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Preface

Many problems arising in applied mathematics or mathematical physics, can be
formulated in two ways namely as differential equations and as integral equations.
In the differential equation approach, the boundary conditions have to be imposed
externally, whereas in the case of integral equations, the boundary conditions are
incorporated within the formulation, and this confers a valuable advantage to the
latter method. Moreover, the integral equation approach leads quite naturally to
the solution of the problem as an infinite series, known as the Neumann expansion,
the Adomian decomposition method, and the series solution method in which the
successive terms arise from the application of an iterative procedure. The proof
of the convergence of this series under appropriate conditions presents an inter-
esting exercise in an elementary analysis.

This book encompasses recent developments of integral equations on time
scales. For many population models biological reasons suggest using their differ-
ence analogues. For instance, North American big game populations have discrete
birth pulses, not continuous births as is assumed by differential equations.
Mathematical reasons also suggest using difference equations—they are easier to
construct and solve in a computer spreadsheet. North American large mammal
populations do not have continuous population growth, but rather discrete birth
pulses, so the differential equation form of the logistic equation will not be con-
venient. Age-structured models add complexity to a population model, but make
the model more realistic, in that essential features of the population growth process
are captured by the model. They are used difference equations to define the pop-
ulation model because discrete age classes require difference equations for simple
solutions. The discrete models can be investigated using integral equations in the
case when the time scale is the set of the natural numbers. A powerful method
introduced by Poincaré for examining the motion of dynamical systems is that of a
Poincaré section. This method can be investigated using integral equations on the
set of the natural numbers. The total charge on the capacitor can be investigated
with an integral equation on the set of the harmonic numbers.

This book contains elegant analytical and numerical methods. This book is
intended for the use in the field of integral equations and dynamic calculus on time
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scales. It is also suitable for graduate courses in the above fields. This book contains
nine chapters. The chapters in this book are pedagogically organized. This book is
specially designed for those who wish to understand integral equations on time
scales without having extensive mathematical background.

The basic definitions of forward and backward jump operators are due to Hilger.
In Chap. 1 are given examples of jump operators on some time scales. The
graininess function, which is the distance from a point to the closed point on the
right, is introduced in this chapter. In this chapter, the definitions for delta derivative
and delta integral are given and some of their properties are deducted. The basic
results in this chapter can be found in [2]. Chapter 2 introduces the classification of
integral equations on time scales and necessary techniques to convert dynamic
equations to integral equations on time scales. Chapter 3 deals with the generalized
Volterra integral equations and the relevant solution techniques. Chapter 4 is
concerned with the generalized Volterra integro-differential equations and also
solution techniques. Generalized Fredholm integral equations are investigated in
Chap. 5. Chapter 6 is devoted on Hilbert–Schmidt theory of generalized integral
equations with symmetric kernels. The Laplace transform method is introduced in
Chap. 7. Chapter 8 deals with the series solution method. Nonlinear integral
equations on time scales are introduced in Chap. 9.

The aim of this book was to present a clear and well-organized treatment of the
concept behind the development of mathematics and solution techniques. The text
material of this book is presented in highly readable, mathematically solid format.
Many practical problems are illustrated displaying a wide variety of solution
techniques. Nonlinear integral equations on time scales and some of their appli-
cations in the theory of population models, biology, chemistry, and electrical
engineering will be discussed in a forthcoming book “Nonlinear Integral Equations
on Time Scales and Applications.”

The author welcomes any suggestions for the improvement of the text.

Paris, France Svetlin G. Georgiev
June 2016
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Chapter 1
Elements of the Time Scale Calculus

This chapter is devoted to a brief exposition of the time scale calculus that provide
the framework for the study of integral equations on time scales. Time scale calculus
is very interesting in itself, this challenging subject has been developing very rapidly
in the last decades. A detailed discussion of the time scale calculus is beyond the
scope of this book, for this reason the author confine to outlining a minimal set of
properties needed in the further proceeding. The presentation in this chapter follows
the book [2]. A deep and thorough insight into the time scale calculus, as well as the
discussion of the available bibliography on this issue, can be found in the book [2].

1.1 Forward and Backward Jump Operators, Graininess
Function

Definition 1 A time scale is an arbitrary nonempty closed subset of the real numbers.

We will denote a time scale by the symbol T .
We suppose that a time scale T has the topology that inherits from the real

numbers with the standard topology.

Example 1 [1, 2], R, N are time scales.

Example 2 [a, b), (a, b], (a, b) are not time scales.

Definition 2 For t ∈ T we define the forward jump operator σ : T �−→ T as
follows

σ(t) = inf{s ∈ T : s > t}.

We note that σ(t) ≥ t for any t ∈ T .

© Atlantis Press and the author(s) 2016
S.G. Georgiev, Integral Equations on Time Scales, Atlantis Studies
in Dynamical Systems 5, DOI 10.2991/978-94-6239-228-1_1
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2 1 Elements of the Time Scale Calculus

Definition 3 For t ∈ T we define the backward jump operator ρ : T �−→ T by

ρ(t) = sup{s ∈ T : s < t}.

We note that ρ(t) ≤ t for any t ∈ T .

Definition 4 We set
inf Ø = supT , supØ = inf T .

Definition 5 For t ∈ T we have the following cases.

1. If σ(t) > t , then we say that t is right-scattered.
2. If t < supT and σ(t) = t , then we say that t is right-dense.
3. If ρ(t) < t , then we say that t is left-scattered.
4. If t > inf T and ρ(t) = t , then we say that t is left-dense.
5. If t is left-scattered and right-scattered at the same time, then we say that t is

isolated.
6. If t is left-dense and right-dense at the same time, then we say that t is dense.

Example 3 Let T = {√2n + 1 : n ∈ N }. If t = √
2n + 1 for some n ∈ N , then

n = t2 − 1

2
and

σ(t) = inf{l ∈ N : √
2l + 1 >

√
2n + 1} = √

2n + 3 =
√
t2 + 2 f or n ∈ N ,

ρ(t) = sup{l ∈ N : √
2l + 1 <

√
2n + 1} = √

2n − 1 =
√
t2 − 2 f or n ∈ N , n ≥ 2.

For n = 1 we have

ρ(
√
3) = supØ = inf T = √

3.

Since √
t2 − 2 < t <

√
t2 + 2 for n ≥ 2,

we conclude that every point
√
2n + 1, n ∈ N , n ≥ 2, is right-scattered and left-

scattered, i.e., every point
√
2n + 1, n ∈ N , n ≥ 2, is isolated.

Because √
3 = ρ(

√
3) < σ(

√
3) = √

5,

we have that the point
√
3 is right-scattered.

Example 4 Let T =
{

1

2n
: n ∈ N

}
∪ {0} and t ∈ T be arbitrarily chosen.

1. t = 1

2
. Then
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σ

(
1

2

)
= inf

{
1

2l
, 0 : 1

2l
, 0 >

1

2
, l ∈ N

}
= inf Ø = supT = 1

2
,

ρ

(
1

2

)
= sup

{
1

2l
, 0 : 1

2l
, 0 <

1

2
, l ∈ N

}
= 0 <

1

2
,

i.e.,
1

2
is left-scattered.

2. t = 1

2n
, n ∈ N , n ≥ 2. Then

σ

(
1

2n

)
= inf

{
1

2l
: 1

2l
>

1

2n
, l ∈ N

}
= 1

2(n − 1)
>

1

2n
,

ρ

(
1

2n

)
= sup

{
1

2l
, 0 : 1

2l
, 0 <

1

2n
, l ∈ N

}
= 1

2(n + 1)
<

1

2n
.

Therefore all points
1

2n
, n ∈ N , n ≥ 2, are right-scattered and left-scattered,

i.e., all points
1

2n
, n ∈ N , n ≥ 2, are isolated.

3. t = 0. Then

σ(0) = inf{s ∈ T : s > 0} = 0,

ρ(0) = sup{s ∈ T : s < 0} = supØ = inf T = 0.

Example 5 Let T =
{n
3

: n ∈ N0

}
and t = n

3
, n ∈ N0, be arbitrarily chosen.

1. n ∈ N . Then

σ
(n
3

)
= inf

{
l

3
, 0 : l

3
, 0 >

n

3
, l ∈ N0

}
= n + 1

3
>

n

3
,

ρ
(n
3

)
= sup

{
l

3
, 0 : l

3
, 0 <

n

3
, l ∈ N0

}
= n − 1

3
<

n

3
.

Therefore all points t = n

3
, n ∈ N , are right-scattered and left-scattered, i.e., all

points t = n

3
, n ∈ N , are isolated.

2. n = 0. Then

σ(0) = inf

{
l

3
, 0 : l

3
, 0 > 0, l ∈ N0

}
= 1

3
> 0,

ρ(0) = sup

{
l

3
: l

3
, 0 < 0, l ∈ N0

}
= supØ = inf T = 0,
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i.e., t = 0 is right-scattered.

Exercise 1 Classify each point t ∈ T = { 3
√
2n − 1 : n ∈ N0} as left-dense, left-

scattered, right-dense, or right-scattered.

Answer. The points 3
√
2n − 1, n ∈ N , are isolated, the point −1 is right-scattered.

Definition 6 The numbers

H0 = 0, Hn =
n∑

k=1

1

k
, n ∈ N ,

will be called harmonic numbers.

Exercise 2 Let
H = {Hn : n ∈ N0}.

Prove that H is a time scale. Find σ(t) and ρ(t).

Answer. σ(Hn) = Hn+1, n ∈ N0, ρ(Hn) = Hn−1, n ∈ N , ρ(H0) = H0.

Definition 7 The graininess function μ : T �−→ [0,∞) is defined by

μ(t) = σ(t) − t.

Example 6 Let T = {2n+1 : n ∈ N
}
. Let also, t = 2n+1 ∈ T for some n ∈ N .

Then
σ(t) = inf

{
2l+1 : 2l+1 > 2n+1, l ∈ N

} = 2n+2 = 2t.

Hence,

μ(t) = σ(t) − t = 2t − t = t or μ
(
2n+1

) = 2n+1, n ∈ N .

Example 7 Let T =
{√

n + 1 : n ∈ N
}
. Let also, t = √

n + 1 for some n ∈ N .

Then n = t2 − 1 and

σ(t) =
{√

l + 1 : √
l + 1 >

√
n + 1, l ∈ N

}
= √

n + 2 =
√
t2 + 1.

Hence,

μ(t) = σ(t) − t =
√
t2 + 1 − t or μ(

√
n + 1) = √

n + 2 − √
n + 1, n ∈ N .

Example 8 LetT =
{n
2

: n ∈ N0

}
. Let also, t = n

2
for some n ∈ N0. Then n = 2t

and

σ(t) = inf

{
l

2
: l

2
>

n

2
, l ∈ N0

}
= n + 1

2
= t + 1

2
.
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Hence,

μ(t) = σ(t) − t = t + 1

2
− t = 1

2
or μ

(n
2

)
= 1

2
.

Example 9 Suppose that T consists of finitely many different points: t1, t2, . . . , tk .
Without loss of generality we can assume that

t1 < t2 < . . . < tk .

For i = 1, 2, . . . , k − 1 we have

σ(ti ) = inf{tl ∈ T : tl > ti , l = 1, 2, . . . , k} = ti+1.

Hence,
μ(ti ) = ti+1 − ti , i = 1, 2, . . . , k − 1.

Also,

σ(tk) = inf{tl ∈ T : tl > tk, l = 1, 2, . . . , k} = inf Ø = supT = tk .

Therefore
μ(tk) = σ(tk) − tk = tk − tk = 0.

From here,

k∑

i=1

μ(ti ) =
k−1∑

i=1

μ(ti ) + μ(tk) =
k−1∑

i=1

(ti+1 − ti ) = tk − t1.

Exercise 3 Let T =
{

3
√
n + 2 : n ∈ N0

}
. Find μ(t), t ∈ T .

Answer. μ
(

3
√
n + 2

)
= 3

√
n + 3 − 3

√
n + 2.

Definition 8 If f : T �−→ R is a function, then we define the function
f σ : T �−→ R by

f σ (t) = f (σ (t)) for any t ∈ T . i.e., f σ = f ◦ σ.

Below, for convenience, we will use the following notation σ k(t) = (σ (t))k ,
f k(t) = ( f (t))k , k ∈ R.

Example 10 Let T = {t = 2n+2 : n ∈ N
}
, f (t) = t2 + t − 1. Then

σ(t) = inf
{
2l+2 : 2l+2 > 2n+2, l ∈ N

} = 2n+3 = 2t.
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Hence,

f σ (t) = f (σ (t)) = σ 2(t) + σ(t) − 1 = (2t)2 + 2t − 1 = 4t2 + 2t − 1, t ∈ T .

Example 11 Let T = {t = √
n + 3 : n ∈ N }, f (t) = t + 3, t ∈ T . Then

n = t2 − 3 and

σ(t) = inf{√l + 3 : √
l + 3 >

√
n + 3, l ∈ N } = √

n + 4 =
√
t2 + 1.

Hence,
f (σ (t)) = σ(t) + 3 =

√
t2 + 1 + 3.

Example 12 Let T =
{
1

n
: n ∈ N

}
∪ {0}, f (t) = t3 − t , t ∈ T .

1. t = 1

n
, n ≥ 2. Then n = 1

t
and

σ(t) = inf

{
1

l
, 0 : 1

l
, 0 >

1

n
, l ∈ N

}
= 1

n − 1
= t

1 − t
.

Hence,

f (σ (t)) = σ 3(t) − σ(t) =
(

t

1 − t

)3

− t

1 − t

= t3

(1 − t)3
− t

1 − t
= t3 − t (1 − t)2

(1 − t)3

= t3 − t (1 − 2t + t2)

(1 − t)3
= t3 − t + 2t2 − t3

(1 − t)3
= t (2t − 1)

(1 − t)3
.

2. t = 1. Then

σ(1) = inf

{
1

l
, 0 : 1

l
, 0 > 1, l ∈ N

}
= inf Ø = supT = 1,

f (σ (1)) = σ 3(1) − σ(1) = 1 − 1 = 0.

3. t = 0. Then

σ(0) = inf

{
1

l
, 0 : 1

l
, 0 > 0

}
= 0,

f (σ (0)) = σ 3(0) − σ(0) = 0.

Exercise 4 LetT =
{
t = 3

√
n + 2 : n ∈ N

}
, f (t) = 1 − t3, t ∈ T . Find f (σ (t)),

t ∈ T .
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Answer. −t3.

Definition 9 We define the set

T κ =
{
T \(ρ(supT ), supT ] if supT < ∞
T otherwise.

Example 13 Let T =
{
1

n
: n ∈ N

}
∪ {0}. Then supT = 1 and

ρ(1) = sup

{
1

l
, 0 : 1

l
, 0 < 1, l ∈ N

}
= 1

2
.

Therefore

T κ = T \
(1
2
, 1
]
=
{
1

n
: n ∈ N , n ≥ 2

}
∪ {0}.

Example 14 Let T = {2n : n ∈ N }. Then supT = ∞ and T κ = T .

Example 15 Let T =
{

1

n2 + 3
: n ∈ N

}
∪ {0}. Then supT = 1

4
< ∞,

ρ

(
1

4

)
= sup

{
1

l2 + 3
, 0 : 1

l2 + 3
, 0 <

1

4
, l ∈ N

}
= 1

7
.

Hence,

T κ = T \
(1
7
,
1

4

]
=
{

1

n2 + 3
: n ≥ 2

}
∪ {0}.

Definition 10 We assume that a ≤ b. We define the interval [a, b] in T by

[a, b] = {t ∈ T : a ≤ t ≤ b}.

Open intervals, half-open intervals and so on, are defined accordingly.

Example 16 Let [a, b] be an interval in T and b be a left-dense point. Then
sup[a, b] = b and since b is a left-dense point, we have that ρ(b) = b. Hence,

[a, b]κ = [a, b]\(b, b] = [a, b]\Ø = [a, b].

Example 17 Let [a, b] be an interval in T and b be a left-scattered point. Then
sup[a, b] = b and since b is a left-scattered point, we have that ρ(b) < b. We
assume that there is c ∈ (ρ(b), b], c ∈ T , c �= b. Then ρ(b) < c ≤ b, which is a
contradiction. Therefore

[a, b]κ = [a, b]\(ρ(b), b] = [a, b).



8 1 Elements of the Time Scale Calculus

Exercise 5 Let T =
{

1

2n + 1
: n ∈ N

}
∪ {0}. Find T κ .

Answer.
{

1

2n + 1
: n ∈ N , n ≥ 2

}
∪ {0}.

1.2 Differentiation

Definition 11 Assume that f : T �−→ R is a function and let t ∈ T κ . We define
f Δ(t) to be the number, provided it exists, as follows: for any ε > 0 there is a
neighbourhood U of t , U = (t − δ, t + δ) ∩ T for some δ > 0, such that

| f (σ (t)) − f (s) − f Δ(t)(σ (t) − s)| ≤ ε|σ(t) − s| for all s ∈ U, s �= σ(t).

We say f Δ(t) the delta or Hilger derivative of f at t .
We say that f is delta orHilger differentiable, shortly differentiable, in T κ if f Δ(t)

exists for all t ∈ T κ . The function f Δ : T �−→ R is said to be delta derivative or
Hilger derivative, shortly derivative, of f in T κ .

Remark 1 IfT = R, then the delta derivative coincideswith the classical derivative.

Theorem 1 The delta derivative is well defined.

Proof Let t ∈ T κ and f Δ
i (t), i = 1, 2, be such that

| f (σ (t)) − f (s) − f Δ
1 (t)(σ (t) − s)| ≤ ε

2
|σ(t) − s|,

| f (σ (t)) − f (s) − f Δ
2 (t)(σ (t) − s)| ≤ ε

2
|σ(t) − s|,

for any ε > 0 andany s belonging to aneighbourhoodU of t ,U = (t − δ, t + δ) ∩ T
for some δ > 0, s �= σ(t). Hence,

| f Δ
1 (t) − f Δ

2 (t)| =
∣
∣
∣ f Δ

1 (t) − f (σ (t)) − f (s)

σ (t) − s
+ f (σ (t)) − f (s)

σ (t) − s
− f Δ

2 (t)
∣
∣
∣

≤
∣
∣
∣ f Δ

1 (t) − f (σ (t)) − f (s)

σ (t) − s

∣
∣
∣+
∣
∣
∣
f (σ (t)) − f (s)

σ (t) − s
− f Δ

2 (t)
∣
∣
∣

= | f (σ (t)) − f (s) − f Δ
1 (t)(σ (t) − s)|

|σ(t) − s| + | f (σ (t)) − f (s) − f Δ
2 (t)(σ (t) − s)|

|σ(t) − s|
≤ ε

2
+ ε

2= ε.
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Since ε > 0 was arbitrarily chosen, we conclude that

f Δ
1 (t) = f Δ

2 (t),

which completes the proof.

Remark 2 Let us assume that supT < ∞ and f Δ(t) is defined at a point t ∈ T \T κ

with the same definition as given in Definition 11. Then the unique point t ∈ T \T κ

is supT .
Hence, for any ε > 0 there is a neighbourhood U = (t − δ, t + δ) ∩ (T \T κ),

for some δ > 0, such that

f (σ (t)) = f (s) = f (σ (supT )) = f (supT ), s ∈ U.

Therefore for any α ∈ R and s ∈ U we have

| f (σ (t)) − f (s) − α(σ(t) − s)| = | f (supT ) − f (supT ) − α(supT − supT )|
≤ ε|σ(t) − s|,

i.e., any α ∈ R is the delta derivative of f at the point t ∈ T \T κ .

Example 18 Let f (t) = α ∈ R. We will prove that f Δ(t) = 0 for any t ∈ T κ .
Really, for t ∈ T κ and for any ε > 0 there is a δ > 0 such that s ∈ (t − δ, t + δ)

∩ T , s �= σ(t), implies

| f (σ (t)) − f (s) − 0(σ (t) − s)| = |α − α|
≤ ε|σ(t) − s|.

Example 19 Let f (t) = t , t ∈ T . We will prove that f Δ(t) = 1 for any t ∈ T κ .
Really, for t ∈ T κ and for any ε > 0 there is a δ > 0 such that s ∈ (t − δ, t + δ)

∩ T , s �= σ(t), implies

| f (σ (t)) − f (s) − 1(σ (t) − σ(s))| = |σ(t) − s − (σ (t) − s)|
≤ ε|σ(t) − s|.

Example 20 Let f (t) = t2, t ∈ T . We will prove that f Δ(t) = σ(t) + t , t ∈ T κ .
Really, for t ∈ T κ and for any ε > 0, and for any s ∈ (t − ε, t + ε) ∩ T ,

s �= σ(t), we have |t − s| < ε and

| f (σ (t)) − f (s) − (σ (t) + t)(σ (t) − s)| = |σ 2(t) − s2 − (σ (t) + t)(σ (t) − s)|
= |(σ (t) − s)(σ (t) + s) − (σ (t) + t)(σ (t) − s)|
= |σ(t) − s||t − s|
≤ ε|σ(t) − s|.
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Exercise 6 Let f (t) = √
t , t ∈ T , t > 0. Prove that f Δ(t) = 1√

t + √
σ(t)

for t ∈
T κ , t > 0.

Exercise 7 Let f (t) = t3, t ∈ T . Prove that f Δ(t)=σ 2(t) + tσ(t) + t2 for t ∈ T κ .

Theorem 2 ([2]) Assume f : T �−→ R is a function and let t ∈ T κ . Then we have
the following.

1. If f is differentiable at t , then f is continuous at t .
2. If f is continuous at t and t is right-scattered, then f is differentiable at t with

f Δ(t) = f (σ (t)) − f (t)

μ(t)
.

3. If t is right-dense, then f is differentiable iff the limit

lim
s−→t

f (t) − f (s)

t − s

exists as a finite number. In this case

f Δ(t) = lim
s−→t

f (t) − f (s)

t − s
.

4. If f is differentiable at t , then

f (σ (t)) = f (t) + μ(t) f Δ(t).

Example 21 LetT =
{

1

2n + 1
: n ∈ N0

}
∪ {0}, f (t) = σ(t), t ∈ T .Wewill find

f Δ(t), t ∈ T . For t ∈ T , t = 1

2n + 1
, n = 1 − t

2t
, n ≥ 1, we have

σ(t) = inf

{
1

2l + 1
, 0 : 1

2l + 1
, 0 >

1

2n + 1
, l ∈ N0

}
= 1

2n − 1

= 1

21−t
2t − 1

= t

1 − 2t
> t,

i.e., any point t = 1

2n + 1
, n ≥ 1, is right-scattered. At these points

f Δ(t) = f (σ (t)) − f (t)

σ (t) − t
= σ(σ(t)) − σ(t)

σ (t) − t
= 2

σ 2(t)

(1 − 2σ(t))(σ (t) − t)

= 2

(
t

1−2t

)2
(
1 − 2t

1−2t

) (
t

1−2t − t
) = 2

t2

(1−2t)2

1−4t
1−2t

2t2
1−2t

= 2
t2

2t2(1 − 4t)
= 1

1 − 4t
.
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Let n = 0, i.e., t = 1. Then

σ(1) = inf

{
1

2l + 1
, 0 : 1

2l + 1
, 0 > 1, l ∈ N0

}
= inf Ø = supT = 1,

i.e., t = 1 is a right-dense point. Also,

lim
s→1

f (1) − f (s)

1 − s
= lim

s→1

σ(1) − σ(s)

1 − s
= lim

s→1

1 − s
1−2s

1 − s
= lim

s→1

1 − 3s

(1 − s)(1 − 2s)
= +∞.

Therefore σ ′(1) doesn’t exist.
Let now t = 0. Then

σ(0) = inf

{
1

2l + 1
, 0 : 1

2l + 1
, 0 > 0, l ∈ N0

}
= 0.

Consequently t = 0 is right-dense. Also,

lim
h−→0

σ(h) − σ(0)

h
= lim

h−→0

h
1−2h − 0

h
= lim

h−→0

1

1 − 2h
= 1.

Therefore σ ′(0) = 1.

Example 22 Let T = {n2 : n ∈ N0}, f (t) = t2, g(t) = σ(t), t ∈ T . We will find
f Δ(t) and gΔ(t) for t ∈ T κ . For t ∈ T κ , t = n2, n = √

t , n ∈ N0, we have

σ(t) = inf{l2 : l2 > n2, l ∈ N0} = (n + 1)2 = (
√
t + 1)2 > t.

Therefore any points of T are right-scattered. We note that f (t) and g(t) are
continuous functions in T . Hence,

f Δ(t) = f (σ (t)) − f (t)

σ (t) − t
= σ 2(t) − t2

σ(t) − t
= σ(t) + t

=
(√

t + 1
)2 + t = t + 2

√
t + 1 + t = 1 + 2

√
t + 2t,

gΔ(t) = g(σ (t)) − g(t)

σ (t) − t
= σ(σ(t)) − σ(t)

σ (t) − t

= (
√

σ(t) + 1)2 − σ(t)

σ (t) − t
= σ(t) + 2

√
σ(t) + 1 − σ(t)

σ (t) − t

= 1 + 2
√

σ(t)

σ (t) − t
= 1 + 2(

√
t + 1)

(
√
t + 1)2 − t

= 3 + 2
√
t

1 + 2
√
t
.

Example 23 Let T = { 4
√
2n + 1 : n ∈ N0}, f (t) = t4, t ∈ T . We will find f Δ(t),

t ∈ T κ . For t ∈ T , t = 4
√
2n + 1, n = t4 − 1

2
, n ∈ N0, we have
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σ(t) = inf{ 4
√
2l + 1 : 4

√
2l + 1 >

4
√
2n + 1, l ∈ N0} = 4

√
2n + 3

= 4
√
t4 + 2 > t.

Therefore every point of T is right-scattered. We note that the function f (t) is
continuous in T . Hence,

f Δ(t) = f (σ (t)) − f (t)

σ (t) − t
= σ 4(t) − t4

σ(t) − t

= σ 3(t) + tσ 2(t) + t2σ(t) + t3

= 4
√

(t4 + 2)3 + t2 4
√
t4 + 2 + t

√
t4 + 2 + t3, t ∈ T κ .

Exercise 8 Let T = { 5
√
n + 1 : n ∈ N0}, f (t) = t + t3, t ∈ T . Find f Δ(t), t ∈

T κ .

Answer. 1 + 5
√

(t5 + 1)2 + t
5
√
t5 + 1 + t2.

Theorem 3 ([2]) Assume f, g : T �−→ R are differentiable at t ∈ T κ . Then

1. the sum f + g : T �−→ R is differentiable at t with

( f + g)Δ(t) = f Δ(t) + gΔ(t).

2. for any constant α, α f : T �−→ R is differentiable at t with

(α f )Δ(t) = α f Δ(t).

3. if f (t) f (σ (t)) �= 0, we have that
1

f
: T �−→ R is differentiable at t and

(
1

f

)Δ

(t) = − f Δ(t)

f (t) f (σ (t))
.

4. if g(t)g(σ (t)) �= 0, we have that
f

g
: T �−→ R is differentiable at t with

(
f

g

)Δ

(t) = f Δ(t)g(t) − f (t)gΔ(t)

g(t)g(σ (t))
.

5. the product f g : T �−→ R is differentiable at t with

( f g)Δ(t) = f Δ(t)g(t) + f (σ (t))gΔ(t) = f (t)gΔ(t) + f Δ(t)g(σ (t)).

Example 24 Let f, g, h : T �−→ R be differentiable at t ∈ T κ . Then
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( f gh)Δ(t) = (( f g)h)Δ(t) = ( f g)Δ(t)h(t) + ( f g)(σ (t))hΔ(t)

= ( f Δ(t)g(t) + f (σ (t))gΔ(t))h(t) + f σ (t)gσ (t)hΔ(t)

= f Δ(t)g(t)h(t) + f σ (t)gΔ(t)h(t) + f σ (t)gσ (t)hΔ(t).

Example 25 Let f : T �−→ R be differentiable at t ∈ T κ . Then

(
f 2
)Δ

(t) = ( f f )Δ(t) = f Δ(t) f (t) + f (σ (t)) f Δ(t) = f Δ(t)( f σ (t) + f (t)).

Also,

( f 3)Δ(t) = ( f f 2)Δ(t) = f Δ(t) f 2(t) + f (σ (t))( f 2)Δ(t)

= f Δ(t) f 2(t) + f σ (t) f Δ(t)( f σ (t) + f (t))

= f Δ(t)( f 2(t) + f (t) f σ (t) + ( f σ )2(t)).

We assume that

( f n)Δ(t) = f Δ(t)
n−1∑

k=0

f k(t)( f σ )n−1−k(t)

for some n ∈ N .
We will prove that

( f n+1)Δ(t) = f Δ(t)
n∑

k=0

f k(t)( f σ )n−k(t).

Really,

( f n+1)Δ(t) = ( f f n)Δ(t) = f Δ(t) f n(t) + f σ (t)( f n)Δ(t)

= f Δ(t) f n(t) + f Δ(t)( f n−1(t) + f n−2(t) f σ (t)

+ · · · + f (t)( f σ )n−2(t) + ( f σ )n−1(t)) f σ (t)

= f Δ(t)
(
f n(t) + f n−1(t) f σ (t) + f n−2(t)( f σ )2(t) + · · · + ( f σ )n(t)

)

= f Δ(t)
n∑

k=0

f k(t)( f σ )n−k(t).

Example 26 Now we consider f (t) = (t − a)m for a ∈ R and m ∈ N . We set
h(t) = (t − a). Then hΔ(t) = 1. Hence and the previous exercise, we get

f Δ(t) = hΔ(t)
m−1∑

k=0

hk(t)(hσ )m−1−k(t)

=
m−1∑

k=0

(t − a)k(σ (t) − a)m−1−k .
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Let now g(t) = 1

f (t)
. Then

gΔ(t) = − f Δ(t)

f (σ (t)) f (t)
,

whereupon

gΔ(t) = − 1

(σ (t) − a)m(t − a)m

m−1∑

k=0

(t − a)k(σ (t) − a)m−1−k

= −
m−1∑

k=0

1

(t − a)m−k

1

(σ (t) − a)k+1
.

Definition 12 Let f : T �−→ R and t ∈ (T κ)
κ = T κ2

.We define the second deriv-
ative of f at t , provided it exists, by

f Δ2 = ( f Δ
)Δ : T κ2 �−→ R.

Similarly we define higher order derivatives f Δn : T κn �−→ T .

Theorem 4 [2] (Leibniz Formula)Let S(n)
k be the set consisting of all possible strings

of length n, containing exactly k times σ and n − k times Δ. If

f Λ exists for all Λ ∈ S(n)
k ,

then

( f g)Δ
n =

n∑

k=0

⎛

⎝
∑

Λ∈S(n)
k

f Λ

⎞

⎠ gΔk
.

Example 27 Let μ is differentiable at t ∈ T κ and t is right-scattered. Then

f Δσ (t) = ( f Δ
)σ

(t) =
(

f (σ (t)) − f (t)

σ (t) − t

)σ

= f (σ (σ (t))) − f (σ (t))

σ (σ (t)) − σ(t)

= f (σ (σ (t))) − f (σ (t))

σ (t) − t

1
σ(σ (t))−σ(t)

σ (t)−t

= ( f σ )
Δ

(t)
1

σΔ(t)
= f σΔ(t)

1

1 + μΔ(t)
,

i.e.,
f σΔ(t) = (1 + μΔ(t)) f Δσ (t).
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Also,

f σσΔ(t) = ( f σ )
σΔ

(t) = (1 + μΔ(t))
(
f σΔ
)σ

(t) = (1 + μΔ(t)) f σΔσ (t),

f σΔσ (t) = ( f σ )
Δσ

(t) = (( f σ )
Δ
)σ

(t)

= ((1 + μΔ(t))( f Δ)σ (t)
)σ = (1 + μΔσ (t)

)
f Δσσ (t).

Theorem 5 ([2]) (Chain Rule) Assume g : R �−→ R is continuous, g : T �−→ R
is delta differentiable onT κ , and f : R �−→ R is continuously differentiable. Then
there exists c ∈ [t, σ (t)] with

( f ◦ g)Δ(t) = f ′(g(c))gΔ(t).

Example 28 Let T = Z , f (t) = t3 + 1, g(t) = t2. We have that g : R �−→ R is
continuous, g : T �−→ R is delta differentiable on T κ , f : R �−→ R is continu-
ously differentiable, σ(t) = t + 1. Then

gΔ(t) = σ(t) + t,

( f ◦ g)Δ(1) = f ′(g(c))gΔ(1) = 3g2(c)(σ (1) + 1) = 9c4. (1.1)

Here c ∈ [1, σ [1]] = [1, 2].
Also,

f ◦ g(t) = f (g(t)) = g3(t) + 1 = t6 + 1,

( f ◦ g)Δ(t) = σ 5(t) + tσ 4(t) + t2σ 3(t) + t3σ 2(t) + t4σ(t) + t5,

( f ◦ g)Δ(1) = σ 5(1) + σ 4(1) + σ 3(1) + σ 2(1) + σ(1) + 1 = 63.

Hence and (1.1), we get

63 = 9c4 or c4 = 7 or c = 4
√
7 ∈ [1, 2].

Example 29 Let T = {2n : n ∈ N0}, f (t) = t + 2, g(t) = t2 − 1. We note that
g : T �−→ R is delta differentiable, g : R �−→ R is continuous and f : R �−→ R
is continuously differentiable.

For t ∈ T , t = 2n , n ∈ N0, n = log2 t , we have

σ(t) = inf
{
2l : 2l > 2n, l ∈ N0

} = 2n+1 = 2t > t.

Therefore all points of T are right-scattered. Since supT = ∞ we have that
T κ = T . Also, for t ∈ T , we have
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( f ◦ g)(t) = f (g(t)) = g(t) + 2 = t2 − 1 + 2 = t2 + 1,

( f ◦ g)Δ(t) = σ(t) + t = 2t + t = 3t.

Hence,
( f ◦ g)Δ(2) = 6. (1.2)

Now, using Theorem 5, we get that there is c ∈ [2, σ (2)] = [2, 4] such that

( f ◦ g)Δ(2) = f ′(g(c))gΔ(2) = gΔ(2) = σ(2) + 2 = 4 + 2 = 6. (1.3)

From (1.2) and (1.3) we find that for every c ∈ [2, 4]

( f ◦ g)Δ(2) = f ′(g(c))gΔ(2).

Example 30 Let T =
{
3n

2 : n ∈ N0

}
, f (t) = t2 + 1, g(t) = t3. We note that

g : R �−→ R is continuous, g : T �−→ R is delta differentiable and f : R �−→ R
is continuously differentiable.

For t ∈ T , t = 3n
2
, n ∈ N0, n = (log3 t

) 1
2 , we have

σ(t) = inf
{
3l

2 : 3l2 > 3n
2
, l ∈ N0

}
= 3(n+1)2

= 3 · 3n2 · 32n = 3t32(log3 t)
1
2

> t.

Consequently all points of T are right-scattered. Also, supT = ∞. Then
T κ = T .

Hence, for t ∈ T we have

( f ◦ g)(t) = f (g(t)) = g2(t) + 1 = t6 + 1,

( f ◦ g)Δ(t) = (t6 + 1)Δ = σ 5(t) + tσ 4(t) + t2σ 3(t) + t3σ 2(t) + t4σ(t) + t5,

( f ◦ g)Δ(1) = σ 5(1) + σ 4(1) + σ 3(1) + σ 2(1) + σ(1) + 1
= 35 + 34 + 33 + 32 + 3 + 1 = 364.

(1.4)

From Theorem 5, it follows that there is c ∈ [1, σ (1)] = [1, 3] such that

( f ◦ g)Δ(1) = f ′(g(c))gΔ(1) = 2g(c)gΔ(1) = 2c3gΔ(1). (1.5)

Because all points of T are right-scattered, we have

gΔ(1) = σ 2(1) + σ(1) + 1 = 9 + 3 + 1 = 13.

Hence and (1.5), we find

( f ◦ g)Δ(1) = 26c3.
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From the last equation and from (1.4) we obtain

364 = 26c3 or c3 = 364

26
= 14 or c = 3

√
14.

Exercise 9 Let T = Z , f (t) = t2 + 2t + 1, g(t) = t2 − 3t . Find a constant
c ∈ [1, σ (1)] such that

( f ◦ g)Δ(1) = f ′(g(c))gΔ(1).

Answer. ∀c ∈ [1, 2].
Theorem 6 ([2]) (Chain Rule) Assume v : T �−→ R is strictly increasing and T̃ =
v(T ) is a time scale. Let w : T̃ �−→ R. If vΔ(t) and wΔ̃(v(t)) exist for t ∈ T κ , then

(w ◦ v)Δ = (wΔ̃ ◦ v)vΔ.

Example 31 Let T = {22n : n ∈ N0
}
, v(t) = t2, w(t) = t2 + 1. Then v :

T �−→ R is strictly increasing, T̃ = v(T ) = {24n : n ∈ N0
}
is a time scale. For

t ∈ T , t = 22n , n ∈ N0, we have

σ(t) = inf
{
22l : 22l > 22n, l ∈ N0

} = 22n+2 = 4t,

vΔ(t) = σ(t) + t = 5t.

For t ∈ T̃ , t = 24n , n ∈ N0, we have

σ̃ (t) = inf
{
24l : 24l > 24n, l ∈ N0

} = 24n+4 = 16t .

Also, for t ∈ T , we have

(w ◦ v)(t) = w(v(t)) = v2(t) + 1 = t4 + 1,

(w ◦ v)Δ(t) = σ 3(t) + tσ 2(t) + t2σ(t) + t3

= 64t3 + 16t3 + 4t3 + t3 = 85t3,

wΔ̃ ◦ v(t) = σ̃ (v(t)) + v(t) = 16v(t) + v(t) = 17v(t) = 17t2,
(
wΔ̃ ◦ v(t)

)
vΔ(t) = 17t2(5t) = 85t3.

Consequently

(w ◦ v)Δ(t) = (wΔ̃ ◦ v(t))vΔ(t), t ∈ T κ .

Example 32 Let T = {n + 1 : n ∈ N0}, v(t) = t2, w(t) = t . Then v : T �−→ R
is strictly increasing, T̃ = {(n + 1)2 : n ∈ N0} is a time scale.
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For t ∈ T , t = n + 1, n ∈ N0, we have

σ(t) = inf{l + 1 : l + 1 > n + 1, l ∈ N0} = n + 2 = t + 1,

vΔ(t) = σ(t) + t = t + 1 + t = 2t + 1.

For t ∈ T̃ , t = (n + 1)2, n ∈ N0, we have

σ̃ (t) = {(l + 1)2 : (l + 1)2 > (n + 1)2, l ∈ N0} = (n + 2)2

= (n + 1)2 + 2(n + 1) + 1 = t + 2
√
t + 1.

Hence, for t ∈ T , we get

(wΔ̃ ◦ v)(t) = 1, (wΔ̃ ◦ v)(t)vΔ(t) = 1(2t + 1) = 2t + 1,

w ◦ v(t) = v(t) = t2, (w ◦ v)Δ(t) = σ(t) + t = 2t + 1.

Consequently

(w ◦ v)Δ(t) = (wΔ̃ ◦ v(t))vΔ(t), t ∈ T κ .

Example 33 Let T = {2n : n ∈ N0
}
, v(t) = t , w(t) = t2. Then v : T �−→ R is

strictly increasing, v(T ) = T .
For t ∈ T , t = 2n , n ∈ N0, we have

σ(t) = inf{2l : 2l > 2n, l ∈ N0} = 2n+1 = 2t, vΔ(t) = 1,

(w ◦ v)(t) = w(v(t)) = v2(t) = t2,

(w ◦ v)Δ(t) = σ(t) + t = 2t + t = 3t,

(wΔ ◦ v)(t) = σ(v(t)) + v(t) = 2v(t) + v(t) = 3v(t) = 3t,

(wΔ ◦ v)(t)vΔ(t) = 3t.

Consequently

(w ◦ v)Δ(t) = (wΔ̃ ◦ v(t))vΔ(t), t ∈ T κ .

Exercise 10 Let T = {23n : n ∈ N0
}
, v(t) = t2, w(t) = t . Prove

(w ◦ v)Δ(t) = (wΔ̃ ◦ v(t))vΔ(t), t ∈ T κ .

Theorem 7 (Derivative of the Inverse) Assume v : T �−→ R is strictly increasing
and T̃ := v(T ) is a time scale. Then

(v−1)Δ̃ ◦ v(t) = 1

vΔ(t)
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for any t ∈ T κ such that vΔ(t) �= 0.

Example 34 Let T = N , v(t) = t2 + 1. Then σ(t) = t + 1, v : T �−→ R is
strictly increasing and

vΔ(t) = σ(t) + t = 2t + 1.

Hence,
(
v−1
)Δ̃ ◦ v(t) = 1

vΔ(t)
= 1

2t + 1
.

Example 35 Let T = {n + 3 : n ∈ N0}, v(t) = t2. Then v : T �−→ R is
strictly increasing, σ(t) = t + 1,

vΔ(t) = σ(t) + t = 2t + 1.

Hence,
(
v−1
)Δ̃ ◦ v(t) = 1

vΔ(t)
= 1

2t + 1
.

Example 36 Let T =
{
2n

2 : n ∈ N0

}
, v(t) = t3. Then v : T �−→ R is strictly

increasing and for t ∈ T , t = 2n
2
, n ∈ N0, n = (log2 t

) 1
2 , we have

σ(t) = inf
{
2l

2 : 2l2 > 2n
2
, l ∈ N0

}
= 2(n+1)2

= 2n
2
22n+1 = t22(log2 t)

1
2 +1.

Then

vΔ(t) = σ 2(t) + tσ(t) + t2 = t224(log2 t)
1
2 +2 + t222(log2 t)

1
2 +1 + t2.

Hence,
(
v−1
)Δ̃ ◦ v(t) = 1

t224(log2 t)
1
2 +2 + t222(log2 t)

1
2 +1 + t2

.

Exercise 11 Let T = {n + 5 : n ∈ N0}, v(t) = t2 + t . Find
(
v−1
)Δ̃ ◦ v(t).

Answer.
1

2t + 2
.

1.3 Mean Value Theorems

Let T be a time scale and a, b ∈ T , a < b. Let f : T �−→ R be a function.
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Theorem 8 Suppose that f has delta derivative at each point of [a, b]. If
f (a) = f (b), then there exist points ξ1, ξ2 ∈ [a, b] such that

f Δ(ξ2) ≤ 0 ≤ f Δ(ξ1).

Proof Since f is delta differentiable at each point of [a, b], then f is continuous on
[a, b]. Therefore there exist ξ1, ξ2 ∈ [a, b] such that

m = min[a,b] f (t) = f (ξ1), M = max[a,b] f (t) = f (ξ2).

Because f (a) = f (b) we assume that ξ1, ξ2 ∈ [a, b).

1. Let σ(ξ1) > ξ1. Then

f Δ(ξ1) = f (σ (ξ1)) − f (ξ1)

σ (ξ1) − ξ1
≥ 0.

2. Let σ(ξ1) = ξ1. Then

f Δ(ξ1) = lim
t→ξ1

f (ξ1) − f (t)

ξ1 − t
≥ 0.

3. Let σ(ξ2) > ξ2. Then

f Δ(ξ2) = f (σ (ξ2)) − f (ξ2)

σ (ξ2) − ξ2
≤ 0.

4. Let σ(ξ2) = ξ2. Then

f Δ(ξ2) = lim
t→ξ2

f (ξ2) − f (t)

ξ2 − t
≤ 0.

Theorem 9 If f is delta differentiable at t0, then

f (σ (t)) = f (t0) + ( f Δ(t0) + E(t)
)
(σ (t) − t0), (1.6)

where E(t) is defined in a neighbourhood of t0 and

lim
t−→t0

E(t) = E(t0) = 0.

Proof Define

E(t) =
{ f (σ (t))− f (t0)

σ (t)−t0
− f Δ(t0), t ∈ T , t �= t0,

0, t = t0.
(1.7)
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Solving (1.7) for f (σ (t)) yields (1.6) if t �= t0.
Let t = t0. Then

1. σ(t0) > t0. Then (1.6) is obvious.
2. σ(t0) = t0. Then (1.6) is obvious.

Theorem 10 Let f is delta differentiable at t0. If f Δ(t0) > (<)0, then there is a
δ > 0 such that

f (σ (t)) ≥ (≤) f (t0) for ∀t ∈ (t0, t0 + δ)

and
f (σ (t)) ≤ (≥) f (t0) for ∀t ∈ (t0 − δ, t0).

Proof Using (1.6) we have, for t �= t0,

f (σ (t)) − f (t0)

σ (t) − t0
= f Δ(t0) + E(t). (1.8)

Let δ > 0 is chosen so that |E(t)| ≤ f Δ(t0) for any t ∈ (t0 − δ, t0 + δ). Such
δ > 0 exists because lim

t−→t0
E(t) = 0. Hence, for any t ∈ (t0 − δ, t0 + δ) we have

f Δ(t0) + E(t) ≥ 0.

If t ∈ (t0, t0 + δ), then σ(t) ≥ t0 and from (1.8) we find

f (σ (t)) − f (t0)

σ (t) − t0
≥ 0,

i.e., f (σ (t)) ≥ f (t0).
If t ∈ (t0 − δ, t0), then t ≤ σ(t) ≤ t0 and from (1.8) we get f (σ (t)) ≤ f (t0).

Theorem 11 (Mean Value Theorem) Suppose that f is continuous on [a, b] and has
delta derivative at each point of [a, b). Then there exist ξ1, ξ2 ∈ [a, b) such that

f Δ(ξ1)(b − a) ≤ f (b) − f (a) ≤ f Δ(ξ2)(b − a). (1.9)

Proof Consider the function φ defined on [a, b] by

φ(t) = f (t) − f (a) − f (b) − f (a)

b − a
(t − a).

Then φ is continuous on [a, b] and has delta derivative at each point of [a, b).
Also, φ(a) = φ(b) = 0. Hence, there exist ξ1, ξ2 ∈ [a, b) such that

φΔ(ξ1) ≤ 0 ≤ φΔ(ξ2)
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or

f Δ(ξ1) − f (b) − f (a)

b − a
≤ 0 ≤ f Δ(ξ2) − f (b) − f (a)

b − a
,

whereupon we get (1.9).

Corollary 1 Let f be continuous function on [a, b] that has a delta derivative at
each point of [a, b). If f Δ(t) = 0 for all t ∈ [a, b), then f is a constant function on
[a, b].
Proof For every t ∈ [a, b], using (1.9), we have that there exist ξ1, ξ2 ∈ [a, b) such
that

0 = f Δ(ξ1)(t − a) ≤ f (t) − f (a) ≤ f Δ(ξ2)(t − a) = 0,

i.e., f (t) = f (a).

Corollary 2 Let f be a continuous function on [a, b] that has a delta deriva-
tive at each point of [a, b). Then f is increasing, decreasing, nondecreasing and
nonincreasing on [a, b] if f Δ(t) > 0, f Δ(t) < 0, f Δ(t) ≥ 0, f Δ(t) ≤ 0 for any
t ∈ [a, b), respectively.

Proof 1. Let f Δ(t) > 0 for any t ∈ [a, b]. Then for any t1, t2 ∈ [a, b], t1 < t2.
there exists ξ1 ∈ (t1, t2) such that

f (t1) − f (t2) ≤ f Δ(ξ1)(t1 − t2) < 0,

i.e., f (t1) < f (t2).
2. Let f Δ(t) < 0 for any t ∈ [a, b]. Then for any t1, t2 ∈ [a, b], t1 < t2. there exists

ξ1 ∈ (t1, t2) such that

f (t1) − f (t2) ≥ f Δ(ξ1)(t1 − t2) > 0,

i.e., f (t1) > f (t2).
The cases f Δ(t) ≥ 0 and f Δ(t) ≤ 0 we leave to the reader for exercise.

1.4 Integration

Definition 13 A function f : T �−→ R is called regulated provided its right-sided
limits exist(finite) at all right-dense points inT and its left-sided limits exist (finite)
at all left-dense points in T .

Example 37 Let T = N and

f (t) = t2

t − 1
, g(t) = t

t + 1
, t ∈ T .
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We note that all points ofT are right-scattered. The points t ∈ T , t �= 1, are left-
scattered. The point t = 1 is left-dense. Also, lim

t−→1− f (t) is not finite and lim
t−→1− g(t)

exists and it is finite. Therefore the function f is not regulated and the function g is
regulated.

Example 38 Let T = R and

f (t) =
{
0 for t = 0
1
t for t ∈ R\{0}.

We have that all points of T are dense and lim
t−→0− f (t) and lim

t−→0+ f (t) are not

finite. Therefore the function f is not regulated.

Exercise 12 Let T = R and

f (t) =
{
11 for t = 1
1

t−1 for t ∈ R\{1}.

Determine if f is regulated.

Answer. No.

Definition 14 Acontinuous function f : T �−→ R is called pre-differentiable with
region of differentiation D, provided

1. D ⊂ T κ ,
2. T κ\D is countable and contains no right-scattered elements of T ,
3. f is differentiable at each t ∈ D.

Example 39 Let T = Pa,b =
∞⋃

k=0

[k(a + b), k(a + b) + a] for a > b > 0,

f : T �−→ R be defined by

f (t) =
⎧
⎨

⎩

0 if t ∈⋃∞
k=0[k(a + b), k(a + b) + b]

t − (a + b)k − b if t ∈ [(a + b)k + b, (a + b)k + a].

Then f is pre-differentiable with D\
∞⋃

k=0

{(a + b)k + b}.

Example 40 Let T = R and

f (t) =
{
0 if t = 3
1

t−3 if t ∈ R\{3}.

Since f : T �−→ R is not continuous, then f is not pre-differentiable.
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Example 41 Let T = N0

⋃{
1 − 1

n
: n ∈ N

}
and

f (t) =
⎧
⎨

⎩

0 i f t ∈ N

t otherwise.

Then f is pre-differentiable with D = T \{1}.
Exercise 13 Let T = R and

f (t) =
{
0 if t = −3
1

t+3 if t ∈ R\{−3}.

Check if f : T �−→ R is pre-differentiable and if it is, find the region of differ-
entiation.

Answer. No.

Definition 15 A function f : T �−→ R is called rd-continuous provide it is con-
tinuous at right-dense points in T and its left-sided limits exist(finite) at left-dense
points in T . The set of rd-continuous functions f : T �−→ R will be denoted by
Crd(T ).

The set of functions f : T �−→ R that are differentiable and whose derivative is
rd-continuous is denoted by C 1

rd(T ).

Some results concerning rd-continuous and regulated functions are contained in
the following theorem. Since its statements follow directly from the definitions, we
leave its proof to the reader.

Theorem 12 Assume f : T �−→ R.

1. If f is continuous, then f is rd-continuous.
2. If f is rd-continuous, then f is regulated.
3. The jump operator σ is rd-continuous.
4. If f is regulated or rd-continuous, then so is f σ .
5. Assume f is continuous. If g : T �−→ R is regulated or rd-continuous, then

f ◦ g has that property.

Theorem 13 Every regulated function on a compact interval is bounded.

Proof Assume that f : [a, b] �−→ R, [a, b] ⊂ T , is unbounded. Then for each
n ∈ N there exists tn ∈ T such that | f (tn)| > n. Because {tn}n∈N ⊂ [a, b], there
exists a subsequence {tnk }k∈N ⊂ {tn}n∈N such that

tnk > t0 and lim
k→∞ tnk = t0 or tnk < t0 and lim

k→∞ tnk = t0.

Since T is closed, we have that t0 ∈ T . Also, t0 is a left-dense point or a right-
dense point. Using that f is regulated, we get



1.4 Integration 25

| lim
k−→∞ f (tnk ) = f (t0)| �= ∞,

which is a contradiction.

Theorem 14 (Induction Principle) Let t0 ∈ T and assume that

{S(t) : t ∈ [t0,∞)}

is a family of statements satisfying

(i) S(t0) is true,
(ii) If t ∈ [t0,∞) is right-scattered and S(t) is true, then S(σ (t)) is true,
(iii) If t ∈ [t0,∞) is right-dense and S(t) is true, then there is a neighbourhood U

of t such that S(s) is true for all s ∈ U ∩ (t,∞),
(iv) If t ∈ (t0,∞) is left-dense and S(s) is true for s ∈ [t0, t), then S(t) is true.

Then S(t) is true for all t ∈ [t0,∞).

Proof Let
S∗ = {t ∈ [t0,∞) : S(t) is not true}.

We assume that S∗ �= Ø. Let inf S∗ = t∗. Because T is closed, we have that
t∗ ∈ T .

1. If t∗ = t0, then S(t∗) is true.
2. If t∗ �= t0 and t∗ = ρ(t∗), using (iv), we get that S(t∗) is true.
3. If t∗ �= t0 and ρ(t∗) < t∗, then ρ(t∗) is right-scattered. Since S(ρ(t∗)) is true,

we get that S(t∗) is true.

Consequently t∗ /∈ S∗.
If we suppose that t∗ is right-scattered, then using that S(t∗) is true and (ii), we

conclude that S(σ (t∗)) is true, which is a contradiction. From the definition of t∗ it
follows that t∗ �= maxT . Since t∗ is not right-scattered and t∗ �= maxT , we obtain
that t∗ is right-dense. Because S(t∗) is true, using (iii), there exists a neighbourhood
U of t∗ such that S(s) is true for all s ∈ U

⋂
(t∗,∞), which is a contradiction.

Consequently S∗ = Ø.

Theorem 15 (Dual Version of Induction Principle) Let t0 ∈ T and assume that

{S(t) : t ∈ (−∞, t0]}

is a family of statements satisfying

(i) S(t0) is true,
(ii) If t ∈ (−∞, t0] is left-scattered and S(t) is true, then S(ρ(t)) is true,
(iii) If t ∈ (−∞, t0] is left-dense and S(t) is true, then there is neighbourhood U of

t such that S(s) is true for all s ∈ U ∩ (−∞, t),
(iv) If t ∈ (−∞, t0) is right-dense and S(s) is true for s ∈ (t, t0), then S(t) is true.
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Then S(t) is true for all t ∈ (−∞, t0].
Theorem 16 Let f and g be real-valued functions defined on T , both pre-
differentiable with D. Then

| f Δ(t)| ≤ |gΔ(t)| for all t ∈ D

implies
| f (s) − f (r)| ≤ g(s) − g(r) for all r, s,∈ T , r ≤ s. (1.10)

Proof Let r, s ∈ T with r ≤ s. Let also,

[r, s)\D = {tn : n ∈ N }.

We take ε > 0 arbitrarily. We consider the statements

S(t) : | f (t) − f (r)| ≤ g(t) − g(r) + ε

(

t − r +
∑

tn<t

2−n

)

for t ∈ [r, s].
We will prove, using the induction principle, that S(t) is true for all t ∈ [r, s].

1. S(r) : 0 ≤ ε
∑

tn<r

2−n is true.

2. Let t ∈ [r, s] is right-scattered and S(t) holds. Then for t ∈ D we have

| f (σ (t)) − f (r)| = | f (t) + μ(t) f Δ(t) − f (r)|
≤ μ(t)| f Δ(t)| + | f (t) − f (r)|
≤ μ(t)| f Δ(t)| + g(t) − g(r) + ε

(
t − r +∑tn<t 2

−n
)

≤ μ(t)gΔ(t) + g(t) − g(r) + ε
(
t − r +∑tn<t 2

−n
)

≤ g(σ (t)) − g(r) + ε
(
t − r +∑tn<t 2

−n
)

(t < σ(t))
< g(σ (t)) − g(r) + ε

(
σ(t) − r +∑tn<σ(t) 2

−n
)
,

i.e., S(σ (t)) holds.
3. Let t ∈ [r, s) and t is right-dense.

1. case. t ∈ D. Then f and g are differentiable at t . Then there exists a neigh-
bourhood U of t such that

| f (t) − f (τ ) − f Δ(t)(t − τ)| ≤ ε

2
|t − τ |

for all τ ∈ U , and

|g(t) − g(τ ) − gΔ(t)(t − τ)| ≤ ε

2
|t − τ |
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for all τ ∈ U . Thus

| f (t) − f (τ )| ≤
(
| f Δ(t)| + ε

2

)
|t − τ |

for all τ ∈ U , and

g(τ ) − g(t) + gΔ(t)(t − τ) ≥ −ε

2
|t − τ |

for all τ ∈ U or

g(τ ) − g(t) − gΔ(t)(τ − t) ≥ −ε

2
|t − τ |

for all τ ∈ U .
Hence for all τ ∈ U ∩ (t,∞)

| f (τ ) − f (r)| = | f (τ ) − f (t) + f (t) − f (r)|
≤ | f (τ ) − f (t)| + | f (t) − f (r)|
≤ (| f Δ(t)| + ε

2

) |t − τ | + g(t) − g(r)
+ε
(
t − r +∑tn<t 2

−n
)

≤ (gΔ(t) + ε
2

) |t − τ | + g(t) − g(r)
+ε
(
t − r +∑tn<t 2

−n
)

= gΔ(t)(τ − t) + ε
2 (τ − t) + g(t) − g(r)

+ε
(
t − r +∑tn<t 2

−n
)

≤ g(τ ) − g(t) + ε
2 |t − τ | + ε

2 (τ − t) + g(t) − g(r)
+ε
(
t − r +∑tn<t 2

−n
)

= g(τ ) − g(r) + ε(τ − t) + ε
(
t − r +∑tn<t 2

−n
)

= g(τ ) − g(r) + ε
(
τ − r +∑tn<τ 2

−n
)
,

so S(τ ) follows for all τ ∈ U ∩ (t,∞).
2. case. t /∈ D. Then t = tm for some m ∈ N . Since f and g are pre-

differentiable, then they both are continuous. Therefore there exists a neigh-
bourhood U of t such that

| f (τ ) − f (t)| ≤ ε

2
2−m for all τ ∈ U

and
|g(τ ) − g(t)| ≤ ε

2
2−m for all τ ∈ U.

Therefore
g(τ ) − g(t) ≥ −ε

2
2−m for all τ ∈ U.

Consequently
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| f (τ ) − f (r)| = | f (τ ) − f (t) + f (t) − f (r)|
≤ | f (τ ) − f (t)| + | f (t) − f (r)|
≤ ε

22
−m + g(t) − g(r) + ε

(
t − r +∑tn<t 2

−n
)

≤ ε
22

−m + g(τ ) + ε
22

−m − g(r) + ε
(
t − r +∑tn<t 2

−n
)

= ε2−m + g(τ ) − g(r) + ε
(
τ − r +∑tn<t 2

−n
)

≤ ε2−m + g(τ ) − g(r) + ε
(
τ − r +∑tn<τ 2

−n
)
,

so S(τ ) follows for all τ ∈ U ∩ (t,∞).

3. Let t is left-dense and S(t) is true for τ < t . Then

limτ−→t− | f (τ ) − f (r)| ≤ limτ−→t−
{
g(τ ) − g(r) + ε

(
τ − r +∑tn<τ 2

−n
)}

≤ limτ−→t−
{
g(τ ) − g(r) + ε

(
τ − r +∑tn<t 2

−n
)}

implies S(t) since f and g are continuous at t .

Hence and the induction principle it follows that S(t) is true for all t ∈ [r, s]. Con-
sequently (1.10) holds for all r ≤ s, r, s ∈ T .

Theorem 17 Suppose f : T �−→ R is pre-differentiable with D. If U is a compact
interval with endpoints r, s ∈ T , then

| f (s) − f (r)| ≤
{

sup
t∈Uk∩D

| f Δ(t)|
}

|s − r |.

Proof Without loss of generality we suppose that r ≤ s. We set

g(t) =
{

sup
t∈U κ∩D

| f Δ(t)

}
|(t − r), t ∈ T .

Then

gΔ(t) =
{

sup
t∈Uk∩D

| f Δ(t)|
}

≥ | f Δ(t)|

for all t ∈ D ∩ [r, s]κ .
Hence and Theorem 16 it follows that

| f (t) − f (r)| ≤ g(t) − g(r) for all t ∈ [r, s],

whereupon

| f (s) − f (r)| ≤ g(s) − g(r) = g(s) =
{

sup
t∈U κ∩D

| f Δ(t)|
}

(s − r).

Theorem 18 Let f is pre-differentiable with D. If f Δ(t) = 0 for all t ∈ D, then
f (t) is a constant function.
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Proof From Theorem 17 it follows that for all r, s ∈ T

| f (s) − f (r)| ≤
{

sup
t∈U κ∩D

| f Δ(t)|
}

|s − r | = 0,

i.e., f (s) = f (r). Therefore f is a constant function.

Theorem 19 Let f and g are pre-differentiable with D and f Δ(t) = gΔ(t) for all
t ∈ D. Then

g(t) = f (t) + C for all t ∈ T ,

where C is a constant.

Proof Let h(t) = f (t) − g(t), t ∈ T . Then

hΔ(t) = f Δ(t) − gΔ(t) = 0 for all t ∈ D.

Hence and Theorem 18 it follows that h(t) is a constant function.

Theorem 20 Suppose fn : T �−→ R is pre-differentiable with D for each n ∈ N .
Assume that for each t ∈ T κ there exists a compact interval U (t) such that the
sequence { f Δ

n }n∈N converges uniformly on U (t) ∩ D.

(i) If { fn}n∈N converges at some t0 ∈ U (t) for some t ∈ T κ , then it converges
uniformly on U (t).

(ii) If { fn}n∈N converges at some t0 ∈ T , then it converges uniformly on U (t) for
all t ∈ T κ .

(iii) The limit mapping f = lim
n−→∞ fn is pre-differentiable with D and we have

f Δ(t) = lim
n−→∞ f Δ

n (t) for all t ∈ D.

Proof (i) Since { f Δ
n }n∈N converges uniformly on U (t) ∩ D, then there exists

N ∈ N such that
sup

s∈U (t)∩D
|( fm − fn)

Δ(s)|

is finite for all m, n ≥ N .
Let m, n ≥ N and r ∈ U (t). Then

| fn(r) − fm(r)| = | fn(r) − fm(r) − ( fn(t0) − fm(t0)) + ( fn(t0) − fm(t0))|
≤ | fn(t0) − fm(t0)| + {sups∈U (t)∩D |( fn − fm)Δ(s)|} |r − t0|.

Hence, { fn}n∈N converges uniformly on U (t), i.e., { fn}n∈N is locally uni-
formly convergent sequence.

(ii) Let { fn(t0)}n∈N converges for some t0 ∈ T . Let

S(t) : { fn(t)}n∈N converges.
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1. S(t0) : { fn(t0)} converges is true.
2. Let t is right-scattered and S(t) holds. Then

fn(σ (t)) = fn(t) + μ(t) f Δ
n (t)

converges by the assumption, i.e., S(σ (t)) holds.
3. Let t is right-dense and S(t) holds. Then, by (i), { fn}n∈N converges onU (t)

and so S(r) holds for all r ∈ U (t) ∩ (t,∞).
4. Let t is left-dense and S(r) holds for all t0 ≤ r < t . SinceU (t) ∩ [t0, t) �= Ø,

using again part (i), we have that { fn}n∈N converges on U (t), in particular
S(t) is true.

Consequently S(t) is true for all t ∈ [t0,∞). Using the dual version of the
induction principle for the negative direction, we have that S(t) is also true for
all t ∈ (−∞, t0] (We note that the first part of this has already been shown,
the second part follows by fn(ρ(t)) = fn(t) − μ(ρ(t)) f Δ

n (ρ(t)), the third part
and the fourth part follow again by (i)).

(iii) Let t ∈ D. Without loss of generality we can assume that σ(t) ∈ U (t). We take
ε > 0 arbitrarily. Using (i), there exists N ∈ N such that

|( fn − fm)(r) − ( fn − fm)(σ (t))| ≤ {sups∈U (t)∩D |( fn − fm)Δ(s)|} |r − σ(t)|

for all r ∈ U (t) and all m, n ≥ N . Since { f Δ
n }n∈N converges uniformly on

U (t) ∩ D, there exists N1 ≥ N such that

sup
s∈U (t)∩D

|( fn − fm)Δ(s)| ≤ ε

3
for all m, n ≥ N1.

Hence,
|( fn − fm)(r) − ( fn − fm)(σ (t))| ≤ ε

3
|r − σ(t)|

for all r ∈ U (t) and for all m, n ≥ N1. Now, letting m −→ ∞,

|( fn − f )(r) − ( fn − f )(σ (t))| ≤ ε

3
|r − σ(t)|

for all r ∈ U (t) and all n ≥ N1. Let

g(t) = lim
n−→∞ f Δ

n (t).

Then there exists M ≥ N1 such that

| f Δ
M (t) − g(t)| ≤ ε

3
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and since fM is differentiable at t , there also exists a neighbourhood W of t
with

| fM(σ (t)) − fM(r) − f Δ
M (t)(σ (t) − r)| ≤ ε

3
|σ(t) − r |

for all r ∈ W .
From here, for all r ∈ U (t) ∩ W , we have

| f (σ (t)) − f (r) − g(t)|σ(t) − r || ≤ |( fM − f )(σ (t) − ( fM − f )(r)|
+| f Δ

M (t) − g(t)||σ(t) − r |
+| fM (σ (t)) − fM (r) − f Δ

M (t)|σ(t) − r ||
≤ ε

3 |σ(t) − r | + ε
3 |σ(t) − r |

+ ε
3 |σ(t) − r |

= ε|σ(t) − r |.

Consequently f is differentiable at t with f Δ(t) = g(t).

Theorem 21 Let t0 ∈ T , x0 ∈ R, f : T κ �−→ R be given regulated map. Then
there exists exactly one pre-differentiable function F satisfying

FΔ(t) = f (t) for all t ∈ D, F(t0) = x0.

Proof Let n ∈ N and

S(t) :
⎧
⎨

⎩

there exists a pre − differentiable (Fnt , Dnt ),

Fnt : [t0, t] �−→ R with Fnt (t0) = x0 and
|FΔ

nt (s) − f (s)| ≤ 1
n for s ∈ Dnt .

1. t = t0. Then Dnt0 = Ø and Fnt0(t0) = x0. Then the statement S(t0) follows.
2. Let t is right-scattered and S(t) is true. Define

Dnσ(t) = Dnt ∪ {t}

and Fnσ(t) on [t0, σ (t)] by

Fnσ(t)(s) =
{
Fnt (s) if s ∈ [t0, t]
Fnt (t) + μ(t) f (t) if s = σ(t).

Then

Fnσ(t)(t0) = Fnt (t0) = x0,

|FΔ
nσ(t)(s) − f (s)| = |FΔ

nt (s) − f (s)| ≤ 1

n
for s ∈ Dnt
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and
|FΔ

nσ(t)(t) − f (t)| =
∣
∣
∣ Fnσ(t)(σ (t))−Fnσ(t)(t)

μ(t) − f (t)
∣
∣
∣

=
∣
∣
∣ Fnt (t)+μ(t) f (t)−Fnσ(t)(t)

μ(t) − f (t)
∣
∣
∣

=
∣
∣
∣ Fnt (t)+μ(t) f (t)−Fnt (t)

μ(t) − f (t)
∣
∣
∣

=
∣
∣
∣μ(t) f (t)

μ(t) − f (t)
∣
∣
∣ = 0 ≤ 1

n

and therefore the statement S(σ (t)) is valid.
3. Suppose t is right-dense and S(t) is true. Since t is right-dense and f (t) is

regulated,
f (t+) = lim

s−→t,s>t
f (s) exists.

Hence, there is a neighbourhood U of t with

| f (s) − f (t+)| ≤ 1

n
for all s ∈ U ∩ (t,∞). (1.11)

Let r ∈ U ∩ (t,∞). Define

Dnr = [Dnt\{t}] ∪ [t, r ]κ

and Fnr on [t0, r ] by

Fnr (s) =
{
Fnt (s) if s ∈ [t0, t]
Fnt (t) + f (t+)(s − t) if s ∈ (t, r ].

Then Fnr is continuous at t and hence on [t0, r ]. Also, Fnr is differentiable on
(t, r ]κ with

FΔ
nr (s) = f (t+) for all s ∈ (t, r ]κ .

Hence Fnr is pre-differentiable on [t0, t). Since t is right-dense, we have that Fnr

is pre-differentiable with Dnr . From here and from (1.11), we also have

|FΔ
nr (s) − f (s)| ≤ 1

n
for all s ∈ Dnr .

Therefore the statement S(r) is true for all r ∈ U ∩ (t,∞).
4. Now we suppose that t is left-dense and the statement S(r) is true for r < t .

Since f (t) is regulated,

f (t−) = lim
s−→t,s<t

f (s) exists. (1.12)

Hence there exists a neighbourhood U of t with
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| f (s) − f (t−)| ≤ 1

n
for all s ∈ U ∩ (−∞, t).

Fix some r ∈ U ∩ (−∞, t) and define

Dnt =
{
Dnr ∪ (r, t) if r is right − dense
Dnr ∪ [r, t) if r is right − scattered

and Fnt on [t0, t] by

Fnt (s) =
{
Fnr (s) if s ∈ (t0, r ]
Fnr (t) + f (t−)(s − r) if s ∈ (r, t].

We note that Fnt is continuous at r and hence in [t0, t]. Since

FΔ
nt (s) = f (t−) for all s ∈ (r, t],

Fnt is pre-differentiable with Dnt and

|FΔ
nt (s) − f (s)| ≤ 1

n
for all s ∈ Dnt .

Hence, the statement S(t) holds.

By the induction principle S(t) is true for all t ≥ t0, t ∈ T . Similarly, we can show
that S(t) is valid for t ≥ t0. Hence Fn is pre-differentiable with Dn , Fn(t0) = x0 and

|FΔ
n (t) − f (t)| ≤ 1

n
for all t ∈ Dn.

Now let
F = lim

n−→∞ Fn and D =
⋂

n∈N
Dn.

Then F(t0) = x0, F is pre-differentiable on D and using Theorem 20

FΔ(t) = lim
n−→∞ FΔ

n (t) = f (t) for all t ∈ D.

Definition 16 Assume f : T �−→ R is a regulated function. Any function F by
Theorem 21 is called a pre-antiderivative of f . We define the indefinite integral of a
regulated function f by ∫

f (t)Δt = F(t) + c,

where c is an arbitrary constant and F is a pre-antiderivative of f . We define the
Cauchy integral by
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∫ s

τ

f (t)Δt = F(s) − F(τ ) for all r, s ∈ T .

A function F : T �−→ R is called an antiderivative of f : T �−→ R provided

FΔ(t) = f (t) holds for all t ∈ T κ .

Example 42 LetT = Z . Thenσ(t) = t + 1, t ∈ T . Let also, f (t) = 3t2 + 5t + 2,
g(t) = t3 + t2, t ∈ T . Since

gΔ(t) = σ 2(t) + tσ(t) + t2 + σ(t) + t
= (t + 1)2 + t (t + 1) + t2 + t + 1 + t
= t2 + 2t + 1 + t2 + t + t2 + 2t + 1
= 3t2 + 5t + 2,

we conclude that ∫
(3t2 + 5t + 2)Δt = t3 + t2 + c.

Example 43 Let T = 2N , f : T �−→ R is defined by f (t) = 2 sin
t

2
cos

3t

2
,

t ∈ T . Let also, g(t) = sin t , t ∈ T . In this case we have that σ(t) = 2t . Since

gΔ(t) = sin(σ (t))−sin t
σ(t)−t

= sin(2t)−sin t
t= 2

t sin
t
2 cos

3t
2 ,

we get ∫
2

t
sin

t

2
cos

3t

2
Δt = sin t + c.

Example 44 Let T = N 2
0 , f : T �−→ R is defined by f (t) = 1

1 + 2
√
t

log
( (

√
t + 1)2

t

)
, t ∈ T . Let also, g(t) = log t , t ∈ T . Since σ(t) = (

√
t + 1)2 and

gΔ(t) = log(σ (t))−log t
σ(t)−t

=
log

(
(
√
t+1)2

)
−log t

(
√
t+1)2−t

= 1
1+2

√
t
log
(

(
√
t+1)2

t

)
,

we get ∫
1

1 + 2
√
t
log

(1 + √
t)2

t
Δt = log t + c.
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Exercise 14 Let T = N 3
0 . Prove that

∫
(2t + 3

3
√
t2 + 3 3

√
t + 2)Δt = t2 + t + c.

Theorem 22 Every rd-continuous function f : T �−→ R has an antiderivative. In
particular, if t0 ∈ T , then F defined by

F(t) =
∫ t

t0

f (τ )Δτ for t ∈ T ,

is an antiderivative of f .

Proof Since f is rd-continuous, then it is regulated. Let F be a function guaranteed
to exist by Theorem 21, together with D, satisfying

FΔ(t) = f (t) for t ∈ D.

We have that F is pre-differentiable with D.
Let t ∈ T κ\D. Then t is right-dense. Since f is rd-continuous, then f is contin-

uous at t . Let ε > 0 be arbitrarily chosen. Then there exists a neighbourhood U of t
such that

| f (s) − f (t)| ≤ ε for all s ∈ U.

We define
h(τ ) = F(τ ) − f (t)(τ − t0) for τ ∈ T .

Then h is pre-differentiable with D and

hΔ(τ) = FΔ(τ) − f (t) = f (τ ) − f (t) for all τ ∈ D.

Hence
|hΔ(s)| = | f (s) − f (t)| ≤ ε for all s ∈ D ∩U.

Therefore
sup

s∈D∩U
|hΔ(s)| ≤ ε,

whereupon

|F(t) − F(r) − f (t)(t − r)| = |h(t) + f (t)(t − t0) − (h(r)
+ f (t)(r − t0)) − f (t)(t − r)|

= |h(t) − h(r)|
≤ {sups∈D∩U |hΔ(s)|} |t − r |
≤ ε|t − r |, r ∈ D ∩U, r �= t,
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which shows that F is differentiable at t and FΔ(t) = f (t).

Theorem 23 If f ∈ Crd(T ) and t ∈ T κ , then

∫ σ(t)

t
f (τ )Δτ = μ(t) f (t).

Proof Since f ∈ Crd(T ), there exists an antiderivative F of f , and

∫ σ(t)

t
f (τ )Δτ = F(σ (t)) − F(t)

= μ(t)FΔ(t)

= μ(t) f (t),

so that the conclusion follows.

Theorem 24 If f Δ ≥ 0, then f is nondecreasing.

Proof Let f Δ ≥ 0 and let s, t ∈ T with a ≤ s ≤ t ≤ b. Then

f (t) = f (s) +
∫ t

s
f Δ(τ)Δτ ≥ f (s)

so that the conclusion follows.

Theorem 25 If a, b, c ∈ T , α ∈ R and f, g ∈ Crd(T ), then

(i)
∫ b

a
( f (t) + g(t))Δt =

∫ b

a
f (t)Δt +

∫ b

a
g(t)Δt ,

(ii)
∫ b

a
(α f )(t)Δt = α

∫ b

a
f (t)Δt ,

(iii)
∫ b

a
f (t)Δt = −

∫ a

b
f (t)Δt ,

(iv)
∫ b

a
f (t)Δt =

∫ c

a
f (t)Δt +

∫ b

c
f (t)Δt ,

(v)
∫ b

a
f (σ (t))gΔ(t)Δt = ( f g)(b) − ( f g)(a) −

∫ b

a
f Δ(t)g(t)Δt ,

(vi)
∫ b

a
f (t)gΔ(t)Δt = ( f g)(b) − ( f g)(a) −

∫ b

a
f Δ(t)g(σ (t))Δt ,

(vii)
∫ a

a
f (t)Δt = 0,

(viii) if | f (t)| ≤ g(t) on [a, b], then
∣
∣
∣
∣

∫ b

a
f (t)Δt

∣
∣
∣
∣ ≤
∫ b

a
g(t)Δt,
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(ix) if f (t) ≥ 0 for all a ≤ t < b, then
∫ b

a
f (t)Δt ≥ 0.

Proof Since f, g ∈ Crd(T ), they possess antiderivatives F and G, respectively. We
have

FΔ(t) = f (t) and GΔ(t) = g(t) for all t ∈ T κ .

(i) For all t ∈ T κ we have

(F + G)Δ(t) = FΔ(t) + GΔ(t).

Hence,

∫ b

a
( f (t) + g(t))Δt = (F + G)(b) − (F + G)(a)

= F(b) − F(a) + G(b) − G(a)

=
∫ b

a
f (t)Δt +

∫ b

a
g(t)Δt.

(ii) Since
αFΔ(t) = (αF)Δ(t) = α f (t) f or all t ∈ T κ ,

we get

∫ b

a
α f (t)Δt = (αF)(b) − (αF)(a)

= α(F(b) − F(a))

= α

∫ b

a
f (t)Δt.

(iii) We have

∫ b

a
f (t)Δt = F(b) − F(a)

= −(F(a) − F(b))

= −
∫ a

b
f (t)Δt.

(iv) We have
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∫ b

a
f (t)Δt = F(b) − F(a)

= F(c) − F(a) + F(b) − F(c)

=
∫ c

a
f (t)Δt +

∫ b

c
f (t)Δt.

(v) For all t ∈ T κ we have

( f g)Δ(t) = f Δ(t)g(t) + f (σ (t))gΔ(t)

or
f (σ (t))gΔ(t) = ( f g)Δ(t) − f Δ(t)g(t).

Hence and (i), (ii), we get

∫ b

a
f (σ (t))gΔ(t)Δt =

∫ b

a

(
( f g)Δ(t) − f Δ(t)g(t)

)
Δt

=
∫ b

a
( f g)Δ(t)Δt −

∫ b

a
f Δ(t)g(t)Δt

= ( f g)(b) − ( f g)(a) −
∫ b

a
f Δ(t)g(t)Δt.

(vi) For all t ∈ T κ we have

( f g)Δ(t) = f (t)gΔ(t) + f Δ(t)g(σ (t))

or
f (t)gΔ(t) = ( f g)Δ(t) − f Δ(t)g(σ (t)).

Hence and (i), (ii), we find

∫ b

a
f (t)gΔ(t)Δt =

∫ b

a
( f g)Δ(t)Δt −

∫ b

a
f Δ(t)g(σ (t))Δt

= ( f g)(b) − ( f g)(a) −
∫ b

a
f Δ(t)g(σ (t))Δt.

(vii) ∫ a

a
f (t)Δt = F(a) − F(a) = 0.

(viii) We note that
|FΔ(t)| ≤ GΔ(t) on [a, b].
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Hence and Theorem 16, we get

|F(b) − F(a)| ≤ G(b) − G(a)

or ∣
∣
∣
∣

∫ b

a
f (t)Δt

∣
∣
∣
∣ ≤
∫ b

a
g(t)Δt.

(ix) This property follows directly from the property (viii).

Exercise 15 Let a, b ∈ T and f ∈ Crd(T ).

