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THE FOUNDATION OF THE GENERAL THEORY
OF RELATIVITY

By A, EINSTEIN

A. FUNDAMENTAL CONSIDERATIONS ON THE POSTULATE OF
RevATIVITY

§ 1. Observations on the Special Theory of Relativity

r I AHE special theory of relativity is based on the
following postulate, which is also satisfied by the
mechanics of Galileo and Newton.

If a system of co-ordinates K is chosen so that, in re-
lation to it, physical laws hold good in their simplest form,
the same laws also hold good 1n relation to any other system
of co-ordinates K' moving in uniform translation relatively
to K. This postulate we call the ‘special principle of
relativity.” The word ‘ special ” is meant to intimate
that the principle is restricted to the case when K' has a
motion of uniform translation relatively to K, but that the
equivalence of K' and K does not extend to the case of non-
uniform motion of K’ relatively to K.

Thus the special theory of relativity does not depart from
classical mechanics through the postulate of relativity, but
through the postulate of the constancy of the velocity of light
in vacuo, from which, in combination with the special prin-
ciple of relativity, there follow, in the well-known way, the
relativity of simultaneity, the Liorentzian transformation, and
the related laws for the behaviour of moving bodies and
clocks.

The modification to which the special theory of relativity
has subjected the theory of space and time is indeed far-
reaching, but one importantlgloint has remained unaffected.
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For the laws of geometry, even according to the special theory
of relativity, are to be interpreted directly as laws relating to
the possible relative positions of solid bodies at rest; and, in
& more general way, the laws of kinematics are to be inter-
preted as laws which describe the relations of measuring
bodies and clocks. To two selected material points of a
stationary rigid body there always corresponds a distance of
quite definite length, which isindependent of the locality and
orientation of the body, and is also independent of the time.
To two selected positions of the hands of a clock at rest
relatively to the privileged system of reference there always
corresponds an interval of time of a definite length, which 1s
independent of place and time. We shall soon see that the
general theory of relativity cannot adhere to this simple
physical interpretation of space and time.

§ 2. The Need for an Extesnsion of the Postulate of
Relativity

In classical mechanics, and no less in the special theory
of relativity, there is an inherent epistemological defect which
was, perhaps for the first time, clearly pointed out by Ernst
Mach, We will elucidate it by the following example :—Two
fluid bodies of the same size and nature hover freely in space
at so great a distance from each other and from all other
masses that only those gravitational forces need be taken into
account which arise from the interaction of different parts of
the same body. Let the distance between the two bodies be
invariable, and in neither of the bodies let there be any
relative movements of the parts with respect to one another.
But let either mass, as judged by an observer at rest
relatively to the other mass, rotate with constant angular
velocity about the line joining the masses. This ig & verifi-
able relative motion of the two bodies. Now let us imagine
that each of the bodies has been surveyed by means of
messuring instruments at rest relatively to itself, and let the
surface of S, prove to be a sphere, and that of S, an ellipsoid
of revolution. Thereupon we put the question—What is the
reason for this difference in the two bodies ? No answer can
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be admitted as epistemologically satisfactory,* unless the
reason given is an observable fact of experience. The law of
causality has not the significance of a stalement as to the
world of experience, except when observable facts ultimately
appear as causes and effects.

Newtonian mechanics does not give a satisfactory answer
to this question. It pronounces as follows —The laws of
mechanics apply to the space R,, in respect to which the body
8, is at rest, but not to the space R,, in respect to which the
body S, is at rest. But the privileged space R, of Galileo,
thus infroduced, is & merely factitious canse, and not a thing
that can be observed. It is therefore clear that Newton's
mechanics does not really satisfy the requirement of causality
in the case under consideration, but only apparently does so,
since it makes the factitious cause R, responsible for the ob-
servable difference in the bodies S, and S,.

The only satisfactory answer must be that the physical
system consisiing of 8, and 8, reveals within itself no imagin-
able cause to which the differing behaviour of S; and 8, can
be referred. The cause must therefore lie outside this system.
We have to take it that the general laws of motion, which in
particular determine the shapes of 8, and S,, must be such
that the mechanical behaviour of S; and S, is partly con-
ditioned, in quite essential respects, by distant masses which
we have not included in the system under consideration.
These distant masses and their motions relative to S, and
8, must then be regarded as the seat of the causes (which
must be susceptible to observation) of the different behaviour
of our two bodies 8, and 8,, They take over the réle of the
factitious cause R;. Of all imaginable spaces R,, R,, etc., in
any kind of motion relatively to one another, there is none
which we may look upon as privileged a priors without re-
viving the above-mentioned epistemological objection. The
laws of physics must be of such a nature that they apply to
systems of reference in any kind of motion. Along this road
we arrive at an extension of the postulate of relativity.

In addition to this weighty argument from the theory of

* Of course an answer may be satisfactory from the point of view of episte.
mology, and yet be unsound physically, if it 18 in conflict with other experi-
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knowledge, there is a well-known physical fact which favours
an extension of the theory of relativity. TLiet K be a Galilean
system of reference, i.e. a system relatively to which (at least
in the four-dimensional region under consideration) a mass,
sufficiently distant from other masses, is moving with uniform
motion in a straight line. Let K’ be a second system of
reference which 1s moving relatively to K in uniformly
accelerated translation. Then, relatively to K', a mass
sufficiently distant from other masses would have an acceler-
ated motion such that its acceleration and direction of
acceleration are independent of the material composition and
physical state of the mass.

Doeg this permit an observer at rest relatively to K' to
infer that he is ona “ really ” accelerated system of reference ?
The answer is in the negative; for the above-mentioned
relation of freely movable masses to K’ may be interpreted
equally well in the following way. The system of reference
K' is unaccelerated, but the space-time territory in question
18 under the sway of a gravitations! ficld, which generates the
accelerated motion of the bodics relatively to K.

This view is made possitle for us by the teaching of
experience as to the existence of a field of force, namely, the
gravitational field, which possesses the remarkable property
of imparting the same a-cscleration to all bodies.* The
mechanical behaviour of bodies relatively to K' is the same
as presents itself to experiruce in the case of systems which
we are wont to regard aus “ stationary " or as ¢ privileged.”
Therefore, from the phrsuical standpoint, the assumption
readily suggests itself that the systems K and K’ may both
with equal right be looled upon as * stationary,” that is to
say, they have an equal title as systems of reference for the
physical description of phenomena.

It will be seen from these reflexions that in pursuing the
general theory of relativity we shall be led to a theory of
gravitation, since we are able to ‘‘produce ” a gravitational
field merely by changing the system of co-ordinates. It will
also be obvious that the principle of the constancy of the
velocity of light 7n vacuo must be modified, since we easily

* Totvos has proved experimentally that the gravitational field has this
property in great accuracy.



A. EINSTEIN 115

recognize that the path of a ray of light with respect to K’
must in general be curvilinear, if with respect to K light is,
propagated in a straight line with a definite constant velocity.

§ 3. The Space-Time Continuum. Requirement of General
Co-Variance for the Equations Expressing General
Laws of Nature

In classical mechanics, as well as in the special theory of
relativity, the co-ordinates of space and time have a direct
physical meaning. To say that a point-event has the X, co-
ordinate z, means that the projection of the point-event on the
axis of X, determined by rigid rods and in accordan: . with the.
rules of Euclidean geometry, is obtained by measuring off a
given rod (the unit of length) , times from the origin of co-
ordinates along the axis of X;. To say that a point-event
has the X, co-ordinate z; = ¢, means that a standard clock,
made to measure time in a definite unit period, and which is
stationary relatively to the system of co-ordinates and practic-
ally coincident in space with the point-event,* will have
measured off z, = ¢ perieds at the occurrence of the event,

This view of space and time has always been in the minds
of physicists, even if, as a rule, they have been unconscious
of it. This is clear from the part which these concepts play
in physical measurements; 1t must also have underlain the
reader’s reflexions on the preceding paragraph (§ 2) for
him to connect any meaning with what he there read. But
we shall now show that we must put it aside and replace it
by a more general view, in order to be able to carry through
the postulate of general relativity, if the special theory of
relativity applies to the special case of the absence of a gravi-
tational fleld. -

Inaspace which is free of gravitational fields we introduce
a Galilean system of reference K (z, 7, z, t), and also a system
of co-ordinates K’ (z', ¥, #, t) in uniform rotation relatively
to K. Let the origins of both systems, as well as their axes

* We agsume the possibility of verifying * simultaneity '’ for events im-
mediately proximate in space, or—to speak more precisely—for immediate
proximity or coincidence in space-time, without giving a definition of this
fundamenta! concept.
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of Z, permanently coincide. We shall show that for a space-
fime measurement in the system K' the above definition of
the physical meaning of lengths and times cannot be main-
tained. For reasons of symmetry it is clear that a circle
around the origin in the X, Y plane of K may at the same
time be regarded as a circle in the X', Y’ plane of K. We
suppose that the circumference and diameter of this circle
have been measured with a unit measure infinitely small
compared with the radius, and that we have the quotient of
the two results. If this experiment were performed with a
raeasuring-rod at-rest relatively to the Galilean system K, the
quotient would be . With a measuring-rod at rest relatively
to K', the quotient would be greater than =. This is readily
understood if we envisage the whole process of measuring
from the ““ stationary ' system K, and take into consideration
that the measuring-rod applied to the periphery undergoes
a Liorentzian contraction, while the one applied along the
radius does not. Hence Euclidean geometry does not apply
to K'. The notion of co-ordinates defined above, which pre-
supposes the validity of Euclidean geometry, therefore breaks
down in relation to the system K. 8o, too, we are unable
to introduce a time corresponding to physical requirements
in K, indicated by clocks at rest relatively to K. To
convince ourselves of this impossibility, let us imagine two
clocks of identical constitution placed, one at the origin of
co-ordinates, and the other at the circumference of the
circle, and both envisaged from the “ stationary” system
K. By a familiar result of the special theory of relativity,
the clock at the circumference—judged from K—goes more
slowly than the other, because the former is in motion and
the latter at rest. An observer at the common origin of
co-ordinates, capable of observing the clock at the circum-
ference by means of light, would therefore see it lagging be-
hind the clock beside him. As he will not make up his mind
to let the velocity of light along the path in question depend
explicitly on the time, he will interpret his observations as
showing that the clock at the circumference * really ™ goes
more slowly than the clock at the origin. So he will be
obliged to define time in such a way that the rate of a clock
depends upon where the clock may be.
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‘We therefore reach this result :—In the general theory of
relativity, space and time cannot be defined in such a way
that differences of the spatial co-ordinates can be directly
measured by the unit measuring-rod, or differences in the
time co-ordinate by a standard clock.

The method hitherto employed for laying co-ordinates
into the space-time continuum in a definite manner thus breaks
down, and there seems to be no other way which would allow
us to adapt systems of co-ordinates to the four-dimensional
universe so that we might expect from their application a
particularly simple formulation of the laws of nature. So
there is nothing for it but to regard all imaginable systems
of co-ordinates, on principle, as equally suitable for the
description of nature. This comes to requiring that:—

The general laws of nature are to be expressed by equations
which hold good for all systems of co-ordinates, that is, are
co-variant with respect to any substitutions whatever (generally
co-variant).

It is clear that a physical theory which satisfies this
postulate will also be suitable for the general postulate of
relativity. For the sum of @il substitutions in any case in-
cludes those which correspond to all relative motions of three-
dimensional systems of co-ordinates. That this requirement
of general co-variance, which takes away.from space and
time the last remnant of physical objectivity, is a natural
one, will be seen from the following reflexion. All our
space-time verifications invariably amount to a determination
of space-time coincidences. If, for example, events consisted
merely in the motion of material points, then ultimately
nothing would be observable but the meetings of two or more
of these points. Moreover, the results of our measurings are
nothing but verifications of such meetings of the material
points of our measuring instruments with other material
points, coincidences between the hands of a clock and points
on the clock dial, and observed point-events happening at the
same place at the same time.

The introduction of a system of reference serves no other
purpose than to facilitate the description of the totality of such
coincidences. We allot to the universe four space-time vari-
ables z,, z,, z;, z, in such a way that for every point-event
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there is a corresponding system of values of the variables
z, ...z, To two coincident point-events there corre-
‘sponds one system of values of the variables z, . . . z,, i.e.
coincidence is characterized by the identity of the co-ordinates.
If, in place of the variables ; . . . z,, weintroduce functions
of them, z',, @y, «';, 2y, a5 a new system of co-ordinates, so
that the systems of values are made to correspond to one
another without ambiguity, the equality of all four co-ordin-
ates in the new system will also serve as an expression for
the space-time coincidence of the two point-events. As all
our physical experience can be ultimately reduced to such
coincidences, there is no immediate reason for preferring
certain systems of co-ordinates to others, that is to say, we
arrive at the requirement of general co-variance.

§ 4. The Relation of the Four Co-ordinates to Measure-
ment in Space and Time

It is not my purpose in this discussion to represent the
general theory of relativity as a system that is as simple and
logical as possible, and with the minimum number of axioms;
but my main object is to develop this theory in such a way
that the reader will feel that the path we have entered upon
is psychologically the natural one, and that the underlying
assumptions will seem {c have the highest possible degree
of security. With thiz aim in view let it now be granted
that :— ’

For infinitely sma!l four-dimensional regions the theory
of relativity in the rcsiricted sense is appropriate, if the co-
ordinates are suitably chosen.

For this purpose we must choose the acceleration of the
infinitely small (‘‘local”) system of co-ordinates so that no
gravitational field oceurs; this is possible for an infinitely
small region. Let X, X,, X;, be the co-ordinates of space,
and X, the appertaining co-ordinate of time measured in the
appropriate unit.* If a rigid rod is imagined to be given as
the unit measure, the co-ordinates, with a given orientation
of the system of co-ordinates, have a direct physical meaning

* The unit of time is to be chosen so that the velocity of light wn vacuo as
measured in the ¢ local " system of co-ordinates is to be equal to unity.
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in the sense of the special theory of relativity. By the
special theory of relativity the expression ‘

ds? = - dX] -dX} - dX;+dX, . . @)

then has a value which is independent of the orientation of
the local system of co-ordinates, and is ascertainable by
measurements of space and time. The magnitude of the
linear element pertaining to points of the four-dimensional
continuum in infinite proximity, we call ds. If the ds belong-
ing to the element dX, ... dX, is positive, we follow
Minkowski in calling it time-like ; if it is negative, we call it
space-like.

To the ““linear element " in question, or to the two infin-
itely .proximate point-events, there will also correspond
definite differentials dz, . . . dz, of the four-dimensional
co-ordinates of any chosen system of reference. If this
system, as well as the ““ local "' system, is given for the region
under consideration, the dX, will allow themselves to be
represented here by definite linear homogeneous expressions
of the dzq:—

de = anydwg- . . . . (2)

Inserting these expressions in (1), we obtain

ds? = 3gerdredes, . . . . (3)

where the g, will be functions of the z,. These can no
longer be dependent on the orientation and the state of
motion of the *local” system of co-ordinates, for ds* is a
quantity ascertainable by rod-clock measurement of point-
events infinitely proximate in space-time, and defined inde-
pendently of any particular choice of co-ordinates. The gqr
are to be chosen here so that ger = g-r; the summation is
to extend over all values of ¢ and 7, so that the sum consists
of 4 x 4 terms, of which twelve are equal in pairs.

The case of the ordinary theory of relativity arises out of
the case here considered, if it is possible, by reason of the
particular relations of the gor in a finite region, to choose the
system of reference in the finite region 1n such a way that
the g.r assume the constant values
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-1 0 0 0

0 -1 0 0 .
0 0 -1 of - . . @
0 0 ¢ +1

We shall find hereafter that the choice of such co-ordinates
is, in general, not possible for a finite region.

From the considerations of § 2 and § 3 it follows that
the quantities ¢g-o are to be regarded from the physical stand-
point as the quantities which describe the gravitational
field in relation to the chosen system of reference. For, if
we now assume the special theory of relativity to apply to a
certain four-dimensional region with the co-ordinates properly
chosen, then the gor have the values given in (4). A free
material point then moves, relatively to this system, with
uniform motion in a straight line. Then if we introduce new
space-time co-ordinates z,, z,, x,, z,, by means of any substi-
fution we choose, the go7 in this new system will no longer
be constants, but functions of space and time. At the same
time the motion of the free material point will present itself
in the new co-ordinates as a curvilinear non-uniform motion,
and the law of this motion will be independent of the nature
of the moving particle. 'We shall therefore interpret this
motion as a motion under the influence of a gravitational
field. We thus find the cccurrence of a gravitational field
connected with a space-time variability of the g, . 8o, too,
in the general case, when we are no longer able by a suitable
choice of co-ordinates to apply the special theory of relativity
to a finite region, we shall hold fast to the view that the gqr
describe the gravitational field.

Thus, according to the general theory of relativity, gravi-
tation occupies an exceptional position with regard to other
forces, particularly the electromagnetic forces, since the ten
functions representing the gravitational field at the same time
define the metrical properties of the space measured.

B. MATHEMATICAL, AIDS TO THE FORMULATION OF
GENERALLY COVARIANT EQUATIONS

Having seen in the foregoing that the general postulate
of relativity leads to the requirement that the equations of
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physics shall be covariant in the face of any substitution of

the co-ordinates z, . . . 2, we have to consider how such
generally covariant equations can be found. We now turn

to thig purely mathematical task, and we shall find that inits

solution & fundamental role is played by the invariant ds

given in equation (3), which, borrowing from Gauss's theory

of surfaces, we have called the “linear element.”

