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Preface

The present book is an introduction to a new field in applied group analysis. The
book deals with symmetries of integro-differential, stochastic and delay equations
that form the basis of a large variety of mathematical models, used to describe vari-
ous phenomena in fluid mechanics and plasma physics and other fields of nonlinear
science.

Because of its baffling complexity the mathematical study of nonlocal equations
is far from completion, although the equations have been intensively studied in nu-
merous applications over more than fifty last years using both numerical and analyt-
ical methods. The principal aim of analytical approaches is to obtain exact solutions,
admitted symmetries, conservation laws and other mathematical properties, which
allow one to make sound decisions in more detailed applied investigations.

Classical Lie group theory provides a universal tool for calculating symmetry
groups for systems of differential equations. Consequently, group theoretical meth-
ods appear efficient in analyzing different phenomena using mathematical models
that employ differential equations. However Lie’s methods cannot be directly ap-
plied to integro-differential equations, infinite systems of differential equations, de-
lay equations, etc. Hence it is natural to extend the ideas of modern group analysis
to these mathematical objects that up to recently were not in mainstream of classical
group theoretical approaches.

The book is designed for specialists in nonlinear physics interested in methods of
applied group analysis for investigating nonlinear problems in physical, engineering
and natural sciences. It is based on our research results and various courses and lec-
tures given to undergraduate and graduate students as well as professional audiences
over the past thirty years. The book can also serve as a textbook on symmetries of
integro-differential, stochastic and delay equations for graduate students in applied
mathematics, physics and engineering.

In the preparation of this monograph the roles were distributed in the following
way. The first chapter was written by N.H. Ibragimov. The second and third chap-
ters are the result of collaboration between Y.N. Grigoriev and S.V. Meleshko. The
fourth chapter was prepared by V.F. Kovalev. Chapters five and six are the work of
S.V. Meleshko.

v



vi Preface

Organization of the Book

The contents of this book have been assembled from results scattered across many
different articles and books published over the last thirty years.

The monograph includes six chapters. The first chapter contains an introduction
to the methods of Lie group analysis of ordinary and partial differential equations.
The basic notions of this mathematical area: continuous transformation groups, al-
gebras of their generators, determining equations and methods of finding invariant
solutions of differential equations are presented and illustrated by numerous exam-
ples. New trends in modern group analysis are also reflected. The intention of the
chapter is to give the basic ideas of classical and modern group analysis to beginner
readers and provide useful materials for advanced specialists.

The second chapter presents a survey of different methods for constructing sym-
metries and finding invariant solutions of integro-differential equations. An intro-
duction to these methods is carried out using simple model equations, allowing the
reader to follow the calculations in detail. The chapter includes substantial gener-
alization of the original scheme of the group analysis method to equations with
nonlocal operators. In the concluding sections of the chapter this regular method
of obtaining admitted Lie groups is illustrated by applications to different integro-
differential equations.

The results of group analysis of the Boltzmann kinetic equation and some sim-
ilar equations with squarely nonlinear integral operators are described in the third
chapter. These equations form the foundation of the kinetic theory of rarefied gas
and coagulation. The main point of interest here is the isomorphism of the Lie group
of point transformations admitted by the full Boltzmann equation and the Euler in-
viscid gas dynamic system. This remarkable fact allows us to obtain representations
of all invariant solutions with one and two independent variables of the Boltzmann
equation. For equations with few number of independent variables the proposed
method allows us to derive constructive proofs of the completeness of admitted Lie
groups. The representations of all invariant solutions are also presented.

The fourth chapter is entirely devoted to a group analysis of the Vlasov–Maxwell
and related type equations. The equations form the basis of the collisionless plasma
kinetic theory, and are also applied in gravitational astrophysics, in shallow-water
theory, in the theory of pulverulent suspensions, etc. Nonlocal operators in these
equations appear in the form of the functionals defined by integrals of the distri-
bution functions over momenta of particles. Much of the importance of the ap-
proach used in this chapter for calculating symmetries stems from the procedure
of solving determining equations using variational differentiation. The set of sym-
metries obtained comprises symmetries for the Vlasov–Maxwell equations of the
non-relativistic and relativistic electron and electron–ion plasmas in both one- and
three-dimensional cases, and symmetries for Benney equations. In the concluding
sections of this chapter the procedure for symmetry calculation and the renormal-
ization group algorithm go hand in hand to present illustrations from plasma kinetic
theory, plasma dynamics, and nonlinear optics, which demonstrate the potentialities
of the method in construction of analytic solutions to nonlocal problems of nonlinear
physics.



Preface vii

The fifth and sixth chapters present new fields of application of group analysis
to stochastic and delay differential equations. In the fifth chapter a definition of
determining equations for calculation of the Lie algebras admitted by stochastic
dynamical systems is formulated. This gives an opportunity to derive determining
equations for symmetries of Itô and Stratonovich dynamical systems.

The sixth chapter deals with symmetries of delay differential equations. In re-
cent years these equations have been intensively studied in biology, in population
dynamics and bioscience problems, in control problems, etc. The equations have a
nonlocal character because their solutions demand a knowledge of not only current
conditions, but also of conditions at certain previous moments. The concept of de-
termining equations is also introduced here, and is then used for classification of
invariant solutions of the second-order ordinary delay differential equations.
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Chapter 1
Introduction to Group Analysis of Differential
Equations

In this chapter we introduce the basic concepts from Lie group analysis: continuous
transformation groups, their generators, Lie equations, groups admitted by differen-
tial equations, integration of ordinary differential equations using their symmetries,
group classification and invariant solutions of partial differential equations. It con-
tains also an introduction to the theory of Lie–Bäcklund transformations groups
and approximate groups. The reader interested in studying more about Lie group
methods of integration of differential equations is referred to [8] and to the recent
textbook [10].

1.1 One-Parameter Groups

1.1.1 Definition of a Transformation Group

We will consider here only one-parameter groups. Let Ta be an invertible transfor-
mation depending on a real parameter a and acting in the (x, y)-plane:

x̄ = f (x, y, a), ȳ = g(x, y, a), (1.1.1)

where the functions f and g satisfy the conditions

f
∣
∣
a=0 = x, g

∣
∣
a=0 = y. (1.1.2)

The invertibility is guaranteed if one requires that the Jacobian of f,g with respect to
x, y is not zero in a neighborhood of a = 0. Further, it is assumed that the functions
f and g as well as their derivatives that appear in the subsequent discussion are
continuous in x, y, a.

Definition 1.1.1 A set G of transformations (1.1.1) is a one-parameter transforma-
tion group if it contains the identical transformation I = T0 and includes the inverse
T −1
a as well as the composition TbTa of all its elements Ta,Tb ∈ G. By a suitable

choice of the group parameter a, the main group property TbTa ∈G can be written

TbTa = Ta+b,
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that is

f
(

f (x, y, a), g(x, y, a), b
) = f (x, y, a + b),

g
(

f (x, y, a), g(x, y, a), b
) = g(x, y, a + b).

(1.1.3)

In practical applications, the conditions (1.1.3) hold only for sufficiently small
values of a and b. Then one arrives at what is called a local one-parameter group G.
For brevity, local groups are also termed groups.

1.1.2 Generator of a One-Parameter Group

The expansion of the functions f,g into the Taylor series in a near a = 0, taking
into account the initial condition (1.1.2), yields the infinitesimal transformation of
the group G (1.1.1):

x̄ ≈ x + ξ(x, y)a, ȳ ≈ y + η(x, y)a, (1.1.4)

where

ξ(x, y)= ∂f (x, y, a)

∂a

∣
∣
∣
a=0

, η(x, y)= ∂g(x, y, a)

∂a

∣
∣
∣
a=0

. (1.1.5)

The vector (ξ, η) with components (1.1.5) is the tangent vector (at the point (x, y))
to the curve described by the transformed points (x̄, ȳ), and is therefore called the
tangent vector field of the group G.

Example 1.1.1 The group of rotations

x̄ = x cosa + y sina, ȳ = y cosa − x sina

has the following infinitesimal transformation:

x̄ ≈ x + ya, ȳ ≈ y − xa.

The tangent vector field (1.1.5) is sometimes also written as a first-order differ-
ential operator

X = ξ(x, y)
∂

∂x
+ η(x, y)

∂

∂y
, (1.1.6)

which behaves as a scalar under an arbitrary change of variables, unlike the vector
(ξ, η). Lie called the operator (1.1.6) the symbol of the infinitesimal transformation
(1.1.4) or of the corresponding group G. In the current literature, the operator X
(1.1.6) is called the generator of the group G of transformations (1.1.1).

Example 1.1.2 The generator of the group of rotations from Example 1.1.1 has the
form

X = y
∂

∂x
− x

∂

∂y
· (1.1.7)
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1.1.3 Construction of a Group with a Given Generator

Given an infinitesimal transformation (1.1.4), or the generator (1.1.6), the transfor-
mations (1.1.1) of the corresponding one-parameter group G are defined by solving
the following equations known as the Lie equations:

df

da
= ξ(f, g), f

∣
∣
a=0 = x,

dg

da
= η(f,g), g

∣
∣
a=0 = y.

(1.1.8)

We will write (1.1.8) also in the following equivalent form:

dx̄

da
= ξ(x̄, ȳ), x̄

∣
∣
a=0 = x,

dȳ

da
= η(x̄, ȳ), ȳ

∣
∣
a=0 = y.

(1.1.9)

Example 1.1.3 Consider the infinitesimal transformation

x̄ ≈ x + ax2, ȳ ≈ y + axy.

The corresponding generator has the form

X = x2 ∂

∂x
+ xy

∂

∂y
· (1.1.10)

The Lie equations (1.1.9) are written as follows:

dx̄

da
= x̄2, x̄

∣
∣
a=0 = x,

dȳ

da
= x̄ȳ, ȳ

∣
∣
a=0 = y.

The differential equations of this system are easily solved and yield

x̄ = − 1

a +C1
, ȳ = C2

a +C1
.

The initial conditions imply that C1 = −1/x, C2 = −y/x. Consequently we arrive
at the following one-parameter group of projective transformations:

x̄ = x

1 − ax
, ȳ = y

1 − ax
· (1.1.11)

One can represent the solution to the Lie equations (1.1.9) by means of infinite
power series (Taylor series). Then the group transformation (1.1.1) for a generator
X (1.1.6) is given by the so-called exponential map:

x̄ = eaX(x), ȳ = eaX(y), (1.1.12)

where

eaX = 1 + a

1!X + a2

2!X
2 + · · · + as

s! X
s + · · · . (1.1.13)
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Example 1.1.4 Consider again the generator (1.1.10) discussed in Example 1.1.3:

X = x2 ∂

∂x
+ xy

∂

∂y
·

According to (1.1.12)–(1.1.13), one has to find Xs(x) and Xs(y) for all s =
1,2, . . . . We calculate several terms, e.g.

X(x)= x2, X2(x)=X(X(x))=X(x2)= 2!x3, X3(x)=X(2!x3)= 3!x4,

and then make a guess:

Xs(x)= s!xs+1.

The proof of the latter equation is given by induction:

Xs+1(x)=X(s!xs+1)= (s + 1)!x2xs = (s + 1)!xs+2.

Furthermore, one obtains

X(y)= xy, X2(y)=X(xy)= yX(x)+ xX(y)= yx2 + xxy = 2!yx2,

X3(y)= 2![yX(x2)+ x2X(y)] = 2![y(2x3)+ x2xy] = 3!yx3,

then makes a guess

Xs(y)= s!yxs
and proves it by induction:

Xs+1(y)= s!X(yxs)= s![syxs+1 + xs(xy)] = (s + 1)!yxs+1.

Substitution of the above expressions in the exponential map yields:

eaX(x)= x + ax2 + · · · + asxs+1 + · · · .
One can rewrite the right-hand side as x(1 + ax + · · · + asxs + · · ·). The series in
brackets is manifestly the Taylor expansion of the function 1/(1−ax) provided that
|ax|< 1. Consequently,

x̄ = eaX(x)= x

1 − ax
.

Likewise, one obtains

eaX(y)= y + ayx + a2yx2 + · · · + asyxs + · · ·
= y(1 + ax + · · · + asxs + · · ·).

Hence,

ȳ = eaX(y)= y

1 − ax
.

Thus, we have arrived at the transformations (1.1.11):

x̄ = x

1 − ax
, ȳ = y

1 − ax
·
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1.1.4 Introduction of Canonical Variables

Theorem 1.1.1 Every one-parameter group of transformations (1.1.1) reduces to
the group of translations t̄ = t + a, ū = u with the generator X = ∂

∂t
by a suitable

change of variables

t = t (x, y), u= u(x, y).

The variables t, u are called canonical variables.

Proof Under a change of variables the differential operator (1.1.6) transforms ac-
cording to the formula

X =X(t)
∂

∂t
+X(u)

∂

∂u
. (1.1.14)

Therefore canonical variables are found from the linear partial differential equations
of the first order:

X(t)≡ ξ(x, y)
∂t (x, y)

∂x
+ η(x, y)

∂t (x, y)

∂y
= 1,

X(u)≡ ξ(x, y)
∂u(x, y)

∂x
+ η(x, y)

∂u(x, y)

∂y
= 0.

(1.1.15)

�

1.1.5 Invariants (Invariant Functions)

Definition 1.1.2 A function F(x, y) is an invariant of the group G of transforma-
tions (1.1.1) if F(x̄, ȳ)= F(x, y), i.e.

F
(

f (x, y, a), g(x, y, a)
) = F(x, y) (1.1.16)

identically in the variables x, y and the group parameter a.

Theorem 1.1.2 A function F(x, y) is an invariant of the group G if and only if it
solves the following first-order linear partial differential equation

XF ≡ ξ(x, y)
∂F

∂x
+ η(x, y)

∂F

∂y
= 0. (1.1.17)

Proof Let F(x, y) be an invariant. Let us take the Taylor expansion of F(f (x, y, a),
g(x, y, a)) with respect to a:

F
(

f (x, y, a), g(x, y, a)
) ≈ F(x + aξ, y + aη)≈ F(x, y)+ a

(

ξ
∂F

∂x
+ η

∂F

∂y

)

,

or

F(x̄, ȳ)= F(x, y)+ aX(F)+ o(a),
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and substitute it in (1.1.16):

F(x, y)+ aX(F)+ o(a)= F(x, y).

It follows that aX(F)+ o(a)= 0, whence X(F)= 0, i.e. (1.1.17).
Conversely, let F(x, y) be a solution of (1.1.17). Assuming that the function

F(x, y) is analytic and using its Taylor expansion, one can extend the exponential
map (1.1.12) to the function F(x, y) as follows:

F(x̄, ȳ)= eaXF (x, y)
def=

(

1 + a

1!X + a2

2!X
2 + · · · + as

s! X
s + · · ·

)

F(x, y).

Since XF(x, y)= 0, one has X2F =X(XF)= 0, . . . ,XsF = 0. We conclude that
F(x̄, ȳ)= F(x, y), i.e. (1.1.16) thus proving the theorem.

It follows from Theorem 1.1.2 that every one-parameter group of transformations
in the plane has one independent invariant, which can be taken to be the left-hand
side of any first integral ψ(x, y)= C of the characteristic equation for (1.1.17):

dx

ξ(x, y)
= dy

η(x, y)
· (1.1.18)

Any other invariant F is then a function of ψ , i.e. F(x, y)=Φ(ψ(x, y)). �

Example 1.1.5 Consider the group with the generator

X = x
∂

∂x
+ 2y

∂

∂y
·

The characteristic equation (1.1.18) is written

dx

x
= dy

2y

and yields the first integral ψ = y/x2. Hence, the general invariant is given by
F(x, y)=Φ(y/x2) with an arbitrary function Φ of one variable.

The concepts introduced above can be generalized in an obvious way to the multi-
dimensional case by considering groups of transformations

x̄i = f i(x, a), i = 1, . . . , n, (1.1.19)

in the n-dimensional space Rn of points x = (x1, . . . , xn) instead of transformations
(1.1.1) in the (x, y)-plane. The generator of the group of transformations (1.1.19) is
written

X = ξ i(x)
∂

∂xi
, (1.1.20)

where

ξ i(x)= ∂f i(x, a)

∂a

∣
∣
∣
a=0

.
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The Lie equations (1.1.9) become

dx̄i

da
= ξ i(x̄), x̄i

∣
∣
a=0 = xi. (1.1.21)

The exponential map (1.1.12) is written:

x̄i = eaX(xi), i = 1, . . . , n, (1.1.22)

where

eaX = 1 + a

1!X + a2

2!X
2 + · · · + as

s! X
s + · · · . (1.1.23)

The extension of the exponential map to a function F(x) is written

F(x̄)= eaXF (x)≡ F(x)+ aX(F(x))+ a2

2!X
2(F (x))+ · · · . (1.1.24)

Definition 1.1.2 of invariant functions of several variables remains the same,
namely an invariant is defined by the equation F(x̄)= F(x). The invariant test given
by Theorem 1.1.2 has the same formulation with the evident replacement of (1.1.17)
by its n-dimensional version:

n
∑

i=1

ξ i(x)
∂F

∂xi
= 0. (1.1.25)

Then n− 1 functionally independent first integrals ψ1(x), . . . ,ψn−1(x) of the char-
acteristic system for (1.1.25):

dx1

ξ1(x)
= dx2

ξ2(x)
= · · · = dxn

ξn(x)
(1.1.26)

provides a basis of invariants. Namely, any invariant F(x) is given by

F(x)=Φ
(

ψ1(x), . . . ,ψn−1(x)
)

. (1.1.27)

1.1.6 Invariant Equations (Manifolds)

Let x = (x1, . . . , xn) ∈ Rn. Consider an (n − s)-dimensional manifold M ⊂ Rn

defined by a system of equations1

F1(x)= 0, . . . ,Fs(x)= 0, s < n. (1.1.28)

It is assumed that

rank

∥
∥
∥
∥

∂Fk

∂xi

∥
∥
∥
∥
M

= s. (1.1.29)

1Manifolds are treated locally and all functions under consideration are supposed to be continuous
and differentiable sufficiently many times.
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Definition 1.1.3 The system of equations (1.1.28) is said to be invariant with respect
to the group G of transformations (1.1.19),

x̄i = f i(x, a), i = 1, . . . , n,

if each solution x = (x1, . . . , xn) of the system (1.1.28) is mapped to a solution
x̄ = (x̄1, . . . , x̄n) of the same system, i.e.

F1(x̄)= 0, . . . ,Fs(x̄)= 0. (1.1.30)

We also say that (1.1.28) admit the group G. The invariance of (1.1.28) means that
the manifold M ⊂ Rn defined by (1.1.28) is also invariant in the sense that each
point x on the surface M is moved by G along the surface M , i.e. x ∈ M implies
that x̄ ∈M .

Theorem 1.1.3 The system of equations (1.1.28) admits the group G of transfor-
mations (1.1.19) with the generator X (1.1.20) if and only if

XFk
∣
∣
M

= 0, k = 1, . . . , s. (1.1.31)

Proof (See also [8], Sect. 7.2.) Let the system (1.1.28) be invariant under the
group G, i.e. let (1.1.30) hold for every point x ∈ M and every admissible value
of the group parameter a. Taking into account that

Fk(x̄)= Fk(x)+ aXFk + o(a), k = 1, . . . , s,

and that Fk(x)= 0 whenever x ∈M , one arrives at (1.1.31).
Let us prove now that (1.1.31) imply the invariance of the system (1.1.28), i.e.

that (1.1.30) hold for any point x ∈M . We assume in what follows that the functions
Fk(z) and XFk(z) are analytic in a neighborhood of the manifold M . Then (1.1.31)
can be written in the form

XFk(z)= λlk(z)Fl(z), k = 1, . . . , s, (1.1.32)

where the coefficients λlk(z) are bounded in a neighborhood of M . Equations
(1.1.32), together with (1.1.24), provide the proof. Indeed, it follows from (1.1.32)
that

X2Fk =X(λlk)Fl + λlkX(Fl)=
[

X(λ
p
k )+ λlkλ

p
l

]

Fp.

Iteration and substitution into (1.1.24) yields Fk(x̄) = Λl
k(x)Fl(x). It follows that

(1.1.30) hold, thus completing the proof. �

Remark 1.1.1 The condition (1.1.29) is used for reducing (1.1.28) to the form
(1.1.32).
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1.1.7 Representation of Regular Invariant Manifolds
via Invariants

Definition 1.1.4 Let G be a one-parameter group of transformations (1.1.19) with
the generator (1.1.20),

X = ξ i(x)
∂

∂xi
.

An invariant manifold M of the group G is said to be regular with respect to G if
at least one of the coefficients ξ i(x) does not vanish on M , and it is singular if all
coefficients ξ i(x) of the generator X vanish on M .

Invariant manifolds of a given group G can be equivalently represented by dif-
ferent systems of equations (1.1.28). A general procedure for constructing invariant
manifolds is provided by the following theorem on representation of regular invari-
ant manifolds by invariant functions (for the proof, see [16], §8.7, or [8], Sect. 7.2.2).

Theorem 1.1.4 Let G be a group of transformations (1.1.19). Any regular (n− s)-
dimensional manifold M ⊂Rn can be represented by a system of equations (1.1.28)
with invariant functions Fk , i.e. (see (1.1.27))

Fk(x)=Φk

(

ψ1(x), . . . ,ψn−1(x)
)

, k = 1, . . . , s, (1.1.33)

where ψ1(x), . . . ,ψn−1(x) is a basis of invariants of the group G.

Example 1.1.6 Let G be the group of dilations

x̄ = xea, ȳ = yea, z̄= ze2a

in the three-dimensional space R3. The generator of this group is

X = x
∂

∂x
+ y

∂

∂y
+ 2z

∂

∂z
·

The characteristic equations (1.1.26) are written

dx

x
= dy

y
= dz

z

and yield the following basis of invariants for the group <G:

ψ1 = x2

z
, ψ2 = y2

z
·

According to Theorem 1.1.4, any regular two-dimensional invariant manifold (a sur-
face in R3) is given by Φ(ψ1,ψ2)= 0:

Φ
(x2

z
,
y2

z

)

= 0.
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In particular, taking Φ(ψ1,ψ2) = ψ1 + ψ2 − C with any constant C we obtain a
paraboloid

x2 + y2

z
−C = 0.

The left-hand side of this equation is an invariant function with respect to the
group G. But if multiply the above equation by z, we represent the same invari-
ant paraboloid by the equation

x2 + y2 −Cz= 0

whose left-hand side is not an invariant function.

1.2 Symmetries and Integration of Ordinary Differential
Equations

1.2.1 The Frame of Differential Equations

Any differential equation has two components, namely, the frame and the class of
solutions (see [8]). For example, the frame of a first-order ordinary differential equa-
tion

F(x, y, y′)= 0

is the surface F(x, y,p)= 0 in the space of three independent variables x, y,p. It is
obtained by replacing the first derivative y′ in the differential equation F(x, y, y′)=
0 by the variable p.

The class of solutions is defined in accordance with certain “natural” mathemat-
ical assumptions or from a physical significance of the differential equations under
discussion.

The crucial step in integrating differential equations is a “simplification” of the
frame by a suitable change of the variables x, y. The Lie group analysis suggests
methods for simplification of the frame by using symmetry groups (or admissible
groups) of differential equations.

Consider, as an example, the following Riccati equation:

y′ + y2 − 2

x2
= 0. (1.2.1)

Its frame is defined by the algebraic equation

p + y2 − 2

x2
= 0 (1.2.2)

and is a “hyperbolic paraboloid”. For the Riccati equation (1.2.1), a one-parameter
symmetry group is provided by the following scaling transformations (non-
homogeneous dilations) obtained in Sect. 1.2.7:

x̄ = xea, ȳ = ye−a. (1.2.3)
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Indeed, the transformations (1.2.3) after the extension to the first derivative y′ and
the substitution y′ = p are written

x̄ = xea, ȳ = ye−a,

p̄ = pe−2a.
(1.2.4)

One can readily verify that the frame of (1.2.2) is invariant with respect to the trans-
formations (1.2.4). Let us check the infinitesimal invariance condition (1.1.31). The
generator (1.1.20) of the group of transformations (1.2.4) has the form

X = x
∂

∂x
− y

∂

∂y
− 2p

∂

∂p
.

One can easily check that the invariance condition is satisfied. Indeed:

X
(

p + y2 − 2

x2

)

= −2p − 2y2 + 4

x2
= −2

(

p + y2 − 2

x2

)

,

and hence X(p+ y2 − 2
x2 )|(1.2.2) = 0. For the transformations (1.2.3), the canonical

variables are

t = lnx, u= xy. (1.2.5)

In the canonical variables (1.2.5), the Riccati equation (1.2.1) becomes:

u′ + u2 − u− 2 = 0 (u′ = du/dt). (1.2.6)

Its frame is obtained by substituting u′ = q in (1.2.6) and is given by the following
algebraic equation:

q + u2 − u− 2 = 0. (1.2.7)

The left-hand side of (1.2.7) does not involve the variable t . Thus the curved frame
(1.2.2) has been reduced to a cylindrical surface protracted along the t-axis. Namely
it is a “parabolic cylinder”. We see that, in integrating differential equations, the
decisive step is that of simplifying the frame by converting it into a cylinder. For
such purpose, it is sufficient to simplify the symmetry group by introducing canon-
ical variables. In consequence, any first-order ordinary differential equation with a
known symmetry reduces to the integrable form u′ = f (u) similar to (1.2.6).

Of course, in certain particular examples the equation in question may be solved
by other means. For example, it is well-known that the substitution y = (ln |u|)′
reduces (1.2.1) to Euler’s equation

x2u′′ − 2u= 0

having the general solution u = C1x
−1 + C2x

2. Hence, the general solution of
(1.2.1) has the form

y = d

dx
ln

∣
∣
∣
C1

x
+C2x

2
∣
∣
∣ = 2C2x

3 −C1

x(C2x3 +C1)
·

If C2 �= 0 one has the solution

y = 2x3 −C

x(x3 +C)
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depending on one arbitrary constant C = C1/C2. The case C2 = 0 yields the singu-
lar solution y = −1/x.

1.2.2 Prolongation of Group Transformations and Their
Generators

The transformation of derivatives y′, y′′, . . . under the action of the point transfor-
mations (1.1.1), regarded as a change of variables, is well-known from Calculus. It
is convenient to write these transformation formulae by using the operator of total
differentiation:

D = ∂

∂x
+ y′ ∂

∂y
+ y′′ ∂

∂y′ + · · · .

Then the transformation formulae, e.g. for the first and second derivatives are written

ȳ′ ≡ dȳ

dx̄
= Dg

Df
= gx + y′gy

fx + y′fy
≡ P(x, y, y′, a), (1.2.8)

ȳ′′ ≡ dȳ′

dx̄
= DP

Df
= Px + y′Py + y′′Py′

fx + y′fy
. (1.2.9)

Starting from the group G of point transformations (1.1.1) and then adding the trans-
formation (1.2.8), one obtains the group G(1), which acts in the space of the three
variables (x, y, y′). Further, by adding the transformation (1.2.9) one obtains the
group G(2) acting in the space (x, y, y′, y′′).

Definition 1.2.1 The groups G(1) and G(2) are termed the first and second prolon-
gations of G, respectively. The higher prolongations are determined similarly.

Substituting into (1.2.8), (1.2.9) the infinitesimal transformation (1.1.4),

x̄ ≈ x + aξ, ȳ ≈ y + aη,

and neglecting all terms of higher order in a, one obtains the following infinitesimal
transformations of derivatives:

ȳ′ = y′ + aD(η)

1 + aD(ξ)
≈ [y′ + aD(η)][1 − aD(ξ)]
≈ y′ + [D(η)− y′D(ξ)]a ≡ y′ + aζ1,

ȳ′′ = y′′ + aD(ζ1)

1 + aD(ξ)
≈ [y′′ + aD(ζ1)][1 − aD(ξ)]
≈ y′′ + [D(ζ1)− y′′D(ξ)]a ≡ y′′ + aζ2.

Therefore the generators of the prolonged groups G(1), G(2) are
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X(1) = ξ
∂

∂x
+ η

∂

∂y
+ ζ1

∂

∂y′ , ζ1 =D(η)− y′D(ξ), (1.2.10)

X(2) =X(1) + ζ2
∂

∂y′′ , ζ2 =D(ζ1)− y′′D(ξ). (1.2.11)

These are called the first and second prolongations of the infinitesimal operator
(1.1.9). The term prolongation formulae is frequently used to denote the expressions
for the additional coordinates:

ζ1 =D(η)− y′D(ξ)= ηx + (ηy − ξx)y
′ − y′2ξy, (1.2.12)

ζ2 =D(ζ1)− y′′D(ξ)= ηxx + (2ηxy − ξxx)y
′

+ (ηyy − 2ξxy)y
′2 − y′3ξyy + (ηy − 2ξx − 3y′ξy)y′′. (1.2.13)

1.2.3 Group Admitted by Differential Equations

Let G be a group of point transformations and let G(1), G(2) be its first and second
prolongations, defined in the previous section.

Definition 1.2.2 We say that a group G of point transformations (1.1.1) is a sym-
metry group of a first-order ordinary differential equation

F(x, y, y′)= 0, (1.2.14)

or that (1.2.14) admits the group G if (1.2.14) is form invariant under the transfor-
mations (1.1.1), or, in other words, if the frame of (1.2.14) is invariant (in the sense
of Definition 1.1.3) with respect to the first prolongation G(1) of the group G.

Likewise, an nth order differential equation

F(x, y, y′, . . . , y(n))= 0 (1.2.15)

admits a group G if the frame (the surface in the space x, y, y′, . . . , y(n)) is invariant
with respect to the nth prolongation G(n) of G.

Consider (1.2.15) written in the form solved with respect to the y(n):

y(n) = f (x, y, y′, . . . , y(n−1)) (1.2.16)

with a smooth function f . The main property of a symmetry group first proved by
S. Lie (the proof for first-order equations is given, e.g. in [13], Chap. 16, Sect. 1,
Theorem 1) is the following.

Theorem 1.2.1 A group G is a symmetry group for (1.2.16) if and only if G converts
any classical solution (i.e. n times continuously differentiable) of (1.2.16) into a
classical solution of the same equation.
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1.2.4 Determining Equation for Infinitesimal Symmetries

According to Sect. 1.1.3, it is sufficient to find infinitesimal symmetries, i.e. genera-
tors (1.1.6) of symmetry groups.

Here, the algorithm of construction of infinitesimal symmetries is discussed for
second-order equations

F(x, y, y′, y′′)= 0. (1.2.17)

The infinitesimal invariance criterion has the form:

X(2)F
∣
∣
F=0 ≡ (ξFx + ηFy + ζ1Fy′ + ζ2Fy′′)

∣
∣
F=0 = 0, (1.2.18)

where ζ1 and ζ2 are computed from the prolongation formulae (1.2.12) and (1.2.13).
Equation (1.2.18) is called the determining equation for the group admitted by the
ordinary differential equation (1.2.17).

If the differential equation is written in the explicit form

y′′ = f (x, y, y′), (1.2.19)

the determining equation (1.2.18), after substituting the values of ζ1, ζ2 from
(1.2.12), (1.2.13) with y′′ given by the right-hand side of (1.2.19), assumes the form

ηxx + (2ηxy − ξxx)y
′ + (ηyy − 2ξxy)y

′2

− y′3ξyy + (ηy − 2ξx − 3y′ξy)f
− [ηx + (ηy − ξx)y

′ − y′2ξy]fy′ − ξfx − ηfy = 0. (1.2.20)

Here f (x, y, y′) is a known function (we are dealing with a given differential equa-
tion (1.2.19) while the coordinates ξ and η of the generator (1.1.6)),

X = ξ(x, y)
∂

∂x
+ η(x, y)

∂

∂y
,

are unknown functions of x, y. Since the left-hand side of (1.2.20) contains the
quantity y′ considered as an independent variable along with x, y, the determin-
ing equation splits into several independent equations, thus becoming an overdeter-
mined system of differential equations for ξ(x, y), η(x, y). Solving this system, we
find all the infinitesimal symmetries of (1.2.19).

1.2.5 An Example on Calculation of Symmetries

Let us find the operators

X = ξ(x, y)
∂

∂x
+ η(x, y)

∂

∂y

admitted by the second-order equation

y′′ + 1

x
y′ − ey = 0. (1.2.21)
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Here f = ey − 1
x
y′ and the determining equation (1.2.20) has the form

ηxx + (2ηxy − ξxx)y
′ + (ηyy − 2ξxy)y

′2

− y′3ξyy + (ηy − 2ξx − 3y′ξy)
(

ey − y′

x

)

+ 1

x
[ηx + (ηy − ξx)y

′ − y′2ξy] − ξ
y′

x2
− ηey = 0.

The left-hand side of this equation is a third-degree polynomial in the variable y′.
Therefore the determining equation decomposes into the following four equations,
obtained by setting the coefficients of the various powers of y′ equal to zero:

(y′)3 : ξyy = 0, (1.2.22)

(y′)2 : ηyy − 2ξxy + 2

x
ξy = 0, (1.2.23)

y′ : 2ηxy − ξxx +
( ξ

x

)

x
− 3ξye

y = 0, (1.2.24)

(y′)0 : ηxx + 1

x
ηx + (ηy − 2ξx − η)ey = 0. (1.2.25)

Integration of (1.2.22) and (1.2.23) with respect to y yields:

ξ = p(x)y + a(x), η =
(

p′ − p

x

)

y2 + q(x)y + b(x).

Let us substitute these expressions for ξ , η into (1.2.24), (1.2.25). As the dependence
of ξ and η on y is polynomial, while the left-hand sides of (1.2.24), (1.2.25) contain
ey , we must have

ξy = 0, ηy − 2ξx − η = 0.

The first of these gives us p = 0, that is, the equality ξ = a(x); taking this into
account, the second condition can be written in the form

q(x)− 2a′(x)− b(x)− q(x)y = 0.

Hence q = 0, 2a′ + b = 0. Therefore

ξ = a(x), η = −2a′(x).

Substituting these expressions into (1.2.24), we have
(

a′ − a

x

)′ = 0,

from which a = C1x lnx +C2x; here (1.2.25) is satisfied identically.
As a result, we have obtained the general solution of the determining equations

(1.2.22)–(1.2.25) in the form

ξ = C1x lnx +C2x, η = −2[C1(1 + lnx)+C2x]
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with constant coefficients C1, C2. In view of the linearity of the determining equa-
tions, the general solution can be represented as a linear combination of two inde-
pendent solutions

ξ1 = x lnx, η1 = −2(1 + lnx);
ξ2 = x, η2 = −2.

This means that (1.2.21) admits two linearly independent operators

X1 = x lnx
∂

∂x
− 2(1 + lnx)

∂

∂y
, X2 = x

∂

∂x
− 2

∂

∂y
, (1.2.26)

and that the set of all admissible operators is a two-dimensional vector space with
basis (1.2.26).

1.2.6 Lie Algebras. Specific Property of Determining Equations

Definition 1.2.3 Let X and X′ be first-order linear differential operators of the form
(1.1.6):

X = ξ(x, y)
∂

∂x
+ η(x, y)

∂

∂y
, X′ = ξ ′(x, y) ∂

∂x
+ η′(x, y) ∂

∂y
· (1.2.27)

Their commutator [X,X′] is defined by [X,X′] = XX′ − X′X. It is a first-order
linear differential operator and has the form:

[X,X′] = (

X(ξ ′)−X′(ξ)
) ∂

∂x
+ (

X(η′)−X′(η)
) ∂

∂y
· (1.2.28)

Definition 1.2.4 A vector space L of operators (1.1.6) is called a Lie algebra if it is
closed under the commutator, i.e. if [X,X′] ∈ L for any X,X′ ∈ L. The Lie algebra
is denoted by the same letter L, and its dimension is the dimension of the vector
space L.

If a Lie algebra L has the dimension r < ∞ it is denoted by Lr . If the vector
space Lr is spanned by linearly independent operators X1, . . . ,Xr , then the opera-
tors X1, . . . ,Xr provide a basis of the Lie algebra Lr . The condition that [X,X′] ∈ L

for any X,X′ ∈ L is equivalent to the following:

[Xi,Xj ] = ckijXk, ckij = const. (i, j, k = 1, . . . , r). (1.2.29)

Definition 1.2.5 Let Lr be a Lie algebra spanned by X1, . . . ,Xr . A subspace
Ks (s < r) of the vector space Lr spanned by linearly independent operators
Y1, . . . , Ys ∈ Lr is called a subalgebra of Lr if

[Y,Y ′] ∈Ks for any Y,Y ′ ∈Ks.

This condition is equivalent to the following:

[Yi, Yj ] ∈Ks, i, j = 1, . . . , s.
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Let us return to general properties of determining equations. As can be seen
from (1.2.20), a determining equation is a linear partial differential equation with
the unknown functions ξ and η of the variables x and y. Therefore the set of its
solutions forms a vector space, which was already noted in the previous example.
However, a specific property of determining equations is given by the following
statement due to S. Lie.

Theorem 1.2.2 The set of all solutions of any determining equation forms a Lie
algebra.

Investigation of the determining equations for symmetries of second-order ordi-
nary differential equations lead Lie to the following significant result [13] (see also
[8]).

Theorem 1.2.3 For a second-order equation (1.2.19), the symmetry Lie algebra L

has the dimension r ≤ 8. The maximal dimension r = 8 is attained if and only if
(1.2.19) either is linear or can be linearized by a change of variables.

We will discuss below two methods of integration of first-order ordinary differ-
ential equations with a known infinitesimal symmetry.

1.2.7 Integration of First-Order Equations: Lie’s Integrating
Factor

We begin with the method of Lie’s integrating factor. Consider a first-order ordinary
differential equation written in the form

Q(x,y)dx + P(x, y)dy = 0. (1.2.30)

Lie [13] showed that if (1.2.30) admits a one-parameter group with the generator
(1.1.6)

X = ξ(x, y)
∂

∂x
+ η(x, y)

∂

∂y

and if ξQ+ ηP �= 0, then the function

μ= 1

ξQ+ ηP
(1.2.31)

is an integrating factor for (1.2.30).

Example 1.2.1 Consider the Riccati equation (1.2.1):

y′ + y2 − 2

x2
= 0. (1.2.32)
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Its symmetry group can be readily found by considering dilations x̄ = ax, ȳ = by.
Substitution in (1.2.32) yields:

ȳ′ + ȳ2 − 2

x̄2
= b

a
y′ + b2y2 − 2

a2x2
.

The invariance of (1.2.32) requires b/a = b2 = 1/a2. Hence b = 1/a. Therefore
the equation admits a one-parameter group of dilations (which can be written in the
form x̄ = xea , ȳ = ye−a) with the generator

X = x
∂

∂x
− y

∂

∂y
. (1.2.33)

Writing (1.2.32) in the form (1.2.30),

dy + (y2 − 2/x2)dx = 0 (1.2.34)

and applying the formula (1.2.31), one obtains the integrating factor

μ= x

x2y2 − xy − 2
·

After multiplication by this factor, (1.2.34) is brought to the following form:

xdy + (xy2 − 2/x)dx

x2y2 − xy − 2
= xdy + ydx

x2y2 − xy − 2
+ dx

x
= d

(

lnx + 1

3
ln
xy − 2

xy + 1

)

= 0,

whence

xy − 2

xy + 1
= C

x3
or y = 2x3 +C

x(x3 −C)
·

1.2.8 Integration of First-Order Equations: Method of Canonical
Variables

Given a one-parameter symmetry group, one can use the canonical variables in-
troduced in Sect. 1.1.4 for integrating first-order equations. Since the property of
invariance of an equation with respect to a group is independent of the choice of
variables, introduction of canonical variables reduces the equation in question to an
equation which does not depend on one of the variables, and hence can be integrated
by quadrature. Consider examples.

Example 1.2.2 Let us solve the Riccati equation (1.2.32),

y′ + y2 − 2

x2
= 0,

by the method of canonical variables using the symmetry (1.2.33):

X = x
∂

∂x
− y

∂

∂y
·
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The partial differential equations

X(t)= x
∂t

∂x
− y

∂t

∂y
= 1, X(u)= x

∂u

∂x
− y

∂u

∂y
= 0

yield the following canonical variables:

t = ln |x|, u= xy.

Let us rewrite (1.2.32) in the canonical variables. We have:

dy

dx
= d

dx

(u

x

)

= − u

x2
+ 1

x

du

dx
= − u

x2
+ 1

x

du

dt

dt

dx
= − u

x2
+ u′

x2
·

Therefore, the left-hand side of the equation in question is written as follows:

dy

dx
+ y2 − 2

x2
= u′

x2
− u

x2
+ u2

x2
− 2

x2
= 1

x2

(

u′ + u2 − u− 2
) = 0.

Thus, the Riccati equation is rewritten in the canonical variables in the following
integrable form:

du

dt
+ u2 − u− 2 = 0.

It is integrated by separation of variables:

du

u2 − u− 2
= −dt.

Decomposing the integrand into elementary fractions:

1

u2 − u− 2
= 1

3

[
1

u− 2
− 1

u+ 1

]

,

we evaluate the integral in elementary functions and obtain:

ln

(
u− 2

u+ 1

)

= −3t + lnC·

Now we solve this equation with respect to u,

u= C + 2e3t

e3t −C
,

substitute t = ln |x|, u = xy and arrive at the solution of the Riccati equation (cf.
Example 1.2.1):

y = 2x3 +C

x(x3 −C)
·

Example 1.2.3 The equation

y′ = y

x
+ y2

x2
(1.2.35)
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is homogeneous, i.e. it admits the group of dilations (scaling transformations) x̄ =
xea , ȳ = yea with the generator

X = x
∂

∂x
+ y

∂

∂y
. (1.2.36)

Canonical variables for the operator (1.2.36) are

t = ln |x|, u= y

x
· (1.2.37)

In these variables, (1.2.35) is written

du

dt
= u2.

Whence, upon integration:

1

u
= C − t.

Substituting here t = ln |x| and y = xu, we obtain the solution of the original equa-
tion:

y = x

C − ln |x| .

Example 1.2.4 The equation

y′ = y

x
+ y3

x4
(1.2.38)

admits the group of projective transformations

x̄ = x

1 − ax
, ȳ = y

1 − ax
,

with the generator

X = x2 ∂

∂x
+ xy

∂

∂y
· (1.2.39)

Introducing the canonical variables

t = − 1

x
, u= y

x
, (1.2.40)

we rewrite (1.2.38) in the form

du

dt
= u3.

Integration yields

u= ± 1√
C − 2t

,

whence, substituting the expressions for t and u, we obtain the following general
solution to our equation:

y = ±x

√
x

2 +Cx
.
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Table 1.2.9.1 Structure and standard forms of L2

Type Structure of L2 Standard form of L2

I [X1,X2] = 0, ξ1η2 − η1ξ2 �= 0 X1 = ∂
∂t

, X2 = ∂
∂u

II [X1,X2] = 0, ξ1η2 − η1ξ2 = 0 X1 = ∂
∂u

, X2 = t ∂
∂u

III [X1,X2] =X1, ξ1η2 − η1ξ2 �= 0 X1 = ∂
∂u

, X2 = t ∂
∂t

+ u ∂
∂u

IV [X1,X2] =X1, ξ1η2 − η1ξ2 = 0 X1 = ∂
∂u

, X2 = u ∂
∂u

Table 1.2.9.2 Four types of second-order equations admitting L2

Type Standard form of L2 Canonical form of the equation

I X1 = ∂
∂t

, X2 = ∂
∂u

u′′ = f (u′)
II X1 = ∂

∂u
, X2 = t ∂

∂u
u′′ = f (t)

III X1 = ∂
∂u

, X2 = t ∂
∂t

+ u ∂
∂u

u′′ = 1
t
f (u′)

IV X1 = ∂
∂u

, X2 = u ∂
∂u

u′′ = f (t)u′

1.2.9 Standard Forms of Two-Dimensional Lie Algebras

Lie’s method of integration of second-order ordinary differential equations employs
canonical variables in two-dimensional Lie algebras. Introduction of canonical vari-
ables reduces any second-order differential equation admitting a two-dimensional
Lie algebra L2 into an integrable form.

Canonical variables reduce a basis of every two-dimensional Lie algebra L2 to
the simplest form and provide four standard forms of second-order equations with
two symmetries. The basic statements are as follows.

Theorem 1.2.4 Any two-dimensional Lie algebra can be transformed, by a proper
choice of its basis and suitable variables t, u, called canonical variables, to one of
the four non-similar standard forms presented in Table 1.2.9.1.

Remark 1.2.1 In types III and IV, the condition [X1,X2] =X1 can be satisfied by
a proper change of the basis in L2 provided that [X1, X2] �= 0.

Let a second-order equation

y′′ = f (x, y, y′) (1.2.41)

admit two or more symmetries. Let us single out from these symmetries a two-
dimensional Lie algebra L2, determine its type according to Table 1.2.9.1, find
canonical variables t, u for L2, and rewrite (1.2.41) in the variables t, u:

u′′ = g(t, u,u′). (1.2.42)

Theorem 1.2.4 guarantees that (1.2.42) belongs to one of four integrable equations
given in Table 1.2.9.2.
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1.2.10 Lie’s Method of Integration for Second-Order Equations

The method of integration of second-order non-linear differential equations (1.2.41)
requires the following calculations. First of all, one needs to find the symmetries of
the equation in question. Let the equation have two or more symmetries. We single
out from these symmetries a two-dimensional Lie algebra L2 and determine its type
according to the Structure column of Table 1.2.9.1. Then we find canonical variables
by solving the following equations in accordance with the type:

Type I: X1(t)= 1, X2(t)= 0; X1(u)= 0, X2(u)= 1.

Type II: X1(t)= 0, X2(t)= 0; X1(u)= 1, X2(u)= t.

Type III: X1(t)= 0, X2(t)= t; X1(u)= 1, X2(u)= u.

Type IV: X1(t)= 0, X2(t)= 0; X1(u)= 1, X2(u)= u.

(1.2.43)

Now we rewrite the differential equation in the canonical variables choosing t as
a new independent variable and u as a dependent one. It will have one of the in-
tegrable forms given in Table 1.2.9.2. It remains to integrate the resulting equation
and rewrite the solution in the original variables x, y. This completes the integration
procedure.

Example 1.2.5 Let us apply the integration method to the following non-linear
second-order equation:

y′′ + e3yy′4 + y′2 = 0. (1.2.44)

First, we have to find the symmetries of (1.2.44). Here

f = −(e3yy′4 + y′2)

and the determining equation (1.2.20) is written as follows:

ηxx + (2ηxy − ξxx)y
′ + (ηyy − 2ξxy)y

′2 − y′3ξyy

+ 3e3yy′4η− (ηy − 2ξx − 3y′ξy)(e3yy′4 + y′2)

+ [ηx + (ηy − ξx)y
′ − y′2ξy](4e3yy′3 + 2y′)= 0.

The left-hand side of this equation is a polynomial of fifth degree in y′. Since it
should vanish identically in y′, we equate to zero the coefficients of y′5, y′4, . . . and
obtain the following four independent equations:

(

y′)5: ξy = 0,
(

y′)4
: 3(ηy + η)− 2ξx = 0,

(

y′)3:ηx = 0,
(

y′)1: ξxx = 0.
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The coefficients for (y′)2 and (y′)0 vanish together with the coefficients of (y′)4
and (y′)1, respectively. The above four differential equations for two unknown func-
tions ξ(x, y) and η(x, y) are readily solved and yield:

ξ = C1 + 3C3x, η = 2C3 +C2e−y, C1,C2,C3 = const.

Hence, the general form of the operator

X = ξ(x, y)
∂

∂x
+ η(x, y)

∂

∂y

admitted by (1.2.44) is

X = C1X1 +C2X2 +C3X3,

where

X1 = ∂

∂x
, X2 = e−y ∂

∂y
, X3 = 3x

∂

∂x
+ 2

∂

∂y
. (1.2.45)

In other words, (1.2.44) admits the three-dimensional Lie algebra L3 spanned by
the operators (1.2.45).

The operators X1 and X2 span a two-dimensional subalgebra L2 ⊂ L3 and has
the type I. Canonical variables t and u are obtained by solving (1.2.43) for type I,
i.e. the following equations:

∂t

∂x
= 1, e−y ∂t

∂y
= 0; ∂u

∂x
= 0, e−y ∂u

∂y
= 1.

We take the following solutions to this system:

t = x, u= ey.

Thus, we set u = u(t) and rewrite the equation in question in the new variables to
obtain

u′′ + u′4 = 0.

The standard substitution u′ = v reduces it to the first-order equation v′ + v4 = 0,
whence

v = 1
3
√

3x +C1
.

Now we integrate the equation

du

dx
= 1

3
√

3x +C1

and obtain:

u= 1

2

[
3
√

(3x +C1)2 +C2

]

.

Substitution of the expressions for t, u yields the solution to (1.2.44):

y = ln
∣
∣
∣

3
√

(3x +C1)2 +C2

∣
∣
∣ − ln 2.



24 1 Introduction to Group Analysis

Example 1.2.6 Integrate the non-linear equation

y′′ + 2
(

y′ − y

x

)3 = 0 (1.2.46)

which admits the algebra L2 of type II spanned by

X1 = x2 ∂

∂x
+ xy

∂

∂y
, X2 = xy

∂

∂x
+ y2 ∂

∂y
· (1.2.47)

Solution. The equations X1(t) = 0, X1(u) = 1; X2(t) = 0, X2(u) = t provide the
canonical variables

t = y

x
, u= − 1

x
· (1.2.48)

Since the variable t involves the dependent variable y, t can be a new independent
variable only if one excludes the singular solutions of (1.2.46) along which t is
identically constant. These singular solutions are the straight lines:

y =Kx, K = const.

In the variables (1.2.48) the equation (1.2.46) becomes

u′′ = 2

and yields u= t2 +C1t +C2. Substituting the expressions for t and u, we obtain:

y2 +C1xy +C2x
2 + x = 0.

Solving this equation with respect to y and introducing the new constants A =
−C1/2, B =A2 −C2, we obtain the solution to (1.2.46):

y =Kx, y =Ax ±
√

Bx2 − x. (1.2.49)

1.3 Symmetries and Invariant Solutions of Partial Differential
Equations

1.3.1 Discussion of Symmetries for Evolution Equations

Consider evolutionary partial differential equations of the second order with one
spatial variable x:

ut = F(t, x,u,ux,uxx), ∂F/∂uxx �= 0. (1.3.1)

Definition 1.3.1 A one-parameter group G of transformations (1.1.19) of the vari-
ables t, x, u:

t̄ = f (t, x,u, a), x̄ = g(t, x,u, a), ū= h(t, x,u, a) (1.3.2)

is called a group admitted by (1.3.1), or a symmetry group of (1.3.1), if (1.3.1) has
the same form in the new variables t̄ , x̄, ū:

ūt̄ = F(t̄, x̄, ū, ūx̄ , ūx̄x̄ ). (1.3.3)

The function F has the same form in both (1.3.1) and (1.3.3).
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According to this definition, the transformations (1.3.2) of the group G map ev-
ery solution u= u(t, x) of (1.3.1) into a solution ū= ū(t̄ , x̄) of (1.3.3). Since (1.3.3)
is identical with (1.3.1), the definition of an admitted group can be formulated as
follows.

Definition 1.3.2 A one-parameter group G of transformations (1.3.2) is called a
group admitted by (1.3.1) if the transformations (1.3.2) map any solution of (1.3.1)
into a solution of the same equation.

The infinitesimal transformations of the group G of transformations (1.3.2) are
written

t̄ ≈ t + aτ(t, x,u), x̄ ≈ x + aξ(t, x,u), ū≈ u+ aη(t, x,u) (1.3.4)

and provide the following generator of the group G:

X = τ(t, x,u)
∂

∂t
+ ξ(t, x,u)

∂

∂x
+ η(t, x,u)

∂

∂u
(1.3.5)

acting on any differentiable function J (t, x,u) as follows:

X(J )= τ(t, x,u)
∂J

∂t
+ ξ(t, x,u)

∂J

∂x
+ η(t, x,u)

∂J

∂u
·

The generator (1.3.5) of a group G admitted by (1.3.1) is known as an infinitesimal
symmetry of (1.3.1).

The transformations (1.3.2) of the group with the generator (1.3.5) are found by
solving the Lie equations

dt̄

da
= τ(t̄ , x̄, ū),

dx̄

da
= ξ(t̄ , x̄, ū),

dū

da
= η(t̄, x̄, ū), (1.3.6)

with the initial conditions:

t̄
∣
∣
a=0 = t, x̄

∣
∣
a=0 = x, ū

∣
∣
a=0 = u. (1.3.7)

Let us turn now to (1.3.3). The quantities ūt̄ , ūx̄ and ūx̄x̄ involved in (1.3.3) are
obtained via the usual rule of change of derivatives by treating (1.3.2) as a change
of variables. Then, expanding the resulting expressions for ūt̄ , ūx̄ , ūx̄x̄ into Taylor
series with respect to the parameter a and keeping only the terms linear in a, one
obtains the infinitesimal form of these expressions:

ūt̄ ≈ ut + aζ0(t, x,u,ut , ux),

ūx̄ ≈ ux + aζ1(t, x,u,ut , ux), (1.3.8)

ūx̄x̄ ≈ uxx + a ζ2(t, x,u,ut , ux, utx, uxx),

where ζ0, ζ1, ζ2 are given by the following prolongation formulae:

ζ0 =Dt(η)− utDt (τ )− uxDt (ξ),

ζ1 =Dx(η)− utDx(τ)− uxDx(ξ), (1.3.9)

ζ2 =Dx(ζ1)− utxDx(τ)− uxxDx(ξ).
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Here Dt and Dx denote the total differentiations with respect to t and x:

Dt = ∂

∂t
+ ut

∂

∂u
+ utt

∂

∂ut
+ utx

∂

∂ux
,

Dx = ∂

∂x
+ ux

∂

∂u
+ utx

∂

∂ut
+ uxx

∂

∂ux
.

Substitution of (1.3.4) and (1.3.8) in (1.3.3) yields:

ūt̄ − F(t̄, x̄, ū, ūx̄ , ūx̄x̄ )

≈ ut − F(t, x,u,ux,uxx)

+ a
(

ζ0 − ∂F

∂uxx
ζ2 − ∂F

∂ux
ζ1 − ∂F

∂u
η− ∂F

∂x
ξ − ∂F

∂t
τ
)

.

Therefore, by virtue of (1.3.1), the equation (1.3.3) yields

ζ0 − ∂F

∂uxx
ζ2 − ∂F

∂ux
ζ1 − ∂F

∂u
η− ∂F

∂x
ξ − ∂F

∂t
τ = 0, (1.3.10)

where ut is replaced by F(t, x,u,ux,uxx) in ζ0, ζ1, ζ2.
Equation (1.3.10) determines all infinitesimal symmetries of (1.3.1) and therefore

it is called the determining equation. Conventionally, it is written in the compact
form

X
(

ut − F(t, x,u,ux,uxx)
)∣
∣
ut=F

= 0, (1.3.11)

where the prolongation of the operator X (1.3.5) to the first and second order deriva-
tives is understood:

X = τ
∂

∂t
+ ξ

∂

∂x
+ η

∂

∂u
+ ζ0

∂

∂ut
+ ζ1

∂

∂ux
+ ζ2

∂

∂uxx
,

and the symbol |ut=F means that ut is replaced by F(t, x,u,ux,uxx).
The determining equation (1.3.10) (or its equivalent (1.3.11)) is a linear homo-

geneous partial differential equation of the second order for unknown functions
τ(t, x,u), ξ(t, x,u), η(t, x,u). In consequence, the set of all solutions to the de-
termining equation is a vector space L. Furthermore, the determining equation pos-
sesses the following significant and less evident property. The vector space L is a Lie
algebra, i.e. it is closed with respect to the commutator. In other words, L contains,
together with any operators X1,X2, their commutator [X1,X2] defined by

[X1,X2] =X1X2 −X2X1.

In particular, if L = Lr is finite-dimensional and has a basis X1, . . . ,Xr , then the
Lie algebra condition is written in the form

[Xα,Xβ ] = c
γ
αβXγ

with constant coefficients cγαβ known as the structure constants of Lr .
Note that (1.3.10) should be satisfied identically with respect to all the variables

involved, the variables t, x, u,ux,uxx, utx are treated as five independent variables.
Consequently, the determining equation decomposes into a system of several equa-
tions. As a rule, this is an over-determined system since it contains more equations
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than three unknown functions τ, ξ and η. Therefore, in practical applications, the
determining equation can be readily solved. The following statement due to Lie
[12] simplifies the calculation of the symmetries of evolution equations.2

Lemma 1.3.1 The symmetry transformations (1.3.2) of (1.3.1) have the form

t̄ = f (t, a), x̄ = g(t, x,u, a), ū= h(t, x,u, a). (1.3.12)

It means that one can search the infinitesimal symmetries in the form

X = τ(t)
∂

∂t
+ ξ(t, x,u)

∂

∂x
+ η(t, x,u)

∂

∂u
· (1.3.13)

For the operators (1.3.13), the prolongation formulae (1.3.9) are written as fol-
lows:

ζ0 =Dt(η)− uxDt(ξ)− τ ′(t)ut , ζ1 =Dx(η)− uxDx(ξ),

ζ2 =Dx(ζ1)− uxxDx(ξ)=D2
x(η)− uxD

2
x(ξ)− 2uxxDx(ξ).

(1.3.14)

1.3.2 Calculation of Symmetries for Burgers’ Equation

Let us find the symmetries of the Burgers equation

ut = uxx + uux. (1.3.15)

According to Lemma 1.3.1, the infinitesimal symmetries have the form (1.3.13).
For the Burgers equation, the determining equation (1.3.10) has the form

ζ0 − ζ2 − uζ1 − ηux = 0, (1.3.16)

where ζ0, ζ1 and ζ2 are given by (1.3.14). Let us single out and annul the terms with
uxx . Bearing in mind that ut has to be replaced by uxx + uux and substituting in ζ2
the expressions

D2
x(ξ)=Dx(ξx + ξuux)= ξuuxx + ξuuu

2
x + 2ξxuux + ξxx,

D2
x(η)=Dx(ηx + ηuux)= ηuuxx + ηuuu

2
x + 2ηxuux + ηxx

(1.3.17)

we arrive at the following equation:

2ξuux + 2ξx − τ ′(t)= 0.

It splits into two equations, namely ξu = 0 and 2ξx − τ ′(t) = 0. The first equation
shows that ξ depends only on t , x, and integration of the second equation yields

ξ = 1

2
τ ′(t)x + p(t). (1.3.18)

2In [12], Sect. III, Lie proves a more general statement about contact transformations of parabolic
equations.
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It follows from (1.3.18) that D2
x(ξ) = 0. Now the determining equation (1.3.16)

reduces to the form

u2
xηuu +

[
1

2
τ ′(t)u+ 1

2
τ ′′(t)x + p′(t)+ 2ηxu + η

]

ux + uηx + ηxx − ηt = 0

and splits into three equations:

ηuu = 0,
1

2

(

τ ′(t)u+ τ ′′(t)x
)

+ p′(t)+ 2ηxu + η = 0, (1.3.19)

uηx + ηxx − ηt = 0.

The first equation (1.3.19) yields η = σ(t, x)u + μ(t, x), and the second equation
(1.3.19) becomes:

(
1

2
τ ′(t)+ σ

)

u+ 1

2
τ ′′(t)x + p′(t)+ 2σx +μ= 0,

whence

σ = −1

2
τ ′(t), μ= −1

2
τ ′′(t)x − p′(t).

Thus, we have

η = −1

2
τ ′(t)u− 1

2
τ ′′(t)x − p′(t). (1.3.20)

Finally, substitution of (1.3.20) in the third equation (1.3.19) yields

1

2
τ ′′′(t)x + p′′(t)= 0,

whence τ ′′′(t)= 0, p′′(t)= 0, and hence

τ(t)= C1t
2 + 2C2t +C3, p(t)= C4t +C5.

Invoking (1.3.18) and (1.3.20), we ultimately arrive at the following general solution
of the determining equation (1.3.16):

τ(t)= C1t
2 + 2C2t +C3,

ξ = C1tx +C2x +C4t +C5,

η = −(C1t +C2)u−C1x −C4.

It contains five arbitrary constants Ci . Hence, the infinitesimal symmetries of the
Burgers equation (1.3.15) form the five-dimensional Lie algebra L5 spanned by the
following linearly independent operators:

X1 = ∂

∂t
, X2 = ∂

∂x
, X3 = 2t

∂

∂t
+ x

∂

∂x
− u

∂

∂u
,

X4 = t
∂

∂x
− ∂

∂u
, X5 = t2

∂

∂t
+ tx

∂

∂x
− (x + tu)

∂

∂u
·

(1.3.21)

Let G be a group admitted by (1.3.1). Then every transformation (1.3.2) belong-
ing to the group G carries over any solution of the differential equation (1.3.1) into
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a solution of the same equation. It means that the solutions of a partial differential
equation are permuted among themselves under the action of a symmetry group.
The solutions may also be individually unaltered, then they are called invariant so-
lutions. Accordingly, group analysis provides two basic ways for construction of
exact solutions: group transformations of known solutions and construction of in-
variant solutions.

1.3.3 Invariant Solutions and Their Calculation

If a group transformation maps a solution into itself, we arrive at what is called a
self-similar or group invariant solution. According to Theorem 1.1.4 on invariant
representation of invariant manifolds, the invariant solutions under a one-parameter
group with a generator X are obtained as follows.

Let X be a given infinitesimal symmetry (1.3.5) of (1.3.1). One calculates two
independent invariants J1 = λ(t, x) and J2 = μ(t, x,u) by solving the first-order
linear partial differential equation

X(J )≡ τ(t, x,u)
∂J

∂t
+ ξ(t, x,u)

∂J

∂x
+ η(t, x,u)

∂J

∂u
= 0,

or its characteristic system:

dt

τ (t, x,u)
= dx

ξ(t, x,u)
= du

η(t, x,u)
. (1.3.22)

Then one designates one of the invariants as a function of the other, e.g.

μ= φ(λ), (1.3.23)

and solves (1.3.23) with respect to u. Finally, one substitutes the expression for u
in (1.3.1) and obtains an ordinary differential equation for the unknown function
φ(λ) of one variable. This procedure reduces the number of independent variables
by one.

Example 1.3.1 Let us find the solutions of the Burgers equation that are invariant
under the time translations generated by the operator X1 from (1.3.21). The invari-
ance condition leads to the stationary solutions

u=Φ(x)

for which the Burgers equation is written

Φ ′′ +ΦΦ ′ = 0. (1.3.24)

Integrating once, we obtains

Φ ′ + Φ2

2
= C1.

We integrate now this first-order equation by setting C1 = 0, C1 = ν2 > 0, and
C1 = −ω2 < 0 and obtain:
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Φ(x)= 2

x +C
,

Φ(x)= νth
(

C + ν

2
x
)

, (1.3.25)

Φ(x)= ωtg
(

C − ω

2
x
)

.

1.3.4 Group Transformations of Solutions

Let (1.3.2) be an admitted group for (1.3.1), and let a function

u=Φ(t, x)

solve (1.3.1). Since (1.3.2) is a symmetry transformation, the above solution can be
also written in the new variables:

ū=Φ(t̄, x̄).

Replacing here ū, t̄ , x̄ from (1.3.2), we get

h(t, x,u, a)=Φ
(

f (t, x,u, a), g(t, x,u, a)
)

. (1.3.26)

Solving (1.3.26) with respect to u one obtains a one-parameter family (with the
parameter a) of new solutions to (1.3.1).

Example 1.3.2 Consider the Burgers equation (1.3.15),

ut = uxx + uux,

and apply the above procedure to the admitted one-parameter group generated by
the operator X5 from (1.3.21):

X5 = t2
∂

∂t
+ tx

∂

∂x
− (x + tu)

∂

∂u
.

The one-parameter group generated by X5 has the form

t̄ = t

1 − at
, x̄ = C2

1 − at
, ū= (1 − at)u− ax. (1.3.27)

Using the transformations (1.3.27) and applying (1.3.26) to any known solution
u=Φ(t, x) of the Burgers equation, one obtains the following one-parameter set of
new solutions:

u= ax

1 − at
+ 1

1 − at
Φ

( t

1 − at
,

x

1 − at

)

. (1.3.28)

Let us apply the transformation (1.3.28), e.g. to the first stationary solution
(1.3.25):

Φ(x)= 2

x +C
, C = const.,
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one obtains the new non-stationary solutions

u= ax

1 − at
+ 2

x +C(1 − at)

depending on the parameter a.

1.3.5 Optimal Systems of Subalgebras

The concept of optimal systems of subalgebras of a given Lie algebra was used
by Ovsyannikov [16] for describing essentially different invariant solutions. This
concept is useful in dealing with nonlinear mathematical models. A simple method
of construction of an optimal system is illustrated in this section by of means of the
five-dimensional Lie algebra L5 spanned by the symmetries (1.3.21) of the Burgers
equation. The result is used in the next section for describing all invariant solutions
of the Burgers equation.

The symmetry Lie algebra L5 spanned by the operators (1.3.21) allows one to
construct invariant solutions of the Burgers equation (1.3.15),

ut = uxx + uux,

by using any one-dimensional subalgebra of the algebra L5, i.e. on any operator
X ∈ L5. However, there are infinite number of one-dimensional subalgebras of L5

since an arbitrary operator from L5 is written

X = l1X1 + · · · + l5X5, (1.3.29)

and hence depends on five arbitrary constants l1, . . . , l5. Ovsyannikov [16] has no-
ticed, however, that if two subalgebras are similar, i.e. connected with each other
by a transformation of the symmetry group, then their corresponding invariant solu-
tions are connected with each other by the same transformation. Consequently, it is
sufficient to deal with an optimal system of subalgebras obtained in our case as fol-
lows. We put into one class all similar operators X ∈ L5 and select a representative
of each class. The set of the representatives of all these classes is an optimal system
of one-dimensional subalgebras.

An optimal system of one-dimensional subalgebras of the Lie algebra L5 is con-
structed as follows [11]. The transformations of the symmetry group with the Lie
algebra L5 provide the 5-parameter group of linear transformations of the operators
X ∈ L5 or, equivalently, linear transformations of the vector

l = (l1, . . . , l5), (1.3.30)

where l1, . . . , l5 are taken from (1.3.29). To find these linear transformations, we
use their generators (see, e.g. Sect. 1.4 in [6])

Eμ = cλμνl
ν ∂

∂lλ
, μ= 1, . . . ,5, (1.3.31)
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where cλμν are the structure constants of the Lie algebra L5 defined by

[Xμ,Xν] = cλμνXλ.

For computing the operators (1.3.31) it is convenient to use the following com-
mutator table of the operators (1.3.21):

X1 X2 X3 X4 X5

X1 0 0 2X1 X2 X3
X2 0 0 X2 0 X4
X3 −2X1 −X2 0 X4 2X5
X4 −X2 0 −X4 0 0
X5 −X3 −X4 −2X5 0 0

(1.3.32)

Let us find, e.g. the operator E1. According to (1.3.31), it is written

E1 = cλ1ν l
ν ∂

∂lλ
,

where cλ1ν are defined by the commutators [X1,Xν] = cλμνXλ, i.e. by the first raw in
table (1.3.32). Namely, the non-vanishing cλμν are

c1
1 3 = 2, c2

1 4 = 1, c2
1 5 = 1.

Therefore we have:

E1 = 2l3
∂

∂l1
+ l4

∂

∂l2
+ l5

∂

∂l3
.

Substituting in (1.3.31) all structure constants given by table (1.3.32) we obtain:

E1 = 2l3
∂

∂l1
+ l4

∂

∂l2
+ l5

∂

∂l3
, E2 = l3

∂

∂l2
+ l5

∂

∂l4
,

E3 = −2l1
∂

∂l1
− l2

∂

∂l2
+ l4

∂

∂l4
+ 2l5

∂

∂l5
, (1.3.33)

E4 = −l1
∂

∂l2
− l3

∂

∂l4
, E5 = −l1

∂

∂l3
− l2

∂

∂l4
− 2l3

∂

∂l5
.

Let us find the transformations provided by the generators (1.3.33). For the gen-
erator E1, the Lie equations with the parameter a1 are written

dl̃1

da1
= 2l̃3,

dl̃2

da1
= l̃4,

dl̃3

da1
= l̃5,

dl̃4

da1
= 0,

dl̃5

da1
= 0.

Integrating these equations and using the initial condition l̃|a1=0 = l, we obtain:

E1 : l̃1 = l1 + 2a1l
3 + a2

1 l
5, l̃2 = l2 + a1l

4,

l̃3 = l3 + a1l
5, l̃4 = l4, l̃5 = l5.

(1.3.34)

Taking the other operators (1.3.33) we obtain the following transformations:
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E2 : l̃1 = l1, l̃2 = l2 + a2l
3, l̃3 = l3, l̃4 = l4 + a2l

5, l̃5 = l5, (1.3.35)

E3 : l̃1 = a−2
3 l1, l2 = a−1

3 l2, l̃3 = l3, l̃4 = a3l
4, l̃5 = a2

3 l
5, (1.3.36)

where a3 > 0 since the integration of the Lie equations yields, e.g.

l4 = l4eã3 = a3l
4.

E4 : l̃1 = l1, l̃2 = l2 − a4l
1, l̃3 = l3, l̃4 = l4 − a4l

3, l̃5 = l5. (1.3.37)

E5 : l̃1 = l1, l̃2 = l2, l̃3 = l3 − a5l
1,

l̃4 = l4 − a5l
2, l̃5 = l5 − 2a5l

3 + a2
5 l

1.
(1.3.38)

Note that the transformations (1.3.34)–(1.3.38) map the vector X ∈ L5 given by
(1.3.29) to the vector X̃ ∈ L5 given by the following formula:

X̃ = l̃1X1 + · · · + l̃5X5. (1.3.39)

Now we can prove the following statement on an optimal system of one-
dimensional subalgebras of symmetry algebra for the Burgers equation.

Theorem 1.3.1 The following operators provide an optimal system of one-
dimensional subalgebras of the Lie algebra L5 with the basis (1.3.21):

X1, X2, X3, X4, X1 +X4, X1 −X4,

X5, X1 +X5, X2 +X5, X2 −X5,
(1.3.40)

where k is an arbitrary parameter.

Proof We first clarify if the transformations (1.3.34)–(1.3.38) have invariants
J (l1, . . . , l5). The reckoning shows that the 5 × 5 matrix ‖cλμνlν‖ of the coeffi-
cients of the operators (1.3.33) has the rank four. It means that the transformations
(1.3.34)–(1.3.38) have precisely one functionally independent invariant. The inte-
gration of the equations

Eμ(J )= 0, μ= 1, . . . ,5,

shows that the invariant is

J = (l3)2 − l1l5. (1.3.41)

Knowledge of the invariant (1.3.41) simplifies further calculations significantly.
The last equation in (1.3.38) shows that if l1 �= 0, we get l̄5 = 0 by solving the

quadratic equation l5 − 2a5l
3 + a2

5 l
1 = 0 for a5, i.e. by taking

a5 = l3 ± √
J

l1
, (1.3.42)

where J is the invariant (1.3.41). We can use (1.3.42) only if J ≥ 0.
Now we begin the construction of the optimal system. The method requires a sim-

plification of the general vector (1.3.30) by means of the transformations (1.3.34)–
(1.3.38). As a result, we will find the simplest representatives of each class of similar
vectors (1.3.30). Substituting these representatives in (1.3.29), we will obtain the op-
timal system of one-dimensional subalgebras of L5. We will divide the construction
to several cases. �
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1.3.5.1 The Case l1 = 0

I will divide this case into the following two subcases.
1°. l3 �= 0.l3 �= 0.l3 �= 0. In other words, we consider the vectors (1.3.30) of the form

(0, l2, l3, l4, l5), l3 �= 0.

First we take a5 = l5/(2l3) in (1.3.38) and reduce the above vector to the form

(0, l2, l3, l4,0).

Then we subject the latter vector to the transformation (1.3.37) with a4 = l4/l3 and
obtain the vector

(0, l2, l3,0,0).

Since the operator X is defined up to a constant factor and l3 �= 0, we divide the
above vector by l3 and transform it using (1.3.35) to the form

(0,0,1,0,0).

Substituting it in (1.3.29), we obtain the operator

X3. (1.3.43)

2°. l3 = 0.l3 = 0.l3 = 0. Thus, we consider the vectors (1.3.30) of the form

(0, l2,0, l4, l5).

2°(1). If l2 �= 0, we can assume l2 = 1 (see above), use the transformation
(1.3.38) with a5 =Al4 and get the vector

(0,1,0,0, l5).

If l5 �= 0 we can make l5 = ±1 by the transformation (1.3.36). Thus, taking into ac-
count the possibility l5 = 0, we obtain the following representatives for the optimal
system:

X2, X2 +X5, X2 −X5. (1.3.44)

2°(2). Let l2 = 0. If l5 �= 0 we can set l5 = 1. Now we apply the transformation
(1.3.35) with a2 = −l4 and obtain the vector (0,0,0,0,1). If l5 = 0 we get the
vector (0,0,0,1,0). Thus, the case l2 = 0 provides the operators

X4, X5. (1.3.45)

1.3.5.2 The Case l1 �= 0, J > 0

Now we can define a5 by (1.3.42) and annul l̄5 by the transformation (1.3.38). Thus,
we will deal with the vector

(l1, l2, l3, l4,0), l1 �= 0.
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Since J is invariant under the transformations (1.3.34)–(1.3.38), the condition J > 0
yields that in the above vector we have l3 �= 0. Therefore we can use the transfor-
mation (1.3.37) with a4 = l4/l3 and get l̄4 = 0. Then we apply the transforma-
tion (1.3.34) with a1 = −l1/(2l3) and obtain l̄1 = 0, thus arriving at the vector
(0, l2, l3,0,0), and hence at the previous operator (1.3.43). Hence, this case con-
tributes no additional subalgebras to the optimal system.

1.3.5.3 The Case l1 �= 0, J = 0

In this case (1.3.42) reduces to a5 = l3/l1.
If l3 �= 0, we use the transformation (1.3.38) with a5 = l3/l1 and obtain l̄5 = 0.

Due to the invariance of J we conclude that the equation J = 0 yields (l̄3)2 − l̄1 l̄5 =
0. Since l̄5 = 0, it follows that l̄3 = 0. Thus we can deal with the vectors of the form

(l1, l2,0, l4,0), l1 �= 0. (1.3.46)

Furthermore, if l3 = 0, we have J = −l1l5, and the equation J = 0 yields l5 = 0
since l1 �= 0. Therefore we again have the vectors of the form (1.3.46) where we
can assume l1 = 1. Subjecting the vector (1.3.46) with l1 = 1 to the transformation
(1.3.37) with a4 = l2 we obtain l̄2 = 0, and hence map the vector (1.3.46) to the
form

(1,0,0, l4,0).

If l4 �= 0, we use the transformation (1.3.36) with an appropriately chosen a3 and
obtain l4 = ±1. taking into account the possibility l4 = 0, we see that this case
contributes the following operators:

X1, X1 +X4, X1 −X4. (1.3.47)

1.3.5.4 The Case l1 �= 0, J < 0

It is obvious from the condition J = (l3)2 − l1l5 < 0 that l5 �= 0. Therefore we suc-
cessively apply the transformations (1.3.38), (1.3.37) and (1.3.35) with a5 = l3/l1,
a4 = l2/l1 and a2 = −l4/l5, respectively and obtain l̄3 = l̄2 = l̄4 = 0. The compo-
nents l1 and l5 of the resulting vector

(l1,0,0,0, l5)

have the common sign since the condition J < 0 yields l1l5 > 0. Therefore using the
transformation (1.3.36) with an appropriate value of the parameter a3 and invoking
that we can multiply the vector l by any constant, we obtain l1 = l5 = 1, i.e. the
operator

X1 +X5. (1.3.48)

Finally, collecting the operators (1.3.43), (1.3.44), (1.3.45), (1.3.47) and (1.3.48),
we arrive at the optimal system (1.3.40), thus completing the proof.
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1.3.6 All Invariant Solutions of the Burgers Equation

Constructing the invariant solution for each operator from the optimal system of sub-
algebras (1.3.40), we obtain the following optimal system of invariant solutions [11].

Theorem 1.3.2 An optimal system of invariant solutions for the Burgers equation
is provided by the following solutions, where σ,γ and K are arbitrary constants.

X1: (i) u= 2

x + γ
;

(ii) u= σ
γ eσx + 1

γ eσx − 1
≡ σ̃ tanh

(

γ̃ + σ̃

2
x
)

; (1.3.49)

(iii) u= σ tan
(

γ − σ

2
x
)

.

X3: u= ϕ(λ)√
t
, λ= x√

t
,

where ϕ′ + 1

2
ϕ2 + 1

2
λϕ =K.

(1.3.50)

X4: u= K − x

t
· (1.3.51)

X1 +X4: u= ϕ(λ)− t, λ= x − t2

2
,

where ϕ′ + 1

2
ϕ2 + λ=K.

(1.3.52)

X1 −X4: u= t + ϕ(λ), λ= x + t2

2
,

where ϕ′ + 1

2
ϕ2 − λ=K.

(1.3.53)

X5: u= −λ+ ϕ(λ)

t
, λ= x

t
, where

(i) ϕ(λ)= σ
γ eσλ − 1

γ eσλ + 1
, |ϕ|< σ ;

(ii) ϕ(λ)= σ
γ eσλ + 1

γ eσλ − 1
, |ϕ|> σ ;

(iii) ϕ(λ)= σ tan
(

γ − σ

2
λ
)

.

(1.3.54)

X1 +X5: u= − tx

1 + t2
+ ϕ(λ)√

1 + t2
, λ= x√

1 + t2
,

where ϕ′ + 1

2
ϕ2 + 1

2
λ2 =K.

(1.3.55)

X2 +X5: u= −x

t
− 1

t2
+ ϕ(λ)

t
, λ= x

t
+ 1

2t2
,

where ϕ′ + 1

2
ϕ2 − λ=K.

(1.3.56)
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X2 −X5: u= −x

t
+ 1

t2
+ ϕ(λ)

t
, λ= x

t
− 1

2t2
,

where ϕ′ + 1

2
ϕ2 + λ=K.

(1.3.57)

If one subjects each solution from the optimal system of invariant solutions
(1.3.49)–(1.3.57) to all transformations of the group admitted by the Burgers equa-
tion, one obtains all invariant solutions of the Burgers equation. We see that the
invariant solutions of the Burgers equation are given either by elementary functions
or by solving a Riccati equation. Furthermore, one can verify that the set of all
invariant solutions involves 76 parameters.

We see that the invariant solutions of the Burgers equation are given either by
elementary functions or by solving a Riccati equation.

Furthermore, the solutions to the Riccati equations describing the solutions
(1.3.52), (1.3.53), (1.3.56) and (1.3.57) can be represented by special functions.
Namely, setting ϕ = √

2ψ , μ= λ+K and using the substitution

ψ = d ln |z|
dμ

≡ z′

z

we reduce the Riccati equation in (1.3.53) and (1.3.56) to the Airy equation

d2z

dμ2
−μz= 0. (1.3.58)

The general solution to (1.3.58) is the linear combination

z= C1Ai(μ)+C2Bi(μ), C1,C2 = const., (1.3.59)

of the Airy functions (see, e.g. [14], [17])

Ai(μ)= 1

π

∞∫

0

cos
(

μτ + 1

3
τ 3

)

dτ,

Bi(μ)= 1

π

∞∫

0

[

exp
(

μτ − 1

3
τ 3

)

+ sin
(

μτ + 1

3
τ 3

)]

dτ.

(1.3.60)

Hence, the function ϕ(λ) in the solutions (1.3.53) and (1.3.56) is given by

ϕ(λ)= √
2
d

dλ
ln

∣
∣C1Ai(λ+K)+C2Bi(λ+K)

∣
∣. (1.3.61)

One can obtain likewise that ϕ(λ) in (1.3.52) and (1.3.57) is given by

ϕ(λ)= √
2
d

dλ
ln

∣
∣C1Ai(K − λ)+C2Bi(K − λ)

∣
∣. (1.3.62)

Finally, it is worth noting that the optimal system of subalgebras is not unique,
it depends on the choice of a representative in each class of similar operators. Con-
sequently, the form of the solutions included in an optimal system of invariant solu-
tions depends on the choice of representatives. However, this choice does not affect
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the amount of the optimal system of invariant solutions since the number of the
classes of similar operators does not depend on the choice of representatives. More-
over, this choice does not affect the final form of the 76-parameter set of all invariant
solutions obtained from an optimal system of invariant solutions by the transforma-
tions of the general group admitted by the Burgers equation.

1.4 General Definitions of Symmetry Groups

1.4.1 Differential Variables and Function

We will use the following notation. Consider the algebraically independent variables

x = {xi}, u= {uα}, u(1) = {uαi }, u(2) = {uαij }, . . . , (1.4.1)

where α = 1, . . . ,m, and i, j = 1, . . . , n. The variables uαij , . . . are assumed to be
symmetric in subscripts, i.e. uαij = uαji . The operator

Di = ∂

∂xi
+ uαi

∂

∂uα
+ uαij

∂

∂uαj
+ · · · (i = 1, . . . , n), (1.4.2)

is called the total differentiation with respect to xi . The operator Di is a formal sum
of an infinite number of terms. However, it truncates when acting on any function
of a finite number of the variables x,u,u(1), . . . . In consequence, the total differen-
tiations Di are well defined on the set of all functions depending on a finite number
of x,u,u(1), . . . .

