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Annals of Mathematics, 135 (1992), 411-468

The existence of noncollision
singularities in newtonian systems

By ZHIHONG XI1A*

Introduction

In this paper we solve a long-standing problem in celestial mechanics
proposed by Painlevé and Poincaré in the last century. The problem, which
concerns the nature of the singularities in the n-body problem, asks whether
there exists a noncollision singularity in the newtonian n-body problem? Here
we give an affirmative answer to this problem by proving the existence of
noncollision singularities in the 5-body problem.

We consider n point-masses moving in a euclidean space R3. Let the mass
of the i® particle be m; > 0, let its position be q; € R? and let ¢; € R® be its
velocity. According to Newton’s law,

m;m; ou
(0.1) miQ; = Z . 3( —q;) = a0
‘]ié’l ]qi q_]' 8Qz

where the double dot denotes the second derivative with respect to time and
U is the negative newtonian potential energy or the self-potential

U= Z ' m,mj

i< qJI

The basic problem in celestial mechanics is to describe the solutions of system
(0.1).
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412 Z. XIA

A solution of a system of differential equations is said to experience a
singularity at time o < oo if the solution cannot be analytically extended
beyond o. The equations of motion (0.1) are real analytic everywhere, except
where two or more of the particles occupy the same point in the physical space.
More precisely let

Azj = {q = (qlanv * ,Qn) € (R3)n | q; = q]}y
A=A
i<j
The self-potential U is a real-analytic function on (R3)"\A. The standard

existence and uniqueness theory of ordinary differential equations yields the
following result:

THEOREM 0.1. Given q(0) € (R?)™\A and q(0) € (R3)", there exists a
unique solution q(t) defined for all 0 <t < o, where o is mazimal.

Definition 0.1. If ¢ < oo, then the solution q(t) is said to experience a
singularity at o.

In other words, a solution experiences a singularity at o if the standard
existence and uniqueness theory of ordinary differential equations no longer
extends the solution. One sees that the singularities of the solution must be
related to the singularities of the potential function U. In fact, a classical
theorem states that the minimum distance between all pairs of particles must
approach zero at a singularity.

THEOREM 0.2 (Painlevé, 1895). If q(t) ezperiences a singularity at o,
then
q(t) - A ast — o.

A proof of this theorem can be found in the book by Siegel and Moser
[20].

It is natural to ask whether q(¢) must approach a definite point on A as
t — o7 A priori q(t) might oscillate wildly while approaching A, or it might
become unbounded as the distance to A goes to zero. If q(¢) does approach
a point q* as t — o, then each of the particles has some limiting position at
time 0. Since q* € A, at least two of these limiting positions must coincide,
which means that these particles must collide as ¢t — o. Therefore we have
the following definition:

Definition 0.2. Suppose that q(t) has a singularity at o; this singularity
is called a collision singularity if there exists a q € A such that q(t) — ¢* as
t — o. Otherwise the singularity is called a noncollision singularity.
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NONCOLLISION SINGULARITIES IN NEWTONIAN SYSTEMS 413

A full understanding of the nature of singularities in the n-body prob-
lem of classical celestial mechanics has eluded mathematicians to this day.
While the existence of collision singularities is more or less trivial, the ques-
tion whether there exist noncollision singularities has been open since the time
of Painlevé a century ago. The following theorem concerning the 3-body prob-
lem is due to Painlevé:

THEOREM 0.3. For n = 3, all singularities are collision singularities.

What remains, then, is to establish whether there exist noncollision sin-
gularities for n > 4.

In this paper we will solve Painlevé’s problem by affirming that there
exists a noncollision singularity. We prove its existence in a 5-body problem.
A modification of our approach shows that such behavior exists in the n-body
system for n > 5.

First, however, we give a brief historical survey of this problem.

An important step toward providing an answer to Painlevé’s question was
taken by von Zeipel [25] in 1908. He showed that if the positions of all the
particles remain bounded as ¢ — o, then the singularities must be due to
a collision. In other words, a noncollision singularity can occur only if the
system of particles becomes unbounded in finite time.

To be precise let
n
1

where I is the moment of inertia that measures the size the system. Differen-
tiating I twice, we have the Lagrange—-Jacobi equation

I=U+2h.

Observe as ¢ — A that U — oo, and thus that ] — co. The following
proposition can be easily proved by this fact and Theorem 0.2 of Painlevé.

PROPOSITION 0.1. Let o be a singularity (collision or noncollision); then
limI < oo exists ast — o.

Now we may state the theorem of von Zeipel [25].

THEOREM 0.4 (von Zeipel). If o is a singularity, andlimI < oo ast — o,
then o is a collision singularity. On the other hand, if o is a noncollision
singularity, then imI = oo ast — o.

The first proof of this theorem can be found in [25]. For a historical survey
related to this theorem and a modern version of the proof, see McGehee [9].
In fact, this theorem was also proved by several others, e.g., Chazy in 1920
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414 Z. XIA

[2], Sperling in 1970 [24] and Saari in 1973 [16]. Saari essentially extended
von Zeipel’s result to show that a noncollision singularity cannot occur if
the moment of inertia is “slowly varying.” Recent interest in the subject
of singularities in celestial mechanics is due largely to the work of Saari and
Pollard in the early 1970s (see [13]-[17]).

Von Zeipel’s theorem is a remarkable result; it says that the only way a
noncollision singularity can occur is for the system of particles to explode to
infinity in finite time. This makes the existence of noncollision singularities
seemingly impossible, since a particle escaping to infinity in finite time would
have to acquire an infinite amount of kinetic energy. However, since the poten-
tial energy U is not bounded from below, there is no a priori upper bound on
the kinetic energy of a particle. Indeed recent work of McGehee and Mather
([6]-[8]) make an affirmative answer to Painlevé’s question less doubtful than
people originally thought. In fact, McGehee’s techniques of blowing up the
collision singularities will be our major tool in constructing the noncollision
singularity.

Observe that, by Theorem 0.2, if q(¢) experiences a noncollision singular-
ity at o, then q(t) — A as t — o. This suggests that, in any neighborhood of
a noncollision singularity in the physical space, there must be some collision
singularities. The binary collisions are essentially algebraic branch points that
can be regularized analytically or geometrically and thus treated as elastic
bounces. Intuitively we seem to know that, in any neighborhood of a non-
collision singularity, there must be some collision singularity with three or
more colliding particles. Therefore fully understanding a collision singularity
with three or more particles colliding is essential to the study of noncollision
singularities.

Collision singularities have been studied by Wintner [26], Siegal and Moser
[20], Saari and Pollard [13]-[17] and others. They obtained some important
results concerning the limiting behavior of colliding particles. In 1974, McGe-
hee [7] introduced a remarkable new set of coordinates for the study of triple
collisions. As we noticed earlier, U is not defined everywhere, and there are
“holes” in the phase space where the vector fields are not defined. Certain
orbits of the system reach this singularity in finite time, while others begin at
the singularity. Moreover the local behavior of the system near these “holes”
can be very complicated. However McGehee’s coordinates allow us to read off
the behavior of these solutions with relative ease.

McGehee uses “polar coordinates” to blow up the singularity set and to
replace it with an invariant boundary called the collision manifold. The dy-
namical system extends smoothly (after a rescaling of time) over this bound-
ary. So we get a new flow on an augmented phase space. It turns out that
this new flow, restricted to the boundary, is extremely simple to understand
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NONCOLLISION SINGULARITIES IN NEWTONIAN SYSTEMS 415

and usually is a “gradient-like” Morse-Smale flow. So on the boundary of
a complicated dynamical system we find a simple system. And this fact en-
ables us to understand so readily the behavior of solutions near the singular-
ity.

McGehee’s coordinates have been used extensively in the study of triple
collisions in the collinear 3-body problem (see [7],[6],[19]), the isosceles 3-body
problem (see [3],[4]; [10],[11]), and the anisotropic Kepler problem (see [4]).
A great many new results have come out of these works, and some classical
results have been re-proved with relative ease as well. The most important
feature of McGehee’s coordinates is that collision singularities now correspond
to some hyperbolic rest points in the collision manifold, and the orbits that
reach collision in finite time now approach these rest points as the new rescaled
time approaches infinity. Therefore one can use standard methods in general
dynamical systems and find a rich orbit structure by studying the stable and
unstable manifolds of these rest points. Erratic and chaotic solutions arise
naturally.

Among these new discoveries is a remarkable example of Mather and
McGehee [6], which sheds some light on the final answer to Painlevé’s problem
of the existence of noncollision singularities. Mather and McGehee constructed
an unbounded solution in finite time in the collinear 4-body problem for a
Cantor set of initial condition; i.e., they constructed the solutions such that
I - 0 ast — o < oo for some 0. However, as binary collisions in the
collinear 4-body problem are inevitable, their solution contains an infinite
number of binary collisions that are extended by elastic bounces. Based on
their ideas, Anosov [1] suggested that the noncollision singularity might exist
in the neighborhood of the example constructed by Mather and McGehee
in the planar 4-body problem, but this approach has not been proved to be
successful.

By a different approach and after the original version of this paper (in
thesis form) was given, Gerver [5] asserted the existence of a noncollision
singularity in a planar 3N-body problem, where N is very large.

In the following section we will state our main results and describe the
noncollision-singularity solution of the 5-body problem. And we will also give
some intuitive ideas as to why the motion should exist. The rest of the paper
will be devoted to proving its existence.

1. Main theorems and an outline of their proofs

We consider five point-masses my, ms, ..., ms, moving in a euclidean
space R3. Let m; = my and my4 = ms. Choose the initial conditions such that
mg always stays on the z axis, m; and mg are always symmetric to one another

This content downloaded from 128.196.130.121 on Thu, 14 May 2020 19:55:02 UTC
All use subject to https://about.jstor.org/terms



416 Z. XIA

with respect to the z axis, and m4 and ms are symmetric to one another with
respect to the z axis. If we fix the center of masses at the origin, this defines
a dynamical system with six degrees of freedom.

This system admits the energy integral and the angular-momentum in-
tegral. For our purpose we restrict ourselves to the zero angular-momentum
hypersurface, an algebraic variety of dimension 11. Let Q be any energy hy-
persurface of this manifold so that € is 10 dimensional.

It is well known that binary collisions can be regularized by either the
analytic method or Easton’s block regularization. Throughout this paper we
shall speak of flow as though the orbits were extended through binary colli-
sions. Our first construction for unbounded solutions in finite time involves
the possibility of binary collisions. Only later will we prove that, among these
unbounded solutions in finite time, there are orbits that do not go through
any binary collision. In this way we establish the existence of a noncollision
singularity.

The triple collisions between mi, mgy, ms and mg, my4, ms are of special
importance to us. There are several different ways for m;, my and ms to reach
a triple collision. Classical results show that as particles approach a collision,
they must approach special configurations called central configurations. In
setting this special 5-body problem, we find that there are three central con-
figurations for m;, mo and ms: One is the collinear configuration with mgs in
the middle of m; and mg, and the other two configurations are where m;i, mo
and m3 form equilateral triangles—one with mgs below m; and ms, denoted
by E., and the other one with m3 above m; and mg, denoted by E_. Let X;
be the subset of 2 consisting of all the initial conditions such that the corre-
sponding trajectories end in triple collisions of the 1%, 2°d and 3'4 particles
with the limiting configuration E,. We show that ¥; is a codimension-2 im-
mersed manifold. Similarly let ¥4 be the subset of €2 consisting of the initial
conditions such that the corresponding trajectories end in triple collisions of
the 34, 4" and 5 particles, which have a limiting configuration similar to
that of F_. Then Y4 is also a codimension-2 immersed submanifold.

The goal of this paper is to prove the following two theorems. We remind
readers that the binary collisions are regularized.

THEOREM 1.1. There exist positive masses my = mgy, m3, mg = ms such
that the following holds: For x* € ¥, let t* be the time when the trajectory
starting from x* ends. There exist choices of * so that q4(z*,t*) = qs(z*, t*),
i.e., for the trajectory starting from x*, when my, ma, ms collide at t*, then my
and ms also have a binary collision at t*. For some 3-dimensional hypersurface
II in Q crossing X1 at x* there is an uncountable set A of points on II having
the following property: Let x € A; there exist too > 0, too < 00, such that
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NONCOLLISION SINGULARITIES IN NEWTONIAN SYSTEMS 417

the trajectory with the initial condition x is defined for all 0 < t < too < 00
(possibly with binary collisions) and satisfies

21(t) = 22(t) — 00, 24(t) = z5(t) —» —o0 as t — too.

While the above theorem gives the existence of an unbounded solution
in finite time, the following theorem asserts the existence of a noncollision
singularity:

THEOREM 1.2. Let x*, II, A be that of Theorem 1.1. There exist x* € ¥,
IT C Q such that the following holds: There is an uncountable subset Ay of A
such that, for all x € Ao, q1(t) # d2(t), qa(t) # qs5(t) for all0 <t < t; i.e.,
the solutions starting from Ag experience noncollision singularities.

The proof of the above theorem is long and fairly complicated. Therefore,
before giving the formal proofs of above two theorems, we shall outline, in an
informal fashion, some of the basic ideas.

As we mentioned earlier, the objective of this paper is to prove the exist-
ence of the newtonian motion for the 5-body problem that is unbounded in
physical space in finite time. Moreover we must show that this motion exists
without the benefit of an accumulation of infinitely many binary collisions.
The basic idea behind this dynamical behavior is fairly simple. Consider a
5-body problem consisting of four particles in two pairs, the particles in each
pair having the same masses. The four particles form two binaries. Each bi-
nary is in a highly elliptical orbit with a plane of motion parallel to the z-y
plane. What differs is that one binary is far above the z-y plane with a rota-
tion in one direction, while the other binary is far below the z-y plane rotating
in the opposite direction. This difference in rotation permits the total angular
momentum of the system to be zero and also permits the two binaries to have
arbitrarily small but nonzero angular momentum.

Meanwhile the fifth particle is restricted to the z-axis. The oscillation
of this fifth particle actually drives the system and creates this unbounded
motion. To see the behavior of this system, imagine the following scenario:
Suppose that the oscillating particle passes through the plane of motion defined
by a binary just when the two particles in the binary are nearing their closest
approach. Because the particles in the binary are almost at their closest point,
they also are very close to the fifth particle. Simé [21] has analyzed the motion
for such near-collision orbits (see also [3] and [10]) by using McGehee’s collision
manifold. The interesting point is that, for certain mass ratios (for example,
if the fifth particle is significantly heavier then the masses of the binary), the
above proximity among the particles imposes a considerable force on the fifth
particle that is directed back toward the plane of motion of the binary. This
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418 Z. XIA

forces the fifth particle to return through the binary’s plane of motion when
the binary starts to separate. This separation effect reduces the retaining force
on the fifth particle. In return, this permits the fifth particle to move, at a very
fast rate, toward the other binary system. In due course, the action-reaction
effect of this 3-body system causes the original binary to move further away
from the z-y plane.

