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Abstract

Although some progress has been made in generalizing the concept of angular momen-
tum to general relativity, until now, no satisfactory definition of angular momentum

at null infinity has been given. I here give the first such definition.

The definition applies to strongly asymptotically flat space-times. The angular mo-
mentum is given only in terms of physically measurable quantities. Further, the time
rate of change of the angular momentum is given solely in terms of parameters mea-
surable directly by a Michelson interferometer gravitational wave detector such as
LIGO or LISA. I prove the uniqueness of the definition and give a minimum range
of its validity. There is reason to believe that there is no physical restriction on the
definition. I also give the physical interpretation of the preferred frames at null infin-

ity that arise naturally in the process of finding the unambiguous expression for the

angular momentum.

iii
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Chapter 1

Introduction

Energy, momentum and angular momentum are pivotal concepts in physics. It is
no surprise, therefore, that immediately after conceiving general relativity, Einstein
addressed the problem of energy-momentum conservation. He introduced the idea
of a gravitational energy tensor to pair with the matter energy tensor; together they
formed a “conservation law.” However, there were several problems, including the fact
that the initial definition was not covariant and was not symmetric. Non-covariance
violates the core principle of relativity and being non-symmetric makes it impossible
to define the equally important concept of angular momentum. Einstein refined
his idea further by introducing an integral over space and a symmetric tensor into
his definition. It was already becoming clear what now is the common consensus;
there is no local definition of energy-momentum and angular momentum in classical
general relativity [1]{2](3][4](5][6]. Hermann Weyl[7] put the nonlocal definition on
solid mathematical ground in 1921.

Further light was shed on the problem when Dirac introduced|6] and applied his
generalized Hamiltonian formulation to gravitation[8][9] in the 1950’s. In the early
sixties, Arnowitt, Deser and Misner[10][11][12], under the impetus of the Hamiltonian

formulation, gave the definitions for energy and momentum at spatial infinity. There
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Chapter 1: Introduction

was, in actuality, a veritable renaissance of new work in the early sixties. Bondi,
Van der Burg, Metzner[13] and Sachs([14][15](B(V)MS) gave the first results for null
infinity, including a definition for energy at null infinity which was later generalized to
energy-momentum within the BMS group framework. It was B(V)MS who introduced
a group(called the BMS group) that preserved the metric in Bondi’s form. In the mid
sixties, Penrose[10][16][17] introduced the conformal definition of asymptotic flatness.
He and others(18] exploited the fact that the light cone structure, a profound aspect of
a space-time, is preserved under conformal transformation. The results were profitable
insights into the nature of spatial and null infinity[19](20][21][22][23] [24][25][26][26].
For example, the BMS group was shown to be isomorphic to the group generated
by the vectorfields that exist in the unphysical space-time at null infinity which are
in some sense the closest approximation to Killing vectors that one can get in an
asymptotically flat space-time. Figure 1.1 shows the 2-dimensional conformal diagram
for Minkowski space; it brings infinity in to a finite “place” so that quantities at
infinity can be treated in a similar manner to quantities at other “places.” Newman
and Penrose used their complex(spinor) tetrad formalism [27] to give the peeling
theorem specifying the decay law of the Riemann tensor near null infinity.

Angular momentum took center stage when Penrose, Newman and collaborators
made a push towards a definition at null infirity in the late sixties[28][29]. The effort
bore fruit in interesting ideas; it lead Penrose to the idea of twistors and Newman to
the idea of H-space[30]. However, while it gave important insights into the problem,
the effort did not unlock the door to angular momentum. By 1982, Penrose lists
finding the definition of angular momentum at null infinity as one of the unsolved

problems of general relativity (problem 10 in “Unsolved Problems of Classical General

Relativity” [31]).
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Chapter 1: Introduction 3

Figure 1.1: The 2-D conformal picture of Minkowski spacetime. It allows one to
discuss quantities at infinity. $tis future null infinity; $~ is past null infintiy; i® is
spatial infinity.

In 1990, Christodoulou[32] published the outline of the first proof of the nonlinear
stability of Minkowski space. The entire proof, due to Christodoulou and Klainer-
man, was published in 1993(33]. Their research bore fruit for physics immediately;
Christodoulou discovered the explicit nonlinear memory(34][35][36]which also gave a
clear context for the linear(37][38] memory! effect. Their research revealed problems
with the conformal picture. It showed the peeling theorem to be incorrect at order? ;lg
—thus sending a reminder of the importance of the field equations. Most importantly,
it opened up an alternate way of studying null and spatial infinity. This alternate
way allows one to take limits of quantities as one goes to null and spatial infinity.

These limits can be done in a natural way without having to introduce a conformal

! The memory effect refers to the fact that test masses in a Michelson Interferometer antenna will
be displaced from their original distance after the passage of a gravitational wave.
2In Newman-Penrose’s paper, 1/r3 decay is a fundamental assumption.
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Chapter 1: Introduction

transformation and without assumptions about smoothness at null infinity. The con-
formal transformations are not uniquely defined so by using them one introduces,
among other things(such as changes of topology), ambiguities. The smoothness as-
sumptions maybe so strict that there are no non-trivial space-times that satisfy the
standard conformal definition of asymptotically flat. The naturalness and the explicit
harmony with the field equations make the Christodoulou-Klainerman approach very
attractive. At the very least, it is a second window through which to glimpse the
structure of general relativity at infinity.

In this thesis, the power and elegance of the Christodoulou formalism is used to
advantage. In chapter 2, the space-time is foliated in a convenient and physically sug-
gestive manner. Important quantities are brought to the fore, and the ground work
is set for taking limits to null and spatial infinity. In chapter 3, the quantities and
insights gained are applied to the concept of angular momentum, and the definition
at null infinity is given. Also in this chapter, the limit mechanism is made mathemat-
ically precise, the angular momentum and the rate of change of angular momentum
is given at null infinity in terms of variables at null infinity, and the meaning of these
variable is elucidated. Finally, an ambiguity in the definition is revealed. Chapter 4
explores and resolves the ambiguity by finding a unique slicing having only the free-
dom natural to Minkowski space-time. Chapter 5 gives the physical interpretation of
the remaining freedom and brings all the analysis together to give a complete picture

of the definition of angular momentum at null infinity.
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Chapter 2

The Foliation of Space-time

In defining angular momentum in the fully general relativistic regime!, one needs to
be able to have a way of talking about null infinity and spatial infinity in a natural
way. A clever choice of foliation can be helpful in dealing with and formulating these
two concepts mathematically. Null infinity? is of particular interest, for any radiation
which travels at the speed of light “goes” to null infinity. In particular, gravitational
wave experiments are done in this region. Further, it is at null infinity where a
definition of angular momentum has been particularly hard to uncover. These two
considerations force an emphasis on 2-D foliations of the 4-D space-time.

We now first give the general properties of such foliations, including a natural
tetrad system on the foliation. This will then be followed by a detailed account of

the two particular foliations used in this work.

'In what follows we will always be assuming that we are looking for a global(not local) definition

in an asymptotically flat space-time.
2The null structure of the spacetime is also of fundemental interest in its own right. Recognizing

the fundamental character of the null decomposition was crucial to Christodoulou and Klainerman's
proof of non-linear stability of Minkowski space.
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Chapter 2: The Foliation of Space-time 6

2.1 General Features of 2-D Foliations

A natural choice of frame for such a 2-D foliation, as will be seen, consists of two null
vectors and two spatial vectors. Each 2-D surface in the foliations we choose, which

I call an S? foliation, will have:

1. The topology of a sphere(S2).

2. A tangent plane at each point that can be spanned by two spatial vectors
(easuch that A € 1,2). Such vectors are always indicated in this paper by an

upper case Latin index.

3. A tangent space perpendicular to the e4 ’s that can be spanned by two null
vectors labeled by e, = lande; = [ . They will be normalized such that
[l = —2. A frame so defined is called a null frame.

In providing every point in space-time with two null vectors and two spatial vec-
tors, one can already see a kinship with the Newman-Penrose formalism[39][27]. The
null frames have the distinct advantage of having null vectors that point in the space-
time not in a complex representation of the space-time. For instance, instead of
dealing with the shear as a complex quantity, whose tensorial properties one must
uncover, here one deals explicitly with a tensor on a 2-D surface (diffeomorphic to

S2)'3

2.1.1 Ricci Rotation Coefficients

With a null frame established, it is natural to want to write down the Chrisoffel

symbols and their relation to the curvature. In a null basis, one deals instead with

3Note: for dimension < 4 diffeomorphic & homeomorphic
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Chapter 2: The Foliation of Space-time 7

the null Ricci rotation coefficients* which are defined by:?
([33] pg 147)

Hap = (Daes e8) Hup = (Daes, ep)
Zp = 3(Dseq,ea)  Zn =3 (Dyes, e4)
Ya = 3(Dses,en) Y, =1(Dses, en) (2.1)
Q= % (Dq4ey, €3) 0= % (Dses, e4)
Va = 3 (Daey, €3)
This implies:
Dases = H gep+ Vaes Daes = Hapep — Vyey
Dies = 2Y qeq — 2Q2e3  Daey = 2Z4e4 + 20e,

Dies =2Z 64 +2Qe3  Dyeq = 2Yae4 — 206,
and,

Dpes = Voea + ;Hapes + 3H 4peq
Dies = [hea+ Zaes + Y 4e4
Dies = ea + Yaes + Z 4e4

Lapse Transformation Properties:

Note that the normalization { - = —2 is preserved under the lapse transformation:®

l—all, | —al

“The Ricci coefficients are often seen for the orthonormal basis (tetrad). Here, we deal with a null
basis. The null Ricci coefficients given here are the null basis analogies to the Christoffel symbols.
(Christoffel symbols apply for a coordinate basis).