The fundamental idea of this general theory of covariants
is the following :—Let certain things (* tensors ) be defined
with respect to any system of co-ordinates by a number of
functions of the co-ordinates, called the * components ™ of
the tensor. There are then certain rules by which these
components can be calculated for a new system of co-ordin-
ates, if they are known for the original system of co-ordinates,
and if the transformation connecting the two systems is
known. The things hereafter called tensors are further
characterized by the fact that the equations of transformation
for their components are linear and homogeneous. Accord-
ingly. all the components in the new system vanish, if they
all vanish in the original system. If, therefore, a law of
nature is expressed by equating all the components of a tensor
to zero, it 1s generally covariant. By examining the laws
of the formation of tensors, we acquire the means of formu-
lating generally covariant laws.

§ 5. Contravariant and Covariant Four-vectors
Contravariant Four-vectors.—The linear element is de-
fined by the four “components” dz,, for which the law of
transformation is expressed by the equation
'y = ng‘;—v"dx, )
The di's are expressed as linear and homogeneous functions
of the dz,. Hence we may look upon these co-ordinate differ-
entials as the components of a ‘“ tensor "’ of the particular
kind which we call a contravariant four-vector. Any thing
which is defined relatively to the system of co-ordinates by
four quantities A", and which is transformed by the same law

e bzlﬂ' v
A7 = EVZDIVA, . . . . (5a)
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we also call a contravariant four-vector. From (5a) it
follows at once that the sums A7 + B” are also components
of a four-vector, if A” and B® are such. Corresponding rela-
tions hold for all “‘tensors” subsequently to be introduced.
(Rule for the addition and subtraction of tensors.)

Covariant Four-vectors—We call four quantities A, the
components of a covariant four-vector, if for any arbitrary
choice of the contravariant four-vector B”

3A, B’ = Invariant . . . (6)

The law of transformation of a covariant four-vector follows
from this definition. For if we replace B* on the right-band
side of the equation

A BT = SABY

by the expression resulting from the inversion of (5a),

2% g

o 0T o

we obtain
SBeS A, - SBUA’

14 vy 0% o '

Since this equation is true for arbitrary values of the B”, it
follows that the law of transformation is

A, =32A, W

Note on a Simplified Way of Writing the Expressions.—
A glance at the equations of this paragraph shows that there
is always a summation with respect to the indices which
occur twice under a sign of summation (e.g. the index v in
(5)), and only with respect to indices which occur twice. It
is therefore possible, without loss of clearness, to omit the sign
of summation. In its place we introduce the convention:—
If an index occurs twice in one term of an expression, it is
always to be summed unless the contrary is expressly stated.

The difference between covariant and contravariant four-
vectors lies in the law of transformation ((7) or (5) respectively).
Both forms are tensors in the sense of the general remark
above. Therein lies their importance. Following Ricei and
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Levi-Civita, we denote the contravariant character by placing
the index above, the covariant by placing it below.

§ 6. Tensors of the Second and Higher Ranks

Contravariant Tensors.—If we form all the sixteen pro-
ducts A* of the components A* and B” of two contravariant
four-vectors

AW = A*BY . . . . (8
then by (8) and (5a) A* satisfies the law of transformation
e Vo2 ®

0xy Oy

We call a thing which is described relatively to any system
of reference by sixteen quantities, satisfying the law of trans-
formation (9), a contravariant tensor of the second rank. Not
every such tensor allows itself to be formed in accordance
with (8) from two four-vectors, but it is easily shown that
any given sixteen A*" can be represented as the sums of the
A*B” of four appropriately selected pairs of four-vectors.
Hence we can prove nearly all the laws which apply to the
tensor of the second rank defined by (9) in the simplest
manner by demonstrating them for the special tensors of the
type (8).

Contravariant Tensors of Any Rank.—1t is clear that, on
the lines of (8) and (9), contravariant tensors of the third and
higher ranks may also be defined with 4* components, and so
on. In the same way it follows from (8) and (9) that the
contravariant four-vector may be taken in this sense as a
contravariant tensor of the first rank,

Covariant Tensors.—On the other hand, if we take the
sixteen products A, of two covariant four-vectors A, and B,,

A.y.y = A“By, . . . - (10)
the law of transformation for these is
, DXy dX,
A. or — S;t‘—” EAF,,’ . - . (11)
This law of transformation defines the covariant tensor of

the second rank. All our previous remarks on contravariant
tensors apply equally to covariant tensors.
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Note.—It is convenient to treat the scalar (or invariant)
both as a contravariant and a covariant tensor of zero rank.
Mized Tensors.—We may also define a tensor of the
second rank of the type
Al =AB . . . . (12

which is covariant with respect to the index u, and contra-
variant with respect to the index v. Itslaw of transforma-
tion is

w0y dzy
A = Ty Vx'e M

Ar L L (9

Naturally there are mixed tensors with any number of
indices of covariant character, and any number of indices of
contravariant character. Covariant and contravariant tensors
may be looked upon as special cases of mixed tensors.

Symmetrical Tensors—A contravariant, or a covariant
tensor, of the second or higher rank is said to be symmetrical
if two components, which are obtained the one from the other
by the interchange of two indices, are equal. The tensor A",
or the tensor A,,, is thus symmetrical if for any combination
of the indices u, v,

AM = A . . . (14)
or respectively,
Ay =A,. . . . . (14a)

It has to be proved that the symmetry thus defined is a
property which is independent of the system of reference.
It follows in fact from (9), when (14) is taken into consider-
ation, that

or _ W Wry o Wy o A4

Tu O T 0Ty dzy bz:ﬂA = AT

The last equation but one depends upon the interchange of
the summation indices x and v, i.e. merely on a change of
notation.

Antisymmetrical Tensors.—A contravariant or a covariant
tensor of the second, third, or fourth rank is said to be anti-
symmetrical if two components, which are obtained the one
from the other by the interchange of two indices, are equal
and of opposite sign. The tensor A*, or the tensor A,,, is
therefore antisymmetriecal, if always
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AW = AL (15)
or respectively, :
A= — A, . . . . (15a)
Of the sixteen components A**, the four components A**
vanish ; the rest are equal and of opposite sign in pairs, so
that there are only six components numerically different (a
six-vector). Similarly we see that the antisymmetrical tensor
of the third rank A* has only four numerically different
components, while the antisymmetrical tensor A**°7 has only
one. There are no antisymmetrical tensors of higher rank
than the fourth in a continuum of four dimensions.

§ 7. Multiplication of Tensors

Quter Multiplication of Tensors.—We obtain from the
components of a tensor of rank n and of a tensor of rank m
the components of a tensor of rank » + m by multiplying
each component of the one tensor by each component of the
other. Thus, for example, the tensors T arise out of the
tensors A and B of different kinds,

Tp.Vd = A;.wBa':
Tpvu"r — AMVBUT,
T = AwB”.

The proof of the temsor character of T is given directly
by the representations (8), (10), (12), or by the laws of trans-
formation (9), (11), (13). The equations {8), (10), (12) are
themselves examples of outer multiplication of tensors of the
first rank.

“ Contraction” of a Mized Tensor.—From any mixed
tensor we may form a tensor whose rank is less by two, by
equating an index of covariant with one of contravariant
character, and summing with respect to this index (“ con-
traction 7). Thus, for example, from the mixed tensor of the
fourth rank A‘;:, we obtain the mixed tensor of the second

rank,
A=Al (= EAZI),

and from this, by a second contraction, the tensor of zero
rank,
A=Ay = AL
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The proof that the result of contraction really possesses
the tensor character is given either by the representation of a
tensor according to the generalization of (12) in combination
with (6), or by the generalization of (13).

Inner and Mized Multiplication of Tensors.—These consist
in a combination of outer multiplication with contraction.

Ezamples.—¥rom the covariant tensor of the second rank
A,y and the contravariant tensor of the first rank B we form
by outer multiplication the mixed tensor

DS, = AuB”.

On contraction with respect to the indices » and o, we obtain
the-covariant four-vector

D, = D, — ALB".

This we call the inner product of the tensors A, and B°.
Analogously we form from the tensors Au, and B®", by outer
multiplication and double contraction, the inner product
A, B". By outer multiplication and one contraction, we
obtain from A,, and B°" the mixed tensor of the second rank
D, = AwB”.  This operation may be aptly characterized as
a mixed one, being ‘‘ outer ”’ with respect to the indices p
and 7, and ‘‘ inner "’ with respect to the indices » and o.

‘We now prove a proposition which is often useful as evi-
dence of tensor character. From what has just been ex-
plained, A,,B* is a scalar if Ay, and B°" are tensors. But
we may also make the following assertion: If A,,B" is
a scalar for any choice of the tensor B*, then A,, has tensor
character. For, by hypothesis, for any substitution,

A’WB'UT = A‘uyB“v.
But by an inversion of (9)

v b.‘l)”, axl’ gT
02’ T,

This, inserted in the above equation, gives

’ hY 31: ,
(A or - b:c# b:z:yA’“")Ba‘r =

This can only be satisfied for arbitrary values of B'" if the
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bracket vanishes. The result then follows by equation (11).
This rule applies correspondingly to tensors of any rank and
character, and the proof is analogous in all cases.

The rule may also be demonstrated in this form: If B*
and C" are any vectors, and if, for all values of these, the
inner product A,B*C”is a scalar, then A,, is a covariant
tensor. This latter proposition also holds good even if only
the more special assertion is correct, that with any choice of
the four-vector B* the inner product A,,B*B”is a scalar, if
in addition it is known that A, satisfies the condition of
symmetry A, = Ay, For by the method given above we
prove the tensor character of (A, + A,.), and from this the
tensor character of A, follows on account of symmetry.
This also can be easily generalized to the case of covariant
and contravariant tensors of any rank.

Finally, there follows from what has been proved, this
law, which may also be generalized for any tensors: If for
any choice of the four-vector B” the quantities A, B’ form a
tensor of the first rank, then A, is a tensor of the second
rank. For, if C* is any four-vector, then on account of the
tensor character of A, B’ the inner product A,B'C* is a
scalar for any choice of the two four-vectors B” and C*.  From
which the proposition follows.

§ 8. Some Aspects of the Fundamental Tensor gy,

The Covariant Fundamental Tensor.—In the invariant
expression for the square of the linear element,

ds® = gwdzudz,,

the part played by the dz, is that of a contravariant vector
which may be chosen at will. Since further, gu = guy, 1t
follows from the considerations of the preceding paragraph
that g,, is a covariant tensor of the second rank. We call
it the *‘ fundamental tensor.” In what follows we deduce
some properties of this tensor which, it is true, apply to any
tensor of the second rank. But as the fundamental tensor
plays a special part in our theory, which bas its physical basis
in the peculiar effects of gravitation, it so happens that the
relations to be developed are of importance to us only in the
case of the fundamental tensor.
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The Contravariant Fundamental Tensor.—If in the deter-
minant formed by the elements g.,, we take the co-factor of
each of the g, and divide it by the determinant g = | g, |,
we obtain certain quantities g#( = g»#) which, as we shall
demonstrate, form a contravariant tensor.

By a known property of determinants

Gueg®® =8 . . . . (16)
where the symbol 8, denotes 1 or 0, according as p = v or
+ v,
Instead of the above expression for ds* we may thus write
Guo®, Az udizy
or, by (16)
JuoGyrg°TATuAT,.

But, by the multiplication rules of the preceding paragraphs,
the gquantities
dEo' = g‘#.rd:v#

form a covariant four-vector, and in fact an arbitrary vector,
since the dz, are arbitrary. By introducing this into our ex-
pression we obtain

ds? = g‘"dfdd E‘r.

Since this, with the arbitrary choice of the vector d&, is a
scalar, and go7 by its definition is symmetrical in the indices
o and 7, it follows from the results of the preceding paragraph
that go7 is a contravariant tensor.

It further follows from (16) that 3, is also a tensor, which
we may call the mixed fundamental tensor.

The Determinant of the Fundamental Tensor.—By the
rule for the multiplication of determinants

| guag® | = [Gua| x | g ].
On the other hand
| guag™ | = | 8] =1L
It therefore follows that
| guw | x | gov] =1 . . . QA7)

The Volume Scalar.—We seek first the law of transfor-
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mation of the determinant ¢ = | g4 |. In accordance with
a1 '
o |
| 3z, 2z, " |

Hence, by a double application of the rule for the multipli-
cation of determinants, it follows that

o | |

0Tyu ATy |D:IZ,,, 2
9= s, ’ 9w | =

3 R R

or
N2

On the other hand, the law of transformation of the element
of volume

7 | 3.’1:,4
Jg - 'bz’a'

dr = Idmldm2dx 24,

is, in accordance with the theorem of Jacobi,

o I V'
| REA

dr dr.

By multiplication of the last two equations, we obtain

Jydr = Jfgdr . . . (18),
Instead of /g, we introduce in what follows the quantity

/- g, which is always real on account of the hyperbolic

character of thespace-time continuum. Theinvariant o/ - gdr
is equal to the magnitude of the four-dimensional element
of volume in the “local "’ system of reference, as measured
with rigid rods and clocks in the sense of the special theory
of relativity.

Note on the Character of the Space-time Continuum.,—Our
assumption that the special theory of relativity can always
be applied to an infinitely small region, implies that ds® can
always be expressed in accordance with (1) by means of real
quantities dX, . . . dX, If wedenote by dr, the “ natural ”’
element of volume dX,, dX,, dX;, dX,, then

dr,= J —gdr . . . (18a)
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If ./ - g were to vanish at a point of the four-dimensional
continuum, it would mean that at this point an infinitely small
“natural ”’ volume would correspond to a finite volume in
the co-ordinates. Let us assume that this is never the case.
Then g cannot change sign. We will assume that, in the
sense of the special theory of relativity, g always has a finite
negative value. This 18 a hypothesis as to the physical
nature of the continuum under consideration, and at the same
time a convention as to the choice of co-ordinates.

Butif - gisalways finite and positive, it is natural to settle
the choice of co-ordinates a postertori in such a way that this
quantity is always equal to unity. We shall see later that
by such a restriction of the choice of co-ordinates it is possible
to achieve an important simplification of the laws of nature.

In place of (18), we then have simply dv' = dr, from
which, in view of Jacobi's theorem, it follows that

| 324
| 3z,

(19)

Thus, with this choice of co-ordinates, only substitutions for
which the determinant is unity are permissible.

But it would be erroneous to believe that this step indicates
a partial abandonment of the general postulate of relativity.
‘We do not ask ‘ What are the laws of nature which are co-
variant in face of all substitutions for which the determinant
1s unity ?” but our question is ** What are the generally co-
variant laws of nature ?” It iz not until we have formulated
these that we simplify their expression by a particular choice
of the system of reference.

The Formation of New T'ensors by Means of the Funda-
mental Tensor.—Inner, outer, and mixed multiplication of a
tensor by the fundamental tensor give tensors of different
character and rank. For example,

The following forms may be specially noted :—

A" = gragrBhg,
Ap = guagvpA®™®



‘A. EINSTEIN 181

(the “ complements "’ of covariant and contravariant tensors
respectively), and
Buy = gusgAap.

We call By, the reduced tensor associated with A,,. Similarly,
B* = guvg.gA®h

It may be noted that ge» is nothing more than the comple-
ment of g, since

grag"igap = gred, = gr.

§ 9. The Equation of the Geodetic Line. The Motion of a
Particle

As the linear element ds is defined independently of the
system of co-ordinates, the line drawn between two points P
and P’ of the four-dimensional continuum in such a way that
{ds is stationary—a geodetic line—has a meaning which also
is independent of the choice of co-ordinates. Its equation is

pr
8[ ds = . . . . (20)
P

Carrying out the variation in the usual way, we obtain
from this equation four differential equations which define the
geodetic line ; this operation will be inserted here for the sake
of completeness. ILiet A be a function of the co-ordinates z,,
and let this define a family of surfaces which intersect the
required geodetic line as well as all the lines in immediate
proximity to it which are drawn through the points P and P
Any such line may then be supposed to be given by expres-
sing its co-ordinates z, as functions of A. Let the symbol &
indicate the transition from a point of the required geodetic
to the point corresponding to the same A on a neighbouring
line. Then for (20) we may substitute

-[:Sm -0 1 ... (208)

But since
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1(1 3g,, dz, dz, dz, (A,
Sw = «Z{Q o, @ ax %ot g“”?ifa(dx»’
dzx, d
(%) = ;)

we obtain from (20a), after a partial integration,

and

j " s Sod = 0,
A1
where

a {g,w da:,‘} 1 g, dz, dz,
w dr

ko = o ~ %wie, ax an - (20b)

Since the values of 8z, are arbitrary, it follows from this that

ke=0 . . . . (20¢c)

are the equations of the geodetic line.

If ds does not vanish along ths geodetic line we may
choose the “ length of the arc " s, measured along the geodetic
line, for the parameter . Then 2 = 1, and in place of (20c)
we obtain

d’z, W A% d2p _ 1 dgu dzu dos _
Iu s? + 0, ds ds 2dz, ds ds
or, by a mere change of notation,

dz, dz, dz,
orgez * ol f===0 .. (20d)

where, following Christoffel, we have written

_ 13 39w  Oguw
[l‘“” U] s 2( b.’l;,, + bm“ - E) . . (21)

Finally, if we multiply (20d) by g~ (outer multiplication with
respect to T, inner with respect to ¢), we obtain the equations
of the geodetic line in the form

d’z, dz, dz, _
ge TlnTigEor=0. . (22)

where, following Christoffel, we have set

{/‘l’”x ’T} = g"[p,y, 0.] . . . (23)
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§ 10. The Formation of Tensors by Differentiation

‘With the help of the equation of the geodetic line we can
now easily deduce the laws by which new tensors can be
formed from old by differentiation. By this means we are
able for the first time to formulate generally covariant
differential equations. We reach this goal by repeated appli-
cation of the following simple law :—

If in our continuum a curve is given, the points of which
are specified by the arcual distance s measured from a fixed
point on the curve, and if, further, ¢ is an invariant function
of space, then d¢/ds is also an invariant. The proof lies in
this, that ds is an invariant as well as d¢.

