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Preface

The theory of partial differential equations is without a doubt one of the branches
of analysis in which ideas and methods of different fields of mathematics manifest
themselves and are interlaced—from functional and harmonic analysis to differ-
ential geometry and topology. Because of that, the study of this topic represents
a constant endeavour and requires undertaking several challenges. The main aim
of this book is to explain many of the fundamental ideas underlying the theory of
distributions.

This book consists of ten chapters. Chapter 1 deals with the well-known classical
theory regarding the space C1, the Schwartz space and the convolution of locally
integrable functions. It may also serve as an introduction to typical questions
related to cones in Rn. Chapter 2 collects the definitions of distributions, their
order, sequences, support and singular support, and multiplication by C1 functions.
In Chaps. 3 and 4 we introduce differentiation and homogeneous distributions.
The notion of direct multiplication of distributions is developed in Chap. 5. The
following two chapters, 6 and 7, deal with specific problems about convolutions and
tempered distributions. In Chaps. 8 and 9 we collected basic material and problems
regarding integral transforms. Sobolev spaces are discussed in Chap. 10, the final
chapter.

This volume is aimed at graduate students and mathematicians seeking an
accessible introduction to some aspects of the theory of distributions, and is well
suited for a one-semester lecture course.

It is a pleasure to acknowledge the great help I received from Professor Mokhtar
Kirane, University of La Rochelle, La Rochelle, France, who made valuable
suggestions that have been incorporated in the text.
I express my gratitude in advance to anybody who will inform me about mistakes,
misprints, or express criticism or other comments, by writing to the e-mail addresses
svetlingeorgiev1@gmail.com, sgg2000bg@yahoo.com.

Paris, France Svetlin G. Georgiev
January 2015
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Chapter 1
Introduction

1.1 The Spaces C 1
0

and S

Let X � Rn be an open set.

Definition 1.1 We call space of basic functions the space C 1
0 .X/ of smooth

functions with compact support defined on X.

With Nn [ f0g we denote the space of multi-indices ˛ D .˛1; ˛2; : : : ; ˛n/, ˛k 2
N [ f0g, k D 1; 2; : : : ; n. Set D D .D1;D2; : : : ;Dn/, Dk D @

@xk
, k D 1; 2; : : : ; n,

D˛ D @j˛j

@
˛1
x1 @

˛2
x2 :::@

˛n
xn

. If K � X is a compact set we shall write K �� X. The following

conventions will also be used throughout the book: U.x0;R/ is the open ball of
radius R with centre at the point x0, S.x0;R/ D @U.x0;R/ is the sphere of radius R
with centre at x0, and UR D U.0;R/, SR D S.0;R/.
If A and B are sets in Rn, by dist.A;B/ we shall denote the distance between the sets
A and B, that is

dist.A;B/ D infx2A;y2Bjx � yj:

We shall use A� to denote the �-neighbourhood of a set A, i.e. A� D A C U� . If A is
an open set A� will designate the set of points in A that are more than � away from
the boundary @A, i.e. A� D fx W x 2 A; dist.x; @A/ > �g.
We use intA to denote the set of interior points of the set A.

Definition 1.2 The set A is called convex if for any points x and y in A the segment

�x C .1 � �/y; � 2 Œ0; 1�;

lies entirely in A.

We will write ch A to denote the convex hull of a set A.

© Springer International Publishing Switzerland 2015
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2 1 Introduction

Definition 1.3 We say that the sequence f�kg1
kD1 of elements of C1

0 .X/ converges
to the function � 2 C 1

0 .X/ if there exists a compact set K � X such that supp�k �
K for every k 2 N and lim

k�!1D˛�k.x/ D D˛�.x/ uniformly for every multi-index

˛ 2 Nn [ f0g.

Example 1.1 The function

!�.x/ D
8
<

:

C�e
� �2

�2�jxj2 ; jxj � �;

0; jxj > �;

where � > 0 and the constant C� is chosen so that
R

Rn !�.x/dx D 1, belongs in
C1
0 .R

n/.

Example 1.2 Take � 2 C1
0 .R1/. The sequence f 1k�.x/g1

kD1 converges to 0 in
C1
0 .R

1/, while f 1k�. x
k /g1

kD1 does not converge to 0 in C1
0 .R1/.

For every set X1 � X and every � > 0 there exists a function �� 2 C1.Rn/ such
that ��.x/ D 1 when x 2 X�1, ��.x/ D 0 when x 2 RnnX3�1 , and 0 � ��.x/ � 1,
jD˛��.x/j � K˛��j˛j for every multi-index ˛ 2 Nn [ f0g. In fact, if �X2�1

is the

characteristic function of the set X2�1 , i.e. �X2�1
.x/ D 1 for x 2 X2�1 and �X2�1

.x/ D 0

for x … X2�1 , we have

��.x/ D
Z

Rn
�X2�1

.y/!�.x � y/dy D
Z

X2�1

!�.x � y/dy:

Definition 1.4 We say that the sequence f�k.x/g1
kD1 in C1

0 .Rn/ converges to 1 in
Rn if

1. for every ˛ 2 Nn [ f0g there exists a constant c˛ > 0 such that jD˛�k.x/j � c˛
for every k 2 N and every x 2 Rn,

2. for every compact set K in Rn there exists N D N.K/ 2 N such that �k.x/ D 1

for every k � N and x 2 K.

Such sequences do exist. Indeed, choose � 2 C1
0 .Rn/ so that �.x/ D 1 for jxj � 1.

Then the sequence
n
�k.x/ D �

�
x
k

�o1
kD1 tends to 1 in Rn.

With S .Rn/ we denote the space of C 1 functions � such that

sup
x2Rn

jxjˇjD˛�.x/j < 1 8˛ 2 Nn [ f0g; ˇ 2 N [ f0g:

Here jxj D .x21 C x22 C � � � C x2n/
1
2 and x D .x1; x2; : : : ; xn/. By jj � jjp, p 2 N we shall

indicate the norm

jj�jjp D sup
x2Rn;j˛j�p

.1C jxj2/ p
2 jD˛�.x/j; � 2 S .Rn/:
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Definition 1.5 We say that the sequence f�kg1
kD1 of elements of S .Rn/ converges

to 0 in S .Rn/, if for every p 2 N [ f0g and every ˛ 2 Nn [ f0g we have

lim
k�!1.1C jxj2/ p

2 jD˛�k.x/j D 0

uniformly.

The space C1
0 .R

n/ is a subset of S .Rn/ and if �k�!k�!10 in C1
0 .Rn/, then

�k �!k�!1 0 in S .Rn/. The inclusion, moreover, is proper: C1
0 .R

n/ ¤ S .Rn/.
For instance, e�jxj2 2 S .Rn/ n C1

0 .Rn/.
Yet the space C1

0 .R
n/ is dense in S .Rn/. In fact, let � 2 S .Rn/ and � 2 C 1

0 .Rn/

be chosen so that � � 1 when jxj < 1. Consider the sequence f�k.x/ D
�.x/�. x

k /g1
kD1. Then �k 2 C1

0 .R
n/ and �k �!k�!1 � in C1

0 .R
n/, so �k �!k�!1

� in S .Rn/ as well.
By Sp.Rn/ we will denote the completion of the space S .Rn/ with respect to jj � jjp.
Note that the Sp.Rn/; p 2 N[f0g, are Banach spaces fitting in a chain of continuous
and compact embeddings

S0.Rn/ � S1.Rn/ � S2.Rn/ � � � � :

Let, in fact, M be an infinitely-bounded set in SpC1.Rn/. Then there exists a constant
C > 0 such that jj�jjpC1 � C for every � 2 M. Hence

ˇ
ˇ
ˇ
@

@xj
D˛�.x/

ˇ
ˇ
ˇ � C

for every x 2 Rn, ˛ 2 Nn [ f0g, j˛j � p, � 2 M. Therefore

.1C jxj2/ p
2 jD˛�.x/j D .1C jxj2/ pC1

2 jD˛�.x/j
.1C jxj2/ 12

� C

.1C jxj2/ 12
�!jxj�!1 0:

Let fRkg1
kD1 be a sequence of positive numbers such that

.1C jxj2/ p
2 jD˛�.x/j � 1

k
for jxj > Rk; j˛j � p:

By Ascoli’s lemma there exists a sequence f�.1/j g1
jD1 of elements of M that converges

in Cp.UR1 /. We may then find a sequence f�.2/j g1
jD1 converging in C p.UR2 /, and so

on. The sequence f�.k/k g1
kD1 converges in Sp.Rn/.

If � 2 C p.Rn/ and jxjpD˛�.x/ �!jxj�!1 0 for ˛ 2 Nn [ f0g, j˛j � p, then
� 2 Sp.Rn/. To prove this assertion we choose a sequence f�kg1

kD1 of elements in



4 1 Introduction

C1
0 .R

n/ such that �k �!k�!1 1 in Rn. Since jxjpjD˛�.x/j �!jxj�!1 0, it follows
that for every � > 0 there exists R D R.�/ > 0 such that the inequality

.1C jxj2/ p
2 jD˛�.x/j < �

holds for jxj > R. As �k �!k�!1 1 in Rn, there exists N 2 N such that �k � 1 for
every k > N and jxj � R C 1. Now define

�1
k
.x/ D

Z

Rn
�.y/!1

k
.x � y/dy:

Observe that f�1
k
�kg1

kD1 is a sequence in C1
0 .R

n/ and

jj� � �1
k
�kjjp D sup x2Rn

j˛j�p
.1C jxj2/ p

2 jD˛.� � �1
k
�k/j

� sup jxj�RC1
j˛j�p

.1C jxj2/ p
2 jD˛.� � �1

k
�k/j

C sup jxj>RC1
j˛j�p

.1C jxj2/ p
2 jD˛.� � �1

k
�k/j

� sup jxj�RC1
j˛j�p

.1C jxj2/ p
2 jD˛.� � �1

k
�k/j

C sup jxj>RC1
j˛j�p

.1Cjxj2/ p
2

�
jD˛�.x/jCP

ˇ<˛

�
˛

ˇ

�jDˇ� 1
k
.x/D˛�ˇ�k.x/j

�

� � C sup jxj>RC1
j˛j�p

.1C jxj2/ p
2 jD˛�.x/j

C sup jxj>RC1
j˛j�p

.1C jxj2/ p
2
P

ˇ<˛

�
˛
ˇ

�jDˇ� 1
k
.x/D˛�ˇ�k.x/j

� 2� C sup jxj>RC1
j˛j�p

.1C jxj2/ p
2 jD˛� 1

k
.x/j

D 2� C sup jxj>RC1
j˛j�p

.1C jxj2/ p
2

R

Rn jD˛�.x � y/jj!1
k
.y/jdy

� 2�C sup jxj>RC1
j˛j�p

Z

Rn
..1C jx � yj2/ p

2 C jyjp/jD˛�.x � y/jj!1
k
.y/jdy

< 3�

for k large enough. Consequently

�1
k
�k �!k�!1 �
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in Sp.Rn/. Using the fact that Sp.Rn/ is a Banach space, we conclude � 2 Sp.
Note that

S .Rn/ D
\

p2N[f0g
Sp.Rn/:

The maps � �! D˛�, ˛ 2 Nn [ f0g, and �.x/ �! �.Ax C b/, where A is an
n 	 n matrix with det A ¤ 0, are linear and continuous maps from S .Rn/ to itself.
Note that if a 2 C 1.Rn/ and � 2 S .Rn/, it does not follow that a� 2 S .Rn/.
Take for instance a.x/ D ejxj2 2 C 1.Rn/ and �.x/ D e�jxj2 2 S .Rn/. Then
a.x/�.x/ D 1 … S .Rn/.

Definition 1.6 By 	M we denote the space of functions � 2 C1.Rn/ for which
there exist constants C� > 0 and m� 2 N such that

jD˛�.x/j � C�.1C jxj/m�

for every ˛ 2 Nn [ f0g. Such functions are called multipliers of S .Rn/.

Exercise 1.1 Let a 2 	M . Prove that � �! a� is a continuous function from
S .Rn/ to S .Rn/.

1.2 Convolution of Locally Integrable Functions

Definition 1.7 Suppose that f and g are locally integrable functions on Rn, i.e.

Z

K
j f .x/jdx < 1;

Z

K
jg.x/jdx < 1

for every compact set K in Rn. If the integral

Z

Rn
f .x � y/g.y/dy D

Z

Rn
f .y/g.x � y/dy

exists for almost every x 2 Rn and defines a locally integrable function in Rn, it is
called the convolution of the functions f and g, written

f 
 g.x/ D
Z

Rn
f .x � y/g.y/dy D

Z

Rn
f .y/g.x � y/dy:

We will consider two cases in which the convolution f 
 g does exist.
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Case 1. Let f and g be locally integrable functions on Rn with suppf , suppg � A,
where A is a compact set in Rn. Then

Z

Rn
f .x � y/g.y/dy D

Z

A
f .x � y/g.y/dy:

As f and g are locally integrable in Rn, also fg is locally integrable on Rn.
Therefore the integral

R
A f .x � y/g.y/dy exists. Now we will check that this

integral defines a locally integrable function on Rn. Indeed,

R

Rn j f 
 g.x/jdx D R

Rn

ˇ
ˇ
ˇ
R

A f .x � y/g.y/dy
ˇ
ˇ
ˇdx

� R

Rn

R

A j f .x � y/jjg.y/jdydx

D R

A

R

Rn j f .x � y/jdxjg.y/jdy

.using z D x � y/

D R
A

R
Rn j f .z/jdzjg.y/jdy

D R
A j f .z/jdz

R
Rn jg.y/jdy

D R

A j f .z/jdz
R

A jg.y/jdy < 1;

showing that the convolution f 
 g exists.
Case 2. Let p � 1, q � 1 and 1

p C 1
q � 1, then take f 2 Lp.Rn/, g 2 Lq.Rn/. We

will show that f 
 g exists in Rn and f 
 g 2 Lr.Rn/, where

1

r
D 1

p
C 1

q
� 1:

Let us choose ˛ � 0, ˇ � 0, s � 1, t � 1 in the following way:

1

r
C 1

s
C 1

t
D 1; ˛r D p D .1 � ˛/s; ˇr D q D .1 � ˇ/t:

Then

p C pr

s
D p

�
1C r

s

�
D p

�
1C 1 � ˛

˛

�
D p

˛
D r; (1.1)

q C qr

t
D q

�
1C r

t

�
D q

�
1C 1 � ˇ

ˇ

�
D q

ˇ
D r: (1.2)
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Applying Hölder’s inequality with 1
r C 1

s C 1
t D 1 and j f .y/j˛jg.x � y/jˇ,

j f .y/j1�˛ , jg.x � y/j1�ˇ, gives

R
Rn j f 
 g.x/jrdx D R

Rn

ˇ
ˇ
ˇ
R

Rn f .x � y/g.y/dy
ˇ
ˇ
ˇ
r
dx

� R

Rn

�R

Rn j f .y/jjg.x � y/jdy
�r

dx

� R
Rn

�R
Rn j f .y/j˛jg.x � y/jˇj f .y/j1�˛jg.x � y/j1�ˇdy

�r
dx

� R

Rn

�R

Rn j f .y/j˛rjg.x � y/jˇrdy
��R

Rn j f .y/j.1�˛/sdy
� r

s

	
�R

Rn jg.x � y/j.1�ˇ/tdy
� r

t
dx

.˛r D p; ˇr D q; .1 � ˛/s D p; .1 � ˇ/t D q/

D R

Rn

�R

Rn j f .y/jpjg.x � y/jqdy
��R

Rn j f .y/jpdy
� r

s
�R

Rn jg.x � y/jqdy
� r

t
dx

D jj f jj
rp
s

p
R

Rn

R
Rn j f .x � y/jpjg.y/jqdy

�R
Rn jg.z/jqdz

� r
t
dx

D jj f jj
rp
s

p jjgjj
rq
t

q
R

Rn jg.y/jq
R

Rn j f .x � y/jpdxdy

D jj f jj
rp
s

p jjgjj
rq
t

q jj f jjp
p

R

Rn jg.y/jqdy

D jj f jj
rp
s Cp

p jjgjj
rq
t

q jjgjjq
q

D jj f jj
rp
s Cp

p jjgjj
rq
t Cq

q :

Hence, using (1.1), (1.2), we get

Z

Rn
j f 
 g.x/jrdx � jj f jjr

pjjgjjr
q;

i.e.,

jj f 
 gjjr
r � jj f jjr

pjjgjjr
q:
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Therefore

jj f 
 gjjr � jj f jjpjjgjjq < 1: (1.3)

Let K be a compact set in Rn. Hölder’s inequality for 1
m C 1

r D 1 tells

Z

K
j f 
 g.x/jdx �

�Z

K
1mdx

� 1
m
�Z

K
j f 
 g.x/jrdx

� 1
r �

�

.K/

� 1
m jj f 
 gjjr < 1;

where 
.K/ D R
K dx is the measure of K. Consequently the convolution f 
 g is

well defined.

Exercise 1.2 Take f ; g 2 C1
0 .R

n/ and prove that f 
 g is well defined.

Example 1.3 The convolution of e�x2 and 1 equals

e�x2 
 1 D
Z 1

�1
e�.x�y/2dy D �

Z 1

�1
e�.x�y/2d.x � y/ D

Z 1

�1
e�z2dz D p

�:

Below are some properties of convolutions, where we assume that all terms exist:

1. f 
 g D g 
 f ,
2. f 
 .g C h/ D f 
 g C f 
 h,
3. a. f 
 g/ D .af / 
 g D f 
 .ag/ for every a 2 C,
4. f 
 .g 
 h/ D . f 
 g/ 
 h,
5. f 
 g D f 
 g.

Definition 1.8 If f is a locally integrable function in Rn, the function

f� D f 
 !�
is called the regularization of f .

More substantional introduction to the spaces Lp and their applications may be
found in [3, 7–13, 20, 22–26, 28, 31–33, 36]

1.3 Cones in Rn

Definition 1.9 A cone in Rn with vertex at 0 is a set � with the property that if
x 2 � , then �x 2 � for every � > 0. The symbol pr� will denote the intersection
of � with the unit sphere centred at 0. A cone � 0 is called compact in the cone � if
pr� 0 � pr� , in which case we write � 0 �� � . The cone

� � D f� 2 Rn W .�; x/ � 0 8x 2 � g;

where .�; �/ is the standard inner product on Rn, is called the conjugate cone of � .
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Exercise 1.3 Prove that � � is a closed convex cone with vertex at 0.

With ch� we will denote the convex hull of � .

Exercise 1.4 Prove .� �/� D ch� .

Definition 1.10 A cone � is said to be acute if for any e 2 pr int� � the set fx W
0 � .e; x/ � 1; x 2 ch� g is bounded in Rn.

Example 1.4 Let fe1; e2; : : : ; eng be a basis in Rn. Then

� D fx 2 Rn W .ek; x/ > 0; k D 1; 2; : : : ; ng
is an acute cone.

Exercise 1.5 Let � be an acute cone. Prove that ch� does not contain a straight
line.

Exercise 1.6 Suppose ch� does not contain a straight line. Prove that int� � ¤ Ø.

Exercise 1.7 Let int� � ¤ Ø. Prove that for every C0 �� int� � there exists a
constant  > 0 such that

.�; x/ �  j�jjxj
for every � 2 C0 and every x 2 ch� .

Definition 1.11 The function


� .�/ D � inf
x2pr�

.�; x/

is called the indicator of the cone � .

Exercise 1.8 Prove that 
� .�/ is a convex function.

Definition 1.12 Let � � Rn be a closed, convex, acute cone. A smooth .n � 1/-
dimensional surface without boundary S � Rn is said to be C-like if each straight
line x D x0 C te, �1 < t < 1, e 2 pr� , intersects S in one point only.

Every C-like surface S cuts Rn in two unbounded regions SC and S� such that

1. SC lies “above” S,
2. S� lies “below” S,
3. Rn D SC [ S [ S�.

Exercise 1.9 Let � be a closed, convex, acute cone and suppose S is a C-like
surface. Prove that

SC D S C �:
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1.4 Exercises

Problem 1.1 Let X1 � Rn, X2 � Rm be open sets. Prove that for every � 2
C1
0 .X1	X2/ there exist sequences f�kg1

kD1 � C 1
0 .X1	X2/ and fNkg1

kD1 � N[f0g
such that

�k.x; y/ D
NkX

iD1
�ik.x/ ik.y/; .x; y/ 2 X1 	 X2;

and �k �!k�!1 � in C1
0 .X1 	 X2/.

Proof Let supp� �� QX1	 QX2 �� X0
1	X0

2 �� X1	X2. By the Weierstrass theorem
there exists a sequence of polynomials Pk.x; y/, k D 1; 2; : : :, such that

ˇ
ˇ
ˇD˛Pk.x; y/� D˛�.x; y/

ˇ
ˇ
ˇ <

1

k
; j˛j � k; .x; y/ 2 X0

1 	 X0
2:

Choose functions � 2 C1
0 .X

0
1/ so that �.x/ D 1 for x 2 QX1, � 2 C1

0 .X0
2/ so that

�.y/ D 1 for y 2 QX2. Define

�k.x; y/ D �.x/�.y/Pk.x; y/; k D 1; 2; : : : :

We have supp�k � X0
1 	 X0

2 �� X1 	 X2 and

ˇ
ˇ
ˇD˛�.x; y/� D˛�k.x; y/

ˇ
ˇ
ˇ �

8
ˆ̂
<

ˆ̂
:

1
k if .x; y/ 2 QX1 	 QX2;

c˛
k if .x; y/ 2 X0

1 	 X0
2

for j˛j � k. Here the constants c˛ are obtained by using, for ˇ � ˛,

maxx2X1

ˇ
ˇ
ˇDˇ�.x/

ˇ
ˇ
ˇ and maxy2X2

ˇ
ˇ
ˇDˇ�.y/

ˇ
ˇ
ˇ. Therefore �k �!k�!1 � in C1

0 .X1	X2/.

Problem 1.2 Prove that for every function �1 2 C1
0 .R

1/ there exists a function
�2 2 C 1

0 .R1/ such that �1.x/ D �0
2.x/, for every x 2 R1, if and only ifR1

�1 �1.x/dx D 0.

Proof

1. Let �1 2 C 1
0 .R1/ and

R1
�1 �1.x/dx D 0. We consider the function

�2.x/ D
Z x

�1
�1.s/ds; x 2 R1:
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Since �1 2 C1
0 .R1/ it follows that �2 2 C1.R1/. If supp�1 � Œa; b� � R1,

a < b, then �2.x/ D 0 for x < a. Therefore supp�2 � Œa;1/. Since �2.1/ DR1
�1 �1.x/dx D 0, there exists c > a such that supp�2 � Œa; c�.

2. Let �1 2 C 1
0 .R1/, �2 2 C 1

0 .R1/ and

�1.x/ D �0
2.x/ for x 2 R1:

Integrating from �1 to x gives

Z x

�1
�1.s/ds D �2.x/: (1.4)

Since �2 2 C1
0 .R1/, we have �2.1/ D 0. Hence using (1.4) we obtain

Z 1

�1
�1.s/ds D 0:

Problem 1.3 Prove that for every � 2 C1
0 .R1/ there exists a function �1 2

C1
0 .R

1/ such that

�.x/ D �0.x/
Z 1

�1
�.s/ds C �0

1.x/; x 2 R1;

where �0 2 C1
0 .R

1/, if and only if
Z 1

�1
�0.s/ds D 1:

Proof

1. Let �0 2 C 1
0 .R1/ and

R1
�1 �0.s/ds D 1. Consider the function

�1.x/ D
Z x

�1
�.s/ds �

Z x

�1
�0.s/ds

Z 1

�1
�.s/ds: (1.5)

Since �; �0 2 C1
0 .R

1/, it follows �1 2 C1.R1/. Let supp�, supp�0 � Œa; b� �
R1, a < b. Then �1.x/ D 0 for x < a. Therefore supp�1 � Œa;1/. From (1.5),
for x D 1, we have

�1.1/ D
Z 1

�1

�.s/ds�
Z 1

�1

�0.s/ds
Z 1

�1

�.s/ds D
Z 1

�1

�.s/ds�
Z 1

�1

�.s/ds D 0:

Consequently there exists c > 0 such that supp�1 � Œa; c�, and therefore �1 2
C 1
0 .R1/.

2. Let �1 2 C 1
0 .R1/ and

�0
1.x/ D �.x/� �0.x/

Z 1

�1
�.s/ds; x 2 R1; (1.6)
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for �0 2 C 1
0 .R1/. We integrate equation (1.6) from �1 to 1 and get

Z 1

�1
�0
1.x/dx D

Z 1

�1
�.x/dx �

Z 1

�1
�0.x/dx

Z 1

�1
�.x/dx;

that is,

0 D
Z 1

�1
�.x/dx

�
1 �

Z 1

�1
�0.x/dx

�

for every � 2 C1
0 .R

1/. In particular, the last equation is valid for every � 2
C 1
0 .R1/ for which

R1
�1 �.x/dx D 1. For such � we obtain

Z 1

�1
�0.x/dx D 1:

Problem 1.4 Prove that for every � 2 C1
0 .R1/ there exists a function �2 2

C1
0 .R

1/ such that

�.x/ D �0
1.x/

Z 1

�1

Z s

�1
�.�/d�ds C �00

2 .x/; x 2 R1;

where �1 2 C1
0 .R

1/, if and only if
Z 1

�1
�1.x/dx D 1:

Problem 1.5 Prove that for every � 2 C1
0 .R1/ there exists a function �2 2

C1
0 .R

1/ such that

�.x/ D �1.x/
Z 1

�1

Z s

�1
�.�/d�ds C �00

2 .x/; x 2 R1;

where �1 2 C1
0 .R

1/, if and only if
Z 1

�1

Z s

�1
�1.�/d�ds D 1:

Problem 1.6 Prove that for every � 2 C1
0 .R

1/ there exists �3 2 C 1
0 .R1/ such

that

�.x/ D �1.x/
Z 1

�1

Z s

�1
�.�/d�ds C �0

2.x/
Z 1

�1

Z s

�1
�.�/d�ds C �00

3 .x/; x 2 R1;

where �1; �2 2 C1
0 .R1/, if and only if

Z 1

�1

Z s

�1
�1.�/d�ds D 1

2
;

Z 1

�1
�2.x/

dx D 1

2
:
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Problem 1.7 Prove that for every � 2 C1
0 .R

1/ there exists �3 2 C 1
0 .R1/ such

that

�.x/ D �1.x/
Z 1

�1

Z s

�1
�.�/d�ds C �0

2.x/
Z 1

�1

Z s

�1
�.�/d�ds C �00

3 .x/; x 2 R1;

where �1; �2 2 C1
0 .R1/, if and only if

Z 1

�1

Z s

�1
�1.�/d�ds C

Z 1

�1
�2.x/dx D 1:

Problem 1.8 Prove that for every � 2 C1
0 .R

1/ there exists �4 2 C 1
0 .R1/ such

that

�.x/ D �000
4 .x/C

Z 1

�1

Z s1

�1

Z s2

�1
�.�/d�ds2ds1

�
�1.x/C �0

2.x/C �00
3 .x/

�
; x 2 R1;

where �1; �2; �3 2 C1
0 .R1/, if and only if

Z 1

�1

Z s1

�1

Z s2

�1
�1.�/d�ds2ds1 C

Z 1

�1

Z s

�1
�2.�/d�ds C

Z 1

�1
�3.s/ds D 1:

Problem 1.9 Prove that for every � 2 C1
0 .R

1/ there exists �3 2 C 1
0 .R1/ such

that

�.x/ D �000
3 .x/C

Z 1

�1

Z s1

�1

Z s2

�1
�.�/d�ds2ds1

�
�1.x/C �0

2.x/
�
; x 2 R1;

where �1; �2 2 C1
0 .R1/, if and only if

Z 1

�1

Z s1

�1

Z s2

�1
�1.�/d�ds2ds1 C

Z 1

�1

Z s

�1
�2.�/d�ds D 1:

Problem 1.10 Prove that for every � 2 C1
0 .R

1/ there exists �3 2 C1
0 .R1/ such

that

�.x/ D �000
3 .x/C

Z 1

�1

Z s1

�1

Z s2

�1
�.�/d�ds2ds1

�
�1.x/C �00

2 .x/
�
; x 2 R1;

where �1; �2 2 C 1
0 .R1/, if and only if

Z 1

�1

Z s1

�1

Z s2

�1
�1.�/d�ds2ds1 C

Z 1

�1
�2.�/d� D 1:
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Problem 1.11 Prove that for every � 2 C1
0 .R

1/ there exists �3 2 C1
0 .R1/ such

that

�.x/ D �000
3 .x/C

Z 1

�1

Z s1

�1

Z s2

�1
�.�/d�ds2ds1

�
�0
1.x/C �00

2 .x/
�
; x 2 R1;

where �1; �2 2 C1
0 .R

1/, if and only if
Z 1

�1

Z s1

�1
�1.�/d�ds1 C

Z 1

�1
�2.�/d� D 1:

Problem 1.12 Prove that for every � 2 C1
0 .R

1/ there exists �2 2 C1
0 .R1/ such

that

�.x/ D �000
2 .x/C �1.x/

Z 1

�1

Z s1

�1

Z s2

�1
�.�/d�ds2ds1; x 2 R1;

where �1 2 C1
0 .R

1/, if and only if
Z 1

�1

Z s1

�1

Z s2

�1
�1.�/d�ds2ds1 D 1:

Problem 1.13 Prove that for every � 2 C1
0 .R

1/ there exists �2 2 C1
0 .R1/ such

that

�.x/ D �000
2 .x/C �0

1.x/
Z 1

�1

Z s1

�1

Z s2

�1
�.�/d�ds2ds1; x 2 R1;

where �1 2 C1
0 .R

1/, if and only if
Z 1

�1

Z s1

�1
�1.�/d�ds1 D 1:

Problem 1.14 Prove that for every � 2 C1
0 .R

1/ there exists �2 2 C1
0 .R1/ such

that

�.x/ D �000
2 .x/C �00

1 .x/
Z 1

�1

Z s1

�1

Z s2

�1
�.�/d�ds2ds1; x 2 R1;

where �1 2 C1
0 .R

1/, if and only if
Z 1

�1
�1.�/d� D 1:

Problem 1.15 Let I be an open interval in R1, V a Banach space with norm jj � jj,
f W I �! V a smooth map. Prove

1. jj f .y/� f .x/jj � jy � xj supt2Œ0;1� jj f 0.x C t.y � x//jj, x; y 2 I,
2. jj f .y/� f .x/� v.y � x/jj � jy � xj supt2Œ0;1� jj f 0.x C t.y � x// � vjj, v 2 V .

1. Proof
Let M D supt2Œ0;1� jj f 0.x C t.y � x//jj. We define the set

E D
n
t W 0 � t � 1; jj f .x C t.y � x// � f .x/jj � Mtjy � xj

o
:
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Since f is a continuous function, E is a closed subset of the interval Œ0; 1�. On the
other hand,

jj f .x C 0:.y � x// � f .x/jj

D jj f .x/� f .x/jj � M:0:jy � xj;

so 0 belongs to E. From this we conclude that E is compact, so it has a maximal
element s, and we suppose that s < 1. Then we can find t > s such that t � s is
sufficiently small. Hence

jj f .x C t.y � x// � f .x/jj

D jj f .x C t.y � x//� f .x C s.y � x//C f .x C s.y � x// � f .x/jj

� jj f .x C t.y � x//� f .x C s.y � x//jj C jj f .x C s.y � x// � f .x/jj

� M.t � s/jy � xj C Msjy � xj D Mtjy � xj;

which contradicts the assumption that s is maximal. Therefore s D 1. For t D 1

we obtain

jj f .y/� f .x/jj � sup
t2Œ0;1�

jj f 0.x C t.y � x//jjjy � xj:

2. Hint. Use the function g.x/ D f .x/ � xv and part 1.

Problem 1.16 Let I be an open interval in R1, V a Banach space with norm jj � jj,
f W I �! V a continuous map that is differentiable on InF, where F is a closed
subset of I where f .x/ D 0. Prove that if x 2 F, f 0.y/ �!y�!x 0, y 2 InF, then f 0.x/
exists, and is zero, for every x 2 I.

Proof Let y 2 F. Then f .y/ � f .x/ D 0. From this, f 0.x/ exists for every x 2 F and
f 0.x/ D 0 for every x 2 F.
Now take y … F and let z be the point in F \ Œx; y� closest to y. From the previous
problem we have

jj f .y/� f .x/jj D jj f .y/� f .z/C f .z/ � f .x/jj � jj f .y/� f .z/jj

and

jj f .y/� f .z/jj � jy � zj sup
t2Œ0;1�

jj f 0.z C t.y � z//jj:
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The last inequality implies

jj f .y/� f .x/jj D o.jy � xj/

when y �! x. Therefore

lim
h�!0

ˇ
ˇ
ˇ

ˇ
ˇ
ˇ
f .y C h/� f .y/

h

ˇ
ˇ
ˇ

ˇ
ˇ
ˇ D 0 8y 2 InF:

Consequently f 0.x/ exists for every x 2 I, and actually f 0.x/ � 0 for every x 2 I.

Problem 1.17 Let P be a polynomial and define

f .x/ D

8

<̂

:̂

P
�
1
x

�
e� 1

x for x > 0;

0 for x � 0:

Prove that

1. f .x/ is a differentiable function and f 0.0/ D 0,
2. f 2 C1.R1/.

Hint. Use the previous problem with F D f0g, I D R1.

Problem 1.18 Prove that there exists a continuous function � 2 C1
0 .R

n/ for which
�.0/ > 0.

Hint. Use the function

�.x/ D
n

e
� 1

1�jxj2 for jxj < 1;
0 for jxj � 1

and the previous problem.

Problem 1.19 Define

B D
n
x 2 Rn W jxj < R

o

and take f 2 C k.B/, k � 1. Prove

1. f .x/ � f .0/ D P
j xjfj.x/, fj 2 C k�1.B/,

2. @˛fj.0/ D @˛@jf .0/ 1
1Cj˛j for every multi-index ˛ such that j˛j � k,

3. supB

ˇ
ˇ
ˇ@˛fj

ˇ
ˇ
ˇ � supB

ˇ
ˇ
ˇ@˛@jf

ˇ
ˇ
ˇ, j˛j � R.
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Proof We will prove the assertions for k D 1, as for k > 1 one can use induction.

1. Setting

fj.x/ D
Z 1

0

@

@xj
f .tx/dt

we get

X

j

xjfj.x/ D
Z 1

0

X

j

xj
@

@xj
f .tx/dt D

Z 1

0

df .tx/ D f .x/� f .0/:

We note that fj 2 C k�1.B/.
2. From the definition of the functions fj it follows that

fj.0/ D @
@xj

f .0/;

@
@xi

fj.0/ D 1
2
@
@xi

@
@xj

f .0/:

3. The definition of the fj implies

j fjj �
Z 1

0

ˇ
ˇ
ˇ
@

@xj
f .tx/

ˇ
ˇ
ˇdt �

Z 1

0

sup
jxj<R

ˇ
ˇ
ˇ
@

@xj
f .tx/

ˇ
ˇ
ˇdt � sup

B

ˇ
ˇ
ˇ
@

@xj
f .x/

ˇ
ˇ
ˇ:

From this,

sup
B

j fjj � sup
B

ˇ
ˇ
ˇ
@

@xj
f .x/

ˇ
ˇ
ˇ:

Problem 1.20 Let X be a subset of Rn, and f ; g 2 C .X/ maps satisfying

Z

X
f�dx D

Z

X
g�dx

for every � 2 C 1
0 .X/. Prove that f � g on X.

Proof We have

Z

X
. f .x/ � g.x//�.x/dx D 0 (1.7)

for every � 2 C1
0 .X/. Set h.x/ D f .x/�g.x/ and suppose that there exists a 2 X for

which h.a/ > 0. Since h.x/ is continuous on X, there exists a neighbourhood U.a/
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of the point a such that h.x/ > 0 for every x 2 U.a/. We may choose the function
�.x/ 2 C1

0 .U.a// such that �.x/ > 0. Then

Z

X
h.x/�.x/dx D

Z

U.a/
h.x/�.x/dx > 0;

contradicting (1.7). Consequently f � g on X.

Problem 1.21 Let X � Rn, f ; g 2 L1loc.X/ with

Z

X
f�dx D

Z

X
g�dx

for every � 2 C 1
0 .X/. Prove that f � g almost everywhere on X.

Proof Let h.x/ D f .x/ � g.x/. We have

Z

X
h.x/�.x/dx D 0 (1.8)

for every � 2 C 1
0 .X/. Now we choose a function �.x/ so that supp� D

n
x W jxj<1

o

and
R

X �.x/dx D 1. Then

1

tn

Z

X
�
�x � y

t

�
dy D 1:

Therefore

h.x/ D h.x/:1 D h.x/
1

tn

Z

X
�
�x � y

t

�
dy

D 1

tn

Z

X

h
h.x/� h.y/

i
�
�x � y

t

�
dy C 1

tn

Z

X
h.y/�

�x � y

t

�
dy:

We take t small enough so that
ˇ
ˇ
ˇ

x�y
t

ˇ
ˇ
ˇ < 1. For this t, using (1.8), we have

Z

X
h.y/�

�x � y

t

�
dy D 0:

Consequently,

h.x/ D 1

tn

Z

jx�yj<t

h
h.x/� h.y/

i
�
�x � y

t

�
dy;
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whence

h.x/ D lim
t�!0

1

tn

Z

jx�yj<t

h
h.x/� h.y/

i
�
�x � y

t

�
dy D 0;

i.e., f .x/ D g.x/ almost everywhere on X.

Problem 1.22 Take a map M.x/ 2 C .Œa; b�/ such that
R b

a M.x/�.x/dx D 0 for every
� 2 C m.Œa; b�/, �.k/.a/ D �.k/.b/ D 0 for k D 0; 1; : : : ;m. Prove that M � 0 on
Œa; b�.

Proof We suppose there exists c 2 .a; b/ for which M.c/ > 0. Since M.x/ is
continuous on Œa; b�, there exists � 2 .0; 1/ so that M.x/ > 0 for every x 2
Œc � �; c C ��. Let �.x/ be defined by

�.x/ D

8

<̂

:̂

h
�2 � .x � c/2

i2.mC1/
for x 2 Œc � �; c C ��;

0 for x 2 Œa; b�nŒc � �; c C ��:

The function �.x/ satisfies all conditions of this problem. Therefore

0 D
Z b

a
M.x/�.x/dx D

Z cC�

c��
M.x/

h
�2 � .x � c/2

i2.mC1/
dx > 0;

which is a contradiction. Consequently M.x/ D 0 for each x 2 Œa; b�.
Problem 1.23 Let f�k.x/gn�1

kD0 be a linearly independent system of real, piecewise-
continuous functions on Œa; b�, M.x/ a real, piecewise-continuous map on Œa; b� with

Z b

a
M.x/�.x/dx D 0

for every piecewise-continuous function �.x/ such that

Z b

a
�.x/�k.x/dx D 0; k D 0; 1; : : : ; n � 1:

Prove that

M.x/ D
n�1X

kD0
ck�k.x/; ck D const:
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Proof Let �0.x/ D M.x/ � Pn�1
kD0 ck�k.x/, where ck are constants that will be

determined using the conditions

Z b

a
�0.x/�k.x/dx D 0; k D 0; 1; : : : ; n � 1:

From these relations, using the definition of �0.x/, we get

0 D R b
a M.x/�0.x/dx �Pn�1

kD0 ck
R b

a �k.x/�0.x/dx;

0 D R b
a M.x/�1.x/dx �Pn�1

kD0 ck
R b

a �k.x/�1.x/dx;

� � �

0 D R b
a M.x/�n�1.x/dx �Pn�1

kD0 ck
R b

a �k.x/�n�1.x/dx:

By setting

Mj D
Z b

a
M.x/�j.x/dx and akj D

Z b

a
�k.x/�j.x/dx

for every j D 0; 1; : : : ; n � 1, we obtain the system

8
ˆ̂
ˆ̂
ˆ̂
ˆ̂
<̂

ˆ̂
ˆ̂
ˆ̂
ˆ̂
:̂

Pn�1
kD0 ckak0 D M0

Pn�1
kD0 ckak1 D M1

� � �
Pn�1

kD0 ckakn�1 D Mn�1:

Since
n
�k.x/

on�1
kD0 is a linearly independent system, the previous system has a unique

solution c0; c1; : : : ; cn�1. Moreover,

h
M.x/ �Pn�1

kD0 ck�k.x/
i2 D �0.x/

h
M.x/ �Pn�1

kD0 ck�k.x/
i
;

Z b

a

h
M.x/ �

n�1X

kD0
ck�k.x/

i2
dx D

Z b

a
�0.x/M.x/dx �

n�1X

kD0
ck

Z b

a
�0.x/�k.x/dx D 0:
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From that follows

M.x/ D
n�1X

kD0
ck�k.x/:

Problem 1.24 Let M.x/ be a piecewise-continuous function on Œa; b� and �.x/ a
piecewise-smooth function on Œa; b� satisfying �.a/ D �.b/ D 0,

Z b

a
M.x/�0.x/dx D 0:

Prove that M.x/ � const.

Hint. Use the previous problem with n D 1, �0.x/ D 1, �.x/ D �0.x/.

Problem 1.25 Let M.x; y/ be a continuous function on the bounded domain D with

“

D

M.x; y/�.x; y/dxdy D 0

for every �.x; y/ 2 C m.D/, �.x; y/j@D D 0. Prove that M.x; y/ D 0 on D.

Problem 1.26 Let K be a compact set in Rn and take M.x/ 2 C .K/ with

Z

K
M.x/�.x/dx D 0

for every � 2 C m.K/, @k�

@xk
i

ˇ
ˇ
ˇ
@K

D 0, k D 0; 1; : : : ;m, i D 1; 2; : : : ; n. Prove that

M � 0 on K.

For any ˛, ˇ 2 Nn [ f.0; : : : ; 0/g and l; k;m 2 N [ f0g, we set

q˛;ˇ. f / D supx2Rn

ˇ
ˇ
ˇx˛Dˇf .x/

ˇ
ˇ
ˇI

ql;ˇ. f / D supj˛j�l supx2Rn

ˇ
ˇ
ˇx˛Dˇf .x/

ˇ
ˇ
ˇI

q�̨
;ˇ. f / D R

Rn

ˇ
ˇ
ˇx˛Dˇf .x/

ˇ
ˇ
ˇdxI

j f jk;m D supjˇj�m supx2Rn

ˇ
ˇ
ˇ

�
1C jxj2

�k
Dˇf .x/

ˇ
ˇ
ˇ:
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Problem 1.27 Prove that the following assertions are equivalent

1. f 2 S .Rn/,
2. q�̨

;ˇ. f / < 1 for any ˛; ˇ 2 Nn [ f.0; : : : ; 0/g,
3. j f jk;m < 1 for any k;m 2 N [ f0g,
4. ql;ˇ. f / < 1 for any l 2 N [ f0g, 8ˇ 2 Nn [ f.0:; : : : ; 0/g,
5. q˛;ˇ. f / < 1 for any ˛; ˇ 2 Nn [ f.0; : : : ; 0/g.

Problem 1.28 Prove that . f ; g/ 7�! f 
 g from S .Rn/ 	 S .Rn/ to S .Rn/ is a
continuous map.

