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1. INTRODOC'l'ION 

The thermomechanics of electromagnetic continua is a branch 

of energetics which deals with a unification of continuum 

mechanics and electrodynamics of material media under the umbrella 

of general thermodynamics. This obviously goes in the direction 

indicated by the great P.Duhem early in this century (Duhem, 1911, 

1914/1954). This ambitious somewhat Aristotelian-like, scheme 

also adds one difficulty to the other. In effect, in addition to 

the cumbersome and rather heavy framework of nonlinear continuum 

mechanics (such as exposed in modern treatises, e.g., Truesdell 

and Toupin, 1960, Truesdell and Noll, 1965; Eringen 1980, Eringen 

1971-1976), one has to consider electromagnetism (e.g., Jackson, 

1962) and then combine them (in an nonlinear manner ; this is not 

a linear superposition) in the harmonious frame of thermodynamics. 

Some of the difficulties met have to do with the electrodynamics 

of moving bodies (writing of fields and equations in appropriate 

frames), while others relate to the introduction of a general 

deformation field ("material" writing of fields). Finally, there 

are difficulties connected with the inherent complexity of some of 

the behaviors (e.g., hysteresis), and even more so, the non-unique 

thermodynamical framework at the time of writing! 

In spite of the many obstacles mentioned above and that one 

has to overcome to achieve as clean and rigorous an approach as 

possible, the most courageous and entrepreneur among us have not 

hesitated to attack such a formidable problem. Here a special 

tribute must be paid to the pioneers, R.A.Toupin, A.C.Eringen, 

H.F.Tiersten and D.F.Nelson who, in the Western World, have been 

so instrumental in organizing the general background. We are proud 

to have contributed to the most modern developments in the last 

two decades to the extent of our capabilities. The principal 

purpose of the present Lecture Notes is to present the latest 

developments which deal with thermodynamically irreversible 

effects in electromagnetic deformable solids. That is, afer 

recalling the more or less classical thermodynamical background 

for electromagnetic solids and the simplest irreversible behaviors 
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(relaxation and classical conduction), the present lectures will 

be devoted to an organized description of more complex behaviors 

which necessitate the implementation of a richer thermodynamical 

approach, the so-called thermodynamics with internal variables 

(see Maugin and Muschik, 1992a,b, for a general introduction), as 

even extended thermodynamics in the sense of I.Muller (1985) and 

others (Jou et al, 1988) is insufficient to cope with these cases 

as it does not introduce sufficiently numerous thermodynamical 

state variables. The applications considered to illustrate our 

purpose are all recent and concern : (i) the dielectric relaxation 

in deformable ceramics and the consequences thereof in so far as 

nonlinear wave propagation is concerned, (ii) magneto-mechanical 

hysteresis in ferromagnets and its application to non-destructive 

techniques of measurement, and (iii) the construction of a rather 

complete phenomenological model of elastic superconductors which 

will prove useful with the forthcoming increasing implementation 

of high-temperature superconductors. 

In the course of these lectures many analogies are drawn upon 

with the thermomechanics of solids exhibiting mechanical 

irreversible behaviors (viscosity, plasticity, locking) as exposed 

by others in this course and also by us in our book on the 

thermomechanics of plasticity (Maugin, 199lc) . As a rule, we 

remain in the engineering context so that only classical 

nonrelativistic concepts are used. The background (modern 

continuum mechanics approach to electromagnetic bodies) is 

essentially found in the following books: 

C.A.TRUESDELL and R.A.TOUPIN (1960), The Classical Field Theories, 
in: Handbuch der Physik, Bd.III/1, ed.S.Flugge, 
Springer-Verlag, Berlin. 

A.C.ERINGEN (1971-1976; Editor),Continuum Physics, Vol.I to IV., 
Academic Press, New York (see especially contributions by 
R.A.Grot and G.A.Maugin in Vol.III). 

H.PARKUS (1979;Editor), Electromagnetic Interactions in Elastic 
Solida (CISM Lecture Notes, 1977), Springer-Verlag, Wien. 

A.C.ERINGEN (1980), Mechanics of Continua (revised and enlarged 
edition, see Chapter 10), Krieger, New York (First Edition: 
J.Wiley, New York, 1967). 

D. F. NELSON ( 197 9) , Electric, Optic and Acoustic of Dielectrics, 
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J.Wiley-Interscience, New York 

G.A.MAUGIN (1985),Nonlinear 
Applications (A Series 
Singapore. 

Electromechanical Effects and 
of Lectures), World Scientific, 

G.A.MAUGIN (1988), Continuum Machanics of Electromagnetic Solida, 
North-Holland, Amsterdam. 

R.E.ROSENSWEIG (1989), Thermodynamics of Electromagnetism, in: 
Thermodynamics : An Advanced Textbook for Chemical Engineers, 
by G.Astarita, Plenum, New York. 

A.C.ERINGEN and G.A.MAUGIN (1990), Electrodynamics of Continua, 
Two volumes, Springer-verlag, New York. 

H.F.TIERSTEN (1990) 1 A Development of 
Electromagnetism in Material Continua, 
York. 

the Equations 
Springer-verlag, 

of 
new 

Modern developments concerning the case of dielectrics with 

applicationi to nonlinear phenomena may be found in: 

G.A.MAUGIN, B.COLLET, 
Electromechanical 
Manchester, U.K. 

R.DROUOT and J.POUGET 
Couplings, Manchester 

(1992), Nonlinear 
University Press, 

The most recent developments in the thermomechanics of solids 
including plasticity and some couplings with electromagnetic 

fields may also be found in : 

G.A.MAUGIN (1991), The Thermomechanics of Plasticity and Fracture, 
Cambridge University Press, Cambridge, U.K. 

G.A.MAUGIN (1992), Material Inhomogeneities in Elasticity (with 
applications to Fracture, Electrodynamics and Soliton Theory), 
Chapman and Hall, London. 

2. REMINDER ON ELECTROMAGNETISM 

Electromagnetic fields are of a different nature than 

mechanical fields dealt with in other lectures in this course. 

They are governed by a set of equations known as Maxwell's 

equations. As a matter of fact, after pioneering works by Coulomb, 

Gauss, Poisson, Oersted, Ampere, Faraday, Weber and others, 

Maxwell (1873) succeeded in formulating a coherent set of 

dynamical equations valid in a continuous material. At each 
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regular point x in a material volume V at time t, this set reads1 

V X E + 1 as o V.B o 1 c at 

1 a o 1 (2. 1) 
V X B - c at J V.D qf 1 c 

together with 

B = B - M D = E + P . (2. 2) 

In these equations the various symbols introduced bear the 
following significance: E is the electric field, B is the magnetic 
induction, B is the magnetic field, D is the electric 
displacement, J is the electric current, qf is the volume density 
of free electric charges, and M and P are the magnetization and 

electric polarization per unit volume. The constant c is the 
velocity of light in vacuum. Here, E, D and P are polar vectors 
while B, B and M are axial vectors which reverse sign in time 
reversal. B and D differ from B and E , respectively, only in 
matter. Thus the first two of eqns. (2.1) - Faraday's law and the 
equation indicating the nonexistence of magnetic monopoles - are 
valid everywhere including in a vacuum. The fields M, P, J and qf 
re late to the presence of ponderable matter. Equations (2 .1) can 
be deduced from a statistical average of microscopic Maxwell' s 
equations with point-wise sources of charge and current (this is 
the point of view of H.A. Lorentz in his "theory of electrons", 
which has not been superseded so far). In that case M, P, J and qf 
are given expressions in terms of the elementary charges and the 
motion (position and velocity) of these charges. These 
"microscopic" definitions may be helpful in establishing the 
invariance properties of these "material" fields, especially in so 
far as objectivity is concerned. However, in a phenomenological 
framework which is the one adopted here, qf is a datum or the 
result of a computation while M , P and J have to be given 

1 This is written here using so-called Lorentz-Heaviside units 
where neither factor 4n nor vacuum permeability ~o and dielectric 
constant c are involved; see Maugin ,1988, p.56 for other systems 

o 

of units. 
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constitutive equations, e.g., to give an idea to the reader, 

functional relations of the type 

M = M (H, . ) , P = P (B, . ) , J = J (B, . ) , (2. 3) 

where the dot stands for some other variables such as temperature 

or the strain in a deformable solid. Note that the inverse 

relations, e.g., E E(P,.) or D = D(E,.) H = H(B,.) , ~ = 

B(J,.) may be preferable depending on where we want to place the 

emphasis. 

