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Preface

This book is intended for readers who have had a course in iso-differential calculus and it
can be used for a senior undergraduate course.

Chapter 1 deals with exact iso-differential equations, while first-order iso-differential
equations are studied in Chapter 2 and Chapter 3. Chapter 4 discusses iso-integral inequal-
ities.

Many iso-differential equations cannot be solved as finite combinations of elementary
functions. Therefore, it is important to know whether a given iso-differential equation has
a solution and if it is unique. These aspects of the existence and uniqueness of the solutions
for first-order initial value problems are considered in Chapter 5. Iso-differential inequal-
ities are discussed in Chapter 6. Continuity and differentiability of solutions with respect
to initial conditions are examined in Chapter 7. Chapter 8 extends existence-uniqueness
results and continuous dependence on initial data for linear iso-differential systems. Basic
properties of solutions of linear iso-differential systems are given in Chapter 9. Chapter 10
deals with the fundamental matrix solutions. In Chapter 11 necessary and sufficient condi-
tions are provided so that a linear iso-differential system has only periodic solutions. The
asymptotic behaviour of the solutions of linear systems is investigated in Chapter 12. Chap-
ters 13 and 14 are devoted on some aspects of the stability of solutions of iso-differential
systems.

The last major topic covered in this book is that of boundary value problems involving
second-order iso-differential equations. After linear boundary value problems are intro-
duced in Chapter 15, Green’s function and its construction is discussed in Chapter 16.

I will be very grateful to anybody who wants to inform me about errors or just
misprints, or wants to express criticism or other comments, to my e-mails svetlinge-
orgievl @gmail.com, sgg2000bg @yahoo.com.

Svetlin Georgiev
Paris, France
August 15, 2014






Chapter 1

Exact Equations

Here we suppose

T:R—(0,00), TeC'(R).

We consider the equation

or

where M and N are continuous functions having continuous partial derivatives M, and N,
in the rectangle

S:{(x,y)eRz: |x —x0| <a, |y—y0\§b}, 0<a, b<eoo.

The equation (1) we can rewrite in the following form

(M(x,y) <1 —XY;((;)) ) —yN(x,y) 7;((;3) )dx—l—N(x,y)dy =0.

Definition 1.0.1. The equation (1) is said to be exact if there exists a function u(x,y) such
that

w(,9) = M) (1=2 58 ) NG By (3,9) = N(xy). )

=

The nomenclature comes from the fact that

(M (x,¥) (1 —X%> —yN(x,y) 7}((;? )dX+N (o, y)dy = ux(x, y)dx + uy(x,y)dy

is exactly the differential du.
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Once the equation (1) is exact its implicit solution is

u(x,y) =C, (3)

where C is an arbitrary constant.

If (1) is exact, then from (2) we have

o= (e (1 -+58) ot 52)

7 7 7
= My (63) (1 =28 ) = N (e, ) T2 = 3Ny () o
Uyx = Nx(xay)'
Since M), and N, are continuous, we must have
Uy (X,) = Uy (X, ),

i.e., the equation (1) to be exact it is necessary to have

' (x) T'(x) T'(x)
My (x,y) (1 ) ) —N(x,y) ) — YNy (x,y) el Ny(x,y). (4)

Conversely, if M and N satisfy (4) then the equation (1) is exact. To establish this we shall
exhibit a function u satisfying (2). We integrate the both sides of the following equality

x) = M(x3) (1=358 ) o)
with respect to x, to obtain
u(x,y) = /x: (M(s,y) (1 - s?((j)) ) —yN(s,y) 7;’((;)) )ds +8(y)- (5)

Here g(y) is an arbitrary function of y and plays the role of the constant of integration.
We shall obtain g by using the equation

”y(xvY) = N(xvy)'

Indeed, we have

aay / (M(s,y) (1 —SY;((;))> SN F S )ds—i— ¢(y) = N(x,y), (©)

X0

and since

) . (o (s
Nx(x7y) = aiiayfx() (M(S,y) <1 _577:,((;))) —)’N(S;y) 7];((;))>ds

= No(,) = My () (1 =258 ) = N ) T =y () £

:07
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the function

N(x,y) aay/x:(M(s,y)<1 S?((ss))) —¥N(s,y)

must depends on y alone.

Therefore g can be obtained from (6), and finally the function u, satisfying (2), is given

by (5).
We summarize this important result in the following theorem.

Theorem 1.0.2. Let the functions M(x,y) and N(x,y) together with their partial derivatives
M, (x,y) and Ny(x,y) be continuous in the rectangle S. Then the DE (1) is exact if and only
if the condition (4) is satisfied.

Obviously, in this result S may be replaced by any region which does not include any
“hole”.

The above proof of this theorem is, in fact, constructive, i.e., we can explicitly find a
solution of (1). For this, we compute g(y) from (6),

g(y) = [} N(x,t)dx— [} (M(s,y)<1 —SY}((;))) —yN(W)?((;)))ds

+Jr (M(SJO) <1 - SY;((f))) —YoN(s,y0) Tfléf)))ds +g(y0).

Therefore, from (5), it follows that

A

T'(s)
T(s)

u(x,y) = /} :N(x,t)dt + (M(s.30) (1 _37;'((;))) N (s.30)

and hence the solution of the exact equation (1) is given by

ny(x,t)dH— xx (M(s,yo) (1 —s?(t?) —yoN(s,¥0)

)ds+g(yo),

A

(s)
o >ds el (7)

where C is an arbitrary constant.
Now we integrate the both sides of

“y(xay) = N(X,y)
with respect to y, to obtain

u(x,y) = /) jN(x,s)ds—l— £(x). (8)

Here f(x) is an arbitrary function of x and plays the role of the constant of integration. We
will obtain the function f by using the equality

uy(x,y) = M(x,y).
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‘We have 3
y
o [ NGs)dst 7/x) = M) ©)
X Jyo
and because
9% [
My(x,y)—m . N(x,s)ds = My(x,y) — Nx(x,y) =0

the function 3

y
M(x,y)— Y / N(x,s)ds
X

Yo

must depend on x alone. Therefore, the function f can be obtained from the equality (9),
from where

/Msyds—/ Nxsds+/ N(xq,s)ds+ f(xo).

Yo

Now, using (8), we get
x y
u(y) = [ Ms.y)ds+ [ No.5)ds+foo).
X0 )
whereupon a solution of the exact equation (1) is given by the following equality
/ M(s,y)ds+ N(xo, s)ds =C, (10)

where C is an arbitrary constant.

In (7) and (10) the choice of xy and y is at our disposal, except that these must be
chosen so that the integrals remain proper.

Example 1.0.3. Let
S= {(x,y) €R?: ‘x

T(x) = 5. M(x,y) =ye', N(x,y) =2¢% (x,y) €




Exact Equations 5

The equation (1) we can rewrite in the form
2ye*dx+2e*dy = 0. (11)
Since
aay<2yex> = aax<2€x) =2¢",
then the equation (11) is an exact equation.

Let u be a solution to the equation (11). Then
ue(x,y) = 2ye", (12)
uy(x,y) = 2e". (13)
We integrate the equality (12) with respect to the variable x and we get

u(x,y) =2y g efds+g(y)

(14)
=2ye" —2y+g(y),
from where
uy(x,y) = 2¢" = 2+¢'(y).
From the last equality and from (13) we obtain
2¢" —2+g'(y) =2¢
or
g =2
Therefore
y
80) =2 [ ds+g(1) =2y -2+ ().
Now, using (14), we get
u(x,y) =2ye* —2+g(1).
Consequently, a solution to the equation (11) is
2ye* =C,
where C is an arbitrary constant.
Remark 1.0.4. Let us consider the equation
M(x,y)dx+N(x,y)dy =0, (15)

where M and N are the functions from the last example. Then

0 0
—M(x,y) =¢€" #2¢" = —N(x,y).
3 (x,y) =" # 3 N(xY)
Therefore the equation (15) is not an exact equation.
Consequently, there are cases such that the initial equation is not an exact equation and
the corresponding iso-lift is an exact equation.
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Example 1.0.5. Let
S:{(x,y)eRZ:]x—l\Sl, ]y—2\§2},
T(x) =x*+1, M(x,y) = y+2xe’, N(x,y) :x(l —|—xey). Then

T'(x) = 2x,

|

= (y—|—2xey) (1 —x%) —yx(l +xey) xzzjﬁl

— yY1=22 _ ~ 2 1+xe
= <y+2xe ) e 2xy T

the equation (1) we can rewrite in the form

N 1—x? 1 +xe” ,
(<Y+2xe>) 1+i2 —2x%y 1%:;62 )dx+x(1+xe’>dy:0.

We have

0\ 1—x2 y
(R

2 y 3yeY
= (14—2xey>1 X x2lixel  2xye

1422 1422 1422

1—3x%42xe¥ —4x3 e —2x3ye¥
1412 )

(—%(x(l+xey)> = <1+xey) +xe¥ =1+ 2xe’.

Consequently the condition (4) is not satisfied.
Therefore the considered equation is not an exact equation.

Remark 1.0.6. If we consider the equation
M(x,y)dx+N(x,y)dy =0, (16)

where M and N are the functions from the last example, we have

d d :
@M (x,y) = 5 -N(x,y) = 1 +2xe”.
Therefore the equation (16) is an exact equation.
Consequently, there are cases such that the initial equation is an exact equation and the
corresponding iso-lift is not an exact equation.
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Exercise 1.0.7. Let

S— {(x,y) eRZ:x—1|<1, |y—2| gz},

T(x) = e, M(x,y) = xy, N(x,y) = x—y, (x,y) € S. Determine the equation (1) and check
if it is an exact equation. If it is an exact equation, find an its solution.

Solution. We have

M) (1= xF) =V () B

:xy(l —x§> —y(x—y)&
=xy(l—x) —y(x—y)
=y —x%y.
Then the equation (1) we can rewrite in the form
(* —x%y)dx+ (x—y)dy = 0.

Since 5 5
G2 2N _H 2 _ 9.
ay( x°y)=2y—x"#1 ax(x ),

then the equation (1) is not an exact equation.

Exercise 1.0.8. Let

S = {(x,y) eRX: x| <2, |y—1| gs},

T(x) = e, M(x,y) = x> +y N(x,y) =x+Y, (x,y) €S. Determine the equation (1) and
check if it is an exact equation. If it is an exact equation, find an its solution.

Answer.
(x* = x* —xy* — xy)dx+ (x+y)dy = 0.

It is not an exact equations.

Exercise 1.0.9. Let

1

1
s={wner:|x—3<5 b=z},

i

A 2
T(x) = ¢, M(x,y) = Y5225 N(x,y) =x+y, (x,y) € S. Determine the equation (1) and
check if it is an exact equation. If it is an exact equation, find an its solution.
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Solution. We have

sy2
= MR (1 —x) —y(x+y)

—x
=y+ay+y —xy -y
=y.
Then the equation (1) we can rewrite in the following form
ydx+ (x+y)dy=0.

Since 3 3
5@) =15-(x+y),

then it is an exact equation.
Let u be an its solution. Then

ue(x,y) =,

uy(3,9) = x+.

We integrate the equality (18) with respect to the variable y and we get

u(x,y) = J§(x+s)ds + f(x)

=+ 5+ f(x),

from here
u(x,y) =y+f(x).
From the last equality and (17) we obtain
y+f(x)=y
or
fx) =o.

Therefore f(x) = Cp, where Cj is a constant, and

y2
() =+ 2 +Co

Consequently, a solution is
2xy+y* =C,

where C is a constant.
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Exercise 1.0.10. Let

1 1
S:{ ) RZ: <77 <7}7
() €R™: x| < 5 <5

T(x) = e, M(x,y) = y—y N(x,y) =x—y, (x,y) € S. Determine the equation (1) and

1—x
check if it is an exact equation. If it is an exact equation, find an its solution.

Answer.
ydx+ (x—y)dy =0.

It is an exact equation. A solution is

2xy—y* =C,
where C is an arbitrary constant.
Now we consider the equation
R ®
M(x.y) +N(xy) % (3%) =0 (19)

or
M (x,y)%d%+ N(x,y)xdy"" =0,
where M and N are continuous functions having continuous partial derivatives M, and N,
in the rectangle S, defined in the begin of this chapter.
The equation (19) we can rewrite in the form

(M(x,y)(f"(x) —xT'(x)) —yT’(x)N(x,y))dx—i— T (x)N(x,y)dy = 0.

Definition 1.0.11. The equation (19) is said to be exact if there exists a function u(x,y)
such that

we(x,y) = M(x,y)(T (x) = 21" (x)) = yT' ()N (x,y), (20)
y(x,y) = T(x)N(x,). (21)

The nomenclature comes from the fact that
(M) (7 () = xT(0) =T ()N (x,) ) dv+ T (N (3, )dy = (3, )+ iy (v, )by

is exactly the differential du.

Theorem 1.0.12. Let the functions M(x,y) and N(x,y) together with their partial deriva-
tives My(x,y) and Ny(x,y) be continuous in the rectangle S. Then the differential equation
(19) is exact if and only if the condition

My (x,y) (T (x) = 21" (x)) = 2N (x,9)T" (x) = yNy (x,9)T" (x) + T (x)Na(x, ) (22)

is satisfied. In the case when the equation (19) is an exact equation, then a solution of (19)
is given by

/ ’ (M(s,)(7(5) = T"(5)) ~ yoT (5)M(s,y0) ) s + T (2 / "N(x.1)dt = C

X0 Yo
or . .
/ (M(s,y)(f"(s) —sT'(s)) —yT’(s)N(s,y))ds—i—T(xo) N(xo,t)dt =C,
X0 Yo
where C is a constant.



10 Svetlin Georgiev

Proof. Let us suppose that (19) is an exact equation. Then there exists a function u satis-
fying (20) and (21). Then

iy (0,y) = My (x,y) (T (x) = 1" (x)) = T' (x)N (x,5) = yT" (x)Ny (x,),

uyx(x,y) = T' ()N (x,y) + T (x)Ne(x, ).

Since My(x,y) and N (x,y) are continuous functions in the rectangle S, then we must have

ty (X, y) =ty (6, )

i.e., for (19) to be exact it is necessary that

A A

M, (x,y) (T (x) —xT"(x)) = T’ (x)N (x,y) — yT"' (x) Ny (x,)
= T"(X)N(x,y) + T (x)Ni(x,y).

Conversely, if M and N satisfy (22), then we integrate the equality (20) with respect to the
variable x and we get

) = [ (M05.3)(F6) = 5T(6)) T (N (5.) ) +-805). 23)

here the function g is an arbitrary function of y and plays the role of the constant of inte-
gration. Now we differentiate the last equality with respect to the variable y and using (21),
we obtain

ny(63) = 35 [ (Ms,2)(T(5) = 5T'(5)) =T (5)N(5.) ) ds +¢'(3)
=T(N(x.),

from where

A

§0) = =3 L5 (M(s.3)(F () = sT'(5)) =T (5)N(5,3) ) ds

A

+T(x)N(x,y),

which we integrate with respect to the variable y and we go to

A N

80 == [ (M(s,)(F(s) = sT'(s)) = YT (s)N(s.) ) ds

+J (M(S»yo)(f(s) —sT'(s)) —yOT(S)N(s,yo))ds

+T (x) [ N(x,1)dt +g(y0).
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From the last equality and from (23), we obtain

u(x,y) = [ (M(s.3)(F (5) =sT"()) =T ()N (s.) ) ds
= L (M. (T (5) = 57()) = 3T (IN(s,) ) ds

+ I35 (M(5,30) (T(5) = sT"(5)) = yoT (s)M(s,50) ) ds
+g(00) +(x) [}, N(x,1)dr

= [ (M(s,0)(F(s) = 57'(s)) = 0T (5)M(s,0) ) ds

+T(x) 3 N(x,0)dt +g(v0)-

Therefore, a solution of the exact equation (19) is given by

/x (M(s5,50) () — 5T'(s)) — yoT (s)M (s, y0) ) s + 7 (x) / "N(x.0)dt =,

Yo

where C is a constant.

Now we integrate the equality (21) with respect to the variable y and we obtain

” y
u(x,y) = T(x) / N(x,1)dt + f(x). (24)

Yo

Here the function f is an arbitrary function of x and plays the role of the constant of inte-
gration. We differentiate the last equality with respect to the variable x and using (20) we
have

w(x,y) = T'(x) [} N(x,0)dt + T (x) 5 [ N(x,0)dt + f'(x)

= M(x.y)(P(x) —xT(x)) — yP(x)N(x.)

or
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which we integrate with respect to the variable x and we obtain
£0) = [ (MUs,) (7() = sT'(5)) =T (INs,) ) ds
— [ET(9)& [ N(s,t)dtds + f(xo) — [ T'(s) [}, N(s,t)dtds
— [ (M(s.)(T(5) = 5T()) =T ()N (5,3) ) ds = [ 7*(s) J3, N (s.1)deds
—T(x) [ N(x,0)de + T (xo) [ N(xo,0)dt + [ T'(s) [ N(s,t)drds+ f (xo)
— [ (M(s.9)(F(5) = 57(5)) = ¥T'(s)N(s.) ) ds
—7(x) [ N(x,0)dt + T (x0) [ N(xo,0)dt + f(xo).
From here and from (24), we get
u(x,y) = [ (Mls,)(T(5) = 5T'() =3P/ (5)N(s.) ) ds
+T (x0) J;, N(x0,)dt + [ (x0)-

Consequently, a solution of the exact equation (19) is given by

/ ' (M(s,)(F(s) = 577(5)) =¥ (5)N(s,) ) ds + T (x0) /) :N(xo,t)a’t —c

X0

where C is a constant. O]

Remark 1.0.13. 1. Obviously, in this result S may be replaced by any region which does
not include any "hole”.

2. The choice of xo and yy is at our disposal, except that these must be chosen so that the
integrals remain proper.

3. The function

;y /x: (M(s,y) (T(s) —sT'(s)) — yT’(s)N(s,y)) ds — T (x)N(x,y)

must depend on y alone.

4. The function

A A

M(x,) (T (x) —xT'(x) = yT' ()N (x,y) = T'(x) 5, N(x,0)dt = T (x) 5 [ N(x,)de

must depend on x alone.
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Example 1.0.14. Let
S={(y)eR:x—1] <1, pl<1},
T(x)=x>+1, M(x,y) =x—y, N(x,y) =x+y, (x,y) €S. Then

N

M (x,y)(T(x) = xT"(x)) = yT' ()N (x,y) = (x = y) (&* + 1 = 24%) = 2xy(x + )
= (1-2%)(x—y) = 2xy(x +)
=x— x> —y+x2y—2xy* —2x%y
= x> =X’y —2xy° +x—y,
T(x)N(x,y) = (¥ +1)(x+)

=x>+x%y+x+y.
Therefore, the equation (19) takes the form

(—x® —x?y —2xy> +x — y)dx+ (x> + ¥’y +x+y)dy =0.

Since

a%(—x3—x2y—2xy2+x—y) = x> —4xy—1

# %(x3 +x2y4+x+y) =3x>+2xy + 1,
the equation (19) is not an exact equation.

Example 1.0.15. Let
S={(xy)eR*:[x—4[<1, || <0},

T(x)=1+x% M(x,y) = % N(x,y) =x+y, (x,y) €S. Then

A A A 2 2
M (x,y) (T (x) —xT"(x)) — yT"(x)N(x,y) = 2B (1 —x2) — y(x +y)2x
= 5x%y+3xy? +y—2x%y — 2xy?
= 3x2y + xy2 +,

TN(xy) = (@ +1)(x+y)

=x3 +x2y+x+y.
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Then the equation (19) takes the form
(3x%y +xy* +y)dx + (X +x¥°y+x+y)dy = 0.
Since

0 0
$(3x2y—|—xy2—l—y) = a(f +x2y+x+y) =32 +2xy+1,

then the equation (19) is an exact equation.
Therefore there exists a function u such that

ue(x,y) = 3%y +xy* +, (25)

wy(x,y) = + %y +x+y. (26)

We integrate the equality (25) with respect to the variable x and we obtain

u(x,y) = 5 (3s*y+sy* +y)ds+g(y)

2.2
=xy+ 5= +xy+g(y),

here the function g is an arbitrary function of y and plays the role of the constant of inte-
gration. From here, using (26), we get

uy(x,y) =8 +x%y+x+g'(y) =x> + X%y +x+y

or
g =y

whereupon

y?

8(y) =7+,

where Cy is a constant. Then

2.2 2

X
u(x,y) = x°y+ Ty +xy+ % +Co

and
23y + 3%y + 2y +y* =C

is a solution to the equation (19). Here C is a constant.

Exercise 1.0.16. Let
S={(xy)eR*:|x[ <1, [y <1},

T(x) = ¢, M(x,y) = x> —y, N(x,y) = xy. Determine the equation (19) and check if it is an
exact equation. If it is an exact equation, find an its solution.

Answer.
e (—x> —xy? + x* —y+xy)dx + xye*dy = 0.

It is not an exact equation.
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Exercise 1.0.17. Let
S={(xy)eR*:|x=5|<1, |y <1},

fO X _ 320y _ . -
T(x) =é*, M(x,y) = 2=—, N(x,y) =x+Y, (x,y) €S. Determine the equation (19)

and check if it is an exact equation. If it is an exact equation, find an its solution.
Answer.

1
(Ey2 +xy—i—y> e'dx+ e (x+y)dy =0.

It is an exact solution. An its solution is given by
2¢'xy+€*y? =C,

where C is a constant.
Now we consider the equation

M(xy") + NG5 () =0 27)

or
M (x,y")%d%+ N(x,y")xdy" =0,

where M and N are continuous functions having continuous partial derivatives My, and N,
in the rectangle S, defined in the begin of this chapter.
The equation (27) we can rewrite in the form

M(x,y")(T (x) —xf"'(x))dx-l—N(x,yA)Tz(x)dy/\ =0.
For convenience, below we will use the notation
M(x,y)(F(x) — 2T () dx + N x, ) T2(x)dy = 0.

Definition 1.0.18. The equation (27) is said to be exact if there exists a function u(x,y)
such that

A

w(x,y) = M(x,y)(T(x) =xT'(x),  uy(x,y) = N(x,y)T?(x).
The nomenclature comes from the fact that
M (x,y)(Tx) — xT"(x))dx + N (x,y)T?x)dy = uy(x,y)dx + uy(x,y)dy
is exactly the differential du.
Once the iso-differential equation (27) is exact its implicit solution is
u(x,y) =C,

where C is a constant.
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Theorem 1.0.19. Let the functions M(x,y) and N(x,y) together with their partial deriva-
tives My(x,y) and Ny(x,y) be continuous in the region S. Then the iso-differential equation
(27) is exact if and only if the condition

My (x,9) (T (x) = 27" (x)) = Nax,y) T2 (x) + 2N (x,)T ()T (x) (28)

is satisfied. A solution to the exact equation (27) is given by

A

2(x) /} OyN(x,t)dtJr / :M(s,yo)(f"(s)sT'(s))ds:C,

or

2(x0) / "N (xo, 1)t + / :M(s,y)(f"(s)sf"’(s))ds:(],

Yo

where C is a constant.

Proof. Let us suppose that the equation (27) is an exact equation. Then there exists a
function u(x,y) such that

(x,y) = M(x,y)(T (x) —xT"(x)), (29)

y(x,) = N(x,y) T (x). (30)
Then we have
uxy(x7y) - My(%)’) (T(X) - Xf/(x))
and
tty (%,5) = N (x,9) T2 (x) + 2N (x,9) T () T’ (x).

Since M, (x,y) and Ny(x,y) are continuous functions in the region S we must have

MXY(XJ)) = uyx(xvy)‘

Consequently the condition (28) is satisfied.
Conversely, if M and N satisfy the condition (28), then we integrate the equality (29)
with respect to the variable x and we get

X
u(x,y) = / M(s,y)(T(s) = sT"(s))ds + g(»)- (31)
X0
Here the function g is an arbitrary function of y and plays the role of the constant of inte-
gration. We differentiate the last equality with respect to the variable y and using (30), we
obtain

uy (x,y) = 35 [ M(s,9)(T (s) = sT'(5))ds + &' (v) = N(x,y) T2 (x),

whereupon

¢0) =N - 5 [ M) (F(5) —sT(5))ds (32)
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We observe that the function on the right hand of the last equality must depend on y alone.
We integrate the equality (32) with respect to the variable y and we get

f A

8(y) = [y, N(x,t)T? (x)dt — [ M(s,y)(T (s) = sT"(s))ds

+ [ M(s,0) (T (s) — sT'(s))ds + g(yo),
from the last equality and from (31) we have

u(x,y) = f);f)M(s,y)(Ts) —sT’(s))ds—i—fyyON(x,t)Tz(x)dt
—f;;M(s,y)(T(s) —sf’(s))ds—l—fx)f)M(s,yO)(T(s) —sT"(s))ds + g(vo)

=T12(x) ;{;N(x,t)dt-l—f;;M(s,yo)(T(s) —sT"(s))ds + g(yo).

Therefore. a solution of the exact equation (27) is given by

2(x) / "NVt + / :M(s,yo)(f(s)—sf'(s))ds:c

Yo

for some constant C.

Now we integrate the equality (30) with respect to the variable y and we obtain
R ¥
) =T2() [ NGt + 1), (33)
Yo

where the function f is an arbitrary function of y and plays the role of the constant of
integration. We differentiate the last equality with respect to the variable x and using (29),
we get

u(x,y) =27 ()T (x) 3, N(x,1)dt + T*(x) & [ N(x,1)dt + f'(x)

A

= M(x,y) (T (x) = xT"(x)),

from where

fl(x) = =27 (x)T"(x) 0 N (x,1)dt
A (34)

—T2(x) & [ N(x,t)dt + M (x,y) (T (x) —xT"(x)).

From the last equality it follows that its right hand must depend on x alone. Now we
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integrate the equality (34) with respect to the variable x and we go to
fO0) = =2 [3T(5)T'(s) 5, N(s.0)drds — [ T2(s) 5, [, N(s,t)drds
+ [ M(s.9)T (s) = sT"(s))ds + £ (x0)
= =2 [ T(5)T(5) 3, N(s,1)deds — T2(x) [, N e, 1)
+T2(x0) 2 N(xo,t)dt +2 [£ T(s)T(5) 2, N(s.1)drds
+ [ M(s,y)(Ts) = sT"(s))ds + £ (x0)
= —T%(x) [, N(x,1)dt +T*(xo) [3» N(x0,1)dt

+ [ M(s,3)(T(s) = sT"(s))ds + f (xo).
From the last equality and (33) we have

u(x,y) =T%(x ) [ N (x,1)dr — T2 (x ) [ N(x, t)dt+T2(xo)f> N(xo,t)dt
+ o M(s,3) (T (s) = T’ (s))ds + f (x0)

= T2(x0) [3, N(xo,0)dt + [ M(s,y)(T (s) — sT'(s))ds + f (x0)-

T
Therefore, a solution of the exact equation (27) is given by
(s,y

Tz(xo)/y (x0,1 dt—l—/ M

Yo
for some constant C.
We note that in this result S can be replaced by any region which does not include any
“hole”. Also, the choice of x¢ and yy is at our disposal, except that these must be chosen so
that the integrals remain proper. O

Example 1.0.20. Let
S={(cy) RN <1, pl <1},
T(x)=x>+1, M(x,y) =x—y, N(x,y) =x+y, (x,y) €S. Then
T'(x) =2x+1,

M(x,y)(T (x) = 27" (x)) = (x = y) (" +1-2+%)
= (x—y)(1-x)

=X +x2y+x—y,

N(ey)T (x) = (x+y)(* +1)

=x3 +x2y+x+y.



Exact Equations 19

The equation (27) takes the form
(= + 2y +x+y)dx+ ( +x*y+x+y)dy = 0.

Since
(—%(*x3 +xX%y+x+y)=x>—1

# %(}9 +x%y+x+y) =3x8+ 2xy+ 1,
then it is not an exact equation.

Exercise 1.0.21. Let
S={(xy) eR*:[x—1]<3, |y <4},

T(x) = e, M(x,y) = xy, N(x,y) = x+y, (x,y) € S. Determine the equation (27) and check
if it is an exact equation. If it is an exact equation, find an its solution.

Answer.
(xy — x%y)e*dx + ™ (x+y)dy = 0.

It is not an exact equation.

Example 1.0.22. Let

S={(xy)eR*:|x-5|<1, p|<2},

T(x) =22+ 1, M(x,y) = S22 N(y vy — x4y (x,y) € S. Then

1—x

M(.y) (T () = x7"(x)) = SEEERYHOOR (] 2)
= 5x*y +2x3y% +2xy? 4 6x%y + y,
N(y)T(x)? = (x+y)(* +1)?
= (x+y)(@*+2241)
= +xty+ 23 2%y x4y,
then the equation (27) takes the form
(5x*y + 20y + 2xy% + 662y + y)dx + (° + xty + 203 + 2x}y + x+ y)dy = 0.

Since
2 (5xty+ 200y + 2097 4+ 66y +y) = Sxt + 4y 4 dxy + 667 + |

= %(x5 +xty +2x0° + 2%y +x+y),
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then the equation (27) is an exact equation. Therefore, there exists a function u(x,y) such
that

e (x,y) = 5x*y +2x°y? 4+ 2xy% + 6x%y 4y, (35)
wy(x,y) = x° + 2y +20° + 2%y +x +y. (36)

We integrate the equality (35) with respect to the variable x and we get

u(x,y) = [5(5s*y+253y? + 25y + 652y +y)ds + g(y)

= Sy + 232 42 428y +ay + g(y),

where the function g is an arbitrary function of y and plays the role of the constant of
integration.
We differentiate the last equality with respect to the variable y and using (36), we obtain

O Fxty 2y 28 x4 g (y) =X +xty+ 23 L2y x+y

or

from where

where Cy is a constant.

From here,
2

4
X
u(x,y) :x5y+ 3y2+x2y2+2x3y+xy+ % +Co,

and a solution is given by

20y +x*y? 420y + 4%y + 2xy+y* = C,
where C is a constant.
Exercise 1.0.23. Let

S={(ry) eR:]x—4|<1, |y|<2},

T(x) =€, M(x,y) = exw, N(x,y) =x—1y, (x,y) €S. Determine the equation (27)
and check if it is an exact equation. If it is an exact equation, find an its solution.

Answer.
ezx(y +2xy — yz)a’x+ ezx(x —y)dy=0.

It is an exact equation. A solution is given by
H(2y—yh) =C

for some constant C.
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Now we consider the equation
R NN A n ®
W& 5)+ 8 @ HE(v) =0 (37)
or
M (%,9) %d%+N"(%,9) %dy" =0,
where M and N are continuous functions having continuous partial derivatives M,v and N,

in the region S, defined in the begin of this chapter.
The equation (37) we can rewrite in the form

M(x,y") (1 —x?((j)))dx—i—N(x,yv)T(x)dyv =0.

For convenience, below we will use the notation

T/
M(x,y)(l —X—= (x)
T (x)
Definition 1.0.24. The equation (37) is said to be exact if there exists a function u(x,y)
such that

)dx+N(x, 7T (x)dy = 0.

uy(x,y) = M(x,y) (1 —x?éﬁ), uy(x,y) = N(x,y)T (x).

The nomenclature comes from the fact that

T'(x)
T(x)

is exactly the differential du.

M(x,y) (1 —x )dx—i—M(x,y)T(x)dy = u(x,y)dx + uy(x,y)dy

Once the iso-differential equation is an exact equation its implicit solution is
u(x,y) =C,
where C is a constant.

Theorem 1.0.25. Let the functions M(x,y) and N(x,y) together with their partial deriva-
tives My (x,y) and Ny(x,y) be continuous in the rectangle S. Then the iso-differential equa-
tion (37) is exact if and only if the condition

1'(x)
T(x)

is satisfied. A solution of the exact equation (37) is given by

My(x,y)(l —x > = Ne(x,y)T (x) +N(x,y)T" (x) (38)

/X:M(s,yo) (1 —sf:,(s))ds—i- T (x) /yN(x,s)ds-i- 7' (x) /ny(x,s)ds =C,

T(S) Yo Yo
T(xo)/ij(xo,t)dt+/X:M(s,t)(1—s];((;))>ds:c,

where C is a constant.
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Proof. Let us suppose that the equation (37) is an exact equation. Then there exists a
function u(x,y) such that

”x(xﬁy) :M(xay)<1_x77:((j)))> (39)
uy(x,y) = N(x, )T (x). (40)
Then we have ,
Usy (X, ) My(x,y)(l —x;((j:)))

and
tye(6,y) = Ne(x, ) T (x) + N (x,) T (x).
Since My (x,y) and Ny(x,y) are continuous functions in S, then we must have

uxy(x,y) = MyX(xa)’)

or the condition (38) is satisfied.
Conversely, if M and N satisfy (38), then we integrate the equality (39) with respect to
the variable x and we get

) = [ w1 —s’;'éj)))mg@), (41)

where the function g is an arbitrary function of y and plays the role of the constant of
integration. We differentiate the last equality with respect to the variable y and using (40),
we get

(s)
T(s)

M, 3) (1572 )ds -8 (3) = NaCe ) P () + N () 7 (1)

ay X0
or

¢0) = M) D)+ N ') - 5 [ G5 (1 =55 s

From the last equality it follows that its right hand must depend on y alone and after we
integrate the last equality with respect to the variable y we obtain

80) =T(3) J, NeCxs)es +7'(6) [, N s)ds = [, M) (1= 753 ) ds

+ [ M(s:30) (1 —S%)dﬁg(yo)-

From here and (41), we have

u(e,y) = [ M(s,3) (1= 5T )ds+ 7 (x) J3, Ni(x,s)ds

+T"(x) [ N(x,8)ds — [ M(s, y)(l —s ((;)))ds

+ [o, M (s, y0)<1 -5 A(%))ds—i—g(yo)

= f;(‘)M(s,yo)(l —s A(())>ds—|—T( )fyyONx(x,s)ds—f-f"’(x) S5 N (x,5)ds + g(vo).-
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Consequently, a solution of the exact equation (37) is given by

/Msyo l—s (())>ds+T /N (x,5)ds+T"(x /Nxsd =C,

where C is a constant.
Now we integrate the equality (40) with respect to the variable y and we obtain

u(x,y) = 7(x) / "N+ f (), (42)

Yo

where f is an arbitrary function of x and plays the role of the constant of integration. We
differentiate the last equality with respect to the variable x and using (39), we get

un(x,y) = /() 2, N e, 0)de + 7 () 2 f2 Nxu)de + £ (2)

s (155

or

=10 [

Yo

N(x,1)dt —T(x)ic/yjN(x,t)dt+M(X,Y) (1 —x?((;c)))

We observe that the right hand of the last equality must depend on x alone and we integrate
it with respect to the variable x, we go to

FO0) == [3T'(s) [, N(s,0)deds — [ T(x) & [ N(s,t)deds

o M(s,y) (1= 552 ) ds + £ (x0)
= 1 (x) 2 NOx,1)dt + T (xo) [ N(xo,1)dr

— [ET() & 3 N(s,t)dtds + [ T(s) 3 [ N9s,t)dtds

+ [ M(s, y)(l — ((SS) )a’s—l—f(xo)

—T(x) [ N(x,t)de + T (x0) [ N(xo,0)dt + [ M(s,y) (1 - S?((;)))ds'

From here and (42), it follows that

u(x,y) =T (x) f;{;N(x,t)dt—T(x) fyy()N(x,t)dt+T(xo)fyyON(xo,t)dt

i M(s,9) (1= 55 )ds+ flx)

=T (x0) [3 N(x0,2)dt + [ M(s, y)(l —s ((:)))ds—l—fxo).

Consequently, a solution of the exact equation (37) is given by

T (xo) /y:N(xo,t)dt + /X:M(s,y) <1 —s];/((ss)))ds =C,
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where C is a constant.

We will note that the rectangle S can be replaced by any region which does not include
any “hole”. Also, the choice of xp and yy is at our disposal, except that these must be chosen
so that the integrals remain proper. O

Example 1.0.26. Let
S={(x,y) eR*:|x—1| <1, ly| < 13,

T(x) =, M(x,y) =x+y, N(x,y) =x—y, (x,y) €S. Then

M(x,y) (1 —x?&c))) = (x+y)(1 —x§>

= (x+y)(1—x)
=—x2—xy+x+y,
N(x,y)T(x) = (x—y)e".
The equation (37) takes the form
(—x* —xy+x+y)dx+ (x—y)e’dy = 0.

Since

2 (= —xy+x+y) = —x+y

# 3 (c=yer) =e,
then it is not an exact equation.
Exercise 1.0.27. Let
S={(xy) eR*: x| <1, <1},

T(x) =x>+1, M(x,y) = x> —y, N(x,y) = xy, (x,y) € S. Determine the equation (37) and
check if it is an exact equation.

Answer.
4,2 2
XT+xy+x ydx+
1 4+x2

(x*y+xy)dy = 0.
It is not an exact equation.

Example 1.0.28. Let

S={(xy) eR: =5 <1, <1},
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T(x) = e, M(x,y) b)) N(x,y) =x, (x,y) € S. Then

= T l—x

M) (1-xFe) = S (1 —x)

=e'(y+xy),
N(x,y)T (x) = xe*.
The equation (37) takes the form
e (y+xy)dx+xe*dy = 0.
Since
9 <ex(y+xy)> =e'(x+1)= 9 (xex>
dy ox ’
then it is an exact equation. Then there exists a function u(x,y) such that
Mx(x,)’) :ex(y+xy)v (43)
uy(x,y) = xe". (44)

We integrate the equality (44) with respect to the variable y and we get

u(x,y) = xe* /O Tt + £(x) = xye + f(x), (45)

where f is an arbitrary function of x and plays the role of the constant of integration. Now
we differentiate the last equality with respect to the variable x and using (43), we have

(x+ Dye* + f'(x) = e (y +xy)

or
f/(x) =0,

whereupon f(x) = Co, where Cy is a constant. From here and (45) we obtain that
u(x,y) = xye* + Co.
Consequently, a solution is given by
xyet =C
for some constant C.
Exercise 1.0.29. Let

S={(xy)eR*:x—6/<2, <2},

2
T(x) =€, M(x,y) = e"w, N(x,y) =x+y, (x,y) € S. Determine the equation (37)

1—x
and check if it is an exact equation. If it is an exact equation, find an its solution.
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Answer. 5

e (y—i—xy—i— %)dx—i— (x+y)e*dy=0.
It is an exact equation. A solution is given by
(2xy +y*)e* =C
for some constant C.

Definition 1.0.30. For the equation (1) a non-zero function u(x,y) is called an integrating
factor if the equivalent iso-differential equation

A

() () .
plaey) (M) (1 =55 ) = 9N o) 5 Jdxuxn)N Gy =0 (46)

is an exact equation.

If u(x,y) = C, C is a constant, is a solution of the equation (1), then y’' computed from
(1) and the equality
(X, ) + ux(x,)y = 0 (46')

must be the same, i.e.,

7' (x 7' (x
wley) M) (135 ) NG 7

u)’(xay) N(xvy)
. (x.y) (x.y)
Uy(x,y 1y (x,y
~ e = = u(x,y), (47)
M(X’Y)<1 ﬁ%) —N(ey)FE Ny

where p is some function of x and y. Thus we have

p(x,y) ((M (x,) (1 - xT}((;‘))) —yN(x,y) 7}((;‘))) +N (x,y)y’)

= ux(x,) +uy(x,y)y' = ¢

and from here the iso-differential equation (46) is exact, and an integrating factor u of (1)
is given by (47).

Theorem 1.0.31. If the iso-differential equation (1) has u(x,y) = C, C is a constant, as its
solution, it admits an infinite number of integrating factors.

Proof. Let ¢(u) be any function of u. Since u(x,y) = C we have (48). From here

e )0() (M) (1 =252 ) = N ()T () + Ny )

= 0(u) % = L [ o(s)ds.

Hence, u(x,y)¢(u) is an integrating factor of (1). Since ¢ is an arbitrary function, we have
established the result. O
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2 (e )N ().

The function u(x,y) is an integrating factor of (1) provided (46) is exact, i.e., if and

) o))

~

only if
T (x)

d

iy (ﬂ('xay) (M(X,y) <1 —X

This implies that the integrating factor of (1) must satisfy the equation
) —IN (x,y)T’(X))

(0
T (x)
(49)

N(x,y)u(x,y) =y (x, ) (M (x,¥) (1 —x
T'(x)

) =N (x) =N ()T () = Nilx.) ).

= p(x,y) ((My(x,y) (1 — X0
A solution of (49) gives an integrating factor of (1), but it is not easy to be found a solution
of the partial differential equation (49). However, a particular non-zero solution of (49) is

all we need for the solution of (46).
u(x,y) =X ()Y (v),

If we assume that
dy
dy
(50)

then from (49) we have
N(X,y)%% - (M(X,y) (1 —X
') _ (0

T(x)> N(-xay)T (X) yNy(x>y)

= M,(x,y) (1 —X

) =N C) (0 =3, () 7' (x)

Hence, if
fv/
My(x,y) (1 —X T((;C))
= N(xy)g(e) — (M) (1= 258 ) N, ) /() ) ),
then (50) is satisfied provided
1dX 1dYy
—— = d ——= 50’
Y 8w a Y dy ), (507)
i.e.,
X(X) — efg()()d)(7 Y(y) — efh(y)dy. (50//)
We will illustrate this in the following example.

