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JACOBI'S LAST MULTIPLIER, LIE SYMMETRIES, AND HIDDEN
LINEARITY: “GOLDFISHES” GALORE

M. C. Nucci*

In addition to the reduction method, we present a novel application of Jacobi’s last multiplier for finding
Lie symmetries of ordinary differential equations algorithmically. These methods and Lie symmetries allow
unveiling the hidden linearity of certain nonlinear equations that are relevant in physics. We consider the

Einstein—Yang—Mills equations and Calogero’s many-body problem in the plane as examples.
Keywords: Lie group analysis, first integral, Jacobi’s last multiplier

1. Introduction

Lie group analysis is the most powerful tool for finding the general solution of ordinary differential
equations (ODEs). But it is useless when applied to systems of n first-order equations because they
admit an infinite number of symmetries, and there is no systematic way to find even a one-dimensional
Lie symmetry algebra other than trivial groups such as the translations in time admitted by autonomous
systems. Deriving an admitted n-dimensional solvable Lie symmetry algebra can be attempted by making
an ansatz on the form of its generators, but when successful (rarely), this is just the result of a lucky guess.
But we noted that any system of n first-order equations can be transformed into an equivalent system where
at least one of the equations is of the second order, the admitted Lie symmetry algebra is then no longer
infinite-dimensional, and nontrivial symmetries of the original system can be retrieved [1]. This idea was
successfully applied in several instances [1]-[9]. In [10], we also showed that first integrals can be obtained
by Lie group analysis even if the system under study does not come from a variational problem, i.e., without
using Noether’s theorem [11].

If we consider a system of first-order equations and derive an equivalent system with one equation
being of the second order by eliminating one of the dependent variables, then applying Lie group analysis
to that equivalent system yields the first integral(s) of the original system, and the eliminated dependent
variable is absent from the integral(s). Of course, this requires that such first integrals exist. To find all
such first integrals, the procedure should be repeated as many times as there are dependent variables.

The first integrals correspond to the characteristic curves of determining equations of parabolic type
constructed by the Lie group analysis method. We used this method to find first integrals in [4], [5].
Unfortunately, the reduction method is not the ultimate method for finding symmetries. Therefore, in [12],
we devised another method using Jacobi’s last multiplier [13]—[20] to transform any system of n first-order
equations into an equivalent system of n equations where one of the equations is of the second order, namely,
the order of the system is raised by one. Among other examples in [12], the method was successfully applied
to the second-order equation (see Chap. 6 in [21])

12
y' = y? + f'(2)y? + pf(2)y'yP, (1)
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where p # 0 is a real constant and f # 0 is an arbitrary function of the independent variable x. This
equation does not have Lie point symmetries for general f(z) and yet is trivially integrable [22]. Our
method leads to an equivalent system of two equations (a first-order and a second-order equation) that
admits sufficient Lie symmetries to be integrable by quadratures.

We exemplify all the above methods in this paper. In Sec. 2, we derive the two well-known first integrals
of the static spherically symmetric Einstein—Yang—Mills equations [23] by the reduction method. In Sec. 3,
we find several properties (integration, linearization, reduction of order) of a many-body problem in the
plane derived by Calogero [24]. Throughout the paper, we use our own interactive REDUCE programs to
calculate Lie symmetries [25].

2. First integrals of Einstein—Yang—Mills equations

In [23], the static spherically symmetric Einstein—Yang—Mills equations were given:!

w1 = wiws, e = wiws, 3 = (wyg — w3)wz — 2w3,
wy = s(1 — 2aw;) + 2w — wj, Ws = swawg + (w3 — wye)ws, (2)

’dlﬁ = 2’LU2’UJ5 — W3We,

where a is the cosmological constant, s € {—1;1}, and the dot over a variable denotes the derivative with
respect to the space—time variable ¢. It is known that this system admits two first integrals, i.e.,

Il = W1We — wg, (3)
Iy = wi(—4asw; — 3sw§ + 35 + 3w; — 6wswy + 6w?). (4)

We show how these two first integrals can be obtained using the reduction method and Lie group analysis
(more details on the method can be found in [10]).

