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Summary. An algebra of differential operators is the enveloping algebra of a Lie algebroid T
of vector fields. Similarly, a vertex algebra of differential operators is the enveloping algebra of
a vertex algebroid, which is a Lie algebroid equipped with certain complementary differential
operators. These operators should satisfy some complicated identities, these identities being a
corollary of the Borcherd’s axioms of a vertex algebra.

In this note we attempt to shed some light at the definition of a vertex algebroid, by propos-
ing a new, equivalent definition which has nothing to do with the axioms of a vertex algebra and
uses only classical objects such as complexes of De Rham, Hochschild and Koszul. This point
of view works nicely for Calabi—Yau structures as well and opens the way to higher dimensional
generalisations.

Subject Classification: 17B69

Prooemium

1. Sint ¢ anulus commutativus Q continens, A f-algebra commutativa et 7 A-
algebroid Lietianus.

Posito Q := Homy (7, A), habemus derivatio canonica d : A — Q, ubi
(tr,da) = 7(a),denotante per (,) : T ®4 Q —> A copulationem canonicam.

2. Revocamus (vide commentatione [V. Gorbounov, F. Malikov, V. Schechtman,
Gerbes of chiral differenial operators. II. Vertex algebroids, Inventiones Mathe-
maticae, 155, 605-680 (2004)], 1.4), structura verticiana super T triplex A =
(y,(,),c) est, ubi elementa y € Hom(A ® T,Q), (,) € Hom(S%T, A) et
¢ € Hom(A2T, Q) aequationibus sequentibus satisfacit:



444 V. Schechtman
y(a,bt) —y(ab,t)+ay b, 1) = —1(a)db — t(b)da (A1)
(ar, 7'y = a(r, ) —td'(@) + (y (@, 1), ")  (A2)

clar, vy =ac(z, )+ y(a,[r,7]) — y (' (a), 7)

1 1
+1'y(a, 1)+ 2ad(r, ) — 2d(ar, 'y (A3)

e, 'L e + (¢, [, 1) = oy /) — - o'(e, ") — ;T”w, ')

2
+ (', c(z, ) + (7, c(z, 7)) (Ad)

atque

1
Cycle, ;. |:c([r, ', 7"y —te(x’, ") + 3.a’(r, c(t/, r”))i|

1
= —6Cycler’r/’r//d(r, [T/, T//]), (AS)

ubi denotabimus, brevitatis gratia:
CyCIer,r’,r”f(Ts T/: T//) = f(T, T/: T//) + f(T/: T//: T) + f(‘L'//, T, T/)'
3. E (A2) prodit:

ld( ") 1d( ) = ld( /)+1d "(a) 1d(’( ))
2a T, 7 at, v’y = 2a 7,7 ) 7 (a 5 ',y (a, 7)),

2
ergo (A3) ita exhiberi licet:

clar, ")y =ac(r, )+ y(a,[r,7']) —y(z'(a),t) + 7'y (a, T)

1 1 .
2da (r, 7)) + 2d‘L"L'/(a). (A3)bis

4. Applicatioh : A —> A’ elementum 2 € Hom(T, Q) est, axiomatibus sequen-
tibus satisfaciens:

hat) —ah(t) =y (a,t) —7y'(a, 1) (Mor),
(r, h(x")) + (¢, h(0)) = (r, ') — (7, 7Y (Mor),

et

- ;d(‘[/, Y (a: T)) -

Mle, @) = eh(e) + Th(e) + Jdle, h(z) — (' b))

=c(r,7") = (r,7)). (Mor),
5. Posito Q" := Homa (A, T, A), revocamus differentiale DE RHAMIANUM
d: Q71— "
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ubi
do(ty,12,...)=0(7,2],73,...)— ... + (—1)i+j+1w([ri, il T, )+

—nw(, .. )+ ...+ (Do, .. 5. )+ ...

1
= Alty2._, [ oz, 2], 73,..) = [ no(z2, .. ~)] .

(n—1)
. Quodque Q" in complexum HOCHSCHILDIANUM immergi potest:

1
2(n —2)

0 — Q" — Hom(A"'T, Q) % Hom(A ® T ® A" 2T, Q) 2% ...
M Hom(A® ® T ® AT, Q) Y
ubi
dyw(a,b,c,...,e, f,11,...)=aw(b,c,...,e, f,11,...)
—wl(ab,c,...,e, f,11,...)+...£w(a,b,...,e, fr1,...)

Manifesto, Q" = Ker dy.
. Rursus, sit V £-modulus, potestas extera sua in genum complexus KOSZULIANI
immerseri potest:

0 —> A"V —> Hom(V*, A" 'v) - Hom(s2V*, A""2V)

2 L HomS v, ATy S

ubi V* := Hom(V, £) ac
Oc(ty, 12) = (11, c(12)) + (12, c(71));
Qc(r1, 12, 13) = (11, ¢(12, 73)) + (12, (13, T1)) + (73, (71, T2)),

etc. Manifesto, A"V = Ker Q.
. In hac commentatione solum inspicimus partem complexus de Rhamiani

Q2.2 o

Copulatione complexuum Koszulianorum, Hochschildianorum de Rhamian-
orumque usa, definiamus complexum

w2t w2 5 s wo,

de inclusione complexuum Q>3 ¢ W31 atque de cocyclo canonico £ € W*
ornatum. Structura verticiana super T elementum A € W?3 est, aequationi DA =
£ satisfaciens. Sagittula A —> A’ elementum i € W2 est, talis ut fit Dh =
A — A’, vide Caput Secundum, Pars Tertia.
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Caput primum. Structurae Calabi-Yautianae

1. Revocatio
1.1.

Revocamus (vide op.cit., 11.1), structure Calabi—Yautianae super T est applicatio ¢ :
T — A, duabus proprietatibus sequentibus satisfaciens:

clatr) = ac(r) + 7(a) (Ccri1)

atque
c([z, ') = 1c(x) — t'c(2). (CY2)

2. Complexus Hochschild—-De Rhamianus
(@)

2.1.
Definimus operator

dpr : Hom(T, A) —> Hom(A’T, A)
per formulam:

dpre(ry, 12) = c([71, 2]) — 116(72) + T20(71).

2.2

Rursus, inspicimus complexum Hochschildianum

diy djy 2
0 — Hom(T, A) —> Hom(A® T, A) —> Hom(A®* ® T, A),
ubi differentialia Hochschildiana per regulas definitur:
dOHc(a, 1) = c(at) — ac(r)

ac
d}ic(a, b,t)=ac(b, ) — c(ab, t) + c(a, bt)

: 0
Liquet quod fit Q = Kerd/;.
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2.3.

Simili modo, consideremus complexum Hochschildianum:

d? d}
0 —> Hom(A’T, A) - Hom(A ® T®%, A) — Hom(A®? @ T®?, A),
ubi differentialia Hochschildiana per formulas definiuntur:
d?{c(a, 7,7) =clar,t") —ac(r, 1)

atque
d},c(a, b,t,7)=ac,t,t") —clab,t,7") +c(a, br, 7')

Nunc erit Q% = Ker dOH.
24.
Porro, introducamus operator
dpr: Hom(A ® T, A) —> Hom(A ® T®2, A)
per regulam
dpgrecla,t,7t") =c(a,[r,7']) — c(z'(a), 1) + 1'c(a, v) = Lieyc(a, 7).

2.5. Lemma. dOHdDR = dDRdIQp

2.6. Demonstratio. Pro elemento ¢ € Hom(7', A), habebimus

dlo-]dDRC(a: T, T/) = dDRC(aT: T/) - adDRC(T: T/),

ubi
dpgrelat, v’y = c(lat, t']) —atc(t)) + t'c(ar)
ac
—adpge(t,7v) = —ac([r,7']) + are(z)) —at'c(r),
unde

d?{dDRc(a, 7,7") =clalz, t']) — ac([z, 7']) — c(z'(@)7) + t'c(ar) — at'c(z)
=c(a[r, ') —ac(z, t']) — c(z'(a)t) + t'c(ar)

—t'{ac(v)} + 7' (a)c(r) = dDRdOHc(a, 7,7'),

447
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(b)

2.7.
Definimus operator
dpr: Hom(A®? ® T, A) —> Hom(A®?> ® T®2, A)
per
dpgela, b, t,1") = Lieyc(a, b, 1) = 1'c(a, b, t) — c(z'(a), b, 1)
—c(a,'(b), 1) — c(a, b, [T/, T]).
2.8. Lemma. dydpr = dprdpy.
2.9. Demonstratio. Pro elemento ¢ € Hom(A ® T, A), fit
dydpge(a,b,t,7") = adpgre(b, t,t") —dpge(ab, t,t') + dpge(a, br, 1'),
ubi
adpre(b, 7,7") = at'c(b, 1) —ac(z'(b), t) — ac(b, [t/, t]); —dprc(ab, t,1’)

= —1'c(ab, ) + c(1'(ab), 1) + c(ab, 7/, 7])
= —1'c(ab, 1)+ c(z'(a)b + at’'(b), t) + c(ab, [7/, 7])

atque
dpre(a, br, ') = t'c(a, br) — c(z'(a), br) — c(a, [1/, br])
= 7'c(a, br) — c(z'(a), br) — c(a, t'(b)r — b[7’, 7])
Adde huc
0=t/ (a)e(b, 1) — t'(@)c(b, 7).
2.10.
Sed
—ac(b, [, 7]) + c(ab, [t', t]) + c(a, bl7', 7]) = —dpc(a, b, [, ]);
at'c(b, 1) — t'clab, 1) + 7'c(a, br) + t'(@)c(b, 1) = 'dyca, b, 1);
—ac(t'(b), 1) + c(at'(b), 1) — c(a, 7'(b)7) = —dyc(a, 7' (b), )
atque

c(t'(@)b, 1) — c(t'(a), br) — ' (a)c(b, 7) = —dy(t'(a), b, )

Qua addendo obtinemus effatum lemmatis.
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3. Cocyclus canonicus

3.1.
Inspicimus elementum € € Hom(A ® T, A) per formulam definitum:
€(a,7) =1(a).
3.2. Lemma. dye =dpre =0.
Habemus enim,
dpre(a, t,7t") = Liepe(r,a) = t't(a) — t7'(a) + [z, 7'](@) =0

(scilicet, € operator invariens est).
Rursus,
dye(a,b,t) = at(b) — t(ab) + br(a) = 0.

