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Convinced of this essential independence of the two types of force, the

one acting on the mass of the conductor in the presence of currents, and

the other on what we call “electricity” itself, Maxwell regularly distinguishes

them by name as, respectively, the mechanical and the electromotive forces,
by th i O

his insistence of Maxwell's was that Oliver Lodge was, by his own account,
discouraged from discovery of the Hall effect.? A note on the Hall effect
(discovered in 1880, the ycar after Maxwell's death), was added a this point

o the third edition of the Treatise by J. . Thomson. In the Hall effect, a
potental is produced in a solid conductor precisely by the action which
Maxwell denicd, that is, by the action of the forces discussed in this chap-
teron the current itself rather than on the mass of the conductor.

Afurther discussion of these two supposed types of forces wil arise in
connection with our discussion of the general dynamical theory of electro-
magnetism, in Chapter 6, below.

AMPERE'S THEORY IN THE TREATISE

Having given us an account of the mechanical force between currents,
shaped 10 Faraday's concepts, Maxwell now, in the second chapter of
Parti gives an entirely different theory of the same thing. It is more than
likely that he felt obliged to include Ampére's theory in the Treatise; it had
beena standard Cambridge topic since the publication of Murphy's treatise
for Cambridge students in 183330 Beyond that, it was a complete and ele-
gant theory, virtually universally accepted, and capable of accounting for all
of the known phenomena. It had furnished the foundation for such exten-
sons s Neumann's and Weber's, through which Faraday's discovery of

ic induction and dsm had been

successively integrated into a single connected account. Maxwell no doubt

the account in Faraday’s terms first, to introduce the ideas of field theory
firmly in the reader’s mind at the outset.

My own impression is that Maxwell would have included-his chapter on
Ampére's theory even if he had not been required by circumstances to do
s0. As I have suggested, he was eager to place alternative types of theory
before the reader in order to make the significance of Faraday's method
clearer, and no doubt also to give the student freedom of choice in an area

. Whiaker, op. e, p. 209,
0. Robert Murphy. Elrmentary Principles of Elotriciy, Hoak, and Molarular Actows: Purt 1, On

Blecuricity” (Larmeor, Origins, p. 9).



1429 Chapter 3: Maxwell's Initial Statement

of science whase future was very much in doubt. Furthermore, he was in
possession of a joke which he probably could not resist sharing. It is at once
ajoke on Ampére, and a telling consequence of the use of excessively for-
mal methods in mathematical physics. Ampere had claimed, in the very
title of th of his theory.a
special methodalogical v.cm-y Not only had he achieved a completely suc-
but he proudly claimed to
have deduced it m.quv Tuniquement) rom the phenamena. In thi,
in other respects, Ampére is following the strict tradition of the Principia as
closely as possible: Newton likewise claims, not to induce, but 1o deduce the
law of gravity from the phenomena. Given the laws of force and the propo-
sitions which follow from them in Book I of Newton's Principia, together
with the experimental evidence concerning the lines of apsides of the plan-

orbits summarized briefly at the beginning of “The System of the
World," the inversesquare law of gravity indecd follows as the necessary
consequence of a deductive argument. In the same way, Ampere was confi-
dent that his law of electrodynamics followed inevitably from an elegant set
of experimental results, together with certain undeniable principles.

Maxwell's presentation of Ampére’s theory in the Treatise is not the same
as Ampére’s, and the difference reveals the joke: not one unique law, but
an infinite variety of possible force laws emerge rather ridiculously from
Ampére’s argument as Maxwel reconstructs it. Maxwell by no means feels
that ugh his on, but rather
that he has revealed a problem that Ampére had not acknowledged.
Maxwell ceruinly takes satisfaction in this perplexity, which results, he is
convinced, from the artificiality of Ampére’s methods.

In order to follow Maxwell properly, it will be necessary to review the
theory very briefly as Ampére himself presents it, and then to oudine the
argument which Maxwell gives. To proceed as economically as possible, |
shall put Ampére’s argument into the terms of Maxwell's figures and
symbols from the start, and I shall give the argument only in schematic
outline.32

As we have noted carlier (page 118n, above), an issue was drawn
between Ampére and others, among them Faraday, on the question of
electromagnetic rotations. Ampére's theory, true 10 its Newtonian parx
digm, allows only forces which act in direct lines between the clements of
circuits; the circular form of the Oersted phenomenon, on the other
hand, did not appear to be reducible to such linear forces. Ampére soon
proved himself able o derive these circularly-directed forces from his own

31, Sce page 180, sbove.

32 For a more complete outine of Ampére's theory, see Tricker, Early Elrctradynamia,
PpA20.
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principles, but the question of rotational effects nonetheless took on
special interest partly because of the challenge it scemed to offer to a
theory which took linear forces as fundamental. Faraday's first wiumph in
the science of clectromagnetism was in the demonstration of continuous
electromagnetic rotations, and for him, as for Maxwell, they are highly
important as clues (o the circular configuration of the field. Maxwell's
analysis of the Faraday rotator, in terms of the concepts of Chapter I which
we have just reviewed, is particularly interesting, Therefore, afier we have
derived Ampére’s force law both by his own methods and by Maxwell's we
will trn to this q of

briefly, and then examining the account of it which Maxwell gave in
Chapter I of Part iv of the Treatise.