2.1. Obtaining I. If we derive ws from the second equation? in system (2), i.e., ws = 12 /w1, then
we obtain a system of five equations, one of the second order and four of the first order:

w1 = wiws, W = (2w3 — wg) + swwawe,
i\ 2 i\ 2
by = (wy — o 2 by = s(1—2 2( 2] —w?
w3 = (wy — w3)ws (wl)’ g = s(1 — 2awy) + (wl) wy, (5)

. wo
We = 2’[1}2— — W3Weg.
w1

Applying Lie group analysis to system (5),® we obtain a determining equation of parabolic type for V
in two independent variables. Its characteristic curve is wg — w3 /w1, which suggests the transformation
we = 16 + w3 /w1, where r¢(t) is a new unknown function of ¢. System (5) then transforms into*

Uy = su? + sujusus + 2UiU3 — Ul Uy, Ug = U2U3,

. 9 %

Uz = (uq — us)us — (u—2> : (6)
. 2

gy = (1 — 2ausg) + 2<Z—;> —ui, U5 = —usus,

1We note that the original notation is changed here, i.e., w1 =r, wo =W, w3 = N, ws =k, ws = U, and wg = T

2Tt does not matter which equation is used to derive ws. We could have derived ws from the sixth equation and obtained
I similarly.

3The Lie operator is I' = V& + Y G Ow, -

4We note that the transformation suggested by the characteristic curve eliminated w2 from the fifth equation in system (5).
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where

Uy = wa, Ug = W1, uz = ws, Ug = Wy, us = re. (7)

Applying Lie group analysis to system (6), we obtain a determining equation of parabolic type for V' in two
independent variables. Its characteristic curve is u4 + w3, which suggests the transformation uy = 74 — us,
where 74(¢) is a new unknown function of ¢. System (6) then transforms into

.. 3 . . .
U1 = Suj + Suiuus + 3t1us — U1 Uy, U2 = UU3,

i = (ug — 2u3)us — 2<@)2, (8)

U2

g = s(1 — 2aus) + 3(ug — us)us — u?, Us = —usus,

where

up = wa, Uz = Wy, uz = ws, Ug = Ty, Us = Tg. 9)

Applying Lie group analysis to system (8), we obtain a determining equation of parabolic type for V in
two independent variables. Its characteristic curve is £ = wusus. We then have V = (), where 1 is an
arbitrary function of £, and the operator

Ly =9() o (10)

is consequently a generator of a Lie point symmetry for system (8). Transforming £ into the original
unknown functions yields £ = wywg — w3, which is exactly the first integral I; in (3). We note that if we
had derived wy from the third equation in system (2), i.e., wy = (w3 + w3 + 2w?) /w3, then we would have
obtained I; analogously. The same would have happened if we had derived w3 from the first equation in
system (2). In fact, the expression for I; does not contain any of the dependent variables ws, wy, or ws.

2.2. Obtaining I,. If we derive ws from the sixth equation in system (2), i.e., wo=(we+wswe)/(2ws),
then we obtain a system of five equations, one of the second order and four of the first order. Applying Lie
group analysis to this system, we obtain a determining equation of parabolic type for V' in two independent
variables. Its characteristic curve is 2w? — swg, which suggests the transformation ws = \/(sw3 + 2rs)/2,
where 75(¢) is a new unknown function of ¢. System (8) then transforms into

iy = — [2(u1u4 — 2ugus — 2(uj — uzuy + U5)u1)U5 — (u1 + ug)s?u} — sui? —

— ((3uj — 2uguy + dus)u + ((2us — wa)iy + dusus)uy ) suy ]/ (suf + 2us),

(11)
Uo = UsU3, U = —(su% + 2us + (U3 — U4)U3),
g = — (uf — 2us + 2asus — (uf +1)s), s = (2ug — ug)sui + 2(uz — ug)us,
where
u; = we, ug = wy, uz = w3, Ug = Wy, us = T5. (12)

Applying Lie group analysis to system (11), we obtain a determining equation of parabolic type for V' in
four independent variables. Its characteristic curve is

2 1 1
N = ujus — gasug + §u§$ — uduguy + Eugug (13)
We then have V' = ¢(n), where ¢ is an arbitrary function of 1, and the operator
L'y = ¢(n)0 (14)

is consequently a generator of a Lie point symmetry for system (11). Transforming n into the original
unknown functions yields the first integral I as in (4).
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3. Calogero’s N-body problem in the plane