3.3.

Aliter, € cocyclum (bi)complexus Hochschild—-De Rhamiani est.

3.4. Definitio altera. Structura Calabi—Yautiana est elementum ¢ € Hom(7, A), sat-
isfaciens equationi Dc = €, denotanti per D differentiale complexus Hochschild—-De
Rhamiani.

Caput secundum. Structurae verticianae

Pars prima. Aedificium sinistrum

1. Koszul et de Rham
(a)

1.1.
Definimus operatores Q : Hom(7, Q) —> Hom(S?T, A) per
Oh(z, ') = (¢, h(z") + (', h(7)),
ergo Ker O = Q?, atque Q : Hom(A2T, Q) —> Hom(S?T ® T, A) per
Qc(r, v, ") = (r,c(z', ")) + (z/, c(z, ")),

ergo Ker 0 = Q3.
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1.2.

Definimus operatores dpr : Hom(7T, Q) — Hom(AZT, Q) per

1
dprh(z,t") = h([z,7']) — t{h(z")} + ' {h(z)} + 4z, h(z')) — (', h(2))}.

1.3.

atque
dpr : Hom(S?T, A) — Hom(S’T ® T, A)

per
1 1
dprh(z,7',7") = Sym, ./ |:h(z', [/, ") + 21”{h(1, )} — 2r{h(r/, r”)}] .

1.4. Lemma. QdDR = dDR Q
Demonstratio. Si 2 € Hom(7, Q), habemus

Qdprh(z, 7', 7") = Sym, ,/(z,dprh(z’, "))

= Symm,<r, h([z', "] — ' {h (")} + " {h(z)))
1
+2d{(7/a h(z")) = (", h(T/))}>

= Sym‘[,r/[<ra h(lz’, ") — 7'((z, h(z"))
+ ([, 71, h(z")) + 7" (7, h(z")) = ([z", 7], h(z"))

e b — e, h(r/)))]
Sed
Sym,. [z, h((e', 1) — ([", 71, Az )]
= Sym, /[(z', h([z, "]} + ([z, "], h(z"))] = Sym, ., Qh(z, [z', z"]);
Sym,_,{le', 71, h(z")) =0,
Sym,.[¢" (e, h(z'W] = 2" {Qh(z, ')}

ac

1 1
Sym, ./ [—T/((T, h(z")) + 21((1/, h(z"))) — 21((1”, h(f/)))]

1 1
= _2Symr,f’ [T((T/a h(f//)> + T((T//, h(T/)>)] = _2Symt,‘[’r{Qh(r/a TN)}»

unde Qdprh(t,t’,t") = dprQh(z, v/, "), quod erat demonstrandum.
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1.5.

Axioma (A4) etiam sic exhiberi potest:

Qc =dprg{,) (A4)
(b)

1.6.
Definimus operatores
dpr : Hom(A’T, Q) — Hom(A’T, Q)

per
1
dpre(r, 7', 7") = Cycle, ;1 v |:c([r, ', ") — (', )} + 3d(r, c(/, r”))i|

=dpicc(r, v, 7"y +d'c(z, 7', "),

ubi .
de(r,7',1") = 3Cycle,,r/,,nd(r, c(’, ")
1.7.
atque
R : Hom(S?T, A) — Hom(A’T, Q)
per

1
Rh(r,7/,7") = —6Cyclem/,r//dh([r, 7’1, 7).

1.8. Lemma. d%R = RQ.
1.9. Demonstratio. Fit
dip = drie +d)? = dpied +d'dpic + d”?

obd?, =0.

Si h € Hom(T, Q), habemus
diied'h(z, 7', 7") = Cycler,r/,r//[d/h([r, ', 7" — t{d'h(z’, t"H)]
1
= 2CyCIe‘[,r/,‘[” [d{<[‘[a ‘L'/], h(T//)) - <T//7 h([T: T/]))}

—zd{(z',h(z")) — (z', h(z"))}].

Observamus:

7,7/,1

1 1
—2Cycle er[rd{(z’ h(z")) — (7' h(Z))}] = —2Alt,,,/,,//rd(r’, h(z")).



452 V. Schechtman

1.10.

Rursus
1

d/dLieh(Ta T/> T//) = 3

Cycle, ., »d{t,drich(t, "))

7,7/,7

1 1
= 3.Cycle cood{z, h([7, 7"]) — 3Alt,,,/,,//d(r, t{h(z)}),

77,7
ubi

1 1

- 3A1tr,r’,r”d(7a T/{h(f//)}) = _SAltr,r/,r”d[f/<Ta h(f//» + ([, T/]a h(f//)”
1 /! " 2 !/ 4

= —SAItM/,Tudr (t, h(z")) + 3Cyclef,f/,,nd([r, '], h(z")).
1.11.
Denique,

1
d?h(z,7', ") = Altg o orde{(z, h(z")).

1.12.

Post summationem termini dz {(z’, h(z”))} exeunt, dum termini reliqui praebunt

1
d3 ph(z, 7/, T//)=—6Cycle erd {7, 7L R + (27 bz, 7'1)) )

77,7
_ 1 ’ A ron
= —6Cyclef,f/,f/,th([r, 7']1,7") = RQh(z, 7', "), ged

1.13.
Axioma (AS5) sic exhiberi potest:
dprc = R(,) (AS)
()

1.14.
Determinamus operator

dpr : Hom(S’T ® T, A) —> Hom(S’T @ A’T, A)
per formulam

dpre(ty, 12, 13, 14) = —c(t1, 12, [73, T4]) — Alt3 474¢(71, T2, 73)

1
+ Sym; ,Alt3 4 [C(Tl, [72, 73], 74) — 3110(12, 73, T4)} :
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1.15. Lemma. FitdprQ = Qdpg.
1.16. Démonstratio. Sic € Hom(AZT, Q), habemus

QdDRC(Tla 72, 13, T4) = Sym],2<‘[13 dDRC(T23 73, T4))

= Syml,szclez,3,4<r1, c([r2, 3], 14) — T20(73, T4)

1
+3d(rz,C(T3, 14))>,

ubi
—(11, 12¢(73, 74)) = ([12, 711, ¢(73, 74)) — T2(71, (23, T4))
atque
(r1,d(12, (13, 74))) = 11{12, (73, 74)).
1.17.
Primo, fit
Sym, ,Cycle; 3 4{{71, c([72, 73], 7a)) + ([72, 71], (13, 72))}
1
= Sym, ,Alt3 4 [<T1, c([2, 13], 7a) + 20([f3, 4], Tz)>
1
+2<[Tz, 111, c(z3, 1a)) + ([73, 711, (74, rz))}
= —Qc(t1, 12, [13, 14]) + Sym, ,Alt3 4 Qc (71, [72, 73], T4).
1.18.
Secundo,

1
Sym; ,Cycle; 3 4 [—Tz(fl, c(z3, 1a)) + 571 (12, c(13, f4))}
1
= Sym, »Alt3 41 — 2fz<11,6(r3, 14)) — 13(11, (74, 72))
1 1
+ (2, c(73, 14)) + 37 (13, c(14, 12))

1
= Alt3 4730c(71, 72, 74) — 3Sym1,2Alt3,4T1 Qc(r2, 13, 14)

Hinc lemma nostra sponte sequitur.

453
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(d) Junctio

1.19. Lemma. Compositio

d%p : Hom(S?T, A) — Hom(S’T ® T, A) — Hom(S’T ® A>T, A)
aequat QR.
1.20. Demonstratio. Sic € Hom(S2T, A), fit

2
dpgre(ti, 12, 13, 14) = —dppre(t1, 72, [13, 14]) — Alt3 at4dpre(tr, 72, 73)

1
+ Sym, ,Alt3 4 [dDRC(Tla [72, 73], T4) — 3 tidpre(t, 13, r4)} .

1.21.
Primo,
—dpre(ti, 12, [73, 14]) = —c(71, [2, [73, 14l]) — (22, [71, [73, T4]])
— [73, tale(z1, ©2) + ;110(12, [73, 14]) + ;120(11, [73, 74])
Secundo,

Sym, ,Altz adpre(tr, [12, 73], 74) = Sym1,2A1t3,4[C(r1, [[72, 73], 74])
+ c([72, 73], [71, Ta]) + Tac(z1, [72, 73])

—;TIC([TZ, 73], 74) — ;[12, 73]c(ry, 14)]

Tertio,
—Alt3 414dpre(ry, 72, 13) = —A1t3,4[f46(f1, [72, 13]) + T4c(22, [71, 73])
1
+ 1473¢(71, 72) — 214T1€(12, 73)
Lo, 1)
— nunc(t,t
5 Tan2c(71, 73
et quatro,

1 1
~3 Sym, ,Alt3 471dpre(t2, 73, 74) = — 5 SYmy2Alt.4 [ t1¢(72, [73, 4])
+ t1¢(23, [12, T4]) + T174¢(22, 73)

1 1
- 271T20(13, 74) — 211130(12, 14)]
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1.22.

