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Calculation of the Sixfold Integrals of the Ampere 
Force Law in a Closed Circuit 

PAUL G. MOYSSIDES 

Abstract-The sixfold integrals of the Ampere force law are calcu- 
lated for a closed circuit, using CERN routines. The theoretical cal- 
culations are complementary to the experiments, which were per- 
formed using the same pi-frames. The dimensions of the analyzed 
circuit were chosen to be exactly the same as those of the experimental 
check. The results show that, taking into account the statistical and 
systematic errors of the numerical method, the Ampere law is in com- 
plete agreement with the experiment, in contradiction to other exper- 
iments which state the opposite. 

I .  INTRODUCTION 
HE PURPOSE of this paper is to present the theoret- T ical calculations, for specific pi-frames, using the 

Ampere force law. The calculations were camed out by 
employing the RIWIAD and RGAUSS routines (mainly 
RIWIAD). These theoretical calculations are complemen- 
tary to the experiments [ l ] ,  which were performed using 
the same pi-frames. In the experiments we measured the 
quantity F,ld/Z2 for wires of various diameters. The di- 
mensions of the analyzed circuit were chosen to be ex- 
actly the same as those of the experimental check. The 
theoretical results were required to test whether Ampere’s 
law complies with the experimental results. 

Over the last 150 years there have been several publi- 
cations [2]-[29] and a lot of controversy about the Biot- 
Savant-Lorentz (B-S-L) and Ampere force laws. This 
controversy was updated in recent years as a result of both 
theoretical [21], [23], [25], [26], [29] and experimental 
[17]-[19], [29] studies on this subject. 

Below we shall outline the most representative works 
concerning this controversy. 

In his Memoire of 1823 on p. 280, Ampere [2] began 
his criticism of the B-S-L formula, which gives the mag- 
nitude and direction of the force exerted by an element of 
a circuit on a magnetic pole . . . 

Cleveland [4] determined theoretically and experimen- 
tally the forces in a rectangular circuit one side of which 
was mechanically separable from the other three, e.g., he 
determined the force exerted by a part of a circuit upon 
another part of the same circuit. He stated: “In order to 
explain the observed forces by the use of the B-S-L equa- 
tion, it is necessary to make the doubtful assumption that 
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a part of the rectangular circuit can lift itself.” Also he 
stated: “Maxwell’s theory has several recognized weak- 
nesses, among which is the following: it makes action and 
reaction not equal and opposite for elements of a circuit.” 
Cleveland’s experimental results showed that action and 
reaction were equal and opposite for the mechanically 
separable parts of the rectangular circuit, thus showing 
that the B-S-L law was wrong in this instance. 

Mathur [7] stated that: “It is not often realized that 
Newton’s law of action and reaction is not generally valid 
for the mutual forces between current elements. The cor- 
rect results are obtained when it is recognized that the 
third law is not applicable to mutual forces between cur- 
rent elements.” He calculated, with the help of the 
B-S-L law, the force on a part of a rectangular circuit 
arrangement discussed by Dunton [6], assuming, as he 
stated, the inapplicability of Newton’s law. His theoreti- 
cal results, in this case, agreed with the experimental re- 
sults of Dunton. He concluded that the B-S-L law, when 
the inapplicability of Newton’s law is recognized, gives 
for the outward force a value about 20 times larger than 
that which is computed by applying the B-S-L law, but 
assuming (wrongly) the validity of Newton’s law. Also 
he said that it was not the B-S-L law that was in error, 
but it led to wrong results, when the applicability of New- 
ton’s third law was not recognized. 

Robertson [9] calculated the outward force on one side 
of Dunton’s rectangular circuit, one side of which was 
mechanically separable from the other three, using Am- 
pere’s formula. He obtained a value which was fairly close 
to Dunton’s value. 

In the theoretical calculations of all the above papers a 
wire of zero diameter has been used as well as arbitrary 
gaps to avoid the infinities which are present in this kind 
of calculations both for the B-S-L and Ampere force laws. 
The questions they have raised are going to be discussed 
in Section IV of the present work. 