In [26], Calogero derived a solvable many-body problem of the form

N ..
. ZnZm
=2 _— =1,...,N 15
=23 T n=LN, (15)
m=1,
m#n

by considering the solvable nonlinear partial differential equation

Pttt =0,  o=opt),

and examining the behavior of the poles of its solution. In [27], the same system (15) was presented, its
properties were further studied, and its solution was given in terms of the roots of the algebraic equation

in z N 1
Zl z— zEnzO) T (16)

Calogero called system (15) “a goldfish” following a statement by Zakharov [28]. In [6], we used the
reduction method and Lie group analysis as introduced in [1] to show that Calogero’s “goldfish” (15) is
linearizable and can be transformed into the trivial system of N—1 second-order equations

iy _
ap

j=1,...,N—1, (17)

a school of free particles indeed. Calogero also introduced a generalization of system (15),

n — Zm

N .
Zn = 2 Gy 22 =1,...
#n mgl wm , n=1,...,N, (18)
m#n

where the coupling constants satisfy the symmetry requirement a,,, = amn, and are otherwise arbitrary.
Calogero and his collaborators have studied system (18) in numerous papers (see [29] and the references
therein). For example, it was shown in [30] that if N = 3 then the general solution of system (18) can be
obtained in closed form with special choices of the coupling constants a.m,. In [31], the Painlevé analysis
was applied to system (18) in the cases N = 2,3, 4.

Here, we apply the reduction method and show that for any N > 2 and any value of @y, system (18)
can be reduced to one first-order ODE and a separate system of N—1 second-order equations that admits
a two-dimensional Lie symmetry algebra and is therefore reducible to a system of 2N —4 first-order ODEs.
In particular, we exemplify the case N = 3, which we reduce to a system of two first-order ODEs, and the
case N = 4, which we reduce to a system of four first-order ODEs. If N = 2, then we can always integrate
system (18) by quadratures; in fact, the reduction method reduces system (18) to a single first-order ODE
and a separate second-order ODE that always admits a two-dimensional Lie symmetry algebra Ly and is
therefore integrable by quadratures. As a consequence, Jacobi’s last multiplier is obtained for this single
second-order ODE by using Lo, and a Lagrangian is thus obtained [20]. Finally, we show that the special
choice a;2 = —1/2 yields a three-dimensional Lie symmetry algebra si(2,R), and that increasing the order
via Jacobi’s last multiplier yields a system of two equations (one of the first order and one of the second
order) that admits a ten-dimensional Lie symmetry algebra and can therefore be linearized. A similar
occurrence was found in [8] and also in [32].
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3.1. Case N = 2. In the case N = 2, system (18) reduces to

21 22 2.522.51

:2:1 = 2&12 s :2:2 = 2a12 . (19)
21 — 22 22— 21
If we introduce four new dependent variables wy, ws, ws, and wy such that
21 = wi, 29 = wa, Z1 = ws, Zg = wy, (20)
then system (19) becomes an autonomous system of four first-order equations, i.e.,
. . . W3 Wy . W4aws
w1 = ws, W = Wy, w3 = 2a12————, Wy = 2a12————. (21)
w1 — Wo Wy — W1

If we use the reduction method and introduce a new independent variable y = wy, for example,® then
system (21) reduces to the nonautonomous system of three first-order equations
wy

! !
Wy = , Wy = 2012 —F——
w3 w3 (y — wa)

W3Wwyq W4w3

wz(wy —y)’ (22)

/
) Wy = 2&12

where the prime denotes the derivative with respect to y. Expressing w, from the first equation in sys-
tem (22), i.e., wy = whws, we obtain a system of two equations, the first-order equation

!
U}/3 = —2@12 U;Zl_UBy (23)
and the second-order equation
/! /
1
w'2’ = 2&12 7102 (U}2 + ) (24)

w2 —Y
If we apply Lie group analysis to this system, then the parabolic equations and their characteristic curves
suggest the transformations of dependent variables

T3

SR N— 25
w3 (wz — y)2a12 ( )
where r3 is a new variable y, which transforms (23) into
I 9 3 26
T3 a2 wy — ya ( )
and
wy =u+Yy, (27)
where u is a new variable dependent on y, which transforms (24) into
"+ 2)(u +1
u! = 2a12w. (28)
u

We note that this equation is independent of r3 and that Eq. (26) can be easily integrated as soon as
the general solution of (28) is determined. Applying Lie group analysis to (28), we obtain a non-Abelian,
transitive, two-dimensional Lie symmetry algebra® spanned by the operators

Iy =0, Iy = yOy + u0y, (29)
5We could choose any other dependent variable as the new independent variable.

