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Abstract

For systems of partial differential equations in three spatial dimensions, dynami-

cal conservation laws holding on volumes, surfaces, and curves, as well as topological

conservation laws holding on surfaces and curves, are studied in a unified framework.

Both global and local formulations of these different conservation laws are discussed,

including the forms of global constants of motion. The main results consist of provid-

ing an explicit characterization for when two conservation laws are locally or globally

equivalent, and for when a conservation law is locally or globally trivial, as well as

deriving relationships among the different types of conservation laws. In particular,

the notion of a “trivial” conservation law is clarified for all of the types of conservation

laws. Moreover, as further new results, conditions under which a trivial local conser-

vation law on a domain can yield a non-trivial global conservation law on the domain

boundary are determined and shown to be related to differential identities that hold

for PDE systems containing both evolution equations and spatial constraint equations.

Numerous physical examples from fluid flow, gas dynamics, electromagnetism, and

magnetohydrodynamics are used as illustrations.
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1 Introduction

Conservation laws of dynamical type and topological type have numerous importance uses
in the study of partial differential equations (PDEs).

In local form, a dynamical conservation law is a continuity equation that holds for all
solutions of a given PDE system on a spatial domain. In three spatial dimensions, this
domain is most often taken to be a spatial volume, and the continuity equation then states
that the time derivative of a local density quantity (e.g. mass, energy, charge, momentum,
vorticity) is balanced by the divergence of a local spatial flux vector. Domains given by
surfaces and curves in three dimensions can similarly lead to useful continuity equations
(sometimes called lower-degree conservation laws [1–3]) for local flux quantities and local
circulation quantities, respectively.

All local conservation laws are an intrinsic coordinate-free aspect of the structure of a
PDE system. They yield potentials and nonlocally-related systems [2–4]. In the case of
volume domains, they detect if a PDE system admits an invertible transformation into a
target class of PDE systems (e.g. nonlinear to linear, or linear variable coefficient to constant
coefficient) [5,6], and they typically indicate if a PDE system has integrability structure [7].
They also can be used to construct good discretizations for numerical solution methods (e.g.
conserving energy) [8].

In global form, a dynamical conservation law gives a balance equation relating the rate
of change of an integral quantity over some given spatial domain and a net flux measured
by an integral quantity over the domain boundary, holding for all solutions of a given PDE
system. Global conservation laws, especially for volume domains, are often the fundamental
equations that govern a physical process. These conservation laws provide a basic starting
point in the formulation of mathematical models and equations in continuum physical sys-
tems, such as gas dynamics, fluid mechanics, continuum mechanics, electromagnetism, and
magnetohydrodynamics. The global form of conservation laws on surface domains and curve
domains have a similarly important role, but have been less well-studied in general.

All global dynamical conservation laws yield conserved integral quantities when suitable
boundary conditions are posed for a PDE system. These integral quantities provide con-
served norms and estimates which are central to the analysis of solutions such as existence
and uniqueness, stability, and global behaviour. They also allow checking the accuracy of
numerical solutions and numerical integration methods.

Topological conservation laws, in contrast, describe an integral quantity that remains
conserved for all solutions of a given PDE system when a spatial domain is deformed in any
continuous way that preserves its topology. These conservation laws typically arise in PDE
systems that contain differential constraints, like spatial divergence or curl equations. In
three spatial dimensions, there are two main types of global topological conservation laws,
given by surface integral quantities and line integral quantities, which are time-independent
counterparts of dynamical conservation laws.

The primary purpose of this paper is to study all of these different types of three-
dimensional conservation laws, as well as their inter-relationships, in a unified framework
for general PDE systems in R

3. As basic results, an explicit characterization will be pro-
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vided to show when two conservation laws are locally or globally equivalent, and to show
when a conservation law is locally or globally trivial. In addition, various relationships be-
tween the different types of conservation laws will be examined. These results will clarify, in
particular, the notion of a “trivial” conservation law. Specifically, it will be shown in what
sense a “trivial” conservation law is a mathematical identity containing no useful information
about the solutions of a given PDE system.

As interesting new consequences of these results, it will be shown that under certain con-
ditions a locally trivial dynamical conservation law formulated in a spatial domain can give
rise to a globally non-trivial dynamical conservation law on the domain boundary surface(s).
Such boundary conservation laws represent constants of motion and correspond to continuity
equations in which the spatial flux is zero. Furthermore, a direct connection will be estab-
lished between these conservation laws and differential identities that hold for PDE systems
containing both evolution equations and spatial constraint equations. This will explain what
has been the source of some confusion in the literature on whether such differential identities
are merely “trivial” conservation laws.

Throughout, we will formulate conservation laws in the common way in physics and
applied mathematics by working on the space of solutions of a given PDE system. We also
will state and derive the main results in a concrete form that is most useful for physical
applications.

This paper will not deal with the question of how to find conservation laws for a given
PDE system. We remark that a direct constructive method using multipliers can be applied
to derive local dynamical conservation laws of volume type for PDE systems [2, 9–14]. This
general multiplier method can be extended for deriving all of the other types of local conser-
vation laws. A more abstract approach to the study and computation of conservation laws,
in the setting of cohomology in the variational bi-complex, can be found in Refs. [15, 16].

The rest of the present paper is organized as follows.
In Section 2, we give a brief summary of the PDE systems for fluid flow, gas dynamics,

electromagnetism, and magnetohydrodynamics, which will be used to illustrate all of the
subsequent main results. We also discuss some mathematical preliminaries that are needed
for a general concrete formulation of PDE systems and conservation laws in three spatial
dimensions.

In Section 3, we discuss the definition, properties, and inter-relationships for three-
dimensional local and global conservation laws of dynamical nature formulated on volume
domains, surface domains, and curve domains. The physical meaning of the resulting con-
served quantities are explained, and the conditions under which a dynamical conservation law
yields a constant of motion are discussed. We similarly discuss time-independent versions of
these conservation laws, which represent three-dimensional topological conserved quantities.
We also discuss constants of motion arising from dynamical and topological conservation
laws.

In Section 4, for all of these different types of conservation laws, we explain the notions
of triviality and equivalence, using both local and global formulations. We also derive, for all
three types of domains, the conditions under which a locally trivial dynamical conservation
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law in a domain yields a globally non-trivial dynamical conservation law on the domain
boundary. Additionally, for such boundary conservation laws, we give their local formulation
and show how they can arise from topological conservation laws as well as from lower-degree
dynamical conservation laws.

We will illustrate each different type of conservation law by a physical example taken
from fluid flow, gas dynamics, electromagnetism, and magnetohydrodynamics. In Section 5,
we look systematically at all of these physical examples and use them to showcase our
main results. In particular, for incompressible/irrotational fluid flow, electromagnetism, and
magnetohydrodynamics, we give physical examples of non-trivial boundary conservation laws
that arise from locally trivial dynamical conservation laws in volume domains and surface
domains. These examples also show that how such boundary conservation laws can originate
directly from differential identities that hold when a PDE system contains both evolution
equations and spatial constraint equations.

In Section 6, we explain how non-triviality gets altered when potentials are introduced
for a local conservation law. We use well-known examples of potentials in fluid flow, gas
dynamics, electromagnetism, and magnetohydrodynamics to illustrate the discussion.

Finally, we make some concluding remarks in Section 7.
In Appendix A, we state some interrelationships that hold among the different types of

conservation laws. In Appendix B, we give a more rigorous mathematical formulation of
conservation laws and certain associated technical conditions in the setting of jet spaces.

2 Preliminaries and physical PDE systems

We will first summarize the PDE systems for fluid flow, gas dynamics, electromagnetism,
and magnetohydrodynamics in three spatial dimensions. (See Refs. [17–19] for more details.)
These systems will help to explain the subsequent general formulation of PDE systems which
will we introduce and use throughout our discussion and results on conservation laws.

We will let ~x denote the position vector in three dimensions, and t will denote time. The
standard divergence, curl, and gradient operators will be denoted div = ∇·, curl = ∇×, and
grad = ∇, respectively.

2.1 Fluid and gas dynamics

The flow of fluids in a wide variety of physical situations is described by the Navier-Stokes
equations, which govern the fluid velocity ~u(t, ~x), density ρ(t, ~x), and pressure p(t, ~x). In
the absence of external forces and for non-adiabatic processes, the Navier-Stokes equations
consist of a mass continuity equation

ρt + div(ρ~u) = 0 (2.1)

and a momentum balance equation

ρ(~ut + (~u · ∇)~u) + grad p = µ∆~u+ ν grad(div ~u) (2.2)
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where µ, ν are the viscosity coefficients. Sometimes the latter equation is written in a shorter
form in terms of the variable p̄ = p+ ν div ~u called the mechanical pressure.

The fluid flow is inviscid (ideal) when there is no viscosity, µ = ν = 0. Then the
momentum balance equation becomes

ρ(~ut + (~u · ∇)~u) + grad p = 0 (2.3)

which together with the mass continuity equation (2.1) constitute the Euler equations for
ideal fluids as well as for gas dynamics.

In addition to the mass and momentum equations, in fluid flow an equation of state
involving either ~u, ρ, or p must be specified to obtain a closed system of equations and to
model particular physical properties of a fluid or gas. The most common equations of state
are the following:

constant density ρ = const; (2.4)

incompressible flow div ~u = 0; (2.5)

barotropic flow p = p(ρ); (2.6)

locally adiabatic flow p = p(ρ, S), St + ~u · gradS = 0; (2.7)

with S being the local entropy of the fluid. For incompressible fluid flow, the mass equation
(2.1) reduces to a transport equation

ρt + ~u · grad ρ = 0 (2.8)

for the density. Constant-density fluid flow is a special case of incompressible flow, since
the mass equation (2.1) then reduces to the incompressibility equation (2.5). A flow is
homentropic when S is constant throughout the fluid.

In the cases of constant-density fluid flow and incompressible fluid flow, the compatibility
between the incompressibility equation (2.5) and the momentum equation (2.2) or (2.3) yields
a Laplace-type equation for the pressure. In particular, when the fluid is ideal, the pressure
is determined by

div((1/ρ) grad p) = −(∇~u) · (∇~u)t (2.9)

(where “t” denotes the matrix transpose in Cartesian coordinates).
The dynamics of gases in the simplest physical situations is governed by the mass con-

tinuity equation (2.1), the inviscid momentum equation (2.3), and the adiabatic (non-
homentropic) process equation (2.7). Commonly, the latter equation is inverted to give
S = S(p, ρ) as a function of pressure and density, so then the transport equation for S
becomes a corresponding transport equation for p:

pt + ~u · grad p+ F (p, ρ) div~u = 0 (2.10)

with

F (p, ρ) =
∂S/∂(1/ρ)

ρ∂S/∂p
= ρc(p, ρ)2 (2.11)
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which determines the sound speed c(p, ρ) in the gas. The sound speed is a constitutive
function, which has the role of an equation of state.

The two most common equations of state are the following:

ideal c2 = f(p/(Rρ)), R = const; (2.12)

polytropic (ideal) c2 = γp/ρ, γ = const. (2.13)

The ideal equation of state (2.12) (in which f is an arbitrary positive function of p/(Rρ))
can be shown to be equivalent to the ideal gas law p/ρ = RT through the thermodynamic
relation

δe = TδS − pδ(1/ρ) (2.14)

where T is the temperature of the gas. In particular, e = e(T ) holds when the gas is ideal,
and e = cV T with cV = const holds in the special case of a polytropic gas. This implies
c = c(T ) for an ideal gas, and c =

√
γRT when the gas is polytropic.

2.1.1 Vorticity

The vorticity of a gas/fluid is defined by

~ω = curl ~u, div ~ω = 0. (2.15)

This allows the momentum equation to be expressed in the form

~ut + ~ω × ~u = −1
2
grad(|~u|2)− (1/ρ) grad p̄+ (µ/ρ)∆~u (2.16)

using the identity

(~u · ∇)~u = 1
2
grad(|~u|2)− ~u× ~ω. (2.17)

The curl of the velocity equation (2.16) yields the vorticity transport equation

~ωt + curl(~ω × ~u) = − grad(1/ρ)× (grad p̄− µ∆~u) + (µ/ρ)∆~ω. (2.18)

In the case when a fluid is ideal and has either constant density (2.4) or barotropic pressure
(2.6), the velocity and vorticity equations (2.16) and (2.18) simplify to the form

~ut + ~ω × ~u+ grad(1
2
|~u|2 + e(ρ) + p/ρ) = 0 (2.19)

and

~ωt + curl(~ω × ~u) = 0. (2.20)

Here e(ρ) is the local internal energy density of the fluid/gas, which is defined through the
thermodynamic relation (2.14) in the case of adiabatic processes, δS = 0. In particular,
e(ρ) = const holds in the constant-density case, and e(ρ) =

∫

(p(ρ)/ρ2)dρ holds in the
barotropic case.

A gas/fluid is irrotational when there is no vorticity, ~ω = 0.
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2.2 Electromagnetism

The microscopic Maxwell’s equations governing the electric and magnetic fields ~E(t, ~x) and
~B(t, ~x) are given by (in Gaussian units)

~Et − c curl ~B = −4π ~J, div ~E = 4πρ, (2.21a)

~Bt + c curl ~E = 0, div ~B = 0, (2.21b)

where ρ(t, ~x) is the electric charge density and ~J(t, ~x) is the electric current density. Here c
denotes the speed of light in vacuum.

In this system (2.21), the charge density ρ(t, ~x) is a specified scalar function, and the

current density ~J(t, ~x) is a specified vector function, which are related by the continuity
equation

ρt + div ~J = 0. (2.22)

Mathematically, this expresses that the evolution equations for ~E and ~B are each compatible
with the divergence equations for ~E and ~B.

Maxwell’s equations in vacuum arise when there is no charge ρ = 0 and no current ~J = 0:

~Et − c curl ~B = 0, div ~E = 0, (2.23a)

~Bt + c curl ~E = 0, div ~B = 0. (2.23b)

2.3 Magnetohydrodynamics equations

The dynamics of plasmas and liquid metals in the simplest physical situations that include
diffusivity are governed by the resistive magnetohydrodynamics (MHD) equations:

ρt + div(ρ~u) = 0, (2.24a)

ρ(~ut + (~u · grad)~u) = ~J × ~B − grad p+ µ∆~u, (2.24b)

~Bt = curl (~u× ~B) + η

µ0

∆ ~B, (2.24c)

µ0
~J = curl ~B, (2.24d)

div ~B = 0 (2.24e)

for the density ρ(t, ~x), velocity ~u(t, ~x), hydrostatic pressure p(t, ~x), electric current ~J(t, ~x),

and magnetic field ~B(t, ~x), where the constants µ0, µ, η are, respectively, the magnetic
permeability of free space, the plasma/liquid-metal viscosity coefficient, and the resistivity
coefficient. The electric field is given by Ohm’s law

~E + ~u× ~B = η ~J. (2.25)
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It is useful to note that the magnetic field equation (2.24c) can be written in the curl form

~Bt = curl (~u× ~B − η

µ0

curl ~B), (2.26)

due to the identity curl (curl ~B) = grad(div ~B)−∆ ~B.
In addition to these equations, an equation of state involving either ~u, ρ, or p must

be specified to obtain a closed system of equations and to model particular physical prop-
erties of a plasma/liquid metal. The two most common equations of state considered in
magnetohydrodynamics are the locally adiabatic flow (2.7) and incompressible flow (2.5).

A plasma/liquid is inviscid when there is no fluid viscosity, µ = 0, and is ideal when
there is no magnetic viscosity, η = 0.

In incompressible liquid metals, the mass equation (2.24a) reduces to a transport equation
(2.8) for the density. Additionally, the compatibility between the incompressibility equation
(2.5) and the momentum equation (2.24b) yields a Laplace-type equation for the pressure.
In particular, when the liquid is inviscid, the pressure is determined by

div((1/ρ) grad p) = −(∇~u) · (∇~u)t + div((1/ρ) ~J × ~B) (2.27)

(where “t” denotes the matrix transpose in Cartesian coordinates).

2.4 Preliminaries

In three spatial dimensions, a general PDE system G[v] = 0 can be written as

Ga(t, ~x, v, ∂v, . . . , ∂Nav) = 0, a = 1, . . . ,M (2.28)

consisting of M ≥ 1 equations with independent variables t, ~x = (x1, x2, x3), and dependent
variables v = v(t, ~x) = (v1(t, ~x), . . . , vm(t, ~x)), m ≥ 1, where Na ≥ 1 denotes the differential
order of the ath equation. In a given physical system, the PDEs (2.28) will comprise all
of the evolution equations and the spatial constraint equations, if any, on the dependent
variables, as well as any compatibility conditions among these equations. Any equations of
state and any constitutive relations will be assumed to have been substituted into the PDEs.
To illustrate this formalism, the dependent variables v and the equations G[v] for each of
the physical systems in Sections 2.1 to 2.3 are shown in table 1.

The solution space of a PDE system (2.28) is the set E consisting of all functions v(t, ~x)
that satisfy each equation in the system. Generally, we will consider PDE systems defined
on all of R3. Our presentation and results can be easily adjusted to hold on any physically
reasonable spatial domain Ω ⊂ R

3, including any physical boundary conditions posed on
solutions v(t, ~x).

Before proceeding to discuss conservation laws, we will summarize some notation and
preliminaries that will be essential for the sequel.

