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POWER-ASSOCIATIVE RINGS 
BY 

A. A. ALBERT 

INTRODUCTION 

We use the term ring for any additive abelian group closed with respect 
to a product operation such that the two-sided distributive law holds. When 
the associative law for products also holds we call the ring an associative 
ring. Every element x of any ring W generates a subring 2f(x) of W consisting 
of all finite sums of terms each of which is a finite product whose factors are 
all equal to x. We call W a power-associative ring when every Wf(x) is an associa- 
tive subring of W. 

We have shown elsewhere(1) that a ring W whose characteristic is zero is 
power-associative if and only if xx2 = x2x and x2x2 = (x2x)x for every x of W. 
This result is also true for all commutative rings having characteristic prime 
to 30, and the stated restrictions on the characteristic are actually necessary. 

Our present investigation begins with a derivation of results on the de- 
compositions of a power-associative ring relative to its idempotents. When e 
is an idempotent of a commutative power-associative ring W, the correspond- 
ing (right) multiplication R, is an endomorphism of A having simple ele- 
mentary divisors and roots 0, 1/2, 1. There is a resulting decomposition of W as 
the supplementary sum We,(l) +2Ie(1/2) +%e(0) of submodules We(X) such that 
xe =Xx. Moreover the multiplication relations for these submodules are 
nearly those holding for the case (2) where W is a Jordan ring. However, the 
situation becomes much more complicated when W is not commutative since 
then the elementary divisors of Re need not be simple and the characteristic 
roots are quite arbitrary. 

It is true, nevertheless, that a decomposition theory may be obtained for 
all power-associative rings W in which the equation 2x =a has a unique solu- 
tion x in W for every a of W. In this case we may always attach to W a com- 
mutative ring 2{(+) which is the same additive group as W and which has a 
product x y defined in terms of the product xy of W by 2(x y) =xy+yx. The 
ring {(+) is power-associative when W is, and every idempotent of W is also 
an idempotent of 2{(+). This yields a decomposition of Wfe!e(1)+fe(1/2) 
+2Ie(O) where Wfe(X) is the set of all x such that xe+ex=22Xx, and the sub- 
modules always have some of the multiplicative properties of the Jordan 

Presented to the Society, September 5, 1947, and November 29, 1947; received by the 
editors October 25, 1947. 

(1) On the power-associativity of rings, Summa Braziliensis Mathematicae vol. 2 (1948) pp. 
21-33. 

(2) Cf. ?10 of the author's A structure theory for Jordan algebras, Annals of Mathematics 
vol. 48 (1947) pp. 546-567. 
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POWER-ASSOCIATIVE RINGS 553 

case. The list of properties grows when we assume that 2{ is a flexible ring, 
that is, x(yx) = (xy)x for every x and 3y of W. It becomes essentially complete 
when 2f(+) is assumed to have one further property of Jordan rings. 

While the theory of the decomposition relative to an idempotent is a 
basic part of a general structure theory for power-associative rings and alge- 
bras, one can hardly hope to derive a complete structure theory even for 
commutative power-associative algebras. It then becomes desirable to re- 
strict the study by a proper selection of additional hypotheses. One possible 
line of investigation lies in the study of what are known as shrinkable alge- 
bras. We shall discuss all commutative shrinkable algebras of shrinkability 
level two here, and shall show that those algebras belonging to the classes of 
algebras containing algebras with a unity element are either Jordan algebras 
or are defined by the identity X2y2+ (Xy)2 = (x2y)y+ (y2X)X. We shall also give 
a structure theory for algebras of the latter type. 

A second line of investigation consists of an attempt at generalizing the 
Jordan algebra so as to delete the commutative law. We shall give a two 
postulate definition of a class of algebras including both Jordan and associa- 
tive algebras and shall give a complete structure theory for these "standard" 
algebras. The simple standard algebras turn out to be merely associative or 
Jordan algebras and so this investigation does not yield any new types of 
simple algebras. 

The final line of investigation we shall present here is a complete deter- 
mination of those algebras 2f such that 2f(+) is a simple Jordan algebra. We 
are first led to attach to any algebra 5B over a field W an algebra 23(X) defined 
for every X of !. This algebra is the same vector space over ! as S3 but the 
product x y in 93(X) is defined in terms of the product xy of 53 by x y=Xxy 
+(1-X)yx. We then call an algebra W over ! a quasiassociative algebra if 
there exists a scalar extension & of H (necessarily of degree n = 1, 2 over a), a 
quantity X in S, and an associative algebra eb over S, such that q = 23 (X). 
The structure of quasiassociative algebras is readily determined and we shall 
conclude our work by showing that if 2(+) is a simple Jordan algebra then W 
is either W(+) or is a simple quasiassociative algebra. 

CHAPTER 1. NILRINGS AND IDEMPOTENTS 

1. Power-associativity. While our results on power-associativity have been 
published elsewhere (2) they may not be accessible readily and so will be sum- 
marized here. 

If 2f is any ring we shall say that the characteristic of 2f is prime to n if the 
sum nx =0 only if x =0. We shall also say that W has characteristic zero 
providing that the characteristic is prime to n for all integers n > 1. 

The right powers of the elements x of a ring W are defined by the formula 
xk+ = xkx, k _ 1. Then W is power-associative if and only if xacx = xa+ for all 
positive integers a, d. Assume first that the characteristic of 2{ is prime to 
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554 A. A. ALBERT [November 

two and define 

[x, y] = xy - yx. 

Then the hypothesis x3=xx2 may be written as [x, x2] =0 and a linearization 
process implies that 

(1) [xy + yx, z] + tyz + zy, x] + [zx + xz,y =yO. 

Conversely (1) implies that XX2 = x2x if the characteristic of W is prime to six. 
Formula (1) may then be used to obtain 

LEMMA 1. Let the characteristic of 2 be prime to two, n _4, and xxg = xA+ 
for all positive integers X, g such that )X+u <n. Then 

(2) n1 [xn 1, x] = 0, [Xn , Xa] = a[xn1, X] (0 = 1, * * , n - 1). 

The hypothesis x2x2 = x3x yields, as the consequence of a linearization 
process, the relation 

(3) ,(xy + yx)(zw + wz) = ZFZ( + wz)y x 
6 4 3 

for any ring 2 whose characteristic is prime to two. Here the sums are taken 
over all possible selections of the symbols involved and Ek is a sum of k 
terms. Conversely (3) implies that X2x2 = x3x providing that the characteristic 
of 21 is prime to six. 

If the characteristic of 2 is prime to two, the symbol 2-1 [xn-, x] has 
meaning, since either xn-1, X] =O or [Xn-l, x] 5O, m[xn-1, x] =O, and 
2-1 [xn-1, x- = [xn-1, x] where m-+2-q =1 and m is an odd divisor of n. We 
use this concept in the statement of 

LEMMA 2. Let 2f be a ring whose characteristic is prime to 30, n _ 5, xxxg 
=xx+ for X +4 < n. Then 

(4) Xn-aXa = Xn-1X + [ x] (a = 1... I n - 1), 

from which we may derive [Xn-a, xx] = a[Xn-1, x], n[Xn-', x 1=0 and thus 
xn-aXa = Xnif n is prime to the characteristic of W. 

The proof of the lemma above is made by replacing x by xa, y by x$, z by xy, 
w by x5 in (3) where a +13+y+b =n. It has the following consequences. 

LEMMA 3. Let 2f be a ring of characteristic zero and X2X-XX2, X2X2 =(X2X)X 

for every x of WX. Then 2t is power-associative. 

LEMMA 4. Let 2f be a commutative ring whose characteristic is prime to 30 
and let X2X2 =(x2x)x. Then 21 is power-associative. 
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1948] POWER-ASSOCIATIVE RINGS 555 

The conditions on the characteristic given in these results are actually 
necessary as has been shown(') by counterexamples. 

2. The ring WM+). We shall restrict our attention to power-associative 
rings whose characteristic is prime to six. We shall also assume that the 
equation 2x=a has a unique solution x in f for every a of W. Then we may 
define an attached ring W(+) which is the same additive group as W but which 
has a product operation x y defined in terms of the product operation xy of 
2f by 2(x.y) =xy+yx. The ring W(+) is a commutative ring and powers in 
W(+) coincide with powers in W. Thus 2f(+) is power-associative. Note that 
the construction of 2f(+) could yield a power-associative ring even when W 
itself is not power-associative. Indeed consider the algebra 2[ over the field 
; with a basis a, a2, aa2, a2a defined so that all products a . . . a with n_4 

factors are zero. In 2f(+) the identity xc x2 = x is a trivial consequence of 
the commutative law, and xa .x#=O if ao+?> 4, xa x =xa+ for all positive 
integers a, /3. Then 2f(+) is power-associative but aa2 5a2a in W. 

In any ring W the mapping a->ax is an endomorphism Rx of the additive 
group 2[ and is called a right multiplication of W. Similarly the endomorphism 
Lx defined by a--xa=aLx is called a left multiplication of Wf. Under the as- 
sumption we have made, every endomorphism S of W determines a unique 
endomorphism S/2 and the mapping 

(5) TX = 2-'(Rx + Lx) 

is the unique endomorphism of W defining the generic multiplication a x 
-aTX of 2f(+). We shall use this property when we apply the theory of the 
decomposition of a commutative ring relative to an idempotent to non- 
commutative rings. 

3. Multiplication identities. If af is a power-associative ring whose char- 
acteristic is prime to six we have in (1) a result which may be written as 

(6) Rx+yx - Lx+x = (Rx + Lx)(Ry - Ly) + (Ry + Ly)(Rx - Lx). 

Also (3) holds and may be written as 

L(xy+yx)z + L(yz+zy)x + L(zx+xz)y 

- (Rx + L x)(Ryz+y + Lyz+zy - RyRz - RzRy) 
(7) + (Ry + Ly)(Rxz+zx-Jr Lxz+zx - RxRz- RzRx) 

+ (R ? x+yx + Lx+y x- R - RyRx) 
- (Lxy+yxRz + Lxz+z xRy+ Lyz+zyRx). 

Take x = y in (6) and obtain 

(8) Rxx- Lxx= (R + Lx)(Rx - Lx). 

Also take y=z= x in (7) and obtain 
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556 A. A. ALBERT [November 

(9) L(x,x = (RX + Lx)(Rxx + Lxx - R) - LxxRx 

We may now prove 

LEMMA 5. Let t(x be the set of all finite sums of products of finite numbers of 
factors equal to Rx, Lx or Rxx so that Wx is either zero or an associative ring for 
every x of Wf. Then W. contains R. and Lu. for all positive integral powers w =x 
of x. 

The result has already been shown true for k= 1, 2 by (8). Assume it true 
for k? t+? and write w=xt+2. Put y=xt+1 in (6) and have, since xy+yx=2w, 

(10) 2(Rw - L.) = (Rx + Lx)(Ry - Ly) + (Ry + Ly)(Rx - Lx). 

Next replace z by xt and y by x in (7) so that (xy+yx)z=(yz+zy)x=(zx 
+xz)y = 6w. The right member of (7) is then in W- by the hypothesis of our 
induction, Lw is in Wx, Rw is in Wx by (10). 

In the particular case where x = e = e2 formulas (8) and (9) take the form 

(11) (Re + Le - I)(Re -Le) = 0, 

(12) (Re + Le) - (Re + Le)Re -Le(Re + I) = 0, 

where I is the identity endomorphism of W. It is not possible to eliminate Re 
or L. between these two equations so as to obtain a fixed characteristic equa- 
tion of finite degree for either Re or Le. For the characteristic roots of Re, in 
the case of a noncommutative power-associative algebra, may be completely 
arbitrary. We shall give an example illustrating this property later. 

When W is commutative (7) becomes 

Rx(yz) + Ry(zx) + Rz(xy) 

(13) = 4(RRy2 + RRzx + RzRxy) - (RyzRx + RzxRy + RxyRz) 

- [Rx(RyRz + RzRy) + Ry(RzRx + RxRz) + RZ(RXRy + RyRx)], 

and (6) is vacuous. Also (8) is vacuous while (9) becomes 

(14) R(xx)x = 4RxRxx - RxxRx - 2Rx. 

We may then use (13) with y=x, z=x2 to obtain a relation which may be 
combined with (14) to yield 

2 2 4 
(15) R(xx)(xx) = Rxx + lORxRxx - 6RxRxxRx - 4Rx. 

We shall use these formulas later. 
4. Nilrings and nilideals. In a power-associative ring W all positive 

integral powers ak of any element a of W are uniquely determined and so the 
meaning of the nilpotency of the elements of W should be clear. We shall say 
that W is a nilring if all elements of W are nilpotent and shall say that W has 
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1948] POWER-ASSOCIATIVE RINGS 557 

bounded index t > 1 if at= 0 for every a of tf, btlO 0 for some element b of W. 
An ideal _3 of W will be called a nilideal if $3 s 0 is a nilring. The sum of 

two nilideals is a nilideal. For if 29 and ( are nilideals their sum (Q3, C) con- 
sists of all sums b+c of elements b of e8 and c of G. Then bk=O, (b+c)k 
-bk?+ci =c is in (E, c' = (b+c)kt =O for some t. Thus (3, d) is a nilideal. 

It follows trivially that the sum (1, * * r) of any finite number of 
nilideals is a nilideal. We define the union T of all nilideals of W to be the set 
of all finite sums b=b1+ - * - +b, where bi is in a nilideal 53i of 2t. Then b 
is in A, * * *, 3r) and is nilpotent. Evidently % is a nilideal of 2t. We shall 
call % the nilradical of af and see that 2t - must have no nilideals. 

In the case of a Jordan algebra af the maximal nilideal of 2f actually coin- 
cides with the maximal solvable ideal of W and is, indeed, the maximal nil- 
potent ideal of 2f in the sense that there exists an integer k such that all 
products of k elements of 9 are zero. In the general power-associative ring 
case no such result is to be expected and indeed every simple Lie algebra is a 
nilring. One can then hardly expect to be able to prove that a nilring is nil- 
potent but a limited result of this type is provable. 

THEOREM 1. Let 2f be a commutative power-associative ring of nilindex 
t ?4. Then K, is zero or a nilpotent associative ring for every x of Wf. 

We first observe that if 2[ has nilindex two then (a+b)2=a2+2ab+b2 
= 2ab = 0 and so ab = 0, Wf is a zero ring, W. consists of the zero endomorphism 
only. We next let t =3 so that there exists an element z in 2 such that Z2 X 0, 

RZ,0. The relation x2x=0 implies that 

(16) (xy)z + (xz)y + (yz) x = 0. 

Indeed the left member of (16) arises in the derivation of (1) from the term 
x2x in x2x=xx2. But then 

(17) Rxy + RxRy + RyRx = 0. 

Then Rx = - 2R2, Rxx is commutative with Rx and af is actually a Jordan 
ring. Also R(xx)x= -2RXRxx=4R3=o by (17) and so Wx is actually generated 
by the nilpotent endomorphism Rx, -x is nilpotent of nilindex at most three. 
In the case where 2[ is a Jordan algebra it is actually known that the union of 
all of the algebras Wx is a nilpotent algebra. 

