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1.  - As is known, there have been attempts to introduce new algebraic structures 
in physics other than Lie algebras (L.A.). One of the most interesting at tempts is 
the Jordan investigation on the (( r-number algebras )), today called (commutative) 
Jordan algebras (C.J.A.)(1), which however have not been successful in their 
physical applications. 

We personally think that a possible reason for this disappointment in elementary- 
particle physics may be the want of L.A. content in the C.J.A. In  other words L.A. 
should not be abandoned, but  might be expanded. For instance the validity of L.A. 
for free particles is well known. I~ may be interesting to investigate the possible 
vMidit.y of new alg,,hraie structures for an interacting or decaying region but  only 
in such a way that the standard procedures corresponding to the free states remain 
unchanged, that is preserving in any case a welldefined L.A. content. 

In  this connection in the present paper we introduce an imbedding of L.A. in 
more general nonassoeiative structures, we choose a suitable nonassoeiative algebra 
for our extension and we briefly discuss the possibilities of physical applications. 

2. - In  the imbedding 

(1) L-~ A 

of a gives L.A. L into any aig~:bra A, which we call the exte-~sio-~ of L, :~, useful 
intermediate concept for preserving a Lie content is given by the concept of Lie- 
admissible algebras introduced by ALBERT (s). An algebra A with product ab is called 

( ') Notes  on  a l ec ture  g iven  a t  t he  ICTI ' ,  Tr ies te ,  J u n e  27, 1967. 
(*') P r e s e n t  addres s :  U n i v e r s i t y  of Miami ,  Cen te r  fo r  Theore t i ca l  S tud ies ,  Cora l  Gablcs ,  Flu.  
(1) The  C . J .A .  a r c  nonas soc i a t i ve  a l g e b r a s  def ined b y  the  r e l a t ions :  i) ab -- ba, a n d  

ii) (a~b)a = a2(ba), T h c y  a rc  st tbdividecl i n to :  i) t he  special  C.J .A . ,  w h i c h  a re  c h a r a c t e r i z e 4  b y  t h e  
p r o d u c t  a b =  ~ ( a . b  + b , a ) =  ~{a, b} (we c:~ll a . b  t he  a s soc ia t ive  p roduc t ) ,  a n d  ii) t he  except ional  
C.J .A . ,  i.e. t he  a l g e b r a s  wh ich  t~re no t  special ,  F o r  a n  ex tens ive  h i b l i o g r a p h y  on C . J .A .  see t1. BRAL~N 
a n d  M. K~)C~t~: Jordaa-~t lgcbrcn (Ber l in .  1961;). 

(~) A,  A, ALnEttT: T r a n s ,  A . M . ~ . ,  64, 552 (194S). 
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Lie-admissible if the algebra A . which is the same vec tor  space as A wi th  the p roduc t  
ab - -  ba = [a, b], is a Lie algebra. F o r  example,  if A is an associat ive algebra, then A -  
is the Lie a lgebra in the  s tandard  form known by the physicis t ;  if A is a L.A. wi th  
product  a b = a . b - - b . a ,  then  A -  is still a L.A.  wi th  product  a b - - b a - - 2 ( a . b - - b . a ) .  
I tenee associat ive and Lie  ~dgebras are Lie-admissible.  ()n the  con t ra ry  C.J .A.  
are t r iv ia l ly  Lie-admissible,  since A -  is ahvays a zero algebra (i.e. a n i lpotent  a lgebra 
of degree 2). 

In  the  following we are in teres ted in the general  case where A is a nonassoeia t ive  
algebra. Then,  by using the  Lie-admissibi l i ty  concept ,  the imbedding (1) may be 

performed accordi,ng to 

(2)  L --~ A -  ->  A . 

that is by imbedding the considered L . A .  L in  a nonassociative extensiotr A such that A -  
is i somorphic  to L.  The insufficiency of the  C.J .A.  for this t ype  of imbedding  then  
a.ppears clear because of the  c o m m u t a t i v i t y  of the product .  Hence  we must  search 
for large algebraic structures.  