Termini formae c([7;, 7;], [7x, 77]) evanescunt symmetrisatione causa, cum ¢ symmet-
ricos est.

Post summationem, termini cum triplicibus uncinis evanescunt Jacobi causa. Ter-
mini formae 7;7;c(tx, 77) quoque exire videri possunt.

Tandem termini formae 7;c(z;, [k, 7;]) praebunt

1 1
—6Sym1’2CyC162’3’4T1C(T2, [T}, T4]) = —6Sym1’2CyC162’3’4<T1, dC(T2, [1'3, T4])>

= QRc(11, 12, 73, T4), qed

(e) Differentiale de Rhamianum tertium

1.23.
Definimus operator
dpr : Hom(A3T, Q) — Hom(A*T, Q)
ubi
dpre(rr, 12, 73, 14) = c([11, 12], 73, 74) — c([71, 73], T2, T4) + . ...

—11c(12, 13, 74) + 120(71, 73, T4) — . ..

1
+ 4d{(11, c(12, 13, 14)) — (12, (71, 73, T4))+}
1 1
= Alty234 40([11, ], 713, 74) — 6rlc(r2, 73, 74)

1
+24d(r1, c(r2, 13, T4)>] = {drie + d'}c(11, 12, 13, 74),

ubi

d'c(t1, 12,13, 74) i= _ Altipzs d(z1, c(12, 73, 14)),

24
confer artt. 1.2 et 1.6.
1.24.
Insuper introducamus operator
R : Hom(S’T ® T, A) — Hom(A*T, Q),
ubi .
Re(t1, 12, 73, 74) 1= —24A1t1234 dc([t1, 2], 73, 74),

confer art. 1.7.
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72
1.25. Lemma. Fitdy, = RO.

1.26. Demonstratio. Primo, d%i . =0.
Secundo, ostendetur methodo simili a 1.9.-1.12,

{dLied +d'dLie + d"?)c(t1, T2, T3, T4)

1
- 24A1t1234 d{{[r1, 2], ¢(z3, 1a)) + (73, c([71, 72, 7)) }

1
— 24A1t1234 dQc([11, 12], 13, 14) = RQc(71, 12, 73, T4),

1.27.

Consideremus duos operatores R ex artt. 1.7 et 1.24.
1.28. Lemma. FitdprR = Rdprg.

1.29. Demonstratio. Primo, habemus

1
dprRc(t1, 12, 13, T4) = Alt1234 [4RC([T1, 721, 13, 74)

1
_6TIRC(7‘-2: 73, 7'-4) + o)

1
= Alty234 [— 24d{6([[r1, ], 53], 14) + ¢

ged

1
4d(11, Re(2, 13, T4))}

([73, 741, [71, 72])

1
+c([zs, [71, 211, ©3)}+  _dri{c([z2, 73], 74)

36

1
+c([13, 14, ©2) + c([74, 721, 73)} — 144

+ c([73, 14], 2) + c([14, T2], T3)}>]

d{ry,d{c([r2, 73], 74)

(termini, uncinos triplices continentes, exeunt, relatione identica Jacobiana causa)

6

1 1
= Alt1234 [—24616([13, 4], [71, 72]) + 1 dric([12, 13],T4)]~
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1.30.

Rursus fit

1
Rdpre(ty, 12, 13, T4) = —24A1t1234 ddprce([t1, 121, 73, 74)

1
=— 24A1t1234 d[C([rl, 2], [13, 14]) + (23, [[71, 12], 74])

1 1
+rac([z1, 2], 13) — 2[11, 2]c(3, 14) — 2130([11, 7], T3)}

(termini formae [71, 72]c(73, 74) exibunt, quum ¢ symmetricos est)

1 3
= —24A1t1234 d [C([Tl, 721, [73, 14]) — 2146([11, 721, 13)] =dprRc(t1, 12, 13, 74),

ged

2. Pede plana

(a) Paries recessus

2.1.
Definimus operatores:
dy : Hom(T, Q) — Hom(A ® T, Q)

per formulam
dygc(a,t) = clar) — ac(z)

et
dp : Hom(A’T, Q) — Hom(A ® T2, Q)

per regulam:
dyc(a,t,7") =clat, t’) —ac(z, 7).

2.2
Introducamus operator:
dpr : Hom(A ® T, Q) — Hom(A ® T®2, Q)

per regulam:

dpre(a,7,7") =c(a,[r,7']) —c(z'(a), 7) + t'cla, 1) — ;d(r/, c(a, 1))

1
= Lieyc(a, ) — 2d(r’, c(a, 7)).
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2.3.
Insuper, operator:
M : Hom(ST, A) — Hom(A ® T®2, Q)
definitur per regulam:
Mc(a,t,7') = —;c(r, t)da.

2.4. Lemma. Fitdydpr = dprdy + M Q.
2.5. Demonstratio. Elementum ¢ € Hom(7, Q) datum, habebimus

dpdpre(a, t,7") =dprelat, v') —adpgre(z, )

ubi

dpgrelat, ) = c(lat, t']) — (at)c(t)) + t'c(at) + ;d{(ar, c(th)) — (7', e(ar))}
=c(a[r, 71— 1'(a)r) —atc(t)) = da(z, c(z))) + 7'c(ar)
da(z,c(t)) +

+ ad(z,c(t))) — ;d(r’,c(ar) —ac(7))

N = N =
N = N =

da(t’, c()) — _ad{t’, c(1)),

addemus huc:
0=—7t{ac(z)} + ' (a)c(z) + at’c(7)

Rursus,
—adpge(t,t") = —ac([r, t']) +arc(tr)) —at'c(r) — ;ad{(r, c(t))) — (t/, c(x))}.
2.6.
Sed
clalt,7']) —ac([z,7']) = duc(a, [z, 7']);
—c('(@)7) + 7'(a)c(r) = —dpc(7/(a), 7);

t'c(at) — t'{ac(r)} = t'dyc(a, 7);
1 !/ 1 /!
—,d{r’, clar) - ac(r)) = —, 4 »ducla, 7)),
terminos reliquos praebendo

—;da{(r, c(@)) + (v, c(r))} = —;dan(r, 'y =MQc(a, t,7"),

lemma nostrum sequitur.
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(b) Frons

2.7.

Revocamus,
dpr : Hom(S?T, A) — Hom(S’T @ T, A)

definitur per formulam:

dpre(ty, 12, 13) = c(z1, [12, 13]) + c(22, [71, 73]) + 13¢(71, T2)

1 1
— 2TIC(T2> 73) — 2rzc(r1, 73)

. 1 1
= Liegc(r1, 72) — 2116(12, 73) — 2126(11, 73)

= {Lie + dpg}c(z1, 72, 73),

ubi ponamus
Lie c(71, 72, 13) = Lieg (71, 72)

et

dpge(t, 12, 13) = —;rlc(rz, 73) — ;rzc(rl ,T3)
Rursus, definimus

dpr : Hom(A ® T®%, A) — Hom(A ® T®3, A)
per formulam:

dprc(a, 11, 12, 13) = 13¢(@a, 11, 12) — c(13(0), 71, T2) + C(a, [71, 73], 72)
1
+c(a, 71, [12, 73]) — 2126(61, 71, 73)

1
= Lie,c(a, 11, 12) — 212C(a, 71, 73)

= {Lle + d/DR}C(a, 71, 72, T3)a

ubi ponamus
Lie C(Cl, T], T2> T3) = Lie‘[SC(Cl, T], T2)

et
1
dpgrela, ti, 12, 13) = — 5 wcla, 11, 73)
Denique, introducamus
0 : Hom(A ® T®?, Q) —> Hom(A ® T®3, A)

per regulam:
Qcl(a, 11, 12, 13) = (12, C(a, 11, 13)).
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2.8. Lemma. Fitdydpgr = dprdy + OM.

2.9. Demonstratio. Primo, dy commutat cum Lie. Sienim ¢ € Hom(SzT, A), habe-
mus:
dygLie c(a, 11, 12, 73) = Lie c(ary, 13, 73) — aLie c(z1, 12, 13)

ubi

Lie c(ary, 12, 13) = 13¢(ar, 12) + c(alry, 13] — r3(a)ty, 12) + c(ary, [12, 73])

et
—alLie c(t1, 12, 13) = —aw3c(t1, ©2) — ac([r1, 3], 12) — ac(zy, [12, 13])
Addemus huc:
0 = —w3{ac(r1, )} + 13(a)c(z1, 2) + arzc(zy, 2)
Habebimus
13c(ary, 1) — 13{ac(zy, 1)} = 13dyc(a, 11, 12);
c(alry, 13], 12) — ac([71, 13], 2) = dpc(a, [11, 13], 12);
clari, [, 13]) — ac(zy, [12, 73]) = duc(ri, [12, 13])
et
—c(r3(a)t1, 12) + 13(a)c(ty, 12) = —dnc(r3(a), 11, 12)
unde
dgLie c(a, 11, 12, 13) = Lier;duc(a, 11, 72).
2.10.
Secundo,
dpdpgela, 11, 12, 13) = dpgelaty, 1, 13) — adppe(ty, 12, 13)
ubi . .
dpgrelati, v, 13) = — 2a116(r2, 73) — 5 nc(ari, 73)
et | |
—adppe(t1, 12, 73) = 2arlc(rz, 73) + 2a126(r1, 73).
Addemus huc:

1 1 1
0= 2Tz{aC(Tl, 73)} — zfz(a)c(fl, 73) — 2afzc(T1, 73).
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Nanciscemur:

1 1
dudpgela, 11, 12, 13) = —212dHc(a, 71, 73) — 2r2(a)c(r1, 73),

2

unde hoc lemma sequitur.