It must be emphasized that eqns. (2. 1) are expres sed in a 

fixed frame :RL called the laboratory frame. It is known since 

Lorentz, Fitzerald, Larmor, Poincar~ and Einstein that Maxwell's 

equations in a vacuum are invariant by the special-relativistic 

group of space-time transformations (so-called Lorentz-Poincar~ 

group). For Maxwell's equations in matter the results depends on 

what one assumes for the transformat ion of the "material" fields 

M, P, J and qf being interested in material velocities much 

smaller, and dynamical processes must slower, than c, we may 

impose on eqns. (2 .1) a restricted invariance which will be the 

same as the one already verified by the mechanical equations, 

i. e., the Galilean invariance of classical Newtonian mechanics 

(cf. de Groot and Suttorp, 1972; Maugin and Eringen, 1977; Maugin, 

1988, Chapter 3). Bearing this in mind, it is found that 

eqns. (2.1) can be rewritten in a frame :Rc(x,t) co-moving with the 

infinitesimal element of deformable matter at velocity v as 

o V.B o 
(2. 4) 

.± 
c ' , V .D = qf , 

where a superimposed * denotes the convected time derivative such 

that 

* p 5 
8P 
8t 
dP 
Of 

+ Vx(Pxv) + v(V.P) (2. 5) 

- (P.V)v + P(V.v) 

and the "script upper case" fields are given by the following 

"Galilean transformation laws" between :R and :R (x, t): 
L C 
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g E + 1 
X B X H - 1 

V x D -v c c 

23 B - 1 
E X B - M -V X c 

1 (2. 6) 
M M + -v X p 'P p 

c 

J J - qfv 

Clearly, in such transformations the symmetry between 

magnetization and polarization processes is lost (but this is 

fully justified by the microscopic definition of such fields; cf. 

Maugin, 1988). The field 8 is usually referred to as the 

electromotive intensity while J is called the conduction current. 

We shall say that a material is nonmagnetizable if and only if 

M(x,t) =O , V x, v t , hence M (2. 7) 

while for a nonpolarizable material 

'P = P = 0 , V X , V t . (2. 8) 

The material is said to be a conductor of electricity if and only 

if J is nonzero; otherwise it is called an insulator. The material 

is said to be electrically charged if qf ~ O and uncharged or 

electrically neutral if qf = O at all points in the material. 

Finally, a material is called a dielectric when it is an insulator 

and qf = O . Most of electrically polarizable media (solids) are 

either dielectrics or semiconductors. Strongly magnetizable media 

may be insulators or conductors. Weakly magnetizable media may be 

extremely good conductors (in the limit, perfect conductors). In 

metals, heat conduction usually accompanies electricity 

conduction. This is why magneto-thermo-elasticity is a fashionable 

subject of research. The range of possible behaviors thus is very 

wide. 

Direct consequences of eqns. (2.1) are: 

(i) the law of conservation of electric charge [ by taking the 

divergence of (2.1) 3 and accounting for (2.1) 4] 
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llqf 
at + V.J = O ; (2. 9) 

(ii) an energy identity called the 

multiplying scalarly (2.1) 1 by H and 

combinat ion] 

"Poynting theorem" by 

(2 .1) 3 by E and making a 

lJB lJD 
H. 8t + E.llt = - J.E - V.S , SecExB (2.10) 

or, using the fields introduced by (2.6), 

* * Jf.B + S'.D J.F; - V.:f (2 .11) 

where nothing has been assumed concerning the behavior. These are 

mere identities and not statements of a law of thermodynamics ! To 

proceed further w~ need to introduce the interactions between 

electromagnetic fields and deformable matter in the fundamental 

balance laws of thermomechanics. 

3. THERMOMECBANICS OF ELECTROMAGNETIC MATERIALS 

Now we consider a material continuous body ~ which occupies 
the open , simply connected region V of Euclidean physical space 

E3 at time t in the current configuration Xt of continuum 

mechanics. Its regular boundary lJV is equipped with unit outward 

normal n. In the reference configuration XR it occupies the 

regular region V with boundary lJV of unit outward normal N. The 

motion of the material continuum , for each t, ia a diffeomorphism 

of 1< onto 1< (IR3 onto itself) such that 
R t 

X = X (X, t) , (3 .1) 

where x , referred to coordinates x 1 , i=1,2,3 , and X, referred to 

coordinates XK, K =1, 2, 3 are positions in the Eulerian and 

Lagrangian descriptions, respectively. 

We need the following elements of deformation theory. From 

(3.1) which is supposed to be invertible for each t, we define the 

physical velocity field v and the direct motion gradient F by 
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V axl at X 
i' axl ax t VRX (3.2) 

Also 

-1 1 J det i' > O i'-1 ax - v -1 
1 - - X 

F ax t (3. 3) 

so that 

i'.i'-1 = 1 i'-1 .i' = 1 
R (3. 4) 

and we can define the following measures of finite strains (T = 
transpose) 

(3. 5) 

Then one checks that 

alEI at X = 
i'T .D.i' [) = ~{Vv+(Vv)T} =(Vv)s (3. 6) 

Here, c is the Green strain tensor, c-1 is the Piola strain 
tensor, lE is the Lagrangian strain tensor, and [) is the 
rate-of-strain tensor. 

Let the material body be acted on by mechanical surface 
tractions Td at av and physical forces (say, gravity) f in V, 

with a possible influx of heat q per unit area across aV and a 
supply of heat h per unit mass in V. If this body is a general 
electromagnetic body and is acted upon by electromagnetic fields, 
then the general balance laws of thermomechanics for that body can 
be written a priori in the following general form (see Maugin, 
1988, Chapter 3): 

* Balance of mass: 

d 
at 

* Balance of linear momentum: 

dv o (3. 7) 
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* Balance of angular momentum: 

* First law of thermodynamics: 

* Second law of thermodynamics: 

J ph9-1 dv - J 9-1q.n da 
v av 

In these equations r is the radius vector, e is 
interna! energy, ~ is the density of entropy, 
thermodynamical temperature (9 > O , inf 9 = 0). 

G.A. Maugin 

(3. 8) 

(3. 9) 

(3. 10) 

(3 .11) 

the density of 
and 9 is the 

The interaction 

contributions C"". Tem. -em c 1 and wem have to be determined by an 

analysis which is foreign to continuum mechanics , per se. There 
is no general agreement on their expressions as they depend either 

upon the taste of the scientist or on the quality and fineness of 

the model used to build them at a sub-macroscopic scale. A 

sensible approach based on an averaging procedure was proposed by 

Maugin and Eringen (1977) in the tradition set forth by Lorentz. 

We shall use their expressions. Tem here is irrelevant. For the 

other electromagnetic source terms we have (neglecting quadrupole 

contributions) 

f. ... (3.12) 
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wherein ( tr 

and 

together with 

trace) 

cem - p X c + M X B ' 

Phem q ti> ti> p* * -em... 
.r·"' + "'· - ALB + tr (t U.Jl 

pm - P e g - B e M + (M.B) 1 

1 
0=2Vxv 1 

where e indicate the tensor product. 

(3. 13) 

(3 .14) 

(3. 15) 

(3 .16) 

(3.17) 

(3 .18) 

The local form of eqns. (3.7) through (3.11) is easi1y shown to 

be (the divergence of second-order tensors is taken on the first 

index) 

p + p V. v = O or p = p J in V 1 
o F 

(3 .19) 

P v di V t + pf + fem ,in V 1 (3. 20) 

n.t at av, (3. 21) 

tr {t (Vv) T} - fem.v + wem - 17.q + ph in V 1 (3. 22) 

where p and 

respectively 1 

(3. 23) 

are the matter densities at 1< and 
t 

a superimposed dot indicates material 

differentiation for functions of (x 1 t). Equation (3. 20) has been 

used to transform the local form of (3.10). 

Of special interest for further developments is the 

transformation of the local form of (3.22) and (3.23) of the first 

and second laws of thermodynamics. First we can transform the 

215 
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expression of wem on account of the identity (2 .10) or (2 .11) • 

Thus it can be shown that (prove this by way of exercise) 

or 

em 
- J.E 

8P 88 
+ V. [v(E.P)] w + :a:.at M.at 1 (3. 25) 

or el se 

em auem.f 
V.{S- v(E.P) }1 w ar - (3. 26) 

where 

1f = P/p 1 Il = M./p u•m.f = .!. (E2+B2) 
2 (3.27) 

Accounting for the first of these in (3.22) yields the form 

p~ = tr {t(Vv)T} - V.q + ph + J.t5 + pf5.n- M..B (3. 28) 

Introducing now the Helmholtz free energy density ~ by 

(Legendre transformation if 9 = 8e/8~) 

(3.29) 

and eliminating ~ between (3.28) and (3.23) 1 we arrive at the 

so-called Clausius-Duhem inequality in the form 

-p(~ +~9) + tr {t(Vv)T} + J.t5 (3. 30) 

+ pf5.ir.- ALB+ 9 q.V(9-1) ~O • 

This 1 together with (3.28) can be further transformed by 

performing partial Legendre transformations and introduccing 

various types of time derivatives. For instance 1 introducing 

e = e + J.I.B t/1 + J.I.B (3.31) 

eqn. (3.30) transforms to 
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" -p(I/J + 1)9) + tr {t(Vv) T} + J..lr (3.32) 

+ pC.n + pB.jJ. + 9 q.V(9-1) l!: o . 