In  order  of to find the expl ici t  condi t ion for Lie-admissibi l i ty ,  we note  tha t  the  
product  of A is an t i eommuta t i ve  by construct ion.  Hence A is Lie-admissible  if 
and only if A satisfies the J a c o b y  ident i ty ,  t, hal is 

(3)  [a ,b ,c ]+  [b .c .a ]+  [ c . a , b ]=  [c,b.a] +- [b.a.c] + [a,c,b] .  a . b , c ~ A ,  

where [a, b, c] = (ab)c--a(bc)  is the associator, a quan t i ty  which represents  the  
amount  by which the  e lements  of a nonassoeia t ive  nlgebra fail to obey the associat ive 
law of mult ipl icat ion.  

I f  we in t roduce  f lexibil i ty ,  a weaker  condit ion than assoeia t ivi ty  expressed by 
(ab)a = a(ba) fro' ever)- a, b c A, then the Lie-admissibi l i ty condi t ion is given by the  
reduced form 

(4) [ a . b . , , ] +  [ b . ~ , . a ]  i [c ,  a ,  b] - -  0 . 

which looks like a geiwral iz~t ion of the J acoby  ident i ty .  
There  is also the Jordan-admiss ib i l i t y  concept  (2) which will be useful for a more 

exhaust iw~ char~cteriz~tim~ ,,f the  imbedding.  An algebra A wi th  product  ab is 
said to be Jordan-admiss ib le  it' the  a l t ached  algebra A +, which is the same vec tor  
space .~s A with  the product  ~-(ab i- ha) .1, (a, b}, is a C.J .A. ,  tha t  is the  following 
relaton is veri t led:  

(5) (a"b)a + a(ba 2) [- (ba")a ~- a(a2b) --  a2(ba) ~- (ab)a 2 ~ a2(ab) [- (ba)a '~ . 

We note  that  associat ive and (commuta t ive)  Jo rdan  algebras are Jordan-admiss ib le .  
but  L.A. are t r iv ia l ly  Jordan-admiss ible  since A + is a zero algebra. Moreover  an 
algebra which is (nontrivial ly)  Lie- and Jordan-admiss ible  is the associatiw~ algebra. 

3. Clearly there is a great  number  of nonassoeiat ive  Lie-adraissible algebras. 
I,i order  tha t  our inw,stigatiol ,  may  give rise to an expl ic i t  choice wi th  in teres t ing 
physical  possibilities some suitable supplementary  condit ions on A must  be intro-  
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duccd. In  the present paper  we consider the case when A is power-associative, trace- 
admissible and normed; then the simple nonassoeiative extensions A arc only the 
,wncommutative Jordan algebras (N.C.J.A.)(~) and among them (a) the most in- 
teresting Lie-admissible algebras are the (split.) quasi.associative algebras A(~)("-), 
that  is ~lgebr~s characterized by  the free seal~r ), and the product  

(6) ab = 2a.b + ( 1 - - 2 ) b . a  = 2[a, b] + b . a ,  

which constitute the basic algebras of the N.C,J.A. 
Indeed (5) the only power-associative, simple and trace-admissible algebras are: 

i) the C.J.A.; it) the quasi-associative algebras; iii) the flexible algebras of 
degree 2 (4). Fur thermore (SCrtAF~ (1955)(~)) every N.C.J.A. is power-associative 
and trace-admissible, and every flexible Jordan-~dmissible algebra is a N.C.J.A., 
while (MCCR~MO~ (1965) (a)) every normed algebra is a separable N.C.J.A. Final ly  
we note that  (SCreAmeR (1965) (a)) the radical R of a N.C.J.A. coincides with the 
radical  of the Jordan algebra A +, A Q R is semi-simple and may be expressed as a 
direct sum of simple algebras. 