Problem 1.29 Prove that . f ; g/ 7�! fg is a continuous map on S .Rn/.

Problem 1.30 Prove that S .Rn/ embeds continuously in every space Lp.Rn/, p �
1.

Proof Let f 2 S .Rn/. Then

Z

Rn
j f .x/jpdx D

Z

Rn

.1C jxj2/npj f .x/jp

.1C jxj2/np
dx � j f jp

n;0

Z

Rn

dx

.1C jxj2/np
� c1j f jn;1;

where c1 is a constant. Let ffmg1
mD1 be a sequence in S .Rn/ such that

j fm � f jn;0 �!m�!1 0:

We obtain

jj fm � f jjLp � Cj fm � f jn;0 �!m�!1 0; C D const:

Consequently fm �!m�!1 f in Lp.Rn/.

Problem 1.31 Let u 2 C j
0.R

n/. Prove

1. u 
 v 2 C j.Rn/ for v 2 L1loc.R
n/,

2. u 
 v 2 C jCk.Rn/ for v 2 C k.Rn/.

1. Proof Since u 2 C j
0.R

n/, there exists a compact set K � Rn such that suppu � K.
On the other hand,

.u 
 v/.x/ D
Z

Rn
u.y/v.x � y/dy D

Z

K[fxg
u.x � y/v.y/dy:

From here, using that v 2 L1loc.R
n/, we get

j.u
v/.x/j �
Z

K[fxg
ju.x�y/jjv.y/jdy � c1

Z

K[fxg
jv.y/jdy � C; c1;C D const:

Consequently the convolution u 
 v.x/ exists for every x 2 Rn.
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Since Dlu 2 C0.Rn/ and Dl.u 
 v/ D Dlu 
 v, as above, we conclude that
Dl.u 
 v/.x/ exists for every x 2 Rn and every l D 0; 1; 2; : : : ; j.

If fvng1
nD1 is a sequence of elements of L1loc.R

n/ converging to v in L1loc.R
n/,

then
ˇ
ˇ
ˇDl.u 
 vn/� Dl.u 
 v/

ˇ
ˇ
ˇ D

ˇ
ˇ
ˇDlu 
 .vn � v/

ˇ
ˇ
ˇ � c2jjvn � vjjL1loc.R

n/ �!n�!1 0;

i.e.

Dl.u 
 vn/ �!n�!1 Dl.u 
 v/:

Consequently u 
 v 2 Cj.Rn/.
2. Hint. Use that DlCm.u 
 v/ D Dlu 
 Dmv for l D 0; 1; : : : ; j, m D 0; 1; : : : ; k.

Problem 1.32 Let � 2 C1
0 .R

n/,
R

Rn �.x/dx D 1, � � 0 and � 2 C j
0.R

n/. Prove
that

1. u� D u 
 � 2 C1
0 .Rn/,

2. sup
ˇ
ˇ
ˇ@˛u � @˛u�

ˇ
ˇ
ˇ �! 0, j˛j � j,

when supp� �! f0g.

Proof 1. Let ˛ be an arbitrary multi-index. From

@˛u� D @˛.u 
 �/ D u 
 @˛�

and the fact that � 2 C1
0 .Rn/, it follows that u� 2 C1.Rn/. Now we will show

that u� has compact support. For this purpose we will use that

supp.u 
 �/ � suppu C supp�:

Because u and � have compact support, using the last relation, we conclude that
u� has compact support.

2. We have

@˛u�.x/ D @˛u 
 �.x/ D R

Rn @
˛u.x � y/�.y/dy;

@˛u.x/ D @˛u.x/:1 D @˛u.x/
R

Rn �.y/dy:

Hence
ˇ
ˇ
ˇ@˛u� � @˛u

ˇ
ˇ
ˇ � R

Rn

ˇ
ˇ
ˇ@˛u.x � y/� @˛u.x/

ˇ
ˇ
ˇj�.y/jdy:
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Let supp� �
n
y 2 Rn W jyj � ı

o
, ı �! 0. Then

ˇ
ˇ
ˇ@˛u�.x/� @˛u.x/

ˇ
ˇ
ˇ � sup

jyj�ı

ˇ
ˇ
ˇ@˛u.x � y/� @˛u.x/

ˇ
ˇ
ˇ �! 0

as ı �! 0.

Problem 1.33 Let � 2 C1
0 .Rn/,

R
Rn �.x/dx D 1, � � 0. Take v 2 Lp.Rn/ and let

v� D v 
 �. Prove that

1. v� 2 C1.Rn/,
2. v� �! v in Lp.Rn/, 1 � p < 1, as supp� �! f0g.

Hint. Use C1
0 ,! Lp.

Problem 1.34 Let X1; : : : ;Xk be open sets in Rn and � 2 C k
0 .[k

1Xj/. Prove that

1. there exist functions �j 2 C1
0 .Xj/, j D 1; 2; : : : ; k, such that

� D
kX

1

�j

on a neighbourhood of supp�,
2. �j � 0 if � � 0.

Hint. Use the functions �1 D � 1, �i D � i.1 �  i�1/, where  i 2 C 1
0 .Xj/,

0 �  j � 1,  j D 1 on a neighbourhood of Xj.

Problem 1.35 Let � be an acute cone in Rn, and  > 0 a constant such that

.�; x/ �  j�jjxj 8� 2 C0;8x 2 ch�

for every C0 �� int� �. Prove that

Be D fx W 0 � .e; x/ � 1; x 2 ch� g

is a bounded set for any e 2 pr.int� �/.

Problem 1.36 Let � be a cone in Rn and suppose the set

Be D fx W 0 � .e; x/ � 1; x 2 ch� g

is bounded for every e 2 pr.int� �/. Prove that � is an acute cone.

Problem 1.37 Let � be a convex cone. Prove � D � C � .
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Problem 1.38 Let � be a cone in Rn. Show


� .�/ � 
ch� .�/:

Problem 1.39 Let � be a convex cone in Rn. Prove that for every a � 0

f� W 
� .�/ � ag D � � C Ua:

Problem 1.40 Let � be a closed, convex, acute cone and S a C-like surface. Prove
that for every R > 0 there exists a constant R0.R/ > 0 such that

TR D f.x; y/ W x 2 S; y 2 �; jx C yj � Rg � UR0 � R2n:



Chapter 2
Generalities on Distributions

2.1 Definition

Let X be an open set in Rn, n 2 N a fixed integer.

Definition 2.1 Every linear continuous map u W C1
0 .X/ 7�! C is called a

distribution or generalized function. In other words, a distribution is a linear map
u W C 1

0 .X/ 7�! C such that u.�n/ �!n�!1 u.�/ for every sequence f�ng1
nD1 in

C1
0 .X/ converging to � 2 C 1

0 .X/ as n �! 1.

The space of distributions on X will be denoted by D 0.X/. We will write u.�/ or
.u; �/ for the value of the functional (generalized function, distribution) u 2 D 0.X/
on the element � 2 C1

0 .X/.

Example 2.1 Suppose 0 2 X and take the map u W C1
0 .X/ 7�! C defined as follows

u.�/ D �.0/ for � 2 C1
0 .X/:

Let �1; �2 2 C1
0 .X/ and ˛1; ˛2 2 C. As

u.�1/D�1.0/; u.�2/D�2.0/;

u.˛1�1 C ˛2�2/D .˛1�1 C˛2�2/.0/D˛1�1.0/C˛2�2.0/ D ˛1u.�1/C ˛2u.�2/;

u W C1
0 .X/ 7�! C is linear. Let f�ng1

nD1 be a sequence in C1
0 .X/ for which

�n �!n�!1 � in C1
0 .X/. Then there exists a compact set K � X such that

supp�n � K for every n 2 N and D˛�n �! D˛� uniformly in X for every
multi-index ˛ 2 N [ f0g. In particular, �n.0/ �!n�!1 �.0/, and therefore
u.�n/ �!n�!1 u.�/. Consequently the linear map u W C 1

0 .X/ 7�! C is
continuous, in other words it is a distribution on X.

© Springer International Publishing Switzerland 2015
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Exercise 2.1 Let 0 2 X. For each multi-index ˛ prove that the map u W C1
0 .X/ 7�!

C, defined by

u.�/ D D˛�.0/ for � 2 C 1
0 .X/;

is a distribution on C 1
0 .X/.

Exercise 2.2 Denote by ıa or ı.x � a/, a 2 Cn, Dirac’s “delta” function at the
point a:

ıa.�/ D �.a/ for � 2 C1
0 .X/:

Prove that ıa is a distribution on C1
0 .X/.

Exercise 2.3 Prove that the map 1 W C1
0 .X/ 7�! C, defined by

1.�/ D
Z

X
�.x/dx for � 2 C1

0 .X/;

is a distribution on C 1
0 .X/.

Exercise 2.4 For u 2 Lp
loc.X/, p � 1, we define u W C1

0 .X/ 7�! C by

u.�/ D
Z

X
u.x/�.x/dx:

Prove that u is a distribution on C1
0 .X/.

Exercise 2.5 Let P 1
x W C1

0 .X/ 7�! C be the map defined by

P
1

x
.�/ D P:V:

Z

X

�.x/� �.0/
x

dx for � 2 C1
0 .X/:

Prove that P 1
x 2 D 0.X/.

Definition 2.2 The distributions u; v 2 D 0.X/ are said to be equal if

u.�/ D v.�/

for any � 2 C1
0 .X/.

Definition 2.3 The linear combination �u C 
v of the distributions u; v 2 D 0.X/
is the functional acting by the rule

.�u C 
v/.�/ D �u.�/C 
v.�/; � 2 C1
0 .X/:

This makes the set D 0.X/ a vector space.
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Definition 2.4 Let u 2 D 0.X/. We define a distribution u 2 D 0.X/, called the
complex conjugate of u, by

u.�/ D u.�/; � 2 C 1
0 .X/:

The distributions

Re.u/ D u C u

2
; Im.u/ D u � u

2i

are respectively called the real and imaginary parts of u. Equivalently,

u D Re.u/C iIm.u/; u D Re.u/� iIm.u/:

If Im.u/ D 0, u is said to be a real distribution.

Exercise 2.6 Prove that the delta function is a real distribution.

Here are elementary properties of distributions. If u1; u2 2 D 0.X/, then

1. u1 ˙ u2 2 D 0.X/,
2. ˛u1 2 D 0.X/ for 8˛ 2 C.

These properties follow from the definition, so their proof is omitted.
For u 2 D 0.X/ and a 2 Cn, jaj ¤ 0, b 2 C, b ¤ 0, we define following
distributions

1. u.�/.x C a/ D u.�.x � a//.x/ 8� 2 C1
0 .X/,

2. u.�/.bx/ D 1
jbjn u

�
�
�

x
b

��
.x/ 8� 2 C1

0 .X/.

Example 2.2 For � 2 C1
0 .R

1/ we have

ı.�/.x C 1 � 2i/ D ı.�.x � 1C 2i//.x/ D �.�1C 2i/;

ı.�/.2ix/ D 1
2
ı
�
�
�

x
2i

��
.x/ D 1

2
�.0/:

Exercise 2.7 Compute

ı.�/.2x C 3i/

for � 2 C1
0 .R

1/.

Answer 1
2
�
�
� 3i
2

�
.
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If u is a distribution on X, then for every compact subset K of X there exist constants
C and k so that the inequality

ju.�/j � C
X

j˛j�k

sup
K

ˇ
ˇ
ˇD˛�.x/

ˇ
ˇ
ˇ (2.1)

holds for every � 2 C1
0 .K/. Actually, we suppose there exists a compact set K in

X so that

ju.�n/j > n
X

˛2Nn[f0g
sup

K

ˇ
ˇ
ˇD˛�n.x/

ˇ
ˇ
ˇ (2.2)

holds for �n 2 C 1
0 .K/. We set

 n.x/ D �n.x/

n
P

˛2Nn[f0g supK

ˇ
ˇ
ˇD˛�n.x/

ˇ
ˇ
ˇ
:

From (2.2) we obtain

ju. n/j � 1: (2.3)

By the definition of  n.x/ it follows that  n �!n�!1 0 in C1
0 .X/. Since u W

C1
0 .X/ 7�! C is continuous, we have

u. n/ �!n�!1 0;

which contradicts (2.3).
If u W C1

0 .X/ 7�! C is a linear map such that for every compact set K in X there
exist constants C > 0 and k 2 N [ f0g for which (2.1) holds, then u is a distribution
on X. To show this we will prove that u W C1

0 .X/ 7�! C is continuous at 0. Let
f�ng1

nD1 be a sequence in C1
0 .X/ with �n �!n�!1 0 in C1

0 .X/. Then

sup
K

ˇ
ˇ
ˇD˛�n.x/

ˇ
ˇ
ˇ �!n�!1 0

for every j˛j � k. Hence with (2.1) we conclude

u.�n/ �!n�!0 0:

Exercise 2.8 The function H.x/, x 2 R1, defined by

H.x/ D
8
<

:

1 for x � 0;

0 for x < 0
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is called Heaviside function. We define

H.�/ D
Z

R1
H.x/�.x/dx;

� 2 C1
0 .R1/. Using inequality (2.1) prove that H 2 D 0.R1/.

2.2 Order of a Distribution

Definition 2.5 If inequality (2.1) holds for some integer k independent of the
compact set K � X, the distribution u is said to be of finite order. The smallest
such k is called the order of the distribution u.

The space of distributions on X of finite order is denoted by D0
F.X/, and the space

of distributions of order � k is denoted by D0k.X/. Then

D0
F.X/ D

[

k

D0k.X/:

Example 2.3 Dirac’s ı function is a distribution of order 0.

Exercise 2.9 Prove that P 1
x has order 1 on R1.

Exercise 2.10 Prove that P 1
x is of order 0 on R1nf0g.

Let

!�.a.x// D
(

C�e
� �2

�2�ja.x/j2 when ja.x/j � �;

0 when ja.x/j > �

for a.x/ 2 C 1.X/ and C� a constant. It is easy to see that

ı.a.x// D lim
��!0

!�.a.x//:

If a.x/ 2 C 1.R1/ has isolated simple zeros x1; x2; : : :, then

ı.a.x// D
X

k

ı.x � xk/

ja0.xk/j :

It is enough to prove the assertion on a neighbourhood of the simple zero xk. Since
xk is an isolated simple zero of a.x/, there exists �k > 0 such that a.x/ ¤ 0 for every
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x 2 .xk � �k; xk C �k/, x ¤ xk, a.xk/ D 0. As

�
ı.a.x//; �.x/

�
D R xkC�k

xk��k
ı.a.x//�.x/dx D

D lim��!0

R xkC�k

xk��k
!�.a.x//�.x/dx .a.x/ D y/

D lim��!0

R a.xkC�k/

a.xk��k/
!�.y/

�.a�1.y//
ja0.a�1.y//jdy

D lim��!0

R a.xkC�k/

a.xk��k/
!�.y/

�.a�1.a.x///
ja0.a�1.a.x///jdy

D �.xk/

ja0.xk/j D
�
ı.x�xk/

ja0.xk/j ; �.x/
�

for � 2 C1
0 .xk � �k; xk C �k/, it follows that

ı.a.x// D ı.x � xk/

ja0.xk/j
on a neighbourhood of the point xk.

Example 2.4 Let us consider ı.cos x/. Here a.x/ D cos x and its isolated zeros are
xk D .2kC1/�

2
, k 2 Z. We notice that

ja0.xk/j D 1 for k 2 Z;

so

ı.cos x/ D
X

k

ı
�

x � .2k C 1/�

2

�
:

Exercise 2.11 Compute ı.x4 � 1/.

Answer ı.x�1/Cı.xC1/
4

.

2.3 Sequences

Definition 2.6 The sequence
n
un

o1
nD1 of elements of D0.X/ tends to the distribution

u defined on X if

lim
n�!1 un.�/ D u.�/ 8� 2 C1

0 .X/:
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If so we write

lim
n�!1 un D u or un �!n�!1 u:

If fung1
nD1 and fvng1

nD1 are two sequences of distributions on X that converge to the
distributions u and v respectively, then f˛un Cˇvng1

nD1 converges to ˛u Cˇv on X.
Here ˛; ˇ 2 C. Indeed, let � 2 C1

0 .X/ be arbitrary. Then

un.�/ �!n�!1 u.�/; vn.�/ �!n�!1 v.�/:

Hence,

.˛un C ˇvn/.�/ D .˛un/.�/C .ˇvn/.�/

D ˛un.�/C ˇvn.�/ �!n�!1 ˛u.�/C ˇv.�/:

Example 2.5 Let x 2 R1 and

f�.x/ D
8
<

:

1
2�

for jxj � �;

0 for jxj > �:

We will compute

lim
��!C0 f�.x/

in D 0.R1/. Let � 2 C1
0 .R1/ be arbitrary. Then

lim��!C0 f�.�/.x/ D lim��!C0
R

jxj��
1
2�
�.x/dx .x D �y/

D 1
2

lim��!C0
R

jyj�1 �.�y/dy

D �.0/ D ı.�/.x/:

Consequently

lim
��!C0 f�.x/ D ı.x/

in D 0.R1/.
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Exercise 2.12 Find

lim
��!C0

2�

�.x2 C �2/
:

Answer 2ı.x/.

2.4 Support

Definition 2.7 A distribution u 2 D 0.X/ is said to vanish on an open set X1 � X
if its restriction to X1 is the zero functional in D 0.X1/, i.e., u.�/ D 0 for all � 2
C1
0 .X1/. This is written u.x/ D 0, x 2 X1.

Suppose a distribution u 2 D 0.X/ vanishes on X. Then it vanishes on the
neighbourhood of every point in X. Conversely, let u 2 D 0.X/ vanishes on a
neighbourhood U.x/ � X of every point x in X. Consider the cover fU.x/; x 2 Xg
of X. We will construct a locally finite cover fXkg such that Xk is contained in some
U.x/. Let

X11 �� X12 �� : : : ;
[

k�1
X1k D X:

By the Heine-Borel lemma, the compact set X
1

1 is covered by a finite number of
neighbourhoods U.x/, say U.x1/, U.x2/, : : :, U.xN1/. Similarly, the compact set

X
1

2nX11 is covered by a finite number of neighbourhoods U.xN1C1/, : : :, U.xN1CN2 /,
and so on. We set

Xk D U.xk/
T

X11 ; k D 1; 2; : : : ;N1;

Xk D U.xk/
T
.X

1

2nX11/; k D N1 C 1; : : : ;N1 C N2;

and so forth. In this way we obtain the required cover fXkg. Let fekg be the partition
of unity corresponding to the cover fXkg of X. Then

supp.�ek/ D 0

for every � 2 C 1
0 .X/. This implies

u.�/ D u
�X

k�1
�ek

�
D
X

k�1
u.�ek/ D 0:

Consequently the distribution u vanishes on the whole X.
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The union of all neighbourhoods where a distribution u 2 D 0.X/ vanishes forms an
open set Xu, called the zero set of the distribution u. Therefore u D 0 on Xu, and Xu

is the largest open set where u vanishes.

Definition 2.8 The support of a distribution u 2 D 0.X/ is the complement suppu D
XnXu of Xu in X.

Note that suppu is a closed subset in X.

Definition 2.9 The distribution u 2 D 0.X/ is said to have compact support if
suppu �� X.

Example 2.6 suppH D Œ0;1/.

Exercise 2.13 Find supp1.

Let A be a closed set in X. With D 0.X;A/ we denote the subset of distributions
on X whose supports are contained in A, endowed with the following notion of
convergence: uk �! 0 in D 0.X;A/ as k �! 1, if uk �! 0 in D 0.X/ as k �! 1
and suppuk � A for every k D 1; 2; : : :. For simplicity D 0.A/ will denote D 0.Rn;A/.
Now suppose that for every point y 2 X there is a neighbourhood U.y/ �� X
on which a given distribution uy is defined. Assume further that uy1 .x/ D uy2.x/ if
x 2 U.y1/ \ U.y2/ ¤ Ø. Then there exists a unique distribution u 2 D 0.X/ so that
u D uy in U.y/ for every y 2 X. To see this we construct, starting as previously
with the cover fU.y/; y 2 Xg, the locally finite cover fXkg, Xk � U.yk/, and the
corresponding partition of unity fekg. We also set

u.�/ D
X

k�1
uyk.�ek/; � 2 C1

0 .X/: (2.4)

The number of summands in the right-hand side of (2.4) is finite and does not depend
on � 2 C 1

0 .X0/, for any X0 �� X. By definition (2.4) u is linear and continuous on
C1
0 .X/, i.e., u 2 D 0.X/. Furthermore if � 2 C1

0 .U.y//, then �ek 2 C1
0 .U.yk//.

From (2.4),

u.�/ D uy

�
�
X

k�1
ek

�
D uy.�/;

i.e., u D uy on U.y/. If we suppose there are two distributions u and Qu such that
u D uy and Qu D uy on U.y/ for every y 2 X, then u� Qu D 0 on U.y/ for every y 2 X.
Therefore u � Qu D 0 in X, showing that the distribution u is unique.
The set of distributions with compact support in X will be denoted by E 0.X/, and
we set E 0k.X/ D E 0.X/\ D 0k.X/.
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2.5 Singular Support

Definition 2.10 The set of points of X not admitting neighbourhoods where u 2
D 0.X/ coincides with a C 1 function is called the singular support of u, written
singsuppu.

Hence u coincides with a C1 function on Xnsingsuppu.

Example 2.7 Let f 2 C1.X/. We define the functional u in the following manner:

u.�/ D
Z

X
f .x/�.x/dx; � 2 C1

0 .X/:

For �1; �2 2 C 1
0 .X/ and ˛1; ˛2 2 C, we have

u.˛1�1 C ˛2�2/ D R
X f .x/.˛1�1.x/C ˛2�2.x//dx

D R

X.˛1f .x/�1.x/C ˛f .x/�2.x//dx

D ˛1
R

X f .x/�1.x/dx C ˛2
R

X f .x/�2.x/dx

D ˛1u.�1/C ˛2u.�2/:

Therefore u is a linear functional on C 1
0 .X/. For � 2 C1

0 .X/, moreover, there
exists a compact subset K of X such that supp� � K and

ju.�/j D
ˇ
ˇ
ˇ
R

X f .x/�.x/dx
ˇ
ˇ
ˇ D

ˇ
ˇ
ˇ
R

K f .x/�.x/dx
ˇ
ˇ
ˇ

� R
K jf .x/jj�.x/jdx � R

K jf .x/jdx supx2K j�.x/j < 1:

Consequently the linear functional u W C1
0 .X/ �! C is well defined. Let f�ng1

nD1
be a sequence in C1

0 .X/ such that �n �! �, n �! 1, � 2 C1
0 .X/, in C1

0 .X/.
Then

u.�n/ D
Z

X
f .x/�n.x/dx �!n�!1 u.�/ D

Z

X
f .x/�.x/dx:

Therefore u W C1
0 .X/ 7�! C is a linear continuous functional, i.e., u 2 D 0.X/. Note

that u � f 2 C1.X/ and therefore singsuppu D Ø.

Exercise 2.14 Find singsuppP 1
x for x 2 R1nf0g.

Exercise 2.15 Determine singsuppP 1
x for x 2 R1.

Exercise 2.16 Compute singsuppP 1
x2

for x 2 R1nf0g.
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Exercise 2.17 Find singsuppP 1
x2

for x 2 R1.

Definition 2.11 The distribution u 2 D 0.X/ is called regular if there exists f 2
L1loc.X/ such that

u.�/ D
Z

X
f .x/�.x/dx for 8� 2 C1

0 .X/:

In this case we will write u D uf . If no such f exists, u is called singular.

Example 2.8 Let f D 1
1Cx2

, x 2 R1. The map u W C 1
0 .X/ 7�! C,

u.�/ D
Z

R1
f .x/�.x/dx; � 2 C1

0 .R1/;

is a regular distribution.

Example 2.9 Consider ı.x/, x 2 R1, and suppose that ı is a regular distribution.
Then there exists f 2 L1loc.R

1/ such that uf D ı. Choose � 2 C1
0 .R

1/ for which
supp.�/ � B1.0/, �.0/ D 1. Define the sequence f�ng1

nD1 by

�n.x/ D �.nx/:

Then supp.�n/ � B 1
n
.0/ and �n.0/ D 1. In addition,

ı.�n/ D �n.0/ D 1

and

1 D jı.�n/j D
ˇ
ˇ
ˇ

Z

B 1
n
.0/

f .x/�.nx/dx
ˇ
ˇ
ˇ �

Z

B 1
n
.0/

jf .x/jj�.nx/jdx

� supx2R1 j�.x/j
Z

B 1
n
.0/

jf .x/jdx �!n�!1 0;

which is a contradiction. Therefore ı 2 D 0.R1/ is a singular distribution.

Exercise 2.18 Let u1; u2 2 D 0.X/ be regular distributions. Prove that ˛1u1 C ˛2u2
is a regular distribution for every ˛1; ˛2 2 C.

Exercise 2.19 Show that singular distributions form a vector subspace of D 0.X/
over C.
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2.6 Measures

Definition 2.12 A measure on a Borel set A is a complex-valued additive function


.E/ D
Z

E

.dx/;

that is finite (j
.E/j < 1) on any bounded Borel subset E of A.

The measure 
.E/ of A can be represented in a unique way in terms of four
nonnegative measures 
i.E/ � 0, i D 1; 2; 3; 4, on A in the following way


 D .
1 � 
2/C i.
3 � 
4/

and
Z

E

.dx/ D

Z

E

1.dx/�

Z

E

2.dx/C i

Z

E

3.dx/� i

Z

E

4.dx/:

The measure 
.E/ on the open set X determines a distribution 
 on X as follows


.�/ D
Z

X
�.x/
.dx/; � 2 C 1

0 .X/;

where
R

is the Lebesgue-Stieltjes integral. From the integral’s properties it follows
that 
 2 D 0.X/. Every measure 
 of X for which 
.dx/ D f .x/dx, f 2 L1loc.X/,
defines a regular distribution.
Let u 2 D 0.X/ defines a measure 
 of X. Then

ju.�/j D
ˇ
ˇ
ˇ

Z

X1

�.x/
.dx/
ˇ
ˇ
ˇ �

Z

X1


.dx/ sup
x2X1

j�.x/j

for every X1 �� X and every � 2 C1
0 .X1/. Hence u 2 D 00.X/.

Now we suppose u 2 D 00.X/, i.e., for every X1 �� X

ju.�/j � C.X1/ sup
x2X1

j�.x/j;

where C.X1/ is a constant which depends on X1. Let fXkg1
kD1 be a family of open

sets such that Xk �� XkC1, [kXk D X. Since C1
0 .Xk/ is dense in C0.Xk/, the

Riesz-Radon theorem implies that there exists a measure 
k of Xk such that

u.�/ D
Z

Xk

�.x/
k.dx/; � 2 C0.Xk/:
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Therefore the measures 
k and 
kC1 coincide on Xk. From this we conclude that
there is a measure 
 on X which coincides with 
k on Xk and with the distribution
u on X.

Definition 2.13 The distribution u 2 D 0.X/ is called nonnegative on X if u.�/ � 0

for every � 2 C 1
0 .X/, �.x/ � 0, x 2 X.

Example 2.10 The distribution 1 is nonnegative.

Exercise 2.20 Prove that the distribution H is nonnegative.

Exercise 2.21 Prove that the distribution 1 is a measure.

2.7 Multiplying Distributions by C 1 Functions

Definition 2.14 The product of a distribution u 2 D 0.X/ by a function b 2 C1.X/
is defined by

bu.�/ D u.b�/ for � 2 C1
0 .X/:

We have

bu.˛1�1 C ˛2�2/ D u.b.˛1�1 C ˛2�2//

D u.˛1b�1 C ˛2b�2/ D ˛1u.b�1/C ˛2u.b�2/

D ˛1bu.�1/C ˛2bu.�2/

for ˛1; ˛2 2 C, �1; �2 2 C1
0 .X/, i.e., bu is a linear map on C1

0 .X/. Let f�ng1
nD1

be a sequence in C1
0 .X/ such that �n �!n�!1 �, � 2 C1

0 .X/, in C1
0 .X/. Then

b�n �!n�!1 b� in C1
0 .X/. Since u 2 D 0.X/, we have

u.b�n/ �!n�!1 u.b�/;

so

bu.�n/ �!n�!1 bu.�/:

Consequently bu is a continuous functional on C 1
0 .X/ and bu 2 D 0.X/.

Example 2.11 Take x2ı. Then

x2ı.�/ D ı.x2�/ D 02�.0/ D 0

for � 2 C1
0 .X/. Therefore x2ı D 0.
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Exercise 2.22 Compute .x2 C 1/ı.

Answer ı.

Let ˛1; ˛2 2 C, b1; b2 2 C1.X/ and u1; u2 2 D 0.X/. Then

1. .˛1b1.x/C ˛2b2.x//u1 D ˛1b1.x/u1 C ˛2b2.x/u1,
2. b1.x/.˛1u1 C ˛2u2/ D ˛1b1.x/u1 C ˛2b1.x/u2.

Let us prove that this multiplication is neither associative nor commutative. Suppose
the contrary, so

xı.�/ D ı.x�/ D 0�.0/ D 0.�/;

xP 1
x .�/ D P 1

x .x�/ D P:V:
R

R1 �.x/dx D 1.�/

for � 2 C1
0 .R

1/. Hence

0 D 0P 1
x D .xı.x//P 1

x D .ı.x/x/P 1
x D ı.x/.xP 1

x / D ı.x/1 D ı.x/;

a contradiction.

2.8 Exercises

Problem 2.1 Let ˛ be a multi-index and set u.�/ D D˛�.x0/, � 2 C1
0 .X/ for a

given x0 2 X. Prove that u is a distribution of order j˛j.
Proof Let �1, �2 2 C1

0 .X/ and a, b 2 C. Then

u.a�1Cb�2/ D D˛.a�1Cb�2/.x0/ D aD˛�1.x0/CbD˛�2.x0/ D au.�1/Cbu.�2/:

Consequently u is a linear map on C 1
0 .X/. Let K be a compact subset of X and

� 2 C1
0 .K/. Since supp � � K we have to consider two cases: x0 2 K and x0 … K.

If x0 2 K,

ju.�/j � C
X

jˇj�j˛j
sup

K

ˇ
ˇ
ˇDˇu.�/.x/

ˇ
ˇ
ˇ (2.5)

for C � 1. If x0 … K, then u.�/ D 0. Therefore inequality (2.5) holds, and then
u 2 D 0.X/. Using the definition of u and (2.5) we conclude that u has order j˛j.



2.8 Exercises 41

Problem 2.2 Take f 2 C .Rn/ and a multi-index ˛. Let D˛f be defined on C 1
0 .Rn/

as follows:

D˛f .�/ D .�1/j˛j
Z

Rn
f .x/D˛�.x/dx:

Prove that D˛f is a distribution of order j˛j.
Problem 2.3 Show ıa 2 D00.Rn/.

Problem 2.4 Let P 1
x2

be defined on C1
0 .R

1/ by

P
1

x2
.�/ D P:V:

Z 1

�1
�.x/ � �.0/

x2
dx:

Prove that P 1
x2

is a distribution.

Problem 2.5 Define u by

u.�/ D
Z

jxj�1
�.x/dx 8� 2 C 1

0 .Rn/:

Prove that u 2 D0.Rn/.

Problem 2.6 Define

u.�/ D
Z

jxj�1
D˛�.x/dx 8� 2 C1

0 .R
n/;

where ˛ is a multi-index. Show that u 2 D0.Rn/.

Problem 2.7 Prove that H 2 D00.R1/.

Problem 2.8 Let

u.�/ D
1X

qD0
�.q/

�1

q

�
8� 2 C1

0 .0; 1/:

Prove that u belongs to D0.0; 1/ but not to D0
F.0; 1/.

Problem 2.9 Let P.x;D/ D P
j˛j�q a˛.x/D˛ , where q 2 N [ f0g is fixed, and

a 2 C .Rn/. Let u be defined on C1
0 .R

n/ by

u.�/ D
Z

Rn
u.x/P.x;D/�.x/dx:

Prove that u 2 D0q.Rn/.
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Problem 2.10 Let u 2 D0.X/ and suppose u.�/ � 0 for every nonnegative function
� 2 C1

0 .X/. Prove that u is a measure, i.e., a distribution of order 0.

Proof Let K � X be a compact set. Then there exists a function � 2 C1
0 .X/ such

that 0 � �.x/ � 1 on X and � D 1 on K. Then

� sup
K

j�j ˙ � � 0

for every � 2 C 1
0 .K/, and therefore

u.� sup
K

j�j ˙ �/ � 0: (2.6)

On the other hand,

u.� sup
K

j�j ˙ �/ D sup
K

j�ju.�/˙ u.�/:

Consequently, using (2.6),

˙u.�/ � u.�/ sup
K

j�j:

Therefore u 2 D00.X/, i.e., u is a measure.

Problem 2.11 Take �.x; y/ 2 C1.X 	 Y/, where Y is an open set in Rm, m � 1.
Suppose there is a compact set K � X such that �.x; y/ D 0 for every x … K. Prove
that the map

y 7�! u.�.�; y//

is a C1 function for every u 2 D0.X/ and

D˛
y u.�.�; y// D u.D˛

y�.�; y//

for every multi-index ˛.

Proof Since u 2 D 0.X/ and � 2 C1
0 .X 	 Y/, we have that u.�.x; y// is continuous

in the variable y. We will prove

@

@yj
u.�.x; y// D u

� @

@yj
�.x; y/

�
for x 2 K
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and j 2 f1; : : : ;mg. For y 2 Y given,

�.x; y C h/ D �.x; y/C
mX

jD1
hj
@�

@yj
.x; y/C o.jhj2/

for � 2 C1
0 .K 	 Y/. Let h D .0; : : : ; 0; hj; 0; : : : ; 0/. Then

�.x; y C h/� �.x; y/
h

D @�

@yj
.x; y/C 1

h
o.h2j /:

Since u is linear, we have

u
��.x; y C h/� �.x; y/

h

�
D u

�@�

@yj
.x; y/

�
C 1

h
u
�

o.h2j /
�
:

From this equality we obtain

u
� @

@yj
�.x; y/

�
D @

@yj
u.�.x; y//

as h �! 0. By induction

u
�

D˛
y�.x; y/

�
D D˛

y u.�.x; y//:

Problem 2.12 Prove that a linear map u W C1
0 .X/ �! C is a distribution if and

only if u.�j/ �!j�!1 0 for every sequence f�jg1
jD1 of elements of C 1

0 .X/ with
�j �!j�!1 0 in C 1

0 .X/.

Proof Let u 2 D0.X/ and
n
�n

o1
nD1 be a sequence in C1

0 .X/ tending to 0 in C1
0 .X/.

There is a compact subset K of X such that supp �n � K for every natural number
n and D˛�n �!n�!1 0 for every multi-index ˛. Hence using (2.1) there exist
constants C and k for which

ˇ
ˇ
ˇu.�n/

ˇ
ˇ
ˇ � C

X

j˛j�k

sup
K

ˇ
ˇ
ˇD˛�n

ˇ
ˇ
ˇ �!n�!1 0:

Now suppose that for every sequence
n
�n

o1
nD1 in C 1

0 .X/ tending to 0 in C1
0 .X/,

we have u.�n/ �!n�!1 0. Let us assume there exists a compact subset K of X
such that

ju.�n/j > C
X

j˛j�k

sup
K

ˇ
ˇ
ˇD˛�n

ˇ
ˇ
ˇ
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for every constants C > 0 and k 2 N [ f0g. When C D n and k D n, we get

ju.�n/j > n
X

j˛j�n

sup
K

ˇ
ˇ
ˇD˛.�n/

ˇ
ˇ
ˇ:

Let

 n D �n
P

j˛j�n

ˇ
ˇ
ˇD˛�n

ˇ
ˇ
ˇ
:

Since u is linear on C1
0 .X/, we obtain

ˇ
ˇ
ˇu. n/

ˇ
ˇ
ˇ D ju.�n/j

P
j˛j�n

ˇ
ˇ
ˇD˛�n

ˇ
ˇ
ˇ
> n;

which is a contradiction because

 j �!j�!1 0

in C1
0 .X/ and u. j/ �!j�!1 0.

Problem 2.13 Prove that a linear map u W C1
0 .X/ 7�! C is a distribution if and

only if there exist functions �˛ 2 C .X/ such that

ju.�/j �
X

˛

sup
K

ˇ
ˇ
ˇ�˛D˛�

ˇ
ˇ
ˇ 8� 2 C1

0 .K/; (2.7)

for every compact set K � X, and only a finite number of the �˛ vanish identically.

Proof

1. Let u be a linear map from C1
0 .X/ to C and �˛ 2 C .X/ be such that inequality

(2.7) holds for every � 2 C1
0 .X/ and every compact K. Since �˛ 2 C .X/, there

exists a constant C such that

sup
K

j�˛j � C:

From this and (2.7) it follows that

ju.�/j � C
X

˛

sup
K

ˇ
ˇ
ˇD˛�

ˇ
ˇ
ˇ:

As only finitely many �˛ are zero, there is a constant k such that

ju.�/j � C
X

j˛j�k

sup
K

ˇ
ˇ
ˇD˛�.x/

ˇ
ˇ
ˇ;

i.e., u 2 D 0.X/.
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2. Let u 2 D0.X/ and fKjg be compact subsets of X such that any compact subset is
contained in some Kj. Take maps �j 2 C1

0 .X/ with �j � 1 on Kj and define

 j D �j � �j�1 j > 1;
 1 D �1:

Any � 2 C1
0 .X/ satisfies

� D
1X

jD1
 j�: (2.8)

Note that only a finite number of summands in (2.8) vanish identically. Moreover,

 j ¤ 0 on KjnKj�1 for j > 1;
 1 ¤ 0 on K1:

Consequently

supp. j�/ � supp j:

As  j� has compact support, for every compact K there are constants C and kj

such that

ju. j�/j � C
X

j˛j�kj

sup
K

ˇ
ˇ
ˇD˛. j�/

ˇ
ˇ
ˇ:

From this and (2.8) we obtain

ju.�/j D
ˇ
ˇ
ˇ
P

j u. j�/
ˇ
ˇ
ˇ � P

j ju. j�/j

� C
P

j

P
j˛j�kj

supK

ˇ
ˇ
ˇD˛. j�/

ˇ
ˇ
ˇ

� C
P

j

P
j˛j�kj

P
ˇ�˛

�
˛
ˇ

�
supK

ˇ
ˇ
ˇDˇ j

ˇ
ˇ
ˇ supK

ˇ
ˇ
ˇD˛�ˇ�

ˇ
ˇ
ˇ:

If we set

�ˇ D
X

j

X

j˛j�kj

 
˛

ˇ

!

Dˇ j
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we obtain

ju.�/j � C
X

ˇ�˛
sup

K

ˇ
ˇ
ˇ�ˇD˛�ˇ�

ˇ
ˇ
ˇ:

Problem 2.14 Prove that u 2 D0k.X/ can be extended in a unique way to a linear
map on C k

0 .X/ so that inequality (2.1) holds for every � 2 C k
0 .X/.

Proof Since the space C1
0 .X/ is everywhere dense in C k

0 .X/, for every � 2 C k
0 .X/

there exists a sequence
n
�n

o1
nD1 in C 1

0 .X/ for which �n �!n�!1 � in C k
0 .X/.

Hence

ju.�n/� u.�l/j � C
P

j˛j�k supK

ˇ
ˇ
ˇD˛�n � D˛�l

ˇ
ˇ
ˇ �!n;l�!1 0:

Therefore
n
u.�n/

o1
nD1 is a Cauchy sequence in R1, and as such it converges to, say,

u.�/ D lim
n�!1 u.�n/: (2.9)

The claim is that (2.9) is consistent. In fact, let
n
�n

o1
nD1,

n
 n

o1
nD1 be two sequences

in C1
0 .X/ for which

lim
n�!1�n D lim

n�!1 n D �

in C k
0 .X/. Then u.�/ D limn�!1 u.�n/ D limn�!1 u.�n/ D limn�!1 u. n/,

where
n
�n

o1
nD1 D

n
�n

o1
nD1 [

n
 n

o1
nD1. For the sequence �n we have

ˇ
ˇ
ˇu.�n/

ˇ
ˇ
ˇ � C

X

j˛j�k

sup
K

jD˛�n

ˇ
ˇ
ˇ;

so
ˇ
ˇ
ˇu.�/

ˇ
ˇ
ˇ � C

X

j˛j�k

sup
K

ˇ
ˇ
ˇD˛�

ˇ
ˇ
ˇ

when n �! 1.

Problem 2.15 Let un 2 D0.X/, un.�/ � 0 for every nonnegative � 2 C1
0 .X/ and

un �!n�!1 u in D0.X/. Prove that u � 0 and un.�/ �!n�!1 u.�/ for every
� 2 C 0

0 .X/.
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Problem 2.16 Prove that the functions

1. f D e
1
x ,

2. f D e
1

x2 ,
3. f D e

1
xm , m 2 N

do not define distributions, i.e. f 62 D0.R1nf0g/ in all cases.

1. Proof Take f .x/ D e
1
x and suppose—by contradiction—that f 2 D0.R1nf0g/.

Pick �0 2 C1
0 .R1nf0g/ such that �0.x/ � 0 for every x ¤ 0, �0.x/ D 0 for

x < 1 and x > 2, and

Z 1

�1
�0.x/dx D 1:

Define the sequence
n
�k

o1
kD1 by

�k.x/ D e� k
2 k�0.kx/:

It satisfies

�k.x/ �!k�!1 0

in C1
0 .R

1nf0g/, so

f .�k/ �!k�!1 0:

On the other hand,

f .�k.x// D
Z 1

�1
e
1
x �k.x/dx

D
Z 2

1

ek
�
1
y � 1

2

�

�0.y/dy �
Z 3

2

1

ek
�
1
y � 1

2

�

�0.y/dy � e
k
6

Z 3
2

1

�0.y/dy:

By this and the definition of �0.x/ we conclude

lim
k�!1 f .�k.x// D 1;

which is a contradiction.
2. Hint. Use

�k.x/ D e� k2
4 k�0.kx/:
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3. Hint. Use

�k.x/ D e�. k
2 /

m

k�0.kx/:

Problem 2.17 Given constants m 2 N, ai, i D 1; 2; : : : ;m, prove that

f D a1e
1
x C a2e

1

x2 C � � � C ame
1

xm 62 D0.R1nf0g/:

Hint. Use the previous problem.

Problem 2.18 Show that

1. lim��!0

R

R1
�.x/
x�i� dx D i��.0/C P:V:

R

R1
�.x/

x dx, � 2 C1
0 .R

1/,

2. lim��!0

R

R1
�.x/
xCi�dx D �i��.0/C P:V:

R

R1
�.x/

x dx, � 2 C1
0 .R1/.

1. Proof Take � 2 C1
0 .R

1/ with supp � � Œ�R;R�. Then

R
R1

�.x/
x�i� dx D R R

�R
.xCi�/�.x/

x2C�2 dx

D R R
�R

.xCi�/.�.x/��.0//
x2C�2 dx C R R

�R
.xCi�/�.0/

x2C�2 dx:

From this

lim
��!0

Z R

�R

.x C i�/.�.x/ � �.0//
x2 C �2

dx D P:V:
Z 1

�1
�.x/

x
dx:

What is more,

lim
��!0

Z R

�R

.x C i�/�.0/

x2 C �2
dx D 2i�.0/ lim

��!0
arctg

R

�
D i��.0/ D i�ı.�/:

2. Hint. Use the solution of part 1:

Problem 2.19 Prove that

1

x � i0
D i�ı C P

�1

x

�
;

1

x C i0
D �i�ı C P

�1

x

�
:

Hint. Use the previous problem.