5D represents the covariant derivative relative to the manifold M with metric, g written as (M,g).
N refers to the covariant derivative intrinsic to the surface S, and Drefers to the derivative projected
to the surface, S. (,) is the inner product with respect to the metric g.

The physical meaning of this lapse function is discussed in chapter 5. In general, the lapse
function, together with its counter part, the shift vector may be described as the non-dynamical
variable that tells one how to move forward in time (cf. e.g. [5][10]). Refer to page #43 for further
general information on the lapse function.
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Chapter 2: The Foliation of Space-time 8

where : a is called the lapse function

and is any function on the S? surface.

Under this transformation the Ricci Coefficients transform as:

H—a'H H—aoH
A Z—7Z
Y —a"2y Y -a’y (2:2)
Q—3a?Dia+a"'Q Q—aQ- 1D
V-V +¥Ylna

The Structure Equations’, which will be used throughout this thesis since they
specify the interrelation between the different Ricci coefficients, are given in Appendix

I

We note now the geometrical meaning of the most important null Ricci coefficients.
We will make use of the fact that any symmetric twice covariant tensor, x4g , on the

2-D surface S can be decomposed as[33]:
. 1
XaB = XaB + 3728 tr(x)

Shear

The shear, Hyp = XAB (ﬂ_ =X, B), corresponds to the traceless part of the extrinsic
curvature of S, xap . It is the shear of the outgoing(respectively, ingoing) null rays.

Geometrically, the shear tells one how the shape a small bundle of null rays changes

during a short time period.

"The structure equations arise from commutation of covariant derivatives applied to the different
basis vectors. Hence, they are analogous, in a coordinate basis, to expressing R;p.q as a function of
the Christoffel symbols. In the appendix, use is also made of the Einstein vacuum equations.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 2: The Foliation of Space-time 9

Expansion
The expansion, tr(x), (tr(x)) gives the “trace” part of the extrinsic curvature. It tells
the amount of expansion of a small bundle of outgoing(respectively, ingoing) null rays

in a short time period.

Torsion

For a curve in R®, with tangent vector 9, and principle normal 7 = g—‘;’/ lg—‘;l, b=10xn,
the binormal, {7, 7, 5} form an orthonormal set at each point. Using the Serret-Frenet

Formulae, one defines the torsion as:

9b , o
— = Torsion* n or Torsion=——:b
0s 8

where : s is the natural parameter of the curve(arc length).

Here “torsion” measures the degree of twisting out of the initial plane of motion.

In “241” space-time, this would correspond to the null rays twisting, like the grooves

of a screw, as they move forward in time.

In a similar way, given a spacelike surface in (g, M), with normals [ and [ , with
[ chosen to be a null geodesic field(Di{ = 0) and [ defined such that {.[ = —2 and
given b = (I + 1)/2, the binormal defined in reference[34|, and the principal normal

n = (I ~1)/2, one defines the torsion, ( :

1
Ca = —(Dean’b) = (DeAb’ n) = E(Deali)
where : quantities are defined in detail in the

affine foliation section.

Remark 1: This is a previously defined Ricci coefficient, V.
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Chapter 2: The Foliation of Space-time 10

In this thesis, two types of foliations will be used: the maximal and affine foliations.
The maximal foliation covers all space-time; it will be discussed first. The affine

foliation, an S? foliation, is not global; it is only a “near null infinity” foliation. It

will be discussed last.

2.2 Specifics of the Two Foliations Used: Maximal
and Affine

2.2.1 Maximal[33]

Since we are dealing, by choice, with a globally hyperbolic space-time (M, ga), the
initial value problem is well posed and (M, gas) admits a global time function t(x). It
is convenient and physically instructive to foliate the space-time into spacelike leaves,

%, with t = constant on each leaf.® This foliation induces a natural coordinate

system, (t,z*). In this coordinate system, g, is given by:

3
ds® = —¢*(t,x)dt® + Z Gij(t, z)dz*dz’
i,j=1
where : g;; is the induced metric on the leaf, T,

¢ is called the lapse function.

(a) T = {unit normal in direction of Dt}, T-T = =1, T = ¢~ 'Dt (T = Dt =
T -T=¢2)

8We can then setup the Cauchy problem by giving the extrinsic curvature ki; and metric g;; on
an “initial” slice, say at t = 0. See the next pages for further description of ki; and g;;.
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Chapter 2: The Foliation of Space-time 11

b) We Fermi propagate the e}s: Dre; = 0.9 This means one’s coordinate
p i

system doesn’t twist anymore than it must due to the space-time curvature.
We make the choice of foliation unique by:
1. Taking trk = 0.

o This is what makes it a maximal foliation for this choice(in Einstein geom-
etry) maximizes the volume of a given ¢ = constant leaf([33] pg 13). For

example, foliating Minkowski space!® in this way, each leaf is a plane.
2. Choosing the lapse function, such that lim;_..c ¢ = 1 on each leaf T,.

e This is referred to as normalizing the lapse function at infinity. Normal-
izing specifies a unique time function whenever there is a non-zero ADM
energy(i.e., not Minkowski space). A normalized lapse function means that
the maximal hyperplanes are parallel at spatial infinity, that is to say it
is a true foliation of space-time. Physically, this means that one remains
in the frame of the initial slice; if one starts in the center of momentum

frame, where!! P% .. = 0, one remains there.
3. Choosing the center of momentum frame(F%,,,, = 0) for the initial data.

e This is the same as saying that the initial data is strongly asyptotically
flat(the major restriction put on all space-times in this thesis). Roughly

speaking, asymptotic flatness gives us a way of describing isolated bodies.

9D denotes the projection of D to the tangent space of the foliation.
0As an aside, it is interesting to note that the {trace-free symmetric part of k}=0, called an

umbilical surface, gives one a sphere.
'P is here the ADM linear momentum defined in Appendix II.
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Chapter 2: The Foliation of Space-time 12

Since the mathematical details are somewhat of an aside, they are discussed

in Appendix IL

Optical-Maximal Foliation

We may now construct the optical-maximal S foliation. Although we will not use this
foliation directly in this thesis, it is included for completeness and for its usefulness
in understanding the affine foliation from a different perspective(cf. the end of this
chapter). We thus precede to foliate further: to go from a 3-D leaf maximal leaf to
a 2-D S? leaf. To do this, we make use of the structure provided by the maximal
foliation and an “optical function.”'? This function, u, obeys the Eikonal equation
g**8,ud,u = 0 and has level surfaces that are light cones—specifically outgoing null
hypersurfaces. Each hypersurface, L, , intersects a given u = constant light cone in a
2-D surface, S; ., which has the topology of a sphere. One can construct a null frame

for this foliation; this consists in picking two null and two spatial vectorfields on each

Stu - The natural choice for this foliation is:

1. Two null vectors, ! and [ which are, respectively, the outgoing and ingoing null

normals to S, and satisfy: [ [ =—-2.
Choices for [ and [ :

(a) The simplest choice in the optical-maximal foliation is:

lme =T+ N
l,,=T-N

12The 2-D foliation of space-time derived from the use of the maximal foliation and optical function
as described in the above text and in[33] will be called the optical-mazimal foliation.
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13

where N is the unit normal to S, in ¥, and the subscript “ms” stands

for maximal simple.

(b)

l=a"YUn,

l=alp,,

where a in general could be any function, but most naturally it is

chosen such that it is the lapse function of the S;, in .. In this case,

* = g*d,u.

2. Two spatial vectors, e4 where A € 1,2, orthogonal to the above and tangent to

Stou-

Y

With choice a, called the standard null pair, one gets the following Ricci rotation

parameters:

([33] pg 171)

H=x
Z=(
Y =0
Q=3v
V=e¢

where!?

137 is covariant derivative in ;.

