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Preface

In the latter part of the last century, Sophus Lie first introduced and
developed quite extensively the theory of continuous groups of transfor-
mations in connection with the study of differential equations. In the last
few decades, there has been a revival of interest in group-theoretic meth-
ods and significant progress has been made due to the efforts of several
mathematicians, engineers and physicists.

Group-theoretic methods are powerful, versatile and fundamental to
the development of systematic procedures that lead to invariant solutions
of boundary value problems. Since the group methods are not based on
linear operators, superposition or other requirements of the linear solution
techniques, they are applicable to both linear and nonlinear differential
models. A number of books on the application of the continuous groups
of transformations relating to differential equations have been written from
a mathematical standpoint. In dealing with differential boundary value
problems in engineering and applied science however, physical aspects as-
sociated with the problems are of importance. Consideration of boundary
and initial conditions as an integral part of the mathematical description
becomes an essential part of any group-theoretic analysis. The purpose
of this book is to provide a comprehensive and systematic treatment of
group-theoretic methods from a standpoint of engineering and applied sci-
ence, with particular emphasis on boundary value problems. The book is
intended for senior undergraduate students, graduate students and research
workers in the areas of engineering and applied science.

The authors are indebted to Arthur Na for his assistance during the
preparation of the manuscripts. The second author wishes to express his
sincere gratitude to Dr. Arthur G. Hansen for introducing him to this
important method of analysis and for the advice and encouragement re-
ceived through the years. The authors would like to dedicate this book
to Dr. Arthur G. Hansen in view of the key contributions made by him
to the area of similarity analysis pertaining to engineering boundary value
problems.
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Chapter 1
INTRODUCTION AND GENERAL OUTLINE

Physical problems in engineering science are often described by dif-
ferential models either linear or nonlinear. There is also an abundance of
transformations of various types that appear in the literature of engineer-
ing and mathematics that are generally aimed at obtaining some sort of
simplification of a differential model.

Similarity transformations -2 * which essentially reduce the number of
independent variables in partial differential systems, have been widely used
in fluid mechanics and heat transfer. Transformations have also been used
to convert a boundary value problem to an initial value problem suitable for
numerical procedures that employ forward marching schemes 3. In other
instances transformations have been used to reduce the order of an ordinary
differential equation. Mappings have also been discovered which transform
nonlinear partial or ordinary differential equations to linear forms. Underly-
ing these seemingly unrelated transformations is a unified general principle
which is based on the theory of continuous group of transformations. The
theory was first introduced and developed extensively by Sophus Lie in the
latter part of the last century. In recent years, there has been a revival of
interest in applying the principles of continuous group of transformations
to differential models, linear as well as nonlinear. In 1950, Birkhoff  pro-
posed a method based upon simple groups of transformations for obtaining
invariant solutions for some problems in the general area of hydrodynamics.
The method essentially involves algebraic manipulations, an aspect which
makes the method attractive. Group - theoretic methods are a powerful
tool because they are not based on linear operators, superposition or any
other aspects of linear solution techniques. Therefore, these methods are
applicable to nonlinear differential models.

A majority of the recent books on the applications of continuous trans-
formation groups °® have been approached from a mathematical stand-
point. In dealing with different boundary value problems in engineering
science, the physical aspects associated with the problem need to be prop-
erly addressed. The treatment of boundary conditions as an integral part
of the differential model in group - theoretic methods becomes relevant.
The purpose of this book is to provide a comprehensive treatment of the
subject from a standpoint of engineering science, with special reference to
boundary value problems. Applications of the group-theoretic principles
involved are presented in a clear and systematic fashion. The contents
and the treatment of this book are particularly suitable for senior under-
graduate students, graduate students and analytical workers in the area of
engineering and applied sciences.

* Numbers in superscripts refer to numbers of references at the end of
the chapter.



The concepts of continuous transformation groups are presented in
chapter two. This chapter contains the theoretical background needed for
all the subsequent chapters, and forms the basis for the entire book.

