eis, Es2) + haBgs (Eas, Esz)
giving
OIO’/’l+081+0b1+001+0d1+0f3+091+h1 :hl
616 =0= BCS(H7’1E12) =
T‘lBCS (Hl, Elg) + SlBCS(HQ, E12> + b16®3 (Egl, E12) + 018(133 (Egl, E12>+
dch3(E32E12) + leC3(E12> Elz) + 918033(E13, E12) + h13c3(E23E12)
giving
0 =0ry +0s1 4+ by +0c; + 0dy + f3+ 0g1 + 0hy = by
517 == 0 == BCS(H{,Elg) =
11 Bgs (Hi, E13) + s18Bgs (Ha, Evs) + bi1Bgs (B2, Ers) + c1Bgs (Esr, Eis)+
d1Bgs (Esa, Ers) + fiBgs(Eve, Evs) + g1Bgs (Eis, E13) + haBgs (Eas, Eis)
giving
0=0r; +0s1 +0b; +¢1 +0d; +0f3 4+ 0g1 + 0hy = 4
dig =0 = 803(H{7E23) =
11 Bgs (Hi, Eas) + $18gs (Ha, Ea3) + b1 Bgs (Eai, Eas) + ¢1Bgs (Es1, Eas)+
d1Bgs (Esa, Eas) + f1Bgs(Erz, Eas) + g1Bgs (Eis, Eas) + hiBgs (Eas, Eas)
giving
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0:0r1+031+Ob1+001+d1+0f3+0g1+0h1:d1
Thus we have for Hi:
1=2rm—550=-11+2550=0;;0=0¢;0=d;;0=f1;0=91;0=M

or

giving
H{ = 2H, + 3Hy = 2(E;1 — Ex) + £(Ey — E33) = 3E1 — $Eyy — 3 Ess

Its matrix is

o

H| =

O O wiv
|
wl

(e}
|
Wl

Obviously Hj has trace 0 .
Repeating for H), we have:

0=2ry =595 1= =1+ 2555 0 =02; 0 = c2; 0 = do; 0 = f2; 0 = g2; 0 = hp
or

7“2:% 32:§ OZbQ OZCQ
0:d2 0:f2 O:g2 O:hg
giving
;1 2pr _ 1 2 1 1 2
Hy = 3Hy + $Hy = 5(E1n — Ex) + 5(Ex — Es3) = 3B + 3Ey — $Es3

Its matrix is

5 00
Hy=10 3 0
00 —2

Also H) has trace 0 .

Repeating for F), we have:
0=2rs —s3;0=—r3+2s3; 1 =0b3; 0 =c3;0=dls; 0= f3;,0=g3; 0 = hg
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or

giving
E21 = Ey
Its matrix is
0 0O
Eyy=11 00
0 0O

Also E5; has trace O .

Repeating for £}, we have:
0=2rs—s4;0=—r4+25550=0bs; 1 =, 0=1dy; 0= f450 =94 0 = Iy

or

giving

Its matrix is

Also Ej3; has trace 0 .

Repeating for £}, we have:
0=2r5 —55;0=—15+285;0=05; 0=1c¢5; 1 =d5; 0 = f5; 0 = g5; 0 = I
or

7"5:0 35:0 0:b5 0205
l=ds 0O=/fs O0=g5 0=hs

giving
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By = E3

Its matrix is

=
[\o}
|
coo
— oo
coo

Also Ej%, has trace 0 .

Repeating for £}, we have:

0=2rg—s6,0=—16+2s6;0=0g; 0=c4; 0=1dg; 1 = fg; 0 = gg; 0 = hg

or
7"6:0 36:0 O—bﬁ O:CG
O=ds 1=fs 0O0=gs 0=hg
giving
Eyy = Ei
Its matrix is
010
En,=10 00
0 00

Also Ejs has trace 0O .

Repeating for E}; we have:
0227"7—57; 0:—7’7+257,0:b7,0:C7, 0:d7, 0:f7, 1:g7,0:h7
or

7’7:0 87:0 0:b7 0207
O=d; O0=f 1=g; 0=hy

giving
By = Eus

Its matrix is
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&
S
w
|
o oo
o oo
oo~

Also FE3 has trace 0 .

Repeating for Ej; we have:
0=2rg —s8;0=—rg+2s5; 0 =bg; 0 =55 0 =dlg; 0= f3; 0 =gs; 1 = hg
or

7’8:0 58:0 0:b8 O:Cg
O=dg 0O0=fsg 0O0=g3 1=hg

giving

Its matrix is

Also F»3 has trace 0 .

We observe

By =Fy Ey=FEy FEz=FEy Fy=F3 FEy=F;3 E3=FEs;

We now define the Casimir operator for sl (3,€C). It is a linear transfor-
mation on €* in ¢/(3,C) and is given as follows.

Ccs Z(Dg —)C3
V> CC3(U) =
(HiH{+ HoH)+ E1\o Elo+ Eo1 B + E13E s+ FE31 B + Eas Ebs + Eos Sy ) (v) =
(H1(§H1 + %H2) + H2<%Hl + %Hz)-l—

E12En + Eo1 Evg + Er3Es1 + Es1Evg + Ey3Eso + EspFEaz)(v) =
(%(En — Ey)(En — Ea) + %(En — E)(Ey — Es3)+
%(EQQ — Es3)(E1 — Ex) + %(Em — Es3)(Fyy — Esz)+

E12Eo + Eo1 Evg + Er3Esy + Eg1Evg + EygFEso + EspFaz)(v) =
(%(En + Ey) + %(—Em) + %(—Em) + %(Em + Es3)+

By + By + By + Esg + Ego + Es3)(v) =
(2(E11 4 Eos + Es3) + E11 + Eas + By + Egy + Exp + Es3)(v) =
(3B + §Ex» + 3E33)(v)
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Writing this as a matrix, we have

Cc3 —

O O wloe
O wlw O
wloo O O

We see that the trace of Cgs is 8, which is the dimension of si(3,C). Also
since Cgs is a scalar matrix, it is in the center of gAl(S,(D). In other words
Cgs commutes with every element of gAl(3,(D) in the sense that for every X
in ¢l(3,€) and every v in €

s (X ) = X (Cgs (v))

We also remark that Cgs is not an element of s/(3,€) for its trace is not 0.
And as we mentioned before, later we will prove that the Casimir operator
is independent of a choice of basis for its definition and thus only depends

on sl(3,€) in gi(3,C).

With the help of these examples we can now examine the Casimir operator
in general. We observe that we can define the Casimir operator for a Lie
subalgebra ¢ of gAl(V) whose Killing form on a linear space V' restricted to g
is non-degenerate. We do so as follows. [We remark again that the field IF can
be either IR or € even though all the examples given here were only over IR.]
Let the dimension of V' be n and the dimension of § be . Because the Killing
form is non-degenerate, we know that this form defines an isomorphism of
the linear space g with its dual g*.

BV : g — g*
First we choose a basis for ¢ in gAl(V): (A1, -+, Ap), giving r matrices in the
n?-dimensional linear space of matrices gi(V'). Now we dualize this basis by

means of the above map, giving us a dual basis for g*: (Af,--- AF). This
means that the map By takes A; to A;. where A} is defined in §* by

(A7)(4;) = 05
Now A} comes from some matrix A in g by By, i.e.,
(By') (A7) = 4

where (A}, -+, Al) are the matrices in § which represent the duals. This
means

(A7)(A4;) = ((Bv)(A7)(4;) = By (A}, 4;) = trace(Aj o Aj) = b
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[We remark that here we are restricting the form By defined on gl(V) x gl(V)
to g x §.]

Now the Casimir operator is a linear transformation on V in gl(V) and
is defined as follows:

CV V—V
v— Cy(v) = (é A; o Al)(v)

We remark that this definition just depends on our being able to dualize
a linear subspace of matrices by a non-degenerate bilinear form defined on
those matrices.

First, we show that the Casimir operator is independent of the basis
chosen for g. Since A! is a matrix in ¢, we can express it in the A-basis for g.

A; = Z ai Ay
k
We want to determine this rxr matrix a = [a].
0i; = A7 (A;) = Bv(A]) - Aj = By (A4}, A;) = trace(Aj o Aj) = trace(A; o A))

Now
k k
Thus

dij = trace(z aixA;o Ay) = Z aigtrace(Aj o Ay) = ZaikBV(Aj7 Ag)
k k k

Writing By in the A-basis, we have
By (Aj, Ax) = (Bv(a))jr = [A14 By (a)[Ak]a

where the term [A;]4 By a)[Ax]a is a product of three matrices written in
the A-basis; [A;]} is a 1xr row matrix corresponding to the dual A¥ [thus
giving the canonical row matrix [e;]; By(a) is the rxr matrix representing
the bilinear form By ; and [Ag] 4, an rx1 column matrix corresponding to the
Ay, basis vector [thus giving the canonical column matrix [ex]]. The product
is a 1x1 matrix corresponding to the jk entry in the matrix [By(a));i].

Continuing and using the symmetry of the [By(4));;] matrix, we have
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bij = > aiBy (A, Ax) = aw(Byay)jk = Y aw(Bv(a))kj = (aBv(a))i
; ; %

Thus we have
aBya) = I,

and we see that the matrix a is the inverse of the matrix for By written with
respect to the A-basis.

a = By

We now change bases from an A-basis to, say, a D-basis.

tdentity

erl (IF) erl (IF)

Thus, from the commutative diagram, we see that the change of basis matrix
is labelled P = [P;;], and in terms of this matrix the j-th column is A; written
in the D-basis is

[Ajlp = P[Ajla or A;j =) P;D;

We now write By in the A-basis in terms of D-basis.

(Bv(a))ij = Bv(Ai, Aj) = By (Y PuiDy, Y PjDy) =
k [

> PuP;By(Dy, D)) =Y PuPyi(Bvp))u = Y P (Bvp) b
%l %l kl

Thus we can conclude that
Bya) = PTBV(D)P

Similarly the D-basis (D;) in ¢ dualizes by the map By to a dual basis
(D) in g*, giving the relation
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D (D;) = b
Now D7 comes from some matrix D] in g by By, i.e.,
(By)(D;) = D;

where the (D)) are the matrices in ¢ which represent the duals. If we write

these matrices in the basis (D;), we obtain

Dl =" dyDy
k

Now we know that the matrix d = [d;;] is the inverse of the matrix represen-
tation of By in the D-basis:

The Casimir operator defined with respect to the D-basis is

Cy ::ZDing

i=1

We show that these two definitions, one written with respect to the A-basis
and other with respect to the D-basis, yield the same result.

Ao Ay = A awAr = O_PuDy) O auw(d_ PuDy)) =
! j k 1

(Z szDg)(Z aik-Plle) = (Z F)jiDj)(Z(aPT)ilDl> = Z sz‘Dj(aPT)uDl
j kl j l jl
Now we know that
Byay = P"ByipyP  a= B;(l 4) d= B;(lD)
Thus
a= Byy =P 'Byp, P’ =P ldPT!

Continuing

178



Ajo A = Z DaDy = Z P'dP" ' PT)yD, =

> PuD;(P~'d)uDy; =Y P;D;Py'dyuD; =

jlk
SN PuPy'DiduD, =Y PPt D;D;,
glk Jk

Finally, we obtain:

Y AioAj =Y PP DD, =Y 6;D;Dy =) DyoDj
7 k

ijk ik

Thus we can conclude that the value of the Casimir operator is basis
independent. We also can conclude that a Casimir operator can be defined
on a linear space of matrices acting on a linear space V' on which a non-
degenerate Killing form By is defined. We know that such a Killing form
exists if the linear space of matrices is a semisimple Lie subalgebra ¢ of g;l(V).

With these assumptions we can also show that the Casimir operator,
which is an element of gl(V') but not necessarily in g, commutes with every
matrix X in g, i.e.,

C\/ (XU) = X(C\/’U)

for all v in V. To prove this we need the fact that the Killing form associates,
ie.,

BV([X> Y]7Z) = BV(X7 [Y? Z])

We remark that if Cy were in the center of gI(V), then trivially it would
commute with all X in ¢g. In the examples given above this is what occurred.
However we are affirming that Cy, commutes only with all X in ¢, which may
be only a proper subset of gAl (V'), and thus it is not necessarily in the center
of gl(V).

Thus we need to show that
Cv<XU) - X(Cv’l)) =0

for all X in g and all v in V. We write Cy in an A-basis:
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Cy(Xv) — X(Cyov) = Z A AN (X) ZA AN (

SAAX — XAA) )

We add and subtract >} (A4; X A}) to obtain brackets.

SAALX — XAA(v) =

i

(S(AALX — AXA) + (AKX A~ XAA))(0) =

i

r

(S (AL X)) + 3014 X1AD) ()

We now express [A}, X] in terms of the A’-basis, and [A;, X| in terms of the
A-basis.

(A5 XT =225 di Ay [Ai X] = 305 e A,
Thus we have

r

(S (AL X]) 4+ 3014w X1AD) () =

i

(3 dy i) + (3 ey A, AD) (0)

i i

Switching indices in the first sum, we have

(O dy Ai) + (X ey A5 AD) (v) =

(2 dies ) + (3 e Ay ) () =
(3 (g + ) A A7) (0)

ij
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Thus we have

Oy (Xv) — X(Cyv) = (3 (dy + ) A, A ()

]

Now we show that Cy(Xv) — X(Cyv) = 0 by showing that (dj; + ¢;;) = 0,
or that dj; = —¢;;. To do this we use the associative property of the Killing
form.

By this property we know that

We first work on the left side. We have already expressed the bracket [A4;, X|
in the A-basis. Thus

BV([A’Z7X];A/ BV ZczkAlm ZCZkBV AkyA )

Now we write A in the A-basis, using the matrix a.

Z cin By (A, A Z Cik By (Ay, Z G]zAz

> cinanBy (A, &) = ciwaji(By ()
il Kkl

Using the symmetry of the Killing form, we have

Z Cikajl(BV(A))kl = Z Cikajl(BV(A))lk
Kl Kl

We know that By 4y = a~'. Thus

.
Zczkajl By ) = Zcmagz e =D cabn = ¢
%

kl

Thus we have
BV([ADXLA;) = Cij

181



Continuing, we now work on the right side. We have already expressed
the bracket [A}, X] in the A’-basis. Thus

By (A;, [X, A;]) = —By(4;, [A;X]) -
—By Azazd]kA/ Z By (Ai, Ay)

Now we write A}, in the A-basis, using the matrix a.

_Zd]kBV (A, Ay) = Zd]kBV Az,zaku‘lz

- Z d]kaleV<Aw Az Z d]kakl BV( ))
Kl kl

Using the symmetry of the Killing form, we have

_Zdykakl BV(A il = Zdykakl BV(A))

— Z djkakl(a_l)li = — Z d]kékz = —dji
kl k

Thus we have
By ([As, X], A}) = —dj

and we can conclude that ¢;; = —dj;. Thus we have our desired result and
we can affirm that Cy(Xv) — X(Cyv) = 0, or that Cy and X commute for
all X in g.

Finally, we show that the third property of the Casimir operator men-
tioned above, i.e., the trace the Casimir operator C'y is equal to the dimension
of g. Now we have

trace(Cy) = trace()  A; o A)) = (trace(4; o A}))

i=1 =1

and

182



trace(A; o Aj) = By (A, Aj) = By (A}, A;) = (By(A)))(As) = A (A;) = dis
Thus

T

trace(Cy) = (trace(A; o Aj)) Z dii =1

=1

We note that none of the above discussion of the Casimir operator depended
on the field of scalars of the Lie algebra ¢ except that it must be of charac-
teristic 0. Thus the field of scalars of g can be either IR or C.

2.15.3 The Complete Reducibility of a Representation of a Semi-
simple Lie Algebra. We can now return to giving the proof of the complete
reducibility of a representation of a semisimple Lie algebra. We recall the
wording of the theorem.

Let V be a representation of a semisimple Lie algebra ¢ and let W be

an invariant subspace of g. Then there exists a subspace W' of V'

invariant by g which is complementary, i.e., V. =W @& W".

Here is the situation: we have a linear space V' of dimension n, a semisim-
ple Lie algebra g, and a representation p of § on V. [This structure is
frequently described by saying that V' is a g-module, and the g-invariant
subspace W is a g-submodule. But we will continue to use the original ter-
minology, i.e., we will call it a representation p of ¢ on V' The reader may
run into this alternative terminology and thus we mention it here.]. This
means that we have a Lie algebra homomorphism p of g into the Lie algebra
g?l(V) Also since Lie algebra homomorphisms carry semisimple Lie algebras
to semisimple Lie algebras, we know that p(g) is also semisimple and of di-
mension r < n2. [We remark that r # n? since gl(V) always has a center,
which means g?l(V) has a non-zero radical, and thus it is not semisimple.] Let
W be a proper subspace of V' which is invariant by p(g), i.e., (p(g))(W) C W,
and W # 0 and W # V. [By the way this means that V' must be at least two-
dimensional.] It therefore seems obvious that we should be taking quotient
spaces and using a proof by induction on the dimension n of V.

Thus we begin by forming the quotient space V/W of dimension less than n.
First we show that for any invariant proper subspace, the representation p
of g on V induces a representation p’ of g on V/W. Thus for X in p(g) and
v in V we have by invariance

Xw+W)=X@v)+ XW)C X(v)+W
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and we therefore define X (v + W) := X(v) + W. [We review quickly why
this procedure is valid. Let v; and vy belong to the same coset. This
means that v; — ve belongs to W. Now X(v; + W) C X(v;) + W and
X(vg+W) C X (vg)+W. Calculating, we have (X (v)+W)— (X (ve)+W) =
(X(v1) — X(v2)) + W = (X(v; —vy)) + W = W, since v; — vg belongs to W
and X leaves W invariant. Thus cosets go to cosets by X]

Now X is linear since

X((v1 + W)+ (v2+W)) = X(un) +
X(v1) + W+ X(v2) + W = (X(v1) + X(v2)) + W

and if ¢ is a scalar then
X(e(vp+W)) =e(X(v1) + X(W)) C (X (v1) + W)
We conclude that p/(§) is in gl(V/W).

Now we must show that brackets go to brackets. For if p(z) = X and
p(y) =Y, we have

p(lz,y)) (v + W) = [p(z), p(y)l(v + W) = [X, Y](v + W) =
XY (v+W)) =Y(X(v+W))

XY (0)+X (¥ (W)=Y (X(v)) =Y (X(W)) C X (Y (0))+W =Y (X(0))+W =
XY (v) =Y(X(v) + W = [X,Y](v

and we have

p(lz, y) (v + W) = p(lz, y])(v) + P([:U y)(W) C p(lz,y])(v) + W =
[o(x), p(y)](v) + W = [X, Y](v) + W

Hence we have a representation p’ of g on the linear space V/W that is
induced by p.

Since W is a proper subspace of V', we know that the dimension of V /W
is less than the dimension of V. Let us say that the dimension of W is m < n.
First we assume that W is itself reducible. (Now in this case we can set up
the process of induction.)

This means that there is subspace W’ in W, not equal to W or to 0, that

is invariant by p(g). Thus V must now be at least three-dimensional.

Here is where it would be good to look at an example to give us a feeling
for what has to be done, Now we know that we have an eight-dimensional
simple Lie algebra which we have met before in 2.15.2, namely as. We know
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that @, has a basis of eight elements (hq, ho, €1, €2, €3, f1, f2, f3) whose brack-
ets are given in 2.15.2. And we have a representation of a, on ©?, given by a
homomorphism p of Gy into GI(€?*), where p(ay) = §1(3,€), the 323 complex
trace zero matrices in ¢gI(€*). We map this basis (hi, he, €1, €2, €3, f1, f2. f3)
of Gy to eight trace 0 matrices in gI(C*), by the following correspondences:

hy — l)(hl) =H, =FE; — By
hQ — p(hg) = H2 = EQQ — E33

This map we know from 2.15.2 is a homomorphism of Lie algebras. A typical
matrix in §/(C*) then is given by

ciHy + coHy + c3Eg + ey i3 + 5 Bag + coBoo1 + crligy + cgBigg =

C1 C3 Cy
Ce —C1 + Co Cs
Cr Cs —C2

where the ¢; are in C.

In this 3-dimensional example V = @€?, and thus to start the induction
we must show that the theorem holds in this case. Thus we must find a
two-dimensional subspace W of V' which is invariant by p(aq) = $l(3,C).

+++++++++++++++++++++++++++++++++ -+t
Here is also where we need a more general 2-dimensional invariant subspace
to be our ground case. And we need a proof of the ground case. Thus the
induction proof has a gap that we hope our readers can fill in. We ran out of
time and inspiration at this point. Assuming that we have such a space and
that we have shown that the theorem holds for this case we proceed below
on the inductive steps.

We also think that the proof of the ground case, as we said, will strongly
resemble the proof offered below for the inductive case(s) but we ran out of
time and inspiration for carrying through our thoughts. The reader is invited
to fill in the gaps that exist.

L e o B

185



Assuming that the ground case has been proved, we now look at dimen-
sions bigger than the ground case and we let W’ be any invariant subspace
of any invariant subspace W of V. We form the linear space V/W’. From
above we know that p induces a representation p’ on V/W’. [We remark that
we are using the symbol p’ for the induced representation on any quotient
space and thus there should be no ambiguity.] We then proceed to show that
W/W' is an invariant subspace of V/W’ We start by letting X be in p(g).
We then have for w in W that

X(w+ W) = X(w) + X(W') € X (w) + W

which is in W/W' since X (w) is in W. Thus, the induction assumption says
that there exists a complementary subspace Z/W’ invariant by p/(g) such
that V/W' = W/W' & Z/W'. Thissays V+ W' =W + W'+ Z + W' and
thus V4W' = W+Z4+W'or V. =W+Z. It also says that W/W'NZ/W' =0
las a coset] or (W +W')N(Z+W’') C W'; and thus (W N Z)+ W c W,
which says that (W N Z) C W’. We seek now an estimate of the size of the
dimension of Z. We know that

n—dimW' = m — dimW' + dimZ — dimW’
n=m—dimW' +dimZ
dimZ =n— (m—dimW') <n—m<n

Since W/ C Z is invariant by p(g), another induction argument gives a
subspace L of Z invariant by p(g) such that Z =W’ & L. We have

V=aW+Z=W+W +L=W+1L

Now since WNZ C W and Z = W'@® L, we have that WnN (W'& L) c W'.
and thus L is not part of W. Therefore WNL = 0 and this gives V = W® L,
which is our desired conclusion when the invariant subspace W of V' is itself
reducible.

However when W is irreducible, i.e., when p(g) leaves no subspace of W
invariant except 0 and W, then we do not have a W’ nor can an inductive
argument as that given above be set up. Moreover, how to proceed from here
is not obvious. In fact, a whole new and surprising direction must be taken
in this case.

We begin this new direction by first choosing our representation spaces
for g to be linear spaces of linear maps involving V' and W.

Since W C V| we have two related sets of maps of linear spaces involving
V and W: Hom(V,W) and Hom(W,W) = End(W). We choose each of
these as a representation space of g, giving us linear spaces of linear maps
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of dimension nm and m? respectively. On each of these we seek to define a
g-representation: a pi(g) in gl(Hom(V,W)) and pa(g) in gl(End(W)).

By hypothesis we already have a g-representation p on V.