We have said that the Oersted phenomenon seemed to resis inclusion
in the framework of Newton's Principia. But there was no other mathe-
‘matical physics than that of Newton, as perfected by Laplace. The issue for
Ampére was thus very simple: either to find some way (0 include Ocrsted's
discovery within the program of Newon and Laplace, or to abandon hope
of dealing with it through strict mathematical reasoning. The extension of
Newion’s work to include the phenomena of electricity known up to this
ime had already been carried out brilliantly by Coulomb and Poisson; it
fel to Ampére (o carry out this seemingly impossible sk for the new
electromagnetic phenomenon. In the opening paragraph of his Thiorie
athématique, Ampére places his effort squarely in relation to Newton:

L'époque que les travaux de Newton ont dans I'histoire des
sciences n'est pas sculement celle de la plus importante des décou-
veries que I'homme ait faites sur les causes des grands phénoménes
de la nature, c'est aussi I'époque oil I'esprit humain s'est ouvert une
nouvelle route dans les sciences qui ont pour objet I'étude de des
phénoménes.3$

Thisis the “road" which Ampére is resolved to follow. Specifically, thisis
the demand upon the Newtonian theorist:

Newion nous a appris que ceute sorte de mouvement doit, comme
tous ceux que nous offre la nature, étre ramenée par le calcul  des
forccs agissant toujours entre deux partcules ‘matériclles suivant la

Tane d'elies
sur Fautre soit égale et opposée  celle que cete demniere exerce en
méme temps sur fa premidre. .. Mais il ne sulfisai pas de séure devé
3 cette haute concepuion, il failat rouver suivant quelle loi ces
forces varient avec la situation ... en exprimer la valeur par une
formule. 3

38, Ampére, Thiorie mathdmatique, p. 1.
. d. pp. 12
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Oensted, looking at the action of his wire upon the magnetic needle, was
full of visions of vortices in a medium.3% Ampére, speaking of the tme
before Newion, and hence literally referring to Descartes and the
Cantesians, says:

[Plaout ol Fon voyait un mouvement révoludf, on imaginait un
tourbillon dans le méme sens 36

The remark applies, however, to Oersted as well as to Descartes. Newton
had writien the Principia to refute the Cartesian hypothesis of vortices;
Ampére now sees himself called upon to perform the same task with
respect o elecuricity and magnetism: once again to perform the Newtonian
magic, 10 show that a rouational motion can be reduced to the operations

, and thereby to p he-

matical inteligbilty of nature.

The firs step, which Ampére performed with legendary swiftness after
hearing Oersted's experiment reported to the French academy, was o pro-
ducea further phenomenon.$7 In terms of a “current” (a concept which was
ot cea in Oerted' account), what Ampere showed vas that one curtent

gnets or poles. The

program which vas o dispel vortices was this: s, o show that the force

with which currents act on currents can in every case by analyzed as the sum

of forees. unn( between differential clements of the curvens, each of these

in the sense

in the quotation above, and sccond, t show that magnets are equivalent (o

50 that the Oersted phe-

nomenon in which currents act on magnets, as well as all other magnetic
forces,is reducible to these Newtonian actions of the first type.

The interaction of currents was at first shown by Ampére with movable
frames carrying currents, an apparatus that has become familiar in school
Iaboratorics cver since, But when putting his argument into rigorous form
in the Théorie mathématique, he chose to base it rather on the smallest pos-
sible number of independent experiments of a somewhat different sort,
and, he insisis, on no other empirical evidence. Ampere, in listing five prin-
cipal accomplishments upon his application for appointment (o the
Collige de France, states as the fifth:

35, Ocried, op. it pp. 116-17. Wha i ranslated “circular mation” in this reference was
rendered * rbillonnair i ed.

memeires latifs o o physique vols. 2 & 3: Memoires sur Uelnctrodynamique (Paris:
1885, 1887), 2, p. 6. This is 2 very useful collection of papers of Oersted, Ampére, Biot and
Savan, et al., with valuable notes by Joubert.

36. Ampire, op. di. p. 1

$7. Ampire (1820), “The Mutual Action of Two Electric Currents,” in Tricker, op. cit,
P MO8
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Figure 10, Ampére’s Experiment Il to determine whether
segment ab will move along its own length under the influ-
ence of eurrent in coil C.