Example 1.0.32. Let
S={(xy) eR*: |x=5] <1,
T(x)=¢€" M(x,y) = nylr:yz’ N(x,y) =x, (x,y) € S. We will search an integration factor

u(x,y) in the form
u(x,y) =x"y", mn€eR, (m,n)#(0,0).
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In this case the equation (1) takes the form

(xy+y—y2(

1—x) —yx)dx—l—xdy =0,
1—x

or
(y—yz)dx+xdy:0. (51)

We multiply the equation (51) with xX™y" and we obtain
X"y (y =y )dx + 2"y dy = 0.
We will find m and n by the equation

7 (0 02) = 5 (1)

or
"y (y = 7)Y (1= 2y) = (m+ 1"y,
or
(n+ D"y = (n4+2)x"y" = (m+ 1"y,
whereupon
n+l=m+1, n+2=0,
ie.,
m=n=—2.
Consequently
()=
X,y) = .
Hy) = 25

Then the considered equation takes the form

1—y
x2y

1
dx+ —dy =0,
Xy

which is an exact equation. Therefore there exists a function u(x,y) such that

1—y
ux(X,y) = xzy (52)
and .
uy(xvy) = Ev (53)

from where, after integrating (53) with respect to the variable y, we have

1
u(x,y) = _@ +f(x)a

where f is an arbitrary function of x and plays the role of the constant of integration. We
differentiate the last equality with respect to the variable x and using (52), we obtain

o, 11
xTerf(x):Ty—;
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or .
/
X)=——.
)=
From here, after we integrate with respect to the variable x, we get
f) =1 +G
X)=—
X 0
for some constant Cyy. Hence,
1 1
ux,y)=-——+C=-—+GC
Xy
and a solution is given by
y(1-Cx)=1

for some constant C.

One may also look for an integrating factor of the form u = u(v), where v is an function
of x and y. Then (49) takes the form

VM0 (1250 ) =N () =y ()T () = Nely)

AV NG— (M) (1= 58 ) = NG ) () ), Y

Thus if the expression on the right side of (54) is a function of v alone, say, ¢(v) then the
integrating factor is given by
p=el oMy, (55)

Below, some special classes of v and the corresponding function ¢(v) are given.

1. v=x,
¢()_My<x,y>(1—x§’§j;)—N(x,yﬁ'(> 3Ny ()T () = N, )
Yo N(x,y) '
2. v=y,
oy < ) (l—x—;‘) 9N () () = N )
M(x y)(l—x 5;;;)+yN<x 3T (x) |
J.v=x—y,
My(x,9) (1= x5 ) = NGy () = 9Ny (6, ) T () = Mol )
o(v) = o :
N(x +(Mxy (17 (x))ny(x,y)T’(x))
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4. v =xy,
My (x,9) (1= x5 ) = NGy () = 9Ny (6, ) T () = Nol,)
¢(V) = (x) N
IN ) = (M) (x =22 F8) —xoV () () )
5.v= f,
o= Y (1 =5 ) =N (@) -y G ()~ Moly)
YN (x,y) + (M (x,¥) (x—xz TT((;“)) ) —xyN (x,y)T’(X))

6. v=x>+y

My(x,9) (1= 52 ) = NGy () = 9Ny (6, 9) T () = Mol )
2xN(x,y) — 2y(

If in the above equalities the right hand is a function of v, then the equation (1) has inte-

grating factor u given by (55).

Lemma 1.0.33. Suppose (1) is exact and has an integrating factor u(x,y) (# const), then
u(x,y) = C is a solution to the equation (1).

Proof. In view of the hypothesis, the condition (49) implies that

NG 50) = 20) (650) (1= ) o)) =

Multiplying the equation (1) with u(x,y) we get

(e )y () (1 =) = Co)N e ) 2 o N Gy )y
= N(x,y) (e (x,y) + 1y (x,y)dy)
= N(x,y)du(x,y) =0

and this implies the lemma. O

Theorem 1.0.34. If u;(x,y) and uy(x,y) are two integrating factors of the iso-differential
equation (1) such that their ratio is not a constant, then u; (x,y) = Cup(x,y) is a solution of

(1).

Proof. Clearly, the iso-differential equations

(m (x, )M (x,y) <1 - xTT,((;C)) ) — yu1 (%, y)N(x,y) 7;((;)) )dx + 1 (x, )N (x,y)dy = 0,

(56)
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" 7/
(ﬂZ(x7y)M(x7y) (1 _x]: (X) ) _yIuZ(x7y)N(x7y) ’Ij\ (X) )dx+“2(x7y)N(x7y)dy =0,
T(x) T (x)
(57)
are exact.
Multiplying (57) by Z ;gi ; converts it to the exact equation (56) and the last lemma
implies that Z;g;; = C is a solution of (57), i.e., of (1). O

Exercise 1.0.35. Let
S={(xy) eR*:|[x=7|<2,  [y—10]<3},

T(x) =e5 M(x,y) = Lytyviyty N(x,y) = x+x3, (x,y) € S. Determine the equation (1),

1—x
find an its integrating factor and an its solution.

Answer. The equation (1) is
(¥Py+y+ Ddx+ (x+x°)dy =0,
an its integrating factor is
1
u(x,y) = T2
an its solution is
xy4tan~!(x) =C

for some constant C.

Exercise 1.0.36. Suppose that the equation (19) is an exact equation. Prove that T (x) is
an integrating factor for the equation (1).

Definition 1.0.37. For the equation (19) a non-zero function u(x,y) is called an integrating
factor if the equivalent equation

(.y) (M) (7 () =T (1) =3 (N (x.) ) dx+ e ) TN (e y)dy =0 (57')
is an exact equation.

If u(x,y) = C, for some constant C, is a solution to the equation (19), then y’ computed
from the equation (19) and (46’) must be the same, i.e.,
__ulny) My (T () —xT'(x)) = yT'(x)N (x,y)

uy(x,y) T(x)N(x,y)

or Uy (x,) Coulny)
M(X,y)(f(x) _XT,(X)) —yT’(x)N(x7y) - T(X)N(x,y) _:u( 7y)a (58)

where u(x,y) is some function of x and y. Thus we have to have

N

u(x,y) (M (e, 9)(T (x) = xT"(x)) = yT"(x)N (w)) +u(, )T ()N (x,y)y
(59)

du(x,
= e (x,y) + 1y (x, )y = 42

and from here the equation (57’) is an exact equation, and an integrating factor u(x,y) of
the equation (19) is given by (58).
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Theorem 1.0.38. [f the iso-differential equation (19) has u(x,y) = C, C is a constant, as its
solution, then it admits an infinite number of integrating factors.

Proof. Let ¢(u) be any continuous function of u. Since u(x,y) = C we have (59). From

here,

(e 3)0() (M(x.3) (7 () ~x7'(0) 3T (N(x.5) ) + 1) T (N (x.)

du(x,

= 0(u) G

_d qu

=4 Jo 0(s)ds.
Hence, u(x,y)¢(u) is an integrating factor of (19). Since ¢ is an arbitrary function, then we
have established the result. O

The function u(x,y) is an integrating factor of (19) provided (57) is exact, i.e., if and
only if

3 (1) (M) (T () =27 () 3T @V () ) ) = & (4G ) T (RN (.))-
This implies that an integrating factor of (19) must satisfy the equation

e 3) T ON(.) = 1 (e.9) (M3 (T(@) =27 () ) -3 T (N (x.))

N

= pae.y) (M (x3) (700) =" (x) ) = T/ (N (x,3) =T (N, (.3)

TN ()~ T (RN(,)) (60)

A solution of (60) gives an integrating factor of (19), but it is not easy to be found a solution
of the partial differential equation (60). However, a particular non-zero solution of (60) is
all we need for the solution of (19).

If we assume that u(x,y) = X(x)Y (y), then from (60) we have

PN )y B0 — (M) (706) —27'(0)) P (N (.3) ) iy 202

(61)

Hence,

A A

TN »)g(0) = (M(x,y) (T00) =X (1)) =37 (N (x,3) ) ()

=My () (T(0) = x7(x) ) = 20/ ()N (x,9) 5T/ ()Ny (x.3) = TN (),
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then (61) satisfied provided (50") and (50”).

Example 1.0.39. Let

S={(x,y) eR?: [x—7| <1, ly—10] <3},

N 2,212 ,
T(x) =2+ 1, M(x,y) = ®2505 N(x,y) = 53%5. Then

M) (7.0 = () =T (N (x.)

_ 4x2y2+y2 2 3xy
= (1= = 205745

_ 4X2y2 +y2 3)(2}'2

1422 x2+1

PP
T 142

=¥,

A

T(x)N(x,y) = (x> + 1)232):{2 = %xy.

Then the equation (19) takes the form

3
yodx + Exydy =0. (62)

Since
9, 5 2 /3 3
3120 2G) -
ay(y )=2# 5 (50) =5y
then the equation (19) is not an exact equation.
We will search an integrating factor of the equation (62) of the form u(x,y) = X (x)Y (y).
We multiply (62) with u(x,y) and we get

XY ()dx+ 20X ()Y ()dy =0,

We want
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From here, it follows that there exists A € R such that

1 1 4y
2 H7 G =

whereupon
2 21
X(x) =G5t YO =Gy T

In particular, for A = % we get an integrating factor
p(x,y) = xy.

One may also look for an integrating factor of the form y = u(v), where v is known
function of x and y, then (60) leads to

d

S

1
u(v) dv

My (x) (T(x) L (x)) 2P (N )y (N ()T (V) (63)

T ()N (x,y)—vy (M (xy)(F () =27 (x) =y T" (x)N (xjy))

Thus, if the expression in (63) is a function of v alone, say, ¢(v), then the integrating factor
is given by (55).
Some special classes of v and the corresponding ¢(v) are given in the following table.

1. v=ux,
My(x,y) (T(x) - xT’(x)) — 27 ()N (x,y) — y T (x)Ny (x,y) — T (x) Ny (x, )
" PN ) -
2. v=y,
o) = _My(x,y) (T(x) — xT’(x)) — 2P ()N (x,y) — T (1)Ny (x,y) — T (X)Ns (x, )
M(x,y) (1) =27"(x) ) =y ()N (x,)
3ov=x-y,
)~ My (6,9) (T0) =27/ (2)) = 27 (N (o) P (N () — (N, )
PN y) +M(x,y) (T0) = (2)) =y (N (x,5)
4. v=1xy,
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5. v= ﬁ,
o) (5.9) (F(6) =27 (x) ) = 28" CON (5, 3) = T (N () = T ()N, )
vV)=Yy = = ~
ST N (x,y) = 6(M(9) (T(x) = 27"(x) ) 5T ()N (x,))
6. v:x2+y2,
oy = 20 (7(6) = 27"(x) ) =2 (N (x,3) =y (N (x5, ) = T () Ne (v, )

2xT (x)N (x,y) — 2y (M(x,y) (T(X) —XYA”(X)> —yT’(x)N(x,y))

If the expressions in the right hand are functions of v, then the equation (19) has integrating
factors given by (55).

Lemma 1.0.40. Suppose (19) is exact and has an integrating factor u(x,y)(# const), then
u(x,y) =C, C is a constant, is a solution of the equation (19).

Proof. In view of hypothesis, the condition (60) implies

e )TN (e,y) =y () (M) (T0) = () ) =T (N (x.)) = 0.

We multiply the equation (19) with u,(x,y) and using the last equality, we get
0 = g1y (x,3) (M, 3) (7.00) = () ) = yF/ (0N (x.9) ) + a0 (2, 9) T (N (x,9)Y

(e, 0) T ()N (x,3) + ay (%, ) T (x)N (x,y)y’

7 (N () (s 63) 11, (2,3

5 d
=TONxY) G
i.e., u(x,y) = C, C is a constant, is a solution of (19). O

Theorem 1.0.41. If u;(x,y) and uy(x,y) are two integrating factors of the equation (19)
such that their ratio is not a constant, then u, (x,y) = Cuz(x,y) is a solution of (19).

Proof. We have that the equations

 (x,3) (M) (T(0) =57 (0)) =T )+ pn (YN =0, (63)
2(x,3) (M) (T(@) =27"() ) T (N (.3) ) + T (e, )N y)y =0, (64)
are exact. Multiplying the equation (63') with £2 E ’ ; we obtain the exact equation (64).
From here and the last Lemma it follows that y]( x,y) = Cua(x,y), C is a constant, is a

solution of (63'), i.e., of (19). O



36 Svetlin Georgiev

1
T(x)

Exercise 1.0.42. Suppose that (1) is an exact equation. Prove that is an integrating

factor of (19).

Definition 1.0.43. For the equation (27) a non-zero function u(x,y) is called an integrating
factor if the equivalent iso-differential equation

M (e, y) (T () = x7(3) ) de -+ e N (5, 3) T2 (x)dy = 0 (65)

is an exact equation.

If u(x,y) = C, C is a constant, is a solution to the equation (27), then y’ computed from
(27) and (46') must be the same, i.e.,

Dy ME(T@ )
%) N(x)T2()

or
uy(x,y) _ uy(x,y) = u(x,y), (66)

M(x,y) (T(x) —xff(x)) N(x,y)T2(x)

where u(x,y) is a function of x and y. Thus we have

) (M) (T@) —21"(0) ) + N () P2 (@) )

_ ”x(x7y) u,\"(xvy) /
—,u(x,y)<#(x7y) + u(w)y) (67)

= ux(x,y) + 1y (3, y)y/

- dx

from here, the equation (65) is an exact equation and its integrating factor is given by (66).

Theorem 1.0.44. If the iso-differential equation (27) has u(x,y) = C, C is a constant, as its
solution, then it admits an infinite number of integrating factors.

Proof. Let ¢(u) be any continuous function of u. Since u(x,y) = C we have the equation
(67). From here,

()00 (M) (T.(6) =<' () + M) T2 ()Y )

du(x,y
= o(u)

= % Joo(s)ds.

Hence, u(x,y)0(u) is an integrating factor of the equation (27) and since ¢(u) is an arbitrary
continuous function of u, we have established the result. O
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The function u(x,y) is an integrating factor of (27) provided (65) is exact, i.e., if and
only if

A

2 (HeM@) (T =xT'(x)) ) = & (HINEN) T2 W) =

A

i (e IM (x,y) ((0) =T (3)) + )M, (.9) (T () =T () )

= 1t (2, )N (2, 9) T% () 4 (¢, y)Ny (26, ) T% (x) 4 2u(x, y)N (x,y) T (x) T (x).

Thus implies that an integrating factor of (27) must satisfy the equation

i YN (e, ) T2(0) =ty ()M (,9) (T () =7 () )
(68)
= u(e,) (M 5,9 () =28 () ) = NaC) P2() = 2N, )T ()77 ().

A solution of (68) gives an integrating factor of (27), but it is not easy to be found a solution
of the partial differential equation (68). However, a particular non-zero solution of (68) is
all we need for the solution of (27).

If we assume that u(x,y) = X (x)Y(y), then from (68) we have

—_—

N, ) T206) sy 80 = M) () = () ) s 252
Hence, if

= My () (T () = x7/(x) ) = Mol ) T2 () = 2N (e, ) T (0 (),
then (69) is satisfied provided (50') and (50”).
Example 1.0.45. Let

S={(xy) eR*:[x—10[ <1, |y—6]<2},
T(x)=x>+1, M(x,y) = ﬁ N(x,y) = ﬁ (x,y) €S. Then

M(x,y) (T0) = xP(x)) = Lo (142 =2
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and the equation (27) takes the form
dx+xdy=0. (70)
Since

0 0

then it is not an exact equation. We will search an integrating factor of the form u(x,y) =
X (x)Y (y). We multiply (70) with u(x,y) and we get
X(x)Y (y)dx+xX(x)Y (y)dy = 0.

We want
Sx0rw) =4 (xwry) =

X@Y'(y) =X(x)Y(y) +xX"()Y(y) =

1 dY(y) _ 1 dX(x)

ORI S (5 R

from where it follows that there exists A € R such that
1 dX(x) 1 dY(y)

X(x) dx =4 Y(y) dy

14+x

whereupon
X(x) = Cix* Y(y) =Ce,

C) and C; are constant. In particular, for \ = 2, we have u(x,y) = xe® is an integrating
factor of (70).

One may also look for an integrating factor of the form u = u(v), where v is known
function of x and y. Then

= - - - ) (71)
u(v) dv VN (x,y)T?%(x) — vyM (x,y) (T(x) - xT’(x))

Thus, if the expression in the right side of (71) is a function of v alone, say ¢(v), then the
integrating factor is given by (55).
Some special classes of v and the corresponding ¢(v) are given in the following table.

1. v=x,
- M) (T06) = () = Mol ) P2(0) = 2N () P () 7 (x)
o= NP0 '
2. v=y,
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J.v=x—y,

4. v=1xy,
o _ My() (P~ (3)) = Nl ) P2(0) M y>f<x>f'<x>.
YN (x,9)T2(x) — xM (x,y < )
5. v:)y—“,
q,(v):yM(”)(T” *T(x)) = N, ) T2(6) = 2N () T ()7 (x)
YN (x,y) T2 (x —i—xMxy( P )
6. v=x24)

My (x,9) (F(6) =37 (x) ) = Na(, ) T2() = 2N (e, ) T () (1)

2xN (x,y)T2(x) — 2yM (x,y) (T(x) — xT’(x))

If the expressions of the right hand are functions of v alone, then (27) has integrating factors
given by (55).

Lemma 1.0.46. Suppose (27) is exact and has an integrating factor u(x,y) (# const), then
u(x,y) =C, C is a constant, is a solution to the equation (27).

Proof. In view of the hypothesis, the condition (68) implies to

(YN ) T2(0) = (e )M () (T () =27 (x) ) =0

or A
,Ux(xay)N(x7y)T2(x)

M) ()~ (x))
Multiplying the equation (27) with u,(x,y), we find

,uy(x,y) =

0 = uy(x,y)M(x,y) <T(x) — xT’(x)) dx +N(x,y)T?(x)uy (x,y)dy
= pe (%, Y)N (x,3) T2 () dx+ N (x, ) T (x)uay (x, y)dy
= N(x,y)T?(x) (Hx (0, y)dx + py (xvy)dy)

= N(x,y)T?(x)du(x,y),

and this implies the lemma. O
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Theorem 1.0.47. If ui(x,y) and uy(x,y) are two integrating factors of (27) such that their
ration is not a constant, then u; (x,y) = Cuz(x,y), C is a constant, is a solution of (27).

Proof. Clearly, the iso-differential equations
(e, )M (x,3) (7.06) = x7() ) dor -1 (1, )N (2, 9) T2 (6)dy = 0, (72)

(e )M (x.3) (T.06) =T (x) ) e+ 12, )N (2,9) T2 ()dy = 0, (73)

are exact. Multiplying (73) by % converts it to the exact equation (72). Thus, the exact
l(x7y)

equation (73) admits an integrating factor m From here and the last Lemma, it follows

that u; (x,y) = Cua(x,y) is a solution of (73), i.e., of (27), C is an arbitrary constant. O

Exercise 1.0.48. Suppose that (37) is an exact equation. Prove that = is an integrating

T(x)
factor of (27).

Definition 1.0.49. For the equation (37) a non-zero function u(x,y) is called an integrating
factor if the equivalent iso-differential equation

(M () (150

T(x)

)b+ e N (e ) P (x)dy = 0 (74)

is an exact equation.

If u(x,y) = C, C is a constant, is a solution of the equation (37), then y’ computed from
(37) and (46') must be the same, i.e.,

1'(x)
o ux(xy) M(x’y><1 _xT<x)>

uy(x,y) T N(x,y)T(x)
or
ux(x,)’) _ uy(an) ol
ey (1) Nt )

for some function u(x,y). Thus we have

e, y)M () (1 =5, y)N (e, )T ()l

= ux(x7y)dx+uy(x>y)dy (76)

= du(x,y)

and from here, the equation (74) is an exact equation and the integrating factor of (37) is
given by (75).

Theorem 1.0.50. [f the iso-differential equation (37) has u(x,y) = C, C is a constant, as its
solution, then it admits an infinite number of integrating factors.
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Proof. Let ¢(u) be an arbitrary continuous function of u. Since u(x,y) = C we have (76).

From here

e y)0w) (M) (1 =58 ) + N T ()

du(x,y
= ¢ (u) 24

= 4 [,0(s)ds.

Hence, p(x,y)¢(u) is an integrating factor of (37). Since ¢(u) is an arbitrary continuous

function, we have established the theorem.

O

The function u(x,y) is an integrating factor of (37) provided (74) is exact, i.e., if and

only if

2 (M) (1-252)) = & (ur NG T (W) =

#y (x,y)M (x,y) (1 - x7}((f))) +u(x,y) My (x,) (1 - xTT((ff)))
= (6, )N (6, 9)T () (e, )N (2, ) T () + pax, y)N (6, 9) T ().

This implies that an integrating factor of (37) must satisfy the equation

e )N ()T () =y (e, )MCxy) (1= 552

= () (My () (1= 52 ) = Ni(e, )T () = N ) (x) ).

(77)

A solution of (77) gives an integrating factor of (37), but it is not easy to be found a solution
to the partial differential equation (77). However, a particular non-zero solution of (77) is

all we need for the solution of (37).
If we assume that u(x,y) = X (x)Y (y), then from (77) we have

‘ -

e

dX (x 7 dy P (x
() d)(c )N(xvy)T(x) B ﬁ%M(xvy) (1 —X T((x))>

= My (3,9) (1= x5 ) = Nl )7 () = N ) T (x),

then (78) is satisfied provided (50’) and (50”).
Example 1.0.51. Let

S={(x,y) e R?: [x— 10| <5, ly—10| < 1},

(78)
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T(x)=e€" M(x,y) = e, N(x,y) == +2y e, (x,y) €S. Then
_ I
M("’y)<1 xﬂx))

=2LeV(1—x)

N(xy)T(x) = S e

_ 242y -
== 2x }e y’
the equation (37) takes the form
42y
yeﬂd)H— e Ydy =0. (79)

Since

3 (ye’y> =(1—y)e™

Fa((52)) - (- 2)e

then it is not an exact equation. We will search an integrating factor of (79) of the form
u(x,y) =X (x)Y (y). We multiply (79) with u(x,y) and we find

X2
ye *X (x)Y (y)dx+ szye_yX(x)Y(y)dy =0.
We want
22X () = $(FReXWYY) =
(I=y)e?X(X)Y (y) +ye X (x)Y'(y)
= (3-2)eXWY )+ FRX YY) —
CEDX ()Y () — yX (@)Y (7) + X (Y (3) = SEX ()Y (),
and
SRX ()Y () = X ()Y (),
YX(X)Y (y) =yX(0)Y'(y),
whereupon

X(x) = Cix, Y(y) =Ge,

Ci and C, are constants. In particular, u(x,y) = xe’ is an integrating factor of (79).
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One may also look for an integrating factor of the form u = u(v), where v is known
function of x and y. Then (77) leads to

U d M) (1 -x5E) M) TR ~ N ') 50
u(v) dv viN (x, )T (x) — vyM(x,y) (1 —x?((;)))

Thus, if the expression in the right side of (80) is a function of v alone, say, ¢(v), then the
integrating factor is given by (55).
Some classes of v and the corresponding ¢(v) are given in the following table.

1. v=x, N
o) < BN M)~ N '
B NGy () |
2. v=y,
My (,9) (1= FE ) = N ) T (@) = N )T ()
o(v) =~ o
M) (1 -5
J.v=x—y, )
o) — My(3,9) (1 =258 ) = Nyl ) () = N, ) T ()
N(x,y)T(x)+M(x,y)(1—x;((j)))
4. v=1xy,
oy < D7) ~ M) )~ N ')
YN ()T () =3 () (1 =)
5. v= f
o0 M) (1= ) = N, ) T () = M) 7 (x)
V) =y - Y
yN(x,y)T(x)+xM(x,y)<1—x?&?)
6. v:x2+y2,

o) — My(3,9) (1 =258 ) = Nyl ) () = N, )T ()

26N (x,) T () ~ 20M (x,3) (1 - x5 )

If the expressions in the right hand are functions of v alone, then (37) has integrating factors
given by (55).

Lemma 1.0.52. Suppose (37) is exact and has an integrating factor u(x,y) (# const), then
u(x,y) =C, C is a constant, is a solution to the equation (37).
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Proof. In view of hypothesis, the condition (77) implies that

‘ux(x7y)N(X,y)T(X) _lu)’(x7y)M(x’y) (1 _XY]Z((;C))) =0

Multiplying the equation (37) by uy(x,y) we find
()M (x,y) (1= x 59 dx+ oy (x, )N (x, ) T (x)d
‘Uy 7y 7y T(x) :u) 7y 7y y
= e (x,Y)N (x, )T (x)dx + pay (x,y)N (x,9) T (x)dy
=N(x,y)T(x) (:ux (x,y)dx + y (x,y)dy)
= N(x,y)T (x)du(x,y)
=0
and this implies the Lemma. O]

Theorem 1.0.53. If ui(x,y) and uy(x,y) are two integrating factors of (37) such that their
ratio is not a constant, then u; (x,y) = Cuz(x,y), C is a constant, is a solution of (37).

Proof. Clearly, the iso-differential equations

T'(x .
)M G5.) (1~ s NG )y = 1)
7' (x) .

)M () (1 -3 ® )b+ o (v, )N () (x)dy = O, (82)
are exact. Multiplying of (81) by % converts it to the exact equation (82). In other
words, the exact equation (81) admits an integrating factor Z f g; ; and the last lemma implies
that u; (x,y) = Cua(x,y) is a solution of (81), i.e., of (37). O

Exercise 1.0.54. Suppose that (27) is an exact equation. Prove that T (x) is an integrating
factor of (37).

Advanced Practical Exercises
Problem 1.0.55. Let

s={yer:p <1, pl<i},

T(x) =x+3, M(x,y) = x, N(x,y) =y. Determine the equation (1) and check if it is an
exact equation. If it is an exact equation, find an its solution.
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Answer.
_ y2
d dy = 0.
x+1 *yay
It is not an exact equation.
Problem 1.0.56. Let
1
s={eyeR: W<, -l

T(x) = e, M(x,y) = Lyt N(x,y) = x> +3% (x,y) € S. Determine the equation (1)

1—x
and check if it is an exact equation. If it is an exact equation, find an its solution.

Answer.
2xydx + (x* +y*)dy = 0.

It is an exact equation.
A solution is
3y +yP =C,

where C is a constant.

Problem 1.0.57. Let
S:{(x,y)€R2:|x—a]§b, |y—c|§q}7

where a, b, ¢, q € [0,), such that a > b+ 1, ¢ > q. Let also, T(x) = ¢* and M(x,y),
M, (x,y) are continuous functions on S. Find a continuous function N, determined in S, so
that Ny(x,y) exists in S and it is a continuous function in S, and

M}’(xay)(l —X) :Nx(x7y)7

N(x,y) = —yNy(x,y),  (x,y) €S.
For such functions determine if the equation (1) is an exact equation.

Answer.

where f is a continuous function on |x —a| < b. The equation (1) is an exact equation.

Problem 1.0.58. Let
S={(xy) eR*: |[x—1[ <2,  |y—3[<4},

T(x) = €', M(x,y) =x—y, N(x,y) = xy, (x,y) € S. Determine the equation (19) and check
if it is an exact equation. If it is an exact equation, find an its solution.

Answer.
(—x* = 2x%y* +x*y +x —y)dx + (xy + x>y)dy = 0.

It is not an exact equation.
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Problem 1.0.59. Let
S={(xy) eR*:|x—4|<1, [y—1]<1},

a X y-|-2)cy—%y2 . .
T(x) =€, M(x,y) = ——*—, N(x,y) =x—y, (x,y) € S. Determine the equation (19)

1—x
and check if it is an exact equation. If it is an exact equation, find an its solution.

Answer.

1
e’ <_§y2 —l—xy—|—y>dx+ex(x—y)dy =0.

It is an exact equation. An its solution is given by
2 xy —y*e* =C,
where C is a constant.

Problem 1.0.60. Let
S={(xy) eR*: x| <2, |y <3},

T(x) =x>+1, M(x,y) =xy, N(x,y) = x—2y, (x,y) €S. Determine the equation (27) and
check if it is an exact equation. If it is an exact equation, find an its solution.

Answer.
(xy — X°y)dx + (x° — 2x*y + 2x° —4x’y + x — 2y)dy = 0.

It is not an exact equation.

Problem 1.0.61. Let
S={(xy) eR*: [x—5[ <3,y <1},

A 2
T(x) =e*, M(x,y) = ezx%, N(x,y) =x+y, (x,y) € S. Determine the equation (27)
and check if it is an exact equation. If it is an exact equation, find an its solution.

Answer.
¥ (y +4xy +2y?)dx + ¥ (x+y)dy = 0.

It is an exact equation. A solution is given by
M2y +y") =C,
where C is a constant.
Problem 1.0.62. Let
S={(xy) eR*: x=2[<2, [y <2},

T(x) = e M(x,y) = x> —y? N(x,y) = xy, (x,y) €S. Determine the equation (37) and
check if it is an exact equation. If it is an exact equation, find an its solution.
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Answer.
(=2 4+ xy* + 2% —y?)dx + xye*dy = 0.

It is not an exact equation.

Problem 1.0.63. Let
S={(xy) eR*:[x=5| <1, |y <3},

T(x) = e M(x,y) = exz(lyiix), N(x,y) =y, (x,y) €S. Determine the equation (37) and
check if it is an exact equation. If it is an exact equation, find an its solution.
Answer.

y2

—e
2
It is an exact equation. A solution is given by

Ydx+ye*dy = 0.

y2€x — C
for some constant C.
Problem 1.0.64. Let

S={(x,y) eR?:|x—10| <2, ly—4| <1},

T(x) — ex’ M(x,y) _ 2y3+2x2y2,szfzxy3+2x3yz,2xzy’ N(x,y) — xzyz —|—2x3y— 2x2, (x,y) €.

Determine the equation (1), find an its integrating factor and an its solution.

Answer. The equation (1) takes the form
(xy® 4 2x%y% —y?)dx + (x*y? +2x°y — 2x%)dy = 0,
an its integrating factor is
1
y(X,y) = xgyz ev,
an its solution is given by
e (y+2x) = Cxy

for some constant C.

Problem 1.0.65. Show that u(x,y) = C, C is a constant, is the general solution of the
equation (1) if and only if

(M (x,) (1 - xTT/((;C)) ) —yN(x,y) TT/((;C)) ) uy(x,y) = N(x,y)ux(x,y).

Problem 1.0.66. Show that u(x,y) = C, C is a constant, is the general solution of the
equation (19) if and only if

(M0e,3) (7.0 =27 (x) ) =3 (N (x,3) )ty (x,3) = T CON () ().
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Problem 1.0.67. Show that u(x,y) = C, C is a constant, is the general solution of the
equation (27) if and only if

M9x,5) (7.0 =x7'() )y (.9) = N () T2 (6 ().

Problem 1.0.68. Show that u(x,y) = C, C is a constant, is the general solution of the
equation (37) if and only if

(5.) (1= o 9) = N5 ..



Chapter 2

Elementary First-Order Equations

We suppose that 7 : R — (0,00), T € C'(R). Let also
S={(xy) €R*:[x—x0|<a,  |y—yo| <b},

where xg, yo € R,a, b e R, a>0,b > 0.
We consider the equation

>

“ R R “ R ®
@3N )+ @O R0)% (3(@) =o.

)g((;)) T(x) Y gj(x)) + X} (x) T(x) 1 (f(x)) T(X) y’(x)T(Ax) —y(x)T'(x)

We put
7= 4
T(x)
Then
7= dz
dx

and the equation (1) admits the following representation

X] (x)
T(x)

Xa(x) T (x)
SR T T

Y>(z)7 =0.

We observe that in the last equation the variables are separated.

Definition 2.0.69. The iso-differential equation (1) is said to be separable.
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If X>(x)Y1(z) # 0 in S, then the solution of this exact equation is given by

dz=C, (2)

a "
/xl () (1) =37 (x)) o [ 10
X, (x)T2(x) Y1(z)
where C is a constant. Here the integrals are indefinite and constants of integration have
been absorbed in C.
The equation (2) contains all solutions of (1) for which (f(x) —xT’ (x))Xz(x)Yl (z) #
0. In fact, when we divide (1) by (T(x) —xT’ (x)) X>(x), Y1(z) we may have lost some

solutions, and the ones which are not in (2) for some constant C must be coupled with (2)
to obtain all solutions of (1).

Example 2.0.70. Let T'(x) = ¥, X;(x) = €%, Xo(x) =x(1 —x), 1(y) = y(y— 1), Kr(y) = 1.
Then

XT‘((;‘)) Y1(2) = Gz(z—1)
=z(z—1),

Xo (x)T (x) _ x(1—x)€
T(0)—xT"( )YQ(Z) = T=n)er
= X.

Then the equation (1) takes the form

1

-1 "=0 —_— 0,1
2(z—1)+xz 2e=1)’ x#,2#0,1,
from where
1 1
—dx+ ——=dz=0, x#0,z#0,1.
X z2(z—1)
Consequently
5 sy
(z—1)
or
x(z—1)=Cz.

Consequently the solutions of the considered equation are
x(y—ex>:Cy, y=0.
Here C is a constant.
Exercise 2.0.71. Let
Tx)=¢", Xi(x)=xe", Xo(x)=(1—x)(x*+1), Yi(y)=siny, ¥Ys(y)=cosy.

Determine the equation (1) and find its solutions.
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Solution. We have

MYz(z) = % cosz

_ (=0 +1)e

= WCOSZ

= (x> + 1) cosz.
Then the equation (1) takes the form

1
. 2 ’
| -0 | kn,  keZ
xsinz+ (x”+ 1) cos(z)z (21 1)sing ZF
From here,
Fdx+idz=0 =
JZqdx+ [fidz=C —
1)
§ Al 4 iz =
log Vx> 4+ 1+log|sinz| =C —
Vx2+1sinz=C (3)
or

\/xzi—l—lsin (ye’x) =C. (4)

Here C is a constant. Since z = km, k € 7Z, satisfy the equality (3) for C = 0, then the
solutions of the considered equations are given by (4).

Exercise 2.0.72. Let
T(x)=¢" Xi(x)=x¢", Xo(x)=(1—x)(x*+1)e*, Yi(y)=cosy, Yr(y)=siny.
Determine the equation (1) and find its solutions.
Answer. The equation (1) takes the form
x}cosz+ (x* + 1) sin(z)7 = 0.
Its solutions are given by

\4/x4—i—1:Ccos(ye*)‘)7 C = const, y:(2k—i-l)ge)‘7 keZ.

We consider the equation

n A A A n ®
X)X () + K (0% R0)% (3 () =0, (5)
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which we can rewrite in the form

i (x””) . “(%) X0 () 7 Y2<%) . /F(x) -y
: A ; @) _
) T (x) i) + 2T(x) T(x) ) T(x) - Y J - =0 =

) ) () ) e () =0

We put z = =2~. Then we get

T(x)’

X (xf" (x))

T(x)

Yi(2) +Xo (xT (x)) T(x)T(X)

— () h(2)d =0,

In the last equation the variables are separated.

Definition 2.0.73. The equation (5) is said to be separable.

If Xo (xT(x)) Yi(z) # 0 in S, then the solution of this exact equation is given by

prlete)tn ) v,

where C is a constant. Here both integrals are indefinite and constants of integration have
been absorbed in C.

The equality (6) contains all the solutions of the equation (5) for which (T(x) -
xT’ (x)>X2 (xT(x))Y 1(z) # 0. In fact, when we divide by (T(x) —xT’ (x)), X> (xT(x)),

Y1 (z) we might have lost some solutions, and the ones which are not in (6) for some con-
stant C must be coupled with (6) to obtain all solutions of (5).

Example 2.0.74. Let

A

T(x) =e', X (x) :x27 XZ(X) =x, N (y) :y2+ L, YZ(y) =)
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Then

Then the equation (5) takes the form

PE e+ e =0 | ety
x(1=x)dx+ 7dz=0 =
Jx(1=x)dx+ [ {i7dz=C =

;x x +logvz2+1 =%

—x+%x2—%x3+log\/y2+ezx =C

3
—6x +3x> —2x% +log (y2 =+ er) =C,

x;éO

where C is a constant. Also, x = 0 is a solution to the considered equation.

Exercise 2.0.75. Let
T(x)=x*+1, X(x)=x, X)) =x, Yy

Determine the equation (5) and find its solutions.

=+ 1,

Ya(y) =y .
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Solution. We have

=x(x*+1),
Xi (XT(X)) 302,13
_ 41 4
TYI(Z) — W(Z + 1)
—x3(x2—|—1)2(z4+1),
X, (xT (x) _TW__y (z) = x(x* +1)? Xtl /3
2 T (x)—xT'(x) 2 xX2+1-2x2
2
(1 +x§) 2.

Then the equation (5) takes the form

2 2
x3(X2+1>2(Z4+1)+%Z22/:O WX#O —

PA-2)+ 57 =0 =

JR(1=x)dx+ [ Fadz=C =

;x3—;x5+4log(z +1)=C, z=454, =

4., 0.2 1\4
2003 — 12x5+151og% —C,

where C is a constant. Also, x = 0 is a solution.

Exercise 2.0.76. Let

Tx)=x*+1, Xi(x)=x, X(x)=2x, Yi(y)=¢, h(y)=e>.
Determine the equation (5) and find its solutions.

Answer. The equation (5) takes the form

( + l)elzzl

2
xe* + =2

=0.

Its solutions are given by

)
2arctanx — x4+ 2e2+1 =C,
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where C is a constant. Also, x = 0 is a solution.

We consider the equation

y
We put Ty =% and we get

T(IX)X1<T)(CX)>Y1(Z)+T Tx) X2< al )Yz(z)zlzo,

in which the variables are separable.
Definition 2.0.77. The iso-differential equation (7) is said to be called separable.

IfX; (ﬁ) Y1(z) # 0 in S, then the solution of this exact equation is given by

Y (Z

/XIETXXJ (1) (1))t / Yz(z%dz:C (8)

where C is a constant. The equation (8) contains all the solutions of the equation (7) for

which X, (ﬁ) (T(x) —xT’ (x))Yl (z) = 0. In fact, when we divide the equation (7) by

X, f?x) , T'(x) —xT"(x), Y1 (z) we might have lost some solutions, and the ones which are
not in (8) for some constant C must be coupled with (8) to obtain all solutions of (7).
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Example 2.0.78. Let T'(x) = ¢*, X;(x) = X5(x) = x, Y1 (y) = cosy, Ya(y) = siny. Then

1 X — 1 x
ek (T(x))y 1(2) = 75 7z 082

= xe > cosz,

T (x) x _ T x
o) X2 (T(x) ) a(2) = T T T(x) L

= T

_ X

T ef—xer sinz

_xe
= I+ sinz.

The equation (7) takes the form

xePcosz+ ¥ sing? =0 |[UNE 10124 (2%+1)E, keZ, —

xcosz ?

e (1 —x)dx+ $2 gz = 0.

COSZ

Therefore, when x # 0,1, z # (2k+1)Z, k € Z, the solution is given by

[e (1 —x)dx+ [$hidz =C =

CoSZ

—[(1=x)de— 4D ¢ —

COSZ

—(1—x)e ™ — [e*dx—log|cosz| =C =

xe ¥ — log‘cos (ye*x) =C,

where C is a constant. We note, that x =0, y = (2k+ 1)%6", k € Z, are solutions to the
considered equation.

Exercise 2.0.79. Let T'(x) = €%, Xi(x) = x% X2(x) = x, Y1(y) =y*> + 1, Ya(y) = 2y. Deter-
mine the equation (7) and find its solutions.

Answer. The equation (7) takes the form

Xz
P

/
=0.
1—x .

P+ De ¥ 42
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Its solutions are given by
2
xPe ¥ +log <y2 + ezx) =C,
where C is a constant. Also, x = 0 is a solution.

Exercise 2.0.80. Prove that the solutions of the equation
NAST (o At s (A e )
X (@)% (5) +X5 () KB % (3(3)) =0
are given by (6) in the case when X (xT (x)) Y1(2) (T(x) —xT’ (x)) #0.

Exercise 2.0.81. Prove that the solutions of the equation
VNS (4 VAAAAAAA@)
X\ ()% (5) + X5 () KB % (3 () =0
are given by (8) in the case when X (ﬁ) Y1(2) (T(x) —xT’(x)> # 0.