The motion, then, is obtained by iteration of this scenario. Each time the
fifth particle approaches one binary, the timing is such that the close approach
of these particles provides the force to accelerate the fifth particle back toward
the other binary. The difficulty is verifying that this scenario actually occurs.
One interesting conclusion to be drawn is that this behavior occurs with a
reasonably massive singleton.

~ The timing sequence is accomplished with a symbolic dynamics argument.
But before this argument can be used, several other elements about the dy-
namics of interaction need to be established. In particular, if this motion is
to become unbounded in finite time, then clearly the acceleration effects on
the oscillating particle must become infinitely large. Consequently, the close
approaches of each of the binaries must become infinitesimally small. But the
only manner in which this can occur is as a by-product of 3-body interactions.
Therefore we dcvote a major portion of this paper to developing a theory to
explain the dynamics of this kind of 3-body interaction. This material is given
in Sections 2 and 3. Actual triple collisions and the triple-collision manifold
are considered in Section 2, while the emphasis in Section 3 is on near-collision
orbits.

The infinitesimally small, close approaches of the binaries create another
worry. Do these binaries collide? They do not if the angular momentum of
the binaries is nonzero for all time. To handle this we took a portion of the
problem of avoiding collisions and embedded it into our symbolic dynamics
argument. Thus symbolic dynamics needs to include information about the
rate of expulsion of the singleton from the binaries and the (rotating and el-
liptical) status of the binary. Furthermore it must connect the two “3-body”
problems to show that the singleton can oscillate between the two binaries.
As we discovered, the symbols turn out to be characterized by regions in
the phase space. These regions, which are “wedges,” are determined by the
nearness of different orbits to a particular stable manifold (corresponding to
a triple collision) and by their relationship to an unstable manifold. One
can envision “wedges” for each close approach of the binaries, because the
wedges need to correspond to when there is an appropriate near approach
of a particular binary and the oscillating particle. These wedges are intro-
duced in Section 4. In Section 5 the symbolic dynamics argument is car-
ried out and the motion of unbounded solutions in finite time is established.
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NONCOLLISION SINGULARITIES IN NEWTONIAN SYSTEMS 419

Finally, in Section 6, we establish the existence of the noncollision singular-
ity.

In the following sections we will study the isosceles 3-body problem and
especially the solutions that pass close to a triple collision.

2. The isosceles 3-body problem—triple-collision manifolds

In this section we restrict ourselves to looking at a special type of 3-body
problem, the so-called isosceles 3-body problem. This problem concerns the
motion of three particles in R3 with certain symmetries. Let m; = mg = m,
m3 = m3. Choose the initial conditions so that m3 remains on the z-axis for
all time and so that the pair m;, my will always be symmetric to each other
with respect to the z-axis. This is a mechanical system with three degrees of
freedom when the center of mass is fixed at the origin.

Let q1,92,93 and 43, 42, qs be the position vectors and velocity vectors
of my, ma, m3, respectively. If q; = (z,y,2) € R, &1 = (£,9, 2) € R3, then by
symmetry we have qs = (—z,—y,2) € R® and g = (—%, —9, %) € R3%. Since
the center of mass is at the origin, 2mz+mgz3 = 0 and 2mz+m323 = 0, where
q3 = (0,0,23) and q = (0,0, 23). If T and U are the kinetic and self-potential
of the system, then

T = m(2% 4 9%) + m(1 4 20)2%,

2.1 -
Ny %mms [a(x2 +y9)72 4 4(2 + 42 + (1 + 20)%2?) 1/2],

where o = m/mg is the mass ratio of m; (or mg) and ms.
Let M be the 3 x 3 diagonal matrix diag[2m, 2m, 2m(1 + 2¢)] and define

T T
E=M[y ), =My
z z

These new variables satisfy Hamilton’s equation with the Hamiltonian function

1

where
1 ~1/2 -1/2
U = zm"*ms (2 +8) 7" + 4+ g+ (1+20)6) 7).
And the equations of motion then read:

5_6_H ._ _OH
"o T e

This content downloaded from 128.196.130.121 on Thu, 14 May 2020 19:55:02 UTC
All use subject to https://about.jstor.org/terms



420 Z. XIA

Our objective in this section is to develop the necessary tools for under-
standing the motion close to a triple collision. For this it is convenient to
introduce McGehee’s variables [8]. Let r = ||, s = r~'¢, z = r'/25) and change
the time variable ¢ to 7 by dt = r3/2dr. The resulting equations of motion are
r=(s-2z)r
Sl

(2.2) =z— (s Z)s,l
z=U(s)+ 5(8 - 2)Z.

Here the “’” denotes the differential with respect to the new time variable 7.
By definition, |s| = 1. This suggests that we use spherical coordinates. Let

s = (81, $2,53) = (cos 6 cos ¢, sin 8 cos ¢, sin @).

Now the vectors

u; =S,
(2.3) up = % = (—sin @ cos ¢, cos  cos ¢, 0),
uz = g% = (— cos @ sin ¢, — sin 6 sin @, cos @),

form an orthogonal (but not orthonormal) basis for R® when ¢ # £m/2. There-
fore we may decompose z on this basis. Let z = vu; + wouy + wsuz (where
v=z-u1 =2%-8, wy = (z-u2)/(uz2-ug), w3 = z-ug) and use (2.2) to find the
equations for the variables (r, 8, ¢, v, ws, ws3). In this manner we obtain:

r =wr,
01 = wa,
¢/ = ws,
1
(2.4) v = 51:2 + w3 cos® ¢ + wi — U(9),
1
wh = — 50W2 + 2wows tan @,

1
wy =U'(@) — Vw3 — w3 cos® ptan ¢,

where U(¢) = %m3/2m3 [arsec ¢ + 4(1 + 2arsin? ¢>)*1/2] .

Notice that the potential energy U(¢) is independent of § and that the
right-hand side of (2.4) does not contain 6. This reflects both the invariance
of U, with respect to the rotation of a configuration, and the resulting con-
servation of angular momentum. The equation for ws does not involve U, so
one can easily verify that ¢ = r/2w, cos? ¢ is a constant of motion. In fact
c is the total angular momentum of the system. Therefore we can use this
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NONCOLLISION SINGULARITIES IN NEWTONIAN SYSTEMS 421

angular-momentum integral to eliminate wo from the equation. Also we can
safely ignore the equation for 6, because the vector field does not involve 6.
(This is equivalent to projecting the phase space onto the 7, u, v, w2, w3 space.)
Finally we end up with a system with two degrees of freedom on each angular-
momentum surface. But in doing so, because ¢ has a troublesome factor ri/2,
we find that the angular-momentum zero surface is a variety that consists of
two components designated as r = 0 and wp = 0 (when ¢ # 0, this surface is a
manifold). This variety complicates our analysis of the motion for small values
of ¢. Therefore we retain the equation for wq, but ignore 8. What remains is
a system of differential equations of order five (r, ¢, v, w2, w3). Again we have
an energy integral:

%(v2 + w} + w3 cos® ¢) — U(¢) = rh.

In our new system there is a singularity at ¢ = +m/2 due to binary
collisions of m; and my. This singularity can be removed by a change of
variables. Let w = w3cos¢, u = wy cos? ¢ and multiply the resulting vector
field by cos ¢. Still, using the ' to denote differentiation with respect to this
new independent variable, we have

r’ = vrcos ¢,
¢ = w,
1
v/ = U(p) cos ¢ — 51:2 cos ¢ + 2rh cos @,

(2.5) w' = U'(¢) cos? ¢ — %vw cos ¢

—(2U(¢) +2rh — v2) sin ¢ cos ¢,

1
= — 5vucos b,

with the energy relation

%(v2 cos® ¢ +w? + u?) — U(¢) cos® ¢ = rhcos® ¢.
Now the vector field (2.5) is analytic everywhere, since the functions U (¢) cos ¢
and U’(¢) cos? ¢ are analytic for all ¢ € [-7/2,7/2].

From the equation for r: ' = rvcos¢ we see that r = 0 is an invariant
manifold for the flow. Notice that the flow has been extended analytically
to 7 = 0 and, replacing the triple-collision singularity, that it is an analytic
manifold. The orbits that end up in a triple collision now tend to this manifold
as 7 tends to infinity. The orbits ejected from a triple collision now tend
to this triple-collision manifold as 7 tends to negative infinity. The motion
on this manifold is, of course, fictitious, but the orbits that pass close to
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422 Z. XIA

this manifold must mimic the fictitious orbits on this manifold. Therefore
understanding the flow on this manifold provides considerable information
about near-collision orbits. Since the unbounded solution in finite time must
pass repeatedly and very closely to the triple collision in our problem, we
find it is of great importance to study the flow on this triple collision for our
construction of a noncollision singularity.

Let M denote this r = 0 manifold; we call it the “triple-collision manifold
for a nonplanar, isosceles, 3-body problem.” In the rest of this section we
concentrate on the flow on M, especially on the rest points and their stable
and unstable manifolds.

For r = 0 equations (2.5) become

¢ =w,

v = U(¢) cos ¢ — %'U2 cos ¢,

(26) w = U'(¢) cos® ¢ — %vw cos¢ — (2U () — v?) sin g cos ¢,
o1
u = — 2'vucos o,

and the energy relation is then
1
5(1)2 cos? ¢ + w? + u?) — U(¢)cos® ¢ = 0.

Therefore, for any energy h, M is determined by this same equation, and
the flow on M is determined by (2.6).

Topologically M is a 3-sphere minus four points.

From equations (2.6), when u = 0, we have v’ = 0; so it follows that u =0
is an invariant submanifold of M. Denote this manifold by M. (Recall that u
is the variable measuring rotation in the z-y plane.) Now Mj is given by the
equation

L (o cos? ¢+ w?) — U(@) cos? ¢ = .

2
The flow on M, is defined by
¢ = w,
2.7) v = U(e)cos ¢ — %ﬁ cos ¢,

w' = U'(¢) cos? ¢ — %vw cos¢ — (2U () — v?) sin ¢ cos ¢.

In fact My is the triple-collision manifold for the planar, isosceles, 3-body
problem for a plane containing the z-axis. Usually one obtains this manifold
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FIGURE 1.  The triple-collision manifold

by first setting the angular momentum to zero and then blowing up the triple-
collision singularity. The flow on this manifold has been explored extensively
by Devaney [3],[4], Moeckel [10],[11] and others.

Topologically My is a 2-sphere minus four points. Figure 1 represents its
graph. There are six rest points for the flow on My. The flow is gradient-like
with respect to v; i.e., v is strictly increasing on every orbit of M, except on
these six rest points. (Recall that v’ > 0 from equations (2.7) and the energy
relation.)

Three central configurations correspond to the isosceles 3-body problem:
two equilateral triangles (one with 23 positive and one with 23 negative) and
one collinear central configuration with mg in the middle of m; and ms. Here
EY, E., E*, E_ correspond to the two equilateral central configurations and
C, C* correspond to the collinear central configuration. The stable manifolds
of E., E_ and C are those. orbits ending up in a triple collision, and the
unstable manifolds of E7, E* and C* are those orbits beginning with a triple
collision.

On My, E4, E_, E} and E* there are saddle points; C is a source and
C* is a sink. In our problem we are particularly interested in the stable and
unstable manifolds for £, and E_ because of the important roles they play
later on.

Note that there are three major possibilities for the unstable manifolds of
E, and E_. Since v must increase along these orbits, a typical branch of the
unstable manifold may run up the left or right “arm” of the triple-collision
manifold My, or else it may end up in the sink. A degenerate possibility is
that the unstable manifold might match up exactly with the stable manifold
of one of the saddles.
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FIGURE 2. The unstable manifold of E; in My

Let v be the branch of the unstable manifold of E, in My with a positive
w-coordinate near E and let v~ be the other branch of the unstable manifold
of E, . Figure 2 shows the typical behavior of y* and v~. We will call a set of
masses allowable if v© and 4~ run up the arms of the manifold with § = 7/2
and @ = —7/2, respectively. There is a large open set of masses which is
allowable (see Devaney [3], Simé [21)).

One last observation about Mj is that, by symmetry, the unstable man-
ifold for E_ and the stable manifolds for E%, E* are completely determined
by 7t and v~.

From now on assume that all sets of masses we discuss are allowable.

Let us now turn our attention to M, which is a 3-dimensional manifold
embedded in a 4-dimensional space R* with Mj as an invariant submanifold.
It is difficult to depict M in R3 in a manner one can visualize. However, since
we are only interested in the part of M that is close to My, we can divide M
into two symmetric parts, one with v > 0 and the other with u < 0; both parts
are invariant under the flow and M) is their common boundary. Now regard
each part as the solid in R3 enclosed by My. On this solid, u is determined by
the energy relation:

u = £+/2U(¢) cos? ¢ — (v2cos? ¢ + w?).

Next consider the flow on M. We easily see that u must be zero at the rest
points. Therefore the original six rest points in My remain the only rest points
of M. Again the flow on M is gradient-like with respect to v. To understand
the local structure of these rest points in M we linearize the vector fields at
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the rest points. Let (¢, v, u,w) = (¢*,v*,0,0) be the values at each rest point.
Then by equations (2.6),

¢’ 0 0 0 1 ¢
o' | 0 0 0 0 bv
su | T 0 0 —3v*cosg¢* 0 éu |’
ow' U"(¢)cos?¢* 0 0 —1v* cos ¢* Sw

where (6@, 6v, 6u, dw) € TM |4+ 0,0), and the tangent space at the rest points
is spanned by 6@, 6u and dw. Note that v = 0 on T M|(g+ 1+ 0,0)-

The eigenvalues of this linearized equation at each rest point are easy to
find. At C and C*, U"(¢) < 0, again we see that C is a source and C* is a
sink. As for E,, E_, E} and E*, they are still saddle points. For E., besides
having one stable and one unstable direction in My, we have another repelling
direction in M. This new unstable direction is in the direction of du. From
the matrix it follows that the new eigenvalue is weaker than the original one in
Mj. The stable-manifold theorem leads to F, having a 1-dimensional stable
manifold and a 2-dimensional unstable manifold in M.