As
dp ¢ dz,.
ds dz, ds
therefore
__ ¢ dz,
¥ = dz, ds

is also an invariant, and an invariant for all curves starting
from a point of the continuum, that is, for any choice of the
vector dz,. Hence it immediately follows that
_ ¢
A, = >, . . . . (24)
is & covariant four-vector—the ““ gradient ” of ¢.
According to our rule, the differential quotient
_
X~ qs
taken on a curve, is similarly an invariant. Inserting the
value of 4, we obtain in the first place
_ ¢ dz,dz, + ¢ d'z,
X dr,dzr, ds ds  dx, dst’
The existence of a tensor cannot be deduced from this forth-
with. But if we may take the curve along which we have
differentiated to be a geodetic, we obtain on substitution for
d*z,/ds? from (22),
hE dd \dz, dz,
X = ( ¢ - {,U'V) 7-}_?i.> £

d3,01, dr,/ ds ds

ds ds’
Since we may interchange the order of the differentiations,
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and since by (23) and (21) {u», 1} is symmetrical in 4 and »,
.1t follows that the expression in brackets is symmetrical in u
and v. Since a geodetic line can be drawn in any direction
from a.point of the continuum, and therefore dz,/ds is a four-
vector with the ratio of its components arbitrary, it follows
from the results of § 7 that

2
A, = 28

dz 0T,

_Wﬂ%.. . (25)

18 & covariant tensor of the second rank. 'We have therefore
come to this result: from the covariant tensor of the first

rank
%%
A, = oz,
we can, by differentiation, form a covariant tensor of the

second rank

2A
Ao =300 =l A . (29)

We call the tensor A,, the *“ extension ” (covariant derivative)
of the tensor A, In the first place we can readily show that
the operation leads to a tensor, even if the vector A, cannot

be represented as a gradient. To see this, we first observe
that

oz,

is a covariant vector, if 4 and ¢ are scalars. The sum of
four such terms "
1
8. = \[r(”qba( ) + .4+ .+ «lr("ba(i“,

is also a covariant vector, 1f P, 90 ., ¢ are scalars.
But it is clear that any covariang vector can be represented
in the form 8,. For, if A, is a vector whose components are
any ygiven functions of the z,, we have only to put (in terms
of the selected system of co-ordinates)

11’“) = Al: ¢U) = zlv

11,(2) = Az» ¢(2) = Ty,

YO = Ay, O = a,

YO = Ay, ¢ = g,

in order to ensure that-S, shall be equal to A,.




A. EINSTEIN 135

Therefore, in order to demonstrate that A,, is a tensor if
any covariant vector is inserted on the right-hand side for A,,
we only need show that this is so for the vector S,. But for
. this latter purpose it is sufficient, as a glance at the right-
hand side of (26) teaches us, to furnish the proof for the case

g2
A = ‘wa,.'
Now the right-hand side of (25) multiplied by +,
o? 0
Vo — gL

32,07,

i8 & tensor. Similarly
2y 3

dr, oz,

being the outer product of two vectors, is & tensor. By ad-
dition, there follows the tensor character of

(P at) - b (v 5E)

As a glance at (26) will show, this completes the demon-
stration for the vector

3z,
and consequently, from what has already been proved, for any
vector A,.

By means of the extension of the vector, we may easily
define the “extension” of a covariant tensor of any rank.
This operation is a generalization of the extension of a vector.
We restrict ourselves to the case of a tensor of the second
rank, since this suffices to give a clear idea of the law of
formation.

As has already been observed, any covariant tensor of the
second rank can be represented * as the sum of tensors gf the

* By outer multiplication of the vector with arbitrary components A;;, Aq,
A4 Ay, by the vector with components 1, 0,0, 0, we produce a tenmsor with

components
All AH Als Au
0 0 0 [
0 0 0 0
0 0 0 0.

By the addition of four tensors of this type, we obtain the tensor A, with any
ssigned components.
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type A,B,. It will therefore be sufficient to deduce the ex-
. pression for the extension of a tensor of this special type.
By (26) the expressions

24,

5‘5; - {a',“': T}Aﬂ
3B,
7. {ov, T} B,

are tensors. On outer multiplication of the first by B,, and
of the second by A,, we obtain in each case a tensor of the
third rank. By adding these, we have the tensor of the third
rank

A,

Ao = dz

— {om, TIA, — {ev, THAur . . @n

where we have put A,, = A,B,. As the right-hand side
of (27) is linear and homogeneous in the A,, and their first
derivatives, this law of formation leads to a tensor, not only
in the case of a tensor of the type A,B,, but also in the case
of a sum of such tensors, ie. in the case of any covariant
tensor of the second rank. ‘e call A,,, the extension of the
tensor A,

It is clear that (26) and (24) concern only special cases
of extension (the extensiorn. of the tensors of rank one and
zero respectively).

In general, all special laws of formation of tensors are in-
cluded in (27) in combination with the multiplication of
tensors.

§ 11. Some Cases of Special Importance

The Fundamental Tensor.—We will first prove’ some
lemmas which will be useful hereafter. By the rule for the
differentiation of determinants

dg = g*gdgu = — Gugdg*” .. (28)

The last member is obtained from the last but one, if we bear
in mind that g.g** = &, so that g,g* = 4, and conse-
quently

Iwdg*” + g*dgu, = 0.
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From (28), it follows that

1 /-9 _ %MOg(— 9
-9 A0z, Az,

Further, from g..g** = &, it follows on differentiation that
Juodg™® = — y"’dgu}

e
=t 2 - &gw (29>

dg*° Y (30)

gl"sz_'\— = =4 Az,
From these, by mized multiplication by ¢°* and g.a re-

spectively, and a change of notation for the indices, we have

dge = — greg*® dgap
M e up Oas (31)
d, 9*9 dz

and
AJuy = — Guarp dg** 32
v og°B
R, gﬂagVﬁ_awa_

The relation (31) admits of a transformation, of which we
also have frequently to make use. From (21)

bbi‘:ﬂ = [G.O': B] + [/30', a,] s A . (33)

Inserting this in the second formula of (31), we obtain, in
view of (23)
P ad
0T,

Substituting the right-hand side of (34) in (29), we have

= - o, - grire W . - (39)

1 a\/ -9 _ ¢
N il o R D
The * Divergence” of a Contravariant Vector.—If we
take the inner product of (26) by the contravariant funda-
mental tensor g#*, the right-hand side, after a transformation
of the first term, assumes the form

_b~ v - a Ta bg““ b_gﬁ - bg’“’) v
b:z:,,(g,l Au) - Ax 2z, - 19 ( dz, * AT, g**As
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In accordance with (31) and (29), the last term of this ex-
pression may be written

dg™ g™ 1 W/ -9,
%EAT + ébz,‘ T+ ‘\/——_——g bza g" A-r-
As the symbols of the indices of summation are immaterial,
the first two terms of this expression cancel the second of the
one above. If we then write g®*Au = A’ s0 that A" like A,
1s an arbitrvary vector, we finally obtain

1 >, —,

ﬁ-b_x_,(“/ - gA"). . . (38)

This scalar is the divergence of the contravariany vector A",
The *“ Curl” of a Covariant Vector—The second term in

(26) is symmetrical in the indices x and v. Therefore

A, - A, is a particularly simply constructed antisym-

metrical tensor. We obtain

DA, _ A,
oz, 0T,

wy =

(36)

Antisymmetrical Eaztension of a Siz-vector—Applying
(27) to an antisymmetrical tensor of the second rank A,
forming in addition the two equations which arise through
cyclic permutations of the indices, and adding these three
equations, we obtain the tensor of the third rank

a 4 va T,

Buvo = Ao + oo+ A = 2+ %‘;7 s Yo
which it is easy to prove is antisymmetrical.

The Divergence of a Siz-vector.—Taking the mixed pro-
duct of (27) by g#*¢g*®, we also obtain a tensor. The first
term on the right-hand side of (27) may be written in the
form

(37)

g8

dghe
S, e = 9 g

AT,

d
Sz, 0 9PAw) - g A

If we write A% for guagvBA,,, and A" for gragvBA,,, and in
the transformed first term replace

bgvﬁ bgﬂ.ﬂ
—S_Il;; and —a—;;
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by their values as given by (34), there results from the right-

hand side of (27) an expression consisting of seven terms, of
which four cancel, and there remains

Auﬂ _ BA“‘S

Tz,

+ {oy, a}A® + {oy, BIA. . (38)

This is the expression for the extension of a contravariant
tensor of the second rank, and corresponding expressions for
the extension of contravariant temsors of higher and lower
rank may also be formed.

‘We note that in an analogous way we may also form the
extension of a mixed tensor :—

AL, = ”;:u ~fow DA® 4 {or, a}AL . . (89)
On contracting (38) with respect to the indices 8 and o
(inner multiplication by 83), we obtain the vector

22k (B, BIAY + (B, alA™

On account of the symmetry of {By, a} with respect to the in-
dices B and vy, the third term on the right-hand side vanishes,
if A*® is, as we will assume, an antisymmetrical tensor. The
second term allows itself to be transformed in accordance
with (29a). Thus we obtain

Arm L1 W/ -gA®) g
-9 ozg
This is the expression for the divergence of a contravariant
six-vector.
The Divergence of a Mixed Tensor of the Second Rank.—
Contracting (39) with respect to the indices a and o, and

taking (29a) into consideration, we obtain )

Atl

= GA = W gA“) {om T/ = gAT . (41)

If we introduce the contravariant tensor A*” = gr7A7 in the
last term, it assumes the form

= [op pl/ - gAee.
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If, further, the tensor Are is symmetrical, this reduces to

. _ bgPU’ pu'
1}‘/ ba:“ TR
Had we introduced, instead of Af’, the covariant tensor
Aps = gpaosA°f, which is also symmetrical, the last term, by
virtue of (31), would assume the form

_D po
%N/ - g a‘,L. APU'

In the case of symmetry in question, (41) may therefore be
replaced by the two forms

Tk = ML) e (4t

bz#

— 2/ - gA ) —
eI AL R AN YD
which we have to employ later on.

§ 12. The Riemann-Christoffel Tensor

‘We now seek the tensor which can be obtained from the
fundamental tensor alone, by differentiation. At first sight
the solution seems obvious. We place the fundamental
tensor of the g,, in (27) instead of any given tensor A,,, and
thus have a new tensor, namely, the extension of the funda-
mental tensor. But we easily convince ourselves that this
extension vanishes identically. We reach our goal, however,
in the following way. In (27) place

A
AI-"‘ = 355 - {/“V: P}Am

ie. the extension of the four-vector A,.. Then (with a some-

what different naming of the indices) we get the tensor of the

third rank
A2A,

04, A,
Awer = 5557 = {wo, Pz = bm plzt

A,
Zeo oT, P}&:

+ [ - 5%_{#0', pt + {ut, allac, p} + {or, a}l{oy, P}]Ap-
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This expression suggests forming the tensor A, — Auro.
For, if we do so, the following terms of the expression for
A, ,r cancel those of A,., the first, the fourth, and the
member corresponding to the last term in square brackets ;
because all these are symmetrical in o and v. The same
holds good for the sum of the second and third terms. Thus
we obtain

A-ua‘r - Ap.ra‘ = Bfer,, . . . (42)

where

0 0
Bﬁvr = - E{FLU) P} + 5‘;{:“‘71 P} - {/‘LU’ a}{aT) P}

+ {u7, alfac, p} (43)

The essential feature of the result is that on the right side of
(42) the A, occur alone, without their derivatives. From the
tensor character of Ausr — Aure In conjunction with the fact
that A, is an arbitrary vector, il follows, by reason of § 7,

that Bf _ is a tensor (the Riemann-Christoffel tensor).

The mathematical importance of this tensor is as follows :
If the continuum is of such a nature that there is a co-ordinate
gystem with reference to which the g,.. are constants, then

all the B, vanish. If we choose any new system of co-
ordinates in place of the original ones, the g, referred

thereto will not be constants, but in consequence of its tensor

nature, the transformed components of B, will still vanish
in the new system. Thus the vanishing of the Riemann
tensor is a necessary condition that, by an appropriate choice
of the system of reference, the g,, may be constants. In our
problem this corresponds to the case in which,* with a
suitable choice of the system of reference, the special
theory of relativity holds good for a finite region of the
continuum.

Contracting (43) with respect to the indices v and p we
obtain the covariant tensor of second rank

* The mathematicians have proved that this is algo & sufficient condition,
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Guw =B, =R. + S.

wp

where
b}
Ru = - A, a} + {ua, B} B, a} (44)
_Dlog/ -9 dlog/ -g
S = g, T

Note on the Choice of Co-ordinates.—It has already been
observed in § 8, in connexion with equation (18a), that the
choice of co-ordinates may with advantage be made so that
o/ -g=1 A glance at the equations obtained in the last
two sections shows that by such a choice the laws of forma-
tion of tensors undergo an important simplification. This
applies particularly to G., the tensor just developed, which
plays a fundamental part in the theory to be set forth. For
this specialization of the choice of co-ordinates brings about
the vanishing of 8,,, so that the tensor G,, reduces to R,,.

On this account I shall hereafler give all relations in the
simplified form which this specialization of the choice of co-
ordinates brings with it. It will then be an easy matter to
revert to the generally covariant equations, if this seems
desirable in a special case.

C. THEORY OF THE GRAVITATIONAL FIELD

§ 13. Equations of Motion of a Material Point in the
Gravitational Field. Expression for the Field-com-
ponents of Gravitation

A freely movable body not subjected to external forces
moves, according to the special theory of relativity, in a
straight line and uniformly. This is also the case, according
to the general theory of relativity, for a part of four-di-
mensional space in which the system of co-ordinates K;, may
be, and is, so chosen that they have the special constant
values given in (4).

If we consider precisely this movement from any chosen
system of co-ordinates K;, the body, observed from K,, moves,
according to the considerations in § 2, in a gravitational field.
The law of motion with respect to K, resulte without diffi-
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culty from the following consideration. With respect to K,
the law of motion corresponds to a four-dimensional straight
line, ie. to a geodetic line. Now since the geodetic line
.is defined independently of the system of reference, its
equations will also be the equation of motion of the material
point with respect to X;. If we set

1":” = — {uv, 7| . . . (45)
the equation of the motion of the point with respect to K,
becomes

ds® e ds ds

d’z, . dz, dz, (46)

‘We now make the assumption, which readily suggests itself,
that this covariant system of equationsalso defines the motion
of the point in the gravitational field in the case when there
is no system of reference K,, with respect to which the
special theory of relativity holds good in a finite region.
‘We have all the more justification for this assumption as (46)
contains only first derivatives of the g,,, between which even
in the special case of the existence of K, no relations sub-
sist.*

If the I';, vanish, then the point moves uniformly in a
straight line. These quantities therefore condition the devi-
ation of the motion from uniformity. They are the com-
ponents of the gravitational field.

§ 14. The Field Equations of Gravitation in the Absence
of Matter

We make a distinction hereafter between ‘¢ gravitational
field ” and ‘‘ matter ” in this way, that we denote everything
but the gravitational field as “ matter.” Our use of the word
therefore includes not only matter in the ordinary sense, but
the electromagnetic field as well.

Our next task is to find the field equations of gravitation
in the absence of matter. Here we again apply the method

* It is only between the second (mnd first) derivatives that, by § 12, the
relations B? __ = 0 subsist.
noT
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employed in the preceding paragraph in formulating the
“equations of motion of the material point. A special case in
which the required equations must in any case be satisfied is
that of the special theory of relatiwity, in which the 4., have
certain constant values. Let this be the case in a certain
finite space in relation to a definite system of co-ordinates K,.
Relatively to this system all the components of the Riemann
tensor B ?  defined in (43), vanish. For the space under
consideration they then vanish, also in any other system of
co-ordinatcs.

Thus the required equations of the matter-free gravita-

tional field must in any case be satisfied if all B f  vanish.
But this condition goes too far. For it is clear that, e.g., the
gravitational field generated by & material point inits environ-
ment certainly cannot be ‘ transformed away " by any choice
of the system of co-ordinates, i.e. it cannot be transformed to
the case of constant g,..

This prompts us to require for the matter-free gravitational

field that the symmetrical tensor G,.,, derived from the tensor
B/, shall vanish. Thus we obsaln ten equations for the ten
quantities g,,, which are satisfied in the special case of the
vanishing of all B,,. With the choice which we have made

of a system of co-ordinates, and taking (44) into considera-
tion, the equations for the matter-free field are

or,, 8
bz: + Iplh. = O}

N-g=1
It must be pointed out that there is only a minimum of
arbitrariness in the choice of these equations. For besides
G, there 18 no tensor of second rank which is formed from
the g,., and its derivatives, contains no derivations higher than

second, and is linear in these derivatives.®
These equations, which proceed, by the method of pure

(47)

* Properly speaking, this can be affirmed only of the tensor
G“v + Agwg“ﬂGaB,
where A is a constant. If, however, we set this tensor = 0, we come back again
to the equations le = 0.
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mathematics, from the requirement of the general theory of
relativity, give us, in combination with the equations of
motion (46), to a first approximation Newton's law of at-
traction, and to a second approximation the explanation of
the motion of the perihelion of the planet Mercury discovered
by Leverrier (as it remains after corrections for perturbation
have been made). These facts must, in my opinion, be
taken as a convincing proof of the correctness of the theory.

§ 15. The Hamiltonian Function for the Gravitational
Field. Laws of Momentum and Energy

To show that the field equations correspond to the laws of
momentum and energy, it is most convenient to write them
in the following Hamiltonian form :—

adeT -0

H =g I,Ty, (7a)

~o-g=1
where, on the boundary of the finite four-dimensional region
of integration which we have in view, the variations vanish.

‘We first have to show that the form (47a) is equivalent
to the equations (47). For this purpose we regard H as a

function of the g#¥ and the g*’ (= dg#*/dz.).
Then in the first place

8H = I'zI%, 8g» + 29w Teg8T%,

= — T5I% 8g% + 2T%, §(g#Th,).