We consider the equation
OA(N ST (A L T2 ST (M S (o) ®
@1+ R @ BEN R (5(0) =0,

which we can rewrite in the form

y| A7)
XA‘(")T(X)YI( o )

1) T T(x) (T(x) —xT’(x))
or
) () (ww)y , plw)y
o (S )+ (G ) s (Cre ) =0
y(xT(X)) . .
We putz = —x o Then the equation (9) admits the form
Xi(x) T(x)
Wy () X))y (2)dx =0,
F N TR 5o @

in which the variables are separated.

Definition 2.0.82. The iso-differential equation (9) is said to be separable.
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If T'(x) — xT'(x) # 0, X2(x) # 0, Y(z) # 0 in S, then the solutions of the equation (9)
are given by

(10 —T'®)  rp
/ X (x) T2 (x) et / T(Z)dz —© o

where C is a constant. Here both integrals are indefinite and constants of integration have
been absorbed in C.

In fact, when we divide by 7 (x) — xT”(x), X»(x) and Y;(z) might have lost some solu-
tions of (9), and the ones which are not in (10) for some constant C must be coupled with
(10) to obtain all solutions of (9).

Exercise 2.0.83. Prove that the solutions of the following iso-differential equation
. R R A . ®
@)X + X @3B (E)%(5()) =0

are given by

X7 () e TC

where C is a constant, in the case when X»(x) # 0, T (x) —xT"(x) # 0, Y1(z) # 0 in S.

R (f0-s'®) o

We consider the equation
N A ~ . A R ®
@M +£ HEHENE () =0, (11)

which we can rewrite in the form

+)€2(X) T(x) ) <y (xT(x)> > T(x) y (xT(x)) (f(x) (T(x)+xf/(x)) -

x)—xT"(x) -

4y, (y(x1 () m(@WYZ (5(x ) ) () =0.

We put y (xT (x)) = z. Then the equation (11) admits the following representation

);1((;)) Yi(z)dx+ mb (2)dz=0,

in which the variables are separated.

Definition 2.0.84. The iso-differential equation (11) is said to be separable.
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When T'(x) —xT"(x) # 0, X2(x) # 0, Y;(z) # 0 in S, then the solutions of the iso-
differential equation are given by

/ 0@ (10 —w)
< x

Xa(x)T2(x) Yi(2)

where C is a constant. In fact, when we divide by 7 (x) —x7"(x), X»(x) and Y; (z) we might

have lost some solutions of the equation (11), and the ones which are not in (12) for some
constant C must be coupled with (12) to obtain all solutions of (11).

dz=C, (12)

Exercise 2.0.85. Prove that the solutions of the equation

A n n ®
@M+ P R0 (Y () =0

X (x) (T( ) — T (x
/ Xz( ) / Y 1 =G
where C is a constant, in the case when T(x) —xT"(x) #0, Xz (x) #0and Yi(z) #0in S.

are given by

We consider the following iso-differential equation
R @FH OO+ £ DR () =0, (13)
which we can rewrite in the form

X1() ) 10Y) 4 Xo(@) ) 120Y) T
Tl(x) T'(x) 1T(ic) + 73(,6) T(x)Z%52dyY (x) /1 df =0,

TN + BB A =0,

or

X (x) X (x) 1 Tdy(x) _
Tl(x) () + Tz(x) Yz(yv)m Foa =0
or

TOX1 ()N (") + X () (V) 2 =0,

or
P ()X (¥ 0¥+ Xa(x) B )dy” (x) = O,

or

X () T Ty, (V) a4 X (1)1 (3 )y =0,
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We put z = y"(x). Then we obtain the following representation of the iso-differential equa-
tion (13)

x Y, (Z)dX—i—Xz(X)Yz(Z)dZ =0,

in which the variables are separated.
Definition 2.0.86. The equation (13) is said to be separable.

In the case when 7'(x) — xT"(x) # 0, X»(x) # 0 and Y| (z) # 0 in S, the solutions of the
equation (13) are given by

X (x (T x) —xT” x)
/ i ()A ® dx+ L@dZ:C, (14)
Xo(x)T (x) Y1 (2)

where C is a constant. Here both integrals are indefinite and constants of integration have
been absorbed in C.

In fact, when we divide by 7'(x) — xT"(x), X»(x) and ¥;(z) we might have lost some of
the solutions of (13), and the ones which are not in (14) for some constant C should be
coupled with (14) to obtain all solutions of (13).

Exercise 2.0.87. Prove that the solutions of the equation
2@ +R@HEH0) (7 () =0

are given by

/xl<x> (f0—w)  rh@,

= X
Xo(x)T?(x) Y1(z)
where C is a constant, in the case when T (x) —xT"(x) # 0, X2 (x) # 0, Y1(z) #0 in S.
Now we consider the equation
N AR s N S
X ®) XN (50) + X5 () D5 % (5(8)) =0, (15)
which we can rewrite in the following form

X () nEE) | %) &\ hEER) A ala N
T(x) T + f(x)T(x) 7(x) T (x)dy(%) /d% =0,

X () PO (5(8) )+ Xo ()Y (5(9))d9(2) = 0.
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We put z = (). Then the equation (15) admits the following representation

Xi ()C)MY] (2)dx+X2(x)Y2(z)dz =0,

which is an equation with separated variables.
Definition 2.0.88. The equation (15) is said to be separable.

When T (x) — xT'(x) # 0, X»(x) # 0 and ¥;(z) # 0 in S, then the solutions of the iso-
differential equation (15) are given by

X (x) (T(x) - xT'(x)) Y(2)
/ Xo(x)T (x) d”/yl(z)dzzcv (16)

where C is a constant. Here both integrals are indefinite integrals and constants of integra-
tion have been absorbed in C.

In fact, when we divide by 7'(x) — xT"(x), X»(x) and ¥;(z) we might have lost some of
the solutions of (15), and the ones which are not (16) for some constant C must be coupled
with (16) to obtain all solutions of (15).

Exercise 2.0.89. Prove that the solutions of the equation
@R 6(2) + £ DX HOE)X(5) =0

are given by

X (x) (T(x) . xf'(x)) e
/ X5 (x)T2(x) T Y1(2)
where C is a constant, in the case when T (x) —xT"(x) # 0, X2 (x) # 0 and Y, (z) # 0 in S.

Now we consider the equation
0 soav o (onn)?
M(x.9) + B (x5 % (8% (57) " =0, (17)
where M (x,¥) and N(x,¥) are homogeneous functions of the same degree, say, n.

Definition 2.0.90. The iso-differential equation (17) is said to be homogeneous.

The equation (17) we can rewrite in the following form

M(x,9)+

or

We put y = z and we get



62 Svetlin Georgiev

Using that M(x,z) and N(x,z) are homogeneous functions of degree n, from the last equa-
tion we find
M (1,2)+2N(1,5)7 =o. (18)
X X

In (18) we use the substitution z(x) = xv(x) and we find
K"M(1,v) +X"N(1,v)(v+xv') =0

or
x"(M(l,v) +vN(1,v)> FTIN(L Y)Y = 0. (19)

In this way we reduce the equation (17) to a separable equation. The equation (19) admits
the integrating factor

= 1 = 1 (20)

x’”‘l(M(l,v)—l—vN(l,v)) xM (x,) +yN(x,9)

provided xM (x,§) + yN(x,¥) # 0.
Exercise 2.0.91. Prove that (20) is an integrating factor for the equation (19).
The vanishing of xM(1,v) +yN(1,v) implies that (19) is simply

X"TIN(1,v)V = xN(x, )V =0,

for which the integrating factor is m Thus, in this case the general solution of (17) is

N

y(x) =Cx or  y(x)=CxT(x),
where C is a constant.
Example 2.0.92. Let T'(x) = ¥, M(x,y) = —x*> —xy —y%, N(x,y) = x%, x # 0. Then
M(x,9) = —x* —xy — 2, N(x,9) = x°.

The equation (17) takes the form
/
—x —x§— 47 (yA) =0.

We put z =y and we get

X —xz—22 427 =0

or
. X2 x4 Z . (2\?2
NS L= e
X X X

—z
Let v = 3. Therefore
=X, Z=xv+v
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and
Vx+v=14+v+1? —
!/ 2
xw=1+v —
dv_ __ dx ;
1+2 — x

arctanv = log |x| +C =

y ) —
arctan (x?*) =log|x|+C
is the general solution of the considered equation. Here C is a constant.

Exercise 2.0.93. Let T(x) = ', M(x,y) = —y —xex, N(x,y) = x, x # 0. Find the general
solution of the equation (17).

Answer. ,
e +log|x| =C,

where C is a constant.
Now we suppose that the functions M (x,y) and N(x,y) in (17) satisfy the condition

CM(x,y) <a1x+b1y+c1>
arx+bry+c;

N(x,y)

in which ay, a», by, by, c1 and ¢, are constants. If ¢; and ¢, are not both zero, then it can be
converted to a homogeneous equation by means of the transformation

x=u+h, y=v+k,
where 4 and k are the solutions of the system of simultaneous linear equations

ath+bik+c1 =0
(20
arh+byk—+cy =0.

and the resulting homogeneous equation

@_ (alu—l—bW)
du 7 \au+byv

can be solved easily.
However, the system (20') can be solved for 4 and k provided

A=aiby —ayb; #0.
If A =0, then a;x+ byy is proportional to a,x + b,y, and hence (17) is of the form
Z'= flox+pz),
which can be solved easily by using the substitution

ox+Pz=gq.
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Example 2.0.94. Let T'(x) = x> +1,

M(x,y) 2x+ 3y
N(x,y)  3x+2y+4

Then the equation (17) we can represent in the form

, 2x+3z

= - 21
3x+2z+4 (21)

We put
x=u+h, z=v+k,

where h and k satisfy the system

2h+3k=0 h=—3k h=-2
- =
3h+2k+4=0 3h+2k+4=0 k=%
From here,
XxX=u ? u:x+?
£
z=v+3$ v=z-8=2--1

Then the equation (21) admits the representation

; 2u+3v
S 3u+2v
We set
1
-=q or V= qu,
u
whereupon
vV =qu+q
and
243¢q
/
qutq 3+4+2¢q
or
2-24°
! 22
T 342q (22)
Therefore
3+2¢q du
dg = +1
20—9) ;o 4F

From here, for q # +1,
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Consequently, for g #+ +1,
—3log|l —g|+flog|[l +q| =loglu|+C; =
10gﬁ£ag+dogﬂ—%q\:logu4+Cb, G, =4C, —
1+q=Cu*(1—q), C; = e“sign(1 —¢q), =

u+v=_Cy(u—v)> =

x+1—|—L:C<x+A— 2 )5
x2+1 3 5 x2+1)

Here Cy is a constant.
Also, g = £1 are solutions of (22), therefore

21
y 2,

L x_i
x24+1 5

1 =
X+ +x2+1

0,

are solutions of the considered equation (17).
Consequently the solutions of the considered equation (17) are given by

5
x+1+ 25 :C3<x+%_x2{|-1) ’

— 21
x+1+ 25 =0, x—aq+35=0.

Example 2.0.95. Let T'(x) = ¢*,

M(x,y)  x+y
N(x,y)  3x+3y+2

Then the equation (17) we can represent in the following form

/= X+z
© 3x+43z+2°
Since
(x,z) = 3()6,2),
we set
u=x+z,
whereupon
/ /
z=u—1
and
, _u
C 3u+1
o 144
W=7 (23)

1+3u
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Foru # —% we get

1+3u _
1+4udu =dx —

[{Btdu= [dx+C, =

2u+ flog|l+4ul =x+C =

12u+log|l +4u|l = 16x+Cy,  C,=16C

or
12<x+ye_x) +log‘ 1 +4<x+ye_x) =16x+C
is a solution of the equation (17). Here C is a constant.
Also, u = —% is a solution to the equation (23), therefore

1—|—4(x+ye_x> =0

is a solution of the equation (17).
Consequently, the solutions of the equation (17) are given by

12<x+ye_x) +10g‘1+4(x+ye_x) =16x+C, 1+4(x+ye_x) =0,

where C is a constant.

Exercise 2.0.96. Let T (x) = ¢,

M(x,y) 1<x—|—y—1)2'

N(x,y) R ANEES)

Find the general solution of the equation (17).

Answer. 3"
2tan~! P i log|x+2|+C,
where C is a constant.
Exercise 2.0.97. Let T'(x) = ¢,
M(x,y) x+y+1

Find the general solution of (17).

Answer.
x+2ye *+loglx+ye | =C, x+ye =0,

where C is a constant.
Sometimes, it is possible to introduce a new set of variables given by the equations

u:q)(xay)? VZ‘V(%)’% (24)
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which convert a given iso-differential equation into a form that can be solved rather easily.
We assume that
o(u,v)

9(x,y)

over a region in R?, which implies that there is no functional relationship between u and
v. Thus, if (up,vo) is the image of (xo,yo) under the transformation (24), then it can be
uniquely solved for x and y in a neighborhood of the point (xo,yo). This leads to the inverse
transformation

£0

x =x(u,v), y=y(u,v). (25)

The relations (24) and (25) can be used to convert some iso-differential equation in terms
of u and v, which hopefully can be solved explicitly. Finally, replacement of «# and v in
terms of x and y by using (24) leads to an implicit solution of the considered iso-differential
equation.

Example 2.0.98. Let T'(x) = ¢*,

M(x,y) 3x°

N(xy)  y(*—x3)

The equation (17) takes the following form

30
7 = m (26)

Let

We have

et a(§ F)-e( L) w wiom

Jz 0z

Also, we have
2
v/(u) dv dz 2zdz 2z ./

T du T di3 3x2dx — 3x2%0

7= %v'.
From here and (26) we obtain
22, 2%
320 T 223
o w2
v_v—u_ﬁ—l' (27)
We set .
—=gq or v =qu,
u
whereupon
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From the last expression and (27) we get

, 2
qu+q=-—ry,
q—1
and )
/ q-—q—2
qu=—
q—1
and foru#0, g # 1,2,

(q=2)(g+1)
fﬁ(;mdq:—f%—i—a =

Zloglg+ 1|+ 1loglg—2| = —log|u| +C —
log((q+1)2|q—2|) = 3loglu|+Cy,  C,=3C,

(g+1)*(qg—2)u’ =G, C; = e“sign((qg —2)u)

2
(yZe—Zx _|_x3> <y2e—2x o 2x3> — C3

is a solution of (17), where C\ is a constant.
Also, g = —1,2 are solutions of (28), from where

Ve X453 =0, Ve X253 =0

are solutions of the equation (17).
Consequently, the solutions of the equation (17) are given by

2
<y2672x +x3) (yzefzx _ 2x3) —c,
where C is a constant.
Exercise 2.0.99. Let T'(x) = ¢,

M(x,y)  2x+y
N(x,y) x+5y

Find the solutions of (17) using the transformation
U=x—z, v=x+42z.

Answer.
2x* 4+ 2xye - 5y*e F =C,

where C is a constant.

(28)
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Exercise 2.0.100. Ler T'(x) = ¢*,

M(x,y)  x+2y
N(xy) — y—2x

Find the solutions of the equation (17) using the transformation
x=rcos0, z=rsin0,
where z = 3.

Answer.
—1 ye=*
Va2 +y2e 2 = Ce?a i

where C is a constant.

Advanced Practical Exercises

Problem 2.0.101. Let
T)=¢" Xi(x)=@-1x+2)e", X@)=—@x-17 YXHO)=y"+1 h@)=y
Determine the equation (1) and find its solutions.
Answer. The equation (1) takes the form
(= D(x+2)(+1)+(x—1)z7 =0.
Its solutions are given by
2% +9x% —i—6log(y2 +ezx) =C, x=1,
where C is a constant.
Problem 2.0.102. Let
T)=¢' Xi(0)=X(x)=x, Y0)=)"+1, KH)=).
Determine the equation (5) and find its solution.

Answer. The equation (5) takes the form

xe*
(B +1)+—77 =0.
1—x

Its solutions are given by
6x<e”‘ — 1) +log (y6 + e6x> =C,

where C is a constant. Also, x = 0 is a solution.
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Problem 2.0.103. Let T'(x) = €, X (x) = Xo(x) =x, Y1(y) =y*+1, Ya(y) = 2y*. Determine
the equation (7) and find its solutions.

Answer. The equation (7) takes the form

2

_ 1 xz
3 2x

1 _
x(z7+1)e +31—x

e 7 =0.

Its solutions are given by

xe ¥ —|—log‘y3 +e¥| =,

where C is a constant. Also, x = 0 and y = —e* are its solutions.

Problem 2.0.104. Prove that the solutions of the equation

are given by

where C is a constant, in the case when X»(x) (T(x) —xT’ (x))Y 1(z) #0.
Problem 2.0.105. Prove that the solutions of the equation
AL AN A ®
HHH )+ X @5 50)% (5() =0

are given by

o () & .,
1<€x))>T( 7)" d+/Yl dz=C,

where C is a constant, in the case when X,(x) (T(x) —xT’ (x)) Yi(z) #0.

Problem 2.0.106. Prove that the solutions of the following iso-differential equation
N . o ®
@)+ (HFHEN% (5 @) =0

are given by

/xl<x> (f0—w)  rh@,

W20 ) nE)

where C is a constant, in the case when X»(x) # 0, T (x) —xT"(x) # 0, Y1(z) # 0 in S. Here
A
=" (x).
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Problem 2.0.107. Prove that the solutions of the equation

A n ®
@O +£ D560 % (@) =0

are given by

Ny}

X6 (109 =1 )
/ T d+/Y1Z)dz—C,

where C is a constant, T (x) — xT"(x) # 0, X2(x) # 0 and Y, (z) # 0 in S. Here z =y (x).

Problem 2.0.108. Prove that the solutions of the equation

®

X (HH0Y) + 8 @300 (3 (@) =0

are given by

/x1 W@ W) g
X T ne

where C is a constant, in the case when T (x) — xT"(x) # 0, Xa(x) # 0 and Y;(z) # 0 in S.
Here z =y" (x).

dz=C,

Problem 2.0.109. Prove that the solutions of the equation

are given by

Xi (T (x) f"(x)—xT
R

7

where C is a constant, in the case when T(x) —xT"(x) # 0, Xo(x) #0 and Y1(z) #0 in S.
Here 7 = y(%).

Problem 2.0.110. Let T'(x) =x*+ 1, M(x,y) = —y —xsin™*, N(x,y) = x, x # 0. Find the
general solution of the equation (17).

Answer. 5
y—x—x
tan =C
an 2x3 4+ 2x o
where C is a constant.
Problem 2.0.111. Let T'(x) = ¢,
M(x,y) 3x—y—5
N(x,y) —x+3y+7

Find the general solution of (17).
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Answer. )
(x—l—ye*" + 1) (ye’x —x+ 3) =C,

where C is a constant.

Problem 2.0.112. Let T'(x) = ¢,

M(x,y) (2x% +3y* — 7)x

N(xy) — (3x*+2y*=8)y
Find the solutions of the equation (17) using the transformation

u=x’ V=22

where z =3.

Answer. 5
<x2 —yre F— 1) = C<x2 +yPe X — 3) ,

where C is a constant.



Chapter 3

First-Order Linear Equations

In this chapter we will suppose that
T e Cc'(R), T(x)>0 for VxeR. (1)

Let also, J be an interval in R.
We consider the equation

) = ()29 + B (), 2)
()

where the functions a,b € C(J).
The equation (2) we can rewrite in the following form

or / 2y
w;g_—;;f;g 5 _ oo+,
R0 = e (7 —xl'(3) )3(0) +b(x) (7)) =27 ().
T i = (ae) (70 = x7()) + 7)) 5(6) 4+ bx) (7 () = x7'(x)),
T - (a0 LI | TN, )1y LT, )

Definition 3.0.113. The equation (2) will be called first-order linear iso-differential equa-
tion.

The corresponding homogeneous equation
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obtained by taking b(x) = 0 in (2)can be solved by separating the variables, i.e.,

dy _ (a(x)T(x) —xT"(x) n T’(x))dx

y T (x) T (x)
and now integrating it to obtain
. f(x)rxf/ (x) T fjm > d
y(x) _ Cej (a(x) T(x) T(x) x7 (5)

where C is a constant.

In dividing (4) by y we have lost the solution y(x) = 0, which is called trivial solution.
However, it is included in (5) with C = 0.

If x¢ € J, then the function

X Tyt (1) | T'()
y(x) = yoej';0 <a(t) UONIT )dt

clearly satisfies the equation (3) in J and passes through the point (xq,yo). Thus, if it is the
solution of the initial value problem (4), (6), where

y(x0) = yo. (6)

To find the solution of the iso-differential equation (2) we shall use the method of
variation of parameters due to Lagrange. In (5) we assume that C is a function of x, i.e.,

a(x)

o) = e’ (7)

and search for C(x) so that (7) becomes a solution of the iso-differential equation (2). For
this, substituting (7) in (3) we find

T)—xT'(x) |, T'(x)
T T >dx

T(x) =21 (x)

" &) N N N . F(x)—xT7 (x ' (x)
C’(x)ej <“(") W 7w >dx+c(x) <a(x)w + T’(x))ej (a(x) T, T >dx

~

P00 o' (a) = P i
T (x)
Then

F ) — ' (x) — ( 1)) +fj@) 4
C(x) = /b(x)we AN TR (e Ydx+C,
T (x)
where Cj is a constant.
Now substituting this C(x) in (7), we find the solution (2) as

7 A &1
J (a(x) T 4 20 ) dx
o T (Cl

y(x)=e

T(0) =T (x)

i —xA/ x) | alx 7 + = dx
+ [ b e O ) dx)
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Definition 3.0.114. The function (8) will be called the general solution of (2)

From (8) the solution of the initial value problem (2), (6), where xo € J, is easily
T(s)=s'(s) | T'(s)
IR )dxdt) .

obtained as
x T(r)—1 /(t 2 t
y(x) _ efx() (a( 1) T(z7)w z) dt Yo +/ ,\_ T/(t) ei fx() (a(s) T(s)
T(1)
2 3
Example 3.0.115. Let T (x) ,a(x) =x, b(x) =7, Then
T(x)—xT'(x) _ &' —xe®
T (x) - e")'“3 - l_x’
') _ e
Tw s=1
The equation (2) takes the form
X2 X
y = ( (1 —x)+1>y+ex+7*?(1 —x)
2 3
.

(1+x—x2)y+(1—x)et 7

>””“(c+f<1_x>ex+*§—ze (ot o )

Then
| 14+x—
y(¥) Zej( i
)Cz .X3
=t 7*F<C+f(1— )e”z *X*7+sdx>

2 3 ’
—e 55 (Cx-3),
where C is a constant, is the solution of the considered equation

2%+ 4
(X):_X(l—x)’ x#071-

Exercise 3.0.116. Let T (x)

4—x
(X) - X(] _x)v
Find the solution of (2) for which
lim y( )=1.
x—1

Answer. y(x) = —x* +x"+1
Exercise 3.0.117. Let a, b € C(J). Prove that
(x f,(x))dx
(c

. T(x0) =T (x)
/ (“(x) (RIS 6

y(x) =e
T(0) =T (x) g
+ 7 (x) )dxdx> ,

72(x)

s it o
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where C is a constant, is the general solution to the equation
AAYE A oA (%
F) =an(®)y +b0(R).

Exercise 3.0.118. Let a,b € C(J). Prove that

y(x) = e'f (a<m) (f(x)—xf/(x>>+1)dx <C+
fb(ﬁ) (T(x) —XT’(X))e_'f @(m) (T(x)—xf’(X))H)dxdx)

is the general solution to the equation
AAA ® Al A\ A N
(9) " = a2y +b(2).

Here C is a constant.

Exercise 3.0.119. Let a,b € C(J). Prove that

iy = (0 (P07 ) 15 o

N N - 7 (x) 1 +71’<X>)d
+ [b(x) (T(x) —xT’(x))e f(a(x)( (x)—x (x)> e xdx),
where C is a constant, is the general solution to the equation
An)®
(5) = ay(x) +bw).
Certain nonlinear first-order iso-differential equations can be reduced to linear equa-

tions by an appropriate change of variables. For example, it is always possible for the
iso-Bernoulli equations

(7)) =@ @ss +5 @ (7)) ©)

y ., bl
T(x) T(x) T(x)’

+
>
~

=

=a(x)

or

or
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or
VT (x)= (a(x) (T(x) — xf"’(x)) + T’(x))y +b(x) (T(x) — xT’(x))y”,
¥ = (at T Z), g T (10)

In (9), the cases n = 0,1 are excluded because in these cases this equation is obviously
linear.
The equation (10) is equivalent to the equation

yfny/ — (a(x) T(X)T_(j)T/(x) + ;/é;; )ylfn +b(x) (X)T_(;C;T,(x) (11)
We put z=y' ™. Then
d=(1=n)y™"y
s 4
y oy = 1—n
From here, the equation (11) admits the following form
J=(1—n) (a(x)T(x)T—(;c)T/(x) N 77;/((;)>Z+ a _n)b(x)T(x)Tj(;c)T/(x)’ (12)

which is a linear iso-differential equation. For the general solution of the equation (12) we
have the following representation

7 7/ U
(1-n) f <a(x) T@) x| 1) )dx
z=e T(x) T(x) <C+

(1—n) [b(x) ‘f(X)r(x?I 9, <a(x) RN ) dxdx)
T(x ’

where C is a constant. Hence, for the general solution of the iso-differential equation (9)
we have, y # 0,

T =) | 7'(x)

_ () —af'(x) (1=1)J (“(x) ) *M)dx =
(1—n) [b(x) e dx) ,

also y = 0 is a solution of (9).
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Example 3.0.120. Let T'(x) = ¢*, a(x) = —X(X%_lx), b(x) = 1, x#0,1. Then

T@)—aT'(x) _ e'—xe*

T (x) e
=1-—x,
(x) _
T(x) — L
T(x)—xT'(x T'(x x
a(x) ( )T(x) o 4 T((x)) = —x(ltlx)(l —x)+1

=X.

The equation (9) takes the form

1
y = —;y—i—xyz. (13)
We note that y = 0 is an its solution.
Fory#0, using (13), we get
1
vy = Sy Ty
X
We set z =y~ '. Then
7=-z—x

and

Zzef%dx<C—/xe7f%dxdx> :x(C—/dx) = Cx—x°,

where C is a constant. Consequently

1
- C+#x.
Y= G2 #x

Exercise 3.0.121. Let T'(x) = ¢*, a(x) = <%, b(x) = $=

T o0 X # 1. Determine the equation
(9) and find its general solution.

Answer. The equation (9) admits the following form

y = (cosx)y + (cosx) v

y =0is an its solution and its general solution is given by

y= 1 C;ﬁ e3sinx

<C6—3sinx _ 1) 7

W

where C is a constant.
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Exercise 3.0.122. Prove that

# i A1
f (a(x) T(x)ij (x) 4 T (x) ) dx
y=e o T (C n

A ., =D I alx T(X)jxf"/(x) f:’(x) n 1
(l_n)fb(x)%we( 1)]( () T(x) +T(x))d dx)l n’

where C is a constant, is the general solution to the equation
AANE A Aenrey L A e o (ann )
(") =a" @%@ +b" @)% ().

Other nonlinear iso-differential equation is the iso-Riccati equation

® . A 5
(") =@ @5 B D% () @), (14)

where ¢ € C(J).
The equation (14) we can represent into the form

yT(x)T(_ST(X) (f(x) - xT’(x)) = a(x) sz) +b(x) Ty;) + ;((’; ))

’ PO b o)

N V() =37 (x) = a) (7.6) = 27" (6) )y + b() (T () = x7'(x) )2
+e(x) (f(x) - xT’(x)) :

N VT () = (a() (706 = 28" (x)) + /() )+ b(x) (T () = 67 () )2
Fe(x) (T(x) - xT'(x)) ,

y = () TR T )y (o) T2 4 o T,

If one solution y; (x) of the iso-Riccati equation (14) is known, then the substitution

y=yi(x)+z! or  yi(x)—y=-z

converts it into a first-order linear iso-differential equation in z. Indeed, we have
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or
27 =yi(x) =y
- (5 5) (o)
+b() T (31 () —y) (1 () +)
- (ot ) ()
() T (1) (20100 + )
= (a0 + 26 () PR+ ) (1)
b)) 1,
) ¢ = — (o) + 2b(en () DT 70,
() T
Example 3.0.123. Let T'(x) = ¢,
alx) = % b(x) = lix, c(x) = 11+’;2, Y

Then the equation (14) takes the form
y = =2xy+y*+1+x°

We note that y(x) = x is its particular solution. Let y = x + % Then

, 2
1-5 = —2x<x+§) + <x+§) +1+22,
7=-1,

z=—x+C,

where C is a constant.
Therefore the general solution of (14) is given by

1
= P C.
y x+C—x’ x #
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Exercise 3.0.124. Let T'(x) = 142,

1+43x? 1+ 142
a(x):—my b(x):—m, C(x):4m,

Determine the equations (14) and its general solution.

Solution. We have

T(x) —xT'(x) = x> +1-2x2

=1 —xz,
T(x)—xT"(x) |, T'(x) _ 14322 1—x2 2
a) =5 T T R e e
14352 2
_x(1+jc€2) + 1+§c2
_ —1-3x24242
 x(1442)
_1
)C’
T)—2T'(x) _ 1422 1-o2
b= F = oo e
=1,
T(x)—xT"(x) 14x> 147
c(x) () P T34

Then the equation (14) can be represented in the following form

V(@) == 300 @)+ 5

x%
We will search a particular solution of the equation (15) in the form
a
yi(x) = Py
where a is a constant. We put y; (x) in (15) and we get

a a a* 4

x2 x2 X2 x2

or

Let

x#£0,+1.



82 Svetlin Georgiev

We set |
y(x) =y1(x) + 75
_ 2 1
=<4 o
Then 5 /( )
/ _ s« X
Yy =-5-5 o)

2 Z(x) _ 12 1 2 1 )\2, 4
—ﬁ_zzoc)*‘}(;er)—(;ﬂ(x)) Te =
2 '(x) 2 1 4 4 1 4
RTIMT R ER R EmTEm e =
_Zw s 41 —

which is a linear equation. For its general solution we have

2(x) =5 % (c—fefsf%dx)

=x (C—f%dx)

=x (C—i— ﬁ)
=Cx+%
From here,
2 4
Y=t i1

is the general solution to the equation (14). Here C is a constant.
Exercise 3.0.125. Let T(x) = 1+x%,

142034420 1+ x(1+x%)

W =—Ta W= —aay WA

x#0,+V/3.

Determine the equation (14) and find its general solution.

Answer. The equation (14) can be represented in the following form

2x+1 1
/ _ .2 o
V) = 2w - ) -
Its general solution is given by
o) =xt—n C#ox,
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C is a constant. Also,
y(x) =x
is an its solution.
Let
T:lp,g)—led], T(x)>0, xF(x)€lc,d] for ¥xelpgql, TecC'(p.q)), (16)
g(x)=xT(x), x€[p,q], is strictly increasing(decreasing) in [p,ql. (17)
We have that g € C'([p,q]) and there exists ¢; : [c,d] — [p,¢] such that
or€Cl(fe,d]), 0 (g(X)> =x for Vxelp,ql.
If we set
z:=xT(x), x € [p.ql,
then
ZE[Cad]a -x:(l)l( )
Now we consider the equation
® A A 7 A
("®) =@ D% () +5 (), (1)

where a, b € C'([p,q]).

Definition 3.0.126. The equation (18) will be called first-order linear iso-differential equa-

tion.

The equation (18) we can rewrite in the following form

v (xT(x)) (T(x)—i—xf’ (x)> )y (;mx)) ()

1 (x) (T(x) (%) 1) 1) 1)
or
v (x100) (%(;;) <(>>> (sr)0 a() y(j( g)) +b(x),
or

or
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or
. a@) | T@) =" (x) ) +T'(x)  , A BAE: x
() - ) )
o(00) (7000) -0 (00) ) o
A (T o)
s(00) (#(0n0) -0 (0:0) )
vl _( (6:0) +107 (mu) o)

Then the equation (19) we can rewrite as follows

Y (@) =wi(2)y(2) + ¥a().

Let

Its general solution is given by

Y(z) = el Wiz (c+ / e—fm(z)dzw(z)dZ),

where C is a constant.

Exercise 3.0.127. Suppose (16), (17), and consider the equation
@ A A 7 A
(9"'@) =& 025" @+ ).

where a, b € C'([p,q]). Deduct its general solution.

Solution. The given equation we can rewrite in the following form

v () (Fer0t0) (700 ) 70 o) T(x)y({m)) L

1 (x) (T(x) ﬁT/(x))

or
v (xnx)) (f(x)m'(x)) - (;mx)) LR . )
. <T(x)7xff(x)> =a <xT(x))y(xT(x)) + %
" Y (xT (x)) (T(x) +xT'(x)) T(x)—y (xT (x)) 7 (x)
- a<xT(x)) 7 (x) (T(x) —xT’(x)) y<xT(x)) b(x) (T(x) —xT’(x)) :
or

Y (xT (x)) (T(x) —i—xT’(x)) 7 (x)

- (a (xT(x)) 7(x) (T(x) —xT’(x)) + T’(x)) y(xf(x)) +b(x) (T(x) —xT'(x)),
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. (3 0) = (o ) FFF + () (fi)()oxff(x)) ()
Fh(x)— = 1'(x)
Tx) | 7( )+xT’(x))
We set

T (¢1 (Z)) —01(9)" <¢1(Z)) ( (‘Pl(l))

B ) e 2 O o e o)

We obtain the equation

Y (@) = w3(2)y(2) + ¥2(2).

Its general solution is given by

Y(z) = el Wz (c+ / " (Z)e—J'w(z)dde),

where C is a constant.

Exercise 3.0.128. Suppose (16), (17), and consider the equation
(") =@ @)% 3 + (),
where a, b € C([p,q]). Deduct its general solution.

Solution. The given equation we can rewrite in the form

y’(xT(x))T(x) <T(x)+xf’(x)) alx) .

T = T(x)y(xf"(x)) +b(x)
or
AN
or
Ao = alx T (x) —xT"(x) Flx . T (x) — xT"(x) .
’ ( i )) ( )T(x)(f(x)+xff(x))y< " )) o )T(x) (T(x)+xff(x))
We set

7 ~01 ()T
B <¢1(Z)> 1(2) (¢1(z)>
Ys(z) = b(q)l(z)) T(¢1(Z)) T(d)l(z)) +01()T <¢1(Z))> |
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Then we obtain the equation

¥ (z) = Wa(2)y(z) + ys(2).

Its general solution is given by

V(z) = el Wiz (C n / o Tz, (Z)dz> ,

where C is a solution.
Below we will suppose (16), (17).
Now we consider the equation

(+'@)" =a" @5 @)+ @)

where a, b € C([p,q]).
The equation (20) we can rewrite in the following form.

Y () (P +5'0) -y (W)W ag)
T(x)( (x) - xT’(x)) T (x)

y (xf(x)) (T(x) +xT'(x)) T(x)—y (xf(x)) 77 (x)
T (x) —xT"(x)

or

y <xT (x)) (T(x) +xT" (x)) T(x)—y <xT (x)) 7' (x)

> <xT( )) (T(x)+xT'( ))T(x)
= (a@T () (70 =x7"(x) ) + 7))y (37 (@) + () (7 (x) = x7'(3))
o(o1) = (i e )
+b(x) T () 1" (x)
) 7( )+xf’(x>)
We set

N 1 (¢1(Z)>
T(wz)) (T (¢1<z>)+¢1<Z>T’ (‘PI(Z))) |
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Then the equation (20) admits the following representation

¥ (2) = Ws(2)y(z) + w2 (2).

Its general solution is

y(z) = el Vel2)dz (C+/\|!2(Z)e_f%(z)dzdz>,

where C is a constant.

Definition 3.0.129. The equation (20) will be called first-order linear iso-differential equa-
tion.

Exercise 3.0.130. Let a, b € C([p,q]). Determine the equation

® R
(3" =a @ @ +b) (1)
and find its general solution.

Definition 3.0.131. The equation (21) will be called first-order linear iso-differential equa-
tion.

Answer. The equation (21) can be represented in the following form.

V() = (al) FUE + - <Tm> ) P(x7 )

(x)+x7"(x)

+b< ¢ ) T(x)?;)(x))f;?’)(x)) ‘

We set ( ) ( )
(00 T(01(z)) — 01(2)7" (01(2)
v7(2) b(T(¢1(Z)) ) T(d)l(z)) (T ((l)l(z)) +01(2) T (‘l’l(z))) .

Then the equation (21) we can rewrite in the following form.

Y (@) = Ws(2)y(2) + w1 ().

Its general solution is given by

y(z) = ef\lls(z)dz (C+ /\W (Z)eff\vﬁ(z)dde)

Exercise 3.0.132. Let a, b € C([p,q]). Determine the equation

(#®) " =a@®% () +5(x) 22)

and find its general solution.
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Definition 3.0.133. The equation (22) will be called first-order linear iso-differential equa-
tion.

Answer. The equation (22) we can represent in the following form.

)~ e

T (x) 2T (x)

Let

(o)

+T(¢1(z)> (T (¢|(Z)) o1 () (c}n(Z))) )

WYo(z) = b<¢1 (Z)) T (cln (Z)> ~01(2) 7" (q)l(z))

#(00)) s (01))

Then the equation (22) we can rewrite in the form.

Y (2) = ws(2)y(2) + Wo(2).

Its general solution is given by
y(z) = o/ vs(2)dz (C+ /e*f\lls(z)a’zllj9 (Z)dZ) ’

where C is a constant.
Now we consider the equation

(V@) = @55 @)+ (D), 23)

where a, b € C([p,q]).

Definition 3.0.134. The equation (23) will be called first-order linear iso-differential equa-
tion.

The equation (23) we rewrite as follows.

po 0T9) ot

Y (@) 70 (T +x1') g
) —xT'(x) ~ ) o Tk

A
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N Y (T @) (T +0'0) (6 F0)
() — 7' (x) =475 Ty
y (xf"(x)) T (x) (T(x) +xT’(x)) =a(x) T(X)T_(i)fl(x)y(xf"(x»
Fh(x) f‘(x)f?(xg" (.
or
o —alx T (x) —xT"(x) Flx . T (x) —xT"(x)
' (XT(X)> — )Tz(x)<f"(x)—|—xf"’(x))y< T( )) i )Tz(x)<f"(x)—|—xf"’(x))

Let

Vi) =b(0:12))

Then we obtain the equation

Its general solution is given by

y(Z) = eleO(Z)dZ <C+ ‘/wll(z)e*f\VIO(Z)dZdZ>’

where C is a constant.

Exercise 3.0.135. Ler a, b € C([p,q|). Find the general solution of the following iso-
Bernoulli equation

(") =a @2 () + b5y @)

Exercise 3.0.136. Let a, b € C([p,q|). Find the general solution of the following iso-
Bernoulli equation

(@) =0 () +b0%" ).

Exercise 3.0.137. Let a, b, c € C([p,q]). Let also, yi(x) be a particular solution to the
iso-Riccati equation
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Prove that

y(x) = y1(x) + o)

transforms it to an iso-Bernoulli equation with respect to y,(x).

Exercise 3.0.138. Let a, b, c € C([p,q]). Let also, yi(x) be a particular solution to the
iso-Riccati equation

Prove that {
yx)=yx)+—=
R
transforms it to an iso-Bernoulli equation with respect to y,(x).
Let
T:lpgl —led, Tx)>0, g5€led for  Vxe[pgq],
(24)
T e C([p.a).
h(x) = TEC 3 x€[p,q] is strictly increasing(decreasing) in [p,q]. (25)
X
We have that i € C!([p,q]) and there exists ¢, : [c,d] — [p,q] such that
preClled)),  o(h(x)) =x for ¥relpg]
If we set
== € [p.d]
2l = =% ) X Y1
T
then
71 € [Cvd]a x:q)Z(Zl)-
Below we will suppose (24), (25).
Now we consider the equation
PV IRGY A
(39) =" @230 +5" (). (26)

where a, b € C([p,q]).

Definition 3.0.139. The equation (26) will be called first-order linear iso-differential equa-
tion.

The equation (26) we can represent as follows.

Y (1) (10 —7'0) =3 (55) P00 ag . ¥(55) bl
T

A

72(x) (T(x) —xT’(x)) T (x)
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or
Y (75) (F0) =27"()) =y (55 ) T @) :a(x)y(f;;)) L)
72(x) (T(x) —xf/(x)) T(x) x)
) Y (75) (10 =27"0)) =y (75) T T ()
=a(x)T (x) (T(x) —xT’(x))y<ﬁ> +b(x)T (x) (T(x) —xT’(x))
or

or

Let

wi(z) = a(2(2)) 7 (02(21)) + - (o) (‘f@)

T(z1) = b<¢2(21))f<¢2(21))-

Then the equation (26) admits the form

¥(z1) = n(z)y(z1) +t2(z1).

Its general solution is given by

y(z1) = ol T1(2)dza (C—i—/Tz(zl)e_fﬁ(zl)dzldzl),

where C is a constant.

Exercise 3.0.140. Let a, b € C([p,q]). Consider the equation

® A AL A 2 /A
(30) = a(®)%5() +b().
Find its general solution.