By symmetry, the local structure of E_, E, E* follows from that of E.
For instance, the local structure of E_ and E} exactly reflects that of E
through the v-axis and the v = 0-plane, respectively.

Now let Un(E}) be the 2-dimensional unstable manifold of E,. Then v
and v~ are on this manifold. Since ¥+ and v~ end up in the two arms of M
with § = —7/2 and 0 = 7/2, respectively, some small neighborhood of 4t and
~~ will also end up in the two arms.

For any orbit that dies in one of the two arms, as 7 — oo, we have
v - 00, u = 0, w —> 0 and ¢ — 7/2. Physically this corresponds to
where mg3 separates from the binary m; and msg; this leads to two fictitious
2-body problems. One is the binary m; and ms, and the other is mg rela-
tive to the center of the masses of m; and my. The variables v, u, w and
¢ define only the second 2-body problem in the limiting position. There-
fore some new variables are needed to define the limiting position for the
first binary, i.e., m; and mg. There is an obvious choice: since the limit-
ing position is an elliptic orbit, we may use the major axis of the ellipse and
the eccentricity of the ellipse. The ignored 6 variable reflects the rotational
symmetry about the z-axis of the system; so we only need to define a vari-
able that gives the eccentricity of the elliptical orbit. Toward this end let
wi2 = |higci2|ci2, where his and cjo are the energy and the angular momen-
tum of the binary m; and mg, respectively. It may seem that this is not well
defined on M, where r = 0, as hjs is not well defined for » = 0. However
wi2 can be extended to r = 0; i.e., wig is a well-defined function on M. This
is because wig is independent of r even though hjs and c¢;2 both involve r.
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In fact,

32 sec ¢| |ulu.

wig = %(v cos ¢ + wtan ¢)? + %usec2 d—m
There still remains a singularity at ¢ = +7/2 due to binary collision. But
this singularity can be removed by the use of the energy integral in standard
fashion.
Since u = 0 is an invariant submanifold in M, we observe that if u is ever
positive, then it remains positive for all time, but that u approaches zero as
T — 00. The following lemma shows that this does not happen to wjs:

LEMMA 2.1. Consider any orbit v in M such that v runs up one of the
two arms of M. If wia(y(10)) # O for some 1y, then wia(y(7)) # 0 for all T.
Furthermore the limit limwi2(y(7)), as T — oo, exists and

wiz(y) = Jim wiz2(y(7)) # 0.

Proof. The direct way to prove this lemma is to start from the equation
and to estimate the changes of wiy(7) along the orbit for large values of 7. We
use a different approach, however, based on one of the features of McGehee’s
transformation; i.e., namely the r variable can be separated from the rest of
the coordinates. (We will explore this relationship further in the next section.)

The vector field on M is defined by equations (2.5) when we set r = 0 and
ignore the first equation. However, if h = 0 and we ignore the equation for r,
notice that we have exactly the same system of differential equations. To be
precise let ¢, wg, vy and uy be the initial values with ug # 0 that satisfy

%(v2 cos® ¢ +w? + u?) — U(¢) cos®> ¢ = 0.
Then vector field (2.6) determines a unique orbit on M. Now, by adding an
arbitrary initial value 7 = r¢ and solving equations (2.5), we have the same
solution for ¢, w, v and u. Thus the solution given by (2.6) is an orbit for the
isosceles 3-body problem with h = 0 and ¢ # 0 (ug # 0 and ¢ = r1/?u = ré/ 2ug).
This means that, for fixed ry # 0, there is a one-to-one correspondence between
orbits for h = 0 and orbits on M. Any orbit with A = 0 that ends up in one
of the arms of M represents an orbit of hyperbolic-elliptic type, where the
eccentricity of the limiting elliptic orbit of the binary m; and my is strictly
less than 1 (i.e., w3 # 0) should ¢ # 0. This is because ¢;2 = ¢ # 0 remains
fixed, and from [2] it is known that h;; approaches a negative constant. Hence
wi2 = |higci2|c12 has a nonzero limit. Therefore the corresponding orbit in M
has the same property. This proves the lemma. O
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We remark that the limiting value of hi2 above continuously depends on
the initial value. Therefore w$3(x) is a continuous function.

We also emphasize that, although the flow on M does not admit a physical
interpretation, the one-to-one correspondence between the flow on M and
that of the h = 0-energy hypersurface enables us to visualize the flow on M.
Conversely the information obtained from the collision manifold enriches our
understanding of the motion on the zero-energy hypersurface.

Now we return to the unstable manifold of E, Un(E;). First, we need
to introduce a local coordinate for Un(E, ) near vt (or 4~). The intersection
of Un(E4) with the v = 0-plane is a smooth closed curve, and each orbit
intersects with the v = 0-plane exactly once. (This is because v’ > 0.) Let
¥ € [0,27) be a parameter on this closed curve with ¢(y~) = 0 and ¥(y") = 7.
We use ¢ to identify each orbit on Un(E}).

Observe that, as 7 — oo, the orbit near 4+ (or v~) eventually must run
up one of the arms. By Lemma 2.1, the limit of w3 for the points on Un(E} )
near v (or 4~) will have a nonzero value and, furthermore, from the remark
at the end of the proof of Lemma 2.1, w{$ is a continuous function. For v
away from 0 or 7, the value of the function w{§ is not clear. However there
is an open set of ¥ such that its corresponding orbits die in the sink C*, for
which w($ equals zero.

We conclude this section by pointing out that, for any set of allow-
able masses, there exist a wj, > 0, and two intervals of ¢, [—9f,%]] and
[ — 3, + 93] with ¢F > 0, ¥ > 0, such that |wi3| assumes the value wj, at
both ends of both intervals and w{3(y)| < wi, for all ¥ € [—¢7],¥7] N [ — 93,
T+ 3]

3. The isosceles 3-body problem—near-collision orbits

The purpose of studying the triple-collision manifold is to understand
the dynamical behavior of those solutions that pass close to triple collisions.
In doing so, in the last section, we exploited the one-to-one correspondence
between the motion on M and the motion of the A = 0 manifold. Here we
continue to use this correspondence to obtain sharper results and to study
some general solutions.

One very nice and important feature of McGehee’s transformation, among
others, is that the variable r, the scale of the system, can be separated from
the rest of the variables. This provides a simple way to reduce by one the
dimension of the total system via the energy integral. By rewriting the last
four equations of (2.5), where the energy relationship was substituted for the
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terms 7 and h, we obtain:
¢ =w,

v = U(¢)cos ¢ — %vzcos¢

(3.1) + cols¢(v2 cos? ¢ + w? + u? — 2U(¢) cos® ¢),
w' = U'(¢)cos? ¢ — %vw cos ¢ — (2U(¢) — v?) sin ¢ cos ¢,
u = — %vucosq&.

These equations are defined on R3 x (—7/2,7/2) and do not involve either r
or h. The orbits of this vector field are the projections of the orbits of our
original system and vice versa. In other words, any orbit of our original system
can be obtained simply by the use of the energy integral, if h # 0, or by the
integration of the first equation of (2.5),

r’ = vrcos ¢,

if h=0.

One may see that, again, there is a singularity for the vector field (3.1) at
¢ = /2, due to the binary collision of m; and my. This is not a singularity
for equations (2.5), because they were regularized by the energy relation. Note
that, with the projection, it re-appears. However, since this is not an essential
singularity, we can remove it by using Easton’s method of block regularization.
We do this so that, near the singular set, the orbits of the new vector field
are still the projections of the orbits of the vector field defined by (2.5). Once
this is done, denote this new regularized system by N, where, for simplicity
of notation, N is also used to denote its underlying manifold. Equations (3.1)
still define this vector field with the simple assumption that, at ¢ = +7/2, the
vector field is used in the sense of a regularized system. We remark that the
entire procedure of regularization depends only on equations (3.1). It does not
depend on any specific value of h or 7.

From the original energy relation we have

(3.2) %(v2 cos® ¢ +w? + u?) — U(¢) cos’¢ =0

being an invariant submanifold in N. Because this is the equation for the
triple-collision manifold M, we still denote this manifold as M. However it is
important to emphasize that, in the present setting, M is not only the triple-
collision manifold, but also the h = 0O-invariant manifold, and that the flow
on this manifold corresponds to the projections of the original system. Thus,
with this dual identification, the pre-image of this new M contains not only
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A

FIGURE 3. Flow on Ny

the triple-collision manifold M with » = 0, but also orbits with A~ = 0 and
r > 0. Identifying the invariant manifold of » = 0 with that of A = 0 is due to
the fact that only the product of r and h appears in the energy relation.

The flow on M has been discussed in the last section. To see the flow
on N, first let us define a submanifold Ny by letting u be zero on N. This
invariant submanifold can be identified with solutions that do not rotate about
the z-axis (u = 0). Here Nj is a 3-dimensional manifold, and we may think
of Ng as R? x (—m/2,7/2) with two lines attached to it, where the two lines
correspond to the binary collisions. The flow on Ny is shown in Figure 3.

Let My = NgN M. Then M is an invariant submanifold of Ny and, of
course, the flow on M is interpreted differently from that of the triple-collision
manifold My of the last section. Here Mj divides the space into two disjoint
segments. “Inside” of My, i.e., the set given by

(3.3) %(c2 cos® ¢ + w?) — U(¢) cos® ¢ < 0,

corresponds to the projection of the original system with h < 0; and similarly
the “outside” of My is identified with the set of orbits that are the projections
of the original system with A > 0. Both the flows outside and on M, are
gradient-like with respect to v. However the flow inside M, does not possess
this nice property; this corresponds to the well-known complications in the
study of the 3-body problem with h < 0.

There are several straight-line orbits in No—the lines joining E}E.,
E* E_ and C*C—that correspond to homothetic solutions. In terms of [26], a
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homothetic solution is a solution that begins with and ends at a total collision
and whose configuration stays at a central configuration.

Returning to the analysis of N, we encounter the problem that the energy
integral and angular-momentum integrals are not well defined, because both
integrals involve r. To resolve this difficulty we combine these two constants
of motion to obtain an integral for N. Let e = |hc|c; i.e.,

1(v? cos? ¢ + w? + u?) — U(¢) cos? ¢
(3.4) e=1ulu 5 .
cos® ¢
The value e is independent of r. Being well defined on Ny and the product of
two integrals, it is a constant of motion for equations (3.1).

It is interesting to note that, besides the six rest points of My, there is
a new pair of rest points for N. These two rest points correspond to where
mg stays at the origin and m; and mgy move in a circular orbit with different
rotational directions.

Now consider the rest point E in N (and similarly for E_, E7, E*). One
checks easily that F is a saddle point with a 2-dimensional stable manifold
and a 2-dimensional unstable manifold. Both of the unstable directions are in
M, as shown in the last section. The 2-dimensional stable directions are in
Ny, and they are shown in Figure 3. The stable and unstable manifolds of E
lie in the invariant variety defined by e = 0.

We now are prepared to discuss the near-collision orbit. Let z* € St(E. ).
That is, this is an orbit that ends up in a triple collision. And St(E}), the
stable manifold of E, is a codimension-2 manifold. Consider a 2-dimensional
cross section I', which is transverse to St(E,) at z*.

Notice that the hyperplane u = 0 intersects with I" in a line nearby z*.
This line corresponds to the coplanar problem, and x* must lie in this line.

Now think of I" as a set of initial conditions and consider the orbits start-
ing from I'. In studying these orbits, we use the fact that an orbit starting
sufficiently close to the stable manifold of a rest point will follow the unstable
manifold of that point arbitrarily far. Therefore, on I', an orbit starting close
to z* will follow one of the orbits on the unstable manifold of E;, Un(E}).
Of course, which specific orbit on the unstable manifold will be shadowed de-
pends on the position of the starting point relative to . In particular the
orbit starting from the line u = 0 on one side of z* will closely follow y*; if it
starts on the other side of x*, it will closely follow v~.

Let us trace the local structure of E back along the z*-orbit to I'. Corre-
sponding to each orbit in Un(E. ), we have a curve in I" ending at z* such that,
for an initial condition along this curve that is close to x, the orbit approaches
the corresponding orbit in Un(E} ).
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FIGURE 4. The wedge formed by ¢t and ¢~

To understand these orbits we need the variable w;2, which was defined
on the triple-collision manifold M (see §2). The definition of w;2 extends to
N, and the continuity of wi2 and w{3 is easily established.

We are especially interested in those curves on I' that correspond to the
orbits of Un(Ey) with ¢ = £}, where the 9} are defined at the end of the
last section. As z approaches z* along these curves, an z-orbit (i.e., the orbit
that starts with x) will approach the corresponding orbits of Un(E,) with
¥ = +97. Therefore wi3(z) will approach +wj, as ¢ approaches z* along
these curves.

Recall for an orbit on the v = 0 submanifold that w{3(z) = 0. This is
because the system is coplanar when u = 0, and thus wis = 0.

Let wj, be a positive number such that wj, < w},. Using the above
arguments, we see that there are two curves ¢t,¢™ in I' such that

(1) each curve starts from z*, and u > 0 on ¢*, u < 0 on ¢~; and

(2) for all z € ¢*, wi3(x) = wis, and for all z € ¢, wH(z) = —wi,. (See
Figure 4 above.)

We remark that, by the above construction of the curves, for z in the
region formed by c¢*,c¢™ and ¢, where c is a curve close to z* connecting c*
and c¢~, the orbit of z will tend toward the arm of M with ¢ = 7/2.

The wedge we constructed above can be very small. To study more closely
the orbits that start from the wedge, we introduce a cross section to the
manifold N.

Let v* be a large positive number, v* > 0. Consider the section on N
with v = v™; this section is 3-dimensional. We require that v+ > v(C*),
where C* is the rest point of N with a collinear central configuration, and
v(C*) > 0. Recall that the flow on N is gradient-like and that every orbit of
Ny meets this section v = v exactly once, except those which end in C* and
other rest points. Therefore v+ intersects with this section v = v+ exactly
once, and the intersection is transversal. Recall that v is the orbit of the
unstable manifold of F,, which is in Ny and ends up in the arm of Ny with
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¢ = m/2. Since Un(E}) is a 2-dimensional manifold in N, the orbits of Un(E} )
nearby 7' also have to intersect the section v = v*. Thus the intersection of
v = vT with Un(E}) locally nearby % is a smooth curve, and the intersection
is transversal.