)

-~

g —>p(g) Cgl(V
r— p(x) =X

Now we want to define a linear map of py(§) into gl(Hom(V,W)) which

preserves the bracket. To do this, we take advantage of the composition of

linear maps.

g — p1(9) € gl(Hom(V,W))
z— pi(z) = X-

z+— X-: Hom(V,W) — Hom(V, W)
6 X 6= —¢oX = —¢X

[Note that the necessity of the negative sign in this definition is certainly
not obvious, but indeed it is needed below to prove that [X,Y] = [X-, Y]
holds. Note, too, the special use of a dot to denote a special kind of function
composition. ]

Linearity is obvious. We have for X and Y in p(g) and ¢ a scalar that

(X1 +X2) 9= —o(X1 + Xp) = —¢(X1) — ¢Xp) = (X1) -+ (X2) - ¢ =
(Xl . _|_X2.) . ¢
(cX) ¢ =—¢(cX) =c(=¢X) = c(X - ¢) = (c(X:))9

Showing the bracket preservation is more delicate. There is no way that we
can compose two functions in Hom(V, W). But we can use the fact that the
composition of functions does associate. We have for X and Y in p(g):

¢or— [X, Y] ¢ =—¢[X,V] = —¢(XY —YX) —¢(XY) +¢(YX)

(=0X)Y + (V)X = =V (=9X) =X - (¢Y) = =V - (X -¢) = X - (=Y
(Y X)p+ (X -V)p=(-Y X +X-Y)p=[XY]o

§:Il

And thus we have the desired relation [X,Y]- = [X-, Y]

In the same manner we have a representation of g on Hom(W, W) = End(W).
We define a linear map of pa(g) into gl(End(W)) by

pa(§) — gl(End(W))
X —s X-: End(W) — End(W)
b X )= —po X|w = —(X|w)
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Note that this definition is valid since for all X in p(g), X restricted to W
leaves W invariant. (It is here where we use the invariance of W by p(g).)
Also, note that we will symbolize both representations p; and py of § by
P, and for X in p(g) we will use, as we did above, the symbol X- for both
representations.

Now we define the restriction map o, a linear map which takes Hom(V, W)
into Hom (W, W) and which respects the representation[in the sense that o
commutes with X-: (X-)o = o(X-). We define it as follows:

Hom(V,W) - Hom(W, W)
¢ — 0(¢) = dlw

Linearity is straightforward.

o(¢1+ ¢2) = (61 + &2)lw = ¢1lw + g2l = (1) + o (d2)
o(co) = (co)lw = c(dlw) = co(¢)

(where, of course, ¢ is a scalar).

We now consider the following diagram for the representations:

Hom(V, W) Hom(W, W)
X- X.
Hom(V, W) Hom(W, W)

¢ 0(¢) — X - 0(0) = X - dlw = —|lwX|w
¢r—= X 9= 0(X - 9) = 0(=0X) = (=0X)|w = —dlwX|w

and we see that it is commutative. Thus we can conclude that ¢ respects the
representation, i.e.,

(X))o =0(X).

We now have arrived at the crucial steps in our attempt to show that
W C V — which is invariant and irreducible by p(g), — has a complementary
subset W’ which is also invariant and irreducible.

We outline our approach.
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Observation 1) Starting with the subspace W, we can form a new in-
variant and irreducible subspace of V' of dimension n — 1 which will have a
complementary subspace of dimension one and thus will be irreducible, and
invariant.

Since W C V', we have two related sets of maps of linear spaces involving V'
and W: Hom(V,W) and Hom(W, W) = End(W). We choose each of these
as a representation space of ¢, giving us linear spaces of linear maps of dimen-
sions nm and m? respectively. On each of these we define a g-representation:

p1(9) in gl(Hom(V,W)) and pa(g) in gl(End(W)).

By hypothesis we already have a g-representation p on V.

g — p(§) C §l<V>
— p(z) =

since we defined a linear map of p1(§) into gl(Hom(V,W)) which preserves
the bracket:

g — p1(9) € gl(Hom(V, W)
z+— pi(z) = X-

z+— X-: Hom(V,W) — Hom(V, W)
b X = —poX = —pX

And thus we have the desired relation [X,Y]- = [X-,Y:]. In the same
manner we have a representation of g on Hom(W,W) = End(W). We
defined a linear map of ps(g) into gl(End(WW)) by

p2(§) — gl(End(W))
X+— X End(W) — End(W)
Y= X = —po Xy = —¢(X|w)

This definition is valid since for all X in p(g), X restricted to W leaves W
invariant. It is here where we use the invariance of W by p(g). We will
symbolize both representations p; and py of ¢ by p/, and for X in p(g) we
will use, as above, the symbol X- for both representations.

Observation 2) To identify this new invariant and irreducible subspace of
V of dimension n— 1, we first we choose the identity map Iy in Hom(W, W),
which determines a one-dimensional set of transformations {cIy : ¢ € C} in
Hom (W, W). Again the target space for the restriction map o is Hom(W, W)
and thus o~ (cly)} € Hom(V, W), and has codimension one.

Now we have already defined the restriction map o. It is a linear map
which takes Hom(V, W) into Hom(W, W)
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Hom(V,W) - Hom(W, W)
¢ r—> 0(9) = dlw

and which respects the representation, i.e.,
(X))o =0(X).

Now the target space for the restriction map o is Hom(W, W) and thus
o~ H(chw)} € Hom(V,W), and has codimension one, which gives

o ({elw}) = (ker (ol (qery ) @ {el}

Observation 3) From all of this we will be able to conclude that the
subspace ker(o|,-1((enyy)) of 07 ({cIw}) is an invariant subspace.

We remark immediately that the action of § on {cIy} does not leave
invariant the subspace {cly }:

X - C[W = —Clw(X|W) = —CX|W

It still leaves Hom (W, W) invariant but not {cly }. However, this set of en-
domorphisms {cly } forms a one-dimensional space, and thus the set of trans-
formations gl({cly }) is one-dimensional, and brackets in such an algebra are
zero. Thus we can conclude that the only representation of a semisimple Lie
algebra on a one-dimensional linear space is the zero representation. This
gives us the following diagram.

o ({elw) - eIy}
X- (X")-
o ({elw}) ————= {0Iw} C {cIy}

Since {cly '} is one-dimensional and the image of o~ ({cIy}), we know
that

o ({clw}) = ker(olo-1((erwy)) @{cIw }

Moreover, we affirm that X- takes o~!({cly}) onto itself. We also recall that
the invariance relation, modified as follows, is valid:

(X))o = o(X")
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Observation 4) But knowing that W is irreducible we will be able to also
conclude that k:er(agfl({dw})) of co-dimension 1 is irreducible.

Now we move from our original invariant subset W of V to an irre-
ducible representation in the ker(o,-1(fcr,})) in the semisimple Lie algebra
g in Hom(V,W).

Here, too, since {cly } is one-dimensional and is the image of o~ ({cIw}),
we know that

o ({elw}) = ker(olo—1(erwy) ® {cIw}

We affirm , as above, that X- takes o~ !({clw}) onto itself since the
invariance relation, modified as follows, is valid.

((X7)-)o = o(X")
This says that for any ¢ in o~ ({cl}) we have

(X') - (0(9)) = o((X-)(9))
0w = o((X)(¢))

and we can conclude that (X-)(¢) is in ker(o|,-1(erny ), giving us the fact
that o~ ({cIy}) is invariant by any X in p(g), and indeed that the subspace
ker(olo—1({erwp)) of o' ({cIw}) is an invariant subspace also.

Thus, suppose that ker(o|,-1(fer, 1)) is reducible. Then there exists a
subspace A of ker(o|,-1((cr,})) such that A # 0 and A # ker(o|o-1(ery 1))

~

and X - (A) C A for all X in gl(V). Now we know that

dim(o~!({cIw})) = dim(ker(o|o-1(feryy))) + dim(im(o]o-1((ery)))

Thus we see that the invariant subspace ker(o|o-1((eryy)) of o' ({clw})
has codimension one. Now we take any linear function ¢ : V +— W in
o~ 1({cIw}) such that it determines a one-dimensional subspace {ci} com-
plementary to the (ker(o|,-1({ery}))), that is,

o ({elw}) = (ker(olo-1(qenen)) @ {0}

Putting all this information together, we can assert the following. We have
(V) =W since ¥|w = o(v) = coly. Now W is a subspace of V. Thus we
know that V = ker(y)) ® W. Now for all ¢ in A and all X in gl(V) we know
that -X - ¢ = ¢X is also in A and for ¢’ in ker(o|,-1(fer,, 1)) but not in A,
-X - ¢ = ¢’ X is not in A. This means that there exists a proper subspace
W’ in W such that ¢y = 0 and (¢X)|ws = 0, and such that ¢'|y» = 0 but
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such that (¢ X)|w # 0. If not, then (¢'X)|w = 0 and this would mean that
W’ would be the same as W, or that A would be equal to ker(o|s-1(fer,1))-
We conclude that X|y» € W’ and thus W is reducible. But by hypothesis
W is irreducible, and we can therefore conclude that ker(o|s-1(fcr,})) is also
irreducible and of co-dimension one.

Observation 5) However, what we want to assert is that it is also true
that there exists a map ¢ such that the one-dimensional subspace{cy} is
complementary to ker(c,-1({cr,})) and invariant. [Obviously, being one-
dimensional, it is irreducible. And surprisingly, in this case we would have
proven the theorem!]

Since {cly} is one-dimensional and the image of o~ ({cIy}), we know
that

o ({elw}) = ker(olo—1(erwy) ® {cIw}

We affirm that X takes o~ ({cIy}) onto itself. We still know that the
invariance relation, modified as follows, is valid:

(X))o = o(X")
This says that for any ¢ in o~ ({cIy}) we have

(X') - (a(9)) = a((X-)(¢))
0lw = o((X-)(¢))

and we can conclude that (X-)(¢) is in ker(o|,-1((eny})), giving us the fact
that o~ ({clw}) is invariant by any X in p(g), and indeed that the subspace
ker(o|,-1(teryy)) of 07 ({eIw}) is an invariant subspace also. We would also
like to affirm that it is irreducible.

To show this, we suppose that ker(o|,-1(fer,})) is reducible. Then there
exists a subspace A of ker(o|,-1({cr,, 1)) such that A # 0 and A # ker(o|,-1((ery 1))
and X - (A) € A for all X in gl(V). Now we know that

dim(o~ ' ({cIw})) = dim(ker(o|,-1(fery 1)) + dim(im(o]o—1(eryp))

Thus we see that the invariant subspace ker(o|o-1(eryy)) of o' ({clw})
has codimension one. Now we take any linear function ¢ : V +— W in
o~ '({clw}) such that it determines a one-dimensional subspace {c¢)} com-
plementary to the (ker(o|,-1({cryy))), that is,

o ({eIw}) = (ker(oly ey ) @ {et}
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Once again, putting all this information together, as above, we can assert the
following. We have (V') = W since ¢ |w = o(v) = ¢olw and W is a subspace
of V. Thus we know that V' = ker(y)) @ W. Now for all ¢ in A and all X in
gl(V)) we know that -X - ¢ = ¢X is also in A and for ¢/ in ker(olo—1({ctwy))
but not in A, X - ¢’ = ¢’X is not in A. This means that there exists a
proper subspace W’ in W such that ¢y = 0 and (¢X)|y = 0, and that
&' lw = 0but (¢ X)|ws # 0. If not, then (¢ X)|ws = 0, which means that W’
would be the same as W, or that A would be equal to ker(o|,-1(fer, 1)) We
conclude that X|y» € W’ and thus W is reducible. But by hypothesis W
is irreducible, and we can conclude that ker(o|,-1(fcr,})) is also irreducible,
and of co-dimension one.

Thus we have reduced our proof to the case where W is an invariant sub-
space of V' and is also irreducible. This led us to the point where we produced
a representation space for g of maps o~!(cIy,) which has a decomposition

o ({eIw}) = (ker(olo1(eryy)) ® {ct)}

and in which (ker(o|o-1(fer,1))) Was an invariant and irreducible subspace
of codimension one of o=*({cly }). Here the map ¢ is arbitrary in the one-
dimensional space {ct)}. Now suppose that in this case we could find a v
such that {ci} is also invariant. [Obviously, being one-dimensional, it is
irreducible.] This means we would have proven the theorem in this case.

But we shall see that proving the theorem in this case also proves the the-
orem for the case when the subset W is irreducible and invariant !

In the above proof we showed that V' = ker(y)) & W. Let us rename
ker(y) = W'. Now what does it mean for {ci)} to be an invariant subspace
of o7 ({cIw})? Tt says that for all X in p(g)

X Ay} c{e}
or for some scalar ¢/
X p =y
This gives
(WX)W') = (X (W) = (W) =0

since W' is the kernel of ¢. We can conclude the X (W) is also in ker(y) =
W’ and thus W’ is invariant by p(g) — the conclusion we have been seeking.
Recall that the subspace W in this discussion was proper, invariant and also
irreducible, but of any codimension.
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Thus we are now reduced to proving the theorem in the case where we
have an irreducible invariant subspace W of codimension one, that is, we
need to prove that an irreducible invariant subspace W of codimension one
has a complementary one-dimensional invariant subspace. It is here that we
need the completely new tool to effect this proof, and that tool is the Casimir
operator (which we treated in 2.15.2).

+++++++++++++++t++++++++++++++t++++++++++++++
Note that in the 3-dimensional base case cited above, if one has a two-
dimensional invariant subspace then the proof given here would apply, it
seems, to the base case as well, unless, of course, the base case is assumed in
this part of the proof.

bttt

Observation 6) But proving the theorem in the case given in Observation
5 also proves the

THEOREM: A semisimple Lie algebra has a representation that is
completely reducible

for the only case which remains, that is, when the subset W is irreducible and
invariant. In this proof we show that V' = ker(v)) & W, where ker(v) is the
invariant subspace of V' that we are seeking. Let us rename ker(y) = W".

Let us now make the following assumption. We return to our original
expression of our theorem in this particular case. Thus if V' is any finite
dimensional linear space over a field IF and W is any irreducible invariant
subspace of codimension one, let us then assume that under these conditions
the theorem is valid, i.e., there exist an invariant subspace W' complementary
to W. In our situation the linear space is o' ({cIy}) and the irreducible
invariant subspace of codimension one is ker(o|y-1(fer,,1)). Thus we can find
a 1 such that {ci} is an invariant subspace of o~ ({cIy }) complementary

to k‘@?“(0'|0—1({dw})).

Now under this assumption we can show that V' = ker(y) @ W. Having
called ker(y)) = W', we thus have the conclusion of our theorem: V =

W'aeW.

Now what does it mean for {c¢¢)} to be an invariant subspace of o~ ({cy })?
It says that for all X in p(g)

X Ay} C{e}

or that for some scalar ¢
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X =7
This gives
(VX)W') = P(X(W')) = p(W') =0

We can conclude the X (W) is in ker(y)) = W', and thus W’ is invariant
by p(g), the conclusion we have been seeking. Thus in this case we would
have proved our Theorem. Recall that the subspace W in this discussion was
proper, invariant and also irreducible, but of any codimension.

But this conclusion is valid only on the assumption that for any irreducible
invariant subspace W of codimension one there exist an invariant subspace
W' complementary to W.

To prove this assumption we need the Casimir operator.

Since p(g) is semisimple, we know that it has a nondegenerate Killing
form on V', and thus we can define a Casimir operator Cy on V.

We now want to set up the situation so that we can apply Schur’s Lemma
[Appendix A.1.13]. We have only one linear space W. We also have p(§)
acting irreducibly on W. Now we need Cy to act invariantly on W. But
Cyv = >7_1 A;A] for an arbitrary basis (4;) in p(g). Since both A; and A
are in p(g), and W invariant by p(g), then Cy (W) C W. [We remark that
even though both A; and A} are in p(g), A; A} is not the bracket product and
thus A; A} is not necessarily in p(g).] By the commutativity of the Casimir
operator, we know that for all w in W and for all X in p(g), X(Cy(w)) =
Cy(X(w)). Since p(g) acts irreducibly on W, Schur’s Lemma says that Cy
is either an isomorphism or the zero map. But since the trace of Cy is equal
to r # 0, Cy is certainly not the zero map. Thus we know that Cy is an
isomorphism on W. And thus we can conclude that im(Cy) = W.

Since the co-dimension of W is one, if we can show that ker(Cy ) # 0, we
would know that it is one-dimensional, and we would have V' = W& ker(Cy).
We now go to the quotient space V/W. This is one-dimensional. Now from
the invariance of W we have shown above that p(g) induces a representation
p'(g) of g on V/W. Now since this representation is one-dimensional and
since ¢ is semisimple, we know that this must be the zero representation in
V/W. Thus p'(¢) = 0. This means

Cyvlv+ W) = (i AA)w+W) W
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since A’, A are both in p(g), and the sum >} A; A} is also in p(g). Thus this
quantity acting on any coset must go into the zero coset, which is . We can
conclude then that Cy acting on any element of V' must have its image in
W, and thus ker(Cy ) is non-empty and, of course, is one-dimensional. [We
remark that in this argument we needed once again that p(§) be semisimple,
since we used the fact that p'(¢§) = p/(D(9)) = [p'(9),0'(3)] = 0. We also
needed semisimplicity to conclude that the Killing form on V' was nondegen-
erate. Now above we showed that gAl (V), even though it is not semisimple,
did have a nondegenerate Killing form on V', and thus had a Casimir opera-
tor. But since gAl(V) is not semisimple, it is possible to have images in V/W
which are not zero, but whose brackets would be zero, as required for the
one-dimensional representation. Thus in this situation we could not conclude
that the Casimir operator, even though defined for g?l(V), would have a non-
zero kernel.]

We now have V=W & ker(Cy). To complete the argument we need to
show that ker(CYy) is invariant by p(g). We let v # 0 in V' be in the ker(CY).
We show that X (v) is also in the ker(Cy) for any X in p(g). This is true
because of the commutativity of Cy, and X.

Cy(X(v)) = X(Cv(v)) = X(0) =0

And thus we can conclude that if W is an irreducible subspace of V' of
codimension one, there exist a complementary one-dimensional subspace W’
also invariant by p(g), namely, W' = ker(Cy).

With this we have reached our conclusion that W as a proper invariant
subset of whatever dimension of V' has a complementary subset W' = ker(¢)
which is invariant by g.

2.16 Levi Decomposition Theorem

Recall that an arbitrary Lie algebra ¢ possesses a radical, which we denote
by 7. If 7 = 0, then by definition ¢ is semisimple. Let us assume now that
7 # 0. Since this radical is an ideal, we can form the quotient Lie algebra
g/7. This gives us the short exact sequence

0—7—9g— g/t —0

We proved that this quotient Lie algebra is indeed semisimple. [See 2.4.]
The question now is: does this short exact sequence split? There is a famous
theorem of Levi that gives a positive answer to this question, namely that
there exists a Levi factor [ [a Lie algebra] such that  is isomorphic to §/7
[and thus [ is semisimple] and such that
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Gg=1a7

We note, however, that the above expression is just a linear space direct sum
and not a direct sum of Lie algebras. The bracket of [ with 7 does not have
to be zero. Since # is an ideal, we know that [I,#] C # but it is not necessarily
0. [As we remarked above in 2.4, we call this a semi-direct product of Lie
algebras.]

2.16.1 & = D'g does not always imply that g is semisimple. Before
we present a proof of the Levi decomposition theorem, we first would like to
recall that we have shown that for any semisimple Lie algebra g, D'¢g = ¢
[See 2.10.2.] At this moment we would like to show that this condition is not
sufficient, that is, the condition D'¢ = § does not necessarily imply that § is
semisimple.

Here is an example. Let the Lie algebra g be defined as follows. First
we choose any semisimple Lie algebra }Az, and let p be a representation of
h on a linear space V over a field IF such that no linear subspace of V is
left invariant by p(ﬁ) except the two improper subspaces 0 and V. (This,
of course, says that the representation is irreducible. ) We then define a Lie
algebra g = h & V', where the bracket in h is already defined because it is a
Lie algebra. We make V into an abelian Lie algebra by defining its brackets
to be 0. In addition we define a twisted bracket product between h and V:

[(z1,01), (22, 02)] == ([21, 2], p(21) - (v2) — p(22) - (1))
We now show that this set up does indeed define § to be a Lie algebra.

In the following we use the fact that p is a linear map from h to End(V),
i.e., for z; and 25 in h, we have p(z;+ ) = p(x1)+ p(22); and for 2 in h and
cin IF, we have p(cz) = cp(x). Likewise since p(x) is a linear transformation
on V, for v; and vy in V| we have p(x) - (v1 + v2) = p(x) - (v1) + p(x) - (v2);
and for v in V and for ¢ in IF, we have p(z) - (cv) = c¢(p(z) - v).

We have distribution on the right for this bracket.

(71, 01) + (22, 02), (23, v3)] =
[($ + T2, U1 + UQ), (1’3, Ug)]
([1 + 29, 3], p(1 + 2) - (v3) — p(23) - (V1 + v2)) =
([x1, 23] + [2, 23], (p(21) + p(22)) - (V3) — p(23) - @r+wD=
([21, 23] + [22, 23], p(21) - (v3) + p(22) - (v3) — p(x3) - (V1) — p(23) - (v2)) =
([z1, @3], p(x1) - (v3) — p(x3) - (v1)) + ([22, 23], p(22) - (v3) — plx3) - (V2

[(z1,01), (23, v3)] + [(z2, v2), (23, v3)

Likewise we can show that we have distribution on the left. Also we have
the distributivity property for scalars. For let ¢ be in the field IF. Then
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([Ih C@],P(xl : (002) - Cp(fz) : (Ul)) =
([71, cxa], p(x1) - (cv9) — (p(cw2)) - (V1)) =

[(z1,01), (cxa, cvg)] = [(21,v1), c(22, v2)]

Now we show that this bracket gives us the structure of a Lie algebra over
IF. We need to show the anticommutativity property of the bracket:

(w2, v2), (z1,01)] = ([T2, 21], p(72) - (V1) — p(21) - (v2)) =
(—[z1, 22], =(p(21) - (v2) — p(2) - (V1)) =
—([1, 22, p(1) - (v2) = p(x2) - (01)) = —[(21, 1), (T2, v2)]

Finally, we verify the Jacobian identity:

[[(3717111)7 (5’32,“2)]7 (333»“3)] = [([9517332],/?(-751) : (UQ) - P(ﬂb) : (Ul)% (-T )
([[551»5172]7373]#([5517952]) : (Us) - P(373) : (P(iﬁ'l) : (Uz) - P(»’Uz) : Ul)

E{[le xz]], :cg]], [p(21), p(x2)] - (v3) = p(3) - (p(1) - (v2)) + p(23) - (p(22) - (V1)) =

(<ﬁ<¥1>2]<’x§3]’— p(z)ol(e1)) - (v5) — (p(ea)pler)) - (v2) + (ola)ple)) - (01)) =

(p(z1)p(22)) - (v3) = (p(w2)p(71)) - (V3) = (p(23)p(21)) - (v2) + (p(23) p(22)) - (V1))

[[(z3,v3), (T1,v1)], (T2, v2)] = [([73, 21, p(3) - (V1) — p(21) - (v3)), (

([[z3, 21], 2], p([23, 71]) - (v2) — p(22) - (p(73) - ( v
EHQE’” :zcl]], 552%7 [p(3), p(1)] - (v2) — p(22) - (p(3) - (V1)
(ols)pl1) — p(0)ples)) - (02) — (p(a2)pls)) - (02) + (pla2)pl) - (v5) =

(foﬂv xl]’ ZEQ],
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([[x27x3]7x1]7
(([f[)(@)P](x:a)]— p(z3)p(z2)) - (v1) — (p(x1)p(22)) - (v3) + (p(z1)p(T3)) - (v2)) =
(p(;;)S(:’tg)l)’- (v1) = (p(x3)p(x2)) - (v1) = (p(z1) p(22)) - (v3) + (P(21) P(3)) - (V2))

Obviously the fz—component of these three expressions adds to zero since this
is the Jacobi identity in h. The V-component has 12 terms, 6 positive and
6 negative. On inspection we see that the 6 positive terms are balanced by
the 6 negative terms, giving zero for the V-component also. Thus we have
verified the Jacobi identity in g = h&V, and we can conclude that g g= haV
is a Lie algebra over IF.