H=x
zZ=(
Yy=¢
Q=3v
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] Chapter 2: The Foliation of Space-time 14

Xap =048 —kap X,z =—0a8—Fkan
Ci=0a"'Waa+ea ¢, =0"'"Vad—ea

g, =0¢"'Vap—a 'Vaa
v=—¢"'VUnd+6 v=0¢"'Vndp+6

€a = kan
where
a = I—é——l = {the lapse function of the foliation
u

induced by u on each .}

645 = {the extrinsic curvature of the surfaces S
relative to .}
ki = {extrinsic curvature of the maximal slice}
= %Spatial Components(£ 1 §i) = —(2¢) 10,6
Decomposition of k& :  nap = kap, €a =kan, 6 =knn

With choice b, called the l-null pair or l-geodesic pair, one gets the following: ( [33]

pg 351)
H=x H=x
f Z=¢ Z=(
Y=0 Y=¢ (2.4)
N=0 Q=-w
V=
where :
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Chapter 2: The Foliation of Space-time 15
x=a'¥ x=ax
¢=¢ ¢=¢
§=0a% w=ja(a"'Dia—u)

2.2.2 Affine Foliation

An affine foliation[35][34] begins with a maximal hypersurface £ with {center of mass
momentum }=P=0. This foliation is best understood pictorially(refer to Figure 2.1).

A basic outline of the construction of the affine foliation follows:

1. Construct a surface Sy in Xg.

2. Send out light rays from Sy in the outgoing direction to generate a forward light

cone; designate it the u=0 light cone or Cy .

3. Travel to an affine “distance,” labeled s, ({(s) = 1) from Sy along the null rays
of Cf to a second maximal hypersurface. This 2-surface, Sy ,, is by definition a
surface of constant s with the value of s defined to be'* s = 4/ i‘;‘. This proce-

dure eliminates the ambiguity in the affine parameter and in the normalization
of l. Note that Sy will not, in general, be a surface of constant s since each null

ray travels a different affine “distance.”

(a) Construct a 2-D spatial vectorfield orthonormal basis, €4, on Sg .

(b) Use the tangent vector to Cg for L.

14Here the variable S plays a second role; it represents also the area of the surface S . Recall, up
to here, it referred to the surface S itself.
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: Chapter 2: The Foliation of Space-time 16
. — O*
S0
ofs . O
Specifically, lim S, , =50 fime
s
\ /
/

Maximal Slice

This "oecomes”
spatial infinity,

Figure 2.1: Affine Foliation of Space-time (Only valid for s large. Hence, in general,
Cy is a fictitious device useful for illustration; on the other hand, C;, would actually
exist for large s'.)
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Chapter 2: The Foliation of Space-time 17

(c) For each point of Sg s construct an ingoing vectorfield  such that {-[ = —2. 15

4. Send a light ray from Sps in the direction of L. The past and future of this

congruence creates a cone C; .

(a) Extend [ to C; by taking it to be the tangent to Cy .

(b) Extend ! to C; by taking it to be the conjugate of { such that -/ = 2.

5. Travel an affine “distance” u along the ingoing ray from Sps. This leads one
to a new surface S, ,. Note that rays coming in from the past to S, s create a

second u =constant forward light cone; call it C;f .

: s,
(a) For later convenience, define rys = /=%, and note that one can choose

the affine parameter, u, such that u = 2(ros — ). '°
(b) Note the naming convention is:
i. The central letter denotes shape of surface; in this case “C” for cone.
ii. The superscript, in the case of a light cone, indicates backward or
forward cone.
iii. The subscript indicates what parameter(s) is held constant to form

the surface.

6. For complete rigor work only at s — oo. It is convenient to label the S? leafs

of null infinity by defining lim,_ o Sys = S;.

15Strictly speaking, off null infinity, specifying that ! is a geodesic vectorfield(orthogonal to the
surface of constant s as above) and taking [ to be the conjugate such that [-! = ~2 uniquely specifies
L and leaves no freedom to also globally set Di = 0. This can only be done in an approximate sense
in space-time close to null infinity.

18Note the analogy with Minkowski space:

at event © = 0: 279 = 3—0; and at event u = u: 2r = $—u. Since “s” is a constant, u = 2(rg—r).
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Chapter 2: The Foliation of Space-time 18

A frame set up in the previous way will be called an affine frame. The affine

foliation is only useful under the following conditions:

1. There exists a compact spatial region of L, ,Vt, outside of which there is no

mass; that is, the space-time is Ricci flat there.

2. One must be suitably near null infinity. This foliation is most useful when one
is interested in dealing solely with the 3-D surface, i.e., null infinity, that one
obtains in the limit of infinite affine parameter “s.” It is roughly valid near null
infinity. If one tries to go far in from null infinity, say “down” along C}, the
null rays may develop caustics and destroy the foliation. What is more, if one

gets so close as to be in the near zone, then the wave approach is no longer even

appropriate.
The Ricci rotation parameters for such an affine frame are:

H= Xaffine _P!. = Xaffine

Z = Caffine ._Z_ = _Ca.ffine

Y =0 Y=0
Q=0 Q=0
V=<affine

Note that the optical- maximal foliation goes into the affine foliation at null infinity
as can be seen by noting that, in equations (2.3) and (2.4) above:
Y,Y,Q,Q =30 (because k;; = 0,a = 1,6 — 1)

where : T is the geodesic distance in ¥; from some origin in Z,.

This is relevant for ¢t — 0o, u= constant, because in this limit r — oo.
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Chapter 3

The Null Definition of Angular

Momentum

Any definition of angular momentum should satisfy certain reasonable properties. We
give the properties in an order that motivates the discussion rather than in order of

i 1mportance.

3.1 Properties of Angular Momentum

1. At null infinity, it'(using its time rate of change and initial value) should be

expressible solely in terms of measurable properties of gravitational radiation.
2. It should be associated with a measure of “rotation.”

3. It should give the intuitive answer expected in Minkowski and Kerr space-times

and in some appropriate Newtonian limit.

'This will be done assuming one is given the initial value and using the time rate of change of
the angular momentvm. Ience, one is fundamentally discussing conservation and a link between
property 1 and 5 is established.

19
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Chapter 3: The Null Definition of Angular Momentum 20

4. It should be unique, so that there is not more than one way to specify the

angular momentum of a given physical thing.
5. It should, in some sense, be conserved.

Since the definition at null infinity is of the most interest for reasons already
staced, we will start with property one. For concreteness, picture an experimental
apparatus setup to measure gravitational radiation far from the source—i.e., at null
infinity. Since the angular momentum carried away from the source by the radiation
depends on the radiation pattern over the entire two-sphere around the source, an
integral over S? must be performed. Several questions immediately arise. Is it really
possible to express the angular momentum of the radiation in parameters natural to
the experimental setup? What quantity should one integrate over to get the angular
momentum? Is there ambiguity in choice of integration surface? If so, what surface
should one integrate over? The last two questions are the subject of the next chapter.

The physical intuition that angular momentum should be encoded in the stretching?
of space-time that the Michelson interferometer measures suggests that the answer
to the first question is yes. Further, the same experimental considerations lead one
to take the role of the shear seriously; theoretical considerations had already driven
theoretical investigators(28][29][40] to see the importance of the shear. What is the
specific dependence of the angular momentum on the shear(and any other quantities)?

This is part of the already posed second question.

2Given by the shear in an appropriate coordinate system.
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Chapter 3: The Null Definition of Angular Momentum 21

3.2 The Definition

The second question can be answered by consideration of property two above. This
property is obviously at the core of what we mean when we say “angular” momentum.
Specifically, angular momentum should measure the quantity of twisting of the surface
along the null rays of the gravitational radiation. This is nothing but the previously
discussed Ricci rotation coefficient referred to as torsion, ¢. Hence, we arrive at the
null definition of angular momentum for strongly asymptotically flat spaces proposed

by this thesis:

1
L) = & lim /s adu (3.1)

where:
s is the affine parameter illustrated in F igure 2.1 pg 16.

dpt, and Q) [41] are given in pulled back coordinates defined below.
Qf, is the e4th component in the tangent space of the S? surface.

1
The factor of o is obtained from correspondence with the

quadropole-Newtonian case(cf. pg 33).
The three rotation vector fields Q) (i € {1, 2, 3}) are defined as follows:

1. On null infinity, take a surface S; (cf. Figure 2.1) and define “rotation” vector

fields on it in the following manner:

(a) Define a diffeomorphism ¢ : S? — Sp. Later, it is shown that this can be

taken as simple identity transformation where the S? surface is isometric

to a unit sphere.
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Chapter 3: The Null Definition of Angular Momentum 22

(b) Define the standard rotation fields Qi) on S? (recall [, Q)] = €ijkx))-

(c) Push forward these vector fields onto So, using ' = ¢g.(Q).
2. Extend this definition away from S :

(a) Use [ to move the definition of along null infinity for all S by setting
£,02=0.

(b) Use ! to move the definition of Q into space-time for any S, , by setting
L2 = 0.

(c) Or, equivalently?, use the diffeomorphisms defined by the flow { and [ (resp.
You:Sg = Sy, Uyy:85 — Su,s) coupled with ¢y : S2 — S§ to construct
the diffeomorphism Pus : S > S, Vu, s, (in particular one can construct

$u : S — S2). Then, use $u,s to push Q;) into any point in space-time.

We already see that the limit involved in the definition given in equation (3.1)
is a limit of variables pulled back to an S? surface. More precisely, the definition
involves taking the limit of all variables pulled back to S$2. To make further progress
in understanding the definition we must study the pulled back variables of interest
and their interrelation. Hence, the next section discusses the interesting pulled back

variables and the section after that gives the equations relating them.