(i) If T = R, prove ∫ b

a
f (t)Δt =

∫ b

a
f (t)dt,

where the integral on the right is the usual Riemann integral from calculus.
(ii) If [a, b] consists only isolated points, then

∫ b

a
f (t)Δt =

⎧
⎨

⎩

∑
t∈[a,b) μ(t) f (t) if a < b

0 if a = b
−∑t∈[b,a) μ(t) f (t) if a > b.

Definition 17 (Improper Integral) If a ∈ T , supT = ∞, and f is rd-continuous
on [a,∞), then we define improper integral by

∫ ∞

a
f (t)Δt = lim

b−→∞

∫ b

a
f (t)Δt

provided this limit exists, and we say that the improper integral converges in this
case. If this limit does not exist, then we say that the improper integral diverges.

Example 45 Let T = qN0 , q > 1. Then σ(t) = qt . Since all points are isolated,
then ∫ ∞

1

1

t2
Δt =

∑

t∈qN0

1

t2
μ(t) =

∑

t∈qN0

q − 1

t
= q.

1.5 The Exponential Function

1.5.1 Hilger’s Complex Plane

Definition 18 Let h > 0.

1. The Hilger complex numbers we define as follows
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Ch = {z ∈ C : z �= −1

h
}.

2. The Hilger real axis we define as follows

Rh = {z ∈ C : z > −1

h
}.

3. The Hilger alternative axis we define as follows

Ah = {z ∈ C : z < −1

h
}.

4. The Hilger imaginary circle we define as follows

Ih =
{
z ∈ C :

∣
∣
∣
∣z + 1

h

∣
∣
∣
∣ =

1

h

}
.

For h = 0 we set

C0 = C , R0 = R, A0 = Ø, I0 = iR.

Definition 19 Let h > 0 and z ∈ Ch . We define the Hilger real part of z by

Reh(z) = |zh + 1| − 1

h

and the Hilger imaginary part by

Imh(z) = Arg(zh + 1)

h
,

where Arg(z) denotes the principal argument of z, i.e.,

−π < Arg(z) ≤ π.

We note that

−1

h
< Reh(z) < ∞ and − π

h
< Imh(z) <

π

h
.

In particular, Reh(z) ∈ Rh .

Definition 20 Let −π

h
< w ≤ π

h
. We define the Hilger purely imaginary number

by
◦
i w = eiwh − 1

h
.
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Theorem 26 Let z ∈ Ch. Then
◦
i Imh(z) ∈ Ih.

Proof We have
◦
i Imh(z) = eihImh(z) − 1

h

and
∣
∣
∣
∣
◦
i Imh(z) + 1

h

∣
∣
∣
∣ =

∣
∣
∣
∣
eihImh(z) − 1

h
+ 1

h

∣
∣
∣
∣

=
∣
∣eihImh(z)

∣
∣

h

= 1

h
.

Theorem 27 We have

lim
h→0

[Reh(z)+
◦
i Imh(z)] = Re(z) + iIm(z).

Proof We have

z = Re(z) + iIm(z),

zh + 1 = (Re(z) + iIm(z))h + 1

= hRe(z) + 1 + ihIm(z),

Arg(zh + 1) = arcsin
hIm(z)

√
(hRe(z) + 1)2 + h2Im2(z)

,

Imh(z) = Arg(zh + 1)

h

= 1

h
arcsin

hIm(z)
√

(hRe(z) + 1)2 + h2Im2(z)
,

|zh + 1| =
√

(hRe(z) + 1)2 + h2Im2(z),

Reh(z) = |zh + 1| − 1

h

=
√

(hRe(z) + 1)2 + h2Im2(z) − 1

h
.
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Hence,

lim
h→0

Reh(z) = lim
h→0

√
(hRe(z) + 1)2 + h2Im2(z) − 1

h

= lim
h→0

(hRe(z) + 1)Re(z) + hIm2(z)
√

(hRe(z) + 1)2 + h2Im2(z)
= Re(z),

lim
h→0

Imh(z) = lim
h→0

1

h
arcsin

hIm(z)
√

(hRe(z) + 1)2 + h2Im2(z)

= lim
h→0

1
√
1 − h2Im2(z)

(hRe(z)+1)2+h2Im2(z)

×

×
Im(z)

√
(hRe(z) + 1)2 + h2Im2(z) − hIm(z) (hRe(z)+1)Re(z)+hIm2(z)√

(hRe(z)+1)2+h2Im2(z)

(hRe(z) + 1)2 + h2Im2(z)
= Im(z),

which completes the proof.

Theorem 28 Let −π

h
< w ≤ π

h
. Then

| ◦
i w|2 = 4

h2
sin2
(wh

2

)
.

Proof We have

◦
i w = eiwh − 1

h
= cos(wh) − 1 + i sin(wh)

h
.

Hence,

| ◦
i w|2 = (cos(wh) − 1)2

h2
+ sin2(wh)

h2

= cos2(wh) − 2 cos(wh) + 1 + sin2(wh)

h2

= 2(1 − cos(wh))

h2

= 4

h2
sin2
(wh

2

)
.
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Definition 21 The “circle plus” addition ⊕ on Ch is defined by

z ⊕ w = z + w + zwh.

Theorem 29 (Ch,⊕) is an Abelian group.

Proof Let z,w ∈ Ch . Then z,w ∈ C and z,w �= −1

h
. Therefore z ⊕ w ∈ C .

Since

h(z ⊕ w) + 1 = h(z + w + zwh) + 1

= 1 + hz + hw + zwh2

= 1 + hz + hw(1 + hz)

= (1 + hw)(1 + hz)

�= 0,

we conclude that z ⊕ w ∈ Ch .
Also,

0 ⊕ z = z ⊕ 0 = z,

i.e., 0 is the additive identity for ⊕.
For z ∈ Ch we have

z ⊕
(

− z

1 + zh

)
= z − z

1 + zh
− z

z

1 + zh
h

= z2h

1 + zh
− z2h

1 + zh
= 0,

i.e., the additive inverse of z under the addition ⊕ is − z

1 + zh
. We note that

− z

1 + zh
∈ C and

1 − zh

1 + zh
= 1

1 + zh
�= 0,

i.e., − z

1 + zh
�= −1

h
. Therefore − z

1 + zh
∈ Ch .

For z,w, v ∈ Ch we have

(z ⊕ w) ⊕ v = (z + w + zwh) ⊕ v

= z + w + zwh + v + (z + w + zwh)vh

= z + w + zwh + v + zvh + wvh + zwvh2
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and

z ⊕ (w ⊕ v) = z + (w ⊕ v) + z(w ⊕ v)h

= z + w + v + wvh + z(w + v + wvh)h

= z + w + v + wvh + zwh + zvh + zwvh2.

Consequently
z ⊕ (w ⊕ v) = (z ⊕ w) ⊕ v,

i.e., in (Ch,⊕) the associative law holds.
For z,w ∈ Ch we have

z ⊕ w = z + w + zwh

= w + z + wzh

= w ⊕ z,

which completes the proof.

Example 46 Let z ∈ Ch and w ∈ C . We will simplify the expression

A = z ⊕ w

1 + hz
.

We have

A = z + w

1 + hz
+ zw

1 + hz
h

= z + (1 + hz)w

1 + hz
= z + w.

Theorem 30 For z ∈ Ch we have

z = Reh(z)⊕
◦
i Imh(z).

Proof We have

Reh(z)⊕ ◦
i Imh(z) = |zh + 1| − 1

h
⊕ ◦

i
Arg(zh + 1)

h

= |zh + 1| − 1

h
⊕ eiArg(zh+1) − 1

h

= |zh + 1| − 1

h
+ eiArg(zh+1) − 1

h
+ |zh + 1| − 1

h
· e

iArg(zh+1) − 1

h
h

= 1

h

(
|zh + 1| − 1 + eiArg(zh+1) − 1 + |zh + 1|eiArg(zh+1) − |zh + 1|
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−eiArg(zh+1) + 1
)

= 1

h

(
|zh + 1|eiArg(zh+1) − 1

)

= 1

h
(zh + 1 − 1)

= z.

Definition 22 Let n ∈ N and z ∈ Ch . We definite “circle dot” multiplication � by

n � z = z ⊕ z ⊕ z ⊕ · · · ⊕ z.

Theorem 31 Let n ∈ N and z ∈ Ch. Then

n � z = (zh + 1)n − 1

h
. (1.13)

Proof 1. Let n = 2. Then

2 � z = z ⊕ z

= z + z + z2h

= 2z + z2h

= 1

h
(z2h2 + 2zh)

= 1

h
(z2h2 + 2zh + 1 − 1)

= (zh + 1)2 − 1

h
.

2. Assume

n � z = (zh + 1)n − 1

h

for some n ∈ N .
3. We will prove that

(n + 1) � z = (zh + 1)n+1 − 1

h
.

Indeed,

(n + 1) � z = (n � z) ⊕ z

= (zh + 1)n − 1

h
⊕ z

= (zh + 1)n − 1

h
+ z + (zh + 1)n − 1

h
zh
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= (zh + 1)n − 1 + zh + zh(zh + 1)n − zh

h

= (zh + 1)n+1 − 1

h
.

Hence, we conclude that (1.13) holds for all n ∈ N .

Definition 23 Let z ∈ Ch . The additive inverse of z under the operation⊕ is defined
as follows

�z = −z

1 + zh
.

Theorem 32 Let z ∈ Ch. Then
�(�z) = z.

Proof We have

�(�z) = − �z

1 + (�z)h

= −
−z

1+zh

1 + −z
1+zh h

=
z

1+zh
1+zh−zh
1+zh

= z.

Definition 24 Let z,w ∈ Ch . We define “circle minus” substraction as follows

z � w = z ⊕ (�w).

For z,w ∈ Ch we have

z � w = z ⊕ (�w)

= z + (�w) + z(�w)h

= z − w

1 + wh
− zwh

1 + wh

= z + zwh − w − zwh

1 + wh

= z − w

1 + wh
,

i.e.,

z � w = z − w

1 + wh
. (1.14)
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Theorem 33 Let z ∈ Ch. Then z = �z iff z ∈ Ih.

Proof We have
z = �z ⇐⇒
z = − z

1+zh ⇐⇒
z + zzh = −z ⇐⇒
2Re(z) + |z|2h = 0.

Also, ∣
∣z + 1

h

∣
∣ = 1

h ⇐⇒∣
∣z + 1

h

∣
∣2 = 1

h2 ⇐⇒
(
Re(z) + 1

h

)2 + Im2(z) = 1
h2 ⇐⇒

Re2(z) + 2
hRe(z) + 1

h2 + Im2(z) = 1
h2 ⇐⇒

|z|2 + 2
hRe(z) = 0 ⇐⇒

2Re(z) + |z|2h = 0,

which completes the proof.

Theorem 34 Let −π

h
< w ≤ π

h
. Then

�(
◦
i w) = ◦

i w.

Proof We have

�(
◦
i w) = −

◦
i w

1 + (
◦
i w)h

= −
eiwh−1

h

1 + eiwh−1
h h

= −eiwh − 1

heiwh

= e−iwh − 1

h

= ◦
i w.

Definition 25 Let z ∈ Ch . The generalized square of z is defined as follows

z� = −z(�z).
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We have

z� = −z
−z

1 + zh
= z2

1 + zh
.

Theorem 35 For z ∈ Ch we have

(�z)� = z�.

Proof We have

(�z)� = −(�z)(�(�z))

= z

1 + zh
z

= z2

1 + zh
= z�.

Theorem 36 For z ∈ Ch we have

1 + zh = z2

z� .

Proof We have

z2

z� = z2

z2
1+zh

= 1 + zh.

Theorem 37 For z ∈ Ch we have

z + (�z) = z�h.

Proof We have

z�h = z2

1 + zh
h,

z + (�z) = z − z

1 + zh

= z2h

1 + zh
,

which completes the proof.
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Theorem 38 For z ∈ Ch we have

z ⊕ z� = z + z2.

Proof We have

z ⊕ z� = z + z� + zz�h

= z + z2

1 + zh
+ z3h

1 + zh

= z + z2(1 + zh)

1 + zh
= z + z2.

Theorem 39 Let −π

h
< w ≤ π

h
. Then

−(
◦
i w)� = 4

h2
sin2

(
wh

2

)
.

Proof We have

−(
◦
i w)� = −(

◦
i w)(� ◦

i w)

= (
◦
i w)

◦
i w

= | ◦
i w|2

= 4

h2
sin2

(
wh

2

)
.

Exercise 16 Let z ∈ Ch . Prove that

z� ∈ R i f f z ∈ Rh ∪ Ah ∪ Ih .

1.5.2 Definition and Properties of the Exponential Function

For h > 0, we define the strip

Zh = {z ∈ C : −π

h
< Im(z) ≤ π

h
}.

For h = 0, we set Z0 = C .

Definition 26 For h > 0, we define the cylindrical transformation ξh : Ch �−→ Zh

by
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ξh(z) = 1

h
Log(1 + zh),

where Log is the principal logarithm function. For h = 0, we define ξ0(z) = z for
all z ∈ C .

We note that

ξ−1
h (z) = ezh − 1

h

for z ∈ Zh .

Definition 27 We say that a function f : T �−→ R is regressive provided

1 + μ(t) f (t) �= 0 f or all t ∈ T κ

holds. The set of all regressive and rd-continuous functions f : T �−→ R will be
defined by R1(T ) or R1.

InR1 we define “circle plus” addition as follows

( f ⊕ g)(t) = f (t) + g(t) + μ(t) f (t)g(t).

Exercise 17 Prove that (R1,⊕) is an Abelian group.

Definition 28 The group (R1,⊕) will be called the regressive group.

Definition 29 For f ∈ R1 we define

(� f )(t) = − f (t)

1 + μ(t) f (t)
f or all t ∈ T κ .

Exercise 18 Let f ∈ R1. Prove that (� f )(t) ∈ R1 for all t ∈ T κ .

Definition 30 We define “circle minus” substraction � onR1 as follows

( f � g)(t) = ( f ⊕ (�g))(t) f or all t ∈ T κ .

For f, g ∈ R1, we have

f � g = f ⊕ (�g)

= f ⊕
(

− g

1 + μg

)

= f − g

1 + μg
− μ f g

1 + μg

= f − g

1 + μg
.
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Theorem 40 Let f, g ∈ R1. Then

1. f � f = 0,
2. �(� f ) = f ,
3. f � g ∈ R1,
4. �( f � g) = g � f ,
5. �( f ⊕ g) = (� f ) ⊕ (�g),

6. f ⊕ g

1 + μ f
= f + g.

Proof 1.

f � f = f ⊕ (� f )

= f ⊕
(

− f

1 + μ f

)

= f − f

1 + μ f
− f 2μ

1 + μ f

= f + μ f 2 − f − μ f 2

1 + μ f
= 0.

2.

�(� f ) = �
(

− f

1 + μ f

)

=
f

1+μ f

1 − μ f
1+μ f

= f.

3.

1 + μ( f � g) = 1 + μ f − μg

1 + μg

= 1 + μ f

1 + μg
�= 0.

We note that
f − g

1 + μg
is rd-continuous. Therefore f � g ∈ R1.
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4.

�( f � g) = �
(

f − g

1 + μg

)

= −
f −g
1+μg

1 + μ
f −g
1+μg

= − f − g

1 + μ f

= g − f

1 + μ f

= g � f.

5.

�( f ⊕ g) = �( f + g + μ f g)

= − f + g + μ f g

1 + μ f + μg + μ2 f g

= − f + g + μ f g

(1 + μ f )(1 + μg)
,

� f = − f

1 + μ f
,

�g = − g

1 + μg
,

(� f ) ⊕ (�g) = � f + (�g) + μ(� f )(�g)

= − f

1 + μ f
− g

1 + μg
+ μ f g

(1 + μ f )(1 + μg)

= − f (1 + μg) − g(1 + μ f ) + μ f g

(1 + μ f )(1 + μg)

= − f + g + μ f g

(1 + μ f )(1 + μg)
.
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6.

f ⊕ g

1 + μ f
= f + g

1 + μ f
+ μ f g

1 + μ f

= f + g.

Definition 31 If f ∈ R1, then we define the generalized exponential function by

e f (t, s) = e
∫ t
s ξμ(τ)( f (τ ))Δτ f or s, t ∈ T .

In fact, using the definition for the cylindrical transformation we have

e f (t, s) = e
∫ t
s

1
μ(τ)

Log(1+μ(τ) f (τ ))Δτ f or s, t ∈ T .

Theorem 41 (Semigroup Property) If f ∈ R1, then

e f (t, r)e f (r, s) = e f (t, s) f or all t, r, s ∈ T .

Proof We have

e f (t, r)e f (r, s) = e
∫ t
r ξμ(τ)( f (τ ))Δτ e

∫ r
s ξμ(τ)( f (τ ))Δτ

= e
∫ t
r ξμ(τ)( f (τ ))Δτ+∫ rs ξμ(τ)( f (τ ))Δτ

= e
∫ t
s ξμ(τ)( f (τ ))Δτ

= e f (t, s).

Exercise 19 Let f ∈ R1. Prove that

e0(t, s) = 1 and e f (t, t) = 1.

Theorem 42 Let f ∈ R1 and fix t0 ∈ T . Then

eΔ
f (t, t0) = f (t)e f (t, t0).

Proof 1. Let σ(t) > t . Then
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eΔ
f (t, t0) = e f (σ (t), t0) − e f (t, t0)

μ(t)

= e
∫ σ(t)
t0

ξμ(τ)( f (τ ))Δτ − e
∫ t
t0

ξμ(τ)( f (τ ))Δτ

μ(t)

= e
∫ t
t0

ξμ(τ)( f (τ ))Δτ+∫ σ(t)
t ξμ(τ)( f (τ ))Δτ − e

∫ t
t0

ξμ(τ)( f (τ ))Δτ

μ(t)

= e
∫ σ(t)
t ξμ(τ)( f (τ ))Δτ − 1

μ(t)
e
∫ t
t0

ξμ(τ)( f (τ ))Δτ

= eμ(t)ξμ(t)( f (t)) − 1

μ(t)
e f (t, t0)

= f (t)e f (t, t0).

2. Let σ(t) = t . Then

|e f (t, t0) − e f (s, t0) − f (t)e f (t, t0)(t − s)|

= |e f (t, t0) − e f (t, t0)e f (s, t) − f (t)e f (t, t0)(t − s)|

= |e f (t, t0)||1 − e f (s, t) − f (t)(t − s)|

= |e f (t, t0)|
∣
∣
∣1 − ∫ ts ξμ(τ)( f (τ ))Δτ − e f (s, t) + ∫ ts ξμ(τ)( f (τ ))Δτ − f (t)(t − s)

∣
∣
∣

≤ |e f (t, t0)|
(∣∣
∣1 − ∫ ts ξμ(τ)( f (τ ))Δτ − e f (s, t)

∣
∣
∣

+
∣
∣
∣
∫ t
s ξμ(τ)( f (τ ))Δτ − f (t)(t − s)

∣
∣
∣
)

≤ |e f (t, t0)|
(∣∣
∣1 − ∫ ts ξμ(τ)( f (τ ))Δτ − e f (s, t)

∣
∣
∣

+
∣
∣
∣
∫ t
s (ξμ(τ)( f (τ )) − ξ0( f (t)))Δτ

∣
∣
∣
)
.

(1.15)
Since σ(t) = t and f ∈ Crd , then

lim
r→t

ξμ(r)( f (r)) = ξ0( f (t)).

Therefore, there is a neighbourhood U1 of f such that

|ξμ(τ)( f (τ )) − ξ0( f (t))| <
ε

3|e f (t, t0)| f or all τ ∈ U1.
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Let s ∈ U1. Then

|e f (t, t0)|
∣
∣
∣
∫ t

s
(ξμ(τ)( f (τ )) − ξ0( f (t)))Δτ

∣
∣
∣ ≤ ε

3
|t − s|. (1.16)

Also, using that

lim
z→0

1 − z − e−z

z
= 0,

we conclude that there is a neighbourhood U2 of t so that if s ∈ U2, we have

∣
∣
∣
1 − ∫ t

s ξμ(τ)( f (τ ))Δτ − e f (s, t)
∫ t
s ξμ(τ)( f (τ ))Δτ

∣
∣
∣ < ε∗,

where

ε∗ = min

{
1,

ε

1 + 3| f (t)||e f (t, t0)|
}

.

Let s ∈ U = U1 ∩U2. Then

|e f (t, t0)|
∣
∣
∣1 − ∫ t

s ξμ(τ)( f (τ ))Δτ − e f (s, t)
∣
∣
∣

= |e f (t, t0)|
∣
∣
∣1−∫ ts ξμ(τ)( f (τ ))Δτ−e f (s,t)

∣
∣
∣

∣
∣
∣
∫ t
s ξμ(τ)( f (τ ))Δτ

∣
∣
∣

∣
∣
∣
∫ t
s ξμ(τ)( f (τ ))Δτ

∣
∣
∣

≤ |e f (t, t0)|ε∗
∣
∣
∣
∫ t
s ξμ(τ)( f (τ ))Δτ

∣
∣
∣

≤ |e f (t, t0)|ε∗
{∣∣
∣
∫ t
s (ξμ(τ)( f (τ )) − ξ0( f (t)))Δτ

∣
∣
∣+ | f (t)||t − s|

}

≤ |e f (t, t0)|
∣
∣
∣
∫ t
s (ξμ(τ)( f (τ )) − ξ0( f (t)))Δτ

∣
∣
∣+ |e f (t, t0)|ε∗| f (t)||t − s|

≤ ε
3 |t − s| + ε

3 |t − s|

= 2ε
3 |t − s|.

From the last inequality and from (1.15), and (1.16), we conclude that

|e f (t, t0) − e f (s, t0) − f (t)e f (t, t0)(t − s)| <
ε

3
|t − s| + ε

3
|t − s| + ε

3
|t − s|

= ε|t − s|,

which completes the proof.
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Corollary 3 Let f ∈ R1 and fix t0 ∈ T . Then e f (t, t0) is a solution to the Cauchy
problem

yΔ(t) = f (t)y(t), y(t0) = 1. (1.17)

Corollary 4 Let f ∈ R1 and fix t0 ∈ T . Then e f (t, t0) is the unique solution of the
problem (1.17).

Proof Let y(t) be any solution of the problem (1.17). Then

(
y(t)

e f (t, t0)

)Δ

= yΔ(t)e f (t, t0) − y(t)eΔ
f (t, t0)

e f (σ (t), t0)e f (t, t0)

= f (t)y(t)e f (t, t0) − y(t) f (t)e f (t, t0)

e f (σ (t), t0)e f (t, t0)

= 0.

Consequently y(t) = ce f (t, t0), where c is a constant. Hence and

1 = y(t0) = ce f (t0, t0) = c,

we conclude that y(t) = e f (t, t0).

Theorem 43 Let f ∈ R1. Then

e f (σ (t), s) = (1 + μ(t) f (t))e f (t, s).

Proof We have

e f (σ (t), s) − e f (t, s) = μ(t)eΔ
f (t, s)

= μ(t) f (t)e f (t, s),

which completes the proof.

Theorem 44 Let f ∈ R1. Then

e f (t, s) = 1

e f (s, t)
= e� f (s, t).

Proof We have
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e f (t, s) = e
∫ t
s ξμ(τ)( f (τ ))Δτ

= e− ∫ st ξμ(τ)( f (τ ))Δτ

= 1

e
∫ s
t ξμ(τ)( f (τ ))Δτ

= 1

e f (s, t)
.

Now we fix t0 ∈ T and consider the problem

yΔ(t) = � f (t)y(t), y(t0) = 1.

Its solution is e� f (t, s).
Also,

(
1

e f (t, s)

)Δ

= − eΔ
f (t, s)

e f (σ (t), s)e f (t, s)

= − f (t)e f (t, s)

(1 + μ(t) f (t))e f (t, s)e f (t, s)

= − f (t)

(1 + μ(t) f (t))e f (t, s)

= (� f )(t)
1

e f (t, s)
.

Therefore
1

e f (t, s)
= e� f (t, s).

Theorem 45 Let f, g ∈ R1. Then

e f (t, s)eg(t, s) = e f ⊕g(t, s).

Proof We have

e f (t, s)eg(t, s) = e
∫ t
s ξμ(τ)( f (τ ))Δτe

∫ t
s ξμ(τ)(g(τ ))Δτ

= e
∫ t
s (ξμ(τ)( f (τ ))+ξμ(τ)(g(τ )))Δτ

= e
∫ t
s

1
μ(τ)

(Log(1+μ(τ) f (τ ))+Log(1+μ(τ)g(τ )))Δτ
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= e
∫ t
s

1
μ(τ)

Log((1+μ(τ) f (τ ))(1+μ(τ)g(τ )))Δτ

= e
∫ t
s

1
μ(τ)

Log(1+μ(τ)( f (τ )+g(τ )+μ(τ) f (τ )g(τ )))Δτ

= e
∫ t
s ξμ(τ)(( f ⊕g)(τ ))Δτ

= e f ⊕g(t, s).

Theorem 46 Let f, g ∈ R1. Then

e f (t, s)

eg(t, s)
= e f �g(t, s).

Proof We have

e f (t, s)

eg(t, s)
= e f (t, s)e�g(t, s)

= e f ⊕(�g)(t, s)

= e f �g(t, s).

Theorem 47 Let f ∈ R1. Then

e f (t, σ (s))e f (s, r) = 1

1 + μ(s) f (s)
e f (t, r).

Proof We have

e f (t, σ (s))e f (s, r) = e
∫ t
σ(s) ξμ(τ)( f (τ ))Δτe

∫ s
r ξμ(τ)( f (τ ))Δτ

= e
∫ s
σ(s) ξμ(τ)( f (τ ))Δτ+∫ ts ξμ(τ)( f (τ ))Δτ+∫ sr ξμ(τ)( f (τ ))Δτ

= e−ξμ(s)( f (s))μ(s)+∫ t
r ξμ(τ)( f (τ ))Δτ

= e−Log(1+ f (s)μ(s))e
∫ t
r ξμ(τ)( f (τ ))Δτ

= 1

1 + μ(s) f (s)
e f (t, r).
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Theorem 48 Let f, g ∈ R1. Then

eΔ
f �g(t, t0) = ( f (t) − g(t))e f (t, t0)

eg(σ (t), t0)
.

Proof We have

eΔ
f �g(t, t0) =

(
e f (t, t0)

eg(t, t0)

)Δ

= eΔ
f (t, t0)eg(t, t0) − e f (t, t0)eΔ

g (t, t0)

eg(t, t0)eg(σ (t), t0)

= f (t)e f (t, t0)eg(t, t0) − g(t)e f (t, t0)eg(t, t0)

eg(t, t0)eg(σ (t), t0)

= ( f (t) − g(t))e f (t, t0)

eg(σ (t), t0)
.

Theorem 49 Let f ∈ R1 and a, b, c ∈ T . Then

(e f (c, t))
Δ = − f (t)(e f (c, t))

σ = − f (t)e f (c, σ (t))

and ∫ b

a
f (t)e f (c, σ (t))Δt = e f (c, a) − e f (c, b).

Proof We have

f (t)e f (c, σ (t)) = f (t)e� f (σ (t), c)

= f (t)(1 + μ(t) � f (t))e� f (t, c)

= f (t)

(
1 − μ(t) f (t)

1 + μ(t) f (t)

)
e� f (t, c)

= f (t)

1 + μ(t) f (t)
e� f (t, c)

= −(� f )(t)e� f (t, c)

= −eΔ
� f (t, c)

= −eΔ
f (c, t).
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Hence,

∫ b

a
f (t)e f (c, σ (t))Δt = −

∫ b

a
eΔ
f (c, t)Δt

= −e f (c, t)
∣
∣
∣
t=b

t=a

= e f (c, a) − e f (c, b).

Exercise 20 Assume 1 + μ(t)
2

t
�= 0, 1 + μ(t)

5

t
�= 0 for all t ∈ T ∩ (0,∞). Let

also, t0 ∈ T ∩ (0,∞). Evaluate the integral

I =
∫ t

t0

e 5
s
(s, t0)

seσ
2
s
(s, t0)

Δs.

Solution. We have

(
5

s
− 2

s

) e 5
s
(s, t0)

eσ
2
s
(s, t0)

= 3

s

e 5
s
(s, t0)

eσ
2
s
(s, t0)

= eΔ
5
s � 2

s
(s, t0)

= eΔ
3
s

1+μ(s) 2s

(s, t0)

= eΔ
3

s+2μ(s)
(s, t0).

Hence,

I = 1

3

∫ t

t0

eΔ
3

s+2μ(s)
(s, t0)Δs

= 1

3
e 3

s+2μ(s)
(s, t0)

∣
∣
∣
s=t

s=t0

= 1

3
e 3

t+2μ(t)
(t, t0) − 1

3
.

Exercise 21 Let α ∈ R1. Let also, the exponents

e α2
t − (α−1)2

σ(t)
(t, t0) and e α

t
(t, t0)
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exist for all t ∈ T ∩ (0,∞). Prove that

1.
e α2

t − (α−1)2

σ(t)
(t, t0)

e α
t
(t, t0)

= e α−1
σ(t)

(t, t0),

2.
e α−1

σ(t)
(t, t0)

e α
t
(t, t0)

= e− 1
σ(t)

(t, t0) = t0
t

for all t, t0 ∈ T ∩ (0,∞).

Solution.

1. We have
(

α2

t
− (α − 1)2

σ(t)

)

� α

t
=
(

α2

t
− (α − 1)2

σ(t)

)

⊕
(
�α

t

)

= α2

t
− (α − 1)2

σ(t)
+
(
�α

t

)
+
(

α2

t
− (α − 1)2

σ(t)

)
(
�α

t

)
μ(t)

= α2

t
− (α − 1)2

σ(t)
−

α
t

1 + α
t μ(t)

+
(

α2

t
− (α − 1)2

σ(t)

)(
−

α
t

1 + α
t μ(t)

)
μ(t)

= α2

t
− (α − 1)2

σ(t)
− α

t + αμ(t)
−
(

α2

t
− (α − 1)2

σ(t)

)
α

t + αμ(t)
μ(t)

=
(

α2

t
− (α − 1)2

σ(t)

)(
1 − αμ(t)

t + αμ(t)

)
− α

t + αμ(t)

=
(

α2

t
− (α − 1)2

σ(t)

)
t

t + αμ(t)
− α

1 + αμ(t)

= α2σ(t) − t (α − 1)2

tσ(t)

t

t + αμ(t)
− α

t + αμ(t)

= α2(t + μ(t)) − tα2 + 2αt − t

σ(t)

1

t + αμ(t)
− α

t + αμ(t)
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= α2μ(t) + 2αt − t

σ(t)(t + αμ(t))
− α

t + αμ(t)

= α2μ(t) + 2αt − t − αμ(t) − αt

σ(t)(t + αμ(t))

= αμ(t)(α − 1) + (α − 1)t

σ(t)(t + αμ(t))

= (α − 1)(t + αμ(t))

σ (t)(t + αμ(t))

= α − 1

σ(t)
.

Hence,

e α2
t − (α−1)2

σ(t)
(t, t0)

e α
t
(t, t0)

= e( α2
t − (α−1)2

σ(t)

)
� α

t
(t, t0)

= e α−1
t

(t, t0).

2. We have

α − 1

σ(t)
� α

t
= α − 1

σ(t)
⊕
(
�α

t

)

= α − 1

σ(t)
+
(
�α

t

)
+ α − 1

σ(t)

(
�α

t

)
μ(t)

= α − 1

σ(t)
−

α
t

1 + μ(t) α
t

− α − 1

σ(t)

α
t

1 + μ(t) α
t

μ(t)

= α − 1

σ(t)
− α

t + αμ(t)
− α − 1

σ(t)

α

t + αμ(t)
μ(t)

= α − 1

σ(t)

(
1 − αμ(t)

t + αμ(t)

)
− α

t + αμ(t)

= t (α − 1)

σ (t)(t + αμ(t))
− α

t + αμ(t)
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= αt − t − αμ(t) − αt

σ(t)(t + αμ(t))

= − t + αμ(t)

σ (t)(t + αμ(t))

= − 1

σ(t)
.

Therefore

e α−1
σ(t)

(t, t0)

e α
t
(t, t0)

= e α−1
σ(t) � α

t
(t, t0)

= e− 1
σ(t)

(t, t0)

= e
∫ t
t0

ξμ(τ)

(
− 1

σ(τ)

)
Δτ

= e
∫ t
t0

1
μ(τ)

Log
(
1− μ(τ)

σ (τ)

)
Δτ

= e
∫ t
t0

1
μ(τ)

Log τ
σ (τ)

Δτ

= e
−Logτ

∣
∣
∣
τ=t

τ=t0

= e−Log t
t0

= t0
t
.

1.5.3 Examples for Exponential Functions

Let α : T �−→ R be regulated and 1 + α(t)μ(t) �= 0 for all t ∈ T . Let also,
t0, t ∈ T , t0 < t .
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1. T = hZ , h > 0. Every point in T is isolated and μ(t) = h for every t ∈ T .
Then

eα(t, t0) = e
∫ t
t0

1
μ(τ)

Log(1+α(τ)μ(τ))Δτ

= e
∑

s∈[t0 ,t)
1

μ(s)Log(1+α(s)μ(s))μ(s)

= e
∑

s∈[t0 ,t) Log(1+hα(s))

=
∏

s∈[t0,t)
(1 + hα(s)).

If α is a constant, then

eα(t, t0) =
∏

s∈[t0,t)
(1 + hα)

= (1 + hα)t−t0 .

2. T = qN0 , q > 1. Every point of T is isolated and μ(t) = (q − 1)t for all
t ∈ T . Then

eα(t, t0) = e
∫ t
t0

1
μ(τ)

Log(1+α(τ)μ(τ))Δτ

= e
∑

s∈[t0 ,t)
1

μ(s)Log(1+α(s)μ(s))μ(s)

= e
∑

s∈[t0 ,t) Log(1+α(s)μ(s))

= e
∑

s∈[t0 ,t) Log(1+(q−1)sα(s))

=
∏

s∈[t0,t)
(1 + (q − 1)sα(s)).

Exercise 22 Let T = qN0 ∪ {0}, 0 < q < 1. Prove that

eα(t, t0) =
∏

s∈[t0,t)

(
1 + 1 − q

q
α(s)s

)
.
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3. T = N k
0 , k ∈ N . Every point of T is isolated and

μ(t) =
(

k
√
t + 1

)k
.

Then

eα(t, t0) = e
∫ t
t0

1
μ(τ)

Log(1+α(τ)μ(τ))Δτ

= e
∑

s∈[t0 ,t)
1

μ(s)Log(1+α(s)μ(s))μ(s)

= e
∑

s∈[t0 ,t) Log(1+α(s)μ(s))

=
∏

s∈[t0,t)
(1 + α(s)μ(s))

=
∏

s∈[t0,t)

(
1 +

((
k
√
s + 1

)k − s
)

α(s)
)

.

1.6 Hyperbolic and Trigonometric Functions

Definition 32 (Hyperbolic Functions) If f ∈ Crd and −μ f 2 ∈ R1, then we define
the hyperbolic functions cosh f and sinh f by

cosh f = e f + e− f

2
and sinh f = e f − e− f

2
.

Theorem 50 Let f ∈ Crd . If −μ f 2 ∈ R1, then we have

1. coshΔ
f = f sinh f ,

2. sinhΔ
f = f cosh f ,

3. cosh2f − sinh2f = e−μ f 2 .

Proof 1. We have

coshΔ
f =

(
e f + e− f

2

)Δ

= f e f − f e− f

2

= f sinh f .
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2. We have

sinhΔ
f =

(
e f − e− f

2

)Δ

= f e f + f e− f

2

= f cosh f .

3. We have

cosh2f − sinh2f =
(
e f + e− f

2

)2

−
(
e f − e− f

2

)2

= e2f + 2e f e− f + e2− f

4
− e2f − 2e f e− f + e2− f

4

= e f e− f

= e f ⊕(− f )

= e−μ f 2 .

Definition 33 (Trigonometric Functions) If f ∈ Crd and μ f 2 ∈ R1, then we define
the trigonometric functions cos f and sin f by

cos f = ei f + e−i f

2
and sin f = ei f − e−i f

2i
.

Theorem 51 Let f ∈ Crd and −μ f 2 ∈ R1. Then

1. cosΔf = − f sin f .

2. sinΔ
f = f cos f .

3. cos2f + sin2f = eμ f 2 .

Proof 1. We have

cosΔf =
(
ei f + e−i f

2

)Δ

= i f ei f − i f e−i f

2
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= − f
ei f − e−i f

2i

= − f sin f .

2. We have

sinΔ
f =

(
ei f − e−i f

2i

)Δ

= i f ei f + i f e−i f

2i

= f cos f .

3. We have

cos2f + sin2f =
(
ei f + e−i f

2

)2

+
(
ei f − e−i f

2i

)2

= e2i f + 2ei f e−i f + e2−i f

4
− e2i f − 2ei f e−i f + e2−i f

4

= ei f e−i f

= ei f ⊕(−i f )

= eμ f 2 .

Exercise 23 Let f ∈ Crd and μ f 2 ∈ R1. Show Euler’s formula

ei f = cos f +i sin f .

1.7 Dynamic Equations

Theorem 52 Let p : T �−→ R be rd-continuous and 1 + μ(t)p(t) �= 0 for all
t ∈ T . Let also, t0 ∈ T and φ0 ∈ C . Then the unique solution to the initial value
problem

φΔ = p(t)φ, φ(t0) = φ0, (1.18)

is given by
φ(t) = φ0ep(t, t0) on T . (1.19)
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Proof We have

φΔ(t) = (φ0ep(t, t0)
)Δ

= φ0e
Δ
p (t, t0)

= φ0 p(t)ep(t, t0)

= p(t)φ, t ∈ T ,

and
φ(t0) = φ0ep(t0, t0) = φ0.

Consequently φ(t), defined by (1.19), satisfies (1.18).
Now we will prove that the Eq. (1.18) has unique solution. Let φ1(t) and φ2(t) be

two solutions of (1.18). Then

ψ(t) = φ1(t) − φ2(t), t ∈ T ,

satisfies the problem
ψΔ = p(t)ψ, ψ(t0) = 0.

Therefore ψ(t) ≡ 0 on T .

Theorem 53 (Variation of Constants) Let f, p : T �−→ R be rd-continuous func-
tions and 1 + μ(t)p(t) �= 0 for all t ∈ T , t0 ∈ T and φ0 ∈ C . Then the unique
solution of the initial value problem

φΔ(t) = −p(t)φ(σ (t)) + f (t), φ(t0) = φ0, (1.20)

is given by

φ(t) = e�p(t, t0)φ0 +
∫ t

t0

e�p(t, τ ) f (τ )Δτ. (1.21)

Proof We start by showing that φ(t) given by (1.21) is a solution to (1.20).
Indeed,

φΔ(t) =
(
e�p(t, t0)φ0 +

∫ t

t0

e�p(t, τ ) f (τ )Δτ

)Δ

= (e�p(t, t0)φ0
)Δ +

(∫ t

t0

e�p(t, τ ) f (τ )Δτ

)Δ
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= φ0e
Δ
�p(t, t0) +

∫ t

t0

eΔ
�p(t, τ ) f (τ )Δτ + e�p(σ (t), t) f (t)

= φ0 � p(t)e�p(t, t0) + �p(t)
∫ t

t0

e�p(t, τ ) f (τ )Δτ + e�p(σ (t), t) f (t)

= φ0 � p(t)e�p(t, t0) + �p(t)
∫ t

t0

e�p(t, τ ) f (τ )Δτ

+ (1 + μ(t) � p(t))e�p(t, t) f (t)

= φ0 � p(t)e�p(t, t0) + �p(t)
∫ t

t0

e�p(t, τ ) f (τ )Δτ

+ 1

1 + μ(t)p(t)
f (t)

= − p(t)

1 + μ(t)p(t)
φ0e�p(t, t0) − p(t)

1 + μ(t)p(t)

∫ t

t0

e�p(t, τ )Δτ

+ 1

1 + μ(t)p(t)
f (t).

Multiplying both sides by 1 + μ(t)p(t) gives

(1 + μ(t)p(t))φΔ(t) = −φ0 p(t)e�p(t, t0) − p(t)
∫ t

t0

e�p(t, τ ) f (τ )Δτ + f (t)

= −p(t)

(
φ0e�p(t, t0) +

∫ t

t0

e�p(t, τ ) f (τ )Δτ

)
+ f (t)

= −p(t)φ(t) + f (t).

Hence,

φΔ(t) = −μ(t)p(t)φΔ(t) − p(t)φ(t) + f (t)

= −p(t)
(
μ(t)φΔ(t) + φ(t)

)+ f (t)

= −p(t)φ(σ (t)) + f (t).

Also,

φ(t0) = e�p(t0, t0)φ0 +
∫ t0

t0

e�p(t0, τ ) f (τ )Δτ = φ0.
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Consequently φ(t) satisfies (1.20).
Now we proceed to show the uniqueness of the solution. Suppose that φ(t) is a

solution of (1.20). Then

f (t) = φΔ(t) + p(t)φ(σ (t)),

whereupon

ep(t, t0) f (t) = ep(t, t0)
(
φΔ(t) + p(t)φ(σ (t))

)

= ep(t, t0)φ
Δ(t) + p(t)ep(t, t0)φ(σ (t))

= ep(t, t0)φ
Δ(t) + eΔ

p (t, t0)φ(σ (t))

= (ep(t, t0)φ(t)
)Δ

,

whereupon

∫ t

t0

ep(τ, t0) f (τ )Δτ =
∫ t

t0

(
ep(τ, t0)φ(τ)

)Δ
Δτ

= ep(τ, t0)φ(τ)

∣
∣
∣
τ=t

τ=t0

= ep(t, t0)φ(t) − φ(t0),

i.e.,

ep(t, t0)φ(t) = φ0 +
∫ t

t0

ep(τ, t0) f (τ )Δτ.

Solving for φ(t) we get

φ(t) = φ0e�p(t, t0) +
∫ t

t0

e�p(t, t0)ep(τ, t0) f (τ )Δτ

= φ0e�p(t, t0) +
∫ t

t0

e�p(t, t0)e�p(t0, τ ) f (τ )Δτ

= φ0e�p(t, t0) +
∫ t

t0

e�p(t, τ ) f (τ )Δτ.

Consequently if φ1(t) and φ2(t) are solutions to the problem (1.20), we find that
ψ(t) = φ1(t) − φ2(t) satisfies the problem
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ψΔ(t) = −p(t)ψ(σ(t)), ψ(t0) = 0,

whereupon ψ(t) ≡ 0 on T .

Corollary 5 (Variation of Constants) Let f, p : T �−→ R be rd-continuous func-
tions and 1 + μ(t)p(t) �= 0 for all t ∈ T , t0 ∈ T and φ0 ∈ R. Then the unique
solution of the initial value problem

φΔ(t) = p(t)φ(t) + f (t), φ(t0) = φ0, (1.22)

is given by

φ(t) = ep(t, t0)φ0 +
∫ t

t0

ep(t, σ (τ )) f (τ )Δτ.

Proof Let φ be a solution to the problem (1.22). We have

φ(t) = φ(σ(t)) − μ(t)φΔ(t).

Then (1.22) takes the form

φΔ(t) = p(t)
(
φ(σ(t)) − μ(t)φΔ(t)

)+ f (t)

= p(t)φ(σ (t)) − p(t)μ(t)φΔ(t) + f (t)

or
(1 + p(t)μ(t))φΔ(t) = p(t)φ(σ (t)) + f (t).

Hence,

φΔ(t) = p(t)

1 + μ(t)p(t)
φ(σ (t)) + f (t)

1 + μ(t)p(t)

= − −p(t)

1 + μ(t)p(t)
φ(σ (t)) + f (t)

1 + μ(t)p(t)

= − � p(t)φ(σ (t)) + f (t)

1 + p(t)μ(t)
.

Therefore φ(t) satisfies the problem

φΔ(t) = − � p(t)φ(σ (t)) + f (t)

1 + μ(t)p(t)
, φ(t0) = φ0. (1.23)

From here, fromTheorem 53 and from�(�p)(t) = p(t), we get that the problem
(1.23) has unique solution given by
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φ(t) = φ0ep(t, t0) +
∫ t

t0

ep(t, τ )
f (τ )

1 + μ(τ)p(τ )
Δτ

= φ0ep(t, t0) +
∫ t

t0

f (τ )

ep(τ, t)(1 + μ(τ)p(τ ))
Δτ

= φ0ep(t, t0) +
∫ t

t0

f (τ )

ep(σ (τ ), t)
Δτ

= φ0ep(t, t0) +
∫ t

t0

ep(t, σ (τ )) f (τ )Δτ,

which completes the proof.

Example 47 Consider the problem

φΔ = 2φ + 3t , φ(0) = 0, T = Z .

Here
p(t) = 2, f (t) = 3t , φ0 = 0,

σ (t) = t + 1, μ(t) = 1, t ∈ T .

Then, using Corollary 5, we obtain

φ(t) =
∫ t

0
e2(t, σ (τ ))3τΔτ

=
∫ t

0
e2(t, τ + 1)3τΔτ

=
∫ t

0
3t−τ−13τΔτ

=
∫ t

0
3t−1Δτ

= 3t−1
∫ t

0
Δτ

= t3t−1.

Example 48 Consider the problem

φΔ = 4φ + t, φ(0) = 1, T = 2Z .



1.7 Dynamic Equations 73

Here
σ(t) = t + 2, μ(t) = 2, p(t) = 4,

f (t) = t, φ0 = 1, t ∈ T .

Then, using Corollary 5, we obtain

φ(t) = e4(t, 0) +
∫ t

0
e4(t, σ (τ ))τΔτ

= 9
t
2 +
∫ t

0
e4(t, τ + 2)τΔτ

= 3t +
∫ t

0
9

t−τ−2
2 τΔτ

= 3t + 9
t
2 −1
∫ t

0
9− τ

2 τΔτ

= 3t + 3t−2
∑

s∈[0,t−2]
μ(s)s3−s

= 3t + 2 · 3t−2
∑

s∈[0,t−2]
s3−s .

Example 49 Consider the equation

φΔ = p(t)φ + ep(t, t0), φ(t0) = 0,

where p : T �−→ R is rd-continuous and 1 + μ(t)p(t) �= 0 for all t ∈ T .
Using Corollary 5, we obtain

φ(t) =
∫ t

t0

ep(t, σ (τ ))ep(τ, t0)Δτ

=
∫ t

t0

1

ep(σ (τ ), t)
ep(τ, t0)Δτ

=
∫ t

t0

1

(1 + p(τ )μ(τ))ep(τ, t)
ep(τ, t0)Δτ

=
∫ t

t0

ep(t, t0)

1 + p(τ )μ(τ)
Δτ.

Exercise 24 Let p : T �−→ R be rd-continuous and 1 + μ(t)p(t) �= 0 for all
t ∈ T . Let also, φ(t) be a solution to the equation
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φΔ − p(t)φ = 0

and ψ(t) be a solution to the equation

ψΔ + p(t)ψσ = 0.

Prove that
φ(t)ψ(t) = c, t ∈ T ,

where c is a constant.

1.8 Advanced Practical Exercises

Problem 1 Classify each points t ∈ T = { 4
√
7n : n ∈ N0} as left-dense,

left-scattered, right-dense or right-scattered.

Answer. Each points t = 4
√
7n, n ∈ N , are isolated, t = 0 is right-scattered.

Problem 2 Let T =
{

4
√
n + 7 : n ∈ N0

}
. Find μ(t), t ∈ T .

Answer. μ
(

4
√
n + 7

)
= 4

√
n + 8 − 4

√
n + 7.

Problem 3 Let T =
{
t = 4

√
2n + 1 : n ∈ N

}
, f (t) = 1 + 2t4, t ∈ T . Find

f (σ (t)), t ∈ T .

Answer. 5 + 2t4.

Problem 4 Let T =
{

2

4n + 3
: n ∈ N

}
∪ {0}. Find T κ .

Answer.
{

2

4n + 3
: n ∈ N , n ≥ 2

}
∪ {0}.

Problem 5 Let f (t) = t + t2 + t3, t ∈ T . Prove that

f Δ(t) = 1 + t + t2 + (1 + t)σ (t) + σ 2(t), t ∈ T κ .

Problem 6 Let T = {n3 : n ∈ N0}, f (t) = t2 + 2t , t ∈ T . Find f Δ(t), t ∈ T κ .

Answer. 2 + t +
(

3
√
t + 1

)3
.

Problem 7 Let T = {n + 2 : n ∈ N0}, f (t) = t2 + 2, g(t) = t2. Find a constant
c ∈ [2, σ (2)] such that

( f ◦ g)Δ(2) = f ′(g(c))gΔ(2).



1.8 Advanced Practical Exercises 75

Answer. c =
√
13

2
.

Problem 8 Let T = {24n+2 : n ∈ N0
}
, v(t) = t3, w(t) = t2 + t . Prove

(w ◦ v)Δ(t) = (wΔ̃ ◦ v(t))vΔ(t), t ∈ T κ .

Problem 9 Let T = {n + 9 : n ∈ N0}, v(t) = t2 + 7t + 8. Find
(
v−1
)Δ̃ ◦ v(t).

Answer.
1

2t + 8
.

Problem 10 Let T = R and

f (t) =
⎧
⎨

⎩

1 for t = 2

10
t−2 for t ∈ R\{2}.

Determine if f is regulated.

Answer. No.

Problem 11 Let T = R and

f (t) =
⎧
⎨

⎩

0 if t = 5

1
t−5 if t ∈ R\{5}.

Check if f : T �−→ R is pre-differentiable and if it is, find the region of differen-
tiation.

Answer. No.

Problem 12 Let T = 3N . Prove that

−
∫

1

2t
sin t sin(2t)Δt = cos t + c.

Problem 13 Let p : T �−→ R be rd-continuous and 1 + μ(t)p(t) �= 0 for all
t ∈ T . Let also, φ(t) be a nontrivial solution to the equation

φΔ − p(t)φ = 0.

Prove that
1

φ(t)
is a solution to the equation

ψΔ + p(t)ψσ = 0.



Chapter 2
Introductory Concepts of Integral Equations
on Time Scales

A delta integral equation (or in short integral equation) is the equation in which the
unknown function φ(x) appears inside a delta integral sign. The subject of integral
equations is one of themost useful mathematical tools in pure and appliedmathemat-
ics. Many initial and boundary value problems associated with dynamic equations on
time scales can be transformed into problems of solving some approximate integral
equations.
Suppose thatT is a time scale and let σ, ρ and Δ denote the forward jump operator,
the backward jump operator and the delta differentiation operator, respectively,break
on T . A standard type of integral equation in φ(x) is of the following form

φ(x) = u(x) + λ

∫ g(x)

f (x)
K(x, y)φ(y)Δy, (2.1)

where f , g : T �−→ R are the limits of integration, λ is a constant parameter, and
K : T × T �−→ R is a known function of the variables x and y, u : T �−→ R is a
known function. The function K(x, y) in (2.1) is called the kernel or the nucleus of
the integral equation. In (2.1) the unknown function φ(x) appears the integral sign.
There are many other cases in which the unknown function φ(x) appears inside and
outside the integral sign. The functions u(x) and K(x, y) are given in advance. Note
that the limits of integration f (x) and g(x)may be both constants, variables or mixed.
If the limits of integration are fixed, the Eq. (2.1) is called a generalized Fredholm
integral equation given in the form

φ(x) = u(x) + λ

∫ b

a
K(x, y)φ(y)Δy, (2.2)

where a and b are constants. If at least one limit is variable, the equation is called a
generalized Volterra integral equation given in the form

© Atlantis Press and the author(s) 2016
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φ(x) = u(x) + λ

∫ x

a
K(x, y)φ(y)Δy. (2.3)

Example 1 Let T = 2N0 . Then the equation

φ(x) = sinhf (x, 1) + λ

∫ x

1
(x − y)φ(y)Δy,

where f ∈ R1, is an example for a generalized Volterra integral equation.

If the unknown function φ(x) appears only under the integral sign of generalized
Fredholm or generalized Volterra equation, the integral equation is called a first kind
generalized Fredholm or generalized Volterra integral equation, respectively.

Example 2 Let T = Z . The equation

cosf (x, 0) =
∫ 2

1
y2φ(y)Δy,

where f ∈ R1, is a first kind generalized Fredholm integral equation.

If the unknown function φ(x) appears both inside and outside the integral sign of
generalized Fredholm integral equation or generalized Volterra integral equation,
the integral equation is called a second kind generalized Fredholm or generalized
Volterra integral equation, respectively.

Example 3 Let T = 2N0 . The equation

φ(x) = x2 − 1 + 2
∫ 4

1
(x − y)φ(y)Δy

is a second kind generalized Fredholm integral equation.

If in the Eq. (2.2) or (2.3) the function u(x) is identically zero, the resulting equation

φ(x) = λ

∫ b

a
K(x, y)φ(y)Δy

or

φ(x) = λ

∫ x

a
K(x, y)φ(y)Δy

is called homogeneous generalized Fredholm or homogeneous generalized Volterra
integral equation, respectively. Any equation that includes both (delta-)integrals
and (delta-)derivatives of the unknown function φ(x) is called delta-integro-delta-
differential equation (or in short integro-differential equation). TheFredholm integro-
differential equation is of the form
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φΔk
(x) = u(x) + λ

∫ b

a
K(x, y)φ(y)Δy

However, the Volterra integro-differential equation is of the form

φΔk
(x) = u(x) + λ

∫ x

a
K(x, y)φ(y)Δy.

The equation

u(x) =
∫ x

0

1

(x − y)α
φ(y)Δy, 0 < α < 1,

is called generalized Abel’s integral equation. The equation

φ(x) = u(x) +
∫ x

0

1

(x − y)α
φ(y)Δy, 0 < α < 1,

is called generalized weakly singular integral equation. If the unknown function
φ(x) inside the integral sign is one, the integral equation or the integro-differential
equation is called linear.

Example 4 Let T = Z . The equation

x =
∫ 3

1
(x − 2y)φ(y)Δy

is a linear equation.

If the equation contains nonlinear function of the unknown functionφ(x), the integral
equation or the integro-differential equation is called nonlinear.

Example 5 Let T = 2N0 . Then

u(x) = x2 −
∫ x

1
(x − y)2u2(y)Δy

is a nonlinear equation.

The main objective of this text is to determine the unknown function φ(x) that will
satisfy (2.1) using a number of solution techniques. We shall explain these methods
to find solutions of the unknown function.
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2.1 Reducing Double Integrals to Single Integrals

It will be seen later that we can convert initial value problems and other problems to
integral equations. It is useful to outline the formula that will reduce double integrals
to single integrals.

Theorem 1 Let f : T �−→ R be integrable and a ∈ T . Then

∫ x

a

∫ x1

a
f (t)ΔtΔx1 =

∫ x

a
(x − σ(t))f (t)Δt for x ∈ T . (2.4)

Proof Using integration by parts, we have

∫ x

a

∫ x1

a
f (t)ΔtΔx1 =

∫ x

a
(x1 − a)Δ

∫ x1

a
f (t)ΔtΔx1

= (x1 − a)
∫ x1

a
f (t)Δt

∣
∣
∣
x1=x

x1=a
−

∫ x

a
(σ(x1) − a)f (x1)Δx1

= (x − a)
∫ x

a
f (t)Δt −

∫ x

a
(σ(t) − a)f (t)Δt

=
∫ x

a
(x − σ(t))f (t)Δt.

Example 6 Let T = Z . Then σ(t) = t + 1, t ∈ T , and

∫ x

0

∫ x1

0
t2ΔtΔx1 =

∫ x

0
(x − σ(t))t2Δt

=
∫ x

0
(x − t − 1)t2Δt.

Example 7 Let T = 2N0 . Then σ(t) = 2t, t ∈ T , and

∫ x

1

∫ x1

1
et(t, 1)ΔtΔx1 =

∫ x

1
(x − σ(t))et(t, 1)Δt

=
∫ x

1
(x − 2t)et(t, 1)Δt.
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Example 8 Let T = 3Z . Then σ(t) = t + 3, t ∈ T ,and

∫ x

3

∫ x1

3
(sint(t, 0) + t3)ΔtΔx1 =

∫ x

3
(x − σ(t))(sint(t, 0) + t3)Δt

=
∫ x

3
(x − t − 3)(sint(t, 0) + t3)Δt.

Exercise 1 Convert the following double integrals to single integrals.

1.
∫ x

0

∫ x1

0
(t2 − t)ΔtΔx1, T = Z .

2.
∫ x

1

∫ x1

1

t2 + 1

t4 + 1
ΔtΔx1, T = 2N0 .

3.
∫ x

2

∫ x1

2
(3t − 2)ΔtΔx1, T = 2N .

Answer

1.
∫ x

0
(x − t − 1)(t2 − t)Δt,

2.
∫ x

1
(x − 2t)

t2 + 1

t4 + 1
Δt,

3.
∫ x

2
(x − t − 2)(3t − 2)Δt.

As a result to (2.11) we can show the following corollary.

Corollary 1 Let f : T �−→ R be integrable and a ∈ T . Then

∫ x

a

∫ x1

a
(x − σ(t))f (t)ΔtΔx1 =

∫ x

a
(x − σ(t))2f (t)Δt for x ∈ T .

Proof By Theorem1, we have

∫ x

a

∫ x1

a
(x − σ(t))f (t)ΔtΔx1 = x

∫ x

a

∫ x1

a
f (t)ΔtΔx1 −

∫ x

a

∫ x1

a
σ(t)f (t)ΔtΔx1

= x
∫ x

a
(x − σ(t))f (t)Δt −

∫ x

a
(x − σ(t))σ(t)f (t)Δt

=
∫ x

a
(x − σ(t))2f (t)Δt.

Example 9 Let T = 2Z . Then σ(t) = t + 2, t ∈ T , and

∫ x

−2

∫ x1

−2
(x − t − 2)(t3 + 1)ΔtΔx1 =

∫ x

−2
(x − t − 2)2(t3 + 1)Δt.
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Example 10 Let T = 4N0 . Then σ(t) = 4t, t ∈ T , and

∫ x

16

∫ x1

16
(x − 4t)(t2 + t)ΔtΔx1 =

∫ x

16
(x − 4t)2(t2 + t)Δt.

Example 11 Let T = N 2
0 . Then σ(t) = (

√
t + 1)2, t ∈ T . Then

∫ x

0

∫ x1

0
(x − (

√
t + 1)2)

√
tΔtΔx1 =

∫ x

0
(x − (

√
t + 1)2)2

√
tΔt.

Exercise 2 Convert the following double integrals to single integrals.

1.
∫ x

0

∫ x1

0
(x − t − 2)t2ΔtΔx1, T = 2N0 ∪ {0},

2.
∫ x

0

∫ x1

0
(x − 5t)(t2 + 2t + 3)ΔtΔx1, T = 5N0 ∪ {0}.

3.
∫ x

1

∫ x1

1
(x − t − 1)tΔtΔx1, T = N0,

where for q > 1 with qN0 ∪ {0} we will denote in all places in this book the set

0, . . . ,
1

qk
,

1

qk−1
, . . . , 1, q, q2, . . . .

Answer

1.
∫ x

0
(x − t − 2)2t2Δt,

2.
∫ x

0
(x − 5t)2(t2 + 2t + 3)Δt,

3.
∫ x

1
(x − t − 1)2tΔt.

2.2 Converting IVP to Generalized Volterra Integral
Equations

In this sectionwewill convert an initial value problem (IVP) to an equivalent general-
ized Volterra integral equation and generalized Volterra integro-differential equation.
We will apply this process to a first order IVP

zΔ(x) + a(x)z(x) = u(x) (2.5)

subject to the initial condition
z(x0) = z0, (2.6)
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where x0 ∈ T , z0 ∈ R, a, u ∈ Crd(T ), and to a second order IVP

zΔ
2
(x) + a(x)zΔ(x) + b(x)z(x) = u(x) (2.7)

subject to the initial conditions

z(x0) = z0, zΔ(x0) = zΔ0 , (2.8)

where x0 ∈ T , z0, z
Δ
0 ∈ R, and a, b, u ∈ Crd(T ).

Firstly, we will consider the problem (2.5), (2.6). Let

φ(x) = zΔ(x). (2.9)

Now, using (2.6), we get

∫ x

x0

φ(y)Δy =
∫ x

x0

zΔ(y)Δy

= z(y)
∣
∣
∣
y=x

y=x0

= z(x) − z(x0)

= z(x) − z0,

i.e.,

z(x) = z0 +
∫ x

x0

φ(y)Δy. (2.10)

Substituting (2.9) and (2.10) into (2.5) yields the following generalized Volterra
integral equation

φ(x) + a(x)

(
z0 +

∫ x

x0

φ(y)Δy

)
= u(x).

The last equation can be written as standard generalized Volterra integral equation
in the following way

φ(x) = u(x) − z0a(x) −
∫ x

x0

a(x)φ(y)Δy.

Example 12 Let T = N . Consider populations with a fixed interval between gen-
erations or possibly a fixed interval between measurements. With x0 we will denote
the initial population size and with x(t) we will denote the population size at time t.
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Suppose the population changes only through births and deaths and suppose further
that the birth and death rates are constants b and d, respectively. Then

xΔ(t) = (b − d)x(t), t ∈ T , (2.11)

x(0) = x0 (2.12)

determines the population size in each generation. We integrate the Eq. (2.11) from
0 to t, and using (2.12), we get the integral equation

x(t) = x0 + (b − d)

∫ t

0
x(s)Δs, t ∈ T .

Example 13 (Verhulst difference equation) Let T = N . The dynamic equation

xΔ(t) = (r − A)x(t) − x2(t)

A + x(t)
, t ∈ T , (2.13)

describes a population that die out completely in each generation and has birth rates
that saturate for large population sizes. Here A and r are positive constants. If we
suppose that x(0) = x0, then the Eq. (2.13) can be converted to a generalized Volterra
integral equation

x(t) = x0 +
∫ t

0

(r − A)x(s) − x2(s)

A + x(s)
Δs.

Exercise 3 Let T = H . Consider a simple electric circuit. The total charge Q(t)
on the capacitor at t ∈ H is given by the equation

QΔ(t) = bQ(t), b = const.

Reduce it to an integral equation if Q(t0) = Q0 for some t0 ∈ H and some real
constant Q0.

Example 14 Let T = Z . Let us consider the IVP

zΔ(x) + 2xz(x) = 0, z(0) = 1.

Here
a(x) = 2x, u(x) = 0, z0 = 1.

Then we get the integral equation

φ(x) = −2x − 2x
∫ x

0
φ(y)Δy.

Example 15 Let T = N . Let us consider the IVP
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zΔ(x) + x2z(x) = x, z(1) = 1.

Here
x0 = 1, a(x) = x2, u(x) = x, z0 = 1.

Then we obtain the following integral equation

φ(x) = x − x2 −
∫ x

1
x2φ(y)Δy.

Example 16 Let T = 2N0 ∪ {0}. Let us consider the IVP

zΔ(x) + ex(x, 1)z(x) = sinhx(x, 1), z(0) = 1.

Here
x0 = 0, z0 = 1, a(x) = ex(x, 1). u(x) = sinhx(x, 1).

Then we get the following integral equation

φ(x) = sinhx(x, 1) − ex(x, 1) −
∫ x

0
ex(x, 1)φ(y)Δy.

Exercise 4 Convert the following IVPs to integral equations.

1. ⎧
⎨

⎩

zΔ(x) + (x2 + 2x − 1)z(x) = 3

z(0) = 2, T = Z ,

2. ⎧
⎨

⎩

zΔ(x) + ex(x, 0)z(x) = 3x2

z(0) = 1, T = N0,

3. ⎧
⎨

⎩

zΔ(x) − cosx(x, 1)z(x) = −x

z(0) = 0, T = 2N0 ∪ {0}.

Answer

1. φ(x) = 3 − 2(x2 + 2x − 1) −
∫ x

0
(x2 + 2x − 1)φ(y)Δy,

2. φ(x) = 3x2 − ex(x, 0) −
∫ x

0
ex(x, 0)φ(y)Δy,

3. φ(x) = −x +
∫ x

0
cosx(x, 1)φ(y)Δy.
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Now we consider the problem (2.7), (2.8). Set

zΔ
2
(x) = φ(x). (2.14)

Then, using (2.8), we get

zΔ(x) − zΔ(x0) =
∫ x

x0

φ(y)Δy

or

zΔ(x) = zΔ0 +
∫ x

x0

φ(y)Δy, (2.15)

whereupon

z(x) − z(x0) =
∫ x

x0

zΔ0 Δy +
∫ x

x0

∫ x1

x0

φ(y)ΔyΔx1,

or

z(x) = z0 + zΔ0 (x − x0) +
∫ x

x0

∫ x1

x0

φ(y)ΔyΔx1.

Hence, applying Theorem1, we find

z(x) = z0 + zΔ0 (x − x0) +
∫ x

x0

(x − σ(y))φ(y)Δy. (2.16)

Substituting (2.14), (2.15) and (2.16) in (2.7), we get

φ(x) + a(x)
(
zΔ0 + ∫ x

x0
φ(y)Δy

)

+ b(x)
(
z0 + zΔ0 (x − x0) + ∫ x

x0
(x − σ(y))φ(y)Δy

)
= u(x)

or
φ(x) = u(x) − a(x)zΔ0 − b(x)z0 − b(x)zΔ0 (x − x0)

− a(x)
∫ x
x0

φ(y)Δy − b(x)
∫ x
x0
(x − σ(y))φ(y)Δy,

i.e.,

φ(x) = u(x)−a(x)zΔ0 −b(x)z0 −b(x)zΔ0 (x− x0)−
∫ x

x0

[
a(x) + b(x)(x − σ(y))

]
φ(y)Δy. (2.17)

Example 17 Let T = 2N0 . Consider the IVP



2.2 Converting IVP to Generalized Volterra Integral Equations 87

zΔ
2
(x) + x2zΔ(x) + xz(x) = x − 1,

z(1) = 1, zΔ(1) = 2.

Here
σ(x) = 2x, a(x) = x2, b(x) = x, u(x) = x − 1,

z0 = 1, zΔ0 = 2, x0 = 1.

Then, using (2.17), we get the following integral equation

φ(x) = x − 1 − 2x2 − x − 2x(x − 1) −
∫ x

1

[
x2 + x(x − 2y)

]
φ(y)Δy

= −4x2 + 2x − 1 − 2
∫ x

1
(x2 − xy)φ(y)Δy.

Example 18 Let T = 2Z . Consider the IVP

zΔ
2
(x) + xzΔ(x) − x2z(x) = x,

z(0) = 0, zΔ(0) = 1.

Here
σ(x) = x + 2, a(x) = x, b(x) = −x2, u(x) = x,

z0 = 0, zΔ0 = 1, x0 = 0.

Then, using (2.17), we get the following integral equation

φ(x) = x − x + x3 −
∫ x

0

[
x − x2(x − y − 2)

]
φ(y)Δy

= x3 −
∫ x

0
(−x3 + 2x2 + x + x2y)φ(y)Δy.

Example 19 Let T = N 3
0 . Consider the IVP

zΔ
2
(x) − 2ex(x, 0)z(x) = sinhx(x, 0),

z(0) = 0, zΔ(0) = 1.

Here
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σ(x) = ( 3
√
x + 1)3, a(x) = 0, b(x) = −2ex(x, 0), u(x) = sinhx(x, 0),

z0 = 0, zΔ0 = 1, x0 = 0.

Then, using (2.17), we get the following integral equation

φ(x) = sinhx(x, 0) + 2xex(x, 0) + 2
∫ x

0
ex(x, 0)

[
x − ( 3

√
y + 1)3

]
φ(y)Δy.

Exercise 5 Convert the following IVPs to integral equations.

1. ⎧
⎨

⎩

zΔ
2
(x) − x2zΔ(x) = 0,

z(0) = 0, zΔ(0) = 0, T = N0,

2. ⎧
⎨

⎩

zΔ
2
(x) + zΔ(x) + z(x) = 1,

z(0) = 0, zΔ(0) = 1, T = 2N0 ∪ {0},

3. ⎧
⎨

⎩

zΔ
2
(x) + ex(x, 1)zΔ(x) = 0,

z(1) = 1, zΔ(1) = 2, T = N .

Answer

1. φ(x) =
∫ x

0
x2φ(y)Δy,

2. φ(x) = −x −
∫ x

0
(1 + x − 2y)φ(y)Δy,

3. φ(x) = −2ex(x, 1) −
∫ x

1
ex(x, 1)φ(y)Δy.

2.3 Converting Generalized Volterra Integral
Equations to IVP

A method for solving generalized Volterra integral and Volterra integro-differential
equation converts these equations to equivalent initial value problems. Thismethod is
achieved by differentiating both sides of generalized Volterra equations with respect
to x as many times as we need to get rid of the integral sign and obtain a differential
equation. The conversion of generalized Volterra equations requires to use Leibnitz
rule for differentiating the integral at the right hand side. The initial conditions are
obtained by substituting x = a into u(x) and its derivatives. For instance, after we
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differentiate (2.3) with respect to x we get

φΔ(x) = uΔ(x) + λ

∫ x

a
KΔ
x (x, y)φ(y)Δy + λK(σ(x), x)φ(x) (2.18)

and substituting x = a in (2.3) we find

φ(a) = u(a).

If there is an integral sign in (2.18), then we differentiate it with respect to x and so
on.

Example 20 Let T = Z . Consider the equation

φ(x) = x2 +
∫ x

0
φ(y)Δy. (2.19)

We have
σ(x) = x + 1, x ∈ T ,

and
(x2)Δ = σ(x) + x = x + 1 + x = 2x + 1.

Hence, differentiating (2.19) with respect to x, we get

φΔ(x) = (x2)Δ + φ(x)

= 2x + 1 + φ(x).

Substituting x = 0 in (2.19), we find φ(0) = 0.
In this way, we get the following IVP

⎧
⎨

⎩

φΔ(x) − φ(x) = 2x + 1

φ(0) = 0.

Example 21 Let T = 2N0 . Consider the equation

φ(x) = x3 +
∫ x

1
(x − y)φ(y)Δy. (2.20)

We have

σ(x) = 2x, x ∈ T ,

(x3)Δ = σ2(x) + xσ(x) + x2
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= 4x2 + 2x2 + x2

= 7x2,

(x − y)Δx = 1.

We differentiate with respect to x the Eq. (2.20) and we get

φΔ(x) = (x3)Δ +
(∫ x

1
(x − y)φ(y)Δy

)Δ

= 7x2 +
∫ x

1
φ(y)Δy + (σ(x) − x)φ(x)

= 7x2 + xφ(x) +
∫ x

1
φ(y)Δy,

i.e.,

φΔ(x) = 7x2 + xφ(x) +
∫ x

1
φ(y)Δy. (2.21)

Now we differentiate (2.21) with respect to x and we find

φΔ2
(x) = (7x2)Δ + (xφ(x))Δ +

(∫ x

1
φ(y)Δy

)Δ

= 7(σ(x) + x) + φ(x) + σ(x)φΔ(x) + φ(x)

= 21x + 2φ(x) + 2xφΔ(x)

or
φΔ2

(x) − 2xφΔ(x) − 2φ(x) = 21x.

We put x = 1 in (2.20) and we get φ(1) = 1.
We substitute x = 1 in (2.21) and we find

φΔ(1) = 7 + φ(1) = 8.

In this way we go to the following IVP

{
φΔ2

(x) − 2xφΔ(x) − 2φ(x) = 21x,
φ(1) = 1, φΔ(1) = 8.

Example 22 Let T = 3Z . Consider the equation

φ(x) = ex(x, 1) +
∫ x

1
(x + 2y)φ(y)Δy. (2.22)
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Here
σ(x) = x + 3, x ∈ T .

Then, differentiating (2.22) with respect to x, we get

φΔ(x) = eΔ
x (x, 1) +

(∫ x

1
(x + 2y)φ(y)Δy

)Δ

= xex(x, 1) +
∫ x

1
φ(y)Δy + (σ(x) + 2x)φ(x)

= xex(x, 1) + (3x + 3)φ(x) +
∫ x

1
φ(y)Δy,

i.e.,

φΔ(x) = xex(x, 1) + 3(x + 1)φ(x) +
∫ x

1
φ(y)Δy. (2.23)

Now we differentiate (2.23) with respect to x and we find

φΔ2
(x) = (xex(x, 1))

Δ + 3((x + 1)φ(x))Δ +
(∫ x

1
φ(y)Δy

)Δ

= ex(x, 1) + σ(x)xex(x, 1) + 3φ(x) + 3(σ(x) + 1)φΔ(x) + φ(x)

= (x2 + 3x + 1)ex(x, 1) + 4φ(x) + 3(x + 4)φΔ(x),

i.e.,
φΔ2

(x) − 3(x + 4)φΔ(x) − 4φ(x) = (x2 + 3x + 1)ex(x, 1).

We put x = 1 in (2.22) and we find φ(1) = e1(1, 1) = 1.
We substitute x = 1 in (2.23) and we get

φΔ(1) = e1(1, 1) + 6φ(1) = 7e1(1, 1) = 7.

In this way we get the following IVP

{
φΔ2

(x) − 3(x + 4)φΔ(x) − 4φ(x) = (x2 + 3x + 1)ex(x, 1),
φ(1) = 1, φΔ(1) = 7.

Exercise 6 Convert the following generalized Volterra integral equations to IVPs.

1. φ(x) = 2x2 − 1 +
∫ x

0
φ(y)Δy, T = N0,

2. φ(x) = x + 3 + x
∫ x

1
φ(y)Δy, T = 3N0 ,

3. φ(x) = 2x +
∫ x

0
(x − y)φ(y)Δy, T = N 2

0 .
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Answer

1. ⎧
⎨

⎩

φΔ(x) − φ(x) = 4x + 2,

φ(0) = −1,

2. ⎧
⎨

⎩

φΔ2
(x) − 9xφΔ(x) − 4φ(x) = 0,

φ(1) = 4, φΔ(1) = 13,

3. ⎧
⎪⎨

⎪⎩

φΔ2
(x) − (3 + 2

√
x)φΔ(x) − 3+2

√
x

1+2
√
x
φ(x) = 0,

φ(0) = 0, φΔ(0) = 2.

Example 23 Let T = 2N0 . Consider the generalized Volterra integro-differential
equation

φ(x) = φΔ(x) + x +
∫ x

1
(x + y)φ(y)Δy. (2.24)

We have σ(x) = 2x, x ∈ T .

Then we differentiate with respect to x the Eq. (2.24) and we get

φΔ(x) = φΔ2
(x) + 1 +

∫ x

1
φ(y)Δy + (σ(x) + x)φ(x)

= φΔ2
(x) + 3xφ(x) + 1 +

∫ x

1
φ(y)Δy.

i.e.,

φΔ(x) = φΔ2
(x) + 3xφ(x) + 1 +

∫ x

1
φ(y)Δy. (2.25)

Now we differentiate (2.25) with respect to x and we find

φΔ2
(x) = φΔ3

(x) + 3φ(x) + 3σ(x)φΔ(x) + φ(x)

= φΔ3
(x) + 4φ(x) + 6xφΔ(x)

or
φΔ3

(x) − φΔ2
(x) + 6xφΔ(x) + 4φ(x) = 0.
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We put x = 1 in (2.24) and we get

φ(1) = φΔ(1) + 1.

Now we substitute x = 1 in (2.25) and we find

φΔ(1) = φΔ2
(1) + 3φ(1) + 1

= φΔ2
(1) + 3φΔ(1) + 3 + 1

= φΔ2
(1) + 3φΔ(1) + 4

or
φΔ2

(1) + 2φΔ(1) + 4 = 0.

In this way we go to the following problem

⎧
⎨

⎩

φΔ3
(x) − φΔ2

(x) + 6xφΔ(x) + 4φ(x) = 0,

φΔ(1) − φ(1) + 1 = 0, φΔ2
(1) + 2φΔ(1) + 4 = 0.

Example 24 Let T = 3N0. Consider the generalized Volterra integro-differential
equation

φ(x) = φΔ(x) +
∫ x

1
y2φ(y)Δy. (2.26)

Then, differentiating (2.26) with respect to x, we get

φΔ(x) = φΔ2
(x) + x2φ(x)

or
φΔ2

(x) − φΔ(x) + x2φ(x) = 0.

We put x = 1 in (2.26) and we find

φ(1) = φΔ(1).

Therefore we obtain the following problem

⎧
⎨

⎩

φΔ2
(x) − φΔ(x) + x2φ(x) = 0

φ(1) = φΔ(1).
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Example 25 LetT = 5N0 ∪ {0}. Consider the generalized Volterra integro-differe-
ntial equation

φΔ(x) = φ(x) − x
∫ x

0
φ(y)Δy. (2.27)

Here σ(x) = 5x, x ∈ T . Then, differentiating (2.27) with respect to x, we get

φΔ2
(x) = φΔ(x) −

∫ x

0
φ(y)Δy − σ(x)φ(x)

= φΔ(x) −
∫ x

0
φ(y)Δy − 5xφ(x),

i.e.,

φΔ2
(x) − φΔ(x) +

∫ x

0
φ(y)Δy + 5xφ(x) = 0. (2.28)

Hence,
φΔ3

(x) − φΔ2
(x) + φ(x) + 5φ(x) + 5σ(x)φΔ(x) = 0

or
φΔ3

(x) − φΔ2
(x) + 25xφΔ(x) + 6φ(x) = 0.

We substitute x = 0 in (2.27) and (2.28) and we obtain

φ(0) = φΔ(0) = φΔ2
(0).

Consequently we get the following problem

⎧
⎨

⎩

φΔ3
(x) − φΔ2

(x) + 25xφΔ(x) + 6φ(x) = 0

φ(0) = φΔ(0) = φΔ2
(0).

Exercise 7 Convert the followinggeneralizedVolterra integro-differential equations
to IVPs.

1. φΔ2
(x) = φ(x) + x2 +

∫ x

1
sinhy(y, 1)φ(y)Δy, T = N0,

2. φΔ(x) = φ(x) + x3 +
∫ x

1
(x + y)ey(y, 1)φ(y)Δy, T = 2N0 ,

3. φ(x) = φΔ(x) + x4 −
∫ x

0
(2x + y)φ(y)Δy, T = 2Z .
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Answer

1. ⎧
⎨

⎩

φΔ3
(x) − φΔ(x) − sinhx(x, 1)φ(x) = 2x + 1,

φΔ2
(1) = φ(1) + 1,

2.