Graneau [17] among other issues deals with the force 
distribution along the projectile branch of the railgun ac- 
celerator. He employs finite current element analysis and 
shows that both theories (B-S-L and Ampere’s) give ap- 
proximately the same acceleration force distribution and 
that the total acceleration force furnished by them agrees 
well with an experimental check. He also states that re- 
lativistic field theory does not conform with Newton’s 
third law. For his last remark we refer to Section IV of 
the present work. 
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In the experiments reported in [28], again, a zero di- 
ameter is used but the infinities which are present are 
overcome by bending the free ends of the moving pi- 
frame. However, this bending may cause uncertainties in 
the current distribution inside the mercury cups and one 
cannot have rigorous results from both theory and exper- 
iment. Apart from this, in [28] three systematic errors (the 
surface tension of mercury, the restoring force of the 
moving pi-frame, and the pinch effect) were not taken into 
account properly (see [ 11). 

Maxwell was aware that the formulas both of Ampere 
and of Biot-Savart-Lorentz give the same results for 
closed circuits. It has been known for a long time and 
established analytically [ 113 that both force laws agree 
identically on the reaction force between two closed cir- 
cuits. 

Recently Ternan [25] and Jolly [26] claim that Am- 
pere’s and B-S-L’s force laws predict equal and opposite 
forces on complementary parts of a current distribution. 
The proofs of Ternan and Jolly are similar and their main 
difference is in the symbols used. But both of these proofs 
are incomplete because they do not discuss the conver- 
gence of the volume integrals, when the volume element 
on which the force acts is part of the closed circuit. 

Christodoulides [32] has shown analytically the equiv- 
alence of the two laws examining, in detail, the conver- 
gence of the volume integrals which appear in these laws. 
In addition, he has shown that the forces predicted by the 
two laws are the same at each point of the conductor and, 
consequently, the force distributions predicated by both 
laws are equal, irrespectively of whether the volume cur- 
rent element is situated outside or inside the distribution 
exerting the force. 

The present paper, along with the experimental one [ 11, 
and the theoretical one of B-S-L [30] proves, for the first 
time, even if they refer to a specific configuration, that 
the two laws are equivalent between parts belonging to 
the same circuit and also in agreement with the experi- 
ment. We use sixfold integrals to overcome the singular- 
ities and infinities involved both in the Ampere and 
B-S-L laws in this case. 

It is well known that infinities which appear with models 
using conductors with zero cross section are overcome 
using finite cross section, that is, volume integrals (for a 
rigorous proof see [32]). 

The calculations of our sixfold integrals have been per- 
formed using the routine RIWIAD (see [30]), which 
avoids singularities and infinities due to the nature of the 
Monte Carlo model-method employed 

11. THE FORM OF AMPERE FORCE LAW USING VOLUME 
ELEMENTS AND CURRENT DENSITIES 

Let dAi and dl, be the cross-sectional area and the length 
of the volume element dVi,  respectively, Yf and 3, the 
vector distances of dVf and dVi from a common origin of 
coordinates (see Fig. l ) ,  and Fp the distance between the 
two volume elements. Then, acczrding to the Ampere 
force law, the differential force d6F’ that the volume ele- 

Fig. 1. Details of the evaluation of the force F,, . The origin of coordinates 
is 0. 

ment dVi (where there is a current with density li) exerts 
on voluze elements dVf (in which there is current with 
density J ) , is given by 

where 
+ + +  r p  = rf - r i .  

The element dT, has the direction of the current density 
j i  and is always perpendicular to the area dAi ( dAi = dcpi - dRi$ (see Fig. 1)). 

d6F’ is the force acting on element dVf (in which a 
current is flowing) due to the current in element dVi ( i  
stands for initial and f for final, and the element which 
experiences the force is the final). 

We take po (the permeability constant) = 4n X lo-’ 
Wb/A * m. Then, the force Fp is given in newtons when 
we measure dl and r in meters, dA in square meters, and 
J in ampers per square meter. 

J in (1) is taken as Z/(cross-sectional area of the wire), 
where Z is the current in the wire. 