3.3 Pulled Back Variables

Some interesting facts appear when we look at quantities pulled back to S? in the limit

as one approaches null infinity. First, note that reference(33] proves, for r = v/ %}, on

3To see the equivalence, recall that:
£xY = Lims_.gﬂﬂ-’l)‘T"’i“i where ¢ is the flow of X.
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Chapter 3: The Null Definition of Angular Momentum 23

a cone of constant u in an optical-maximal foliation, that s = r for sufficiently large
s. Thus, any limits of large s can be replaced by limits of large r. In the following

summary of results, all variables with tildes are in pulled back coordinates.

0
1. The pulled back metric: ¥ = ¢; , (r™?y); limy—oo ¥ =7 . That is, in these pulled
back coordinates, this “cut” of null infinity has the standard metric of the unit

sphere. Further, the pulled back gauss curvature, lim,_., K = 1.

2. The pulled back area element with respect to the metric ¥ : lim,_. dps = dﬂg
which is the area element on a standard unit sphere. Furthermore, the covariant

derivative with respect to 7, ﬁ becomes Y°. Here the zero superscript refers to

0
with respect to 7.

In this same manner, all variables can be pulled back to S?. Quantities of interest

will be given followed by equations in coordinates natural to an affine foliation. The

Key Quantities[35] and their definitions are:
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Name Description "Pulled Back” Limit
limg 0o #5,5( )
v Metric on 2-surface (r=24) — +°
X Traceless part of (x) — X
Extrinsic Curvature (¢ ) | Tracefree relative to 7°
X Traceless part of (r-'x) — S
Extrinsic Curvature (£) | Tracefree relative to 7°
tr(x) measures change in dA (rtrx) — 2
as move along s (¢) x(X,Y)=Vxl.Y
tr(x) Measures change in dA (rtry) — —2
as move along u (£)
h h=rtrx -2 (rh) — H
¢ Torsion (r¢) = Z
((X) = 39(Vx¢, )
a,a | o(X,Y)=R(X, LY.L (rla) — A
a(X,Y)=R(X,¢Y,)
B B(X) = 3R(X,£,4,0) (r8) — B
B B (X) =3R(X,L.L¢) g —1 (Kerr)
P = ¢R(£, 6,40 (r°p) = P
o o €(X,Y)=3R(X,Y, L9 (r3c) - Q
n Mass aspect function (1’3E) - N
[ipdA, = 2 = [gpdA,
© Conjugate mass function iy — N
m m = hawking mass m — M(u)
=L(1 + 7 [ trxtrxdA,)
X,Y = arbitrary vectors tangent to S
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3.4 Pulled Back Equations at Null Infinity in Affine

Foliation

One gets the following equations that relate the various pulled back variables by
making use of the Structure Equations(pg 57) in lims_.o with the appropriate r-
weighting:4

The null Codazzi equation and its conjugate:

ve.r = %)V"H—%—Z (3.2)
Y°.Z = B (3.3)

{)]
!

The Hodge system for the torsion, which is a statement of geometry:®

VOx2Z = Q—%E/\E (3.4)

where : YVox Z=e*8W2Zg

W°-Z=_!\L+P—-12-E-S (3.5)

The statement that H is independent of retarded time:

2 o (3.6)

ou

The relation between the two null shears:

4Confer Chapter 17 of [33]. The equations given here are found in [35]. Recall that all results
depend on the assumption of strong asymptotic flatness.
5The divergence equation represents a new geometrical insight found by Christodoulou. The

wedge is defined as: for S-tangent symmetric, traceless 2-forms: u A v = eABu,cv§. For S-tangent
1-forms: wA z =eABwy zp.
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Chapter 3: The Null Definition of Angular Momentum 26

a

1
— =—--= 3.7
5 = 2 (3.7)
Conservation of Energy in differential and integral form respectively:
oON 1 -
e - "1 = (3.8)
where : M = -él;/_j\_/d,u,o (3.9)
oM 1 -
= / =12 dpo (3.10)
S2?

Hence, |Z|® « gravitational wave power per unit solid angle.
Remark 2: Given either {H and £} or {H and Z}, one can calculate all other vari-
ables.
At this point, a couple interesting observations can already be made:
1. Equation (3.8) together with the decay rate of (= = O(lul™"®) as |u] — o)
imply that there is no radiation at the “beginning” or “end” of time (i.e., u —

+00)[34](33).

2. If one knows something about the source®, then from knowledge of Z(u) at one

point or a small patch on S?, one can calculate =(u) over the whole sphere.

3.5 The Functional Form of L(Q)

Now we are ready to begin to calculate the null angular momentum as a function

of measurable parameters. In standard pulled back coordinates, it will be useful to

recall that, for large r:

§For example, if one knew the quadrupole moment(l = 2) approximation applied, one could
calculate the angular momentum from knowledge of Z(u) (thus X) at one point on the sphere.
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X4 = XasB (3.11)
Z4 Z(2)
G~ T
. 2 H
tr(x) = -+

Using equation “k” of the structure equations in Appendix I (pg 57), the relation

between the Lie and covariant derivatives, and the value of the Ricci coeflicients in

the affine foliation one obtains:

¢
DC—b;——x-C—ﬁ (3.12)
Other relevant equations:
A(S) = Areaof S=dar’ = /d/,L., (3.13)
s
_ . -
Dy = z.=2 (Dy =2x)
Ddp, = trxduy; (Ddp, = trydp,) (3-14)

where D and D are respectively the projection to S of £; and £;.

Using these equations one can obtain:

d, = r2{1 ~ %(H — [+ O(r~ "} dpo (3.15)

One then derives, taking advantage of the fact that £o7? = 0 at null infinity and

calculating ?—g—f) to obtain ( to order 1/r? in known variables.

1
L) = — [ (Zap¥e - T€C + 14)Q4)dpyo (3.16)
87
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Here one assumes that limg_o 7284 = [4 which, in general, is not true(in general,
18] = O(r~3%))), but is true for Kerr space-time; Kerr is an important test of the
equation (3.16) covered later in this chapter. More to the point, one can show, in

general, that the above integrand (equation (3.1)) is well defined in(whether [ exists

or not).”

3.5.1 Gauge Freedom in the Definition

Are there any “gauge” freedoms in equation (3.16)? That is, are there any non-

physical degrees of freedom? Yes. They are:

1. One can change! — a~!l and [ — a!in such a way that in the limit one still has
an affine foliation; i.e., limy_.o @ = 1. It is obvious that such a transformation
does not change the value of L(Q). This is just the type of mathematical gauge
freedom that one desires; that is, the equation representing the physical quantity

is invariant under the gauge transformation.

2. One can pick different starting values of . The definition obviously does de-
pend on this choice. Here the transformations have lim,_.o a(u,d,¢) # 1; the
transformations of the type described in (1.) are a subset of these transforma-
tions. As will be seen, “a” is closely connected with specifying a rest frame.
To make sense of the definition, we are forced to speak of coordinates and rest
frames. We will be faced with the fact that angular momentum, even classi-
cally, is inherently a coordinate dependent quantity. This classical freedom is

not, however, the only degree of freedom hiding in this general transformation.

"The procedure to show this is to use the null Codazzi equation(structure equation h in Appendix
I11 in an affine frame) to eliminate 3 in equation (3.12) and show that the derivative of 9L((2)/9s falls
off as 1/r~3/2. This involves using the decay rates Lotr(x) = (£oH)/r?+ O(r~%2), LaX = Lo Z+
O(r~'/2), £o1= 0 and Q killing and calculation similar to Example one.
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The notion of & freedom has occupied investigators for some time[28](29][31][40].
These compelling issues will be explored in detail later(especially with respect

AL(Q2
to 2551).

For now, let us explore other features of equation (3.16).

3.5.2 Minkowski Space

In Minkowski space a good definition should give L(§2) = 0. In this case, on any
given S there is no curvature; neither “static”(/ = 0) nor gravity waves (==0). It
will be shown later® that this implies Y¥ - £c4 = Wadoaa for some function ¢oqa on
S?. Proving L(Q) = 0 for Minkowski space is a short calculation, and will serve as a

representative sample of the type of calculations needed throughout this thesis.

Example 1: We start with: L(Q) = &= [(S4s¥ - E°8)Q¢,dpqo
substituting the odd part only restriction (i.e., Ve X8 = YP@oua) yields: 9

L(Q) = /s T 48 VP Poad 1 d 0
Integration by parts yields:
L(Q) = —/SWBZ‘AB Dodd QAd,u,,,o - /s T a5 Poaa VP QAd 10
Because T 4p is symmetric, the second integral becomes:
% /s boaa 228 (YaQp + Vela)dpyo

Since Q is killing and ¥ is symmetric, the integrand is zero.

8The part of £ which can be expressed in this way is called electric “part” or “odd parity” part

of the shear.
9 Anticipating the irrelevance of the factor 1/8m, it will be dropped to simplify the exposition.
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This leaves:
1
L) = = [ Fabos e s = [ 174(8) i

Hence,
L(f2) =0.