Problem 2.20 Prove that

1. lim��!C0 1

2
p
�� exp� x2

4�

D ı.x/, lim��!C0 1
�x sin x

�
D ı.x/,

2. lim��!C0 1
�

�
x2C�2 D ı.x/, lim��!C0 �

�x2
sin2 x

�
D ı.x/,

3. limt�!1 expixt

x�i0 D 2�iı.x/, limt�!1 exp�ixt

x�i0 D 0,
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4. limt�!1 expixt

xCi0 D 0, limt�!1 exp�ixt

xCi0 D �2�iı.x/,

5. limt�!1 tm expixt D 0, m � 0, limt�!1 P
�

cos tx
x

�
D 0,

6. lim��!C0 1� !
�

x
�

�
D ı.x/, limn�!1 2n3x2

�.1Cn2x2/2
D ı.x/,

7. limn�!1 n
�.1Cn2x2/

D ı.x/, limn�!1 1
n�

sin2 nx
x2

D ı.x/,

8. limn�!1 fn.x/ D ı.x/, where fn.x/ D
8
<

:

n
2

for jxj � 1
n

0 otherwise;

9. limn�!1 np
2�

exp� n2x2
2 D ı.x/, limn�!1 sin nx

�x D ı.x/,

10. limn�!1 1
2
n exp�njxj D ı.x/, limn�!1 1

�
n

expnx C exp�nx D ı.x/,

11. limn�!1
p

n
�

exp�nx2 D ı.x/, limn�!1 n
n2x2C1 D ı.x/� .

1. Proof Take �.x/ 2 C1
0 .R1/. Then there exists R > 0 such that supp� � Œ�R;R�.

Now,

�
1

2
p
��

e� x2
4� ; �.x/

�
D R R

�R
e� x2

4�

2
p
��
�.x/dx

D 1p
�

R R
�R

e
�

�
x

2
p
�

�2

2
p
�

h
�.x/� �.0/

i
dx C �.0/p

�

R R
�R

e
�

�
x

2
p
�

�2

2
p
�

dx

D 1p
�

R R
�R

e
�

�
x

2
p
�

�2

2
p
�

x �.x/��.0/x dx C �.0/p
�

R R
�R e

�
�

x
2
p
�

�2

d
�

x
2
p
�

�

D 1p
�

R R
�R

e
�

�
x

2
p
�

�2

2
p
�

x �.x/��.0/x dx C �.0/p
�

R R
2
p
�

� R
2
p
�

e�y2dy:

Therefore

lim��!0

�
1

2
p
��

e� x2
4� ; �.x/

�

D lim��!0
1p
�

R R
�R

e
�

�
x

2
p
�

�2

2
p
�

x �.x/��.0/x dx C �.0/p
�

lim��!0

R R
2
p
�

� R
2
p
�

e�y2dy

D �.0/p
�

R1
�1 e�y2dy D �.0/ D ı.�/:

Problem 2.21 Let fXigi2I be an open cover of Rn, and suppose ui 2 D0.Xi/ satisfy
ui D uj on Xi

T
Xj. Prove that there exists a unique distribution u 2 D0.X/ such that

ujXi
D ui for every i 2 I.
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Proof Take � 2 C1
0 .X/ and �i 2 C1

0 .Xi/ and define

� D
X

i

�i

and

u.�/ D
X

i

ui.�i/: (2.10)

We claim that definition (2.10) does not depend on the choice of the sequence f�ig.
For this purpose it is enough to prove that

X

i

�i D 0

implies

u
�X

i

�i

�
D 0:

Set

K D
[

i

supp�i;

clearly a compact set. There exist functions  k 2 C1
0 .Xk/ such that 0 �  k � 1

and

X

k

 k D 1 on K:

By compactness only a finite number of the above summands are different from
zero. Moreover,

 k�i 2 C 1
0 .Xk

\
Xi/

and

uk. k�i/ D ui. k�i/:
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Therefore

P
i ui.�i/ D P

i ui

�P
k  k�i

�
D P

i

P
k ui. k�i/ D P

i

P
k uk. k�i/

D P
k

P
i uk. k�i/ D P

k uk

�
 k
P

i �i

�
D P

k uk.0/ D 0:

Consequently definition (2.10) is consistent.
Let � 2 C 1

0 .K/. Then

� D
X

k

� k;

and
ˇ
ˇ
ˇu.�/

ˇ
ˇ
ˇ D

ˇ
ˇ
ˇ
P

i ui. i�/
ˇ
ˇ
ˇ � P

i

ˇ
ˇ
ˇui.� i/

ˇ
ˇ
ˇ

� P
i Ci

P
j˛j�k sup

ˇ
ˇ
ˇ@˛.� i/

ˇ
ˇ
ˇ � P

i Ci
P

j˛j�k sup
ˇ
ˇ
ˇ@˛�

ˇ
ˇ
ˇ

� C
P

j˛j�k sup
ˇ
ˇ
ˇ@˛�

ˇ
ˇ
ˇ;

showing u is a distribution. We also have

u D ui on Xi:

Now we will prove the uniqueness of u. Suppose there are two distributions u and Qu
with the previous properties. We conclude

ujXi
D ui; QujXi

D ui;

so

.u � Qu/jXi
D 0 8i:

Since X is open in Rn, it follows that

u � Qu on X;

proving uniqueness.
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Problem 2.22 Take u 2 D0.X/ and let F be a relatively open subset of X with
suppu � F. Prove there exists a unique linear map Qu on

n
� W � 2 C 1.X/;F \ supp� � X

o

such that

1. Qu.�/ D u.�/ for � 2 C1
0 .X/,

2. Qu.�/ D 0 for � 2 C1.X/, F \ supp� D Ø.

Proof

1. (uniqueness) Let � 2 C 1.X/ and F \ supp� D K. As K is compact, there
exists  2 C 1

0 .X/ such that  � 1 on a neighbourhood of K. Let

�0 D  �;

�1 D .1 �  /�

so

� D �0 C �1: (2.11)

Therefore

Qu.�/ D Qu.�0/C Qu.�1/:

Note Qu.�1/ D 0, so

Qu.�/ D Qu.�0/ D u.�0/:

Now suppose that there are two such distributions Qu, QQu. Then

Qu.�/ D Qu.�0/;

QQu.�/ D QQu.�0/;

and consequently

Qu.�/ D QQu.�/

for every � 2 C1.X/ so that F \ supp� D Ø. Therefore Qu D QQu.
2. (existence) Let

� D �0
0 C �0

1
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be another decomposition of kind (2.11) and define

� D �0 � �0
0:

Then

� 2 C1
0 .X/; F \ supp� D F \ supp.�1 � �0

1/ D Ø

and so

u.�/ D u.�0/� u.�0
0/ D 0:

Define Qu.�/ by

Qu.�/ D u.�0/:

This makes sense since

Qu.�/ D u.�/ D u.�0/;

Qu.�/ D 0 if � 2 C1.X/; F \ supp� D Ø:

Problem 2.23 Prove that suppı D f0g.

Problem 2.24 Let � 2 C1
0 .X/ and supp.u/

T
supp.�/ D Ø. Prove that u.�/ D 0.

Proof Since supp.u/
T

supp.�/ D Ø, we have � 2 C1
0 .Xnsupp.u//. If x 2

supp.u/, then �.x/ D 0, so u.�/ D 0. If x 2 Xnsupp.u/, then u.�/.x/ D 0.

Problem 2.25 Prove that the set of distributions on X with compact support
coincides with the dual space of C1.X/ with the topology

� 7!
X

j˛j�k

sup
K

ˇ
ˇ
ˇ@˛�

ˇ
ˇ
ˇ;

where K is a compact set in X.

Proof Let u be a distribution with compact support and take � 2 C1.X/ and  2
C1
0 .X/,  � 1 on a neighbourhood of suppu. Then

� D  � C .1 �  /�

and

u.�/ D u. � C .1 �  /�/ D u. �/C u..1 �  /�/ D u. �/:
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Define u on C1.X/ via

u.�/ D u. �/

for � 2 C1.X/. Since u is a distribution and  � 2 C1
0 .X/, we have

ju.�/j D ju. �/j � C
X

j˛j�k

sup
K

ˇ
ˇ
ˇ@˛.� /

ˇ
ˇ
ˇ � C1

X

j˛j�k

ˇ
ˇ
ˇ@˛�

ˇ
ˇ
ˇ:

Now we suppose that v is a linear operator on C1.X/ for which

jv.�/j � C
X

j˛j�k

sup
K

ˇ
ˇ
ˇ@˛�

ˇ
ˇ
ˇ

for � 2 C1.X/ and K a compact set. Then

v.�/ D 0

when supp� \ K D Ø. If � 2 C1
0 .X/ � C1.X/, v is a distribution. Therefore

there exists a unique distribution u 2 D0.X/ such that

u.�/ D v.�/

for every � 2 C 1.X/.

Problem 2.26 Let u be a distribution with a compact support of order � k, � a C k

map with @˛�.x/ D 0 for j˛j � k, x 2 suppu. Prove that u.�/ D 0.

Proof Let �� 2 C 1
0 .X/, �� � 1 on a neighbourhood U of suppu, while �� D 0 on

XnU. Define the set M� , � > 0 by

M� D
n
y W jx � yj � �; x 2 suppu

o
;

making M� an �-neighbourhood of suppu. Moreover,

ˇ
ˇ
ˇ@
˛��

ˇ
ˇ
ˇ � C��j˛j; j˛j � k;

for some positive constant C. Since

suppu \ supp.1 � ��/� D Ø;
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we have

u.�/ D u.���/C u..1� ��/�/ D u.���/;

ju.�/j � C
ˇ
ˇ
ˇ
P

j˛j�k sup
�
@˛.���/

�ˇ
ˇ
ˇ

� C1
P

j˛jCjˇj�k sup
ˇ
ˇ
ˇ@˛�

ˇ
ˇ
ˇ

ˇ
ˇ
ˇ@ˇ��

ˇ
ˇ
ˇ

� C2
P

j˛jCjˇj�k sup
ˇ
ˇ
ˇ@˛�

ˇ
ˇ
ˇ�j˛j�k �!��!0; j˛j � k:

Consequently u.�/ D 0.

Problem 2.27 Let u be a distribution of order k with support fyg. Prove that u.�/ DP
j˛j�k a˛@˛�.y/, � 2 C k.

Proof For � 2 C k we have

�.x/ D
X

j˛j�k

@˛�.y/
.x � y/˛

˛Š
C  .x/;

where

@˛ .y/ D 0 for j˛j � k:

Hence,

u. / D 0:

Therefore

u.�.x// D u
�P

j˛j�k @
˛�.y/ .x�y/˛

˛Š
C  .x/

�

D u
�P

j˛j�k @
˛�.y/ .x�y/˛

˛Š

�
C u. .x//

D P
j˛j�k u

�
.x�y/˛

˛Š

�
@˛�.y/:

Let

a˛ D u
�.x � y/˛

˛Š

�
:
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Then

u.�/ D
X

j˛j�k

a˛@
˛�.y/:

Problem 2.28 Write x D .x0; x00/ 2 Rn. Prove that for every distribution u 2 D0.Rn/

of order k with compact support contained in the plane x0 D 0, we have

u.�/ D
X

j˛j�k

u˛.�˛/; (2.12)

where ˛ D .˛0; 0/, u˛ is a distribution in the variables x00, of order k � j˛j, with
compact support and �˛.x00/ D @˛�.x0; x00/jx0D0

.

Proof For � 2 C1 we have

�.x/ D
X

j˛0j�k;˛00D0
@˛�.0; x00/

x0˛

˛Š
C ˚.x/;

where

@˛˚.x/jx0D0
D 0 for j˛j � k:

This implies

u.˚/ D 0:

Since u is a distribution,

u.�/ D
X

j˛0j�k;˛00D0
u
�
@˛�.0; x00/

x0˛

˛Š

�
:

Now let

u˛.�/ D u
�
@˛�.0; x00/

x0˛

˛Š

�
:

We want to show u˛ is a distribution of order k � j˛j. Set

 .x/ D �.0; x00/
x0˛

˛Š
C O.jx0jkC1/ for x0 �! 0:

Then

u. / D u˛.�/ for  2 C 1 (2.13)
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and

X

j� j�k

sup
K

ˇ
ˇ
ˇ@
��
ˇ
ˇ
ˇ � C

X

jˇj�k�j˛j
sup

K

ˇ
ˇ
ˇ@
ˇ 
ˇ
ˇ
ˇ;

so

sup
K

ˇ
ˇ
ˇ@
˛�
ˇ
ˇ
ˇ � C

X

jˇj�k�j˛j
sup

K

ˇ
ˇ
ˇ@
ˇ 
ˇ
ˇ
ˇ:

Consequently

u˛. / � C0 X

jˇj�k�j˛j
sup

K

ˇ
ˇ
ˇ@ˇ 

ˇ
ˇ
ˇ

for every  2 C1
0 , proving u˛ is a distribution of order k � j˛j in the variable x00.

From (2.13) it follows that u˛ has compact support.

Problem 2.29 Let K be a compact set in Rn which cannot be written as union of
finitely many compact connected domains. Prove that there exists a distribution u 2
E 0.K/ of order 1 that does not satisfy

u.�/ � C
X

j˛j�k

sup
K

ˇ
ˇ
ˇ@˛�

ˇ
ˇ
ˇ; � 2 C1.X/

for any constants C and k.

Problem 2.30 Let K be a compact set in Rn and u˛, j˛j � k, continuous functions
on K. For j˛j � k we set

U˛.x; y/ D
ˇ
ˇ
ˇu˛.x/�

X

jˇj�k�j˛j
u˛Cˇ.y/

.x � y/ˇ

ˇŠ

ˇ
ˇ
ˇjx � yjj˛j�k;

for x; y 2 K; x ¤ y, and U˛.x; x/ D 0 for x 2 K. Supposing every function U˛ ,
j˛j � k, is continuous on K 	 K, prove that there exists v 2 C k.Rn/ such that
@˛v.x/ D u˛.x/ for x 2 K, j˛j � k. Then prove that v can be chosen so that

X

j˛j�k

sup
ˇ
ˇ
ˇ@˛v

ˇ
ˇ
ˇ � C

�X

j˛j�k

sup
K�K

U˛ C
X

j˛j�k

sup
K

u˛
�
;

where C is a constant depending on K only.
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Problem 2.31 Prove that

ju.�/j � C
�P

j˛j�k supx;y2K;x¤y

ˇ
ˇ
ˇ@˛�.x/�P

jˇj�k�j˛j @˛Cˇ�.y/ .x�y/ˇ

ˇŠ

ˇ
ˇ
ˇ

	jx � yjj˛j�k CP
j˛j�k supK

ˇ
ˇ
ˇ@˛�

ˇ
ˇ
ˇ

�
; � 2 C1.Rn/;

for every distribution u of order k with compact support K � Rn.

Problem 2.32 Let K be a compact set in Rn with finitely many connected compo-
nents, such that every two points x and y in the same component can be joined by
a rectifiable curve in K of length � Cjx � yj. Prove that for every distribution u of
order k with suppu � K the estimate

ju.�/j � C
X

j˛j�k

sup
K

ˇ
ˇ
ˇ@˛�

ˇ
ˇ
ˇ; � 2 C k.Rn/

holds.

Problem 2.33 Let a 2 Cn. Prove that ıa.x/, x 2 Rn, is a singular distribution.

Problem 2.34 Let u1; u2 2 D 0.X/ with u1 regular and u2 singular. Prove that

˛1u1 C ˛2u2

is singular for every ˛1; ˛2 2 C.

Problem 2.35 Let fn; f 2 L1loc.X/ and

Z

K
j fn.x/ � f .x/jdx �!n�!1 0

for every compact subset K of X. Prove that

fn �!n�!1 f

in D 0.X/.

Problem 2.36 Prove that

1. ı.�x/ D ı.x/,

2. .ı.ax � x0/; �/ D �
�

x0
a

�
, for any � 2 C1

0 .X/ and any constant a ¤ 0.

Proof

1. Let � 2 C1
0 .X/. Then

�
ı.�x/; �.x/

�
D
�
ı.x/; �.�x/

�
D �.0/ D

�
ı.x/; �.x/

�
:
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Consequently

ı.�x/ D ı.x/:

2. Let � 2 C1
0 .X/. Then

�
ı.ax � x0/; �.x/

�
.ax D y C x0/

D
�
ı.y/; �

�
yCx0

a

��
D �

�
x0
a

�
:

Problem 2.37 Prove that

1. ı.x2 � a2/ D 1
2a

h
ı.x � a/C ı.x C a/

i
, a ¤ 0,

2. ı.sin x/ D P1
kD�1 ı.x � k�/.

Problem 2.38 Prove that ı.x/, x 2 R1, is a measure.

Problem 2.39 Prove that H.x/, x 2 R1, is a measure.

Problem 2.40 Let ffng1
nD1 be a sequence in D 0.X/ such that j fn.�/j � c� for every

� 2 C1
0 .X/, and f�ng1

nD1 � C1
0 .X/ a sequence converging to 0 in C1

0 .X/ as
n �! 1. Prove that fn.�n/ �! 0, n �! 1.

Proof We suppose the contrary. Then there exists a constant c > 0 such that

j fn.�n/j � c > 0;

for n large enough. Since �n �! 0 in C1
0 .X/ as n �! 1, there exists a compact

set X0 such that supp�n � X0 for every n and

D˛�n �!n�!1 0;

for every x 2 X and every ˛ 2 Nn [ f0g. Hence

jD˛�n.x/j � 1

4n
; j˛j � n D 0; 1; 2; : : : ;

for n large enough and every x 2 X0. We set

 n D 2n�n:

We have supp n � X0 and

jD˛ n.x/j � 1

2n
; j˛j � n D 0; 1; 2; : : : ; (2.14)

j fn. n/j D 2nj fn.�n/j � 2nc �!n�!1 1: (2.15)
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Let us find subsequences f fk�g1
�D1 of f fng1

nD1 and f k� g1
�D1 of f ng1

nD1 so that
j fk� . k� /j � 2� for � D 1; 2; : : :. As  k �!k�!1 0 in C1

0 .X/, we have
fkj. k/ �!k�!1 0 for j D 1; 2; : : : ; � � 1. Therefore there exists N 2 N such
that for every k � N

j fkj. k/j � 1

2��j
; j D 1; 2; : : : ; � � 1: (2.16)

We note that j fk. kj/j � ckj , j D 1; 2; : : : ; ��1. From (2.15), we can choose k� � N
so that

j fk� . k� /j �
X

1�j���1
ckj C � C 1: (2.17)

From (2.16) and (2.17) we have

j fkj. k� /j � 1

2��j
; j D 1; 2; : : : ; � � 1; (2.18)

j fk� . k� /j �
X

1�j���1
j fk� . kj/j C � C 1: (2.19)

We set

 D
X

j�1
 kj :

From (2.14) it follows that  is a convergent series,  2 C1
0 .X/ and

fk� . / D fk� . k� /C
X

j�1;j¤�
fk� . kj/:

Therefore

j fk� . /j � j fk� . k� /j �P
1�j���1 j fk� . kj /j �P

j��C1 j fk� . kj /j

� � C 1 �P
j��C1 1

2j�� D �;

and then

. fk� ;  / �!��!1 1;

which contradicts j fk� . /j � c .
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Problem 2.41 Let ffng1
nD1 be a sequence in D 0.X/ such that ffn.�/g1

nD1 converges
for every � 2 C 1

0 .X/. Prove that the functional

f .�/ D lim
n�!1 fn.�/; � 2 C1

0 .X/

is an element of D 0.X/.

Proof Let ˛1; ˛2 2 C and �1; �2 2 C1
0 .X/. Then

f .˛1�1 C ˛2�2/ D limn�!1 fn.˛1�1 C ˛2�2/ D limn�!1.˛1fn.�1/C ˛2fn.�2//

D ˛1 limn�!1 fn.�1/C ˛2 limn�!1 fn.�2/ D ˛1f .�1/C ˛2f .�2/:

Therefore f is a linear map on C1
0 .X/. Now we will prove that f is a continuous

functional on C1
0 .X/. Let f�ng1

nD1 be a sequence in C 1
0 .X/ such that �n �!n�!1

0 in C1
0 .X/. We claim f .�n/ �!n�!1 0, so suppose the contrary. There exists a

constant a > 0 such that

jf .��/j � a;

for every � D 1; 2; : : :. Since

f .��/ D lim
k�!1 fk.��/;

there is k� 2 N such that

j fk� .��/j � a

for every � D 1; 2; : : :, which is in contradiction with the result of the previous
problem. Consequently f .�n/ �!n�!1 0 and f 2 D 0.X/.

Problem 2.42 Let u 2 D 0.X/ and b 2 C1.X/ be such that b.x/ � 1 on a
neighbourhood of suppu. Show

u D b.x/u:

Proof For the function 1 � b.x/ we have that 1 � b.x/ � 0 on suppu. Then for
� 2 C1

0 .X/ we have

0 D u..1� b.x//�/ D u.� � b.x/�/ D u.�/� u.b.x/�/ D u.�/� b.x/u.�/;

so

u.�/ D b.x/u.�/

for every � 2 C 1
0 .X/. Therefore u D b.x/u.
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Problem 2.43 Compute

.x4 C x2 C 3/ı.x/C xP
1

x
; x 2 R1:

Answer 3ı C 1.

Problem 2.44 Let b 2 C1.R1/. Compute

b.x/ı.x/; x 2 R1:

Answer b.0/ı.

Problem 2.45 Let a 2 C1.X/, u 2 D0.X/. Prove that supp.au/ � suppa \ suppu.

Problem 2.46 Let f , u 2 D0.X/ and singsuppu \ singsuppf D Ø. Prove that f ı u 2
D0.X/.

Problem 2.47 Let f 2 C1.X/, u 2 D0.X/ and suppu \ suppf �� X. Prove that
u. f / can be defined by u. f / D . fu/.1/.

Problem 2.48 Let f 2 C k.X/, u 2 D0k.X/. Prove that fu 2 D0k.X/.

Problem 2.49 Solve the equation

.x � 3/u D 0

in D 0.X/.

Solution Let � 2 C 1
0 .R1/. Then we have

.x � 3/u.�/ D 0 or u..x � 3/�/ D 0: (2.20)

Let now  2 C 1
0 .R1/, and choose � 2 C1

0 .R1/ so that � � 1 on Œ3� �; 3C �� and
� � 0 on R1nŒ3��; 3C��, for a small enough � > 0. Then the function  .x/��.x/ .3/

.x�3/
belongs in C1

0 .R1/. From this and (2.20) we have that

u
�
.x � 3/ .x/ � �.x/ .3/

.x � 3/

�
D 0:

Hence

u. / D u
�
.x � 3/

 .x/��.x/ .3/
.x�3/ C �.x/ .3/

�

D u
�
.x � 3/

 .x/��.x/ .3/
.x�3/

�
C u.�.x/ .3//

D  .3/u.�/ D C .3/ D Cı.x � 3/. /:

Here C D u.�/ D const. Since  2 C 1
0 .R1/ was chosen arbitrarily, u D Cı.x �3/.
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Problem 2.50 Solve the equation

.x � 3/u D P
1

x � 3

in D 0.R1/.

Solution By using the previous problem the corresponding homogeneous equation
.x � 3/u D 0 is solved by u D Cı.x � 3/, C D const, and a particular solution is
P 1
.x�3/2 . Therefore

u D Cı.x � 3/C P
1

.x � 3/2 :

Problem 2.51 Solve the equations

1. .x � 1/.x � 2/u D 0,
2. x2u D 2,
3. .sin x/u D 0.

Answer

1. u D C1ı.x � 1/C C2ı.x � 2/, C1;C2 D const,
2. u D C0ı.x/C C1ı0.x/C 2P 1

x2
, C0;C1 D const,

3.
P1

kD�1 Ckı.x � k�/, Ck D const.



Chapter 3
Differentiation

3.1 Derivatives

Let X be an open set in Rn.

Definition 3.1 For u 2 D0.X/ and ˛ 2 Nn [ f0g, we define D˛u as follows:

D˛u.�/ D .�1/j˛ju.D˛�/ (3.1)

for every � 2 C 1
0 .X/.

Since the operation � 7! D˛� is linear and continuous on C 1
0 .X/, the functional

D˛u, determined by (3.1), is linear and continuous, i.e., D˛u 2 D 0.X/.

1. The operation u 7�! D˛u W D 0.X/ �! D 0.X/ is linear and continuous.
We start by showing linearity. Let ˛1; ˛2 2 C, u1; u2 2 D 0.X/ and � 2 C1

0 .X/.
Then

.˛1u1 C ˛2u2/.�/ 7�! D˛.˛1u1 C ˛2u2/.�/

D .�1/j˛j.˛1u1 C ˛2u2/.D˛�/

D .�1/j˛j˛1u1.D˛�/C .�1/j˛ju2.D˛�/

D ˛1D˛u1.�/C ˛2D˛u2.�/:

Continuity: let fung1
nD1 be a sequence in D 0.X/ such that un �!n�!1 0 in

D 0.X/. Then

D˛un.�/ D .�1/j˛jun.D
˛�/ �!n�!1 0

for � 2 C1
0 .X/. Consequently D˛un �!n�!1 0 in D 0.X/.

© Springer International Publishing Switzerland 2015
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Example 3.1 Let us consider the Heaviside function H.x/, x 2 R1:

D˛H.�/ D .�/˛H.D˛�/

D .�1/˛ R1
�1 H.x/D˛�.x/dx

D .�1/˛ R1
0

D˛�.x/dx

D .�1/˛D˛�1�.x/jxD1
xD0 D .�1/˛C1D˛�1�.0/

(3.2)

for � 2 C1
0 .R1/ and ˛ 2 N [ f0g.

Example 3.2 Let us compute

lim
��!0

D˛!�.x/ in D 0.R1/; for ˛ 2 N:

Let � 2 C1
0 .R1/. Then

lim��!0 D˛!�.�/ D .�1/˛ lim��!0 !�.D˛�/

D .�/˛ lim��!0

R1
�1 !�.x/D˛�.x/dx

D .�1/˛ lim��!0

R

jxj�� e
� �2

�2�jxj2 D˛�.x/dx

D .�1/˛D˛�.0/ D .�1/˛ı.D˛�/

D D˛ı.�/:

Therefore lim��!0 !�.x/ D ı.x/ in D 0.X/.

Exercise 3.1 Find ı.k/.x/, x 2 R1, k 2 N.

Answer .�1/k�.k/.0/, � 2 C1
0 .R

1/.

If the series

X

k�1
uk.x/ D S.x/; uk 2 L1loc.X/;

is uniformly convergent on every compact subset K of X, it may be differentiated
term by term any number of times, and the resulting series will converge in
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D 0.X/. We have
X

k�1
D˛uk.x/ D D˛S.x/:

2. Every distribution u 2 D 0.X/ is differentiable infinitely many times, since
u.D˛�/ exists for every ˛ 2 Nn [ f0g and every � 2 C 1

0 .X/.
3. We have

D˛Cˇu D D˛.Dˇu/

for every ˛; ˇ 2 Nn [ f0g and every u 2 D 0.X/. Let in fact � 2 C 1
0 .X/ be

arbitrary. Then

D˛Cˇu.�/ D .�1/j˛Cˇju.D˛Cˇ�/ D .�1/j˛j.�1/jˇju.Dˇ.D˛�//

D .�1/j˛jDˇu.D˛�/ D D˛.Dˇ.u//.�/:

4. We have

D˛.˛1u1 C ˛2u2/ D ˛1D
˛u1 C ˛2D

˛u2

for u1; u2 2 D 0.X/, ˛1; ˛2 2 C, ˛ 2 Nn [ f0g. The proof of this assertion is left
to the reader.

5. If u 2 D 0.X/ , a 2 C1.X/, we have

D˛.au/ D
X

ˇ�˛

�
˛

ˇ

�

DˇaD˛�ˇu;

for every ˛ 2 Nn [ f0g. We will prove the simple case

@

@xi
.au/ D a

@u

@xi
C @a

@xi
u

for some i 2 f1; 2; : : : ; ng. Using induction, the reader can deduce the general
case. If � 2 C1

0 .X/,

@
@xi
.au/.�/ D �au

�
@
@xi
�
�

D �u
�

a @
@xi
�
�

D �u
�
@
@xi
.a�/� @a

@xi
�
�

D �u
�
@
@xi
.a�/

�
C u

�
@a
@xi
�
�

D @u
@xi
.a�/C @a

@xi
u.�/

D a @u
@xi
.�/C @a

@xi
u.�/ D

�
a @u
@xi

C @a
@xi

u
�
.�/;

so @
@xi
.au/ D @a

@xi
u C a @u

@xi
in D 0.X/.
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6. For every u 2 D 0.X/ and every ˛ 2 Nn [ f0g,

suppD˛u � suppu:

To see this, let u 2 D 0.X/, � 2 C1
0 .X/ and supp� \ suppu D Ø. Then D˛� 2

C 1
0 .X/ and suppD˛� \ suppu D Ø. Hence

D˛u.�/ D .�1/j˛ju.D˛�/ D 0;

and the assertion follows.

3.2 The Primitive of a Distribution

Let u 2 D 0.a; b/, � 2 C1
0 .a; b/ and x0 2 .a; b/ be arbitrary but fixed. We also fix

� > 0 such that � < minfx0 � a; b � x0g. The function � can be represented as

�.x/ D  0.x/C !�.x � x0/
Z 1

�1
�.�/d�; (3.3)

where  is determined by the equality

 .x/ D
Z x

�1

�
�.s/� !�.s � x0/

Z 1

�1
�.�/d�

�
ds: (3.4)

Suppose supp� � Œa0; b0� � .a; b/. Since � 2 C1
0 .a; b/ and !� 2 C1.a; b/, we

have that  2 C1.a; b/. Moreover,  .x/ � 0 if x < a00 D minfa0; x0 � �g. As
� < fx0 � a; b � x0g, it follows � < x0 � a and a < x0 � �, and since Œa0; b0� � .a; b/,
we get a < a0 and a00 > a. For x > b00 D maxfb0; x0 C �g < b, using (3.4), we have

 .x/ D R1
�1

�
�.s/� !�.s � x0/

R1
�1 �.�/d�

�
ds

D R1
�1 �.s/ds � R1

�1 !�.s � x0/
R1

�1 �.�/d�ds

D R1
�1 �.s/ds � R1

�1 !�.s � x0/ds
R1

�1 �.�/d�

D R1
�1 �.s/ds � R1

�1 �.�/d� D 0:

Therefore supp � Œa00; b00� and  2 C1
0 .a; b/.

Definition 3.2 A distribution u.�1/ 2 D 0.a; b/ is said to be a primitive of the
distribution u if

�
u.�1/

�0 D u in D 0.a; b/:
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We assume that the primitive u.�1/ of the distribution u 2 D 0.a; b/ exists in D 0.a; b/.
Then we have the representation

u.�1/.�/ D u.�1/
�
 0 C !�.x � x0/

R1
�1 �.�/d�

�

D u.�1/. 0/C u.�1/
�
!�.x � x0/

R1
�1 �.�/d�

�

D �
�

u.�1/
�0
. /C u.�1/.!�.x � x0//

R1
�1 �.�/d�;

where � 2 C1
0 .a; b/ and  2 C1

0 .a; b/ satisfy (3.4). Setting

C D u.�1/.!�.x � x0// D const

we obtain

u.�1/.�/ D �u. /C C
Z 1

�1
�.�/d�: (3.5)

Now we will show that if the functional u.�1/ satisfies (3.5) for an arbitrary constant
C, then it is first of all a distribution in D 0.a; b/, and also a primitive for u 2 D 0.a; b/.
Let ˛1; ˛2 2 C, �1; �2 2 C 1

0 .a; b/. Take  1; 2 2 C1
0 .a; b/ such that

u.�1/.�1/ D �u. 1/C C
R1

�1 �1.�/d�;

u.�1/.�2/ D �u. 2/C C
R1

�1 �2.�/d�;

 1.x/ D R x
�1
�
�1.s/� !�.s � x0/

R1
�1 �1.�/d�

�
ds;

 2.x/ D R x
�1
�
�2.s/� !�.s � x0/

R1
�1 �2.�/d�

�
ds:

Then we get

u.�1/.˛1�1 C ˛2�2/ D �u.˛1 1 C ˛2 2/C C
R1

�1.˛1�1.�/C ˛2�2.�//d�

D �˛1u. 1/� ˛2u. 2/C C˛1
R1

�1 �1.�/d� C C˛2
R1

�1 �2.�/d�

D ˛1u.�1/C ˛2u.�2/:

Consequently u.�1/ is a linear functional on C1
0 .a; b/.
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Let now f�ng1
nD1 be a sequence in C1

0 .a; b/ with �n �! 0, n �! 1, in C1
0 .a; b/.

Choose  n 2 C1
0 .a; b/ so that

u.�1/.�n/ D �u. n/C C
R1

�1 �n.�/d�;

 n.x/ D R x
�1

�
�n.s/ � !�.s � x0/

R1
�1 �n.�/d�

�
ds:

Then  n �! 0, n �! 1, in C1
0 .a; b/. From here,

u.�1/.�n/ �!n�!1 0:

Therefore u.�1/ is a linear continuous functional on C 1
0 .a; b/, i.e., u.�1/ 2 D 0.a; b/.

Now we show u.�1/ is a primitive of u. Replace � by �0 in (3.5), giving

u.�1/.�0/ D �u. /C C
Z 1

�1
�0.�/d� D �u. /; (3.6)

where

 .x/ D
Z x

�1

�
�0.s/ � !�.s � x0/

Z 1

�1
�0.�/d�

�
ds D

Z x

�1
�0.s/ds D �.x/:

The last relation and (3.6) imply

u.�1/.�0/ D �u.�/;

so

�
�

u.�1/
�0
.�/ D �u.�/;

i.e.

�
u.�1/

�0
.�/ D u.�/:

Since � 2 C 1
0 .a; b/ was arbitrary we conclude

�
u.�1/

�0 D u:

The solution to the equation

u0 D f (3.7)
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for u; f 2 D 0.a; b/, can be represented in the form

u D f .�1/ C C; (3.8)

where C is an arbitrary constant. If f 2 C .a; b/, (3.8) is a classical solution of
equation (3.7).
Proceeding as above, we can define successive primitives u.�n/ using the relation-
ship u.�n/0 D u.�n�1/.

3.3 Double Layers on Surfaces

Let S be a piecewise-smooth two-sided surface with normal n, and � a continuous
function on S.

Definition 3.3 Define the functional � @
@n .�ıS/ on C1

0 .X/ in the following way

� @

@n
.�ıS/.�/ D

Z

S
�.x/

@�.x/

@n
ds; � 2 C1

0 .X/:

Exercise 3.2 Prove that � @
@n .�ıS/ 2 D 0.X/.

Exercise 3.3 Prove that supp
�
� @
@n .�ıS/

�
� S.

Definition 3.4 The distribution � @
@n .�ıS/ is called a double layer on the surface S.

Physically, a double layer on S describes the spatial density of charges correspond-
ing to the distribution of dipoles oriented coherently with the normal n of S.

3.4 Exercises

Problem 3.1 Compute

d3

dx3
jxj; x 2 R1:

Answer 2ı0.x/.

Problem 3.2 Compute

xmı.k/.x/:
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Answer

xmı.k/.x/ D

8
ˆ̂
ˆ̂
ˆ̂
<̂

ˆ̂
ˆ̂
ˆ̂
:̂

0 for k < m;

.�1/mŠı for k D m;

.�1/m
�

k
m

�

mŠı.k�m/ for k > m:

Problem 3.3 Prove that

ı.x/C ı0.x � 1/C ı00.x � 2/C � � �

converges in D0.X/ and that it has finite order.

Proof Let � 2 C 1
0 .X/. Then

P1
jD0 ı

. j/
j .�/ D P1

jD0.�1/j�. j/. j/;

ˇ
ˇ
ˇ
P1

jD0 ı
. j/
j .�/

ˇ
ˇ
ˇ � P1

jD0
ˇ
ˇ
ˇ�. j/. j/

ˇ
ˇ
ˇ < 1:

Since � has compact support, only a finite number of terms in
P1

jD0
ˇ
ˇ
ˇ�. j/. j/

ˇ
ˇ
ˇ are

nonzero. Therefore ı.x/C ı0.x � 1/C � � � has finite order.

Problem 3.4 Prove that

1X

kD�1
akeikx;

where jakj � A.1C jkj/m for some positive constant A, converges in D0.R1/.

Hint. Prove that the series

a0xmC2

.m C 2/Š
C
X

k¤0

akeikx

.ik/mC2

is uniformly convergent in D 0.R1/. Then differentiate it m C 2 times.

Problem 3.5 Let f .x/ be a function defined on .a; b/ that is piecewise-differentiable
with continuity. Call fxkg the points in .a; b/ where f .x/ or its derivative have jump
discontinuities. Write

Œ f �xk D f .xk C 0/� f .xk � 0/;
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and denote by f f 0g the classical derivative of f at x 2 .a; b/. Prove

f 0 D f f 0g C
X

k

Œ f �xkı.x � xk/:

Proof For � 2 C1
0 .a; b/, we have

f 0.�/ D �f .�0/ D �Pk

R xkC1

xk
f .x/�0.x/dx

D P
k

R xkC1

xk
f f 0g.x/�.x/dx �P

k

h
f .xkC1 � 0/�.xkC1/� f .xk C 0/�.xk/

i

D R b
a f f 0g.x/�.x/dx CP

k

h
f .xk C 0/� f .xk � 0/

i
�.xk/

D f f 0g.�/CP
kŒ f �xkı.x � xk/.�/:

Problem 3.6 Prove

1

2�

X

k

eikx D
X

k

ı.x � 2k�/:

Proof The function

f0.x/ D x

2
� x2

4�
; 0 � x < 2�

has Fourier series

f0.x/ D �

6
� 1

2�

X

k¤0

eikx

k2
:

Using the formulas of the previous problem, we have

f 0
0.x/ D � i

2�

X

k¤0

eikx

k
D 1

2
� x

2�

and

f 00
0 .x/ D 1

2�

X

k¤0
eikx D � 1

2�
C
X

k

ı.x � 2k�/:



74 3 Differentiation

From the last equation we obtain

1

2�

X

k

eikx D
X

k

ı.x � 2k�/:

Problem 3.7 Prove that

1. 2
�

P1
kD0 cos.2k C 1/x D P1

kD�1.�1/kı.x � k�/,
2. j sin xj00 C j sin xj D 2

P1
kD�1 ı.x � k�/.

Problem 3.8 Prove

1. d
dx log jxj D P 1

x ,
2. d

dx P 1
x D �P 1

x2
,

3. d
dx

1
x�i0 D i�ı0.x/ � P 1

x2
,

4. d
dx

1
xCi0 D �i�ı0.x/� P 1

x2
.

Hint.

3. Use

1

x � i:0
D P

1

x
C i�ı:

4.

1

x C i:0
D P

1

x
� i�ı:

Problem 3.9 Compute the first and the second derivative of the following functions
in D 0.R1/

1. u.x/ D
8
<

:

sin x x � 0;

cos x � 1 x � 0;

2. u.x/ D

8
ˆ̂
ˆ̂
<̂

ˆ̂
ˆ̂
:̂

x � 1 x � 0;

�1 � 1 � x � 0;

�x2 x � 1;

3. u.x/ D
8
<

:

x4 � 1 � x � 1;

0 jxj > 1;

4. u.x/ D
8
<

:

x2 C x C 1 � 1 � x � 1;

0 jxj > 1:
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1. Solution. Let � 2 C1
0 .R1/. Then

u0.�/ D �u.�0/ D � R1
�1 u.x/�0.x/dx

D � R1
0

sin x�0.x/dx � R 0
�1.cos x � 1/�0.x/dx

D � sin x�.x/
ˇ
ˇ
ˇ
xD1
xD0 C R1

0
cos x�.x/dx

�.cos x � 1/�.x/
ˇ
ˇ
ˇ
xD0
xD�1� R 0�1 sin x�.x/dx

D H.x/.cos x�/� H.�x/.sin x�.x//
D cos xH.x/.�/� sin xH.�x/.�/:

Since � 2 C1
0 .R

1/ is arbitrary, we conclude that

u0 D cos xH.x/� H.�x/ sin x:

As H0.x/ D ı.x/, H0.�x/ D ı.�x/, cos xı.x/ D ı.x/, sin xı.x/ D 0, the second
derivative reads

u00 D � sin xH.x/C cos xH0.x/� cos xH.�x/C sin xH0.�x/

D � sin xH.x/C cos xı.x/� cos xH.�x/C sin xı.x/

D � sin xH.x/� cos xH.�x/C ı.x/:

2. Answer.

u0 D �2xH.�x � 1/C H.x/;
u00 D �2H.�x � 1/C 2ı.�x � 1/C ı.x/;

3. Answer.

u0 D �ı.x � 1/C ı.x C 1/C 4x3H.x C 1/� 4x3H.x � 1/;

u00 D �ı0.x � 1/C ı0.x C 1/C 12x2H.x C 1/

�12x2H.x � 1/� 4ı.x C 1/� 4ı.x � 1/;

4. Answer.

u0 D �3ı.x � 1/C ı.x C 1/C .2x C 1/H.x C 1/ � .2x C 1/H.x � 1/;

u00 D �3ı0.x � 1/C ı0.x C 1/C 2H.x C 1/ � 2H.x � 1/ � ı.x C 1/ � 3ı.x � 1/:
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Problem 3.10 Compute

1. d3

dx3
H.x C 1/,

2. d
dx .xsignx/,

3. d
dx

�
.sin x C cos x/H.x C 2/

�

in the space D 0.R1/.

Answer

1. ı00.x C 1/,
2. H.x/ � H.�x/,
3. .cos 2 � sin 2/ı.x � 2/C .cos x � sin x/H.x C 2/.

Problem 3.11 Compute the first, second and third derivatives of the function

u.x/ D jxj sin.2x/

in the space D 0.R1/.

Answer

1. u0 D �.sin.2x/C 2x cos.2x//H.�x/C .sin.2x/C 2x cos.2x//H.x/,
2. u00 D �4.cos.2x/� x sin.2x//H.�x/C 4.cos.2x/� x sin.2x//H.x/,
3. u000 D 4.3 sin.2x/C 2x cos.2x//H.�x/� 4.3 sin.2x/C 2x cos.2x//H.x/C 8ı.x/.