111. RESULTS 
For a detailed description of the suspension of the 

frames see [l], [30]. 
For Ampere’s calculations consider Fig. 2.  The origin 

of coordinates in now 0’. We have eight sections which 
give rise to ten integrals. The different parameters, as 
shown in Fig. 2, have the values: Ro = 4.5 mm, R = 1.5 
mm, D3 = 0.467 m, D2 = 0.468 m, D ,  = 0.758 m. R 
varies from 0 to 1.5 mm, U from 0 to a / 2 ,  and cp from 0 
to 27r. The results for Ampere’s ten integrals are shown 
in Table I (column 6) (for 90-percent confidence level). 

Considering 99-percent confidence level, we get Table 
I1 (for details see [30]). 
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TABLE I 

(The results refer to the quantity F / 1 2  for the same parameters for both laws.) 
RESULTS OF THE EVALUATION OF ALL SIXFOLD INTEGRALS (WITH RIWIAD) OF THE BIOT-SAVART-AMPERE FORCE LAWS 

F / I Z  ( g  . wt/A2) 

Integral Biot-Savart Integral Ampere 
Integral Multiplicity R = 1.5 mm, Ro = 4.5 mm Integral Multiplicity R = 1.5 mm, R,, = 4.5 mm 

F2 I 

F24 

F44 

F23 

F25 

F43 

F45 

FfA 

F4 I 

F6 I 

F65 

Total sum and 
its error 

2 
2 
2 
2 
1 
2 
2 
2 
2 
2 
2 

0.38156E - 04 f 0.13166E - 07 
0.10277E - 04 f 0.14935E - 07 
0.91117E - 05 f 0.43786E - 06 
0.23132E - 05 f 0.46524E - 08 
0.14169E - 05 f 0.41429E - 10 
0.89386E - 07 f 0.164708 - 10 
0.156478 - 07 f 0.22097E - 11 
0.13185E - 07 f 0.19837E - 11 
0.13607E - 09 f 0.33533E - 13 
0.15327E - 09 f 0.33860E - 13 
0.91896E - 09 k 0.22583E - 12 

1.213728 - 04 f 8.7667E - 07 

FZ I 

F25 

F35 

F3 I 

F36 

F4 I 

FZ 6 

F46 

F76 

F86 

Total sum and 
its error 

2 
2 
1 
2 
2 
2 
2 
2 
2 
2 

0.53065E - 04 f 0.370828 - 07 
0.38819E - 05 f 0.40910E - 09 
0.27418E - 05 f 0.33646E - 09 
0.18008E - 05 f 0.36436E - 09 
0.13387E - 05 f 0.1 1540E - 09 
0.60944E - 07 f 0.10660E - I O  
0.41175E - 07 f 0.79418E - I 1  
0.14773E - 07 f 0.22012E - 1 I 
0.409288 - 09 f 0.77556E - 13 
0.33385E - 09 f 0.73258E - 13 

1.23150E - 04 f 7.4173E - 08 

TABLE I1 
CUMULATIVE RESULTS OF B-S (FOR ALLCASES) AND AMPERE FORCE LAWS TAKING INTO ACCOUNT THE DUPLICATION OF THE ERRORS DUE TO THE 

INCREASE OF CL TO 99.9 PERCENT 
(Five largest integrals = 5 li) 

B-S, R = 1.5 mm, 
R, = 4.5 mm 

5 largest integrals 
1.21133E - 04 
f 1.7534E - 06 

B-S, I1  integrals B-S, 5 li B-S, 5 l i  B-S, 5 i 

R = 1.5 mm, R, = 4.5 mm R = 1.5 mm, R, = 2 mm 
1.22393E - 04 1.2866OE - 04 1.35168 - 04 

R = 1.0 mm, R, = 4.5 mm q from 175" to 185" 

f 2.2472E - 05 
1.21372E - 04 

f 3.0209E - 06 f 1.7534E - 06 f 5.3844E - 07 

B-S, 5 li 
lp from -5" to 5" 

1.4395E - 04 
f 1.2985E - 05 

~~ 

B-S, 5 l i  B-S, 5 li B-S, 5 l i  Ampere 10 l i  
J = A . r  J = A -  7 filaments R = 1.5 mm, R,, = 

4.5 mm 
1.2315E - 04 1.1848E - 04 1.22788 - 04 1.2105E - 04 

f 2.0341E - 06 f 1.9198E - 06 f 1.9174E - 06 f 1.4835E - 07 

Fig. 2. The wire configuration is divided into eight sections for the case 
of Ampere force law. 