3.6 The Functional Form of L(Q)

We note that, in principle, one can experimentally measure all the parameters in
the definition given by equation (3.16). Although ¥ is measurable from gravitational
radiation experiments, “I ”, the curvature term, is only measurable by other methods.
In short, property one (cf. pg 19) has not yet been met; we cannot calculate the
angular momentum by a gravity wave experiment using this definition. Here we must
make an important distinction turning on the question: are we discussing the angular
momentum of the source or of the wave? We must be discussing the source because,
taking the most important reason, the angular momentum of a wave at a point in
space-time, like its energy, is not a well defined concept. By contrast, the rate of
angular momentum transport!'®, L(Q), is well defined. Further, if one knows L({Q) as
a function of measurable parameters of the gravity wave, one then has, as far as is

possible, Lgoyrce as a function of measurable gravity wave parameters. One proceeds

as follows:

1. Before the source begins to radiate, measure Lin;ziai(§2) using equation (3.16) or

other method.

100f course, L(R) is, by conservation of L, the same for the source and the wave.
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2. Measure gravity wave parameters during the emission phase and calculate an-
gular momentum carried away by gravitational radiation using L(Q, measurable
parameters of gravity waves). Then use the following simple equation to get the

instantaneous L of the source:
t -
L(t) = Linitiat +/ Ldt
0

There remains a major defect in the above argument. We do not yet have an expres-
sion that gives the rate of change of L(2), L(Q), as a function of easily measurable
parameters. Such an expression can be obtained by using the Bianchi identities (ref.
[33] pg 16lequation (7.3.11c)) and a long series of manipulations similar to those

illustrated in example one and in the previous section. One obtains:

Q
o = (3.17)
. 1 — 1 —_ _
L('Q) = 8_’/T L(-:ABWCECB + é‘(ZABVc:CB - Eg :cA))QAdu.yo
where : u is the previously defined retarded time.

Remark 3: Recall that, in a free fall Fermi-normal frame, changes in ¥ correspond

to changes in separation of the Michelson interferometer test masses and = is the

speed of that separation.

3.7 Tests of the Null Definition

3.7.1 Minkowski

Remark 4: One verifies by inspection the requirement that L(Q) = 0 for Minkowski

space.
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3.7.2 Kerr

We will make use of equation (3.16) to check the angular momentum of the Kerr

solution.

1. Take the spatial S? surfaces to be the surfaces r = t = constant slices of Kerr

metric in standard coordinates.

(a) Define the outgoing( ! ) and ingoing( { ) null normals perpendicular to each

such surface and normalize in the standard fashion(l- [ = —2).

(b) The spatial coordinates on the surface can be taken to be the standard

angular ones in the Kerr metric.

2. One can then show that ¥, the shear at null infinity of the null geodesics with
tangent [/, vanishes.

3. One is left with L(Qq) = g [ [aQ(}dpyo where [ is defined on page 23. If
one defines the “axis” of symmetry along the z direction, and substitutes the
appropriate expressions for ;) and [, one gets only the one component of

angular momentum:

L, = Ma
where : M is mass

a is Kerr parameter

Remark 5: Hence, the proposed definition gives the anticipated result for the Kerr

solution.
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3.7.3 Quadrupole Approximation Case

In this case, we seek a test of the radiative aspect. We make use of a modified form of
equation (3.17). We consider two, for simplicity, equal mass bodies rotating around

each other in obedience to the laws of Newtonian gravity, except emitting quadrupole

radiation.

1. We use the quadrupole approximation and take:

Linear __ T
i = Qy
where : Ef’j‘"e“’ is the linear part of the shear

Q™7 is the transverse traceless

component of the quadropole moment

9. We use equation (3.7) and F = } [*°|Z|*dp.o to calculate F* which appears

as a source term for the non-linear part of the shear. Substituting into the

equation given in references [34] and [35] gives the nonlinear part, yNonLinear

3. Substituting into the equation for L({), using an algebraically identical version

of equation (3.17), one reproduces the “Newtonian” result that one would expect

for a source radiating in a quadrupole fashion.

Remark 6: Hence, the proposed definition of angular momentum gives the antici-

pated result for the quadrupole approzimation case.

So, having found property one, two and three to be satisfied, we come to property
four: Is the definition unique? This raises the specter of the ambiguity of what surface
one integrates over and what to do with the freedom in [ already mentioned. These

two problems are really the same problem. We now turn to these considerations.
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Chapter 4

A Unique Slicing of Null Infinity

The goal of this chapter is to find a way to reduce the degrees of freedom of the
null definition and thereby find a unique choice of surface to do the surface integrals
over. Since the affine frame previously defined (using [, [, e;, e, with e;2 tangent to
surfaces of constant u) gives quantities that are intrinsic to the null infinity cone, %,
we will express all quantities in this frame. However, we will not confine ourselves

to integrating over just surfaces of constant affine parameter, u, we will allow more

general integration surfaces.

4.1 The Decompositon of the Shear

To begin, if one does choose to integrate over surfaces of constant affine parameter in
the affine frame, and is given the “news” function, =(6, ¢, u), one still has to specify

one functional degree of freedom that is entangled in three functions:!

4.1.1 The Degree of Freedom in Affine Frame

1. A scalar function H(6, ), given once and valid for all times.

1Here all unprimed variables represent variables with respect to the affine frame.

34
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2. Two functions in the form of a 2-covariant symmetric traceless tensor on the

pulled-back to §% 2-D slice of null infinity, S? , at one instant of time, u. That

tensor is:
o 02
Lap(0,0) =
Jp —0y
where : o0}and 04 are arbitrary functions

The two degrees of freedom of T can also be expressed in terms of two different

functions, Godd, Peven, as follows:?2

(2) Note ¥ - £p4, which is a one-form on (52,79,), can be decomposed into

two pieces using Hodge Decomposition Theorem on (M, g):

Vi = doyoy +d"Bry + Yr (4.1)
where
d' = (-1)™*™*lyd« (for (M,gas) Riemannian)

subscripts on V,a, 3,7 indicate the degree of the form.
m = dimM
and 7, is harmonic : 4y, =0

i. In the chosen case, m={dimension of manifold}=2, take r = 1. Also,

T =0.

One, thus, obtains the sought after decomposition:

V- L84 = Yadosut + a8V deven (4.2)

2There is no general connection between ol, 02 and respectively gpodd, geven. However, if all
functions depend on the single angular variable 8, i.e. no ¢ dependence: upon setting ¢even (podd)
to zero, one can put all the dependance into o1 (g2).
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where : the @ogq , Peven are functions on S?

A. The first term corresponds to that portion of the divergence of
the shear that has odd parity® and thus behaves like a standard
vector, for example in E&M, the electric field. This part is called
the odd or electric part of the shear.

B. The second term corresponds to that portion of the divergence
of the shear that has even parity and thus behaves like an axial
vector, for example in E&M, the magnetic field. This part is called

the even or magnetic part of the shear.

C. Hence, the shear can be written:

Ltotatk = Lodd + Leven
where : divE.yg = VaPoda

divzeven = EABVCbeven

4.1.2 The Degree of Freedom in a Non-Affine Frame

In a general non-affine frame, specified by | — a~'l, I — al, a(f,¢,u), called the
lapse function for reasons discussed later, is a new variable. A transformation of this
kind is referred to as a lapse transformation. We can use this new variable to set H to
some desired function of 8 and ¢ at each value of the u: mathematically, H becomes
H(u)(8, ¢). We have no qualms about doing this because H has no direct physical

meaning. What functional dependence shall we choose for H? Or, said equivalently,

3Under parity change: a vector with tail at the origin transforms as § — 7 —0,¢ - T+ ¢, so
3 a3
that 38— "3 and 38 — 3¢
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what is a(u, 8, ¢)? An examination of the null Codazzi equation (equation (3.2)) gives
the clue to the solution; H enters the equation as an electric(’odd”) part of the shear.
Let us make this analysis explicit.

First note that the null Codazzi equation at null infinity and its conjugate are
invariant under change of lapse function. Further, the Hodge system for the torsion
(pg 25)is also invariant under lapse transformation. Hence, we can work directly
with these four equations as already given. To begin, re-express the Hodge system

equations in terms of the functions ¢odqs and Peyen-

1. Substitute the expression for ¥ - g4 into the null Codazzi equation (equation

(3.2))

2. Solve this equation for Z and substitute this expression for Z into the Hodge

system equations. One obtains:

The Hodge curl equation becomes:*

~Lpeven = Q — ';'Z ANZ (4'3)

The Hodge divergence equation becomes:

1 1o -
¢(¢o¢d-§H)=ﬂ+P—§2'= (4.4)

For further insight, let us use these facts to look at the simplest possible case. In
Minkowski space, @ = 0, = = 0. Hence, the even(magnetic), part of the shear must

be zero, Peyen = constant or T.yen = 0. On the other hand, the odd(electric) part of

the shear is free because of the H freedom. A convenient value for a free parameter

4Recall that in equations (4.3) and (4.4), T carries an implicit functional dependence on @qqq
and @even-
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is zero so we set gogg = 0 or X,gg = 0 for all times. Thus, in Minkowski space we
have £ = 0 at all times.