1 1
- n(a)c(ry, 13) = <Tz, _Zda c(ty, T3)> = OMc(a, 11, 12, 73)

(c) Camera

2.11.
Revocamus differentialia de Rhamiana:
dpr : Hom(A ® T, Q) —> Hom(A @ T%?, Q)

definiuntur per formulam (vide art. 2.2):

1
dpre(a, 7,7') = Lieyc(a, 1) — zd(f’, c(a, 1))

ac
dpr : Hom(A ® T®%, A) — Hom(A ® T®3, A)

definiuntur per regulam (vide art. 2.7):

. 1
dpge(a, 71, 12, 13) = Liegc(a, 11, 12) — 2rzc(a, 71, 73).

2.12. Lemma. Fit dDRQ = QdDR.

2.13. Demonstratio. Primo,
Lie Q = Q Lie

Habemus enim,

Lie‘l’3 QC(G, Tl B T2)

461

= 130c(a, 11, 12) — Qc(3(a), 11, 12) + Qc(a, [11, 73], 12) + Qc(a, 11, [12, 73])

= 13(12, c(a, 11)) — (12, c(13(a), 1)) + (12, (@, [71, 73]) + ([12, 73], c(a, 71))

= (TZ: Lief3c(a: Tl))-
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2.14.

Secundo,
d/DRQ = Qd/DR

Computamus enim,

1
d/DRQC(a: 71, 72, 13) = -

1
27‘-2Qc(a3 71, 7'-3) = _212<T3: C(aa Tl))

=\72, —;d(f}, C(a: T1)>>

= <T2: d/DRC(aa 71, T?J)) = Qd/DRC(a: 71, 72, T?J)a
quod trahit effatum lemmatis.

(d) Paries rectus

2.15.
Revocamus operatores:

0 : Hom(A’T, Q) —> Hom(S’T ® T, A)
definitum per formulam:

Qc(t1, 12, 13) = (71, c(72, 73)) + (72, (71, 73))

atque
0 : Hom(A ® T®?, Q) —> Hom(A ® T®3, A)

definitum per regulam:
Qc(a, 71, 12, 13) = (12, ¢(a, 71, 73)).
2.16. Lemma. dy Q = Qdy.

Si enim ¢ € Hom(A?T, Q), habemus:

dH Qc(a> 71, 72, T3) = QC(GT], 72, T3) - aQC(aT], 72, TS)
= (at1, c(12, 13)) + (12, c(at, 13)) — a(r1, c(12, 13))
—a(r, c(11, 13))

= (12,dpc(a, 11, 13)) = Qdycla, 11, 12, 73)
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(e) Paries sinister

2.17.
Revocamus operatores:

Q : Hom(7T, Q) —> Hom(S>T, A)
definitur per regulam:

Qc(r1, 2) = (71, c(12)) + (72, ¢(71))

atque
O : Hom(A ® T, Q) —> Hom(A ® T%?, A)

definitur per formulam:

Qcla, 11, 1) = (12, c(a, 11)).
2.18. Lemma. FitdyQ = Qdpy.

Quod probatur eadem ratione ut in art. 2.16.

3. Tabulatum primum

(a) Paries recessus

3.1.
Determinamus sagittulas

dpr : Hom(A®? ® T, Q) — Hom(A®?> @ T%%, Q)
per formulam

dpgrela, b, t,t")y =1'c(a, b, t) — c(z'(a), b, t) — c(a, T'(b), 1) + c(a, b, [z, T'])

1
- 2d<T/a C(a: bs T)>

= Lieyc(a, b, 7) — ;d(r/, c(a, b, 1)),
(commodum est introducere operatores
Lie c(a, b, 7, 1) := Lieyc(a, b, 7)
atque
dpgela,b,t, 1) = —;d(r’, c(a,b, 1)),

ergodpr = Lie +d}p);
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3.2.

ac
dy : Hom(A® T, Q) — Hom(A®? ® T, Q)

per regulam
dygc(a,b,t) =ac(b,t) —c(ab,t) + c(a, br);

deinde
dy : Hom(A ® T®%, Q) — Hom(A%®? @ T®2, Q)

per formulam

dyc(a,b,7,7") =ac(b,t,7") —clab, 7, 7") + c(a, bt, 7');

3.3.

O : Hom(A ® T, Q) —> Hom(A ® T%?, A)

per regulam

Qc(a,t,7') = (1, cla, 1)),

34.

denique
M : Hom(A ® T®%, A) — Hom(A®? @ T®?, Q)

per formulam

1
Mc(a,b,t,7) = 2da cb, t,7)).
3.5.Lemma. Fitdydpr = dprdy + M Q.
3.6. Demonstratio. Pro ¢ € Hom(A ® T, Q) habebimus

duydpge(a, b, t,t") = du{Lie + dpglc(a, b, 7, 7').

3.7.
Primo, derivatio Lietiana et differentiale Hochschildianum commutant:

dyLlie c(a, b, t,7") = Liedyc(a, b, t,1).
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3.8.

Secundo, fit:
dudpge(a,b,t,7') = —;{ad(r/, c(b, 7)) —d{z’,clab, 7)) +d{z’, c(a, br))}.
Addemus huc:
0= ;{—d(r/, ac(b, 7)) +da (', c(b, 7)) +ad(t, c(b, 1)}

Adipiscemur:

1 1
dpdpgela, b, 7,7') = = d{z',duc(a, b, 7)) + ,da (', c(b, 1))
ubi manifesto .
2da (r/,c(b, 1)) =MQc(a,b,1,1’)
unde lemma sequitur.

(b) Paries sinister

3.9.
Contemplemur operatores
0 : Hom(A ® T, Q) —> Hom(A ® T%?, A),

per regulam
Qc(a,7,7") = (7, c(a, 1)),
definitur, tamquam in art. 2.17, atque

0 : Hom(A®?> ® T, Q) — Hom(A®? @ T®2, A)

per formulam
Qc(aS b’ T’ T/) = (z-/5 C(a’ b’ z‘))

definitur.
3.10. Lemma. Fitdy Q = Qdy.
3.11. Demonstratio. Pro c € Hom(A ® T, Q) habeatur
dyQcla,b, 7,7ty =aQc(b,t,7") — Qclab, 7,7") + Qc(a, bt, 7))
=a(t’,c(b, 1)) — (t/,clab, 1)) + (', c(a, br))
= (¢/,dgc(a,b, 1)) = Qdgc(a,b,t,7'), qed
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(c) Paries rectus

3.12.
Contemplemur operatores:
0 : Hom(A ® T®%, Q) —> Hom(A ® T®3, A)

per regulam
Qc(a, 11, 12, 13) = (12, ¢(a, 11, 73)),

definitur, et
0 : Hom(A®? ® T%?, Q) — Hom(A®? @ T®3, A)

per formulam
QOc(a,b, 11, 12, 73) = (12, ¢(a, b, 71, 13)),

definitur.
3.13. Lemma. Fitdy Q = Qdy.

Quod probatur eodem modo ut in art. 3.11.

(d) Camera

3.14.
Contemplemur operatores: primo, sagittulam
dpr : Hom(A®? ® T, Q) — Hom(A®?> @ T%?, Q)

per formulam

dpre(a, b, 7,7") =Lieyc(a, b, v) — ;d(r/, c(a, b, 1))
definitam (vide art. 3.1); secundo, sagittulam novam,

dpr : Hom(A®? ® T®2, A) — Hom(A®?> ® T®3, A)
per formulam

dpre(a, b, 11, 72, 13) = Liec(a, b, 11, 12) — ;rzc(a, b, 11, 13)

definitam.

3.15. Lemma. Fit Qdpgr = dpgrO.
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3.16.

Primo, Q Lie = Lie Q.
Habeatur enim,

QLiec(a, b, 71, 12, 13) = (12, Liesauyc(a, b, 11))
= (12, 13¢(a, b, 11) — c(z3(a), b, 11) — c(a, 13(b), 71)
+c(a, b, [11, 13]))
= 13(12, c(a, b, 1)) + ([r2, 3], c(a, b, 71))
+ (72, —c(z3(a), b, 1) — c(a, 13(b), 11) + c(a, b, [71, 73]))
=130c(a, b, 11, 12) + Qc(a, b, 71, [12, 73])
— Qc(w3(a), b, 71, 12) — Qcl(a, 13(b), 71, 72)
+ Qc(a, b, [11, w3], 72)
= Lie,, Qc(a, b, 71, 12), ged

3.17.

Secundo,

1
Qdpgela, b, 11,12, 73) = <T2, —Zd(fs, c(a,b, 11))>

1 1
=—, 00, c(a,b, r1)>> = —2T2Q0(a, b, 11, 13)

= d/DRQC(a: bs 71, 72, T3):

unde lemma sequitur.

(e) Frons

3.18.
Revocamus sagittulas:
dpr : Hom(A ® T®%, A) — Hom(A ® T®3, A)
per formulam
1
dpre(a, 11, 12, 13) = Liegc(a, 11, 12) — 2rzc(a, 71, 73),

definitam, vide art. 2.7, atque

dpr : Hom(A®? ® T®2, A) — Hom(A®? ® T®3, A)
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per regulam
. 1
dprela, b, 71, 3, 13) = Lieqye(a, b, 11, 12) —  1acla, b, 11, 13),

definitam, vide art. 3.14, ac denique
M : Hom(A ® T%%, A) — Hom(A®? @ T®?%, Q)
per formulam
Mc(a,b,t,7') = ;da cb, 1,1,
definitam, vide art. 3.4.
3.19. Lemma. Fitdydpr = dprdy + OM.