Though the variables (1.4.1) are assumed to be algebraically independent, they
are connected by the following differential relations:

uαi =Di(u
α), uαij =Dj(u

α
i )=DjDi(u

α). (1.4.3)

The variables xi are called independent variables, and the variables uα are known
as differential (or dependent) variables with the successive derivatives u(1), u(2),
etc. The universal space of modern group analysis is the space A of differential
functions introduced by Ibragimov [3] (see also [4], Sect. 19) as a generalization of
differential polynomials considered by J.F. Ritt in the 1950s.

Definition 1.4.1 A locally analytic function (i.e., locally expandable in a Taylor
series with respect to all arguments) of a finite number of variables (1.4.1) is called
a differential function. The highest order of derivatives appearing in the differential
function is called the order of this function. The set of all differential functions of
all finite orders is denoted by A . This set is a vector space with respect to the usual
addition of functions and becomes an associative algebra if multiplication is defined
by the usual multiplication of functions. A significant property of the space A is
that it is closed under the action of total derivatives (1.4.2).
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Definition 1.4.2 A group G of transformations of the form

x̄i = f i(x,u, a), f i |a=0 = xi, (1.4.4)

ūα = ϕα(x,u, a), ϕα|a=0 = uα, (1.4.5)

is called a group of point transformations in the space of dependent and independent
variables. The generator of the group G is

X = ξ i(x,u)
∂

∂xi
+ ηα(x,u)

∂

∂uα
, (1.4.6)

where

ξ i = ∂f i

∂a

∣
∣
∣
a=0

, ηα = ∂ϕα

∂a

∣
∣
∣
a=0

· (1.4.7)

Let Fk ∈ A be any differential functions and let p be the maximum of orders of
the differential functions Fk , k = 1, . . . , s. Consider the system of equations

Fk(x,u,u(1), . . . , u(p))= 0, k = 1, . . . , s. (1.4.8)

If one treats the variables uα as functions of x so that

uα = uα(x), uαi = ∂uα(x)

∂xi
, . . . ,

then one arrives at the usual concept of a system of differential equations (1.4.8) of
order p.

1.4.2 Frame and Extended Frame

Recall the definitions of the frame and extended frame of differential equations given
in [5] (see also [6], Chap. 1).

Definition 1.4.3 Let us treat x,u,u(1), . . . as functionally independent variables
connected only by the differential relations (1.4.3). Then (1.4.8) determine a sur-
face in the space of the independent variables x,u,u(1), . . . , u(p). This surface is
called the frame (or skeleton) of the system of differential equations (1.4.8).

Definition 1.4.4 Consider the frame equation (1.4.8) together with its differential
consequences,

Fk = 0, DiFk = 0, DiDjFk = 0, . . . . (1.4.9)

The totality of points (x,u,u(1), . . .) satisfying (1.4.9) is called the extended frame
of the system of differential equations (1.4.8) and is denoted by [F ].

We will assume that

rank
∥
∥
∥
∂Fk

∂xi
,
∂Fk

∂uα
,
∂Fk

∂uαi
, . . .

∥
∥
∥ = s

on the frame of the differential equations under consideration.
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1.4.3 Definition Using Solutions

The first definition of a symmetry group of an arbitrary system of differential equa-
tions coincides with Definition 1.3.2 for a single evolution equation.

Definition 1.4.5 The system of differential equations (1.4.8) is said to be invariant
under the group G of transformations (1.4.4), (1.4.5) if the transformations (1.4.4),
(1.4.5) convert every solution of the system (1.4.8) into a solution of the same sys-
tem. Here the solutions of differential equations are considered as classical ones,
i.e., are assumed to be smooth functions uα = uα(x). If the system of equations
(1.4.8) is invariant under the group G then G is also known as a symmetry group
for the system (1.4.8) or a group admitted by this system.

1.4.4 Definition Using the Frame

Though the first definition is conceptually simple, it depends upon knowledge of
solutions. Therefore, in practical calculation of symmetries the following second,
geometric definition is more efficient.

Definition 1.4.6 The system of differential equations (1.4.8) is said to be invariant
under the group G if the frame of the system is an invariant surface with respect
to the prolongation of the transformations (1.4.4), (1.4.5) of the group G to the
derivatives u(1), . . . , u(p).

According to this definition and the invariance test of equations given by Theo-
rem 1.1.3, one obtains the following infinitesimal test for obtaining symmetries of
differential equations.

Theorem 1.4.1 The group G with the generator X is admitted by the system of
differential equations (1.4.8) if and only if

X(p)Fk
∣
∣
(1.4.8) = 0, k = 1, . . . , s, (1.4.10)

where X(p) is the p-th prolongation of X and |(1.4.8) means evaluated on the frame
the system of differential equations (1.4.8). Equations (1.4.10) are the determining
equations.

Let z0 = (x0, u0, . . . , u0(p)) be a point on the frame of the system (1.4.8),
i.e. Fk(x0, u0, . . . , u0(p)) = 0 (k = 1, . . . , s). The system of differential equations
(1.4.8) is said to be locally solvable at z0 if there is a solution passing through this
point, i.e., there exist a solution u= h(x) of differential equations (1.4.8) defined in
a neighborhood of the point x0 such that u0 = h(x0), . . . , u0(p) = ∂ph/∂xp(x0). The
system (1.4.8) is said to be locally solvable if it has this property at every generic
point of the frame.
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It can be shown that for locally solvable systems the first and the second defi-
nitions of the symmetry group are equivalent, i.e. that Definition 1.4.5 and Defini-
tion 1.4.6 provide exactly the same symmetry group. A discussion of this equiva-
lence is to be found in Lie [13], Chap. 6, Sect. 1, and Ovsyannikov [16], Sect. 15.1.
See also Olver [15], Sect. 2.6, for a modern treatment of this subject.

1.4.5 Definition Using the Extended Frame

If the system (1.4.8) is not locally solvable, e.g. if the system (1.4.8) is over-
determined, it may happen (see further Example 1.4.1) that Definition 1.4.6 provides
only a subgroup of the symmetry group given by Definition 1.4.5. Therefore, Ibrag-
imov proposed ([4], Sect. 17.1, see also [6], Chap. 1) the following third definition
and proved the appropriate infinitesimal test for the invariance of over-determined
systems of differential equations.

Definition 1.4.7 The system of differential equations (1.4.8) is said to be invariant
under the group G if the extended frame [F ] is invariant with respect to the infinite-
order prolongation of G.

The infinitesimal test for this invariance is written as follows (see [4], Theo-
rem 17.1).

Theorem 1.4.2 Let X be the generator of a group G. The system of differential
equations (1.4.8) are invariant under the group G in the sense of Definition 1.4.7 if
and only if the following equations are satisfied:

X(p)Fk
∣
∣[F ] = 0, k = 1, . . . , s. (1.4.11)

Equations (1.4.11) are also called determining equations.

Remark 1.4.1 According to Theorem 1.4.2, the invariance test does not involve all
the differential consequences (1.4.9) of the differential equations (1.4.8). In fact, it
can be easily shown that it suffices to consider only a finite number of the differential
consequences (1.4.9) such that they form a system in involution. It is also worth
noting that we do not need to take into account the additional equations such as
X(p)(DiFk)= 0 since they are satisfied identically due to (1.4.11).

For locally solvable systems, all three definitions of symmetry groups are equiv-
alent. For over-determined systems, the first and third definitions are equivalent,
whereas the second definition provides, in general, only a subgroup of the symme-
try group given by the third definition.

Example 1.4.1 Consider the over-determined system ([6], Sect. 1.3.10)

ut = (ux)
−4/3uxx, vt = −3(ux)

−1/3, vx = u. (1.4.12)
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This is a system of three equations for two dependent variables u and v. The maxi-
mal order of equations involved in the system is p = 2. Let us first solve the deter-
mining equations (1.4.10). The left-hand side of (1.4.10) depends upon the variables
x, t, u, v,ux,uxx, uxt , and vxx in accordance with the prolongation formulae. The
solution of the determining equations yields the 6-dimensional Lie algebra spanned
by

X1 = ∂

∂x
, X2 = ∂

∂t
, X3 = ∂

∂v
, X4 = ∂

∂u
+ x

∂

∂v
,

X5 = 4t
∂

∂t
+ 3u

∂

∂u
+ 3v

∂

∂v
, X6 = 2x

∂

∂x
− u

∂

∂u
+ v

∂

∂v
·

(1.4.13)

This is the Lie algebra of the maximal symmetry group for (1.4.12) obtained by the
second definition (Definition 1.4.6).

Consider now the determining equations (1.4.11). Differentiation of the third
equation (1.4.12) yields vxx = ux . Therefore, we replace vxx in the determining
equation by ux . Then the left-hand side of (1.4.11) involves only the variables
x, t, u, v,ux,uxx and uxt . Solving the determining equations (1.4.11), one obtains
the 7-dimensional Lie algebra spanned by the operators (1.4.13) and by

X7 = x2 ∂

∂x
+ xv

∂

∂v
+ (v − xu)

∂

∂u
· (1.4.14)

Thus, the third definition (Definition 1.4.7) provides a more general symmetry group
than the second definition.

1.5 Lie–Bäcklund Transformation Groups

This is section provides an introduction to the theory of Lie–Bäcklund transforma-
tion groups and contains the basic definitions, theorems and algorithms used for
computation of Lie–Bäcklund symmetries of differential equations. The space A
of differential functions introduced in Sect. 1.4.1 play a central role in this theory.

1.5.1 Lie–Bäcklund Operators

Geometrically, Lie–Bäcklund transformations appear in attempting to find a higher-
order generalization of the classical contact (first-order tangent) transformations
(see Bäcklund’s paper [1], its English translation is available in [9]) and are iden-
tified with infinite-order tangent transformations. A historical survey of the devel-
opment of this branch of group analysis and a detailed discussion of the modern
theory with many applications are to be found in [4] (see also [7], Chap. 1). We
will use here a shortcut to the theory of Lie–Bäcklund transformation groups by us-
ing a generalization of infinitesimal generators of point and contact transformation
groups. The generalization is known as a Lie–Bäcklund operator and is defined as
follows.
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Definition 1.5.1 Let ξ i, ηα ∈ A be differential functions depending on any finite
number of variables x,u,u(1), u(2), . . . . A differential operator

X = ξ i
∂

∂xi
+ ηα

∂

∂uα
+ ζ αi

∂

∂uαi
+ ζ αi1i2

∂

∂uαi1i2

+ · · · , (1.5.1)

where

ζ αi =Di(η
α − ξjuαj )+ ξjuαij ,

ζ αi1i2 =Di1Di2(η
α − ξjuαj )+ ξjuαji1i2, . . .

(1.5.2)

is called a Lie–Bäcklund operator. The Lie–Bäcklund operator (1.5.1) is often writ-
ten in the abbreviated form

X = ξ i
∂

∂xi
+ ηα

∂

∂uα
+ · · · , (1.5.3)

where the prolongation given by (1.5.1)–(1.5.2) is understood.

The operator (1.5.1) is formally an infinite sum. However, it truncates when act-
ing on any differential function. Hence, the action of Lie–Bäcklund operators is well
defined on the space A .

Consider two Lie–Bäcklund operators

Xν = ξ iν
∂

∂xi
+ ηαν

∂

∂uα
+ · · · , ν = 1,2,

and define their commutator by the usual formula:

[X1,X2] =X1X2 −X2X1.

Theorem 1.5.1 The commutator [X1,X2] is identical with the Lie–Bäcklund oper-
ator given by

[X1,X2] = (

X1(ξ
i
2)−X2(ξ

i
1)

) ∂

∂xi
+ (

X1(η
α
2 )−X2(η

α
1 )

) ∂

∂uα
+ · · · , (1.5.4)

where the terms denoted by dots are obtained by prolonging the coefficients of ∂/∂xi

and ∂/∂uα in accordance with (1.5.1) and (1.5.2).

According to Theorem 1.5.1, the set of all Lie–Bäcklund operators is an infinite
dimensional Lie algebra with respect to the commutator (1.5.4). It is called the Lie–
Bäcklund algebra and denoted by LB. The Lie–Bäcklund algebra is endowed with
the following properties (see [4]).

I. Di ∈ LB. In other words, the total differentiation (1.4.2) is a Lie–Bäcklund
operator. Furthermore,

X∗ = ξ i∗Di ∈ LB (1.5.5)

for any ξ i∗ ∈ A .
II. Let L∗ be the set of all Lie–Bäcklund operators of the form (1.5.5). Then L∗

is an ideal of LB, i.e., [X,X∗] ∈ L∗ for any X ∈ LB. Indeed,

[X,X∗] = (

X(ξ i∗)−X∗(ξ i)
)

Di ∈ L∗.
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III. In accordance with property II, two operators X1,X2 ∈ LB are said to be
equivalent (i.e., X1 ∼X2) if X1 −X2 ∈ L∗. In particular, every operator X ∈ LB is
equivalent to an operator (1.5.1) with ξ i = 0, i = 1, . . . , n. Namely, ,X ∼ X̃ where

X̃ =X − ξ iDi = (ηα − ξ iuαi )
∂

∂uα
+ · · · . (1.5.6)

Definition 1.5.2 The operators of the form

X = ηα
∂

∂uα
+ · · · , ηα ∈ A , (1.5.7)

are called canonical Lie–Bäcklund operators.

Using this definition, we can formulate the property III as follows.

Theorem 1.5.2 Any operator X ∈ LB is equivalent to a canonical Lie–Bäcklund
operator.

Example 1.5.1 Let us take n = m = 1 and denote u1 = ux . The generator of the
group of translations along the x-axis and its canonical Lie–Bäcklund form (1.5.6)
are written as follows:

X = ∂

∂x
∼ X̃ = ux

∂

∂u
+ · · · .

Example 1.5.2 Let x, y be the independent variables, and k, c = const. The gener-
ator of non-homogeneous dilations and its canonical Lie–Bäcklund form (1.5.6) are
written:

X = x
∂

∂x
+ ky

∂

∂y
+ cu

∂

∂u
∼ X̃ = (cu− xux − kyuy)

∂

∂u
+ · · · .

Example 1.5.3 Let t, x be the independent variables. The generator of the Galilean
boost and its canonical Lie–Bäcklund form (1.5.6) are written:

X = t
∂

∂x
+ ∂

∂u
∼ X̃ = (1 − tux)

∂

∂u
+ · · · .

The canonical operators leave invariant the independent variables xi . Therefore,
the use of the canonical form is convenient, e.g., for investigating symmetries of
integro-differential equations.

IV. The following statements describe all Lie–Bäcklund operators equivalent to
generators of Lie point and Lie contact transformation groups.

Theorem 1.5.3 The Lie–Bäcklund operator (1.5.1) is equivalent to the infinitesimal
operator of a one-parameter point transformation group if and only if its coordi-
nates assume the form

ξ i = ξ i1(x,u)+ ξ i∗, ηα = ηα1 (x,u)+ (

ξ i2(x,u)+ ξ i∗
)

uαi ,
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where ξ i∗ ∈ A is an arbitrary differential function, and ξ i1, ξ
i
2, η

α
1 are arbitrary func-

tions of x and u.

Theorem 1.5.4 Let m = 1. Then the operator (1.5.1) is equivalent to the infinites-
imal operator of a one-parameter contact transformation group if and only if its
coordinates assume the form

ξ i = ξ i1(x,u,u(1))+ ξ i∗, η = η1(x,u,u(1))+ ξ i∗ui,

where ξ i∗ ∈ A is an arbitrary differential function, and ξ i1, η1 are arbitrary first-
order differential functions, i.e. depend upon x,u and u(1).

1.5.2 Integration of Lie–Bäcklund Equations

Consider the sequence

z= (x,u,u(1), u(2), . . .) (1.5.8)

with the elements zν, ν ≥ 1, were

zi = xi,1 ≤ i ≤ n, zn+α = uα,1 ≤ α ≤m.

Denote by [z] any finite subsequence of z. Then elements of the space A of differ-
ential functions are written as f ([z]).

Definition 1.5.3 Given an operator (1.5.1), the following infinite system is called
Lie–Bäcklund equations:

d

da
x̄i = ξ i([z̄]), d

da
ūα = ηα([z̄]),

d

da
ūαi = ζ αi ([z̄]),

d

da
ūαij = ζ αij ([z̄]), . . . ,

(1.5.9)

where α = 1, . . . ,m and i, j, . . .= 1, . . . , n.

In the case of canonical operators (1.5.7), the infinite system of equations (1.5.9)
can be replaced by the finite system

d

da
ūα = ηα([z̄]), α = 1, . . . ,m. (1.5.10)

Indeed, upon solving the system (1.5.10), the transformations of the successive
derivatives are obtained by the total differentiation:

ūαi =Di(ū
α), ūαij =DiDj (ū

α), . . . . (1.5.11)

We will use the abbreviated form (1.5.3) of Lie–Bäcklund operators and write the
system (1.5.9), together with the initial conditions, as follows:
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d

da
x̄i = ξ i([z̄]), x̄i

∣
∣
a=0 = xi,

d

da
ūα = ηα([z̄]), ūα

∣
∣
a=0 = uα, (1.5.12)

. . . . . . . . . . . . . .

The formal integrability of the infinite system (1.5.12) has been proved by Ibragi-
mov (see, e.g. [4], Sect. 15.1; it is also discussed in [6]). For the convenience of the
reader, we formulate here the existence theorem. The following notation is conve-
nient for formulating and proving the theorem.

Let f and g be formal power series in one symbol a with coefficients from the
space A , i.e. let

f (z, a)=
∞
∑

k=0

fk([z])ak, fk([z]) ∈ A , (1.5.13)

and

g(z, a)=
∞
∑

k=0

gk([z])ak, gk([z]) ∈ A .

Their linear combination λf ([z])+μg([z]) with constant coefficients λ,μ and prod-
uct f ([z]) · g([z]) are defined by

λ

∞
∑

k=0

fk([z])ak +μ

∞
∑

k=0

gk([z])ak =
∞
∑

k=0

(

λfk([z])+μgk([z])
)

ak, (1.5.14)

and
( ∞
∑

p=0

fp([z])ap
)

·
( ∞
∑

q=0

gq([z])aq
)

=
∞
∑

k=0

( ∑

p+q=k

fp([z])gq([z])
)

ak, (1.5.15)

respectively. The space of all formal power series (1.5.13) endowed with the addi-
tion (1.5.14) and the multiplication (1.5.15) is denoted by [[A ]].

Lie point and Lie contact transformations, together with their prolongations of
all orders, are represented by elements of the space [[A ]]. Moreover, the utilization
of this space is necessary in the theory of Lie–Bäcklund transformation groups.
Therefore, [[A ]] is called the representation space of modern group analysis ([6],
Sect. 1.2).

The existence theorem is formulated as follows.

Theorem 1.5.5 The Lie–Bäcklund equations (1.4.5) have a solution in the space
[[A ]]. The solution is unique. It is given by formal power series

x̄i = xi +
∞
∑

k=0

Ai
k([z])ak, Ai

k([z]) ∈ A ,

ūα = uα +
∞
∑

k=0

Bα
k ([z])ak, Bα

k ([z]) ∈ A , (1.5.16)

. . . . . . . . . . . . . .
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and satisfies the group property.

Definition 1.5.4 The group of formal transformations (1.5.16) is called a one-
parameter Lie–Bäcklund transformation group.

Recall that a point transformation group acting in the finite dimensional space of
variables x = (x1, . . . , xn) and generated by an operator X can be represented by
the exponential map (1.1.22):

x̄i = exp(aX)(xi), i = 1, . . . , n, (1.5.17)

where

exp(aX)= 1 + aX + a2

2!X
2 + a3

3!X
3 + · · · . (1.5.18)

Likewise, the solution (1.5.16) to the Lie–Bäcklund equations (1.5.12) can be
represented by the exponential map

x̄i = exp(aX)(xi), ūα = exp(aX)(uα), ūαi = exp(aX)(uαi ), . . . , (1.5.19)

where X is a Lie–Bäcklund operator (1.5.1) and exp(aX) is given by (1.5.18).
If we consider canonical operators (1.5.7) then (1.5.12) reduce to the finite sys-

tem of equations (1.5.10) supplemented by the initial conditions, i.e. by the system

d

da
ūα = ηα([z̄]), ūα

∣
∣
a=0 = uα. (1.5.20)

Consequently, Lie–Bäcklund transformation groups can be constructed by virtue of
the following theorem.

Theorem 1.5.6 Given a canonical Lie–Bäcklund operator,

X = ηα
∂

∂uα
+ · · · ,

the corresponding formal one-parameter group is represented by the series

ūα = uα + aηα + a2

2!X(η
α)+ · · · + an

n!X
n−1(ηα)+ · · · (1.5.21)

together with its differential consequences:

ūαi = uαi + aDi(η
α)+ a2

2!X(Di(η
α))+ · · · + an

n!X
n−1(Di(η

α))+ · · · ,

ūαi1···is = uαi1···is + aDi1 · · ·Dis (η
α)+ · · · + an

n!X
n−1(Di1 · · ·Dis (η

α))+ · · · .

Example 1.5.4 Let

X = u1
∂

∂u
+ u2

∂

∂u1
+ · · · .

Here η = u1 and therefore

X(η)= u2, X
2(η)= u3, . . . , X

n−1(η)= un.
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Hence, the transformation (1.5.21) has the form

ū= u+
∞
∑

n=1

an

n! un.

Example 1.5.5 Let

X = u2
∂

∂u
+ u3

∂

∂u1
+ u4

∂

∂u2
+ · · · .

Here, η = u2 and

X(η)= u4, X
2(η)= u6, . . . , X

n−1(η)= u2n.

Hence, the transformation (1.5.21) is given by the power series

ū= u+
∞
∑

n=1

an

n! u2n.

1.5.3 Lie–Bäcklund Symmetries

Lie–Bäcklund symmetries of differential equations are given by Definition 1.4.7
from Sect. 1.4.5. Thus, we use the following definition.

Definition 1.5.5 Let G be a Lie–Bäcklund transformation group generated by a
Lie–Bäcklund operator (1.5.1),

X = ξ i
∂

∂xi
+ ηα

∂

∂uα
+ ζ αi

∂

∂uαi
+ ζ αi1i2

∂

∂uαi1i2

+ · · · . (1.5.1)

The group G is called a group of Lie–Bäcklund symmetries of a system of differen-
tial equations

Fk(x,u,u(1), . . . , u(p))= 0, k = 1, . . . , s, (1.5.22)

if the extended frame of (1.5.22) defined by (see Definition 1.4.4)

[F ] : Fk = 0, DiFk = 0, DiDjFk = 0, . . . (1.5.23)

is invariant under G. The operator X (1.5.1) is called an infinitesimal Lie–Bäcklund
symmetry for (1.5.22).

The infinitesimal invariance criteria proved in [4] is formulated in the following
statements.

Theorem 1.5.7 The operator (1.5.1) is an infinitesimal Lie–Bäcklund symmetry for
(1.5.22) if and only if

XFk
∣
∣[F ] = 0, XDi(Fk)

∣
∣[F ] = 0, XDiDj (Fk)

∣
∣[F ] = 0, . . . (k = 1, . . . , s).
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Theorem 1.5.7 contains an infinite number of equations. However, it can be sim-
plified and reduced to a finite number of equations by means of the following result.

Lemma 1.5.1 The equations

XFk
∣
∣[F ] = 0

yield the infinite series of equations

XDi(Fk)
∣
∣[F ] = 0, XDiDj (Fk)

∣
∣[F ] = 0, . . . .

Thus, one arrives at the following finite test for calculating Lie–Bäcklund sym-
metries of differential equations.

Theorem 1.5.8 The operator (1.5.1) is an infinitesimal Lie–Bäcklund symmetry for
(1.5.22) if and only if the following equations hold:

XFk
∣
∣[F ] = 0, k = 1, . . . , s. (1.5.24)

Equations (1.5.24) are the determining equations for Lie–Bäcklund symmetries.

Remark 1.5.1 Every operator of the form (1.5.5), i.e. X∗ = ξ i∗Di ∈ LB is an in-
finitesimal Lie–Bäcklund symmetry for any system of differential equations. Fur-
thermore all operators (1.5.1) satisfying the conditions

ξ i
∣
∣[F ] = 0, ηα

∣
∣[F ] = 0 (1.5.25)

solve the determining equations (1.5.24). All operators X∗ ∈ LB and the operators
obeying the conditions (1.5.25) are termed trivial Lie–Bäcklund symmetries ([7],
Sect. 1.3.2).

Example 1.5.6 The equations of motion of a planet (Kepler’s problem):

m
d2xk

dt2
= μ

xk

r3
, k = 1,2,3,

have the following three nontrivial infinitesimal Lie–Bäcklund symmetries different
from Lie point and contact symmetries (see [4]):

Xi =
(

2xivk − xkvi − (x · v)δki
) ∂

∂xk
, i = 1,2,3.

Here the independent variable is time t , the dependent variables are the coordinates
of the position vector x = (x1, x2, x3) of the planet. The vector v = (v1, v2, v3) is
the velocity of the planet, i.e. v = dx/dt .

1.6 Approximate Transformation Groups

A detailed discussion of the material presented here as well as of the theory of
multi-parameter approximate groups can be found in [2].
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1.6.1 Approximate Transformations and Generators

In what follows, functions f (x, ε) of n variables x = (x1, . . . , xn) and a parameter
ε are considered locally in a neighborhood of ε = 0. These functions are continuous
in the x’s and ε, as are also their derivatives to as high an order as enters in the
subsequent discussion.

If a function f (x, ε) satisfies the condition

lim
ε→0

f (x, ε)

εp
= 0,

it is written f (x, ε)= o(εp) and f is said to be of order less than εp . If

f (x, ε)− g(x, ε)= o(εp),

the functions f and g are said to be approximately equal (with an error o(εp)) and
written

f (x, ε)= g(x, ε)+ o(εp),

or, briefly f ≈ g when there is no ambiguity.
The approximate equality defines an equivalence relation, and we join functions

into equivalence classes by letting f (x, ε) and g(x, ε) to be members of the same
class if and only if f ≈ g.

Given a function f (x, ε), let

f0(x)+ εf1(x)+ · · · + εpfp(x)

be the approximating polynomial of degree p in ε obtained via the Taylor series
expansion of f (x, ε) in powers of ε about ε = 0. Then any function g ≈ f (in
particular, the function f itself) has the form

g(x, ε)≈ f0(x)+ εf1(x)+ · · · + εpfp(x)+ o(εp).

Consequently the function

f0(x)+ εf1(x)+ · · · + εpfp(x)

is called a canonical representative of the equivalence class of functions contain-
ing f .

Thus, the equivalence class of functions g(x, ε) ≈ f (x, ε) is determined by the
ordered set of p + 1 functions

f0(x), f1(x), . . . , fp(x).

In the theory of approximate transformation groups, one considers ordered sets of
smooth vector-functions depending on x’s and a group parameter a:

f0(x, a), f1(x, a), . . . , fp(x, a)

with coordinates

f i
0 (x, a), f

i
1 (x, a), . . . , f

i
p(x, a), i = 1, . . . , n.
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Let us define the one-parameter family G of approximate transformations

x̄i ≈ f i
0 (x, a)+ εf i

1 (x, a)+ · · · + εpf i
p(x, a), i = 1, . . . , n, (1.6.1)

of points x = (x1, . . . , xn) ∈ Rn into points x̄ = (x̄1, . . . , x̄n) ∈ Rn as the class of
invertible transformations

x̄ = f (x, a, ε) (1.6.2)

with vector-functions f = (f 1, . . . , f n) such that

f i(x, a, ε)≈ f i
0 (x, a)+ εf i

1 (x, a)+ · · · + εpf i
p(x, a).

Here a is a real parameter, and the following condition is imposed:

f (x,0, ε)≈ x.

Furthermore, it is assumed that the transformation (1.3.2) is defined for any value of
a from a small neighborhood of a = 0, and that, in this neighborhood, the equation
f (x, a, ε)≈ x yields a = 0.

Definition 1.6.1 The set of transformations (1.6.1) is called a one-parameter ap-
proximate transformation group if

f (f (x, a, ε), b, ε)≈ f (x, a + b, ε)

for all transformations (1.6.2).

Remark 1.6.1 Here, unlike the classical Lie group theory, f does not necessarily
denote the same function at each occurrence. It can be replaced by any function
g ≈ f (see the next example).

Example 1.6.1 Let us take n= 1 and consider the functions

f (x, a, ε)= x + a

(

1 + εx + 1

2
εa

)

and

g(x, a, ε)= x + a(1 + εx)

(

1 + 1

2
εa

)

.

They are equal in the first order of precision, namely:

g(x, a, ε)= f (x, a, ε)+ ε2ϕ(x, a), ϕ(x, a)= 1

2
a2x,

and satisfy the approximate group property. Indeed,

f (g(x, a, ε), b, ε)= f (x, a + b, ε)+ ε2φ(x, a, b, ε),

where

φ(x, a, b, ε)= 1

2
a(ax + ab+ 2bx + εabx).
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The generator of an approximate transformation group G given by (1.6.2) is the
class of first-order linear differential operators

X = ξ i(x, ε)
∂

∂xi
(1.6.3)

such that

ξ i(x, ε)≈ ξ i0(x)+ εξ i1(x)+ · · · + εpξ ip(x),

where the vector fields ξ0, ξ1, . . . , ξp are given by

ξ iν(x)= ∂f i
ν (x, a)

∂a

∣
∣
∣
∣
a=0

, ν = 0, . . . , p; i = 1, . . . , n.

In what follows, an approximate group generator

X ≈ (

ξ i0(x)+ εξ i1(x)+ · · · + εpξ ip(x)
) ∂

∂xi

is written simply

X = (

ξ i0(x)+ εξ i1(x)+ · · · + εpξ ip(x)
) ∂

∂xi
· (1.6.4)

In theoretical discussions, approximate equalities are considered with an error
o(εp) of an arbitrary order p ≥ 1. However, in the most of applications the theory
is simplified by letting p = 1.

1.6.2 Approximate Lie Equations

Consider one-parameter approximate transformation groups in the first order of pre-
cision. Let

X =X0 + εX1 (1.6.5)

be a given approximate operator, where

X0 = ξ i0(x)
∂

∂xi
, X1 = ξ i1(x)

∂

∂xi
.

The corresponding approximate transformation group of points x into points x̄ =
x̄0 + εx̄1 with the coordinates

x̄i = x̄i0 + εx̄i1 (1.6.6)

is determined by the following equations:

dx̄i0

da
= ξ i0(x̄0), x̄i0

∣
∣
a=0 = xi, i = 1, . . . , n, (1.6.7)

dx̄i1

da
=

n
∑

k=1

∂ξ i0(x)

∂xk

∣
∣
∣
∣
∣
x=x̄0

x̄k1 + ξ i1(x̄0), x̄i1

∣
∣
a=0 = 0. (1.6.8)

The equations (1.6.7)–(1.6.8) are called the approximate Lie equations.
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Example 1.6.2 Let n= 1 and let

X = (1 + εx)
∂

∂x
.

Here ξ0(x)= 1, ξ1(x)= x, and equations (1.6.7)–(1.6.8) are written:

dx̄0

da
= 1, x̄0

∣
∣
a=0 = x,

dx̄1

da
= x̄0, x̄1

∣
∣
a=0 = 0.

Its solution has the form

x̄0 = x + a, x̄1 = ax + a2

2
.

Hence, the approximate transformation group is given by

x̄ ≈ x + a + ε
(

ax + a2

2

)

.

Example 1.6.3 Let n= 2 and let

X = (1 + εx2)
∂

∂x
+ εxy

∂

∂y
·

Here ξ0(x, y)= (1,0), ξ1(x, y)= (x2, xy), and (1.6.7)–(1.6.8) are written:

dx̄0

da
= 1,

dȳ0

da
= 0, x̄0

∣
∣
a=0 = x, ȳ0

∣
∣
a=0 = y,

dx̄1

da
= (x̄0)

2,
dȳ1

da
= x̄0ȳ0, x̄1

∣
∣
a=0 = 0, ȳ1

∣
∣
a=0 = 0.

The integration gives the following approximate transformation group:

x̄ ≈ x + a + ε

(

ax2 + a2x + a3

3

)

, ȳ ≈ y + ε

(

axy + a2

2
y

)

.

1.6.3 Approximate Symmetries

Let G be a one-parameter approximate transformation group given by

z̄i ≈ f (z, a, ε)≡ f i
0 (z, a)+ εf i

1 (z, a), i = 1, . . . ,N. (1.6.9)

An approximate equation

F(z, ε)≡ F0(z)+ εF1(z)≈ 0 (1.6.10)

is said to be approximately invariant with respect to G if

F(z̄, ε)≈ (F (f (z, a, ε), ε)= o(ε)

whenever z= (z1, . . . , zN) satisfies (1.6.10).
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If z = (x,u,u(1), . . . , u(k)), then (1.6.10) becomes an approximate differential
equation of order k, and G is an approximate symmetry group of this differential
equation.

For example, the second-order equation

y′′ − x − εy2 = 0 (1.6.11)

has no exact point symmetries if ε �= 0 is regarded as a constant coefficient, and
hence cannot be integrated by the Lie method. Moreover, this equation cannot be in-
tegrated by quadrature. However, it possesses approximate symmetries if ε is treated
as a small parameter, e.g.

X1 = ∂

∂y
+ ε

3

[

2x3 ∂

∂x
+

(

3yx2 + 11

20
x5

) ∂

∂y

]

,

X2 = x
∂

∂y
+ ε

6

[

x4 ∂

∂x
+

(

2yx3 + 7

30
x6

) ∂

∂y

]

.

(1.6.12)

The operators (1.6.12) span a two-dimensional approximate Lie algebra and can be
used for consecutive integration of (1.6.11) (see [8], Sect. 12.4).

For a detailed discussion of approximate symmetries of differential equations
with a small parameter as well as numerous examples we refer the reader to [7],
Chaps. 2 and 9, and to the references therein.
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Chapter 2
Introduction to Group Analysis and Invariant
Solutions of Integro-Differential Equations

The method is a technique which I have applied twice.
Maxim of a traditional professor in mathematics.
G. Polya

In this chapter we give an introduction into applications of group analysis to equa-
tions with nonlocal operators, in particular, to integro-differential equations. The
first section of this chapter contains a retrospective survey of different methods for
constructing symmetries and finding invariant solutions of such equations. The pre-
sentation of the methods is carried out using simple model equations. In the next
section, the classical scheme of the construction of determining equations of an
admitted Lie group is generalized for equations with nonlocal operators. In the con-
cluding sections of this chapter, the developed regular method of obtaining admitted
Lie groups is illustrated by applications to some known integro-differential equa-
tions.

2.1 Integro-Differential Equations in Mathematics
and in Applications

Equations with nonlocal operators include integro-differential equations (IDE), de-
lay differential equations, stochastic differential equations and some other types of
less-known equations. They have been intensively studied for a long time already,
in mathematics and in numerous scientific and engineering applications.

The most known integro-differential equations are kinetic equations (KE) which
form the basis in the kinetic theories of rarefied gases, plasma, radiation transfer, co-
agulation. The Boltzmann kinetic equation [10] in rarefied gas dynamics, the Vlasov
and Landau equations in plasma physics [2], and the Smolukhovsky equation in co-
agulation theory [71] are widely used and have become classical. Numerous gen-
eralizations of these equations are also used in other applications. Brief outlines of
delay and stochastic differential equations are presented in Chaps. 5 and 6.

Y.N. Grigoriev et al., Symmetries of Integro-Differential Equations,
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The kinetic equations describe the time evolution of a distribution function (DF)
of some interacting particles such as gas molecules, ions, electrons, aerosols, etc.
DF has the meaning of a nonnormalized probability density function defined on the
space of dynamical variables of particles. A large number of independent variables
and the presence of complicated integral operators are typical features of KEs. KEs
for dynamical systems with strong pair particle interaction include special opera-
tors which are called collision integrals. In general, they are integral operators with
quadratic nonlinearity and multiple kernels as in the Boltzmann and Smolukhovsky
equations. For systems where collective (averaged) particle interactions are of prin-
cipal importance, the nonlocal operators have the form of functionals of DF, as for
example, in the Vlasov equation for collisionless plasma or in the Bhatnagar–Gross–
Krook equation in rarefied gas dynamics [12]. These peculiarities create large dif-
ficulties for investigation of integro-differential equations by both analytical and
numerical methods. Starting with the classical paper [48], partial simplification of
these difficulties was done by reducing the integro-differential equations to infinite
systems of first order differential equations for power moments of DF. Such systems
are derived by integration of the original integro-differential equation with power
weights with respect to some dynamical variables. Using certain asymptotical pro-
cedures [25] one can transform infinite systems for moments into hydrodynamic
type finite partial differential equation systems such as the Navier–Stokes system
for the Boltzmann equation or the system of ideal magnetic hydrodynamics for the
Vlasov–Maxwell system. The mathematical theory of these systems has been in-
dependently developed from the studies of the corresponding integro-differential
equations.

2.2 Survey of Various Approaches or Finding Invariant
Solutions

In pure mathematical theories and especially in applied disciplines a special at-
tention is given to the study of invariant solutions of integro-differential equations
which are directly associated with fundamental symmetry properties of these equa-
tions. In Chap. 1 an application of the classical Lie group theory for finding invari-
ant solutions of differential equations was presented. Group analysis in this case is
an universal tool for calculating complete sets of searched symmetries. However a
direct transference of the known scheme of the group analysis method on integro-
differential equations is impossible. As shown since the first work in this way [28]
(see also [29]) the main obstacle consists in a presence of nonlocal integral opera-
tors. Several approaches to this problem were worked out during a long history of
studying invariant (self-similar) solutions of IDEs. The main of these approaches
can be classified as follows:

(1) Use of a presentation of a solution or an admitted Lie group of transformations
on the basis of a priori simplified assumptions;

(2) Investigation of infinite systems of differential equations for power moments;
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(3) Transformation of an original integro-differential equation into a differential
equation;

(4) Direct derivation of a Lie group of transformations through corresponding de-
termining equations and construction of a representation of invariant solutions
of IDE.

Methods of the first and fourth groups one can characterize as direct methods be-
cause they deal directly with an original IDE. At the same time the methods of the
second and third groups are indirect. They are based on the replacement of a consid-
ered integro-differential equation by an infinite system of differential equations or
by a single differential equation. This allows one to analyze derived equations using
the standard methods of the classical Lie group theory outlined in Chap. 1.

In the present section a brief survey of all these approaches is given. Each method
is illustrated with a simple (model) integro-differential equation with minimal num-
ber of variables. It allows us to explain an essence of the method without too cum-
bersome calculations. The most noticeable results obtained in corresponding frame-
works are annotated with references.

2.2.1 Methods Using a Presentation of a Solution or an Admitted
Lie Group

Methods of this type have an heuristic character. Possibilities of their universaliza-
tion are restricted. Just to them one can relate epigraph of the chapter. They have no
direct relations with group theoretical analysis. However, these methods intuitively
use some symmetry properties of equations. This allows one to choose a form of a
solution or an admitted transformation. It is worth to note that most known invariant
solutions of IDEs for today were obtained applying these methods.

Local-Equilibrium or Stationary Solutions Historically the first approach of
finding invariant solutions of integro-differential (kinetic) equations was based on
splitting original equation in two simpler equations [10, 48]. One of these equations
allows one to define a structure of a seeking solution. Consistence with another
equation provides an explicit form of the solution. Using this method (local) equi-
librium and stationary solutions of some kinetic equations were obtained. Here an
application of this approach to basic types of integro-differential kinetic equations
is considered.

The Kac equation [38] is the simplest model of the full Boltzmann kinetic equa-
tion. This equation is

∂f

∂t
+ v

∂f

∂x
+ F

∂f

∂v
= J (f,f ), (2.2.1)

where

J (f,f )=
∞∫

−∞
dw

π∫

−π

dθg(θ)[f (v′)f (w′)− f (v)f (w)]. (2.2.2)
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Here f (t, v, x) is the distribution function (DF), t ∈ R
1+, v, x ∈ R

1, J (f,f ) is the
collision operator (integral), F is an external force, g(θ) = g(−θ) is a kernel asso-
ciated with details of particle interaction subject to the normalization condition

π∫

−π

g(θ) dθ = 1.

For the sake of brevity only the velocity arguments of DF are saved in the integrand
of (2.2.2). In this case the function g(θ) corresponds to the Maxwell molecular
model [25]. The collision transformation (v,w)→ (v′,w′) is given by the group of
rotations in R2 =R1 ×R1 (see (1.1.2)) with the matrix representation A

(v′,w′)= (v,w)A, A=
(

cos θ − sin θ
sin θ cos θ

)

.

Separating (2.2.1) in two parts, the form of local equilibrium solutions (so-called
Maxwellians) is obtained from the equation J (f,f ) = 0. This equation is satisfied
for any function g(θ) if and only if

f (v′)f (w′)− f (v)f (w)= 0, (2.2.3)

or, that is the same,

lnf (v′)+ lnf (w′)= lnf (v)+ lnf (w).

This means that lnf (v) is a summation invariant of the group of rotations in R2.
Using the infinitesimal generator (1.1.7) X = w∂v − v∂w of the group, one obtains
from XI = 0 that in this case the unique summation invariant is v2 +w2 = v′2 +w′2.
This gives us that the local Maxwellian solutions of (2.2.1) have the form

fM(t, v, x)= a(t, x) exp [−b(t, x)v2]. (2.2.4)

It is worth to emphasize a crucial step which consists here in solving functional
equation (2.2.3). In turn, the solution is defined by summation invariants of the
group of transformations corresponding to a collision interaction. For example, in
the case of monatomic gas we deal with the group of rotations in R6 = R3 × R3

which has four such invariants [25].
The function (2.2.4) has also to satisfy the equation

∂fM

∂t
+ v

∂fM

∂x
+ F

∂fM

∂v
= 0.

For example, if the force F = −ϕ′ is conservative with the potential ϕ(x), then
b = const, a = C exp (−2bϕ) and the well-known Maxwell–Boltzmann distribution
fM(v, x)= C exp [−b(v2 + 2ϕ)] in potential field is obtained.1

The local Maxwellian solutions of the full Boltzmann equation were completely
studied using the outlined method by outstanding scientists: J.C. Maxwell [48],

1The complete study of local Maxwellian solutions of (2.2.1) done in [21].
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L. Boltzmann [10], T. Carleman [14], H. Grad [27]. The local-equilibrium solu-
tions for kinetic equations with similar collision integrals such as the linear Boltz-
mann equation in the neutron transfer theory [25], the Landau kinetic equation in
the plasma physics [2], the Wang Chang–Uhlenbeck equation in the kinetic theory
of polyatomic gases [25] and others were constructed using similar approach.

There exists a wide class of integro-differential equations which include integral
operators in the form of functionals depending on their solutions. In particular, ki-
netic equations with a self-consistent field (so-called Vlasov-type equations) belong
to this class. These equations are used in plasma physics, gravitational astrophysics,
theory of nonlinear waves and others. In this case such equations have the form of
a first order partial differential equation with associative equations for functionals.
According to the theory of differential equations their general solutions are arbitrary
differentiable functions of first integrals. This property allows one to find invariant
solutions of some simple problems.

To illustrate this approach let us consider the one-dimensional problem of equi-
librium of a plane gravitating homogeneous layer [59]. The problem is described by
the Vlasov–Poisson system:

v
∂f

∂x
+ F

∂f

∂v
= 0, (2.2.5)

d2ϕ

dx2
= C. (2.2.6)

Here f (v, x) is the distribution function of gravitating particles, v ∈ R1 is the par-
ticle velocity, x ∈ [−1,1] is the space coordinate, F = −ϕ′ is the gravity force,
ϕ(x) is the gravitational potential. The density of particles ρ(x) is the zeroth-order
moment of the DF:

ρ(x)=
∫

f (v, x) dv. (2.2.7)

Since the density is constant along a layer, it can be written as ρ(x)= ρ0H(1 −
x2), where H is the unit Heaviside step-function. The right hand side of (2.2.6)
is constant C = ρ0. Then F(x) = −x and the general solution of (2.2.5) is f =
f0(E), where the first integral E = v2/2+x2/2 is the energy invariant of the particle
motion. It is also necessary to satisfy the self-consistency condition (2.2.7). In fact,
one has to solve the integral equation of the first kind

∫

f0(E)dv = ρ0H(1 − x2).

The last equation can be transformed into the Abel equation by the substitution
y = 1 − 2E:

z∫

0

f0(y)dy√
z− y

= ρ0H(z), z= 1 − x2.
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The Abel equation is invertible for an arbitrary right hand side [72]:

f0(y)= 1

π

d

dy

y∫

0

ρ0H(z)dz√
y − z

.

Finally, one obtains

f0(E)= ρ0H(1 − 2E)

π
√

1 − 2E
.

Invariant solutions were similarly obtained for gravitating problems with cylin-
drical and spherical symmetries (see references in [59]). It is obvious that this
method can also be used in other applications of the Vlasov-type equations with
two independent variables. In particular, the one-dimensional dynamics of colli-
sionless plasma with a neutralizing background and a potential field is described by
the following system

∂f

∂t
+ v

∂f

∂x
+ F

∂f

∂v
= 0, (2.2.8)

∂F

∂x
= 1 −

∞∫

−∞
dv f,

∂F

∂t
=

∞∫

−∞
dv f v. (2.2.9)

From [1] it follows that there exists some transformation, which maps (2.2.8),
(2.2.9) to the above stationary Vlasov–Poisson system. Then, one can derive non-
stationary solutions of the Vlasov–Maxwell system (2.2.8), (2.2.9) starting from the
stationary solutions.

A Priori Choice of Invariant Transformations

1. Nikolskii’s transformations.

First time this approach was systematically applied to the Boltzmann integro-
differential equation by A.A. Nikolskii in the series of papers [51–53]. Transfor-
mations obtained by this approach provide nonstationary space-dependent solutions
from space-homogeneous.

Let us illustrate the Nikolskii approach using the Kac equation (2.2.1). In the
space-homogeneous case and in absence of the external force F it becomes

∂f (t, v)

∂t
= J (f,f ). (2.2.10)

Assume that fh(t, v) is a solution of (2.2.10). The Nikolskii transformation is

fs(t, x, v)= fh(t̄, v̄), (2.2.11)

where

t̄ = τ(t), v̄ = (1 + t/t0)

(

v − x

t + t0

)

. (2.2.12)
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Here τ(t) is a temporarily unknown function. One can consider the quantity c =
v − x

t+t0
as the heat (eigen) microscopic velocity of a particle, and the quantity

U = x

t + t0

as the macroscopic velocity of a continuum (model gas) in the space position x.
Flows with this velocity distribution in the framework of the one-dimensional ideal
gas dynamics were studied by L.I. Sedov [61]. For t, t0 > 0 it is an expansion flow
of a gas; if t0 < 0 it is a compression flow. Therefore the solution (2.2.11), (2.2.12)
is called “expansion–compression” motions of a model gas. This means that the
distribution function fs of eigen velocities is the same at each space point at any
given instant.

Substitution of (2.2.11) into the left hand side of (2.2.1) with F(x)= 0 gives

∂fs

∂t
(t, x, v)+ v

∂fs

∂x
(t, x, v)= dτ

dt
(t)

∂fh

∂t
(t̄ , v̄), (2.2.13)

where (t̄ , v̄) are defined by (2.2.12). Taking into account that fh(t, v) is a solution
of (2.2.10), one can write

dτ

dt
(t)

∂fh

∂t
(t̄ , v̄)

= dτ

dt
(t)

∞∫

−∞
dw̄

π∫

−π

dθg(θ)[fh(v̄′)fh(w̄′)− fh(v̄)fh(w̄)], (2.2.14)

where v̄′ = v̄ cos θ + w̄ sin θ , w̄′ = −v̄ sin θ + w̄ cos θ .
By virtue of linearity of the collision transformation for dilations of the velocity

space we have

(λv′, λw′)= (λv,λw)A.

Hence, the collision integral under such dilations is transformed as follows

J (f,f )(λv)= λJ (f,f )(v). (2.2.15)

Let us additionally assume that the studied class of distribution functions fh(t, v)
leaves the collision integral invariant with respect to the translations of the velocity
space

f̄h(t, v)= fh(t, v − a).

This property corresponds [16] to the physical meaning of the distribution function
as the particle number density in the velocity space. In this functional class the
collision integral J (f,f ) has the property

J (f̄h, f̄h)(v)= J (fh,fh)(v − a). (2.2.16)

Sequentially exploiting the properties of the collision integral (2.2.15) and then
(2.2.16), the equation (2.2.13) becomes

∂fs

∂t
+ v

∂fs

∂x
= (1 + t/t0)

dτ

dt
J (fs, fs). (2.2.17)
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Hence, the function fs(t, x, v) determined by (2.2.11), (2.2.12) is a solution of the
equation

∂f

∂t
+ v

∂f

∂x
= J (f,f )

if and only if the unknown function τ(t) satisfies differential equation

dτ

dt
(1 + t/t0)= 1.

Choosing τ(0) = 0, one obtains that τ(t) = t0 ln(1 + t/t0) for any positive t . If
the factor in front of J (fs, fs) in (2.2.17) is chosen as an arbitrary constant, then
(2.2.12) is an equivalence transformation [56].

It is known [38] that for t → ∞ a solution of the space homogeneous equation
(2.2.10) with arbitrary initial data converges to the absolute Maxwellian distribu-
tion fM .

One can note that in an expansion flow for t, t0 > 0 the equilibrium distribution
is reached

lim
t→∞fs(t, x, v)= fM(v).

Whereas in an compression flow (where t0 < 0) one has for t → −0 that

fs(0, x, v)= fh

(

τ(0), v − x

t0

)

�= fM(v),

and the equilibrium distribution is not achieved (see [52]).
In many IDEs the differential operator has a similar form. If the collision inte-

gral possesses similar invariant properties, then Nikolskii’s transformation can also
be applied. Here it can also be mentioned the linear Boltzmann equation [25], the
Landau equation [2] and some others. Unfortunately, as a rule, solutions of space
homogeneous equations excepting stationary equilibrium solutions are unknown.

2. The Bobylev approach.

All methods for constructing invariant solutions of IDEs presented in this sub-
section have ad-hoc character. This means that they are not universal and, hence,
have a confined field of applications. As a rule, such methods are based on intu-
itive windfalls rather than on systematic approach. The most outstanding results in
the frameworks of this direction were derived by Bobylev [5–7]2 for the Boltzmann
kinetic equation for Maxwell molecules.

Here the windfall was the Fourier transform of the Boltzmann equation (BE)
with respect to the velocity variables. The transformation drastically simplified an
investigation of mathematical properties of BE. This has allowed one not only to
obtain a new nontrivial symmetry of BE but also to complete a relaxation theory of
a Maxwellian gas.

2Some generalizations of the Bobylev approach were also done in [24].
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Let us demonstrate the Bobylev approach on the space homogeneous Kac model
as was done in [32]. The Cauchy problem for the distribution function f (t, v) has
the form

∂f

∂t
=

∞∫

−∞
dw

π∫

−π

dθg(θ)[f (v′)f (w′)− f (v)f (w)], (2.2.18)

f (0, v)= f0(v). (2.2.19)

The equilibrium solution of (2.2.18) when t → ∞ is the absolute Maxwellian
distribution

fM(v)= 1√
2π

exp(−v2/2). (2.2.20)

The problem (2.2.18), (2.2.19) possesses the mass and energy conservation laws of
the forms

∞∫

−∞
f (t, v) dv =

∞∫

−∞
f0(v) dv = 1,

∞∫

−∞
v2f (t, v) dv =

∞∫

−∞
v2f0(v) dv = 1.

(2.2.21)

For an arbitrary integrable function ψ(v) and the collision integral (2.2.2) the
integral identity takes place

I (ψ)=
∞∫

−∞
dvψ(v)J (f,f )

=
∞∫

−∞

∞∫

−∞

π∫

−π

g(θ)(ψ(v′)−ψ(v))f (v)f (w)dvdwdθ. (2.2.22)

The direct and inverse Fourier transforms are defined as follows

ϕ(k)=
∞∫

−∞
f (v)e−ikv dv. (2.2.23)

f (v)= (2π)−1

∞∫

−∞
ϕ(k)eikv dk. (2.2.24)

Applying the direct transform (2.2.23) to (2.2.18) and taking into account identity
(2.2.22), one can derive the Fourier representation of the Cauchy problem (2.2.18),
(2.2.19):

∂ϕ(t, k)

∂t
= Ĵ (ϕ,ϕ), ϕ(0, k)=Φ(k), (2.2.25)
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where

Ĵ (ϕ,ϕ)=
π∫

−π

dθg(θ)[ϕ(k cos θ)ϕ(k sin θ)− ϕ(k)ϕ(0)],

and

Φ(k)=
∞∫

−∞
f0(v)e

−ikv dv. (2.2.26)

Note that an essential simplification of the collision term occurred:3 the collision
term contains a single integral over the collision parameter θ .

The Fourier transform of the equilibrium solution (2.2.20) is

ϕM(k)= exp

(

−k2

2

)

. (2.2.27)

The conservation laws (2.2.21) in terms of Fourier transforms become

ϕ(t,0)=Φ(0)= 1,
∂2ϕ(t, k)

∂k2

∣
∣
∣
∣
k=0

= ∂2Φ(k)

∂k2

∣
∣
∣
∣
k=0

= −1. (2.2.28)

One can easily verify that (2.2.25) admits some simple groups of transformations.
In fact, there is a group of translations of the time t̄ = t + a . The corresponding
infinitesimal generator of this group is X1 = ∂t .

It is necessary to point out that each transformation in the k-space has a corre-
sponding representation in the original v-space. In such a way there is a dilation
group in the k-space

k̄ = eak, X2 = k∂k. (2.2.29)

This transformation leads to the change of variables in the v-space:

f̄ (t, v)= e−af (t, e−av).

This property corresponds to the transformation defined by the infinitesimal gener-
ator:

Y2 = v∂v + f ∂f .

The Bobylev symmetry of (2.2.25) is defined by the formula

ϕ̄(t, k)= exp

(

−ak2

2

)

ϕ(t, k). (2.2.30)

This symmetry corresponds to the infinitesimal generator X3 = − k2

2 ϕ∂ϕ .

3More impressive simplification the Fourier transform gives for the full Boltzmann equation with
Maxwell molecules: the five-fold collision integral is reduced to a two-fold integral [7]. Unfor-
tunately for other power-like molecular potentials Fourier transform does not give simplifications
[33].
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The invariance of (2.2.25) with respect to the change (2.2.30) is easily ascer-
tained. Because the existence of an inverse Fourier transform requires that a ≥ 0,
the transformation (2.2.30) determines a semigroup. Using (2.2.24) and the convo-
lution theorem, one can obtain the corresponding semigroup in the v-space:4

f̄ (t, v)= 1√
2πa

∞∫

−∞
f (t,w)dw exp

[

− (v −w)2

2a

]

. (2.2.31)

Here corresponding an infinitesimal generator is the one-dimensional Laplace oper-
ator

Y5 = 1

2
∂vv.

The invariant solution of the problem (2.2.25) which is consistent from the phys-
ical point of view has to satisfy the initial conditions (2.2.26), the conservation laws
(2.2.28) and has to converge to ϕM(k) (2.2.20) for t → ∞. Taking into account
these demands, the invariant solution similar to the well-known BKW-mode [5] is
constructed in the following way.5

To reduce the number of independent variables and to use simultaneously the
new symmetry (2.2.30) one can seek for a solution in the form

ϕ(k, t)= exp

(

−ak2

2

)

Ψ (x), x = τ(t)k, (2.2.32)

where τ(t) is determined later. Substituting the presentation (2.2.32) into (2.2.25)
and taking into account its invariance under the transformation (2.2.30), one obtains

dτ

dt

1

τ
x
dΨ

dx
= Ĵ (Ψ,Ψ ).

To separate variables here it is necessary to set

dτ

dt

1

τ
= c.

The last equation determines the function τ(t) = θ0 exp(ct), where c and θ0 are
arbitrary constants. To satisfy the initial conditions one has to require

ϕ(k,0)= exp

(

−ak2

2

)

Ψ (θ0k)=Φ(k).

Hence, the representation of the invariant solution (2.2.32) becomes

ϕ(k, t)= exp

[
1

2
a(x2 − k2)

]

Φ(x). (2.2.33)

4The invariance of the Boltzmann equation with isotropic Maxwell molecular model with respect
to semigroup (2.2.31) was discovered in [50] but it was not used by the author for constructing
invariant solutions and for a long time this result was lost.
5The authors of BKW-mode [42] used a much more long and intricate approach.
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Since Φ(0) = 1, for asymptotic convergence of (2.2.33) to the equilibrium so-
lution (2.2.27), it is sufficient to accept that a = 1 and c < 0. Simultaneously this
solution satisfies the mass conservation law. The energy conservation law will be
automatically satisfied after constructing the solution in the explicit form.

One can check that the invariant solution (2.2.33) is determined by the infinites-
imal generator X = −c−1X1 +X2 −X5. In fact, solving the first-order partial dif-
ferential equation

X(I)≡ −c−1 ∂I

∂t
+ k

∂I

∂k
− k2ϕ

∂I

∂ϕ
= 0,

one derives two independent integrals I1 = kθ0 exp(ct) = kτ(t) and I2 = ϕ×
exp(k2/2) which are independent invariants (see Chap. 1). Since for constructing
the invariant solution one requires that

I2 = h(I1),

one has the representation of the invariant solution ϕ = exp(−k2/2)h(x). Finally to
satisfy the imposed demands it is sufficient to set h(x)= exp(x2/2)Φ(x).

Substitution of the presentation (2.2.33) into (2.2.25) gives the factor-equation

c x

(
dΦ

dx
+ xΦ

)

= Ĵ (Φ,Φ). (2.2.34)

To find the BKW-mode one uses the Taylor expansion

Φ(x)= 1 +
∞
∑

n=1

cn

n! x
n, (2.2.35)

where the choice c0 = 1 explicitly accomplishes the mass conservation law.
After substitution (2.2.35) into (2.2.34) one obtains a specific nonlinear spectral

problem for the coefficients cn. Even coefficients c2k (n= 2k) are separately deter-
mined from closed subsystem. In particular, c2 = −1 and the energy conservation
law is satisfied. Some resonance property of even eigen values allows to cut the
series (2.2.35) and find a solution in the form

Φ(x)= 1 − x2, x = kτ(t)≡ kθ0 exp(ct), c = −1

8

π∫

−π

dθg(θ) sin2 2θ.

Applying the inverse Fourier transform to (2.2.33), one can derive the explicit
expression of the BKW-mode6 in the v-space:

f (t, v)= 1√
2π(1 − λ(t))

[

1 + λ(t)

2(1 − λ(t))

(
v2

1 − λ(t)
− 1

)]

exp

[

− v2

2(1 − λ(t))

]

,

where λ(t)= τ 2(t) and 0 < θ2
0 < 2/3.

6It is worth to note that the Fourier transform of the Boltzmann equation and the explicit solution
rediscovered in [6, 7, 42] were first derived in unknown MS thesis of R. Krupp (see Ref. [15]).
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3. Scaling conjecture.

In the work of the authors [28] some generalization of known symmetry proper-
ties of the Boltzmann equation and its models was proposed. In application to the
Kac model in absence of an external force F

∂f

∂t
+ v

∂f

∂x
= J (f,f ), (2.2.36)

the admitted Lie group G of transformations Ta was sought in the form

f̄ =ψ(t̄, x̄, a)f, t = q(t̄, x̄, a), x = h(t̄, x̄, a),

v = r(t̄ , x̄, a)v̄.
(2.2.37)

Here {f, t, x, v} and {f̄ , t̄ , x̄, v̄} are original and transformed variables, respec-
tively, ψ, h, θ, r, p are unknown functions which define the sought group G with
the group parameter a. These functions have necessarily to satisfy the main group
superposition property in the form

Tb Ta = Ta+b, (2.2.38)

and the identity property for the group parameter a = 0:

ψ(t̄, x̄,0)= 1, q(t̄ , x̄,0)= t̄ , h(t̄ , x̄,0)= x̄,

r(t̄ , x̄,0)v̄ = v̄.
(2.2.39)

The Lie group of transformations G is said to be admitted by (2.2.36) or (2.2.36)
admits the group G if transformations (2.2.37) convert every solution of (2.2.36)
into a solution of the same equation. This means that if a function f (t, x, v) is a
solution of (2.2.36), then the function

f̄ (t̄ , x̄, v̄, a)=ψ(x̄, t̄ , a) f (q(x̄, t̄ , a), h(x̄, t̄ , a), r(t̄ , x̄, a)v̄) (2.2.40)

satisfies the equation

∂f̄

∂t̄
+ v̄

∂f̄

∂x̄
= J (f̄ , f̄ ). (2.2.41)

By virtue of the properties of the collision integral (2.2.16) and (2.2.37), one can
show that

J (f̄ , f̄ )= g(t̄, x̄, a)J (f,f ) (2.2.42)

with some function g(t̄, x̄, a).
Calculating the derivatives of the function f̄ (t̄ , x̄, v̄, a) (2.2.40) and the collision

integral J (f̄ , f̄ ), one gets

∂f̄

∂t̄
= ∂ψ

∂t̄
f +ψ

(
∂f

∂t

∂q

∂t̄
+ ∂f

∂x

∂h

∂t̄
+ ∂f

∂v

∂r

∂t̄
v

)

,

∂f̄

∂x̄
= ∂ψ

∂x̄
f +ψ

(
∂f

∂t

∂q

∂x̄
+ ∂f

∂x

∂h

∂x̄
+ ∂f

∂v

∂r

∂x̄
v

)

,

J (f̄ , f̄ )(t̄ , x̄, v̄, a)= ψ2(t̄ , x̄, v̄, a)

r(t̄ , x̄, v̄, a)
J (f,f )(t, x, v),
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where (t, x, v) are defined by (2.2.37). Since the function f (t, x, v) is a solution of
the Kac equation (2.2.36), the collision integral J (f,f ) can be exchanged with the
left hand side of this equation. This gives that

J (f̄ , f̄ )= ψ2

r

(
∂f

∂t
+ rv̄

∂f

∂x

)

.

Taking into account that f (t, x, v) is an arbitrary solution of (2.2.36) one can split
the derived equation with respect to f and its derivatives:

f : ∂ψ
∂t̄

+ v̄
∂ψ

∂x̄
= 0,

∂f

∂t
: ∂q
∂t̄

+ v̄
∂q

∂x̄
− ψ

r
= 0,

∂f

∂x
: ∂h
∂t̄

+ v̄
∂h

∂x̄
− rv̄

ψ

r
= 0,

∂f

∂v
: ∂r
∂t̄
v̄ + ∂p

∂t̄
+ v̄

∂r

∂x̄
v̄ = 0.

Additional splitting of these equations with respect to the variable v̄ gives the equa-
tions

∂ψ

∂t̄
= 0,

∂ψ

∂x̄
= 0, (2.2.43)

∂q

∂t̄
− ψ

r
= 0,

∂q

∂x̄
= 0, (2.2.44)

∂h

∂t̄
= 0,

∂h

∂x̄
−ψ = 0, (2.2.45)

∂r

∂t̄
= 0,

∂r

∂x̄
= 0. (2.2.46)

From (2.2.43) one has that ψ =ψ(a). The general solution of (2.2.45) is

h(t̄, x̄, a)= x̄ψ(a)+ c1(a)

with an arbitrary function c1(a). Equations (2.2.46) define that

r = r(a).

The general solution of (2.2.44) is

q(t̄, x̄, a)= t̄
ψ(a)

r(a)
+ c2(a),

where c2(a) is an arbitrary function.
Thus, using the properties of the collision integral (2.2.15), one derives that the

form of admitted transformations (2.2.37) is

f̄ =ψ(a)f, t = t̄
ψ(a)

r(a)
+ c2(a),

x = x̄ψ(a)+ c1(a), v = r(a)v̄.

(2.2.47)
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The identity conditions (2.2.39) of transformations (2.2.47) at a = 0 impose the
additional relations

ψ(0)= 1, c1(0)= 0, r(0)= 1, c2(0)= 0. (2.2.48)

The requirement to satisfy the main Lie group property (2.2.38) for the variable
f and v leads to the conditions

ψ(a)ψ(b)=ψ(a + b), r(a)r(b)= r(a + b). (2.2.49)

Using (2.2.48), the general solutions of these equations are

ψ(a)= exp(ĉ1a), r(a)= exp(ĉ2a),

where ĉ1 and ĉ2 are arbitrary constants. Hence, transformations (2.2.47) become

f̄ = exp(ĉ1a)f (x, v, t), x̄ = (x − c1(a)) exp(−ĉ1a),

v̄ = v exp(−ĉ2a), t̄ = (t − c2(a)) exp[−(ĉ1 − ĉ2)a)].
(2.2.50)

Since there is one-to-one correspondence between an infinitesimal generator and
a Lie group, the undefined functions c1(a) and c2(a) in (2.2.50) can be found from
the system of Lie equations.

Recall that the coefficients of the admitted generator of the Lie group G

X = ξ t
∂

∂t
+ ξx

∂

∂x
+ ξv

∂

∂v
+ ζ f

∂

∂f

are defined by the formulae

ξ t = dt̄

da

∣
∣
∣
∣
a=0

= −c′
2(0)− (t − c2(0))(ĉ1 − ĉ2),

ξx = dx̄

da

∣
∣
∣
∣
a=0

= −c′
1(0)− ĉ1(x − c1(0)),

ξv = dv̄

da

∣
∣
∣
∣
a=0

= −ĉ2v,

ζ f = df̄

da

∣
∣
∣
∣
a=0

= ĉ1f.

By virtue of (2.2.48), one obtains that

ξ t = −c′
2(0)− t (ĉ1 − ĉ2),

ξx = −c′
1(0)− ĉ1x,

ξv = −vĉ2,

ζ f = ĉ1f.
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Thus, one has the basis of admitted generators

ĉ1 : X4 = f ∂f − t∂t − x∂x,

ĉ2 : X3 = v∂v − t∂t ,

c′
1(0) : X1 = ∂x,

c′
2(0) : X2 = ∂t .

(2.2.51)

Now after finding the invariants of the group XiJ = 0 (i = 1, . . . ,5) by the usual
way, one can obtain representations of invariant solutions.

It is seen that the integral transformation (2.2.31) is absent in transformations
(2.2.50). However, as will be shown in Chap. 3 such simple scaling conjecture al-
lows us [28] to define 11-parameter Lie algebra admitted by the full Boltzmann
equation and all known extensions for some special cases of molecular potentials
(see also [31]).

4. Teshukov’s wave-type solutions.

It is worth to mention here one more approach which was developed by
V.M. Teshukov. In [67] an extension of the theory of characteristics for systems of
integro-differential equations was proposed. Using the generalized characteristics
and Riemann invariants, simple waves of a system of integro-differential equations
were determined.

The system of integro-differential equations describing evolution of rotational
free-boundary flows of an ideal incompressible fluid in a shallow-water approxima-
tion is the following

hut + uux + vuy + gh= 0, ux + vy = 0,

ht +
( h∫

0

udy

)

x

= 0.
(2.2.52)

Here (u, v) is the fluid-velocity vector, h is the layer depth, g is the gravitational
acceleration, x and y are the Cartesian plane coordinates, and t is time. The impen-
etration condition v(x,0, t) = 0 is satisfied at the layer bottom. Equations (2.2.52)
are considered in the Eulerian–Lagrangian coordinates x′, λ, t ′, where

x = x′, t = t ′, y =Φ(x′, λ, t ′),

and Φ =Φ(x′, λ, t ′) is the solution of the Cauchy problem

Φt + u(x,Φ, t)Φx = v(x,Φ, t), Φ(x,λ,0)=Φ0(x,λ).

In the new coordinates (2.2.52) become

ut (x,λ, t)+ u(x,λ, t)ux(x,λ, t)+ g

1∫

0

Hx(x, v, t) dv = 0,
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Ht(x,λ, t)+ (u(x,λ, t)H(x,λ, t))x = 0,

where the prime is omitted and H(x,λ, t)=Φλ(x,λ, t) > 0.
Solutions of the simple wave type are sought in the form

u=U(α(x, t), λ), H = P(α(x, t), λ),

where α(x, t) is a function of two variables. The functions U(α,λ), P(α,λ) have to
satisfy the equations

(u(α,λ)− k)uα(α,λ)+ g

1∫

0

Pα(α,μ)dμ= 0,

(u(α,λ)− k)Pα(α,λ)+ P(α,λ)uα(α,λ)= 0,

where k = −αt/αx . The existence of simple waves, their properties and extensions
for other systems of integro-differential equations were studied in [17, 68–70].

2.2.2 Methods of Moments

The method of moments for finding symmetries of integro-differential equations is
based on the idea to use an infinite system of partial differential equations which is
equivalent to the original integro-differential system of equations. The general idea
of consideration such a system goes back to the pioneering paper [48] where the
Boltzmann equation was studied by using the power moments defined on a solution
of the Boltzmann equation.

The moment method for obtaining symmetries consists of the following steps.
A finite subsystem of N moment equations is chosen. Applying the classical group
analysis method developed for partial differential equations to the chosen subsys-
tem, one finds the admitted Lie group (algebra) of this subsystem. Expanding the
subsystem and letting N → ∞, the intersection of all calculated Lie groups is car-
ried out. The final step consists of returning the obtained symmetries for the moment
representation to the symmetries of the original integro-differential equations.

The first application of this method was done in [64] for the system of the
Vlasov–Maxwell collisionless plasma equations.

It is worth to notice that among the indirect methods of studying symmetries of
IDEs, the method of moments is the most universal ones, despite of the substantial
restrictions of its applications.

Let us demonstrate this approach by the simple model Kac equation (2.2.1). The
power moments for this model are defined as:

Mn =
∫

vnf dv, v ∈R1 (n= 0,1, . . .).

Multiplying (2.2.1) with vn and integrating it with respect to v, one obtains on the
left hand side the expression

∂Mn

∂t
+ ∂Mn+1

∂x
.
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This expression represents two terms which are typical for the moment system of
a kinetic equation. For integration of the right hand side one can use the following
integral identity for the collision integral (2.2.2):

I (vn)=
∞∫

−∞
dvvnJ (f,f )

= 1

2

∞∫

−∞

∞∫

−∞

π∫

−π

g(θ)[v′n +w′n − vn −wn]f (v)f (w)dv dwdθ,

(2.2.53)

where v′ = v cos θ + w sin θ and w′ = w cos θ − v sin θ . Integrating the moment
system for the Kac equation (2.2.1) is obtained

∂Mn

∂t
+ ∂Mn+1

∂x
−ΛnM0Mn =

n−1
∑

m=1

Hm,n−mMmMn−m (n= 0,1, . . .),

(2.2.54)

where

Λ2k =
π∫

−π

g(θ)[cos2k θ + sin2k θ − 1 − δk0]dθ,

Λ2k+1 =
π∫

−π

g(θ)[cos2k+1 θ − 1]dθ (k = 0,1, . . .),

Hm,n−m = 1

2
Ck
n

π∫

−π

g(θ)[cosm θ sinn−m θ + (−1)m sinm θ cosn−m θ ]dθ.

It is seen that for any N the last equation of the N -order system contains the
moment MN+1. Hence each truncated subsystem is unclosed. However this does
not impede one to find a symmetry.

Applying the classical group analysis method to this system, and solving the
determining equations, one obtains that the admitted generator is

X(3) = k1X1 + k2X2 + k3Y
(3)
3 + k4Y

(3)
4 + p1(t)∂M2 + (q1(t, x)− xp′

1(t))∂M3 ,

where

X1 = ∂t , X2 = ∂x,

Y
(3)
3 = x∂x +M1∂M1 + 2M2∂M2 + 3M3∂M3 ,

Y
(3)
4 = t∂t −M0∂M0 − 2M1∂M1 − 3M2∂M2 − 4M3∂M3 .

(2.2.55)
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The part of system (2.2.54) including the fourth moment M4 consists of the equa-
tions

∂M0

∂t
+ ∂M1

∂x
= 0,

∂M1

∂t
+ ∂M2

∂x
−Λ1M0M1 = 0,

∂M2

∂t
+ ∂M3

∂x
= 0,

∂M3

∂t
+ ∂M4

∂x
−Λ3M0M3 = (H1,2 +H2,1)M1M2.

(2.2.56)

Notice that: (a) system (2.2.56) contains (2.2.55) as a subsystem; (b) the set of
derivatives for splitting the determining equations of system (2.2.56) contains the set
of derivatives for splitting the determining equations of system (2.2.55). Because of
these two properties, the generator admitted by system (2.2.56) can be obtained by
expanding the operator X(3)

3 on the space of the variables t, x,M0,M1,M2,M3 and
M4:

X(4) = k1X1 + k2X2 + k3Y
(3)
3 + k4Y

(3)
4 + p2(t,M4)∂M2

+ (q2 − xp2t ∂t )∂M3 + ζ∂M4,

where p2 = p2(t,M4), q2 = q2(t, x,M4) and ζ = ζ(t, x,M1,M2,M3,M4). Apply-
ing this operator to system (2.2.56) one obtains that

p2 = 0, q2 = 0

and

ζ = (4k3 − 5k4)M4 + q3(t).

This means that the admitted generator of system (2.2.56) is

X(4) = k1X1 + k2X2 + k3Y
(4)
3 + k4Y

(4)
4 + q3(t)∂M4 ,

where

Y
(4)
3 = Y

(3)
3 + 4M4∂M4

= x∂x +M1∂M1 + 2M2∂M2 + 3M3∂M3 + 4M4∂M4 ,

Y
(4)
4 = Y

(3)
4 − 5M4∂M4

= t∂t −M0∂M0 − 2M1∂M1 − 3M2∂M2 − 4M3∂M3 − 5M4∂M4 .

During calculations the following condition was used

H1,2 +H2,1 �= 0.

One can check that if H1,2 + H2,1 = 0, then the operator X(4) is also admitted by
system (2.2.56).

Proceeding by this way, one obtains that the only generator which is admitted by
all finite subsystems of (2.2.54) is

X = k1X1 + k2X2 + k3Y3 + k4Y4,
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where

Y3 = x∂x +
∞
∑

k=1

kMk∂Mk
, Y4 = t∂t −

∞
∑

k=0

(k + 1)Mk∂Mk
.

The operator X is more convenient to rewrite in the form

X = k1X1 + k2X2 + k3X3 + k4X4,

where

X3 = Y4, X4 = Y3 + Y4 = x∂x + t∂t −
∞
∑

k=0

Mk∂Mk
.

Let us define corresponding generators in the space of the original variables
(t, x, v, f ).

Consider the generator

X3 = t∂t −
∞
∑

k=0

(k + 1)Mk∂Mk
.

It is necessary to obtain the corresponding group of transformations in an explicit
form. Solving the Lie equations one has

t̄ = tea, x̄ = x, M̄k =Mke
−(k+1)a (k = 0,1,2, . . .). (2.2.57)

It is logical to assume that the variables v and f are also scaled in the space of the
variables t , x, v, f :

v̄ = veαa, f̄ = f eβa.

Using this change, the transformed function and the transformed moments are de-
termined by the formulae

f̄ (t̄ , x̄, v̄) = f (t̄e−a, x̄, v̄e−αa)eβa,

M̄k =
∞∫

−∞
v̄kf̄ (v̄) dv̄ = eβa

∞∫

−∞
v̄kf (v̄e−αa) dv̄

= e(β+(k+1)α)a

∞∫

−∞
vkf (v) dv =Mke

(β+(k+1)α)a.

(2.2.58)

Thus, comparing with (2.2.57), one gets

β + α = −1, α = −1.

This gives the generator

X3 = t∂t − v∂v.

Similar to the previous generator one obtains for the generator

X4 = x∂x + t∂t −
∞
∑

k=0

Mk∂Mk
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that

t̄ = tea, x̄ = xea, M̄k =Mke
−a (k = 0,1,2, . . .). (2.2.59)

Comparing this with (2.2.58), one finds

β + α = −1, α = 0.

This gives the generator

X4 = x∂x + t∂t − f ∂f .

Therefore, the Kac equation (2.2.1) admits the Lie group with the generators:7

X1 = ∂t , X2 = ∂x, X3 = t∂t − v∂v, X4 = x∂x + t∂t − f ∂f .

Starting with [64] (see also [65]) the moment method was applied to Vlasov-
type equations such as different modifications of the Benney equation [41], where a
transition to a moment system is natural. In order to use the classical group analysis
method it is necessary that each finite subsystem of a moment system contains a
finite number of moments. Taking into account this property one can mention the
papers [12, 13] where the moment method was used for the group analysis of the
Bhatnagar–Gross–Krook (BGK) kinetic equation of rarefied gas dynamics. In the
simplest model case this equation takes the form

∂f

∂t
+ v

∂f

∂x
= ν(f0 − f ). (2.2.60)

Here as in (2.2.1), the distribution function is f = f (t, v, x), t ∈ R
1+, v, x ∈ R

1. The
local Maxwellian distribution

f0 = n

(
1

2πT

)1/2

exp

[

− (v − V )2

2T

]

is defined through the moments of an unknown solution

n=
∫

dv f, V = 1

n

∫

dv v f, T = 1

n

∫

dv (v − V )2 f.

Equations similar to the BGK-equation with the so-called relaxation collision
integral are also considered in the kinetic theory of molecular gases (the Landau–
Teller equation [45]), in the plasma physics, etc. For these equations, a finite sub-
system for power moments contains a finite set of moments. However, in the
general case of dissipative kinetic equations such as the Boltzmann equation, the
Smolukhovsky equation and others this property is exceptional. For example, the
Boltzmann equation only has this property for Maxwellian-type molecular interac-
tion. As noted, this case of the Boltzmann equation can be modeled by the Kac
equation. The application of the group analysis method to the moment system cor-
responding to the Kac equation has been demonstrated above. For arbitrary inter-
molecular potentials, each moment equation contains an infinite number of mo-
ments. For this reason, in the general case the difficulty of constructing an admitted

7This Lie group coincides with the group obtained by using the scaling conjecture (compare with
(2.2.51)).
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Lie group for such a system is equally difficult as the direct integration of the mo-
ment system as a whole.

Other difficulties related with finding an admitted Lie group of transformations
using moment equations consist of some problems of inverse transition from a Lie
group of transformations for the moment system to the corresponding Lie group of
the original equation. In all known cases [12, 13, 41, 64] one deals with the Lie group
of scaling transformations similar to the example for the Kac equation considered
above. The scaling transformations are naturally carried out on the original variables
v, f . However, for more complicated transformations such a transition may be not
as easy.

It is clear that the form of a moment system and its Lie group depend on a
moment representation. As an example for the Boltzmann equation with Maxwell
molecules (also for the Kac model (2.2.1)) an alternative to the power moments can
be presented by the Fourier coefficients of the expansion of the distribution function
in Hermitian polynomials. In general there are no results on relations between these
possible approaches.

Moreover, as a rule there are no rigorous proofs of equivalence between an orig-
inal kinetic equation and the corresponding moment system. In some cases the Lie
group obtained by the moment method coincides with the Lie group calculated by
the regular method [29] applied to the original equations. For example, this hap-
pens for the 4-parameter Lie group derived for the moment system of the Vlasov
equation [64] and for the Vlasov equation [30]. The 11-parameter Lie group of the
Boltzmann equation with arbitrary power potential found in [12, 13] and the Lie
group calculated directly from the equation [28] also coincide. At the same time as
shown in [37], the finite Lie group calculated in [41] using the moment method for
the Benney equation is not complete. Since the Benney equation possesses [44] an
infinite set of conservation laws, one can expect that the finite dimension of the de-
rived Lie algebra contradicts the infinite set of conservation laws. This inconsistency
was considered in detail in [37] (see also Chap. 4).

These remarks show that in finding symmetries of IDEs, the relatively universal
moment method cannot be a valuable alternative to the regular method which is
constructed as a generalization of the classical Lie method for differential equations.

2.2.3 Methods Using a Transition to Equivalent Differential
Equations

The idea of these approaches is quite obvious. However, its realization in each case
has very individual features. Therefore the survey of these approaches is restricted
here by several examples. In spite of this restriction any of the chosen examples
illustrates a technique which is used at least in two papers.

Vlasov-Type Equations as First-Order Partial Differential Equations There
exists the possibility of a direct application of the classical group analysis (see
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Chap. 1) for finding invariant solutions of the Vlasov-type kinetic equations. The
idea of this application is related with the following.

It is well-known [20] that the Lie group admitted by the first-order quasilinear
partial differential equation

ut + ai(x,u)uxi = b(x,u) (2.2.61)

coincides with the Lie group admitted by the characteristic system of ordinary dif-
ferential equations of the quasilinear equation (2.2.61)

du

dt
= b(x,u),

dxi

dt
= ai(x,u) (i = 1,2, . . . , n).

Here x = (x1, x2, . . . , xn).
Having this in minds let us separately consider the Vlasov kinetic equation (2.2.8)

which can be rewritten in the form

∂f

∂t
+ ẋ

∂f

∂x
+ F

∂f

∂ẋ
= 0, (2.2.62)

where f = f (t, x, ẋ), F = F(t, x), and ẋ = v. Here the self-consistency of the
force F given by the Maxwell system (2.2.9) is temporarily neglected. Following
[1] one makes the transition from the characteristic system of (2.2.62)

d t

1
= d x

ẋ
= dẋ

F
(2.2.63)

to the equivalent second-order ordinary differential equation

Φ ≡ d2x

dt2
− F(t, x)= 0.