Equation (4.4) with @oq = 0 gives the sought after expression for H, but the lapse
function is really the interesting physical quantity, and we have not determined it yet.
We will do this by using the propagation equation for the shear along the direction
I = al. In other words, we will find the lapse function on S that makes the electric
part of the (ingoing) shear, using the tetrad with [ and [ (not the transformed ones),

zero at each point on all surfaces of constant u' (where v’ is defined by I'(v’) = 1).

4.2 Set the Odd Parity Part of the Shear to Zero

Using the structure equation® “I” in Appendix I on page 57, with { — a~'land { — al

, gives in pulled-back coordinates:

ox _
2 6:’3 = 2¥aVe¥ — YAl — Y= 4B (4.5)
where : lima=1v

¥, Z are with respect to affine frame.

To find the equation for 1 when the odd part of the shear is zero, operate on
equation (4.5) from the right with WA¥2. Then, use the fact that Togy = 0 <=
VAV EL 45 = 0. One finds ¥ must satisfy the following equation if £,4q4 = 0 along

each u/=constant surface:

(Koo + 2kap = VAV E (¢ - Sap) (4.6)

SH— x , Z— ¢, Y— 0. One gets:
Dixas + %tTD_C)Z_AB = (Nglat+ Nale— Nc(CvaB) +2Q%aB
—%U‘XXB ++((®() B
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Chapter 4: A Unique Slicing of Null Infinity 39

4.2.1 Special Case of Minkowski Space

In Minkowski space-time, = = 0; hence, the equation reduces to:

Koy = —240 (4.7)

It is easily seen that the solutions to this equation are:

=1
w(&, @, u) = Z Z Cj'm(u) Ej.m = Ysourceless (48)
j=0 m
where : Mj.m = —'](] + I)Ej_m (49)

(i.e., Eim are real analogies to Y ,’s)

c; are arbitrary functions of u

Written out explicitly the solution is:

Yu(0, ¢, 1) = co(u) + c1(u) cos(6) + cp(u)sin(f) cos(¢) + ca(u)sin() sin(¢) (4.10)

In Chapter #5, we will illustrate pictorially how this lapse function arises from

the geometry of Minkowski space-time..

4.2.2 General Case

In general, one would like to show uniqueness of the solution up to the freedom
available in Minkowski space. The proof of uniqueness is given in Appendix III. The

proof is limited to cases where supg: Z45=*2 < 16. In a coordinate basis constructed

of the eigenvectors of = one can write:
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Chapter 4: A Unique Slicing of Null Infinity 40

where : |f| < V8

Putting equation (3.10) in “nongeometrized” units, one gets:

== E — ~10% =2
Ju 327TG/| "o < 2G sec
S2
or
%—t—[ < 105Mg/ sec (4.11)

An extremely reasonable restriction on the gravitational radiation.

The general solution is:

¥(l,6,u) = Ya(f,6,u) + ¥(u)(8,¢) (4.12)
where : V¥ is unique and inherits its time

dependence from =.

The above notation, ¥(u)(6, ¢), is meant to point to the fact that equation (4.6) is
a different equation for a different (@, ¢) at each moment of retarded time, u. This
is because the source terms in the equation for ¥ can be new functions of § and ¢ at
each new moment of time. The source terms can be seen in equation (8.2) on page

63; they are: =, which is called the news function, and 1y,.

4.3 The Unique Slicing

With the lapse function calculated, we now can identify a surface of constant v’ with
the property that the odd(electric) part of ¥ is zero everywhere along it. To make

the surface of integration unique so that we can use it in the null definition of L(f),

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 4: A Unique Slicing of Null Infinity 41

we will only have to choose values for the c;(u) and to pick a Lorentz frame. In
Minkowski space and in the general case, ¢1,23 = 0 and ¢g = 1 are singled out. Hence,

in summary, the unique slicing of & is given by the following steps:

1. Find ¢ = constant surfaces such that Y7 - £g4 = £48¥Pdeven (i-e., odd part of

shear is zero).
2. Choose ¢123 =0 and ¢y =1

Remark 7: One still has the freedom to boost once initially. In the affine slicing,

this means picking the initial mazimal slice with P # 0. For elaboration on this point

see chapter #5.
Remark 8: Above is valid at least when supg. Z45=4% < 16.

Remark 9: There are arguments which indicate that there is a limit on || above
which one must have white holes.® Further, white holes can not be present in an
evolutionary space-time unless they are given on the initial data set. Since no evidence
or reason currently warrant supposing white holes, the mathematical restriction on the
uniqueness (supg: =4p="2 < 16) appears again (cf. equation (4.11)), from a different

perspective, to be not a physical restriction.

8D. Christodoulou has shown rigourously that there is such a limit in the case of radiating
spherically symmetric scalar fields.
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Chapter 5

The Interpretation of the Preferred
Cuts of Null Infinity

To understand the preferred foliation of S, summarized on page 40, we must first
understand the lapse function, a(f,¢,u). A complete interpretation of the lapse
function requires us to manifest the link between the foliation at St and the “interior”
space-time. Essentially, one would like to know the link between the slicing of null
infinity and the source of gravitational radiation that one is trying to analyze. There

are two basic steps in specifying the preferred foliation:
1. Set the odd(electric) part of the shear to zero.
2. Choose ¢y 33 =0and cg =1

We would like to uncover the physical significance of each restriction. Both re-
strictions involve the lapse function. The lapse function definition is an appropriate

point to begin the process of digging for physical significance.

42
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5.1 The Lapse Function

Mathematically, the lapse function is the a in the following transformation that pre-

serves [ - [ = —2:
! = o™l
U = al
where : [ and [ are the vectors tangent to the
previously discussed null geodesics
This implies:

du ,
w:é(u):aé(u):a (51)

In words, 1/a specifies’ “how far,” at each angular position, one traverses in u
for a small displacement in u. To find a surface u'= constant designated by its affine

“distance”, u, from a u = 0 surface we use:

e Use equation (5.1) to write:

1

Udummy 9, ¢)

dudummy

u'(u,0,¢) —u'(0,0,¢) = )
( ) ( ) /o a(
Hence,

W(u) = A(u,0,6) - A0,0,6) +1'(0,6,0) = f(u,6,0) (5.2)

where : u'(8,¢,0) describes the shape of the surface

10ther references define the lapse function, a(u), inverted from that given here. It was defined
in the present manner to simplify the form of equation (4.5) and of its solution. One could also take
a(u') thus avoiding the need to take the inverse in order to do the integral of equation (5.1).
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Figure 5.1: Three slices of the affine fiduciary foliation of &t and three of a non-affine
foliation. Note that for the gray shaded figures a depends on u (or equivalently u');
this is the defining characteristic of a non-affine foliation.

the initial ' surface.

Ais /ldu
a

If f describes a foliation of &, then f must be a monotonically increasing
function of u at each (#,¢). Hence, Yu 3 a unique v’ and Vv’ 3 a unique u.

Thus, one can find the inverse function that gives:
u(d') = g(v', 0, ¢) (5.3)
For each u' = constant we get a new surface u = g(6, ¢).

Figure 5.1 illustrates, how starting from a nearby affine slice (say with u = v’ = 0)

of &, one can generate a slice(u’ = constant) with u varying along it.

Remark 10: The lapse function of itself specifies only a lapse, ft%, not an absolute

value of the affine parameter. One also needs a constant of integration at each (6, @).
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One must specify a starting surface and the lapse function for all u to completely

specify the foliation of S*.

5.2 St Foliations in Minkowski Space

5.2.1 Vanishing Odd Part of Shear

Recall that in Minkowski space there can be no even (magnetic) part of the shear
at §t. So, setting Xo,gs = O implies the total shear is zero. This means that, in
Minkowski space-time, any ingoing (from $*) group of light rays of vanishing electric
shear from a slice of &t will converge to a point in the interior. Conversely, any point
emitting light rays in all directions will not only cut &%, it will cut it with a zero
electric(and magnetic) shear slice. Figure 5.2 illustrates the connection between the
affine foliation and the interior space-time that obtains in Minkowski space.

Since every point of Minkowski space generates a cut of S, every worldline, not

necessarily a geodesic, generates a foliation of $*. This is shown in Figure 5.3.

5.2.2 The Lapse Function and Motion in the Interior

To facilitate discussion, we make an explicit choice of rest frame and origin (cf. Figure

2.1):

1. Pick an initial spatial hypersurface, Ly, (in general space-time this slice will be

a maximal (ADM linear momentum)=P=0 slice) in Minkowski space.
2. In ¥, pick an origin and draw a geodesic sphere of radius .

3. Send inward (T — N) directed null rays to create a backward light cone.
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Figure 5.2: Generation of an affine slicing of &t in Minkowski space. Start with an
observer on a geodesic; have him send light pulses at regular intervals of his proper
time.