3.20. Demonstratio. Primo, fit dyg Lie = Lie dy.
Habeatur enim:

dy Liec(a, b, 11, 72, 13) = aLie,c(b, 71, 72) — Lie c(ab, 11, 12)

+ Lies,c(a, br1, 12),

ubi
alies,c(b, 11, 12) = at3c(b, 11, 12) — ac(w3(b), 11, 12) + ac(b, [1, 13], 72)
+ac(b, 11, [12, 73]);
—Liegc(ab, 11, 12) = —13¢(ab, 1, ©2) + c(w3(a)b + a3 (b), 11, 72)

—c(ab, [t1, 131, 12) — c(ab, 71, [2, 73])

atque

Liegc(a, bri, 12) = w3c(a, bri, ) — c(w3(a), br1, ©) + c(a, b[t1, 73]
—3(b)t1, ©2) + c(a, bry, [12, 13]).
Addemus huc:

0 = w3{ac(b, 11, 12)} — ©3(a)c(b, 71, 12) + arzc(b, 11, 72)
Post summationem, videamus statim:
dy Liec(a, b, 11, 12, 13) = 13dpc(a, b, 11, 12) — duc(r3(a), b, 11, 12)
—dygc(a, 3(b), 11, 12) +dpcla, b, [t1, 13], 72)
+dgc(a, b, 11, [12, 13])

= Lie,,duc(a, b, 11, 12),
; qed
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3.21.

Secundo,
dudpge(a, b, i, 12, 13) = —;{anc(b, 11, 713) — 12¢(ab, 11, 13) + 12¢(a, b1y, 13)}.
Addemus huc:

0= —;{rz{ac(b, 71, 13)} — ©2(a)c(b, 11, 13) — atyc(b, 11, 13)}

Post summationem, adipiscemur:

1
dudpge(a, b, 11,12, 13) = dppduc(a, b, 11, 12, 73) + L n(@eb. 11, 1),

ubi

1 1
2rz(a)0(b, 1, 73) = (12, 2da c(b, 11, r3)>

= (T2> Mc(b> rla T2> T3)) = QMC(CI, ba T1> T2, T3) qed

(f) Junctio
3.22.
Revocamus sagittulas:

M : Hom(S>T, A) — Hom(A ® T2, Q)
per regulam
Mc(a,t,7') = —;da c(r, 1)
definitam, atque
M : Hom(A ® T®%, A) — Hom(A®? @ T®?, Q)
per formulam
Mc(a,b,7,7") = ;da cb,t,7)

definitam.
3.23. Lemma. FitdgM = —Mdy.
3.24. Demonstratio. Pro elemento ¢ € Hom(SzT, A), habemus

dyMc(a,b,t,7") =aMc(b,t,t") — Mc(ab, t,7") + Mc(a, bt, 7')
1
= —z{adb c(r, ") —d(ab)c(r, ) + da c(br, ')}

1 1
— 2{—da be(r,t') +da c(br, 1)} = —2dadHc(b, 7,7))

=—Mdyc(a, b, 1,7, ged
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4. Tabulatum secundum

(a) Paries recessus

4.1.
Revocamus sagittulam:
dpr : Hom(A®? ® T, Q) — Hom(A%®?> @ T®2, Q)

per formulam
1
dDRC(aa b: T, T/) = Lie,/c(a, bs T) - 2d<T/: C(d, b: T)):
definitam (vide art. 3.1) atque introducamus sagittulam:

dpr : Hom(A®} ® T, Q) — Hom(A®? @ T%?, Q)

per regulam

1
dDRC(aa b> ¢, Z'/) = Lie‘[/c(a> ba c, T) - 2d(T/> C(aa b> ¢, T))

definitam.

4.2.
Determinamus sagittulas:
dy : Hom(A®? @ T, Q) — Hom(A®3 ® T, Q)
per formulam:
dyc(a,b,c,t) =acl,c,t) —clab,c,t)+ cla,bc,t)—c(a, b, ct);

porro
dy : Hom(A®? @ T®%, Q) — Hom(A®? @ T%%, Q)

per regulam:

dycla,b,c,t,7) =aclb,c, 7,7ty —c(ab,c,t,t")+c(a, bc,t,7")—c(a, b, ct, 7).

4.3.

atque
M : Hom(A%®?> ® T®?, A) — Hom(A®? @ T%?, Q)
per formulam:

1
Mc(a,b,c,7,7') = 2da cb,c,t,1').
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44.
Tandem, revocamus sagittulam:
0 : Hom(A®? ® T, Q) — Hom(A®?> @ T®2, A)

per formulam
Qc(a’ b’ T’ z-/) = (z-/’ C(a5 b’ T))’

definitam, vide 3.9.
4.5. Lemma. Fitdydpr = dprdy + M Q.

Quod probatur eodem modo ut in arts. 3.7, 3.8.

(b) Paries sinister

4.6.
Revocamus sagittulam:
0 : Hom(A®?> ® T, Q) — Hom(A®? ® T®2, A)

per regulam
Qc(a’ b’ r’ z-/) = (r/’ C(a5 b’ T))’

definitam, vide art. 3.9, atque introducamus sagittulam novam:
0 : Hom(A®?* ® T, Q) — Hom(A®? ® T®2, A)

per formulam
Qc(a7 b’ C’ T’ T/) = (T/7 C(a7 b’ C’ T))

definitam.
4.7. Lemma. FitdyQ = QdH.
Quod probatur eodem modo ut in art. 3.11.
(c) Paries rectus
4.8.
Revocamus operatorem:
0 : Hom(A®? ® T®?, Q) — Hom(A®? @ T®3, A),
definitum per formulam:
Oc(a, b, 11, 12, 13) = (12, ¢(a, b, 11, 13)),
vide art. 3.12, ac determinamus operatorem novum:
0 : Hom(A%®? ® T®?, Q) — Hom(A® ® T®3, A)

per regulam:
Qc(a,b,c, 11, 12, 13) = (12, C(a, b, c, 71, 13)).

471
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4.9. Lemma. Fitdy Q = Qdy.

Quod etiam probatur eadem ratione ut in art. 3.11.
(d) Camera

4.10.
Contemplemur sagittulam:
dpr : Hom(A®} ® T, Q) — Hom(A®? @ T%?, Q)
per regulam
1
dpre(a,b,c,7,7") = Lieyc(a, b, c,7) — 2d<f/, c(a,b,c, 1)),
definitam, vide art. 4.1, atque introducamus sagittulam novam:
dpr : Hom(A® ® T®2, A) — Hom(A®? ® T®3, A)
per formulam:
. 1
dprc(a, b, c, 11, 12, 13) = Liesyc(a, b, ¢, 11, 13) — 212C(a, b,c, 11, 13).
4.11. Lemma. Fit QdDR = dDRQ.
Quod probatur simili calculo ut in artt. 3.16, 3.17.

(e) Frons

4.12.
Revocamus sagittulas:
dpr : Hom(A®? ® T®2, A) —> Hom(A%®?> @ T®3, A),
definitam per:
1
dpre(a, b, 11, 72, 13) = Liec(a, b, 11, 12) — 2rzc(a, b, 11, 13),

vide art. 3.14, porro:
dpr : Hom(A® ® T®2, A) — Hom(A®? ® T®3, A)

definitam per:

. 1
dpgela, b, c, 11, 12, 13) = Liegc(a, b, ¢, 11, 12) — 2rzC(a, b,c, 11, 13),
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vide art 4.10, denique:
M : Hom(A®? @ T%?, A) — Hom(A®? ® T%%, Q)
definitam per:
Mc(a,b,c,t,7') = ;da cb,c,t,1),
vide art. 4.3.
4.13. Lemma. Fitdydpr = dprdy + OM.

Quod probatur omnino simili modo ut in artt. 3.20, 3.21.

() Junctio

4.14.
Revocamus operatores:
M : Hom(A ® T®%, A) — Hom(A®? @ T®?, Q)
definitum per:
Mc(a,b,17,7") = ;da cb, 1,1,
vide art. 3.4, et
M : Hom(A%®? @ T®?, A) — Hom(A®? @ T%?, Q)
definitum per:
Mc(a,b,c,7,17') = ;da cb,c,t,1),
vide art. 4.3.
4.15. Lemma. Fitdy M = M dy.

Quod probatur eodem modo ut in art. 3.24.

Pars secunda. Aedificium rectum

1. Pede plana
(a) Paries recessus
1.1.

Revocamus operatores:

dpr : Hom(A’T, Q) — Hom(A’T, Q)

473
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definitum per formulam:

1
dpre(z, 7', 7") = Cycle, ;. |:c([r, ', ") = tl{c(z’, T} + 3d(r, c(t/, r”))i|
/ Vi 1 / Vi 1 / "
:Alt‘[,,‘[” C([T:T]:T )_ ZC(T: [T » T ])_ ZTC(T,T )

1 1
+T/C(Ta T//) + 6d<Ta C(T/a T//)) - 3d<f/, C(Ta T//)>] 5

vide Pars Prima, art. 1.6, atque
0 : Hom(A’T, Q) —> Hom(S’T ® T, A)

definitum per:
Qc(z, 7/, 7"y = Sym, ,/(z, c(t’, ).