Problem 3.12 Let˝ � Rn be a bounded domain with boundary @˝ D S and write
˝ D Rnn˝1. Consider

f 2 C 1.˝/\ C 1.˝1/; Œ f �S.x/ D lim
x0�!x
x02˝1

f .x0/� lim
x00�!x
x002˝

f .x00/; x 2 S:

With
n
@f
@xi

o
.x/, i D 1; 2; : : : ; n, we will denote the classical derivatives of f at x 2 Rn,

x … S, while @
@xi

, i D 1; 2; : : : ; n, will denote derivatives in D 0.Rn/. Prove that for
every i D 1; 2; : : : ; n,

@f

@xi
D
n @f

@xi

o
C Œ f �S cos.n; xi/ıS; f 2 D0.Rn/;

where n is the outer normal to S.
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Proof Let � 2 C 1
0 .Rn/. The Gauss theorem tells us that

@f
@xi
.�/ D �f

�
@�

@xi

�
D � RRn f .x/ @�

@xi
.x/dx

D � R
˝

f .x/ @�
@xi
.x/dx � R

˝1
f .x/ @�

@xi
.x/dx

D � R˝ f .x/ @�
@xi
.x/dx � R

˝

n
@f
@xi

o
.x/�.x/dx C R

˝

n
@f
@xi

o
.x/�.x/dx

� R
˝1

f .x/ @�
@xi
.x/dx � R

˝1

n
@f
@xi

o
.x/�.x/dx C R

˝1

n
@f
@xi

o
.x/�.x/dx

D R

SŒ f �S cos.n; xi/�.x/ds C R

Rn

n
@f
@xi

o
.x/�.x/dx

D Œ f �S cos.n; xi/ıS.�/C
n
@f
@xi

o
.�/:

As � 2 C1
0 .Rn/ was arbitrary, we conclude

@f

@xi
D
n @f

@xi

o
C Œ f �S cos.n; xi/ıS:

Problem 3.13 Let ˝ � Rn be a bounded domain with boundary @˝ D S, ˝ D
Rnn˝1, f 2 C 1.˝/. By

n
@f
@xi

o
.x/, i D 1; 2; : : : ; n, we denote the classical derivatives

of f at the point x 2 Rn, x … S, and by @
@xi

, i D 1; 2; : : : ; n, the derivatives in D 0.Rn/.

Suppose f D 0 on ˝1. Prove that for every i D 1; 2; : : : ; n,

@f

@xi
D
n @f

@xi

o
� f cos.n; xi/ıS; f 2 D0.Rn/; (3.9)

where n is the outer normal to S.

Problem 3.14 Let ˝ � Rn be a bounded domain with boundary @˝ D S,

˝ D Rnn˝1, f 2 C 1.˝1/. By
n
@f
@xi

o
.x/, i D 1; 2; : : : ; n, we denote the classical

derivatives of f at x 2 Rn, x … S, and by @
@xi

, i D 1; 2; : : : ; n, the derivatives in

D 0.Rn/. Assume f D 0 on ˝ and prove that for every i D 1; 2; : : : ; n,

@f

@xi
D
n @f

@xi

o
C f cos.n; xi/ıS; f 2 D0.Rn/;

where n is the outer normal to S.
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Problem 3.15 Let ˝ � Rn be a bounded domain with boundary @˝ D S, ˝ D
Rnn˝1,

f 2 C 2.˝/ \ C 2.˝1/; Œ f �S.x/ D lim
x0�!x;x02˝1

f .x0/� lim
x00�!x;x002˝ f .x00/; x 2 S:

By
n
@f
@xi

o
.x/,

n
@2f
@xi@xj

o
.x/, i; j D 1; 2; : : : ; n, we denote the classical derivatives of f at

the point x 2 Rn, x … S,
hn

@f
@xi

oi

S
.x/ D limx0�!x;x02˝1

n
@f
@xi

o
.x0/ � limx00�!x;x002˝

n
@f
@xi

o
.x00/, x 2 S, i D 1; 2; : : : ; n, and by @2

@xi@xj
, @
@xi

, i; j D 1; 2; : : : ; n, the

corresponding derivatives in D0.Rn/. Prove that for every i; j 2 f1; 2; : : : ; ng,

1. @2f
@xi@xj

D
n

@2f
@xi@xj

o
C @

@xi

�
Œ f �S cos.n; xj/ıs

�
C
hn

@f
@xj

oi

S
cos.n; xi/ıS,

2. �f D
n
�f
o

CPn
iD1 @

@xi

�
Œ f �S cos.n; xi/ıS

�
CPn

iD1
hn

@f
@xi

oi

S
cos.n; xi/ıS.

Here n is the outer normal to S.

Problem 3.16 Let ˝ � Rn be a bounded domain with boundary @˝ D S, ˝ D
Rnn˝1, f 2 C 2.˝/. By

n
@f
@xi

o
.x/,

n
@2f
@xi@xj

o
.x/, i; j D 1; 2; : : : ; n, we shall denote

the classical derivatives of f at the point x 2 Rn, x … S, and by @2

@xi@xj
, @
@xi

, i; j D
1; 2; : : : ; n, the corresponding derivatives in D0.Rn/. We suppose that f D 0 on ˝1.
Prove that for every i; j 2 f1; 2; : : : ; ng,

1. @2f
@xi@xj

D
n

@2f
@xi@xj

o
� @

@xi

�
f cos.n; xj/ıs

�
�
n
@f
@xj

o
cos.n; xi/ıS,

2. �f D
n
�f
o

�Pn
iD1 @

@xi

�
f cos.n; xi/ıS

�
�Pn

iD1
n
@f
@xi

o
cos.n; xi/ıS.

Here n is the outer normal to S.

Problem 3.17 Let ˝ � Rn be a bounded domain with boundary @˝ D S, ˝ D
Rnn˝1, f 2 C 2.˝1/. By

n
@f
@xi

o
.x/,

n
@2f
@xi@xj

o
.x/, i; j D 1; 2; : : : ; n, we will denote

the classical derivatives of f at the point x 2 Rn, x … S, and by @2

@xi@xj
, @
@xi

, i; j D
1; 2; : : : ; n, the corresponding derivatives in D0.Rn/. We suppose that f D 0 on ˝ .
Prove that for every i; j 2 f1; 2; : : : ; ng,

1. @2f
@xi@xj

D
n

@2f
@xi@xj

o
C @

@xi

�
f cos.n; xj/ıs

�
C
n
@f
@xj

o
cos.n; xi/ıS,

2. �f D
n
�f
o

CPn
iD1

@
@xi

�
f cos.n; xi/ıS

�
CPn

iD1
n
@f
@xi

o
cos.n; xi/ıS.

Here n is the outer normal to S.

Problem 3.18 Let ˝ � Rn be a bounded domain with boundary @˝ D S, ˝ D
Rnn˝1,

f 2 C 1.˝/ \ C 1.˝1/; Œ f �S.x/ D lim
x0�!x;x02˝1

f .x0/� lim
x00�!x;x002˝

f .x00/; x 2 S:
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By
n
@f
@xi

o
.x/, i D 1; 2; : : : ; n, we denote the classical derivatives of f at the point

x 2 Rn, x … S, and by @
@xi

, i D 1; 2; : : : ; n, the derivatives in D 0.Rn/. If n is the

outer normal to S, @
@n is the normal derivative,

h
@f
@n

i

S
.x/ D limx0�!x;x02˝1

@f
@n .x

0/ �
limx00�!x;x002˝ @f

@n .x
00/ and

hn
@f
@xi

oi

S
.x/ D limx0�!x;x02˝1

n
@f
@xi

o
.x0/ � limx00�!x;x002˝

n
@f
@xi

o
.x00/; x 2 S, i D 1; 2; : : : ; n. Prove

1.
Pn

iD1 @
@xi

�
Œ f �S cos.n; xi/ıS

�
D @

@n

�
Œ f �SıS

�
; f 2 D0.Rn/,

2.
Pn

iD1
hn

@f
@xi

oi

S
cos.n; xi/ıS D

h
@f
@n

i

S
ıS.

Problem 3.19 Let ˝ � Rn be a bounded domain with boundary @˝ D S, ˝ D
Rnn˝1,

f 2 C 2.˝/ \ C 2.˝1/; Œ f �S.x/ D lim
x0�!x;x02˝1

f .x0/� lim
x00�!x;x002˝ f .x00/; x 2 S:

By
n
@f
@xi

o
.x/,

n
@2f
@xi@xj

o
.x/, i; j D 1; 2; : : : ; n, we will denote the classical derivatives of

f at the point x 2 Rn, x … S, and by @2

@xi@xj
, @
@xi

, i; j D 1; 2; : : : ; n, the corresponding

derivatives in D0.Rn/. If n is the outer normal to S, @
@n is the normal derivative,

h
@f
@n

i

S
.x/ D limx0�!x;x02˝1

@f
@n .x

0/� limx00�!x;x002˝ @f
@n .x

00/ for x 2 S. Prove

�f D
n
�f
o

C
h @f

@n

i

S
ıS C @

@n

�
Œ f �SıS

�
; f 2 D0.Rn/:

Problem 3.20 Let ˝ � Rn be a bounded domain with boundary @˝ D S, let also,
˝ D Rnn˝1,

f 2 C 2.˝/ \ C 2.˝1/; Œ f �S.x/ D lim
x0�!x;x02˝1

f .x0/� lim
x00�!x;x002˝ f .x00/; x 2 S:

By
n
@f
@xi

o
.x/,

n
@2f
@xi@xj

o
.x/, i; j D 1; 2; : : : ; n, we will denote the classical derivatives of

f at the point x 2 Rn, x … S, and by @2

@xi@xj
, @
@xi

, i; j D 1; 2; : : : ; n, the corresponding

derivatives in D0.Rn/. If n is the outer normal to S, @
@n indicates the normal derivative,

h
@f
@n

i

S
.x/ D limx0�!x;x02˝1

@f
@n .x

0/ � limx00�!x;x002˝ @f
@n .x

00/ for x 2 S. Assume f D 0

on ˝1. Prove

�f D
n
�f
o

� @f

@n
ıS � @

@n
.f ıS/:



80 3 Differentiation

Problem 3.21 Let ˝ � Rn be a bounded domain with boundary @˝ D S, ˝ D
Rnn˝1,

f 2 C 2.˝/ \ C 2.˝1/; Œ f �S.x/ D lim
x0�!x;x02˝1

f .x0/� lim
x00�!x;x002˝ f .x00/; x 2 S:

By
n
@f
@xi

o
.x/,

n
@2f
@xi@xj

o
.x/, i; j D 1; 2; : : : ; n, we will denote the classical derivatives of

f at x 2 Rn, x … S, and by @2

@xi@xj
, @
@xi

, i; j D 1; 2; : : : ; n, the corresponding derivatives

in D0.Rn/. If n is the outer normal to S, @
@n is the normal derivative,

h
@f
@n

i

S
.x/ D

limx0�!x;x02˝1
@f
@n .x

0/� limx00�!x;x002˝ @f
@n .x

00/ for x 2 S. Suppose f D 0 on ˝ . Prove

�f D
n
�f
o

C @f

@n
ıS C @

@n
.f ıS/:

Problem 3.22 Consider the plane R2 with complex coordinate z D x C iy, and the
differential form dz D dx C idy annihilating the Cauchy-Riemann operator

@

@z
D 1

2

� @

@x
C i

@

@y

�
:

Let ˝ be a bounded domain in R2 with piecewise-smooth boundary S. We take f 2
C 1.˝/ with f D 0 on R2n˝. If @f

@z is the derivative of f in the sense of distributions

and
n
@f
@z

o
is the classical derivative of f at z, z … S, prove that

@f

@Nz D
n@f

@Nz
o

� 1

2
f
�

cos.nx/C i cos.ny/
�
ıS:

Proof As

@f

@z
D 1

2

@f

@x
C i

2

@f

@y
; (3.10)

applying (3.9) to @f
@x and @f

@y gives

@f
@x D

n
@f
@x

o
� f cos.n; x/ıS;

@f
@y D

n
@f
@y

o
� f cos.n; y/ıS:
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From these and (3.10) follows

@f
@z D 1

2

n
@f
@x

o
C i

2

n
@f
@x

o
� 1

2
f cos.n; x/ıS � i

2
f cos.n; y/ıs

D
n
@f
@z

o
� 1

2
f
�

cos.n; x/C i cos.n; y/
�
ıS:

Problem 3.23 Consider the plane R2 with complex coordinate z D x C iy, and the
differential form dz D dx C idy annihilating the Cauchy-Riemann operator

@

@z
D 1

2

� @

@x
C i

@

@y

�
:

Let ˝ be a bounded domain in R2 with piecewise-smooth boundary S. Take f 2
C 1.˝/\C 1.R2n˝/. If @f

@z is the distribution derivative of f and
n
@f
@z

o
is the classical

derivative of f at z, z … S, prove that

@f

@Nz D
n@f

@Nz
o

C 1

2
Œ f �S

�
cos.nx/C i cos.ny/

�
ıS:

Problem 3.24 Prove

@

@Nz
1

z
D �ı.x; y/:

Problem 3.25 Let u 2 D0.R1/ and u0 D 0 in the sense of the distributions. Prove
that u is a constant.

Proof Let � 2 C1
0 .R1/. Then u0.�/ D 0, whereupon u.�0/ D 0 for every � 2

C1
0 .R

1/. Take  2 C1
0 .R1/, so there exists a  1 2 C1

0 .R1/ such that

 .x/ D  0.x/
Z 1

�1
 .s/ds C  0

1.x/; x 2 R1;

for  0 2 C 1
0 .R1/ such that

R1
�1  0.x/dx D 1. Then u. 0

1/ D 0 and

u. / D u
�
 0
R1

�1  .x/dx C  0
1

�
D R1

�1  .x/dxu. 0/C u. 0
1/

D R1
�1  .x/dxu. 0/ D C

R1
�1  .x/dx D C1. / D C. /;

where C D u. 0/. Consequently u D C. If C 2 C is arbitrary, then u D C solves
u0 D 0.
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Problem 3.26 Take u 2 D 0.X/, where X � R1 is an open set, and consider

u0 C au D f

for given f 2 C .X/, a 2 C1.X/. Prove that u 2 C 1.X/.

Proof (First case) Let a � 0, so

u0 D f :

Since f 2 C .X/, f has a primitive v 2 C 1.X/, so v0 D f and

.u � v/0 D u0 � v0 D f � f D 0:

Using previous problem we conclude that u � v D C D const, and

u D v C C 2 C 1.X/:

(Second case) Suppose a is not identically zero and define

E.x/ D e
R

a.x/dx:

Since a 2 C1.X/, then E 2 C1.X/. The product Eu is well defined and the
chain rule says

.Eu/0 D E0u C Eu0 D E.�au C f /C Eau D Ef 2 C .X/;

because f 2 C .X/. Therefore Eu 2 C 1.X/. Since E 2 C 1.X/, we obtain that
u 2 C 1.X/.

Problem 3.27 Let X � R1 be an open set, and suppose u D .u1; u2; : : : ; un/ 2
D 0.X/ 	 D 0.X/ 	 : : : 	 D 0.X/, f D .f1; f2; : : : ; fn/ 2 C .X/ 	 C .X/ 	 : : : 	 C .X/,
a.x/ D faij.x/gn

i;jD1, aij 2 C 1.X/, satisfy

u0 C au D f :

Prove that u 2 C 1.X/ 	 C 1.X/ 	 : : : 	 C 1.X/.

Hint. Use the previous problem.

Problem 3.28 Let X � R1 be an open set where u 2 D 0.X/, ai 2 C1.X/, i D
0; 1; : : : ;m � 1, f 2 C .X/ satisfy

u.m/ C am�1u.m�1/ C � � � C a1u
0 C a0u D f :

Prove that u 2 C m.X/.
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Proof Setting

uj D u. j�1/; j D 1; 2; : : : ;m;

we have

u0
j D u. j/ D ujC1 for j D 1; 2; : : : ;m � 1;

and

u.m/ C am�1um C � � � C a1u2 C a0u1 D f :

The previous problem tells us that uj 2 C 1.X/ for j D 1; 2; : : : ;m. Using

u.m/ D �am�1um � � � � � a1u2 � a0u1 C f

we conclude that u.m/ 2 C .X/, so u 2 C .m/.X/.

Problem 3.29 Solve the equation

u00 D 0

in D 0.X/.

Solution Set u0 D v; so that v0 D 0 and therefore v D C0, C0 D const. Hence
u0 D C0: The solution of the homogeneous equation u0 D 0 is u D C1, C1 D const.
A particular solution of u0 D C0 is u D C0x. Therefore the general solution reads

u D C0x C C1

Problem 3.30 Solve

u.m/ D 0; m � 3;

in D 0.R1/.

Answer u D Cm�1xm�1 C � � � C C1x C C0, where Ci D const, i D 0; 1; : : : ;m � 1.

Problem 3.31 Solve the following equations

1. xu0 D 1,
2. xu0 D P 1

x ,
3. x2u0 D 0,
4. xu D signx,
5. .sin x/u D 0,
6. .cos x/u D 0,
7. xnu.m/ D 0, n > m,
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8. u00 D ı.x/,
9. x2u D 1.

Answer

1. c1 C c2H.x/C log jxj; ci D const, i D 1; 2,
2. c1 C c2H.x/� P 1

x ; ci D const, i D 1; 2,
3. c1 C c2H.x/C c3ı.x/� P 1

x , ci D const, i D 1; 2; 3,
4. cı.x/C P 1

jxj , c D const,
5.
P

k ckı.x � k�/, ck D const,

6.
P

k ckı
�

x � .2kC1/�
2

�
, ck D const,

7.
Pm�1

kD0 ckH.x/xm�1�k CPn�1
kDm ckı

.k�m/.x/CPm�1
kD0 dkxk, ck; dk D const,

8. xH.x/C c1x C c2, ci D const, i D 1; 2,
9. P 1

x2
C c1ı.x/, c1 D const.

Problem 3.32 Let u 2 D0.R1/, u.x/ D 0 when x < x0 for some given x0 in R1.
Prove that there exists a unique primitive U�1 of u for which U�1 D 0 when x < x0.

Problem 3.33 Let f fng1
nD1 � D0.R1/ converges to f 2 D0.R1/. Prove

Z b

a
fn.x C t/dt �!n�!1

Z b

a
f .x C t/dt

in D0, where a < b are arbitrary fixed constants.

Problem 3.34 Let
P1

nD1 gn.x/ be convergent. Prove

Z b

a

1X

nD1
gn.x C t/dt D

1X

nD1

Z b

a
gn.x C t/dt;

where a < b are arbitrary fixed numbers.

Problem 3.35 Prove that the functions D˛ı.x/, j˛j D m, m D 0; 1; : : :, are linearly
independent.

Problem 3.36 Let Y be an open set in Rn�1, I an open interval of R1, and take
u 2 D 0.Y 	 I/ with @

@xn
u D 0. Prove that

u.�/ D
Z

I
u0.�.x1; x2; : : : ; xn//dxn; � 2 C1

0 .Y 	 I/; u0 2 D 0.Y/:

Proof Choose  0 2 C1
0 .I/ so that

R
I  0.x/dx D 1. Given g 2 C1

0 .Y/ we write

g0.x/ D g.x1; ; : : : ; xn�1/ 0.xn/; x D .x1; x2; : : : ; xn/;

u0.g/ D u.g0/:
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We have that u0 2 D 0.Y/. Let � 2 C1
0 .Y 	 I/ and

I�.x1; : : : ; xn�1/ D
Z

I
�.x1; : : : ; xn�1; xn/dxn:

The function � � .I�/ 0 has a primitive ˚ with respect to the variable xn, i.e.,

�.x/� I�.x1; : : : ; xn�1/ 0.xn/ D @

@xn
˚.x1; : : : ; xn/:

Therefore

�.x/� I�0.x/ D @

@xn
˚.x/;

so u.� � I�0/ D u
�
@
@xn
˚
�

, whence u.�/ � u.I�0/ D � @
@xn

u.˚/ and then u.�/ �
u0.�/ D 0, i.e.

u.�/ D u0
�Z

I
�.x1; x2; : : : ; xn�1; xn/dxn

�
D
Z

I
u0.�.x1; x2; : : : ; xn�1; xn//dxn:

Problem 3.37 Let X � Rn be an open set, u; f 2 C .X/ with @
@xj

u D f , for some

j D 1; 2; : : : ; n, in D 0.X/. Prove that @
@xj

u exists at every point x 2 X and @u
@xj

D f .

Proof Since f 2 C .X/, it has a primitive v with respect to the variable xn

@

@xn
v D f :

We consider u � v. Then

@

@xn
.u � v/ D @

@xn
u � @

@xn
v D f � f D 0:

Let X D Y 	 I, where Y is open in Rn�1 and I a real open interval. Then

.u � v/.�/ D
Z

I
u0.�.x1; x2; : : : ; xn�1; xn//dxn:

As v and u0 are piecewise-differentiable in xn and @
@xn
v D f , we conclude that u is

piecewise-differentiable in xn and @
@xn

u D f .



Chapter 4
Homogeneous Distributions

4.1 Definition and Properties

Definition 4.1 A distribution u 2 D 0.Rnnf0g/ is said homogeneous of degree a if

u.�.x// D tau
�

tn�.tx/
�
; x 2 Rnnf0g; t > 0;

for every � 2 C 1
0 .Rnnf0g/.

We introduce the notation �t.x/ D tn�.tx/ for x 2 Rnnf0g, � 2 C1
0 .R

nnf0g/.
Example 4.1 Take � 2 C1

0 .R1nf0g/ and a 2 C, Rea > �1. Define the function

xaC D
8
<

:

xa x > 0;

0 x � 0;

and the functional

Ia.�/ D xaC.�/ D
Z 1

0

xa�.x/dx:

Then

xaC.�/ D R1
0

xa�.x/dx D R1
0

tayat�.ty/dy

D ta
R1
0 yat�.ty/dy D taxaC.t�.tx// D taxaC.�t/

for t > 0. Consequently xaC is a homogeneous distribution of degree a.

Exercise 4.1 Let a 2 C with Rea > �1. Prove that the function xaC is a locally
integrable function.

© Springer International Publishing Switzerland 2015
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Exercise 4.2 Take a 2 C with Re.a/ > �1, and distinct points x1; x2 2 R1nf0g.
Prove that x1aC ¤ x2aC.

Exercise 4.3 Let a 2 C with Re.a/ > �1. Prove that xaC 2 D 0.R1nf0g/.

4.2 Exercises

Problem 4.1 Prove that the function a �! Ia.�/, � 2 C 1
0 .R1nf0g/, is analytic

when Re.a/ > �1.

Problem 4.2 Let Re.a/ > 0. Show that for every � 2 C1
0 .R

1nf0g/

Ia.�
0/ D �aIa�1.�/:

Proof Let � 2 C 1
0 .R1nf0g/. Then

Ia.�
0/ D

Z 1

0

xad�.x/ D �a
Z 1

0

xa�1�.x/dx D �aIa�1.�/:

Problem 4.3 Let Re.a/ > �1 and k 2 N. Prove that for every � 2 C1
0 .R

1nf0g/

Ia.�/ D .�1/kIaCk

�
�.k/

� 1

.a C 1/ : : : .a C k/
: (4.1)

Proof Let � 2 C 1
0 .R1nf0g/. From the previous problem, we have

Ia.�/ D � IaC1.�0/
a C 1

and

IaC1.�0/ D � IaC2.�00/
a C 2

:

Therefore we get

Ia.�/ D .�1/2 IaC2.�00/
.a C 1/.a C 2/

:

Using induction, we obtain

Ia.�/ D .�1/k IaCk.�
.k//

.a C 1/.a C 2/ : : : .a C k/
:
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Problem 4.4 Let a 2 N [ f0g. Prove that Ia can alternatively be defined as the
analytic continuation with respect to a.

Hint. Use (4.1).

Problem 4.5 Let a 2 C, Re.a/ > �1. Prove that Ia 2 D 0k.R1nf0g/.
Hint. Use (4.1).

Problem 4.6 Given k 2 N show that

lim
a�!�k

.a C k/xaC D .�1/k�1 ı.k�1/.x/
.k � 1/Š ; x 2 R1nf0g: (4.2)

Proof Let � 2 C 1
0 .R1nf0g/. Then, using (4.1), we have

lima�!�k.a C k/Ia.�/ D lima�!�k.�1/kIaCk

�
�.k/

�
1

.aC1/:::.aCk/

D .�1/k
I0

�
�.k/

�

.1�k/.1�kC1/:::.�1/ D � 1
.k�1/Š I0

�
�.k/

�

D � 1
.k�1/Š

R1
0 �.k/.x/dx D � 1

.k�1/Š �
.k�1/.x/

ˇ
ˇ
ˇ
xD1
xD0

D �.k�1/.0/

.k�1/Š D 1
.k�1/Š ı

�
�.k�1/

�
D .�1/k�1

.k�1/Š ı
.k�1/.�/:

Since � 2 C 1
0 .R1nf0g/ was chosen arbitrarily, we conclude that

lim
a�!�k

.a C k/xaC D .�1/k�1

.k � 1/Š
ı.k�1/.x/; x 2 R1nf0g:

Problem 4.7 Let k 2 N. Prove that

lim
��!0

�
Ia.�/� �.k�1/.0/

.k � 1/Š�
�

D �
Z 1

0

.log x/�.k/.x/

.k � 1/Š dx C �.k�1/.0/
.k � 1/Š

k�1X

jD1

1

j
; (4.3)

x 2 R1nf0g, for � 2 C1
0 .R1nf0g/. Here a C k D �.

Proof Let � 2 C1
0 .R

1nf0g/. Using (4.1) we can represent Ia.�/ in the following
form

Ia.�/ D .�1/k
I�
�
�.k/

�

.� C 1 � k/ : : : �
:
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Then

lim��!0

�
Ia.�/� �.k�1/.0/

.k�1/Š�
�

D lim��!0

�
.�1/k

I�

�
�.k/

�

.�C1�k/:::� � �.k�1/.0/

.k�1/Š�
�

D lim��!0

�
.�1/k R1

0
x��.k/.x/

.�C1�k/:::� dx � .�1/k R1
0

�.k/.x/
.�C1�k/:::� dx

C�.k�1/.0/
�

1
.k�1��/:::.1��/ � 1

.k�1/Š
�
1
�

�

D lim��!0

�
.�1/k R1

0

�
x��1

�
�.k/.x/

.�C1�k/:::� dx C �.k�1/.0/
�

1
.k�1��/:::.1��/ � 1

.k�1/Š
�
1
�

�

D � 1
.k�1/Š

R1
0

log x�.k/.x/dx C �.k�1/.0/
Pk�1

jD1 1j
1

.k�1/Š :

We set

x�kC .�/ D � 1

.k � 1/Š
Z 1

0

log x�.k/.x/dx C �.k�1/.0/
k�1X

jD1

1

j

1

.k � 1/Š
: (4.4)

for k 2 N and � 2 C1
0 .R

1nf0g/.
Problem 4.8 Let k 2 N. Prove that x�kC , defined by (4.4), is an element of
D 0k.R1nf0g/.
Problem 4.9 Let k 2 N. Prove

lim
a�!�k

� d

dx
xaC C kxa�1C

�
D .�1/k ı

.k/.x/

kŠ
:

Proof We have, using (4.2),

lima�!�k

�
d
dx xaC C kxa�1C

�
D lima�!�k

�
axa�1C C kxa�1C

�

D lima�!�k.a C k/xa�1C D lima�!�k�1.a C k C 1/xaC D .�1/k ı.k/.x/kŠ :

Problem 4.10 Let k 2 N. Prove

d

dx
x�kC D �kx�k�1C C .�1/k ı

.k/.x/

kŠ
on R1nf0g:
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Problem 4.11 Let k 2 N. Prove

x�kC .�/ D t�kx�kC .�t/C log t
�.k�1/.0/
.k � 1/Š

for � 2 C 1
0 .R1nf0g/; t > 0:

Proof Let � 2 C 1
0 .R1nf0g/. Using (4.4), for t > 0 we have

t�kx�kC .�t/ D � t�k

.k�1/Š
R1
0

log x
�
�t.x/

�.k/

x
dx C �

.k�1/
t .0/ t�k

.k�1/Š
Pk�1

jD1 1j

D � 1
.k�1/Š

R1
0
.log x/t�.k/.tx/dx C �.k�1/.0/ 1

.k�1/Š
Pk�1

jD1 1j

D � 1
.k�1/Š

R1
0
.log.tx/ � log t/�.k/.tx/d.tx/C �.k�1/.0/ 1

.k�1/Š
Pk

jD1 1j

D � 1
.k�1/Š

R1
0 log.tx/�.k/.tx/d.tx/C �.k�1/.0/ 1

.k�1/Š
Pk

jD1 1j

C log t 1
.k�1/Š

R1
0
�.k/.tx/d.tx/

.tx D y/

D � 1
.k�1/Š

R1
0

log y�.k/. y/dy C �.k�1/.0/ 1
.k�1/Š

Pk�1
jD1 1j C log t

.k�1/Š
R1
0
�.k/. y/dy

D x�kC .�/C log t
.k�1/Š

R1
0
�.k/. y/dy

D x�kC .�/� log t
.k�1/Š�

.k�1/.0/:

Problem 4.12 Fix a … Z� and take the smallest k 2 N so that k C Re.a/ > �1. We
define, for � > 0 and � 2 C1

0 .R1nf0g/,

Ha;�.�/ D
Z 1

�

xa�.x/dx:

Prove that there exist unique constants C0, Bj, j D 0; 1; : : : ; k � 1, such that

Ha;�.�/ D C0 C
k�1X

jD0
Bj�

��j C o.1/ when � �! 0;

where �j D �.a C j C 1/.
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Proof Let � 2 C 1
0 .R1nf0g/. We integrate Ha;�.�/ by parts k times, to the effect

that

Ha;�.�/ D R1
�

xa�.x/dx D 1
aC1

R1
�
�.x/dxaC1

D 1
aC1xaC1�.x/dx

ˇ
ˇ
ˇ
xD1
xD� � 1

aC1
R1
�

xaC1�0.x/dx

D � 1
aC1�

aC1�.�/ � 1
.aC1/.aC2/

R1
�
�0.x/dxaC2

D � 1
aC1�

aC1�.�/ � 1
.aC1/.aC2/x

aC2�0.x/
ˇ
ˇ
ˇ
xD1
xD� C 1

.aC1/.aC2/
R1
�

xaC2�00.x/dx

D � 1
aC1�

aC1�.�/C 1
.aC1/.aC2/ �

aC2�0.�/C 1
.aC1/.aC2/.aC3/

R1
�
�00.x/dxaC3

:::

D .�1/k
.aC1/.aC2/:::.aCk/

R1
� xaCk�.k/.x/dx CPk�1

jD0
.�1/jC1�. j/.�/

.aC1/.aC2/:::.aCjC1/ �
aCjC1

D .�1/k
.aC1/.aC2/:::.aCk/

R1
0 xaCk�.k/.x/dx CPk�1

jD0
.�1/jC1�. j/.0/

.aC1/.aC2/:::.aCjC1/ �
aCjC1 C o.1/:

Now let

C0 D .�1/k
.aC1/.aC2/:::.aCk/

R1
0 xaCk�.k/.x/dx;

Bj D .�1/ jC1�. j/.0/

.aC1/.aC2/:::.aCjC1/ ; j D 0; 1; : : : ; k � 1:

Using the above expression of Ha;�.�/ we obtain

Ha;�.�/ D C0 C
k�1X

jD0
Bj�

��j C o.1/:

Suppose

Ha;�.�/ D D0 C
k�1X

jD0
Qj�

��j C o.1/;

where D0, Qj, j D 0; 1; 2; : : : ; k � 1, are constants. Then

C0 � D0 C
k�1X

jD0
.Bj � Qj/�

��j �!��!0 0:
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Since �i ¤ �j for i ¤ j, Re�j � 0, i; j D 0; 1; : : : ; k � 1, the above limit exists if and
only if C0 � D0 D 0, Bj � Qj D 0, j D 0; 1; 2; : : : ; k � 1.

Problem 4.13 Let k 2 N, k � 2. Prove that there exist unique constants Aj, j D
0; 1; : : : ; k � 2, such that

H�k;�.�/ D � 1
.k�1/Š

R1
0 log x�.k/.x/dx C �.k�1/.0/ 1

.k�1/Š
Pk�1

jD1 1j

CPk�2
jD0 Aj�

. j/.0/�jC1�k � log �
.k�1/Š�

.k�1/.0/C o.1/ when � �! 0;

for every � 2 C 1
0 .R1nf0g/.

Hint. Use the previous problem.

Problem 4.14 Let a 2 C, Re.a/ > �1 and define

xa� D
(
0 x > 0;

jxja x < 0:

Prove

xa�.�/ D xaC. M�/; M�.x/ D �.�x/;

for every � 2 C 1
0 .R1nf0g/.

Problem 4.15 Let a 2 C and a … Z� [ f0g. Prove that

.x ˙ i:0/a D lim
��!0

.x ˙ i:�/a D xaC C e˙i�axa�; x 2 R1:

Problem 4.16 Prove

e�i�axaC C ı.k�1/

.k C a/.k � 1/Š � i�
ı.k�1/

.k � 1/Š
�!a�!�k .�1/kx�kC :

Proof By (4.3) and the definition of x�kC we have

lim
a�!�k

�
xaC � .�1/k�1ı.k�1/.x/

.k � 1/Š.a C k/

�
D x�kC : (4.5)

Using (4.5) and

e��a D .�1/k.1� �i.a C k/C O.a C k/2/ when a �! �k; (4.6)



94 4 Homogeneous Distributions

we have

lim
a�!�k

e�i�a
�

xaC � .�1/k�1ı.k�1/.x/
.k � 1/Š.a C k/

�
D .�1/kx�kC :

Now, using (4.6), we get

e�i�axaC � e�i�a .�1/k�1ı.k�1/.x/
.k�1/Š.aCk/

D e�i�axaC � .�1/k .�1/k�1ı.k�1/.x/
.k�1/Š.aCk/

˙.�1/k .�1/k�1ı.k�1/.x/
.k�1/Š.aCk/ i�.a C k/� .�1/k�1ı.k�1/.x/

.k�1/Š.aCk/ O.a C k/2:

Therefore

lima�!�k

�
e�i�axaC � e�i�a .�1/k�1ı.k�1/.x/

.k�1/Š.aCk/

�

D lima�!�k

�
e�i�axaC � .�1/k .�1/k�1ı.k�1/.x/

.k�1/Š.aCk/

˙.�1/k .�1/k�1ı.k�1/.x/
.k�1/Š.aCk/ i�.a C k/ � .�1/k�1ı.k�1/.x/

.k�1/Š.aCk/ O.a C k/2
�

D lima�!�k

�
e�i�axaC � .�1/k .�1/k�1ı.k�1/.x/

.k�1/Š.aCk/ ˙ .�1/k .�1/k�1ı.k�1/.x/
.k�1/Š i�

�

D .�1/kx�kC :

Problem 4.17 Prove

.x ˙ i:0/�k D x�kC C .�1/kx�k� ˙ i�.�1/k ı
.k�1/.x/
.k � 1/Š :

Proof Since

.x ˙ i:0/a D xaC C e˙i�axa�;

we have

e�i�a.x ˙ i:0/a D e�i�axaC C xa�: (4.7)

Moreover,

e�i�a.x ˙ i:0/a �!a�!�k .�1/k.x ˙ i:0/�k (4.8)



4.2 Exercises 95

and

e�i�axaD C xa� �!a�!�k .�1/kx�kC ˙ i�
ı.k�1/.x/
.k � 1/Š

C x�k� : (4.9)

From (4.7), (4.8) and (4.9) we then get

.�1/k.x ˙ i:0/�k D x�k� C .�1/kx�kC ˙ i�
ı.k�1/.x/
.k � 1/Š :

Problem 4.18 Prove

.x C i:0/�k � .x � i:0/�k D 2i�.�1/k ı
.k�1/.x/
.k � 1/Š

:

Proof From the previous problem, we have

.x C i:0/�k D x�kC C .�1/kx�k� C .�1/ki� ı.k�1/.x/
.k�1/Š ;

.x � i:0/�k D x�kC C .�1/kx�k� � .�1/ki� ı.k�1/.x/
.k�1/Š ;

and immediately

.x C i:0/�k � .x � i:0/�k D 2i�.�1/k ı
.k�1/.x/

.k � 1/Š
:

Problem 4.19 Prove

d

dx
.x ˙ i:0/a D a.x ˙ i:0/a�1:

Problem 4.20 Define

x�k D .x C i:0/�k C .x � i:0/�k

2
:

Prove that

1. x�k D x�kC C .�1/kx�k� ,

2. d
dx

�
x�k
�

D �kx�k�1,
3. xx�k D x1�k.

Problem 4.21 Show that

x�1 D d

dx
log jxj:
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Problem 4.22 Define the function �aC as follows

�aC D xaC
� .a C 1/

for a 2 C, Re.a/ > �1. Prove

1. �aC.�0/ D ��a�1C .�/; Re.a/ > �1; � 2 C 1
0 .R1/,

2. ��kC D ı.k�1/.x/.

Problem 4.23 Let u be a homogeneous distribution of degree a on Rnnf0g and

� D
X

j

xj@j:

Prove

au � �u D 0:

Hint. Differentiate with respect to t the equality

u.�.x// D tau.tn�.tx//

for � 2 C1
0 .R

nnf0g/.
Problem 4.24 Let  2 C1.Rnnf0g/ be a homogeneous function of degree b
and u 2 D 0.Rnnf0g/ a homogeneous distribution of degree a. Prove that  u is a
homogeneous distribution of degree a C b in Rnnf0g.

Problem 4.25 Let u be a homogeneous distribution of degree a on Rnnf0g,  2
C1
0 .R

nnf0g/ and

Z 1

0

raCn�1 .rx/dr D 0; x D rw 2 Rnnf0g:

Prove

u. / D 0:

Hint. Use au D �u. Deduce u..a C n/�.x/ C ��.x// D 0 for every � 2
C1
0 .R

nnf0g/. Then rewrite the last equality in polar coordinates and multiply by
raCn�1.

Problem 4.26 Let u 2 D 0.Rnnf0g/ be homogeneous of degree a. Prove that @u
@xj

,

j D 1; 2; : : : ; n, are homogeneous distributions of degree a � 1 on Rnnf0g.
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Problem 4.27 Let u 2 D 0.Rnnf0g/ be homogeneous of degree a and ˛ 2 Nn. Prove
that D˛u is homogeneous of degree a � j˛j on Rnnf0g.

Problem 4.28 Let uj 2 D 0.Rnnf0g/, j D 1; 2, be homogeneous of degree aj. Find
conditions on a1; a2 so that the combination ˛1u1C˛2u2 becomes homogeneous on
Rnnf0g, for any ˛1; ˛2 2 C.

Answer a1 D a2.

Problem 4.29 Let u 2 D 0.Rnnf0g/ be homogeneous of degree a. Prove that xju is
a homogeneous distribution of degree a C 1 on Rnnf0g/, for any j D 1; 2; : : : ; n.



Chapter 5
Direct Product of Distributions

5.1 Definition

Definition 5.1 Let X1 � Rn, X2 � Rm be open sets. The direct product of the
distributions u1 2 D 0.X1/, u2 2 D 0.X2/ is defined through

u1.x/ 	 u2.y/.�/ D u1.x/.u2.y/.�.x; y///;

u2.y/ 	 u1.x/.�/ D u2.y/.u1.x/.�.x; y///; � 2 C1
0 .X1 	 X2/:

Take X0 �� X1 	 X2 and � 2 C 1
0 .X0/. Since supp� � X0 �� X1 	 X2 is compact,

there exist open sets X0
1 �� X1, X0

2 �� X2 such that X0 �� X0
1	X0

2. Let x 2 X1nX0
1.

Then �.x; y/ D 0 for every y 2 X2. Hence,  .x/ D u2.y/.�.x; y// D 0, i.e.,
 .x/ � 0 on X1nX0

1. We may choose an open set QX1 so that X0
1 �� QX1 �� X1, and

consequently supp � QX1.
Take x 2 X1 and let fxkg1

kD1 be a sequence in X1 tending to x as k �! 1.
Then �.xk; y/ �!k�!1 �.x; y/ in C 1

0 .X2/ for every � 2 C1
0 .X1 	 X2/. In fact,

supp�.xk; y/ � X0
2 �� X2 and D˛

y�.xk; y/
y2X2H) D˛

y�.xk; y/, k �! 1, for every
multi-index ˛ 2 Nm. Because u2 2 D 0.X2/, we have

 .xk/ D u2.y/.�.xk; y// �!k�!1 u2.y/.�.x; y// D  .x/;

i.e.,  .x/ is continuous in x. Since x 2 X1 was completely arbitrary we conclude
that  2 C .X1/.
Let now e1 D .1; 0; : : : ; 0/ and consider the function

�h.y/ D 1

h
.�.x C he1; y/� �.x; y//

© Springer International Publishing Switzerland 2015
S.G. Georgiev, Theory of Distributions, DOI 10.1007/978-3-319-19527-8_5
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for x 2 X1. For it we have supp�h � X0
2 �� X2 and

D˛�h.y/
y2X2H) D˛

y

@�.x; y/

@x1
; h �! 0;

for every ˛ 2 Nm. Because u2 2 D 0.X2/, we have

 .xChe1/� .x/
h D 1

h

�
u2.y/.�.x C he1; y/� u2.y/.�.x; y//

�

D u2.y/
�
�.xChe1;y/��.x;y/

h

�
D u2.y/.�h/ �!h�!0 u2.y/

�
@�

@x .x; y/
�
:

By induction, we conclude that

D˛ .x/ D u2.y/
�

D˛
x�.x; y/

�

for every ˛ 2 Nn [ f0g and � 2 C 1
0 .X1 	 X2/. Therefore  2 C1

0 .
QX1/ for � 2

C1
0 .X

0/.
Let � 2 C1

0 .X
0/ and x 2 X1. Then D˛

x�.x; y/ 2 C 1
0 .X0

2/, X0
2 �� X2. Since

u2 2 D 0.X2/, there exist constants C � 0 and m 2 N [ f0g, C D C.u2/, m D m.u2/,
such that

jD˛ .x/jju2.y/.D˛
x�.x; y//j � C max

y2X0
2;jˇj�m

jDˇ
y D˛

x�.x; y/j

for x 2 X1. Now, we consider the operation

�.x; y/ 7�!  .x/ D u2.y/.�.x; y// (5.1)

from C1
0 .X1 	 X2/ to C1

0 .X1/. If �1; �2 2 C 1
0 .X1 	 X2/ and ˛1; ˛2 2 C, then

˛1�1 C ˛2�2 �! u2.y/.˛1�1.x; y/C ˛2�2.x; y//

D ˛1u2.y/.�1.x; y//C ˛2u2.y/.�2.x; y//

D ˛1 1.x/C ˛2 2.x/;

i.e., the operation � 7�! u2.y/.�/ from C 1
0 .X1 	 X2/ to C1

0 .X1/ is linear.
Let now f�ng1

nD1 be a sequence in C1
0 .X1 	 X2/ such that �n �!n�!1 0 in

C1
0 .X1 	 X2/. Then there exists a compact set X0

3 � X1 	 X2 such that supp�n � X0
3

for every n 2 N and

D˛
x Dˇ

y �n.x; y/
.x;y/�!n�!10
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for every ˛ 2 Nn, ˇ 2 Nm. From here, we conclude that there exists a compact

set X0
4 � X1 such that supp n � X0

4 for every n 2 N and D˛ n.x/
x�!0, n �!

1, and  n �!n�!1 0 in C1
0 .X1/. Therefore (5.1) is a linear and continuous

operation from C1
0 .X1 	 X2/ to C1

0 .X1/. It follows that u1.x/.u2.y/.�// is a linear
and continuous functional on C1

0 .X1 	 X2/, so u1 	 u2 2 D 0.X1 	 X2/.
In a similar way it can be proved that u2.y/ 	 u1.x/.�/ 2 D 0.X2 	 X1/.