We now show that V' is a solvable ideal in g. For an arbitrary (z,v) in
¢ and an arbitrary (0,u) in V, we have [(x,v), (0,u)] = ([z,0], p(z) - u —
p(0) - v) = (0, p(x) - w) which is certainly in V. Thus we know that V is
an ideal in g. Now for any two elements (0,u;) and (0,u3) in V, we have
[(0,u1), (0, uz)] = ([0, 0], p(0) - ug — p(0) - uy) = (0,0). Thus we see that V' is
actually an abelian ideal and thus is solvable.

However we can assert more. We can say that V' is actually the radical
of g. Suppose W is a solvable ideal in g. Let (z1,v1) and (x2,v) be two
elements in W. Then [(x1,v1), (2, v2)] = ([x1,22], p(z1) - v2 — p(22) - v1).
Now the h- component of this product, by iterations of the bracket product
in h can never be pulled down to 0 since we know that his semisimple, and
thus [h, h] = h. Thus the only way of having W solvable is that it have no
fz-component. We conclude that W is contained in V', thus making V' the
radical of g.

Finally, we calculate D'g = [g, 9] = [h@ V, h@ V]. Now the h-component
of the bracket product gives [h h] — I, since h is semisimple. For the V-
component of the bracket product, we take arbitrary (z1,v;) and (x2,v,) in g
and calculate the V-component of the bracket product, p(z1) - va — p(x2) - v1.
We wish to show that for any v in V, there is a pair ((x,vy), (x2,v2)) such
that v = p(z1) - v2 — p(x2) - v1. Suppose there is no such pair. First let
us fix one element of the pair, say, (z1,v;); and let us suppose we cannot
reach vy in V by vy = p(x1) - v9 — p(x2) - v1 for any zs in h and any vy in
V. We can write this as vy € p(x1) -V — p(h) - vy. Suppose now that we
choose the subset p(h) 0 in p(h) - V. This gives vy & p(h) -V — p(h) -0,
or equivalently vy & p(h) - V. This says that for all z in & and all v in V,
p(x) - (v) # vy. But this statement is equivalent to asserting that the map
p(h) operating on V is not surjective. Then p(h) - V would give a proper
subspace W of V. But p(ﬁ) - W would again be in W. But this means that
W is a proper invariant subspace of V' by p(fz) However we know that p is an
irreducible representation on V', and thus has no invariant subspaces except
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the two improper ones. We can therefore conclude that p(h) operating on V
is surjective, and thus we have D'g = DY (hdV)=haV = g.

We have shown that D'§ = § can be true even if § is not semisimple. For
if g = iL@V, then we know that D'¢ = ¢, but since ¢ has a non-trivial radical
V', it certainly is not semisimple. What is interesting about this example is
that it illustrates the Levi Decomposition Theorem. ¢ is decomposed as a
direct sum of a semisimple part h and the radical V of g. But in this example
the radical is abelian. We will return to this example later. But at the present
moment we want to prove another fact about Lie algebras.

2.16.2 rad(a) = ant. We would like to show that if § is a Lie algebra
and 7 is its radical, then for any other ideal a of g, the radical of a, rad(a),
is determined by the following relation

rad(a) =anrt

The fact that a N7 C rad(a) is straightforward. Since the intersection of
two ideals in ¢ is an ideal in g, a N7 C a is an ideal, and thus is also an ideal
in a. And since a N7 C 7 is an ideal in 7 and 7 is solvable, then a N7 is a
solvable ideal in a. Thus a N7 C rad(a).

Now to prove rad(a) C a N7, we obviously have rad(a) C a. Thus we
need to prove that rad(a) is also in 7, the radical of §. To do this we go to
quotient Lie algebras. Since @ N7 is an ideal in @, and a contains rad(a), we
have the quotient Lie algebra relation:

rad(a)/ans C a/ant

Now if we can show that a/aN7 is the zero coset, then we can conclude that
rad(a) C anr. We use an isomorphism theorem of linear algebra to give the
following isomorphism of Lie algebras:

Then we show that (a + 7)/7 is an ideal in §/7:
(a+7)+7,g+7]Cla+r,g)Cla,gl+[PglCa+r=(a+7)+7

We conclude that (a + 7)/7 is an ideal in ¢/7. But we know that §/r
is semisimple. Now the only ideals that a semisimple Lie algebra has are
semisimple ideals. Thus we can conclude that (a + 7)/7 is semisimple. By
the above isomorphism we can assert that a/a N7 is also semisimple. Now
we can show that rad(a)/a N7 is an ideal in a/a N7 and is also solvable. Tt
is an ideal because
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[rad(a)+(ant), a+(aNr)] C [rad(a), al+[rad(a), anr]+[ant, al+[aNr, aNr] C
rad(a) +anNr+anr+ans=rad(a)+anr

since rad(a) and aNr are ideals. Now rad(a)/aNt is solvable since rad(a) is
solvable, and homomorphic images of solvable Lie algebras are also solvable.
Thus we have a solvable ideal rad(a)/a N7 contained in a semisimple ideal
a/a N 7. But the only solvable ideal that a semisimple Lie algebra can have
is the trivial ideal 0. If we unwind the quotient, this means that rad(a) is
contained in a N 7. We thus have our conclusion that rad(a) = a N r.

2.16.3 Proof of the Levi Decomposition Theorem. We proceed
now with the proof of the Levi Decomposition Theorem. It is obvious that
we should use induction on the dimension of g. Let us start, then. with
the dimension of ¢ = 1. In this case ¢ is abelian and thus the radical is
equal to g, and there is nothing to prove. Now we know that there are no
two-dimensional simple Lie algebras (why is that so?) and therefore, once
again, there is nothing to prove. If we have the dimension of ¢ = 3, then
sly (@), the set of 222 trace zero matrices, forms a 3-dimensional simple Lie
algebra, and once again there is nothing to prove. Thus the first dimension
that can illustrate the theorem is where the dimension equal to 4. Here is
such a Lie algebra:

g = Slz (C) D a
where a is a one-dimensional abelian Lie algebra, the radical of g.

Thus we assume that the Levi Decomposition Theorem is true for all Lie
algebras whose dimension is less than the dimension of g. First we want to
assume that there is an ideal a of g that is properly contained in the radical
7, that is, 0 C a C 7 and 0 # a # 7. This means that a is also solvable. Since
a is also properly contained in g, the quotient Lie algebra ¢/a has dimension
less than g. Thus assuming the Levi Decomposition Theorem for g/a, we
have

g/a=rla®k/a

where the quotient algebra k /a is semisimple. We would now like to show that
rad(g/a) is actually equal to 7/a, which we have assumed not to be equal to
0 nor to 7. Since 7 is solvable, then the homomorphic image of 7, 7/a, is also
solvable and thus is contained in the radical rad(j/a). Now let b/a be any
solvable subalgebra of g/a. Since a is also solvable, by the homomorphism
theorem of solvable Lie algebras, we know that b is also solvable in §. Thus
we have b contained in the radical 7 of §, giving l;/ a contained in 7/a. But
the rad(g/a) is also a solvable subalgebra of §/a, and thus must be contained
in 7#/a. We conclude that 7/a = rad(g/a), giving
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g/a=rla®k/a
Since 7/a is the radical of §/a, we know we have semisimple Lie algebras
(9/a)/(*/a) = §/F = k/a
Recall that we are still seeking a semisimple Lie subalgebra [ of g such that
jg=ral
that is, we need [ to satisfy
ka1

Once again we can use induction on the dimension of g. We calculate the
dimension of k.

dim(g) - dim(a) = dim(7) - dim(a) +

m(k) - dim(a)
dim(g) - ( ) + dlm(d) k

m(k)
But dim(#) > dim(a), which means that dim(j) > dim(k). Thus we can use

induction on the Lie algebra k. Applying the Levi Decomposition Theorem
to k, we have

di
di

k= rad(k) & ky

where &, is a semisimple Lie subalgebra of § isomorphic to k/rad(k). Now
we show that the rad(k) = a. We know that k/rad(k ) is a semisimple Lie
algebra. Now a is solvable in ¢, thus is solvable in k and thus we know
that it is in rad(k). Now let d be any solvable subalgebra of k. Then d/a a is
solvable since it is the homomorphic image of a solvable algebra d. Since d is

contained in k, we have d/ i is contained in k /a. But k /a is semisimple and
thus has no nontrivial solvable algebras. Thus d / a = 0, which says that d is
contained in a. But since rad(k’) is a solvable subalgebra in k&, we know that
rad(k) is contained in @. We conclude that rad(k) = a. This gives

k=a ks
with

We also know
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Thus we see that 1%2 is semisimple and isomorphic to ¢/7. Finally we have
from g/a =r7/a ® k/a that

gta=i+a+k+a
§:f+k‘2 with &kaZO

But knowing also that §/a = f/d@/%/d we claim that this says that § = POk,
For §/a = #/a & k/a says that 7N k C a. We know that ky C k. Since
g=r1-+ k:g, we choose a d in r N k:2 But since a N k2 = 0, we know that d is
not in a. But d in 7 and d in k:g and d not in @ means that d is in k. Thus d
is in # N k, which is contained in a. Therefore we reach a contradiction, and
thus d is not in 1%2, and we can conclude that g = 7 & k2. Thus we see that
ko is the [ that we are seeking and this establishes the Levi Decomposition
Theorem in the case where ¢ has a solvable ideal a which is also contained
properly in the radical 7 of g.

But what is the situation if the above condition for a is not true? We
make the following observations. Under certain conditions we know that the
above ideal a always exists. Since 7 is a solvable Lie algebra, we know that
for some k, D*#, which is an ideal in #, is not equal to 0, but D**'# = 0. Also
we know that # # D17, for otherwise the process of taking successive brackets
would never arrive at a D¥# = 0, and having a k such that a D*# = 0 for
some k > 0 is the definition of 7 being solvable. Thus we can conclude that
in this case there is solvable ideal of 7 which is properly contained in 7. We
would also like to affirm that it is also an ideal of g, and thus also a solvable
ideal of g. Using the Jacobi identity, we have the following.

[g’le] = [?]7 [f’f]] - [[Q,f],f] + [7% [gaf]] - [faﬂ + ['ﬁ,f] = [7/;772] = Dl’f’A
Thus we see that D7 is an ideal in §g. Continuing

|9, D*7] = [g, [D'#, D'7]] C [[g, D'#], D'7] + [D'7, [g, D*7]] C
[D'f, D'] + [D'#, D'#] = [D'#, D'f] = D%

Continuing in this way. we can conclude that D¥# is also an ideal in ¢ for
all k£ > 0. And thus we have a solvable ideal of g properly contained in the
radical of 7, and we know that the Levi Decomposition theorem applies to
this case.

But what happens when D'# = 0, i.e., when 7 is abelian and thus when
there is no nontrivial ideal in 7 in the derived series of 77 Since 7 is an ideal
in g, we know that [g,7] C 7. Let us read this as [¢,7] = ad(§)(7) C 7; that
is, we have the adjoint representation of g on 7. Now let us suppose that this
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representation is reducible. This means that there is a proper subspace a of
7 [0 # a # 7] which is invariant by ad(g). This says that ad(g)(a) C a, or
[g,a] C a. [Thus, by the way, we see that the subspace a is actually an ideal
of g.] Unwinding all these facts, we can assert that, even when 7 is abelian
and when the adjoint representation of g on 7 is reducible, we have an ideal
a of g properly contained in 7, and again this is a hypothesis which enables
us to prove the Levi Decomposition Theorem. [We note, as a side remark,
that nowhere in the above proof of the theorem did we exclude the fact that
a is abelian, which it is since it is contained in 7]

In particular, then, we consider the case where the center Z of g and
0 # 2 # 7. In this case the adjoint representation of § on 7 is reducible since
the center, which is an ideal, gives ad(g)(2) = [g,2] = 0 C 2. This says, of
course, that the center is an ideal, and again the proof given above is valid.
In particular we get g =7 & 1%2, where k, is semisimple and 7 is the maximal
abelian ideal, which is the radical, but also k=2 /%2, which shows how the
center, which is a solvable abelian ideal, sits in 7 and thus in g.

But suppose now that the center itself is the abelian radical, i.e., suppose
that » = z. Then ad(§)2 = [g, 2] = 0 C 2, and this says that 2 is irreducible.
[Recall that a representation is irreducible if the only invariant subspaces
are 0 and the representation space V itself. (See 2.8.1)] Now gl(§) is our
representation space and our representation is ad. We are now assuming
that the center Z of ¢ is also the radical 7 of g. We are asking, in this
case, if this radical is reducible? But ad(§)z = [g, 2] = 0. Thus there is no
proper subspace of Z left invariant by ad(g), and we can conclude that 2 is
irreducible, and thus none of the above methods can be applied in this case.
We therefore need another method of attack.

We first remark that if the center is the radical, then D!§ is semisimple.
We know that [¢,7] = D'g N7 (see 2.4 but note that the proof there is not
complete — the reader is challenged to complete it). Since Z is the center,
we have [g,2] = 0 = D'gN 2. On the other hand we know that rad(D'g) =
D'gN7 (see 2.16.2), and thus we have rad(D'g) = D'gN 2 =0, and we can
conclude that D'g is semisimple.

We also know that if the center is the radical, we have §/Z is isomorphic
to a semisimple Lie algebra. We need then to show that this Lie algebra is
exactly D'g, which we know is semisimple.

We return to the Killing form B of ¢ and to the map B of ¢ to its dual
g* that it determines.



y — B(z)(y) := B(x,y)

If we restrict B to D'g, we know B is an isomorphism on this part of §
since D'g is semisimple. (Cf. the ends of 2.14.2 and 2.14.3.) Thus, the only
element in D'§ that goes to 0 in §* is the 0 element in D' C §. Let k be
the kernel of the B map. Then kN D'g = 0 and we have ko D'g C g. We
see that 2 C k. We restrict B to 2.

B(3):§—TF
B(t): g —TF
v — B(t)(z) = B(t,z) = tr(ad(t) o ad(x)),

where t is in Z. Since ¢ is in the center of g, we know that [t, ] = 0 = ad(t)(g).
Thus ad(t) is the zero map and therefore tr(ad(t) oad(x)) = 0. Thus for ¢ in
Z, B(t) is the zero map in ¢*, and we can conclude that Z is in k. Finally we
want to show that k is an ideal in g, and thus a Lie subalgebra of §. Thus we
must show that [k, §] C k. To do this we use the associativity of the Killing
form B. Let x and y be in g and ¢t and t; be in k. Then we have

0= B(t)([t1,2]) = B(t, [tr,2]) = =B({, [z, t1]) = —=B([¢t, ], t1)
and

0=B(t)(ly,z]) = B(t, [y, z]) = =B(t [z, 9]) = =B([t, 2], y)

and thus B restricted to [k; g] acting on g is the zero map, and we can conclude
that [k g] is in k which says that k is an ideal of § g. We now let s be any
subalgebra of ¢ such that s&® ko D'¢ = §. Now if we show that § must be 0,
this will give us what we are seeking, the Levi decomposition theorem. Since
D'g is an ideal, we know

~

§/Dig= sk

But we also know that §/D'g abelianizes ¢, and thus 3 @ k is an abelian Lie
algebra. Therefore

>
I
"o
L,
>
@
bl
>
B
>
I

0=[3a

which says that [3, 8] = 0 and [k, ]AC] — 0. Thus k is an abelian ideal and must
be contained in the radical Z, the center of g. But we also know that z C k,
and thus we can conclude that k& = 2. This also says that § must be 0 and
we have 2 @ D'¢ = g, which, of course, is a Levi decomposition of § which
we have been seeking.
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Thus we now are reduced to proving the Levi Decomposition Theorem in
the case when 7 # 0, is abelian and not equal to the center, and ad(g) acts
irreducibly on 7, i.e., ad(g) leaves no subspace [ideal] of 7 invariant except
0 and 7 itself. [We remark here that this implies that the center Z of g is
0. Here is the proof. Our hypotheses are that the radical 7 is abelian —
ad(7)(r) = [r,7] = 0; and that ad(g) acting on 7 is irreducible. This means
that if a is contained in 7 and ad(g)(a) is contained in a, then a = 7 or
a = 0. Now let the center be Z. Since Z is solvable, we know that it is
contained in the radical 7. Now ad(2)(g) =0 C 2. Thus 2 =7 or 2 = 0. But
ad(g)(r) =7 # 0 and 7 # 2. Thus 2 =0.]

We also remark that when we proved above that § could be D!g even if §
is not semisimple (see 2.16.1) we exhibited a Lie algebra g = h &V with an
abelian radical V' and a semisimple subalgebra h. And in this case we had a
representation of h on V which was irreducible. We also had

G.V]=[h+V,V]=[hV]+[V.V]=[hV]+0=[hV]=V

But this also says that ad(g)(V) = V, i.e., that ad(g) acts irreducibly on
the radical V| and this is exactly the situation in which we now find our-
selves. In this example we started with a semisimple Lie algebra h which
acted irreducibly on an abelian Lie algebra V' and produced a Lie algebra ¢
in which the Levi Decomposition was true. However we are now given the
Lie algebra ¢ with an abelian radical on which it acts irreducibly [by the
adjoint representation| and we need to find a semisimple Lie subalgebra 2
which is complementary to this abelian radical.

But first let us again return to our example above. We assumed that we
had a linear space g which contained a semisimple Lie algebra h and a com-
plementary linear subspace V, i.e., we assumed that ¢ = ha V. Also we
assumed that we had an irreducible representation p of hin V. Then we
defined a bracket product in g as

[(1‘1,’1)1), ($27U2)] = ([$17I2],p($1) "V — p(ﬂ?g) : Ul)

making ¢ into a Lie algebra, with h being a Lie subalgebra of §. Finally we
also showed that V' was abelian and the radical of g. Under these conditions
we proved that D'g = [§,§] = §. But we also remarked that this was an
example of the Levi Decomposition Theorem, where indeed the radical was

abelian and [g, V] = V.

But we wish to say more. We are in the context where we have a Lie
algebra g and its radical 7, which is abelian. We take any linear subspace k
of g complementary to 7 in g, i.e., g = 7 ® k. Now for this choice of such an
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arbitrary linear subspace, there is no reason why we can assert that it is a
Lie subalgebra of §g. But the Levi Decomposition Theorem allows us to say
that there are certain linear subspaces with this property, and indeed these
subspaces are semisimple Lie subalgebras. Now how does our example above
fit into this scheme? We know one more fact about the algebra g. We know
that the adjoint representation of g acting on the linear space 7, the radical,
is irreducible and not equal to 0. This means the ad(g) - # = [g,7] = 7. Now
let us assume the Levi Decomposition Theorem in this case: ¢ = (@7, where
lis a semisimple Lie subalgebra of g. Then

~ ~ ~

r=lgrl=Merf =+ =[7+0

Here we see that ([,7] = #. Thus we see that [I,7] = ad(l) - #, and this
says that ad(l) acts irreducibly on 7, the radical of §. We now calculate the
bracket in g.

Choosing uy and usy in [; and s; and s, in 7, we have

[(u1 + 51), (Ug + SQ)] = [ul, UQ] + [Ul, 82] + [81,U2] + [81, 82] =
[ul,uQ] + [ul,SQ] — [u2,81] + [81, 82] =
[uq, us) + ad(u1)(s2) — ad(uz)(s1) + 0

Thus we see that the bracket in g follows exactly the bracket in the above
example where the irreducible representation on r is now the adjoint repre-
sentation. We certainly can now conclude that under our hypotheses in g we
have D'g = g.

We proceed now to the proof of the Levi Decomposition theorem in the
case where we are assuming that the radical 7 of g is abelian, and that ad(g)
acts irreducibly on 7, and is not equal to 0, i.e., ad(g) - 7# = [§,7] = 7. We
recall the proof of the theorem of the complete reducibility of a semisimple
representation. (See 2.15.3.) The final step in that proof was a reduction
in which we introduced linear spaces of maps as the representation spaces,
and then chose certain special maps which would lead us to the conclu-
sion we were seeking. Likewise we now do the same in our present proof.
Our representation space will now be the set of endomorphisms of g into g:
End(g) = gAl(g) Thus our representation p will be a map from ¢ to the Lie
algebra of brackets gl(gl(§)) which is linear and takes brackets to brackets.
Thus [using the symbol X for p(z)] we have
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g - gl(gl(9))
x— p(x) = X-:gl(g) — gl(9)
pr— X -0

However we do have a natural representation in this case, the adjoint repre-
sentation of gl(g) on gl(g). And since for x in g, ad(z) is in gl(g), we take
the adjoint representation of ad(x) on gl(g): X- := ad(ad(x)).

If we let X - ¢ act on y in g, we have

(X - 9)(y) = lad(x), 9](y) = (ad(x)¢ — ¢(ad(x)))(y) = [z, ¢(y)] — @[z, 9]

We would now like to make explicit this representation. First we show
that X is in gl(gl(g)), that is, X+ acts linearly on gi(g).

X - (¢1+ ¢2) = ad(x)(d1 + ¢2) — (¢1 + ¢2)(ad(z)) =

ad(z )(¢1)+ad(93)(¢ ) — ¢1(ad(x)) — ¢a(ad(z)) =

ad(z)(¢1) — ¢1(ad (@)Jr@d( )(p2) — ¢pa(ad(z)) =
X -1 +X -

For ¢ a scalar in IF, we have

X - (c) = ad(z)(ch) = (cd)(ad(x)) = c(ad(z)¢) — c(¢(ad())) =
c(ad(z)p — ¢(ad(x))) = (X - ¢)

We conclude that X does indeed belong to gl(gl(j))

We now show that this map is linear, i.e.,

p(x1 + x2) = p(z1) + p(a2)
plex) = cp(x)

(where ¢ is in the scalar field IF') and that the brackets are preserved, i.e.,

plzy, za] = [p(z1), p(2)]

We have

p(ry + 22)(¢) = [ad(x1 + 22), ¢] = lad(z1) + ad(z2), ¢] = [ad(z1), ¢] +
[ad(z2), 9] = X1 - ¢+ Xo - ¢ = p(x1)(9) + p(22) () =
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pler)(o) x),¢] = [cad(z), ¢] = clad(z), ¢] =

c(p(x)9) = (cp(x)) (o)
plry, 22)(9) = lad[wy, x2), ¢] = [[ad(z1), ad(x2)], ¢]

As would be expected, we now use the Jacobi identity. [In fact we have also
used the Jacobi identity by writing ad|xy, xo] = [ad(x1), ad(x2)], thus making
the second time we have used this identity in this proof.|

[lad(z1), ad(x2)], ¢] = lad(z1), [ad(x2), ]] — [ad(x2), [ad(z1), ¢]] =
Xy - [ad(x2), ¢] — Xo - [ad(21),0] = X1 - (Xa-¢) — Xo - (Xy - 9) =
(X1)(X2))p — ((X2-)(X10))9 = [Xu-, Xo']p = [p(21), p(72)]

At this point we would like to remark that the subalgebra 7 also has a
representation on gl(g). Obviously we define it as follows.

= lad(c
(X - 9)

If we let D - ¢ act on y in g, we have
(D - d)(y) = [ad(d), ¢](y) = (ad(d)¢ — ¢(ad(d)))(y) = [d, o(y)] — d[d, Y]

We remark that this representation is nothing but the representation p above
restricted to the subalgebra 7. Since 7 C g, we know ad(ad(7)) C ad(ad(g)) C
gl(gl(g)), and thus ad(ad(d)) is in gl(gl(g)) for all d in 7.