According to the remark given above, it is clear that this equation admits the same
Lie group as (2.2.62) and (2.2.63). In notations of Chap. 1 the infinitesimal criterion
for the generator

X = ξ(t, x)∂t + η(t, x)∂x,

to be admitted by the equation Φ = 0 is

X(2)Φ|Φ=0 ≡ (ξΦt + ηΦx + ζ1Φẋ + ζ2Φẍ)|Φ=0 = 0. (2.2.64)

Here X(2) is the second prolongation of the infinitesimal generator X, and the coef-
ficients ζ1 and ζ2 are defined by the prolongation formulae. Calculations give that
the determining equation (2.2.64) becomes

(ηx − 2ξt )F − ξFt − ηFx + ηtt + (2ηtx − ξtt − 3ξxF )ẋ

+ (ηxx − 2ξtx)ẋ
2 − ξxx ẋ

3 = 0.

Splitting this determining equation with respect to powers of ẋ one finds

ξxx = 0, ηxx − 2ξtx = 0,

2ηtx − ξtt − 3ξxF = 0, (ηx − 2ξt )F − ξFt − ηFx + ηtt = 0.
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The general solution of the first two equations is [1]

ξ = xh1(t)+ h2(t), η = 2x2h′
1(t)+ xh3(t)+ h4(t),

where hi(t) (i = 1,2,3,4) are arbitrary functions. Using the standard technique of
constructing invariant solutions, for particular choices of the functions hi(t) (i =
1,2,3,4) the Vlasov equation (2.2.62) is reduced to the stationary Vlasov equation
in the new variables f̄ , x̄, V :

ϕ1
∂f̄

∂x̄
+ ϕ2

∂f̄

∂V
= 0,

where ϕ1(x̄, V ), ϕ2(x̄,V ) are some known functions. The last equation can be inte-
grated only in a few particular cases. Notice also that these obtained solutions have
to be consistent with the Maxwell system (2.2.9). A brief survey of these results
one can find in [1]. It is clear that the presented approach is effective just for similar
one-dimensional problems in plasma physics, gravitational astrophysics, etc., where
the Vlasov-type equation with three independent variables appeared.

Use of the Laplace Transform Successful applications of the Laplace and other
integral transforms for reducing integro-differential equations to differential ones
are restricted by some degenerated cases. As a rule these equations either possess a
high symmetry in the phase space or present exact solvable models [23].

As a first example let us consider the Fourier-image of the spatially homogeneous
and isotropic Boltzmann equation derived in [4]

ϕt (x, t)+ ϕ(x, t)ϕ(0, t)−
1∫

0

ϕ(xs, t)ϕ(x(1 − s), t) ds = 0. (2.2.65)

One can notice that any solution of (2.2.65) possesses the property ϕ(0, t)= const.
This property corresponds to the mass conservation law of the Boltzmann equation.

The change xs = y reduces (2.2.65) to the equation with the convolution-type
integral:

xϕt (x, t)+ xϕ(x, t)ϕ(0, t)−
x∫

0

ϕ(y, t)ϕ(x − y, t) dy = 0. (2.2.66)

In analysis of (2.2.66), one can assume that

ϕ(0, t)= 1. (2.2.67)

Then applying the Laplace transform

u(z, t)= L {ϕ(x, t)} =
∞∫

0

e−zxϕ(x, t) dx, (2.2.68)
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to (2.2.66) one comes to the partial differential equation8

∂2u

∂z∂t
+ ∂u

∂z
+ u2 = 0. (2.2.69)

Since (2.2.69) is a partial differential equation, one can apply to this equation the
classical group analysis method. In fact, assuming that the infinitesimal generator
of the admitted Lie group is

X = τ∂t + ξ∂z + η∂u,

the determining equation of this Lie group is
(

X(2)Ψ
)

|(2.2.69) = (

ηuzt + ηuz + 2uη
)

|(2.2.69) = 0. (2.2.70)

Here the coefficients ηuz and ηuzt are defined by the prolongation formulae

ηuz =Dzη− utDzτ − uzDzξ, ηuzt =Dtη
uz − uztDtτ − uzzDtξ.

The general solution of the determining equation (2.2.70) is

X = c1Y1 + c2Y2 + c3Y3 + c4Y4,

where

Y1 = ∂t , Y2 = ∂z, Y3 = −z∂z + u∂u, Y4 = et (−∂t + u∂u).

Notice that the original equation (2.2.65) admits the Lie algebra with the basis
[28]9

X1 = ∂t , X2 = xϕ∂ϕ, X3 = x∂x, X4 = ϕ∂ϕ − t∂t .

The well-known solution of (2.2.65) is the BKW-solution [4, 42]: ϕ = 6ey(1 − y),
where y = xe−t . This solution is an invariant solution of (2.2.65) under the Lie
group of transformation corresponding to the subalgebra10 {X1 +X3}.

Let us study the symmetries of (2.2.69) which inherit the symmetries of (2.2.65)
and vice versa.

It is trivial to check that the transformations related with the generator X1 in the
space of the variables (x, t, ϕ) are inherited in the space of the variables (z, t, u).

The transformations corresponding to the generator X2 map functions as

ϕ̄(x̄, t̄ )= eax̄ϕ(x̄, t̄).

Hence the Laplace transform (2.2.68) maps solutions of (2.2.65) as follows

ū(z̄, t̄)= L {ϕ̄(x̄, t̄ )} =
∞∫

0

e−z̄x̄ ϕ̄(x̄, t̄ ) dx̄ =
∞∫

0

e−(z̄−a)x̄ϕ(x̄, t̄) dx̄ = u(z̄− a, t̄).

8This equation coincides with the equation obtained in [66] for the moment generating function of
power moments of the original distribution function.
9Complete calculations using the regular method are presented in the next section.
10This solution is usually considered as invariant solution with respect to transformations corre-
sponding to the subalgebra {X2 −X3 + c−1X1} which is similar to {X1 +X3}.
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This means that the symmetry corresponding to the generator X2 becomes the sym-
metry corresponding to the generator Y2.

Implementation of a similar procedure for the generator X3 gives

ϕ̄(x̄, t̄)= ϕ(e−ax̄, t̄),

and the Laplace transform (2.2.68) maps solutions of (2.2.65) as follows

ū(z̄, t̄ )= L {ϕ̄(x̄, t̄ )} =
∞∫

0

e−z̄x̄ ϕ̄(x̄, t̄ ) dx̄ =
∞∫

0

e−z̄x̄ϕ(e−ax̄, t̄) dx̄

= ea

∞∫

0

e−ea z̄e−a x̄ϕ(e−ax̄, t̄) de−ax̄ = eau(eaz̄, t̄).

This relates the symmetry corresponding to the generator X3 and the symmetry
corresponding to the generator Y3.

The heritage property fails for the generator X4 = ϕ∂ϕ − t∂t , where the transfor-
mations are

ϕ̄(x̄, t̄)= eaϕ(x̄, ea t̄),

and the Laplace transforms of the functions L (ϕ̄) and L (ϕ) are related by the
formula

ū(z̄, t̄)= L {ϕ̄(x̄, t̄ )} =
∞∫

0

e−z̄x̄ ϕ̄(x̄, t̄ ) dx̄

= ea

∞∫

0

e−z̄x̄ϕ(x̄, ea t̄) dx̄ = eau(z̄, ea t̄).

Thus the symmetry related to the generator X4 = ϕ∂ϕ − t∂t in the space of the
variables (z, t, u) becomes the symmetry corresponding to the generator

Y5 = −t∂t + u∂u.

The last generator is not admitted by (2.2.69). It is explained by the restriction
pressed by the condition (2.2.67): if ϕ(0, t) = 1, then ϕ̄(0, t̄) = eaϕ(0, ea t̄) =
ea �= 1.

Let us analyze symmetry of the generator Y4 = et (−∂t + u∂u) admitted by
(2.2.69). The transformations corresponding to this generator are

t̄ = t − ln(1 + aet ), ū= (1 + aet )u.

These transformations map a function u(z, t) into the function

ū(z̄, t̄ )= 1

1 − aet̄
u
(

z̄, t̄ − ln(1 − aet̄ )
)

.

The corresponding relations of the originals are

ϕ̄(x̄, t̄ )= 1

1 − aet̄
ϕ
(

x̄, t̄ − ln(1 − aet̄ )
)

. (2.2.71)
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These transformations of the function ϕ(x, t) define the generator

X5 = et (−∂t + ϕ∂ϕ).

Considering (2.2.71) at x̄ = 0, one gets

ϕ̄(0, t̄)= 1

1 − aet̄
ϕ
(

0, t̄ − ln(1 − aet̄ )
)

.

Because of the mass conservation law ϕ(0, t)= const the operator X5 is not admit-
ted by (2.2.65).

One notices that differences of the Lie group admitted by (2.2.65) and the Lie
group admitted by (2.2.69) come from the assumption (2.2.67). In fact, the direct
application of the Laplace transformation to (2.2.66) leads it to the equation

∂2u

∂z∂t
+ k

∂u

∂z
+ u2 = 0, (2.2.72)

where k = ϕ(0, t). Recall that according to the mass conservation mass law
ϕ(0, t)= const. Because the functions u(z, t) and ϕ(x, t) are related by the Laplace
transform, one can conclude that k = L −1{u(z, t)}(0, t). Hence (2.2.72) is also a
nonlocal equation and one cannot apply the classical group analysis method to this
equation. This also explains the appearance of the new transformations.

Another way of applying the Laplace transform to (2.2.65) was proposed in [8].
Using the assumption (2.2.67) and the substitution y = e−λ tx, the equation (2.2.66)
is reduced to the equation

−λy2 dϕ(y)

dy
+ yϕ(y)−

y∫

0

ϕ(w)ϕ(y −w)dw = 0, (2.2.73)

where λ is constant. The Laplace transform u(z)= L {ϕ(y)} leads (2.2.73) into the
second-order ordinary differential equation

λzu′′ + (2λ+ 1)u′ + u2 = 0. (2.2.74)

Considering λ= 1/6, and exploiting the substitution v(p)= p−2 −p−3u(p−1), the
equation (2.2.74) was reduced in [8] to the equation defining the Weierstrass elliptic
function [72]:

v′′ = 6v2. (2.2.75)

In the simplest case of choice of the invariants of the Weierstrass function g2 = g3 =
0 one has v(p) = (p − p0)

−2, where p0 > 1 is constant. Returning to the original
variables, one gets the solution

ϕ(y)= (1 − y/p0)e
y/p0 .

This is the Fourier image of the known BKW-solution of the Boltzmann equation
[6]. However, the transition to the differential equation (2.2.74) does not allow one
to describe explicitly the class of invariant BKW-solutions in whole (compare with
corresponding example in the next section).
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Let us proceed here with application of the classical group analysis method to
(2.2.74). For arbitrary λ this equation admits the generator

Z0 = −z∂z + u∂u.

Additional admitted generators occur for λ satisfying the equation

(6λ− 1)(3λ+ 2)(2λ+ 3)(λ− 6)= 0.

These generators are

λ= 1/6 : Z1 = z2∂z + (2 − 3uz)∂u,

λ= −2/3 : Z2 = √
z∂z,

λ= −3/2 : Z3 = 3z2/3∂z − uz−1/3∂u,

λ= 6 : Z4 = z−7/63z2∂z − (1 + 2uz)∂u.

The presence of two admitted generators allows one to use Lie’s integration al-
gorithm:11 using canonical coordinates this algorithm reduces finding solutions of a
second-order ordinary differential equation to quadratures. In fact, the use of canon-
ical variables gives the changes

λ= 1/6 : u= z−1 − z−3v, p = z−1,

λ= −2/3 : u= v, p = √
z,

λ= −3/2 : u= z−1/3v, p = z1/3,

λ= 6 : u= z−1 − z−2/3v, p = z1/6.

In all of these cases (2.2.74) is reduced to the only equation (2.2.75). Since (2.2.75)
is homogeneous, one can apply the substitution v′ = h(v). This substitution leads to
the equation

h′h= 6v2.

Integrating this equation, one obtains

h2 = 4v3 + c1,

where c1 is an arbitrary constant. Thus

v′ = γ
√

4v3 + c1 (γ = ±1),

and the function v(p) is found from the equation
∫

dv
√

4v3 + c1

= γp + c2.

In particular, for c1 = 0 one has

v = (γp + c2)
−2.

11See Chap. 1 for details.
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This determines a particular solution of (2.2.74) for the chosen λ:

λ= 1/6 : u= 1

z
− 1

z(γ + c2z)2
,

λ= −2/3 : u= 1

(γ
√
z+ c2)2

,

λ= −3/2 : u= 1

z1/3(γ z1/3 + c2)2
,

λ= 6 : u= 1

z
− 1

z2/3(γ z1/6 + c2)2
.

The particular solutions of (2.2.65) are obtained by applying the inverse Laplace
transform to the found functions. It is worth to note that solutions for λ < 0 has no
physical meaning for the original equation (2.2.65). The case λ = 1/6 was studied
in [8]. In the case where λ= 6 it is difficult to find inverse Laplace transform.

Other examples of applications of integral transforms to small dimensional mod-
els of the Boltzmann equation one can find in [23, 46].

The use of the Laplace transform in the studies of more real kinetic equations one
can find in the coagulation theory [71]. In fact, the Smolukhovsky kinetic equation
of homogeneous coagulation is of the form

∂f (t, v)

∂t
= 1

2

v∫

0

d v1β(v − v1, v1)f (t, v − v1) f (t, v1)

− f (t, v)

∞∫

0

d v1β(v, v1) f (t, v1). (2.2.76)

The Cauchy problem for this equation is considered with the following initial data

f (0, v)= f0(v).

Application of the Laplace transform F(z)= L {f (v)} to (2.2.76) with the coagula-
tion kernel β(v, v1)= b(v+v1) gives one the first-order partial differential equation

∂F (t, z)

∂t
+ b

(

(F (t, z)− F(t,0))
∂F (t, z)

∂z
+MF(t, z)

)

= 0,

where

M =
∞∫

0

dvvf (t, v)= const

is the total mass of coagulating particles. The obtained equation can be integrated
in an explicit form. However, the inverse Laplace transform of the derived solution
is only possible for a few initial functions f0(v). More substantial results of a direct
group analysis of (2.2.76) are presented in Chap. 3.
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Use of a Moment Generating Function This approach has a very restricted set
of applications and just used in a few works which are devoted to invariant solutions
of the spatially homogeneous and isotropic Boltzmann equation with isotropic scat-
tering model [43, 54, 66]. The original interest of the study in [43] was the system
of normalized power moments for the formulated case of the Boltzmann equation.
As shown in [9] this system can be easily derived by the substitution of the Taylor
expansion

ϕ(x, t)=
∞
∑

n=0

(−x)n

n! Mn(t)

into (2.2.65). Such obtained system takes the form

dMn

dt
+Mn = 1

n+ 1

n
∑

k=0

MkMn−k (n= 0,1,2, . . .). (2.2.77)

The moment generating function is introduced as follows

G(ξ, t)=
∞
∑

n=0

ξnMn(t).

Multiplying (2.2.77) by ξn and summing over all n, one finds

∂G

∂t
+G=

∞
∑

n=0

ξn

n+ 1

n
∑

k=0

MkMn−k.

Noting that

G2 =
∞
∑

n=0

ξn
n

∑

k=0

MkMn−k,

the last equation can be transformed to the next differential equation

∂2(ξG)

∂t∂ξ
+ ∂(ξG)

∂ξ
=G2. (2.2.78)

The change of variables

ξ = (z+ 1)−1, ξG= u(z, t)

leads (2.2.78) into

∂2u

∂z∂t
+ ∂u

∂z
+ u2 = 0. (2.2.79)

This equation coincides with (2.2.69), but the variables z, u in (2.2.79) and in
(2.2.69) have a different origin.

Using further transformations of (2.2.79) and very complicated calculations, the
invariant BKW-solution was also derived in [43]. Notice that in this approach the
inverse transition to the distribution function is related with large difficulties.
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In [66] the equation (2.2.79) was studied by the classical group analysis method
as done above for (2.2.69). The same admitted Lie algebra with the basis of the
generators {Y1, . . . , Y4} was obtained there. It is natural that the discrepancy between
this Lie algebra and the admitted Lie algebra of the original equation was also noted.
Studying this discrepancy, the authors showed that the class of the BKW-solutions
is the only one which satisfies the mass conservation law M0(t) = 1 (ϕ(0, t) = 1).
Recall that for (2.2.79) this law corresponds to the condition

u(z= ∞, t)= 0.

It was also proposed in [66] to make use of other obtained there classes of invariant
solutions of (2.2.79) to the spatially homogeneous and isotropic Boltzmann equation
with some source term. In this case (2.2.79) has a nonzero function ψ(z, t) in the
right hand side and the determining equations impose conditions on the function
ψ(z, t).

Some years later the described above approach was directly applied in [54] to
the spatially homogeneous and isotropic Boltzmann equation with a source term.
Instead of nonautonomous equation (2.2.79) the slightly different equation

∂2u

∂z∂t
+M0(t)

∂u

∂z
+ u2 = σ

was considered. This allowed the author to weaken the conditions imposed on the
source function comparing with [66].

Some Other Technique In the framework of this subsection it is also worth to
mention two more approaches which could pretend to be universal. Since they are
based on very specific mathematical techniques, they are not widespread.

The method developed in [18] consists in reducing the original integro-
differential equation to a system of boundary differential equations. As an example
of such a transition one can consider the simple one-dimensional Gammershtein
integral equation

u(x)=
b∫

a

K(x, s, u(s)) ds, (2.2.80)

where the kernel K(x, s, u) is a given function and x ∈ [a, b]. The equivalent system
of boundary differential equations is introduced as follows

vs(x, s)=K(x, s, u(s)), v(x, a)= 0,

u(x)= v(x, b).

The new dependent variable v is nonlocal because it depends on all values of a
solution u(x) on the interval [a, b]. For this reason one calls the derived system as
a covering of (2.2.80).

In the more interesting case of the Smolukhovsky equation (2.2.76) which is
considered in [18] the corresponding covering takes the form
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uv1(v, v1, t)− uv(v, v1, t)= β(v, v1)f (t, v)f (t, v1),

u(v, v1, t)= −u(v1, v, t),

wv1(v, v1, t)= β(v, v1)f (t, v), w(v,0, t)= 0.

Using homomorphisms of the intervals of the independent variables variation, the
constructed covering is formally rewritten as another differential system. For this
system a very complex generalization of the classical group analysis in the geomet-
rical interpretation was developed. Its explanation here would be very long and it is
omitted. One can only remark that there are many coverings for the same integro-
differential equation. Because of that one can obtain different results using this ap-
proach.

More technically simple method of reducing integro-differential equations to dif-
ferential ones was suggested in [28, 29]. In this method one uses Weil’s fractional
integrals and derivatives. The ν-order (ν > 0) integral is defined as

W−ν
x f (x)= 1

Γ (ν)

∞∫

x

dy(y − x)ν−1f (y),

where Γ (x) is the Euler gamma-function. Correspondingly, α-order Weil’s deriva-
tive is

Wα
x f (x)=EnW−(n−α)

x f (x), n− 1 < α < n, En = (−1)n
dn

dxn
.

For example, one can consider the spatially homogeneous and isotropic Boltzmann
equation with asymptotic collision integral [29]

xαft (x, t)+ f (x, t)−
1∫

0

f (sx, t)f ((1 − s)x, t) ds = 0.

Reducing it to the equation with the convolution-type integral and using the Laplace
transform as was done for (2.2.65), one obtains

∞∫

0

dxe−zx(x1+αf (x))− F(z, t)− F 2(z, t)= 0.

In terms of Weil’s derivatives one can rewrite the last equation in the form

W 1+α
z Ft − F(z, t)− F 2(z, t)= 0.

Since some properties of fractional Weil’s derivatives are analogical to the prop-
erties of usual derivatives, this representation can ease the search for the admitted
dilation group.12 Because for arbitrary α the operator Wα

x is nonlocal, for other
transformations one needs a corresponding generalization of the classical group

12See also [11].
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analysis scheme. A variant of such generalization with another definition of frac-
tional derivatives was announced in [26].

In conclusion one can summarize that all methods of reducing integro-differential
equations to differential equations are confronted with the same difficulties. Among
them: the lack of universality, the complexity of direct and inverse transformations,
the possible violation of homomorphism of admitted groups and others.

2.3 A Regular Method for Calculating Symmetries of Equations
with Nonlocal Operators

The survey presented in the previous section gives a sufficiently complete idea about
methods for finding invariant solutions of integro-differential equations. However it
is worth to note that none of these methods allows one to be sure that a derived Lie
group is the widest Lie group admitted by considered equations. There exists the
only way to derive such result: it is necessary to develop a method for construct-
ing determining equations defining a Lie group admitted by the studied integro-
differential equations. Then the completeness of an obtained Lie group will be a
corollary fact of the uniqueness of the general solution of the determining equa-
tions.

In this section a regular direct method of a complete group analysis of equations
with nonlocal operators will be presented. In applications of group analysis to these
equations it is necessary to pass the same successive stages as for differential equa-
tions. The central conception of an admitted Lie group of equations with nonlocal
terms will be defined as a Lie group satisfying determining equations. In contrast to
partial differential equations the property of an admitted Lie group to map any solu-
tion into a solution of the same equations will be not required, although the method
developed for constructing the determining equations uses this property. In practice
the algorithm for obtaining determining equations becomes no more difficult than
for partial differential equations. The main difficulty consists of solving the deter-
mining equations because they also contain some nonlocal operators. As for partial
differential equations splitting the determining equations helps to obtain their gen-
eral solution. The splitting method can be based, for example, on the existence of
the solution of a Cauchy problem. The realization of the splitting method depends
on properties of a Cauchy problem of studied nonlocal equations. In the next section
we demonstrate two different approaches.

As a rule considered equations or systems along nonlocal operators also include
operators or equations with partial derivatives. Hence, the definition of an admitted
Lie group for equations with nonlocal terms has to be consistent with the definition
of an admitted Lie group of partial differential equations.

Since the definition of an admitted Lie group given for partial differential equa-
tions cannot be applied to equations with nonlocal terms, before giving a definition
the concept of an admitted Lie group requires further discussion. This discussion
assists in establishing a definition of an admitted Lie group for equations with non-
local terms.
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2.3.1 Admitted Lie Group of Partial Differential Equations

One of the definitions of a Lie group admitted by a system of partial differential
equations (S) is based on a knowledge of the solutions:13 a Lie group is admitted by
the system (S) if any solution of this system is mapped into a solution of the same
system. Two other definitions are based on the geometrical approach: equations are
considered as manifolds. One of these definitions deals with the manifold defined by
the system (S). Another definition works with the extended frame of the system (S):
system (S) and all its prolongations.14 Notice that the definitions based on the ge-
ometrical approach have the following inadequacy. There are equations which have
no solutions, however they have an admitted (in this meaning) Lie group. Although
the geometrical approach has the advantage that it is simple in applications.

Here it should be also mentioned that different approaches have been developed
for finite-difference equations. Review of these approaches can be found in [22] and
in references therein.

The classical geometrical definition of an admitted Lie group deals with invariant
manifolds: the group is admitted by the system of equations

(S) S(x,u,p)= 0 (2.3.1)

if the manifold defined by these equations is invariant with respect to this group. All
functions are assumed enough times continuously differentiable, for example, of the
class C∞. The manifold

(S)= {(x,u,p) | S(x,u,p)= 0},
defined by (2.3.1), is considered in the space J l of the variables

x = (x1, x2, . . . , xn), u= (u1, u2, . . . , um), p = (pjα) (j = 1,2, . . . ,m; |α| ≤ l).

Here and below the following notations are used:

pjα =Dαuj , Dα =D
α1
1 D

α2
2 . . .Dαn

n ,

α = (α1, α2, . . . , αn), |α| = α1 + α2 + · · · + αn,

α, i = (α1, α2, . . . , αi−1, αi + 1, αi+1, . . . , αn),

where Dj is the operator of the total differentiation with respect to xj (j =
1,2, . . . , n).

Any local Lie group of point transformations

x̄i = f i(x,u;a), ūj = ϕj (x,u;a), (2.3.2)

13Definitions of an admitted Lie group of partial differential equations are discussed in [47],
Chap. 6, Sect. 1, [55], Sect. 2.6, [35], Sect. 1.3, [36] (see also Chap. 1), Sect. 9.2, [62], [49],
Sect. 6.1 and references therein.
14According to the Cartan–Kähler theorem, after a finite number of prolongations the system (S)

becomes either involutive or incompatible. Therefore, from the theory of compatibility point of
view, there is no necessity for infinite prolongations of the system (S).
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is defined by the transformations of the independent and dependent variables15 with
the generator

X = ξ i(x,u)∂xi + ηj (x,u)∂uj ,

where

ξ i(x,u)= df i

da
(x,u;0), ηj (x,u)= dϕj

da
(x,u;0).

Here a is the group parameter.
Lie groups admitted in the sense of the geometrical approach have the property

to transform any solution of the system of equations (S) into a solution of the same
system. This property can be taken as a definition of the admitted Lie group of
partial differential equations (S).

Definition 2.3.1 A Lie group (2.3.2) is admitted by system (S) if it maps any solu-
tion of (S) into a solution of the same system.

This definition supposes that the system (S) has at least one solution.
Recall that the determining equations for the admitted group are obtained as fol-

lows. Let a function u = uo(x) be given. Substituting it into the first part of trans-
formation (2.3.2) and using the inverse function theorem one finds

x = gx(x̄, a). (2.3.3)

The transformed function ua(x̄) is given by the formula

ua(x̄)= f u(gx(x̄, a), uo(g
x(x̄, a));a).

The transformed derivatives are p̄
j
α(x̄, a) = ϕ

j
α(x,uo(x),p(x);a), where p(x)

are derivatives of the function uo(x), x is defined by (2.3.3), and the functions
ϕ
j
α(x,u,p;a) are defined by the prolongation formulae. The prolongation formulae

are obtained by requiring the tangent conditions

duj − p
j
k dxk = 0, dpjα − p

j
α,kdxk = 0, (2.3.4)

to be invariant. For example, for the first order derivatives

dūj − p̄
j
k dx̄k = (

(ϕ
j
xk + ϕ

j

ui
pik)− p̄

j
s (f

s
xk

+ f s
ui
pik)

)

dxk = 0

or

Φ − PF = 0,

where Φ , F and P are matrices with the entries

Φ
j
k = ϕ

j
xk + ϕ

j

ui
pik, F s

k = f s
xk

+ f s
ui
pik, P

j
s = p

j
s

(s, k = 1,2, . . . , n; j = 1,2, . . . ,m).

15For the sake of simplicity only a Lie group of point transformations is discussed. For tangent
transformations the study is similar.
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Since the matrix F is invertible in a neighborhood of a = 0, one has

P =ΦF−1.

For higher order derivatives the prolongation formulae are obtained recurrently.
Let the function uo(x) be a solution of a system (S). Because of the given def-

inition any transformation of the admitted Lie group transforms any solution to a
solution of the same system, the function ua(x̄) is also a solution of the system (S):

S̄(x̄, a)= S(x̄, ua(x̄), p̄
j
α(x̄, a))= 0.

In the last equations, instead of the independent variables x̄, a one can consider the
independent variables x, a:

¯̄S(x, a)= S̄(f x(x,uo(x);a), a).
Differentiating the functions ¯̄S(x, a) or S̄(x̄, a) with respect to the group parameter
a and setting a = 0, one obtains the determining equations

(
∂

∂a

¯̄S(x, a)
)

(x,0)= (XS)(x,uo(x),p(x))= 0 (2.3.5)

or
(
∂

∂a
S̄(x̄, a)

)

(x̄,0)= (X̃S)(x,uo(x),p(x))= 0. (2.3.6)

The operator X̃ is the canonical Lie–Bäcklund operator [34]

X̃ = η̄j ∂uj +Dαη̄j ∂
p
j
α

equivalent to the generator X. Here

η̄j = ηj (x,u)− ξβ(x,u)p
j
β .

Since the function uo(x) is a solution of the system (S), the solutions of the
determining equations (2.3.5) and (2.3.6) coincide.

For solving the determining equations one needs to know arbitrary elements. In
the geometrical definitions the arbitrary elements are coordinates of the manifolds.
In the case of the determining equations (2.3.5) or (2.3.6) for establishing the arbi-
trary elements one can use, for example, a knowledge of the existence of a solution
of the Cauchy problem.

From one point of view the last definition (related to a solution) is more difficult
for applications than the geometrical definitions. Although, from another point of
view, this definition allows the construction of the determining equations for more
general objects than differential equations: integro-differential equations, functional
differential equations or even for more general type of equations.

2.3.2 The Approach for Equations with Nonlocal Operators

Let us consider an abstract system of integro-differential equations:

Φ(x,u)= 0. (2.3.7)
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Here as above u is the vector of the dependent variables, x is the vector of the
independent variables. Assume that a one-parameter Lie group G1(X) of transfor-
mations

x̄ = f x(x,u;a), ū= f u(x,u;a) (2.3.8)

with the generator

X = ηj (x,u)∂uj + ξ i(x,u)∂xi ,

transforms a solution u0(x) of (2.3.7) into the solution ua(x) of the same equations.
The transformed function ua(x) is

ua(x̄)= f u(x,u(x);a),
where x = ψx(x̄;a) is substituted into this expression. The function ψx(x̄;a) is
found from the relation x̄ = f x(x,u(x);a) using the inverse function theorem. Dif-
ferentiating the equations Φ(x,ua(x)) with respect to the group parameter a and
considering the result for the value a = 0, one obtains the equations

(
∂

∂a
Φ(x,ua(x))

)

|a=0
= 0. (2.3.9)

For integro-differential equations one needs to have an existence of the inverse
function defined on some interval. Because of the localness of the inverse function
theorem this is one of the obstacles for applying to integro-differential equations the
definition of an admitted Lie group based on a solution. However, notice that (2.3.9)
coincide with the equations

(X̄Φ)(x,u0(x))= 0 (2.3.10)

obtained by the action of the canonical Lie–Bäcklund operator X̄, which is equiva-
lent to the generator X:

X̄ = η̄j ∂uj ,

where η̄j = ηj (x,u) − ξ i(x,u)p
j
i . The actions of the derivatives ∂uj and ∂

p
j
α

are
considered in terms of the Frechet derivatives. Equations (2.3.10) can be constructed
without requiring the property that the Lie group should transform a solution into a
solution. This allows the following definition of an admitted Lie group.

Definition 2.3.2 A one-parameter Lie group G1 of transformations (2.3.8) is a sym-
metry group admitted by (2.3.7) if G1 satisfies (2.3.10) for any solution u0(x) of
(2.3.7). Equations (2.3.10) are called the determining equations.

Remark 2.3.1 For a system of differential equations (without integral terms) the
determining equations (2.3.10) coincide with the determining equations (2.3.6).
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The way of obtaining determining equations for integro-differential equations
is similar (and not more difficult) to the way used for differential equations. No-
tice also that the determining equations of integro-differential equations are integro-
differential.

The advantage of the given definition of an admitted Lie group is that it provides
a constructive method for obtaining the admitted group. Another advantage of this
definition is the possibility to apply it for seeking Lie–Bäcklund transformations,16

conditional symmetries and other types of symmetries for integro-differential equa-
tions.

The main difficulty in obtaining an admitted Lie group consists of solving the
determining equations. There are some methods for simplifying determining equa-
tions. As for partial differential equations the main method for simplification is their
splitting. It should be noted that, contrary to differential equations, the splitting of
integro-differential equations depends on the studied equations. Since the determin-
ing equations (2.3.10) have to be satisfied for any solution of the original equations
(2.3.7), the arbitrariness of the solution u0(x) plays a key role in the process of
solving the determining equations. The important circumstance in this process is
the knowledge of the properties of solutions of the original equations. For example,
one of these properties is the theorem of the existence of a solution of the Cauchy
problem.

Along splitting determining equations there are some other ways to simplify
them. For example, for the Vlasov-type or Benney kinetic equations a specific ap-
proach was proposed in [40]. The principal feature of this approach consists of treat-
ing equally the local and nonlocal variables in determining equations. It allows one
to separate these equations in “local” and “nonlocal” parts. For solving local part
of the determining equations the classical group analysis method is applied. As the
result one gets a group generator which defines so-called intermediate symmetry. In
the final step using the information adopted from intermediate symmetry the non-
local determining equations are solved by special authors’ procedure of variational
differentiation (see Chap. 4 for details).

Remark 2.3.2 A geometrical approach for constructing an admitted Lie group for
integro-differential equations is applied in [18, 19].

2.4 Illustrative Examples

This section deals with two examples which illustrate the method developed in the
previous section. In the first example the method is applied to the Fourier-image of
the spatially homogeneous isotropic kinetic Boltzmann equation. This is an integro-
differential equation which contains some nonlinear integral operator with respect
to a so-called inner variable. The complete solution of the determining equation is

16There are some trivial examples of such applications for integro-differential equations.
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given [28] by constructing necessary conditions for the coefficients of the admit-
ted generator. These conditions are obtained by using a particular class of solutions
of the original integro-differential equation. It is worth to note that the particular
class of solutions allowed us to find the general solution of the determining equa-
tion.

Another example considered in this section is an application of the developed
method to the equations describing one-dimensional motion of a viscoelastic con-
tinuum. The corresponding system of equations includes a linear Volterra integral
equation of the second type. The method of solving the determining equations in
this case differs from the previous example. The arbitrariness of the initial data in
the Cauchy problem allows one to split the determining equations. Solving the split
equations which are partial differential equations, one finds the general solution of
the determining equations.

2.4.1 The Fourier-Image of the Spatially Homogeneous Isotropic
Boltzmann Equation

In the case of the spatially homogeneous and isotropic Boltzmann equation corre-
sponding distribution function f (v, t) depends only on modulus of a molecular ve-
locity v and time t . The Fourier-image of the spatially homogeneous and isotropic
Boltzmann equation was derived in [4]. The considered equation is (2.2.65):

Φ ≡ ϕt (x, t)+ ϕ(x, t)ϕ(0, t)−
1∫

0

ϕ(xs, t)ϕ(x(1 − s), t) ds = 0. (2.4.1)

Here ϕ(x, t)= ϕ̃(k2/2, t), and the Fourier transform ϕ̃(k, t) of the distribution func-
tion f (v, t) is defined as

ϕ̃(k, t)= 4π

k

∞∫

0

v sin(kv)f (v, t) dv.

Further the existence of a solution of the Cauchy problem of (2.4.1) with the initial
data

ϕ(x, t0)= ϕ0(x) (2.4.2)

is used.17

By virtue of the initial conditions (2.4.2) and the equation (2.4.1), one can find
the derivatives of the function ϕ(x, t) at time t = t0:

17See, for example, [9].
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ϕt (x, t0) = −ϕ0(0)ϕ0(x)+
1∫

0

ϕ0(sx)ϕ0((1 − s)x) ds,

ϕxt (x, t0) = −ϕ0(0)ϕ
′
0(x)+ 2

1∫

0

sϕ′
0(sx)ϕ0((1 − s)x) ds,

ϕtt (x, t0) = −ϕ2
0(0)ϕ0(x)− 3ϕ0(0)

1∫

0

ϕ0(sx)ϕ0((1 − s)x) ds

+ 2

1∫

0

1∫

0

ϕ0((1 − s)x)ϕ0(ss
′x)ϕ0(s(1 − s′)x)ϕ0((1 − s)x) ds ds′.

(2.4.3)

2.4.1.1 Admitted Lie Group

The generator of the admitted Lie group is sought in the form

X = ξ(x, t, ϕ)∂x + η(x, t, ϕ)∂t + ζ(x, t, ϕ)∂ϕ.

The determining equation for (2.4.1) is

Dtψ(x, t)+ψ(0, t)ϕ(x, t)+ψ(x, t)ϕ(0, t)

− 2

1∫

0

ϕ(x(1 − s)s, t)ψ(xs, t) ds = 0, (2.4.4)

where ϕ(x, t) is an arbitrary solution of (2.4.1), Dt is the total derivative with respect
to t , and the function ψ(x, t) is

ψ(x, t)= ζ(x, t, ϕ(x, t))− ξ(x, t, ϕ(x, t))ϕx(x, t)− η(x, t, ϕ(x, t))ϕt (x, t).

In the determining equation (2.4.4) the derivatives ϕt , ϕxt and ϕtt are defined by
formulae (2.4.3).

The method of solving the determining equation (2.4.4) consists of in studying
the properties of the functions ξ(x, t, ϕ), η(x, t, ϕ) and ζ(x, t, ϕ). These properties
are obtained by sequentially considering the determining equation on a particular
class of solutions of (2.4.1). This class of solutions is defined by the initial condi-
tions

ϕ0(x)= bxn (2.4.5)

at the given (arbitrary) time t = t0. Here n is a positive integer. The determining
equation is considered for any arbitrary initial time t0.

During solving the determining equation we use the following properties. Multi-
plying any solution of (2.4.1) by eλx , one maps it into a solution of the same equation
(2.4.1). Taking into account the β-function [39]
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B(m+ 1, n+ 1)=
1∫

0

sm(1 − s)n ds = m!n!
(m+ n+ 1)!

one uses the notations

Pn = (n!)2
(2n+ 1)! , Qn = 2Pn

(2n)!n!
(3n+ 1)! .

Notice that

2Pn+1 = Pn
1

1 + 1
n+1

and

lim
n→∞Pn = 0, lim

n→∞Qn = 0, lim
n→∞

Qn

Pn
= 0.

Assume that the coefficients of the infinitesimal generator X are represented by
the formal Taylor series with respect to ϕ:

ξ(x, t, ϕ)=
∑

l≥0

ql(x, t)ϕ
l,

η(x, t, ϕ)=
∑

l≥0

rl(x, t)ϕ
l, ζ(x, t, ϕ)=

∑

l≥0

pl(x, t)ϕ
l.

Equation (2.4.4) is studied by setting n = 0,1,2, . . . , and varying the parame-
ter b.

If n= 0, then the determining equation (2.4.4) becomes

ζ̂ (x, t)+ b(ζ̂ (0, t)+ ζ̂ (x, t))− 2b

1∫

0

ζ̂ (xs, t) ds = 0.

From this equation one obtains

∂p0

∂t
= 0,

∂pl+1

∂t
(x, t)+ pl(x, t)+ pl(0, t)− 2

1∫

0

pl(xs, t) ds = 0

(l = 0,1, . . .).

(2.4.6)

Here and below ζ̂ , ξ̂ and η̂ are the coefficients of the operator X evaluated for the
initial data (2.4.5).

If n≥ 1 in (2.4.5) one finds that

ϕt (x, t0)= Pnb
2x2n, ϕx(x, t0)= nbxn−1,

ϕtt (x, t0)=Qnb
3x3n, ϕtx(x, t0)= 2nPnb

2x2n−1.

The determining equation (2.4.4) becomes
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ζ̂t + b

(

−nxn−1ξ̂t + xnζ̂ (0, t)− 2xn
1∫

0

(1 − s)nζ̂ (xs, t) ds

)

+ b2

(

− Pnx
2nη̂t + Pnx

2nζ̂ϕ − 2nPnx
2n−1ξ̂ − δn1ξ̂ (0, t)

+ 2nx2n−1

1∫

0

(1 − s)nsn−1ξ̂ (xs, t) ds

)

+ b3

(

− nPnx
2n−1ξ̂ϕ −Qnx

3nη̂+ 2Pnx
3n

1∫

0

(1 − s)ns2nη̂(xs, t) ds

)

− b4(P 2
n x

4nη̂ϕ
) = 0. (2.4.7)

Using the arbitrariness of the value b, the equation (2.4.7) can be split into a
series of equations by equating to zero the coefficients of bk (k = 0,1, . . .) in the
left-hand side of (2.4.7).

For k = 0 the corresponding coefficient in the left-hand side of (2.4.7) vanishes
because of the first equation of (2.4.6).

For k = 1, the equation (2.4.7) yields:

x

(

−p0(x, t)+ 2

1∫

0

(1 − (1 − s)n)p0(xs, t) ds

)

− n
∂q0(x, t)

∂t
= 0.

By virtue of arbitrariness of n, one finds

p0(x, t)= 0,
∂q0(x, t)

∂t
= 0.

These relations provide that ζ̂ (0, t)= 0.
For k = 2 one obtains the equation

x

(

− p1(x, t)− p1(0, t)+ 2

1∫

0

(1 − (1 − s)nsn)p1(xs, t) ds

+ Pn

(

p1(x, t)− ∂r0(x, t)

∂t

))

− n
∂q1(x, t)

∂t
− 2nPnq0(x, t)

+ 2n

1∫

0

(1 − s)nsn−1q0(xs, t) ds = 0.

Consecutively dividing by n, Pn and letting n→ ∞, one obtains

p1(x, t)= c0 + c1x,
∂q1(x, t)

∂t
= 0, q0(x, t)= c2x,

∂r0(x, t)

∂t
= −c0,

where c0, c1, c2 are arbitrary constants.
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For k = 3, one has

xn+1

(

−p2(x, t)− p2(0, t)+ 2

1∫

0

(1 − (1 − s)ns2n)p2(xs, t) ds

− Pn
∂r1(x, t)

∂t
+ 2Pnp2(x, t)+ 2Pn

1∫

0

(1 − s)ns2nr0(xs, t) ds −Qnr0(x, t)

)

+ xn

(

−n
∂q2(x, t)

∂t
− 2nPnq1(x, t)+ 2n

1∫

0

(1 − s)ns2n−1q1(xs, t) ds

)

− nPnq1(x, t)= 0.

Similar to the previous case (k = 2) one finds

q1(x, t)= 0,
∂q2(x, t)

∂t
= 0, p2(x, t)= 0,

∂r1(x, t)

∂t
= 0, r0(x, t)= −c0t + c3,

where c3 is an arbitrary constant.
For k = 4 + α (α = 0,1, . . .), the equation (2.4.7) yields

xn+1

(

∂pα+4(x, t)

∂t
− 2

1∫

0

(1 − s)ns(3α)np3+α(xs, t) ds

+ (3 + α)Pnp3+α(x, t)− Pn
∂r2+α(x, t)

∂t
− (α + 1)P 2

n rα+1(x, t)

+ 2Pn

1∫

0

(1 − s)ns(3+α)nrα+1(xs, t) ds −Qnrα+1(x, t)

)

+ nxn

(

−∂qα+3(x, t)

∂t
− 2Pnqα+2(x, t)

+ 2

1∫

0

(1 − s)ns(α+3)n−1qα+2(xs, t) ds

)

− n(α + 2)Pnqα+2(x, t)= 0.

From this equation one obtains

pα+3(x, t)= 0, qα+2(x, t)= 0, rα+1(x, t)= 0 (α = 0,1, . . .).

Thus, from the above equations, one finds

ξ = c2x, η = c3 − c0t, ζ = (c1x + c0)ϕ (2.4.8)
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with the arbitrary constants c0, c1, c2, c3. Formulae (2.4.8) are the necessary con-
ditions for the coefficients of the generator X to satisfy the determining equa-
tion (2.4.4). One can directly check that they also satisfy the determining equation
(2.4.4). Thus, the calculations provide the unique solution of the determining equa-
tion (2.4.4).

Because of the uniqueness of the obtained solution of the determining equation
(2.4.4) one finds a constructive proof of the next statement.

Theorem 2.4.1 The four-dimensional Lie algebra L4 = {X1,X2,X3,X4} spanned
by the generators

X1 = ∂t , X2 = xϕ∂ϕ, X3 = x∂x, X4 = ϕ∂ϕ − t∂t (2.4.9)

defines the complete Lie group G4 admitted by (2.4.1).

2.4.1.2 Invariant Solutions

For constructing an invariant solution one has to choose a subalgebra. Since any sub-
algebra is equivalent to one of the representatives of an optimal system of admitted
subalgebras, it is sufficient to study invariant solutions corresponding to the optimal
system of subalgebras. Choosing a subalgebra from the optimal system of subalge-
bras, finding invariants of the subalgebra, and assuming dependence between these
invariants, one obtains the representation of an invariant solution. Substituting this
representation into (2.4.1) one gets the reduced equations: for the invariant solu-
tions the original equation is reduced to the equation for a function with a single
independent variable.

The optimal system of one-dimensional subalgebras of L4 consists of the subal-
gebras

X1, X4 + cX3, X2 −X1, X4 ±X2, X1 +X3, (2.4.10)

where c is an arbitrary constant. The corresponding representations of the invariant
solutions are the following.

The invariants of the subalgebra {X1} are ϕ and x. Hence, an invariant solution
has the representation ϕ = g(x), where the function g has to satisfy the equation

g(x)g(0)−
1∫

0

g(xs)g(x(1 − s)) ds = 0. (2.4.11)

The Maxwell solution ϕ = peλx is an invariant solution with respect to this subal-
gebra. Let a solution of (2.4.11) be represented through the formal series g(x) =
∑

j≥0 ajx
j . For the coefficients of the formal series one obtains

a0

(

1 − 2

(k + 1)!
)

ak =
k−1
∑

j=1

j !(k − j)!
(k + 1)! ajak−j (k = 2,3, . . .).
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Noticing that the value a0 = 0 leads to the trivial case g = 0, so that one has to as-
sume a0 �= 0. Because (2.4.11) admits scaling of the function g, one can set a0 = 1.
Since the multiplication by the function eλx transforms any solution of (2.4.11)
into another solution, one also can set a1 = 0. Hence, all other coefficients vanish,
aj = 0 (j = 2,3, . . .). Thus, the general solution of (2.4.11) is g = eλx . This means
the uniqueness of the absolute Maxwell distribution as was mentioned in the above
section.

In the case of the subalgebra {X4 + cX3} the representation of an invariant solu-
tion is ϕ = t−1g(y), where y = xtc, and the function g has to satisfy the equation

cyg′(y)− g(y)+ g(y)g(0)−
1∫

0

g(ys)g(y(1 − s)) ds = 0. (2.4.12)

Assuming that a solution is represented through the formal series g(y)= ∑

j≥0 ajy
j ,

one obtains the equations for the coefficients

a0 = 0, (c− 1)a1 = 0, (ck − 1)ak =
k

∑

j=0

j !(k − j)!
(k + 1)! ajak−j (k = 2,3, . . .).

The case where ck �= 1 for all k (k = 1,2, . . .) leads to the trivial solution g = 0
of (2.4.12). If c = α−1 where α is integer, then ak = 0 (k = 1,2, . . . , α − 1), the
coefficient aα is arbitrary, and for other coefficients ak (k = α + 1, α + 2, . . .) one
obtains the recurrence formula

(α−1k − 1)ak =
k−1
∑

j=1

j !(k − j)!
(k + 1)! ajak−j .

The representation of an invariant solution of the subalgebra {X2 − X1} is ϕ =
e−xtg(x), where the function g satisfies the equation

−xg(x)+ g(x)g(0)−
1∫

0

g(xs)g(x(1 − s)) ds = 0.

If one assumes that a solution can be represented through the formal series g(x) =
∑

j≥0 ajx
j , the first two terms of the series, obtained after substitution, are

a0 = 0, a1(6 + a1)= 0.

The case a1 = 0 leads to the trivial solution g = 0. If a1 �= 0, then the other coeffi-
cients are defined by the recurrent formula

(

1 − 6

k(k + 1)

)

ak−1 = −
k−2
∑

j=1

j !(k − j)!
(k + 1)! ajak−j (k = 3,4, . . .).
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An invariant solution of the subalgebra {X1 +X3} has the form ϕ = g(y), where
y = xe−t . The function g has to satisfy the equation

−yg′(y)+ g(y)g(0)−
1∫

0

g(ys)g(y(1 − s)) ds = 0. (2.4.13)

The solution of this equation g = 6ey(1 − y) is known as the BKW-solution [3,
42].18 This solution was obtained by assuming that the series g(y)= ey

∑

j≥0 ajy
j

can be terminated. In fact, substituting the function g(y) = ey
∑

j≥0 ajy
j into

(2.4.13) for the coefficients ak one obtains the equations

a0 + a1 = 0, 2 (a0 − 6) a2 = a1(6 + a1), 6 (a0 − 6) a3 = a2(12 + a1),
(

a0(1 − 2

(k + 1)
)− k

)

ak = ak−1

(

1 + 1

k(k + 1)
a1

)

+ 2

k(k2 − 1)
ak−2a2

+
k−2
∑

j=2

j !(k − j)!
(k + 1)! ajak−j (k = 4,5, . . .).

(2.4.14)

One can check that the choice a0 = 6, a1 = −6, and ak = 0 (k = 2,3, . . .) satisfies
(2.4.14).

A representation of an invariant solution of the subalgebra {X4 ± X2} is ϕ =
t−(1±x)g(x), where the function g has to satisfy the equation

(1 ± x)g(x)− g(x)g(0)+
1∫

0

g(xs)g(x(1 − s)) ds = 0.

2.4.2 Equations of One-Dimensional Viscoelastic Continuum
Motion

One of models describing the one-dimensional motion of a viscoelastic continuum
is based on the equations [60]

vt = σx, et = vx, σ +
t∫

0

K(t, τ )σ (x, τ ) dτ = ϕ(e), (2.4.15)

where the time t and the distance x are the independent variables, the stress σ ,
the velocity v, and the strain e are the dependent variables. The Volterra integral
equation in the system (2.4.15) describes a dependence of the stress σ on the strain e,

18This solution is usually considered as invariant solution with respect to the subalgebra {X2 −
X3 + c−1X1} which is similar to {X1 +X3}.
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K(t, τ ) is a kernel of heredity, ϕ(e) is a known function. It is assumed that K �= 0
and ϕ′(e) �= 0.

Let the infinitesimal generator of a Lie group admitted by (2.4.15) be

X = ζ e∂e + ζ v∂v + ζ σ ∂σ + ξx∂x + ξ t ∂t

with the coefficients depending on (t, x, v, e, σ ). The determining equations are
(

Dt ζ̂ v −Dxζ̂ σ
)

|(S) = 0,
(

Dt ζ̂ e −Dxζ̂ v
)

|(S) = 0, (2.4.16)
⎛

⎝ϕ′ζ̂ e − ζ̂ σ −
t∫

0

K(t, τ )ζ̂ σ (x, τ ) dτ

⎞

⎠

|(S)
= 0, (2.4.17)

where

ζ̂ e = ζ e − ξxex − ξ t et , ζ̂ v = ζ v − ξxvx − ξ tvt , ζ̂ σ = ζ σ − ξxσx − ξ tσt

with the functions e(x, t), v(x, t), σ(x, t) satisfying (2.4.15) substituted in them.
The complete set of solutions of the determining equations is sought under the as-
sumption that there exists a solution of the Cauchy problem19

e(xo, t)= e0(t), v(xo, t)= vo(t), σ (xo, t)= σo(t)

with arbitrary sufficiently smooth functions e0(t), vo(t), σo(t).
Derivatives of the functions e(x, t), v(x, t), σ (x, t) at the point x = xo can be

found from (2.4.15):

vt = v′
o, σt = σ ′

o, σx = v′
o, vx = et = g1

ϕ′ , ex = g2

ϕ′ , (2.4.18)

where

g1 = σ ′
o +K(t, t)σo +

t∫

0

Kt(t, τ )σo(τ ) dτ, g2 = v′
o +

t∫

0

K(t, τ )v′
o(τ ) dτ.

Substituting the derivatives vt , σt , σx, vx, et , ex into the determining equations
(2.4.16), considered at the point xo, one obtains

v′
o

(

ζ vv − ηt − ζ σσ + ξx − ηeg1
) + (v′

o)
2(−ηv + ξσ )+ g2(−ζ σe + σ ′

oηe)+ v′
og2ξe

+ ζ vσ σ
′
o + ζ vt − ζ σx + σ ′

oηx + g1
(

ζ ve − ζ σv + σ ′
oηv − ξσ σ

′
o − ξt − ξeg1

) = 0,

v′
o(ζ

e
v − ζ vσ + ηx + ξσ g1)+ (v′

o)
2ησ + g2(−ξσ σ

′
o − ζ ve − ξt )+ v′

og2(−ξv + ηe)

+ ζ eσ σ
′
o + ζ et − ζ vx + g1(ζ

e
e − ησσ

′
o − ηt − ζ vv + ξx + g1(−ηe + ξv))= 0.

These equations can be split with respect to vo, v′
o, v

′
o + ∫ t

0 K(t, τ )v′
o(τ ) dτ . In fact,

setting the function vo(t) such that

vo(t)= a1 + a2(t − to)+ a3
(t − to)

n+1

(n+ 1)
(n≥ 1),

19These conditions are boundary conditions, rather than initial conditions.
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one finds at the time t = to:

vo(to)= a1, v′
o(to)= a2,

v′
o(to)+

to∫

0

K(to, τ )v
′
o(τ ) dτ

= a2

(

1 +
to∫

0

K(to, τ ) dτ

)

+ a3

to∫

0

K(to, τ )(τ − to)
n dτ.

(2.4.19)

Since the set of the functions (t − to)
n (n ≥ 0) is complete in the space L2(0, to],

and to is such that K(to, τ ) �= 0, there exists n for which
∫ to

0 K(to, τ )(τ − to)
n dτ �=

0. Hence, for the given values vo(to), v
′
o(to),

∫ to
0 K(to, τ )v

′
o(τ )dτ one can solve

(2.4.19) with respect to the coefficients a1, a2, a3. This means that the values
vo, v

′
o, v

′
o + ∫ t

0 K(t, τ )v′
o(τ ) dτ are arbitrary and one can split the determining equa-

tions with respect to them. Splitting the determining equations, one finds

ξv = ξe = ξσ = 0, ηv = ηe = ησ = 0, ζ ve = −ξt ,

ξx − ηt = ζ σσ − ζ vv , ζ σe = 0, ζ ev − ζ vσ = −ηx,
(2.4.20)

(ζ vσ + ηx)σ
′
o + ζ vt − ζ σx = g1(2ξt + ζ σv )),

ζ eσ σ
′
o + ζ et − ζ vx = g1(ηt + ζ vv − ξx − ζ ee ).

(2.4.21)

Equations (2.4.21) also can be split with respect to

σo(to), σ ′
o(to), e(to), σ ′

o(to)+K(to, to)σo(to)+
to∫

0

Kt(to, τ )σo(τ ) dτ.

In fact, let

σo(τ )= a1 + a2(τ − to)+ (to − τ)2(a3ψ1(τ )+ a4ψ2(τ )).

If the determinant

Δ=
⎛

⎝

to∫

0

K(to, τ )(to − τ)2ψ1(τ )dτ

⎞

⎠

⎛

⎝

to∫

0

Kt(to, τ )(to − τ)2ψ2(τ ) dτ

⎞

⎠

−
⎛

⎝

to∫

0

K(to, τ )(to − τ)2ψ2(τ )dτ

⎞

⎠

⎛

⎝

to∫

0

Kt(to, τ )(to − τ)2ψ1(τ )dτ

⎞

⎠

is equal to zero for all functions ψ1,ψ2 ∈ L2[0, to], then by virtue of K(t, τ ) �= 0
one obtains that there exists a function f (t) such that

Kt(t, τ )= f (t)K(t, τ ). (2.4.22)

The general solution of this equation in some neighborhood of the point t = to has
the form

K(t, τ )= h(t)g(τ ), (2.4.23)



2.4 Illustrative Examples 105

where f (t) = h′(t)/h(t). The kernels of the type20 (2.4.23) are excluded from the
study, because for these kernels system of equations (2.4.15) is reduced to a system
of differential equations. Thus, for nondegenerate kernels, (2.4.21) can be split with
respect to the considered values:

ζ vσ + ηx = 0, ζ vt − ζ σx = 0,2ξt + ζ σv = 0, ζ eσ = 0,

ζ et − ζ vx = 0, ηt + ζ vv − ξx − ζ ee = 0.
(2.4.24)

For the case z= −∞ one also obtains (2.4.24).
Integrating (2.4.20), (2.4.24), one finds

ξ = t (c1x + c2)+ c3x
2 + c5x + c6, η = x(c3t + c4)+ c1t

2 + c7t + c8,

ζ v = −e(c1x + c2)− σ(c3t + c4)− v(2c1t + 2c3x + c5 − c9)+ λxt ,

ζ σ = −σ(3c1t + c3x + c7 − c9)− 2v(c1x + c2)+ λtt ,

ζ e = −e(c1t + 3c3x + 2c5 − c7 − c9)− 2v(c3t + c4)+ λxx.

(2.4.25)

Here ci (i = 1,2, . . . ,9) are arbitrary constants, and λ(x, t) is an arbitrary function
of two arguments.

For studying the remaining determining equations (2.4.17) it is convenient to
write

zo = ζ σ + 2vξt = −σ(3c1t + c3x + c7 − c9)+ λtt ,

z1 = ζ e + 2vηx = −e(c1t + 3c3x + 2c5 − c7 − c9)+ λxx.
(2.4.26)

Substituting (2.4.18) into (2.4.17) and evaluating some integrals by parts, one
obtains

ϕ′z1 − zo −
t∫

0

K(t, τ )zo(τ )dτ + 2vo(ξt − ϕ′ηx)+ vo(0)K(t,0)(ξ(t)− ξ(0))

+
t∫

0

vo(τ ) ((ξ(t)− ξ(τ ))Kτ (t, τ )+ ξt (τ )K(t, τ )) dτ −K(t,0)η(0)σo(0)

−
t∫

0

σo(τ ) (Kτ (t, τ )η(τ )+Kt(t, τ )η(t)+K(t, τ )ηt (τ )) dτ = 0. (2.4.27)

Because of the arbitrariness of the function vo(t), from the last equation one finds

K(t,0)(ξ(t)− ξ(0))= 0, (2.4.28)

ξt − ϕ′ηx = 0, (2.4.29)

(ξ(t)− ξ(τ ))Kτ (t, τ )+ ξt (τ )K(t, τ )= 0, (2.4.30)

20They are called degenerate kernels.
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ϕ′z1 − zo −
t∫

0

K(t, τ )zo(τ ) dτ −K(t,0)η(0)σo(0)

−
t∫

0

σo(τ )
(

Kτ (t, τ )η(τ )+Kt(t, τ )η(t)

+K(t, τ )ηt (τ )
)

dτ = 0. (2.4.31)

Substituting (2.4.25) into (2.4.29) and splitting them with respect to x, one obtains

c1 = 0, c3 = 0, (2.4.32)

c2 = ϕ′c4. (2.4.33)

Equations (2.4.28)–(2.4.31) become

c4K(t,0)= 0, (2.4.34)

c4 ((t − τ)Kτ (t, τ )+K(t, τ ))= 0, (2.4.35)

ϕ′ (λxx + eo(c7 + c9 − 2c5))+ c7σo − λtt

−
t∫

0

K(t, τ )λtt (τ ) dτ − c9ϕ(eo)− c8K(t,0)σo(0)

−
t∫

0

σo(τ )(c4x + c7τ + c8)Kτ (t, τ )

+ (c4x + c7τ + c8)Kt (t, τ ) dτ = 0. (2.4.36)

If there exist functions ψi(τ)= (t − τ)ni (i = 1,2) such that the determinant

Δ1 =
⎛

⎝

t∫

0

z3(t, τ, x)ψ1(τ )τ (t − τ) dτ

⎞

⎠

⎛

⎝

t∫

0

K(t, τ )τ (t − τ)ψ2(τ ) dτ

⎞

⎠

−
⎛

⎝

t∫

0

z3(t, τ, x)ψ2(τ )τ (t − τ) dτ

⎞

⎠

⎛

⎝

t∫

0

K(t, τ )τ (t − τ)ψ1(τ ) dτ

⎞

⎠

is not equal to zero, then choosing the function σo(τ ) one can obtain contradictory
relations. Hence, Δ1 = 0 for all functions ψi(τ). Here z3(t, τ, x) = (c4x + c7τ +
c8)Kτ + (c4x + c7t + c8)Kt . Because K(t, τ ) �= 0 and the system of the functions
(t − τ)n is complete in L2[0, t], there exists a function f1(t, x) such that

z3(t, τ, x)= f1(t, x)K(t, τ ). (2.4.37)

Substituting (2.4.37) into (2.4.36), using (2.4.16), and splitting with respect to σo(0),
σo(t) and eo(t), one obtains
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c7 + f1 = 0, (2.4.38)

c8K(t,0)= 0, (2.4.39)

ϕ′(λxx + eo(c7 + c9 − 2c5)
) + ϕ(c7 − c9)− λtt

−
t∫

0

K(t, τ )λtt (τ ) dτ = 0. (2.4.40)

Splitting (2.4.37) with respect to x, and because of (2.4.38), one finds

c4(Kτ +Kt)= 0, (2.4.41)

(c7t + c8)Kt + (c7τ + c8)Kτ = −c7K. (2.4.42)

Regarding (2.4.34), (2.4.35) and (2.4.41), one obtains

c4 = 0. (2.4.43)

If c2
7 + c2

8 �= 0, then from (2.4.39), (2.4.42), one finds that c8 = 0 and K =
(c7t)

−1R(τ/t). The kernels of this type are excluded from the study, because they
have a singularity at the time t = 0. Hence,

c7 = 0, c8 = 0, (2.4.44)

and the group classification of (2.4.15), (2.4.16) is reduced to the study of (2.4.40).
From (2.4.40) it follows that the kernel of the admitted Lie groups is given by the

generators

X1 = ∂x, X2 = ∂v. (2.4.45)

Extensions of the kernel (2.4.45) are obtained for specific functions ϕ(e).
If ϕ′′ �= 0, then the classifying equations are

ϕ′ (c10 + e(c9 − 2c5))− c9ϕ = c11, (2.4.46)

λtt +
t∫

0

K(t, τ )λtt (τ ) dτ = c11, (2.4.47)

where c10, c11 are arbitrary constants. Hence, the extension of the kernel of admitted
Lie groups occurs for the following cases:

(a) If ϕ = α + β ln(a + ce), then the additional generator is

Y1 = −cx/2∂x + cv/2∂v + (a + ce)∂e + βcμ(t)∂σ .

(b) If ϕ = α(a + ce)β + γ (β �= 1), then system of equations (2.4.15) admits the
generator

Y2 = (β − 1)cx∂x + (β + 1)cv∂v + 2(ce+ a)∂e + 2βc(σ − γμ(t))∂σ .

(c) If ϕ = α + exp(γ e) (γ �= 0), then there is the additional generator

Y3 = γ x∂x + γ v∂v + 2γ (σ − αμ(t))∂σ + 2∂e.
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(d) If the function ϕ(e) is linear ϕ = Ee + E1, then along with the generators
X1,X2 system (2.4.15), (2.4.16) also admits the generators

Y4 = v∂v + σ∂σ + e∂e, Yλ = λxt ∂v + λtt ∂σ + λxx∂e.

Here α,β, γ, a, c are constant, the function μ(t) is an arbitrary solution of the
equation

μ(t)+
t∫

0

K(t, τ )μ(τ) dτ = 1,

and the function λ(x, t) is a solution of the equation

Eλxx = λtt +
t∫

0

K(t, τ )λtt (τ ) dτ.

Remark 2.4.1 This approach was also used for other models of elasticity in [57,
63].
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Chapter 3
The Boltzmann Kinetic Equation and Various
Models

This chapter deals with applications of the group analysis method to the full Boltz-
mann kinetic equation and some similar equations. Calculations of the 11-parameter
Lie group G11 admitted by the full Boltzmann equation with arbitrary intermolecu-
lar potential and its extensions for power potentials are presented. The found isomor-
phism of these Lie groups with the Lie groups admitted by the ideal gas dynamics
Euler equations allowed one to obtain an optimal system of admitted subalgebras
and to classify all invariant solutions of the full Boltzmann equation. For equations
similar to the full Boltzmann equation complete admitted Lie groups are derived
by solving determining equations. The corresponding optimal systems of admitted
subalgebras are directly calculated and representations of all invariant solutions are
obtained in explicit forms.

3.1 Studies of Invariant Solutions of the Boltzmann Equation

The Boltzmann kinetic equation is a basis of the classical kinetic theory of rar-
efied gases and had served as the standard in developing of other statistical kinetic
theories. Starting with its appearance in the papers of D. Maxwell [30] and L. Boltz-
mann [8], the mathematical theory of this equation was studied by many researchers.
A particular interest in the study of the Boltzmann equation was always related with
searching for exact (invariant) solutions directly associated with the fundamental
properties of the equation. After the studies of the class of the local Maxwellians
[8, 11, 30] new classes of invariant solutions were constructed in 1960s in [32–34].
The decade later the BKW-solution was almost simultaneously derived in [1] and
in [28]. Contrary to the Maxwellians, the Boltzmann collision integral is not zero for
this solution. The discovery of the BKW-solution stimulated a great splash of stud-
ies of invariant solutions of different kinetic equations. However, the progress of that
time was really restricted to obtaining BKW-type solutions for different simplified
models of the Boltzmann equation.1

1See the review [15].

Y.N. Grigoriev et al., Symmetries of Integro-Differential Equations,
Lecture Notes in Physics 806,
DOI 10.1007/978-90-481-3797-8_3, © Springer Science+Business Media B.V. 2010

113

http://dx.doi.org/10.1007/978-90-481-3797-8_3


114 3 The Boltzmann Kinetic Equation

The positive consequence of these years consisted in the comprehension that
further progress of the studies is only possible with successive use of the group
analysis method. The first steps in this direction were done in [9, 10]. Applying the
moment method the admitted Lie group G11 (see the next section) was originally
calculated in these papers for the model Bhatnagar–Gross–Krook kinetic equation
with a simple relaxational collision integral. Then it was directly verified that the
found infinitesimals are also admitted by the full Boltzmann equation. Using the
“scaling conjecture” method, the authors [17] derived the admitted Lie group G11

immediately for the full Boltzmann equation. Extensions of G11 for special inter-
molecular potentials were also obtained. As a result an approach for applying the
group analysis method to integro-differential equations was proposed [17, 18]. In
particular, the methods of constructing and solving determining equations for an
admitted Lie group were worked out (see Chap. 2). Using the proposed method, the
admitted Lie groups for some kinetic equations with a small number of independent
variables were obtained in [19, 20, 22]. The uniqueness of the general solution of
determining equations allows one to consider these results as constructive proofs of
the completeness of the obtained Lie groups. In papers [4, 7] a Lie algebra L11(X)

was announced as a complete Lie group admitted by the full Boltzmann equation.
But calculations were practically carried out by ad hoc approach, which was equiv-
alent to “scaling conjecture”. Only in the recent publication [5] a proof of L11 com-
pleteness was really derived by solving the corresponding determining equations.
A group classification of solutions of the full Boltzmann equation invariant with
respect to the Lie group G11 and its extensions was carried out in [23]. This clas-
sification allows one to separate the set of invariant solutions into non-intersecting
essentially different classes. The representations of the invariant solutions for differ-
ent classes and some reductions of the full Boltzmann equation to factor-equations
were obtained.

3.2 Introduction to the Boltzmann Equation

The Boltzmann kinetic equation allows one to consider rarefied gas flows on a
molecular level. These flows are realized in the wide range of scales from astrophys-
ical up to microscopical: the so-called “jets” and turbulent “piles” in deep space,
flows around satellites and spaceships during their landing in atmospheres of plan-
ets, flows in vacuum chemical reactors, as well as flows of aerosols of micron scales
in ecology problems, flows in micro electrical machine systems, scattering of ultra-
sound waves to name only a few.

The Boltzmann equation is an integro-differential equation that describes the evo-
lution of rarefied gas in terms of a molecular distribution function. The distribution
function in general case

f = f (x,v, t), f : R
3 × R

3 × R
+ −→ R

+, (3.2.1)

depends on seven independent variables and gives the probability distribution of
molecules in the phase space, more precisely

f (x,v, t) dxdv (3.2.2)
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gives the expected number of molecules in the element volume dxdv centered at
the phase space point (x,v), at time t .

Without external forces, the Boltzmann equation for a monatomic gas can be
written as

∂f

∂t
+ v · ∇xf = J (f,f ), x,v ∈ R

3. (3.2.3)

The term J (f,f ) is the so-called collision operator which is defined by the formula

J (f,f )(x,v, t)=
∫

R3

∫

S2

B(|v − v1|, θ)[f (x,v′, t)f (x,v′
1, t)

− f (x,v, t)f (x,v1, t)]dndv1,

where v′ and v′
1 are the velocities after a collision of two particles that had velocities

v and v1 before the collision. The deflection angle θ is the angle between v−v1 and
v′ − v′

1. Velocities in the collision satisfy the microscopic momentum and energy
conservation laws,

v′ + v′
1 = v + v1, |v′|2 + |v′

1|2 = |v|2 + |v1|2. (3.2.4)

The postcollision velocities can be obtained by solving algebraic equations (3.2.4)
and are parameterized by

v′ = 1

2
(v + v1 + |v − v1|n), v′

1 = 1

2
(v + v1 − |v − v1|n),

where n is a unit vector varying on the sphere

S2 = {n ∈ R
3, |n| = 1}.

The scattering function B has the form

B(|v − v1|, θ)= |v − v1|σ(|v − v1|, cos(θ)) (3.2.5)

where cos(θ) = (v−v1,n)|v−v1| . The function σ : R
+ × [−1,1] → R

+ is the differential
cross-section and θ is the scattering angle. The scattering function B characterizes
the details of the binary interactions, and depends on the physical properties of gas.
Some types of collision scattering function frequently considered in the Boltzmann
equation are the following.

For inverse power intermolecular potentials U(r) ∼ r−(ν−1) (ν > 2) the scatter-
ing function acquires the form

B(|v − v1|, θ)= bγ (cos(θ))|v − v1|γ , γ = ν − 5

ν − 1
(ν > 2), (3.2.6)

where bγ (cos(θ)) is a known function.
The special case γ = 0 corresponds to the Maxwell molecules with

B(|v − v1|, θ)= b0(cos(θ)). (3.2.7)

The collision scattering function B(|v − v1|, θ) here does not depend on the relative
velocity |v − v1|.
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The other particular case is a hard spheres model for γ = 1

B(|v − v1|, θ)= d2

4
|v − v1|, (3.2.8)

where d denotes the diameter of the particles.
The Boltzmann collision operator has the following fundamental properties of

the conservation of mass, momentum, and energy:
∫

R3

Q(f,f )dv = 0, (3.2.9)

∫

R3

vQ(f,f )dv = 0, (3.2.10)

∫

R3

|v|2Q(f,f )dv = 0, (3.2.11)

which are directly related with its symmetries.

3.3 Group Analysis of the Full Boltzmann Equation

In this section using the “scaling conjecture” the calculations of the Lie algebras
admitted by full Boltzmann equation and its Fourier transform are presented. The
isomorphisms of Lie groups (algebras) admitted by the full Boltzmann equation and
Euler gas dynamics (EGD)-system is set up. The proven isomorphism allows one to
apply the optimal systems of subalgebras already obtained for the EGD-system [14,
16, 36] for classifications of invariant solutions of the full Boltzmann equation. The
representations of essentially different H-solutions of the spatially inhomogeneous
Boltzmann equation with one and two independent invariant variables are derived
in explicit form.

3.3.1 Admitted Lie Algebras

The full Boltzmann equation (3.2.3) is rewritten as follows

∂f

∂t
+ v

∂f

∂x
= J (f,f ) (3.3.1)

where the collision integral is

J (f,f )=
∫

dwdnB
(

g,
gn
g

)

[f (v∗)f (w∗)− f (v)f (w)],

v∗ = 1

2
(v + w + gn), w∗ = 1

2
(v + w − gn), g = v − w, g = |g|, |n| = 1.

(3.3.2)
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Let us assume that the admitted Lie group G(Ta) of point transformations Ta of
the Boltzmann equation (3.3.1) has the form2

f̄ = λ(t̄, x̄;a)f, t = τ(t̄ , x̄;a), x = h(t̄ , x̄;a), v =A(t̄, x̄;a)v̄ + b(t̄ , x̄;a),
(3.3.3)

where a is the group parameter, A(t̄, x̄;a) is a 3 × 3 matrix such that for any vector
v and any unit vector n the following property is satisfied

|Av|−1(Av,n)= |v|−1(v,n). (3.3.4)

This property is satisfied if and only if the matrix A has the form

A= qG,

where G(t̄, x̄;a) is an orthogonal matrix and q(t̄, x̄;a) > 0 is a scalar function.
The functions (3.3.3) have necessarily to satisfy the main group superposition

property

TbTa = Ta+b, (3.3.5)

and the identity property for the group parameter a = 0:

λ(t̄, x̄;0)= 1, τ (t̄ , x̄;0)= t̄ , h(t̄ , x̄;0)= x̄,

A(t̄, x̄;0)= I, b(t̄ , x̄;0)= 0.
(3.3.6)

Transformations (3.3.3) map a function f (t,x,v) into the function

f̄ (t̄ , x̄, v̄;a)= λ(t̄, x̄;a)f (τ(t̄ , x̄;a),h(t̄ , x̄;a), q(t̄, x̄;a)G(t̄, x̄;a)v̄
+ b(t̄ , x̄;a)). (3.3.7)

Using (3.3.7), one can check that the nonlinear collision integral has the scaling
property:

J (f̄ , f̄ )= λ2

qγ+3
J (f,f ). (3.3.8)

Substituting the derivatives of the function f̄ (t̄ , x̄, v̄;a):
∂f̄

∂t̄
= f

∂λ

∂t̄
+ λ

(

ft
∂τ

∂t̄
+ fxi

∂hi

∂t̄
+ fvi

(
∂q

∂t̄
Gij v̄j + q

∂Gij

∂t̄
v̄j + ∂bi

∂t̄

))

,

∂f̄

∂x̄k
= f

∂λ

∂x̄k
+ λ

(

ft
∂τ

∂x̄k
+ fxi

∂hi

∂x̄k
+ fvi

(
∂q

∂x̄k
Gij v̄j + q

∂Gij

∂x̄k
v̄j + ∂bi

∂x̄k

))

,

into the equation

∂f̄

∂t̄
+ v̄k

∂f̄

∂x̄k
= J (f̄ , f̄ ),

2The text follows [17], see also Chap. 2.
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and using the property that

J (f,f )= ∂f

∂t
+ vk

∂f

∂xk
,

one obtains

f

(
∂λ

∂t̄
+ v̄k

∂λ

∂x̄k

)

+ λft

(
∂τ

∂t̄
+ v̄k

∂τ

∂x̄k
− λ

qγ+3

)

+ λfxi

(
∂hi

∂t̄
+ v̄k

∂hi

∂x̄k
− λ

qγ+3
(qGij v̄j + bi)

)

+ λfvi

(
∂bi

∂t̄
+ v̄k

∂bi

∂x̄k
+

(
∂q

∂t̄
+ v̄k

∂q

∂x̄k

)

Gij v̄j

+q

(
∂Gij

∂t̄
+ v̄k

∂Gij

∂x̄k

)

v̄j

)

= 0.

By virtue of the arbitrariness of the function f (t,x,v) the last equation3 can be split
with respect to its derivatives:

∂λ

∂t̄
+ v̄j

∂λ

∂x̄j
= 0,

∂τ

∂t̄
+ v̄j

∂τ

∂x̄j
= λ

qγ+3
,

∂hi

∂t̄
+ v̄j

∂hi

∂x̄j
= λ

qγ+3
(qGij v̄j + bi),

∂bi

∂t̄
+ v̄j

∂bi

∂x̄j
+

(
∂q

∂t̄
+ v̄k

∂q

∂x̄k

)

Gij v̄j + q

(
∂Bij

∂t̄
+ v̄k

∂Gij

∂x̄k

)

v̄j = 0

(i = 1,2,3).

(3.3.9)

Since the functions λ, τ , hi , q , Gij and bi do not depend on v̄, the equations (3.3.9)
can be once again split with respect to v̄

∂λ

∂t̄
= 0,

∂λ

∂x̄k
= 0,

∂bi

∂t̄
= 0,

∂bi

∂x̄j
+ ∂(qGij )

∂t̄
= 0,

∂(qGij )

∂x̄k
= 0,

(3.3.10)

∂τ

∂t̄
= λ

qγ+3
,

∂τ

∂x̄j
= 0, (3.3.11)

∂hi

∂t̄
= λ

qγ+3
bi,

∂hi

∂x̄j
= λ

qγ+2
Gij (3.3.12)

(i, j, k = 1,2,3).

The general solution of (3.3.10) is

λ= λ(a), bi =Qij (a)x̄j + pi(a), qGij = −t̄Qij (a)+ qij (a) (i = 1,2,3).

Since G is an orthogonal matrix, one obtains

q2δik =QijQkj t̄
2 − t̄ (qijQkj +Qijqkj )+ qij qkj (i, k = 1,2,3).

3The theory of existence and uniqueness of a local solution of the Boltzmann equation can be
found in [12, 13, 27].
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This also gives that the function q has the form

q2 = f2 t̄
2 + f1 t̄ + f0, (3.3.13)

where

f2 =QiojQioj , f1 = −(qiojQioj +Qioj qioj ),

f0 = qioj qioj (io = 1,2,3).
(3.3.14)

Here is no summation with respect to io.
Equations (3.3.12) become

∂hi

∂t̄
= λ

qγ+3
(Qij x̄j + pi),

∂hi

∂x̄k
= λ

qγ+3
(−t̄Qik + qik) (i, k = 1,2,3).

(3.3.15)

Equating the mixed derivatives ∂
∂x̄k

(
∂hi
∂t̄
)= ∂

∂t̄
(
∂hi
∂x̄k

), one finds

2qQik = (γ + 3)
∂q

∂t̄
(t̄Qik − qik) (i, k = 1,2,3). (3.3.16)

Multiplying these equations by q , using (3.3.13), and splitting with respect to t̄ , one
obtains

f2(γ + 1)Qik = 0 (i, k = 1,2,3). (3.3.17)

If f2 = 0, then by virtue of the definition (3.3.14) one gets that Qik = 0 (i, k =
1,2,3). Hence (3.3.17) separates the study in two cases: (a) Qij = 0, ∀i, j ; (b) there
exists i and j such that Qij �= 0.

Assume that Qik = 0, ∀i, j . Integrating (3.3.15), the transformations (3.3.3) be-
come

f̄ = λf, t = λ

qγ+3
t̄ + τo,

xi = λ

qγ+3
(t̄pi + x̄j qij + si), vi = qij v̄j + pi.

(3.3.18)

Here λ(a), τo(a), pi(a), q(a), si(a) and qij (a) are found from the property to com-
pose a Lie group: T0 is the identical transformation and the conditions (3.3.5) hold.
The Lie group corresponding to the transformations (3.3.18) is defined by the in-
finitesimal generators:

X1 = ∂x, X2 = ∂y, X3 = ∂z, X4 = t∂x + ∂u, X5 = t∂y + ∂v, X6 = t∂z + ∂w,

X7 = y∂z − z∂y + v∂w −w∂v, X8 = z∂x − x∂z +w∂u − u∂w,

X9 = x∂y − y∂x + u∂v − v∂u, X10 = ∂t , X11 = t∂t + x∂x + y∂y + z∂z − f ∂f ,

X12 = t∂t − u∂u − v∂v −w∂w + (γ + 2)f ∂f .

Here we used the individual notations for the space variables and velocities:

x = x1, y = x2, z= x3, u= v1, v = v2, w = v3.
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The generators X1,X2,X3,X10 correspond to shifts with respect to the space
variables and time; the generators X4,X5,X6 correspond to the Galilean trans-
formations; the generators X7,X8,X9 correspond to rotations; the generator X11
corresponds to a scaling transformation. One can check that the Lie group of
transformations G11 corresponding to the Lie algebra L11(X) with the basis
{X1,X2,X3, . . . ,X11} is also admitted by the Boltzmann equation with an arbitrary
scattering function B .

Assuming that Qiojo �= 0 for some io and jo, one has γ = −1. Solving (3.3.16)
with i = io and j = jo, one finds q = α(a)t̄ + β(a), where α = Qiojo . Equations
(3.3.16) give qij = −Qijβ/α. Integrating (3.3.15), one obtains

f̄ = λf, t = − λ

α(αt̄ + β)
+ τo, xi = − λ

(αt̄ + β)
(Q̃ij x̄j + p̃i)+ si ,

vi = (αt̄ + β)Q̃ij v̄j + α(Q̃ij x̄j + p̃i),

(3.3.19)

where Qij = αQ̃ij , pi = αp̃i (i, j = 1,2,3), and the matrix Q̃ is an orthogonal
matrix. The Lie group corresponding to transformations (3.3.19) is defined by the
Lie algebra L13(X) with the basis of generators X1,X2, . . . ,X12 and

X13 = t2∂t + tx∂x + (x − tv)∂v.

The generator X13 determines projective transformations.
The Lie algebra L11(X) with its extensions given by the generators X12,X13 de-

fines a particular group classification of the Boltzmann equation (3.3.1) with respect
to specifications of the scattering function B as a parameter element (in terminology
of [35]).

Remark 3.3.1 Since transformations (3.3.18) and (3.3.19) map a solution of the
Boltzmann equation into a solution, they attract attention of scientists independently
of forming a Lie group. Such type of transformations were also considered in [10].

Remark 3.3.2 In [9] the generator X12 was presented with reference to
A.A. Nikol’skii (as a private communication). The relation between X13 and point
transformations of the Boltzmann equation for γ = −1 found by Nikol’skii [33]
was pointed out in [10].