Alternately 1 defining e and ~ by 

e = e - n.lr = e - ~.B - n.lr 
(3.33) 

1/1 = e - 1)9 

we can write (3.30) or (3.31) in the form 

-p(~ +1)9) + tr {t(Vv)T} + J..C (3.34) 

- P.C- M.B+ 9 q.V(9-1 ) l!: O. 

The relevance of each of the inequalities (3.30) through (3.34) 

depends on the choice of independent variables to describe the 

interactions that take place between the Maxwellian 

electromagnetic fields C and B and the (material) polarization and 

magnetization fields. Furthermore 1 if we note that 1 e.g. 1 

* pn P + (P.V)V 

and define the symmetric stress tE by 

tE = (t + g~p + B~M) S 1 

then 1 on account of the local form of (3.9) 1 

• cem - - dual cem • 

where A means symmetrization 1 we can rewrite (3.32) as 

(3.35) 

(3. 36) 

(3.37) 

" -p(I/J + 1)9) + tr (tED) + J..C (3.38) 

* * 1 + C.P + B.M + 9 q.V(9-) l!: O . 

Another possibility is 

(3. 39) 

* * 1 - P.C- M.B + 9 q.V(9-) l!: O 1 

where 
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This is not all in the case of deformable solids in finite strains 

where one often prefers to introduce material {Lagrangian) fields 

for both mechanical and electromagnetic entities {at points in 

space where this is meaningful for the latter) . We remind the 

reader that this is achieved in the following manner for the 

electromagnetic fields. We look for material expressions of 

electromagnetic fields which allow one to express equations 

formally as {2. 4) but in terms of Lagrangian fields which are 

functions of X and t only. As a matter of fact, the following 

"material" formulation of Maxwell 's equations in matter : 

o 

1 o 
c 

V .B 
R 

o 
{3. 40) 

is obtained if we introduce the fields neted with Gothic letters 

by the following operations of convection {so-called "pull back") 

to the reference configurat ion 1<R {see, e. g., Nelson, 197 9 or 

Maugin, 1988): 

IT 

and 

with 

JF F-1.B 

i! - 1 V x B c 
- 1 

JF F .P , IM 

E.F 

V 

D JF F- 1 .0 

~ = B.F + 1 V D C X f 

- 1 
= M.F , o = JFF . J. , Of= JF qf 

-11 ax 
atx 

We then check that 

D = J C-1 • i! + IT 
F 

.. = J-1 c. B - IM 
' -.J F 

which replace the simple (spatial) relations (2.2). 

(3. 41) 

{3.42) 

{3. 43) 

(3. 44) 
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Introduc ing 

thermodynamical) 

now the so-called second 

"elasţic" stress SE by 

Picla-Kirchhoff (or 

(3. 45) 

and the fields 

VRt4 = (Vt4) • 1' 1 (3. 4 6) 

by multiplication by JF of eqns such as (3.38) and nating that 

* p J-1 F ani 
F ·at x * Al J -1 F 81M 1 

F • at x 

where 

u;j = J C-1 • M = J F-1 • Al , 
F F 

we readily show that eqs. (3.38) and (3.39) transform to 

or 

-(; + Na) + tr {SEEl + u.~ 

+ ~.n + B.iM +a o.v (a-1 ) "'o 
R 

-(~ + Na) + tr {SEE} + u.~ 

- n.~ - iM.B + a o.v <a-1 ) "' o , 
R 

where we have set 

N = P TJ 
o 

(3. 47) 

(3.48) 

(3. 4 9) 

(3. 50) 

Any of the formsof the Clausius-Duhem inequality obtained may be 

considered as a constraint imposed on the formulation of 

constitutive equations for the fields, e.g., 

'11 ' 
-E 

N,S ,u,TI,IM,Il, (3.51) 

or any equivalent set defined, for instance, through partial 

Legendre transformations. This requirement, usual1y referred to as 

the requirement of thermodynamical admissibility , is at the hasis 
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of further developments. 

Technical ramark. The above derivation does pay attention to the 

tensorial variance of various geometrica! objects so that we have 

straightforwardly applied derivatives such as the one marked * to 

objects which 1 in fact 1 do not have the same variance. One could 

think that those are irrelevant mathematical details as we work in 

a Cartesian framework {at least in Kt) • But this is not the case 

because the material manifold used to describe the reference 

configuration does make that difference [e.g. 1 between the 

elements of the pair {P 1 M) or {g1 B)]. A correct derivation is to 

be found {in the absence of dissipative processes) in Maugin 1 

1992b 1 Chapter 8. 

4 . CLASSICAL lRREVERSIBLE BEBAVIORS 

We call classical irreversible behaviors of electromagnetic 

solids 1 those behaviors which can practically be "read" from the 

expression of the Clausius-Duhem inequality as their description 

does not necessitate the introduction of additional entities 

{e. g. 1 extra thermodynamical variables of state) . The 

corresponding formulation is the so-called T.I.P (Theory of 

Irreversible Processes). From here on we shall specialize to the 

case of solids . The basic nondissipative mechanical behavior of a 

solid is thermoelasticity for which 1 classically 1 

'11 = '11 (E1 9) 1 !ls0. (4 .1) 

Gibbs 1 equation 

density 1 yields 

after Legendre transformation of the energy 

d'll = tr {SEdE} - N de 1 (4. 2) 

so that at thermodynamical equilibrium: 

N = - 8'11/89 (4. 3) 

In electromagnetoelasticity1 

processes 1 this generalizes to 

in the absence of dissipative 
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i (lE, ~, B , e) , Il• O, o• O ( 4. 4) 

and 

d"i' = tr {SEdiEI - IT.di - M.dB - N de ( 4. 5) 

so that at thermodynamical equilibrium we have the following laws 

of state: 

8t/8B N = - 8t/89 ( 4. 6) 

221 

Sligthly outside equilibrium, the temperature field e and 

the electric potential ' may be spatially nonuniform, but we shall 
assume that entropy still assumes its thermostatic definition.This 

holds true if the slow thermodynamical evolution is conceived as a 
succession of equilibria for which (4.3) 2 or (4.6) 4 is essentially 

valid. This is an expression of the axiom of local 

(thermodynamical) state. Then we shall consider 

N = - 8t/8e ( 4. 7) 

However, we define the following quantities outside equilibrium 

(i.e., deviations from the definition at equilibrium) 

( 4. 8) 

IM + 8t/8B 

so that the Clausius-Duhem inequality (3.49) provides the 

dissipation inequality in the form 

(4. 9) 

Notice that in a more general thermodynamics, instead of (4.7) we 

could also introduce a "dissipative" entropy z.f by 

z.f = N + 8t/89 (4 .10) 

In any case the dissipation inequality is in the bilinear form 
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(4 .11) 

favored by the tenants of T.I.P, with equilibrium defined by 

V V = 0 
R 

rrd = o , iHd = o , il = o , v a = o 
R 

(4 .12) 

The simplest idea, on account of the slightness of deviations from 

equilibrium, is to consider the quantities dual to those appearing 

in (4.12) via the duality inherent in (4.9) or (4.11) as linear 

in the respective fields. Thus 

sv :f [ E) ~ :f [ITd) B :f [ jj;jd 1 
s It H 

( 4. 13) 
o= :f [(!) + :f [V a) 1 Il = :f [V e] + :f [!!) 1 E EQ R Q R CE 

where the :f's are linear operators which are homogeneous of degree 

one. It is clear that (4.13) 4_5 describe coupled electricity and 

heat conductions while (4 .13) 1 refers to viscoelasticity in the 

manner of Kelvin and Voigt, and (4 .13) 2 _3 describe one type of 

electric and magnetic relaxations. Once the relaxation is 

achieved, both polarization and magnetization recover their 

equilibrium definiţion given in eqns. (4. 6). Onsager' s relations 
may be invoked to estab1ish a necessary re1ationship between the 

operators :f and :f . 
EQ QE 

The above-given approach is the one to be found in classical 

books so that we do not dwell in greater detail in this. However, 

the expressions (4 .13) deserve the following comments. First, in 

general the linear operators introduced in eqns. (4.13) may still 

contain the thermodynamical variables of state on which ~ depended 

to start with, as this dependence is not excluded by any 

thermodynamical principle. Thus equations (4 .13) are potentially 

rich of many coupled effects including, for instance, dependence 

of relaxation times on the electric field and strain, and 

temperature, and all the thermo-galvanomagnetic effects which 

occur in eqns. (4.13) 4_5 .For these, including the Hall effect, we 

refer the reader to Eringen (1980,Chapter 10), Maugin (1988, 

Chapter 3), and Eringen and Maugin (1990, Vol.I). Second, 

typically, an equation such as (4.13) 2 will read (for isotropy to 
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simplify the presentation) 

a. ( e) r 
Ţ"(9Ţ (TI - TI ) 

E 

TI" = - a~/a~ ( 4. 14) 

where T > O is a relaxation time and a. will be chosen for 
E 

convenience. For a linear nondissipative behavior, ~ ~ ~2 and TI" = 

x (e) ~ , where x > O is the electric susceptibility. We can take 
p p 

a.= x- 1 (e) . Then eqn. (4.14) in this case may also be written as 
p 1 

TI = X (e) (~ - T a~) 
P E at (4.15) 

Similarly, for magnetic processes, working along the same line, we 

would obtain the "relaxation" equation 

- ( as) IH = ~M (el s - •M at ( 4. 16) 

Had we considered the formulation (3.48) to start with, eqns. 