The Jordan admissibil i ty concept has the following proper ty  (5): when A is 
power-associative and trace-admissible, then A is simple if and only if A + is simple. 
Consequently the imbedding (2) may be used for simple L.A. L 

(7) L-+ A - - >  A +- A + ; 

the  preservation of the simplicity for a power-associative trace-admissible exten- 
sion A is guaranteed by  the simplicity of A +, A and A + also possessing the same 
radical.  Our choice of power-associative trace-admissible algebras, that  is the algebras 
of quasi-associative type,  concerns algebras which are simultaneously (nontrivial) 
Lie- and Jordan-admissible as the associative algebras. Indeed a b - - a b - ~  (22--1)"  
�9 ( a . b - - b ' a )  and �89 -~ ha) = �89 4- b.a). Furthermore  A(1) is isomorphic to an 
assoeiativc algebra; A(0) is antiisomorphie to an associative algebra and A(�89 is 
isomorphic to a special C.J.A. However in the A(,~) algebra there is no finite value 
of ;t to reduce the product  (6) to the commutator  (6), which lessens the physical  
interest.  In  this connection we now investigate a generalization of the A(,t) algebras. 

4. - Let  A be any algebra with product  ab over a field F and ~, l( be free scalars 
belonging to F.  Wc define the algebra A(L/~) to be the ()~, #)-mutation of the original 

(3) The  N .C . J .A .  a re  nou~ssoc ia t ivc  a lgeb ra s  n e i t h e r  ~ n t i c o m m ~ t a t i v e  n o r  c o m m u t a t i v e  defined 
b y  t h e  reb~tions: i) (ab)a = a(ba), a n d  it) (a~b)a - a~(ba). T h e y  were  first  def ined b y  R .  D. SCHA- 
FER: Prec.  A . M . S . ,  6, 472 (19555. SLoe ~lso: BR.~Ir.~ ~nd KOEeI-IER (~); R .  D. SCH~FEK: A n  
Introduction to Nonassociatit,e Algebras (New York ,  1966); Prec.  A. f I I .N. ,  9, l l 0  (195b); Trans.  
A . M . S . ,  94, 310 (1960); L.  A. K()~(oRls: l 'roe. ,4 .M.N. ,  9, 16t  (19585; Canad. Journ .  ] la th . ,  12, 
448 (19605; L.  J .  I'AIGE: Port. Math . ,  16, 15 (1957): R .  H. 0Et[~KE:  Trans.  A . M . S . ,  87, 226 (195~); 
Prec.  A . 3 f . S . .  12, 151 (19615; i~. M(!CR[.~L~ION: Pa::i/iv . fourl t . .1[ath. ,  15, 925 (1965): Prec.  ,4.~]f.N., 
17, 1 i55  (1.066); Tratts.  A . 3 I . S . ,  121, 187 (196(i). 

(r The  s imple  N.C.J.~_. of c h a r a c t e r i s t i c  zero (we cons ider  on ly  a lgeb ra s  a n d  fields of eha r ac -  
torisbio zero) h a v e  bccn  cb~ssified b y  SCI-L-kFER ( |955)  (a) a c c o r d i n g  to :  i) bhe s imple  C . J .A . :  i t ) t i m  
s imp le  qaa~i -~ssocia t ive  a lgeb ras :  iii) t h e  s imple  flexible algebra,s of dcgcee  2. 

(a) A. A. ALBERT: Prof .  N . A . N . ,  35, 317 (19t9) .  
(~) l [ owcve r ,  for  ~ ~.c~, ab--+ [o, b]. The  a u t h o r  [s indcbLed to Prof .  A. S,~LA.~[ f~or t h i s  r e m a r k .  
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algebra ,  t h a t  is t he  same vec to r  space as ~1 b u t  w i th  t hc  p r o d u c t  (~) 

(8) (a, b) = 2ab 4- ttba = 9[a, b] + a{a, b} , 
~ = a + q ,  

t t =  a - - ~ .  