6We showed in [6] that if a2 = 1, then this equation admits an eight-dimensional Lie symmetry algebra and is therefore
linearizable [18].
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and the general solution of (28) can therefore be easily obtained in implicit form by two quadratures, i.e.,

1
—2uais — uLerchPhi<2u2‘“2c1, 1, S

) — 4ya12 = C2, (30)
a12

where ¢; and ¢y arbitrary constants and LerchPhi(z,a,v) = > 77 2"/(v + n)* as defined in MAPLE 9.
Lie discovered the link between symmetries and Jacobi’s last multiplier [18], [19], namely, that Jacobi’s

last multiplier can be obtained as the inverse of a certain matrix that contains the admitted symmetries.”
In fact, Jacobi’s last multiplier M of Eq. (28) is equal to the inverse of the determinant
"+ 2)(u +1
1 u/ 20,12 (u + )(U + )
U
A=det |y o 0 , (31)
1 0 0
ie.,
1 1
M=—= (32)

A 2apw +2) (W +1)

The well-known relation between Jacobi’s last multiplier M and the Lagrangian L(u,u’,y) for any second-
order equation [20]

0’L
= ou? (33)
then yields the Lagrangian for (28)
I—_ 2log(u)aiz + 1+ (v + 1) log(v' + 1) — (u' + 2) log(u’ + 2) (34)
B 2a12 '
Finally, we note that if a1 = —1/2, then Eq. (28), i.e.,
Uy = us
, (W2 1) o ’
u ——7:>(u1—u,u2—u):> , (s 1) (35)
Ug = =,
U
admits a three-dimensional Lie symmetry algebra sl(2,R), spanned by the operators
Iy =0, Iy = y0y + u0y, T3 = (u? — 4y*)0, — 4u(u + 2y)0,. (36)

This means that we can obtain three Jacobi last multipliers (and consequently three different Lagrangians),

namely, M as given in (32), i.e.,
1
M=—— 37
P (ug + 2)(uz + 1) (87)

M5 via the determinant

] "y (u2+2)(uz +1)
u1
Ay = det 1 0 0 , (38)
u? —4y?  uy(—4duy — 8y) 2ui(—ul — duy — 4)

7A review of the properties of Jacobi’s last multiplier can be found in [12].
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ie.,
1 1
My =— = , 39
2T A, 2(ug + 2)(uduy + dusy + 4uguy + 4y + 2uy) (39)

and Mj; via the determinant

(uz +2)(uz2 +1)

1 u9 -
Uy
A3 = det Yy Uy 0 ) (40)
u? —4y?  uy(—4us —8y) 2uq(—u3 —4dus — 4)
ie.,
1 1
My =—= (41)

Az (uz + 2)(2uey + 2y — uy)(ugug + 3ug + 2y)

An important property of Jacobi’s last multiplier is that the ratio of two multipliers is a first integral.
Therefore, the three ratios

s M, 2u§u1 + dugy + dusuy + 4y + 2uy
1= 7,5, = )

MQ U2 + 1
M 2 2y — 3 2
I — (2u2y + 2y — uy)(ugur + 3ur + y)’ (42)
M3 ug + 1
% _ u%ul + dusy + dusuy + 4y + 2uy

I =
VA (2uay + 2y — u1)(ugug + 3ug + 2y)

are first integrals® of equation/system (35). Other applications of this property can be found in [12], [33]-
[35].

We now use the method developed in [12] to show that (35) hides linearity. Jacobi’s last multiplier J
of (35) satisfies the equation

dlogJ = Ous 0 <—(U2 +2)(uz + 1)) _dlogJ 2up+3 _ 0. (43)

dy 8—u1 8—uQ Uy dy Uy

This suggests increasing the order of system (35) by introducing a new variable r dependent on y such that

! 3

System (35) then becomes the system of two equations (one of the first order and one of the second order)

r’uy — 3r o 3r'ur+r
T =

!/
up = ————
! ’ 2u?