(4.11) would have been replaced by the set 

A (4 .17) 
î\ = !fE ((!) + !fE 0 (1JR9) 1 Q = !f0 (1JR9) + !f 0 E((!) 1 

A 

where the !e' s are a priori different from the ~~ s in (4 .13) . 

Typically, the relaxation equation for TI would read 

arr 
at 

A 

!!" = aw/aTI 

With ~ = TI2 and !!" = x-1 (9) TI we can take (3 (e) 
p 

(4.18) will take on the typical form 

•n (el IT + TI = X (e) ~ 
p 

( 4. 18) 

x (e) , and 
p 

(4 .19) 

Obviously, eqns. (4 .15) and (4 .19) are 

admit the same "equilibrium" limit. The 

different although they 

truth, however, may be a 

mixture of the two formulas (4.15) and (4.19) involving two 

relaxation times. Such more complicated relaxation formulas, like 
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those occuring for rheological models more involved than the 
Kelvin-Voigt and Maxwell models of viscoelasticity, require the 
consideration of internal variables to be justified on a 
thermodynamical basis. Similar to (4 .19), for magnetization, we 
would obtain 

(4.20) 

or 

81M 1 -
at =---rnT" ( IM - IM ) , 

•HI"I eq 

(4.21) 

where we have introduced the equilibrium value 

IM • T (9)'l (9) fl . (4.22) 
eq H H 

Equation (4.21) is of the standard Bloch type in nuclear 
magnetism. Generaliz~tions to the case of deformable ferromagnets 

with IMI = const. and nonsaturated magnetic fluids have been given 
elsewhere and allow one to produce a nice thermodynamical 
formulation of the Gilbert and Landau-Lifshitz types of 
spin-lattice relaxation in ferromagnets (see, Maugin, 1988, 
Chapter 6; also Maugin ,1979b) and so-called ferrofluids (Maugin 
and Drouot ,1983) where orientational relaxation and relaxation in 
magnitude (of magnetization) are separated. 

5. THERMODYNAMICS WITH INTERNAL VARIABLES 

The 

Muschik, 

thermodynamics with 

1990a,b Maugin 

interna! variables 

and Muschik 1992) 

(see ,e.g., 

provides a 
characterization of dissipative continuous media in which, to 
define the thermodynamical state of a system, one needs to 
introduce, besides observable variables of state, a certain number 
of internal variables, collectively denoted by an n-Cartesian 
vector a, which can eventually be measured by a "gifted" 
experimentalist but cannot be controlled (e.g., through dual 
forces applied at the boundary). These are supposed to describe 
the interna! structure (hidden to the macroscopic observer who 
sees only a black box) of the medium which gives rises to certain 
dissipative processes during structural rearrangements. The energy 
density (say, the free energy) will thus depend on a and these 
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additional variables « will need new equations which will usually 

be evolution equations constrained to satisfy the second law of 

thermodynamics. It is clear that the basic idea for this finds its 

origin in the kinetic description of physico-chemical processes 

(Bridgman , 1941) . 

This characterization of a thermodynamical state by 

additional state variables is conceptually and mathematically 

simple provided the number of interna! variables introduced 

remains small as one has to identify them precisely through 

essentially physical insight. In addition, the advantage is that 

this characterization does not alter any of the other statements 

of thermomechanics and, therefore, it allows one to use the tenets 

of T.I.P since, here also, no large deviations from 

thermodynamical equilibrium are envisaged. This, in our opinion, 

is a wise generalization of classical T.I.P. Central to the 

development of this thermodynamics is the notion of local 

(thermodynamical) accompanying state, as the main problem still 

resides in the definition of entropy outside equilibrium. Again, 

generalizing (4.7) we must be confident that if all interna! 

variables return sufficiently fast to their equilibrium values, 

which make zero the associated generalized thermodynamical forces, 

then the thermodynamical evolution may be considered as a 

succession of constrained equilibrium states in so far as entropy 

is concerned. This will be essentially true if the characteristic 

times of interna! structural rearrangements, or return to 

equilibrium of interna! variables, are small compared to the time 

characteristic of externa! loadings. That is, let ~« be the first 

characteristic time such that T« = «lir. and Tm a/li the 

characteristic time of externa! loads a. The axiom of local 

accompanying state will be the better as the smaller will be the 

ratio provided by the Deborah number :D such that (cf. Bataille 

and Kestin, 1975) 

:l) = ~ /T 
"' m 

(5 .1) 

225 

For :D going to zero, we can use the formulas of thermostatics 

(thermodynamical equilibrium) . According to this, only pairs 

"material-process" can be classified in thermodynamics , and not 
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only materials, per se. This classification would be simple if, in 

general, there did not exist several externa! characteristic 

times. For the time being , however, we shall assume that Ţ« << Ţm 

for all «, and we illustrate our concern with the case of 

nonmagnetizable dielectrics. All we need to note as a general 

background is that for electromagnetic media the introduction of 

interna! variables of mechanical and electromagnetic natures is 

due to Kluitenberg (1973, 1977, 1981a,b) and Maugin (1979a,b; 

1981a,b) but the idea goes back to works by Meixner (1961). This 

idea proves to be particu1arly fertile in ,and well adapted to, 

the treatment of relaxation and hysteresis effects in ceramics and 

hard ferromagnets. 

In the case of nonmagnetizable dielectrics, the Clausius-Duhem 

inequality (3.48) reduces to 

(5. 2) 

To make the essentials of the theory clear to the reader let us 

consider the following thermodynamical scheme which obviously 

draws on the modern formulation of elastoplasticity with hardening 
(see, for instance, previous contributions in this course, and 

Maugin, 1991c, Chapters 3 and 8). Assume that the total strain [ 

is composed of an "elastic" part Ee and an "anelastic" part [P 

(the "p" usually standing for "plastic") . In the like manner , the 

polarization IT is built of two contributions, one rrr called the 

reversible part and the other ~ called the residual polarization, 

i. e., 

In addition, we know 

mechanisms are at work 

II=Jt+~ (5. 3) 

that rather complicated microscopic 

(irreversible slip motions in the crystal 

lattice, dislocations, irreversible motions of ferroelectric 

domain walls, Barkhausen effect, .. ) which imply a dissipation 

since they al! have an irreversible nature .. Avoiding to enter a 

detailed description of these mechanisms, we compensate for our 

ignorance of these by the a priori introduction of internal 
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variables, say o: and II1nt, respecti vely a set of variables 

accounting for mechanical hardening and a variable having the 

physical dimension of an electric polarization per unit volume. 

The observable variables now are the "elastic"strain !Ee, the 

reversible polarization rrr and the temperature a. Accordingly, 

Gibbs' equation that replaces (4.5) reads 

(5. 4) 

and this yields the laws of state as 

~(a, !Ee 1 rrr 1 o:, rrint) 1 (5. 5) 

A 

A - ai1J 1 a o: 

On account of the axiom of local accornpanying state, N is forrnally 

given by (5. 5) even slightly outside equilibriurn, so that the 

Clausius-Duhern inequality (5.3) takes on the form of the following 

dissipation inequality 

~ = tr {SVEe) + tr {SEEp) + A.ci + (!relax.iJr (5.6) 

+ ~. rrR + (! i n t . rr i n t + a o. V (a -1) ~ o 1 
R 

where we have set 

(5. 7) 

The inequality (5.6) is rewritten as 

~1 + ~2 ~ o (5. 8) 

with 

~ - tr { sv[e) - (!relax.iJr + a O.V (a- 1 ) 
2 R (5. 9) 

~ - tr { sE[P l + A. a + i!.nR + (!int.iJint 
1 

Equations (5.6) and (5.9) deserve the following cornrnents. First, 

we see by cornparison with the general case that the roles of lE and 

II are now played by !Ee and rrr in the part ~2 of the dissipation. 