It is useful to work in the coordinate space (t, ~x, v, ∂v, ∂2
v, . . .), called the jet space, which

is associated with the independent and dependent variables of the PDE system (2.28). Here
and throughout,

∂v = (∂tv, ∂x1v, ∂x2v, ∂x3v)

8



Table 1: Examples of physical PDE systems

Physical system Variables v PDE expressions G[v]
Eqns. of state/

Constitutive eqns.

gas dynamics ρ, p, ~u

∂tρ+ div(ρ~u),

∂tp+ ~u · grad p+ ρc2 div ~u,

∂t~u+ (~u · ∇)~u+ (1/ρ) grad p

c = c(p, ρ)

compressible
fluid flow ρ, ~u

∂tρ+ div(ρ~u),

∂t~u+ (~u · ∇)~u+ (1/ρ) grad p + µ∆~u
p = p(ρ), p(ρ, S)

incompressible
ideal fluid flow ρ, ~u, p

∂tρ+ ~u · grad ρ, div ~u,

∂t~u+ (~u · ∇)~u+ (1/ρ) grad p,

div((1/ρ) grad p) + (grad ~u) · (grad~u)t

electromagnetism ~E, ~B
~Et − c curl ~B + 4π ~J, div ~E − 4πρ,

~Bt + c curl ~E, div ~B,

ρ(t, ~x), ~J(t, ~x),

ρt + div ~J = 0

MHD ρ, ~u, ~B

ρt + div(ρ~u),

ρ(~ut + (~u · grad)~u)− ~J × ~B

+ grad p− µ∆~u,

~Bt − curl (~u× ~B) + η∆ ~B, div ~B

p = p(ρ),

~J = 1
µ0

curl ~B

incompressible
inviscid MHD ρ, ~u, p, ~B

ρt + div(ρ~u), div ~u,

ρ(~ut + (~u · grad)~u)− ~J × ~B + grad p,

~Bt − curl (~u× ~B) + η∆ ~B, div ~B,

div((1/ρ) grad p) + (grad ~u) · (grad~u)t

− div((1/ρ) ~J × ~B)

~J = 1
µ0

curl ~B

denotes the set of all first-order partial derivatives of the dependent variables, and similarly,
∂k

v, k ≥ 2, denotes the set of all kth-order partial derivatives of v. When (x1, x2, x3) are
Cartesian coordinates, note

(∂x1 , ∂x2, ∂x3) = ∇ = div

is the standard gradient derivative operator, and





∂2
x1 ∂x1∂x2 ∂x1∂x3

∂x2∂x1 ∂2
x2 ∂x2∂x3

∂x3∂x1 ∂x3∂x2 ∂2
x3



 = ∇⊗∇

is the standard Hessian matrix derivative operator. The trace of this matrix operator yields
the Laplacian

∂2
x1 + ∂2

x2 + ∂2
x3 = ∆ = div · grad .
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In jet space, smooth functions will be denoted

f [v] ≡ f(t, ~x, v, ∂v, ∂2
v, . . . , ∂n

v),

where n ≥ 0 is the maximum order of derivatives of v that appear in the function. Such
functions are called differential functions. (Note that a specific differential function need
not depend on all partial derivatives of v of order less than or equal to n.) Derivatives
of differential functions are defined by total derivatives with respect to t, x1, x2, x3 acting
by the chain rule. These derivatives are denoted D = (Dt, ~Dx) and ~Dx = (D1, D2, D3).
Higher total derivatives, Dk, k ≥ 2, are defined in a similar way. The variational derivative
δ/δv = (δ/δv1, . . . , δ/δvm) (Euler operator) with respect to the set of dependent variables
v is defined in terms of these total derivatives in the standard way. Coordinate expressions
for the variational derivative, total derivatives, as well as for total derivative counterparts of
the div, curl, grad operators, will be listed at the end of this subsection.

In any PDE system (2.28), each PDE itself is given by the vanishing of a differential
function; in particular, Ga[v] = 0 is the ath PDE. Other important occurrences of differential
functions will be the physical densities and fluxes that appear in conservation laws.

The solution space E of a given PDE system (2.28) is represented in jet space by the
infinite set of equations {G = 0, DG = 0, D2

G = 0, . . .} whenever the PDE system is locally
solvable [9]. For finding and verifying conservation laws, it is important in practice to have a
coordinatization of this set in terms of jet-space coordinates. We will assume, firstly, that a
set of leading derivatives of v can be chosen so that each PDE in the system can be put into a
solved form where none of the leading derivatives and none of their differential consequences
appear on the right hand sides of the solved-form system. Secondly, we will assume that
the differential consequences of each PDE in the system can be expressed in an analogous
solved form for the differential consequences of the leading derivatives. PDE systems that
satisfy these two conditions are known as regular systems [14, 20] and they encompass the
PDE systems commonly arising in physical applications, including those for fluid and gas
dynamics, electromagnetism, magnetohydrodynamics (cf. Sections 2.1 to 2.3). For a regular
PDE system, the set of equations given by the solved-form PDEs and their solved-form
differential consequences provide an explicit coordinatization of the solution space

E = {G = 0, DG = 0, D2
G = 0, . . .} ⊂ (t, ~x, v, ∂v, ∂2

v, . . .)

as a subspace in jet space.
Given a differential function f [v], its evaluation on the solution space E of a PDE system

(2.28) will be denoted by f |E . This notation has the concrete meaning that, in jet space, f |E
is given by substituting a solved form of the PDE system (and its differential consequences)
into f .

For an example, in gas dynamics (cf. section 2.1), the PDE system (2.1), (2.3), (2.10),
(2.11) for the dependent variables (ρ, p, ~u) is an evolution system. The simplest choice of a
set of leading derivatives consists of the time derivatives {∂tρ, ∂tp, ∂t~u} for which this system
has the explicit solved form

∂tρ = − div(ρ~u), ∂tp = −~u · grad p− ρ c(p, ρ)2 div ~u, ∂t~u = −(~u · ∇)~u− (1/ρ) grad p.
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This set of equations along with their differential consequences with respect to t, ~x comprise
the solution space E . Using this solved form for the PDE system, we have that

f(t, ~x, ρ, p, ~u, ∂tρ, ∂tp, ∂t~u, grad ρ, grad p, grad~u, . . .)|E
= f(t, ~x, ρ, ~u,− div(ρ~u),−(~u · ∇)~u− (1/ρ) grad p,−~u · grad p− ρ c(p, ρ)2 div~u,

grad ρ, grad p, grad ~u, . . .)

for any differential function f . There are other possible choices of a set of leading derivatives.
For instance, in Cartesian coordinates ~x = (x, y, z), any one of the sets of first-order spatial
coordinate derivatives {∂xρ, ∂xp, ∂x~u}, {∂yρ, ∂yp, ∂y~u}, {∂zρ, ∂zp, ∂z~u} can be used.

As a more involved example, in constant-density ideal fluid flow (cf. section 2.1), the
pressure and velocity are the dependent variables (p, ~u), while the density ρ is a constant.
The PDE system (2.3), (2.5), (2.9) governing these variables is not an evolution system, and
consequently the time derivatives {∂tp, ∂t~u} do not provide a set of leading derivatives. A
leading derivative for the pressure equation (2.9) is given by any one of the second-order
spatial coordinate derivatives ∂2

xp, ∂
2
yp, ∂

2
zp in Cartesian coordinates ~x = (x, y, z). Similarly,

any one of the first-order spatial coordinate derivatives ∂xu
1, ∂yu

2, ∂zu
3 provides a leading

derivative for the divergence equation (2.5). For the velocity equation (2.3), any one of the
sets of leading derivatives shown in the gas dynamics example can be used, other than the
leading derivative chosen for the divergence equation. For instance, {∂xu1, ∂2

xp, ∂t~u} provides
a set of leading derivatives, where the PDEs have the explicit solved form

∂xu
1 = −∂yu

2 − ∂zu
3,

∂2
xp = −∂2

yp− ∂2
zp+ 2

(

(∂yu
2)2 + (∂zu

z)2 + (∂yu
2)(∂zu

3)

+ (∂xu
2)(∂yu

1) + (∂yu
3)(∂zu

y) + (∂zu
1)(∂xu

3)
)

,

∂tu
1 = u1(∂yu

2 + ∂zu
3)− u2∂yu

1 − u3∂zu
1 − (1/ρ) grad p,

∂tu
2 = −u1∂xu

2 − u2∂yu
2 − u3∂zu

2 − (1/ρ)∂yp,

∂tu
3 = −u1∂xu

3 − u2∂yu
3 − u3∂zu

3 − (1/ρ)∂zp.

This set of equations along with their differential consequences with respect to t, x, y, z
comprise the solution space E of the PDE system.

The notion of evaluating a differential function on the solution space E of a given PDE
system has an extension to comparing when two differential functions agree on E . Specifically,
suppose that two differential functions f1[v] and f2[v] are not identically equal but satisfy
(f1[v] − f2[v])|E = 0 when they are evaluated on E . Then we say that these functions are
equivalent on solutions of the PDE system (2.28) and we correspondingly write

f1[v]|E = f2[v]|E .

Note that we must use the same choice of leading derivatives for evaluating both functions.
An important consideration will be to characterize all differential functions that vanish

on the solution space E of a given PDE system. The following result is known as Hadamard’s
lemma [14, 21].
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Lemma 1. Let f [v] be a (smooth) differential function satisfying f [v]|E = 0 for a PDE sys-
tem (2.28). Then f [v] is identically equal to a linear combination of the PDEs in the system
and their differential consequences, if the PDE system is regular (namely, the system and its
differential consequences have a solved form with respect to a set of leading derivatives).

More details related to jet spaces, differential functions, the solution space of a PDE
system, local solvability, regularity, and Hadamard’s lemma, are provided in Appendix B.

To conclude these preliminaries, we will now state coordinate expressions for various
operators in jet space. We begin with total derivatives with respect to t and xi:

Dt =
∂

∂t
+ vαt

∂

∂vα
+ vαtt

∂

∂vαt
+ vαtxi

∂

∂vα
xi

+ · · · (2.29)

and

Di =
∂

∂xi
+ vαxi

∂

∂vα
+ vαtxi

∂

∂vαt
+ vαxixj

∂

∂vα
xj

+ · · · , i = 1, 2, 3, (2.30)

where the convention of summing over repeated indices is assumed. Next we write down the
total derivative counterparts of div, curl, grad operators when xi, i = 1, 2, 3, are Cartesian
coordinates. The total gradient operator is given by

Grad f [v] = ~Dxf [v] = (D1f [v], D2f [v], D3f [v]) (2.31)

acting on scalar differential functions f [v]; the total divergence and curl operators are given
by

Div ~f [v] = ~Dx · ~f [v] = D1f
1[v] +D2f

2[v] +D3f
3[v], (2.32a)

Curl ~f [v] = ~Dx × ~f [v] = (D2f
3[v]−D3f

2[v], D3f
1[v]−D1f

3[v], D1f
2[v]−D2f

1[v])
(2.32b)

acting on vector differential functions ~f [v] = (f 1[v], f 2[v], f 3[v]).
All of the vector calculus identities relating “div”, “curl”, and “grad” hold for their total

derivative counterparts:

DivCurl = 0, CurlGrad = 0. (2.33)

Moreover, the analog of Poincaré’s lemma in R
3 holds.

Lemma 2. (i) A differential vector function is a total gradient ~f [v] = Grad F [v] for some

differential function F [v] if and only if Curl ~f [v] = 0 vanishes identically. (ii) A differential

vector function is a total curl ~f [v] = Curl ~F [v] for some differential vector function ~F [v] if

and only if Div ~f [v] = 0 vanishes identically.

12



Finally, we write down the variational derivative:

δ

δvα
=

∂

∂vα
−Dt

∂

∂vα
t

−Di

∂

∂vα
xi

+D2
t

∂

∂vα
tt

+DtDi

∂

∂vα
txi

+DiDj

∂

∂vα
xixj

+ · · · , α = 1, . . . , m.

(2.34)

This operator is also known as the Euler operator, which will be denoted Ev
α. It has a purely

spatial version given by

Êv
α =

∂

∂vα
−Di

∂

∂vα
xi

+DiDj

∂

∂vα
xixj

+ · · · , α = 1, . . . , m. (2.35)

An important property is that the kernel of the Euler operator consists of differential
functions that have the form of a total divergence with respect to t, ~x. Likewise, the kernel of
the spatial Euler operator consists of differential functions given by a total spatial divergence.

Lemma 3. (i) Ev(f [v]) = 0 vanishes identically if and only if f [v] = DtΦ
t[v] + Div ~Φ[v]

holds for some scalar differential function Φt[v] and vector differential function ~Φ[v] =

(Φ1[v],Φ2[v],Φ3[v]). (ii) Êv(f [v]) = 0 vanishes identically if and only if f [v] = Div ~Φ[v]

holds for some vector differential function ~Φ[v] = (Φ1[v],Φ2[v],Φ3[v]).

3 Global and local conservation laws

We will now discuss the definition and physical meaning of three-dimensional local and global
conservation laws of dynamical type and topological type formulated on volume domains,
surface domains, and curve domains. For each different type of conservation law, we will
mention a list of physical examples.

3.1 Volumetric conservation laws

A global volumetric conservation law of a PDE system (2.28) in R
3 is an integral equation

of the form

d

dt

∫

V

T [v] dV = −
∮

∂V

~Ψ[v] · d~S (3.1)

holding for all solutions v(t, ~x) of the system (2.28). Here V ⊆ R
3 is a closed volume having a

piecewise-smooth boundary surface ∂V, with ν̂ being the outward unit normal normal vector
and d~S = ν̂ dA being the surface element. The scalar differential function T [v] is called the

conserved density, and the vector differential function ~Ψ[v] is called the spatial flux for the
conservation law (3.1). The density-flux pair

(T [v], ~Ψ[v]) = Φ[v] (3.2)

is called a conserved current.
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For ease of presentation, hereafter all volumes V ⊂ R
3 will be considered to be connected,

closed, and have a boundary surface ∂V that is piecewise-smooth. Such volumes V will be
called regular.

The physical meaning of a global conservation law (3.1) is that the rate of change of the
volumetric quantity

C[v;V] =
∫

V

T [v] dV (3.3)

in a regular volume V ⊆ R
3 is balanced by the net surface flux

F [v; ∂V] =
∮

∂V

~Ψ[v] · d~S (3.4)

escaping through the volume boundary surface ∂V, when v(t, ~x) is any solution of the given
PDE system. In particular, this balance can be interpreted as an absence of sources or sinks
for T [v] in the volume V.

A volumetric conservation law (3.1) that holds for all regular volumes V in R
3 can be

formulated as a local continuity equation

DtT [v] + Div ~Ψ[v] = 0 (3.5)

holding for the space E of all solutions v(t, ~x) of the given PDE system. This continuity
equation (3.5) is called a local volumetric conservation law of the PDE system (2.28). It is
derived from the global conservation law (3.1) by first applying the divergence theorem to

the flux integral (3.4) to get
∮

∂V
~Ψ · ν̂ dA =

∫

V
Div ~Ψ dV , and then combining this integral

and the volumetric integral (3.3) to obtain
∫

V
(DtT + Div ~Ψ) dV = 0, which will hold for an

arbitrary volume V ⊆ R
3 if and only if T and ~Ψ satisfy the local continuity equation (3.5).

Mathematically, this local conservation law (3.5) is the total time-space divergence of the
conserved current (3.2).

There are many physical examples of volumetric conservation laws (cf. Section 5.2.3):

• mass in fluid flow, gas dynamics, and MHD;

• momentum and angular momentum in fluid flow, gas dynamics, electromagnetism, and
MHD;

• Galilean momentum in fluid flow, gas dynamics, and MHD;

• boost momentum in electromagnetism;

• energy in gas dynamics, ideal fluid flow, electromagnetism, and ideal inviscid MHD;

• electric charge-current in electromagnetism;

• entropy in fluid flow;

• helicity in ideal fluid flow;

• cross-helicity in ideal inviscid MHD.
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3.2 Surface-flux conservation laws

Another type of global conservation law for a PDE system (2.28) in R
3 is a surface-flux

equation

d

dt

∫

S

~T [v] · d~S = −
∮

∂S

~Ψ[v] · d~ℓ (3.6)

where S is a connected orientable surface in R
3 having a piecewise-smooth boundary curve

∂S, with the line element d~ℓ = ℓ̂ ds being given in terms of the arclength ds and the unit
tangent vector ℓ̂ along this curve, and with the surface element d~S = ν̂ dA being given by
the area element dA and the unit normal vector ν̂ of the surface, such that ℓ̂× ν̂ is pointing
outward. Here ~T [v] and ~Ψ[v] are vector differential functions, which we will respectively
refer to as the conserved flux density and the spatial circulation flux. The pair

(~T [v], ~Ψ[v]) = Φ[v] (3.7)

will be called a conserved flux current.
A flux equation (3.6) holding for all solutions v(t, ~x) of the PDE system will be called a

global surface-flux conservation law. Its physical meaning is that the rate of change of the
surface integral quantity

C[v;S] =
∫

S

~T [v] · d~S (3.8)

is balanced by the net flux circulation

F [v; ∂S] =
∮

∂S

~Ψ[v] · d~ℓ (3.9)

which is trapped around the surface boundary, for any solution v(t, ~x) of the given PDE
system. When S is a closed surface, having no boundary ∂S = ∅, the quantity (3.8) defines a
time-independent surface flux. Conservation in this case can be understood as a consequence
of the flux having nowhere to be trapped.

For ease of presentation, hereafter all surfaces S ⊂ R
3 will be considered to be connected,

orientable, and piecewise-smooth. Such surfaces S will be called regular. Consequently,
regular surfaces S that are non-closed will have a boundary ∂S that is piecewise smooth.

A global surface-flux conservation law (3.6) that holds for all regular surfaces S ⊂ R
3 has

a formulation as a local vector continuity equation. First, the surface boundary integral (3.9)

can be converted into a surface integral via Stokes’ theorem,
∮

∂S
~Ψ · d~ℓ =

∫

S
(Curl ~Ψ) · d~S.

Then, this integral can be combined with the surface flux integral (3.8) to get
∫

S
(Dt

~T +

Curl ~Ψ) · d~S = 0. This relation will hold for an arbitrary regular surface S ⊂ R
3 if and only

if ~T [v] and ~Ψ[v] satisfy the local continuity equation

Dt
~T [v] + Curl ~Ψ[v] = 0, (3.10)

holding for all solutions v(t, ~x) of the given PDE system. We will refer to this type of vector
continuity equation as a local surface-flux conservation law.

Physical examples of surface-flux conservation laws include (cf. Section 5.2.2):
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• vorticity transport in ideal fluid flow;

• magnetic induction (Faraday’s law) in electromagnetism and MHD;

• electric displacement current in electromagnetism with a static or vanishing charge
distribution.

Surface-flux conservation laws also arise in the triviality analysis of global volumetric con-
servation laws, as shown in Section 4.4.

3.3 Circulatory conservation laws

A third type of global conservation law for a PDE system (2.28) in R
3 is a line integral

equation of the form

d

dt

∫

C

~T [v] · d~ℓ = −Ψ[v]
∣

∣

∣

∂C
(3.11)

in which C is a piecewise-smooth curve with endpoints ∂C. Here ~T [v] is a vector differential
function, which we will call the conserved circulation density, and Ψ[v] is a scalar differential
function, which we will call the spatial endpoint flow. A line integral equation (3.11) holding
for all solutions v(t, ~x) of the PDE system will be called a global circulatory conservation

law, and the pair (~T [v],Ψ[v]) = Φ[v] will be called a conserved circulation current.
The physical meaning of this type of global conservation law (3.11) is that the rate of

change of the line integral quantity

C[v; C] =
∫

C

~T [v] · d~ℓ (3.12)

is balanced by a net flow outward through the two ends of the curve

F [v; ∂C] = Ψ[v]
∣

∣

∣

∂C
(3.13)

for any solution v(t, ~x) of the given PDE system. When C is a closed curve, with no boundary
∂C = ∅, then the line integral quantity (3.12) defines a time-independent total circulation.

For ease of presentation, hereafter all curves C ⊂ R
3 will be considered to be connected

and piecewise-smooth. Such curves C will be called regular.
A global circulatory conservation law (3.11) that holds for all regular curves C ⊂ R

3

can be formulated as a local continuity equation by applying the fundamental theorem of
calculus for line integrals. This yields

Dt
~T [v] + Grad Ψ[v] = 0, (3.14)

which we will refer to as a local circulatory conservation law, holding for all solutions v(t, ~x)
of the given PDE system.

Some physical examples of circulatory conservation laws are (cf. Section 5.2.1):
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• circulation in irrotational ideal fluid flow;

• density gradient in incompressible fluid flow;

• entropy gradient in non-homentropic fluid flow.