7
/'/

Figure 5.3: Foliation of & induced by non-geodesic worldline in Minkowski space.
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Figure 5.4: Foliation of §* in Minkowski space-time induced by a geodesic translated
from the fudiciary geodesic. The lapse function is unchanged by translation.

In Minkowski space-time, if the r sent to infinity, the backward light cone will
become null infinity( S*in the conformal picture). Furthermore, the vertex of this
cone will be 7%, future time-like infinity. The geodesic normal to T that issues from
the origin will intersect i*; this geodesic will be our fiduciary geodesic. Using this
construction, we can now begin to study the connection between the interior motion
and the cut of null infinity.

First, consider the simplest case, a geodesic translated with respect to the fidu-
ciary geodesic, shown in Figure 5.4. The lapse function remains unchanged from the
fiduciary affine (v’ = constant) slices: cg = 1,¢; = 0, but the new slices are tilted with
respect to the affine ones. The distance between an affine slice and a “translated”

slice is also given by the right hand side of equation (4.10).2

2This is shown in a rigorous manner through the use of straightforward algebra and geometry
using figures like Figure 4.10.
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Figure 5.5: A non-fiduciary slice corresponding to a small simultaneous space and

time translation.

Figure 5.5 shows the cuts induced by a point on the fiduciary and a point translated

in time; it shows the affine slice relative to the translated slice. The construction is

as follows:

1. Given the timelike fiduciary gzodesic; it will induce an affine foliation on .
2. Draw a second geodesic moving at finite velocity relative to the first.
3. At the point of intersection of the two geodesics:

(a) Send out a light pulse to generate one affine slice.
(b) Place oneself on the second geodesic and wait an infinitesimal proper time

and then emit another light pulse.

One begins to see the foliation of &t induced by a geodesic boosted from the

fiduciary. The foliation induced by a boosted geodesic which passes through the
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e

————

Figure 5.6: Two geodesics in Minkowski space inducing their respective foliations of
S*. One can clearly see the non-trivial relationship between éu' and éu.

origin is shown in Figure 5.6. Figure 5.7 shows the general case: the foliation of
Stinduced by a boosted geodesic not passing through the origin. Since the boosted
line is a linearly increasing translation in time and space, it is not surprising that it

generates a lapse function given by equation (4.10).

More generally, one notes that two points related by a timelike vector (such points
induce a boost) generate a lapse function of the form of equation (4.10).3
An Example to Further One’s Intuition in Minkowski Space-time

As an example to further elucidate the connection between interior motion and the

foliation of & consider the case of a boosted geodesic in more detail. For definiteness,

3This result can be proved rigorously; since the demonstration adds no new understanding, it is
omitted.
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T
UL

I

4
9,

~_

Figure 5.7: The fiduciary geodicesic induces the usual parallel foliation shown. The
boosted geodesic that does not pass through the origin generates the tilted foliation.
Note that the interior intersection of the fiduciary cut and the boosted cut(called
the line of nodes) rotates as one proceeds from the past to the future. The center
boosted cut is generated by the point of the boosted geodesic which comes closest to

the origin.
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we will discuss a boost in the z-direction; of course, the same reasoning applies to

each spatial axis.

1. The fiduciary geodesic observer induces an affine foliation of null infinity by

emitting light pulses at regular intervals, say 8¢, of his proper time; confer again

Figure 5.2.

2. The construction of the boosted foliation is:

(a) At the intersection of the two geodesics, let the observer on each geodesic
emit a pulse. Both will create the same slice of null infinity. Now, let the
second observer emit a light pulse after 6t of his proper time elapses. The

geometry of the situation gives:
bu = {1 — Bcos(f) }6t

where 6u is the affine “distance,” the elapsed retarded time between fidu-
ciary affine slice and the boosted slice (produced by the 2nd signal), and
6t * is the time elapsed in the lab (1% geodesic frame). Using the relation
of the local times between the two frames(6t = v 6t'), one can express the
retarded time between pulses in the lab frame at null infinity as function
of the time between pulses in the frame in which the light pulses were

emitted.

0u = y{1 — Bcos(8) }ét’

Note: compare this equation with equations (4.10) and (5.1).

iThis is the variable that is constant on the boosted foliation.
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Hence, viewed from null infinity constructed relative to the fiduciary geodesic, one

gets the classic Doppler formula:

, = v
(1 — B cos(8))
1
where : Y= ———
V1-p82
v = frequency in frame created

V' = frequency in lab frame
60 = angle of incoming light given

by azimuthal coordinate at orgin

The above suggests that du’' might be the null equivalent® of local time on the
foliation inducing geodesic in general space-times. Whether or not it actually is does
not effect the substance of the analysis and will not be discussed further. It is however,

interesting to consider and is helpful in exploring the limits of the analogy.

5.2.3 Summary

We have seen that the lapse function in Minkowski is intimately connected with boosts

and/or shifts off one’s initial choice of reference frame® and/or origin, respectively.

Thus, in Minkowski space:’

1. Setting the odd(electric) shear to zero means one only foliates St with zero

shear surfaces. This means surfaces are generated from points in the interior.

SThis, of course, assumes that the right lapse function is chosen.
$“Frame” is here taken in the physical sense; more precisely, in Minkowski space, it corresponds

to choosing a time direction that will be used throughout by parallel propagation.
7In what follows, it will be helpful to refer to equation (4.10) .
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2. One then picks an initial fiduciary geodesic by constructing the backward light

cone issuing from spatial infinity as previously described.®

(a) This determines a rest frame and a center for the coordinate system.

(b) As described earlier, null infinity can be affine foliated by the fiduciary

geodesic.

c) A particle on the fiduciary geodesic induces a lapse function a = co =1
p

(=0, (1€{1,2,3})).

3. One can view c; as the running rate of the observer’s clock. It can be changed

by altering the rate of one’s chosen clock by hand, or by boosting to a non-affine

frame.

4. If one travels on a stationary geodesic off origin, one generates a foliation tilted

with respect to the fiduciary affine foliation with the lapse function remaining

a=c¢c=1.

5. A geodesic with constant speed relative to the fiduciary introduces ¢,’s of the
form given in equation (4.10) (e.g., above). In fact, there is a one-to-one cor-
respondence between the speed one travels with respect to the fiduciary in the
interior and the lapse function at &+, For example, a = 1 for all times corre-

sponding to no boosts off the initial frame.

6. One should recall the fiduciary choice could have been made boosted or shifted

from the original and all that is said here would remain unchanged.

8In Minkowski space-time, one could also proceed by picking the fiduciary geodesic, creating a
backward light cone issuing from a vertex on this geodesic and then send the vertex to time-like

infinity making the cone become null infinity.
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Remark 11: In short, we still have, after all the c,’ s are set, a freedom of

one global Poincaré transformation..

5.3 &% Foliations in General Asymptotically Flat
Space-times

In a general space-time, = # 0 and there can be static curvature as well. This means
that if one trys to send rays out from a point, say from the center of a source, these
rays will, in general, develop caustics and not induce a slice of null infinity. It is
thus fortunate that Minkowski space has left one with what appears to be a strong

intuition about what is going on so that we can extrapolate. In short, the ansatz is

that in a general space-time:

1. Setting the electric(odd) part of the shear to zero is the closest one can do to

directing rays back to a point in the interior.

2. Create the backward light cone as described on page 45. Setting® the ¢; = 0
and ¢y = 1 corresponds to, in some sense, staying in initial center of momentum
frame. It further corresponds to, in some sense, keeping the initial choice of
origin.

In the limit of a vanishingly small source mass and no radiation, this clearly
makes sense. In this case, one is arbitrarily close to Minkowski space so that
the odd part of shear is close to zero, we can foliate with “points,” and proceed

with the arguments as already given for Minkowski space-time.

9Note, in the general case(cf. equation (4.12), page 40), the ¢, 's do not represent the entire
lapse function, but they are, as in the Minkowski case, the only degrees of freedom remaining after
the electric(odd) part of the shear is set to zero.
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5.4 The Preferred Cuts and the Null Definition of

Angular Momentum

Given the above we can now formulate more precisely the complete null definition of

angular momentum:!°

1 .
Lo = g lim [ g, (5.4)
cut of 3+
1

P (Zas¥e - Z°P + IA)Qg)dﬂv
T Jcut of I+

1
8m cut of 3t

1 _ -
+§(2ABVC:CB - ZEWB:CA))QAdp.,o

(_SABVCECB

The angular momentum of the source is the quantity obtained by doing the above
integral over the preferred cut (v’ = constant!!) described previously.

To bring home the physical import, we give an example of how an idealized ex-
periment to determine the angular momentum might be conducted. For simplicity
we assume the angular momentum before the experiment starts is given, so that we

only need measure L.

1. Setup the Michelson interferometer in the free-fall frame at null infinity, placing

test masses at constant affine parameter u around the source.