Now, as before, we define three special subspaces in gAl (9) and our argu-
ments using these subspaces are very much the same as before. We think
that going over the arguments serves here as a good method of consolidating
understanding Moreover, once again in the following, the scalars, denoted by
¢, ¢;’s and the like, are in IF. Here are the subspaces:

C:={¢ € gl(9)l6(9) C #;¢ls = cI;}
B :={¢ € gl(9)|o(g g) C 75 9| = 0}
A :={ad(z) € gl(g)|x € 7}

[We remark immediately that A is the image of 7 by ad:
~ ad A~ A
P — ad() C (gl(9))

and since ¢ has no center, the map is an injection.]

The fact that these sets are subspaces is immediate. For C: we have for
¢1 and ¢5 in C' and ¢ and ¢; scalars,

209



(f1+ @2)(7) = (1) (7) + (#2)(7) = (c1lp)(7) + (c2l3)(7) = ((c1 + ca) I:)(7)
(co)(7) = c(@(7)) = (c(c1lz)) () = ((ccr)1:)(7)

Thus we conclude that C' is a subspace of gAl (g9). For B: we observe that we
have the same calculations except that now all the scalar multiples, when
restricted to 7, are mapped to 0, which fact obviously gives us the desired
conclusion that B is a subspace of gl(j). Finally for A: as stated in a
comment above, this is indeed equal to the image of 7 in gAl (g) by the adjoint
representation, and we know that such an image is a linear space.

We see immediately that B is contained in C' [set ¢ = 0]; and that A is
contained in B since (ad(t))z = [t,z] € 7, for we know that for ¢ in 7 and x
in g we have [t,x] € [7,g] = 7; and (ad(t))|7)(s) for ¢ in 7 and s in 7 means
[t,s] is in [F,7] = 0. [We remark that here, when treating A, we are using
the full force of our hypotheses.] The set A indeed is equal to the image of
7 in gAl(g) by the adjoint representation under the given conditions, namely,
[7,4] = # and [#,7] = 0. The set B is the set of all ¢ in gl(§) which satisfies
this condition, except now ¢ need not be an adjoint map ad(t) for some ¢ in
7. The set C' is set of all ¢ in Qz(g) such the ¢(g) is contained in 7 and is a
scalar multiple when restricted to 7.

We know that g acts by p, the representation defined above, on gl(§) and
we will now show that each of these three subspaces of gl(g) is invariant by

~

p(9)-

First we want to show that p(§)(C) C C. If X = p(z) for z in g, and ¢
is in C, then we have for y in ¢

(X - 9)(y) = [z, 6(y)] — [z, y]

But ¢(y) is in 7, since ¢ is in C; and thus [z, ¢(y)] is in [§, 7] = 7. Also ¢z, y]
is in 7 since [x,y] is in § and ¢(g) is contained in 7. Thus [z, ¢(y)] — ¢[z, y]
is in 7 and we conclude that (X - ¢)(g) is contained in 7 for all z in g. We
now restrict p(¢)(C) to 7. Letting s be in 7, we have

(X - ¢)(s) = [z,0(s)] — ¢lz, 5]

Since s is in 7, ¢(s) = (cl|;)(s) = ¢s. Thus [z, ¢(s)] = [z, cs] = c[z, s]. Also
since [z, s] is in [g,7] = 7, ¢|x, s] = (cI|#)[z, s] = c[x, s]. We conclude that

(X - 6)(s) = 2, 6(s)] — Bl 5] = el s] — clar,s] = 0
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and thus (X - ¢)(s) = 0 = (0/];)(s) for all s in #. We can conclude that
p(g)(C) C C. In fact we see that p(§)(C) C B.

Next we want to show that p(¢)(B) C B. However, since B is contained in
C', we conclude that p(g)(B) C p(g9)(C) C B. If we analyze this calculation,
as done above, we see that the first part — analyzing (X -¢)(y) — just repeats
itself; and in second part — (X - ¢)(s) — we observe all the elements are
mapped to zero. Thus we can again immediately conclude that p(¢)(B) C B.

Finally, we show that p(g)(A) C A. If we take X- = p(z) for all z in §
and ad(t) in A for all ¢ in 7, then for y in § we have

(X - ad())(y) = [z, ad(t)(y)] — ad(t)([z,y]) = [, [t,y]] = [t [z, y]]

Then using the Jacobi identity in g.

[, [t yl] = [t [ ] = [, 6 yl] + 1 [y, ] = =y, [, 8] = [[2, 8], 4] =
ad([z, 1])(y)

we thus have
X -ad(t) = adlz,t] € A

since ¢ is in 7 and thus [z, ] is in 7. We can conclude that ad([z,t]) is in A,
and this says that p(g)(A) C A. [Again we remark that in treating the set
A, we are using the full structure of the Lie algebra since we are here using
the Jacobi identity.] Also we note here that the properties of this set A will
be vital to our proof of the final phase of the Levi decomposition theorem.

Next we show that each of the three subspaces C', B and A of gAl(g) is
invariant by p(7). But we know that since 7 C ¢, we have immediately
p(7) C p(g). Thus we have p(7)(C) C p(g)(C) C C. Likewise we can
conclude that p(g)(B) C B and p(g)(A) C A.

However, how p(7) acts on these three subsets gives more information
than just keeping these three subsets of gl (g) invariant. In fact how p(7) acts
on C' will be an important piece of information as we conclude this proof
later on. Thus, we calculate D- = p(d) for d in 7, and ¢ is in C. We have for

ying
(D - ¢)(y) = [d, ¢(y)] — old, y]
But ¢(y) is in 7, since ¢ is in C'; and thus [d, )gb( y)] isin [F,7] = 0. Also ¢[d, y]

is in 7 since [d,y] is in 7 and ¢(7) is (cI|#)(7) = ¢7. Thus
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(D-0)(y) = [d,d(y)] — ¢ld,y] = 0 — c[d,y] = —c(ad(d)y)

giving D - ¢ = —c(ad(d)) with ¢ depending on the function ¢. And we can
conclude that p(d) for d in 7 acting on C' actually gives us an element in A
since p(7)(C) C A. Since we already know that C' contains B and B contains
A, obviously we then have p(7)(B) C A and p(7)(A) C A.

However on analyzing the fact that p(7)(A) C A, we meet something vital
for our proof. If we take D- = p(d) and ad(t) in A for all d and ¢ in 7, then
for y in g we have

(D - ad(t))(y) = [d, ad(t)(y)] — ad(t)([d, y]) = [d, [t, y]] = [, [d, y]]

Now since d and t are in 7 and y is in g, we have [¢,y] in [F, g] =

thus [d, [t,y]] is in [F,7] = 0. Also [d,y] is in 7, and thus [t, [d, y]] = 0 glvmg
(D - ad(t))(y) = 0. Since we want D - ad(t) to be some ad(s) for some s in
7, this says that we can take any s in 7 such that ad(s) = 0. But we know
that the map ad restricted to 7 is injective. [The center is 0, and thus ad
is injective.] Thus for each y in ¢ there is one and only one element s in 7
which maps to zero, that is, s = 0, and we know that D -ad(t) = ad(0) = 0.

Let us see what happens if we use the Jacobi identity in g.

[, [t y]] = [t [d ] = [d, [t y1] + [t [y, d]] = =y, [d, 1] = [[d, ], y] =
ad([d, t])(y)

We thus have D - ad(t) = ad([d,t]) € A. But again we observe that [t,y] is
in 7, and [d, [t,y]] is 0; and [y,d] is in 7 and [t, [y, d]] is 0. Also [d, ] is 0 and
thus ad([d,t]) = 0. This calculation immediately gives the fact that d = 0 is
the only element in 7 which satisfies D - ad(t) = ad([d, t]) € A.

We thus have p(7) acting on the three subsets C, B and A of gl(j) in an
invariant manner. We now form the quotient spaces C'/A and C/B. Since

= {6 € gl(9)|6(9) C ;0|5 = cl;}

and

= {6 € gl(®)|6(9) C 75 9|s = 0}

we see immediately that C' = {cI;} + B, and we conclude that C/B is one-
dimensional.

We now claim that C'/A and C'/B are representation spaces for §. This
is reasonable since C, B, and A are invariant by p(g) and thus are represen-
tation spaces for g. We define a representation of g on C'/A. If we let p’ be
this representation map, then p/(§) is in gl(C/A). [Below, again as before,
we use the symbol X'- for p'(x)]. Thus
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9—0'(3)
z—p(z)=X":C/A— C/A
p+Ar— X - (p+A)=(X-9)+ A

We observe that the symbol X’ - (¢ + A) can also be read as X - (¢ + A) =
(X -¢) + (X - A) since ¢+ A is just a subset of C', and we know how X- acts
on C. Thus we have X' - (p+ A) = (X - ¢) + (X - A) = (X - ¢) + A, since
we know that X - A is in A. Now, again by 2.7.2, we know that we have

a valid definition. Likewise if we let 0’ be this representation map for ¢ in
C/B, then p'(g) is in gl(C/B). Again

9—'(9)
z—p(x)=X":C/B— C/B
¢p+B— X' (¢0+B)=(X-¢)+B

Again we observe that X' - (¢ + B) can also be read as X - (¢ + B) =
(X - ¢)+ (X - B) since ¢+ B is just a subset of C', and we know how X- acts
on C. Thus X' - (¢p+ B) = (X -¢)+ (X -B) = (X - ¢) + B, since we know
that X - B is in B. Again by 2.7.2, we know that we have a valid definition.

Now from the above definitions we know that these maps are in AgAl (C/A)
and gl(C'/B). Next we show how p' takes addition in g to addition in g{(C'/A):

p(x1 +32) = p'(21) + p'(22)

We remark that we are just using cosets in C'. Thus we have by the
definition of p’

P((x1+22)(¢ + A) = p(a1 + 12)(4) + A

Continuing, we have

p(z1 + 22)(¢) + A = (p(x1) + p(x2))(9) + A
= p(1)(®) + p(22)(¢) +
= p(r1)(¢) + A+ p(z2)(9) +
p(x1>(¢+A)+p<:vz)(¢+A)
= (¢ (1) + 0 (22)) (¢ + A)

and thus giving us the linearity of p’ with respect to addition.

p(w1 +m2) = p'(z1) + p'(22)

Also, with ¢ in IF
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Hence we can conclude that we have the linearity of p’ with respect to scalar
multiplication.

Finally we show that brackets go to brackets:

p'ler, xo] = [p'(21), o' (2)]

(p'[r1, 22]) (@ + A) = (p [$1>332])( )+ A
= ([p(z1), p(z2)])(¢) +
= (p(x1)p(x2) — p(z2)p(T ))(¢)+A
p(z1)(p(2)(}) — p(z2)(p(21) () + A
( 1)(p(x2)(9) + A — p(a2)(p(21)(9) + A
E)((P )

I b
b\%\e

)(p(x2

p(r2) (¢ T

(z2) () + "(22)((p(z1) (@) + A)
x1)p' (22) (6 "(22)p (1) (¢ + A)
(0 (21)p' (22 (2)%))( 1))@+ A)

) /
= ([p'(x1), (P (z2)]) (& + A)

p
p
P

A) -
+A) —
) -

giving
Py, wo] = [p'(71), p' (22)]

It is evident that we can make the same calculations for C'/B and show
that the map p/ from § to gl(C)/B) takes addition in § to addition in gI(C/B):
takes scalar multiplication in g to scalar multiplication in gAl(C' /B); and takes
brackets in § to brackets in gl(C'/B).

But what we are seeking is a representation of the Lie algebra g/7 in C'/A
and C'/B. Again since 7 is a subalgebra of §, we know immediately from
the above that 7 has a representation in C/A and C/B since 7 also leaves
invariant the spaces C', B and A. Now by using cosets in ¢ and in C, we can
show that ¢/7 has indeed a representation in C'/A and in C/B.

Thus we define a representation of g/# on C/A. We again let p’ be this
representation map, and thus p'(g/7) is in gl{(C/A). We have

g/t — p'(g/7)
r+r—pex+7): C/JA— C/A
G+ Ar—px+7)(p+ A) =plx+ 7))+ A
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We observe that the symbol p'(x + 7)(¢ + A) can also be read as
plx 4+ 7)(p) + p(x + 7)(A). Now since p(x) and p(7) leave A invariant, we
do indeed get p(x + 7)(¢) + A as claimed, and we see that we have a valid

definition. We need to show how p’ takes addition in g/7 to addition in
gl(C/A):

P (21 +7)+ (w2 + 7)) = p'(x1 +7) + p'(2 +7)
Thus we have by the definition of p'

P ((xy+7)+ (w2 + 7)o+ A) = p((x1 +7) + (22 +7))(¢) + A

Continuing, we have

p((x1 +7) + (22 + 7)) (@) + A = p(x1 + 7)(}) + p(z2 + 7)(¢) + A
=p(x1 +7)(P) + A+ p(xg +7)(¢) + A
= (a1 + )+ A) + p(xy+ 7)o+ A)
= (p'(x1 +7) + p'(22 + 7)) (¢ + A)

giving
p(e1+7) + (22 + 7))@+ A) = (¢ (21 +7) + (22 + 7)) (¢ + A)
and we can conclude that we have linearity of p’ with respect to addition.

Also, with ¢ in IF

and we can conclude that we have linearity of p’ with respect to scalar mul-
tiplication.

Finally, we show that brackets go into brackets.

(Pler + 7,20+ 7)) (0 + A) = (play + 7,20 + 7)) (6) + A
= ([p(z1 +7), p(x2 +7])(¢) + A
= (p(z1 +7)p(xa +7) — plxs +7)p(x1 +7))(P) + A
= (p(x1 +7)p(ze +7))(9) — (p(x2 + 7)p(x1 +7))(0) + A
(z1 + 7)p(ze + 7)) (@) + A — (p(za + 7)p(x1 +7))(¢) + A
(1 + ) (p(@2 + 7)(0) + A) — p'(x2 + 7)(p(x1 + 7)(§) + A)
(21 + #) (0 (2 + 7) (D + A)) — p'(xa +7)(p (21 + 7)(¢ + A))
(@1 +7)(p' (22 + 7)) (¢ + A) — ( (w2 +7)(p' (21 + 7)) (¢ + A)
= (' (1 +7)(p (22 +7) — p/ (2 +7) (0 (21 + 7)) (¢ + A)
= ([p'(z1 +7), ' (22 + 7]) (¢ + A)

= (p
p
=p
= (p

(
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and thus we have

pley + 7,00 + 7] = [p (w1 + 1), p' (22 + 7)]

It is evident that we can make the same calculations for C'/B. The map
p' from g to gl(C/B)

g/t — p'(9/7)
z+r+—p(x+7):C/B— C/B
¢+ Br— p(x+7)(¢p+ B) = p(x+7)(¢) + B

takes addition in g to addition in gl(C/B); takes scalar multiplication in §j
to scalar multiplication in gl(C/B); and takes brackets in g to brackets in
gl(C/B).

With respect to the representation of §/7 on C'/B, we can make one
more remark. Since C'/B is one-dimensional and §/7 is semisimple, the only
possible representation of §/7 on C/B is the zero representation.

9/7 — p'(g/7)
r+7r—p(x+7):C/B—C/B
¢p+Br—p(x+7)(¢+B) =0+ B)=B

since the zero coset of C'//B is B.

Having established representations of /7 on C'/A and C'/B, we now seek
a linear map o of C'/A to C'/B which preserves these representations in the
sense that ¢ commutes with these representations. If such a map can be
defined, we know that the image and kernel of this map will be invariant
subspaces respectively of C'/B and C/A by the representation of /7. We
define o as the natural coset map

C/A - C/B
¢p+Ar—o(p+A):=¢+B

Since A is contained in B, the map is well defined. Let ¢; and ¢ be two
elements of C' which are in the same coset, which means that ¢, — ¢9 is in A.
Now o(¢1 + A) = ¢1 + B and o(¢2 + A) = ¢ + B. We want to prove that
¢1 and ¢y are in the same coset of C'/B. We take their difference: ¢; — ¢o,
which is in A. But A is contained in B. Thus ¢; — ¢ is contained in B,
which says that ¢; and ¢, are in the same coset of C'/B.

The map is obviously linear and it preserves sums and scalar multiples,
as can be seen from:
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o((p1+A) +(p2+A) =0((p1 +¢2) +A) = (1 + ¢2) + B =
(1 + B) + (g2 + B) = 0(p1 + A) + (¢ + A)

and
olc(p+A)=0c(cop+A) =cp+B=cp+cB=clp+ B) =clo(¢p+ A))
for any ¢; and ¢, in C' and any c in IF.

And finally, we see that the o map respects all of the above representations
in the sense that it commutes with them. We have representations, denoted
by ', of g on C'/A and C/B as well as of 7 and of /7. Thus we assert that

(W'(9))(o) = o(p'(9))
since for any z in § and ¢ in C, we have
p(E)(o(p+A))=X"(0(p+A)=X"-(¢0+B)=X-¢0+B
and
o(p'(@)(¢+A) =0(X-(¢+A)=0((X-¢)+A)=X -0+ B
We conclude that the map ¢ commutes with the two representations of §.

We also observe that for x in ¢
p(x)(¢+B)=X(¢+B)=X-¢+BCB

since X - ¢ C B.

We also assert that the o map respects the representation of 7 on C'/A
and C'/B in the sense that it commutes with them:

(p'(M)(0) = a(p'(7))
Here is proof. For any d in 7 and ¢ in C,
pd)a(¢p+A) =D (o(¢+A)=D"(p+B)=D-¢+B
and
a(p(d)(p+A)=0(D - (p+A)=0c(D-¢)+A)=D-¢+B
We conclude that the map o commutes with the two representations of 7.

We also observe that for d in 7
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pPd)(p+B)=D-(¢p+B)=D-¢+BCA+BCB

since D - C C A.

Thus it is evident that the o map also respects the representation of g/7
on C'/A and C/B, i.e.,

P(9/7)(0) = a(p'(3/7))
For any z + 7 in §/# and ¢ + A in C'/A, we have
p(E+7)(o(d+A) =p(@+7)(¢+B) = plz+7)(¢) + B
and
o(p'(z+7)(¢+ A)) =o(p(z +7)(¢) + A) = p(z +7)(¢) + B

We conclude that the map o commutes with the two representations of §/7.
And we again remark that

p(&+7)(¢+ B) = plx+7)(¢)+ BCB
We return now to the map o.

CJA -2 C/B
$+Ar—o(¢p+A) :=¢+B

From the definitions of C, B, and A, we see immediately that o is sur-
jective, and indeed surjects onto a one-dimensional space C'/B. We see that
C' surjects onto B: for any ¢ in C, there is a ¢’ in B with the same action;
and acting on 7, any ¢ in C'is a scalar map, while the only scalar map in B
is the 0-scalar map. To help see this, recall that

C = { € gl(9)|6(9) C 7 ¢ls = cl:}
B :={¢ € gl(9)|¢(9) C #; ¢l = 0}

Thus, as we remarked above, the image set of o is C'/ B and is one-dimensional.

Now we know that the representation of /7 leaves invariant this image space.
From the above calculations we know that

§(&+7)(é+ B) = pla+7)(¢) + BC B
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and this says that g/7 takes C'/B to the zero coset B which is contained
in C'/B, and thus leaves invariant the image space C'/B. But it also says
that the representation of /7 on C'/B is the zero representation. We remark
that we have already arrived at this conclusion since we know that g/7 is a
semisimple Lie algebra and that is one-dimensional.

We also know that any map which commutes with the representations
leaves invariant the kernel of the map. Let us confirm this statement. The
kernel of the o map is the set of all the cosets that map to B, which obviously
are the cosets B/A of C/A. Now ¢/ acting on B/A gives, for ¢ in B,

PE+7) b+ A)=plx+7)(d) + A=
lad(x + 7),¢] + A = [ad(x), P| + [ad(7), 9] + A

Now for any y in §, we have [ad(z), 6](y) = ad(z)(6(y)) — (ad(z)(y)). We
know that ¢(y) in 7 and ad(z)(7) is in 7. Also ad(x ((y) isin g and ¢ on ¢ is

)
in 7. Now for any s in 7, we have [ad(z), ¢|(s) = ad(z)(¢(s)) — ¢(ad(z)(s)).
Since ¢(s) = 0, ad(z)(¢(s)) = 0. Since [z, s] is in 7, ¢p(ad(z)(s)) = 0. Thus
lad(x), ¢](s) = 0—0 =0, and we can conclude that [ad(x), ¢| is in B.
)(¢

Again for any y in g, we have [ad(7)), ¢|(y) = ad(7)(p(y)) — ¢(ad(7)(y)).
We know ¢(y) is in 7 and ad(7)(7) is 0. Also ad(7 )( ) isin 7 and ¢ on 7 is
0. Finally for any s in 7 we have [ad(7), ¢](s) = ad(7)(é(s)) — ¢(ad(7)(s)).
Since ¢(s) is 0, we have that ad(7)(0) = 0. Since ad(7)(s) = 0, we have that
#(0) = 0 and we conclude that [ad(7)),¢| is in B. Thus p'(B/A) C B/A,
and we confirm that the representation §/7 leaves invariant the kernel of the
map o.

We are now at the following point. We have a subspace of (C/A), the
kernel of o, and we know that (C'/A) = ker(c) @ S where S is any subspace
of C/A of dimension equal to one and not contained in ker(c), i.e., S is
{co} + A and o(S) = C/B for some ¢y in C. We also know that ker(o)
is an invariant subset by the action of the semisimple Lie algebra /7. Now
of all the one-dimensional subspaces S, we are obviously seeking those that
respect the action of ¢/7 on S, that is, that are invariant by this action.

Now we know from 2.15.3 that representations of semisimple Lie algebras
have the complete reducibility property. Thus we know that an .S exists such
that ¢g/7 acting on S leaves S invariant. [There is no reason, by the way, to
assert that there is only one unique S.] This says the p/'(§/7)(S) C S. Now
we know that S is also one-dimensional and that the only representation of a
semisimple Lie algebra on a one-dimensional space is the zero representation.
Thus we seek a ¢y in C such that p(x + 7)((c¢o) + A) C A. [Obviously we
can omit the scalar in ¢y and write p(z + 7)(¢o + A) C A, where ¢, is in
C' and not in B, and where A is the zero coset of C'/A.] This, of course, is
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the condition that identifies the kind of one-dimensional subspace S that we
seek.

We can reduce this information as follows. For x in ¢

o+ 7)(go + A) C A
(o) + p(P)) (60 + 4) C A

p(x)(¢o) + p(x)(A) + (p(7))(d0) + (p(7))(A) C A
X'¢0+D‘¢0+ACA

since p(g) leaves A invariant . Now let & be an arbitrary element of §. Then
we can just write for all z in g that X - ¢9 + A C A for some ¢, in C' but
not in B. This says that [ad(x), ¢o] = ad(a) for some a in 7. We observe
that [ad(z), o] = X - ¢ is in B, since p(§)(C') C B. But since A C B, we
seek a ¢ in C' but not in B for which, for z in g, p(z)(¢y) isin A C B. We
remark that we already know that for all d in 7, p(d)(¢p) is in A C B, since
this is true for all ¢ in C, i.e., (p(7))(C) C A. Therefore what is new is that
we want to chose a ¢y in C' such that this is also true for all x in g.

Now we can identify at least one ¢y. Since ¢q is in C' and not in B, we
let ¢ restricted to 7 be the identity transformation on 7.