Solution. The given equation admits the following representation

() (r-s20) (o)t _alss), (o)

72(x) (T(x) - xT/(x)) T (x) T(x) T
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or
yl<T(>>(T(x)_XT/(x)>_y(U)T(’C)T/@:a( x )y(m>+b(ﬁ>>
T2(x) (T(x) —xT’(x)) T(x)/ T(x) T(x)
) ¥ (75) (T = @) = y(£5) T ()
= a(75) 1) (1) =)y (75 ) +6 (75 ) ) (F () 27" ())
or

Let

3(21) = a(zl)T(q)z(Z])) i T(¢z(m)> 1/ QT(ZI))

w() = b(e)T (02(a1)).

Thus, we obtain the equation

Y(z) = t3(z1)y(z1) +Ta(z1).

Its general solution is given by
y(z1) = o) B(z1)dz (C—i—/’C4(Z1)e_-h3(21)d11dzl),

where C is a constant.

Exercise 3.0.141. Let a, b € C([p,q]). Consider the equation

®
(30) " = alx)3(2) +b(x).
Find its general solution.

Solution. We can rewrite the given equation as follows.

Y (75) (o) =21"0)) =»(75) T @)
72(x) (f(x) - xf/(x))
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T () (0 —w) (5 T
= a(0)T(x) (T(x) —xT’(x)) y(m> b2 (x) (f(x) —xT'(x)),
or
Y (785)) (0 =)
- (a(x)f(x) (T(x) —xT'(x)) + T(x)T'(x)) y(fo)) () T2(x) (T(x) —xT’(x)),
or N A~/
y ( T)(Cx) ) - (a (x) T(X) + fgch— xYE")’C()x) )y ( Txx) ) + b(x)T2 (x)
Let

Then we obtain the equation
Y(z1) =Ti(z1)y(z1) +T5(z1)-

Its general solution is given by

V(z) = el Tl <C+/e_f“(“)dz'Ts(m)le),

where C is a constant.
Now we consider the equation

()" =a" @3y (0 +5(x), (27)
where a, b € C([p,q]).

Definition 3.0.142. The equation (27) will be called first-order linear iso-differential equa-
tion.

The equation (27) we can rewrite in the following form.

1,7 x X N\ X
k) (T(x)> - a(m>T(x)y<w> +b<f(x))
y ( T?x) ) = a(jf(cx)> Tz(x)y<f?x) ) + T(x)b(Tsz) ) )

T6(21) = a(z1)T? (¢2(Zl))~

or

Let

Thus, we get the equation
Y (z1) = t6(z1)y(z1) + ()
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Its general solution is given by
y(Z1) = efta(m)dzl (C—i— /14(Zl)effrs(zl)dzldzl)7

where C is a constant.
Now we consider the equation

®
(30) " = aly’ (@) +b(), (28)
where a, b € C([p,q])-

Definition 3.0.143. The equation (28) will be called first-order linear iso-differential equa-
tion.

The equation (28) we can rewrite in the following form
, A A A
#t) (109 —1'09) ~(53) TT) _

A

72(x) (f(x) —xff(x))

or
y(55) (F0) —x1') 3 (55 ) T @070
— a(0) T2 () (T(x) xT'(x)) y(;(;)) () T2(x) (T(x) —xT'(x)),
or
(89) (70— ')
= (a@20) (T) =) + T @)y (755 ) + b2 (1) 27" (x))
or . .
y(Tzcx) >/ - <a(x)T2(x) + T(T;c()xij;c;)’c()x) )y(ffx)) +b(x)T2 (x)
Let

7 (42(e)) 7' (02(a)
T <¢2(Zl)) — 0a(z1) 1" (¢2(Z1)) ‘

Then the equation (28) admits the following form

vr(1) = a(02(21) ) P2 (0 (an)) +

¥(z1) = v (z)y(z1) +t5(z21).-

Its general solution can be represented in the form

y(zl) = ejw(m)dzl (C—l—/’ts (Zl)e_fr7(zl)dmdz1),
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where C is a constant.
Now we consider the equation

(") =a" @30+ (@) (29)
where a, b € C([p,q]).

Definition 3.0.144. The equation (29) will be called first-order linear iso-differential equa-
tion.

The equation (29) we can rewrite as follows.

X a(x) 5, Y e b(x
sz)y <T<x)> = F ™ <TT(;;> e
1 x 76 b(x)
T(x)y<f(x)) =alx) <T((x;) T )
or
W(70) =aen(755) +o0)
Let

T8(21) =a(¢2(21))7 To(21) =b(¢z(Z1))-

Then we get the equation
Y (z1) = t8(z1)y(z1) +o(21)-

Its general solution is given by
y(zl) = ef‘Cs(Zl)dzl <C+/TQ(Z])ei‘[TS(ZI)dZIdZ])7

where C is a constant.

Exercise 3.0.145. Leta, b € C(R), T € C'(R), T(x) > 0 for every x € R and

where ¢ and M are constants. Prove that there exists unique bounded solution y(x) of the
equation

(@) =a

=>
S—
X
b
>
—~
=>
S~—
+
S
>
—~
>
N—
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Solution. The given equation we can rewrite in the form.

( 7(x) = x1'(x)
)b =

(x) T(x T(x)
or
Y (x) = A(x)y(x) + B(x). (30)
For its solution we have the representation
(@) = RN (3o + [ B oM ar), (1)
X0

where xp € R is arbitrarily chosen and fixed. We will search yy so that lim,_. y(x) = 0.
Since, for x > xy,

efjo A(r)dt > ec(x—xo)

TP x——00 O,
then we put
Yo +/ B(t)e_f-‘{OA(s)dsdt =0
X0
or

vo=— [ B W,
Xo

and from here . .
y(x) = _plnAln)dr [ZB(t)e” JrgAls)ds g,
= — [2B(t)e A gy,
For x > xy we have
@) = |— [ Bt)e LA gy
< 7 1B(0)]e FACMsay
< [ |B() e~ s

< M [T e<tgs

_M
=¥ < o,

Consequently, y(x) is a bounded solution to the considered equation.
Now we suppose that the considered equation has two bounded solutions y;(x) and
y2(x). Let
1(x) = y1(x) = y2(x).

Then /(x) is a bounded solution of the equation

‘We have



First-Order Linear Equations

97

Then, for x > xy, we have
1(x)] > |10 — o0,

which is a contradiction.

Advanced Practical Exercises
Problem 3.0.146. Let T (x) = ¢,

a(x) = % by = SHEHE
Find the general solution of the equation (2).
Answer. y(x) = Ce ™ — x> +2x> — 5x+ 5, where C is a constant.
Problem 3.0.147. Let T(x) = ¢,

1—2x 4x 1
S (S (=) N

Find the solutions of the equation (2).

a(x) =

Answer.
y(x) = (2x+ 1) <c+1og\2x+ 1y> +1,

where C is a constant.

Problem 3.0.148. Let a,b € C(J). Prove that

y(x) = o (” (ﬁm) (f(X)*xf’(x)> - ) dx (C

N a —[lalxT(x T (x)—xT'(x dx
+ [b(x) (T(x) —xT’(x))e ]( < ( )) ( (= ))+T(*’>> dx),
where C is a constant, is the general solution to the equation

()" =" (@) +b(o)

Problem 3.0.149. Let a,b € C(J). Prove that

)t} )

')

o o N —[|alxT(x T (x)—xT" (x 2 |dx
+1(x () (1) —21(x) ) e 1{oform) (re-sm0) 1) dx),
where C is a constant, is the general solution to the equation

() =" @)+ ).
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Problem 3.0.150. Let a,b € C(J). Prove that
yix) = e’ (a0 700 (117100 ) + 522 )t (0

()

0
T(x) )dxdx) ,

A A —(lal xT) )T T(x)=xT'(x
+/b(x) (T(x) —xT’(x))e f( ( ( >> ( >< (o) =T ))+
where C is a constant, is the general solution to the equation

()" =" @) %300 + ().

Problem 3.0.151. Letr a,b € C(J). Prove that

y(x) = ef <a (ﬁ(x)) 1 (x) (f"(x)—x’f"/(x)) n % > i (C

where C is a constant, is the general solution to the equation

() =" @%yx) +5" )

Problem 3.0.152. Let a,b € C(J). Prove that

y(x) = ef <a (xﬂx)) (f(X)—xT’(x)> +%)dx (C

+ fb(xf"(x)) ﬁ (T(x) —xT’(x)) e_f <u (XT(X)) <T(X)_XT/(X)> +T(<"x))dxdx) ,

where C is a constant, is the general solution to the equation

() =" @) +5' ).

Problem 3.0.153. Letr a,b € C(J). Prove that

')

+1b(0) 3t (T a7 ({re)reo (o) o5 >"xdx) ,

where C is a constant, is the general solution to the equation

(5) = a" () 2y(x) ).
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Problem 3.0.154. Let a € C(I). Prove that

. T (x) —xT’
y(x) =T(x) (C+ /a(x)de),
T (x)

where C is a constant, is the general solution to the equation

®
() =aw).
Problem 3.0.155. Let a, b € C(J). Prove that

e I <a(x) (T(x) —xT'(x)) + i ) dx (C+

(1—n) fb(x)f(x)f—();)f/@c)e(n—l)f<a(X) (T(x)—xT’(x)) +TT'((;)))dxdx) L

where C is a constant, is the general solution to the equation
® . PN
<)A}AA) — R B (R) X (y/\/\) .
Problem 3.0.156. Let T'(x) = ¢,

e 2
a) =21 =t o) =2 ey

1—x’ Cx—1 1—x’

Determine the equation (14) and find its general solution.

Answer. The equation (14) can be represented in the following form

y’(x):x+2+m, C#e™,
C is a constant. Also,
y(x)=x+2
is an its solution.
Problem 3.0.157. Let T'(x) = ¢,
x X 2%
a(x):%, b(x) = lix’ c(x):eltex , x# 1.

Determine the equation (14) and find its general solution.

Answer. The equation (14) can be represented in the following form
Y () = =2¢%y(x) + 2 (x) + € + €,

Its general solution is given by

yin) = ¢ C# .

C is a constant. Also,

is an its solution.






Chapter 4

Iso-Integral Inequalities

In this chapter we suppose that a is a positive real number, xo € R, 7 € C! (]x —xo| < a),
T(x) > 0 for every x : |x —xo| < a.

Theorem 4.0.158. Let u(x), p(x) and q(x) be nonnegative continuous functions in the in-
terval |x —xo| < a. Let also

T(x)—xT'(x) <0 for |x —xo0| < a, (1)

(2)

@ }/ iy ()l

for |x—xo| < a.

(3)

Remark 4.0.159. Sometimes we will use the following representations of the inequalities
(2) and (3)

u(x) < p(x)+7(x)

Sy a(0) M)

)

. N Y j; () v) vT v)d
Sy () (t) M e ‘dr]

u(x) < p(x) +7'(x)

Sor |x —xo| < a, respectively.

Remark 4.0.160. We note that in the exponential function in (3) we have a Riemann inte-
gral.

Remark 4.0.161. To prove (3) we can not apply directly the classical Gronwall’s-type

inequality. Conversely, from (3) we can obtain the classical Gronwall’s type inequality
when T = 1.
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Proof. Let x € [xo,x0 +a]. Then the given inequality is

u(x) < p(x) =T (x) /x:q(t) T(t)f;(t:(t) u(t)d. (4)
We define . N
r(x) =T (x) /xO q(t) T(t)f; tg ®) u(t)dt
Therefore, using (4),
u(x) < p(x) —r(x) (5)

Also,

Al

P () = 7'(x) [, a(0) M) de + 7 (1) () " u(x)

= 1'(x) [ a() "t Du(r)de + g() T D).

Using (1), (4) and (5), from the last inequality we get

ﬂ@)z?ﬁf<>+q<>ﬂ%$?@(p@w—mw)

from where

We multiply the last inequality with

( 7)1 (1) 2 . ()7
_fxo<7 —al) "7 >d’ _ T(XO)eJXOq(t)MdI

- T(1)
T(x)
and we get
. B T(r) 77 (t)d
<r(x) T((;’)) 0107 >
7 210N A T —11'(1)
> D)) P 7 ) o

T2(x)

The last inequality we integrate from x( to x and we obtain, using r(xp) = 0,

1) —1'(r)
r(x) T (x0) fxOQ() (5 dr

T ¢

N s ~ t (v) sT/(s)
> 7 (x0) [ p(0)g() U el R g

or
P [ P() = 1T'(t) — rg(s) 1610 gy
r(x)ZT(x)/ p(0)q(r) LT = o) g,
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Now we apply (5) and we find

() < px) - T) [ "pmq(t)We—mw%

X0
Now we will prove the assertion in the case when x € [xg — a,xo]. In this case the given
inequality (2) has the following representation

u(x) < p(x) +7(x) /Xq(t)u(;)T(t) tT,(t)dt. ©

We define )

ri(x) =T (x) /x:q(t)u(t)wdt_

Then, using (6),
u(x) < p(x) +ri(x) (7)

and, using (1) and (7),

~

r(x) =1"(x) 3 ‘](””(O%@T)l(i)dr—i— T(x)q(x)u(x)(x)fzixg(x)

101" 4

(I’/l (x)— (T'(X) +q(X)M) r (x)> %ei iy a(®) 0

or

(r ! (X)L)“’))e*f«% a() " dt)’

I i 7 o ()=t (1)
Zp(x)q(x)W%)e fy a0 " ar

Now we integrate the last inequality from xj to x and since x < xo we get, using r; (xp) = 0,

7 ()11 (1)
T(xo) — o a(t) = g7 2dt
r (x)me 0 iy

<T(xo0) f;f)p(t)q(t)T(t)TzétT) (1) = S 45) = d dr.




104 Svetlin Georgiev

therefore R
N ot T(s)—sT'(s)
x) < T(x /p (?()e Fia) TR s

From the last inequality and (7) we obtain

Corollary 4.0.162. If in the last theorem the function p(x) = 0, then u(x) = 0.

Corollary 4.0.163. If in the last theorem the function p(x) is nondecreasing in [xo,xo + d]
and the function T (x) is nonincreasing in [xo,xo + a], then

T(s)=sT"(s)
s) ) ds

u(x) < p(x) _JVOLI(
for x € [xp,x0+al.
Proof. Since p is nondecreasing function in [xo,xo + a], then

p(t) < p(x) for Vi, x € [x9,X0 +al, t<x.

Because T (x) is nonincreasing function in [xo,xo + ], then

T(t) > T(x) for Vit x € [xo,x0 + a, t<x
or
L1 fi Vi, x €| +4a 1<
= S = or , X Xo0,X0 T 4aj, S X
T(t) ~ T(x)

Therefore, from (3), we get for x € [xo,xo + a]

A X YAyl _ tx s T(s)rsf'(s)ds
) < p() ~ 70 i po)gle) LU0 ¢~ F 9 g

1(5)=s7"(s) 1(5)=s7'(s)
) dsdfq() i) ds

< pl) T () 4 e P

X T(s)—sT'(s) t=x
- .ft q(s) T(s) ds

t=x9

()57 (s)
fxoq() o9

T(s)=sT'(s)
o o) T ds
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Corollary 4.0.164. If in the last Theorem the function p(x) is nonincreasing function for
x € [xo — a,xo) and the function T (x) is nondecreasing in [xo — a,xo|, then

x T(t)—11' (1)
u(x) < plx)elo T

for every x € [xo —a,xo).
Proof. Since the function p(x) is nonincreasing function in [xo — a,xo], then
p(t) < p(x) for  t,x € [xo—a,xol, t>x.

Because the function 7'(x) is nondecreasing function in [xo — a,xo), then

T(t)>1T(x) for Vi, x € [xo —a,xo], t>x,
or
! < ! fi Vi, x € | |,t >
- < or ,X € [xo —a,xq],t > x.
)~ 7(x) v
Consequently
t
’f( ) < ’f(x) for Vi, x € [xo —a,x), t>x.
T(t) = T(x)

From here and (3), for x € [xg — a, x|, we obtain

f(.?)jxf/ ) g

u(x) < pl) — ) [ plo)glr) TR0~ F o0 R s gy

r Py -t (1) — [ qls) 10 g
< pl) = T (x) B2 o () 0 1o gy
— p(a) + plx) [0 e AR s g o) HE s

X

T(a‘)fﬂh', (s) ds t=xg

= p(x) + plxje T

t=x

7(s)—sT’
el d) s

= p(x

In fact we can reformulate the last Theorem as follows.

Theorem 4.0.165. Let u(x), p(x) and q(x) be nonnegative continuous functions in the in-
terval |x —xo| < a, and T (x) — xT"(x) < 0 for every x € [xo — a,x0 +a). If

u(x) < p(x) =T (x) /xq(t)u(;)T(t) 1T (1)

L
X0 12 (t)
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for every x € [xo,xo +al, then

u(x) < p(x) =T (x) /X:p(t)q(t)fz(t)

for every x € [xo,x0+al. If

) < p@) + () [ a0t ey
forevery x € [Xo—a xo] then
" x T(t)—tT'(1) — 1t g(s) 2010 4
u(x) <p(x)+T(x) [ p(t)g(t) ( )Tz t ) - frat B sy,
Xo

for every x € [xo — a,xo|.

Exercise 4.0.166. Let u(x) and q(x) be nonnegative continuous functions in the interval
[x0,%x0 +al, T'(x) —xT"(x) < 0 for every x € [xo, X0 +a]. Let also,

ux) < 1) -1 [ :q(t)u(t)T()T_()T()dt
for every x € [xo,x0+ al. Prove that

a o = [F gs)TesTG)
u(x) S T(x)e LO 4(s) T(s) ds

for every x € [x,x0+al.

Exercise 4.0.167. Let u(x) and q(x) be nonnegative continuous functions in the interval
[xo —a,xq], T'(x) —xT"(x) < 0 for every x € [xo — a,xo}. Let also,

) <T@+ 7 [ gt 1?%ut

for every x € [xo —a,xo|. Prove that

N X T(J)rs‘f,(x)
u(x) < F(r)elo?® "1 %

for every x € [xo —a,xo).
Theorem 4.0.168. Ler u(x), p( ) and q(x) be nonnegative continuous functions in the in-
terval |x —xo| < a, T'(x) —xT"(x) > 0 for every x € [xo — a,xo +a. If

) < o)+ 700 [ g0 O Ty

for every x € [xo,xo +al, then

R X ’f‘ 1) —tT'(t x T(_s) s/ (s5)
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for every x € [xo,x0+al. If

for x € [xo — a,xo], then

N

) <900+ 700 [ at0pte) N T gy @

for every x € [xo —a,xo).

Proof. We will prove the assertion in the case when x € [xp,xo + a]. The proof in the case
X € [xo — a,xp] is similar.

Let R Ny
)= [t ™
Then
) < )+ T (1) ®)

and, using (8),

T (x)
or A A A A
, T (x) —0xT'(x) T (x)—xT'(x)
= < = ,
/)=o) LS ) < gt
from where o
N o ()t (1)
(70) — g T 0 )Y ot
o -t )
< p)q(x) T bt
or

T(r)rrf’g) dt T(t)jtf’(r) dt

(r(x)e_ﬁo 905 )/ < p(x)g(x) IO o Fo 1O

which we integrate from x( to x and we get

~Jpale) FER P0)=rT(0) - I o) T
r(x)e "o o) Sf;;p(t)q(t)%e 0 o)

dt,

or

A

X — T ¥ () T0)=sT(s) 4
s [ p(0)q(ty LI e s g,
X0 T (l‘)
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From the last inequality and (8) we get

ux) < p@) + 1) [ plo)a(r)

X0 f‘Z t
]

Corollary 4.0.169. If in the last theorem p(x) =0 in [xo — a,xo + al, then u(x) =0 in
[xo —a,x0+al.

Corollary 4.0.170. If in the last theorem p(x) is increasing in [xo,xo +a] and T (x) is de-
creasing in [xg,xo + al, then

x T(s)=sT'(s)
u(x) < plx)ela ™ T

s

for Vx € [xo,x0 +a].
Proof. Since p(x) is an increasing function in [xp,xo + ], then
p(t) < p(x) for Vi, x € [x9,x0 + al, t<x.

Because 7'(x) is a decreasing function in [xo,xo + a], we have

T(t)>1T(x) for  Vt,x € [xg,x0+al, t<x,

from where
L1 fi Vi, x €| +a r <

= = or , X € [x0,x0 +a, <ux.

()~ T(x) o
Consequently

t
‘IZ( ) < {’(x) for t,x € [xo,X0+al, t<x.
T(t) ~ T(x)

From here and (3") we conclude

X 7(s)—sT'(s)
— p(x) e.fxo q(‘g) 7"(3) d

for every x € [xo — a,xo)]. O

Corollary 4.0.171. If in the last theorem p(x) is a decreasing function in [xo — a,xo| and
T (x) is an increasing function in [xo — a,xo|, then

i s *A‘h/ s
ef;o q(s) 1(: )f(g ) ¢

u(x) < p(x) for Vx € [xo — a,xo].
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Proof. Since p(x) is a decreasing function in [xo — a,xo], then

or

Therefore

From here and (

p(t) < p(x) for  Vr,x € [xo—a,xol, t>x.
Because 7'(x) is an increasing function in [xo — a, x|, we have
T(t)>T(x) for  Vr,x € [xo—a,xol, t>x,
! < ! fo Vi, x € [xo —a,xo] t>x
A A r ) -, ) -
)~ T C
t
’f( ) < ’f(x) for Vi, x € [xo —a,xo), t>x
T(r) ~ T(x)
3//)
N P(0)-e'(0) fia(s) T ds
u(x) < p(x) + T(x)% S a() (I)ﬂtt) We )
ot f(.v)fﬂh"l(s) =X
= p(x) + p(x)el 1T
=x
X0 (o T(J)jST’(J‘) s
= () + px)e™ T ()
X, f'(s)fsf'l(s)
1< ()= ds for Vx € [xo — a,xo].







Chapter 5

Existence and Uniqueness of
Solutions

In this chapter (xo,y9) € R?, D is a domain in R? containing the point (xo,yo), J is an
interval in R containing xo, T'(x) € C'(J), T'(x) > 0 for every x € J. We begin to develop
the theory of existence and uniqueness of solutions of the initial value problem

(@) =7 @@, el (1)

y(x0) = yo, (2)

where f will be assumed to be continuous in the domain D.
The equation (1”) can be rewritten in the following form

Y@T @) —y@T' () _ flryx)
N SN o) xelJ,
T(x) <T(x) xT (x))

or

or

.
—
S~—

~>
—

=
S~—
|
=

.
—

=
S~—

Definition 5.0.172. We will say that a function y(x) is a solution to the initial value problem

(D), (2) ¥
1. y(x0) = Yo,
2. y'(x) exists for all x € J,

3. for all x € J the points (x,y(x)) € D,

4. y'(x) = y(x) TTI((;? +f(x’y(x))%’;)”")for allx€J.
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If f(x,y(x)) is not continuous, then the nature of the solutions of (1) is quite arbitrary.
For example, let

40 =2)  yix)

fly(x) = M=%  1—x T(x) =",

and (xp,y(x0)) = (0,0). Then the equation (1) admits the representation
4(y(x)—2
Y () =50+ (G 1) (1)

= y(x) + 4202 —y(x)

4
=1 0(x)—2),
its general solution is
y(x) =24Cx*, 3)
where C is a constant. From here, we conclude that
¥(0) =2#0,

therefore the considered initial value problem has no any solution. If we take (xo,y(xo)) =
(0,2), then every function (2) will be a solution of the considered initial value problem.

We shall need the following result to prove existence, uniqueness, and several other
properties of the solutions of the initial value problem (1), (2).

Theorem 5.0.173. Let f(x,y(x)) be continuous function in the domain D, then any solution
of the initial value problem (1), (2) is also a solution of the integral equation

(1)
(1)

e O @

s =+ [ (v

and conversely.

Proof. An integration of the equation (1) yields

) —3t) = [ (o)

T(t
s o) +f(t,5(1))

Conversely, if y(x) is any solution of (4), then

y(x0) = Yo,

and since f(x,y(x)) is a continuous function in D and 7" is a continuous function in J, then
y(x) is a continuous function in J and we can differentiate (4), from where we find

() =30 e+ () TS
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We shall solve the integral equation (4) by using the method of successive approxima-
tions due to Picard. For this reason, let yp(x) be any continuous function, we often take
yo(x) = yo, which we will suppose to be initial approximation of the unknown solution of
(4), then we define y; (x) as follows

T'(t T(t)—tT'(t
(0 -0y,

710 =30+ [ (3000 7+ 70000 =

We pick this y; (x) as our next approximation and substitute this for y(x) in the right side of
(4) and call it y,(x),

X T'(1) T(t)—tT'(z)
X) =yo+ (tA + f(t, tAi)a’t.
n =0t [ (1m0 7+
Continuing in this way, the (m + 1)st approximation y,(x) is obtained from y,,(x) by
means of the relation

- f(z,ym(z))T(’)Tf(;)T/(”)dz,
(5)

If the sequence {y,(x)}_, converges uniformly to a continuous function y(x) in the inter-
val J and for all x € J the points (x,y,(x)) € D, then we may pass to the limit in both sides
of (5), to obtain

(1)
T(t)

X
ymi1() =yo+ | () m=0,1.2,....
X0

y(x) =1limy oo Ymt1 (x)

= yo+limy e [0 (ym(r)%) + 1, ym(t))%wt

=yo+ [ (v T2 + £,y () T Y ar,

so that y(x) is the desired solution.

Example 5.0.174. Let J = [-1,1], D= {(x,y): —1<x<1, yeR}, T|kx) =¢,
Fx,y(x)) =y(x), y(0) = 1. We will find the first four approximation.
We pick
yo(x) =yo =1,

() =1+ [§(2—1t)yo(t)dt
=1+ [y (2—1)dt

=142 %,
) =14 Jo 2= 1)yi(t)dr

= 1+f5‘(2—t)(1+2t—§)dt
= 1+f5‘(2+3t—3t2+§>dt

=1 +2x+%x2—x3+%4,
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y3(x) = 1+fg(2—t)(1+2r+%t2—z3+§)dr

- 1—|—f6c<2—|—3t—|—t2—%t3—|—%t4—§)dt

Example 5.0.175. Let J =R, D = R?, f(x,y(x)) = _2W T(x) = e, y(0) = 1. Then the
equation (1) we can represent in the form

= y(x) —2y(x)
= —y(x).
Then
yo(x) =yo =1,

yi(x) =1= Jgyo(t)dt
=1—x,

y2(x) = 1= Jgyi(t)dt

We assume that

2 3 m
xX° x
ym(x):1—x+3—§+-“+(—1)m—'
Then
2 m
ymH(x)—l—f(')x(l T l)m%)dt
2 3 n+1
=1—x+5 =5+ ()" o
Therefore
m *.xl
ym(x):Z(—l)‘i—', m=0,1,2,....
i=0 :
From here,

lim y,(x)=¢ "
m—-yoo
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Consequently
y(x)=e”

is a solution to the considered problem.

Exercise 5.0.176. Let J =R, D = R?, T(x) = e*, f(x,y(x)) = xy(x), y(0) = 1. Find the
first three approximations of the solution of the problem (1), (2).

Exercise 5.0.177. LetJ =R, D =R?, T(x) = ¢*, f(x,y(x)) = x+y(x), ¥(0) = 2. Find the
first two approximations of the solution of the problem (1), (2).

Below we will suppose that a and b are positive real numbers. Let P be positive real
number such that

<P ————=<P for Vxé€[xo—a,xo+a.

Theorem 5.0.178. Let the following conditions be satisfied

(i) f(x,y) is continuous in the closed rectangle S : |x —xo| < a, |y — yo| < b and hence there

exists a M > 0 such that | f(x,y)| < M for all (x,y) €S,

(ii) f(x,y) satisfies a uniform Lipschitz condition

‘f(-xvy]) —f(X,yz)\ < L|y1 _y2|
forall (x,y1), (x,y2) in the closed rectangle S,
(iii) yo(x) is continuous in |x — xo| < a, and |yy(x) —yo| < b.

Then the sequence {ym(x)}_, generated by Picard iterative scheme (5) converges to the
unique solution y(x) of the initial value problem (1), (2). This solution is valid in the

interval Jy, : |x —xo| < h, where h =minJ a } Further, for all x € J, the following

b
> P(b+|yol+M)
error estimate holds

((P+PL)h)" }

() =y ()] < NelP P min{ 1, S0

m=0,1,2,..., (6)

where

max [y (x) — yo(x)| < N.

xedy
Remark 5.0.179. This Theorem is called a local existence theorem since it guarantees a
solution only in the neighborhood of the point (xo,yo).

Proof. We will show that the successive approximations y,,(x) defined by (5) exist as con-
tinuous function in J; and (x,y,(x)) € S for all x € Jj,. Since yo(x) is a continuous function
for all x such that |x — xo| < a, the function Fy(x) = f(x,yo(x)) is continuous function in Jj,
and hence y (x) is continuous in Jj.
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Also,

1 (30 52 + (e, (1) M0 Y|

y1(x) = yol =

< fif)(\yo(t)!\l;((tt;\ +‘f(t’y0(t>)\%g(’)|)dt‘

<

JE ((b+yyo|)P+MP>dr)
= P(b+|yo| +M)|x —xo|
< P(b+|yo| +M)h

<b.

Assuming that the assertion is true for y,, (x), m > 1, then it is sufficient to prove that it is also
true for y,,1(x). For this, since y,,(x) is continuous in Jj, the function F,,(x) = f(x,ym(x))
is also continuous function in J. Moreover,

L (ym(t)TfT(f)) —l-f(t,ym(t))%)dt‘

[Ymt1(x) = yo| =

<|[o <|ym(t)| ‘TT((;))\ +1f(t,ym(0))] WM

< |15 (@ -+lyoh P+ mP)ar|

< P(b+ [yo| +M)|x — x|
< P(b+|yo| +M)h

<b.

Now we will prove that the sequence {y,,(x)};_, converges uniformly in J;,. Since y;(x)
and yo(x) are continuous in Jj, there exists a constant N > 0 such that

[yi(x) —yo(x)| <N for Vx € Jj,.

Also, for every x € Jj,, we have

L5 (010 = 30D T+ (£ 31 (1)) = 1,300 PR Y|

y2(x) =y1(x)| =

=< f;;(!yl(f) —yo(t) ‘TT—((,’))'Jr !f(t,yl(t))—f(t,yo(;)),wwt’

< [ (1v10) =30 EOL+ Ly (0) — o o) P70

< |[; (NP+LNP)dt

— NP(1 4+ L)x—x.
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Supposing that

((P+LP) |x—xo|>m71

’ym(X)—ym_l(XNSN (m—l)' ) Xejh,
for some m € N.
We will prove that
m
((P+LP)\x—x0|>
[Vm+1(x) = ym(x)| <N , x € Jp.

m!

Really,

Omlt) =1 0) 5 (Fle (1) = £y ) T |

<[ 15 (13 ®) =y 0 T+ L9 (00) = £ 3 ()] L Y |

IA
=

B 17(1)| _ |7 (0)—T"(1)]
)~ 3 (1T Ly (1) =y (1) P00 )

IN

J2(P+PL) ym(t) — Ym—1 (t)\dt‘

< N(P+PL)"!

fx (t—x0)" xo) dt’

X0

|m+l

1 Jx—x

= N(P-+PLy™ 1 Bl

Thus inequality (7) is true for all m € N.
Next, since

m—1

NE; <(P+P(I;),x1;°) <N, ((HZLM)

— NeP+PLh oo,
we have that the series

+Zym —Ym-1(x))

converges absolutely and uniformly in the interval J;, and hence its partial sums

Y1(x),32(%); -, Y (), - .

converge to a continuous function in this interval, i.e.,

y(x) = lim y,(x).

m—yoo
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As we have seen above we have that y(x) is a solution to the problem (1), (2).

To prove that y(x) is the only solution, we assume that z(x) is also a solution to the
initial value problem (1), (2) which exists in the interval J; and (x,z(x)) € S for all x € Jj.
The hypothesis (ii) is applicable and we have

()~ 2] < [ £ (1600 = 2OV 52 + 10, (0) = £0,20)| PO |
<| 1 (PIy(e) = 2(0) |+ LPIy(0) — 2(0)] ) |
= (P+LP)| [ () —2(0)ldr|,  x ey
Consequently
[y(x) () =0

for all x € Jj,.
Finally, we will obtain the error bound (6).
For n > m the inequality (7) gives
Y () = Ym (X)| = [yn (%) = Yn—1 (%) +yn-1(x) = yn-2(x) + -+ 4 Yimp1 () = ym (%)

<Yrd e (x) = ye(x)|

((P+LP) |xfx0|) k

<SNLi, =
- ((P+:L)h)k
:
= N((P+PLR)" Ti5" <(f;i2fl) (e < )

and hence as n — oo, we get

[y(x) —ym(x)| <N ((P+PL)h) o(PHPL)

m!

in Jh.
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The inequality (8) provides

) = ) szvzz_;w

k!

<NY o W

— NeP+PL),

and as n — o, we find
V(%) =y (x)| < NePHFLR

in Jh. ]

Example 5.0.180. Let f(x,y) = —(x+y(x)), T'(x) = ¢, y(0) = 1. Then the equation (1)
we can rewrite in the following form

Y (x) = y(x) =x(1 —x) = y(x)(1 —x)
=xy(x) +x(x—1).
Its general solution is

y(x)=¢ (C+ [ x(x— l)e*xdx>

ex(C (¥ —x)e ™+ [(2x—1)e xdx)

e (C x? —x)e ¥ — (2x— l)e_x—|—2fe_xdx>

ex(C (24 x—1)e" 26”‘)

=Ce*—x*—x—1.

From here,
therefore

Consequently
y(x)=2¢"—x* —x—1

is the solution of the considered initial value problem, which is defined for every x € R.
Now we will apply the last Theorem.
The function

fxy) =xy+x* —x
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is a continuous function in the rectangle S : |x| < a,|y— 1| < b, and
£ (o) = [y + =
< [l Iyl + e + 1
<a(b+1)+a*+a
=a’>+2a+ab=M.

For all (x,y1), (x,y2) € S we have

f (e y1) = f(x,32)] = [eyn + 2% —x = xy — 2 + ]

= |xy1 —xys|
= |x[|y1 — ya|
<alyi —ya|,

i.e., the function f satisfies a uniform Lipschitz condition with L = a.
Also, yo(x) = 1l in |x| < aand

<|x|+1

<a+1,

therefore P=a+ 1.
Thus, there exists a unique solution of the considered initial value problem in the inter-

val

b
— }-
x| < e (a+1)(a*>+ab+2a+b+1)
We have yo(x) = 1 and
() — o) = [2¢5 — 2 —x— 1 — 1
<2+ X%+ x| +2

<2e"+h*+h+2=N.
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Further, the iterative scheme for the considered initial value problem takes the form

sme1 () = 1+ Ji (1vm() + 10— 1) ) d

=1- % + % + [ tym(1)dt,

Vi) = 1—% 5 4 [¥rds

3

=14+ %7
() =y1(x)| < Ne" PO min{1,(P+PL)h},  x €,

yz(X)=1—§+§+f6“f<1+§>df

[y(x) = y2(x)| < NelPtPOhmin{1, PHEDIEL ey,

Exercise 5.0.181. Discuss the existence and uniqueness of the solutions of the initial value
problem (1), (2) in the case when

Tx)=e"+X+1, flry)=x-3"  yl)=2.

Definition 5.0.182. If the solution of the initial value problem (1), (2) exists in the entire
interval |x — xo| < a, we say that the solution exists globally.

The next result is called a global existence theorem.
Theorem 5.0.183. Let the following conditions be satisfied
(i) f(x,y) is continuous in the strip T : |x —xo| < a, |y| < oo,
(ii) f(x,y) satisfies a uniform Lipschitz condition in T,

(iii) yo(x) is continuous in |x —xo| < a.

Then the sequence {yn,(x)};_, generated by Picard iterative scheme exists in the entire
interval |x — xo| < a, and converges to the unique solution y(x) of the initial value problem

(1), (2).

Proof. For any continuous function yo(x) in |x —xg| < a, as in the proof of the local ex-
istence Theorem, can be established the existence of each y,,(x) in [x — xo| < a satisfying
[ym(x)| < eo. Also, as in the proof of the previous Theorem we have that the sequence
{ym(x)(}5r_, converges to y(x) in |x — x| < a, replacing h by a throughout the proof and
recalling that the function f(x,y) satisfies the Lipschitz condition in the strip 7. 0

Corollary 5.0.184. Let f(x,y) be continuous in R* and satisfies a uniform Lipschitz condi-
tion in each strip T, : |x| < a, |y| < oo, with the Lipschitz constant L,. Then the initial value
problem (1), (2) has a unique solution which exists for all x.
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Proof. For any x there exists an a > 0 such that |x — x| < a. From here and from 7' C T, ;|
it follows that the function f(x,y) satisfies the conditions of the previous Theorem in the
strip 7. Hence, the result follows for any x. O

Exercise 5.0.185. Discuss the existence and uniqueness of the solutions of the initial value
problem (1), (2) in the case when

Tx)=x*+1,  flxy) =y,  y0)=0.

We will note that there exist positive constants M| and M, such that

f/ T/
A(x)lng, ‘l—xA(x)‘gMz for x¢€ [xo—a,xo+al.
T (x) T(x)

Theorem 5.0.186. (iso-Peano’s existence theorem) Let f is defined, continuous and
bounded function on the strip T = {(x,y) € R? : |x — xo| < a,|y| < }. Then the Cauchy
problem (1), (2) has a bounded solution y(x) which is defined on |x — xy| < a and

Iy(X)\S(1+e”M1>(|yo!+(Sl;pvlf(x,y)!Mza) for Vx € [xo—a,x +al.
x,y)e

Remark 5.0.187. We can consider our main result as a continuation of the well - known
Peano’s Theorem.

If we put
RV AC)) T'(x)
gln) =30 5+ S ) (1 =25 ).

then g is unbounded function on the strip T. Therefore we can not apply the classical
Peano’s Theorem for the Cauchy problem (1), (2), because g has to be bounded on T.

Proof. Since f is a bounded function on T then there exists a positive constant M such that
|f(x,y)| <M for (x,y)€T.

We will prove our main result for x € [xp,xp + a]. In the same way one can prove the main
result for x € [xo — a, xo].
For x € [xp,x0 +a] we define the sequence {y,,(x)}>_, as follows

ym(x)=yo for x¢€ {xo,xo+%],
ym(x):)}04“[;;7%(yrn(t)%(;))+f(tay;n(t))(l_t%(;))>>dt for
x€ xo+k%,x0+(k—|—l)%}, k=1,2,....m—1.

For this sequence we have
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1. Let m € N is arbitrary chosen.
Ifxe [xo,onr%} then
Ym(x)| = lyol.
If x ¢ [xo,xo—k%} and x € [x0+k%,x0+(k+l)%] forsome k=1,2,...,m—1, then

0] = o+ 155 (3m) 5+ 030 (1-152) Y

)dt

a

<yl + [ (!ym(t)\‘%)

S GHONIEEE
< [yo| + L2 (My |y (1)| + MM)dt

= [yol +- My [ [yn(e) i + MM (x— & —x0)

< Jyol + My [ [y(2)|dt + MM, (xo +(k+1)e g _xo)

< |yo| +MMa+M; [ #

ym(t)’dt>

i.e. forx € xo—l—k%,xo—i—(k—i—l)%} we have
m ()] < |yol +MMaa+M, [o7 |ym(t)ldt

< |yol +MMaa+ My [¢ |ym(t)ldt.
From here and the Gronwall’s inequality we get

V()] < [yo| + MMaa+ My [ (|yo| +MMaa)e

= [vol + MM>a+ "My (|yo| + MM>a) [3 e *dt
ol MMsa -+ (o] -+ Mbza) (&0 — )

< |yo| + MMaa + M=) (|yo| + MMaa)

< |yo| + MMaa + ™ (|yo| + MM>a)

= (1+e™)(|yo| + MMaa) =: M3 for x€ |xo+k& xo+ (k+1)4],
forsome k=1,2,...,m—1.
Consequently for every x € [xg,xo + a] we have
[ym(x)] < M3 (9)
for every m € N.

Therefore the sequence {y,,(x)}:_, is uniformly bounded on [xo,x + a.
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2. Letxi,x2 € [xp,x0+a] and m € N is arbitrarily chosen. Then
1. case. x1,x; € [X(),X()—i— %} . Then

ym(xl) = ym(XZ) =)o,

and therefore
|ym(x2) _ym(x1)| =0.