Circulatory conservation laws are also shown to arise in the triviality analysis of global
surface-flux conservation laws in Section 4.3.

3.4 Topological conservation laws

For each of the three types (volumetric, surface-flux, circulatory) of dynamical conservation
laws, there is a corresponding type of time-independent conservation law.

3.4.1 Spatial divergence/topological flux conservation laws

The first type is given by a local volumetric conservation law (3.5) in which the conserved
density vanishes, T [v]|E = 0, for all solutions v(t, ~x) of a given PDE system (2.28). This
yields

Div ~Ψ[v]
∣

∣

E
= 0, (3.15)

which is a purely spatial conservation law holding on the solution space E of the system.
We will call equation (3.15) a local spatial divergence conservation law. It is sometimes also
called a divergence-type conservation law. We will refer to the vector differential function
~Ψ[v] as the spatial flux vector-density.

The global form of a spatial divergence conservation law (3.15) arises by integration of

Div ~Ψ over any regular volume V ⊆ R
3. After Gauss’ theorem is applied to the resulting

volume integral, this yields, for all t, a vanishing surface integral
∮

S

~Ψ[v] · d~S
∣

∣

E
= 0 (3.16)

on the closed boundary surface(s) S = ∂V, where d~S = ν̂ dA is given by the area element dA
and the outward unit normal normal vector ν̂. Mathematically, this surface integral remains
unchanged if S = ∂V is deformed in any continuous way that preserves its topology.

The physical meaning of a surface integral (3.16) depends on the topological nature of the
chosen volume V. If the boundary of V is a single connected surface ∂V = S, then equation
(3.16) shows that the total flux of ~Ψ[v] through S is zero. This is due to the absence of

sources or sinks, which corresponds to the spatial divergence of ~Ψ[v] being zero. Hence, the
spatial divergence conservation law (3.15) shows that there is no net flux

∮

S

~Ψ[v] · d~S
∣

∣

E
= 0 (3.17)

for every closed surface S that bounds a regular volume in R
3. Alternatively, if the boundary

∂V consists of two disjoint surfaces S1 and S2, then the spatial divergence conservation law
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(3.16) shows that the total flux of ~Ψ[v] is the same through both surfaces. Hence, for any
two non-intersecting closed surfaces S1 and S2 that bound a regular volume V ⊆ R

3, flux
conservation holds:

∮

S1

~Ψ[v] · d~S
∣

∣

E
=

∮

S2

~Ψ[v] · d~S
∣

∣

E
(3.18)

where the unit normal vectors of S1 and S2 are chosen so that one is inward-directed and the
other is outward-directed with respect to the volume V. Each of these surface flux integrals
will be equal to zero due to the spatial divergence conservation law (3.15), unless sources or
sinks are present outside of the volume V. In particular, if equation (3.15) holds only inside
V, then the two surface integrals can be non-zero. Both of these surface integrals remain
unchanged if S1 and S2 are deformed in any continuous way that preserves their topology.

For the reasons just stated, global surface flux integrals of the form (3.17) and (3.18)
are usually referred to as topological flux conservation laws. They arise generally in time-
independent PDE systems containing spatial divergence equations in R

3. They also arise
in dynamical PDE systems where divergence-type constraint equations hold throughout the
spatial domain R

3.
Physical examples of topological flux conservation laws (cf. Section 5.1.1) are given by:

• vorticity in fluid flow, gas dynamics, and MHD;

• streamline flux and pressure-gradient flux in incompressible fluid flow and incompress-
ible MHD;

• magnetic flux in electromagnetism and MHD;

• electric flux in vacuum electromagnetism.

3.4.2 Spatial curl/topological circulation conservation laws

A different type of time-independent conservation law is given by a local surface-flux con-
servation law (3.10) in which the flux vector-density vanishes, ~T [v]|E = 0, for all solutions
v(t, ~x) of a given PDE system (2.28) in R

3. This yields

Curl ~Ψ[v]|E = 0, (3.19)

which we will call a local spatial curl conservation law. We will refer to ~Ψ[v] as the spatial
circulation vector-density.

The global form of a curl conservation law (3.19) arises by integration of Curl ~Ψ[v] over

any non-closed regular surface S ⊂ R
3. This yields

∫

S
Curl ~Ψ[v] · d~S

∣

∣

E
= 0 which by Stokes’

theorem becomes a vanishing line integral around the closed boundary curve(s) C = ∂S,
∫

C

~Ψ[v] · d~ℓ
∣

∣

E
= 0 (3.20)

holding for all t. This line integral remains unchanged if C = ∂S is deformed in any
continuous way.
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The physical meaning of a vanishing line integral (3.20) depends on the topological nature
of the chosen surface S in R

3. If a non-closed regular surface is simply connected, then its
boundary ∂S consists of a single closed curve C, in which case equation (3.20) shows that the

net circulation of ~Ψ[v] around this curve vanishes. This can be understood as the absence

of vorticity of the circulation flux vector ~Ψ[v]. In particular, the spatial curl conservation

law (3.20) shows that the circulation flux vector ~Ψ[v] is irrotational, whereby there is no net
circulation

∮

C

~Ψ[v] · d~ℓ
∣

∣

E
= 0 (3.21)

around every closed curve C in R
3.

Alternatively, if a non-closed regular surface S is not simply connected, then its boundary
∂S consists of two disjoint closed curves. In this case, the spatial curl conservation law (3.20)

shows that the total circulation of ~Ψ[v] around both curves is the same. Consequently, for
any two non-intersecting closed curves C1 and C2 that are the boundary of a non-simply
connected surface S ⊆ R

3, conservation of circulation holds:
∮

C1

~Ψ[v] · d~ℓ
∣

∣

E
=

∮

C2

~Ψ[v] · d~ℓ
∣

∣

E
(3.22)

where the unit tangent vectors of C1 and C2 are chosen to have the same clockwise or coun-
terclockwise orientation with respect to the surface S. Both circulation integrals remain
unchanged if C1 and C2 are deformed in any continuous way that preserves their topology.
Due to the spatial curl conservation law (3.20) holding throughout R

3, each of these two
circulation integrals will be equal to zero. If, however, equation (3.20) holds only in some
connected volume V ⊂ R

3 that does not contain either curve, then the two circulation
integrals can be non-zero.

Accordingly, line integral equations of the form (3.21) and (3.22) will be called global
topological circulation conservation laws. Local spatial curl conservation laws (3.19) arise
generally in time-independent PDE systems that contain curl equations, and in dynamical
PDE systems where curl-type constraint equations hold throughout the spatial domain R

3.
Physical examples of topological circulation conservation laws (cf. Section 5.1.2) are

given by:

• circulation in irrotational fluid flow, irrotational gas dynamics, and irrotational MHD;

• magnetic circulation in magnetostatics;

• electric field circulation in electrostatics and equilibrium MHD.

3.4.3 Spatial gradient conservation laws

Finally, there is a time-independent version of local circulatory conservation laws (3.14) in

which the circulation vector-density vanishes, ~T [v]|E = 0, for all solutions v(t, ~x) of a given
PDE system in R

3. The resulting spatial conservation law

GradΨ[v]|E = 0 (3.23)
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implies that the flux Ψ[v] has no dependence on ~x for all solutions v(t, ~x) of the PDE system.
We will call this equation (3.23) a local spatial gradient conservation law. Its corresponding
global form (3.11) asserts that the difference in the value of flux Ψ[v] vanishes at any two
points in the spatial domain of the PDE system, which has exactly the same content as its
local form (3.23).

Consequently, this type of conservation law (3.23) has no direct topological meaning.
A physical example of a spatial gradient conservation law is Bernoulli’s principle (aris-

ing in ideal fluid flow when irrotational, equilibrium flows are considered), as discussed in
Section 5.1.3.

3.5 Constants of motion

For any PDE system (2.28) in R
3, a time-dependent global conservation law on a given

domain Ω ⊆ R
3 will yield a constant of motion

d

dt
C[v; Ω] = 0 (3.24)

if and only if the net flux vanishes, F [v; ∂Ω] = 0, for all solutions v(t, ~x) of the system.
As already noted, any surface-flux conservation law on a closed regular surface Ω = S,

and any circulatory conservation law on a closed regular curve Ω = C, automatically yields
a constant of motion, since F [v; ∂Ω] ≡ 0 due to the domain having no boundary, ∂Ω = ∅.

Some physical examples of non-zero constants of motion are given by: (cf. Sections 5.2.3
and 5.2.2):

• mass and entropy in gas dynamics and fluid flow confined to a fixed volume;

• energy and helicity in ideal, incompressible or barotropic fluid flow confined to a fixed
volume;

• cross-helicity in ideal inviscid MHD confined to a fixed volume;

• electric flux on closed surfaces in electromagnetism with a static charge distribution.

Constants of motion will also arise from global topological conservation laws on domains
that are simply-connected. Specifically, such conservation laws have the form

C[v; Ω] = 0 (3.25)

with ∂Ω = ∅. Hence the time derivative of C[v; Ω] automatically vanishes, which thereby
yields a constant of motion (3.24). These constants of motion will be called topological. In
particular, any topological flux conservation law (3.17) on a closed connected surface S = Ω
represents a zero-flux constant of motion (3.25), and any topological circulation conservation
law (3.21) on a closed connected curve C = Ω represents a zero-circulation constant of motion
(3.25).

In general, topological constants of motion will appear whenever a dynamical PDE system
contains spatial constraint equations that are compatible with all of the evolution equations
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in the system. The PDEs in such systems satisfy differential identities that correspond to
locally trivial conservation laws related to topological conservation laws. More specifically,
a spatial constraint equation of divergence type represents a spatial divergence conservation
law (3.15) whose time derivative yields a local conservation law in which spatial flux is zero.
Spatial constraint equations of curl or gradient type represent, respectively, a spatial curl
conservation law (3.19) or a spatial gradient conservation law (3.23). Their time derivatives
yield corresponding local conservation laws in which, respectively, the spatial circulation flux
and spatial endpoint flow is zero.

Topological constants of motion also represent one type of non-trivial boundary conser-
vation laws, as discussed in the next section. Physical examples of these constants of motion
(cf. Section 5.2.4) are given by:

• magnetic flux on closed surfaces in electromagnetism and MHD;

• electric flux on closed surfaces in vacuum electromagnetism;

• circulation on closed curves in irrotational ideal fluid flow.

4 Non-triviality and equivalence of local and global

conservation laws

For any PDE system (2.28) in R
3, if a conservation law yields a conserved integral that

contains no local information about the solutions of the PDE system, then the conservation
law will be called locally trivial. This occurs when (and only when), for an arbitrary solution
of the PDE system, the density in the conserved integral on a given spatial domain either
vanishes or has the form of an exact differential given by a divergence, or a curl, or a gradient,
in the respective cases of a volume domain, or a surface domain, or a curve domain. If two
conservation laws differ by a locally trivial conservation law, they will be regarded as being
locally equivalent. The widely used definitions of “trivial conservation laws” and “equivalent
conservation laws” in the literature [2, 9] coincide with this local notion of triviality.

Nevertheless, a locally trivial conservation law of a PDE system can sometimes contain
useful global information about the PDE system and its solutions. In general, a local con-
servation law will called globally trivial if it yields a conserved integral that contains no
information (either local or global) about the solutions of the PDE system. This will always
occur in the case when the conserved integral has a vanishing density for all solutions of the
system, since then the conserved integral clearly contains no information at all about the
PDE system and its solutions. Thus, this type of locally trivial conservation law is globally
trivial.

In the case when the density in the conserved integral of a locally trivial conservation law
instead has the form of an exact differential, the conserved integral reduces to a conserved
boundary integral whose triviality is determined by the topological nature of the boundary
domain, and by whether the given conservation law is dynamical or topological.

If a given spatial domain is closed, then its boundary is empty and hence any boundary
integral is identically zero. In this situation, any conserved boundary integral arising from a
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locally trivial conservation law will be globally trivial, since its vanishing is entirely due to the
topology of the domain. Consequently, as all topological conservation laws are formulated
on closed spatial domains, any topological conservation law that is locally trivial is thereby
globally trivial. Likewise, any dynamical conservation law that is locally trivial will be
globally trivial on a closed spatial domain.

In contrast, if a given spatial domain is non-closed, then any boundary integral arising
from a dynamical conservation law that is locally trivial will not vanish identically. In
this case, if the conserved boundary integral is time-dependent for an arbitrary solution of
the PDE system, then the dynamical conservation law essentially becomes a mathematical
identity which has no useful information about the solutions of the PDE system. This
type of locally trivial dynamical conservation law is therefore globally trivial. If instead the
conserved boundary integral is time-independent and non-vanishing for an arbitrary solution
of the PDE system, then this integral is a non-trivial constant of motion which corresponds to
a globally non-trivial dynamical conservation law on a lower-dimensional (boundary) domain.
In particular, the local form of such boundary conservation laws consists of a purely temporal
conservation law in which the spatial flux is zero.

Note that the vanishing of a conserved integral does not itself necessarily imply that a
conservation law is globally trivial. In particular, such a conserved integral can be measuring
a physical net flux or circulation that vanishes due to an absence of sources and sinks of flux
or circulation.

In general, the conservation laws of primary interest for a given PDE system are the
globally non-trivial ones. Note that a non-trivial dynamical conservation law on a given
spatial domain can be changed by the addition of a topological conservation law on the
domain boundary, since this affects only the spatial flux and not the conserved integral.
Apart from this possibility, two non-trivial global conservation laws, whether dynamical or
topological, will have the same physical content for a PDE system if and only if they yield,
up to a constant multiple, the same conserved integral for all solutions of the system.

We will now give a complete discussion of non-triviality for all of the different types of
conservation laws in three dimensions. In particular, we will formulate necessary and suffi-
cient local conditions under which a conservation law is locally non-trivial, and under which
two conservation laws are locally equivalent. We will also formulate necessary and sufficient
conditions under which a conservation law is globally non-trivial. These formulations provide
a substantial improvement of the widely used notion of “trivial conservation laws” [2, 9] in
the literature. We will call a conservation law non-trivial if and only if it is both locally and
globally non-trivial. Likewise, we will call a constant of motion non-trivial if and only if it
arises from a non-trivial conservation law.

We will show in detail how, under certain conditions, a locally trivial conservation law
on a spatial domain can yield a constant of motion given by a non-trivial global conservation
law on the boundary of the domain. In particular, non-trivial surface-flux constants of
motion arise from locally trivial volumetric conservation laws, while non-trivial circulatory
constants of motion arise from locally trivial surface-flux conservation laws. Moreover, we
will also show how these kinds of constants of motion appear when a dynamical PDE system
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contains compatible spatial constraint equations. Specifically, the compatibility between the
constraint equations and the evolution equations in such a PDE system takes the form of
differential identities which correspond to locally trivial conservation laws.

These main results clarify some confusing statements in the literature, especially for PDE
systems that possess differential identities. We will mention physical examples to illustrate
each result.

4.1 Non-triviality of topological conservation laws

The notions of global and local triviality and equivalence for the two main kinds of topo-
logical conservation laws presented in Section 3.4 will be formulated first. These topological
conservation laws will turn out to enter into the subsequent formulation of necessary and
sufficient local conditions for dynamical conservation laws to be locally trivial.

4.1.1 Spatial divergence/topological flux conservation laws

To begin, we consider global topological flux conservation laws (3.16) on a surface S = ∂V
that bounds a regular volume V within the spatial domain of a given PDE system (2.28) in
R

3.

Definition 1. A topological flux conservation law (3.16) of a PDE system (2.28) is called

locally trivial if the flux vector-density ~Ψ[v] has the form of a curl

~Ψ[v]|E = Curl ~Θ[v]|E (4.1)

in terms of a vector differential function ~Θ[v], holding on the solution space E of the given
system.

By Lemma 1, this curl condition (4.1) is equivalent to requiring that ~Ψ is identically
given by

~Ψ[v] = Curl ~Θ[v] + ~Γtriv[v] (4.2)

for arbitrary (sufficiently smooth) functions v(t, ~x), where ~Γtriv is any vector differential
function vanishing on the solution space E of the system:

~Γtriv[v]|E = 0. (4.3)

Note that the flux vector-density (4.2) identically satisfies

Div ~Ψ = Div~Γtriv. (4.4)

Thus, the resulting local conservation law (Div ~Ψ[v])|E = (Div~Γtriv[v])|E = 0 contains neither
local nor global information about the PDE system and its solutions. In particular, a local
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conservation law of this form is merely an identity, and the corresponding conserved flux
integral is identically zero by Stokes’ theorem,

∮

S

Curl ~Θ[v] · d~S
∣

∣

E
≡ 0 (4.5)

due to the surface S = ∂V being closed, ∂S = ∂2V = ∅. Moreover, this is the only way that
a topological flux conservation law can hold as an identity.

Therefore, we have the following result.

Proposition 1. A topological flux conservation law (3.16) is globally trivial for an arbitrary
regular surface S ⊂ R

3 if and only if it is locally trivial (4.1).

As a consequence, a necessary and sufficient local condition for two topological flux
conservation laws (3.15) to yield the same global surface-flux integral (3.16) for any given
regular V ⊂ R

3 is that they can differ only by a locally trivial topological flux conservation
law (4.2). This provides a precise notion of local and global equivalence for topological flux
conservation laws.

Proposition 2. Two topological flux conservation laws (3.16) are equivalent if and only if
they differ by a locally trivial topological flux conservation law (4.1).

A sufficient condition for triviality can be formulated by using the properties of the total
divergence operator (cf. Lemma 2).

Proposition 3. A topological flux conservation law (3.16) of a PDE system (2.28) in R
3 is

trivial if its flux density is identically divergence-free Div ~Ψ[v] = 0 off of the solution space
of the PDE system.

As will be shown in Section 5.1.1, physical examples of non-trivial topological flux con-
servation laws are given by streamline flux and pressure-gradient flux in incompressible fluid
flow and incompressible MHD; magnetic flux in electromagnetism and MHD; electric flux
in vacuum electromagnetism. One example of a trivial topological flux conservation law is
connected with vorticity in fluid flow, gas dynamics, and MHD.

4.1.2 Spatial curl/topological circulation conservation laws

We next consider topological circulation conservation laws (3.20) on a closed curve C =
∂S that bounds a non-closed regular surface S within the spatial domain of a given PDE
system (2.28) in R

3. The discussion of triviality is very similar to that for topological flux
conservation laws.

Definition 2. A topological circulation conservation law (3.20) of a PDE system (2.28) is

called locally trivial if the circulation vector-density ~Ψ[v] has the form of a gradient

~Ψ[v]|E = Grad Θ[v]|E (4.6)

in terms of a scalar differential function Θ[v], holding on the solution space E of the given
system.
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Lemma 1 shows that this gradient condition (4.6) holds if and only if ~Ψ is identically
given by

~Ψ[v] = Grad Θ[v] + ~Γtriv[v] (4.7)

for arbitrary (sufficiently smooth) functions v(t, ~x), where ~Γtriv is any vector differential
function having the property (4.3). A circulation vector-density of this form (4.7) identically
satisfies

Curl ~Ψ ≡ Curl ~Γtriv, (4.8)

whereby the resulting local conservation law (Curl ~Ψ[v])|E = (Curl ~Γtriv[v])|E = 0 contains
neither local nor global information about the PDE system and its solutions. Any such local
conservation law holds as an identity, and the corresponding conserved circulation integral
is identically zero due to the fundamental theorem of calculus for line integrals,

∮

C

Grad Θ[v]|E · d~ℓ ≡ 0. (4.9)

where the curve C = ∂S is closed, ∂C = ∂2S = ∅. Moreover, this is the only way that a
topological circulation conservation law can hold as an identity.