From the energy integral we have

1 w?
h == (v? 2) — :
r 2(’0 +cos2¢+u) U(9)
The left side of the above equation has a factor of r, so it is no longer a valid
integral in N. However the right side is a well-defined function in N (recall
that NV is the manifold after regularization). We denote this function by g;
ie., let

__1 2 w® 2\
g—-2(v +cos2¢+u) U(p).

We must emphasize that g is a continuous function defined on N and that
the equation g = 0 defines an invariant set, which is exactly Ny. Here Ny
separates the manifold IV into two pieces: one with g > 0 corresponds to the
system with positive energy and the other one with g < 0 corresponds to the
system with negative energy. When the energy of the system h is given and
is nonzero, the value of g can be used to obtain r. This fact will be used later
to get some estimates on the values of 7.

Let Tp C {v = v™} be a small compact neighborhood of the intersection
of v* with the section v = v*. The intersection of Un(E; ) with Tj is a small
smooth curve if Tp is small. By choosing w* > 0 small, where w* is the
number given at the end of the last section, we may assume that Tj is cylinder
shaped such that, on top of Tp, designated as ST, we have w$ = w™ and, on
the bottom of Tp, denoted by S~, we have wfj = —w' and |w(3| < w* for all
points in Ty. Also, for fixed go > 0 small, we may assume, for all points of
‘Tp, that |g| < go. The following lemma can be easily proved, and we omit the
proof.

LEMMA 3.1. Let Ty be the solid cylinder, defined above. There exists
M > 0 such that whenever v(t) > M, then |wia(z,7)| < %w"‘ for all x € Ty
and 3wt < |wp(z,7)| < Jwy forallz € STUS™.

From now on we assume that, in the definition of Ty, we have chosen
vt > M. Hence the following is always true:

lwia(z,7)| < swt,  forall z € Tp and T > 0;

O > QO >

2
§w+ < lwie(z, 7)| < zw', forallz € STUS™ and 7 > 0.
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From the definition of g(x), for any fixed € > 0 and fixed gy, observe that
vT can be made large enough such that, for all z € Ty and 7 > 0, we have
0<7/2—¢(r) <eand ¢(r) — 7/2, as T — oo. This is possible, because for
the trajectory starting from Ty, the corresponding solutions are of the elliptic-
hyperbolic type. Thus for the orbits starting from Ty, we know that mg is far
away from m; and mgy for all the time that 7 > 0. Therefore, for all € Tp,
the 3-body system can be well approximated by a couple of 2-body problems:
one with m; and mqy and the other with m3 and the center of mass of m; and
mao.

We now return to the surface I'. With the aid of the solid cylinder T, the
wedge in Figure 4 now can be better understood. Let z* € St(E;) NI'. Then
the orbits starting close to z* will follow the orbits on the unstable manifold of
E,; in particular some orbits will follow v* and its nearby unstable manifold
of E*. Therefore the image of I', {T'(7) | 7 > 0}, under the flow will intersect
with Tp. And, since both S*™ N Un(E,) and S~ N Un(E;) are nonempty sets,
we have nonempty intersections I'(7) N S* and I'(r) N .S~. The curves ¢* and
¢~ in Figure 4 are exactly the pre-images on I' of those intersections.

In the next section we will consider the 5-body problem and construct
unbounded solutions in finite time, which pass through the solid cylinder Tj
infinitely many times.

4. The 5-body problem

In this section we consider a special 5-body problem. For this problem
we will construct a noncollision singularity or, as the first step, an unbounded
solution in finite time. The main result of this section is Theorem 4.4.

Let my,ms, - -+, ms be five point-masses moving in a euclidean space R?
and let q;, 4; € R3 be the positions and velocity vectors for m;,i =1,2,---,5.
Further let m; = mg and m4 = ms. Then choose an initial condition such
that the following symmetries are preserved under the subsequent motion:

a1 = (z1,91,21),
Q = (=1, —y1, 21),
(4.1) qs = (0,0, 23),
Qs = (T4, Y1, 24),
a5 = (—T4, —Ys, 24)-
In other words, for all time, ms will be on the z-axis. Both particles

my and my are, respectively, symmetric to mo and ms with respect to the
z-axis (see Figure 5). Fix the center of the masses at the origin, and then the
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my *

my

my *

* My

FIGURE 5. The 5-body problem

following equation holds:
(4.2) 2miz1 + 2myzs + mgzg = 0.

The resulting system has six degrees of freedom and it is uniquely deter-
mined by q; = (21,91, 21), Q4 = (T4, Y4, 24) and their derivatives.

Let T and U be the kinetic and potential energy, respectively. With these
variables the functions are:

T = my (&2 + 92 + 22) + ma (23 + 92 + 22)

N lm 2mi2; n 2myzy |
2 3 ms ms3 ’
o m
T 1
2zi+4])?  2(ef+4])’
(43) 2mimy
1
(@1 — 24)2 + (Y1 — va)? + (21 — 24)]?
2 2
+ mimy : i mims :
[(m14+24)? + (y1 +va)? + (21 — 22)?] 2 [22+ 92+ (21 — 23)2]°
+ 2m4m3

[xi + Y3+ (24 — 23)2] 2

Note that z3 appears in the equation for U. However z3 is a function of

z1 and z4 given by equation (4.2). The Hamiltonian function for this system
uses the variables

Dz, = 21Ty, Pz, = 2MyTy, Py, = 2M1Y1, Dy, = 2M4Ys,
2m121 n 2m4z'4> ,
ms ms
2mq 2 2myz
141 2my 4) .
ms ms

Dz = 2myz1 + 2my (

Dz = 2myzs + 2my (
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NONCOLLISION SINGULARITIES IN NEWTONIAN SYSTEMS 435

Once the kinetic energy T is expressed as a function of p,,,py,,p, (i = 1,3),
then x;, Yi, 2i, P,y Py;» Pz (i = 1,3) satisfy Hamilton’s equation with the
Hamiltonian function

H(p,q) =T(p) - U(q).

Besides the energy integral H(p,q) = h, this system also admits the
angular-momentum integral c;2 + c45 = ¢, where cj2 and c45 are the angular
momentum possessed by m;, mg and my, ms, respectively:

c12 = 2my(z191 — y1g1) = T1Py, — YiPzy»

(4.4) e
a5 = 2my(T4Ys — YaTs) = TaPy, — Y4Dz,-

Observe that cjo,c45 are not constants of motion. Nonetheless their sum,
the total angular momentum, is conserved under the motion. We are only
interested in the subsystem with zero total angular momentum. From now on
assume that ¢ = 0; i.e., that

ci2+c45 = 0.

In the subsequent analysis we consider the system as having three com-
ponents whenever the three particles mj, ms and mg are close to one another
relative to the distance of these three particles to my4 and ms:

(A) the isosceles 3-body system mj, mg, ms;

(B) the 2-body system my4 and ms; and

(C) the 2-body system composed of the center of m;, my, ms and the
center of my, ms.

When mg, my, ms are close together, we use a similar decomposition.

Our first objective is to show that the triple-collision manifold M of
Section 2 persists under the presence of m4 and ms. To do this we need
to change some variables. Let Z = (2m12; + m3z3)/(2m; +m3). Then (0,0, 2)
is the center of the masses of m;, mo and m3. Let x1 =z, y1 =y, 2 =21 — 2
and Z3 = 23 — Z. Following the transformations of Section 2, we obtain a
system of equations that is similar to equations (2.2). In particular we ob-
tain

v =(s-z)r,
s =z—(s-2)s,
. 1 20Us(7s, qy)
(4.5) 2= vl + 352z —505=

qfl = T3/2Hp4 (7”, S, z, P4, Q4),
p:i = - r3/2HQ4 (Tv S, z, P4, q4)a
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where the U; are the terms of U, which contains only q; and qs, and where
Uy = U — U;. That is,
1
Ui(s) = ——m?/2m3

V2

(ml (s?+ 33)1/2/m3 +4(st+s3+(1+ 2m1/m3)s§)-1/2).

Again ' denotes differentiation with respect to 7, and dr/dt = r~3%/2.

If z4 # 0, Hp,, then Hg, and Us are smooth functions even at r = 0, except
when my and mjs experience binary collisions. When the simultaneous triple
and binary collisions occur, the situation becomes more complicated (this case
will be discussed later). However we remark here that all the binary-collision
orbits can be continuously extended through collisions and that, on {r = 0},
the equations for r, s and z are independent of the variables associated with
the binary my4 and ms.

For a moment let us assume that m,4 and ms are not at a binary collision
when r = 0. Then the flow extends to {r = 0}, where we obtain a flow on a
manifold; for simplicity of notation this is

M x S* x R® x {R\{0}}

given by
s'=z—(s-2)s,
1
I - — .
(4.6) z = v U(s)+ 2(s z)z,
q =0,
py =0.

The above flow is a product of the identity flow on R% x {R\{0}} with a flow
on M x S'. Here S! gives the 6 coordinate, which was eliminated when we
were deriving the triple-collision manifold M in Section 2. The flow on M is
exactly the flow studied in that section; i.e., the effect of m4 and ms disappears
in the limit as one approaches triple collision among the particles m;, mg and
mgs.

Vector field (4.6) still has singularities due to the binary collision between
my,my and my,ms. It is a known fact that orbits can be extended through
these binary collisions either by some transformation or by modification of
the vector field in a neighborhood of these singularities, known as Easton’s
regularization. We do not carry out this regularization procedure here, but we
shall speak of the flow as though the orbits are extended through binary col-
lisions. There is another kind of singularity in this problem: the simultaneous
binary collisions of m; and ms and of m4 and ms. For these collisions, Saari
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NONCOLLISION SINGULARITIES IN NEWTONIAN SYSTEMS 437

[18] showed that these singularities are algebraic branch points and hence that
they are not essential singularities. Recently Simé and Lacomba [22] showed
that they also can be C%-block regularized, in the sense of Easton. In fact, as
we shall see, the solutions constructed here can be made far away from the
simultaneous binary collisions. Consequently we are not concerned with the
smoothness and the “regularizability” of the simultaneous binary collisions.

Let ¥; be the collection of all orbits that end in a triple collision with
the equilateral central configuration E,. The manifold structure of ¥; follows
from the computations in Section 2. In fact, X; is exactly the stable manifold
of the invariant set

{E+} x S* x R® x {R\{0}}.

In Sections 2 and 3, we showed that E, has two attracting and two
repelling directions. Therefore ¥; is of codimension 2 (9 dimensional).

It is worth noting that there are several invariant submanifolds for this
5-body system for which ¢;3 = 0 = ¢y45; i.e., both binaries mj, mgo and my, ms
are restricted to moving in fixed planes containing the z-axis. The two planes
that mj, mg and m4, ms move in must be parallel or perpendicular to one
another. This is because, by computation, we have

b12 = —éa5 = 2muma(z1ys — ayn) (1 — 7).

For c12 = 0 (or c45 = 0) either z1ys — yax1 = 0 or ri4 = 715.

From now on we require that the masses m; = mg, ms be allowable, in
the sense of Section 2. We also require that the choice of masses m4 = ms, mg
be allowable. These are our only requirements for the masses.

Our next step is to show that some of the properties of the 3-body prob-
lem, described in the last two sections, persist in this 5-body problem. What
we have now is a perturbation problem. We want to show that, under certain
conditions, the solutions with initial values at Ty still have similar properties
to those described in the last section. First, we want to analyze the local
structure of the invariant set {E;} x S! x R® x {R\{0}}.

Let p € S' x R® x R~ and consider the rest point {E,} x {p}. The
point p describes the limiting position of m4 and ms (R? x R™) as well as the
limiting orientation (S!) of the particles m;, my and mg in the triple collision.
Note that here by R~ we mean that z4 < 0. The case where z4 > 0 can
be discussed similarly. One can obtain the local properties of the flow near
{E+} x {p} by equations (4.5). Direct computation shows that we have two
attracting directions and two repelling directions; all other directions are on
the invariant set {E,} x S! x R5 x {R\{0}}, where every point is a rest point,
and hence they are neutral directions. Therefore we have a 2-dimensional
stable manifold at {E+} x {p} and a 2-dimensional unstable manifold at each
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point {E,} x {p}, for any p € S x R5 x R™. This is exactly what we had for
the 3-body problem.

Next we study these stable and unstable manifolds and the solutions
nearby.

The unstable manifold of { E; } x {p} lies in the invariant manifold, defined
by r = 0. The flow on this invariant manifold is given by equations (4.6). As
we pointed out earlier, the flow on » = 0 is the product of the identity flow and
a flow on M x S, where M is exactly the triple-collision manifold of the last
two sections. Therefore we may say that the unstable manifold of {E}} x {p}
is exactly the unstable manifold of {E,} in M. Hence Lemma 2.1 holds and
the analysis at the end of Section 2 applies here.

Now we go back to the cylinder Ty, defined in the last section. First,
we define a function 7, which projects any point in the phase space into the
subspace spanned by the ¢, u, v, w coordinates. Define a set T' by

(4.7) T={zen}(Ty)||z3| < A; 24<-B; 2 < —B},

where A > 0 is a positive number and will remain fixed throughout, and B > 0
is chosen sufficiently large such that, whenever |Z3| < A, we have 23 > 0. This
is always possible, because the center of mass is fixed at the origin. Recall
that z3 = 23 — Z.

Similarly, corresponding to the boundaries ST and S~ of Tp, we define the
boundaries of T'. Without confusion we can use the same notation to denote
these new sets.

Consider the solutions starting from 7. For this, only the first three
equations of (4.5) are needed:

= (s-z)r,

s =z—(s-z)s,

r_ l . 2 aUQ
z = v Ui(s) + 2(s Z)Z+ T 3(rs)’

Without the presence of the term 720U,/8(rs), this system is exactly the 3-
body problem already discussed. The perturbation term of m4 and ms on
the triple m;, mo and mgs depends on the distance between m4 and the triple
my1, mg and mgs. One easily computes that

00 | o @
A(rs)| ~ |24/?

for |z4] > B, and ¢; constant depending on B.

Before going further, we need to take certain precautions about w{$(z),
which was defined on a subset of IV in the last section. Note that wf3(x) is
not a continuous function in the 5-body problem. This situation is due to
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NONCOLLISION SINGULARITIES IN NEWTONIAN SYSTEMS 439

the perturbation of my4 and ms. When r becomes large, either mg may come
back to m; and mg, or the binary m; and my may come close to my4 and
ms. In both cases, the function wjy may vary erratically, and this may occur
infinitely often. However, as long as r is small and m4 and ms far away, the
perturbation of m4 and mj is very small. This difficulty can be overcome by
the use of wya(x(t)) for some ¢ instead of ¢ = co. For this purpose let ¢; be
the time when Z3 first reaches —A; i.e., let

ti(z) =inf{t >0| z3=—-A,z € T}.