5. La marche qui m'a conduit & cete formule sera toujours un

Vexpéri \ppositi
one of those who held

Mmmmwjmmmrnmmnsmnmum
of Edinburgh.$®

Ampere’s four basic experiments were these:#0
Experiment I If a wire is doubled on itself, so that th
oppasite directions in adjacent conductors, the net force on a ..am,
curentcarrying conductor is zero.Al
Experiment II: If in the above experiment, one of the wires is given a series
of tight twists or bends, which do not however take it far at any point from
the original straight line, the results are as before.42
Experiment I11: A
length as the result of the action S second conducior caryng urentin
adlosed loop (Figure 10).43

. Launay, Le grand Ampire: dhpiﬂwmmlﬂl.pdll.
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B, . 1417 (Tt 261-09).
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Je-e 24—

Figure 11. Ampére’s Experiment IV

Experiment IV: If two current-carrying conductors lie in the same plane, the
force between them will be the same whatever the scale of the apparatus,
provided the currents are held constant as the scale is changed, and the

geomeury is kept similar (o itself during the scale change (Figure 11).4
‘The null results of these four experiments are so elegant and have such
aninhérent plasbily ht it may hadly sem necessary o perfom the
i deed, althov the

Thdorie mathémalique closes with wlm must be one of the great anticlimaxes
of scientific history:

Je crois devoir observer, en finissant ce Mémoire, que je n'ai pas

‘encore eu le temps de faire conatruire les instruments répresentés

dans a figure [that of Experiment IV). luexpénen:e auxquelles ils

sont destinés n'ont done pas encore ¢ fates....
He explains that the result has been assured by other means.
i ber, wh Y

later criticized Ampere’s experiments in detail and rather severely, pointing
out that a null experiment is nonetheless a measurement which yields the
value zero only to within certain limits of aceuracy which Ampére ought to
have reported; on the whole, it scems likely that Weber was right in regard-
ing Ampére as a thinker rather than an experimenter.46 Nevertheless, there

. 1d, pp. 17-18; (Ti/162-69).
48, Ampire,op. . p. 151. Ma(»y cit. pp. 46-48) calls asention 1o this, and describes
his own verlon ofthe fourth experimen
46, Weber terms Ampére ° v'lhevmh«illh’enmum (Wilkelm Weber's Werke
(o Bertin: 1092-84), . p. 213).

e Am......- of 146, Carl Neunann, ciing Weber's ricam,

mwmm-m'-mnm».hdﬁmummmm
Neumann, ed., Frans Newmann s Gesammelie Wirke (3 vola.; Leipzig: 1912), 3, pp. 4041
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in principle
formed!), and Ampére’s experiments have as precedent the Cavendish
determination of the force law for electricity, an experiment which was
repeated with great precision at the Cavendish Laboratory under Maxwell 41
Newton's Proposition 70 of Book I of the Principia, on which the Cavendish
experiment was based, is the ultimate prototype for Ampare’s reasoning in
interpreting his own Experiment IV.48 Whether it is in fact owing to experi-
menal care on Ampére's part, or to an insight into the ways in which nature
aught 10 work, the four null results are empirically quite correct, as verified
bya much later repetition.49
iments 1 and 11 yield postulates of Amj y

Iwe conclude that currents can be added al‘tbnmlly, and from u that
the force exerted by one current on another is equal 1o the vector sum of
components into which the first may be resolved in any way. But
Experiments 111 and IV are best interpreted in the context of the theory as
it develops.

 Ampére assumes initally that the elementary force must be propor-

of the clement of the circuit throug}

i lowing, and that, with other factors constant, the magnitude ofthe force
may be assumed proportional to the quantity of the current as well:

of o iidsds’,
where i and i are the currents in the two elements of conductors ds and
' 0 i dsand ds' is tak ity it

son (thereby implying a definition of unit current)s! Ampire akes 3

41, Sce Maxwell's note as editor of Cavendish’s electrical papers: Henry Cavendish, The
Saniific Paperof the Homourable Henry Cavendish, RR.S.: Volume I, The Elcrical Ressrches,
ed. James Clerk Maxwell (revised by Joscph Larmor) (Cambridge: Cambridge Universty
Pres, 1921), pp. 404-9; f. (T¥i/81-86).
48 Mazwell points out that Laplace had improved upon Newion's demonstration of the
mic theorem (11/85n): it was Laplace who deduced an invenesquare baw from Biot's
decromagnetic cxperiments and it vas this demonsiration in wm which suggesicd ©
hiorie math-

ématigur, pp. 152 IT., and which Maxwell in effect repeats (Ti/162-69).
8 You Euinghausen, -Uber Amptres clekurodynamische m.an.m
Kinigbiche Abademie der

Sangbeickie (11) 77 (1878). p. 109. er“ Thomson, lq-m-numnnll\mna

0. Ampée, op. i, p. 19.
(mi/i6e).
i, '
it current in the cgeemu sysem which Maxwell and the subscquent tradison adopied.

measure o1 i),
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Figure 12. The geomeury of Ampére’s theory

posive sign as denotng auraction. It must be emphasized tha his frs
and cannot in principle be con-
firmed by any experimental test at Ampére’s command. Electrodynamic
analysis of a circuit, perhaps unlike chemical analysis of a compound, is a
purely intellectual act. One is centainly impressed by the extent to which
the Théorie mathématique is, from this first siep, made by Ampére, and not
found in experiment.
There is amajor difficulty mn»; in d\u firstassertion of an tkmnury
force:in y Ampere's
his point, and yet it i precis question which
on raising. Ampére asserts:
(OJn ne peut pas concevoir cette force autrement que comme une
tendance de ces lpomuiknppmhefonl:élmmvlunde
Vautre suivant la droite qui les joint....