Example 5.1 Let us consider ı.x/ 	 ı.y/.�.x; y// for � 2 C 1
0 .R1 	 R1/. We have

ı.x/	 ı.y/.�.x; y// D ı.x/.ı.y/.�.x; y/// D ı.x/.�.x; 0// D �.0; 0/:

Exercise 5.1 Compute

H0.x/ 	 ı.y/.�.x; y//; � 2 C1
0 .R1 	 R1/:

Answer �.0; 0/.

Exercise 5.2 Compute

ı.x � 2/ 	 H0.y/.�.x; y//; � 2 C 1
0 .R1 	 R1/:

Answer �.2; 0/.

5.2 Properties

1. Commutativity

u1.x/ 	 u2.y/ D u2.y/ 	 u1.x/; u1 2 D 0.X1/; u2 2 D 0.X2/:

To prove the property we take � 2 C 1
0 .X1	X2/, so there exist sequences f kg1

kD1
in C1

0 .X1 	 X2/ and fNkg1
kD1 in N [ f0g such that

�k.x; y/ D
NkX

iD1
�ik.x/ ik.y/

and �k �!k�!1 � in C1
0 .X1 	 X2/. From here, for .x; y/ 2 X1 	 X2 we get

u1.x/ 	 u2.y/.�.x; y// D u1.x/.u2.y/.�.x; y///

D lim
k�!1 u1.x/.u2.y/.�k.x; y/// D lim

k�!1 u1.x/.u2.y/.
NkX

iD1
�ik.x/ ik.y///
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D lim
k�!1 u1.x/.

NkX

iD1
�ik.x/u2.y/. ik.y/// D lim

k�!1

NkX

iD1
u1.x/.�ik.x//u2.y/. ik.y//

D lim
k�!1

NkX

iD1
u2.y/. ik.y//u1.x/.�ik.x// D lim

k�!1

NkX

iD1
u2.y/. ik.y/u1.x/.�ik.x///

D lim
k�!1

NkX

iD1
u2.y/.u1.x/. ik.y/�ik.x/// D lim

k�!1

NkX

iD1
u2.y/.u1.x/.�ik.x/ ik.y///

D lim
k�!1 u2.y/.u1.x/.

NkX

iD1
�ik.x/ ik.y/// D lim

k�!1 u2.y/.u1.x/.�k.x; y///

D u2.y/.u1.x/.�.x; y/// D u2.y/ 	 u1.x/.�.x; y//:

Since � 2 C1
0 .X1 	 X2/ was arbitrary, u1.x/ 	 u2.y/ D u2.y/ 	 u1.x/.

2. Associativity

.u1.x/ 	 u2.y// 	 u3.z/ D u1.x/ 	 .u2.y/ 	 u3.z//

for u1 2 D 0.X1/; u2 2 D 0.X2/; u3 2 D 0.X3/;

where X3 � Rk is an open set.
Let � 2 C1

0 .X1 	 X2 	 X3/. Then

.u1.x/ 	 u2.y// 	 u3.z/.�.x; y; z// D .u1.x/ 	 u2.y//.u3.z/.�.x; y; z///

D u1.x/.u2.y/.u3.z/.�.x; y; z//// D u1.x/..u2.y/ 	 u3.z//.�.x; y; z///

D u1.x/ 	 .u2.y/ 	 u3.z//.�.x; y; z//:

Since � 2 C 1
0 .X1 	 X2 	 X3/ was arbitrary, .u1.x/ 	 u2.y// 	 u3.z/ D u1.x/ 	

.u2.y/ 	 u3.z// for .x; y; z/ 2 X1 	 X2 	 X3.

Exercise 5.3 Let u1 2 D 0.X1/, u2 2 D 0.X2/. Prove that the operator

u1.x/ 7! u1.x/ 	 u2.y/

defined from D 0.X1/ to D 0.X1 	 X2/ is linear and continuous.
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Definition 5.2 We will say that the distribution u.x; y/ 2 D 0.X1 	 X2/ does not
depend on the variable y if there exists a distribution u1.x/ 2 D 0.X1/ such that

u.x; y/ D u1.x/ 	 1.y/:

If this is the case, u 2 D 0.X1 	 Rm/ and for � 2 C 1
0 .X1 	 Rm/

u.x; y/.�.x; y// D u1.x/ 	 1.y/.�.x; y//

D u1.x/.1.y/.�.x; y/// D u1.x/
�R

Rm �.x; y/dy/

D 1.y/ 	 u1.x/.�.x; y// D 1.y/.u1.x/.�.x; y/// D R

Rm u1.x/.�.x; y//dy;

i.e.,

u1.x/
�Z

Rm
�.x; y/dy

�
D
Z

Rm
u1.x/.�.x; y//dy:

Exercise 5.4 Let .a; b/ � R1, a < b, and take u.x; y/ 2 D 0.X1 	 .a; b// not
depending on y. Prove that

u.x; y C h/ D u.x; y/ 8x 2 X1;8y; y C h 2 .a; b/:

Proof There exists a distribution u1.x/ 2 D 0.X1/ such that

u.x; y/ D u1.x/ 	 1.y/:

Since 1.y/ D 1.y C h/ for every y; y C h 2 .a; b/, we have

u.x; y/ D u1.x/ 	 1.y C h/ D u.x; y C h/:

For u 2 D 0.X1 	 X2/ and � 2 C1
0 .X1/ we define the distribution u� on C1

0 .X2/ by

u�. / D u.�.x/ .y// for  2 C1
0 .X2/:

Definition 5.3 The distribution u 2 D 0.X1	X2/ is said to be an element of C p.X2/,
p D 0; 1; 2; : : :, if for every � 2 C1

0 .X1/ we have u� 2 C p.X2/.

Exercise 5.5 Prove D˛u� D
�

D˛
y u
�

�
.
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Solution Choose  2 C1
0 .X2/ arbitrarily. Then

D˛u�. / D .�1/j˛ju�.D˛ .y// D .�1/j˛ju.D˛
y .�.x/ .y///

D D˛
y u.�.x/ .y// D

�
D˛

y u
�

�
. /:

5.3 Exercises

Problem 5.1 Let X1 � Rn, X2 � Rm be open sets and take u1 2 D 0.X1/, u2 2
D 0.X2/. Prove that

supp.u1 	 u2/ D suppu1 	 suppu2:

Proof Let .x0; y0/ 2 suppu1	suppu2 be arbitrary, and suppose U is a neighbourhood
of the point .x0; y0/ contained in X1 	 X2. Let U1 � X1 be a neighbourhood of
x0, U2 � X2 a neighbourhood of y0. As .x0; y0/ 2 suppu1 	 suppu2, there exist
�1 2 C1

0 .U1/, �2 2 C 1
0 .U2/ such that u1.�1/ ¤ 0, u2.�2/ ¤ 0. Therefore,

u1 	 u2.�1�2/.x0; y0/ D u1.�1/.x0/u2.�2/.y0/ ¤ 0 by definition of direct product.
Consequently .x0; y0/ 2 supp.u1 	 u2/, so we conclude

suppu1 	 suppu2 � supp.u1 	 u2/: (5.2)

Let now � 2 C1
0 .X1 	 X2/ be chosen so that supp� � X1 	 X2n.suppu1 	 suppu2/:

Then there exists a neighbourhood U3 of suppu1 such that supp�.x; y/ � X2nsuppu2
for every x 2 U3. Consequently, .x/ D u2.y/.�.x; y// D 0 for x 2 U3. As supp \
suppu1 D Ø,

X1 	 X2n.suppu1 	 suppu2/ � X1 	 X2n.supp.u1 	 u2//;

from which

supp.u1 	 u2/ � suppu1 	 suppu2:

From the latter and (5.2) we get

supp.u1 	 u2/ D suppu1 	 suppu2:
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Problem 5.2 Let X1 � Rn, X2 � Rm be open sets, u1 2 D0.X1/, u2 2 D0.X2/.
Prove

1.

D˛
x1

u1.x1/ 	 Dˇ
x2

u2.x2/ D D˛
x1

Dˇ
x2
.u1.x1/ 	 u2.x2//

for any ˛ 2 Nn [ f0g; ˇ 2 Nm [ f0g.
2.

a.x1/b.x2/.u1.x1/ 	 u2.x2// D .a1.x1/u1.x1// 	 .b.x2/u2.x2//;

where a 2 C1.X1/, b 2 C1.X2/.

Problem 5.3 Let X1 � Rn be an open set and .a; b/ � R1, a < b. Take u 2
D 0.X1 	 .a; b// satisfying u.x; y/ D u.x; y C h/ for every x 2 X1; y; y C h 2 .a; b/.
Prove

@u

@y
.x; y/ D 0 on X1 	 .a; b/:

Proof Since for every .x; y/; .x; y C h/ 2 X1 	 .a; b/, h ¤ 0, we have

lim
h�!0

u.x; y C h/� u.x; y/

h
D 0:

Then

@u

@y
D 0 on X1 	 .a; b/:

Problem 5.4 Let X1 � Rn be an open set, .a; b/ � R1, and u 2 D 0.X1 	 .a; b// and
@u
@y D 0 on X1 	 .a; b/. Prove that u does not depend on y.

Proof Let � 2 C 1
0 .X1 	 .a; b//. From here

@u

@y
.�/ D 0

i.e.

u
�@�

@y

�
D 0 (5.3)
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for every � 2 C1
0 .X1 	 .a; b//. Let  2 C 1

0 .X1 	 .a; b//. Then there exists  1 2
C1
0 .X1 	 .a; b// such that

�.x; y/ D @ 1.x; y/

@y
C !�.y � y0/

Z b

a
 .x; �/d�:

We define the distribution u1 2 D 0.X1/ by

u1. 2/ D u.!�.y � y0/ 2.x// for  2 2 C1
0 .X1/:

Using (5.3),

u. / D u
�
@ 1.x;y/
@y C !�.y � y0/

R b
a  .x; �/d�

�

D u
�
@ 1.x;y/
@y

�
C u

�
!�.y � y0/

R b
a  .x; �/d�

�

D u1
�R b

a  .x; �/d�
�
;

i.e.,

u.x; y/ D u1.x/ 	 1.y/:

Problem 5.5 Let X1 � Rn be an open set and F 2 D 0.X1 	 R1/. Prove that the
distribution u 2 D 0.X1 	 R1/, defined by

u.�/ D F. /C f .x/ 	 ı.y/.�/; � 2 C1
0 .X1 	 R1/;

satisfies the equation

yu.x; y/ D F.x; y/:

Here f 2 D 0.X1/,

 .x; y/ D 1

y
.�.x; y/� �.y/�.x; 0//;

and � 2 C1
0 .R1/ equals 1 on a neighbourhood of y D 0.

Problem 5.6 Let X1 � Rn, X2 � Rm be open sets, u 2 C .X2/ in y. Prove that for
every y 2 X2 there exists uy.x/ 2 D 0.X1/ such that

u�.y/ D uy.�/; � 2 C1
0 .X1/:
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Problem 5.7 Let X1 � Rn, X2 � Rm be open sets, u 2 D 0.X1 	 X2/, u 2 C .X2/ in
y. Prove that for every � 2 C1

0 .X1/, every y 2 X2 and every ˛ 2 Nm

D˛.uy.�// D
�

D˛
y u
�

y
.�/:

Problem 5.8 Let X1 � Rn, X2 � Rm be open sets, u 2 D 0.X1 	 X2/, u 2 C .X2/ in
y. Prove that the operation

 7�! uy. .x; y//

is linear and continuous from C1
0 .X1 	 X2/ to C0.X2/.

Problem 5.9 Let X1 � Rn, X2 � Rm be open sets, u 2 D 0.X1 	 X2/, u 2 C .X2/.
Prove that

u. / D
Z

X2

uy. .x; y//dy

for every  2 C 1
0 .X1 	 X2/.

Problem 5.10 Compute

1. @nH.x/
@x1:::@xn

, where H.x/ D H.x1/ � � � H.xn/,
2. ı.x1/ 	 � � � 	 ı.xn/,
3. � @2

@t2
H.x; t/, where H.x; t/ D H.x/H.t/,

4. �.x/ 	 ı.t/, where � 2 C .Rn
x/,

5. ��.x/ 	 ı0.t/, where � 2 C .Rn
x/.

Answer

1. .�1/nıx1 	 ıx2 	 � � � 	 ıxn ,
2. ı.x/,
3. H.x/ 	 ı0.t/,
4. �.x/ıt,
5. ��.x/ d

dt ıt.

Problem 5.11 Let X1 � Rn, X2 � Rm, X3 � Rk be open sets, u1 2 D 0.X1/,
u2 2 D 0.X2/, u3 2 D 0.X3/. Prove

u1 	 .u2 C u3/ D u1 	 u2 C u1 	 u3:

Problem 5.12 Let u 2 D 0.Rn/ and ˛ 2 Nn. Determine

D˛
y .u.x/ 	 1.y//:

Answer 0.



Chapter 6
Convolutions

6.1 Definition

Consider u1; u2 2 D 0.Rn/ and a sequence f�k.x; y/g1
kD1 in C1

0 .R
2n/ converging to

1 in R2n as k �! 1. Suppose that

lim
k�!1 u1.x/ 	 u2.y/.�k.x; y/�.x C y// D u1.x/ 	 u2.y/.�.x C y//

exists for every � 2 C1
0 .Rn/ and does not depend on the choice of sequence.

Definition 6.1 The convolution of the distributions u1 and u2 is defined by

u1 
 u2.�/ D u1.x/ 	 u2.y/.�.x C y//

D limk�!1 u1.x/ 	 u2.y/.�k.x; y/�.x C y//

for any � 2 C1
0 .Rn/.

For �1; �2 2 C 1
0 .Rn/ and ˛1; ˛2 2 C we have

u1 � u2.˛1�1 C ˛2�2/ D limk�!1 u1.x/� u2.y/.�k.x; y/.˛1�1.x C y/C ˛2�2.x C y///

D limk�!1

�

˛1u1.x/� u2.y/.�k.x; y/�1.x C y//C ˛2u1.x/� u2.y/.�k.x; y/�2.x C y//
�

D ˛1 limk�!1 u1.x/� u2.y/.�k.x; y/�1.x C y//C ˛2 limk�!1 u1.x/� u2.y/.�k.x; y/�2.x C y//

D ˛1u1 � u2.�1/C ˛2u1 � u2.�2/;

proving the convolution 
 is a linear functional on C 1
0 .Rn/.
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Let now f�ng1
nD1 be a sequence in C1

0 .Rn/ which tends to 0 in C1
0 .R

n/. Then

limn�!0 u1 
 u2.�n/ D limn�!1 limk�!1 u1.x/ 	 u2.y/.�k.x; y/�n.x C y//

D limk�!1 limn�!1 u1.x/ 	 u2.y/.�k.x; y/�n.x C y//

D limk�!1 u1.x/ 	 u2.y/.0/ D 0:

Consequently u1 
 u2 2 D 0.Rn/.

Exercise 6.1 Let u1; u2 2 D 0.Rn/ and assume u1 
 u2 exists. Prove that

u1 7! u1 
 u2 (6.1)

is a linear map from D 0.Rn/ to itself.

Example 6.1 The operation defined in (6.1) is not continuous on D 0.Rn/, because

ı.x � k/ �!k�!1 0

but

1 
 ı.x � k/ D 1:

Exercise 6.2 Let u1; u2 2 D 0.Rn/ and assume u1 
 u2 exists. Prove

supp.u1 
 u2/ � suppu1 C suppu2:

Solution Pick � 2 C1
0 .Rn/ so that

supp� \ suppu1 C suppu2 D Ø:

Then, since supp.u1 	 u2/ D suppu1 	 suppu2,

supp.u1 	 u2/\ supp.�k.x; y/�.x C y//

� .suppu1 	 suppu2/ \ f.x; y/ 2 R2n W x C y 2 supp�g D Ø:

Eventually,

supp.u1 
 u2/ � suppu1 C suppu2:
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6.2 Properties

Let u1; u2 2 D 0.Rn/ and suppose u1 
 u2 2 D 0.Rn/ exists.

1. Commutativity.

u1 
 u2.�/ D limk�!1 u1.x/ 	 u2.y/.�k.x; y/�.x C y//

D limk�!1 u2.y/ 	 u1.x/.�k.x; y/�.x C y//

D u2.y/ 	 u1.x/.�.x C y// D u2 
 u1.�/; � 2 C1
0 .R

n/:

2. Convolution with the ı function.

u1 
 ı.�/ D u1.x/ 	 ı.y/.�.x C y//

D limk�!1 u1.x/ 	 ı.y/.�k.x; y/�.x C y//

D limk�!1 u1.x/.ı.y/.�k.x; y/�.x C y///

D limk�! u1.x/.�k.x; 0/�.x//

D u1.�/; � 2 C1
0 .R

n/;

and analogously, ı 
 u1 D u1.
3. Translation.

Let h 2 Rn. Then for � 2 C1
0 .Rn/, we have

u1.x C h/ 
 u2.x/.�/ D u1.x C h/ 	 u2.y/.�.x C y//

D limk�!1 u1.x C h/ 	 u2.y/.�k.x; y/�.x C y//

D limk�!1 u1.x/ 	 u2.y/.�k.x � h; y/�.x � h C y//

D u1 
 u2.�.x � h// D .u1 
 u2/.x � h/.�/:
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Moreover,

u1.�x/ 
 u2.�x/.�/ D u1.�x/ 	 u2.�y/.�.x C y//

D limk�!1 u1.�x/ 	 u2.�y/.�k.x; y/�.x C y//

D limk�!1 u1.x/ 	 u2.y/.�k.�x;�y/�.�x � y//

D u1 
 u2.�.�x// D .u1 
 u2/.�x/.�/; � 2 C1
0 .Rn/:

4. Let ˛ 2 Nn [ f0g. Then D˛u1 
 u2, u1 
 D˛u2 exist and satisfy

D˛.u1 
 u2/ D D˛u1 
 u2 D u1 
 D˛u2:

In fact, for � 2 C 1
0 .Rn/ we have

D˛.u1 
 u2/.�/ D .�1/j˛ju1 
 u2.D˛�/

D .�1/j˛ju1.x/ 	 u1.y/.D˛
x�.x C y//

D .�1/j˛j limk�!1 u1.x/ 	 u2.y/.�k.x; y/D˛
x�.x C y//

D .�1/j˛j limk�!1 u1.x/ 	 u2.y/
�

D˛
x .�k.x; y/�.x C y//

�Pˇ<˛

�
˛

ˇ

�

D˛�ˇ
x �k.x; y/D

ˇ
x �.x C y/

�

D .�1/j˛j limk�!1 u1.x/ 	 u2.y/.D˛
x .�k.x; y/�.x C y//

�.�1/j˛j limk�!1 u1.x/ 	 u2.y/
�P

ˇ<˛

�
˛

ˇ

�

D˛�ˇ
x �k.x; y/D

ˇ
x �.x C y/

�

(here we use that �k.x; y/ � 1 on a neighbourhood of suppu 	 suppu for k large
enough)

D limk�!1 D˛u1.x/ 	 u2.y/.�k.x; y/�.x C y//

D D˛u1.x/ 	 u2.y/.�.x C y//

D D˛u1 
 u2.�/:
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Similarly one shows that

D˛.u1 
 u2/ D u1 
 D˛u2:

Example 6.2 For .H.x/ 
 ı/0, x 2 R1 we have

.H.x/ 
 ı.x//0 D H0.x/ 
 ı.x/ D ı.x/ 
 ı.x/ D ı.x/:

As a consequence

H.x/ 
 ı0.x/ D ı.x/:

Exercise 6.3 Compute .x2 
 ı.x//0, x 2 R1.

Answer 2x.

Exercise 6.4 Compute .H.x/ 
 P.x//000, x 2 R1, where P.x/ is a polynomial of
degree n 2 N.

Answer P00.x/.

5. Let u3 2 D 0.Rn/ and suppose u1 
 u2 
 u3, u1 
 u2, u1 
 u3 and u2 
 u3 exist. Then

u1 
 u2 
 u3 D .u1 
 u2/ 
 u3 D u1 
 .u2 
 u3/: (6.2)

Exercise 6.5 Prove (6.2).

6.3 Existence

Let X;B � Rn be open sets and A � Rn a closed set. By D 0.Rn;A/ we shall indicate
the space of distributions u 2 D 0.Rn/ with support contained in A.

Definition 6.2 The sequence fflg1
lD1 � D 0.Rn;A/ converges to 0 in D 0.Rn;A/ if

suppfl � A for every l 2 N and fl.�/ �!l�!0 0 for every � 2 C 1
0 .Rn/.

Given R > 0 we set

TR D f.x; y/ W x 2 A; y 2 B; jx C yj � Rg:

For u1 2 D 0.Rn;A/, u2 2 D 0.B/ the convolution u1
u2 exists and can be represented
in the form

u1 
 u2.�/ D u1.x/ 	 u2.y/.�.x/�.y/�.x C y//; � 2 C 1
0 .Rn/;

where �; � 2 C 1
0 .Rn/ and �.x/ � 1 on A�, �.y/ � 1 on B�, �.x/ � 0 on RnnA2� ,

�.y/ � 0 on RnnB2� . To prove this fact we take � 2 C1
0 .UR/ and set out to show
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that the limit

lim
k�!1 u1.x/ 	 u2.y/.�k.x; y/�.x C y//

exists and does not depend on �k.x; y/. Since supp.u1 	 u2/ D suppu1 	 suppu2, we
have

supp..u1.x/ 	 u2.y//�.x C y// � TR:

Because TR is a bounded set, there exists N D N.TR/ 2 N such that �k.x; y/ D 1 in
TR for every k � N. From here,

limk�!1 u1.x/ 	 u2.y/.�k.x; y/�.x C y//

D limk�!1.u1.x/ 	 u2.y//�.x C y/.�k.x; y//

D .u1.x/ 	 u2.y//�.x C y/.�N.x; y//

D .u1.x/ 	 u2.y//.�.x C y/�N.x; y//

D .u1.x/ 	 u2.y//.�.x C y//:

Consequently the limit limk�!1 u1.x/ 	 u2.y/.�k.x; y/�.x C y// exists and does
not depend on f�k.x; y/g1

kD1. Therefore we can choose �k.x; y/ D �k.x/ Q�n.y/, where
�k.x/; Q�n.y/ 2 C1

0 .R
n/, �k.x/ � 1 on A� , Q�n.y/ � 1 on B�, �k.x/ � 0 on RnnA2� ,

Q�k.y/ � 0 on RnnB2� . We set �.x/ D �N.x/ and �.y/ D Q�N.y/. Thus

lim
k�!1 u1.x/ 	 u2.y/.�k.x; y/�.x C y// D u1.x/ 	 �.y/.�.x/�.y/�.x C y//:

In addition, we have u1 
 u2 2 D 0.A C B/ because supp.u1 	 u2/ � A C B.

Exercise 6.6 Let u1 2 D 0.Rn;A/, u2 2 D 0.B/. Prove that

u1 7�! u1 
 u2

is a continuous operation from D 0.Rn;A/ to D 0.A C B/.

Exercise 6.7 Let u1 2 D 0.Rn/, u2 2 E 0.Rn/. Prove that the convolution u1 
 u2
exists and can be represented in the form

u1 
 u2.�/ D u1.x/ 	 u2.y/.�.y/�.x C y//; � 2 C1
0 .Rn/;

where � 2 C1
0 .Rn/, � � 1 in .suppu2/� and � � 0 in Rnn.suppu2/2� .
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If u1 2 C 1.Rn/ and u2 2 E 0.Rn/, the convolution u1 
 u2 2 C1.Rn/ exists and can
be represented as

u1 
 u2.x/ D Qu2.y/.u1.x � y//; (6.3)

where Qu2 is a continuation of u2 on C1.Rn/.
If u1 2 C1.Rnnf0g/ and u2 2 E 0.Rn/, then the convolution u1 
 u2 2
C1.Rnnsuppu2/ exists and can be represented in form (6.3).

6.4 The Convolution Algebras D 0.� C/ and D 0.� /

Let � be a closed cone.

Definition 6.3 We say that the set A � Rn is bounded by the side of the cone � if
A � � C K for some compact set K � Rn.

A compact set A in Rn falls under this definition by taking � D f0g.
With D 0.�C/ we will indicate the space of distributions with supports bounded by
the side of the cone � .

Definition 6.4 We say that the sequence fung1
nD1 in D 0.�C/ converges to 0 in

D 0.�C/ if there exists a compact set K � Rn such that suppun � � C K and
un �!n�!1 0 in D 0.Rn/.

If � is a closed, convex, acute cone, C D int� �, S is an .n � 1/-dimensional C-like
surface and we take u1 2 D 0.�C/, u2 2 D 0.SC/, then the convolution u1 
 u2 exists
in D 0.Rn/ and can be written

u1 
 u2.�/ D u1.x/ 	 u2.y/.�.x/�.y/�.x C y//; � 2 C 1
0 .Rn/; (6.4)

where �; � 2 C1
0 .Rn/ and � � 1 on .suppu1/� , � � 1 on .suppu2/� , � � 0 on

Rnn.suppu1/2� , � � 0 on Rnn.suppu2/2� . In addition, if suppu1 � � C K, where K
is compact in Rn, then supp.u1 
 u2/ � SC C K and the operations

u1 7�! u1 
 u2 and u2 7�! u1 
 u2;

are continuous from D 0.�C/ and, respectively, D 0.SC/ to D 0.SC C K/.
If u1 2 D 0.�C/, u2 2 D 0.�C/, the convolution u1 
 u2 exists in D 0.�C/ and can
be represented as in (6.4). The operation

u1 7�! u1 
 u2

is a continuous map from D 0.�C/ to D 0.�C/. Taking the convolution as multipli-
cation turns D 0.�C/ into a commutative and associative algebra.
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The space of distributions in D 0.Rn/ with support in a subset of � will be written
D 0.� /. If u1; u2 2 D 0.� /, then

supp.u1 
 u2/ � suppu1 C suppu2 D � C � D �:

Therefore D 0.� / is a subalgebra of D 0.�C/.
Exercise 6.8 Let u1; u2; u3 2 D 0.�C/. Prove that the convolution u1
u2
u3 exists
in D 0.�C/ and the operation

u1 7�! u1 
 u2 
 u3

from D 0.�C/ to D 0.�C/ is continuous.

Exercise 6.9 Generalize the previous exercise.

Some applications of the convolution algebras D 0.�C/ and D 0.� / can be found
in [19, 27].

6.5 Regularization of Distributions

Let X � Rn be an open set and consider u1 2 D 0.X/, u2 2 E 0.X/ with suppu2 �
U� � X. The convolution

u1 
 u2.�/ D u1.x/ 	 u2.y/.�.y/�.x C y//; � 2 C1
0 .Rn/; (6.5)

where � 2 C1
0 .X�/ is 1 on .suppu/�, is well defined, and does not depend on the

choice of �. We know u1 
 u2 D u2 
 u1, u1 
 ı D u1 and that u1 7! u1 
 u2 and
u2 7! u1 
 u2 are continuous. In particular, for ˛ 2 C1.X�/, the convolution

u1 
 ˛.x/ D u1y.˛.x � y//

exists and belongs in C 1.X�/.
The distribution

u1� D u1 
 !�
is called the regularization of the distribution u1.
Since !� �!��!0 ı in D 0.X/, we have

u1� D u1 
 !� �!��!0 u1 
 ı D u1;

showing that any distribution can be considered as a weak limit of its regularization.
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Exercise 6.10 Prove that the space C 1
0 .X/ is dense in D 0.X/.

Proof Take u 2 D 0.X/ and let u� be its regularization. Define

X1 �� X2 �� X3 �� : : : �� Xk �� : : : ; [1
kC1Xk D X; �k D dist.Xk; @X/;

with �k 2 C 1
0 .Xk/ such that �k � 1 on Xk�1. We consider the sequence f�ku�k g1

kD1,
for which

limk�!1 �ku�k.�/ D limk�!1 u�k.�k�/

D limk�!1 u�k.�/ D u.�/; � 2 C 1
0 .X/:

Since u 2 D 0.X/ is arbitrary, C 1
0 .X/ is dense in D 0.X/.

6.6 Fractional Differentiation and Integration

The space D 0.R1C/ will be denoted D 0C for short.

Definition 6.5 Let ˛ 2 R1. We define

f˛.x/ D

8

<̂

:̂

H.x/x˛�1

� .˛/
for ˛ > 0; x 2 R1C;

f .n/˛Cn.x/ for ˛ � 0; x 2 R1C; n 2 N:

Exercise 6.11 Prove that f˛ 2 D 0C.

Exercise 6.12 Prove that

f˛ 
 fˇ.x/ D H.x/

� .˛/� .ˇ/

Z x

0

yˇ�1.x � y/˛�1dy; x 2 R1C; ˛ > 0; ˇ > 0: (6.6)

Exercise 6.13 Prove f˛ 
 fˇ D f˛Cˇ .

Proof

Case 1. ˛ > 0, ˇ > 0.
We take y D tx in (6.4):

f˛ 
 fˇ.x/ D H.x/x˛Cˇ�1

� .˛/� .ˇ/

R 1
0 tˇ�1.1 � t/˛�1dt

D H.x/x˛Cˇ�1

� .˛/� .ˇ/
B.˛; ˇ/ D H.x/x˛Cˇ�1

� .˛Cˇ/ D f˛Cˇ.x/; x 2 R1C:

Case 2. ˛ � 0, ˇ > 0.
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Then

f˛.x/ D f .n/˛Cn.x/; ˛ C n > 0; n 2 N; x 2 R1C:

We fix n and get

f˛ 
 fˇ.x/ D f .n/˛Cn 
 fˇ.x/ D
�

f˛Cn 
 fˇ
�.n/

.x/

(now we invoke Case 1 because ˛ C n > 0 and ˇ > 0)

D
�

f˛CˇCn

�.n/
.x/ D

�
H.x/x˛CˇCn�1

� .˛CˇCn/

�.n/

D H.x/.˛CˇCn�1/:::.˛Cˇ/x˛Cˇ�1

� .˛CˇCn/

D H.x/x˛Cˇ�1

� .˛Cˇ/ D f˛Cˇ.x/; x 2 R1C:

Case 3. ˛ > 0, ˇ � 0.
We omit the proof and leave it to the reader, since it merely reproduces that of
Case 2.

Case 4. ˛ � 0, ˇ � 0.
Let n1; n2 2 N be fixed so that

f˛ D f .n1/˛Cn1
; fˇ D f .n2/ˇCn2

; ˛ C n1 > 0; ˇ C n2 > 0:

Then

f˛ 
 fˇ.x/ D f .n1/˛Cn1

 f .n2/ˇCn2

.x/

D
�

f˛Cn1 
 fˇCn2

�.n1Cn2/
.x/

D
�

f˛CˇCn1Cn2

�.n1Cn2/
.x/

D 1
� .˛CˇCn1Cn2/

�
H.x/x˛CˇCn1Cn2�1

�.n1Cn2/

D H.x/
� .˛CˇCn1Cn2/

.˛ C ˇ C n1 C n2 � 1/ : : : .˛ C ˇ/x˛Cˇ�1.x/

D H.x/x˛Cˇ�1

� .˛Cˇ/ .x/ D f˛Cˇ.x/; x 2 R1C:
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Example 6.3 Let us consider f0. We have

f0.x/ D f 0
1.x/ D

�H.x/

� .1/

�0 D ı.x/:

Since D 0C is a commutative convolution algebra,

f˛ 
 f�˛.x/ D f0.x/ D ı.x/; x 2 R1C

for ˛ 2 R1. Consequently f �1
˛ D f�˛ .

For n 2 Z� we have

fn D f .�n/
0 D ı.�n/;

so

fn 
 u D ı.�n/ 
 u D ı 
 u.�n/ D u.�n/

for u 2 D 0C. In the case when n 2 ZC we have fn.x/ D H.x/xn�1

� .n/ , x 2 R1C. Hence,

�
fn 
 u

�.n/
.x/ D f .n/n 
 u.x/

D .H.x/xn�1/
.n/

� .n/ 
 u.x/ D H0.x/.xn�1/
.n�1/

� .n/ 
 u.x/

D ı 
 u.x/ D u.x/; x 2 R1C:

for u 2 D 0C.

Definition 6.6 When ˛ < 0 the operator f˛
 is called fractional differentiation in
the sense of Riemann-Liouville. When ˛ > 0 it is known as fractional integration
or Abel operator.

Let k 2 .0; 1/. Then

Dku D D
�

Dk�1u
�

D D
�

f1�k 
 u
�

(6.7)

for u 2 D 0C.
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Let � 2 C1
0 .R

1C/, �; � 2 D 0C be chosen so that � � 1 on .suppf1�k/
� , � � 1 on

.suppu/�, � � 0 on R1Cn.suppf1�k/
2� , � � 0 on R1Cn.suppf1�k/

2� . Then

f1�k 
 u.�/ D f1�k.x/ 	 u.y/.�.x/�.y/�.x C y//

D H.x/x�k

� .1�k/ .�.x/u.y/.�.y/�.x C y///

D H.x/x�k

� .1�k/

�
�.x/

R1
�1 u.y/�.x C y/dy

�

D 1
� .1�k/

R1
0 x�k

R1
�1 u.y/�.x C y/dydx

D 1
� .1�k/

R1
�1

R1
0

x�k�.x C y/dxu.y/dy .x C y D z/

D 1
� .1�k/

R1
�1 u.y/

R1
y .z � y/�k�.z/dzdy

D 1
� .1�k/

R1
�1

R1
y .x � y/�k�.x/dxdy

D 1
� .1�k/

R1
�1

R x
0 u.y/.x � y/�kdy�.x/dx

D 1
� .1�k/

R x
0 u.y/.x � y/�kdy.�/; x 2 R1C:

As � 2 C1
0 .R1C/ was chosen arbitrarily we conclude

f1�k 
 u.x/ D 1

� .1 � k/

Z x

0

u.y/.x � y/�kdy; x 2 R1C:

The latter representation and (6.7) imply

Dku.x/ D 1

� .1 � k/

d

dx

Z x

0

u.y/.x � y/�kdy; k 2 .0; 1/; x 2 R1C:

If l 2 N, then

DlCku D Dl.Dku/

for u 2 D 0C.
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Exercise 6.14 Compute D
1
2 H.x/, x 2 R1C.

Answer 2p
�

H.x/p
x

.

Exercise 6.15 Compute D
1
3 ı.x/, x 2 R1C.

Answer 1

� . 23 /

d
dx

�
H.x/x� 1

3

�
.

Exercise 6.16 Let k 2 .0; 1/ and u 2 D 0C, and call u�k the kth primitive of u. Prove
that

u�k D fk 
 u D 1

� .k/

Z x

0

.x � y/k�1u.y/dy; x 2 R1C:

Exercise 6.17 Let k 2 .0; 1/, l 2 N and u 2 D 0C. Prove that

u�l�k D 1

� .k/

Z x

0

Z x1

0

: : :

Z xl�1

0

Z xl

0

.xl � y/k�1u.y/dydxl : : : dx1; x 2 R1C:

6.7 Exercises

Problem 6.1 Let u.x; t/ 2 D0.Rn
x 	 R1t /. Find

�
D˛ı.x/ 	 ı.ˇ/.t/

�

 u.x; t/;

where ˛ 2 Nn, ˇ 2 N.

Answer

D˛
x Dˇ

t u.x; t/:

Problem 6.2 Compute

1. H.x/ 
 H.x/x2,
2. H.x/ 
 H.x/ sin x,
3. H.x/ 
 H.x/x3,
4. H.x/ 
 H.x/.x C cos x/,
5. H.x/ 
 H.x/f .x/, f 2 C1.R1/

in D 0.R1/.
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1. Solution. Fix � 2 C1
0 .R1/ and choose �; � 2 C1

0 .R
1/ so that � � 1 on

.supp.H.x/x2//� , � � 1 on .suppH.x//� , � � 0 on R1n.supp.H.x/x2//2� , � � 0

on R1n.suppH.x//2�. Then

H.x/ 
 H.x/x2.�/ D H.x/ 	 H.y/y2.�.x/�.y/�.x C y//

D R1
�1 H.x/

R1
�1 H.y/y2�.x C y/�.x/�.y/dydx

D R1
�1

R1
�1 H.x/H.y/y2�.x C y/dydx .y C x D z/

D R1
�1

R1
�1 H.x/H.z � x/.z � x/2�.z/dzdx

D R1
�1 �.z/

R1
�1 H.x/H.z � x/.z � x/2dxdz

D R1
�1 H.z/

R z
0
.z � x/2dx�.z/dz

D R1
�1 H.z/ z3

3
�.z/dz

D H.x/ x3

3
.�/:

Since � 2 C1
0 .R

1/ was arbitrary,

H.x/ 
 H.x/x2 D H.x/
x3

3
:

2. Solution. 2H.x/ sin2 x
2
,

3. Solution. H.x/ x4

4
,

4. Solution. H.x/
�

x2

2
C sin x

�
,

5. Solution. H.x/
R x
0

f .x � t/dt.

Problem 6.3 Compute

1. H.x/x 
 H.x/x2,
2. H.x/x 
 H.x/ sin x,
3. H.x/ cos x 
 H.x/x3,
4. H.x/x 
 H.x/e�x,
5. H.x/f .x/ 
 H.x/g.x/, f ; g 2 C1.R1/

in D 0.R1/.
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1. Solution. Let � 2 C1
0 .R

1/, �; � 2 C 1
0 .R1/ such that � � 1 on

.supp.H.x/x//� , � � 1 on .supp.H.x/x2//� , � � 0 on R1n.supp.H.x/x//2� ,
� � 0 on R1n.supp.H.x/x2//2� . Then

H.x/x 
 H.x/x2.�/ D H.x/x 	 H.y/y2.�.x/�.y/�.x C y//

D R1
�1 H.x/x

R1
�1 H.y/y2�.x/�.y/�.x C y/dydx

D R1
�1 H.x/x

R1
�1 H.y/y2�.x C y/dydx .x C y D z/

D R1
�1 H.x/x

R1
�1 H.z � x/.z � x/2�.z/dzdx

� R1
�1 �.z/

R1
�1 H.x/H.z � x/x.z � x/2dxdz

D R1
�1 �.z/H.z/

R z
0

x.z � x/2dxdz

D R1
�1 H.z/ z4

12
�.z/dz

D H.x/ x4

12
.�/:

Therefore

H.x/x 
 H.x/x2 D H.x/
x4

4
:

2. Solution. H.x/.x � sin x/,
3. Solution. H.x/.3x2 C 6 cos x � 6/,
4. Solution. H.x/

�
x � 1C e�x

�
,

5. Solution. H.x/
R x
0

f .y/g.x � y/dy.

Problem 6.4 Prove

1. ı.x � a/ 
 ı.x � b/ D ı.x � a � b/, x 2 R1; a; b D const,

2. ı.m/.x � a/ 

�
ı.k/.x � b/ 
 u.x/

�
D u.kCm/.x � a � b/, x 2 R1,

u 2 D 0.R1/; a; b D const; k;m 2 N.

Problem 6.5 In D0.R2/ compute

1. H.at � jxj/ 

�

H.t/ 	 ı.x/
�

, a > 0,

2. H.at � jxj/ 

�
ı.t/ 	 ı.x/

�
, a > 0,

3. H.at � jxj/ 

�

H.t/ sin t 	 ı.x/
�

, a > 0,

4. H.at � jxj/ 

�

H.t/.t2 C t C 1/ 	 ı.x/
�

, a > 0,
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5. H.at � jxj/ 

�

H.t/.1C cos t/ 	 ı.x/
�

, a > 0,

6. H.at � jxj/ 

�

f .t/ 	 ı.x/
�

, a > 0,

where f 2 C .t � 0/ and f � 0 for t < 0.

Answer

1. H.t/
�

t � jxj
a

�
,

2. H.at � jxj/,
3. H.at � jxj/2 sin2

�
t
2

� jxj
2a

�
,

4. H.t/
�
1
3

�
t � jxj

a

�3 C 1
2

�
t � jxj

a

�2 C t � jxj
a

�
,

5. H.t/
�

t � jxj
a C sin

�
t � jxj

a

��
,

6. H.at � jxj/ R t� jxj
a

0 f .�/d� .

Problem 6.6 Let X1 � Rn1 , X2 � Rn2 be open sets and K 2 D0.X1 	 X2/. Define
the map K W C1

0 .X2/ 7�! D0.X1/ by

K .�/.x1/ D
Z

X2

K.x1; x2/�.x2/dx2; � 2 C1
0 .X2/:

Prove that

1. K is continuous if and only if K �j �!j�!1 0 in D0.X1/ as �j �!j�!1 0 in
C 1
0 .X2/,

2.

K �. / D K. 	 �/; � 2 C1
0 .X2/;  2 C1

0 .X1/:

Hint Use the definition of distribution and direct product by C 1
0 functions.

Definition 6.7 The distribution K.x1; x2/ is called the kernel of the map K .

Problem 6.7 Let X1 � Rn be an open set and X D X1 	 X1. Prove that the support
of the kernel of the continuous linear map K W C 1

0 .X/ �! D0.X/ is f.x; x/ 2 Xg if
and only if K � D P

˛ a˛@˛�, where a˛ 2 D0.X/ and the sum is locally finite.

Solution Let

K �. / D
X

˛

a˛..@
˛�/ /:

From the previous problem it follows that the kernel of the above operator is

X

˛

a˛
�
@˛y�.x; y/

ˇ
ˇ
ˇ

yDx

�
:
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Hence the support of K is the set f.x; x/ W x 2 Xg.

Conversely, let f.x; x/ W x 2 Xg be the support of the kernel K of K . Using (2.12)
we have

K � D
X

˛

a˛@
˛�:

Problem 6.8 Let X1 � Rn1 , X2 � Rn2 be open sets and K 2 D0.X1 	 X2/ the kernel
of the operator K . Prove that

suppK u � suppK � suppu;

where

suppK � suppu D
n
x1 2 X1 W 9x2 2 suppu such that .x1; x2/ 2 suppK

o
:

Solution Let x1 … suppK � suppu. Then there exists a neighbourhood V of x1 such
that

V \ suppK � suppu D Ø:

If v 2 C1
0 .V/,

�
supp.v 	 u/

�
\ suppK �

�
V 	 suppu

�
\ suppK D Ø:

Consequently

K u.v/ D 0;

i.e., K u D 0 in V . Therefore

suppK u � suppK � suppu:

Problem 6.9 Let X1 � Rn1 , X2 � Rn2 be open sets, K 2 C1.X1 	 X2/, and define
K W C1.X2/ 7�! C1.X1/ by

K �.x1/ D
Z

X2

K.x1; x2/�.x2/dx2:

Prove that K can be extended to a map from E 0.X2/ to C1.X1/

K u.x1/ D u
�

K.x1; �/
�
; u 2 E 0.X2/; x1 2 X1:
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Problem 6.10 Let u1 2 D0k.Rn/, u2 2 C1
0 .Rn/. Prove that u1 
 u2 defines a

continuous function

x 7! u1.u2.x � �//:

Problem 6.11 Take u1; u2 2 D0.X/, u2 with compact support. Prove that

singsupp.u1 
 u2/ � singsuppu1 C singsuppu2:

Solution Let u2 2 E 0.Rn/,  2 C 1
0 .Rn/ such that  � 1 on a neighbourhood of

singsuppu2. Then

u2 D .1�  /u2 C  u2:

By definition of  it follows that .1� /u2 2 C1
0 .R

n/. Therefore u1 
 ..1� /u2/
is a C1 function on

n
x W fxg � supp. u2/ � singsuppu1

o
:

Consequently

singsupp.u1 
 u2/ D singsupp.u1 
 . u2// � singsuppu1 C singsupp. u2/:

We also have

singsupp. u2/ � singsuppu2;

and the claim follows.