1.2.
Introducamus operatores:
dpr : Hom(A ® T®2,Q) — Hom(A ® T ® A>T, Q)

per regulam:

dDRC(Cl, T, T/, T//) = Alt‘[/,‘[// [T/C(Cl, T, T//) - C(T/(a), T; T//) + C(Cl, [T, T/], T//)

1 1
_2C(Cl, 7, [T/a T//]) - 3d(T/a C(Cl, 7, T//)>]

= {Lie + d/DR}c(a, r, 7', 1),

ubi

Liec(a, 7,7/, 7") = Alty o7 [r/c(a, 7,7y —c(z'(a), 7, 7")

et
1
d/DRC(a: 7, T/: T//) = - 3A1t‘l’/,‘[//d<r/: C(d, T, TU))a
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1.3.

ac
M : Hom(S’T ® T, A) — Hom(A @ T ® A>T, Q)

definitam per:
1
Mc(a,t,7',7") = —3da Alt,r pre(r, v/, 7).

1.4. Lemma. Fitdydpg = dprdy + M Q.

1.5. Demonstratio. Habemus
dudpre(a, 7,7’ 7"y =dprclat, 1/, ") —adpre(z, v/, "),
ubi
dpre(at, /', 7") = Alty v [c([ar, '], ") — ;c(ar, [/, 7"])

1 1
— 2(az')c(r/, Y+ 1'clar, ") + 6d(az’, c(t’, "))

—;d(r/, clart, r”))}

= Altyr ,» [c(a[r, 1= (a)z, ")

1

1 1
— 2c(ar, [/, z"]) — Za‘[c(r/, "y — da(z,c(z’,1"))

2

1 1
+1'clar, ") + 6da(r, c(t/, ")) + 6ad(r, c(’, "))

1
- 3d<f/, C((lf, Z'//))}
ac

—adpge(r, v/, ") = —aAlt,/,T//[r/c(a, 7,7y —c(t'(a), 7, 7"
1

—;d(r/, cla, t, ‘L'//))} .
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Addemus huc:

0= —Alty |:r/{ac(r, )} — ' (a)c(r, 7"y —at'c(r, )

1
— {d({t’,ac(z, ")) —da(t’,c(z, ")) —ad({t’, c(z, "))}
3
Post rationem parvam, effectus proditur.

(b) Junctio camerae

1.6.
Determinamus operatorem:
R : Hom(A ® T®?, A) —> Hom(A ® T ® A*T, Q)

per:

1 1
RC(d, 7, T/: T//) = _6A1t‘[/,‘[”d[c(a: [T: T/], T//) + zc(a: T, [T/: T//])

+c(r"(a), 7, r/)]

atque revocamus operatores:

dpr : Hom(A ® T, Q) —> Hom(A @ T%?, Q)
definitum per:

/ . 1 /

dDRC(a: 7,7 ) = Lle‘[,c(a: T) - 2d<‘[ > C(aa T)>,

vide Pars Prima, art. 2.2, ac
O : Hom(A ® T, Q) —> Hom(A ® T%?, A)

definitum per:
Oc(a,7,7") = (7, c(a, 1)),
vide art. 2.17.

1.7. Lemma. Fitds, = RQ.
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1.8. Demonstratio. Primo, LieZ = 0. Vero,
Lie’c(a, 7,7/, 7") = Alt,s n{z'Lie;rc(a, ) — Lie;rc(z/(a), 7)
+ Lie,»c(a, [, t'])} — Lie, ;mc(a, 1),
ubi
Alt,r nt'Liegrc(a, 1) = Alty o {z't"c(a, ) — 'c(z"(a), ) + 7'c(a, [t, T"D};
—Alt, 7Liegre(t'(a), 1) = Alty o {—1"c(t'(a), 1) + c(z"7'(a), 7)
—c(7'(a), [z, 7" D}
Alty nLieyrc(a, [z, ') = Alt,/,,//{r//c(a, [7,7') —c(z”(a), [z, T'])
+c(a, [lz, 71, "N}
ac
—Lief,r onela, t) = —[7', 7 1c(a, 1) + c([7’, e "1(a), T) — c(a, [z, [z, "))

Addendo adipiscimur protenus 0.

1.9.
Secundo, fit

Liedppc(a, 7,7/, ") = Alty o {t'dppe(a, T, t")
—dpre(t’(a), 7, 7") + dpgela, [z, 7], ")}
— d/DRC(a, 7,7, 7"])
1 1y 1
= —2[Altf/,f//{d‘[ (", c(a, 1))

—d(t",c(t'(a), 7)) +d{t", c(a,[r, 7'])}

—d([7',7"],c(a, 1))]

w (7", cla, 7)) = ([r/, 7"], cla, 1)) + (", c(a, 1))
1.10.
Tertio, fit
dpgliec(a,t,7',7") = —;Alt,/’,nd(r/, Lie,»c(a, 7))
1

= —3A1t1—/’1-//d<7,'/, T//C(aa T) - C(T//(a)a T) + C(a: [T: T//])>-
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1.11.

Denique fit quarto

1
ngc(a, r,7,1") = — 3Alt,/,,//d(r/, dprela, t, ")
1 / VA 1 / Vi
= 6Altf/,,//d(r ,d{(t",c(a, 1)) = 6Alt1/,,//dr (t”, c(a, 1)).

1.12.
Addendo obtenebimus:

d3pe(a, 7,1, 1") = {Lied)y + dpgLie + d2g}c(a, 7,7/, ")

- —éd([r/, "], e(a, 1)) + éAltf/,w[d(r’, c(a, [z, 7"'])
—d(e, e(e" (@), r)>]

1
= 6d[_QC(a: T, [T/: T//])
+ Altf/,‘[”{QC(aa [Ta T//]: T/) - QC(T//(a)a T, T/)}]
= RQc(a, 7,7, 1"), ged
(c) Junctiones...
1.13.
Revocamus operatores:
R : Hom(S?T, A) — Hom(A’T, Q)

definitum per:
1
Re(r,7/,7") = —6Cyclef,f/,f/,dc([r, '], 7"
1
= _6 [Alt‘[/,‘[//dc([r> T/], Z'//) + dC([T/, T//], T)]>

vide Pars Prima, 1.7, atque

R : Hom(A ® T®?, A) —> Hom(A ® T ® A’T, Q)
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definitum per:
1
Rc(aa Ta T/a T//) = _6d[Alt‘L'/,l'//{c(a> [T, T/], T//) + C(T”((l), T; T/)}

+c(a, 7, [, "],

vide art. 1.6.

1.14.

Porro,
M : Hom(S’T, A) — Hom(A ® T®2, Q)

definitum per:

1
Mc(a,t,7') = —2c(r, t')da,
vide Pars Prima, art. 2.3, ac
M : Hom(S’T @ T, A) — Hom(A ® T ® A>T, Q)

definitum per

1
Mc(a,t,7',7") = —3da Alty re(z, ', 7",
vide art. 1.3.
1.15. Lemma. FitdyR = Rdy + Mdpgr + dprM.

1.16. Demonstratio. Primo, habeatur
HRc(a,t,7',7") = Re(ar, 7', 7") —aRe(z, 7, 1"),
ubi

1
Re(at, 7', ") = ~6 [Alt,/,,//dc([ar, ', 7"y +de([7/, 7], ar)]

1
=~ [Alt,/,,//dc(a[r, 1 =1 (@)r, ") +de(7', "], ar)]

et
1
—aRc(r, v/, 7" = —6a[Alt,/,,//dc([r, o, 7"y +de([7', "], 1)].

Addemus huc:

0 = éAltf/,T”[d{aC([Ta ‘L'/], T//)} - da C([T: T/]: T//) - adC([‘L’, T/]: T//)]:

0= —éAlt,/Jv[d{r/(a)c(r, N} —d7'(a) c(z, ") — ' (a)dc(z, )]
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et

0= éAlt,/,,//[d{ac([r’, ", 1)} —dac(7,7"], 1) —adc(7', 7], 1)],
unde post summationem:

1
dyRe(a,t,7',7") = 6 [Altf/,f"[ddHC(a, [z,7'],7") — dduc(z'(a), 7, 7")]

+ ddHC(aa 7, [T/a T//]) + Alt‘[/,‘[”[da C([T: T/]: T//)

+adc([z,7'],7") —dt'(a) c(z, ") — v/ (a)dc(z, )]
+da C([T/, T”]; Z') +a dC([T/, T//], T)]

= Rduc(a,t,7',7") + Alty v[da c([z, '], "
+adc([z,1'],7") —dt'(a) c(z,7") — t'(a)dc(r, )]
+dac(7’, 7", 1) +ade(7’, 7], 7).
1.17.
Secundo autem,
Mdpgrc(a,z,7',7") = —;da Alty ndpre(z, t/, ")
(vide Pars Prima, art. 1.3)

1 1
= - 3da Alt‘[/,‘[”{c(r: [T/: T//]) + C(T/: [T: T//]) - ZT/C(T, T//) + T//C(Ta T/)}

et
dprMc(a, 7,7’ ") = Alty 7 [‘L'/Mc(a, 7,7y = Mc(t'(a), 7, 7")
/ Va 1 / Vi
+ Mc(a, [z, 7'], ") — 3d(T ,Mc(a,t,t ))}
ubi

1
t'Mc(a,t,7") = —2{r/da c(r, 7 +dat'c(z,"));

1
—Mc(t'(a), t,7") = 2dr/(a) c(r, 7");
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/ " 1 / 14
Mc(a,[z,7'),77) = — dac([z, '), 77);
!/ 4 1 /! "
—Mc(a,z,[7, 7)) = dac(r, [, 77])
et

— ;d(r/, Mc(a,t,7")) = d{t'(a)c(r,7")}

AN = N =

{d7’'(a) c(z, ") + t'(a)dc(z, T)},

unde, post summationem,

{MdDR + dDRM}C(aa T, T/a T//) = Alt‘[/,‘[”[dd C([T, T/]> T//) + adc([T, T/]> T//

—dt'(a) c(r,7") — ' (a)dc(z, "))
+ da C([T/a T//]: T) + a dC([T/, T//]a T)a
unde lemma nostrum sponte sequitur.