Therefore, we have the following result.

Proposition 4. A topological circulation conservation law (3.20) is globally trivial for an
arbitrary regular curve C ⊂ R

3 if and only if it is locally trivial (4.6).

Consequently, a necessary and sufficient local condition for two topological circulation
conservation laws (3.19) to yield the same global circulation-flux integral (3.20) for any given
non-closed regular surface S is that they can differ only by a locally trivial topological circu-
lation conservation law (4.6). This provides a precise notion of local and global equivalence
for topological circulation conservation laws.

Proposition 5. Two topological circulation conservation laws (3.20) are equivalent if and
only if they differ by a locally trivial topological circulation conservation law (4.6).

A sufficient condition for triviality can be formulated by using the properties of the total
curl operator (cf Lemma 2).

Proposition 6. A topological circulation conservation law (3.20) of a PDE system (2.28) in

R
3 is trivial if its circulation density is identically curl-free Curl ~Ψ[v] = 0 off of the solution

space of the PDE system.

As will be discussed in Section 5.1.2, physical examples of non-trivial topological cir-
culation conservation laws arise from circulation in irrotational fluid flow, irrotational gas
dynamics, and irrotational MHD; magnetic circulation in magnetostatics; and electric field
circulation in electrostatics and equilibrium MHD.
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4.2 Non-triviality and equivalence of time-dependent circulatory
conservation laws

We will now formulate the notions of local and global triviality and equivalence for dynamical
conservation laws, beginning with time-dependent circulatory conservation laws.

Definition 3. A time-dependent circulatory conservation law (3.14) of a PDE system (2.28)
in R

3 is called locally trivial if, on the solution space E of the system, the conserved circu-
lation density ~T and the spatial endpoint flow Ψ have the respective forms

~T [v]|E = Grad Θ[v]|E , (4.10a)

Ψ[v]|E = −Dt Θ[v]|E , (4.10b)

in terms of a scalar differential function Θ[v]. Any two time-dependent circulatory conser-
vation laws (3.14) that differ only by a locally trivial circulatory conservation law are locally
equivalent.

By applying Lemma 1, we see that any conserved circulation current (~T ,Ψ) of the form
(4.10) can be expressed off of the solution space E of the PDE system by the equivalent
formulation

~T [v] = Grad Θ[v] + ~Γtriv[v], Ψ[v] = −Dt Θ[v] + Ξtriv[v] (4.11)

holding identically for all (sufficiently smooth) functions v(t, ~x), where Ξtriv and ~Γtriv are
(scalar and vector) differential functions vanishing on the solution space E of the system:

Ξtriv[v]|E = 0 and ~Γtriv[v]|E = 0.
The key aspect of local triviality is that the circulation current (4.11) identically satisfies

Dt
~T [v]+Grad Ψ[v] ≡ Dt

~Γtriv[v]+Grad Ξtriv[v] which automatically vanishes when v(t, ~x) is
any solution of the given PDE system (2.28). Correspondingly, for any regular curve C ⊂ R

3

within the spatial domain of a given PDE system (2.28), the resulting time-dependent global
circulation conservation law (3.11) becomes the line integral identity

d

dt

∫

C

Grad Θ[v] · d~ℓ =
∫

C

Grad (DtΘ[v]) · d~ℓ = (DtΘ[v])
∣

∣

∣

∂C
=

d

dt

(

Θ[v]
∣

∣

∣

∂C

)

(4.12)

apart from trivial terms that vanish on the solution space E of the PDE system. This identity
contains no local information about the given PDE system or its solutions.

For discussing global triviality, we will call a circulatory conserved current (4.11) type
I trivial if Θ[v]|E is constant, and otherwise type II trivial if Θ[v]|E is non-constant. In
particular:

type I trivial ~T [v]|E = 0, Ψ[v]|E = 0; (4.13)

type II trivial ~T [v]|E = Grad Θ[v]|E 6= 0, Ψ[v]|E = −Dt Θ[v]|E 6= 0. (4.14)

Clearly, a type I trivial circulatory conservation law contains no global information about
solutions of the given PDE system, and hence this type of locally trivially conservation law
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is globally trivial. A type II trivial circulatory conservation law will likewise contain no
global information about the given PDE system when the curve C is closed, since then the
circulation integral

∫

C
Grad Θ[v] · d~ℓ vanishes (by the fundamental theorem of line integrals)

due to the curve having no boundary, ∂C = ∅. In contrast, when the curve C is non-closed, a
type II trivial circulatory conservation law can contain some useful global information if the
net flux term F [v; ∂C] = (DtΘ[v])

∣

∣

∂C
in the integral identity (4.12) vanishes when v(t, ~x) is

an arbitrary solution of the PDE system, since this yields

d

dt

(

Θ[v]
∣

∣

∣

∂C

)

= 0 (4.15)

with Θ[v]|E being non-constant. To see the content of this equation, we observe that it holds
for an arbitrary non-closed curve C if and only if Dt Grad Θ[v]|E = 0, which is a purely

temporal conservation law with GradΘ[v]|E = ~T [v]|E 6= 0 being the conserved density.

Proposition 7. (i) A locally trivial time-dependent circulatory conservation law (4.10) of
any PDE system (2.28) in R

3 is globally trivial for a regular curve C ⊂ R
3 if and only if

either the curve surface is closed, or the curve is non-closed and the net circulation potential
Θ[v]|∂C is either time dependent or zero, for an arbitrary solution v(t, ~x) of the system. (ii)
When a locally trivial surface-flux conservation law (4.18) is globally non-trivial for a non-
closed regular surface S ⊂ R

3, it yields a global pointwise conservation law of the form (4.15)
on the endpoints of the curve, with Θ[v]|E being spatially non-constant.

We will now establish a converse for the first part of Proposition 7. Suppose a time-
dependent global circulatory conservation law (3.11) holding for a regular curve C ⊂ R

3

in the spatial domain of a given PDE system (2.28) contains no global information about

the solutions of the PDE system. Firstly, the circulation integral C[v; C] =
∫

C
~T [v] · d~ℓ

must reduce to endpoint terms by the fundamental theorem of line integrals, which requires
that the circulation density is a gradient, ~T [v]|E = Grad Θ[v]|E . This condition will be
sufficient when the curve C is closed, since the net flux F [v; ∂C] will then vanish identically,
without any condition being necessary on the spatial endpoint flow Ψ[v]|E . When the curve

is non-closed, we must additionally have
∫

C
DtGrad Θ[v] · d~ℓ|E = −

∫

C
Grad Ψ[v] · d~ℓ|E , as

this is necessary for the global conservation law (3.11) to hold. The equality of these two
line integrals for an arbitrary curve C requires Grad(DtΘ[v] + Ψ[v])|E = 0, which implies
(DtΘ[v] + Ψ[v])|E is the density for a local spatial gradient conservation law. For this
conservation law to contain no global information, it must be trivial, whereby we must have
Ψ[v]|E = −DtΘ[v]|E . Hence the conserved circulatory current is locally trivial (4.11), and
consequently the global conservation law (3.11) reduces to the form (4.12). Finally, for the
net flux F [v; ∂C] = (DtΘ[v])

∣

∣

∂C
to contain no global information about solutions v(t, ~x),

the net circulation potential Θ[v]|∂C must either be time dependent whereby the global
conservation law holds as an identity, or be spatially constant whereby both C[v; C] = 0 and
F [v; ∂C] = 0 are trivial.

Thus, we have the following result.
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Theorem 4. A time-dependent global circulatory conservation law (3.11) of a PDE system
(2.28) is globally trivial for an arbitrary regular curve C ⊂ R

3 if and only if the conserved

circulation density ~T [v] is locally trivial (4.10a) and, when the curve is non-closed, the spatial
endpoint flow Ψ[v] is locally trivial (4.10b) such that the net circulation potential Θ[v]|∂C is
either time dependent or zero, for an arbitrary solution v(t, ~x) of the system. Consequently,
in a globally non-trivial circulatory conservation law (3.11) holding on a regular curve C ⊂
R

3, the total circulation C[v; C] either is given by a line integral that essentially depends
on v(t, ~x) at all points along C, or reduces to a pointwise constant of motion (4.15) that
essentially depends on v(t, ~x) only at the end points ∂C of C.

This leads to a corresponding notion of global equivalence.

Corollary 5. Two time-dependent global circulatory conservation laws of a PDE system
(2.28) are equivalent in the sense of containing the same information about the solutions of
the given system if and only if they differ by a globally trivial circulatory conservation law.

The same notions of equivalence and (non-) triviality extend to circulatory constants of
motion. Specifically, a circulatory constant of motion

d

dt

∫

C

~T [v] · d~ℓ = 0 (4.16)

is trivial if and only if the conserved density ~T [v] is locally trivial (4.10a) and, when the
curve C is non-closed, the spatial flow vanishes, Ψ[v]|E = 0.

Finally, using the differential identities (2.33), we can formulation a curl condition for a

conserved circulation current (~T [v],Ψ[v]) to be trivial.

If (~T [v],Ψ[v]) has the locally trivial form (4.11), then Curl ~T [v] = Curl ~Γtriv[v] satisfies

Curl ~T [v]|E = 0. (4.17)

This represents a necessary condition. Now consider the converse. If Curl ~T [v] vanishes on

E , then ~T [v] represents a conserved density for a local spatial curl conservation law (3.19).
Supposing that the given PDE system admits no non-trivial conservation laws of that type,
then Proposition 4 shows that ~T [v] will be locally trivial, and hence ~T [v]|E = Grad Θ[v]|E
holds from Definition 3. This implies Dt

~T [v]|E = Grad DtΘ[v]|E = −Grad Ψ[v]|E whereby
Grad(Ψ[v] + DtΘ[v])|E = 0 is a local spatial gradient conservation law (3.23). If the only
conservation laws of this type admitted by the given PDE system are trivial, then we have
(Ψ[v] +DtΘ[v])|E = 0, and thus Ψ[v]|E has the locally trivial form (4.10).

This formulation of local triviality establishes the following result.

Proposition 8. A necessary condition for a time-dependent local circulatory conservation
law (3.14) of a PDE system (2.28) in R

3 to be locally trivial is that its conserved density ~T [v]
is curl-free (4.17) for an arbitrary solution v(t, ~x) of the PDE system. This curl-free condition
is sufficient if the PDE system has no non-trivial topological circulation conservation laws
(3.20) and no non-trivial spatial gradient conservation laws (3.23).
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The physical meaning of the curl-free condition (4.17) in the spatial domain of the given

PDE system is simply that the conserved circulation density ~T [v] is irrotational, or equiva-
lently that it has vanishing vorticity.

Combining Proposition 8 and Theorem 4, we obtain a simple sufficient condition for
non-triviality of circulatory conservation laws.

Corollary 6. If the conserved density ~T [v] of a time-dependent (local or global) circulatory

conservation law satisfies Curl ~T [v]|E 6= 0, then the conservation law is locally and globally
non-trivial.

We will see in the next subsection how non-trivial time-dependent global circulatory
conservation laws can arise from locally trivial surface-flux conservation laws.

As will be shown in Section 5.2.1, a physical example of a non-trivial circulatory con-
servation law is circulation in irrotational ideal fluid flow; two physical examples of trivial
circulatory conservation laws arise from the density gradient in incompressible fluid flow,
and the entropy gradient in non-homentropic fluid flow.

4.3 Non-triviality and equivalence of time-dependent surface-flux
conservation laws

The notions of triviality and equivalence of time-dependent surface-flux conservation laws
are similar to those for time-dependent circulation conservation laws. One main difference,
however, is that any topological circulation conservation law (3.20) can be added to a time-
dependent surface-flux conservation law, without affecting the surface-flux conserved density.
Another difference is that some gauge freedom arises in the form of a trivial surface-flux
conserved current.

Definition 4. A time-dependent surface-flux conservation law (3.10) of a PDE system (2.28)
in R

3 is called locally trivial if, on the solution space E of the system, the conserved surface-
flux density ~T and the spatial circulation flux ~Ψ have the respective forms

~T [v]|E = Curl ~Θ[v]|E , (4.18a)

~Ψ[v]|E = −Dt
~Θ[v]|E +Grad Λ[v]|E , (4.18b)

in terms of a scalar differential function Λ[v] and a vector differential function ~Θ[v]. Any
two time-dependent surface-flux conservation laws (3.10) that differ only by a locally trivial
surface-flux conservation law are locally equivalent.

Note that the form (4.18) of a locally trivial conserved surface-flux current (~T , ~Ψ) is not
unique, since it is preserved by

~Θ[v]|E → (~Θ[v] + Grad Ξ[v])|E , Λ[v]|E → (Λ[v] +DtΞ[v])|E (4.19)

where Ξ[v] is an arbitrary scalar differential function.
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Moving off of the solution space E of the given PDE system, we can apply Lemma 1 to see
that any locally trivial conserved surface-flux current (4.18) has the equivalent formulation

~T [v] = Curl ~Θ[v] + ~Γtriv[v], ~Ψ[v] = −Dt
~Θ[v] + Grad Λ[v] + ~Φtriv[v] (4.20)

holding identically for all (sufficiently smooth) functions v(t, ~x), where ~Γtriv and ~Φtriv are
any (vector) differential functions vanishing on the solution space E of the system.

Local triviality expresses the property that the surface-flux current (4.20) identically

satisfies Dt
~T [v] +Curl ~Ψ[v] ≡ Dt

~Γtriv[v] +Curl ~Φtriv[v] which automatically vanishes when
v(t, ~x) is any solution of the given PDE system (2.28). Correspondingly, for any regular
surface S ⊂ R

3 within the spatial domain of a given PDE system (2.28), the resulting
time-dependent global surface-flux conservation law (3.6) reduces by Stokes’ theorem to an
integral identity

d

dt

∫

S

Curl ~Θ[v] · d~S =
d

dt

∮

∂S

~Θ[v] · d~ℓ

=

∫

S

Curl (Dt
~Θ[v]) · d~S =

∮

∂S

Dt
~Θ[v] · d~ℓ

(4.21)

apart from trivial terms that vanish on the solution space E of the PDE system. This is an
identity which contains no local information about the given PDE system or its solutions.

We will refer to a locally trivial time-dependent surface-flux conserved current (4.20) as

being either type I trivial if both ~Θ[v]|E and Λ[v]|E are zero, or type IIa trivial if Λ[v]|E
is non-zero while ~Θ[v]|E is zero, or type IIb trivial if ~Θ[v]|E is non-zero, modulo the gauge
freedom (4.19) in each case. In particular:

type I trivial ~T [v]|E = 0, ~Ψ[v]|E = 0; (4.22)

type IIa trivial ~T [v]|E = 0, ~Ψ[v]|E = Grad Λ[v]|E 6= 0; (4.23)

type IIb trivial
~T [v]|E = Curl ~Θ[v]|E 6= 0,

~Ψ[v]|E = −Dt
~Θ[v]|E +Grad Λ[v]|E 6= 0.

(4.24)

This distinction is useful for discussing global triviality.
Clearly, a type I trivial surface-flux conservation law contains neither global nor local

information about solutions of the given PDE system. Hence, this type of locally trivially
conservation law is globally trivial.

A type IIa trivial surface-flux conservation law also contains no information about the
given PDE system, since the integral identity (4.21) only involves ~Θ[v] modulo an arbitrary
gradient Grad Ξ[v], whereby each integral in the identity vanishes identically. Likewise a
type IIb trivial surface-flux conservation law also contains no information about the given
PDE system when the surface S is closed, since then the surface integral

∫

S
Curl ~Θ[v] · d~S

vanishes (by Stokes’ theorem) due to ∂S being empty.
When the surface S is non-closed, a type IIb trivial surface-flux conservation law can

contain some useful global information if the net flux integral F [v; ∂S] =
∮

∂S
Dt

~Θ[v] · d~ℓ in
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the identity (4.21) vanishes when v(t, ~x) is an arbitrary solution of the PDE system. In this
situation, the identity reduces to a global circulatory conservation law (3.11)

d

dt

∮

∂S

~Θ[v] · d~ℓ
∣

∣

E
= 0 (4.25)

on the boundary curve(s) C = ∂S of the non-closed surface S, with no spatial (endpoint)

flow because ∂C = ∂2S = ∅ is empty. Since here we have ~Θ[v]|E 6= Grad Ξ[v]|E by type
IIb triviality, we conclude from Theorem 4 that the circulatory conservation law (4.25) is
globally non-trivial.

This discussion establishes the following interesting result showing how a locally trivial
surface-flux conservation law (4.24) can yield a globally non-trivial circulation conservation
law (4.25) on the boundary of a non-closed surface.

Proposition 9. (i) A locally trivial time-dependent surface-flux conservation law (4.18) of a
PDE system (2.28) in R

3 is globally trivial for a regular surface S ⊂ R
3 if and only if either

the surface is closed, or the surface is non-closed and the circulation integral
∮

∂S
~Θ[v] · d~ℓ

is either time dependent or identically zero, for an arbitrary solution v(t, ~x) of the given
PDE system. (ii) When a locally trivial surface-flux conservation law (4.18) is globally non-
trivial for an arbitrary non-closed regular surface S ⊂ R

3, it corresponds to a purely temporal
curl-type conservation law

DtCurl ~Θ[v]|E = 0 (4.26)

that yields a non-trivial circulatory constant of motion (4.16) on the boundary curve(s) C =
∂S.

The second part of this result has a converse. Every curl-type temporal conservation law
(4.26) yields a circulatory constant of motion on any curve C = ∂S given by the boundary of a
non-closed regular surface S within the spatial domain of the PDE system. Through Stokes’
theorem, the circulatory constant of motion can be expressed as a surface-flux conservation
law

0 =
d

dt

∮

∂S

~Θ[v] · d~ℓ
∣

∣

E
=

∫

∂S

Dt
~Θ[v] · d~ℓ

∣

∣

E
=

d

dt

∫

S

Curl ~Θ[v] · d~S
∣

∣

E
(4.27)

whose conserved current ~T [v]|E = Curl ~Θ[v]|E 6= 0 is locally trivial of type IIb (4.24).
Curl-type temporal conservation laws (4.26) can be obtained from local circulatory con-

servation laws and local spatial curl conservation laws. Specifically, the curl of any locally
non-trivial circulatory conservation law (3.14), written as (Dt

~Θ[v]+Grad Λ[v])|E = 0, yields
a temporal conservation law (4.26), and the time derivative of any locally non-trivial spatial

curl conservation law (3.19), written as (Curl ~Θ[v])|E = 0, also yields a temporal conservation
law (4.26).