We use the convention that ¢;(x) = oo when Z3 first reaches A before reaching
—A.

LEMMA 4.1. Let T be the above-defined set. Then there exists By > 0
such that if |z4]| > By for all 0 < t < t1(z) and if t1(z) < 1, then for all
zeStuUS~

+

1
—wt < |wpe(z, t)| < zwt.

2

N W

Proof. From the definition of S* and S™, for any z € ST U S~, we have

2 4
§w+ < |wia(z)| < gWiz-

Furthermore, if B; = oo, then

gw"‘ < |lwiz(z, t)| < %w*’, for all t > 0.

For a point in St and S, as pointed out earlier, m3 is far away from m;
and mg, compared to the distance between m; and my. The triple m;, mo
and mg is much like a couple of 2-body systems: one with m; and mo and
the other with mg and the center of masses of m; and mo. The particle ms
moves away from m; and my with a velocity proportional to v*r~1/2, while the
change in wy2(z, t) is due to the perturbation of m3 as well as m4 and ms. The
perturbation of mg3 is of the limited amount (w*/3), and the influence of my
and ms is of order At/(B;)? < 1/(B;)?%. Therefore, by choosing B; sufficiently
large, we have fw™ < |wi2(z)| < 3w™. This proves the lemma. O

Observe that, in Lemma 4.1, the only restriction on 7 is |z3 — Z| < A. In
fact » may be arbitrarily small.
From now on we assume in the definition of T that B > B;. Let

t(z) = sup{t < 0| z1(=,t) = 23(x,t),z € T}.

Observe that #(z) is defined.for the orbit of v* N T and, by the choosing of
w* small, it is also defined for all z € Un(E;)NT. Thus #(z) is defined for all
x € T, provided that T is sufficiently small. Let us assume that this is true.
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LEMMA 4.2. Consider the orbits starting from T. Let ro be the initial
value of r. There exists By > 0 such that if z4 > By for allt < t < ty,
then || < d1r3/2 and |t;| < d27‘(1)/2 for some constants d; > 0 and dy > 0. In
particular t — 0 andt; — 0 as r — 0.

Proof. First observe for any = € T that |Z3] < A. Thus there exists a
constant c¢;, depending only on A and the masses such that 7o < ¢;. Let 7 <0

be the corresponding time 7 for #. From dt = r32dr and ' = rv, we have
7= [T r32dr and
0

(4.8) r(r) = roexp ( /0 %'U(T)d'r> :

therefore 3 3
t= TS/Z/ exp?- (/ v(7‘)d7‘> dr.
0 2\Jo

For any z € T and 1 < ¢; there is B(z,ry) > 0 such that if B > B(z, rp),
for all £ <t <0, then

(4.9) /: expg (/{fv(ﬂdr) dr < dy(z,m9)

for some d;(z,r9). From the compactness of 7j and 0 < ry < ¢;, we can find
some By > 0 and d; > 0 such that By > B(z,79) and d; > di(z, ) for all
z€Rand0<ry<c. Thus [f| < dir/? and £ — 0, as rg — 0.

For the second part of the lemma notice at T that v = v* and z3 >
cary Y 2+ for some cs > 0. The motion of mg is close to that of a 2-body
problem with m3 and the center of the mass of m; and my. The distance
between mg and the center of the mass of m; and my is of order ry; thus the
escaping velocity of mg3 is of order 7, 12 Therefore, if B is chosen sufficiently
large, then ¢; exists for all x € T and

A
1 < ——5 = ’I‘é/zA/C5 = dgr(l,/2

C5Ty
for some ¢5 > 0, do > 0. In particular ¢t — 0 as rp — 0. This proves the
lemma. O

Using the above argument, one can easily prove the following lemma:

LEMMA 4.3. There is such a B3 > By > 0 that for all the orbits starting
from T, if z4 > B for all t < t;, then there erist d3 and dg, 0 < ds < dy4, so
that

d3r51/2 < |z3(z,t1)] < ro_l/zd4 forallz €T.
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NONCOLLISION SINGULARITIES IN NEWTONIAN SYSTEMS 441

From now on let us assume that B > Bj.

We are ready to prove our first major theorem, which will serve as a
crucial tool for constructing the noncollision singularity.

Fix a point z* € ;. There exists a point p € S x R% x R~ such that
z* € St({p} x {E+}), where St({p} x {E.}) is the stable manifold of the rest
point {p} x {E,}. Let I be a 2-dimensional smooth surface that intersects ¥;
transversally at z*. Let t* > 0 be the time when the orbit, starting from z7,
ends in a triple collision of m;, m2 and m3. Without loss of generality assume
that |z4(z*,t*)| > 2B. For all z € T let

ti(z) = inf{t > 0| z3(x, t) = 21(=, )},

ti(z) = inf{t > t,(z) | z3(z, t) = —A},
(4.10) fi(z) = inf{t > t1(z) | 23(z,t) = 0},

tao(z) = inf{t > £1(2) | 23(z, 1) = 24(z, 1)},

while for the collision orbit z* let
ti(z*) = t1(z*) = hi(z*) = fa(z*) = -- - = t*.
Then we have following theorem:

THEOREM 4.4. Let T be the above-mentioned 2-dimensional surface. Con-
sider the solutions starting from I'. There is a wedge A with vertex at £* and
with boundaries ct, ¢~ and c such that the following hold:

(1) For all x in the wedge, t1(x), t1(z), t1(x) and t2(z) are well-defined
and continuous functions. In particular t,(z), t1(x), t1(z) and t2(x) approach
t* as x in the wedge approaches *. As a consequence 23(t;) and z3(t1) — oo
as T — x*.

(2) Forallz € c*, %w*’ < wig(z,tp) < 2wt, and for all z € ¢, %w‘* <
—wlg(:c,t}) < 2wt.

(3) There is K > 1, where K depends only on the masses such that for
any 6 >0, and for all z € A,

zl($a£2) Z KZ](.’L', El) > 07
|Z4(.’L‘,£2) - Z4(l‘,t~1)| <.
Proof. First, observe for a small neighborhood of z* that #;(z) exists and

is a continuous function on the initial values. Without loss of generality assume
that this is true for all x € I'". Let

Ag={z el |z(t)eT,  forsomet>0}

and, for any * € Ay, let to(z) be the time such that z(t)) € T. As we
showed earlier, A is a nonempty set. Consider the value of r(z, tp). Since the
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unstable manifold of E, is in the triple-collision manifold on which » = 0 and
the orbits starting near z* tend to follow the unstable manifold of E,, we have
r(z,t) — 0 as ¢ — z* for z € A(. Following Lemma 4.2, we find that there
exists a smaller wedge A C D such that ¢; exists for all x € A and t; — t* as
z — z*, z € A. Now from Lemma 4.3, 23(x,t;) — —oo as £ — z*. Therefore,
for x sufficiently close to x*, eventually m3 reaches the z = 0-plane and then
takes over my and ms. Thus £; and f are defined for all z sufficiently close
to z*, z € A and t;,t, — t* as ¢ — z*. By making A small, we may assume
that the above is true for all z € A.

For the second part of the theorem observe that, from Lemma 4.1, for all
z € ¢t and ¢, where ¢t and ¢~ are the parts of the boundary of A such that

ct={zeAl|z(t) e ST},
c ={zelA|z(t) eSS},
the following is true (we may make A smaller if necessary):

1 3
50" < |wia(z,0)] < Jw™.

The rate of change for w2 depends on the distance of m; and mgy from
the rest of the particles and, for all t; < t < 5, on |d(wia(z,t))/dt| < c3/A?
for some c3 > 0. Since £ — t; can be made arbitrarily small, the wedge A
can be made small enough such that for all z € A, and t; < t < 5, we have
lwia(z, t) — wiz(z, t1)] < Fwt.

The third part of the theorem comes from conservation of momentum.
We only need to take note of the following facts:

(1) Let Pyo3 be the momentum of the subsystem m;, mga, and ms:

Pio3 = 2mq 21 + mgzs.
There exist positive numbers M; and M; such that
|Pras(z,£1)| < M, |Pias| < My

for all t € [t1,%;] and = € A.
(2) It follows from the first part of the theorem that £; —t; — 0 as z — z*,
x € A. Therefore, for any € > 0, by making A small enough, we have
|Pro3(z,t) — Przs(z,t')| < e,
for all t,#' € t € [t1,%1] and = € A.
Following from the above facts, for all x € A, is
2m1z1(x,52) > 2777,121(33,{1) = P123(.'17,t_1) — m323(£12,t_1)
= Pig3(z,t1) > Pia3(z,t1) — €
= (2my + m3)z1(z, ;) — €.
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Therefore
€

-~ m3 ~
> (142 —
z1(z, t2) > ( + 2m1> z1(z,t1) S
Let K be any number such that 1 < K < 1+mg/(2m1). Then € can be made
small enough that

zl(x,f2) > Kzl(a:,fl) >0

for all z € A. The inequality |z4(x,%2) — 24(z,%1)| < & follows immediately
from the first part of the theorem, thereby proving Theorem 4.4.

Now we would like to make several remarks concerning this theorem.

(1) The constant A is prefixed, and its value does not change. However
the choice of A is quite arbitrary. In fact A can be chosen arbitrarily small
and, in this way, one easily sees that B, whose value depends on A, can be
made arbitrarily small.

(2) The triple collisions considered so far are for the central configuration
E, . In fact the triple collisions with the limited central configuration E_ can
be treated equally the same.

(3) All the above discussions apply just as well to the motion of m3, ma,
and ms. With some appropriate changes of constants, one may assume that
the lemmas and the theorem also apply to the triple mgs, m4, and ms.

In the next section we shall use the last theorem to set up symbolic
dynamics to construct unbounded solutions in finite time.

5. Unbounded solutions in finite time

We first consider the initial values on the 2-dimensional wedge A of The-
orem 4.4 of the last section. Later we shall consider the 3-dimensional wedge
W described in Section 2.

For all z € A let N(z) and n(z) be the number of maxima and minima
that 71 has reached in the time interval [t;,2]. Here N(z) and n(z) are the
extended notions of the number of complete revolutions that m; and mqy have
made in [f;,%5]. Because the value of w* may be made arbitrarily small, we
may assume that w™ < 1/10.

LEMMA 5.1. N(z), n(z) are continuous for all x € A, except at those
points x that r12(z,t) reaches a mazimum or minimum at either t1(x) or t2(z).

Proof. Suppose that r15(z,t) reaches a minimum or maximum at t’. Then
either 712(z,t') = 0 or r12(z,t') is undefined. For the latter case, a binary or
triple collision must occur. Thus 712(z,t') = 0. We want to show for all z € A
and for all £; < t < t, that all zeroes of 712(x,t) are nondegenerate; i.e., for
all ¢/, t' € [t1,%5] such that whenever 715(x,#') = 0, we have #12(z,t') # 0.
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Notice for the binary or triple collisions, r12(z,t) = 0, that ¢’ is easily seen to
be a nondegenerate local minimum for r12(x,t). This means that all zeroes of
712(z,t) are either a nondegenerate maximum or a nondegenerate minimum
of r12(z, t). From this we can deduce, by the continuity of r12(z,t), that N(z)
and n(z) are continuous functions for all z € A, except at those points = of A
such that ;5 reaches a maximum or minimum at ;(z) and #5(z).

We will prove this in the more general setting of a perturbed 2-body
problem. Let

where f is a small perturbation term. Due to the f term, the energy h and
angular momentum c of the system are not constants. Thus

1, 1, 1
h = §T' + 2—736 - ;
is a function of time. We only consider the case where h < 0. In this case,
1 1 1
2p1 202 L 2 2
Al = 2r+2rzc TI.
If # = 0 for some ¢, then
1 1
2l — 2 2
c“lhl =¢ 53¢ ~ o|-
Let w2 = c?|h}; when 7 = 0,
1 1
_ 2 2
Wi = C Z”_Zc — ; .

Solving this equation for ¢, we obtain either

E=r+ (r2 — 2r2w12)1/2

or
1/2
AE=r- (r2 — 2r2w12) / .
On the other hand, 72 =7 - r;thus r* =r-rand ri + 72 =r-#+ 1 - I,
where we write

2
.. . : . (&
Pr=72 47202 =724+ .

T

These equations together with the equation for motion yield

2_
(5.2) =S r+-;-f.

r3
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Therefore, corresponding to the two solutions for ¢ obtained above, we have

either
L (1 —2wp)? r

7 = + m -f
or "
7-;2_(1—21;’12) LT
r r
Thus # # 0, provided that
(5.3) [£r2] < (1 — 2wya)Y/2.

Now we go back to our original system. First consider the perturbation term
f. In the 5-body problem, the perturbations on the binary m; and my are due
to mg3, ms and ms. It is easy to show that there are some positive numbers
M; and M> such that
M, M,
1< =+ =7,
T3 T
Mr? Myr?
2 1712 2712
lf’l”12| S 3 + 5 1 .
13 T14

Now we divide the interval [f;,%;] into two separate subintervals [f1,¢}) and
[t},%2] and then consider them separately. Recall that ¢} is the time when the
orbit passes the cylinder T of the last section.

We consider the interval [t], ;] first. By properly choosing the cylinder
T (i.e., enlarging v* if necessary), we can make r2,/r%; and r%,/r?, arbitrarily
small for all ¢ € [t],f;]. Thus, by the above means, we may assume that

Mir?,  Myr? 1
Ti3 T4 10

On the other hand, for all t € [t},%5], we have |wis| < 2w* < 2/10. Therefore
Ifr2,] < 1/10 < (6/10)/2 < (1 — 2wya) 2.

Thus inequality (5.3) holds. Therefore, for all ¢ € [t], 2], all zeroes of 712(z, t)
are nondegenerate critical points of r12(z,t).

For the interval [f;,#}), since mg is now closely involved with the binary
m; and mgy, inequality (5.3) is harder to obtain. To do so, we use the properties
of the triple-collision manifold. Recall that, for the orbit with an angular mo-
mentum of zero, all the critical points of r12(x,t) are nondegenerate; therefore,
on Ny, this same property holds. From continuity, for the orbits of N close
enough to Ny, this property also holds. Since T is defined in a small neigh-
borhood of Ny, and since Tj is compact, we can always make 7" small enough
that, for all x such that z(t]) € T, the zeroes of 712(x,t) are nondegenerate for
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allt € [fl,t’{). Here we used the fact that there is a positive number M3 > 0
such that |7 — 71| < M3 for all = so that z(t}) € T, where 77 = 7(¢}) and
711 - 7‘(51).