2. case. Letx; € [xo,xo + %} , X2 & [xo,xo + %} . Then there exists k € {1,2,...,

m— 1}, such that x, € [xo+k%,xo+ (k+ 1)%} and

ym(-xl) =)o,

— o [ (e () 20 — T
Ym(x2) = Yo+ [ (ym(t) 7 T (6ym(1)) (1 TF ) ))dt’
from here,

m(%2) = ym(x1)| = ’fif)r% (ym(t)?,((rt)) +f(t’y’"(t))<l _t?((r?))dt‘

)dt

< [275 ()| 5

£y )| 1=

a

< MMy (x3 = =0 ) + My [;27% |y (1)l

now we use that x; € {xo,xo + %}

xzf%
< MM>(xs—x1) + M, / (1))t

X0

ie.
a

x2 m
m2) =3 0)] < MMt =) +M1 [ " ().
X0

From here and (9) we obtain

[V (x2) = ym (31| < MMy (xy = x1) + My M3 [ dit
= MMZ(.XZ —X]) +M1M3 (XZ — % —XO>
< (MMZ —I—M1M3)()C2 —xl).

3. case. Let xj,x; ¢ [xo,xo + %} Without loss of generality we can suppose that
x1 < xp. Let

X € [xo—i-kﬁ,xo—i-(k—kl)g}, X € [onrif,onr(iJrl)g . k<i,
m m m m
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kyie{l1,2,....m—1}.
Then

y(e2) = v+ 2 (om0 0+ £ ey (0) (11

yn(1) = o+ [575 (w5 + 72, ym(1)) (1= 5

X

yn(2) = ym(x1) = [ (o) F L + £ ym(0)) (1= 15

|ym(x2) _Ym(xl)‘ =

< 177 ()| 5

1) 1 - 52

)dl

<My [3 8 lym(0)lde+ MM [ 2 di

=M, f;?:g |ym(t)|dt + MM (x2 — x1)
now we apply (9)
< MiM; fjlz:g% dl+MM2(X2 —xl)
= (M1M3 +MM2)(X2 —Xl).
From 1, 2, and 3 cases follows that for every x;,xs € [xo,x0 + a] we have

]ym(xz)—ym(x1)|§(M1M3—|—MM2)\x2—x1| for Vm e N.

L275 (58 + £ ym(e) (11

(10)

Let € > 0 is arbitrary chosen and fixed. Let & = m Then if x;,x, € [xo,x0 + al,

|x1 —x2] < 8, using (10), we get
ym(x2) = ym(x1)| < (MiM3+MM>)|x2 — x1|
< (M1M3 —i—MMz)S =E&.

Consequently {y,(x)}:_, is equip-continuous family on [xg,xo +a].

Therefore there exists a subsequence {yu,(x)};_, of the sequence {y,(x)};,_; which

is uniformly convergent to y(x) on [xo,xo + a].
For ym, (x), x € [x0,X0 +a], we have

X— ot i '
Yy () = Yo+ Jro " (ymp([)ng)) +f([’y’”ﬂ(t))<l _tT(l)))dt

=yo+ [y (ym,,(f) ?((zt)) (0 3m, (1)) (1 _tTA/(I)»dt

a

+ " (ymp(t)?((z? +f(t,3m, (1)) (1 _,7;’0)))01:.
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Since f is a continuous and bounded function on 7" we have

tim e [ (m, (0 5 4 £ (1,3, () (1 =15 )

(12)

= [ (VOFD + e,y (1-15) )ar,
Also, . A X
5 (om0 58+ 70,3y () (1=152) Y|

<[:

_ 4
mp

(my (01|52

)dt

1 ym @)1~ 5

<M, f;_,%p |ym,,(f)|dl+MM2m%

now we use (9)

a
< (M M3 —{—MMz)m— —p—se 0.
P

From here and (11), (12), when p — oo, we get

) =+ [ (0 0+ 1) (1= )

for every x € [xo,x0 + a]. Therefore y is a solution of the Cauchy problem (1), (2) which is
defined on [xg,xp + a]. From (9) follows that |y(x)| < M3 for every x € [xo,x0 + a. O

Corollary 5.0.188. Let f(x,y) be continuous in S, and hence there exists a M > 0 such
that | f(x,y)| < M for all (x,y) € S. Then the initial value problem (1), (2) has at least one
solution in Jj,.

Proof. The proof is the same as that of the proof of iso-Peano’s existence theorem with
some obvious changes. 0

Definition 5.0.189. (e-approximate solution) A function y(x) defined in J is said to be an
e-approximate solution of the iso-differential equation (1) if

1. y(x) is continuous for all x € J,
2. for all x € J the points (x,y(x)) € D,

3. y(x) has piecewise continuous derivative in J which may fail to be defined only for a
finite number of points, say xi, xa, ..., X,

4. |y (x) —y(x)ﬂx) —f(x,y)% <eforallxeJ x#x,i=12,... k

The existence of an €-approximate solution is provided in the following theorem.

Theorem 5.0.190. Let f(x,y) be continuous in S and hence there exists a M > 0 such that
|£(x,¥)| < M for every (x,y) € S. Then for all € > 0, there exists an e-approximate solution
y(x) of the iso-differential equation (1) in the interval J, such that y(xy) = yo.
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Proof. Because the function f(x,y) is a continuous function in the closed rectangle S, it is
uniformly continuous in this rectangle. Thus, for a given € > 0 there exists 6 = 8(¢) > 0 so
that

|f (e, y) = flxr,y)] <&,

Vi f (e, y) PRy T g,y FOX ) <

for all (x,y), (x1,y1) € S such that
|x—x1| <8 and ly—yi| <9.

We shall construct an €-approximate solution in the interval [xp,xo + /4]. A similar process
will define it in the interval [xo — A, xo].

For this aim, we divide the interval [xo,xo + 4] into m parts
Xo<x1<xp...<xp=x0+h

such that

o
oy 1 < mi - | — S, m.
Xi —Xj_1 _mm{s’P(]yoH—b—i—M)}’ i=1,2,....m (13)

Now we define a function y(x) in the interval [xo,xo + /] in the following manner

$06) = (i) (8 = i) (i) o f i,y ) TR,

Xio1 <x<ux, i=1,2,...,m.
(14)

Obviously, this function y(x) is continuous and has a piecewise continuous derivative

~»

"(xi-1) - F (i, y(xis1) f(xi—l) _Xi—lf/<xi—1)

¥ (x) = y(xi-1) ) T )

i

~

Xi—1 <x<x;,i=1,2,...,m, which fails to be defined only at the points x;, i =1,2,...,m—
1. Since in each subinterval [x;_1,x;], i = 1,2,...,m, the function y(x) is a straight line, to
prove that (x,y(x)) € S it suffices to show that

y(xi) = yol < b

foralli=1,2,...,m.
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For this reason, in (14) let i = 1 and x = x; to obtain

T (xg)—xo T (x0)
(0, o) Tl ) ),

¥0x1) = yo + (r =) (3o

y(x1) = ol = ’(X—xl)(yo TTI(());S)) +f(xo,yo)W)‘
< _x0)<|y0| ol ‘ + \f@%mﬂW)
< (x1 —x0)(P|yo| +MP)
< hP(M+[yo|)
< hP(b+|yo| +M)
< pwrgrmn P(0 + yo| +M)
=b.
Now let the assertion be true for i =1,2,...,k— 1 <m— 1, then from (14)

1 (x0) —x0 " (x0)
(x()vyO) (XO) ) 5

y(x1) —yo = (x1 —xo)<y

¥(x2) = y(x1) = (52 = 1) (y<x1 VY 4 ey, y(n ) Ttk ) )

y(xe) =y (xe—1) = (e —xe—1) ()’(xk—l) ?gk’:')) + f (-1, (Xk—1)) T(x"")f_&ij)T O"“”).

From here,
y() = yo = Xizy (a —x-1) (y(xl—l )TT(&%’_T)) + f(x-1,(xi-1)) T(xlfl)f_&ll:ll)r (XH)>7

which gives

(<XI D o,y (i)l l)T_();cll l.)T(XI l)‘)

y(e) = yol < Xiy (x _x171)<‘y(xl 0!
< Z?:](xl_xlfl)<(b+|y0|)P+MP)
= P(M +b+[yol) Xy (% —x1-1)
= P(M+ b+ |yo|) (xk —x0)

P(M+b+ |yo|)h

P(M +b+ |yol) sarsrmon

=b.
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Finally, if x;_; < x < x;, then from (13) and (14)

Iy(x) = y(xi-1)| = (x_xi)‘y(xi—l)% + f(xi- J@Q‘—]))%‘

< (=) (19 Coim) o | iy i) Pt sl
< (i =xi-1) ((Iyol +6)P+ MP)

)
< horesrn P (M + [yol +b)

=3d.

Therefore

= |y ) FE o, yp-)) T )y T, (o)) T

<e

for all x € Jy, x # x;, i = 1,2,...,m— 1. This completes the proof that y(x) is an &-
approximate solution of the iso-differential equation (1).

This method of constructing an approximate solution is said to be iso-Cauchy-Euler
method. O

Theorem 5.0.191. (iso-Cauchy-Peano’s existence theorem) Let f(x,y) be continuous in S
and hence there exists a M > 0 such that |f(x,y)| < M for every (x,y) € S. Then the initial
value problem (1), (2) has at least one solution in Jy,.

Proof. We shall prove the assertion for the interval [xo,xo + A].
Let {€,,};,_, be a monotonically decreasing sequence of positive numbers such that

lim ¢, =0.

m—-yoo

For each €,, we construct an €,,-approximate solution y,,(x).
As in the proof of the theorem for existence of e-approximate solutions we have

Vm(x)| < b+ |yol

for every m € N and for every x € Jj,. In other words, the sequence {y,,(x)}>_, is uniformly
bounded in Jj,.
Let x, x* € [x0, X0 + h]. Then

[V (%) = ym (X[ <

f*(\ym(t)l';g))\ +|f(t,ym(t))‘w)dt’

<

¥ (P(yol+b) +MP) |

< P(M +b+ [yol) [x— "
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and from this it follows that the sequence {y,,(x)}'_, is equip-continuous.

Consequently the sequence {y,(x)};,_; contains a subsequence {y,(x)};_; which

converges uniformly in [xo,xo + 4] to a continuous function y(x). We define

¥ (8) = Y () T8 o,y () T )
(x) (x)

em(x) =19 at the points where V) (x) exists
0 otherwise.
Then .
* T'(1)
yn(0) =30+ [ (vm(6) 5+ £ty (0) + enl) ) dr
X0 T(l)
and
|em(x)| < &m.

Since f(x,y) is continuous in S and y,,, (x) converges to y(x) uniformly in [xo,Xo + A], the
function f(x,ynm,(x)) converges to f(x,y(x)) uniformly in [xo,xo +/]. Thus, by replacing m
by m,, in (15) and letting p — oo, we become that y(x) is a solution to the integral equation

(4)-

O]

Remark 5.0.192. We suppose that all conditions of the iso-Cauchy-Peano’s existence the-
orem are satisfied. Further, let the initial value problem (1), (2) has a solution y(x) in an

interval J = (o, 3). We have
y(x2) =y(xi)| < P(M +[yo| +b)[xa — x|

for every x1, xo € J. Therefore
y(x2) = y(x1) —0

as x1,xy — o, Thus, by the Cauchy criterion of convergence we have that

lim y(x)
x—at
exists.
A similar argument holds for
lim y(x).
x— P~

Theorem 5.0.193. Let all conditions of the iso-Cauchy-Peano’s existence theorem be sat-
isfied. Let also, y(x) be a solution of the initial value problem (1), (2) in the interval
J = (o,B). Then y(x) can be extended over the interval (o, +v] ([t —,B)) for some

v> 0.

Proof. We define the function y; (x) as follows.
yi(x) =y(x) for  xe(a,p),

y1(B) =y(B-0).
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We observe that for all x € (o, B] we have

yi(x) =y(B-0)+Jg (yl ()5t + £t 1(0)) T(I)T_(tt)f,(t))dt

=00+ I (O 57 + 7 ) O Ya

I (O FE + £y () T Yar

= 3(0) 15 (31 O+ £0.3 (0) 0D gy,

Therefore the left-hand derivative y| (B — 0) exists and

7'(B) T

Thus, y; (x) is a continuation of y(x) in the interval (o, B].
Let y,(x) be a solution to the problem

Yi(B—0) =y1(B)

y(B) = y1(B),

existing in the interval [B, B + 7] for some 7> 0.
We define the function

yl(x) XG(Q,B],
y3(x) =

y2(x)  xe[B,B+,

which is a continuation of y(x) in the interval (o, § 4 7].

Also, .
T'(¢)

y3(x) =yo+ x: (yg(t)m +f(t7y3(t))TA7

for every x € (a, B +17], because for all x € [B, p + Y] we have

y3(x) = (B=0) 4 Jg (33 () 5 + £ (r.330) T

~>

=yo+ [8 (O FL + £le.y3(0) WD Y ar

03 (3O T+ £ y5(0) PO Y ar

=0+ (50 i+ S0 s) TR .
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Exercise 5.0.194. Let T'(x) = x>+ 1, f(x,y) = x+y. Find the maximum interval of existence
of the solutions to the problem (1), (2) in the case when (xo,yo) = (0,0).

Exercise 5.0.195. Let T (x) = x>+ 1, f(x,y) = x+xy +y°. Find the maximum interval of
existence of the solutions to the problem (1), (2) in the case when (xp,y0) = (0,1).

Exercise 5.0.196. Let T'(x) = x*+1, f(x,y) = xy. Find the maximum interval of existence
of the solutions to the problem (1), (2) in the case when (xq,yo) = (1,1).

Theorem 5.0.197. (iso-Lipschitz uniqueness theorem) Let f(x,y) be continuous and satis-
fies a uniform Lipschitz condition in S with a Lipschitz constant L. Then the problem (1),
(2) has at most one solution in |x — xo| < a.

Proof. We suppose that the problem (1), (2) has two solutions y; (x) and y2(x), x € [xo —
a,xo + al. Then

R Ry

whereupon

3@ =220 = [ (0160 - 3200)

X0

~>

~
~

~—

and

y1(x) = y2(x)| <

Fa <\y1(t) —y2(t)] ‘TT((:)N + £ (5,31(0)) —f(t,yz(;))ymﬁgi(ft)f'U)\)dt‘

<

L5 (P (6) = y2(0) |+ LPIy (1) =y (1))

=P(1+L)

[ 1) = ya(o)lde |
From the last inequality and Gronwall’s type inequality we conclude that

yi(x) =y2(x)|=0 in  [xo—a,x0+ad].

Theorem 5.0.198. (iso-Peano’s uniqueness theorem) Let f(x,y) be continuous in
Si={(xy) €R*:xo <x < xo+a|y—yo| < b}
and nonincreasing in 'y for all [xy,xo + a]. Let also,
7'(x) <0, T(x)—xT'(x) >0  for  Vx& [xo,x0+al

Then the problem (1), (2) has at most one solution in [xy,xo + aj.
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Proof. Let the problem (1), (2) has two solutions y; (x) and y»(x) in [xo,xo + a] which differ
in [xo,x0 + a]. We assume that

y2(x) >yi(x) in (x,x+€) C [xo,x0+dl,

while y; (x) = y2(x) for x € [xo,x1], i.e., x; is the greatest lower bound of the set A consisting
of those x for which y,(x) > y;(x). This greatest lower bound of the set A exists because
the set A is bounded below by x at least. Thus for every x € (x1,x; +€) we have

f(xuyl(x» > f(x,yz(x)),

whereupon

> 2 () i (e, 2 (x)) )

for all x € (x1,x; + ¢€), and from here

Yi(x) > v (x) for  Vxé& (x1,x1+€).
Hence the function
Z(x) = y2(x) = y1(x)

is nonincreasing function in (xj,x; +€).
Because

z(x1) = y2(x1) =y1(x1) =0
we obtain
z2(x) <z(x1) =0 in (x1,x1 +€)

or
y2(x) < yi(x) in (x1,x1 +€).
This contradiction proves that
y1(x) =y2(x) for Vx € [xo,x0 +al.
O

Theorem 5.0.199. (iso-Peano’s uniqueness theorem) Let f(x,y) be continuous in S and
nondecreasing in 'y for every x € [xo,xo + al. Let also,

7'(x) <0, T(x) —xT'(x) <0 for  Vx € [xo,x0+al.

Then the problem (1), (2) has at most one solution in [xy,xo + aj.
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Proof. Let the problem (1), (2) has two solutions y; (x) and y»(x) in [xo,xo + a] which differ
in [x0,x0 +a]. Let

y2(x) >y (x) in (x1,x1 +€) C [x0,x0 + @,

and
y2(x) = y1(x) for Vx € [xg,x1].

Therefore for every x € (x1,x; +€) we have

f(x,yz(x)) > f(x,y1 ()C)),

~»

Sy () TR0 >,y (1)) T

whereupon

for every x € (x1,x; +¢€). Consequently
Yi(x) >y5(x)  for  Vxe (x1,x1 +€)

and then the function
2(x) = ya2(x) = y1 (x)
is nonincreasing function in (x,x; 4 €), therefore

y2(x) = y1(x) <ya(x1) —y1(x1) =0 for Vx € (x1,x1 +€),

which is a contradiction. From here we conclude that y; (x) = y(x) for every x € [xg,xo +
al. O

Lemma 5.0.200. (iso-Osgood’s lemma) Let w(z) be continuous function in [0, ), w(0) =
0, z+w(z) > 0in (0,00), z+w(z) be increasing function in [0,0), and

im [ (16)
e—0tJe z4+w(z)

Let u(x) be a nonnegative continuous function in [0,al. Then the inequality
X
w@gp/kmg+wwm»m, 0<x<a, (17)
0

implies that u(x) = 0 in [0,a].
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Proof. We define the function
v(x) = max u(r)

0<r<x
and assume that v(x) > 0 for 0 < x < a. Then
u(t) <v(x) for vt € [0,x].
Because u(x) is a continuous function in [0, a] then there exists x; € [0,x] such that
v(x) = u(xy).
Therefore, using that z+ w(z) is an increasing function in [0, o),
V() = ulx1) < P f3" (w(t) + w(u(r)))ds

< P 3 (v(0) + w(v(1)))di

<P [y(w(t) +w(v(r)))dt.

Let .
x) = P /O V(1) + w(v(1)))dt.
We have
v(x) >0, v(x) <v(x),
and
V(x) = P(v(x) + w(v(x)))
< P(v(x) +w(v(x))),
and since
v(x) +w(v(x)) 20,
then
V' (x)
P((x) +w(v(x)))

Consequently for 0 < 8 < a we have

/aa P(v(x)dl(vi)(v(x))) = /5 &,

whereupon

. a dv(x) BT V) d
limg_,o+ [5 PO wew) limg_,o+ fv(a) Wyyy(y))

<a

f— )

which contradicts with (16). Consequently u(x) =0 in [0, q]. O
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Theorem 5.0.201. (iso-Osgood’s uniqueness theorem) Let f(x,y) be continuous in S, and
forall (x,y1), (x,y2) € Sy it satisfies

|f (e, y1) = fe,y2)| < w(lyr —ya2l),

where w(z) satisfies all conditions of the iso-Osgood’s lemma. Then the problem (1), (2)
has at most one solution in [xg,x + al.

Proof. Let y;(x) and y,(x) are two solutions of the problem (1), (2) in [xg,xo + a]. Then, if

2(x) = 1) =y2(x)],  x€lxo,x0+d,

= |2 (010 =32 F2 + (Fle.316) — Fley2(0)) L0 )

< if)(lyl (1) =y2(1) |z;/((t,))l +,f(t,y1(r))_f(;,y2<t))|w>dt

< Juo P1(1) = y2() |+ Pw([y1 (1) = y2(2) )t

=P [ (z(t) +w(z(r)))dr.

Let
u(x) = z(xo +x).

Therefore

u(x) < Pf;ff’”(z(t) +w(z(1)))dt

=P [y (z(x0+1) +w(z(xo+1)))dt

=P [ (u(t) +w(u(r)))dr.
Consequently u(x) satisfies the iso-Osgood’s lemma, from where u(x) = 0 in [0,4], i.e.,
y1(x) = y2(x) in [xo,x0 +a]. O

Lemma 5.0.202. (iso-Nagumo’s lemma) Let u(x) be nonnegative continuous function in
[x0,%0 + a] and u(xo) = 0, and let u(x) be differentiable at x = xo with u'(xo) = 0. Then

X X t
/ u(r)de < a/ u(t) dt, X € [x0,X0 +al,
Xo x I —Xo

and the inequality

x t
u('x) S/ u( ) dtv RS [‘x07'x0+a]7
X0 t_.x()

implies that u(x) = 0 in [xp, X0 + a].
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Proof. Let
X X u(t)
g(x) :/ u(t)dt—a/ dt, X € [x0,x0 +al.
X0 X0 r—Xxo
Since
tim Y o) =0,
X—X0 X — X(
then the integral
* t
/ &dt
X0 Z‘—XO
exists for x € [xo,xp + a].
Also,
, u(x) X—xp—a
= — = — <0
¢ = ul)—a L a0

for every x € [xo,xo + a]. Therefore g is a nonincreasing function in [xo,xo + a|, whereupon

g(x) < g(xo) for  Vx € [xo,x0+a],

X X t
/ u(t)de ga/ u(t) dt
X0 X0 r—Xxg

or

for every x € [xo,xo +a].

Let now
x t
v(x) :/ u(t) dt, X € [x0,X0 +a].
X0 I—X()
Then
u(x) <wv(x), X € [x0,x0 +a],
and ()
u(x

V) =5

< xvf;)(ﬂ x € [xo,xo+a].
Consequently

or the function

1) = 2

X —Xx
is a nonincreasing function in [xo,xo + a] and since /(xg) = 0, we have that

v(x) <0 in [x0,X0 +al,

from where
v(x) =0 in [x0,x0 + a.

Consequently u(x) = 0 in [xg,xo + a. O
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Theorem 5.0.203. (iso-Nagumo’s theorem) Let P(a+1) <1, f(x,y) be continuous in S,
and for all (x,y1), (x,y2) € S, it satisfies

[fey) = fley) Skle—xo| i —yal,  x#x. k<L
Then the problem (1), (2) has at most one solution in [xy,xo + aj.

Proof. Let y;(x) and y,(x) are two solutions of the problem (1), (2) in [xo,xo +a]. Then
for x € [xo,x0 + a] we have

() =32 () < [ (\yl (1) =y2(2)] ‘TT((j))‘ + 1/ (0) —f(z,yz(t))y‘Ti(’t)T“‘)dt
< [ (Pya(0) =y20) | k(e = 30) 31 (1) =2 (0P

<P [Xyi(1) = ya(0)|de + P[5 1020l

1—Xo

<an |)1t ()‘dt—{—Pf ‘yltx)(})Z()‘dt

—X0

= (a+1)p [} LWl

t—Xxo

< 1 (1) )- xyoz()ldt

Let
ux) =[y1(x) =»2(x)[,  x€ [xo,x0 +al.

Then u(xp) = 0 and from the mean value theorem we have

u (x()) =limy,_,o 7u(x0+h,)l_u(x0)

: [y1 (x0) +hy] (xo+614)+y2 (x0) —hy) (x0+621) |
=lim;, ‘ . s

= (sgnh)lim,_,o [y} (xo +01h) — ¥, (x0 + 02h)|
:07 0<91,92<1.

Then the conditions of iso-Nagumo’s lemma are satisfied and u(x) = 0, i.e., y;(x) = y2(x)
in [xo,x0 + a]. O

Advanced Practical Exercises

Problem 5.0.204. Let J =R, D =R? T(x) = e, f(x,y(x)) = x*y(x), y(0) = 1. Find the
first three approximations of the solution of the problem (1), (2).

Problem 5.0.205. Let J =R, D =R?, T'(x) = ¥, f(x,y(x)) = x—2y(x), ¥(0) = 1. Find
the first three approximations of the solution of the problem (1), ( ).
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Problem 5.0.206. Discuss the existence and uniqueness of the solutions of the initial value
problem (1), (2) in the case when

) To=2+1,  fly)=»,  30)=0.

2) Tw=x+1, flxy)=x-2y y0)=1,

3) T =e¢+x2+2,  flxy)=x-3y, y(0)=2,
4)  T)=e™,  fly)=e,  y0)=-1,

5) T =1+x2+x*  flx,y)=2x—6y, y(0)=0,

6) T)=e™,  flxy)=x-y, »0)=1

Problem 5.0.207. Let (xo,y0) € R?, a, b € C(R). Prove that the initial value problem
® n ~
(3"®) =@ @%@ +5 ).

y(x0) = yo
has unique continuous solution which is defined in R.

Problem 5.0.208. Let (xo,y0) € R%, a, b € C(R). Prove that the initial value problem
®
(@) =a (%5 #) + b (),

¥(x0) = o
has unique continuous solution which is defined in R.

Problem 5.0.209. Let (xo,y0) € R2, yo #0, a, b € C(R). Prove that the initial value
problem

(@) = @%@ +b 0% (7))

y(x0) =yo

has unique continuous solution which is defined in R.

Problem 5.0.210. Let T'(x) = ¢, f(x,y) =x+y. Find the maximum interval of existence
of the solutions to the problem (1), (2) in the case when (xo,yo) = (0,0).

Problem 5.0.211. Let T'(x) = ¢, f(x,y) = x — y*. Find the maximum interval of existence
of the solutions to the problem (1), (2) in the case when (xq,yo) = (1,0).

Problem 5.0.212. Let T(x) = ¢*, f(x,y) = xy —x*> —y%. Find the maximum interval of
existence of the solutions to the problem (1), (2) in the case when (xo,y0) = (1,1).
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Problem 5.0.213. Let T'(x) = &%, f(x,y) = y%. Solve the initial value problem for (1) in the
case when y(0) = 1. Find also the largest interval on which the solution is defined.

Problem 5.0.214. Let T'(x) = ¢*, f(x,y) = —y)(‘;“_y i), y(0) = 1. Show that the solution of the
initial value problem (1), (2), can not be extended beyond the interval (—1,1).



Chapter 6

Iso-Differential Inequalities

Let D is a domain in R?, a > 0, x0 € R, J = [xo,x0+a), T € C'(J), T(x) > 0inJ, f € C(D).

Definition 6.0.215. (solution of iso-differential inequality) A function y(x) is said to be a
solution of the iso-differential inequality

(#®)" > @5 @) (1)
: '(x) () —xf"(x)
Y0 > 0 )+ () g (1)
inJif

1. Y/ (x) exists for all x € J,

2. for all x € J the points (x,y(x)) € D,

3. Y(x) > y(x) TTI((;C)) + f(x,y(x)) T(x)f_(i)fl(x) forallx e J.

The solutions of the iso-differential inequalities

(6) 250 e + ()
() <) e+ £y D,
() <30 e+ £l T,

are defined analogously.
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Example 6.0.216. Let T(x) = ¢, f(x,y) =1, J = (%, 1). Then y(x) = 1 —x is a solution
of the iso-differential inequality (1) in J. Really,

Then the iso-differential inequality (1) takes the form

—I>1—x+1—x <=

2x > 3.
Our first result for iso-differential inequalities is stated in the following theorem.

Theorem 6.0.217. (basic theorem for the iso-differential inequalities) Let T (x) —xT"(x) >
0 for every x € J, yi(x) and y,(x) be the solutions of the iso-differential inequalities

8) <10+ e ) T -
Y2 (x) > y2(x) TT/((;C)) +f(x7y2(x))<x>f_(;c)r(x) (3)

on J, respectively. Then the inequality

y1(x0) < y2(x0)

implies that
y1(x) < y2(x) for Vx € J. (4)

Proof. We suppose that (4) is not true. Then we define the set
A={x: xel, yi(x) >ya(x)}.

From our assumption it follows that A # @.
Let x* be the greatest lower bound of the set A. Then xy < x* and

yi(x*) = ya(x").

Let us assume that
y1(x") > y2 (x").

Because y; (x) and y»(x) are continuous functions in J then there exists a € > 0 such that

yi(x*—€) >y (x" —¢),
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which is a contradiction with the definition of x*. Consequently

y1(x") = y2 (x").
Let h < 0. We have
yi(x*+h) <y(x"+h),

and hence . .
Yi(x* —0) = limy, o 2220 (x +h,37y 1)
iy g )
S i A1)
= y/2 (X* - 0)?
ie.,
Yi(x"=0) > y5(x" —0) (5)
From (2) we get
T/( * T(x*)—x*f"’(x*)
/ * < k _ + *7 - ,
B0 ) 5 ) T
from where, using (5),
) e (3 () T >y (a —-0). (6)
On the other hand, from (3) we have
N (L k T x*) —X*T/(X*)
/(L * -0 > * _ (x ) *’ _ ,
A =0) > 1(0) A ()

=) F) o (o, ya ) P )
and since T'(x*) — x*T"'(x*) > 0 we get the contradiction

O y(x7) < f(,32(x7)).

Consequently

from where we conclude that

y1(x) < y2(x) in J.
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Exercise 6.0.218. Let T'(x) — xT"'(x) < 0 for every x € J, y1(x) and y(x) be the solutions
of the iso-differential inequalities (2) and (3) on J, respectively. Prove that the inequality

y1(x0) < y2(x0)

implies that
yi(x) <y(x)  for  Vxel.

Corollary 6.0.219. Let T (x) —xT’(x) > 0 in the interval J. Let also,

(i) y(x) be a solution of the initial value problem

V@) =y E 4 flay() TOATW iy (.00 +a),

T(x) T(x) (©)
y(xo0) = yo,
(ii) y1(x) and y,(x) be the solutions of the iso-differential inequalities
08) <31 (8) 5 o ) T, )
94(5) > 32(e) 0+ £yl ®)

in J, respectively,

(i) y1(x0) <yo < y2(x0).

Then
y1(x) <y(x) <ya(x)

for all x € (xo,x0+a).
Proof. We shall prove that

y(x) <ya2(x) for  Vxé€ (x9,x0+a).
1. case yy < y2(xp). Then from the last theorem we have that

y(x) < ya(x) in (x0,x0+a).

2. case yo = ya2(xp).
Let
z2(x) = y2(x) —y(x).
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Then
z(x0) = y2(x0) —y(x0) = 0,

Z'(x0) = ¥5(x0) —'(x0)

> y2(30) T + f(x0,y2 (x0)) Tl o)

~»

/(Xo

—Y00) )

*f(xo,y<xo))%;g’w

:0,

therefore the function z is an increasing function to the right of xp in a sufficiently
small interval [xo,xo + 8]. Consequently y(x) < y»(x) for all x € (xo,xo + 9], from
where

y(x0+98) < y2(xo+9).

Now the last theorem gives that
y(x) < y2(x) in [x0 +8,x0 +a).
Since & can be chosen sufficiently small, then

y(x) <ya2(x) in (x0,X0 +a).

Exercise 6.0.220. Prove that

yi(x) <y(x) in (x0,x0 +a).
Exercise 6.0.221. Let T'(x) —xT"(x) > 0 in the interval J. Let also,
(i) y(x) be a solution of the initial value problem (6),

(ii) yi(x) and y,(x) be the solutions of the iso-differential inequalities (7) and (8) in J,
respectively,

(i) y1(x0) < yo < ya(xo).
Prove that

yi(x) <ylx) <y2(x)
for all x € (xo,x0+a).

Exercise 6.0.222. Let T (x) = ¢, f(x,y) = i (0,1), y(0) = 1. Prove that

1—x

3

1—1—% <y(x)<tan<x+§), x€(0,1),

where y(x) is the solution of the initial value problem (6) in (0,1).
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Theorem 6.0.223. Let T'(x) —xT'(x) >0, T'(x) <0, %);)T/(X)

constant P, and for all (x,y), (x,z) € D such that x > xo, y > z, we have

< P in J for some positive

fle,y) = flx,2) <L(y—2),
for some positive constant L. Let also,
(i) y(x) be a solution to the initial value problem (6),

(ii) y1(x) and y2(x) be solutions to the iso-differential inequalities (2) and (3) on J, respec-
tively.
(iii) y1(x0) < yo < y2(xo).
Then
yi(x) <y(x) <ya(x) for VxelJ.
Proof. Lete > 0, A > LP. Let also,

21 (x) = y1 (x) — g0 xel.

Then
z1(x0) = y1(x0) — € < y1(x0)

and
4 (x) =4 (1) — ERH )

<@ FE + £y (0) T _gp g,

On the other hand, from the definition of the function z; (x) we have
z1(x) < yi(x) in J.
Then
FOyi1(x) = f(xz1(x) < L (x) =21 (x))

or
fleyi(x) < f(x,z1(x)) +L(y1(x) —z1(x)) in J.

From the last inequality and (9) we become

2 (6) < 2@ FE + (Fx, 21 () + L0 (1) — 20 (1)) TETE) — gpehen)

=z1(x) o) flx,z1 (x))if(x)fé)ﬁm + LeeMx—x0) T(xi);&)ﬁ(x) — gherr—0)

|

< 2100 73] 0620 () PR LR —grehte

)|

< 21(0) )+ 2 (0) T,

3
L~
[\
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ie.,
7' (x) T (x)—xT"(x) .
7 (x) <z1(x) ) +f(X,Zl(x))T in J,
(10)
z1(x0) < y(xo0)-
Let now
22(x) = yo (x) + g0 xelJ.
Then
22(x) > ya(x) in J.
Therefore
fx2(x) = fxy() < Lz2(x) =) in J,
from where
fy(x) =2 f(x,22(x)) +L(y2(x) —22(x))  inJ.
Also, using the last inequality,
() = yh (x) +ERetr—0)
> ya(x) 1;((;:)) + f(x,y2 (x))iT(x){(i)T/ () 4 gheMx—o)
> y2(0) )+ (£ 22(0)) + L) = 22(0)) T 4 ehetlomo)
> 22 () ) (o, 20 0)) T — Lt LA g htso)
> 22(0) ) + (e, 22(0)) P — LePeHom) et
> 22(0) ) + (e, 22 () T,
1.e., . R R
() > () F + (6 200) T i, -

Z2(x0) >y (X()).
From (10) and (11) it follows that the functions z; (x) and z(x) satisfy all conditions of the
basic theorem for the iso-differential inequalities. Therefore

z1(x) < y(x) < z2(x) in (x0,x0 +a),

i.e.
A(x—x0)

yi(x) —€e <y(x) < y2(x)+ getr—x0) in (x0,X0 +a),

from here, when € — 0,

yix) <yx)<y2(x) inJ.
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Corollary 6.0.224. Let for every points (x,y), (x,z) € D such that x > xo, we have

[f(x,y) = f(x,2)| < Lly—z (12)
for some positive constant L, —P < TTI((;C)) <0, 0< %ﬁ)ﬁm < P in J for some positive
constant P.

Let also,

(i) y be a solution to the initial value problem (6),

(i) y1(x) and y2(x) be solutions to the iso-differential inequalities (2) and (3) on J, respec-
tively,

(i) y1(x0) = yo = y2(x0).

Then for every xi1 € J, x1 > xq, either yi(x1) < y(x1) (y(x1) <y2(x1)) or yi(x) = y(x)
(y2(x) = y(x)) for Vx € [xo,x1].

Proof. From (12) we have that if y > z then
—L(y—z) < f(x,y) = f(x,2) SL(y —2).
Therefore all conditions of the last theorem are fulfilled. Consequently
yi(x) <y(x) <ya(x) for  Vxel.

Also, we have

> = (y(x) =y1(x))P = LP(y(x) = y1(x))

=—P(1+L)(y(x) —y1(x)),
from where
(¥(x) =y1(x)) +P(1+L)(y(x) = y1(x)) > 0,
and
(eP(H-L)X(y(x))/ > 0,

From the last inequality, when x < x|, we get

/X (ep(uL)X(y(x))/dx <0,

X1
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or
eP(lJrL)X(y(x) — (X)) < eP(lJrL)xl (y(xl) -y (Xl )) (13)

Then, if y(x;) = y1(x1), using (13), we have that for every x € [xg, x| ]

y(x) < yi(x),

whereupon
y(x) =yi(x) for  Vx € [xp,x1].

O]

Definition 6.0.225. A solution r(x) (p(x)) of the initial value problem (6) which exists
in J = [xo,x0 + a) is said to be maximal(minimal) if for an arbitrary solution y(x) of (6)
existing in J, the inequality y(x) < r(x) (p(x) < y(x)) holds for all x € J.

Theorem 6.0.226. Let f(x,y) be continuous in S, = {(x,y): xo<x<xo+a, |y—yol<
b} and hence there exists a M > 0 such that |f(x,y)| < M for all (x,y) € Sy. Let also,

T'(x) —xT"(x) > 0 in [x0, X0 +a), @(()f))‘ <P, T(x){(i)f,(x) < P in [x0,x0+a). Then there exists

a maximal solution r(x) and a minimal solution p(x) of the initial value problem (6) in the
interval [xo,xo + o), where

2b
o=4a, .
{ 2P(b+!yo|+M)+b}

Proof. We will prove the existence of a maximal solution.
Let

NS

0<e<

Let us consider the initial value problem

Y0 =y 5 + ) e in [o,xo+a),
(14)
y(x0) = Yo-
We define

< b
Se={(xy)€R*: x<x<xota, |y—(o+e) <}

We have that
Se C S,

because
2>ly—(o+e)l

=|y—yo—¢

> |y —yo| —&,
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or b
ly—yo| £5+¢

b, b
<t+?
=b.

Also, for every (x,y) € Sy we have

Y Tt 4 £ (e ) P e < [y ()

|7’ ()] |7 (x) =T’ ()|
() +[f(x,5)] () +¢&

< P(b+|yo|) +MP+¢

< P(b+ |yo| +M) +2.

From here and from the iso-Cauchy-Peano’s existence theorem it follows that the problem
(14) has a solution y(x,€) which is defined in [xo,xo + o).
Let now
O<ey<eg <e.

‘We have
y(x0,€2) =yo+€ <yo+€ =y(x0,€1),

Y (82) =300 B 4 £, y() T gy

¥ () = y() F 4 f () T ey

> () b + £ e y(0) Y e,

From here and from the basic theorem for the iso-differential inequalities it follows that

y(x,€) <y(x,€1) for Vx € [xo,Xx0 + Q).

Using the proof of the iso-Cauchy-Peano’s existence theorem we have that the sequence
{y(x,€) }e=0 is equip-continuous and uniformly bounded.
Let {€,};"_, be a sequence of positive real numbers such that

lim €,=0
n—-yoo

and the corresponding sequence {y(x,€,)};_; of solutions of (14) is defined in [xp,xo + o).
We have

y(x,ea) = vo et [ (v T + (1, y(0) T ) a,

yo = ¥(x0,0) < yo +¢&,
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From here and from the basic theorem for the iso-differential inequalities it follows that
y(x) < y(x,€,) in [X0,X0 +O1).
Consequently
y(x) < ,,ILHL,WX’ €,) == r(x) for  Vx€ [xo,x0+ ).

O]

1
Exercise 6.0.227. Let T'(x) = ¢, f(x,y) = i ‘12_;) , (x0,¥0) = (0,0). Prove that the functions

T for x€[0,1),
0 for xe(—1,0],

0 for x€]0,1),

- for xe(—1,0]

are a maximal and a minimal solution, respectively, to the initial value problem (6) in

(—1,1).

Theorem 6.0.228. Let r(x) be a maximal solution to the initial value problem (6) in J,
J = [x0,Xx0 +a). Let also, y(x) be a solution to the iso-differential inequality (2) in J. If

y(x0) <o

then
y(x) < r(x) in J.

Proof. Let x| € [xo,x0 +a). Let also € > 0 be chosen enough small. We consider the
problem

V) =y FL 4 fey)+e in
(15)

y(x0) = yo-

Let r(x,€) be a maximal solution of the problem (15) in the interval J. We have that

lim r(x,€) = r(x)
£e—0

uniformly in [xo,x;].
Since
y(x0) < yo <yo+E,
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and
oy T'(x) T (x) —xT"(x)
r (X,E) - I"(x,S) f(x) +f(x,r(x,8)) T(X)

then from the basic theorem for the iso-differential inequalities it follows that

y(x) < r(x,€) in [x0,X1],

whereupon

y(x) < gli_r>n0r(x, €) =r(x).

Advanced Practical Exercises

Problem 6.0.229. Let T'(x) = ¢, f(x,y) = xyle y(x) be a solution of the initial value prob-
lem (6) with y(0) = yo, 0 < yo < 1. Prove that

yo <y(x) <1 for  Vx e (0,00).

7 X xty—y? . o
Problem 6.0.230. Let T'(x) = €*, f(x,y) y be a solution to the initial value prob-

= Tx-1

lem (6) with y(0) =1, J = (0, 1). Prove that

1

1—x

I+x<y(x) < in J

1
Problem 6.0.231. Let T'(x) = 1+x%, f(x,y) = w, (x0,0) = (0,0). Prove that

1—x

the functions
x? for xe]0,1),
r(x) =
0 for (—1,0],
0 for xel0,1),
p(x) =

—x2 for  xe(—1,0],

are a maximal and a minimal solution, respectively, in (—1,1), to the initial value problem

(6).



Chapter 7

Continuous Dependence on Initial
Conditions

Let D be a domain in R? containing the points (xo,y0) and (x1,y;), J be an interval in R,
T e C'(J), T(x)>0foreveryx € J, f € C(D).