2r (45)

If we apply Lie group analysis to this system, then the parabolic equation and its characteristic curve
suggest the transformation of the dependent variable u; = /r's, where s is a new variable dependent on y,
which transforms system (45) into

;3T T,,:B\/FT’S—I—T

T o 2rs? (46)

8Obviously, only two of the integrals are linearly independent.

857



This system admits a ten-dimensional Lie symmetry algebra spanned by the operators

1
X, = m(s%’@y —3(s”r'/% + sy)0s + 2ryd,),

1 1/2 3/2
Xy = m(sray — 3sr /%05 4 2r°/20,.),

X5 = (52r — 4y2)(‘9y — (3527“1/2 + 6sy)0s — (27‘3/28 + 4ry)0,,

Xe= _W(—leyay — 3520, + (8r%y + 2s1)0,), (47)
1 0, + 20
X5:—m(_33 s + 27 T)a

Xg =505 — 210, X7 = yOy + 210, Xg = 84/38y - 47‘1/281/38“

1
Xo = (50, = 2r120,), X =9,

and is therefore linearizable. To find the linearizing transformation, we seek a three-dimensional subalgebra
A1 @ Ao and transform it into its canonical form, i.e., to the form

8@, Oy s U104, + U204, . (48)

We find that one such algebra is generated by the operators X1, X5, and 3Xg/2. It is then easy to find
that the canonical variables are

_ 3 2/3 - 1
g=y, =gl = aEen (49)

and system (46) becomes

di 3 Pay 3 [(diz)®
Sl tay, 2= (22). (50)
dy 2 dy? Ug \ dy
Expressing 1o from the first equation, i.e., e = (2/3) di1/dg, we obtain the third-order ODE
35 e 25\ 2
dhdh _g(dh) ()
dy® dy dy?

which admits a six-dimensional Lie symmetry algebra (in fact, ten contact symmetries) and is therefore
linearizable. Equation (51) is the well-known Schwarzian differential equation, which can be transformed
into the Riccati equation

dzﬂl dfbl

dv
= 22 = —
! ’ Y dg2 dg

d_g_

We note that the second equation in (50) admits an eight-dimensional Lie symmetry and is therefore
linearizable [18], i.e.,
2
1
d—U = O, with U = —=
dz? 24ilo

| =
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3.2. Case N = 3. If we introduce six new dependent variables w1, w2, w3, w4, ws, and wg such that
21 = wy, 22 = w3, 23 = w3, Z1 = wy, Z9 = ws, Z3 = we, (52)

then system (18) becomes the autonomous system of six first-order equations

. . . . W4Ws W4 We
W1 = wy, w2 = ws, w3 = We, Wy = 2{ a2 + a3 )
w1 — w2 w; — w3
(53)
. W5 W4 WsWe . WeW4 We W5
ws = 2| ajg———— + a3 —— |, we = 2{ a13 + ass3 .
W2 — W1 W2 — W3 w3 — w1 w3 — w2

If we follow the reduction method and introduce a new independent variable y = w1, for example,’ then
system (53) reduces to the nonautonomous system of five first-order equations

wh= W5 We
2 U)4, 3 ’U}47
We
/
wy = 2 (alz + a3 >7
Y- — W3
(54)
w WsWe
/
Wy = 2 (alz + az3 >7
w2 —Y w4(w2 - w3)
We W5
wg = 2 (CL13 + asgs3 >7
w3 —Y w4(w3 - wz)

where the prime denotes the derivative with respect to y. Expressing ws from the first equation and wg
from the second equation in system (54), ws = whw, and wg = wiws, we obtain a single first-order equation
for wy and a separate system of two second-order equations for wy and ws. If we apply Lie group analysis
to this system, then the parabolic equations and their characteristic curves suggest the transformations of
the dependent variables

T4

wy = (0r g (g — )P (55)

where r4 is a new variable dependent on y, which transforms the single first-order equation for w, into the

equation
S ar2(ws — y) + arz(wz — y)7 (56)
(w2 — y)(ws —y)
and
wy = Uy + Y, w3 = u2 + Y, (57)

where u; and wg are new variables dependent on y, which transforms the system of two second-order
equations for wy and ws into the system

v 2[((u) + 2)arauz + (uh + 1)arzur ) (ur — u2) + (uh + 1)assurus] (uf + 1)