But there is no direct evidence in Ampére’s favor; indeed, in electromag-
netic experiments, we meet forces which act in very strange directions, as
we have already seen.

Amplre’ nex step i o consider the effec of the positons o the cur-

For Newt ing with planets, th

theie separation , but here Ampere must consider s wel their spatial ad-
tudes with respect to each other—hence the far greater complexity of
Ampére's mathematical problem. In Figure 12 (corresponding to
Maxwell's Figure 29 (T7ii/164)), the two elements ds and da’ are resolved
into components in the following manner: pass the plane RP' through ds’
and r. Let a and  denote the components of ds parallel to , and perpen
dicula (o . especively, in this planc. Then rﬂolve da’ into components
of’, §', and 7’ torin m
plane RP", 0 that plane. i
52 Ampére, op. ai., p. 86. Contrast Maxwell: *[Wle shall not at fint assume that theit
‘mutal action is necemarily In the line joining them® (7¥ii/168).
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M
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@ (®)
Figure 13. Two instances of Ampére’s crossed current elements.

through ds’ and r, and let 5 denote the angle between the two planes; let
0= 4(dsr) and 6’ = £(ds',r), as shown in Figure 12.

If we assume, as both Ampére and Maxwell do without question, that
the dependence on distance of separation r and the dependence on the
spatal auitude characterized by 8, 8/, and 1 are independent, then the force
equation will be scparable. If we represent the dependence on atitude by
the unknown function p(8,6'n), and if we assume, in the manner of
Newton, that the force will be inversely proportional to some power n of the
distance, we may write with Ampére; 53

df = Mn idsds”.
v
Ampére’s next step is to use the right afforded by Experiment It to
consider the interactions of the components of ds and ds' separaely. In
general, then, each of ds will interact with each

', but Ampére argues that not al of these interactions could in actoccur
in nawre. He asserts:

(Ulne portion infiniment petite de courant électrique n'exerce

aucune action sur une autre portion infiniment pedte d'un courant

stué dans un plan qui passe par son mileue et que cx

Lire 2 sa direction 54

Ampére's “proof” s this (see Figure 13): let da’ lie in the plane perpen-

dicular to ds through the latter's center. Then current i flowing through
day and through ds, must exert opposite eflects on da, one being aurac-
tiveand the other repulsive, since one flows toward the plane MN and the other
flows away from it. In the limit, the two components cancel; hence there can
be no net force of this kind in nature.

58 Ampire, o. cit, p. 19.
4.1Wd, p. 20,
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Figure 12 (repeated)

‘This theorem is crucial, since it very much simplifies the force equation
by allowing us to disregard all possible terms due to such crossed currents.
‘What Ampére is assuming is in effect that the world must behave the same

as its mirrorimage. Suppose the current in ds, is as shown in
Figure 132 and that the force on it s repulsive. Now suppose that the plane
MN s mirror the mirrorimage of doywit s current awy from the mir

ror would be an cl away from the miror.
Since dy experiences a repulsion, 5o would the image in the miror
Therefore if (disregarding mirrors) we set up an experiment with a current

element ds, carrying current away from the plane MN, it (like the mirror
image of ds,) would necessarily be observed to be repelled. If the current
in it were then reversed. it would be attracted, as Ampere affirms. Maxwell
endorses Ampére’s assumption; he says:
The only action possible between elements 3o related is a couple
whose axis is parallel to . (77 ii/166)

The “couple” is evidently that formed by df, and dfy as assumed by
Ampére and drawn in Figure 13; Maxwell apparently allows the possib
that both forces might act, yielding a couple but no net force. But his
theory does not take couples into account, 30 he, like Ampére, omits this
term. J.J. Thomson, commenting as editor of the third edition of the
Theatise, questions the assumption by proposing an alternative in terms of a
vector crosvproduct relation, and then answers his own question in this
way:

“The reason for assuming that such a force does not exist, is that the
direction of the force would be determined merely by the direction
of the currents, and not by their relative position. (7 ii/ 166n)
By “relative position® he evidently means, their position relative to such
areference plane as MN in Figure 1. It was Carl Neumann who, in listing
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Figure 13 (repeated)

Ampére’s axioms, made the parityassumption explicitss

Only two pairs of components now remain which might exert forces on
one another: the collinear components a and o/, and the parallel compo-
nents B and B’ (Figure 12). Let us denote these respectively df; (due to
a,a'), and dfy (due to B, 3'). We have no information at all about their
relative strengths, or even whether both in fact exist, although we know
they both might act. This information s the rabbit in the hat in the third
experiment.