Similar approach can be applied to the Fourier representation of the full Boltz-
mann equation with a power intermolecular potential. This equation is written as
follows [25]

∂ϕ

∂t
+ i

∂2ϕ

∂xj ∂wj

= C(γ )

∫

dw1 dnΦ(n)ϕ(w/2 + w1)ϕ(w/2 − w1)

× (|w1 − |w|n/2|−(γ+3) − |w1 − w/2|−(γ+3)). (3.3.20)

Here

ϕ(t,x,w)=
∫

dve−iwvf (t,x,v)
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is the Fourier transform of the distribution function f (t,x,v),

C(γ )= 2γ π−3/2Γ ((γ + 3)/2)

Γ (−γ /2)
,

and Γ (z) is the Euler gamma-function. The result of calculations is the admitted Lie
group G9 corresponding to the Lie algebra L9(Z) with the basis generators

Z1 = ∂x, Z2 = ∂y, Z3 = ∂z,

Z4 = y∂z − z∂y + v∂w −w∂v, Z5 = z∂x − x∂z +w∂u − u∂w,

Z6 = x∂y − y∂x + u∂v − v∂u, Z7 = ∂t , Z8 = t∂t + x∂x + y∂y + z∂z − ϕ∂ϕ,

Z9 = t∂t + u∂u + v∂v +w∂w + (γ − 1)ϕ∂ϕ.

Remark 3.3.3 For a homogeneous case there are the additional generators

Z10 = uϕ∂ϕ, Z11 = vϕ∂ϕ, Z12 =wϕ∂ϕ.

Moreover, for the (pseudo) Maxwellian molecules in the homogeneous case there is
one more extension of the admitted Lie algebra

Z13 = (u2 + v2 +w2)ϕ∂ϕ.

Further a classification of all solutions invariant with respect to the Lie group
G11 of the Boltzmann equation (3.3.1) (shortly, H-solutions) is presented.

3.3.2 Isomorphism of Algebras

The classification separates the set of H-solutions into equivalent (similar) classes.
Any two H-solutions f1 and f2 are elements of the same equivalent class if there
exists a transformation Ta ∈G that f2 = Taf1. Otherwise f1, f2 belong to different
classes and they are called essentially different H-solutions. A list of all essentially
different H-solutions (one representative from each class) composes an optimal sys-
tem of invariant solutions that defines the sought-for classification. An optimal sys-
tem of invariant solutions is related with an optimal system of subalgebras ΘL of
the Lie algebra L [35]. The general algorithms for constructing such systems are
known in the theory of group analysis.4 Optimal systems for some kinetic equations
with a small number of independent variables were obtained in [9, 18, 20]. For a
low dimension of a Lie algebra L calculations of ΘL are sufficiently simple. The
higher the dimension of an algebra L, the greater the difficulty in the construction
of an optimal system. A realization of an optimal system of subalgebras for large
dimensional algebras such as L11 requires extremely long and tedious calculations.

4See also Chap. 1.
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For example, despite the fact that the group classification of the gas dynamics equa-
tions (EGD-system) was obtained in the 1970s [35], optimal systems of admitted
subalgebras were only calculated almost two decades later [14, 16, 36].

The Lie algebra L11(X) admitted by the Boltzmann equation (3.3.1) and its ex-
tensions L12(X) and L13(X) possess a remarkable feature that allows avoiding te-
dious calculations. The lucky fact for the full Boltzmann equation is that there is
an isomorphism of the Lie algebra L11(X) and the Lie algebra admitted by EGD-
system of equations with the general state equation [23]. There are also isomor-
phisms of the extensions of L11(X) up to the L12(X) and L13(X) for specified
intermolecular potentials and the Lie algebras studied in the gas dynamics for a
polytropic gas. The isomorphisms allow one to solve the problem of classification
of invariant H-solutions of the full Boltzmann equation by using optimal systems of
subalgebras known for the EGD-system of equations.

Theorem 3.3.1 The Lie algebra L11(X) admitted by the full Boltzmann equation is
isomorphic to the Lie algebra L11(Y ) admitted by the EGD-system.

Proof The EGD-system is written as

dρ

dt
+ ρ∇v = 0, ρ

dv
dt

+ ∇p = 0,

dp

dt
+A(ρ,p)∇v = 0,

(3.3.21)

where ρ, p are the density and the pressure of a gas, ∇ is the nabla operator, d
dt

=
∂
∂t

+ v∇ . As above t ∈ R1+, x = (x, y, z) ∈ R3
x , v = (u, v,w) ∈ R3

v , but the vector
v in (3.3.21) is the vector of gas macroscopic velocity. The function A(ρ,p) is
determined by the state equation of a gas.

For an arbitrary state equation system (3.3.21) admits the 11-dimensional Lie
algebra L11(Y ) with the basis generators [35]:

Y1 = ∂x, Y2 = ∂y, Y3 = ∂z, Y4 = t∂x + ∂u, Y5 = t∂y + ∂v, Y6 = t∂z + ∂w,

Y7 = y∂z − z∂y + v∂w −w∂v, Y8 = z∂x − x∂z +w∂u − u∂w,

Y9 = x∂y − y∂x + u∂v − v∂u, Y10 = ∂t , Y11 = t∂t + x∂x + y∂y + z∂z.

Let Q(Y) = X be a linear transformation of L11(Y ) onto L11(X), defined by
Q(Yk)=Xk (k = 1,2, . . . ,11). It is obvious that Q conserves the commutators5

Q([Yk,Yj ])= [Q(Yk),Q(Yj )] (j, k = 1,2, . . . ,11), (3.3.22)

where [A,B] =AB−BA. Hence, the Lie algebras L11(X) and L11(Y ) are isomor-
phic, and Q is an isomorphism. �

It is known [35] that any construction of the optimal system of subalgebras of a
given Lie algebra is completely defined by the table of commutators of basis gen-

5See Appendix A.
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erators. From (3.3.22) it follows that the tables of commutators of both algebras
L11(X) and L11(Y ) coincide. Hence, by virtue of the proven isomorphism of the
Lie algebras L11(X) and L11(Y ), their optimal systems of subalgebras are also iso-
morphic. It is similar verified that the Lie algebra L12(X) is isomorphic to the Lie
algebra L12(Y ).

Thus, the following statement is proven.

Corollary 3.3.1 For classifying and constructing essentially different H-solutions
of the Boltzmann equation (3.3.1) one can use the optimal system of subalgebras
constructed for the EGD-system (3.3.21).

Remark 3.3.4 If the function A(p,ρ) = κρ (which corresponds to a polytropic
gas), then there is an extension of the admitted Lie algebra from L11(Y ) to the Lie
algebra L13(Y ) with the following additional two basis generators:

Y12 = t∂t − u∂u − v∂v −w∂w + 2ρ∂ρ, Y13 = ρ∂ρ + p∂p.

The operator Y13 composes a center of the Lie algebra L13(Y ) = L12(Y ) ⊕ {Y13}:
[Yi, Y13] = 0 (i = 1,2, . . . ,12). The optimal system of subalgebras of L12(Y ) is the
subset of an optimal system of subalgebras for the Lie algebra L13(Y ) without Y13.
The optimal system of subalgebras of L13(Y ) was constructed in [16].

In the case of a monatomic gas κ = (n+ 2)/n (n is the dimension of a flow) the
EGD-system (3.3.21) admits one more generator:

Y14 = t2∂t + t (x∂x + y∂y + z∂z)

+ (x − tu)∂u + (y − tv)∂v

+ (z− tw)∂w − ntρ∂ρ − (n+ 2)tp∂p.

A relation between the generators X13 and Y14 was also noted in [6].

3.3.3 Invariant Solutions of the Full Boltzmann Equation

Further study is restricted to the Lie algebra L11(X) admitted by the Boltzmann
equation (3.3.1) with an arbitrary scattering function B . An application of the opti-
mal system of subalgebras of L11(X) for constructing invariant solutions of the full
Boltzmann equation and EGD-system differs. This is related due to the differences
in the sets of the independent and dependent variables. For example, H-solutions of
the Boltzmann equation (3.3.1) with one and two independent variables can only be
obtained for subalgebras with dimension more than five. In this case using the opti-
mal system of subalgebras,6 one finds 11 different classes of invariant solutions with
one independent variable and 38 with two independent variables. Their functional
expressions are presented in Table 3.1 and Table 3.2.

6The part of the optimal system of six and seven dimensional subalgebras of [36] is presented in
Appendix A.



124 3 The Boltzmann Kinetic Equation

Table 3.1 Representations of H-solutions with one independent invariant variable

No. f No. f

1 eεθ g(q) 6,3 7 g(u) 6,11

2 t−1g(W 2 + (V − rt−1)2) 6,4 8 g(u− t) 6,23

3 t−1g(q) 6,5 9 eεθ g(w), ε �= 0 6,18

4 t−1g(u− xt−1) 6,7 10 t−1g(q/t) 7,2

5 t−1g(u− ε ln t) 6,20 11 x−1g(u) 7,3

6 g(t) 6,14

In Table 3.1 and Table 3.2 α,β, ε are arbitrary constants. In the second column
representations of H-solutions are given. In the last column pair of indices m, i

means that the representation of an invariant solution is obtained with respect to the
subalgebra m, i, where m is the dimension of the corresponding subalgebra and i

is its number in Table 6 of [36]. The capital S means that the given representation
should be considered in the spherical coordinate system (x,ϕ, θ,u,V,W), where:

x = r sin θ cosϕ, y = r sin θ sinϕ, z= r cos θ,

u=U sin θ cosϕ + V cos θ cosϕ −W sinϕ,

v =U sin θ sinϕ + V cos θ sinϕ +W cosϕ,

w =U cos θ − V sin θ, Q=
√

u2 + v2 +w2 =
√

U2 + V 2 +W 2.

The capital C corresponds to the cylindrical coordinate system (x, r, θ, u,V,W),
where:

y = r cos θ, z= r sin θ, v = V cos θ −W sin θ, w = V sin θ +W cos θ,

q =
√

v2 +w2 =
√

V 2 +W 2.

Other representations are considered in the Cartesian coordinate system.
It should be noted that for many subalgebras from Table 3.1 and Table 3.2 H-

solutions either do not exist or do not have a physical meaning. For some of solu-
tions this statement is easily verified. In the general case it is necessary to substitute
a representation of a solution into the Boltzmann equation (3.3.1) and to study the
corresponding factor equation. But in difference to the EGD-system (3.3.21) obtain-
ing the factor equation for the Boltzmann equation with the complicated collision
integral (3.3.2) is sufficiently difficult. As an example the factor equation for H-
solution (number 38 in Table 3.2) derived in [37] is presented here:

∂f (t,Q)

∂t
= 8

π2σ 2

Q

Q∫

0

Q∫

√
Q2−P 2

f (t,P )f (t,R)
√

P 2 +R2 −Q2PRdPdR
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Table 3.2 Representations of H-solutions with two independent invariant variables

No. f No. f

1 r−1g(U,q) S 5,1 17 g(t, u) 5,17

2 r−1g(V,W) C 5,2 18 g(x − t2/2, u− t) 5,18

3 x−1g(u, q) 5,3 19 g(x,u) 5,19

4 e−αθ g(u− βθ, q) C 5,4 20 g(q, arcsin(v/q)+ t) 5,20

5 t−1g(u− x/t, (v − y/t)2 5,5 21 x−1g(u,w − β lnx) 5,21

+ (w − z/t)2) 22 e−βug(v,w) 5,22

6 t−1g(u− x/t, q) 5,6 23 t−1g(v − y/t,w − z/t) 5,24

7 t−1g(u− β ln t 5,7 24 t−1g(u− x/t , 5,25

+ α arcsin((v − y/t)/q), q) v − α−1(x − β ln t))

q = √

(v − y/t)2 + (w − z/t)2 25 t−1g(x/t − β ln t , 5,26

8 t−1g(u− β ln t 5,8 u− β ln t)

+ α arcsin(v/q), q) 26 t−1g(u− x/t, v − β ln t) 5,27

9 g(t, q), 5,9 27 t−1g(u− β ln t, v) 5,28

q = √

(v − y/t)2 + (w − z/t)2 α = 0 28 t−1g(v,w) 5,29

10 t−1g(q, arcsin((v − y/t)/q) 5,9 29 g(u− t, v − α−1(x − t2/2)) 5,30

+ α−1 ln t), α �= 0 30 g(x − t2/2, u− t) 5,31

q = √

(v − y/t)2 + (w − z/t)2 31 g(u, v − x) 5,32

11 t−1g(x/t, u− α−1β ln t) 5,10 32 g(x,u) 5,33

12 t−1g(arcsin(v/q)− α−1 ln t, q) 5,11 33 g(u− t, v) 5,34

13 g(u− α arcsin(v/q), q) 5,12 34 g(t, u− x/t) 5,35

14 g(t, u− x/t) 5,13 35 g(t,w + ut − x) 5,36

15 g(t, q) 5,15 36 g(t, u) 5,37

16 g(t, q), 5,16 37 g(t, (u − x/t)2) 6,9

q = (v − (yt + z)/(1 + t2))2 38 g(t,Q) 6,10

+ (w + (y − zt)/(1 + t2))2

+ 8π2σ 2

( ∞∫

Q

f (t,P )PdP

)2

+ 16
π2σ 2

Q

Q∫

0

f (t,P )P 2dP

∞∫

Q

f (t,P )PdP

− 2

3

π2σ 2

Q
f (t,Q)

∞∫

0

f (t,P )[(Q+ P)3 − |Q− P |3]PdP.
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Table 3.3 Optimal system of subalgebras of L9(Z)

r = 9 r = 6

1 1,2,3; 4,5,6; 7,8,9 =9,1 1 2,3; 4; 7,8,9 =6,1

r = 8 2 4,5,6; 7,8,9 =6,2

1 1,2,3; 4,5,6; 8,9 =8,1 3 1,2,3; 4; 8,9 =6,3

2 1,2,3; 4,5,6; 7,9+α8 9,1 4 1,2,3; 4; 7,9+α8 7,1

3 1,2,3; 4,5,6; 7,8 9,1 5 1,2,3; 4; 7,8 7,1

r = 7 6 1,2,3; 4,5,6 9,1

1 1,2,3; 4; 7,8,9 =7,1

2 1,2,3; 4,5,6; 9+α8 (α �= −1) 8,1

3 1,2,3; 4,5,6; 9−8 9,1

4 1,2,3; 4,5,6; 9−8+μ7 8,2−1

5 1,2,3; 4,5,6; 8 8,1

6 1,2,3; 4,5,6; 7 9,1

3.3.4 Classification of Invariant Solutions of the Fourier
Transformation of the Full Boltzmann Equation

A self-normalized optimal system of subalgebras of the Lie algebra L9(Z) admitted
by (3.3.20) is calculated here. The two-step algorithm developed in [36] is used.
This algorithm allows one to reduce the problem of the construction of an optimal
system of subalgebras of L9 to a classification of subalgebras with less dimensions.

At the first step the original Lie algebra L9(Z) was presented as L9(Z) =
J 1 ⊕ N1, where J 1 = {Z1,Z2,Z3,Z4,Z5,Z6,Z7} is an ideal and N1 = {Z8,Z9}
is a subalgebra. Then the optimal system for the assigned subalgebra N1 is con-
structed. The latter is written in the form N1 = J 2 ⊕N2 with the ideal J 2 = {Z7}
and the subalgebra N2 = {Z1,Z2,Z3,Z4,Z5,Z6}. Further the process is repeated:
the subalgebra N2 is decomposed N2 = J 3 ⊕N3 where again J 3 = {Z1,Z2,Z3} is
an ideal and N3 = {Z4,Z5,Z6} is a subalgebra.

The final result of a part of an optimal system of subalgebras of L9 is presented
in Table 3.3. Subalgebra-representatives are notated by a pair of numbers r, i, where
r is the dimension and i is the number of the subalgebra of the dimension r which
is given in the first column. In the second column a basis of the subalgebra is pre-
sented in the symbolical form: corresponding numbers of basis generators are only
presented. The restrictions for parameters are also given in this column. Notice that
μ �= 0 in all subalgebras and the absence of restrictions for the parameters means
that they are arbitrary real numbers. In the third column the normalizer of the sub-
algebra is presented. The sign = means that the subalgebra is self-normalized. The
upper index −1 points out that the normalizer is contained in the set of subalgebras
and it is obtained for the parameter equal to −1.
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Table 3.4 Representations of H-solutions of (3.3.20) with a single independent invariant variable

No. ϕ No. ϕ

1 tγβ−1ψ(Qt−β) 6 uγ−1x−1ψ(uq−1)

2 Qγψ(t) 7 kγ−1r−γ ψ(rQk−1)

3 Qγψ(Qe−t ) 8 uγ t−1ψ(uq−1)

4 t−1ψ(Q) 9 u−αψ(uq−1)

5 ψ(Q)

Table 3.5 Representations of H-solutions of (3.3.20) with two independent invariant variables

No. ϕ No. ϕ

1 ψ(t,Q) 11 x−1ψ(u,q)

2 uγ−1r−1ψ((vy +wz)(ru)−1, (−vz+wy)(ru)−1) 12 (x − t)−1ψ(u,q)

3 uγ−1+δe−βθψ(xuδe−βθ , uq−1) 13 tγβ−1ψ(ut−β , qt−β)

4 x−1e(γ−β)θψ(qe−βθ , ue−βθ ) 14 uγ ψ(t, uq−1)

5 x−1u(γ−1)ψ(θ,uq−1) 15 eγ tψ(ue−t , qe−t )

6 x−1u(γ−1)ψ(xut−1, uq−1) 16 t−1ψ(u,q)

7 x−1u(γ−1)ψ(uxβ,uq−1) 17 ψ(u,q)

8 e(γ−1)β(x−θ)ψ(ueβ(θ−x), qeβ(θ−x)) 18 tγ−1r−γ ψ(RUt−1,Rqt−1)

9 e(γ−1)xψ(ue−x , qe−x) 19 Uγ−1−αψ(UαR−1,Uq−1)

10 uγ−1ψ(x,uq−1) 20 R−1ψ(U,q)

Representations of invariant solutions of (3.3.20) are obtained by finding cor-
responding invariants. These representations are given in Table 3.4 and Table 3.5.
There

Q=
√

u2 + v2 +w2, β �= 0, q =
√

v2 +w2,

r =
√

y2 + z2, k = ux + vy +w

and in the spherical coordinate system (S):

q =
√

V 2 +W 2, R =
√

x2 + y2 + z2.

The parameters α and β are arbitrary constants.

Remark 3.3.5 The well-known BKW-solution for is in the class 7,4 with γ = 0.

3.4 Complete Group Analysis of Some Kinetic Equations

In the group analysis of integro-differential equations the most difficulties are re-
lated with solving determining equations. However, for kinetic equations with a
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small number of independent variables the proposed regular method allows one to
overcome these difficulties effectively (see examples in Chap. 2). In such cases one
can derive not only a complete admitted Lie group but also an optimal system of sub-
algebras, and a description of the complete set of invariant solutions can be obtained.
In order words, comprehensive group analysis is successively applied to these equa-
tions.

3.4.1 The Boltzmann Kinetic Equation with an Approximate
Asymptotic Collision Integral

This equation for isotropic scattering model has the form

Φ(f )≡ xαft (x, t)+ θ(f )f (x, t)−
1∫

0

f (sx, t)f ((1 − s)x, t) ds = 0.

(3.4.1)

where f (t, x) is the molecular distribution function with respect to the molecular
energies x = v2/2, θ(f ) is some functional of f . Equation (3.4.1) approximately
describes the spatially homogeneous relaxation of a monatomic gas for high molec-
ular energies with the power interaction potential U = k/rν−1. The exponent α is
defined as (5−ν)(ν−1)−1/2. The meaning of (3.4.1) is that it gives an approximate
intermediate asymptotic of the Boltzmann kinetic equation at x → ∞ and large but
finite values of time t . This equation is interesting in the context of calculating the
kinetic processes passing on the high energy tail of the distribution function [26, 28,
31]. In spite of its simplicity, (3.4.1) has the main features of the full Boltzmann
equation. In particular, for ν = 5 and θ(f ) = f (0, t) the equation (3.4.1) becomes
the Fourier transform of the Boltzmann equation of the Maxwell isotropic molec-
ular model. Results of its group analysis were presented in Chap. 2. For ν = 7/3
and θ(f ) = f (0, t) = 1 another invariant solution of the BKW-type in the explicit
form was obtained in [28]. Using the regular method outlined in Chap. 2, the equa-
tion (3.4.1) was completely studied in [17, 26]. The principal results of the group
analysis are formulated as follows.

Theorem 3.4.1 The four-dimensional Lie algebra L4 = {X1,X2,X3,X4} spanned
by the generators

X1 = ∂t , X2 = xf ∂f , X3 = αf ∂f + x∂x, X4 = f ∂f − t∂t , (3.4.2)

defines a complete Lie group G4 admitted by (3.4.1). The optimal system of one-
dimensional subalgebras admitted by (3.4.1) consists of the subalgebras:

{X1}, {X2}, {X3}, {X4 + βX3}, {X2 +X1}, {X3 +X1}, {X4 ±X2},
(3.4.3)

where β is an arbitrary constant.
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Remark 3.4.1 The proof of the theorem was obtained for the functional θ satisfying
the conditions

θ(βf (x, t))= βθ(f (x, t)), θ(eαxf (x, t))= θ(f (x, t)),

where β > 0 is an arbitrary constant. For example, θ(f (x, t)) = f (0, t) or
θ(f (x, t))= 0.

The optimal system of subalgebras (3.4.3) allows one to specify all classes of
H-solutions of (3.4.1) which are essentially different with respect to the Lie group
G4. Representations of these solutions are

X1 : f = g(y), y = x,

X3 : f = xαg(y), y = t,

X4 + βX3 : f = xα

t
g(y), y = xtβ,

X2 +X1 : f = extg(y), y = x,

X3 +X1 : f = xαg(y), y = xe−t ,

X4 ±X2 : f = t−(1±x)g(y), y = x.

The corresponding factor-equations are obtained by substituting the representation
of an invariant solution into (3.4.1).

One class of solutions among the H-solutions defined by the group G4 is the
most attractive. Two of these solutions were derived in explicit form for α = 0,1
in [1, 28]. For arbitrary real α and natural numbers ν ∈ [2,∞) the class of BKW-
solutions is specified by the infinitesimal generator

X = c1X2 +X3 − αX4. (3.4.4)

The corresponding H-solutions are of the form

f = e−c1xF (y), y = x(αct)−1/α. (3.4.5)

Remark 3.4.2 For the isotropic Maxwell scattering model at α = 0 the term c−1X1
is used instead of the last term in (3.4.4) and in this case the BKW-solution has the
form

f = e−c1xF (y), y = xect .

Substituting (3.4.5) into (3.4.1) one gets

cy1+α dF

dy
= −F(y)+

1∫

0

dsF (sy)F ((1 − s)y). (3.4.6)

In [17, 26] the BKW-solutions was searched for in the form

F(y)= e−y

(

1 +
∑

{p(n)}
any

p(n)/Γ (p(n)+ 1)

)

, (3.4.7)
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where {p(n)} is the finite subset of an ordered countably additive of rational num-
bers and Γ (x) is the Euler gamma-function. The following statement was proven.

Theorem 3.4.2 The BKW-solutions of (3.4.6), (3.4.1) in the form of finite series
(3.4.7) exist only for α = 0;1.

3.4.2 The Smolukhovsky Kinetic Equation

The Smolukhovsky kinetic equation of homogeneous coagulations is usually con-
sidered in the form

∂f (t, v)

∂t
= 1

2

v∫

0

d v1β(v − v1, v1)f (t, v − v1) f (t, v1)

− f (t, v)

∞∫

0

d v1β(v, v1) f (t, v1), (3.4.8)

where f (t, v) is the distribution function of coagulating particles with respect to
their volumes, the coagulation kernel β(v, v1) is a symmetric nonnegative function
β(v, v1)= β(v1, v)≥ 0 [38].

The Cauchy problem for this equation is stated with the following initial data

f (0, v)= f0(v).

Equation (3.4.8) occurs in the kinetic theory of dispersive systems such as at-
mospheric aerosols, colloidal solutions, suspensions, protoplanet space matter. This
equation has many features which make it similar to the Boltzmann equation.

Multiple references to H-solutions of (3.4.8) with the “parabolic” coagulation
kernel β(v, v1)= c(h+v)(h+v1) exist, where c and h are constant. Using a change
of the variables, (3.4.8) with this kernel is reduced to the “spectrum age” equation

∂θ(x, τ )

∂τ
=

x∫

0

dx1(h+ x − x1)(h+ x1)θ(x − x1, τ )θ(x1, τ ). (3.4.9)

However, in this case the complete admitted Lie group of (3.4.9) (also (3.4.8))
had not been known, hence there was no description of the complete set of its H-
solutions.

There are other kernels which describe interaction of coagulating particles more
adequately [38]:

β(v, v1)= c(vavb1 + vbva1 ). (3.4.10)

In [20], using a change of the variables similar to the “spectrum age” variables,
(3.4.8) for particular values of the parameters a and b was reduced to the following
universal form

∂u(x, τ )

∂τ
= xγ

1∫

0

sk1(1 − s)k2u(x(1 − s), τ )u(xs, τ ) ds. (3.4.11)
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Notice that (3.4.11) has a structure similar to (3.4.1). The group analysis of
(3.4.1) allows one to state the following theorem.

Theorem 3.4.3 The four-dimensional Lie algebra L4 = {X1,X2,X3,X4} spanned
by the generators

X1 = ∂τ , X2 = xu∂u, X3 = x∂x − γ u∂u, X4 = u∂u − τ∂τ , (3.4.12)

defines the complete Lie group G4 admitted by (3.4.11). The optimal system of one-
parameter subalgebras admitted by (3.4.11) consists of the subalgebras

{X1}, {X2}, {X3}, {X4 + βX3}, {X2 +X1}, {X3 +X1}, {X4 ±X2},
(3.4.13)

where β is an arbitrary constant.

The set of H-solutions of (3.4.11) essentially different with respect to the Lie
group G4 is exhausted by the solutions with the following representations

X1 : u= g(y), y = x,

X3 : u= x−γ g(y), y = t,

X4 + βX3 : u= x−(γ+1)/βg(y), y = xtβ,

X2 +X1 : u= e±xtg(y), y = x,

X3 +X1 : u= x−γ g(y), y = xe±t ,

X4 ±X2 : u= t1±xg(y), y = x.

3.4.3 A System of the Space Homogeneous Boltzmann Kinetic
Equations

The system of the Boltzmann equations describing evolution of an N -component
gas mixture to an equilibrium has the form

∂fα(vα, t)
∂t

= 1

4π

N
∑

β=1

σαβ

∫ ∫

dwβ dΩ[fα(v′
α)fβ(w

′
β)− fα(vα)fβ(wβ)],

(3.4.14)

where vα,wβ ∈ R
3, vα = |vα|, fα(vα, t) is the velocity distribution function of

molecules of α-species, mα is the molecular mass, Ω is a unit vector, and dΩ is
the area element on the unit sphere,

v′
α = Rαβ +μαβgαβΩ, w′

β = Rαβ −μαβgαβΩ, Rαβ = μαβvα +μβαwβ,

gαβ = vα − wβ, μαβ =mα/(mα +mβ) (α,β = 1,2, . . . ,N).
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The scattering of molecules here is described by the isotropic Maxwell model [15]
with the scattering functions Bαβ(Ω,gαβ) = σαβ/4π . It is worth to notice that the
results of the present subsection hold true for other Maxwell models of interactions
where Bαβ is independent of the relative velocity of the scattering particles.

The initial value data for (3.4.14) are set as

fα(vα,0)= f (0)
α (vα) (α = 1,2, . . . ,N).

Solutions of (3.4.14) satisfy the conservation laws of the component concentra-
tions and the total energy of the heat motion of molecules. In the chosen system of
the dimensionless variables, the conservation laws are

nα(t)=
∫

dvαfα(vα, t)= nα(0),
N
∑

α=1

nα = 1, (3.4.15)

E(t)=
N
∑

α=1

∫

dvαv2
αfα(vα, t)=E(0)= 3. (3.4.16)

As t → ∞ solutions of (3.4.14) converge asymptotically to the stationary Maxwelli-
an distributions

fα,M(vα)= nα

(2π)3/2
exp

(−v2
α/2

)

.

For further calculations it is convenient to use along with (3.4.14) the Fourier trans-
form of the Boltzmann equations constructed in [3]. Let the direct and inverse
Fourier transforms be determined by the formulae

ϕα(kα, t)=
∫

dvαeikαvαfα(vα, t),

fα(vα)= 1

(2π)3

∫

dkαeikαvαϕα(kα, t).
(3.4.17)

The consideration is restricted here to the study of solutions of (3.4.14) which are
isotropic in the velocity space. In this case the distribution functions only depen-
dent of the modulus of the molecular velocity and Fourier transforms of (3.4.14)
are

∂ϕα(xα, t)

∂t
=

N
∑

β=1

σαβ

1∫

0

ds[ϕα(xα(1 − εαβs))ϕβ(xαεαβs)

− ϕα(xα)ϕβ(0)], (3.4.18)

where xα = k2
α/2, εαβ = 4μαβμβα and (α = 1, . . . ,N). The conservation laws

(3.4.16) and (3.4.17) become

ϕα(0, t)= nα (α = 1,2, . . . ,N);
N
∑

α=1

ϕα,xα (0, t)= −1. (3.4.19)

The subscripts after comma mean differentiation with respect to the correspond-
ing variables. The Fourier transforms of the Maxwellian distribution functions are
ϕα,M = nα exp(−xα).
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An infinitesimal generator of the Lie group admitted by system (3.4.18) is sought
for in the form [21]

X = ξ t (u)∂t +
N
∑

α=1

(ξα(u)∂xα + ζ α(u)∂ϕα ), (3.4.20)

where u = (t, x1, . . . , xN ,ϕ1, . . . , ϕN).

Theorem 3.4.4 The complete Lie group of point transformations admitted by sys-
tem (3.4.18) is the four-parameter group G4 determined by the Lie algebra L4 with
the basis generators

X1 = ∂t , X2 =
N
∑

α=1

xαϕα∂ϕα ,

X3 =
N
∑

α=1

xα∂xα , X4 =
N
∑

α=1

ϕα∂ϕα − t∂t .

(3.4.21)

Proof The dependence ϕα = ϕα(xα, t) (α = 1,2, . . . ,N), in terms of its differential
representation is written down as

∂ϕα

∂xβ
= 0 (α �= β; β,α = 1,2, . . . ,N). (3.4.22)

The part of the determining equations related with (3.4.22) is the result of the action
of the prolonged operator7 X̄ on relations (3.4.22):

X̄

(
∂ϕα

∂xβ

)

=Dβψα = 0, α �= β (α,β = 1,2, . . . ,N). (3.4.23)

Here Dα is the operator of the total differentiation with respect to xα and

ψα = ζ α − ∂ϕα

∂xα
ξα − ∂ϕα

∂t
ξ t .

The determining equations (3.4.23) become

∂ζα

∂ϕβ
ϕβ,xβ + ∂ζα

∂xβ
− ϕα,t

(
∂ξ t

∂ϕβ
ϕβ,xβ + ∂ξ t

∂xβ

)

− ϕα,xα

(
∂ξα

∂ϕβ
ϕβ,xβ + ∂ξα

∂xβ

)

= 0 (3.4.24)

(α �= β; α,β = 1,2, . . . ,N).

Recall that the determining equations have to be satisfied for any solution of
(3.4.18). Consider solutions corresponding to the initial data at t = t0:

ϕα(xα, t0)= aαx
kα
α (α = 1,2, . . . ,N), (3.4.25)

7The operator X is considered as the equivalent canonical Lie–Bäcklund operator.
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where t0 is an arbitrary moment of time and aα are arbitrary constants. For this set
of solutions one can find all derivatives involved in (3.4.24) at t = t0. Notice that for
finding the derivatives ϕα,t one has to use (3.4.18). Substituting the derivatives into
(3.4.24), and varying the values kα and aα , one can find the general solution of the
determining equations (3.4.24).

For example, for kα = 0 (α = 1,2, . . . ,N) and by virtue of the arbitrariness of
the choice of aα , one can conclude that ∂ζα

∂xβ
= 0 (α �= β;α,β = 1,2, . . . ,N) or

ζ α = ζ α(ϕ1, . . . , ϕN , xα, t).
Setting kα = 0 and kβ ≥ 1 for β �= α, and splitting them with respect to aα , one

has

∂ξ t

∂ϕβ
= 0,

∂ξ t

∂xβ
= 0,

∂ζ α

∂ϕβ
= 0,

∂ζ α

∂xβ
= 0 (α �= β; α,β = 1,2, . . . ,N).

Finally (3.4.24) become

ϕα,xα

(
∂ξα

∂ϕβ
ϕβ,xβ + ∂ξα

∂xβ

)

= 0.

The last set of equations gives

∂ξα

∂ϕβ
= 0,

∂ξα

∂xβ
= 0 (α �= β; α,β = 1,2, . . . ,N).

Thus, one obtains that the coefficients of the infinitesimal generator X have the form

ξ t = ξ t (t), ζ α = ζ α(ϕα, xα, t), ξα = ξα(ϕα, xα, t) (α = 1,2, . . . ,N).

(3.4.26)

The second part of the determining equations is obtained by applying the operator
X̄ to (3.4.18). Taking into account (3.4.26) these equations are

Dtψα +
N
∑

β=1

σαβ

{

ψαϕβ(0)−
1∫

0

dsψα(xα(1 − εαβs))ϕβ(xαεαβs)

−
1∫

0

dsϕα(xα(1 − εαβs))ψβ(xαεαβs)

}

= 0

(α = 1,2, . . . ,N),

(3.4.27)

where Dt is the operator of the total differentiation with respect to t .
For solving (3.4.27), one can use the same approach as in the case of the single

Boltzmann equation considered in Chap. 2. Equations (3.4.27) are considered on
the solutions of (3.4.18) corresponding to initial data (3.4.25).
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First, setting in (3.4.25) all kα = 0, the equations (3.4.27) take the form

∂ζα

∂t
+

N
∑

β=1

σαβ(aβζ
α + aαζ

β(0))

−
N
∑

β=1

σαβ

(

aβ

1∫

0

ζ α(xα(1 − εαβs)) ds + aα

1∫

0

ζ β(xαεαβs) ds

)

= 0

(α = 1,2, . . . ,N).

(3.4.28)

The determining equations are solved expanding the coefficients

ζ α(ϕα, xα, t)=
∞
∑

n=0

g(n)α (xα, t)(ϕα)
n,

ξα(ϕα, xα, t)=
∞
∑

n=0

h(n)α (xα, t)(ϕα)
n,

(3.4.29)

and splitting them with respect to aα . Indeed, considering in (3.4.28) the terms with
(aα)

0, one finds

∂g
(0)
α

∂t
+

N
∑

β=1,β �=α

σαβaβ

(

g(0)α −
1∫

0

g(0)α (xα(1 − εαβs)) ds

)

= 0 (α = 1,2, . . . ,N).

Since the values aα are arbitrary, the last equations imply that

∂g
(0)
α

∂t
= 0, g(0)α −

1∫

0

g(0)α (xα(1 − εαβs)) ds = 0 (α = 1,2, . . . ,N).

Obviously, that constant values of g(0)α satisfy these equations.
The coefficients with (aα)

1 are

∂g
(1)
α

∂t
+

N
∑

β=1,β �=α

σαβaβ

(

g(1)α − aβ

1∫

0

g(1)α (xα(1 − εαβs), t) ds

)

+
∞
∑

n=0

anβ

(

g(n)α (0, t)−
1∫

0

g
(n)
β (xαεαβs, t) ds

)

= 0

(α = 1, . . . ,N).

Splitting the last equations with respect to (aβ)
n, one has

g(1)α = c0xα + cα, g(n)α = g(n)α (t), n≥ 2,

where cα (α = 0,1,2, . . . ,N) are arbitrary constants.
Notice that the results of [20] hint one to assume that (3.4.18) are invariant with

respect to the Lie group corresponding to (3.4.21). Correctness of this assumption
is verified immediately. In particular, this allows one to subtract the operator c0X2
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from X. Hence, one can assume that c0 = 0. Then (3.4.28) implies that all coeffi-
cients g(n)α (n≥ 0) are constant.

To proceed we set the powers ki > 1 and kα = 0 (α �= i) in (3.4.25), substitute
(3.4.29) into (3.4.27), and consider again the coefficients of (aα)n, n≥ 0. For exam-
ple, for α �= i and n= 0, one finds g(0)α = 0. For α = i one obtains

kih
(0)
i εαi + dξ t

dt
xiεαi +

∞
∑

n=0

(ki + 1)

(n+ 1)ki + 1
ani (xiεα1)

nki+1g
(n+1)
i

− ki(ki + 1)
∞
∑

n=0

ani (xiεαi)
nki

1∫

0

s(n+1)ki−1h(1)α (xiεαis) ds = 0, (3.4.30)

where there is no summation with respect to i and the term with ai(xαεαi)
ki−1 is

excluded.
The coefficient of (ai)0 in (3.4.30) is

kih
(0)
i εαi +

(
dξ t

dt
+ g

(1)
i

)

xiεαi − ki(ki + 1)

1∫

0

ski−1h
(0)
i (xiεαis) ds = 0.

By the arbitrariness of ki , one can conclude that h
(0)
i = pi(t)xi and g

(1)
i +

dξ t/dt = 0. Hence, g(1)i = c, where c is an arbitrary constant. This means that
ξ t = −ct + c0. Since (3.4.18) admits the operators X1 and X4 and factoring
over them, without loss of generality one can assume that ξ t = 0 and g

(1)
i = 0

(i = 1, . . . ,N).
Since (3.4.18) admits the operators X1, X4 and factoring over them, then one can

assume without loss of generality that ξ t = 0 and g
(1)
i = 0 (i = 1, . . . ,N).

The comparison of the coefficients of the powers of (ai)n (n > 0) in (3.4.30)
yields the relations

1

nki + 1
g
(n)
i xiεαi + ki

1∫

0

snki−1h
(n−1)
i (xiεαis) ds = 0.

By the arbitrariness of ki , the last equations imply that g(n)i = 0 and h
(n−1)
i = 0,

n > 1. Since i is also arbitrary, one obtains g(n)α = 0 (α = 1,2, . . . ,N).
Thus, factoring over the admitted generators X1, X2, and X4, one comes to the

relations

ζ α = 0, ξ t = 0, ξα = pα(t)xα (α = 1,2, . . . ,N).

Taking these relations into account, (3.4.30) become

(pi − pα)

1∫

0

s
∂ϕi

∂xi
(xiεα1s) ds = 0.



3.4 Group Analysis of Kinetic Equations 137

This means that pi = p(t) (i = 1, . . . ,N). Substituting these expressions into
(3.4.27), one finds that dp/dt = 0. As the result, one concludes that system (3.4.18)
only admits the generators (3.4.21). �

Theorem 3.4.5 The classes of essentially different with respect to the Lie group
G4 invariant solutions of (3.4.18) are determined by the optimal system of one-
dimensional subalgebras

{X1}, {X4 + βX3}, {X2 −X1}, {X4 ±X2}, {X1 +X3}, (3.4.31)

where β is an arbitrary constant.

Representations of invariant solutions corresponding to the subalgebras of the
optimal system are

X1 : ϕα = g(yα), yα = xα,

X4 + aX3 : ϕα = g(yα), yα = xαt
a,

X2 −X1 : ϕα = e−xαtg(yα), yα = xα,

X3 +X1 : ϕα = g(yα), yα = xαe
−t ,

X4 ±X2 : ϕα = t−(1±xα)g(yα), yα = xα

(α = 1,2, . . . ,N).

As in the case of a one-component gas special interest is in finding the BKW-type
solutions [2, 28] in elementary functions.8 The class of BKW-solutions is defined by
the subalgebra {X1 +X3}. Usually the BKW-solutions are considered with respect
to the subalgebra {X2 − X3 + c−1X1} that is similar to the subalgebra {X1 + X3}
with respect to automorphisms of the Lie algebra L4. Using the subalgebra {X2 −
X3 + c−1X1} we look for BKW-solutions of the following form

ϕα(xα, t)= exp(yα − xα)Φα(yα), y = θ0e
ctxα. (3.4.32)

Substituting (3.4.32) into (3.4.18), one comes to the factor-equations for the func-
tions Φα(yα):

cyα

(
dΦα(yα)

dyα
+Φα(yα)

)

=
N
∑

β=1

σαβ

1∫

0

ds[Φα((1 − εαβs)yα)Φβ(εαβsyα)−Φα(yα)Φβ(0)].

(3.4.33)

A solution of (3.4.33) is sought for in the form of the power series

Φα(yα)= nα

(

1 +
∞
∑

k=1

b
(α)
k

ykα

k!

)

. (3.4.34)

8The previous results [29] obtained in this direction were far from being complete.



138 3 The Boltzmann Kinetic Equation

Here the mass conservation law (3.4.19) is taken into account: ϕα(0, t) =
Φα(0) = nα . The energy conservation law imposes the following constraint on the
first coefficients of the series (3.4.34):

N
∑

α=1

nαb
(α)
1 = −1. (3.4.35)

The study of the system for the coefficients

bk = (

b
(1)
k , . . . , b

(N)
k

)

of the power series (3.4.34) allows one to prove [21] the following.9

Theorem 3.4.6 1. The BKW-solutions (3.4.14) have the form

fα(vα, t)= nα

[2πT (t)]3/2

[

1 + 1 − T (t)

T (t)

(
v2
α

2T (t)
− 3

2

)]

exp

(

− v2
α

2T (t)

)

,

T (t)= 1 − θ0e
ct , θ0 ∈ [0,2/5] (α = 1,2, . . . ,N),

(3.4.36)

similar to the BKW-solutions for a one-component gas [2, 28] if and only if the
parameters of the gas mixture obey the constraints

−1

6

[

nασαα +
∑′

(β)

nβσαβ(3 − 2εαβ)εαβ

]

= c, α = 1, . . . ,N.

and

c = − 1

6N

N
∑

α=1

[

nασαα +
∑′

(β)

nβσαβ(3 − 2εαβ)εαβ

]

.

2. For the components with indices α = 1, . . . , l, l ≤ r , the BKW-solutions have the
form of the nonstationary Maxwellian distribution functions

fα(vα, t)= nα

[2πT (t)]3/2
exp

(

− v2
α

2T (t)

)

; (3.4.37)

whereas for the components with indices α = l + 1, . . . , r ,

fα(vα, t)= nα

[2πT (t)]3/2

[

1 + qα(t)b
(α)

]

exp

(

− v2
α

2T (t)

)

; (3.4.38)

and for the components with indices α = r + 1, . . . ,N ,

fα(vα, t)= nα

[2πT (t)]3/2
[1 + qqα(t)] exp

(

− v2
α

2T (t)

)

, (3.4.39)

9The spectral properties of the linearized system corresponding to (3.4.18) are substantially used
in the proof.
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where

q = (1 − ∑r
α=l+1 b

(α)nα)
∑N

α=r+1 nα
, qα(t)= 1 − T (t)

T (t)

(
v2
α

2T (t)
− 3

2

)

,

b(α) (α = l + 1, . . . , r) are arbitrarily-chosen coefficients such that all b(α) are
strictly greater than zero and

∑r
α=l+1 b

(α)nα < 1, if and only if the conditions

1

2
σαβεαβ = −c, α < β, α = 1, . . . , r, β = 2, . . . ,N,

are satisfied and the parameters of the mixture obey the extra constraints

c = −1

6

[

nασααb
(α)
1 +

∑′

(β)

nβσαβb
(β)

1 (3 − 2εαβ)εαβ

]

(α = 1,2, . . . ,N), (3.4.40)

b
(α)
1 = −b(α) (α = l + 1, . . . , r),

b
(α)
1 = −q (α = r + 1, . . . ,N).

In this case, the parameter θ0 in (3.4.37)–(3.4.39) is chosen within the interval

0 ≤ θ0 ≤ min[θ01, θ02], (3.4.41)

where

θ01 = 2

2 + 3bM
, bM = max

(α)
b(α), θ02 = 2(2 + 3q).

Remark 3.4.3 More complete formulation of this theorem with elements of the
proof one can find in [22].

The found BKW-solutions (3.4.38)–(3.4.39) with arbitrary coefficients b(α) sub-
stantially extend the set of the BKW-solutions in elementary functions. The nonsta-
tionary Maxwellian distribution functions (3.4.37) are of special interest. They were
never considered before in the framework of the BKW-class.

The presented BKW-modes allow one to model in an explicit form many phys-
ically interesting kinetic processes even for N = 2. For example, to investigate the
relaxation in mixture with disparate species masses such as Lorentz gas or Rayleigh
gas. It is possible to study the behavior of disequilibrium impurity in Maxwellian
bath or vice versa of Maxwellian impurity on the non-equilibrium background, etc.

3.4.4 Homogeneous Relaxation of a Binary Model Gas

In conclusion the BKW-solutions of the system of kinetic equations which is a low-
dimensional mathematical model of the system of the Boltzmann equations for a
binary gas mixture are presented.
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In order to give some manageable results for constructing and testing numerical
algorithms, a system of two equations with the simplest model of molecular inter-
action is considered [24]. Despite of its simplicity, the system reproduces the main
mathematical features of the kinetics for a multi-component mixture. This system is
written as

∂fi(t, vi)

∂t
=

∞∫

−∞
dwi

π∫

−π

dθgii(θ)[fi(v′
i )fi(w

′
i )− fi(vi)fi(wi)]

+
∞∫

−∞
dwj

π∫

−π

dθgij (θ)[fi(v′
i )fi(w

′
j )− fi(vi)fj (wj )] (3.4.42)

(i = 1,2).

Here fi(t, vi) is the distribution function of the i-th component, t ∈ R
1+, vi ∈ R

1,
and gij (θ) = gji(θ) and gii(θ) are nonnegative scattering functions subject to the
normalization conditions

π∫

−π

gii(θ) dθ =
π∫

−π

gij (θ) dθ = 1.

A “collision” of model molecules (vi,wj )→ (v′
i ,w

′
j ) is described by the orthogo-

nal rotation in the velocity plane

(v′
i ,w

′
j )

′ =A(vi,wi)
′, A=

(

cos θ − sin θ
sin θ cos θ

)

.

During collisions, the elementary conservation laws of the energy and the number
of particles hold: v2

i +w2
j = v′2

i +w′2
j . The spatially homogeneous equilibrium so-

lutions of (3.4.42) reached as t → ∞ have the form

fi,0 = ni√
2π

e−v2
i /2, i = 1,2,

where ni is the particle concentration of the i-th species.
For system (3.4.42) the conservation laws of concentrations and energy hold:

2
∑

i=1

∞∫

−∞
fi(t, vi) dvi =

2
∑

i=1

∞∫

−∞
fi,0(vi) dvi =

2
∑

i=1

ni = 1,

2
∑

i=1

∞∫

−∞
v2
i fi(t, vi) dvi =

2
∑

i=1

∞∫

−∞
v2
i fi,0(vi) dvi = 1.

The direct and inverse Fourier transforms are defined as follows

ϕi(ki)=
∞∫

−∞
fi(vi)e

−2πikivi dvi, fi(vi)=
∞∫

−∞
ϕi(ki)e

2πikivi dki (i = 1,2).
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The Fourier representation of system (3.4.42) has the form

∂ϕi(t, ki)

∂t
=

2
∑

j=1

π∫

−π

dθgij (θ)[ϕi(ki cos θ)ϕj (ki sin θ)− ϕi(ki)ϕj (0)] (i = 1,2).

(3.4.43)

The Fourier transforms of the equilibrium solutions are

ϕi,0(ki)= nie
−2π2k2

i .

In terms of the Fourier transforms the conservation law of particle concentrations
takes the form

2
∑

i=1

∞∫

−∞
fi(t, vi) dvi =

2
∑

i=1

ϕi(t,0)= 1, ϕi(t,0)= ni.

The conservation law of energy becomes

2
∑

i=1

∞∫

−∞
v2
i fi(t, vi) dvi = −

2
∑

i=1

ϕ′′
i (0)

1

4π2
= 1.

System (3.4.43) admits the same complete Lie group of point transformations as the
admitted Lie group of system (3.4.18) obtained above. The BKW-solutions associ-
ated with the operator X2 −X3 + c−1X1 are considered in the form

ϕi(ki, t)= exp[4π2(yi − xi)]Φi(yi), yi = xiθ0e
ct , xi = k2

i

2
. (3.4.44)

The substitution of (3.4.44) into (3.4.43) yields the system of the factor-equations
for Φi(yi):

cyi

(
dΦi

dyi
+ 4π2yiΦi(yi)

)

=
2

∑

i=1

π∫

−π

dθgij (θ)[Φi(yi cos θ)Φj (yi sin θ)−Φi(yi)Φj (0)].

Its solutions one seeks in the form of the power series

Φi(yi)= ni

(

1 +
∞
∑

m=1

b(i)m
ymi

m!
)

.

Since ϕi(0, t) = ni , the structure of these series is conformed with the conser-
vation law of concentrations. The energy conservation law imposes the additional
restriction on the first coefficients of the series

− 1

4π2

2
∑

i=1

nib
(i)
1 = 1.

The BKW-solutions of (3.4.42) in explicit form with the scattering model
gij (θ)= νij /(2π) are described by the following theorem [24].
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Theorem 3.4.7 1. The BKW-solutions of (3.4.42) have the form

fi(vi, t)= ni√
2π(1 − θ(t))

e
− v2

i
2(1−θ(t))

[

1 + θ(t)

2(1 − θ(t))

(
v2
i

(1 − θ(t))
− 1

)]

(i = 1,2),

θ = θ0e
ct , 0 < θ0 <

2

3
,

if and only if the parameters of the gas mixture satisfy the condition

n2ν22 − n1ν11 = (n2 − n1)ν12

and the parameter c is

c = −1

8
(niνii + njνij ).

2. If one puts c = μ
(2)
2 = − ν12

2 , provided that ν12 = ν22/8, then the BKW-solution
takes the form

f1(v1, t)= n1
1√

2π(1 − θ)
e
− v2

1
2(1−θ) ,

f2(v2, t)= n2
1√

2π(1 − θ)
e
− v2

2
2(1−θ)

[

1 + θ

2n2(1 − θ)

(
v2

2

1 − θ
− 1

)]

,

where

θ = θ0e
ct , 0 < θ0 ≤ 2n2

1 + 2n2
.

System (3.4.42) and its BKW-solutions in the explicit form give one a good ma-
terial for testing different numerical methods which are intensively studied in recent
years for the problems of the Boltzmann’s kinetics of multi-component gas mix-
tures.
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Chapter 4
Plasma Kinetic Theory: Vlasov–Maxwell
and Related Equations

4.1 Mathematical Model

Plasma is an ionized gas of charged particles. Plasma is distinguished from usual
gases in the sense that plasma particles give rise to essential electromagnetic fields.
Hence, the usual Boltzmann kinetic approach that takes into account only paired col-
lisions should be supplemented by influence of electromagnetic fields generated in
plasma on the motion of plasma particles. The plasma inhomogeneity caused by the
electromagnetic field (i.e. inhomogeneous distribution of charged plasma particles)
results in generation of induced charges and currents. The latter in turn creates the
electromagnetic field, that anew modifies the motion of plasma particles. Therefore
the correct description of a system of plasma particles should meet the condition of
self-consistency.

The analysis of an infinite system of equations of motion for all plasma particles
is conventionally replaced by studying a distribution function of coordinates and
impulses of all plasma particles. The key point here is that plasma is a gas, thus all
plasma particles move independently.1 Therefore one can use one-particle distribu-
tion function f α(t, r,p) that defines the probability to find a particle of α species
with the impulse p at time t and point r . The conservation of probability yields

df α

dt
≡ f α

t + r t f
α
r + pt f

α
p = 0.

1Usually it is assumed for gas particles that the energy of their interaction is small compared to
their kinetic energy. Up to the order of magnitude the latter can be estimated as κT , where T

is the temperature and κ is the Boltzmann constant. For charged plasma particles the energy of
interaction is of the order of e2N1/3, where N−1/3 is the mean distance between particles, e is a
charge and N is the number of particles in a unit volume. Hence the plasma demonstrates the gas
property provided that

e2N1/3 � κT .

This inequality holds for all real plasmas.
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Noting that r t = v is a particle velocity and pt for charged particles is defined by
the Lorentz force

eα
{

E + 1

c
[v × B]

}

,

the equation for the distribution function for any plasma particle species takes the
form:

f α
t + vf α

r + eα
{

E + 1

c
[v × B]

}

f α
p = 0. (4.1.1)

The charge and current densities are defined via distribution function

ρ =
∑

α

eαm
3
α

∫

dvf αγ 5,

j =
∑

α

eαm
3
α

∫

dvf αγ 5v, γ = 1
√

1 − v2/c2
,

(4.1.2)

where summation is taken over all plasma particle species. These charge and current
densities enter the field equations and define electric and magnetic fields in plasma
in a self-consistent manner. Equation (4.1.1) in view of the field equations

B t + c rotE = 0; divE = 4πρ;
Et − c rotB + 4πj = 0; divB = 0,

(4.1.3)

are known as kinetic equations with a self-consistent field. The efficiency of this
equation for description of plasma properties was first demonstrated by Vlasov [1].
At present Vlasov’s kinetic equation with a self-consistent field is a basic equation
in the theory of a collisionless2 plasma (e.g., hot plasma used in the plasma fusion
experiments).

Meanwhile in describing the evolution of distribution functions frequently it is
more convenient to use not standard Vlasov equations (4.1.1) with Euler velocity v,
but their hydrodynamic analogue [2–4] with Lagrangian velocity w. At transition to
Lagrangian notations instead of the Euler velocity v and the Euler momentum p for
each particle species two vector functions are introduced, the velocity V α(t, r,q)

and the momentum P α(t, r,q), depending upon the Lagrangian momentum q and
Euler coordinates r and time t , and related to v and p by the formulas

v = V α(q, r, t), p = P α(q, r, t),

V α = c2P α(m2c4 + c2(P α)2)−1/2.
(4.1.4)

2Equation (4.1.1) is approximate, as it neglects collisions of plasma particles. In view of particle
collisions their motion becomes correlated. This effect leads to appearance of non-zero term in the
right-hand side of (4.1.1), the so-called collision integral. However, the explicit form of the colli-
sion integral depends on particular conditions defined by the plasma properties in every concrete
situation, and we will not discuss them here. In many particular problems collision effects can be
neglected.
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The change of variables (4.1.4) eliminates in the resulting equations for distribu-
tion functions for particle of each species the derivatives of these functions upon the
Lagrangian momentum q . Hence, Lagrangian formulation of the kinetic descrip-
tion of plasma is fulfilled via the equations of hydrodynamic type for the density
Nα(t, r,w) and the velocity V α(t, r,w), which depend upon t , r and w,

Nα
t + div(NαV α)= 0,

V α
t + (V α∇)V α

= eα

mα

√

1 −
(

V α

c

)2{

E + 1

c
[V α × B] − 1

c2
V α(V α · E)

}

.

(4.1.5)

Here the index α indicates the plasma particle species with the charge eα and mass
mα and the charge and current densities, ρ and j , are in turn determined by the
motion of plasma particles:

ρ =
∑

α

eαm
3
α

∫

dwNαΓ 5,

j =
∑

α

eαm
3
α

∫

dwNαV αΓ 5, Γ = 1
√

1 − (w/c)2
.

(4.1.6)

It is typical, that (4.1.5) do not contain Lagrangian velocity w (or Lagrangian mo-
mentum q) in explicit form. In order to find the dependence upon q one should solve
these equations with the “initial” conditions V α = w, Nα = Nα

0 (t0, r,w) which
hold for vanishing electric and magnetic fields E = B = 0 at some t = t0. In par-
ticular, in homogeneous plasma “initial” conditions for the density Nα has the form
Nα

0 = nα0f
α
0 (q), where the stationary and homogeneous function f α

0 (q) of La-
grangian momentum q coincides with the function f α

0 (p) of Euler momentum p.
Given the density Nα(t, r,w) and the velocity V α(t, r,w) that depend upon

Lagrangian momentum the particles distribution function in Euler representation is
restored with the help of the following relations (the index of particles species in
these formulas is omitted)

N(t, r,q)= f
(

p = P (q, r, t), r, t
)

det

(
∂Pi

∂qj

)

, v = c2p(m2c4 + c2p2)−1/2,

w = c2q(m2c4 + c2q2)−1/2, V = c2P (m2c4 + c2P 2)−1/2.

(4.1.7)

The system of equations (4.1.4)–(4.1.7), (4.1.3) presents the Lagrangian formulation
[2–4] of Vlasov–Maxwell equations, in which (4.1.6) appear as non-local material
relations.

The search for particular solutions of the joint system of Vlasov–Maxwell equa-
tions (4.1.1)–(4.1.3) or its Lagrangian formulation (4.1.5)–(4.1.7) is very impor-
tant both in theoretical treatment and practical applications. The group analysis of
the system of Vlasov–Maxwell equations, which forms the essence of this chap-
ter, offers a nice opportunity in constructing these solutions. The main obstacle
in finding symmetry group for systems (4.1.1)–(4.1.3) and (4.1.5)–(4.1.7) with the
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help of a standard Lie algorithm is the non-locality of material relations (4.1.2)
and (4.1.6). The first successful attempt in this field [5] deals with calculating the
continuous point Lie group for the system (4.1.1)–(4.1.3) in the one-dimensional
non-relativistic approximation of homogeneous electron plasma using the methods
of moments. On the contrary we will follow a general algorithm [6–8] based on the
direct method of calculation of symmetries, described in Chaps. 2 and 4.

This chapter is structured as follows. Section 4.2 introduces an approach for
calculating symmetries of integro-differential equations used in this chapter. In
Sect. 4.3.1 we describe in details the application of the general algorithm to the most
simple one-dimensional non-relativistic model of one-component charged electron
plasma that arises from (4.1.1)–(4.1.3) while treating only one particle species (elec-
trons) and in one-dimensional plane geometry. We also neglect relativistic effects
here. We consider this model since it is physically simple and informative from the
group standpoint. The model has the same characteristic features as the complete
three-dimensional system of kinetic equations for collisionless relativistic electron–
ion plasma. The only difference is in the a smaller amount of calculations necessary
for constructing and solving the group determining equations. For this reason, the
next models are analyzed in less detail.

In the next sections we present the result of group analysis for the succes-
sively complicated systems that take into account other plasma species (Sects. 4.3.3,
4.3.4), relativistic effects (Sects. 4.3.2, 4.3.4), the presence of stationary or moving
ion background (Sects. 4.3.5, 4.3.6). We also consider the so-called quasi-neutral
approximation for plasma particles dynamics (Sect. 4.3.7). Symmetry of plasma
kinetic equations in three dimensional geometry is analyzed for electron gas in
Sect. 4.4.1 and for electron–ion plasma in Sect. 4.4.2. We also discuss the symmetry
of plasma kinetic equations in Lagrangian variables (Sect. 4.5).

The special section is devoted to symmetry of Benney equations (Sect. 4.6). Here
we apply both our algorithm and method of moments to demonstrate the incomplete-
ness of the algorithm to describe all the admitted symmetries.

Section 4.7 is devoted mainly to particular problems that illustrate the efficiency
of the symmetry approach to integro-differential equations to find solutions to vari-
ous particular problems of interest. Here we especially draw attention to symmetries
known in mathematical physics as renormgroup symmetries. Section 4.7 demon-
strates the method of their construction as well as examples of applications.

4.2 Definition and Infinitesimal Test

To extend the classical Lie algorithm to integro-differential equations it appears nec-
essary to resolve several problems. First, one should define the local one-parameter
transformation group G for the nonlocal (integro-differential) equations and formu-
late the invariance criteria that lead to determining equations, which appear also
nonlocal. Secondly, and a procedure of solving nonlocal determining equations
should be described.
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4.2.1 Definition of Symmetry Group

Let an integro-differential equation under consideration be expressed as a zero
equality for some functional (here we indicate only one argument for a function f ),
defined for x1 ≤ x ≤ x2,

F [f (x)] = 0, (4.2.8)

and let G be a local one-parameter group that transforms f to f̃ (x, a),

f̃ (x, a)= f + aκ + o(a), x̃ = x. (4.2.9)

Here we use the canonical group representation hence independent variables x do
not vary. Then the local group G of point transformations (4.2.9) is called a symme-
try group of integro-differential equations (4.2.8) iff for any a the function F does
not vary [9] (see also Chap. 2),

F [f̃ (x, a)] = 0. (4.2.10)

Differentiating (4.2.10) with respect to group parameter a and assuming a → 0
gives the invariance criterion in the infinitesimal form akin to (1.1.31) in Chap. 1. In
view of the canonical form of transformations (4.2.9) the functional F depends upon
a via f̃ . Therefore to find the infinitesimal invariance criterion we should calculate
the derivative dF/da.

4.2.2 Variational Derivative for Functionals

Let f (x, a) be a differentiable function with respect to a, f (x, a) and ∂f (x, a)/∂a

continuous functions for a ≥ 0, x1 ≤ x ≤ x2. The derivative dF/da [10]

d

da
F [f (x, a)] = δF

[

f (x, a) ;f ′
a (x, a)

]

, (4.2.11)

is given by variation of the functional δF , defined as a linear in δf part of a differ-
ence

δF = F [f + δf ] − F [f ].
Let F [f (x, a)] be a differentiable functional (recall that the functional F , defined
on the interval [x1, x2], is called a differentiable functional [10] if it has the first
derivative in each point of this interval). Then the last formula is rewritten in the
following form

δF =
x2∫

x1

F ′[f (x);q]δf (q)dq. (4.2.12)
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Here the derivative F ′[f (x);y] = δF/δf (y) of the differentiable functional F with
respect to a function f in the point y is defined via the principal (linear) part of an
increment of the functional as a limit (if it exists) (see [10]):

δF [f ]
δf (y)

= lim
ε→0

{F [f + δfε] − F [f ]}
∫

Δ
dyδfε(y)

; y ∈ [x1, x2]. (4.2.13)

In (4.2.13) the infinitesimal variation δfε(y) ≥ 0 is a continuously differentiable
function given on fixed interval Δ = [x1, x2] which differs from zero only in ε-
vicinity of a point y, and the norm ‖δfε‖C1 → 0 at ε → 0.

Example 4.2.1 Let b(y) be a continuous function and F [f ] a linear functional

F [f ] =
x2∫

x1

b(y)f (y)dy.

By δfε denote a variation that differs from zero only in ε-vicinity of a point q . Then
using the mean value theorem

F [f + δfε] − F [f ] =
x2∫

x1

b(y)δfε dy = b(q)

x2∫

x1

δfε dy,

we get the variation derivative

δF [f ]
δf (q)

= lim
ε→0

b(q)

∫

Δ
δfε(y)dy

∫

Δ
δfε(y)dy

= b(q). (4.2.14)

Choosing b(y)= 1/(
√

2πσ) exp(−(y − y0)
2/2σ 2) we obtain

δF [f ]
δf (q)

= 1√
2πσ

exp

(

− (y − y0)
2

2σ 2

)

. (4.2.15)

In the limit σ → 0 we have b(y)→ δ(y − y0), F [f ] → f (y0) and hence

δf (y0)

δf (q)
= δ(y0 − q). (4.2.16)

4.2.3 Infinitesimal Criterion

According to Sect. 4.2.1 to write the infinitesimal criterion for the symmetry group
for nonlocal equations one should differentiate (4.2.10) with respect to group pa-
rameter a and assume a → 0, i.e. calculate the limit of the derivative dF/da for
vanishing a. Combining (4.2.11), (4.2.12) and assuming a → 0 in view of (4.2.9)
we get

dF [f̃ ]
da

∣
∣
∣
∣
a=0

=
∫

κ(y)
δF [f (x)]
δf (y)

dy ≡ YF, (4.2.17)
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where we have introduced the generator Y defined by its action on function F as
follows:

Y(F )=
∫

κ(y)
δF

δf (y)
dy.

We will write this operator formally in the form

Y =
∫

κ(y)
δ

δf (y)
dy. (4.2.18)

Hence, the invariance criterion for F with respect to the admitted group can be
expressed in an infinitesimal form using the canonical group operator Y ,

YF
∣
∣
F=0 = 0, (4.2.19)

which generalizes the action of a standard canonical group operator (see formula
(1.5.7) in Chap. 1) not only on differential functions but on functionals as well us-
ing variational differentiation in the definition of Y [7]. One can verify by direct
calculation that the action of Y on any differential function and its derivatives, e.g.,
f and fx, . . . produces the usual result: Yf = κ, Yfx = Dx(κ) and so on. Hence,
if F describe usual differential equations then formulas (4.2.19) lead to standard
local determining equations, while for F having the form of integro-differential
equations formulas (4.2.19) can be treated as nonlocal determining equations as
they depend both on local and nonlocal variables. As we treat local and nonlocal
variables in determining equations as independent it is possible to separate these
equations into local and nonlocal. The procedure of solving local determining equa-
tions is fulfilled in a standard way using Lie algorithm based on splitting the system
of over-determined equations with respect to local variables and their derivatives.
As a result we get expressions for coordinates of group generator that define the
so-called group of intermediate symmetry [7]. In the similar manner the solution of
nonlocal determining equations is fulfilled using the information borrowed from an
intermediate symmetry and by “variational” splitting of nonlocal determining equa-
tions using the procedure of variational differentiation. Therefore, the algorithm of
finding symmetries of nonlocal equations appears as an algorithmic procedure that
consists of a sequence of several steps: (a) defining the set of local group variables,
(b) constructing determining equations on basis of the infinitesimal criterion of in-
variance, that employs the generalization of the definition of the canonical operator,
(c) separating determining equations into local and nonlocal, (d) solving local deter-
mining equations using a standard Lie algorithm, (e) solving nonlocal determining
equations using the procedure of variational differentiation.

4.2.4 Prolongation on Nonlocal Variables

To complete we describe the procedure of prolongation of a symmetry group on
nonlocal variables, say in the form of the integral relation

J (u)=
∫

F (u(z))dz. (4.2.20)
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To fulfill this procedure one should first rewrite the operator, say Y , in a canonical
form and then formally prolong this operator on the nonlocal variable J

Y + κ
J ∂J ≡ κ∂u + κ

J ∂J . (4.2.21)

The integral relation between κ and κ
J is obtained by applying the generator

(4.2.21) to the definition of J , i.e. to (4.2.20). Substituting the explicit expression for
the coordinate κ of the known operator Y and calculating integrals obtained gives
the desired coordinate κ

J ,

κ
J =

∫
δJ (u)

δu(z)
κ(z)dz

≡
∫

δF (u(z′))
δu(z)

κ(z)dzdz′ =
∫

Fuκ(z)dz. (4.2.22)

4.3 Symmetry of Plasma Kinetic Equations in One-Dimensional
Approximation

This section discuss the symmetry of Vlasov–Maxwell equations (4.1.1)–(4.1.3)
for plane (one-dimensional) geometry. We start with the case of a one component
non-relativistic electron plasma (electron gas) and proceed with a set of different
models, including multi-component plasma, relativistic plasma, plasma with neu-
tralizing moving and stationary ion background.

4.3.1 Non-relativistic Electron Gas

Consider the system of Vlasov–Maxwell equations (4.1.1)–(4.1.3) for charged elec-
tron gas. In case of non-relativistic motion of electrons in the self-consistent electric
field E the one-dimensional Vlasov kinetic equation for the distribution function f

is written as follows:

ft + vfx + e

m
Efv = 0. (4.3.1)

Here the potential field E obeys the Poisson equation and the corresponding
Maxwell equation

Ex = 4πρ, Et + 4πj = 0, (4.3.2)

and charge density ρ and current density j are expressed as the integrals

ρ = em

∫

dvf, j = em

∫

dvf v (4.3.3)

over electron velocities. Momentarily, we will assume that the charge e and mass m
of the electron (parameters of the system) are invariants. The dependent variables
E, j , and ρ are functions of two arguments, time t and coordinate x,

E =E(t, x), j = j (t, x), ρ = ρ(t, x), (4.3.4)
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and the distribution function

f = f (t, x, v) (4.3.5)

has three arguments, t , x and electron velocity v. It follows from (4.3.4) that electric
field intensity E, current density j , and charge density ρ are independent of electron
velocity v. Hence we have three additional differential constraints

Ev = 0, jv = 0, ρv = 0, (4.3.6)

which should be used in group analysis of the system (4.3.1)–(4.3.3) as well as
compatibility condition for the field equations (4.3.2), known as continuity equation,

ρt − jx = 0. (4.3.7)

The coordinates ξ and η of the Lie point symmetry group generator

X = ξ1 ∂

∂t
+ ξ2 ∂

∂x
+ ξ3 ∂

∂v
+ η1 ∂

∂f
+ η2 ∂

∂E
+ η3 ∂

∂j
+ η4 ∂

∂ρ
, (4.3.8)

are considered as functions of the seven variables

t, x, v, f, E, J, ρ. (4.3.9)

These coordinates are solutions to the determining equations, which, in turn, appear
as necessary and sufficient conditions for the invariance of system (4.3.1)–(4.3.3),
(4.3.6) with respect to the group with generator (4.3.8). Local (differential) deter-
mining equations can be stated and solved directly in terms of the generator (4.3.8).
In this section we however use the canonical form

Y = κ
1 ∂

∂f
+ κ

2 ∂

∂E
+ κ

3 ∂

∂j
+ κ

4 ∂

∂ρ
, (4.3.10)

for the generator (4.3.3), which offers substantial advantages in the group analysis
of the complete system of Vlasov–Maxwell equations because of non-locality of the
system.

4.3.1.1 Non-relativistic Electron Gas: The Solution to the Local Determining
Equations

The invariance conditions for Vlasov kinetic equation (4.3.1), the field equations
(4.3.2), and (4.3.6) with respect to the group with canonical generator (4.3.10) are
given by the six local determining equations

Dt(κ
1)+ vDx(κ

1)+ e

m
EDv(κ

1)+ e

m
κ

2fv = 0,

Dx(κ
2)= 4πκ

4, Dt (κ
2)= −4πκ

3, (4.3.11)

Dv(κ
2)= 0, Dv(κ

3)= 0, Dv(κ
4)= 0,

which should be solved with taking into account the fact that the group variables
(4.3.9) and the corresponding derivatives are related by the manifold (4.3.1)–(4.3.3),
(4.3.6) and (4.3.7). Here we use the standard notations (see, e.g. Chap. 1) for the
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operator of total differentiation Di with respect to the group variable indicated by
the subscript. For example, the operator Dv of total differentiation with respect to v

is given by

Dv ≡ ∂

∂v
+ fv

∂

∂f
+ fvt

∂

∂ft
+ fvx

∂

∂fx
+ fvv

∂

∂fv
+ · · · . (4.3.12)

The solution of the system of local determining equations (4.3.11) is given by the
following formulas for the coordinates κ of the generator (4.3.10):

κ
1 = η1 − ftξ

1 − fx

[

x

(

A4 + 1

2
ξ1
t

)

+ β

]

− fv

[

v

(

A4 − 1

2
ξ1
t

)

+ 1

2
xξ1

t t + βt

]

,

κ
2 =E

[

A4 − 3

2
ξ1
t

]

+ m

e

[
1

2
xξ1

t t t + βtt

]

−Etξ
1 −Ex

[

x

(

A4 + 1

2
ξ1
t

)

+ β

]

,

κ
3 = j

[

A4 − 5

2
ξ1
t

]

+ ρ

[
1

2
xξ1

t t + βt

]

+ 3

8π
Eξ1

t t

− m

4πe

[
1

2
xξ1

t t t t + βttt

]

− jt ξ
1 − jx

[

x

(

A4 + 1

2
ξ1
t

)

+ β

]

,

κ
4 = − 2ρξ1

t + m

8πe
ξ1
t t t − ρtξ

1 − ρx

[

x

(

A4 + 1

2
ξ1
t

)

+ β

]

.

(4.3.13)

The coordinates (4.3.13) depend upon three arbitrary functions

ξ(t), β(t), η1(f ) (4.3.14)

and A4 is an arbitrary constant. The group symmetry with the generator (4.3.10)
and coordinates (4.3.13) admitted by the system of equations (4.3.1), (4.3.2), (4.3.6)
will be referred to as the intermediate group symmetry of the complete system of
the self-consistent field equations (4.3.1)–(4.3.3). The symmetry is generated only
by the differential equations in the integro-differential Vlasov–Maxwell system and
does not take into account integral terms in the material equations (4.3.3), which de-
termine charge and current densities of electrons. The intermediate group symmetry
(4.3.10), (4.3.13) plays an auxiliary role in obtaining the final equations for the coor-
dinates ξ and η of the generator (4.3.8) of the desired Lie group. The charge density
ρ and the current density j have a concrete physical meaning. By introducing them
as independent group variables in the set (4.3.9) along with t , x, v, f , and E, we
divide the group analysis of the local and the nonlocal part of the Vlasov–Maxwell
system into two stages. The intermediate symmetry (4.3.10), (4.3.13) completes the
local group analysis of the system. In what follows we shall see that the nonlocal
determining equations appearing as invariance conditions for the material equations
(4.3.3) with respect to the sought Lie group eliminate the arbitrary dependence of ξ ,
β and η1 on t and f .

4.3.1.2 Non-relativistic Electron Gas: Nonlocal Determining Equations and
Their Solutions

Since the material equations (4.3.3) are nonlocal (they involve integration of the
distribution function f and of the product vf over the electron velocity v), the
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differentiation with respect to f in the first term of the canonical generator (4.3.10)
should be generalized so as to act not only on functions of f but also on linear
functionals (4.3.3) of f . Hence, we represent this term as the integral of variational
derivative with respect to f with weight κ

1 over electron velocity v:

κ
1 ∂

∂f
≡

∫

dvκ
1(v)

δ

δf (v)
. (4.3.15)

For brevity, we indicate only the integration variable v as an argument of f and
of κ

1. Our shorthand notation implies that the coordinate κ
1(v) of the canonical

generator in (4.3.15) stands for the following extended expression in (4.3.13), de-
pending on integration variable v:

κ
1(v)≡ η1(f (t, x, v))− ξ1ft (t, x, v)−

[

x

(

A4 + 1

2
ξ1
t

)

+ β

]

fx(t, x, v)

−
[

v

(

A4 − 1

2
ξ1
t

)

+ 1

2
xξ1

t t + βt

]

fv(t, x, v). (4.3.16)

When applied to functions of f , the operator of the differentiation with respect to
f in (4.3.15) gives the usual result, i.e. it coincides with the ordinary differentiation
with respect to f . When applied to linear functionals of f , i.e., to the charge and
current densities (4.3.3), the derivative in (4.3.15) permits us to introduce the varia-
tional derivative on the right-hand side in (4.3.15) under the integral over v together
with the coordinate κ

1 of the canonical generator (4.3.10).
Substituting (4.3.15) in (4.3.10) and using the a well-known identity

δf (v)

δf (v′)
= δ

(

v − v′) , (4.3.17)

where δ is the Dirac delta-function we obtain the invariance conditions for the inte-
gral material equations (4.3.3) with respect to the Lie group with canonical generator
(4.3.10), the nonlocal determining equations [7, 8]

κ
4 − em

∫

dvκ
1 = 0, κ

3 − em

∫

dvvκ
1 = 0. (4.3.18)

The integration in (4.3.18) is over all values of v, just as in (4.3.3) and (4.3.15).
Let us consider the first of the two determining equations in (4.3.18) in more detail.
Substituting the coordinates κ

1 and κ
4 from (4.3.13) into the determining equa-

tions in question and taking into account (4.3.3) for charge density ρ, we reduce the
determining equations to the simple form

em

∫

dv
[

η1(f (v))+ f (v)K (t)
] − m

8πe
ξ1
t t t (t)= 0. (4.3.19)

The coefficient K in the product K f in the integrand on the left-hand side in
(4.3.19) is independent of v and f ; specifically, we have

K (t)=A4 + 3

2
ξ1
t . (4.3.20)

The derivation of the determining equations (4.3.19) involves integrating by parts
with respect to v, which removes the derivative fv from the integrand in the nonlocal
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term in the original determining equations. The resultant antiderivative f is assumed
to vanish at the ends of the infinite integration interval, that is,

f → 0, v → ±∞. (4.3.21)

The determining equations (4.3.19) is a linear nonhomogeneous integral equation
for η1, which can easily be solved. According to the general ideas of Lie technique,
(4.3.19), as well as any determining equation, is an identity with respect to the group
variable f . Therefore, it remains valid after differentiating with respect to f . Since
the determining equations (4.3.19) is an integral equation, we should use variational
differentiation with respect to f rather than ordinary differentiation. Taking into
account that nonhomogeneous term proportional to ξ1

t t t in (4.3.19) is independent
of f , we obtain:

δ

δf (v′)

∫

dv
[

η1(f (v)
) + f (v)K (t)

] = 0. (4.3.22)

The nonlocal equation (4.3.19), which is an identity with respect to f , should
be combined with its differential corollary (4.3.22) in the sense that a solution
to (4.3.22) is also a solution to (4.3.19). Introducing the variational derivative in
(4.3.22) under the integral over v,

∫

dv
{

η1
f + K

} δf (v)

δf (v′)
= 0. (4.3.23)

and evaluating the integral over v with the aid of the delta-function (4.3.17) that ap-
pears in the integrand, as a consequence of (4.3.19), we obtain a first-order ordinary
differential equation for the dependence of the coordinate η1 of the determining
equations (4.3.8) on f :

η1
f + K = 0. (4.3.24)

Its solution depends on one arbitrary constant

η1 = −K f +A. (4.3.25)

Since the coordinate η1 is independent of t , we immediately obtain the condition

Kt = 0 (4.3.26)

imposed on the coefficient K of the determining equations (4.3.19). It follows from
(4.3.20) and (4.3.26) that

ξ1
t t = 0. (4.3.27)

As was mentioned above, it is necessary to consider (4.3.25) for η1, appearing as a
direct consequence of variational differentiation (4.3.9) of the determining equations
(4.3.19) with respect to the distribution function f , together with (4.3.19):

em

+∞∫

−∞
dvA− m

8πe
ξ1
t t t (t)= 0. (4.3.28)
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In view of (4.3.27), the second term on the left-hand side in (4.3.28) is zero. There-
fore, (4.3.28) is reduced to

Aem

+∞∫

−∞
dv = 0, (4.3.29)

whence follows that the integration constant A in (4.3.25) is zero, that is, we have

η1 = −K f. (4.3.30)

The integration of (4.3.30) yields

ξ1(t)=A1 + 2A3t. (4.3.31)

We insert the explicit formula (4.3.31) for the dependence of ξ1 on t into expression
(4.3.20) for the coefficient K and obtain

K = 3A3 +A4, (4.3.32)

whence follows the definite expression for the coordinate

η1(f )= −(3A3 +A4)f. (4.3.33)

Equations (4.3.31) and (4.3.33) are the basic result of solving the first nonlocal
determining equations in (4.3.18) and define explicit dependence of ξ and η on t and
f in the intermediate group symmetry (4.3.13). The second nonlocal determining
equations in system (4.3.18) pertains to the invariance of electron current density
with respect to the admitted Lie group. By substituting the extended expressions for
the coordinates κ

3 and κ
1 from (4.3.13) into this determining equations, we easily

reduce it to the following linear nonhomogeneous integral equation for η1, which is
similar to (4.3.19):

em

∫

dvv
(

η1 + fK
) + 3

8π
Eξ1

t t − mx

8πe
ξ1
t t t t − m

4πe
βttt = 0. (4.3.34)

The passage from (4.3.18) to (4.3.34) involves integration by parts with respect
to v. Here we take into account conditions (4.3.21), which state that the electron
distribution function f decays rapidly for large velocities. The coefficient K in the
product K vf in the integrand on the left-hand side in (4.3.34) has the same form
(4.3.20) as in (4.3.19). Hence, taking into account (4.3.27) and (4.3.30), we see that
the determining equations (4.3.34) is reduced to βttt = 0, which implies

β(t)=A2 +A5t + 1

2
A6t

2. (4.3.35)

Substitution of (4.3.31), (4.3.33) and (4.3.35) into (4.3.13) yields canonical coordi-
nates that satisfy determining equations (4.3.11), and (4.3.18), and therefore define
the sought for group symmetry
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κ
1 = −A1ft −A2fx −A3 (3f + 2tft + xfx − vfv)−A4 (f + xfx + vfv)

−A5 (tfx + fv)−A6

(
t2

2
fx + tfv

)

,

κ
2 = −A1Et −A2Ex −A3 (3E + 2tEt + xEx)−A4 (−E + xEx)

−A5tEx −A6

(
t2

2
Ex − m

e

)

,

κ
3 = −A1jt −A2jx −A3 (5j + 2tjt + xjx)−A4 (−j + xjx)

−A5 (tjx − ρ)−A6

(
t2

2
jx − tρ

)

,

κ
4 = −Alρt −A2ρx −A3 (4ρ + 2tρt + xρx)−A4xρx

−A5tρx −A6

(
t2

2

)

ρx.

(4.3.36)

Formulas (4.3.36) refer to the following six basic generators, written in a non-
canonical form [7]:

X1 = ∂

∂t
, X2 = ∂

∂x
,

X3 = 2t
∂

∂t
+ x

∂

∂x
− v

∂

∂v
− 3f

∂

∂f
− 3E

∂

∂E
− 5j

∂

∂j
− 4ρ

∂

∂ρ
,

X4 = x
∂

∂x
+ v

∂

∂v
− f

∂

∂f
+E

∂

∂E
+ j

∂

∂j
, X5 = t

∂

∂x
+ ∂

∂v
+ ρ

∂

∂j
,

X6 = t2

2

∂

∂x
+ t

∂

∂v
+ m

e

∂

∂E
+ tρ

∂

∂j
.