⎧
⎨

⎩

φΔ3
(x) − φΔ2

(x) − 6xe2x(2x, 1)φΔ(x) − (4 + 6x2)ex(x, 1)φ(x) = 21x,

φΔ(1) = φ(1) + 1, φΔ2
(1) = φΔ(1) + 3φ(1) + 7,

3. ⎧
⎨

⎩

φΔ3
(x) − φΔ2

(x) − (3x + 10)φΔ(x) − 5φ(x) = −12x2 − 48x − 56,

φ(0) = φΔ(0), φΔ(0) = φΔ2
(0) − 4φ(0) + 8.

2.4 Converting BVP to Generalized Fredholm Integral
Equation

In this section we will represent a method for converting boundary value problems
to generalized Fredholm integral equation. This method is similar to the method for
convertingof IVP togeneralizedVolterra integral equation.Here boundary conditions
will be used instead of initial conditions. In this case wewill determine another initial
condition that is not given in the problem.
We consider the following boundary value problem

zΔ
2
(x) + f (x)z(x) = g(x), x0 < x < x1, x0, x1 ∈ T , (2.29)

z(x0) = z0, z(x1) = z1. (2.30)

We set
φ(x) = zΔ

2
(x). (2.31)

Integrating both sides of (2.31) from x0 to x we obtain

∫ x

x0

zΔ
2
(t)Δt =

∫ x

x0

φ(t)Δt

or

zΔ(x) − zΔ(x0) =
∫ x

x0

φ(t)Δt,
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or

zΔ(x) = zΔ(x0) +
∫ x

x0

φ(t)Δt.

We integrate the last equation from x0 to x and we find

∫ x

x0

zΔ(y)Δy =
∫ x

x0

zΔ(x0)Δy +
∫ x

x0

∫ x2

x0

φ(t)ΔtΔx2

or

z(x) − z(x0) = zΔ(x0)(x − x0) +
∫ x

x0

∫ x2

x0

φ(t)ΔtΔx2,

or

z(x) = z0 + zΔ(x0)(x − x0) +
∫ x

x0

∫ x2

x0

φ(t)ΔtΔx2.

Applying Theorem1 we find

z(x) = z0 + zΔ(x0)(x − x0) +
∫ x

x0

(x − σ(t))Δt. (2.32)

We substitute x = x1 in the last equation and using that z(x1) = z1 we go to

z1 = z0 + zΔ(x0)(x1 − x0) +
∫ x1

x0

(x1 − σ(t))φ(t)Δt

or

zΔ(x0)(x1 − x0) = z1 − z0 −
∫ x1

x0

(x1 − σ(t))φ(t)Δt,

or

zΔ(x0) = z1 − z0
x1 − x0

− 1

x1 − x0

∫ x1

x0

(x1 − σ(t))φ(t)Δt.

We substitute the last expression in (2.32) and we find

z(x) = z0 + z1 − z0
x1 − x0

(x − x0) − x − x0
x1 − x0

∫ x1

x0

(x1 − σ(t))φ(t)Δt

+
∫ x

x0

(x − σ(t))φ(t)Δt.
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The last expression and (2.31) we put in (2.29). Then

φ(x) + f (x)z0 + z1 − z0
x1 − x0

f (x)(x − x0) − f (x)
x − x0
x1 − x0

∫ x1

x0

(x1 − σ(t))φ(t)Δt

+ f (x)
∫ x

x0

(x − σ(t))φ(t)Δt = g(x)

or

φ(x) = g(x) − f (x)z0 − z1 − z0
x1 − x0

f (x)(x − x0) + f (x)
x − x0
x1 − x0

∫ x1

x0
(x1 − σ(t))φ(t)Δt

− f (x)
∫ x

x0
(x − σ(t))φ(t)Δ(t)

= g(x) − f (x)z0 − z1 − z0
x1 − x0

f (x)(x − x0) + f (x)
x − x0
x1 − x0

∫ x

x0
(x1 − σ(t))φ(t)Δt

+f (x)
x − x0
x1 − x0

∫ x1

x
(x1 − σ(t))φ(t)Δt − f (x)

∫ x

x0
(x − σ(t))φ(t)Δt

= g(x) − f (x)z0 − z1 − z0
x1 − x0

f (x)(x − x0)

+
∫ x

x0
f (x)

(
x1

x − x0
x1 − x0

− σ(t)
x − x0
x1 − x0

− x + σ(t)

)
φ(t)Δt

+ f (x)
x − x0
x1 − x0

∫ x1

x
(x1 − σ(t))φ(t)Δt

= g(x) − f (x)z0 − z1 − z0
x1 − x0

f (x)(x − x0)

+
∫ x

x0
f (x)

(
− (x1 − x)x0

x1 − x0
− x − x1

x1 − x0
σ(t)

)
φ(t)Δt

+ f (x)
x − x0
x1 − x0

∫ x1

x
(x1 − σ(t))φ(t)Δt,

i.e.,

φ(x) = g(x) − f (x)z0 − z1 − z0
x1 − x0

f (x)(x − x0)

+
∫ x

x0

f (x)

(
− (x1 − x)x0

x1 − x0
− x − x1

x1 − x0
σ(t)

)
φ(t)Δt
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+ f (x)
x − x0
x1 − x0

∫ x1

x
(x1 − σ(t))φ(t)Δt.

Let

K(x, t) =

⎧
⎪⎨

⎪⎩

f (x)
(
− (x1−x)x0

x1−x0
− x−x1

x1−x0
σ(t)

)
for x0 ≤ t ≤ x

f (x)(x1 − σ(t)) x−x0
x1−x0

for x ≤ t ≤ x1

and
h(x) = g(x) − f (x)z0 − z1 − z0

x1 − x0
f (x)(x − x0) for x0 ≤ x ≤ x1.

Consequently we obtain the following generalized Fredholm integral equation

φ(x) = h(x) +
∫ x1

x0

K(x, t)φ(t)Δt. (2.33)

Example 26 Let T = N 3
0 . Consider the following BVP

zΔ
2
(x) + x2z(x) = x, 0 < x < 8,

z(0) = 0, z(8) = 2.

Here

σ(t) = ( 3
√
t + 1)3, t ∈ T , f (x) = x2, g(x) = x, x ∈ [0, 8],

x0 = 0, x1 = 8, z0 = 0, z1 = 2.

From here we obtain
h(x) = x − 2x3.

Substituting this in (2.33) gives the following generalized Fredholm integral equation

φ(x) = x − 1

4
x3 +

∫ 8

0
K(x, t)φ(t)Δt,

where

K(x, t) =
⎧
⎨

⎩

− 1
8x

2(x − 8)( 3
√
t + 1)3 for 0 ≤ t ≤ x

1
8x

3
(
8 − ( 3

√
t + 1)3

)
for x ≤ t ≤ 8.
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Example 27 Let T = 4N0 ∪ {0}. Consider the following BVP

zΔ
2
(x) + coshx(x, 1)z(x) = x, 1 < x < 16,

z(1) = 0, z(16) = −3.

Here
σ(x) = 4x, x ∈ T , f (x) = coshx(x, 1), g(x) = x,

x0 = 1, x1 = 16, z0 = 0, z1 = −3.

Hence, we find

h(x) = x + 1

15
coshx(x, 1)(x − 1).

Substituting this in (2.33) gives the following generalized Fredholm integral equation

φ(x) = x + 1

15
coshx(x, 1)(x − 1) +

∫ 16

1
K(x, t)φ(t)Δt,

where

K(x, t) =
⎧
⎨

⎩

− 1
15 coshx(x, 1)(16 − x)(1 − 4t) for 1 ≤ x ≤ t

4
15 (x − 1)(4 − t) coshx(x, 1) for t ≤ x ≤ 16.

Example 28 Let T = 3N0. Consider the following BVP

zΔ
2
(x) + ex(x, 1)z(x) = x2, 0 < x < 6,

z(0) = 1, z(6) = 1.

Here
σ(x) = x + 3, x ∈ T , f (x) = ex(x, 1), g(x) = x2,

x0 = 0, x1 = 6, z0 = z1 = 1.

Then
h(x) = x2 − ex(x, 1).

Substituting this in (2.33) we get

φ(x) = x2 − ex(x, 1) +
∫ 6

0
K(x, t)φ(t)Δt,
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where

K(x, t) =
⎧
⎨

⎩

− 1
6ex(x, 1)(x − 6)(t + 3) for 0 ≤ t ≤ x

1
6ex(x, 1)x(3 − t) for x ≤ t ≤ 6.

Exercise 8 Convert the followingBVPs to generalized Fredholm integral equations.

1. ⎧
⎨

⎩

zΔ
2
(x) − z(x) = x2, 0 < x < 2,

z(0) = z(2) = 0, T = Z ,

2. ⎧
⎨

⎩

zΔ
2
(x) + 2z(x) = x, 1 < x < 5,

z(1) = 0, z(5) = 1, T = N ,

3. ⎧
⎨

⎩

zΔ
2
(x) − (2x + 1)z(x) = 1, 0 < x < 9,

z(0) = 0, z(9) = 1, T = N 2
0 .

Answer

1. h(x) = x2,

K(x, t) =
⎧
⎨

⎩

1
2 (x − 2)(t + 1) for 0 ≤ x ≤ t

− 1
2x(1 − t) for t ≤ x ≤ 2,

2. h(x) = 1

2
(x + 1),

K(x, t) =
⎧
⎨

⎩

− 1
2 t(x − 5) for 1 ≤ x ≤ t

1
2 (x − 1)(4 − t) for t ≤ x ≤ 5,

3. h(x) = 1 + 1

9
x(2x + 1),

K(x, t) =
⎧
⎨

⎩

1
9 (2x + 1)(x − 9)(

√
t + 1)2 for 0 ≤ x ≤ t

− 1
9x(2x + 1)

(
9 − (

√
t + 1)2

)
for x ≤ t ≤ 9.
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We next consider the following boundary value problem for the Eq. (2.29) with
boundary conditions

z(x0) = z2, zΔ(x1) = z3. (2.34)

Again we set zΔ
2
(x) = φ(x). Integrating both sides of (2.31) from x0 to x we get

zΔ(x) = zΔ(x0) +
∫ x

x0

φ(t)Δt. (2.35)

We put x = x1 in the last expression and we find

zΔ(x1) = zΔ(x0) +
∫ x1

x0

φ(t)Δt

or

z3 = zΔ(x0) +
∫ x1

x0

φ(t)Δt,

whereupon

zΔ(x0) = z3 −
∫ x1

x0

φ(t)Δt.

We substitute the last expression in (2.35) and we obtain

zΔ(x) = z3 −
∫ x1

x0

φ(t)Δt +
∫ x

x0

φ(t)Δt,

which we integrate from x0 to x1 and we get

∫ x

x0

zΔ(t)Δt =
∫ x

x0

(
z3 −

∫ x1

x0

φ(t)Δt

)
Δy +

∫ x

x0

∫ x2

x0

φ(t)ΔtΔx2,

or

z(x) − z(x0) =
(
z3 −

∫ x1

x0

φ(t)Δt

)
(x − x0) +

∫ x

x0

∫ x2

x0

φ(t)ΔtΔx2,

or

z(x) = z2 +
(
z3 −

∫ x1

x0

φ(t)Δt

)
(x − x0) +

∫ x

x0

∫ x2

x0

φ(t)ΔtΔx2.

Applying Theorem1 we get

z(x) = z2 +
(
z3 −

∫ x1

x0

φ(t)Δt

)
(x − x0) +

∫ x

x0

(x − σ(t))φ(t)Δt. (2.36)

We substitute (2.31) and (2.36) in (2.29) and we find
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φ(x) + z2f (x) + f (x)
(
z3 − ∫ x1

x0
φ(t)Δt

)
(x − x0)

+f (x)
∫ x
x0
(x − σ(t))Δt = g(x)

or

φ(x) = g(x) − z2f (x) − z3(x − x0)f (x) + f (x)(x − x0)
∫ x1

x0

φ(t)Δt

− f (x)
∫ x

x0

(x − σ(t))φ(t)Δt

= g(x) − z2f (x) − z3(x − x0)f (x) + f (x)(x − x0)
∫ x

x0

φ(t)Δt

+ f (x)(x − x0)
∫ x1

x
φ(t)Δt − f (x)

∫ x

x0

(x − σ(t))φ(t)Δt

= g(x) − z2f (x) − z3(x − x0)f (x)

+
∫ x

x0

(f (x)(x − x0) − f (x)(x − σ(t)))φ(t)Δt

+ f (x)(x − x0)
∫ x1

x
φ(t)Δt

= g(x) − z2f (x) − z3(x − x0)f (x) +
∫ x

x0

f (x)(−x0 + σ(t))φ(t)Δt

+
∫ x1

x
f (x)(x − x0)φ(t)Δt.

Let
h1(x) = g(x) − z2f (x) − z3(x − x0)f (x),

K1(x, t) =
⎧
⎨

⎩

f (x)(−x0 + σ(t)) for x0 ≤ t ≤ x

f (x)(x − x0) for x ≤ t ≤ x1.

Then we get the following generalized Fredholm integral equation

φ(x) = h1(x) +
∫ x1

x0

K1(x, t)φ(t)Δt. (2.37)
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Example 29 Let T = N 4
0 . Consider the following BVP

zΔ
2
(x) + x2z(x) = cosx(x, 1) + sinhx(x, 2), 0 < x < 81,

z(0) = 0, zΔ(81) = 1.

Here
σ(x) = ( 4

√
x + 1)4, x ∈ T ,

f (x) = x2, g(x) = cosx(x, 1) + sinhx(x, 2),

x0 = 0, x1 = 81, z2 = 0, z3 = 1.

Then
h1(x) = −x3 + cosx(x, 1) + sinhx(x, 2).

Substituting this in (2.37) gives the following generalized Fredholm integral equation

φ(x) = −x3 + cosx(x, 1) + sinhx(x, 2) +
∫ 81

0
K1(x, t)φ(t)Δt,

where

K1(x, t) =
⎧
⎨

⎩

x2( 4
√
t + 1)4 for 0 ≤ t ≤ x

x3 for x ≤ t ≤ 81.

Example 30 Let T = 3N0 ∪ {0}. Consider the BVP

zΔ
2
(x) + (2x − 3)zΔ(x) = x2 − 1, 0 < x < 27,

z(0) = 1, zΔ(1) = −3.

Here
σ(x) = 3x, x ∈ T ,

f (x) = 2x − 3, g(x) = x2 − 1,
x0 = 0, x1 = 1, z2 = 1, z3 = −3.

Then

h1(x) = g(x) − z2f (x) − z3(x − x0)f (x)

= x2 − 1 − (2x − 3) − (−3)x(2x − 3)

= x2 − 1 − 2x + 3 + 6x2 − 9x

= 7x2 − 11x + 2.
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Substituting this is (2.37) gives the following generalized Fredholm integral equation

φ(x) = 7x2 − 11x + 2 +
∫ 27

0
K1(x, t)φ(t)Δt,

where

K1(x, t) =
⎧
⎨

⎩

3(2x − 3)t for 0 ≤ t ≤ x

2x2 − 3x for x ≤ t ≤ 27.

Example 31 Let T = 2Z . Consider the BVP

zΔ
2
(x) − xzΔ(x) = 1 + x, −2 < x < 6,

z(−2) = 0, zΔ(6) = 1.

Here
σ(x) = x + 2, x ∈ T ,

f (x) = −x, g(x) = 1 + x,

x0 = −2, x1 = 6, z2 = 0, z3 = 1.

Then

h1(x) = g(x) − z2f (x) − z3(x − x0)f (x)

= 1 + x − (x + 2)(−x)

= 1 + x + x2 + 2x

= x2 + 3x + 1.

Substituting this in (2.37) gives the following generalized Fredholm integral equation

φ(x) = x2 + 3x + 1 +
∫ 6

−2
K1(x, t)φ(t)Δt,

where

K1(x, t) =
⎧
⎨

⎩

−x(t + 4) for − 2 ≤ t ≤ x

−x2 − 2x for x ≤ t ≤ 6.
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Exercise 9 Convert the followingBVPs to generalized Fredholm integral equations.

1. ⎧
⎨

⎩

zΔ
2
(x) + sin xz(x) = cos x, 0 < x < 4,

z(0) = 0, zΔ(4) = 3, T = Z ,

2. ⎧
⎨

⎩

zΔ
2
(x) − 3z(x) = x2 + 1, −1 < x < 4,

z(−1) = 1, z(4) = 0, T = Z ,

3. ⎧
⎨

⎩

zΔ
2
(x) + 1

1+x2 z(x) = 1, 1 < x < 27,

z(1) = 0, zΔ(27) = 1, T = 3N0 .

Answer

1. h1(x) = cos x − 3x sin x,

K1(x, t) =
{

(t + 1) sin x for 0 ≤ t ≤ x,
x sin x for x ≤ t ≤ 4,

2. h1(x) = x2 + 4,

K1(x, t) =
{−3(t + 2) for − 1 ≤ t ≤ x

−3(x + 1) for x ≤ t ≤ 4,

3. h1(x) = x2 − x + 2

x2 + 1
,

K1(x, t) =
{ 1

1+x2 (−1 + 3t) for 1 ≤ t ≤ x
x−1
1+x2 for x ≤ t ≤ 27.

2.5 Converting Generalized Fredholm Integral
Equation to BVP

In the previous sections, we have represented a technique to convert Volterra integral
equations to equivalent initial value problems. In a similar manner, we will represent
a technique that converts Fredholm integral equations to equivalent boundary value
problems.
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We first consider the generalized Fredholm integral equation

φ(x) = g(x) +
∫ x1

x0

K(x, t)φ(t)Δt, (2.38)

where

K(x, t) =
⎧
⎨

⎩

f (x)(x1 − x)(σ(t) − x0) for x0 ≤ t ≤ x

f (x)(x1 − σ(t))(x − x0) for x ≤ t ≤ x1.

The Eq. (2.38) we can rewrite in the following form

φ(x) = g(x) + ∫ x
x0
f (x)(x1 − x)(σ(t) − x0)φ(t)Δt

+ ∫ x1
x f (x)(x1 − σ(t))(x − x0)φ(t)Δt.

(2.39)

For simplicity reason, we may assume that f (x) = a, where a is a constant. Then
(2.39) takes the form

φ(x) = g(x) + a(x1 − x)
∫ x

x0

(σ(t) − x0)φ(t)Δt + a(x − x0)
∫ x1

x
(x1 − σ(t))φ(t)Δt.

(2.40)
We differentiate (2.40) with respect to x and we get

φΔ(x) = gΔ(x) − a
∫ x

x0

(σ(t) − x0)φ(t)Δt

+ a(x1 − σ(x))(σ(x) − x0)φ(x) + a
∫ x1

x
(x1 − σ(t))φ(t)Δt

− a(σ(x) − x0)(x1 − σ(x))φ(x)

= gΔ(x) − a
∫ x

x0

(σ(t) − x0)φ(t)Δt + a
∫ x1

x
(x1 − σ(t))φ(t)Δt.

Again we differentiate with respect to x and we find

φΔ2
(x) = gΔ2

(x) − a(σ(x) − x0)φ(x) − a(x1 − σ(x))φ(x)

= gΔ2
(x) − a(x1 − x0)φ(x),

i.e.,
φΔ2

(x) + a(x1 − x0)φ(x) = gΔ2
(x). (2.41)
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By substituting x = x0 and x = x1 in (2.40) we find that

φ(x0) = g(x0) and φ(x1) = g(x1). (2.42)

Combining (2.41) and (2.42) gives the following boundary value problem

⎧
⎨

⎩

φΔ2
(x) + a(x1 − x0)φ(x) = gΔ2

(x), x0 < x < x1,

φ(x0) = g(x0), φ(x1) = g(x1).
(2.43)

Example 32 Let T = 2N0 ∪ {0}. We consider the following generalized Fredholm
integral equation

φ(x) = 2x + 3 +
∫ 4

0
K(x, t)φ(t)Δt,

where

K(x, t) =
⎧
⎨

⎩

2t(4 − x) for 0 ≤ t ≤ x

2x(2 − t) for x ≤ t ≤ 4.

Here σ(x) = 2x, x ∈ T , a = 1, g(x) = 2x + 3. Then gΔ(x) = 2, gΔ2
(x) = 0.

Hence, using (2.43), we get the following BVP

⎧
⎨

⎩

φΔ2
(x) + 4φ(x) = 0, 0 < x < 4,

φ(0) = 3, φ(4) = 11.

Example 33 Let T = N 3
0 ∪ {0}. Consider the following generalized Fredholm

integral equation

φ(x) = x2 + 2x +
∫ 27

0
K(x, t)φ(t)Δt,

where

K(x, t) =
⎧
⎨

⎩

2(27 − x)( 3
√
t + 1)3 for 0 ≤ t ≤ x

2x(27 − ( 3
√
t + 1)3) for x ≤ t ≤ 27.

Here
σ(x) = ( 3

√
x + 1)3, x ∈ T ,

a = 2, g(x) = x2 + 2x, x0 = 0, x1 = 27.
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Then

gΔ(x) = σ(x) + x + 2

= ( 3
√
x + 1)3 + x + 2

= x + 3
3
√
x2 + 3 3

√
x + 1 + x + 2

= 2x + 3
3
√
x2 + 3 3

√
x + 3,

gΔ2
(x) = 2 + 3

3
√

σ2(x) − 3
√
x2

σ(x) − x
+ 3

3
√

σ(x) − 3
√
x

σ(x) − x

= 2 + 3
( 3
√

σ(x) − 3
√
x)( 3

√
σ(x) + 3

√
x)

( 3
√

σ(x) − 3
√
x)( 3

√
σ2(x) + 3

√
x 3
√

σ(x) + 3
√
x2)

+ 3
3
√

σ(x) − 3
√
x

( 3
√

σ(x) − 3
√
x)( 3

√
σ2(x) + 3

√
x 3
√

σ(x) + 3
√
x2)

= 2 + 3
3
√

σ(x) + 3
√
x + 1

3
√

σ2(x) + 3
√
x 3
√

σ(x) + 3
√
x2

= 2 + 3
3
√
x + 1 + 3

√
x + 1

( 3
√
x + 1)2 + 3

√
x( 3

√
x + 1) + 3

√
x2

= 2 + 6
3
√
x + 1

3
√
x2 + 2 3

√
x + 1 + 3

√
x2 + 3

√
x + 3

√
x2

= 2 + 6
3
√
x + 1

3 3
√
x2 + 3 3

√
x + 1

.

Also,
g(0) = 0, g(27) = 783.

Hence, using (2.43), we get the following boundary value problem

⎧
⎪⎨

⎪⎩

φΔ2
(x) + 54φ(x) = 2 + 6

3√x+1

3 3√x2+3 3√x+1
, 0 < x < 27,

φ(0) = 0, φ(27) = 783.
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Example 34 Let T = 3N0 . Consider the following generalized Fredholm integral
equation

φ(x) = x3 − 2x2 +
∫ 9

1
K(x, t)φ(t)Δt,

where

K(x, t) =
⎧
⎨

⎩

(9 − x)(3t − 1) for 1 ≤ t ≤ x

(9 − 3t)(x − 1) for x ≤ t ≤ 9.

Here
a = 1, σ(x) = 3x, x ∈ T ,

x0 = 1, x1 = 9, g(x) = x3 − 2x2.

Then

gΔ(x) = σ2(x) + xσ(x) + x2 − 2(x + σ(x))

= 9x2 + 3x2 + x2 − 8x

= 13x2 − 8x,

gΔ2
(x) = 13(σ(x) + x) − 8

= 52x − 8,

g(1) = −1, g(9) = 567.

Hence, using (2.43), we get the following boundary value problem

⎧
⎨

⎩

φΔ2
(x) + 8φ(x) = 52x − 8, 1 < x < 9,

φ(1) = −1, φ(9) = 567.

Exercise 10 Convert the following generalized Fredholm integral equations to
BVPs.

1.

φ(x) = x − 2 +
∫ 10

0
K(x, t)φ(t)Δt,
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where

K(x, t) =
⎧
⎨

⎩

(10 − x)(t + 1) for 0 ≤ t ≤ x

(9 − t)x for x ≤ t ≤ 10,

T = Z ,
2.

φ(x) = x2 +
∫ 2

−1
K(x, t)φ(t)Δt,

where

K(x, t) =
⎧
⎨

⎩

2(2 − x)(t + 2) for − 1 ≤ t ≤ x

2(1 − t)(x + 1) for x ≤ t ≤ 2,

T = Z ,

3.

φ(x) = x3 +
∫ 4

1
K(x, t)φ(t)Δt,

where

K(x, t) =
⎧
⎨

⎩

(4 − x)(2t − 1) for 1 ≤ t ≤ x

2(2 − t)(x − 1) for x ≤ t ≤ 4,

T = 2N0 .

Answer

1. ⎧
⎨

⎩

φΔ2
(x) + 10φ(x) = 0, 0 < x < 10,

φ(0) = −2, φ(10) = 8,

2. ⎧
⎨

⎩

φΔ2
(x) + 6φ(x) = 2, −1 < x < 2,

φ(−1) = 1, φ(2) = 4,

3. ⎧
⎨

⎩

φΔ2
(x) + 3φ(x) = 21x, 1 < x < 4,

φ(1) = 1, φ(4) = 64.

Next we consider the following generalized Fredholm integral equation

φ(x) = g(x) +
∫ x1

x0

K(x, t)φ(t)Δt, (2.44)
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where

K(x, t) =
⎧
⎨

⎩

f (x)(−x0 + σ(t)) for x0 ≤ t ≤ x

f (x)(x − x0) for x ≤ t ≤ x1.

The Eq. (2.44) we can rewrite in the following form

φ(x) = g(x) +
∫ x

x0

K(x, t)φ(t)Δt +
∫ x1

x
K(x, t)φ(t)Δt

= g(x) +
∫ x

x0

f (x)(−x0 + σ(t))φ(t)Δt

+
∫ x1

x
f (x)(x − x0)φ(t)Δt.

For simplicity reasons, we may assume that f (x) = b, where b is a real constant.
Then the Eq. (2.44) takes the form

φ(x) = g(x) + b
∫ x

x0

(−x0 + σ(t))φ(t)Δt + b
∫ x1

x
(x − x0)φ(t)Δt. (2.45)

We differentiate the last equation with respect to x and we find

φΔ(x) = gΔ(x) + b(−x0 + σ(x))φ(x) + b
∫ x1

x
φ(t)Δt

− b(σ(x) − x0)φ(x)

= gΔ(x) + b
∫ x1

x
φ(t)Δt,

i.e.,

φΔ(x) = gΔ(x) + b
∫ x1

x
φ(t)Δt. (2.46)

We differentiate with respect to x the Eq. (2.46) and we find

φΔ2
(x) = gΔ2

(x) − bφ(x)

or
φΔ2

(x) + bφ(x) = gΔ2
(x). (2.47)

We substitute x = x0 and x = x1 in (2.45) and (2.46), respectively. We find

φ(x0) = g(x0), φΔ(x1) = gΔ(x1). (2.48)
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Combining (2.47) and (2.48) we get the following boundary value problem

⎧
⎨

⎩

φΔ2
(x) + bφ(x) = gΔ2

(x), x0 < x < x1,

φ(x0) = g(x0), φΔ(x1) = gΔ(x1).
(2.49)

Example 35 Let T = Z . Consider the generalized Fredholm integral equation

φ(x) = x4 + 3x2 + 3x +
∫ 4

0
K(x, t)φ(t)Δt,

where

K(x, t) =
{
t + 1 for 0 ≤ x ≤ t
x for x ≤ t ≤ 4.

Here
σ(x) = x + 1, x ∈ T , b = 1, x0 = 0, x1 = 4,
g(x) = x4 + 3x2 + 3x.

Then

gΔ(x) = σ3(x) + xσ2(x) + x2σ(x) + x3 + 3(σ(x) + x) + 3

= (x + 1)3 + x(x + 1)2 + x2(x + 1) + x3 + 3(x + 1 + x) + 3

= x3 + 3x2 + 3x + 1 + x3 + 2x2 + x + x3 + x2

+ x3 + 6x + 6

= 4x3 + 6x2 + 10x + 7,

gΔ2
(x) = 4(σ2(x) + xσ(x) + x2) + 6(σ(x) + x) + 10

= 4(x + 1)2 + 4x(x + 1) + 4x2 + 6(x + 1 + x) + 10

= 4x2 + 8x + 4 + 4x2 + 4x + 4x2 + 12x + 16

= 12x2 + 24x + 20,

g(0) = 0, gΔ(4) = 399.
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Hence and (2.49) we get the following BVP

⎧
⎨

⎩

φΔ2
(x) + φ(x) = 12x2 + 24x + 20, 0 < x < 4,

φ(0) = 0, φΔ(4) = 399.

Example 36 LetT = 2N0 ∪ {0}.Consider the followinggeneralizedFredholm inte-
gral equation

φ(x) = x3 − 7x2 + 2x +
∫ 4

0
K(x, t)φ(t)Δt,

where

K(x, t) =
⎧
⎨

⎩

4t for 0 ≤ x ≤ t

2x for x ≤ t ≤ 4.

Here
σ(x) = 2x, x ∈ T , x0 = 0, x1 = 4, b = 2,

g(x) = x3 − 7x2 + 2x.

Then

gΔ(x) = σ2(x) + xσ(x) + x2 − 7(σ(x) + x) + 2

= 4x2 + 2x2 + x2 − 21x + 2

= 7x2 − 21x + 2,

gΔ2
(x) = 7(σ(x) + x) − 21

= 21x − 21,

g(0) = 0, gΔ(4) = 30.

Hence, using (2.49), we get the following BVP

⎧
⎨

⎩

φΔ2
(x) + 2φ(x) = 21x − 21, 0 < x < 4,

φ(0) = 0, φΔ(4) = 30.
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Example 37 Let T = 4Z . Consider the following generalized Fredholm integral
equation

φ(x) = 2x3 − x2 + 4x + 2 +
∫ 8

−4
K(x, t)φ(t)Δt,

where

K(x, t) =
⎧
⎨

⎩

−t − 8 for − 4 ≤ t ≤ x

−x − 4 for x ≤ t ≤ 8.

Here
σ(x) = x + 4, x ∈ T , x0 = −4, x1 = 8, b = −1,

g(x) = 2x3 − x2 + 4x + 2.

Then

gΔ(x) = 2(σ2(x) + xσ(x) + x2) − (σ(x) + x) + 4

= 2((x + 4)2 + x(x + 4) + x2) − (x + 4 + x) + 4

= 2(x2 + 8x + 16 + x2 + 4x + x2) − 2x

= 2(3x2 + 12x + 16) − 2x

= 6x2 + 24x + 32 − 2x

= 6x2 + 22x + 32,

gΔ2
(x) = 6(σ(x) + x) + 22

= 6(x + 4 + x) + 22

= 6(2x + 4) + 22

= 12x + 24 + 22

= 12x + 46,

g(−4) = −158, gΔ(8) = 592.
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Hence, using (2.49), we get the following BVP

⎧
⎨

⎩

φΔ2
(x) − φ(x) = 12x + 46, −4 < x < 8,

φ(−4) = −158, φΔ(8) = 592.

Exercise 11 Convert the following generalized Fredholm integral equations to
BVPs.

1. φ(x) = x + 10 +
∫ 4

−2
K(x, t)φ(t)Δt, T = Z , where

K(x, t) =
⎧
⎨

⎩

t + 3 for − 2 ≤ t ≤ x

x + 2 for x ≤ t ≤ 4,

2. φ(x) = x3 + 1 +
∫ 6

0
K(x, t)φ(t)Δt, T = 2Z , where

K(x, t) =
⎧
⎨

⎩

−2(t + 2) for 0 ≤ t ≤ x

−2x for x ≤ t ≤ 6,

3. φ(x) = x2 + 3x +
∫ 4

0
K(x, t)φ(t)Δt, T = 2N0 ∪ {0}, where

K(x, t) =
⎧
⎨

⎩

2t for 0 ≤ t ≤ x

x for x ≤ t ≤ 4.

Answer

1. ⎧
⎨

⎩

φΔ2
(x) + φ(x) = 0, −2 < x < 4,

φ(−2) = 8, φΔ(4) = 1,

2. ⎧
⎨

⎩

φΔ2
(x) − 2φ(x) = 6x + 12, 0 < x < 6,

φ(0) = 1, φΔ(6) = 148,

3. ⎧
⎨

⎩

φΔ2
(x) + φ(x) = 3, 0 < x < 4,

φ(0) = 0, φΔ(4) = 15.
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2.6 Solutions of Generalized Integral Equations
and Generalized Integro-Differential Equations

Definition 1 A solution of a generalized integral equation or generalized integro-
differential equation is a function φ(x) that satisfies the given equation. In other
words, the solution φ(x) must satisfy both sides of the examined equation.

Definition 2 The solution is called exact if it can be represented in a closed form,
such as a polynomial, exponential function, trigonometric function or the combina-
tion of two or more of these elementary functions.

The following examples will be examined to explain the meaning of a solution.

Example 38 Some examples of exact solutions are as follows:

φ(x) = x2 + x + ex + cos x,

φ(x) = x − 2ex(x, 3),

φ(x) = 1 + coshx(x, 1) + cos x.

Example 39 Let T = Z . Consider the equation

φ(x) = x2 + 4x + 4 −
∫ x

−1
φ(t)Δt.

We will prove that φ(x) = 2x + 3 is its solution. Indeed,

∫ x

−1
φ(t)Δt =

∫ x

−1
(2t + 3)Δt

= 2
∫ x

−1
tΔt + 3

∫ x

−1
Δt

= 2
∫ x

−1

(
1

2
(t2)Δ − 1

2

)
Δt + 3(x + 1)

=
∫ x

−1
(t2)ΔΔt −

∫ x

−1
Δt + 3x + 3

= x2 − 1 − (x + 1) + 3x + 3

= x2 − 1 − x − 1 + 3x + 3

= x2 + 2x + 1.
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Hence,

x2 + 4x + 4 −
∫ x

−1
φ(t)Δt = x2 + 4x + 4 − (x2 + 2x + 1)

= 2x + 3

= φ(x).

Example 40 Let T = 2Z . Consider the equation

φ(x) = 1

3
x4 − 1

2
x3 − 1

3
x2 + x + 1 − x

∫ x

0
tφ(t)Δt.

We will prove that φ(x) = x + 1 is its solution. Indeed, we have that σ(x) = x + 2
and

∫ x

0
tφ(t)Δt =

∫ x

0
t(t + 1)Δt

=
∫ x

0
(t2 + t)Δt

=
∫ x

0

(
1

3
(t3)Δ − (t2)Δ + 2

3
+ 1

2
(t2)Δ − 1

)
Δt

=
∫ x

0

(
1

3
(t3)Δ − 1

2
(t2)Δ − 1

3

)
Δt

= 1

3

∫ x

0
(t3)ΔΔt − 1

2

∫ x

0
(t2)ΔΔt − 1

3

∫ x

0
Δt

= 1

3
x3 − 1

2
x2 − 1

3
x.

Hence,

1

3
x4 − 1

2
x3 − 1

3
x2 + x + 1 − x

∫ x

0
tφ(t)Δt

=1

3
x4 − 1

2
x3 − 1

3
x2 + x + 1 − x

(
1

3
x3 − 1

2
x2 − 1

3
x

)

=1

3
x4 − 1

2
x3 − 1

3
x2 + x + 1 − 1

3
x4 + 1

2
x3 + 1

3
x2

=x + 1

=φ(x).
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Example 41 Let T = 2N0 . Consider the integral equation

φ(x) = −1

3
x2 + x + 4

3
+ (x − 1)ex(x, 1) +

∫ x

1
φ(t)Δt.

Wewill prove that φ(x) = ex(x, 1) + x is its solution. Really, we have that σ(x) = 2x
and

∫ x

1
φ(t)Δt =

∫ x

1
(tet(t, 1) + t)Δt

=
∫ x

1
tet(t, 1)Δt +

∫ x

1
tΔt

= et(t, 1)
∣
∣
∣
t=x

t=1
+1

3

∫ x

1
(t2)ΔΔt

= ex(x, 1) − e1(1, 1) + 1

3
t2

∣
∣
∣
t=x

t=1

= ex(x, 1) + 1

3
x2 − 4

3
.

Hence,

− 1

3
x2 + x + 4

3
+ (x − 1)ex(x, 1) +

∫ x

1
φ(t)Δt

= −1

3
x2 + x + 4

3
+ (x − 1)ex(x, 1) + ex(x, 1) − e1(1, 1) + 1

3
x2 − 1

3

= xex(x, 1) + x

= φ(x).

Exercise 12 Show that the given function is a solution of the corresponding gener-
alized Volterra integral equation.

1. φ(x) = x2, T = 2Z ,

φ(x) = −1

5
x6 + x5 − 4

3
x4 + x2 + 8

15
x + x

∫ x

0
t2φ(t)Δt,

2. φ(x) = x + 2, T = Z ,

φ(x) = −1

3
x4 − 1

6
x3 + 4

3
x2 + 1

6
x + 2 + (x − 1)

∫ x

0
tφ(t)Δt,
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3. φ(x) = 2
√
x + 2x + 1, T = N 2

0 ,

φ(x) = −x3 + 2x + 2
√
x + 1 + x

∫ x

1
φ(t)Δt.

Example 42 Let T = Z . Consider the equation

φ(x) = x2 − 4x + x
∫ 4

0
φ(t)Δt.

Wewill prove that φ(x) = x2 − 2x is its solution. Indeed, we have that σ(x) = x + 1
and

x2 − 4x + x
∫ 4

0
φ(t)Δt = x2 − 4x + x

∫ 4

0
(t2 − 2t)Δt

= x2 − 4x + x
∫ 4

0

(
1

3
(t3)Δ − 1

2
(t2)Δ + 1

6
− 2

(
1

2
(t2)Δ − 1

2

))
Δt

= x2 − 4x + x
∫ 4

0

(
1

3
(t3)Δ − 1

2
(t2)Δ + 1

6
− (t2)Δ + 1

)
Δt

= x2 − 4x + x
∫ 4

0

(
1

3
(t3)Δ − 3

2
(t2)Δ + 7

6

)
Δt

= x2 − 4x + x

(
1

3
t3

∣
∣
∣
t=4

t=0
−3

2
t2

∣
∣
∣
t=4

t=0
+7

6
t
∣
∣
∣
t=4

t=0

)

= x2 − 4x + x

(
64

3
− 24 + 14

3

)

= x2 − 4x + 2x

= x2 − 2x

= φ(x).
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Example 43 Let T = 3N0 . Consider the equation

φ(x) = 1

164
x2

∫ 9

1
tφ(t)Δt.

We will prove that φ(x) = x2 is its solution. Really, we have that σ(x) = 3x and

1

164
x2

∫ 9

1
tφ(t)Δt = 1

164
x2

∫ 9

1
t3Δt

= 1

164
x2

1

40

∫ 9

1
(t4)ΔΔt

= 1

6560
x2t4

∣
∣
∣
t=9

t=1

= x2

= φ(x).

Example 44 Let T = N 2
0 ∪ {0}. Consider the equation

φ(x) = 12x
√
x + 6x − 2 + 3

32
x2

∫ 4

0
φ(t)Δt.

We will prove that
φ(x) = 6x2 + 12x

√
x + 6x − 2

is its solution. Really, we have that σ(x) = (
√
x + 1)2 and

12x
√
x + 6x − 2 + 3

32
x2

∫ 4

0
φ(t)Δt

= 12x
√
x + 6x − 2 + 3

32
x2

∫ 4

0
(6x2 + 12x

√
x + 6x − 2)Δx

= 12x
√
x + 6x − 2

+ 3

32
x2

∫ 4

0

(
2(3x2 + 6x

√
x + 7x + 4

√
x + 1) − 4(2x + 2

√
x + 1)

)
Δx
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= 12x
√
x + 6x − 2 + 3

32
x2

∫ 4

0

(
2(x3)Δ − 4(x2)Δ

)
Δx

= 12x
√
x + 6x − 2 + 3

32

(
2x3

∣
∣
∣
x=4

x=0
−4x2

∣
∣
∣
x=4

x=0

)

= 12x
√
x + 6x − 2 + 3

32
x2(128 − 64)

= 12x
√
x + 6x − 2 + 6x2

= φ(x).

Exercise 13 Show that the given function is a solution of the corresponding gener-
alized Fredholm integral equation.

1. φ(x) = x2 + 2x + 1, T = Z ,

φ(x) = x2 − 4x + 1 + x
∫ 2

−2
φ(t)Δt,

2. φ(x) = x − 4, T = 3Z ,

φ(x) = 16x − 4 + x
∫ 6

0
φ(t)Δt,

3. φ(x) = x − 1, T = 2N0 ∪ {0},

φ(x) = −1

3
x − 1 + x

∫ 4

0
φ(t)Δt.

2.7 Advanced Practical Exercises

Problem 1 Convert the following multiple integrals to single integrals.

1.
∫ x

0

∫ x1

0
et2(t, 1)ΔtΔx1, T = 3Z .

2.
∫ x

0

∫ x1

0
et�t2(t, 1)ΔtΔx1, T = 3N0 ∪ {0}.

3.
∫ x

0

∫ x1

0
sinht(t, 2)ΔtΔx1, T = 2N0 ∪ {0}.
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Answer

1.
∫ x

0
(x − t − 3)et2(t, 1)Δt,

2.
∫ x

0
(x − 3t)et�t2(t, 1)Δt,

3.
∫ x

0
(x − 2t) sinht(t, 2)Δt.

Problem 2 Convert the following multiple integrals to single integrals.

1.
∫ x

0

∫ x1

0
(x1 − t)t4ΔtΔx1, T = R,

2.
∫ x

0

∫ x1

0
(x1 − 3t)et(t, 1)ΔtΔx1, T = 3N0 ∪ {0},

3.
∫ x

2

∫ x1

2
(x1 − 2t) sinht(t, 2)ΔtΔx1, T = 2N0 .

Answer

1.
∫ x

0
(x − t)2t4Δt,

2.
∫ x

0
(x − 3t)2et(t, 1)Δt,

3.
∫ x

2
(x − 2t)2 sinht(t, 2)Δt.

Problem 3 Convert the following IVPs to integral equations.

1. ⎧
⎨

⎩

zΔ(x) − x2+1
x2+3 z(x) = −1

z(0) = 0, T = Z ,

2. ⎧
⎨

⎩

zΔ(x) − (2x2 + 1)z(x) = 2

z(0) = 1, T = N0,

3. ⎧
⎨

⎩

zΔ(x) − z(x) = −1

z(2) = 10, T = N .

Answer

1. φ(x) = −x +
∫ x

0

y2 + 1

y2 + 3
φ(y)Δy,

2. φ(x) = 2x + 1 +
∫ x

0
(2y2 + 1)φ(y)Δy,
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3. φ(x) = 12 − x +
∫ x

2
φ(y)Δy.

Problem 4 Convert the following IVPs to integral equations.

1. ⎧
⎨

⎩

zΔ
2
(x) − sinx(x, 0)z(x) = 1,

z(0) = 0, zΔ(0) = 1, T = 2Z ,

2. ⎧
⎨

⎩

zΔ
2
(x) + 2zΔ(x) + z(x) = 0,

z(1) = 1, zΔ(1) = 2, T = N ,

3. ⎧
⎨

⎩

zΔ
2
(x) + zΔ(x) + z(x) = ex(x, 2),

z(0) = 1, zΔ(0) = 2, T = N0.

Answer

1. φ(x) = 1

2
x2 +

∫ x

0
siny(y, 0)(x − 2 − y)φ(y)Δy,

2. φ(x) = −3 + 4x −
∫ x

1
(1 + x − y)φ(y)Δy,

3. φ(x) = 3x + 1 −
∫ x

0
(x − y)φ(y)Δy +

∫ x

0
(x − y − 1)ey(y, 2)Δy.

Problem 5 Convert the following generalized Volterra integral equations to IVPs.

1. φ(x) = sinhx(x, 2) +
∫ x

2
(1 − 2y)φ(y)Δy, T = Z ,

2. φ(x) = x2 + x +
∫ x

1
y2φ(y)Δy, T = N 3

0 ,

3. φ(x) = x2 − 2x + 2 +
∫ x

1
(x + y)φ(y)Δy, T = 4N0 .

Answer

1. ⎧
⎨

⎩

φΔ(x) − (1 − 2x)φ(x) = x coshx(x, 2),

φ(2) = 0,

2. ⎧
⎨

⎩

φΔ(x) − x2φ(x) = 2x + 3 3
√
x2 + 3 3

√
x + 2,

φ(1) = 2,
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3. ⎧
⎨

⎩

φΔ2
(x) − 20xφΔ(x) − 6φ(x) = 5,

φ(1) = 1, φΔ(1) = 8.

Problem 6 Convert the following generalized Volterra integro-differential equa-
tions to IVPs.

1. φ(x) = φΔ(x) +
∫ x

0
yφ(y)Δy, T = N 2

0 ,

2. φΔ(x) = φ(x) + x2 +
∫ x

0
φ(y)Δy, T = N 2

0 ,

3. φΔ(x) = φ(x) + x3 − 2x +
∫ x

0
xφ(y)Δy, T = 3N0 ∪ {0}.

Answer

1. ⎧
⎨

⎩

φΔ2
(x) − φΔ(x) + xφ(x) = 0,

φ(0) = φΔ(0),

2. ⎧
⎨

⎩

φΔ2
(x) − φΔ(x) − φ(x) = 2x + 2

√
x + 1,

φΔ(0) = φ(0),

3. ⎧
⎨

⎩

φΔ3
(x) − φΔ2

(x) − 9xφΔ(x) − 4φ(x) = 52x,

φΔ(0) = φ(0), φΔ2
(0) = φΔ(0) − 2.

Problem 7 Convert the followingBVPs to generalized Fredholm integral equations.

1. ⎧
⎨

⎩

zΔ
2
(x) + z(x) = 1, 0 < x < 9,

z(0) = z(9) = 0, T = Z ,

2. ⎧
⎨

⎩

zΔ
2
(x) + xz(x) = 1, 1 < x < 16,

z(1) = z(16) = 0, T = N 2
0 ,

3. ⎧
⎨

⎩

zΔ
2
(x) + x2z(x) = 1 − x, 1 < x < 8,

z(1) = 0, z(8) = 1, T = 2N0 .
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Answer

1. h(x) = 1,

K(x, t) =
⎧
⎨

⎩

− 1
9 (x − 9)(t + 1) for 0 ≤ t ≤ x

x
9 (8 − t) for x ≤ t ≤ 9,

2. h(x) = 1,

K(x, t) =
⎧
⎨

⎩

− 1
15x(x − 16)(t + 2

√
t) for 1 ≤ t ≤ x

1
15x(x − 1)(15 − t − 2

√
t) for x ≤ t ≤ 16,

3. h(x) = −(x − 1)

(
1

7
x2 + 1

)
,

K(x, t) =
⎧
⎨

⎩

− 1
7 (x − 8)x2(−1 + 2t) for 1 ≤ t ≤ x

2
7x

2(x − 1)(4 − t) for x ≤ t ≤ 8.

Problem 8 Convert the followingBVPs to generalized Fredholm integral equations.

1. ⎧
⎨

⎩

zΔ
2
(x) − (3x + 7)z(x) = 1 + cos x, 0 < x < 4,

z(0) = 0, zΔ(4) = 1, T = Z ,

2. ⎧
⎨

⎩

zΔ
2
(x) − z(x) = 1, −1 < x < 9,

z(−1) = zΔ(9) = 0, T = Z ,

3. ⎧
⎨

⎩

zΔ
2
(x) + xz(x) = x2 + 2x, 1 < x < 27,

z(1) = 0, zΔ(27) = 1, T = 3N0 .

Answer

1. h1(x) = 1 + cos x + 3x2 + 7x,

K1(x, t) =
⎧
⎨

⎩

−(3x + 7)(t + 1) for 0 ≤ t ≤ x

−x(3x + 7) for x ≤ t ≤ 4,
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2. h1(x) = 1,

K1(x, t) =
⎧
⎨

⎩

−t − 2 for − 1 ≤ t ≤ x

−x − 1 for x ≤ t ≤ 9,

3. h1(x) = 3x,

K1(x, t) =
⎧
⎨

⎩

x(−1 + 3t) for 1 ≤ t ≤ x

x(x − 1) for x ≤ t ≤ 27.

Problem 9 Convert the following generalized Fredholm integral equations to BVPs

1.

φ(x) = x2 + 2x + 4 +
∫ 4

0
K(x, t)φ(t)Δt,

where

K(x, t) =
⎧
⎨

⎩

3(4 − x)(t + 1) for 0 ≤ t ≤ x

3x(3 − t) for x ≤ t ≤ 4,

T = Z ,

2.

φ(x) = x3 − 3x2 +
∫ 2

−1
K(x, t)φ(t)Δt,

where

K(x, t) =
⎧
⎨

⎩

2(2 − x)(t + 2) for − 1 ≤ t ≤ x

2(1 − t)(x + 1) for x ≤ t ≤ 2,

T = Z ,

3.

φ(x) = x4 + x +
∫ 3

0
K(x, t)φ(t)Δt,

where

K(x, t) =
⎧
⎨

⎩

3t(3 − x) for 0 ≤ t ≤ x

3x(1 − t) for x ≤ t ≤ 3,

T = 3N0 ∪ {0}.
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Answer

1. ⎧
⎨

⎩

φΔ2
(x) + 12φ(x) = 2

φ(0) = 4, φ(4) = 28,

2. ⎧
⎨

⎩

φΔ2
(x) + 6φ(x) = 6x

φ(−1) = −4, φ(2) = −4,

3. ⎧
⎨

⎩

φΔ2
(x) + 3φ(x) = 520x2

φ(0) = 0, φ(3) = 84.

Problem 10 Convert the following generalized Fredholm integral equations to
BVPs.

1. φ(x) = x2 − 10x + 5 +
∫ 8

0
K(x, t)φ(t)Δt, T = Z , where

K(x, t) =
⎧
⎨

⎩

t + 1 for 0 ≤ t ≤ x

x + 2 for x ≤ t ≤ 8,

2. φ(x) = x4 +
∫ 8

−2
K(x, t)φ(t)Δt, T = 2Z , where

K(x, t) =
⎧
⎨

⎩

t + 4 for − 2 ≤ t ≤ x

x + 2 for x ≤ t ≤ 8,

3. φ(x) = x2 +
∫ 4

0
K(x, t)φ(t)Δt, T = N0

2 ∪ {0}, where

K(x, t) =
⎧
⎨

⎩

2(
√
t + 1)2 for 0 ≤ t ≤ x

2x for x ≤ t ≤ 4.
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Answer

1. ⎧
⎨

⎩

φΔ2
(x) + φ(x) = 2, 0 < x < 8,

φ(0) = 5, φΔ(8) = 7,

2. ⎧
⎨

⎩

φΔ2
(x) + φ(x) = 12x2 + 48x + 56, −2 < x < 8,

φ(−2) = 16, φΔ(8) = 2952,

3. ⎧
⎨

⎩

φΔ2
(x) + 2φ(x) = 2 + 2

1+2
√
x
, 0 < x < 4,

φ(0) = 0, φΔ(4) = 13.

Problem 11 Show that the given function is a solution of corresponding generalized
Volterra integral equation.

1. φ(x) = x2, T = Z ,

φ(x) = −1

5
x6 + 1

4
x5 + 1

6
x4 − 1

4
x3 + 1

30
x + x2 + x

∫ x

0
(t2 + t)φ(t)Δt,

2. φ(x) = x2 + sin x, T = R,

φ(x) = −x5

4
+ x4

3
+ 7

12
x − (x − 1) sin x + (x2 − x) cos x + x2

+ 2x cos 1 − x sin 1 + x
∫ x

−1
(t − 1)φ(t)Δt,

3. φ(x) = x, T = 3N0 ,

φ(x) = − 1

13
x(x3 − 14) + x

∫ x

1
tφ(t)Δt.

Problem 12 Show that the given function is a solution of the corresponding gener-
alized Fredholm integral equation.

1. φ(x) = x3 + x, T = Z ,

φ(x) = x3 − 23x + 2x
∫ 3

0
φ(t)Δt,
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2. φ(x) = x2 + 2x − 4, T = 2Z ,

φ(x) = x2 − 13x − 4 + x
∫ 5

0
φ(t)Δt,

3. φ(x) = 2x + 2
√
x + 1, T = N 2

0 ,

φ(x) = 2x + 1 + 1

8

√
x
∫ 4

0
φ(t)Δt.



Chapter 3
Generalized Volterra Integral Equations

In this chapter we investigate generalized Volterra integral equations. They are
described different methods for finding a solution as an infinite series such as: the
Adomian decomposition method, the modified decomposition method, the noise
terms phenomenon, the differential equations method and the successive iterations
method. It is given a procedure for conversion of generalized Volterra integral equa-
tions of the first kind to generalized Volterra integral equations of the second kind.
They are provided existence and uniqueness of the solution.

The generalized Volterra integral equations arise in many scientific applications
such as the population dynamics, spread of epidemics and semi-conductor devices. It
was shown thatVolterra integral equations can be derived from initial value problems.
In this chapter we will apply the Adomian decomposition method, the modified
decomposition method, the noise terms phenomenon, differential equations method
and successive approximations method. The theorems of existence and uniqueness
of the solutions are given in the last section of this chapter.

3.1 Generalized Volterra Integral Equations
of the Second Kind

3.1.1 The Adomian Decomposition Method

The Adomian decomposition method (ADM) consists of decomposing the unknown
function φ(x) of any generalized Volterra integral equation into a sum of infinite
number of components by the series

φ(x) =
∞∑

n=0

φn(x) (3.1)

© Atlantis Press and the author(s) 2016
S.G. Georgiev, Integral Equations on Time Scales, Atlantis Studies
in Dynamical Systems 5, DOI 10.2991/978-94-6239-228-1_3
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or equivalently
φ(x) = φ0(x) + φ1(x) + φ2(x) + · · · ,

where the components φl(x), l ∈ N0, are to be determined in a recursive manner.
To establish the recursive relation, we substitute (3.1) into the generalizedVolterra

integral equation

φ(x) = u(x) + λ

∫ x

a
K(x, y)φ(y)Δy. (3.2)

We obtain ∞∑

n=0

φn(x) = u(x) + λ

∫ x

a
K(x, y)

∞∑

n=0

φn(y)Δy,

or equivalently,

φ0(x) + φ1(x) + φ2(x) + · · · = u(x) + λ

∫ x

a
K(x, y)φ0(y)Δy

+ λ

∫ x

a
K(x, y)φ1(y)Δy

+ λ

∫ x

a
K(x, y)φ2(y)Δy

+ · · · .

We set
φ0(x) = u(x),
φ1(x) = λ

∫ x
a K(x, y)φ0(y)Δy,

φ2(x) = λ
∫ x
a K(x, y)φ1(y)Δy,

and so on for the other components, or equivalently,

φ0(x) = u(x),

φn(x) = λ
∫ x
a K(x, y)φn−1(y)Δy, n ∈ N .

(3.3)

In view of (3.3), the components φ0(x), φ1(x), φ2(x), . . . are completely determined.
The solution φ(x) of (3.2) in a series form is obtained by using the series (3.1).

In other words, the Adomian decomposition method converts the generalized
Volterra integral equation into a determination of computable components. Note that
if an exact solution exists for (3.2), then the obtained series converges to that solution.
However, for some equations,when a closed form solution is not obtainable, a number
of terms of (3.1) can be used for numerical purposes. The question for convergence
of φn(x) will be discussed in the last section of this chapter.



3.1 Generalized Volterra Integral Equations of the Second Kind 133

Example 1 Let T = Z . Consider the generalized Volterra integral equation

φ(x) = x +
∫ x

0
φ(y)Δy.

Here
σ(x) = x + 1, x ∈ T , u(x) = x, K(x, y) = 1, λ = 1.

Then

φ0(x) = x,

φ1(x) =
∫ x

0
φ1(y)Δy

=
∫ x

0
yΔy

=
∫ x

0

(
1

2
(y2)Δ − 1

2

)
Δy

= 1

2

∫ x

0
(y2)ΔΔy − 1

2

∫ x

0
Δy

= 1

2
x2 − 1

2
x,

φ2(x) =
∫ x

0
φ1(y)Δy

=
∫ x

0

(
1

2
y2 − 1

2
y

)
Δy

= 1

2

∫ x

0
y2Δy − 1

2

∫ x

0
yΔy

= 1

2

∫ x

0

(
1

3
(y3)Δ − 1

2
(y2)Δ + 1

6

)
Δy

− 1

2

∫ x

0

(
1

2
(y2)Δ − 1

2

)
Δy

= 1

6

∫ x

0
(y3)ΔΔy − 1

4

∫ x

0
(y2)ΔΔy + 1

12

∫ x

0
Δy

− 1

4

∫ x

0
(y2)ΔΔy + 1

4

∫ x

0
Δy

= 1

6

∫ x

0
(y3)ΔΔy − 1

2

∫ x

0
(y2)ΔΔy + 1

3

∫ x

0
Δy

= 1

6
x3 − 1

2
x2 + 1

3
x,
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φ3(x) =
∫ x

0
φ2(y)Δy

=
∫ x

0

(
1

6
y3 − 1

2
y2 + 1

3
y

)
Δy

= 1

6

∫ x

0
y3Δy − 1

2

∫ x

0
y2Δy + 1

3

∫ x

0
yΔy

= 1

6

∫ x

0

(
1

4
(y4)Δ − 1

2
(y3)Δ + 1

4
(y2)Δ

)
Δy

− 1

2

∫ x

0

(
1

3
(y3)Δ − 1

2
(y2)Δ + 1

6

)
Δy

+ 1

3

∫ x

0

(
1

2
(y2)Δ − 1

2

)
Δy

= 1

24
x4 − 1

12
x3 + 1

24
x2 − 1

6
x3 + 1

4
x2

− 1

12
x + 1

6
x2 − 1

6
x

= 1

24
x4 − 1

4
x3 + 11

24
x2 − 1

4
x.

Example 2 Let T = 2N0 ∪ {0}. Consider the equation

φ(x) = 1 + x
∫ x

0
φ(y)Δy.

Here
K(x, y) = x, u(x) = 1, σ (x) = 2x, x ∈ T .

Then

φ0(x) = 1,

φ1(x) = x
∫ x

0
φ0(y)Δy

= x
∫ x

0
Δy

= x2,

φ2(x) = x
∫ x

0
φ1(y)Δy

= x
∫ x

0
y2Δy

= 1

7
x
∫ x

0
(y3)ΔΔy

= 1

7
x4,
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φ3(x) = x
∫ x

0
φ2(y)Δy

= 1

7
x
∫ x

0
y4Δy

= 1

217
x
∫ x

0
(y5)ΔΔy

= 1

217
x6.

Exercise 1 Let T = 3N0 ∪ {0}. Consider the equation

φ(x) = x + 2
∫ x

0
φ(y)Δy.

Find φi(x), i ∈ {0, 1, 2, 3}.
Answer

φ0(x) = x, φ1(x) = 1

2
x2, φ2(x) = 1

13
x3, φ3(x) = 1

260
x4.

Example 3 Let T = 3Z . Consider the equation

φ(x) = 1 + 2
∫ x

0
φ(y)Δy.

We will find its solution in a series form.
Here

u(x) = 1, K(x, y) = 1, λ = 2, σ (x) = x + 3, x ∈ T .

Using the ADM we set the recurrence formula

{
φ0(x) = 1,
φn(x) = 2

∫ x
0 φn−1(y)Δy, n ∈ N .

This in turn gives

φ1(x) = 2
∫ x

0
φ0(y)Δy

= 2
∫ x

0
Δy

= 2x,
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φ2(x) = 2
∫ x

0
φ1(y)Δy

= 4
∫ x

0
yΔy

= 4
∫ x

0

(
1

2
(y2)Δ − 3

2

)
Δy

= 2
∫ x

0
(y2)ΔΔy − 6

∫ x

0
Δy

= 2x2 − 6x,

φ3(x) = 2
∫ x

0
φ2(y)Δy

= 4
∫ x

0
(y2 − 3y)Δy

= 4
∫ x

0

(
1

3
(y3)Δ − 3

2
(y2)Δ + 3

2
− 3

(
1

2
(y2)Δ − 3

2

))
Δy

= 4
∫ x

0

(
1

3
(y3)Δ − 3

2
(y2)Δ + 3

2
− 3

2
(y2)Δ + 9

2

)
Δy

= 4
∫ x

0

(
1

3
(y3)Δ − 3(y2)Δ + 6

)
Δy

= 4

3

∫ x

0
(y3)ΔΔy − 12

∫ x

0
(y2)ΔΔy + 24

∫ x

0
Δy

= 4

3
x3 − 12x2 + 24x.

Then the solution in a series form is given by

φ(x) = 1 + 2x + (2x2 − 6x) +
(
4

3
x3 − 12x2 + 24x

)
+ · · · .

Example 4 Let T = 2N0 ∪ {0}. Consider the equation

φ(x) = x + 1 − x
∫ x

0
φ(y)Δy.

We will find its solution in a series form.
Here

u(x) = x + 1, λ = −1, K(x, y) = x, σ (x) = 2x, x ∈ T .
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Using the ADM we set the recurrence formula

{
φ0(x) = x + 1,
φn(x) = −x

∫ x
0 φn−1(y)Δy, n ∈ N .

This in turn gives

φ1(x) = −x
∫ x

0
φ0(y)Δy

= −x
∫ x

0
(y + 1)Δy

= −x
∫ x

0

(
1

3
(y2)Δ + 1

)
Δy

= −1

3
x
∫ x

0
(y2)ΔΔy − x

∫ x

0
Δy

= −1

3
x3 − x2,

φ2(x) = −x
∫ x

0
φ1(y)Δy

= x
∫ x

0

(
1

3
y3 + y2

)
Δy

= x
∫ x

0

(
1

45
(y4)Δ + 1

7
(y3)Δ

)
Δy

= 1

45
x
∫ x

0
(y4)ΔΔy + 1

7
x
∫ x

0
(y3)ΔΔy

= 1

45
x5 + 1

7
x4,

φ3(x) = −x
∫ x

0
φ2(y)Δy

= −x
∫ x

0

(
1

45
y5 + 1

7
y4

)
Δy

= −x
∫ x

0

(
1

2835
(y6)Δ + 1

217
(y5)Δ

)
Δy

= − 1

2835
x
∫ x

0
(y6)ΔΔy − 1

217
x
∫ x

0
(y5)ΔΔy

= − 1

2835
x7 − 1

217
x6,

Then the solution in a series form is given by

φ(x) = x + 1 +
(

−1

3
x3 − x2

)
+

(
1

45
x5 + 1

7
x4

)
+

(
− 1

2835
x7 − 1

217
x6

)
+ · · · .
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Exercise 2 Let T = 4N0 ∪ {0}. Find a solution in a series form of the following
equation

φ(x) = 1 +
∫ x

0
φ(t)Δt.

Answer

φ(x) = 1 + x + 1

5
x2 + 1

105
x3 + · · · .

3.1.2 The Modified Decomposition Method

For many cases, the function u(x) can be represented as the sum of two partial
functions, namely, u1(x) and u2(x), i.e.,

u(x) = u1(x) + u2(x).

Themodifieddecompositionmethod(MDM) introduces themodified recurrence rela-
tion.

φ0(x) = u1(x),
φ1(x) = u2(x) + λ

∫ x
a K(x, y)φ0(y)Δy,

φn(x) = λ
∫ x
a K(x, y)φn−1(y)Δy, n ∈ N \{1}.

(3.4)

The difference between the standard recurrence (3.3) and the modified recurrence
relation (3.4) is in the information of the first two components φ0(x) and φ1(x). The
other components φn(x), n ≥ 2, remain the same in the two recurrence formulas. The
success of this modification depends only on the proper choice of u1(x) and u2(x).
A rule for such choice of u1(x) and u2(x) could not be found yet. If u(x) consists of
one term only, the standard decomposition method can be used in this case.

Example 5 Let T = Z . Consider the equation

φ(x) = x2 + x +
∫ x

0
φ(y)Δy.

Here

u(x) = x2 + x, λ = 1, K(x, y) = 1, σ (x) = x + 1, x ∈ T .

Let
u1(x) = x, u2(x) = x2.
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Then, using (3.4), we have

φ0(x) = x,

φ1(x) = x2 +
∫ x

0
φ0(y)Δy

= x2 +
∫ x

0
yΔy

= x2 +
∫ x

0

(
1

2
(y2)Δ − 1

2

)
Δy

= x2 + 1

2
x2 − 1

2
x

= 3

2
x2 − 1

2
x,

φ2(x) =
∫ x

0
φ1(y)Δy

=
∫ x

0

(
3

2
y2 − 1

2
y

)
Δy

=
∫ x

0

(
3

2

(
1

3
(y3)Δ − 1

2
(y2)Δ + 1

6

)
− 1

2

(
1

2
(y2)Δ − 1

2

))
Δy

=
∫ x

0

(
1

2
(y3)Δ − 3

4
(y2)Δ + 1

4
− 1

4
(y2)Δ + 1

4

)
Δy

=
∫ x

0

(
1

2
(y3)Δ − (y2)Δ + 1

2

)
Δy

= 1

2

∫ x

0
(y3)ΔΔy −

∫ x

0
(y2)ΔΔy + 1

2

∫ x

0
Δy

= 1

2
x3 − x2 + 1

2
x,

φ3(x) =
∫ x

0
φ2(y)Δy

=
∫ x

0

(
1

2
y3 − y2 + 1

2
y

)
Δy

=
∫ x

0

(1
2

(
1

4
(y4)Δ − 1

2
(y3)Δ + 1

4
(y2)Δ

)

− 1

3
(y3)Δ + 1

2
(y2)Δ − 1

6
+ 1

2

(
1

2
(y2)Δ − 1

2

))
Δy

=
∫ x

0

(1
8
(y4)Δ − 1

4
(y3)Δ + 1

8
(y2)Δ − 1

3
(y3)Δ

+ 1

2
(y2)Δ − 1

6
+ 1

4
(y2)Δ − 1

4

)
Δy
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=
∫ x

0

(1
8
(y4)Δ − 7

12
(y3)Δ + 7

8
(y2)Δ − 5

12

)
Δy

= 1

8

∫ x

0
(y4)ΔΔy − 7

12

∫ x

0
(y3)ΔΔy + 7

8

∫ x

0
(y2)ΔΔy − 5

12

∫ x

0
Δy

= 1

8
x4 − 7

12
x3 + 7

8
x2 − 5

12
x.

Example 6 Let T = 2N0 ∪ {0}. Consider the equation

φ(x) = x − 2 + 3x
∫ x

0
φ(y)Δy.

Here
u(x) = x − 2, K(x, y) = 3x, σ (x) = 2x, x ∈ T .

Let
u1(x) = −2, u2(x) = x.

Then, using (3.4), we have

φ0(x) = −2,

φ1(x) = x + 3x
∫ x

0
φ0(y)Δy

= x − 6x
∫ x

0
Δy

= x − 6x2,

φ2(x) = 3x
∫ x

0
φ1(y)Δy

= 3x
∫ x

0
(y − 6y2)Δy

= 3x
∫ x

0

(
1

3
(y2)Δ − 6

7
(y3)Δ

)
Δy

= x
∫ x

0
(y2)ΔΔy − 18

7
x
∫ x

0
(y3)ΔΔy

= x3 − 18

7
x4,
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φ3(x) = 3x
∫ x

0
φ2(y)Δy

= 3x
∫ x

0

(
y3 − 18

7
y4

)
Δy

= 3x
∫ x

0

(
1

15
(y4)Δ − 18

217
(y5)Δ

)
Δy

= 1

5
x
∫ x

0
(y4)ΔΔy − 54

217
x
∫ x

0
(y5)ΔΔy

= 1

5
x5 − 54

217
x6.

Exercise 3 Let T = 3Z . Consider the equation

φ(x) = x + 1 +
∫ x

0
yφ(y)Δy.

Using MDM, find φ0(x), φ1(x), φ2(x) and φ3(x).

Answer

φ0(x) = 1, φ1(x) = −1

2
x + 1

2
x2,

φ2(x) = 1

8
x4 − 11

12
x3 + 15

8
x2 − 3

4
x,

φ3(x) = 1

48
x6 − 89

240
x5 + 37

16
x4 − 93

16
x3 + 9

2
x2 + 27

20
x.

Now we consider the following generalized Volterra integral equation of the second
kind

φ(x) = u(x) + λ

∫ x

a
K(x, y)φ(σ (y))Δy, a ∈ T . (3.5)

We define
φ0(x) = u(x),
φn(x) = λ

∫ x
a K(x, y)φn−1(σ (y))Δy, n ∈ N .

(3.6)

Then a series solution of the Eq. (3.5) is given by

φ(x) =
∞∑

n=0

φn(x),

where φn(x), n ∈ N0, are defined by (3.6).
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Example 7 Let T = Z . Consider the equation

φ(x) = 1 + 2
∫ x

0
yφ(y + 1)Δy.

Here
u(x) = 1, λ = 2, a = 0, K(x, y) = y.

Then

φ0(x) = 1,

φ1(x) = 2
∫ x

0
yφ0(y + 1)Δy

= 2
∫ x

0
yΔy

= 2
∫ x

0

(
1

2
(y2)Δ − 1

2

)
Δy

=
∫ x

0

(
(y2)Δ − 1

)
Δy

=
∫ x

0
(y2)ΔΔy −

∫ x

0
Δy

= x2 − x,

φ2(x) = 2
∫ x

0
yφ1(y + 1)Δy

= 2
∫ x

0
y
(
(y + 1)2 − (y + 1)

)
Δy

= 2
∫ x

0
y(y2 + 2y + 1 − y − 1)Δy

= 2
∫ x

0
y(y2 + y)Δy

= 2
∫ x

0
(y2 + y3)Δy

= 2
∫ x

0

(
1

3
(y3)Δ − 1

2
(y2)Δ + 1

6
+ 1

4
(y4)Δ − 1

2
(y3)Δ + 1

4
(y2)Δ

)
Δy

= 2
∫ x

0

(
−1

4
(y2)Δ − 1

6
(y3)Δ + 1

4
(y4)Δ + 1

6

)
Δy

= −1

2

∫ x

0
(y2)ΔΔy − 1

3

∫ x

0
(y3)ΔΔy + 1

2

∫ x

0
(y4)ΔΔy + 1

3

∫ x

0
Δy

= 1

3
x − 1

2
x2 − 1

3
x3 + 1

2
x4.
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Example 8 Let T = 2N0 ∪ {0}. Consider the equation

φ(x) = x + 3
∫ x

0
yφ(2y)Δy.

Here
u(x) = x, λ = 3, K(x, y) = y, a = 0.

φ0(x) = x,

φ1(x) = 3
∫ x

0
yφ0(2y)Δy

= 6
∫ x

0
y2Δy

= 6

7

∫ x

0
(y3)ΔΔy

= 6

7
x3,

φ2(x) = 3
∫ x

0
yφ1(2y)Δy

= 18

7

∫ x

0
y(2y)3Δy

= 144

7

∫ x

0
y4Δy

= 144

217

∫ x

0
(y5)ΔΔy

= 144

217
x5.

Exercise 4 Using ADM, find φ0(x), φ1(x) and φ2(x) for the equation

φ(x) = x2 +
∫ x

0
yφ(3y)Δy, T = 3N0 ∪ {0}.

Answer

φ0(x) = x2, φ1(x) = 9

40
x4, φ2(x) = 729

14560
x6.
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3.1.3 The Noise Terms Phenomenon

The noise terms are defined as the identical terms with opposite signs which can
appear in the components φ0(x) and φ1(x) and in the other components as well.
Noise terms may appear if the exact solutions of the considered equation is part of
the zeroth component φ0(x).By cancelling the noise terms between φ0(x) and φ1(x),
the remaining non-cancelled terms of φ0(x) may give the exact solution of the given
equation. Verification that the remaining non-cancelled terms satisfy the integral
equation is necessary and essential. Note that the noise terms appear for specific
cases of inhomogeneous integral equations. Homogeneous integral equations do not
give rise to noise terms. The question for convergence of φn(x) will be discussed in
the last section of this chapter.

Example 9 Let T = 2N0 ∪ {0}. Consider the equation

φ(x) = x2 − 3x +
∫ x

0
φ(y)Δy.

Using ADM, we have

φ0(x) = x2 − 3x,

φ1(x) =
∫ x

0
φ0(y)Δy

=
∫ x

0
(y2 − 3y)Δy

=
∫ x

0

(
1

7
(y3)Δ − (y2)Δ

)
Δy

= 1

7
x3 − x2.

The noise term is x2. Therefore we will check that φ(x) = −3x is a solution of the
given equation. We have

x2 − 3x +
∫ x

0
(−3y)Δy = x2 − 3x −

∫ x

0
(y2)ΔΔy

= x2 − 3x − x2

= −3x

= φ(x).

Example 10 Let T = 3Z . Consider the equation

φ(x) = x + 1

2
+

∫ x

0
φ(y)Δy.
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Using ADM, we have

φ0(x) = x + 1

2
,

φ1(x) =
∫ x

0

(
y + 1

2

)
Δy

=
∫ x

0

(
1

2
(y2)Δ − 3

2
+ 1

2

)
Δy

=
∫ x

0

(
1

2
(y2)Δ − 1

)
Δy

= 1

2

∫ x

0
(y2)ΔΔy −

∫ x

0
Δy

= 1

2
x2 − x.

The noise term is −x. We will check if φ(x) = 1

2
is a solution of the given equation.

We have

x + 1

2
+

∫ x

0

1

2
Δy = x + 1

2
+ 1

2
x

= 3

2
x + 1

2
�= φ(x).

Therefore φ(x) = 1

2
is not a solution of the given equation.

Exercise 5 Check if the noise terms phenomenon gives a solution to the equation

φ(x) = x2 − x +
∫ x

0
φ(y)Δy, T = Z .

Answer No.

Exercise 6 Use the noise terms phenomenon to solve the following equation

φ(x) = x − 1 +
∫ x

0
φ(y)Δy, T = 2N0 ∪ {0}.

Answer φ(x) = −1.
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3.1.4 Differential Equations Method

In this section we will solve some generalized Volterra integral equations reducing
them to IVPs for some differential equations. This method is known as Differential
Equation Method (DEM).

Example 11 Let T = Z . Consider the equation

φ(x) = 1 +
∫ x

−1
y2φ(y)Δy. (3.7)

We differentiate the Eq. (3.7) with respect to x and we get

φΔ(x) = x2φ(x).

Substituting x = −1 in (3.7) we find φ(−1) = 1. In this way we obtain the following
IVP {

φΔ(x) = x2φ(x)
φ(−1) = 1.

(3.8)

Also, σ(x) = x + 1, x ∈ T . Hence μ(x) = σ(x) − x = 1. Therefore

1 + μ(x)x2 = 1 + x2 �= 0 for any x ∈ T .

Consequently the solution of (3.8) is given by

φ(x) = ex2(x,−1),

which is a solution of (3.7).

Example 12 Let T = 3Z . Consider the equation

φ(x) = −3 + 2
∫ x

−1
φ(y)Δy. (3.9)

We differentiate (3.9) with respect to x and we find

φΔ(x) = 2φ(x).

We substitute x = −1 in (3.9) and we obtain

φ(−1) = −3.
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Consequently we go to the following IVP

{
φΔ(x) = 2φ(x)
φ(−1) = −3.

(3.10)

Here σ(x) = x + 3. Hence,

μ(x) = σ(x) − x = x + 3 − x = 3 and 1 + 2μ(x) = 7 �= 0.

Therefore the solution of (3.10) is given by

φ(x) = −3e2(x,−1).

Example 13 Let T = 3N0 . Consider the equation

φ(x) = 10 + 2
∫ x

1
φ(y)Δy. (3.11)

We differentiate the Eq. (3.11) with respect to x and we get

φΔ(x) = 2φ(x).

We substitute x = −1 in (3.11) and we find φ(1) = 10.
In this way we go to the following IVP

{
φΔ(x) = 2φ(x)
φ(1) = 10.

(3.12)

Here
σ(x) = 3x, μ(x) = σ(x) − x = 3x − x = 2x,
1 + 2μ(x) = 1 + 4x �= 0 for any x ∈ T .

Consequently the solution of (3.12) is given by

φ(x) = 10e2(x, 1)

= 10
∏

s∈[1,x)
(1 + (3 − 1)2s)

= 10
∏

s∈[1,x)
(1 + 4s),

which is a solution to the Eq. (3.11).
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Example 14 Let T = 1

3
Z . Consider the equation

φ(x) = −2 +
∫ x

0
φ(y)Δy. (3.13)

We differentiate the Eq. (3.13) with respect to x and we get

φΔ(x) = φ(x).

We substitute x = 0 in (3.13) and we find φ(0) = −2.
Therefore we obtain the following IVP

{
φΔ(x) = φ(x)
φ(0) = −2.

(3.14)

Here
σ(x) = x + 1

3 , μ(x) = σ(x) − x = x + 1
3 − x = 1

3 .

Consequently the solution of (3.14) is given by

φ(x) = −2e1(x, 0)

= −2

(
1 + 1

3

)3x

= −2

(
4

3

)3x

.

Example 15 Let T = qN0 , q > 1. Consider the integral equation

φ(x) = b +
∫ x

1

1 − y

(q − 1)y2
φ(y)Δy, (3.15)

where b is a real constant. We differentiate (3.15) with respect to x and we find

φΔ(x) = 1 − x

(q − 1)x2
φ(x).

We substitute x = 1 in (3.15) and we find φ(1) = b.
Therefore we go to the following IVP

{
φΔ(x) = 1−x

(q−1)x2 φ(x)
φ(1) = b.

(3.16)
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Here
σ(x) = qx, μ(x) = σ(x) − x = (q − 1)x,

1 + μ(x) 1−x
(q−1)x = 1 + (q − 1)x 1−x

(q−1)x2 = 1 + 1−x
x = 1

x �= 0

for any x ∈ T .

Therefore the solution of (3.16) is given by

φ(x) = be 1−x
(q−1)x2

(x, 1),

which is a solution of the Eq. (3.15).

Example 16 Let T = N 2
0 . Consider the equation

φ(x) = 1 +
∫ x

0
φ(y)Δy. (3.17)

We differentiate the Eq. (3.17) with respect to x and we find

φΔ(x) = φ(x).

We substitute x = 0 in (3.17) and we obtain φ(0) = 1. In this way we go to the
following IVP {

φΔ(x) = φ(x)
φ(0) = 1.

(3.18)

Here
σ(x) = (

√
x + 1)2, μ(x) = σ(x) − x = 2

√
x + 1,

1 + μ(x) = 2 + 2
√
x �= 0 for any x ∈ T .

Therefore the solution of (3.18) is given by

φ(x) = e1(x, 0),

which is a solution of the Eq. (3.17).

Exercise 7 Find a solution of the following generalized Volterra integral equations.