W e  see clear ly t h a t :  i) A(1,  0) is i somorph ic  to  A ;  ii) A(O, 1) i s  an t i i somorph ic  to  A ;  
iii) A ( 1 , - - 1 )  is i somorph ic  to  A - ;  iv) A(�89 ,~) is i somorph ic  to  A+;  v) A ( L  1 - - 2 )  
is i somorph ic  to  t he  L m u t a t i o n s  of A.  

Theorem 1. A(X, p) is power-assoc ia t ive  for eve ry  ~ ~: --/~ if a n d  only if A is 
power-associatiw~ a n d  for  2 = - - / ~  i t  is t r i v i a l l y  power -assoc ia t ive .  Proo]: t h e  
iden t i t i e s  [a, a, a] = 0 a n d  [a, a, a -~] - - 0  arc sufficient to g u a r a n t e e  the  power-asso-  
c i a t iv i ty  of an  a lgebra  (for fields of charac te r i s t i c  zero as in  our  case). The  power-  
assoc ia t iv i ty  of A(2, /~) is t h e n  easily reduced  to the  va l id i ty  of the  above  re la t ions  
for  A. 

Le t  us also no te  t h a t  the  a lgebras  .I(2. p) sat isfy the  re la t ion  

(9) (a, a) = 7aa (7 = 2 a - -  A + it) , 

n a m e l y  powers  in  A(2.  it) a n d  A do no t  coincide for y # l .  This  is the  first essen- 
t i a l  difference be t w een  the  (2, p)- and  2 - m u t a t i o n s  of an  a lgebra .  I f  Y =  1 t h e n  
the  (2 , /0 -  a n d  / . -muta t ions  are e q u i w d e n t .  I n d e e d  

(a, b) = ~[a, b] + �89 b} = (9 + ~)ab ~- (�89 .... o)ba = ~ab + ( 1 - -  2)ba 

for ~ = o + � 8 9  

Theorem 2. A(2 . / t )  is flexible for eve ry  2, / ~ F  if and  only  if A is flexible. 
Proo]: we haw~ 

((a, b), a) : ,~2(ab)a + 2/t(ba)a + 2pa(ab) + lt'2a(ba) 

and  

(a, (b, a)) : 22a(ba) + 2/ta(ab) + Al~(ba)a + ~lt(ba)a + tt2(ab)a. 

Hence,  if (ab)a = a(ba), t h e n  ((a, b), a) = (a, (a, a)).  

Theorem 3. A(2,  It) is L ie -admiss ib le  for  eve ry  2 ~  tt if a n d  on ly  if A is Lie- 
admissible .  Proo]: A -  a n d  [A(2 , / t ) ] -  are defined by  the  respec t ive  p r o d u c t s  a b - - b a  
a n d  (a, b ) - - ( b ,  a ) :  (A- - i t ) (ab- -ba) .  Hence  for  2%/~ [A(2, tt)]- is i somorph ic  to  t he  
isotopic  a lgebra  A * -  (s) w i t h  p r o d u c t  a .  b - -  b .  a : (2 - - / t )  ab - -  (~- -  it) ba. 

F o r  ~ : / ~ ,  A (~,/ t)  is t r iv i a l ly  Lie-admiss ib le .  

(7) For the case with .4=associative algebra see also: ]{. hi. SANTILLI and G. SOLIANI: 
.I slalislies and paraslalislles ]ormal uni]i('alim~, to appear. 

(8) Given an algebra A with product ab and an invertiblc element c we can form an algebra ~l*, 
called tile isolope of A, with the product a* b-  aeb. As a particular case we iIlay ]lave e = o t l ,  

where a is a free (nonzero) scalar. Then the new multiplication in _4* is simply ~ times the old multi- 
plieation in  _l:  a * b -- ~r 



574 1~. M. SANTILLI 

Theorem 4. A(~,  ~,) is Jo rdan-admiss ib le  for every  2 ~ - - I s  if and  only if A is 
Jordan-admiss ib le .  P,roo]: A + and [A(s #)]+ are charac te r ized  b y  the respect ive  
p roduc ts  � 8 9  and  � 8 9  Hence  [A(2,/~)]+ is 
i somorphic  to the isotopic a lgebra  A *+ wi th  p roduc t  �89 (a * b + b * a) ~ �89 (~ + p)(ab + ba). 