There remains the case t =4. The hypothesis x2x2 = (x2x)x implies that 

4[(xy)(zw) + (xz)(yw) + (xw)(yz)] 
(18) = x[y(Zw) + z(wy) + w(yz)] + y[x(zw) + z(wx) + w(xz)] 

+ z[X(yW) + y(wx) + w(xy)] + W[X(yz) + y(zx) + z(xy)] 

when 2f is commutative, and the left member of (18) arises from the lineariza- 
tion of x2x2. Then x2x2 = 0 implies that the left member of (18) is zero, that is, 
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(19) R.Ryz + RyRzz + R,R,y = 0. 

It follows that R,R,X=0 and we may use (15) to obtain R' =4R4. But then 
RxR,X = 4R' = 0, RX is nilpotent. To prove that Wx is nilpotent we observe that 
the quantities of !x are finite sums S of products S1 ... S,, where a _ 1 and 
Si = or S = Rx. Then every product of six elements of Wx is a finite sum of 
products P=S1 - * * So where >_6. If Si=Rx then P=0 regardless of the 
values of the Sj. If S= xx= S2 then SlS2 =4R4 and S15253 = 4R1 or 4R4RxZ 
and in either case P = 0. Finally let S1 = Rxx and S2 = RX. Then S2 ... S6 = 0 in 
every case and P =0, Wx is nilpotent. 

We shall leave open the question as to whether or not commutative nil- 
rings of index t ? 5 possess the property of the theorem and pass on now to the 
case of a noncommutative ring not possessing this property. Indeed, let 2f 
be an algebra over a field j with a basis u, v, uv over a such that 

u2 2 = (UV)2 = 0, vu + UV=0, 

(UV)u = -u (UV) = V, (UV)v = - v(UV) = U. 

Then if x =Xu+14v+vuv the quantity x2 -.2u2+s2v2+ v2(uv) 2+Xg(uv+vu) 
+?v[u(uv)+(uv)u]+,v[v((uv)+(uv)v] =O. It follows that f is a power- 
associative nilring of nilindex two. But evidently both of the transformations 
R. and R, are not nilpotent. Indeed, their matrices are 

0 0 0 (0 0 1 

lo 0 -1, lo o 0 

\O 1 0/ 1 0 0/ 

and R4 and R2 are idempotent. 
It is easily verified that the algebra defined above is a simple Lie algebra. 

Indeed, if 2f is any simple Lie algebra then a has nilindex two. However En- 
gel's theorem states that the multiplications R. are all nilpotent only when 
2{ is nilpotent. Note that even in the case of the solvable Lie algebra with a 
basis u, v, uv such that u2=v2=(uUV)2= (uv)v=v(uv) =0, vu= -uv, (uv)u 
=-u(uv) =v we have 14 idempotent. 

5. Idempotents in a commutative ring. In a commutative power-associa- 
tive ring (12) becomes 

(20) 2Re-3Re + Re- (2Re-I)(Re-I)Re = 0 

for every idempotent e of Wf. Define We(X) to be the set of all elements ae(X) 
of 2f such that 

(21) ea e(X) = Xae(X), 

where (20) implies that necessarily X=0, 1, 1/2. Then Wte(X) is a submodule 
of 2f and it is actually true that 2a is the supplementary sum 
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1948] POWER-ASSOCIATIVE RINGS 559 

(22) 2 = 2e(l) + We(1/2) + We(O). 

In fact every a of 21 is uniquely expressible in the form ae(1) +ae(1/2) +ae(O) 
where 

ae(l) = a(2Re - Re), 

(23) ae(1/2) 4a(Re -Re) 

ae(O) = a(I - 3Re + 2Re). 

That aeQA) is in We(X) follows by forming the product eae(X) and using (20). 
The uniqueness is then a consequence of the fact that if ae(1) +ae(1/2) 
+ae(0)=0 then we may multiply by e to obtain ae(1)+2-lae(1/2)=O, ae(l) 
+4-1ae(1/2) 0, 4-1ae(1/2) = ae(1/2) = 0 = ae(1) = ae(0). We now prove 

THEOREM 2. The modules 2We(1) and 24e(0) in a commutative power-associa- 
tive ring are zero or orthogonal subrings of 2. They are related to 21e(1/2) by the 
inclusion relations 

(24) 2 e( 1/2) 2 e( 1/2) ?< 2e(1) + 21e(0), 
2e(1)21e(1/2) < 21e(1/2) + 21e(0), 

21e(0)2e(1/2) _< We(1/2) + We(M)* 
To prove these relations we put z=w=e in (18) and let xe=X x, ye=,uy. 

This yields 

(25) 2 [(xy)e] (X + A) + 2 [(xy)e]e + (xy) [2X2 + X + 2 A2 + A] 

=( 8XAxy + 4(xy)e. 

When X=1u=1 we obtain (xy)(R2-I) =0 whence (xy) (Re-I) =0, that is, xy 
is in 9fe(l)e 2te(l) is a subring of W. Similarly X =, =A0 yields (xy)(R'-2Re) 
= (xy)Re(R.-21) 0, Re-2I is nonsingular, (xy)Re = (xy)e = 0 and W2e(0) is a 
subring of 2. The values X=1, ,t=O yield (xy)(2R'-2Re+31) =O and so 
xy(2R3-2R~e+3Re)=0. By (20), xy(Re+2Re)=0, xyRe=0, 3xy=, xy=O0. 
There remains the case of products W2e(X)21e(1/2), that is, A = 1/2. If X= 1 then 
2X2+X+2A2+Au-8XA=2+1+1-4=0 and (xy)(2R -Re) = 0, xy is in 
2fe(1/2)+2[e(0) by (23). If X=0 then (xy)(2R'-3R,+I)=0 and xy is in 
We (1/2) + 2We(1). The remaining value X = 1/2 yields (xy) (R2 -Re) =0, that is, 
xy is in 2e(1)+21e(0). 

In the case of Jordan algebras the last two inclusion relations of (24) 
may be replaced by the sharper result stating that 

(26) 21e( 1) e( 1/2) < 2[e( 1/2), W e(0)9, e( 1/2) _ 2fe( 1/2) . 

However (26) does not hold for all commutative power-associative rings. In- 
deed, let 21 be an algebra over a field 0 of characteristic not 2, 3, or 5 and let 
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2t have a basis e, f, g, h with a multiplication table given by e2= e, ef=f, 
eg=2-'g, gh=f, eh=f2 = 2=h2 =fg=fh=0 and the commutative law. Then 
21e(1) =e?+f, 4e(1/2) =ga, We(0) =hI, 2fe(0)2fe(1/2) f <5 e(1), f5 is not 
in %le(1/2) and (20) does not hold. Moreover f is power-associative since 
if x==ae+3f+?yg+8h for a, 3, y, 6 in j then x2 =a2e+2(ao3+-y)f+a'yg, 
x2x2-=a4e +4a2(a? +,y5)f+a3-yg, x2X =a3e + 3a(a3 + y)f+a2yg, (X2X)X = a4e 

+3a(2(13 + a y)f +a3yg + a3I3f?+ 2.yf = X2X2. 
6. Idempotents in a noncommutative ring. An idempotent of apower- 

associative ring f is also an idempotent of f(+). Since the additive group 
W(+) is precisely the same additive group as !t we may write (22) where the 
quantities ae(X) of Wt0(X) are now defined by 

(27) eae(X) + ae(X)e = 2Xae(X) (X 0, 1, 1/2). 

We may then prove 

THEOREM 3. The submodules We(1) and ,e(0) are orthogonal and such that 

(28) eae(1) ae(1)e = ae(1), 

()eae() =ae(0)e = 0 

for all elements ae(1) of fe(1), ae(0) of Se(?). 

To prove this result we use the relation (1) with y =z=e and xe+ex =x 
to obtain 2xe+2vex=2ex+2vxe, (1-v)xe=(1-v)ex, so that xe=ex when 
v A 1. Then v = 2X, 2ex = 2Xx and ex = xe =Xx for X = 0, 1. This yields (28). W;e 
next put z=e and write ex+xe=2Xx, ey+ye=2j.y in (1) to obtain 2Xxy 
+2juyx+(xy+yx)e=2Xyx+2guxy+e(xy+yx). If X=1 and p =0 then xy+yx 
=0 by Theorem 2 and so 2xy-2yx, xy=yx, 2xy==0, xy=yx =0 as desired. 

The characteristic roots of Re need not be limited to the values 0, 1/2, 1 
of the commutative case if 2{ is not a commutative ring. Indeed, consider the 
algebra 2f with a basis e, e1, * * *, et such that eei = a;ej, eie= (1 - a)ei, ejej=0 
for i, j 1, - - -, t. Then the characteristic roots ai are arbitrary and we need 
only prove that 2f is power-associative. We note that if y= 1e1+ * * * +.tet 
then y2 =0 and so yy2=y2y, y2y2= (y2y)y. For all other quantities x of a we 
have x=Xe+y where X 5'0 and the homogeneity of our relations implies that 
we may take x=e+y. But ey+ye=y so that x2=e+y=x and the properties 
xx2=x2x, x2x2=(x2x)x are trivial. 

It is also not true that the elementary divisors of Re are simple. For 
consider an algebra with a basis e, f, g such that g = ef, e2 = e, f2 = g2 =fg = gf 

=eg=0,fe=f-g, ge=g. The matrix of Re is 

10 0 

0 1 -1 

0 0 1/ 

This content downloaded from 128.196.130.121 on Sat, 27 Dec 2014 18:32:39 PM
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


19481 POWER-ASSOCIATIVE RINGS 561 

and Re - I f 0, (Re - 1)2 0. To show that f is power-associative we note 
that if y=/3f+?yg then y2=0. It then suffices to prove that xx2=X2x, X2x2 
= (X2X)X for x = e +y, y = Of?+yg, ey +ye = g+f3(f - g) +,yg = y, X2= x and our 
proof is complete. 

Let us next observe the algebra with a basis e, u, v over a field j of char- 
acteristic prime to 30 such that e2=e, eu=ue=u/2, ev=ve=v/2, uv=u, 
vu = -u, u2 =v2=0. In this noncommutative algebra W2(1/2) is actually a 
subalgebra of W and so the first relation of (24) does not hold. However if 
x=ae+?3u+yv then X2=a2e+a(/u+?yv) =ax, so that the relations implying 
that 2{ is power-associative are trivial. 

We shall finally give an example showing that the subsets Sfe(1) ancd 2e(0) 
need not be subrings of 2t. We verify this result only for %{(0) but an example 
for the remaining case would be easy to construct. Let 2 be an algebra with a 
basis e, u, v, w where eu = ue = u, e 2=e, ev=ve=ew=we=u 2 =v2 =w2 =UV 

=vu=uw=wu=0, vw=u= -wv. Then Se(?)2Se(0) = 2_e(1)* If x=ae 
+3u++yv+ 5w then X2 =ac2e+2c2au, and so X2X =ao3e+3a2o3u -xX2,(x2x)x 

=oc4e+4a3/3u = X2x2, 2 is power associative. 
It should be noted that if a is a vector space over a field W and ae =Xa, 

ea=ga for X and A in W then either a is in 2We(l), or in 2We(O) or in 21e(1/2). For 
ae+ea = (X+A)a = 2ae(1) +ae(1/2). But then the uniqueness of (22) implies 
that (X+A)ae(O)=0, (X+a-1)ae(1/2)=0, (X+ - 2)ae(1)=0, and only one 
of the quantities ae(ca) can be different from zero. When a is in 2We(l) we have 
X=g=l, and when a is in We(?) we have 'X=g=O. However when a is in 
%e(1/2) we know only that X+A= 1. 

The examples we have given demonstrate that the relatively simple 
properties of a commutative power associative ring do not hold in general 
for noncommutative rings and so it is desirable to adjoin additional hypoth- 
eses. 

7. Flexible rings. A ring 21 will be called a flexible ring if (xy)x = x(yx) for 
every x and y of 1. Then [(x+z)y](x+z) (x+z) [y(x+z)] and multiplication 
and the use of the flexible law yields 

(29) (xy)z + (zy)x = x(yz) + z(yx), 

a relation holding for every x, y, and z of 2W. Conversely, if 2t satisfies (29) and 
the characteristic of 21 is prime to two then 21 is flexible. 

The property X2X =xx2 holds for all flexible rings. Indeed, we may prove 

THEOREM 4. Let a be a flexible ring whose characteristic is prime to 30. 
Then 21 is power associative if and only if X2X2 = (X2X)X for every x of 21. 

For proof we assume that xcax#=xac+ for all a +/3<n, where n_4, and put 
y-xx-l, Z=xn-N in (29) where XX=2, - * * , n-1. Then XCXn-X+Xn-'X=XXn2- 

+xn-x. Take X = n-1 and obtain 2x-1x = 2xx-1 and so xn-lx =XXn-1 
xn-xXX = xXxn-X. We now apply Lemma 2 and see that xcax# = xa+$, for a +Id = n, 
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that is, that S: is power associative. 
The flexible law does not seem to yield the first of the relations of (24) for 

noncommutative rings. However it does yield the remaining relations in their 
noncommutative form and we shall state the results as 

THEOREM 5. Let e be an idempotent of a flexible power associative ring W. 
Then We(l) and Wfe(O) are zero or subrings of 2f, ex and xe are in 2fe(1/2) for 
every x of 2fe(1/2), 

3 Xe(1)2fe(1/2) < 2Xe(1/2) + We(O), 2Xe(1/2)2fe(1) < 2te(1/2) + Wfe(O), 
( f e(O)9fe(1/2) < 2fe(1/2) + 2fe(l), 9fe(1/2)9fe(O) < 9fe(1/2) + Wfe(1). 

Put ye=ey=ay and take z=e in (29). Then (xy)e+ayx=a(xy)+e(yx). 
Hence a(xy + yx)-e(xy + yx) = 2axy-[(xy)e + e(xy) ]. It follows that 
(xy+yx)(axI-Le) =2xy(a- Te), where Te =(Re+Le)/2 is the multiplication 
for e in the algebra ?(+). We use (23) with Re replaced by Te and first put 
a= 1, that is, let y be in Wfe(l). If x is also in 2[e(l), xy+yx is in Wfe(l) since 
2fe(l) is a subring of WM. But then (xy+yx) (I-Le) = 0, (xy) (I- Te) = 0, and 
xy is in 2fe(l) by (23). We next let x and y be in 2te(0), a =0 so that xy+yx is 
in 2fe(0), (xy+yx)Le=O, (xy)Te=O, and xy is in Wfe(?) by (23). This proves 
that WIe(l) and Wfe(?) are subrings of W. They have already been shown to be 
orthogonal. 

The next result is obtained by putting y=e in (29). Then a=1. Take 
x in 2fe(1/2) so that xe+ex=x. Then x(I-Le)=x-ex=xe=2xe(I-Te), 
xe=2(xe)Te, (xe)Te=xe/2, xe is in 2fe(1/2). However x is in 2fe(1/2) and so 
ex =x-xe is in 2fe(1/2). 

To obtain the relations (30) we let y=e in (29) and let x be in 2fe(1/2). 
Then (xe)z+(ze)x=x(ez)+z(ex). However xe=x-ex so that xz+(ze)x 
=x(ez)+z(ex)+(ex)z. If z is in We(l) then ez=ze=z and xz=xz+zx-z(ex) 
- (ex)z. But ex has already been shown to be in fe(1/2) and we may use (24) 
to see that both xz+zx and z(ex)+(ex)z are in 9Ae(O)+2fe(1/2). It follows that 
both xz and zx are in We(O)+?fe(1/2). We next put ez=ze=O and obtain 
xZ=Z(ex)+(ex)z which is in 9fel()?+fe(1/2) by the last relation of (24), zx is 
also in this submodule, and we have proved (30). 