1. φ(x) = −1 +
∫ x

0
y2φ(y)Δy, T = Z ,

2. φ(x) = 2 +
∫ x

0
(y4 + 1)φ(y)Δy, T = 2Z ,

3. φ(x) = 10 + 4
∫ x

1
(1 + y)φ(y)Δy, T = 2N0 .
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Answer

1. −ex2(x, 0),
2. 2ex4+1(x, 0),
3. 10e4+4x(x, 1).

Theorem 1 Let f , g : T �−→ R be rd-continuous functions and g be delta differ-
entiable in T . Then a solution of the generalized Volterra integral equation

φ(x) = f (x) +
∫ x

a
g(y)φ(y)Δy, a ∈ T , (3.19)

is given by the expression

φ(x) = eg(x, a)f (a) +
∫ x

a

eg(x, τ )

1 + μ(τ)g(τ )
f Δ(τ)Δτ. (3.20)

Proof We differentiate the Eq. (3.19) with respect to x and we get

φΔ(x) = f Δ(x) + g(x)φ(x).

We substitute x = a in (3.19) and we find

φ(a) = f (a).

Therefore we get to the following IVP

{
φΔ(x) = g(x)φ(x) + f Δ(x)
φ(a) = f (a).

The solution of the last IVP is given by (3.20).

Example 17 Let T = Z . Consider the equation

φ(x) = x2 + x +
∫ x

0
yφ(y)Δy.

Here
f (x) = x2 + x, g(x) = x, a = 0,
σ (x) = x + 1, μ(x) = σ(x) − x = x + 1 − x = 1, x ∈ T .

Hence,

f Δ(x) = σ(x) + x + 1

= x + 1 + x + 1

= 2x + 2,

f (0) = 0.
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Then, using (3.20), we find

φ(x) =
∫ x

0

ex(x, τ )

1 + τ
(2τ + 2)Δτ

= 2
∫ x

0
ex(x, τ )Δτ.

Example 18 Let T = N 3
0 . Consider the equation

φ(x) = 2x2 − 3x +
∫ x

1
(y2 + y)φ(y)Δy.

Here

f (x) = 2x2 − 3x, g(x) = x2 + x, a = 1,

σ (x) = ( 3
√
x + 1)3,

μ(x) = σ(x) − x

= ( 3
√
x + 1)3 − x

= x + 3
3
√
x2 + 3 3

√
x + 1 − x

= 3
3
√
x2 + 3 3

√
x + 1,

1

1 + μ(x)g(x)
= 1

1 + (3 3
√
x2 + 3 3

√
x + 1)(x2 + x)

,

f Δ(x) = 2(σ (x) + x) − 3

= 2( 3
√
x + 1)3 + 2x − 3

= 2x + 6
3
√
x2 + 6 3

√
x + 2 + 2x − 3

= 4x + 6
3
√
x2 + 6 3

√
x − 1,

f (1) = −1.

Then, using (3.20), we find

φ(x) = −ex2+x(x, 1) +
∫ x

1

ex2+x(x, τ )

1 + (3
3√
τ2 + 3 3√τ + 1)(τ2 + τ)

(4τ + 6
3
√

τ2 + 6 3√τ − 1)Δτ.

Exercise 8 UsingDEM,find a solution of the following generalizedVolterra integral
equations.

1. φ(x) = x3 − 4x +
∫ x

1
yφ(y)Δy, T = 2N0 ,

2. φ(x) = x2 + 2x + 1 +
∫ x

1
(y2 + y)φ(y)Δy, T = 3Z ,

3. φ(x) = 2x + 3 +
∫ x

0
(y4 + y2 + 1)φ(y)Δy, T = Z .
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Answer

1. φ(x) = −3ex(x, 1) +
∫ x

1

ex(x, τ )

1 + τ 2
(7τ 2 − 4)Δτ,

2. φ(x) = 4ex2+x(x, 1) +
∫ x

1

ex2+x(x, τ )

3τ 2 + 3τ + 1
(2τ + 5)Δτ,

3. φ(x) = 3ex4+x2+1(x, 0) + 2
∫ x

0

ex4+x2+1(x, τ )

2 + τ 2 + τ 4
Δτ.

Theorem 2 Let f , g, h : T �−→ R be rd-continuous functions, and f and h be delta
differentiable in T , and h(x) �= 0 for all x ∈ T . Then the generalized Volterra
integral equation

φ(x) = f (x) + h(x)
∫ x

a
g(y)φ(y)Δy, a ∈ T , (3.21)

has a solution given by the expression

φ(x) = el(x, a)f (a) +
∫ x

a

el(x, τ )

1 + μ(τ)l(τ )

(
f Δ(τ) − hΔ(τ)f (τ )

h(τ )

)
Δτ, (3.22)

where

l(x) = hΔ(x)

h(x)
+ h(σ (x))g(x)

and
1 + l(x)μ(x) �= 0 for any x ∈ T .

Proof From (3.21) we get

φ(x) − f (x) = h(x)
∫ x

a
g(y)φ(y)Δy,

whereupon ∫ x

a
g(y)φ(y)Δy = φ(x) − f (x)

h(x)
. (3.23)

We differentiate (3.21) with respect to x and we get

φΔ(x) = f Δ(x) + hΔ(x)
∫ x

a
g(y)φ(y)Δy + h(σ (x))g(x)φ(x).
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Applying (3.23), we obtain

φΔ(x) = f Δ(x) + hΔ(x)
φ(x) − f (x)

h(x)
+ h(σ (x))g(x)φ(x)

= f Δ(x) − hΔ(x)f (x)

h(x)
+ hΔ(x)

h(x)
φ(x) + h(σ (x))g(x)φ(x)

=
(
hΔ(x)

h(x)
+ h(σ (x))g(x)

)
φ(x) + f Δ(x) − hΔ(x)f (x)

h(x)

= l(x)φ(x) + f Δ(x) − hΔ(x)f (x)

h(x)
.

We substitute x = a in (3.21) and we find

φ(a) = f (a).

In this way we go to the following IVP

{
φΔ(x) = l(x)φ(x) + f Δ(x) − hΔ(x)f (x)

h(x)
φ(a) = f (a).

The solution of the last IVP is given by (3.22).

Example 19 Let T = 2Z . Consider the equation

φ(x) = x + 2 + (x2 + 1)
∫ x

0
yφ(y)Δy.

Here
σ(x) = x + 2, μ(x) = σ(x) − x = x + 2 − x = 2, a = 0,
f (x) = x + 2, g(x) = x, h(x) = x2 + 1.

Then

hΔ(x) = σ(x) + x

= x + 2 + x

= 2x + 2,

h(σ (x)) = σ 2(x) + 1

= (x + 2)2 + 1

= x2 + 4x + 5,
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l(x) = hΔ(x)

h(x)
+ h(σ (x))g(x)

= 2x + 2

x2 + 1
+ (x2 + 4x + 5)x

= 2x + 2 + x5 + 4x4 + 5x3 + x3 + 4x2 + 5x

x2 + 1

= x5 + 4x4 + 6x3 + 4x2 + 7x + 2

x2 + 1
,

f Δ(x) − hΔ(x)

h(x)
f (x) = 1 − 2x + 2

x2 + 1
(x + 2)

= x2 + 1 − 2x2 − 4x − 2x − 4

x2 + 1

= −x2 + 6x + 3

x2 + 1
,

f Δ(x) = 1,

f (0) = 2,

1 + l(τ )μ(τ) = 1 + 2
τ 5 + 4τ 4 + 6τ 3 + 4τ 2 + 7τ + 2

τ 2 + 1

= τ 2 + 1 + 2τ 5 + 8τ 4 + 12τ 3 + 8τ 2 + 14τ + 4

τ 2 + 1

= 2τ 5 + 8τ 4 + 12τ 3 + 9τ 2 + 14τ + 5

τ 2 + 1
.

Then, using (3.22), we obtain

φ(x) = 2e x5+4x4+6x3+4x2+7x+2
x2+1

(x, 0)

−
∫ x

0
e x5+4x4+6x3+4x2+7x+2

x2+1

(x, τ )
τ 2 + 6τ + 3

2τ 5 + 8τ 4 + 12τ 3 + 9τ 2 + 14τ + 5
Δτ.

Example 20 Let T = 3N0 . Consider the equation

φ(x) = x2 + x
∫ x

1
yφ(y)Δy.

Here
σ(x) = 3x, μ(x) = σ(x) − x = 3x − x = 2x, a = 1,
f (x) = x2, g(x) = h(x) = x.
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Then

hΔ(x) = 1,

h(σ (x)) = σ(x)

= 3x,

l(x) = hΔ(x)

h(x)
+ h(σ (x))g(x)

= 1

x
+ 3x2

= 1 + 3x3

x
,

1 + μ(τ)l(τ ) = 1 + 1 + 3τ 3

τ
2τ

= 1 + 2(1 + 3τ 3)

= 3 + 6τ 3,

f Δ(τ) = σ(τ) + τ

= 3τ + τ

= 4τ,

f (1) = 1,

f Δ(τ) − hΔ(τ)f (τ )

h(τ )
= 4τ − τ 2

τ

= 4τ − τ

= 3τ.

Hence, using (3.22), we get

φ(x) = e 1+3x3
x

(x, 1) +
∫ x

1
e 1+3x3

x
(x, τ )

τ

1 + 2τ 3
Δτ.

Exercise 9 UsingDEM,find a solution of the following generalizedVolterra integral
equations.

1. φ(x) = x − 3 + 2x2
∫ x

1
yφ(y)Δy, T = N ,

2. φ(x) = x + (x + 1)
∫ x

1
(y + 1)φ(y)Δy, T = N0,

3. φ(x) = x − 2x
∫ x

1
yφ(y)Δy, T = 2N0 .



156 3 Generalized Volterra Integral Equations

Answer

1.

φ(x) = −2e 2x5+4x4+2x3+2x+1
x2

(x, 1)

−
∫ x

1
e 2x5+4x4+2x3+2x+1

x2
(x, τ )

τ 2 − 5τ − 3

2τ 5 + 4τ 4 + 2τ 3 + τ 2 + 2τ + 1
Δτ,

2.

φ(x) = e x3+4x2+5x+3
x+1

(x, 0)

+
∫ x

1
e x3+4x2+5x+3

x+1
(x, τ )

1

τ 3 + 4τ 2 + 6τ + 4
Δτ,

3. φ(x) = e 1−4x3
x

(x, 1).

Theorem 3 Let f , g : T �−→ R be rd-continuous, and f be delta differentiable in
T , 1 + μ(x)g(x) �= 0 for all x ∈ T . Then a solution of the equation

φ(x) = f (x) −
∫ x

a
g(y)φ(σ (y))Δy, a ∈ T , (3.24)

has a solution in the following form

φ(x) = e
g(x, a)f (a) + ∫ x
a e
g(x, τ )f Δ(τ)Δτ

= e
g(x, a)f (a) + ∫ x
a

eg(τ,a)
eg(x,a)

f Δ(τ)Δτ.
(3.25)

Proof We differentiate the Eq. (3.24) with respect to x and we get

φΔ(x) = f Δ(x) − g(x)φ(σ (x)).

We substitute x = a in (3.24) and we find

φ(a) = f (a).

In this way we get the following IVP

{
φΔ(x) = −g(x)φ(σ (x)) + f Δ(x)
φ(a) = f (a).

The solution of the last IVP is given by (3.25).



3.1 Generalized Volterra Integral Equations of the Second Kind 157

Example 21 Let T = Z . Consider the equation

φ(x) = x2 + 1 −
∫ x

0
yφ(y + 1)Δy.

Here
σ(x) = x + 1, μ(x) = σ(x) − x = x + 1 − x = 1, a = 0,
f (x) = x2 + 1, g(x) = x.

Then


g = − g(x)

1 + μ(x)g(x)

= − x

1 + x
,

f Δ(x) = σ(x) + x

= x + 1 + x

= 2x + 1,

f (0) = 1.

Using (3.25), we get

φ(x) = e− x
x+1

(x, 0) +
∫ x

0
e− x

x+1
(x, τ )(2τ + 1)Δτ.

Example 22 Let T = 3N0 . Consider the equation

φ(x) = x2 + 2
∫ x

1
y3φ(3y)Δy.

Here
σ(x) = 3x, μ(x) = σ(x) − x = 3x − x = 2x, a = 1,
f (x) = x2, g(x) = −2x3.

Then


g(x) = − g(x)

1 + μ(x)g(x)

= − −2x3

1 + 2x(−2x3)

= 2x3

1 − 4x4
,
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f Δ(x) = σ(x) + x

= 3x + x

= 4x,

f (1) = 1.

Hence, using (3.25), we obtain

φ(x) = e 2x3

1−4x4
(x, 1) + 4

∫ x

1
e 2x3

1−4x4
(x, τ )τΔτ.

Exercise 10 Using DEM, find a solution to the following generalized Volterra inte-
gral equations.

1. φ(x) = x2 − 3
∫ x

0
yφ(y + 1)Δy, T = Z ,

2. φ(x) = x2 + 4x + 1 −
∫ x

1
(y2 + 2y)φ(2y)Δy, T = 2N0 ,

3. φ(x) = x3 + 7x2 + 6x −
∫ x

1
yφ(3y)Δy, T = 3N0 .

Answer

1. φ(x) =
∫ x

0
e− 3x

1+3x
(x, τ )(2τ + 1)Δτ,

2. φ(x) = 6e− x2+2x
x3+2x2+1

(x, 1) +
∫ x

1
e− x2+2x

x3+2x2+1

(x, τ )(3τ + 4)Δτ,

3. φ(x) = 14e− x
1+2x2

(x, 1) +
∫ x

1
e− x

1+2x2
(x, τ )(13τ 2 + 28τ + 6)Δτ.

3.1.5 The Successive Approximations Method

The successive approximations method (SAM), also called the Picard iteration
method, provides a scheme that can be used for solving initial value problems or
generalized integral equations.
Given the linear generalized Volterra integral equation of the second kind

φ(x) = u(x) + λ

∫ x

a
K(x, y)φ(y)Δy, a ∈ T ,
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where φ(x) is unknown function to be determined, K(x, y) is the kernel, and λ is a
parameter. The successive approximations method introduces the recurrence relation

φn(x) = u(x) + λ

∫ x

a
K(x, y)φn−1(y)Δy, n ∈ N , (3.26)

when the zeroth approximation φ0(x) can be any selective real-valued function. We
select 0, 1, x for φ0(x), and using (3.26), several successive approximations φk(x),
k ≥ 1, will be determined as follows.

φ1(x) = u(x) + λ

∫ x

a
K(x, y)φ0(y)Δy

φ2(x) = u(x) + λ

∫ x

a
K(x, y)φ1(y)Δy

φ3(x) = u(x) + λ

∫ x

a
K(x, y)φ2(y)Δy

...

φn(x) = u(x) + λ

∫ x

a
K(x, y)φn−1(y)Δy.

We point out that the successive approximations method for the equation

φ(x) = u(x) + λ

∫ x

a
K(x, y)φ(σ (y))Δy

introduces the recurrence formula

φn(x) = u(x) + λ

∫ x

a
K(x, y)φn−1(σ (y))Δy, n ∈ N . (3.27)

For the zeroth approximation φ0(x) we select 0, 1, x.
The question of convergence φn(x), defined by (3.26) or (3.27), will be discussed in
the last section of this chapter.

Example 23 Let T = Z . Consider the equation

φ(x) = x +
∫ x

0
yφ(y)Δy.
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We select φ0(x) = 1. Then

φ1(x) = x +
∫ x

0
yφ0(y)Δy

= x +
∫ x

0
yΔy

= x +
∫ x

0

(
1

2
(y2)Δ − 1

2

)
Δy

= x + 1

2

∫ x

0
(y2)ΔΔy − 1

2

∫ x

0
Δy

= x − 1

2
x + 1

2
x2

= 1

2
x + 1

2
x2,

φ2(x) = x +
∫ x

0
yφ1(y)Δy

= x + 1

2

∫ x

0
y(y + y2)Δy

= x + 1

2

∫ x

0
(y2 + y3)Δy

= x + 1

2

∫ x

0

(
1

3
(y3)Δ − 1

2
(y2)Δ + 1

6
+ 1

4
(y4)Δ − 1

2
(y3)Δ + 1

4
(y2)Δ

)
Δy

= x + 1

2

∫ x

0

(
−1

4
(y2)Δ − 1

6
(y3)Δ + 1

4
(y4)Δ + 1

6

)
Δy

= x − 1

8

∫ x

0
(y2)ΔΔy − 1

12

∫ x

0
(y3)ΔΔy + 1

8

∫ x

0
(y4)ΔΔy + 1

12

∫ x

0
Δy

= x − 1

8
x2 − 1

12
x3 + 1

8
x4 + 1

12
x

= 13

12
x − 1

8
x2 − 1

12
x3 + 1

8
x4.

Example 24 Let T = 2N0 ∪ {0}. Consider the equation

φ(x) = x2 + x
∫ x

0
y2φ(y)Δy.
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We select φ0(x) = 1. Then

φ1(x) = x2 + x
∫ x

0
y2φ0(y)Δy

= x2 + x
∫ x

0
y2Δy

= x2 + 1

7
x
∫ x

0
(y3)ΔΔy

= x2 + 1

7
x4,

φ2(x) = x2 + x
∫ x

0
y2φ1(y)Δy

= x2 + x
∫ x

0
y2

(
y2 + 1

7
y4

)
Δy

= x2 + x
∫ x

0

(
y4 + 1

7
y6

)
Δy

= x2 + x
∫ x

0

(
1

31
(y5)Δ + 1

889
(y7)Δ

)
Δy

= x2 + 1

31
x
∫ x

0
(y5)ΔΔy + 1

889
x
∫ x

0
(y7)ΔΔy

= x2 + 1

31
x6 + 1

889
x8.

Exercise 11 Let T = 3N0 ∪ {0}. Consider the equation

φ(x) = 2x + 2
∫ x

0
y2φ(y)Δy.

Using SAM and φ0(x) = 1, find φ1(x) and φ2(x).

Answer

φ1(x) = 2x + 2

13
x3, φ2(x) = 2x + 1

10
x4 + 1

1183
x6.

Example 25 Let T = Z . Consider the equation

φ(x) = x2 + 2
∫ x

0
yφ(y + 1)Δy.

Let φ0(x) = 0. Then
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φ1(x) = x2,

φ2(x) = x2 + 2
∫ x

0
yφ1(y + 1)Δy

= x2 + 2
∫ x

0
y(y + 1)2Δy

= x2 + 2
∫ x

0
y(y2 + 2y + 1)Δy

= x2 + 2
∫ x

0
(y3 + 2y2 + y)Δy

= x2 + 2
∫ x

0

(1
4
(y4)Δ − 1

2
(y3)Δ + 1

4
(y2)Δ + 2

(
1

3
(y3)Δ − 1

2
(y2)Δ + 1

6

)

+ 1

2
(y2)Δ − 1

2

)
Δy

= x2 + 2
∫ x

0

(1
4
(y4)Δ − 1

2
(y3)Δ + 1

4
(y2)Δ + 2

3
(y3)Δ − (y2)Δ

+ 1

3
+ 1

2
(y2)Δ − 1

2

)
Δy

= x2 + 2
∫ x

0

(1
4
(y4)Δ + 1

6
(y3)Δ − 1

4
(y2)Δ − 1

6

)
Δy

= x2 + 1

2

∫ x

0
(y4)ΔΔy + 1

3

∫ x

0
(y3)ΔΔy − 1

2

∫ x

0
(y2)ΔΔy − 1

3

∫ x

0
Δy

= x2 + 1

2
x4 + 1

3
x3 − 1

2
x2 − 1

3
x

= 1

2
x4 + 1

3
x3 + 1

2
x2 − 1

3
x.

Example 26 Let T = 2N0 ∪ {0}. Consider the equation

φ(x) = x + (2x + 1)
∫ x

0
yφ(2y)Δy.

Let φ0(x) = 0. Then

φ1(x) = x,

φ2(x) = x + (2x + 1)
∫ x

0
yφ1(2y)Δy

= x + 2(2x + 1)
∫ x

0
y2Δy

= x + 2

7
(2x + 1)

∫ x

0
(y3)ΔΔy

= x + 2

7
x3(2x + 1).
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Exercise 12 Let T = Z . Consider the equation

φ(x) = 1 +
∫ x

0
yφ(y + 1)Δy.

Using SAM and φ0(x) = 1, find φ1(x) and φ2(x).

Answer

φ1(x) = 1 − 1

2
x + 1

2
x2, φ2(x) = 1 − 5

12
x + 3

8
x2 − 1

12
x3 + 1

8
x4.

3.2 Conversion of a Generalized Volterra Integral
Equation of the First Kind to a Generalized Volterra
Integral Equation of the Second Kind

In this sectionwewill represent amethod that will convert Volterra integral equations
of the first kind to Volterra integral equations of the second kind. Having converted
the Volterra integral equation of the first kind to the Volterra integral equation of the
second kind, we then can use any method that was presented before.
Consider the generalized Volterra integral equation of the first kind

u(x) = λ

∫ x

a
K(x, y)φ(y)Δy, a ∈ T , (3.28)

where φ : T �−→ R is unknown function to be determined, K : T × T �−→ R is
the kernel, λ �= 0 is a parameter, u : T �−→ R is a given function.
Suppose that KΔ

x (x, y) exists for any (x, y) ∈ T κ × T , KΔ
x (σ (x), x) �= 0 for any

x ∈ T κ . Also, assume that uΔ(x) exists for any x ∈ T κ .
Differentiating the Eq. (3.28) with respect to x we obtain

uΔ(x) = λ

∫ x

a
KΔ
x (x, y)φ(y)Δy + λK(σ (x), x)φ(x)

or

λK(σ (x), x)φ(x) = uΔ(x) − λ

∫ x

a
KΔ
x (x, y)φ(y)Δy,

whereupon

φ(x) = 1

λK(σ (x), x)
uΔ(x) −

∫ x

a

KΔ
x (x, y)

K(σ (x), x)
φ(y)Δy, (3.29)

which is a generalized Volterra integral equation of the second kind.
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Example 27 Let T = Z . Consider the equation

x3 = 2
∫ x

0
(x + y)2φ(y)Δy,

which is a generalized Volterra integral equation of the first kind.
Here

σ(x) = x + 1, x ∈ T , λ = 2, a = 0,
u(x) = x3, K(x, y) = (x + y)2.

Then

uΔ(x) = σ 2(x) + xσ(x) + x2

= (x + 1)2 + x(x + 1) + x2

= x2 + 2x + 1 + x2 + x + x2

= 3x2 + 3x + 1,

K(σ (x), x) = (σ (x) + x)2

= (x + 1 + x)2

= (2x + 1)2

= 4x2 + 4x + 1,

KΔ
x (x, y) = σ(x) + y + x + y

= x + 1 + x + 2y

= 2x + 2y + 1.

Hence, using (3.29), we go to the following generalized Volterra integral equation
of the second kind

φ(x) = 3x2 + 3x + 1

8x2 + 8x + 2
−

∫ x

0

2x + 2y + 1

4x2 + 4x + 1
φ(y)Δy.

Example 28 Let T = 2N0 . Consider the equation

x2 + x =
∫ x

1
(x2 + 2xy)φ(y)Δy.

Here
σ(x) = 2x, x ∈ T , a = 1, λ = 1,
u(x) = x2 + x, K(x, y) = x2 + 2xy.



3.2 Conversion of a Generalized Volterra Integral Equation … 165

Then

uΔ(x) = σ(x) + x + 1

= 2x + x + 1

= 1 + 3x,

KΔ
x (x, y) = σ(x) + x + 2y

= 2x + x + 2y

= 3x + 2y,

K(σ (x), x) = σ 2(x) + 2σ(x)x

= 4x2 + 4x2

= 8x2.

Then, using (3.29), we get the following generalized Volterra integral equation of
the second kind.

φ(x) = 1 + 3x

8x2
−

∫ x

1

3x + 2y

8x2
φ(y)Δy.

Example 29 Let T = 3N0 . Consider the generalized Volterra integral equation of
the first kind

ex(x, 1) + x4 + x = 2
∫ x

1
(sinhx(x, 2) + x2 + xy)φ(y)Δy.

Here
σ(x) = 3x, x ∈ T , λ = 2, a = 1,
u(x) = ex(x, 1) + x4 + x, K(x, y) = sinhx(x, 2) + x2 + xy.

Then

uΔ(x) = xex(x, 1) + σ 3(x) + xσ 2(x) + x2σ(x) + x3 + 1

= xex(x, 1) + 27x3 + 9x3 + 3x3 + x3 + 1

= xex(x, 1) + 40x3 + 1,

KΔ
x (x, y) = x coshx(x, 2) + σ(x) + x + y

= x coshx(x, 2) + 4x + y,

K(σ (x), x) = sinh3x(3x, 2) + 9x2 + 3x2

= sinh3x(3x, 2) + 12x2.

Then, using (3.29), we get the following generalized Volterra integral equation of
the second kind.

φ(x) = xex(x, 1) + 40x3 + 1

2(sinh3x(3x, 2) + 12x2)
−

∫ x

1

x coshx(x, 2) + 4x + y

sinh3x(3x, 2) + 12x2
φ(y)Δy.
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Exercise 13 Convert the following generalized Volterra integral equations of the
first kind to generalized Volterra integral equations of the second kind.

1. x2 + 2x + 3 = 2
∫ x

0
(x + y)φ(y)Δy, T = Z ,

2. x2 + 2x =
∫ x

1
(2x + y)2φ(y)Δy, T = 2N0 .

Answer

1. φ(x) = 2x + 3

4x + 2
−

∫ x

0

1

2x + 1
φ(y)Δy,

2. φ(x) = 3x + 2

25x2
− 2

∫ x

1

6x + 2y

25x2
φ(y)Δy.

3.3 Existence and Uniqueness of Solutions

In this sectionwewill state and prove the existence and uniqueness of the solutions of
generalized Volterra integral equations of the first and second kind. For this purpose
we need of some preliminary results.

3.3.1 Preliminary Results

Let s, t ∈ T . Define the polynomials.

g0(t, s) = h0(t, s) = 1,
gk+1(t, s) = ∫ t

s gk(σ (τ ), s)Δτ, hk+1(t, s) = ∫ t
s hk(τ, s)Δτ, k = 0, 1, 2, . . . .

We have

g1(t, s) =
∫ t

s
g0(σ (τ ), s)Δτ

=
∫ t

s
Δτ

= t − s,

g2(t, s) =
∫ t

s
g1(σ (τ ), s)Δτ

=
∫ t

s
(σ (τ ) − s)Δτ,

h1(t, s) =
∫ t

s
h0(τ, s)Δτ

=
∫ t

s
Δτ

= t − s,
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h2(t, s) =
∫ t

s
h1(τ, s)Δτ

=
∫ t

s
(τ − s)Δτ,

and so on.
Also,

gΔ
k (t, s) = gk−1(σ (t), s), hΔ

k (t, s) = hk−1(t, s), k ∈ N .

Lemma 1 Let n ∈ N . If f is n times differentiable and pk, 0 ≤ k ≤ n − 1, are
differentiable at some t ∈ T with

pΔ
k+1(t) = pσ

k (t) for all 0 ≤ k ≤ n − 2, n ≥ 2,

then we have

(
n−1∑

k=0

(−1)kf Δk
(t)pk(t)

)Δ

= (−1)n−1f Δn
(t)pσ

n−1(t) + f (t)pΔ
0 (t).

Proof We have

(
n−1∑

k=0

(−1)kf Δk
(t)pk(t)

)Δ

=
n−1∑

k=0

(−1)k
(
f Δk

(t)pk(t)
)Δ

=
n−1∑

k=0

(−1)k
(
f Δk+1

(t)pσ
k (t) + f Δk

(t)pΔ
k (t)

)

=
n−1∑

k=0

(−1)kf Δk+1
(t)pσ

k (t) +
n−1∑

k=0

(−1)kf Δk
(t)pΔ

k (t)

=
n−2∑

k=0

(−1)kf Δk+1
(t)pσ

k (t) + (−1)n−1f Δn
(t)pσ

n−1(t)

+
n−1∑

k=1

(−1)kf Δk
(t)pΔ

k (t) + f Δ0
(t)pΔ

0 (t)

=
n−2∑

k=0

(−1)kf Δk+1
(t)pΔ

k+1(t) + (−1)n−1f Δn
(t)pσ

n−1(t)

+
n−2∑

k=0

(−1)k+1f Δk+1
(t)pΔ

k+1(t) + f (t)pΔ
0 (t)

= (−1)n−1f Δn
(t)pσ

n−1(t) + f (t)pΔ
0 (t).
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Lemma 2 The functions gn(t, s) satisfy for all t ∈ T the relationship

gn(ρ
k(t), t) = 0 for all n ∈ N and all 0 ≤ k ≤ n − 1.

Here ρk(t) = ρ
(
ρk−1(t)

)
.

Proof Let n ∈ N be arbitrarily chosen. Then

gn(ρ
0(t), t) = gn(t, t)

=
∫ t

t
gn−1(σ (τ ), t)Δτ

= 0.

Assume that
gn−1(ρ

k(t), t) = 0 and gn(ρ
k(t), t) = 0

for some 0 ≤ k < n − 1.
We will prove that

gn(ρ
k+1(t), t) = 0.

1. case. ρk(t) is left-dense. Then

ρk+1(t) = ρ(ρk(t)) = ρk(t).

Consequently, using the induction assumption, we have

gn(ρ
k+1(t), t) = gn(ρ

k(t), t) = 0.

2. case. ρk(t) is left-scattered. Then

ρ(ρk(t)) < ρk(t)

and there is no s ∈ T such that ρk+1(t) < s < ρk(t). Hence,

σ(ρk+1(t)) = ρk(t).

Therefore

gn(σ (ρk+1(t)), t) = gn(ρ
k+1(t), t) + μ(ρk+1(t))gΔ

n (ρk+1(t), t)

or
gn(ρ

k(t), t) = gn(ρ
k+1(t), t) + μ(ρk+1(t))gΔ

n (ρk+1(t), t),
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whereupon

gn(ρ
k+1(t), t) = gn(ρ

k(t), t) − μ(ρk+1(t))gΔ
n (ρk+1(t), t)

= gn(ρ
k(t), t) − μ(ρk+1(t))gn−1(σ (ρk+1(t)), t)

= gn(ρ
k(t), t) − μ(ρk+1(t))gn−1(ρ

k(t), t)

= 0.

Lemma 3 Let n ∈ N , and suppose that f is (n − 1)-times differentiable at ρn−1(t).
Then

f (t) =
n−1∑

k=0

(−1)kf Δk
(ρn−1(t))gk(ρ

n−1(t), t).

Proof 1. Let n = 1. Then

0∑

k=0

(−1)kf Δk
(ρ0(t))gk(ρ

0(t), t) = (−1)0f Δ0
(t)g0(t, t)

= f (t).

2. Assume that

f (t) =
m−1∑

k=0

(−1)kf Δk
(ρm−1(t))gk(ρ

m−1(t), t)

for some m ∈ N .

3. We will prove that

f (t) =
m∑

k=0

(−1)kf Δk
(ρm(t))gk(ρ

m(t), t).

1. case. ρm−1(t) is left-dense. Then

ρm(t) = ρ(ρm−1(t)) = ρm−1(t).

Hence and the induction assumption, we obtain

∑m
k=0(−1)kf Δk

(ρm(t))gk(ρm(t), t)
= ∑m−1

k=0 (−1)kf Δk
(ρm(t))gk(ρm(t), t) + (−1)mf Δm

(ρm(t))gm(ρm(t), t)

= ∑m−1
k=0 (−1)kf Δk

(ρm−1(t))gk(ρm−1(t), t)

+ (−1)mf Δm
(ρm−1(t))gm(ρm−1(t), t)

nowwe apply Lemma 2 (gm(ρm−1(t), t) = 0)

= ∑m−1
k=0 (−1)kf Δk

(ρm−1(t))gk(ρm−1(t), t)

nowwe apply the induction assumption
= f (t).
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2. case. ρm−1(t) is left-scattered. Then

ρm(t) = ρ(ρm−1(t)) < ρm−1(t)

and there is no s ∈ T such that

ρm(t) < s < ρm−1(t).

Also,
σ(ρm(t)) = ρm−1(t).

Hence,
gk(σ (ρm(t)), t) = gk(ρ

m−1(t), t).

Therefore

gk(ρ
m−1(t), t) = gk(σ (ρm(t)), t)

= gk(ρ
m(t), t) + μ(ρm(t))gΔ

k (ρm(t), t)

= gk(ρ
m(t), t) + μ(ρm(t))gk−1(σ (ρm(t)), t)

= gk(ρ
m(t), t) + μ(ρm(t))gk−1(ρ

m−1(t), t),

whereupon

gk(ρ
m(t), t) = gk(ρ

m−1(t), t) − μ(ρm(t))gk−1(ρ
m−1(t), t).

Consequently

∑m
k=0(−1)kf Δk

(ρm(t))gk(ρm(t), t)

= f (ρm(t)) + ∑m
k=1(−1)kf Δk

(ρm(t))gk(ρm(t), t)

= f (ρm(t)) + ∑m
k=1(−1)kf Δk

(ρm(t))gk(ρm−1(t), t)

+ ∑m
k=1(−1)k−1f Δk

(ρm(t))μ(ρm(t))gk−1(ρ
m−1(t), t)

= f (ρm(t)) + ∑m−1
k=1 (−1)kf Δk

(ρm(t))gk(ρm−1(t), t)

+ (−1)mf Δm
(ρm(t))gm(ρm−1(t), t)

+ ∑m−1
k=0 (−1)kf Δk−1

(ρm(t))μ(ρm(t))gk(ρm−1(t), t)

= ∑m−1
k=0 (−1)kf Δk

(ρm(t))gk(ρm−1(t), t)

+ ∑m−1
k=0 (−1)kμ(ρm(t))f Δk+1

(ρm(t))gk(ρm−1(t), t)

= ∑m−1
k=0 (−1)k

(
f Δk

(ρm(t)) + μ(ρm(t))(f Δk
)Δ(ρm(t))

)
gk(ρm−1(t), t)

= ∑m−1
k=0 (−1)kf Δk

(σ (ρm(t)))gk(ρm−1(t), t)

= ∑m−1
k=0 (−1)kf Δk

(ρm−1(t))gk(ρm−1(t), t)
= f (t).



3.3 Existence and Uniqueness of Solutions 171

Theorem 4 (Taylor’s Formula) Let n ∈ N . Suppose f is n-times differentiable on
T κn

. Let α ∈ T κn−1
, t ∈ T . Then

f (t) =
n−1∑

k=0

(−1)kgk(α, t)f Δk
(α)

+
∫ ρn−1(t)

α

(−1)n−1gn−1(σ (τ ), t)f Δn
(τ )Δτ.

Proof We note that, applying Lemma 1 for pk = gk , we have

(∑n−1
k=0(−1)kgk(τ, t)f Δk

(τ )
)Δ

τ= (−1)n−1f Δn
(τ )gn−1(σ (τ ), t) + f (τ )gΔ

0 (τ, t)
= (−1)n−1f Δn

(τ )gn−1(σ (τ ), t) for all τ ∈ T κn
.

The last relation we integrate from α to ρn−1(t) and we get

∫ ρn−1(t)

α

(
n−1∑

k=0

(−1)kgk(τ, t)f
Δk

(τ )

)Δ

τ

Δτ =
∫ ρn−1(t)

α

(−1)n−1f Δn
(τ )gn−1(σ (τ ), t)Δτ

or ∑n−1
k=0(−1)kgk(ρn−1(t), t)f Δk

(ρn−1(t)) − ∑n−1
k=0(−1)kgk(α, t)f Δk

(α)

= ∫ ρn−1(t)
α

(−1)n−1f Δn
(τ )gn−1(σ (τ ), t)Δτ.

Hence, applying Lemma 3,

f (t) −
n−1∑

k=0

(−1)kgk(α, t)f Δk
(α) =

∫ ρn−1(t)

α

(−1)n−1f Δn
(τ )gn−1(σ (τ ), t)Δτ.

Theorem 5 The functions gn and hn satisfy the relationship

hn(t, s) = (−1)ngn(s, t)

for all t ∈ T and all s ∈ T κn
.

Proof Let t ∈ T and s ∈ T κn
be arbitrarily chosen. We apply Theorem 4 for α = s

and f (τ ) = hn(τ, s). We observe that

f Δk
(τ ) = hn−k(τ, s), 0 ≤ k ≤ n.

Hence,
f Δk

(s) = hn−k(s, s) = 0, 0 ≤ k ≤ n − 1,
f Δn

(s) = h0(s, s) = 1, f Δn+1
(τ ) = 0.
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From here, using Taylor’s formula, we get

f (t) = hn(t, s)

=
n∑

k=0

(−1)kgk(α, t)f Δk
(α) +

∫ ρn(t)

α

(−1)ngn(σ (τ ), t)f Δn+1
(τ )Δτ

=
n∑

k=0

(−1)kgk(s, t)f
Δk

(s) +
∫ ρn(t)

s
(−1)ngn(σ (τ ), t)f Δn+1

(τ )Δτ

=
n−1∑

k=0

(−1)kgk(s, t)f
Δk

(s) + (−1)ngn(s, t)f
Δn

(s)

= (−1)ngn(s, t)f
Δn

(s)

= (−1)ngn(s, t),

i.e.,
hn(t, s) = (−1)ngn(s, t).

From Theorems 4 and 5, it follows the following theorem.

Theorem 6 (Taylor’s Formula) Let n ∈ N . Suppose f is n-times differentiable on
T κn

. Let also, α ∈ T κn−1
, t ∈ T . Then

f (t) =
n−1∑

k=0

hk(t, α)f Δk
(α) +

∫ ρn−1(t)

α

hn−1(t, σ (τ ))f Δn
(τ )Δτ.

Corollary 1 Let α ∈ [a, b]. Then for |λ| < ∞
∞∑

k=0

λkhk(t, α)

is absolutely and uniformly convergent on the interval a ≤ t ≤ b.

3.3.2 Existence of Solutions of Generalized Volterra Integral
Equations of the Second Kind

Theorem 7 Let K(x, y) be a real-valued rd-continuous function defined on
a ≤ x, y ≤ b, u(x) be a real-valued rd-continuous function defined on a ≤ x ≤ b.
Let also,

|u(x)| ≤ M for all x ∈ [a, b],
|K(x, y)| ≤ N for all x, y ∈ [a, b].
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Then for |λ| < ∞ the generalized Volterra integral equation of the second kind

φ(x) = u(x) + λ

∫ x

a
K(x, y)φ(y)Δy, a ≤ x ≤ b, (3.30)

has a rd-continuous solution φ(x) defined on [a, b].
Proof Suppose that a formal power series

φ(x) =
∞∑

n=0

λnφn(x), a ≤ x ≤ b, (3.31)

satisfies (3.30). Then substituting (3.31) in (3.30) we get

∞∑

n=0

λnφn(x) = u(x) + λ

∫ x

a
K(x, y)

∞∑

n=0

λnφn(y)Δy

or ∞∑

n=0

λnφn(x) = u(x) +
∞∑

n=0

λn+1
∫ x

a
K(x, y)φn(y)Δy,

or

φ0(x) + λφ1(x) + λ2φ2(x) + · · · + λnφn(x) + · · ·
= u(x) + λ

∫ x

a
K(x, y)φ0(y)Δy + λ2

∫ x

a
K(x, y)φ1(y)Δy

+ · · · + λn
∫ x

a
K(x, y)φn−1(y)Δy + · · · .

Hence, by a comparison of coefficients, we get the following relations

φ0(x) = u(x),

φ1(x) =
∫ x

a
K(x, y)φ0(y)Δy,

φ2(x) =
∫ x

a
K(x, y)φ1(y)Δy,

...

φn(x) =
∫ x

a
K(x, y)φn−1(y)Δy,

...
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or
φ0(x) = u(x),
φn(x) = ∫ x

a K(x, y)φn−1(y)Δy, n ∈ N .
(3.32)

For all x ∈ [a, b], we have

|φ0(x)| = |u(x)|
≤ M,

|φ1(x)| =
∣
∣
∣
∫ x

a
K(x, y)φ0(y)Δy

∣
∣
∣

≤
∫ x

a
|K(x, y)||φ0(y)|Δy

≤ MN
∫ x

a
Δy

= MN(x − a)

= MNh1(x, a),

|φ2(x)| =
∣
∣
∣
∫ x

a
K(x, y)φ1(y)Δy

∣
∣
∣

≤
∫ x

a
|K(x, y)||φ1(y)|Δy

≤ MN2
∫ x

a
h1(y, a)Δy

= MN2h2(x, a).

Assume for some m ∈ N

|φm(x)| ≤ MNmhm(x, a) for all x ∈ [a, b].

We will prove that

|φm+1(x)| ≤ MNm+1hm+1(x, a) for all x ∈ [a, b].

Really, we have

|φm+1(x)| =
∣
∣
∣
∫ x

a
K(x, y)φm(y)Δy

∣
∣
∣

≤
∫ x

a
|K(x, y)||φm(y)|Δy

≤ MNm+1
∫ x

a
hm(y, a)Δy

= MNm+1hm+1(x, a), x ∈ [a, b].
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Consequently
|φm(x)| ≤ MNmhm(x, a)

for all m ∈ N and all x ∈ [a, b].
Therefore for |λ| < ∞ the series (3.31) is absolutely and uniformly convergent on
the interval [a, b]. Hence, the formal solution (3.31) is a genuine solution of (3.30).

3.3.3 Uniqueness of Solutions of Generalized Volterra
Integral Equations of Second Kind

Theorem 8 Let x0 ∈ T andφ, f , g ∈ Crd(T ),and1 + μ(x)f (x) > 0 for all x ∈ T .

Then
φΔ(x) ≤ f (x)φ(x) + g(x) for all x ∈ T (3.33)

implies

φ(x) ≤ φ(x0)ef (x, x0) +
∫ x

x0

ef (x, σ (y))g(y)Δy for all x ∈ T , x ≥ x0. (3.34)

Proof We calculate

(
φ(x)e
f (x, x0)

)Δ = φΔ(x)e
f (σ (x), x0) + φ(x)(
f (x))e
f (x, x0)

= φΔ(x)e
f (σ (x), x0) + φ(x)

f (x)

1 + μ(x)(
f (x))
e
f (σ (x), x0)

=
(

φΔ(x) + φ(x)

f (x)

1 + μ(x)(
f (x))

)
e
f (σ (x), x0)

=
(

φΔ(x) + φ(x)
− f (x)

1+μ(x)f (x)

1 − μ(x)f (x)
1+μ(x)f (x)

)

e
f (σ (x), x0)

= (
φΔ(x) − f (x)φ(x)

)
e
f (σ (x), x0).

The last relation we integrate from x0 to x and we get

∫ x

x0

(
φ(y)e
f (y, x0)

)Δ

y Δy =
∫ x

x0

(
φΔ(y) − f (y)φ(y)

)
e
f (σ (y), x0)Δy
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or

φ(x)e
f (x, x0) − φ(x0)e
f (x0, x0) =
∫ x

x0

(
φΔ(y) − f (y)φ(y)

)
e
f (σ (y), x0)Δy,

or

φ(x)e
f (x, x0) = φ(x0) +
∫ x

x0

(
φΔ(y) − f (y)φ(y)

)
e
f (σ (y), x0)Δy.

Note that e
f (σ (y), x0) > 0 for all y ∈ T because 1 + μ(y)f (y) > 0 for all y ∈ T .

Hence, using (3.33), we get

φ(x)e
f (x, x0) ≤ φ(x0) +
∫ x

x0

e
f (σ (y), x0)g(y)Δy

= φ(x0) +
∫ x

x0

ef (x0, σ (y))g(y)Δy.

From the last inequality, using that e
f (x, x0) > 0 and

1

e
f (x, x0)
= ef (x, x0), ef (x, x0)ef (x0, σ (y)) = ef (x, σ (y))

for all x, y ∈ T , we obtain the inequality (3.34).

Theorem 9 (Gronwall’s Inequality) Let x0 ∈ T and φ, f , g ∈ Crd(T ), and

1 + μ(x)g(x) > 0, g(x) ≥ 0 for all x ∈ T .

Then

φ(x) ≤ f (x) +
∫ x

x0

φ(y)g(y)Δy for all x ∈ T , x ≥ x0, (3.35)

implies

φ(x) ≤ f (x) +
∫ x

x0

eg(x, σ (y))f (y)g(y)Δy for all x ∈ T , x ≥ x0. (3.36)

Proof Define

ψ(x) =
∫ x

x0

φ(y)g(y)Δy for x ∈ T , x ≥ x0.

Then ψ(x0) = 0. Also, using (3.35), we get

φ(x) ≤ f (x) + ψ(x) for x ∈ T , x ≥ x0. (3.37)
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Hence, we get

ψΔ(x) = φ(x)g(x)

≤ f (x)g(x) + g(x)ψ(x), x ∈ T .

From here and Theorem 8, we obtain

ψ(x) ≤ ψ(x0)eg(x, x0) +
∫ x

x0

eg(x, σ (y))f (y)g(y)Δy

=
∫ x

x0

eg(x, σ (y))f (y)g(y)Δy.

From the last inequality and from (3.37), we get the inequality (3.36).

Theorem 10 Suppose that all conditions of Theorem 7 are fulfilled. Then the
Eq. (3.30) has unique rd-continuous solution φ(x) defined on [a, b].
Proof The existence of a rd-continuous solution φ(x) of the Eq. (3.30) is ensured by
Theorem 7.
Assume that φ1(x) and φ2(x) are rd-continuous solutions of (3.30) defined on [a, b].
Then ψ(x) = φ1(x) − φ2(x) is a rd-continuous solution of the equation

ψ(x) = λ

∫ x

a
K(x, y)ψ(y)Δy, x ∈ [a, b].

Hence,

|ψ(x)| =
∣
∣
∣
∣λ

∫ x

a
K(x, y)ψ(y)Δy

∣
∣
∣
∣

≤ |λ|
∫ x

a
|K(x, y)||ψ(y)|Δy

≤ N |λ|
∫ x

a
|ψ(y)|Δy, x ∈ [a, b].

From the last inequality and from Theorem 9, we get that

ψ(x) = φ1(x) − φ2(x) = 0 for x ∈ [a, b].

3.3.4 Existence and Uniqueness of Solutions of Generalized
Volterra Integral Equations of the First Kind

Theorem 11 Let u(x) be differentiable in [a, b]κ , K(x, y) be rd-continuous in x
and y, x, y ∈ [a, b], and KΔ

x (x, y) exists for all (x, y) ∈ [a, b]κ × [a, b]. Let also,
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K(σ (x), x) �= 0 for all x ∈ [a, b], and

|uΔ(x)| ≤ M1,

∣
∣
∣ 1
K(σ (x),x)

∣
∣
∣ ≥ M2 for x ∈ [a, b],

|KΔ
x (x, y)| ≤ M3 for x, y ∈ [a, b].

Then the generalized Volterra integral equation of the first kind (3.28) has unique
rd-continuous solution φ(x) defined on [a, b].
Proof We reduce the Eq. (3.28) to the Eq. (3.29). Now the result follows from
Theorems 7 and 10.

3.4 Resolvent Kernels

We shall give another expression of the solution φ(x) of the Eq. (3.30) as follows.
We will start with the following useful lemma.

Lemma 4 Let f : T × T �−→ R be rd-continuous function and a ∈ T be fixed.
Then ∫ x

a

∫ x1

a
f (x1, y)ΔyΔx1 =

∫ x

a

∫ x

σ(y)
f (x1, y)Δx1Δy. (3.38)

Proof Let

G(x) =
∫ x

a

∫ x1

a
f (x1, y)ΔyΔx1 −

∫ x

a

∫ x

σ(y)
f (x1, y)Δx1Δy.

Then

GΔ(x) =
∫ x

a
f (x, y)Δy −

∫ x

a
f (x, y)Δy −

∫ σ(x)

σ (x)
f (x1, x)Δx1 = 0.

Since G(a) = 0, we get (3.38).

From (3.32) it follows that

φ1(x) =
∫ x

a
K(x, y)φ0(y)Δy

=
∫ x

a
K(x, y)u(y)Δy,
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φ2(x) =
∫ x

a
K(x, y)φ1(y)Δy

=
∫ x

a
K(x, y)

∫ y

a
K(y, z)u(z)ΔzΔy

=
∫ x

a

∫ y

a
K(x, y)K(y, z)u(z)ΔzΔy

=
∫ x

a

∫ x

σ(y)
K(x, z)K(z, y)u(y)ΔzΔy

=
∫ x

a
u(y)

∫ x

σ(y)
K(x, z)K(z, y)ΔzΔy.

Let

K (2)(x, y) =
∫ x

σ(y)
K(x, z)K(z, y)Δz.

Therefore

φ2(x) =
∫ x

a
K (2)(x, y)u(y)Δy.

Hence,

φ3(x) =
∫ x

a
K(x, y)φ2(y)Δy

=
∫ x

a
K(x, y)

∫ y

a
K (2)(y, z)u(z)ΔzΔy

=
∫ x

a

∫ y

a
K(x, y)K (2)(y, z)u(z)ΔzΔy

=
∫ x

a

∫ x

σ(y)
K(x, z)K (2)(z, y)u(y)ΔzΔy

=
∫ x

a
u(y)

∫ x

σ(y)
K(x, z)K (2)(z, y)ΔzΔy.

Let

K (3)(x, y) =
∫ x

σ(y)
K(x, z)K (2)(z, y)Δz.

Then

φ3(x) =
∫ x

a
K (3)(x, y)u(y)Δy.

Repeating the same argument, we obtain the iterated kernels.

K (1)(x, y) = K(x, y),
K (n)(x, y) = ∫ x

σ(y) K(x, z)K (n−1)(z, y)Δz. (3.39)
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We set

Γ (x, y; λ) = K(x, y) + λK (2)(x, y) + λ2K (3)(x, y) + · · · + λn−1K (n)(x, y) + · · · .

Definition 1 The function Γ (x, y; λ) is called the resolvent kernel of the kernel
K(x, y).

Theorem 12 Let K(x, y) be defined and rd-continuous on [a, b] × [a, b]. Let also,
|K(x, y)| ≤ M for all (x, y) ∈ [a, b] × [a, b], for some positive constant M. Then
Γ (x, y; λ) converges uniformly with respect to (x, y) for |λ| < ∞.

Proof Let (x, y) ∈ [a, b] × [a.b] be arbitrarily chosen. Without loss of generality we
suppose that y ≤ x. Then

|K (1)(x, y)| ≤ M,

|K (2)(x, y)| =
∣
∣
∣
∣

∫ x

σ(y)
K(x, z)K (1)(z, y)Δz

∣
∣
∣
∣

≤
∫ x

σ(y)
|K(x, z)||K (1)(z, y)|Δz

≤ M2(x − σ(y))

= M2h1(x, σ (y)),

|K (3)(x, y)| =
∣
∣
∣
∣

∫ x

σ(y)
K(x, z)K (2)(z, y)Δz

∣
∣
∣
∣

≤
∫ x

σ(y)
|K(x, z)||K (2)(z, y)|Δz

≤ M3
∫ x

σ(y)
h1(z, σ (y))Δz

= M3h2(x, σ (y)).

Assume that
|K (m)(x, y)| ≤ Mmhm−1(x, σ (y))

for some m ∈ N .

We will prove that
|K (m+1)(x, y)| ≤ Mm+1hm(x, σ (y)).
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Really, we have

|K (m+1)(x, y)| =
∣
∣
∣
∣

∫ x

σ(y)
K(x, z)K (m)(z, y)Δz

∣
∣
∣
∣

≤
∫ x

σ(y)
|K(x, z)||K (m)(z, y)|Δz

≤ Mm+1
∫ x

σ(y)
hm−1(z, σ (y))Δz

= Mm+1hm(x, σ (y)).

Consequently

|K (m)(x, y)| ≤ Mmhm−1(x, σ (y)) for all m ∈ N ,

which completes the proof.

Theorem 13 The resolvent kernel Γ (x, y; λ) of the kernel K(x, y) satisfies the gen-
eralized Volterra integral equation of the second kind

Γ (x, y; λ) = K(x, y) + λ

∫ x

σ(y)
K(x, z)Γ (z, y; λ)Δz. (3.40)

Proof We have

Γ (x, y; λ) = K(x, y) + λK (2)(x, y) + λ2K (3)(x, y) + · · ·
= K(x, y) + λ

(
K (2)(x, y) + λK (3)(x, y) + · · ·

)

= K(x, y) + λ

(∫ x

σ(y)
K(x, z)K (1)(z, y)Δz +

∫ x

σ(y)
K(x, z)

(
λK (2)(z, y)

)
Δz + · · ·

)

= K(x, y) + λ

∫ x

σ(y)
K(x, z)

(
K (1)(z, y) + λK (2)(z, y) + · · ·

)
Δz

= K(x, y) + λ

∫ x

σ(y)
K(x, z)Γ (z, y; λ)Δz.

Exercise 14 Prove that the resolvent kernel Γ (x, y; λ) of the kernelK(x, y) satisfies
the generalized Volterra integral equation of the second kind

Γ (x, y; λ) = K(x, y) + λ

∫ x

σ(y)
Γ (x, z; λ)K(z, y)Δz. (3.41)
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Remark 1 Assume that the kernel K(x, y) satisfies all conditions of Theorem 7.
Hence, from Theorems 7 and 10, it follows that there exists unique rd-continuous
function Γ (x, y; λ) with respect to (x, y) ∈ [a, b] × [a, b] which satisfies the
Eqs. (3.40) and (3.41) for |λ| < ∞.

Remark 2 Assume that the resolvent kernel Γ (x, y; λ) satisfies all conditions of
Theorem 7 for |λ| < ∞. Hence, from Theorems 7 and 10, it follows that there exists
unique rd-continuous functionK(x, y) in [a, b] × [a, b]which satisfies theEqs. (3.40)
and (3.41).

From Remarks 1 and 2 we get the following theorem.

Theorem 14 (Reciprocity Theorem) If Γ (x, y; λ) is the resolvent kernel of K(x, y),
then the resolvent kernel of Γ (x, y; λ) is the kernel K(x, y) itself.

Example 30 Let T = Z , K(x, y) = 1 for (x, y) ∈ [0, 4] × [0, 4]. Then

K (1)(x, y) = K(x, y) = 1,

K (2)(x, y) =
∫ x

σ(y)
K(x, z)K(z, y)Δz

=
∫ x

σ(y)
Δz

= x − y − 1,

K (3)(x, y) =
∫ x

σ(y)
K(x, z)K (2)(z, y)Δz

=
∫ x

σ(y)
(z − y − 1)Δz

=
∫ x

σ(y)

(
1

2
(z2)Δ − 1

2
− y − 1

)
Δz

= 1

2

∫ x

σ(y)
(z2)ΔΔz −

(
3

2
+ y

) ∫ x

σ(y)
Δz

= 1

2
(x2 − (y + 1)2) −

(
3

2
+ y

)
(x − y − 1)

= (x − y − 1)

(
1

2
x + 1

2
y + 1

2
− 3

2
− y

)

= 1

2
(x − y − 1)(x − y − 2).
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Example 31 Let T = 2N0 and K(x, y) = x, (x, y) ∈ [1, 8] × [1, 8]. Then

K (1)(x, y) = K(x, y)

= x,

K (2)(x, y) =
∫ x

2y
K(x, z)K (1)(z, y)Δz

=
∫ x

2y
xzΔz

= x
∫ x

2y
zΔz

= 1

3
x
∫ x

2y
(z2)ΔΔz

= 1

3
x(x2 − 4y2),

K (3)(x, y) =
∫ x

2y
K(x, z)K (2)(z, y)Δz

= 1

3
x
∫ x

2y
z(z2 − 4y2)Δz

= 1

3
x
∫ x

2y
(z3 − 4zy2)Δz

= 1

3
x
∫ x

2y

(
1

15
(z4)Δ − 4

3
y2(z2)Δ

)
Δz

= 1

45
x
∫ x

2y
(z4)ΔΔz − 4

9
xy2

∫ x

2y
(z2)ΔΔz

= 1

45
x(x4 − (2y)4) − 4

9
xy2(x2 − (2y)2)

= 1

45
x(x2 − (2y)2)(x2 + (2y)2 − 20y2)

= 1

45
x(x2 − 4y2)(x2 − 16y2)

= 1

45
x(x − 2y)(x − 4y)(x + 4y)(x + 2y).

Exercise 15 Let T = 3N0 and K(x, y) = x + y, (x, y) ∈ [1, 9] × [1, 9]. Find
K (2)(x, y).

Answer

(x − 3y)
17x2 + 116xy + 75y2

52
.
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3.5 Application to Linear Dynamic Equations

It was shown in Sect. 2.2 that initial value problems for second-order and first-order
dynamic equations can be reduced to generalized Volterra integral equations of the
second kind. In this section we will show that initial value problems for nth order
dynamic equations can be reduced to Volterra integral equations of the second kind.
We will start with a formula that reduces multiple integrals to single integrals.

Lemma 5 Let a ∈ T and f : T �−→ R be integrable. Then

∫ x
a

∫ x1
a

∫ x2
a . . .

∫ xn
a f (y)ΔyΔxn . . . Δx2Δx1

= ∫ x
a (hn(x, y) − μ(y)hn−1(x, y))f (y)Δy, x ∈ T .

(3.42)

Proof 1. n = 1. Then, using Theorem1 in Chap.2, we have

∫ x

a

∫ x1

a
f (y)ΔyΔx1 =

∫ x

a
(x − σ(y))f (y)Δy

=
∫ x

a
(x − y + y − σ(y))f (y)Δy

=
∫ x

a
(h1(x, y) − μ(y)h0(x, y))f (y)Δy.

2. Assume that (3.42) holds for some n ∈ N .

3. We will prove that

∫ x
a

∫ x1
a

∫ x2
a . . .

∫ xn+1

a f (y)ΔyΔxn+1 . . . Δx2Δx1
= ∫ x

a (hn+1(x, y) − μ(y)hn(x, y))f (y)Δy, x ∈ T .

Really, for x ∈ T , using (3.42), we get

∫ x1

a

∫ x2

a
. . .

∫ xn

a
f (y)Δ . . . Δx2 =

∫ x1

a
(hn−1(x1, y) − μ(y)hn−2(x1, y))f (y)Δy.

Hence,

∫ x
a

∫ x1
a

∫ x2
a . . .

∫ xn
a f (y)Δy . . . Δx2Δx1

= ∫ x
a

∫ x1
a (hn−1(x1, y) − μ(y)hn−2(x1, y))f (y)ΔyΔx1

= ∫ x
a

∫ x
y (hn−1(x1, y) − μ(y)hn−2(x1, y))f (y)Δx1Δy

= ∫ x
a

(∫ x
y (hn−1(x1, y) − μ(y)hn−2(x1, y))Δx1

)
f (y)Δy

= ∫ x
a

(∫ x
y hn−1(x1, y)Δx1 − μ(y)

∫ x
y hn−2(x1, y)Δx1

)
f (y)Δy

= ∫ x
a (hn(x, y) − μ(y)hn−1(x, y))f (y)Δy.

Consequently (3.42) holds for all n ∈ N .

http://dx.doi.org/10.2991/978-94-6239-228-1_2
http://dx.doi.org/10.2991/978-94-6239-228-1_2
http://dx.doi.org/10.2991/978-94-6239-228-1_2
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We consider a linear dynamic equation of nth order, in unknown z,

zΔ
n
(x) + p1(x)z

Δn−1
(x) + · · · + pn(x)z(x) = f (x) (3.43)

where f (x) and pl(x), l = 1, 2, . . . , n, are rd-continuous in a neighbourhood of the
point x = a.
Setting

zΔ
n
(x) = φ(x),

we obtain that

zΔ
n−1

(x) =
∫ x

a
φ(y)Δy + c1,

zΔ
n−2

(x) =
∫ x

a
zΔ

n−1
(y)Δy + c2

=
∫ x

a

(∫ x1

a
φ(y)Δy + c1

)
Δx1 + c2

=
∫ x

a

∫ x1

a
φ(y)ΔyΔx1 + c1(x − a) + c2

=
∫ x

a
(h1(x, y) − μ(y)h0(x, y))Δy + c1h1(x, a) + c2,

zΔ
n−3

(x) =
∫ x

a
zΔ

n−2
(y)Δy + c3

=
∫ x

a

(∫ x1

a
(h1(x1, y) − μ(y)h0(x1, y))φ(y)Δy

+ c1h1(x1, a) + c2
)
Δx1 + c3

=
∫ x

a

∫ x1

a
(h1(x1, y) − μ(y)h0(x1, y))φ(y)ΔyΔx1

+ c1

∫ x

a
h1(x1, a)Δx1 + c2

∫ x

a
Δx1 + c3

=
∫ x

a

∫ x

y
(h1(x1, y) − μ(y)h0(x1, y))φ(y)Δx1Δy

+ c1h2(x, a) + c2(x − a) + c3

=
∫ x

a

(∫ x

y
(h1(x1, y) − μ(y)h0(x1, y))Δx1

)
φ(y)Δy

+ c1h2(x, a) + c2h1(x, a) + c3

=
∫ x

a

(∫ x

y
h1(x1, y)Δx1 − μ(y)

∫ x

y
h0(x1, y)Δx1

)
φ(y)Δy

+ c1h2(x, a) + c2h1(x, a) + c3
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=
∫ x

a
(h2(x, y) − μ(y)h1(x, y))φ(y)Δy

+ c1h2(x, a) + c2h1(x, a) + c3,

and so on. We find

zΔ
n−m

(x) =
∫ x

a
(hm−1(x, y) − μ(y)hm−2(x, y))φ(y)Δy + c1hm−1(x, a)

+ c2hm−2(x, a) + · · · + cm−1h1(x, a) + cm, m = 2, . . . , n.

Accordingly the Eq. (3.43) is reduced to an equation, in unknown φ, of the form

φ(x) + p1(x)

(∫ x

a
φ(y)Δy + c1

)

+ p2(x)

(∫ x

a
(h1(x, y) − μ(y)h0(x, y)φ(y)Δy + c1h1(x, a) + c2

)

+ p3(x)
(∫ x

a
(h2(x, y) − μ(y)h1(x, y))φ(y)Δy + c1h2(x, a) + c2h1(x, a) + c3

)

+ · · ·
+ pn(x)

(∫ x

a
(hn−1(x, y) − μ(y)hn−2(x, y))φ(y)Δy + c1hn−1(x, a)

+ c2hn−2(x, a) + · · · + cn−1h1(x, a) + cn
)

= f (x),

or

φ(x) +
∫ x

a

(
n∑

l=1

pl(x)hl−1(x, y) − μ(y)
n∑

l=2

pl(x)hl−2(x, y)

)

φ(y)Δy

+ c1

n∑

l=1

pl(x)hl−1(x, a) + c2

n∑

l=2

pl(x)hl−2(x, a) + · · · + cnpn(x) = f (x),

or

φ(x) +
∫ x

a

(
n∑

l=1

pl(x)hl−1(x, y) − μ(y)
n∑

l=2

pl(x)hl−2(x, y)

)

φ(y)Δy

+
n∑

m=1

n∑

l=m

cmpl(x)hl−m(x, a) = f (x),

or

φ(x) + ∫ x
a

(∑n
l=1 pl(x)hl−1(x, y) − μ(y)

∑n
l=2 pl(x)hl−2(x, y)

)
φ(y)Δy

= f (x) − ∑n
m=1

∑n
l=m cmpl(x)hl−m(x, a).

(3.44)
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We note that the Eqs. (3.43) and (3.44) are equivalent. The existence and uniqueness
of the solution z(x) of the initial value problem for the nth order linear dynamic
equation (3.43) corresponds exactly to the existence and uniqueness of the solution
φ(x) of the generalized Volterra integral equation of the second kind (3.44). The
constants c1, c2, . . . , cn in (3.44) are determined by the initial conditions for (3.43).

Remark 3 The above arguments suggest thatwe can define a linear dynamic equation
of infinite order by

φ(x) + ∫ x
a

(∑∞
l=1 pl(x)hl−1(x, y) − μ(y)

∑∞
l=2 pl(x)hl−2(x, y)

)
φ(y)Δy

= f (x) − ∑∞
m=1

∑∞
l=m cmpl(x)hl−m(x, a).

(3.45)

If we suppose
sup

x∈[a,b]
|pl(x)| ≤ A, l = 1, 2, . . . ,

for some positive constant A, and
∞∑

m=1

|cm| < ∞, using that the series
∞∑

l=0

hl(x, y) is

absolutely and uniformly convergent on the interval [a, b], we have that the series in
(3.45) are absolutely and uniformly convergent on the interval [a, b]. Thus we can
find a unique solution φ(x) of the Eq. (3.45).

Example 32 Let T = Z . Consider the initial value problem

zΔ
3
(x) + xzΔ

2
(x) + zΔ(x) + z(x) = x2

z(0) = zΔ(0) = zΔ
2
(0) = 1.

(3.46)

Here σ(x) = x + 1, x ∈ T .

We set
zΔ

3
(x) = φ(x). (3.47)

Then

zΔ
2
(x) − zΔ

2
(0) =

∫ x

0
φ(y)Δy

or

zΔ
2
(x) = 1 +

∫ x

0
φ(y)Δy. (3.48)

Hence,

zΔ(x) − zΔ(0) =
∫ x

0

(
1 +

∫ x1

0
φ(y)Δy

)
Δx1

=
∫ x

0
Δx1 +

∫ x

0

∫ x1

0
φ(y)ΔyΔx1
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= x +
∫ x

0
(x − σ(y))φ(y)Δy

= x +
∫ x

0
(x − y − 1)φ(y)Δy,

or

zΔ(x) = x + 1 +
∫ x

0
(x − y − 1)φ(y)Δy. (3.49)

From here,

z(x) − z(0) =
∫ x

0

(
x1 + 1 +

∫ x1

0
(x1 − y − 1)φ(y)Δy

)
Δx1

=
∫ x

0
(x1 + 1)Δx1 +

∫ x

0

∫ x1

0
(x1 − y − 1)φ(y)ΔyΔx1

=
∫ x

0

(
1

2
(x21)

Δ − 1

2
+ 1

)
Δx1 +

∫ x

0

∫ x1

0
(x1 − y − 1)φ(y)ΔyΔx1

= 1

2

∫ x

0
(x21)

ΔΔx1 + 1

2

∫ x

0
Δx1 +

∫ x

0

∫ x1

0
(x1 − y − 1)φ(y)ΔyΔx1

= 1

2
x2 + 1

2
x +

∫ x

0

∫ x1

0
(x1 − y − 1)φ(y)ΔyΔx1

= 1

2
x2 + 1

2
x +

∫ x

0

∫ x

y
(x1 − y − 1)φ(y)Δx1Δy +

∫ x

0
φ(y)Δy

= 1

2
x2 + 1

2
x +

∫ x

0

(∫ x

y
(x1 − y − 1)Δx1

)
φ(y)Δy +

∫ x

0
φ(y)Δy

= 1

2
x2 + 1

2
x +

∫ x

0

(∫ x

y

(
1

2
(x21)

Δ − 1 − y − 1

2

)
Δx1

)
φ(y)Δy +

∫ x

0
φ(y)Δy

= 1

2
x2 + 1

2
x +

∫ x

0

(∫ x

y

(
1

2
(x21)

Δ − y − 3

2

)
Δx1

)
φ(y)Δy +

∫ x

0
φ(y)Δy

= 1

2
x2 + 1

2
x +

∫ x

0

(
1

2
(x2 − y2) −

(
y + 3

2

)
(x − y) + 1

)
φ(y)Δy

= 1

2
x2 + 1

2
x +

∫ x

0

(
1

2
x2 − 1

2
y2 − xy + y2 − 3

2
x + 3

2
y + 1

)
φ(y)Δy

= 1

2
x2 + 1

2
x +

∫ x

0

(
1

2
x2 + 1

2
y2 − xy − 3

2
x + 3

2
y + 1

)
φ(y)Δy,

i.e.,

z(x) = 1

2
x2 + 1

2
x + 1 +

∫ x

0

(
1

2
x2 + 1

2
y2 − xy − 3

2
x + 3

2
y + 1

)
φ(y)Δy. (3.50)
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We substitute (3.47)–(3.50) in (3.46), and we get

φ(x) + x

(
1 +

∫ x

0
φ(y)Δy

)
+ (x + 1) +

∫ x

0
(x − y − 1)φ(y)Δy

+ 1

2
x2 + 1

2
x + 1 +

∫ x

0

(
1

2
x2 + 1

2
y2 − xy − 3

2
x + 3

2
y + 1

)
φ(y)Δy = x2,

or

φ(x) + x +
∫ x

0
xφ(y)Δy + x + 1 +

∫ x

0
(x − y − 1)φ(y)Δy

+ 1

2
x2 + 1

2
x + 1 +

∫ x

0

(
1

2
x2 + 1

2
y2 − xy − 3

2
x + 3

2
y + 1

)
φ(y)Δy = x2,

or

φ(x) +
∫ x

0
xφ(y)Δy +

∫ x

0
(x − y − 1)φ(y)Δy

+
∫ x

0

(
1

2
x2 + 1

2
y2 − xy − 3

2
x + 3

2
y + 1

)
φ(y)Δy + 1

2
x2 + 5

2
x + 2 = x2,

or

φ(x) +
∫ x

0

(
1

2
x2 + 1

2
y2 − xy − 3

2
x + 3

2
y + x + x − y − 1 + 1

)
φ(y)Δy = 1

2
x2 − 5

2
x − 2,

or

φ(x) +
∫ x

0

(
1

2
x2 + 1

2
y2 − xy + 1

2
x + 1

2
y

)
φ(y)Δy = 1

2
x2 − 5

2
x − 2.

Example 33 Let T = 2N0 ∪ {0}. Consider the initial value problem

zΔ
4
(x) + xz(x) = 1

z(0) = zΔ(0) = zΔ
2
(0) = 1, zΔ

3
(0) = 0.

(3.51)

Here σ(x) = 2x, x ∈ T .

We set
zΔ

4
(x) = φ(x). (3.52)

Then

zΔ
3
(x) − zΔ

3
(0) =

∫ x

0
φ(y)Δy
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or

zΔ
3
(x) =

∫ x

0
φ(y)Δy.

Hence,

zΔ
2
(x) − zΔ

2
(0) =

∫ x

0

∫ x1

0
φ(y)ΔyΔx1

=
∫ x

0
(x − σ(y))φ(y)Δy

=
∫ x

0
(x − 2y)φ(y)Δy,

or

zΔ
2
(x) = 1 +

∫ x

0
(x − 2y)φ(y)Δy.

From here,

zΔ(x) − zΔ(0) =
∫ x

0

(
1 +

∫ x1

0
(x1 − 2y)φ(y)Δy

)
Δx1

=
∫ x

0
Δx1 +

∫ x

0

∫ x1

0
(x1 − 2y)φ(y)ΔyΔx1

= x +
∫ x

0

∫ x1

0
(x1 − 2y)φ(y)ΔyΔx1

= x +
∫ x

0

∫ x

y
(x1 − 2y)φ(y)Δx1Δy +

∫ x

0
y2φ(y)Δy

= x +
∫ x

0

(∫ x

y
(x1 − 2y)Δx1

)
φ(y)Δy +

∫ x

0
y2φ(y)Δy

= x +
∫ x

0

(∫ x

y

(
1

3
(x21)

Δ − 2y

)
Δx1

)
φ(y)Δy +

∫ x

0
y2φ(y)Δy

= x +
∫ x

0

(
1

3
x2 − 1

3
y2 − 2y(x − y) + y2

)
φ(y)Δy

= x +
∫ x

0

(
1

3
x2 + 2

3
y2 − 2xy + 2y2

)
φ(y)Δy

= x +
∫ x

0

(
1

3
x2 + 8

3
y2 − 2xy

)
φ(y)Δy,

or

zΔ(x) = x + 1 +
∫ x

0

(
1

3
x2 + 8

3
y2 − 2xy

)
φ(y)Δy.
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Hence,

z(x) − z(0) =
∫ x

0

(
x1 + 1 +

∫ x1

0

(
1

3
x21 + 8

3
y2 − 2x1y

)
φ(y)Δy

)
Δx1

=
∫ x

0
(x1 + 1)Δx1 +

∫ x

0

∫ x1

0

(
1

3
x21 + 8

3
y2 − 2x1y

)
φ(y)ΔyΔx1

=
∫ x

0

(
1

3
(x21)

Δ + 1

)
Δx1 +

∫ x

0

∫ x1

0

(
1

3
x21 + 8

3
y2 − 2x1y

)
φ(y)ΔyΔx1

= 1

3

∫ x

0
(x21)

ΔΔx1 +
∫ x

0
Δx1 +

∫ x

0

∫ x1

0

(
1

3
x21 + 8

3
y2 − 2x1y

)
φ(y)ΔyΔx1

= 1

3
x2 + x +

∫ x

0

∫ x1

0

(
1

3
x21 + 8

3
y2 − 2x1y

)
φ(y)ΔyΔx1

= 1

3
x2 + x +

∫ x

0

∫ x

y

(
1

3
x21 + 8

3
y2 − 2x1y

)
φ(y)Δx1Δy −

∫ x

0
y3φ(y)Δy

= 1

3
x2 + x +

∫ x

0

(∫ x

y

(
1

21
(x31)

Δ − 2

3
y(x21)

Δ + 8

3
y2

)
Δx1

)
φ(y)Δy −

∫ x

0
y3φ(y)Δy

= 1

3
x2 + x +

∫ x

0

(
1

21
x3 − 1

21
y3 − 2

3
x2y + 2

3
y3 + 8

3
y2x − 8

3
y3 − y3

)
φ(y)Δy

= 1

3
x2 + x +

∫ x

0

(
1

21
x3 − 64

21
y3 − 2

3
x2y + 8

3
y2x

)
φ(y)Δy,

or

z(x) = 1

3
x2 + x + 1 +

∫ x

0

(
1

21
x3 − 64

21
y3 − 2

3
x2y + 8

3
y2x

)
φ(y)Δy. (3.53)

We substitute (3.52) and (3.53) and we find

φ(x) + x

(
1

3
x2 + x + 1 +

∫ x

0

(
1

21
x3 − 64

21
y3 − 2

3
x2y + 8

3
y2x

)
φ(y)Δy

)
= 1,

or

φ(x) +
∫ x

0

(
1

21
x4 − 64

21
xy3 − 2

3
x3y + 8

3
y2x2

)
φ(y)Δy = −1

3
x3 − x2 − x + 1.

Exercise 16 Let T = 3N0 ∪ {0}. Convert the following IVP

{
zΔ

3
(x) + zΔ(x) = 1

z(0) = zΔ(0) = zΔ
2
(0) = 0.

Answer

φ(x) +
∫ x

0
(x − 3y)φ(y)Δy = 1.
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3.6 Advanced Practical Exercises

Problem 1 Let T = 2Z . Consider the equation

φ(x) = x + x
∫ x

0
φ(y)Δy.

Using ADM, find φ0(x), φ1(x) and φ2(x).

Answer

φ0(x) = x, φ1(x) = 1

2
x3 − x2, φ2(x) = 1

8
x5 − 5

6
x4 + 3

2
x3 − 2

3
x2.

Problem 2 LetT = 4Z . Using ADM, find a solution in a series form of the equa-
tion

φ(x) = x − 3
∫ x

0
φ(t)Δt.

Answer

φ(x) = x +
(

−3

2
x2 + 6x

)
+

(
3

2
x3 − 18x2 + 48x

)
+ · · · .

Problem 3 Let T = 3N0 ∪ {0}. Consider the equation

φ(x) = 1 + x2 +
∫ x

0
φ(y)Δy.

Using MDM, find φ0(x), φ1(x), φ2(x) and φ3(x).

Answer

φ0(x) = 1, φ1(x) = x2 + x,

φ2(x) = 1

13
x3 + 1

4
x2, φ3(x) = 1

520
x4 + 1

52
x3.

Problem 4 Use the noise terms phenomenon to solve the following equation

φ(x) = 2x − 2 +
∫ x

0
φ(y)Δy, T = 4N0 ∪ {0}.

Answer φ(x) = −2.
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Problem 5 Using DEM, find a solution of the following equations.

1. φ(x) = 3 +
∫ x

1
(y3 + 1)φ(y)Δy, T = N 2

0 ,

2. φ(x) = −8 +
∫ x

0
(y4 + y2 + 1)φ(y)Δy, T = Z ,

3. φ(x) = 1 +
∫ x

1
y3φ(y)Δy, T = 2N0 .

Answer

1. φ(x) = 3ex3+1(x, 1),

2. φ(x) = −8ex4+x2+1(x, 0),

3. φ(x) = ex3(x, 1).

Problem 6 UsingDEM,find a solution of the followinggeneralizedVolterra integral
equations,

1. φ(x) = x − 3 + 2
∫ x

0
y2φ(y)Δy, T = Z ,

2. φ(x) = x2 +
∫ x

1
y2φ(y)Δy, T = 3N0 ,

3. φ(x) = x3 +
∫ x

0
yφ(y)Δy, T = 4Z .

Answer

1. φ(x) = −3e2x2(x, 0) +
∫ x

0

e2x2(x, τ )

1 + 2τ 2
Δτ,

2. φ(x) = ex2(x, 1) + 4
∫ x

1

ex2(x, τ )

1 + 2τ 3
τΔτ,

3. φ(x) =
∫ x

0

ex(x, 0)

1 + 4τ
(3τ 2 + 12τ + 16)Δτ.

Problem 7 UsingDEM,find a solution of the followinggeneralizedVolterra integral
equations.

1. φ(x) = 2x + 2
∫ x

0
yφ(y)Δy, T = Z ,

2. φ(x) = 3 − 2x + 4x
∫ x

1
yφ(y)Δy, T = 2N0 ,

3. φ(x) = x2 + x
∫ x

1
yφ(y)Δy, T = 4N0 .
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Answer

1. φ(x) = 2
∫ x

0
e2x(x, τ )

1

1 + 2τ
Δτ,

2. φ(x) = e 1+8x3
x

(x, 1) − 3

2

∫ x

1
e 1+8x3

x
(x, τ )

1

τ + 4τ 4
Δτ,

3. φ(x) = e 1+4x3
x

(x, 1) +
∫ x

1
e 1+4x3

x
(x, τ )

τ

1 + 3τ 3
Δτ.

Problem 8 UsingDEM,find a solution of the followinggeneralizedVolterra integral
equations.

1. φ(x) = x2 −
∫ x

0
y2φ(y + 1)Δy, T = Z ,

2. φ(x) = x3 −
∫ x

1
y3φ(2y)Δy, T = 2N0 ,

3. φ(x) = x4 −
∫ x

1
y4φ(4y)Δy, T = 4N0 .