5(gw1ya) - - ,}5[gwgm(9@ + Yo _ 3—1:)]

dx, oz,

But

The terms arising from the last two terms in round brackets
are of different sign, and result from each other (since the de-
nomination of the summation indices is immaterial) through
interchange of the indices x and B. They cancel each other
in the expression for 8H, because they are multiplied by the
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quantity I, which is symmetrical with respect to the in-
dices p and B. Thus there remains only the first term in
round brackets to be considered, so that, taking (31) into ac-
count, we obtain

SH = - I%IS.8g" + I'igsgh?.

Thus
H
g = = #ﬂr‘su
H ., . . . (48)
Dg’” = By

Carrying out the variation in (47a), we get in the first place
D H\ 2H
bz,(ag:") i

=0, . . . (47b)

which, on account of (48), azrees with (47), as was to be
proved.

If we multiply (47b) by g";, then because

bg:v ag:v

Oty T,

and, consequently,

RIVE): SR e : R
4 E(ag:") - bza( " bg:"> o™ s

we obtain the equation

d / OH 2H
E(gﬁ Bgf”) T d. 0
or*
%
0% - L L (49)
- 2t = 97— — §,H
ng:V (-

where, on account of (48), the second equation of (47), and
(34)

wty = 3829 6, = g™ T5. T . . (50)

* The reason for the introduction of the factor — 2« will be apparent later.
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It is to be noticed that ¢% is not a tensor; on the other
hand (49) applies to all systems of co-ordinates for which
A/ - g = 1. This equation expresses the law of conservation
of momentum and of energy for the gravitational field.
Actually the integration of this equation over a three-
dimensional volume V yields the four equations

d

dz,

where I, m, n denote the direction-cosines of direction of the

inward drawn normal at the element dS of the bounding sur-

face (in the sense of Huclidean geometry). We recognize in

this the expression of the laws of conservation in their usual

form. The quantities ¢7 we call the * energy components ”
of the gravitational field.

I will now give equations (47) in a third form, which is
particularly useful for a vivid grasp of our subject. By
maultiplication of the field equations (47) by g»* these are ob-
tained in the ‘“ mixed ” form. Note that

vabI‘:V 0 ( vo ) bgva‘ *
gbza::Egm“_SZFv’
which quantity, by reason of (34), is equal to
3z, ( L ) ~ 9Tl - gfTaT,

jt;dv - Iut; +mf 4+ n)dS. . (49a)

or (with different symbols for the summation indices)
d
E(Q”’ﬂs) ~ gPTyI%, - g Tusls,,

The third term of this expression cancels with the one aris-
ing from the second term of the field equations (47); uslng
relation (50), the second term may be written

( w = ésnt):
where £ = ¢;. Thus instead of equations (47) we obtain
b a T
) e

o1 (61)
g =
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§ 16. The General Form of the Field Equations of
Gravitation
The field equations for matter-free space formulated in
15 are to be compared with the field equation
‘ p q

Vp = 0

of Newton’s theory. We require the equation corresponding
to Poisson’s equation
Vi = dmep,

where p denotes the density of matter.

The special theory of relativity has led to the conclusion
that inért mass is nothing more or less than energy, which
finds its complete mathemamcal expression In a symmetrical
tensor of second rank, the energy-tensor. Thus in the
general theory of relativity we must introduce a correspond-

ing energy-tensor of matter T, which, like the energy-com-
ponents ¢, [equations (49) and (50)] of the gravitational field,
will have mixed character, but will pertain to a symmetrical
covariant tensor.*

The system of equation (51) shows how this energy-tensor
(corresponding to the density p in Poisson’s equation) is to
be introduced into the tield equations of gravitation. For if
we consider a complete system (e.g. the solar system), the
total mass of the system, and therefore its total gravitating
action as well, will depend on the total energy of the system,
and therefore on the ponderable energy together with the
gravitational energy. This will allow itself to be expressed
by introducing into (51), in place of the energy-components
of the gravitational field alone, the sums ¢; + T} of the energy-
components of matter and of gravitational field. Thus instead
of (61) we obtain the tensor equation

b @ a 4 o
a_xa(gvﬂTl*B) = - /c[(t“ + Tu) - ésn(t + T)],
N-g=1

where we have set T = T} (Laue’s scalar). These are the

(52)

*gar T3 = Tor and goBTS = Tef are to be symmetrical tensors.
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required general field equations of gravitation in mixed form.
‘Working back from these, we have in place of (47)
b a a I
—-D_ZZ;PM + FPBPVa = - K(Tnv - Jfg;wT)y} . (53)
v—g=1
It must be admitted that this introduction of the energy-
tensor of matter is not justified by the relativity postulate
alone. For this reason we have here deduced it from the
requirement that the energy of the gravitational field shall
act gravitatively in the same way as any other kind of energy.
But the strongest reason for the choice of these equations
lies in their consequence, that the equations of conservation
of momentum and energy, corresponding exactly to equations

(49) and (49a), bold good for the components of the total
energy. This will be shown in § 17.

§ 17. The Laws of Conservation in the General Case

Equation (52) may readily be transformed so that the
second term on the right-hand side vanishes. Contract (52)
with respect to the indices p and o, and after multiplying the

resulting equation by 487, subtract it from equation (52).
This gives

d a L4 o o

(97T — 48ITS) = - k(tl+ TD). . (520)

On this equation we perform the operation 3/d2,. We have

i s ) O T g ar(0Fur , s _ dup
bzubz,<g r "") = - ’}azaax,[g "9 A(a?,s 3. 55{)]‘
The first and third terms of the round brackets yield con-
tributions which cancel one another, as may be secen by
interchanging, in the contribution of the third terra, the
summation indices a.and ¢ on the one hand, and 8 and X
on the other. The second term may be re-modeiled by (31),

so that we have

d? < ) b3gaﬂ
o8 = -
PRTACASIT Yioeen, 0 0 O

The second term on the left-hand side of (52a) yields in the
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first place

- 1}b:z:f;:.::,“<g ABI‘:”)

bk A g 0gsg 391\3)]
Bpad{ ZJOA P A Ak &
ibxa a:,.[g g dxg + dz), g / 1

or

‘With the choice of co-ordinates which we have made, the
term deriving from the last term in round brackets disappears
by reason of (29). The other two may be combined, and
together, by (31), they give

3yaf
- .]_,—___a g ]
0L, 00T,

8o that in consideration of (54), we bave the identity
bk - .1
Sosa(9#Tes = BPRT5) =0 . . (55)
From (55) and (52a), it follows that

Ats + T, o
e -

(56)

Thus it results from our field equations of gravitation
that the laws of conservation of momentum and energy are
satisfied. This may be seen most easily from the consider-
ation which leads to equation (49a); except that here, instead
of the energy components t° of the gravitational field, we have
to introduce the totality of the energy components of matter
and gravitational field.

§ 18. The Laws of Momentum and Energy for Matter, as
a Consequence of the Field Equations
Multiplying (58) by dg#/dz,, we obtain, by the method
adopted in § 15, in view of the vanishing of
g™
g“"_bga:_,'
the equation

A dgr
7+ T. =0,
Oy %tw, w
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or, in view of (56),

Moy 30T, =0 . . . (57
dx, AT,

Comparison with (41b) shows that with the choice of
gystem of co-ordinates which we have made, this equation
predicates nothing more or less than the vanishing of di-
vergence of the material energy-tensor. Physically, the
occurrence of the second term on the left-hand side shows
that laws of conservation of momentum and energy do not
apply in the strict sense for matter alone, or else that they
apply only when the g** are constant, i.e. when the field in-
tensities of gravitation vanish. This second term is an ex-
pression for momentum, and for energy, as transferred per
unit of volume and time from the gravitational field to matter.
This is brought out still more clearly by re-writing (57) in the
sense of (41) as

AT .
o = S o SN )

The right side expresses the energetic effect of the gravita-
tional field on matter.

Thus the field equations of gravitation contain four con-
ditions which govern the course of material phenomena.
They give the equations of material phenomena completely,
if the latter is capable of being characterized by four differ-
ential equations independent of one another.*

D. MATERIAL PHENOMENA

The mathematical aids developed in part B enable us
forthwith to generalize the physical laws of matter (hydro-
dynamics, Maxwell's electrodynamics), as they are formulated
in the special theory of relativity, so that they will fit jn with
the general theory of relativity. When this is done, the
general principle of relativity does not indeed afford us a
further limitation of possibilities ; but it makes us acquainted
with the influence of the gravitational field on all processes,

*On this question cf. H. Huilbert, Nachr. d. K. Gesellsch. d. Wiss. zu
Gottingen, Math.-phys. Klasse, 1915, p. 3.
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without our having to introduce any new hypothesis what-
ever.

Hence 1t comes about that it 18 not necessary to introduce
definite assumptions as to the physical nature of matter (in
the narrower sense). In particular it may remain an open
question whether the theory of the electromagnetic field in
conjunction with that of the gravitational field furnishes a
sufficient basis for the theory of matter or not. The general
postulate of relativity is unable on principle to tell us anything
about this. It must remain to be seen, during the working
out of the theory, whether electromagnetics and the doctrine
of gravitation are able in collaboration to perform what the
former by itself is unable to do.

§ 19. Eulet’s Equations for a Frictionless Adiabatic Fluid

Let p and p be two scalars, the former of which we call
the ‘ pressure,” the lalter the *‘ density ” of a fluid; and let
an equation subsist between them. Let the contravariant
symmetrical tensor
dz, drg
ds ds

T = — g*fp + p (58)

be the contravariant energy-tensor of the fluid. To it belongs
the covariant tensor

dz, d.’l)s

Tu = = Gup + Gufusgy o P - - (588)
as well as the mixed tensor *
dzg dz.
To= - 8P+ gog ggr - )

Inserting the right-hand side of (58b) in (57a), we obtain the
Eulerian hydrodynamical equations of the general theory of
relativity. They give, in theory, a complete solution of the
problem of motion, since the four equations (57a), together

* For an observer using a System of reference in the sense of the special
theory of relativity for an infinitely small region, and moving with it, the
density of energy Tz equals p — p. This gives the definition of p. Thus p is
not constant for an incompressible fluid.
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with the given equation between p and p, and the equation
dze dzg _

9e8Gs ds

are sufficient, g.g being given, to define the six unknowns

dz; dzs dzg dz,
PP gs G5’ ds’ ds

1,

If the g, are also unknown, the equations (53) are
brought in. These are eleven equations for defining the ten
functions g,,, so that these functions appear over-defined.
We must remember, however, that the equations (57a) are
already contained in the equations (53), so that the latter
represent only seven independent equations. There is good
reason for this lack of definition, in that the wide freedom of
the choice of co-ordinates causes the problem: to remain
mathematically undefined to such a degree that three of the
functions of space may be chosen at will*

§ 20. Maxwell’'s Electromagnetic Field Equations for Free
Space

Let ¢, be the components of a covariant vector—the
electromagnetic potential vector. From them we form, in
accordance with (36), the components Fys of the covariant
six-vector of the electromagnetic field, in accordance with
the system of equations

_ 2 _ 3,
By = 500 - 32t L (59)

It follows from (59) that the system of equations

o, 3., OF,

dz, dz, 0z, =0 ) - (60)

is satisfied, its left side being, by (87), an antisymmetrical
tensor of the third rank. System (60) thus contains essenti-
ally four equations which are written out as follows:—

* On the abandonment of the choice of co-oxrdinates with g = — 1, there
remain four functions of space with liberty of choice, corresponding to the four
arbitrary functions at our disposal in the choice of co-ordinates.
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3, | 0F, | 0F, W

25, " oz T oz °

2y | 2y Wy _

0z, dxg 9T, (60a)
bF41 + bFlZ + bF24 _ O?

0z, %z, dw,

dFy, | 3, | 3Fy

3%y oz, * dr, 0

This system corresponds to the second of Maxwell’s
systems of equations. 'We recognize this at once by setting

Fzs = Hg, Fu = Ex
F31 = H!/r F24 = Ey (61)

F12 = H, FM =B,
Then in place of (60a) we may sef, in the usual notation of
three-dimensional vector analysis,

MM
-5 = curl E} (60b)
divH =0

We obtain Maxwell’s first system by generalizing the
form given by Minkowski. We introduce the contravariant
gix-vector associated with Fe8

] S ()

and also the contravariant vector J* of the density of the
electric current. Then, taking (40) into consideration, the
following equations will be invariant for any substitution

whose invariant is unity (in agreement with the cHosen co-
ordinates) :—

’ b v = Ld
seFv = L (8
Let
F* = H'z, Fu = - E,m
Fl = H,, F*= - E'y} .. (64)
Flﬁ - le’ F34 - - E’z

which quantities are equal to the quantities Hy . . . E#in
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the special case of the restricted theory of relativity ; and in
addition

I =Ja, I% = jy, I* = g, I* = p,

we obtain in place of (63)

bEI . ’
—b? +7 = CllIIH} (633)
divE =p

The equations (60), (62), and (63) thus form the generali-
zation of Maxwell's field equations for free space, with the
convention which we have established with respect to the
choice of co-ordinates.

The Energy-components of the Electromagnetic Field.—
We form the inner product

ke =T . .. . (6%)

By (61) its components, written in the three-dimensional
manner, are

I

£

pE: +[7. HJ
. ' ) (65a)
£, = — (JE)

#s 18 & covariant vector the components of which are
equal to the negative momentum, or, respectively, the energy,
which is transferred from the electric masses to the electro-
magnetic field per unit of time and volume. If the electric
masses are free, that is, under the sole influence of the
electromagnetic field, the covariant vector «» will vanish.

To obtain the energy-components T2 of the electromagnetic

field, we need only give to equation #, = 0 the form of
equation (57). From (63) and (65) we have in the first place

P} ot . o0 Fan
s(Fo, ) - Breese,

oS- =
oz, v v

Kk, = R

The second term of the right-hand side, by reason of (60),
permits the transformation

A R F
prlLion T el S ayvB ny
F T 1F VZy 19"°9" Fep Y
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which latter expression may, for reasons of symmetry, also
"be written in the form

e

But for this we may set

F#V + greg vﬂaFﬂﬁF“v

P 0
- iﬁ:(guangFaﬁF“,,) + iFapFqu—z—a(guang)_
The first of these terms is written more briefly
0 iy .
- &E(F Fl’-l’) s

the second, after the differentiation is carried out, and after
some reduction, results in

- _%FP'TF gvpag”‘r

Taking all three terms together we obtain the relation

DT" Dgw

i 6
Ko = 3m 1}9" (66)

where
T = - Fo " + i&:F,pF“ﬁ.

Equation (66), if «, vanishes, is, on account of (30),
equivalent to (57) or (57a) respectively. Therefore the T,
are the energy-components of the electromagnetic field.
‘With the help of (61) and (64), it is easy to show that these
energy-components of the electromagnetic field in the case
of the special theory of relativity give the well-known Maxwell-
Poynting expressions.

‘We have now deduced the general laws which are satisfied
by the gravitational field and matter, by consistently using a
system of co-ordinates for which /- g =1 We have
thereby achieved a considerable simplification of formule
and calculations, without failing to comply with the require-
ment of general covariance ; for we have drawn our equations
from generally covariant equations by specializing the system
of co-ordinates.



A. EINSTEIN 157

Still the question is not without a formal interest, whether
with a correspondingly generalized definition of the energy-
components of gravitational field and matter, even without
specializing the system of co-ordinates, it is possible to formu-
late laws of conservation in the form of equation (56), and
field equations of gravitation of the same nature as (52) or
(52a), in such a manner that on the left we have a divergence
(in the ordinary sense), and on the right the sum of the
energy-components of matter and gravitation. I have found
that n both cases this is actually so. But I do not think
that the communication of my somewhat extensive reflexions
on this subject would be worth while, because after all they
do not give us anything that is materially new.

E
§ 21. Newton’s Theory as a First Approximation

As has already been mentioned more than once, the
special theory of relativity as a special case of the general
theory is-characterized by the g.. having the constant values
(4). From what has already been said, this means complete
neglect of the effects of gravitation. We arrive at a closer
approximation to reality by considering the case where the
guv differ from the values of (4) by quantities which are small
compared with 1, and neglecting small quantities of second
and higher order. (First point of view of approximation.)

It is further to be assumed that in the space-time termtory
under consideration the g,, at spatial infinity, with a suitable
choice of co-ordinates, tend toward the values (4) ; i.e. we are
considering gravitational fields which may be regarded as
generated exclusively by matter in the finite region.

It might be thought that these approximations must lead
us to Newton’s theory. But to that end we still need to ap-
proximate the fundamental equations from a second point of
view. We give our attention to the motion of a material
point in accordance with the equations (16). In the case of
the special theory of relativity the components

dz, dz, dz,

ds’ ds’ ds
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may take on any values. This signifies that any velocity

N e )

- <d274 dm4 dT.;,

may occur, which is less than the velocity of light en vacuo.
If we restrict ourselves to the case which almost exclusively

offers itself to our experience, of v being small as compared
with the velocity of light, this denotes that the components

dz, dz, de,
ds’ ds’ ds

are to be treated as small quantities, while dz,/ds, to the
second order of small quantities, is equal to one. (Second
point of view of approximation.)