(4.3.37)

The set of generators (4.3.37) span the six-dimensional Lie algebra

L6 = 〈X1,X2, . . . ,X6〉. (4.3.38)

Generators (4.3.37) of the six-parametric continuous point Lie group admitted by
the Vlasov–Maxwell equations (4.3.1)–(4.3.3), have clear physical meaning: the op-
erators X1 and X2 describe translations along t and x-axes, the generator X3 and
X4 relate to dilations, which can be easily verified, and the generators X5 define the
Galilean transformations. The finite transformations corresponding to the generator
X6 have the following form for each of six variables (4.3.9):

t̄ = t; x̄ = x + at2

2
; v̄ = v + at; f̄ = f ;

Ē =E + ma

e
; j̄ = j + atρ; ρ̄ = ρ.

(4.3.39)

In mechanics, the one-parameter transformation group with generator X6 can be
interpreted for the first three equations in (4.3.39) as the transformation of variables
due to passing into a coordinate system moving linearly with constant acceleration
a = const with respect to the laboratory frame.
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4.3.1.3 Including Electron Charge and Electron Mass into Group
Transformations

The set of group variables (4.3.9) can be extended by involving the parameters e and
m of the Vlasov–Maxwell equations (4.3.1)–(4.3.3) into the group transformations

X = ξ1 ∂

∂t
+ ξ2 ∂

∂x
+ ξ3 ∂

∂v
+ ξ4 ∂

∂e
+ ξ5 ∂

∂m

+ η1 ∂

∂f
+ η2 ∂

∂E
+ η3 ∂

∂j
+ η4 ∂

∂ρ
. (4.3.40)

The extension adds two more basis generator to the algebra (4.3.37), (4.3.38). They
correspond to the dilations of electron charge and mass:

X7 = e
∂

∂e
+m

∂

∂m
− 2f

∂

∂f
, X8 =m

∂

∂m
+E

∂

∂E
+ j

∂

∂j
+ ρ

∂

∂ρ
. (4.3.41)

The operators (4.3.41) commute with each other and with all operator (4.3.37), so
that the set (4.3.37), (4.3.41) is the eight-dimensional Lie algebra

L8 = 〈X1,X2, . . . ,X6,X7,X8〉. (4.3.42)

If the electron charge and mass are not invariant, then the general operator of the
continuous point Lie group admitted by the Vlasov–Maxwell equations (4.3.1)–
(4.3.3) is given by

X =
8

∑

α=1

Aα(e,m)Xα. (4.3.43)

It corresponds to an infinite group with continual arbitrariness given by eight func-
tions Aα depending on two of the nine variables

t, x, v, e,m,f,E, j,ρ (4.3.44)

and can be obtained by solving local and nonlocal determining equations for the
coordinates of the generator under the conditions

f = f (t, x, v, e,m); E =E(t, x, e,m);
j = j (t, x, e,m); ρ = ρ(t, x, e,m)

(4.3.45)

in a way similar to that given in the previous sections.
The infiniteness of the Lie group (4.3.44), (4.3.37), (4.3.41) is due to the fact that

the parameters e and m that are arbitrary elements of the group classification are
included in the set of the group variables (4.3.44). This procedure that looks trivial
from the group analysis viewpoint is typical in “classical” renormalization group
method in quantum field theory (for details see Sect. 4.7). In the similar manner to
take into account the relativistic motion of electrons, we have to introduce a third
parameter, namely, the light velocity in vacuum (denoted by c). We can pass to
relativistic velocities also in the one-dimensional approximation with the same field
equations (4.3.2). In doing so, the one-parameter Galilean group with the generator
X5 from (4.3.37) is transformed into the Lorentz group and is inherited (in the sense
of [11, 12]) in an arbitrary order with respect to the parameter v/c, which takes into
account the finiteness of the light velocity. This will be demonstrated in Sect. 4.3.2.
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4.3.2 Relativistic Electron Gas

The one-dimensional system of self-consistent field equations (4.3.1)–(4.3.3) for
charged relativistic electron gas is modified as follows:

ft + vfx + eEfp = 0, ρ = e

∫

dpf, j = e

∫

dpf v. (4.3.46)

In contrast to (4.3.1) and (4.3.3), instead of electron velocity v we use moment p,
which can be expressed in terms of v by the well-known equality

p =mvγ ≡mv
(

1 − (v/c)2
)−1/2

, (4.3.47)

where γ is the relativistic factor. Using (4.3.47) and passing from electron moment
p to electron velocity v in (4.3.46), we obtain the equations

ft + vfx + e

m
γ−3Efv = 0, (4.3.48)

ρ = em

+c∫

−c

dvγ 3f, j = em

+c∫

−c

dvγ 3f v, (4.3.49)

which differ from (4.3.1) and (4.3.3) in that the relativistic factor γ > 1 is taken
into account. In finding symmetry of the integro-differential system of equations
(4.3.48), (4.3.49), (4.3.2), and (4.3.6) we assume that not only time t , coordinate x,
and electron velocity v but also charge e, electron mass m, and light velocity c are
independent variables.

Omitting the calculations akin to that were done in the previous Sect. 4.3.1 we
present the final expression for the group generator in the form of a linear combina-
tion of seven basic generators with the coefficients Aα that are arbitrary functions
of three variables [7]:

X =
7

∑

α=1

Aα(e,m, c)Xα,

X1 = ∂

∂t
, X2 = c

∂

∂x
,

X3 = t
∂

∂t
+ x

∂

∂x
− 2f

∂

∂f
−E

∂

∂E
− 2j

∂

∂j
− 2ρ

∂

∂ρ
,

X4 = 1

c

(

x
∂

∂t
+ c2t

∂

∂x
+ (c2 − v2)

∂

∂v
+ ρc2 ∂

∂j
+ j

∂

∂ρ

)

, (4.3.50)

X5 = x
∂

∂x
+ v

∂

∂v
+ c

∂

∂c
− f

∂

∂f
+E

∂

∂E
+ j

∂

∂j
,

X6 =m
∂

∂m
+E

∂

∂E
+ j

∂

∂j
+ ρ

∂

∂ρ
,

X7 = e
∂

∂e
+m

∂

∂m
− 2f

∂

∂f
.
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The generators (4.3.50) span the seven-dimensional Lie algebra

L7 = 〈X1,X2, . . . ,X7〉 (4.3.51)

with numerical structural constants. The last three generators in (4.3.50), which de-
termine the dilations of electron charge and mass and of light velocity, commute
with all remaining generator in (4.3.50) and with one another. The first four gener-
ators in (4.3.50) form the four-dimensional subalgebra

L4 = 〈X1,X2,X3,X4〉. (4.3.52)

The finite transformations given by solutions to the Lie equations for the generator
X4 (the Lorentz transformations) correspond to hyperbolic rotations in the planes
(ct, x) and (cp, j), and to the linear-fractional transformation of electron velocity v

with group parameter a:

t̄ = t cosh(ac)+ (x/c) sinh(ac), x̄ = x cosh(ac)+ ct sinh(ac),

v̄ = (v + c tanh(ac))(1 + (v/c) tanh(ac))−1,

ρ̄ = ρ cosh(ac)+ (j/c) sinh(ac), j̄ = j cosh(ac)+ cρ sinh(ac),

ē = e, m̄=m, c̄ = c, f̄ = f, Ē =E.

(4.3.53)

The generator X4 from (4.3.50) and its finite transformations in the form (4.3.53)
extends the Galilean generator X5 from (4.3.37) to the relativistic domain of elec-
tron velocities. Comparing the algebras (4.3.37) and (4.3.50) of the point symmetry
groups we see that transition from non-relativistic to relativistic electron gas deletes
the generator X6 from (4.3.37).

The algebra (4.3.50), (4.3.51) is fairly consistent with the physical ideas on
the symmetry of system (4.3.48), (4.3.2) and (4.3.49), developed in the theory of
plasma. The characteristic feature of the system is in that the relativistic effects are
taken into account for electron motion but the finite value of light velocity c is ig-
nored in the field equations (4.3.2) in one dimensional approximation. However, we
can extend the scope of the method by taking into account the three-dimensional rel-
ativistic motion of electrons in self-coordinated electric field E and magnetic field
B obeying the Maxwell equations. This is done in Sect. 4.4.1.

4.3.3 Collisionless Non-relativistic Electron–Ion Plasma

In this section we turn to a model that contains two plasma particle species, namely
electrons and ions. It means that the basic system of equations should be supple-
mented by the kinetic equation for the ion distribution function f̄ and the corre-
sponding items in the field equations,

ft + vfx + e

m
Efv = 0, f̄t + vf̄x + ē

m̄
Ef̄v = 0,

ρ =
∫

dv(emf + ēm̄f̄ ), j =
∫

dvv(emf + ēm̄f̄ ), (4.3.54)

Ex = 4πρ, Et + 4πj = 0.
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The solution of the local and nonlocal determining equations for non-relativistic
Vlasov–Maxwell equations for electron–ion plasma is fulfilled in the same root as
for the electron gas model. The final result is given as the general element of the Lie
algebra of point symmetry operators of the Vlasov–Maxwell equations (4.3.54) is
determined by the linear combination [8]

X =
9

∑

α=1

Aα(e,m, ē, m̄)Xα, (4.3.55)

X1 = ∂

∂t
, X2 = ∂

∂x
,

X3 = 2t
∂

∂t
+ x

∂

∂x
− v

∂

∂v
− 3f

∂

∂f
− 3f̄

∂

∂f̄
− 3E

∂

∂E
− 5j

∂

∂j
− 4ρ

∂

∂ρ
,

X4 = t
∂

∂x
+ ∂

∂v
+ ρ

∂

∂j
,

X5 = x
∂

∂x
+ v

∂

∂v
− f

∂

∂f
− f̄

∂

∂f̄
+E

∂

∂E
+ j

∂

∂j
, (4.3.56)

X6 = 1

em

∂

∂f
− 1

ēm̄

∂

∂f̄
, X7 = e

∂

∂e
+m

∂

∂m
− 2f

∂

∂f
,

X8 =m
∂

∂m
+ m̄

∂

∂m̄
+E

∂

∂E
+ j

∂

∂j
+ ρ

∂

∂ρ
,

X9 = ē
∂

∂ē
+ m̄

∂

∂m̄
− 2f̄

∂

∂f̄
.

4.3.4 Collisionless Relativistic Electron–Ion Plasma

This section presents the result of the symmetry group calculation for the relativistic
analogue of equations discussed in the previous section:

ft + vfx + e

mγ 3
Efv = 0, f̄t + vf̄x + ē

m̄γ 3
Ef̄v = 0,

Ex = 4πρ, Et + 4πj = 0,

ρ =
∫

dvγ 3(emf + ēm̄f̄ ), j =
∫

dvγ 3v(emf + ēm̄f̄ ).

(4.3.57)

The Lie group admitted by the Vlasov–Maxwell equations (4.3.57) is a one-
dimensional analog of the group with algebra (4.3.50) provided that the parameters
e, m, ē, m̄ and c are invariant [8]:

L5 = 〈X1,X2,X3,X4,X5〉, (4.3.58)

X1 = ∂

∂t
, X2 = c

∂

∂x
,

X3 = t
∂

∂t
+ x

∂

∂x
− 2f

∂

∂f
− 2f̄

∂

∂f̄
−E

∂

∂E
− 2j

∂

∂j
− 2ρ

∂

∂ρ
,
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X4 = 1

c

(

x
∂

∂t
+ c2t

∂

∂x
+ (c2 − v2)

∂

∂v
+ c2ρ

∂

∂j
+ j

∂

∂ρ

)

, (4.3.59)

X5 = 1

em

∂

∂f
− 1

ēm̄

∂

∂f̄
.

Here the first, second, and fourth generators coincide with those of algebra L4 for
the relativistic electron gas. The dilation generator X3 in (4.3.59) differs from the
corresponding generator in (4.3.50) by the term (−2f̄ ∂f̄ ) containing the ion parti-

tion function f̄ . The quasi-neutrality operator X5 in (4.3.59) is new as compared
with the four-dimensional “electron” algebra (4.3.52) in Sect. 4.3.2. Taking into
consideration transformations of parameters, we obtain the four generators

X6 = c
∂

∂c
+ x

∂

∂x
+ v

∂

∂v
− f

∂

∂f
− f̄

∂

∂f̄
+E

∂

∂E
+ j

∂

∂j
,

X7 =m
∂

∂m
+ m̄

∂

∂m̄
+E

∂

∂E
+ j

∂

∂j
+ ρ

∂

∂ρ
,

X8 = ē
∂

∂ē
+ m̄

∂

∂m̄
− 2f̄

∂

∂f̄
,

X9 = e
∂

∂e
+m

∂

∂m
− 2f

∂

∂f

(4.3.60)

in addition to the basis (4.3.59).
The general element of the Lie point algebra is a linear combination of nine

generators with coefficients that are arbitrary scalar functions of five variables,

X =
9

∑

α=0

Aα(e,m, ē, m̄, c)Xα. (4.3.61)

We omit the calculations that lead to (4.3.59)–(4.3.60), since they just reproduce the
calculations made above.

Sections 4.3.3 and 4.3.4 demonstrate the point symmetry of kinetic equations
of collisionless electron–ion plasma. Two additional Lie groups admitted by the
Vlasov–Maxwell equations of quasi-neutral plasma are presented in the next sec-
tions. In contrast to present section, these equations correspond to a simplified model
of electron plasma, i.e., we consider ions as a positively charged background neu-
tralizing the negative charge of the electron plasma. Thus we omit the kinetic Vlasov
equations for the ion distribution function and describe ions by means of “hydrody-
namic” parameters.
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4.3.5 Non-relativistic Electron Plasma Kinetics with a Moving
and Stationary Ion Background

The non-relativistic one-dimensional equations of self-consistent fields for electron
plasma with moving positive homogeneous ion background neutralizing the charge
of electrons read

ft + vfx + e

m
Efv = 0; Ex = 4πρ, Et + 4πj = 0,

ρ = em

∫

dvf + ēn, j = em

∫

dvvf + ēnu.
(4.3.62)

Here f is the partial function of non-relativistic electrons with charge e < 0 and
mass m. The parameters ē, n, and u correspond to the ion charge (ē > 0), ion den-
sity n, and ion velocity u, respectively. Unlike the case of the electron–ion plasma
(Sect. 4.3.3), the ion mass m̄ is not involved in (4.3.62) and the ion motion is de-
scribed by the term ēnu in the plasma current density j . Group analysis of (4.3.62)
give rise to a ten-dimensional Lie algebra L10 with numerical structural constants
[8]:

L10 = 〈X1,X2, . . . ,X10〉, (4.3.63)

X1 = 1

ω

∂

∂t
, X2 = u

ω

∂

∂x
,

X3 = (x − ut)
∂

∂x
+ (v − u)

∂

∂v
− f

∂

∂f
+E

∂

∂E
+ (j − uρ)

∂

∂j
,

X4 = sin(ωt)
∂

∂x
+ω cos(ωt)

∂

∂v
+ 4πēn sin(ωt)

∂

∂E
+ω cos(ωt)(ρ − ēn)

∂

∂j
,

X5 = cos(ωt)
∂

∂x
−ω sin(ωt)

∂

∂v
+ 4πēn cos(ωt)

∂

∂E
−ω sin(ωt)(ρ − ēn)

∂

∂j
,

X6 = ut
∂

∂x
+ u

∂

∂v
+ u

∂

∂u
+ uρ

∂

∂j
,

X7 = 2t
∂

∂t
+ x

∂

∂x
− v

∂

∂v
− 4n

∂

∂n
− u

∂

∂u
− 3f

∂

∂f
− 3E

∂

∂E
− 5j

∂

∂j
− 4ρ

∂

∂ρ
,

X8 = e
∂

∂e
+m

∂

∂m
− 2f

∂

∂f
,

X9 =m
∂

∂m
+ n

∂

∂n
+E

∂

∂E
+ j

∂

∂j
+ ρ

∂

∂ρ
, X10 = ē

∂

∂ē
− n

∂

∂n
.

(4.3.64)

Here ω is the well-known Langmuir electron frequency

ω =
(

−4πeēn

m

)1/2

.
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The general element X of the Lie algebra is a linear combination of all generators

X =
10
∑

α=1

Aα(e,m, ē, n,u)Xα, (4.3.65)

with coefficients Aα , which are arbitrary functions of the five variables

e,m, ē, n,u. (4.3.66)

Parameters (4.3.66) are invariants of the first five generators (4.3.64) and when the
ion velocity is zero, u= 0, these generators correspond to the result obtained in [5].

The additional terms, which are missing in generators obtained in [5], take into
account the transformation of the plasma current density j (which is equal to the
electron current in the limit (4.3.62)), while the plasma charge density ρ is invariant.
These terms are the prolongation of the group in [5] to the nonlocal variables

ρ = em

∫

dvf + ēn, j = em

∫

dvvf, (4.3.67)

and can be omitted in case we consider the group of transformations in the space of
group variables {t, x, v, f,E}.

The generator X6 in (4.3.64) is due to the nonzero ion velocity u included in the
set of variables (4.3.66) together with all variables involved in group transforma-
tions. By doing this we preserve an analog of the Galilean subgroup in the admitted
Lie group, which is absent in the five-parameter group [5] (here a is a group param-
eter):

t ′ = t, x′ = x + (ea − 1)ut, v′ = v + (ea − 1)u, e′ = e, m′ =m,

ē′ = ē, n′ = n, u′ = uea, f ′ = f,

E′ =E, ρ′ = ρ, j ′ = j + (ea − 1)uρ.

(4.3.68)

This example shows the importance of including parameters into group transforma-
tions.

4.3.6 Relativistic Electron Plasma Kinetics with a Moving Ion
Background

In this section we present the result of the symmetry group calculation for relativistic
equations generalizing (4.3.62):

ft + vfx + e

mγ 3
Efv = 0; Ex = 4πρ, Et + 4πj = 0,

ρ = em

∫

dvγ 3f + ēn, j = em

∫

dvγ 3vf + ēnu,

γ ≡ [

1 − (v/c)2
]−1/2

.

(4.3.69)

An infinite symmetry group admitted by (4.3.69) is given by a linear combination
of the eight generators [8]
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X =
8

∑

α=1

Aα(e,m, ē, n,u, c)Xα, (4.3.70)

X1 = ∂

∂t
, X2 = c

∂

∂x
,

X3 = t
∂

∂t
+ x

∂

∂x
− 2n

∂

∂n
− 2f

∂

∂f
−E

∂

∂E
− 2j

∂

∂j
− 2ρ

∂

∂ρ
,

X4 = 1

c

[

x
∂

∂t
+ c2t

∂

∂x
+ (c2 − v2)

∂

∂v
+ (c2 − u2)

∂

∂u

+ un
∂

∂n
+ c2ρ

∂

∂j
− j

∂

∂ρ

]

, (4.3.71)

X5 = e
∂

∂e
+m

∂

∂m
− 2f

∂

∂f
,

X6 =m
∂

∂m
+ n

∂

∂n
+E

∂

∂E
+ j

∂

∂j
+ ρ

∂

∂ρ
, X7 = ē

∂

∂ē
− n

∂

∂n
,

X8 = c
∂

∂c
+ x

∂

∂x
+ v

∂

∂v
+ u

∂

∂u
− f

∂

∂f
+E

∂

∂E
+ j

∂

∂j
,

This example again shows the importance of the inclusion of the parameters into the
group transformations: the six generators in (4.3.71) are due to the noninvariance of
the parameters.

4.3.7 Non-relativistic Electron–Ion Plasma in Quasi-neutral
Approximation

Essential progress in studying dynamics of plasma expansion and acceleration of
ions was achieved by use of quasi-neutral approximation [13, 14], suitable for de-
scriptions of plasma flows with characteristic scale of density variation which is
large in comparison with Debye length for plasma particles. In this approximation
charge and current densities in plasma are set equal to zero, that essentially sim-
plifies the initial model with non-local terms. Thus, instead of the complete system
of Vlasov–Maxwell equations (4.1.1)–(4.1.3) with the corresponding material rela-
tions here we will only use the kinetic equations for particle distribution functions
for various species

f α
t + vf α

x + (eα/mα)E(t, x)f
α
v = 0 (4.3.72)

with additional non-local restrictions imposed on them, which arise from vanishing
conditions for the current and the charge densities

∫

dv
∑

α

eαf
α = 0,

∫

dvv
∑

α

eαf
α = 0. (4.3.73)

At that the electric field E is expressed through the moments of distribution func-
tions:
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E(t, x)=
(∫

dvv2∂x
∑

α

eαf
α

)(∫

dv
∑

α

e2
α

mα

f α

)−1

. (4.3.74)

Equations (4.3.72), (4.3.73) describe one-dimensional dynamics of a plasma, which
is inhomogeneous upon the coordinate x; thus the distribution functions of particles
f α depend upon t , x and the velocity component v in the directions of plasma
inhomogeneity.

The group of point Lie transformations admitted by system (4.3.72) and (4.3.73)
is specified by the following set of infinitesimal operators [14]:

X1 = ∂

∂t
, X2 = ∂

∂x
, X3 = t

∂

∂t
− v

∂

∂v
, X4 = x

∂

∂x
+ v

∂

∂v
,

X5 =
∑

α

f α ∂

∂f α
, X6 = t

∂

∂x
+ ∂

∂v
,

X7 = t2
∂

∂t
+ tx

∂

∂x
+ (x − vt)

∂

∂v
,

Xα = 1

Zα+1

∂

∂f α+1
− 1

Zα

∂

∂f α

(4.3.75)

with the general element of the algebra represented by their linear combination

X =
7

∑

j=1

cjXj +
∑

α

bαXα. (4.3.76)

In the operators Xα in system (4.3.75), Zα = eα/|e| is the charge number of the
particle species α, and the index α + 1 denotes the particle species that follows α.
The operators Xα exist only in plasma with the number of particle types larger than
or equal to two and their number is less than the number of plasma components by
one. Transformation of charge and mass of particles are not included in (4.3.75).

The method for calculating the admitted symmetry group used here qualitatively
differs from the method used earlier in Sect. 4.3 in that the electric field E is treated
not as one of the dependent variables but as an unknown function of the variables t
and x, E(t, x). This case of finding the symmetry logically follows from the simpler,
quasineutral model of plasma (4.3.72), (4.3.73) in contrast to the complete system
of Vlasov–Maxwell equations (4.3.1)–(4.3.3). It is easy to verify that the transla-
tion operators X1 and X2, the Galilean transformation operator X6, and the quasi-
neutrality operators Xα are contained in the symmetry group obtained in Sect. 4.3.3
by a different method without assuming that E is an arbitrary function of two vari-
ables to be determined. The two dilation generators specified in (4.3.56) are obtained
by combining the three expansion operators X3, X4, and X5 from (4.3.75) and by
adding the contributions responsible for the dilation transformations of the electric
field E, charge density ρ, and electric current density j . The projective group op-
erator X7 is new among the generators (4.3.75). Since here, in contrast to (4.3.54),
we chose a different normalization of the particle distribution functions, the quasi-
neutrality generators, Xα , contrary to (4.3.56) contain factors that do not depend on
particle mass.
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4.4 Group Analysis of Three Dimensional Collisionless Plasma
Kinetic Equations

In this section we calculate the point symmetry of the self-consistent field equations
for three dimensional kinetic models of collisionless plasma. In the first subsection
the group analysis is fulfilled for the three-dimensional kinetic equations of relativis-
tic electron gas. In the second one the same is done for the model of quasi-neutral
multi-species plasma.

4.4.1 Relativistic Electron Gas Kinetics

We start with the equations of kinetic theory for collisionless relativistic electron
gas, described by the system of equations (4.1.1)–(4.1.3) where only one parti-
cle species, electrons, are taken into account. As in one-dimensional case, (4.1.1)–
(4.1.3) should be supplemented by additional differential constraints

Ev = 0, Bv = 0, jv = 0, ρv = 0, (4.4.1)

which explicitly show that electromagnetic fields and momenta of the distribution
function do not depend on the electron velocity v.

The canonical group generator Y of the continuous point Lie group admitted by
system (4.1.1)–(4.1.3), (4.4.1) has the form

Y = κ
1 ∂

∂f
+ −→κ 2 ∂

∂E
+ −→κ 3 ∂

∂B
+ −→κ 4 ∂

∂j
+ κ

5 ∂

∂ρ
, (4.4.2)

where the first term is given by the following three-dimensional relativistic analog
of representations (4.3.15) in Sect. 4.3.1:

κ
1 ∂

∂f
=

∫

dvκ
1(v)

δ

δf (v)
. (4.4.3)

As in (4.1.2), the integration domain in this formula is the sphere |v| < c of ra-
dius c. The procedure of symmetry group construction is similar to that in the one-
dimensional case though calculus are a little bit more tedious here. As a result we
get the group that is represented by the following basic generators [6, 8] (for conve-
nience, they are written in a non-canonical form):

X0 = ∂

∂t
, Xi = c

∂

∂xi
,

Yi = 1

c

[

xi
∂

∂t
+ c2t

∂

∂xi
+ (c2δis − vivs)

∂

∂vs

− ceiskBs

∂

∂Ek

+ ceiskEs

∂

∂Bk

+ c2ρ
∂

∂ji
+ ji

∂

∂ρ

]

,

(4.4.4)

Zi = eisk

(

xs
∂

∂xk
+ vs

∂

∂vk
+Es

∂

∂Ek

+Bs

∂

∂Bk

+ js
∂

∂jk

)

,
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X4 = t
∂

∂t
+ xs

∂

∂xs
− 2f

∂

∂f
−Es

∂

∂Es

−Bs

∂

∂Bs

− 2js
∂

∂js
− 2ρ

∂

∂ρ
.

Here summation is performed over repeated indices, δis and eisk are the Kronecker
symbols of the second and the third order, 1 ≤ i, s, k ≤ 3.

Generators (4.4.4) form the 11-dimensional Lie algebra

L11 = 〈X0,X,Y ,Z,X4〉 (4.4.5)

and any infinitesimal operator in (4.4.4) has a simple physical meaning. The gen-
erators X0 and X correspond to time and space translations, respectively. The op-
erator Y generates Lorentz transformations, which do not involve the distribution
function f , e.g., hyperbolic rotations in the planes (ct,x) and (cρ,j) and linear-
fractional transformations of the electron velocity v. Lorentz transformations of
vectors E and B correspond to the transformation of the 4-tensor of electromag-
netic field (see [15, §22, 23]). The operator Z generates rotations. The operator
X4 generates dilations, and it is the only group transformations in (4.4.4) which
involve f .

The 10-dimensional algebra of the Poincaré group,

L10 = 〈X0,X,Y ,Z〉 (4.4.6)

is included in (4.4.5), L10 ⊂ L11, and it also appears in the independent (local) group
analysis of the Maxwell equations (4.1.2),

X = ξ1 ∂

∂t
+ ξ2 ∂

∂x
+ η2 ∂

∂E
+ η3 ∂

∂B
+ η4 ∂

∂j
+ η5 ∂

∂ρ
, (4.4.7)

as a subalgebra of the 16-dimensional algebra

L16 = 〈X0,X,Y ,Z,U0,U , X̄4, X̄5〉 (4.4.8)

of the conformal group admitted by (4.1.2). Here the scalar U0 and the vector U

operators are given by

U0 = 1

c2

[
1

2
(c2t2 + x2)

∂

∂t
+ c2txi

∂

∂xi
− c(2ctEi − eiskBsxk)

∂

∂Ei

− c(2ctBi + eiskEsxk)
∂

∂Bi

+ c2(−3tji + ρxi)
∂

∂ji
+ (−3tρc2 + jixi)

∂

∂ρ

]

,

Ui = 1

c

[

txi
∂

∂t
+

(

xixs + 1

2
(c2t2 − x2)δis

)
∂

∂xs
+

(

xkEi − (E · x)δik (4.4.9)

− 2xiEk − cteiskBs

)
∂

∂Ek

+ (

xkBi − (B · x)δik − 2xiBk + cteiskEs

) ∂

∂Bk

+ (

xkji − (j · x)δik − 3xijk + c2tρδik
) ∂

∂jk
+ (tji − 3ρxi)

∂

∂ρ

]

.
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The two last (scalar) generators in (4.4.8) generate the dilations

X̄4 = t
∂

∂t
+ xi

∂

∂xi
− 2Ei

∂

∂Ei

− 2Bi

∂

∂Bi

− 3ji
∂

∂ji
− 3ρ

∂

∂ρ
,

X̄5 =Ei

∂

∂Ei

+Bi

∂

∂Bi

+ ji
∂

∂ji
+ ρ

∂

∂ρ
.

(4.4.10)

The invariance conditions for the kinetic Vlasov equation (4.1.1) violates the con-
formal part (4.4.9) of group (4.4.8) when the intermediate group symmetry is taken
into account. Adding the dilation operators (4.4.10) and “correcting” the sum by tak-
ing into account the dilation of f we obtain a “prototype” of the generator X4 in the
algebra (4.4.5). Thus, using the relation between the algebras L10, L11 and L16 we
can interpret the result (4.4.5) in terms of the group symmetry of the Maxwell equa-
tions (4.1.2). The nonlocal determining equations yield the contribution (−2f ∂f )
into the generator X4 in (4.4.6); this term cannot be obtained from the standard
group analysis, but it is easily reproduced from physical considerations.

Including parameters e, m, and c in the set of group variables of the system under
consideration we add three scalar generators to (4.4.6) and thereby take into account
dilations of the electron charge, mass, and the light velocity c in vacuum:

X5 =m
∂

∂m
− 2f

∂

∂f
+Es

∂

∂Es

+Bs

∂

∂Bs

+ js
∂

∂js
+ ρ

∂

∂ρ
,

X6 = e
∂

∂e
+m

∂

∂m
− 4f

∂

∂f
,

X7 = c
∂

∂c
+ xs

∂

∂xs
+ vs

∂

∂vs
− 3f

∂

∂f
+Es

∂

∂Es

+Bs

∂

∂Bs

+ js
∂

∂js
.

(4.4.11)

Then the Lie group of the Vlasov–Maxwell equations (4.1.1)–(4.1.3) becomes in-
finite and the common element X of the operator algebra depending on 14 scalar
functions of three variables e, m, and c is given by [8]

X =
7

∑

α=0

Aα(e,m, c)Xα + b(e,m, c)Y + g(e,m, c)Z. (4.4.12)

The group analysis of the equations of collisionless electron gas (single-component
charged plasma) performed in the present section is supplemented in the next sec-
tion by the group analysis of kinetic equations of a quasi-neutral multi-component
(electron–ion) plasma.

4.4.2 Relativistic Electron–Ion Plasma Kinetic Equations

In this Section we point to the distinctive features that arise for the symmetry group
of a multi-species electron–ion plasma (with k > 1 particle species), as compared
to algebra (4.4.5). Starting with Vlasov–Maxwell equations (4.1.1)–(4.1.3) in the
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most general form with 1 ≤ α ≤ k and adding (4.4.1) we come after fulfilling the
procedure used above to the following 11 + (k − 1)-parameter Lie group [6, 8]

L11+(k−1) = 〈X0,X,Y ,Z,X4,X
μ〉, 2 ≤ μ≤ k, (4.4.13)

including the Poincaré group as a subgroup. The first ten (scalar) generators of the
algebra (4.4.13) are listed in (4.4.5) and span the algebra (4.4.8). The infinitesimal
operator X4 in (4.4.13), in contrast to X4 in (4.4.9), includes dilations of all distri-
bution functions f α :

X4 = t
∂

∂t
+ xs

∂

∂xs
− 2

k
∑

μ=1

f μ ∂

∂f μ
−Es

∂

∂Es

−Bs

∂

∂Bs

− 2js
∂

∂js
− 2ρ

∂

∂ρ
. (4.4.14)

The algebra L11+(k−1) contains k − 1 new operators not included in L11 in (4.4.9);
these are the “quasi-neutrality operators”

Xμ = 1

e1(m1)3

∂

∂f 1
− 1

eμ(mμ)3

∂

∂f μ
, 2 ≤ μ≤ k, (4.4.15)

typical for the multi-component plasma. The quasi-neutrality generator (4.4.15) de-
termines consistent translation transformations of the distribution functions f μ.

Including 2k+1 parameters (masses and charges of particles and light velocity in
vacuum) of multi-component plasma equations in the set of group variables yields
2k + 1 additional generators of dilations (1 ≤ λ, ν ≤ k)

X5 = c
∂

∂c
+ xs

∂

∂xs
+ vs

∂

∂vs
− 3

k
∑

q=1

f q ∂

∂f q
+Es

∂

∂Es

+Bs

∂

∂Bs

+ js
∂

∂js
,

X6 =
k

∑

q=1

mq ∂

∂mq
− 2

k
∑

q=1

f q ∂

∂f q
+Es

∂

∂Es

+Bs

∂

∂Bs

+ js
∂

∂js
+ ρ

∂

∂ρ
,

Xλ = eλ
∂

∂eλ
+mλ ∂

∂mλ
− 4f λ ∂

∂f λ
,

Xν = eν
∂

∂eν
+mν ∂

∂mν
− 4f ν ∂

∂f ν
.

(4.4.16)

Then the Lie group admitted by the Vlasov–Maxwell equations (4.1.1)–(4.1.3) be-
comes infinite and its general element X depends on 3k+9 arbitrary scalar functions
of the 2k + 1 group variables eα , mα , and c:

X =
6

∑

α=0

Aα(e
α,mα, c)Xα + b(eα,mα, c)Y + g(eα,mα, c)Z

+
k

∑

μ=2

Aμ(e
α,mα, c)Xμ +

k
∑

λ=1

Aλ(e
α,mα, c)Xλ +

k
∑

ν=1

Aν(e
α,mα, c)Xν.

(4.4.17)
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4.5 Symmetry of Vlasov–Maxwell Equations in Lagrangian
Variables

This section is devoted to calculation of the symmetry group for the system of equa-
tions (4.1.5)–(4.1.7) that presents the Lagrangian formulation of the known Vlasov–
Maxwell equations (4.1.1)–(4.1.3). The infinitesimal operator of the admitted local
group of point one-parameter transformations in a standard form

X = ξ1 ∂

∂t
+ ξ2 ∂

∂r
+ ξ3 ∂

∂w
+

∑

α

η1α ∂

∂Nα
+

∑

α

η2α ∂

∂V α

+ η3 ∂

∂E
+ η4 ∂

∂B
+ η5 ∂

∂j
+ η6 ∂

∂ρ
, (4.5.1)

where coordinates ξ i and ηk depend upon t , r , w, Nα , V α , E, B , j and ρ. In the
canonical form this operator is given as:

Y =
∑

α

κ
1α ∂

∂Nα
+ −→κ 2α ∂

∂V α + −→κ 3 ∂

∂E
+ −→κ 4 ∂

∂B
+ −→κ 5 ∂

∂j
+ κ

6 ∂

∂ρ
,

κ
1α = η1α − DNα, −→κ 2α = η2α − DV α,

−→κ 3 = η3 − DE, −→κ 4 = η4 − DB,

−→κ 5 = η5 − Dj , κ
6 = η6 − Dρ,

D ≡ ξ1∂t − (ξ2 · ∇r)− (ξ3 · ∇w).

(4.5.2)

The current and charge densities in (4.1.6) are moments of functions Nα and V α

and, similar to electric and magnetic fields in Maxwell equations (4.1.3), do not
depend upon the plasma particles velocity. This lead to additional differential con-
straints

Ew = 0; Bw = 0; jw = 0; ρw = 0, (4.5.3)

that are obvious from the physical point of view, however essential for calculating
symmetries of Vlasov–Maxwell equations.

Following the procedure, fulfilled in the preceding section, we obtain the continu-
ous Lie point transformation group for Vlasov–Maxwell equations (with Lagrangian
velocity), which we present in a non-canonical form (compare to (4.4.5), (4.4.13) in
Sect. 4.4)

P0 = i
∂

∂t
, P = i

∂

∂r
,
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B = r
∂

∂t
+ c2t

∂

∂r
− c

[

B × ∂

∂E

]

+ c

[

E × ∂

∂B

]

+ c2ρ
∂

∂j
+ j

∂

∂ρ

+
∑

α

(

NαV α∂Nα + c2∂V α − V α

(

V α · ∂

∂V α

))

,

R =
[

r × ∂

∂r

]

+
[

V α × ∂

∂V α

]

+
[

E × ∂

∂E

]

+
[

B × ∂

∂B

]

+
[

j × ∂

∂j

]

,

D = t
∂

∂t
+ r

∂

∂r
− 2

∑

α

Nα ∂

∂Nα
− E

∂

∂E
− B

∂

∂B
− 2j

∂

∂j
− 2ρ

∂

∂ρ
,

X∞ = ξ
∂

∂w
−

(

5
(w · ξ)
c2

γ 2 + (∇w · ξ)
)

∑

α

Nα ∂

∂Nα
.

(4.5.4)

The operators in (4.5.4) has a simple physical interpretation: Pμ = (P0,P), where
μ= 0,1,2,3, specify translation in time and translation along the three components
of radius-vector r , B defines Lorentz transformations, consisting of hyperbolic rota-
tions (boosts) in the {ct, r} and {cρ,j} planes, linear-fractional transformations of
the velocity V α , transformations of the density Nα and transformations of compo-
nents of the 4-tensor of the electromagnetic field (see, e.g., §24, 25 in [15]), while R
specifies circular rotations. These ten (scalar) operators define the Poincaré group:3

L10 = 〈P0,P,B,R〉.
In (4.5.4) this is supplemented by the operator D, specifying dilations, and the op-
erator of the infinite subgroup X∞ (see also [16] and [17] (p. 419, vol. 2)), speci-
fying the consistent transformations of Lagrangian velocity and the density of the
plasma particles. Thus, provided parameters eα,mα and c are not involved in trans-
formations the continuous Lie point group, admitted by Vlasov–Maxwell equations
with Lagrangian velocity, is defined by the 11-dimensional subalgebra, specified
by the algebra L10 of the Poincaré group and the one-dimensional algebra with
the dilation operator D, and the infinite-dimensional subalgebra with the opera-
tor X∞.

To end of this section we prolong the generators (4.5.4) to the space of Fourier
variables for functions, independent of Lagrangian velocity w. From a point of ini-
tial representation, specifying of the Fourier transformation, say, of a charge density

ρ̃(ω,k)=
∫

dt drρ(t, r) exp(iωt − ikr), (4.5.5)

3Frequently the six operators specifying hyperbolic and circular rotations in (c2t, xk) and (xj , xk)

planes, respectively (j, k = 1,2,3; r = (x1, x2, x3)), are written in a universal form using the
operators Mμν , where M0k = iB0k and Mjk = iRjk . The three operators (M23,M31,M12) are
components of the vector-operator M = [r × P].
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is equivalent to introduction of a new non-local variable. Similar to Sect. 4.2.4 to ful-
fill the procedure of prolongation of Lie point group operator (4.5.1) on a non-local
variable, we rewrite down this operator in the canonical form (4.5.2) and formally
prolong it on the non-local variable ρ̃(ω,k)

Ỹ ≡ Y + κ̃
6 ∂

∂ρ̃
. (4.5.6)

The integral relation between κ
6 and κ̃

6 results while applying the operator (4.5.2)
to (4.5.5). Here we consider it as the definition of the variable ρ̃

κ̃
6 =

∫

dt drκ
6 exp(iωt − ikr). (4.5.7)

Substituting κ
6 from (4.5.5), (4.5.6) into (4.5.7) and calculating the integrals ob-

tained (integrating by parts), we get the desired coordinate κ̃
6. For example, for

the operator of time translations P0 the coordinate κ
6 = −iρt after substitution into

(4.5.5) yields the following expression for the coordinate κ̃
1e = −ωρ̃ in Fourier

variables. Other coordinates of a canonical operator are calculated in a similar way.
Inserting these results into (4.5.6), restricting the group to Fourier variables not con-
taining dependencies upon Lagrangian velocity w (i.e. leaving in (4.5.7) only the
contributions responsible for transformation of these variables in Fourier represen-
tation) and returning back to non-canonical representation, we obtain the following
set of operators for 11-parametric Lie point group in {ω,k} representation (see also
[16])

P̃0 = −ω

(

Ẽ
∂

∂Ẽ
+ B̃

∂

∂B̃
+ j̃

∂

∂ j̃
+ ρ̃

∂

∂ρ̃

)

;

P̃ = k

(

Ẽ
∂

∂Ẽ
+ B̃

∂

∂B̃
+ j̃

∂

∂ j̃
+ ρ̃

∂

∂ρ̃

)

;

B̃ = c2k
∂

∂ω
+ω

∂

∂k
− c

[

B̃ × ∂

∂Ẽ

]

+ c

[

Ẽ × ∂

∂B̃

]

+ c2ρ̃
∂

∂ j̃
+ j̃

∂

∂ρ̃
;

R̃ =
[

k,
∂

∂k

]

+
[

Ẽ × ∂

∂Ẽ

]

+
[

B̃ × ∂

∂B̃

]

+
[

j̃ × ∂

∂ j̃

]

;

D̃ = −ω
∂

∂ω
− k

∂

∂k
+ 3Ẽ

∂

∂Ẽ
+ 3B̃

∂

∂B̃
+ 2j̃

∂

∂ j̃
+ 2ρ̃

∂

∂ρ̃
.

(4.5.8)

Formulas (4.5.8) supplement the group (4.5.4) by the appropriate transformations of
variables in Fourier-space. For example, Lorentz transformations with the operator
B are supplemented with hyperbolic rotations in {ω,ck} and {cρ̃, j̃} planes and
transformations of the 4-tensor of the Fourier-components of the electromagnetic
field.
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4.6 Vlasov-Type Equations: Symmetries of the Benney
Equations

4.6.1 Different Forms of the Benney Equations

The Benney equations referred to by the name of the author of a pioneering work
[18] appear in long wavelength hydrodynamics of an ideal incompressible fluid of
a finite depth in a gravitational field. From the group theoretical point of view they
are of particular interest due to the existence of an infinite set of conservation laws
obtained in [18]. The latter property of the Benney equations emphasizes their sig-
nificance that goes far beyond an interesting example of an integrable system of
hydrodynamic equations.

In practice, the Benney equations are used in various representation. One of them
is the kinetic Benney equation (a kinetic equation with a self-consistent field):

ft + vfx −A0
xfv = 0, A0(t, x)=

+∞∫

−∞
f (t, x, v)dv. (4.6.1)

This equation appears as a unique representative of a set of hierarchy of kinetic
equations of Vlasov-type [19]. A detailed study of its group properties will lead to
better understanding of the symmetry properties of kinetic equations of collisionless
plasma, namely the Vlasov–Maxwell equations.

Another form of the Benney equations is an infinite set of coupled equations

Ai
t +Ai+1

x + iA0
xA

i−1 = 0, i ≥ 0 (4.6.2)

for a countable set of functions Ai of two independent variables, time t and the
spatial coordinate x. In terms of hydrodynamics these functions appear as averaged
values (with respect to the depth) of integer powers i ≥ 0 of the horizontal com-
ponent of the liquid flow velocity. The corresponding integrals that describe this
averaging are taken over the vertical coordinate in the limits from the flat bottom up
to the free liquid surface. Solutions, Hamiltonian structure and conservation laws
for (4.6.2) were discussed in details in [20, 21].

From the kinetic point of view the system (4.6.2) can be treated as a system of
equations for moments of the distribution function f that obeys the kinetic Benney
equation (4.6.1)

Ai(t, x)=
+∞∫

−∞
vif dv, i ≥ 0. (4.6.3)

This fact with the explicit formulation of the Benney equation (4.6.1) was first stated
independently in [22, 23]. The Lagrangian change of the Euler velocity v,

v = V (t, x,u) (4.6.4)

yields one more representation for Benney equations (4.6.1):

ft + Vfx = 0, Vt + VVx = −A0
x, A0(t, x)=

∫

Vuf (t, x,u)du. (4.6.5)
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Equations (4.6.3) are readily converted into the hydrodynamic-type form

nt + (nV )x = 0, Vt + VVx = −A0
x, A0 =

∫

n(t, x,u)du, (4.6.6)

if one employs the “density” n depending on the Lagrangian velocity u:

n= f (t, x,u)Vu. (4.6.7)

Using the form (4.6.6) of the Benney equations an infinite set of conservation laws
were constructed in [22] with the densities regarded as functions of the Lagrangian
velocity u.

The knowledge of the complete Lie–Bäcklund symmetry for the Benney equa-
tions in different representations (4.6.1)–(4.6.6) can clarify the question of structure
of solutions and conservation laws for these equations. This statement is partially
confirmed by the fact that one of the main results of the works [20, 21], namely
the higher order Benney equations, can be re-formulated in terms of the first order
Lie–Bäcklund group, admitted by the system (4.6.2). Unfortunately, the complete
description of the Lie–Bäcklund symmetry for (4.6.2) is not available in the liter-
ature. This section is devoted to calculating an infinite (countable) part of the Lie
point symmetries of the moment equations (4.6.2).

4.6.2 Lie Subgroup and Lie–Bäcklund Group: Statement
of the Problem

A Lie subgroup, admitted by the kinetic Benney equation (4.6.1) in the space of four
variables

t, x, v, f (4.6.8)

is defined by five basic infinitesimal operators

X1 = ∂

∂t
, X2 = ∂

∂x
, X3 = t

∂

∂x
+ ∂

∂v
,

X4 = t
∂

∂t
− v

∂

∂v
− f

∂

∂f
, X5 = x

∂

∂x
+ v

∂

∂v
+ f

∂

∂f
.

(4.6.9)

With the less computation difficulties this group can be obtained using the approach
developed in Sect. 4.3.1.

Prolongation of infinitesimal operators (4.6.9) on nonlocal variables (4.6.3) ex-
tends the set of variables (4.6.8) up to a countable set

t, x, v, f, A0, . . . , Ai, . . . . (4.6.10)

In the latter case infinitesimal operators (4.6.9) rewritten in the canonical form and
restricted on the sub-manifold

t, x, A0, . . . , Ai, . . . (4.6.11)
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are given by the following expressions

X1 =
∞
∑

i=0

(

Ai+1
x + iAi−1A0

x

) ∂

∂Ai
; X2 =

∞
∑

i=0

Ai
x

∂

∂Ai
;

X3 =
∞
∑

i=0

(

iAi−1 − tAi
x

) ∂

∂Ai
;

X4 =
∞
∑

i=0

[

(i + 2)Ai − t (Ai+1
x + iAi−1A0

x)
] ∂

∂Ai
;

X5 =
∞
∑

i=0

[

(i + 2)Ai − xAi
x

] ∂

∂Ai
.

(4.6.12)

It can be easily checked that infinitesimal operators (4.6.12) are admitted by Benney
equations (4.6.2) and it goes without saying that they directly result from the group
analysis of Benney equations (4.6.2). Just in this way (i.e., using the method of
moments) infinitesimal operators (4.6.9) were first obtained in [19] by using non-
canonical form of infinitesimal operators (4.6.12) with the subsequent passage to
the representation (4.6.9) in the space of variables (4.6.10).

4.6.3 Incompleteness of the Point Group: Statement of the Problem

It is evident, however, that the subgroup (4.6.12) does not exhaust the complete
group symmetry of Benney equations (4.6.2). The incompleteness of the result
(4.6.12) is obvious form many points of view. Here we shall only point on the non-
conformity of finite dimension of the algebra (4.6.12) to the infinite set of conserva-
tion laws for Benney equations, and on the infinite extension of the point symmetry
group for Benney equations in the form of (4.6.5), (4.6.6) with Lagrangian veloc-
ity. Here of principle significance for us is the following statement [24]: the group
(4.6.12) is incomplete not only from the standpoint of Lie–Bäcklund symmetry for
Benney equations but also from the standpoint of the Lie point symmetry. The va-
lidity of the statement can be proved by direct solving of determining equations for
the first order Lie–Bäcklund group (contact group, that is not reduced to point one)

Dt(κ
i )+Dx(κ

i+1)+ iAi−1Dx(κ
0)+ iA0

xκ
i−1 = 0, i ≥ 0, (4.6.13)

where coordinates κ
i of canonical operator

X =
∞
∑

i=0

κ
i ∂

∂Ai
, (4.6.14)

depend upon the countered set of group variables

t, x; A0, . . . , Aj , . . . ; A0
x, . . . , A

j
x, . . . ; j ≥ 0. (4.6.15)

To prove the above statement one can consider only partial solutions of determining
equations (4.6.12)

κ
i = ηi(A0, . . . ,Aj , . . .); i, j ≥ 0, (4.6.16)
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that depend upon moments Aj , j ≥ 0, and does not depend upon t , x. It appears
that thanks to these infinitesimal operators (4.6.14), (4.6.16) an infinite extension of
the group (4.6.12) takes place. Now the problem is to find these operators.

4.6.4 Determining Equations and Their Solution

Before proceeding further we write determining equations of first-order Lie–
Bäcklund group, admitted by a more infinite system of coupling equations for func-
tions Ai(t, x) with the arbitrary element ϕ(A0)

Ai
t +Ai+1

x + iAi−1[ϕ(A0)
]

x
= 0, i ≥ 0. (4.6.17)

For the coordinates κ
i of canonical infinitesimal operator (4.6.14) the following

chains of determining equations are valid which result from splitting (4.6.17) with
respect to second derivatives:

κ
i+1
A0
x

+ iϕ1A
i−1

κ
0
A0
x
=

∞
∑

j=0

jϕ1A
j−1

κ
i

A
j
x

, i ≥ 0;

κ
i+1
A
j
x

+ iϕ1A
i−1

κ
0
A
j
x

= κ
i

A
j−1
x

; i ≥ 0, j ≥ 1,

κ
i
t + κ

i+1
x + iϕ1A

i−1
κ

0
x +A0

x

(

iϕ1κ
i−1 + iϕ2A

i−1
κ

0)

+
∞
∑

j=0

[

iϕ1A
i−1A

j
xκ

0
Aj − (

A
j+1
x + jϕ1A

0
xA

j−1)
κ
i
Aj +A

j
xκ

i+1
Aj

]

−
∞
∑

j=0

jA0
x

(

ϕ1A
j−1
x + ϕ2A

0
xA

j−1)
κ
i

A
j
x

= 0, i ≥ 0.

(4.6.18)

Here ϕ1 and ϕ2 are the first and the second derivatives of the function ϕ with re-
spect to its argument. From the various standpoints at list three distinct values of
the function ϕ are specified. In case ϕ(A0)= A0 we come to kinetic Benney equa-
tions (4.6.2), whereas for ϕ = a(A0)2 extension of the admitted point group takes
place thanks to projective transformations in t, x-plane (see [19]). For ϕ = a lnA0

the corresponding kinetic equation

ft + vfx − a
A0
x

A0
fv = 0, A0 =

+∞∫

−∞
dvf, (4.6.19)

that gives rise to the discussed system of equations for moments, is of special in-
terest in plasma theory. It appears as the equation for the distribution function of
plasma ions, while electrons obey the Boltzmann distribution. More complicated
dependencies of ϕ(A0) upon A0 can also be of interest in plasma physics for non-
Boltzmann distribution functions for hot electrons. Equation (4.6.19) was studied in
details in [25].
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For the Benney equations (4.6.2) the determining equations (4.6.18) are rewritten
in the following form

κ
i+1
A0
x

+ iAi−1
κ

0
A0
x
−

∞
∑

j=0

jAj−1
κ
i

A
j
x

= 0, i ≥ 0,

κ
i+1
A
j+1
x

− κ
i

A
j
x

+ iAi−1
κ

0
A
j+1
x

= 0, i ≥ 0, j ≥ 0.

κ
i
t + κ

i+1
x + iAi−1

κ
0
x +A0

x

⎛

⎝iκi−1 −
∞
∑

j=0

jAj−1
κ
i
Aj −

∞
∑

j=0

(j + 1)Aj
xκ

i

A
j+1
x

⎞

⎠

+ iAi−1
∞
∑

j=0

A
j
xκ

0
Aj +

∞
∑

j=0

A
j
xκ

i+1
Aj −

∞
∑

j=0

A
j+1
x κ

i
Aj = 0, i ≥ 0.

(4.6.20)

Under conditions (4.6.16) the determining equations (4.6.20) are split and reduced
to two infinite chains of equalities, namely one-dimensional (vector) and two-
dimensional (tensor):

ηi+1
A0 −

∞
∑

j=0

jAj−1ηi
Aj + iAi−1η0

A0 + iηi−1 = 0, i ≥ 0;

ηi+1
Ak+1 − ηi

Ak + iAi−1η0
Ak+1 = 0, i ≥ 0, k ≥ 0.

(4.6.21)

The apparent difficulty in analytical solving of the given system of determining
equations (4.6.21) is due to a “nonlocal” nature of the second term in the vector
chain in the form of an infinite sum with respect to index j ≥ 0. The measure of
this non-locality is characterized by a number of nonzero components of tensor ηij .
But in fact in case of an overdetermined system (4.6.21) we obtain a finite upper
value of the summation index j <∞, which depends upon the other index i of this
tensor.4 Then we come to a much more simplified (but equivalent) formulation of
the system (4.6.21)

ηi+1
A0 −

i−2
∑

j=0

jAj−1ηi
Aj + iηi−1 = 0, ηi+1

Ai = 0, i ≥ 0;

ηi+1
Ak+1 = ηi

Ak , ηi
Ai+k = 0, i ≥ 0, k ≥ 0.

(4.6.22)

Before proceeding to enumerating all solutions of the system of determining equa-
tions (4.6.22), we present here yet another form of the chain in (4.6.22)

ηi+1
A0 −

i−2
∑

j=0

jAj−1η
i−j

A0 + iηi−1 = 0, i ≥ 0. (4.6.23)

This form can be employed to clarify the general structure of these solutions on
basis of the corresponding generating functions.

4For more details we refer the reader to [24].
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4.6.5 Discussion of the Solution of the Determining Equations

The integrability procedure in itself for determining equations (4.6.22) is of no dif-
ficulties. For example the first six coordinates ηi (0 ≤ i ≤ 5) of the desired infinites-
imal operator (4.6.14), (4.6.16) are given by the following formulas for the general
solutions of determining equations (4.6.22) that depend upon six arbitrary constants
Cj (0 ≤ j ≤ 5) and are described by polynomials in moments Al

η0 = C0, η1 = C1, η2 = C2 −C0A0, η3 = C3 − 2C1A0 −C0A1,

η4 = C4 − 3C2A0 − 2C1A1 +C0[−A2 + (A0)2
]

, (4.6.24)

η5 = C5 − 4C3A0 − 3C2A1 +C1[−2A2 + 3(A0)2
] +C0(−A3 + 2A0A1).

It appears that the polynomial dependence of any solution ηi of determining equa-
tions (4.6.22) upon moments Aj is a general property of components of the vector
ηi for any i ≥ 0. The example (4.6.24) demonstrates that the procedure of obtaining
solutions of determining equations (4.6.22) is reduced to their enumeration. To be
concrete, we assume the following scheme of indicating of the k-th basic solution
ηik of determining equations (4.6.22) for the coordinate ηi :

ηik =
⎧

⎨

⎩

0, i < k;

1, i = k;

0, i = k+1;

[

ηik
] = i − k, i ≥ k + 2; i, k ≥ 0. (4.6.25)

In the solutions (4.6.25) this scheme demands quit definite choice of values of inte-
gration constants Cj in the form of Kronecker symbols

Cj = δjk; j, k ≥ 0. (4.6.26)

The last of the four equalities for ηik in (4.6.25) (in square brackets) indicates the
homogeneity degree (i − k) of the polynomial “tail” of the solution ηi for i ≥ k+ 2
in accordance with the attributed to any of the moments Ai of the order i the homo-
geneity degree, which is equal to positive number (i + 2) (see e.g. [20])

[

Ai
] = i + 2, i ≥ 0. (4.6.27)

For instance, the component η5
1 of the basis solution ηi1 of determining equations

(4.6.22) in accordance with (4.6.24), (4.6.25) and (4.6.26) has the homogeneity de-
gree equal to four

η5
1 = −2A2 + 3(A0)2; [

η5
1

] = 4. (4.6.28)

The indexing of the presented infinite (countable) vectors ηi by one more integral
number k ≥ 0 yields the desired representation of all linear independent solutions of
determining equations (4.6.22) in the form of tensor of the second rank (matrix) ηik ,
in which the lower index k ≥ 0 indicates the index of the basis infinitesimal operator
in the general element of an infinite Lie algebra under consideration

X =
∞
∑

i,k=0

Ckηik
∂

∂Ai
. (4.6.29)
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Under the conditions (4.6.25) the integration of determining equations (4.6.22) for
the given basis vector ηik for a fixed value k ≥ 0 is carried out with boundary condi-
tions, that are imposed by requirements (4.6.25) in a single way.

The representation of matrix ηik for different lines are as follows (i is the column
number, k is the line number)

ηik = {0, . . . ,0,1,0,−(k + 1)A0,−(k + 1)A1, . . .}. (4.6.30)

Here zeroes preceding unity describe matrix elements, which exist only for i < k,
i.e. which are located below the principle diagonal i = k, that contains only units.
The first nearest upper off-diagonal i = k+1 also contains only zeroes. Expressions
for elements from the second i = k + 2 and the third i = k + 3 upper off-diagonals
are given in (4.6.30) explicitly: they contain monomials, the homogeneity degree of
which is equal to 2 and 3 respectively, while the numerical coefficient (k + 1) is
defined by the line number.

In general, any one of the nonzero off-diagonals i = k+ s with the number s ≥ 2
is presented by polynomials with the homogeneity degree equal to s. This “line
scheme” (4.6.30) is readily illustrated by a pictorial rendition of elements of the
high left block of the discussed matrix (0 ≤ i ≤ 5, 0 ≤ k ≤ 3)

ηik =

⎛

⎜
⎜
⎜
⎝

1 0 −A0 −A1 −A2 + (A0)2 −A3 + 2A0A1 . . .

0 1 0 −2A0 −2A1 −2A2 + 3(A0)2 . . .

0 0 1 0 −3A0 −3A1 . . .

0 0 0 1 0 −4A0 . . .

. . . . . . . . . . . . . . . . . . . . .

⎞

⎟
⎟
⎟
⎠
.

(4.6.31)

As a more illustrative example we present here the element ηi1 of the matrix (4.6.30)
with sufficiently high column number i = 10 and the homogeneity degree 9, that is
located in the line with k = 1 (the second from above)

η10
1 = −2A7 + 6A5A0 + 6A4A1 + 6A3A2 − 12A3(A0)2

− 24A2A1A0 − 4(A1)3 + 20A1(A0)3. (4.6.32)

4.6.6 Illustrative Example for Matrix Elements

A much more comprehensive idea of definite expressions of matrix elements ηik is
given by the following list of elements (with the previous result included) of the first
11 columns (0 ≤ i ≤ 10) and 4 lines (0 ≤ k ≤ 3) of matrix ηik , which define the k-th
basic solution of determining equations (4.6.22) for vectors ηik of the canonical in-
finitesimal operator (4.6.14), (4.6.16). The lower index “k” is omitted for simplicity.

(0) k = 0; η0 = 1, η1 = 0, [ηi] = i, i ≥ 2.

η2 = −A0,

η3 = −A1,
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η4 = −A2 + (A0)2,

η5 = −A3 + 2A0A1,

η6 = −A4 + 2A0A2 + (A1)2 − (A0)3,

η7 = −A5 + 2A0A3 + 2A2A1 − 3A1(A0)2,

η8 = −A6 + 2A0A4 + 2A3A1 + (A2)2 − 3A2(A0)2

− 3A0(A1)2 + (A0)4,

η9 = −A7 + 2A0A5 + 2A4A1 + 2A3A2 − 3A3(A0)2

− 6A0A1A2 − (A1)3 + 4A1(A0)3,

η10 = −A8 + 2A0A6 + 2A5A1 +A4[2A2 − 3(A0)2] +A3[A3 − 6A0A1]
+A2[−3(A1)2 − 3A0A2 + 4(A0)3] + 6(A1)2(A0)2 − (A0)5.

(1) k = 1; η0 = 0, η1 = 1, η2 = 0, [ηi] = i − 1, i ≥ 3.

η3 = −2A0,

η4 = −2A1,

η5 = −2A2 + 3(A0)2,

η6 = −2A3 + 6A0A1,

η7 = −2A4 + 6A0A2 + 3(A1)2 − 4(A0)3,

η8 = −2A5 + 6A0A3 + 6A2A1 − 12A1(A0)2,

η9 = −2A6 + 6A0A4 + 6A3A1 +A2[3A2 − 12(A0)2]
− 12A0(A1)2 + 5(A0)4,

η10 = −2A7 + 6A0A5 + 6A4A1 + 6A3[A2 − 2(A0)2]
− 24A0A1A2 +A1[−4(A1)2 + 20(A0)3].

(2) k = 2; η0 = 0, η1 = 0, η2 = 1, η3 = 0, [ηi] = i − 2, i ≥ 4.

η4 = −3A0,

η5 = −3A1,

η6 = −3A2 + 6(A0)2,

η7 = −3A3 + 12A0A1,

η8 = −3A4 + 12A0A2 + 6(A1)2 − 10(A0)3,

η9 = −3A5 + 12A0A3 + 12A2A1 − 30A1(A0)2,

η10 = −3A6 + 12A0A4 + 12A3A1 + 6(A2)2

− 30A0(A1)2 + 15(A0)4 − 30A2(A0)2.

(3) k = 3; η0 = 0, η1 = 0, η2 = 0, η3 = 1, η4 = 0, [ηi] = i − 3, i ≥ 5.

η5 = −4A0,

η6 = −4A1,

η7 = −4A2 + 10(A0)2,
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η8 = −4A3 + 20A0A1,

η9 = −4A4 + 20A0A2 + 10(A1)2 − 20(A0)3,

η10 = −4A5 + 20A0A3 + 20A2A1 − 60A1(A0)2.

To conclude, we present a result of calculation of the infinite (countable) part of
Lie point group admitted by the system of Benney equations — moment equations
(4.6.2). In standard (non-canonical representation) the point Lie group of Benney
equations (4.6.2) is described by the infinitesimal operator

X = ξ1 ∂

∂t
+ ξ2 ∂

∂x
+

∞
∑

i=0

ηi
∂

∂Ai
, (4.6.33)

where coordinates ξ and η obey the system of determining equations

ηi+1
A0 −

∞
∑

j=0

jAj−1ηi
A
j
x

+ iηi−1 + iAi−1(η0
A0 + ξ1

t − ξ2
x

)

+ (i + 1)Aiξ1
x − ξ2

t δi,0 = 0,

ηi+1
Ak+1 − ηi

Ak + iAi−1(η0
Ak+1 + ξ1

x δ0,k
)

+ (ξ1
t − ξ2

x )δi,k + ξ1
x δi+1,k − ξ2

t δi,k+1 = 0,

ηit + ηi+1
x + iAi−1η0

x = 0, i, k ≥ 0.

(4.6.34)

Determining equations (4.6.34) result from (4.6.20) in account of relationships be-
tween coordinates of infinitesimal operators (4.6.33) and (4.6.14)

κ
i = ηi + ξ1(Ai+1

x + iAi−1A0
x)− ξ2Ai

x. (4.6.35)

Infinitesimal operators (4.6.12), that were presented above, gives rise to the follow-
ing coordinates

ξ1 =K4 +K5t, ξ2 =K1 +K2t +K3x,

ηi = iAi−1K2 + (i + 2)Ai(K3 −K5).
(4.6.36)

The problem of finding coordinates of the operator (4.6.33) was first treated in [19],
where only these solutions, namely (4.6.9), (4.6.12) and (4.6.36), were described.
The main result described in Sect. 4.6 is that point symmetries of Benney equations
(4.6.2) are exhausted by formulas (4.6.12) and solutions of determining equations
(4.6.22), i.e. determining equations (4.6.34) do not have any other solutions. Solu-
tions of determining equations (4.6.22) which are responsible for the infinite part of
the point group probably have not been known so far [24].

As a next step it seems intriguing to generalize the result (4.6.35), i.e. to find the
first order Lie–Bäcklund group admitted by Benney equations (4.6.2) with coordi-
nates κ

i of the canonical infinitesimal operator (4.6.14), that has the linear form

κ
i = ηi +

∞
∑

j=0

ηi,jA
j
x, i ≥ 0. (4.6.37)
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Though the unique existence of the linear form (4.6.37) as well as the complete
solution of determining equations5 for the tensor ηi,j has not yet been obtained, all
known facts are in agreement with this linear form. In particular, results of [20, 21]
mentioned above are consistent with the following expression for the tensor ηi,j of
the linear form

η
i,j
s =

∞
∑

k=0

kHs
Akδi+k,j+1 + s

s−j−2
∑

k=0

(i + k)Ai+k−1Hs−1
Aj+k+1; i, j, s ≥ 0.

(4.6.38)

Here s is the number of the basis solution (similar to that used for ηi in (4.6.28)),
Hs is a polynomial of the homogeneity degree (s + 2) in moments Ai . Compat-
ibility conditions for determining equations for the tensor ηi,j give rise to many
relationships for Hs , for example

∞
∑

j=0

jAj−1Hs
Aj = sHs−1, s ≥ 0. (4.6.39)

An explicit form for the polynomial H 7 is presented below just to illustrate the
aforesaid

H 7 =A7 + 7A5A0 + 7A4A1 + 7A3A2 + 21A3(A0)2 + 42A2A1A0

+ 7(A1)3 + 35A1(A0)3. (4.6.40)

Comparison between formulas (4.6.32) and (4.6.40) shows that they differ only in
numerical values (and signs) of coefficients. The generating function for polynomi-
als Hs is given in [20, 21]. So constructing of a recursion operator, which relates
solutions of determining equations (4.6.22) for the point group to the solutions of
the determining equations for the first order Lie–Bäcklund symmetry defined by the
linear form (4.6.37) with coefficients given by (4.6.38) in particular is of principal
interest.

4.7 Symmetries in Application to Plasma Kinetic Theory.
Renormalization Group Symmetries for Boundary Value
Problems and Solution Functionals

The above Sects. 4.3–4.6 deal with calculating symmetries for systems of integro-
differential (nonlocal) equations while this section gives illustrations of symmetry
applications to problems of mathematical physics with nonlocal equations.

5For simplicity these equations are omitted here.
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4.7.1 Introduction to Renormgroup Symmetries

In mathematical physics a solution of a physical problem usually appears as a so-
lution of some boundary value problem. Note that the symmetry of boundary value
problem solutions is closely related to RenormGroup (RG) symmetry, introduced in
mathematical physics in the beginning of the 1990s [26, 27] (see also reviews [28,
29, 32]). As for the notion of Renormalization Group, or briefly RenormGroup, this
was imported to mathematical physics from the most complicated part of theoretical
physics, quantum field theory. Recall that the (Lie transformation) group structure
discovered by Stueckelberg and Petermann in the early 1950s in calculation results
in renormalized quantum field theory and the exact symmetry of solutions related
to this structure were used in 1955 by Bogoliubov and Shirkov to develop a reg-
ular method for improving approximate solutions of quantum field problems, the
RG method. This method is based on the use of the infinitesimal form of the exact
group property of a solution to improve a perturbative (that is, obtained by means
of the perturbation theory) representation of this solution. The improvement of the
approximation properties of a solution turns out to be most efficient in the presence
of a singularity, because the correct structure of the singularity is then recovered.

In extending the RG conceptions in quantum field theory to boundary value prob-
lems of classical mathematical physics the main achievement was the development
of a regular algorithm (see the reviews [28–32]) for finding symmetries of the RG
type by means of the modern group analysis. The existence of such an algorithm
eliminates the usual deficiency of the RG approach beyond the scope of quantum
field theory problems: finding the group property of solutions requires using special-
purpose methods of analysis, usually nonstandard, in each particular case. The new
algorithm has the same aim of finding an improved solution (in comparison with the
initial approximate solution) as the algorithm of Bogoliubov’s RG method, but in
finding symmetries of a solution of a boundary value problem it uses a scheme of
calculations similar to that of the modern group analysis. The attribute ‘renormal-
ization group’ thus points to similarities existing between these symmetries and the
symmetries in quantum field theory related to the operation of renormalization of
masses and charges (coupling constants).

Initially [26, 28, 29], applying the RG algorithm was mainly limited to problems
based on differential equations, although this algorithm can be used formally in any
problem for which a regular way of calculating symmetries for the basic equations
can be specified. Hence, transition to such objects, which until recently were not a
subject of group analysis, in particular, to integral and integro-differential equations,
essentially expands the area of the RG symmetry applications [30–32].

In problems with involved equations, e.g., in transfer theory with integro-dif-
ferential Boltzmann equation or in quantum field theory with an infinite chain of
coupled integro-differential Dyson–Schwinger equations, only some solution com-
ponents or their integrated characteristics satisfy a sufficiently simple symmetry.
Thus, in the one-velocity plane transfer problem, the RG property is related [33] to
the asymptotics of the “density of particles, moving deep into the medium” n+(x),
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x → ∞, not entering the Boltzmann equation.6 In such problems, integral relations
form the problem skeleton. But they can appear as some independent objects for
applying the RG symmetry constructed for solutions of differential equations. Fre-
quently, not the solution itself in its entire range of the variables and parameters but
rather some integral characteristic, a solution functional, is of physical interest. This
characteristic can appear, for example, as a result of averaging (integrating) over
one of the independent variables or of transition to a new integral representation, for
example, a Fourier representation.

This section is structured as follows. In Sect. 4.7.2, one finds an introductory ex-
ample of the RG algorithm in mathematical physics, illustrated by a solution of a
simple boundary value problem. In Sect. 4.7.3, a general scheme for constructing the
RG algorithm, valid for models with both local (differential) and nonlocal terms, in-
cluding integral and integro-differential equations, is described. Section 4.7.4 gives
several examples of application of the RG algorithm.

4.7.2 RG Symmetry: An Idea of Construction and Its Simple
Realization

We preface the description of the RG algorithm with the following simple argument.
Let the Lie group G with generator

X = ξ t
∂

∂t
+ ξx

∂

∂x
+ η

∂

∂y
(4.7.1)

be defined for the system of the first-order partial differential equations

yt = F (t, x, y, yx) . (4.7.2)

The typical boundary value problem for (4.7.2) is the Cauchy problem with bound-
ary manifold defined by

t = 0, y =ψ(x). (4.7.3)

Solution of this Cauchy problem is the G-invariant solution iff for any generator
(4.7.1), function ψ satisfies the equation [34, §29]

η(0, x,ψ)− ξx(0, x,ψ)ψx − ξ t (0, x,ψ)F (0, x,ψ,ψx)= 0. (4.7.4)

The solution of Cauchy problem (4.7.2), (4.7.3) coincides with orbit of the group G,
and the boundary manifold is not the invariant manifold of the group.

This example gives an instructive idea for constructing generators of RG sym-
metries. The milestones here are (a) considering the boundary value problem in the
extended space of group variables that involve parameters of boundary conditions
in group transformations, (b) calculating the admitted group using the infinitesimal

6This is representable as the integral
∫ 1

0 n(x,ϑ)d cosϑ of the kinetic equation solution n(x,ϑ).
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approach, (c) checking the invariance condition akin to (4.7.4) to find the symme-
try group with the orbit that coincides with the boundary value problem solution,
and (d) using the RG symmetry to find the improved (renormalized) solution of the
boundary value problem.

The complete algorithm [28, 29, 31, 32] will be described in detail in the next
section; here we only give a general grasp of the problem using a trivial example,
the boundary value problem for the Hopf equation

vt + vvx = 0, v(0, x)= εU(x), (4.7.5)

where U is an invertible function of x and the parameter ε defines the initial am-
plitude at the boundary t = 0. For small values of t � 1/ε, i.e., near the boundary,
t → 0, a perturbation theory (PT) solution of (4.7.5) has the form of a truncated
power series in εt ,

v = εU − ε2tUUx +O
(

t2
)

. (4.7.6)

It is obvious that this solution is invalid for large distances from the boundary, when
εtUx � 1. The RG symmetry gives a way to improve the perturbation theory result
and restore the correct structure of the boundary value problem solution in the vicin-
ity of a singularity (in the event that such singularity appears for some finite value
of t).

It is convenient to introduce the new function u = v/ε and rewrite (4.7.5) in the
form

ut + εuux = 0, u(0, x)=U(x). (4.7.7)

In order to calculate the renormgroup symmetries, we add the parameter ε to the
list of the independent variables and consider the manifold (termed in general the
basic manifold) given by (4.7.7) in the space of variables {t, x, ε, u,ut , ux}. Then
we calculate the generator

X = ξ t
∂

∂t
+ ξx

∂

∂x
+ ξε

∂

∂ε
+ η

∂

∂u
(4.7.8)

of the group admitted by the first equation in (4.7.7) and obtain the following coor-
dinates of the generator (4.7.8):

ξ t =ψ1, ξx = εuψ1 +ψ2 + x(ψ3 +ψ4), ξ ε = εψ4, η = uψ3,

(4.7.9)

where ψi , i = 2,3,4, are arbitrary functions of ε, u, and x − εut and ψ1 being
an arbitrary function of all the group variables. These formulas define an infinite-
dimensional Lie algebra with four generators

X1 =ψ1
(
∂

∂t
+ εu

∂

∂x

)

, X2 =ψ2 ∂

∂x
,

X3 =ψ3
(

x
∂

∂x
+ u

∂

∂u

)

, X4 =ψ4
(

ε
∂

∂ε
+ x

∂

∂x

)

.

(4.7.10)
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Suppose that a particular solution of boundary value problem (4.7.7),

S ≡ u−W(t, x, ε)= 0,

which defines an invariant manifold of group (4.7.8), (4.7.9) is known. The corre-
sponding invariance condition evaluated on frame S is similar to (4.7.4):

XS|[S] ≡ (W − xWx)ψ
3 −Wxψ

2 − (εWε + xWx)ψ
4 = 0. (4.7.11)

The term with ψ1 does not give any input in (4.7.11) since it is proportional to
Wt + εWWx and vanishes on the solutions of (4.7.7). Equation (4.7.11) is valid
for all t . Hence, it remains valid for t → 0, when W is replaced with approximate
solution, which follows from (4.7.6),

W =U − εtUUx +O
(

t2
)

. (4.7.12)

In this limit, t → 0, condition (4.7.11) gives a relation between the ψi , i = 2,3,4
(no restrictions are imposed on ψ1), that can be easily prolonged on t �= 0,

ψ2 = −χ(ψ3 +ψ4)+ (u/Uχ)ψ
3, χ = x − εut, (4.7.13)

where the derivative Uχ should be expressed, due to the boundary condition, either
in terms of χ or u. By substituting (4.7.13) in (4.7.9), we obtain a group of a smaller
dimension with generators

R1 =ψ1
(
∂

∂t
+ εu

∂

∂x

)

,

R2 = uψ3
[
(

εt + 1/Uχ

) ∂

∂x
+ ∂

∂u

]

, (4.7.14)

R3 = εψ4
(

tu
∂

∂x
+ ∂

∂ε

)

.

The above procedure, which transforms (4.7.10) to (4.7.14), is the restriction of the
group (4.7.8) on a particular solution.

The boundary value problem solution defines a manifold, that, by construction,
turns to be invariant for any generator Ri . Hence, (4.7.14) defines the desired RG
symmetries. This means that the boundary value problem solution can be con-
structed by use any of generators in (4.7.14), the generator R3 for example. Without
loss of generality, we choose εψ4 = 1 and obtain the finite RG transformations (a is
a group parameter)

x′ = x + atu, ε′ = ε + a, t ′ = t, u′ = u, (4.7.15)

where t and u are invariants of the RG transformations while the transformations of
ε and x are translations, which also depend on t and u in the case of x. For ε = 0,
in view of (4.7.6), we have x = H(u), where H(u) is a function inverse to U(x).
Eliminating a, t, u from (4.7.15) and omitting the primes on variables, we obtain
the desired solution of boundary value problem (4.7.7) in the implicit form

x − εtu=H(u). (4.7.16)
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This in fact is the improved perturbation theory solution (4.7.6), which is valid not
only for small εt � 1, provided dependence (4.7.16) can be resolved uniquely. De-
pending upon H(u) it gives either proper singular behavior at some finite t → tsing

or correct asymptotic behavior at t → ∞.

Example 4.7.1 One example of the first option is the solution of the boundary value
problem for the linear function U(x)= x. This yields the solution v = εx(1+εt)−1,
which remains finite as t → ∞.

Example 4.7.2 For the second option, we can select, for instance, a sine wave
U(x) = − sinx at the boundary. Then solution (4.7.16) describes the well-known
distortion of the initial profile of a sine wave, transforming it into a saw-tooth shape
[35, Chap. 6, §1], with a singularity forming at a finite distance tsing = 1/ε from the
boundary.

We note that for finding solution (4.7.16) of the boundary value problem we use
only the known symmetry of the solution and the corresponding perturbation theory
(PT).

The peculiarity of the procedure for constructing RG symmetries is the multi-
choice first step, which depends on how the boundary conditions are formulated
and the form in which the admitted group is calculated. For example, instead of
calculating the Lie point symmetry group, we can consider the Lie–Bäcklund sym-
metries (see Sect. 1.5 in Chap. 1) with the canonical generator R = κ∂u, where κ

depends not only on t , x, ε, and u but also on higher-order derivatives of u. We
can seek κ in the form of a power series in ε, and invariance condition (4.7.11) is
formulated as vanishing of κ at t = 0. Depending on the choice of the zeroth-order
term representation, we obtain either an infinite or a truncated power series for κ,
for example, a form linear in ε,

R = κ
∂

∂u
, κ = 1 − ux

Ux(u)
− εtux. (4.7.17)

This RG generator (4.7.17) is equivalent to the Lie point generator R2 in (4.7.14)
and therefore gives the same result.

Another possibility for calculating RG symmetries for boundary value prob-
lem (4.7.7) is offered by taking some additional differential constraints consistent
with boundary conditions and input equations into account. For example, when the
boundary condition in (4.7.7) is linear in its argument, U(x) = x, the differential
constraint can be chosen as uxx = 0; this equality reflects the invariance of the orig-
inal equation with respect to the second-order Lie–Bäcklund symmetry group. Cal-
culating the Lie point symmetry group for the joint system of this constraint and
the Hopf equation gives another way to find RG symmetries for boundary value
problem (4.7.7).

The above example demonstrates the key features of the RG algorithm in mathe-
matical physics. The details of the general approach are discussed in the next sec-
tion.
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Fig. 4.1 Scheme of RG
algorithm

4.7.3 Renormgroup Algorithm

The general construction scheme of the RG algorithm (shown in Fig. 4.1) is given
as four consecutive steps [28–32]:

I. constructing the basic manifold RM ,
II. calculating the admitted (symmetry) group G ,

III. restricting it on the particular boundary value problem solution and constructing
RG , and

IV. seeking an analytic solution.

4.7.3.1 Basic Manifold RM

The initial issue is to construct the RG symmetry and appropriate transformations
that involve the parameters of partial solution. Therefore, the purpose of step I is
to include all the parameters, both from the equations and from the boundary con-
ditions on which a particular solution depends, in group transformations in one or
another way. This purpose is achieved by constructing a special manifold RM
given by a system that consists of s kth-order differential equations and q nonlocal
relations

Fσ (z,u,u(1), . . . , u(k))= 0, σ = 1, . . . , s, (4.7.18)

Fσ (z,u,u(1), . . . , u(r), J (u))= 0, σ = 1 + s, . . . , q + s. (4.7.19)

The nonlocal variables J (u) here are introduced by integral objects,

J (u)=
∫

F (u(z))dz. (4.7.20)

The presence of relations (4.7.19) in the system determining RM characterizes the
basic difference between the case of a nonlocal problem and the case of a boundary
value problem for differential equations, for which RM is a differential manifold.
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4.7.3.2 Admitted Group G

Step II is to calculate the widest admitted group G for system (4.7.18), (4.7.19). In
application to an RM defined only by system of differential equations (4.7.18), the
question is about a local group of transformations in a space of differential func-
tions A , for which system (4.7.18) remains unchanged. This group is defined by
the generator of form (4.7.8) prolonged on all higher-order derivatives,

X = ξ i
∂

∂zi
+ ηα

∂

∂uα
+ ζ αi

∂

∂uαi
+ ζ αi1i2

∂

∂uαi1i2

+ · · · , (4.7.21)

where ξ i([z,u]), ηα([z,u]) ∈ A and

ζ αi =Di(κ
α)+ ξjuαij , ζ αi1i2 =Di1Di2(η

α − ξ iuαi )+ ξjuαji1i2 .

Meanwhile, the classical Lie algorithm using the infinitesimal approach seems to
be inapplicable to a manifold RM set by system (4.7.18), (4.7.19). The issue is that
the RM in this case is not determined locally in the space of differential functions.
Therefore, the main advantage of the Lie computational algorithm, namely, repre-
sentation of the determining equations as an over-determined system of equations
is not realized here. Furthermore, the procedure for prolongation the group operator
of point transformations on nonlocal variables is not defined in the framework of
classical group analysis.

In modifying the RG algorithm, we rely on the direct method for calculating
symmetries described in Chaps. 2 and 4. Therefore, constructing the symmetries
for the nonlocal equations also appears as an algorithmic procedure. This is the
generalization of the second step of the algorithm to the case where RM is an
integral or integro-differential manifold.