Answer

1. φ(x) =
∫ x

0
e− x2

1+x2
(x, τ )(2τ + 1)Δτ,

2. φ(x) = e− x3

1+x4
(x, 1) + 7

∫ x

1
e− x3

1+x4
(x, τ )τ 2Δτ,

3. φ(x) = e− x4

1+3x5
(x, 1) + 85

∫ x

1
e− x4

1+3x5
(x, τ )τ 3Δτ.

Problem 9 Let T = Z . Consider the equation

φ(x) = 2x + 4 +
∫ x

0
yφ(y)Δy.

Using SAM and φ0(x) = 1, find φ1(x) and φ2(x).

Answer

φ1(x) = 1

2
x2 + 3

2
x + 4, φ2(x) = 4 + 1

4
x + 11

8
x2 + 1

4
x3 + 1

8
x4.

Problem 10 Let T = 2N0 ∪ {0}. Consider the equation

φ(x) = 1 +
∫ x

0
φ(y + 1)Δy.

Using SAM and φ0(x) = 1, find φ1(x) and φ2(x).
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Answer

φ1(x) = 1 + x, φ2(x) = 1 + 2x + 1

3
x2.

Problem 11 Convert the following generalized Volterra integral equation of the first
kind to generalized Volterra integral equation of the second kind.

x2 + x + 10 = −x +
∫ x

1
(2x + y)2φ(y)Δy, T = 2N0 .

Answer

φ(x) = 3x + 2

25x2
−

∫ x

1

12x + 4y

25x2
φ(y)Δy.

Problem 12 Let T = 2N0 and K(x, y) = y, (x, y) ∈ [1, 16] × [1, 16]. Find
K (2)(x, y).

Answer
1

3
y(x − 2y)(x + 2y).

Problem 13 Let T = Z . Convert the following IVP

{
zΔ

5
(x) + zΔ

3
(x) = x

z(0) = zΔ(0) = zΔ
2
(0) = zΔ

3
(0) = zΔ

4
(0) = 0.

Answer

φ(x) +
∫ x

0
(x − y − 1)φ(y)Δy = x.



Chapter 4
Generalized Volterra Integro-Differential
Equations

In this chapter we describe the Adomian decomposition method for generalized
Volterra integro-differential equations of the second kind. They are given procedures
for conversion of generalized Volterra integro-differential equations of the second
kind to generalized Volterra integro-differential equations of the first kind and gen-
eralized Volterra integral equations.

Volterra integro-differential equations appear in many physical applications such
as glassforming process, nanohydrodynamics, heat transfer, diffusion process in gen-
eral, neutron diffusion and biological species coexisting together with increasing and
decreasing rates of generating, and wind ripple in the desert. To find a solution for
the integro-differential equation, the initial conditions should be given.

4.1 Generalized Volterra Integro-Differential
Equations of the Second Kind

4.1.1 The Adomian Decomposition Method

The Adomian decomposition method (ADM) gives the solution in an infinite series
that can be recurrently determined. The obtained series may give the exact solution if
such a solution exists. Otherwise, the series gives an approximation for the solution
that gives high accuracy level.

We consider a generalized Volterra integro-differential equation of the second
kind given by

φΔn
(x) = u(x) + ∫ x

a K (x, y)φ(y)Δy,

φ(a) = a0, φΔ(a) = a1, . . . , φΔn−1
(a) = an−1.

(4.1)

© Atlantis Press and the author(s) 2016
S.G. Georgiev, Integral Equations on Time Scales, Atlantis Studies
in Dynamical Systems 5, DOI 10.2991/978-94-6239-228-1_4

197



198 4 Generalized Volterra Integro-Differential Equations

We integrate the Eq. (4.1) from a to x and we get

∫ x

a
φΔn

(t)Δt =
∫ x

a
u(t)Δt +

∫ x

a

∫ x1

a
K (x1, y)φ(y)ΔyΔx1

or

φΔn−1
(x) = φΔn−1

(a) +
∫ x

a
u(t)Δt +

∫ x

a

∫ x1

a
K (x1, y)φ(y)ΔyΔx1.

Again we integrate from a to x and we obtain

∫ x

a
φΔn−1

(y)Δy =
∫ x

a
φΔn−1

(a)Δy +
∫ x

a

∫ x1

a
u(t)ΔtΔx1

+
∫ x

a

∫ x1

a

∫ x2

a
K (x2, y)φ(y)ΔyΔx2Δx1

or

φΔn−2
(x) = φΔn−2

(a) + φΔn−1
(a)(x − a) +

∫ x

a

∫ x1

a
u(t)ΔtΔx1

+
∫ x

a

∫ x1

a

∫ x2

a
K (x2, y)φ(y)ΔyΔx2Δx1

= φΔn−2
(a)h0(x, a) + φΔn−1

(a)h1(x, a) +
∫ x

a

∫ x1

a
u(t)ΔtΔx1

+
∫ x

a

∫ x1

a

∫ x2

a
K (x2, y)φ(y)ΔyΔx2Δx1,

and so on,

φ(x) =
n−1∑

l=0

φΔl
(a)hl(x, a) +

∫ x

a

∫ x1

a
. . .

∫ xn−1

a
u(t)ΔtΔxn−1 . . . Δx1

+
∫ x

a

∫ x1

a
. . .

∫ xn

a
K (xn, y)φ(y)ΔyΔxn . . . Δx1,

or

φ(x) = ∑n−1
l=0 φΔl

(a)hl(x, a) + ∫ x
a (hn−1(x, y) − μ(y)hn−2(x, y))u(y)Δy

+ ∫ x
a

∫ x1
a . . .

∫ xn
a K (xn, y)φ(y)ΔyΔxn . . . Δx1

(4.2)
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We will search φ(x) in the form

φ(x) =
∞∑

m=0

φm(x). (4.3)

We substitute (4.3) in (4.2) and we find

∑∞
m=0 φm(x) = ∑n−1

l=0 φΔl
(a)hl(x, a) + ∫ x

a (hn−1(x, y) − μ(y)hn−2(x, y))u(y)Δy

+ ∫ x
a

∫ x1
a . . .

∫ xn
a K (xn, y)

∑∞
m=0 φm(y)ΔyΔxn . . . Δx1

= ∑n−1
l=0 φΔl

(a)hl(x, a) + ∫ x
a (hn−1(x, y) − μ(y)hn−2(x, y))u(y)Δy

+∑∞
m=0

∫ x
a

∫ x1
a . . .

∫ xn
a K (xn, y)φm(y)ΔyΔxn . . . Δx1.

To determine the componentsφ0(x), φ2(x), φ3(x), . . . ,we set the recurrence relation

φ0(x) = ∑n−1
l=0 φΔl

(a)hl(x, a) + ∫ x
a (hn−1(x, y) − μ(y)hn−2(x, y))u(y)Δy,

φ1(x) = ∫ x
a

∫ x1
a . . .

∫ xn
a K (xn, y)φ0(y)ΔyΔxn . . . Δx1,

. . .

φk(x) = ∫ x
a

∫ x1
a . . .

∫ xn
a K (xn, y)φk−1(y)ΔyΔxn . . . Δx1, k ≥ 2.

Having determined the components φk(x), k ≥ 0, the solution φ(x) of the equation
(4.1) is then obtained in a series form. Using (4.3), the obtained series converges to
the exact solution if such a solution exists.

Example 1 Let T = 2N0 ∪ {0}. Consider the equation

φΔ(x) = 1 +
∫ x

0
φ(y)Δy, φ(0) = 0.

Here σ(x) = 2x, μ(x) = x, x ∈∈ T .

We integrate both sides of the given equation and we obtain

∫ x

0
φΔ(y)Δy =

∫ x

0
Δy +

∫ x

0

∫ x1

0
φ(y)ΔyΔx1

or

φ(y)
∣
∣
∣
y=x

y=0
= y

∣
∣
∣
y=x

y=0
+

∫ x

0

∫ x1

0
φ(y)ΔyΔx1,
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or

φ(x) = x +
∫ x

0
(x − σ(y))φ(y)Δy

= x +
∫ x

0
(x − 2y)φ(y)Δy.

We set
φ0(x) = x,

φk(x) = ∫ x
0 (x − 2y)φk−1(y)Δy, k ∈ N .

Then

φ1(x) =
∫ x

0
(x − 2y)φ0(y)Δy

=
∫ x

0
(x − 2y)yΔy

=
∫ x

0
(xy − 2y2)Δy

=
∫ x

0

(
1

3
x(y2)Δ − 2

7
(y3)Δ

)
Δy

= 1

3
xy2

∣
∣
∣
y=x

y=0
−2

7
y3

∣
∣
∣
y=x

y=0

= 1

3
x3 − 2

7
x3

= 1

21
x3,

φ2(x) =
∫ x

0
(x − 2y)φ1(y)Δy

= 1

21

∫ x

0
(x − 2y)y3Δy

= 1

21

∫ x

0
(xy3 − 2y4)Δy
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= 1

21

∫ x

0

(
x
1

15
(y4)Δ − 2

31
(y5)Δ

)
Δy

= 1

315
x

∫ x

0
(y4)ΔΔy − 2

651

∫ x

0
(y5)ΔΔy

= 1

315
xy4

∣
∣
∣
y=x

y=0
− 2

651
y5

∣
∣
∣
y=x

y=0

= x5

315
− 2

651
x5

= 1

9765
x5.

Example 2 Let T = Z . Consider the equation

φΔ(x) = 1 + x +
∫ x

0
yφ(y)Δy, φ(0) = 0.

Here
σ(x) = x + 1, μ(x) = 1, x ∈ T .

We integrate both sides of the given equation from 0 to x and we get

∫ x

0
φΔ(y)Δy =

∫ x

0
(1 + y)Δy +

∫ x

0

∫ x1

0
yφ(y)ΔyΔx1

or

φ(y)
∣
∣
∣
y=x

y=0
=

∫ x

0

(
1 + 1

2
(y2)Δ − 1

2

)
Δy +

∫ x

0
(x − σ(y))yφ(y)Δy,

or

φ(x) − φ(0) = 1

2

∫ x

0

(
1 + (y2)Δ

)
Δy +

∫ x

0
(x − y − 1)yφ(y)Δy,

or

φ(x) = 1

2

∫ x

0
Δy + 1

2

∫ x

0
(y2)ΔΔy +

∫ x

0
(x − y − 1)yφ(y)Δy

= 1

2
y
∣
∣
∣
y=x

y=0
+1

2
y2

∣
∣
∣
y=x

y=0
+

∫ x

0
(x − y − 1)yφ(y)Δy
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= 1

2
x + 1

2
x2 +

∫ x

0
(x − y − 1)yφ(y)Δy.

We set
φ0(x) = 1

2 x + 1
2 x

2,

φk(x) = ∫ x
0 (x − y − 1)yφk−1(y)Δy, k ∈ N .

Example 3 Let T = Z . Consider the equation

φΔ2
(x) = 1 +

∫ x

0
φ(y)Δy, φ(0) = φΔ(0) = 0.

Here σ(x) = x + 1, μ(x) = 1, x ∈ T .

We integrate both sides of the given equation and we get

∫ x

0
φΔ2

(y)Δy =
∫ x

0
Δy +

∫ x

0

∫ x1

0
φ(y)ΔyΔx1

or

φΔ(y)
∣
∣
∣
y=x

y=0
= x +

∫ x

0

∫ x1

0
φ(y)ΔyΔx1,

or

φΔ(x) = x +
∫ x

0

∫ x1

0
φ(y)ΔyΔx1.

We integrate the last equation from 0 to x and we obtain

∫ x

0
φΔ(y)Δy =

∫ x

0
yΔy +

∫ x

0

∫ x1

0

∫ x2

0
φ(y)ΔyΔx2Δx1,

or

φ(x) − φ(0) =
∫ x

0

(
1

2
(y2)Δ − 1

2

)
Δy +

∫ x

0

∫ x1

0

∫ x2

0
φ(y)ΔyΔx2Δx1

= 1

2

∫ x

0
(y2)ΔΔy − 1

2

∫ x

0
Δy +

∫ x

0

∫ x1

0

∫ x2

0
φ(y)ΔyΔx2Δx1

= 1

2
y2

∣
∣
∣
y=x

y=0
−1

2
y
∣
∣
∣
y=x

y=0
+

∫ x

0

∫ x1

0

∫ x2

0
φ(y)ΔyΔx2Δx1

= 1

2
x2 − 1

2
x +

∫ x

0

∫ x1

0

∫ x2

0
φ(y)ΔyΔx2Δx1
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= 1

2
x2 − 1

2
x +

∫ x

0
(h2(x, y) − h1(x, y))φ(y)Δy,

i.e.,

φ(x) = 1

2
x2 − 1

2
x +

∫ x

0
(h2(x, y) − h1(x, y))φ(y)Δy.

Note that

h2(x, y) =
∫ x

y
h1(τ, y)Δτ

=
∫ x

y
(τ − y)Δτ

=
∫ x

y

(
1

2
(τ 2)Δ − 1

2
− y

)
Δτ

= 1

2

∫ x

y
(τ 2)ΔΔτ −

(
1

2
+ y

) ∫ x

y
Δτ

= 1

2
τ 2

∣
∣
∣
τ=x

τ=y
−

(
1

2
+ y

)
τ

∣
∣
∣
τ=x

τ=y

= 1

2
(x2 − y2) −

(
1

2
+ y

)
(x − y)

= 1

2
x2 + 1

2
y2 − xy − 1

2
x + 1

2
y,

h2(x, y) − μ(y)h1(x, y) = 1

2
x2 + 1

2
y2 − xy − 1

2
x + 1

2
y − x + y

= 1

2
x2 + 1

2
y2 − xy − 3

2
x + 3

2
y.

Then

φ(x) = 1

2
x2 − 1

2
x +

∫ x

0

(
1

2
x2 + 1

2
y2 − xy − 3

2
x + 3

2
y

)
φ(y)Δy.

We set

φ0(x) = 1
2 x

2 − 1
2 x,

φk(x) = ∫ x
0

(
1
2 x

2 + 1
2 y

2 − xy − 3
2 x + 3

2 y
)
φk−1(y)Δy, k ∈ N .
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Example 4 Let T = 2N0 ∪ {0}. Consider the equation

φΔ2
(x) = 1 +

∫ x

0
φ(y)Δy, φ(0) = φΔ(0) = 0.

Here σ(x) = 2x, μ(x) = x, x ∈ T .

We integrate both sides of the given equation from 0 to x and we get

∫ x

0
φΔ2

(y)Δy =
∫ x

0
Δy +

∫ x

0

∫ x1

0
φ(y)ΔyΔx1

or

φΔ(y)
∣
∣
∣
y=x

y=0
= y

∣
∣
∣
y=x

y=0
+

∫ x

0

∫ x1

0
φ(y)ΔyΔx1,

or

φΔ(x) = x +
∫ x

0

∫ x1

0
φ(y)ΔyΔx1.

Now we integrate the last equation from 0 to x and we obtain

∫ x

0
φΔ(y)Δy =

∫ x

0
yΔy +

∫ x

0

∫ x1

0

∫ x2

0
φ(y)ΔyΔx2Δx1

or

φ(y)
∣
∣
∣
y=x

y=0
= 1

3

∫ x

0
(y2)ΔΔy +

∫ x

0

∫ x1

0

∫ x2

0
φ(y)ΔyΔx2Δx1,

or

φ(x) = 1

3
y2

∣
∣
∣
y=x

y=0
+

∫ x

0

∫ x1

0

∫ x2

0
φ(y)ΔyΔx2Δx1,

or

φ(x) = 1

3
x2 +

∫ x

0
(h2(x, y) − μ(y)h1(x, y))φ(y)Δy.

Note that

h2(x, y) =
∫ x

y
h1(τ, y)Δτ

=
∫ x

y
(τ − y)Δτ

=
∫ x

y

(
1

3
(τ 2)Δ − y

)
Δτ
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= 1

3

∫ x

y
(τ 2)ΔΔτ − y

∫ x

y
Δτ

= 1

3
τ 2

∣
∣
∣
τ=x

τ=y
−yτ

∣
∣
∣
τ=x

τ=y

= 1

3
(x2 − y2) − y(x − y)

= 1

3
x2 − 1

3
y2 − xy + y2

= 1

3
x2 + 2

3
y2 − xy,

h2(x, y) − μ(y)h1(x, y) = 1

3
x2 + 2

3
y2 − xy − y(x − y)

= 1

3
x2 + 2

3
y2 − xy − xy + y2

= 1

3
x2 + 5

3
y2 − 2xy.

Consequently

φ(x) = 1

3
x2 +

∫ x

0

(
1

3
x2 + 5

3
y2 − 2xy

)
φ(y)Δy.

We set
φ0(x) = 1

3 x
2,

φk(x) = ∫ x
0

(
1
3 x

2 + 5
3 y

2 − 2xy
)
φk−1(y)Δy, k ∈ N .

Remark 1 The modified decomposition method that we used before can be used for
handling generalized Volterra integro-differential equations in any order.

Remark 2 The phenomenon of the noise terms that was applied before can be used
here if noise terms appear.
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Exercise 1 UsingADM,find the recurrence relation for {φk(x)}∞k=0 for the following
equations.

1. ⎧
⎨

⎩

φΔ3
(x) − 2φΔ2

(x) + φΔ(x) + φ(x) = x2 + x + ∫ x
0 yφ(y)Δy,

φ(0) = φΔ(0) = φΔ2
(0) = 0, T = Z ,

2. ⎧
⎨

⎩

φΔ3
(x) + φΔ2

(x) = x2 + 2x − 3 + x
∫ x
0 y2φ(y)Δy,

φ(0) = φΔ(0) = 0, φΔ2
(0) = 3, T = 2N0 ∪ {0},

3. ⎧
⎨

⎩

φΔ2
(x) + x2φΔ(x) = φ(x) + 3 + ∫ x

0 yφ(y)Δy,

φ(0) = 1, φΔ(0) = 2, T = 3N0 ∪ {0}.

4.1.2 Converting Generalized Volterra Integro-Differential
Equations of the Second Kind to Initial Value Problems

Consider the generalized Volterra integro-differential equation of the second kind

φΔn
(x) = u(x) + g(x)

∫ x

a
f (y)φ(y)Δy, (4.4)

φΔi
(a) = ai , 0 ≤ i ≤ n − 1,

where f, g : T �−→ R, g(x) 	≡ 0 for x ∈ [a, b].
We substitute x = a in (4.4) and we get

φΔn
(a) = u(a) + g(a)

∫ a

a
f (y)φ(y)Δy

= u(a).

Also,

φΔn
(x) − u(x) = g(x)

∫ x

a
f (y)φ(y)Δy,

whereupon ∫ x

a
f (y)φ(y)Δy = φΔn

(x) − u(x)

g(x)
, x ∈ [a, b]. (4.5)
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We differentiate (4.4) with respect to x and we get

φΔn+1
(x) = uΔ(x) + gΔ(x)

∫ x

a
f (y)φ(y)Δy + g(σ (x)) f (x)φ(x).

Now applying (4.5) we obtain

φΔn+1
(x) = uΔ(x) + gΔ(x)

φΔn
(x) − u(x)

g(x)
+ g(σ (x)) f (x)φ(x), x ∈ [a, b],

or

φΔn+1
(x) − gΔ(x)

g(x)
φΔn

(x) − g(σ (x)) f (x)φ(x) = uΔ(x) − gΔ(x)
u(x)

g(x)
,

x ∈ [a, b].
Consequently we obtain the following initial value problem

⎧
⎪⎨

⎪⎩

φΔn+1
(x) − gΔ(x)

g(x) φΔn
(x) − g(σ (x)) f (x)φ(x) = uΔ(x) − gΔ(x) u(x)

g(x)

φΔi
(a) = ai , 0 ≤ i ≤ n − 1, φΔn

(a) = u(a), x ∈ [a, b].

Example 5 Consider the equation

φΔ3
(x) = x2 + 2x − 2x

∫ x
1 yφ(y)Δy, x ∈ T = N ,

φ(1) = 1, φΔ(1) = −1, φΔ2
(1) = 2.

Note that
σ(x) = x + 1, μ(x) = 1, x ∈ T .

Then

2x
∫ x

1
yφ(y)Δy = x2 + 2x − φΔ3

(x)

or ∫ x

1
yφ(y)Δy = x2 + 2x − φΔ3

(x)

2x
. (4.6)
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Now we integrate the given equation with respect to x and we find

φΔ4
(x) =

(
x2 + 2x − 2x

∫ x

1
yφ(y)Δy

)Δ

= (x2 + 2x)Δ − 2

(
x

∫ x

1
yφ(y)Δy

)Δ

= (x2)Δ + 2xΔ − 2

(

xΔ

∫ x

1
yφ(y)Δy + σ(x)

(∫ x

1
yφ(y)Δy

)Δ
)

= x + σ(x) + 2 − 2

(∫ x

1
yφ(y)Δy + (x + 1)xφ(x)

)

= 2x + 3 − 2
∫ x

1
yφ(y)Δy − 2x(x + 1)φ(x),

i.e.,

φΔ4
(x) = 2x + 3 − 2

∫ x

1
yφ(y)Δy − 2x(x + 1)φ(x).

Now applying (4.6) we obtain

φΔ4
(x) = −2x(x + 1)φ(x) − 2

x2 + 2x − φΔ3
(x)

2x
+ 2x + 3

or

φΔ4
(x) = −2x(x + 1)φ(x) − x − 2 + 1

x
φΔ3

(x) + 2x + 3,

or

φΔ4
(x) − 1

x
φΔ3

(x) + 2x(x + 1)φ(x) = x + 1.

We substitute x = 1 in the given equation and we find

φΔ3
(1) = 3.

Therefore we get the following initial value problem

⎧
⎨

⎩

φΔ4
(x) − 1

x φ
Δ3

(x) + 2x(x + 1)φ(x) = x + 1,

φ(1) = 1, φΔ(1) = −1, φΔ2
(1) = 2, φΔ3

(1) = 3.



4.1 Generalized Volterra Integro-Differential Equations of the Second Kind 209

Example 6 Let T = 2N0 . Consider the equation

φΔ2
(x) = ex2(x, 1) + x

∫ x
1 y2φ(y)Δy, x ∈ T ,

φ(1) = φΔ(1) = 1.

Here
σ(x) = 2x, μ(x) = x, x ∈ T .

We have

x
∫ x

1
y2φ(y)Δy = φΔ2

(x) − ex2(x, 1),

whereupon
∫ x

1
y2φ(y)Δy = φΔ2

(x) − ex2(x, 1)

x
. (4.7)

We differentiate the given equation with respect to x and we get

φΔ3
(x) =

(
ex2(x, 1) + x

∫ x

1
y2φ(y)Δy

)Δ

= eΔ
x2(x, 1) +

(
x

∫ x

1
y2φ(y)Δy

)Δ

= x2ex2(x, 1) + xΔ

∫ x

1
y2φ(y)Δy + σ(x)

(∫ x

1
y2φ(y)Δy

)Δ

= x2ex2(x, 1) +
∫ x

1
y2φ(y)Δy + 2x

(
x2φ(x)

)

= x2ex2(x, 1) +
∫ x

1
y2φ(y)Δy + 2x3φ(x).

Applying (4.7) we obtain

φΔ3
(x) = x2ex2(x, 1) + φΔ2

(x) − ex2(x, 1)

x
+ 2x3φ(x),

whereupon

φΔ3
(x) − 1

x
φΔ2 − 2x3φ(x) =

(
x2 − 1

x

)
ex2(x, 1).

We substitute x = 1 in the given equation and we find

φΔ2
(1) = e1(1, 1) = 1.
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Consequently we obtain the following initial value problem

⎧
⎨

⎩

φΔ3
(x) − 1

x φ
Δ2 − 2x3φ(x) = (

x2 − 1
x

)
ex2(x, 1)

φ(1) = φΔ(1) = φΔ2
(1) = 1.

Example 7 Let T = 3N0 . Consider the equation

φΔ2
(x) = x3φΔ(x) + x2 + 2x + 1 + x2

∫ x
1 y3φ(y)Δy

φ(1) = φΔ(1) = 1.

Here
σ(x) = 3x, μ(x) = 2x, x ∈ T .

We have

x2
∫ x

1
y3φ(y)Δy = φΔ2

(x) − x3φΔ(x) − x2 − 2x − 1,

from where
∫ x

1
y3φ(y)Δy = 1

x2
φΔ2

(x) − xφΔ(x) − 1 − 2

x
− 1

x2
. (4.8)

We differentiate the given equation with respect to x and we find

φΔ3
(x) =

(
x3φΔ(x) + x2 + 2x + 1 + x2

∫ x

1
y3φ(y)Δy

)Δ

= (
x3φΔ(x)

)Δ + (x2)Δ + (2x)Δ + 1Δ +
(
x2

∫ x

1
y3φ(y)Δy

)Δ

= (x3)ΔφΔ(x) + σ 3(x)φΔ2
(x) + σ(x) + x + 2

+(x2)Δ
∫ x

1
y3φ(y)Δy + σ 2(x)

(∫ x

1
y3φ(y)Δy

)Δ

= (σ 2(x) + xσ(x) + x2)φΔ(x) + 27x3φΔ2
(x) + 4x + 2

+ (σ (x) + x)
∫ x

1
y3φ(y)Δy + 9x2

(
x3φ(x)

)
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= (9x2 + 3x2 + x2)φΔ(x) + 27x3φΔ2
(x) + 4x + 2

+ 4x
∫ x

1
ysφ(y)Δy + 9x5φ(x)

= 13x2φΔ(x) + 27x3φΔ2
(x) + 4x + 2 + 4x

∫ x

1
y3φ(y)Δy + 9x5φ(x).

Applying (4.8) we obtain

φΔ3
(x) = 4x + 2 + 9x5φ(x) + 13x2φΔ(x) + 27x3φΔ2

(x)

+4x

(
1

x2
φΔ2

(x) − xφΔ(x) − 1 − 2

x
− 1

x2

)

= 4x + 2 + 9x5φ(x) + 13x2φΔ(x) + 27x3φΔ2
(x)

+4

x
φΔ2

(x) − 4x2φΔ(x) − 4x − 8 − 4

x

= −4

x
− 6 + 9x5φ(x) + 9x2φΔ(x)

+
(
27x3 + 4

x

)
φΔ2

(x),

i.e.,

φΔ3
(x) −

(
27x3 + 4

x

)
φΔ2

(x) − 9x2φΔ(x) − 9x5φ(x) = −4

x
− 6.

We substitute x = 1 in the given equation and we find

φΔ2
(1) = φΔ(1) + 3 = 4.

Consequently we obtain the following initial value problem

⎧
⎨

⎩

φΔ3
(x) − (

27x3 + 4
x

)
φΔ2

(x) − 9x2φΔ(x) − 9x5φ(x) = − 4
x − 6

φ(1) = φΔ(1) = 1, φΔ2
(1) = 4.
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Exercise 2 Convert the following equations into initial value problems.

1.
⎧
⎨

⎩

φΔ2
(x) − 2φΔ(x) = x4 + 2x3 + 2x2 + 2x + 1 + ∫ x

0 (x2 − y2)φ(y)Δy,

φ(0) = φΔ(0) = 1, T = Z ,

2. ⎧
⎨

⎩

φΔ3
(x) + φΔ2

(x) + φΔ(x) − φ(x) = 2x + 1 + x
∫ x
0 y3φ(y)Δy,

φ(0) = φΔ(0) = φΔ2
(0) = −1, T = Z ,

3. ⎧
⎨

⎩

φΔ4
(x) + φΔ(x) = φ(x) − 2x2

∫ x
0 yφ(y)Δy,

φ(0) = φΔ(0) = φΔ2
(0) = φΔ3

(0) = 0, T = 2N0 ∪ {0}.

4.1.3 Converting Generalized Volterra Integro-Differential
Equations of the Second Kind to Generalized Volterra
Integral Equations

Now we consider the equation

φΔn
(x) = u(x) + λ

∫ x
a hl(x, y)φ(y)Δy

φΔi
(a) = ai , 0 ≤ i ≤ n − 1,

(4.9)

where u : T �−→ R is a given rd-continuous function, λ ∈ C is a given parameter,
ai , i = 0, 1, . . . , n − 1, are given constants and l ∈ N is fixed.
We will reduce the Eq. (4.9) to a generalized Volterra integral equation of the second
kind.
We integrate the Eq. (4.9) from a to x and we obtain

∫ x

a
φΔn

(τ )Δτ =
∫ x

a
u(y)Δy + λ

∫ x

a

∫ x1

a
hl(x1, y)φ(y)ΔyΔx1.

Now we use Lemma 4 in Chap.3 and we get

φΔn−1
(τ )

∣
∣
∣
τ=x

τ=a
=

∫ x

a
u(y)Δy + λ

∫ x

a

∫ x

σ(y)
hl (x1, y)φ(y)Δx1Δy

http://dx.doi.org/10.2991/978-94-6239-228-1_3
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=
∫ x

a
u(y)Δy + λ

∫ x

a

∫ x

y
hl (x1, y)φ(y)Δx1Δy

− λ

∫ x

a

∫ σ(y)

y
hl (x1, y)φ(y)Δx1Δy

=
∫ x

a
u(y)Δy + λ

∫ x

a
hl+1(x, y)φ(y)Δy − λ

∫ x

a
hl (y, y)μ(y)φ(y)Δy

=
∫ x

a
u(y)Δy + λ

∫ x

a
hl+1(x, y)φ(y)Δy,

whereupon

φΔn−1
(x) = an−1 +

∫ x

a
u(y)Δy + λ

∫ x

a
hl+1(x, y)φ(y)Δy.

Then we integrate the last equation from a to x and so on while on the left side we
obtain φ(x).

Remark 3 For every l ∈ N we have

∫ x
σ(y) hl(x1, y)Δx1 = ∫ x

y hl(x1, y)Δx1 − ∫ σ(y)
y hl(x1, y)Δx1

= hl+1(x, y) − hl(y, y)μ(y)

= hl+1(x, y).

Example 8 Let T = Z . Consider the equation

φΔ2
(x) = x + ∫ x

0 h4(x, y)φ(y)Δy

φ(0) = φΔ(0) = 1.

We integrate the given equation from 0 to x and we find

∫ x

0
φΔ2

(τ )Δτ =
∫ x

0
τΔτ +

∫ x

0

∫ x1

0
h4(x1, y)φ(y)ΔyΔx1

=
∫ x

0

(
1

2
(τ 2)Δ − 1

2

)
Δτ +

∫ x

0

(∫ x

σ(y)
h4(x1, y)Δx1

)
φ(y)Δy
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= 1

2

∫ x

0
(τ 2)ΔΔτ − 1

2

∫ x

0
Δτ +

∫ x

0
h5(x, y)φ(y)Δy

= 1

2
τ 2

∣
∣
∣
τ=x

τ=0
−1

2
τ

∣
∣
∣
τ=x

τ=0
+

∫ x

0
h5(x, y)φ(y)Δy

= 1

2
x2 − 1

2
x +

∫ x

0
h5(x, y)φ(y)Δy,

whereupon

φΔ(x) − φΔ(0) = 1

2
x2 − 1

2
x +

∫ x

0
h5(x, y)φ(y)Δy

or

φΔ(x) = 1

2
x2 − 1

2
x + 1 +

∫ x

0
h5(x, y)φ(y)Δy.

Now we integrate the last equation from 0 to x and we find

∫ x

0
φΔ(τ)Δτ =

∫ x

0

(
1

2
τ 2 − 1

2
τ + 1

)
Δτ +

∫ x

0

∫ x1

0
h5(x1, y)φ(y)ΔyΔx1

=
∫ x

0

(
1

2

(
1

3
(τ 3)Δ − 1

2
(τ 2)Δ + 1

6

)
− 1

2

(
1

2
(τ 2)Δ − 1

2

)
+ 1

)
Δτ

+
∫ x

0

(∫ x

σ(y)
h5(x1, y)Δx1

)
φ(y)Δy

=
∫ x

0

(
1

6
(τ 3)Δ − 1

4
(τ 2)Δ + 1

12
− 1

4
(τ 2)Δ + 1

4
+ 1

)
Δτ

+
∫ x

0
h6(x, y)φ(y)Δy

=
∫ x

0

(
1

6
(τ 3)Δ − 1

2
(τ 2)Δ + 4

3

)
Δτ +

∫ x

0
h6(x, y)φ(y)Δy

= 1

6

∫ x

0
(τ 3)ΔΔτ − 1

2

∫ x

0
(τ 2)ΔΔτ + 4

3

∫ x

0
Δτ +

∫ x

0
h6(x, y)φ(y)Δy

= 1

6
τ 3

∣
∣
∣
τ=x

τ=0
−1

2
τ 2

∣
∣
∣
τ=x

τ=0
+4

3
τ

∣
∣
∣
τ=x

τ=0
+

∫ x

0
h6(x, y)φ(y)Δy
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= 1

6
x3 − 1

2
x2 + 4

3
x +

∫ x

0
h6(x, y)φ(y)Δy,

from where

φ(x) − φ(0) = 1

6
x3 − 1

2
x2 + 4

3
x +

∫ x

0
h6(x, y)φ(y)Δy,

or

φ(x) = 1

6
x3 − 1

2
x2 + 4

3
x + 1 +

∫ x

0
h6(x, y)φ(y)Δy.

Example 9 Let T = 2N0 ∪ {0}. Consider the equation

φΔ3
(x) = 1 + ∫ x

0 h2(x, y)φ(y)Δy,

φ(0) = 1, φΔ(0) = −1, φΔ2
(0) = 2.

We integrate the given equation from 0 to x and we get

∫ x

0
φΔ3

(τ )Δτ =
∫ x

0
Δτ +

∫ x

0

∫ x1

0
h2(x1, y)φ(y)ΔyΔx1

= τ

∣
∣
∣
τ=x

τ=0
+

∫ x

0

(∫ x

σ(y)
h2(x1, y)Δx1

)
φ(y)Δy

= x +
∫ x

0

(∫ x

y
h2(x1, y)Δx1

)
φ(y)Δy

= x +
∫ x

0
h3(x, y)φ(y)Δy,

whereupon

φΔ2
(x) − φΔ2

(0) = x +
∫ x

0
h3(x, y)φ(y)Δy

or

φΔ2
(x) = x + 2 +

∫ x

0
h3(x, y)φ(y)Δy.
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We integrate the last equation from 0 to x and we obtain

∫ x

0
φΔ2

(τ )Δτ =
∫ x

0
(τ + 2)Δτ +

∫ x

0

∫ x1

0
h3(x1, y)φ(y)ΔyΔx1

=
∫ x

0

(
1

3
(τ 2)Δ + 2

)
+

∫ x

0

(∫ x

σ(y)
h3(x1, y)Δx1

)
φ(y)Δy

= 1

3

∫ x

0
(τ 2)ΔΔτ + 2

∫ x

0
Δτ +

∫ x

0

(∫ x

y
h3(x1, y)Δx1

)
φ(y)Δy

= 1

3
τ 2

∣
∣
∣
τ=x

τ=0
+2τ

∣
∣
∣
τ=x

τ=0
+

∫ x

0
h4(x, y)φ(y)Δy

= 1

3
x2 + 2x +

∫ x

0
h4(x, y)φ(y)Δy,

from where

φΔ(x) − φΔ(0) = 1

3
x2 + 2x +

∫ x

0
h4(x, y)φ(y)Δy

or

φΔ(x) = 1

3
x2 + 2x − 1 +

∫ x

0
h4(x, y)φ(y)Δy.

We integrate the last equation from 0 to x and we find

∫ x

0
φΔ(τ)Δτ =

∫ x

0

(
1

3
τ 2 + 2τ − 1

)
Δτ +

∫ x

0

∫ x1

0
h4(x1, y)φ(y)ΔyΔx1

=
∫ x

0

(
1

21
(τ 3)Δ + 2

3
(τ 2)Δ − 1

)
Δτ

+
∫ x

0

(∫ x

σ(y)
h4(x1, y)Δx1

)
φ(y)Δy

= 1

21

∫ x

0
(τ 3)ΔΔτ + 2

3

∫ x

0
(τ 2)ΔΔτ −

∫ x

0
Δτ

+
∫ x

0

(∫ x

y
h4(x1, y)Δx1

)
φ(y)Δy
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= 1

21
τ 3

∣
∣
∣
τ=x

τ=0
+2

3
τ 2

∣
∣
∣
τ=x

τ=0
−τ

∣
∣
∣
τ=x

τ=0
+

∫ x

0
h5(x, y)φ(y)Δy

= 1

21
x3 + 2

3
x2 − x +

∫ x

0
h5(x, y)φ(y)Δy.

Hence,

φ(x) − φ(0) = 1

21
x3 + 2

3
x2 − x +

∫ x

0
h5(x, y)φ(y)Δy

or

φ(x) = 1

21
x3 + 2

3
x2 − x + 1 +

∫ x

0
h5(x, y)φ(y)Δy.

Example 10 Let T = 2N0 ∪ {0}. Consider the equation

φΔ3
(x) + φΔ2

(x) + φΔ(x) = x + ∫ x
0 h1(x, y)φ(y)Δy,

φ(0) = φΔ(0) = φΔ2
(0) = 1.

Here σ(x) = 2x, x ∈ T .

We integrate the given equation from 0 to x and we get

∫ x

0

(
φΔ3

(τ ) + φΔ2
(τ ) + φΔ(τ)

)
Δτ =

∫ x

0
τΔτ +

∫ x

0

∫ x1

0
h1(x1, y)φ(y)ΔyΔx1

or ∫ x
0 φΔ3

(τ )Δτ + ∫ x
0 φΔ2

(τ )Δτ + ∫ x
0 φΔ(τ)Δτ

= 1
3

∫ x
0 (τ 2)ΔΔτ + ∫ x

0

(∫ x
σ(y) h1(x1, y)Δx1

)
φ(y)Δy,

or
φΔ2

(x) − φΔ2
(0) + φΔ(x) − φΔ(0) + φ(x) − φ(0)

= 1
3τ

2
∣
∣
∣
τ=x

τ=0
+ ∫ x

0

(∫ x
y h1(x1, y)Δx1

)
Δy,

or

φΔ2
(x) + φΔ(x) + φ(x) = 3 + 1

3
x2 +

∫ x

0
h2(x, y)φ(y)Δy.

We integrate the last equation from 0 to x and we find

∫ x
0

(
φΔ2

(τ ) + φΔ(τ) + φ(τ)
)

Δτ = ∫ x
0

(
3 + 1

3 τ2
)

Δτ + ∫ x
0

∫ x1
0 h2(x1, y)φ(y)ΔyΔx1,
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or ∫ x
0 φΔ2

(τ )Δτ + ∫ x
0 φΔ(τ)Δτ + ∫ x

0 φ(y)Δy

= ∫ x
0

(
3 + 1

21 (τ
3)Δ

)
Δτ + ∫ x

0

(∫ x
σ(y) h2(x1, y)Δx1

)
φ(y)Δy,

or
φΔ(x) − φΔ(0) + φ(x) − φ(0) + ∫ x

0 φ(y)Δy

= 3
∫ x
0 Δτ + 1

21

∫ x
0 (τ 3)ΔΔτ + ∫ x

0

(∫ x
y h2(x1, y)Δx1

)
φ(y)Δy,

or

φΔ(x) + φ(x) + ∫ x
0 φ(y)Δy = 2 + 3τ

∣
∣
∣
τ=x

τ=0
+ 1

21τ
3
∣
∣
∣
τ=x

τ=0
+ ∫ x

0 h3(x, y)φ(y)Δy,

or

φΔ(x) + φ(x) +
∫ x

0
φ(y)Δy = 2 + 3x + 1

21
x3 +

∫ x

0
h3(x, y)φ(y)Δy.

We integrate the last equation from 0 to x and we obtain

∫ x
0

(
φΔ(x1) + φ(x1) + ∫ x1

0 φ(y)Δy
)
Δx1 = ∫ x

0

(
2 + 3τ + 1

21τ
3
)
Δτ

+ ∫ x
0

∫ x1
0 h3(x1, y)φ(y)ΔyΔx1

or
∫ x
0 φΔ(τ)Δτ + ∫ x

0 φ(y)Δy + ∫ x
0

∫ x1
0 φ(y)ΔyΔx1

= ∫ x
0

(
2 + (τ 2)Δ + 1

315 (τ
4)Δ

)
Δτ + ∫ x

0

(∫ x
σ(y) h3(x1, y)Δx1

)
φ(y)Δy,

or
φ(x) − φ(0) + ∫ x

0 φ(y)Δy + ∫ x
0 (x − σ(y))φ(y)Δy = 2

∫ x
0 Δτ

+ ∫ x
0 (τ 2)ΔΔτ + 1

315

∫ x
0 (τ 4)ΔΔτ + ∫ x

0

(∫ x
y h3(x1, y)Δx1

)
φ(y)Δy,

or
φ(x) − 1 + ∫ x

0 φ(y)Δy + ∫ x
0 (x − 2y)φ(y)Δy = 2τ

∣
∣
∣
τ=x

τ=0

+τ 2
∣
∣
∣
τ=x

τ=0
+ 1

315τ
4
∣
∣
∣
τ=x

τ=0
+ ∫ x

0 h4(x, y)φ(y)Δy,

or

φ(x) − 1 +
∫ x

0
(x + 1 − 2y)φ(y)Δy = 2x + x2 + 1

315
x4 +

∫ x

0
h4(x, y)φ(y)Δy,
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or

φ(x) = 1 + 2x + x2 + 1

315
x4 +

∫ x

0
(h4(x, y) − x − 1 + 2y)φ(y)Δy.

Exercise 3 Convert the following equations into generalized Volterra integral equa-
tions.

1. ⎧
⎨

⎩

φΔ3
(x) + x3φ(x) = x2 + 2x + 7 + x4

∫ x
0 y4φ(y)Δy,

φ(0) = φΔ(0) = 1, φΔ2
(0) = −3, T = 4Z ,

2. ⎧
⎨

⎩

φΔ2
(x) + 3xφΔ(x) − 3φ(x) = 2x − 5 + x6

∫ x
0 φ(y)Δy,

φ(0) = φΔ(0) = 1, T = 3N0 ∪ {0},

3.

⎧
⎨

⎩

φΔ6
(x) + φΔ3

(x) + x4φΔ(x) = x
∫ x
0 φ(y)Δy,

φ(0) = φΔ(0) = φΔ2
(0) = φΔ3

(0) = φΔ4
(0) = φΔ5

(0) = 0, T = N .

4.2 Generalized Volterra Integro-Differential
Equations of the First Kind

The standard form of the generalized Volterra integro-differential equations of the
first kind is given by

∫ x
a K (x, y)φ(y)Δy + ∑n

i=1 λi
∫ b
a Ki (x, y)φΔi

(y)Δy = u(x),

φΔ j
(a) = a j , j = 0, 1, . . . , n − 1,

where K , Ki : T × T �−→ R, i = 1, 2, . . . , n, are rd-continuous functions,
u : T �−→ R is given rd-continuous function, λi , i = 1, 2, . . . , n, are parameters,
ai , i = 0, 1, . . . , n − 1, are given constants.
Using integration by parts, the generalized Volterra integro-differential equations of
the first kind can be reduced to generalized Volterra integro-differential equations of
the second kind or generalized Volterra integral equations of the second kind.

Example 11 Let T = Z . Consider the equation

∫ x
0 (x + y)φ(y)Δy + ∫ x

0 (2x − y − 1)φΔ(y)Δy = x, φ(0) = 1.
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Here σ(x) = x + 1, x ∈ T . Then

∫ x

0
(2x − y − 1)φΔ(y)Δy =

∫ x

0
(2x − y)σyφΔ(y)Δy

= (2x − y)φ(y)
∣
∣
∣
y=x

y=0
−

∫ x

0
(2x − y)Δy φ(y)Δy

= xφ(x) − 2xφ(0) +
∫ x

0
φ(y)Δy

= xφ(x) − 2x +
∫ x

0
φ(y)Δy.

Then the given equation we can rewrite in the form

∫ x

0
(x + y)φ(y)Δy + xφ(x) − 2x +

∫ x

0
φ(y)Δy = x

or

xφ(x) = 3x −
∫ x

0
(1 + x + y)φ(y)Δy.

Example 12 Let T = Z . Consider the equation

2x
∫ x

0
φ(y)Δy +

∫ x

0
y2φΔ(y)Δy = 1, φ(0) = 2.

We have
∫ x

0
y2φΔ(y)Δy = y2φ(y)

∣
∣
∣
y=x

y=0
−

∫ x

0
(y2)Δφ(σ (y))Δy

= x2φ(x) −
∫ x

0
(σ (y) + y)φ(σ (y))Δy

= x2φ(x) −
∫ x

0
(2y + 1)φ(y + 1)Δy.

Then

2x
∫ x

0
φ(y)Δy + x2φ(x) −

∫ x

0
(2y + 1)φ(y + 1)Δy = 1.
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Example 13 Let T = 2N0 ∪ {0}. Consider the equation

φΔ3
(x) + φΔ(x) = ∫ x

0 φ(y)Δy,

φ(0) = φΔ(0) = φΔ2
(0) = 1.

Here σ(x) = 2x, x ∈ T .

We integrate from 0 to x both sides of the given equation and we get

∫ x

0
φΔ3

(y)Δy +
∫ x

0
φΔ(y)Δy =

∫ x

0

∫ x1

0
φ(y)ΔyΔx1

or

φΔ2
(x) − φΔ2

(0) + φ(x) − φ(0) =
∫ x

0
(x − σ(y))φ(y)Δy,

or

φΔ2
(x) − φΔ2

(0) + φ(x) − φ(0) =
∫ x

0
(x − 2y)φ(y)Δy,

or

φΔ2
(x) + φ(x) − 2 =

∫ x

0
(x − 2y)φ(y)Δy,

or

φΔ2
(x) = 2 − φ(x) +

∫ x

0
(x − 2y)φ(y)Δy.

Now we integrate from 0 to x both sides of the last equation and we find

∫ x

0
φΔ2

(y)Δy =
∫ x

0
(2 − φ(y))Δy +

∫ x

0

∫ x1

0
(x1 − 2y)φ(y)ΔyΔx1,

or

φΔ(x) − φΔ(0) = 2
∫ x

0
Δy −

∫ x

0
φ(y)Δy

+
∫ x

0

∫ x1

0
(h1(x1, y) − μ(y)h0(x1, y))φ(y)ΔyΔx1

= 2x −
∫ x

0
φ(y)Δy

+
∫ x

0

∫ x

σ(y)
(h1(x1, y) − μ(y)h0(x1, y))φ(y)Δx1Δy
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= 2x −
∫ x

0
φ(y)Δy

+
∫ x

0

(∫ x

y
(h1(x1, y) − μ(y)h0(x1, y))Δx1

)
φ(y)Δy

= 2x −
∫ x

0
φ(y)Δy +

∫ x

0
(h2(x, y) − μ(y)h1(x, y))φ(y)Δy,

or

φΔ(x) = 2x + 1 −
∫ x

0
φ(y)Δy +

∫ x

0
(h2(x, y) − μ(y)h1(x, y))φ(y)Δy.

Now we integrate from 0 to x both sides of the last equation and we find

∫ x

0
φΔ(y)Δy =

∫ x

0
(2y + 1)Δy −

∫ x

0

∫ x1

0
φ(y)ΔyΔx1

+
∫ x

0

∫ x1

0
(h2(x1, y) − μ(y)h1(x1, y))φ(y)ΔyΔx1

=
∫ x

0

(
2

3
(y2)Δ + 1

)
Δy −

∫ x

0
(x − σ(y))φ(y)Δy

+
∫ x

0

(∫ x

σ(y)
(h2(x1, y) − μ(y)h1(x1, y))Δx1

)
φ(y)Δy

= 2

3

∫ x

0
(y2)ΔΔy +

∫ x

0
Δy −

∫ x

0
(x − σ(y))φ(y)Δy

+
∫ x

0

(∫ x

y
(h2(x1, y) − μ(y)h1(x1, y))Δx1

)
φ(y)Δy

= 2

3
y2

∣
∣
∣
y=x

y=0
+y

∣
∣
∣
y=x

y=0
−

∫ x

0
(x − 2y)φ(y)Δy

+
∫ x

0
(h3(x, y) − μ(y)h2(x, y))φ(y)Δy

= 2

3
x2 + x −

∫ x

0
(x − 2y)φ(y)Δy
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+
∫ x

0
(h3(x, y) − μ(y)h2(x, y))φ(y)Δy,

or

φ(x) − φ(0) = 2

3
x2 + x −

∫ x

0
(x − 2y)φ(y)Δy +

∫ x

0
(h3(x, y) − μ(y)h2(x, y))φ(y)Δy,

or

φ(x) = 2

3
x2 + x + 1 −

∫ x

0
(x − 2y)φ(y)Δy +

∫ x

0
(h3(x, y) − μ(y)h2(x, y))φ(y)Δy.

Exercise 4 Convert the following equations into generalized Volterra integro-
differential equations of the second kind.

1. ⎧
⎨

⎩

∫ x
0 yφΔ2

(y)Δy − 2x3
∫ x
0 yφ(y)Δy = x2 + x4

∫ x
0 y4φ(y)Δy,

φ(0) = φΔ(0) = 1, T = Z ,

2. ⎧
⎨

⎩

∫ x
0 (y + 1)φΔ3

(y)Δy = ∫ x
0 φ(y)Δy,

φ(0) = φΔ(0) = φΔ2
(0) = −2, T = 2N0 ∪ {0},

3. ⎧
⎨

⎩

∫ x
0 y2φΔ5

(y)Δy = x2 + x
∫ x
0 φ(y)Δy,

φ(0) = φΔ(0) = φΔ2
(0) = φδ3(0) = φΔ4

(0) = 0, T = Z .

4.3 Advanced Practical Exercises

Problem 1 UsingADM,find the recurrence relation for {φk(x)}∞k=0 for the following
equations.

1. ⎧
⎨

⎩

φΔ4
(x) = x2 + 2x + x

∫ x
0 yφ(y)Δy,

φ(0) = φΔ(0) = φΔ2
(0) = φΔ3

(0) = −1, T = Z ,

2. ⎧
⎨

⎩

φΔ(x) + (x2 + 2x + 7)φ(x) = 1 + 4x + x4
∫ x
0 y3φ(y)Δy,

φ(0) = 1, T = Z ,
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3. ⎧
⎨

⎩

φΔ3
(x) = x2φ(x) − x − x

∫ x
0 yφ(y)Δy,

φ(0) = φΔ(0) = φΔ2
(0) = −2, T = 3N0 ∪ {0}.

Problem 2 Convert the following equations into initial value problems.

1. ⎧
⎨

⎩

φΔ2
(x) − 2x3φ(x) = x2 + x4

∫ x
0 y4φ(y)Δy,

φ(0) = φΔ(0) = 1, T = Z ,

2. ⎧
⎨

⎩

φΔ3
(x) − 3x2φΔ2

(x) − 3xφΔ(x) − 3φ(x) = ∫ x
0 φ(y)Δy,

φ(0) = φΔ(0) = φΔ2
(0) = −2, T = 2N0 ∪ {0},

3. ⎧
⎨

⎩

φΔ5
(x) + φΔ3

(x) + φΔ(x) = x2 + x
∫ x
0 φ(y)Δy,

φ(0) = φΔ(0) = φΔ2
(0) = φΔ3

(0) = φΔ4
(0) = 0, T = Z .

Problem 3 Convert the following equations into generalized Volterra integral equa-
tions.

1. ⎧
⎨

⎩

φΔ3
(x) + xφ(x) = x2 + x

∫ x
0 (x + y)2φ(y)Δy,

φ(0) = φΔ(0) = 1, φΔ2
(0) = −1, T = 3Z ,

2. ⎧
⎨

⎩

φΔ4
(x) + x3φΔ3

(x) + 7x2φΔ(x) = x2
∫ x
0 φ(y)Δy,

φ(0) = φΔ(0) = φΔ2
(0) = −2, φΔ3

(0) = 0, T = 7N0 ∪ {0},

3. ⎧
⎨

⎩

φΔ3
(x) + 4φΔ2

(x) + x5φΔ(x) = x
∫ x
0 φ(y)Δy,

φ(0) = φΔ(0) = φΔ2
(0) = 0, T = 2Z .

Problem 4 Convert the following equations into generalized Volterra integro-
differential equations of the second kind.

1.

⎧
⎨

⎩

∫ x
0 (y2 + 2y + 1 + x)φΔ2

(y)Δy − 2x3
∫ x
0 (x + y)φΔ(y)Δy = ∫ x

0 y4φ(y)Δy,

φ(0) = 1, φΔ(0) = −11, T = Z ,
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2. ⎧
⎨

⎩

∫ x
0 (y2 + xy + 1)φΔ3

(y)Δy = x − 3
∫ x
0 yφ(y)Δy,

φ(0) = φΔ(0) = φΔ2
(0) = 0, T = 3N0 ∪ {0},

3. ⎧
⎨

⎩

∫ x
0 (x − y)2φΔ4

(y)Δy = x2 + ∫ x
0 yφ(y)Δy,

φ(0) = φΔ(0) = φΔ2
(0) = φΔ3

(0) = 0, T = 7Z .



Chapter 5
Generalized Fredholm Integral Equations

In this chapter we adapt the Adomian decomposition method, the modified decom-
position method, the noise term phenomenon, the direct computation method and
the successive approximation method for generalized Fredholm integral equations.
They are considered generalizations of the FredholmAlternative theorem, the Smidth
expansion theorem and Mercer’s expansion theorem.

5.1 Generalized Fredholm Integral Equations
of the Second Kind

We will first study the generalized Fredholm integral equations of the second kind
given by

φ(x) = u(x) + λ

∫ b

a
K (x, y)φ(y)Δy. (5.1)

The unknown function φ(x), that will be determined, occurs inside and outside the
integral sign. The kernel K (x, y) and the source term u(x) are real-valued functions,
and λ is a real parameter.

5.1.1 The Adomian Decomposition Method

The Adomian decomposition method (ADM) was introduced in Chap.3 and it con-
sists of decomposing the unknown function φ(x) of any equation into a sum of an
infinite number of components defined by the decomposition series

© Atlantis Press and the author(s) 2016
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φ(x) =
∞∑

l=0

φl(x) (5.2)

or equivalently
φ(x) = φ0(x) + φ1(x) + φ2(x) + · · · ,

where the components φl(x), l ≥ 0, will be determined recurrently.
The Adomian decomposition method concerns itself with finding the components

φ0(x), φ1(x), φ2(x), φ3(x), . . . , individually.
To establish the recurrence relation, we substitute (5.2) into the generalized Fred-

holm integral equation (5.1) to obtain

φ0(x) + φ1(x) + φ2(x) + · · · = u(x) + λ

∫ b

a
K (x, y) (φ0(y) + φ1(y) + φ2(y) + · · · )Δy.

We set

φ0(x) = u(x),

φn(x) = λ
∫ b
a K (x, y)φn−1(y)Δy, n ≥ 1,

(5.3)

or equivalently

φ0(x) = u(x),
φ1(x) = λ

∫ b
a K (x, y)φ0(y)Δy,

φ2(x) = λ
∫ b
a K (x, y)φ1(y)Δy,

φ3(x) = λ
∫ b
a K (x, y)φ2(y)Δy,

and so on for other components.
In view of (5.3), the components φ0(x), φ1(x), φ2(x), φ3(x), . . . , are completely

determined. As a result, the solution φ(x) of the generalized Fredholm integral
equation (5.1) is obtained in a series form by using the series assumption in (5.2).

Example 1 Let T = Z . Consider the equation

φ(x) = x +
∫ 4

0
yφ(y)Δy.

Here
σ(x) = x + 1, x ∈ T , u(x) = x, K (x, y) = y, λ = 1.
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Then

φ0(x) = x,

φ1(x) =
∫ 4

0
yφ0(y)Δy

=
∫ 4

0
y2Δy

=
∫ 4

0

(
1

3
(y3)Δ − 1

2
(y2)Δ + 1

6

)
Δy

= 1

3

∫ 4

0
(y3)ΔΔy − 1

2

∫ 4

0
(y2)ΔΔy + 1

6

∫ 4

0
Δy

= 1

3
y3

∣
∣
∣
y=4

y=0
−1

2
y2

∣
∣
∣
y=4

y=0
+1

6
y
∣
∣
∣
y=4

y=0

= 64

3
− 8 + 2

3
= 14,

φ2(x) =
∫ 4

0
yφ1(y)Δy

= 14
∫ 4

0
yΔy

= 14
∫ 4

0

(
1

2
(y2)Δ − 1

2

)
Δy

= 7

(∫ 4

0
(y2)ΔΔy −

∫ 4

0
Δy

)

= 7

(
y2

∣
∣
∣
y=4

y=0
−y

∣
∣
∣
y=4

y=0

)

= 7(16 − 4)

= 84,

φ3(x) =
∫ 4

0
yφ2(y)Δy

= 84
∫ 4

0
yΔy

= 504,

φ4(x) =
∫ 4

0
yφ3(y)Δy

= 504
∫ 4

0
yΔy

= 3024
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Example 2 Let T = Z . Consider the equation

φ(x) = 1 + 2x
∫ 2

0
φ(y)Δy.

Here
σ(x) = x + 1, x ∈ T , u(x) = 1, K (x, y) = x, λ = 2.

Then

φ0(x) = 1,

φ1(x) = 2x
∫ 2

0
φ0(y)Δy

= 2x
∫ 2

0
Δy

= 4x,

φ2(x) = 2x
∫ 2

0
φ1(y)Δy

= 8x
∫ 2

0
yΔy

= 4x
∫ 2

0

(
(y2)Δ − 1

)
Δy

= 4x

(∫ 2

0
(y2)ΔΔy −

∫ 2

0
Δy

)

= 4x

(
y2

∣
∣
∣
y=2

y=0
−y

∣
∣
∣
y=2

y=0

)

= 4x(4 − 2)

= 8x,

φ3(x) = 2x
∫ 2

0
φ2(y)Δy

= 16x
∫ 2

0
yΔy

= 16x,

φ4(x) = 2x
∫ 2

0
φ3(y)Δy

= 32x
∫ 2

0
yΔy

= 32x .
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Example 3 Let T = 2N0 ∪ {0}. Consider the equation

φ(x) = x + 1 + x
∫ 4

0
yφ(y)Δy.

Here

σ(x) = x + 1, x ∈ T , u(x) = x + 1, K (x, y) = xy, λ = 1.

Then

φ0(x) = x + 1,

φ1(x) = x
∫ 4

0
yφ0(y)Δy

= x
∫ 4

0
y(y + 1)Δy

= x
∫ 4

0
(y2 + y)Δy

= x
∫ 4

0

(
1

7
(y3)Δ + 1

3
(y2)Δ

)
Δy

= x

(
1

7

∫ 4

0
(y3)ΔΔy + 1

3

∫ 4

0
(y2)ΔΔy

)

= x

(
1

7
y3

∣
∣
∣
y=4

y=0
+1

3
y2

∣
∣
∣
y=4

y=0

)

= x

(
64

7
+ 16

3

)

= 304

21
x,

φ2(x) = x
∫ 4

0
yφ1(y)Δy

= 304

21
x

∫ 4

0
yΔy

= 304

21

1

3
x

∫ 4

0
(y2)ΔΔy

=
(
304

21

)(
16

3

)
x,

φ3(x) = x
∫ 4

0
yφ2(y)Δy

=
(
304

21

)(
16

3

)
x

∫ 4

0
y2Δy
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=
(
304

21

)(
16

3

)2

x,

φ4(x) = x
∫ 4

0
yφ3(y)Δy

=
(
304

21

)(
16

3

)2

x
∫ 4

0
y2Δy

=
(
304

21

)(
16

3

)3

x .

Exercise 1 Using ADM, find φ0(x), φ1(x), φ2(x), φ3(x) and φ4(x) for the equation

φ(x) = 1 + x2
∫ 2

0
yφ(y)Δy, T = 2N0 ∪ {0}.

Answer
φ0(x) = 1, φ1(x) = 4

3 x
2, φ2(x) = 4

3

(
16
15

)
x2,

φ3(x) = 4
3

(
16
15

)2
x2, φ4(x) = 4

3

(
16
15

)3
x2.

5.1.2 The Modified Decomposition Method

For many cases, the function u(x) can be set as the sum of two partial functions,
namely u1(x) and u2(x). In other words, we can set

u(x) = u1(x) + u2(x).

The modified decomposition method(MDM) identifies the zeroth component φ0(x)
by one part of u(x), namely u1(x) or u2(x). The other part of u(x) can be added to
the component φ1(x) that exists in the standard recurrence relation. The modified
decomposition method admits the use of the modified recurrence relation

φ0(x) = u1(x),
φ1(x) = u2(x) + λ

∫ b
a K (x, y)φ0(y)Δy,

φk+1(x) = λ
∫ b
a K (x, y)φk(y)Δy, k ≥ 1.

A rule that may help for the proper choice of u1(x) and u2(x) could not be found
yet. If u(x) consists of one term only, the modified decomposition method cannot be
used in this case.
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Example 4 Let T = Z . Consider the equation

φ(x) = 1 + x +
∫ 1

−1
φ(y)Δy.

Here

σ(x) = x + 1, x ∈ T , u(x) = 1 + x, K (x, y) = 1, λ = 1.

Let
u1(x) = 1, u2(x) = x .

Then

φ0(x) = 1,

φ1(x) = x +
∫ 1

−1
φ0(y)Δy

= x +
∫ 1

−1
Δy

= x + 2,

φ2(x) =
∫ 1

−1
φ1(y)Δy

=
∫ 1

−1
(y + 2)Δy

=
∫ 1

−1

(
1

2
(y2)Δ − 1

2
+ 2

)
Δy

= 1

2

∫ 1

−1
(y2)ΔΔy + 3

2

∫ 1

−1
Δy

= 1

2
y2

∣
∣
∣
y=1

y=−1
+3

2
y
∣
∣
∣
y=1

y=−1

= 3,

φ3(x) =
∫ 1

−1
φ2(y)Δy

= 3
∫ 1

−1
Δy

= 3y
∣
∣
∣
y=1

y=−1

= 6,
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φ4(x) =
∫ 1

−1
φ3(y)Δy

= 6
∫ 1

−1
Δy

= 6y
∣
∣
∣
y=1

y=−1

= 12.

Example 5 Let T = 2N0 ∪ {0}. Consider the equation

φ(x) = x + x2 + 2
∫ 2

0
yφ(y)Δy.

Here
σ(x) = 2x, x ∈ T , u(x) = x + x2, K (x, y) = y, λ = 2.

Let
u1(x) = x, u2(x) = x2.

Then

φ0(x) = x,

φ1(x) = x2 + 2
∫ 2

0
yφ0(y)Δy

= x2 + 2
∫ 2

0
y2Δy

= x2 + 2

7

∫ 2

0
(y3)ΔΔy

= x2 + 2

7
y3

∣
∣
∣
y=2

y=0

= x2 + 16

7
,

φ2(x) = 2
∫ 2

0
yφ1(y)Δy

= 2
∫ 2

0
y

(
y2 + 16

7

)
Δy

= 2
∫ 2

0

(
y3 + 16

7
y

)
Δy

= 2
∫ 2

0

(
1

15
(y4)Δ + 16

21
(y2)Δ

)
Δy
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= 2

15

∫ 2

0
(y4)ΔΔy + 32

21

∫ 2

0
(y2)ΔΔy

= 2

15
y4

∣
∣
∣
y=2

y=0
+32

21
y2

∣
∣
∣
y=2

y=0

= 288

35
,

φ3(x) = 2
∫ 2

0
yφ2(y)Δy

= 576

35

∫ 2

0
yΔy

= 192

35
y2

∣
∣
∣
y=2

y=0

= 768

35
,

φ4(x) = 2
∫ 2

0
yφ3(y)Δy

= 1536

35

∫ 2

0
yΔy

= 512

35
y2

∣
∣
∣
y=2

y=0

= 2048

35
.

Example 6 Let T = 2N0 ∪ {0}. Consider the equation

φ(x) = x2 + x3 + x
∫ 2

0
φ(y)Δy.

Here

σ(x) = 2x, x ∈ T , u(x) = x2 + x3, K (x, y) = x, λ = 1.

Let

u1(x) = x3, u2(x) = x2.
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Then

φ0(x) = x3,

φ1(x) = x2 + x
∫ 2

0
φ0(y)Δy

= x2 + x
∫ 2

0
y3Δy

= x2 + 1

15
x

∫ 2

0
(y4)ΔΔy

= x2 + 1

15
xy4

∣
∣
∣
y=2

y=0

= x2 + 16

15
x,

φ2(x) = x
∫ 2

0
φ1(y)Δy

= x
∫ 2

0

(
y2 + 16

15
y

)
Δy

= x
∫ 2

0

(
1

7
(y3)Δ + 16

45
(y2)Δ

)

= x

(
1

7

∫ 2

0
(y3)ΔΔy + 16

45

∫ 2

0
(y2)ΔΔy

)

= x

(
1

7
y3

∣
∣
∣
y=2

y=0
+16

45
y2

∣
∣
∣
y=2

y=0

)

= x

(
8

7
+ 64

45

)

= 808

315
x,

φ3(x) = x
∫ 2

0
φ2(y)Δy

= 808

315
x

∫ 2

0
yΔy

= 808

945
x

∫ 2

0
(y2)ΔΔy

= 808

945
xy2

∣
∣
∣
y=2

y=0

= 3232

945
x,
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φ4(x) = x
∫ 2

0
φ3(y)Δy

= 3232

945
x

∫ 2

0
yΔy

= 3232

2835
xy2

∣
∣
∣
y=2

y=0

= 12928

2835
x .

Exercise 2 Let T = 3N0 ∪ {0}. Consider the equation

φ(x) = 1 + x + x
∫ 3

0
yφ(y)Δy.

Set u1(x) = x , u2(x) = 1. Using MDM, find φ0(x), φ1(x), φ2(x), φ3(x), φ4(x).

Answer
φ0(x) = x, φ1(x) = 1 + 27

13 x, φ2(x) = 4437
676 x,

φ3(x) = 4437
676

(
27
13

)
x, φ4(x) = 4437

676

(
27
13

)2
x .

5.1.3 The Noise Terms Phenomenon

It was shown that a proper choice of u1(x) and u2(x) is essential to use the modified
decomposition method. In Chap.3 the noise terms phenomenon was introduced and
it demonstrates a fast convergence of the solution. The noise terms as defined before
are the identical termswith opposite signs that appear between the components φ0(x)
and φ1(x). Other noise terms may appear between other components. By canceling
the noise terms between φ0(x) and φ1(x), even though φ1(x) contains further terms,
the remaining non-canceled terms of φ0(x) may give the exact solution of the given
generalized Fredholm integral equation of the second kind. The appearance of the
noise terms between φ0(x) and φ1(x) is not always sufficient to obtain the exact
solution by cancelling these noise terms. Therefore, it is necessary to show that
the non-cancelled terms of φ0(x) satisfy the given generalized Fredholm integral
equation of the second kind.

Example 7 Let T = Z . Consider the equation

φ(x) = x − 2 + 2
∫ 2

0
φ(y)Δy.

Here
σ(x) = x + 1, x ∈ T , u(x) = x − 2, K (x, y) = 2.

http://dx.doi.org/10.2991/978-94-6239-228-1_3
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Then

φ0(x) = u(x)

= x − 2,

φ1(x) = 2
∫ 2

0
φ0(y)Δy

= 2
∫ 2

0
(y − 2)Δy

= 2
∫ 2

0

(
1

2
(y2)Δ − 1

2
− 2

)
Δy

=
∫ 2

0
((y2)Δ − 5)Δy

=
∫ 2

0
(y2)ΔΔy − 5

∫ 2

0
Δy

= y2
∣
∣
∣
y=2

y=0
−5y

∣
∣
∣
y=2

y=0

= 4 − 10

= −6

= 2 − 8.

The noise term here is 2. Therefore we have to show that φ(x) = x is a solution to
the considered equation.

Really, we have

x − 2 + 2
∫ 2

0
yΔy = x − 2 + 2

∫ 2

0

(
1

2
(y2)Δ − 1

2

)
Δy

= x − 2 +
∫ 2

0
((y2)Δ − 1)Δy

= x − 2 +
∫ 2

0
(y2)ΔΔy −

∫ 2

0
Δy

= x − 2 + y2
∣
∣
∣
y=2

y=0
−y

∣
∣
∣
y=2

y=0

= x − 2 + 4 − 2

= x

= φ(x).

Consequently, φ(x) = x is a solution to the considered equation.

Example 8 Let T = 2N0 ∪ {0}. Consider the equation
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φ(x) = x2 − 256 + 15
∫ 4

0
yφ(y)Δy.

Here
σ(x) = 2x, x ∈ T , u(x) = x2 − 256, K (x, y) = 15y.

Then

φ0(x) = u(x)

= x2 − 256,

φ1(x) = 15
∫ 4

0
yφ0(y)Δy

= 15
∫ 4

0
y(y2 − 256)Δy

= 15
∫ 4

0
(y3 − 256y)Δy

= 15
∫ 4

0

(
1

15
(y4)Δ − 256

3
(y2)Δ

)
Δy

=
∫ 4

0
(y4)ΔΔy − 1280

∫ 4

0
(y2)ΔΔy

= y4
∣
∣
∣
y=4

y=0
−1280y2

∣
∣
∣
y=4

y=0

= 256 − 20480.

The noise term is 256. Therefore we have to show that φ(x) = x2 is a solution to the
given equation.

Really,

x2 − 256 + 15
∫ 4

0
yφ(y)Δy = x2 − 256 + 15

∫ 4

0
y3Δy

= x2 − 256 +
∫ 4

0
(y4)ΔΔy

= x2 − 256 + y4
∣
∣
∣
y=4

y=0

= x2 − 256 + 256

= x2

= φ(x).

Consequently φ(x) = x2 is a solution to the given equation.
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Example 9 Let T = Z . Consider the equation

φ(x) = 2x2 − x + x
∫ 2

0
φ(y)Δy.

Here
σ(x) = x + 1, x ∈ T , u(x) = 2x2 − x, K (x, y) = x .

Then

φ0(x) = u(x)

= 2x2 − x,

φ1(x) = x
∫ 2

0
φ0(y)Δy

= x
∫ 2

0
(2y2 − y)Δy

= x
∫ 2

0

(
2

3
(y3)Δ − (y2)Δ + 1

3
− 1

2
(y2)Δ + 1

2

)
Δy

= x
∫ 2

0

(
2

3
(y3)Δ − 3

2
(y2)Δ + 5

6

)
Δy

= x

(
2

3

∫ 2

0
(y3)ΔΔy − 3

2

∫ 2

0
(y2)ΔΔy + 5

6

∫ 2

0
Δy

)

= x

(
2

3
y3

∣
∣
∣
y=2

y=0
−3

2
y2

∣
∣
∣
y=2

y=0
+5

6
y
∣
∣
∣
y=2

y=0

)

= x

(
16

3
− 6 + 5

3

)

= x .

The noise term here is x . We have to check if φ(x) = 2x2 is a solution of the
considered equation.

We have

2x2 − x + x
∫ 2

0
φ(y)Δy = 2x2 − x + 2x

∫ 2

0
y2Δy

= 2x2 − x + 2x
∫ 2

0

(
1

3
(y3)Δ − 1

2
(y2)Δ + 1

6

)
Δy

= 2x2 − x + x
∫ 2

0

(
2

3
(y3)Δ − (y2)Δ + 1

3

)
Δy

= 2x2 − x + x

(
2

3

∫ 2

0
(y3)ΔΔy −

∫ 2

0
(y2)ΔΔy + 1

3

∫ 2

0
Δy

)
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= 2x2 − x + x

(
2

3
y3

∣
∣
∣
y=2

y=0
−y2

∣
∣
∣
y=2

y=0
+1

3
y
∣
∣
∣
y=2

y=0

)

= 2x2 − x + x

(
16

3
− 4 + 2

3

)

= 2x2 − x + 2x

= 2x2 + x

�= φ(x).

Consequently φ(x) = 2x2 is not a solution of the considered equation.

Exercise 3 Let T = Z . Using the noise terms phenomenon, find a solution of the
following generalized Fredholm integral equation of the second kind.

φ(x) = x2 + x − 20 +
∫ 4

0
φ(y)Δy.

Answer
φ(x) = x2 + x .

5.1.4 The Direct Computation Method

The direct computation method(DCM) will be applied for solving the generalized
Fredholm integral equations. The method gives the solution in an exact form and not
in a series form. Note that this method will be applied for the degenerate or separable
kernels of the form

K (x, y) =
n∑

l=1

fl(x)gl(y). (5.4)

We substitute (5.4) in (5.1) and we get

φ(x) = u(x) + λ

∫ b

a

n∑

l=1

fl(x)gl(y)φ(y)Δy,

or equivalently

φ(x) = u(x) + λ

n∑

l=1

fl(x)
∫ b

a
gl(y)φ(y)Δy.

We set

αl =
∫ b

a
gl(y)φ(y)Δy, l = 1, 2, . . . , n. (5.5)
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Then

φ(x) = u(x) + λ

n∑

l=1

αl fl(x). (5.6)

Using (5.6), the solution φ(x) will be determined if the constants αl , 1 ≤ l ≤ n, are
determined. We substitute (5.6) in (5.5) and we obtain

αl =
∫ b

a
gl(y)

(

u(y) + λ

n∑

m=1

αm fm(y)

)

Δy

=
∫ b

a
gl(y)u(y)Δy + λ

n∑

m=1

αm

∫ b

a
gl(y) fm(y)Δy

=
∫ b

a
gl(y)u(y)Δy + λ

n∑

m=1,m �=l

αm

∫ b

a
gm(y) fm(y)Δy

+λαl

∫ b

a
gl(y) fl(y)Δy, l = 1, 2, . . . , n,

whereupon

∫ b

a
gl(y)u(y)Δy = αl

(
1 − λ

∫ b

a
gl(y) fl(y)Δy

)

−λ

n∑

m=1,m �=l

αm

∫ b

a
gm(y) fm(y)Δy, l = 1, 2, . . . , n.

Consequently we go to a system of n algebraic equations that can be solved to
determine the constants αl , 1 ≤ l ≤ n. Using the obtained numerical values of αl

into (5.6), the solution φ(x) of the generalized Fredholm integral equation of the
second kind (5.1) is readily obtained.

Example 10 Let T = Z . Consider the equation

φ(x) = 1 +
∫ 2

0
(x + y + xy)φ(y)Δy.

We can rewrite the given equation in the form

φ(x) = 1 + x
∫ 2

0
φ(y)Δy + (x + 1)

∫ 2

0
yφ(y)Δy.

Let

α1 =
∫ 2

0
φ(y)Δy, α2 =

∫ 2

0
yφ(y)Δy. (5.7)
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Then
φ(x) = 1 + α1x + α2(x + 1). (5.8)

We substitute (5.8) into (5.7) and we find

α1 =
∫ 2

0
(1 + α1y + α2(y + 1))Δy

=
∫ 2

0
Δy + α1

∫ 2

0
yΔy + α2

∫ 2

0
(y + 1)Δy

= 2 + α1

∫ 2

0

(
1

2
(y2)Δ − 1

2

)
Δy + α2

∫ 2

0

(
1

2
(y2)Δ − 1

2
+ 1

)
Δy

= 2 + α1

(
1

2

∫ 2

0
(y2)ΔΔy − 1

2

∫ 2

0
Δy

)
+ α2

(
1

2

∫ 2

0
(y2)ΔΔy + 1

2

∫ 2

0
Δy

)

= 2 + α1

(
1

2
y2

∣
∣
∣
y=2

y=0
−1

2
y
∣
∣
∣
y=2

y=0

)
+ α2

(
1

2
y2

∣
∣
∣
y=2

y=0
+1

2
y
∣
∣
∣
y=2

y=0

)

= 2 + α1 + 3α2,

whereupon

α2 = −2

3
, (5.9)

and

α2 =
∫ 2

0
y(1 + α1y + α2(y + 1))Δy

=
∫ 2

0
yΔy + α1

∫ 2

0
y2Δy + α2

∫ 2

0
(y2 + y)Δy

=
∫ 2

0

(
1

2
(y2)Δ − 1

2

)
Δy + α1

∫ 2

0

(
1

3
(y3)Δ − 1

2
(y2)Δ + 1

6

)
Δy

+α2

∫ 2

0

(
1

3
(y3)Δ − 1

2
(y2)Δ + 1

6
+ 1

2
(y2)Δ − 1

2

)
Δy

= 1

2

∫ 2

0
(y2)ΔΔy − 1

2

∫ 2

0
Δy + α1

(
1

3

∫ 2

0
(y3)ΔΔy − 1

2

∫ 2

0
(y2)ΔΔy + 1

6

∫ 2

0
Δy

)

+α2

(
1

3

∫ 2

0
(y3)ΔΔy − 1

3

∫ 2

0
Δy

)

= 1

2
y2

∣
∣
∣
y=2

y=0
−1

2
y
∣
∣
∣
y=2

y=0
+α1

(1
3
y3

∣
∣
∣
y=2

y=0
−1

2
y2

∣
∣
∣
y=2

y=0
+1

6
y
∣
∣
∣
y=2

y=0

)

+α2

(
1

3
y3

∣
∣
∣
y=2

y=0
−1

3
y
∣
∣
∣
y=2

y=0

)

= 1 + α1 + 2α2,

from where, using (5.9),
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α1 = −1

3
.

Consequently

φ(x) = 1 +
(

−1

3
x

)
+

(
−2

3

)
(x + 1)

= 1 − 1

3
x − 2

3
x − 2

3

= 1

3
− x .

Example 11 Let T = 2N0 ∪ {0}. Consider the equation

φ(x) = x +
∫ 2

0
(x + y)φ(y)Δy.

We can rewrite the given equation in the form

φ(x) = x + x
∫ 2

0
φ(y)Δy +

∫ 2

0
yφ(y)Δy.

Let

α1 =
∫ 2

0
φ(y)Δy, α2 =

∫ 2

0
yφ(y)Δy. (5.10)

Then
φ(x) = α2 + (1 + α1)x . (5.11)

We substitute (5.11) into (5.10) and we get

α1 =
∫ 2

0
(α2 + (1 + α1)y)Δy

= α2

∫ 2

0
Δy + (1 + α1)

∫ 2

0
yΔy

= α2y
∣
∣
∣
y=2

y=0
+1

3
(1 + α1)

∫ 2

0
(y2)ΔΔy

= 2α2 + 1

3
(1 + α1)y

2
∣
∣
∣
y=2

y=0

= 2α2 + 4

3
(1 + α1)

= 2α2 + 4

3
+ 4

3
α1,
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whereupon

− 1

3
α1 − 2α2 = 4

3
, (5.12)

α2 =
∫ 2

0
y(α2 + (1 + α1)y)Δy

= α2

∫ 2

0
yΔy + (1 + α1)

∫ 2

0
y2Δy

= 1

3
α2

∫ 2

0
(y2)ΔΔy + 1

7
(1 + α1)

∫ 2

0
(y3)ΔΔy

= 1

3
α2y

2
∣
∣
∣
y=2

y=0
+1

7
(1 + α1)y

3
∣
∣
∣
y=2

y=0

= 4

3
α2 + 8

7
(1 + α1)

= 4

3
α2 + 8

7
+ 8

7
α1,

from where

−8

7
α1 − 1

3
α2 = 8

7
.