This rneans that the usual viscosity , electric relaxation, and 

227 
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electric conduction processes are expressed, according to T.I.P, 

in terms of time rates of change of the reversible parts of strain 

and electric polarization (compare to Section 4) and the 

temperature gradient. In contradistinction, the irreversible parts 

of strain and electric polarization (EP and ITR> produce a 

dissipation in the total mechanical symmetric stress SE and the 

total electric field ~- Finally, the split (5.8) is explained by 

the fact that the thermodynamical fluxes in t 2 are assumed to be 

derivable from a dissipation potential which is homogeneous of 

degree two in the corresponding forces (this is equivalent to 

T.I.P - as the fluxes will then be linear, homogeneous of degree 

one in these forces ) while the time rates in t 1 will be assumed 

to derive from a dissipation potential which is homogeneous of 

degree one only in the corresponding thermodynamically conjugated 

quantities , providing thus the needed evolution equations for 

the internal variables as well as plasticity and hysteresis 

evolution equations (without time scale) for the irreversible 

parts of strain and electric polarization. The first 

characterization of electromagnetic dissipative processes is 

rather similar to what was considered in Section 4 so that we do 

not repeat it in detail (see also the magnetic case in Maugin, 

199la,b). An illustration is given in the next section for 

dielectric relaxation. For the second class of dissipative 

processes, an illustration is given in Section 7 for both electric 

and magnetic cases. 
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Figure 6.1. Response of a half-space with electric relaxation to a 

ramp f(O,t) in stress at the limiting plane X= O (after Maugin et 

al , 1992, Chapter 4). 

E 

Figure 7 .1. Typical hysteresis behavior of ceramics: (a) in the 

absence of applied stress and bias electric field; (b) in the 

presence of such fields. 
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Figure 7. 2. Influence of compressi ve stresses on the electric 

hysteresis loop of PLZT ceramics (after Bassiouny and Maugin, 

1989a). 

Figure 7. 3. Hysteresis loop for steel (in normalized units) at 

zero stress: -- experimental curve after Jiles and Atherton 

(J.Phys.D.Appl.Phys.,l7,1984,p.l273) and- - - "good" theoretical 

fit (M.Sabir, Thesis, Paris, 1988). 
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6. DIBLEC'l'RIC RELAXA'l'ION IN CBRAMICS 

To illustrate the viewpoint developed in Sections 4 and 5 for 
dielectric relaxation we shall consider the problem of the 
propagat ion of transient plane nonlinear waves in a 
one-dimensional model of ferroelectric ceramics. The problem was 
treated by Collet (1987) -see also Maugin, Collet et al (1992, 
Chapter 4). In this modelling we assume that 

o (6.1) 

Accordingly, Ee reduces to E and rr to n , so that the free energy 
i[l reduces to 

A 

i[l = t(E,n,e 1 nint) • (6.2) 

The corresponding internal energy reads (by partial Legendre 
transformation) 

i[l + N9 
A _i t 
:E (E, n, Nln n ) 1 

and the laws of state are 

" 8:E/8N " SE = 8:E/ 81E , (6.3) 
1!1 n t = - 8t/ anint " a:r/an 

where the last one merely is a definition of 1!1nt. We ha ve assumed 
that l!relax O and the quasi-electrostatics framework is 

sufficient (hence ~ reduces to 1!) • Then the electric relaxation, 
if any, is taken care of via the dependence of energy on n1ntonly. 
As there is no other dissipative process (no heat conduction ; 
remember also that we have a dielectric), the residual dissipation 
inequality reads 

t = l!int. Uint l!: O • 
2 

(6.4) 

By way of example we may consider the separable case for which 

" int :E = :E1 (lE, n, N) + :E2 (II, II ) , (6.5) 
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with 

~ ă r? + ~ b (TI - rrint) 2 • ( 6. 6) 

Then 

(6.7) 

while, applying T.I.P. to the inequality (6.4) we obtain a 
relaxation equation (Collet, 1987) 

(6. 8) 

where Td is called the dielectric (polarization) relaxation time. 
This shows that the equilibrium value of II1nt is nene other than II 
itself. The relaxation time Td is practically directly accessible 
to experiments in a study of shock-wave propagation in dielectrics 
( Yakuscov et al ,1968) and it obviously intervenes in transient 
problems which themselves exhibit a characteristic time or a 
characteristic length of propagation. In the present case, for a 
propagation process whose linear regime is characterized by the 
velocity C0 (say, an acoustic velocity), a characteristic length 

L = c T 
a o d ( 6. 9) 

may be constructed and referred to as the electric attenuation 
length. It is clear that when the wavelengths associated with all 
dynamical disturbances (for small amplitude signals) are short 
compared to La then the effect of electric relaxation is 
negligible and the material behaves locally as an elastic 
dielectric without losses. This is verified by establishing the 
expression that governs the behavior of an acceleration wave 
propagating through a material modelled by eqns. (6.3)-(6.6) and 
considering the 

smaller than L 

limit where the travelled distance L is much 
(see 

a 
McCarthy, 1984b). In this limit, 

one-dimensional motions admit simple-wave solutions. We refer the 
reader to MacCarthy (1984a,b) and Collet (1985) for this problem. 
Here we prefer to deal in greater detail with a problem which 
directly exhibits the rele played by the ratio (5.1) in nonlinear 
wave propagation. To that purpose we consider the effect of 
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electric (polarizationl relaxation on the transient nonlinear 

electroelastic motion inward a half-space X > O from the limiting 

plane X O. Third-order nonlinear elasticity and dielectric 

relaxation (6.8) are taken into account. Hence it is the 

competition 

dissipative 

between nonlinearity (of elastic origin) and a 

mechanism (related to another physical property, 

electric polarization), the two being coupled via 
piezoelectricity, on which we focus the attention. 

It is shown, in one space dimension and quasi-electrostatics, 

that the basic equations of the problem take on the following 

form: 

o po atv- a Te 
X 

o ax D ( 6.10) 

"t" 
d 

8 ITi nt 
t - IT - ITint. 

along with the constitutive equations ( f 

only surviving component of F) 

F-1 , where F is the 

Tt c f (1+ 2rfl - e IT 

D = e f + a IT - b IT 1 nt ( 6 .11) 

here C, ,, e , and a are, respectively, a second-order elasticity 

coefficient, a nondimensional third-order elasticity coefficient, 

a piezoelectricity coefficient, and an electric constant. 

The system (6.10)-(6.11) is a quasi-linear system which must 

be solved subject to initial conditions at t O, boundary 
conditions at X = O , and regularity conditions as X ~ m • These 

are given by 

f O IT O, IT 1 nt. o at t O X> O, 

f K(t) D=O atX O t>O, (6.12) 

f ~O , IT~ O , IT 1 nt~ 0 as X~ m,t > 0 • 

233 
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An approximate (asymptotic) solution to this problem can be souhgt 
in two ways. One of them is to look at a far-field solution and 
the other one is to examine what occurs in the neighborhood of the 
travelling signal. These pertain to the delayed and instantaneous 
wave analyses, respectively. 

Delayed-wave analysis: 

Let T be a characteristic time scale . We call TI = max!K(t) 1 

the small parameter related to the amplitude of the input signal. 
Let 

C = C -(e2 /-x.) , 'X.= (1+a)-b, V2 = Cd/p0 1 d eq eq d 
(6 .13) 

a piezoelectrically altered elasticity coefficient, the 
thermodynamical equilibrium value of the electric susceptibility 
(II = rrint at equilibrium) 1 and the squared delayed acoustic 
speed. We can introduce nondimensional variables (with 
superimposed bars) by 

X vâ t = Tt , f= llf , v= TIV5 d 

II 11eii IIint -1nt T = 11VdT D = 11eD - 11e II , , 
(6.14) 

Furthermore, 

(6.15) 

is a second small parameter [this is the Deborah number of 
eqn. (5.1)]. Equations (6.12) are rewritten using the new variables 
and then overbars are discarded in order to lighten the notation. 
We thus obtain the following system: 

ad axf + 117 d f axf +(e2/Cd) axrr = atv 

axf + 'X. axrr - b a IIint 
X = o (6.16) 

&d a IIint II - ni n t 
t 

Also, taking the X-derivative of 



Non-equilibrium Thermodynamics of Electromagnetic Solids 235 

(6.16) 1 , we get the useful equation 

(6 .17) 

The appropriate time scale for the far-fie1d study is 0(1/~) with 

(~/cd) ~ 1 as &d ~ O. The system (6.16) is treated by 
introducing multiple strained coordinates Xn !!! (&d) n X , n c:: O. 

The zeroth and first-order governing systems are then deduced from 
( 6. 16) . The zeroth-order solut ion S = f , TI , rrint} satisfies a 

o o o o 
linear wave equation and this provides a solution f = f (X ,l,;) 

o o 1 
where l,; = t- X • The secularity condition for solving for the 

o 

first-order solution uniformly in space provides a constraint on 

the functional dependence of f 0 through the equation (here x = 
1+a; see details in Collet, 1987) 

8f 8f 1 if 
o + f o 

d 
o 

ax 'ld ~ 2 --o 8 l,;2 1 
(6 .18) 

where we ha ve set 

c -c - ~a: /2& d _x_ i d c c - (e2 lx> > o 'ld d d 1 
X ----c- i 

eq d 

(6 .19) 

where d is a diffusion coefficient and C1 may be called the 
instantaneous effective second-order elasticity coefficient. 
Equation (6 .18) is none other than a Burgers equation (in which 
the roles of time and space are played by X1 and l,; , respectively, 
and that of viscosity by the diffusion coefficient. Its solution 
is the delayed wave which is valid for 

Ţ = 0(1/~) >> Ţ 
d 

(X, t) E 7Jd = { X,t X > L >> VdTd} 1 (6.20) 
d 

L >> O (Vi • 1) d 

where V and Ţ are defined by 
1 i 

c v2 
CJpo 

_x_ i 
( 6. 21) Ţi Ţ 

i 
xeq 

c- c d 
i d 
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The first of conditions (6.20) is none other than a condition of 

very small electric Deborah nurnber (5.1), which is characteristic 

of the validity of the local accompanying state hypothesis in 

internal-variable theory. 