We shall be particularly interested in those flexible rings having the 
property expressed by (26). We define a ring af to be a stable ring if 2f is a flex- 
ible power associative ring and 

(31) 9Xe(X)2fe(1/2) < 2fe(1/2)9 2fe(1/2)9fe(X) ? 2{e(1/2) (X 0, 1), 

for every idempotent e of Wt. We may then prove 

THEOREM 6. A flexible power associative ring 2f is a stable ring if and only if 
f+) is stable. 

For if xy and yx are in We(1/2) for every y of %e(1/2) and every x of 
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2fe(1)+fe(O) their sum xy+yx is also in 2fe(1/2) and the commutative ring 
2(+) is stable. Conversely let A(+) be stable so that (26) holds. Put y =e in 
(29) and obtain (xe)z+(ze)x=x(ez)+z(ex) so that, if xe=ex=Xx, then 
Xxz+ (ze)x = x(es) +Xzx. Then 

Xxz + (ze + ez)x = [x(ez) + (ez)x] + Xzx. 

If z is in W,(1/2) then ze+ez=z, ez is in %e(1/2) by Theorem 5, w=x(ez) 
+ (ez)x is in 9fe(1/2) by the assumption that 2{(+) is stable. Then Xxz+ (1 -X)zx 
is in 2fe(1/2). The value X =1 yields xz in 2e(1/2) and the value X=0 yields 
zx in 2fe(1/2). But xz+zx is in Xe(1/2) and so both xz and zx are in 2fe(1/2) in 
every case, 2f is stable. 

It should be observed that when a[ is a stable ring every subring e~ of 2f 
is stable. For e3 is clearly flexible. If e is an idempotent of e3 we may write 
Q3Q3e(1)+Qte(1/2)?Q3e(O) and the definitions of the modules 3e(X) clearly 
imply that Be(X)<ge(X). But then the relations (31) imply corresponding 
relations for the modules 3e(X) and so e3 is stable. 

We note finally that when Z3 is an ideal of a stable algebra 2f, then 2fo = f -e 
is also stable. Indeed, let eo be an idempotent element of Wo. Then eo is a class 
x+3 where x is necessarily a non-nilpotent element of A, e k k+? b=eo. The 
algebra =E [x] is an associative commutative non-nilpotent algebra and 
contains a principal idempotent e. We may write G4Ee(1)+?e(O) where the 
elements of (e(O) are nilpotent. If e were in Q3 the algebra &e(1) =e(Se would 
be in Q3 and we would have x+0=y+Q3 where y is in Le(O). But then 
eo=y+? could not be idempotent. Hence e is not in Qj, e+5B=e(x)+QB 
=axx+ for a0 in a, (e+Q3)2=e2+B=e+3 =a 2x2+ , a 2x2+ = ax+ , 
a2=a, a =1, e+Q3eo. We conclude that the homomorphic mapping of tf 
on W-0 maps every element z of W such that ze+ez=Xz on an element zo of 
a-$ such that zoeo+eozo=Xzo. Then the relations (31) for 2{e(X) go into rela- 
tions (31) for Wofe3(X) and so Wo is also stable. 

8. Principal idempotents of algebras. An idempotent e of a ring 21 is 
called a principal idempotent of 21 if there is no idempotent i of 21 orthogonal 
to e. If 21 is power-associative this means that fe(O) contains no idempotent. 
When we assume that 21 is also a flexible algebra then %e(O) is a subalgebra of 
21 and so e is principal if and only if 21e(O) is a nilalgebra. We now make an 
additional assumption and prove 

THEOREM 7. Let e be a principal idem potent of a stable algebra 21. Then the 
elements of 21e(1/2) are nilpotent. 

The result is clearly only required for 21(+) since powers in 2 and in W(+> 
coincide. Hence it is sufficient to take the case where 21 is commutative. We 
then use (14) with x in 21e(1/2) and operate on e to obtain ex3=4(ex)x2 
- (ex2)x -2[(ex)x]x. But ex=x/2 and so ex3-x3-(ex2)x. By Theorem 2 we 
may write 
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(32) w = x2 =w1 + wo 

where wo is in ,e(0) and w1 is in 2e(1) and use the property that f is stable to 
see that xi=(wl+wo)x is in %f6(1/2). Then x3/2=x3-w1x, X2X= 2wix=(w, 
+Wo)x, 

(33) w1x - woX. 

We now let e be principal so that 2e(0) is a nilalgebra, w0=0 for some posi- 
tive integer k. Put Z=x2k+1 and have Z2=W2k+I=w2k+l+wgk+l since w1 and wo 
are orthogonal. But X2k2=Wk+Wk is in 2fe(l)+Xe(O), Z=X2k+I=X2kX is in 
fe(l/2), Z2=v1+vo where vl=w2k+1, vo=wk+l =0. Hence we may apply (33) 

in this case, v1z=voz-0, z3=(v,+vo)z=0, x6k+3=0, x is nilpotent. This con- 
cludes our study of the decomposition of a power-associative ring relative 
to an idempotent and we pass on now to the study of certain types of stable 
power-associative algebras. 

CHAPTER II. TRACE-ADMISSIBLE ALGEBRAS 

1. Admissible trace functions. We shall leave the theory of rings and turn 
to the theory of algebras considering only power-associative stable algebras 
over a field @. Let W be such an algebra and call S a trace-admissible algebra 
if there exists a function r(x, y) with arguments x and y in W and values in W 

such that 
I. r(x, y) is a bilinear function of x and y. 

II. ir(x, y)=T(y, x). 
III. r(xy, z) =r(x, yz). 
IV. r(x, y) =0 if xy is nilpotent or zero. 
V. r(e, e) 70 if e is an idempotent of W. 

It should be noted that II and III imply 

(1) r(xy, z) = T-(yz, x) = T(zx, y) = T(X, yz) = T(y, zx) = r(z, xy). 

We shall call any function T(x, y) satisfying I-V an admissible trace function 
for 2W. We now prove 

THEOREM 1. Let 2f be a trace-admissible algebra and let %, be the set of all 
elements x of Wf such that T(x, y) = 0 for every y of W. Then %T is the nilradical 9 
of WX. 

For by I the set %, is a linear subspace of Wt. If x is in %, and y is in X?, 
then ir(xy, z) =r(x, yz) by (1), r(x, yz) =0 for every z, xy is in 91. Similarly 
r(yx, z) =r(x, zy) by (1) and yx is in 9Ts 9T is an ideal of Wf. If %, were not a 
nilalgebra it would contain(3) an idempotent e whereas ir(e, e) O. Hence 
9? < 9. Conversely if x is in 9 then xy is in 9 for every x of 2f, xy is nilpotent, 
T(x y) =0 ,91<91_ 91, = as desired. 

(3) Cf. ?S of the paper of footnote 2. 
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We have now shown that 9T is independent of -r. Note also that if e is 
any subalgebra of f and r(x, y) is an admissible trace function for 2f then 
r(x, y) is also an admissible trace function for Q3. For clearly I-V hold for e0 
when they hold for Wf. Also it has already been remarked that e is stable 
when 2t is. 

2. The radical-of an ideal. The radical of an ideal is completely determined 
by 

THEOREM 2. Let e be an ideal of a trace-admissible algebra 2f. Then the inter- 
section of e and the nilradical 91 of 2[ is the nilradical So of Q8. 

For t3f% is a nilideal of 5, t % ? 91o. Conversely let g be in 9% so that 
either g is in 9 and hence in t3Qn or there exists an element x of 2f such that 
r (g, x) 0. Then y = gx is not nilpotent and there exist elements a,, ... , at in 
8 such that e= a1y a*ty is idempotent. Now r(e, e)= J:-101a0 (yi, yi) 

0 and it follows that r(y , yi) 0 for some integers i and j. However by (1) 
we have r(yi, yi) =r(yi+i-, y) =r(yi+i-', gx) =r(g, xyi+i') =0 since y is in 
Q9, xyi+i-l is in Q3, g is in 9%, g(xyi+1-1) is in 9% and is nilpotent. This proves 
that %o < ?QQ%, 9T = (3n%. 

We define a trace-admissible algebra ?f to be semi-simple if its nilradical 
1= 0 and immediately have 

THEOREM 3. Every ideal of a semi-simple trace-admissible algebra is semi- 
simple. 

3. The nilradical in the Pierce decomposition. We now refer to the de- 
composition W = We(l) +Xe(1/2) +fe(0) and prove 

THEOREM 4. The nilradical 91x of 2fe(X) is the intersection of 2e(X) and the 
nilradical 9 of 2 for X = 0, 1. 

For 9n9Q,e(X) is evidently a nilideal of Wl1e(X) and is contained in 91. Con- 
versely if x is in 9 then xax is nilpotent for every ax of 2fe(X) and so r(x, ax) = 0. 
Also r(x, a-x) =0 for every al-x of 2fe(l -X) since xalix =0. Finally if b is in 
2te(1/2) then r(x, b)=r(x, eb+be)=r(x, eb)+r(x, be) =r(xe, b)+r(ex, b) 
=2X-r(x, b), r(x, b)=0 if X=0, 1. Hence r(x, a)=0 for every a of Xt, x is in 

In the case of a principal idempotent we may prove 

THEOREM 5. Let e be a principal idempotent of a stable algebra Wf. Then 
2fe(1/2) +9fe(0) is contained in the nilradical of Wf. 

For 2t[(0) <91 by Theorem 4 and the property that the maximal nilideal 
of Sfe(?) is %e(0) itself. By Theorem 1.7, if b is in 2fe(1/2) then b is nilpotent. 
It follows that b2, (b+c)2, and c2 are nilpotent for every b and c of %f(1/2). 
Then r(b+c, b+c) =0=r(b, b)+r(c, c)+2'T(b, c), r(b, c) =0. But by the proof 
of Theorem 4, r(b, x) =0 for every x in Wfe(?) +%e(1), b is in 9, 2fe(1/2) < 9. 
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An algebra a which is not a nilalgebra has an idempotent and hence a 
principal idempotent. Applying Theorem 5 we have 

THEOREM 6. A semi-simple trace-admissible algebra has a unity element. 

As a consequence of Theorems 3 and 6 we now have 

THEOREM 7. Let 93 be an ideal of a trace-admissible semi-simple algebra W. 
Then f= 3(DE, 23 has a unity element e and QS= e(O). 

For e has a unity element e by Theorems 3 and 6, and if x is in 2fe(1/2) 
we have xe+ex = x is in Q3, xe+ex = x, 2x = x, x=0, 2fe(l/2) = 0, W = t E) e(O). 

Theorem 7 implies that every semi-simple trace-admissible algebra W is a 
direct sum of simple algebras which are not nilalgebras. 

CHAPTER III. COMMUTATIVE SHRINKABLE ALGEBRAS 

1. Algebras of level one. Let 2f be any algebra over a field 0 so that the 
multiplications of 2f are linear transformations RX and Lx over a of Wf. Use the 
notation T(x) to represent either multiplication and the notation T(xi xx) 
to represent a multiplication T(x) defined for a product x=xl ... x8 of the 
factors Xj, ... *, xs with an unspecified association. Then we shall call 2f a 
shrinkable algebra of shrinkability level s if every T(xi x.x+) is identically 
equal to a finite sum of products XT1 ... Tr with fixed coefficients X in j, 
where the transformations Ti are multiplications Ti(zi) defined for products 
zi of t, factors Xk, and t1+ * * +tr =s+1. We propose to investigate here the 
relations possible for commutative power-associative shrinkable algebras of 
levels one and two over j of characteristic not two or three. 

A commutative algebra 2f of level one has the property that Rxy=XRxR 
+,uRyR$ for every x and y of 2f where X and /t are fixed elements of 8. Since 
xy=yx we also have RxY=Ryx=XRyRx+1RxRy. Then 2RXy-(X+j,)(RxRy 
+RyRx) and, since 8 does not have characteristic two, Rxy= (RxRy+RyRx). 
It follows that Rx. 2vRx is commutative with R_ and that 2t is a Jordan 
algebra. 

However we may analyze the algebras of level one more deeply. We have 
a (xy) = v (ax)y + v (ay)x and so PRax = RxRa - PRaRx =2(RxRa+RaRx). Then 

(1) (V2 + v)RaRx = (1 - V2)RxRa. 

If v=0 then RxRa=0 for every x and a of 2f and Rxa=0=RxRa, 2f is an 
associative nilpotent commutative algebra in which all products of three ele- 
ments are zero. If v = 1 then RaRx =0 and we have the same result as in the 
case v =0. When vi0 and v2 1 then RaRx=i-r(1-P)RxRa, v(RyRx+RxRy) 
= (1 -v+v)RxR = RxRy = RXy and 2f is a commutative associative algebra. 

There remains the case where v = -1 and so Rx = - (RxRy+RyRx), 
R-1=-2R2, x3+2x3=3x3=0. Then the Jordan algebra is a nilalgebra and is 
known to be nilpotent. We have proved 
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THEOREM 1. A commutative shrinkable algebra of level one is either associa- 
tive or is a nilpotent Jordan algebra satisfying the relation x(yz) +y(zx) +z(xy) 
-0. 

2. Algebras of level two. The general relation satisfied by a commutative 
shrinkable algebra of level two expresses R(xy)z as a sum of terms of the form 
RXRXR ,RzRxy and vRxRyRz with X, /t, v in j. If we use the hypothesis xy =yx 
to see that R(xy)z+R(yx)z=2R(xy)z we shall obtain a relation expressing R(xy). 
as a sum of products unaltered by the interchange of x and y. The relation 
must then have the form 

(2) R(xy)z = X1RxyRz + X2(RxzRy + RyzRx) + G + H, 

where 

(3) G = giR,Rxy + ,-t2(RyRxz + RxRyz) 

and 

H = v1Rz(RxRy + RyRx) + v2(RxRy + RyRx)Rz 

+ v3(RxRzRy + RyRZRx), 

for coefficients X1, N2, .t4, 1.12, Pl, v2, P3 in j. 
If w is in 2t we form w[(xy)z] and use (2) to write 

w[(xy)z] = Xl[w(xy)]z + X2[w(xz)]y + XA2[W(yz)]x + b41(wz)(xy) 

(5) + U2(WX)(Yz) + h2(Wy)(XZ) + Vl[(WZ)X]y + vi[(Wz)y]x 

+ V2[(WX)y + (wy)X]Z + V3[(WX)Z]y + V3[(Wy)Z]X. 

We may interchange the symbols w and z and write the result as a trans- 
formation on w to obtain the relation 

RxyRz = XlR(xy)z + X2(RxRzRy + RyRzRx) + G + vlRz(RxRy + RyR,) 

(6) + v2[R(xz)y + R(yz)x] + v3(RxzRy + RyzRx). 

The elimination of the common term G+v1Rz(RxRy+RRx) between (6) and 
(2) then yields 

(1 + X l)R(xy)z + V2R(xz)y + v2R(yz)x 
(7) (1 + X1)R,yRz + (N2 - V3)(RxzRy + RyzRx) 

- (X2 - V3)(RxRzRy + RyRzRx) + v2(RxRy + RyRx)Rz. 