19Note that it does not matter whether one defines ¢ with respect to an affine frame(! and {) or
a non-affine frame((1/a)! and al), the answer is the same. Refer to page 8 for ¢ transformation

properties.
1 Note that because of the one-to-one correspondence between 1 and u’, one can assign the angular
momentum at a moment of retarded time u as well as at u'.
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2. In the free-fall frame, (6, ¢,u) is proportional to the separation of the test

masses at the retarded time, u and the given angular position.
3. The data will thus be a continuous table of values of (8, ¢) for different u’s.
4. Calculate = and use equation (4.6) to determine the lapse function.

Carry out the integral in equation (5.5) over the values of u’s specified by the

ot

appropriate lapse functions and initial frame and origin choice.

Remark 12: As ezpected, the angular momentum is dependent on a choice of “orig-

in” and rest frame as in Minkowski space.'?

5.5 Conclasion

In summary, the definition of angular momentum given above meets all five properties
specified on page 19. Further, it gives the correct answer for Minkowski space-time,
Kerr and quadrupole approximation case. Also, the Minkowski freedom in the defi-
nition of angular momentum with respect to choice of origin and rest frame remains
as expected. The generally strong physical intuition about what is happening also
counts in favor of the definition.

Questions that remain to be explored further are the relation of this definition to
the Bondi linear momentum, the relation to the spatial infinity definition, the relation
of this conserved quantity to an invariance of the action and other more general(than

quadrupole) tests of the definition. Work has begun on these fronts.

20ne notes a unique choice can be picked out by using the initial rest frame and putting the
origin at the source. However, this will only represent the coordinate system where one measures
the spin of the source if the gravitational radiation carries away no net linear momentum.
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Appendix I: Structure Equations

The Structure Equations are given here:! (ref. [33] pg 168 equations (7.4.2a-u))

a.
DHap+ (trH)Hap = (Va¥Yp+ VoY 4 — divY yas

~20Hsp+(Z+2Z-2V)OY)ap — aup

b.

curlY =Y AN(Z+Z-2V)

c.
Ds(trH) + %(tr_[i)z = 2ivY - 2QtrH+2Y - (Z+Z~2V)-H - H

d.

. 1 . _ X
MH 45 + §tTH Hup = (VBZa+Valp—divZyag)+20H,p

1 N - -
—5trH Hap + (YOY)as + (£292) a5

1 (®) refers to symmetric trace-free part.
All curl and div 's are on S2.
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e.
1o
| curl_Z_=—2-H/\_£{_—Y/\Z—U
3 f.
DitrH + %(trH)trﬁ = ivZ+20trH-H-H
+2Y-Y+Z-Z)+2p
g.
(divH)a — Vel 4p = VatrH ~ VatrH + 3,
h.
(di’UH)A + Vg Hag = VatrH + VytrH — G4
i
1 1. -
K=—=trHtrH+-H-H-»p
4 2
J-
BVa = =2VaQ - H,p(Ve+ Zs) + 22 (Vi — Za)
+HapY g +20Y, -8,
k.

DVa = 2VaQ+ Hap (—Va + Z5) + 20 (Va+ Z,4)
_L{.ABYB - ZQYA - :HA

. 1 . .
&HAB + §t7‘ﬂ Hasg = (WBZA + WAZB — di’UZ’YAB) + 20 Hag

1 - . .
"§t7'H Hig+ YOY)as+ (Z02Z)as
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m.
curlZ=—-;-f[/\_1:i+Y/\_)_/_+d
n.
DitrH + %(trﬂ_} trH = 2divZ+2QtrH-H-H
+2Y Y +Z-2)+2
0.
DiHap + (trH)Hag = (VaVp+ VY4 — divY vap) — 2Q Hag
+((Z+Z+2V)QY)ap — asp
p.
curlY =Y A (Z + Z +2V)
q.
D4(trH) + %(th)2 = 2dwY - 2QtrH
+2Y - (Z+Z+2V)-H - H
r.
DY s — D2, =40Y .+ Hup(Zp ~ Z5) - B,
s.
DYs — PZy =4QYa + Hap (Zs — Zg) + Ba
t.

DiQ+DsQ) = Y- Y+V-(Z-2)-Z-2

+4QQ +p
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Appendix II: Asymptotic Flatness

The general notions will be given followed by their implications.

Globally asymptotically flat means, loosely, space-times which are flat as one ap-
proaches infinity in any direction. Rigorously, it means the magnitude of the Riemann
curvature tensor along any given spacelike geodesic in the initial spacelike hypersur-
face approaches zero faster than 1/s?, as the affine parameter, s, tends to infinity.
The initial hypersurface being asymptotically flat then implies, for an isolated source,

that all the hypersurfaces of the foliation are asymptotically flat.
Specifically, we start(cf. ref. [33] pg 11) with a strongly asymptotically flat initial

data set which is an initial data set, (I, g, k;;), such that

as r —infinity

2M
gi; = (1 + —7‘:—)6,']' + 04 T‘—%)

k,‘j = 03(7‘-%)

Strongly asymptotically flat initial data sets satisfy the following important prop-

erties:

60
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1. “The complement of a finite set in ¥ is diffeomorphic to the complement of a

ball in R® (i.e., ¥ is diffeomorphic to R* at infinity)”

2. E,P and J are well defined and finite and E,P,J are defined as[33]:

1 . , ;
E = _1_6_7?}520 /s,- tZj:(aigij — d;9:) N7dA
1 .
13,; = — lim / (k,‘j - tT'kg,'j)NJdA; 1= 1,2,3
B r—ee J
1 . ,
J; = 8_71: lim /s'. €iab .Ia(ka - ngtT‘kI) deA; 1=123

1. E=M, P=0. That is, the initial data set is in center of mass frame.

2. Under evolution equations of Einstein vacuum in a normal foliation such a

strongly asymptotically flat initial data set, the following are true:

(a) The definitions for E, P and J are preserved. (cf. [33] pg 12)

(b) If, in addition, a global smallness assumption is satisfied, there is a “glob-

ally hyperbolic, smooth and geodesically complete solution of Einstein vac-

”

uum.
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Appendix III: Uniqueness Theorem

Theorem 1: The general solution of:
K+ 248 = V'VP (¥ - Eap) (81)

gqiven = such that:

sup EABEAB <16
52

¢=wsl+‘p

where

¥ = i Cim Ei,m

t=2,m

E; m is the i"eigen function of the laplacian
as previously defined

1
1/’31 = wsourceleas = S Cim Ei.m

i=0,m

and where ¥ is unique.

Proof. !

1The fundamentals of this proof are due to D. Christodoulou.

62
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Substituting ¥ into equation (8.1), gives:
LU+ 200 =+V -V {Z(T +vq)} (8.2)
Note: since 94 is solution to the sourceless equation (i.e. Minkowski space, cf. pg
39) it does not contribute to the left hand side.
Start with an iterative equation:
42@,;.4.1 + 24‘1’,;_‘_1 =V. V. {E (wsl} + V.Vv. {3 \I/n} (83)
(a) We take ¥ =0 so that the n=0 term of the equation becomes:

LU, + 248, =V -V {Zyy)}

We will show that the ¥;5,’s converge to a unique ¥. We are thus interested

hnt1 = ¥nyy — ¥, which obeys the following equation:

LRy + 208hnyy = +V -V - {Zh,}

Let us then proceed by analyzing:

Kq +2fg =4V -V .9 (8.4)

1. Decompose the function g:
[s o] o0
9= amBm=d g
1=2,m 1=2
where : the subscript notation, g;, which indicates an [** eigen function of the
laplacian is not used for ¥, ; i.e., the ¥, ’s are not, in general, eigenfunctions of

the laplacian.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 8: Appendix III: Uniqueness Theorem

(a) Because of orthogonality of g,’s:

[wer=3 ey [ o
(6)
—/8294&9=§z(t+1>/3293

(c) We also have I(l + 1) > 6,since [ > 2.

Thus,
1 2
- [ota< [ 14
52 32

2. Multiplying equation (8.4) by g and using:

Lo~ [ 1ot

(a) One obtains:
/ ldgl2=—2/ g¢y+/ n- Vg
S? ) S?
3. Using the inequality (8.6), one gets:
(a)

Lt < 5 [ iaat+ [ 0w

or

2
s Laal < [ 0%
s? S?

(b) From reference [33]:

Lwtef 1% = [ 146t

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

64

(8.5)

(8.6)

(8.7)
(8.8)

(8.9)
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(c) Using this equation one can write:

/S,W'Wzg < \//52 Inl* - /52 IW2g|® < \//Sz In|* - g 14g1?  (8.10)

(d) Thus, inequality (8.8) and inequality (8.10) imply:

[ aar <3 [ 8.1)

4. Using equation (8.5) and that [ > 2.

[ 233 [ gi=36 [ 1o (8.12)
s? 1= J 52 s?

5. Now re-substituting;

g — hug

n — =

(a)
/ B[ < 2 sup E? / | B ? (8.13)
s2 82 52

(b) Using inequality (8.12) with g — h,,, this becomes:
1 _
[ il < supl2l [ 100 (8.14)
S? 16 S2? S2
Thus, the condition for geometric convergence in the L? norm is:
—2

sup|=]° < 16
s?

Q.E.D.
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