Instantaneous wave. 

The problem consists in examining what occurs in the 

irnrnediate neighborhood of the wave front as the latter travels 

inward the half-space X > O A solution is described in this 

neighborhood by considering an asymptotic procedure in which the 

perturbation parameter is none other than the distance from the 

wave front of the linear theory. That is, we introduce the 

parameter c1 -c/T:1 with -c1 given by (6.21) and -c1 > -cd. In this 

analysis the nondimensional form of eqn. (6.10) 3 is 

(6.22) 

A multiple strained-coordinate (Xn = (c1 ) nX) analysis in which ci 

is the small parameter with O (l!/c1 ) = 1 as ci ~ O , yields a 

secularity condition on the zeroth-order solution f 0 (X1 , 1: = t-X0 ) 

in the form of the simple nonlinear equation (Collet, 1987) 

af af 1 o 
+ f o 

+ f o ax 71 o 
a~: 

2 o 
1 

( 6. 23) 

with the boundary condition 

f ( t' X= o ' 
X= 0) f (1: t ' X= 0) K ( t) 

o o 1 o 1 
(6 .24) 

This solution forms a shock at a breaking distance (X1 ) 8 given by 

K' = maxJdK(~) 1 
m ~ --ar- (6 .25) 

Here the electric losses, although small, have a cumulative effect 

on the attenuation of the wave. This is involved in (6.25) so as 

to prevent the formation of the shock. However, once the shock is 

formed, then it will evolve according to the rules of weak-shock 
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theory. The instantaneous solution thus obtained is valid for 

( 6. 2 6) 

For an input K (t) = f (0, t) in the form of a ramp followed by a 
plateau, we obtain a space-time dynamical response as reproduced 

qualitatively in Figure 6.1 (after Maugin, Collet et al, 1992). 
The response consists of an exponentially damped front and of the 
main wave which is governed at lowest order by the Burgers 
equation (6.18). 

Other works of a more formal nature which consider electric 
interna! variables and nonlinear waves in electroelasticity are 
those of Collet (1983, 1984, 1985) and McCarthy (1984a,b). The 
case of semiconducting electroelastic bodies may be even more 

interesting but then the electric conduction certainly is the 
leading dissipative mechanism (see works by McCarthy and Tiersten; 
also Daher and Maugin, 1987 ; Maugin and Daher , 1986). 

7. ELECTRO- AND MAGNETOMECHANICAL HYSTERESIS 

Here we address the following problem. A polycrystalline 
multidomain dielectric material exhibits both induced electric 
polarization and spontaneous electric polarization. The former is 
reversible and may be modelled by rrr while the latter is 
accompanied by dissipation and will be modelled by both rf and 
rrint_ We focus the attention on the last two fields, in particular 
on the first one and its relationship with the polarizing field 
and other stimuli such as temperature, stresses and bias electric 
fields. For a given temperature and fixed state of stresses and 
bias fields (usually zero or considered as such), the typical 

response jrfj versus j!!j presents the shape of a hystereis loop 
such as (a) in Figure 7.1 with a saturation such that jrfj ~ rr: 

as j!!j goes to infinity (i.e., physically, is large enough). This 
hysteresis loop is obtained in an alternating polarizing field of 
low frequency. As a matter of fact, we shall assume that this loop 
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does not, here, depend on that frequency. In other words, the 
electric hysteresis phenomenon is rate-independent (i.e., it does 

not depend on the time rate ~of the polarizing field !) and , as 
such, it does not involve any characteristic time (and is very 
much similar to plasticity or locking ) in contradistinction , 
say, with viscosity or electric relaxation. This is probably not 
true for high frequencies of the polarizing field and for 

relatively high temperatures. 

The hysteresis curve (a) in Figure 7.1 is essentially 
characterized by: (il the level of saturation lf (ii) the value 

5 

E = ~(Jf=O) of the coercive field, and (iii) the "inclination" of 
t~e hysteresis loop on the lf-axis (remember that perfect electric 
hysteresis loops of one-domain crystals have vertical, jump-like, 
branches cf. Maugin et al, 1992, Chapter 6). When this 

inclination is not zero - what appears to be the case for most 
industrial materials such as ceramics - then we say that the 
electric material exhibits electric hardening (i.e., it takes a 
greater value of the polarizing field to increase the polarization 
lf by a gi ven amount) . This wording is granted in analogy to 
mechanical hardening. 

Under the influence of a perturbation such as a bias (de) 
electric field, an applied stress or irradiation, the loop (a) 
transforms into loop (b) in Figure 7.1. In general, four essential 
effects are manifested in this transformation: (ii) the saturation 
level has changed; (ii) the width of the hysteresis loop at zero 
polarization has been altered, (iii) the coercive field has 
evolved, presenting different values on loading and unloading (the 
loop is no longer symmetrical with respect to the origin) and 
(iv) the electric hardening has been modified to some extent, all 
facts which are macte more eloquent on the derivative curve 
(instantaneous electric susceptibility ) . All these recognized 
facts may be model led in a necessarily non linear manner. This 
phenomenological theory was developed by Bassiouny et al 

(1988a,b), Bassiouny and Maugin (1989a,b), Maugin (1989) and 
Maugin and Bassiouny (1989). It closely parodies a somewhat 
similar theory built precedently for magnetomechanical hysteresis 
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(Maugin and Sabir, 1990; Maugin, Sabir and Chambon, 1987) and 

which receives the support of a semi-microscopic theory of 

domain-wall motion in a defective material (Sabir and Maugin, 

1988) . We shall return to this point later on. 

The above-given brief description views hysteresis as a 

dissipative mechanism without time scale although the past history 

of the electric loading of the sample clearly plays a determining 

ro le at any instant. The first point is coped with by assuming 

that the power dissipated in the time evolution of ~ is 

homogeneOUS Of degree One in UR, While the SeCOnd point iS taken 

care of by the presence of the electric internal variable n1"t. 
The latter will account for electric hardening and will also yield 

an entropy production which is homogeneous of degree one in its 

time evolution 

processes, we only keep 

Section 5 the effects of 

Accordingly, focussing on electric 

in the thermodynamical formulation of 

~ and w"t ' so that the dissipation 

inequality (5.8) reduces , in quasi-electrostatics , to 

(7 .1) 

where t 1 is supposed to be homogeneous of degree one in elements 

of the set V= {UR, n1"t} of generalized velocities or fluxes. The 

corresponding set of "forces" is F = {1!: , 1!:1"t} • Both homogeneity 
and non-negativity properties of t 1 can be satisfied automatically 

in the following manner. Suppose that there exists a 

pseudo-potential of dissipation :V (V} which is positive, contains 

the origin in V-space, takes real values (on R•), is convex in the 

set v, and is homogeneous of degree one in the elements of v. Then 
1!: and 1!:1"t are derivable from :V by 

(7. 2) 

We check that t 1 = :V ;,: O As :V is convex we can perform a 

Legendre-Fenchel transformation (see Maugin, 1991c, Appendix; this 

transformation conserves all properties) thus producing the 

conjugate or dual potential D* by 
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D*(F) = sup [~1 - D(V)] 1 

V 

from which there follow the "inverses" of (7.2) as 
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(7. 3) 

(7. 4) 

Like in viscoplasticity 1 these equations say that the time 
evolution of Tf and zr.ne 1 if any 1 takes place along the normal to 
the surface D*= const. in F-space. If such surfaces have angulous 
points (e.g1 apices or vertices)l then the concept of "normal" is 
generalized in that of "cone of outward normals" at a point of the 
surfaces. Equations (7.4) are thus referred to as normality rules. 
Now assume that the elements of F are restrained to a convex set C 
containg the origin in F-spacel i.e. 1 

C(F) {E = (1!,1!1nt) E F j f(E) :s 0 } (7 .5) 

Here f = O 1 the boundary of the convex C in F-space 1 is called 
the loading surface or flow surface • A particular case of (7.4) 
follows from the condition that V* is none other than the 
so-called indicator of the convex set C ( this mathematically 
follows from the condition that ~1 be homogeneous of degree one; 
see Maugin, 1991c, Appendix 2) so that 

V* ind C { o if f :s o 
(7. 6) 

+m if f > o 

This physically means that dissipation occurs only when E belongs 
to the boundary of C. Then eqns. (7.4) are replaced by the 
relations (which exhibit no time scale) 

i\ af! alt (7. 7) 

where the unknown multiplier i\ is such that i\ = O if f(E) < O and 

i\ ~ O if f(E) = O • This provides a very singular correspondence 
between elements of V and E spaces which is proper to this type of 
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rate-independent dissipative processes. The conditiona pertaining 

to A can be made more precise , viz : A ~ O if f = O and f = O , 

and A = O if f < O or f = O and f < O . The proof of these is 
elementary once the following orthogonality property is proved: 

i.e., symbolically, F 1 V, where the derivatives are understood to 
the right . To show this one must notice that (7.7) are completely 
equivalent to the variational inequality 

(7. 9) 

for any E* = {f* , (f1nt) *) E C(F) • This equation in fact means 

that the dissipation is maximal (as a matter of fact, the only 
case where it is not zero) when E belongs to the surface f = O. 
This is the electric analogue of the principle of maximal 
dissipation of Hill and mandel in plasticity (see Maugin, 1991c, 
Chapter 5) . 