(d) Paries rectus

1.18.
Revocamus operatorem:
0 : Hom(A3T, Q) — Hom(S’T ® AT, A),

definitum per
Qc(t1, 72, 13, 74) = Sym, 5(71, c(22, 73, 74))

atque introducamus operatorem
0 : Hom(A® T ® A’T, Q) —> Hom(A ® T®?> @ A’T, A)

per
QOc(a, 11, 12, 13, 74) = (12, c(a, 71, 73, T4)).

1.19. Lemma. Fitdy Q = Qdy.

Demonstratio. Exstat

dyQcla, 11, 12, 13, 14) = Qc(arty, 12, 13, 14) — aQc(t1, 12, 73, T4),
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ubi

Q(aty, 12, 13, 14) = {at1, c(12, 73, 14)) + (12, c(aty, 73, 74))
= a(ty, c(12, 13, 14)) + (72, clary, 13, 14)),

unde
dy Qc(a, 11, 12, 13, 14) = (12, dpc(t1, 13, 14))

Hinc lemma nostra sequitur sponte.

(e) Camera

1.20.
Revocamus sagittulam
Dpr : Hom(A ® T®?, Q) — Hom(A ® T @ A’T, Q)

per formulam

dDRC(Cl, ) T/, T//) = Alt‘[/,‘[”[r/c(aa 7, T//) - C(T/(Cl), T, T//)

1 1
+c(a,[r,7'],7") — 26(0, ,[7,7"]) — 3d<f’, c(a,, r”))}

definitam, vide art. 1.2.
Eadem definitio etiam ita scriberi potest:

dpgre(a,t,7',7") = Alt,r »Lieyc(a, 7, Y+ cla, 7, [7,7"])
1 / "
- 3Altf/,,~d(r ,c(a, 7, t")).
Introducamus autem operatorem:
dpr: Hom(A ® T®3, A) — Hom(A ® T®? @ A’T, A)
per formulam:

. 1
dpre(a, t1, 12,73, 74) = Altz 4 [LI%C(a, T1, 72, T4) — 3rzc(a, 71, 73, r4)}

+ c(a, 11, 12, [73, 4]).

1.21. Lemma. Fit Qdpgr = dprO.
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1.22. Demonstratio. Exstat

Qdpgcla, 11, 72, 13, 14) = (12, dpRela, 11, 13, 74))

1
= Alt3,4<f2, Liesc(a, 71, 14) + 20(0, 71, [73, 74])

1
- 3d(f3, c(a, 71, T4))>-
Probatur sponte, primo:

(12, Liesc(a, 11, 74)) = Lie, Qc(a, 11, 12, 14);

Secundo, manifesto:

(12, c(a, 11, [13, 14])) = Qc(a, 11, 12, [73, 74])

et
(12,d(13,c(a, 11, 14))) = 12(13, c(a, 11, 14))) = 12Qc(a, 71, 73, T74),

unde lemma nostrum statim sequitur.
(f) Frons

1.23. Lemma. Fitdydpgr = dprdy + OM.

1.24. Demonstratio. Exstat:
dydprela, 11, 12, 13, 14) = dpre(ary, 12, 13, 14) — adpre(r1, 12, 73, T4)

Sed (vide Pars Prima, art. 1.14)
dprclary, 12, 13, 14) = —c(ary, 12, [13, 74]) + A1t3,4[0(af1, [72, 73], 74)
+ c(12, alzy, 3] — w3(a)71, 1a) — w4c(ary, 2, 73)
1 1
- 3aTlC(T2: 73, 7'-4) - 37‘-2C(a‘[l: 73, 7'-4) .

Addemus huc:

0 = Altz 4{rafac(z1, 12, 13)} — 14(a)c(71, 72, 73) — arac(ry, 72, 73)}

cum

1
0= 3Alt3,4{fz{aC(T1, 13, 74)} — 12(a)c(z1, 13, Ta) — atac(ty, 13, 74)}.
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Post summationem obtinemus statim:

dudpre(a, 11, 12, 13, 14) = dprdycla, 11, 12, 73, 4)

1
- 3Alt3,4f2(a)c(f1, 73, 4),

ubi

1 1
— 3Alt3,4T2(a)C(T1, 73, 74) = <T2, - 3Alt3,4da c(ty, 13, T4)>

= QMc(a, 11, 12, 73, T4),

(g) Junctio camerae altera

1.25.
Revocamus operatores:

dpr : Hom(A ® T®%, A) — Hom(A ® T®, A),
ubi

. 1
dDRC(aa T1, 72, T3) = L1€T3C(a, 71, TZ) - 2T2C(a: 71, T3)

= {L +dpg}c(a, 11,12, 13)
(vide Pars Prima, art. 2.7),
dpr : Hom(A ® T®3, A) — Hom(A ® T®?> ® A’T, A),
ubi

dprc(a, 11, 12, 13, 14) = Altz 4Lie,c(a, 11, 12, T4)

1
Alt3 472¢(a, 71, 73, T4)

+c(a, 11, 2, [13, 14]) — 3

=:{L +dpglc(a, 11, 12, 73),
vide art 1.20; tandem,
R: Hom(A ® T®%, A) —> Hom(A ® T @ A’T, Q),
ubi

1
RC(d, 7, T/: T//) = _6A1t‘[/,‘[”d{c(a: [T: T/], T//) - C(T/(a)a 7, T//)}

1

vide art. 1.6.

ged
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1.26. Lemma. Fit d%R = OR.

1.27. Demonstratio. Habemus d2 , = {L + d) )%
Primo, ostendetur, posito

Lie c(a, 11, 172, 13) := Liegc(a, 71, 12)

et
Lie c(a, 71, 72, 13, 14) := Liegc(a, 11, 12, 73),

habebimus
Alt3,4LieZC(a, 11, 72) = —Lie[g, 4 c(a, 11, 12),

Hinc subito fluit L2 = 0.

1.28.
Secundo, videamus post rationem:

{Ldjy +dppL +djglc(a, 71, 12, 73, T4)

1 1
= —6Alt3,4f2 [C(a, [71, 73], 1a) — c(73(a), 1, 74) + ZC(a’ 71, [73, 14])]

485

1 1
= <T2, —6A1t3,4d [C(a, [71, 73], 74) — c(13(a), 71, 74) + ZC(a’ 71, [73, T4])}>

= QRc(a, 11, 12, 13, T4),

2. Tabulatum primum

(a) Paries recessus

2.1.
Revocamus operatorem:

dpr : Hom(A ® T%%, Q) —> Hom(A ® T ® A’T, Q),
ubi

dDRC(a: T, T/: T//) = Altf/,‘[”Lie‘[,C(a: 7, T//) + C(a: T, [T/, T//])

1
- 3A1t‘[/,‘l’//d(r/a C(Cl, 7, Z'//)),

sive
dpre(a, 7,7, 1") ={L +dpgicla,t,7',7")

ged
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ubi
Le(a,t,7',7") = Alty rLieyc(a, t,7") + c(a, 7, [7/, "),

vide art. 1.20, et definimus operatores:
dpr : Hom(A®? ® T%%, Q) — Hom(A®?2 ® T ® A’T,Q),
ubi

dpre(a,b,t,7',7") = Alty ,Lieyc(a, b, t,t")

1
+ C(Cl, ba 7, [T/> T//]) - 3Alt‘[/,‘[”d(r/> C(aa b> 7, T//)>,

sive
dpre(a,b, 7,7, 7") = {L + d/DR}c(a, b,t,7',7")
ubi
Le(a, b, t,7,7") = Altyr #Lieyc(a, b, t, "y +c(a, b, t, [/, 7)),
porro:
M : Hom(A @ T®?, A) — Hom(A®? @ T ® A’T, Q),
ubi

Mc(a,b,7,7',7") = ;da Alty re(b, T, ', 7",
confer Pars Prima, art. 3.4.
2.2. Lemma. Fitdydpr = dprdy + M Q.
2.3. Demonstratio. Primo, posito
Lie c(a, 7, 7/, ") = Lieyc(a, 7, ")

et simili modo
Lie c(a, b, 7,7, ") = Lieyc(a, b, t,7")

probatur, dy Lie = Lie dy, unde subito sequitur Ldy = dg L.
Secundo, fit

1
de/DRC(a’ b> ) T/, Z'//) = d/DRdHC(aa b> 7, T/, Z'//) + Sda Alt‘[/,‘l’//<r/> C(ba T, T”))a

ubi patet
1
3dd Altf/,‘l'//<r/: C(b, 7, TU)) = MQC(as b: T, T/a T//)a

unde manifesto lemma nostrum fluit.
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(b) Junctio camerae

24.
Revocamus operatorem
dpr : Hom(A®? ® T, Q) — Hom(A®? @ T%%, Q)
ubi
dpre(a,b,t,7')y =1'c(a, b, ) — c(t'(a), b, ) — c(a, t'(b), 1) + c(a, b, [7,T'])

1
- 2d<f/, C(Cl, ba T)> == {L + d/DR}C(aa b> 7, T/),

vide Pars Prima, art. 3.1, definimusque operatorem
R : Hom(A®? @ T®?, A) — Hom(A®?> @ T ® AT, Q),
ubi
Rc(a,b,7,7',1") = —éd[Altf/,,//{—c(r/(a), b,t,7") —c(a,t'(b),7,7")
+c(a,b,[r,7'], 7))} +cla, b, 7, [/, r//])],
confer 1.6.