Now we remark that from the first point of view of ap-
proximation the magnitudes I';, are all small magnitudes of

at least the first order. A glance at (46) thus shows that in
this equation, from the second point of view of approximation,
we have to consider only terms for which g =» = 4. Re-
stricting ourselves to terms of lowest order we first obtain in
place of (46) the equations

dtz, ;
dt'z P

where we haveset ds = dz, = dt; or with restriction to terms
which from the first point of view of approximation are of
first order :—

%Qti_f ~[44,7] (+=1,23)
d*z
T 144, 4)

If in addition we suppose the gravitational field to be a quasi-
static field, by confining ourselves to the case where the
motion of the matter generating the gravitational field is but
slow (in comparison with the velocity of the propagation of
light), we may neglect on the right-hand side differentiations
with respect to the time in comparison with those with re-
spect to the space co-ordinates, so that we have
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d*z, 0944
dt2=—1}b_z, (r=1,2,3) . . (67)
This is the equation of motion of the material point accord-
ing to Newton’s theory, in which 4g,, plays the part of the
gravitational potential. What is remarkable in this result
is that the component g, of the fundamental tensor alone
defines, to a first approximation, the motion of the material
point.

We now turn to the field equations (53). Here we
have to take into consideration that the energy-tensor of
““matter " is almost exclusively defined by the density of
matter in the narrower sense, i.e. by the second term of the
right-hand side of (58) [or, respectively, (58a) or (58b)].
If we form the approximation in guestion, all the components
vanish with the one exception of Ty, = p = T. On the left-
hand side of (53) the second term is a small quantity of
second order; the first yields, to the approximation in
question,

P d P h]
SEIDW’ 1] + 5—@[#», 2} + ﬁ.a[/w’ 3] - 3_1:4["'1” 4].

For p = » = 4, this gives, with the omission of terms differ-
entiated with respect to time,

2 2 2
- 1}<a—g—“‘—‘+ 294 bg“) = — $Viu.

3f T Wl T

The last of equations (53) thus yields
Vigu = kp . DR . (68)

The equations (67) and (68) together are equivalent to
Newton's law of gravitation.
By (67) and (68) the expression for the gravitational
potential becomes »
_ K [pdr
8#,[ el . . . (68a)
while Newton’s theory, with the unit of time which we have
chosen, gives
K j pd

lr
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in which K denotfes the constant 67 x 10 — 8, usually called
the constant of gravitation. By comparison we obtain

K = 8’:—}{ = 187 X 10_27 . . (69)

§ 22. Behaviour of Rods and Clocks in the Static Gravi-
tational Field. Bending of Light-rays. Motion of
the Perihelion of a Planetary Orbit

To arrive at Newton’s theory as a first approximation we
had to calculate only one compouent, gu, of the ten g,, of the
gravitational field, since this cc.»ponent alone enters into the
first approximation, (67), of tk: equation for the motion of the
material point in the gravitational field. From this, however,
it is already apparent that other components of the g,, must
differ from the values given in (4) by small quantities of the
first order. This is required by the condition g = — 1.

For a field-producing point mass at the origin of co-ordin-
ates, we obtain, to the first approximation, the radially
symmetrical solution

Gor = — S0 — aw":ﬁ“ (ppoc=1,2 8)
Goo = Gip =0 (p=1,23) - (70)
Gas =1 - ;1

where 8, is 1 or 0, respectively, accordinglyasp = sorp 4o,
and r ig the quantity + ,/z; + z; + 2} On account of (68a)
xM

a = Z;, . . . . (7084)

if M denotes the field-producing mass. It is easy to verify

that the field equations (outside the mass) are satisfied to the
first order of small quantities.

‘We now examine the influence exerted by the field of the

mass M upon the metrical properties of space. The relation

dst = g,,dz.dz,.

always holds between the ‘locally " (§ 4) measured lengths
and times ds on the one hand, and the differences of co-ordin-
ates dz, on the other hand.
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For a unit-measure of length laid “ parallel ” to the axis
of z,for example, we should have to set ds? = ~ 1; da, = da,
=dz, = 0. Therefore — 1 = gpda?. If, in addition, the

unit-measure lies on the axis of z, the first of equations (70)

gives
gn = - (1 + —'E)

From these two relations it follows that, correct to a first
order of small quantities,

de=1-2 . . . . (7)

The unit measuring-rod thus appears a little shortened in
relation to the system of co-ordinates by the presence of the
gravitational field, if the rod is laid along a radius.
In an analogous manner we obtain the length of co-
ordinates in tangential direction if, for example, we set
ds?= - 1;de,=day;=dry=0; 2, =7, 33 =2, = 0.
The result is

- 1= gpdz, = - dz; . . . (71a)

With the tangential position, therefore, the gravitational
field of the point of mass has no influence on the length of a
rod.

Thus Euclidean geometry does not hold even to a first ap-
proximation in the gravitational field, if we wish to take one
and the same rod, independently of its place and orientation,
as a realization of the same interval ; although, to be sure, a
glance at (70a) and (69) shows that the deviations to be ex-
pected are much too slight to be noticeable in measurements
of the earth’s surface.

Further, let us examine the rate of a unit clock, which is
arranged to be at rest in a static gravitational field. Here we
have for a clock period ds = 1; dz, = dz, = dzy = 0
Therefore

1 = gydz};

1-3#gu-1

dz, = 1_= 1 =
T Vg A Gu - 1)
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or
K
dz4=1+g;jp‘—i—r )

Thus the clock goes more slowly if set up in the neighbour-
hood of ponderable masses. From this it follows that the
spectral lines of light reaching us from the surface of large
stars must appear displaced towards the red end of ‘the
spectrum.*

We now examine the course of light-rays in the static
gravitational field. By the special theory of relativity the
velocity of light is given by the equation

~ dz} - dx, - da) + da’ = 0

and therefore by the general theory of relativity by the
equation
ds* = gdx,de, =0 . . . (713)

If the direction, i.e. the ratio dz,:dz,: dz, is given, equation
(78) gives the quantities

d, dv, da,
dz, dzy’ dx,

and accordingly the velocity

EAWNCAY (% g
'\/(d_a:) + d:v) + dm) 7
defined in the sense of Euclidean geometry. We easily
recognize that the course of the light-rays must be bent with
regard to the system of co-ordinates, if the g,, are not con-
stant. If  is a direction perpendicular to the propagation of
light, the Huyghens principle shows that the light-ray, en-
visagad in the plane (v, n), has the curvature - dy/n.

We examine the curvature undergone by a ray of light
passing by a mass M at the distance A. If we choose !;he
system of co-ordinates in agreement with the accompanying
diagram, the total bending of the ray (calculated positively if

* According to E. Freundlich, spectroscopical observations on fixed sba.rslof
certain types indicate the existence of an effect of this kind, but a crucial
test of this consequence has not yet been made.
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concave towards the origin) is given in sufficient approxi-

mation by

+ o 2
B = I 2 dr,,
RN
- ®

while (73) and (70) give

’ (-9 o1 (1.5
7_‘/ gag)_l 2r<1+r” )
Carrying out the calculation, this gives

2a _ «M

B=2-20 . . .1

L X
l Ay

Hia. 8.

A

According to this, a ray of light going past the sun under-
goes a deflexion of 17”; and a ray going past the planet
Jupiter & deflexion of about 02"

If we calculate the gravitational field to a higher degree
of approximation, and likewise with corresponding accuracy
the orbital motion of a material point of relatively inflnitely
small mass, we find a deviation of the following kind from
the Kepler-Newton laws of planetary motion. The orbital
ellipse of a planet undergoes a slow rotation, in the direction

of motion, of amount
2

€= U %

o1 = &) (76)
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per revolution. In this formula a denotes the major semi-
axis, ¢ the velocity of light in the usual measurement, e the
eccentricity, T the time of revolution in seconds.*

Calculation gives for the planet Mercury a rotation of the
orbit of 43" per century, corresponding exactly to astronomical
observation (Leverrier); for the astronomers have discovered
in the motion of the perihelion of this planet, after allowing
for disturbances by other planets, an inexplicable remainder
of this magnitude.

*For the calculation I refer to the original papers: A. Einstein,

Sitzungsber. d. Preuss, Akad. d. Wiss., 1915, p. 831; K. Schwarzschild,
whud | 1916, p. 189,
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HAMILTON'S PRINCIPLE AND THE GENERAL
THEORY OF RELATIVITY

By A. EINSTEIN

HE general theory of relativity has recently been

given in a particularly clear form by ¥ A. Lorentz

and D. Hilbert,* who have deduced its equations
from one single principle of variation. The same thing
will be done in the present paper. But my purpose here
is to present the fundamental connexions in as perspicuous
& manner as possible, and in as general terms as is per-
missible from the point of view of the general theory of
relativity. In particular we shall make as few specializing
assumptions as possible, in marked contrast to Hilbert’s
treatment of the subject. On the other hand, in antithesis
to my own most recent treatment of the subject, there ig to
be complete liberty in the choice of the system of co-ordinates.

§ 1. The Principle of Variation and the Field-equations of
(ravitation and Matter

Let the gravitational field be described as usual by the
tensor + of the g,. (or the g*); and matter, inciuding the
electromagnetic field, by any number of space-time functions
¢ How these functions may be characterized in the theory
of invariants does not concern us. Further, let § be afunction
of the )

gL, g{;"( gZ‘“’> and g4 < D?jsz-,-) the q(,) and q(p)a(—' oty

* Four papers by Lorentz in the Publications of the Koninkl, Akad. van
Watensch. te Amsterdam, 1915 and 1916; D. Hilbert, Gottinger Nachr., 1915,
Part 3.

1 No use is made for the present of the tensor character of the gus.

167
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The principle of variation
ag@dho ¢

then gives us as many differential equations as there are .
functions g,, and g, to be defined, if the g* and g, are
varied independently of one another, and in such a way that

at the limits of integration the 8gq,, 8¢*, and 3} (8gp) all
vanish.
We will now assume that & is linear in the g, , and that

the coefficients of the g/ depend only on the g#*. We may

then replace the principle of variation (1) by one which is
more convenient for us. For by appropriate partial integra-
tion we obtain

j-@dr=j{j*d-r+F R )

where F denotes an integral over the boundary of the domain
in question, and H* depends only on the ¢**, g%, g(»), Qo a0
no longer on the g*. From (2) we obtain, for such vari-
ations as are of interest to us,

3J.-§;)d7=85@*d7, e

80 that we may replace our principle of variation (1) by the
more convenient form

8[@*d~r=0. ... Qs

By carrying out the variation of the ¢g** and the g we
obtain, as field-equations of gravitation and matter, the
equations

> (0H* | 3H* '
bma<bg57> agp.v =0 . . . (4)
D (25 3H*
v e = . . )
bwa(bg(p)a) bq(p) ( )

. + For bz"evity the summation symbols are omitted in the formule. In-
dices occurring twice in a term are alweys to be taken as summed. Thus in

{4), for example, aﬂ:a(gf ) denotes the term 2 (

’ag*“’)
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§ 2. Separate Existence of the Gravitational Field

If we make no restrictive assumption as to the manner in
which § depends on the g7, g%, g%, q(», o1y the energy-com-
ponents cannot be divided into two parts, one belonging to

the gravitational field, the other to matter. To ensure this
feature of the theory, we make the following assumption

’ H=G+M . . . . (6)

where @ is to depend only on the g#», g%*, ¢g%”, and M only on
gm, qip) qipe- Bquations (4), (4a) then assume the form

2 (@* 2@ WM
E(M?’) Y Y T ' - M
2 /M M
2 -2 =0 . . . (8
b-’Ca(DQ(p)) ) ®

Here &* stands in the same relation to & as H* to §.

It is to be noted carefully that equations (8) or (5) would
have to give way to others, if we were to assume M or & to be
also dependent on derivatives of the g, of order higher than
the first. Likewise it might be imaginable that the g, would
have to be taken, not as independent of one another, but as
connected by conditional equations. All this is of no im-
portance for the following developments, as these are based
solely on the equations (7), which have been found by vary-
ing our integral with respect to the g».

§ 3. Properties of the Field Equations of Gravitation
Conditioned by the Theory of Invariants

‘We now introduce the assumption that
ds? = guda,dz, . . . . Q)
is an invariant. This determines the transformational char-
acter of the g,,. As to the transformational character of the
¢, which describe matter, we make no supposition. On the

other hand, let the functions H = ;72_———, as well as



170 HAMILTON’S PRINCIPLE

B
g
substitutions of space-time co-ordinates. From these assump-
tions follows the general covariance of the equations (7) and
(8), deduced from (1). It further follows that G (apart from
a constant factor) must be equal to the scalar of Riemann's
tensor of curvature ; because there is no other invariant with
the properties required for G.+ Thereby &* is also perfectly
determined, and consequently the left-hand side of field
equation (7) as well.§

From the general postulate of relativity there follow
certain properties of the function &* which we shall now de-
duce. For this purpose we carry through an infinitesimal
transformation of the co-ordinates, by setting

G = J__@;——_’ and M = , be invariants in relation to any
- g

', =z, + Az, . . . . (10
where the Az, are arbitrary, infinitely small functions of the
co-ordinates, and z’, are the co-ordinates, in the new system,
of the world-point having the co-ordinates =, in the original
system. As for the co-ordinates, so too for any other magni-
tude 4, a law of transformation holds good, of the type

Vo= Ay
where Ay must always be expressible by the Az,. From
the covariant property of the g#* we easily deduce for the g
and ¢%’ the laws of transformation

XAz, WAz
Agr = 9"“—’(3%) + g”“———(aza") ..y

d(agr) 2 (Azq)

wo_ I\ S g )
Ag* S e - (12)

Since @* depends only on the g# and g*’, it is possible, with

the help of (11) and (12), to calculate AG*. We thus obtain
the equation

@* zs) | G Az,
= aa( T=) =St 2 sy (19

4 Herein is to be found the reason why the general postulate of relativity
leads to a very definite theory of gravitation.

1By performing partial integration we obtain
®* = N/ ~ g g+r{{ua, B} {8, a} ~ {u», o} {a8, B}1.
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>

where for brevity we have set

* @*
) g + 2 gwg’“’ + &* -

8 =255

o g""’

*
ag, b (14)

From these two equations we draw two inferences which are

important for what follows. We know that G _ is an in-

variant with respect to any substitution, but we do not know

*
this of L 1t is easy to demonstrate, however, that the

latter quantity is an invariant with respect to any linear
substitutions of the co-ordinates. Hence it follows that the

2
right side of (13) must always vanish if all ng;: vanish.

Consequently @* must satisfy the identity
S,=0 . . . . (15)

If, further, we choose the Az, so that they differ from
zero only in the interior of a given domain, but in infinitesimal
proximity to the boundary they vanish, then, with the trans-
formation in question, the value of the boundary integral oc-
curring in equation (2) does not change. Therefore AF = 0,
and, in consequence,

Aj@dnr N j@*df.

But the left-hand side of the equation must vanish, since

&
both J-q and ./ - g dr are invariants. Consequently the

right-hand side also vanishes. Thus, taking (14), (15), and
(16) into consideration, we obtain, in the first place, the
equation

3y

20° YL o . .. as)

agﬁlf‘g 0T 0T q

Transforming this equation by two partial integrations, and
having regard to the liberty of choice of the Az,, we obtain

1 By the introduction of the quantities & and &* instead of § and H*.
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t;he identity |

? G
bzybza(gn ag::” =0 (17)

From the two identities (16) and (17), which resuli from

the invariance of %, and therefore from the postulate of

general relativity, we now have to draw conclusions.

We first transform the field equations (7) of gravitation
by mixed multiplication by g*°. We then obtain (by inter-
changing the indices o and »), as equivalents of the field
equations (7), the equations

d [ 0* )
E(g# agt:.r) = - (3:6 + t;) . . (18)
where we have sef
MM
T = = ogd” (19)
2B* ,, o@*® . 2H* .
O <°gi“’g{: + sgrt) = 4(@%2; - og" ) (20

The last expression for t, is vindicated by (% i; and (15). By

differentiation of (18) with respect to z,, and summation for »,
there follows, in view of (17),

P
b—zy(z’; +t)=0 N 18

Equation (21) expresses the conservation of momentum and
energy. We call £, the components of the energy of matter,t,

the components of the energy of the gravitational field.
Having regard to (20), there follows from the field equations

(7) of gravitation, by multiplication by ¢’ and summation
with respect to u and »,
2t” O

—+ 4975 =0,
D:z:,, '}g bgnv
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or, in view of (19) and)(Ql), '

e N )

dz,

where T, denotes the quantities g,,¥,. These are four
equations which the energy-components of matter have to
satiafy.

It is to be emphasized that the (generally covariant) laws
of conservation (21) and (22) are deduced from the field equa-
tions (7) of gravitation, in combination with the postulate of
general covariance (relativity) alone, without using the field
equations (8) for material phenomena.
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COSMOLOGICAL CONSIDERATIONS ON THE
GENERAL THEORY OF RELATIVITY

By A. EINSTEIN

Vi = 47Kp . )
in combination with the equations of motion of a material
point is not as yet a perfect substitute for Newton’s theory
of action at a distance. There is still to be taken into account
the condition that at spatial infinity the potential ¢ tends
toward a fixed limiting value. There is an analogous state
of things in the theory of gravitation in general relativity.
Here, too, we must supplement the differential equations by
limiting conditions at spatial infinity, if we really have to
regard the universe as being of infinite spatial extent.

In my treatment of the planetary problem I chose these
limiting conditions in the form of the following assumption :
it is possible to select a system of reference so that at spatial
infinity all the gravitational potentials g,, become constant.
Bust it is by no means evident a prior: that we may lay down
the same limiting conditions when we wish to take larger
portions of the physical universe into consideration. In the
following pages the reflexions will be given which, up to the
present, I have made on this fundamentally important
question.

IT is well known that Poisson’s equation

§ 1. The Newtonian Theory .

It is well known that Newton’s limiting condition of the
constant limit for ¢ at spatial infinity leads to the view that
the density of matter becomes zero at infinity. For we
imagine that there may be a place in universal space round
about which the gravitational field of matter, viewed on &
large scale, possesses spherical symmetry. It then follows

from Poisson’s equation that, in order that ¢ may tend to a
177
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limit at infinity, the mean density p must decrease toward
zexo more rapidly than 1/r? as the distance » from the
centre increases.* 1In this sense, therefore, the universe
according to Newton is finite, although it may possess an
infinitely great total mass.