The above-described model is mathematically neat. It 
corresponds to the case where the electric loading surface f = O 
is identified to a surface of equi-pseudopotential D*. Severa! 
consequences and further specifications of this modelling are of 
particular interest (see the already quoted references for the 
proofs): 

(i) Local stability: 

Assume that 

>Il= >Il (nr,e) +>Il (nint) (7.10) 
e (i) ' 

where >1!
8 

is convex in nr and concave in e, and >11 111 is convex in 
n1M. Then (7.8) yields 

(7 .11) 
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Thus the vectorial increments in ~ and nR form an accute angle or, 
in a one-dimensional model, this translates to 

(7 .12) 

at all points of the hysteresis loop. This, indeed, is a local 
stability condition (increments in ~ and 1(1 must have the same 
sign); thus electric hardening is positive in this model. 

(ii) Global stability: 

Another consequence of the formulation (7.9)-(7.10) is the 
following result: 

f E.dTI 2: o 
t; 

(7 .13) 

for any closed (total) polarization cycle t;. The proof follows the 
identica! proof in plasticity with hardening where the roles of ~ 

and TI are played by the stress and the total strain [then the 
inequality analogous to (7.13) is known as Ilyushin's postulate -
when its is postulated, which is not the case here]. The result 
(7 .13) means that electric hysteresis loops are always described 
in the counterclockwise direction (in a plane where C!' is the 

abscissa and TI is the ordinate) . 

(iii) Example of electric loading surface f(E) = O: 

Let If"t be a scalar for the sake of example, and N its 
thermodynamical dual such that N = 8t/arr1"t. Then f = f (~, N) • An 
example of such a function f is given by 

f (t!,N) = (111!11 + N) 2 - e2 . (7.14) 
c 

It is readily shown by using eqns. (7.5) that 

(7 .15) 

if 111!11 2 = !! .A.!! , where the real symmetric nonsingular A accounts 
for electric anisotropy (if any) • In this case TI1H is none other 
than the cumulated (in time) residual polarization at time t. It 
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thus really accounts for the past history, up to the present, of 
the electric loading. 

(iv) First polarization curve: 

The above model is completed by the datum of a first 
polarization curve 

(7 .16) 

such that 

o 1 

(7 .17) 

= ± CD 

This allows one to construct the hysteresis curve from an 
alternating loading start ing from a virgin state. Expres sion 
(7.16) is foreign to the present theory in the sense that either 
it is given by experiments or it is constructed from a 
semi-microscopic theory of elastic polarization relying on the 
effects of domain- wall motions. The construction of hysteresis 
curves on the basis of the above-developed model is described in 
Bassiouny et al (1988a,b). 

(v) A correct parametrization of the curve (7.16) and the loading 
surface (7.14) in terms of stresses and temperature allows one to 
reproduce (at least the tendency of) the alterations to the 
hysteresis loop due to such fields. Figure 7. 2 reproduces the 
result of such a parametrization for PLZT ceramics. The agreement 
with experimental data is not too bad. 

In all, the above-given electric modelling which somewhat 
parodies the elastoplasticity of metals, is thermodynamically 
scund while reproducing physical reality in a rather satisfactory 
manner. It is also "comprehensible" as it adheres well to the 
logic that we developed in previous sections. We obviously refer 
the reader to the original papers for the mathematical details and 
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many graphic illustrations. It must also be pointed out that Chen 

(1980, 1984) - Chen and Peercy (1979) - has also attempted to 

construct a model of electric hysteresis by domain switching which 

in fact amounts to a theory with electric internal variables as 

shown by Bassiouny et al (1988b). This theory reproduces well the 

general features of electric hysteresis and butterfly (strain vs. 

field) loops in PZT ceramics although it had no thermodynamical 

basis to start with. 

Magnetomechanical hysteresis 

The above-reported developments obviously admit of a 

magnetic analogue in the description of ferromagnetic hysteresis 

and its coupling with mechanical effects. This is especially 

important in view of the potential applications to non-destructive 

testing (NDT) such as the measure of residual stresses via the 

Barkhausen effect [cf. Rudyak (1971), Karlajainen and Moilanen 

(1979); Chernyi (1983), Maugin (1989, 1991a,b), Maugin and Sabir 

(1990)]. We refer the reader to our review (Maugin, 1991b) which, 

on the one hand, shows explicitly the difference between 

thermodynamically-based magnetic hysteresis presenting no time 

scale (at low frequency of the magnetizing field H) and ad-hoc 

mathematical models (e.g., Chua and Stromsmoe, 1971) which rather 

parody the rheological models with several relaxation times 

(these do involve time scales and do depend on the frequency of 

the magnetizing field), and so-called "physical" models (in fact 

pure models also) in the manner of Preisach (1935), and, on the 

other hand, shows the pretty good agreement which can be 

established between modelling and experimental data (see Figure 

7.3). To conclude this point, we would like to point at the rather 

direct analogy of our approach to electric and magnetic hysteresis 

with the mechanical theory of locking where bounded strains occur 

(cf. Prager, 1957) instead of a saturation in polarization or 

magnetization. 
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8 . ELASTIC SUPER.CONDUCTORS 

With the current development of high-temperature 
superconductors, there is need for a realistic constitutive theory 
of elastic superconductors which retains the essentials of 
superconductivity theory [ for this, see de Gennes (1966/89) or 
Lynton (1969)] while admitting a proper thermodynamical framework. 
This can be achieved in the thermodynamic theory with internal 
variables when the latter can be selected to represent a finer 
level of description than the one at which the main field 
equations are formulated. For instance, this is achieved in a 
macroscopic theory of polymeric solutions in which the interna! 
variable may be a scalar distribution function. Here we naturally 
select the internal variable to be the complex-valued wave 
function ~ of Cooper's pairs in the microscopic theory of 
superconductivity. This is also an order parameter in 
phase-transition theory and its spatial gradients should appear to 
account for weakly nonlocal effects inherent in this. Bas ing on 
other examples of theories with internal variables accounting for 
their gradients [e.g., in ferromagnets in Maugin (1979b), in 
general media and liquid crystals in Maugin (1990)], we know then 
that the entropy flux will no longer be the ratie of heat flux to 
thermodynamical temperature. Furthermore, in addition to the usual 
material indifference (objectivity) of continuum mechanics, the 
gauge invariance of superconductivity should be implemented 
These two restrictions, together with the satisfaction of the 
second law of thermodynamics in its Clausius-Duhem form, are 
imposed in the present theory (Maugin, 1992a). This, in cur 
opinion, supersedes other attempts at such a phenomenological 
formulation [e.g., Zhou and Miya (1991), Lebanov (1991)). 