For the present, Ampére merely introduces a constant k to measure the
atio of the force dfj to the force dfy. He defines unit current in terms of
panallel current elements, so that he writes first

then

“Nan.cd.. Frans Newmann’s Works, :‘wum.nam.-«-e-:a_u

‘-‘"!kudlolhepmﬂem mhmhwdu«ma—)

von
-e4M.pn)ramm.u¢m-l---.unq-
n-.-m.q...,m‘q b e

cdam,” rmal
(1860, . 391 g and Magn Quarterly Jow
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Figure 12 (repeated)
) direction of , they add ccally and
‘might write for the total force:

df = (d +di)é,.

Substituting, and expressing the clements in terms of the angles of
Figure 12 in a way which is readily confirmed:

dr=t mlmimq—%mku?’ ldsds'e,

Note that k and n are both unknown; these two elements of the force
equation are (o be determined from the information of Experiments Il
and IV.

Let us look only at the result of the argument by which Ampére brings
Experiment Il 10 bear on the evaluation of k and n. He transforms the
force equation into an expression in terms of partial derivatves
(substituting these derivatives for the corresponding trigonometric
functions of the angles), and he then uses the following strategy: he evalu-
ates the force along the lemgth of a current element ds' due to a complete
circuit of elements ds (let us call this df"). He ges this expression:3

d/'=-%ss'a’(|-n-m)f“‘:4a.

The analysis has been cut to fit the experiment, for in Experiment Il a
length (d') of a conductor is pivoted 50 as to be free to move only along
i length, and it is submitied to the action of a current in an adjacent 100p-
The fact that th i s il jits Ampére (0 set the above
mwmw s 10, and sinc the integral i not in general 210 (in

 ran i ins this between
he e o nd " are ndependen), he obains this relaion

56 Ampire, op. i p. 36,
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ing only one frher relation tobe found.
Trepugh an argument analogous (a has been mendoned) to

jiion 70, Book L, of the Principia, Experiment IV yields the "“"‘:
o= 2in the law of force.57 This in tumn tell us that =~} We recal that
1T e e el direc us

atkl and collinear components: the analysis has therefore revealed that
collnear components contibute half as much as parallel components of
hesame length and carrying the same curvent, and collinear components
repel whereas parallel attract (compare pages 32 i, above). The force law
nay now be written explicitly:58

dr =25 sinfcose’ cosn - %Mml‘ gsa'e, .

. ousea . .
Ielps us to condense and interpret the above. If ¢ denotes the angle
between ds and ds’, (compare Figure 12), then:$9

o8 =cos cos @' +sin Bsin &' cosn,
and finally .
(cose ~ §cosdcost!)dsds'e, .

‘The fact that & < 0 shows that Ampere's analysis has reported a force of
epuliion between two collinear elements, a and a”. Does this force really
@i in nature? Our earlier discussion indicates that experiment cannot
7ild an answer: we cannot experiment with two current elemens. But
stangely, in this case Ampére and de la Rive felt that they had verified this
conclusion empirically.0 This could only appear to be a verification of the
wvwfommnmbmmﬁmwﬁmmﬁ-m\

. Mot thas . argument i -

- in the body of Ampére’s text, a loog. BT aded (pp. 1526
o Amptre's text).
S0 Ampire gvs his result firat in another form (o, ek, p. 4 butsee . 116 where e
ot shove b given explcty). oppose
. For aay spherial € 0,8, and c are e dde 0 A e ungle g
ter ey i o, b and ¢ contner’). Here f o, &’ 0d
80 cma = conbconc +sin e con A (e spherical o o .__,_':,Jr,_;.-m_:

where pa (5-0).

e re ides of  sphercal langle i (¢ 1) 3 be 26 e
€-Aapie, o, e, . 28; Jouber, o. it s 15-34
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NI

Figure 13 (repeated)

but the effect of one whole circuit on an element. It is diflicult to understand
how Ampére allowed this misunderstanding to arise. | suspect the error
arises through the uncritical inclusion of an earlier paper in a later work.

‘The fact is that no experiments in which currents flow in closed circuts
can confirm this fundamental law directlyS! It must siand or fall by the
strength of Ampére’s argument, and Maxwell was not the firs o question
this. Hermann Grassmann (1809-1877) pointed 1o a peculiarity in the
result when the law is applied to parallel elements which make an angle §
with the line joining them: he showed (as is easily seen) that when that
angle takes the value 35°30', the force implausibly goes 10 zero, and for
smaller angles changes from attraction to repulsion. He remarked:

s equat ise 2 doubt abo

y the tangle
This doubt must be enhanced when we try to apply it.62

For the sake of obtaining a law with less arbitrary behavior, Grassmann
was willing to abandon Ampéres first requirement of equal and opposite
forces acting along the line r.