We will now establish a converse for the first part of Proposition 9, in a similar way to
the proof of Theorem 4.
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Suppose a time-dependent global surface-flux conservation law (3.6) holding for a reg-
ular surface S ⊂ R

3 in the spatial domain of a given PDE system (2.28) contains no
global information about the solutions of the PDE system. Firstly, the surface-flux integral
C[v;S] =

∫

S
~T [v] · d~S must reduce to a boundary line integral by Stokes’ theorem, which

requires the surface-flux density to be a curl, ~T [v]|E = Curl ~Θ[v]|E . This condition will be
sufficient when the surface S is closed, since the net flux F [v; ∂S] will then vanish identi-

cally, without any condition being necessary on the spatial circulation flux ~Ψ[v]|E . When the

surface has a boundary, we must additionally have
∮

∂S
Dt

~Θ[v] · d~ℓ |E = −
∮

∂S
~Ψ[v] · d~ℓ |E so

that the global conservation law (3.6) holds. The equality of these two line integrals for an

arbitrary boundary ∂S requires Curl(Dt
~Θ[v] + ~Ψ[v])|E = 0, which implies (Dt

~Θ[v] + ~Ψ[v])|E
is the density for a local spatial curl conservation law (3.19). This conservation law must
be locally trivial, as otherwise it will contain global information. Therefore, we must have
(~Ψ[v] +Dt

~Θ[v])|E = Grad Λ[v]|E for some differential scalar function Λ[v]. Hence the con-
served surface-flux current is locally trivial (4.20), and consequently the global conservation

law (3.6) reduces to the form (4.21). Finally, for the net flux F [v; ∂S] =
∮

∂S
Dt

~Θ[v] · d~ℓ to
contain no global information about solutions v(t, ~x), the circulation integral

∮

∂S
~Θ[v] · d~ℓ

must either be time dependent so that the global conservation law holds as an identity, or
be identically zero so that both C[v;S] = 0 and F [v; ∂S] = 0 are trivial.

Hence, we obtain the following main result, extending the first part of Proposition 9.

Theorem 7. A time-dependent global surface-flux conservation law (3.6) of a PDE system
(2.28) is globally trivial for an arbitrary regular surface S ⊂ R

3 if and only if its conserved

density ~T [v] is locally trivial (4.18a) and, when the surface is non-closed, the spatial circula-

tion flux ~Ψ[v] is locally trivial (4.18b) such that the associated circulation integral
∮

∂S
~Θ[v]·d~ℓ

is either time dependent or identically zero, for an arbitrary solution v(t, ~x) of the system.
Consequently, in a globally non-trivial surface-flux conservation law (3.6) holding on a reg-
ular surface S ⊂ R

3, the total surface-flux C[v;S] either is given by a surface integral that
essentially depends on v(t, ~x) at all points on S, or reduces to a circulatory constant of
motion that essentially depends on v(t, ~x) only at the boundary ∂S of S.

This result leads to a notion of global equivalence for surface-flux conservation laws.

Corollary 8. Two global time-dependent surface-flux conservation laws of a PDE system
(2.28) are equivalent in the sense of containing the same information about the solutions of
the given system if and only if they differ by a globally trivial surface-flux conservation law.

The same notions of equivalence and (non-) triviality extend to surface-flux constants of
motion. Specifically, a surface-flux constant of motion

d

dt

∫

S

~T [v] · d~S = 0 (4.28)

is said to be trivial if the conserved density ~T [v] is locally trivial (4.18a) and, when the

surface S is non-closed, the spatial circulation flux vanishes, ~Ψ[v]|E = 0.

32



The conditions in Theorem 7 and Proposition 9 for triviality can be formulated in terms
of a divergence condition, similarly to the curl condition for triviality of conserved circula-
tion currents. If a conserved surface-flux current (~T [v], ~Ψ[v]) is locally trivial (4.20), then

Div ~T [v] = Div ~Γtriv[v] holds by the differential identities (2.33). Hence ~T [v] satisfies

Div ~T [v]|E = 0. (4.29)

This represents a necessary condition. Conversely, if Div ~T [v] vanishes on the solution space

E , then ~T [v] represents a conserved density for a local spatial divergence conservation law
(3.15). Supposing that the given PDE system admits no non-trivial conservation laws of

that type, then Proposition 1 shows that ~T [v] will be locally trivial, ~T [v]|E = Curl ~Θ[v]|E .
This implies Dt

~T [v]|E = Curl Dt
~Θ[v]|E = −Curl ~Ψ[v]|E whereby Curl(~Ψ[v] +Dt

~Θ[v])|E = 0
is a local spatial curl conservation law (3.19). If the given PDE system admits only trivial

conservation laws of that type, then from Definition 2 we have (~Ψ[v]+DtΘ[v])|E is a gradient,

which implies ~Ψ[v]|E has the locally trivial form (4.20).
This argument establishes the following result.

Proposition 10. A necessary condition for a time-dependent surface-flux conservation law
(3.10) of a PDE system (2.28) in R

3 to be locally trivial (4.18) is that its conserved density
~T [v] is divergence-free (4.29) for an arbitrary solution v(t, ~x) of the PDE system. This
divergence-free condition is sufficient if the PDE system has no non-trivial topological flux
conservation laws (3.16) and no non-trivial topological circulation conservation laws (3.20).

The physical meaning of the divergence-free condition Div ~T [v]|E = 0 is that there are

no sources and sinks for ~T [v] in the spatial domain of the given PDE system.
We will now derive a similar formulation of the conditions in Theorem 7 for global

triviality. The formulation differs depending on whether surfaces with or without boundaries
are considered.

In the case of an arbitrary regular surface S without a boundary, global triviality is
equivalent to local triviality. In contrast, the case of an arbitrary regular surface S with a
boundary requires a further argument as follows.

Suppose the circulation integral
∮

∂S
~Θ[v] · d~ℓ

∣

∣

E
vanishes identically for an arbitrary non-

closed regular surface S. Then, from the fundamental theorem for line integrals, ~Θ[v]|E =

Grad Ξ[v]|E holds for a scalar differential function Ξ[v], and thus we have Curl ~Θ[v]|E = 0

by the second of the differential identities (2.33). Conversely, Curl ~Θ[v]|E = 0 implies that
~Θ[v]|E = Grad Ξ[v]|E holds, if the given PDE system has no non-trivial local spatial curl

conservation laws. Hence, under this condition, the vanishing of
∮

∂S
~Θ[v] · d~ℓ|E due to the

fundamental theorem for line integrals will hold when and only when 0 = Curl ~Θ[v]|E =
~T [v]|E .

Suppose instead the circulation integral
∮

∂S
~Θ[v] ·d~ℓ

∣

∣

E
is time dependent for an arbitrary

non-closed regular surface S. This is equivalent to the surface integral
∫

S
Curl ~Θ[v] · d~S|E

being time dependent. Since S is arbitrary, an equivalent condition is that Curl ~Θ[v]|E itself
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must be time dependent. Consequently, time dependence of
∮

∂S
~Θ[v] · d~ℓ

∣

∣

E
will hold when

and only when Curl ~Θ[v]|E = ~T [v]|E is time dependent.
The preceding argument establishes the following result.

Theorem 9. A necessary condition for a time-dependent local surface-flux conservation law
(3.10) of a PDE system (2.28) to yield a globally trivial surface-flux conservation law (3.6)
for an arbitrary regular (closed or non-closed) surface S ⊂ R

3 is that the conserved surface-

flux density ~T [v]|E is divergence free (4.29). This divergence-free condition is sufficient in the
case of closed surfaces S if the PDE system has no non-trivial topological flux conservation
laws (3.16). In the case of non-closed surfaces S, a sufficient condition is that ~T [v]|E either
is both divergence-free and time dependent, or is zero, and also that the PDE system has no
non-trivial topological flux conservation laws (3.16).

This result gives a simple sufficient condition for global non-triviality.

Corollary 10. If the conserved density ~T [v] of a time-dependent (local or global) surface-flux

conservation law satisfies Div ~T [v]|E 6= 0, then the conservation law is locally and globally
non-trivial.

In the next subsection, we will see how non-trivial time-dependent global surface-flux
conservation laws can arise from locally trivial volumetric conservation laws.

As shown in Section 5.2.2, physical examples of non-trivial surface-flux conservation laws
are given by magnetic induction (Faraday’s law) in electromagnetism and ideal MHD, as well
as electric field flux in vacuum electromagnetism; a physical example of a trivial surface-flux
conservation law arises from the vorticity transport equation in ideal fluid flow.

Physical examples of locally trivially surface-flux conservation laws connected with curl-
type temporal conservation laws that yield globally non-trivial circulatory constants of mo-
tion arise in irrotational fluid flow and gas dynamics, which are discussed in Section 5.2.4.

4.4 Non-triviality and equivalence of volumetric conservation laws

Last, we discuss triviality and equivalence of time-dependent volumetric conservation laws.
These notions will be very similar to those for time-dependent surface-flux conservation laws.
Note that any topological flux conservation law (3.16) can be added to a time-dependent
volumetric conservation law, without affecting the volumetric conserved density.

Definition 5. A time-dependent volumetric conservation law (3.5) of a PDE system (2.28)
in R

3 is called locally trivial if, on the solution space E of the system, the conserved density
T and the spatial flux ~Ψ have the respective forms

T [v]|E = Div ~Θ[v]|E , (4.30a)

~Ψ[v]|E = −Dt
~Θ[v]|E + Curl ~Λ[v]|E , (4.30b)

in terms of a pair of vector differential functions ~Λ[v] and ~Θ[v]. Any two time-dependent
volumetric conservation laws (3.5) that differ only by a locally trivial volumetric conservation
law are locally equivalent.
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Note that the form (4.30) of a locally trivial conserved volumetric current (T, ~Ψ) is not
unique, since it is preserved by

~Θ[v]|E → (~Θ[v] + Curl ~Ξ[v])|E , ~Λ[v]|E → (~Λ[v] +Dt
~Ξ[v])|E (4.31)

where ~Ξ[v] is an arbitrary vector differential function.
When we move off of the solution space E of the given PDE system, Lemma 1 shows that

any locally trivial conserved volumetric current (4.30) has the equivalent formulation

T [v] = Div ~Θ[v] + Γtriv[v], ~Ψ[v] = −Dt
~Θ[v]− Curl ~Λ[v] + ~Φtriv[v], (4.32)

holding identically for all (sufficiently smooth) functions v(t, ~x), where Γtriv and ~Φtriv are
(scalar and vector) differential functions vanishing on the solution space E of the system.

Local triviality expresses the property that the volumetric current (4.32) identically satis-

fies Dt T [v]+Div ~Ψ[v] ≡ Dt Γtriv[v]+Div ~Φtriv[v] which automatically vanishes when v(t, ~x)
is any solution of the given PDE system (2.28). Correspondingly, for any regular volume
V ⊂ R

3 within the spatial domain of a given PDE system (2.28), the resulting time-dependent
global volumetric conservation law (3.1) reduces by Gauss’ theorem to an integral identity

d

dt

∫

V

Div ~Θ[v]dV =
d

dt

∮

∂V

~Θ[v] · d~S

=

∫

V

Div (Dt
~Θ[v])dV =

∮

∂V

Dt
~Θ[v] · d~S

(4.33)

apart from trivial terms that vanish on the solution space E of the PDE system. This identity
contains no local information about the given PDE system or its solutions.

To discuss global triviality, we will refer to a locally trivial time-dependent volumetric
conservation law (4.32) as being either type I trivial if both ~Θ[v]|E and ~Λ[v]|E are zero,

or type IIa trivial if ~Λ[v]|E is non-zero while ~Θ[v]|E is zero, or type IIb trivial if ~Θ[v]|E is
non-zero, modulo the gauge freedom (4.31) in each case. In particular:

type I trivial T [v]|E = 0, ~Ψ[v]|E = 0; (4.34)

type IIa trivial T [v]|E = 0, ~Ψ[v]|E = Curl ~Λ[v]|E ; (4.35)

type IIb trivial
T [v]|E = Div ~Θ[v]|E 6= 0,

~Ψ[v]|E = −Dt
~Θ[v]|E + Curl ~Λ[v]|E 6= 0.

(4.36)

This is a direct analog of the three types of local triviality for time-dependent surface-flux
conservation laws.

Similarly to the situation for time-dependent surface-flux conservation laws, volumet-
ric conservation laws that are type I trivial or type IIa trivial contain neither global nor
local information about the given PDE system. Type IIb trivial volumetric conservation
laws, in contrast, can contain some useful global information whenever the net flux integral
F [v; ∂V] =

∮

∂V
Dt

~Θ[v] · d~S in the identity (4.33) vanishes for an arbitrary solution v(t, ~x) of
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the PDE system. The identity thereby becomes a global surface-flux conservation law (3.6)
holding on the boundary surface S = ∂V of the volume V:

d

dt

∮

∂V

~Θ[v] · d~S = 0 (4.37)

with no net spatial flux because the surface ∂V is closed, ∂2V = ∅. Since type IIb triviality
implies ~Θ[v] 6= Curl ~Ξ[v], we conclude from Theorem 7 that the surface-flux conservation
law (4.37) is globally non-trivial.

We have now established the following interesting result which shows how a locally trivial
volumetric conservation law (4.36) can yield a globally non-trivial surface-flux conservation
law (4.37) on the boundary of a volume.

Proposition 11. (i) A locally trivial time-dependent volumetric conservation law (4.30) of
a PDE system (2.28) in R

3 is globally trivial for a regular volume V ⊂ R
3 if and only if

the flux integral
∮

∂V
~Θ[v] · d~S is either time dependent or identically zero, for an arbitrary

solution v(t, ~x) of the system. (ii) When a locally trivial volumetric conservation law (4.30) is
globally non-trivial for a regular volume V ⊂ R

3, it corresponds to a divergence-type temporal
conservation law

DtDiv ~Θ[v]|E = 0 (4.38)

that yields a non-trivial surface-flux constant of motion (4.28) on the boundary surface(s)
S = ∂V.

There is a converse for the second part of this result. Every divergence-type temporal
conservation law (4.38) yields a surface-flux constant of motion on any surface S = ∂V
given by the boundary of a regular volume V within the spatial domain of the PDE system.
The surface-flux constant of motion can be expressed, by Gauss’ theorem, as a volumetric
conservation law

0 =
d

dt

∮

∂V

~Θ[v] · d~S
∣

∣

E
=

d

dt

∫

V

Div ~Θ[v] dV
∣

∣

E
(4.39)

whose conserved current T [v]|E = Div ~Θ[v]|E 6= 0 is locally trivial of type IIb (4.36).
Similarly to the situation for curl-type temporal conservation laws, we can obtain

divergence-type temporal conservation laws (4.38) from local surface-flux conservation laws
and local spatial divergence conservation laws. In particular, the divergence of any locally
non-trivial surface-flux conservation law (3.10), written as (Dt

~Θ[v]+Curl ~Λ[v])|E = 0, yields
a temporal conservation law (4.38), and the time derivative of any locally non-trivial spa-

tial divergence conservation law (3.15), written as (Div ~Θ[v])|E = 0, also yields a temporal
conservation law (4.38).

A converse for the first part of Proposition 11 will now be established, similarly to
Theorem 7 for surface-flux conservation laws.

Suppose a time-dependent global volumetric conservation law (3.1) holding for a regular
volume V ⊂ R

3 in the spatial domain of a given PDE system (2.28) contains no global
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information about the solutions of the PDE system. Firstly, we must have that T [v]|E =

Div ~Θ[v]|E is a divergence, so the volumetric integral C[v;V] =
∫

V
T [v] dV reduces to a

boundary surface integral by Gauss’s theorem. Secondly, for the global conservation law (3.1)

to hold, we must additionally have
∮

∂V
Dt

~Θ[v]·d~S |E = −
∮

∂V
~Ψ[v]·d~ℓ |E . The equality of these

two surface integrals for an arbitrary boundary ∂V requires Div(Dt
~Θ[v]+ ~Ψ[v])|E = 0, which

implies (Dt
~Θ[v]+ ~Ψ[v])|E is the density for a local spatial divergence conservation law (3.15).

Thirdly, for this conservation law to be locally trivial, we must have (Dt
~Θ[v] + ~Ψ[v])|E =

(Curl ~Λ[v])|E for some vector differential function ~Λ[v]. This shows that the conserved
volumetric current is locally trivial (4.30), whereby the global conservation law (3.1) reduces

to the form (4.33). Finally, for the net flux F [v; ∂V] =
∮

∂V
Dt

~Θ[v] · d~S to contain no

global information about solutions v(t, ~x), the flux integral
∮

∂V
~Θ[v] · d~S must either be time

dependent so that the global conservation law holds as an identity, or be identically zero so
that both C[v;V] = 0 and F [v; ∂V] = 0 are trivial.

Hence, we obtain the following main result, which extends the first part of Proposition 11.

Theorem 11. A time-dependent global volumetric conservation law (3.1) of a PDE system
(2.28) is globally trivial for an arbitrary regular volume V ⊂ R

3 if and only if its conserved

density T [v] is locally trivial (4.30a) and the associated flux integral
∮

∂V
~Θ[v] · d~S|E is either

time dependent or identically zero, for an arbitrary solution v(t, ~x) of the system. Con-
sequently, in a globally non-trivial volumetric conservation law (3.1) holding for a regular
volume V ⊂ R

3, the volumetric quantity C[v;V] either is given by a volume integral that es-
sentially depends on v(t, ~x) at all points in V, or reduces to a surface-flux constant of motion
that essentially depends on v(t, ~x) only at the boundary ∂V of V.

This result leads to a notion of global equivalence for volumetric conservation laws.

Corollary 12. Two global time-dependent volumetric conservation laws of a PDE system
(2.28) are equivalent in the sense of containing the same information about the solutions of
the given system if and only if they differ by a globally trivial volumetric conservation law.

The preceding notions of equivalence and (non-) triviality extend to volumetric constants
of motion. Specifically, a volumetric constant of motion

d

dt

∫

V

T [v] dV = 0 (4.40)

is said to be trivial if its conserved density T [v] is locally trivial (4.30a) (with the spatial

flux vanishing, ~Ψ[v]|E = 0).
Unlike the situation for surface-flux and circulatory conservation laws, the triviality con-

ditions in Theorem 11 and Proposition 11 have no general formulation involving a local
condition on the conserved density T [v], because total divergences are not vector differential
functions to which the differential identities (2.33) can be applied. Nevertheless, when the
form of T [v] off of the solution space has a lower differential order than that of the given PDE
system, a local condition for triviality can be formulated using the spatial Euler operator
(cf. Lemma 3).
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Proposition 12. Suppose the conserved density T [v] in a time-dependent local volumetric
conservation law (3.5) of a PDE system (2.28) in R

3 has a lower differential order off of the
solution space than the differential order of all PDEs in the given system. Then a necessary
condition for the conservation law to be locally trivial (4.30) is that T [v] identically satisfies

Êv(T [v]) ≡ 0 (4.41)

where Êv is the spatial Euler operator (2.35). This condition (4.41) is sufficient if the PDE
system has no non-trivial topological flux conservation laws (3.16).