Theorem 7.0.232. Let the following conditions be satisfied.
(i) f(x,y) is bounded by M in the domain D, where M is some positive constant,
(ii) f(x,y) satisfies a uniform Lipschitz condition
Ifey) = f2)| <Lly—z[  for  V(xy),(x,2) €D,
for some positive constant L.

(iii) g(x,y) is continuous and bounded by M, in the domain D, where M, is some positive
constant,

(iv) y(x) is the solution of the initial value problem

) — s T ot
Y09 =) 5+ e (0) =5 S i (1

y(%0) = Yo, (2)

(V) z(x) is the solution of the initial value problem

20 =) (()) T (Flez) +g<x,z<x>>>w n o,
z(x1) = y1,

L] |7 (x) =T (x)]
(vi) 0o <P, i < P foreveryx € J.
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Then
19(0) = 2)| < (Iyo = 1]+ (M +My)Plo — x|+ P| [20[2(0) |
+1MT1L)eP(1+L)|x7xO| s

forallx € J.

Proof. We have

y(6) =yo+ [ (y(t) TT((Q +f(t(1)) T(r>{(§§/<t))dt,

~>

"t

20) =31+ I3 (20 58 + (£0.20) + 8(0.20) 2 )

—

=i+ [ 8, 20) M a4 2 o) F 0+ 2 2(0)

[ S, 2(0) P D+ [0 f (1, 2(0) PO

for every x € J.
Therefore

2) =) = |61 =30)

L5 (00) = 2D FE + (£(e.3(0)) = £(1,2(0) P Y ar

~

2 e+ [0 £ (,20) PO 4 [ g(e,2(0) M |

L <|y(t) —2(1) % +1£(t.y(0)) _f(t’z(tm%

<|yo—y1|+

'TT%)"”F S ‘f“vZ(f))IWdt]

+1f2 [2(0)

| 15 g 2o P Ol

(1)

< (Ivo =yl + (M +My)Plo — 1|+ P| [ |z(1) e

+M,P|x —xo| +P(1+L) f;; [y(¢) — z(2)|dt

I

1.e.,

200 =301 < (Iv0 1|+ (M + M) Plg — 1+ P| [ |z

+MP|x —xo| +P(1+L)

[ () = 2(0) |

forallx e J.
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From the last inequality and the classical Gronwall’s-type inequality we conclude the
assertion. O

Theorem 7.0.233. Let the following conditions be satisfied.
(i) f(x,y) is continuous and bounded by M in a domain D containing the point (xo,yo),

(ii) a% f(x,y) exists, continuous and bounded by L in D,

(iii) ‘TT/((;C)) | <P, |T(X)T_();)T/(x)‘ < Pin an interval J, containing the point x,

(iv) the solution y(x,xo,y0) of the initial value problem (1), (2) exists in the interval J.
Then
(i) the solution y(x,xo,Y0) is differentiable with respect to yo and

d
2(x) = a—yf)(x,xo,yo)

is the solution of the initial value problem

2(x) = 2(0) 52 + 3 (v, (x,0,0))2(x)
(3)

z(x0) = 20.

(ii) the solution y(x,x0,y0) is differentiable with respect to xy and z(x) = is the

solution of the equation (3), satisfying the initial data

9y(x,x0,0)
dxg

Tl(x()) _ . T(X()) —XOTI(X())
T(X()) f( anO) T(X()) .

2(x0) = —y(xo)
The equation (3) is called the variational equation corresponding to the solution y(x,xo,yo).

Proof. (i) Let (xo,y1) € D be such that the solution y(x,xo,y;) of the initial value problem
for the equation (1) with initial data y(xo) = y; exists in the interval J;. Then for all
x € Jo, =JNJ the previous theorem implies that

ly(x,x0,0) — y(x,x0,y1)| < [yo—y1 |eP(1+L)|x7x0|7

ie.,
|y(xax07y0) _y(xax())yl)| —0

when
lyo—y1| — 0.
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Now for all x € J, we have

y(x,x0,y0) — ¥(x,x0,y1) — 2(x) (yo — y1)

= );:) (y(tvx()vyo)%(tt)) "‘f(t»Y(t»xO»YO)) T(t)fi(gw @)

T/
_y(tv-x()»yl) f'((tt

N

- f(t,y(t,XO,yl)) T(t)fi(tj ©)

=

~>

=z(t)(yo— 1) Tlg

=

— 3 03 %0,30)) IR 2(0) (0 —yn) )

=

= [ (010,20,0) = (1, %0,30)) 72+ (£(1,3(0,30,50)) = £ (0,300 %0,31)) ) L2

()0 = y) T8 = 30, 3(0,30,50)) P 2 (e) (v0 1) ) e

= [ (%(t,y(t,xo,m))(y(t,xo,)’o) = y(t,x0,y1) —2(t) (o —y1)> T(t){(g 0

= [ (v(020,50) = ¥(t,x0,1) = 2(0) 50 = 31) ) (3 (0,31, 30,50) T+ Z O Y

Jrf;; S{y(tvx()ayo)ay(tax()ayl)}dta

where
S{y(t’x()ay())ay(tax07yl)} —0
when
ly(¢,x0,¥0) — y(t,%0,y1)| — 0,
1.e., as
[yo—y1| — 0.
Hence,
ly(x,x0,¥0) — y(x,x0,y1) —2(x) (yo —y1)|
S P(L+ 1) f;) |y(t7x07y0) _y(t7x07yl) —Z(t)()’O —)’1)|df
+o(|yo —y11),
from where
[¥(x,%0,50) — ¥(x,%0,¥1) — 2(x) (yo —¥1)| < 0(|yo — y1 )l THIPx0l,
Thus
|y (x,X0,¥0) — ¥(x,%0,y1) — 2(x) (yo —y1)| —> 0
as

lyo —y1| — 0.
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(ii) Let (x1,y0) € D be such that x; € J and the solution y(x,x;,yo) of the initial value
problem for the equation (1) with initial data y(x;) = yp exists in an interval J,. Then
for all x € J3 = JNJ,, using the last theorem, we have

X0
/ |y(tax1,y())|dt‘)eP(1+L)|x—x0|’

X1

(. %0,30) = (31, 50)| < (MPlxo — 1] +P

from here
|y(xax07y0) _y(xaxl)y0)| —0

when
|X() —X1 | — 0.

Now for all x € J3 we have

(5%0,30) = (x1,30) = 3 (306,30,30) 53+ 0, 30,30)) U

N

= 1 (3030 B £l (o030 L0

= ((y(t,xo,yo) _Y(faxhyo))TT((zt))

+(f(t7y(t7x07y0)) _f(t,y(t,xl,yo)))%)dt

L2 (vl 50) 5+ e,y (e1,0) LD

= ;; ((y(t7-x07y0) _y(tv-x] 7y0))77:~((tt)

—

350, ¥(10,30,0)) (0,30, 0) — ¥(2,31,y0)) "I ) e
+ i (y(t,xl,yo)TfT(f)) +f(t’y(t7xlvy0))%gm)dz
+ [, 8y (#,%0,0), ¥(t,x1,50) }

= L3 0ex0.30) = y(031.30) (o} + 35 (123(030.30) PO )

+f;f)l (y(trxlvy())% +f(t7y(t7xlay0))%§)r(t))dt

+fx); S{y(tervyO)ay(taxl7y0)}dt7
where
S{y(t,xo,yo),y(t,xl,yo)} —0

when
|xo —x1| — 0.
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Consequently

5 (0 %0,30) = ¥t x1,30)) (i + 35 1, v(0,30,0) T 7 Y

+fo (y(t,xl,yo)% +f(z,y(z,x1,y0))%ft)w>>dt
+f;; 8{y<t7x07y0)7y(t7-x1 7)’0)}dt

+ /5 (yo 77; ((j;’)) + f(x0,¥0) 7“%){&2? 20) ) dt

(o —x1) [ (20 5 4+ 9L (1, v(0,50,50))2(0) ) d

= [ (v(t,30,50) = ¥(,31,30) = (30 = 00)2(0) ) (& + 9 1,30,90) " Y

L2 ((00021,90) + 30) T 4+ (£(0, (0, %0,30)) + £ (0,30)) HET D ) e

+f;; S{y(t?x()ay())ay(t;xl,yo)}dt
for all x € J3.

From the last inequality it follows that there exist C; = C;(P,L,M) > 0, C;, =
C2(P,L,M) such that

[y(t,x0,y0) — y(t,x1,¥0) — 2(x) (x0 —x1)|

S Cl f;; ‘y(ta-x()ay()) _y(taxlay()) - (X() —xl)z(t)‘dt‘*‘czo(’xO _x1|)
for all x € J3, from where it follows that there exists C3 = C3(P,L,M) > 0 such that

(2, X0,y0) — y(t,x1,y0) — (%0 — x1)2(x)| < C30(|x0 —x1]).
Il

Example 7.0.234. Let T'(x) = &%, f(x,y) =y, (x0,y0) = (0,1). Then the initial value prob-
lem (1), (2)admits the following representation

Y (x) =y(x)(2—x),

its solution is

2x7ﬁ
)’(xax07YO):€ 2.

The derivative z(x) = E?—y(y, X0,Y0) satisfies the initial value problem
X0

7 (x) =2z(x)

z(0) =1,
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therefore
z(x) = e

Exercise 7.0.235. Let T'(x) = ¢*, f(x,y) = 2y, (x0,y0) = (0, 1), y(x,X0,y0) be the solution
of the initial value problem (1), (2) in J =[0,1). Find

d
2(x) = a—jﬂ(x,xo,yo»

Answer. ¢,

Finally, we shall consider the initial value problem

¥ () = y0r ) T 4 £ (e (o 1), 3)

y(x0,A) = yo(A),

where A € R is a parameter.
The proof of the following theorem is very similar to earlier results.

Theorem 7.0.236. Let the following conditions be satisfied.

(i) f(x,y,\) is continuous and bounded by M in a domain D C R* containing the point
(xoay()v?\'o)'

(ii) af(gi;y,k), of (gf’;“) exist, continuous and bounded, respectively, by L and Ly in D.

Then

(i) there exist positive numbers h and € such that given any A in the interval |\ —Ao| < €,
there exists a unique solution y(x,\) of the initial value problem (4) in the interval
|x —x0| < h

(ii) the solution y(x,\) is differentiable with respect to A and

_dy(x,A)
A

z(x, )

is the solution of the initial value problem

26 0) = 20 M FE 4 (F ), V)20 h) + ey ) 4) ) T,

2(x0,A) = yo(A).-

If A is such that [N — Ao|is sufficiently small then we have a first-order approximation of the
solution y(x,\) given by

Y0 1) =y o) + (A= Ro) (1))

A=2g

= ¥(x:20) + (A = Ro)z(x, o).
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Example 7.0.237. Let T'(x) = ¢, f(x,y,A) = MWoytl g o>, (x0,¥0) = (0,0). Then

1—x

yT(x) :y7
x)—xT" (x 2y
£ (o W) TR = B (1)
=M —y+1,
from here
Y =W +1,
¥(0)=0

Its general solution is

1
y(x,A) = ﬁtan(\/xx).

We will find z(x,0). It satisfies the initial value problem

7 (x,0) = x%,
2(0,0) = 0.
Consequently
3
0)=—.
2(x,0) ==
Exercise 7.0.238. Let T'(x) = ¢, f(x,,A) = *529 (x,y) = (0,1). Find
dy
—= A
a;\‘ (x’ y? )
A=0
Answer. ¢ —x — 1.

Exercise 7.0.239. Let T'(x) = ¢*, f(x,y,\) = 222V (50 o) = (0,A — 1). Find

1—x

dy
ﬁ(xayax)

A=0
5
Answer. xg — %x3 +x+1.

Exercise 7.0.240. Let T (x) = ¢, f(x,y,\) = i (x0,0) = (2,\). Find

1—x 2

dy
ﬁ(-xa)@}\')

A=0

Answer. ¢ 2.
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Exercise 7.0.241. Let T'(x) = ¢*, f(x,y,\) = yjf_z;)’y, (x0,y0) = (1,1). Find

dy
ﬁ(xaya}\’)

A=0
Answer. x(e”! —e™).

Exercise 7.0.242. Let T (x) = ¢, f(x,y,\) = %ﬁmf (x0,y0) = (0,1 +A). Find
dy
ﬁ <x7y7 }\’)

A=0

1—x—log(1—x)
)

Answer. =






Chapter 8

Existence and Uniqueness of

Solutions of Systems

Here we suppose that 7! € C(J), T'(x) > 0 for every x € J, where J is an interval.
We consider a system of first-order iso-differential equations of the form

A\ ® _sn
(uz (x)) =&
A\ sa
(m®) =g

which we can rewrite in the form

7'(x)
)

) (x) = w1 (x)

T/
u(x) = s (x) 7

(2
T(x)

y (x) =

U (x)

Throughout, we shall assume that the functions gi, g2, ..

domain E of (n -+ 1)-dimensional space R"*!.

+g1(x1,u1 (x),uz(x),. ...

+ ga(xy,uy (x), ua(x), . ..

+ g (x1,u1 (x),u2(x), . ..

., &n, are continuous in some

Definition 8.0.243. By a solution of the iso-differential system (1) in the interval J we

mean a set of n-functions u (x), uz(x), ...,

1. o (x), uh(x), ..

. Uy (x) exist for all x € J,

un(x) such that
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2. for all x € J the points
(x,u1(x),uz(x),...,un(x)) €E,

forallxelJ,i=1,2,...,n

In addition to the iso-differential system (1) there may also be given initial conditions
of the form
w (x0) =uf, wu(xo) =u3, ... un(x0) = u, (2)

where xg is a specified value of x in the interval J, and

are prescribed numbers such that
0.0 0
(x0,uy,u3,...,u,) €E.

The iso-differential system (1) together with the initial conditions (2) forms an initial value
problem.

To study the existence and uniqueness of the solutions of (1), (2) there are two possible
approaches, either directly imposing sufficient conditions on the functions g1, g2, ..., gn,
and proving the results, or alternatively using vector notations to write (1), (2) in a compact
form and then proving the results. We shall prefer to use the second approach since then
the proofs are very similar to the scalar case.

By setting

u(x) = (uy (x),uz(x),...,uy(x)),

(x

(x

~»

u(x) = (520 (0, 5w, F B () ),

=~

g(x>u) = (gl(xvu)ng(xvu)v' : '7gn(x7u))v

T (x)—xT" (x) A T(x)=xT"(x)
) g(x’”)_< P

and agreeing that differentiation and integration to be performed component-wise, i.e.,

u/(x) = (”/1 (x)vulz(x)’ e 7”;:()6))’

[P u(x)dx = <fabu1(x)dx, [P up(x)dx, ..., [? u,,(x)dx),

the problem (1), (2) can be written as
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u(xo) = u. (4)
We define

n
[Jul | = max Y fui(x)]
i=1

Definition 8.0.244. The function g(x,u) is said to be continuous in E if each of its compo-
nents is continuous in E.

Definition 8.0.245. The function g(x,u) is defined to be uniformly Lipschitz continuous in
Eif there exists a nonnegative constant L(Lipschitz constant) such that

[lg(x,u) — g(x, )| < Li|u—v]| (5)
for all (x,u) and (x,v) in the domain E.
Example 8.0.246. Let
g(x,u) = (anu + anauy, aziuy + axi)
and E = R3. Then, for (x,u), (x,v) € E we have
g(x,u) —g(x,v) = (a1 (w1 —vi) +an(uz —v2),a1 (ur —vi) +axn(us —v2)),

llg(x,u) —g(x,v)[| = [|(a11 (1 —vi) + arz(uz — v2), a1 (1 — vi) +az(uz —2))||

< maXer(!an(ul —v1) +aiz(uy —v2)| + a1 (ug —vi) +ax(uz — Vz)\)
< maXer(!anHul —vi| + |aia||uz — vo| + |azi ||ur — vi| + |azz||u2 — V2|)

= maxses ((lan |+ lan ) = vi |+ (lara] +[azal) 2 = 2 )
< maxyes{|an +|azi], laiz| + |az|} maxye; (Jur —vi| + |uz —v2|)

= maxyey{|ai1 + a2, |az| + |az |} |u—v]],
therefore
L=max{|aii +|az], 2| +azl}-

The following result provides sufficient conditions for the function g(x,u) to satisfy the
Lipschitz condition.

Theorem 8.0.247. Let the domain E be convex and for all (x,u) € E the partial derivatives

a—g, k=1,2,...,n, exist and

Juy 3
g
2| <L
’ dull =7
where 3 .
8 8i ‘
= || = maxma — )
‘ du jx EX; auj(x’u)

Then the function g(x,u) satisfies the Lipschitz condition (5) in E with Lipschitz constant L.
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Proof. Let (x,u) and (x,v) be fixed points in E. Then since E is convex for all 0 <7 < 1
the points

(x,v+t(u—v)) €E.
Then the vector-valued function
G(t) =g(x,v+t(u—v)), 0<r<1,
is well defined, also
G (1) = (ur —v1) $& (x,v+1(u—))

(2 —v2) & (x, v+t (u—v))

Juy

+...

+(upy — vn)%(x,v—l-t(u —v))

:((ul—vl)g%;(x,v+t(u—v)) (1 =) 22 (x, v+ 1 (=), .., (s — vy ) % (xv—H(u—v)))

+<(u2—V2)S%(x,v+t(u—v)) (12 = v2) L2 (x,v+1(u—v)), .. (uz—vz)agg(x,v+t(u—v)))

+<(un—v,,)g%(x,v—i-t(u—v)),(un V) 22 (2, v 1 (1 =), (1t — Vi) B (v 1 ))),

16/ (1) | = max iy [ £ () v3) 35 (o v -1 (= v))|

9gi
< maxg Ty Xy it — 1| 35 (o v 1= )|

< <maxjmaxEZl l‘ag‘ (x,v+t(u— ))D max; Yi_ |u;j — vl

—||9%
T || du

< Llfu—vl]

[l —l|

Now from the relation

1

g(x,u) —g(x,v) = G(1) = G(0) = A G'(r)dt,
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we find that
g1~ glx,)l = || fo &'

< 16 @)t
< Jo Lllu—v||di

=Lllu—v||.

Example 8.0.248. Let

8(x,u) = (g1(x,u), 82(x,u))

= (a11(x)u1 (x) + arp(x)ua(x), a1 (x)u; (x) + azn (x)uz(x)).
Then

a%(x?u) = (an(x),a21(x)),

aaTi(x’ u) = (a12(x),axn(x)).
Then
HgiH = max{mjax(|a11 (x)] + |a2 (x)]),mjax(\am (x)|+ |a22(x)\)}.

Therefore the function g(x,u) satisfies the Lipschitz condition with the Lipschitz constant
£ = max{max(ja (x)] +[az1 (x)]), max(lazi (9)] +laza (x)]) }.

If g(x,u) is continuous in the domain E, then any solution of the initial value problem
(3), (4) is also a solution of the integral equation

A

u(x) :M0+/x:(7;((tt))u(t)+g(t,u(t))w)dt (6)

and conversely.

To find a solution of the integral equation (6) the iso-Picard method of successive ap-
proximations is equally useful. Let u°(x) be any continuous function which we assume to
be an initial approximation of the solution, then we define approximations successively by

W (x) =ul + x:(;/((;))um(t)—l—g(t,um(t))YW)dt, m=0,1,2,..., (7)

and, as before, if the sequence {u™(x)};_, converges uniformly to a continuous function
u(x) in some interval J containing the point xy and for all x € J the points (x,u(x)) € E, then
this function u(x) will be a solution of the integral equation (6).
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Below we will suppose that

7' (x)] |7 (x) — 7" (x)| <

for all x in the interval J.
Now we shall state several results for the initial value problem (3), (4) which are anal-
ogous to those proved in the earlier chapters for the scalar case.

Theorem 8.0.249. (local existence theorem) Let the following conditions hold.
(i) g(x,u) is continuous in
Q={(x,u) eR": |x—xo| <a, |lu—u|| < b}
and hence there exists a M > 0 such that
le(xwl <M

forall (x,u) € Q,
(ii) g(x,u) satisfies the uniform Lipschitz condition (5) in Q,
(iii) «°(x) is a continuous function in the interval |x — x| < a and

1 (x) — ]| < b.

Then the sequence {u"™(x)}r_, generated by the iso-Picard iterative scheme (7) converges
to the unique solution u(x) of the problem (3), (4). This solution is valid in the interval

Jh={xeR: |x—xo| <h},

where
) b
h= mln{a, - }
P(b+ |yo| +M)
Further, for all x € Jy, the following error estimate holds
P+ PL)h)™
lu(x) — " (x)|| < Ne<P+PL>hmin{1, M} m=0,1,2,...,
m!

where

[lu' (x) =’ ()| < N.
Theorem 8.0.250. (global existence theorem) Let the following conditions hold.
(i) g(x,u) is continuous in

A={(u) eR"™:  |x—xo| <a, [Jul] <o},

(ii) g(x,u) satisfies the uniform Lipschitz condition (5) in A,
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(iii) u°(x) is continuous in |x —x°| < a.

Then the sequence {u™(x)}_, generated by the iso-Picard iterative scheme (7) exists in
the entire interval |x — xo| < a, and converges to the unique solution u(x) of the problem

(3), (4).

Corollary 8.0.251. Let g(x,u) be continuous function in R"*' and satisfies the uniform
Lipschitz condition (5) in each

Aq={(x,u) eR"": [ <a,  ul] <eo}

with the Lipschitz constant L,. Then the problem (3), (4) has a unique solution, which
exists for all x € R.

Theorem 8.0.252. (iso-Peano’s existence theorem) Let g(x,u) be continuous and bounded
in A. Then the problem (3), (4) has at least one solution in the interval |x —xp| < a.

Definition 8.0.253. (e-approximate solution) Let g(x,u) be continuous in the domain E.
A function u(x) defined in the interval J is said to be an €-approximate solution of the
iso-differential system (3) if

1. u(x) is a continuous function in the interval J,
2. for all x € J the points (x,u(x)) € E,

3. u(x) has a piecewise continuous derivative in the interval J which may fail to be defined

only for a finite number of points, say, x1, x3, ..., X,
4- A A A
1’ T(x)—xT1’
‘ ' (x) — u(x) = () —g(x,u(x)) (x) —*T"(x) H <e

X

forallxe J, x#x;,i=1,2,... k.

Theorem 8.0.254. Let g(x,u) be continuous in Q, and hence there exists a M > 0 such that
lg(x,u)|| <M

Sfor all (x,u) € Q. Then for any € > 0 there exists an €-approximate solution u(x) of the

iso-differential system (3) in the interval Jy, such that

u(xg) = u®.
Theorem 8.0.255. (iso-Cauchy-Peano’s existence theorem) Let g(x,u) be continuous in Q
and hence there exists a M > 0 such that |g(x,u)| < M for every point (x,y) € Q. Then the
initial value problem (3), (4) has at least one solution in Jj.

Theorem 8.0.256. (continuation of solutions) Assume that g(x,u) is continuous in E and
u(x) is a solution of the problem (3), (4) in the interval J. Then u(x) can be extended as a
solution of the initial value problem (3), (4) to the boundary of E.
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Corollary 8.0.257. Assume that g(x,u) is continuous in
Ey={(x,u) €E: x0 <x < xp+a, a < oo, [|lu|| < oo}.

If u(x) is any solution of the initial value problem (3), (4), then the largest interval of the
existence of the solution u(x) is either [xo,xo + a| or [xo,x0 + @), o < a, and

|| (x) || — o
as x — xo+ Q.

Theorem 8.0.258. (continuous dependence on initial conditions) Let the following condi-
tions hold.

(i) g(x,u) is continuous and bounded by M in the domain E containing the points (xq,u°)
and (xy,u'),

(ii) g(x,u) satisfies the uniform Lipschitz condition (5) in E,
(iii) h(x,u) is continuous and bounded by M in E,

(iv) u(x) and v(x) are the solutions of the initial value problem (3), (4) and

V() = v() Tt + v, () FEE 4 h(r,v(x)) F,

v(xy) = u',

respectively, which exist in the interval J containing the points xy and x,.

Then for all x € J, the following inequality holds

) V@)1 < (|10 = ]|+ (M + My Ploxo — 1] + P

[0 w0 |

M, P(1+L)|x—xo| __ M
+1+L)e 1+

Theorem 8.0.259. (differentiation with respect to initial conditions) Let the following con-
ditions be satisfied.
(i) g(x,u) is continuous and bounded by M in the domain E containing the point (xo,u’),

(ii) the matrix g—i(x, u) exists and is continuous, and bounded by L in the domain E,

(i) the solution u(x,xo,u’) of the initial value problem (3), (4) exists in an interval J
containing Xx.
Then the following hold.

(i) The solution u(x,xo,u’) is differentiable with respect to u°, and for all j, 1 < j < n,

v (x) = %(x,xo, u®) is the solution of the following initial value problem

V(x) =v(x) ') + %(x,u(x,xo, u®))v(x),



Existence and Uniqueness of Solutions of Systems 171

Au(x,x0,u°)

P is the

(ii) The solution u(x,xo,u®) is differentiable with respect to xq and v(x) =
solution of the iso-differential system (8), satisfying the initial condition

OT/(XO)

T (x0) — x0T (x0)
T (xo) '

—g(X(),LtO) ~

T (x0)

v(xo) = —u

Theorem 8.0.260. Let the following conditions be satisfied.

(i) g(x,u,\) is continuous and bounded by M in a domain E C R""*! containing the point
(x0,u’,A0),

(ii) the matrix % exists and is continuous, an bounded by L in E

(iii) the n X m matrix % %’:’7‘) exists and is continuous, an bounded by L in E,

Then the following hold.

(i) There exist positive numbers h and € such that for any Asatisfying
A2 <€,
there exists a unique solution u(x,\) to the following initial value problem

o () = (e 1) ) 4 (e, 1)) P

u(xo, ) = u°,
in the interval |x — xo| < h.

(ii) The solution u(x,\) is differentiable with respect to A and for each j, 1 < j < m,
v (x,A) = %ﬁf‘) is the solution of the following initial value problem

V(x,A) = v(x,A) TT/((; + %(x,u(x, k),l)v(x,k)w

N

N

3 (o 1), W P,

v(xo,A) = 0.






Chapter 9

General Properties of Linear Systems

Here we will suppose that 7' € C'(J), T'(x) > 0 for every x € J, where J is an interval.
We will consider the system

7' (x) T (x) —xT'(x)
+ ) >u(x) + b(x)T

where A(x) is a n x n matrix with elements a;;(x), b(x) is a n x 1 vector with components
bi(x), and u(x) is n x 1 unknown vector with components u — i(x).

The existence and uniqueness of the solutions of the iso-differential system (1) together
with the initial condition

; (1)

u(xo) = u° (2)

in the interval J containing xy follows from the previous chapter provided the functions
a;j(x), bi(x), 1 <i, j <n, are continuous in the interval / which we shall assume throughout.
The principle of the superposition is stated as follows.
Let u(x) is a solution to the iso-differential system

then
O(x) = cru(x) + cov(x),

where c| and c¢; are real constants, is a solution of the following iso-differential system

)¢(x) + (Clbl(x) +czb2(x)> W

o' (x) = (A(x) T(X)T_(;C)T @, TT, ((;C))
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For this we have

o (x) = crd' (x) + e2v'(x)

In particular, if
b'(x) = b*(x) =0,

i.e., u(x) and v(x) are solutions of the homogeneous iso-differential system

ey T(x)—xT'(x)  T'(x)
u(x)_(A(x) Fo T

Jut). ()

then
cru(x) +cav(x)

is also a solution.
Thus, solutions of the homogeneous iso-differential system (3) form a vector space.

Further, if
b'(x) =b*(x), ci=1lc=-1,

and u(x) is a solution of (1), then v(x) is also a solution of (1) if and only if
u(x) —v(x)

is a solution of (3).

Thus, the general solution of (1) is obtained by adding to a particular solution of (1)
the general solution of the corresponding homogeneous system (3).

To find the dimension of the vector space of the solutions of (3) we need to define the
concept for linear independence and dependence of vector-valued functions.

Definition 9.0.261. The vector-valued functions

defined in the interval J are said to be linearly independent in J, if the relation

crut (x) + cou® (x) + -+ cpu™(x) = 0
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for all x € J implies that
C1 :CQZ"‘:Cm:O.

Conversely, these functions are said to be linearly independent if there exist constants
€1,C2y. -y Cy
not all zero such that
crut (x) + cou® (x) + -+ cpuu™(x) = 0
forallx € J.

Let the functions
! (6),02() " ()
be linearly dependent in the interval J and ¢, # 0 for some k € {1,2,...,m}. Then we have

C Cl— C, C,
wF(x) = —Lul (x) — o — LR () = LR Gy Ty (),
Ck C1 Ck Ck
ie., uf (x) (and hence at least one of these functions) can be expressed as a linear combina-
tion of the remaining m — 1 functions, so that

uF(x) = crul (x) + - 4 cpo1F 1 (x) + e T x) + - F o™ (x),

then obviously these functions are linearly dependent. Hence, if two functions are linearly
dependent in the interval J, then each one of these functions is identically equal to a con-
stant times the other function, while if two functions are linearly independent, then it is
impossible to express either function as a constant times the other.

Example 9.0.262. The functions

1a X, xza ) xm—l
are linearly independent in the interval J.
Really, we suppose that
citexte+o o™ =0 4)

in an interval J and any cy were not zero. Then the equation (4) could hold for at most
m — 1 values of x, whereas it must hold for all x € J.
Therefore the considered functions are linearly independent.

Example 9.0.263. The functions

are linearly independent in every interval J. Indeed,

&~ er
(4] &~ + (&) 3e2x =0
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implies that
c1e* +ce¥ =0

cre*+3ce™ =0,

which is possible if
Cl =0C) = 0.

Example 9.0.264. The functions

do=(85), o= (2)

are linearly dependent in every interval J. Let cy =0, ¢y = 1. Then
O( sinx )+1(0>:0
cosXx 0

Definition 9.0.265. For the given n vector-valued functions

in every interval J.

the determinant W (u',u?, ..., u")(x) or W(x), defined by

is called the Wronskian of these functions.

Theorem 9.0.266. If the Wronskian W (x) of n vector-valued functions

is different from zero for at least one point in an interval J, then these functions are linearly
independent in J.

Proof. Let
ul(x), u2(x), gy U (x)

be linearly dependent in J, then there exist n constants
¢, €2, ..., Cp,

such that
n
Z ciu'(x) =0 in J.
i=1
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From here

Ut (x)ci =0 in J

(ngE

1

for all k, 1 < k < n, has a nontrivial solution, which is possible if and only if W (x) = 0 for
every x € J. But W(x) # 0 for at least one point x in the interval J, and, therefore

can not be linearly independent. O

Theorem 9.0.267. Let
u'(x), w(x),..., u'(x)

be linearly independent solutions of the iso-differential systems (3) in the interval J. Then
W(x) # 0 forall x € J.

Proof. Let xo be a point in J where W (xp) = 0. Then there exists constants

not all zero such that

Since

are linearly independent J so we must have
cr=c==¢,=0,
which is a contradiction. O

Theorem 9.0.268. (iso-Abel’s formula) Let

be the solutions of the iso-differential system (3) in the interval J and xo € J. Then for all
x € J we have

= YV(XO) Tn(x)ef)?o TrA(t)T(t)f%:,mdl'
T (xo)

W(x)
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Proof. The derivative of the Wronskian W (x) can be written as

uy (%) uf (x)
n ”1'171 (x) Uy (x)
Wx) =) | u'x) ui" (x) (5)
=1 “11+1 (x) ufyy (x)
ty (%) Uy (%)

In the ith determinant of the right hand side of (5) we use the iso-differential system (3) to

replace ulj (x) by
d T(x)—xT'(x) T'(x)\ ;
I (TR TP

and multiply the first row by

the second row by

0 T 20y, (6)

Integration of the first-order iso-differential equation (6) from xo to x gives the required
O

relation.

Example 9.0.269. Let T'(x) = ¢,

X
X242x+1 x=3
D(x2 (x—1)(x>+2x—1)

= 0
( o ) x£1,—1+£V2.
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Then

Pt | 00— 2iovpd
an(X) =5 e = e (LX)
_ X4l
- _§2+2i—1 +1
_ 2
T 221

P | P _ e
2R T T~ e ()

_—x*43
T ox22x—1 +1

_2(x+1)
X421

In this way we obtain the system

(%) = — 211 () + 25 s (x).
From here
(2 4 2x — D)ty (x) = —2u1 (x) +2(x+ 1)ua (x)
or
() = -2 ) 4 (et i),

2
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whereupon
2
) (x) = =252 u) (x) — 5 (x) +ua (x) + (v + Dty (x)
- _x72+%x—1 uy (x) 4+ u(x).
Therefore
2
x +2x—1
S0 + () = ()
or
uh(x) =0
Consequently

where ¢y and c; are real constants.

Also,
w (x) = —SH2=Les 4 (x41) (1 4 €2%)
= <7_"2_22"+1 +X2+X>C2+C1(X+ 1)
:Cl(x—{—l)—Fszz;—l,
whereas )
x+1
u(x) = ( a@+1)+e® )
cp+ox
For
Ccl1 = 1, Cr = 0
we get
Ltl(x): < x—il—l >’
for
c1 =0, cr=2
we have
2
x“+1
u*(x) = < o )
Therefore
x+1 x2+1
W= T

=2(x+1)— (¥ +1)

=x242x—1.
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From iso-Abel’s formula we have

TeA(r) f(”;(’j/(" +2%> dt

W(x)= W(xo)ef;;<

X 2(1+1) d

= (_x% —|—2x0 — l)efxo 24211 !

2
[;c d(t+1) dt
= (63 +2x0 — 1)e"0 1722

— (2 )22l

=x242x—1.

Exercise 9.0.270. Let T'(x) = ¢*,

D
Ax)=| o' b ).
I 0

Find two linearly independent solutions u'(x), u®>(x) of the system (3) and W (u',u?)(x).
Check your answer using the definition of the Wronskian and the iso-Abel’s formula.

=

Exercise 9.0.271. Let the solutions

of the system (3) satisfy the initial conditions
' (xo) =é', i=1,2,...,n,
which are defined in an interval J, where
¢’ =(0,0,...,0,1,0,...,0), i=1,2,....n.
Prove that they are linearly independent in the interval J.

Exercise 9.0.272. The Wronskian of n functions

))1()6), y2(x)7 ot yn(x)

which are (n— 1)-times differentiable in an interval J is defined by the determinant

yll (x) ylz (x) y7 (x)
VARSI I R
W W@

Prove the following.
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@) IfW(y1,y2,---,yn)(x) is different from zero for at least one point in J, then the functions

yl(-x)a y2(-x), Yy yn(x)
are linearly independent.

(ii) If the functions
yl(x)7 }’Z(X)a R yl’l(x)

are linearly dependent in J, then the Wronskian

W(ylaYZa---a)’n)(X):O in J.

(iii) The converse of (i) as well as of (ii) is not necessary true.

(iv) If
W(yi,y2,---,yn)(x) =0 in J,

but for some set of (n— 1), y’s(say, without loss of generality, all but y,(x))
W(y17y27 cee 7yn—1(-x)) # 0
for all x € J, then the functions

yl(-x)a y2(-x), Yy yn(x)
are linearly dependent in J.
Exercise 9.0.273. Prove that any solution u(x) of the iso-differential system (3) satisfying

the initial data

u(xg) = u®

can be written as

where u'(x), 1 <i < n, is the solution of the initial value problem for the iso-differential
system (3) with initial conditions

u'(xo) =é', i=1,2,...,n,
¢’ =(0,0,...,0,1,0,...,0)
fori=1,2,...,n.

Exercise 9.0.274. Let T (x) = ¢*,

T
L

il
)
=

‘ [u—

Alx) =

T
L

=
ol
e

=
|

=
|
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x # 1. Let u(x), v(x) and w(x) be the solutions of the iso-differential system (3) satisfying

Without solving the iso-differential system (3), show that
i) ' (x) = —w(x),

(i) v (x) = u(x),

(iii) w'(x) = v(x),

(iv) W(u,v,w) =u® —v3 +w? + 3w = 1.






Chapter 10

Fundamental Matrix Solution

Here we will suppose that 7 € C!(J), T'(x) > 0 for every x € J, where J is an interval in R.
We will investigate the system

) — (apo T =3 T0) | 7'()
) = (A0 =5 5+ Gy Ju): 1)

where A(x) is n x n matrix with elements ;;(x), which are continuous functions in the
interval J, 1 <i,j <n.
We have that any solution u(x) of the iso-differential system (1) for which

u(xo) = u°

can be written as .
u(x) = Y uu (x),
i=1
where u(x) is the solution of the initial value problem (1),
' (x0) = ut', i=1,2,...,n, (1)

¢ =(0,0,...,0,1,0,...,0),
i=1,2,...,n.
In matrix notation this solution can be written as
u(x) = CID(x,xo)uO,
where ®(x,x) is an n X n matrix whose ith column is #/(x).

Definition 10.0.275. The matrix ®(x,xg) is said to be the principal fundamental matrix or
evolution matrix or transition matrix.

We have that ®(x,xp) satisfies the initial value problem

@' (x,x0) = (A(x) T(x)jj(;c)Y"(x) + 77:

(x)

(%)

)@(xx0), @
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D(xp,x0) = 1. (3)

The fact that the initial value problem (2), (3) has a unique solution ®(x,xp) in the interval
J can be proved exactly as in the previous chapters. Moreover, the iterative scheme

® 1 (x) = 1+ [ (A0 T 4 E0 Y am(r)ar,

and so on,

®(x,x0) = I+ [ (A T 4 T
(4)

Xt T(0)—1'() | T'(0) T(s)—s'(s) |, T'(s)
L5 (A TR0 T (4 T 2O ggr 4.

Definition 10.0.276. The series (4) is said to be iso-Peano-Baker series of the initial value
problem (2), (3).

Theorem 10.0.277. If ¥ (x) is a fundamental matrix of the iso-differential system (1), then
for any constant nonsingular n x n matrix C, the matrix ¥ (x)C is also a fundamental matrix
of the iso-differential system (1), and any fundamental matrix of (1) is of the form ¥(x)C
for some constant nonsingular n X n matrix C.

Proof. We have

and hence
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which is the same as

i.e., ¥(x) and ¥ (x)C both are solutions of the same matrix iso-differential system (1).
Further, since
det¥(x) £ 0

and
detC #£0

it follows that
det(¥(x)C) #0

and hence W(x)C is also a fundamental matrix solution of the iso-differential system (1).
Conversely, let ¥; (x) and ¥, (x) be two fundamental matrix solutions of (1). If

Wy (1) (x) = C(x)

or

then we have

or
T(x)—xT'(x) | T'(x) o T@)—T'(x) | T'(x)
(A P+ ) W) = (A P+ ) W)@
+¥2(x)C' (%),
whereupon
¥, (x)C'(x) =0
or

Therefore C(x) is a constant matrix.
Moreover, since Wi (x) and W;(x) are nonsingular matrices, this constant matrix is also
nonsingular. O

As a consequence of this theorem we find
D (x,x0) = P(x)¥ ! (x0)
and the solution of the initial value problem for (1) with
u(xg) = u®
can be written in the following form

u(x) = W(x) P! (xo)ul.
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Since the product of matrices is not commutative, for a given constant nonsingular
matrix C, the matrix C¥(x) need not be a fundamental matrix solution of the iso-differential
system (1).

Further, two different homogeneous systems cannot have the same fundamental matrix,
i.e. W(x) determines the matrix

and we obtain

and hence

which is the same as
@ (1)) = (R ) (v w)

T
Therefore, (T_l (x)) is a fundamental matrix of the following iso-differential system

1Y — (AT (I =T (x) | T'(x)
(4) W) =~ (AT T 4 T ).

Definition 10.0.278. The system (4) is said to be the iso-adjoint system of the iso-
differential system (1).

Theorem 10.0.279. If ¥ (x) is a fundamental matrix of the iso-differential system (1), then
X (x) is a fundamental matrix of its iso-adjoint system (4) if and only if

1 (¥ () =C, (5)
where C is a constant nonsingular n X n matrix.

Proof. If ¥(x) is a fundamental matrix of the iso-differential system (1), then from (4’) it

T
follows that (‘P*I (x)) is a fundamental matrix of the iso-differential system (4). There-
fore there exists a constant nonsingular matrix D such that

20 = (¥7'() D,
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from where

which is the same as
xT(x)‘P(x) =D,

Therefore (5) holds with C = DT
Conversely, if ¥(x) is a fundamental matrix of (1) satisfying (5), then

W (x)(x) = "

and hence
T “or
(%) = (lp (x)) cr.
Consequently, (x) is a fundamental matrix of the iso-adjoint system (4). O

Now we consider the system

T (x) —xT"(x) f:' (x)
T

We seek a vector-valued function v(x) such that
D (x,x0)v(x)

is a solution of (6).
We have

T(x)
from where
T (x) —xT'
B, x0)/(x) = b(o) L)
T (x)
or
A A
V(x) = &1 (x,30) () L = ()
T(x)
Consequently

v(x) = v(xo) + / :cpl(t,xo)b(t)

In this way the solution of (6) takes the form

u(x) = B (x,x0)v(x0) + (x, x0) / :d)l(t,xo)b(t)
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Exercise 10.0.280. Let T'(x) = ¢*. Solve the system (1) in the cases

1 9 0o -2
b oaw-(F )2 aw-( 5 7).
=% T = O
Answer.
up (x) = Cre* + Cre™ up (x) = Cre™* + Cre*
1) 2)
ur(x) = —Cre* +3Cre>, uy(x) = 2Cre™ — 2G>,

where C; and C, are real constants.