$o : 7 — (¢o)(7)
t— (¢o)(t) = I(t) =t

To define ¢y on g but not in 7 we choose an arbitrary dy in 7.

$o : G\F — (¢0)(9\7)
x> (¢o)(x) := ad(dy) - x = [dp, x] €T

In matrix notation, for any basis in 7 and any basis in §\7, we would obtain

by = [ é adgdo) ]

where the square matrix [ is independent of the basis chosen in 7, while the
rectangular matrix ad(dy) would depend on the basis chosen in g\7. Now for
any x in ¢\7 we calculate

p(x)(¢o) = lad(zx), ¢o] = ad(x) o ¢ — ¢ © ad(x)

Operating p(z)(¢o) on t in 7, we have

(ad(x) © o — o © ad(x))(t) = (ad(x) © o)(t) — (¢o © ad(x)(t) =
(ad(z) o I)(t) — (I o ad(z)(t) = [x,t] — [x,t] =0
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since ad(x)(t) = [z,t] is in 7. We conclude that p(z)(¢o) is in B. Operating
p(x)(¢o) on y in g\7, we have

p(x)(ad(dy)) = [ad(x),ad(dy)] = ad[z,dy] € ad(T)

which says that p(§)(¢o) is in A, which is the conclusion which we have been
seeking.

Thus we have identified at least one ¢g in C' not in B such that
p(x 4+ 7)(¢po + A) is in A for all  in g. But now we ask how does this
give us information about g7 Well, p(x + 7)(¢o + A) being in A for all x in
g says that, choosing an x in g, we have [ad(x), ¢g] = ad(a) for some a in 7.
Now we know that for any ¢ in C, [ad(r), ¢] is in A since p(7)(C) C A. First
let us take a d in 7 and see what element a in 7 corresponds to it. But we
already made this calculation when we were showing that 7 left invariant the
subspace C. If D- = p(d) for d in 7, and ¢, is in C, we have for y in g

(D - ¢0)(y) = lad(d), do](y)] = (ad(d) o ¢o — ¢ 0 ad(d))(y) =
[d, do(y)] = o(ld, y])

But ¢y(y) is in 7, since ¢p is in C; and thus [d, ¢o(y)] is in [, 7] = 0. Also
oo([d,y]) = I;([d, y]) since [d, y] is in 7 and ¢p|7 is the identity on 7. And thus
we have our conclusion that D - ¢g = —ad(d) = ad(—d). This is a satisfying
result for it says that a d in 7, by this construction, determines ad(—d) in
ad(r), and thus this construction injects 7 into ad(7). [Note that we already
know this from the fact that g has no center and thus ad is an injection of ¢
into ad(g).] But this is true for any ¢ in C. What are we then adding when
we choose our particular ¢,? We are asking when for x in g\7 do we have
lad(x), ¢o] in ad(7)? Since ad is injective, the only element z in g\7 that
injects into ad(r) is the 0 element. This is saying that we have a map

g—>7
such that 7 injects onto 7 and g\7 maps to 0.

Now we can show that this map is a Lie algebra morphism! Since r
injects onto 7, our conclusion that we have a Lie algebra morphism on 7 is
immediate. We define an [ in §\# such that the representation map p(§)
restricted to [ acting on ¢y is O:

[:=={peg|P- ¢ =0}

or equivalently

[ :={p €yl lad(p), o] =0}
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Here we are using our conclusion from above that [ad(p), ¢o] = ad(a) = 0
means that a in 7 is itself 0. Now obviously [ is a linear subspace of g. For ¢
in IF and P, P, and P, in [ we have

(P4 P)-¢po=(Pr-+ P )po=P1-po+ P -¢g=0+0=0
(CP) - o = P+ o) = 0 =0

We show also that brackets close. For p and ¢ in [ , we have

p([p.ql)do = [p(p), p(@)]po = [P+, Q-]po =
(P-Q-— Q- P)y =
(P-Q-)o—(Q-P)oo = P+(Q-60) Q- (P+ o) = P+(0)~Q+(0) =00 =0

We can also see this fact by using the Jacobi identity [twice!l] in the following
manner.

lad[p, q], ¢o] = [lad(p), ad(q)], ¢o] = [[ad(p), ¢o], ad(q)] + [ad(q), [ad(p), Po]] =
[0, ad(q)] + [ad(q), 0] = 0

Thus we have found a subalgebra [ of g of the kind that we have been
seeking! Here is the proof that this is so. First we show that IN#=0. We
can conclude this from our analysis above. However making the argument
explicit, we suppose a # 0is in [N#. Since a is in I, we know that lad(a), ¢o] =
0. This says that ad(a)(¢o) = ¢o(ad(a)). Now suppose a # 0 is also in 7.
Then for any z in g, we know that (¢g)(z) is in 7, and thus ad(a)((¢o)(z)) =0
Thus ¢g(ad(a)) = 0. Now for all z in ¢

¢olad(a)(x)) = ¢o([a, )]) = I#([a, 2)]) = [a, 7]

since [a, z] is in 7. And thus we arrive at the point where we are asking when
la,z] =0, for a in 7 and for all z is in §. But this says that a is then in the
center of g. But as we have said above, the center of ¢ must be 0. Thus we
can conclude that a = 0, and we have our conclusion that [N#=0.

We next show that g = [+ 7. Let z be any element in g. We know
that X - ¢¢ is in A. Thus there is a a in 7 such that ad(a) = X - ¢o. But
we also know that this same element ad(a) comes from a in 7 by this same
construction, i.e., ad(a) = —A - ¢o. Thus we have X - ¢y + A - ¢o = 0 or
(X +A) ¢ = [ad(a: +a), ¢o] = 0. This says that z + a is in I. Now for each
2 in § we have 2 = (z + a) — a and thus we have § = [ 4 #, which fact gives
us our conclusion that g = [ 7.

We remark immediately that the subalgebra s semisimple. Using 2.16.2,
we know that rad(l) = 1N 7. But we have just shown that IN#=0. Thus
rad(l) = 0 and this makes [ semisimple.
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To complete this proof, we need to show that g/7 is isomorphic to L.
The fact that g/ is isomorphic to [ in the sense of linear spaces is a direct
consequence of an isomorphism theorem of Linear Algebra.

~

g/p =+ /rl/inf)=1/0=1

Thus we only need to define a Lie algebra map from g /T to l. For z in g,
we let x = p+ s for pin [ and s in 7, and we define the map

g/r —1
TH+T=p+s+T=p+Tr—Dp

Nowfory:q—i—t,ying,qiniandtinf, we have

e+ y+7]=lpts+ig+t+7]=
P, al + [P, i) + [p 7l + [s, a] + [s, 2] + [s, 7] + [P, g + [P, 8] + [P, 7] =
p, g +7+74+7+0+0+74+0+0=
p,ql +7— [p. ]

and thus brackets do go into brackets, and we have a Lie algebra isomorphism
between ¢/7 and [. And we conclude that g = [ & 7 where [ is semisimple
and isomorphic to g/7 and 7 is the radical of g.

And this is the Levi Decomposition Theorem!
2.17 Ado’s Theorem

Ado’s Theorem states that every finite dimensional Lie algebra [over R or €|
is essentially linear, that is, it has a faithful finite dimensional representation
in some matrix algebra gl(V) [over IR or €]. This means the following: if p
is a representation of g in V:

pig— gl(V)
c—rple): V—V
x — p(c)(z)

and ple,d] = [p(c), p(d)] then p(c)(z) being faithful means that p(c) = 0
implies ¢ = 0, i.e., the kernel of p = 0. [This is just another language for
saying that we have a homomorphism from an abstract Lie algebra into the
Lie algebra of the set of matrices of some dimension n; and “faithful” means
we have a isomorphism.]

Now if we let p be the adjoint representation of g and let Z be the center
of g, then we have the following.
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ad: g — gl(g)
c—ad(c):g— 9
d — ad(c)(d) = [c,d]

[Recall that the adjoint representation is a representation since we know from
the Jacobi identity that ad[c, d] = [ad(c), ad(d)].] Now for all ain 2, [a,d] = 0
for all d in g. This then says that ad(a) is the zero map, and thus the center
of the adjoint representation is in the kernel of ad. However if ad(a)(d) = 0
for all d in g, then a is in the center of ¢, and thus the center is the kernel
of the adjoint representation. Therefore, when the center of a Lie algebra

is zero, the adjoint representation is faithful, and we have Ado’s Theorem
fulfilled.

Now suppose the center z # 0. Then we seek a linear space W and a
representation 7 of g in W which is faithful when restricted to the center 2,
that is, we want

T:§— gAl(W)
c—T1(c): W — W
x+— 7(c)(x)

and for @ in the center 2, if 7(a)(x) = 0 for z in W, then a = 0.

Now if we combine these two representations.

p=ad®7:§— p(g) = ad(y) ®7(3) C gl(3) ® gl(W)
r— p(z) = (ad®7)(x) =
ad(z) & 7(z) : (y, w) — ad(2)(y) + 7(2)(w)

where gl(§) & gl(W) consists of matrices of the form
g 0
0 gl(W)

and then we restrict 7 to the center Z of g, then for a in the center Z we have

4 4][2]- (]

and we ask for all y in g and w in W such that

KR

Since 7 is faithful on the center 2, for a in Z, we have 7(a) = 0 only if a = 0.
And if ad(0) = 0, then we get the 0 vector only when the matrix
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[ ad(a) 0 ] _ 0
)
Now we restrict p to the set g\ 2. Thus for x in ¢\ Z we have

[adm) 0 ] [ y ] _ l ad(z)(y) ]

w 7(z)(w)
and we ask for all y in g and w in W when

[ ad(2)(y) ] L,

7(2)(w)

Since ad is faithful on the set ¢\ 2, for z in ¢ \ 2 we have ad(z) = 0 only
if z = 0. And since 7(0) = 0, this says we get the 0 vector only when the
matrix

[ ad(()x) T(Ox) ] =0

and in both of these cases the matrix gives a faithful representation. Thus,
if 7 and W exist, we can conclude that every finite dimensional Lie algebra
g over € has a faithful finite dimensional representation, which is what what
Ado’s Theorem states.

And thus we are on the hunt for W and the representation 7 of § in
W which is faithful on 2 and from this point on we will be working with
complez Lie algebras. Now if the center Z is one-dimensional, we can produce
a faithful representation of Z in the following manner. The center Z, being
one-dimensional, means that it is isomorphic to the scalars © which can be
considered a complex Lie algebra in the following manner. The field structure
of € immediately gives us that € is a linear space over € and it also has the
structure of an associative algebra over €. Now every associative algebra
becomes a Lie algebra if we define the bracket [u,v] = u-v—v-u. If v and v
are in C, then uv — vu = 0 since multiplication in € is commutative. Thus C
as a Lie algebra is an abelian Lie algebra. And the center Z of € is € itself.

We now can build a representation of € in the 2x2 nilpotent matrices over
C. These matrices are of the form

N
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They comprise a nilpotent Lie subalgebra of the Lie algebra of all 2x2 ma-
trices over €. It is evident that the addition of two nilpotent matrices and a
scalar times a nilpotent matrix give nilpotent matrices, and thus the nilpo-
tent matrices form a linear subspace of gAl(Q,(D). Also by multiplying two
nilpotent matrices together, we see that the nilpotent matrices are a subal-
gebra of the matrix algebra gAl (2,€), and, in fact, the product of any two of
these nilpotent matrices is always the zero matrix.

o]l w]=10 0]

But this also says that these nilpotent matrices are a Lie subalgebra of
gl(2,€), since the Lie bracket of these nilpotent matrices is always the zero
matrix. And thus these nilpotent matrices form a commutative Lie subalge-
bra.

Now we have a faithful representation o of 2 =@ in the nilpotent matrices
of gl(2,@), as can be seen here.

e {23)

ur— o(u) = 8

U1 0 u v || u-v
=]l
We do have a representation. Obviously o is linear. Now if u,v are in g,
then [u,v] = 0; and [o(u),o(v)] = 0 since the bracket of any two nilpotent
matrices in gl(2,C) is also equal to 0. Thus we do have a representation. It

is also faithful. Since the center Z of € is € itself, we take any u in €. Now
suppose o(u) = 0:

a(u)zlg H:o

We see immediately that implies that v = 0, and thus we have a faithful
representation of Z when 2 is one-dimensional. In fact this representation is
a nilpotent representation in the sense that o(u) is a nilpotent matrix for all
uin 2.

[Side comment: as noted several times already, we will call a representa-
tion p of a Lie algebra ¢ a nilrepresentation if p(x) is a nilpotent matrix for
each z in the nilradical 7 of §.]
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Now if the center Z, which is abelian, has dimension k > 1, we can produce
a faithful representation by taking the direct sum of k£ copies of the above
one-dimensional faithful representation. We will lay out the case for k = 2
and it will be obvious how one could proceed for larger dimensions.

Let us then consider the case when the center Z of g, which is abelian,
has dimension k = 2. Choosing a basis {cy, ca} for Z, we write for any a in 2

a4 = U1C1 + U2C2

for some u; and uy in €.

We now examine the following matrices over C.

0 wp 0 O
0 0 0 O
0 0 0 wu
0 0 0 O

We see immediately that these matrices are nilpotent since

0 vy 0 O 0 up 0 O 0000
0 0 0 O 00 0 0y |1000O00O0
0 0 0 wu 00 0wul| |00O00O0
0 0 0 O 0 0 0 O 0000

They form a Lie subalgbra of the Lie algebra of all 4x4 matrices over €. It is
evident that the addition of two nilpotent matrices of this type and a scalar
times a nilpotent matrix of this type again give nilpotent matrices of this
type, and thus the nilpotent matrices of this type form a linear subspace
of gl(4,@). Also we see that the nilpotent matrices are a subalgebra of
the matrix algebra 51(4,(13) since the product of two nilpotent matrices is
always the zero matrix. And thus in fact these nilpotent matrices form a
commutative Lie subalgebra.

_ Now we have a faithful representation o of Z in the nilpotent matrices of
gl(4,C).

0 uz 0 O
PN 0O 0 0 O
g 00 0 u
0 0 0 O
0O ugz 0 O
a = uicy + Uy — 8 8 832 ¢t —
0O 0 0 O
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U1 O uy 0 O (] Uy * Vg
Vo s 0O 0 0 O () . 0
Vs 0 0 0 wu vy || ug-vs
Uy 0O 0 0 O Uy 0

We do have a representation. Obviously o is linear. Now if a; and ay are
in Z, then [a;,as] = 0 since g is abelian; and [0(a;),0(ag)] = 0 since the
bracket of any two nilpotent matrices in gAl(4,(D) is also equal to 0. Thus we
do have a representation. It is also faithful. Since the center is z, we take
any a = ujcy + ugcy in 2. Now suppose o(a) = 0:

0 uy 0 0
00 0 0
"<a)_000u2 =0
00 0 0

We see immediately that this implies that u; and uy are equal to 0, and thus
a = 0 and we have a faithful representation of Z when 2 is two-dimensional.
In fact this representation is a nilrepresentation since these matrices are
nilpotent.

Thus we see that we can have a faithful representation of the center for
any dimension % in the nilpotent matrices of gl(2k,@). Now we are secking
a subalgebra k of ¢ g such that ¢ = 2 & k. Obviously if 2 is the radical 7 of
g, then the Levi Decomposition Theorem, which identifies a semisimple Lie
subalgebra k says that zZ & k= g. And now we have a faithful representation
on Z [the representation o we constructed above] and a faithful representation
on k [the adjoint representation, which is always faithful on a semisimple Lie
algebra] and these facts give Ado’s theorem in this case.

But suppose that Z is not the radical. Of course, 2 is always contained
in the radical. [Since the center is an abelian ideal, it is nilpotent, and thus
solvable and this implies that it is contained in a maximal solvable ideal, the
radical.] Our task now is to get a representation 7 of the radical # which
preserves the above mentioned faithful representation of the center. Once
we have accomplished this, we can reason as follows. We complement 7 with
a semisimple Lie subalgebra k [by Levi’s Theorem], so that § = 7 @ k. We
now define a representation p on § such that p restricted to the radical is the
representation 7 [which is faithful on 2], and restricted to k is the adjoint
representation. Since the adjoint representation is faithful on ]AC, we can con-
clude that the representation p is faithful on g, which is what Ado’s Theorem
asserts, namely that every Lie algebra has a faithful representation. In fact
we can make a stronger assertion: Every Lie algebra has a faithful nilrepre-
sentation because a nilrepresentation is a representation p in which for every
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x in § which is in the nilradical 7 of § [the maximal nilpotent ideal 7 in g,
p(x) is a nilpotent endomorphism.

Fortunately every finite dimensional Lie algebra does possess two subal-
gebras other then the radical — the maximal solvable subalgebra and the
maximal nilpotent subalgebra, i.e., the nilradical 7 (see 2.5.2). And for each
of these special subalgebras we can construct a complete flag. [See Appendix
to 2.17 for details.] [Recall that a flag for a linear space V' is a sequence of
subspaces

0=VWCAVIC#..CAV,C£V

and that a complete flag is a flag where the subspaces grow one dimension
in each step.| Since the nilradical n is a nilpotent Lie algebra, it determines
a nilpotent complete flag

:&nD&n_lan_QD...DdlDflO:é
[ag, ax] C ay, a nilpotent subalgebra
Apy1 = Qg D hpyr, dim hyq =1
[N, Gpy1] C ax C agyq: thus agyq is an ideal in n

n

Thus, starting with the center Z, which, of course, is nilpotent, we can add
nilpotent subalgebras one dimension greater than the previous one until we
reach the nilradical n.

Now since the radical 7 is a solvable Lie algebra, it determines a solvable
complete flag

I
3

F=0 D01 D Qp_2 D ... D Up_1 D Gy,
la;, a;] C a;, a solvable subalgebra

arp1 = ap © gy, dim hyy =1
[7,a;] C a;: thus a; is an ideal in 7

Thus, starting with the nilradical n (which, of course, is solvable), we can
add solvable subalgebras one dimension greater than the previous one until
we reach the radical . This produces a complete flag of subalgebras, where
the center Z = ag sits at the bottom:

Z=pwCuyC..CaC...Cap,=nC..CuyC..Ca =7

and where the a)’s are nilpotent, for & <= n, and the ,;’s are solvable but
not nilpotent. In constructing this complete flag for a Lie algebra 7, we have
that each a;, for 1 >= n, is a subalgebra of 7, and moving from a; to a;,1,
a one-dimensional subspace iziH of 7 complementary to a; was chosen. This
means that ]Ali_;,_l is a 1-dimensional Lie subalgebra, and a;; = a; & h; 1 and
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indeed @; is an ideal in 7: [F, ;] C G;. [In the case of a nilpotent complete
flag, we have another condition, namely [n,a;] C a;—1 C a;.]

Now we are seeking a representation on the radical 7 which, when re-
stricted to the center Z = ay of dimension n, is the faithful representation of
this center in the nilpotent matrices of gAl (2n,C). We do this by moving up
our flag one dimension at a time.

Now there is a Proposition which asserts that we can do this in a more
general situation:

Proposition:

Let g be a Lie algebra which is a direct sum of a solvable ideal a
and a subalgebra h. Let p be a representation of a. Then there is a
representation 7 of ¢ such that

anNker(t) C ker(p)

It also states that if the nilradical n of ¢ is the nilradical of a, or if the
nilradical of ¢ is itself g, then 7 may be taken to be a nilrepresentation.

[T might remark that the last mentioned condition — a N ker(7) C ker(p)
— insures that the representation 7 remains faithful on the center Z as we
move up the flag.|

However at this point in our exposition we will not prove this Proposition
in its generality. Rather we circumvent this proof by explicitly defining a
representation 7; on a; as we move up the flag such that, when restricted
to the center Z, this representation is faithful. And we will show that the
condition

CALl',l N k@?”(Ti> C ker(n,l)

is indeed satisfied at each step.

Thus, starting from the center Z = ag, we have the following:

For n =1, we have a; = 2 &® Bl. Now Z is a solvable ideal in a; [since
Z is the center of g] and hy is a one-dimensional subalgebra of n not
contained in 2. We know that o is the faithful representation of the
center 2 in the nilpotent matrices of gAl(2k,(D) as constructed above. We
define 7y to be this representation o and define 71 to be a representation
of dl

o~

T :dy =2 ® hy — gl(2k,0)
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which on the center Z is the representation o found above, and on hy
is 0. Thus ker(m) is hy, and since o is faithful, its kernel is 0 and

~

71(h1) = 0. Thus we observe that the condition
ao N ker(m) C ker(m)

is satisfied and aoNker(m) = ZNker(o) = 0 and ker(ry) = ker(c) = 0.
Finally, since a; is nilpotent, its nilradical is itself and the image of 7
is the image of 79 which is the image of o, which is in the nilpotent
matrices of gAl (2k,C), and thus we have a nilrepresentation.

What we do, then, is move up the nilpotent complete flag one dimension
at a time from the center Z = a( to the nilradical n = a,, and then up the
solvable complete flag to the radical 7 = a,, and at each step we define a
representation 7; of the Lie subalgebra a; which is faithful on the center Z,
and whose image is a set of nilpotent matrices in gl (2k,€). And we remark
that indeed all these representations satisfy the condition:

CALl',l N ker(n) C keT(Tz;l)

Thus, in the end, we will have a nilrepresentation of the radical # which is
faithful on the center 2.

The following calculation is informative. We now have a nilpotent Lie
algebra a; in our complete nilpotent flag of the nilradical n. We calculate

~

[a1, 1] = [ao & hl» ap @ ih] = [ag, o] + [ao, h1] + [ill, ao) + [;lh iLl]

Now knowing that ay = 2, we have [ag,d9] = 0. Now [&o,ﬁl] and [ﬂl,do]
are the same subspace [since in any Lie algebra, [z,y] = —[y, z]], and since
Go is the center of §, this gives [ag,l1] = 0. And finally, since h; is one-
dimensional, [fAzl, iLl] = 0. Thus [a1,a41] = 0, and a; is abelian but it is not
in the center of g. We can, however, conclude that a; is a nilpotent Lie
subalgebra of g. Also, we note that [a;, ayg] = 0 C ap, and thus g is an ideal
of a; which fact is a consequence of being part of the complete nilpotent flag.

Thus we move up our nilpotent flag one dimension: ay = a; @ ho, where
hs is a one-dimensional linear space in n complementary to a;.

From a; to as:
For n = 2, we have ay = a1 @ hy. Since a; is an ideal in n, we have

[n,a1] C a1, and thus [ag, a;] C aq, giving us G, as an ideal in ao. Now
we define 7 to be a representation of ao
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Tgidgzdl@ﬁzzé@ﬁl@ﬁg—>gAl<2/€,(D)

which on CALAl is thle representation 7 found aboye7 anfi on ﬁg is 0. Thus
ker(7y) is hy @ hy: since o is faithful and 7(hy @ hy) = 0. Thus we
observe that the condition

ay Nker(m) C ker(m)

is satisfied since a;Nker(ry) = (ﬁ@ﬁl)ﬁ(ﬁl@izg) — h, and ker(m) = hy.
Finally since as is nilpotent, its nilradical is itself and the image of 73 is
the image of 7y which is the image of o, which is in the set of nilpotent
matrices of gAl (2k,@), and thus we have a nilrepresentation.

We again make the following calculation. We now have a nilpotent Lie
algebra as in our complete nilpotent flag of the nilradical n. We calculate

[az, o] = [a1 & ha, Gy ® il2] = [ay, a1] + [a1, ilz] + [327 ap) + [32, ilQ]

Now knowing that a; is abelian, we have [a;, a;] = 0. Also [aq, ilg] and [izQ, as
are the same subspace. Finally, iLQ is one- dimensional and thus [ﬁg, iLQ] =0.
Thus we have [ag, ao] = [a1, iLQ] Also we note that [ag,a1] C a9 C a1, because
we have the properties of a nilpotent complete flag and a; is an ideal in a».