The proof of this result goes as follows. When the differential function T [v] has a lower
differential order than the differential order of every PDE in the given system, the definition
of local triviality (4.32) of T [v] off of the solution space takes the form T [v] = Div ~Θ[v], with
Γtriv[v] ≡ 0. Then, because total spatial divergences comprise the kernel of the spatial Euler
operator (cf Lemma 3), we conclude that the condition (4.41) is necessary and sufficient for

T [v] to be locally trivial. We thereby have DtT [v]|E = Div Dt
~Θ[v]|E = −Div ~Ψ[v]|E , which

implies Div(~Ψ[v]+Dt
~Θ[v])|E = 0 is a local spatial divergence conservation law (3.15). If the

given PDE system admits only trivial conservation laws of that type, then from Definition 1
we have (~Ψ[v] + Dt

~Θ[v])|E is a curl, and consequently ~Ψ[v] is locally trivial (4.32). This
completes the proof.

We can derive a similar formulation of the conditions in Theorem 11 for global triviality
by the following argument.

Suppose the flux integral
∮

∂V
~Θ[v] · d~S

∣

∣

E
vanishes identically for an arbitrary regular

volume V. Then, Stokes’ theorem shows that ~Θ[v]|E = Curl ~Ξ[v]|E holds for a vector differ-

ential function ~Ξ[v], whereby we have Div ~Θ[v]|E = 0 by the first of the differential identities

(2.33). Conversely, Div ~Θ[v]|E = 0 implies that ~Θ[v]|E = Curl ~Ξ[v]|E holds, if the given PDE
system has no non-trivial local spatial divergence conservation laws. Consequently, under
this condition, the vanishing of

∮

∂V
~Θ[v] · d~S|E due to Stokes’ theorem will hold when and

only when 0 = Div ~Θ[v]|E = T [v]|E .
Suppose instead the flux integral

∮

∂V
~Θ[v] · d~S

∣

∣

E
is time dependent for an arbitrary

regular volume V. This is equivalent to the volume integral
∫

V
Div ~Θ[v]dV |E being time

dependent. Since V is arbitrary, an equivalent condition is that Div ~Θ[v]|E itself must be

time dependent. Consequently, time dependence of
∮

∂V
~Θ[v] · d~S

∣

∣

E
will hold when and only

when Div ~Θ[v]|E = T [v]|E is time dependent.
Thus we have established the following result.

Theorem 13. Suppose the conserved density T [v] in a time-dependent local volumetric con-
servation law (3.5) of a PDE system (2.28) in R

3 has a lower differential order off of the
solution space than the differential order of all PDEs in the given system. Then a neces-
sary condition for a time-dependent local volumetric conservation law (3.5) of a PDE system
(2.28) to yield a globally trivial volumetric conservation law (3.1) for an arbitrary regular
volume V ⊂ R

3 is that the conserved volumetric density T [v]|E identically vanishes under
the spatial Euler operator (4.41). A sufficient condition is that the conserved density T [v]
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satisfies the necessary condition (4.41) and is time dependent, or vanishes identically, and
also that the PDE system has no non-trivial topological flux conservation laws (3.16).

This provides a simple sufficient condition for global non-triviality.

Corollary 14. If the conserved density T [v] of a time-dependent (local or global) volumetric
conservation law has a lower differential order off of the solution space than the differential
order of all PDEs in the given and satisfies the variational condition Êv(T [v]) 6= 0, then the
conservation law is locally and globally non-trivial.

Numerous physical examples of volumetric conservation laws are locally and globally
non-trivial:

• mass in fluid flow, gas dynamics, and MHD;

• momentum and angular momentum in fluid flow, gas dynamics, electromagnetism, and
MHD;

• Galilean momentum in fluid flow, gas dynamics, and MHD;

• boost momentum in electromagnetism;

• energy in gas dynamics, ideal fluid flow, electromagnetism, and ideal inviscid MHD;

• entropy in fluid flow;

• helicity in ideal fluid flow;

• cross-helicity in ideal inviscid MHD.

An important of example of locally and globally trivial conservation law is electric charge-
current conservation in electromagnetism, shown in Section 5.2.3.

Physical examples of locally trivially volumetric conservation laws connected with
divergence-type temporal conservation laws that yield globally non-trivial surface-flux con-
stants of motion arise in electromagnetism, MHD, and incompressible fluid flow, which are
discussed in Section 5.2.4.

5 Physical examples of topological and dynamical con-

servation laws

We will now present examples of conservation laws of physical significance, and their interre-
lationships, that arise in the physically important PDE systems for fluid flow, gas dynamics,
electromagnetism, and magnetohydrodynamics. For a survey of all known conservation laws
for these systems, the reader is referred to Refs. [22–35] for fluid flow and gas dynamics;
Refs. [36–39] for electromagnetism; and Refs. [40–50] for magnetohydrodynamics.

We emphasize that the conservation law examples here will not be exhaustive; they have
been chosen to illustrate all of the different types of local and global conservation laws that
arise in three dimensions. In particular, all of the physical examples of these conservation
laws mentioned in Sections 3 and 4 will be discussed.
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5.1 Topological conservation laws

First, examples of topological flux conservation laws and topological circulation conservation
laws will be presented in both their local and global forms.

5.1.1 Spatial divergence/topological flux conservation laws

There are several physical examples of topological flux conservation laws (3.16) that are
(locally and globally) non-trivial.

One main example is magnetic flux in electromagnetism and MHD. In local form, the
conserved flux density is ~Ψ = ~B which physically describes the absence of magnetic charges,
div ~B = 0. Because the differential order of ~Ψ = ~B is zero, it clearly cannot be expressed as a
curl of a differential function in terms of the dynamical variables ( ~E, ~B) in electromagnetism,

or (ρ, ~u, ~B) in MHD. Hence, div ~B = 0 is a locally non-trivial spatial divergence conservation
law, by Definition 1.

The global form of this local conservation law consists of a topological flux conservation
law holding on any connected volume within the physical domain of the electromagnetic or
MHD system. If a volume has a single boundary surface S = ∂V, then the topological flux
is given by a vanishing magnetic flux integral

∮

S

~B · d~S = 0. (5.1)

Alternatively, if the boundary of the volume is given by two disjoint surfaces S1 and S2, then
the topological flux has the form

∮

S1

~B · d~S =

∮

S2

~B · d~S (5.2)

which may be non-zero. The physical meaning of these topological flux integrals is that the
total flux of magnetic field lines measured through a closed surface is invariant under continu-
ous deformations of the surface, and that this flux vanishes for surfaces that bound connected
domains, even when the magnetic field is time-dependent. These global conservation laws
(5.1) and (5.2) are non-trivial from Proposition 1.

A similar physical example is the electric flux in a connected volume V within the physical
domain of an electromagnetic system that contains no electric charges: div ~E = 0 in V. This
is a locally non-trivial spatial divergence conservation law which yields a topological flux
conservation law

∮

S

~E · d~S = 0 (5.3)

whose conserved flux density is ~Ψ = ~E.
Another physical example of a local spatial divergence conservation law (3.15) is given

by the incompressibility equation (2.5) in fluid flow and in MHD. The conserved density
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~Ψ = ~u is the velocity, which clearly cannot be expressed as a curl of a differential function
in terms of the dynamical variables (~u, ρ, p) in fluid flow, or (ρ, ~u, ~B) in MHD. Hence, this
conservation law is locally non-trivial, by Definition 1.

The global form of the incompressibility conservation law consists of a topological flux
conservation law holding on any static connected volume within the physical domain of the
fluid or MHD system. For a volume V with a single boundary surface S = ∂V, the topological
flux is given by

∮

∂V

~u · d~S = 0. (5.4)

Physically, this integral expresses that there are no sources or sinks of streamline flux. For a
volume whose boundary of consists of two disjoint closed surfaces S1 and S2, the topological
flux expresses

∮

S1

~u · d~S =

∮

S2

~u · d~S (5.5)

showing that the total streamline flux is invariant under continuous deformations of a static
closed surface within the fluid or MHD system. This has the physical meaning that the
fluid/plasma volume is preserved. Both of these global conservation laws (5.4) and (5.5) are
non-trivial from Proposition 1.

Another example of a local spatial divergence conservation law arises in incompressible
fluid flow and incompressible MHD, where the pressure satisfies the respective Laplace-type
equations (2.9) and (2.27). These equations arise from the compatibility between the velocity
equation and the incompressibility equation, and consequently they have a spatial divergence
form (3.15) in which ~Ψ = (1/ρ) grad p+(~u·∇)~u for fluid flow, and ~Ψ = (1/ρ) grad p+(~u·∇)~u−
(1/ρ) ~B×( 1

µ0

curl ~B) for MHD. In both cases, ~Ψ = −~ut and Div ~Ψ = − div~ut = −Dt div ~u = 0
holds for solutions of the fluid system and the MHD system. Consequently, these spatial
divergence conservation laws are locally non-trivial.

In global form, the resulting topological flux conservation laws for any static closed surface
S are given by

∫

S

(

(1/ρ) grad p+ (~u · ∇)~u
)

· d~S = − d

dt

∫

S

~u · d~S = 0 (5.6)

in incompressible fluid flow, and

∫

S

(

(1/ρ) grad p+ (~u · ∇)~u− (1/ρ) ~B × ( 1
µ0

curl ~B)
)

· d~S = − d

dt

∫

S

~u · d~S = 0 (5.7)

in incompressible MHD. Thus, these global conservation laws are consequences of the stream-
line flux conservation law (5.4). A similar result holds for disjoint static closed surfaces S1

and S2 that bound any static connected volume within the physical domain of the fluid or
MHD system.
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An example of a (locally and globally) trivial spatial divergence conservation law is the
vorticity relation div ~ω = 0 in fluid flow and gas dynamics, where ~ω = curl ~u is a curl. The
global form of this conservation law for any static closed surface S = ∂V within the fluid or
gas is an identity

∫

S

(∇× ~u) · d~S ≡ 0 (5.8)

by Stokes’ theorem, since ∂S = ∅.

5.1.2 Spatial curl/topological circulation conservation laws

A main physical example of a (locally and globally) non-trivial topological circulation conser-
vation law (3.20) arises in irrotational gas dynamics and fluid flow. These physical systems

have vanishing vorticity ~ω = curl ~u = 0 everywhere in the gas or fluid, and thus ~Ψ = ~u
is a conserved circulation density for a local spatial curl conservation law (3.19). Because
the differential order of ~u is zero, it clearly cannot be expressed as a gradient a differen-
tial function in terms of the dynamical variables (~u, ρ, p) in gas dynamics, or (~u, ρ) in fluid
flow. Consequently, the spatial curl conservation law curl ~u = 0 is locally non-trivial by
Definition 2.

The global form of this conservation law is a topological circulation integral (3.20) holding
on any static connected non-closed surface S within the physical domain of the gas or fluid
system. If the boundary of the surface consists of a single closed curve C = ∂S, then the
circulation integral is given by

∮

C

~u · d~ℓ = 0. (5.9)

Likewise, if instead the boundary ∂S of the surface is given by two disjoint closed curves C1
and C2, then the two corresponding circulation integrals are equal,

∮

C1

~u · d~ℓ =
∮

C2

~u · d~ℓ. (5.10)

The physical meaning of these topological conservation laws is that the net circulation of
streamlines measured around a static closed curve is invariant under continuous deformations
of the curve, and that this circulation vanishes for all static closed curves within the spatial
domain of the physical system. Both conservation laws (5.9) and (5.10) are non-trivial from
Proposition 4.

Another physical example is magnetic circulation in a magnetostatics system: curl ~B = 0
and div ~B = 0. Here ~Ψ = ~B is the conserved circulation density for the local spatial curl
conservation law curl ~B = 0. Clearly, since ~B is the dynamic variable, it cannot be expressed
as a gradient a differential function in terms of itself. Hence this conservation law is locally
non-trivial by Definition 2.
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For any closed connected curve C within the physical domain the magnetostatics system,
the resulting global conservation law is given by

∮

C

~B · d~ℓ = 0. (5.11)

This is a topological circulation integral, expressing that the net magnetic circulation van-
ishes. Similarly, for any two disjoint closed curves C1 and C2, the two corresponding circula-
tion integrals are equal,

∮

C1

~B · d~ℓ =
∮

C2

~B · d~ℓ. (5.12)

These global conservation laws (5.11) and (5.12) are non-trivial from Proposition 4.
A counterpart of the previous example is the electric field circulation in an electrostat-

ics system: curl ~E = 0 and div ~E = 4πρ, where ~Ψ = ~E is the conserved density for the
local spatial curl conservation law curl ~E = 0. This conservation law is locally non-trivial
and yields topological circulation conservation laws analogous to the magnetic circulation
integrals (5.11) and (5.12).

There is a similar example arising in equilibrium ideal MHD, where the velocity and
magnetic field satisfy the curl equation curl(~u× ~B) = 0 due to ~ut = 0 and ~Bt = 0. This curl

equation is a spatial curl conservation law that is locally non-trivial because ~Ψ = ~u× ~B has
differential order zero. The global form of this conservation law is given by the non-trivial
topological circulation integral

∫

C

(~u× ~B) · d~ℓ = 0 (5.13)

for any static closed connected curve C within the physical domain of the MHD system.
Physically, this global conservation law expresses that no net circulation is produced by the
electric field ~E = −~u× ~B around static closed curves.

In the important special case [51] when the MHD equilibrium is field-aligned, ~u|| ~B, the
previous conservation law becomes trivial.

5.1.3 Spatial gradient conservation laws

Irrotational equilibria of ideal fluids provide the main physical example of a local spatial
gradient conservation law (3.20), where ~ut = 0, ρt = 0, and ~ω = 0. The fluid velocity equation
(2.19) for this time-independent physical system reduces to grad(1

2
|~u|2+e(ρ)+p/ρ) = 0 when

the fluid is either constant-density (2.4) or barotropic (2.6). Hence Ψ = 1
2
|~u|2+ e(ρ)+ p/ρ is

the conserved density. The resulting local conservation law is known as Bernoulli’s principle
[52].
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5.2 Dynamical conservation laws

Examples of dynamical conservation laws of volumetric, surface-flux, circulatory type in both
their local and global forms will be presented next. Since the results in Appendix A show
that circulatory conservation laws give rise to surface-flux and volumetric conservation laws,
and also that surface-flux conservation laws give rise to volumetric conservation laws, we
arrange the examples in this order: circulatory; surface-flux; volumetric.

5.2.1 Circulatory conservation laws

The main physical example of a circulatory conservation law that is locally and globally
non-trivial is circulation in irrotational ideal fluid flow.

In local form the fluid circulation conservation law is given by the velocity equation (2.19)
when the fluid flow has no vorticity, ~ω = 0, and is either constant-density (2.4) or barotropic
(2.6). This yields a local circulatory conservation law (3.14) where the conserved density is
~T = ~u, and the spatial flow is Ψ = 1

2
|~u|2 + e(ρ) + p/ρ, with e(ρ) = const in the constant-

density case, and e(ρ) =
∫

(p(ρ)/ρ2)dρ in the barotropic case. Because the differential order

of ~T = ~u is zero, it clearly cannot be expressed as a gradient of a differential function in terms
of the dynamical variables (~u, p) in the constant-density case, or (~u, ρ) in the barotropic case.
Hence this conservation law is locally non-trivial from Definition 3.

For an arbitrary fixed (static) curve C within the fluid, the net circulation
∫

C
~u ·d~ℓ satisfies

the global circulatory conservation law (3.11):

d

dt

∫

C

~u · d~ℓ = −
(

1
2
|~u|2 + e(ρ) + p/ρ

)

∣

∣

∣

∂C
. (5.14)

Here the net spatial flow physically measures the amount of circulation escaping through the
endpoints ∂C of the curve. For closed curves, ∂C = ∅, this global conservation law becomes

d

dt

∮

C

~u · d~ℓ = 0, (5.15)

showing that the total circulation for any fixed closed curve within the fluid is a constant of
motion. This is a static counterpart of Kelvin’s circulation theorem for moving closed curves
transported in a fluid and it holds as a consequence of the topological circulation conservation
law (5.9). (We will discuss this further in Section 5.2.4.) The global conservation laws (5.14)
and (5.15) are globally non-trivial from Theorem 4.

Two examples of locally trivial circulatory conservation laws arise from the density gra-
dient and entropy gradient in fluid flow.

First, for incompressible fluids, the gradient of the density transport equation (2.8) yields
(grad ρ)t + grad(~u · grad ρ) = 0. This has the form of a local circulatory conservation law

(3.14), where the conserved density is a gradient ~T = grad ρ, and the spatial flow is Ψ =

~u · grad ρ = −ρt. Hence the conserved current (~T ,Ψ) = (grad ρ, ~u · grad ρ) = (grad ρ,−ρt) is
locally trivial (4.10). The global form of this circulatory conservation law is given by

d

dt

∫

C

grad ρ · d~ℓ =
∫

C

grad ρt · d~ℓ = ρt

∣

∣

∣

∂C
= −

(

~u · grad ρ)
∣

∣

∣

∂C
(5.16)
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which holds as an identity. Its global triviality is a consequence of Proposition 7, since ρ is
time dependent for an arbitrary solution of the irrotational fluid system.

Second, for locally adiabatic fluids, the gradient of the entropy transport equation (2.7)
yields (gradS)t+grad(~u ·gradS) = 0, which has the form of a local circulatory conservation

law (3.14), with ~T = gradS and Ψ = ~u · gradS = −St. This conservation law has the same
properties as the locally and globally trivial one just discussed for the density gradient.

5.2.2 Surface-flux conservation laws

One primary physical example of a surface-flux conservation law that is locally and globally
non-trivial is magnetic induction (Faraday’s law) in electromagnetism and ideal MHD.

The magnetic induction equation (2.26) in MHD yields a local surface-flux conservation

law (3.10) where the conserved density is ~T = ~B, and the spatial circulation flux is ~Ψ =

~u× ~B − η

µ0

curl ~B. Because the differential order of ~T = ~B is zero, it cannot be expressed as

a curl of a differential function in terms of the dynamical variables (ρ, ~u, ~B), and thus this
conservation law is locally non-trivial from Definition 4.

For an arbitrary fixed non-closed surface S, the net magnetic flux
∫

S
~B · d~S satisfies the

global surface-flux conservation law (3.6) which is given by

d

dt

∫

S

~B · d~S = −
∫

∂S

( ~B × ~u+ η

µ0

curl ~B) · d~ℓ. (5.17)

Its physical meaning in the case η = 0 of ideal MHD is that the rate of change of magnetic
flux enclosed by a fixed surface in a plasma/liquid metal is balanced exactly by the transport
of the magnetic field through the surface by the flow. In general, for closed surfaces, ∂S = ∅,
this global conservation law (5.17) becomes

d

dt

∮

S

~B · d~S = 0, (5.18)

which holds as a consequence of the topological magnetic flux conservation law (5.1). (We
will discuss this further in Section 5.2.4.) These global conservation laws (5.18) and (5.17)
are globally non-trivial from Proposition 9.