As working hypotheses we shall consider that in the starting 
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equation (3 .11) the entropy influx is not simply 9-1q but a more 
general vector N = 9- 1 q + K , where K is an extra-flux of entropy 

to be determined. In addition we consider the case of 

nonpolarizable media (although this is without importance) - i.e., 
eqn. (2.8) applies ; equivalently II = O - and we note F the free 
energy per unit volume in KR to avoid any confusion with the 
complex-valued function 1/J. Nating NR the entropy flux in KR such 
that 

N = J 1'-1 .N , 
R F 

(8.1) 

it is a trivial matter to show that (3.49) is replaced by the 
following form of the Clausius-Duhem inequality 

-(F+N9) + tr {SEE} + o-~ - M.B (8.2) 

+V • (aX) - N • V a 2: O 
R R R 

Obvious1y, eqns. (3.40) 1 _ 2 show that there exist [material, i.e., 
function of (X,t)] electromagnetic potentials ~ and S such that 

Il = - (8 .3) 

A 

The gauge invariance of superconductivity is such that Il = Il and B ,. 
= B in the transformations defined by (e.g., Lynton, 1969) 

,. ,. 
vR = vR - (ie*fhc) s , afat = afat + (ie*fhlt> , (8.4) 

where h is Planck's reduced constant, i is the unit imaginary and 

e* is a characteristic electric charge (=2e for Cooper' s 
superconducting electrons) . The constitutive relations for our 
deformable superconductors must satisfy the inequality (8. 2) and 

the gauge invariance (8.3). For elastic superconductors we 
naturally assume that F, to start with, is a sufficiently regular 
function 

F = f(l', 8 , B, a, t/1 , VRI/J) , (8. 5) 

where 1/1 is a scalar-valued complex function , and we see the first 
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appearance of the gradient of this interna! variable via VR'· 

The electric current o is composed of a normal contribution on 
to be determined essentially by 1! and a superconducting 

contribution o5 determined by ' and which does not contribute to 
the entropy growth. With this in mind we note that 

~ 1! 0 1! - V (O ) + (V 0 ) _ 1 ~ 821 
U • = n • R • S 1p R • S 1p C US • 8 t ( 8. 6) 

Applying first the requirement of material indifference to F, we 

easily show that the following F does satisfy this invariance: 

( 8. 7) 

Noting further that ' is complex-valued while F is real valued, on 

account of gauge invariance we consider the reduced form 

(8.8) 

We now compute F while setting (t* denotes the complex conjugate 

of '): 

" " 1-1* = 8F/8(VR'*) 

" 
• .. _ 8F + v" * + 

"'•'•* R•/l 
.. 81/J* 

( 8. 9) 
(2ie*/hc) 1-1*.21 • 

On account of eqns. (8.6) and (8.9) and using (8.4) repeatedly , we 

transform the Clausius-Duhem inequality (8.2) to 
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A 

-(~ + ~J.B +Un·~- NR.VR9 

- 1 [o -c s 

(8 .10) 

A 

+ vR.[ex- o5 ~- ~ (~* :t- ~ :t*)] ~o 
Assuming that N , SE, M, and u5 do not depend on e, lE, B and 8, 

respectively, we obtain that the inequality (8 .16) will hold if 

and only if the following results hold true: 

A 

N = - 8F 1 89 , SE 
A A 

aF 1 alE, aF/ all O , IM 
A 

- 8F/8B (8 .11) 

and 

ie* 2h (~*1/1 - ~1/1*) • (8 .12) 

Furthermore, we select K in such a way as to avoid the appearance 

of a true divergence contribution in the second law of 

thermodynamics. Thus 

( 8 .13) 

As a consequence of (8 .11) through (8 .13), (8 .10) reduces to the 

following dissipation inequality: 

A 

t;;; Un·fl - NR.VR9 + 2 :Re(...tl/1 :r) 
- ~ [v .o 

R S 

(8.14) 

Proceeding now like in preceding sections, i.e., exploiting T.I.P 
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-- or assuming the existence of a positive dissipation potential 
which is homogeneous of degree two in the fluxes -- for the first 

three contributions in (8 .14) we obtain (for instance, assuming 
isotropy for these effects) the fo1lowing complementary laws: 

and 

N 
R 

-~va+vu 
9 R o n 

" A~ = 7~ h (8~/Bt) , 

while, on account 

following identity 

of (8.16) ,(8.12) and 

VR.i}5 a 2 Re ( i:* A~~*), 

(8.15) 

(8 .16) 

(8.8), we check the 

(8 .17) 

so that the last term in the left-hand side of (8.14) just 
vanishes. The remaining dissipation t is non-negative if and only 

if we have the following constraints on the coefficients: 

IC <!: Q (8. 18) 

Equations (8.15) are thermoelectrically coupled Fourier's and 
Ohm's laws (note that the former is given directly for the entropy 
flux) . They are of the general form of eqns. (4 .13) 3 _ 4 • Equation 

(8 .16) is the looked for gauge-invariant evolution equation for 
the interna! variable ~ . The coefficient 71/1 - which has to be 
positive according to (8.18) 3 - accounts for the finite relaxation 
time of superconducting electrons (however, this relaxation time 
must be sufficiently small compared to the characteristic time of 
externa! loads see Section 5 above); h is introduced for 
notational convenience. Both o anf X are entirely expressible in 

5 

terms of F and ~ on account of eqn. (8.16). 

If we consider as a particular case the fo1lowing free 

energy (clearly some kind of expansion; again h and the effective 
mass m* are introduced for convenience) : 

(8 .19) 

then eqns. (8.12) and (8.16) yield 
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ie*h (1/J'ili/J* - 1/J*'ili/J) - ~11/112 2! 
~ R R m"C 

(8 o 20) 

and 

o , ( 8 o 21) 

respectively. Equation (8.20) is the accepted law for supercurrent 
(see , e.g., de Gennes, 1966/1989). Equation (8.21) obviously is a 
straightforward dynamical generalization of the Ginzburg-Landau 
equation of superconductivity which accounts for the coupling with 
strains and for dissipation by relaxing superconducting electrons 
(compare to Tinkham , 1964). At this point it remains to write 
down the conservation-of-charge equation deduced from (2. 9) and 

the heat equation which is obtained by expanding the so-called 
intrinsic-dissipation equation (see, Maugin, 199lc, Appendix 1 for 
the general setting) which here reads 

"' 
aN= [un.(!+ 2 Re(-41/1 ~r)] + 'i/R. (eNR) • (8. 22) 

This completes the essentials of our continuum thermodynamics of 
thermoelastic superconductors in the Galilean and gauge-invariant 
form which fits well in the recently proposed general scheme for 
systems prone to exhibiting dissipative structures through 
strongly localized spatial variations in an internal variable 
(Maugin , 1990). The couplings between typically superconducting 
features and strains will naturally come into the picture, e.go, 
through the functions « and ~ present in the energy (8.19), 
possibly with drastic behaviors are phase-transition points. 

9. CONCLUDING REMARKS 

In electromagnetic solids, setting aside mechanical 

dissipative behaviors (e.g., viscosity, plasticity) and thermal 
ones (pure heat conduction), the main (and for the time being , 
the only) irreversible electromagnetic behaviors are represented 
by : electric polarization and magnetic relaxation, electric and 
magnetic (rate-dependent or rate-independent) hysteresis, 
classical (normal, in the limit, perfect) electric conduction , 
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semiconductivity , and superconductivity. All these behaviors have 
more or less been touched upon in these lecture notes which are, 
per force, of a limited length. As the description of many 
classical behaviors can nowadays be found in treatises, we 
willingly have placed the emphasis on those behaviors which are 
more complex and admit a description in terms of the 
thermodynamics with internal variables. These include electric and 
magnetic relaxation, electric relaxation in piezoelectric ceramics 
and magnetomechanical hysteresis in ferromagnets, and 
superconductivity in deformable high-temperature superconducting 
magnets. Although we often pointed out at analogies between 
electromagnetic behaviors and purely mechanical ones [in this 
frame of mind, see our book (Maugin, 1991c) or Germain et al 
(1983)], we are sure that the reader, by now, can establish for 
himself these analogies in a rather precise manner. 

At this point of conclusion we would like to mention works 
which study the influence of thermomechanical irreversible effects 
on electromagnetic or electromechanical properties, for instance, 
Bampi and Morro (1981) in MHD or Fomethe and Maugin (1982) and 
Maugin and Fomethe (1982) in the elastoviscoplasticity of 
ferromagnetic crystals with defects. Also relevant are those works 
which consider the phenomenon of diffusion of electric charges 
such as in semiconductors (Daher and Maugin, 1987; Maugin and 
Daher , 1986) or in so1utions of po1ye1ectro1ytes (Morro, Drouot 
and Maugin, 1985; Morro, Maugin and Drouot, 1990) and which, 
indeed, use the concept of internal variables , but would require 
too much space for their exposition. 

Finally, we would not be complete if we did not mention the 
frequent misunderstanding between internal variables and internal 
degrees of freedom as they often both pertain to the description 
of the same materials. The main difference is that where internal 
variables are just additional thermodynamical state variables 
satisfying evolution equations constrained by the second law of 
thermodynamics, an internal degree of freedom is governed by a 
field equation at this level of description. It thus is on an 
equal footing with other observable variables (e.g., mot ion) 
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present in the theory. For example, in the electromagnetic 

framework, the works by Maugin and Pouget (1980; Pouget and 
Maugin, 1984) in ferroelectric crystals and Maugin and Miled 
(1986) in ferromagnetic crystals, consider electric polarization 

and magnetic spin as interna! degrees of freedom, and the 

associated governing equations give rise to solitonic structures 
in the nonlinear framework, while in Sections 6 and 7 above we 

have electric and magnetic interna! variables which are more 

likely, when gradients of these are introduced, to give rise to 
dissipative structures. We have emphasized these differences and 
also the inevitable resemblances in Maugin (1990), but confusion 
sometimes persists as shown by the title of a paper by Parry 
(1987). 
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