Problem 6.12 Let P be a differential operator with constant coefficients

P D
X

˛

a˛@
˛:

Prove

1. Pu D P.ı/ 
 u for u 2 D0.Rn/,
2. P.u1 
 u2/ D P.u1/ 
 u2 D u1 
 P.u2/

for u1; u2 2 D0.X/, where u2 has compact support.

Solution

1. We have

P.u/ D
X

˛

a˛
�
@˛ı 
 u

�
D
X

˛

�
a˛@

˛ı 
 u
�

D
�X

˛

a˛@
˛ı
�


 u D P.ı/ 
 u:
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2. We have

P.u1
u2/ D
X

˛

a˛@
˛.u1
u2/ D

X

˛

a˛@
˛u1
u2 D

�X

˛

a˛@
˛u1

�

u2 D P.u1/
u2:

At the same time

P.u1
u2/ D
X

˛

a˛@
˛.u1
u2/ D

X

˛

a˛u1
@˛u2 D u1

�X

˛

a˛@
˛u2
�

D u1
P.u2/:

Problem 6.13 Let u1; u2 2 D0.Rn/, u2 with compact support. Suppose that for
every y 2 suppu2 we can find an integer j � 0 and an open neighbourhood Vy

of y for which

1. u1 2 D0.fxg � V � y/,
2. u2 2 C kCj.V � y/

or

1. u1 2 C kCj.fxg � Vy/,
2. u2 2 D0j.Vy/.

Prove that u1 
 u2 2 C k on a neighbourhood of x.

Problem 6.14 Given f 2 C .Rn/, compute f 
 
ıS.

Answer
Z

S

.x/f .y � x/dsx:

Problem 6.15 Let @
@n .�ıS/ 2 D0.Rn/, f 2 C 1.Rn/. Find

f 
 @

@n
.�ıS/;

where � is a piecewise-continuous function.

Answer

�
Z

S
�.y/

@f

@n
.x � y/dsy:

Problem 6.16 Let 
 2 C .Rn/. Find

1. jxj2�n 
 
ıS, n � 3,
2. log jxj 
 
ıS, n D 2.
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Answer

1.
R

S 
.y/jx � yj2�ndsy,
2. � RS 
.y/ log jx � yjdsy.

Problem 6.17 Let En.x/ D jxj2�n, n � 3 and g 2 L1.Rn/. Compute

1. Vn D En 
 g,
2. �n.En 
 g/.

Answer

1.
R

Rn g.y/jx � yj2�ndy,
2. �.n � 2/
.x W jxj D 1; x 2 Rn/g.

We set cn D .n � 2/
.x W jxj D 1; x 2 Rn/.

Problem 6.18 Compute

1. jxj2 
 ıS.R/,
2. sin jxj2 
 ıS.R/,
3. ejxj2 
 ıS.R/,
4. jxj 
 ıS.R/,
5. f .jxj/ 
 ıS.R/,

where f .x/ 2 C .Œ0;1// and S.R/ D fx 2 R3 W jxj D Rg, x 2 R3.

Answer

1. 4�R2
�
jxj2 C R2

�
,

2. ��R
jxj
�

cos
��

R C jxj
�2� � cos

��
R � jxj

�2��
,

3. �R
jxj
�
�e.R�jxj/2 C e.RCjxj/2

�
,

4. 4
3
�R
�
3R2 C jxj2

�
,

5. �R
jxj
R �
0

f
�p

R2 C jxj2 � 2Rjxj cos �
�

sin �d� ,

where

y1 D R cos� cos �; y2 D R sin � cos �; y3 D R sin �; � 2 Œ0; 2��; � 2 Œ0; ��:

Problem 6.19 Let w.t/ be a continuous function on t � 0 and w.t/ D 0 for t < 0.
Define E3.x; t/ D H.t/

4� t ıS.t/.x/. Find E3.t/ 
 w.t/.

Answer

w.t � jxj/
4�jxj :
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Problem 6.20 Let

E1.x; t/ D 1
2
H.t � jxj/;

E2.x; t/ D H.t�jxj/
2�

p
t2�jxj2 ;

E3.x; t/ D H.t/
4� t ıS.t/.x/:

Also let Qu.x/ 2 C .Ri/, i D 1; 2; 3. Find Ei.x; t/ 
 Qu.x/, i D 1; 2; 3.

Answer

1. H.t/
2

R xCt
x�t Qu.z/dz,

2. H.t/
2�

R
jx�zj�t

Qu.z/p
t2�jx�zj2 dz,

3. H.t/
4� t

R
S.x;t/ Qu.�/d�.

Problem 6.21 Let f .x; t/ 2 D0.Ri
x 	 R1t /, i D 1; 2; 3, be a distribution for which

suppf � f.x; t/ W t � 0g. Find Ei 
 f , i D 1; 2; 3.

Answer

i D 1; 1
2

R t
0

R

jx��j�t f .�; �/d�d�;

i D 2; 1
2�

R t
0

R
jx��j�t

f .�;�/p
.t��/2�.x��/2 d�d�;

i D 3; 1
4�

R
U.x;t/ f .�; t � jx � �j/d�:

Problem 6.22 Let f .�/ 2 C 1.� � 0/, f 0.0/ D 0. Find

�f .jxj/ 
 @

@n
ıS.R/:

Answer

�R

2jxj
Z .RCjxj/2

.R�jxj/2
f 0.

p
�/p
�

@�

@n
d�:

Problem 6.23 Let u1; u2; : : : ; un 2 C0. Prove that

ju1 
 u2 
 � � � 
 un.0/j � jju1jjp1 � � � jjunjjpn ;
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where

1

p1
C 1

p2
C � � � C 1

pn
D n � 1; 1 � pj � 1; j D 1; 2; � � � ; n:

Hint Distinguish two cases: k D 2 and k > 2.

Problem 6.24 Let 1 � pj � 1, j D 1; 2; � � � ; n and

1

p1
C � � � C 1

pn
D n � 1C 1

q
; 1 � q � 1:

Take ui 2 C0, i D 1; 2; � � � ; n, and prove

jju1 
 u2 
 � � � 
 unjjq � jju1jjp1 � � � jjunjjpn :

Problem 6.25 Let ka.y/ D jyj� n
a and 1

a0 C 1
a D 1, 1

p C 1
p0 D 1, 1 � p < a0,

u 2 L1 \ Lp. Prove

jjka 
 ujj1 � Cp;ajjujj
p0

a
p jjujj1�

p
a01 :

Solution Let R > 0 be fixed. Then

jka 
 u.x/j D
ˇ
ˇ
ˇ
R

Rn ka.x � y/u.y/dy
ˇ
ˇ
ˇ D

ˇ
ˇ
ˇ
R

Rn ka.y/u.x � y/dy
ˇ
ˇ
ˇ

� R
Rn jyj� n

a ju.x � y/jdy D R
jyj�R jyj� n

a ju.x � y/jdy C R
jyj�R jyj� n

a ju.x � y/jdy:

For
Z

jyj�R
jyj� n

a ju.x � y/jdy

we have the following estimate

Z

jyj�R
jyj� n

a ju.x � y/jdy � c1jjujj1
Z R

0

�� n
a �n�1d� D jjujj1c2R

n� n
a : (6.8)

For
Z

jyj�R
jyj� n

a ju.x � y/jdy
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we have the following estimate

R
jyj�R jyj� n

a ju.x � y/jdy � jjujjp

�R
jyj�R jyj� n

a p0
dy
� 1

p0

D jjujjp

�
c3
R1

R �n�1� n
a p0

d�
� 1

p0 D c4jjujjpR
n
p0 � n

a :

(6.9)

Combining (6.8) and (6.9),

jka 
 u.x/j � C
�

Rn� n
a jjujj1 C R

n
p0 � n

a jjujjp

�
:

We choose R so that

R
n
p D jjujjp

1

jjujj1 :

Then

Rn� n
a D jjujj

p
a0

p jjujj�
p
a01 ;

Rn� n
a jjujj1 D jjujj

p
a0

p jjjjujj1�
p
a01 ;

R
n
p0 � n

a jjujjp D jjujj
p
a0

p jjujj1�
p
a01 :

Consequently

jka 
 u.x/j � Cjjujj
p
a0

p jjujj1�
p
a01 :

Problem 6.26 Let u 2 L1.Rn/ and s be a positive number. Prove that

1. u can be written as

u D v C
1X

kD1
wk;

where

jjvjj1 C
1X

kD1
jjwkjj1 � 3jjujj1; jv.x/j � 2ns;

2. for every sequence of pairwise disjoint cubes Ik we have wk.x/ D 0 for x 2 Ik,R

Rn wk.x/dx D 0, s
P1

kD1 
.Ik/ � jjujj1.



132 6 Convolutions

Solution Let us subdivide Rn into cubes In such that 
.In/ >
1
s

R
Rn jujdx. Then

s
.In/ >

Z

Rn
jujdx D

X

i

Z

Ii

jujdx >
Z

In

jujdx;

i.e.,

1


.In/

Z

In

jujdx < s:

Now we divide I1 into equal parts so that the average of juj on each one is greater
than or equal to s. Therefore

s
.I1k/ � R
I1k

jujdx � R
I jujdx � s
.I/ D 2ns
.Ik/:

Let

v.x/ D 1


.I1k/

Z

I1k

udy; x 2 I1k; (6.10)

and

w1k D
8
<

:

u.x/� v.x/ for x 2 I1k;

0 for x … I1k:

(6.11)

Now we divide I2 into equal parts so that the average of juj on each is greater than
or equal to s. Formulas (6.10) and (6.11) are valid for this decomposition, so we can
iterate. In this way we produce a sequence of functions wjk and a sequence of cubes
Ijk.

Now we make (6.10) explicit:

v.x/ D u.x/ for x … O D [Ik:

Then

u D v C
1X

1

wk:

We also have
Z

Ik

�
jvj C jwkj

�
dx � 3

Z

Ik

jujdx:
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Therefore

P1
kD1

R

Ik
jvjdx CP1

kD1
R

Ik
jwkjdx � 3

P1
kD1

R

Ik
jujdx;

R
Rn jvjdx CP1

kD1 jjwkjj1 � 3jjujj1:

Since Ik \ Il D Ø, k ¤ l, we have wk.x/ D 0 for x … Ik, v D u on O and

jvj � 2ns for x 2 O:

If x … O, there exist sufficiently small cubes containing x on each of which the
average of juj is less than s. Consequently

ju.x/j � s a:e:

From the inequality

s
.Ik/ �
Z

Ik

jujdx;

we obtain

s
nX

kD1

.Ik/ � jjujj1:

Problem 6.27 Let I be a cube with centre at the origin, I� a cube with the same
centre and twice the edge. Take w 2 L1, suppw � I,

R
wdx D 0. Prove

�Z

I�

jka 
 wjadx
� 1

a � Cajjwjj1:

Solution We have

jka
w.x/j D
ˇ
ˇ
ˇ

Z

ka.x�y/w.y/dy
ˇ
ˇ
ˇ D

Z

j.ka.x�y/�ka.x//jw.y/dy � Cjxj�1� n
a jjwjjL1

when x … I�. Hence

�Z

CI�

jka 
 wjadx
� 1

a � constjjwjjL1 :
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Problem 6.28 Prove



n
x W jka 
 uj > t

o
ta � Cajjujja

1;

for t > 0, a > 0.

Solution Let us suppose jjujj1 D 1 (otherwise, we may consider u
jjujj1 ). Then u can

be represented as

u D v C
1X

kD1
wk:

We also have (when p D 1)

jka 
 vj � cjjvjj 1a1 � c1s
1
a :

Let s satisfy

c1s
1
a D t

2
:

Then

jka 
 uj > t

implies

1X

kD1
jka 
 wkj > t

2
:

Let

O D [I�
k ;

where I�
k is the cube with twice the edge of Ik. We have


.O/ < 2n

s ;
R

CO

�P1
kD1 jka 
 wkj

�a
dx � c1;



n
x W P1

kD1 jka 
 wkj > t
2

o
� 2n

s C c
�

t
2

��a � c1t�a:
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Problem 6.29 Let 1 < a < 1, 1 < p < q < 1, 1p C 1
a D 1C 1

q . Prove

jjka 
 ujjq � Cp;ajjujjp

for u 2 D0.

Solution For convenience we will suppose that

jjujjp D 1:

Let


.t/ D 

n
x W jka 
 w.x/j > t

o
:

Then

jjka 
 ujjq
q D

Z

jka 
 u.x/jqdx �
Z 1

0

tqd
.t/ D �q
Z 1

0

tq�1
.t/dt:

Set

u D v C w;

where

v D u for juj � s;

w D u for juj > s:

Then

jjka 
 vjj1 � cs1�
p
a0 D cs

p
q :

Now we choose s so that

cs
p
q D t

2
:

If

jka 
 wj > t

we have

jka 
 wj > t

2
;
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and consequently


.t/ � c0t�ajjwjjq
1;

jjka 
 ujjq
q � c00 R tq�1�a

�R

juj>s jujdx
�q

dt � c00
�R �R

s<juj tq�1�adt
� 1

q jujdx
�q
:

We note that
Z

s<juj
tq�1�adt � tq�a:

When s D juj we have

Z

sDjuj
tq�1�adt � juj .q�a/p

q D juj ap
p0 :

Consequently

jjka 
 ujjq
q � c

�Z

juj1C p
p0 dx

� q
p D c

�Z

jujpdx
� q

p D cjjujjq
p;

and

jjka 
 ujjq � Cp;ajjujjp:

Problem 6.30 Let u 2 D0.X/ and X an open set in Rn, 1 < p < n. Consider
@ju 2 Lp

loc.X/, j D 1; 2; : : : ; n, 1p D 1
q C 1

n . Prove u 2 Lq
loc.X/.

Solution Let

E D

8

<̂

:̂

1
2�

log jxj for n D 2;

�jxj2�n 1
cn.n�2/ for n � 3;

denote the fundamental solution to the Laplace equation

�E D ı:

Notice

@jE D xj

cnjxjn :
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Then

jj@jEjjp
L

p
loc

D
Z

K

� jxjj
jxjncn

�p
dx � c < 1

for every compact subset of R. In other words, @jE 2 Lp
loc, j D 1; 2; : : : ; n. If we

write Ej D @jE then

jEjj � jxj1�n

cn
:

Let 1a D 1 � 1
n , so

jEjj � jxj� n
a

cn
:

Since C0 is everywhere dense in Lp, we obtain

jjEj 
 vjjq � cjjvjjp; v 2 Lp \ E 0: (6.12)

Let � 2 C1
0 .X/ be 1 on a sufficiently large subset Y of X. Then

�u D ı 
 �u D �E 
 �u D E 
�.�u/ D E 
Pj @
2
j .�u/ D P

j.E 
 @2j .�u//

D P
j.@jE 
 @j.�u// D P

j.Ej 
 .@j�u C �@ju// D P
j Ej 
 .�@ju/CP

j Ej 
 .@j�u/:

Since @ju 2 Lp
loc, we have �@ju 2 Lp

loc. From this and inequality (6.12) we conclude
that Ej 
 .�@ju/ 2 Lq. We also know

singsupp.Ej 
 .u@j�// � singsuppEj C singsupp.u@j�/;

so

Ej 
 .u@j�/ 2 C 1.Y/;

and consequently

Ej 
 .u@j�/ 2 Lq:

Hence

�u 2 Lq;
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and eventually

u 2 Lq
loc.Y/:

Problem 6.31 Let u 2 D0.Rn/, 1 < p < n, @ju 2 Lp.Rn/, j D 1; 2; : : : ; n. Prove
that there exists a constant C such that u � C 2 Lq.Rn/, where 1

p D 1
q C 1

n .

Solution Let E be the fundamental solution of the Laplace equation, and set Ej D
@jE and

v D
X

j

Ej 
 @ju:

As in the solution of the previous problem, we have v 2 Lq.Rn/. Let � 2 C 1
0 .Rn/

be chosen such that 0 � � � 1 and � � 1 on a neighbourhood of the origin. We set

E�j .x/ D �.�x/Ej.x/; � > 0:

Then we have

E�j 
 w �!��!0 Ej 
 w

in Lq.Rn/ for w 2 Lp. We also have

ˇ
ˇ
ˇ

ˇ
ˇ
ˇE�j 
 w

ˇ
ˇ
ˇ

ˇ
ˇ
ˇ
Lq

� cjjwjjLp :

The constant c is independent of � for w 2 C 0. Consequently

E�j 
 w D Ej 
 w

on every compact set for every � small enough. We have

jE�j 
 wj 2 Lq;

v D lim��!0 E�j 
 @ju;

@kv D lim��!0

P
j E�j 
 @k@ju D lim��!0

P
j @jE�j 
 @ku
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in D0.Rn/, and

P
j @jE�j D �.�x/�E C �

P
j �j.�x/Ej D ı C �

P
j �j.�x/Ej:

Since

jj�j.�x/Ej 
 @kujjLq � cjj@ujjLp < 1

as � �! 0, we have

@kv D lim
��!0

X

j

ı 
 @ku C �2
X

j

�j.�x/Ej 
 @ku D @ku;

i.e.,

@ku D @kv for k D 1; 2; : : : ; n:

Consequently v D u � C. We note that u � C 2 Lq.

Problem 6.32 Let k 2 C 1.Rnnf0g/ be a homogeneous function of degree � n
a , 1 �

p � 1 and 0 < � D n
�
1 � 1

a � 1
p

�
< 1. Prove

sup
x¤y

jk 
 u.x/� k 
 u.y/jjx � yj�� � cjjujjp

for u 2 Lp \ E 0.

Solution Let h D jx � yj. We have

k 
 u.x/� k 
 u.0/ D R �
k.x � y/� k.y/

�
u.y/dy

D R
jyj�2h

�
k.x � y/� k.�y/

�
u.y/dy C R

jyj�2h

�
k.x � y/ � k.�y/

�
u.y/dy:

Now we consider
Z

jyj�2h

�
k.x � y/� k.�y/

�
u.y/dy:
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Then
ˇ
ˇ
ˇ
R

jyj�2h

�
k.x � y/� k.�y/

�
u.y/dy

ˇ
ˇ
ˇ

�
�R

jyj�2h

ˇ
ˇ
ˇk.x � y/� k.�y/

ˇ
ˇ
ˇ
p0

dy
� 1

p0
�R

jyj�2h ju.y/jpdy
� 1

p

� cjjujjp

�R
jyj�2h jk.y/jp0

dy
� 1

p0

� cjjujjph

�
n� np0

a

�
1
p0

D ch� :

(6.13)

As we saw earlier, using the mean value theorem we obtain

ˇ
ˇ
ˇ

Z

jyj�2h

�
k.x � y/� k.y/

�
u.y/dy

ˇ
ˇ
ˇ � ch� jjujjp:

From here and (6.13) we find

sup
x¤y

jk 
 u.x/� k 
 u.y/j � ch� jjujjp:

Problem 6.33 Let u 2 D0.X/, p > n, @ju 2 Lp
loc, j D 1; 2; : : : ; n. Prove

sup
x¤yIx;y2K

ju.x/� u.y/j
jx � yj� < 1; � D 1 � n

p
:

Problem 6.34 Let u 2 D0.X/, 1 < p < 1, m 2 N. Let @˛u 2 Lp
loc.X/ for j˛j D m.

Prove that for j˛j < m we have

1. @˛u 2 Lq
loc.X/ if q < 1; 1p � 1

q C m�j˛j
n ,

2. @˛u is Hölder continuous of order � , where 0 < � < 1 and 1
p � .m � j˛j � �/ 1n .

Problem 6.35 In D 0.R1/ compute

1.
�

d
dx

� 1
4
.H.x/ 
 ı.x//,

2.
�

d
dx

� 1
3
H.x/.
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Answer

1. H.x/

�

�
3
4

�
x
1
4

,

2. H.x/

�

�
2
3

�
x
1
3

.

Problem 6.36 In D 0.R1/ compute

1. limk�!1 ı.x C k/,
2. limk�!1 ı.x � k/,
3. ı.x C k/ 
 ı.x � k/, k 2 R.

Answer

1. 0,
2. 0,
3. ı.x/.

Problem 6.37 Let

f˛.x/ D 1p
2�˛

e� x2

2˛2 ; x 2 R1; ˛ > 0:

Prove that f˛ 2 D 0.R1/ and

f˛ 
 fˇ D fp
˛2�ˇ2 :

Problem 6.38 Let

f˛.x/ D 1

�

˛

˛2 C x2
; x 2 R1; ˛ > 0:

Prove that f˛ 2 D 0.R1/ and

f˛ 
 fˇ D f˛Cˇ:

Problem 6.39 Prove that the function

u.x/ D sin�˛

�

Z x

0

g0.�/
.x � �/1�˛ d�

solves
Z x

0

u.�/

.x � �/˛
d� D g.x/; g.0/ D 0; g 2 C 1.x � 0/; 0 < ˛ < 1:
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Problem 6.40 Prove

eaxf 
 eaxg D eax.f 
 g/; f ; g 2 D0C:

Problem 6.41 Let f 2 D 0.Rn/. Prove that the convolution f 
 1 exists and is
constant.

Problem 6.42 Let u 2 D0.Rn/, � 2 C 1
0 .Rn/. Prove

1. u 
 � 2 C1.Rn/,
2. supp.u 
 �/ � suppu C supp�,
3. @˛.u 
 �/ D @˛u 
 � D u 
 @˛�
for every ˛ 2 Nn.

2. Solution. Let u 
 �.x/ ¤ 0. Then x � y 2 supp�, so x 2 suppu C supp�. Since
x is arbitrary in suppu 
 �, we conclude that

suppu 
 � � suppu C supp�:

3. Solution. From the definition of @˛u, it follows that

@˛.u 
 �/ D @˛u 
 � D u 
 @˛�:

Problem 6.43 Let u 2 D0.Rn/, �; 2 C 1
0 .Rn/. Prove

u 
 .� 
  / D .u 
 �/ 
  :

Solution

u 
 .� 
  /.x/ D limh�!0 u
�P

�.x � � � kh/hn .kh/
�

D limh�!0

P
.u 
 �/.x � kh/ .kh/hn

D R
.u 
 �/.x � y/ .y/dy D .u 
 �/ 
  :

Problem 6.44 Let � 2 C1
0 .Rn/, � � 0 on Rn,

R

Rn �.x/dx D 1, u 2 D0.Rn/.
Prove

1. u� D u 
 � 2 C1.Rn/,
2. u� �! u

in D0.Rn/ when supp� �! f0g.
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Solution For  2 C1
0 .R

n/, Q .x/ D  .�x/, we have

u. / D u 
 Q .0/;

u�. / D u� 
 Q .0/ D u 
 � 
 Q .0/:

Since

� 
 Q .0/ �! Q .0/

when supp� �! f0g, we conclude

u�. / �! u 
 Q .0/ D u. /

when supp� �! f0g.

Problem 6.45 Let u 2 D0.X/. Prove that there exists a sequence fujg in C1
0 .X/

such that

uj �!j�!1 u

in D0.X/, implying that C 1
0 .X/ is everywhere dense in D0.X/.

Solution We choose a sequence f�jg1
jD1 in C1

0 .Rn/ such that for every natural
number N < j we have �j D 1 on every compact subset of Rn. Now choose a
sequence �j in C1

0 .Rn/ with the following properties:

�j � 0;

Z

�jdx D 1; supp�j �! f0g:

By definition of �j we have

�ju 2 E 0.Rn/:

Consequently

.�ju/ 
 �j 2 C1.Rn/:

Since �ju and �j have compact support,

uj D .�ju/ 
 �

has compact support too. Now let us redefine the �j so that

supp�j C supp�j � X
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and jxj < 1
j for x 2 supp�j. For � 2 C1

0 .X/, we have

uj. / D uj 
 Q�.0/ D .�ju/ 
 �j 
 Q .0/ D �ju. Q�j 
  / D u.�j. Q�j 
  //:

Since supp. Q�j 
  / contains an arbitrary neighbourhood of supp , then

�j. Q�j 
  / D Q�j 
  

for j large enough. Also, supp Q�j �!j�!1 f0g. Therefore

uj. / �!j�!1 u. /:

Problem 6.46 Let u; v 2 D0.X/, where X is a real open interval. Prove

1. u0 � 0 if and only if u defines a nondecreasing function,
2. v00 � 0 if and only if v defines a convex function.

Problem 6.47 Let v 2 D0.X/, where X is an open set in Rn. Prove that the
inequality

XX
yjyk@j@kv � 0 8 2 Rn

holds if and only if v defines a continuous convex function.

Solution Without loss of generality we will suppose that X is a convex set. Then

d2

dt2
v.x C ty/ D d

dt

� d

dt
v.x C ty/

�
D d

dt

X

k

yk@kv D
X

j

X

k

yjyk@j@kv � 0

for x C ty 2 X. Consequently v is a convex function. Let v 2 D0.X/. We consider an
even function  2 C1

0 .X/ with
R
 dx D 1. Then

v 
  �.x/ D
Z

v.x � �y/ .y/dy;

which is convex and does not decrease as � increases. Therefore we can use the
argument of the previous problem.

For the function v� we have

X

j

X

k

yjyk@j@kv� � 0:
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The function v� 
  � is convex and not decreasing as � increases. Consequently
v 
  � is convex and nondecreasing as � increases, and

v 
  � �! v0; � # 0;

v0.tx C .1 � t/y/ � tv0.x/C .1 � t/v0.y/; 0 < t < 1; x; y 2 X:

Therefore v0 is almost everywhere bounded and upper semi-continuous. We have
that v0 is a continuous function since

v0.x C hy/� v0.x/ � h.v0.x/� v0.x � y// � �ch; 0 < h < 1

for y small enough.
If v is a continuous convex function, by convexity we have

X

j

X

k

@jv@kv � 0:

Problem 6.48 Let X be an open set in Rn. Consider u 2 D0.X/,�u � 0. Prove that
u defines a subharmonic function u0, i.e., a function that is semi-continuous from
above, with values in Œ�1;1/, and for which

M.x; r/ D 1

n

Z

j!jD1
u0.x C r!/d!

is an nondecreasing function of r when x 2 X and 0 � r � d.x;CX/.

Solution

1. Let u 2 C1, �u � 0. We consider 0 < r < R. We set

v.x/ D

8
ˆ̂
ˆ̂
<̂

ˆ̂
ˆ̂
:̂

0 for jxj > R;

e.R/� E.x/ for r < jxj < R;

e.R/� e.r/ for jxj < r;

where

E.x/ D
8
<

:

1
2�

log jxj for n D 2;

�jxj2�n cn
n�2 for n > 2;
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E.x/ D e.jxj/. By definition v.x/ is continuous, and

gradv D
8
<

:

0 for jxj > R;
�gradE.x/ for r < jxj < R;
0 for jxj < r

and

�v D divgradv D �
�

gradE;� x

jxj
�

dSR C
�
�gradE;

x

jxj
�

dSr D dSR

cnRn�1
� dSr

cnrn�1
:

If d.x;CX/ > R, from�u � 0 and v � 0 we infer

0 � �u 
 v D u 
�v D M.x;R/� M.x; r/:

Consequently M.x; r/ is nondecreasing in r, for r > 0. Since M.x; r/ is
continuous, M.x; r/ does not decrease with respect to r for r � 0 too.
Let 0 �  2 C 1,

R
 .x/dx D 1 and  D  .jxj/. Then

u 
  � D
Z

u.x � �y/ .y/dy

is nondecreasing in �, because M.x; r/ is nondecreasing in r and

u 
  � D rn�1
Z

jwjD1
u.x � �rw/ .rw/rn�1dw:

What is more,

R
u.x C rw/dw D R �

u.x/C r
P

j wj@ju C r2

2

P
j

P
k wjwk@j@ku C O.r3/

�
dw

D Cn

�
u.x/C r2�u

2n C O.r3/
�
:

Here we used
R

wjwkdw D 0 for j ¤ k,
R

w2j dw D cn. Therefore

�u D limr�!0 2n .M.x;r/�u.x//
r2

D limr�!0
2n
r2

�
1
cn

R
u0.x C rw/dw � u.x/

�

D limr�!0
2n
r2

�
u C r2 �u

2r C O.r3/� u
�

D �u � 0:
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Eventually

M.x; r/ � u.x/:

2. Let u 2 D0.X/ and �u � 0. Also let 0 � � 2 C1
0 with

R
�.x/dx D 1. We set

u� D u 
 � 2 C1:

Then

�u� D �u 
 � � 0;

and u� 
  � does not decrease in �. Then as supp� �! f0g the function u 
  �
is not decreasing in �, and

Z

.u 
  �/.x C rw/dw

is not decreasing in r. Consequently

u 
 �� # u0 as � # 0

where u0 is a semi-continuous function in r, 0 � r < d.x;CX/, and

.u; �/ D
Z

u0.x/�.x/dx for 0 � � 2 C 1
0 .X/;

i.e., u0 2 L1loc.X/.

Problem 6.49 Let u0 be an upper semi-continuous function with values in
Œ�1;1/. Suppose it is not identically �1 on any connected component of X.
Take u0.x/ � M.x; r/ for 0 � r � d.x;CX/. Prove that u0 2 L1loc.X/, and that
the distribution u defined by u0 satisfies �u � 0. Show that the function defines a
unique distribution u at every point. Prove that

sup
@K

u0 D sup
K

u0

for every compact K � X.

Solution If u0.x/ > �1, u0 is integrable on a ball of radius r < d.x;CX/ about x.
Let X0 � X be a set of points on whose neighbourhood u0 is integrable. By definition
X0 is closed.
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Let x 2 X be a limit point of X0. Then there exists y 2 X0 such that u0.y/ > �1
and jx � yj < d.y;CX/. Consequently X0 D X, so u0 2 L1loc.
Now we suppose that 0 �  2 C 1

0 and
R
 .x/dx D 1. Then

u0.x/ � u0 
  �
and

lim
��!0

u0 
  � � u0:

Since u0 is upper semi-continuous, we have

u0 
  � �!��!0 u0:

Consequently u0 defines the distribution u0 
  � and we conclude

0 � �.u0 
  �/ D �u0 
  � �!��!0 �u0:

Now we suppose supK u0 D 0. Since u0 is upper semi-continuous, we have u0.x/ D
0 for some x 2 K. Let r D dist.x; @K/. Consequently

0 D u0.x/ � 1
R

jwjD1 dw

Z

jwjD1
u0.x C rw/dw

and there exists w0 for which x C rw0 2 @K. If u0.x C rw0/ < 0, we have u0 < 0 on
a neighbourhood of the point x C rw0. Consequently u � 0 in K, and

Z

u0.x C rw/dw < 0

which is a contradiction. Therefore u0.xCrw/ D 0, and it follows that sup@K u0 D 0.
In case supK u0 D C ¤ 0, we may consider Qu0 D u0 � C and repeat the argument.

Problem 6.50 Let fvjg be a sequence of subharmonic functions, defined on a
connected open set X � Rn, that are uniformly bounded from above on compact
subsets. Prove that if the sequence fvjg does not tend to �1 uniformly on every
compact subset, there exists a subsequence fvjk g converging in L1loc.X/.

Solution There exist indices fjkg and points fxkg belonging to some compact set
such that the sequence fvjk.xk/g is bounded. Suppose xk �! x0 2 X, and for
convenience assume jk D k.
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Let B be a closed ball in X with centre x0. We will prove that the sequence
nR

B vkdx
o

is bounded from below. Consider closed balls Bk centred at xk such that B � Bk � X
and 
.Bk/ �! 
.B/ as k �! 1. Then

Z

B
vkdx D

Z

Bkn.BknB/
vkdx D

Z

Bk

vkdx �
Z

BknB
vkdx � 
.Bk/vk.xk/�

Z

BknB
vkdx:

By assumption 
.Bk/ �! 
.B/, so

Z

BknB
vkdx �! 0;

since vk is bounded. Therefore

Z

B
vkdx

is lower bounded for every closed ball B � X. As vk is uniformly bounded,

Z

B
jvkjdx

is bounded for every ball B inside X. Consequently the sequence fvkg is bounded in
L1loc, and there exists a sequence fvjk g which converges in L1loc.X/. The limit v is a
subharmonic function and vjk �! v in L1loc.X/.



Chapter 7
Tempered Distributions

7.1 Definition

Definition 7.1 A linear continuous functional on S .Rn/ is called a tempered
distribution. The space of tempered distributions is indicated by S 0.Rn/.

Definition 7.2 A sequence fung1
nD1 in S 0.Rn/ is said to converge in S 0.Rn/ to

u 2 S 0.Rn/ if un.�/ �!n�!1 u.�/ for every � 2 S .Rn/.

Note that convergence in S 0.Rn/ implies convergence in D 0.Rn/.

Definition 7.3 A set M0 � S 0.Rn/ is called weakly bounded if for every � 2
S .Rn/ there is a constant C� such that ju.�/j � C� for every u 2 M0.

If M0 � S 0.Rn/ is a weakly bounded set, there exist constants K > 0 and m 2 N
such that

ju.�/j � Kjj�jjm; u 2 M0; � 2 S .Rn/:

In order to show this let us suppose that the assertion is false, i.e., that there exist
sequences fukg1

kD1 in M0 and f�kg1
kD1 in S .Rn/ such that

juk.�k/j > kjj�kjjk: (7.1)

We define functions

 k.x/ D 1p
k

�k.x/

jj�kjjk
;

so  k 2 S .Rn/ and

jj kjjp D 1p
k

jj�kjjp

jj�kjjk
; p 2 N:
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Moreover,

jj�kjjp � jj�kjjk

for every k � p. Hence,

jj kjjp � 1p
k

�!k�!1 0

for k � p. Since p 2 N was arbitrary and S D T
p2N[f0g Sp, we have k �!k�!1

0 in S .Rn/. Using techniques of the sort of (2.14)–(2.19), we conclude that

uk. k/ �!k�!1 0: (7.2)

On the other hand, using (7.1), we have

juk.�k/j � p
k
p

kjj�kjjk;

from which

juk. k/j � p
k �!k�!1 1;

contradicting (7.2).
From this we also deduce that any tempered distribution u has finite order m. It can
be extended to a linear continuous functional from the smallest dual space S 0

m, and

ju.�/ � jjujj�mjj�jjm;

where jjujj�m is the functional norm in S 0
m.

Example 7.1 Let u be defined on Rn and suppose

Z

Rn

ju.x/j
.1C jxj/m dx < 1

for some m � 0. Define the functional on S .Rn/

u.�/ D
Z

Rn
u.x/�.x/dx; � 2 S .Rn/: (7.3)

This is well defined. In fact, let � 2 S .Rn/ and C be a positive constant such that

sup
x2Rn

..1C jxj/mj�.x/j/ � C:
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Then

ju.�/j D
ˇ
ˇ
ˇ
R

Rn u.x/�.x/dx
ˇ
ˇ
ˇ � R

Rn ju.x/jj�.x/jdx

D R

Rn
ju.x/j

.1Cjxj/m .1C jxjm/j�.x/jdx � C
R

Rn
ju.x/j

.1Cjxj/m dx < 1:

It is a linear and continuous functional on S .Rn/, so u 2 S 0.Rn/.

Exercise 7.1 Prove that ex … S 0.R1/.

Exercise 7.2 Prove that cos
�

ex
�

belongs to S 0.R1/ but not to S .R1/.

Exercise 7.3 Show that S 0.Rn/ is a C-vector space.

7.2 Direct Product

We remark that the function  .x/ D u1.y/.�.x; y//, where � 2 S .RnCm/, u1 2
S 0.Rm/, satisfies

D˛ .x/ D u1.y/.D
˛
x�.x; y//

for every ˛ 2 Nn [ f0g. Since u1 2 S 0.Rm/, there exist q 2 N and a positive
constant Cu1 such that

jD˛ .x/j � Cu1 sup
y2Rm;jˇj�q

.1C jyj2/ q
2 jD˛

x Dˇ
y �.x; y/j:

Therefore

jj jjp D supx2Rn;j˛j�p.1C jxj2/ p
2 jD˛ .x/j

� Cu1 sup
.x;y/2RnCm

j˛j�p;jˇj�q

.1C jxj2/ p
2 .1C jyj2/ q

2 jD˛
x Dˇ

y �.x; y/j

� Cu1 jj�jjpCq; � 2 S .RnCm/;

for p; q 2 N. Let u1 2 S 0.Rn/, u2 2 S 0.Rm/. Then the functional

u1. / D u1.x/.u2.y/.�.x; y///

is linear and continuous on S .RnCm/.
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Definition 7.4 The direct product of u1 and u2 is

u1.x/ 	 u2.y/.�/ D u1.x/.u2.y/.�.x; y///; � 2 S .RnCm/:

Notice u1.x/ 	 u2.y/ 2 S 0.RnCm/.

Since C1
0 .Rn/ is dense in S .Rn/, all properties of direct products in D 0 carry over

to S 0.

Exercise 7.4 Let u1 2 S 0.Rn/, u2 2 S 0.Rm/. Prove that the operation

u1.x/ 7! u1.x/ 	 u2.y/

from S 0.Rn/ to S 0.RnCm/ is linear and continuous.

7.3 Convolution

Take u1; u2 2 S 0.Rn/ so that the convolution u1 
 u2 exists in D 0.Rn/.

1. Let u1 2 S 0.Rn/, u2 2 E 0.Rn/. Since u1 
 u2 exists in D 0.Rn/, we have

u1 
 u2.�/ D u1.x/ 	 u2.y/.�.y/�.x C y//; � 2 S .Rn/;

where � 2 C1
0 .R

n/ and � � 1 on .suppu2/
� . As u1 2 S 0.Rn/, u2 2 E 0.Rn/,

the direct product u1.x/ 	 u2.y/ exists in S 0.R2n/. Then the convolution u1 
 u2
exists in S 0.Rn/. We claim that � 7�! �.y/�.x C y/ is a continuous operation
on S .Rn/. In fact we have

jj�.y/�.x C y/jjp � sup.x;y/2R2n;j˛j�p.1C jxj2 C jyj2/ p
2 jD˛.�.y/�.x C y//j

� C˛ sup.x;y/2R2n;j˛j�p.1C jxj2 C jyj2/ p
2 jD˛�.x C y/j

D C˛jj�jjp; C˛ D const:

Therefore the map � 7! �.y/�.x C y/ from S .Rn/ to itself is continuous, and
u1 7! u1 
 u2 is continuous from S 0.Rn/ to S 0.Rn/.

2. Now we suppose u1 2 S 0.�C/ and u2 2 S 0.SC/. The convolution u1
u2 exists
in S 0.Rn/ and can be represented as

u1 
 u2.�/ D u1.x/ 	 u2.y/.�.x/�.y/�.x C y//; � 2 S .Rn/;

where �; � 2 C1
0 .R

n/, � � 1 on .suppu1/� , � � 1 on .suppu2/� and � � 0 on
Rnn.suppu1/2� , � � 0 on Rnn.suppu2/2� . If K is compact in Rn and suppu1 �
in� CK, the map u1 �! u1
u2 is continuous from S 0.� CK/ to S 0.SC CK/.
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The set S 0.�C/ is a convolution subalgebra of D 0.�C/ and S 0.� / is a
convolution subalgebra of S 0.�C/.

3. Let u 2 S 0.Rn/ and � 2 S .Rn/. Then the convolution u1 
 � exists in 	M . It
can be represented in the form

u 
 �.�/ D u.� 
 �.�x//; � 2 S .Rn/:

We note that there exists a natural number m such that

jD˛.u 
 �/.x/j � Cu.1C jxj2/ m
2 jj�jjmCj˛j; x 2 Rn:

Here Cu D const. In fact, let f�k.x; y/g1
kD1 be a sequence in C1

0 .R
2n/ such that

�k �!k�!1 1 in R2n and � 2 S .Rn/. Then

Z

Rn
�.y/�k.x; y/�.x C y/dy �!k�!1

Z

Rn
�.y/�.x C y/

in S .Rn/. Since u 
 � exists in D 0.Rn/, we have

u 
 �.�/ D limk�!1 u.x/ 	 �.y/.�k.x; y/�.x C y//

D limk�!1 u.x/
�R

Rn �.y/�k.x; y/�.x C y/dy
�

D u.x/
�R

Rn �.y/�.x C y/dy
�

D u.x/
�R

Rn �.�/�.� � x/d�
�

D u.x/.� 
 �.�x//:

We note that �� 2 S .R2n/ and

f 
 �.�/ D
Z

Rn
f .x/.�.� � x//�.�/d�:

But � 2 S .Rn/ was chosen arbitrarily, so

u 
 � D u.y/.�.x � y//:
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If m is the order of u, then,

jD˛.u 
 �/.x/j � CujjD˛
x �.x � y/jjm

D Cu supy2Rn;jˇj�m.1C jyj2/ m
2 jD˛

x Dˇ
y �.x � y/j

D Cu sup�2Rn;jˇj�m.1C jx � �j2/ m
2 jD˛Cˇ�.�/j

� Cu.1C jxj2/ m
2 sup�2Rn;jˇj�m.1C j�j2/ m

2 jD˛Cˇ�.�/j

� Cu.1C jxj2/ m
2 jj�jjmCj˛j:

7.4 Exercises

Problem 7.1 Prove that for every distribution u 2 S 0.Rn/ there exist constants
K � 0 and m 2 N such that

ju.�/j � Kjj�jjm; � 2 S .Rn/:

Problem 7.2 Prove that any tempered distribution has finite order.

Problem 7.3 Prove

S 0
0 � S 0

1 � � � � � S 0
m � � � � � S 0 D

[

p2N[f0g
S 0

p :

Problem 7.4 Prove that the embedding S 0
p � S 0

pC1 is continuous for any p 2 N.

Problem 7.5 Prove that every weakly convergent sequence in S 0
p , p 2 N,

converges in the norm of S 0
pC1.

Problem 7.6 Prove that S 0
p , p 2 N, is a weakly complete space.

Problem 7.7 Show that S 0.Rn/ is a complete space.

Problem 7.8 Let u 2 E 0.Rn/. Prove that u 2 S 0.Rn/ and u.�/ D u.��/ for every
� 2 S .Rn/, where � 2 C1

0 .Rn/ and � � 1 on a neighbourhood of suppu.

Definition 7.5 A measure 
 on Rn is called tempered if

Z

Rn
.1C jxj/�m
.dx/ < 1

for some m � 0.
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Problem 7.9 Let 
 be a tempered measure on Rn and define the functional


.�/ D
Z

Rn
�.x/
.dx/; � 2 S .Rn/:

Prove that 
 2 S 0.Rn/.

Problem 7.10 Let u 2 S 0.Rn/. Prove

1. D˛u 2 S 0.Rn/ for every ˛ 2 Nn [ f0g,
2. the map u 7! D˛u is a linear continuous operation on S 0.Rn/.

Problem 7.11 Let u 2 S 0.Rn/, A an invertible n	n matrix. Prove that u.AxCb/ 2
S 0.Rn/, where b D .b1; b2; : : : ; bn/, bl D const, l D 1; 2; : : : ; n, and the map
u.x/ 7! u.Ax C b/ is a linear and continuous operation on S 0.Rn/.