Ampre's law, we should note in passing, is not the same as the “law”
usually given in modem texts, which is in open contradiction to Newton as
well as to Ampére.63 The modern law, which we may write

1. The pouibility of experimenting with the elecurodynamic effects of unclosed circuits,

der Elektrodynamik® (1870), in Hermann Helmholiz, Wissenschafllche Abhandiungrn
(8vols; Leipri: 1802-95), 1, pp. 547, 563. CX. J.|. Thomson, op. cit. pp. 1441, where 2
number of contributions are reviewed.
62 Grammaan, . i, p. 4 (compare page 1511, above).
6. Tricker, op. it p.43.
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Figure 14, Maxwells foree dfy

appears flectingly in Ampére’s text, but by no means as a law of nature; it is
Rynard' law, apparently firs enunciated in 187084

Maxwell's analysis in Chapter II of Part iv of the Treafise agrees with
Ampére’s with respect to the forces we have called df, and dfy; he refor-
malates the expressions for them slightly (Tr i/166)

The only respect in which Maxwell dnvelges from Ampére’s argument is
inthe admision of one form of crossedelement orce. Like Ampre, he

Iln}o g lhtm 1lhe case of Figure 183, du‘nﬂd mlml. hul he

however lies along the direction of r (Figure 13b). wm is this not subject
1 the stricure against the first case? It would be, if it were supposed to take
the form of an attraction or a repulsion. Maxwell, though, rejects this pos-
sibiliy, assuming instead that, if it exists, it must be a force dfy, parallel to
he current element which s perpendicular o ¢ (ﬁg\m W.

name-

lyop’, Ba’, and a"v,?lA typical expression for "he force il e
df, = Caplii'éy.
Arguing for this choice of direction, Maxwell says:
The sign of this expreuion s e i we evene e diecion i

direction of ' or a couple. 17’h|/|66)

Insaying this Maxwell rejects the possibility of
250" determining the direction of the force; such a elaion would for-
mally reverse df with a reversal of either a or 8'—as it should—but it
would assume that * * could be distinguished in a
aw of nature, an assumption that Maxwell tacily rejects.

In admitting a force which acts perpendicularly to the line joining the
clements ds and da’, Maxwell has denied Ampire’s interprewtion of the

. Joubers, op.ci. 3, p. 125; F. Reynard, “Nouvelle théorle des actions éectrodynamiques.”
Annalsde chimie t physiqus, 19 (1870), p. 272.
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Newtonian program, according to which “one cannot conceive” (on ne
peut pas concevoir) the force except as acting along the line of centers
(page 148, above). Maxwell does say, at the end of the chapter, when sur-
veying the array of possibilities which his new analysis has produced,
[TJhat of Ampére is undoubtedly the best, since it is the only one

site but in the suraight line which joins them. (7rii/174)

But by putting the question this way, Maxwell has made it a matier of
taste rather than a scientific necessity. Throughout the analysis which fol-
lows, he continues 1o deal with a component of the force which does not
obey Ampére’s principle; Maxwell must thercfore regard it as conceivable.

Having introduced components of the force in directions other than
along r itself, Maxwell has to carry out his analysis as a vector problem.
Taking coordinates in the directions of a', ', and 7', we have now:

df,. = Aaa’ +BpS’
diy = C(ap'-a'p)
df, =Cay'.

To avoid carrying the currents i and i through the equation, Maxwell
takes df as an intensive measure of the force between circuits carrying unit
currents (force per unit current per unit current).

I shall abridge the complexities of Maxwell's analysis as much as possible,
in order to focus upon the relation of his results to Ampére’s. Of a number
of quaniities which he introduces, we will need to use the following
(Trii/168, 170):

-
p=4 [ (B-Car

Tt will be useful 10 define two further quantities as well which are not sepa-

rately identified by Maxwell, namely potentials of the forces df, and dfy:

W= ["dr

v=[Bar.

Maxwell's quantity Q presents a peculiar problem of interpretation. The
force dfy, of which C is the measure, is not a central force, but acts in every
case normally to r. If we carried the element da’ along r at right angles o
the current_element ds from ¢y to infinity, the component dfy would
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contribute nothing to the work done. Q then seems (o be a ficitious poten-
ak the potential which dfy would have if it were central. Since C=C(s),
ihis works out perfecly well mathematically. Since  enters into the other
apparent potential expressions in Maxwell's chapter, they all share this fic-
tidous character. For cxample, p may be written

1 V-
p= ;(fadr—fc.tr) = %
and later Maxwell will work with (Q + p). which is

@+r) = 5240110

It should be made clear that Maxwell does not apply the term “potential”
1 theses but he is arranging his theory (o yield the true scalar and vector
potenials M and A laer in the argument, s we shallsce.