Exercise 10.0.281. Let T (x) = x>+ 1, x # £1. Solve the system (1) in the cases

Answer.

uy(x) = Cre* +Cre3*,
up (x) = e <C1 cosx+C, sinx)
2)
up(x) = e* ((C] +Cy)cosx+ (G, —Cy) sinx) ,
where C; and C, are real constants.

Exercise 10.0.282. Let T'(x) = &3, x # % Solve the system (1) in the cases

1) A(x)z( 3%1 3}‘6? )

3x—1
4 8

2) A(x)z(%—l 1 )
3x—1 3x—1

Answer.
up(x) =é* (C1 cos(3x) + G, sin(3x))

1)
o (x) = e (c1 sin(3x) — G, cos(sx)) ,

u(x) = <2C2 —Cj)cos(2x) — (2C1 —I—C2> sin(2x)
2)
up(x) = Cj cos(2x) 4+ Cy sin(2x),

where C; and C, are real constants.
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Exercise 10.0.283. Let T'(x) = ¢*, x # :l:%. Solve the system (1) in the cases

220 12
D Ax =1 1% B35,

1-2x2 1—-2x2
3-2¢  142x
_ 1-2x2 1—2x2
2) A =| 35 T3 |-
1—2x2 1—2x2

Answer.
Ui (x) = (C] +C2x> e

up(x) = (C1 +C +C2x) e,

up(x) = (Cl —I—sz) e
2)

1 (x) (2c1 G+ ZCZX) e,

where C; and C, are real constants.

Exercise 10.0.284. Let T'(x) = (x> + 1)e*, x> + x> +x— 1 # 0. Solve the system (1) in the

cases
44 2x4+4 P —2xt]
— [ BeP4x-1 B4x24x—1
A =| 55505 2 ;
B+2+x—1 Bl 4a—1
4P —2x+4 ) P—x+l
_ B2 +x—1 B4x2+x—1
2) A(x) o 424 2x+4 2 X2 4xt1 ’
B4x2+x—1 B4x2+x—1
Answer.

up(x) = (C1 + 2C2x) e

ur(x) = (C1 + G —|—2C2x> e,

up(x) <C1 + 3C2x> e

2)
ur(x) = (Cz -Ci— 3C2X> e,
where C; and C, are real constants.

Exercise 10.0.285. Let T'(x) = ¢*, x # 1. Solve the system (6) in the cases
3 sinx
) aw=( (s ).
1—x 1—x
( ( 2% )
E4X .
TV 1—x

—_
|
=

=
‘I\)l ‘#
~
S
—
=
SN—
I

OI_"—
=
=
N———
-
—~
=
N—
Il

_.
|
=
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Answer.
up(x) =Cre* + 3Cye* + cosx — 2sinx

1)
up(x) = Cre* +2Cre* +2cosx — 2sinx,
up (x) = Cre* + Cre* + xe* — ™
2)
uy(x) = —Cre* + Cre® — (x+1)e* — 2™,

where C; and C, are real constants.



Chapter 11

Periodic Linear Systems

Definition 11.0.286. A function y(x) is said to be periodic of period ® > 0 if for all x in the
domain of the function y(x) we have

y(r+ ) =y(x). (1)

For example, the functions
2sinx+1, 3cos’x+2

are periodic functions of period 27.
Here we will suppose that @ > 0 is the smallest positive number for which (1) holds.

Definition 11.0.287. If all components u;(x), 1 < i < n, of a vector u(x) are periodic of
period ®, then the vector u(x) will be called periodic vector of period .

Definition 11.0.288. If all elements a;j(x), 1 <1i,j <n, of a n x n matrix A(x) are periodic
of period ®, then the matrix A(x) will be called periodic matrix of period .

Below we will assume that 7 € C'(R), T'(x) > 0 for every x € R and 7'(x) is a periodic
function of period .
We will investigate the linear iso-differential system

(a9) " =A@ 20" (5 + 5 (9), @)

where A(x) is a n X n matrix with continuous elements, u(x) and b(x) are n x 1 vector.
The system (2') we can rewrite in the form

by T(x)—xT'(x) T'(x) T (x) —xT'(x)
) = (A= 5 iy Ju) b = @

Here we will provide certain characterizations for the existence of periodic solutions of
period o of the system (2). We suppose that the matrix A(x) satisfies the conditions

T (x)—xT"(x)
AT € o(R),

) ) ) 3)
A(x) T)—xT'(x) _ Alx+ w)T(x-&—OJ)—A(x-&-OJ)T’(x-&-w)

T (x+w)
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for all x € R, and b(x) satisfies the conditions

T (x)—xT"(x)
b(x) T(x) € C(R>a

o A A @
b(x) T)—xT"(x) _ b(x+(0) T (x+0)—(x+o) T’ (x+0)

T(x) ;(xm)

for all x € R.
To begin with we will provide necessary and sufficient conditions for the iso-differential
system (2) to have a periodic solution of period .

Theorem 11.0.289. Let the matrix A(x) and the function b(x) satisfy (3) and (4), respec-
tively. Then the iso-differential system (2) has a periodic solution of period ® if and only

if
u(0) = u(w).

Proof. Let u(x) be a periodic solution of period o of the iso-differential system (2). Then
from the definition for periodic function we get

u(0) =u(0+0) =u(w). (5)

Now we assume that u(x) is a solution to (2) for which (5) holds.
Let

v(x) = u(x+ o).
Then it follows that

Vi(x) =i/ (x+ o)

= (ACr-+ @) Frtel e el 4 Zel Yuxo+ ) + blx-+ @) Htel e

= (AG) T L B0y 1y 0) 4 () T 0

= (A() Ty B0y ) 4 () T,

i.e., v(x) is a solution of the iso-differential system (2). However, since
v(0) = u(®) = u(0),

the uniqueness of the initial value problems implies that

and hence u(x) is periodic of period ®. O

Corollary 11.0.290. Let the matrix A(x) satisfies the conditions (3). Further, let ¥(x) be a
fundamental matrix of the iso-differential system

Jul): (6)
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Then the iso-differential system (6) has a nontrivial periodic solution u(x) of period ® if
and only if

det <‘P(O) - ‘P(m)) ~0.
Proof. We have that the general solution of the iso-differential system (6) is
u(x) =¥(x)c,

where c is an arbitrary constant vector.
This u(x) is periodic if and only if

u(x+ o) =u(x) =

Y(x+w)c=¥(x)c for Vx e R,
i.e., the system
(‘P(O) - ‘P(m)) c=0
has a nontrivial solution vector c¢. Consequently
det (‘P(O) - ‘P(m)) ~0.
O

Corollary 11.0.291. Let the matrix A(x) and the vector b(x) satisfy the conditions (3) and
(4), respectively. Then the iso-differential system (2) has a unique periodic solution of
period ® if and only if the iso-differential system (6) does not have a periodic solution of
period ® other than the trivial one.

Proof. Let ¥(x) be a fundamental matrix of the iso-differential system (6). Then the gen-
eral solution of the iso-differential system (2) can be written in the following way

x T(@t)—tT'(t
u(x) = W(x)c+ / ‘P(x)‘P_l(t)b(t)()Ai()dt,
0 T(1)
where c is an arbitrary constant.
This u(x) is a periodic solution of period ® if and only if
u(0) = u(w)

or

>

Y(0)e = P(w)c+ /0 o (b LT

i.e., the system

(‘P(O) - ‘P((;)))c - /O mlP(x)\pl(t)ba)T(’)T_(;

\_/,ﬂ)
<
—~
~
~—
QU

has a unique solution vector ¢, which is possible if and only if

det (‘P(O) - ‘P(m)) £0.

Now the conclusion follows from the last corollary. O
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Theorem 11.0.292. (iso-Floquet’s theorem) Let the matrix A(x) satisfies the conditions
(3). Further, let ¥(x) be a fundamental matrix of the iso-differential system (6). Then the

following hold.

(i) The matrix
x(x) =¥(x+ o)

is also a fundamental matrix of the iso-differential system (6).

(ii) There exists a periodic nonsingular matrix P(x) of period ® and a constant matrix R

such that
¥(x) = P(x)e™.

Proof. (i) Since ¥(x) is a fundamental matrix of the iso-differential system (6) then

X (x) =¥ (x+ o)

(A(x+w

i.e., x(x) is a solution matrix of the iso-differential system (6).

Further, since
det¥(x+m) #0

for all x, we have that
dety(x) #0

for all x.
Hence, we conclude that % (x) is a fundamental matrix of the iso-differential system

(6).
(ii) Since ¥(x) and ¥(x + o) are both fundamental matrices of the iso-differential system
(6) then there exists a nonsingular constant matrix C such that

Y(x+w) =¥(x)C.
Also, there exists a constant matrix R such that

C=eR?

Consequently
¥(x+ 0) = ¥(x)ere.

Let
P(x) = ¥(x)e ®.
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Then
P(x+®) = ¥(x+ 0)e Rx+e)

=W¥(x+ o) RO R
=WP(x)e ®
= P(x).

Hence, P(x) is periodic of period ® .

Since W(x) and e ®* are nonsingular, then
detP(x) #0 in R.

O]

Theorem 11.0.293. Let P(x) and R be the matrices obtained in the iso-Floquet’s theorem.
Then the transformation

u(x) = P(x)v(x)

reduces the iso-differential system (6) to the system

V(x) = Rv(x)
Proof. We have . ., .,
w0 = (a0 T T e,
from wher
Y (PO =T T
(Pet) = (A =5 + ) Pe™
<P’(x) —i—P(x)R) R = (A(x) T(x)y:(;c)T’(x) + 7;(;6)) )P(x)eRx,
or
P'(x) + P(x)R = (A(x) Tx) T_(j)T S TT((;“)) )P(x),
P'(x) + P(x)R — (A(x) T(X>T—(;C)T’(X) n TT((;)) )P(x) —0. (7)

Using the transformation
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or

POV (x) + (P' (x) — (A(x) T T_(j)T ), TT((;‘))

We multiply the equation (7) by v(x) and we get

P (x)v(x) + P(x)Rv(x) — (A(x) 7 +

Now we compare the last equality with (8) and we find
V' (x) = Rv(x).
O

Let now the matrix A(x) satisfies the conditions (3), let ¥(x) be a fundamental matrix
of the iso-differential system (6). Then there exists a nonsingular matrix M such that

Y(x) =¥ (X)M. 9)
Since

¥(x+ ) = P(x)er?,
then

Y(x+m) =W (x)MeRO. (10)
Also, using (9),
Y(x+o0) =¥ (x+0)M.

From the last equality and (10) it follows that

Wi (x+0)M = ¥ (x)Me"®

or
¥ (x4 0) = ¥ (x)MefM 1 (11)

Hence, we conclude that every fundamental matrix W (x) of the iso-differential system (3)
determines a matrix
M eR(.O M7 1 ,

which is a similar to the matrix e®®.

Conversely, if M is any constant nonsingular matrix, then there exists a fundamental
matrix W (x) of the iso-differential system (6) such that (11) holds.

Definition 11.0.294. Let A(x) satisfies the conditions (3), ¥(x) be a fundamental matrix of
the iso-differential system (6). Then the nonsingular constant matrix C such that

Y(x+ o) =¥x)C

will be called iso-monodromy matrix of the iso-differential system (6).
The eigenvalues of the matrix C are called iso-multipliers of (6).
The eigenvalues of the matrix R are called iso-exponents of (6).
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Let
G61,02,...,0n

and

LRIV, Y W

respectively, be the iso-multipliers and iso-exponents of the iso-differential system (6), then
we have the relation
c,i=e"°, 1<i<n.

Also, since the matrix C is nonsingular, none of the iso-multipliers
01,02,...,0;

of the iso-differential system (6) is zero.
From the relation
¥(x+ ) = P(x)ek®

we get
¥(w) = P(0)er®

and hence we conclude that
are the eigenvalues of the matrix
or the matrix ®(,0) if

¥(x) = ®(x,0),

i.e., W(x) is the principal fundamental matrix of the iso-differential system (6).
We have, using the iso-Abel’s formula,

detd(,0) = [T, o,

o) F()—' (1) | ')
— det(0,0)¢” (a0 g i Ja

_ ke

Theorem 11.0.295. Let A(x) satisfies the conditions (3). Then a complex number A is an
exponent of the iso-differential system (6) if and only if there exists a nontrivial solution
of (6) of the form ™ p(x), where p(x+®) = p(x). In particular, there exists a periodic
solution of (6) of period ®(2w) if and only if there is a multiplier 1(—1) of (6).
Proof. Let

u(x) =p(x),  pl+o)=p),

is a nontrivial solution of the iso-differential system (6) for which

u(0) = u°.
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Then
u(x) = d(x,0)u’ = Mp(x),

where ®(x,0) is the principal fundamental matrix of (6).
Also, we have
u(x) = ®(x,0)u’ = P(x)eu°,

where P(x) is a periodic matrix of period ®. Therefore

AW ,Ax

Metolp(x) = M p(x)

e
= P (x) e

— P(x)eR(x+m) u°

)

which is the same as
e?u\cekmp(x) _ P(x)eR(eru)) u

or
eM’P(x)equO _ P(x)eR(x+w)u0
or
P(x)e™ (67“‘)1 — eR"’) u’ =0
and hence

det (eml - eR‘”> =0,
i.e., A is an exponent of the iso-differential system (6). Then we have

eRx MO _ e?x.x uO

for all x, and hence
P(x)e®u = P(x)ule™.
‘We note that
u(x) = P(x)eu’

is the solution of (6).

The multiplier of (6) is 1 provided A = 0, and therefore the solution ™ p(x) reduces to
p(x), which is a periodic of period .

The multiplier of (6) is —1 provided A = Z, therefore the solution ™ p(x) reduces to

Tix

eo p(x),

which is periodic of period 2. 0



Chapter 12

Asymptotic Behaviour of Solutions of
Linear Systems

In this chapter we will suppose that xg € R,

N

T € C'([xo, +0)), T(x)>0 for  Vx € [xg,+o0).
We consider the iso-differential system

oy T (x) —xT'(x) T(x)—xT'(x) T'(x)
V() = (A) o YT

where A(x) and B(x) are n x n matrices with continuous elements a;;(x), b;j(x), 1 <i,j <n,
respectively, in the interval [xq,+oo).

Theorem 12.0.296. Let all solutions of the iso-differential system

() = (a0 5+ T ot ?)
be bounded in the interval [x(,+o°) and
/m B(t)T(t)Ti(t’)T/(’)Hdz < oo, (3)

Then all solutions of the iso-differential system (1) are bounded in the interval [x(,+)
provided

liminf X:Tr<A(t) T(f)T—(;)Tr(t) n 7;((;)) )dt > —oo (4)
Tr(A(x) T T_(;C)T © TT/(;C)) ) ~0 (5)

for every x € [xg,+o0).
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Proof. Let ¥(x) be a fundamental matrix of the iso-differential system (2). Since all solu-
tions of the iso-differential system (2) are bounded, we have

[P < ee.

From the iso-Abel’s formula we have

[ Tr (A t T<’>f'f’<’)+m>dt
detP (x) = det®(xg)e ™ "\ 70 T

and hence

_ adj¥(x
Pl (x) = deJt‘I’Exg

adjP(x)

- 7 7/ 7! :
. (M,)L:ﬂ 0, 7w ) B
det¥(xp)e 0 ) ™

From here and (4), (5) we get
¥ ()] < eo.

For the solution v(x) of the iso-differential system (1) we have that it satisfies the integral
equation

N

v(x) = W) ¥ (xo)? + /x:‘l’(x)‘P_] (t)B(t)T([)TA_(tt)Tl(t)v(t)dt (6)
provided v(xp) =°.
Let

¢ =max{sup, [P(]],  sup,s, 127 ()]},

co = c|[¥~ (x0)V°]|.
Then, using (6), we have

[VEI < [P EOI " (xo)v?]]

L5 @I ]| B) 2 1v(o)
< el (o)l + €2 | [ BO T v
= o+ [ ||BO PO v .
The last inequality immediately implies that
@) < coe " s o

From here and (3) it follows that all solutions of the iso-differential system (1) are bounded
in the interval [xg, +o0). O
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Theorem 12.0.297. Let all solutions of the iso-differential system

() = (40 T ot @)
be bounded in the interval [xy,+oo) and
> T@t)—tT'(t) T'(t)
/xo BO=F 0+ Hdt < oo, 8)

Then all solutions of the iso-differential system (1) are bounded in the interval [xg,~+oo)
provided

X

timinf | Tr<A(z)T(t)Tf(;)T,(’)>dz > —oo 9)
Tr(A(x)W) ~0 (10)

for every x € [xg,+oo).

Proof. Let W, (x) be a fundamental matrix of the iso-differential system (7). Since all
solutions of the iso-differential system (7) are bounded, we have

W1 ()] < ee.

From the iso-Abel’s formula we have

1l A f‘(t)ftf',(t)>d
det¥; (x) :det‘Pl(xo)ef"O r( 070 !

and hence 5100
—1 __adj X
) = G ()
— adj¥; (x)
v 1ol ac T(t)—11' (1) l'
det‘Pl(xo)ev‘XOT (A() o >d
From here and (9), (10) we get
17 ()l < oo,

For the solution v(x) of the iso-differential system (1) we have that it satisfies the integral
equation

V(x) = 1 (0 (ro)0” + / :qq (%7 (1) (B(0)

provided v(xp) =1°.
Let

er = max{sup,o. 1 ()1, sup,sy 197 (0]

2 =cr|[¥7 (xo)]].
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Then, using (11), we have

V@) < (117 (x0)v]]

_ T 7't
L I )17 11 [BO) PO+ T 1v(o) e
()
< 197 o)+ | [BO) PR 1 0 1o
=2+ [ ||V URT + T o o).
The last inequality immediately implies that
2 rx T)—tt'() | ')
[[v(x)]] Sczec%fxo B0 G dt.

From here and (8) it follows that all solutions of the iso-differential system (1) are bounded
in the interval [xq,+o0). O

Theorem 12.0.298. Let the fundamental matrix W(x) of the iso-differential system (2) be
such that

) ()] < e
for all xo <t < x < oo, where c is a positive constant. Let also, the condition (3) holds.
Then all solutions of the iso-differential system (1) are bounded in the interval [xg,+oo).
Moreover, if all solutions of the system (2) tend to zero as x — oo, then all solutions of the
iso-differential system (1) tend to zero as x — oo.

Proof. We have that the solutions v(x) of the iso-differential system (1) for which v(xp) =
W satisfy the integral equation (6). Therefore

x T(t)—tT'(2)
el <elb?ll+e [0 =T o
X0 T(l‘)
and hence
0 L d
)] < el o IPOTF Ny < oo

Thus each solution of the iso-differential system (1) is bounded in the interval [xg, o).
Now, from the integral equation (6) we obtain

v(x) = W)W (o) + [ W ()W (z)B(r)Lf)f’@v(t)d;

+ [0 (0)B() MO0y 4y gy,
therefore it follows that

(V@I < M@ (o) 11

HI@I L 0l | B ™ 1) lar

B(l‘) f(t)A—lf/(t)

’dt.
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Let € > 0 be a given number.

From the condition (3) it follows that the last term in the above inequality can be made
less than § by choosing x; sufficiently large.

Also, since all solutions of the iso-differential system (2) tend to zero when x — oo, it
is necessary that

¥ —0

as x — oo,

Thus, the sum of the first two terms on the right side can be made arbitrarily small by
choosing x large enough, say, less than 5. Hence,

vl <e
for large x.
This immediately implies that
()l —0
asx — oo, O

Theorem 12.0.299. Let the fundamental matrix W1 (x) of the iso-differential system (7) be
such that

%) ()7 ()l <

for all xo <t < x < oo, where c is a positive constant. Let also, the condition (8) holds.
Then all solutions of the iso-differential system (1) are bounded in the interval [xy,~+oo).
Moreover, if all solutions of the system (7) tend to zero as x — oo, then all solutions of the
iso-differential system (1) tend to zero as x — oo.

Proof. We have that the solutions v(x) of the iso-differential system (1) for which v(xg) =
W satisfy the integral equation (11). Therefore

x T(t)—tT'(t T )
v < e|pPl|+¢ t = = H )||dt
L N (LAl
and hence
e = || By IO 0  T'w g
vix)|| <c|lv|le - =My < oo.
< 0 f‘o (1) T(r) T(r) ‘ M

Thus each solution of the iso-differential system (1) is bounded in the interval [xg, o).
Now, from the integral equation (11) we obtain

V() = W ()W (o) [ (07 (1) (B0 P+ T Y u(r)an

L w0 (B MO 1 B0 vy,
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therefore it follows that

V@) < 1 @I o) ]

I)+l

I @I T O] [B) P 4+ T

v(r)|dr

oMy f37|[Bn TR 4 B0

T(r) T(t)

‘dr

Let € > 0 be a given number.
From the condition (8) it follows that the last term in the above inequality can be made
less than § by choosing x; sufficiently large.
Also, since all solutions of the iso-differential system (7) tend to zero when x — oo, it
is necessary that
¥ (x)]| — 0

asx — oo,
Thus, the sum of the first two terms on the right side can be made arbitrarily small by
choosing x large enough, say, less than 5. Hence,

V)l <e
for large x.
This immediately implies that
)| —0
as x —> oo, O

Theorem 12.0.300. Let T'(x) and A(x )% be periodic of period ® in the interval

[X0,+o0). Let also, the condition (3) holds. Then the following hold.

(i) All solutions of the iso-differential system (1) are bounded in the interval [xo, o) pro-
vided all solutions of (2) are bounded in [xy,+oo).

(ii) All solutions of the iso-differential system (1) tend to zero as x —» oo provided all
solutions of (2) tend to zero as x — oo.

Proof. Let W(x) is a fundamental matrix of the iso-differential system (2). From the iso-
Floquet’s theorem it follows that

where P(x) is a nonsingular periodic matrix of period ® and R is a constant matrix. Then
from (6) it follows that

v(x) = P(x)eRE30) P~ (xg)0 4 [* P(x)eRre R p-! (t)B(z)%v(z)dt.
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Hence, it follows

o)1 < 1PC) R e~ P~ (x0)s
o (12)
[ PG 1eR011P 1) | B T

[1v(o)]

Because P(x) is nonsingular and periodic, detP(x) is periodic and is not vanish, i.e., it is
bounded away from zero in the interval [xp, o). Hence, P(x) and its inverse

_ adjP(x)

Pl = detP(x)

are bounded in the interval [x(,+o).
Let X
c3 = max{sup, , [[P(x)|],sup,s [|P (][},

cy = c3l|e o P= (x|
From (12) we get

T o (13)

. X e T(t)—t
(ol < el 1))

Since all solutions of the iso-differential system (2) are bounded, then it is necessary that

le®]] < es

for all x > x, and from (13) it follows that

B(t)T(t)TA_(;)T,(t) ‘ ‘dt,

X
()| < cacs +ccs /

X0

which immediately gives that

B(7) T<t)ff(t§’(r> ‘

s f;;)

dt
V()| < caese .

On the other hand, if all solutions of the iso-differential system (2) tend to zero as x — oo,
then there exist constants cg and o such that

HeRxH < C6ef(x(x7x0)

for all x > xg.
From here and (13) it follows

T(t)—tT'(1)

X
I < cace™+ e | &0 [Bo) == vt far
X0 T(l)
which easily gives that
VI < cacge ol PO R e
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From the last inequality and (3) it follows that
v(x) — 0
asx — oo, O

Theorem 12.0.301. Let T(x) and A(x)% be periodic of period ® in the interval

[x0,+o0). Let also, the condition (8) holds. Then the following hold.

(i) All solutions of the iso-differential system (1) are bounded in the interval [xy,~+oo) pro-
vided all solutions of (7) are bounded in [xy,+).

(ii) All solutions of the iso-differential system (1) tend to zero as x — oo provided all
solutions of (7) tend to zero as x — oo.

Proof. Let W, (x) is a fundamental matrix of the iso-differential system (7). From the iso-
Floquet’s theorem it follows that

¥y (x) = Py (x)e™,

where P (x) is a nonsingular periodic matrix of period ® and R; is a constant matrix. Then
from (11) it follows that

v(x) =P (x)eR'(x_"O)Pfl(xo)vo—f—fg Pi(x)efixeRitp 1 (z) (B(t)%i)ﬂt) + m”)v(l‘)dt.

Hence, it follows

V@)1 < PR e 0P (o))

LA PG leR D1 ) | [ B+ 20

(G

Because P (x) is nonsingular and periodic, detP; (x) is periodic and does not vanish, i.e., it
is bounded away from zero in the interval [xp, +0). Hence, P;(x) and its inverse

ade1 (x)

detP; (x)

Pl (x) =

are bounded in the interval [x(,+o).
Let .
7 = max{sup,s., [1P1 (3)| supyny 127 (1)1,
cs = erlleRoP; (300
From (14) we get
(1) —17"(z)
T(1)

Since all solutions of the iso-differential system (7) are bounded, then it is necessary that

Il < eslle® 63 [ 1e -0 3oy~ ?&HW@W# (15)

[le"¥]] < co
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for all x > xo, and from (15) it follows that

7't

L) [
T(t)

T(t)—tT'(1)

B0 %0

X
wums%@+é@/

X0

which immediately gives that

T)—tt' (1) |, ()
B([) f”([) -+ m

c2ey f;i)

d
[v(x)[] < cgeoe B

On the other hand, if all solutions of the iso-differential system (7) tend to zero as x — oo,
then there exist constants cjg and o; such that

HeR])cH < cloefal(xfxo)

for all x > xo.
From here and (15) it follows

_ T e T(t)—tT'(t)  T'(2)
v(x)|| < egeroe” ™ + e /e“'(Xt)Bt - + = Hvt dr,
V)] < esero 70 [ () 7o) 1) (@)l
which easily gives that
2 f B f<’)f’f/(’)+m‘d,
o)l < eseroe ™ ol T[T
From the last inequality and (8) it follows that
v(x) —0
as x — oo, O
Now we consider the iso-differential system
T(x)—xT'(x) T'(x T(x) —xT'(x
V() = (A () —x(x) | T ))+b(x)M, (16)
T(x) T (x) T (x)

where b(x) is a n x 1 vector whose components are continuous in the interval [xg, +0).

Theorem 12.0.302. Suppose every solution of the iso-differential system (2) is bounded
in the interval [xo,+o0). Then every solution of the iso-differential system (16) is bounded
provided at least one of its solutions is bounded.

Proof. Let u'(x) and u?(x) be two solutions of the iso-differential system (16). Then

0(x) = u' (x) —u*(x)

is a solution of the iso-differential system (2) in the interval [xg, o).
Hence,
ul (x) = 0(x) +u?(x), X € [xg,+o0).

Now since 0(x) is bounded in the interval [xo,), if u?(x) is a bounded solution of the
iso-differential system (16), it immediately follows that u' (x) is also a bounded solution of
(16). O
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Theorem 12.0.303. Suppose every solution of the iso-differential system (2) is bounded
in the interval [xg,0), and the condition (4) or (5) holds. Then every solution of (16) is
bounded provided

| Nete)ar <= (17)

Proof. Let ¥(x) be a fundamental matrix of the iso-differential system (2). Since every
solution of (2) is bounded in the interval [x(,c<), we have that

€@ and [T ()]
are bounded in the interval [x(,c). Thus, there exists a finite constant ¢ > 0 such that

¢ = max{sup |[¥(x)|], sup ||~ (x)[[}.

X>X(0 X>Xo

Hence, for any solution u(x) of the iso-differential system (16) such that u(xo) = u°, using
its integral representation, we have that
T(t)—tT'(t
)
t

ol < el oo+ [ -

X0

ar

From here and (17) it follows that every solution of the iso-differential system (16) is
bounded in the interval [xg, +o0). O



Chapter 13

Stability of Solutions

Here we will suppose that xg € R, u® € R”",
T e C'([xo,)), T(x)>0 for Vx € [xp,0).

We will investigate the following initial value problem for iso-differential systems

where

w0 = (,u3,...,ud),
g(x,u) = (gl(x’ M)agZ(xa I/t), o 7gn(xau))-

The iso-differential system (1’) we can rewrite in the following form.

7' (x) T (x) —xT"(x)
u'(x) = = ux)+gxulx))——m——.
(9 = )+ 8l =5
Below we will use the following notation

A’ = (A, A, ..., AuD),

n

where Au? ceR, 1<i<n.
The following definitions were introduced by A. M. Lyapunov in 1892.

Definition 13.0.304. A solution u(x) = u(x,xo,u’) of the initial value problem (1), (2),
existing in the interval [x(,0), is said to be stable or Lyapunov stable, or stable in the sense

of Lyapunov, if for each € > 0 there is a 8 = 8(€,x9) > 0 such that the inequality
|Au|| < &
implies
|ue(x, x0, u® + Au®) — u(x, x0,u°)|| < &

Sor every x € [xg,00).
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Definition 13.0.305. A solution u(x) = u(x,xo,u®) of the initial value problem (1), (2) is
said to be unstable if it is not stable.

Definition 13.0.306. A solution u(x) = u(x,xo,u’) of the initial value problem (1), (2)
is said to be asymptotically stable if it is stable and there exists a 8y > 0 such that the
inequality

||Au®]| < &

implies that
||u(x,xo,u0 —|—Au0) — u(x,xo,u0)|| —0

as x —» oo,

We will note that the concepts of stability and boundedness are independent. We will
see this in the following example.

Example 13.0.307. Letn=1, T(x) = ¢, xo =2, u’ € R be arbitrary chosen,

u—x
Then A
'(x) _ 1
T
T(x)rxf' ®) _ e —xe*
T(x) et
=1—-x

Consequently we consider the initial value problem
W(x)y=x  x>2,
u(2) = ul.

Its solution is )

0 X
S U, DI
u(x) =u +—=,

which is defined and unbounded in [2,o).
Let € > 0 be arbitrary chosen. Then for every & € (0,¢€] the inequality

Al < &
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implies
|[ua(x, %0, u® + Au®) — u(x,x0,u®)|| = ||AU||

<d

<e.

Therefore this u(x) is stable in the sense of Lyapunov.

However, in the case of homogeneous linear iso-differential system

ut )

the concepts of stability and boundedness are equivalent. We will see this in the following
theorem.

Theorem 13.0.308. All solutions of the iso-differential system (3) are stable if and only if
they are bounded.

Proof. Let ¥(x) be a fundamental matrix of the iso-differential system (3). If all solutions
of (3) are bounded, then there exists a positive constant ¢ such that

¥l <e

for all x > xo.
Let now € > 0 be arbitrary chosen. We take

€

)= e TG

> 0.

Then the inequality
[4u’]] < 3(e)

implies
[ua(x, x0, u® + Au®) — u(x, x0,u°)|| = || (x)¥P ! (x0) (u® + Au®) — ¥ (x)¥P ! (x0)u|
= [|¥(x) ¥ (xo)Au|
< [P (xo) ][ A
< | (xo) ]| Au]]
< cd(e)[[¥~ (xo)l|
— el ()|

=E&.
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Let now all solutions of (3) are stable. Then, in particular, the trivial solution is stable, i.e.,
u(x,xp,0) = 0 is stable. From here, for arbitrary chosen € > 0, there exists a 8 = 6(¢) > 0
such that the inequality

|Au|| < &

implies that
||u(x,x0,Au°) || < €

for all x > xg.

Since
u(x,x0,Au’) = W (x)¥ ! (xo) Au’
we find that
H‘P(x)‘P*I(xo)AuOH < €.
We choose 5
Au’ = Eej )
where

e/ =(0,0,...,0,1,0,...,0).
Let y/(x) is the jth column of ¥(x)¥~!(x¢). Then

19 () ¥~ (x0) A | = [/ (x)] |3
< E.

Therefore '
[ ()W~ (x0) || = maxi< < W/ (x)]|

<2

>ilm

From here, for any solution u(x,xp,u°) of the iso-differential system (3) we have
[, x0,u%) || = || ()" (xo)u”|
< [ ()P (o) |12
< 25111,
i.e., all solutions of (3) are bounded. O

Theorem 13.0.309. Let W(x) be a fundamental matrix of the iso-differential system (3).
Then all solutions of (3) are asymptotically stable if and only if

¥ —0 )

as x —» oo,
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Proof. We will note that every solution u(x,xo,u’) of the iso-differential system can be
represented in the form
u(x,x0,u”) =¥ (x) ¥ (xo)u.

Since W(x) is continuous, then, using (4), it follows that there exists a constant ¢ > 0 such
that
Pl <e

for all x] > xg. From here,

[l x0,u°) || = 1% ()" (x0)u|
< [P~ (x0)u]]

<l (xo)u .

From the last inequality we conclude that all solutions of the iso-differential system are
bounded and therefore all solutions of (3) are stable.
Moreover, because

[l (x,x0, Au® +u) — ux, x0,u°) || = [[¥(x) ¥ (x0) Auc]

< [P~ (x0)Au’]| — 0

as x —» oo, it follows that every solution of (3) is asymptotically stable.
Conversely, let all solutions of (3) are asymptotically stable. Then the trivial solution
u(x,x0,0) = 0 is asymptotically stable. Therefore

||M(X,XQ,AMO)H —0

as x —» oo, from where
|[¥(x)|[ —0

as x — oo, O
Definition 13.0.310. A solution u(x) = u(x,xo,u’) of the initial value problem (1), (2) is

said to be uniformly stable, if for each 8 = 8(¢) > 0 such that for any solution u'(x) =
u(x,xo,u') of the initial value problem

' (x) = aulo) +g(eu(@) O x>,
u(xi) = u',
the inequalities
X1 2> Xo
and
[l (1) —u(xr)]] < 8
imply that

[l (x) —u(x)|| <&
forall x > x.
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Theorem 13.0.311. Let W(x) be a fundamental matrix of the iso-differential system (3).
Then all solutions of (3) are uniformly stable if and only if

PP 1(r)] <ec, xp <t <x<oo, (5)
where c is a positive constant.

Proof. Let u(x) = u(x,xo,u’) be a solution of the iso-differential system (3). Then for any
X1 > xo we have
u(x) =) ¥ (x)u(xy).

If
u! (x) =P (v (x1)

is any other solution of the iso-differential system (3), using the condition (5), we get
[l (x) = ()| = [P )P (xn)u! (1) — 0P (x|
=[PP (1) (' (1) — ulxr)) |
< [EE )]l (1) — )|
< |l (xr) — (x|

for all xp <x; <x < oo,
Let € > 0 be arbitrarily chosen and x; > xo,

€
(o) — )] < &
Consequently, using (6), we have
[Ju' (x) —u(x)|| <e,

and hence the solution u(x) is uniformly stable.

Conversely, if all solutions of the iso-differential system (3) are uniformly stable, then
the trivial solution u(x,x0,0) = 0 is uniformly stable.

Let now € > 0 be arbitrary chosen. Then there exists a 8 = §(€) > 0 such that inequalities
X1 Z X0 and

[Ju (x1)]] < 8
imply the inequality
lu ()] <&
for all x > x;.
In this way we obtain that
¥ 0¥ (x)u ()| < e ()

for all x > x;.
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Let
ul (X]) = Eeja

where '
e/ =(0,0,...,0,1,0,...,0), j=12,...,n,

and y/(x) to be the jth column of ¥(x)¥~!(x;). Then, from (7),
_ ; )
[WOW" eu (el = (W (15 <,

therefore .
[ (o) || < maxi<j<n 197 ()|
<2t

and since x| > xp was arbitrarily chosen, then (5) holds.
Example 13.0.312. Letn =1, T(x) =e*, x9 > 2,

() =Dt

l—x ) )

g(x,u(x)) =

where p(x) is a continuous function in the interval [xg,0). We will find conditions for the
function p(x) so that the trivial solution of the initial value problem of (1), (2), x > x¢ to be

uniformly stable.

We have
T'x) _ e
T — &
=1,
T@)—aT'(x) _ e'—xe*
T(x) et
=1-—x,

= p(x)u(x).

Consequently we obtain the initial value problem
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its solution is §
u(x) = upeo PO
Let )
ul(x) _ ul(xl)efxl P(t)dt’ X1 > Xxp.
Let € > 0 be arbitrarily chosen. We will search 8 = 8(€) > 0 such that the inequalities
X1 > xo and
[Jul (a1)]| <
imply the inequality

iy <

which is possible if and only if

X

p(t)dt (3)

xi
to be bounded above for all x > x| > xy.
If (8) is bounded above by the real constant ¢y, then we can take
€
d=19(¢) = o
Exercise 13.0.313. Test the stability, asymptotic stability or instability for the trivial solu-
tion of the iso-differential system (3) in the cases

N 2 1=
poaw=(% V) 2 aw={ 5 5.
=1 x1 =1 x=1

1 1 1 1
= 0 = 0 = =1
xl 1 X 1 X X
2 1 6 0 2 0
x—=1 x-1 x-1 T—x
2 2
0 = =
5) Ax)=|0 0 2
0o -& 4
x—1 x—1

Answer. 1) stable, 2) unstable, 3) asymptotically stable, 4) unstable, 5) unstable.
Now we will consider the iso-differential system
T(x)—xT'(x) T'(x)

A

T (x) —xT'(x)

u'x:(Ax = + = )ux—l— X, u(x = , X > Xg,
9= (40055 + ) Halu) =S > 3
©)
in the case when A(x) is n X n matrix with continuous elements in the interval [x(, o).
We will suppose that
[lg (e, u()) I < Moo [u(x)]], (10)

where A(x) is a nonnegative function such that
v T () —tT'(t
[pPO=0)
X0 T (t)

We will note that the condition (10) implies that v(x) = 0 is a solution of (9).

dt < oo,



Stability of Solutions 219

Theorem 13.0.314. Suppose that the solutions of the iso-differential system (3) are uni-
Sformly (uniformly and asymptotically) stable, and the function g(x,u(x)) satisfies the condi-
tion (10). Then the trivial solution of the iso-differential system (9) is uniformly( uniformly
and asymptotically) stable.

Proof. Since all solutions of the iso-differential system (3) are uniformly stable, then, if
W(x) is a fundamental matrix of (3), there exists a constant ¢ > 0 such that

P C® (1)) < c

forall xo <t <x < oo,
If v(x) is a solution of (9) for which v(x;) = v!, x; > xo, then it satisfies the integral
equation

1) =9 e+ [ 0gteie) ST

Thus it follows that

[v(x)|| = H‘P o v! —}—f Y(x )q’_l(t)g(t,v(t))%dt“

<[P o ||+ L)W (1)1 (1, v(e)) || T 0l gy
< B (o) [V 4 e [ x(r)%\rv@udt

<l o]+ ¢ f3 M) P (o),

from where

0] 4,

|7 (
(o) | < el W1 T < K, (11)

where

K=cem o

Let now € > 0 be arbitrarily chosen and let also
IV <K e

Then, from (11), we get
v <e,

for all x > x1, i.e., the trivial solution of the iso-differential system (9) is uniformly stable.
Let now the solutions of the iso-differential system (9) are, in addition, asymptotically
stable. Then
I¥)[ —0

as x — oo,
Let € > 0 be arbitrarily chosen.
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Then we can choose x, large enough so that
¥ ()Y ()] <&

for all x > x».
From here, for the solution v(x) = v(x,x9,»), we have

()] < 200 (ko) 4 S ) (1)1 (2, (e ))de,

<eteff MOV T Dar, x> x,.

From this, we get

(1) —t T
Iv(x)]| < celo ™) PO 4

< Lg, X > X2,

where

Lot x)‘T ‘dz

Since € is arbitrary and L does not depend on € and x, we conclude that

v —0

as x — oo, i.e., the trivial solution of the iso-differential system (9) is, in addition, asymp-

totically stable.

O
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Lyapunov’s Direct Method for
Iso-Differential Systems

Letxg € R, T € C'([x0,%)), T'(x) > 0 in [xg,0). For p > 0 we define the set
Sp={ueR":|jul| <p}.

For M C R", N C R™ with C'(M,N) we will denote the set of all continuous-
differentiable functions f : M — N. With C(M,N) we will denote the set of all continuous
functions f: M — N.

Definition 14.0.315. A function 0(r) is said to belong to the class K if and only if ¢ €
C([0,p],RT), $(0) = 0, and &(r) is strictly monotonically increasing in r.
Example 14.0.316. The function a(r) = 3r* € X

Definition 14.0.317. A real-valued function V (x,u) defined in [xg,o0) x S, is said to be
positive definite if and only if V (x,0) = 0, x > xo, and there exists a function a(r) € K such
that a(r) <V (x,u), ||ul| =71, (x,u) € [xg,00) X Sp. It is negative definite if V (x,u) < —a(r).