4.7.3.3 Restriction of the Admitted Group on Solutions

The group G found in step II and determined by operators (4.7.21) is generally
wider than the RG of interest, which is related to a particular solution of a boundary
value problem. Hence, to obtain the RG symmetry, we need step III, restricting the
group G on a manifold determined by this particular solution. From the mathemat-
ical standpoint, this procedure consists in checking the vanishing conditions for a
linear combination of coordinates κ

α
j of a canonical operator equivalent to (4.7.21)

on some particular boundary value problem solution Uα(z),
{

∑

j

Aj
κ
α
j ≡

∑

j

Aj
(

ηαj − ξ iju
α
i

)
}

|uα=Uα(z)

= 0. (4.7.22)

The form of the condition set by relation (4.7.22) is common for any solution of the
boundary value problem, but how the restriction procedure of a group is realized
may differ in each partial case. In the general scheme (given at the beginning of the
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section), it is related to the dashed arrow connecting the “initial object” (a perturba-
tion theory solution of a particular boundary value problem) to the object arising as
a result of step III.

In calculating combination (4.7.22) on a particular solution Uα(z), the latter is
transformed from a system of differential equations for group invariants to algebraic
relations. Note two consequences of step III. First, the restriction procedure results
in a set of relations between Aj and thus “links” the coordinates of various group op-
erators Xj admitted by RM (4.7.18), (4.7.19). Second, it (partially or completely)
eliminates an arbitrariness that can arise in the values of the coordinates ξ i and ηα

in the case of an infinite group G .
As a rule, the procedure of restricting the group G reduces its dimension. After

performing this procedure a general element (4.7.21) of a new group RG is repre-
sented by a linear combination of new generators Ri with coordinates ξ̂ i and η̂α and
arbitrary constants Bj :

X ⇒ R =
∑

j

BjRj , Rj = ξ̂ ij
∂

∂xi
+ η̂αj

∂

∂uα
. (4.7.23)

The set of operators Rj , each containing the required solution of a problem in
the invariant manifold, defines a group of transformations RG , which we also call
RenormGroup.

4.7.3.4 Renormgroup Invariant Solutions

The three steps described above completely form the regular algorithm for con-
structing the RG symmetry, but to finish a final step is needed. This step IV uses the
RG symmetry operators to find analytic expressions for new, improved boundary
value problem solutions (compared with the input perturbative solution).

From the mathematical standpoint, realizing this step involves use of RG-inva-
riance conditions set by a joint system of equations (4.7.18) and (4.7.19) and the
vanishing conditions for a linear combination of the coordinates κ̂

α
j of the canonical

operator equivalent to (4.7.23),
∑

j

Rj
κ̂
α
j ≡

∑

j

Bj
(

η̂αj − ξ̂ ij u
α
i

) = 0. (4.7.24)

The need to use RM in constructing the boundary value problem solution is shown
in the scheme by the dashed arrow connecting these objects.

Specification of step IV concludes the description of the regular algorithm of RG
symmetries construction for models with integro-differential equations. We note that
last the two steps are basically the same as for models with differential equations.
The next sections contains a set of examples showing the ability of the upgraded RG
algorithm.
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4.7.4 Examples of RG Symmetries in Plasma Theory

4.7.4.1 Nonlinear Dielectric Permittivity of Plasma

Nonlinearity of electrodynamics of real medium is due to nonlinear relation between
the induced current and charge density inside the medium and the electromagnetic
field. This relation, named the material equation, originates from a dependence of
an electric induction vector upon the electromagnetic field (see [36], p. 48). The
induction vector D(t, r) is related to the electric field E(t, r) and the current density
j(t, r) via an equality, which in Fourier representation has the following form (here
variables “with tildes” are used to distinguish the Fourier representation from the
usual space-time representation):

D̃(ω,k)= Ẽ(ω,k)+ i
4π

ω
j̃(ω,k). (4.7.25)

In an effort to describe weak-turbulent plasma, processes of particle-wave scatter-
ing, parametric instabilities, generation of harmonics, and etc., the material equation
is represented as a series in positive powers of electromagnetic fields. Hence, the
current density j̃(ω,k) is expressed as a sum

j̃(ω,k)=
∑

l

˜j (l)(ω,k), ˜j (l)(ω,k)�O(Ẽ
l
). (4.7.26)

In view of time and spatial dispersion the relation between the induced current and
the field appears as integral, nonlocal, that results in the material equation which in
Fourier representation has the following form [36]:7

D̃i(ω,k)= εij (ω,k)Ẽj (ω,k)+
∞
∑

n=2

∫

δ(ω−ω1 − · · · −ωn)

× δ(k − k1 − · · · − kn)εij1...jn (ω1,k1; . . . ;ωn,kn)
× Ẽj1(ω1,k1) . . . Ẽjn(ωn,kn)dω1 dk1 . . . dωn dkn. (4.7.27)

We compare (4.7.26) and (4.7.25) with (4.7.27) to establish a relation between the

current density j̃
(l)

of the appropriate order l ≥ 2 and multi-index tensors of non-
linear dielectric permittivity of plasma εij1...jn , which are kernels of nonlinear (with
respect to electromagnetic field) integral terms in series (4.7.27).

Usually, without use of the RG algorithm, the nonlinear dielectric permittivity for
hot plasma is obtained by iterating the Vlasov kinetic equation for the distribution
function of particles f (t, r,v) (4.1.1) with a stationary and homogeneous in coordi-

7Here the bottom index specifies on a corresponding tensor component, instead of designating a
derivative.
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nate r background distributions f0(v) in powers of a self-consistent electromagnetic
field (here we omit an index of particles):

f (t, r,v)= f0(v)+
∑

l≥1

f (l)(t, r,v), f (l) �O(El ),

j (l)(t, r)= em3
∫

f (l)γ 5v dv.

(4.7.28)

As for the nonlinear dielectric permittivity for cold plasma it is usually obtained
by iterations of more simple equations of collisionless hydrodynamics for density
N(t, r) and velocity V (t, r) of particles (written down here for one sort of particles
in non-relativistic approach)

Nt + div(NV )= 0, V t + (V · ∇)V = e

m

{

E + 1

c
[V × B]

}

, (4.7.29)

in which the electric E and the magnetic field B obey Maxwell equations (4.1.3),
and charge ρ and current j densities have the form

ρ = eN, j = eNV . (4.7.30)

In the right-hand part of (4.7.30) summation upon various species of plasma parti-
cles is implied, however for simplification of notations the index of species is omit-
ted and only one sort of particles, for example electrons is underlined further.

It is commonly accepted, that formulas for the nonlinear dielectric permittivity in
hot plasma are more general, than in cold (see, for example, [36], Chap. 2) and they
are reduced to the last in that specific case, when the distribution function of plasma
particles upon momentum in the initial equilibrium state is represented by the Dirac
delta-function, f0(v) = δ(v). With growth of the order of nonlinearity (l ≥ 4) an
algebraic procedure of symmetrization for nonlinear dielectric permittivity tensors
becomes more cumbersome in hot plasma, than in cold. The use of RG algorithm
allows to establish a one-to-one correspondence between tensors of the nonlinear
dielectric permittivity in cold and hot plasma in any order of nonlinearity l and
also specifies a way of obtaining expressions for tensors of the nonlinear dielectric
permittivity in hot plasma from appropriate “cold” expressions.

For this purpose we present a current density of the given order j̃
(l)
(ω,k) in hot

plasma as a convolution of two functions, the partial current density ĵ
(l)
(ω,k,w),

which depends on the Lagrangian velocity of particles w, and an equilibrium veloc-
ity distribution function of particles in absence of electromagnetic fields f0(w),

j̃
(l)
(ω,k)=

∫

f0(w)ĵ
(l)
(ω,k,w)dw. (4.7.31)

An expression for the partial current density for f0(w) = δ(w), i.e. in cold plasma
(w = 0), is obtained by iterating (4.7.29), (4.7.30) with respect to the self-consistent

field, while a transition from ĵ
(l)
(ω,k,0) to ĵ

(l)
(ω,k,w) with arbitrary w �= 0 is

carried out with the help of group of transformations, defined by the appropriate RG
symmetry operator.
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Since the procedure of construction of the multi-index nonlinear dielectric per-
mittivity tensor in hot plasma from the appropriate expressions in cold plasma is
identical for the permittivity tensor of any order we illustrate it by using linear
with respect to a self-consistent electric field E material relations in non-relativistic

plasma. In cold plasma Fourier-components of the partial current ĵ
(1)
(ω,k,0) and

charge  ̂(1)(ω,k,0) densities, which are linear in the field Ẽ(ω,k), are obtained by
linearizing (4.7.29), (4.7.30) on a background of the homogeneous and equilibrium
electron density ne0 and are determined by well-known relations

ĵ
(1)
(ω,k,0)= i

e2ne0

mω
Ẽ;  ̂(1)(ω,k,0)= i

e2ne0

mω2
(k · Ẽ). (4.7.32)

The use of the latter in (4.7.25) gives a scalar dielectric permittivity for cold homo-
geneous non-relativistic plasma,

ε(ω,k)= 1 − 4πe2ne

mω2
. (4.7.33)

Expressions (4.7.32) define zero-order terms in expansion of the partial current den-

sity ĵ
(l)
(ω,k,w) in powers of plasma particles velocity w. For obtaining the next

terms of this series one should use the kinetic description of plasma. Here it ap-
pears more convenient to use instead of Vlasov equations (4.1.1) with the Euler
velocity v the non-relativistic hydrodynamic analogue (4.1.5) of Vlasov equations
with Lagrangian velocity w and the equilibrium distribution function f0(w). Such
(Lagrangian) formulation of the kinetic description of plasma results from a non-
relativistic limit of (4.1.5), and coincides in the form with (4.7.29), with that, how-
ever, an essential difference, that as against (4.7.29) the density N(t, r,w) and the
velocity V (t, r,w) now depend upon Lagrangian velocity as well and in the homo-
geneous non-perturbed plasma state obey the “initial” conditions at t = t0 = −∞

N(t0, r,w)= ne0f0(w), V (t0, r,w)= w;

E(t0, r)= B(t0, r)= 0,
∫

f0 dw = 1.
(4.7.34)

In a non-relativistic limit material relations (4.1.6) also become simpler (we use
different normalization for the distribution function here, hence material relations
do not contain mass multipliers)

ρ(t, r)= e

∫

N dw, j(t, r)= e

∫

NV dw. (4.7.35)

Linearizing the equations of plasma kinetics in Lagrangian variables on the back-
ground of the basic state (4.7.34) results to the following formulas for corrections
to the partial current density for small values of w:

ĵ
(1)
(ω,k,w)

= i
e2ne0

mω

{

Ẽ + 1

ω

(

w(k · Ẽ)+ k(w · Ẽ)
)
}

+O(w2). (4.7.36)
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To prolong this formula on any nonzero values of w we employ the RG symmetry
operator which is constructed from the Lie group of point transformations (4.5.4),
admitted by plasma kinetic equations. Two operators of the admitted group are of
interest for us, namely, the operator of translations in Lagrangian velocity, which
results from the operator X∞, and the operator of Galilean transformations, which
is a non-relativistic analogue of the operator of Lorentz transformations B in the set
(4.5.4),

Z1 = ∂

∂w
, Z2 = t

∂

∂r
+ ∂

∂V
− 1

c

[

B × ∂

∂E

]

+ ρ
∂

∂j
. (4.7.37)

Let us proceed in the operator Z2 from the velocity V and the density N to the par-
tial current and charge densities, ĵ and  ̂, prolong the operator obtained on Fourier
variables and combine it with the operator of translations Z1. As a result we get the
operator that leaves the partial current density (4.7.36) invariant at w → 0, i.e. the
required RG symmetry operator

R = k
∂

∂ω
+ ∂

∂w
− 1

c

[

B̃ × ∂

∂Ẽ

]

+  ̂
∂

∂ ĵ
. (4.7.38)

The operator (4.7.38) is related to a three-parameter group with the vector param-
eter w, and its final transformations (the variables with primes here correspond to
transformed variables)

ω′ = ω+ kw; (β ′
is/ω

′)Ẽ′
s = (1/ω)Ẽi;  ̂′ =  ̂; ĵ ′

i = β ′
si ĵs;

k′ = k; B̃
′ = B̃ = (c/ω) [k × Ẽ]; βis = δis + kiws/(ω− kw),

(4.7.39)

give the required relationship between the value of the partial current density
ĵ(ω,k,0) at w = 0 (in cold plasma) and the analogous value of the partial cur-
rent density ĵ(ω,k,w) with any w �= 0. When integrating over velocity w with the
“weight” f0(w), following (4.7.31), we get an expression for a current density of
the given order in hot plasma which defines the appropriate multi-index nonlinear
dielectric permittivity tensor of plasma.

Example 4.7.3 In particular, in the linear in the electric field approximation the use
of (4.7.32) leads to the relationship

ĵi
(1)
(ω,k,w)= ie2ne0

mω
βsiβsaẼa(ω,k). (4.7.40)

Substitution of (4.7.40) into (4.7.31) and the further use of j̃i
(1)
(ω,k) in (4.7.25)

gives the required expression for the tensor of the linear dielectric permittivity for
hot homogeneous non-relativistic plasma in the absence of external fields with the
equilibrium distribution function f0(w)

εab(ω,k)= δab − 4πe2ne0

mω2

∫

f0(w)βsaβsb dw. (4.7.41)

Formula (4.7.41), which arises from the scalar equality (4.7.33) as a result of ap-
plication of RG transformations to partial current density in cold plasma with the
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subsequent integration over the group parameter, illustrates an opportunity of ob-
taining a tensor of dielectric permittivity of hot plasma from the appropriate “cold”
expression [27].

Example 4.7.4 RG symmetry generator (4.7.38) results from symmetry operators
admitted by the plasma kinetic equations after their subsequent prolongation on so-
lution functionals, partial current and a charge densities in Fourier representation.
Thus a linear in the electromagnetic field approximation used above is not an es-
sential restriction, as relations between transformed (primed) and non-transformed
partial current and a charge density remains linear under group transformations
(4.7.39). It means, that it is also possible to apply transformations (4.7.39) to partial
current and a charge densities of any order l, i.e. the offered RG scheme allows to
build nonlinear dielectric permittivity tensors of any order in hot plasma proceed-
ing from the appropriate “cold” expressions for the nonlinear dielectric permittivity.
Omitting intermediate calculations, we present a result of such construction

εij1...jn(ω1,k1; . . . ;ωn,kn)=
∫

f0(w)ε̄ab1...bn(Ω1,k1; . . . ;Ωn,kn)

× ΩΩ1 . . .Ωn

ωω1 . . .ωn
βai(ω,k)βb1j1(ω1,k1) . . . βbnjn(ωn,kn)dw;

n≥ 2; (4.7.42)

ω = ω1 + · · · +ωn; k = k1 + · · · + kn;
Ω ≡ (ω− kw), Ωi ≡ (ωi − kiw), i = 1, . . . , n.

Here ε̄ corresponds to the nonlinear dielectric permittivity tensor in cold collision-
less plasma without external fields. For example, for the nonlinearity of the second
order it is determined by the formula

ε̄isj (Ω1,k1;Ω2,k2)

= − 4πie3ne0

2!m2ΩΩ1Ω2

(
ki

Ω
δjs + k1s

Ω1
δij + k2j

Ω2
δis

)

. (4.7.43)

The similar result can be obtained and for relativistic plasma, however thus it is
necessary to use not the three-parameter group of Galilean transformations, but the
six-parameter group including Lorentz transformations and rotations.

4.7.4.2 Adiabatic Expansion of Plasma Bunches

Here RG algorithm is applied to the problem of expansion of plasma bunches and
related generation of the accelerated particles. The mechanisms and characteristics
of ions triggered by the interaction of a short-laser-pulse with plasma are of current
interest because of their possible applications to the novel-neutron-source develop-
ment and isotope production. In the near future ultra-intense laser pulses will be
used for ion beam generation with energies useful for proton therapy, fast ignition
inertial confinement fusion, radiography, neutron-sources.
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The commonly recognized effect responsible for ion acceleration is charge sep-
aration in the plasma due to high-energy electrons, driven by the laser inside the
target. During the plasma expansion, the kinetic energy of the fast electrons trans-
forms into the energy of electrostatic field, which accelerates ions and their energy
is expected to be at the level of the hot-electron energy. The mathematical model de-
scribing this phenomenon is based on plasma kinetic equations with a self-consistent
field (4.1.1)–(4.1.3), which is rather complicated for analytical treatment. How-
ever, to describe plasma flows with characteristic scale of density variation large
compared to Debye length for plasma particles, the quasi-neutral approximation is
used. In this approximation charge and current densities in plasma are set equal
to zero, that essentially simplifies the initial model with nonlocal terms. Instead of
the system of Vlasov–Maxwell equations (4.1.1), (4.1.3) with the corresponding
material equations here we use only the kinetic equations for particle distribution
functions for various species (4.3.72) with additional nonlocal restrictions imposed
on them, which arise from vanishing conditions for the current and the charge den-
sities (4.3.73). Initial conditions for solutions of (4.3.72) and (4.3.73) correspond to
distribution functions for electrons and ions, specified at t = 0

f α
∣
∣
t=0 = f α

0 (x, v). (4.7.44)

Equations (4.3.72), (4.3.73) describe one-dimensional dynamics of a plasma bunch,
which is inhomogeneous upon the coordinate x; thus the distribution functions of
particles f α depend upon t , x and the velocity component v in the directions of
plasma inhomogeneity. Analytical study of such yet simplified model represents the
essential difficulties, but due to application of RG algorithm it is possible not only to
construct solution at various initial particle distribution functions but also to find the
law of variation of particles density without calculations of distribution functions
for particles in an explicit form [14, 32].

For construction of RG symmetries we consider (step I) a set of local (4.3.72)
and nonlocal (4.3.73) equations as RM , in which the electric field E(t, x) appears
as some arbitrary function to be found of its variables. Calculating the Lie group of
point transformations admitted by this manifold (step II) is given by (4.3.75), and in
particular contains the generator of time translations and the projective group gen-
erator. Precisely these operators enables to construct a class of exact solutions to the
initial problem that are of interest, as a linear combination of the operator of time
translations and the operator of the projective group leaves the approximate pertur-
bation theory solution of the initial value problem f α = f α

0 (x, v)+O(t) invariant
at t → 0, i.e. it is the RG symmetry operator,

R = (1 +Ω2t2)
∂

∂t
+Ω2tx

∂

∂x
+Ω2(x − vt)

∂

∂v
, (4.7.45)

which results from the group restriction procedure (step III), for spatially symmetric
initial distribution functions with the zero average velocity. It is possible to treat the
constant Ω as the ratio of a characteristic sound velocity cs to initial inhomogeneity
scale of the density of electrons, L0.

Invariants of the RG generator (4.7.45) are two combinations, x/
√

1 +Ω2t2 and
v2 +Ω2(x − vt)2, and particle distribution functions f α . Hence, solutions of initial
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value problem at any time t �= 0 (step IV) are expressed via these invariants in terms
of initial values (4.7.44),

f α = f α
0 (I

(α)), I (α) = 1

2

(

v2 +Ω2(x − vt)2
) + eα

mα

Φ0(x
′). (4.7.46)

Here the dependence of Φ0 upon the variable x′ = x/
√

1 +Ω2t2 is defined by
quasi-neutral conditions (4.3.73), and the electric field E = −Φx is found with the
help of the potential

Φ(t, x)=Φ0(x
′)
(

1 +Ω2t2
)−1

. (4.7.47)

Formulas (4.7.46) give the solution to the initial value problem (4.3.72), (4.3.73).
However, for practical applications we need frequently more rough characteristic
of plasma dynamics, for example, a density of particles (ions) of the given species
nq(t, x) which can be calculated using the appropriate distribution function:

nq(t, x)=
∞∫

−∞
f q(t, x, v)dv. (4.7.48)

In view of the complex dependence upon the invariant I (α) it is not always possible
to carry out direct integration of a distribution function over velocity in the analyt-
ical form, therefore here the procedure of prolongation of the operator on solution
functionals described in Sect. 4.2.1.4 comes to the aid. As the density nq(t, x) is a
linear functional of f q , the prolongation of the operator (4.7.45) on the functional of
the solution (4.7.48) in the narrowed space of variables {t, x, nq} gives the following
RG operator

R = (1 +Ω2t2)
∂

∂t
+Ω2tx

∂

∂x
−Ω2tnq

∂

∂nq
. (4.7.49)

The solution of Lie equations for the operator R in view of initial conditions
(4.7.44) gives relations between invariants of this operator, namely one of the com-
binations J = x/

√
1 +Ω2t2 already given for the operator (4.7.45) and the prod-

uct J q = nq
√

1 +Ω2t2 for arbitrary t �= 0 with their values at t = 0: J|t=0 = x′,
J q |t=0 = Nq(x

′). This relationship immediately leads to the formulas that charac-
terize spatial-temporal distribution of the density of ions of a given species in terms
of the initial density distribution

nq = 1√
1 +Ω2t2

Nq

(
x√

1 +Ω2t2

)

,

Nq(x
′)=

∞∫

−∞
f
q

0 (I
(q))dv.

(4.7.50)

Example 4.7.5 We illustrate general results with reference to expansion of a plasma
slab, consisting of cold (α = c) and hot (α = h) electrons and of two ion species
(q = 1,2). Let initially (at t = 0) ions are characterized by Maxwellian distribution
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functions with densities n10, n20 � n10 and temperatures T1, T2, and the distribu-
tion function of electrons looks like two-temperature Maxwellian distribution with
the appropriate densities nc0 and nh0 � nc0 (nc0 + nh0 = Z1n10 +Z2n20) and tem-
peratures Tc and Th � Tc of hot and cold components. From the physical point of
view such choice of initial conditions refer to an expansion of the target consisting
of heavy ions with a small impurity of light ions adsorbed on a surface (for example,
protons) which preliminary was heated quickly by a short pulse of laser radiation
with formation of a group of hot electrons. Then the solution of the initial problem
(4.7.46) is represented as:

f e = nc0√
2πvT c

exp

(

−I (c)

v2
T c

)

+ nh0√
2πvT h

exp

(

−I (h)

v2
T h

)

,

f q = nq0√
2πvT q

exp

(

−I (q)

v2
T q

)

, v2
T α = Tα

mα

, q = 1,2,

(4.7.51)

where invariants I (α) are given by relations:

I (c)

v2
T c

= E + (1 +Ω2t2)

2v2
T c

(v − u)2,
I (h)

v2
Th

= E
Tc

Th
+ (1 +Ω2t2)

2v2
T h

(v − u)2,

I (q)

v2
T q

= −E

(
ZqTc0

Tq0

)

+ U2

2v2
Tq

(

1 + Zqme

mq

)

+ (1 +Ω2t2)

2v2
Tq

(v − u)2.

(4.7.52)

Here u = xtΩ2/(1 + Ω2t2) is a local velocity of plasma particles, U = xΩ/√
1 +Ω2t2, and a potential Φ is expressed via the function E ,

E = eΦ

Tc
(1 +Ω2t2)+ U2

2v2
T c

, (4.7.53)

that is obtained from the transcendental equation,

nc0 =
∑

q=1,2

Zqnq0 exp

[(

1 + ZqTc

Tq

)

E − U2

2v2
T q

(

1 + Zqme

mq

)]

− nh0 exp

[(

1 − Tc

Th

)

E

]

. (4.7.54)

Formulas (4.7.51)–(4.7.54) completely define the behavior of distribution functions
of all particle species considered in the given example when studying the expansion
of a plasma slab. At that the space-temporal distribution of the ion density of the
given species is determined by formulas (4.7.50), in which the ion density Nq for
the initial distribution functions specified above has the form

Nq = nq0 exp

[

E

(
ZqTc0

Tq0

)

− U2

2v2
Tq

(

1 + Zqme

mq

)]

, q = 1,2, (4.7.55)

where the relation between the function E with the variable U still is from (4.7.54).
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Fig. 4.2 Left panel: typical experimental setup for registration of fast ions from the foil under
ultra short laser pulses (from Ref. [37]). Right panel: the “universal” density Nq of plasma ions
— carbon ions (curves (C)) and protons (curves (H )) — versus the dimensionless “coordinate”
χ2 = (x/L0)

2/(1 +Ω2t2). Dotted curves with short and long strokes show the dependencies of a
dimensionless density for hot and cold electrons

On Fig. 4.2 we illustrate the typical “density” distribution (4.7.55) for a plasma
slab, consisting of cold and hot electrons and two ions species: carbon ions C+4

(q = 1) and protons H+1 (q = 2). Block curves show dependence of a dimension-
less “universal” density of plasma ions Nq = (nq0/nc0)Nq , referred to the maximal
density of cold electrons, upon the dimensionless “coordinate” χ2 = (x/L0)

2/(1 +
Ω2t2), referred to the characteristic initial density scale of ions L0. “Universality”
of this dependencies is the direct consequence of a relation which exists between
invariants of the RG operator (4.7.49). Dotted curves give the distribution of the di-
mensionless density of cold electrons (short strokes), (nc/nc0)

√
1 +Ω2t2 and hot

electrons (long strokes), (nh/nc0)
√

1 +Ω2t2, respectively.
Similar results are obtained for more complex distribution functions [14] and

beyond the scope of the model used for the one-dimensional expansion, for example
for spherically-symmetric expansion of a plasma bunch [38].

4.7.4.3 Coulomb Explosion of a Cluster in Ultra-short Laser Pulses

In this section we apply RG symmetry to the model that is used in a plasma kinetic
theory for describing the Coulomb explosion of sub-micron plasmas in the field
of multi-terrawatt femto-second laser pulses. Recent developments in this field have
enabled examination of the fundamental physics of Coulomb explosion of nanoscale
targets and ion acceleration at multi-MeV energies in different geometries of laser-
plasma interaction experiments [39–41]. The mechanisms and characteristics of ions
triggered by the interaction of a short-laser-pulse with plasma are of current inter-
est because of their possible applications to the novel-neutron-source development,
x-ray source, proton radiography, and isotope production.

The macroscopic state of cluster particles is governed by distribution functions
f (for cluster ions with mass M and charge Ze), that dependents on time t , a co-
ordinate x of a particle, and its velocity v (for simplicity we consider the one-
dimensional plane geometry). Evolution of distribution functions is described by
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the solution to the Cauchy problem to the Vlasov kinetic equation with the corre-
sponding initial condition f |t=0 = f0(x, v), supplemented by the Poisson equation
for the electric field E (similar to (4.3.1)),

ft + vfx + (Ze/M)Efv = 0, Ex − 4πZe
∫

dvf = 0, f
∣
∣
t=0 = f0(x, v).

(4.7.56)

Analytical study of such yet simplified model represents the essential difficulties,
but due to application of RG algorithm it is possible to obtain solution at various
initial particle distribution functions and find particles density, mean velocity and
energy spectra. To construct RG symmetries we consider a set of local and non-local
equations in (4.7.56) and the evident constraint Ev = 0 as RM . The Lie group of
point transformations admitted by this manifold consists of six generators

X0 = ∂

∂t
; X1 = ∂

∂x
; X2 = t

∂

∂x
+ ∂

∂v
;

X3 = x
∂

∂x
+ v

∂

∂v
− f

∂

∂f
+E

∂

∂E
;

X4 = 2t
∂

∂t
+ x

∂

∂x
− v

∂

∂v
− 3f

∂

∂f
− 2E

∂

∂E
;

X5 = (t2/2)
∂

∂x
+ t

∂

∂v
+ (M/Ze)

∂

∂E
,

(4.7.57)

describing time and space translations, X0 and X1, Galilean boosts, X2, dilations,
X3 and X4, and the generator X5. Finite transformations defined by X5 correspond
to passing into a coordinate system moving linearly with constant acceleration with
respect to the laboratory coordinate system. Two commutating generators in the
above list (4.7.57), namely generator of Galilean boosts and generator of the transi-
tion to a uniformly accelerated frame, appear as the required RG symmetry genera-
tors [31],

R1 = (t2/2)
∂

∂x
+ t

∂

∂v
+ (M/Ze)

∂

∂E
, R2 = t

∂

∂x
+ ∂

∂v
. (4.7.58)

Successive application of finite transformations defined by theses generators shifts
initial coordinates h and velocities ν for any particle in the phase space to new
values,

R(t,h, ν)= h+ νt + (Ze/2M)E(h)t2, U(t, h, ν)= ν + (Ze/M)E(h)t,

(4.7.59)

and the function E(h) is defined by initial conditions (we assume the electric field
to vanish at x = 0)

E(h)= 4πZe

h∫

0

dy

∞∫

−∞
dvf0(y, v). (4.7.60)



4.7 Symmetries in Application to Plasma Kinetic Theory 203

The “partial” distribution function, specified by values h and ν, is the invariant of
RG symmetry generators (4.7.58). Hence, the distribution function which is the so-
lution to (4.7.56) is obtained by integrating this “partial” distribution function over
all initial parameters, i.e. initial velocities and coordinates of plasma particles,

f (t, x, v)=
∞∫

−∞
dν

∞∫

−∞
dhf0(ν,h)δ(x −R(t,h, ν))δ(v −U(t,h, ν)).

(4.7.61)

For “cold” cluster particles, f0 ∝ δ(ν), we need only one RG generator, R1, to con-
struct the solution of a boundary value problem. The zero and the first moments of
the distribution function yield the density and the mean velocity distributions of the
cluster ions, which enable to estimate the maximum energy of the accelerated ions,
the ion energy spectrum and the relation between this spectrum and the initial ion
density distribution [39, 40]. The similar approach to the spherical geometry [41]
shows that the inhomogeneity of the initial cluster density distribution leads to the
solution singularity at finite time interval even for initially immovable ions.

4.7.4.4 Renormgroup Algorithm Using Functionals

We consider some boundary value problem for local equations and assume that we
are interested in an integral characteristic of the solution, given by a linear func-
tional of this solution J (u), say by (4.7.20). We also assume that for a particular
solution u of this boundary value problem, the RG algorithm has been used to find
an RG symmetry with a generator R. To find RG symmetry generator for the func-
tional J (u), we prolong the RG symmetry operator R on nonlocal variable (4.7.20)
in much the same way as in Sect. 4.2.4. Considering the prolonged operator R in
the narrowed space of the variables defining the solution functional, we obtain the
required infinitesimal RG symmetry operator for integral characteristic J (u).

To demonstrate how formulas (4.7.20) and (4.2.22) actually work for functionals
of solutions we consider a boundary value problems for a system of two nonlinear
first-order partial differential equations for functions v and n > 0:

vt + vvx = αϕ(n)nx, nt + vnx + nvx = 0,

v(0, x)= αW(x), n(0, x)=N(x),
(4.7.62)

with constant α and a nonlinearity function ϕ of the variable n. Depending on the
sign of αϕ(n), these equations are of either the hyperbolic (αϕ(n) < 0) or the elliptic
(αϕ(n) > 0) type. In the first case, (4.7.62) corresponds to the standard equations of
gas dynamics for one-dimensional planar isentropic motion of gas with the density
n and velocity v. The second case relates to equations of quasi-Chaplygin media.8

8The term ‘quasi-Chaplygin media’ is used in the discussion of nonlinear phenomena developing
in accordance with the mathematical scenario for the Chaplygin gas, i.e., the gas with a negative
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To calculate the RG symmetries for (4.7.62) it appears convenient to rewrite these
equations in the hodograph variables τ = nt and χ = x − vt ,

τv −ψ(n)χn = 0, χv + τn = 0, ψ = n/αϕ. (4.7.63)

Then the RG symmetry is given by the canonical Lie–Bäcklund operator [42]

R = f
∂

∂τ
+ g

∂

∂χ
, (4.7.64)

with coordinates f and g that are linear functions of variables τ and χ and their
derivatives with respect to n up to a fixed order s. Following the RG algorithm
one should add the invariance conditions f = 0, and g = 0, to the basic manifold
(4.7.63) and solve the resulting system of equations to get the solution to the bound-
ary value problem (4.7.62). This procedure may appear complicated in the case of
cumbersome formulas for coordinates f and g of RG symmetry generator (4.7.64).

In analyzing (4.7.62) for various physical problems such as a light beam behavior
in a nonlinear medium the appearance of a solution singularity on the axis x = 0
represents the most attracting physical effect. This effect can be understood without
knowledge of a complete solution by applying the RG algorithm to a functional
of the solution, n0(t) ≡ n(t,0), the value of the variable n on the axis x = 0. As
the RG symmetry generator (4.7.64) is defined in the space of hodograph variables
it is convenient to use another functional of the solution introduced by a formal
relationship

τ 0 =
∫

δ(v)τ (v,n)dv. (4.7.65)

Using (4.7.65) in (4.2.22) gives the coordinate f 0 of the canonical RG generator for
the functional τ 0. Here we present two simple illustrations.

Example 4.7.6 Consider a solution of the boundary value problem for (4.7.62) with
α = 1, ϕ(n)= 1 for W(x)= 0 and N(x)= cosh−2(x). The RG symmetry generator
for this boundary value problem is defined by (4.7.64) in which coordinates f and
g are given as

f = 2n(1 − n)τnn − nτn − 2nv(χn + nχnn)+ nv2τnn/2,

g = 2n(1 − n)χnn + (2 − 3n)χn + v (2nτnn + τn)+ (v2/2) (nχnn + χn) .
(4.7.66)

For RG symmetry (4.7.66), a solution exists on a finite interval 0 ≤ t ≤ tsing, until a
singularity occurs on the axis x = 0 at t = tsing = 1/2, when vx(tsing,0) → ∞ and
the value of n remains finite, n(tsing,0)= 2:

v = −2nt tanh(x − vt), n2t2 = n cosh2(x − vt)− 1. (4.7.67)

adiabatic exponent. At first glance, such a model looks like the standard model of gas dynamics,
but it corresponds to the negative first derivative of the ‘pressure’ with respect to the ‘density.’
A characteristic feature of quasi-Chaplygin media is a universal mathematical form of various
nonlinear effects accompanying the development of an instability.
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From the physical standpoint, solution (4.7.67), which was previously obtained in
[43], describes the evolution of a planar light beam in a medium with a cubic nonlin-
earity (a quasi-Chaplygin medium) for the boundary condition N(x) = cosh−2(x).
The quantities n and v define the intensity and the eikonal derivative of the beam.

Prolongation of the RG symmetry generator (4.7.64), (4.7.66) on functional
(4.7.65) gives the generator in the space {n, τ 0}

R = f 0 ∂

∂τ 0
, (4.7.68)

with the coordinate

f 0 = 2n(1 − n)τnn − nτn. (4.7.69)

The RG invariance condition f 0 = 0 for operator (4.7.68) leads to an ordinary
second-order differential equation for the function τ 0(n), which must be solved with
initial conditions τ 0(1) = 0, and τ 0

n

√
n− 1|n→1 = 1/2 that follows from the origi-

nal equations (4.7.63) for v = 0. This solution,

τ 0 = √
n− 1, (4.7.70)

results from (4.7.67) as well, but the method is simpler and solution (4.7.67) is not
explicitly required.

Example 4.7.7 Turn now to a solution of the boundary value problem for (4.7.62)
with α = −1, ϕ(n)= 1/n for W(x)= 0 and N(x)= exp(−x2). The RG symmetry
generator for this boundary value problem is defined by (4.7.64) with the following
coordinates f and g

f = −n2 lnnτnn − (n/2)τn + τ/2 + v(n3χnn + (3/2)n2χn),

g = −n2 lnnχnn + (n/2)(1 + 4 lnn)χn + χ/2 + v (nτnn + τn/2) .
(4.7.71)

For RG symmetry (4.7.71), the solution describes a monotonic evolution (decrease)
with time t of the density n≥ 0, while the particle velocity continues to be linearly
dependent on the coordinate:

v = x
√

2qe−q2/2, n= e−q2/2 exp
(−x2e−q2)

,

t = (
√
π/2)erfi

(

q/
√

2
)

.
(4.7.72)

Solution (4.7.72), which was discussed in [44], describes an expanding plasma layer
with the initial density distribution N(x)= exp(−x2).

Prolongation of the RG symmetry generator (4.7.64), (4.7.71) on functional
(4.7.65) gives the generator (4.7.68) in the space {n, τ 0} though with a different
coordinate

f 0 = −n2 lnnτnn − (n/2)τn + τ/2. (4.7.73)

On account of (4.7.73) the RG invariance condition f 0 = 0 for operator (4.7.68)
leads to an ordinary second-order differential equation for the function τ 0(n), which
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must be solved with initial conditions τ 0(1) = 0, and τ 0
n

√
1 − n

∣
∣
n→1 = −1/2 that

follows from the original equations (4.7.63) for v = 0. This solution,

τ 0 =
√
π

2
nerfi

(√

ln
1

n

)

, (4.7.74)

correlates with (4.7.72) for v = 0.

In conclusion we notice that expressions (4.7.70) and (4.7.74) result from the com-
plete solutions as well. However, the RG algorithm for functionals presents here an
elegant way of obtaining these formulas without calculating the complete solutions
to boundary value problems.
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Chapter 5
Symmetries of Stochastic Differential Equations

Stochastic differential equations are often obtained by including random fluctua-
tions in differential equations, which have been deduced from phenomenological or
physical view. For example, the motion of a small particle suspended in a moving
liquid is described by the differential equation

dx

dt
= b(t, x),

where b(t, x) is the velocity of the fluid at the point x and at time t . The function
b(t, x) represents the resistance caused by the viscosity of the liquid. If a particle
is randomly bombarded by molecules of the fluid, then this can be modeled by the
equation

dX

dt
= b(t,X)+ σ(t,X)Wt , (5.0.1)

where Wt denotes “white noise”. The second term on the right hand side represents
the large number of collisions of the pollen grain with the molecules of the liquid.
Formally the white noise is written as Wt = dBt/dt , and (5.0.1) is rewritten in the
differential form

dX = b(t,X)dt + σ(t,X)dBt . (5.0.2)

Here Bt is a Brownian motion. Equation (5.0.2) is called a stochastic differential
equation. A solution X(t) of the stochastic differential equation (5.0.2) is a stochas-
tic process X(t) which has a stochastic differential (5.0.2). Stochastic differential
equations of the type (5.0.2) have been used widely in other areas of the science.

There are many textbooks on stochastic differential equations. We just mention
here some of them [2, 13, 20, 24, 27, 31].

In contrast to deterministic differential equations, only few attempts to apply
group analysis to stochastic differential equations can be found in the literature [1,
10, 12, 19, 23, 29, 30, 32, 34]. This chapter deals with applications of the group
analysis method to stochastic differential equations. It is also worth to note that this
theory is still developing.
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The chapter is organized as follows. Before defining an admitted symmetry for
stochastic differential equations an introduction into stochastic differential equa-
tions is given. The introduction includes the discussion of a stochastic integration,
a stochastic differential and a change of the variables (Itô formula) in stochastic
differential equations. Applications of the Itô formula are considered in the next
section which deals with the linearization problem. The Itô formula and the change
of time in stochastic differential equations are the main tools of defining admitted
transformations for stochastic differential equations. After introducing an admitted
Lie group for SDEs and supporting material of the introduced definition, some ex-
amples of applications of the given definition are studied.

5.1 Stochastic Integration of Processes

This section is devoted to developing the tools for stochastic processes. In particu-
lar, it discusses stochastic integrals with respect to Brownian motion, martingales,
alternative fields and changes of time.

5.1.1 Stochastic Processes

Let Ω be a given set of elementary events ω, F a σ -algebra of subsets of Ω and
P a probability (or probability measure) on F . The triple (Ω,F ,P) is called a
probability space. It is assumed that the σ -algebra F is generated by a family of
σ -algebras Ft (t ≥ 0) such that

Fs ⊂ Ft ⊂ F , ∀s ≤ t, s, t ∈ I,

where I = [0, T ], T ∈ (0,∞].
The nondecreasing family of σ -algebras Ft is also called a filtration and the σ -

algebra F is denoted by F =(Ft )t≥0. The triple (Ω,F ,P) is called a filtrated
probability space.

Let B be the Borel σ -algebra on RN . A mapping X : Ω → RN is called an
N -dimensional random variable if for each B ⊂ B the set X−1(B) ∈ F . A collec-
tion {X(t)}t≥0 of random variables on (Ω,F ,P) is called a stochastic process.1

A process {X(t)}t≥0 is said to be adapted to (Ft )t≥0 if X(t) is Ft -measurable
for each t . A process X is called measurable if (t,ω) �−→ X(t,ω) is a B ⊗ F -
measurable mapping. The process X is said to be continuous if the trajectories
t �−→ X(t,ω) are continuous for almost all ω ∈ Ω . It is called progressively
measurable if X : [0, t] × Ω �−→ R is a B([0, t]) ⊗ Ft -measurable mapping for
each 0 ≤ t < ∞. Note that a progressively measurable process is measurable and
adapted.

1A stochastic process depends on two variables X = X(t,ω); the second variable ω usually is
omitted.
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If X is integrable, that is if X or equivalently |X| belongs to L1(Ω,F ,P ), then
its expectation is defined as

E(X)=
∫

Ω

XdP,

where the integral is of the Lebesgue type.
A scalar (standard) Brownian motion or Wiener–Lévy process is a stochastic

process B(t) satisfying the following properties:

(i) P({B(0)= 0})= 1;
(ii) for any finite partition {ti}ni=0ti < ti+1 of I = [0, T ], T > 0, the random vari-

ables B(ti+1)−B(ti) are independent;
(iii) for all t, s ∈ I , the probability distribution B(t) − B(s) is Gaussian with

E(B(t)−B(s))= 0 and E([B(t)−B(s)]2)= μ2|t − s|, where μ is a nonzero
constant.

An M-dimensional Brownian motion is a stochastic process B(t) = (B1(t),
B2(t), . . . ,BM(t)), where Bi(t) (i = 1,2, . . . ,M) are independent scalar Brown-
ian motions.

As is usual, for ease of notation we will omit the stochastic variable ω, switch
freely between the notations Xt , X(t) or X(t,ω), and make the convention that
identities hold a.s. only.

5.1.2 The Itô Integral

From now on, unless stated otherwise, we let {B(t)}t≥0 be a standard Brownian
motion and Ft = σ({B(s);0 ≤ s ≤ t}), t ≥ 0. Let 0 = t0 < t1 < · · · < tn = T be a
partition of [0, T ] and Y0, Y1, . . . , Yn−1 some random variables which are adapted to
F0,Ft1, . . . ,Ftn−1 respectively and satisfy the conditions E(Y 2

0 ), . . . ,E(Y
2
n−1) <∞. The process {X(t)}t≥0 which is defined by

X(t)= Y0I{0}(t)+
n

∑

i=1

Yi−1I(ti−1,ti ](t), t ∈ [0, T ]

is called a simple process. Here, IS denotes the characteristic function of a set S.
The set of simple processes forms the class ST . In the case T = ∞, there is one
more requirement for a simple process: Yn−1 = 0. For a process X ∈ ST , the Itô
integral of {X(t)}t∈[0,T ] is defined by

t∫

0

X(s)dB(s)=X(tm) (B(t)−B(tm))+
m

∑

i=1

X(ti−1) (B(ti)−B(ti−1)) ,

t ∈ (tm, tm+1].
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A stochastic process {X(t)}t≥0 is said to belong to the class ET , T ∈ (0,∞] if it
is measurable and adapted to (Ft )t≥0 with

E

( T∫

0

X2(s) ds

)

<∞.

For a stochastic process X ∈ ET , the Itô integral of {X(t)}t∈[0,T ] is defined in the
sense of convergence in the mean

t∫

0

X(s)dB(s)= lim
n→∞

t∫

0

Xn(s) dB(s), t ∈ [0, T ],

where {Xn}∞n=1 is a sequence of simple processes such that

lim
n→∞

T∫

0

E (Xn(s)−X(s)) ds = 0.

A stochastic process {X(t)}t≥0 is said to belong to the class PT of predictable
processes on [0, T ], T ∈ (0,∞] if it is measurable and adapted to (Ft )t≥0 with

P

{ T∫

0

X2(s) ds <∞
}

= 1.

Note that ST ⊂ET ⊂ PT .
A stochastic process X is a nonanticipating functional if it is measurable and

adapted to (Ft )t≥0 with

P

{ t∫

0

X2(s) ds <∞, t ≥ 0

}

= 1.

For a process X ∈ PT , the Itô integral of {X(t)}t∈[0,T ] is defined in the sense of
convergence in probability,

t∫

0

X(s)dB(s)= lim
n→∞

t∫

0

Xn(s) dB(s), t ∈ [0, T ],

where {Xn}∞n=1 is a sequence of processes which belong to the class ET such that

lim
n→∞

T∫

0

(Xn(s)−X(s)) ds = 0,

with limit in the sense of convergence in probability.
In the literature on stochastic processes it is proven that processes X,Y ∈ PT

satisfy the following properties:2

2The proofs can be found, for example, in [2].
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(a) the Itô integral
∫ t

0 X(s)dB(s) is well-defined for 0 ≤ t ≤ T ,
(b) E((

∫ t

0 X(s)dB(s))
2)= ∫ t

0 E(X
2(s)) ds for 0 ≤ t ≤ T (Itô isometry property),

(c) E((
∫ t

0 X(s)dB(s))(
∫ t

0 Y(s) dB(s)))=
∫ t

0 E(X(s)Y (s)) ds for 0 ≤ t ≤ T ,
(d)

∫ t

0 (αX(s)+ βY(s)) dB(s)= α
∫ t

0 X(s)dB(s)+ β
∫ t

0 Y(s) dB(s) a.s. for all
α,β ∈R and 0 ≤ t ≤ T ,

(e)
∫ t

0 X(s)dB(s) is Ft -measurable for 0 ≤ t ≤ T ,
(f) (

∫ t

0 X(s)dB(s))t≥0 is continuous and progressively measurable, with probabil-
ity one,

(g) X(t)B(t)= ∫ t

0 X(s)dB(s)+ ∫ t

0 B(s) dX(s) for 0 ≤ t ≤ T .

5.1.3 The Itô Formula

A change of variables in the stochastic Itô integral is not according to the chain
rule of classical calculus. An additional term appears and the resulting expression
is called the Itô formula. This formula plays one of key roles in constructing an
admitted Lie group for stochastic differential equations.

Let {f (t)}t≥0 and {g(t)}t≥0 be two stochastic processes, such that
√|f | ∈ PT ,

g ∈ PT and3

Xj(t,ω)=Xj(0,ω)+
t∫

0

fj (s,ω)ds +
t∫

0

gjk(s,ω)dBk(s). (5.1.1)

The last relation written in a symbolical form

dXj = fj dt + gjk dBk,

or in the vector form

dX = f dt + g dB,

is called a stochastic differential. Here gjk are components of the matrix g, fj and
Bk are coordinates of the vectors f and B , respectively. For each ω the first integral
in (5.1.1) is a Riemann integral and the second term is an Itô integral. Assume that
the function U(t, x) has continuous partial derivatives Ut , Uxj , Uxj xk . Then the
stochastic process Y(t,ω)=U(t,X(t,ω)) satisfies the formula

Y(t,ω)= Y(0,ω)+ ∫ t

0

(

Ut(s,X(s,ω))+ fj (s,ω)Uxj (s,X(s,ω))

+ 1
2gji(s,ω)gki(s,ω)Uxj xk (s,X(s,ω))

)

ds

+ ∫ t

0 Uxj (s,X(s,ω))gjk(s,ω)dBk(s,ω).

3Summation over the repeated indices is assumed.
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This formula is called the Itô formula. In the differential form this formula is written
as

dY =
(

Ut + fjUxj + 1

2
gjigkiUxj xk

)

dt + (Uxj gjk) dBk. (5.1.2)

5.1.4 Time Change in Stochastic Integrals

One of the mathematical tools required for defining the transformation of Brownian
motion is the formula of time change in stochastic integrals.

Let η(t, x, b) be a sufficiently many times continuously differentiable function,
{X(t)}t≥0 be a continuous and adapted stochastic process, and {B(t)}t≥0 be a stan-
dard Brownian motion. Since η(t, x, b) is continuous, η2(t,X(t,ω),B(t,ω)) is also
an adapted process. Define4

βX(t)= β(t,X)=
t∫

0

η2(s,X(s),B(s)) ds, t ≥ 0. (5.1.3)

For brevity we write β(t) instead of β(t,X). The function β(t) is called a ran-
dom time change with time change rate η2(t,X(t,ω),B(t,ω)). Note that β(t) is an
adapted process. Suppose now that η(t, x, b) �= 0 for all (t, x, b). Then for each ω,
the map t �−→ β(t) is strictly increasing. Next define

αX(t)= α(t,X)= inf
s≥0

{s : β(s,X) > t}, (5.1.4)

and for brevity, we write α(t) instead of α(t,X). For almost all ω, the map t �−→
α(t) is nondecreasing and continuous. One easily shows that for almost all ω, and
for all t ≥ 0,

β(α(t))= t = α(β(t)). (5.1.5)

Since β(t) is an Ft -adapted process, one has

{ω : α(t)≤ s} = {ω : t ≤ β(s)} ∈ Fs , ∀t ≥ 0, ∀s ≥ 0.

Hence t �−→ α(t) is an Fs -stopping time for each t .
The following theorem will be crucial for defining the transformation of a Brow-

nian motion.5

Theorem 5.1.1 Let η(t, x, b) and {X(t)}t≥0 be as above and {B(t)}t≥0 a standard
Brownian motion. Define

B̄(t)=
t∫

0

η(s,X(s,ω),B(s,ω)) dB(s), t ≥ 0. (5.1.6)

4Notice that the function η(t, x, b) also depends on x and b.
5The proof of the theorem is similar to [24] and can be found in [29].
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Then (B̄α(t),Fα(t)) is a standard Brownian motion, where

Fα(t) = {A ∈ F :A∩ {ω : α(t)≤ s} ∈ Fs , ∀s ≥ 0}.

5.2 Stochastic Ordinary Differential Equations

5.2.1 Itô Stochastic Differential Equations

The stochastic process

Y(t)=X(t0)+
t∫

t0

f (s,X(s)) dt +
t∫

t0

g(s,X(s)) dBs (5.2.1)

is called an Itô process, and formally it is defined by the stochastic differential

dYt = f (t,Xt )dt + g(t,Xt )dBt . (5.2.2)

The equation

dXt = f (t,Xt )dt + g(t,Xt )dBt . (5.2.3)

is called a stochastic differential equation. The vector function f (t, x) = (fi(t, x))

(i = 1,2, . . . ,N) is called a drift vector, the matrix g(t, x) = (gij (t, x)) (i =
1,2, . . . ,N ; j = 1,2, . . . ,M) is called a diffusion matrix.

Definition 5.2.1 A stochastic process {X(t)}t≥0 which satisfies (5.2.3) is called a
strong solution.

A solution is called a strong solution, because it is a solution of (5.2.3) with
a Brownian motion given in advance. If only the functions f (t, x) and g(t, x)

are given and one is asked for a pair of processes (X̂t , B̂) on a probability space
(Ω,F ,P) such that (5.2.4) holds, then X̂t (or more precisely (X̂t , B̂)) is called a
weak solution.

Definition 5.2.2 A stochastic process {X̂(t)}t≥0 which satisfy (5.2.3) for some
Brownian motion {B̂(t)}t≥0

dX̂t = f (t, X̂t ) dt + g(t, X̂t ) dB̂t (5.2.4)

is called a weak solution.

A strong solution is of course also a weak solution.
Any solution of a diffusion type stochastic differential equation is called a diffu-

sion process.
Existence of solutions of stochastic differential equations can be guaranteed by

the following theorem.



216 5 Stochastic Differential Equations

Theorem 5.2.1 (Existence and Uniqueness [24]) Suppose that the coefficients f

and g of equations

Xi(t,ω)=Xi(0,ω)+
t∫

0

fi(s,X(s,ω)) ds

+
t∫

0

gik(s,X(s,ω)) dBk(s), (5.2.5)

satisfy a space-variable Lipschitz condition

|f (t, x)− f (t, y)|2 + |g(t, x)− g(t, y)|2 ≤ k|x − y|2,
and the spatial growth condition

|f (t, x)|2 + |g(t, x)|2 ≤ k
(

1 + |x|2),
for some positive constant k. Then there exists a continuous adapted solution Xt of
(5.2.5) that is uniformly bounded in L2: sup0≤t≤T E(X2

t ) <∞. Moreover, if Xt and
Yt are both continuous L2 bounded solutions of (5.6.11) then

P
(

Xt = Yt for all t ∈ [0, T ]) = 1.

In the theorem some conditions for the initial random variable X(0,ω) are also
required. For the sake of simplicity these conditions are omitted here.

Further we assume that solutions of all stochastic differential equations exist lo-
cally, that is for t ∈ [0, ε).

5.2.2 Stratonovich Stochastic Differential Equations

There is another interpretation of the white noise in (5.0.1). For example, in some
applications stochastic differential equations are formulated in terms of Stratonovich
stochastic differential equations

dXt = f̃ (t,Xt )dt + g(t,Xt ) ◦ dBt . (5.2.6)

The notation “◦” denotes the Stratonovich integral
t∫

t0

g(s,X(s)) ◦ dBs.

The Stratonovich stochastic differential equations (5.2.6) can be expressed in terms
of the Itô stochastic differential equations (5.2.4): a solution of a Stratonovich
stochastic differential equation (5.2.6) is a solution of the Itô stochastic differen-
tial equation (5.2.4) with the modified drift coefficients

fi = f̃i + 1

2

∂gij

∂xk
gkj (i = 1,2, . . . ,N).
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One of the benefits of the Stratonovich form of stochastic differential equations is
that a change of variables in the stochastic differential equations occurs according
to the chain rule of classical calculus.

Since the Stratonovich form of stochastic differential equations (5.2.6) can be
converted into Itô stochastic differential equations (5.2.4), further we will deal with
the Itô interpretation of stochastic differential equations.

5.2.3 Kolmogorov Equations

Instead of considering trajectories of a stochastic processes {X(t)}t≥0 Kolmogorov
studied the properties of the transition probabilities

P(s, x; t,A)= P(Xt ∈A |Xs = x),

i.e., the probability of the event that a trajectory of X arrives in the set A at time t ,
provided that Xs = x at time s. This leads to the following backward parabolic
differential equation

−∂p

∂s
= fi(s, x)

∂p

∂xi
+ 1

2
σij (s, x)

∂2p

∂xi∂xj
, (5.2.7)

and the forward parabolic equation

∂p

∂t
= − ∂

∂yi
(fi(t, y)p)+ 1

2

∂2

∂yi∂yj

(

σij (t, y)p
)

, (5.2.8)

where σij = gikgjk , and the function p(s, x; t, y) is defined by the probability
P(s, x; t, (−∞, y]) [27]. Equation (5.2.8) is also called the Fokker–Planck equa-
tion.

Notice that the one-dimensional backward Kolmogorov equation

ut + f ux + g2

2
uxx = 0 (5.2.9)

is equivalent with respect to a change of the dependent and independent variables to
the heat equation

vτ = vyy,

if and only if it satisfies the condition6

Hxxxg
2 + 2Htx + 2Hxx(gxg + f )+ 2Hx(fx − 2H)= 0, (5.2.10)

where

H = (2g)−1(gxxg
2 + 2(gt − fxg + gxf )). (5.2.11)

In particular, the backward Kolmogorov equation is equivalent to the heat equation
for all stochastic differential equations with Hx = 0.

6Criteria for a linear parabolic equation to be equivalent to one of the Lie canonical equations can
be found in [14, 16, 18].
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5.3 Linearization of First-Order Stochastic ODE

Definition 5.3.1 If the functions f (t, x) and g(t, x) are linear with respect to the
variable x, i.e.,

f (t, x)= a1(t)x + a0(t), g(t, x)= b1(t)x + b0(t),

then the stochastic differential equation

dXt = (a1(t)Xt + a0(t)) dt + (b1(t)Xt + b0(t)) dBt , (5.3.1)

is called a linear stochastic differential equation. A linear stochastic differential
equation with b1 = 0 is called a linear stochastic differential equation in the narrow-
sense [25].

Linear stochastic ordinary differential equations play a similar role as linear ordi-
nary differential equations play in the classical theory of ordinary differential equa-
tions. For example, as in the classical theory of ordinary differential equations the
reduction of a stochastic ordinary differential equation to a linear stochastic ordinary
differential equation allow constructing an exact solution of the original equation
[13, 25, 26]. Hence, one can state the linearization problem for a stochastic ordinary
differential equations: find a change of variables such that a transformed equation
becomes a linear equation.

Recall that in the general case the change of variables in stochastic differential
equations differs from the change of variables in ordinary differential equations ow-
ing to the necessity of using the Itô formula instead of the formula for differentiation
of a composite function (5.1.2): if ϕ(t, x) is a continuous function with continuous
derivatives ϕt , ϕx , ϕxx , and a stochastic process {Xt }t≥0 is a solution of the stochas-
tic differential equation

dX = f (t,X)dt + g(t,X)dBt , (5.3.2)

then the process ϕ(t,X) has the stochastic differential

dϕ(t,X)= (

ϕt + f ϕx + kt2k−1g2ϕxx
)

(t,X)dt + (gϕx)(t,X)dBt .

Here f (t, x) and g(t, x) are deterministic functions.
In [5, 13, 25] the Itô formula was applied for solving the linearization problem

of a scalar first-order stochastic ordinary differential equation

dX = f (t,X)dt + g(t,X)dW. (5.3.3)

Particular criteria of the existence of a change of the dependent variable

y = ϕ(t, x) (5.3.4)

such that (5.3.3) becomes the linear equation

dY = (a1(t)Y + a0(t)) dt + (b1(t)Y + b0(t)) dW, (5.3.5)
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are presented in [5, 13, 25, 33].7 In [13] linearization criteria for autonomous
stochastic ordinary differential equations (f = f (x) and g = g(x)) were found. It
was also obtained the reducibility conditions to the equation with a1 = 0 and b1 = 0.
Many examples of stochastic ordinary differential equations satisfying these crite-
ria are given in [13, 25]. On the base of this analysis the author [5] developed a
MAPLE package containing routines which return explicit solutions of stochastic
differential equations. Necessary and sufficient conditions for the linearization of
the one-dimensional Itô stochastic differential equations driven by fractional Brow-
nian motion are given in [33].

Since transformation (5.3.4) does not change the Brownian motion, the lineariza-
tion by (5.3.4) can be called a strong linearization to contrast a reducibility to a linear
differential equation with a different Brownian motion.

5.3.1 Weak Linearization Problem

Similar to the definition of a strong or weak solutions the reduction of a stochastic
differential equation to a linear differential equation with a changed Brownian mo-
tion can be called a weak linearization. For example, the time change t including
the (random) time change t with the time change rate h2(t,ω):

y = x, τ (t,ω)=
t∫

0

h2(s,ω)ds, (5.3.6)

leads to the change of the Brownian motion by the formula [24]

B̃t =
α(t,ω)∫

0

h(s,ω)dBs, (5.3.7)

where τ(α(t,ω),ω) = t . This transformation can further simplify the coefficients
of a linear stochastic differential equation (5.3.5). For example, one of the functions
b1(t) or b0(t) of a diffusion coefficient can be reduced to one. Transformations of the
type (5.3.7) were used in [3, 4, 11, 12, 22] for defining a fiber preserving admitted
Lie group of stochastic differential equations.

In [30] it was proven that the generalization of (5.3.7)8

τ(t)=
t∫

0

η2(s,X(s)) ds, B̃t =
α(t)∫

0

η(s,X(s)) dBs, (5.3.8)

7Details and references can be found therein.
8Considering h= h(t, x, b) this generalization can be extended including the Brownian motion Bt

into the transformation.
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also gives a transformation of the Brownian motion Bt into the Brownian mo-
tion B̃t . Recall that any first-order (deterministic) ordinary differential equation can
be mapped into the simplest equation y′ = 0 by a suitable change of the dependent
and independent variables. By virtue of its generality this transformation is not ap-
plicable to the linearization problem. Similar to first-order (deterministic) ordinary
differential equations, one can find a transformation (5.3.7), which maps a stochastic
ordinary differential equation to the simplest equation

dYt = dB̃t .

Among other weak transformations one also can mention an application of the
Girsanov theorems.

5.3.2 Strong Linearization of First-Order SODE

This section gives a complete9 study of the linearization problem by using (5.3.4).
Let be given a function y = ϕ(t, x). Assume that ϕx(t, x) �= 0, then by virtue of

the inverse function theorem there is a local inverse function x = ψ(t, y) such that
y ≡ ϕ(t,ψ(t, y)) and x ≡ψ(t,ϕ(t, x)).

Applying the Itô formula to a solution of (5.3.2) with the function ϕ(t, x), one
obtains that the stochastic process Y(t,ω)= ϕ(t,X(t,ω)) satisfies the equation

dYt = f̄ (t, Yt ) dt + ḡ(t, Yt ) dBt , (5.3.9)

where

f̄ (t, y)=
(

ϕt + f ϕx + 1

2
g2ϕxx

)

(t,ψ(t, y)), ḡ(t, y)= (gϕx)(t,ψ(t, y)).

The linearization problem is to find a substitution y = ϕ(t, x) such that (5.3.2)

dXt = f (t,Xt ) dt + g(t,Xt ) dBt , (5.3.10)

is reduced to a linear stochastic differential equation, i.e., (5.3.9) is the linear
stochastic differential equation

dYt = (α1(t)Yt + α0(t)) dt + (β1(t)Yt + β0(t)) dBt . (5.3.11)

A stochastic differential equation (5.3.10) which has this property is called a re-
ducible equation [25].

The problem of finding reducible stochastic differential equations using the Itô
formula can be solved if one can find a function ϕ(t, x) which satisfies the condi-
tions

ϕt + f ϕx + 1

2
g2ϕxx = α1ϕ + α0, gϕx = β1ϕ + β0. (5.3.12)

9In [5, 13, 25] only particular cases were studied. In [33] one of sufficient conditions is missing.
The present section complete this niche.
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Notice that β2
1 + β2

0 �= 0.
From these equations one finds the derivatives

ϕx = (β0 + β1ϕ)/g, (5.3.13)

ϕt = (ϕβ1 + β0)

(
1

2
(gx − β1)− g−1f

)

+ (α1ϕ + α0). (5.3.14)

Considering the mixed derivatives (ϕx)t = (ϕt )x , one obtains

ϕ(β1t − β1N)+ β0t − β0(N + α1)+ α0β1 = 0, (5.3.15)

where

N = g−1
(

gt + fgx + g2

2
gxx − gfx

)

. (5.3.16)

Remark 5.3.1 For the equation

pt + fpx + 1

2
g2pxx = 0 (5.3.17)

one has

H =N,

where H is defined by formula (5.2.11).

Assuming that the coefficient of ϕ in (5.3.15) is equal to zero, one finds

β1t = β1N, β0t = −α0β1 + α1β0 + β0N. (5.3.18)

Since ϕx �= 0, one has β2
1 + β2

0 �= 0, that leads to

Nx = 0.

Notice also that excluding N from (5.3.18), the coefficients α0(t), α1(t), β0(t) and
β1(t) has to satisfy the equation

β1t β0 − β1(β0t + α0β1 − α1β0)= 0. (5.3.19)

Stochastic differential equations satisfying the condition Nx = 0 were studied in
[25]. Many examples of reducible equations of such type of equations were given
in [5, 25]. The authors of [25] considered β1 = 0, α1 = 0. Moreover without loss of
generality one can also assume that α0 = 0: for satisfying (5.3.18) one can choose
β1 = 0, α1 = 0 and α0 = 0. Notice that by virtue of Nx = 0 the equation (5.3.17)
satisfies the criterion (5.2.10): the equation (5.3.17) is equivalent to the heat equation

ut = uxx.

Theorem 5.3.1 Let the coefficients of a stochastic differential equation

dXt = f (t,Xt ) dt + g(t,Xt ) dBt (5.3.20)
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satisfy the condition Nx = 0. Then the backward Kolmogorov equation correspond-
ing to (5.3.20) is equivalent to the heat equation, and (5.3.20) is reducible to the
linear stochastic differential equation

dYt = eJ dBt ,

where

J (t)=
∫

N dt, (5.3.21)

and the transition function y = ϕ(t, x) is found by integrating the compatible system
of partial differential equations

ϕt = eJ (gx/2 − f/g), ϕx = eJ /g.

Let us consider the case which was not studied in [25]: assume that the coefficient
of ϕ in (5.3.15) is not equal to zero

J0 = β1t − β1N �= 0,

which also means that in this case β1 �= 0. From (5.3.15) one can define the function
ϕ

ϕ = −β0t − β0(N + α1)+ α0β1

(β1t − β1N)
.

Substituting ϕ into the right-hand side of (5.3.13), one has

ϕx = β1t β0 − β0t β1 − α0β
2
1 + α1β0β1

g(β1t − β1N)
. (5.3.22)

Since it is assumed that ϕx �= 0, the numerator of the last equation satisfies the
condition

β1t β0 − β1(β0t + α0β1 − α1β0) �= 0. (5.3.23)

Substituting ϕ into (5.3.22), one obtains

β1t − β1N =Nxg. (5.3.24)

By virtue of the assumption J0 �= 0, this means that Nx �= 0.
Differentiating (5.3.24) with respect to x, one gets

(Nxg)x + β1Nx = 0

Because of the assumption Nx �= 0, one can find β1:

β1 = − (Nxg)x

Nx

.

Since the function β1 does not depend on x, differentiating the last equation with
respect to x, one obtains

∂

∂x

(
(Nxg)x

Nx

)

= 0
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or

Nxxx = (Nxg)
−1(N2

xxg −Nx(gxxNx + gxNxx)). (5.3.25)

Substituting β1 into (5.3.24), one has the condition

∂

∂t

(
(Nxg)x

Nx

)

−N
(Nxg)x

Nx

+Nxg = 0

or

Ntxx = (Nxg)
−1(Nxx(Ntxg +NxgN − gtNx)− gtxN

2
x + gxN

2
xN −N3

x g).

(5.3.26)

Equation (5.3.14) becomes

β ′′
0 − (μ1 − 1

2β
2
1 + 2α1)β

′
0 − (μ2 − α1μ1 + α′

1 − α2
1 + 1

2β1(β
′
1 + α1β1))β0

+ α0(2β
′
1 + β1(

1
2β

2
1 −μ1 − α1))+ β1α

′
0 = 0 (5.3.27)

where

μ1 = gt + gxf + gN

g
+ Ntx +Nxxf

Nx

− 1

2
gx

(

gx + g
Nxx

Nx

)

,

μ2 =Nt +Nx

(

f − 1

2
gxg

)

+N2 −Nμ1.

By virtue of the conditions for the function N , one obtains μ1x = 0, μ2x = 0.
If a stochastic differential equation with Nx �= 0 is linearizable, then without loss

of generality one can choose, for example, α1 = β0 = 0. Hence, one gets

α0 = eJ (t), ϕ = − β1e
J (t)

β1t − β1N
,

where

J (t)=
∫

q dt, q = μ1 − 2
β ′

1

β1
. (5.3.28)

Notice also that in this case the backward Kolmogorov equation is not equivalent
to the classical heat equation. In fact, substituting (5.3.25) into (5.2.10), one finds

Ntx = −(2Nxg)
−1

(

N2
xxg

3 +NxxNxg(2f + gxg)+ 2N2
x (gt + gxf − 3gN)

)

.

(5.3.29)

Then (5.3.26) and (5.3.29) give the contradiction Nx = 0.

Theorem 5.3.2 Assume that Nx �= 0, and the function N satisfies (5.3.25), (5.3.26).
Then the change

y = − β1e
J

β1t − β1N
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transforms a solution of the equation

dXt = f (t,Xt ) dt + g(t,Xt ) dBt ,

into a solution of the linear stochastic differential equation

dYt = eJ dt + β1Yt dBt .

Here β1 = −N−1
x (Nxg)x , J (t)= ∫

q dt , and

q = β1(gx − β1)/2 + (gt − fβ1)/g +Ntx/Nx − 2Nxg/β1 −N.

Remark 5.3.2 For a stochastic differential equation with fractional Brownian mo-
tion (fBm) Bh with the Hurst parameter h ∈ (0,1):

dX = f (t,X)dt + g(t,X)dBh

the linearization conditions are similar to the function

N = g−1(gt + fgx + ht2h−1gxxg
2 − gfx

)

.

The criteria for the linearization of a stochastic differential equation with fBm were
obtained in [33].10

Remark 5.3.3 Considering stochastic ordinary differential equation (5.3.20) as the
system of stochastic differential equations

dXt = f (t,Xt ) dt + g(t,Xt ) dBt ,

dZ = dBt ,

one can include Brownian motion in the linearizing transformation

Y = ϕ(t,X,Z).

In this case it is required for the function ϕ(t, x, z) to satisfy the deterministic system
of equations

ϕt + f ϕx + 1
2g

2ϕxx + gϕxz + 1
2ϕzz = α1ϕ + α0,

gϕx + ϕz = β1ϕ + β0.
(5.3.30)

These equations are obtained similarly to (5.3.12) (using the Itô formula for two
stochastic processes). Analysis of the last system of equations (5.3.30) shows that
the extension of the transformation does not extend the set of linearizable stochastic
differential equations (5.3.20).

10Unfortunately one of sufficient conditions is missing in [33].
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5.4 Strongly Linearizable Second-Order SODE

Many mathematical models in chemistry and physics are based on the second-order
equation

Ẍ = f (t,X, Ẋ)+ g(t,X, Ẋ) Ḃt , (5.4.1)

where Ḃt is a white noise. For example, the second-order Langevin equation

Ẍ = f (t,X, Ẋ)+ σ Ḃt (5.4.2)

describes the motion of a particle in a noise-perturbed force field. In particular, for
the case of the harmonic oscillator,

f (t, x, ẋ)= −ν2x − βẋ,

and (5.4.2) is a linear second-order stochastic differential equation.The Langevin
equation is also used in lasers, chemical kinetics, population dynamics.

While solving problems connected with nonlinear ordinary differential equations
(deterministic) it is often expedient to simplify the equations by a suitable change
of variables. The simplest form of a second order ordinary differential equation
ẍ = f (t, x, ẋ) is a linear form. S. Lie [17]11 showed that a second-order ordinary
differential equation ẍ = f (t, x, ẋ) is linearizable by a change of the independent
and dependent variables if, and only if, it is a polynomial of third degree with respect
to the first-order derivative:

ẍ + aẋ3 + bẋ2 + cẋ + d = 0,

where the coefficients a(t, x), b(t, x), c(t, x) and d(t, x) satisfy the conditions

L1 = 3att − 2btx + cxx − 3atc+ 3axd + 2btb− 3cta − cxb+ 6dxa = 0,

L2 = btt − 2ctx + 3dxx − 6atd + btc+ 3bxd − 2cxc− 3dta + 3dxb = 0.

5.4.1 Linearization Conditions

A scalar second-order stochastic ordinary differential equation (5.4.1) in differential
form is written as the following equation

dẊ = f (t,X, Ẋ) dt + g(t,X, Ẋ) dBt . (5.4.3)

Here the first term in the right-hand side corresponds to a Riemann integral, and
the second term corresponds to an Itô integral. The problem is to find a change of
the dependent variable y = ϕ(t, x) such that the transformed equation is a linear
stochastic differential equation

dẎ = (

a1(t)Y + b1(t)Ẏ + c1(t)
)

dt + (

a2(t)Y + b2(t)Ẏ + c2(t)
)

dBt .

(5.4.4)

Here we just formulate the final result.

11Details and references one can find in [21].
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Theorem 5.4.1 A second-order stochastic differential equation

Ẍ = f (t,X, Ẋ)+ g(t,X, Ẋ)Ḃt

is linearizable by a change of the dependent variables if and only if

f = −(p2b+ pc+ d), g = pb2 +ψ,

where the functions b(t, x), c(t, x), d(t, x), g(t, x), ψ(t, x) and b2(t) satisfy the
conditions:

cx = 2bt , btt + dxx + btc+ bxd + dxb = 0,

(ψx + bψ)x − btb2 = 0.

Theorem 5.4.2 If a second-order stochastic differential equation

Ẍ = f (t,X, Ẋ)+ g(t,X, Ẋ)Ḃt ,

is linearizable, then the deterministic second-order ordinary differential equation

ẍ = f (t, x, ẋ)

is also linearizable.

5.5 Transformations of Autonomous Stochastic First-Order
ODEs

The first step in the study of admitted Lie group of transformations consists of a
discussion of defining admitted transformations. Recall that according to Itô’s for-
mula: if ϕ(t, x) is a continuous function with continuous derivatives ϕt , ϕx , ϕxx ,
and a stochastic process {Xt }t≥0 is a solution of the stochastic differential equation

dX = f (t,X)dt + g(t,X)dBt , (5.5.1)

then the process ϕ(t,X) has the stochastic differential

dϕ(t,X)=
(

ϕt + f ϕx + g2

2
ϕxx

)

(t,X)dt + (gϕx)(t,X)dBt .

Here f = f (t, x) and g = g(t, x) are measurable deterministic functions.

5.5.1 Admitted Transformations

Let η(t, x) �= 0 be a continuous in t function defining a random time change with
time change rate η2(t,X(t,ω)):

βX(t)= β(t,X)=
t∫

0

η2(s,X(s)) ds, t ≥ 0 (5.5.2)
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with the inverse

αX(t)= α(t,X)= inf
s≥0

{s : βX(s) > t}, (5.5.3)

βX(αX(t))= t = αX(βX(t)), t ≥ 0. (5.5.4)

Using the function ϕ(t, x) and the random time change, one can define a transfor-
mation X̄(t̄) of the stochastic process X(t) by

X̄(t̄)= ϕ
(

α(t̄,X),X(α(t̄,X))
)

. (5.5.5)

Setting ψ(t)= ϕ(t,X(t)), it can be shown [29, 30] that for almost all ω, there is the
relation

X̄(βX(t))=ψ(t). (5.5.6)

Due to the Itô formula one has

ψ(t)=ψ(0)+
t∫

0

(

ϕt + f ϕx + g2

2
ϕx

)

(s,X(s)) ds

+
t∫

0

gϕx(s,X(s)) dB(s). (5.5.7)

Because X(t) is a solution of (5.5.1) and ϕx(t, x) is a continuous function, the pro-
cess ϕx(t,X(t))g(t,X(t)) is a continuous process and gϕx is a nonanticipating
functional. According to the time change formula for Itô integrals [20], a nonan-
ticipating functional Y with

P

( t∫

0

Y 2 ds +
t∫

0

η2 ds <∞, t ≥ 0

)

= 1

satisfies the formula

αX(t)∫

0

Y(s) dB(s)=
t∫

0

Y(αX(s))
1

η(αX(s),X(αX(s)))
dB̄(s). (5.5.8)

Correspondingly, the last term of (5.5.7) changes to

βX(t)∫

0

(

η−1gϕx
)(

αX(s), X(αX(s))
)

dB̄(s).

Since βX(t)= ∫ t

0 η
2(s,X(s)) ds and β(αX(t̄,X)= t̄ , then

η2(αX, X(αX)
)

α′
X(t̄)= 1,

and hence (5.5.7) becomes
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ψ(t)=ψ(0)+
βX(t)∫

0

[

η−2
(

ϕt + f ϕx + g2

2 ϕxx

)] (

αX(s),X(αX(s))
)

ds

+
βX(t)∫

0

(

η−1gϕx
)(

αX(s),X(αX(s))
)

dB̄(s). (5.5.9)

On the other hand, requiring that X̄(t̄) is a weak solution of (5.5.1), one obtains

X̄(t̄)= X̄(0)+
t̄∫

0

f (s, X̄(s)) ds +
t̄∫

0

g(s, X̄(s)) dB̄(s).

Substituting12 t̄ = βX(t) into this equation, one gets

X̄(βX(t))= X̄(0)+
βX(t)∫

0

f (s, X̄(s)) ds +
βX(t)∫

0

g(s, X̄(s)) dB̄(s).

(5.5.10)

Equations (5.5.9) and (5.5.10) will certainly be equal if the integrands of the two
Riemann integrals as well those of the Itô integrals coincide. Comparing the Rie-
mann and Itô integrands, respectively, one comes to the equalities

(

ϕt + f ϕx + g2

2
ϕxx

)

(αX(t),X(αX(t)))= f (t, X̄(t))η2(αX(t),X(αX(t))),

gϕx(αX(t),X(αX(t)))= g(t, X̄(t))η(αX(t),X(αX(t))).

(5.5.11)

Replacing t by t̄ = βX(t) and using (5.5.4), these two equations become
(

ϕt + f ϕx + g2

2
ϕxx

)

(t,X(t))= f (βX(t), X̄(βX(t)))η
2(t,X(t)),

gϕx(t,X(t))= g(βX(t), X̄(βX(t)))η(t,X(t)).

(5.5.12)

Using (5.5.6), this pair of equations can be rewritten as
(

ϕt + f ϕx + g2

2 ϕxx

)

(t,X(t))= f (βX(t), ϕ(t,X(t)))η
2(t,X(t)),

(gϕx)(t,X(t))= g(βX(t), ϕ(t,X(t)))η(t,X(t)).
(5.5.13)

Notice that by virtue of the presence of βX(t) in (5.5.13), these equations are still
functional equations. If the functions f and g do not depend on time t or ηx = 0,
then the problem for (5.5.13) to be functional is overcome.

From here onwards it is assumed that (5.5.1) is autonomous:

dXt = f (Xt ) dt + g(Xt ) dBt . (5.5.14)

12These considerations are similar to the constructions applied in [29, 30]. It should be noted that
there is no change of variables in the integrands as the authors of [8] misleadingly state.
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The assumption f = f (x) and g = g(x) allows us to consider (5.5.13) as the deter-
ministic equations for the functions ϕx(t, x) and η(t, x):

ϕt (t, x)+ f (x)ϕx(t, x)+ g2(x)
2 ϕxx(t, x)= f (ϕ(t, x))η2(t, x),

g(x)ϕx(t, x)= g(ϕ(t, x))η(t, x).
(5.5.15)

Considering the second equation of (5.5.15) as an equation defining the function

η(t, x)= g(x)ϕx(t, x)

g(ϕ(t, x))
, (5.5.16)

the first equation becomes the parabolic nonlinear equation

ϕt (t, x)+ f (x)ϕx(t, x)+ g2(x)

2
ϕxx(t, x)

= f (ϕ(t, x))

(
g(x)ϕx(t, x)

g(ϕ(t, x))

)2

. (5.5.17)

Thus, if the function ϕ(t, x) is a solution of (5.5.17), and X(t) is a solution of
(5.5.1), then ϕ(t,X(t)) is also a solution of (5.5.1). In the case that

η(t, x)= g(x)ϕx(t, x)

g(ϕ(t, x))
= 1 (5.5.18)

the solution ϕ(t,X(t)) is a strong solution. In this case we call the transformation
y = ϕ(t, x) a strong admitted transformation. Otherwise the transformation is called
a weak admitted transformation.

Let us study some examples of stochastic ordinary differential equations.

5.5.1.1 Geometric Brownian Motion

As an example, consider the autonomous stochastic ordinary differential equation

dX(t)= μX(t)dt + σX(t)dB(t), (5.5.19)

where μ> 0 and σ > 0 are constant. The solution of (5.5.19) with the initial condi-
tion X(0)=X0 is called geometric Brownian motion.

Since the solution of (5.5.17) and (5.5.18) is trivial: ϕ = kx, where k is constant,
there are no nontrivial strong admitted transformations.

For obtaining weak admitted transformations one has to solve (5.5.17) which is

ϕt +μxϕx + σ 2x2

2
ϕxx = μ

x2ϕ2
x

ϕ
. (5.5.20)

Notice that if μ = σ 2/2, then using the substitution u = ϕ2, the nonlinear equa-
tion (5.5.20) is reduced to the linear backward Kolmogorov equation (5.2.9):

ut +μxux + σ 2x2

2
uxx = 0.

For this equation the function H defined by formula (5.2.11) vanishes: H = 0. This
means that according to the criteria (5.2.10) for μ = σ 2/2 the nonlinear equation
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(5.5.20) is reduced to the classical heat equation. Below we consider the general
case of μ and σ .

A simple check shows that this equation, considered as a deterministic equation,
admits the Lie group with the generators

X1 = x∂x, X2 = ϕ∂ϕ, X3 = ∂t .

These generators compose an Abelian Lie algebra.13 Invariant solutions constructed
on the basis of this Lie algebra are exhausted by two classes. One class of invariant
solutions is based on the generator

X1 − kX2 = x∂x − kϕ∂ϕ

while the second class is based on the generator

2X3 − λσ 2X1 + 2kX2 = 2∂t − λσ 2x∂x + 2kϕ∂ϕ,

where k and λ are arbitrary14 constants.
The first class of invariant solutions has the representation

ϕ = xkv(t).

Substituting this representation into (5.5.20), one gets

v′ − k(k − 1)

(

μ− σ 2

2

)

v = 0. (5.5.21)

Hence, the transformation is

ϕ = Cxk exp

(

tk(k − 1)

(

μ− σ 2

2

))

. (5.5.22)

The second class has the representation

ϕ = ektv(z), z= xeλσ
2t/2.

Substituting this representation into (5.5.20), one gets

σ 2z2vv′′ + z(λσ 2 + 2μ)vv′ − 2μz2v′2 + 2kv2 = 0.

This equation is linearizable. Introducing y = ln(z), similar to the linear Euler equa-
tion it can be reduced to the equation

vv′′ + k1vv
′ − (γ + 1)v′ 2 + k3v

2 = 0, (5.5.23)

where the constants are

γ = 2
μ

σ 2
− 1, k1 = γ + λ, k3 = 2

k

σ 2
.