The general fc A, B,and i
1o one another is 100 comylen 10 be of interest, but it nmphﬁu in the case
oflwmpomloflhcforceo{b’ondlwhxh:mmlhﬂdlumnd
ds—that s, th which is pertinent to Ampére’s
Writing this expression and integrating around a closed circuit of elements
&', Maxvell obtains for the net force along the length of ds:

-§@Pr-B-C)'aas’.
Here I'is cose, and  is cos (x,r). From the independence of these tvo
quaniities, we conclude that (Tr ii/169)

(2Pr-B-C)=0,

10 Ampere's evaluation of k in terms of n. That is,
Experiment I11 has this time told us that

v
P=p-(B+C).

Using this result to climinate P, and with it any reference to force df;,

Maxwell now obtains a general expression for the total force of a closed

ciuit upon a curren clement da. Notce that we are now approaching a
ith the Faraday theory

ter. Maxwell defines an aumlmy quantity which we may write

“

n-f BCixas’ [Dea'ply

where the integration is around the circuit of the elements ds’. In terms of
this quantity, the force df on ds is (77 ii/169)

@
6, direcuix” (Ampire, oh it p.31).
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df = (dsxD)ii".
In a passage in the Théorie mathématique which we did not cite, Ampére
derived a result that will be seen to agree exacty with the above expression
once B and C have been determined.8 Maxwell’s enlargement of
Ampére’s theory does not affect any testable case such as this.
Maxvel says of the quaniiy we have writen . but which he wrtcs in
(al By lation o his earlier quantit

the same name!):
L8l
' referred to the point . Their resultant is called Iry ,\mpm
the directrix of the electrodynamic action. (7r i/ 169)

‘The reader has only to recall a result from Maxwell's preceding chapter
t0 recognize what has happened: Faraday's line of magnetic force has
emenged out o the formalism of analysis. Maxwell goes on to add:

Since we aready know that the directrix is the same thing as the mag-
netic force due to a unit current in the enﬂm ', we shall henceforth
speak. .;).M directrix as the magnetic force due to the circuit.
( I

Strictly, as Maxwell has defined the quantity here, it is equal to the
magnetic force per unit current in the source loop. This coincidence of the
formal theory and Faraday's view was certainly unknown to Ampére and
Faraday; 1 do not know that it was remarked by anyone before Maxwell
pointed it out67

Maxwell seemingly until the last moment, the evaluation of
the dependence of the force on the distance r; he accomplishes this very
simply, interpreting Experiment IV essentially as Ampére did. The factor
(B-C)/2 in the equation previously written for the directrix is now shown
tbe 1/r? (Tii/179), 50 that

-§ & xds
-
To compare Maxwell's result with Ampére’s, let us set aside for a moment
a section of Maxwell's chapter which has no counterpart in Ampére
(T¥ii/170-71), and go direcly 1o his final suatement of the force law
(T¥it/173). in terms of a
we may represent by the non-orthogonal unit vectors &,.

66, Ampire, op. it . 31.
. Thi,for example, in discussing it, does not point out any relation to Faraday: “This vee

o and &,

tor y

extended circuits, corresponds o the line which is called by Ampére “directrice de Vaction
. 1t has a definite value at each point of space...” (op. ek, p. IM);

. p.I5in. above,
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parallel (0 ds, d’, and £.68 Then
df = (Ré, +5¢,+5'6, )dada’ .
Maxwel finds thai69

= Yeose-3 i}
R F(cose 2:«0&0’]«"0‘0’,

s=-22
o

5922
)

We have traced schematically how Ampére's four experiments serve to
eliminate the unknown cocfficients in the force equation, P having been
eliminated by Experiment I1I, and (B—C)/2 by Experiment IV, What about
0,30 unknown function of , which remains? The ansver s that @, appear-
perfect differential, i
around the closed loop of th it, each of th involving Q
goes 0 2670, 50 Q is left to our free choice:
Since the form and value of Q have no effect on any of the experi-
ments hitherto made, in which the active current at least is always a
closed one, we may, if we please, adopt any value of Q which appears
10 us to simplify the formulae. (7vii/174)

Maxwell mentions three interesiing options in addition to Ampire’s;
hislas arises if Q= 0, thereby suppressing the components other than &,..
The others are (1) that there be no force between collinear elements (that
5.4=0); (2) that the auracion R be pmpomn:l 10 cose; (3) that the

ly. Each y

huoﬁw«—b\n olhen mvghl be lnvemed wuhoul i
of

alayal Insdtution lecture:
The formula of Ampére, however, is of extreme complexity, as con

Tade (0 resolve it into something of greater apparent smplicy

(Principia, Book 1, Proposit He taught the Principe
hough 1 do not
. (Wi/173). | have transeribed Maxwell’s result by subsituting the geometrical equin-
e o the partal derivadves as given at (T0i/165). tabing o accoun the e hot
Marwells ' (e

n of Ampire's y othes as well
1) Thomuon, op. ait, p. 115; Whittaker, Mistory, pp. 233-36; O'Rahilly, Eleciroemagmeec
Thowy pp. 102-123
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is i i ic these attempts
to improve a mathematical formula. Let us wrm to the independent
‘method of investigation employed by Faraday in those rescarches ...
science. (SPii/318; emphasis added)

This suggests, 1 think, the point of the chapter for Maxwell: there is a
moral in the elusive function Q. This kind of investigation with which

P ience is an attempt *to i i
‘mula®; that it is not an investigation of nature is proven by the fact that the
mathematics proves absolutely deal 10 anything nature might say. Maxwell
s impatient 0 rewm to Faraday, and no doubt hopes that the reader
shares this feeling.