From the last equation and from (5.12) we obtain the system

{− 1
3α1 − 2α2 = 4

3− 8
7α1 − 1

3α2 = 8
7

=⇒
{−α1 − 6α2 = 4

−24α1 − 7α2 = 24
=⇒

{
α1 = −4 − 6α2

α2 = − 72
137

=⇒
{

α1 = − 116
137

α2 = − 72
137 .

Consequently

φ(x) = − 72

137
+

(
1 − 116

137

)
x

= − 72

137
+ 21

137
x .

Exercise 4 Let T = Z . Using DCM, find a solution to the equation

φ(x) = −1 +
∫ 2

0
(x + y)φ(y)Δy.

Answer φ(x) = x .
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5.1.5 The Successive Approximations Method

The successive approximations method(SAM) or Picard iteration method was intro-
duced in Chap.3. This method provides a scheme for solving initial value problems
or generalized integral equations.
For given generalized Fredholm integral equation (5.1), the successive approxima-
tions method introduce the recurrence relation

φ0(x) = any selective real − valued f unction,

φn+1(x) = u(x) + λ
∫ b
a K (x, y)φn(y)Δy, n ∈ N0.

The question of convergence of φn(x) is justified by Theorem7 in Chap.3. At the
limit, the solution is determined by using the limit

φ)(x) = lim
n→∞ φn(x).

We will point out the difference between the successive approximations method and
the Adomian decomposition method.

1. The successive approximations method gives successive approximations of the
solution φ(x), whereas the Adomian decomposition method gives successive
components of the solution φ(x).

2. The successive approximations method admits to use of a selective real-valued
function for the zeroth approximation φ0(x), whereas the Adomian decomposi-
tion method uses all terms that are not inside the integral sign. Recall that this
assignment was modified when we use the modified decomposition method.

3. The successive approximations method gives the exact solution, if it exists by

lim
n→∞ φn(x).

The Adomian decomposition method gives the solution as infinite series of com-
ponents by

φ(x) =
∞∑

n=0

φn(x).

This series converges rapidly to the exact solution if such a solution exists.

Example 12 Let T = Z . Consider the equation

φ(x) = x2 +
∫ 2

0
xyφ(y)Δy.

http://dx.doi.org/10.2991/978-94-6239-228-1_3
http://dx.doi.org/10.2991/978-94-6239-228-1_3
http://dx.doi.org/10.2991/978-94-6239-228-1_3
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Let φ0(x) = 0. Then

φ1(x) = x2,

φ2(x) = x2 + x
∫ 2

0
yφ1(y)Δy

= x2 + x
∫ 2

0
y3Δy

= x2 + x
∫ 2

0

(
1

4
(y4)Δ − 1

2
(y3)Δ + 1

4
(y2)Δ

)
Δy

= x2 + x

(
1

4

∫ 2

0
(y4)ΔΔy − 1

2

∫ 2

0
(y3)ΔΔy + 1

4

∫ 2

0
(y2)ΔΔy

)

= x2 + x

(
1

4
y4

∣
∣
∣
y=2

y=0
−1

2
y3

∣
∣
∣
y=2

y=0
+1

4
y2

∣
∣
∣
y=2

y=0

)

= x2 + x,

φ3(x) = x2 + x
∫ 2

0
yφ2(y)Δy

= x2 + x
∫ 2

0
y(y2 + y)Δy

= x2 + x
∫ 2

0
(y3 + y2)Δy

= x2 + x
∫ 2

0

(1
4
(y4)Δ − 1

2
(y3)Δ + 1

4
(y2)Δ + 1

3
(y3)Δ − 1

2
(y2)Δ + 1

6

)
Δy

= x2 + x
∫ 2

0

(
1

4
(y4)Δ − 1

6
(y3)Δ − 1

4
(y2)Δ + 1

6

)
Δy

= x2 + x

(
1

4

∫ 2

0
(y4)ΔΔy − 1

6

∫ 2

0
(y3)ΔΔy − 1

4

∫ 2

0
(y2)ΔΔy + 1

6

∫ 2

0
Δy

)

= x2 + x
(1
4
y4

∣
∣
∣
y=2

y=0
−1

6
y3

∣
∣
∣
y=2

y=0
−1

4
y2

∣
∣
∣
y=2

y=0
+1

6
y
∣
∣
∣
y=2

y=0

)

= x2 + x
(
4 − 4

3
− 1 + 1

3

)

= x2 + 2x,

φ4(x) = x2 + x
∫ 2

0
yφ3(y)Δy

= x2 + x
∫ 2

0
y(y2 + 2y)Δy

= x2 + x
∫ 2

0
(y3 + 2y2)Δy
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= x2 + x
∫ 2

0

(1
4
(y4)Δ − 1

2
(y3)Δ + 1

4
(y2)Δ + 2

3
(y3)Δ − (y2)Δ + 1

3

)
Δy

= x2 + x
∫ 2

0

(
1

4
(y4)Δ + 1

6
(y3)Δ − 3

4
(y2)Δ + 1

3

)
Δy

= x2 + x
(1
4

∫ 2

0
(y4)ΔΔy + 1

6

∫ 2

0
(y3)ΔΔy − 3

4

∫ 2

0
(y2)ΔΔy + 1

3

∫ 2

0
Δy

)

= x2 + x
(1
4
y4

∣
∣
∣
y=2

y=0
+1

6
y3

∣
∣
∣
y=2

y=0
−3

4
y2

∣
∣
∣
y=2

y=0
+1

3
y
∣
∣
∣
y=2

y=0

)

= x2 + x

(
4 + 4

3
− 3 + 2

3

)

= x2 + 3x .

Example 13 Let T = 2N0 ∪ {0}. Consider the equation

φ(x) = x + x2 +
∫ 2

0
yφ(y)Δy.

Let φ0(x) = 0. Then

φ1(x) = x + x2,

φ2(x) = x + x2 +
∫ 2

0
yφ1(y)Δy

= x + x2 +
∫ 2

0
y(y + y2)Δy

= x + x2 +
∫ 2

0
(y2 + y3)Δy

= x + x2 +
∫ 2

0

(
1

7
(y3)Δ + 1

15
(y4)Δ

)
Δy

= x + x2 + 1

7

∫ 2

0
(y3)ΔΔy + 1

15

∫ 2

0
(y4)ΔΔy

= x + x2 + 1

7
y3

∣
∣
∣
y=2

y=0
+ 1

15
y4

∣
∣
∣
y=2

y=0

= x + x2 + 8

7
+ 16

15

= x + x2 + 232

105
,
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φ3(x) = x + x2 +
∫ 2

0
yφ2(y)Δy

= x + x2 +
∫ 2

0
y

(
y + y2 + 232

105

)
Δy

= x + x2 +
∫ 2

0

(
y2 + y3 + 232

105
y

)
Δy

= x + x2 +
∫ 2

0

(
1

7
(y3)Δ + 1

15
(y4)Δ + 232

315
(y2)Δ

)
Δy

= x + x2 + 1

7

∫ 2

0
(y3)ΔΔy + 1

15

∫ 2

0
(y4)ΔΔy + 232

315

∫ 2

0
(y2)ΔΔy

= x + x2 + 1

7
y3

∣
∣
∣
y=2

y=0
+ 1

15
y4

∣
∣
∣
y=2

y=0
+232

315
y2

∣
∣
∣
y=2

y=0

= x + x2 + 8

7
+ 16

15
+ 928

315

= x + x2 + 1624

315
,

φ4(x) = x + x2 +
∫ 2

0
yφ3(y)Δy

= x + x2 +
∫ 2

0
y

(
y + y2 + 1624

315

)
Δy

= x + x2 +
∫ 2

0

(
y2 + y3 + 1624

315
y

)
Δy

= x + x2 +
∫ 2

0

(
1

7
(y3)Δ + 1

15
(y4)Δ + 1624

945
(y2)Δ

)
Δy

= x + x2 + 1

7

∫ 2

0
(y3)ΔΔy + 1

15

∫ 2

0
(y4)ΔΔy + 1624

945

∫ 2

0
(y2)ΔΔy

= x + x2 + 1

7
y3

∣
∣
∣
y=2

y=0
+ 1

15
y4

∣
∣
∣
y=2

y=0
+1624

945
y2

∣
∣
∣
y=2

y=0

= x + x2 + 8

7
+ 16

15
+ 6496

945

= x + x2 + 8584

945
.

Example 14 Let T = 4Z . Consider the equation

φ(x) = 1 + x
∫ 8

0
φ(y)Δy.
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Let φ0(x) = 1. Then

φ1(x) = 1 + x
∫ 8

0
φ0(y)Δy

= 1 + x
∫ 8

0
Δy

= 1 + 8x,

φ2(x) = 1 + x
∫ 8

0
φ1(y)Δy

= 1 + x
∫ 8

0
(1 + 8y)Δy

= 1 + x
∫ 8

0
Δy + 8x

∫ 8

0
yΔy

= 1 + 8x + 8x
∫ 8

0

(
1

2
(y2)Δ − 2

)
Δy

= 1 + 8x + 4x
∫ 8

0
(y2)ΔΔy − 16x

∫ 8

0
Δy

= 1 + 8x + 4xy2
∣
∣
∣
y=8

y=0
−16xy

∣
∣
∣
y=8

y=0

= 1 + 8x + 256x − 128x

= 1 + 136x,

φ3(x) = 1 + x
∫ 8

0
φ2(y)Δy

= 1 + x
∫ 8

0
(1 + 136y)Δy

= 1 + x
∫ 8

0
Δy + 136x

∫ 8

0
yΔy

= 1 + 8x + 136x
∫ 8

0

(
1

2
(y2)Δ − 2

)
Δy

= 1 + 8x + 68x
∫ 8

0
(y2)ΔΔy − 272x

∫ 8

0
Δy

= 1 + 8x + 4352x − 2176x

= 1 + 2184x,

φ4(x) = 1 + x
∫ 8

0
φ3(y)Δy

= 1 + x
∫ 8

0
(1 + 2184y)Δy
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= 1 + x
∫ 8

0
Δy + 2184x

∫ 8

0
yΔy

= 1 + 8x + 2184x
∫ 8

0

(
1

2
(y2)Δ − 2

)
Δy

= 1 + 8x + 1092x
∫ 8

0
(y2)ΔΔy − 4368x

∫ 8

0
Δy

= 1 + 8x + 1092xy2
∣
∣
∣
y=8

y=0
−34944x

= 1 + 8x + 69888x − 34944x

= 1 + 34952x .

Exercise 5 Using SAM, findφ0(x), φ1(x), φ2(x), φ3(x) andφ4(x) for the following
equations.

1. φ(x) = 1 + x
∫ 2

0
y2φ(y)Δy, T = Z ,

2. φ(x) = −3 + 2
∫ 4

0
yφ(y)Δy, T = Z ,

3. φ(x) = 1 + x +
∫ 4

0
yφ(y)Δy, T = Z ,

4. φ(x) = x +
∫ 4

0
y2φ(y)Δy, T = 2N0 ∪ {0},

5. φ(x) = 3x3 + (x − 1)
∫ 9

0
yφ(y)Δy, T = 3N0 ∪ {0},

6. φ(x) = 1 − x +
∫ 4

0
yφ(y)Δy, T = N 2

0 ,

7. φ(x) = 1 + x + x2 +
∫ 4

0
(x + y)φ(y)Δy, T = Z ,

8. φ(x) = 1 − 2x +
∫ 4

−2
yφ(y)Δy, T = Z ,

9. φ(x) = x2 + x
∫ 9

0
φ(y)Δy, T = 3N0 ∪ {0}.

5.2 Homogeneous Generalized Fredholm Integral
Equations of the Second Kind

Substituting u(x) = 0 into the generalized Fredholm integral equation of the second
kind (5.1) we get

φ(x) = λ

∫ b

a
K (x, y)φ(y)Δy. (5.13)
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Definition 1 The Eq. (5.13) is called homogeneous generalized Fredholm integral
equation of the second kind.

In this section we will focus our attention on the Eq. (5.13) for separable kernel
K (x, y) only. The main goal is to find nontrivial solution, because the trivial solution
φ(x) is a solution to this equation. Moreover, the Adomian decomposition method is
not applicable here because it depends on assigning a non-zero value for the zeroth
component φ0(x), and in this kind of equations u(x) = 0. Based on this, the direct
computation method will be used for this kind of equations.

Assume that

K (x, y) =
n∑

l=1

fl(x)gl(y). (5.14)

The direct computation method can be applied as follows.

1. We first substitute (5.14) into the Eq. (5.13).
2. This substitution leads to

φ(x) = λ

∫ b

a

n∑

l=1

fl(x)gl(y)φ(y)Δy

= λ

n∑

l=1

fl(x)
∫ b

a
gl(y)φ(y)Δy

or

φ(x) = λ f1(x)
∫ b

a
g1(y)φ(y)Δy + λ f2(x)

∫ b

a
g2(y)φ(y)Δy

+ · · · + λ fn(x)
∫ b

a
gn(y)φ(y)Δy.

3. Each integral at the right side is equivalent to a constant. Setting

αl =
∫ b

a
gl(y)φ(y)Δy, l = 1, 2, . . . , n, (5.15)

we obtain the equation

φ(x) = λα1 f1(x) + λα2 f2(x) + · · · + λαn fn(x). (5.16)

4. Substituting (5.16) in (5.15) gives

αl = λ

∫ b

a
gl(y)

n∑

m=1

αm fm(y)Δy
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or

αl

(
1 − λ

∫ b

a
gl(y) fl(y)Δy

)
− λ

n∑

m=1,m �=l

αm

∫ b

a
gl(y) fm(y)Δy = 0,

l = 1, 2, . . . , n. In this way we obtain a system of n−simultaneous algebraic
equations that can be solved to determine the constants αl, 1 ≤ l ≤ n. Using the
obtained numerical values of αl, 1 ≤ l ≤ n, into (5.16), the solution φ(x) of the
homogeneous generalized Fredholm integral equation of the second kind (5.13)
follows immediately.

Example 15 Let T = Z . Consider the equation

φ(x) = λx
∫ 4

0
yφ(y)Δy.

Set

α =
∫ 4

0
yφ(y)Δy. (5.17)

Then
φ(x) = λαx . (5.18)

Substituting (5.18) into the Eq. (5.17) we get

α =
∫ 4

0
y(λαy)Δy

= λα

∫ 4

0
y2Δy

= λα

∫ 4

0

(
1

3
(y3)Δ − 1

2
(y2)Δ + 1

6

)
Δy

= λα

(
1

3

∫ 4

0
(y3)ΔΔy − 1

2

∫ 4

0
(y2)ΔΔy + 1

6

∫ 4

0
Δy

)

= λα

(
1

3
y3

∣
∣
∣
y=4

y=0
−1

2
y2

∣
∣
∣
y=4

y=0
+1

6
y
∣
∣
∣
y=4

y=0

)

= λα

(
64

3
− 8 + 2

3

)

= λα(22 − 8)

= 14λα,
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whereupon
α(1 − 14λ) = 0.

Then, if λ = 1

14
, we obtain that

φ(x) = α

14
x, α = const,

is a solution to the considered equation.

Example 16 Let T = Z . Consider the equation

φ(x) = λ

∫ 2

0
(1 + y)φ(y)Δy.

The given equation we can rewrite in the following form

φ(x) = λ

(∫ 2

0
φ(y)Δy +

∫ 2

0
yφ(y)Δy

)
.

Let

α1 =
∫ 2

0
φ(y)Δy, α2 =

∫ 2

0
yφ(y)Δy. (5.19)

Then
φ(x) = λ(α1 + α2). (5.20)

We set (5.20) into (5.19) and we obtain

α1 =
∫ 2

0
λ(α1 + α2)Δy

= λ(α1 + α2)

∫ 2

0
Δy

= 2λ(α1 + α2),

whereupon
(2λ − 1)α1 + 2λα2 = 0,

α2 =
∫ 2

0
y(λ(α1 + α2))Δy

= λ(α1 + α2)

∫ 2

0
yΔy
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= λ(α1 + α2)

∫ 2

0

(
1

2
(y2)Δ − 1

2

)
Δy

= λ(α1 + α2)

(
1

2

∫ 2

0
(y2)ΔΔy − 1

2

∫ 2

0
Δy

)

= λ(α1 + α2)

(
1

2
y2

∣
∣
∣
y=2

y=0
−1

2
y
∣
∣
∣
y=2

y=0

)

= λ(α1 + α2)(2 − 1)

= λ(α1 + α2),

from where
λα1 + (λ − 1)α2 = 0.

For α1, α2 and λ we get the following system

{
(2λ − 1)α1 + 2λα2 = 0
λα1 + (λ − 1)α2 = 0.

If λ = 1, then {
α1 + 2α2 = 0
α1 = 0

or

{
α1 = 0
α2 = 0,

from here we obtain the trivial solution φ(x) = 0.
Let λ �= 1. Then

{
(2λ − 1)α1 + 2λα2 = 0
α2 = − λ

λ−1α1
=⇒

{
(2λ − 1)α1 − 2λ2

λ−1α1 = 0
α2 = − λ

λ−1α1
=⇒

{(
2λ − 1 − 2λ2

λ−1

)
α1 = 0

α2 = − λ
λ−1α1.

Hence,

2λ − 1 − 2λ2

λ − 1
= 0 =⇒

(2λ − 1)(λ − 1) − 2λ2 = 0 =⇒

−3λ + 1 = 0 =⇒

λ = 1

3
.
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Consequently

φ(x) = λ(α1 + α2)

= λ

(
α1 − λ

λ − 1
α1

)

= −λ

λ − 1
α1,

= 1

2
α1 α1 = const,

is a solution to the given equation.

Example 17 Let T = 2N0 ∪ {0}. Consider the equation

φ(x) = λ

∫ 2

0
(x + y)φ(y)Δy.

The considered equation we can rewrite in the following form.

φ(x) = λx
∫ 2

0
φ(y)Δy + λ

∫ 2

0
yφ(y)Δy.

We set

α1 =
∫ 2

0
φ(y)Δy, α2 =

∫ 2

0
yφ(y)Δy. (5.21)

Then
φ(x) = λα1x + λα2. (5.22)

We substitute (5.22) in (5.21) and we find

α1 =
∫ 2

0
(λα1y + λα2)Δy

= λα1

∫ 2

0
yΔy + λα2

∫ 2

0
Δy

= 1

3
α1λ

∫ 2

0
(y2)ΔΔy + λα2y

∣
∣
∣
y=2

y=0

= 1

3
α1λy

2
∣
∣
∣
y=2

y=0
+2λα2

= 4

3
α1λ + 2λα2,
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whereupon (
4

3
λ − 1

)
α1 + 2λα2 = 0,

α2 =
∫ 2

0
y(λα1y + λα2)Δy

= λα1

∫ 2

0
y2Δy + λα2

∫ 2

0
yΔy

= 1

7
λα1

∫ 2

0
(y3)ΔΔy + 1

3
λα2

∫ 2

0
(y2)ΔΔy

= 1

7
λα1y

3
∣
∣
∣
y=2

y=0
+1

3
λα2y

2
∣
∣
∣
y=2

y=0

= 8

7
λα1 + 4

3
λα2

or
8

7
λα1 +

(
4

3
λ − 1

)
α2 = 0.

We obtain for α1, α2 and λ the following system

{(
4
3λ − 1

)
α1 + 2λα2 = 0

8
7λα1 + (

4
3λ − 1

)
α2 = 0.

If λ = 3

4
, then

{
α1 = 0
α2 = 0,

i.e., we get the trivial solution φ(x) = 0.

Let λ �= 3

4
. Then

{(
4
3λ − 1

)
α1 + 2λα2 = 0

α2 = − 24λ
7(4λ−3)α1,

whereupon
4λ − 3

3
α1 − 48λ2

7(4λ − 3)
α1 = 0 =⇒

4λ − 3

3
− 48λ2

7(4λ − 3)
= 0 =⇒

7(4λ − 3)2 − 144λ2 = 0 =⇒
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32λ2 + 168λ − 63 = 0 =⇒

λ1,2 = −21 ± 9
√
7

8
.

Consequently

φ(x) = λα1x + λα2

= λα1x − 24λ2

7(4λ − 3)
α1

= λ

(
x − 24λ

7(4λ − 3)

)
α1, λ = −21 ± 9

√
7

8
,

α1 = const, is a solution to the given equation.

Exercise 6 Find a solution to the following equation

φ(x) = λx2
∫ 2

0
φ(y)Δy, T = Z .

Answer λ = 1, φ(x) = αx2, α = const.

5.3 Fredholm Alternative Theorem

5.3.1 The Case When
∫ b

a

∫ b

a
|K (x,Y)|2ΔXΔY < 1

For the sake of simplicity, we take λ = 1 in (5.1) and we consider the equation

φ(x) −
∫ b

a
K (x, y)φ(y)Δy = u(x), (5.23)

where u(x) is a continuous function on the interval [a, b].
Definition 2 An equation, in the unknown ψ(y), of the form

ψ(y) −
∫ b

a
K (x, y)ψ(x)Δx = v(y), (5.24)

v(y) being a given continuous function on the interval [a, b], is called the conjugate
equation of the Eq. (5.23).
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Lemma 1 Let α, β > 0. For p > 1 and
1

p
+ 1

q
= 1, we have

α
1
p β

1
q ≤ α

p
+ β

q
. (5.25)

Proof Since

e
1
p x+ 1

q y ≤ 1

p
ex + 1

q
ey f or all x, y ∈ R,

for x = logα and y = logβ, we get the inequality (5.25).

Theorem 1 (Hölder’s Inequality) Let a, b ∈ T , a < b.For rd-continuous functions
f, g : [a, b] �−→ R we have

∫ b

a
| f (t)g(t)|Δt ≤

(∫ b

a
| f (t)|pΔt

) 1
p
(∫ b

a
|g(t)|qΔt

) 1
q

,

where p > 1 and
1

p
+ 1

q
= 1.

Proof Without loss of generality we suppose that

(∫ b

a
| f (t)|pΔt

)(∫ b

a
|g(t)|qΔt

)
�= 0.

Applying (5.25) to

α(t) = | f (t)|p
∫ b
a | f (t)|pΔt

and β(t) = |g(t)|q
∫ b
a |g(t)|qΔt

,

we get

| f (t)g(t)|
(∫ b

a | f (t)|pΔt
) 1

p
(∫ b

a |g(t)|qΔt
) 1

q

≤ 1

p

| f (t)|p
∫ b
a | f (t)|pΔt

+ 1

q

|g(t)|q
∫ b
a |g(t)|qΔt

.

The obtained inequality we integrate between a and b, and we obtain

∫ b

a

| f (t)g(t)|
(∫ b

a | f (t)|pΔt
) 1

p
(∫ b

a |g(t)|qΔt
) 1

q

Δt ≤ 1

p

∫ b

a

| f (t)|p
∫ b
a | f (t)|pΔt

Δt + 1

q

∫ b

a

|g(t)|q
∫ b
a |g(t)|qΔt

Δt
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or

∫ b
a | f (t)g(t)|Δt

(∫ b
a | f (t)|pΔt

) 1
p
(∫ b

a |g(t)|qΔt
) 1

q

≤ 1

p

∫ b
a | f (t)|pΔt

∫ b
a | f (t)|pΔt

+ 1

q

∫ b
a |g(t)|qΔt

∫ b
a |g(t)|qΔt

= 1

p
+ 1

q
= 1.

This directly gives Hölder’s inequality.

The special case p = q = 2 yields the Cauchy-Schwartz inequality.

Theorem 2 (Cauchy-Schwartz Inequality) Let a, b ∈ T , a < b. For rd-continuous
functions f, g : T �−→ R we have

∫ b

a
| f (t)g(t)|Δt ≤

√(∫ b

a
| f (t)|2Δt

)(∫ b

a
|g(t)|2Δt

)
.

Theorem 3 Let K : [a, b] × [a, b] �−→ R be continuous. Under the assumption

∫ b

a

∫ b

a
|K (x, y)|2ΔxΔy < 1, (5.26)

the Eqs. (5.23) (5.24) admits one and only one solution φ(x) (ψ(y)) for any con-
tinuous function u(x)(v(y)) on [a, b]. In particular, φ(x) ≡ 0 (ψ(y) ≡ 0) for the
corresponding homogeneous equation

φ(x) −
∫ b

a
K (x, y)φ(y)Δy = 0

(
ψ(y) −

∫ b

a
K (x, y)ψ(x)Δx = 0

)
.

Proof Starting with the kernel K (x, y), we define the iterated kernels K (1)(x, y),
K (2)(x, y), . . . , K (n)(x, y), . . . , as follows

K (1)(x, y) = K (x, y),
K (2)(x, y) = ∫ b

a K (x, t)K (1)(t, y)Δt,
. . .

K (n)(x, y) = ∫ b
a K (x, t)K (n−1)(t, y)Δt, n ≥ 3.

Observe that
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K (2)(x, y) =
∫ b

a
K (x, t)K (1)(t, y)Δt

=
∫ b

a
K (x, t)K (t, y)Δt

=
∫ b

a
K (1)(x, t)K (t, y)Δt,

K (3)(x, y) =
∫ b

a
K (x, t)K (2)(t, y)Δt

=
∫ b

a
K (x, t)

∫ b

a
K (1)(t, z)K (z, y)ΔzΔt

=
∫ b

a

(∫ b

a
K (x, t)K (1)(t, z)Δt

)
K (z, y)Δz

=
∫ b

a
K (2)(x, z)K (z, y)Δz.

Let for some n ∈ N , n ≥ 3, we have

K (n−1)(x, y) =
∫ b

a
K (n−2)(x, t)K (t, y)Δt.

Then

K (n)(x, y) =
∫ b

a
K (x, t)K (n−1)(t, y)Δt

=
∫ b

a
K (x, t)

∫ b

a
K (n−2)(t, z)K (z, y)ΔzΔt

=
∫ b

a

(∫ b

a
K (x, t)K (n−2)(t, z)Δt

)
K (z, y)Δz

=
∫ b

a
K (n−1)(x, z)K (z, y)Δz.

By the Cauchy-Schwartz inequality we have (for n ≥ 2)

|K (n)(x, y)| =
∣
∣
∣
∣

∫ b

a
K (x, t)K (n−1)(t, y)Δt

∣
∣
∣
∣

≤
∫ b

a
|K (x, t)||K (n−1)(t, y)|Δt

≤
(∫ b

a
|K (x, t)|2Δt

) 1
2
(∫ b

a
|K (n−1)(t, y)|2Δt

) 1
2

,
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whereupon

|K (n)(x, y)|2 ≤
(∫ b

a
|K (x, t)|2Δt

)(∫ b

a
|K (n−1)(t, y)|2Δt

)
.

The obtained inequality we integrate over [a, b] × [a, b] and we find

∫ b

a

∫ b

a
|K (n)(x, y)|2ΔxΔy ≤

(∫ b

a

∫ b

a
|K (x, t)|2ΔtΔx

) (∫ b

a

∫ b

a
|K (n−1)(t, y)|2ΔtΔy

)

.

Repeating this procedure, we finally obtain

∫ b

a

∫ b

a
|K (n)(x, y)|2ΔxΔy ≤

(∫ b

a

∫ b

a
|K (x, y)|2ΔxΔy

)n

. (5.27)

Note that for n ≥ 3 we have

K (n)(x, y) =
∫ b

a
K (x, t)K (n−1)(t, y)Δy

=
∫ b

a
K (x, t)

∫ b

a
K (t, r)K (n−2)(r, y)ΔrΔt

=
∫ b

a

∫ b

a
K (x, t)K (n−2)(t, r)K (r, y)ΔrΔt.

Hence by the Cauchy-Schwartz inequality we have

|K (n)(x, y)|2 ≤
(∫ b

a

∫ b
a |K (n−2)(t, r)|2ΔtΔr

) (∫ b
a

∫ b
a |K (x, t)K (r, y)|2ΔrΔt

)
.

From here and from (5.27) we obtain

|K (n)(x, y)|2 ≤
(∫ b

a

∫ b
a |K (t, r)|2ΔrΔt

)n−2 (∫ b
a |K (x, t)|2Δt

) (∫ b
a |K (r, y)|2Δr

)
.

Note that

(∫ b

a
|K (x, t)|2Δt

)(∫ b

a
|K (r, y)|2Δr

)
is continuous on the domain

a ≤ x ≤ b, a ≤ y ≤ b. Hence this term is bounded. Therefore, according to the
assumption (5.26), the series

Γ (x, y) =
∞∑

n=1

K (n)(x, y) (5.28)

converges uniformly on the domain a ≤ x ≤ b, a ≤ y ≤ b.
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Also,

Γ (x, y) = K (x, y) +
∞∑

n=2

K (n)(x, y)

= K (x, y) +
∞∑

n=2

∫ b

a
K (x, t)K (n−1)(t, y)Δt

= K (x, y) +
∫ b

a
K (x, t)

∞∑

n=2

K (n−1)(t, y)Δy

= K (x, y) +
∫ b

a
K (x, t)Γ (t, y)Δt,

i.e.,

Γ (x, y) = K (x, y) +
∫ b

a
K (x, t)Γ (t, y)Δt. (5.29)

As in above, we obtain the equation

Γ (x, y) = K (x, y) +
∫ b

a
Γ (x, t)K (t, y)Δt.

Now we can prove that

φ(x) = u(x) +
∫ b

a
Γ (x, y)u(y)Δy (5.30)

satisfies (5.23).
In fact, substituting (5.30) into (5.23), we have

φ(x) − ∫ b
a K (x, y)φ(y)Δy = u(x) + ∫ b

a Γ (x, y)u(y)Δy

− ∫ b
a K (x, y)

(
u(y) + ∫ b

a Γ (y, s)u(s)Δs
)

Δy

= u(x) + ∫ b
a Γ (x, y)u(y)Δy − ∫ b

a K (x, y)u(y)Δy − ∫ b
a

∫ b
a K (x, y)Γ (y, s)u(s)ΔsΔy

= u(x) + ∫ b
a Γ (x, s)u(s)Δs − ∫ b

a K (x, s)u(s)Δs − ∫ b
a

(∫ b
a K (x, y)Γ (y, s)Δy

)
u(s)Δs

= u(x) + ∫ b
a

(
Γ (x, s) − K (x, s) − ∫ b

a K (x, y)Γ (y, s)Δy
)
u(s)Δs

= u(x).

Remark 1 Accordingly, we see that (5.23) is equivalent to (5.30). Similarly, we can
prove that the conjugate equation (5.24) is equivalent to the equation

ψ(y) = v(y) +
∫ b

a
Γ (x, y)v(x)Δx .

Definition 3 The series (5.28) is called the Neumann series for the kernel K (x, y).
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5.3.2 The General Case

Theorem 4 Let K (x, y) be continuous on [a, b] × [a, b]. Then there exist two sets
of linearly independent continuous functions

f1(x), f2(x), . . . , fm(x), g1(y), g2(y), . . . , gm(y),

defined on the interval [a, b], such that

∫ b

a

∫ b

a

∣
∣
∣K (x, y) −

m∑

l=1

fl(x)gl(y)
∣
∣
∣
2
ΔxΔy < 1. (5.31)

Proof Let ε > 0 be arbitrarily chosen. Then, using that K (x, y) is continuous on
[a, b] × [a, b], there exists a division {Iν}mν=1 of the interval [a, b] such that

sup
a≤x≤b

|K (x, y1) − K (x, y2)| < ε

for any pair of points y1 and y2 in each Iν, ν = 1, 2, . . . ,m.

Let yν ∈ Iν, ν = 1, 2, . . . ,m, and I ′
ν ⊂ Iν be such that yν ∈ I ′

ν .

Define the functions gν(y), ν = 1, 2, . . . ,m, as follows

gν(y) =
{
0 outside of Iν
1 on I ′

ν

such that the functions gν(y) are continuous and |gν(y)| ≤ 1 on [a, b].
We now set

fν(x) = K (x, yν), ν = 1, 2, . . . ,m.

Let also,

L(x, y) =
∣
∣
∣
∣
∣
K (x, y) −

m∑

ν=1

fν(x)gν(y)

∣
∣
∣
∣
∣
.

We have

L(x, y) =
∣
∣
∣
∣
∣
K (x, y) −

m∑

ν=1

K (x, yν)gν(y)

∣
∣
∣
∣
∣
.

For y ∈ I ′
ν we have that gl(y) = 0, l = 1, 2, . . . ,m, l �= ν, gν(y) = 1 and hence,

using the definition of Iν,

L(x, y) = |K (x, y) − K (x, yν)| < ε.

For y ∈ Iν\I ′
ν we have that gl(y) = 0, l = 1, 2, . . . ,m, l �= ν, and |gν(y)| ≤ 1, and

hence
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|L(x, y)| = |K (x, y) − K (x, yν)gν(y)|
≤ |K (x, y)| + |K (x, yν)gν(y)|
= |K (x, y)| + |K (x, yν)||gν(y)|
≤ |K (x, y)| + |K (x, yν)|
≤ 2M,

where
M = sup

a≤x,y≤b
|K (x, y)|.

Since ε > 0 and the sum of lengths of Iν\I ′
ν are both arbitrary, we can choose the

values of them so small that

∫ b

a

∫ b

a

∣
∣
∣
∣
∣
K (x, y) −

m∑

ν=1

fν(x)gν(y)

∣
∣
∣
∣
∣

2

ΔxΔy < 1.

Note that g1(y), g2(y), . . . , gm(y) are linearly independent. Hence, if f1(x), f2(x),
. . . , fm(x) are linearly independent, then our proof is completed. Assume that f1(x),
f2(x), . . . , fm(x) are linearly dependent. Without loss of generality we suppose that
fm(x) is written as a linear combination of f1(x), f2(x), . . . , fm−1(x), i.e.,

fm(x) = α1 f1(x) + α2 f2(x) + · · · + αm−1 fm−1(x), x ∈ [a, b],

where αl , l = 1, 2, . . . ,m − 1, are constants and

(α1, α2, . . . , αm−1) �= (0, 0, . . . , 0).

Hence,

R(x, y) =
m∑

l=1

fl(x)gl(y)

=
m−1∑

l=1

fl(x)gl(y) + fm(x)gm(y)

=
m−1∑

l=1

fl(x)gl(y) + (α1 f1(x) + α2 f2(x) + · · · + αm−1 fm−1(x))gm(y)

=
m−1∑

l=1

fl(x)(gl(y) + αl gm(y)).

We set
g(1)
l (y) = gl(y) + αl gm(y), l = 1, 2, . . . ,m − 1.
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Then

R(x, y) =
m−1∑

l=1

fl(x)g
(1)
l (y).

If g(1)
1 (y), g(1)

2 (y), . . . , g(1)
m−1(y) are linearly independent, then by setting g(1)

l (y) =
gl(y), the numberm is diminished. If otherwise, say g(1)

m−1(y) is a linear combination

of g(1)
1 (y), g(1)

2 (y), . . . , g(1)
m−2(y), i.e.,

g(1)
m−1(y) = β1g

(1)
1 (y) + β2g

(1)
2 (y) + · · · + βm−2g

(1)
m−2(y),

where βl , l = 1, . . . ,m − 2, are constants and

(β1, . . . , βm−2) �= (0, . . . , 0).

Then

R(x, y) =
m∑

l=1

fl (x)gl (y)

=
m−1∑

l=1

fl (x)g
(1)
l (y)

=
m−2∑

l=1

fl (x)g
(1)
l (y) + fm−1(x)g

(1)
m−1(y)

=
m−2∑

l=1

fl (x)g
(1)
l (y) + fm−1(x)(β1g

(1)
1 (y) + β2g

(1)
2 (y) + · · · + βm−2g

(1)
m−2(y))

=
m−2∑

l=1

( fl (x) + βl fm−1(x))g
(1)
l (y)

=
m−2∑

l=1

f (1)
l (x)g(1)

l (y),

where
f (1)
l (x) = fl(x) + βl fm−1(x), l = 1, 2, . . . ,m − 1.

Repeating this argument alternatively for f and g, we finally obtain two sets of
linearly independent functions f (k)

l (x) and g(k)
l (y) in terms of which R(x, y) is

written as

R(x, y) =
mk∑

l=1

f (k)
l (x)g(k)

l (y)
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provided that K (x, y) �= 0 and R(x, y) �= 0. Then by setting fl(x) = f (k)
l (x) and

gl(y) = g(k)
l (y), the proof is completed.

Below we suppose that K (x, y) is continuous on [a, b] × [a, b]. Let also, f1(x),
f2(x), . . . , fm(x), g1(y),g2(y), . . . , gm(y) be two sets of linearly independent
continuous functions on [a, b] such that (5.31) holds.

We now set

K1(x, y) = K (x, y) −
m∑

l=1

fl(x)gl(y)

and denote the resolvent kernel of K1(x, y) by

Γ1(x, y) =
∞∑

n=1

K (n)
1 (x, y).

Then the Eq. (5.23) takes the form

φ(x) −
∫ b

a

(

K1(x, y) +
m∑

l=1

fl(x)gl(y)

)

φ(y)Δy = u(x)

or

φ(x) −
∫ b

a
K1(x, y)φ(y)Δy = u(x) +

∫ b

a

m∑

l=1

fl(x)gl(y)φ(y)Δy.

Hence, using (5.30), we get

φ(x) = u(x) + ∫ b
a

∑m
l=1 fl(x)gl(y)φ(y)Δy

+ ∫ b
a Γ1(x, y)

(
u(y) + ∫ b

a

∑m
l=1 fl(y)gl(s)φ(s)Δs

)
Δy

= u(x) + ∫ b
a

∑m
l=1 fl(x)gl(y)φ(y)Δy

+ ∫ b
a Γ1(x, y)u(y)Δy + ∫ b

a Γ1(x, y)
∫ b
a

∑m
l=1 fl(y)gl(s)φ(s)ΔsΔy

= u(x) + ∫ b
a

∑m
l=1 fl(x)gl(y)φ(y)Δy

+ ∫ b
a Γ1(x, y)u(y)Δy + ∫ b

a

∫ b
a Γ1(x, y)

∑m
l=1 fl(y)gl(s)φ(s)ΔsΔy

= u(x) + ∫ b
a

∑m
l=1 fl(x)gl(y)φ(y)Δy + ∫ b

a Γ1(x, y)u(y)Δy
+ ∫ b

a

∫ b
a Γ1(x, y)

∑m
l=1 fl(y)gl(s)φ(s)ΔyΔs

= u(x) + ∫ b
a

∑m
l=1 fl(x)gl(y)φ(y)Δy + ∫ b

a Γ1(x, y)u(y)Δy
+ ∫ b

a

∫ b
a Γ1(x, s)

∑m
l=1 fl(s)gl(y)φ(y)ΔsΔy

= u(x) + ∫ b
a

∑m
l=1 fl(x)gl(y)φ(y)Δy + ∫ b

a Γ1(x, y)u(y)Δy

+ ∫ b
a

∑m
l=1

(∫ b
a Γ1(x, s) fl(s)Δs

)
gl(y)φ(y)Δy

= u(x) + ∫ b
a

∑m
l=1

(
fl(x) + ∫ b

a Γ1(x, s) fl(s)Δs
)
gl(y)φ(y)Δy

+ ∫ b
a Γ1(x, y)u(y)Δy
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or
φ(x) − ∫ b

a

∑m
l=1

(
fl(x) + ∫ b

a Γ1(x, s) fl(s)Δs
)
gl(y)φ(y)Δy

= u(x) + ∫ b
a Γ1(x, y)u(y)Δy.

(5.32)

From this follows the fact that to solve the Eq. (5.23) is equivalent to finding a solution
φ(x) of the Eq. (5.32) with the kernel given by

K ′(x, y) =
m∑

l=1

(
fl(x) +

∫ b

a
Γ1(x, s) fl(s)Δs

)
gl(y)

and the right side the given function

u(x) +
∫ b

a
Γ1(x, y)u(y)Δy.

Theorem 5 The functions

fl(x) +
∫ b

a
Γ1(x, y) fl(y)Δy, l = 1, 2, . . . ,m, (5.33)

are linearly independent on [a, b].
Proof Assume that (5.33) are linearly dependent on [a, b].Then there exist constants
c1,c2, . . . , cm such that

(c1, c2, . . . , cm) �= (0, 0, . . . , 0)

and
m∑

l=1

cl

(
fl(x) +

∫ b

a
Γ1(x, y) fl(y)Δy

)
= 0. (5.34)

Let

φ1(x) =
m∑

l=1

cl fl(x), x ∈ [a, b].

Hence, using (5.34), we obtain

m∑

l=1

cl fl(x) +
m∑

l=1

cl

∫ b

a
Γ1(x, y) fl(y)Δy = 0

or
m∑

l=1

cl fl(x) +
∫ b

a
Γ1(x, y)

m∑

l=1

cl fl(y)Δy = 0,
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or

φ1(x) +
∫ b

a
Γ1(x, y)φ1(y)Δy = 0,

or

φ1(x) = −
∫ b

a
Γ1(x, y)φ1(y)Δy.

From here, using (5.30), we obtain

φ1(x) = 0 −
∫ b

a
Γ1(x, y).0Δy = 0,

i.e.,
m∑

l=1

cl fl(x) = 0 on [a, b],

which is a contradiction because { fl(x)}ml=1 are linearly independent.

Let

αl =
∫ b

a
gl(y)φ(y)Δy, l = 1, 2, . . . ,m. (5.35)

Then the Eq. (5.32) takes the form

φ(x) =
m∑

l=1

αl

(
fl(x) +

∫ b

a
Γ1(x, s) fl(s)Δs

)
+ u(x) +

∫ b

a
Γ1(x, y)u(y)Δy.

(5.36)
We substitute (5.36) in (5.35) and we get

αl =
∫ b

a
gl(y)

( m∑

l=1

αi

(
fi (y) +

∫ b

a
Γ1(y, s) fi (s)Δs

)

+u(y) +
∫ b

a
Γi (y, s)u(s)Δs

)
Δy

=
m∑

i=1

αi

∫ b

a
gl(y)

(
fi (y) +

∫ b

a
Γ1(y, s) fi (s)Δs

)
Δy

+
∫ b

a
gl(y)

(
u(y) +

∫ b

a
Γ1(y, s)u(s)Δs

)
Δy

or
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(
1 − ∫ b

a gl(y)
(
fl(y) + ∫ b

a Γl(y, s) fl(s)Δs
)
Δy

)
αl

−∑m
i=1,i �=l αi

∫ b
a gl(y)

(
fi (y) + ∫ b

a Γ1(y, s) fi (s)Δs
)
Δy

= ∫ b
a gl(y)

(
u(y) + ∫ b

a Γ1(y, s)u(s)Δs
)

Δy, l = 1, 2, . . . ,m.

(5.37)

Substituting the solutions (α1, α2, . . . , αm) of (5.37) in (5.36) we obtain the solutions
of (5.23).

Similarly, we see that to solve the Eq. (5.24) is equivalent to solving the following
linear equations in the unknowns (α′

1, α
′
2, . . . , α

′
m),

(
1 − ∫ b

a gl(y) fl(y)Δy − ∫ b
a

∫ b
a Γ1(y, s)gl(y) fl(s)ΔyΔs

)
α′
l

−∑
i=1,i �=l α

′
i

(∫ b
a gi (y) fl(y)Δy + ∫ b

a

∫ b
a Γ1(y, s)gi (y) fl(s)ΔyΔs

)

= ∫ b
a fl(y)v(y)Δy + ∫ b

a

∫ b
a Γ1(y, s) fl(y)v(s)ΔyΔs, l = 1, 2, . . . ,m,

(5.38)

and the solution ψ(y) of the system (5.24) is given by

ψ(y) = v(y) + ∫ b
a Γ1(x, y)v(x)Δx + ∑m

l=1 α′
l

(
gl(y) + ∫ b

a Γ1(x, y)gl(x)Δx
)

,

where (α′
1, α

′
2, . . . , α

′
m) are the solutions of (5.38).

Let A be the matrix of the equations (5.37), in the unknowns α, and A′ be the
matrix of the equations (5.38), in the unknowns α′. Then

A′ is the transposed matri x o f A.

Hence,
detA′ �= 0 i f and only i f detA �= 0.

We first consider the case when detA �= 0, and hence, detA′ �= 0. In this case the
system (5.37) (5.38) admits a unique solution φ(x)(ψ(y)). In particular, if u(x) ≡ 0
(v(y) ≡ 0), then

α = (α1, α2, . . . , αm) = (0, 0, . . . , 0),
(α′ = (α′

1, α
′
2, . . . α

′
m) = (0, 0, . . . , 0)),

hence φ(x) ≡ 0(ψ(y) ≡ 0).
We next consider the case when detA = 0, and hence detA′ = 0. For the sake of

simplicity, we write (5.37) and (5.38) as follows

αl −
m∑

i=1

cliαi = ul , l = 1, 2, . . . ,m, (5.39)

α′
l −

m∑

i=1

cilα
′
i = vl, l = 1, 2, . . . ,m, (5.40)
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respectively. Here

cll = 1 − ∫ b
a gl(y)

(
fl(y) + ∫ b

a Γ1(y, s) fl(s)Δs
)

Δy,

cli = ∫ b
a gl(y)

(
fi (y) + ∫ b

a Γ1(y, s) fi (s)Δs
)

Δy, i = 1, . . . ,m, i �= l,

ul = ∫ b
a gl(y)

(
u(y) + ∫ b

a Γ1(y, s)u(s)Δs
)

Δy,

vl = ∫ b
a fl(y)v(y)Δy + ∫ b

a

∫ b
a Γ1(y, s) fl(y)v(s)ΔyΔs, l = 1, . . . ,m.

The matrices A and A′ are written as

A = (δli − cli ), A′ = (δil − cil),

where δil = 0 for i �= l and δll = 1, i, l = 1, 2, . . . ,m.

For the case when detA = detA′ = 0, the associated systems of linear homoge-
neous equations

αl −
m∑

i=1

cliαi = 0, i = 1, 2, . . . ,m, (5.41)

α′
l −

m∑

i=1

cilα
′
i = 0, l = 1, 2, . . . ,m, (5.42)

admit a number r , r ≥ 1, of linearly independent solutions

α(1) = (α11, α12, . . . , α1m),

· · ·
α(r) = (αr1, αr2, . . . , αrm),

and
α′(1) = (α′

11, α
′
12, . . . , α

′
1m),

· · ·
α′(r) = (α′

r1, α
′
r2, . . . , α

′
rm),

respectively. The inhomogeneous system (5.39) admits a solution for given u1, u2,
. . . , um if and only if

m∑

i=1

uiα
′
li = 0, l = 1, 2, . . . ,m. (5.43)

In other words, for the general solution of (5.42),

r∑

j=1

c jα
′( j) =

⎛

⎝
r∑

j=1

c jα
′
j1,

r∑

j=1

c jα
′
j2, . . . ,

r∑

j=1

c jα
′
jm

⎞

⎠ ,
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which contains a number r of arbitrary constants c1, c2, . . . , cr , there hold the
following relation

m∑

l=1

ul

⎛

⎝
r∑

j=1

c jα
′
jl

⎞

⎠ =
r∑

j=1

c j

(
m∑

l=1

ulα
′
jl

)

= 0. (5.44)

If the condition (5.44) is satisfied, then the general solution of the Eq. (5.39) is given
by the sum of a particular solution

α = (α1, α2, . . . , αm)

of (5.39) and the general solution
r∑

j=1

c jα( j) of (5.41), that is by the following

expression containing r arbitrary constants c1, c2, . . . , cr ,

α = α + ∑r
j=1 c jα( j)

=
(
α1 + ∑r

j=1 c jα j1, α2 + ∑r
j=1 c jα j2, . . . , αm + ∑r

j=1 c jα jm

)
.

(5.45)

Similarly, the equations (5.40) admit a solution for given v1, v2, . . . , vm if and only
if the following relation

m∑

μ=1

vμ

⎛

⎝
r∑

j=1

c jα jμ

⎞

⎠ = 0 (5.46)

holds, and, under the condition (5.46), the general solution of (5.40) is given by the
sum of a particular solution

α′ = (α′
1, α

′
2, . . . , α

′
m)

of the Eq. (5.40) and the general solution
m∑

j=1

c jα
′( j) of the equations (5.42), that is

by the following expression containing r arbitrary constants c1, c2, . . . , cr ,

α′ = α′ + ∑r
j=1 c jα

′( j)
=

(
α′
1 + ∑r

j=1 c jα
′
j1, α

′
2 + ∑r

j=1 c jα
′
j2, . . . , α

′
m + ∑r

j=1 c jα
′
jm

)
.

(5.47)

Accordingly, substituting the solution α given by (5.46) in the equations (5.36) we
obtain the general solution φ(x) of (5.23). The solution φ(x) contains r arbitrary
constants. In fact, if
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0 =
m∑

l=1

(
fl(x) +

∫ b

a
Γ1(x, y) fl(y)Δy

)
⎛

⎝
r∑

j=1

c jα jl

⎞

⎠ ,

then, by Theorem 5,

0 =
r∑

j=1

c jα jl , l = 1, 2, . . . ,m,

which is a contradiction sinceα(1), α(2), . . . , α(r) are linearly independent solutions
of (5.41). We can also substitute (5.47) in (5.38), to obtain the general solution ψ(y)
of (5.24) which contains a number r of arbitrary constants.

Finally, we shall reduce the solvability condition (5.43) to a more readable and
useful form as follows. Using the definition of the functions ul , we can rewrite (5.43)
in the following form

0 =
m∑

i=1

α′
li ui

=
m∑

i=1

α′
li

∫ b

a

(
gi (y) +

∫ b

a
Γ1(s, y)gi (s)Δs

)
u(y)Δy

=
∫ b

a

[
m∑

i=1

α′
li

(
gi (y) +

∫ b

a
Γ1(s, y)gi (s)Δs

)]

u(y)Δy.

We observe that

m∑

i=1

α′
li

(
gi (y) +

∫ b

a
Γ1(s, y)gi (s)Δs

)
(5.48)

is a solution to the equation

ψ(y) −
∫ b

a
K (x, y)ψ(x)Δx = 0. (5.49)

On the other hand the general solution of (5.49) is given by a linear combinations
of the functions (5.48). Therefore the condition (5.43) is equivalent to the following.
For every solution ψ(y) of (5.49),

∫ b

a
u(y)ψ(y)Δy = 0.
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Similarly, we see that the condition (5.46) is equivalent to the following. For every
solution φ(x) of the equation

φ(x) − ∫ b
a K (x, y)φ(y)Δy = 0,∫ b

a v(y)φ(y)Δy = 0.

5.3.3 Fredholm’s Alternative Theorem

The results obtained in the previous two sections are known as Fredholm’s alternative
theorem concerning a continuous kernel K (x, y). The theorem reads as follows.

Theorem 6 (Fredholm’s Alternative Theorem) Either the generalized integral
equation of the second kind

u(x) = φ(x) − λ

∫ b

a
K (x, y)φ(y)Δy (5.50)

with fixed λ, admits a unique continuous solution φ(x) for any continuous function
u(x), in particular φ(x) ≡ 0 for u(x) ≡ 0, or the associative homogeneous equation

φ(x) = λ

∫ b

a
K (x, y)φ(y)Δy (5.51)

admits a number r, r ≥ 1, of linearly independent continuous solutions φl(x), l = 1,
2, . . . , r . In the first case the conjugate equation

v(y) = ψ(y) − λ

∫ b

a
K (x, y)ψ(x)Δx (5.52)

also admits a unique continuous solution ψ(y) for any continuous function v(y). In
the second case, the associated homogeneous equation

ψ(y) = λ

∫ b

a
K (x, y)ψ(x)Δx (5.53)

admits a number r of linearly independent continuous solutions ψ1(y), ψ2(y), . . . ,

ψr (y). In the second case, Eq. (5.50) admits solution if and only if

∫ b

a
u(x)ψl(x)Δx = 0, l = 1, 2, . . . , r. (5.54)

If the condition (5.54) is satisfied, the general solutionφ(x) of the Eq. (5.50) is written
as
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φ(x) = φ(1)(x) +
r∑

j=1

c jφ j (x)

by means of a particular solution φ(1)(x) of (5.50) and r arbitrary constants c1, c2,
. . . , cr . Similarly, the conjugate equation (5.52) admits a solution if and only if

∫ b

a
v(y)φi (y)Δy = 0, i = 1, 2, . . . , r. (5.55)

If the condition (5.55) is satisfied, the general solution of the Eq. (5.52) is written as

ψ(y) = ψ(1)(y) +
r∑

j=1

c jψ j (y)

by means of a particular solution ψ(1)(y) of (5.51) and r arbitrary constants c1, c2,
. . . , cr .

Definition 4 Every λ ∈ C for which the Eq. (5.51) or (5.53) has a nontrivial solu-
tion φ(x) orψ(x), respectively, will be called eigenvalue corresponding to the kernel
K (x, y). The solution φ(x) is called eigenfunction belonging to the eigenvalue λ. If
the maximal number of linearly independent eigenfunctions belonging to the eigen-
value λ is k, we will say that the multiplicity of λ is k.

Remark 2 Fredholm’s alternative theorem shows that the unique solution of (5.50)
exists for any continuous function u(x) if and only if λ is not an eigenvalue.

5.4 The Schmidth Expansion Theorem and the Mercer
Expansion Theorem

5.4.1 Operator-Theoretical Notations

Assume that K (x, y) is a complex-valued continuous function on the region
a ≤ x ≤ b, a ≤ y ≤ b. By K we denote the operator

K f (x) =
∫ b

a
K (x, y) f (y)Δy

which transforms every continuous function f (x) on the interval [a, b] into a con-
tinuous function (K f )(x).

Definition 5 Let L(x, y) be a complex-valued continuous function. Then the kernel
M(x, y) defined by
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M(x, y) =
∫ b

a
K (x, r)L(r, y)Δr

is said to be the composition of the kernels K (x, y) and L(x, y).

If the operator M is defined by M(x, y), then

M f (x) =
∫ b

a

(∫ b

a
K (x, r)L(r, y)Δr

)
f (y)Δy

=
∫ b

a
K (x, r)

(∫ b

a
L(r, y) f (y)Δy

)
Δr

=
∫ b

a
K (x, r)L( f )(r)Δr

= K (L f )(x)

for any continuous function f (x) on [a, b]. Consequently

M = K L .

Definition 6 For a pair of continuous functions f (x) and g(x) on [a, b] we define
inner product by

〈 f, g〉 =
∫ b

a
f (x)g(x)Δx . (5.56)

Exercise 7 Prove that (5.56) satisfies all axioms for inner product.

Definition 7 For a continuous function f (x) on [a, b] we define norm by

|| f || = 〈 f, f 〉 1
2 . (5.57)

Exercise 8 Prove that (5.57) satisfies the axioms for norm.

Definition 8 The number
||K || = sup

|| f ||=1
||K f ||

will be called the norm of the operator K .

Exercise 9 Prove
||K f || ≤ ||K |||| f ||

for every f ∈ C ([a, b]).
Remark 3 In fact we have

||K || = sup
|| f ||=1

|〈K f, f 〉|.
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Definition 9 We define the transposed conjugate kernel K ∗(x, y) of the kernel
K (x, y) by

K ∗(x, y) = K (y, x).

Theorem 7 For every continuous functions f, g on [a, b] we have

〈K f, g〉 = 〈 f, K ∗g〉.

Proof We have

〈K f, g〉 =
∫ b

a
K f (x)g(x)Δx

=
∫ b

a

(∫ b

a
K (x, y) f (y)Δy

)
g(x)Δx

=
∫ b

a
f (y)

(∫ b

a
K (x, y)g(x)Δx

)
Δy

=
∫ b

a
f (y)

(∫ b

a
K ∗(y, x)g(x)Δx

)
Δy

=
∫ b

a
f (y)

(∫ b

a
K ∗(y, x)g(x)Δx

)
Δy

=
∫ b

a
f (y)(K ∗g)(y)Δy

= 〈 f, K ∗g〉.

Theorem 8 We have the following relation

(K L)∗ = L∗K ∗. (5.58)

Proof For every f, g ∈ C ([a, b]) we have

〈K L f, g〉 = 〈 f, (K L)∗g〉. (5.59)

Also,

〈K L f, g〉 = 〈L f, K ∗g〉
= 〈 f, L∗K ∗g〉.

Hence and (5.59) we obtain (5.58).

Theorem 9 We have
(K ∗)∗ = K .
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Proof For every f, g ∈ C ([a, b]) we have

〈(K ∗)∗ f, g〉 = 〈 f, K ∗g〉
= 〈K f, g〉,

which completes the proof.

Definition 10 The complex-valued function K (x, y), defined on a ≤ x, y ≤ b,will
be called Hermitian symmetric if

K (x, y) = K (y, x)

for all x, y ∈ [a, b]. In other words, K (x, y) is Hermitian symmetric if
K (x, y) = K ∗(x, y).

Exercise 10 Let K (x, y) be Hermitian symmetric, defined and symmetric on
a ≤ x, y ≤ b. Prove that

〈K f, g〉 = 〈 f, Kg〉

for all f, g ∈ C ([a, b]).
Lemma 2 Let K (x, y) be continuous and Hermitian symmetric on a ≤ x, y ≤ b.
Then

〈K f, f 〉 ∈ R

for every f ∈ C ([a, b]).
Proof Since K (x, y) is continuous and Hermitian symmetric on a ≤ x, y ≤ b, we
have that K = K ∗. Hence, for f ∈ C ([a, b]), we obtain

〈K f, f 〉 = 〈 f, K ∗ f 〉
= 〈 f, K f 〉
= 〈K f, f 〉,

which completes the proof.

Theorem 10 Let K (x, y)be continuousandHermitian symmetric on [a, b] × [a, b].
Let also, ||K || �= 0. Then either

1

||K || or− 1

||K || is an eigenvalue of the operator K .

Proof By Lemma 2 we have that 〈K f, f 〉 ∈ R for every f ∈ C ([a, b]). Since

||K || = sup
|| f ||=1

|〈K f, f 〉|,

there exists a sequence { fm}∞m=1 of elements of C ([a, b]) such that



5.4 The Schmidth Expansion Theorem and the Mercer Expansion Theorem 279

{ || fm || = 1 and
〈K fm, fm〉 −→m→∞ ||K || or 〈K fm, fm〉 −→m→∞ −||K ||.

Suppose that
〈K fm, fm〉 −→m→∞ ||K ||.

By Ascoli-Arzelà theorem it follows that the sequence {K fm(x)}∞m=1 contains a
subsequencewhich converges to a continuous functionφ(x) uniformly on the interval
[a, b].Wemay assumewithout loss of generality that {(K fm)(x)}∞m=1 itself converges
uniformly to the function φ(x). Then

||K fm − ||K || fm ||2 = 〈K fm − ||K || fm, K fm − || fm ||〉
= 〈K fm, K fm − ||K || fm〉 − 〈||K || fm, K fm − ||K || fm〉
= 〈K fm, K fm〉 − 〈K fm, ||K || fm〉 − 〈||K || fm, K fm〉 + 〈||K || fm, ||K || fm〉
= ||K fm ||2 − ||K ||〈K fm, fm〉 − ||K ||〈 fm, K fm〉 + ||K ||2〈 fm, fm〉
= ||K fm ||2 − 2||K ||〈K fm, fm〉 + ||K ||2|| fm ||2.

(5.60)
Hence, using that K fm(x) −→m→∞ φ(x), we get

0 ≤ ||φ||2 − 2||K ||2 + ||K ||2 = ||φ||2 − ||K ||2,

whereupon
||φ|| ≥ ||K || > 0.

Now, from (5.60), using that

||K fm || ≤ ||K |||| fm ||,

we get

||K fm − ||K || fm ||2 ≤ ||K ||2|| fm ||2 − 2||K ||〈K fm, fm〉 + ||K ||2
= 2||K ||2 − 2||K ||〈K fm, fm〉 −→m→∞ 2||K ||2 − 2||K ||2 = 0.

Thus
K fm − ||K || fm −→m→∞ 0.

Hence, using that

||K (K fm) − ||K ||K fm || ≤ ||K ||||K fm − ||K || fm || −→m→∞ 0,

we obtain
||K (K fm) − ||K ||K fm || −→m→∞ 0

or
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||Kφ − ||K ||φ|| = 0,

i.e., ∫ b

a
|Kφ(x) − ||K ||φ(x)|2Δx = 0,

whereupon
Kφ(x) = ||K ||φ(x).

If 〈K fm, fm〉 −→m→∞ −||K ||, applying the same arguments to the operator −K ,

we see that
1

||K || is an eigenvalue of−K .Hence, in this case,− 1

||K || is an eigenvalue
of K .

Definition 11 The method of the proof of Theorem 10 is called maximal method.

Definition 12 Let f, g ∈ C ([a, b]). When

〈 f, g〉 = 0

f (x) is said to be orthogonal to g(x), and this fact is indicated by writing f ⊥ g.
Clearly, the orthogonality relation is reflexive, that is, if f ⊥ g, then g ⊥ f.

Definition 13 We say that the system

f1(x), f2(x), . . . , fm(x), . . . ,

of continuous functions on [a, b], satisfy the orthonormality relations if

〈 fl , fm〉 = δlm =
{
1 f or l = m
0 f or l �= m.

Definition 14 We say that a continuous function f (x) on [a, b] is normalized if
|| f || = 1.

Theorem 11 (Bessel Inequality) Let f ∈ C ([a, b]) and {φm}∞m=1 be an orthonormal
system. Then

|| f ||2 ≥
∞∑

m=1

|〈 f, φm〉|2. (5.61)

Proof Let l ∈ N be arbitrarily chosen. Set

fl = f −
l∑

m=1

〈 f, φm〉φm .
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Then, from the orthonormality of the system {φm}∞m=1, we have

0 ≤ || fl ||2 = 〈 fl , fl 〉
= 〈 f − ∑l

m=1〈 f, φm 〉φm , f − ∑l
k=1〈 f, φk 〉φk 〉

= 〈 f, f 〉 − 〈 f,∑l
k=1〈 f, φk 〉φk 〉 − 〈∑l

m=1〈 f, φm 〉φm , f 〉 + ∑l
m=1

∑l
k=1〈 f, φm 〉〈 f, φk 〉〈φm , φk 〉

= || f ||2 − ∑l
k=1 |〈 f, φk 〉|2 − ∑l

k=1 |〈 f, φk 〉|2 + ∑l
k=1 |〈 f, φk 〉|2

= || f ||2 − ∑l
k=1 |〈 f, φk 〉|2,

i.e.,

|| f ||2 ≥
l∑

k=1

|〈 f, φk〉|2.

Because l ∈ N was arbitrarily chosen, we get (5.61).

Definition 15 The numbers

〈 f, φk〉, k = 1, 2, . . . ,

in (5.61) are called the Fourier coefficients of f (x) with respect to the orthonormal
system {φm}∞m=1.

Theorem 12 Let K (x, y) be continuous andHermitian symmetric on a ≤ x, y ≤ b.

1. All eigenvalues of the operator K are real.
2. Two eigenfunctions, corresponding to different eigenvalues, are orthogonal.

Proof 1. Let λ be an eigenvalue of the operator K and φ be the corresponding

eigenfunction, that is, Kφ = 1

λ
φ. Then

〈Kφ, φ〉 = 〈1
λ

φ, φ〉 = 1

λ
〈φ, φ〉. (5.62)

By Lemma 2 we have that 〈Kφ, φ〉 ∈ R. Hence, using that 〈φ, φ〉 ∈ R and
(5.62), we conclude that λ ∈ R.

2. Let λ and μ are two eigenvalues of the operator K and φ and ψ are the corre-
sponding eigenfunctions, respectively. Then

Kφ = 1

λ
φ and Kψ = 1

μ
ψ.

Assume that λ �= μ. Then
λ

μ
�= 1 and
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〈φ,ψ〉 = 〈λKφ,ψ〉
= λ〈Kφ,ψ〉
= λ〈φ, Kψ〉
= λ〈φ,

1

μ
ψ〉

= λ

μ
〈φ,ψ〉.

From here we obtain that
〈φ,ψ〉 = 0,

which completes the proof.

Definition 16 An orthonormal system {φm(x)}∞m=1 of elements of C ([a, b]) will
be called complete orthonormal system in C ([a, b]) if for every f ∈ C ([a, b]) the
following representation

f (x) =
∑

α

cαφα(x), cα = const,

holds.

Definition 17 Let f (x) be continuous function on [a, b] and K (x, y) be continuous
on the rectangle a ≤ x, y ≤ b. Let also, {φ j } be complete orthonormal system of
eigenfunctions of K . Then

∞∑

j=1

〈K f, φ j 〉φ j (x)

will be called the Fourier expansion of (K f )(x) with respect to the system {φ j }.

5.4.2 The Schmidt Expansion Theorem

We start with the following theorem.

Theorem 13 Let K (x, y) �≡ 0 be continuous on a ≤ x, y ≤ b. Then the operators

A = KK ∗ and B = K ∗K

are Hermitian symmetric and have the same eigenvalues with the same multiplicity.
Further, their eigenvalues are all positive.
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Proof Note that
A∗ = (KK ∗)∗ = (K ∗)∗K ∗ = KK ∗ = A,

B∗ = (K ∗K )∗ = K ∗(K ∗)∗ = K ∗K = B,

i.e., the operators A and B are Hermitian symmetric.
For x ∈ [a, b] we have

KK ∗(x, x) =
∫ b

a
K (x, y)K ∗(y, x)Δy

=
∫ b

a
K (x, y)K (x, y)Δy

=
∫ b

a
|K (x, y)|2Δy

�= 0.

Therefore (KK ∗)(x, y) = A(x, y) �≡ 0, and similarly B(x, y) �≡ 0. By Theorem 10
the operators A and B have eigenvalues.
Let λ be an eigenvalue of A, that is,

λAφ = φ, φ(x) �≡ 0.

Then

0 < 〈φ, φ〉
= 〈λKK ∗φ, φ〉
= λ〈KK ∗φ, φ〉
= λ〈K ∗φ, K ∗φ〉.

Since 〈K ∗φ, K ∗φ〉 ≥ 0, we conclude that λ ≥ 0, i.e., all the eigenvalues of A are
positive. The proof for the operator B is carried out in the same way.
We write the eigenvalues of A and the corresponding orthonormal system of eigen-
functions as follows.

λ2
1 ≤ λ2

2 ≤ . . . ≤ λ2
n ≤ . . .

φ1, φ2, . . . , φn, . . . .

Let us set
λ j K

∗φ j = ψ j .

Then
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λ2
j Bψ j = λ2

j K
∗Kψ j

= λ2
j K

∗K (λ j K
∗φ j )

= λ j K
∗(λ2

j K K ∗φ j )

= λ j K
∗(λ2

j Aφ j )

= λ j K
∗φ j

= ψ j ,

i.e.,
λ2
j Bψ j = ψ j .

Thus λ2
j is also an eigenvalue of B, and ψ j the corresponding eigenfunction.

Note that (φi , φ j ) = δi j and

〈ψi , ψ j 〉 = 〈λi K
∗φi , λ j K

∗φ j 〉
= 〈λiλ j K

∗φi , K
∗φ j 〉

= 〈λiλ j K K ∗φi , φ j 〉
= λ j

λi
〈λ2

i K K ∗φi , φ j 〉

= λ j

λi
〈λ2

i Aφi , φ j 〉

= λ j

λi
〈φi , φ j 〉

= δi j .

Hence, we see that the eigenfunctions {ψ j } of the operator B satisfy the orthonor-
mality relations.

Nowwe will prove that the system {ψ j } exhaust all eigenfunctions of the operator
B. To see this we will show that

i f λ2Bψ = ψ, ψ(x) �≡ 0, then
λKψ = φ satis f ies λ2Aφ = φ.

Let the eigenvalues of B and the corresponding orthonormal systemof eigenfunctions
are given by

λ2
1 ≤ λ2

2 ≤ . . . ≤ λ2
n ≤ . . .

ψ1, ψ2, . . . , ψn, . . . .

Then we have

λ2
j Bψ j = ψ j
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or
λ2
j K

∗Kψ j = ψ j ,

or
λ j K

∗(λ j Kψ j ) = ψ j ,

or
λ j K

∗φ j = ψ j .

Hence,

λ2
j Aφ j = λ2

j K K ∗φ j

= λ j K (λ j K
∗φ j )

= λ j Kψ j

= φ j .

Thus the proof is completed.

The Schmidt expansion theorem reads as follows.

Theorem 14 Let f (x) be continuous function on [a, b] and K (x, y) be continuous
function on [a, b] × [a, b]. Then (K f )(x) and (K ∗ f )(x) can be expanded in Fourier
series with respect to {φ j } and {ψ j }, respectively, that converge absolutely and
uniformly on the interval a ≤ x ≤ b.

Proof We have

〈K f, φ j 〉 = 〈K f, λ2
j Aφ j 〉

= 〈K f, λ2
j K K ∗φ j 〉

= 〈K ∗K f, λ2
j K

∗φ j 〉
= 〈B f, λ2

j K
∗φ j 〉

= 〈λ j B f, λ j K
∗φ j 〉

= λ j 〈B f, ψ j 〉
= λ j 〈 f, Bψ j 〉
= λ j 〈 f, 1

λ2
j

ψ j 〉

= 1

λ j
〈 f, ψ j 〉.
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By the Cauchy-Schwartz inequality we obtain

⎛

⎝
m∑

j=n

∣
∣
∣
∣〈 f, ψ j 〉φ j (x)

λ j

∣
∣
∣
∣

⎞

⎠

2

≤
m∑

j=n

|〈 f, ψ j 〉|2
m∑

j=n

∣
∣
∣
∣
φ j (x)

λ j

∣
∣
∣
∣

2

for n < m.

By the Bessel inequality we have

∫ b

a
|K (x, y)|2Δy ≥

∞∑

j=1

|φ j (x)|2
λ2
j

, || f ||2 ≥
∞∑

j=1

|〈 f, ψ j 〉|2.

Hence, the series
∞∑

j=1

λ−1
j 〈 f, ψ j 〉φ j (x)

converges absolutely and uniformly on the interval a ≤ x ≤ b. In other words, the
Fourier expansion of (K f )(x) is absolutely and uniformly convergent on [a, b].

Let now

(Kn f )(x) = (K f )(x) −
n∑

j=1

〈 f, ψ j 〉φ j

λ j
.

We have
(Kn f )(x) = (K f )(x) − ∑n

j=1〈 f, 1
λ j

ψ j 〉φ j

= (K f )(x) − ∑n
j=1〈 f, K ∗φ j 〉φ j

= (K f )(x) − ∑n
j=1〈K f, φ j 〉φ j .

(5.63)

Since the system {φn} is an orthonormal system, we have

〈Kn f, φm〉 = 〈K f −
n∑

j=1

〈K f, φ j 〉φ j , φm〉

= 〈K f, φm〉 − 〈K f, φm〉
= 0

for n ≤ m.

Therefore, if f is an eigenfunction of the operator Kn corresponding to an eigenvalue
μ, then for m ≤ n we have

〈Kn f, φm〉 = 1

μ
〈 f, φm〉 = 0,



5.4 The Schmidth Expansion Theorem and the Mercer Expansion Theorem 287

and hence, using (5.63), we obtain

Kn f = K f = 1

μ
f.

This means that μ is also an eigenvalue of the operator K and the corresponding
eigenfunction is f.

Accordingly, f must be written as a linear combination of eigenfunctions φ j

corresponding to the eigenvalue λ j = μ, namely

f =
∑

λ j=μ

β jφ j ,

where β j = 〈 f, φ j 〉, from which we derive that β j = 0 for j < n.Hence we see that
every eigenvalue μ of the operator Kn satisfies

|μ| ≥ |λn|.

Therefore

||Kn|| ≤ 1

|λn|
and then ||Kn|| → 0 as n → ∞ because |λn| → ∞ as n → ∞. Thus we obtain that
the uniform limit

lim
n→∞(Kn f )(x),

which as was shown does exist, satisfies

|| lim
n→∞ Kn f || = 0. (5.64)

On the other hand, (K f )(x) is, together with f (x), continuous, and

φn(x) = λn

∫ b

a
K (x, ξ)φn(ξ)Δξ

is, together with K (x, ξ), continuous. Hence, (Kn f )(x) is continuous, so that its
uniform limit lim

n→∞(Kn f )(x) is also continuous. From here and (5.64), we obtain

that
lim
n→∞(Kn f )(x) = 0.

The proof for (K ∗ f )(x) is carried out in analogous manner.
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5.4.3 Application to Generalized Fredholm Integral Equation
of the First Kind

Here we consider the equation

u(x) =
∫ b

a
K (x, y)φ(y)Δy (5.65)

with a continuous kernel K (x, y) on the rectangle [a, b] × [a, b], u(x) being given
continuous function on [a, b].
Theorem 15 If the Eq. (5.65) admits a continuous solution φ(x) for given u(x),
then u(x) can be expanded in a Fourier series

u(x) =
∞∑

j=1

β jφ j (x) (5.66)

with respect to the orthonormal system of the eigenfunctions {φ j } of A = KK ∗,
which converges uniformly and absolutely on the interval [a, b].
Conversely, if u(x) is of the form of (5.66), and if the series

∞∑

j=1

β jλ jψ j (x), (5.67)

where ψ j (x) are the eigenfunctions of B = K ∗K so that B2ψ j = λ−2
j ψ j , converges

uniformly and absolutely on the interval a ≤ x ≤ b, then Eq. (5.65) admits a solution
φ(x) which is given by (5.67).

Proof The proof follows immediately from Theorem 14 for u(x) = (Kφ)(x).

Remark 4 In general, Eq. (5.65) can not be solved. Furthermore, the uniqueness of
the solution φ(x) of the Eq. (5.65), if any, is equivalent to the following property of
the kernel: if a continuous function v(x) satisfies

∫ b

a
K (x, y)v(y)Δy = 0,

then v(y) ≡ 0. A kernel K (x, y) which possesses such a property is called a closed
kernel.
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5.4.4 Positive Definite Kernels. Mercer’s Expansion Theorem

Definition 18 A complex-valued continuous kernel K (x, y) defined on [a, b] ×
[a, b] is called a positive definite kernel, when K (x, y) satisfies

∫ b

a

∫ b

a
K (x, y) f (x) f (y)ΔxΔy = 〈K f, f 〉 ≥ 0 (5.68)

for any continuous function f (x) on [a, b].
Example 18 Consider A = KK ∗. Then

A(x, y) =
∫ b

a
K (x, t)K ∗(t, y)Δt =

∫ b

a
K (x, y)K (y, t)Δt.

Hence,

∫ b
a

∫ b
a A(x, y) f (x) f (y)ΔyΔx = ∫ b

a

∫ b
a

(∫ b
a K (x, t)K (y, t)Δt

)
f (x) f (y)ΔyΔx

= ∫ b
a

(∫ b
a K (x, t) f (x)Δx

) (∫ b
a K (x, t) f (x)Δx

)
Δt

= ∫ b
a

(∫ b
a K (x, t) f (x)Δx

) (∫ b
a K (x, t) f (x)Δx

)
Δt

= ∫ b
a

∣
∣
∣
∫ b
a K (x, y) f (x)Δx

∣
∣
∣
2
Δy ≥ 0

for any continuous function f (x) on [a, b]. Therefore A(x, y) is a positive definite
kernel.

Exercise 11 Prove that B = K ∗K is a positive definite kernel.

Theorem 16 In order that K (x, y) is positive definite, it is necessary and sufficient
that, for any finite number of arbitrary points {x j }, a < x1 < x2 < . . . < xn < b,
and arbitrary complex numbers ξ1, ξ2, . . . , ξn, the following relation

n∑

i, j=1

K (xi , x j )ξiξ j ≥ 0

holds.

Proof The sufficiency follows from the definition of the integral (5.68).
Now we will prove the necessity. Suppose that there exist {x j } and {ξ j } so that

n∑

i, j=1

K (xi , x j )ξiξ j ≤ −α < 0

for some positive α. If (a, b) contains only right-scattered points, the assertion is
trivial. Otherwise, we divide the interval [a, b] of subintervals every one of which
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contains only right-dense points. Without loss of generality we assume that (a, b)
contains only right-dense points of T0. Let a < c < b, c ∈ T0. We choose suffi-
ciently small numbers ε and η such that

a < c − ε − η < c + ε + η < b.

For such c, ε and η, we define θε,η(x, c) as follows.

θε,η =
{
0 f or a ≤ x ≤ c − ε − η, c + ε + η ≤ x ≤ b
1 f or c − η ≤ x ≤ c + η

and in the rest of the interval [a, b], the function θε,η(x, c) is linear of x . Clearly,
θε,η(x, c) is a continuous function of x on the interval [a, b].

Now we choose ε > 0 and η > 0 so small that no pair of the intervals

(−ε − η + xi , xi + ε + η)

have a common point and

a < −ε − η + xi < xi + ε + η < b.

For such ε and η, we define θε,η(x, xi ) as in above and we set

θ(x) =
n∑

i=1

ξiθε,η(x, xi ).

Set further

Ln(x, y) =
n∑

i, j=1

K (xi + x, yi + y)ξiξ j .

Then, using the definition of the integral, we have

〈K θ, θ〉 =
∫ η

−η

∫ η

−η

Ln(x, y)ΔxΔy +
n∑

i, j=1

∫ ∫

qi j

K (x, y)θ(x)θ(y)ΔxΔy,

where qi j is the region between the square

xi − ε − η ≤ x ≤ xi + ε + η, x j − ε − η ≤ y ≤ x j + ε + η

and the square
xi − η ≤ x ≤ xi + η, x j − η ≤ y ≤ x j + η.

Furthermore, for any point (x, y) in the region qi j , we have
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|θ(x)θ(y)| ≤ |ξiξ j |.

Hence,

∣
∣
∣
∣
∣
∣

n∑

i, j=1

∫ ∫

qi j

K (x, y)θ(x)θ(y)ΔxΔy

∣
∣
∣
∣
∣
∣
≤ 4Mε(2η + ε)

(
n∑

i=1

|ξi |
)2

,

where
M = sup

a≤x,y≤b
|K (x, y)|.

Using our assumption, we have Ln(0, 0) = −α < 0, hence we can choose η > 0 so
small that

Ln(x, y) < −1

2
α

whenever |x | < η and |y| < η.

Then for such an η, we have

∫ η

−η

∫ η

−η

Ln(x, y)ΔxΔy < −2αη2.