From this it follows in the first place that the radiation
emitted by the heavenly bodies will, in part, leave the
Newtonian system of the universe, passing radially outwards,
to become ineffective and lost in the infinite. May not
entire heavenly bodies fare likewise? It is hardly possible
to give a negalive answer to this question. For it follows
from the assumption of a finite limit for ¢ at spatial infinity
that a heavenly body with finite kinetic energy is able to
reach spatial infinity by overcoming the Newtonian forces of
attraction. By statistical mechanics this case must occur
from time to time, as long as the total energy of the stellar
systern—transferred to one single star—is great enough to
gend that star on its journey to infinity, whence it never can
return.

‘We might try to avoid this peculiar difficulty by assuming
a very high value for the limiting potential at infinity. That
would be a possible way, if the value of the gravitational
potential were not itself necessarily conditioned by the
heavenly bodies. The truth is that we are compelled to
regard the occurrence of any great differences of potential of
the gravitational field as contradicting the facts. These
differences must really be of so low an order of magnitude
that the stellar velocities generated by them do not exceed
the velocities actually observed.

If we apply Boltzmann's law of distribution for gas
molecules to the stars, by comparing the stellar system with
a gas in thermal equilibrium, we find that the Newtonian
steller system cannot exist at all. For there is a finite ratio
of densities corresponding to the finite difference of potential
between the centre and spatial infinity. A vanishing of the

density at infinity thus implies a vanishing of the density
at the centre.

* p is the mean density of matter, calculated for a region which is large as
compared with the distance between neighbouring fixed stars, but small in
comparison with the dimensions of the whole stellar system.
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It seems hardly possible to surmount these difficulties on
the basis of the Newtonian theory. We may ask ourselves
the question whether they can be removed by a modification
of the Newtonian theory. First of all we will indicate a
method which does not in itself claim to be taken seriously;
it merely serves as a foil for what is to follow. In place of
Poisson’s equation we write

Vi — AP = 4dmep . . . @

where M denotes a universal constant. If p, be the uniform
density of a distribution of mass, then

MK

¢ = - %—po . . . N G)
is & solution of equation (2). This solution would correspond
to the case in which the matter of the fixed stars was dis-
tributed uniformly through space, if the density p, is equal
to the actual mean density of the matter in the universe.
The solution then corresponds to an infinite extension of
the central space, filled uniformly with matter. If, without
making any change in the mean density, we imagine matter
to be non-uniformly distributed locally, there will be, over
and above the ¢ with the constant value of equation (3), an
additional ¢, which in the neighbourhood of denser masses
will so much the more resemble the Newtonian field as A is
smaller in comparison with 4mep.

A universe so constituted would have, with respect to its
gravitational field, no centre. A decrease of density in spatial
infinity would not have to be assumed, but both the mean
potential and mean density would remain constant to infinity.
The conflict with statistical mechanics which we found in
the case of the Newtonian theory is not repeated. With a
definite but extremely small density, matter is in equilibrium,
without any internal material forces (pressures) being required
to maintain equilibrinm.

§ 2. The Boundary Conditions According to the General
Theory of Relativity

In the present paragraph I shall conduct the reader over

the road that I have myself travelled, rather a rough and

winding road, because otherwise I cannot hope that he will
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take much interest in the result at the end of the journey.
The conclusion I shall arrive at is that the field equations of
gravitation which T have championed hitherto still need a
slight modification, so that on the basis of the general theory
of relativity those fundamental difficulties may be avoided
which have been set forth in § 1 as confronting the Newtonian
theory. ‘Thismodification corresponds perfectly to the transi-
tion from Poisson’s equation (1) to equation (2) of § 1. We
finally infer that boundary conditions in spatial infinity fall
away altogether, because the universal continuum in respect
of its spatial dimensions 1s to be viewed as a self-contained
continuum of finite spatial (three-dimensional) volume.

The opinion which I entertained until recently, as to the
limiting conditions to be laid down in spatial infinity, took
its stand on the following considerations. In a consistent
theory of relativity there can be no inertia relatively to “ space,”
but only an inertia of masses relatively to one another. If,
therefore, I have a mass at a sufficient distance fror sll other
masses in the universe, its inertia must fall to zero. We wll
try to formulate this condition mathematically.

According to the general theory of relativity the negative
momentum is given by the first three components, the energy
by the last component of the covariant tensor multiplied by

v -9
dze 4
ma/ — g g"“ﬁ; . . . . )
where, as always, we set
ds* = gudz.dz, . . . . (5
In the particularly perspicuous case of the possibility of

choosing the system of co-ordinates so that the gravitational
field at every point is spatially isotropic, we have more simply

. ds* = - A(dz; + dz, + dz)) + Bdz,
If, moreover, at the same time
N-9=1=./AB

we obfain from (4), to a first approximation for small
velocities;
mA oy A ey A dr,
VB dz; " /B dz; "B dz,
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for the components of momentum, and for the energy (in the
static case)
ma/B.

From the expressions for the momentum, it follows that
m—A—B plays the part of the rest mass. As m is a constant

peculiar to the point of mass, independently of its position,
this expression, if we retain the condition /g - = 1 at
spatial infinity, can vanish only when A diminishes to zero,
while B increases to infinity. It seems, therefore, that such
a degeneration of the co-efficients g, is required by the postu-
late of relativity of all inertia. This requirement implies
that the potential energy m,/B becomes infinitely great at
infinity. Thus a point of mass can never leave the system ;
and a more detailed investigation shows that the same thing
applies to light-rays. A system of the universe with such
behaviour of the gravitational potentials at infinity would not
therefore run the risk of wasting away which was mooted
just now in connexion with the Newtonian theory.

I wish to point out that the simplifying assumptions as
to the gravitational potentials on which this reasoning is based,
have been introduced merely for the sake of lucidity. It is
possible to find general formulations for the behaviour of the
¢., at infinity which express the essentials of the question
without further restrictive assumptions.

At this stage, with the kind assistance of the mathe-
matician J. Grommer, I investigated centrally symmetrical,
static gravitational fields, degenerating at infinity in the way
mentioned. The gravitational potentials g,, were applied, and
from them the energy-tensor T,, of matter was calculated on
the basis of the field equations of gravitation. But here it
proved that for the system of the fixed stars no boundary con-
ditions of the kind can come into question at all, as was also
rightly emphasized by the astronomer de Sitter recently.

For the contravariant energy-tensor T* of ponderable
matter is given by

dz, dz,
Pds ds’

where p is the density of matter in natural measure. With

T =
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an appropriate choice of the system of co-crdinates the
stellar velocities are very small in comparison with that of
light. "We may, therefore, substitute ./g,, dz, for ds. This
gshows us that all components of T must be very small in
comparison with the last component T*. But it was quite
impossible to reconcile this condition with thechosen boundary
conditions. In the retrospect this result does not appear
astonishing. The fact of the small velocities of the stars
allows the conclusion that wherever there are fixed stars, the
gravitational potential (in our case ,/B) can never be much
greater than here on earth. This follows from statistical
reasoning, exactly as in the case of the Newtonian theory.
At any rate, our calculations have convinced me that such
conditions of degeneration for the g,, in spatial infinity may
not be postulated.

After the failure of this attempt, two possibilities next
present themselves.

(@) We may require, as in the problem of the planets,
that, with a suitable choice of the system of reference, the gy,
in spatial infinity approximate to the values

-1 0 0 0
0 -1 ) 0
0 0 -1 0
0 0 0 1

(b) We may refrain entirely from laying down boundary
conditions for spatial infinity claiming general validity; but
at the spatial limit of the domain under consideration we
have to give the g,, separately in each individual case, as
hitherto we were accustomed to give the initial conditions
for time separately.

The possibility (b) holds out no hope of solving the prob-
lem, but amounts to giving it up. This is an incontestable
position, which is taken up at the present time by de Sitter.*
But I must confess that such a complete resignation in this
fundamental question is for me a difficult thing. I should
not make up my mind to it until every effort to make head-
way toward a satisfactory view had proved to be vain.

Possibility (a) is unsatisfactory in more respects than one.

* de Sitter, Akad. van Wetensch. te Amsterdam, 8 Nov., 1916.
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In the first place those boundary conditions pre-suppose a
definite choice of the system of reference, which is contrary
to the spirit of the relativity principle. Secondly, if we adopt
this view, we fail to comply with the requirement of the
relativity of inertia. For the inertia of a material point of
mass m (in natural measure) depends upon the g¢,,; but
these differ but little from their postulated values, as given
above, for spatial infinity. Thus inertia would indeed be
influenced, but would not be conditioned by matter (present
in finite space). If only one single point of mass were present,
according to this view, it would possess inertia, and in fact
an inertia almost as great as when it is surrounded by the
other masses of the actual universe. Finally, those statistical
objections must be raised against this view which were
mentioned in respect of the Newtonian theory.

From what has now been said it will be seen that I have
not succeeded in formulating boundary conditions for spatial
infinity. Nevertheless, there is still a possible way out,
without resigning as suggested under (b). For if it were
possible to regard the universe as a continuum which is
Jindte (closed) with respect to its spatial dimensions, we should
have no need at all of any such boundary conditions. We
shall proceed to show that both the general postulate of
relativity and the fact of the small stellar velocities are com-
patible with the hypothesis of a spatially finite universe;
though certainly, in order to carry through this idea, we need
a generalizing modification of the field equations of gravitation.

§ 3. The Spatially Finite Universe with a Uniform
Distribution of Matter

According to the general theory of relativity the metrical
character (curvature) of the four-dimensional space-time con-
tinuum is defined at every point by the matter at that,point
and the state of that matter. Therefore, on account of the
lack of uniformity in the distribution of matter, the metrical
structure of this continuum must necessarily be extremely
complicated. But if we are concerned with the structure
only on a large scale, we may represent matter to ourselves
as being uniformly distributed over enormous spaces, so that
its density of distribution is a variable function which varies
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extremely slowly. Thus our procedure will somewhat re-
semble that of the geodesists who, by means of an ellipsoid,
approximate to the shape of the earth’s surface, which on a
small scale is extremely complicated.

The most important fact that we draw from experience
38 to the distribution of matter is that the relative velocities
of the stars are very small as compared with the velocity of
light. So I think that for the present we may base our
reasoning upon the following approximative assumption.
There is a system of reference relatively to which matter
may be looked upon as being permanently at rest. With
respect to this system, therefore, the contravariant energy-
tensor T*" of maftter is, by reason of (5), of the simple form

0 0 0 0
0 0 0 6
0 0 0 0 . . . (6)

0 0 0 P

The scalar p of the (mean) density of distribution may be
a priori a function of the space co-ordinates. But if we
assume the universe to be spatially finite, we are prompted
to the hypothesis that p is to be independent of locality.
On this hypothesis we base the following considerations.

As concerns the gravitational field, it follows from the
equation of motion of the material point

d*z, dz. dzg
ast T {aB, v} ds ds 0

that a material point in a static gravitational field can remain
at rest only when g,,is independent of locality. Since, further,
we presuppose independence of the time co-ordinate z, for

all magnitudes, we may demand for the required solution
that, for all z,,

gu=1 . . . . (M
Further, as always with static problems, we shall have to set
Gia= Jay = g3y =0 . . . (8

It remains now to determine those components of the
gravitational potential which define the purely spatial-geo-
metrical relations of our continuum (g,,9y9, . - - gz) From
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our assumption as to the uniformity of distribution of the
magses generating the field, it follows that the curvature of
the required space must be constant. With this distribution
of mass, therefore, the required finite continuum of the
z1, %y, &y, With constant z,, will be a spherical space.

‘We arrive at such a space, for example, in the following
way. We start from a Euchdean space of four dimensions,
£, &, & &, with a linear element do; let, therefore,

do® = df, + dE, + dE, + dE, . . . (9)
In this space we consider the hyper-surface
R=FH+E+E+E . . . (10)

where R denotes a constant. The points of this hyper-surface
form a three-dimensional continuum, a spherical space of
radius of curvature R.

The four-dimensional Euclidean space with which we
started serves only for a convenient definition of our hyper-
surface. Only those points of the hyper-surface are of
interest to us which have mefrical properties in agreement
with those of physical space with a uniform distribution of
matter. For the description of this three-dimensional con-
tinuum we may employ the co-ordinates &, &, & (the pro-
jection upon the hyper-plane £, = 0) since, by reason of (10),
£, can be expressed in terms of £, £, £;. Eliminating £, from
(9), we obtain for the linear element of the spherical space

the expression
do® = v, dE.dE,
uby (11)

Yur = Snv + R = P2

where8,, = 1,ifp = »; 8, = O,ifu + v,andp? = £ + & + £
The co-ordinates chosen are convenient when it is a question
of examining the environment of one of the two »oints
fl = Ez = fa = 0.

Now the linear element of the required four-dimensional
space-time universe is also given us. For the potential g,,,
both indices of which differ from 4, we have to set

- - Zuly
Gur = (5‘" YR @ ot a:‘;)> )
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which equation, in combination with (7) and (8), perfectly
defines the behaviour of measuring-rods, clocks, and light-
TRYS.

§ 4. On an Additional Term for the Field Equations of
Gravitation

My proposed field equations of gravitation for any chesen
system of co-ordinates run as follows :—

Gpv = - K(TPV - %gl‘"T)!

d
Gu = = 55 twws ab + {ua, B} {16, o (3)
dog A/ — ¢ dlog /- g
e T

The system of equations (13) ig by no means satisfied
when we insert for the g, the values given in (7), (8), and
(12), and for the (contravariant) energy-tensor of matter the
values indicated in (6). It will be shown in the next para-
graph how this calculation may conveniently be made. So
that, if it were certain that the field equations (13) which I
have hitherto employed were the only ones compatible with
the postiulate of general relativity, we should probably have
to conclude that the theory of relativity does not admit the
hypothesis of a spatially finite universe.

However, the system of equations (14) allows a readily
suggested extension which is compatible with the relativity
postulate, and is perfectly analogous to the extension of
Poisson’s equation given by equation (2). For on the left-
hand side of field equation (13) we may add the fundamental
tensor g,,, multiplied by a universal constant, — A, at present
unknown, without destroying the general covariance. In
place of field equation (13) we write

G - Muw = — «(Tw - 3.7 . . (13a)
This field equation, with A sufficiently small, is in any case
also compatible with the facts of experience derived from
the solar system. It also satisfies laws of conservation of
momentum and energy, because we arrive at (13a) in place
of (13) by infroducing into Hamilton's principle, instead
of the scalar of Riemann's tensor, this scalar increased by a
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universal constant; Jand Hamilton’s principle, of course,
guarantees the validity of laws of conservation. It will be
shown in § 5 that field equation (13a) is compatible with
our conjectures on field and matter.

§ 5. Calculation and Result

Bince all points of our continaum are on an equal footing,
it is sufficient to carry through the calculation for one point,
e.g. for one of the two points with the co-ordinates

T, =23 =73 =z, = 0.
Then for the g,. in (13a) we have to insert the values

-1 0 0 0
0 -1 0 0
0 0 -1 0
0 0 0 1

wherever they appear differentiated only once or not at all
‘We thus obtain in the first place

G = 5o-fan, 1] + [p.v, 9] + ~[,w, 3] + 31"_€~/—2
Ty 01,02
From this we readily discover, taking (7), (8), and (13) into
account, that all equations (13a) are satisfied if the two
relations

>
I

1

l

!
¥
|

I
13

"Rt 2’ p)
or

=2 L @

are fulfilled.

Thus the newly introduced universal constant A defines
both the mean density of distribution p which can remain in
equilibrium and also the radius R and the volume 2m7*R® of
spherical space. The total mass M of the universe, accord-
ing to our view, is finite, and is in fact

M — p.2mRS = dmis =ﬁJ” .5

Thus the theoretical view of the actual universe, if it is in
correspondence with our reasoning, is the following. The
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curvature of space is variable in time and place, according to
the distribution of matter, but we may roughly approximate
to it by means of a spherical space. At any rate, this view is
logically consistent, and from the standpoint of the general
theory of relativity lies nearest at hand ; whether, from the
standpoint of present astronomical knowledge, it is tenable,
will not here be discussed. In order to arrive at this con-
sistent view, we admittedly had to introduce an extensioh of
the field equations of gravitation which is not justified by our
actual knowledge of gravitation. It is to be emphasized,
however, that a positive curvature of space is given by our
results, even if the supplementary term is not introduced.
That term is necessary only for the purpose of making
possible a quasi-static distribution of matter, as required by
the fact of the small velocities of the stars.



DO GRAVITATIONAL FIELDS PLAY AN
ESSENTIAL PART IN THE STRUC-
TURE OF THE ELEMENTARY PAR-
TICLES OF MATTER*?

BY

A. EINSTEIN

Translated from ‘“ Spielen Gravitationsfelder im Aufber der
materiellen Elementarteilchen eine wesentliche Rolle?”
Sitzungsberichte der Preussischen Akad. d. Wissen-
schaften, 1919,
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So far the general theory of relativity has made nochange
in this state of the question. If we for the moment disregard
the additional cosmological term, the field equations take the
form

Gu - 49,G = - Ty . . M

where G, denotes the contracted Riemann tensor of curva-
ture, G the scalar of curvature formed by repeated contraction,
and T,, the energy-tensor of ‘ matter.”” The assumption
that the T,, do not depend on the derivatives of the g,, isin
keeping with the historical development of these equations.
For these quantities are, of course, the energy-components in
the sense of the special theory of relativity, in which variable
gur do not occur. The second term on the left-hand side
of the equation is so chosen that the divergence of the lefi-
hand side of (1) vanishes identically, so that taking the
divergence of (1), we obtain the equation

:$5 F3rTe =0 . . (@

Lo

which in the limiting case of the special theory of relativity
gives the complete equations of conservation

3T,

w. 0.