F o r  ~ = - - ~ ,  A ( L  it) is t r iv ia l ly  Jordan-admiss ib le .  

Theorem 5. If  U = A ( ~ ,  ~), then ,  for ~:/: ~:/~, A -  U(a./~). where  ~ =  2/() ,~-- /d  -) 
and  fl = ~/(/~2_ 2~ Prop]: since 

(a, b ) -  (b, a) = (~- - / , ) (ab- - -ha)  and  (a, b) + (b, a) -= (2 + i*)(ab + ha) , 

we have 

/* 
b) + (b, a ) .  (10) a b - -  ~ o _ p 2  (a" t~ - o 

Theorem 5 has the  fol lowipg consequences:  as for the A(,~) a lgebra  (0-). if R is a 
two-s ided ideal  of A,  t ha t  is ba and a b + R  for every b + R  and a + A ,  then  (a, b) 
and  (b, a) + R .  If  A ~ B @ R, then  A (~, I~) = B(~, ~)(~) R(,~,/*)- R(~./~) is solvable 
(ni lpotent)  if / /  is solv;~,blc (ni lpotent) ,  and  the max ima l  solvable  ideal  of A(L/~)  
coincides wi th  tha t  of A.  Hence A(~, / t )  is s imple if A is simple, and  A(2,/~) can be 
given as a direct  stun of s imple algebras  when the rad ica l  is zero. if the  same occurs for A. 

The possible in teres t  of the  (~ , / , ) -muta t ions  for  phys ica l  app l ica t ions  is essent ial ly  
given by  the muta t ions  of associat ive  a lgebras  A.  h i  this  case i t  is easy  to  show 
t h a t  A()L ~t) is a real iza t io~ of the  N.C.J .A. .  since i t  is flexible and  Jordan-admiss ib le .  
F u r t h e r m o r e  A(2,/~) is an a lgebra  of quasi-associat ive t ype  (for 2 # - - f t ) ,  indeed  
ti le associators  in A(,L/~) and [A(2,/~)]+ are connected  by  the re la t ion  [a, b, c] = 
= ( 1 - -  5) [a, b, c] ~, where b = ((A--/Q/(A + tt)) ~ is the discrimi~a~,t of the algebr:t  
(McCRtM~ION (1966) (a)) (~). 

The ()~, t t )-mtttat ions of au associa t ive  a lgebra  s~tisfy the fol lowing essent ia l  
re la t ions  : 

i) (ab)a = a(ba) , 

ii) (a0-b)a = a"(ba) . 
( l l )  

iii) a0--- y a ' a  ( y ~  F) , 

iv) [a, b. c] § [b, c, a] + [c, a, b] = 0 . 

where i) and  ii) are the fundamen ta l  re la t ions of the N.C.J .A. ,  iii) connects  powers 
in the  associat ive a lgebra  and powers  in the corresponding muta t ion ,  and iv) rep- 
resents  the Lie-admiss ib i l i ty  condi t ion for fi(;xible ~dgcbras. 

(") The  a u t h o r  is i ndcb tcd  to Pt'of. K.  Mc'['Rt~L~to,x ~ for a v e r y  k ind  l e t t e r  (of J u n e  12, 1967), where  
the  couucct ions  be tween  t im A(~,/~) ~ud A(~) ~d!;ebr,~s a.ve ex01icitly inves t ig~ ted .  MCCRIM~ION 
notes  t h a t  for e , ~  7 '0 ,  h)- p u t t i n g  v = 2 a ,  ~ ' =  ~/r ~md t d -  /~/r, we h a v e  ; t ' + I d =  1. T h e n  
(o, b) ~ 'ra 'b  + / d z b . a  ~'et*.b + ([ ~')b*'a. i [ence  . l(~,  t~) is jus t  the  (~/2~)-nlut~ttion of the  