Before returning to Faraday, however, we must consider the section of
Maxwell's Ampére chapter referred to above, a section that does not corre-
spond to anything in Ampére. This is a section (7 ii/170-71) in which the
result for the force on a current element is reformulated in terms of poten-
tials. To turn immediately to the result, Maxwell shows that the force on ds
due to ds’ can be written in this way (Trii/171):

2_(OM-UL+A-A).

35"

in which

We see that here, Maxwell is looking at Ampare’s “clements™ from the
point of view that was naturally adapted, in Maxwell's Chapter I of Part iv,
to Faraday's concepis involving a view of systems as wholes. This is perhaps
a liue like looking the wrong way through a telescope. Maxwell has re-
written Ampére’s force law in terms of an incremental mutual potential, an
: Y in tern i L, thavvilldsapp

first integration.
‘The force between two finite currents, neither of which is closed, would

£=ii'(VM-VL+AA-8A"),
where AA s the increment in the vector-potential of conductor s between
the end-points of conductor s/, ec., and M and L are as given above. Since
Maxwell has denied the existence of such open currents, this is for him
purely an exercise of thought, but not necessarily for that reason altogether
idle, as it may lead t0 a clearer understanding both of the vector potential
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and of the significance of the carlier insistence on closed currents. We see
that A would have a role in the force between currents,if currents did not
always form closed circits.

Maxwell investigates whether the force between unclosed currents
would have a potential, and shows that because of the vector-potential
terms, it would not. Forming the differential of work f-dl, the terms AA-dl
and AA”-

I we integrate around one closed loop only, say of circuit ', then AA
g0es out, and we may form an empirically meaningful expression for the
force on an clement ds. This force will be dF, having components such as:

]
4= M+ daeTA,

‘This is an alternative form for the law of force on a current element in a
magnetic (ield.? Again, this force does not have a potential, since AA-dlis
not a perfect differential. We see that so long as either circuit is unclosed,
we do not have to do with i instead itis modified,
and the force is made nonconservative, by a contribution from the vector
potential.

Itis only when we deal with wo complete circuits that the remaining
term in the vector potential disappears, and the force is conservative:

F=UM.
I Maxwell fecls that Faraday's method involves the interactions of “systems
of power™ which should be expressible as potentials, this analys
that Faraday's insights are relevant only to whole circuits; we must have
displacement currents if we are (0 have a potential theory of electromag-
netism. We might say Maxwell has found that incomplete circuits do not
have sphondyloids.

To review for a moment, we have followed two derivations of a law of
foree between current elements, one Ampére’s, and the other what is
almost Maxwell's parody of Ampére's. Both start from the same set of four
null experiments, and use the evidence of the experiments in essentially
the same way. They differ in that Ampére denics from the outset the possi-
bility of a force whi i g the li i
elements, while Maxwell is willing to admit a force perpendicular o this
line; as a result, Maxwell is able (o include a force arising from one case of
crossed clements, while Ampére rejects all such cases. Maxwell is thus led
10 develop a much more complex theory of a force in which three vector
71. O'Rahilly similarly that it is

orof

O'Rahilly. op.cit p. 117.
2. The equation can be obiained from the vector wipleproduct for df of our contempo-
Fary texts (page 134, abore) i J
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components must be considered, instead of Ampére’s one, along the line
of centers.

Maxwell's analysis employs functions analogous to potentials, but is on

the whole parallel o Ampére’s. One unknown function Q() runs through

untouched by any possible evidence based

it represents the irremov.

df=df& +d[& +dfé,

oo 8 PIL -
r,[mc cosgcosd’|+ r =L s

Finally, Maxwell throws his force equation into the form of an incipient
equation of potential, as it were, His effort here, I believe, is t0 find an intel
ligible relation between Ampéfe'l view and Faraday's:™

=i a&,(VM -VL+A-A").

ELECTROMAGNETIC ROTATIONS

Let us wm now to the question of clectromagnetic rotations. As has
been mentioned, the possibility of producing a continuous rotation, either
of a current about a magnet, or a magnet about a current, led 10 a con-
frontation of two modes of analysis—Ampére's, in which the rotation was a
complex phenomenon arising out of couples produced by simultaneous
attractions and repulsions; and Faraday's, in which the rotation followed
nawurally from a circular configuration of the field. The rotations were

73, Compare this carty remark in a leter (0 William Thomson (Sepiember 13, 1858): *[Viow

i
of coune you must have wished 1o undersand Ampére in Faraday's sense.” (Larmr,
Origini p.18)