Hence, we get that

〈K θ, θ〉 < −2αη2 + 4Mε(2η + ε)

(
n∑

i=1

|ξi |
)2

.

Since

−2αη2 + 4Mε(2η + ε)

(
n∑

i=1

|ξi |
)2

−→ε→0 −2αη2,

we can choose η and ε small so that

〈K θ, θ〉 < 0

holds. This is a contradiction.

Theorem 17 If a kernel K (x, y) is positive definite, then K (x, x) ≥ 0 for any
x ∈ [a, b].
Proof By Theorem 16 for any point x ∈ (a, b) and any complex number ξ we have

K (x, x)||ξ |2 ≥ 0,

whereupon K (x, x) ≥ 0.
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If a is right-dense and b is left-dense, using the continuity of K (x, y),we conclude
that

K (x, x) ≥ 0

for any x ∈ [a, b].
Let a be right-scattered. Then we take a continuous function f (x), defined

on [a, b] such that 0 ≤ f (x) ≤ 1 for any x ∈ [a, σ (a)] and f (x) ≡ 0 for any
x ∈ [σ(a), b]. Hence,

∫ b

a

∫ b

a
K (x, y) f (x) f (y)ΔyΔx =

∫ σ(a)

a

∫ σ(a)

a
K (x, y) f (x) f (y)ΔxΔy

= K (a, a) f (a) f (a)(μ(a))2

= K (a, a)| f (a)|2(μ(a)|2 ≥ 0,

from where K (a, a) ≥ 0.
Similarly, K (b, b) ≥ 0 when b is left-scattered.

Theorem 18 If a kernel K (x, y) is positive definite, then

1. it is Hermitian symmetric on [a, b] whenever a is right-dense and b is left-dense,
2. it is Hermitian symmetric on (a, b) whenever a is right-scattered and b is left-

scattered,
3. it is Hermitian symmetric on [a, b) whenever a is right-dense and b is left-

scattered,
4. it is Hermitian symmetric on (a, b] whenever a is right-scattered and b is left-

dense.

Proof By Theorem 16, for any points x0, x1 ∈ (a, b) and two complex numbers ξ0
and ξ1, we have

K (x0, x0)ξ0ξ0 + K (x1, x0)ξ0ξ1 + K (x0, x1)ξ0ξ1 + K (x1, x1)ξ1ξ1 ≥ 0.

Because K (x0, x0)|ξ0|2 + K (x1, x1)|ξ1|2 ≥ 0, we conclude that

K (x0, x1)ξ0ξ1 + K (x1, x0)ξ0ξ1 ∈ R.

Then, setting ξ0 = ξ1 = 1, we obtain

K (x0, x1) + K (x1, x0) ∈ R.

By setting ξ0 = 1 and ξ1 = i, we get

−K (x0, x1)i + K (x1, x0)i ∈ R.
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In this way we get the system

{
K (x0, x1) + K (x1, x0) ∈ R
−K (x0, x1)i + K (x1, x0)i ∈ R.

Therefore
K (x0, x1) = K (x1, x0).

Therefore K (x, y) is Hermitian symmetric on (a, b). Also,

1. if a is right-dense and b is left-dense, using the continuity of K (x, y),we conclude
that K (x, y) is Hermitian symmetric on [a, b].

2. if a is right-dense and b is left-scattered, using the continuity of K (x, y), we
conclude that K (x, y) is Hermitian symmetric on [a, b).

3. if a is right-scattered and b is left-dense, using the continuity of K (x, y), we
conclude that K (x, y) is Hermitian symmetric on (a, b].

Theorem 19 (Mercer Expansion Theorem) A positive definite and Hermitian sym-
metric kernel K (x, y) on [a, b] × [a, b] can be expanded in a series

K (x, y) =
∞∑

j=1

λ−1
j φ j (x)φ j (y)

which converges absolutely and uniformly on the domain a ≤ x, y ≤ b.

Proof Let f ∈ C ([a, b]). The Fourier expansion of (K f )(x) is given by

∞∑

j=1

〈K f, φ j 〉φ j (x) =
∞∑

j=1

〈 f, Kφ j 〉φ j (x)

=
∞∑

j=1

λ−1
j 〈 f, φ j 〉φ j (x).

Let

Kn(x, y) = K (x, y) −
n∑

j=1

λ−1
j φ j (x)φ j (y).

Then for each n ∈ N we have
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(Kn f )(x) =
∫ b

a
Kn(x, y) f (y)Δy

=
∫ b

a

⎛

⎝K (x, y) −
n∑

j=1

λ−1
j φ j (x)φ j (y)

⎞

⎠ f (y)Δy

=
∫ b

a
K (x, y) f (y)Δy −

n∑

j=1

λ−1
j φ j (x)

∫ b

a
f (y)φ j (y)Δy

= (K f )(x) −
n∑

j=1

λ−1
j φ j (x)〈 f, φ j 〉

=
∞∑

j=1

λ−1
j φ j (x)〈 f, φ j 〉 −

n∑

j=1

λ−1
j φ j (x)〈 f, φ j 〉

=
∞∑

j=n+1

λ−1
j 〈 f, φ j 〉φ j (x).

Hence,

〈Kn f, f 〉 = 〈
∞∑

j=n+1

λ−1
j 〈 f, φ j 〉φ j , f 〉

=
∞∑

j=n+1

λ−1
j 〈 f, φ j 〉〈φ j , f 〉

=
∞∑

j=n+1

λ−1
j 〈 f, φ j 〉〈 f, φ j 〉

=
∞∑

j=n+1

λ−1
j |〈 f, φ j 〉|2 ≥ 0.

Because f was arbitrarily chosen continuous function on [a, b], we conclude that
Kn(x, y) is positive definite on [a, b].

By Theorem 17 we have that

Kn(x, x) = K (x, x) −
n∑

j=1

λ−1
j φ j (x)φ j (x) ≥ 0.

Hence, the series
∞∑

j=1

λ−1
j |φ j (x)|2
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converges and
∞∑

j=1

λ−1
j |φ j (x)|2 ≤ K (x, x). (5.69)

Let

S(x, y) =
∞∑

j=1

λ−1
j φ j (x)φ j (y).

Then, using the Cauchy-Schwartz and Bessel inequalities, we obtain

⎛

⎝
m∑

j=n

|λ−1
j φ j (x)φ j (y)|

⎞

⎠

2

≤
m∑

j=n

λ−1
j |φ j (x)|2

m∑

j=n

λ−1
j |φ j (y)|2

≤
m∑

j=n

λ−1
j |φ j (x)|2K (y, y), n < m.

From here, the series S(x, y) converges absolutely and uniformly with respect to y
for x fixed and also with respect to x for y fixed.

Now we set
R(x, y) = K (x, y) − S(x, y).

Then for any continuous function f (x) on [a, b], we have
∫ b

a
K (x, y) f (y)Δy =

∫ b

a
S(x, y) f (y)Δy +

∫ b

a
R(x, y) f (y)Δy (5.70)

or
K f (x) = S f (x) + R f (x).

Accordingly to the Schmidt expansion theorem, we have that (K f )(x) can be
expanded in a series

∑∞
j=1〈K f, φ j 〉φ j (x) = ∑∞

j=1〈 f, Kφ j 〉φ j (x)

= ∑∞
j=1 λ−1

j 〈 f, φ j 〉φ j (x).
(5.71)

On the other hand, since the series S(x, y) converges uniformly with respect to y,
we have

(S f )(x) =
∞∑

j=1

λ−1
j 〈 f, φ j 〉φ j (x). (5.72)
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Hence, using (5.70), (5.71) and (5.72), we get

∞∑

j=1

λ−1
j 〈 f, φ j 〉φ j (x) =

∞∑

j=1

λ−1
j 〈 f, φ j 〉φ j (x) + (R f )(x),

whereupon (R f )(x) = 0.
Since the series S(x, y) converges uniformly with respect to y for x fixed, then

R(x, y) is a continuous function of y for any fixed x . Hence, using that (R f )(x) = 0
andby setting f (y) = R(x, y),weobtain that R(x, y) is identically zero as a function
of y for any fixed x . Therefore R(x, y) ≡ 0. Thus we obtain that

K (x, y) =
∞∑

j=1

λ−1
j φ j (x)φ j (y).

Wewill prove that this series converges uniformly.Wenote that K (x, x) = ∑∞
j=1 λ−1

j

|φ j (x)|2.
Note that for any ε > 0 and any given x0, there is a n = n(x0) such that

ε > K (x0, x0) −
n∑

j=1

λ−1
j |φ j (x0)|2 ≥ 0.

Furthermore, since K (x, x) and
n∑

j=1

λ−1
j |φ j (x)|2 are both continuous, we can find an

open set U (x0) containing the point x0 such that

2ε ≥ K (x, x) −
n(x0)∑

j=1

λ−1
j |φ j (x)|2 ≥ 0 (5.73)

whenever x ∈ U (x0).
On the other hand, the interval [a, b] can be covered completely by a finite number

of open setsU (x1),U (x2), . . . ,U (xk). Therefore every point x ∈ [a, b] is contained
in some U (x j ). Now we set

n0 = max
1≤ j≤k

n(x j ).

Hence and (5.73), we obtain that for every x ∈ [a, b]

2ε ≥ K (x, x) −
n∑

j=1

λ−1
j |φ j (x)|2 ≥ 0

whenever n ≥ n0.
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Therefore the series
∞∑

j=1

λ−1
j |φ j (x)|2 converges absolutely to K (x, x) and uniformly

in x . By making use of the Cauchy-Schwartz inequality, we have

⎛

⎝
m∑

j=n

λ−1
j |φ j (x)φ j (y)|

⎞

⎠

2

≤
m∑

j=n

λ−1
j |φ j (x)|

m∑

j=n

λ−1
j |φ j (x)|2, n < m.

Therefore
∞∑

j=1

λ−1
j φ j (x)φ j (y) converges absolutely and uniformly for x and y.

Remark 5 For any continuous kernel K (x, y), the kernels A(x, y) and B(x, y),

A(x, y) = ∫ b
a K (x, t)K ∗(t, y)Δt, B(x, y) = ∫ b

a K ∗(x, t)K (t, y)Δt

are both positive definite and Hermitian symmetric. Hence and Theorem 19, the
kernels A(x, y) and B(x, y) can be expanded in absolutely and uniformly convergent
series

A(x, y) = ∑∞
j=1 λ−2

j φ j (x)φ j (y),
B(x, y) = ∑∞

j=1 λ−2
j ψ j (x)ψ j (y),

with respect to the eigenfunctions {φ j } and {ψ j }.
As a consequence we have the following theorem.

Theorem 20 The necessary and sufficient conditions that A and B have the same
eigenvalues, together with the corresponding eigenfunctions, is that A = B.

Definition 19 A kernel K (x, y) defined on [a, b] × [a.b] will be called a normal
kernel if

KK ∗ = K ∗K .

Definition 20 A kernel K (x, y) defined on [a, b] × [a, b] will be called Hermitian
skew-symmetric kernel if

K (x, y) = −K (y, x).

Evidently every Hermitian symmetric kernels and Hermitian skew-symmetric
kernels are normal kernels.

Theorem 21 Let K (x, y) is continuous and Hermitian skew-symmetric on [a, b] ×
[a, b]. Let also K (x, y) �≡ 0 on [a, b] × [a, b]. Then the eigenvalues of K are all
purely imaginary numbers.
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Proof Let L(x, y) = i K (x, y).
Then

K ∗(x, y) = i K (y, x)

= −i K (y, x)

= i K (x, y)

= L(x, y).

Therefore L(x, y) is Hermitian symmetric and continuous on [a, b] × [a, b]. Hence
and Theorem 12 we have that all eigenvalues of L are real. Therefore all eigenvalues
of K are purely imaginary numbers.

5.5 Advanced Practical Exercises

Problem 1 Using ADM, find φ0(x), φ1(x), φ2(x), φ3(x) and φ4(x) for the equation

φ(x) = x − 2
∫ 3

0
yφ(y)Δy, T = 3N0 ∪ {0}.

Answer

φ0(x) = x, φ1(x) = − 54
13 ,

φ2(x) = 108
13

(
9
4

)
, φ3(x) = (−2) 10813

(
9
4

)2
, φ4(x) = (−2)2 10813

(
9
4

)3
.

Problem 2 Let T = 2N0 ∪ {0}. Consider the equation

φ(x) = 1 + x3 +
∫ 2

0
φ(y)Δy.

Set u1(x) = x3, u2(x) = 1. Using MDM, find φ0(x), φ1(x), φ2(x), φ3(x), φ4(x).

Answer

φ0(x) = x3, φ1(x) = 31
15 , φ2(x) = 62

15 , φ3(x) = 124
15 , φ4(x) = 248

15 .

Problem 3 LetT = 3N0 ∪ {0}.Using the noise terms phenomenon, find a solution
of the following generalized Fredholm integral equation of the second kind.

φ(x) = −79

2
x + 2x

∫ 9

0
φ(y)Δy.

Answer φ(x) = x .
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Problem 4 Let T = 2N0 ∪ {0}. Using DCM, find a solution to the equation

φ(x) = x2 − 8

7
x − 16

15
+

∫ 2

0
(x + y)φ(y)Δy.

Answer φ(x) = x2.

Problem 5 Using SAM, findφ0(x), φ1(x), φ2(x), φ3(x) andφ4(x) for the following
equations.

1. φ(x) = 1 + 2x + x2 + x
∫ 2

0
y2φ(y)Δy, T = 3Z ,

2. φ(x) = 2x − 3 + 2
∫ 4

0
yφ(y)Δy, T = 2Z ,

3. φ(x) = 1 +
∫ 4

0
yφ(y)Δy, T = 4Z ,

4. φ(x) = x + x2 − x3 +
∫ 4

0
y2φ(y)Δy, T = 2N0 ∪ {0},

5. φ(x) = 1 + 2x + 3x3 + (x − 1)
∫ 8

0
yφ(y)Δy, T = 2N0 ∪ {0},

6. φ(x) = 1 +
∫ 16

0
y2φ(y)Δy, T = N 2

0 ,

7. φ(x) = 1 + x +
∫ 4

−4
(x + y)φ(y)Δy, T = Z ,

8. φ(x) = −2x +
∫ 4

0
yφ(y)Δy, T = Z ,

9. φ(x) = −1 + 2x + x2 +
∫ 9

0
φ(y)Δy, T = 3N0 ∪ {0}.

Problem 6 Find a solution to the following equation

φ(x) = λx2
∫ 2

0
φ(y)Δy, T = 2N0 ∪ {0}.

Answer λ = 7

8
, φ(x) = 7

8
αx2, α = const.



Chapter 6
Hilbert-Schmidt Theory of Generalized
Integral Equations with Symmetric Kernels

Assume that K (x, y) is continuous and Hermitian symmetric on [a, b] × [a, b]. By
Theorem10 in Chap.5, we have that either ||K ||−1 or −||K ||−1 is an eigenvalue of
the operator K . By Theorem12 in Chap.5, all eigenvalues of the operator K are real
and two eigenfunctions corresponding to different eigenvalues are orthogonal.

6.1 Schmidt’s Orthogonalization Process

Theorem 1 Let φ1(x), φ2(x), . . . , φn(x), . . . , be linearly independent. Let also,

ψ1(x) = φ1(x)
||φ1||,

ψ2(x) = φ2(x)−〈φ2,ψ1〉ψ1(x)
||φ2−〈φ2,ψ1〉ψ1||,

. . .

ψn(x) = φn(x)−∑n−1
j=1〈φn ,ψ j 〉ψ j (x)∣

∣
∣
∣
∣
∣φn−∑n−1

j=1〈φn ,ψ j 〉ψ j

∣
∣
∣
∣
∣
∣

,

. . . .

Then ψ1(x), ψ2(x), . . . , ψn(x), . . . , satisfy the orthonormality relations.

Proof Assume that

φ2(x) − 〈φ2, ψ1〉ψ1(x) ≡ 0 on [a, b].
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Then, using the definition of ψ1,

φ2(x) = 〈φ2, ψ1〉ψ1(x)

= 〈φ2, ψ1〉φ1(x)

||φ1|| ,

i.e., φ1(x) and φ2(x) are linearly dependent, which is a contradiction. Therefore

φ2(x) − 〈φ2, ψ1〉ψ1(x) �≡ 0 on [a, b]

and ψ2(x) is well-defined.
Since ψ2 is a linear combination of φ2 and ψ1, then φ3, ψ1, ψ2 are linearly indepen-
dent. Hence,

φ3(x) − 〈φ3, ψ1〉ψ1(x) − 〈φ3, ψ2〉ψ2(x) �≡ 0 on [a, b],

so we can divide it by its norm and ψ3(x) is well-defined.
Suppose that ψn(x) is well-defined.
Since ψn(x) is a linear combination of φn(x), ψ1(x), ψ2(x), . . . , ψn−1(x), then
φn+1(x), ψ1(x), . . . , ψn(x) are linearly independent. From here,

φn+1(x) −
n∑

j=1

〈φn+1, ψ j 〉ψ j (x) �≡ 0 on [a, b]

and we can divide it by its norm. Consequently ψn+1(x) is well-defined.
In this way we can define

ψ1(x), ψ2(x), . . . , ψn(x), . . . ,

successively. Clearly, ψn(x) is normalized, i.e., ||ψn|| = 1.
Now we will prove that {ψn} satisfies the orthonormality relations.
By the definition of ψ2(x) we have

〈ψ2, ψ1〉 = 〈φ2 − 〈φ2, ψ1〉ψ1, ψ1〉

= 〈φ2, ψ1〉 − 〈φ2, ψ1〉〈ψ1, ψ1〉

= 〈φ2, ψ1〉 − 〈φ2, ψ1〉

= 0.
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Thus, by

〈ψ3, ψ1〉 = 〈φ3 − 〈φ3, ψ1〉ψ1 − 〈φ3, ψ2〉ψ2, ψ1〉

= 〈φ3, ψ1〉 − 〈〈φ3, ψ1〉ψ1, ψ1〉 − 〈〈φ3, ψ2〉ψ2, ψ1〉

= 〈φ3, ψ1〉 − 〈φ3, ψ1〉〈ψ1, ψ1〉 − 〈φ3, ψ2〉〈ψ2, ψ1〉

= 〈φ3, ψ1〉 − 〈φ3, ψ1〉

= 0.

Similarly, we see, starting with 〈ψ3, ψ2〉 = 0, that

〈ψ4, ψ2〉 = 0, 〈ψ5, ψ2〉 = 0, . . . , 〈φn, ψ2〉 = 0, . . . .

Repeating this procedure, we finally obtain that {ψ j } satisfies the orthonormality
relations.

Corollary 1 Let {φ j } and {ψ j } be as in Theorem 1. Then every ψn can be written
as a linear combination of {φ j }, and moreover, every φn can be written as a linear
combination of {ψ j }.
Theorem 2 The operator K has at most denumerable many eigenvalues. The set of
all eigenvalues has no limiting point except ±∞.

Proof By Theorem12 in Chap.5, we have that the eigenfunctions corresponding to
different eigenvalues are orthogonal.
Assume that there exists a finite limiting point of the eigenvalues of the operator K .

Then we have an orthonormal system {φ j } for which

Kφ j = λ−1
j φ j , j = 1, 2, 3, . . . ,

λ−1
j −→ λ−1 as j −→ ∞.

Since

K (φ j − φk) = Kφ j − Kφk = λ−1
j φ j − λ−1

k φk, (φ j , φk) = δ jk,

we obtain that, for sufficiently large j and k, j �= k,

http://dx.doi.org/10.2991/978-94-6239-228-1_5
http://dx.doi.org/10.2991/978-94-6239-228-1_5
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||K (φ j − φk)||2 = ||Kφ j − Kφk ||2

= 〈Kφ j − Kφk, Kφ j − Kφk〉

= 〈λ−1
j φ j − λ−1

k φk, λ
−1
j φ j − λ−1

k φk〉

= 〈λ−1
j φ j , λ

−1
j φ j 〉 − 〈λ−1

j φ j , λ
−1
k φk〉 − 〈λ−1

k φk, λ
−1
j φ j 〉 + 〈λ−1

k φk, λ
−1
k φk〉

= λ−2
j 〈φ j , φ j 〉 − λ−1

j λ−1
k 〈φ j , φk〉 − λ−1

j λ−1
k 〈φk, φ j 〉 + λ−2

k 〈φk, φk〉

= λ−2
j + λ−2

k

≥ λ−2,

and

||φ j − φk ||2 = 〈φ j − φk, φ j − φk〉

= 〈φ j , φk〉 − 〈φk, φ j 〉 − 〈φ j , φk〉 + 〈φk, φk〉

= 2,

which is a contradiction.
Therefore the number of eigenvalues λ satisfying n < |λ| ≤ n + 1 is finite, n =
0, 1, 2, . . . .
Consequently the set of all eigenvalues consists of at most denumerable many points
and has no limiting points except for ±∞, which completes the proof.

Theorem 3 The multiplicity of every eigenvalue λ of the operator K is finite.

Proof We note that if

Kφ = λ−1φ and Kψ = λ−1ψ,

then
K (φ + ψ) = λ−1(φ + ψ).

Therefore any linear combination of eigenfunctions corresponding to the same eigen-
value is either an eigenfunction corresponding to the same eigenvalue or identically
zero. Consequently, for any eigenvalue λ, there exists a set of eigenfunctions, cor-
responding to the eigenvalue λ, such that they are linearly independent and every
eigenfunction corresponding to this eigenvalue is their linear combination. Sup-
pose a set of eigenfunctions contains denumerably many functions φk . By Schmidt’s
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orthogonalization process, there exists an orthonormal system {ψk}, satisfying the
conclusion of Corollary 1. Since

Kψk = λ−1ψk,

we have
K (ψ j − ψk) = Kψ j − Kψk = λ−1ψ j − λ−1ψk,

〈ψ j , ψk〉 = δ jk .

Hence, if j �= k,

||K (ψ j − ψk)||2 = ||Kψ j − Kψk ||2

= 〈Kψ j − Kψk, Kψ j − Kψk〉

= 〈λ−1ψ j − λ−1ψk, λ
−1ψ j − λ−1ψk〉

= 〈λ−1ψ j , λ
−1ψk〉 − 〈λ−1ψk, λ

−1ψ j 〉 − 〈λ−1ψ j , λ
−1ψk〉 + 〈λ−1ψk, λ

−1ψk〉

= λ−2〈ψ j , ψ j 〉 − λ−2〈ψ j , ψk〉 − λ−2〈ψk, ψ j 〉 + λ−2〈ψk, ψk〉

= 2λ−2

while

||ψ j − ψk ||2 = 〈ψ j − ψk, ψ j − ψk〉

= 〈ψ j , ψ j 〉 − 〈ψ j , ψk〉 − 〈ψk, ψ j 〉 + 〈ψk, ψk〉

= 2,

which is a contradiction.

Remark 1 By Theorems 2 and 3, if the operator K has infinitely many eigenvalues,
then we can write its eigenvalues and eigenfunctions as

|λ1| ≤ |λ2| ≤ . . . , lim j→∞ |λ j | = ∞,

Kφ j = λ−1
j φ j , j = 1, 2, . . . , 〈φ j , φk〉 = δ jk,

so that every eigenvalue λ of K is equal to some λ j and every eigenfunction cor-
responding to the eigenvalue λ is written as a linear combination of finitely many
eigenfunction φ j corresponding to the eigenvalue λ j = λ.
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Definition 1 A Hermitian symmetric kernel K (x, y) which is of the form

K (x, y) =
n∑

i=1

fi (x)gi (y)

is called a degenerated kernel.

Theorem 4 A degenerated kernel has only a finite number of eigenvalues.

Proof Let

φ(x) = λ

∫ b

a
K (x, y)φ(y)Δy.

Then

φ(x) = λ

∫ b

a

n∑

i=1

fi (x)gi (y)φ(y)Δy

= λ

n∑

i=1

fi (x)
∫ b

a
gi (y)φ(y)Δy.

Let

ci =
∫ b

a
gi (y)φ(y)Δy, i = 1, 2, . . . , n. (6.1)

Then

φ(x) = λ

n∑

i=1

ci fi (x). (6.2)

We substitute (6.2) in (6.1) and we get

ci = λ

∫ b

a
gi (y)

n∑

j=1

c j f j (y)Δy, i = 1, 2, . . . , n,

or
(

1 − λ

∫ b

a
fi (y)gi (y)Δy

)

ci − λ

n∑

j=1, j �=i

c j

∫ b

a
gi (y) f j (y)Δy = 0, i = 1, 2, . . . , n.

The last system has a solution c1, c2, . . . , cn if its determinant is equal to zero.
Therefore λ must be a root of an algebraic equation of degree n. Consequently the
number of all eigenvalues in question is at most n.
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6.2 Approximations of Eigenvalues

Let φn be an orthonormal system and let

f (x) =
∞∑

n=1

cnφn(x), g(x) =
∞∑

n=1

dnφn(x)

be the Fourier expansions which converge absolutely and uniformly on the interval
[a, b]. Then

〈 f, g〉 = 〈
∞∑

n=1

cnφn,

∞∑

m=1

dmφm〉

=
∞∑

n=1

〈cnφn,

∞∑

m=1

dmφm〉

=
∞∑

n=1

cn〈φn,

∞∑

m=1

dmφm〉

=
∞∑

n=1

cn

∞∑

m=1

〈φm, dmφm〉

=
∞∑

n=1

∞∑

m=1

cndm〈φn, φm〉

=
∞∑

n=1

cndn .

In particular, if f (x) ≡ g(x) on [a, b], then

|| f ||2 = 〈 f, f 〉 =
∞∑

n=1

cncn =
∞∑

n=1

|cn|2. (6.3)

Definition 2 The relation (6.3) is called the Parseval completeness relation.

We note that

〈 f,
n∑

i=1

ciφi 〉 = 〈
∞∑

j=1

c jφ j ,

n∑

i=1

ciφi 〉

=
∞∑

j=1

c j 〈φ j ,

n∑

i=1

ciφi 〉
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=
∞∑

j=1

n∑

i=1

c j 〈φ j , ciφi 〉

=
∞∑

j=1

n∑

i=1

c j ci 〈φ j , φi 〉

=
n∑

i=1

|ci |2

for every n ∈ N .

Theorem 5 We have

lim
n→∞

∣
∣
∣
∣
∣
∣ f −

n∑

j=1

c jφ j

∣
∣
∣
∣
∣
∣
2 = 0,

that is,

lim
n→∞

∫ b

a

∣
∣
∣ f (x) −

n∑

j=1

c jφ j (x)
∣
∣
∣
2
Δx = 0.

Proof Using the Parseval completeness relation, we get

∣
∣
∣
∣
∣
∣ f − ∑n

j=1 c jφ j

∣
∣
∣
∣
∣
∣
2 = 〈 f − ∑n

j=1 c jφ j , f − ∑n
i=1 ciφi 〉

= 〈 f, f − ∑n
j=1 c jφ j 〉 − 〈∑n

j=1 c jφ j , f − ∑n
j=1 c jφ j 〉

= 〈 f, f 〉 − 〈 f,∑n
j=1 c jφ j 〉 − 〈∑n

j=1 c jφ j , f 〉 + 〈∑n
j=1 c jφ j ,

∑n
i=1 ciφi 〉

= || f ||2 − ∑n
j=1 |c j |2 − ∑n

j=1 |c j |2 + ∑n
j=1 |c j |2

= || f ||2 − ∑n
j=1 |c j |2 −→n→∞ 0,

which completes the proof.

Theorem 6 Suppose that every eigenvalue of the operator K is positive. Let
g0(x) �≡ 0, g1(x) = (Kg0)(x) �≡ 0,

g2 = Kg1 = K 2g0, g3 = Kg2 = K 2g1 = K 3g0, . . . ,

and

βn = ||gn||
||gn+1|| , αn = 〈gn+1, gn〉

||gn+1||2.
Then

0 < αn ≤ βn
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and {βn}∞n=1 is monotone decreasing. Further, there exists an eigenvalue λ of K such
that the sequences {αn}∞n=1 and {βn}∞n=1 tend to λ as n → ∞ and λn ≥ λ.

Proof Let Kφ j = λ−1
j φ j , j = 1, 2, . . . . By the expansion theorem, every gn can be

expanded as follows.

gn(x) = (Kn−1g1)(x)

=
∞∑

j=1

〈Kn−1g1, φ j 〉φ j (x)

=
∞∑

j=1

〈g1, Kn−1φ j 〉φ j (x)

=
∞∑

j=1

〈g1, λ−(n−1)
j φ j 〉φ j (x)

=
∞∑

j=1

〈g1, φ j 〉λ−(n−1)
j φ j (x)

=
∞∑

j= j0

〈g1, φ j 〉λ−(n−1)
j φ j (x),

where j0 is at least j for which 〈g1, φ j 〉 �= 0. If we suppose that such j0 does not
exist, then

〈g1, φ j 〉 = 0 f or all j ∈ N .

Hence and Theorem14 in Chap.5, we conclude that

g1(x) =
∞∑

j=1

〈g1, φ j 〉φ j (x) ≡ 0,

which is a contradiction with the assumption g1(x) �≡ 0. Consequently j0 exists and

gn(x) =
∞∑

j= j0

〈g1, φ j 〉λ−(n−1)
j φ j (x). (6.4)

As in above,

gn+1(x) =
∞∑

j= j0

〈g1, φ j 〉λ−n
j φ j (x).

http://dx.doi.org/10.2991/978-94-6239-228-1_5
http://dx.doi.org/10.2991/978-94-6239-228-1_5
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Therefore

〈gn+1, gn〉 =
∞∑

j= j0

〈g1, φ j 〉〈g1, φ j 〉λ−(n−1)
j λ−n

j

=
∞∑

j= j0

λ−2n+1
j |〈g1, φ j 〉|2

and

||gn+1||2 = ∑∞
j= j0

〈g1, φ j 〉〈g1, φ j 〉λ−n
j λ−n

j

= ∑∞
j= j0

λ−2n
j |〈g1, φ j 〉|2.

(6.5)

Hence, by the assumption

0 < λ1 ≤ λ2 ≤ λ3 ≤ . . .

we obtain that

αn =
∑∞

j= j0
λ−2n+1
j |〈g1, φ j 〉|2

∑∞
j= j0

λ−2n
j |〈g1, φ j 〉|2

= λ−2n+1
j0

|〈g1, φ j0〉|2 + ∑∞
j= j0+1 λ−2n+1

j |〈g1, φ j 〉|2
λ−2n
j0

|〈g1, φ j0〉|2 + ∑∞
j= j0+1 λ−2n

j |〈g1, φ j 〉|2

= λ j0

|〈g1, φ j0〉|2 + ∑∞
j= j0+1(λ jλ

−1
j0

)−2n+1|〈g1, φ j 〉|2
|〈g1, φ j0〉|2 + ∑∞

j= j0+1(λ jλ
−1
j0

)−2n|〈g1, φ j 〉|2

and
λ j0 ≤ αn,

i.e.,

λ j0 ≤ αn = λ j0

|〈g1, φ j0〉|2 + ∑∞
j= j0+1(λ jλ

−1
j0

)−2n+1|〈g1, φ j 〉|2
|〈g1, φ j0〉|2 + ∑∞

j= j0+1(λ jλ
−1
j0

)−2n|〈g1, φ j 〉|2
.

By the Cauchy-Schwartz inequality we have

|〈gn+1, gn〉| ≤ ||gn+1||||gn||.



6.2 Approximations of Eigenvalues 311

Therefore

αn = |〈gn+1, gn〉|
||gn+1||2

≤ ||gn+1||||gn||
||gn+1||2

= ||gn||
||gn+1||

= βn.

Using the Cauchy-Schwartz inequality, we see that

|〈gn+1, gn−1〉| ≤ ||gn+1||||gn−1||

and since

|〈gn+1, gn−1〉| = |〈Kgn, gn−1〉|

= |〈gn, Kgn−1〉|

= |〈gn, gn〉|

= ||gn||2,

we obtain that
||gn||2 ≤ ||gn+1||||gn−1||,

||gn||
||gn−1|| = ||gn||2

||gn||||gn−1||

≤ ||gn+1||||gn−1||
||gn||||gn−1||

= ||gn+1||
||gn||,

i.e.,
βn ≤ βn−1.
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Therefore the sequence {βn}∞n=1 is monotone decreasing. Hence lim
n→∞ βn does exist.

For the sequence {||gn||}∞n=1 of positive numbers, the following inequalities hold

limn→∞
||gn ||

||gn+1|| ≤ limn→∞||gn||− 1
n

≤ limn→∞||gn||− 1
n ≤ limn→∞ ||gn ||

||gn+1||.

(6.6)

By (6.5) we have
2n
√||gn+1||2 = 2n

√∑∞
j= j0

λ−2n
j |〈g1, φ j 〉|2

= 2n

√∑∞
j= j0

1
λ2n
j
|〈g1, φ j 〉|2

= λ−1
j0

2n

√
∑∞

j= j0

(
λ j0
λ j

)2n |〈g1, φ j 〉|2.

(6.7)

Hence, using that λ j ≥ λ j0 for j ≥ j0,

limn→∞ 2n
√

||gn+1||2 = limn→∞λ−1
j0

√√
√
√

∞∑

j= j0

(
λ j0

λ j

)2n

|〈g1, φ j 〉|2

≤ limn→∞λ−1
j0

2n

√√
√
√

∞∑

j= j0

|〈g1, φ j 〉|2

≤ λ−1
j0
limn→∞ 2n

√√
√
√

∞∑

j=1

|〈g1, φ j 〉|2

= λ−1
j0
limn→∞ 2n

√
||g1||2

= λ−1
j0

.

Also, from (6.7), we obtain

limn→∞
2n
√

||gn+1||2 ≥ limn→∞λ−1
j0

2n

√
|〈g1, φ j0〉|2

≥ λ−1
j0

.

Consequently
lim
n→∞

2n
√

||gn+1||2 = λ−1
j0

,
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whereupon
lim
n→∞ ||gn+1|| 1

n+1 = λ−1
j0

.

Hence and (6.6), we obtain

lim
n→∞ αn = lim

n→∞ βn = λ−1
j0

.

Theorem 7 Suppose that every eigenvalue of the operator K is positive. Let αn and
βn be as in Theorem 6. Then, for each n, there exists an eigenvalue λ jn of K such
that √

β2
n − α2

n ≥ αn − λ jn ≥ 0,

and for sufficiently large n, λ jn = λ j0 .

Proof Note that

||gn − αngn+1||2 = 〈gn − αngn+1, gn − αngn+1〉

= 〈gn, gn − αngn+1〉 − 〈αngn+1, gn − αngn+1〉

= 〈gn, gn〉 − 〈gn, αngn+1〉 − 〈αngn+1, gn〉 + 〈αngn+1, αngn+1〉

= ||gn||2 − αn〈gn, gn+1〉 − αn〈gn+1, gn〉 + α2
n〈gn+1, gn+1〉

= ||gn||2 − 2αn〈gn, gn+1〉 + α2
n ||gn+1||2

= ||gn+1||2
( ||gn ||2

||gn+1||2 − 2αn
〈gn ,gn+1〉
||gn+1||2 + α2

n

)

= ||gn+1||2
(
β2
n − 2α2

n + α2
n

)

= ||gn+1||2(β2
n − α2

n).

Hence and (6.4), we get

β2
n − α2

n = 1
||gn+1||2 ||gn − αngn+1||2

= 1
||gn+1||2

∣
∣
∣
∣
∣
∣
∑∞

j= j0
〈g1, φ j 〉λ−(n−1)

j φ j (x) − αn
∑∞

j= j0
〈g1, φ j 〉λ−n

j φ j (x)
∣
∣
∣
∣
∣
∣
2

= 1
||gn+1||2

∣
∣
∣
∣
∣
∣
∑∞

j= j0

(
λ

−(n−1)
j − αnλ

−n
j

)
〈g1, φ j 〉φ j (x)

∣
∣
∣
∣
∣
∣
2
.
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Now using the Parseval relation, we obtain

β2
n − α2

n = 1
||gn+1||2

∑∞
j= j0

(
λ

−(n−1)
j − αnλ

−n
j

)2 |〈g1, φ j 〉|2

= 1
||gn+1||2

∑∞
j= j0

λ−2n
j (λ j − αn)

2|〈g1, φ j 〉|2.

We set
min
j≥ j0

(λ j − αn)
2 = (λ jn − αn)

2.

Then

β2
n − α2

n ≥ (λ jn − αn)
2

||gn+1||2
∞∑

j= j0

λ−2n
j |〈g1, φ j 〉|2.

Hence and (6.5), we obtain

β2
n − α2

n ≥ (λ jn − αn)
2.

Since
lim
n→∞ βn = lim

n→∞ αn = λ j0 ,

we obtain that λ jn = λ j0 for sufficiently large n, which completes the proof.

6.3 Inhomogeneous Generalized Integral Equations

Here we will consider the equation

u(x) = φ(x) − λ

∫ b

a
K (x, y)φ(y)Δy, (6.8)

where K (x, y) is continuous and Hermitian symmetric on [a, b] × [a, b], u(x) is
continuous on [a, b].
We denote by {λ j } the eigenvalues of the associated homogeneous equation

0 = φ(x) − λ

∫ b

a
K (x, y)φ(y)Δy, (6.9)

and by {φ j (x)} the corresponding complete orthonormal system of eigenfunctions.
We have that

|λ1| ≤ |λ2| ≤ · · · ≤ |λn| ≤ · · · ,

limn→∞ |λn| = ∞,
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and
Kφ j = λ−1

j φ j , 〈φ j , φk〉 = δ jk .

First case. λ is different from any of the eigenvalues λ j .

Suppose that φ(x) is a solution to the Eq. (6.8). Then

φ(x) − u(x) = λ

∫ b

a
K (x, y)φ(y)Δy.

Hence, by the expansion theorem, φ(x) − u(x) can be expanded in a Fourier series,
which converges absolutely and uniformly on the interval [a, b], with respect to the
orthonormal system {φ j (x)}. Let

c j = 〈φ − u, φ j 〉.

Then

c j = 〈λKφ, φ j 〉

= λ〈Kφ, φ j 〉

= λ〈φ, Kφ j 〉

= λ〈φ, λ−1
j φ j 〉

= λλ−1
j 〈φ, φ j 〉

= λλ−1
j 〈φ − u + u, φ j 〉

= λλ−1
j

(〈φ − u, φ j 〉 + 〈u, φ j 〉
)

= λλ−1
j

(
c j + 〈u, φ j 〉

)

= λλ−1
j (c j + u j ),

where u j = 〈u, φ j 〉.
Hence, we obtain that

c j (1 − λλ−1
j ) = λλ−1

j u j
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or

c j = λλ−1
j u j

1 − λλ−1
j

= λλ−1
j u j

λ−1
j (λ j − λ)

= λu j

λ j − λ
.

Consequently

φ(x) − u(x) =
∞∑

j=1

c jφ j (x)

=
∞∑

j=1

λu j

λ j − λ
φ j (x)

= λ

∞∑

j=1

u j

λ j − λ
φ j (x),

or

φ(x) = u(x) + λ

∞∑

j=1

u j

λ j − λ
φ j (x). (6.10)

Theorem 8 The series (6.10) converges absolutely and uniformly on the interval
[a, b] and satisfies the Eq. (6.8).

Proof By Bessel inequality we have

∑∞
j=1 |u j |2 ≤ ∫ b

a |u(x)|2Δx < ∞,

∑∞
j=1 λ−2

j |φ j (x)|2 ≤ ∫ b
a |K (x, y)|2Δy ≤ supx∈[a,b]

∫ b
a |K (x, y)|2Δy < ∞.

Hence,

(∑∞
j=k

∣
∣
∣ λ
λ j−λ

u jφ j (x)
∣
∣
∣
)2 ≤ ∑∞

j=k |u j |2 ∑∞
j=k

∣
∣
∣ λ
λ j−λ

∣
∣
∣
2 |φ j (x)|2

= ∑∞
j=k |u j |2 ∑∞

j=k

∣
∣
∣ λλ j

λ j−λ

∣
∣
∣
2 |λ−1

j φ j (x)|2.
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Let

C = sup
j≥1

∣
∣
∣
∣

λλ j

λ j − λ

∣
∣
∣
∣ .

Wenote thatC exists andC < ∞ because lim
j→∞ |λ j | = ∞ and λ j �= λ.Consequently

(∑∞
j=k

∣
∣
∣ λ
λ j−λ

u jφ j (x)
∣
∣
∣
)2 ≤ C2 ∑∞

j=k |u j |2 ∑∞
j=k |λ−1

j φ j (x)|2

≤ C2
∫ b
a |u(x)|2Δx supx∈[a,b]

∫ b
a |K (x, y)|2Δy.

Therefore the series (6.10) converges absolutely and uniformly on the interval [a, b].
Now we substitute (6.10) in (6.8) and integrate term by term. We get that the right
side is equal to

F(x) = u(x) + ∑∞
j=1

λ
λ j−λ

u jφ j (x) −
[
λ

∫ b
a K (x, y)u(y)Δy

+∑∞
j=1

λ
λ j−λ

u jλ
∫ b
a K (x, y)φ j (y)Δy

]
.

(6.11)

On the other hand, by the expansion theorem, we have

∫ b

a
K (x, y)u(y)Δy =

∞∑

j=1

〈Ku, φ j 〉φ j (x)

=
∞∑

j=1

〈u, Kφ j 〉φ j (x)

=
∞∑

j=1

〈u, λ−1
j φ j 〉φ j (x)

=
∞∑

j=1

λ−1
j 〈u, φ j 〉φ j (x)

=
∞∑

j=1

λ−1
j u jφ j (x).



318 6 Hilbert-Schmidt Theory of Generalized Integral …

Hence,
F(x) = u(x) + ∑∞

j=1
λ

λ j−λ
u jφ j (x)

−
[∑∞

j=1 λλ−1
j u jφ j (x) + ∑∞

j=1
λ2

λ j−λ
λ−1
j u jφ j (x)

]

= u(x) + ∑∞
j=1

λ
λ j−λ

u jφ j (x) − ∑∞
j=1

λ
λ j−1u jφ j (x) = u(x),

which completes the proof.

Second case. λ = λ j0 for some j0. Suppose that φ(x) is a solution of the equation

u(x) = φ(x) − λ j0

∫ b

a
K (x, y)φ(y)Δy. (6.12)

We multiply both sides of (6.12) by φ j (x) and then we integrate from a to b, we
obtain

u j = 〈u, φ j 〉

= 〈φ − λ j0Kφ, φ j 〉

= 〈φ, φ j 〉 − 〈λ j0Kφ, φ j 〉

= 〈φ, φ j 〉 − λ j0〈φ, Kφ j 〉

= 〈φ, φ j 〉 − λ j0〈φ, λ−1
j φ j 〉

= 〈u, φ j 〉 − λ j0λ
−1
j 〈φ, φ j 〉.

Hence,
u j = 0 i f λ j = λ−1

j0
. (6.13)

If u(x) satisfies the condition (6.13), then as in the first case, we have that

φ(x) = u(x) +
∑

λ j �=λ j0

λ

λ j − λ
u jφ j (x)

converges absolutely and uniformly on [a, b] and satisfies the Eq. (6.12).
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Let now φ(x) and ξ(x) be two solutions of the Eq. (6.12). We set

ψ(x) = φ(x) − ξ(x).

We have that ψ(x) satisfies the equation

0 = ψ(x) − λ j0

∫ b

a
K (x, y)ψ(y)Δy.

Hence, ψ(x) can be written as a linear combination

∑

λ j=λ j0

c jφ j (x)

of the eigenfunctions φ j (x) corresponding to the eigenvalue λ j = λ j0 . Here c j are
arbitrary constants.
Then

u(x) +
∑

λ j �=λ j0

λ

λ j − λ
u jφ j (x) +

∑

λ j=λ j0

c jφ j (x)

is the general solution of the Eq. (6.12).



Chapter 7
The Laplace Transform Method

This chapter is devoted on applications of the Laplace transform on time scales to
dynamic equations, generalized Volterra integral equations and generalized Volterra
integro-differential equations.

7.1 The Laplace Transform

7.1.1 Definition and Examples

Throughout this chapter we assume that the time scale T0 is such that

0 ∈ T0 and supT0 = ∞.

Definition 1 Let f : T0 �−→ C is regulated. We define the set

D{f } =
{
z ∈ C : 1 + zμ(t) �= 0 for all t ∈ T0 and

the improper integral
∫ ∞
0 f (y)eσ�z(y, 0)Δy exists

}
.

Remark 1 For z ∈ C such that 1 + zμ(t) �= 0 for all t ∈ T0 we have

�z = − z

1 + zμ(t)
and 1 + �zμ(t) = 1 − zμ(t)

1 + zμ(t)
= 1

1 + zμ(t)
�= 0

© Atlantis Press and the author(s) 2016
S.G. Georgiev, Integral Equations on Time Scales, Atlantis Studies
in Dynamical Systems 5, DOI 10.2991/978-94-6239-228-1_7
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for all t ∈ T0. Therefore e�z(y, 0) is well defined on T0. In this case we have

e�z(y, 0) = e
∫ y
0

1
μ(τ)

Log(1+�zμ(τ))Δτ

= e
∫ y
0

1
μ(τ)

Log 1
1+zμ(τ)

Δτ

= e− ∫ y
0

1
μ(τ)

Log(1+zμ(τ))Δτ

and
eσ
�z(y, 0) = e− ∫ σ(y)

0
1

μ(τ)
Log(1+zμ(τ))Δτ

.

Definition 2 Assume that f : T0 �−→ C is a regulated function. Then the Laplace
transform of f is defined by

L (f )(z) =
∫ ∞

0
f (y)eσ

�z(y, 0)Δy

for z ∈ D{f }.
Example 1 Let T0 = 2N0 ∪ {0}. Let also, χ[1,22] be the characteristic function on
T0 ∩ [1, 22]. Then σ(t) = 2t and μ(t) = t, t ∈ T0. Also,

L (χ[1,22])(z) =
∫ ∞
0

χ[0,22]e�z(σ (y), 0)Δy

=
∫ 22

1
e�z(σ (y), 0)Δy

=
∫ 22

1
e−

∫ σ(y)
0

1
μ(τ)

Log(1+zμ(τ))Δτ
Δy

=
∫ 22

1
e−

∑
s∈[0,σ (y))

1
μ(s)Log(1+zμ(s))μ(s)

Δy

=
∫ 22

1
e
−∑

s∈[0,σ (y))Log(1 + zμ(s))Δy

=
∫ 22

1
e−

∑
s∈[0,σ (y)) Log(1+sz)

Δy

=
∫ 22

1

∏

s∈[0,σ (y))

1

1 + sz
Δy

=
∏

s∈[0,σ (1))

1

1 + sz
μ(1) +

∏

s∈[0,σ (2))

1

1 + sz
μ(2)

=
∏

s∈[0,2)

1

1 + sz
μ(1) +

∏

s∈[0,22)

1

1 + sz
μ(2)

=
∏

s∈[0,2)

1

1 + sz
+ 2

∏

s∈[0,22)

1

1 + sz
.
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Example 2 LetT0 = hZ , h > 0.Then σ(t) = t + h, μ(t) = h, t ∈ T0.Hence,

L (1)(z) =
∫ ∞

0
e�z(σ (y), 0)Δy

=
∫ ∞

0
e− ∫ σ(y)

0
1

μ(s)Log(1+zμ(s))Δs

=
∫ ∞

0
e− ∑

s∈[0,σ (y))
1

μ(s)Log(1+zμ(s))μ(s)
Δy

=
∫ ∞

0
e− ∑

s∈[0,σ (y)) Log(1+hz)Δy

=
∫ ∞

0

∏

s∈[0,σ (y))

1

1 + hz
Δy

=
∞∑

t=0

∏

s∈[0,σ (t))

1

1 + hz
μ(t)

= h
∞∑

t=0

(
1

1 + hz

) t
h +1

= h

1 + hz

∞∑

t=0

(
1

1 + hz

) t
h

.

Note that
∞∑

t=0

(
1

1 + hz

) t
h

is convergent if and only if

∣
∣ 1
1+zh

∣
∣ < 1 ⇐⇒

1
|1+zh| < 1 ⇐⇒
1 > |1 + hz| ⇐⇒
1
h >

∣
∣ 1
h + z

∣
∣ ⇐⇒

1
h >

∣
∣z − (− 1

h

)∣∣ .

If D(a, r) ⊂ C denotes the closed ball of radius r about the point a, then the region

of convergence is C \D
(

−1

h
,
1

h

)
, i.e.,

D{1} = C \D
(

−1

h
,
1

h

)
.

Example 3 Let T0 = N0. Suppose that f : T0 �−→ R is regulated and |f (t)| ≤ M
for all t ∈ T0. Then σ(t) = t + 1, μ(t) = 1, t ∈ T0. Hence,
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L (f )(z) =
∫ ∞

0
f (y)e�z(σ (y), 0)Δy

=
∫ ∞

0
f (y)e− ∫ σ(y)

0
1

μ(τ)
Log(1+zμ(τ))Δτ

Δy

=
∫ ∞

0
f (y)e− ∑

s∈[0,σ (y))
1

μ(s)Log(1+zμ(s))μ(s)
Δy

=
∫ ∞

0
f (y)e− ∑

s∈[0,y+1) Log(1+z)Δy

=
∫ ∞

0
f (y)

∏

s∈[0,y+1)

1

1 + z
Δy

=
∫ ∞

0
f (y)

(
1

1 + z

)y+1

Δy

= 1

1 + z

∫ ∞

0

f (y)

(1 + z)y
Δy

= 1

1 + z

∞∑

t=0

f (t)

(1 + z)t
μ(t)

= 1

1 + z

∞∑

t=0

f (t)

(1 + z)t
.

Since |f (t)| ≤ M for all t ∈ T0, we have that L (f )(z) is convergent if and only if

∣
∣ 1
1+z

∣
∣ < 1 ⇐⇒

1
|1+z| < 1 ⇐⇒
|1 + z| > 1.

Lemma 1 Suppose that the time scaleT0 is such thatμ(t) < M for all t ∈ T0 and for
some positive constantM. Let also, f : T0 �−→ C , z ∈ C be such that 1 + zμ(t) �= 0
for all t ∈ T0, and

lim
t−→∞ f (t)e�z(σ (t), 0) = 0.

Then
lim

t−→∞ f (t)e�z(t, 0) = 0.
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Proof Using the properties of the exponential function, we have

e�z(σ (t), 0) = (1 + �z(t)μ(t))e�z(t, 0)

=
(
1 − zμ(t)

1 + zμ(t)

)
e�z(t, 0)

= 1

1 + zμ(t)
e�z(t, 0).

Hence,

0 = lim
t−→∞ f (t)e�z(σ (t), 0) = lim

t−→∞
f (t)

1 + zμ(t)
e�z(t, 0).

Because μ(t) < M for all t ∈ T0, then

lim
t−→∞ f (t)e�z(t, 0) = 0.

Remark 2 Note that the Laplace transform maps functions defined on time scales to
functions defined on some subsets of complex numbers. The region of convergence
of the transform, D{f }, varies not only with the function f but also with the time
scale.

7.1.2 Properties of the Laplace Transform

Theorem 1 Let f and g be regulated functions on T0 and let α, β ∈ C . Then

L (αf + βg)(z) = αL (f )(z) + βL (g)(z)

for all z ∈ D{f } ∩ D{g}.
Proof Let z ∈ D{f } ∩ D{g} be arbitrarily chosen. ThenL (f )(z) andL (g)(z) exist.
Hence αL (f )(z) and βL (g)(z) exist, from where αL (f )(z) + βL (g)(z) exists.
Also, using the properties of the improper integral, we have

αL (f )(z) + βL (g)(z) = α

∫ ∞
0

f (y)e�z(σ (y), 0)Δy + β

∫ ∞
0

g(y)e�z(σ (y), 0)Δy

=
∫ ∞
0

αf (y)e�z(σ (y), 0)Δy +
∫ ∞
0

βg(y)e�z(σ (y), 0)Δy

=
∫ ∞
0

(αf (y)e�z(σ (y), 0) + βg(y)e�z(σ (y), 0)) Δy

=
∫ ∞
0

(αf (y) + βg(y))e�z(σ (y), 0)Δy
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=
∫ ∞
0

(αf + βg)(y)e�z(σ (y), 0)Δy

= L (αf + βg)(z).

Theorem 2 Let f : T0 �−→ C be such that f Δ is regulated. Then

L (f Δ)(z) = zL (f )(z) − f (0) + lim
y→∞ f (y)e�z(y, 0)

for all D{f } such that the limit exists.

Proof Using integration by parts, we obtain

f (y)e�z(y, 0)
∣
∣
∣
y=∞
y=0

=
∫ ∞

0
f (y)eΔ

�z(y, 0)Δy +
∫ ∞

0
f Δ(y)e�z(σ (y), 0)Δy

or

lim
y→∞ f (y)e�z(y, 0) − f (0)e�z(0, 0) =

∫ ∞

0
f Δ(y)e�z(σ (y), 0)Δy

+
∫ ∞

0
(f (y))(�z)(y)e�z(y, 0)Δy,

or
∫ ∞

0
f Δ(y)e�z(σ (y), 0)Δy = lim

y→∞ f (y)e�z(y, 0) − f (0)

−
∫ ∞

0
f (y)(�z)(y)e�z(y, 0)Δy,

or

L (f Δ)(z) = lim
y→∞ f (y)e�z(y, 0) − f (0) −

∫ ∞

0
f (y)(�z)e�z(y, 0)Δy. (7.1)

We note that

−(�z)e�z(y, 0) = z

1 + zμ(y)
e�z(y, 0)

= ze�z(σ (y), 0).

Hence and (7.1), we get

L (f Δ)(z) = lim
y→∞ f (y)e�z(y, 0) − f (0) −

∫ ∞

0
f (y)ze�z(σ (y), 0)Δy
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= z
∫ ∞

0
f (y)e�z(σ (y), 0)Δy − f (0) + lim

y→∞ f (y)e�z(y, 0)

= zL (f )(z) − f (0) + lim
y→∞ f (y)e�z(y, 0),

which completes the proof.

Corollary 1 Let f : T0 �−→ C be such that f Δn
is regulated for some n ∈ N . Then

L (f Δn
)(z) = znL (f )(z) −

n−1∑

l=0

zlf Δn−1−l
(0) (7.2)

for those z ∈ D{f } such that

lim
y→∞ f Δl

(y)e�z(y, 0) = 0, 0 ≤ l ≤ n − 1.

Proof We will use mathematical induction.

1. n = 1. The assertion follows from Theorem 2.
2. Assume that (7.2) is true for some n ∈ N .
3. We will prove that

L (f Δn+1
)(z) = zn+1L (f )(z) −

n∑

l=0

zlf Δn−l
(0)

for those z ∈ D{f } for which

lim
y→∞ f Δl

e�z(y, 0) = 0, 0 ≤ l ≤ n,

and f Δn+1
is regulated.

Really, applying (7.2), we obtain

L (f Δn+1
)(z) = L ((f Δn

)Δ)(z)

= zL (f Δn
)(z) − f Δn

(0)

= z

(

znL (f )(z) −
n−1∑

l=0

zlf Δn−1−l
(0)

)

− f Δn
(0)

= zn+1L (f )(z) −
n−1∑

l=0

zl+1f Δn−1−l
(0) − f Δn

(0)



328 7 The Laplace Transform Method

= zn+1L (f )(z) −
n∑

l=1

zlf Δn−l
(0) − f Δn

(0)

= zn+1L (f )(z) −
n∑

l=0

zlf Δn−l
(0),

which completes the proof.

Theorem 3 Assume f : T0 �−→ C is regulated. If

F(x) =
∫ x

0
f (y)Δy

for x ∈ T0, then

L (F)(z) = 1

z
L (f )(z)

for those z ∈ D{f }\{0} satisfying

lim
x→∞

(
e�z(x, 0)

∫ x

0
f (y)Δy

)
= 0.

Proof Using integration by parts, we get

L (F)(z) =
∫ ∞

0
F(y)e�z(σ (y), 0)Δy

=
∫ ∞

0
F(y)(1 + �zμ(y))e�z(y, 0)Δy

=
∫ ∞

0
F(y)

1

1 + zμ(y)
e�z(y, 0)Δy

= −1

z

∫ ∞

0
F(y)

−z

1 + zμ(y)
e�z(y, 0)Δy

= −1

z

∫ ∞

0
F(y) � z(y)e�z(y, 0)Δy

= −1

z

∫ ∞

0
F(y)eΔ

�z(y, 0)Δy

= −1

z

(
lim
y→∞F(y)e�z(y, 0) − F(0)e�z(0, 0)

)

+1

z

∫ ∞

0
FΔ(y)e�z(σ (y), 0)Δy
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= 1

z

∫ ∞

0
f (y)e�z(σ (y), 0)Δy

= 1

z
L (f )(z),

which completes the proof.

Theorem 4 For all n ∈ N0 we have

L (hn(x, 0))(z) = 1

zn+1
, x ∈ T0, (7.3)

for those z ∈ C \{0} such that 1 + zμ(x) �= 0, x ∈ T0, and

lim
x→∞ (hn(x, 0)e�z(x, 0)) = 0. (7.4)

Proof We note that (7.4) implies

lim
x→∞ (hl(x, 0)e�z(x, 0)) = 0 for all 0 ≤ l ≤ n.

To prove our assertion we will use mathematical induction.

1. n = 0. We have that h0(x, 0) = 1 and

L (1)(z) = 1

z
.

2. Assume that (7.3) holds for some n ∈ N0.

3. We will prove that

L (hn+1(x, 0))(z) = 1

zn+2

for those z ∈ C \{0} such that 1 + zμ(x) �= 0, x ∈ T0, and

lim
x→∞ (hn+1(x, 0)e�z(x, 0)) = 0.

Really,

L (hn+1(x, 0))(z) =
∫ ∞

0
hn+1(y, 0)e�z(σ (y), 0)Δy

=
∫ ∞

0

(∫ y

0
hn(t, 0)Δt

)
e�z(σ (y), 0)Δy.

From here, using Theorem 3 and (7.3), we obtain
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L (hn+1(x, 0))(z) = 1

z
L (hn(x, 0))(z)

= 1

z

1

zn+1

= 1

zn+2
,

which completes the proof.

Theorem 5 Let α ∈ C and 1 + αμ(x) �= 0 for x ∈ T0. Then

L (eα(x, 0))(z) = 1

z − α
, x ∈ T0,

provided
lim
x→∞ eα�z(x, 0) = 0.

Proof We have

L (eα(x, 0))(z) =
∫ ∞

0
eα(y, 0)e�z(σ (y), 0)Δy

=
∫ ∞

0
eα(y, 0) (1 + (�z)(y)μ(y)) e�z(y, 0)Δy

=
∫ ∞

0

1

1 + zμ(y)
eα(y, 0)e�z(y, 0)Δy

=
∫ ∞

0

1

1 + zμ(y)
eα�z(y, 0)Δy

= 1

α − z

∫ ∞

0

α − z

1 + zμ(y)
eα�z(y, 0)Δy,

i.e.,

L (eα(x, 0))(z) = 1

α − z

∫ ∞

0

α − z

1 + zμ(y)
eα�z(y, 0)Δy. (7.5)

we note that

α � z = α ⊕ (�z)

= α + (�z) + α(�z)μ(y)

= α − z

1 + zμ(y)
− αzμ(y)

1 + zμ(y)

= α − z

1 + zμ(y)
.
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Hence and (7.5), we obtain

L (eα(x, 0))(z) = 1

α − z

∫ ∞

0

α − z

1 + zμ(y)
eα�z(y, 0)Δy

= 1

α − z

∫ ∞

0
α � z(y)eα�z(y, 0)Δy

= 1

α − z

∫ ∞

0
eΔ
α�z(y, 0)Δy

= 1

α − z

(
lim
y→∞ eα�z(y, 0) − eα�z(0, 0)

)

= 1

z − α

Corollary 2 We have

1. L (cosα(x, 0))(x) = z

z2 + α2
,

2. L (sinα(x, 0))(z) = α

z2 + α2

provided that
lim
x→∞ eiα�z(x, 0) = lim

x→∞ e−iα�z(x, 0) = 0.

Proof 1. From the definition for cosα(x, 0) we have

cosα(x, 0) = eiα(x, 0) + e−iα(x, 0)

2
.

Hence,

L (cosα(x, 0))(z) = L

(
eiα(x, 0) + e−iα(x, 0)

2

)

= 1

2
L (eiα(x, 0) + e−iα(x, 0))(z)

= 1

2
(L (eiα(x, 0))(z) + L (e−iα(x, 0))(z))

= 1

2

(
1

z − iα
+ 1

z + iα

)

= 1

2

z − iα + z + iα

(z − iα)(z + iα)

= z

z2 + α2
.
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2. From the definition for sinα(x, 0) we have

sinα(x, 0) = eiα(x, 0) − e−iα(x, 0)

2i
.

Hence,

L (sinα(x, 0))(z) = L

(
eiα(x, 0) − e−iα(x, 0)

2i

)

= 1

2i
L (eiα(x, 0) − e−iα(x, 0))(z)

= 1

2i
(L (eiα(x, 0))(z) − L (e−iα(x, 0))(z))

= 1

2i

(
1

z − iα
− 1

z + iα

)

= 1

2i

z + iα − z + iα

(z − iα)(z + iα)

= α

z2 + α2
.

Definition 3 Let f : N0 �−→ R and let z ∈ R. Then the Z −transform is defined
by

Z (f )(z) =
∞∑

t=0

f (t)

(z + 1)t+1

provided the series converges.

Theorem 6 Let T0 = N0. Then

L (f )(z) = Z (f )(z)

for every f : T0 �−→ R and every z ∈ D{f }.
Proof For y ∈ T0 ∩ [0,∞) we have

e�z(σ (y), 0) = (1 + (�z)μ(y))e�z(y, 0)

=
(
1 − zμ(y)

1 + zμ(y)

)
e�z(y, 0)

= 1

1 + zμ(y)
e�z(y, 0)

= 1

1 + z
e�z(y, 0)
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= 1

1 + z
e
∫ y
0

1
μ(y)Log(1+(�z)μ(y))Δy

= 1

1 + z
e
∫ y
0 Log 1

1+z Δy

= 1

1 + z

(
1

1 + z

)y

= 1

(1 + z)y+1
.

Hence,

L (f )(z) =
∫ ∞

0

f (y)

(1 + z)y+1
Δy

=
∞∑

t=0

f (t)

(1 + z)t+1

= Z (f )(z).

Exercise 1 Let α > 0. Prove that

Z
(
αt

)
(z) = 1

z + 1 − α

for every z ∈ D{αt} such that |z + 1| > α.

Exercise 2 Let f : N0 �−→ R. Prove that

1. Z (f σ )(z) = (z + 1)Z (f )(z) − f (0),
2. Z (f σσ ) = (z + 1)2Z (f )(z) − (z + 1)f (0) − f (1),

3. Z
(
f σ l

)
(z) = (z + 1)lZ (f )(z) −

l−1∑

k=0

(z + 1)l−1−kf (k), l ∈ N

for every z ∈ D{f }.

7.1.3 Convolution and Shifting Properties of Special
Functions

The usual convolution of two functions f and g on the real interval [0,∞) is defined
by

(f � g)(x) =
∫ x

0
f (x − y)g(y)ds for x ≥ 0.

However, this definition does not work for general time scales because x, y ∈ T0

does not imply that x − y ∈ T0.
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Definition 4 Assume that f is one of the functions eα(x, 0), sinhα(x, 0), coshα

(x, 0), cosα(x, 0), sinα(x, 0), or hk(x, 0), k ∈ N0. If g is a regulated function on
T0, then we define the convolution of f with g by

(f � g)(x) =
∫ x

0
f (x, σ (y))g(y)Δy for x ∈ T0.

Theorem 7 (Convolution Theorem)Assume thatα ∈ R and f is one of the functions
eα(x, 0), sinhα(x, 0), coshα(x, 0), cosα(x, 0), sinα(x, 0), or hk(x, 0), k ∈ N0. If g is
a regulated function on T0 such that

lim
x→∞ e�z(x, 0)(f � g)(x) = 0,

then
L (f � g)(z) = L (f )(z)L (g)(z). (7.6)

Proof 1. f (x, 0) = eα(x, 0). Consider the initial value problem for the dynamic
equation

lΔ − αl = g(x), l(0) = 0. (7.7)

The solution of this problem is given by

l(x) =
∫ x

0
eα(x, σ (y))g(y)Δy,

which can be rewritten in the form

l(x) = (eα(x, σ (y)) � g) (x).

Now we apply the Laplace transform to both sides of the Eq. (7.7) to get

L
(
lΔ − αl

)
(z) = L (g)(z)

or
L (lΔ)(z) − αL (l)(z) = L (g)(z),

or
zL (l)(z) − αL (l)(z) = L (g)(z),

whereupon

L (l)(z) = 1

z − α
L (g)(z).



7.1 The Laplace Transform 335

Since

L (eα(x, 0))(z) = 1

z − α
,

we conclude that
L (l)(z) = L (f )(z)L (g)(z)

or we get (7.6).
2. Let f (x, 0) = coshα(x, 0). We have

coshα(x, 0) = eα(x, 0) + e−α(x, 0)

2
.

Then

(f � g)(x) =
∫ x

0
coshα(x, σ (y))g(y)Δy

= 1

2

∫ x

0
(eα(x, σ (y)) + e−α(x, σ (y))) g(y)Δy

= 1

2

∫ x

0
eα(x, σ (y))g(y)Δy + 1

2

∫ x

0
e−α(x, σ (y))g(y)Δy

= 1

2
(eα(x, σ (y)) � g)(x) + 1

2
(e−α(x, σ (y)) � g)(x).

From here,

L (f � g)(z) = L

(
1

2
(eα(x, σ (y)) � g)(x) + 1

2
(e−α(x, σ (y)) � g)(x)

)
(z)

= 1

2
L (eα(x, σ (y)) � g)(z) + 1

2
L (e−α(x, σ (y)) � g)(z)

= 1

2
L (eα(x, σ (y)))(z)L (g)(z) + 1

2
L (e−α(x, σ (y)))(z)L (g)(z)

= 1

2

1

z − α
L (g)(z) + 1

2

1

z + α
L (g)(z)

= 1

2

(
1

z − α
+ 1

z + α

)
L (g)(z)

= z

z2 − α2L (g)(z)

= L (coshα(x, 0))(z)L (g)(z)

= L (f )(z)L (g)(z).

3. Let f (x, 0) = sinhα(x, 0). Then

sinhα(x, 0) = eα(x, 0) − e−α(x, 0)

2
,
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and

(f � g)(x) =
∫ x

0
sinhα(x, σ (y))g(y)Δy

= 1

2

∫ x

0
(eα(x, σ (y)) − e−α(x, σ (y))) g(y)Δy

= 1

2

∫ x

0
eα(x, σ (y))g(y)Δy − 1

2

∫ x

0
e−α(x, σ (y))g(y)Δy

= 1

2
(eα(x, σ (y)) � g)(x) − 1

2
(e−α(x, σ (y)) � g)(x).

Hence,

L (f � g)(z) = L

(
1

2
(eα(x, σ (y)) � g)(x) − 1

2
(e−α(x, σ (y)) � g)(x)

)
(z)

= 1

2
L (eα(x, σ (y)) � g)(z) − 1

2
L (e−α(x, σ (y)) � g)(z)

= 1

2
L (eα(x, σ (y)))(z)L (g)(z) − 1

2
L (e−α(x, σ (y)))(z)L (g)(z)

= 1

2

1

z − α
L (g)(z) − 1

2

1

z + α
L (g)(z)

= 1

2

(
1

z − α
− 1

z + α

)
L (g)(z)

= α

z2 − α2L (g)(z)

= L (sinhα(x, 0))(z)L (g)(z)

= L (f )(z)L (g)(z).

4. Let f (x, 0) = cosα(x, 0). We have

cosα(x, 0) = eiα(x, 0) + e−iα(x, 0)

2
.

Then

(f � g)(x) =
∫ x

0
cosα(x, σ (y))g(y)Δy

= 1

2

∫ x

0
(eiα(x, σ (y)) + e−iα(x, σ (y))) g(y)Δy

= 1

2

∫ x

0
eiα(x, σ (y))g(y)Δy + 1

2

∫ x

0
e−iα(x, σ (y))g(y)Δy

= 1

2
(eiα(x, σ (y)) � g)(x) + 1

2
(e−iα(x, σ (y)) � g)(x).
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From here,

L (f � g)(z) = L

(
1

2
(eiα(x, σ (y)) � g)(x) + 1

2
(e−iα(x, σ (y)) � g)(x)

)
(z)

= 1

2
L (eiα(x, σ (y)) � g)(z) + 1

2
L (e−iα(x, σ (y)) � g)(z)

= 1

2
L (eiα(x, σ (y)))(z)L (g)(z) + 1

2
L (e−iα(x, σ (y)))(z)L (g)(z)

= 1

2

1

z − iα
L (g)(z) + 1

2

1

z + iα
L (g)(z)

= 1

2

(
1

z − iα
+ 1

z + iα

)
L (g)(z)

= z

z2 + α2L (g)(z)

= L (cosα(x, 0))(z)L (g)(z)

= L (f )(z)L (g)(z).

5. Let f (x, 0) = sinα(x, 0). Then

sinα(x, 0) = eiα(x, 0) − e−iα(x, 0)

2i
,

and

(f � g)(x) =
∫ x

0
sinα(x, σ (y))g(y)Δy

= 1

2i

∫ x

0
(eiα(x, σ (y)) − e−iα(x, σ (y))) g(y)Δy

= 1

2i

∫ x

0
eiα(x, σ (y))g(y)Δy − 1

2

∫ x

0
e−iα(x, σ (y))g(y)Δy

= 1

2i
(eiα(x, σ (y)) � g)(x) − 1

2
(e−iα(x, σ (y)) � g)(x).

Hence,

L (f � g)(z) = L

(
1

2i
(eiα(x, σ (y)) � g)(x) − 1

2i
(e−iα(x, σ (y)) � g)(x)

)
(z)

= 1

2i
L (eiα(x, σ (y)) � g)(z) − 1

2i
L (e−iα(x, σ (y)) � g)(z)

= 1

2i
L (eiα(x, σ (y)))(z)L (g)(z) − 1

2i
L (e−iα(x, σ (y)))(z)L (g)(z)

= 1

2i

1

z − iα
L (g)(z) − 1

2i

1

z + iα
L (g)(z)

= 1

2i

(
1

z − iα
− 1

z + iα

)
L (g)(z)
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= α

z2 + α2L (g)(z)

= L (sinα(x, 0))(z)L (g)(z)

= L (f )(z)L (g)(z).

6. f (x, 0) = hk(x, 0), k ∈ N0.Consider the initial value problem for the dynamic
equation

lΔ
k+1

(x) = g(x), lΔ
j
(0) = 0, j = 0, 1, . . . , k. (7.8)

The solution of the equation (7.8) is given by

l(x) =
∫ x

0
hk(x, σ (y))g(y)Δy

or
l(x) = (hk(x, σ (y)) � g) (x).

Taking the Laplace transform of both sides of (7.8), gives

L
(
lΔ

k+1
)

(z) = L (g)(z),

whereupon
zk+1L (l)(z) = L (g)(z)

or

L (l)(z) = 1

zk+1
L (g)(z)

= L (hk(x, 0))(z)L (g)(z)

= L (f )(z)L (g)(z).

Theorem 8 Assume f and g are each one of the functions eα(x, 0), coshα(x, 0),
sinhα(x, 0), cosα(x, 0), sinα(x, 0), or hk(x, 0), not both hk(x, 0). Then

f � g = g � f .

Proof 1. Let f (x, 0) = eα(x, 0) and g(x, 0) = eβ(x, 0). Let also,

p(x) = eα(x, 0) � eβ(x, 0) and q(x) = eβ(x, 0) � eα(x, 0).

Note that
p(0) = q(0) = 0.
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Also, p(x) and q(x) are solutions to the initial value problems

pΔ − αp = eβ(x, 0), p(0) = 0,

and
qΔ − βq = eα(x, 0), q(0) = 0,

respectively.
Then

pΔ(0) = αp(0) + eβ(0, 0) = 1,
qΔ(0) = βq(0) + eα(0, 0) = 1.

We claim that p(x) and q(x) are solutions to the initial value problem

mΔ2 − (α + β)mΔ + αβm = 0, m(0) = 0, mΔ(0) = 1. (7.9)

We have
pΔ = αp + eβ(x, 0),

from where, after differentiating, we obtain

pΔ2 = αpΔ + βeβ(x, 0).

Hence,

pΔ2 − (α + β)pΔ + αβp = αpΔ + βeβ(x, 0) − (α + β)pΔ + αβp
= βeβ(x, 0) − βpΔ + αβp
= βeβ(x, 0) − β(αp + eβ(x, 0)) + αβp
= βeβ(x, 0) − αβp − βeβ(x, 0) + αβp
= 0.

Also,
qΔ = βq + eα(x, 0),

whereupon, differentiating, we obtain

qΔ2 = βqΔ + αeα(x, 0).

Hence,

qΔ2 − (α + β)qΔ + αβq = βqΔ + αeα(x, 0) − (α + β)qΔ + αβq
= αeα(x, 0) − αqΔ + αβq
= αeα(x, 0) − α(βq + eα(x, 0)) + αβq
= αeα(x, 0) − αβq − αeα(x, 0) + αβq
= 0.
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Since the problem (7.9) has unique solution, we conclude that

p(x) = q(x).

2. Next we consider

eα(x, 0) � coshβ(x, 0) = eα(x, 0) �
eβ(x, 0) + e−β(x, 0)

2

= 1

2

(
eα(x, 0) � (eβ(x, 0) + e−β(x, 0))

)

= 1

2

(
eα(x, 0) � eβ(x, 0) + eα(x, 0) � e−β(x, 0)

)

= 1

2

(
eβ(x, 0) � eα(x, 0) + e−β(x, 0) � eα(x, 0)

)

= 1

2

(
eβ(x, 0) + e−β(x, 0)

)
� eα(x, 0)

= coshβ(x, 0) � eα(x, 0).

3. Let
z(x) = eα(x, 0) � hk(x, 0) and q(x) = hk(x, 0) � eα(x, 0).

We have that z(x) is the solution to the initial value problem

zΔ(x) − αz(x) = hk(x, 0), z(0) = 0.

Differentiating this equation i times gives

zΔ
i+1

(x) − αzΔ(x) = hk−i(x, 0), i = 1, 2, . . . , k.

Also,
zΔ

i
(0) = 0, 0 ≤ i ≤ k, zΔ

k+1
(0) = 1.

Thus we get that z(x) is the solution to the initial value problem

zΔ
k+2

(x) − αzΔ
k+1

(x) = 0,
zΔ

i
(0) = 0, 0 ≤ i ≤ k, zΔ

k+1
(0) = 1.

Since hk(0, 0) = 0, k > 0, we obtain that

qΔ(0) = 0, 0 ≤ i ≤ k.

Also, q is the solution of the initial value problem

qΔk+1
(x) = eα(x, 0), qΔi

(0) = 0, 0 ≤ i ≤ k.
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Hence, differentiating the last equation, we obtain

qΔk+2
(x) = eΔ

α (x, 0)

= αeα(x, 0)

= αqΔk+1
(x)

and
qΔk+1

(0) = eα(0, 0) = 1.

Consequently q(x) is the solution of the initial value problem

qΔk+2
(x) − αqΔk+1

(x) = 0, qΔi
(0) = 0, qΔk+1

(0) = 1, 0 ≤ i ≤ k.

Therefore z(x) and q(x) are solutions to the same initial value problem. Hence,
they must be equal.

Exercise 3 Prove that

1. eα(x, 0) � sinhβ(x, 0) = sinhβ(x, 0) � eα(x, 0),
2. eα(x, 0) � cosβ(x, 0) = cosβ(x, 0) � eα(x, 0),
3. eα(x, 0) � sinβ(x, 0) = sinβ(x, 0) � eα(x, 0),
4. coshα(x, 0) � coshβ(x, 0) = coshβ(x, 0) � coshα(x, 0),
5. coshα(x, 0) � sinhβ(x, 0) = sinhβ(x, 0) � coshα(x, 0),
6. coshα(x, 0) � cosβ(x, 0) = cosβ(x, 0) � coshα(x, 0),
7. coshα(x, 0) � sinβ(x, 0) = sinβ(x, 0) � coshα(x, 0),
8. coshα(x, 0) � hk(x, 0) = hk(x, 0) � coshα(x, 0),
9. sinhα(x, 0) � sinhβ(x, 0) = sinhβ(x, 0) � sinhα(x, 0),
10. sinhα(x, 0) � cosβ(x, 0) = cosβ(x, 0) � sinhα(x, 0),
11. sinhα(x, 0) � sinβ(x, 0) = sinβ(x, 0) � sinhα(x, 0),
12. sinhα(x, 0) � hk(x, 0) = hk(x, 0) � sinhα(x, 0),
13. cosα(x, 0) � cosβ(x, 0) = cosβ(x, 0) � cosα(x, 0),
14. cosα(x, 0) � sinβ(x, 0) = sinβ(x, 0) � cosα(x, 0),
15. cosα(x, 0) � hk(x, 0) = hk(x, 0) � cosα(x, 0),
16. sinα(x, 0) � sinβ(x, 0) = sinβ(x, 0) � sinα(x, 0),
17. sinα(x, 0) � hk(x, 0) = hk(x, 0) � sinα(x, 0).

Theorem 9 Let α, β ∈ R and 1 + αμ(x) �= 0, 1 + βμ(x) �= 0 for all x ∈ T . Then

L
(
eα(x, 0) sin β

1+αμ
(x, 0)

)
(z) = β

(z − α)2 + β2

provided

lim
x→∞ eα(x, 0) sin β

1+μα
(x, 0) = 0 and lim

x→∞ eα(x, 0)
(
sin β

1+μα
(x, 0)

)Δ = 0.
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Proof Let
p(x) = eα(x, 0) sin β

1+μα
(x, 0).

Then

pΔ(x) = eΔ
α (x, 0) sin β

1+μα
(x, 0) + eα(σ (x), 0) sinΔ

β

1+μα

(x, 0)

= αeα(x, 0) sin β

1+μα
(x, 0) + (1 + αμ(x))eα(x, 0) β

1+αμ(x) cos β

1+μα
(x, 0)

= αeα(x, 0) sin β

1+μα
(x, 0) + βeα(x, 0) cos β

1+μα
(x, 0).