This equation can be mapped into the free particle equation u′′(τ )= 0 by the change
of variables

u= h(y)v−γ , τ = q(y),

13The admitted Lie algebra of (5.5.20) is infinite dimensional.
14Here signs and scaling these constants are chosen for further convenience.
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where

q ′ = h2e−k1y, h′ =ψh, ψ ′ =ψ2 − k1ψ − k3γ. (5.5.24)

Thus, the general solution of (5.5.23) is

h(y)v−γ = c̃1q(y)+ c̃0.

Solutions of (5.5.24) corresponding to ϕ = v(z) (k = 0) depend on k1.
If k1 = 0, then

ψ = − 1
y
, h= 1

y
, q = − 1

y
,

ϕ = (c1y + co)
−1/γ , y = ln(x)− tγ σ 2/2.

(5.5.25)

If k1 �= 0, then

ψ = k1
1+ek1y

, h= ek1y

1+ek1y
, q = 1

k1

ek1y

1+ek1y
, y = ln(x)+ λtσ 2/2,

ϕ =
(

c1 + cox
−k1e−k1λtσ

2/2
)−1/γ

.

(5.5.26)

5.5.2 Autonomous Systems of Stochastic First-Order ODEs

In this section the approach developed above is applied to a system of autonomous
stochastic first-order ordinary differential equations. For simplicity, we illustrate this
with a system of two equations

dX1 = f1(X1,X2) dt + g1(X1,X2) dBt ,

dX2 = f2(X1,X2) dt + g2(X1,X2) dBt .
(5.5.27)

Let us make a transformation of the dependent variables,

y1 = ϕ1(t, x1, x2), y2 = ϕ2(t, x1, x2). (5.5.28)

Comparison of integrands leads to the equations

η−2
(

ϕ1t + f1ϕ1x1 + f2ϕ1x2 + g2
1

2 ϕ1x1x1 + g1g2ϕ1x1x2 + g2
2

2 ϕ1x2x2

)

= f1(ϕ1, ϕ2),

η−2
(

ϕ2t + f1ϕ2x1 + f2ϕ2x2 + g2
1

2 ϕ2x1x1 + g1g2ϕ2x1x2 + g2
2

2 ϕ2x2x2

)

= f2(ϕ1, ϕ2),

η−1(g1ϕ1x1 + g2ϕ1x2)= g1(ϕ1, ϕ2),

η−1(g1ϕ2x1 + g2ϕ2x2)= g2(ϕ1, ϕ2).

(5.5.29)

Here on the left hand sides, η = η(t, x1, x2), fi = fi(t, x1, x2), and gi = gi(t, x1, x2),
(i = 1,2).

Next two applications are considered: SODE of order grater than one and deter-
ministic change of Brownian motion.
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5.5.2.1 Second-Order SODE

Notice that a second-order stochastic ordinary differential equation

dẊ = f (X, Ẋ) dt + g(X, Ẋ) dBt , (5.5.30)

can be rewritten as the system of first-order stochastic ordinary differential equations

dX1 =X2 dt,

dX2 = f (X1,X2) dt + g(X1,X2) dBt ,
(5.5.31)

where usual for deterministic differential equations X = X1, Ẋ = X2 are applied.
Equations (5.5.29) become

η−2(ϕ1t + x2ϕ1x1)= ϕ2,

η−2
(

ϕ2t + x2ϕ2x1 + f ϕ2x2 + g2

2 ϕ2x2x2

)

= f (ϕ1, ϕ2),

ϕ1x2 = 0, η−1gϕ2x2 = g(ϕ1, ϕ2).

(5.5.32)

We observe that the first equation is similar to the prolongation formula if one takes
into account the change of time

β(t,X, Ẋ)=
t∫

0

η2(s,X(s), Ẋ(s)) ds. (5.5.33)

From the last equation of (5.5.32) one finds

η(t, x1, x2)= g(x1, x2)ϕ2x2(t, x1, x2)

g (ϕ1(t, x1, x2), ϕ2(t, x1, x2))
. (5.5.34)

Substituting (5.5.34) into the remaining equations of (5.5.32), one obtains the
overdetermined system of partial differential equations for the functions ϕ1(t, x1, x2)

and ϕ2(t, x1, x2):

ϕ1x2 = 0, ϕ1t + x2ϕ1x1 = ϕ2

(

g
ϕ2x2

g(ϕ1,ϕ2)

)2
,

ϕ2t + x2ϕ2x1 + f ϕ2x2 + g2

2 ϕ2x2x2 = f (ϕ1, ϕ2)
(

g
ϕ2x2

g(ϕ1,ϕ2)

)2
.

(5.5.35)

For example, for the Ornstein–Uhlenbeck equation

dẊ = −bẊ dt + σ dBt , (5.5.36)

where b > 0 is the friction coefficient, and σ �= 0 is the diffusion coefficient, (5.5.35)
become

ϕ1x2 = 0, ϕ1t + x2ϕ1x1 = ϕ2ϕ
2
2x2

,

ϕ2t + x2ϕ2x1 − bx2ϕ2x2 + σ 2

2 ϕ2x2x2 = −bϕ2ϕ
2
2x2

.
(5.5.37)
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5.5.2.2 Deterministic Change of Brownian Motion

Considering (5.5.14) as a system of equations,

dX1 = f (X1)dt + g(X1)dBt ,

dX2 = dBt ,

where we have set X1 = X, one can include Brownian motion into the transforma-
tion (5.5.5):

y1 = ϕ1(t, x1, x2), y2 = ϕ2(t, x1, x2). (5.5.38)

In this case f1 = f1(x1), g1 = g1(x1), f2 = 0 and g2 = 1, and (5.5.27) become

ϕ1t + f1ϕ1x1 + g2
1

2 ϕ1x1x1 + g1ϕ1x1x2 + 1
2ϕ1x2x2 = f1(ϕ1)(g1ϕ2x1 + ϕ2x2)

2,

g1ϕ1x1 + ϕ1x2 = g1(ϕ1)(g1ϕ2x1 + ϕ2x2),

ϕ2t + f1ϕ2x1 + g2
1

2 ϕ2x1x1 + g1ϕ2x1x2 + 1
2ϕ2x2x2 = 0,

η = g1ϕ2x1 + ϕ2x2 .

For example, for the geometric Brownian motion

ϕ1t +μx1ϕ1x1 + σ 2x2
1

2 ϕ1x1x1 + σx1ϕ1x1x2 + 1
2ϕ1x2x2 = μϕ1(σx1ϕ2x1 + ϕ2x2)

2,

σx1ϕ1x1 + ϕ1x2 = σϕ1(σx1ϕ2x1 + ϕ2x2),

ϕ2t +μx1ϕ2x1 + σ 2x2
1

2 ϕ2x1x1 + σx1ϕ2x1x2 + 1
2ϕ2x2x2 = 0,

η = σx1ϕ2x1 + ϕ2x2 .

One of solutions of these equations is

ϕ1 = eσ(k1x2+k2)q(z), ϕ2 = k1x2 + k2 + k3z
1−γ ,

where ki (i = 1,2,3) are arbitrary constants, z = x1e
−σx2 , and the function q(z) is

a solution of the linear second-order Euler-type equation

z2q ′′ + γ zq ′ − γ k2
1q = 0.

For this solution the function

η = k1.

In particular, if k1 = 1, k2 = k3 = 0, this transformation becomes

ϕ1 = c1x1 + c2x
−γ

1 eσ(γ+1)x2 , ϕ2 = x2,

where ci (i = 1,2) are arbitrary constants.

5.6 Lie Group of Transformations for Stochastic Processes

5.6.1 Short Historical Review

While symmetry techniques have found a wide range of applications in the anal-
ysis of ordinary and partial differential equations, there have been only few and
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recent attempts to extend these techniques to stochastic differential equations. The
main obstacle which one encounters here is the non-differentiability of stochastic
processes, which makes it difficult to include change of time in the symmetry trans-
formations. Another difficulty is how to match the time change in the Lie groups of
transformations with the time change in the stochastic processes.

Symmetries of stochastic differential equations are usually considered for scalar
equations or systems of stochastic ordinary differential equations

dXi = fi(t,X)dt + gik(t,X)dBk (i = 1,2, . . . , n),

where Bk (k = 1,2, . . . , r) are standard Brownian motions. Most approaches fall
into two general groups as follows.

The first approach [1, 3, 4, 7–9, 11, 12, 19, 22, 23, 32] employs fiber-preserving
transformations only,

x̄ = ϕ(t, x, a), t̄ =H(t, a),

and thus avoids the problem of how to include the dependent variables in the time
change. Here x is the vector of dependent, that is spatial variables, t is the indepen-
dent variable, usually time, and a is the group parameter.

Misawa [23] and Albeverio & Fei [1] considered H(t, a) = t . Gaeta & Quinter
[12] and Gaeta [9] allowed time to be changed, but did not apply the time change
to Brownian motion. Gaeta later [11] extended the approach developed in [9, 12]
to include Brownian motion in the transformation. Mahomed & Wafo Soh [19] and
Ünal [32] used an infinitesimal transformation for Brownian motion,

dB̄ = dB + 1

2
ε

(

τt + f τx + 1

2
g2
xxτxx

)

dB,

where τ(t, x) = ∂H
∂a
(t, x,0) is the coefficient of the infinitesimal generator of the

Lie group. Fredericks & Mahomed [7, 8] tried to reconcile [19] and [32]. Melnick
[22] and Alexandrova [3, 4] also include Brownian motion in the transformation of
the dependent variables.

In general, the change of variables in stochastic differential equations differs from
the change of variables in ordinary differential equations, as the Itô formula takes the
place of the chain rule of differentiation. Exploiting the Itô formula and the require-
ment that a solution of a stochastic differential equation is mapped into a solution of
the same equation, the determining equations of an admitted Lie group can be ob-
tained. This approach has been applied to stochastic dynamical systems [1, 3, 4, 23],
to the Fokker–Plank equation [11, 12, 15, 32, 34], to scalar second-order stochastic
ordinary differential equations [19], and to the Hamiltonian–Stratonovich dynam-
ical control system [34]. It has also been applied to stochastic partial differential
equations [22].

The second approach [29, 30] includes the dependent variables in the transfor-
mation of time as well,

x̄ = ϕ(t, x, a), t̄ =H(t, x, a).
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In particular, the transformation of Brownian motion is defined through the trans-
formation of the dependent and independent variables. Generalizing the change of
time formula [24], it was proven in [29] that the transformed Brownian motion

B̄(t)=
t∫

0

η
(

s,X(s), a
)

dB(s)

(where η(t, x, a) �= 0) satisfies again the properties of Brownian motion. This trans-
formation of Brownian motion is a logical generalization of the time change in the
Itô integral to the case where the stochastic process is included in the change. Ex-
ploiting the Itô formula, this transformation of Brownian motion and the require-
ment that a solution of the stochastic differential equation is mapped into a solution
of the same equation, and finally equating the Riemann and Itô integrands, the de-
termining equations of an admitted Lie group were obtained. The definition of an
admitted Lie group for stochastic differential equations was given using these deter-
mining equations.

It is worth to note that if H =H(t, a), then these determining equations coincide
with those obtained in [8].

In spite of its greater generality, the definition of an admitted Lie group for
stochastic differential equations given in [29, 30] has some weaknesses, as we ex-
plain now. First, the relation of the function η defined in [29, 30] by the formula

η2(t, x, a)=Ht(t, x, a)

restricts the set of transformations substantially. Second, the determining equations
defined in [29, 30] only give necessary conditions for the transformed function to
be a solution of the original equations, as they are obtained by equating integrands.
Compare this to deterministic equations, where the determining equations are ob-
tained by differentiating the original equations with the transformed solution substi-
tuted into them, and hence give also sufficient conditions. Some of these difficulties
will be overcome for autonomous equations in the next section.

In this section the approach [29, 30] is described. We construct a Lie group of
transformations, involving both the dependent variables and the Brownian motion
in the transformations. Mapping Brownian motions into Brownian motions allow
obtaining a correct generalization of application of group analysis to stochastic dif-
ferential equations.

5.6.2 Admitted Lie Group and Determining Equations

Let us consider a system of stochastic ordinary differential equations:

dXi = fi(t,X)dt + gik(t,X)dBk (i = 1, . . . ,N; k = 1, . . . ,M). (5.6.1)
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5.6.2.1 Lie Group of Transformations

Assume that the set of transformations

t̄ =H(t, x, a), x̄i = ϕi(t, x, a) (5.6.2)

composes a Lie group with the infinitesimal generator

h(t, x)∂t + ξi(t, x)∂xi .

Since the initial point in the Riemann and Itô integrals is fixed (t = 0), then it has
to be invariant of admitted transformations. This gives

h(0, x)= 0. (5.6.3)

This requirement can be omitted if one allows changes of the initial point in the
integrals.

According to Lie’s theorem, the functions H(t, x, a) and ϕ(t, x, a) satisfy the
Lie equations

∂H

∂a
= h(H,ϕ),

∂ϕi

∂a
= ξi(H,ϕ) (5.6.4)

and the initial conditions for a = 0:

H(t, x,0)= t, ϕi(t, x,0)= xi . (5.6.5)

Using the functions ϕi(t, x, a), one can define a transformation X̄(t̄) of a stochastic
process X(t) by

X̄(t̄)= ϕ
(

αX(t̄),X(αX(t̄)), a
)

, (5.6.6)

where the functions αX(t̄) is as in formulae (5.5.3). This gives an action of Lie group
(5.6.2) on the set of stochastic processes.

In contrast to deterministic differential equations one notices that the function
H(t, x, a) is not involved in the definition of the transformed stochastic process
(5.6.6). By analogy with deterministic differential equations one can relate the func-
tion η(t, x, a) with the Lie group. For deterministic differential equations the func-
tion η2 plays the role of the total derivative of the function H(t, x, a) with respect to
t : η2 =H,t +H,i ẋi . Since the stochastic process X(t,ω) is not differentiable, then
the following relation can be considered instead,

H,t = η2. (5.6.7)

This relation was used in [29, 30]. For deterministic differential equations ẋi = fi ,
one may also choose the following relation for stochastic differential equations

H,t +H,ifi = η2. (5.6.8)

Recall that for stochastic differential equations the Itô formula plays the role of
the total derivative. Hence, one further relation between Lie group and the function
η(t, x, a) can be considered

H,t +H,ifi + 1

2
gjkglkH,jl = η2. (5.6.9)
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Since H,t (t, x,0)= 1 and H,xi (t, x,0)= 0, then all these choices do not contradict
positivity of the right hand sides.

Recall that a one-parameter Lie group of transformations is related to the gener-
ator

h(t, x)∂t + ξ(t, x)∂xi ,

where

h(t, x)= ∂H

∂a
(t, x,0), ξi(t, x)= ∂ϕi

∂a
(t, x,0).

In calculations of an admitted Lie group of transformations it is useful to intro-
duce the function

τ(t, x)= ∂η

∂a
(t, x,0).

If one assumes any of the relations (5.6.7)–(5.6.9), then similar to deterministic
differential equations, the functions τ(t, x) and ξi(t, x) define a Lie group of trans-
formations for stochastic processes. In fact, if the function τ(t, x) is given, then the
function h(t, x) is the unique solution of the Cauchy problems, respectively,

h,t = 2τ, h(0, x)= 0;
h,t + h,ifi(t, x)= 2τ, h(0, x)= 0; (5.6.10)

h,t + h,ifi + 1

2
gjkglkh,j l = 2τ, h(0, x)= 0.

Integrating the Lie equations

∂H

∂a
(t, x, a)= h(H(t, x),ϕ(t, x)),

∂ϕi

∂a
(t, x, a)= ξi(H(t, x),ϕ(t, x))

with the initial conditions

H(t, x,0)= t, ϕ(t, x,0)= x

one then finds the functions H(t, x, a) and ϕ(t, x, a). Notice that each of these
Cauchy problems have an unique solution.

5.6.2.2 Determining Equations

The problem which remains is to find sufficient conditions which guarantee that
the transformed process (5.6.6) is again a solution of the system (5.6.1). In the fol-
lowing we will overcome the difficulties encountered in [29, 30] for autonomous
equations of form (5.5.14).15 Our approach is to use the admissibility condition for
transformations (5.5.17) to define admitted Lie groups of transformations. In par-
ticular, the stochastic time change (5.5.2) need not be directly related with the time
change (5.6.2) by the admitted Lie group.

15In [8] the authors also tried to correct [29, 30]. Their attempt led to the strong restriction: all
possible admitted transformations are fiber preserving.
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Assume that the deterministic functions ϕ(t, x, a) and H(t, x, a) compose a Lie
group of transformations G1 with the generator

Y = h(t, x)∂t + ξ(t, x)∂x.

Let X(t) be a continuous and adapted stochastic process satisfying (5.6.1)

Xi(t)=Xi(0)+
t∫

0

fi(s,X(s)) ds +
t∫

0

gik(s,X(s)) dBk(s), (5.6.11)

where the drift vector f = (f1, . . . , fN) and the diffusion matrix g = (gik)N×M are
given functions, B = (B1, . . . ,BM) is multi-Brownian motion,

∫ t

0 f (s,X(s))dt is a
Riemann integral and

∫ t

0 g(s,X(s))dB(s) is an Itô integral.
Requiring that X̄(t̄) determined by (5.6.6) is a weak solution of (5.6.11), and

applying the approach developed for constructing (5.5.13), one obtains the equations
(

ϕi,t + ϕi,j fj + 1

2
ϕi,j lgjkglk

)

(t,X(t), a)

= fi(βX(t), ϕ(t,X(t), a))η
2(t,X(t), a), (5.6.12)

ϕi,j gjk(t,X(t), a)= gik(βX(t), ϕ(t,X(t), a))η(t,X(t), a) (5.6.13)

(i = 1, . . . ,N; k = 1, . . . ,M),

where the function βX(t) is as in formula (5.5.2).

Definition 5.6.1 A Lie group of transformations (5.6.2) is called admitted by
stochastic differential equations (5.6.11), if for any solution X(t) of (5.6.11) the
functions η(t, x, a) and ϕ(t, x, a) satisfy (5.6.12) and (5.6.13).

This definition of admitted Lie group for stochastic ordinary differential equa-
tions is similar to one of definitions of admitted Lie group for deterministic equa-
tions.

In analogy with deterministic differential equations one can obtain so-called de-
termining equations by differentiating (5.6.12) and (5.6.13) with respect to the pa-
rameter a, and substituting a = 0:

ξi,t (t,X(t))+ ξi,j fj (t,X(t))+ 1
2ξi,j lgjkglk(t,X(t))

− 2fi,t (t,X(t))

t∫

0

τ(s,X(s)) ds

− fi,j ξj (t,X(t))− 2fiτ (t,X(t))= 0, (5.6.14)

ξi,j gjk(t,X(t))− 2gik,t (t,X(t))

t∫

0

τ(s,X(s)) ds

− gikτ (t,X(t))− gik,j ξj (t,X(t))= 0 (5.6.15)

(i = 1, . . . ,N; k = 1, . . . ,M).
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Here we used the relation

∂βX

∂a

∣
∣
∣
a=0

= 2

t∫

0

∂η

∂a

∣
∣
∣
a=0

ds = 2

t∫

0

τ(s,X(s)) ds

which is obtained after differentiation βX(t, a)= ∫ t

0 η
2(s,X(s), a)ds with respect

to the group parameter a and substitution a = 0 into it.
Equations (5.6.14), (5.6.15) are integro-differential equations for the functions

τ(t, x) and ξ(t, x). These equations have to be satisfied for any solution X(t,ω) of
the stochastic differential equation (5.6.11).

The determining equations (5.6.14), (5.6.15) only give necessary conditions for
the transformed function to be a solution of the original equations, as they are ob-
tained by equating integrands. Compare this to deterministic equations, where the
determining equations are obtained by differentiating the original equations with
the transformed solution substituted into them, and hence give also sufficient condi-
tions. Some of these difficulties will be overcome for autonomous equations in the
next section.

It is worth to note that if H = H(t, a), then these determining equations coin-
cide with the determining equations obtained in [8]. Coincidence of the determin-
ing equations also occurs in the case of autonomous stochastic ordinary differential
equations which are considered in Sect. 5.7.

5.7 Admitted Lie Groups of Transformations of Autonomous
SODEs

Autonomy of stochastic ordinary differential equations allows one to reduce the def-
inition of an admitted Lie group of transformations (5.6.12) and (5.6.13) to solving
a system of deterministic differential equations. For the sake of simplicity a one-
dimensional (N = 1) autonomous stochastic ordinary differential equation with a
single Brownian motion (M = 1) is considered in this section.

Assume that the deterministic functions ϕ(t, x, a) and H(t, x, a) compose a Lie
group of transformations G1 with the generator

Y = h(t, x)∂t + ξ(t, x)∂x.

Hence, the functions ϕ(t, x, a) and H(t, x, a) satisfy the Lie equations

dϕ

da
(t, x, a)= ξ

(

H(t, x, a),ϕ(t, x, a)
)

,

dH

da
(t, x, a)= h

(

H(t, x, a),ϕ(t, x, a)
)

,

(5.7.1)

and the initial conditions

ϕ(t, x,0)= x, H(t, x,0)= t.
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Assuming that ϕ(t, x, a) is admitted, the function ϕ(t, x, a) has to satisfy the deter-
ministic equation (5.5.17):

S(t, x, a)≡ ϕt (t, x, a)+ f (x)ϕx(t, x, a)+ g2(x)

2
ϕxx(t, x, a)

− f (ϕ(t, x, a))
(
g(x)ϕx(t,x,a)
g(ϕ(t,x,a))

)2 = 0. (5.7.2)

Definition 5.7.1 A Lie group G1 is admitted by the autonomous stochastic differ-
ential equation

dX = f (X)dt + g(X)dBt (5.7.3)

if it satisfies (5.7.2).

This definition overcomes the weaknesses described in Sect. 5.6.

5.7.1 Determining Equations

For finding admitted Lie group one can directly solve (5.7.2). A solution ϕ(t, x, a)

of (5.7.2) determines the coefficient

ξ(t, x)= ∂ϕ

∂a
(t, x,0).

If ξt = 0, then, by virtue of the uniqueness of the solution of the Cauchy problem
for the Lie equations, one has that ϕ = ϕ(x, a). Hence, ϕ(x, a) is a solution of the
second-order nonlinear ordinary differential equation

f (x)ϕx(x, a)+ g2(x)

2
ϕxx(x, a)− f (ϕ(x, a))

(
g(x)ϕx(x, a)

g(ϕ(x, a))

)2

= 0.

(5.7.4)

In this case the function could be chosen as the solution of the Cauchy problem

∂H

∂a
(t, x, a)= h(H(t, x, a),ϕ(t, x, a)), H(t, x,0)= t.

Here the function h(t, x) is an arbitrary function. The choice of the function h(t, x)

can depend on additional conditions. If there are no any additional conditions, then
one can choose h(t, x)= 1, which gives H(t, x, a)= t .

If ξt �= 0, then the first equation of the Lie equations (5.7.1) defines the function
H(t, x, a).

As an alternative for finding an admitted Lie group, one can also use determining
equations obtained by expanding the left hand side of (5.7.2) with respect to the
group parameter a,

S(t, x, a)= aSa(t, x,0)+ a2

2! Saa(t, x,0)+ a3

3! Saaa(t, x,0)+ · · · .
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By virtue of the Lie equations (5.7.1) the coefficients of this expansion ∂kS
∂ak

(t, x,0)
can be written through the coefficients of the infinitesimal generator. For example,
the first coefficient of the expansion16 is

Sa(t, x,0)= ξt − f (x)ξx + g2(x)

2
ξxx +

(

2f (x)
g′(x)
g(x)

− f ′(x)
)

ξ.

Necessary conditions for S(t, x, a) = 0 are ∂kS
∂ak

(t, x,0) = 0. In the case that ξt = 0
the equation Sa(t, x,0) = 0 is a linear second-order ordinary differential equation,
in contrast to the nonlinear equation (5.7.4). A solution of this equation also gives
sufficient conditions for S(t, x, a) = 0. Examples considered below also show that
∂kS
∂ak

(t, x,0)= 0 (k = 1,2,3) are sufficient for S(t, x, a)= 0.

Remark 5.7.1 There is the problem of finding the minimal number N of the

terms of the expansion ∂kS
∂ak

(t, x,0) = 0 (k = 1,2, . . . ,N ) which guarantee that
S(t, x, a) = 0. Compare with deterministic differential equations where it is suf-
ficient to solve just determining equations for k = 1.

5.7.2 Admitted Lie Group of Geometric Brownian Motion

For geometric Brownian motion (5.5.19)

f = μx, g = σx (μ > 0, σ > 0),

and (5.7.2) is

ϕt +μxϕx + σ 2x2

2
ϕxx −μx2 ϕ

2
x

ϕ
= 0.

Particular solutions of this equation given in the previous section are (5.5.22),
(5.5.25) and (5.5.26).

ϕt +μxϕx + σ 2x2

2
ϕxx = μ

x2ϕ2
x

ϕ
. (5.7.5)

Let us consider the solution (5.5.22):

ϕ = Cxk exp
(

tk(k − 1)γ σ 2/2
)

. (5.7.6)

If k = 1, then setting C = ea , one obtains ξ = x. Because ξt = 0, one has H = t .
Hence, the admitted generator is

x∂x. (5.7.7)

This generator was also obtained in [28–30].

16Other terms of the expansion are cumbersome and not presented here.



242 5 Stochastic Differential Equations

If k �= 1, then setting k = ea , one obtains

ξ = x
(

ln(x)+ tγ σ 2/2
)

.

Since ξt �= 0, one also finds

H(t, x, a)= te2a.

Hence, the admitted generator is

2t∂t + x
(

ln(x)+ tγ σ 2/2
)

∂x. (5.7.8)

This generator was also obtained in [8].
Solutions corresponding to (5.5.25) do not satisfy the property

ϕ(t, x,0)= x.

Let us study a possibility to compose Lie group for solutions corresponding to
(5.5.26)

ϕ = (

c1 + cox
−k1e−k1λtσ

2/2)−1/γ
, k1 = γ + λ. (5.7.9)

Assume that the constants c1 = c1(a), co = co(a), and λ = λ(a). Since for a Lie
group ϕ(t, x,0)= x, then

c1(0)= 0, co(0)= 1, λ(0)= 0.

The coefficient of the infinitesimal generator is obtained by differentiating (5.7.9)
with respect to the group parameter a and setting it to zero:

ξ = λ′(0)
γ

x
(

ln(x)+ tγ σ 2/2
) − c′

o(0)

γ
x − c′

1(0)

γ
xγ+1.

Forming a linear combination with the generators (5.7.7) and (5.7.8) one obtains the
only generator

xγ+1∂x. (5.7.10)

It is worth to notice that since solutions (5.7.5), (5.5.25) and (5.5.26) are partic-
ular solutions of (5.7.5), the generators (5.7.7), (5.7.8) and (5.7.10) do not exhaust
the set of admitted generators.

Let us employ the determining equations ∂kS
∂ak

(t, x,0)= 0 (k = 1,2, . . .) for find-
ing admitted Lie group. The first determining equation is

2ξt + σ 2(x2ξxx − (γ + 1)xξx + (γ + 1)ξ
) = 0. (5.7.11)

Recall that 2μ= σ 2(γ + 1).
If ξt = 0, then the general solution of this equation is

ξ = C1x +C2x
γ+1.

If ξt �= 0, then from the equations Sa = 0 and Saa = 0 one can find ξt and ht .
Substituting them into Saaa = 0, one obtains the equation

∂5ξ

∂x5
hhx +Φ

(

x, ξ, ξx, . . . ,
∂4ξ

∂x4
, h,hx, . . . ,

∂3h

∂x3

)

= 0. (5.7.12)

Further study depends on quantity of hx .
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If hx = 0, then

ht = 2(ξx − ξ/x).

The general solution of this equation is

ξ = x

2

(

ht ln(x)+ 2h1
)

,

where h1 = h1(t) is an arbitrary function. Substituting this solution into (5.7.11),
and splitting it with respect to x, one finds

htt = 0, h′
1 = (γ + 1)σ 2/4.

This gives that

h= c1t + c0, h1 = t (γ + 1)σ 2/4 + c2,

where c0, c1 and c2 are arbitrary constants. The requirement17 (5.6.3) forces the
constant c0 to vanish and one thus obtains the generators (5.7.7) and (5.7.8).

If hx �= 0, then (5.7.12) gives ∂5ξ

∂x5 . The equation

∂5

∂x5

(
∂ξ

∂t

)

= ∂

∂t

(
∂5ξ

∂x5

)

and ∂kS
∂ak

(t, x,0)= 0 (k = 1,2, . . .) are satisfied.18 Since, there are no other equations
for the function h(t, x), there is an infinite number of admitted generators.

Remark 5.7.2 In [29] the admitted Lie group

ϕ(t, x, a)= (

a + x−γ
)−1/γ

, H(t, x, a)= t
(

1 + axγ
)−2

for geometric Brownian motion was presented as an example. In the context of the
present study, this group arises from transformation (5.7.9) with λ= co = 0 and the
additional relation (5.6.7).

Another example considered in [29] is the equation

dXt = μdt + dBt ,

where μ> 0 is constant. Here (5.7.2) becomes

ϕt +μϕx + 1

2
ϕxx −μϕ2

x = 0.

One easily verifies that the function obtained in [29],

ϕ(t, x, a)= x − 1

2μ
ln
(

1 − 2μae2μx)

17In [8] the constant c0 is mistakenly kept.
18Using symbolic calculations on computer we checked equations ∂kS

∂ak
(t, x,0) = 0 (k ≤ 7). It is

likely that this identity holds for all large k.
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solves this equation. The additional relation (5.6.7) then yields

H(t, x, a)= t
(

1 − 2μae2μx)−2

as already obtained in [29]. This confirms that the examples of transformations con-
sidered in [29] are correct, contrary to what [8] claims.

5.8 Lie Groups of Transformations of Some Stochastic ODEs

According to the above discussion an alternative way for finding an admitted Lie
group of transformations is the way of solving determining equations. The present
section demonstrates this method for obtaining an admitted Lie group of some
stochastic ordinary differential equations. The method considered in this section
consists of solving determining equations (5.6.14) and (5.6.15). Following [28–30]
we assume that the stochastic time change (5.5.2) is related to the time change of
an admitted Lie group of transformations (5.6.2) by the relation (5.6.7). Recall that
(5.6.7) gives that the functions τ(t, x) and h(t, x) have to satisfy the Cauchy prob-
lem (5.6.10).

5.8.1 Geometric Brownian Motion

Let us consider ones more the equation describing geometric Brownian motion
(5.5.19):

dX(t)= μX(t)dt + σX(t)dB(t), (5.8.1)

where μ and σ > 0 are constant. The system of determining equations becomes

ξt +μxξx + 1
2σ

2x2ξxx −μξ − 2μxτ = 0, τ = ξx − ξ/x. (5.8.2)

Substituting τ into the first equation of (5.8.2), one obtains that the function
ξ(t, x) has to satisfy the linear parabolic partial differential equation

ξt −μxξx + 1

2
σ 2x2ξxx +μξ = 0. (5.8.3)

Using the change

t̄ = −t, y =
√

2

σ
ln(x), ξ = ueky+t (μ−k2)

(

k =
√

2(σ 2 + 2μ)

4σ

)

,

(5.8.3) is reduced to the heat equation

ut̄ − uyy = 0.

Any solution of the heat equation provides a solution of the determining equations
(5.8.2). For the sake of simplicity we study the particular class of solutions of (5.8.3)
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defined by the additional assumption ξ = ξ(x). In this case the determining equation
(5.8.3) becomes

x2ξ ′′ − (γ + 1)(xξ ′ − ξ)= 0,

where γ = 2μσ−2 − 1. The general solution of the last equation is

ξ = C1x +C2x
γ+1, (5.8.4)

and, hence, τ = C2γ x
γ . The solution of the Cauchy problem (5.6.10) is h(t, x) =

2C2γ tx
γ . Thus, a basis of admitted generators consists of the generators

x∂x, xγ (x∂x + 2γ t∂t ).

The first admitted generator coincides with (5.7.7). Taking into account Re-
mark 5.7.2, one can note that the second generator also coincides with (5.7.10).

For the first generator the transformations are x̄ = xea , t̄ = t and the function
η = 1.

Let us construct the Lie group of transformations corresponding to the second
admitted generator

xγ (γ−1x∂x + 2t∂t ).

The solution of the Cauchy problem
{

dH
da

= h(H,ϕ),
dϕ
da

= ξ(H,ϕ),

H(t, x,0)= t, ϕ(t, x,0)= x

is

t̄ =H = t (1 + axγ )−2, x̄ = ϕ = (a + x−γ )−1/γ .

Then η2 =Ht = (1 + axγ )−2.

5.8.2 Narrow-Sense Linear System

Let μ, ν and σ �= 0 be constant. Consider the system of equations discussed in [13]

dX(t)= Y(t)dt,

dY (t)= −(

ν2X(t)+μY(t)
)

dt + σdB(t).
(5.8.5)

This system of equations is called the narrow-sense linear system. The system of
determining equations (5.6.14), (5.6.15) for (5.8.5) becomes

ξ1,t + yξ1,x − (ν2x +μy)ξ1,y + 1
2σ

2ξ1,yy − 2yτ − ξ2 = 0,
ξ2,t + yξ2,x − (ν2x +μy)ξ2,y + 1

2σ
2ξ2,yy + 2(ν2x +μy)τ + ν2ξ1 +μξ2 = 0,

ξ1,y = 0, ξ2,y − τ = 0.
(5.8.6)

From the last two equations one finds

τ = ξ2,y , ξ1 = ξ1(t, x).
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Substituting these into the remaining equations of (5.8.6), one obtains that the func-
tions ξ1 and ξ2 have to satisfy the equations

ξ1,t + yξ1,x − 2yξ2,y − ξ2 = 0,
ξ2,t + yξ2,x + (ν2x +μy)ξ2,y + 1

2σ
2ξ2,yy + ν2ξ1 +μξ2 = 0.

(5.8.7)

Differentiating the first equation in (5.8.7) with respect to y, one gets

ξ1,x − 2yξ2,yy − 3ξ2,y = 0. (5.8.8)

Differentiating (5.8.8) with respect to y again, one finds

2yξ2,yyy + 5ξ2,yy = 0.

The general solution of this equation is

ξ2 =H1 + 1√
y
H2 + yH3,

where H1(t, x), H2(t, x) and H3(t, x) are arbitrary functions. Substituting ξ2 into
the second equation of (5.8.7), one obtains

3
8σ

2y−5/2H2 − 1
2y

−3/2ν2xH2 + y−1/2( 1
2μH2 +H2,t )+ y1/2H2,x

+ y(H3,t +H1,x + 2μH3)+ y2H3,x +H1,t + νx2H3 + ν2ξ1 +μH1 = 0.

Splitting the last equation with respect to y, one has H2 = 0, H3 = f (t), and

H1,t +μH1 + νx2f + ν2ξ1 = 0, H1,x + f ′ + 2μf = 0. (5.8.9)

Substituting ξ2 into (5.8.8), and solving it, one finds

ξ1 = 3xf (t)+ g(t).

Then the first equation of (5.8.7) gives

H1 = 3xf ′ + g′.

Substituting ξ1 and H1 into the first equation of (5.8.9), one finds

νx2f + x(3f ′′ + 3f (ν2 +μ))+ g′′ +μg′ + ν2g = 0.

Splitting the last equation with respect to x, one has f (t)= 0, and

g′′ +μg′ + ν2g = 0.

The general solution of the last equation depends on the relation between ν and
μ:

g =
⎧

⎨

⎩

e−μt/2(C1e
γ1t +C2e

−γ1t ), μ2 > 4ν2;

e−μt/2(C1 + tC2), μ2 = 4ν2;

e−μt/2(C1 sin(γ2t)+C2 cos(γ2t)), μ2 < 4ν2,

where

γ1 =
√

μ2/4 − ν2, γ2 =
√

ν2 −μ2/4.



5.8 Symmetries of Some Stochastic ODEs 247

For brevity we only proceed with the first case: μ2 > 4ν2. In this case τ = 0,
h= 0, and

ξ1 = e−μt/2(C1e
γ1t +C2e

−γ1t ),

ξ2 = e−μt/2(C1(γ1 −μ/2)eγ1t −C2(γ1 +μ/2)e−γ1t ).
(5.8.10)

The basis of admitted generators consists of the generators

e(γ1−μ/2)t (∂x + (γ1 −μ/2)∂y), e−(γ1+μ/2)t (∂x − (γ1 +μ/2)∂y).

A Lie group of transformations based on these generators does not change time t .
Applying the Itô formula one can show that the transformations corresponding to
these generators map a solution of (5.8.5) into a solution of the same equations.

5.8.3 Black and Scholes Market

Consider the system of equations discussed in [24],

dX(t)= ρX(t)dt,

dY (t)= μY(t)dt + σY (t)dB(t),
(5.8.11)

where ρ, μ and σ are nonzero constants. For (5.8.11) the corresponding system of
determining equations becomes

ξ1,t + ρxξ1,x +μyξ1,y + 1
2σ

2y2ξ1,yy − 2ρxτ − ρξ1 = 0,

ξ2,t + ρxξ2,x +μyξ2,y + 1
2σ

2y2ξ2,yy − 2μyτ −μξ2 = 0,

yξ1,y = 0, yξ2,y − yτ − ξ2 = 0.

(5.8.12)

From the last pair of equations of (5.8.12), one finds

ξ1 = ξ1(t, x), τ = ξ2,y − ξ2

y
.

Substituting these into the remaining equations of (5.8.12), one obtains that the func-
tions ξ1 and ξ2 have to satisfy the system of equations

ξ1,t + ρxξ1,x − 2ρx(ξ2,y − ξ2
y
)− ρξ1 = 0,

ξ2,t + ρxξ2,x −μyξ2,y + 1
2σ

2y2ξ2,yy +μξ2 = 0.
(5.8.13)

Differentiating the first equation of (5.8.13) with respect to y, one gets

ξ2,yy − 1

y
ξ2,y + 1

y2
ξ2 = 0.

The general solution of the last equation is

ξ2 = yF(t, x)+ yG(t, x) lny.
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Substituting this ξ2 into the second equation of (5.8.13), and splitting it with respect
to y, one obtains

Gt + ρxGx = 0, Ft + ρxFx −
(

μ− 1

2
σ 2

)

G= 0.

Thus

G= F1, F = γ lnxF1 + F2,

where γ = ρ−1(μ− σ 2/2), and F1 = F1(z), F2 = F2(z) are arbitrary functions of
the argument z= t −ρ−1 lnx. Substituting ξ2 into the first equation of (5.8.13), one
obtains

ξ1,t + ρxξ1,x − ρξ1 − 2ρxF1 = 0.

Hence,

ξ1 = 2x lnxF1 + xF3, ξ2 = (y lny + γy lnx)F1 + yF2, τ = F1,

(5.8.14)

where F3 = F3(z). A basis of admitted generators corresponding to (5.8.14) is

yF2(z)∂y, xF3(z)∂x, F1(z)(2x lnx∂x + y(lny + γ lnx)∂y)+ h∂t ,

where z= t − ρ−1 lnx, and h= 2
∫ t

0 F1(s − lnx
ρ
)ds.

5.8.4 Nonlinear Itô System

Let μ1 and μ2 be constants. Consider the system of equations discussed in [12],

dX(t)= μ1

X(t)
dt + dB1(t),

dY (t)= μ2dt + dB2(t). (5.8.15)

The associated Fokker–Planck equation is

ut = 1

2
(uxx + uyy)+ μ1

x2
u− μ1

x
ux −μ2uy,

which has been studied by [6]. For (5.8.15) the corresponding system of determining
equations for (5.6.14), (5.6.15) becomes

ξ1,t + μ1
x
ξ1,x +μ2ξ1,y + 1

2ξ1,xx + 1
2ξ1,yy − 2μ1

x
τ + μ1

x2 ξ1 = 0,
ξ2,t + μ1

x
ξ2,x +μ2ξ2,y + 1

2ξ2,xx + 1
2ξ2,yy − 2μ2τ = 0,

ξ1,x − τ = 0, ξ2,y − τ = 0, ξ1,y = 0, ξ2,x = 0.
(5.8.16)

From the last equations of (5.8.16) one can find

ξ1 = ξ1(t, x), ξ2 = ξ2(t, y), τ = ξ2,y .
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Substituting these relations into the remaining equations of (5.8.16), one obtains
that the function ξ1 and ξ2 have to satisfy the system of equations

ξ1,t + μ1
x
ξ1,x + 1

2ξ1,xx − 2μ1
x
ξ2,y + μ1

x2 ξ1 = 0,
ξ2,t −μ2ξ2,y + 1

2ξ2,yy = 0,
ξ1,x − ξ2,y = 0.

(5.8.17)

Differentiating the third equation of (5.8.17) with respect to x and y, respectively,
one obtains

ξ1,xx = 0, ξ2,yy = 0,

thus

ξ1 = h1(t)x + h2(t), ξ2 = h3(t)y + h4(t).

Substituting them into other equations of (5.8.17), and splitting it with respect to x,
one obtains

h1 − h3 = 0, h2 = 0, h′
3 = 0, h′

4 −μ2h3 = 0.

Hence

ξ1 = C1x, ξ2 = C1(y +μ2t)+C2, τ = C1, (5.8.18)

and h= 2C1t . Thus, a basis of generators corresponding to (5.8.18) is

∂y, x∂x + (y +μ2t)∂y + 2t∂t .
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Chapter 6
Delay Differential Equations

Many mathematical models in biology, physics and engineering, where there is a
time lag or aftereffect, are described by retarded differential equations. Retarded
differential equations are similar to ordinary differential equations, but their evolu-
tion involves past values of the state variable. The solution of retarded differential
equations therefore requires knowledge of not only the current state, but also of the
state at previous moments. Although this type of equations plays a key role in many
branches, the theory of retarded differential equations is still being developed.

In this chapter, applications of group analysis to delay differential equations
(DDE) are considered. For the sake of completeness short introduction into the the-
ory1 of delay differential equations is also presented here.

6.1 Delay Differential Equations in Mathematical Modeling

Delay differential equations appear in problems with delaying links where cer-
tain information processing is needed, for example, in population dynamics and
bioscience problems, in control problems, electrical networks containing lossless
transmission lines. Many examples of applications of delay differential equations
in mathematical modeling one can find in [2, 9, 12, 15, 23]. Here we present one
illustrative example.

Let us consider simple models describing a change of population. One of such
models is proposed by T.R. Malthus in 1798. It has the form

Ṅ(t)= λN(t), N(to)=No > 0. (6.1.1)

Here N(t) is the population at time t ≥ to and λ > 0 is the growth coefficient. Ac-
cording to this model the population is growing exponentially, which is not realistic.
This model does not take into account overcrowding and food shortage. Preventing

1The theory and applications of functional differential equations can be found in many books, for
example, in [2, 9, 12, 15, 23] and in many others.

Y.N. Grigoriev et al., Symmetries of Integro-Differential Equations,
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weakness of the Malthus model, P.F. Verhulst published in 1838 the logistic equa-
tion:

Ṅ(t)= λN(t)

(

1 − N(t)

K

)

, N(to)=No > 0. (6.1.2)

The logistic equation can be integrated exactly, and has the solution

N(t)= K

1 +CKe−λ(t−to)
,

where C = 1/No − 1/K . Since N(t) → K when t → ∞, this solution indicates
that the population growth tends to the finite number K , which is the maximum
number of individuals that the environment can support. The term (1 − N(t)

K
) in

(6.1.2) manages the rate of the population growth: the population is growing slower
if it tends to the stationary number K . The model described by (6.1.2) is more
realistic than the model described by (6.1.1), but it has some defects as well. One of
them lies in the fact that the population growth is monotone, whereas in the reality
the population is oscillating near the stationary solution. Another defect is related to
the fact that the population immediately reacts on the change of the population. The
model proposed by G.E. Hutchinson in 1948 corrects these defects and has the form

Ṅ(t)= λN(t)

(

1 − N(t − τ)

K

)

. (6.1.3)

Here the reaction of the population is considered with the delay τ . This delay can
arise from variety of causes, for example, slow replacement of food supplies.

The presence of the delay in an equation cannot be considered separately from
setting the initial value problem. For (6.1.3), the initial value problem, in contrast to
ordinary differential equations, is set on the interval [to − τ, to]:

N(to − s)=No(s), s ∈ [to − τ, to]. (6.1.4)

The set of solutions of the initial value problem (6.1.3), (6.1.4) is richer and their
behavior is closer to the reality than solutions of the previous models. In particular,
for some parameters solutions demonstrate oscillating behavior in tending to their
stationary state.

6.2 Mathematical Background of Delay Ordinary Differential
Equations

One of the main keys to solving determining equations of an admitted Lie group
of partial differential equations is an existence theorem of a local solution of the
Cauchy problem. For delay differential equations the existence of a local solution
plays a similar role. Since the theory of existence for delay ordinary differential
equations is well-developed, in this section we give a short review of results of this
theory. We use the terminology accepted in the theory of delay differential equa-
tions.2 The reader familiar with delay differential equations can skip this section.

2See, for example, [6].
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6.2.1 Definitions and Theorems

Let us consider a system of ordinary delay differential equations

ẋ(t)=G(t, x(g1(t)), x(g2(t)), . . . , x(gn(t))), (6.2.1)

where x ∈Rm, gj (t) ∈ [t − r, t], ∀t ≥ t0 (j = 1,2, . . . , n), for some constant r ≥ 0.
For example, for g1(t)= t − 1, g2(t)= t − 2, n= 2, m= 1, the equation (6.2.1) is
written as

ẋ(t)= 3x(t − 1)− x(t − 2).

Definition 6.2.1 If a vector-function χ(t) is defined at least on [t − r, t], then a new
function χt : [−r,0] →Rm is defined by

χt (s)= χ(t + s), s ∈ [−r,0].

We will denote the set of continuous on [−r,0] functions with values in D by

QD = {χ ∈ C([−r,0]) | χ(t) ∈D ⊂Rm, ∀t ∈ [−r,0]}.

Definition 6.2.2 The equation

ẋ(t)= F(t, xt ) (6.2.2)

with the functional F : J × QD → Rm is called a functional differential equation.
Here J is an interval (α,β) ∈R.

For any function χ ∈ QD we define the value

‖χ‖r = sup
−r≤s≤0

|χ(s)|,

which can be considered as a norm of the Banach space QRm containing the space
of functions χ ∈ QD .

Example 6.2.1 For system of equations (6.2.1) the functional F(t, xt ) is defined as

F(t, xt )=G(t, xt (g1(t)− t), xt (g2(t)− t), . . . , xt (gn(t)− t)).

Example 6.2.2 If the functional F is F(t,χ) = ∫ 0
−r

χ(s) ds, then the functional
differential equation has the form

ẋ(t)=
0∫

−r

xt (s) ds =
t∫

t−r

x(s) ds.

In studying existence and uniqueness for a system of ordinary differential equa-
tions we usually consider continuity and Lipschitz conditions. In the case of the
functional F(t, xt ) these conditions are replaced in the following way.
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Definition 6.2.3 A continuity condition is satisfied if for each given continuous
function χ : [t0 − r, β) → D, the function F(t,χt ) is a continuous function with
respect to t ∈ [t0, β).

Let Q be a subset of J × QD .

Definition 6.2.4 The functional F : J ×QD →Rm satisfies the Lipschitz condition
on Q (or F is Lipschitzian on Q) if there exists a positive constant L such that

|F(t,χ)− F(t, χ̂)| ≤ L‖χ − χ̂‖r ,
for arbitrary (t, χ) and (t, χ̂) from Q.

Definition 6.2.5 The functional F : J ×QD →Rm is said to be locally Lipschitzian
if for each given (t0, χ0) ∈ J × QD there exist numbers a > 0 and b > 0 such that
F is Lipschitzian on the subset

Q = {(t, χ) ∈ J × QD | t ∈ [t0 − a, t0 + a] ∩ J, χ ∈ QD, ‖χ − χ0‖r ≤ b}.

Notice that if a function F : J ×Dn →Rm satisfies the Lipschitz condition (as a
function), then it satisfies the Lipschitz condition as a functional F : J ×QD →Rm.

Definition 6.2.6 The problem of finding a solution of system (6.2.2), with the initial
data

xt0(s)=ψ(s), s ∈ [t0 − r, t0] (6.2.3)

is called an initial value problem.

One has the following definitions and theorems like their counterparts for ordi-
nary differential equations.

Theorem 6.2.1 Let the functional F : [t0, β) × QD → Rm satisfy the continuity
condition and be locally Lipschitzian. Then the initial value problem (6.2.2), (6.2.3)
with ψ ∈ QD has at most one solution on [t0 − r, β1), for any β1 ∈ (t0, β].

Theorem 6.2.2 Let the functional F : [t0, β) × QD → Rm satisfy continuity con-
dition with respect to t in [t0, β) and let it be locally Lipschitzian. Then the initial
value problem (6.2.2), (6.2.3) with ψ ∈ QD has a unique solution on [t0 −r, t0 +Δ),
for some Δ> 0.

Definition 6.2.7 Let φ(t) on [t0 − r, β1) and φ̂(t) on [t0 − r, β2) both be solutions
of problem (6.2.2), (6.2.3). If β2 > β1, then the solution φ̂(t) is called an extension
of φ(t) to [t0 − r, β2). A solution φ(t) of (6.2.2), (6.2.3) is nonextendable if it has
no extension.

Theorem 6.2.3 Let F : [t0, β) × QD → Rm satisfy the continuity condition, and
let it be locally Lipschitzian. Then for each ψ ∈ QD , problem (6.2.2), (6.2.3) has a
unique nonextendable solution.
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6.3 On the Definition of Admitted Lie Group for DDE

This section is devoted to constructing determining equations of an admitted Lie
group for delay differential equations. We start with an example which relates def-
initions of determining equations of an admitted Lie group for integro-differential
equations and definitions of determining equations of an admitted Lie group for
delay differential equations.

6.3.1 Example

Let us construct a determining equation of an admitted Lie group for the integro-
differential equation

x′(t)=
0∫

−r

x(t + s) ds. (6.3.1)

According to the definition of the admitted Lie group with the generator X =
τ(t, x)∂t + η(t, x)∂x , the determining equation is written as

ηt (t, x(t))+ x′(t)ηx(t, x(t))− x′′(t)τ (t, x(t))
− x′(t)

(

τt (t, x(t))+ x′(t)τx(t, x(t))
)

=
0∫

−r

(

η(t + s, x(t + s))− x′(t + s)τ (t + s, x(t + s))
)

ds. (6.3.2)

Equation (6.3.2) should be satisfied for any solution x = x(t) of (6.3.1). The deter-
mining equation of an admitted Lie group is still an integro-differential equation,
and it is not easy to split it. However, differentiating (6.3.1), one obtains the delay
differential equation

x′′(t)= x(t)− x(t − r). (6.3.3)

The Cauchy problem for this equation is posed by adding the initial conditions [15]

x′(to)= x1, xto (s)=ψ(s), s ∈ [to − r, to], (6.3.4)

with an arbitrary value x1 and an arbitrary continuous function ψ .

6.3.2 Admitted Lie Group of DODE

Relations between integro-differential equation and delay differential equation con-
sidered in the example above give an idea of an application of the definition of the
admitted Lie group, developed initially for integro-differential equations, to delay
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differential equations.3 For the sake of simplicity the method of constructing the
determining equations of an admitted Lie group is explained for a single first-order
delay differential equation (x ∈R1) with one delay

Φ(t, x(t))= ẋ(t)− F(t, x(t), x(g1(t)))= 0, (6.3.5)

and the function F that depends on the independent variables (t, x, y). Extension
to a multi-dimensional case, multiple delays, and higher order is made without any
additional obstacles.

Suppose a one-parameter Lie group G1(X) of the transformations

t̄ = f t (t, x, a), x̄ = f x(t, x, a) (6.3.6)

with the generator

X = τ(t, x)∂t + η(t, x)∂x

is given. Formally4 the determining equations of an admitted Lie group for delay
differential equations is constructed similarly to those for integro-differential equa-
tions. Assume that the Lie group G1(X) transforms a solution x0(t) of (6.3.5)

Φ(t, x(t))= ẋ(t)− F(t, x(t), x(g1(t)))= 0,

into the solution xa(t) of the same equation. The transformed function xa(t) is

xa(t̄)= f x(t, x0(t), a)

with the expression t = ψt(t̄;a) substituted, which is found from the relation
t̄ = f t (t, x0(t), a). Differentiating Φ(t̄, xa(t̄)) with respect to the group parame-
ter a, and considering this equation for the value a = 0, one obtains the determining
equation of an admitted Lie group

ζ ẋ(t, xo(t), ẋo(t), ẍo(t))− ζ x(t, xo(t), ẋo(t))Fx(t, xo(t), xo(g1(t)))

− ζ x(g1(t), xo(g1(t)), ẋo(g1(t)))Fy(t, xo(t), xo(g1(t)))= 0, (6.3.7)

where

ζ x(t, x, ẋ)= η(t, x)− ẋτ (t, x), ζ ẋ(t, x, ẋ, ẍ)=Dtζ
x(t, x, ẋ),

and Dt is the operator of the total derivative with respect to t :

Dt = ∂

∂t
+ ẋ

∂

∂x
+ ẍ

∂

∂ẋ
+ · · · .

Equation (6.3.7) can be rewritten in the form

(X̄Φ)|x=xo(t) = 0, (6.3.8)

3This idea was realized in [21, 22], see also [13].
4The reason to consider this procedure as a formal construction was discussed in the section de-
voted to integro-differential equations.
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where the operator X̄ is the prolongation of the canonical Lie–Bäcklund operator
X̃ = ζ x∂x equivalent to the generator X extended by ζ y∂y for the delay term y =
x(g1(t)):

X̄ = ζ x∂x + ζ y∂y + ζ ẋ∂ẋ .

The coefficient ζ y is equal to the coefficient ζ x considered at the delayed point:

ζ y(t, x(t), ẋ(t))= ζ x(g1(t), x(g1(t)), ẋ(g1(t))).

Definition 6.3.1 A one-parameter Lie group G1 of transformations (6.3.6) is a sym-
metry group admitted by (6.3.5) if G1 satisfies the determining equation (6.3.8) for
any solution x(t) of (6.3.5).

The main features of the determining equation in the given definition is that they
should be valid for any solution of (6.3.5). This allows splitting the determining
equation with respect to arbitrary elements. Since arbitrary elements of delay differ-
ential equations are contained in the determining equations of an admitted Lie group
similarly to the case of differential equations, the process of solving the determin-
ing equations for delay differential equations is analogous to finding the solutions
of the determining equations for differential equations. This will be demonstrated in
examples.

Notice that the given definition is free from the requirement that the admitted
Lie group should transform a solution into a solution, and also it can be applied
for finding an equivalence group, contact and Lie–Bäcklund transformations for
functional differential equations.

6.3.3 Symmetries of a Model Equation

The determining equation of an admitted Lie group for (6.3.3) considered at the
point (to + 0) (right hand side limit), after substitution into it the derivatives

ẍ(to)= x(to)− x(to − r), x′′′(to)= x1 − ẋ(to − r),

becomes

2ηtx(to, xo)x1 + ηtt (to, xo)+ ηxx(to, xo)x
2
1 + ηx(to, xo)xo − ηx(to, xo)x2

− 2τtx(to, xo)x
2
1 − τtt (to, xo)x1 − 2τt (to, xo)xo + 2τt (to, xo)x2 − τxx(to, xo)x

3
1

− 3τx(to, xo)x0x1 + 3τx(to, xo)x2x1 − η(to, xo)+ η(to − r, x2)

+ (τ (to, xo)− τ(to − r, x2)) x3 = 0, (6.3.9)

where xo =ψ(to), x2 =ψ(to − r), x3 =ψ ′(to − r). By virtue of the theorem of the
existence of a solution of the Cauchy problem (6.3.3), (6.3.4) with an arbitrary func-
tion ψ(s) and an arbitrary value x1, the values to, xo, x1, x2 and x3 can be assigned
arbitrarily. The arbitrariness of these variables allows one to split the determining
equation, and then to find the general solution of the determining equation. Further
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analysis is similar to the classical analysis of solving determining equations of an
admitted Lie group for partial differential equations. Since the values to and xo are
arbitrary in the determining equation, they are written as t and x, respectively.

The determining equation (6.3.9) can be split with respect to x1 and x3 into the
five equations

2ηtx(t, x)− τtt (t, x)− 3τx(t, x)x + 3τx(t, x)x2 = 0,

ηxx(t, x)− 2τtx(t, x)= 0, τxx(t, x)= 0, τ (t, x)− τ(t − r, x2)= 0,

ηtt (t, x)+ ηx(t, x)x − ηx(t, x)x2 − 2τt (t, x)x + 2τt (t, x)x2

− η(t, x)+ η(t − r, x2)= 0.

(6.3.10)

The first equation can be also split with respect to x2:

2ηtx(t, x)− τtt (t, x)= 0, τx(t, x)= 0.

Hence, the first four equations of (6.3.10) give

2η(t, x)= x(c1 + τ ′(t))+ ϕ(t), τ (t)= τ(t − r),

where c1 is constant. Substituting this representation into the last equation of
(6.3.10), and splitting it with respect to xo and x2, one obtains

τ ′′′(t)− 4τ ′(t)= 0, 3τ ′(t)+ τ ′(t − r)= 0,

ϕ′′(t)− ϕ(t)+ ϕ(t − r)= 0.

The general solution of the first two equations is τ = c2, where c2 is constant. Then
the infinitesimal generator corresponding to the admitted Lie group is

X = c2∂t + c1x∂x + ϕ(t)∂x,

where the function ϕ(t) is an arbitrary solution of (6.3.3).

6.3.4 Differential-Difference Equations

Delay differential equations with a constant delay can be considered as a particular
case of differential-difference equations. Differential-difference equations appear,
for example, as numerical models of differential equations. It is known that the same
system of partial differential equations can be approximated by different numerical
schemes. Inheritance of symmetry properties of differential equations in a numerical
scheme can be a criterion for choosing the scheme. Several approaches are being
developed for application of group analysis to differential-difference equations.5

Since the discussion of the results of such applications would require extension of
our study to numerical schemes which are beyond the scope of the present book, the
reader is referred to [3]6 where this subject is systematically developed.

5See a review of results in [11] (vol. 1).
6And references therein.
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6.4 Group Classification of Second-Order DODEs

This section deals with a second-order delay ordinary differential equation

y′′ = f (x, y, yτ , y
′, y′

τ ) (6.4.1)

where yτ = y(x−τ), y′
τ = y′(x−τ). The Cauchy problem for (6.4.1) is formulated

as follows. The initial conditions are

y(x)= χ(x), x ∈ (x0 − τ, x0), y′(x0)= y1. (6.4.2)

Assuming some continuity conditions of the functions f and χ , the initial value
problem (6.4.1)–(6.4.2) has a solution. Here x0, y1 and χ are arbitrary.

The purpose of this section is to give a complete group classification of second-
order DODEs with respect to admitted Lie groups.7

Remark 6.4.1 For an ordinary differential equation the presence of an admitted Lie
group allows one to reduce the order of the equation. The use of the admitted Lie
group for DODEs is still an open problem.

Remark 6.4.2 A symmetry classification of second-order difference equations was
studied in [4, 5].

6.4.1 Introduction into the Problem

The group classification problem of differential equations was formulated by S. Lie.
He proved that any non-singular invariant system of differential equations can be
expressed in terms of differential invariants of the corresponding symmetry group.

The group classification of an ordinary differential equation is based upon the
enumeration of all possible nonequivalent Lie algebras of operators admitted by
the chosen type of equations. S. Lie gave the classification of all dissimilar Lie
algebras (under complex change of variables) in two complex variables. In 1992
A. Gonzalez-Lopez et al. ordered the Lie classification of realizations of complex
Lie algebras [7] and extended it to the real case [8]. The mentioned works do not
exhaust all papers devoted to realizations of Lie algebras. We use here Table B.1
that appears in [16].

Recall that for second-order ordinary differential equations with one dependent
variable the group classification was obtained using the following strategy.8 First,
all Lie algebras on the plane being nonequivalent with respect to a change of the
variables were constructed. Differential invariants of operator of these Lie algebras

7This result was obtained in [19, 20].
8The study of the problem of group classification for second-order ordinary differential equations
in complex domain was carried out by S. Lie and is reviewed in [11].
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prolonged up to second-order were obtained. Using these invariants, the represen-
tation of second-order ordinary differential equations were found. These equations
compose a group classification of second-order ordinary differential equations. This
classification is presented in Table 3 [11].9

6.4.2 Determining Equations

Let a one-parameter Lie group G1 of transformations

x̃ = ϕ(x, y, a), ỹ =ψ(x, y, a) (6.4.3)

has the generator

X = ξ(x, y)∂x + η(x, y)∂y. (6.4.4)

According to the definition, the one-parameter Lie group G1 of transformations
(6.4.3) is admitted by (6.4.1) if the coefficients of the generator satisfy the deter-
mining equation

X̄
(

y′′ − f (x, y, yτ , y
′, y′

τ )
)∣
∣
(6.4.1) = 0, (6.4.5)

where the operator X̄ is the prolongation of the canonical Lie–Bäcklund operator
equivalent to the generator X:

X̃ = ζ y∂y + ζ y
′
∂y′ + ζ y

′′
∂y′′ , (6.4.6)

extended for the delay terms:

X̄ = X̃ + ζ yτ ∂yτ + ζ y
′
τ ∂y′

τ
.

Here D is the operator of the total derivative with respect to x,

ζ y(x, y, y′)= η(x, y)− y′ξ(x, y),
ζ yτ (x, yτ , y

′
τ )= ζ y(x − τ, yτ , y

′
τ )

= η(x − τ, yτ )− y′
τ ξ(x − τ, yτ ),

ζ y
′
(x, y, y′, y′′)=D(ζy)

= ηx(x, y)+ [ηy(x, y)− ξx(x, y)]y′

− ξy(x, y)y
′2 − ξ(x, y)y′′,

ζ y
′
τ (x, yτ , y

′
τ , y

′′
τ )= ζ y

′
(x − τ, yτ , y

′
τ , y

′′
τ )

= ηx(x − τ, yτ )+ [ηy(x − τ, yτ )− ξx(x − τ, yτ )]y′
τ

− ξy(x − τ, yτ )y
′2
τ − ξ(x − τ, yτ )y

′′
τ ,

ζ y
′′
(x, y, y′, y′′, y′′′)=D(ζy

′
)

9See vol. 3, page 201.
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= ηxx(x, y)+ [2ηxy(x, y)− ξxx(x, y)]y′

+ [ηyy(x, y)− 2ξxy(x, y)]y′2 − ξyy(x, y)y
′3

+ [ηy(x, y)− 2ξx(x, y)]y′′ − 3ξy(x, y)y
′y′′ − ξ(x, y)y′′′.

Equation (6.4.5) holds for any solution of (6.4.1), hence the derivatives y′′, y′′
τ and

y′′′ are:

y′′ = f, y′′
τ = fτ ,

y′′′ =Df = fx + y′fy + y′
τ fyτ + ffy′ + fτfy′

τ
,

where fτ = f (x− τ, yτ , y2τ , y
′
τ , y

′
2τ ), y2τ = y(x− 2τ) and y′

2τ = y′(x− 2τ). Sub-
stituting these derivatives into the determining equation (6.4.5), it becomes

−ξyyy
′3 + (ηyy − 2ξxy + ξyfy′)y′2 + ξτyτ fy′

τ
y′2
τ + (2ηxy − ξxx)y

′

+ (ξx − ηy)fy′y′ − 3ξyfy
′ + ηxx − ηxfy′ + (ηy − 2ξx)f − ητxfy′

τ

+ (ξ τx − ητyτ )fy′
τ
y′
τ − fxξ − fyη− ητfyτ

+ (ξ τ − ξ)fyτ y
′
τ + (ξ τ − ξ)fτ fy′

τ
= 0. (6.4.7)

6.4.3 Properties of Admitted Generators

By virtue of the Cauchy problem x, y, yτ , y′, y′
τ , y2τ and y′

2τ in (6.4.7) can be con-
sidered as arbitrary variables thus allowing splitting the determining equation with
respect to these variables.

If fy′
τ

�= 0, then splitting the determining equation (6.4.7) with respect to y′
2τ

implies ξ = ξτ . If fy′
τ

= 0, then the assumption of DODE implies that f must
depend on the delay terms, i.e. fyτ �= 0. Splitting (6.4.7) with respect to y′

τ , we also
get ξ = ξτ . This shows the periodic property of ξ , i.e.,

ξ(x, y)= ξ(x − τ, yτ ). (6.4.8)

Since this property is valid for any solution of the Cauchy problem, then (6.4.8)
implies that the function ξ does not depend on y, i.e., ξy = 0. Moreover, property
(6.4.8) allows rewriting the determining equation (6.4.5) in the form

X̂
(

y′′ − f (x, y, yτ , y
′, y′

τ )
)∣
∣
(6.4.1) = 0, (6.4.9)

where the operator

X̂ = X̄ + ξD

= ξ∂x + ηy∂y + ηyτ ∂yτ + ηy
′
∂y′ + ηy

′
τ ∂y′

τ
+ ηy

′′
∂y′′ (6.4.10)

has the coefficients
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ηy(x, y)= η(x, y),

ηyτ (x, yτ )= η(x − τ, yτ ),

ηy
′
(x, y, y′)= ηx(x, y)+ [ηy(x, y)− ξx(x, y)]y′ − ξy(x, y)y

′2,

ηy
′
τ (x, yτ , y

′
τ )= ηy

′
(x − τ, yτ , y

′
τ )

= ηx(x − τ, yτ )+ [ηy(x − τ, yτ )− ξx(x − τ, yτ )]y′
τ

− ξy(x − τ, yτ )y
′2
τ ,

ηy
′′
(x, y, y′, y′′)= ηxx(x, y)+ [2ηxy(x, y)− ξxx(x, y)]y′

+ [ηyy(x, y)− 2ξxy(x, y)]y′2 − ξyy(x, y)y
′3

+ [ηy(x, y)− 2ξx(x, y)]y′′ − 3ξy(x, y)y
′y′′.

The difference between the generators X̂ and X̄ is the following. The generator
X̂ acts in the space of variables (x, y, yτ , y′, y′

τ , y
′′), whereas the coefficients of the

operator X̄ also include the derivatives y′′
τ and y′′′.

Equation (6.4.9) means that the manifold defined by (6.4.1) is an invariant mani-
fold of the generator X̂. Since any nonsingular invariant manifold can be represented
in terms of invariants of the generator X̂, then for describing equations admitting the
generator X, one needs to find all invariants of the generator X̂.

Another property of admitted generators, which allows developing a method for
classifying all second-order delay ordinary differential equations is the following.
Direct calculations show that if two generators X1 and X2 are admitted by (6.4.1),
then their commutator [X1,X2] is also admitted by (6.4.1). This property allows
stating that the set of infinitesimal generators admitted by (6.4.1) composes a Lie
algebra on the real plane. Notice that in contrast to differential equations this prop-
erty is not necessary for delay differential equations. Since the set of all finite-
dimensional nonequivalent Lie algebras acting on the real plane is known,10 then
the Lie algebra admitted by (6.4.1) is equivalent to one of this set.

As it was mentioned, realizations of Lie algebras in vector fields on the real plane
is given up to local diffeomorphisms, i.e., up to a change of the dependent and inde-
pendent variables. DODEs do not posses an equivalence transformation related with
the change of the dependent and independent variables. Hence, for finding invariant
second-order DODE one needs to consider the representation of a Lie algebra in the
form which is equivalent to one of the Lie algebras of Table 1 [16]. The equivalence
is considered with respect to a change of the dependent and independent variables.

Consider an invertible (nonsingular) change of variables:

x = h̄(x̄, ȳ), y = ḡ(x̄, ȳ), (6.4.11)

and its inverse

x̄ = h(x, y), ȳ = g(x, y), (6.4.12)

with the Jacobian Δ= hxgy − gxhy �= 0.

10For example, Table 1 [16].
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The operator X (6.4.4) in the variables (x̄, ȳ) becomes

X = ξ̄ (x̄, ȳ)
∂

∂x̄
+ η̄(x̄, ȳ)

∂

∂ȳ
, (6.4.13)

where the coefficients are related by the formulae:

ξ(x, y)=X(h̄(x̄, ȳ))
∣
∣
x̄=h(x,y),ȳ=g(x,y)

= [

ξ̄ (h(x, y), g(x, y))h̄x̄ (h(x, y), g(x, y))

+ η̄(h(x, y), g(x, y))h̄ȳ (h(x, y), g(x, y))
]

,

η(x, y)=X(ḡ(x̄, ȳ))
∣
∣
x̄=h(x,y),ȳ=g(x,y)

= [

ξ̄ (h(x, y), g(x, y))ḡx̄ (h(x, y), g(x, y))

+ η̄(h(x, y), g(x, y))ḡȳ (h(x, y), g(x, y))
]

.

The derivatives

h̄x̄ (h(x, y), g(x, y)), h̄ȳ (h(x, y), g(x, y)),

and

ḡx̄ (h(x, y), g(x, y)), ḡȳ (h(x, y), g(x, y))

can be found by differentiating the identities

x = h̄(h(x, y), g(x, y)), y = ḡ(h(x, y), g(x, y))

with respect to x and y:

1 = h̄x̄ (h(x, y), g(x, y))hx(x, y)+ h̄ȳ (h(x, y), g(x, y))gx(x, y),

0 = h̄x̄ (h(x, y), g(x, y))hy(x, y)+ h̄ȳ (h(x, y), g(x, y))gy(x, y),

0 = ḡx̄ (h(x, y), g(x, y))hx(x, y)+ ḡȳ (h(x, y), g(x, y))gx(x, y),

1 = ḡx̄ (h(x, y), g(x, y))hy(x, y)+ ḡȳ (h(x, y), g(x, y))gy(x, y).

Solving these equations, one finds

h̄x̄ (h(x, y), g(x, y))=Δ−1(x, y)gy(x, y),

h̄ȳ (h(x, y), g(x, y))= −Δ−1hy(x, y),

ḡx̄ (h(x, y), g(x, y))= −Δ−1gx(x, y),

ḡȳ (h(x, y), g(x, y))=Δ−1hx(x, y).

(6.4.14)

Thus,

ξ(x, y)=Δ−1(x, y)
[

ξ̄ (h(x, y), g(x, y))gy(x, y)− η̄(h(x, y), g(x, y))hy(x, y)
]

,

η(x, y)=Δ−1(x, y)
[

η̄(h(x, y), g(x, y))hx(x, y)− ξ̄ (h(x, y), g(x, y))gx(x, y)
]

.

(6.4.15)
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6.4.4 Strategy for Obtaining a Complete Classification of DODEs

Since the set of generators admitted by a second-order DODE composes a Lie al-
gebra, this algebra is equivalent to one of 56 Lie algebras of Table 1 [16]. Thus, for
complete group classification of second-order DODEs one needs to carry out the
following steps for each class of 56 Lie algebras:

(a) select a Lie algebra11 from Table B.1,
(b) change the variables original variables x and y to the variables x̄ and ȳ (6.4.12),
(c) find invariants of the Lie algebra in the space of the changed variables (x, y, yτ ,

y′, y′
τ , y

′′),
(d) use the found invariants to form a second-order DODE.

Applying this strategy one obtains representations of all second-order DODEs
admitting a Lie group.

6.4.5 Illustrative Examples

This subsection gives examples which illustrate an application of the above strategy.
Complete results of the classification are presented in Table B.2.

The construction of all equations (6.4.1) admitting a Lie algebra L requires the
solution of the determining equation (6.4.7) for known coordinates ξ̄i (x̄, ȳ) and
η̄i (x̄, ȳ) (i = 1,2, . . . , k) of basis operators of a Lie algebra Ln

j . Here the notation
Ln
j denotes the n-dimensional Lie algebra of the number j from Table B.1.

Example 6.4.1 Let us consider the three-dimensional Lie algebra L3
10, which is

defined by the generators

X1 = ∂x̄, X2 = ∂ȳ, X3 = x̄∂x̄ + (x̄ + ȳ)∂ȳ . (6.4.16)

Changing the variables x̄ = h(x, y), ȳ = g(x, y), and using (6.4.15), the compo-
nents ξi become:

ξ1 =Δ−1gy, ξ2 = −Δ−1hy, ξ3 =Δ−1(hgy − (h+ g)hy).

Conditions (6.4.8) imply that (ξi)y = 0 (i = 1,2,3). Equations (ξ2)y = 0 and
(ξ3)y = 0 lead us to the restrictions hy = 0 and

h(x)− h(x − τ)= c, (6.4.17)

where c is an arbitrary constant. Then the Jacobian is Δ= hxgy . Generators (6.4.16)
become

X1 = 1

hx
∂x − gx

hxgy
∂y, X2 = 1

gy
∂y, X3 = h

hx
∂x + (h+ g)hx − hgx

hxgy
∂y.

11The selected Lie algebra is considered in the variables (x̄, ȳ).
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For finding invariants, we consequently solve the equations

X̂1J = 0, X̂
(2)
2 J = 0, X̂

(2)
3 J = 0,

where J = J (x, y, yτ , y
′, y′

τ , y
′′), X̂i is the operator (6.4.10) of the generators Xi

(i = 1,2,3).
To find invariants with respect to X1 we have to solve the equation

X̂1J = 0, (6.4.18)

where

X̂1 = ξ1(x)∂x + η1(x, y)∂y + η
y′
1 (x, y, y

′)∂y′ + η
y′′
1 (x, y, y′, y′′)∂y′′

+ η1(x − τ, yτ )∂yτ + η
y′
τ

1 (x − τ, yτ , y
′
τ )∂y′

τ
.

For integrating (6.4.18) one has to solve the characteristic system of equations

dx

ξ1
= dy

η1
= dy′

η
y′
1

= dy′′

η
y′′
1

= dyτ

ητ1
= dy′

τ

η
y′
τ

1

.

Since the coefficients of this characteristic system are cumbersome, it is difficult to
find its invariants. However, one may note that the first part of this system (without
last two equations containing the variables related to delay) is equivalent to the
system which corresponds to the prolongation of the original generator X1 with the
variables (x̄, ȳ, ȳ′, ȳ′′):

dx̄

1
= dȳ

0
= dȳ′

0
= dȳ′′

0
.

Differential invariants of the last system are easily obtained: ȳ, ȳ′, ȳ′′. Hence, three
invariants of (6.4.18) are:12

J1(x, y)= g(x, y), J2(x, y, y
′)= Dg(x, y)

Dh(x)
,

J3(x, y, y
′, y′′)= DJ2(x, y, y

′)
Dh(x)

.

(6.4.19)

The other two invariants are chosen as follows

J τ
1 = J1(x − τ, yτ ), J τ

2 = J2(x − τ, yτ , y
′
τ ). (6.4.20)

Direct calculations show that (6.4.19)–(6.4.20) compose the universal differential
invariant of the generator X̂1. Hence, the general solution of (6.4.18) is

J =Φ(J1, J
τ
1 , J2, J

τ
2 , J3). (6.4.21)

At this step, the function Φ(y1, y2, y3, y4, y5) is an arbitrary function.
For solving the other two equations

X̂2J = 0, X̂3J = 0, (6.4.22)

12These invariants are obtained by changing the dependent and independent variables in the invari-
ants (x̄, ȳ, ȳ′, ȳ′′).
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one has to find the function Φ(y1, y2, y3, y4, y5) which satisfies the equations

X̂2Φ(J1, J
τ
1 , J2, J

τ
2 , J3)= 0, (6.4.23)

X̂3Φ(J1, J
τ
1 , J2, J

τ
2 , J3)= 0. (6.4.24)

Equation (6.4.23) becomes13

Φy1 +Φy2 = 0.

The general solution of this equation is

Φ =ψ(y1 − y2, y3, y4, y5)

where the function ψ(z1, z2, z3, z4) is arbitrary.
For solving (6.4.24), we have to find the function ψ(z1, z2, z3, z4) which satisfies

the equation

ψz2 +ψz3 + z1ψz1 − z4ψz4 = 0.

This equation was obtained by substituting J =ψ(J1 −J τ
1 , J2, J

τ
2 , J3) into (6.4.24).

The general solution of this equation is

ψ =H(z2 − z3, z1e
−z2 , z4e

z2),

where H is an arbitrary function.
Thus, the universal invariant of the Lie algebra L3

10 consists of the invariants

J2 − J τ
2 , (J1 − J τ

1 )e
−J2 , J3e

J2 .

The set of equations admitting the Lie algebra L3
10 has the following form

J3 = e−J2f (J2 − J τ
2 , (J1 − J τ

1 )e
−J2).

Because of the meaning the functions J1, J
τ
1 , J2, J

τ
2 and J3, we represent this

equation in Table B.2 as

y′′ = e−y′
f (y′ − y′

τ , (y − yτ )e
−y′

).

Example 6.4.2 Let us consider the Lie algebra determined by the generators

X1 = ∂x̄, X2 = η1(x̄)∂ȳ , X3 = η2(x̄)∂ȳ , . . . , Xr+1 = ηr(x̄)∂ȳ

where the functions η1, η2, η3, . . . , ηr form a fundamental system of solutions of
an r-order ordinary differential equation with constant coefficients

η(r) + c1η
(r−1) + · · · + cr−1η

′ + crη = 0.

These Lie algebras are L3
8,L

3
9,L

3
11,L

3
15,L

3
17,L

4
26,L

4
27,L

4
28,L

4
31,L

4
32,L

4
33,L

4
34,

L4
36, L4

37,L
5
50 of Table B.1.

13The computer system of symbolic calculations Reduce [10] was used for obtaining these substi-
tutions.
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Case r = 2. The Lie algebra is defined by the generators

X1 = ∂x̄, X2 = η1(x̄)∂ȳ , X3 = η2(x̄)∂ȳ ,

where η1, η2 satisfy the equation

η′′ = −(c1η
′ + c2η). (6.4.25)

In Table B.1 these Lie algebras are L3
8,L

3
9,L

3
11,L

3
15 and L3

17. Changing the variables
(6.4.12), the generators become

X1 = 1

hx
∂x − gx

hxgy
∂y, X2 = η1(h)

gy
∂y, X3 = η2(h)

gy
∂y.

The general solution of the equation X̂1J = 0 is obtained similar to (6.4.21). Ap-
plying the generators X̂2, X̂3 to the function J = Ψ (y1, y2, y3, y4, y5, y6) with

y1 = J1, y2 = J τ
1 , y3 = J2, y4 = J τ

2 , y5 = J3, y6 = J τ
3 ,

where J τ
3 = J3(x − τ, yτ , y

′
τ , y

′′
τ ), one obtains the system of differential equations

η1Ψy1 + η′
1Ψy3 + η′′

1Ψy5 + ητ1Ψy2 + η′τ
1Ψy4 + η′′τ

1Ψy6 = 0,

η2Ψy1 + η′
2Ψy3 + η′′

2Ψy5 + ητ2Ψy2 + η′τ
2Ψy4 + η′′τ

2Ψy6 = 0,
(6.4.26)

where ητi = ηi(h(x − τ)), η′ τ
i = η′

i (h(x − τ)), η′′ τ
i = η′′

i (h(x − τ)) (i = 1,2). No-
tice that for second-order delay differential equations of the form (6.4.1) one has
Ψy6 = 0. Substituting η′′

i and η′′ τ
i found from (6.4.25) into (6.4.26), they become

η1Ψy1 + η′
1Ψy3 − (c1η

′
1 + c2η1)Ψy5 + ητ1Ψy2 + η′τ

1Ψy4 − (c1η
′τ
1 + c2η

τ
1)Ψy6 = 0,

η2Ψy1 + η′
2Ψy3 − (c1η

′
2 + c2η2)Ψy5 + ητ2Ψy2 + η′τ

2Ψy4 − (c1η
′τ
2 + c2η

τ
2)Ψy6 = 0.

In matrix form, these equations can be rewritten as

Φz −Ψy5Φc +Φτ zτ = 0. (6.4.27)

Here

Φ =
[

η1 η
′
1

η2 η
′
2

]

, c =
[

c2
c1

]

, z =
[

Ψy1

Ψy3

]

, zτ =
[

Ψy2

Ψy4

]

, Φτ =Φ(h(x − τ)).

Since ηi composes a fundamental system of solutions of (6.4.25), Φ is a fun-
damental matrix, which has the properties Φ(v − c) = Φ(v)C and detΦ �= 0
with a nonsingular matrix C = [cij ]2×2 [18]. By virtue of (6.4.17) one has that
Φ(h(x − τ))=Φ(h(x))C. Multiplying (6.4.27) by Φ−1, system (6.4.27) is rewrit-
ten as

z −Ψy5 c +Czτ = 0. (6.4.28)

Hence, these equations are

Ψy1 − c2Ψy5 + c11Ψy2 + c12Ψy4 = 0,

Ψy3 − c1Ψy5 + c21Ψy2 + c22Ψy4 = 0.
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Because the coefficients of these equations are constant, one easily obtains the uni-
versal invariant

J3 + c1J2 + c2J1, J
τ
1 − c11J1 − c21J2, J

τ
2 − c12J1 − c22J2.

Therefore, the invariant equation has the form

J3 = f
(

J τ
1 − c11J1 − c21J2, J

τ
2 − c12J1 − c22J2

) − (c1J2 + c2J1).