We may finally interchange the symbols x and z as well as the symbols y 
and w in (5) and write the result as an equation in transformations on w as 

(8) RzR,Ry = XlR,RyRR + X2[R(xz)y + RxRyRz] + G + vl[R(xy)z + RxvRz] 

(8 V2(RyzRx + RyRzRx) + V3[R(yz)x + RyRxRz]. 
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At this point we shall further restrict our study. It should be clear that 
there is nothing to say about algebras of level two which are also of level one 
and so we may assume that our algebras do not have level one. Moreover a 
study of those classes of commutative algebras containing no algebras with a 
unity quantity should be of only secondary interest in this first investigation 
of the types of shrinkable algebras. Thus we shall attempt to determine the 
values of our parameters only for classes of power-associative algebras con- 
taining algebras with a unity quantity e and not of level one. For such alge- 
bras Re is the identity transformation and a relation of the form 

(9) aR,s + IRX,Ry + -yRyR = 0 

is possible only when a = 0. 
Let us now apply this property. Substitute first z = e and then x =e in (2) 

to obtain 

(10) l + Yl = 2 + /2 

Make the same substitution in (6) and (7) and obtain 

2v2 = 0, 1 + X = 2 - V3, 

(11) X2?+ A+ 2v + v3 = 0, 

X2 + /2 + Vl + v3 = 0. 

Then V2=0, 

(12) V1 + V3 -1, X2 + A+V 1. 

If Xi+1=0 we may use (7) and the fact that v2=0 to see that the cor- 
responding class of algebras is defined by a relation of the form (2) with 
/1l=/12=0. Then the study we have made yields (10) and (11) and thus 
1=X2=1 V3= -1, Vl=v2=0. The resulting identity is R($v),=RxyRz+RxzRy 
+RyzRx-(RxRzRy+RYRzRx) and our algebras are known to be Jordan 
algebras. 

There remains the case '=X-1. In this case X2=v3 and IA1=2. Then we 
have the relation 

R(xy)z = 2RzRxy + RyRxz + RxRz - RxyRz - Rz(RxRy + RyRx) 
(13) + V3[(RxRzRy + RyRzRx) - Rz(RXRy + RyRx) 

+ (RxzRy + RyzRx) - (RyRxz + RxRyz) ]. 

Compute R(yz)x and R(xz)y using (13) and add the three formulas so obtained 
to give 

(14) P = 2v3[(RxyRz + RyzRx + RZxRy) - (RzRxy + RxRyz + RyRzx)] 

where 
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P = R(xy)z + R(zx)y + R(yz)X - 4(RzRxy + RyR x + RxRyz) 

+ (RxyRZ + RyzRx + RzxRy) 

+ [Rx(RyRz + RzRy) + Ry(RxRz + RzRx) + Rz(RxRy + RyRx)]. 

We now apply the assumption that 2 is a power-associative commutative 
algebra. By (1.13), this is precisely the condition P=O and formula (14) for 
'3#O yields a standard identity for Jordan algebras. The only remaining case 

is thus the case V3 =0 in (13) and we have proved 

THEOREM 2. Let W be a commutative power-associative algebra over afield of 
characteristic not two or three and let 2 have shrinkability level two and belong to 
a class of such algebras containing algebras with a unity quantity. Then W is 
either a Jordan algebra or an algebra satisfying the relation 

(15) R(xy)z = 2RZRxy + RRxz + RxRyz - RxyRz-R(RxRy + RyRx). 

We shall refer to algebras defined by (15) as static algebras and shall ob- 
tain a structure theory for such algebras in the remaining sections of this 
chapter. 

3. Static algebras. The identity (15) is equivalent to 

(16) [(xy)z]w + [(xy)w]z + [(zw)x]y + [(zw)yjx 
= 2(xy)(zw) + (xz)(yw) + (yz)(xw), 

a relation invariant under permutations of a transitive group of order eight 
on the four letters x, y, z, w. Put y=x and w=z to obtain 2(x2z)z+2(z2x)x 
- 2x2z2+2(Xz)2. Then we have proved one of the implications in the following 

THEOREM 3. Let 2 be a commutative algebra over a field 0 of characteristic 
not two. Then 21 is a static algebra if and only if 

(17) x2y2 + (xy)2 = x(xy2) + y(yx2) 

for every x and y of W. 

The remaining implication, (17) implies (16), is derived by first replacing 
y by z+Xw in (17) and then equating the coefficients of X. This yields 2x2(zw) 
+2(xz)(xw) = 2x[x(zw) ]+z(wx2)+w(zx2). The replacement of x by x+,y and 
the equality of the coefficients of ,u will then yield (16). 

The relation (17) evidently implies that X2X2 = X(XX2) = (x2x)x and so the 
commutative algebras which we are calling static algebras are necessarily 
power-associative. 

4. Solvable static algebras. If 13 is any subalgebra of an algebra 2 we 
shall designate by V the associative algebra generated by the multiplica- 
tions Rb, Lb of 21 which are defined for all quantities b of 53. Every solvable 
subalgebra e3 contains a maximal proper subalgebra E, such that G contains 
the product of any two elements of 8, e- : is a zero algebra of order one, 
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3= +wi. Define WV= 3*(*+&* and let 21 be a static algebra. Then we may 
prove 

LEMMA 1. Let x be in e and c be in C. Then RZR2 is in t. 

For R(xx)c=2RcRxx+2RxRCx-RXxRC-2RcRx. Then (xx)c, xx, cx, c are all 
in C, -2RRR2 is in 'i, and we use our basic assumption that W does not have 
characteristic two. 

We next prove 

LEMMA 2. Let x be in e3 and c and d be in C. Then ReRdRx is in S. 

For R(,d) c= 2RCRxd+RdRxC+RxR Cd-RxdR -RC(RxRd+RdRx) and our re- 

sult follows from the fact that (xd)c, xd, xc, cd, c, d are all in G. 
As in all cases of power-associative commutative algebras we have the 

relation 

3 
(18) R(xx)X = 4RxRxx -RxxRx - 2Rx. 

Then 

2 4 

(19) RxR(xx)X = 4RXRXX- RxRxxRx - 2Rx 

and 
2 4 

(20) R(xx)xRx= 4RxRxxRx - RxxRx - 2RX. 

It follows that 
2 2 

(21) RxR(xx)z - R($x$)Rx = 4RXRxx + RxR$- 5RxRxxRx. 

Then 

2 
R(xP, x-2RxR(xx$ x + Rxx + RxR(XX)x -R(xx, zRx 

(22) - Rx(RxRxx + RXXRx) 
2 2 2 

= 2RXR$$xx + RX + RxxRx + 3RXRxx - 6RxRXXRX. 

By Lemma 1, R,xR! is in t. But then 6RxRxxRZ is in .& and so RxRxxRX 
is in .S. By (19) we have 

LEMMA 3. If x is in e3 then Rx is in &. 

Since R4 is in .& for every x of e it will be true that (RX+XV)4=-R4+XS 
+X2T+X3V+X4R4 will be in & for every x and y of b. Then XS+X2T+X3V 
will be in .& and, since we are assuming always that the field a has character- 
istic prime to six, S is in .t. But S=R2x(RxRy+RyRx)+(RyRx+RxRy)R2. As- 

sume now that y is in (E so that R2RXRy is in 'D. By Lemma 1, RyRw is in & and, 
since W*& ? , we see that RxRRx2 is in St. Also 2Rx= 4RxRxx -RxxRx - R(xx)x 
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and so 

(23) 2RyRX = 4RyRxRxx - RyRxxRx-RyR (x)-. 

This transformation is in & since RyRxxRX is in & by Lemma 2. Then RyR3 is 
in S& and we have proved that S, R3Ry, RvR3, RxRY,R are all in %. This yields 

LEMMA 4. Let x be in e and c be in E. Then R'RCRX and RCR3 are in 

We finally compute Rx(ex) = 3RxRc +RcRxx-R xRz-Rx(RCRx+RxRC) and 
form the product 

2 
RdRx(cx) = 3RdRxRex + RdRcRxx - RdRRx - RdRxRRx -RdRxR0. 

By Lemma 2 the term RdR02R, is in t. All other terms have a right-hand fac- 
tor R, with y in ( and we have proved 

LEMMA 5. Let x be in e and c and d be in E. Then RdRxR,R. is in !S. 

We may now prove that (t*)4 < S. It is evidently sufficient to prove that 
P = RxRyRZRU is in & for all x, y, z, u of e and since P is linear in x, y, z, u it 
is sufficient to take the symbols x, y, z, u to be either in E or equal to w in Q3. 
If u is in ( then & contains P so we may take u=w. If z and y are in ( then 
P is in & by Lemma 2. If z is in ( but y=w then either x is in E and P is in 
& by Lemma 5 or x = w, P = R'RyRW is in & by Lemma 4. There remains the 
case z=u=w, P=R,,RyR'. If y is in ( then P is in & by Lemma 1. Otherwise 
P=R RxW and either x=w and P=R4k is in & by Lemma 3 or x is in E, P is in 
& by Lemma 4. This completes our argument and implies that (3*)5 
< ?*(2*(* (E) 3~*(*. An immediate induction implies that (b*) 4k+1 

If 23 is a solvable subalgebra of order one of a static algebra f then e 
=wW, w2=0=w3. By (18) we see that R3=0. Since t*=b [Rw ] we see that 
W3* is nilpotent. Let us assume then that e3 has order m and that the prop- 
erty that J3 is solvable implies that W3* is nilpotent is valid for solvable sub- 
algebras of order m -1 of static algebras. Then the algebra ( of the argu- 
ment above is solvable and has order m -1, V is nilpotent, ((*)k = Ofor some 
positive integer k, (8*)4k+1 =0, JW is nilpotent. We have proved 

THEOREM 4. Let e3 be a solvable subalgebra of a static algebra 2 over a field 
W of characteristic not two or three. Then 0* is nilpotent. 

As in the theory of Jordan algebras we have the immediate 

COROLLARY. A solvable static algebra is nilpotent. 

5. The radical of a static algebra. We shall define the radical of a static 
algebra f to be the maximal nilideal 9 of W, and shall call W semi-simple if 
91=0. Then we may prove 
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THEOREM 5. Let tf be a static algebra over a nonmodutlar field !. Then the 
radical of W is the set Wo of all quantities x of W such that the trace -r(Rx,) = 0 for 
every y of W. 

For To is clearly a linear space over A. To prove that 91 is an ideal, we 
need only show that whenever x is in 9fo and y is in Xf, then R(xy)z-Rx(yz) 
has trace zero for every z in Wf. This follows from (15) since 

R(yz)x = 2RZRyz + RyRxz + RzRy - RzRx - Rx(RyRz + RzRy), 

and the trace of the transformation 

(24) R(v)z -Rx(v) = (RyzRx - RxRyz) + (RZRxy - RxyRz) 

+ [(RxRy)Rz - Rz(RxRy)] + [Rx(RzRy) - (RzRy)Rx] 

evidently vanishes. If To were not a nilideal it would contain an idempotent 
e=e 2 and we would have -(Ree) =0 whereas Wfe(l) contains e and is not zero, 
the characteristic roots of Re are 1, 1/2, 0 and are not all zero, -(Re) >0. 
Hence 9o ? W. But if x is in 9 then z = xy is in % and is a nilpotent quantity, 

= a [z] is an associative algebra defined by a nilpotent quantity and so is 
solvable, Q3* is nilpotent, Rz is nilpotent, r(Rz) = 0, x is in 9T. Hence 9 = 9=. 

6. Decomposition relative to an idempotent. Since a static algebra 2f is a 
commutative algebra we see that 

(25) 2 = We(l) + 2{e(1/2) + 9Se(?) 

where Wfe(1) and W,e(0) are orthogonal algebras. Put y = w = e in (16) and obtain 

(26) [(xe)z]e + [(xe)e]z + [x(ez)]e + [e(ez)]x = 3(xe)(ze) + (xz)e. 

If x and z are in 2fe(1/2) then xe=x/2, ze=z/2 and (26) yields (xz)e/2 
+xz/4+(xz)e/2+xz/4=3xz/4+(xz)e, xz/4=0, xz=O. Thus fe(1/2) is a zero 
algebra. Put xe=x, ze=z/2 and have (xz)e+xz+(xz)e/2+xz/4=3xz/2 
+(xz)e and thus (xz)(2Re-I) =0, xz is in %e(1/2). Finally put xe=0, ze=z/2 
and obtain (xz)e/2 +xz/4 = (xz)e, (xz) (2Re - I) = 0. We have proved 

THEOREM 6. Let e be an idempotent of a static algebra W. Then 2{e(1/2) is an 
ideal of 2 and is a zero algebra. 

7. Structure of semi-simple static algebras. It follows from Theorem 6 
that if a static algebra ?f contains no solvable ideals and if e is an idempotent 
of 2{ then Wf is the direct sum of Se(1) and fe(0). Let us assume now that 9 = 0. 
Then W is not a nilalgebra and so must contain an idempotent. It follows that 
2a contains a principal idempotent e and that 2=2e(1) E2e(0). But then 
Se(0) is a nilideal of 2 and so is zero, e is the unity element of W. Write 
e = u+v where u and v are pairwise orthogonal idempotents and have 21 = Su(1) 
(D W.1(0) where v is in W. (0). Then every a of 21 has the form a = b +c where b is 
in 21,(1) and c is in 21,(0), ea=a= (u+v)(b+c) =b+vc=b+c, vc=c. It is then 
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clear that W. (O)= 2f(1). We now decompose e as a sum e=el+ +et of 
pairwise orthogonal primitive idempotents e, and have a corresponding de- 
composition of W as the direct sum W=21f33 0 0 . 3G t where es is the unity 
element of W. Every nilideal of Wi is a nilideal of 2f and so 2{i must be semi- 
simple. Moreover a decomposition 2fi= 033i( of 2{i results in a decomposi- 
tion ei=ui+vi of es contrary to our hypothesis that ei is primitive. Hence 
Ws must not have a decomposition as a direct sum. Actually Ws must have no 
ideals other than zero and 9i since it can have no nilideals and any other 
nonzero proper ideal of W would contain an idempotent u5- e. We may now 
write 2{i as a central simple algebra over its center Si. Extend Si to be an 
algebraically closed field Si and designate the resulting simple algebra by 
Oi. Then 5i is not a nilalgebra and if x is in 5i, then the only idempotent in 

[x] can be e, since otherwise Qi would be reducible. It follows that every 
element of Qi has the form =aei+f where f is nilpotent; a is in M;. As in 
the case of Jordan algebras the trace criterion implies that the set of all 
nilpotent elements of 5i is a nilideal. Then x=aei, Q3i has order one over 

i, 2ti= Si and we have proved 

THEOREM 7. Every semi-simple static algebra is a commutative associative 
semi-simple algebra. 

CHAPTER IV. STANDARD ALGEBRAS 

1. Flexible Jordan-admissible algebras. The theory of Jordan algebras 
is so much like the theory of associative algebras that it is natural to con- 
jecture that both classes of algebras are members of a more general class 
with a similar theory. We shall present such a class of algebras here. 

The class of algebras desired will satisfy the Jordan postulate (xy)x2 
=x(yx2) and the postulate of commutativity will be replaced by the postulate 
of flexibility. However, the formulation will be much more delicate since the 
structure of Jordan algebras is based upon formulas derived from the assump- 
tion x(yx2) = (xy)x2 and using the commutative law. 