We have shown above that all the critical points of ris(z,t) are non-
degenerate for all z € A and t € [t1,%3]. Consequently the only discontinuities
of N(z) and n(z) are when #; or #; is a local minimum or maximum of r15(z, t).
This proves Lemma 5.1. O

In the 2-body problem it is a well-known fact that, for an elliptic orbit
with energy h < 0, the period of motion is v/2/(2|h|*/2?). We will need a similar
estimate on the maximum time between two consecutive maxima or minima
for what we do next.

Again consider the perturbed 2-body problem

. r
where f = f(t) is a small perturbation term.

LEMMA 5.2. Given € > 0, there exists a 6 > 0 such that if |hyf| < 6,
with ho < 0 and |wiz(z)| < 1/4, then

(5.5) S — P

V2/(2|ho[*/?) m
where T3 is the time interval between the first two consecutive mazxima or
minima for t > 0.

First let us remark that the important feature of the lemma is that we
have a uniform § such that inequality (5.5) is satisfied for all hy < 0.

Proof. Consider the initial conditions on the energy hypersurface hp = —1
with |w2(z)| < 1/4. The period for the unperturbed 2-body problem is v/2/2.
To each point z in this set, the proof of Lemma 5.1 leads to the zeroes of
r(z(t)) being continuous functions of x, provided that |fr?| < (1 — 2wyp)Y/2.
Note that r < 1/|h|, ho(z) = —1, and |wi2(z)| < 1/4, h(z,t) and wiz(z,t)
depend continuously on f. Therefore there is a §(x) depending on x such that
if |f | < é(zx), then

(5.6) Ima(2)V2 — 1] < e.

By the compactness of the set {z | hg = —1, |wiz(z)| < 1/4} (in the reg-
ularized 2-body problem) there is a uniform é§ independent of x such that if
If | < 6, then inequality (5.6) is satisfied.

We showed above that Lemma 5.1 is true for the energy hypersurface
hg = —1. Now we want to show that the lemma is true for an initial value
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with hg standing for any value of h < 0. In the 3-body problem, by using
McGehee’s coordinates, one may drop the r variable from the equations of
motion and reduce the dimensions of the system by one. Thus the complete
solutions of the original system can be obtained from the solutions of the re-
duced system and integration of the liner equation for r. In other words, if the
only difference between two initial values is in r for the McGehee coordinates,
then the solutions only differ in r with a constant factor. The rest of the proof
of the lemma is motivated by the above fact; instead of going full scale through
McGehee’s coordinate change, we use a simplified version of it.
Consider a system of differential equations

(5.7) X =, v =vyU(x)+f, xeR", veR",

where U(z) is a homogeneous potential function of degree —1 and f is a per-
turbation term. Let

z=lholx, w=l|ho| v,  t=|ho[**t,
where hg is an arbitrary constant. Then
dg/dt =v,  dy/dt=U(z)+ |ho| f.

Compare this system to the original (5.7). We have exactly the same set of
equations, except that the perturbation term now has a factor of |ho| 2. Apply
this to the 2-body problem and let h( be the initial energy of the system. Then
the initial energy for the new system is exactly ho/|ho| = —1 for all hy < 0.
Note that the time has been rescaled by a factor of |ho|*/2. Thus the lemma
follows from what we have proved on the energy surface hg = —1. o

The next result shows the limit behavior of N(z) and n(z) as = approaches

LEMMA 5.3. N(z) — oo and n(z) — 00 as x — z*, x € A.

Proof. As x — z*, it follows from Theorem 4.4 that 23(z,t;) — —oo.
Thus there is a positive number ¢; > 0 such that the kinetic energy for the
subsystem m;j, mo and mg is greater than clég(a:, t1) for z sufficiently close to
x* and t € [t1,2). From conservation of energy there is a c, > 0 such that

|haa| > co23(x, 1)

for x sufficiently close to z* and t € [t1, 2).
One sees from Lemma 5.2 that there is a ¢3 > 0 such that

Ti2(z) < e3V2|ho|732/2 < 4233 (x, 1)
for some c4 > 0, z sufficiently close to z* and t € (1, £2).
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On the other hand, there is a ¢5 > 0 such that
(t2 — t1) > ¢csB/|23(z, t1)|.
Thus N(z) > ca23%(z, 1) and n(z) > cs23 2(x, 1); therefore, as z € z*,
N(z) — o and n(z) — oo,
which proves the lemma. O

Observe from Lemma 5.2 that N(z) and n(z) change values only when
r12(x,t) reaches a local minimum or maximum at #; or ;. As there is only
a finite number of minima and maxima for ris(x,t) at t = #;, for any curve
in A that ends at z* there is an infinite number of points on the curve such
that ry9 (w,fz) is a local minimum. And similarly there is an infinite number
of points on the curve such that ri2(z, 52) is a local maximum.

So far we have centered our discussion around the 2-dimensional wedge
given by Theorem 4.4. In order to have more flexibility and a clearer global
picture we introduce the 3-dimensional wedge. The main reason we extend
the scope of this section by considering a 3-dimensional section is that the
noncollision singularity we construct here is in the neighborhood of the set
of orbits that lead to simultaneous binary and triple collisions, which is a
codimension-3 smooth manifold.

Just as in the triple-collision case we can also use McGehee’s coordinates
to blow up a simultaneous binary and triple collision. This time, however, we
blow up the set given by R? = r?y; + o?/4 r% = 0, where a = (4/m4)'/3.
We use the coordinates r193 = Rsin3 and r45 = 2aRcos 3. In this way we
also obtain a collision manifold. The flow on this collision manifold is more
or less the product flow of the one over the binary-collision manifold and the
one over the triple-collision manifold (with an appropriate rescaling of the
time variable). However the next step is a partial blowup of the simultaneous
binary and triple collisions, in which we keep the time rescaling used for the
triple-collision manifold. In this way we may treat the binary collision and
triple collision differently.

Let us introduce the following McGehee-type of change variables for the
binary m4 and ms:

(ax4’ay4) = (£COSQ’ fSiIl_e_),

B = tan™! ( ) ,
_ [ cos@ . Qg
Y= \ sin /] ays )’
_ (ats) cos @
L= o Y\ sing )’
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1/2,, [ —sin@
z( cosf )

112y,

S
I
13

<
13

In the above coordinates the equations of motion (4.5) become

r'=(s-z)r,
s =z—(s-2)s,
26U2(7'S, Q4)

1
! — .
z = v Ui(s)+ 2(s z)z+T ars)

zy = r3/2sz4 (r,s,2,p4,q4),
(5.8) p{z,, = - r3/2HZ4(T>S’z> P4>Q4)a
B' = vsinBcos B — vsin®2 B/ cos'/? 3,

v = tan®/? (%f +u? - 1) +0(r3?),
¢ = tan®? Bu + O(r*/?),
v = tan®? g (—%M) +0(r*?),

where Uy, as defined before, contains the terms of U, which contains only q;
and qs. That is,

1
Ui(s) = ——mi’/zmg

V2

(ml (s% + s%)m/mg + 4(3% +s24+ (14 2m1/m3)s§)_1/2>.

Again, ' denotes differentiation with respect to 7, and dr/dt = r=3/2. Note
that the equations for m;, ma and mg3 are exactly the same as before in (4.5).

In equations (5.8), r = 0 is an invariant manifold. It is the collision man-
ifold for the simultaneous triple collision of m;, my and mg and the binary
collision of m4 and ms. We shall refer to it as the simultaneous collision mani-
fold. Note that the single triple-collision and single binary collision correspond
to B = 0 and B = 7/2, respectively. In formula (5.8) there is still a singu-
larity at 8 = 7/2 that corresponds to the single binary collision of m4 and
ms. Standard methods can be used to regularize this singularity. Probably
one could use the Levi—Civita coordinates for my4 and ms and rescale the time
to remove the singularity. However we note that one cannot use the usual
time-rescaling factor 745, since here the time variable 7 is already rescaled by
r3/2. One would have to use the factor cos 3. Rescaling any more than cos 3
may put the binary collisions into rest points for the new time variable.
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Here we choose Easton’s block regularization to regularize the single bi-
nary collision. The method is to join the collision orbit with an ejection orbit.
It turns out that, after joining the two orbits, we find the resulting extended
flow is smooth globally, after passing the collisions. Note the well-known fact
that, for all » > 0 small, the singularity 5 = /2 can be regularized as a
block. For r = 0, the motion of m4 and ms is a 2-body problem, without any
perturbation from other particles. Therefore the singularity § = 7/2 is also
removable from the simultaneous collision manifold.

Here and after we shall speak of the flow as the regularized one.

We remark that, intentionally, we do not restrict our simultaneous col-
lision manifold to the invariant sets given by the energy integral or energy
relations. However various interesting fixed points lie in these invariant sets.

Now let us concentrate on the flow on the collision manifold. For r = 0,
the equation concerning the triple m;, mg and mgs is exactly the same as
discussed before. One easily sees that the rest points of the simultaneous
collision manifold are either of the type

P={P}x {u =0, v=+v2, B =tan"'((vp/V2)?), O € (o,fr/z)}

or
{P} x {8 =0},

where P is one of the rest points in the triple-collision manifold, vp is the
value of v at P and the = sign is the same as that of vp.

We are particularly interested in the rest points with P = E, , where E is
the rest point on the triple-collision manifold. We can easily compute that for
the rest point E, besides the two positive eigenvalues from the triple-collision
manifold, there are two additional positive eigenvalues. However, since we
are restricted to the invariant subspace with cj2 + c45 = 0, we can use this
relation to eliminate the variable u. Therefore the stable manifold of E, has
codimension 3. Similar arguments hold for £_. We conclude that the set of
points, whose orbits lead to simultaneous triple and double collisions, forms a
smooth manifold with codimension 3.

The 2-dimensional unstable manifold of E, on the triple-collision manifold
has been studied in the previous sections. Now we discuss the additional
branch of unstable manifolds arising from the simultaneous collisions. The
new unstable eigenvector is in the 63 direction. To see how the unstable
manifold goes in this direction we fix 4 = 0, v = vg, and v = —+/2. Then
the equation for 3 only depends on 3 itself; i.e., this gives an invariant set
for the flow. If the initial value of 3 is less than #* = tam‘l(v%+ /2), one
sees that d3/dr < 0 for all 7 > 0; therefore 8 — 0 as 7 — oco. However, if
the initial value of 3 is larger than (*, one easily sees that dG/dr > 0 and
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p=0 p=p* B=0

FIGURE 6. E+ on the simultaneous collision manifold

B — 7 /2 as T approaches some finite value; i.e., the orbit experiences a binary
collision between m4 and ms. By the regularization procedure, one joins this
binary-collision orbit with a binary-ejection orbit, which is exactly the orbit
with v = v/2 and with 8 incremented by 7. After the orbit is rejected from
the binary collision, we have d3/dr < 0. Again, 8 — 0 as T — 00; i.e., this
branch of unstable manifolds of E, also ends up in the triple collision of m;,
mg and mg.

The procedure of joining collision orbits with ejection orbits may seem
artificial and unsmooth; however, we point out that if the nearby solutions are
considered, this indeed regularizes the flow. See [4].

Note that the rest points on the simultaneous collision manifold with
B =0 and v < 0 are attracting in the 63 direction. Figure 6 illustrates various
stable and unstable manifolds and their relative positions.

Let z* be a point in the stable manifold of E, i.e., the orbit starting at z*
that ends up in the simultaneous triple collision of m;, ms and m3 and double
collision of m4 and ms. Let t* be the time when the solution of z* ends. Thus
qs(z*,t*) = qs(z*,t*). The above blowup technique shows that the unstable
manifold Un(EU,) of E, forms a codimension-3 smooth submanifold. Let II be
a 3-dimensional section that intersects transversally Un(E, ) at z*. It is easily
seen that IT intersects the set ¥; in a small curve near z* (see Figure 6). Let
¢t be this curve; thus ¢ € ¥;. We remark that + may not be smooth at z*, due
to the simultaneous collision.

Let us assume additionally that II intersects the set {z4(z,#;) = 0,
ya(z,t1) = 0} transversally at z* and that the curve of the intersection of
this set and II crosses the curve ¢ at z*.

From now on we shall focus on the solutions starting from II. We remark
that the only conditions imposed on IT are the transversality conditions. It is
obvious that such a hypersurface II exists.

Once again we point out that, on the simultaneous collision manifold, the
variables associated with the triple collision are independent of other variables.
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Therefore the analysis of Theorem 4.4 extends to the point z* on the stable
manifold of E,.

From Theorem 4.4 and the transversality condition on II we know that
there is a 3-dimensional wedge W with vertex at ¢ such that the following are
satisfied:

(1) For all z € W, #1(x), ti(x), f1(z) and fy(z) are well-defined and
continuous functions on z and 23(t;) — oo, #3(f;) — 00 as x — .

(2) Let ¢* and ¢~ be two pieces of the boundary of W that have ¢ as their
common boundary; then for all z € ¢t

1 -

Zw+ < w12($,t2) < 2w+’
and for all z € ¢,

1 -
(5.9) Zw* < —wya(z, t) < 2w™.

(3) There is a K > 1, where K depends only on the masses of m;, mz and
mg such that, for any € > 0, if W is made small enough, then for all z € A

zi(z,t2) > Kzi(z,t1) > 0
[Z4(£L‘,£2) - 24(w,£1)| <e
(4) The sets ¢, ¢; and c; do not intersect the set {z4(z,t;) = 0, ya(z, ;) =
0}.
The next two lemmas are essential for justifying our iteration process and

the use of symbolic dynamics.

LEMMA 5.4. For the wedge W defined above, W C II. There is a non-
empty closed set 1, € W containing =* such that r4s(x,t2) = 0 for all x € 1.
That is, the orbits starting from 1, end at the triple collision of ms, m4 and ms
at ty. Furthermore the set 1 is connected and contains more than one point.

Proof. Let c be a small closed curve in the boundary of W around z*. By
the transversality condition imposed on the section II, ¢ does not intersect the
set {x4(z,t1) = 0, ya(z,%1) = 0}. Moreover the following map h; from c to S*
is well defined and topologically nontrivial:

hi(z) = ( za(z,t1) va(2, 1) ) for all z € c.
(e ) + 2@, 80) 7 (2o, B) + 42, 80)

The map h; is a degree-one map. Now we define the following map hg, also
from c to S!:

ho(z) = ( ~x4(a:,t2) —1/2° ~y4(a:,t2) — 1/2> for all z € c.
(z3(z,12) + y2(z,82)) ° (23(z, E2) + 93(z,12))
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By the properties of the wedge W, we see that hs is also a well-defined, topo-
logically nontrivial, degree-one map.