Therein lies the physical foundation for the second term of
the left-hand side of (1). It is by no means settled a priors
that a limiting transition of this kind has any possible mean-
ing. For if gravitational fields do play an essential part in
the structure of the particles of matter, the transition to the
limiting case of constant g,, would, for them, lose its justifi-
cation, for indeed, with constant g., there could not be any
particlcs of matter. So if we wish to contemplate the possi-
bility that gravitation may take part in the structure of the
fields which constitute the corpuscles, we cannot regard
equation (1) as confirmed.

Placing in (1) the Maxwell-Liorentz energy-components of
the electromagnetic field ¢,,,

Tuv = i’g#vqsﬂqsw - ¢#0¢Wgﬂ’ . . (3)
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we obtain for (2), by taking the divergence, and after some
reduction,*

Pucd” =0 . . . @)
where, for brevity, we have set

oT

d 2 ‘
W =g bugg) = % =y . . ®

In the calculation we have employed the second of Maxwell’s
systems of equations

0y b, o
3, + 32, + Y =0 . . . (6)

We see from (4) that the current-density 3° must everywhere
vanish. Therefore, by equation (1), we cannot arrive at a
theory of the electron by restricting ourselves o the electro-
magnetic components of the Mazwell-Liorentz theory, as has
long been known. Thus if we hold to (1) we are driven on
to the path of Mie's theory.t

Not only the problem of matter, but the cosmological
problem as well, leads to doubt as to equation (1). AsIhave
shown in the previous paper, the general theory of relativity
requires that the universe be spatially finite. But this view
of the universe necessitated an extension of equations (1),
with the introduction of a new universal constant X, standing
in a fixed relation to the total mass of the universe (or, re-
spectively, to the equilibrium density of matter). This is
gravely detrimental to the formal beauty of the theory.

§ 2. The Field Equations Freed of Scalars
The difficulties set forth above are removed by setting in
place of field equations (1) the field equations
Guw - g9wG = —«Tw . . 2 (l8)

where T,, denotes the energy-tensor of the electromagnetic
field given by (3).
The formal justification for the factor — } in the second
*Cf. e.g. A. Einstein, Sitzungsber. d. Preuss. Akad. d. Wiss., 1916,

pp. 187, 188.
+ Ci. D. Hilbert, Gottinger Nachr., 20 Nov., 1915,
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term of this equation lies in its causing the scalar of the left-
hand side,

guv(le - T]L‘gqu) ]

to vanish identically, as the scalar ¢"™T,, of the right-hand
side does by reason of (3). If we had reasoned on the basis
of equations (1) instead of (1a), we should, on the contrary,
have obtained the condition G = 0, which would have to
hold good everywhere for the g¢.,, independently of the electric
field. It 1s clear that the system of equations [(1a), (3)] is
a consequence cf the system [(1), (3)], but not conversely.

We might at first sight feel doubtful whether (1a) together
with (6) sufficiently define the entire field. In a generally
relativistic theory we need »n — 4 differential equations, in-
dependent of one another, for the definition of » independent
variables, since in the solution, on account of the liberty of
choice of the co-ordinates, four quite arbitrary functions
of all co-ordinates must naturally oceur. Thus to define
the sixteen independent quantities g. and ¢., we require
twelve equations, all independent of one another. But as it
happens, nine of the equations (1a), and three of the equations
(6) are independent of one another.

Forming the divergence of (1la), and taking into account
that the divergence of G, - %G varishes, we obtain

4)"“!]'0- + LA_ Y O ’ ) ' (4&)

From this we recognize first of all that the scalar of curvature
G in the four-dimensional domains in which the density of
electricity vanishes, is constant. If we assume that all these
parts of space are connected, and therefore that the density
of electricity differs from zero only in separate ‘ world-
threads,” then the scalar of curvature, everywhere outside
these "world-threads, possesses & ‘constant value G,. But
equation (4a) also allows an important conclusion as to the
behaviour of G within the domains having a density of elec-
tricity other than zero. If, as is customary, we regard elec-
tricity as a moving density of charge, by setting

- 3° dz,
J7 = TT; = P%’ . . . (7)
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)
we obtain from (4a) by inner multiplication by J°, on account
of the antisymmetry of ¢.., the relation

2 da,
dz, ds

=0 . . . . @®

Thus the scalar of curvature is constant on every world-line
of the motion of electricity. Equation (4a)can be interpreted
in a graphic manner by the statement: The scalar of curva-
ture plays the part of a negative pressure which, outside of
the electric corpuscles, has a constant value G,. In the in-
terior of every corpuscle there subsists & negative pressure
(positive G - G,) the fall of which maintains the electro-
dynamic force in equilibrium. The minimum of pressure, or,
respectively, the maximum of the scalar of curvature, does
not change with time in the interior of the corpuscle.

We now write the field equations (1a) in the form

1
(G = 490G + 1uGr = = &(Tuw + LulG - G))) 9

On the other hand, we transform the equations supplied with
the cosmological term as already given

G - AJur = — "(TMV - %gMVT)'

Subtracting the scalar equation multiplied by 4, we next
obtain
(G ~ 39wG) + gur = — Ty,

Now in regions where only electrical and gravitational fields
are present, the right-hand side of this equation vanishes.
For such regions we obtain, by forming the scalar,

-G +4r=0.

In such regions, therefore, the scalar of curvature is constant,
so that A may be replaced by $G, Thus we may write the
earlier field equation (1) in the form

Gu ~ 30wG + 190Gy = — «TW . . (10)

Comparing (9) with (10), we see that there is no difference
between the new field equations and the earlier ones, except
that instead of T,, as tensor of ** gravitating mass ”’ there now
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occurs T, + i—’c gu(G — G,) which is independent of the

scalar of curvature. But the new formulation has this great
advantage, that the quantity X appears in the fundamental
equations as a constant of integration, and no longer as a
universal constant peculiar to the fundamental law.

§ 3. On the Cosmological Question

The last result already permits the surmise that with our
new formulation the universe may be regarded as spatially
finite, without any necessity for an additional hypothesis.
As in the preceding paper I shall again show that with a
uniform distribution of matter, a spherical world is compatible
with the equations.

In the first place we set

ds® = - ypdx,dar + dzi (4, k =1, 2, 3) (1)

Then if Pz and P are, respectively, the curvature tensor of
the second rank and the curvature scalar in three-dimensional
space, we have

Gu=Pu(s, k=12 3)
Gi4= 41=G44=0
G = -

-g =1

It therefore follows for our case that

Giz - 190G = Pa — 4vaP (4, £ = 1, 2, 3)

Gy — 494G = 4P
‘We pursue our reflexions, from this point on, in two ways.
Firstly, with the support of equation (1a). Here T,, denotes
the energy-tensor of the electro-magnetic field, arising from

the electrical particles constituting matter. For this field
we have everywhere

T+ T+ T+ 3T =0,
The individual %: are quantities which vary rapidly with posi-
tion; but for our purpose we no doubt may replace them by
their mean values. We therefore have to choose

a1

P=U=3= -1 = const.}

T =0 (for u # »), (12)
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and therefore
3 T4
T = 3 " yin, Ty = =4,
N

In consideration of what has been shown hitherto, we obtain
in place of (1a)

Pa

P - dyilP = - ?;'yuc;_/_; ) . . (13)
PR

P= - . ) . (14

1 oy (14)

The scalar of equation (13) agrees with (14). Itis on this
account that our fundamental equations permit the idea of a
spherical universe. For from (13) and (14) follows
4«3}
P+ 5 yir=0 . . . (15

i 3 \/’y’)’ (15)
and it 18 known* that this system is satisfied by a (three-
dimensional) spherical universe.

But we may also base our reflexions on the equations (9).
On the right-hand side of (9) stand those terms which, from
the phenomenological point of view, are to be replaced by the
energy-tensor of matter; that is, they are to be replaced by

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 o,

where p denotes the mean density of matter assumed to be
at rest. We thus obtain the equations

Pz - 3yaP - 3yuGy, =0 . . (16)
P+ 3Go= - #p (17)
From the scalar of equation (16) and from (17) we obtain
G, = - 3P = 2«p, . . . (18)
and consequently from (16)
P ~ wpyir =0 . . . a9

*Cf, H. Weyl, *“ Raum, Zeit, Materie,” § 83.

2






GRAVITATION AND ELECTRICITY *
By H. WEYL

CCORDING to Riemann,t geometry is based upon
Athe following two facts :—

1. Space is a Three-dimensional Continuwum.—The
manifold of its points may therefore be consistently repre-
sented by the values of three co-ordinates z,, ,, z;.

2. (Pythagorean Theorem).—The square of the distance dsa
between two infinitely proximate points
P = (zy, y, ;) and P’ = (2, + dzy, z, + dzg, 25 + dzy) (1)
(any co-ordinates being employed) is a quadratic form of the
relative co-ordinates dz, :—

ds® = 59.,42.0%,, (Gu = Juu) . . (2
ry

The second of these facts may be briefly stated by saying
that space is a metrical continuum. In complete accord with
the spirit of the physics of immediate action we assume the
Pythagorean theorem to be strictly valid only in the limit
when the distances are infinitely small.

The special theory of relativity led to the discovery that
time is associated as a fourth co-ordinate (z,) on an equal
footing with the three co-ordinates of space, and that the
scene of material events, the world, is therefore a four-dimen-
stonal, metrical continuum. And so the quadratic form (2),
which defines the metrical properties of the world, is not
necessarily positive as in the case of the geometry of three-
dimensional space, but has the index of inertia 3.} Riemann

* The footnotes in square brackets are later additions by the author,

+Math. Werke (2nd ed., Leipzig, 1892), No. XII, p. 282.

1 That 18 to say that if the co-ordinates are chosen so that at one particular
point of the continuum ds* = + da’ +d o & da; + dzj, then in every case

three of the signs will be + and one ~ (TRaNs.).
201
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himself did not fail to point out that this quadratic form was
to be regarded as a physical reality, since it reveals itself, e.g.
in centrifugal forces, as the origin of real effects upon matter,
and that inatter therefore presumably reacts upon it. Until
then all geometricians and philosophers had looked upon the
metrical properties of space as pertaining to space itself, in-
dependently of the matter which it contained. It isupon this
idea, which it was quite impossible for Riemann in his day to
carry through, that Finstein in our own time, independently
of Riemann, has raised the imposing edifice of his general
Sheory of relativity. According to Binstein the phenomena
of grawvitation must also be placed to the account of geometry,
and tbe laws by which matter affects measurements are no
other than the laws of gravitation: the g,, in (2) form the
componcents of the gravitational potential. While the gravi-
" tational potential thus consists of an invariant quadratic
differential form, electromagnetic phenomena are governed by
a four-potential of which the components ¢, together com-
pose an invariant linear differential form 3'¢.dz,. But so
far the two classes of phenomena, gravitation and electricity,
stand side by side, the one separate from the other.

The later work of Levi-Civita,* Hessenberg,t and the
author  shows quite plainly that the fundamental conception
on which the development of Riemann’s geometry must be
baged if it is to be in agreement with nature, is that of the
infinitesimal parallel displacement of a vector. If P and P*
are any two points connected by a curve, a given vector at P
can be moved parallel to itself along this curve from P to P*.
But, generally speaking, this conveyance of a vector from P
to P* is not integrable, that is to say, the vector at P* at
which we arrive depends upon the path along which the dis-
placement travels. Itisonlyin Euclidean ‘* gravitationless "
geometry thatintegrability obtains. TheRiemannian geometry
referrec to above still contains a residual element of finite
geometry—without any substantial reason, as far as I can see.

* ¢t Nozione di parallelismo . . .”, Rend. del Circ. Matem. di Palermo,
Vol. 42 (1917).

++¢ Vektorielle Begriindung der Differentialgeometrie,” Math. Ann., Vol.
78 (1917).

1 Space, Time, and Matter ** (1st ed., Berlin, 1918), § 14.
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It seems to be due to the accidental origin of this geometry
in the theory of surfaces. The quadratic form (2) enables us
to compare, with respect to their length, not only two vectors
at the same point, but also the vectors at any two points.
But a truly infinitesimal geometry must recognize only the

principle of the transference of a length from one point to

angther point infinitely near to the first. This forbids us to
asgume that the problem of the transference of length from
one point to another at a finite distance is integrable, more
particularly as the problem of the transference of direction has
proved to be non-integrable. Such an assumption being re-
cognized as false, & geometry comes into being, which, when
applied to the world, explains in a surprising manner not
only the phenomena of gravitation, but also those of the elec-

Y

tromagnetic field. According to the theory which now takes .

ghape, both classes of phenomena spring from the same
source, and in fact we cannot in general make any arbitrary
separation of electricity from gravitation. In this theory
all physical quantities have a meaning in world geometry.
In particular the quantities denoting physical effects appear
at once as pure numbers. The theory leads to a world-law
which in its essentials is defined without ambiguity. It even
permits us in a certain sense to comprehend why the world
has four dimensions. I shall now first of all give a sketch of
the structure of the amended geometry of Riemann without
any thought of its physical interpretation. Its application to
physics will then follow of its own accord.

In a given system of co-ordinates the relative co-ordinates
dz, of a point P’ infinitely near to P—see (1)—are the com-
ponents of the infinitesimal displacement PP, The transition
from one system of co-ordinates to another is expressed by
definite formulx of transformation,

* * * -
T, =z, 2, .. .7) p=12...mn,

which determine the connexion between the co-ordinates of
the same point in the two systems. Then between the com-
ponents dz, and the components dz, of the same infinitesimal
displacement of the point P we have the linear formule of

transformation
dr, = Za,dz, . . . . (8)
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in which a,, are the values of the derivatives gz‘:
P. A contravariant vector x at the point P referred to either
system of co-ordinates has » known numbers £ for its com-
.ponents, which in the transition to another system are trans-
formed in exactly the same way (3) as the components of an
infinitesimal displacement. I denote the totality of vectors
at the point P as the vector-space at P. It is, firstly, linear
or affine, i.e. by multiplication of a vector at P by a number,,
and by addition of two such veetors, there always arises a
vector at P ; and, secondly, it is metrical, i.e. by the sym-
metrical bilinear form belonging to (2) a scalar product

at the point

X.y=y.x=2g.,8
Hy

is invariantly assigned to each pair of vectors x and y with
components £, 7. We take it, however, that this form is
determined orly as far as to a positive factor of proportion-
ality, which remains arbitrary. If the manifold of points of
space is represented by co-ordinates z,, the g,. are determined
by the metrical properties at the point P only to the extent
of their proportionality. In the physical sense, oo, if is only
the ratios of the g,, that has an immediate tangible meaning.

For the equation
Sudrdr, = 0
nv

is satisfied, when P 1s a given origin, by those infinitely
proximate world-points which are reached by a light signal
emitted at P.  For the purpose of analytical presentation we
have firstly to choose a definite system of co-ordinates, and
secondly at each point P to determine the arbitrary factor of
proportionality with which the g,, are endowed. Accordingly
the formulse which emerge must possess a double property of
invariaace: they must be invariant with respect to any con-
tinuous transformations of co-ordinates, and they must remain
unaltered if Ag,,, where \ is an arbitrary continuous function
of position, is substituted for the g, The supervention of
this second property of invariance is characteristic of our
theory.

If P, P* are any two points, and if to each vector x at P a
vector x* at P* is assigned in such a way that in general ax
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becomes ax*, and x + y becomes x* + y* (a being any as-
signed numbetr ), and the vector zero at P 18 the only one to
which the vector zero at P* corresponds, we then have made an
affine o1 linear replica of the vector-space at P on the vector-
space at P*. Thisreplica has a particularly close resemblance
when the scalar prodyct of the vectors x*, y* at P* 1s propor-
tional to that of x and y at P for all pairs of vectorsx, y (In
our vicw 1t 1s only this 1dea of a similar replica that has
an objective sense, the pirevious theory permitted the more
definite conception of a congruent rephica ) The meaning of
the parallel displacement of a vector at the pont P to a
neighbouring pomnt P 1s settled by the two axiomatic postu-
lates

1 By the parallel displacement of the vectois at the point
P to the neighbouring point P a similar image of the vector-
space at P 1s made upon the vector-space at P’

2 It P, P, are two points 1n the neighbourhood of P, and
the infinitesimal vector PP, at P 1s transformed mmto PPy
by a parallel displacement to the pont P,, while PP, at P 1s
transtormed nto P,P, by parallel displacement to P,, then
P, P, coincide, 1 e 1nfinitesimal parallel displacements are
commutative

That part of postulate 1 which says that the parallel dis-
placement 1s an affine transposition of the vector-space from
P to P’ 1s expressed analytically as follows the vector & at
P = (z), a, zn) 18 by displacement transformed into a
vector F* + dE* at P = (v, + do, x, + dz,, Zn + dxzs)
the components of which are in a linear relation to &,—

- dg* = - Sdyrgr : )

The second postulate teaches that the dy! are hinear differ-
enfial forms

d’)’:" = Sr‘fpdzpy ’
P
the coefficients of which possess the symmetrical property
=T . . . (5

If two vectors &, n* at P are transformed by parallel dis-
placement at P' into £ + df~, 2" + dp®, then the postulate
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(
of similarity stated under 1 above, which goes beyond affinity,

tells us that
S(guw + dguXE* + dE )" + dn’)
“V

must be proportional to
zgm*f“"ly-

If we call the factor of proportionality, which differs infinit-
esimally from 1, 1 + d¢, and define the reduction of an index
in the usual way by the formula

Ay = 3w’
v

we obtain
dgus = (dywn + dyw) = gudd . . (6)
From this it follows that dgp is a linear ditferential form
dp = Zd.de, . . . . (7
I
If this is known, the equation (6) or
Gy
Cuve + I, rp = _D%ip = Gt

together with the condition for symmetry (5), gives unequivo-
cally the quantities I'. The internal metrical connexion of
space thus depends on a linear form (7) besides the quadratic
Jorm {2)—which is determined except as to an arbitrary
factor of proportionality.* If we substitute Ag,, for g., with-

*[I have now mecdified this structure in the following points (cf. the final
presentation in ed. 4 of *“ Raum, Zeit, Matberie," 1921, §§ 13, 18). (a) In place
of postulates 1 and 2, which the parallel dsplacement has to fulfil, there is
now one postulate: Let there be a system of co ordinates at the point P, by
the employment of which the components of every vector at P are not altered
by parallel displacement to any point in infinite proximity to P. This postu-
late characterizes the essence of the parallel displacement as that of a trans-
position, concerning which it may be correctly asserted that it leaves the
vectors ‘‘unaltered.” (b) To the metrics at the single point P, according to
which there is attached to every vector x = ¢* at P a tract of such a kind that
two vectors define the same tract when, and only when, they possesa the same
measure-number I = 2g,,t*¢", there must now be added the metrical con-
nexion of P with the points in its neighbourhood : by congruent transposition
to the infinitely near point P’ a tract at P passes over into a definite tract at P,
If we make a requirement of this concept of congruent transposition of tracts
analogous to that which has just been postulated, under (a), of the concept of
paralle] displacement of vectors, we see that this process (in which the measure-
number ! of the tract is increased by dl) is expressed in the equations

dl = ld¢; do = z¢,dz,,
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| ,
out changing the system of co-ordinates, the quantities dy"
do not change, dvy,, assumes the factor A, and dg,, becomes
AMgu + gwdh.  Egquation (6) then shows that d¢ becomes

dp + D = dp + d (og ).