Let us first derive some consequences of the assumption of flexibility, 
that is, of the property that 

(1) RxLx = LxRx 

for every x of the algebra Wt. Then Rx+Lx+,-Lx+yRx+y= (RxLx-LxRx) 
+ (RXLy -LyRx) + (RyLx -LxRy) + (RyLy -LyRy) = 0, and so 

(2) RxLy- LRx = LxRy -Ryx 

for every x and y of W. However formula (2) is equivalent to the equation 
(xy)z+(zy)x=x(yz)+z(yx) of (1.29) and this latter equation may be written 
as 

(3) L xy-LYL x = Ry x-RyR x. 
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In particular we have 
2 2 

(4) Lxx-Lx = Rxx-Rx. 

An algebra { will be called a Jordan-admissible algebra if the algebra 2{(+) 
is a Jordan algebra. The multiplications Sx of W(+) are defined in terms of 
the multiplications of W by 2Sx=Rx+Lx and the product x2 in W coincides 
with this product in W(+). It follows that 2f is Jordan-admissible if and only if 

(5) (Rx + Lx)(Rxx + Lxx) = (Rxx + Lxx)(Rx + Lx) 

for every x of W{. Note that all Jordan algebras are Jordan-admissible since 
2(+) and W coincide for commutative algebras. Also every associative alge- 
bra is Jordan-admissible since RxLx=LxRx and Rxx=R2, Lx=L 2 in an asso- 
ciative algebra. 

If x is any element of an algebra W over a field H there is a corresponding 
polynomial algebra $ = j [Rx, Lx, Rxx]. When W is flexible (4) implies that 
x = a[Rx, Lx, Lxx]. We now prove 

THEOREM 1. Let 2f be an algebra over a field a of characteristic prime to 30. 
Then W., is a commutative algebra for every x of 21 if and only if W is flexible and 
one of the relations 

(6) X()8X2) = (Xy)X2, (X 2y)X = X2(yX), 

(yX)X2 = (yX2)X, x2(xy) = X(X2y) 

holds for every x and y of 21. Moreover if 21x is commutative the algebra 21 is 
Jordan-admissible and is power-associative, the algebra 21x contains R" and L. 
for every power u = xk of x. 

For the relations (6) are the commutativity relations 

LxRxx = RxxLx, RxLxx = LxxRx, 
RxRxx = RxRx, LxLxx = LxxLx. 

If 2{x is commutative all of the relations (7) hold and (5) holds trivially. 
Moreover (1) holds and 21 is a flexible Jordan-admissible algebra. Also 
x(xx) = (xx)x, x(xx2) =x2x2= (x2x)x by (6) and the formula xaxI3=xa+# holds 
for a +1 = 3, 4. Assume that this formula holds for a+/3 <n where n >4 and 
write y = xn-3 in (6) to obtain xxn-' = Xn-2X2, xn-2x2 = xn-1x so that xxn-1 = Xn-IX 
and we may apply Lemma 1.2 to obtain the formula for a+1=n. Hence 2 
is power-associative. 

We now replace x by x+Xz in the first relation of (6) and equate the coeffi- 
cients of X to obtain 

(8) x [y(xz + zx)] + z(yx2) = (Xy) (xz + Zx) + (zy) x2. 

This formula may be linearized and results in a relation which may be 
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written as 
(9) w [x(yz + zy) + y [x(zw + wz)] + z [x(yw + wy)] 

= (wx)(yz + zy) + (yx)(zw + wz) + (zx)(yw + wy). 

This relation becomes 

(10) Rx(z+z) = RxRy,+2z + (Rz + Lz)(Lyx - LxLy) + (Ry + Ly)(Lzx -LxLz). 

The assumption that 2x contains Rt, and L. for u = xAC and k = 1, . . , t im- 
implies that R. is in W$ for u=xt+1 when we replace y by xti- and put z=xin 
(10). Then relation (3) implies that Lu is in %. 

Conversely let 2t be flexible and let one of the relations (6) hold. By (2) 
with y=x2 we see that 
(11) R -Lxx -LxRx = LxR- RxxL. 

Hence the first two relations of (6) are equivalent when 2f is flexible. The 
relation RxR=,=RxxRx and (4) imply that lxx is commutative with R$ while 
LxLx = LxL, and (4) imply that RxxL = LxRx. Thus we see that the flexible 
law implies the equivalence of all of the relations (6) and all imply that ?fx 
is a commutative algebra. 

It should be noted that the relations (6) may be linearized and imply 

(12) [RX, Lyz+zv] + [Ry, Lxx+zx] + [RZ, Lxy+yx] = 0, 

(13) [RX, Ryz+zy] + [Ry, Rxz+zx] + [RZ, Rxy+yx] = 0, 

(14) [Lx, Lyz+zy] + [Ly, Lxz+zx] + [LZ, Lxy+yx] = 0, 

where, as usual, we mean [S, T] =ST- TS. The omitted relation is a trivial 
consequence of (12) and (2). 

The relation (10) and the flexible law seem inadequate to yield a satis- 
factory theory and we shall strengthen both assumptions. It should be noted 
that all of the results above actually hold for rings. 

2. Lie-admissible rings. Every ring W determines an attached ring W(-) 
which is the same additive group as 2f but has a product (x, y) defined in 
terms of the product xy of 2f by (x, y) = xy -yx. The right multiplications 
T. of 9(-) will then be defined in terms of the multiplications of 2f 
by Tx=Rx-Lx. 

We call 2{ a Lie-admissible ring if W(-) is a Lie ring, that is, T(.,,,) = T$T" 
- TT . Then a is Lie-admissible if and only if 

(15) Rxy-y -Lxy-yx = (Rx - Lx)(Ry - Ly) - (Ry - Ly)(Rx - Lx). 

Let us introduce the assumption that 21 is also a flexible ring. We then 
use (3) to write -Ryx+Lxy= -RyRx+LyLx, Rxy-Lyx=RxRy-LxLy and we 
add to obtain 

(16) R xyyx + Lxy-yx = (RxRy - RyRx) - (LxLy - LyLx). 
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The right member of (15) is (RXRY-R,RX))+(LXL--LYL_))+(LRZRx-RxLy) 

+(RyLx-LxRy) and RyLx-LRy=LyRx-RxLy by (2). Then we may add 
(15) and (16) and remove the factor 2 to obtain 

(17) Rxy-yx = Rx(Ry - Ly) - (Ry - Ly)Rx. 

We may also subtract (15) from (16) and obtain 

(18) Lxyyx = (Ly - Ry)Lx - Lx(Ly - Ry). 

Conversely both (17) and (18) imply that RxLx =LxRx so that 2f is flexible 
and then (17) and (18) are equivalent to (15). We have proved 

THEOREM 2. A ring 2f is a flexible Lie-admissible ring if and only if either 
(17) or (18) holds for every x and y of W. 

A Jordan ring is trivially flexible and Lie-admissible since (18) is satisfied 
when xy=yx, Ry=Ly. It is well known that an associative algebra is Lie 
admissible and is, of course, flexible. However, we may prove 

THEOREM 3. An alternative ring whose characteristic is prime to six is Lie- 
admissible if and only if it is associative. 

For if 2f is alternative then W is flexible and x(xy) = (xx)y, x(zy) +z(xy) 
- (xz+zx)y, 

(19) R = RxRy + (LXRy - RyLx). 

But by (2) L,Ry- Ryx=RxLy-LyRx and so from Ryx=RyRx+(LyRx-RxL) 
we obtain Rxy_y = (RxRy-RyR) -2 (LyRx-RxLy). This combined with (17) 
yields 3 (LyRx - RxLy) = 0, LyRx = RxLy since the characteristic of 2f is prime to 
six. Thus (yz)x =y(zx) for every x, y, z of 2f and 2f is associative. 

3. Standard algebras. An algebra W over a field 0 will be called a standard 
algebra if (17) holds and if 

(20) Rx(z) = RxRyz + Ry(RXZ - RxRZ) + Rz(Rxy - RxRY) 

for every x, y, z of 2W. (20) is known to be a consequence of the defining as- 
sumptions for Jordan algebras and is a trivial consequence of the property 
Rx==RxRy of associative algebras. We note the following simple result 

THEOREM 4. A Lie algebra 21 is a standard algebra if and only if all products 
of four elements of 2f are zero. 

For when 21 is a Lie algebra Rx(yz) =RxRyz-RyzRx. Then (20) is equivalent 
to - RzRx= (RZRy - RyRZ)Rx = RyRzRX+RZRyRx, that is, to 2RyRzRx = 0. Thus 

[(wy)z]x=0 for every x, y, z, w of 2X, L(wy)z=0= -R(wy)zy RwRz=RzRwy 
RwRx = 0, RRwy = 0, (xz) (wy) = 0, all products of four elements of W are zero. 
The converse clearly implies that [(wy)z]x=0, RyRzRX=0 and so that (20) 
holds. 
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1948] POWER-ASSOCIATIVE RINGS 577 

We shall now derive some identities which are a consequence of the rela- 
tion (20) and the flexible law. We first write (20) as 

(21) w[x(yz)] + [(wy)x]z + [(7wz)x]y = (wx)(yz) + (wy)(xz) + (wx)(xy) 

and then have RyzLw+LwyRz+LwzRy=LwRyz+RzLwy+RyLwz However 
RzLw- LwRz = LzRw- RwLz by (2) and we replace w by x to obtain 

(22) RxLyz + RyLzz + R,Lxy = Ly,zRx + Lx,Ry + LxyRz. 

Observe that if the characteristic of 2f is prime to three then (22) implies that 
RxLxx=LxxRx and so that every 2fx is commutative. We have proved 

THEOREM 5. Let 2 be a standard algebra over a field 0 whose characteristic 
is prime to six. Then ? is a power-associative Jordan-admissible algebra and 
2x is commutative for every x of 2X, that is, the transformations R., L., RX, L, 
commute for all powers u and v of x. 

The identity (21) may be rewritten with w and z interchanged and implies 
that L(zy)?+LyLxLz+LzRxRy=LyLzx+LXLzy+LzRxy. However Rxy-RxRy 
=L,x-LxLy and so we have 

(23) L (zy) x = L x 1zy + Ly(Lz x-L xLZ) + LZ(Ly x -L xLy). 

We note the consequences 

3 
(24) Rx(xx, = 3RxRxx - 2Rx 

and 

3 
(25) L(xx x = 3LxLxx - 2Lx 

of (20) and (23) respectively. 
4. Solvable algebras. Our first major result will involve a subalgebra 

23 of a standard algebra W. Define Q30 to be the vector space of all mappings on 
W of the form RX+LY for x and y in e3 and Q3* to be the associative algebra 
of all finite sums of products of elements of Q3o. Then we may prove 

THEOREM 6. Let e3 be a solvable subalgebra of a standard algebra 2t over j of 
characteristic prime to six. Then QY is nilpotent. 

The result is true for Q3 of order one since then 23=x0, x2=0, R3=0 by 
(24), L3 =0 by (25), Q3* is the commutative algebra ~ [Rx, Lx] and is clearly 
nilpotent. Assume the result true for algebras of order m -1 and let e3 have 
order m. Every solvable algebra Q8 has the form Q3 ==S+wj where t3<3 <G 
and E has order m -1 and so C is nilpotent. We propose to show that 
.& <_!& = t3*E* + *. 

Since Q% is a vector space it is sufficient to prove that all products SxS,Sz 
are in s where Sx is the symbol for a multiplication and x, y, z are either in 
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( or equal to w. Now (20) and QS3? imply that 

(26) Hl(x, y, z) = RxR,RZ + RZRyRX 

is in & for every x, y, z of SQ. Then RxRyRz is in S& if z is in C, RXRyRW 
=Hl(x, y, z) -RwRyRx is in !& if x is in C, 2RWRyRw is in C for every y. Thus 
RxRYRZ is in & for every x, y, z of 53. Similarly (23) implies that every LxLyLz 
is in t. But RxLLz = Rx(Ly-Ryx+RyR) is then in W and so is LxRyRz =Lx(Ryz 
-Lzy-LyLz). It remains to consider products RxLyRz, LxRyLz, RxRyLz, 
LxLyRz. 

We note next that the assumption (17) implies that RzRxy-yx=Rz(RxRy 
-RyRx)-R,(LyRx-RxLy) and so H=R,(LyRx-RxLy) is in t. If x is in E 
then R,LyRx is in !t. Hence let x=w. If y is in E then RzLyRx=R,RxLy+H 
is in &. It then remains to consider RZLWRw = (LZRW +LwRz - RWLZ)RW (by 
formula (21)) which is in & if and only if RwLzRw is in &. We have already 
seen that RwLzRw is in & if z is in d: so there remains the case of a product 
RWLwRW = LWRWRw which is in &. It follows that all products RzLyRx and all 
products RZRXLy are in &. We also have LRxyyx = LZ(RxRy-RyRx) 

+Lz(LyRx-RxLy) and so L,LyR,-L,RxLy is in &. The remainder of the proof 
is exactly as above. 

We have now shown that V3< ? 3!* +Z* so that 3*4 _ * 3*3k+1 

<!6*E*k=O for some k, 3* is nilpotent. 
5. Nilalgebras. The procedure we shall follow in the study of standard 

nilalgebras is an extension to noncommutative algebras of that used for 
Jordan algebras. We observe first that if e3 is a subalgebra of 2I then xV* <?5 
if and only if Q3 contains both xb and bx for every b of 52. There always exists 
an idempotent linear transformation E on 2f such that e6 = WE and we define 
Q to be the set of all linear transformations T on f such that ET=ETE. 
Then Q is an associative algebra and we have 

LEMMA 1. If x is in 2f then x$b* ? e if and only if Rx and Lx are in Ws. 

For the generic element of 52 is b = aE where a is the generic element of 
W. Then an element y is in WE if and only if y=yE and so xb=x(aE) =a(ELx) 
and bx=(aE)x=a(ERx) are in !3 if and only if ELx=ELxE, ERx=ERxE, 
that is, Rx and Lx are in Q3. 

Note that bQ* <? for every b of 52 and so Rb and Lb are in W. We next 
prove 

LEMMA 2. Let 52 be a subalgebra of a power-associative algebra W and let 
RX, Lx, R_ be in S for x in Wf. Then 52 is an ideal of the algebra 52 [x] of all 
polynomials in x with coefficients in either 52 or . 

For Lemma 1.5 implies that the algebra g$ of all polynomials in Rx, Lx, R$x 
contains R. and Lu for all powers u =xk of x. Then g ? Q_ and every Ru is 
in X, u!b* <!B. It follows that e3[x] = [x]+!3 and that 5 is an ideal of t3[x]. 
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The assumption that ?f is a standard algebra will now be introduced and 
we shall prove 

LEMMA 3. Let R, and L, be in W and y = bx2 where b is in QB. Then R, and 
L, are in W. 

We first apply (20), (13), (23), (14), (4) to obtain the relations 

2 
(27) Rx(bx) = R.Rbx + Rb(Rxx - R,) + Rx(Rxb- RxRb), 

(28) RbRxx + RXRbx+xb = RxxRb + Rbx+xbRx, 

(29) L(xb)x =LxLxb + Lb(Lxx - L2) + Lx(Lbx- LLb), 

(30) LbLxx + LxLxb+bx = Lxb+bxLx + LxxLb, 
2 ") 2 2 

(31) LbL$x = Lb(RXx + Lx - Rx), LxxLb = (Rxx + Lx - Rx)Lb. 