Let us now move up one more step in our complete nilpotent flag, if
possible. We have a3 = ao @ hz, where hz is a one-dimensional subspace
complementary to n.

From asy to as:

For n = 3, we have a3 = as ® hz. Since as is an ideal in n, we have
[, Go] C a9, and thus [as3, ds] C as, giving us dy an ideal in a3. Now we
define 73 to be a representation of as

7'32&3:&2@;13:2@&1@}}2@;13 —>gAl(2k:,(D)
which on @2 is tAhe reApresentation 79 found above, and on iLg is 0. Thus
k‘671(7'3) is hy @ hy @ hs: since o is faithful — thus its kernel is 0 — and
T3(h1 @ he @ h3) = 0. Thus we observe that the condition
as N ker(ms) C ker(ms)
is satisfied, since as N ker(3) = (2@ hy @ ho) O (hy @ hy @ hs) = hy & hy

and ker(my) = hy @ hy. Finally, since a3 is nilpotent, its nilradical is
itself; and the image of 73 is the image of 7 which is the image of o,
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which is in the set of nilpotent matrices of gl(2k,€), and thus we have
a nilrepresentation.

We again make the following calculation. We now have a nilpotent Lie
algebra as in our complete nilpotent flag of the nilradical n. We calculate

[as, ] = [a2 @ hs, iy @ fbs] = [ag, (2] + [a2, il?,] + [il37 as] + [537 il3]

Now [as, h3] and [hs, ay] are the same subspace. Also, hy is one-dimensional
and thus [hg, hs] = 0. Thus [as, ds] = [as, a2] + [ag,hg] = [ag, Gs). Also we
remark that [as, as] C a1 C ag, by the properties of a nilpotent complete flag,
and also ay is an ideal in as.

At this point let us recall the flag that we are building:
Z=@Ca C..Ca,C..Cap,=nC..CqC..Cap=T1

where n is the nilradical and 7 is the radical of our algebra ¢. Continuing
as above, we will eventually reach the nilradical n (since our Lie algebra is
finite-dimensional).

Let us now explore what happens when we begin to add on the solvable
Lie subalgebras. Thus we are now at this point in the flag:

" C oy C =" C psy C ...

and we have a,11 = a, P Bn+1, where Bn+1 is a one-dimensional subalgebra
of the radical 7 not contained in n. Now we are seeking a representation 7,1
of a,1 which is faithful on ay. Using the properties of our solvable complete
flag, we know that a, is a nilpotent and thus solvable, ideal in a,,;, and
ﬁn+1, being one-dimensional, is a Lie subalgebra of a,,1.

From a,, to a,1:

We have a,,11 = @, ®hy 1. Since a,, is an ideal in 7, we have [7, a,,| C ay,
and thus [d,41,d,] C Gp, giving us that @, is an ideal in d,,1. Now
define 7,11 to be a representation of @,

Tp4l & Apg1 = Gp D iln+1 =50 O h® .. ©hy o ®hy B ﬁp\@ ]Aln+1
— gl(2k,C)

which on a,, is the representatlon T found above and on hn+1 is 0.
Thus ker(7,41) is hn+1 Dh Bhy® ... hps® hp_1 ® hy: since o is
faithful and Tn+1<hn+1> = 0. Thus we observe that the condition

an, N ker(Tu41) C ker(t,)

233



is satisfied and a, Nker(7,41) = (zEBhl D.. h n) 0 (711 Dhy® .. EBfAan)
h @ .. & hn; and ker(r,) = by @ ... ® hy,. Finally, since the nilradical
of a,1 is a,, = n, the image of 7,1 restricted to a, is again the image
of o, which is in the nilpotent matrices of gl(2k,C), and thus we have
a nilrepresentation.

Thus we see that we can move from the nilpotent subalgebras to the
solvable subalgebras and that in fact nothing in the series of calculations
changes.

We again make the following calculation. We now have a solvable Lie
algebra a,,, in our complete solvable flag of the radical 7. We calculate

[a’n-l—la CAl'n—&—ll [a'n S hn+17 an @ hn-i—l] A:
[dm &n] + [&m hn—i-l] + [hn+1> an] + [hn+17 hn—i-l]

Now [a,,, ﬁnﬂ] and [hn+17 a,) are the same subspace. Also, hn+1 is one- dimen-
sional, and thus [ﬁn+1, hni1] = 0. Thus [a,11, Gne1] = [an,an] + [an, hn+1] =
[Gp11,a,). Also we remark that [d,41,d,] C a,, which is the property of a
solvable complete flag, and thus a,, is an ideal in a,1.

And, finally, we arrive at the radical 7 of our Lie algebra g where we
have a representation 7, of 7 which is faithful on the center 2. Now we use
Levi’s Theorem to get a decomposition of g = 7 @ k for some semisimple
subalgebra k. Finally using any representation 7 on g which when restricted
to the radical 7 is the representation 7,, we define a representation p = ad®,
which gives us a faithful finite dimensional representation of g. [We remark
that this representation was over the field C.]

And thus we have Ado’s Theorem: Every Lie algebra over € has a faithful
finite dimensional nilrepresentation in some matrix algebra gl(V,C).
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Now in order to get a better grasp of what we are doing let us work
through the following example.

Let us examine, therefore, the following set of matrices:

0 u; ay C

CJlo 0 b0
A6_00d20
00 0 d

First we show that these matrices form a Lie algebra. Clearly we need only
compute the bracket product:
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0 Uy a; 0 Uz as Cs 0 Us das Cs 0 Uy
0 0 b O 0 0 b3 O 0 0 b3 O 0 0
0 0 dy O 0 0 do 0| |0 0 dy O 0 0
0 0 0 d 0 0 0 ds 0 0 0 ds 0 0
00 —a3d2 + a1d4 + b3u1 — b1U3 —C3d1 + Cldg
00 —bsdy + bidy 0
0 0 0 0
0 0 0 0
Thus we do have a Lie algebra of 6 dimensions.
Next we show that this algebra is solvable.
D' Ag = [Ag, Ao =
00 —CLgdg + &1d4 + b3u1 — b1U3 _C3d1 + C1d3
00 —bs3dy + bydy 0
0 0 0 0
0 0 0 0
D2Ag = [D'Ag, D' Ag) =
0 0 —(ngg + a1d4 + bgul — bl’LL3 —C3d1 + Cld3
0 0 —bsds + b1dy 0
00 0 0
0 0 0 0
0 0 —a7d6 + (I5d8 + b7U5 — b5U7 —C7d5 + C5d7
0 0 —brdg + bsds 0
0 0 0 0
00 0 0
0 0 —a7d6 + a5d8 + b7u5 — b5U7 —C7d5 + C5d7
00 —brdg + bsds 0
0 0 0 0
0 0 0 0
0 0 —a3d2 + G1d4 + bgul — b1u3 _C3d1 + Cldg
0 0 —b3dy 4 bidy 0
00 0 0
0 0 0 0
00 0O
0000
0000
0000
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And thus we do have a solvable Lie algebra.

We now take the brackets of the six basis matrices.

[0 w; 0 O 00 a O 0 0 0 017
(00 00|, (O00O0O0} 5, 10000
U=l 000 o000 o000

L0 0 0 0 00 0 O L0 0 0 0]

[0 0 0 ¢ 0O 0 0 O 0 0 0 017

0 00 O 0O 0 0 O 0O 0 0 O
Cl_0000’Dl_0000’D?_ooczgo

L0 0 0 O 0 0 0 d 00 0 0]

0 0 U1b1 0
00 0 0
(U, A1) = 0; Uy, By] = 00 0 0 ;[Ur, C1l = 0;[Ur, Di]) = 0;[Uy, Do) =0
00 0 0
00 a1d2 0
00 0 0
[AbBl]_Oa[Alacl]_Ov[AlaDl]_Oa[AlaDZ]_ O 0 O 0
00 0 0
00 0 o0
0 0 bdy O
[31701]:Oé[BlaDl]:OQ[Bth]: 0 0 102 0
00 0 o0
0 0 O Cldl
000 O
[Cy, D] = 000 0 i [Ch, Do) = 0;[Dq, Do) =0
000 O

From these brackets we see that Ag does not have a trivial center.

We now want to lay out a solvable complete flag corresponding to the
solvable Lie algebra Ag. We have

0 w a ¢ 0 0 az c3
Jlo o b oo o]0 o0 b 0 .
Ae=9310 0 a o [(2P%=3l00 0 o(>D4=0
00 0 d 00 0 0

Thus we see a complete flag is
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[ 0 u; ay C 0 u;y a; C 0 u;y ap €
0 0 b O 5 0 0 b O S { 0 0 b O 5
0 0 do O 0 0 0 O 0 0 0 O
00 0 d 00 0 d | 00 0 0
00 a C 0 0 ay 0 [0 0 aq 0
00 b O S 00 by O S 00 0 O } S50
00 0 O 00 0 O 00 0 O
00 0 O 00 0 O 100 0 0

Just examining the matrices we see that the matrices

0 w a 00 a ]
0 0 b O 00 b O
0 0 0 O ’ 00 0 O
0 0 0 O 00 0 0]
0 0 ag O 0 0 a O
00 b O 00 0 O
00 0 O ’ 00 0 O
00 0 O 00 0 O
are nilpotent, while the matrices
0 w a ¢ 0 v a1
0 0 b O 0 0 b O
0 0 dy O 0 0 0 O
0 0 0 d 0 0 0 d

are solvable. Thus we see that the 6-dimensional set of matrices Ag is its
own radical 7, which contains the 4-dimensional nilradical n = A, comprised
of the matrices

0 uy ay €
0 0 b O
0 0 0 O
0 0 0 O

and that it does not have a zero center.

Now we first climb up the Nilpotent Complete Flag to the nilradical Ay.
To do this, we first calculate the lower central series for Ay:

Cl'Ay = [Ay, Ay =
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0 Uy a3 0 Us das Cs
0 0 by O 0 0 b3 O -
0 0 0 O ’ 0 0 0 O n
0 0 0 O 0O 0 0 O
0 0 b3ul —blu3d ¢
0 0 0 0
0 0 0 0
0 0 0 0
C?A, = [Ay,CTAY] =
0 w a1 ¢ 0 0 b3ul —blu3d ¢
0 0 b O 0 0 0 0 _0
0 0 0 O ’ 0 0 0 0
0 0 0 O 0 0 0 0

Thus we choose the first set of matrices in the Complete Nilpotent Flag
to be

S
=

Alz

o O OO
o O OO
o O O

o O OO

It is one-dimensional, and thus is an abelian subalgebra of A4. Indeed from
our knowledge of the Complete Nilpotent Flag, we know that A; is an ideal
in A4. From the brackets of the basis vectors we have immediately that this
bracket [A;, A4] = 0 and this affirms that the matrices A; is an ideal in Ay.

We choose the next set of matrices in the Complete Nilpotent Flag to be

a

i
9]

1

AQI

o O OO
o O OO

0
0
0

o O O

which is equal to A; plus the 1-dimensional subspace C

Cc

[l

Ch =

o O O O
o O O O
o O O

0
0
0
0
We see from the bracket of the basis vectors that
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0 0 —b1U3 0
00 0 0
[Az, Ad] = 00 0 0
00 0 0

and thus A, is an ideal in Ay, but also we see that [Ag, Ay] C A; C Ay, which
is as it should be from our knowledge of the Complete Nilpotent Flag. We
remark also that C'A, = As.

We choose the next set of matrices in the Complete Nilpotent Flag to be

00@161
- 00 b O
A5 = 00 0 0
00 0 0

which is equal to A, plus the 1-dimensional subspace B;, where

00 0 0
Jlo o b0
B = 00 0 0

00 0 0

We see from the bracket of the basis vectors that

0 0 —bus 0
00 0 0
[A3, Ad] = 00 0 0
00 0 0

and thus Aj is an ideal in A4, but also we see that [A4, As] C Ay C Az, which
is as it should be from our knowledge of the Complete Nilpotent Flag.

Now the next set of matrices in the Complete Nilpotent Flag is

0 U ap C
0 0 b 0
Ay = 00 0 0
00 0 0

which, of course, is the nilradical of Ag. We observe that A4 is equal to As
plus the 1-dimensional subspace U,

0
U1:

oo o
oo oFf
oo oo
co oo
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is indeed a subalgebra of our Lie algebra Ag, since it is generated by a basis
vector for Ag.

We continue up our flag. We are now in the Solvable Complete flag part
of our Lie algebra Ag. Everything repeats except that we no longer have the
relation

[0, Gig1] C a3 C Qi

(which was a characteristic of nilpotent Lie algebras and not of solvable Lie
algebras) but only the relation

[T, Qix1] C Qitq

We choose the next set of matrices in the Complete Solvable Flag to be

Ou1a1 C1
o 0 b 0
As = 00 0 0
0 0 0 d

which is equal to A4 plus the 1-dimensional subspace D;

0
0
D, = 0

o O OO
o O OO
o O OO

dy

We see from the bracket of the basis vectors that

00 bgul—blu2 Cld2
0 0 0 0
[A4, 45 = 0 0 0 0
0 0 0 0

and thus A, is an ideal in As.

Finally, the next set of matrices in the Complete Solvable Flag is the
radical 7 = Ag

0 Uy a1 C1

B 0 0 b O
Ad=110 o dy 0
0 0 0 d
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which is equal to As plus the 1-dimensional subspace D,

00 0 0
00 0 0
Dy = 00 dy 0
00 0 0

Again we see from the bracket of the basis vectors that As is an ideal in Ag
since

0 0 a1d4 + bgul — b1U3 _CBdl + Cldg
- 0 0 bidy 0
(A5, Ao] = 0 0 0 0
0 0 0 0
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Appendix for 2.17: A Review of Some Terminology:
Nilpotent Lie Algebra:

We have

g
C*g:=[3,C*'gl=0C C"'g
Ck=1G C center(g) # 0
Each (g is an ideal of §
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Nilpotent Complete Flag

We have
C'¢g=g=ayD>a;D...0a,=0C¢>...Da,=C"§g>...Da, =
CFg=0
where dim ¢ = n = dimag = dimay + 1;dimay = dimay; + 1;. . . .dima, =

dima,,_; + 1.
Also we have § D C'g D C%?g D> C3¢ D ... D> C*1§ D C*§ = 0 where

dim § = n > dim C'g > dim C?§ > dim C3¢ > . . . > dim C*1§ >
dim C*§ =0
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Nilpotent Lie Algebra implies a Nilpotent Complete Flag:
We have

GDOC'GDC*G>C%;>...0C1g D> C%; =0 where

dim ¢ = n > dim C'§ > dim C?¢ > dim C%§ > . . .> dim C*¥" 1§ >
dim C*g =0

Now having chosen ao = g = (g, we then choose ay = a; ® hy where

a1 O C'g is of dimension n—1 and hy is an arbitrary complementary subspace
of dimension = 1.

If a; # C'§, we continue with a; = ay & hy, where a, C C'§ and is of
dimension n — 2 and h; is an arbitrary complementary subspace of a; and is
of dimension = 1.

Continuing in this manner we obtain a complete flag

g:&oDdlDng...an_lgdn:O.

’l: ~ A
where each C"g appears for some a,.

Thus we have
C'=ayDa;D...0a,=C¢>...04,=C"§g>...Da,=0

Now choose an a; such that
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Then we have
9, a;] = lag, a;]) € [C%9,C'g] = C"™"g=a; C a1 C @y

and thus a; is an ideal in §; and indeed this means [a;, @;] C a;, and thus @,
is a subalgebra. [We remark that nilpotency of the Lie algebra determines
the critical inclusion a;y; C a;; and also this inclusion means

[9/@iv1, GifGiga] C Gi1/aip1 =0
and this relation says that a;/a;,1 is in the center of §/a;,1.]
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Nilpotent Complete Flag implies Nilpotent Lie Algebra:

We are given the nilpotent complete flag
g:doDdlDdzD...anledn:O

We use induction to prove that C'g C a;; that is, C* = [g,C*1g] C a;.

A

For i = 0, we have %G = g = ay = g.
Assume that the claim is true for 7. This gives C'g C a;.

We prove that the claim is true for ¢ + 1, i.e., C*"'g C a;41. Now since
a; = Q;y1 B h;, we have

C*lg =1[g,C%| C [g, i
= [9,ai11 ® hi]
= [, Giy1] + (9, hi]
C Giy1 + Qg1
C Qi1
since a;y1 is an ideal in g and [g,ﬁi] C [9,a;] C a;y1. Thus for some n,
C" 1§ C Gp_1, C"g C a, = 0 and thus § is a nilpotent Lie algebra.
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Solvable Lie Algebra:

In a solvable Lie Algebra, we have:

DE-15 .= [Dk_Qg,Dk_2f]]
D¥g := [D*1g, D*1g] =0
[Each D'g is an ideal of § by Jacobi identity]
DF=15 = 0 is an abelian ideal of §
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Solvable Complete Flag:

In a solvable complete flag we have:

DGg=g=ap>a;D>...Da;,=D'¢>...2a,=D"§g>D...Da,=
DFg =0

where dim § = n = dimag = dima; 4+ 1;dimay, = dimay, + 1;. . . .;dima, =
dim a,,—1 + 1.

Also we have § D D'g D D?*G > D3§ D ... D D*1g D D*§ = 0 where
dim § = n > dim D'¢ > dim D?§ > dim D3¢ > . . .> dim D¥!§ >
dim D*§ = 0
Also we a have

[a;, ;] C a;: thus a; is a subalgebra
[di, &i—i-l] C di+l: thus di+1 is an ideal in CALZ
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Solvable Lie Algebra implies Solvable Complete Flag:

Here we have

dim g =n >
D'g:=[D%,D%] = 9,9]; D'g = C'g
D?*g:=[D'g, D'g]

D*g = [D?g, D?§]

DE-15 .= [Dk_Qg,Dk_2f]]
D¥g := [D*1g, D*1g] = 0
[Each D'g is an ideal of § by the Jacobi identity]
DF=15 = 0 is an abelian ideal of §

dim § = n > dim D'¢ > dim D?§ > dim D3¢ > . . . > dim D*'§ >

dim D*§ = 0

Now having chosen ag = § = D", we choose ag = a; ® ho where d; O Dlg
and is of dimension n — 1 and hg is an arbitrary complementary subspace of
dimension = 1.

If a; # D'g, we continue with a; = Gy @ hi, where G, D D'§ and is of
dimension n — 2 and hy is an arbitrary complementary subspace of a; of
dimension = 1.

Continuing in this manner we obtain a complete flag

g=GyD a1 D0y D...Dap_1 D a, =0.
where each D'g appears for some a;.
Thus we have
D% =a0D>a;D>...Das=D'¢gD... D4, =D*§g>...Da,=0
Now choose an a; such that

D&S:DZQDQ@D&ZHQ ...th:DH_lgD...

Then we have

A A

9, ai] = [ao, a;]

N
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>
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I
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and thus @; is an ideal in ¢; and indeed this means [a;, a;] C a;, and thus a; is
a subalgebra. [We remark that solvability of the Lie algebra determines the
critical inclusion a;,1 C a;; and also this inclusion means [§/a;y1,a;/a;11] C
a;y1/a;41 = 0 and that this says that a;/a;y1 is in the center of §/a; .|
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Solvable Complete Flag implies Solvable Lie Algebra:

We are given the solvable complete flag
g=ay D a1 D0y D ... D0, 1D a,=0

We use induction to prove that D'G C a; for some j > i; that is, D'g =
(D13, D) € .

For i = 0, we have D°§ = § = a9 = g.

Assume that the claim is true for 4. This gives D'g C a; for some j > i.

We prove that the claim is true for i +1,1.e., D*g C ay, for some k > i+ 1.
Now since a; = a;_1 @ h;, we have
Dy = [D'g, D') C [a;, a;) = [a;1 @ hy, 451 @ hy]
= a1, 851] + [hy, ;1] C a1 +[a;,8;] C

Qj—1 + Q4 C aj—1

since a;_1 is a subalgebra and since h; is in a; and is an ideal in @;—; . Thus
for some k—1, D*'§ C a,_1, and for some [, D'§ C a,, = 0, and we conclude
that g is a solvable Lie algebra.
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Appendices for the Whole Treatise

A.1. Linear Algebra

We begin with the definition of a Linear Algebra or Linear Space.
When we talk about a Linear Algebra, we need to talk about two sets: a set
V' which is an abelian group and a set IF which is a field — and we say that
we are treating a Linear Algebra V' [the abelian group] over a scalar field IF.

A.1.1 The Concept of a Group. We assume that our readers have
some acquaintance with the concept of a group. Here, it is the set V' which
has a binary operation V' x V' — V' that associates, has a unique identity,
and in which every element has a unique inverse. If this operation also
commutes, then we have an abelian group in which the binary operation is
written in additive notation [(u,v) — u + v € V], the identity is given the
symbol 0, and the inverse of any element v in V is given the symbol —wv.
Here the group is abelian.

A.1.2 The Concept of a Field. The concept of a field IF is rather com-
plicated. A field IF is a set which has two binary operations, called addition,
symbolized by +, and multiplication, symbolized by just writing the two el-
ements of the binary operation in juxtaposition. The addition operation in
IF, symbolized again by 4+, is an abelian group, with identity written as 0,
and with the inverse of an element ¢ in IF written as —c. [There is usually no
confusion between these two addition operations and the two identities, one
from V and one from IF, since one always knows when one is adding elements
in V' and when one is adding elements in IF.] The multiplication operation
in IF associates and commutes and has a multiplicative identity symbolized
by 1. However this multiplication operation does not make IF' into a group.
But the operation restricted to the subset (IF'\ {0}) of IF' is again an abelian
group with the identity 1, and with the multiplicative inverse of an element
cin (IF\ {0}) written as ¢™!. [Thus 0 is the only element in IF which does
not have a multiplicative inverse.] Now it is necessary to relate these two op-
erations in IF to one another, and this is done by the law of distribution. We
say the multiplication distributes over addition on the left if for any elements
a, b, and ¢ in IF, we have a(b+ ¢) = ab + ac. Since multiplication commutes
in IF, this implies that multiplication also distributes over addition on the
right, i.e., (a + b)c = ac + be.
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A.1.3 The Concept of a Linear Space V over a scalar field IF. A
linear space V over a scalar field IF, where V' is an abelian group and IF is a
field, defines a binary function IF x V' — V| written as (c,v) — cv € V,
and this function is given the name of scalar multiplication. In order to
complete our definition of a linear space V' over the scalar field IF we need
to relate the two operations in the field IF with the addition operation in the
linear space V. Relating an element c in the field IF with the addition of two
elements v and v in V', we have the first relation for scalar multiplication
c(u+wv) = cu + cv. Relating two elements a and b in the field IF with an
element v in V, we have for addition in IF the second relation for scalar
multiplication (a + b)v = av + bv. Relating two elements a and b in the field
IF with an element v in V', we have for multiplication in IF' the third relation
for scalar multiplication (ab)v = a(bv) . We also have the relationship of
the identity 1 in IF with any element v in V: 1lv = v, giving the fourth
and final property of scalar multiplication. As seen in the above treatment,
the elements of the linear space are in the set V. Since one example of this
structure is a beautiful model for the Euclidean Plane with an arbitrary but
fixed point called the origin, the elements of V' are frequently called wvectors,
even though we might not be referring to this model. In this context, the
elements of the scalar field IF are called scalars. Another mathematical entity
which exhibits this structure is the set of all n-tuples IF" of the field IF, with
addition defined coordinate-wise (ay, -+, an)+ (b1, -+, by) = (a1+b1, -+, an+by),
and scalar multiplication defined by c(ay,- - -, a,) = (cay,- - -, ca,). [Also
we observe that the inverse ¢! of an element ¢ in IF does not enter into
the definition of a linear space over a field IF. Thus we could weaken the
structure on the set IF to one in which 0 is not the only element without
a multiplicative inverse. In this case that structure is called an associative,
commutative ring R with an identity, and the abelian group V is called a
module over the ring R. But we shall not pursue these concepts in this work.]