Problem 7.12 Let u 2 S 0.Rn/, a 2 	M . Prove that au 2 S 0.Rn/ and that u 7�! au
is a linear and continuous operation from S 0.Rn/ to S 0.Rn/.

Problem 7.13 Let an 2 C, janj � C.1Cjnj/N for some constants C > 0 and N � 0,
n D 1; 2; : : :. Prove that

1X

kD1
akı.x � k/ 2 S 0.Rn/:

Problem 7.14 Let u 2 S 0.Rn/. Prove that there exists a tempered function g in Rn

and a constant m 2 N such that

u.x/ D Dm
1 Dm

2 : : :D
m
n g.x/:

Proof Since u 2 S 0.Rn/ there exist p 2 N and a positive constant Cu such that

ju.�/j � Cujj�jjp D Cu supx2Rn;j˛j�p.1C jxj2/ p
2 jD˛�.x/j

� Cu maxj˛j�p

R
Rn

ˇ
ˇ
ˇD1D2 : : :Dn

�
.1C jxj2/ p

2 D˛�.x/
�ˇ
ˇ
ˇdx; � 2 S .Rn/:

(7.4)

We define functions

 ˛.x/ D D1D2 : : :Dn

�
.1C jxj2/ p

2 D˛�.x/
�
; � 2 S .Rn/:

In this way we have a one-to-one mapping � 7�! f ˛g from S .Rn/ to the direct
sum

L
j˛j�p L1.Rn/ equipped with norm

jjf f˛gjj D max
j˛j�p

jj f˛jjL1.Rn/:
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Call

M D
n
f ˛g; � 2 S .Rn/

o
:

Then M is a subset of
L

j˛j�p L1.Rn/, on which we define the functional

u��f ˛g
�

D u.�/; f ˛g 2 M:

Using (7.4), we get

ˇ
ˇ
ˇu�.f ˛g/

ˇ
ˇ
ˇ D ju.�/j � Cu

ˇ
ˇ
ˇ

ˇ
ˇ
ˇD1D2 : : :Dn

�
.1Cjxj2/ p

2 D˛�.x/
�ˇ
ˇ
ˇ

ˇ
ˇ
ˇ
L1.Rn/

D Cu

ˇ
ˇ
ˇ

ˇ
ˇ
ˇf ˛g

ˇ
ˇ
ˇ

ˇ
ˇ
ˇ:

We conclude that u� is continuous. We also recall that L1.Rn/ is the dual space to
L1.Rn/. By the Hahn-Banach and Riesz theorems there exists a vector-valued map
f�˛g 2 Lj˛j�p L1.Rn/ such that

u�
�
f ˛g

�
D
X

j˛j�p

�˛.x/ ˛.x/dx:

Hence

u.�/ D
X

j˛j�p

Z

Rn
�˛.x/D1D2 : : :Dn

�
.1C jxj2/ p

2 D˛�.x/
�

dx

for � 2 S .Rn/. Integrating by parts we infer the existence of functions g˛, j˛j �
p C 2, g˛ 2 S .Rn/, such that

u.�/ D .�1/pn
Z

Rn

X

j˛j�.pC2/n
g˛.x/D

pC2
1 DpC2

2 : : :DpC2
n �.x/dx:

Since � 2 S .Rn/, we conclude that

u.x/ D .�1/p.nC1/ X

j˛j�.pC2/n
DpC2
1 DpC2

2 : : :DpC2
n g˛.x/:

Problem 7.15 Let u 2 S 0.Rn/. Prove that there exists p 2 N [ f0g such that for
every positive � there are functions g˛;� 2 S .Rn/, j˛j � p, such that g˛;� � 0 on
Rnn.suppu/� and

u.x/ D
X

j˛j�p

D˛g˛;�.x/: (7.5)
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Proof Let � > 0 and � 2 	M , � � 1 for x 2 .suppu/
�
3 , � � 0 on Rnn.suppu/� .

Using the previous problem, there exist m 2 N [ f0g and g 2 S .Rn/ such that

u.x/ D Dm
1 Dm

2 : : :D
m
n g.x/:

Since u.x/ D �.x/u.x/,

u.x/ D �.x/Dm
1 Dm

2 : : :D
m
n g.x/ D Dm

1 Dm
2 : : :D

m
n .�.x/g.x//�

X

j˛j�mn�1
�˛.x/D

˛g.x/;

where �˛ 2 	M , �˛.x/ D 0 for x … .suppu/�. The function �˛.x/D˛g.x/ we
represent in the form

�˛.x/D
˛g.x/ D D˛.�˛.x/g.x//� F.x/;

and so forth; note that we obtain (7.5) for p D mn and g˛;� D �˛g, where �˛ 2 	M

and supp�˛ � .suppu/�.

Problem 7.16 Let u1 2 S 0.Rm/. Prove that D˛ .x/ D u1.y/.D˛
x�.x; y// for every

� 2 S .RnCm/ and ˛ 2 Nn [ f0g.

Problem 7.17 Prove that S .Rn/ is dense in S 0.Rn/.

Proof Let u 2 S 0.Rn/ and consider u� D u 
 !� . Then u� 2 	M and u� �!��!0 u
in S 0.Rn/. Since the space S .Rn/ is dense in 	M , we have ae��jxj2 2 S .Rn/,
� > 0, and ae��jxj2 �!��!0 a in S 0.Rn/. The claim follows.



Chapter 8
Integral Transforms

8.1 Fourier Transform in S .Rn/

Definition 8.1 The Fourier transform of � 2 S .Rn/ is the integral

F .�/.x/ D
Z

Rn
e�ix��.�/d�;

where x� D x1�1 C x2�2 C � � � C xn�n.

Note that F .�/ is bounded and continuous on Rn. Furthermore, F .�/ 2 C 1.Rn/

and

D˛F .�/.x/ D R
Rn.�i�/˛e�ix��.�/d� D F ..�i�/˛�/.x/;

F .D˛�/.x/ D R

Rn D˛�.�/e�ix�d� D .ix/˛F .�/.x/

for every ˛ 2 Nn [ f0g. In particular, F .�/.x/ is an integrable function on Rn.
Observe that every function � 2 S .Rn/ can be represented by means of its Fourier
transform F .�/ and inverse Fourier transform

F�1.�/.�/ D 1

.2�/n

Z

Rn
eix��.x/dx;

as follows:

� D F�1.F .�// D F .F�1.�//:

© Springer International Publishing Switzerland 2015
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Explicitly

�.x/ D 1

.2�/n

Z

Rn
eix�F .�/.�/d�:

As

.1C j�j2/ p
2 jD˛F .�/.�/j � .1C j�j2/

h
pC1
2

i

jD˛F .�/.�/j

�
ˇ
ˇ
ˇ
R

Rn.1 ��/
h

pC1
2

i�
.�ix/˛�.x/

�
e�ix�dx

ˇ
ˇ
ˇ

� C supx2Rn.1C jxj2/ nC1
2

ˇ
ˇ
ˇ.1 ��/

h
pC1
2

i

.x˛�.x//
ˇ
ˇ
ˇ

for p 2 N, it follows that

jjF .�/jjp � Cpjj�jjpCnC1;

where Cp is a constant independent of �. By the last estimate we conclude that
� 7�! F .�/ is a linear and continuous on S .Rn/. Every element � 2 S .Rn/

can be represented as Fourier transform of the function  D F�1.�/ 2 S .Rn/,
where � D F . /. If F .�/ D 0, then � D 0. Therefore the map � �! F .�/ is
one-to-one on S .Rn/.

Exercise 8.1 Compute F
�

e�ax2
�

, x 2 R1, a D const > 0.

Answer
p

�
a e� ��2

4a .

Exercise 8.2 Let A be a positive definite n 	 n matrix. Prove that

F
�

ei.Ax;x/
�

D �
n
2p

det A
e�i �n

4 C i
4 .A

�1�;�/; x 2 Rn:

Here .�; �/ is the inner product in Rn.

8.2 Fourier Transform in S 0.Rn/

Definition 8.2 The Fourier transform of the distribution u 2 S 0.Rn/ is

F .u/.�/ D u.F .�// for � 2 S .Rn/:

Since the map � 7�! F .�/ W S .Rn/ �! S .Rn/ is linear and continuous, the
operation u 7! F .u/ is linear and continuous from S 0.Rn/ to itself.
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For u 2 S 0.Rn/ we define the operator F�1 in the following manner:

F�1.u/.x/ D 1

.2�/n
F .u/.�x/:

As � 7! F .�/ is continuous and goes from S .Rn/ to S .Rn/, and S .Rn/ is dense
in S 0.Rn/, we conclude that

F�1.F .u// D F .F�1.u// D u; u 2 S 0.Rn/:

It follows that for every distribution u 2 S 0.Rn/ there exists a distribution v 2
S 0.Rn/ such that v D F�1.u/ and u D F .v/. If F .u/ D 0, then u D 0.

Example 8.1 Let us determine F .ı/. Take � 2 S .Rn/, so

F .ı/.�/ D ı.F .�// D F .�/.0/ D R
Rn �.x/dx:

This implies F .ı/ D 1.

Exercise 8.3 Compute F .H.x/e�x/, x 2 R1.

Answer 1
1�i� .

Let u.x; y/ 2 S 0.RnCm/, x 2 Rn, y 2 Rm. We introduce the Fourier transform Fx.u/
with respect to the variable x D .x1; x2; : : : ; xn/ by

Fx.u/.�/ D u.F�.�//; � 2 S .RnCm/;

where

F�.�/.x; y/ D
Z

Rn
e�i�x�.�; y/d�:

The map �.�; y/ 7! F� .�/ is an isomorphism from S .RnCm/ to itself, and Fx.u/ 2
S 0.RnCm/ for u 2 S 0.RnCm/. The inverse Fourier transform F�1

� is defined by

F�1
� .u/ D 1

.2�/n
F� .u.��; y//.x; y/:

The map u 7! Fx.u/ is an automorphism of S 0.RnCm/.

Example 8.2 Let a D const 2 Rn.

F .ı.x � a//.�/ D ı.x � a/.F .�// D F .�/.a/ D
Z

Rn
e�i�a�.�; y/d�:

Since � 2 S .RnCm/ is arbitrary, F .ı/.x � a/ D e�i�a.
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Exercise 8.4 Prove that

F
�ı.x � a/C ı.x C a/

2

�
D cos.a�/; a D const;

in S 0.R1/.

8.3 Properties of the Fourier Transform in S 0.Rn/

1. For any u 2 S 0.Rn/; ˛ 2 Nn

D˛F .u/ D F ..�ix/˛u/:

Example 8.3 Let � 2 S .Rn/. Then

F .x˛/.�/ D .i/j˛jF ..�ix/˛1/.�/ D .i/j˛jD˛F .1/.�/;

˛ 2 Nn [ f0g. On the other hand,

F .ı/.�/ D 1.�/:

Using the inverse Fourier transform, we get

ı.�/ D 1

.2�/n
F .1/.�/ i.e. F .1/.�/ D .2�/nı.�/:

Therefore

F .x˛/.�/ D .2�/n.i/j˛jD˛ı.�/;

in other words

F .x˛/ D .2�/n.i/j˛jD˛ı.�/:

2. For any u 2 S 0.Rn/; ˛ 2 Nn [ f0g

F .D˛u/ D .i�/˛F .u/:

Example 8.4 Let us find F .ı00/ in S 0.R1/. Take � 2 S .R1/ and compute

F .ı00.�//.x/ D .i�/2F .ı.�// D .i�/2ı.F .�//

D .i�/2ı
�R1

�1 e�ix��.x/dx
�

D .i�/2
R1

�1 �.x/dx;
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so

F .ı00/.x/ D .ix/2:

3. For any u 2 S 0.Rn/

F .u.x � x0// D e�i�x0F .u/:

4. For any u 2 S 0.Rn/

F .u/.� C �0/ D F .e�i�0xu/.�/:

5. For any nonsingular n 	 n matrix A

F .u.Ax// D 1

j det AjF .u/.A�1T�/; u 2 S 0.Rn/:

6. For any u 2 S 0.Rn/; v 2 S 0.Rm/

F .u.x/ 	 v.y// D Fx.u.x/ 	 F .v/.�//

D Fy.F .u/.�/ 	 v.y// D Fu.�/ 	 F .v/.�/:

7. For any u 2 S 0.RnCm; ˛ 2 Nn [ f0g; ˇ 2 Nm [ f0g

D˛
x Dˇ

y Fx.u/ D Fx..�ix/˛Dˇ
y u/;

Fx.D˛
x Dˇ

y u/ D .i�/˛Dˇ
y Fx.u/:

The proofs of the above properties are left to the reader.

8.4 Fourier Transform of Distributions with Compact
Support

If we take u 2 E 0.Rn/ we know already that u 2 S 0.Rn/, so it admits a Fourier
transform in S 0.Rn/. What is more, the Fourier transform exists in 	M and can be
represented in the form

F .u/.�/ D u.x/.�.x/e�i�x/; (8.1)

where � 2 C1
0 .R

n/ and � � 1 on a neighbourhood of suppu. We claim there are
constants C˛ > 0 and m 2 N such that

jD˛F .u/.�/j � jjujj�mC˛.1C j�j2/ m
2 ; � 2 Rn; ˛ 2 Nn [ f0g:
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Indeed, let � 2 S .Rn/ be arbitrary, so

D˛F .u/.�/ D .�1/j˛jF .u/.D˛�/ D .�1/j˛ju.F .D˛�//

D .�1/j˛ju.�.x/.ix/˛F .�// D u.x/
�R

Rn �.x/.�ix/˛�.�/e�ix�d�
�

D R
Rn u.x/

�
�.x/.�ix/˛e�ix�

�
�.�/d�

and therefore

D˛F .u/.�/ D u.x/.�.x/.�ix/˛e�ix�/; ˛ 2 Nn [ f0g; (8.2)

From here we obtain (8.1) for ˛ D 0. But (8.2) implies

jD˛F .u/.�/j D ju.x/.�.x/.�ix/˛e�ix� /j

� jjujj�mjj�.x/.�ix/˛e�ix� jjm

D jjujj�m sup
x 2 Rn

jˇj � m

.1C jxj2/ m
2 jDˇ

x .�.x/.�ix/˛e�ix�/j

� jjujj�mC˛.1C j�j2/ m
2 :

Therefore F .u/ 2 	M .

8.5 Fourier Transform of Convolutions

Let u 2 S 0.Rn/ and v 2 E 0.Rn/, so the convolution u 
 v is defined in S 0.Rn/.
Choose � 2 S .Rn/ and � 2 C1

0 .R
n/ so that � � 1 on a neighbourhood of suppv.

Then

u 
 v.�/ D u.x/ 	 v.y/.�.y/�.x C y//;
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and

F .u 
 v/.�/ D u.x/.v.y/.�.y/F .�.x C y////

D u.x/
�
v.y/

�
�.y/

R

Rn �.�/e�i.xCy/�d�
��

D u.x/
�R

Rn v.y/.�.y/e�iy�/eix��.�/d�
�

D u.x/
�R

Rn F .v/.�/e�ix��.�/d�
�

D u.F .F .v/�/ D F .u/.F .v/�/ D F .u/F .v/.�/:

Consequently

F .u 
 v/ D F .u/F .v/:

8.6 Laplace Transform

8.6.1 Definition

Definition 8.3 Let � be a closed, convex, acute cone in Rn with vertex at 0, and set
C D int� �, so C ¤ Ø is an open convex cone. Define

TC D Rn C iC D fz D x C iy W x 2 Rn; y 2 Cg:

The Laplace transform of u 2 S 0.�C/ is

L.u/.z/ D F .u.�/ey� /.x/: (8.3)

This is well defined. Indeed, pick � 2 C1.Rn/ with the following properties :
jD˛�.�/j � c˛, �.�/ � 1 on .suppu/� and � � 0 on Rnn.suppu/2�, and � > 0

arbitrary. Since �.�/ey� 2 S .Rn/ for every y 2 C,

u.�/ey� D u.�/�.�/ey� 2 S 0.�C/:

We conclude that (8.3) is well defined. It has the following representation

L.u/.z/ D u.�/.�.�/e�iz� /: (8.4)
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Observe that the Laplace transform does not depend on the choice of �. Indeed, let
� 2 S .�C/ be arbitrary. Then �.�/ey��.x/e�ix� 2 S .R2n/ and

L.u/.z/ D F .u.�/ey� /.�/ D u.�/ey�F .�/

D u.�/ey�
�R

Rn �.x/e�ix�dx
�

D u.�/
�
�.�/ey�

R

Rn �.x/e�ix�dx
�

D u.�/
�R

Rn �.x/e�iz��.�/dx
�

D R

Rn u.�/
�

e�iz��.�/
�
�.x/dx:

Equation (8.4) now follows.

Example 8.5 Let us compute L.ı.� � �0//. With � 2 S .�C/,

L.ı.� � �0//.�/ D F .ı.� � �0/ey�/.�/ D ı.� � �0/.ey�F .�//

D ı.� � �0/
�

ey�
R

Rn e�ix��.x/dx
�

D ı.� � �0/
�R

Rn e�iz��.x/dx
�

D ı.�� C �0/
�R

Rn eiz��.x/dx
�

D R
Rn eiz�0�.x/dx:

Since � 2 S .�C/ is arbitrary, we find

L.ı.� � �0// D eiz�0 :

8.6.2 Properties

Let us write v.z/ D L.u/. Since �.�/e�iz� is a continuous function in the variable
z 2 TC in S .�C/, for z; z0 2 TC

�.�/e�iz� �!z�!z0 �.�/e
�iz0�

in S .�C/. Hence

v.z/ D u.�/.�.�/e�iz�/ �!z�!z0 u.�/.�.�/e�iz0� / D v.z0/

and v.z/ is continuous in z 2 TC .
Take e1 D .1; 0; : : : ; 0/ and z 2 TC and consider

�h.�/ D 1
h

�
�.�/e�i.zChe1/� � �.�/e�iz�

�
�!h�!0 �.�/.�i�1/e�iz�
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in S .�C/. Then

v.zChe1/�v.z/
h D 1

h

�
u.�/.�.�/e�i.zChe1/� / � u.�/.�.�/e�iz�

�

D u.�/.�h.�// �!h�!0 u.�/.�.�/.�i�1/e�iz�/

D .�i�1/u.�/.�.�/e�iz�/;

so

@v

@z1
D .�i�1/u.�/.�.�e�iz� //

and finally

D˛L.u/ D L..�i�/˛u/ 8˛ 2 Nn [ f0g:

Definition 8.4 The distribution u 2 S 0.�C/ for which v D L.u/ is called a
spectral function of v.

If a spectral function u exists it must be unique, and we have a representation

u.�/ D e�y�F�1
x .v.x C iy//.�/:

Using the features of Fourier transforms one can easily deduce the following
properties for the Laplace transform.

1. L.D˛u/ D .iz/˛L.u/ for any u 2 S 0.�C/; ˛ 2 Nn [ f0g.

Example 8.6

L.D˛ı.� � �0// D .iz/˛eiz�0 :

2. L.u.�/e�ia� / D L.u/.z C a/ for any u 2 S 0.�C/; a 2 C; Ima 2 C.
3. L.u.� C �0// D eiz�0L.u/.z/.
4. L.u.A�// D 1

j det Aj L.u/.A
�1Tz/ for z 2 TATC , where A is invertible of order n.

5. L.u1 	 u2/.z; �/ D L.u1/.z/L.u2/.�/ for any u1 2 S 0.�1C/, u2 2 S 0.�2C/,
.z; �/ 2 TC1�C2 .

6. L.u1 
 u2/ D L.u1/L.u2/ for any u1; u2 2 S 0.�C/.



170 8 Integral Transforms

Example 8.7 Let us compute L.H.�/ sin.!�// in S 0.�C/, ! 2 C, n D 1. Let
� 2 S .�C/. Then

L.H.�/ sin.!�//.�/ D F .H.�/ sin.!�/ey�/.�/

D H.�/ sin.!�/ey�.F .�// D H.�/ sin.!�/ey�
R1

�1 e�ix��.x/dx

D R1
0

R1
�1 sin.!�/ey�e�ix��.x/dxd� D R1

�1 �.x/
R1
0

sin.!�/e�iz�d�dx

D R1
�1

!
!2�z2

�.x/dx:

This proves that

L.H.�/ sin.!�// D !

!2 � z2
:

Exercise 8.5 Compute L.H.�/ cos.!�// in S 0.�C/, n D 1, ! 2 C.

Answer � iz
!2�z2

.

Exercise 8.6 Compute L.H.�/ei!�// in S 0.�C/, n D 1, ! 2 C.

Answer i
zC! .

Exercise 8.7 Compute L.H.�/e�i!�/ in S 0.�C/, n D 1, ! 2 C.

Answer i
z�! .

8.7 Exercises

Problem 8.1 Compute in S .R1/

F
�

e� x2
4 cos.˛x/

�
; ˛ D const:

Answer

p
2�e� �2C˛2

2 ch.˛�/:

Problem 8.2 Let u; v 2 S .Rn/. Prove

Z

Rn
F .u/.x/v.x/dx D

Z

Rn
u.x/F .v/.x/dx:
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Solution

R
Rn F .u/.x/v.x/dx D R

Rn

R
Rn e�ix�u.�/d�v.x/dx D R

Rn

R
Rn e�ix�u.�/v.x/d�dx

D R

Rn u.�/
R

Rn e�ix�v.x/dxd� D R

Rn u.�/F .v/.�/d�:

Problem 8.3 Prove that

FF�1 D F�1F D I in S .Rn/:

Problem 8.4 Let An.�/ denote the polynomials defined by the identity

1X

nD0
An.�/

˛n

nŠ
D e�˛2C2˛�

and set

�n.�/ D .2nnŠ/�
1
2An.�/e

� �2

2 :

Prove that

F .�n/.�/ D .�i/n�n:

Problem 8.5 Let

A D 1p
2

�
x � d

dx

�
:

Prove that

F .Af /.�/ D �iAF .f /.�/; f 2 S .Rn/:

Problem 8.6 Let f 2 S .Rn/ and prove that

1.

lim
�#0

Z 1
�

�

sin x

x
dx D d

exists.
2.

lim
�#0

Z 1
�

�

sin Rx

x
dx D d

for every R > 0.
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3.

lim
R�!1

Z 1

0

h f .y � n/C f .y C n/

2
� f .y/

i sin Rn

n
dn D 0:

4.

4df .y/ D lim
R�!1

Z 1

�1

�Z R

�R
ei.y�x/kf .k/dk

�
dx:

5.

f .y/ D
p
2�

4d

Z 1

�1
eikyF .f /.k/dk:

6. d D �
2

in case f .x/ D e� x2
2 .

Problem 8.7 Let u; v 2 S .Rn/. Prove

Z

Rn
F .u/.x/F .v/.x/dx D .2�/n

Z

Rn
u.x/v.�x/dx:

Problem 8.8 Show

F . f 
 g/ D F . f /F .g/

for f ; g 2 S .Rn/.

Problem 8.9 Prove

limj�j�!1 F . f /.�/ D 0

for f 2 S .Rn/.

Problem 8.10 Let f 2 S .Rn/ be such that f � 0,
R1

�1 f .x/dx D 1,
R1

�1 xf .x/dx D
0, F.�/ D p

2� Qf .�/.
1. Prove that

F.0/ D 1; F0.0/ D 0; F00.0/ D �2a < 0

and jF.�/j < 1 for � ¤ 0.
2. Prove that there exist A > 0 and G 2 C 1.Œ�A;A�/ such that

f .�/ D e�a�2G.�/

for j�j � A, and G.0/ D 1, G0.0/ D G00.0/ D 0.
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3. Let Fn.�/ D Fn
�

�p
n

�
. Prove that

Fn.�/ D e�a�2Gn
� �p

n

�
for j�j � A

p
n:

4. If j�j � n
1
2�˛

3 , show

ˇ
ˇ
ˇG
� �p

n

�
� 1

ˇ
ˇ
ˇ � Cn�˛

for ˛ 2 .0; 1
2
/ and n large enough.

5. Prove that

lim
n�!1 Fn.�/ D e�a�2

in L1.R/.
6. Prove that

lim
n�!1

1p
2�

Fn.�/ D 1p
4�a

e� x2
4a

in C 0.R/ and L1.R/.

Problem 8.11 Let f 2 S .R1/. Prove

1. F . f .�x// D F . f /.��/,
2. F . f .ax C b// D 1

a ei b�
a F . f /

�
�

a

�
, a; b; c D const; a > 0,

3. F .eiaxf .x// D F . f /.� � a/, a D const ¤ 0,

4. F .eiaxf .bx C c// D 1
b ei c

b .��a/F . f /
�
��a

b

�
, a; b; c D const, b > 0.

Problem 8.12 In S 0.R1/ compute F .u/ when

1. u D H.1 � jxj/,
2. u D e�4x2 ,
3. u D eix2 ,
4. u D e�ix2 ,
5. u D H.x/e�3x,
6. u D H.�x/e4x,
7. u D e�2jxj,
8. u D 2

1Cx2
,

9. u D H.x/e�2x x˛�1

� .˛/
.
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1. Solution. Fix an arbitrary � 2 S .Rn/, so

F .H.1 � jxj//.�/ D H.1� jxj/.F .�//

D H.1� jxj/
�R1

�1 e�ix��.�/d�
�

D R 1
�1
R1

�1 e�ix��.�/d�dx

D R1
�1 �.�/

R 1
�1 e�ix�dxd� D R1

�1 2
sin �
�
�.�/d� D 2

sin �
�
.�/:

Hence

F .H.1 � jxj// D 2
sin �

�
:

2. Answer.
p
�

2
e� �2

16 ,

3. Answer.
p
�ei �

2��
4 ,

4. Answer.
p
�e�i �

2��
4 ,

5. Answer. 1
3Ci� ,

6. Answer. 1
4�i� ,

7. Answer. 4
4C�2 ,

8. Answer. 2��j�j,
9. Answer. 1

.2Ci�/˛ .

Problem 8.13 In S 0.R1/ compute F .u/ when

1. u D H.x � a/, a D const,
2. u D signx,
3. u D P 1

x ,
4. u D 1

x˙i0 ,
5. u D jxj,
6. u D H.x/xk, k 2 N,
7. u D jxjk, k 2 N, k � 2,
8. u D xkP 1

x , k 2 N,
9. u D P 1

x2
,

10. u D xkı.x/, k 2 N,
11. u D xkı.m/.x/, k;m 2 N, m � k,
12. u D P 1

x3
,

13. u D H.1=2/.x/,
14. u D P1

kD�1 akı.x � k/, ak D const, jakj � C.1C jkj/m, C D const > 0,

for some m � 2.
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Answer

1. �ı.�/ � ie�ia�P 1
�
,

2. 2iP 1
�
,

3. i�sign�,
4. ˙i� � i�sign�,
5. �2P 1

�2
,

6. ik
�
�ı.�/� iP 1

�

�.k/
,

7. ik2�ı.k/.�/ when k is even, whilst ik�12
�

P 1
�

�.k/
when k is odd,

8. 2ik�1�ı.k�1/.�/,
9. ��j�j,

10. 0,
11. ikCm mŠ

.m�k/Š �
m�k,

12. i��j�j
2

,

13. 1p
�

�
1C i d

d�

� R1
0

1p
x.1Cx/

e�ix�dx,

14.
P1

kD�1 ake�ik� .

Problem 8.14 Prove

F .H.˙x// D �ı.�/� P 1
�

in S 0.R1/.

Hint Use

1

x ˙ i0
D �i�ı.x/C P

1

x
:

Problem 8.15 Prove

F
�

P
1

x

�
D �2c � 2 log j�j

in S 0.R1/, where

c D
Z 1

0

1 � cos u

u
du �

Z 1

1

cos u

u
du:

Problem 8.16 Prove

F
�

P
1

jxj2
�

D �2� log j�j � 2�c0
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in S 0.R2/, where

P
1

jxj2 .�/ D
Z

jxj<1
�.x/� �.0/

jxj2 dx C
Z

jxj>1
�.x/

jxj2 dx; � 2 S .R2/;

c0 D
Z 1

0

1 � J0.u/

u
du �

Z 1

1

J0.u/

u
du;

J0 being the familiar Bessel function.

Problem 8.17 Prove

F
�H.1 � jxj/
p
1 � jxj2

�
D 2�

sin j�j
j�j

in S 0.R2/.

Problem 8.18 Prove

F
� 1

jxjk

�
D 2n�k�

n
2

�
�

n�k
2

�

�
�

k
2

� j�jk�n; 0 < k < n

in S 0.Rn/.

Problem 8.19 Prove

1. Fx.ı.x; t// D 1.�/ 	 ı.t/,
2. Fx.H.t � jxj// D 2H.t/ sin �t

�
, n D 1,

in S 0.RnC1.x; t//, .x; t/ D .x1; x2; : : : ; xn; t/.

Problem 8.20 Prove

1. F�1
�

�
H.t/e��2t

�
D H.t/

2
p
� t

e� x2
4t ,

2. F�1
�

�
H.t/ sin.�t/

�

�
D 1

2
H.t � jxj/

in S 0.Rn/.

Problem 8.21 Show

F�1
�

�
H.t/

sin.j�jt/
j�j

�
D H.t � jxj/
2�
p

t2 � jxj2

in S 0.R3/.
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Problem 8.22 Prove

L.H.�/J0.�// D 1p
1 � z2

in S 0.�C/, n D 1.

Problem 8.23 Using the Laplace transform in S 0.�C/, n D 1, prove

sin � D
Z �

0

J0.� � t/J�/.t/dt; � > 0:

Hint Show H.�/ sin � D H.�/J0.�/ 
 H.�/J0.�/ first.

Problem 8.24 Using the Laplace transform, solve the following Cauchy problems
in S 0.�C/, n D 1:

1. u0.t/C 3u.t/ D e�2t, u.0/ D 0,
2. u00.t/C 5u0.t/C 6u.t/ D 12, u.0/ D 2, u0.0/ D 0,
3.

8
<

:

u0.t/C 5u.t/C 2v.t/ D e�t;

v0.t/C 2v.t/C 2u.t/ D 0;

u.0/ D 1; v.0/ D 0:

Answer

1. u.t/ D e�2t � e�3t,
2. u.t/ D 2,
3. u.t/ D 9

25
e�t C 1

5
te�t C 16

25
e�6t, v.t/ D � 8

25
e�t � 2

5
te�t C 8

25
e�6t.

Problem 8.25 Using the Laplace transform solve the following equations in
S 0.�C/, n D 1:

1. .H.t/ sin t/ 
 u.t/ D ı.t/,
2. .H.t/ cos t/ 
 u.t/ D ı.t/,
3. u.t/C 2.H.t/ cos t/ 
 u.t/ D ı.t/,
4.

�
H.t/ 
 u1.t/C ı0.t/ 
 u2.t/ D ı.t/
ı.t/ 
 u1.t/C ı0.t/ 
 u2.t/ D 0:

Answer

1. u.t/ D ı0.t/C H.t/,
2. u.t/ D ı00.t/C 3ı.t/C 4H.t/sht,
3. u.t/ D ı.t/� 2H.t/et.1 � t/,
4. u1.t/ D �ı.t/ � H.t/et, u2.t/ D H.t/et.



Chapter 9
Fundamental Solutions

9.1 Definition and Properties

Let us write

P.D/ D
X

j˛j�m

a˛D˛; a˛ D const;
X

j˛jDm

ja˛j ¤ 0:

Definition 9.1 Given P as above, the distribution u 2 D0.Rn/ is called fundamental
solution if

P.D/u D ı:

Consider the polynomial

P.�/ D
X

j˛j�m

a˛�
˛:

There exists a transformation

� D A� 0; with det A ¤ 0;A D .akj/;

under which P reads

P.� 0/ D a� 0
1

m C
X

0�k�m�1
Pk.�

0
2; : : : ; �

0
n/�

0
1

k
; a D const ¤ 0: (9.1)
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There exists a constant � D �.m/ such that for every point � 2 Rn there is k 2
N [ f0g satisfying

jP.�1 C i�
k

m
; �2; : : : ; �n/j � a�; j� j D 1: (9.2)

The classical Malgrange-Ehrenpreis theorem asserts that every differential operator
with constant coefficients has a fundamental solution in D 0.Rn/. Without loss of
generality we suppose

P.�/ D a�m
1 C

m�1X

kD0
Pk.�2; : : : ; �n/�

k
1 ; a D const > 0:

We will prove the Malgrange-Ehrenpreis theorem for the polynomial P.i�/. Let
�0; �1; �2; : : : ; �m 2 C1

0 .R
n/ be chosen so that

Pm
kD0 �k.�/ D 1, �k.�/ � 0 for

� 2 Rn, and �k.�/ D 0 for those � 2 Rn for which

min
j� jD1

jP.i�1 � �
k

m
; i�2; : : : ; i�n/j < a�:

If L.�/ denotes the Laplace transform of � 2 C1
0 .R

n/, we set

u.�/ D 1

.2�/n

mX

kD0

Z

Rn
�k.�/

1

2�i

Z

j� jD1
L.�/.�1 C i� k

m ; �2; : : : ; �n/

P.�1 � � k
m ; i�2; : : : ; i�n/

d�

�
d�: (9.3)

We fix � 2 C1
0 .R

n/ and choose R > 0 so that supp� � UR. Since L.�/ is an entire
function, by the Paley-Wiener-Schwartz theorem we have

jL.�/.�1 C i� k
m ; �2; : : : ; �n/j �

.1C j�1 C i� k
m j2 C j�2j2 C � � � C j�nj2/�N maxj� jD1 ejRe� j k

m
R

jxj<R j.1 ��/N�.x/jdx
(9.4)

for every N � 0. Fixing N > n
2

ensures that

Z

Rn
.1C j�1 C i�

k

m
j2 C j�2j2 C � � � C j�nj2/�Nd� < 1:

We note that

min
j� jD1

jP.i�1 � � k

m
; i�2; : : : ; i�n/j � a�
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for � 2 Rn with �k.�/ ¤ 0 and for every k D 0; 1; 2; : : : ;m. Then, using (9.4),

ju.�/j � 1
.2�/n

R
Rn �k.�/

maxj� jD1 jL.�/.�1Ci� k
m ;�2;:::;�n/j

minj� jD1 jP.ı�1�� k
m ;i�2;:::;i�n/j d�

� 1
.2�/na�

Pm
kD0 maxj� jD1 ejRe� j k

m
R

Rn.1C j� C i� k
m j2 C �22 C � � � C �2n /

�Nd�

	 Rjxj<R j.1 ��/N�.x/jdx:

Let

KN D 1

.2�/na�

mX

kD0
max
j� jD1

ejRe� j k
m

Z

Rn
.1C j� C i�

k

m
j2 C �22 C � � � C �2n /

�Nd�;

so

ju.�/j � KN

Z

jxj<R
j.1��/N�.x/jdx

for every � 2 C1
0 .UR/. Therefore u is a linear and continuous functional on

C1
0 .R

n/.
Moreover,

P.D/u.�/ D u.P.�D/�/

D 1
.2�/n

Pm
kD0

R
Rn �k.�/

1
2� i

R
j� jD1

L.P.�D/�/.�1Ci� k
m ;�2;:::;�n/

P.i�1�� k
m ;i�2;:::;i�n/

d�
�

d�

L.P.�D/�/.�1 C i� k
m ; �2; : : : ; �n/ D P.i�1 � � k

m ; �2; : : : ; �n/L.�/

D 1
.2�/n

Pm
kD0

R

Rn �k.�/
1
2� i

R

j� jD1 L.�/.�1 C i� k
m ; �2; : : : ; �n/

d�
�

d�

(applying Cauchy’s theorem)

D 1
.2�/n

Pm
kD0

R

Rn �k.�/F .�/.�/d� D 1
.2�/n

R

Rn F .�/.�/d�

(using the inverse Fourier transform)

D �.0/ D ı.�/;

so finally

P.D/u.�/ D ı.�/:
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Since � 2 C 1
0 .Rn/ was chosen arbitrarily,

P.D/u D ı

follows, showing that u is a fundamental solution for P.D/.

Example 9.1 The distribution u.t/ D H.t/e�at 2 D 0.R1/, a D const > 0, is a
fundamental solution for the operator d

dt C a.
Indeed, let � 2 C1

0 .R1/ be arbitrary but fixed. Then
�

d
dt C a

�
u.�/ D

�
d
dt C a

�
.H.t/e�at/.�/

D d
dt .H.t/e

�at/.�/C aH.t/e�at.�/

D �H.t/e�at.�0/C a
R1
0

e�at�.t/dt

D � R1
0

e�at�0.t/dt C a
R1
0

e�at�.t/dt

D �.0/ D ı.�/:

Hence
�

d
dt C a

�
u.t/ D ı.t/.

Exercise 9.1 Prove that H.x/ sin.ax/
a 2 D 0.R1/ is a fundamental solution for d2

dx2
Ca2,

a D const ¤ 0.

Exercise 9.2 Prove that

H.x/e˙ax xm�1

.m � 1/Š ;m D 2; 3; : : : ; a D const;

is a fundamental solution for the operator

� d

dx
� a

�m
:

For applications of the fundamental solutions we refer to [4–6, 14–16, 20, 23, 30,
34, 35].

9.2 Exercises

Problem 9.1 Using (9.3) find a fundamental solution for the following operators

1. d2

dx2
C 4 d

dx ,

2. d2

dx2
� 4 d

dx C 1,

3. d2

dx2
C 3 d

dx C 2,
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4. d2

dx2
� 4 d

dx C 5,

5. d3

dx3
� 1,

6. d3

dx3
� 3 d2

dx2
C 2 d

dx ,

7. d4

dx4
� 1,

8. d4

dx4
� 2 d2

dx2
C 1.

Answer

1. H.x/ 1�e�4x

4
,

2. H.x/xex,
3. H.x/.e�x � e�2x/,
4. H.x/e2x sin x,

5. H.x/
3

�
ex � e� x

2

�
cos

p
3
2

x C p
3 sin

p
3
2

x
��

,

6. H.x/
2
.1 � ex/2,

7. H.x/
2
.shx � sin x/,

8. H.x/
2
.xchx � shx/.

Problem 9.2 Prove that

u.x; t/ D H.t/

2
p
�t

et� .xCt/2

4t

is a fundamental solution for the operator

@

@t
� @2

@x2
� @

@x
� 1:

Problem 9.3 Prove that

�H.t/H.�x/etCx

is a fundamental solution for the operator

@2

@x@t
� @

@x
� @

@t
C 1:

Problem 9.4 Let n D 2. Prove

� log jxj D 2�ı.x/:

Problem 9.5 Let n � 3. Show that

�
1

jxjn�2 D �.n � 2/nı.x/:
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Problem 9.6 Let n D 3. Prove that

u.x/ D �e˙ikjxj

4�jxj
satisfies the equation

�u C k2u D ı.x/:

Problem 9.7 Demonstrate that

u.x; t/ D H.t/

2a
p
�t

e� jxj2

4a2 t

solves

@u

@t
� a2�u D ı.x; t/; x 2 R; t 2 R;

and

u.x; t/ �!t�!C0 ı.x/

in D 0.Rn/.

Problem 9.8 Prove that

u.x; t/ D 1

2a
H.at � jxj/

satisfies the equation

utt � a2uxx D ı.x; t/; x 2 R1; t 2 R1;

and

u.x; t/ �!t�!C0 0;
@u.x; t/

@t
�!t�!C0 ı.x/;

@2u.x; t/

@t2
�!t�!C0 0

in D 0.R1/.

Problem 9.9 Prove that

u.x; y/ D 1

�.x C iy/
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satisfies the equation

1

2

�@u

@x
C i

@u

@y

�
D ı.x; y/:

Problem 9.10 Prove that

u.x; t/ D iH.t/

.2
p
�t/n

ei �n
4 e�i jxj2

4t

solves

1

i
ut ��u D ı.x; t/; x 2 Rn; t 2 R:

Problem 9.11 Define

u.x; t/ D H.t/

.2
p
�t/n

e� jxj2

4t

and suppose

F.x/ D
Z 1

0

u.x; t/dt;

exists for any t � 0 and almost every x 2 Rn. Prove

�F D �ı.x; t/:



Chapter 10
Sobolev Spaces

10.1 Definitions

Definition 10.1 Let A be an open set in Rn, m 2 N and 1 � p � C1. The Sobolev
space Wm;p.A/ consists of functions in Lp.A/ whose partial derivatives up to order
m, in the sense of distributions, can be identified with functions in Lp.A/.

Equivalently,

Wm;p.A/ D fu 2 L p.A/ W D˛u 2 L p.A/ for any ˛ 2 Nn [ f0g; j˛j � mg:

Notice that clearly W0;q.A/ D Lq.A/.
For p D 2, the symbol Wm;2.A/ is generally replaced by Hm.A/, and in case

A D Rn, we can use the Fourier transform � 7! F .u/.�/ of u 2 L2.A/ to give the
following characterisation

Wm;2.Rn/ D Hm.Rn/ D fu 2 L2.Rn/ W � 7! .1C j�j2/ m
2 F .u/.�/ 2 L2.Rn/g:

Example 10.1 Let U D U1 D U.0; 1/ � R2. We seek conditions on ˇ > 0 so that
the function u.x; y/ D x.x2 C y2/�ˇ is, away from the origin, an element of H1.U/.
In polar coordinates x D r cos�, y D r sin�, 0 < r < 1, � 2 Œ0; 2��:

u.x; y/ D x.x2 C y2/�ˇ D r1�2ˇ cos�;

ju.x; y/j2 D r2�4ˇ cos2 �;

ux.x; y/ D .x2 C y2/�ˇ � 2ˇx2.x2 C y2/�ˇ�1 D r�2ˇ.1 � 2ˇ cos2 �/;

jux.x; y/j2 D r�4ˇ.1 � 2ˇ cos2 �/2;

uy.x; y/ D �2ˇxy.x2 C y2/�ˇ�1 D �2ˇr�2ˇ cos� sin �;

juy.x; y/j2 D 4ˇ2r�4ˇ cos2 � sin2 �;

© Springer International Publishing Switzerland 2015
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substituting which produces

R
U ju.x; y/j2dxdy D R 1

0

R 2�
0

r3�4ˇ cos�d�dr < 1 ” ˇ < 1;

R
U jux.x; y/j2dxdy D R 1

0

R 2�
0

r1�4ˇ.1 � 2ˇ cos2 �/2d�dr < 1 ” ˇ < 1
2
;

R 1
0

juy.x; y/j2dxdy D 4ˇ2
R 1
0

R 2�
0

r1�4ˇ cos2 � sin2 �d�dr < 1 ” ˇ < 1
2
:

Consequently u 2 H1.U/ if 0 < ˇ < 1
2
.

Exercise 10.1 Consider U D U1 � R2, u.x; y/ D xy.x2 C y2/�ˇ , .x; y/ 2
Unf.0; 0/g, ˇ > 0. Find conditions on the parameter ˇ so that u 2 H1.U/.

Answer 0 < ˇ < 1.

Exercise 10.2 Let U D U1 in Rn, r2 D Pn
iD1 x2i . Define u on U by

u.x/ D .1 � r/ˇ.� log.1 � r//˛; x 2 U;

where ˛; ˇ > 0 are real. Find conditions for ˛ and ˇ so that u 2 W1;p.U/, 1 � p �
1.