Since bx and xb are in 58 we see from (27) that RbRxx is in QU, from (28) that 
Rx$Rb is in X, from (29) that LbLxn is in G3, from (30) that L=$Lb is in X, and 
from (31) that LbRxx and RxLJb are in Q\. Now by (20) and (17) respectively, 

(32) Rb(xx) RbRx. + 2Rx(Rbx - RbRx), 

(33) R(xx)b Rb(x) + Rxx(Rb - Lb) - (Rb - Lb)Rxx 

so that both Ry and R(xx)b are in W. But by (3), 

(34) R(xx)b - RxxRb = Lb(xx) - LxxLb 

and so L4 is also in 3 as desired. 
We write u = xx2 and use (24) together with Theorem 5 to write RbR. 

=3RbR$$R$ - 2RbR3, RURb = 3R$R$$Rb - 2R3Rb. Since RxxRb and RbRxx are in 
G, we see that R.Rb and RbRU are in Q for every b of Q3. Similarly, RoLb and 
LbRu are in W. But by (20) we have 

(35) Rbu = RbRu + RXx(Rbx -RbRx) + Rx(Ry - RbRxx) 

which implies that Rbu is in X, and by (17), 

(36) Rub = Rbu + Ru(Rb - Lb) - (Rb - Lb)Ru 

and then Rub is in U. But 

(37) Ru(bx) = RqtRbx + Rb(Rv - RuRx) + Rx(Rub - RuRb) 

where v=ux=x4, bx is in 53 and so Ru(bx) is in W. This shows that RbR, is in 
W. However Rv=Rxu and the same computation used in the commutative 
Jordan case gives 

2 2 4 
(38) Rv = Rxx + 4RxxRx - 4RX 

and so RbR' is in U. We now use (28) to form 
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(39) RxxRbRxx = -Rx(R$xRbx+xb) + RxxRb + RxxRbx+xbRx 

by multiplication on the left and 

(40) RxxRbRxx = RbRxx + RxRbx+xbRxx - (Rbx+xbRxx)Rx. 

Then we subtract to see that R 2Rb is in W. 
We now write y2=y(bx2) and form 

2 
(41) Ryy= Ry + Rb(Ry(xx) - RyRxx) + Rxx(Ryb - RyRb). 

We then use Ry(x)- RyRxx = 2Rx(Ry- RyRx) as well as 

(42) Rxy = RxRy + Rb(Ru - RxRxx) + Rxx(Rxb - RxRb), 

(43) RX= Rxy + Ry(Rx - Lx) - (Rx - Lx)Ry 

to see that Rxy and Ryx are in Q3, Rb(Ry(xx) -RyRxx) is in W. The Iterm 
RxxRyRb = R [RbR,x + 2Rx(Rbx - RbRx) ]Rb = (RxRb))2 + 2Rx(RxxRbxRb 
-R,xRbRxRb) is in Q and we finally compute 

(44) 
Rb- 

= RbR + R$ (Rbb- R) + Rb(Ry - 
RbRx2) 

and 

(45) Ryb = Rby + Ry(Rb - Lb) + (Rb - Lb)Ry. 

The product [Rxx(Rb - Lb)]Ry is in X, the product RxxRy(Rb - Lb) 
=RxxRbRxx(Rb-Lb)+2RxRxx(Rbx-RbRx)(Rb-Lb) is in Q, and the product 
RxxRby = (RxxRb)Ry + R2(Rbb - R2) + (R$$Rb) (Ry - RbRxx) is in W. But then 
RxxRyb is in Q and we have proved that Ryy is in X, which completes the 
proof of 

LEMMA 4. Let Rx and Lx be in X, y = bx2 where b is in 53. Then 2ty is in W. 

We are now ready to prove 

THEOREM 7. Let 2t be a standard nilalgebra. Then A is a solvable algebra. 

The result is trivial for algebras of order one and so we assume it true 
for algebras of lower order than that of W. Also the result is true if 2f con- 
sists of the associative algebra ~ [x] generated by an element x of Wf. Hence 
assume that W5f -a[x] and thus that 2f contains a proper subalgebra. Let e 
be a maximal proper subalgebra of Wf. Then by the hypothesis of the induction, 
!6 is solvable, W* is nilpotent, 2f!3*k =0. Let t be the least integer such that 

3*t ? <!. Then clearly t ?1 and there exists an element z of 2t such that 
zb*I*t<Qi9, z3*t1- is not <?B. Thus there is an element x in z3*t1- but not in e6 
and x!b* <!B. By Lemmas 1 and 4, if b is in !3, then y3* <QB, y2!3* <! for 
y = bx2. Thus we have either some such y not in !6 or =x2 ? Q. In either case we 
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have shown the existence of an element w not in !3 such that w3* _< , $Bw2 
?_B. This latter condition implies R,2 in Q as the proof of Lemma 1 shows 
and so the hypotheses of Lemma 2 are satisfied. Since x is not in 59, e9 [x] =W 
by the maximality of W and by Lemma 2, e9 is a solvable ideal of Wf. The nil- 
algebra 2f - Q9 is solvable by the induction hypothesis and so 2f is solvable. 

6. Trace admissibility of standardalgebras. Let f be astandard algebraand 
define its trace function r(x, y) to be the trace of the linear transformation R., 
By (17) we have r(x, y) =r(y, x). Also Rx(yz) -Rz(xy) =RxRyz+Ry(Rx - RxRz) 
+ RZ(Rxy - RxRy) - RzRxy - Ry(Rzx - RzRx) - Rx(Rzy - RzRy) = RxRyz-zy 
+ RyRxz-zx + Ry(RzRx) - (RzRx)Ry + (RxRz)Ry - Ry(RxRz). However RxRyz_z 
+ RyRxz-zx = Rx [Ry(Rz -Lz) - (Rz - Lz)Ry] + Ry [Rx(Rz - Lz) - (Rz - Lz)Rx] 
= Rx[Ry(Rz- Lz) ] - [Ry (Rz- Lz) ]Rx+ Ry[Rx(Rz- Lz)]- [Rx(Rz- Lz) ]Ry.Then 
r(x, yz) -r(z, xy) =0, r(x, yz) =r(xy, z). If xy is nilpotent it generates a 
solvable algebra, Rx is nilpotent, r(x, y) =0. If e is an idempotent r(e, e) is 
the trace of Re and is not zero. We have proved that r(x, y) is an admissible 
trace function for Wf. 

However, we may now show that r(x, y) is an admissible trace function for 
t W+). For r(x, y)=r(y, x), r(x y, z)=r(xy+yx, z)/2= [r(xy, z)+r(yx, z)]/2 
= (rx, yz)/2+r(y, xz)/2, r(y, xz) =r(xz, y) =r(x, zy), r(x y, z) = [r(x, yz) 
+r(x, zy) ]/2 =r(x, y z). If x y is nilpotent so is xy+yx, Rxy+yx has zero trace, 
r(x, y)+r(y, x) =2r(x, y) =0, r(x, y) =0. If e is idempotent r(e, e) 0 as was 
shown above. 

It follows now that the set of all elements x such that r(x, y) = 0 for every 
y of 2t is the radical of both 2{ and tf(+). We have proved 

THEORPEM 8. Let Ef be a standard algebra over, a nonmodular field. Then t 
is trace-admissible, there is a trace function which is admissible both for 2t and 
for 2t(+), the radical of A coincides with the radical of tf(+), 2t is semi-simple if 
and only if 2(+) is semi-simple. 

CHAPTER V. QUASIASSOCIATIVE ALGEBRAS 

1. The algebra Wf(X). If 2t is any algebra over a field 0 of characteristic 
not two and X is in 0 we define 2f(X) to be that algebra which is the same 
vector space over 0 as 2t but whose product x y is defined in terms of the 
product xy of 2t by x.y=Xxy+(1-X)yx. Then Wf(1)=Wf, %f(0) is antiiso- 
morphic to 2I, 2t(1/2) = t(+). 

THEORE-M 1. If 2t is power-associative so is %f(X) for every X of W and indeed 
powers in 2t(X) coincide with powers in 2t. Also 2t(X) is flexible for every X if 
and only if 2I is flexible. 

For when 2t is power-associative the power xn of every x of 2t is uniquely 
defined in 2t for every positive integer n. Suppose that xt is the same in 
f(X) as in 2f for every t<n, a result true for t=1. Then Xr Xn-r=XXrXn-r 

+(1-X)Xn-rXr=XXn+(1-X)Xn=Xn for every r=1, * * 1. It follows 
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that nth powers of x in Wf(X) all coincide with nth powers in 2t and !I(X) is 
power-associative. If %f(X) is flexible for every X then in particular Wf(1) =2 
is flexible. Conversely if 2 is flexible then (x y) x=X[Xxy+(1-X)yx] 
*x+(1 -X)x [Xxy+ (1 -X)yx] =X2(xy)x+ (1-X)2x(yx) +X(1-X) [(yx)x+x(xy)] 
and x (y x) =AXX[yX+(I -X)Xy]+ (IX) [XyX+ (1 X)Xy]X=X1X(yX)+ +(IX)2 
* (xy)x+X(1-X) [x(xy)+(yx)x]. The flexibility of 2t implies that X.2(xy)x 
+(1-X)2x(yx)=X2x(yx)+(1-X)2(xy)x and so x.(y.x)=(x.y).x, A(X) is 
flexible. 

THEOREM 2. An algebra 2t is Jordan-admissible if and only if W(X) is Jordan- 
admissible for every X. Indeed tU+) = [2f(X) ] (+) for every X. 

For [Wf(X)](+) is defined relative to the product (x.y+y-x)/2= [Xxy 
+(1-X)yx+Xyx+(l-X)xy]/2 = (xy+yx)/2. 

In a similar fashion we may study [%f(X) ](-). This algebra is defined rela- 
tive to the product (x, y)=x y-y x=Xxy+(1-X)yx-Xyx-(1 -?)xy 
=(2X-1)(xy-yx). If X=1/2 then Wf(X) is the commutative algebra 2t(+), 
[Pf(X) ](-) is a zero algebra and is always Lie-admissible. Otherwise (x, y) =xT. 
where T, = (2X - 1)S, and S, is the generic right multiplication for the alge- 
bra 2t(-). The algebra 2t is Lie-admissible if and only if Sl"x = SxSy - S,SS 
where [x, y]=xy-yx=xSy and if a=2X-15O we see that T(x,y)=aT[x,y] 
=a2S[X,] =cx2(SXS,-SSX) = T.Ty-TyT.- . Conversely if T( ,y) = TxTy -TyTS 
then S[X,, = SxS - SvSx and we have proved 

THEOREM 3. An algebra 2{ is Lie-admissible if and only if 21(X) is Lie- 
admissible for every 'X of 0. 

Let us henceforth restrict our attention to the case of algebras 2{(X) de- 
fined for X7?1/2. Then x.y-y x=(2X-I)(xy-yx), x-y+y x=xy+yx 
and so 2xy=(2X-1)-'[x.y-y.x+(2X-1)(x.y+y x)] = (2X-1)-12[Xx.y 
+(X-1)y x]. Since 1-(2A -1)-l(A-1) =(2A-1)-'[2A-1-(X 1)| 

-A (2A- 1) we have proved 

THEOREM 4. Let X 5z 1/2 and S ( = X(X). Then 2f = S(A) where yu = (2X - 1'X. 

Theorem 4 implies that the ideals of aI and of g = 21(X) coincide for every 
X 0 1/2. Indeed if e93 is a subspace of 2f such that by and yb are in e for every 
b of Q3 and y of A it is true that b y and y* b are in e3 and conversely. When 
2t is a direct sum I= E then bc=cb=O for every b of Q3 and c of Cs, 
b-c=c-b=0,(X)=Q3(X)e (X). When Q3 is solvable so is 23(X) and wlhen e 
is strongly nilpotent so is Q3(X). Evidently the maximal solvable ideal of 
f coincides with the maximal solvable ideal of W(X). Similarly the maximal 
nilideal of t coincides with that of W(X) for every X01/2. Finally if every 
nilideal of W(X) is solvable (strongly nilpotent) this is true for every nilideal 
of 2t. 

The results just given imply that if 2(X) has the property that when its 
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maximal solvable ideal is zero it is a direct sum of simple algebras this will 
also be true of W. Moreover 2f(X) is simple if and only if 2f is simple. In par- 
ticular every simple associative algebra 2f determines a class of flexible, 
Jordan-admissible and Lie-admissible simple algebras f(X). These are not 
commutative when W is not commutative since x y - y x = (2X -1) (xy - yx). 
They are also not associative, in general, even when 2f is associative. This 
result follows for total matric algebras by use of the identity we shall derive 
in the next section. 

2. Quasiassociative algebras. Let 2f be an algebra over a field 0 of char- 
acteristic not two. Then 2f will be called a quasiassociative algebra if there 
exists a scalar extension & of 0 and a quantity X in 9 such that 2 = Q3 (X) 
where Qe is an associative algebra over R. If X =0, 1 then Wr is either iso- 
morphic or antiisomorphic to Q3 and 9fs, is associative, 2t is associative. If 
= 1/2 then 2fa is a Jordan algebra, xy =yx and X(yX2) = (Xy)X2 for every x 

and y of We, the same relations hold for every x, y of Xf, 2f is a Jordan algebra. 
Assume henceforth that XfO, 1, 1/2 whence t=S(u) where yu=X(2X-1)-' 
and 2fs(y) is associative. Evidently 

(1) #0 0,1,1/2. 

If A is quasiassociative then 3(X) = 2t& is flexible, x(yx) = (xy)x for every 
x, y of 2t, W is flexible. We now prove 

THEOREM 5. Let 2f be a quasiassociative algebra over afield W of characteristic 
not two and let 21 be neither associative nor a Jordan algebra. Then there exists 
a quantity ao 0 0, -1/4 in 0 and a scalar extension R = a(I) of a such that 
A2 = 1t+ao, &b(/) is an associative algebra. 

For the defining operation of 2i(y) is x*y=1uxy+(1-1A)yx where xy is 
the product in 2f and in We. We compute 

(2) x (y z) = IAx[u(yz) + (1-,u)zy] + (1-,) [)[yz + (1-,u)zy]x 

and 

(3) (x y) z = [tX?y + (-)yX]z + (1-u)z[,uxy + (1-,u)yx] 

to see that 2bi(y) is associative if and only if U2[x(yz) - (xy)z]+( IA) 2 

[(zy)x-z(yx)] + (1-Iu) [x(zy) + (yz)x-(yx)z-z(xy) ]= for every x, y, z of 
2t. However 2t1 is flexible and so 

(4) x(yz) - (xy)z = (zy)x - z(yx). 

It follows that 2(Q) is associative if and only if 2{& is flexible and 

[/2 + (1 - /1)2][x(yZ) - (xy)z] = (I2 - /u)[x(Zy) + (yZ)x - (yx)Z - Z(xy)] 

for every x, y, z of %1. Since this relation is linear in x, y, z it holds for every 
x, y, z of W21 if and only if it holds for every x, y, z of 21. Define ao=y2-y and 
see that % (y) is associative if and only if 21 is flexible and 

This content downloaded from 128.196.130.121 on Sat, 27 Dec 2014 18:32:39 PM
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


584 A. A. ALBERT [November 

(5) (2ao+1)[x(yz) - (xy)z] = cao[x(zy) + (yz)x - (yx)z - Z(xy)] 
for every x, y, z of W1. If ao were not in a then a sum a+bao=O for a and 
b in St only if a = b = 0, (5) would imply that x(yz) = (xy)z, that is, W{ would 
be associative. It follows that ao = 2- / is in a and the hypothesis (1) im- 
plies that ao O0, - 1/4. This proves our theorem. 