isotopic  ~tlgebr~t A*, i.e. A(2, ~) is i somorph ic  to _t*(~/2~). I n  ~l, dd i t ion  we note t ha t ,  s ince a = ~ +/~, 
the  isoLopie algebr~t A* ch~tracterized by  the  p roduc t  a* 'b  ~ (~ + / O a ' b  is the  zero a lgeb ra  for 
)t =~ --!~. F u r t h e r m o r e  for ,t - - / ,  A(,I, /0 corresponds to the  c~-nlUtation of the  A* (zero) algebrtt 
(see also footnote  (6)). l l cnce  the  A(~, ~) and  A(,X) ~dgebras ~trc e q u i w d c n t  for eve ry  ~ - - / ~ ,  
while  the  cttse ~ = - - ~  corresponds  to the  exp l i c i t  Lie  con ten t  of t he  A(~, f~) a lgebras  which occurs 

when  the  d i s c r i m i n an t  has  the  degenera te  va lue  ~ .  
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Theorem 6. If At2,  t*) is an  algebra of quasi-associative type, then A(2, /~) is  
solvable if it is a ni lalgebra and it is strongly ni lpotent  if it is solvable;  the radical  
R(2, / z) is the maxima.] solvable ide'fl such tha t  At2,/*) (~3 R(2, l~) is semi-simple and  
has no nonzero nil ideals;  evcry semi-simple At2,  I~) algebra can be given as a dircct 
sum of simplc algebras. P.roo]: The above s ta tements  hold for ,~-mutations of an asso- 
ciative algebra (~-). Hcnce they  also hold for [2/(2 §  of the isotopic 
algebras A* with the product  a * . b =  ( ~ §  l ,)a.b,  

For  the case 2 = - - t ~  we prove the following 

Theorem 7. If 7 = 0, then  relat ions ( l l )  defim, a Lie algebra. Proo]: If 7 = 0, 
the condi t ion a " =  0, which is the first rcl%tion for L.A.,  implies tha t  the product  
is an t icommuta t ive ,  i .e.  ab - - b a .  Then |he Lie-admissibil i ty condi t ion becomes 
the Jaeoby ident i ty ,  since [a, b, c] § [b, c, a] § [c, a., b] = 2 [(ab) c g- (be) a q- (ca) b] = O. 
Fur thermore  flexibility becomes inessential  since all Lie algebras are flexible, and  
condi t ion  it) is t r ivial ly satisfied since a 2 0. 

We eonchtde by  not ing  tha t  s tar t ing from a given Lie algebra which is the (1,--1)-  
mu ta t ion  of an associative algebra, it is possible to perform an imbedding  according 
to (7) by taking  as extension the (2, /~)-mulation o1' the original associative algebr'~, 
while the two-sided ideal, the derivations,  the aulomorphisms and  many  other 
characteristics remain unchanged.  In addi t ion the given mathemat ica l  tool presents 
two free quant i t ies  belonging to lhe field which may have some physic%l interest.  
Par t icular ly  the (2, l~)-product may be used: i) in the general  form ( a , b ) =  

~[a, b]+ a{a, b}, i.e. with two frec scalars; it) in the reduced form (a, b ) =  
= cos~[a ,  b] + sin ~{a, b}, i.e. with the supplementary  condi t ion  9 e +  a " =  1; 
iii) in the cont rac ted  form (a. b) = [a, b] 4- a {a. hi. i.e. (~ = 1 and  only the scalar a 
is free for (~ ' " pe~turba tmn )~ of the Lie eonh,nt .  

Fu r the r  inves t igal ions  on the :l(k, t~) algebras part icular ly fro" what  concerns 
the explicit  const ruct ion of the basis, the ela, ssifiea!iml of tit(, mat fix representat ions 
and  the Pierce decomposit ion are in progress. 