The equations expressing the Ampere force law, in dif- 
ferential form, among the various sections, are given ex- 
plicitly in Appendix I (only for the five largest integrals). 

IV. AN INTERESTING NOTE 
a) In [31] we note ". . . Considering these interparticle 

forces to be newtonian, we understand that for the m_utual 
intyaction of_any two particles the forces obey FU = 
- Fji,  where FU represents the force exerted upon particle 
i by particle j and vice versa . . . " . 

b) In Fig. 3, abcd is the stationary part (pi-frame) and 
a'fed' is the moving part (pi-frame). If F and Z are the 
measured force on the moving part and the current in the 
circuit, respectively, we find that the experimental value 
of F/Z2  is [l] 

Fe/Z2 = 1.2298E - 04 1.5E - 0.6. 

The theoretical value of F / Z 2 ,  considering the forces 
on sidefe (moving part) by the sides ab, bc, and cd of the 
stationary part (because all other forces on other sides of 
the moving part cancel out), using the B-S-L law and the 
same pi-frames as above, is 

F,,/Z2 = 2.43E - 06 & 1.04E - 10. 

F,,/Z2, which is called by some an external force, is 50 
times smaller than Fe/Z2.  

Now, if we consider the theoretical value of F/Z2  ex- 
erted on sidefe by the sides ab, bc, and cd, plus the forces 
exerted on fe  by the sides (I 'f and d'e (the latter is called 
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Finally, there is no obvious way on how one could em- 
ploy the field momentum to explain the discrepancy be- 
tween parts a) and b) of this section. In addition, the field 
momentum cannot account for the 50 times larger force. 
Moreover, we cannot consider radiation of the field be- 
cause the current is constant. 

V. CONCLUSIONS 
From Table I1 we see that the B-S-L [30] and Ampere 

force laws are equivalent within the error, for 99-percent 
confidence level. (See [30] for comments on the confi- 
dence level.) Considering Table I1 and [l] we see that the 
Ampere’s force law is in complete agreement within the 
error limits with the experiment, in contradiction to other 
experiments and theories which state the opposite. 

APPENDIX I I I 

blc 
When dli , Ti belong to section 1 of Fig. 2, and d If, Tf 

belong to section 2 of Fig. 2, (1) takes the form 

w 
where Fig. 3.  The moving and stationary pi-frames. 

by some internal forces), we find [30] using the B-S-L 
law and the same pi-frames 

F,2/Z2 = 1.2137B - 04 1.75E - 06. 
That is, Ft2 /Z2  is in agreement with Fe/Z2,  within the 

error. 
At this point we should note that for the corresponding 

case of the Ampere force law it is immaterial if one con- 
siders the external forces only or the external plus internal 
forces because the theoretical results are identical in both 
cases (external only or external plus internal). The reason 
is that the internal forces cancel out in the Ampere force 
law. 

c) In the above consideration it is not correct to discuss 
the internal and external forces because we do not have 
two isolated systems. The distinction between “moving 

Zo = dyi dyj dpi dpf dR; dRf * Ri Rf 
+ + +  r = rf - r i  

r2 = (Rf  COS pf - Ri COS pi? + (4 + Yf - Y i ) 2  

+ (Rf  sin pf - Ri sin pi)2 

with 
+ r i  = - (Ro  - Ri cos p i ) i  + y i j  + Ri sin p i t  

Ff = - (Ro - Rf cos pf)i + (D3 + yf)f  + Rf sin p@ 

d i i  = d y i j  

d l j  = dyj j .  