We differentiate the last equation and we get

pΔ2
(x) = αeΔ

α (x, 0) sin β

1+μα
(x, 0) + αeα(σ (x), 0) sinΔ

β

1+μα

(x, 0)

+βeΔ
α (x, 0) cos β

1+μα
(x, 0) + βeα(σ (x), 0) cosΔβ

1+μα

(x, 0)

= α2eα(x, 0) sin β

1+μα
(x, 0) + α(1 + αμ(x))eα(x, 0) β

1+αμ(x) cos β

1+μα
(x, 0)

+αβeα(x, 0) cos β

1+μα
(x, 0) − β(1 + αμ(x))eα(x, 0) β

1+αμ(x) sin β

1+μα
(x, 0)

= α2eα(x, 0) sin β

1+μα
(x, 0) + αβeα(x, 0) cos β

1+μα
(x, 0)

+αβeα(x, 0) cos β

1+μα
(x, 0) − β2eα(x, 0) sin β

1+μα
(x, 0)

= (α2 − β2)p(x) + 2αβeα(x, 0) cos β

1+μα
(x, 0).

In this way we obtain the system

⎧
⎪⎨

⎪⎩

pΔ(x) = αp(x) + βeα(x, 0) cos β

1+μα
(x, 0)

pΔ2
(x) = (α2 − β2)p(x) + 2αβeα(x, 0) cos β

1+μα
(x, 0).

Hence,
pΔ2

(x) − 2αpΔ(x) = −(α2 + β2)p(x)

or
pΔ2

(x) + 2αpΔ(x) + (α2 + β2)p(x) = 0.

Also,
p(0) = eα(0, 0) sin β

1+μα
(0, 0) = 0,

pΔ(0) = αeα(0, 0) sin β

1+μα
(0, 0) + βeα(0, 0) cos β

1+μα
(0, 0) = β.

Consequently we obtain the following initial value problem

{
pΔ2

(x) − 2αpΔ(x) + (α2 + β2)p(x) = 0
p(0) = 0, pΔ(0) = β.

(7.10)
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Now we apply the Laplace transform to both sides of the dynamic equation (7.10)
and we obtain

L
(
pΔ2

(x) − 2αpΔ(x) + (α2 + β2)p(x)
)

(z) = 0

or
L

(
pΔ2

(x)
)

(z) − 2αL
(
pΔ(x)

)
(z) + (α2 + β2)L (p(x))(z) = 0,

or

z2L (p)(z) − pΔ(0) − zp(0) − 2αzL (p)(z) + 2αp(0) + (α2 + β2)L (p)(z) = 0,

or
z2L (p)(z) − β − 2αzL (p)(z) + (α2 + β2)L (p)(z) = 0

or (
z2 − 2αz + α2 + β2

)
L (p)(z) = β,

whereupon

L (p)(z) = β

(z − α)2 + β2
,

which completes the proof.

Exercise 4 Let α, β ∈ R and 1 + αμ(x) �= 0, 1 + βμ(x) �= 0 for all x ∈ T . Prove
that

L
(
eα(x, 0) cos β

1+αμ
(x, 0)

)
(z) = z − α

(z − α)2 + β2
,

provided that

lim
x→∞ eα(x, 0) cos β

1+αμ
(x, 0) = lim

x→∞ eα(x, 0) cosΔβ

1+αμ

(x, 0) = 0.

Definition 5 Let a ∈ T0, a > 0. Define the step function ua by

ua =
{
0 if x ∈ T0 ∩ (−∞, a)
1 if x ∈ T0 ∩ [a,∞).

Theorem 10 Let a ∈ T0, a > 0. Then

L (ua(x))(z) = e�z(a, 0)

z

for those z ∈ D{ua} such that

lim
x→∞ e�z(x, 0) = 0.
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Proof We have

L (ua(x))(z) =
∫ ∞

0
ua(y)e�z(σ (y), 0)Δy

=
∫ ∞

a
e�z(σ (y), 0)Δy

=
∫ ∞

a
(1 + μ � z)e�z(y, 0)Δy

=
∫ ∞

a

1

1 + μz
e�z(y, 0)Δy

= −1

z

∫ ∞

a

−z

1 + μz
e�z(y, 0)Δy

= −1

z

∫ ∞

a
�ze�z(y, 0)Δy

= −1

z

∫ ∞

a
eΔ
�z(y, 0)Δy

= −1

z
e�z(y, 0)

∣
∣
∣
y=∞
y=a

= −1

z

(
lim
y→∞ e�z(y, 0) − e�z(a, 0)

)

= 1

z
e�z(a, 0).

Theorem 11 Let a ∈ T0, a > 0. Assume that f is one of the functions eα(x, 0),
cosα(x, 0), sinα(x, a), sinhα(x, 0), coshα(x, 0). If 1 + zμ(x) �= 0, 1 + αμ(x) �= 0
for all x ∈ T0, and

lim
x→∞ eα�z(x, a) = lim

x→∞ eiα�z(x, a) = lim
x→∞ e−iα�z(x, a) = 0,

then
L (ua(x)f (x, a)) = e�z(a, 0)L (f (x, a))(z).

Proof 1. Let f (x, a) = eα(x, a). Then

eα(x, a)e�z(σ (x), 0) = (1 + μ(x) � z)eα(x, a)e�z(x, 0)

= 1

1 + zμ(x)
eα(x, a)e�z(x, 0)

e�z(0, a)

e�z(0, a)

= 1

1 + zμ(x)
eα(x, a)e�z(x, a)

1

e�z(0, a)

= 1

1 + zμ(x)
eα�z(x, a)e�z(a, 0)
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= 1

α − z

α − z

1 + zμ(x)
eα�z(x, a)e�z(a, 0)

= 1

α − z
(α � z)eα�z(x, a)e�z(a, 0)

= 1

α − z
eΔ
α�z(x, a)e�z(a, 0).

Thus

L (ua(x)f (x)) =
∫ ∞
0

ua(x)f (x, a)e�z(σ (x), 0)Δx

=
∫ ∞
a

eα(x, a)e�z(σ (x), 0)Δx

= 1

α − z
e�z(a, 0)

∫ ∞
a

eΔα�z(x, a)Δx

= 1

α − z
e�z(a, 0)eα�z(x, a)

∣
∣
∣
x=∞
x=a

= 1

α − z
e�z(a, 0)

(
lim
x→∞ eα�z(x, a) − eα�z(a, a)

)

= 1

z − α
e�z(a, 0)

= e�z(a, 0)L (eα(x, 0))(z).

2. Let f (x, a) = cosα(x, a). Then

f (x, a) = 1

2
(eiα(x, a) + e−ıα(x, a)) .

Hence,

L (ua(x)f (x, a)) = L
(
ua(x, a)

1
2 (eiα(x, a) + e−ıα(x, a))

)
(z)

= L
(
1
2ua(x)eiα(x, a) + 1

2ua(x)e−iα(x, a)
)
(z)

= 1
2L (ua(x)eiα(x, a))(z) + 1

2L (ua(x)e−iα(x, a))(z)
= 1

2e�z(a, 0)L (eiα(x, 0)) + 1
2e�z(a, 0)L (e−iα(x, 0))(z)

= e�z(a, 0)L
(
1
2eiα(x, 0)

) + e�z(a, 0)L
(
1
2e−iα(x, 0)

)
(z)

= e�z(a, 0)L
(
1
2 (eiα(x, 0) + e−iα(x, 0))

)
(z)

= e�z(a, 0)L (cosα(x, 0))(z).

Definition 6 Let a, b, α ∈ T and f : T �−→ R be continuous. If δα(x), x ∈ T ,

satisfies the following conditions
∫ b

a
f (x)δα(x)Δx =

{
f (α) if α ∈ [a, b)
0 otherwise,

then δα(x) will be called Dirac delta function.
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Theorem 12 Let α ∈ T0, α ≥ 0. Then

L (δα(x))(z) = eσ
�z(α, 0).

Proof We have

L (δα(x))(z) =
∫ ∞

0
δα(y)e�z(σ (y), 0)Δy

= e�z(σ (α), 0).

Exercise 5 Prove the following relations.

1. If α �= β, then

eα(x, 0) � eβ(x, 0) = 1

β − α
(eβ(x, 0) − eα(x, 0)).

2.

eα(x, 0) � eα(x, 0) = eα(x, 0)
∫ x

0

1

1 + αμ(y)
Δy.

3. If α2 + β2 �= 0, then

eα(x, 0) � sinβ(x, 0) = βeα(x, 0) − α sinβ(x, 0) − β cosβ(x, 0)

α2 + β2.

4. If α �= 0, α �= β, then

cosα(x, 0) � cosβ(x, 0) = −β sinβ(x, 0) + α sinα(x, 0)

α2 − β2
.

5. If α �= 0, then

cosα(x, 0) � cosα(x, 0) = 1

α
sinα(x, 0) + 1

2
x cosα(x, 0).

6. If k ≥ 0, then

sinα(x, 0) � hk(x, 0)

=

⎧
⎪⎨

⎪⎩

(−1)
(k+1)(k+2)

2
1

αk+1 cosα(x, 0) + ∑ k
2
j=0(−1)j hk−2j(x,0)

α2j+1 if k is even

(−1)
(k+1)(k+2)

2
1

αk+1 sinα(x, 0) + ∑ k−1
2

j=0(−1)j hk−2j(x,0)
α2j+1 if k is odd.
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7.2 Applications to Dynamic Equations

The Laplace transform method for solving dynamic equations can be summarized
by the following steps.

1. Take the Laplace transform of both sides of the equation. This result in what is
called the transformed equation.

2. Obtain the equation
L (φ)(z) = F(z),

where F(z) is an algebraic expression in the variable z.
3. Finding the solution φ of the considered equation using the algebraic expression

F(z) and the properties of the Laplace transform.

Note that the initial conditions of the problem are absorbed into the method, unlike
other approaches to problems of this type, i.e., the method of variation of parameters
or undetermined coefficients.

Example 4 We consider the initial value problem

{
φΔ2

(x) + 5φΔ(x) + 6φ(x) = 0,
φ(0) = 1, φΔ(0) = −5.

The, using the properties of the Laplace transform, we have

L (φΔ2
)(z) = z2L (φ)(z) − φΔ(0) − zφ(0)

= z2L (φ)(z) + 5 − z,

L (φΔ)(z) = zL (φ)(z) − φ(0)

= zL (φ)(z) − 1.

Hence, taking tha Laplace transform of both sides of the given equation, we get

L (φΔ2 + 5φΔ + 6φ)(z) = L (0)(z)

or

0 = L (φΔ2
(z) + 5L (φΔ)(z) + 6L (φ)(z)

= z2L (φ)(z) − z + 5 + 5 (zL (φ)(z) − 1) + 6L (φ)(z)

= (z2 + 5z + 6)L (φ)(z) − z,
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whereupon

L (φ)(z) = z

z2 + 5z + 6

= z

(z + 2)(z + 3)

= 3

z + 3
− 2

z + 2
= 3L (e3(x, 0))(z) − 2L (e−2(x, 0))(z)

= L (3e−3(x, 0) − 2e−2(x, 0))(z).

Therefore
φ(x) = 3e−3(x, 0) − 2e−2(x, 0), x ∈ T0.

Example 5 Consider the initial value problem

{
φΔ2 − 4φΔ + 13φ = 0
φ(0) = 1, φΔ(0) = 1.

Using the properties of the Laplace transform, we have

L (φΔ2
)(z) = z2L (φ)(z) − φΔ(0) − zφ(0)

= z2L (φ)(z) − 1 − z,

L (φΔ)(z) = zL (φ)(z) − φ(0)

= zL (φ)(z) − 1

Taking the Laplace transform of both sides of the given equation, we obtain

L (φΔ2 − 4φΔ + 13φ)(z) = L (0)(z)

or
L (φΔ2

)(z) − 4L (φΔ)(z) + 13L (φ)(z) = 0,

or
z2L (φ)(z) − 1 − z − 4 (zL (φ)(z) − 1) + 13L (φ)(z) = 0,

or
z2L (φ)(z) − 1 − z − 4zL (φ)(z) + 4 + 13L (φ)(z) = 0,

or
(z2 − 4z + 13)L (φ)(z) = z − 3,
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or

L (φ)(z) = z − 3

z2 − 4z + 13

= z − 3

(z − 2)2 + 9

= z − 2 − 1

(z − 2)2 + 9

= z − 2

(z − 2)2 + 9
− 1

(z − 2)2 + 9

= z − 2

(z − 2)2 + 9
− 1

3

3

(z − 2)2 + 9

= L
(
e2(x, 0) cos 3

1+2μ(x)
(x, 0)

)
(z) − 1

3
L

(
e2(x, 0) sin 3

1+2μ(x)
(x, 0)

)
(z)

= L

(
e2(x, 0) cos 3

1+2μ(x)
(x, 0) − 1

3
e2(x, 0) sin 3

1+2μ(x)
(x, 0)

)
(z).

Therefore

φ(x) = e2(x, 0) cos 3
1+2μ(x)

(x, 0) − 1

3
e2(x, 0) sin 3

1+2μ(x)
(x, 0).

Example 6 Consider the initial value problem

φΔ2 + 2φΔ − 3φ = 0
φ(0) = 5, φΔ(0) = 1.

Using the properties of the Laplace transform, we have

L (φΔ2
)(z) = z2L (φ)(z) − φΔ(0) − zφ(0)

= z2L (φ)(z) − 1 − 5z,

L (φΔ)(z) = zL (φ)(z) − φ(0)

= zL (φ)(z) − 5.

Taking the Laplace transform of both sides of the given equation, we get

L
(
φΔ2 + 2φΔ − 3φ

)
(z) = L (0)(z)

or
L (φΔ2

) + 2L (φΔ)(z) − 3L (φ)(z) = 0,

or
z2L (φ)(z) − 1 − 5z + 2 (zL (φ)(z) − 5) − 3L (φ)(z) = 0,
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or
z2L (φ)(z) − 1 − 5z + 2zL (φ)(z) − 10 − 3L (φ)(z) = 0,

or
(z2 + 2z − 3)L (φ)(z) = 5z + 11,

or

L (φ)(z) = 5z + 11

z2 + 2z − 3

= 5z + 11

(z + 1)2 − 2

= 5(z + 1) + 6

(z + 1)2 − 2

= 5
z + 1

(z + 1)2 − 2
+ 6

(z + 1)2 − 2

= 5
z + 1

(z + 1)2 − (
√
2)2

+ 6√
2

√
2

(z + 1)2 − (
√
2)2

= 5
z + 1

(z + 1)2 − (
√
2)2

+ 3
√
2

√
2

(z + 1)2 − (
√
2)2

= 5L

(
e−1(x, 0) cosh √

2
1−μ(x)

(x, 0)

)
(z) + 3

√
2L

(
e−1(x, 0) sinh √

2
1−μ(x)

(x, 0)

)
(z)

= L

(
5e−1(x, 0) cosh √

2
1−μ(x)

(x, 0) + 3
√
2e−1(x, 0) sinh √

2
1−μ(x)

(x, 0)

)
(z).

Therefore

φ(x) = 5e−1(x, 0) cosh √
2

1−μ(x)
(x, 0) + 3

√
2e−1(x, 0) sinh √

2
1−μ(x)

(x, 0).

Example 7 Consider the initial value problem

{
φΔ3 + φΔ = e1(x, 0)
φ(0) = φΔ(0) = φΔ2

(0) = 0.

Using the properties of the Laplace transform, we have

L (φΔ3
)(z) = z3L (φ)(z) − φΔ2

(0) − zφΔ(0) − z2φ(0)

= z3L (φ)(z),

L (φΔ)(z) = zL (φ)(z) − φ(0)

= zL (φ)(z),

L (e1(x, 0))(z) = 1

z − 1
.
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Taking the Laplace transform of both sides of the given equation, we get

L
(
φΔ3 + φΔ

)
(z) = L (e1(x, 0))(z)

or

L (φΔ3
)(z) + L (φΔ)(z) = 1

z − 1
,

or

z3L (φ)(z) + zL (φ)(z) = 1

z − 1
,

or

(z3 + z)L (φ)(z) = 1

z − 1
,

or

L (φ)(z) = 1

(z − 1)(z3 + z)

= 1

(z2 − z)(z2 + 1)

= −1

2

z

z2 − z
+ 1

z2 − z
+ 1

2

z

z2 + 1
− 1

2

1

z2 + 1

= −1

2

1

z − 1
+ 1

z(z − 1)
+ 1

2

z

z2 + 1
− 1

2

1

z2 + 1

= −1

2

1

z − 1
+ 1

z − 1
− 1

z
+ 1

2

z

z2 + 1
− 1

2

1

z2 + 1

= 1

2

1

z − 1
− 1

z
+ 1

2

z

z2 + 1
− 1

2

1

z2 + 1

= 1

2
L (e1(x, 0))(z) − L (h0(x, 0))(z) + 1

2
L (cos1(x, 0))(z)

−1

2
L (sin1(x, 0))(z)

= L

(
1

2
e1(x, 0) − h0(x, 0) + 1

2
cos1(x, 0) − 1

2
sin1(x, 0)

)
(z).

Therefore

φ(x) = 1

2
e1(x, 0) − 1 + 1

2
cos1(x, 0) − 1

2
sin1(x, 0).

Exercise 6 Use the Laplace transform to solve the following initial value problems.

1. {
φΔ2 − 6φΔ + 13φ = 0
φ(0) = φΔ(0) = 1.



352 7 The Laplace Transform Method

2. {
φΔ2 + 4φ = cos2(x, 0)
φ(0) = φΔ(0) = 1.

3. {
φΔ2 − 4φΔ + 20φ = 0
φ(0) = 1, φΔ(0) = 2.

Answer

1.
φ(x) = e3(x, 0) cos 2

1+3μ(x)
(x, 0) − e3(x, 0) sin 2

1+3μ(x)
(x, 0).

2.

φ(x) = 1

2
cos2(x, 0) � sin2(x, 0) + cos2(x, 0) + 1

2
sin2(x, 0).

3.
φ(x) = e2(x, 0) cos 4

1+2μ(x)
(x, 0).

7.3 Generalized Volterra Integral Equations
of the Second Kind

Consider the generalized Volterra integral equation of the second kind

φ(x) = u(x) + λ

∫ x

0
K(x, y)φ(y)Δy, (7.11)

where K(x, y) is eα(x, σ (y)), coshα(x, σ (y)), sinhα(x, σ (y)), cosα(x, σ (y)), sinα

(x, σ (y)), or hk(x, σ (y)), u : T0 �−→ R is a given continuous function, λ is a para-
meter.

The Eq. (7.11) we can rewrite in the following form

φ(x) = u(x) + λ(K � φ)(x).

Taking the Laplace transform of both sides of the last equation, we get

L (φ)(z) = L (u)(z) + λL (K � φ)(z),

whereupon, applying the convolution theorem for the Laplace transform, we obtain

L (φ)(z) = L (u)(z) + λL (K)(z)L (φ)(z).
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Hence,
(1 − λL (K)(z))L (φ)(z) = L (u)(z)

or

L (φ)(z) = L (u)(z)

1 − λL (K)(z)
.

Example 8 Consider the equation

φ(x) = 1 + 2
∫ x

0
e2(x, y + 1)φ(y)Δy, T0 = Z .

Here
σ(x) = x + 1, μ(x) = 1, x ∈ T0,

K(x, σ (y)) = e2(x, y + 1), u(x) = 1, λ = 2.

The given equation we can rewrite in the following form

φ(x) = 1 + 2 (e2(x, 0) � φ(x)) .

We take the Laplace transform of both sides of the given equation and we find

L (φ)(z) = L (1)(z) + 2L (e2(x, 0) � φ(x)) (z)

= 1

z
+ 2L (e2(x, 0))(z)L (φ)(z)

= 1

z
+ 2

z − 2
L (φ)(z),

whereupon (
1 − 2

z − 2

)
L (φ)(z) = 1

z
,

or
z − 2 − 2

z − 2
L (φ)(z) = 1

z
,

or
z − 4

z − 2
L (φ)(z) = 1

z
,

or

L (φ)(z) = z − 2

z(z − 4)

= 1

2

1

z
+ 1

2

1

z − 4
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= 1

2
L (h0(x, 0))(z) + 1

2
L (e4(x, 0))(z)

= L

(
1

2
h0(x, 0) + 1

2
e4(x, 0)

)
(z).

Consequently

φ(x) = 1

2
h0(x, 0) + 1

2
e4(x, 0).

Example 9 Consider the equation

φ(x) = e3(x, 0) −
∫ x

0
cosh2(x, 2y)φ(y)Δy, T0 = 2N0 ∪ {0}.

Here
σ(x) = 2x, μ(x) = x, x ∈ T0,

u(x) = e3(x, 0), K(x, σ (y)) = cosh2(x, 2y), λ = −1.

Then the given equation can be rewritten in the following form

φ(x) = e3(x, 0) − (cosh2(x, 0) � φ(x)) .

We take the Laplace transform of both sides of the last equation and we get

L (φ)(z) = L (e3(x, 0))(z) − L (cosh2(x, 0) � φ(x))(z)

= 1

z − 3
− L (cosh2(x, 0))(z)L (φ)(z)

= 1

z − 3
− z

z2 − 4
L (φ)(z),

whereupon (
1 + z

z2 − 4

)
L (φ)(z) = 1

z − 3
,

or
z2 + z − 4

z2 − 4
L (φ)(z) = 1

z − 3
,

or

L (φ)(z) = z2 − 4

(z − 3)(z2 + z − 4)

= 5

8

1

z − 3
+

3
8 z + 1

2
z2 + z − 4
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= 5
8

1
z−3 + 3

8
z+ 1

2

(z+ 1
2 )

2− 17
4

+ 5
16

1

(z+ 1
2 )

2− 17
4

= 5
8

1
z−3 + 3

8
z+ 1

2

(z+ 1
2 )

2− 17
4

+ 5
√
17

136

√
17
2

(z+ 1
2 )

2− 17
4

.

Consequently

φ(x) = 5

8
e3(x, 0) + 3

8
e− 1

2
(x, 0) cosh √

17
2−x

(x, 0) + 5
√
17

136
e− 1

2
(x, 0) sinh √

17
2−x

.

Example 10 Consider the equation

φ(x) = sin2(x, 0) +
∫ x

0
cos2(x, 3y)φ(y)Δy, T0 = 3N0 ∪ {0}.

Here
σ(x) = 3x, μ(x) = 2x, x ∈ T0,

u(x) = sin2(x, 0), K(x, σ (y)) = cos2(x, 3y), λ = 1.

The given equation we can rewrite in the following form.

φ(x) = sin2(x, 0) + cos2(x, 0) � φ(x).

We take the Laplace transform of both sides of the last equation and we find

L (φ)(z) = L (sin2(x, 0) + cos2(x, 0) � φ(x))(z)

= L (sin2(x, 0))(z) + L (cos2(x, 0))(z)L (φ)(z)

= 2

z2 + 4
+ z

z2 + 4
L (φ)(z),

or (
1 − z

z2 + 4

)
L (φ)(z) = 2

z2 + 4
,

or
z2 − z + 4

z2 + 4
L (φ)(z) = 2

z2 + 4
,

or
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L (φ)(z) = 2

z2 − z + 4

= 2
(
z − 1

2

)2 + 15
4

= 2
√
15
2

√
15
2

(
z − 1

2

)2 +
(√

15
2

)2

= 4
√
15

15
L

(
e 1

2
(x, 0) sin √

15
2+2x

(x, 0)
)

(z).

Consequently

φ(x) = 4
√
15

15
e 1

2
(x, 0) sin √

15
2+2x

(x, 0).

Exercise 7 Solve each of the following equations.

1. φ(x) = e2(x, 0) + 4
∫ x

0
φ(s)Δs,

2. φ(x) = x + 4
∫ x

0
(x − σ(y))φ(y)Δy.

Answer

1. φ(x) = −e2(x, 0) + 2e4(x, 0),

2. φ(x) = 1

2
sinh2(x, 0).

Remark 3 Consider the generalized Volterra integral equation of the second kind

φ(x) = u(x) + λ

∫ x

0
φ(y)Δy. (7.12)

We can rewrite this equation in the form

φ(x) = u(x) + λ(1 � φ)(x).

Taking the Laplace transform of both sides of the last equation, we get

L (φ)(z) = L (u)(z) + λL (1 � φ)(z)

= L (u)(z) + λL (1)(z)L (φ)(z)

= L (u)(z) + λ
1

z
L (φ)(z)

or (
1 − λ

1

z

)
L (φ)(z) = L (u)(z). (7.13)
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If we use that

L

(∫ x

0
φ(y)Δy

)
(z) = 1

z
L (φ)(z),

taking the Laplace transform of both sides of (7.12) we obtain (7.13).

7.4 Generalized Volterra Integral Equations
of the First Kind

Here we consider the equation

u(x) = λ

∫ x

0
K(x, σ (y))φ(y)Δy, (7.14)

whereK(x, 0) is eα(x, 0), coshα(x, 0), sinhα(x, 0), cosα(x, 0), sinα(x, 0),orhk(x, 0),
u : T0 �−→ R is a given continuous function, λ is a parameter.
We can rewrite the Eq. (7.14) in the following form

u(x) = λK(x, 0) � φ(x). (7.15)

We take the Laplace transform of both sides of (7.15) and we obtain

L (u)(z) = λL (K(x, 0) � φ(x))(z).

Now applying the convolution theorem for the Laplace transform, we obtain

L (u)(z) = λL (K)(z)L (φ)(z).

Example 11 Consider the equation

sin2(x, 0) =
∫ x

0
e−3(x, y + 1)φ(y)Δy, T0 = Z .

Here
σ(x) = x + 1, μ(x) = 1, x ∈ T0.

The given equation we can rewrite in the form

sin2(x, 0) =
∫ x

0
e−3(x, σ (y))φ(y)Δy

or
sin2(x, 0) = e−3(x, 0) � φ(x).
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We take the Laplace transform of both sides of the last equation and we get

L (sin2(x, 0))(z) = L (e−3(x, 0) � φ(x))(z)

= L (e−3(x, 0))(z)L (φ)(z)

= 1

z + 3
L (φ)(z),

whereupon
2

z2 + 4
= 1

z + 3
L (φ)(z).

Hence,

L (φ)(z) = 2
z + 3

z2 + 4

= 2
z

z2 + 4
+ 3

2

z2 + 4
= 2L (cos2(x, 0))(z) + 3L (sin2(x, 0))(z)

= L (2 cos2(x, 0) + 3 sin2(x, 0))(z).

Consequently
φ(x) = 2 cos2(x, 0) + 3 sin2(x, 0).

Example 12 Consider the equation

sinh3(x, 0) = 2
∫ x

0
e3(x, 2y)φ(y)Δy, T0 = 2N0 ∪ {0}.

Here
σ(x) = 2x, μ(x) = x, x ∈ T0.

Then the given equation we can rewrite in the following form

sinh3(x, 0) = 2
∫ x

0
e3(x, σ (y))φ(y)Δy

or
sinh3(x, 0) = 2(e3(x, 0) � φ(x)).

We take the Laplace transform of both sides of the last equation and we obtain
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L (sinh3(x, 0))(z) = L (2(e3(x, 0) � φ(x))) (z)

= 2L (e3(x, 0) � φ(x))(z)

= 2L (e3(x, 0))(z)L (φ)(z)

= 2
1

z − 3
L (φ)(z),

whereupon
3

z2 − 9
= 2

1

z − 3
L (φ)(z).

Hence,

L (φ)(z) = 3

2

1

z + 3

= 3

2
L (e−3(x, 0))(z)

= L

(
3

2
e(−3)(x, 0)

)
(z).

Consequently

φ(x) = 3

2
e−3(x, 0).

Example 13 Consider the equation

cos2(x, 0) � sinh3(x, 0) =
∫ x

0
e3(x, σ (y))φ(y)Δy, T0 = Z .

Here
σ(x) = x + 1, μ(x) = 1, x ∈ T0.

The given equation we can rewrite in the following form

cos2(x, 0) � sinh3(x, 0) =
∫ x

0
e3(x, σ (y))φ(y)Δy

or
cos2(x, 0) � sinh3(x, 0) = e3(x, 0) � φ(x).

We take the Laplace transform of both sides of the last equation and we obtain

L (cos2(x, 0) � sinh3(x, 0))(z) = L (e3(x, 0) � φ(x))(z)

or
L (cos2(x, 0))(z)L (sinh3(x, 0))(z) = L (e3(x, 0))(z)L (φ)(z),
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whereupon
z

z2 + 4

3

z2 − 9
= 1

z − 3
L (φ)(z).

Hence,

L (φ)(z) = 3z

(z + 3)(z2 + 4)

= − 9

13

1

z + 3
+

9
13 z + 12

13

z2 + 4

= − 9

13

1

z + 3
+ 9

13

z

z2 + 4
+ 6

13

2

z2 + 4

= − 9

13
L (e(−3)(x, 0))(z) + 9

13
L (cos2(x, 0))(z) + 6

13
L (sin2(x, 0))(z)

= L

(
− 9

13
e(−3)(x, 0) + 9

13
cos2(x, 0) + 6

13
sin2(x, 0)

)
.

Consequently

φ(x) = − 9

13
e(−3)(x, 0) + 9

13
cos2(x, 0) + 6

13
sin2(x, 0).

Exercise 8 Use the Laplace transform to solve the following equations.

1. e3(x, 0) =
∫ x

0
eσ
−2(x, y)φ(y)Δy, T0 = Z ,

2. cosh4(x, 0) =
∫ x

0
eσ
2 (x, y)φ(y)Δy, T0 = 2N0 ∪ {0},

3. sinh2(x, 0) =
∫ x

0
coshσ

4 (x, y)φ(y)Δy, T0 = N0,

4. e−3(x, 0) � e2(x, 0) =
∫ x

0
e5(x, σ (y))φ(y)Δy, T0 = Z ,

5. e1(x, 0) � e−7(x, 0) = 4
∫ x

0
cosh2(x, σ (y))φ(y)Δy, T0 = Z ,

6. sinh2(x, 0) � cos−3(x, 0) = 2
∫ x

0
sinh4(x, σ (y))φ(y)Δy, T0 = Z .

7.5 Generalized Volterra Integro-Differential Equations
of the Second Kind

Here we consider the generalized Volterra integro-differential equation of the second
kind

φΔn
(x) = u(x) +

∫ x

0
K(x, σ (y))φ(y)Δy, x ∈ T0, (7.16)
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φ(0) = φ0, φΔ(0) = φ1, . . . , φΔn−1
(0) = φn−1, (7.17)

whereK(x, 0) is eα(x, 0), coshα(x, 0), sinhα(x, 0), cosα(x, 0), sinα(x, 0),orhk(x, 0),
u : T0 �−→ R be a given continuous function, φm, 0 ≤ m ≤ n − 1, are given con-
stants.
The Eq. (7.16) we can rewrite in the following form

φΔn
(x) = −u(x) + K(x, 0) � φ(x).

We take the Laplace transform of both sides of the last equation and we get

L (φΔn
)(z) = L (u(x) + K(x, 0) � φ(x))(z)

= L (u)(z) + L (K(x, 0) � φ(x))(z)

= L (u)(z) + L (K)(z)L (φ)(z),

whereupon

znL (φ)(z) −
n−1∑

l=0

zlφΔn−1−l
(0) = L (u)(z) + L (K)(z)L (φ)(z).

Hence, using (7.17), we obtain

(zn − L (K)(z))L (φ)(z) = L (u)(z) +
n−1∑

l=0

zlφΔn−1−l
(0)

= L (u)(z) +
n−1∑

l=0

zlφn−1−l.

Example 14 Consider the equation

φΔ2
(x) = −1 − ∫ x

0 e2(x, y + 1)φ(y)Δy, T0 = Z ,

φ(0) = 1, φΔ(0) = −1.

Here
σ(x) = x + 1, μ(x) = 1, x ∈ T0.

Then the given equation we can rewrite in the form

φΔ2
(x) = −1 −

∫ x

0
e2(x, σ (y))φ(y)Δy

or
φΔ2

(x) = −1 − e2(x, 0) � φ(x).
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We take the Laplace transform of both sides of the last equation and we get

L (φΔ2
(z)) = L (−1 − e2(x, 0) � φ(x))(z)

= L (−1)(z) − L (e2(x, 0) � φ(x))(z)

= −1

z
− L (e2(x, 0))(z)L (φ)(z)

= −1

z
− 1

z − 2
L (φ)(z).

Hence,

z2L (φ)(z) − φΔ(0) − zφ(0) = −1

z
− 1

z − 2
L (φ)(z),

or

z2L (φ)(z) + 1 − z = −1

z
− 1

z − 2
L (φ)(z),

or (
z2 + 1

z − 2

)
L (φ)(z) = z − 1 − 1

z
,

or
z3 − 2z2 + 1

z − 2
L (φ)(z) = z2 − z − 1

z
,

or
(z − 1)(z2 − z − 1)

z − 2
L (φ)(z) = z2 − z − 1

z
,

or
z − 1

z − 2
L (φ)(z) = 1

z
,

or

L (φ)(z) = z − 2

z(z − 1)

= 2

z
− 1

z − 1
= 2L (h0(x, 0))(z) − L (e1(x, 0))(z)

= L (2 − e1(x, 0))(z).

Consequently
φ(x) = 2 − e1(x, 0).

Example 15 Consider the equation
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φΔ(x) = h1(x, 0) +
∫ x

0
h1(x, σ (y))φ(y)Δy, φ(0) = 0.

The given equation we can rewrite in the form

φΔ(x) = h1(x, 0) + h1(x, 0) � φ(x).

We take the Laplace transform of both sides of the last equation and we obtain

L (φΔ)(z) = L (h1(x, 0) + h1(x, 0) � φ(x))(z)

= L (h1)(z) + L (h1(x, 0) � φ(x))(z)

= L (h1)(z) + L (h1)(z)L (φ)(z)

= 1

z2
+ 1

z2
L (φ)(z).

Hence,

zL (φ)(z) − φ(0) = 1

z2
+ 1

z2
L (φ)(z),

or

zL (φ)(z) = 1

z2
+ 1

z2
L (φ)(z),

or (
z − 1

z2

)
L (φ)(z) = 1

z2
,

or
z3 − 1

z2
L (φ)(z) = 1

z2
,

or

L (φ)(z) = 1

z3 − 1

= 1

(z − 1)(z2 + z + 1)

= 1

3

1

z − 1
− 1

3

z + 2

z2 + z + 1

= 1

3
L (e1(x, 0))(z) − 1

3

z + 2
(
z + 1

2

)2 +
(√

3
2

)2

= 1

3
L (e1(x, 0))(z) − 1

3

z + 1
2 + 3

2
(
z + 1

2

)2 +
(√

3
2

)2

= 1

3
L (e1(x, 0))(z) − 1

3

z + 1
2

(
z + 1

2

)2 +
(√

3
2

)2 − 1

2

1
(
z + 1

2

)2 +
(√

3
2

)2
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= 1

3
L (e1(x, 0))(z) − 1

3

z + 1
2

(
z + 1

2

)2 +
(√

3
2

)2 − 1

2

1√
3
2

√
3
2

(
z + 1

2

)2 +
(√

3
2

)2

= 1

3
L (e1(x, 0))(z) − 1

3

z + 1
2

(
z + 1

2

)2 +
(√

3
2

)2 −
√
3

3

(√
3
2

)2

(
z + 1

2

)2 +
(√

3
2

)2

= 1

3
L (e1(x, 0)) − 1

3
L

(
e− 1

2
(x, 0) cos √

3
2−μ(x)

)

−
√
3

3
L

(
e− 1

2
(x, 0) sin √

3
2−μ(x)

(x, 0)

)

= L

(
1

3
e1(x, 0) − 1

3
e− 1

2
(x, 0) cos √

3
2−μ(x)

(x, 0) −
√
3

3
e− 1

2
(x, 0) sin √

3
2−μ(x)

(x, 0)

)

.

Consequently

φ(x) = 1

3
e1(x, 0) − 1

3
e− 1

2
(x, 0) cos √

3
2−μ(x)

(x, 0) −
√
3

3
e− 1

2
(x, 0) sin √

3
2−μ(x)

(x, 0).

Example 16 Consider the equation

φΔ(x) = e2(x, 0) + 4
∫ x

0
e3(x, σ (y))φ(y)Δy, φ(0) = 0,

The given equation we can rewrite in the form

φΔ(x) = e2(x, 0) + 4e3(x, 0) � φ(x).

We take the Laplace transform of both sides of the last equation and we get

L (φΔ)(z) = L (e2(x, 0) + 4e3(x, 0) � φ(x))(z)

= L (e2(x, 0))(z) + 4L (e3(x, 0) � φ(x))(z)

= 1

z − 2
+ 4L (e3(x, 0))(z)L (φ)(z)

= 1

z − 2
+ 4

z − 3
L (φ)(z).

Hence,

zL (φ)(z) = 1

z − 2
+ 4

z − 3
L (φ)(z),

or (
z − 4

z − 3

)
L (φ)(z) = 1

z − 2
,

or
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z2 − 3z − 4

z − 3
L (φ)(z) = 1

z − 2
,

or
(z − 4)(z + 1)

z − 3
L (φ)(z) = 1

z − 2

or

L (φ)(z) = z − 3

(z − 2)(z − 4)(z + 1)

= z − 2 − 1

(z − 2)(z − 4)(z + 1)

= 1

(z − 4)(z + 1)
− 1

(z − 2)(z − 4)(z + 1)

= 1

5

(
1

z − 4
− 1

z + 1

) (
1 − 1

z − 2

)

= 1

5

1

z − 4
− 1

5

1

z + 1
− 1

5

1

(z − 4)(z − 2)

+1

5

1

z + 1

1

z − 2

= 1

5

1

z − 4
− 1

5

1

z + 1
− 1

10

(
1

z − 4
− 1

z − 2

)

+ 1

15

(
1

z − 2
− 1

z + 1

)

= 1

5

1

z − 4
− 1

5

1

z + 1
− 1

10

1

z − 4
+ 1

10

1

z − 2

+ 1

15

1

z − 2
− 1

15

1

z + 1

= 1

10

1

z − 4
+ 1

6

1

z − 2
− 4

15

1

z + 1

= 1

10
L (e4(x, 0))(z) + 1

6
L (e2(x, 0))(z) − 4

15
L (e−1(x, 0))(z)

= L

(
1

10
e4(x, 0) + 1

6
e2(x, 0) − 4

15
e−1(x, 0)

)
(z).

Consequently

φ(x) = 1

10
e4(x, 0) + 1

6
e2(x, 0) − 4

15
e−1(x, 0).
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Exercise 9 Use the Laplace transform to solve the following equations.

1. {
φΔ2

(x) = e1(x, 0) + ∫ x
0 h1(x, σ (y))φ(y)Δy

φ(0) = φΔ(0) = 1,

2. {
φΔ2

(x) = h1(x, 0) + ∫ x
0 e7(x, σ (y))φ(y)Δy

φ(0) = 0, φΔ(0) = 1,

3. {
φΔ2

(x) = −1 + 2
∫ x
0 h3(x, σ (y))φ(y)Δy

φ(0) = φΔ(0) = 0.

7.6 Generalized Volterra Integro-Differential Equations
of the First Kind

Here we consider

u(x) = λ1

∫ x

0
K1(x, σ (y))φ(y)Δy + λ2

∫ x

0
K2(x, σ (y))φΔn

(y)Δy, (7.18)

φ(0) = φ0, φΔ(0) = φ1, φΔn−1
(0) = φn−1, (7.19)

where K1(x, 0) and K2(x, 0) are eα(x, 0), coshα(x, 0), sinhα(x, 0), cosα(x, 0),
sinα(x, 0) or hk(x, 0), u : T0 �−→ R be a given continuous function, λ1 and λ2 are
parameters.
The Eq. (7.18) we can rewrite in the following form.

u(x) = λ1K1(x, 0) � φ(x) + λ2K2(x, 0) � φΔn
(x),

We take the Laplace transform of both sides of the last equation and we find

L (u)(z) = L (λ1K1(x, 0) � φ(x) + λ2K2(x, 0) � φΔn
(x))(z)

= λ1L (K1(x, 0) � φ(x))(z) + λ2L (K2(x, 0) � φΔn
(x))(z)

= λ1L (K1)(z)L (φ)(z) + λ2L (K2)(z)L (φΔn
)(z)

= λ1L (K1)L (φ)(z) + λ2L (K2)(z)

(

znL (φ)(z) −
n−1∑

l=0

zlφΔn−1−l
(0)

)

= λ1L (K1)(z)L (φ)(z) + znλ2L (K2)(z)L (φ)(z)

− λ2L (K2)(z)
n−1∑

i=0

zlφn−1−l,
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whereupon

(
λ1L (K1)(z) + znλ2L (K2)(z)

)
L (φ)(z) = L (u)(z) + λ2L (K2)(z)

n−1∑

l=0

zlφn−1−l.

Example 17 Consider the equation

cosh2(x, 0) = −3
∫ x

0
e3(x, σ (y))φ(y)Δy +

∫ x

0
e3(x, σ (y))φΔ(y)Δy, φ(0) = 0.

The given equation we can rewrite in the following form

cosh2(x, 0) = −3e3(x, 0) � φ(x) + e3(x, 0) � φΔ(x).

We take the Laplace transform of both sides of the last equation and we get

L (cosh2(x, 0))(z) = L (−3e3(x, 0) � φ(x) + e3(x, 0) � φΔ(x))(z)

= L (−3e3(x, 0) � φ(x))(z) + L (e3(x, 0) � φΔ(x))(z)

= −3L (e3(x, 0) � φ(x))(z) + L (e3(x, 0))L (φΔ(x))(z)

= −3L (e3(x, 0))(z)L (φ)(z) + 1

z − 3
(zL (φ)(z) − φ(0))

= − 3

z − 3
L (φ)(z) + z

z − 3
L (φ)(z)

= z − 3

z − 3
L (φ)(z)

= L (φ)(z),

i.e.,
L (φ)(z) = L (cosh2(x, 0))(z).

Consequently
φ(x) = cosh2(x, 0).

Example 18 Consider the equation

{
h1(x, 0) = ∫ x

0 φ(y)Δy + 4
∫ x
0 h2(x, σ (y))φΔ2

(y)Δy
φ(0) = φΔ(0) = 0.

The given equation we can rewrite in the following form

h1(x, 0) = h0(x, 0) � φ(x) + 4h2(x, 0) � φΔ2
(x).
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We take the Laplace transform of both sides of the last equation and we find

L (h1(x, 0))(z) = L (h0(x, 0) � φ(x) + 4h2(x, 0) � φΔ2
(x))(z)

= L (h0(x, 0) � φ(x))(z) + 4L (h2(x, 0) � φΔ2
(x))(z)

= L (h0(x, 0))(z)L (φ)(z) + 4L (h2(x, 0))(z)L (φΔ2
)(z)

= 1

z
L (φ)(z) + 4

1

z3
(
z2L (φ)(z) − φΔ(0) − zφ(0)

)

= 1

z
L (φ)(z) + 4

z
L (φ)(z)

= 5

z
L (φ)(z).

Hence,
5

z
L (φ)(z) = 1

z2
,

whereupon

L (φ)(z) = 1

5

1

z

= 1

5
L (1)(z).

Consequently

φ(x) = 1

5
.

Example 19 Consider the equation

h1(x, 0) = −
∫ x

0
φ(y)Δy + 2

∫ x

0
h1(x, σ (y))φΔ(y)Δy, φ(0) = 1.

The given equation we can rewrite in the following form

h1(x, 0) = −h0(x, 0) � φ(x) + 2h1(x, 0) � φΔ(x).

We take the Laplace transform of both sides of the last equation and we find
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L (h1(x, 0))(z) = L (−h0(x, 0) � φ(x) + 2h1(x, 0) � φΔ(x))(z)

= −L (h0(x, 0) � φ(x))(z) + 2L (h1(x, 0) � φΔ(x))(z)

= −L (h0(x, 0))L (φ)(z) + 2L (h1(x, 0))(z)L (φΔ)(z)

= −1

z
L (φ)(z) + 2

z2
(zL (φ)(z) − φ(0))

= −1

z
L (φ)(z) + 2

z
L (φ)(z) − 2

z2

= 1

z
L (φ)(z) − 2

z2
,

whereupon
1

z
L (φ)(z) − 2

z2
= 1

z2
,

or
1

z
L (φ)(z) = 3

z2
,

or

L (φ)(z) = 3

z
.

Consequently
φ(x) = 3.

Because φ(0) = 1 the considered problem has no solution.

Exercise 10 Use the Laplace transform to solve the following equations.

1. {
cosh3(x, 0) = ∫ x

0 e1(x, σ (y))φ(y)Δy − 3
∫ x
0 e2(x, σ (y))φΔ2

(y)Δy
φ(0) = φΔ(0) = 0,

2. {
sinh3(x, 0) = ∫ x

0 φ(y)Δy + ∫ x
0 cos3(x, σ (y))φΔ2

(y)Δy
φ(0) = 1, φΔ(0) = 0,

3. {
e4(x, 0) = −2

∫ x
0 e−1(x, σ (y))φ(y)Δy + ∫ x

0 e2(x, σ (y))φΔ2
(y)Δy

φ(0) = φΔ(0) = 1.
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7.7 Advanced Practical Exercises

Problem 1 Let α, β ∈ R and 1 + αμ(x) �= 0, 1 + βμ(x) �= 0 for all x ∈ T . Prove
that

L
(
eα(x, 0) sinh β

1+αμ
(x, 0)

)
(z) = β

(z − α)2 − β2

whenever

lim
x→∞ eα(x, 0) sinh β

1+αμ
(x, 0) = lim

x→∞ eα(x, 0) sinhΔ
β

1+αμ

(x, 0) = 0.

Problem 2 Let α, β ∈ R and 1 + αμ(x) �= 0, 1 + βμ(x) �= 0 for all x ∈ T . Prove
that

L
(
eα(x, 0) cosh β

1+αμ
(x, 0)

)
(z) = z − α

(z − α)2 − β2

whenever

lim
x→∞ eα(x, 0) cosh β

1+αμ
(x, 0) = lim

x→∞ eα(x, 0) coshΔ
β

1+αμ

(x, 0) = 0.

Problem 3 Prove the following relations.

1. If α �= 0, then

eα(x, 0) � hk(x, 0) = 1

αk+1
eα(x, 0) −

k∑

j=0

1

αk+1−j
hj(x, 0).

2. If α2 + β2 �= 0, then

eα(x, 0) � cosβ(x, 0) = αeα(x, 0) + β sinβ(x, 0) − α cosβ(x, 0)

α2 + β2
.

3. If α �= 0, α �= β, then

sinα(x, 0) � sinβ(x, 0) = α sinβ(x, 0) − β sinα(x, 0)

α2 − β2
.

4. If α �= 0, α �= β, then

sinα(x, 0) � cosβ(x, 0) = α cosβ(x, 0) − α cosα(x, 0)

α2 − β2
.

5. If α �= 0, then
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sinα(x, 0) � sinα(x, 0) = 1

α
sinα(x, 0) − 1

2
x cosα(x, 0).

6. If k ≥ 0, then

cosα(x, 0) � hk(x, 0)

=
⎧
⎨

⎩
(−1)

k(k+1)
2

1
αk+1 sinα(x, 0) + ∑ k−2

2
j=0(−1)j hk−2j−1(x,0)

α2j+2 if k is even

(−1)
k(k+1)

2
1

αk+1 cosα(x, 0) + ∑ k−1
2

j=0(−1)j hk−2j−1(x,0)
α2j+2 if k is odd.

Problem 4 Use Laplace transform to solve the following initial value problem

φΔ2 + 9φ = sin3(x, 0)
φ(0) = φΔ(0) = 1.

Answer

φ(x) = 1

3
sin3(x, 0) � sin3(x, 0) + 1

3
sin3(x, 0) + cos3(x, 0).

Problem 5 Solve the equation

φ(x) = 2e3(x, 0) − 5
∫ x

0
e4(x, σ (y))φ(y)Δy.

Answer

φ(x) = 5

2
e−1(x, 0) − 1

2
e3(x, 0).

Problem 6 Use the Laplace transform to solve the following equations.

1. e4(x, 0) + e−2(x, 0) =
∫ x

0
eσ
2 (x, y)φ(y)Δy, T0 = Z ,

2. sinh4(x, 0) � e−2(x, 0) =
∫ x

0
eσ
4 (x, y)φ(y)Δy, T0 = 2N0 ∪ {0},

3. sinh2(x, 0) � cosh2(x, 0) =
∫ x

0
coshσ

2 (x, y)φ(y)Δy, T0 = N0,

4. e3(x, 0) � e−2(x, 0) + cosh2(x, 0) =
∫ x

0
e1(x, σ (y))φ(y)Δy, T0 = Z ,

5. e3(x, 0) + e−5(x, 0) = 4
∫ x

0
cos2(x, σ (y))φ(y)Δy, T0 = Z ,

6. sinh2(x, 0) + cos2(x, 0) = 2
∫ x

0
sinh1(x, σ (y))φ(y)Δy, T0 = Z .
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7. e−3(x, 0) + h2(x, 0) � e−2(x, 0) + cosh2(x, 0) =
∫ x

0
e4(x, σ (y))φ(y)Δy,

T0 = Z ,

8. e−3(x, 0) + e5(x, 0) � sinh1(x, 0) =
∫ x

0
cosh3(x, σ (y))φ(y)Δy, T0 = Z ,

9. sin4(x, 0) � e−2(x, 0) + cosh−2(x, 0)=
∫ x

0
sinh1(x, σ (y))φ(y)Δy, T0 = Z .

Problem 7 Use the Laplace transform to solve the following equations.

1. {
φΔ2

(x) = e2(x, 0) − 3
∫ x
0 e1(x, σ (y))φ(y)Δy

φ(0) = φΔ(0) = 1,

2. {
φΔ2

(x) = h1(x, 0) − 4
∫ x
0 h1(x, σ (y))φ(y)Δy

φ(0) = 1, φΔ(0) = 2,

3. {
φΔ2

(x) = −10e1(x, 0) + 2
∫ x
0 h1(x, σ (y))φ(y)Δy

φ(0) = φΔ(0) = 0.

4. {
φΔ3

(x) = e2(x, 0) − 2
∫ x
0 h2(x, σ (y))φ(y)Δy

φ(0) = φΔ(0) = φΔ2
(0) = 0.

Problem 8 Use the Laplace transform to solve the following equations.

1.

{
cosh2(x, 0) = −4

∫ x
0 sinh1(x, σ (y))φ(y)Δy − ∫ x

0 e2(x, σ (y))φΔ2
(y)Δy

φ(0) = 0, φΔ(0) = 1,

2.

{
e−3(x, 0) = − ∫ x

0 sin1(x, σ (y))φ(y)Δy + ∫ x
0 cosh3(x, σ (y))φΔ2

(y)Δy
φ(0) = 1, φΔ(0) = 2,

3. {
sinh4(x, 0) = 2

∫ x
0 e3(x, σ (y))φ(y)Δy − 2

∫ x
0 e1(x, σ (y))φΔ2

(y)Δy
φ(0) = φΔ(0) = 0,

4. {
sinh1(x, 0) = ∫ x

0 sin3(x, σ (y))φΔ(y)Δy − 2
∫ x
0 e1(x, σ (y))φΔ3

(y)Δy
φ(0) = φΔ(0) = φΔ2

(0) = 1,
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5. {
e3(x, 0) = 5

∫ x
0 e3(x, σ (y))φ(y)Δy + ∫ x

0 e1(x, σ (y))φΔ3
(y)Δy

φ(0) = φΔ(0) = 0, φΔ2
(0) = −1,

6. {
cosh4(x, 0) = ∫ x

0 sinh3(x, σ (y))φ(y)Δy + 2
∫ x
0 e1(x, σ (y))φΔ3

(y)Δy
φ(0) = φΔ(0) = 0, φΔ2

(0) = −3.



Chapter 8
The Series Solution Method

In this chapterwe describe the series solutionmethod for generalizedVolterra integral
equations and generalized Volterra integro-differential equations.

8.1 Generalized Volterra Integral Equations
of the Second Kind

Definition 1 A real function u(x) is called analytic if it has delta derivative of all
orders such that the Taylor series at any point α in its domain

g(x) =
n∑

k=0

f Δk
(α)hk(x, α)

converges to f (x) in a neighbourhood of α.

For simplicity, the generic form of Taylor series at x = 0 can be written as

f (x) =
∞∑

n=0

fnhn(x, 0). (8.1)

In this section we will present a useful method for solving generalized Volterra
integral equations of the second kind.
We will assume that the solution φ(x) of the generalized Volterra integral equation
of the second kind

φ(x) = f (x) + λ

∫ x

a
K (x, y)φ(y)Δy (8.2)
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is analytic, and therefore possesses a Taylor series of the form given by

φ(x) =
∞∑

n=0

anhn(x, 0), (8.3)

where the coefficients an, n ≥ 0, will be determined recurrently. Also, we assume
that f (x) is of the form given by (8.1).
Substituting (8.1) and (8.3) in (8.2) gives

∞∑

n=0

anhn(x, 0) =
∞∑

n=0

fnhn(x, 0) + λ

∫ x

0
K (x, y)

( ∞∑

n=0

hn(y, 0)

)

Δy.

Next we equate the coefficients of hn(x, 0) to obtain a recurrence relation in an,
n ≥ 0. Solving the recurrence relation will lead to a complete determination of the
coefficients an, n ≥ 0.Having determined the coefficients an, n ≥ 0, the series solu-
tion follows immediately upon substituting the derived coefficients into (8.3). The
exact solution may be obtained if such an exact solution exists. If an exact solution
is not obtainable, then the obtained series can be used for numerical purposes.

Example 1 Consider the equation

φ(x) = 1 +
∫ x

0
φ(y)Δy.

We have

φ(x) =
∞∑

n=0

anhn(x, 0)

and

∞∑

n=0

anhn(x, 0) = 1 +
∫ x

0

∞∑

n=0

anhn(y, 0)Δy

= 1 +
∞∑

n=0

an

∫ x

0
hn(y, 0)Δy

= 1 +
∞∑

n=0

anhn+1(x, 0),

whereupon

a0h0(x, 0) + a1h1(x, 0) + a2h2(x, 0) + · · · = h0(x, 0) + a0h1(x, 0) + a1h2(x, 0) + · · · .
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Hence, ⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a0 = 1

a1 = a0

a2 = a1

. . .

an+1 = an, n ≥ 2.

Therefore
an = 1, n ≥ 0.

Consequently

φ(x) = h0(x, 0) + h1(x, 0) + · · · + hn(x, 0) + · · ·

= e1(x, 0).

Example 2 Consider the equation

φ(x) = sinh1(x, 0) + 2
∫ x

0
φ(y)Δy.

We have

sinh1(x, 0) =
∞∑

n=0

h2n+1(x, 0) and φ(x) =
∞∑

n=0

anhn(x, 0).

Then

∞∑

n=0

anhn(x, 0) =
∞∑

n=0

h2n+1(x, 0) + 2
∫ x

0

∞∑

n=0

anhn(y, 0)Δy

=
∞∑

n=0

h2n+1(x, 0) + 2
∞∑

n=0

an

∫ x

0
hn(y, 0)Δy

=
∞∑

n=0

h2n+1(x, 0) + 2
∞∑

n=0

anhn+1(x, 0).
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Hence,

a0h0(x, 0) + a1h1(x, 0) + a2h2(x, 0) + a3h3(x, 0) + a4h4(x, 0) + · · ·

= h1(x, 0) + h3(x, 0) + h5(x, 0) + · · ·

+ 2a0h1(x, 0) + 2a1h2(x, 0) + 2a2h3(x, 0) + 2a3h4(x, 0) + · · · .

Therefore ⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a0 = 0

a1 = 1 + 2a0

a2 = 2a1

a3 = 1 + 2a2

a4 = 2a3

. . .

a2n = 2a2n−1

a2n+1 = 1 + 2a2n.

From here,
a0 = 0

a1 = 1

a2 = 2

a3 = 1 + 22 = 5

a4 = 10

. . . ,

and
φ(x) = h1(x, 0) + 2h2(x, 0) + 5h3(x, 0) + 10h4(x, 0) + · · · .

Example 3 Consider the equation

φ(x) = 2 + e1(x, 0) − 3
∫ x

0
φ(y)Δy.
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We have

e1(x, 0) =
∞∑

n=0

hn(x, 0) and φ(x) =
∞∑

n=0

anhn(x, 0).

Substituting them in the given equation, we get

∞∑

n=0

anhn(x, 0) = 2 +
∞∑

n=0

hn(x, 0) − 3
∫ x

0

∞∑

n=0

anhn(x, 0)Δx

= 2 +
∞∑

n=0

hn(x, 0) − 3
∞∑

n=0

an

∫ x

0
hn(y, 0)Δy

= 2h0(x, 0) +
∞∑

n=0

hn(x, 0) − 3
∞∑

n=0

anhn+1(x, 0).

Hence,

a0h0(x, 0) + a1h1(x, 0) + a2h2(x, 0) + a3h3(x, 0) + a4h4(x, 0) + · · ·

= 2h0(x, 0) + h0(x, 0) + h1(x, 0) + h2(x, 0) + h3(x, 0) + h4(x, 0) + · · ·

−3a0h1(x, 0) − 3a1h2(x, 0) − 3a2h3(x, 0) − 3a3h4(x, 0) − · · · .

Therefore ⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a0 = 3

a1 = 1 − 3a0

a2 = 1 − 3a1

a3 = 1 − 3a2

. . .

an = 1 − 3an−1, n ≥ 4,

i.e., ⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a0 = 3

a1 = −8

a2 = 25

a3 = −74

. . .
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and
φ(x) = 3 − 8h1(x, 0) + 25h2(x, 0) − 74h3(x, 0) + · · · .

Exercise 1 Find a solution φ(x) =
∞∑

n=0

anhn(x, 0) of the following equations.

1. 2φ(x) = 3 − e2(x, 0) + e1(x, 0) − 4
∫ x

0
φ(y)Δy,

2. φ(x) = 3 cos1(x, 0) − 2 sin2(x, 0) +
∫ x

0
φ(y)Δy,

3. φ(x) = e−1(x, 0) + 2 cosh1(x, 0) − 4
∫ x

0
φ(y)Δy,

4. φ(x) = 3 cosh1(x, 0) − 2 sinh2(x, 0) +
∫ x

0
φ(y)Δy,

5. φ(x) = 4 cosh2(x, 0) − 3e−1(x, 0) + e−i (x, 0) + 2
∫ x

0
φ(y)Δy,

6. φ(x) = 1 − 3 cos−3(x, 0) +
∫ x

0
φ(y)Δy,

7. φ(x) = 2e−i (x, 0) − 3ei (x, 0) + 2 +
∫ x

0
φ(y)Δy,

8. φ(x) = 1 − 3e−4(x, 0) −
∫ x

0
φ(y)Δy,

9. φ(x) = 2 cosh1(x, 0) + 3 sinh2(x, 0) + 2
∫ x

0
φ(y)Δy.

Lemma 1 For every k, l ∈ N we have

hk+l(x, 0) =
∫ x

0
hl−1(x, σ (s))hk(s, 0)Δs

=
∫ x

0
hk−1(x, σ (s))hl(s, 0)Δs.

Proof Note that ⎧
⎨

⎩

hΔl

k+l(x, 0) = hk(x, 0),

hΔi

k+l(0, 0) = 0, 0 ≤ i ≤ l − 1.

Therefore hk+l(x, 0) is given by

hk+l(x, 0) =
∫ x

0
hl−1(x, σ (s))hk(s, 0)Δs.
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Also, ⎧
⎨

⎩

hΔk

k+l(x, 0) = hl(x, 0),

hΔi

k+l(0, 0) = 0, 0 ≤ i ≤ k − 1.

Consequently

hk+l(x, 0) =
∫ x

0
hk−1(x, σ (s))hl(s, 0)Δs,

which completes the proof.

Example 4 Let T = Z . Consider the equation

φ(x) = cos1(x, 0) + 2
∫ x

0
h2(x, y + 1)φ(y)Δy.

Here
σ(x) = x + 1, x ∈ T .

Then the given equation we can rewrite in the following form

φ(x) = cos1(x, 0) + 2
∫ x

0
h2(x, σ (y))φ(y)Δy.

Let

φ(x) =
∞∑

n=0

anhn(x, 0).

Then

∞∑

n=0

anhn(x, 0) =
∞∑

n=0

(−1)nh2n(x, 0) + 2
∫ x

0
h2(x, σ (y))

∞∑

n=0

anhn(y, 0)Δy

=
∞∑

n=0

(−1)nh2n(x, 0) + 2
∞∑

n=0

an

∫ x

0
h2(x, σ (y))hn(y, 0)Δy

=
∞∑

n=0

(−1)nh2n(x, 0) + 2
∞∑

n=0

anhn+3(x, 0).



382 8 The Series Solution Method

Hence,

a0h0(x, 0) + a1h1(x, 0) + a2h2(x, 0) + a3h3(x, 0) + a4h4(x, 0) + · · ·

= h0(x, 0) − h2(x, 0) + h4(x, 0) − · · ·

+2a0h3(x, 0) + 2a1h4(x, 0) + 2a2h5(x, 0) + · · · .

Then ⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a0 = 1

a1 = 0

a2 = −1

a3 = 2a0

a4 = 1 + 2a1

a5 = 2a2

. . .

a2n = (−1)n + 2a2n−3,

a2n+1 = 2a2n−2, n ≥ 3,

or

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a0 = 1

a1 = 0

a2 = −1

a3 = 2

a4 = 1

a5 = −2

. . . ,

and

φ(x) = h0(x, 0) − h2(x, 0) + 2h3(x, 0) + h4(x, 0) − 2h5(x, 0) + · · · .

Example 5 Let T = 2N0 ∪ {0}. Consider the equation

φ(x) =
∞∑

n=0

2n+1 − 3

3n + 4n
hn(x, 0) +

∫ x

0
h1(x, 2y)φ(y)Δy.

Here
σ(x) = 2x, x ∈ T .

Then the given equation we can rewrite in the following form

φ(x) =
∞∑

n=0

2n+1 − 3

3n + 4n
hn(x, 0) +

∫ x

0
h1(x, σ (y))φ(y)Δy.
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Then

φ(x) =
∞∑

n=0

anhn(x, 0).

Hence,

∞∑

n=0

anhn(x, 0) =
∞∑

n=0

2n+1 − 3

3n + 4n
hn(x, 0) +

∫ x

0
h1(x, σ (y))

∞∑

n=0

anhn(y, 0)Δy

=
∞∑

n=0

2n+1 − 3

3n + 4n
hn(x, 0) +

∞∑

n=0

an

∫ x

0
h1(x, σ (y))hn(y, 0)Δy

=
∞∑

n=0

2n+1 − 3

3n + 4n
hn(x, 0) +

∞∑

n=0

anhn+2(x, 0)

=
∞∑

n=0

2n+1 − 3

3n + 4n
hn(x, 0) +

∞∑

n=2

an−2hn(x, 0)

= −1

2
h0(x, 0) + 1

7
h1(x, 0) +

∞∑

n=2

(
an−2 + 2n+1 − 3

3n + 4n

)
hn(x, 0),

whereupon

a0h0(x, 0) + a1h1(x, 0) +
∞∑

n=2

anhn(x, 0) = −1

2
h0(x, 0) + 1

7
h1(x, 0)

+
∞∑

n=2

(
an−2 + 2n+1 − 3

3n + 4n

)
hn(x, 0).

Therefore ⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

a0 = − 1
2

a1 = 1
7

an = an−2 + 2n+1−3
3n+4n , n ≥ 2.

Exercise 2 Find a solution φ(x) =
∞∑

n=0

anhn(x, 0) of the following equations.

1. φ(x) = e2(x, 0) + e1(x, 0) +
∫ x

0
h3(x, y + 3)φ(y)Δy, T = 3Z ,

2. φ(x) = cos2(x, 0) + 4 sin3(x, 0) +
∫ x

0
h4(x, y + 1)φ(y)Δy, T = Z ,
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3. φ(x) = e1(x, 0) + 2 + cosh1(x, 0) +
∫ x

0
e3(x, y + 1)φ(y)Δy, T = Z ,

4. φ(x) = cosh3(x, 0) + sinh2(x, 0) +
∫ x

0
h1(x, 2y)φ(y)Δy, T = 2N0 ∪ {0},

5. φ(x) = cosh1(x, 0) + e1(x, 0) + e−i (x, 0) + ∫ x
0 h10(x, 3y)φ(y)Δy, T =

3N0 ∪ {0},
6. φ(x) = 10x + 7 − 3 cos2(x, 0) +

∫ x

0
h4(x, 2y)φ(y)Δy, T = 2N0 ∪ {0},

7. φ(x) = 2e−2i (x, 0) + ei (x, 0) + 2 +
∫ x

0
h2(x, y + 1)φ(y)Δy, T = Z ,

8. φ(x) = cos1(x, 0) − 3e4(x, 0) −
∫ x

0
h2(x, y + 1)φ(y)Δy, T = Z ,

9. φ(x) = cosh3(x, 0) + sinh−2(x, 0) + 2
∫ x
0 h8(x, 2y)φ(y)Δy, T = 2N0 ∪ {0}.

8.2 Generalized Volterra Integral Equations
of the First Kind

Here we consider the generalized Volterra integral equation of the first kind

f (x) =
∫ x

0
K (x, y)φ(y)Δy, (8.4)

where the kernel K (x, y) and the function f (x) are given real-valued functions.
As in the previous section, we will consider the solution φ(x) to be analytic, where
it has derivatives of all orders, and it possesses Taylor series at x = 0 of the form

φ(x) =
∞∑

n=0

anhn(x, 0), (8.5)

where the coefficients an will be determined recurrently. Suppose that

f (x) =
∞∑

n=0

fnhn(x, 0). (8.6)

Substituting (8.5) and (8.6) into (8.4) gives

∞∑

n=0

fnhn(x, 0) =
∫ x

0
K (x, y)

∞∑

n=0

anhn(y, 0)Δy.

We next equate the coefficients of hn(x, 0), n ≥ 0, in both sides of the resulting
equation to obtain a recurrence relation in an, n ≥ 0.



8.2 Generalized Volterra Integral Equations of the First Kind 385

Example 6 Consider the equation

e1(x, 0) − 1 =
∫ x

0
φ(y)Δy.

Let

φ(x) =
∞∑

n=0

anhn(x, 0).

Then

∞∑

n=0

hn(x, 0) − 1 =
∫ x

0

∞∑

n=0

anhn(y, 0)Δy

=
∞∑

n=0

an

∫ x

0
hn(y, 0)Δy

=
∞∑

n=0

anhn+1(x, 0),

whereupon
∞∑

n=1

hn(x, 0) =
∞∑

n=0

anhn+1(x, 0).

Hence,

h1(x, 0) + h2(x, 0) + h3(x, 0) + · · · = a0h1(x, 0) + a1h2(x, 0) + a2h3(x, 0) + · · · .

Therefore an = 1 for all n ∈ N0 and

φ(x) =
∞∑

n=0

hn(x, 0) = e1(x, 0).

Example 7 Let T = Z . Consider the equation

∞∑

n=4

3n+2hn(x, 0) =
∫ x

0
h3(x, y + 1)φ(y)Δy.

Here σ(x) = x + 1, x ∈ T . Then the given equation can be rewritten in the form

∞∑

n=4

3n+2hn(x, 0) =
∫ x

0
h3(x, σ (y))φ(y)Δy.
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Let

φ(x) =
∞∑

n=0

anhn(x, 0).

Then

∞∑

n=4

3n+2hn(x, 0) =
∫ x

0
h3(x, σ (y))

∞∑

n=0

hn(y, 0)Δy

=
∞∑

n=0

an

∫ x

0
h3(x, σ (y))hn(y, 0)Δy

=
∞∑

n=0

anhn+4(x, 0)

=
∞∑

n=4

an−4hn(x, 0).

Consequently
an−4 = 3n+2, n ≥ 4,

or
an = 3n+6, n ≥ 0.

From here,

φ(x) =
∞∑

n=0

3n+6hn(x, 0).

Example 8 Let T = 2N0 ∪ {0}. Consider the equation
∞∑

n=0

(3n − 4n)hn(x, 0) = 2
∫ x

0
h2(x, 2y)φ(y)Δy.

Here σ(x) = 2x, x ∈ T .Then the given equation can be rewritten in the following
form ∞∑

n=0

(3n − 4n)hn(x, 0) = 2
∫ x

0
h2(x, σ (y))φ(y)Δy.

Let

φ(x) =
∞∑

n=0

anhn(x, 0). (8.7)
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Then

∞∑

n=0

(3n − 4n)hn(x, 0) = 2
∫ x

0
h2(x, σ (y))

∞∑

n=0

anhn(y, 0)Δy

= 2
∞∑

n=0

an

∫ x

0
h2(x, σ (y))hn(y, 0)Δy

= 2
∞∑

n=0

anhn+3(x, 0).

Hence,

(30 − 40)h0(x, 0) = 0, (31 − 41)h1(x, 0) = 0, (32 − 42)h2(x, 0) = 0 on T ,

which is a contradiction.
Therefore the considered equation has not any solution of the form (8.7).

Exercise 3 Find a solution φ(x) =
∞∑

n=0

anhn(x, 0) of the following equations.

1. sinh1(x, 0) = 2
∫ x

0
φ(y)Δy, T = Z ,

2. cosh1(x, 0) + e1(x, 0) =
∫ x

0
h7(x, y + 1)φ(y)Δy, T = Z ,

3. sinh−1(x, 0) =
∫ x

0
φ(y)Δy, T = 2N0 ∪ {0}.

8.3 Generalized Volterra Integro-Differential Equations
of the Second Kind

Wewill assume that the solution φ(x) of the generalized Volterra integro-differential
equation of the second kind

φΔn
(x) = f (x) + λ

∫ x

0
K (x, y)φ(y)Δy, φΔk

(0) = φk, 0 ≤ k ≤ n − 1, (8.8)

is in the form

φ(x) =
∞∑

n=0

anhn(x, 0). (8.9)

Here K : T × T �−→ R, f : T �−→ R are given continuous functions, λ is a
parameter.
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The first few coefficients ak, 0 ≤ k ≤ n − 1, can be determined by using the initial
conditions so that

φ(0) = a0 = φ0,

φΔ(0) = a1 = φ1,

. . .

φΔn−1
(0) = an−1 = φn−1.

The remaining coefficients ak of (8.9) will be determined by applying the series solu-
tion method to the generalized Volterra integro-differential equations of the second
kind. Substituting (8.9) into (8.8) gives

( ∞∑

k=0

akhk(x, 0)

)Δn

= u(x) + λ

∫ x

0
K (x, y)

∞∑

k=0

akhk(y, 0)Δy.

We next equate the coefficients of hn(x, 0) into both sides of the resulting equa-
tion to determine a recurrence relation in ak, k ≥ 0. Solving the recurrence relation
will lead to a complete determination of the coefficients ak, k ≥ 0, where some of
these coefficients will be used from the initial conditions. Having determined the
coefficients an, n ≥ 0, the series solution follows immediately upon substituting the
derived coefficients into (8.9). The exact solution may be obtained if such an exact
solution exists. If an exact solution is not obtainable, then the obtained series can be
used for numerical purposes.

Example 9 Consider the equation

φΔ2
(x) = 1 +

∫ x

0
φ(y)Δy, φ(0) = φΔ(0) = 1.

We will search a solution in the form

φ(x) =
∞∑

n=0

anhn(x, 0).

Then, using the initial data,

φ(0) = a0 = 1,

φΔ(x) =
( ∞∑

n=0

anhn(x, 0)

)Δ
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=
∞∑

n=0

anh
Δ
n (x, 0)

=
∑

n=1

anhn−1(x, 0),

φΔ(0) = a1 = 1,

φΔ2
(x) =

( ∞∑

n=1

anhn−1(x, 0)

)Δ

=
∞∑

n=1

anh
Δ
n−1(x, 0)

=
∞∑

n=2

anhn−2(x, 0)

=
∞∑

n=0

an+2hn(x, 0).

We substitute in the given equation and we find

∞∑

n=0

an+2hn(x, 0) = 1 +
∫ x

0

∞∑

n=0

anhn(y, 0)Δy

= 1 +
∞∑

n=0

an

∫ x

0
hn(y, 0)Δy

= 1 +
∞∑

n=0

anhn+1(x, 0).

Hence,
a2h0(x, 0) + a3h1(x, 0) + a4h2(x, 0) + a5h3(x, 0) + · · ·

= h0(x, 0) + a0h1(x, 0) + a1h2(x, 0) + a2h3(x, 0) + · · · .
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Therefore ⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a2 = 1

a3 = a0

a4 = a1

a5 = a2

. . .

an = an−3, n ≥ 6.

Consequently an = 1 for all n ∈ N0 and

φ(x) = h0(x, 0) + h1(x, 0) + h2(x, 0) + h3(x, 0) + · · ·

= e1(x, 0).

Example 10 Consider the equation

⎧
⎨

⎩

φΔ3
(x) = h2(x, 0) + 2

∫ x
0 φ(y)Δy

φ(0) = 1, φΔ(0) = −1, φΔ2
(0) = 0.

We will search a solution of the form

φ(x) =
∞∑

n=0

anhn(x, 0).

Using the initial conditions, we obtain

φ(0) = a0 = 1,

φΔ(x) =
( ∞∑

n=0

anhn(x, 0)

)Δ

=
∞∑

n=0

anh
Δ
n (x, 0)

=
∞∑

n=1

anhn−1(x, 0),
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φΔ(0) = a1 = −1,

φΔ2
(x) =

( ∞∑

n=1

anhn−1(x, 0)

)Δ

=
∞∑

n=1

anh
Δ
n−1(x, 0)

=
∞∑

n=2

anhn−2(x, 0),

φΔ2
(0) = a2 = 0.

Also,

φΔ3
(x) =

( ∞∑

n=2

anhn−2(x, 0)

)Δ

=
∞∑

n=2

anh
Δ
n−2(x, 0)

=
∞∑

n=3

anhn−3(x, 0).

We substitute in the given equation and we find

∞∑

n=3

anhn−3(x, 0) = h2(x, 0) + 2
∫ x

0

∞∑

n=0

anhn(y, 0)Δy

= h2(x, 0) + 2
∞∑

n=0

an

∫ x

0
hn(y, 0)Δy

= h2(x, 0) + 2
∞∑

n=0

anhn+1(x, 0).
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From here,

a3h0(x, 0) + a4h1(x, 0) + a5h2(x, 0) + a6h3(x, 0) + a7h4(x, 0) + · · ·

= 2a0h1(x, 0) + (2a1 + 1)h2(x, 0) + 2a2h3(x, 0) + 2a3h4(x, 0) + · · · .

Therefore ⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a3 = 0

a4 = 2a0

a5 = 2a1 + 1

a6 = 2a2

a7 = 2a3

. . .

an = 2an−4, n ≥ 3,

whereupon ⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a3 = 0

a4 = 2

a5 = −1

a6 = 0

a7 = 0

a8 = 4

a9 = 0

. . . .

Hence,

φ(x) = h0(x, 0) − h1(x, 0) + 2h4(x, 0) − h5(x, 0) + 4h8(x, 0) + · · · .
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Exercise 4 Find a solution φ(x) =
∞∑

n=0

anhn(x, 0) of the following equations.

1. ⎧
⎨

⎩

φΔ3
(x) − 2φ(x) = 1 + 2

∫ x
0 φ(y)Δy

φ(0) = φΔ(0) = φΔ2
(0) = 1,

2. ⎧
⎨

⎩

φΔ2
(x) − φΔ(x) − φ(x) = 3

∫ x
0 φ(y)Δy

φ(0) = φΔ(0) = 1,

3. ⎧
⎨

⎩

φΔ2
(x) + 5φ(x) = 3φΔ(x) + ∫ x

0 h4(x, σ (y))φ(y)Δy

φ(0) = φΔ(0) = 2.



Chapter 9
Non-linear Generalized Integral Equations

The generalized Volterra integral equation

φ(x) − λ

∫ x

a
K (x, y)φ(y)Δy = u(x)

and the generalized Fredholm integral equation

φ(x) − λ

∫ b

a
K (x, y)φ(y)Δy = u(x)

with which we were concerned in the previous chapters, are both linear with respect
to the unknown function φ(x).
In this chapter we shall give a brief sketch of several results for non-linear generalized
integral equations.

9.1 Non-linear Generalized Volterra Integral Equations

We consider the equation

φ(x) +
∫ x

a
F(x, s, φ(s))Δs = u(x). (9.1)

We make the following assumptions. The function F(x, y, z) is continuous on a
domain D defined by

|x | ≤ b, |y| ≤ b, |z| ≤ c, b > a,
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and satisfies the Lipschitz condition with respect to z

|F(x, y, z1) − F(x, y, z2)| ≤ L1|z1 − z2|.

The function u(x) is continuous for |x | ≤ b, vanishes for x = a and satisfies the
Lipschitz condition

|u(x1) − u(x2)| ≤ L2|x1 − x2|.

Let D′ be a domain given by

|x | ≤ a′, a′ = min{b, b

L2 + M
}, M = sup

D
|F(x, y, z)|.

Then we can define on D′ the successive approximations

φ0(x) = u(x)

φ1(x) = u(x) − ∫ x
a F(x, s, φ0(s))Δs

φ2(x) = u(x) − ∫ x
a F(x, s, φ1(s))Δs

. . .

φn(x) = u(x) − ∫ x
a F(x, s, φn−1(s))Δs, n ≥ 3.

We can prove that {φn(x)}∞n=1 is uniformly convergent on D′ and the limit

lim
n→∞ φn(x) = φ(x)

is a unique solution of the Eq. (9.1).

9.2 Non-linear Generalized Fredholm Integral Equations

We consider the equation

φ(x) + λ

∫ b

a
F(x, s, φ(s))Δs = u(x) (9.2)

in the unknown function φ(x). We make the following assumptions. The function
F(x, y, z) is continuous on a domain D defined by

|x | ≤ a, |y| ≤ b, |z| ≤ c
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and satisfies the Lipschitz condition with respect to z

|F(x, y, z1) − F(x, y, z2)| ≤ L1|z1 − z2|

in D.

The function u(x) is continuous for a ≤ x ≤ b and

sup
a≤x≤b

|u(x)| = u < c.

Let
|λ| ≤ c − u

M(b − a)
, M = sup

D
|F(x, y, z)|.

Then, for such λ, we can define the successive approximations

φ0(x) = u(x)

φ1(x) = u(x) − λ
∫ b
a F(x, s, φ0(s))Δs

φ2(x) = u(x) − λ
∫ b
a F(x, s, φ1(s))Δs

φn(x) = u(x) − λ
∫ b
a F(x, s, φn−1(s))Δs, n ≥ 3.

We can prove that the sequence {φn(x)}∞n=0 is uniformly convergent on [a, b] and

lim
n→∞ φn(x) = φ(x)

is a unique solution of the Eq. (9.2).
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