Example 14.0.318. The function

V(x,u1,u2) = (24 sin’ x)u? + (3 +2cos’x)u3

is positive definite in [0,0) x R2.
Indeed, we have

V(x,0,0) = (24 sin?x)0? 4 (3 + 2 cos” x)0?
=0.
Also, if ||u|| = r and a(r) = r?, we have
r? < 2u? + 3u3
< (2+sin®x)u? 4 (3 +2cos? x)u3
=V (x,u1,u2).

Therefore the function V (x,u1,u) is positive definite function in [xg,) x R2.
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Definition 14.0.319. A real-valued function V (x,u) defined in [xg,o0) x S, is said to be
decrescent if and only if V(x,0) = 0, x > xo, and there exists an h, 0 < h < p and a function
b(r) € K such that

V(x,u) < b(]|ul])

Sor ||u|| < h and x > xo.
Example 14.0.320. We consider the function
V(x,u1,u2) = (4+3sin®(2x))u? + (54 cos® (3x) )u3
in [0,00) x R2. Let b(r) = 15r>. Then
V(x,up,up) < 714% + 614%

< 7rr +6r?

< 1572

=Db(r).

Here we will investigate the initial value problem

oy ') T (x) — 1" (x)
u(x) = 7';<x> u(x)‘{'g(x?M(x))Tv X > X0, (1)
u(xg) = ul, (2)

where u” € R”,
u(x) = (w1 (x),u2(x),...,un(x)),

g(x,u(x)) - (gl (x7u(x))7g2(x7u(x))7 .- ﬂng(xau(x))v

gi(x,u(x)) € C([x0,%0) x §p,R), i=1,2,...,n
We will assume that V (x,u) € C!([xo,) x Sp,R). Using the chain rule we get

av il av dui(x)
oy o) = +Za o (3)

Our interest is in the derivative of V(x,u) along a solution u(x) = u(x,xo,u’) of the
initial value problem (1), (2), in this case the equality (3) we can rewrite in the following
form.

9 (3, u(x)) = 3 (v, () + By B (v, () (e, ) TR 4 20 ) )

= % () + T W gradV (x,u(x)) - g e, u(x))

TA/(;O gradV (x,u(x)) - u(x) := V*(x,u(x)).
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Obviously, the function V*(x,u(x)) we will connect with so called Lyapunov’ s function,
which plays important role in the investigation for stability of the trivial solution of the
iso-differential system (1).

Example 14.0.321. Letn=1, T'(x) =€, g(x,u) = 1%, xo =2, up = 1, V(x,u) = x> + u>.
Then

T'x) _ &

T(x) — e

—1,

T@)—xT'(x) _ e'—xe*
T(x) et

=1-x,

%—‘;(x, u) =2x,

%—‘;(x, u) =2u,

We have the following initial value problem

u' (x) = 2u(x), x>0,
u(0) =1.
Its solution is
u(x) = e,

Consequently
&

V*(xu(x)) = 2x+ (1 — x)2e* £ 4 **(2¢>)
= 2x+4de*.

Theorem 14.0.322. [f there exists a positive definite scalar function V (x,u) € C'([xp,0) X
Sp,RT), called a Lyapunov function, such that V*(x,u) <0 in [x,o0) X Sp, then the trivial
solution of the iso-differential system (1) is stable.

Proof. Since V (x,u) is positive definite then there exists a function a € X such that
a([lul[) <V (x,u)

for all (x,u) € [xg,0) x Sp.
Let 0 < € < p be given.
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Since V (x, u) is continuous in [xo, ) x Sy and V (x,0) =0, then we can find a § = 5(¢) >
0 such that the inequality
1’| <8
implies that
V(x,u’) < a(e)

for every x € [xp, ).
Let us assume that the trivial solution of the iso-differential system (1) is unstable. Then
there exists a solution u(x) = u(x, xo,u°) of the iso-differential system (1) such that

||| < &
and
[|u(xi)|[ =€
for some x| > xg.
However, since
V*(x,u) <0

for every (x,u) € [xg,%0) X Sp, we have
V(xlau(xl)) < V(X(),uo),

and hence,

a(e) = a(|lu(x)l])

S V(xl,u(xl))

<V (xo,u°)
< a(e),
which is impossible.
Thus, if ||u°|| < & then
lu(x)]| <&
for all x > xg.
Therefore the trivial solution of (1) is stable. O

Theorem 14.0.323. If there exists a positive definite and decrescent scalar function
V(x,u) € C'([x0,0) x Sp,RT) such that V*(x,u) is negative definite in [x,o0) X Sp, then
the trivial solution of the iso-differential system (1) is asymptotically stable.

Proof. Since all the conditions of the previous theorem are satisfied, the trivial solution of
(1) is stable. Consequently, for given 0 < € < p, we suppose that there exist 6 > 0 and
A > 0, and a solution u(x) = u(x,xq,u°) of the iso-differential system (1), such that

A< |lu(x)|] <k, X > X0, 1u®|] < 8. (4)
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Because V*(x,u) is negative definite, then there exists a function a € X such that
V¥ (x,u(x) < —a([[u(x)]]).

From

lu(x)[| =1 >0

for x > xg, it follows that there exists a constant d > 0 such that
a(||u(x)]) = d
for x > x¢. Hence, we have
V*(x,u(x)) < —d <0, X > Xp.

This implies that
V(x,u(x)) = V(xo,u’) —i-f;; V*(t,u(t))dt

< V(x07u0) _Xda

from the last inequality we conclude that for sufficiently large x the right side of the last
inequality will become negative, which contradicts with the fact that V (x, u) being positive
definite. Consequently, there is no such A for which (4) holds.

Moreover, since V (x,u(x)) is positive definite and a decreasing function of x, and de-
crescent, it follows that

lim V(x,u(x)) =0.

X—>00
Therefore,
lim [|u(x)|[ =0,

X—>00

which implies that the trivial solution of the iso-differential system (1) is asymptotically
stable. O

Example 14.0.324. Let n =2, f"(x) =e*, x9g=2,

g1(x,ur,up) = “=2,

_ 2+e urtuy
g2 (x,up,up) = =,
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Then

L,
FO)-a"() _ et
T(x) et

=1-x,

a0 () + 81 (o1 (1), 120 T = o)+ R (1 — )

= up (x) +up(x) —up(x)
= uz(x),

TT((;‘)) s (x) —I—gz(x,ul(x),uz(x))w = up(x) + (# =)

=uy(x) —u1 (x)(2+€e*) —up(x)
=—u(x)(2+e™).
In this way we obtain the iso-differential system
uy (x) = up (x)
y(x) = —(2+ ¢ )y (x).
Let us consider the function
V(x,up,u) = (24e )ul +uj.

We have
V (x,u1(x),u2(x)) € C1([2,00) X Sp, RT),

V(x,0,0) = (2+€71)0? +-0°
pu— 0,

V(o (x),12(x) > []ul 2.
Therefore the function V (x,u1(x),us(x)) is positive definite in [2,00) X Sp.

Also,

W (x,up (x), u(x)) = —e¥ul (x),

S (101 (x), 12(x)) = 2(2 + € )y (),

W (o, (%), u (%)) = 2us ().
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Then
V(o1 (x), 12(x)) = —e 4l (x) +2(2+ )y (x) (%(1 —x) +u1(x)>

F2un (%) (w(l )+ uz(x))

=
— e MR (x) + 2(2+ ) (x) (12 (x) — 1y (x) + w1 (x))
F2us(x) (—(2+ e Yty (x) — ua (x) + uz(x)>

= e MR (x) + 22+ )y (ua (x) — 2(2+ )y (x) a2 (x)
= —e Ml (x)

<0

in [2,00) x R,
Therefore the trivial solution of the iso-differential system (5) is stable.

Example 14.0.325. Letn =2, T(x) =14x3 x =2

—(2uy+up) (14x%) —2xuy

gl(x7u17u2) — x2_1 9
uy—2u x%)—2xu
g2 (x, 1y, up) = L2l ) 2ue
Then
T'(x) _ 2x
T(x) = 1422
T(X)*XT/(X) 142242
T(x) 142
_ 1=
14
I (x [ (x)—xT" (x . uy (x)+un (x x2)—2xuy (x) 1—
i () + 1 (e (3), e (0) PR = i (1) Bl lptl 2 o
uy (x)+us (x X2 )42 (x

2 () — ) 2 )

= —2u;(x) —uz(x),

1+x2

I (x T (x)—xT"(x X up (x)—2up (x +x2)—2xus (x) 1—x
A(())uz(x)—|—g2(x,u1(x),u2(x))7( )A(x) ( ) = 712x2u2(x)+( i ) 2 2( i)(iz ) 2 2( )1 .
X Uy (x)—2up(x +x2)—2xus (x
12 2”2():) (w1 (x) =2us i)(iz ) —2xup (x)

=uj(x) = 2uz(x).
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In this way we obtain the following iso-differential system

) (x) = =2u1 (x) — uz(x)

ub(x) = uy (x) — 2uz (x).

Let us consider the function
2., .2
V(x,up,up) = uj +uj.

We have
Ve Cl([zaoo) X S97R+)7

V(x,0,0) =0,

V(X,M],MQ) 2 HMHZ,

therefore the function V (x,uy,uy) is positive definite in [2,00) X Sp.
Also,

—(lauj(x uz(x X2 —Zxuy(x —X
V(1 () () = 2 () (2l D) 200 Loy ey () )

—|-2M2 (X) ((u1(x)72u2(x))(1+x2)72xu2(x) 1_xz +

1—x2 I+x 1 ~2F);2 uz (X) )

= —2u1 (x) (2w (x) + ua(x)) + 2uz (x) (11 (x) — 2uz(x))
= 4(ui (x) +u3(x))
in [2,00) x R,
Consequently the trivial solution of the iso-differential system (6) is asymptotically sta-
ble.
Theorem 14.0.326. If there exists a scalar function V (x,u) € C'([xo,0) X Sp,R) such that
@) |V (x,u)| <b(||u||) for all (x,u) € [xg,00) X Sp, where b € X,
(ii) for every & > 0 there exists and u® with ||u°|| < & such that V (xo,u’) < 0,
(i) V*(x,u) < —a(||u]]) for (x,u) € [xg,o0) X Sp, where a € X,
then the trivial solution of the iso-differential system (1) is unstable.

Proof. Let the trivial solution of (1) is stable. Then for every € > 0 such that € < p, there
exists a 8 = §(g) > 0 such that ||u°|| < & implies that

0
()] = [ulx, xo,u”) || <€

for all x > xo.
Let u° be such that
||u®]| < & (7)
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and
V (xo,u’) < 0.
Since (7) we have
()| <e.
Hence, the condition (i) gives
[V (x,u(x))] < b([[ux)[]) < ble) (8)

for all x > xy.
Now from (iii), it follows that V (x,u(x)) is a decreasing function, and therefore

Vix,u(x)) < V)(xo,uo) <0

for every x > xo.
Consequently
[V (x,u(x))| > |V (xo,u”).

From the last inequality and (i) we obtain
[Ju(x)[| = 67 (|V (xo0,u”)])- )
Now we apply the condition (iii) and we get
Vi(xu(x) < —a([lux)]),

from where, for x > xo,
X X
| viuar < = [ atuto)ar
X0 X0
or

Vi) < Visoa) = [ alluo) ) (10)
From (9) we get
a(l[u(x)|1) = a (67" (V (0,6 ).
Thus, we obtain, using (9) and (10),

V() < V(x0,u%) = [ a(b(V (xo,0)]) )

=V (x0,u%) = (x—x0)a (b~ (V (30, ")),

from where
lim V(x,u(x)) = —eo,

X—>o0

which contradicts with (8).
Consequently the trivial solution of (1) is unstable. O
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Theorem 14.0.327. If there exists a positive definite and decrescent scalar function
V(x,u) € C'([x0,0) x Sp,RT) such that V*(x,u) < 0 in [xg,) X Sp, then the trivial so-
lution of the iso-differential system (1) is uniformly stable.

Proof. Because V(x,u) is positive definite and decrscent, there exist functions a,b € X
such that

a([[ull) <V (x,u) < b([[ul])

for all (x,u) € [xg,00) X S.
For each g, 0 < € < p, let 8 = §(¢) > 0 be chosen so that

b(8) < ale).

Suppose that the trivial solution of the iso-differential system (1) does not uniformly stable.
Then there exists some x, > x; such that the inequalities x; > xp and ||u(x;)|| < & imply
that

|u(x2)]| =&

Integrating the inequality
Vi (x,u(x)) <0

from x; to x, x > x;, we get
V(x,u(x)) <V (x1,u(x))

and from here, for x = x,, we have
a(e) = a([lu(x2)[])
<V(xp,u(xz))
<V (xp,u(xy))

< D([|uCxn)]])

which is a contradiction. Therefore the trivial solution of (1) is uniformly stable. O

Advanced Practical Exercises
Problem 14.0.328. Show that the function

V (x,u1,u2) = (u} +u3) cos®x

is decrescent in [0,0) x R,
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Problem 14.0.329. Show that the function

V(x,up,u) = uf + e uj

is decrescent in [0,) x R,

Problem 14.0.330. Show that the function

V(x,up,up) = u% —i—exu%

is positive definite but not decrescent in [0,o0) x R2,

Problem 14.0.331. Show that the function
V(x,uy,un) = (1 +cos?x+ efz") (uf +u3)

is positive definite and decrescent in [0,0) x R,

Problem 14.0.332. Letn=1, T(x) = ¢,

(sin(logx) +cos(logx) —a— 1) u

R — ,

X0 = 2.
Consider the function

V) = 2 <afsin(logx)>x.

Show the following.

(i) The function V (x,y) is positive definite but not decrescent in [0,00) x R.

(ii) The trivial solution of (1) is stable.
Problem 14.0.333. Letn =2, T'(x) = ¢*, xo = 2,

(x,u) xsinx—2x—u
X)) = ——
&5 l—x

Consider the function
V(x, u) _ u2€f2 (2t—smt)dt'

Show the following.

(i) The function V(x,u) is positive definite but not decrescent in [2,00) x R.

(i) V*(x,y) < —=AV(x,y) forallx >\ > 0.

(iii) The trivial solution of (1) is asymptotically stable.
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Problem 14.0.334. Letn=1, T'(x) = ¢*, xo = 2,

—untxuy —xPuy (ui+143)

gl(x7ul7u2): T—x ’

2 2.2
—uy—xuy —x“up (uy+u3)
g2(x,ur,up) = -

Show that the trivial solution of (1) is stable.
Problem 14.0.335. Letn=1, T'(x) = ¢*, xo = 2,

o — (142w (u%Jru%)
gl(x7M17M2) - T—x )

_ —wp—xuy— (1422w (u? +u)
g2(x,ur,up) = -

Show that the trivial solution of (1) is asymptotically stable.
Problem 14.0.336. Letn=1, T'(x) = ¢*, xo = 2,

. 7u1+xu2+(l+x2)u1(u%+u%)
gl(x7M17M2) - T—x ’

= —xuy (1422w (w2 +u)
g2(x,ur,up) = T

Show that the trivial solution of (1) is unstable.



Chapter 15

Second Order Linear Iso-Differential
Equations

We suppose that J is an interval in R, 7'(x) € C?(J), T'(x) > 0 for every x € J. Let also
pi(x), p2(x) € C(J).
Here we will consider the following second-order linear iso-differential equation
®\ ® N
(@) )+ @ (3 @) +p5E%3"(@) =o0. (1)
Definition 15.0.337. The equation (1) will be called second-order linear iso-differential
equation.

The equation (1) we can rewrite in the following form

I (x)—xT" (x ()T (x)—xT" (x)—xT (x)T' (x
()5 () (pa ()Tl — FTELR T )

P2 ()7 ()1 (0772 () 21" (x)
+y(X)( T2(x) (7 (x) 7" (x)

~>

(%) (T (x)—xT" (x [ (x)—xT" (x))?
1 () A ) P

Let
. Tx)—xT"(x)  Tx)T (x)—xT"(x) —xT (x) T’ (x)
P =P T T G
T2 ()T ()T (x) —xT ()
q(x) = 200 (T ()T (x))

I (x) (T (x)—xT" (x [ (x)—xT" (x))?
—pl(x)T( )(TT(ZEX) T'(x)) + pa(x) (T( )Tz(;( )

Consequently the equation (1) we can rewrite in the form
Y'(x)+ p(x)y' (x) +g(x)y(x) = 0.

The equation (1) is exact if

! (6) Py () + g0y = () + £y ) @)
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where f(x) is a differentiable function in J.
Expanding (2) we get

Y (x) + p(x)y' (x) + g (x)y(x) = " (x) + f(x)y' (x) + f (x)y(x),

from where we obtain the system

fx)=p(x)

f1(x) =q(x)
Therefore

P'(x) = q(x),

which is equivalent of

or

) () ) — ey () T

= pz(x) T2(x) T2(x)
Now we consider the equation
®\ ® o N\
(@) ) +A@X (5" @) +55EX" () = h), 3)

where h(x) is a differentiable function in J.
The equation (3) we can rewrite in the form

Y'(x) + p(x)y (x) + q(x)y(x) = h(x)

If the equation (3) is an exact equation then there exists a differentiable function f(x) in the
interval J such that

(7 (x) —xT"(x))

(004 £ = () S
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whereupon

['(x) —xT'(x))?
Y+ (o) = [ o) L e
here C is a real constant.

Example 15.0.338. Let T'(x) = €%,

—142x—x
pP1 (X) = x(1—x)2° PZ(X) - xéa{xp ’

Then

e pxeP 4xe™ 1-2x2 e —xe*

p(X) - 62"(1—)6) +x(1—x)2 or

o —142x | 1242

 1—x + x(1—x)

2241242

- x(1—x)

1

=

_ o2 (fxe)’ 1002 ef(efoxet)
q(x) = 2} o MAx? &

exez,r _eerX +xe3x
T eZ(eF—xe?)

—142x—2° 1-2x2 X

x2(1—x) x(1—x)  I—x

— —1 +2x—x3 —x42x3 43
x2(1—x)

In this way the equation (3) takes the form

YO+ ()~ () =2
" PG ET O
x? ’
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whereupon
()4 oy(x) = 3+ C
x)+—y(x) = =x
y xy 3 )
or
'(x) = 1 (x)+lx3+C
Y == 3 ’
Therefore

y(x) = %(Cl +f(%x3 +C>xdx>
= % (Cl + %xs + %x2>

_ 1 1.4
=C1; +Cx+ 3527,
where Cy = %C and C, and Cy are real constants.

If the equation (1) is not exact, then we will seek an integrating factor z(x) that will
make it exact. In other words, we multiply (1) with twice continuous-differentiable function
z(x) in the interval J and we get

2(x)y" (x) +2(x) p(x)y' (x) + 2(x)g(x)y (x) = 0. (4)

If (4) is an exact equation, then there exist differentiable functions f(x) and g(x) in the
interval Jsuch that

)y () + 20)p )y () + () (v (0) = (£ (' () + g0y ())
or

2(0)y" (x) +2(x) p(0)y' (x) +2(x)g (x)y(x) = f(x)y" (x) + (f'(x) + 8(x))y (x) + &' (x)y (x).

Therefore we obtain the system

From the last system we obtain
dx)=f(x) =z()px) —glx) =
Z(x) —z(x)p(x) +8(x) = 0.

We differentiate the last equality with respect to the variable x and we get
() = (z()p(x) +&(x) =0 =

7' (x) = (z(x) p(x))" +z(x)q(x) = 0. (5)
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The equation (5) is a second-order iso-differential equation in z(x) and it can be written
Z"(x) + q1 ()2 (x) + g2 (x)z(x) = 0, (6)

where
q1(x) = —p(x)
(7)
42(x) = —p'(x) +q(x).
The equation (5) is the adjoint equation of the equation (1). To see this, we observe that
the equation (1) can be written in the form.

()= (o - ) (05

and its adjoint is

or

Vi (x) = g(x)va(x)

Va(x) = —vi(x) + p(x)va(x)
from where

vi(x) = —vh(x) + p(x)va(x)
and

(@ +p®) =gl =
0+ P () + ) = gml) =

vy (%) + 1 ()3 (%) + g2 (x)v2(x) = 0,
which is the same as the iso-differential equation (6).

Definition 15.0.339. When an iso-differential equation and its adjoint are the same, it is
said to be self-adjoint.

Thus the equation (1) is self-adjoint if

q1(x) = p(x)
92(x) = q(x)
In such a situation, the relations (7) give
p(x) =0
q2(x) = q(x).
Thus the self-adjoint equation takes the form
Y'(x) +g(x)y(x) =0. (8)

Moreover, any self-adjoint equation can be written in the form (8).
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Exercise 15.0.340. Let T'(x) = ¢,

—x2—x X
p1(x):(l_x;1, PZ(X):(I;FXZ)Z-

Verify that the iso-differential equation (1) is an exact equation and find its general solution.

Solution. We have

2x 2x 2x 2 X
_ —e“4xeFtxe —x“—x+1 e —xe*
p(x) = Floxe) T (=P &

_ 2x—1 —x2—x+1
— 1—x + 1—x

R
- 1—x
:x’

e —xe*)? 2yt (e —xet
glx) = o2, (Egek — ol )

o e3x_e3x +xe3x
e (e* —xe¥)

_ 2 x—1

= x4t
=x+2—-x—1

=1

Thus, the iso-differential equation (1) takes the form

¥ () + 2y (x) + y(x) = 0

or
Y'(x)+ (xy(x))" =0,
(Y +0() =0,
whereupon

Y (x) = —xy(x) +C,
its general solution is
2 2
yx)=e 7 <C1 —I-C/erx),
where C and C; are real constants.

Remark 15.0.341. [f the equation (1) is self-adjoint, then
p(x)=0 =

=T ()T (x) 427" (x) +2T () T" (x)

NG R e0r; dromee 7oy
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or

ﬁom where
7\ X —X?A/ X B
2(() pZ(-‘)( ( )jZ(x)( )>

T () =xT" (%) =T () 7" (x) (F(x) =T (x)) T’ (x)

(T (x)—xT"(x))? 12(x)

A E)) f} (x)—?(x) 7”2 Sx) +x7" (x)
T2(x)(T (x)—xT"'(x))

(T(x)—xT"(x))>  T(x)T"?(x)—xT" (x) T (x) T (x)T" (x)
=R 20)(F ()~ ()
e TAZ x)fi‘(x) T'zgx) 42T (x)

T2(x)(T (x)—xT'(x))
_ (T () —xT"(x))*  1"(0)T (x) 2T ()" (x)
= P20 g T ~T"(9)

X) T (x)=xT" (x)—xT (x)T" (x
pr(x) = I()T (()f(x)T—xA)/(x ;"2( )T ( )’
o )
T _ T/ T//
a(x) = p () R - 55

Below we will investigate the self-adjoint equation (8), i.e., we will suppose (9).

Theorem 15.0.342. (iso-Sturm’s comparison theorem) If o, B € J are consecutive zeros
of the nontrivial solution y(x) of the self-adjoint iso-differential equation (8), and if g(x)
is a continuous function in J and q(x) > q(x), then every nontrivial solution z(x) of the
iso-differential equation

7'(x) +q(x)z(x) =0 (10)

has a zero in (o, B).

Proof. We multiply the equation (8) by z(x) and we get

Y (x)z(x) +g(x)y(x)z(x) = 0. (11)
Now we multiply the equation (10) by y(x) and we obtain
Z"(x)y(x) +g(x)y(x)z(x) = 0. (12)

We subtract from (11) the equation (12) and we go to

Y'(x)z(x) = 2" (0)y(x) + (g(x) = g(x))y(x)z(x) = 0,
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which is the same as

Without loss of generality we can suppose that y(x) > 0in (a,3). From here, since y(ot) =0
and y(B) = 0 we have that

y()>0,  Y(B)<0.

If we assume that z(x) > 0 in the interval (o, ), then

and from here

Y (B)z(B) -y (o)z(ax) < 0. (13)
Also,

yx)z(x)>0 in (),

qx)—gx) <0 in  (o,B)
therefore

From the last inequality and (13) it follows that

VB)(B) (@) + [ (gl ~T(0eax <O,

which is a contradiction.
Let us assume that z(x) < 0in (o, f3).

Then
Y (B)z(B) >0
y(a)z(e) <0,
Y (B)z(B) — ¥ (@)z(ex) > 0, (14)
also,
yx)z(x) <0 in (a,p)
and
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from the last inequality and the inequality (14) it follows that

VB)B) (@2 + [ (g ~T(0eds >0,

which is a contradiction.
Consequently z(x) cannot be of fixed sign in (), i.e., there exists x; € (a,f) such
that z(x;) = 0. O

Lemma 15.0.343. (Picone’s identity) Let the functions

/

y z p, pZ

be differentiable in the interval J and z(x) # 0 in J. Then the following identity holds.

2 2

(1) + (p— p)y*+pi (y’—gz’) -

(y(zpy’ —yplz’))/ =y(py') — "

z
Proof. We have

/ !
Xzpy —y;m2)) = (%) @py —ypid) +2(zpy —ypid)
Z Z z

Y (zpy —ypid) + 2 (Z’py’ +z2(py) =y (p17) _)’(PIZ/)/)

2

- (y?, _yz%) (zpy —yp12) +y5py +y(py) = 2 (p12) = % (P12

= p(y")2 = Lyp1d —ypZy + Y B ()

+27py +y(py) — 2 (mid) — L (12

= p(V)> =22 (12) + P L+ y(py ) — S (pi2)
=p(y)*+pi <y2(%)2 —2yL7 +)? —y’z) () — L (pi2)’

/ 2 2
= (p=p) 0P +p1 (Y5 =Y ) +3(p) — L)
O

Theorem 15.0.344. (iso-Sturm-Picone’s theorem) If o, B € J are the consecutive zeros of
a nontrivial solution y(x) of (8), and if g(x) is continuous in J and g(x) > gq(x) in [a,B],
then every nontrivial solution z(x) of the equation

Z'(x) +q(x)z(x) =0

has a zero in [0, B].
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Proof. Let z(x) # 0 in [o, B]. Then from the Picone’s identity we have
y e v N2
(;(zy’ —yZ’)) =(G@—q)y’ + (y’ - ZZI> :

Integrating the above identity from o to 3 and using that y(a) = y(p) = 0 we get

/j ((é— Q)Y + (y’ - ﬁz’)z)dx =0,

which is a contradiction unless
g(x)=q(x) in  [o,B],
YO -2Zx) =0 in [op].

The last identity is the same as

() -0
and hence

w = const.

2(x)
However, since y(a) = 0, this constant must be zero, therefore y(x) = 0 in [o,]. This
contradiction implies that there exists a x; € [o, B] such that z(x;) = 0. O

Corollary 15.0.345. (iso-Sturm-Picone’s theorem) If yi(x) and y,(x) are two linearly in-
dependent solutions of the equation (8) in the interval J, then their zeros are interlaced, i.e.
between two consecutive zeros of one there is exactly one zero of the other.

Proof. Since y;(x) and y»(x) cannot be common zeros, then the iso-Sturm-Picone’s the-
orem implies that y;(x) has at least one zero between two consecutive zeros of yj(x).
Interchanging y;(x) and y,(x) we conclude that y,(x) has at most one zero between two
consecutive zeros of y;(x). O

Theorem 15.0.346. The only solution of the equation (8) which vanishes infinitely often in
J1 = [0, B] is the trivial solution.

Proof. We suppose that the solution y(x) of (8) has infinite number of zeros in the interval
Ji. The set of the zeros of y(x) then will have a limit point x* € J;. Then there exists a
sequence {x,, }_, of zeros of y* which converges to x*, x,, # x*.

From the continuity of the solution y(x) implies that

Y() = Tim y(xm) = 0.

m—-yoo

Also, from the differentiability of the solution y(x), we have

V(") = fim Y(m) =y()

m—soo Xy, — X*
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Consequently
yx) =y (") =0.

Then from the uniqueness of the solutions it follows that

y(x)=0 in Ji.

Now we will consider the equation

Y'(x) +q(x)y(x) = r(x) (15)

in the interval J; = [, B], where g(x) and r(x) are continuous functions in J;.
Together with the equation (15) we shall consider the boundary conditions.

(y) = aoy(@) +ary'(a) +boy(B) + b1y (B) = A, »
16
h(y) = coy(e) +c1y' (o) +doy(B) + d1y'(B) = B,

where a;, b;, c; di, i = 0,1, and A, B are given constants.
Throughout, we will suppose that there does not exist a constant ¢ such that

(ao,a1,bo,b1) = c(co,c1,do,dy).

Definition 15.0.347. The boundary value problem (15), (16) is called nonhomogeneous
two point linear boundary value problem.

Definition 15.0.348. The homogeneous equation (8) together with the homogeneous
boundary conditions

h(y)=0, h(y)=0 (17)
will be called a homogeneous boundary value problem.

Boundary conditions (16) are quite general and, in particular, include the

(i) first boundary conditions (Dirichlet’s boundary conditions)
y)=A,  y(B) =B, (18)

(ii) second boundary conditions (mixed boundary conditions)

Y(a)=A4,  y(B)=B,m (20)

(iii) separated boundary conditions (third boundary conditions)

apy(o) +ary' (o) =A
(21)
doy(B) +d1y'(B) = B,

where a} +a? # 0 and d3 +d? # 0,
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(iv) periodic boundary conditions
y(o)=y(B),  Y(a)=y(B). (22)

Theorem 15.0.349. Let yi(x) and y,(x) be any two linearly independent solutions of the
equation (8). Then the homogeneous boundary value problem (8), (17) has only the trivial
solution if and only if

| h01@) Bi0a)
A= L) b)) |7

Proof. Any solution of the equation (8) can be written as
y(x) = c1y1(x) +caya(x),

where ¢ and ¢, are real constants.
This is a solution of the homogeneous boundary value problem (8), (17) if and only if

h(y(x)) = h(cyi(x) + c2y2(x))
= cih(y1(x)) + c2li (y2(x))
—0,

hL(y(x)) = h(c1yi(x) +c2y2(x))
= cih(y1(x)) + c2la(y2(x))
—0,

i.c., if and only if the system
cili(yi1(x)) +eali (v2(x)) = 0

el (y1(x)) +c2l2(y2(x)) =0

has only the trivial solutions.
Consequently the problem (8), (17) has only the trivial solution if and only if A# 0. [J

Corollary 15.0.350. The homogeneous boundary value problem (8), (17) has an infinite
number of nontrivial solutions if and only if A = 0.

Theorem 15.0.351. The nonhomogeneous boundary value problem (15), (16) has a unique
solution if and only if the homogeneous boundary problem (8), (17) has only the trivial
solution.

Proof. Let y;(x) and y(x) be any two linearly independent solutions of the equation (8)
and z(x) be a particular solution of (15). Then the general solution of (15) is given by

y(x) = e1y1(x) + caya(x) +2(x),
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where ¢ and ¢, are real constants.
This y(x) is a solution of the problem (15), (16) if and only if

Li(y(x)) = il (y1(x)) +c2li (v2(x)) + 11 (2(x))
—A,
L(y(x)) = cili(y1(x)) + c2li (v2(x)) + L2 (2(x))
=B.

The last system has a unique solution if and only if A # 0, i.e., if and only if the homo-
geneous boundary problem (8), (17) has only the trivial solution. O






Chapter 16

Green’s Functions

We suppose that J = [, B], o, BER, a< B, T € C!(J), T(x) > 0 for every x € J.
We will investigate the equations

("®)7) +0@2 (3" ®) " +H O @) =0 (1)
and ©
("®)7) +0 @3 (5" ®) + MO @) =1 @), @)

"®)
where p;(x), p2(x), h(x) € C(J).
The equations (1’) and (2') we can rewrite in the form

Y'(x) + p(x)y' (x) +q(x)y(x) =0 (1)
and
Y'(x) + p(x)y' (x) +q(x)y(x) = r(x), (2)
where

_ T(x)—xT'(x) T (x)—xT?(x)—xT (x) T (x)
P =PI TR~ T )

Fory € C!(J) we define
l(y) = aoy(ar) + a1y’ (o) + boy(B) + b1y (B),

h(y) = coy(e) +c1y'(a) +doy(B) +diy'(B),

where a;, b;, ¢;, d;, i = 0,1, are given real constants, and there does not exist a constant ¢
such that
(ap,ai,bo,b1) = c(co,c1,do,d).
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We will consider the equation (1) under the boundary conditions
h(y)=0,  b(y)=0. 3)
Below we will suppose that the problem (1), (3) has only the trivial solution.

Definition 16.0.352. (Green’s function) Green’s function G(x,t) for the boundary problem
(1), (3) is defined in [0, B] X [0, B] and satisfies the following properties.

(i) G(x,t) is continuous in o, B] X [0, B].

(ii) %—g(x,t) is continuous in the triangles 0. < x <t < B and o <t < x < B, moreover,

G " G, _ _
g(f J)‘g(l 1) =1,
where
G o 1 G oG, _ L G
g(t 7t)_x—h>g}c>tg(x7t)’ a(f at)_x_h}g}th(xat)'

(iii) For everyt € [a,B], the function z(x) = G(x,t) is a solution of the equation (1) in the
intervals [a.,t) and (t,B].

(iv) Foreveryt € [o,B], the function z(x) = G(x,t) satisfies the boundary conditions (3).
Theorem 16.0.353. There exists a unique Green’s function G(x,t) for the problem (1), (3).

Proof. Lety;(x) and y>(x) be two linearly independent solutions of the equation (1). Then,
using the property (iii) of the Green’s function G(x,¢), we conclude that there exist func-
tions A; (), A2 (2), p1(7) and pp(¢) such that

@M () +30h(@), a<x<r,
G(x,t) =
Y2 (1) + y2 () (t), 1 <x<P.

Since G(x,t) is a continuous function in [a, B] X [a, B], we get

V1O (#) +y2(0)A2(2) = y1 () () +y2(x)2(2), (4)
Also,

8G( | Vi () + 5 (x) A2 (1), o<x<t,

—(x,1) =

o ¥ (O (1) + (). 1 <x<p.
From here,

%G (1= ,1) = Y (0 (1) + 5 (1) ha 1),

G (r,1) =y, () (1) + ¥ (D (1),

From the last expressions and the second property of the Green’s function G(x,7) we get

()@ () = M (1) +35(0) (1) = Ao (1)) = 1. (5)
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Let
vi(t) =i (t) =M (1),

va(t) = () — Mo ().

Then, using (4) and (5), we obtain the system

yi(t)vi(t) +y2(t)va(r) =0

N(OVi(0) +y5(0)va(t) = 1.
Since y (x) and y,(x) are linearly independent in [ct, B], then the Wronskian

yi(t) »2(2)
) ) ‘7“’

W (1) 32(0)) = ' )

for every ¢ € [a, B]. Thus the system (6) uniquely determines the functions v;(¢) and va(t)
for every 7 € [, B].

From (6) it follows
(1) =vi(t) + M ()

,UQ(Z) = Vz(l‘) + 7\42([).
In this way we can rewrite the Green’s function G(x,) in the following way

y1()AL(2) +y2(x) A2 (1), a<x<lI,
G(x,t) = ¢ y1(x)Ai(t) +y2(x)A2(7)

+y1()Vvi(t) +y2(0)va(t),  t<x<P.
From the property (iv) of the Green’s function G(x,#) we find that
ll(G(x7t)) =0, lz(G(X,Z)) =0.

Let us consider

1(G(x,1)) =0.
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‘We have
0="1(G(x,1))

= apG(0,1) +ar 5 (o,1) + boG(B,1) + b1 5 (B.1)

= a0 (31 (@1 (1) +y2(0)har) )

a1 (3 (@M (1) +35(@a (1))

50 (31 (B4 (1) +y2(BVAa(e) +31 (BV1 (1) + 2 (B)va ) )
1 (31 (B4 (1) + BV (1) +34 (BV1 (1) + 5 (B)va ) )
= (aov1 (o) a1} (o) + by (B) + 13 (B) ) M (1)

+(a0ya(@) + @y (@) +boy2(B) + 0135 (B) ) A (1)
+boy1 (B)V (1) + boya(B)va(r)

5134 (B)V1 (1) + iy (Bva(s)

= K1 ()M (1) + 1 (32(3)ha(0)

o (B)V1 (1) +y2(B)va(r)

+b1(M B)V1 (1) + Y5 (B)v2(0)),

from where

B () (1) + 0 (y2(x)) A2 (1)
= —bo(y1(B)Vi (1) = y2(B)v2(r)) — b1 (31 (B)V1 (1) = y5(B)v2(2))-
As in above, using that
L(G(x,1)) =0,
we get
L1 ()M (1) + b (y2(x)) A2 (1)

= —do(1(B)vi(t) —=y2(B)va(t)) —di(y1 (B)Vv1(t) — y3(B)v2(?))-
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Thus we obtain the system
Ly () (1) + 1 (v2(x)) A (1)
= —bo(y1 (B)V1(t) +32(B)Vva (1)) = b1 (Y; (B)V1 (1) + ¥ (B)va(1))
L(y1(x)A (1) + h(y2(x))A2 (1)
= —do(y1 (B)V1(t) +y2(B)Vv2(1)) = di (v (B)V1 () + ¥ (B)v2(1)).

Since the problem (1), (3) has only the trivial solution, it follows that the system (7)
uniquely determines A;(7) and A, (z). O

Theorem 16.0.354. The unique solution of the problem (2), (3) can be represented by

y(x) = [ G(x,0)r(r)dr
= [XG(x,0)r(t)dt + [P G(x,0)r(1)d1.

Proof. Since G(x,t) is differentiable with respect to x in each of the intervals, we find
Y (%) = Glex)r(x) + [5 5 (x.1)r(t)ds
~Glx.)r(x) + [ 2 (e 0)r(t)dr
= [59 (x,0)r(t)de + [P %G (x,0)r(r)dr
—Ja ox \*» X ox \

BIG (v )r(t)dt.

—Ja ox

Also, because %G (x,t) is a continuous function of (x,7) in the triangles a0 <7 < x < f3,

o < x <t <, then for any point (s, s) on the diagonal of the square, i.e., = x it is necessary
to have

G _ _BG n

g(&s )—g(s ,8)
and G G

o +

(s57) = 520579,

Now we differentiate the equality (8) with respect to x and we get

V'(x) = % (x,x7)r(x) + f5 OG (x,0)r(r)dr
— 90 (x, x ) r(x) + [P LG (x,1)r(1)

" y'(x)= (aag(xx )—%(x,x*))dx
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Using the property (ii) of the Green’s function G(x,7), from the last equality, we get

B 2
y'(x) =r(x)+ g %;(x,t)r(t)dt.

Therefore
¥ (%) + p(x)y' (x) + g(x)y(x)

= (@) + 2 (54000 + ()22 (v.1) + q(x)Glx,1) ) o)

=r(x).

Consequently y(x) is a solution to the equation (2).
Also, using the property (iv) of the Green’s function G(x,1),

L(y(x) =1 ( B G(x,t)r(t)dt)
= [P L1(G(x,0))r(e)dr

=0,

L) = b (2 Gx.)r(r)dr )

= [P L(G(x,0)r(r)de

=0.

Example 16.0.355. Let

M=¢.  mW-—go  mW =

We will consider the periodic boundary conditions

We have
2x 2x 2x X
_ —e?xeP4xe™  2x—1 e—xe
p(x) T ef(eF—xeY) (1-x)2 &
_ 2x—1 _ 2x-—1
1= 1—x
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—xe¥)2 _ X (X X
q(x) = (1—2x)2 a e;f) + (%x_x)lz ‘ (eexxe)

eSx 7(33)( +X€3x
€2 (eX—xe)

Thus the equation (1) takes the form
V() +3(x) =0,
Two linearly independent solutions are
yi(x) = cosx, y2(x) = sinx.
We will search Green’s function in the form

A1 (t)cosx+ Ay (t) sinx, 0<x<t,
G(x,t) =
ui (1) cosx+ up(t) sinx, t<x<m.

From the properties (i) and (ii) of the Green’s function we get the system
A1 (t)cost + Ay (2) sint = uy (t) cost 4 ua(t) sint
—u (1) sint 4 up (1) costh (t) cost — Ay (t) cost = 1.

Let
vi(t) = u(t) =M (2)

Va(t) = (1) — M2 (2).
Thus we obtain the system
vi(t)cost 4+ Vva(t)sint =0
—vi(t)sint + v, (t)cost = 1,

whereupon
Vi (t) = —sint,

Vo (1) = cost.
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Therefore
p(t) = A () —sint,

,uz(l‘) = 7\.2(1‘) —+ cost.
Consequently
A1 (7) cosx+ Ay () sinx, 0<x<rt,
G(x,t) =
A1 (f) cosx+ Ay (t) sinx — cosxsint + sinxcost?.
From the boundary conditions we find

A (1) = = (¢) +sin?

or

1
() = Esint
and
Ao (1) = —Aa(t) —cost

or

A (t) = —=cost.
Consequently

3 sin(t —x), 0<x<t,

G(x,t) =
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