As an immediate corollary of our proof we have 

THEOREM 6. Let W be an algebra over a field a of characteristic not two and 
let W be neither associative nor a Jordan algebra. Then 2t is quasiassociative if 
and only if 2 is flexible and there exists an element ao 5 0, -1/4 in a such that 
(5) holds for every x, y, z of W. 

Let us observe that if 21 is associative and q5O, 1 we may use (2) and (3) 
to see that W(,n) is associative if and only if x(zy)+(yz)x= (yx)z+z(xy), 
that is, (xz-zx)y=y(xz-zx). Then 21(n) is associative if and only if xz-zx 
is in the center of 21 for every x and z of Wf. But if af is a total matric algebra 
of degree n > 1 over a we may use the usual basis eij of W with x = e12, z = e21 
to see that xz - zx =ei - e22 which is not in the center of 2 since e12 (ell - e22) 
=- e12, (ell - e12)e2 = e12. 

3. Defining identities. A quasiassociative algebra 21 which is neither 
associative nor a Jordan algebra is defined by the existence of an element 
ao - O, - 1/4 such that x(yx) = (xy)x and (5) holds. Conversely if (5) and the 
relation x(yx) = (xy)x hold the corresponding algebra is quassiassociative. It 
should be noted that associative and Jordan algebras do not, in general, 
satisfy (5). 

We may write (5) in the form 

(6) (2ao + 1)(Ry, - RyR,) = ao(Rzy + Ly - LyRz- RyLz). 

By the flexible law L,,=Rz,-RzR,+LzL, and so (6) becomes 

(7) 2ao(Ryz - Rzy) + Rz = (2ao + 1)RyRz + ao(LLy - RzR - LyRz- RyLZ). 

Interchange y and z to obtain 

(8) 2ao(R,y - Ryz) + Rzy = (2ao + 1)RzRy + aco(LyLz - RyRz- LRy- RzLy). 

Add and use RyLz+RzLY=LyRz+LzRy (by (4.2)) to obtain 

(9) Ryz+?y = (ao + 1) (RyRz + RzRy) + ao(LyL, + LzLy) - 2ao(RyLz + R2Ly). 

We may also subtract (8) from (7) to obtain 

(10) (4ao + 1)Ryz-zy = (3ao + 1)(RyRz - RzRy) + ao(LzLy - LyLz) 

+ +ao(LzRy + RzLy -LyRz -RyLz), 

and from (5) with x and y interchanged we have 

(11) (2a0o + 1)(RzLy - LyRz) = ao(LzLy + RzRy -RyRz- LyLz). 
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Finally, by (4.2) we may write 
(12) R,L.-L,R, = L,R, - R,Ly. 

If ao0- 1/2, then L,L,-LYLZ =RyRz-RzRy, and so (7) reduces to 

(13) Rzy = - (LzLy -RzR - LyRz - RyL2)/2. 

Otherwise we have axo(LzRy +RzL -LyRz-RyLz) = 2ao(RzLy-LyRz)). Thus 
(4ao + l)Rz = (3ao + l)(RyRz-RzRy) + ao(LzLy-LyLz)+2ao(RzLy-LyRz) 
= (4ao + 1) (RyRz-RzRy) + 2aco(RzLy-LyRz), axo(LzLy-LyLZ+RzRy-RyRz) 
and so 

(14) (4ao + 1)Ryzy = (4ao + 1)(RyRz - RzRR) + (4ao + 1)(RzLy - LyRz) 

which implies 

(15) Ryz-z= (RyRz - RZRy) + (LZRy - RyLz). 

Thus we have 

(16) 2Ry2 = (ao + 2)(RyRz - RzRy) + axo(LyLz + LzLy) 
- 2ao(RyLz + RzLy) + LzRy - RyLz. 

This proves the following theorem. 

THEOREM 7. Let 2f be a quasiassociative algebra. Then 9t is shrinkable of 
level one. 

4. J-semi-simple algebras. An algebra 2f will be called J-semi-simple if 
a(+) is a semi-simple Jordan algebra and will be called J-simple if f(+) is a 
simple Jordan algebra. 

THEOREM 8. Every J-semi-simple algebra is a direct sum 2 = al e . . . fr 

where the components Ws are J-simple. Every J-simple algebra 2f is simple and 
the center of 2f is the center of Wf(?. 

For, if e is an ideal of the semi-simple Jordan algebra 2f(+) then 3 has a 
unity element e and =I(+)- S =, t=Sj) CS= +)(0). It follows that 
2t=I~fe(1)efe(O) and that =Z=e(1)(+, )(+). If we decompose 2f(+) 
as a direct sum a(+) =1 D . . . Dt of simple Jordan algebras 23i then each 
3j=W($+)(1)=9f(+) where W=2f1,E . .. t% the algebras aL are J-simple. 

Assume now that 9 is J-simple. Then every ideal 9?J of 2f is also an ideal of 
2[(+) and if 9):O0 we have 9YI= f. Hence af is simple. If .3 is the center of 2f 
we may express 2f as an algebra over S3. But then 2(+) will be an algebra over 
.3 and so (3 is contained in the center of f(+) .However it is true for arbitrary 
simple algebras that af is central simple over (3 if and only if every scalar ex- 
tension over ,3 of af is a simple algebra. Thus if .3 is not the center of Wf(-) 

there will be a scalar extension R of (3 such that (+) =3 D(Z. By the proof 
above fs is a direct sum of the corresponding components contrary to the 
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hypothesis that 3 is the center of 2 and so 21k is simple for every 9 over ,3. 
5. The structure of quasiassociative algebras. The general theorems on 

the structure of quasiassociative algebras may be stated as follows: 

THEOREM 9. Let 21 be a quasiassociative algebra over an infinite field @ of 
characteristic not two. Then if 21 is solvable it is strongly nilpotent and if 2 is a 
nilalgebra it is solvable. 

THEOREM 10. Every quasiassociative algebra 21 over a field a contains a 
maximal solvable ideal 1 called the radical of 2X, such that every nilideal of 21 is 
contained in R. If a is nonmodular and Q is any scalar extension of a the 
radical of Wsl3 is 9kv. Also 21-91 is semi-simple, that is, 21-91 has no nonzero 
nilideal. 

THEOREM 11. A semi-simple qutasiassociative algebra is J-simi-simple and 
so is a direct sum 21= 2, D . . . 2Dr of J-simple algebras Wi. Each 2b is quasi- 
associative and so is flexible. A quasiassociative simple algebra with center 3 
is quasiassociative over 3. 

The results just stated clearly hold for Jordan algebras and for associa- 
tive algebras. Theorems 9 and 10 have been seen to hold for those algebras 2t 
for which there exists an element X in 0 such that X 0, 1, 1/2 and W(X) is 
associative. Evidently Theorem 11 also holds for such algebras. There re- 
mains the case 2We = Q3(t) for a quadratic field R = a(,t) over a and an associa- 
tive algebra Z8 over R. Note that the properties above already hold for Wg. 

Let Mu2=,u+aO for ao in a and write 0=2,t-1 so that 02=4(12 -)+ 1 
=4ao+1 is in a and must not be the square of any element of ;. Then every 
vector subspace 9) over R of 2fiq has elements of the form x=xo+x10 where 
xo and xi are in 21. If y=yo+y16 is in 9) and t and -i are in 0 the element 
tx+?7y=(0xo+i7yo)+((xi+nyi)O is in W). Hence if 9P is the set of all xo 
then MO is a vector subspace over a of W. But 6-lx=xl+(4a0o+l)-lxoO is in 
9) and so xi is in 9P, 9)1< (9)g. 

Suppose now that 9) is an ideal of Wg. Then if y is in W and x =xo+x10 is 
in 9) the products xy =xoy+ (x1y)6 and yx =yxo+ (yx1)6 are in 9)1, xoy and yxo 
are in 9)o, 9P is an ideal of 21. Thus every ideal 9) of W2, determines an ideal 
9Io of 2 such that 9)<1 (lo)z. Conversely every ideal 9)o of 21 determines an 
ideal (o)1) of 2We. 

Assume now that 2 is solvable. Then Wt is solvable. Indeed if we define 
W(k+l) = 21(k)2(k) then [2G] (k+1) = [21v](k) [21G ](k) for every scalar extension G 
of a and 2(k) =0 implies that [21u](k) =0. But then We is strongly nilpotent, 
that is, every product of t elements of 2Weq is zero for some positive integer t. 
Clearly then 21 is strongly nilpotent. If 2 is a nilalgebra and ul, . , Un form 
a basis of 21 then (tiu1+ - - - +nunn)"=0 for , * * , (n indeterminates over 
a. Otherwise we could find values in a of 01, * * *, n such that the correspond- 
ing element of 2 is not nilpotent. But then we may replace the tj by any ele- 
ments of R, W2 must be a nilalgebra, 2ft is strongly nilpotent, so is W. 
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The first statement in Theorem 10 holds by virtue of Theorem 9. To 
prove the second part we first prove that if j is nonmodular with 9 and 9) 
the respective radicals of a and Wq then 9ls- = 9). Evidently 9We, < ?). Con- 
versely let x be in 9), T be any transformation of the algebra of polynomials 
in the multiplications of the elements of 2[ and y =xT. Then y is in 1 and so 
aR'+'= (ay)RJ is a product of k+1 elements of 9) and is zero for every a 
of WX and a suitable k, R` =0. Similarly aL'+ =(ya)L" = 0, R, and Ly are 
nilpotent and have zero trace. Write the general element x of 9) as x =xo 
+x1O and see that y = xRk =x k+l + (xiRk0) -=u+v0, r(R)='-(R.)+0r(R2)=O 
so that r(R.) = O. Similarly r(Lu) = O and so the linear transformation 
Su = (Ru+Lu)/2 has zero trace for u = xo+ and every positive integer k. But 
xo is in the Jordan algebra W(+), Su is the right multiplication for xc+' and has 
zero trace. If : [xA] were to contain an idempotent e, we would have r (S8) #?0 
whereas e is a polynomial in x2 and Sx is a linear function of x. Thus there is 
no such idempotent, xc is nilpotent, xo is nilpotent, the ideal no defined above 
is a nilideal of X, Vo::< 91, 

_ 0 < (PO, TR N= Wet. 
To prove Theorem 11 we note that if 21 is a semi-simple quasiassociative 

algebra, then We is semi-simple and so the related associative algebra Q3 is 
semi-simple. But then V(+) is semi-simple, 3(+?) = 21((+ )) is a semi- 
simple Jordan algebra. It follows that x(yx2) = (xy)x2 for every x and y of the 
commutative algebra 2f(+) and so W(+) is a semi-simple Jordan algebra. Write 
W = 2t, D ... * *@ and see that = E = - 3 ED(9,)2I. However if 
xy =yx = 0 then x y =Xxy+ (1-X)yx =y x = 0 and so 21s,(X) = (Wl)&(X) E * * e 
E (2[r),(X) where (2[j),R(X) must be associative. Assume, finally, that 21 is a 
simple quasiassociative algebra with center 3 and that Wgb(X) is associative 
where Mt = 8(X), X2 -X = ao in 8. If X is in 0 then 21 is clearly quasiassociative 
over 3. Hence let 9 have degree two over 0. Then either the composite of 3 
and S is a field 3(X) of degree two over 3 and 2 is quasiassociative over 3 
or 3 has a quadratic subfield 5$ isomorphic over 0 to R. Then Qi% ==el +e2SP 
where e1 and e2 are pairwise orthogonal idempotents, Wst= 31EDi 2 where 
t%=&Le1 and 32= se2. Let ul, * * , Un be a basis of 21 over 5 and 
let uiuj = ZYi]jkuk where the yijk are in W. Then (uie1) (ujel) = (uiuj)e1 
= Z(7yjke1)uke1 where the elements uie1 are a basis of 5%. Mioreover 5 = 9(x) 
where X2=f0 in @, R = @(O) where 02= 0, x=6el-0e2, xel=0e1, yiik(x)el 
=,Iijk(O)el. It follows that Q1 is an algebra of order 2n over @ isomorphic to 
21 over j under a mapping which maps x on Oel. Evidently 21st(X) =1(X) 
05t2(X) and so Q31(X) is associative, 2{((x+1)/2) is associative. 2 is quasi- 
associative over 3. 

We have now reduced the study of quasiassociative algebras to the case 
of central simple quasiassociative algebras 2 such that W(+) is a central 
simple Jordan algebra over 0. Then W2-t = 5l(X) where R = g(X) has degree one 
or two over $ and 513 is a central simple associative algebra over R. It is not 
true, in general, that there always exists an element X in 8 such that 2 = 3(X) 
For we shall later show exactly when this is true for algebras of degree two and 
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order four. However it might be true that there always exists an associative 
central simple algebra 53 over 3 such that W = t3s,(X) and we leave this as 
an unsolved problem. 

6. Algebras of degree two. Let 2f be a flexible J-simple algebra of degree 
two over a field j of characteristic not two. Then 2{ has a unity element e 
and a basis u1=e, U2, , un where n>3, u'=aie for aoi#O in ~, ujuj+ujuj 
-0 for i;j and i, j=2, * * *, n. It follows that the general element 
x=-juj+ * - - +P.u. of 2 satisfies the equation (x-(ie) 2 =f(x) e, f(x) = a2 

+ +a n n n.~~~~~~~~~~ Assume the multiplication table uiuj= = 1 X YijlcVUk for yijk in ~. It is evi- 
dently necessary only to study the elements 7Yijk for i i4j and i, j =2, 2 * . 

The condition uiuj= -uju, is expressed by 

(17) Ti jk = - Y jik (i r j; i, j = 2,.**, f). 

The assumption that 21 is flexible is now equivalent to the relation x(yz) 
+z(yx) = (xy)z + (zy)x for x, y, z taken to be basal elements ui for i > 1. In case 
two of the variables are equal we have as one case ui(uiuj) +uj(uiui) = (uiui)u1 
+ (ujuj)uj, that is, ui(iuj) + (uiuj)ui = 0. Then 2yjjuj+2eyjiaie = 0. Similarly 
uj(ujuj)+(ujuj)uj=O, that is, 2-yijluj+27ijjaje=0. This yields 

(18) z(ij1= (i ji = (i jj = 0 (i z j; i, j 2, ... ,n), 

a result stating that every product of two distinct basal elements ui, uj is a 
linear combination of the basal elements Uk distinct from e, ui and uj. 

The flexibility relation used above may now be employed with x=z=uj 
and y = ui to yield uj(uiui) = (ujui)uj. This is equivalent to uj(uiui) + (uiuj)u 
=0, a relation already satisfied by (18). Thus there remains only the case 
where x = ui, y = uj, z = uk with i, j, k all distinct. The relation becomes 
u(ujuk) +Uk(UjUi) = (uiuj)u+ (ukuj)ui which is equivalent to ui(ujltk) 

+(UjUk)Ui=(UiUj)Uk+Uk(uiuj) by using skew-commutivity. Hence we have 

(19) aiy jkci = ak^ijk (i 7? j; i, j, k = 2, * *) 
where (19) is satisfied by (18) in case k=i or k=j. 