Answer ˇ > 1 � 1
p , ˛ > � n

p , or ˇ D 1 � 1
p , � n

p < ˛ < � 1
p , p > 1.

10.2 Elementary Properties

One can endow Sobolev spaces with a norm

jjujjWm;p.A/ D

8
ˆ̂
<

ˆ̂
:

�P
0�j˛j�p jjD˛ujjp

Lp.A/

� 1
p

if 1 � p < 1;

max0�j˛j�m jjD˛ujjL1.A/:

In particular, the space Hm.A/ admits an inner product

.u; v/ D
X

0�j˛j�m

.D˛u;D˛v//:

Exercise 10.3 Check that jj � jjWm;p.A/ fulfils the axioms for being a norm.

Exercise 10.4 Check that .u; v/ is indeed an inner product.

Definition 10.2 A sequence fukg1
kD1 in Wm;p.A/ converges to u 2 Wm;p.A/ if

jjuk � ujjWm;p.A/ �!k�!1 0:
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Definition 10.3 A sequence fukg1
kD1 in Wm;p.A/ converges to u 2 Wm;p.A/ in

Wm;p
loc .A/ if uk �!k�!1 u in Wm;p.V/ for every V �� A.

Definition 10.4 We denote by Wm;p
0 .A/ the closure of C1

0 .A/ in Wm;p.U/.

In particular, Hm
0 .A/ D Wm;2

0 .A/.

Exercise 10.5 Prove that u 2 Wm;p
0 .A/ if and only if there exist functions uk 2

C1
0 .A/ such that uk �!k�!1 u in Wm;p.A/.

Now we set out to prove a number of elementary, but important properties of
Sobolev spaces.

1. Let u 2 Wm;p.A/. For any 0 � j˛j � m we have D˛u 2 Wm�j˛j;p.A/ and

Dˇ.D˛u/ D D˛.Dˇu/ D D˛Cˇu

for 0 � j˛j C jˇj � m.
To prove this property we observe that u 2 Wm;p.A/ implies that D˛u is a well-
defined distribution, and D˛u 2 Lp.A/ for 0 � j˛j � m. Moreover, D˛u 2
Wm�j˛j;p.A/ if Dˇ.D˛u/ exists and belongs to Lp.A/ for 0 � jˇj � m � j˛j.

Pick � 2 C1
0 .A/. Then for 0 � j˛j C jˇj � m we have

R

A D˛uDˇ�dx D .�/j˛j R
A uD˛.Dˇ�/dx

D .�/j˛j R
A uD˛Cˇ�dx D .�1/jˇj R

A D˛Cˇu�dx:

On the other hand,

Z

A
D˛uDˇ�dx D .�1/jˇj

Z

A
Dˇ.D˛u/�dx;

so overall

Dˇ.D˛u/ D D˛Cˇu:

Exercise 10.6 Prove that D˛.Dˇu/ D D˛Cˇu.

As a consequence, when 0 � jˇj � m � j˛j the derivative Dˇ.D˛u/ exists in
the sense of the distributions and belongs to Lp.A/. We conclude that D˛u 2
Wm�j˛j;p.A/.

2. For any u; v 2 Wm;p.A/ and constants �, 
, �u C 
v 2 Wm;p.A/.
For this, let � 2 C1

0 .A/ be arbitrary. As u, v 2 Wm;p.A/, for 0 � j˛j � m we
have D˛u, D˛v 2 Lp.A/ and

R
A D˛.�u C 
v/�dx D .�1/j˛j R

A.�u C 
v/D˛�dx
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D �.�1/j˛j R
A uD˛�dx C 
.�1/j˛j R

A vD˛�dx

D �
R

A D˛u�dx C 

R

A D˛v�dx

D R
A.�D˛u C 
D˛v/�dx:

3. If u 2 Wm;p.A/ and V is open in A, then u 2 Wm;p.V/.

Exercise 10.7 Prove this property.

4. (Leibniz formula) If � 2 C1
0 .A/ and u 2 Wm;p.A/, then �u 2 Wm;p.A/ and

D˛.�u/ D
X

ˇ�˛

�
˛

ˇ

�

Dˇ�D˛�ˇu:

First of all fix � 2 C1
0 .A/. Then for j˛j D 1

R

A D˛.u�/�dx D � RA u�D˛�dx

D � RA u.D˛.��/� D˛��/dx

D R

A.D
˛u� C uD˛�/�dx:

Let l < m. We suppose that the assertion holds for j˛j � l and prove it for
j˛j D l C 1. Let ˛ D ˇ C � , where jˇj D l and j� j D 1. Then

Z

A
u�D˛�dx D

Z

A
u�Dˇ.D��/dx D .�1/jˇj

Z

A
Dˇ.u�/D��dx

so by induction hypothesis

D .�1/jˇj R
A

P
�ˇ

�
ˇ



�

D�Dˇ�uD��dx

D .�1/jˇjCj� j R
A

�
ˇ



�

D� .D�Dˇ�u/ phidx

D .�1/j˛j R
A

P
�ˇ

�
ˇ



��
D�C�Dˇ�u C D�DˇC��u

�
�dx

(using
�
ˇ
��

�C �
ˇ


� D �
˛


�
)

D .�1/j˛j R
A

P
�˛

�
˛



�

D�D˛�u�dx;

proving the assertion.
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5. For every m D 1; 2; : : :, 1 � p � 1, Wm;p.A/ is a Banach space.
We shall prove the statement for p < 1, and leave the reader to see to p D 1.
Let fulg1

lD1 � Wm;p.A/ be a fundamental sequence. Then for every l 2 N and
0 � j˛j � m

jjD˛ulCq � D˛uljjLp.A/ �!q�!1 0:

Therefore the sequence fD˛ulg1
lD1 is fundamental in Lp.A/, for any ˛ such that

0 � j˛j � m. Since Lp.A/ is a Banach space, this sequences converges in Lp.A/
to some u˛, for any 0 � j˛j � m.
Let u0 D u. We claim that D˛u D u˛ for any 0 � j˛j � m. In fact,

Z

A
uD˛� D lim

l�!1

Z

A
ulD

˛�dx D .�1/j˛j lim
l�!1

Z

A
D˛ul�dx D .�1/j˛j

Z

A
u˛�dx;

so D˛u D u˛, 0 � j˛j � m. As

jjD˛ul � D˛ujjLp.A/ �!l�!1 0

for every 0 � j˛j � m, we conclude that

jjul � ujjWm;p.A/ �!l�!1 0:

Exercise 10.8 Prove that Hm.A/ is a Hilbert space for any m 2 N.

Exercise 10.9 Prove that if u 2 W1;p.0; 1/ for some 1 < p < 1, then

ju.x/� u.y/j � jx � yj1� 1
p

�Z 1

0

ju0jpdt
� 1

p

for a.e. x; y 2 Œ0; 1�.

10.3 Approximation by Smooth Functions

Let � > 0 and A � Rn be open. We define

u� D !� ? u

for u 2 Wm;p.A/ and x 2 A� .
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1. If u 2 Wm;p.A/, then u� 2 C1.A�/.
To see this, let ˛ be an arbitrary multi-index. Then

D˛u�.x/ D D˛
R

A !�.x � y/u.y/dy

D R
A D˛

x!�.x � y/u.y/dy

D .�1/j˛j R
A D˛

y!�.x � y/u.y/dy; x 2 A;

from which

D˛u�.x/ D
Z

A
!�.x � y/D˛u.y/dy D !� ? D˛u; x 2 A;

and

jD˛u�.x/j D
ˇ
ˇ
ˇ
R

A D˛
x!�.x � y/u.y/dy

ˇ
ˇ
ˇ

� R

A jD˛
x!�.x � y/jju.y/jdy

�
� R

A jD˛
x!�.x � y/jqdy

� 1
q
�R

A ju.y/jpdy
� 1

p

� CjjujjWm;p.A/; x 2 A:

2. If u 2 Wm;p
loc .A/, then

u� �!��!0 u

in Wm;p
loc .A/.

Let ˛ be given. From the previous property D˛u� exists, and if V �� A then

jju� � ujjWm;p.V/ D
�P

j˛j�m

R
V jD˛u� � D˛ujpdx

� 1
p

(Minkowski’s inequality)

� P
j˛j�m

�R
V jD˛u� � D˛ujpdx

� 1
p

D P
j˛j�m jjD˛u� � D˛ujjL p.V/:

(10.1)
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Since .D˛u/� D D˛u� and D˛u 2 L p.V/, 0 � j˛j � m, using the properties of
the convolution we see that

jjD˛u� � D˛ujjL p.V/ �!��!0 0:

Hence u� �!��!0 u in Wm;p
loc .A/.

3. If A is a bounded set in Rn and u 2 Wm;p.A/, there exists a sequence fulg1
lD1 in

C 1.A/\ Wm;p.A/ such that

ul �!l�!1 u

in Wm;p.A/.
We claim A D [1

iD1Ai. In fact, if x 2 A, then x 62 @A. Therefore there exists i 2 N
such that dist.x; @A/ > 1

i , so x 2 Ai and x 2 [1
iD1Ai. Consequently A � [1

iD1Ai.
Conversely, if x 2 [1

iD1Ai there exists j 2 N such that x 2 Aj. Therefore x 2 A
and dist.x; @A/ > 1

j , so we conclude [1
iD1Ai � A.

Let Vi D AiC3nAi, i D 1; 2; : : :, and choose V0 �� A. Then, as above, A D
[1

iD0Vi

Let f�ig1
iD1 be a sequence of smooth functions such that

�i 2 C1
0 .Vi/; 0 � �i � 1;

1X

iD0
�i D 1:

We define �i > 0 and ı > 0, ui D .�iu/ ? !�i so that

jjui � �iujjWm;p.A/ <
ı

2mC1 ;

suppui � Wi D AiC4nAi � Vi:

Note that �iu 2 Wm;p.A/. From the properties of the convolution we know

ui �!�i�!0 �iu

in Wm;p.A/.
Let

v D
1X

iD0
ui:
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Since
P1

iD0 �i D 1, we have that u D P1
iD0 �iu. Let V �� A. Only a finite

number of elements are different from zero in V , so v 2 C 1.A/. Therefore

jjv � ujjWm;p.A/ D
ˇ
ˇ
ˇ

ˇ
ˇ
ˇ
P1

iD0 ui �P1
iD0 �iu

ˇ
ˇ
ˇ

ˇ
ˇ
ˇ
Wm;p.V/

D
ˇ
ˇ
ˇ

ˇ
ˇ
ˇ
P1

iD0.ui � �iu/
ˇ
ˇ
ˇ

ˇ
ˇ
ˇ
Wm;p.V/

� P1
iD0 jjui � �iujjWm;p.V/

< ı
P1

iD0 1

2iC1 D ı;

and consequently

sup
V��U

jjv � ujjWm;p.V/ � ı:

Let vl be the function which corresponds to the space Wm;p.Vl/. Then

jjvl � ujjWm;p.A/ �!l�!1 0:

Exercise 10.10 Let A be a bounded set with C 1 boundary @A. Prove that if u 2
Wm;p.A/, 1 � p < 1, there exists a sequence fulg1

lD1 in C1.A/ such that

jjul � ujjWm;p.A/ �!l�!1 0:

Solution Let x0 2 @A. Since @A is C 1, there exists a radius r > 0 and a C 1 function
� W Rn�1 �! R such that

A \ U.x0; r/ D fx 2 U.x0; r/ W xn > �.x1; x2; : : : ; xn�1/g:

Let V D A \ U.x0; r
2
/ and define

x� D x C ��en; x 2 V; � > 0; � > 0; en D .0; 0; : : : ; n/:

There exists a large enough � > 0 and a small enough � > 0 such that U.x�; �/ lies
in A \ U.x0; r/ for every x 2 V . Let u�.x/ D u.x�/ and define

v� D !� ? u�:

Take j˛j � m, so

jjD˛v� � D˛ujjL p.V/ D jjD˛v� � D˛u� C D˛u� � D˛ujjL p.V/

� jjD˛v� � D˛u�jjL p.V/ C jjD˛u� � D˛ujjL p.V/:

(10.2)
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We have

jjD˛v� � D˛u�jjL p.V/ �!��!0 0 (10.3)

and

jjD˛u� � D˛ujjL p.V/ �!��!0 0: (10.4)

From (10.1), (10.3) and (10.4) follows

jjD˛v� � D˛ujjL p.V/ �!��!0 0 for 0 � j˛j � m:

Consequently

jjv� � ujjWm;p.V/ �!��!0 0:

Since @A is compact, there exist finitely many points x0i , radii ri and functions vi 2
C1.Vi/ (i D 1; 2; : : : ;N) for which

@A � [N
iD1U.x0i ;

ri

2
/; jjvi � ujjWm;p.Vi/ � ı;

where

Vi D A \ U.x0i ;
ri

2
/:

Let V0 �� U. Then

A � [N
iD0Vi:

There exist functions �i, i D 0; 1; : : : ;N, such that �i 2 C 1
0 .Vi/, 0 � �i � 1 and

PN
iD0 �i D 1. Now we define the function

v D
NX

iD0
�ivi:

Then

u D
NX

iD0
�iu
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and

jjD˛v � D˛ujjLp.A/ D jjPN
iD0 D˛.�i.vi � u//jjLp.A/ � PN

iD0 jjD˛.�i.vi � u//jjLp.A/

D PN
iD0 jjD˛vi � D˛ujjLp.Vi/ � PN

iD0 jjvi � ujjWm;p.Vi/ � ı.N C 1/

for 0 � j˛j � m.

10.4 Extensions

Theorem 10.1 (Extension Theorem) Let A �� V be bounded subsets of Rn and
assume the boundary @A is C 1. There exists a linear operator E W W1;p.A/ �!
W1;p.Rn/ such that

1. Eu D u for any u 2 W1;p.A/,
2. suppE � V,
3. jjEujjW1;p.Rn/ � CjjujjW1;p.A/.

Proof Fix x0 2 @A.

Case 1. u 2 C 1.A/.
First of all, we suppose that locally, around x0, the boundary @A belongs to fxn D
0g. Since @A is C 1, there is a ball U such that

UC D U \ fxn � 0g � A;

U� D U \ fxn � 0g � RnnA:

Now define

u.x/ D
8
<

:

u.x/ for x 2 UC;

�3u.x1; x2; : : : ; xn�1;�xn/C 4u.x1; x2; : : : ; xn�1;� xn
2
/ for x 2 U�:

We will show that u 2 C 1.U/. In fact, let us define

uC D ujxn�0;x2UC
; u� D ujxn�0;x2U� :

We have

uC
jxnD0

D u.x1; x2; : : : ; xn�1; 0/;

u�
jxnD0

D �3u.x1; x2; : : : ; xn�1; 0/C4u.x1; x2; : : : ; xn�1; 0/Du.x1; x2; : : : ; xn�1; 0/:



10.4 Extensions 197

Consequently

uC
jxnD0

D u�
jxnD0

;

and then

@uC

@xi jxnD0

D @u�

@xi jxnD0

; i D 1; 2; : : : ; n � 1:

On the other hand,

@uC

@xn jxnD0
D @u

@xn jxnD0
;

@u�

@xn jxnD0
D 3 @u

@xn jxnD0
� 2 @u

@xn jxnD0
D @u

@xn jxnD0
;

so overall,

@uC

@xn jxnD0

D @u�

@xn jxnD0

and D˛u�
jxnD0

D D˛uC
jxnD0

is well defined for 0 � j˛j � 1. Hence u 2 C 1.U/.
Additionally,

jjujjW1;p.U/ � CjjujjW1;p.UC/ � CjjujjW1;p.A/:

If @A does not belong on such hyperplane locally (in a neighbourhood of x0),
since the boundary is C 1 there exists a function˚ with inverse � , say x D ˚.y/,
y D �.x/, that maps a neighbourhood of x0 to a neighbourhood of �.x0/ in such
a way that, locally, �.@A/ lies on fyn D 0g. Let u1.y/ D u.x/ D u.˚.y//. As
above, we construct a function u1 such that

jju1jjW1;p.U/ � Cjju1jjW1;p.UC/ � Cjju1jjW1;p.A/;

and u1 D u1 in UC. If W D �.U/

jjujjW1;p.W/ � CjjujjW1;p.A/:

Now we define the operator

Eu D u:

Since u is bounded in W1;p.A/, the map u 7! Eu is linear and bounded.



198 10 Sobolev Spaces

Because @A is compact, there exist finitely many points x01, x02, : : :, x0N , open sets
Wi, extensions ui of u on Wi such that if we take W0 �� A,

@A � [N
iD1Wi; A � [N

iD0Wi:

Let f�igN
iD0 be the partition of unity corresponding to the system W0, W1, : : :, WN .

Now we put u0 D u. Then

u D
NX

iD0
�iui

and

jjujjW1;p.Rn/ D
ˇ
ˇ
ˇ

ˇ
ˇ
ˇ
PN

iD0 �iui

ˇ
ˇ
ˇ

ˇ
ˇ
ˇ
W1;p.Rn/

� PN
iD0 jj�iuijjW1;p.Rn/ D PN

iD0 jj�iuijjW1;p.Wi/

� PN
iD0 jjuijjW1;p.Wi/ � PN

iD0 CjjujjW1;p.A/

D CNjjujjW1;p.A/:

Case 2. Let u 2 W1;p.A/. Then there exists a sequence fulg1
lC1 in C1.A/ \

W1;p.A/ such that ul �! u, l �! 1, in W1;p.A/. For ul we apply case 1. We
also have

jjEum � EuljjW1;p.Rn/ D jjE.um � ul/jjW1;p.Rn/ � Cjjum � uljjW1;p.A/ �!l;m�!1 0:

Consequently fEumg1
mD1 is a fundamental sequence in the Banach space W1;p.A/,

so it converges to some u 2 W1;p.A/. But as Eum D u on A, we have u D u on A.

Definition 10.5 We call Eu an extension of u to Rn.

Exercise 10.11 Let A �� V � Rn be bounded sets with @A of class C 2. Then there
is a linear operator E W W2;p.A/ 7�! W2;p.Rn/ such that

1. Eu D u for u 2 W2;p.A/,
2. suppE � V ,
3. jjEujjW2;p.Rn/ � CjjujjW2;p.A/.

Exercise 10.12 Extend u 2 W1;p..0;1// onto .�1; 0/ by setting u.x/ D u.�x/.
Prove that this extension u is an element of W1;p.R/.
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10.5 Traces

Theorem 10.2 (Trace Theorem) Let A be a bounded set in Rn with C 1 boundary
@A. There exists a linear bounded operator T W W1;p.A/ �! W1;p.@A/ such that

Tu D uj@A if u 2 W1;p.A/ \ C .A/

and

jjTujjLp.@U/ � CjjujjW1;p.A/:

Proof We assume u 2 C 1.A/ and take x0 2 @A. We also suppose that @A intersected
with some neighbourhood of x0 lies on the plane fxn D 0g. Let r > 0 be such that
A \ U.x0; r/ � fxn D 0g. We consider U.x0; r

2
/ and call � D @.A \ U.x0; r

2
//. We

choose � 2 C1
0 .U.x0; r// so that 0 � � � 1 on U.x0; r/, � � 1 on U.x0; r

2
/.

By denoting

x0 D .x1; x2; : : : ; xn�1/ 2 Rn�1 D fxn D 0g

we have

R

�
jujpdx0 � R

fxnD0g �jujpdx D � RUC.�jujp/xn dx

D � RUC �xn jujpdx � p
R

UC �jujp�1.signu/uxndx:

(10.5)

Young’s inequality, with 1
p C 1

q D 1, gives

jujp�1juxn j � .jujp�1/q

q
C juxn jp

p
� C.jujp C jDujp/:

From this and (10.5) we deduce

Z

�

jujpdx � C
Z

UC

.jujp C jDujp/dx;

so

jjujjLp.� / � CjjujjW1;p.UC/ � CjjujjW1;p.A/: (10.6)

If we cannot find a neighbourhood of x0 the restriction of @A to which belongs in
fxn D 0g, there exist a C 1 map ˚ , with inverse � , mapping a neighbourhood of x0

to a neighbourhood of y0 D �.x0/ so that, locally, �.@A/ lies in fyn D �.xn/ D 0g.
Since @A is compact, there exists a finite number of points x01, x02, : : :, x0N and balls
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U.x0i ; ri/ D Vi such that @A � [N
iD1Vi, V0 �� A and

A � [N
iD0Vi:

From (10.6),

jjujjLp.�i/ � CjjujjW1;p.U/:

Let f�igN
iD0 be the partition of unity of the system fVigN

iD0. Then

jjujjLp.@A/ D
ˇ
ˇ
ˇ

ˇ
ˇ
ˇ
Pn

iD0 �iu
ˇ
ˇ
ˇ

ˇ
ˇ
ˇ
Lp.@A/

� PN
iD0 jj�iujjLp.@A/ D PN

iD0 jjujjLp.�i/

� CjjujjW1;p.A/:

(10.7)

Now define the operator T W W1;p.A/ �! W1;p.@A/ by

Tu D uj@A :

Using (10.7) we see that

jjTujjLp.@A/ � CjjujjW1;p.A/:

Let u 2 W1;p.A/ \ C .A/. There exists a sequence fumg1
mD1 in C 1.A/ such that

um �! u in W1;p.A/ as m �! 1. From (10.7) we have

jjTum � TuljjLp.@A/ � Cjjum � uljjW1;p.A/ �!m;l�!1 0:

Therefore the sequence fTumg1
mD1 is fundamental in the Banach space Lp.@A/, and

as such it converges in Lp.@A/:

lim
m�!1 Tum D Tu:

As Tum D uj@A , we infer that Tu D uj@A and T is a bounded operator.

Definition 10.6 We call Tu the trace of u on @U.

Exercise 10.13 Let A be a bounded set in Rn and assume @A is C 1. Prove that Tu
vanishes on @A, provided u 2 W1;p

0 .A/.

Hint Use the fact that there exists a sequence fumg1
mD1 in C1

0 .A/ such that um �!
u in W1;p.A/, as m �! 1. Since Tum is zero on @A, we also have Tu D 0 on @A.
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Exercise 10.14 Let A be a bounded set in Rn and let @A be C 1. Take u 2 W1;p.A/
with Tu D 0 on @A. Prove that

Z

Rn�1

ju.x0; xn/jpdx0 � Cxp�1
n

Z xn

0

Z

Rn�1

jDujpdx0dt

for a.e. xn > 0. Here x0 D .x1; x2; : : : ; xn�1/.

Hint Use the extension theorem, then choose fumg1
mD1 in C 1.R

n
C/ such that um �!

u in W1;p.R
n
C/, as m �! 1. Then use the identity

um.x
0; xn/ � um.x

0; 0/ D
Z xn

0

umxn.x
0; s/ds:

Here R
n
C is the closure of fx D .x1; x2; : : : ; xn/ 2 Rn W xn > 0g.

Exercise 10.15 Let A be a bounded set in Rn with @A of class C 1. Take u 2 W1;p.A/
with Tu D 0 on @A. Prove that u 2 W1;p

0 .A/.

Hint Use the extension theorem. Consider the function � 2 C 1.R/ such that � � 1

on Œ0; 1�, 0 � � � 1 on R, � � 0 on RnŒ0; 2�, and the sequences �m.x/ D �.mxn/,
wm.x/ D u.x/.1� �m.x//, x 2 RnC. Prove that wm �!m�!1 u in W1;p.RnC/. Mollify
wm to produce functions um 2 C 1

0 .RnC/ such that um �!m�!1 u in W1;p.RnC/.

10.6 Sobolev Inequalities

Definition 10.7 Let 1 � p < n. The Sobolev conjugate p� of p is defined by

1

p� D 1

p
� 1

n
:

1. (Gagliardo-Nirenberg-Sobolev inequality) Let u 2 C 1
0 .R

n/. Then

jjujjLp�
.Rn/ � CjjDujjLp.Rn/

for some constant C > 0, 1 � p < n.

Proof Case 1. p D 1. Then p� D n
n�1 and we have to prove that

jjujj
L

n
n�1 .Rn/

� CjjDujjL1.Rn/:
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Our first observation is

ju.x/j D
ˇ
ˇ
ˇ
R xi

�1 uxi.x1; : : : ; xi�1; yi; xiC1; : : : ; xn/dyi

ˇ
ˇ
ˇ

� R xi

�1 juxi.x1; : : : ; xi�1; yi; xiC1; : : : ; xn/jdyi

� R1
�1 jDu.yi/jdyi; i D 1; 2; : : : ; n:

Then

ju.x/j 1
n�1 �

�Z 1

�1
jDu.yi/jdyi

� 1
n�1
; i D 1; 2; : : : ; n;

i.e.,

ju.x/j 1
n�1 �

�R1
�1 jDu.y1/jdy1

� 1
n�1
;

ju.x/j 1
n�1 �

�R1
�1 jDu.y2/jdy2

� 1
n�1
;

: : :

ju.x/j 1
n�1 �

�R1
�1 jDu.yn/jdyn

� 1
n�1
:

We multiply the above inequalities and get

ju.x/j n
n�1 �

nY

iD1

�Z 1

�1
jDu.yi/jdyi

� 1
n�1
:

Now we integrate in the variable x1, then apply the generalized Hölder’s
inequality and obtain

R1
�1 ju.x/j n

n�1 dx1 � R1
�1

Qn
iD1
�R1

�1 jDu.yi/jdyi

� 1
n�1

dx1

�
�R1

�1 jDu.y1/jdy1
� 1

n�1 Q1
iD2
�R1

�1
R1

�1 jDu.yi/jdyidx1
� 1

n�1
:
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Integrating now in x2, and using the generalized Hölder’s inequality again
gives

R1
�1

R1
�1 ju.x/j n

n�1 dx1dx2

� R1
�1

�R1
�1 jDu.y1/jdy1

� 1
n�1 Q1

iD2
�R1

�1
R1

�1 jDu.yi/jdyidx1
� 1

n�1
dx2

�
�R1

�1
R1

�1 jDu.y2/jdy2dx1
� 1

n�1
�R1

�1
R1

�1 jDu.y1/jdy1dx2
� 1

n�1

	Qn
iD3
�R1

�1
R1

�1
R1

�1 jDu.yi/jdyidx1dx2
� 1

n�1
:

Iterating,

Z

Rn
ju.x/j n

n�1 dx � C
�Z

Rn
jDujdx

� n
n�1
; (10.8)

and hence

jjujj
L

n
n�1 .Rn/

� CjjDujjL1.Rn/:

Case 2. Let p > 1. We put v D juj� , where � will be determined subsequently.
We apply inequality (10.8) to v and get

�R
Rn ju.x/j �n

n�1 dx
� n�1

n � C
R

Rn juj��1jDujdx:

By Hölder’s inequality

�Z

Rn
ju.x/j �n

n�1 dx
� n�1

n � C
�Z

Rn
juj .��1/p

p�1 dx
� p�1

p jjDujjLp.Rn/: (10.9)

Now we take � > 0 such that

�n

n � 1
D .� � 1/p

p � 1
;

so

� D p.n � 1/
n � p

;
�n

n � 1 D pn

n � p
D p�:
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From (10.9) we find

�Z

Rn
ju.x/jp�

dx
� n�1

n � C
�Z

Rn
ju.x/jp�

dx
� p�1

p jjDujjLp.Rn/;

and then

jjujjLp�
.Rn/ � CjjDujjLp.Rn/:

Exercise 10.16 Let 1 � p < n and consider A bounded in Rn with C 1 boundary.
For u 2 W1;p.A/ prove

jjujjLp�
.A/ � jjujjW1;p.A/:

Hint Apply the Extension theorem so to ensure the existence of the extension
u 2 W1;p.Rn/ of u. Then choose a sequence fumg1

mD1 in C1
0 .R

n/ such that um �!
u in W1;p.Rn/ as m �! 1. Apply the Gagliardo-Nirenberg-Sobolev inequality
to um � ul and conclude that fumg1

mD1 converges to u in Lp�
.Rn/. Eventually, the

Gagliardo-Nirenberg-Sobolev inequality on um gives the desired result.

Exercise 10.17 Let A be a bounded set in Rn with @A of class C 1, u 2 W1;p
0 .A/

for 1 � p < n. Prove

jjujjLq.A/ � CjjDujjLp.A/

for some constant C > 0 and for every q 2 Œ1; p��.

Hint Use approximation and the Gagliardo-Nirenberg-Sobolev inequality.

2. (Morrey inequality) Let n < p � 1. Then for every u 2 C 1.Rn/ there exists a
constant C D C.n; p/ > 0 such that

jjujjC 0;� .Rn/ � CjjujjW1;p.Rn/;

where � D 1� n
p .

Proof Let U.x; r/ � Rn be an arbitrary ball, r > 0. Fix w 2 @U.0; 1/, so

ju.x C sw/ � u.x/j D
ˇ
ˇ
ˇ
R s
0

d
dt u.x C tw/dt

ˇ
ˇ
ˇ D

ˇ
ˇ
ˇ
R s
0

Du.x C tw/ � wdt
ˇ
ˇ
ˇ

� R s
0

jDu.x C tw/ � wjdt � R s
0

jDu.x C tw/jdt;
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which we integrate on @U.0; 1/ and get

R
@U.0;1/ ju.x C sw/ � u.x/jdS � R

@U.0;1/

R s
0 jDu.x C tw/jdtdS

D R s
0

R
@U.0;1/ jDu.x C tw/jdSdt D R s

0

R
@U.0;1/ jDu.x C tw/j tn�1

tn�1 dSdt

.x C tw D y/

� R s
0

R

@U.x;t/ jDu.y/j 1
jx�yjn�1 dSydt D R

U.x;s/ jDu.y/j 1
jx�yjn�1 dy

� R

U.x;r/ jDu.y/j 1
jx�yjn�1 dy:

From here,

sn�1
Z

@U.0;1/
ju.x C sw/ � u.x/jdS � sn�1

Z

U.x;r/
jDu.y/j 1

jx � yjn�1 dy:

Therefore
Z r

0

sn�1
Z

@U.0;1/
ju.x C sw/ � u.x/jdSds �

Z r

0

sn�1
Z

U.x;r/
jDu.y/j 1

jx � yjn�1 dyds

so
Z r

0

sn�1
Z

@U.0;1/
ju.x C sw/ � u.x/jdSds � rn

n

Z

U.x;r/
jDu.y/j 1

jx � yjn�1 dyd;

and substituting x C sw D y finally

Z r

0

Z

@U.x;s/
ju.y/� u.x/jdSyds � rn

n

Z

U.x;r/
jDu.y/j 1

jx � yjn�1 dy

and

1

rn

Z

U.x;r/
ju.y/� u.x/jdy � 1

n

Z

U.x;r/
jDu.y/j 1

jx � yjn�1 dy:

We set 1
rn

R
U.x;r/.�/dy D R

U.x;r/.�/dy. Then there exists a constant C > 0 such that

Z

U.x;r/
ju.y/� u.x/jdy � C

Z

U.x;r/
jDu.y/j 1

jx � yjn�1 dy: (10.10)
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On the other hand,

ju.x/j D R

U.x;1/ju.x/jdy D R

U.x;1/ju.x/� u.y/C u.y/jdy

� R

U.x;1/ju.x/� u.y/jdy C R

U.x;1/ju.y/jdy

� R
U.x;1/ju.x/� u.y/jdy C CjjujjLp.U.x;1//

� R
U.x;1/ju.x/� u.y/jdy C CjjujjLp.Rn/ by (10.10)

� R

U.x;1/
ju.x/�u.y/j
jx�yjn�1 dy C CjjujjLp.Rn/

� C
R

U.x;1/
ju.x/�u.y/j
jx�yjn�1 dy C CjjujjLp.Rn/

(Hölder’s inequality)

� C
�R

U.x;1/ jDu.y/jpdy
� 1

p
�R

U.x;1/
1

jx�yj
.n�1/p

p�1

dy
� p�1

p C CjjujjLp.Rn/

.n�1/p
p�1 < n

� C.jjujjLp.Rn/ C jjDujjLp.Rn// � CjjujjW1;p.Rn/:

Therefore

sup
x2Rn

ju.x/j � CjjujjW1;p.Rn/:

Let x, y 2 Rn be arbitrary points and W D U.x; r/\ U.y; r/. Then

ju.x/� u.y/j D R
W ju.x/� u.y/jdz D R

W ju.x/� u.z/C u.z/� u.y/jdz

� R
W ju.x/� u.z/jdz C R

W ju.z/� u.y/jdz:
(10.11)
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The inequality (10.10) allows us to estimate

R
W ju.x/� u.z/jdz � R

U.x;r/ju.x/� u.z/jdz

� C
R

U.x;r/
jDu.z/j

jx�zjn�1 dz(Hölder’s inequality)

� C
�R

U.x;r/ jDu.z/jpdz
� 1

p
�R

U.x;r/
1

jx�zj
.n�1/p

p�1

dz
� p�1

p

� C
�

rn� .n�1/p
p�1

� p�1
p jjDujjLp.U.x;r// � Cjx � yj1� n

p jjDujjLp.Rn/

D Cjx � yj� jjDujjLp.Rn/ � Cjx � yj� jjDujjW1;p.Rn/:

(10.12)

Hence we deduce

Z

W
ju.y/� u.z/jdz � Cjx � yj� jjDujjW1;p.Rn/:

From the latter, (10.11) and (10.12) we get

ju.x/� u.y/j � Cjx � yj� jjujjW1;p.Rn/;

so

sup
x¤y;x;y2Rn

ju.x/� u.y/j
jx � yj� � CjjujjW1;p.Rn/

or

jjujjC 0;� .Rn/ � CjjujjW1;p.Rn/:

3. (Poincaré inequalities) We begin with an important interpolation inequality for
the Lr-norm.

Lemma 10.1 Let A be an open bounded set in Rn, 1 � s � r � t � 1 and

1

r
D �

s
C 1 � �

t
; 0 � � � 1:

The any u 2 Ls.A/ \ Lt.A/ belongs in Lr.A/ and

jjujjLr.A/ � jjujj�Ls.A/jjujj1��Lt.A/:
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Proof We have

R
A jujrdx D R

A juj�rC.1��/rdx D R
A juj�rjuj.1��/rdx

(Hölder’s inequality for p D s
r� ; q D t

.1��/r /

�
�R

A jujsdx
� r�

s
�R

A jujtdx
� r.1��/

t
;

from which

jjujjLr.A/ � jjujj�Ls.A/jjujj1��Lt.A/:

Definition 10.8 The Banach space X is said to be compactly embedded in the
Banach space Y, which we write X ,! Y, if

a. jjxjjY � CjjxjjX, x 2 X, for some positive constant C,
b. any bounded sequence fxlg1

lD1 in X has a subsequence fxlk g1
kD1 that converges

in Y.

Theorem 10.3 (Rellich-Kondrachov Compactness Theorem) Let A be a
bounded open set in Rn with C 1 boundary and 1 � p < n. Then

W1;p.A/ ,! Lq.A/

for every 1 � q < p�, where p� is the Sobolev conjugate of p.

For the proof of this important theorem we refer the reader to [1, 2, 5, 6, 17, 18,
29, 31] listed in the references.

Exercise 10.18 Let A be a bounded open set in Rn with C 1 boundary. Prove that
W1;p.A/ ,! Lp.A/.

Definition 10.9 One calls

.u/A D 1

jAj
Z

A
u.y/dy

the average of u over A.

Theorem 10.4 (Poincaré Inequality) Let A be a bounded, connected, open set in
Rn, 1 � p � 1. Then for every u 2 W1;p.A/ there exists a constant C D C.u; p;A/
such that

jju � .u/AjjL.A/ � CjjDujjL p.A/:
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Proof Let us suppose that there exists a function uk 2 W1;p.A/ such that

jjuk � .uk/AjjLp.A/ > kjjDukjjLp.A/: (10.13)

Let

vk D uk � .uk/A

jjuk � .uk/AjjLp.A/
:

Then

.vk/A D 1
jjuk�.uk/Ajj

R
A.uk � .uk/A/dy

D 1
jjuk�.uk/Ajj

�R

Aukdy � .uk/A
R

Ady
�

D 1
jjuk�.uk/Ajj ..uk/A � .uk/A/ D 0

and

jjvkjjLp.A/ D
ˇ
ˇ
ˇ

ˇ
ˇ
ˇ

uk � .uk/A

jjuk � .uk/AjjLp.A/

ˇ
ˇ
ˇ

ˇ
ˇ
ˇ D jjuk � .uk/Ajj

jjuk � .uk/AjjLp.A/
D 1:

From (10.13) we infer

1
k >

jjDuk jjLp .A/

jjuk�.uk/AjjLp .A/
D jjD.uk�.uk/A/jjLp .A/

jjuk�.uk/AjjLp .A/

D
ˇ
ˇ
ˇ

ˇ
ˇ
ˇD uk�.uk/A

jjuk�.uk/AjjLp .A/

ˇ
ˇ
ˇ

ˇ
ˇ
ˇ D jjDvkjjLp.A/:

(10.14)

Consequently fvkg1
kD1 is a bounded sequence in Lp.A/ and W1;p.A/. By the

Rellich-Kondrachov compactness theorem W1;p.A/ ,! Lp.A/. Therefore there is
a subsequence fvkjg1

jD1 that converges to some v 2 Lp.A/. From (10.14) we have

lim
j�!1 jjDvkj jjLp.A/ D 0:

Fix an arbitrary � 2 C 1
0 .A/. Then

Z

A
v�xi dx D lim

j�!1

Z

A
vkj�xidx D � lim

j�!1

Z

A
vkjxi�dx D 0

and Dv D 0. Consequently v 2 W1;p.A/. Since A is connected and Dv D 0, it
follows that v D const. Let v D l. Because jjvkjj D 1, we have jjvjjLp.A/ D 1.
From .vk/A D 0, we conclude that .v/A D 0, so l D 0, jjvjjLp.A/ � 0, which is a
contradiction.
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Exercise 10.19 (Poincaré inequality on the ball) Given 1 � p � 1, there exists a
constant C D C.u; p;A/ such that

jju � .u/U.x;r/jjLp.U.x;r// � CrjjDujjLp.U.x;r//:

Hint Consider the function v.y/ D u.x C ry/, y 2 U.0; 1/. Use the Poincaré
inequality for U.0; 1/ and change variables y D z�x

r .

10.7 The Space H�s

Definition 10.10 We denote by H�s.Rn/, for any 0 < s < 1, the dual space to
Hs
0.R

n/. In other words, f 2 H�s.Rn/ is a bounded linear functional on Hs
0.R

n/.
We also set

H�1.Rn/ D [s2R1H
s.Rn/:

Theorem 10.5 (Characterization of H�s) For any given 0 < s < 1, any element
u 2 S 0.Rn/ \ H�s.Rn/ can be written as

u D
X

j˛j�s

D˛h˛; with h˛ 2 L2.Rn/:

Proof We have that

f D .1C j�j2/� s
2F .u/ 2 L2.jRn/:

Then

F .u/ D .1C j�j2/ s
2 f D

�
1CPn

jD1 j�jjs
�

.1Cj�j2/ s
2 f�

1CPn
jD1 j�jjs

�

D
�
1CPn

jD1 j�jjs
�

g D g CPn
jD1 �s

j

� j�jjs
�s

j
g
�
;

where

g D .1C j�j2/ s
2 f

�
1CPn

jD1 j�jjs
� 2 L2.Rn/:

We set

gj D j�jjs

�s
j

g 2 L2.Rn/; h D F�1.g/; hj D F�1.gj/:
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Then h; hj 2 L2.Rn/, j D 1; 2; : : : ; n, so

F .u/ D F .h/C
nX

jD1
�s

j F .hj/ D F .h/C
nX

jD1
F .Ds

j hj/;

and therefore

u D h C
nX

jD1
Ds

j hj:

Exercise 10.20 Prove that H�1.Rn/ � S 0.Rn/.

10.8 Exercises

Problem 10.1 Let k > 0 be given, and set

U D f.x; y/ 2 R2 W 0 < x < 1; xk < y < 2xkg;

u.x; y/ D y˛, .x; y/ 2 U. Find conditions on ˛ so that u 2 Hm.U/, m D 1; 2; : : :.

Answer .2˛ � 2m C 1/k > �1.

Problem 10.2 Let U D U1 be a subset of Rn, u.x/ D jxj�˛ , x 2 U, x ¤ 0. Find
conditions on ˛ > 0, n and p so that u 2 W1;p.U/.

Answer ˛ < n�p
p .

Problem 10.3 Show that e�jxj 2 Hs.Rn/ if and only if s < 3
2
.

Problem 10.4 Prove that ı 2 Hs.Rn/ if and only if s < � n
2
.

Problem 10.5 Let n > 1. Prove that u D log log
�
1C 1

jxj
�

belongs to W1;p.U1/.

Problem 10.6 Prove the following interpolation inequality

Z

A
jDuj2dx �

�Z

A
juj2dx

� 1
2
�Z

A
jD2uj2dx

� 1
2
;

for every u 2 C 1
0 .A/, A � Rn open and bounded. Using approximation, prove it

for u 2 H1.A/\ H1
0.A/.

Problem 10.7 Prove the interpolation inequality

Z

A
jDujpdx �

�Z

A
jujpdx

� 1
2
�Z

A
jD2ujpdx

� 1
2
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for 2 � p < 1 and every u 2 W2;p.A/ \ W1;p
0 .A/, where A � Rn is open and

bounded.

Problem 10.8 Prove that any u 2 W1;p..a; b// can be extended to W1;p.R/.

Problem 10.9 Let A be an open bounded set in Rn with C 1 boundary, take u 2
Wm;p.A/, m < n

p . Prove that u 2 Lq.A/, where 1
q D 1

p � m
n , and

jjujjLq.A/ � CjjujjWm;p.A/:

Hint Use the fact that D˛u 2 Lp.A/ for any u 2 Wm;p.A/ and every ˛ such that
j˛j � m. Applying the Gagliardo-Nirenberg-Sobolev inequality deduce

jjDˇujjLp�
.A/ � CjjD˛ujjLp.A/ � CjjujjWm;p.A/

for some constant C > 0, j˛j D m and jˇj D m � 1, 1
p� D 1

p � 1
n . Conclude

u 2 Wm�1;p�
.A/. Then using again the Gagliardo-Nirenberg-Sobolev inequality,

prove that

jjD�ujjLp��
.A/ � CjjDˇujjLp�

.A/ � CjjujjWm;p.A/:

Deduce that u 2 Wm�2;p��
, where 1

p�� D 1
p� � 1

n D 1
p � 2

n , and so forth. Eventually

conclude that u 2 W0;q.A/ and that the given inequality holds.

Problem 10.10 Let A be an open bounded set in Rn with C 1 boundary. Take u 2
Wm;p.A/, m > n

p and prove

u 2 C m�
	

n
p



�1;�

.A/;

where

� D

8
ˆ̂
<

ˆ̂
:

	
n
p


C 1 � n
p ; if n

p is not an integer

any positive number<1; otherwise:
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Also show that u satisfies the inequality

jjujj
C

m�

	
n
p



�1;�

.A/
� CjjujjWm;p.A/

for some positive constant C.

Hint Use the Extension theorem, Morrey’s inequality and the Gagliardo-Nirenberg-
Sobolev inequality.

Problem 10.11 Prove HC1 D \s2R1H
s.Rn/.

Problem 10.12 Show HC1.Rn/ � C1.Rn/.
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