A.1.4 Bases for a Linear Space. From this point on we will consider
only linear spaces which are finite dimensional. This means that there exists
a linearly independent finite ordered subset B of V', called a basis of V', which
spans V. This means that each vector can be expressed as a linear combi-
nation of the vectors in the basis and that these combinations are unique
because the vectors in the basis are linearly independent. Thus suppose B
= (v1,- -, v,) [where the order is given by the integer subscripts|. Then for
any element v in V, v = cyvy + - - - + ¢, v, Where the n-scalars ¢y, - - -, ¢, are
uniquely determined. Now to prove that such a subset exists we would need
the full force of the scalars being a field IF We also know that every other
basis for V' has the same finite number of elements. [The proof of this fact
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is also omitted here.] Thus we can associate with V' a non-negative integer
n which describes the dimension of the linear space V. Note that we say
that the dimension of V' is 0 if the basis for V' is the empty set and then V'
consists of only the vector 0.

We remark that in the linear space IF", where n > 0, there is a natural or
canonical basis (eq, - - -, e,), where ¢; is the n-tuple with 0 in each coordinate
except the ith-coordinate, where it is 1: thus e; = (0,---,0,1,0,---,0), where
1 is the ith-coordinate. We can conclude that IF" has dimension n.

A.1.5 The Fields of Scalars: IR and €. The only fields of scalars that
we will consider in this study are the field of real numbers IR and the field of
complex numbers@C. We pause here to make some remarks about these fields.
The fundamental field is the field of real numbers. It is defined mathemati-
cally as the ”complete ordered field”. [The word "the” implies that there is
essentially only one complete ordered field. Thus, no matter in what guises
they may appear, all complete ordered fields are isomorphic to one another.|
We have already discussed the meaning of a field. Now a field is ordered if for
any two elements a and b in the field, with a # b, we can assert that either
a < borb < a, where a < b means that b —a is a positive real number, i.e., is
in the interval (0, +00). [Obviously both relations cannot be true, for if a < b
is true, then b < a means a—b is a positive real number. But a—b = —(b—a).
Since b — a is a positive real number, this means that —(b — a) is a negative
number, a contradiction.] Finally we say an ordered field is complete if any
non-empty set which has an upper bound also has a least upper bound. [This
concept is a concept from analysis, and not from algebra. We just quote it
and will make no more comments about it. But it does give us the conclusion
that R = {set of rational numbers} U {set of irrational numbers}; and
{set of rational numbers} N {set of irrational numbers} = nullset.]

What is important is that in an algebraic context, where we can write an
algebraic equation such as 2?2 — 2 = 0, where 2 is a rational number, = needs
to belong to the set of real numbers for the equation to have a solution. Since
z? — 2 = 0 means x? = 2, this says that x = +,/(2), which are irrational
numbers. The fact that IR is a complete ordered field allows us to conclude
that it contains solutions to equations like 22 — 2 = 0, but it does not furnish
solutions to all polynomials over IR, for the real field is not algebraically
closed. (The reader should review what ”complete” means.)

Now it is a fact that the algebraic equation, the polynomial equation over
IR 22 +1 = 0, where 1 is a real number, has no solution in the field of real
numbers. Since 22 +1 = 0 means 2> = —1, and we know that the square
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of any real number is non-negative. But there is another field which is the
algebraic closure of the field of real numbers, in which equations of this
type have solutions. It is here where the field of complex numbers makes
its appearance. The assertion that this field exists is the incredibly beautiful
but difficult to prove Fundamental Theorem of Algebra. In so far as we will
use this result we can state it as follows. Every polynomial in one indetermi-
nate x with coefficients in the field of complex numbers can be factored into
linear factors over the complex numbers, where the factoring is unique except
for its order. Since the real field is contained in the complex field, this means
that any such polynomial with coefficients in the field of real numbers can
be factored over the the field of complex numbers into linear factors. Thus
the above polynomial z* + 1 has the factorization z? + 1 = (z + 1)(z — 7),
where 7 is the so-called imaginary complex number such that i2 = —1.

A.1.6 Linear Transformations. The Dimension Theorems and
the Isomorphisms. Some of the most important results in Linear Algebra
are the two dimension theorems and the corresponding isomorphism theo-
rems. The context of the first dimension theorem concerns linear subspaces
of a given linear space V. A subset W of a linear space V is a linear sub-
space if W is a linear space with respect to the same addition and scalar
multiplication which defines V. This means that addition closes in W, i.e.,
the sum of any two elements in W remains in W and a scalar multiple of an
element in W remains in W, that 0 is in W, and that the additive inverse
of any element in W remains in W also. When W is a linear subspace of V,
the concept of a quotient space or coset space also appears and is written as
V/W. It is given a natural linear space structure: Two cosets u + W and
v+ W add together to give (u+v)+W; the 0 coset is 0+ W; and the additive
inverse of the coset u+W is (—u)+W; and for scalar multiplication we have:
c(v+W) = cv + W.

The first dimension theorem and the corresponding isomorphism theorem
considers two linear subspaces V; and V5 of the same linear space V. Now
the symbol Vi + V5 means all possible sums v; + v, with v; in V; and v, in
V5 It is an easy conclusion that V; + V5 is a linear subspace of V. The first
dimension theorem asserts:

dim(V; + V2) = dim(Vy) + dim(Va) — dim(V; N V3)
or
dim(Vy 4+ V) — dim(V}) = dim(V2) — dim(V; N Vs)

which translates immediately into the isomorphism theorem between the
quotient spaces, where the symbol = indicates a relation of isomorphism:
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(Vi +V2)/Vi 2 Vo/(Vin Va)

The second dimension theorem and the corresponding isomorphism the-
orem also put us in the context of a linear map ¢ between two linear spaces
V and W over the same scalar field. Linear maps are the homomorphisms in
the study of Linear Algebra. Thus a linear map between two linear spaces V'
and W over the same scalar field is a map that preserves addition and scalar
multiplication:

vV -w
v — ¢(v)

is such that
o(u+v)=0¢(u)+ o) and  @(cu) = cop(u)

Now any linear transformation ¢ determines two subspaces: the kernel
of ¢, written as ker(¢), is a subspace of the domain V of ¢; and the image
of ¢, given by image(¢), is a subspace of the target space W of ¢. Their
definitions are:

ker(¢) := {v € V]o(v) = 0}
image(¢) := {w € W|p(v) = w for some v € V}

We remark that if ¢ is injective then ker(¢) = 0; while if ¢ is surjective then

image(¢) = W. Evidently if ¢ is bijective then ker(¢) = 0 and image(¢) =
W and ¢ is an isomorphism.

The second dimension theorem and the corresponding isomorphism theorem
are the following:

dim(V) = dim(ker(¢)) + dim(image(¢))
dim(V') — dim(ker(¢)) = dim(image(¢))

This equation, if ¢ surjects onto W, gives immediately the isomorphism
between the quotient space and W or at least image(¢) if ¢ does not surject:

V/ker() = image(6)
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In our notation, given two linear spaces V' and W over the same scalar
field, the set of all linear maps from V' to W is symbolized by Hom(V, W),
and the set of linear isomorphisms from V' to W is symbolized by Iso(V, W).
[In this situation the dimension of V' must be the same as the dimension
of W.] However if W = V| i.e., if the domain and target spaces are the
same, then we say that the set of all linear transformations from V to V is
symbolized by End(V'), the linear endomorphisms on V. If these maps are
all bijective, then we say that the set of these linear isomorphisms from V' to
V' is symbolized by Aut(V'), the linear automorphisms of V. We also say that
these maps are the nonsingular or invertible linear transformations. Within
End(V') we have some very special linear transformations, called nilpotent
linear transformations. A linear transformation A is nilpotent if after k-
iterations (k positive) it becomes the null transformation. i.e., A* = 0, while

AR=1 £,

We can also make Hom(V, W) into a linear space over the same field IF
by a process called pointwise addition and pointwise scalar multiplication:

Hom(V,W)) x Hom(V,W)) 22 Hom(V, W))
(,B) —a+p:V—W
v (a+ B)(v) = a(v) + B(v)

IF x Hom(V,W) =% Hom(V,W)
(c,a)—ca:V — W
v — (ca)(v) = c(a(v))

It is straightforward to show that o+ and ca are also linear transformations.
It is interesting to note that Iso(V, W) is not a linear subspace of Hom/(V, W).
[If v is in ITso(V, W), then —« is also in Iso(V, W) but a + (—a) = 0, but
the zero transformation is certainly not an isomorphism. However ca, ¢ # 0,

is in Iso(V,W).]

A.1.7 Matrices. Another concept from Linear Algebra is that of a
matrix. An mxn matriz A in M,,., is an array of field elements arranged in
m rows and n columns:

a1; a2 - Qip
Q21  Az2 - Q2p
A =lay] =
L Am1 Am2 = Qmp i

We can give M,,., the structure of a linear space over IF' by defining addition
and scalar multiplication entrywise:
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A+ B = [ai;] + [bij] = [ai; + by]
cA = cla;j] = [ca;]

A row matrix is an element in M, i.e., it is of the form
[an aig - - aln]
and a column matrix is an element in M4, i.e., it is of the form

11
21

Am1

There is another binary operation on matrices, that of row-by-column
multiplication. This can be defined if the number of columns of the first
matrix A equals the number of rows of the second matrix B, i.e., A is a mxn
and B is a nxp. Then the product matrix AB is an mxp matrix, defined by

AB = [ag][bj] = [X)— aijbji]

The importance of matrices is that they can be representations of linear
transformations. If we are given a finite dimensional linear space V' over IF
of dimension n, and a finite dimensional linear space W over IF' of dimension
m, and if we choose a basis By = (v, - -, v,) for V and a basis By =
(wy, - - -, wy,) for W, then any linear transformation ¢ from V to W can be
given a matrix representation A = [a;;] in M,,x,. The following commutative
diagram illustrates this situation.

\Y ¢ W
BV BW
A
MnXl(IR‘) M (R)

The matrix A = [a;;] in M, is defined as follows. The j-th column is
obtained by taking the j-th basis vector v; for V, transforming it over to W
by ¢, and then writing ¢(v;) in terms of the basis for W, giving the m scalars
which form the j-th column of the matrix A, i.e., ¢(v;) = X", a;;w;. In this
correspondence between linear transformations and matrices, it is necessary
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to note that in the symbol M,,, the target dimension m comes first and the
domain dimension comes second. Thus there is a reversal in the manner of
writing the dimensions in this correspondence.

We remark that in this interpretation an element v in V' (or w in W) is
represented by a column matrix whose entries are the scalar coefficients of v
[or of w] written with respect to a basis By of V' [By of W].

The above definitions of (Hom(V, W), +, scalarmultiplication) and
(Mnxn, +, scalarmultiplication) give an isomorphism between these two lin-
ear spaces, and indeed this is the meaning of the word representation used
above. We remark that in the case of End(V'), the corresponding matrices
are square matrices.

The row-by-column multiplication of matrices was chosen so that the
following relation is realized. If we take three linear spaces over the same
scalar field, U of dimension p with basis By, V' of dimension n with basis By,
and W of dimension m with basis By/; and two linear maps ¢; : U — V
represented by the matrix A in M,y,, and ¢ : V' — W represented by
the matrix B in M,,y,, then the matrix C' which represents the composition
of the two maps ¢ o ¢ is exactly the product of the matrices B and A:
C = BA. With these remarks one can also see that the non-singular matrices
correspond to the invertible transformations.

A.1.8 The Trace and the Determinant of a Matrix. Now that
we are considering square matrices, we can define two important functions
of a linear transformation ¢ of a linear space V into itself: the trace and
the determinant of a linear transformation. The target space of both of
these functions is the field IF. Both of these will be defined by choosing a
matrix representation of the linear transformation, which in this case will be
a square matrix since both the domain and the target spaces are the same,
and then we will prove that the function’s value is independent of such a
matrix representation.

The trace of a linear transformation ¢ : V. — V in End(V), with the
dimension of V' equal to n, is a linear function tr(¢) : V.— IF. We define
it off of a matrix representation A = [a;;] of ¢. After choosing a basis for V/,
giving us a matrix representation A = [a;;], tr(A) is the sum of the diagonal
elements of A: tr(A) := Y1 | a;;. We know that we can give the set End(V)
a linear space structure, and we can then assert that the trace function on
End(V) is linear, i.e., tr(A + B) = tr(A) + tr(B) and tr(cA) = c(tr(A)),
where c is any scalar. It also has the property of being cyclic with respect to
multiplication [or composition], i.e.: tr(ABC) = tr(CAB) = tr(BCA). As
a corollary we have tr(AB) = tr(BA).
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The determinant of a linear transformation ¢ : V. — V in End(V),
with the dimension of V' equal to n, is an alternating n-multilinear function
det(¢) : V x --- xV — IF. We define it off of a matrix representation A =
la;;] of ¢. After choosing a basis for V, giving us a matrix representation A =
[a;;], we read the n-columns of this matrix as the representation of n vectors
(v1,-++,v,) in V| or as we say, a representation of an n-multivector in V™.
Here multilinear means that in each term of the domain we have linearity
with respect to addition and scalar multiplication, i.e.:

det(P)(vy, -+, w4y, -+, vn) = det(P) (v, -+, s, -+, V) +det(P) (v, -, v, -, )

and

d€t<¢>(vl7 Tt C(ui)a o '7”“) = C(det(¢)(vl>' T Uiyt '7Un))

for any scalar c. An alternating multilinear function is one in which if two ad-
jacent vectors are interchanged in the domain, then the value of the function
changes sign.

d@t(¢)(l]1, c Vi, Uy, '7vn) = —(det(ﬁb)(Ula c V5, U, 'avn»

The definition of the determinant function is complicated and at this
level very unintuitive. We will just give it by an induction procedure on the
dimension of V. Having chosen a basis for V', we now define the determinant
of ¢ in terms of the matrix representation A of ¢, that is, det(A), which is
an element of IF' . If the dimension of V' is one, then the det([a11]) := ayy. If
the dimension of V' is 2, then the det([a;;]) = andet([az]) — aiadet([an]) =
(11022 — A12a971. If the dimension of V' is 3, then

a1; a2 i3
det([aij]) = det g1 Q22 Q923 =
31 Aaz2 G33

Q22 A23 Q21 A23 a21 A22
+a11det — a12d€t + algdet =
Q32 Aa33 a3; Aass a3; a3z
+a11(a22a33 - a32a23) - 012(CL21CL33 - C1316123) + 6l13(@216132 - 6L31(122) =

+a11022033 — A11A32023 — Q12021033 + A12G31023 + Q13021032 — A13031022

Guided by the definition for the first few dimensions, we can now give full
inductive definition of the determinant function:

11 Q2 - Aip

Q21 Q22 -+ QA2
det([a;;]) = det " =

Am1 Am2 = Qmp

255



Qg -+ QA2pn Q21 G23 - -+ Q2p

+aqdet . . . — ajadet . . cee . + ...
Am2 -~ Gmnp Am1 Am3 - Gmn
Q21 - A2(n-1)
+ay,det
Am1 -+ Gm(n-1)

where the determinants in the sum are taken on the submatrices which are
missing the ¢-th row and the j-th column if a;; is the coefficient of that
determinant. In our definition the elements in the first row are used but it
could be any row. We see that if the dimension of V' is n, then the number
of terms in the full expansion of the determinant is n!, which is the number
of permutations on n objects and/or the order of the n-th order symmetric
group. Now each element in the expanded defining equation carries with it
a * sign, and thus we see that the determinant is an alternating multilinear
map, where half of the terms in the expansion carry a positive sign and half
of the terms carry a negative sign. Each set of subscripts found in each term
defines a permutation, and the sign of the permutation of the numbers 1, 2
..., N is given to the term in the expansion of the determinant.

Another interpretation — a geometric one — can be given to the determi-
nant. Suppose our linear space is IR" and our basis is the canonical basis.
Each column of the nxn matrix representing a linear transformation is the
image of one of these canonical vectors. These n vectors now determine an n-
dimensional parallelepiped in IR". If they are linearly independent then the
determinant of this matrix determines a real number which is the oriented
Euclidean n-volume of this parallelepiped. If the vectors are not linearly
independent, then the n-volume is zero. From these observations we can
conclude that the determinant of a singular transformation is zero, while
that of a non-singular transformation is not zero.

With respect to multiplication of matrices [or composition of functions]
we have the following nice property of the determinant function:

det(AB) = det(A) det(B)
We do not prove this property but just here declare it.

A.1.9 Eigenspaces, Eigenvalues, Characteristic Polynomial and
the Jordan Decomposition Theorem. The eigenspaces of linear trans-
formations along with their eigenvectors and eigenvalues play an important
part in our development. In this context we fix our attention on one linear
transformation 7" in End(V'), where V is a linear space of dimension n.over
the field IF. [Recall, again, that the only fields that we are considering are
IR and €]. We seek vectors v # 0 in V' with the following property:
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Tv = A\v

where A is a scalar in IF. This essentially says the T stabilizes v in a one-
dimensional subspace of V. Such a vector is called an eigenvector with the
eigenvalue = X\. Now we can rewrite this information as follows:

Tv=M or Av—Tv=0 or MMyu—-Tv=0 or (AM,—T)v=0

where I, is the identity function in End(V). Since v # 0, this means that
(M, — T') has a non-zero kernel. Thus this property identifies these special
scalars, the eigenvalues, which in turn identify the eigenvectors. In order
to obtain these scalars we use the fact that (A, — T') has a non-zero ker-
nel implies that (Al,, — 7T') is a singular linear transformation, and thus its
determinant is 0. Now we know that we need to choose a basis for V' in
order to calculate this determinant and its eigenvalues. What is remarkable
is that these eigenvalues do not depend on the basis chosen to calculate this
determinant. And this determinant will be an nth-degree polynomial in the
indeterminate A\ over the field IF. Thus we have this polynomial which is
uniquely determined by a linear transformation 7'. It is called the character-
istic polynomaial of the linear transformation T'. The roots of this polynomial
in the field IF' are exactly the eigenvalues of the transformation 7.

At this point it is necessary to bring in the algebraic closure of IR, which
is ©. With this field of scalars we know that the characteristic polynomial
of a linear transformation can be factored into linear polynomials. Also any
linear space V over IR can be considered a linear space over €, since IR is a
subfield of ©. Thus among the linear polynomials of this factorization will
again appear those with real factors, if there be any.

For a linear space V over € there is a beautiful theorem that states that
for any linear transformation 7" of V', there exists a basis such that T is
represented by a matrix A of the form

1 Q12 Qi3 A4 - -° Qin
0 co a3 ags -+ ag
A = 0 O C3 asqg -+ Q9pn
0O O 0 0O -+ ¢,

In fact more can be said. This more is the content of the Jordan Decom-
position Theorem. The linear transformation 7" of V' over € can be written
uniquely as a sum of two linear transformations, 7" = S + N, where S is
diagonalizable and N is nilpotent, with SN = NS, and in which both S and
N can be written as polynomials in 7" with zero constant term .
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A.1.10 The Jordan Canonical Form. In this context we would also
like to quote the theorem on the Jordan Canonical Form. First let us describe
a kxk Jordan block matrix J(c; k), where ¢ is in@€ and k is a positive integer:

c 1
c 1
c 1
J(c; k) = - € Myxxk

Cc

and where all other entries are zero. We remark that J(c; k) is of the form
J(c;k) = S+ N, where S is the diagonal matrix with ¢ on the diago-
nal, and N is nilpotent [an upper triangular matrix with a zero diagonal.
Also we see that SN = (cly)(N) = ¢N = ¢NI, = (N)(cly) = NS, and
we affirm that S = ¢l and N can be written as polynomials in J(c; k)
without constant terms. [Since this result is not that well-known, we will
give a detailed calculation of it in an example below. In the meantime let us
continue in our context.] We now begin to put together these Jordan blocks.
For ky > kg > -+ - > k,, we define

[ J(C, ]{51)
J(C, kg)

J(c; kp) i

We remark that the size of this matrix is (YF_; k;)x(3°V_; k;). Finally we give
the Jordan Maitriz of the Jordan Canonical Form:

J(Cl; k/‘gl)a Y ka()p)

J = . € Myxn

J(emy k™, k)

Pm

The theorem states that any linear transformation 7' € End(V'), where V'
is an n-dimensional linear space over € and V' has a basis which represents T’
as Jordan Matrix .J, and where the {c;,- - -, ¢,,} are the distinct eigenvalues
of T" with multiplicities {n, - -, n,,} respectively and where n; = 302, kj@
for 1 <7 < m. The dimension of V' is n = >, n,. The characteristic
polynomial of T is (z — ¢;)™ - - -(x — ¢p)™™. Lastly the Jordan Canonical
Form is unique up to the order of the blocks J(¢;; kfi), o KDY
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A.1.11 An Example.

We now give in detail the calculations mentioned above, which show
how we may write the matrices S and N as polynomials in J(c; k).
First we remark that if ¢ = 0, J(0;k) = N [and S is 0], and we have
our conclusion trivially. However for ¢ # 0, since we are writing these
matrices in general form, it would be rather complicated to give the
exact entries in these matrices. But we can give the flavor of these

calculations by giving this decomposition for k

c#0.
J(e;2) = lg i]

= 2 and k = 4 and

=[5 0 =[5 oo 1]
s =[5 0] = ] g %]

One observes that there are only two independent equations:

c=r(c) + s(c?)

0=r+s(2c)
Their solution is
r=2 sz—%
giving
e 0 c 1] 4]c¢
d?_[o 01_2[0 c] c[o
and
01 1
thRe
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The details for the k£ = 4 case are as follows:

| —
o O~ QO

o - O O
— O O O

OO O O

I —
I
_—
<t
5
S~—
~

| — |
S O O O

o O OO
o 0O O

OO o o
I — |

~
3}

o O~ O
o — O O
— O O O

OO O O

S
+

™

o O — QO

O —H O O

— O O O

O O O

I_I

[a\]

S O —H QO
O — OO
— O O O

o o O

v
I_I

o O — QO

o —H O O

— O O O

OO O O

One observes that there are only four independent equations:

c=r(c) + s(c?) +t(c?) + u(ch)
0 =71+ s(2c) +t(3c?) + u(4c?)

0 =s+t(3c) + u(6c?)

t 4+ u(4c)

0

Their solution is

giving:

l_l

[a\}

o O~ O

oS — O O

— 0 O O «

OO O O
e —
—|
Nej
_
1
o O~ O

oS — O O

1
o O —H ©

O — OO
— O O O

OO O O
I —

i
_

— 0 O O

OO O O
|

<
I

1
S O O O

o o O O
o 0O O

OO O O
I—

~
%)

1
o O — 0O

O —H O O
— O O O

OO O O
—

=y

<t
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and

— C]4

o O O O
o O O
o O = O
o= O O
O OO0

+ 62

I
|
w
ca ~,o 0 RO O

OO0 kR OO = O
o = O O
o

O OO0
SO O
o0 = O
o = O O

O PO OoO b0 1

|
W
|~

o
N
oo O N SO OoOO6

O O OO
OO0 =
OO0 = O
o = O O
O O OO
SO0 =
OO = O

A.1.12 The Dual Space.