(U1 — u2)urug

3

o = 2[((u) + Darauz + (uh + 2)arzur ) (ur — uz) — (uf + 1)aszurus] (uh + 1)
2 (w1 — uz)urus '

9We could choose any other dependent variable as the new independent variable.
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Applying Lie group analysis only to system (58), we obtain a two-dimensional Lie symmetry algebral®
spanned by the operators

2
[ =0, Ta=ydy+ > und,. (59)
n=1
Its differential invariants of order < 1 are
G=2  di=u,, =, (60)
ui

which reduce system (58) to the system of two first-order equations

diiy 2[((7 — Daiz — azs§) (42 + 1) + (@1 + 2)(§ — D)ar2g] (@1 + 1)

dj (1§ — 2)(§ — 1)g

)

(61)
dis 2[((:& —1Dagz + agg) (1 + D)y + (a2 +2)(7 — 1)&13] (tz + 1)

dj (1§ — 42)(§ — 1)g

3.3. Case N = 4. If we introduce eight new dependent variables w;, ws, ws, wy, ws, wg, wy, and
wg such that

21 = Wi, Z2 = W2, z3 = ws, Z4 = Wy,
(62)
Z1 = ws, Z3 = we, Z3 = wr, Z4 = wg,

then system (18) becomes an autonomous system of eight first-order equations. Following the reduction
method and introducing a new independent variable y = w;, for example, we obtain a nonautonomous
system of seven first-order equations. Expressing wg from the first equation of that system, w; from the
second equation, and wg from the third equation,

/ / /
We = WHwWs, wy = Wwiws, Wy = Wyws, (63)
we obtain the single first-order equation

—2ws [ ((ws — y)wjars + (ws — y)whaiz) (we —y) + (w3 — y)(ws — y)whaio]
(w2 — y)(ws — y)(ws — y)

wh = (64)

and a system of three second-order equations. If we apply Lie group analysis to this system, then the
parabolic equations and their characteristic curves suggest the transformations of the dependent variables

s

_ , 65
B T ) (TR o

where 75 is a new variable dependent on y, which transforms (64) into the equation

, (ala(w4 —y) + ara(ws — y))(w2 —y) +az(ws — y)(ws —y)
Tt = —2r; ) (66)
(w2 —y)(ws — y)(ws — y)
and

wz = Uz + Y, w3z = u3 + Y, Wy = U1 + Y, (67)
10We showed in [6] that if anm = 1, then this system admits a 15-dimensional Lie symmetry algebra and is therefore

linearizable.
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where u1, us, and ug are new variables dependent on y, which transforms the system of three second-order
equations in wy, we, and w3 into a system of three second-order equations in ui, ug, and uz that admits a
two-dimensional Lie symmetry algebra'! spanned by the operators

3
I =0y, To=ydy+ > undu,. (68)
n=1
Its differential invariants of order < 1 are
. u2 - - ~ - U4
y=—, ’U/l:ulla UQZUIQ, ’U,3:’U,/3, Uy = —, (69)
U1 U1

which reduce system (58) to the system of four first-order equations

T2 [2((( — D — aaaia) (s + )7 — D7 +
+ (7 — 1)a12 — agay) (2 + 1) (g — 1)y +
+ (@ + 2) (g — 1)(§ — Dara@ad) (41 + 1)] x
x (@ — @) (s — 1)(7 — Daag]
% = [—2((((@s — §)ars — agatia) (s + 1)7 +
+ (ﬂg + 2)(1]4 — g)a12114) (Zj — 1) +
+ (7 — Daig + az24)(@1 + 1) (s — §)@ag) (G2 + 1)] x (70)
% [(@1§ — @2) (s — 5) (5 — Viiag]
C;—a; = [—2((((114 — Zj)alz + aggﬂ)(ﬂg + 1)1]4 +

+ (a3 + 2) (g — §)arsy) (ds — 1) +
+ ((ﬂ4 — 1)&14 + a34)(111 + 1)(114 — ﬂ)ﬂu]) (ﬂg + 1)] X

S a1

X [(W§ — a2) (s — §) (0 — D)aag]
dily iyl — i3
dy U1y — Uy
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