What remains undetermined, therefore, in the linear form
S¢udz, is not a factor of proportionality which would have
to be settled by an arbitrary choice of a unit of measurement,
but, rather, the arbitrary element inherent in 1t consists in an
additive total differential. For the analytical representation
of geometry the forms

udaudz,, ¢.dr, . . . . (8
are on an equal footing with
A gwlzude, and $udz, + 4 (log ) . . (9

where M is any positive function of position. Hence there is

invariant significance in the anti-symmetrical tensor with the
components )
dpu _ ¢,

F,.. = S0 " e, . . . (10)

i.e. the form '

B, = dz,bz, = $F,,0z,,

which depends bilinearly on two arbitrary displacements dz
and 8z at the point P—or, rather, depends linearly on the
gurface element with the components Azx,, = dz.8z, ~ dz.0z,
which is defined by these two displacements. The special
casa, of the theory as hitherto developed, in which the
arbitrarily chosen unit of length at the origin allows itself
to be transferred by parallel displacement to all points of
spaece in a manner which is independent of the path traversed
—this special case occurs when the g, can be absplutely

determined in such a way that the ¢, vanish. The I', are

In these circumstances the metrics and the metrical connexion determine the
‘“ affine " connexion (paraliel displacement) without ambiguity—and indeed,
according to my present view of the problem of space this is the most funda-
mental fact of geometry-—whereas according to the presentation given in the
text it is the linear form dg¢ that remains arbitrary in the given metbrics at
the parallel displacement.]
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then nothing else than the Christoffel ‘three-indices symbols.
The necessary and sufficient invariant condition for the
occurrence of this case consists in the identical vanishing of
the tensor F,,.

This naturally suggests interpreting ¢, in world-geometry
as the four-potential, and the tensor F consequently as electro-
magnetic field. For the absence of an electromagnetic field
is the necessary condition for the validity of Einstein’s theory,
which, up to the present, accounts for the phenomena of
gravitation only. If this view is accepted, it will be sesn
that the electric quantities are of such a nature that their char-
acterization by numbers in a definite system of co-ordinates
does not depend on the arbitrary choice of a unit of measure-
ment. In fact, in the question of the unit of measurement
and of dimension there must be a new orientation of the
theory. Hitherto a quantity has been spoken of as, eg., a
tensor of the second rank, if a single value of the quantity
determines a matrix of numbers a,, in each system of co-
ordinates after an arbitrary unit of measurement has been
selected, these numbers forming the coefficients of an in-
variant bilinear form of two arbitrary, infinitesimal displace-
ments

awdz,dz, . . . . (11)

But here we speak of a tensor, if, with a system of co-ordin-
ates taken as a base, and after definite selection of the factor
of proportionality contained in the g,,, the components a,,
are determined without ambiguity and in such a way that on
transforming the co-ordinates the form (11) remains invariant,
but on replacing ¢, by Ag. the @, become Aa,.,. We then
say that the tensor has the weight ¢, or, ageribing to the linear
element ds the dimension “ length = {,” that it is of dimension
I’¢.  Only those tensors of weight O are absolutely invariant.
The field tensor with the components F,, is of this kind. By
(10) 1t satisfies the first system of the Maxwell equations

van + DFPI‘ + DFFV
oz, o, 0z,

= 0.

‘When once the idea of parallel displacement is clear, geometry
and the tensor calculus can be established without difficulty.



H' WEYL 209

(a) Geodetic Lines.—Given a point P and at that point a
vector, the geodetic line from P in the direction of this vector
is given by continuously moving the vector parallel to itself
. In its own direction. Employing a suitable parameter r the
differential equation of the geodetic line is

(Of course it cannot be characterized as the line of smallest
length, because the notion of curve-length has no meaning.)

(b) Tensor Calculus.—To deduce, for example, a tensor field
of rank 2 by differentiation from a covariant tensor field of
rank 1 and weight 0 with components f., we call in the help
of an arbitrary vector £ at the point P, form the invariant
Ju£ and its infinitely small alteration on transition from the
point P with the co-ordinates =z, to the neighbouring point P’
with the co-ordinates z, + dr,. by shifting the vector along a
parallel to itself during this transition, For this alteration
we have

o A
Sﬂ;fudzp + fodEr = (b%' - Pf‘vfp>§“d$,,.

The quantities in brackets on the right are therefore the com-
ponents of a tensor field of rank 2 and weight 0, which is
formed from the field f in a perfectly invariant manner.
(¢) Curvature.—To construct the analogue to Riemann’s
tensor of curvature, let us begin with the figure employed
above, of an infinitely small parallelogram, consisting of the
points P, P, P,, and P, = P,.* If we displace a vector
x =“¥ at P parallel to itself, to P; and from there to Py,, and
a second time first to P, and thence to Py, then, since Py,
and Py, coincide, there is a meaning in forming the difference
Ax of the two vectors obtained at this point. For their com-

ponents we have '
Af = ARE . . . . (12)

where the AR* are independent of the displaced vector x, but

* [Here it ig not essential that opposite sides of the infinitely small * paral-
lelogram  are produced by parallel displacement one from the other; we are
concerned only with the coincidence of the points P,; and Py,.]
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on the other hand depend linearly on the surface-element
defined by the two displacements PP, = dz,, PP, = ..
Thus

AR = RY,dr,8z, = {R.,, AT,

voo

The components of curvature R#,,, depending solely on the
place P, possess the two properties of symmetry that
(1) they change sign on the interchange of the last two indices
p and o, and (2), if we perform the three cylic interchanges
vpo, and add up the appropriate components, the result is 0.
Reducing the index p, we obtain at Ry, the components of
a covariant tensor of rank 4 and weight 1. Kven without

calculation we see that R divides in a2 natural, invariant
manner into two parts,

an,=P:,‘pU —48‘;19,,, (85=1if,u,=1/: =01fud v), (13)

of which the first, P* , is anti-symmetrical, not only in the in-
dices po, but also in ',u, and ». Whereas the equations Fy, = 0
characterize our space as one without an electromagnetic
field, i.e. as one in which the problem of the conveyance of
length is integrable, the equations P% , = Oare, as (13) shows,
the invariant conditions for the absence of a gravitational field,
ie. for the problem of the conveyance of direction to be
integrable. The Euclidean space alone is one which at the
same time is free of electricity and of gravitation.

The simplest invariant of a linear copy like (12), which to
each vector x assigns a vector Ax, is its “spur ”

1, s
;—zARp. ,
For this, by (13), we obtain in the present case the form
- 3¥, . dz bz,

which we have already encountered above. The simplest in-

variant of a tensor like - 4F,, is the ‘‘ square of its magni-
tude "’

L = {F,.F” . . . . (14)
L is evidently an invariant of weight — 2, because the tensor

F has weight 0. If g is the negative determinant of the g,.,,
and

do = /gdzdz,drde, = /gdz
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the volume of an infinitely small element of volume, it is
known that the Maxwell theory is governed by the quantity
of electrical action, which is equal to the integral {Lide of this
simplest invariant, extended over any chosen territory, and
"indeed is governed in the sense that, with any variations of
the 9., and ¢,, which vanish at the limits of world-territory,
~we have

8{ Ldw - j (S*dd, + T*8g,.)dw,
whete

Su=—LM_;F_D
VTS

are the left-hand sides of the generalized Maxzwellian
equations (the right-hand sides of which are the components
of the four-current), and the T** form the energy-momentum
tensor of the electromagnetic field As Li is an invariant of
weight — 2, whereas the volume-element in n-dimensional
geometry is an invariant of weight 4n, the integral has
significance only when the number of dimensions n = 4.
Thus on our interpretation the possibility of the Maxwell
theory is restricted to the case of four dimensions. In the
four-dimensional world, however, the quantity of electro-
magnetic action becomes a pure number. Nevertheless, the
magnitude of the guantity 1 cannot be ascertained in the
traditional units of the e.g.s. system until a physical problem,
to be tested by observation (as for example the electron), has
been calculated on the basis of our theory.

Passing now from geometry to physics, we have to assume,
follqgring the precedent of Mie’s theory,* that all the laws of
nature rest upon a definite integral invariant, the action-
guantity

j\de - I%dr, B - W/g,

in such a way that the real world is distinguished from all
other possible four-dimensional metrical spaces by the char-
acteristic that for it the action-quantity contained in any part
of its domain assumes a stationary value in relation to such
variations of the potentials g,., ¢. as vanish at the limits of

* Ann, d. Physik, 37, 39, 40, 1912-13.
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the territory in question. W, the world-density of the action,
must be an invariant of weight — 2. The action-quantity is
in any case a pure number ; thusour theoryat once accounts
for that atonustic structure of the world to which current
views attach the most fundamental importance—the action-
quantum. The simplest and most natural conjecture which
we can make for W, is

W=R,R”=|R|%
For this we also have, by (13),
W= |P|2+ 4L

(There could be no doubt about anything here except perhaps
the factor 4, with which the electric term Li is added to the
first) But even without particularizing the action-quantity
we can draw some general conclusions from the principle of
action. For we shall show that as, according to investiga-
tions by Hilbert, Liorentz, Einstein, Klein, and the author,*
the four laws of the conservation of matter (the energy-
momentum tensor) are connected with the invariance of the
sction quantity (containing four arbitrary functions) with re-
spect to transformations of co-ordinates, so in the same way
the law of the conservation of electricity is connected with
the ‘ measure-invariance " [transition frem (8) to (9)] which
here makes its appearance for the first time, introducing a
fifth arbitrary function. The manner in which the latter as-
sociates itself with the principles of energy and momentum
seems to me one of the strongest general arguments in favour
of the theory here set out—so far as there can be anyv rjues-
tion at all of confirmation in purely speculative matters.

For any variation which vanishes at the limits of the
world-territory under consideration we have

‘ aj Wiz — I(EIB'“’BgM + S ds (BF — TH) (15)

* Hilbert, “Die Grundlagen der Physik,” Gottinger Nachrichten, 20
Nov.,, 1915; H. A. Lorentz in four papers in the Versl. K. Ak. van
Wetensch., Amsterdam, 1915-16; A. Einstein, Berl. Ber., 1916, pp. 1111-6;
F, Klein, Gott. Nachr., 25 Jan., 1918; H. Weyl, Ann. d. Physik, 54, 1917,
pp. 121-5.
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The laws of nature tllen take the form
W =0, w* =0 . . . (16)

The former may be regarded as the laws of the gravitational
field, the latter as those of the electromagnetic field. The

quantities W*, w* defined by
W = SgW, wom = /g

are the mixed or, respectively, the contravariant components
of & tensor of rank 2 or 1 respectively, and of weight - 2.
In the system of equations (16) there are five which are re-
dundant, in accordance with the properties of invariance.
This is expressed in the following five invariant identities,
which subsist between their left-hand sides :—

M o

w = . an
WY prmf=gFuee . . . (18)
Ly

The first results from the measure-invariance. For if in
the transition from (8) to (9) we assume for log A anin-
finitely small function of position 8p, we obtain the variation

8p)
3Gy = g,u:SP, S = —g—z_f'
For this variation (15) must vanish. In the second place if
we utilize the invariance of the action-quantity with respect
to transformations of co-ordinates by means of an infinitely
small deformation of the world - continuum,* we obtain the
idegtgties
pDitly
0Ty
which change into (18) when, by (17) dw*/dz, is replaced by
guﬂ%aﬂ .
From the gravitational laws alone therefore we already obtain

e
‘D‘z—“ = 0, . . . . (19)

_a_g.ﬂa a8 E.n_)f al=
-3 bz,% + %(ba;,. v - I‘,,m)——o

* Weyl, Ann. d. Physik, 54, 1917, pp. 121-56; F. Klein, Gétt. Nachr.,,
25 Jan,, 1918.
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and from the laws of the electromagnetic field alone

2w om0 . . . Q0
T, Y
In Maxwell's theory w* has the form

e = Aa/gE") gF*) -8, B =g

dz,
where s* denotes the four-current. Since the first part here
satisfies the equation (19) identically, this equation gives us
the law of conservation of electricity

A /g8y
Jao v '

Similarly in Finstein’s theory of gravitation ¥* consists of
two terms, the first of which satisfies equation (20) identi-
cally, and the second is equal to the mixed components
of the energy-momentum tensor T* multiplied by /9.
Thus equations (20) lead to the four laws of the conservation
of matter. Quite analogous circumstances hold good in our
theory if we choose the form (14) for the action-quantity.
The five principles of conservation are * eliminants”’ of the
field laws, i.e. they follow from them in a twofold manner,
and thus demonstrate that among them there are five which
are redundant.

With the form (14) for the action-quantity the Maxwell
equations run, for example . —

1 oSeF)

Nz o, s*, . . .21

and the current is
R
Sp = %(R% + b_z,,>’

where R denotes that invariant of weight - 1 which arises
from RY if we first contract with respect to u, p and then

with respect to » and o. If ** denotes Riemann’s invariant
of curvature constructed solely from the g,, calculation
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gives
B(J g‘b‘l) »
— * .
R=R - = . M
In the static case, where the space components of the electro-
magnetic potential disappear, and all quantities are inde-
pendent of the time z,, by (21) we must have

R =R* + g¢0¢° = const.

But in a world-territory in which R + 0 we may make
R = const. = = 1 everywhere, by appropriate determination
of the unit of length. Only we have to expect, under con-
ditions which are variable with time, surfaces R = 0, which
evidently will play some singular part. R cannot be used as
density of action (represented by R* in Einstein's theory of
gravitation! because it has not the weight — 2. The conse-
quence 1s that though our theory leads to Maxwell’s electro-
magnetic equaticns, 1t does not lead to Einstemn’s gravitation
equations. In their placp appear differential equations of
order 4. But indeed it is very improbable that Einstein’s
equations of gravitation are sirictly correct, because, above
all things, the gravitation constant cccurning in therm is not
at all in the picture with the sther constants of mature, the
gravitation radius of the charge and mass of an electron, for
example, berng of an entirely diferent order of magmtude
(10%° or 10% tirnes as smally irom that of the radius of the
electron itself*
It was my intention here merely 1o develop briefly the

gexya! principles of the theory.t The problem naturally

* Cf. Weyl, 4np. 4. Physik, 54, 1917, p. 133.

+[The problem cf defining all W invanants aliowable as acticn-guantities,
urder the requiremeny that they should cortain vhe derivatites of the g, only
o the seccnd order av most, and those of the ¢, omy wo the £rsi order, was
solved by R. Welizenbock (Sitzungsber. d. 4ksd. d. Wissensch. in Wien,
129, 1920; 130, 1921). If ws omit the invariants W {cr which the varistion
3[Wdw vanishes :dentically, there remain according o s laber caleulstion by
R. Bach {Math. Zeitschn, 2, 1921, pp. 125 srnd 189 only three ccmbine-
tione. The real "W seerns to be a hinear ocombinatior of Marwell't I and the
squere of K. Thie conjectize hes baen tesyed more ra:&*‘_a.,'y by W. Peuli
{(Thyeik. Zerwohetbo, 25, 1919 oo i m partic

T
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presents itself of deducing the physical' consequences of the
theory on the basis of the special form for the action-quantity
given in (14), and of comparing these with experience, exam-
ining particularly whether the existence of the electron and
the peculiarities of the hitherto unexplained processes in the
atom can be deduced from the theory.* The task is extra-
ordinarily complicated from the mathematical point of view,
because 1t is impossible to obtain approximate solutions if we
restrict ourselves to the linear terms ; for since it is certainly
not permissible to neglect terms of higher order in the
interior of the electron, the linear equations obtained by
neglecting these may have, in general, only the solution 0.
I propose to return to all these matters in greater detail in
another place.

motion of & material particle. The invariant (14) selected above, at hazard
1n the first place, seems on the contrary to play no part in nature. Cf. Raum,
« Zeit, Materie,” ed. 4, §§ 85, 36, or Weyl, Physik. Zeitschr., 22, 1921, pp.
473-80.]

* [Meanwhile I have quite abandoned these hopes, raised by Mie’s theory ;
I do not believe that the problem of matter is to be solved by a mere field
theory. Cf. on this subject my article *“ Feld und Materie,” Ann. d. Physik,
65, 1921, pp. 541-63.]