When d l i ,  T i  belong to section 5 of Fig. 2, and d l j ,  part” and “stationary part” as two isolated systems is not 
correct. These two systems communicate through the cups 
and all we have is one circuit. So, if we want to find the 
total force on the moving part, with the Biot-Savart-Lor- 
entz force law, we have to consider the sum of the follow- 

Tf belong to section 2 of Fig. 2, (1) takes the form 

d6F2, = K (  1/r3)((3/r2)(D3 + yf + Ro + Ri cos pi)’ 

ing forces: * (xi + Ro - Rf COS qf)Zo 
where 

4 

PO K = - JiJf Ffe.bc + $fe,ab + r;?fe,dc + ?u%bc 
+ 4a 

Zo = dui dyj dpi dpf dRi dRf RiRf + Fd’d‘e,bc + $ed‘,ab + Ffua‘,dc + Ffe,uy 

+ -t + + 
+ + +  + Ffe,d’e - ( Fjar,fe -k + Fdc,fe + @ab,fe) r = rj - r i  

r2 = (Rf  cos pf - RO - x i )2  
+ 

which reduces to Fje,@ + $fe,bc + Fje,.., because all the 
other forces cancel out. So, Newton’s third law, for the 

pere’s force law presents no problem as stated in part b) 
of this section. 

2 case of the B-S-L force law, is not violated. The Am- + (D3 + Ro + yf + R, COS pi) 

+ (Rf  sin pf - Ri sin pi)’ 
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with 
.+ r ;  = xj f  - (Ro - Rj cos pi ) j  + Rj sin pi? 

rf  = - (Ro - Rf cos pf)f + (D3 + yf)j + Rf sin p f i  -+ 

d l i  = -& i f  

dTf = d y f j .  

When d l ; ,  7, belong to section 5 of Fig. 2 ,  and d l f ,  
Ff belong to section 3 of Fig. 2 ,  ( 1 )  takes the form 

d6F35 = K (  l / r 3 ) ( 2  - ( 3 / r 2 ) ( x f  - xi?) 

(D3 + Dl + 2Ro + R; COS pi - R ~ C O S  pf)Zo 

where 

PO K = - J;Jf 
4a 

Zo = dwi dxf dpi dpf  dRi dRfRi Rf 
+ + - +  r = r f  - r i  

r2 = (xf - xi? + (D, + D, + 2R0 

+ Ri cos pi - Rfcos pf)2 

+ (Rf  sin pf - Ri sin pi)’ 

with 
-+ 
ri = xif - (Ro - Ri cos pi ) j  + R; sin viz  ̂
r f  = x f i  + (D3 + D, + Ro - Rf cos pf)9 + Rf sin pfẑ  
.+ 

-+ 

d l i  = 

d l f  = &ff. 

Ff belong to section 4 of Fig. 2 ,  (1) takes the form 
When d l i ,  7i belong to section 1 of Fig. 2 ,  and d l f ,  

- (D3 + Yf - Y i P O  
where 

Zo = dyi dyf dpi dp f  dRi dRfRi Rf 
+ + . +  r = r f  - r i  

r2 = (D2 + 2R0 + Rf cos pf - R; cos pi)’ 

+ ( D 3  + yf - y i )2  + (Rf sin pf - Ri sin p i ) 2  

with 
.+ r i  = - (Ro  - Ri cos ( p i ) $  + y j j  + R; sin poi? 

7f = (4 + Ro + R ~ C O S  pf)f + (D3 + y f ) j  

+ Rf sin pf2 

+ 
d l ;  = dyi j  

d l f  = - d y f j .  
.+ 

When d l ; ,  Y i  belong to section 1 of Fig. 2 ,  and d l f ,  
F;- belong to section 3 of Fig. 2 ,  ( I )  takes the form 

d6F31 = K * ($)( $) ( D 3  + D, + Ro 

- Rf cos pf - yi)’(xf + Ro - Ri cos pi)Zo 

where 

Zo = &f dyi dp ;  dpf  dRi dRfRi Rf 
+ + . +  r = r f  - r i  

r2 = (xf + R, - R~ cos pj)2 
2 + (D3 + Dl + Ro - Rfcos pf - y ; )  

+ (Rf  sin pf - R; sin p i t  
with 

-+ 
r i  = - (Ro - Ri cos pj) i  + y i j  + R; sin pj2 

rf = x f i  + (D, + D I  + R, - Rf cos pf ) j  + Rfsin p f i  
-+ 

d l i  = d y ; j  

d l f  = dxff. 
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