Because of the meaning of the functions J1, J
τ
1 , J2, J

τ
2 and J3, we present this equa-

tion as

y′′ = f
(

yτ − c11y − c21y
′, y′

τ − c12y − c22y
′) − (c1y

′ + c2y).

Case r = 3. The Lie algebra is defined by

X1 = ∂x̄, X2 = η1(x̄)∂ȳ , X3 = η2(x̄)∂ȳ , X3 = η3(x̄)∂ȳ ,

where η1, η2, η3 compose a fundamental system of solutions of the equation

η′′′ = −(c1η
′′ + c2η

′ + c3η). (6.4.29)

In Table B.1 these Lie algebras are L4
26,L

4
27,L

4
28,L

4
31,L

4
32,L

4
33,L

4
34,L

4
36 and L4

37.
Changing the variables (6.4.12), the generators become

X1 = 1

hx
∂x − gx

hxgy
∂y, X2 = η1(h)

gy
∂y, X3 = η2(h)

gy
∂y, X4 = η3(h)

gy
∂y.

The general solution of the function X̂1J = 0 is obtained similar to (6.4.21). Ap-
plying the generators X(3)

2 , X(3)
3 , X(3)

4 to the function J = Ψ (y1, y2, y3, y4, y5, y6,

y7, y8) with

y1 = J1, y2 = J τ
1 , y3 = J2, y4 = J τ

2 , y5 = J3, y6 = J τ
3 , y7 = J4, y8 = J τ

4 ,

J4 = D(J3(x, y, y
′, y′′))

Dh(x, y)
, J τ

4 = J4(x − τ, yτ , y
′
τ , y

′′
τ , y

′′′
τ ),

one obtains the system of differential equations

η1Ψy1 + η′
1Ψy3 + η′′

1Ψy5 + η′′′
1 Ψy7 + ητ1Ψy2 + η′τ

1Ψy4 + η′′τ
1Ψy6 + η′′′τ

1Ψy8 = 0,

η2Ψy1 + η′
2Ψy3 + η′′

2Ψy5 + η′′′
2 Ψy7 + ητ2Ψy2 + η′τ

2Ψy4 + η′′τ
2Ψy6 + η′′′τ

2Ψy8 = 0,

η3Ψy1 + η′
3Ψy3 + η′′

3Ψy5 + η′′′
3 Ψy7 + ητ3Ψy2 + η′τ

3Ψy4 + η′′τ
3Ψy6 + η′′′τ

3Ψy8 = 0,

where ητi = ηi(h(x − τ)), η′ τ
i = η′

i (h(x − τ)), η′′ τ
i = η′′

i (h(x − τ)), η′′′ τ
i =

η′′′
i (h(x − τ)) (i = 1,2,3). Here the variables y6, y7 and y8 are introduced for sim-

plicity of the representation of the equations: for second-order DODEs Ψy6 = 0,
Ψy7 = 0, Ψy8 = 0. Substituting η′′′

i , and η′′′ τ
i found from (6.4.29), the above system

of equations has matrix form

Φz −Ψy7Φc +Φτ zτ = 0. (6.4.30)

Here

Φ =
⎡

⎣

η1 η
′
1 η

′′
1

η2 η
′
2 η

′′
2

η3 η
′
3 η

′′
3

⎤

⎦ , c =
⎡

⎣

c3
c2
c1

⎤

⎦ , z =
⎡

⎣

Ψy1

Ψy3

Ψy5

⎤

⎦ , zτ =
⎡

⎣

Ψy2

Ψy4

Ψy6

⎤

⎦ , Φτ =Φ(h(x − τ)).
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Since ηi composes a fundamental system of solutions of (6.4.29), Φ is a fundamen-
tal matrix, which has the properties Φ(h(x − τ)) = Φ(h(x))C, detΦ �= 0 with a
nonsingular matrix C = [cij ]3×3. Multiplying (6.4.30) by Φ−1, as in the previous
case, system (6.4.30) is rewritten as

z −Ψy7c +Czτ = 0,

or

Ψy1 − c3Ψy7 + c11Ψy2 + c12Ψy4 + c13Ψy6 = 0,

Ψy3 − c2Ψy7 + c21Ψy2 + c22Ψy4 + c23Ψy6 = 0,

Ψy5 − c1Ψy7 + c31Ψy2 + c32Ψy4 + c33Ψy6 = 0.

Solving these equations and using the conditions Ψy6 = Ψy7 = 0, the universal
invariant of this Lie algebra is found

J τ
1 − c11J1 − c21J2 − c31J3, J

τ
2 − c12J1 − c22J2 − c32J3.

Since second-order DODEs are studied, one needs to assume that

(c31)
2 + (c32)

2 �= 0. (6.4.31)

The invariant equation has the form

φ
(

J τ
1 − c11J1 − c21J2 − c31J3, J

τ
2 − c12J1 − c22J2 − c32J3

) = 0,

where φ(z1, z2) is an arbitrary function. Because of the meaning of the functions
J1, J

τ
1 , J2, J

τ
2 and J3, we represent this equation as

φ
(

yτ − c11y − c21y
′ − c31y

′′, y′
τ − c12y − c22y

′ − c32y
′′) = 0.

Case r ≥ 4. Proceeding in the same manner as in the previous case, one obtains
the universal invariant of the Lie algebra

J τ
1 −

r
∑

i=1

ci1Ji, J τ
2 −

r
∑

i=1

ci2Ji,

where Ji is the representation of ȳ(i−1) after the change of variables. The set of
equations admitting the generator L5

50 is

φ

(

J τ
1 −

r
∑

i=1

ci1Ji, J
τ
2 −

r
∑

i=1

ci2Ji

)

= 0,

where φ(z1, z2) is an arbitrary function which satisfies the restrictions

ci1φz1 + ci2φz2 = 0, i = 4, . . . , r.

As before, because of the meaning of the functions J1, J
τ
1 , J2, J

τ
2 and J3, we repre-

sent the invariant equation in the form

φ

(

yτ −
r

∑

i=1

ci1y
(i−1), y′

τ −
r

∑

i=1

ci2y
(i−1)

)

= 0.
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Remark 6.4.3 Condition (6.4.31) guarantees that the denominators in the repre-
sentation of second-order DODE admitting Lie algebras L4

26,L
4
27,L

4
28,L

4
31,L

4
32,

L4
33,L

4
34,L

4
36 and L4

37 are not equal to zero.

Example 6.4.3 Consider the Lie algebra L3
21. This Lie algebra is defined by the

generators

X1 = ∂x̄, X2 = x̄∂x̄ , X3 = x̄2∂x̄

which after changing the variables become

X1 = 1

hx
∂x − gx

hxgy
∂y, X2 = h

hx
∂x − hgx

hxgy
∂y, X3 = h2

hx
∂x − h2gx

hxgy
∂y.

Invariants of the first generator are (6.4.21). Applying the second generator X̂2 to
the function Φ(y1, y2, y3, y4, y5) with

y1 = J1, y2 = J τ
1 , y3 = J2, y4 = J τ

2 , y5 = J3,

one obtains the equation

y3Φy3 + y4Φy4 + 2y5Φy5 = 0.

The general solution of this equation is Φ = ψ(v1, v2, v3, v4), where ψ is an arbi-
trary function and

v1 = y1, v2 = y2, v3 = y5

(y4)2
, v4 = y5

(y3)2
.

Applying the generator X̂3 to the function ψ(J1, J
τ
1 ,

J3
(J τ2 )

2 ,
J3

(J2)
2 ), one finds

v3ψv3 + v4ψv4 = 0.

Thus, the universal invariant of this Lie algebra, J1, J
τ
1 , (

J τ2
J2
)2, has no any term with

the second-order derivative. Hence, there are no second-order DODEs admitting a
Lie algebra equivalent to L3

21.

Example 6.4.4 Consider the Lie Algebra L3
16, which is defined by the generators

X1 = ∂x̄, X2 = ∂ȳ, X3 = (bx̄ + ȳ)∂x̄ + (bȳ − x̄)∂ȳ .

Changing the variables and using the conditions ξiy = 0 and ξi(x)= ξi(x − τ) (i =
1,2,3), one gets hy = gy = 0. This is the contradiction to the assumption Δ �= 0.

6.4.6 List of Invariant DODEs

Table B.2 shows the complete group classification of second-order DODEs. The
second column in the table is the representation of equivalent of Lie algebra from
Table B.1. Generators of this Lie algebra are presented in the third column. The
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representation of second-order delay ordinary differential equations admitting the
Lie algebra is shown in the last column. The representation is given in schematic
form: the variables x, y, yτ , y′, y′

τ , y
′′ in this table have to be exchanged with their

images after a change of the variables.

6.5 Equivalence Lie Group for DDE

Most differential equations include arbitrary elements: constants and functions of
the independent and dependent variables. A transformation of the independent and
dependent variables, and arbitrary elements is called an equivalence transformation
of a system of differential equations if it conserves a differential structure of the
equations. If a set of equivalence transformations of partial differential equations
composes a Lie group of transformations, then the Lie group is called an equivalence
group.14

Since equivalence transformations allow one to simplify the system of equations
in hand, the problem of finding equivalence transformations is one of the milestones
in group classification problem.

This section is devoted to a reasonable generalization of the definition of an
equivalence Lie group for delay differential equations. The main item in defining
an equivalence Lie group for delay differential equations is similar to that used in
defining an admitted Lie group. Recall we say that a Lie group is admitted by de-
lay differential equations if the coefficients of the infinitesimal generator of this
group satisfy the determining equations. In writing the determining equations of
an admitted Lie group of point transformations the Lie–Bäcklund representation
of an infinitesimal generator is used. However, even for partial differential equa-
tions there does not exist a definition of a Lie–Bäcklund operator of an equivalence
Lie group. Hence, this section starts with the presentation of determining equations
for the equivalence Lie group of partial differential equations in terms of the Lie–
Bäcklund operator. These equations can be obtained by differentiating with respect
to the group parameter the transformed system of partial differential equations in
which the transformed solution has been substituted.

6.5.1 Lie–Bäcklund Representation of Determining Equations
for the Equivalence Lie Group of PDEs

Consider a system of partial differential equations with the independent variable x,
dependent variable u, and arbitrary element φ, which transfers a system of differen-
tial equations of the given class

14The infinitesimal approach for finding equivalence group of partial differential equations is given
in [17]. The generalization of this approach is considered in [13]. Extension of the last approach to
delay differential equations is presented in [14].
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Fk(x,u,p,φ)= 0 (k = 1,2, . . . , s) (6.5.1)

into the system of equations of the same class. Here (x,u) ∈ V ⊂ Rn+m, and φ :
V →Rt .

The problem of finding equivalent transformation is formulated as finding a
transformation of the space Rn+m+t (x, u,φ) that preserves the equations, while
only the change of their representative φ = φ(x,u) is accepted. Assume that a
one-parameter Lie group of transformations of the space Rn+m+t with the group
parameter a:

x′ = f x(x,u,φ;a), u′ = f u(x,u,φ;a), φ′ = f φ(x,u,φ;a) (6.5.2)

satisfies this property. The generator of this Lie group has the form

Xe = ξ∂x + ηu∂u + ηφ∂φ,

where the coordinates are

ξ i = ξ i(x,u,φ), ηu
j = ηu

j

(x,u,φ), ηφ
k = ηφ

k

(x,u,φ)

(i = 1, . . . , n; j = 1, . . . ,m; k = 1, . . . , t).

The equivalent Lie–Bäcklund form of this generator is

X̂e = ζ u∂u + ζφ∂φ. (6.5.3)

Here the coordinates are

ζ u
j = ηu

j − u
j
xξ, ζ φ

k = ηφ
k − ξDe

xφ
k,

where De
xi

= ∂xi + uxi ∂u + (φuuxi + φxi )∂φ .
Any solution u0(x) of system (6.5.1) with the functions φ(x,u) is transformed

by (6.5.2) into the solution u = ua(x
′) of system (6.5.1) with the same functions

Fk , and another (transformed) function φa(x,u). The function φa(x,u) is defined
as follows. Solving the relations

x′ = f x(x,u,φ(x,u);a), u′ = f u(x,u,φ(x,u);a)
for (x,u), one obtains

x = gx(x′, u′;a), u= gu(x′, u′;a). (6.5.4)

The transformed function is

φa(x
′, u′)= f φ(x,u,φ(x,u);a),

where one should replace x and u by expressions (6.5.4). In view of the definition
of the function φa(x′, u′), there exists the following identity with respect to x and u:

(

φa ◦ (

f x,f u
))

(x,u,φ(x,u);a)= f φ(x,u,φ(x,u);a).
The transformed solution Ta(u)= ua(x) is obtained by solving the relations

x′ = f x(x,uo(x),φ(x,uo(x));a)
for x and substituting this solution x =ψx(x′;a) into

ua(x
′)= f u(x,uo(x),φ(x,uo(x));a).
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As for the function φa , there is the identity with respect to x

(

ua ◦ f x
)

(x,uo(x),φ(x,uo(x));a)= f u(x,uo(x),φ(x,uo(x));a).
(6.5.5)

Formulae for transformations of the partial derivatives p′
a = f p(x,u,p,φ, . . . , a)

are obtained by differentiating (6.5.5) with respect to x′.
Since the transformed function ua(x

′) is a solution of system (6.5.1) with the
transformed arbitrary element φa(x′, u′), the equations

Fk(x′, ua(x′),p′
a(x

′),φa(x′, ua(x′)))= 0 (k = 1,2, . . . , s) (6.5.6)

are satisfied for an arbitrary x′. Because of a one-to-one correspondence between x

and x′ one has

Fk(f x(z(x), a), f u(z(x), a), f p(zp(x), a), f
φ(z(x)))= 0 (k = 1,2, . . . , s)

(6.5.7)

where z(x)= (x,uo(x),φ(x,uo(x))), zp(x)= (x,uo(x),φ(x,uo(x)),po(x), . . .).
Differentiating (6.5.6) with respect to the group parameter a, and setting a = 0,

one obtains the determining equations in Lie–Bäcklund form:15

X̃eF k(x,u,p,φ)|(S) = 0 (k = 1,2, . . . , s). (6.5.8)

The prolonged operator for the equivalence Lie group

X̃e = X̂e + ζ ux ∂ux + · · ·
has the following coordinates related to the dependent functions

ζ uλ =De
λζ

u, De
λ = ∂λ + uλ∂u + (φuuλ + φλ)∂φ,

where λ stands for xi (i = 1,2, . . . , n). The sign |(S) means that the equations
X̃eF k(x,u,p,φ) are considered on any solution uo(x) of (6.5.1).

The set of transformations, which is generated by one-parameter Lie groups cor-
responding to the generators Xe, is called an equivalence Lie group. This group is
denoted by GSe.

The determining equations (6.5.8) were obtained by using the existence of the
solution of (6.5.1). In constructing (6.5.8) one can use a geometrical approach in
which the equivalence group is defined by (6.5.8) without the requirement of the
existence of a solution of (6.5.1). In this case the sign |(S) means that the equations
X̃eF k(x,u,p,φ) are considered on the manifold defined by (6.5.1). The difference
between these two approaches consists in defining the sign |(S). Note that the same
difference between the geometrical approach and the others lies in the definitions
for obtaining an admitted Lie group.

15In contrast, differentiating (6.5.7) with respect to the group parameter a, and setting a = 0, one
obtains the determining equations of an admitted Lie group in the classical form [13].
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6.5.2 Potential Equivalence Lie Group of Delay Differential
Equations

Let us consider delay differential equations which include arbitrary elements. The
arbitrary elements are functions and constants which are not specified in the equa-
tions. For constructing an equivalence Lie group for these delay differential equa-
tions one can apply similar procedure as described above.

Firstly determining equations of an equivalence Lie group are constructed. These
equations are obtained on the basis that a Lie group of transformations of the inde-
pendent, dependent variables, and arbitrary elements transforms a solution of the
original system of equations into the solution of a system of equations which differs
from the original system only by arbitrary elements. Differentiating with respect to
the group parameter and assigning it to zero, one obtains the determining equations.

A solution of the determining equations gives the generator of a Lie group. This
Lie group of transformations is called a potential equivalence Lie group. Notice
that for partial differential equations16 by virtue of the inverse function theorem a
potential equivalence Lie group simply becomes an equivalence Lie group.

An example of obtaining a potential equivalence Lie group is given in the next
section, where the reaction diffusion equation with a delay is studied.

6.6 The Reaction–Diffusion Equation with a Delay

The reaction–diffusion delay differential equation

ut (t, x)= uxx(t, x)+ g(x,u(t, x), u(t − τ, x)) (t > to). (6.6.1)

arises in many fields of application. The theory and applications of this equation
can be found in [23]. The complete group classification of the reaction diffusion
equation with delay is presented in this section.17 For differential equations, an ad-
mitted Lie group allows one to find invariant solutions. Although for delay differen-
tial equations such theorems do not exist, there is the assumption that an admitted
Lie group of delay differential equations can be also applied for obtaining invariant
solutions. This section confirms this assumption. In this section the found admit-
ted Lie groups are applied for the construction of invariant solutions of the reaction
diffusion equation with a delay.

Remark 6.6.1 Symmetry-preserving discrete schemes for some heat transfer equa-
tions were studied in [1].

16For partial differential equations, the equivalence group is found by solving the determining
equations, and conversely: any solution of the determining equations composes a Lie group of
equivalence transformations of partial differential equations.
17Application of the group analysis method for studying this equation is given in [14].
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6.6.1 The Cauchy Problem

The theory of existence of solutions of (6.6.1) can be found in [23]. For example,
the initial conditions for the Cauchy problem are

u(s, x)= ϕ(s, x) (to − τ ≤ s ≤ to),

where ϕ(s, x) is an arbitrary function. Due to the arbitrariness of ϕ(s, x) one
can conclude that the values u(to, xo), u(to − τ, xo), ux(to, xo), ux(to − τ, xo),
uxx(to, xo), uxx(to − τ, xo) and other derivatives are arbitrary. In constructing Lie
groups this property allows one to split determining equations.

6.6.2 The Equivalence Lie Group

For the sake of simplicity the new dependent variable is introduced v, which is
related to u by the formula

v(t, x)= u(t − τ, x). (6.6.2)

In view of (6.6.2) the equation (6.6.1) becomes the partial differential equations with
two dependent variables

S ≡ ut − (uxx + g)= 0, (6.6.3)

with the arbitrary element g = g(x,u, v). The generator of the Lie group of equiva-
lent transformations takes the form

Xe = ξ∂x + η∂t + ζ∂u + ζ v∂v + ζ g∂g,

where ξ = ξ(t, x,u, v, g), η = η(t, x,u, v, g), ζ = ζ(t, x,u, v, g), ζ v = ζ v(t, x,u,

v, g), ζ g = ζ g(t, x,u, v, g).
Applying the algorithm described earlier to (6.6.3), one obtains the determining

equation
(

ζ ut − ζ uxx − ζ g + ξDxg + ηDtg
)

|(S) = 0, (6.6.4)

where

ζ ut =Dt(ζ − ξuc − ηut ), ζ
uxx =D2

x(ζ − ξux − ηut ). (6.6.5)

The determining equation of an admitted Lie group related to (6.6.2) is
{

ζ v(z(t, x))− ζ(z(t − τ, x))− vt (t, x)
(

ξ(z(t, x))− ξ(z(t − τ, x))
)

− vx(t, x)
(

η(z(t, x))− η(z(t − τ, x))
)}

|(S) = 0, (6.6.6)

where

z(t, x)= (t, x,u(t, x), v(t, x), g (x,u(t, x), v(t, x))) .



276 6 Delay Differential Equations

Substituting the coefficients (6.6.5) into (6.6.4) and replacing the derivatives

utt = utgu + gvvt + uxxt , uxt = vxgv + guux + uxxx + gx,

ut = uxx + g, vt = vxx + ḡ,

found from (6.6.3), the determining equation (6.6.4) becomes

−v2
xuxξvv − v2

xuxxηvv + v2
x(−ηvvg − 2ηvgv + ζvv)− 2vxu

2
xξuv − 2vxuxuxxηuv

+ 2vxux(−ηuvg − ηugv − ηvgu − ξxv + ζuv)− 2vxuxx(ηxv + ξv)− u3
xξuu

+ 2vx(−ηxvg − ηvgx − ηxgv + ζxv)− u2
xuxxηuu − 2uxuxx(ηxu + ξu)

+ u2
x(−ηuug − 2ηugu − 2ξxu + ζuu)− 2vxuxxxηv − 2uxuxxxηu − 2uxxxηx

+ ux(ḡξv − 2ηxug − 2ηugx − 2ηxgu + ξt + ξug − ξxx + 2ζxu)

+ uxx(ḡηv + ηt + ηug − ηxx − 2ξx)

+ ḡ(ηvg − ζv)+ ηtg + ηug
2 − ηxxg − 2ηxgx − ζt − ζug + ζxx + ζ g = 0.

Splitting this equation with respect to ux,uxx, vx, uxxx and ḡ one obtains18

ηtg + ηug
2 − ηxxg − 2ηxgx − ζt − ζug + ζxx + ζ g = 0, (6.6.7)

−2ηxug − 2ηugx − 2ηxgu + ξt + ξug − ξxx + 2ζxu = 0, (6.6.8)

ηt + ηug − ηxx − 2ξx = 0, (6.6.9)

ηx = 0, ηu = 0, ηv = 0, ηxu + ξu = 0,

ηxv + ξv = 0, ξv = 0, ηvg − ζv = 0,

ξuu = 0, ηuu = 0, ηvv = 0, ηuv = 0, ξvv = 0, ξuv = 0,

(6.6.10)

−ηxvg − ηvgx − ηxgv + ζxv = 0, −ηvvg − 2ηvgv + ζvv = 0,

−ηuvg − ηugv − ηvgu − ξxv + ζuv = 0,

−ηuug − 2ηugu − 2ξxu + ζuu = 0.

(6.6.11)

From (6.6.10) one obtains

ηx = 0, ηu = 0, ηv = 0, ξu = 0, ξv = 0, ζv = 0.

Differentiating (6.6.9) with respect to x, one gets ξxx = 0. Hence ξ = ξ1x +
ξ0, where ξ0 = ξ0(t) and ξ1 = ξ1(t), and then ξ1 = ηt/2. The general solution of
(6.6.11) is ζ = ζ1u + ζ0, where ζ1 = ζ1(t, x), ζ0 = ζ0(t, x). Solving (6.6.8), one
obtains ζ1 = −ξ ′

0x/2 − η′′x2/8 + ζ10, where ζ10 = ζ10(t).
For the sake of simplicity we study the case gx = 0. The assumption that the

function g does not depend on t and x gives the conditions

ζt = 0, ζx = 0, ζ gt = 0, ζ gx = 0.

These equations give η = 2k3t + k4, ξ0 = k7, ζ0x = 0. From (6.6.7) one finds

ζ g = ζ0t − 2k3g + gζ10.

18One could also split with respect to gu, gv .
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From the equation ζ
g
t = 0 one obtains ζ0t t = 0, or

ζ0 = k2t + k1.

Thus,

ξ = 2k3t + k4, η = k3x + k6, ζ = k1 + k2t + k5u

or

Xe = k1X
e
1 + k2X

e
2 + k3X

e
3 + k4X

e
4 + ζ10X

e
5 + ξ0X

e
6 + ζ v∂v,

where

Xe
1 = ∂u, X

e
2 = ∂g + t∂u, X

e
3 = −2g∂g + 2t∂t + x∂x,

Xe
4 = ∂t , X

e
5 = g∂g + u∂u, Xe

6 = ∂x.

Equation (6.6.6) becomes

ζ v(z(t, x))= k1 + k2(t − τ)+ k5v(t, x).

This gives

ζ v(t, x,u, v)= k1 + k2(t − τ)+ k5v.

6.6.3 Admitted Lie Group of Equation

The generator of the Lie group admitted by (6.6.1) is

X = ξ∂x + η∂t + ζ∂u,

where ξ, η and ζ are functions of x, t and u.
According to the algorithm for constructing determining equations of an admitted

Lie group, one obtains

−ζ ut + ζ uxx + guζ
u + gūζ

ū = 0, (6.6.12)

where

ζ u = ζ − uxξ − utη, ζ ū = ζ̄ − ūx ξ̄ − ūt η̄, ζ ux =Dxζ
u,

ζ uxx =Dxζ
ux , ζ ut =Dtζ

u.

Here the bar over a function f (x, t) means f̄ (x, t)= f (x, t − τ). The determining
equation has to be satisfied for any solution u(x, t) of (6.6.1). Since the determining
equation is considered on a solution of (6.6.1), the value f̄ for a function f (x, t, u)

is defined as f̄ (x, t)= f (x, t − τ,u(x, t − τ)).
Substituting into the determining equation (6.6.12) the derivatives ut , uxt , utt , ūt

found from (6.6.1) and its prolongations, one obtains



278 6 Delay Differential Equations

ḡgū(η− η̄)− 2ūxuxηugū + ūxgū(−2ηx + ξ − ξ̄ )+ ūxxgū(η− η̄)

− u3
xξuu − u2

xuxxηuu + u2
x(−ηuug − 2ηugu − 2ξxu + ζuu)

− 2uxuxx(ηxu + ξu)− 2uxuxxxηu + ux(−2ηxug − 2ηugx − 2ηxgu

+ ξt + ξug − ξxx + 2ζxu)+ uxx(ηt + ηug − ηxx − 2ξx)− 2uxxxηx

+ ηtg + ηug
2 − ηxxg − 2ηxgx + guζ + gūζ + gxξ − ζt − ζug + ζxx = 0,

(6.6.13)

where ḡ = g(u(x, t − τ), u(x, t − 2τ)). Splitting this equation with respect to the
derivatives ux,uxx, uxxx, ūx, ūxx and using the property gū �= 0, one comes to the
equations

ηtg + ηug
2 − ηxxg − 2ηxgx + guζ + gūζ̄ + gxξ

− ζt − ζug + ζxx = 0, (6.6.14)

−2ηxug − 2ηugx − 2ηxgu + ξt + ξug − ξxx + 2ζxu = 0, (6.6.15)

−ηuug − 2ηugu − 2ξxu + ζuu = 0, (6.6.16)

ηt + ηug − ηxx − 2ξx = 0, (6.6.17)

ηxu + ξu = 0, (6.6.18)

ξuu = 0, ηuu = 0, ηx = 0, ηu = 0, (6.6.19)

−2ηx + ξ − ξ̄ = 0, (6.6.20)

ηu = 0, (6.6.21)

η− η̄ = 0. (6.6.22)

Simplification of (6.6.18)–(6.6.22) yields

ηu = 0, ηx = 0, ξu = 0,

and

ξ(x, t − τ)= ξ(x, t), η(t − τ)= η(t).

From (6.6.16) and (6.6.17) one gets ξ = xηt/2 + ξ0 and ζ = uζ1 + ζ0, where ξ0 =
ξ0(t), ζ1 = ζ1(x, t) and ζ0 = ζ0(x, t). Substituting this into (6.6.15) one obtains

ηttx + 2ξ0t + 4ζ1x = 0,

and integrating the equation with respect to x one gets

ζ1 = −ηttx
2/8 − xξ0t /2 + ζ10,

where ζ10 = ζ10(t). Thus, (6.6.14) is the only unsolved equation of the set (6.6.14)–
(6.6.22). This equation becomes

8guζ0 + 8gūζ̄0 + guu(−ηttx
2 − 4ξ0t x + 8ζ10)

+ gūū(−ηttx
2 − 4ξ0t x + 8 ¯ζ10)+ 4gx(ηtx + 2ξ0)

+ g(ηtt x
2 + 8ηt + 4ξ0t x − 8ζ10)+ ηtttux

2

− 2ηttu+ 4ξ0t t ux − 8ζ0t + 8ζ0xx − 8ζ10t u= 0. (6.6.23)
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Differentiating (6.6.23) with respect to u and ū, one obtains

8ζ0guu + 8ζ̄0guū + 8guηt + ηttt x
2 − ηttguūūx

2 − ηttguuux
2

− 2ηtt + 4ηtgxux − 4guūξ0t ūx

+ 8guūū ¯ζ10 + 8gxuξ0 − 4guuξ0t ux

+ 8guuuζ10 + 4ξ0t t x − 8ζ10t = 0, (6.6.24)

8ζ0guū + 8ζ̄0gūū + 8gū(ηt − ζ10 + ¯ζ10)

− ηttguūux
2 − ηttgūūūx

2 + 4ηtgxūx

− 4guūξ0t ux + 8guūuζ10 + 8gxūξ0

− 4gūūξ0t ūx + 8gūūū ¯ζ10 = 0. (6.6.25)

Equations (6.6.24) and (6.6.25) are linear algebraic equations with respect to ζ0

and ζ̄0. The determinant of the matrix of this linear system of equations is equal to

Δ= g2
uū − guugūū.

6.6.4 Case Δ �= 0

For Δ �= 0, ζ0 and ζ̄0 are given by

ζ0 = (4ηt (2(gugūū − gūguū)+ x(gxugūū − guūgxū))+ ηttt gūūx
2

+ ηtt (ux
2Δ− 2gūū)+ 4ξ0t xuΔ+ 4ξ0t t xgūū + 8ξ0(gxugūū − guūgxū)

+ 8gūguū(ζ10 − ¯ζ10)− 8u ¯Δζ10 − 8gūūζ10t )/(8Δ),

ζ̄0 = (4ηt (2(gūguu − guguū)+ x(guugxū − guūgxu))− ηttt guūx
2

+ ηtt (ūx
2Δ+ 2guū)+ 4ξ0t ūxΔ− 4guūξ0t t x + 8ξ0(guugxū − guūgxu)

− 8gūguu(ζ10 − ¯ζ10)− 8g2
uūū

¯ζ10 + 8guūζ10t + 8guugūūū ¯ζ10)/(8Δ).

It is assumed here that19

gx = 0.

Notice that in this case the kernel of admitted Lie algebras contains translations in
x and t :

X1 = ∂t , X2 = ∂x.

Splitting (6.6.23) with respect to x, one has

19The general case where gx �= 0 is too complicated for solving.
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ηttttα4 + ηtttα3 + α2ηtt = 0, ξ0t t t β3 + ξ0t t β2 + β1ξ0t = 0, (6.6.26)

2ηttt gūū + 4ηt (g
2
ugūū − 2gugūguū + g2

ūguu + gΔ)− 5ηttα3

+ 4gū(guguū − gūguu)(ζ10 − ¯ζ10)− 4gΔζ10

− 4gugūūζ10t + 4gūguū4 ¯ζ10t + 4gūūζ10t t = 0, (6.6.27)

where

β3 = α4 = −gūū, β2 = α3 = −(guūgū − gugūū), β1 = α2 = gΔ.

The assumption η2
t t + ξ2

0t �= 0 is in a contradiction with the condition Δ �= 0.
Since η(t − τ)= η(t) and ξ(t − τ)= ξ(t), one finds that η(t) and ξ(t) are constant.
Hence, ζ0, ζ̄0 and (6.6.27) become

ζ0 = α1ζ10t + β1ζ10 + γ1 ¯ζ10, ζ̄0 = α2ζ10t + β2ζ10 + γ2 ¯ζ10,

ζ10(gū(guūgu − guugū)− gΔ)− ¯ζ10gū(guūgu − guugū)

+ gūguū ¯ζ10t − gugūūζ10t + gūūζ10t t = 0, (6.6.28)

where

α1 = −gūū/Δ, β1 = −u+ guūgū/Δ, γ1 = −gūguū/Δ,

α2 = guū/Δ, β2 = −gūguu/Δ, γ2 = −ū+ gūguu/Δ.

The case ζ10 = 0 is trivial and corresponds to the kernel of admitted Lie algebras.
Extension of the kernel is possible if ζ10 �= 0. Two cases are necessary to consider
here. In the first case we have

ζ10t = −k0ζ10, ¯ζ10 = −k1ζ10 (k1 �= 0), (6.6.29)

and in the second case one obtains

ζ10t = −h2ζ10 − h1 ¯ζ10,

β1 − h2α1 = p1, γ1 − h1α1 = p2, β2 − h2α2 = p3, γ2 − h1α2 = p4.

(6.6.30)

In (6.6.29) and (6.6.30) ki, hi (i = 1,2), and pj (j = 1,2,3,4) are constant. Notice
that the case where h1 = 0 is reduced to (6.6.29). Hence, it is assumed that h1 �= 0.

6.6.4.1 Case (6.6.29)

In this case

ζ0 = (β1 − α1k0 − γ1k1)ζ10, ζ̄0 = (β2 − α2k0 − γ2k1)ζ10.

Since ζ0 and ζ̄0 do not depend on u and ū, one obtains

β1 − k0α1 − k1γ1 = Co, β2 − k0α2 − k1γ2 = −Cok1.

Because Δ �= 0, the previous system of equations can be solved with respect to guū
and guu:

guū = (gūūk1(Co + ū)+ gū(k1 + 1))/(Co + u),

guu = (k1(ū+Co)guū − k0)/(u+Co).
(6.6.31)
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Substituting these relations into (6.6.28), it becomes

−gūk1(Co + ū)+ gu(Co + u)− g + k0(u+Co)= 0. (6.6.32)

Any function g(u, ū) satisfying (6.6.32) also satisfies (6.6.31). By virtue of the
equivalence transformation corresponding to the generator Xe

1, the constant Co is
unessential since by shifting the dependent variable u it can be reduced to zero. The
general solution of (6.6.32) is

g(u, ū)= u(−k0 ln(u)+ψ(ūuk1), (6.6.33)

where ψ is an arbitrary function. Notice also that the general solution of (6.6.29)
is ζ10 = Ce−k0t , where k1 = −ek0τ . Thus, the extension of the kernel of admitted
generators is

X = e−k0t u∂u. (6.6.34)

6.6.4.2 Case (6.6.30)

In this case

ζ0 = p1ζ10 + p2 ¯ζ10, ζ̄0 = p3ζ10 + p4 ¯ζ10.

Since h1 �= 0 we have

γ1 − h1α1 − p2 = 0, β1 − h2α1 − p1 = 0,

γ2 − h1α2 − p4 = 0, β2 − h2α2 − p3 = 0.

These equations can be solved with respect to guu, guū, gūū and gū to give

guu = (h1p3−h2p4−h2ū)
p1p4+p1ū−p2p3+p4u+uū

, guū = gū(p3+p4+ū)
p1p4+p1ū−p2p3+p4u+uū

,

gūū = g2
ū(p1+p2+u)((p1+u)h1−h2p2)(p4+ū+p3)

(h1p1+h1u−h2p2)(p1p4+p1ū−p2p3+p4u+uū)
, gū = −h1p1−h1u+h2p2

p3+p4+ū
.

Considering (gū)u − guū = 0 and (gū)ū − gūū = 0 one obtains

h1(p1 + p2 + u)p3 − h2(p3 − p4 − ū)p2 = 0,
(h1(u+ p1)− h2p2)((u+ p1 + p2)p3 + p2(ū+ p3 + p4))= 0.

Since h1 �= 0, one finds p3 = 0 and p2 = 0. This simplifies ζ̄0 = ¯ζ10p4 and ζ0 =
ζ10p1, giving p4 = p1. Hence, gū+h1(p1 +u)/(p1 + ū)= 0, and (6.6.28) becomes

gu = g

(p1 + u)
− h2.

The general solution for the function g is

g = −(p1 + u)(h2 ln(p1 + u)+ h1 ln(p1 + ū)+ k3).

As before the constant p1 is unessential and can be reduced to zero, that is,

g = −u(h2 ln(u)+ h1 ln(ū)+ k3). (6.6.35)
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In this case an extension of the kernel of admitted generators is given by

X = q(t)u∂u, (6.6.36)

where the function q(t) is a solution of the delay differential equation

q ′(t)+ h2q(t)+ h1q(t − τ)= 0. (6.6.37)

6.6.4.3 Case α1u �= 0

Differentiating ζ0 with respect to u and ū, one obtains

ζ10t + β1u

α1u
ζ10 + γ1u

α1u
¯ζ10 = 0. (6.6.38)

Differentiating the previous equation with respect to u and ū, it gives
(
β1u
α1u

)

u
ζ10 +

(
γ1u
α1u

)

u

¯ζ10 = 0,
(
β1u
α1u

)

ū
ζ10 +

(
γ1u
α1u

)

ū

¯ζ10 = 0.

For non constant either β1u/α1u or γ1u/α1u the above system of equations belongs
to Case (6.6.29), and hence we have the only case of interest left, which corresponds
to

β1u

α1u
= h2,

γ1u

α1u
= h1,

where h1 and h2 are constant.
Substituting the derivative ζ10t into the equations

ζ0ū = 0, ζ̄0u = 0, ζ̄0ū = 0,

one has

(β1ū − h2α1ū)ζ10 + (γ1ū − h1α1ū) ¯ζ10 = 0,

(β2u − h2α2u)ζ10 + (γ2u − h1α2u) ¯ζ10 = 0,

(β2ū − h2α2ū)ζ10 + (γ2ū − h1α2ū) ¯ζ10 = 0.

If one of the coefficients in this linear system of equations for ζ10, ¯ζ10 is not equal to
zero, then one comes to Case (6.6.29). When all coefficients vanish, one gets Case
(6.6.30).

A similar result is obtained for (α1ū)
2 + (α2u)

2 + (α2ū)
2 �= 0. Hence, to proceed

one needs to study the only case α1 = const, α2 = const.

6.6.4.4 Case α1 = const, α2 = const

Assume that α1 = p1, α2 = p2 where p1 and p2 are constant. Notice that because
of Δ �= 0, one has p2

1 + p2
2 �= 0.
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First it is considered the case for which p1 �= 0. From the equations α1 = p1 and
α2 = p2 one finds the derivatives guū and guu:

guū = −gūūp2/p1, guu = (gūūp
2
2 + p1)/p

2
1. (6.6.39)

The first equation can be integrated to give

gu = −p2gū/p1 + β,

where β = β(u) is an arbitrary function of the integration. Substituting this into the
second equation of (6.6.39) and integrating it, one obtains

β = u/p1 +Co,

where Co is constant. Notice that in this case Δ = gūū/p1 �= 0. Differentiating ζ0
with respect to u and ū, one has

gūūp
2
2(ζ10 − ¯ζ10)+ p1ζ10 = 0, (ζ10 − ¯ζ10)gūūp2 = 0.

This gives a contradiction to ζ10 �= 0.
If p1 = 0, then p2 �= 0 and from the equations α1 = p1 and α2 = p2 one finds

gūū = 0, guū = 1/p2.

The equation ζ0u = 0 also gives ζ10 = 0, which is a contradiction.

6.6.5 Case Δ = 0

6.6.5.1 Case gūū �= 0

Let gūū �= 0. In this case the general solution of the equation Δ= 0 is

gu = φ(gū),

where φ is an arbitrary function.
Excluding ζ0 and ζ̄0 from (6.6.24) and (6.6.25), one finds

8gūφ
′(−ηt + ζ10 − ζ̄10)+ ηttt x

2 − 2ηtt + 8ηtφ + 4ξ0t t x − 8ζ10t = 0.

(6.6.40)

Splitting this equation with respect to x, one has

ηttt = 0, ξ0t t = 0.

Hence,

η = a2t
2 + a1t + a0, ξ0 = b1t + b0,

where a0, a1, a2, b1, b0 are constants. Since ξ0(t) = ξ0(t − τ) and η(t) = η(t − τ),
one gets ξ0 = b0 and a2 = a1 = 0. Notice that a nontrivial extension of the kernel of
admitted Lie groups exists provided that ζ 2

0 + ζ 2
10 �= 0.
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Equation (6.6.40) becomes

gūφ
′(ζ10 − ζ̄10)− ζ10t = 0. (6.6.41)

If φ′ = 0, then ζ̄10 = ζ10 are constant. In this case (6.6.25) is

ζ̄0 + ūζ̄10 = 0.

This leads to ζ0 = 0 and ζ10 = 0, which means that there is no any extension of the
kernel of admitted Lie groups. Hence, for extension of the kernel one needs to study
φ′ �= 0.

Differentiating (6.6.40) with respect to ū, one obtains

(gūφ
′)ū(ζ10 − ζ̄10)= 0. (6.6.42)

Let ζ̄10 − ζ10 = 0. Equation (6.6.41) gives that ζ10 is constant. Equations (6.6.24)
and (6.6.25) are reduced to the equation

φ′ = − ζ̄0 + ūζ10

ζ0 + uζ10
. (6.6.43)

Differentiating this equation with respect to t and x, one gets

φ′ζ0t + ζ̄0t = 0, φ′ζ0x + ζ̄0x. (6.6.44)

Assuming φ′′ �= 0 one obtains from (6.6.44) that ζ0 is also constant. By virtue of
the inverse function theorem one has from (6.6.43)

gū = h

(
ζ̄0 + ūζ10

ζ0 + uζ10

)

,

where h is the inverse function of φ′. Because gūū �= 0, the constant ζ10 �= 0. Using
the equivalence transformation corresponding to the generators Xe

1 and Xe
5, one can

set ζ0 = 0, ζ10 = 1. Since gu = φ(gū), integrating these equations, one finds

g(u, ū)= uh

(
ū

u

)

+ k1u+ k0, (6.6.45)

where k0 and k1 are integration constants.
Equation (6.6.23) becomes

guu+ gūū− g = 0. (6.6.46)

Substituting in this equation the function g, one finds that k0 = 0. The extension of
the kernel of admitted Lie algebras is given by the generator

X = u∂u.

Let φ′′ = 0 or

gu = k1gū − k0, (6.6.47)

where k0 and k1 �= 0 are constant. Equation (6.6.43) gives ζ10 = 0 and

ζ̄0 = −k1ζ0. (6.6.48)
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Equation (6.6.23) becomes

ζ0t = ζ0xx − k0ζ0.

If there exists a solution q(t, x) of the partial differential equation

qt = qxx − k0q, (6.6.49)

satisfying the condition

q(t − τ, x)= −k1q(t, x), (6.6.50)

then the extension of the kernel is given by the generator

X = q(t, x)∂u.

Let ζ̄10 − ζ10 �= 0. Equation (6.6.42) leads to (gūφ
′)ū = 0 or φ = k1 ln(gū)+ k0,

where k0 and k1 �= 0 are integration constants. Equations (6.6.40) and (6.6.25) give

ζ̄10 = ζ10 − ζ10t /k1, (6.6.51)

gūū = g2
ū(ζ10 − ζ̄10)

k1(ζ0 + uζ10)+ gū(ζ̄0 + ūζ̄10)
. (6.6.52)

Differentiating (6.6.52) with respect to x and t , one obtains

gūζ̄0x + k1ζ0x = 0, (6.6.53)

and

gū
(

ū(ζ̄10ζ10t − ζ̄10t ζ10)+ ζ̄0t (ζ̄10 − ζ10)− ζ̄0(ζ̄10t − ζ10t )
)

+ k1
(

u(ζ̄10ζ10t − ζ̄10t ζ10)+ ζ0t (ζ̄10 − ζ10)− ζ0(ζ̄10t − ζ10t )
) = 0.

(6.6.54)

Since gūū �= 0, the equation (6.6.53) gives ζ0 = ζ0(t).
Notice that

ζ̄10ζ10t − ζ̄10t ζ10 = 1

k1
(ζ10ζ10t t − ζ 2

10t ).

Assuming ζ̄10ζ10t − ζ̄10t ζ10 �= 0, the equation (6.6.53) can be solved with respect
to gū:

gū = −k1
u+ b

ū+ c
, (6.6.55)

where

b = ζ̄0t (ζ̄10 − ζ10)− ζ̄0(ζ̄10t − ζ10t )

(ζ̄10ζ10t − ζ̄10t ζ10)
, c = ζ0t (ζ̄10 − ζ10)− ζ0(ζ̄10t − ζ10t )

(ζ̄10ζ10t − ζ̄10t ζ10)
.

Differentiating (6.6.55) with respect to t , we find that b and s are constants. Substi-
tuting the derivatives gū and gūū, found from (6.6.55), into (6.6.52), one obtains

ū(ζ0 − bζ10)− u(ζ̄0 − cζ̄10)+ cζ0 − bζ̄0 + cb(ζ̄10 − ζ10)= 0.
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This leads to ζ0 = bζ10 and ζ̄0 = cζ̄10. Because ζ̄10 = ζ10(t − τ), ζ̄0 = ζ0(t − τ), and
ζ̄10 − ζ10 �= 0, one gets c = b. By virtue of the equivalence transformations corre-
sponding to the generator Xe

1, one can assume that b = 0. Integrating the obtained
derivatives gu and gū, one gets

g(u, ū)= λu− k1 ln(ū/u)+ γ, (6.6.56)

where λ and γ are constant. Substituting (6.6.56) into (6.6.23), one obtains γ = 0.
The extension of the kernel of admitted Lie algebras is given by the generator

X = q(t)u∂u, (6.6.57)

where q(t) is a solution of the delay differential equation (6.6.51):

q ′(t)= k1(q(t)− q(t − τ)). (6.6.58)

Assume that ζ̄10ζ10t − ζ̄10t ζ10 = 0. As was noticed the function ζ10(t) has to
satisfy the equation

ζ10ζ10t t − ζ 2
10t = 0.

Hence, ζ10(t) = Ceλt , where C and λ are constant such that Cλ �= 0. In this case
one has

ζ̄10 = kζ10,

where k = e−λτ . Hence, (6.6.54) becomes

gū
(

ζ̄0t ζ10 − ζ̄0ζ10t
) + k1 (ζ0t ζ10 − ζ0ζ10t )= 0.

Since gūū �= 0, one obtains

ζ0 = αζ10,

with constant α. Without loss of generality one can set α = 0. Then (6.6.23) be-
comes

ugu + kūgū = g + λu.

The general solution of this equation is

g(u, ū)= λu ln(u)+ uψ(ūu−k). (6.6.59)

By virtue of the relation gu = k1gū+k0, the function ψ(z) has to satisfy the ordinary
differential equation

k1 ln(ψ ′)+ kzψ ′ =ψ + λ− k0. (6.6.60)

The extension of the kernel of admitted Lie algebras is given by the generator

X = eλtu∂u. (6.6.61)
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6.6.5.2 Case gūū = 0

Assuming that gūū = 0, one has

g(u, ū)= k1ū+ h(u),

where k1 �= 0 is a constant. Hence (6.6.25) gives

ζ̄10 = ζ10 − ηt .

Furthermore, if we let guu = h′′ �= 0, we can define from (6.6.24)

ζ0 = u(x2ηtt + 4xξ0t − 8ζ10)/8 + (2ηtt − 8ηth
′ + 8ζ10t − ηttt x

2 − 4ξ0t t x)/(8h
′′).

Since ζ0u = 0, then

(ηttth
′′′ + ηtth

′′2)x2 + 4(h′′′ξ0t t + h′′2ξ0t )x − 2ηtth
′′′

+ 8
(

ηth
′′′h′ − ηth

′′2 − h′′′ζ10t − h′′2ζ10
) = 0.

The last equation can be split with respect to x so that

ηttt (h
′′′/h′′2)+ ηtt = 0,

ξ0t t (h
′′′/h′′2)+ ξ0t = 0,

and

(−ηtth
′′′ + 4ηth

′′′h′ − 4ηth
′′2)/(4h′′2)− (ζ10t (h

′′′/h′′2)+ ζ10)= 0.

(6.6.62)

Differentiating the first and the second equations with respect to u, one obtains

ηttt (h
′′′/h′′2)′ = 0, ξ0t t (h

′′′/h′′2)′ = 0.

Notice that if (h′′′/h′′2)′ �= 0, then ηtt = 0, ξ0t = 0, and because of η(t − τ)= η(t),
ξ(t − τ)= ξ(t), one obtains that η = const and ξ = const. In this case (6.6.62) gives

ζ10 = 0,

which corresponds to the kernel of admitted Lie algebras. Thus, one needs to study
the case (h′′′/h′′2)′ = 0 or h′′′ =Kh′′2 with some constant K . This case also leads
to the same result, that is, there is no extension of the kernel. In fact, differentiating
(6.6.62) with respect to u, one obtains ηtK = 0. If K = 0, then ηtt = 0, which
also gives that η = const. This leads to ζ̄10 = ζ10. Similar analysis of the equations
ξ0t tK + ξ0t = 0 and ξ(t − τ) = ξ(t) gives that ξ0 = const. The function ζ10(t) has
to satisfy the equations

ζ10tK + ζ10 = 0, ζ̄10 = ζ10.

The general solution of these equations is ζ10 = 0. Thus, the case guu �= 0 does not
give extensions of the kernel.
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6.6.5.3 Case gūū = 0 and guu = 0

We extend our study to the case of a linear function

g(u, ū)= k1ū+ k2u+ k, (6.6.63)

where k1 �= 0. In this case (6.6.24) becomes

ηttt x
2 + 4ξ0t t x − 2(ηtt − 4ηtk2 + 4ζ10t )= 0.

Splitting this equation with respect to x, one finds

ηttt = 0, ξ0t t = 0, ηtt − 4ηtk2 + 4ζ10t = 0.

By virtue of η(t−τ)= η(t) and ξ(t−τ)= ξ(t) the values η, ξ and ζ10 are constant.
Equation (6.6.23) becomes

ζ0t = ζ0xx + k2ζ0 + k1ζ̄0 − ζ10k.

If k2 + k1 �= 0, then by using the equivalence transformation related to the gen-
erator Xe

1 the constant k0 can be reduced to zero. In this case the extension of the
kernel is given by the generators X = u∂u and Xq = q(t, x)∂u, where the function
q(t, x) satisfies the delay partial differential equation

qt (t, x)= qxx(t, x)+ k2q(t, x)+ k1q(t − τ, x). (6.6.64)

If k2 + k1 = 0, then introducing q = ζ0 − ζ10kx
2/2, one gets that the extension

of the kernel is given by the generators Xq and

X = (2u+ kx2)∂u. (6.6.65)

6.6.6 Summary of the Group Classification

Case 1. Combining (6.6.33) and (6.6.59),

g(u, ū)= u(−k0 ln(u)+ψ(ūuk1)), (6.6.66)

where ψ is an arbitrary function, k1 = −ek0τ , and

X = e−k0t u∂u. (6.6.67)

Case 2. Combining (6.6.35) and (6.6.56),

g = −u(h2 ln(u)+ h1 ln(ū)+ k3), (6.6.68)

and

X = q(t)u∂u, (6.6.69)

where the function q(t) is a solution of the delay differential equation

q ′(t)+ h2q(t)+ h1q(t − τ)= 0. (6.6.70)

A particular solution of (6.6.70) is q = e−k0t , where k0 = h2 + h1e
k0τ .
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Case 3. The general solution of (6.6.47) is

g(u, ū)= −k0u+ψ(ū+ k1u) (k1 �= 0), (6.6.71)

where ψ is an arbitrary function. The extension of the kernel is given by the gener-
ator

X = q(t, x)∂u, (6.6.72)

where q(t, x) is a solution of equation

qt = qxx − k0q, (6.6.73)

satisfying the condition

q(t − τ, x)= −k1q(t, x). (6.6.74)

For particular cases of k0 and k1 the problem (6.6.73), (6.6.74) has a solution. For
example, let k1 = −1, then a solution can be sought in the form q = q(x), where

q ′′(x)− k0q(x)= 0.

For τ , k0 and k1 which obey the relation k1 = −ek0τ there exists the particular
solution of the problem (6.6.73) and (6.6.74), q = e−k0t .

Case 4. If g(u, ū) is a linear function

g(u, ū)= k1ū+ k2u+ k (k1 �= 0), (6.6.75)

then the extension of the kernel of admitted generators consists of the generators

Xq = q(t, x)∂u, (6.6.76)

where the function q(t, x) satisfies the reaction–diffusion equation with a delay:

qt (t, x)= qxx(t, x)+ k2q(t, x)+ k1q(t − τ, x), (6.6.77)

and one more generator, which depends on the value of the constants k1 and k2. For
k2 + k1 �= 0 one can take k = 0, and gets the additional generator in the form

X = u∂u. (6.6.78)

In the case of k2 + k1 = 0, the additional generator is

X = (2u+ kx2)∂u. (6.6.79)

A particular solution of (6.6.77) is q = e−k0t , where k0 = −(k1e
k0τ + k2).

6.6.7 Invariant Solutions

Invariant solutions can be sought for a subalgebra of an admitted Lie algebra. Sub-
stantially different invariant solutions are obtained on the base of an optimal system
of admitted subalgebras. The set of all generators nonequivalent with respect to
automorphisms composes an optimal system of one dimensional subalgebras [17].
This set is used for constructing nonequivalent invariant solutions. Equivalence of
invariant solutions is considered with respect to an admitted Lie algebra.

Apart from automorphisms for constructing the optimal system of subalgebras
one has to use involutions. Equations (6.6.1) possess the involution E corresponding
to the change x → −x.
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6.6.7.1 Optimal System of Subalgebras

Let us consider the algebra L3 = {X1,X2,X3}, with the commutator table

X1 X2 X3
X1 0 0 −k0X3
X2 0 0 0
X3 k0X3 0 0.

Such algebras are admitted by (6.6.1) with the function g(u, ū) in (6.6.66), (6.6.68),
(6.6.71) and (6.6.75). The generator X2 composes a center of the algebra L3.

The coordinates (x1, x2, x3) of the generator

X = x1X1 + x2X2 + x3X3

are simplified [17] by the automorphisms A1 and A3, which are defined by the table
of commutators

A1 : x′
3 = x3e

−k0a1 , A3 : x′
3 = x3 + k0x1a2.

Here only transformed coordinates are presented.
The optimal system of subalgebras of the algebra L3 with k0 �= 0 consists of the

subalgebras

H1 =X3 + αX2, H2 =X1 + αX2, H3 =X2,

where α is an arbitrary constant.
Representations of the invariant solutions corresponding to the subalgebras H2

and H3 are

u= ϕ(x − αt), u= ϕ(t),

respectively. It is obvious that these representations reduce the number of the inde-
pendent variables.

6.6.7.2 Invariant Solutions with Respect to H1

Case 1. For the function (6.6.66) the generator X3 = q(t)∂u and the representation
of an invariant solution is

u= eβxq(t)ϕ(t),

where β = 1/α and q(t)= e−k0t . The reduced equation is

ϕ′(t)= ϕ(t)
(

β2q2 − k0 ln(ϕ(t))+ψ(ϕ(t − τ)ϕk1(t))
)

. (6.6.80)

Case 2. For the function (6.6.68) the generator X3 and the representation of an
invariant solution is the same as in the previous case. The reduced equation is

ϕ′(t)= ϕ(t)
(

β2q2 − h2 ln(ϕ(t))− h1 ln(ϕ(t − τ))+ k3
)

. (6.6.81)
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Case 3. For the function (6.6.71) in the case, where k1 = −ek0τ , the generator
X3 = e−k0t ∂u, and the representation of an invariant solution is u= βxe−k0t +ϕ(t).
The reduced equation is

ϕ′(t)= −k0ϕ(t)+ψ (ϕ(t − τ)+ k1ϕ(t)) . (6.6.82)

Case 4. If the function g(u, ū) is as given in (6.6.75) and the generator X3 =
e−k0t ∂u, then the invariant solution is u = βxe−k0t + ϕ(t), where the function ϕ(t)

satisfies the reduced equation

ϕ′(t)= k1ϕ(t − τ)+ k2ϕ(t)+ k. (6.6.83)
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Appendix A

A.1 Optimal Systems of Subalgebras

The generators admitted by the gas dynamics equations are

Y1 = ∂x, Y2 = ∂y, Y3 = ∂z, Y4 = t∂x + ∂u,

Y5 = t∂y + ∂v, Y6 = t∂z + ∂w,

Y7 = y∂z − z∂y + v∂w −w∂v, Y8 = z∂x − x∂z +w∂u − u∂w,

Y9 = x∂y − y∂x + u∂v − v∂u, Y10 = ∂t ,

Y11 = t∂t + x∂x + y∂y + z∂z − f ∂f ,

Y12 = t∂t − u∂u − v∂v −w∂w + (γ + 2)f ∂f .

The table of commutators can be written in a symbolical form as follows.

1 2 3 4 5 6 7 8 9 10 11 12
1 0 0 0 0 0 0 0 −3 2 0 1 0
2 0 0 0 0 0 0 3 0 −1 0 2 0
3 0 0 0 0 0 0 −2 1 0 0 3 0
4 0 0 0 0 0 0 0 −6 5 −1 0 −4
5 0 0 0 0 0 0 6 0 −4 −2 0 −5
6 0 0 0 0 0 0 −5 4 0 −3 0 −6
7 0 −3 2 0 −6 5 0 −9 8 0 0 0
8 3 0 −1 6 0 −4 9 0 −7 0 0 0
9 −2 1 0 −5 4 0 −8 7 0 0 0 0

10 0 0 0 1 2 3 0 0 0 0 10 10
11 −1 −2 −3 0 0 0 0 0 0 −10 0 0
12 0 0 0 4 5 6 0 0 0 −10 0 0

Here numbers of corresponding basis generators are only presented. Notice that
the table of commutators of the generators Xi (i = 1,2, . . .) admitted by the full
Boltzmann equation is written in the same symbolical form.
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A.1.1 Six and Seven-Dimensional Subalgebras of the Lie Algebra
L11(Y )

Here a part of the normalized optimal system of subalgebras of the Lie algebra
L11(Y ) [36] (Chap. 3) is presented. Subalgebra-representatives are notated by a pair
of numbers r, i, where r is the dimension and i is the number of the subalgebra of
the dimension r which is given in the first column. In the second column a basis
of the subalgebra is presented in a symbolical form as in the table of commutators.
The restrictions for parameters are also given in this column. Notice that μ �= 0 in
all subalgebras and the absence of restrictions for the parameters means that they
are arbitrary real numbers. In the third column the normalizer of the subalgebra is
presented. The sign = means that the subalgebra is self-normalized.

r = 6 r = 7

1 1,2,3; 7; 10; 11; 7,4 1 1,2,3; 7,8,9; 11; =7,1

2 2,3;5,6; 10;7+μ11 7,3 2 4,5,6;7,8,9;11 =7,2

3 1,2,3;4; 10;7+α11 7,4 3 2,3;5,6; 7;10;11 =7,3

4 1;4,5,6;7; 11 =6,4 4 12,3;4;7; 10;11 =7,4

5 1,2,3;4;7; 11 =6,5 5 1,2,3;5,6; 10; β4+7+α11 9,1

6 2,3;5,6;α4+7;β4+11 7,6 6 2,3;4,5,6;7;11 =7,6

7 2,3; 4,5,6; 7+μ11 7,6 7 1,2,3; 5,6;α4+7;β4+11 8,4

8 1,2,3;5,6;β4+7+α11 8,4 8 1,2,3;4,5,6;7+μ11 8,4

9 4,5,6;7,8,9 7,2 9 1,2,3;7,8,9;10 8,1

10 1,2,3;7,8,9 8,1 10 1,2,3;5,6;α4+7;4+10 8,30

11 2,3;5,6; 1+7; 10 7,500 11 1,2,3;4,5,6;7+10 8,30

12 2,3;5,6;α1+7;4+10 7,100 12 1,2,3;5,6;α4+11 9,1

13 2,3;5,6;7; 10 8,200 13 1,2,3;4,5,6; 11 10,1

14 2,3;4,5,6;1+7 7,80 14 1,2,3;4,5,6;10 11,1

15 2,3;4,5,6;7 8,4

16 1,2,3; 5,6; 7+10 7,500

17 2,3; 5,6; 10,11 7,3

18 1,2,3;4;10;μ6+11 8,5

19 1,2,3;4; 10; 11 9,1

20 1,2,3;5,6;α4+11 8,4

21 2,3;4,5, 6; 11 7,6

22 1,2,3;5,6;10 9,1

23 1,2,3;5,6;4+10 8,30

24 1,2,3;4,5,6 11,1

25 1,2,3;5,6;β4+7 9,1



A.1 Optimal Systems of Subalgebras 295

A.1.2 Six-Dimensional Subalgebras of the Lie Algebra L12(Y )

Here a part of the optimal system of subalgebras [16] (Chap. 3) is presented.

r = 6 r = 6

1 1,2,3,5,6,7 6,8 75 2,3,5,6,10,11+α12 6,17

2 4,5,6,7,8,9 6,9 76 2,3,5,6,10,12 5,33

3 1,2,3,7,8,9 6,10 77 2,3,5,6,10,1±12 5,33

4 1,2,3,4,10,6+11 6,18 78 2,3,5,6,10,1+7+α12 6,11

5 1,2,3,5,6,4+11 6,20 79 1,2,3,6,4+10,2·11−12 5,34

6 1,2,3,5,6,10 6,22 82 2,3,4,5,6,7+μ11+β12 6,7

7 1,2,3,5,6,4+10 6,23 83 2,3,4,5,6,7+α12 6,15

8 1,2,3,4,5,6 6,24 84 2,3,4,5,6,11+α12 6,21

9 7,8,9,10,11,12 5,1 85 2,3,4,5,6,12 5,35

10 1,4,7,10,11,12 5,2 86 2,3,4,5,6,1+7+α12 6,14

35 1,2,3,10,α4+11,β4+7 5,22 88 2,3,4,5,1+6,11−12 5,36

α2 + β2 = 1 5,23 91 1,2,3,5,6,7+μ11+β12 5,37

38 1,2,3,4,10,7+α11+β12 6,3 β(μ+ β) �= 0

39 1,2,3,4,10,α11+12 5,22 92 1,2,3,5,6,7+μ11 6,8

40 1,2,3,4,10,11 6,19 93 1,2,3,5,6,7+α(11−12) 5,37

42 1,2,3,10,11,7+μ12 5,23 94 1,2,3,5,6,7 6,25

43 1,2,3,7,10,11 6,1 95 1,2,3,5,6,α11+12 (α �= −1) 5,37

44 1,2,3,10,11,12 5,23 96 1,2,3,5,6,11 6,20

46 1,4,5,6,11,7+α12 6,4 97 1,2,3,5,6,11−12 5,37

47 1,4,5,6,11,12 5,24 99 1,2,3,5,6,10+11−12 5,37

49 2,3,4+α5,6,11,12 5,25 101 1,2,3,5,6,7+10+μ(−11+12) 5,37

51 2,3,5,6,α4+7,β4+11 6,6 102 1,2,3,5,6,7+10 6,16

α2 + β2 = 1 103 1,2,3,5,6,4+7+μ11 6,8

53 2,3,5,6,11,7+μ12 5,26 104 1,2,3,5,6,4+7 6,25

54 2,3,5,6,7,11 6,6 105 1,2,3,5,6,4+7+10 6,26

55 2,3,5,6,11,12 5,26 132 1,4,7,10,11,12 4,23

59 1,2,3,4,11,7+α12 6,5 135 2,3,7,10,11,12 5,3

60 1,2,3,4,11,12 5,29 138 4,5,6,7,11,12 5,5

64 2,3,5,6,4+10,7+μ(12−2·11) 5,31 142 1,5,6,7,11,12 5,7

65 2,3,5,6,7,4+10 6,12 146 2,3,4,7,11,12 5,6

66 2,3,5,6,4+10,2·11−12 5,31 150 1,2,3,7,11,12 5,8

68 2,3,5,6,4+10,1+7 6,12 157 1,2,3,7,4+10,−2·11+12 5,12

70 2,3,1+5,6,10,11−12 5,32 160 1,2,3,10,α11+12,7+β11 5,4

73 2,3,5,6,10,7+μ11+β12 6,2 164 1,4,3+5,2−6,7,11−12 5,16

74 2,3,5,6,10,7+α12 6,13 167 1,4,5,6,α11+12,7+β11 5,9
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(continued)

r = 6

178 2,3,5,6,α1+12,β1+7 5,17

α2 + β2 = 1

183 2,3,5,6,α11+12,7+β11 5,14

α2 + β2 �= 0 & (α + 1)2 + β2 �= 0

185 2,3,5,6,7,12 5,14

187 2,3,5,6,7,11−12 5,14

190 2,3,5,6,7+β10, α10−11−12 5,14

194 1,2,3,4,α11+12,7+β11 5,15

(α + 1)2 + β2 �= 0

196 1,2,3,4,7,11−12 5,15

200 1,2,3,4,α10−11+12,7+β10 5,15

α2 + β2 = 1



Appendix B

B.1 Realizations of Lie Algebras on the Real Plane

Realizations of Lie algebras on the real plane [16] (Chap. 6) are given here (Ta-
ble B.1).

The functions 1, x, ξ1, . . . , ξr are linearly independent. The functions η1, . . . , ηr
form a fundamental system of solutions for an r-order linear ordinary differential
equation with constant coefficients η(r)(x)+ c1η

(n−1)(x)+ · · · + crη(x)= 0.

Table B.1 Realizations of Lie algebras on the real plane

No. Lie algebra basis

1 ∂x

2 ∂x , ∂y
3 ∂x , y∂x

4 ∂x , x∂x + y∂y

5 ∂x , x∂x
6 ∂y , x∂y , ξ1(x)∂y

7 ∂y , y∂y , ∂x
8 e−x∂y , ∂x , ∂y
9 ∂y , ∂x , x∂y
10 ∂y , ∂x , x∂x + (x + y)∂y

11 e−x∂y , −xe−x∂y , ∂x
12 ∂x , ∂y , x∂x + y∂y

13 ∂y , x∂y , y∂y
14 ∂x , ∂y , x∂x + ay∂y , 0 < |a| ≤ 1, a �= 1

15 e−x∂y , e−ax∂y , ∂x , 0 < |a| ≤ 1, a �= 1

16 ∂x , ∂y , (bx + y)∂x + (by − x)∂y , b ≥ 0

17 e−bx sinx∂y , e−bx cosx∂y , ∂x , b ≥ 0

Y.N. Grigoriev et al., Symmetries of Integro-Differential Equations,
Lecture Notes in Physics 806,
DOI 10.1007/978-90-481-3797-8, © Springer Science+Business Media B.V. 2010

297

http://dx.doi.org/10.1007/978-90-481-3797-8


298 Appendix B

Table B.1 (continued)

No. Lie algebra basis

18 ∂x, x∂x + y∂y , (x2 − y2)∂x + 2xy∂y
19 ∂x + ∂y , x∂x + y∂y , x2∂x + y2∂y

20 ∂x , x∂x + 1
2y∂y , x2∂x + xy∂y

21 ∂x , x∂x , x2∂x

22 y∂x − x∂y , (1 + x2 − y2)∂x + 2xy∂y , 2xy∂x + (1 + y2 − x2)∂y

23 ∂y , x∂y , ξ1(x)∂y , ξ2(x)∂y

24 ∂x , x∂x , ∂y , y∂y
25 e−x∂y , ∂x , ∂y , y∂y
26 e−x∂y , −xe−x∂y , ∂x , ∂y
27 e−x∂y , e−ax∂y , ∂x , ∂y , 0 < |a| ≤ 1, a �= 1

28 e−bx sinx∂y , e−bx cosx∂y , ∂x , ∂y , b ≥ 0

29 ∂x , x∂x , y∂y , x2∂x + xy∂y

30 ∂x , ∂y , x∂x , x2∂x

31 ∂y , −x∂y , 1
2x

2∂y , ∂x
32 e−bx∂y , e−x∂y , −xe−x∂y , ∂x
33 e−x∂y , −x∂y , ∂y , ∂x
34 e−x∂y , −xe−x∂y , 1

2x
2e−x∂y , ∂x

35 ∂y , x∂y , ξ1(x)∂y , y∂y
36 e−ax∂y , e−bx∂y , e−x∂y , ∂x , −1 ≤ a < b < 1, ab �= 0

37 e−ax∂y , e−bx sinx∂y , e−bx cosx∂y , ∂x , a > 0

38 ∂x , ∂y , x∂y , x∂x + (2y + x2)∂y

39 ∂y , ∂x , x∂y , (1 + b)x∂x + y∂y , |b| ≤ 1

40 ∂y , −x∂y , ∂x , y∂y
41 ∂x , ∂y , x∂x + y∂y , y∂x − x∂y

42 sinx∂y , cosx∂y , y∂y , ∂x
43 ∂x , ∂y , x∂x − y∂y , y∂x , x∂y
44 ∂x , ∂y , x∂x , y∂y , y∂x , x∂y
45 ∂x , ∂y, x∂x + y∂y, y∂x − x∂y , (x2 − y2)∂x − 2xy∂y , 2xy∂x − (y2 − x2)∂y

46 ∂x , ∂y , x∂x , y∂y , x2∂x , y2∂y

47 ∂x , ∂y , x∂x , y∂y , y∂x , x∂y , x2∂x + xy∂y , xy∂x + y2∂y

48 ∂y , x∂y , ξ1(x)∂y, . . . , ξr (x)∂y , r ≥ 3

49 y∂y , ∂y , x∂y , ξ1(x)∂y, . . . , ξr (x)∂y , r ≥ 2

50 ∂x , η1∂y, . . . , ηr (x)∂y , r ≥ 4

51 ∂x , y∂y , η1∂y, . . . , ηr (x)∂y , r ≥ 3

52 ∂x , ∂y , x∂x + cy∂y , x∂y, . . . , xr∂y , r ≥ 2

53 ∂x , ∂y , x∂y, . . . , xr−1∂y, x∂x + (ry + xr )∂y , r ≥ 3

54 ∂x , x∂x , y∂y , ∂y, x∂y, . . . , xr∂y , r ≥ 1

55 ∂x , ∂y , 2x∂x + ry∂y , x2∂x + rxy∂y , x∂y , x2∂y, . . . , x
r∂y , r ≥ 1

56 ∂x , x∂x , y∂y , x2∂x + rxy∂y , ∂y , x∂y, x2∂y, . . . , x
r∂y , r ≥ 0
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B.2 Group Classification of Second-Order DODEs

Here h(x)−h(x− τ)= c, k = ec, k1 = kc, c1 = sin c, c2 = cos c where c, c3, k2, k3

are arbitrary constants. The following invariants and functions are used in Table B.2.

I1 = kby − [c1y
′
τ + (c2 + bc1)yτ ],

Table B.2 Group classification of second-order DODEs on the domain of real space

No. Lie algebra Representation of second-order DODEs

1 L1
1 ∂x y′′ = f (y, yτ , y

′, y′
τ )

2 L2
2 ∂x, ∂y y′′ = f (y − yτ , y

′, y′
τ )

3 L2
3 ∂x, y∂x y′′ = y′3f (y, yτ ,

1
y′ − 1

y′
τ
)

4 L2
4 ∂x, x∂x + y∂y y′′ = 1

y
f (

yτ
y
, y′, y′

τ )

5 L2
5 ∂x, x∂x y′′ = y′2f (y, yτ ,

y′
τ

y′ )

6 L3
6 ∂y, x∂y, ξ1(x)∂y y′′ = (ξ ′

1 − ξ ′
1
τ )−1

(

f
(

x, (ξ ′
1 − ξ ′

1
τ )(cy′ − y + yτ )

− (ξ ′
1c− ξ1 + ξτ1 )(y

′ − y′
τ )

) + ξ ′′
1 (y

′ − y′
τ )

)

7 L3
7 ∂y, y∂y, ∂x y′′ = y′f

( y−yτ
y′ ,

y′
τ

y′
)

8 L3
8 e−x∂y, ∂x, ∂y y′′ = f (ky′ − y′

τ , k(y − yτ − y′
τ )+ y′

τ )− y′

9 L3
9 ∂y, ∂x, x∂y y′′ = f (y′ − y′

τ , cy′ − y + yτ )

10 L3
10 ∂y, ∂x, x∂x + (x + y)∂y y′′ = e−y′

f (y′ − y′
τ , (y − yτ )e

−y′
)

11 L3
11 e−x∂y,−xe−x∂y, ∂x y′′ = f

(

k(y + y′)− (yτ + y′
τ ),

kc(y + y′)− ky + yτ
)

− (2y′ + y)

12 L3
12 ∂x, ∂y, x∂x + y∂y y′′ = (y − yτ )

−1f (y′, y′
τ )

13 L3
13 ∂y, x∂y, y∂y y′′ = (y′ − y′

τ )f
(

x,
cy′−y+yτ
(y′−y′

τ )

)

14 L3
14 ∂x, ∂y, x∂x + ay∂y , y′′ = y

′ (a−2)
(a−1) f

( y′
τ

y′ ,y′(y − yτ )
(1−a)
a

)

0 < |a| ≤ 1, a �= 1

15 L3
15 e−x∂y, e

−ax∂y, ∂x y′′ = f
(

ka(y + y′)− (yτ + y′
τ ), (k − ka)(y + y′)

− (1 − a)(ky − yτ )
) − [(1 + a)y′ + ay]0 < |a| ≤ 1, a �= 1

16 L3
17 e−bx sinx∂y, e−bx cosx∂y, ∂x y′′ = f (I1, I2)− (2by′ + (b2 + 1)y)

b ≥ 0

17 L3
19 ∂x + ∂y, x∂x + y∂y, x

2∂x + y2∂y y′′ = y′3/2

(x−y)

(

f
(

y′( x−yτ
yτ−y

)2,
(yτ−y)2

y′
τ (x−y)2

) − 2y′(y′ + 1)
)

18 L3
20 ∂x, x∂x + 1

2y∂y, x
2∂x + xy∂y y′′ = y−3f

( yτ
y

, y′yτ ( y
′
τ

y′ − yτ
y
)
)

19 L4
24 ∂x, x∂x, ∂y, y∂y y′′ = y′2

(y−yτ )
f
( y′

τ

y′
)

20 L4
25 e−x∂y, ∂x, ∂y, y∂y y′′ = (ky′ − y′

τ )f
( ky′−y′

τ

(k−1)y′−y+yτ

) − y′

21 L4
26 e−x∂y,−xe−x∂y, ∂x, ∂y y′′ = f (I3)+(k−1)y′−y+yτ

(kc−k+1) − y′

22 L4
27 e−x∂y, e

−ax∂y, ∂x, ∂y y′′ = 1
(ka−k)

(

f (I4)+ (a − 1)(ky′ − y′
τ )

) − y′

0 < |a| ≤ 1, a �= 1
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Table B.2 (continued)

No. Lie algebra Representation of second-order DODEs

23 L4
28 e−bx sinx∂y, e−bx cosx∂y, ∂x, ∂y y′′ = f (I5)−(b2+1)[c1y

′
τ−(c2+bc1)(y−yτ )]

[kb−(bc1+c2)] − 2by′

b ≥ 0

24 L4
29 ∂x, x∂x, y∂y, x

2∂x + xy∂y y′′ = f
( yτ
y

) y′2
y

( yτ
y

− y′
τ

y′
)2

25 L4
31 ∂y,−x∂y,

1
2x

2∂y, ∂x cy′′ = y′ − y′
τ − f

(

2(y − yτ )− c(y′ + y′
τ )

)

26 L4
32 e−bx∂y, e

−x∂y,−xe−x∂y, ∂x y′′ =
(

f (I6)−(b−1)2[k(y+y′)−(yτ−y′
τ )]

)

(1−b)(kb−k)
− [2y′ + y]

27 L4
33 e−x∂y,−x∂y, ∂y, ∂x y′′ = f (I7)+(y′−y′

τ )

(k−1)

28 L4
34 e−x∂y,−xe−x∂y,

1
2x

2e−x∂y, ∂x y′′ = k(y+y′)−f (I8)−(yτ+y′
τ )

kc
− (2y′ + y)

29 L4
35 ∂y, x∂y, ξ1(x)∂y, y∂y y′′ = f (x)

(

(ξ ′
1−ξ ′

1
τ )(cy′−y+yτ )−(ξ ′

1c−ξ1+ξτ1 )(y
′−y′τ )

)

ξ ′
1−ξ ′

1
τ

+ ξ ′′
1 (y

′−y′
τ )

ξ ′
1−ξ ′

1
τ

30 L4
36

e−ax∂y, e
−bx∂y, e

−x∂y, ∂x

−1 ≤ a < b < 1, ab �= 0
y′′ = (b−a)(b−1)

(

ka(y+y′)−(yτ+y′
τ )

)−f (I9)

(kb−kc)(b−1)

− (a(y + y′)+ y′)
31 L4

37
e−ax∂y, e

−bx sinx∂y, e−bx cosx∂y, ∂x
a > 0

y′′ =
(

f (I10)((a−b)2+1)[kbc1[ay+y′]−[kay−y′]])
[kb(c2+(b−a)c1)−ka ]

− (2b(ay + y′)+ a2y)

32 L4
38 ∂x, ∂y, x∂y, x∂x + (2y + x2)∂y y′′ = ln

(

(y′ − y′
τ )

2f
( (y′−y′

τ )
2

y−yτ

))

33 L4
39 ∂y, ∂x, x∂y, (1 + b)x∂x + y∂y y′′ = (

(y′ − y′
τ )

2b+1f [(y − yτ )
b(y′ − y′

τ )]
)1/b

|b| ≤ 1

34 L4
40 ∂y, −x∂y, ∂x, y∂y y′′ = (y′ − y′

τ )f
( cy′−y+yτ

y′−y′
τ

)

35 L4
42 sinx∂y, cosx∂y, y∂y, ∂x y′′ = y

(

f (I11)(c1 + y′
y
(c2 − y′

τ

y′ ))− 1
)

36 Lr+1
50 ∂x, η1(x)∂y, . . . , ηr (x)∂y Φ1(x, y, yτ , y

′, y′
τ , y

′′)
r ≥ 4

37 Lr+2
51 ∂x, y∂y, η1(x)∂y, . . . , ηr (x)∂y Φ2(x, y, yτ , y

′, y′
τ , y

′′)
r ≥ 3

38 L5
54 ∂x, x∂x, y∂y, ∂y, x∂y y′′ = k2(y

′−y′
τ )

2

y−yτ

39 L5
55 ∂x, ∂y,2x∂x + y∂y, x∂y, x

2∂x + xy∂y y′′ = k3
(y−yτ )3

40 L4
23 ∂y, x∂y, ξ1(x)∂y, ξ2(x)∂y y′′ = I12+ξ ′′

1 (y
′−y′

τ )

ξ ′
1−ξ ′

1
τ

I2 = (c2 − bc1)[c1y
′
τ + (c2 + bc1)yτ ] − [kbc1y

′ + yτ ],
I3 = k1(yτ − y − y′ + y′

τ )+ (k − 1)(ky′ − y′
τ ),

I4 = (ka − ak + a − 1)(ky′ − y′
τ )− a(ka − k)[(k − 1)y′ − y + yτ ],

I5 = [kb(c2 − bc1)− 1][c1y
′
τ − (c2 + bc1)(y − yτ )]

+ [kb − (c2 + bc1)][kbc1y
′ − (y − yτ )],

I6 = (kb − bck + ck − k)
(

k(y + y′)− (yτ − y′
τ )

)

− (b− 1)(kb − k)
(

k1(y + y′)+ ky − yτ
)

,
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I7 = (k − 1)(y − yτ − cy′)+ (k − c− 1)(y′ − y′
τ ),

I8 = c[k(y + y′)− (yτ + y′
τ )] − 2[k1(y + y′)+ ky − yτ ],

I9 = [−kb+1ac− kb+1b+ kb+1bc+ kb+1 + ack2 − k2c][ka(y + y′)− (yτ + y′
τ )]

− (kb − k1)(b− 1)[(k − ka)(yτ + y′
τ )− (1 − a)ka(ky − yτ )],

I10 = kb(c2 + (a − b)c1 − ka)(c1(ayτ y
′
τ )− [c2 + (b− a)c1][kay − yτ ])

− [kb + ka(c1(a − b)− c2)],

I11 = c2 − yτ
y

+ c1
y′
y

c1 + y′
y
(c2 − y′

τ

y′ )
, I12 = f (x)+ ζ1ζ2

ζ3 + ζ4
,

where

ζ1 = ξ ′′
1 (ξ

′
2
τ − ξ ′

2)+ ξ ′′
2 (ξ

′
1 − ξ ′

1
τ ),

ζ2 = (ξ ′
1 − ξ ′

1
τ )(cy′ − y + yτ )− (ξ ′

1c− ξ1 + ξτ1 )(y
′ − y′

τ ),

ζ3 = ξ ′
2
τ (ξ ′

1c− ξ ′
1 + ξτ1 )− ξ ′

1
τ (ξ ′

2c− ξ ′
2 + ξτ2 ),

ζ4 = ξ ′
2(ξ1 − ξτ1 )− ξ ′

1(ξ2 − ξτ2 ).

The function Φ1 is

Φ1(x, y, yτ , y
′, y′

τ , y
′′)= φ(z1, z2),

where y(0) = y, and

z1 = yτ −
r

∑

i=1

ci1y
(i−1), z2 = y′

τ −
r

∑

i=1

ci2y
(i−1) (r ≥ 4).

The function φ(z1, z2) is such that

cj1φz1 + cj2φz2 = 0 (j = 4, . . . , r).

The function Φ2 is defined by the formula:

Φ2(x, y, yτ , y
′, y′

τ , y
′′)= yτ − c3y

′
τ +

r
∑

i=1

(c3ci2 − ci1)y
(i−1), r ≥ 3,

where the constants cj1 and cj2 obey the equalities

c3cj2 − cj1 = 0 (j = 4, . . . , r + 1).

The functions 1, x, ξ1(x), ξ2(x), ξ3(x) are linearly independent. The functions
η1(x), η2(x), η3(x), . . . , ηr (x) form a fundamental system of solutions of an r-order
ordinary differential equation with constant coefficients,

η(r) + crη
(r−1) + · · · + c2η

′ + c1η = 0.
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