Another key notion in Linear Algebra is that of the dual V* of a linear
space V. This is a very subtle concept since sets of duals are special kinds
of linear transformations and not just a set of elements as is V. We define
the dual V* of V' to be the set of linear transformations from V' to the scalar
field IF. This is a clearly defined idea and thus there is no ambiguity about
what the elements of V* are. If we give V' a basis (ey, - - -, €,), we can define
a dual basis ((e')*,- -+, (e")*) by (e)*(e;) = &%

If we have a linear map ¢ between two linear spaces V' and W over the
same scalar field

V- w
v — ¢(v)

then we can define immediately a dual linear map ¢* between the two dual
spaces V* and W*, but we have to reverse the domain and the target spaces:

w2y
w* — ¢*(w*)
where (¢*(w*))(v) = (w*)(¢(v))

Choosing dual bases, we can put this information in terms of matrices.
Let V' be n-dimensional and W be m-dimensional. Then we have the follow-
ing two diagrams.
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V gb . W W*‘ gb V*
By By  Bw* By *
A AT
Mnxl (R) mel (R) mel (R> Mnxl (R)

The mxn matrix A corresponding to ¢ becomes the nxm transpose matrix
AT corresponding to ¢*.

In the case where v* is a dual in V* acting on V, choosing a basis

(€1, + -,e,) in V means that v* becomes a lxn row matrix [v*] =
[(v*)1, - - -, (v*),], where (v*); = v*(e;). In matrix notation this becomes
01
[ (o) @) ]| 1 | = [0
L 0]

The incredible fact is that there is no natural or canonical transformation
to map V to V*. If we give V' a basis and V* the dual basis, we can map V
to V* by the map e; — (¢')*. But this map is not canonical and depends
on the basis chosen. However if we give V' a bilinear form B, then we have a
natural map between V' and V*. Now a bilinear form B on V is a mapping

B:VxV —IF
(u,v) — B(u,v)

such that B is a linear map in each variable. Then the linear map B from V'
to V* is defined as follows.

v -Es v
ur— B(u):V —F
v — B(u)(v) := B(u,v)

This map is called nondegenerate if the only zero map comes from 0 in

V. This means that if the map B(u) acting on any v in V' is zero, then u in
V' must be zero.
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A.1.13 Schur’s Lemma.

An important tool in representation theory is Schur’s Lemma. [Below we
follow the exposition of [N]]. Assume that we have two linear spaces V' and
W over a field IF. Let A be a set of linear transformations in End(V') and
B be a set of linear transformations in End(W). Let Uy be a subspace of
V', and Uy be a subspace of W. For each X in A, assume that X (Uy) is
contained in Uy. [In this situation we say that A acts invariantly on Uy .
Also we say that A acts irreducibly on the subspace Uy if A leaves no proper
subspace of Uy invariant]. Likewise we assume that B acts invariantly on
Uw. Then Schur’s Lemma affirms the following.

Let V and W be linear spaces over a field IF. Let A be a set of
linear transformations in End(V') acting invariantly on a subspace Uy
of V; and let B be a set of linear transformations in End(WW) acting
invariantly on a subspace Uy, of W. Let C be a linear map from V to
W which satisfies the following conditions:

1) For any A in A there exists a B in B such that CA = BC.
1) For any B in B there exists a A in A such that CA = BC.

Assume further that both A and B act irreducibly on V' and W respec-
tively. Then C'is either the zero map of V into W, or is an isomorphism
of V onto W [and hence B = {CAC™ A € A}].

We remark that in the situation expressed in Schur’s Lemma, we can prove
that both the ker(C') in V is an invariant subspace of V' by A, and the I'm(C')
in W is an invariant subspace of W by B.

As a corollary of Schur’s Lemma, we have the following important speci-
fication of the linear transformation C' of Schur’s Lemma.

Let V' be a linear space over € [an algebraically closed field]. Let A
be a set of linear transformations in End(V') acting irreducibly on V.
Then every linear transformation C' of V' which commutes with every
transformation A in A has the form cI, where ¢ is an element of € and
I is the identity transformation of V.
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A. 2 Cartan’s Classification of Simple Complex Lie Algebras

Note that in this appendix, many of the results are merely declared and
are not proved. The reader is strongly advised to consult [K] or [FH] for
fuller treatments.

We start with a semisimple complex Lie algebra §g. We seek what is
called a Cartan subalgebra of g. We know that every simple complex Lie
algebra contains a Cartan subalgebra but the existence of such an algebra
is not easy to prove. The problem is that its definition contains a compli-
cated maximality property, and this property is not a trivial matter to verify.
We give one description of this Cartan subalgebra, which here we shall call h.

Thus, a subalgbra his called a Cartan subalgebra if it is a maximal abelian
subalgebra such that for each H in h the adjoint representation of H acts
diagonally on §. This gives us a characteristic equation for the operation
ad(H) acting on ¢:

det(ad(H) — A\I) =0
and we have
9= ®aJa
where ¢,, is an eigenspace parametrized by a linear form «; in h*:
Jo. = {X € glad(H)X = [H,X] = a;(H)X for all H in h}

and where X is the simultaneous eigenvector in g with the corresponding
eigenvalue «;(H) for each H in h. We say that a; in h* is a root of the Lie
algebra §. Also, we have ad(H;)H = [H;, H] = 0(H) for all H in h since h is
abelian, and thus we see that we have zero roots, and that the zero root space
Jo is equal to h. We usually want to think of only the non-zero roots and thus
we reserve the o; symbols for the non-zero roots. Also, except for the zero
eigenspace, which has the dimension of A [since, of course, h is an abelian
subalgebra], we know that each non-zero eigenspace is one-dimensional. It is
interesting to observe that this means the trace of the linear transformation
ad(H;) is zero.

We call these one-dimensional non-zero eigenspaces g, the root spaces
of g. [The zero root space is h.] Thus we can conclude that we have a
decomposition of g:



and that the roots span a real subspace of h*. The dimension of the Cartan
subalgebra h, which is the zero root space, is called the rank of the Lie alge-
bra g.

We have that if o; and «; are roots [now, by exception, including the
0 root] and «; + ¢ is a root then

[gai ) gozj] C gai-l-aj]

but if o; + «; is not a root, then
[gaiaga]‘] - 0
We see that if a; = 0, then

[go, gocj] - g0+01j - ga]—

and we are just repeating that g,; is a simultaneous eigenspace for all of

~

ad(go) = ad(h)

Since our Lie algebras are finite dimensional, we know that there are
only a finite number of roots. Thus the expression above says that the bracket
of two elements from two root spaces g,, and g,, produces an element in an-
other root space if and only if o; + «; is another root [in this case again, by
exception, including the zero root space].

We also have that for each root «, [§a, §,Q] is non-zero and one-dimensional
and from the statements given above is in h, and such that

§a = ga S gfa S¥ [gom f],a]

is a 3-dimensional subalgebra of g isomorphic to SAZ(Q,(D). We also have that
[[Gas G—als Ga] # 0. In fact, we pick a basis X, in g, and a basis X_,, in §_, and
H, in h such that [Xo, X_o] = Hy and [Hy, X,] = ad(Hy) Xo = a(Hy) Xy =
2X, and [H,, X o] = ad(Hy) X _o = —a(Hy,)X_ o = —2X_,. We see that
H, in his uniquely determined by these choices, while X, and X_, are not.
[However, there is no motivation here for choosing the eigenvalue of ad(H,)
acting on X_, to be 2, or -2 for ad(H,) acting on X_,. But a natural basis
for s1(2,@) has this structure:

1 0 01 0 0
n=ly Y ]e=]0 o mar=]0 0]
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where [H,E| = 2F and [H,F] = —2F and [E,F] = H. Thus each §, is
isomorphic to sI(2,@)] The set of all non-zero roots will be called A. We also
remark that we can show that all the eigenvalues associated with the roots
are integers. Thus the roots determine an integer-valued lattice on h* and
thus we can restrict ourselves to considering h* as a linear space over the
rational field.

These roots are symmetric about the origin. We express this by choosing
for any root o an involution W, of h*, defined by

W, : h* —s h*
B — Wa(B) = 8 — 2o = § — B(H,)a

[Recall that a(H,) = 2]

W, is certainly linear since

Wa(Br + B2) = (B1 + Ba) — % =8 — 2(5%5@06 4B, — 2(5%5)(1)@ —
Wa(B1) + Wa(B2)

and

Wa(cB) = f — 208) = c(B(H,) — L)) = c(Wa(B))

It is also an involution since

Wa(Wa(B» = Wa(ﬁ - 5(Ha)a> = Wa(ﬁ) - Wa(ﬁ<Ha)a) =
B - B(Ha)& - ﬁ(Ha)a =+ B(Ha>a(Ha)a =
6 - B(Ha)a - B(Ha)a + 26(Ha)05 = 6

[This says that W, acting twice on 3, is equal to # and thus is the identity
map, which means that W, is an involution.]

The +1 eigenspace [i.e., the invariant hyperplane of the involution] is

defined as:

Q, = {8 € h*|B(H,) = 0}

The negative eigenspace is the one-dimensional line determined by a. Let us
verify both of these statements. Thus, for any 3 in €2, we have

Wa(B)=8—B(Hs)a=p—0a=p
which shows everything in €2, remains fixed by W,; and

Waola) =a—a(Hy)a =a — 20 = —«
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which shows that « is flipped to its negative by W,,.

The set of all these involutions, the W, ’s, form a group called the Weyl
group of the Lie algebra. And the set of roots is invariant by the Weyl group.
To prove this we need to know o (H,,).

We work now in the integer-valued lattice of h*. We choose a root «
in A and we let 8 be any other root in A. We define the a-series containing
£ to be all the roots of the form § + na, where n is an integer. This series
has a lower bound n = p and an upper bound n = ¢ and therefore includes
all integers n such that p < n < ¢. Recall that for each « in A, there cor-
responds a well-determined H,, in h. Now for the a-series containing [ we
know that

20 =Pt

Since a(H,) = 2 we know that ¢ = —(p + B(H,)). In particular the a-series
containing —a is

{—,0,a} ={—a+0a,—a+ la, —a + 2a}

where we see that p = 0 and ¢ = 2. Thus —98Ua) — 9 and we do have

a(He)
2=0+2.

Once again, we choose X, in g, and X_,, in §_, such that [X,, X_,|] = H,
and [H,, X,] = 2X, and [H,, X_,]| = —2X_,. Now for the a-series contain-
ing B we have that, with Xz in gg,

(X5 Xoal, Xa] = E5a(H,) X

Recalling that for the a-series containing —a,p = 0 and ¢ = 2, we see that
we have

[[XfaaXaLXfa] = WOKHQ)Xfa = (021)2[Ha>Xfa] = _2Xfa

and
[ X_ o, Xa], X o] = [Ha, X o] = —a(Hy) X o = —2X
and we observe that these two expressions are equal.
One of the most amazing facts about the roots is that if o and 3 are

not zero roots, then the a-string containing S contains at most four roots.
This gives us the possibilities:
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Forp=0:8,a+p,2a+ 5,3a+ [ [¢ = 3]
Forp=—1:—a+f,a+5,2a+ 5 [¢ = 2]
Forp=—-2:=2a+ 6, —a+p,58,a+p [¢=1]
Forp=-3:-3a+p.—2a+ 8, —a+ 3,0 [¢ =0

since for p = 1 [¢ = 4] and for p = —4 [¢ = —1], § would disappear from the
string. This means in this case that

—28We) — _p(H,)=p+q=31,-1,3

a(He

If the a-string containing [ contains three roots, this gives us the possibilities:

Forp=0:8,a+p,2a+f [q¢ =2
Forp=—1:—a+8,6,a+ 5 [¢=1]
Forp=—-2:-2a+p3,—a+ 5,8 [¢=0]

since for p =1 [¢ = 2] and for p = —3 [¢ = —1] we would have /3 disappear
from the string. This means in this case that

~28Ue) — _B(H,) = p+q=2,0,-2

If the a-string containing 3 contains two roots, this gives us the possibilities:

Forp=0:6,a+p [¢=1]
Forp=—1:—a+ 3,8 [¢g=0]

since for p =1 [¢ = 2] and for p = —2 [¢ = —1], § would disappear from the
string. This means that in this case

—2800} = —B(H,) =p+q=1,-1

If the a-string containing [ contains one root, this gives us the possibilities
For p =0: 8lg = 0]

since for p =1 and ¢ = —1, 8 would disappear from the string. This means
in that case that

_2% =—0((H,) and p+¢=10

There are two other ideas that help control the roots — that of a simple sys-
tem of roots and that of an indecomposable system of roots. First we choose
a basis of roots in h* : (B1, ..., B1), where [ is the dimension of the Cartan
subalgebra [or rank of the Lie algebra]. Thus for any root « in h* we have o
= Y., a;3;, where we know that the scalars a; will be integers. We can now
introduce an ordering on the set of roots by ordering h*. We say an element ~y
of h* is positive if the first non-zero scalar ¢; in this sum v = > | ¢;3; is pos-
itive. The set of positive duals in h* is closed under addition and by scalar
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multiplication by positive rationals. We can now order h* by saying that
o> yif o —~>0;and if 0 > v, then for any 7 in h* we have 0 +7 > v+ T;
and if ¢ > 0, then co > ¢vy; and if ¢ < 0, then co < ¢v.

Now we can call a root simple if o is positive and « cannot be writ-
ten as the sum of two other positive roots. We then let A be the set of all
simple roots relative to some fixed ordering of h*. Then we can make the
following assertions:

(i) If @ and 8 are in A and « # (3, then @ — 8 in not a root.

(i) If o and 8 are in A, and « # f3, then 8(H,) < 0.

(iii) The set A is a basis for h* over the rational field.

(iv) If « is any positive root, then o = > | a;5; where the a;

are mon-negative integers.

(v) If « is a positive root and « is not in A, then there exists a § in A
such that o — 3 is a positive root.

We now write the simple system of roots A = {f4,,,, 5} and we will
call this the simple system of roots for the semisimple algebra ¢ of rank [
relative to the given ordering in h*. We know that this is a basis over the
rational field for the linear space iL*; but more than this, we know that every
root o of g can be written as a = " ; a;/3;, where either the scalars a; are
positive integers or 0 [with at least one non-zero root] or all the scalars a;
are negative integers or 0 [with at least one non-zero root].

Now having fixed a Cartan subalgebra h of g, a semisimple Lie alge-
bra, and a simple system of roots, we can define the Cartan matrixz of g. The
entries in this matrix are:

[A) = Pors) = laa(Ha,)

Each diagonal entry on the Cartan matrix a;(H,,) is equal to 2. For
the off-diagonal entries a;(H,,), we know that they must be non-positive
[see (ii) above], and also from above they can only be 0, -1, -2 or -3. Also,
the determinant of the Cartan matrix is not zero. Now since «; and «; are
basis vectors and thus independent, the angle 0;; between them must satisfy
0 < cos*(;;) < 1. This is equivalent to saying that

TGy < dor 0 < ailHa)ay(Ho) < 4or 0 < Aydy; < 4

0<(

This, of course means that both A;; and A;; are 0 or that one is -1 and
the other is -1, -2 or -3.
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Everything that has been said above applies to semisimple Lie algebras.
But we know that a semisimple Lie algebra is a direct sum of simple Lie
algebras. To identify such a system of roots we need the concept of an
indecomposable system of roots. We define it negatively as follows. An in-
decomposable system of roots A = {ay,...a;} is a system of roots such that
it is impossible to partition A into non-empty, non-overlapping sets Ay, A,
such that A;; = 0 for every o; in Ay and every a; in Ay. And we can assert
that ¢ is simple if and only if the associated simple system of roots A is
indecomposable.

We are now at the point where we can identify the simple Lie algebras
g. We choose a simple system of roots A = {ay,...,aq} where [ is the rank
of g [which now again may be semisimple and not necessarily simple] or the
dimension of the Cartan subalgebra h. Then each root space g, is one dimen-
sional and it has a corresponding one-dimensional root space §_,,. Changing
notation a little to conform with the standard notation, we choose a basis
(H,,, ..., Hy,) for h such that oy (H,,) = 2, a basis of E,,’s for §a, and a basis
of F_,.’s for g_,, such that [E,,, F_,,] = H,,. As we have said above, this
does determine H,, but it does not uniquely determine E,, or F_,,. With
these choices we have

[Eom F—aj] =0
and

[Eoy, Foo;] = ad(Ho, ) (Eo,) = ai(Ha, ) Ea; = 2E,,
[Hoy, Flo;] = ad(Ho, ) (Flo,) = —i(Ho, ) Foo, = 2F 4,
[Eom F_Oéi] = Hai

Since [Ea,, F_o,], @ # j is in §a,—o, and o; — a; is not a root, we have

[an F*aj] =0
and
[Hoz,>Ho¢J] =0
[Ha,, Ea,] = ad(Ha,)(Eq,;) = aj(Ha,)Ea; = AjjEq,
oy, Fra] = ad(Hy,)(F-o,) = —j(Hoo)Fon, = ~ Az P,

[Haj7 E.,] = ad(H, J>(Eaz) O‘l(H%) aj; AijEsz‘

With this notation in place we can now assert the following. We have chosen
a simple system of roots A = {ay, ...,y }. This system determines the triples
H,,, E,, and F_,, Then the 3l elements of g, namely, H,;,E,, and F_,,,
generate §g. Now for each positive root § [not necessarily simple] we can
select a representation of f = «a;1 + ... + @4, S0 that a1 + ... + ayp is also a
root for all & < m. Now we know that these sequences can be determined
from the Cartan matrix [A;;]. Then the elements
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Hai and ["'HECHI? Ean]a Eai37 T Eaim] and ["'[[F*azl’ F*ai2]7 F*awn ) 'F*az'm]

determined by [ form a basis for § and the multiplication table for this basis
has rational coefficients determined by the Cartan matrix [A;;].

And thus if we want to identify the simple Lie algebras, all we have
to do is choose an indecomposable simple system of roots.

We pause here to give three low dimensional examples. The basic building
blocks of the simple complex Lie algebra is the algebra a;, the 222 matrices
of trace zero in sl (2,€). The subscript 1 on a; says that the Cartan subalge-
bra of a; is one-dimensional.] We have already exposed this algebra above,
giving the basis:

1 0 01 0 0
n=ly Y ]e=]) g mar=]0 0]

with the multiplication table:
[H,E]=«(H)E =2F and [H,F] = —a(H)F = —2F and [E,F| = H

We now show how what was discussed above ideas apply to sl (2,C). We see
that the Cartan subalgebra h of s1(2,€) is one-dimensional with basis H, and
thus 5[(2,(]3) has rank one. Dualizing, we let 3 be a basis for h* such that
B(H) = 1. Thus for the two roots of s{(2,C) we have a = 28 and —a = —23.
And we see that « is a positive root. We also see that « is simple, since it is
the only root, that is, the set of positive roots A consists of one element a.
Now the Cartan matrix for sI(2,€) is a 1x1 matrix [Ay1] = [(H)] = [2]. We
also see that the simple system of roots A is also indecomposable, for there
is no way that we can partition a set of only one member. Thus A is indeed
a A. This says that sl (2,€) is not only semisimple but indeed is simple.

The second low dimensional complex Lie algebra that we examine is the
algebra dy. These are the 4x4 skew symmetric matrices so(4,C). [Again the
subscript 2 of ds says that the Cartan subalgebra of ds has dimension 2.] Its
elements have the form:

0 —a —-b —c
a 0 —d -—e
b d 0 —f
c e f 0

We see that it is six-dimensional. We choose the following matrices as it
basis:
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0 i 0 0 0 ¢ 0 0

— 0 0 0 - 0 0 0

H, = 0 00 —i Hy = 0 0 0 i

0 0 i 0 | 0 0 —i 0
0 0 —1/2 —i/2] 0 0 1/2 —i/2
|0 0 i/2  1/2 o 0 0 —i/2 —1/2
Tl —i/2 0 0 T —1/2 /2 0 0
i/2 —1/2 0 0 | i/2 1/2 0 0

0 0 —1 —i] 0 0 -1 —i

0 0 —i -1 0 0 —i 1

P = 1 i 0 0 By = 1 4 0 0

-1 0 0 | i -1 0 0

We calculate the brackets:
[Hl, HQ] = (ld(Hl)(HQ) = 0

[Hl,El] = ad(Hl)(El) = Oél(Hl)( 1) = 2E1
[Hl,Fl] = ad(Hl)(Fl) = —&1(H1)( 1) —2F1
[, o] = ad(H,)(Ez) = ax(Hy)(Es) =
[Hy, Fo] = ad(Hy)(Fy) = —op(Hy)(Fy) =

[Hy, Er] = ad(Hy)(Ey) = o (Hp)(Ey) =0
[H3, Fi] = ad(H2)(F1) = —a(H2)(F1) =0
[HQ, EQ] = ad(Hg)(Eg) = @Q(Hg)(EQ) = 2E2

[H>, 3] = ad(H2)(F2) = —az(Hs)(F2) = —2F;

[El, Eg] = ad(

1)(Es) =
[Ey, Fi] = ad(E)

) = O
(F1) =
[El,FQ] = (ld(El)(Fl) == 0
[EQ, Fl] == ad(Eg)(Fl) = 0
(B2, F3] = ad(E»)(F3) =
[Fl, Fg] = ad(Fl)(Fg) = O
This says that the rank of so(4,C) is two, the dimension of the Cartan sub-
algebra with basis (Hp, Hy). Correspondingly we choose a dual basis for
h* : (B B2) dual to (Hy, Hy). We write the roots with respect to this dual
basis. We know that

041<H1) = 2;061(H2> =0 and O[2(H1> = O, OéQ(HQ) =2
Thus
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ap =201 + 082 and ay = 081 + 20,

a1 (Hy) =2 and (261 + 089) Hy = (261)Hy + 0(82) Hy = ( )+0=2
Oll(HQ) = O and (251 + OBQ)HQ = (251)}]2 + 0(52) = (1) = 0
(H ) 0 and (Oﬂl + 2ﬁ2)H1 (061)[’[1 + Q(ﬁg) 2 = O( ) 0 =0

az(HQ) — 2 and (08) + 26s) Ho = (081)Ha + 2(Bo) Hy = 0(1) + 2(1) = 2

We choose (1.0, as a basis corresponding to the roots. We see that with
respect to this basis both a; and ay are both positive and simple [since they
cannot be written as a sum of two other positive roots|. Finally, we know
that this set of positive and simple roots is a basis for h*.

We now compute the Cartan matrix:

AH = 061<H]_) =2
Agl = (11<H2) =0
A12 = CYQ(Hl) =0
Ay = an(H2) =2

and thus the 2 x 2 Cartan matrix is

. All A12 . 2 0
[Aij]_lAm A221_[0 21

We now show how the ideas given above apply to so(4,C). Thus, for the
4 roots of so(4,C), written on the dual basis (51, 2), we have

ap =261 + 082 or —ay = =26, + 00,
ay =001 + 203 or —ap = 08; — 203,

Thus, we see that a; and ay are positive roots. We also see that «y and as
are simple roots since neither can be written as a sum of two other positive
roots. Thus the set of positive roots A is the set {ay, as}. We observe that
a; # ag and thus oy — ap is a root; and that —ag(H,1) < 0. In fact it is
equal to 0. And, of course, the set A is decomposable. And thus we can
conclude that so(4,C) is semisimple [we can show that it has no radical] but
not simple. In fact, from the Cartan matrix, we see that is it just two copies
of s1(2,C).

This concludes our discussion of Cartan subalgebras. The reader is strongly
encouraged to pursue this topic in greater depth in [K] or [FH].
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