Chapter three contains a survey of the available methods for determin-
ing similarity transformations. A familiar form of the similarity transfor-
mation is given by u(z,y) = z* f(zy®), where a and B take on values such
that the original partial differential equation with independent variables
X, y and dependent variable u is transformed to an ordinary differential
equation with variables f and xy®. The reduction in the number of inde-
pendent variables is a simplification of the original mathematical descrip-
tion whether the resulting description is solved analytically, numerically
or by using other approximate procedures. Consider, as an example, the
one-dimensional nonlinear diffusion equation

d Ou, OJu

A similarity transformation of the form
z
v=F) ; ¢=-— (1.2)

would transform equation (1.1) to an ordinary differential equation of the
form
ar

d dF
d§[D(F) d§]+2§d§ 0 (1.3)
The similarity transformation, equation (1.2), is just one type of trans-
formation that can be obtained by direct procedures based on assumed
transformation of the type u(z,t) = t* F(z/t") , or by the use of dimen-
sional group of transformations. The use of deductive group procedures
which start out with a general group of transformations lead to some sim-
ilarity solutions that are not obtainable by inspectional group procedures.
The group - theoretic methods of similarity analysis imply that the search
for similarity solutions of a system of partial differential equations is equiv-
alent to the determination of solutions of these equations invariant under
a group of transformations. For boundary value problems, it follows that
the auxiliary conditions also be invariant under the same group of transfor-
mations. In chapter three, the methods for the determination of similarity
transformations are classified into (i) direct methods and (ii) group - the-
oretic methods. The group - theoretic methods are further divided into
inspectional and deductive procedures. In chapter four, the direct as well
as group - theoretic methods are applied to a variety of nonlinear boundary
value problems arising in engineering science.

Traditionally, similarity solutions have been discovered for boundary
value problems with semi - infinite or infinite domains thus restricting the
solutions to a narrow class of problems. Chapter five examines the applica-
bility of similarity analysis to boundary value problems in finite domains.
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The construction of non - similar solutions from similarity solutions
enables one to extend the similarity methods to a larger class of boundary
value problems. Non - similar solutions are a result of either the equations
or boundary conditions not being invariant under a given group of trans-
formations. Techniques such as superposition of similarity solutions, fun-
damental solutions and pseudo - similarity analysis are discussed in chapter
six for the purpose of obtaining non - similar solutions.

For moving boundary problems in general, it is necessary to locate the
similarity coordinate at the moving boundary. When the governing partial
differential equations are parabolic it should also be ascertained whether the
speed of propagation of the moving boundary is finite or infinite. Typically,
analysis of problems that involve a change of phase can be associated with
a moving boundary that propagates at a finite speed. However if no phase
change is involved, the propagation of the boundary would be either at a
finite or an infinite speed. Chapter seven contains a detailed discussion of
these ideas through appropriate examples.

Chapter eight deals with boundary value problems that involve prop-
agation of waves. When the propagation of disturbances are along the
characteristics of the equations, use is made of the similarity - charac-
teristic (SC) relationship for determining the similarity coordinate at the
wave front. In other instances, where propagation of waves is not necessar-
ily along the characteristics such as shock waves, dispersive and traveling
waves, the role of group invariance in obtaining similarity solutions is dis-
cussed.

The technique for transforming boundary value problems to initial
value problems is discussed in chapter nine. Two methods are described :
(1) the inspectional group method, and (2) the infinitesimal group method.
Both methods start out by defining a group of transformations. The partic-
ular transformation within this group of transformations which can reduce
the boundary value problem to an initial value problem is identified by
stipulating the requirement that (a) the given differential equation be in-
dependent of the parameter of the transformation, and (b) the missing
boundary condition be identified with the parameter of transformation.

Inspectional as well as deductive procedures for transforming a non-
linear differential equation to a linear differential equation is discussed in
chapter ten. These procedures are based on the use of groups of point
transformations which act on a finite dimensional space. Effort has been
made to keep the treatment of the subject as simple as possible and to bring
out the underlying principles involved clearly. Recent developments have
shown that differential equations can be invariant under a continuous group
of transformations beyond point or contact transformations. The groups
known as the Lie - Backlund (LB) transformations act on an infinite dimen-
sional space. Details for discovering mappings that transform nonlinear to
linear differential equations using LB transformations are available in the
works of Bluman and Kumei 7,and Anderson et al & . The LB transforma-

3



tion approach is not covered in this book.

Miscellaneous topics such as the reduction of differential equations into
algebraic equations, reduction of the order of an ordinary differential equa-
tion, transformation of ordinary to partial differential equations, and re-
duction of the number of variables using multiparameter group of transfor-
mations are covered in some detail in chapter eleven. Also covered in this
chapter are self - similar solutions of the first and second kind °1°. The
Hellums - Churchill procedure for the determination of normalized repre-
sentation suitable for dimensional scale - modeling and semi - analytical
investigations is briefly discussed.

Throughout the entire book, the authors have endeavoured to cater to
the needs of (a) a novice in the area of group theory, and (b) the analytical
worker seeking to use the more rigorous deductive group procedures. It is
hoped that the book will adequately address some of the needs of students
and researchers in engineering science who are seeking to apply group -
theoretic methods to nonlinear boundary value problems.
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