We have now determined a set of conditions which are necessary and suffi- 
cient conditions that an algebra 1 of degree two shall be both flexible and 
J-simple. A complete normalization of the multiplication table of the general 
algebra of order n of our type is manifestly impossible and is not even par- 
ticularly significant for algebras of order n >4. We shall therefore content 
ourselves with a discussion of algebras of order three and four. 

When n = 3 the product u2u3=0 by (18) and so u3u2 = 0, 21 is commutative 
and is a Jordan algebra. 

Assume that n=4 and use the notations 11=U2, V=U3, W=U4, U2 =e, 

v2 =fe, w2 = ye where a = a2 0, /3=a35?O and y=a45;60 are in 0. Then 
uv=pw where P=Y234 by (18). Apply (19) to see that a4-Y231=a2Y342 and so 
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7342 =a a op, vw =-a1pu. Also a37243 -a37423 =-a47234, 7243 =-0 w7p, uw 

=- 0-3ypv. When p =0 the algebra so defined is the general simple Jordan 
algebra of degree two and order four over 0. When p H0 we may select a 
new basis with w = uv and so take p = 1. Then we have the multiplication 
table 

(20) u2 = oae, v2 = 3e, w2 = ye, uv = w, uw = -3yv, vw = oa-'yu. 

When 2 is associative uw=u(uv) =u2v=av, that is, y= -aof. It follows that 
the algebra defined by (20) is associative if and only if y = -aof. 

It remains to study the quasiassociativity of W. Define an algebra e with 
a basis eo, uo, vo, wo and the associative multiplication table given by the 
assumption that eo is the unity quantity of e3 and the relations u =aeo, 
v2=3eo, wo= -aO3eo, wo=uo vo. Form d(X) by defining a new product 
xy=-x.y+(1-X)y-x and see that uovo=Xwo+(1-X)(-wo)=(2X-1)wo, 
(uOvO)2 = yeo if and only if y = - (2X -1)2a/3. Since t3 is associative the algebra 
23(X) is flexible and the relation (uovo)2=yeo is sufficient to imply that t3(X) is 
isomorphic to the given algebra W of (20). It follows that W is isomorphic to 
some Q6()X) if and only if -ao3y is the square of an element of a. When 
-ao3y is not such a square we have We isomorphic to ts(X) where M = a(X) 
and (2'X -1)2 =- (a0)-1)y, so that S is a quadratic field over a. We have 
proved that all flexible J-simple algebras of degree two and order four over 
their centers are quasiassociative. Since the order of a simple associative 
algebra of degree two over its center is necessarily four the flexible J-simple 
algebras of degree two and order n > 4 are necessarily not quasiassociative. 

One of the major problems in the study of nonassociative algebras is the 
question as to the existence of real nonassociative division algebras of order 
2t with t>3. A special case of this problem is the same question for flexible 
algebras of degree two. These algebras are necessarily J-simple and their 
study may be expedited by use of the following result: 

THEOREM 12. Let W be a flexible J-simple algebra of degree two over a of 
characteristic not two. Then 2I is a division algebra if and only if 2t(X) is a divi- 
sion algebra for every Xiz?1/2 in a. 

To demonstrate this result we first note that when 2f is a division algebra 
its associative subalgebras a [x] must all be fields. This occurs if and only if 
the norm form N(x)= '-((a24+ * a . +a') is not a null form. We next 
prove the 

LEMMA. Let N(x) be a non-nullform. Then W is a division algebra if and only 
if there exist no elements x and y in 2I such that x2 =N(x)e 5 0, y2 = N(y)e 5 0, 
xy= -yx= O. 

For when 2f is not a division algebra there exist nonzero quantities a and b 
in 2I such that ab = 0. Since a and b are necessarily not in the same subfield of 
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W we may always write a=te+x, b=q7e+Xx+y where X, 7, X are in a and 
x2=N(x)e O, y2=N(y)e5O, yx= -xy. Then we may select a basis of a 
with u2=x, u3=y and so see that xy is linearly independent of e, x, y. But 
ab=(trt+N(x))e+()XV+'q)x+ty+xy=O so that xy=O as desired. 

To complete our proof we observe that if 2f(X) is not a division algebra 
then there exist elements x and y in 2 such that x *y -y x = O. But xy =,ux *y 
+ (1-1.t)y x where ,u=X(2X-1)-', xy = (2 -1)x y = O, f cannot be a division 
algebra. 

7. Algebras of degree t>2. Let 6 be a central simple alternative algebra 
of degree two over a nonmodular field a. Then ( has order 1, 2, 4, or 8 over a 
and has an involutorial antiautomorphism x->.t which is the identity auto- 
morphism only when s =1. Define (S to be the set of all t-rowed square 
matrices A = (aij) with aiq in G and define t((E) to be the subspace of Et 
consisting of all matrices A = (aij) such that aij=aj. Then a(E) is a sub- 
algebra of E(+) and is a Jordan algebra except when t > 3 and s = 8. Conversely 
every central simple reduced Jordan algebra is an algebra St(C)* 

We now let 2 be a flexible algebra over a and assume that 2(+) is a cen- 
tral simple Jordan algebra of degree t>2 over a. Let us assume that a has 
been extended, if necessary, so that 2f(+) is a split algebra. We propose to 
determine the resulting multiplication table of WI. We first write the unity 
quantity e of 2(+) as a sum e=el+ . * 

- +et of pairwise orthogonal idem- 
potents e; which may be taken to be absolutely primitive. Then 2fej(l) =[jij 
-eia. Decompose 2W+) and so write 2f as the supplementary sum f= Ei<i 2t i 
of subspaces 2fij where 2fij has already been defined and 2fij is the intersec- 
tion of Wej(1/2) and 2X6j(1/2) for i<j. The general element xij of 2fij may 
then be regarded as a t-rowed square matrix with the element x of an algebra 
( in the ith row and jth column, with x in the jth row and ith column and 
with zeros elsewhere. Use the notation x y to designate products in C and 
translate the product in WM(+) in terms of the product in 2f to write 

(21) XiiYjk + YkXij = (X y)ik (i < j < k), 

(22) XijYik + YikXij = (X -y)ik (i < j < k), 

(23) XikYik + YjkXik = (X-y)ik (i < j < k). 

We also have the results 

(24) eixi1 + xiXje = ejxii + xiiei = xii (i < j). 

Then (es-ej)xjj = xjj(ej-ej) and (ei+ej)xij = xj(ei+ej) = xi whence 

(25) eixi-= xiie, exi- = xiei (i < j). 

The subset )ij =f+jji+ fj = e+e.(1) by the known properties of ?f(+) 
and so j is a subalgebra of ?{. Then S ) is a central simple Jordan algebra 
of degree 2 over a, (25ij is stable, 
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and 

=fi2i =fji 0, 2fij Wii + 2f + Wii 

It is evident from an examination of algebras of degree two that the property 
W<Wii+2jj is not true in general. 

It remains to compute products xijykp where at least three of i, j, k, p are 
distinct. We note first that fijjfk, = 0 if neither i nor j is equal to k or p. In- 
deed fij <?fj?.j(l) while fAkp?<W,ej?e3j(O). It then remains to compute the 
products appearing in (27), (28), (29), (30). We observe first that 

(26) 2:S^ _ Wiky < k2f2i fn (i < j < k). 

Indeed Wi < i?Ae,8(l) 2{X,+eiej(1/2) and so WijSk and jk2fgj are both sub- 
spaces of 2i+ej(l/2). However they are subsets of the algebra 2fei+ej+ek(l) 

=-{+jj+fkk+sj+2{k+jk and it follows that the products are con- 
tained in 2{ik+2Xjk. Similarly 2ljj<?2fe.?e(1/2), 2{jk<2fej+ek (1) SO that their 
products are subspaces of %k+2fij. The intersection of these subspaces is 

$k and we have (26). 
We now use the flexibility property z(xy) +y(xz) = (zx)y+ (yx)z. We take 

z=ek and compute ek(Xijyjk) +yjk(xijek)= (ekXij)yjk+ (yjkXij)ek. But xijek=ekxij 
= 0 and so ek(xijYjk) + (Xijyjk) ek = (xiiyjk+yjkxij)ek. Since XijYjk is in 9ik we have 
ek(xijyjk) + (xijy;k)ek = XijYjk. We may then use (23) and have 

(27) Xi yik = ei(x y)ik = (X' y)ikek (i < j < k). 

S ince (ei + ek) (x - y) ik = (X - y) ih we evidently have 

(28) YjkXij = ek(X- Y)ik = (X y)ikei (i < j < k). 

In exactly the same fashion we compute ek(xijyik) +yik(xijek)= (ekxij)yik 

+(yikxij)ek to obtain xijyik=(xijyik+yikxij)ek, that is, 

(29) Xiiyik = ei(-t-y)ik 
= 

(Xy)icek, (i < j < k). 
YikXij = ek(x *y)ik = (x y)ikei. 

Finally we compute ej(XikYjk) +yik(Xikei) = (ejxik)Yik+ (yjkXik)ej whence XikYjk 

-(XikYjk+YikXik)ej and so 

(30) Xikyik 
= ei(x y))i = (x y)ie;, (i < j < k). 

YikXik = ej(x.y)ij = (X W)i jei. 

We have now computed all products required, but have not exhausted 
the possible implications of the flexible law. Use z = ej and have ej(xijyjk) 
+yik(xiej)=(ejxij)yjk+?(yjkxij)ej. Then ej(xijyjk) = (YjkXij)ej=O since both 
xijyjk and YjkXiJ are in fj2fe,j(0). Then Yjk(xijej)=(eJxij)Yjk, XijYjk=(ejxi5 

+xijej)yik = (xjjej)yjk+yjk(xjjej). Define 
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(31) eiXii = (XSii)ii 

where Sij is then a uniquely determined linear transformation of the vector 
space C. Then we have proved that 

(32) Xijy2k = (xs.i- y)i7j (i < j < k). 

To obtain a similar formula with y, the transformed vector, we compute 
ej(YjkXij) +Xii(Yjkej) = (ejyjk)xij+ (xijyjk)ej. As before ej(yjkxij) = (XijYjk)ej = O 
and so xij(yjkej+ejyjk) =XijYjk = (ejyjk)xij+xij(ejyj;z), that is, 

(33) Xi jy jk = (x yS jk)ik (i < j < k). 

However our first value of xijYjk may be written as [(X -Y)Sik]ik and so we have 
proved that 

(34) XSi jy = x-ySjk = (x-y)Sik (i < j < k). 

We now take y=f to be the unity quantity of QS and so have xSij = xSik 
for every x, that is, Sij = Sik for i <j < k. Then S12 = S13 = . = Sit. Similarly 
take x =f and have ySjk = ySik, Sik = Sjk, Slk = Sjk for k >j > 1 and so S12 = S13 
- S23, S1k = S12 for all j < k and we have proved that every Sij = S = S12. More- 
over we now have xS y = x yS = (x * y)S, that is, 

(35) SRy= RS Rys 

for every y in the algebra C. This implies that S=Rfs is commutative with 
every element of Q and this is possible for algebras ( of order four and eight, 
cases where C is central simple, only when S is a scalar transformation. 

Let us now consider the algebra (5 = 11+ {12+ {22, a flexible J-simple sub- 
algebra of W. The order of (M is g = 3, 4, 6 or 8 according as the order of ( is 
1, 2, 4 or 8. We may assume that we are working over an extension of the base 
field so that (5 is a split algebra, that is, (5 has a basis e = ui, u2, * * *, ug with 
u2=e. Moreover we may define e4) =(e-ui)/2, e()= (e+ui)/2 and then see 
that the subspace 212 of 5 is spanned by the g -2 elements uj for j 5-4 1, i. 
When g =6, 8 the mapping S = S(i) is a scalar mapping for every selection 
of e(i) and so e 1)uj-=Xju. But then uiuj= (e-2e(i)uj= (1 -2Xij)uj which is 
possible, by (18), only if 1 -2Xij=0, that is, (5 is a Jordan algebra. We have 
also proved that 5 is a Jordan algebra when g = 3 in ?5.5. 

The multiplication table of 21 has been shown to depend upon relations 
which can vary only as the algebra 5 varies. If 21 is taken to be a central sim- 
ple (split) Jordan algebra we know that 21=21+) and that 5 is a Jordan 
algebra. But then our study shows that when 5 is a Jordan algebra so is W. 
If e3 is a total matric algebra the algebra t3 (+) is a split Jordan algebra, e3 has 
the subalgebra 00= 311+312+?322, 21= 3(X) has the subalgebra 6= o0(X) 
=211+212+2122. Then when 6 is prescribed to be quasiassociative of degree 
two and order four the structure of 21 is completely known and 21=Q3((X) is 
quasiassociative. The extension of the base field which splits 65 may now be 
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eliminated since clearly a central J-simple algebra a is quasiassociative if and 
only if any scalar extension of 2f is quasiassociative. We have proved 

THEOREM 13. Let 2 be a flexible J-simple algebra. Then 2{ is either a Jordan 
algebra or is quasiassociative. 

We shall now apply our results to a determination of all simple standard 
algebras. Every simple standard algebra { is flexible and J-simple and so is a 
quasiassociative algebra. Moreover, after a suitable extension of the center 
of Xf, if necessary, we may assume that 2f= 3(X) where e3 is a total matric 
algebra. Then W has a subalgebra (3 = Wll+ 12+ 22 = 9)Z2(X) where 9)2 iS the 
total matric algebra of degree two over a. It follows that 65 has a basis 
e, u, v, w over a where e is the unity quantity of 65 and u2 =v2 =w2 = e, uv =pw, 
uw = -pv, vw =pu. Since 65 is a standard algebra it satisfies the identity 
w [x(yz) ] + [(wy)x]z+ [(wz)x]y = (wx) (y) + (wy) (xz) + (wz) (xy). Take y = z 
=u and x=v to obtain w[v(uu)]+2[(wu)v]u=(wv)(uu)+2(wu)(vu). But 
w[v(uu) ] =wv= (wv)(uu) and so [(wu)v]u = (wu)(vu), [p(vv) ]u = (pv)(-pw), 
(p+p3)u=O, p(l+p2)=0. If p=O then 65 is a Jordan algebra, X=1/2, 2t is a 
Jordan algebra. If 1+p2=0 then (uv)2 --e and 65 is associative, X =1 and 2t 
is associative. We have proved 

THEOREM 14. A standard simple algebra is either an associative algebra or a 
Jordan algebra. 

8. Problems. We shall close our discussion with a list of some unsolved 
problems of our theory. A major question is that of the existence of simple 
nilalgebras in the class of algebras we have called static algebras. An investi- 
gation of shrinkable non-commutative algebras of low level seems desirable 
and might lead to some interesting new types of algebras. A further study of 
commutative simple algebras also seems desirable. Indeed examples of simple 
power-associative algebras are needed and some may be furniished by a study 
which the author will make of the power-associativity of crossed products and 
some types of crossed extensions. It is desirable to investigate the structure 
of algebras like Lie algebras and, in particular, of all algebras a which are 
flexible, power-associative, and such that W(-) is a semi-simple Lie algebra. 
The type of study which led to our definition of stanldard algebras may evi- 
dently be extended and other forms of Jordan-like identities may yield new 
classes of simple algebras. Finally, it would be desirable to extend the theory 
of standard algebras to rings with chain conditions, an extension not yet made 
even for Jordan algebras. 

THE UNIVERSITY OF CHICAGO, 
CHICAGO, ILL. 
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