The same local and global conservation laws for magnetic flux arise in electromagnetism,
where the magnetic induction equation has the form (2.21b). In global form, this is a
statement of Faraday’s law

d

dt

∫

S

~B · d~S = −c

∫

∂S

~E · d~ℓ, (5.19)

which gives the amount of electromotive force circulating around the boundary of a fixed
surface when the net magnetic flux is varying in time.

An analogous surface-flux conservation law is given by the electric field equation (2.23a)

in vacuum electromagnetism. The conserved density is ~T = ~E, and the spatial circulation
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flux is ~Ψ = −c ~B. For an arbitrary fixed non-closed surface S, the global form of this
conversation law states that a time-varying electric flux through the surface generates a
magnetic circulation along the boundary of the surface,

d

dt

∫

S

~E · d~S = c

∫

∂S

~B · d~ℓ (5.20)

(where ~Et is called the electric displacement current). When closed surfaces, ∂S = ∅, are
considered, the resulting global conservation law

d

dt

∮

S

~E · d~S = 0 (5.21)

holds as a consequence of the topological electric flux conservation law (5.3). These con-
servation laws are locally and globally non-trivial by the same argument explained for the
magnetic induction conservation laws.

A more general situation where a non-trivial surface-flux conservation law occurs is for
the microscopic electric field given by Maxwell’s equation (2.21a) when the electric charge
distribution in a volume V is static but non-zero, namely ρt = 0, grad ρ 6≡ 0. In this situation,
the electric current will be source-free, div ~J = 0, which implies that it can be expressed in
the form ~J = curl ~F if the volume V is topologically trivial. As a consequence, Maxwell’s
equation (2.21a) takes the form of a local surface-flux conservation law ~Et = curl (c ~B−4π ~F ),

where the conserved density is ~T = ~E and the spatial circulation flux is ~Ψ = −c ~B + 4π ~F .
The global form of this conversation law for the closed boundary surface S = ∂V shows that
the net electric flux is a constant of motion (5.21). Unlike the vacuum case (when ρ ≡ 0),
here this constant of motion can be non-zero as it measures the total charge contained in V:

∫

S

~E · d~S = 4π

∫

V

ρ dV.

An example of a trivial surface-flux conservation law is given by the vorticity transport
equation (2.20) in an ideal fluid that has either constant density or a barotropic pressure.

Here the conserved density is a curl, ~T = ~ω = curl ~u, while the spatial circulation flux is
given by ~Ψ = ~ω × ~u = −ut − grad(1

2
|~u|2 + e(ρ) + p/ρ) due to the velocity equation (2.19).

The conserved current (~T , ~Ψ) is locally trivial (4.18), from Definition 4. In global form, for
an arbitrary fixed (static) surface S within the fluid, this surface-flux conservation law is
given by

d

dt

∫

S

~ω · d~S =
d

dt

∫

∂S

~u · d~ℓ =
∫

∂S

~ut · d~ℓ = −
∮

∂S

(~ω × ~u) · d~ℓ (5.22)

which holds as an identity. Its global triviality is a consequence of Proposition 9, since ~u is
time dependent for an arbitrary solution of the fluid system.

A related physical example of a trivial surface-flux conservation law arises in irrotational
constant-density ideal fluid flow with a non-constant (locally adiabatic) entropy density,
where the fluid velocity and the entropy density obey the equations

~ut + grad(1
2
|~u|2 + p/ρ) = 0, St + ~u · grad S = 0.
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By taking the cross-product of the velocity equation with grad S, and adding the cross-
product of the velocity with the gradient of the entropy transport equation, we obtain a
local surface-flux conservation law (3.10) having the conserved density

~T = ~u× grad S = − curl(S~u)

and the spatial circulation flux

~Ψ = (1
2
|~u|2 + p/ρ) grad S − (~u · grad S)~u = (S~u)t − grad((1

2
|~u|2 + p/ρ)S).

This yields a conserved current (~T , ~Ψ) that is locally trivial (4.18), from Definition 4. The
global form of this surface-flux conservation law on an arbitrary fixed (static) surface S
within the fluid is given by the identity

d

dt

∫

S

(~u× grad S) · d~S = − d

dt

∫

S

curl(S~u) · d~S

= −
∮

∂S

(S~u)t · d~ℓ = −
∮

∂S

(

(1
2
|~u|2 + p/ρ) grad S − (~u · grad S)~u

)

· d~ℓ.

This conservation law is globally trivial, since when ~u×grad S = ~T 6= 0, we have that ~u and
grad S are not colinear, whereby (1

2
|~u|2 + p/ρ) grad S − (~u · grad S)~u = ~Ψ 6= 0.

5.2.3 Volumetric conservation laws

We begin by presenting the main physical examples of non-trivial volumetric conservation
laws: mass, entropy, momentum, energy, helicity and cross-helicity. In table 2, these conser-
vation laws are written in local form (3.5) for the volumetric density T and spatial flux ~Ψ,
which allows the similarities among the various conservation laws to be seen. (The abbre-
viations FD, GD, EM, MHD to refer to the respective physical systems for fluid flow, gas
dynamics, electromagnetism, magnetohydrodynamics.)

Each of these conservation laws is both locally and globally non-trivial. The non-triviality
of mass, entropy, momentum, energy, and cross-helicity is a consequence of Corollary 14.
For helicity, its non-triviality can be shown by a generalization of the proof of this Corollary
adapted to the specific form of the conserved density.

The physical meaning of the global form of the momentum and angular momentum
conservation laws, as well as the conservation laws for mass, entropy, and energy, is very
well-known. Helicity has the physical meaning that the volumetric quantity

∫

V
~u · ~ω dV

measures the linkage of vortex lines in any fixed (static) volume V within the fluid. Similarly

for cross-helicity, the volumetric quantity
∫

V
~u · ~B dV in a fixed volume V physically measures

the collinearity between the velocity and the magnetic field within the plasma/liquid.
For a gas or fluid confined to a fixed volume V, the flow velocity vector at the boundary

will be tangential to boundary surface ∂V, ~u|∂V · ν̂ = 0. As a consequence, the flux of
mass will vanish at the boundary. Likewise, the flux of entropy will vanish when the flow
is locally adiabatic, and the flux of energy will vanish when the flow has no viscosity. In
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these situations, the total mass, entropy, and energy are constants of motion. Similarly, for
an ideal, inviscid plasma or liquid metal confined to a fixed volume V, if the magnetic field
is also confined to V then both the energy flux and cross-helicity flux will vanish at the
boundary ∂V (as seen from table 2), due to ~u|∂V · ν̂ = 0 and ~B|∂V · ν̂ = 0. Consequently, the
total energy and the total cross-helicity will be constants of motion.

In contrast, the helicity for an ideal (incompressible or barotropic) fluid confined to a fixed
volume V is not in general a constant of motion. The boundary condition for the vorticity
vector ~ω in the flow is that ~ω|∂V ‖ ν̂, and thus the total helicity satisfies d

dt

∫

V
~u · ~ω dV =

−
∮

∂V
(p/ρ + e − |~u|2)~ω · ν̂ dA which is generally non-vanishing. In particular, the rate of

change in total helicity in the volume V is balanced by vorticity within the boundary surface
∂V, ~ω|∂V · ν̂ 6= 0.

Other well-known examples of non-trivial volumetric conservation laws are angular mo-
mentum, Galilean momentum, and boost momentum.

Table 2: Non-trivial volumetric conservation laws
Name Density T Flux ~Ψ Physical system

mass ρ ρ~u FD, GD, MHD
entropy S S~u locally adiabatic FD

momentum
(ξ̂ = i, j,k) ρξ̂ · ~u ρ(ξ̂ · ~u)~u+ p̄ξ̂ − µ(ξ̂ · ∇)~u FD, GD

ρξ̂ · ~u
ρ(ξ̂ · ~u)~u− 1

µ0

(ξ̂ · ~B) ~B

+
(

p̄ + 1
2µ0

| ~B|2
)

ξ̂ − µ(ξ̂ · ∇)~u
MHD

1
c
ξ̂ · ( ~E × ~B)

(ξ̂ · ~E) ~E + (ξ̂ · ~B) ~B

− 1
2
(| ~E|2 + | ~B|2)ξ̂

vacuum EM

energy ρ(1
2
|~u|2 + e) (1

2
ρ|~u|2 + ρe+ p)~u ideal FD, ideal GD

1
2
ρ|~u|2 + 1

γ
p

+ 1
2µ0

| ~B|2

(

1
2
ρ|~u|2 + (1 + 1

γ
)p
)

~u

− 1
µ0

(u× ~B)× ~B
ideal inviscid MHD

1
2
(| ~E|2 + | ~B|2) c ~E × ~B vacuum EM

helicity ~u · ~ω (p/ρ+ e)~ω + (~ω × ~u)× ~u
ideal barotropic FD

ideal incompressible FD

cross-helicity ~u · ~B
(

1
2
|~u|2 + (1 + 1

γ
)p/ρ

)

~B

− ( ~B × ~u)× ~u
ideal inviscid MHD

One physical example of a locally trivial volumetric conservation law is the charge-current
continuity equation (2.22) in the non-vacuum Maxwell’s equations. The conserved density

is given by T = ρ = 1
4π

div ~E which is a spatial divergence, while the spatial flux is given by
~Ψ = 4π ~J = − 1

4π
~Et +

c
4π

curl ~B. Hence, the total charge in a fixed volume V can expressed

as a surface-flux integral
∫

V
ρdV = 1

4π

∫

∂V
~E · d~S whose time derivative is given by

d

dt

∫

V

ρdV =
d

dt

( 1

4π

∫

∂V

~E · d~S
)

=
1

4π

∫

∂V

~Et · d~S = −
∫

∂V

~J · d~S
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through Gauss’ theorem. This represents a global conservation law holding as an identity
for the surface-flux integral 1

4π

∫

∂V
~E · d~S. Its global triviality can also be deduced from

Proposition 11.
Another example of a locally trivial volumetric conservation law arises in ideal fluid flow

that has either constant density or a barotropic pressure, with the entropy density being
non-constant (locally adiabatic). By combining the entropy transport equation (2.7) and
the vorticity transport equation (2.20), we obtain a local volumetric conservation law

∂t(~ω · grad S) + div ((~ω · grad S)~u) = 0. (5.23)

This result is known as Ertel’s theorem [34, 53, 54]. In this conservation law, the conserved
density is equal to a spatial divergence

T = ~ω · grad S = div(~u× grad S),

while the spatial flux can be expressed as

~Ψ = (~ω · grad S)~u = −(~u× grad S)t − Curl ((S~u)t + S~ω × ~u) .

Thus the conserved current (T, ~Ψ) is locally trivial, by Definition 5. The global form of the
conservation law (5.23) in any fixed (static) volume V within the fluid is given by

d

dt

∫

V

~ω · grad S dV =
d

dt

∫

V

div(~u× grad S)dV

=

∮

∂V

(~u× gradS)t · d~S = −
∮

∂V

(~ω · grad S)~u · d~S
(5.24)

which holds as an identity. This conservation law is globally trivial, since when ~ω · grad S =
T 6= 0, we have (~ω · grad S)~u = ~Ψ 6= 0 provided ~u 6= 0.

An analogous trivial volumetric conservation law will hold for any scalar function
f [ρ, S, p, ~u] that satisfies the transport equation Dtf + ~u ·Grad f = 0.

5.2.4 Globally non-trivial boundary conservation laws

Non-trivial boundary conservation laws in global form are given by surface-flux constants of
motion (4.28) on a closed boundary surface S = ∂V of a volume, and circulatory constants
of motion (4.16) on a closed boundary curve C = ∂S of a surface. The local form of these
conservation laws consists of divergence-type temporal conservation laws (4.38) and curl-type
temporal conservation laws (4.26), respectively. Physical examples arise in PDE systems
that possess evolution equations and spatial constraint equations: electromagnetism, MHD,
incompressible fluid flow, and irrotational fluid flow.

In electromagnetism and MHD, the magnetic field is divergence free, div ~B = 0. Since
this equation is compatible with the evolution equations in these PDE systems, we have
Dt(div ~B) = 0, which is a divergence-type temporal conservation law for the conserved

density T = div ~B. This conservation law is trivial because div ~B = 0 holds for all solutions
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of both systems. More specifically, it has the form of a locally trivial volumetric conservation
law with vanishing spatial flux, ~Ψ = 0. Its global form for any volume V within the physical
domain of each system is given by the magnetic flux conservation law (5.18) for the closed
boundary surface S = ∂V. In particular, this is a non-trivial global surface-flux conservation
law, which arises from a locally trivial volumetric conservation law.

Similarly, in incompressible fluid flow and incompressible MHD, since the velocity is diver-
gence free, div~u = 0, we obtain the divergence-type temporal conservation law Dt(div ~u) = 0
which has the form of a locally trivial volumetric conservation law T = div ~u with vanishing
spatial flux, ~Ψ = 0. It has the global form (5.6) and (5.7) which states the vanishing of
the net streamline flux through the closed boundary surface S = ∂V of any static volume V
within the physical domain of these respective systems is conserved.

Another similar example is irrotational fluid flow or gas dynamics, where curl ~u = 0. The
time derivative of this equation gives Dt(curl ~u) = 0, which is compatible with the evolution
equation for ~u in these systems. This equation is a curl-type temporal conservation law.
It has the form of a locally trivial surface-flux conservation law, in which ~T = curl ~u is
the conserved density and ~Ψ = 0 is the the spatial circulation flux. The global form of
this conservation law states that the vanishing of the net circulation (5.15) around any
static closed curve within the physical domain of the irrotational systems is conserved. In
particular, this provides an example of a non-trivial global circulatory conservation law
arising from a locally trivial surface-flux conservation law.

6 Potentials and non-triviality

All non-trivial conservation laws admitted by a given physical PDE system G[v] = 0 contain
local and global information about the solutions v(t, ~x) of the system. It is often useful
to convert a non-trivial conservation law into an identity by the introduction of a set of
potentials. The information contained in the conservation law then becomes transferred
to the set of equations that relate the set of potentials to the dynamical variables in the
conservation law. Part of the information may also reside in the topological properties of
the spatial domain in which the potential is defined.

From a mathematical viewpoint, the introduction of potentials involves moving from the
original jet space (t, ~x, v, ∂v, ∂2

v, . . .) to a new jet space in which some of the dynamical
variables (and their derivatives) get replaced by the set of potentials (and their derivatives).
In terms of the variables in the new jet space, the conservation law in local form holds as an
identity which no longer contains any local information about solutions of the PDE system.
Thus, the conservation law becomes locally trivial.

To illustrate this relationship between potentials and triviality of conservation laws, we
will give a few important physical examples from fluid flow, gas dynamics, electromagnetism,
and MHD.
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6.1 Potentials in irrotational fluid flow and gas dynamics

One important physical example of a potential arises in irrotational fluid flow and gas dy-
namics, where the vorticity ~ω = curl ~u = 0 vanishes everywhere in the spatial domain Ω ⊆ R

3

of the fluid or gas. This equation represents a locally non-trivial spatial curl conservation
law (3.19), as discussed in Section 5.1.2. A corresponding potential is given by

~u = gradϕ (6.1)

where ϕ is called the velocity potential. When the spatial domain Ω has trivial topology
(such that all closed loops in Ω are contractible), the velocity potential will be a smooth
function in Ω. Then the vorticity equation holds as an identity

curl ~u = curl gradϕ ≡ 0 (6.2)

everywhere in Ω.
While this conservation law curl ~u = 0 is non-trivial with respect to the jet space of

dynamical variables (~u, ρ, p) in the fluid or gas system, its formulation as an identity (6.2)
means that it is locally trivial with respect to the new jet space of variables (ϕ, ρ, p).

For any static closed curve C = ∂S bounding a connected surface S ∈ Ω, the global form
of the conservation law curl ~u = 0 is given by the vanishing circulation integral (5.9), which
has the physical meaning that the fluid or gas is irrotational. Once the velocity potential is
introduced, the resulting global conservation law becomes a line integral identity

∮

C

~u · d~ℓ =
∮

C

gradϕ · d~ℓ ≡ 0 (6.3)

(holding due to the fundamental theorem of calculus for line integrals) since the curve has
no boundary, ∂C = ∅. This form of the conservation law contains no information about
the physical system, while the physical information about the fluid or gas being irrotational
resides instead in the equation (6.1) relating the velocity potential ϕ to ~u.

6.2 Potentials in incompressible fluid flow

Another important physical example of a potential arises in incompressible fluid flow as well
as in incompressible MHD, where the velocity is divergence free, div ~u = 0, everywhere in
the spatial domain Ω ⊆ R

3 of the fluid or MHD system. This incompressibility equation
represents a locally non-trivial spatial divergence conservation law (3.15), as discussed in
Section 5.1.1. Its has the physical content that the fluid volume or liquid metal volume in
the flow is not expanding or contracting. Mathematically, it states that there are no sources
or sinks of velocity streamlines.

In two spatial dimensions, the velocity ~u can be expressed in terms of a single scalar
potential, known as the stream function, whose gradient is orthogonal to ~u. A generalization
to three spatial dimensions involves introducing a pair of scalar potentials (α, β) given by

~u = gradα× grad β. (6.4)
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Since ~u is orthogonal to the gradient of each potential, these potentials (α, β) are analogous
to stream functions and are known as Clebsch variables [52]. In particular, ~u lies in the
intersection of the corresponding potential surfaces α = const and β = const.

When the spatial domain Ω has trivial topology (such that all closed surfaces in Ω are
contractible), both potentials will be smooth functions in Ω. Then the incompressibility
equation holds as an identity

div ~u = div(gradα× gradβ) = (curl gradα)× gradβ − gradα× (curl grad β) ≡ 0 (6.5)

everywhere in Ω.
With respect to the jet space of dynamical variables (~u, ρ, p) in fluid flow, or (~u, ρ, ~B)

in MHD, the conservation law div~u = 0 is non-trivial, but it becomes locally trivial with
respect to the new jet space of variables (α, β, ρ, p). The physical and mathematical content
of this conservation law then resides in the equation (6.4) relating the Clebsch potentials
(α, β) to ~u.

For any static closed surface S = ∂V bounding a connected volume V ∈ Ω, the global
form of the conservation law div ~u = 0 is given by the vanishing streamline-flux integral (5.4).
Once the velocity potential is introduced, the resulting global conservation law becomes a
surface integral identity

∮

S

~u · d~S =

∮

S

(gradα× gradβ) · d~S =

∮

S

curl(α grad β) · d~S ≡ 0 (6.6)

(holding due to Stokes’ theorem) since the surface has no boundary, ∂S = ∅. Hence this
form of the conservation law is globally trivial.