5 .  - Let us now discuss the possibilities of physical  applications.  At  a classical 
level for nonconservat ive  systems 0 ~ there is already a physical  applicat ion of im- 
bedding (2) given by pseudo-Hami l ton ian  mechanics, in t roduced by  DUFFIN, 
where the Poisson bracket  may be imbedded in the more general Lie-admissible 

n 
form (n) (a, b)c = ~ (,~(~a/~q~)(Sb/~p,) § lt(~a/Sp~)(H,/c~q~)). 

t=1 

At a quart.lure-mechanical level for e lementary-par t ic le  in tcrac l ing  or decaying 
regions (~-) there are m a n y  problems to be invest igated in order to evaluate  the pos- 
sibilities of application of the given procedure. Aiming these problems one el the most 
crucial is the possibil i ty tha t  imbedding implies a change of the stat ist ical  Bose (,r 
Fe rmi  character  of the part icles in in te rac t ion  or decay (lLla). 

(1~) Clearly for conserva t ive  sys tems  1he Ha mi l l on i an  n,vehanics and Lie a ]g (b ra  are conaphqely 
sat isfactory.  

(11) [{. M. SANTILL]: ~S~oin( , rc . l ( t rks  o .  l ;8eudo- l laml l to . i~n ,  mechanics ,  lo al)pe~t,r. 
(t~) ()f course for free s ta tes  Lic a lgebras  are  eontpletely satisfa(4ory,  qhe i r  "validity h o ~ t v c r  

becomes problenmtic  for the  sam(. Imrticles is in teract ions  of fro' probh ms like lhe re]aiivisi  ic exh,n~ion 
of the  in te rna l  s y m m e t r i e s  where  infinite pr Lie algt bl'~ls (m(,urs. See for i]lstai/ee: J .  ]*'(~R- 
MhNEK: C z e c h . . l o . r ~ .  P h y s . ,  1] 16, 1, 281 (1966). 

(~a) For  instance,  in the  decay n--*tz+v there  in the  t rans i t ion from bosoms to fermions,  which 
leaves open the  problem of charac te r iza t ion  of the  decaying region frmn a s ta t is t ical  viewpoint  C). 
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In  this connection the following approaches are being attempted: 

i) e ~ l ,  a ~ 0  (or the ((angle)) a ~ 0 ) .  In  this ease it is possible to inves- 
tigate the connection between the given procedure and the approximation methods 
or the (( neighbouring algebras >) by SEGAL (14). 

ii) ~, a = ]ixed quantities (or a = fixed (< angle ))). In  this case, by recalling 
that  the fundamental  representations of the S U~ Lie algebras are closed under both 
commutators and anticommutators (hence they are closed also for the A(2, tt) 
algebra), it may be interesting to investigate the imbedding of the S U  3 (or SUs) 
model in order to see if the given procedure may give a contribution to the problem 
of the (non) observability of the quarks and a more exact mathematical character- 
ization of the physical numbers. Clearly it may be interesting also to investigate 
the imbedding of the equal-time commutation relations, current algebra and sum rules. 

iii) Q, a = variable quantities (or ~ = variable << angle ))). In  this case it is pos- 
sible, for instance, to consider a physical region with a everywhere zero (i.e. we 
have L.A. everywhere) and only a well-defined (and limited) region of validity of the 
imbedding with a r 0 (or a r  0). In  this last case the physical acceptance of the 
procedure might be allowed by the indetermination principle. 

The author is indebted to Prof. G. WATAGHIN for continuous encouragement. 
Thanks are due to Profs. A. SALAM, R. RACZKA and I. T. TODOI~OV for interesting 
conversations during a stay at the ICTP, Trieste in June. Thanks are also due to 
Profs. M. KO~CH]~R, H. BRAUN and K. McCRIMMON for some very interesting cor- 
respondence on mathematical problems. 

(~) I .  E.  SEOAL: Duke Math.  Journ. ,  18, 221 (1951). 