Now the lemma follows from a simple topological argument. Let S be
a surface in W with ¢ as its boundary. Then S must contain at least one
point such that z4(x,%2) = 0 and yy(z,%2) = 0; otherwise the map hy can be
continuously extended to the set S, which is impossible. Let ¢| be the set of all
points in W such that z4(z,2) = 0 and ya(x,%2) = 0. Then ¢} is a nonempty
closed set and z* € ¢}. Let ¢; be the connected component of ¢} containing z*.
It is obvious that ¢+ contains points other than z*, which proves the lemma. O

The next result concerns the solutions starting from ¢;.

LEMMA 5.5. Let 1 € X4 be the curve of Lemma 5.4. Then there are
infinitely many points x1, T2, 3, ..., T; €11, 1 €N, z; —» =* as i — oo such
that rlg(xi,f2) = 0. That is, for the orbits starting from x; the solution ends
at simultaneous double and triple collisions.

Proof. 1t follows from Lemma 5.3 that n(z) — oo as z — z*, = € ;.
Recall that n(x) is a step function that changes values only when ri2(z, 1)
reaches a local minimum at #; or 5. As there is no local minimum of r5(z, t)
for € 1; and t = £, if W is chosen small enough, the discontinuity of the func-
tion n(z) occurs only if 712(z,t) has a local minimum at ¢ = £5(z). Since ¢; is
connected, for any positive integer i large enough, there exists a point z; € 1
such that n(z) is discontinuous at z; and n(z;) = i. (Otherwise the set ¢;
would be disconnected and consist of two disjoint nonempty components with
n(x) > ¢ and n(z) < i, respectively.) Renumber these points as z;’s and let x;,
i =1,2,3,... be these points such that ri2(z;,t) is the local minimum. Then
#12(zi,t2) = 0 or ria(z;,t2) = 0. It follows from conservation of angular mo-

mentum, ¢z + ¢45 = 0, that Clz(xi,fz) = —045(1‘,',{2) = (0, since C45(£L‘i,£2) =0.
Therefore 712(z;, t2) < 0, and #19(x;, £2) = 0 can only give the local maximum.
From this we conclude that r12(z;,f2) = 0, proving the lemma. O

Now we summarize the results obtained thus far. Let z* € X; be a point
such that the orbit of £* ends up in a simultaneous triple collision of m;, ma,
mg3 and a binary collision of my4, ms; let II be a small, generic, 3-dimensional
hypersurface in the phase space. The section II intersects X; in a curve ¢
having z* in its interior. Then there is a wedge W with vertex at ¢ such
that, for all the orbits starting from the wedge W, mgs shoots out from m;
and mgy and catches up with m4 and ms in a very short time. If we make W
smaller, the time for mg to catch up with m4 and ms can be made arbitrarily
small. Furthermore, inside the wedge W, there are infinitely many points
Z1,%2,...,%; — =* such that, for any ¢ € N, the orbit starting from z; ends up
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in a simultaneous triple collision of ms, m4, ms and a binary collision of m;,
ma.
Now we are ready to prove one of our major results, Theorem 1.1.

Proof of Theorem 1.1. We begin by repeating the above process of con-
structing the wedge W and finding the points z;, zo, .... This time, in place
of z*, we use x;, ¢ € Z and (1; and in place of the triple collision of m;, mo,
mg, we use the triple collision of ms, my4, ms. For each x; we take a small
neighborhood of z;, II; C W C II, and consider solutions starting from the
hypersurface II;. We may assume that II; satisfies the transversality condition
similar to that imposed on II. This is true because transversality conditions
are generic conditions; so we may make an arbitrary small change to II such
that all the transversality conditions are satisfied. It follows from Theorem 4.4
and Lemmas 5.4 and 5.5 that, again, a wedge W; can be found, and W has its
vertex at a subarc of ¢; having x; in its interior. Note that W; has a property
similar to that of W: for the orbits starting from W;, mg escapes from m4 and
ms with a large velocity and catches up with m; and mg in a very short time.
Let 53(:1;), x € W; be the time when mg reaches midpoint between m; and ms.
The difference ¢35 — 3 can be made arbitrarily small by the restriction of x to
a smaller wedge in W;.

Again, for each 7, we can find infinitely many points in the wedge W;, z;;,
Jj =123, ..., z;; = z; such that the orbit of z;; ends in the simultaneous
triple collisions of m;, mg, ms and binary collisions of my4, ms. For all j € Z,
z;; has similar properties to those of z;. Continuing in this way, and given
any infinite sequence of positive integers, 414273 ..., we can find a sequence of
wedges:

oo € Wigigis CWiiy, CW;, CW

and define a sequence of time:
t~1($) < 52(33) < 1?3(61,‘) <...
for all points of
Wﬂmlnm1iznm1i2ign--w

In addition #;11(z) —£;(2) can be arbitrarily small for any i € Z. Thus we may
assume that '
tiv1(z) —ti(z) <27°

whenever ;1 (z) is defined.

We conclude the proof of Theorem 1.1 by using symbolic dynamics. For
the infinite sequence of positive integers i;i2i3 ..., by the above construction
we have a corresponding infinite sequence of wedges

oo o C Wiiiy € Wigigiy € Wayiy C Wiyi, CWi, CW;, C W,
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where V is the closure of the set V. This nested sequence has a nonempty
intersection. Let @* be a point in this intersection. Then

q* € v‘/iligig...
and #;(q*) is defined for all i = 1,2,3, ...,
t1(q") < ta(q*) < t3(q*) < ...

Since #;+1(q*) — #:(q*) < 27%, the sequence has a limit ¢:

o0
too = lim &(q") <& + ;2‘1' < 0.
Therefore, for the orbit starting from q*, the solution is defined for all ¢,
0 <t <ty < o00. To prove that

(5.10) 21(t) = z9(t) — o0 and z4(t) = 2z5(t) —» —o0

as t — too, for the solution starting from q* we could use von Zeipel’s theorem,
given in the Introduction. Since now ty, < oo is a singularity and, from the
construction, t, is not a collision singularity, therefore lim I — oo as t — to,
where I is the moment of inertia of the total system. (We must point out,
however, that as the binary collisions have been regularized in our problem,
von Zeipel’s theorem cannot be directly applied here. But it is not hard to
extend von Zeipel’s theorem to allow a regularization of binary collisions and
to treat solutions with binary collisions as regular solutions.) Here we choose
to use some estimates that were derived previously to prove equation (5.10).
From the third property of Theorem 4.4, for any sequence of positive numbers
€1, €2, ..., we may make W, W;, W, ;,, ... small enough such that the following
are satisfied:

N
-
o}

*
<he
(3]

N

—
—~ Y~~~
Nojte]

*
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N
~— N N N

?

N
—
Ne}

*
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w

?

?
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~
S
,
&

N
—
*
o
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where K > 1 is a constant. For any 1 < Ky < K, one easily sees that if
€1, €2, ... are small enough, then

21(q*, tont2) > Koz (q*, ton) > Ki21(q*, 12)
for all n > 0. Therefore

21(q*,t) = 22(q*,t) = o0 as t — too.
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And likewise
24(q*,t) = 25(q*,t) = —00  ast — t.

Let A be the collection of all of such points; i.e., for any q* € A there is
a corresponding infinite sequence of positive integers, i;, 2, ..., such that

(o o]
q* € n I/I/ﬁiz...in-
n=1
The orbits starting from A are unbounded solutions in finite time.
It is obvious that A is uncountable. This completes the proof of Theorem
1.1. O

For later use, we state some of the properties of the unbounded solutions
in finite time constructed here. Since we can always choose some smaller
wedges in the construction of A if necessary, we may assume that the following
properties hold for all z € A:

(1) |tnt1 — tn] < 272 for all n > 0;

(2) |2(tn)/23(tnt1)| < 27" for all n > 0;

(3) hizs(t) > 0 whenever z3 > 0, and hgss(t) > 0 whenever 23 < 0.
Therefore the gradient-like property holds when we consider the subsystem
near triple collision.

We finish the proof of Theorem 1.2 in the next section.

6. Noncollision singularities

In the last section we constructed uncountably many unbounded solutions
in finite time on the 3-dimensional hypersurface II. As we noticed, the binary
collisions between m; and me and my4 and ms are all regularized. Therefore
it is possible that our solutions involve binary collisions. The main purpose of
this section is to show that, for some of the solutions constructed in the last
section, there is indeed no binary collision involved.

We prove our second main result, Theorem 1.2, by proving a series of
lemmas. Lemma 6.1 states for the unbounded solution constructed in the last
section that the eccentricities of both the binaries m; and my and m4 and mj
approach one. In other words, let q* € A and let ¢, be the time when the
solution ends. Then wi2(q*(¢)) — 0 as t — to. This means that the solutions
of the binaries are closer to a collinear problem. Lemma 6.2 asserts that the
elliptic axes of binaries m;, ms and my, ms also have limits as t — t,. Finally
in Lemma, 6.3 we prove that if these two limit axes form an angle other than
0, /2, 37 /2 or m, then for all ¢ sufficiently close to ¢, the angular momentum
for one pair, say m; and msg, is positive and the angular momentum for the
other pair, m4 and ms, is negative. That is, for ¢ sufficiently close to t, the
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NONCOLLISION SINGULARITIES IN NEWTONIAN SYSTEMS 457

angular momentum assigned to any pair does not change sign. This guarantees
that no binary collision is possible for ¢ sufficiently close to t,. Lemma 6.3 is
the most important lemma of this section. Its proof can be intuited as follows:
as t — to, move my, my and my, ms closer and closer to the respective limit
axes, and this is true for a large percentage of the time. Thus the change in the
angular momentum is mostly in one direction, either decreasing or increasing.
So, in some sense, the angular momentum for either binary behaves more and
more like a monotonic function so that it remains away from zero when ¢ is
sufficiently close to t». From these lemmas we will see that if we carefully
choose our initial conditions, we will have the noncollision singularity.

LEMMA 6.1. Let q*(t) be an unbounded solution in finite time, as con-
structed in the last section. Then wi2(q*(t)) — 0 and ws(q*(t)) — 0 as
t — too, Where too < 00 is the time when solution q*(t) ends.

Proof. We first prove that wi2(q*(¢,)) — 0 as n — oo, where £, is as
defined in the last section. For later use, we will also show that

lwia(q*(2:))| < 27"My

for some positive constant M;, foralln=1, 2, ....
By construction of g*(t),

(6.1) lwas (q*(T2n))| < 2w™
and
|was (q*(F2n)) | = |cis (Fan)has (Fas)| > crcis|2s(Fan)|
for some ¢; > 0. Hence
_ 2wt
6.2 C2 t < —_—.
( ) 45( 2”) -~ |6122(t2n)|

On the other hand, there is a ¢y > 0 such that
lwiz2(a*(F2n))| = |e12(Ton) Pa2 (Fon)|

/T
ton )| 22 (E: co |23 (ton—
< eacty(F2n) |43 (Fan-1)| < oyt 2 18 (tn1)]

o S2_2nM1.
c1 |23 (tan)|

Here we use the fact that cj2 = —c45. Therefore

lwiz (q* (f2n)) | < 272" M,

for some My > 0.
To show that
lwiz(q*(Fan—1))| < 27210y
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for some M3 > 0, notice that wn2 < c3 for some c3 > 0 and for all t € [ta,—1, t2n)].
We may assume that |fa, — f2,_1| < 272"c4 for some c4 > 0. Therefore

(63) |w12(q*(t_n))| < 2—an

for some M; > 0 and for all n > 0. A similar result holds for the pair m4 and
ms:

(6.4) lwas (q*(En))| < 27" My

for some My > 0 and for all n > 0.

Instead of continuing to prove Lemma 6.1, we will use these inequalities
to prove our next lemma and then return to Lemma 6.1. A complete proof of
Lemma 6.1 will be given later.

Let us consider a 2-body problem, m; and my moving in R? under New-
ton’s law, and let ry2 be their mutual distance. The equation of motion is

d’riz . mi+my

= rp2
2 3 )
dt 39

ris € R2.

Besides the usual energy and angular-momentum integral, this equation
also admits another integral. One easily checks that
Irio 1

P12 = — + —(C12 X2
12 m1+m2( )

rio 1 drio
=4+ —r X — Xr
T2 My +ms < 12 dt ) 12

is a constant of motion. The value of p has some important physical meaning:
if m; and my move in some elliptic orbits, then the vector p points toward the
perigee of elliptic orbit, and the magnitude of p is exactly the eccentricity of
the ellipse. See Pollard [13] for a more detailed discussion.

For the solutions constructed in the last section we note that, for most
of the time, m;, my are far away from the rest of the particles m3, my4 and
ms. This suggests that we treat the motion of m; and my as a perturbation
problem. Motivated by the integral p in the 2-body problem, we define a
vector pj2 similarly to p above. Let

(6.5)

(xl,ylao)

6.6 =
(6 R TE

4
_ z ) aO )
+ m (012 X (&1, % ))
where
ci2 = (0,0, 191 — p1&1).

At first glance, our definition for p;; depends on r. However, if we
write p12 in McGehee’s coordinates, then the r factor cancels out (r12 ~ O(r),
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T1g ~ O(r‘l/ 2)). Therefore p;2 is well defined even on the triple-collision man-
ifold.

LEMMA 6.2. Let q*(t) be an unbounded solution in finite time, as con-
structed in the last section, and let to, be the time when the solution q*(t)
ends. Then the limits of p12(q*(t)) and pi2(q*(t)) ezist and, moreover, if

lim(p12(q”(¢))) = P12(q") and lim(p12(q*(£))) = P12(q*) ast — i,
then [p12(q)| = [p12(a)| = 1.

Proof. An easy computation shows that
(6.7) P12 = —C12 X I'12 ( 1 37”1_33) +0(|za7?).

What we want to do next is estimate the change of p;2 for the unbounded
solutions constructed in the last section. Let Apjs = p12(te) — P12(0). Then

too too
Apyg = —/ Ci2 X I'12 ( 1 37”1_33) dt +/ |0(|z5%()dt
0 0

The second integral on the right side converges, and the first integral is an
improper integral, because inf(r13) — 0 as ¢t — t,. What we prove next is
that this improper integral also converges:

too t1 t2
1M
/ C12 X T2 ( 37'533 dt = / / /
0

4. (012 X T19 ( 14m3 1_33>) dt

=3[ ()

n=0 " '2n

o t_2n+2 m3 _3
+n2:/t (C12 Xl‘12( 1 7'13)) dt.