6.3 Potentials in electromagnetism

One more important physical example comes from Maxwell’s equations (2.21) for electro-

magnetism, where the magnetic field ~B is divergence free and its time derivative is given
by the curl of the electric field. The divergence equation div ~B = 0 represents a locally
non-trivial spatial divergence conservation law, while the evolution equation ~Bt = −c curl ~E
represents a locally non-trivial surface-flux conservation law, which are discussed in Sec-
tions 5.1.1 and 5.2.2 respectively. Note that these two equations for ~B are compatible: the
time derivative of div ~B is equal to the divergence of ~Bt + c curl ~E (namely, these equations
are related by a differential identity). In global form, the resulting conservation laws (5.1)
and (5.19) for any closed surface S = ∂V bounding a volume V within the physical domain
Ω ⊆ R

3 of the electromagnetic system state that the net magnetic flux through S is zero
and that this flux is time-independent, due to the absence of magnetic charges. Both of
these conservation laws are globally non-trivial with respect to the jet space of dynamical
variables ( ~E, ~B).

First, a potential for the divergence equation div ~B = 0 is given by

~B = curl ~A (6.7)
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where ~A(t, ~x) is called the (magnetic) vector potential. When the spatial domain Ω has
trivial topology (such that all closed surfaces in Ω are contractible), the vector potential will
be a smooth vector function in Ω. The divergence equation then holds as an identity

div ~B = div curl ~A ≡ 0 (6.8)

everywhere in Ω. Consequently, this conservation law becomes locally trivial with respect to
the jet space of the variables ( ~E, ~A). The corresponding global conservation law (5.1) then
holds as surface integral identity

∮

S

~B · d~S =

∮

S

(curl ~A) · d~S ≡ 0 (6.9)

by Stokes’ theorem since the surface is closed, ∂S = ∅. The physical information that there
are no magnetic charges resides instead in the equation (6.7) relating the magnetic field ~B

to the vector potential ~A.
When the evolution equation ~Bt = −c curl ~E is expressed in terms of the vector potential,

it becomes a curl equation

curl( ~At + c ~E) = 0 (6.10)

which represents a locally non-trivial spatial curl conservation law. The global form of this
conservation law relates the net electric circulation (electromotive force) around any closed
curve C to the rate of change of circulation of the vector potential:

∮

C

~E · d~ℓ = −1

c

d

dt

∮

C

~A · d~ℓ. (6.11)

Next, a potential for the curl equation (6.10) is given by

~E = gradφ− 1
c
~At (6.12)

where φ(t, ~x) is called the (electric) scalar potential. When the spatial domain Ω has trivial
topology (such that all closed loops in Ω are contractible), the scalar potential will be a
smooth function in Ω. The curl equation then holds as an identity

curl( ~At + c ~E) = curl gradφ ≡ 0 (6.13)

everywhere in Ω. As a consequence, this conservation law becomes locally trivial with respect
to the jet space of the potentials (φ, ~A). Likewise, the corresponding global conservation law
(6.11) becomes a line integral identity

∮

C

~E · d~ℓ+ 1

c

d

dt

∮

C

~A · d~ℓ =
∮

C

gradφ · d~ℓ ≡ 0 (6.14)

since ∂C = ∅.
One difference between this electromagnetic example and the previous examples in fluid

flow is that the pair of electromagnetic potentials (φ, ~A) have gauge freedom given by

φ → φ+ 1
c
χ
t
, ~A → ~A+ gradχ (6.15)

in terms of an arbitrary scalar function χ(t, ~x). The physical variables ( ~E, ~B), along with all
of the preceding conservation laws, are invariant under this gauge freedom.
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7 Conclusion

We have explored the properties and relationships of the different types of dynamical and
topological conservation laws for PDE systems in three spatial dimensions. These types
are distinguished by the dimensionality of the domain on which the global form of the
conservation law is formulated: volumes, surfaces, and curves, in the case of dynamical
conservation laws; surfaces and curves, in the case of topological conservation laws.

We have introduced both global and local formulations of all of these different conserva-
tion laws within a unified framework, and we have also explained the conditions under which
these conservation laws yield constants of motion.

Our main results consist of providing an explicit and systematic characterization for
when two conservation laws are locally or globally equivalent, and for when a conservation
law is locally or globally trivial, as well as deriving relationships among the different types
of conservation laws. These results significantly clarify and improve the notion of a “trivial”
conservation law.

We have used these results to show how a trivial local conservation laws on a domain
can yield a non-trivial global conservation law on the domain boundary. These boundary
conservation laws are found to be related to constants of motion that arise from differential
identities holding in a PDE system when it contains both evolution equations and spatial
constraint equations. This demonstrates that such differential identities are not merely
“trivial” conservation laws, which has been the source of some confusion in the literature.

Additionally, we have explained how non-triviality of a conservation law gets altered
when potentials are introduced.

Throughout, physical examples from fluid flow, gas dynamics, electromagnetism, and
magnetohydrodynamics have been used to illustrate the results. Because the examples are
formulated within a unified framework, they shed light on the similarities and connections
among various conservation laws in all of these physical systems.

In subsequent papers, we plan first to extend all of these results to conservation laws that
are formulated on moving spatial domains. For PDE systems describing the flow of a physical
continuum, such as a gas, a fluid, or a plasma, the most important kind of conservation laws
and constants of motion are ones that hold on moving domains transported by the flow.
Of particular interest are material conservation laws that have vanishing fluxes. These
conservation laws will be shown to be closely connected to “frozen-in” quantities which are
very useful for understanding the physical and analytical properties of solutions.

We further plan to study the different types of conservation laws on static and moving
domains for PDE systems in two spatial dimensions.
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A Relationships among the different types of local con-

servation laws

Local volumetric, surface-flux, and circulatory conservation laws (3.5), (3.10), (3.14) are
related to each other in several ways. These relationships can be expressed succinctly in
terms of a time-independent vector function ~ξ(x) in R

3. Hereafter we will use subscripts
V,S, C to distinguish the three respective types of conserved densities and spatial fluxes.

Firstly, we take the dot product of ~ξ(x) with any local circulatory conservation law (3.14).

The time-derivative term yields ~ξ ·Dt
~TC = Dt(~TC · ~ξ), while the spatial gradient term yields

~ξ · (Grad ΨC) = Div(ΨC
~ξ) + ΨC div ~ξ. Therefore, if we take ~ξ(x) to be divergence-free, then

we obtain a set of local volumetric conservation laws (3.5) given by

TV = ~TC · ~ξ, ~ΨV = ΨC
~ξ, div ~ξ = 0. (A.1)

In a similar way, the dot product of ~ξ with any local surface-flux conservation law (3.10)

yields the terms Dt(~TS · ~ξ) and Div(~ΨS × ~ξ)− ~ΨS · curl ~ξ. By taking ~ξ(x) to be curl-free, we
obtain a set of local volumetric conservation laws (3.5) given by

TV = ~TS · ~ξ, ~ΨV = ~ΨS × ~ξ, curl ~ξ = 0. (A.2)

Secondly, we take the cross product of ~ξ(x) with any local circulatory conservation law

(3.14). The time-derivative term yields ~ξ ×Dt
~TC = −Dt(~TC × ~ξ), while the spatial gradient

term yields ~ξ × (Grad ΨC) = −Curl(ΨC
~ξ) − ΨC curl ~ξ. Therefore we obtain a set of local

surface-flux conservation laws (3.10) given by

~TS = ~TC × ~ξ, ~ΨS = ΨC
~ξ, curl ~ξ = 0. (A.3)

The cross product of ~ξ with any local surface-flux conservation law (3.10) does not yield

any type of local conservation law. In particular, if ~ξ is taken to be a constant vector for
simplicity, the spatial curl term gives ~ξ×(Curl ~ΨS) = Grad(~ξ · ~ΨS)+Curl(~ξ× ~ΨS)−~ξDiv ~ΨS

which is a linear combination of all three types of spatial terms appearing in local conservation
laws.

The three relationships (A.1), (A.2), (A.3) have direct counterparts for local spatial
divergence, curl, and gradient conservation laws (3.15), (3.19), (3.23). Specifically, we have

~ΨS = Ψ~ξ, div ~ξ = 0, (A.4)

~ΨS = ~ΨC × ~ξ, curl ~ξ = 0, (A.5)

~ΨC = Ψ~ξ, curl ~ξ = 0, (A.6)

where subscripts S and C denote (the domains of) spatial divergence and spatial curl con-
servation laws; and an empty subscript denotes a spatial gradient conservation law.

A special case of all of these relationships is when ~ξ is a constant vector. In particular,
we can work in Cartesian coordinates ~x = (x, y, z) and take ~ξ to be each of three corre-
sponding unit vectors i, j,k. Then the three components of local surface-flux and circulatory
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conservation laws produce three corresponding local volumetric conservation laws, and like-
wise the three components of local spatial curl and gradient conservation laws produce three
corresponding local spatial divergence conservation laws.

The general form of the relationships (A.1)–(A.3) and (A.4)–(A.6) provides a mapping
from a local conservation law into a set of local conservation laws parameterized by a vector
function ~ξ(x). To understand the properties of these sets of local conservation laws, we will

use the result (Poincaré’s lemma) that, in R
3, curl ~ξ = 0 is equivalent to ~ξ = grad ζ for

some scalar function ζ(x), and similarly div ~ξ = 0 is equivalent to ~ξ = curl ~ζ for some vector

function ~ζ(x).
Therefore, we can write the sets of dynamical conserved currents (A.7), (A.8), (A.9) in

the respective forms

TV = Div(~ζ × ~TC) + ~ζ · (Curl ~TC), ~ΨV |E = −Dt(~ζ × ~TC) + Curl(ΨC
~ζ), (A.7)

TV = Div(ζ ~TS)− ζ Div ~TS , ~ΨV |E = −Dt(ζ ~TS)− Curl(ζ~ΨS), (A.8)

TS = −Curl(ζ ~TC) + ζ Curl ~TC, ~ΨS |E = Dt(ζ ~TC) + Grad(ζΨC), (A.9)

which will be useful for studying the corresponding sets of global conservation laws.
For an arbitrary regular volume V ∈ R

3, the two sets of volumetric conserved currents
(A.7) and (A.8) respectively yield the global conservation laws

d

dt

∫

V

~ζ · (Curl ~TC) dV
∣

∣

E
= 0 (A.10)

and

d

dt

∫

V

ζ Div ~TS dV
∣

∣

E
= 0 (A.11)

after the divergence terms have been converted into flux terms by Gauss’ theorem. In
these conservation laws, the net flux integrals on ∂V are zero by Stokes’ theorem since this
boundary surface ∂V is closed. Thus, these two sets of global volumetric conservation laws
comprise constants of motion.

Similarly, for an arbitrary regular surface S ∈ R
3, the set of surface-flux conserved

currents (A.9) yields

d

dt

∫

S

ζ(Curl ~TC) · d~S
∣

∣

E
= 0 (A.12)

after the curl term has been converted into a circulation flux term by Stokes’ theorem. Here
the net circulation line integral on ∂S is zero by the fundamental theorem of line integrals
since the boundary curve ∂S is closed. This set of global surface-flux conservation laws thus
comprises constants of motion.
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In an analogous way, the sets of time-independent conserved densities (A.4), (A.5), (A.6)
can be expressed in the respective forms

~ΨS = ~ζ ×Grad Ψ + Curl(Ψ~ζ), (A.13)

~ΨS = ζ Curl ~ΨC − Curl(ζ~ΨC), (A.14)

~ΨC = −ζ Grad Ψ + Grad(ζΨ). (A.15)

But since we have Grad Ψ|E = 0 and Curl ~ΨC|E = 0, the spatial divergence densities (A.13)
and (A.14) reduce to curl expressions, while the spatial curl density (A.13) reduces to a
gradient expression. As a consequence, for an arbitrary closed regular surface S ∈ R

3, the
global form of the spatial divergence conservation laws arising from the mapping formulas
(A.13) and (A.14) is just an identity:

∫

S

(Curl(Ψ
∣

∣

E

~ζ) · d~S ≡ 0,

∫

S

Curl(ζ~ΨC

∣

∣

E
) · d~S ≡ 0 (A.16)

by Stokes’ theorem. Likewise, for an arbitrary closed regular curve C ∈ R
3, the global form

of the spatial curl conservation laws arising from the mapping formula (A.15) is an identity

∫

C

Grad(ζΨ
∣

∣

E
) · d~ℓ ≡ 0. (A.17)

A.1 Triviality relationships

The various relationships (A.7), (A.8), (A.9) among local volumetric, surface-flux, and cir-
culatory conservation laws can be shown to preserve local triviality. Specifically, we have the
following results.

Theorem 15. For any PDE system (2.28) in R
3: (i) If the conserved density in a local cir-

culatory conservation law (3.14) is curl-free (4.17), then all of local surface-flux conservation
laws and all of the local volumetric conservation laws in the respective sets produced by the
mappings (A.9) and (A.7) are locally trivial. Conversely, if the conserved density in a local
circulatory conservation law (3.14) is not curl-free, then at least one local surface-flux con-
servation law in the set produced by the mapping (A.9) is locally non-trivial, and at least one
volumetric conservation law in the set produced by the mapping (A.7) is locally non-trivial.
(ii) If the conserved density in a local surface-flux conservation law (3.10) is divergence-free
(4.29), then all of the local volumetric conservation laws in the set produced by the mapping
(A.8) are locally trivial. Conversely, if the conserved density in a local surface-flux conser-
vation law (3.10) is not divergence-free, then at least one local volumetric conservation law
in the set produced by the mapping (A.8) is locally non-trivial.

The proof of parts (i) and (ii) are analogous, so we will give only the proof of part
(i). For the first mapping (A.9) in part (i), we use the observation that the surface-flux

conserved current (A.9) has the locally-trivial form (4.18) apart from the term ζ Curl ~TC|E
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in the conserved density. This term vanishes on the solution space of the given PDE system
if Curl ~TC |E = 0 holds, whereby the conserved current is locally trivial. Conversely, if the

conserved current is locally trivial, then the term ζ Curl ~TC |E must be a total curl, whereby
each of its Cartesian components (with respect to i, j,k) must be a total divergence. This will

hold for all functions ζ(x) iff ζ Curl ~TC|E belongs to the kernel of the spatial Euler operator

(cf Lemma 3), which yields 0 = Êζ(ζ Curl ~TC|E) = Curl ~TC|E . For the second mapping (A.7)
in part (i), the proof uses the same steps and will be omitted. This completes the proof of
Theorem 15.

In the analogous relationships (A.13), (A.14), (A.15) that hold among local spatial di-
vergence, curl, and gradient conservation laws, we see that all of the time-independent con-
servation laws produced by these mappings are locally and globally trivial.

B Jet space formalism

The jet space associated to a set of independent variables zi, i = 1, . . . , n, and dependent
variables wα, α = 1, . . . , m, is the coordinate space J = (zi, wα, wα

zi
, wα

zizj
, . . .).

A differential function f [w], on a domain in J , is a smooth function of finitely many
variables in J . Total derivatives of f [w] with respect to zi are given by the derivative
operator Di = ∂/∂zi +wα

zi
∂/∂wα +wα

zizj
∂/∂wα

zj
+ · · · . D = (D1, . . . , Dn) will denote the set

of total derivatives with respect to all independent variables z = (z1, . . . , zn).
For a PDE system G[w] = 0, the solution space E is the set of all functions w(z) that

satisfy all of the PDEs in the system, Ga[w(z)] = 0, a = 1, . . . ,M . This space E can be
identified with a subspace EJ in J as follows. If w(z) is any solution of the PDE system, then
for each z = z0 the values wα(z0) = wα

0 , ∂ziw
α(z0) = wα

0zi, ∂zi∂zjw
α(z0) = wα

0zizj , and so on,
yield a point in J given by the coordinate values (zi0, w

α
0 , w

α
0zi, w

α
0zizj , . . .). The set of these

points for all z = z0 in the domain common to all solutions w(z) defines a subspace EJ ⊂ J .
This subspace can be defined equivalently as the set of points in J defined by the equations
Ga[w] = 0, DGa[w] = 0, D2Ga[w] = 0, . . ., a = 1, . . . , N , provided that this prolonged
PDE system is locally solvable. The equivalence consists of showing that for each point
(zi0, w

α
0 , w

α
0zi, w

α
0zizj , . . .) in E ⊂ J there exists a solution w(z) of Ga[w(z)] = 0 having the

values wα(z0) = wα
0 , ∂ziw

α(z0) = wα
0zi, ∂zi∂zjw

α(z0) = wα
0zizj , . . . at z = z0. Local solvability

is precisely the existence of such solutions w(z) in a neighbourhood of z = z0 for any given
values wα

0 = wα(z0), w
α
0zi = ∂ziw

α(z0), w
α
0zizj = ∂zi∂zjw

α(z0), . . . to an arbitrary finite order.
For locally solvable PDE systems, f |E has two equivalent meanings. First, f |E = f [w(z)]

for an arbitrary function w(z) in E . Second, f |E = f [w]|EJ for an arbitrary point in EJ .
There is another way to view this equivalence. The evaluation of w(z) and its derivatives

∂kw(z) at a point z = z0 provides an embedding of E into J . Given any function f defined
on all of j, the embedding map can be used to pull back f from J to E , which defines f |E .

It is important to have a characterization of differential functions f [w] that vanish on
E . This requires some preliminaries about the algebraic form of the equations Ga[w] = 0,
DGa[w] = 0, D2Ga[w] = 0, . . ., a = 1, . . . ,M in a prolonged PDE system. A partial
derivative variable in J is a leading derivative of a given prolonged PDE system, with respect
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to some chosen ordering of partial derivatives, if no differential consequences of it appear
in the system. The prolonged system is called regular if the following conditions hold [14].
First, each equation in the system can be expressed in a solved form in terms of a set of
leading derivatives such that the right-hand side of each equation does not contain any of
these derivatives. Second, the system is closed in the sense that it has no integrability
conditions and all of its differential consequences produce PDEs that have a solved form
in terms of differential consequences of the set of leading derivatives. Note that if a PDE
system is not closed then it can always be enlarged to obtain a closed system by appending
any integrability conditions that involve the introduction of more leading derivatives. Also
note that a regular PDE system may possess differential identities.

The following result, known as Hadamard’s lemma, holds: For any regular PDE system
G[w] = 0, if a differential function f [w] vanishes on the solution space EJ ⊂ J , then f [w] =
C(0)

a[w]G
a[w]+C(1)i

a[w]DiG
a[w]+C(2)ij

a [w]DiDjG
a[w]+ · · · (which terminates at some finite

order) holds identically in J , where the coefficients C(0)
a[w], C(1)i

a[w], C(2)ij
a [w], . . . are

differential functions that are non-singular on E . (see Refs. [14, 21] for a proof).
If a regular PDE system possesses one or more differential identities, then the coefficient

functions C(0)
a[w], C

(1)i
a[w], C

(2)ij
a [w], . . . in Hadamard’s lemma will be non-unique, since

an arbitrary multiple of a differential identity can be added to the righthand side. A suffi-
cient condition under which these coefficient functions will be unique is if the set of leading
derivatives in a regular PDE system consists of pure derivative of all dependent variables
with respect to some single independent variable. Such PDE systems are a generalization of
Cauchy-Kovalevskaya systems and are usually called normal [9, 55].
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