2.5. Lemma. Fit d%R = RQ.

2.6. Demonstratio. Primo, probatur, L? =0.
Secundo, computatur:

{Ldjpg +dprL +djglc(a, b, 7,7, 7")
1
= _6d[<[r/> T//], C(Cl, ba T)) + Alt‘l'/,‘[//<r//> C(aa b> [T, T/])

—c(t'(a), b, 1) — c(a, 7' (b), T))]
= RQc(a,b,t,7',1"),

unde lemma nostrum subito fluit.

(¢) Junctio duarum cellarum tabulati primi

2.7.
Revocamus operatorem

R: Hom(A ® T®*, A) — Hom(A Q T ® A’T, Q)
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ubi
1
Re(a,7,7',7") = —6d[Altf/,f”{C(a, [z,7'],7") — c(z/(a), 7, 7))}

+c(a, 7, [, "],

vide art. 1.6 vel art. 1.13.
2.8. Lemma. FitdyR = Rdy +dprM + Mdpg.

Confer art. 1.15.

2.9. Demonstratio. Fit
dyRe(a,b,t,7',7")y =aRc(a,b,7,t',7") — Re(ab, 7, 7', ") + Re(a, b, 7/, 7).

Primo, computatur methodo simili ut in art. 1.16:

1
{dHR - RdH}C(aa b> ) T/, T//) = 6da d[Alt‘[/,l’//{c(b> [T, T/], T// - C(T/(b)a T, T//)}

1
- C(b, 7, [T/, T//])] - 6A1t‘l'/,‘[//d{r/(a)c(ba T, T//)}

Secundo, ostendetur {dpgrM + Mdpgr}c(a,b, t, 7', 1) eamdem responsionem prae-

bere, unde lemma fluit.
(d) Paries rectus

2.10.

Introducamus operatorem:
0 : Hom(A®? ® T ® AT, Q) — Hom(A®? @ T®? @ A’T, A),

ubi
Qc(a,b, 11, 12,13, 14) = (12, c(a, b, 11, 73, 74)).

2.11. Lemma. Fitdy Q = Qdy.
(e) Camera

2.12.

Introducamus sagittulam:
dpr : Hom(A®? @ T®3, A) — Hom(A®?> ® T®? @ A’T, A),
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ubi

dpre(a, b, 11,12, 13, 14) = Alt3,4[LieT3C(a, b, 11,12, 74)

1
_3T2C(aa b> 71, 73, Z'4)} + C(aa b> T1, T2, [T3, T4]),

confer art. 1.20.
2.13. Lemma. Fit QdDR = dDRQ.

Demonstratio. procedit ut in art. 1.22.

(f) Frons
2.14. Lemma. Fitdydpr = dprdy + OM.
Confer art. 1.23.

Demonstratio. Probatur eodem modo ut in art. 1.24:

1
{dudpr —dprduic(a, b, 11,12, 13, 14) = 3A1t3,4r2(a)6(b, 71, 73, T4)

1
= <T2, 3da Alt3 4¢(b, 11, 73, T4)>

= (12, Mc(a, b, 11, 73, 74))
= QMc(a,b, 1, 12,73, 4), qed

(g) Junctio camerae altera

2.15.
Contemplemur compositio sagittulae
dpr : Hom(A®? ® T®?, A) —> Hom(A%®?> @ T®3, A),

ubi .
dprc(a, b, 71, 12, 13) = Lieyc(a, b, 71, 12) — zfzc(a, b, 11, 13),

vide Pars Prima, art. 3.14, cum sagittula dp g ex art. 2.12.
2.16. Lemma. Fitd?, = OR.

Demonstratio. Eadem ut in art. 1.27.
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Pars tertia. Finale

1. Cocyclus canonicus
(a)

1.1.

Contemplemur elementa ¢ € Hom(A ® T®%, A), ¢ € Hom(A ® T®2, Q) atque
€” € Hom(A®? ® T, Q) definita per:

1
ela,7,7)=17(a), €'(a,7,7') = —zdrr/(a)

et
€’(a,b, ) = —1(a)db — t(b)da.

1.2. Lemma. Fitdpre = Q€.

1.3. Demonstratio. Constat:
. 1
dpre(a, 11, 12, 13) = Lieye(a, 71, 72) — 2121113(0),

vide Pars Prima, art. 2.11. Terminus primus evadit, quod € operator invariens sit. Hinc

1
dpre(a, 11,12, 13) = —, 7T 13(a) = (12, €' (a, 11, 13)) = Q€' (a, 11, 12, 73),
1.4. Lemma. Fitdye = Q€”.
1.5. Demonstratio. Habemus:

dye(a,b,7,t") =art'(b) — v7'(ab) + br1'(a)
=—t(a)t'(b) — (@)t (b) = (', €"(a, b, 1)) = Q" (a, b, 7, 7),

ged
1.6. Lemma. Fitdpre’ = dye’ — Me.
1.7. Demonstratio. Habemus (vide Pars Prima, art. 2.7):

1
dpre”(a,b,7,7') = Liec€”(a, b, ) — zd(f’,é”(a, b, 7))

(cum €” invariens est)

= ;d{r(a)‘r’(b) + 7'(a)7 (b)}
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Rursus,

duyé'(a,b,t,7') = —;[adﬂ'/(b) —drt'(ab) + d{brr/(a)}]

1
= 2[d{r(a)r/(b) +t'(@)t (b)} + da t7'(b)]
=dpre’(a,b, v, 1) + Me,
unde sequitur lemma.

1.8. Lemma. Fitdye”’ = 0.

1.9. Demonstratio. Statuamus:
€, (a,b,7):=—t(a)db; €/(a, b, 1) := —z(b)da,
ergo € = ¢ + €. Adipiscimur:
dueg(a,b,c,t) =aey(b,c,t) —€,(ab,c,t) + € (a, be, t) — €y (a, b, ct)
= —art(b)dc + t(ab)dc — t(a)d(bc) + ct(a)db =0
Simili modo probatur, dye] = 0, unde lemma fluit.
1.10. Lemma. dpge’ = Re.

1.11. Demonstratio. Primo observamus, quod definitio sagittulae dpg ex Parte Se-
cunda, art. 1.2, ita exhiberi potest:

dDRC(Cl, T, T/, T//) = Alt‘[/,‘[//Lie‘[/c(a> T, Z'//) + C(Cl, T, [T/, T//])
1 / 1"

— LAty d( ca, 1, 7")),

unde, quia Lie, ¢’ = 0, sequitur:

1
dore'(a, v, 7 7") = € (a7, [¢, 7" = (Al d(', € a7 7))

1 1
= —zdr[r/, "1(a) + 6A1t,/,,~dr/rr”(a)

1 1
= Altyr o» [ 2a’rr”r/(a) + 6dr/rr”(a)}.
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1.12.

Secundo, habemus

1
RE(Cl, ) T/, T//) = _6d[A1tT/,T//{E(T//(a)> 7, T/) + E(aa [Ta T/]> Z'//)} + E(aa T, [T/T//])]
1
= —6dA1t,/,,//{rr’r”(a) + [z, '17" (@) + t7'7"(a)}
1
= —6dA1t,/,,//{3rr’r”(a) —1t'tt"(a@)y =dpgre'(a,t, 7', 1"),
ged
2. Definitio altera
(a)
2.1.
Primo, axioma (A1) structurae verticianae ita exhiberi potest:
dpyy =€". (A1)
2.2.
Secundo, axioma (A?2) ita scriberi licet:
du(,) — Qy = —€. (A2)
2.3.
Tertio, axioma (A3)P! ita exhiberi potest:
dpe —dpry — M{,) = =€ (A3)°"
2.4.
Quatro, axioma (A4) ita quoque exhiberi licet:
Qc =dpr(,), (A4)

confer Pars Prima, 1.5.
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2.5.
Tandem axioma (AS5) ita exhiberi licet:
dpre = R(,),
confer Pars Prima, art. 1.13.

(b)

2.6.
Applicatio structurarum verticianarum
h: A=, ()00 — A=0"().c)
elementum & € Hom(T, Q) est, talis ut:
duh =y —y"s Qh= ()= ()
atque

dDRh =C— C/.

3. Complexus de Rham-Koszul-Hochschildianus

3.1.

493

(AS5)

Introducamus moduli: Wijk, i>2; j=0,1; k = 0, posito: w200 .— Hom(T7, Q),
tractandoque indices: i tamquam gradum DE RHAMIANUM, j tamquam gradum

KOSZULIANUM ac k tamquam gradum HOCHSCHILDIANUM, ergo:

w3 = Hom(A2T, Q), W?'° = Hom(S?T, A), W = Hom(A ® T, Q),

etc.
Statuimus W" := @;1 jtk=n wiik, ergo:

et
w3 = w300 ® WwA10 ® w401 ® w3l ® w302 ® w22 ® w203
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3.2.

Introducamus operatores D = Dpron + R + M : Wi — Wit! ubi
Dpronc™ = {dpr + (—=1)'Q + (~1) T dy ),

R = — R0 Ret = R0 — R

atque
M = M0 Mt = M0 4 2!

Partium Primae Secundaeque summa significat, D> = 0, unde eruimus complexum

wizsh w2 2sows 2owd B ws,
de inclusione canonica complexuum: Q%1 — W3] ornatum.
3.3.
Contemplemur elementum:

Sectionis 1 summa significat, DE = 0.

34.
Structura verticiana super T est elementum
A=(c.(),7) e WP w0 o w =w,

talis ut fit DA = £.

3.5.

Applicatio structurarum verticianarum i : A — A’ elementum & € W2%
est, talis ut fit Dh = A — A'.