=0 2n+1

The second summation is convergent, since the integrand is bounded (note
that r > A). Therefore we only need to show that Y - a, is a convergent
series, where

ton+1 1ms _3
(68) anp = An (012 X I19 (—4— )) dt.
Using the substitution of variables 7 = 7(t) defined by dt = r3/2dr, and letting

7 = 7(t,) and 7, = 7(t,,), we have

n L 4 (1 4 2a:sin? ¢)3/2 '

Ton
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Therefore
T2n+1 mymg|u cos
(6.9) lan| < / #dr
Ton
Let 73, +1 € (Ton, Ton41) be the time such that v(T3, +1) = —vo < 0, where vy is

any positive number such that —vy > v(Ey). Recall that E. is the rest point
in the triple-collision manifold. It follows from the gradient-like property of
N, that 79,41 is uniquely defined. Thus

TO’" T2n+1
(610) oo < [ TamltcORtl gy, [ mumalUcOnel
7 4 - 4

0
2n+1
We will consider the above two integrals separately. For the first integral,

0 0
/T2n+1 m1m3|u CcoSs ¢|d < /Tzn+1 m1m3'UId
———at < — dr
Ton 4 Ton 4

7_0
/2n+1 m1m3‘C12|d
= ————=dr
_ 1/2
Ton 4r1/

Tgn 1 0 _ A0
(6.11) :/ ” m1m3|clz *1'/512 cial 5
Ton r

0
< Ton+1 m1m3lc(1)2‘ i
- J; gz
T2n

0
4 / " mimgler; — Jy|
b
= 4r1/2

Ton
where c(1)2 = clz(tgn 1)

Following from 7 = r~1/2

v,v< —y forallt e [E2n,t3n+1], we have
r < ——7'_1/21;0.

Therefore v
3/2
r(t) 2 (3 + vo(tny1 — 1)

for all t € [Ton,3,,1]-
From |¢12| < c1r12r45r1‘42 for some ¢; > 0 we may assume that

le12 — ol < 27" M (85,1, — 1)
for some M > 0, t € [ton, t3,,1]; therefore
lc12 — | 272" My (841 — t)
P (B — 1)

<27 M (] — 1)
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and

0 0 — —
Ton+1 m1m3|612 - C(l)2ld'r < o1 m1m32 2nM] (t8n+1 — t) 1/3
6.12) /. = J;

4r1/2 4 dt

Ton 2n

< M22—2n
for some My > 0 and for all n.
For the first integral of (6.11) note that r’ < —rvg for all T € [Fon, T9,11]-
We have
r > 19exp(vo(Tony — 7))-

Therefore
Tont1 m1m3yc(1>2|d7 - Tont1 m1m3|u0|r(1)/2 i
Ton 47'1/2 N Ton 47‘1/2
(6.13) Tin 1
< / + mhms |uo| exp (——vo(rgnﬂ — T)) dr
W 4 2
< M3s]|ug|

for some M3 > 0. Later on, we will show that |ug| < 27" My for some My > 0.
We now consider the second integral in (6.10). For this we need an esti-
mate concerning u,

1
u = §vu+7'f(t),

where f(t) is a function of ¢ such that
1f(t)| = |é12] < e1riarasTis-
Therefore

ulr) = exp (/ —§v<f>df> (uw " e ( [ %U(T)df) df),

2n+1 Ton+1 2n+1

where ug = u(79,,,). Change variable T to ¢ in one of the above integrals with

f(t)7
u(T) = exp (/: —%v(ﬂd‘r)

2n+1

t T
X (ug + Ft)yr Y2 exp (/ l'v('r)dT) dt) .
tgn+1 TO 2

2n+1

From that 7’ = rv it follows that

T = T exp (/: v(‘r)d7'> ;

2n+1
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exp (/0 i%v(f)df) _ (%>i2

2n+1

therefore

Using the above equation, we obtain

/t: f(t)r'l/2 exp (/T: %’U(T)dT) dt

2n+1 2n+1

F1/2
1/2
To

F)r V2 —dt

0
t2n+1

(6.14)
< max|f(H)lry |t — to].
It follows from the proof of Lemma 4.2 that there is a constant ds such that
7'0_1/2|t2n+1 — 91| < ds
for all n > 0. On the other hand, for all t € [t3,_1,t2,+1] We may assume that
max |f(t)| < coriarasry < 272" M,y

for some My > 0 and all n > 0. Therefore

fant1 |f(t)|dt < 2—277.M
0 VR 5
2n+1 0

for some M5 > 0 and all n. Thus we have the second integral of formula (6.10)

/”2"“ mymg|u cos ¢|d7’
Tgn+l 4
< /72n+1 m1m3|u|dT
B Tgn-H 4
T2n+1 T 1
—2n o
(6.15) < /T ;. (Juo| + 27" M5) exp ( /T . 2v(f)df> dr

7-2*11+1 T ]_
< (Juo| + 2_2"M5)/ exp (/ ——v(7‘)d7'> dr
70 70 2

2n+1 2n+1
T2n+1 T 1
+ (Juo| + 272" Ms5) exp (/ ——'U(T)dT) dr,
Ton+1 Tgn+1 2

where 73, () is the value of 7 when the orbit of z reaches the solid cylinder
T.

We want to show that both of the above integrals are bounded. Similar
to the argument used in proving Lemma 4.2, we see that

(6'16) |T;n+1 - Tgn-l—ll < M,
T 1
exp / —=v(r)dr
70 2
2n+1
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for all 7 € [19,,1,73,11], where Mg and My are positive constants.
For the second integral in (6.15) we use the same argument as that used
to obtain inequality (6.13). Note that

exp (/TOT ——%U(T)dT) = exp (/Tfn+1 —%v(r)d7'>

2n+1 2n+1

exp (/*T —%U(T)d‘l’) .

2n+1

(6.18)

The first term above is bounded. For the second term, following from that
v(r) > v* for 7 > 75, ., we have

exp (/ —%’U(T)dT) < exp (—%U“L(T — T;n+1)) .

2n+1

Together with inequalities (6.15), (6.16) and (6.17) this yields

/72"“ myms|u cos @|
-

(6.19) ;

dr < (|U0| + 2_2nM5)M3

2n+1

for some Mg > 0 and all n > 0. Therefore it follows from inequalities (6.10),
(6.11), (6.12) and (6.13) that

lan| < (luo| + 272" M5) Mg + 272" M> + Ms|uy|
= (M3 + My)|ug| + 272" (M, + MsMsy).

In order to show that > |a,| is a convergent series, we only have to show that

(6.21) lug| < 2_2nMg

(6.20)

for some My > 0. For this we use inequality (6.3): |wi2(t,)| < 27"M;. Recall
from the definition that |wy2| = |hi2c?,|; therefore

(6.22) |25 () h1a(En)] < 27" M.

Next we derive some estimates for cj2(t,) in terms of ug. Again let t5 _,
51 € [ton, ton+1] be the time such that the orbit reaches T', and let r(t5,, ;) =
r+. It follows from equation (6.14) that

le12(an)| = |72 (Fon)ulton))|
(6.23) = r2(15, 1) luo + s(Ean)|
> M10T1/2|u0 + s(t2n)|,

s(t) = /tot exp (/TOT %v(ﬂd‘r) f(t)r~%dt.

where

2n+1 2n+1
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The inequality in (6.23) comes from
Ts Ton+1 1 _9

—_— = exp/ —v(r)dr < M
r(T§n+1) 70 2 10

for all z such that z(¢3,,,) € T and some Mo > 0. Here we used inequality
(6.16). Note that it follows from equation (6.14) that

2n+1

Is(t)) <272"M5  forall t € [t3,, 1, thual-

On the other hand, as in the proofs of Lemma 4.2 and 4.3, one can easily
see that there are d7 > 0 and dg > 0 such that, for r, sufficiently small,

|haa(t2n)|
|h12(t5,41)] < ds

for all z such that z(t3,,,) € T. Combining formulas (6.22), (6.23) and (6.24),
we have

(6.24) d7 <

2 @I > Jwia(Fan)| > drlhaz(ts )| MEreluo + s(Ean))-

Therefore

_ 2—(2n+1)M d-lM—Z
lug + 5(t2n)l2 < =7 0

- lr*h12(t;n+l)|

To prove inequality (6.21), it follows from |s(%2,)| < 272" M5 that we only need
to show that
[rehi2(t2n41)] > Mu

for some Mj; > 0 and for all = such that r(¢3,,,) € T. Since Tj is a compact
set, it suffices to show that, for any z € T,

(6.25) |rhia(z)| # 0.

Notice that rhi2(x) does not depend on the value of r and, in McGehee’s
coordinates, that

|rhia(z)| = |g — %v2 sin ¢ — w? + 2vwsin ¢ — m?/zmg(l + 2asin )71/,

For z € M, where M is the triple-collision manifold, g(z) = 0. Similar
to the argument used in proving Lemma 2.1, we see that rhis(z) # 0 for all
x € M. By the continuity of rhis(z) and the compactness of ToN M, statement
(6.25) is true provided that g is sufficiently small. Therefore |rhi2(z)| # 0, if
T is made small enough. Since we can always choose T as small as desired,
we may assume that this is true. Therefore inequality (6.21) holds; i.e., |ug| <
2727 My for some My > 0. Thus 3 a, is a convergent series and, therefore, the
limit of p12(q*(¢)) exists as t — too.
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From 1/2w;; = (1 — |p12|2)l/2 and wi2(t,) — 0 as n — oo, we have
|P12(q*(tn))| — 1 as n — oco. Because the limit of p12(q*(t)) exists as t — too,
then |p12(q*(t))| — 1 as t — too. This proves Lemma 6.2. O

Observe that s
Wi = 2(1 — |p12|2) / — 0.

Thus wi2(q*(t)) — 0 as t — t, which proves Lemma 6.1, as promised. O

Now we can state the following important lemma, which concludes proving
the existence of the noncollision singularity.

LEMMA 6.3. Let q*(t) be an unbounded solution in finite time, as con-
structed in the last section. Also let pi,, pjs be the same as those of Lemma
6.2. If piy - Pis # 0 and pi, # £Pis, t.e., if P}y and pjs are neither parallel
nor perpendicular to each other, then there exists a t® < to such that, for
all t € (t%tx), c12 # 0. In other words, there is no binary collision between
myi, my and myg, ms in the time interval (%, tso).

Proof. The proof of this lemma is easier than one might expect. First we
compute that
é1g = 2mymy(z1ys — zay1) (i — 115).

Let 6 be the angle between the two vectors ri3 and rys,

cos ) — T1T4 + Y1Y4
(1 + y1)V2(zg + ya) /%
Then
. .3 -6
Ci2 = 5m1m47"127"45 sin 6 57‘127‘45 C039((21 — 24)
(6.26) +0((21 - Z4)‘9))
3

= §m1m4rf2rz5 sin 20((z1 —2) %+ 0((21 - 24)_9))-

Let q*(t) be an unbounded solution, as constructed in the last section.
It follows from Lemma 6.2 that p12(q*(¢)) and pss(q*(¢)) have limits p}, and
Pjs as t — tw, Where ¢ is the time when the solution q*(¢) ends. Let 8* be
the angle between p], and p};. By the assumption of the lemma,

sin 26 # 0.

Assuming that sin 26 > 0, we find that the case with sin 260 < 0 can be treated
equally. Let w be the angle between pi12(q*(¢)) and pss(q*(¢)). Then

w(t) — 6" as t — too-
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Let t* < to, be the time such that, for all t € (t*, ),
sin2w(t) > 0

and also
(21— 2) 8+ O((21 — 24) %) > 0,

where the high-order term O((21 — z4) ) is from that of equation (6.26). This
is possible since (21 — z4) — 00 as t — o

Now we have two cases:

(a) If c19 # 0 for all t € (t°,%4), then we take t* = t*, thus proving the
lemma.

(b) If for some t = t%, % € (t*,tx), there is cj2(t?) = 0, then we shall
show for all ¢t € (t%,tx) that ci2(t) # 0, and again the lemma is proved.

However note that, by definition,

_ r12(t“) 4(C12 X (il,gl70))
r12(t%) my '

P12

Since €15(t%) = 0, we have p12(t®) = r12(t*)r5 (t?); therefore
0(t*) = w(t?).
Hence

3
élz(ta) = §m1m4r%2r25 sin(2w(ta)) ((21 - Z4)_6 + h.O.t) >0,

provided that r15(t*) # 0 and r45(t%) # 0. Therefore, for ri2(t?) # 0 and
r45(t*) # 0, we have the following:

(1) c12(t) < 0 for all t < t%, (t* — t) sufficiently small; and

(2) c12(t) > 0 for all t > 2, (t — t%) sufficiently small.

The above also holds for the case r12(t*) = 0 and/or r45(t*) = 0. Now we
will prove for all t € (t%,t) that ci2(t) > 0.

We do this by contradiction. Suppose that this is not true. Then there
exists ¢ € (£, tx) such that c12(t) > 0 for all ¢ € (¢2,t°) and ¢12(t°) = 0. Since
c12(t¢) = 0, it follows from the above discussion (with t® replaced by ¢°), that
c12(t) < 0 for t < t¢ and ¢ — t sufficiently small, which is a contradiction to
our assumption.

This proves Lemma 6.3. O

Finally, we are in a position to prove our main result: the existence of
noncollision singularities.

Proof of Theorem 1.2. From Theorem 1.1 and Lemma 6.3 we know that
we only need to show that there is an uncountable subset Ag of A such that,
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for all z € Ay, piy(z) and pj5(z) are neither parallel nor perpendicular to each
other.
Let z* be the point in Theorem 1.1 such that

sin(26(z*,t*)) # 0,

where 0 is the angle between pi2(z*,t*) and p4s(z*,t*). The existence of such
a point is obvious. The proof of Lemma 6.2 leads to the idea that, for any
€ > 0, we may select the wedges W, W;, W;;, Wyji, ... small enough such that,
foralz e Ag=WNW;NW;; "Wy N ...,

Ip12(z*,t*) — pra(z, )| <€

and
Ipss(z*,t*) — pas(z, )| <€

for all ¢ such that f, < t < ts. Therefore we can make € > 0 small enough
that
sin26(z,tx) # 0

for all z € Ayg.
Theorem 1.2 now follows from Lemma 6.3. O
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